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Huang, Virginia Tech, USA Aapo Hyvärinen, University of Helsinki, Finland Tommi
Jaakkola, Massachusetts Institute of Technology, USA Prateek Jain, Microsoft Re-
search, India Stefanie Jegelka, Massachusetts Institute of Technology, USA Samuel
Kaski, Aalto University, Finland Sathiya Keerthi, Microsoft Research, USA Emtiyaz



Khan, RIKEN Center for Advanced Intelligence, Japan George Konidaris, Duke Uni-
versity, USA Andreas Krause, ETH Zurich, Switzerland Sanjiv Kumar, Google Re-
search, USA Simon Lacoste-Julien, Quebec Institute of Artificial Intelligence, Canada
Christoph Lampert, Institute of Science and Technology, Austria Honglak Lee,
Google and University of Michigan, Ann Arbor Daniel Lee, University of Pennsylvania,
USA Qiang Liu, Dartmouth College, USA Gábor Lugosi, Pompeu Fabra Univer-
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Nicolò Cesa-Bianchi, Claudio Gentile, Yishay Mansour

20(18):1–29 Multiplicative local linear hazard estimation and best one-sided
cross-validation
Maria Luz Gámiz, Marı́a Dolores Martı́nez-Miranda, Jens Perch
Nielsen

20(19):1–5 spark-crowd: A Spark Package for Learning from Crowdsourced
Big Data
Enrique G. Rodrigo, Juan A. Aledo, José A. Gámez
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Gábor Braun, Sebastian Pokutta, Daniel Zink



20(72):1–47 Redundancy Techniques for Straggler Mitigation in Distributed
Optimization and Learning
Can Karakus, Yifan Sun, Suhas Diggavi, Wotao Yin

20(73):1–46 Analysis of Langevin Monte Carlo via Convex Optimization
Alain Durmus, Szymon Majewski, Błażej Miasojedow
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d
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p
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n
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ra
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b
el

on
g

to
th

is
fa

m
il
y

of
al

go
ri

th
m

s.
W

h
er

ea
s

so
m

e
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p
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th
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b
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b
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d
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b
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b
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b
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b
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b
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b
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b
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d
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d
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M
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b
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b
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d
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b
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d
b
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d
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b
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b
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.
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e

n
am

e
of

ge
n

er
a
li

ze
d

K
o
lm

og
o
ro

v-
S

m
ir

n
o
v

d
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b
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d
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b
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d
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ra
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p
ro

ba
bi

li
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d
b
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re
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d
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d
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d
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b
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b
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-b
as

ed
ge

n
er

al
iz

at
io

n
b

ou
n
d
s

gi
ve

n
b
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d
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at
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p
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b
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b
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p
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b
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h
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b
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d
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u
d
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h
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p
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at
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d
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p
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p
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.
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h
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u
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r
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d
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b
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L
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p
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≥
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p
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.
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h
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w
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o
n

1
F

o
r

a
n

y
h
∈
H

,
le

t
Q
h

be
d
efi

n
ed

by
(6

).
T

h
en

,
th

e
fo

ll
o
w

in
g

id
en

ti
ty

h
o
ld

s
fo

r
a
n

y
h
∈
H

:

L Q
h
(h
,f
Q

)
=

1 2

(
m

ax
h
′′
∈H
′′
L P̂

(h
,h
′′ )

+
m

in
h
′′
∈H
′′
L P̂

(h
,h
′′ )
) .

P
ro

o
f

F
or

an
y
h
∈

H
,

th
e

eq
u
at

io
n
L q

(h
,f
Q

)
=
l

w
it

h
l
∈

R
ad

m
it

s
a

so
lu

ti
o
n

q
∈

F
(S
X
,R

).
T

h
u
s,
{L

q
(h
,f
Q

)
:
q
∈
F

(S
X
,R

)}
=

R
an

d
fo

r
an

y
h
∈
H

,
w

e
ca

n
w

ri
te

L Q
h
(h
,f
Q

)
=

ar
gm

in
l∈
{L

q
(h
,f
Q

)
:
q
∈F

(S
X
,R

)}
m

ax
h
′′
∈H
′′
|l
−
L P̂

(h
,h
′′ )
|

=
ar

gm
in

l∈
R

m
ax

h
′′
∈H
′′
|l
−
L P̂

(h
,h
′′ )
|

=
ar

gm
in

l∈
R

m
ax

h
′′
∈H
′′

m
ax
{ L

P̂
(h
,h
′′ )
−
l,
l
−
L P̂

(h
,h
′′ )
}

=
ar

gm
in

l∈
R

m
a
x
{

m
ax

h
′′
∈H
′′
L P̂

(h
,h
′′ )
−
l,
l
−

m
in

h
′′
∈H
′′
L P̂

(h
,h
′′ )
}

=
1 2

(
m

ax
h
′′
∈H
′′
L P̂

(h
,h
′′ )

+
m

in
h
′′
∈H
′′
L P̂

(h
,h
′′ )
) ,

si
n
ce

th
e

m
in

im
iz

in
g
l

is
ob

ta
in

ed
fo

r
m

ax
h
′′
∈H
′′
L P̂

(h
,h
′′ )
−
l=

l
−

m
in

h
′′
∈H
′′
L P̂

(h
,h
′′ )

.

In
v
ie

w
of

th
is

p
ro

p
os

it
io

n
,

w
it

h
ou

r
ch

oi
ce

of
Q
h

b
as

ed
on

(6
),

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

G
of

ou
r

al
go

ri
th

m
(4

)
ca

n
b

e
eq

u
iv

al
en

tl
y

w
ri

tt
en

fo
r

al
l
h
∈
H

as
fo

ll
ow

s:

G
(h

)
=
λ
‖h
‖2 K

+
1 2

(
m

ax
h
′′
∈H
′′
L P̂

(h
,h
′′ )

+
m

in
h
′′
∈H
′′
L P̂

(h
,h
′′ )
) .

(7
)

U
si

n
g

th
e

fa
ct

th
e
L P̂

is
a

jo
in

tl
y

co
n
ve

x
fu

n
ct

io
n
,

it
is

ea
sy

to
sh

ow
(s

ee
fo

r
in

st
a
n
ce

B
oy

d
an

d
V

an
d
en

b
er

gh
e,

20
04

)
th

at
G

is
in

fa
ct

a
co

n
v
ex

fu
n
ct

io
n

to
o.

4
.
L
e
a
rn

in
g
G
u
a
ra

n
te
e
s

H
er

e,
w

e
p
re

se
n
t

tw
o

d
iff

er
en

t
ty

p
es

of
gu

ar
an

te
es

:
a

ti
gh

t
le

ar
n
in

g
b

ou
n
d

b
a
se

d
o
n

th
e

R
ad

em
ac

h
er

co
m

p
le

x
it

y
an

d
a

p
oi

n
tw

is
e

b
ou

n
d

d
er

iv
ed

fr
om

a
st

ab
il
it

y
an

al
y
si

s.
W

e
fu

rt
h
er

sh
ow

th
at

ou
r

al
go

ri
th

m
is

in
fa

ct
m

in
im

iz
in

g
th

is
p

oi
n
tw

is
e

b
ou

n
d
.

A
s

in
p
re

v
io

u
s

w
o
rk

,
w

e
as

su
m

e
th

at
th

e
lo

ss
fu

n
ct

io
n
L

is
µ

-a
d
m

is
si

bl
e.
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A
d
a
p
t
a
t
io
n
B
a
se

d
o
n
G
e
n
e
r
a
l
iz
e
d

D
isc

r
e
pa

n
c
y

D
e
fi

n
itio

n
2

A
lo

ss
fu

n
ctio

n
L

is
µ

-a
d
m

issible
if

th
ere

exists
µ
>

0
su

ch
th

a
t

th
e

in
equ

a
lity

|L
(h

(x
),y

)−
L

(h
′(x

),y
)|≤

µ|h
(x

)−
h
′(x

)|
(8)

h
o
ld

s
fo

r
a
ll

(x
,y

)∈
X
×
Y

a
n

d
h
′,h
∈
H

.

T
h
e
L
p

losses
com

m
on

ly
u
sed

in
regression

,
p
≥

1,
verify

th
is

con
d
ition

(see
A

p
-

p
en

d
ix

C
).

4
.1

.
R

a
d

e
m

a
ch

e
r

C
o
m

p
le

x
ity

B
o
u

n
d

s

D
e
fi

n
itio

n
3

L
etZ

be
a
n

y
set

a
n

d
G

be
a

fa
m

ily
o
f

fu
n

ctio
n

s
m

a
p
p
in

g
Z

to
R

.
G

iven
a

sa
m

p
le
S

=
{
z

1 ,...,z
n }
⊂
Z

,
th

e
em

p
irica

l
R

a
d
em

a
ch

er
co

m
p
lexity

o
f
G

is
d
en

o
ted

by
R̂
S

(G
)

a
n

d
d
efi

n
ed

by

R̂
S

(G
)

=
1n

Eσ [
su

p
g∈
G

n
∑i=

1

σ
i g

(z
i ) ]
,

w
h
ere

σ
i s,

ca
lled

R
a
d
em

a
ch

er
va

ria
bles,

a
re

in
d
epen

d
en

t
ra

n
d
o
m

va
ria

bles
d
istribu

ted
a
c-

co
rd

in
g

to
th

e
u

n
ifo

rm
d
istribu

tio
n

o
ver{−

1,1}
.

T
h
e

R
a
d
em

a
ch

er
co

m
p
lexity

o
f
G

is
d
efi

n
ed

a
s

R
n
(G

)
=

ES [R̂
S

(G
) ].

O
u
r

fi
rst

g
en

eralization
b

ou
n
d

is
given

in
term

s
of

th
e
Y

-d
iscrepa

n
cy,

w
h
ich

is
a

gen
-

era
lizatio

n
o
f

th
e

d
iscrep

an
cy

d
istan

ce.
T

h
e
Y

-d
iscrep

an
cy

w
as

fi
rst

in
tro

d
u
ced

b
y

M
oh

ri
a
n
d

M
u
ñ
o
z

(20
12)

in
th

e
con

tex
t

of
learn

in
g

w
ith

d
riftin

g
d
istrib

u
tion

s.

D
e
fi

n
itio

n
4

T
h
e
Y

-d
iscrepa

n
cy

betw
een

tw
o

d
o
m

a
in

s
(P
,f
P

)
a
n

d
(Q
,f
Q

)
is

d
efi

n
ed

by

d
iscY

(P
,Q

)
=

su
p

h∈
H

∣∣L
Q

(h
,f
Q

)−
L
P

(h
,f
P

) ∣∣.

N
ote

th
a
t

th
e

d
efi

n
ition

d
ep

en
d
s

on
th

e
lab

elin
g

fu
n
ction

s
f
P

an
d
f
Q

.
W

e
d
o

n
ot

ex
p
licitly

in
d
ica

te
th

a
t

d
ep

en
d
en

cy
for

th
e

sake
of

sim
p
licity

o
f

th
e

n
otation

.
W

e
fo

llow
th

e
an

aly
sis

of
(M

oh
ri

an
d

M
u
ñ
oz,

2012
)

to
d
erive

th
e

follow
in

g
tigh

t
gen

er-
a
liza

tio
n

b
o
u
n
d
s

b
ased

on
th

e
n
otion

ofY
-d

iscrep
an

cy.

P
ro

p
o
sitio

n
5

L
et
H
Q

a
n

d
H
P

be
th

e
fa

m
ilies

o
f

fu
n

ctio
n

s
d
efi

n
ed

a
s

fo
llo

w
s:
H
Q

:=
{
x
7→

L
(h

(x
),f

Q
(x

)):
h
∈
H
}

a
n

d
H
P

:=
{
x
7→

L
(h

(x
),f

P
(x

)):
h
∈
H
}.

D
efi

n
e
M
Q

a
n

d
M
P

a
s
M
Q

=
su

p
x∈X

,h∈
H
L

(h
(x

),f
Q

(x
))

a
n

d
M
P

=
su

p
x∈X

,h∈
H
L

(h
(x

),f
P

(x
)).

T
h
en

,
fo

r
a
n

y
δ
>

0
,

1
.

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ

o
ver

th
e

ch
o
ice

o
f

a
la

beled
sa

m
p
le
S

o
f

size
m

,
th

e
fo

l-
lo

w
in

g
in

equ
a
lity

h
o
ld

s
fo

r
a
ll
h
∈
H

:

L
P

(h
,f
P

)≤
L
Q̂

(h
,f
Q

)
+

d
iscY

(P
,Q

)
+

2
R
m

(H
Q

)
+
M
Q √

log
(

1δ )

2
m

;
(9)

2
.

w
ith

p
ro

ba
bility

a
t

lea
st

1
−
δ

o
ver

th
e

ch
o
ice

o
f

a
sa

m
p
le
T

o
f

size
n

,
th

e
fo

llo
w

in
g

in
equ

a
lity

h
o
ld

s
fo

r
a
ll
h
∈
H

a
n

d
a
n

y
d
istribu

tio
n
q

o
ver

a
sa

m
p
le
S
X

:

L
P

(h
,f
P

)≤
L
q (h

,f
Q

)
+

d
iscY

(P̂
,q

)
+

2
R
n
(H

P
)

+
M
P √

log
(

1δ )

2
n

.
(10)
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C
o
r
t
e
s,

M
o
h
r
i
a
n
d

M
u
ñ
o
z
M
e
d
in
a

P
ro

o
f

L
et

Φ
(S

)
d
en

ote
su

p
h∈
H
L
Q̂

(h
,f
Q

)−
L
P

(h
,f
P

).
C

h
an

gin
g

on
e

p
oin

t
in
S

ch
an

g
es

Φ
(S

)
b
y

at
m

ost
M
Q

m
.

T
h
u
s,

b
y

M
cD

iarm
id

’s
in

eq
u
a
lity,

w
e

h
ave

P (Φ
(S

)−
E

[Φ
(S

)]
>
ε )≤

e −
2
m
ε
2

M
2Q

.
T

h
erefore,

for
an

y
δ
>

0,
w

ith
p
rob

a
b
ility

at
least

1−
δ,

th
e

follow
in

g
h
old

s
fo

r
all

h
∈
H

:

L
P

(h
,f
P

)≤
L
Q̂

(h
,f
Q

)
+

E
[Φ

(S
)]+

M
Q √

log
(

1δ )

2
m

.

N
ex

t,
w

e
can

b
ou

n
d

E
[Φ

(S
)]

as
follow

s:

E
[Φ

(S
)]

=
E

[
su

p
h∈
H
L
Q̂

(h
,f
Q

)−
L
P

(h
,f
P

) ]

≤
E

[
su

p
h∈
H
L
Q̂

(h
,f
Q

)−
L
Q

(h
,f
Q

) ]
+

su
p

h∈
H
L
Q

(h
,f
Q

)−
L
P

(h
,f
P

)

≤
2
R
m

(H
Q

)
+

d
iscY

(P
,Q

),

w
h
ere

th
e

last
in

eq
u
ality

follow
s

from
a

stan
d
ard

sy
m

m
etrization

in
eq

u
ality

in
term

s
of

th
e

R
ad

em
ach

er
com

p
lex

ity
an

d
th

e
d
efi

n
ition

of
d
iscY

(P
,Q

).
F

or
th

e
secon

d
b

ou
n
d

w
e

h
ave,

startin
g

w
ith

a
stan

d
ard

R
ad

em
ach

er
com

p
lex

ity
b

ou
n
d

forH
P

,
for

an
y
δ
>

0,
w

ith
p
rob

ab
ility

at
least

1−
δ,

th
e

follow
in

g
h
old

s
fo

r
all

h
∈
H

:

L
P

(h
,f
P

)≤
L
P̂

(h
,f
P

)
+

2
R
n
(H

P
)

+
M
P √

log
(

1δ )

2
n

≤
L
q (h

,f
Q

)
+
L
P̂

(h
,f
P

)−
L
q (h

,f
Q

)
+

2
R
n
(H

P
)

+
M
P √

log
(

1δ )

2n
.

(11)

M
oreover,

b
y

d
efi

n
ition

L
P̂

(h
,f
P

)−
L
q (h

,f
Q

)≤
d
iscY

(P̂
,q

)
for

an
y
q
.

R
ep

lacin
g

th
is

b
ou

n
d

in
(11)

y
ield

s
th

e
resu

lt.

O
b
serve

th
at

th
ese

b
ou

n
d
s

are
tigh

t
as

a
fu

n
ction

of
th

e
d
ivergen

ce
m

easu
re

(d
iscrep

-
an

cy
)

w
e

u
se:

in
th

e
ab

sen
ce

of
ad

ap
tation

,
th

e
follow

in
g

stan
d
ard

R
ad

em
ach

er
com

p
lex

ity
learn

in
g

b
ou

n
d

h
old

s:

L
P̂

(h
,f
P

)≤
L
P̂

(h
,f
P

)
+

2
R
n
(H

P
)

+
M
P √

log
(

1δ )

2
n

.

O
u
r

secon
d

ad
ap

tation
b

ou
n
d

d
iff

ers
from

th
is

in
eq

u
a
lity

on
ly

b
y

th
e

fact
th

atL
P̂

(h
,f
P

)
is

rep
laced

w
ith
L
q (h

,f
Q

)
+

d
iscY

(P̂
,q

).
B

u
t,

b
y

d
efi

n
ition

ofY
-d

iscrep
an

cy,
th

ere
ex

ists
an

h
∈
H

su
ch

th
at|L

P̂
(h
,f
P

)−
L
q (h

,f
Q

)|
=

d
iscY

(P̂
,q

).
A

sim
ilar

an
aly

sis
sh

ow
s

th
at

ou
r

fi
rst

b
ou

n
d

is
also

tigh
t.

G
iven

a
lab

eled
sam

p
le
S

from
th

e
so

u
rce

d
om

ain
,

P
rop

osition
5

su
g
gests

ch
o
osin

g
a

d
istrib

u
tion

q
w

ith
su

p
p

ortS
X

th
at

m
in

im
izes

th
e

righ
t-h

an
d

sid
e

of
(10).

H
ow

ever,
th

e
q
u
an

tity
d
iscY

(P̂
,q

)
d
ep

en
d
s,

b
y

d
efi

n
ition

,
on

th
e

u
n
k
n
ow

n
lab

els
from

th
e

target
d
o
m

ain
an

d
th

erefore
can

n
ot

b
e

m
in

im
ized

.
T

h
u
s,

w
e

w
ill

in
stead

u
p
p

er
b

ou
n
d

th
e
Y

-d
iscrep

an
cy

in
term

s
of

q
u
an

tities
th

at
can

b
e

estim
ated
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A
d
a
p
t
a
t
io
n
B
a
se

d
o
n
G
e
n
e
r
a
l
iz
e
d

D
is
c
r
e
pa

n
c
y

L
et
A

(H
)

d
en

ot
e

th
e

se
t

of
al

l
fu

n
ct

io
n
s
U

:
h
7→

U
h

m
ap

p
in

g
H

to
F

(S
X
,R

)
su

ch
th

at
fo

r
al

l
h
∈
H

,
h
7→
L U

h
(h
,f
Q

)
is

a
co

n
ve

x
fu

n
ct

io
n
.

T
h
u
s,

fo
r

a
n
y
h
∈
H

,
U
h

is
a

re
w

ei
g
h
ti

n
g

fu
n
ct

io
n

d
efi

n
ed

ov
er
S X

.
A

(H
)

co
n
ta

in
s

al
l

co
n
st

an
t

fu
n
ct

io
n
s
U

su
ch

th
at

U
h

=
q

fo
r

al
l

h
∈
H

,
w

h
er

e
q

is
a

d
is

tr
ib

u
ti

on
ov

er
S X

.
W

e
w

il
l

ab
u
se

th
e

n
ot

at
io

n
an

d
d
en

ot
e

th
is

fu
n
ct

io
n
s

al
so

b
y
q
.

B
y

P
ro

p
os

it
io

n
1,
A

(H
)

al
so

in
cl

u
d
es

th
e

fu
n
ct

io
n
Q

:
h
→

Q
h

u
se

d
b
y

ou
r

al
go

ri
th

m
.

D
e
fi

n
it

io
n

6
(G

e
n

e
ra

li
z
e
d

d
is

c
re

p
a
n

c
y
)

F
o
r

a
n

y
U
∈
A

(H
),

th
e

ge
n
er

al
iz

ed
d
is

cr
ep

-
an

cy
b

et
w

ee
n
P̂

an
d
U

is
d
en

o
te

d
by

D
IS

C
(P̂
,U

)
a
n

d
is

d
efi

n
ed

by

D
IS

C
(P̂
,U

)
=

su
p

h
∈H

,h
′′
∈H
′′
|L
P̂

(h
,h
′′ )
−
L U

h
(h
,f
Q

)|.
(1

2)

W
e

al
so

d
en

ot
e

b
y
d

1
(f
P
,H
′′ )

th
e
L

1
d
is

ta
n
ce

of
f P

to
H
′′ :

d
1
(f
P
,H
′′ )

=
m

in
h
0
∈H
′′

E P̂
|h

0
(x

)
−
f P

(x
)|.

(1
3)

T
h
e

fo
ll
ow

in
g

th
eo

re
m

gi
v
es

an
u
p
p

er
b

ou
n
d

on
th

e
Y-

d
is

cr
ep

an
cy

in
te

rm
s

of
th

e
ge

n
er

al
-

iz
ed

d
is

cr
ep

an
cy

an
d
d

1
(f
P
,H
′′ )

.

P
ro

p
o
si

ti
o
n

7
F

o
r

a
n

y
d
is

tr
ib

u
ti

o
n
q

o
ve

r
S X

a
n

d
a
n

y
se

t
H
′′ ,

th
e

fo
ll

o
w

in
g

in
eq

u
a
li

ty
h
o
ld

s:
d
is

c Y
(P̂
,q

)
≤

D
IS

C
(P̂
,q

)
+
µ
d

1
(f
P
,H
′′ )
.

P
ro

o
f

L
et
h

0
∈
H
′′ ,

b
y

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y,

w
e

ca
n

w
ri

te

d
is

c Y
(P̂
,q

)
=

su
p

h
∈H
|L

q
(h
,f
Q

)
−
L P̂

(h
,f
P

)|

≤
su

p
h
∈H
|L

q
(h
,f
Q

)
−
L P̂

(h
,h

0
)|

+
su

p
h
∈H
|L
P̂

(h
,h

0
)
−
L P̂

(h
,f
P

)|

≤
su

p
h
∈H

m
ax

h
′′
∈H
′′
|L

q
(h
,f
Q

)
−
L P̂

(h
,h
′′ )
|+

su
p

h
∈H
|L
P̂

(h
,h

0
)
−
L P̂

(h
,f
P

)|.

T
h
e

h
y
p

ot
h
es

is
h

0
w

il
l

la
te

r
b

e
ch

os
en

to
m

in
im

iz
e

th
e

d
is

ta
n
ce

of
f P

to
H
′′ .

B
y

th
e

µ
-a

d
m

is
si

b
il
it

y
of

th
e

lo
ss

,
th

e
la

st
te

rm
ca

n
b

e
b

ou
n
d
ed

as
fo

ll
ow

s:

su
p

h
∈H
|L
P̂

(h
,h

0
)
−
L P̂

(h
,f
P

)|
≤
µ

E P̂
|f P

(x
)
−
h

0
(x

)|.

U
si

n
g

th
is

in
eq

u
al

it
y

an
d

m
in

im
iz

in
g

ov
er
h

0
∈
H
′′

y
ie

ld
s:

d
is

c Y
(P̂
,q

)
≤

su
p

h
∈H

m
ax

h
′′
∈H
′′
|L

q
(h
,f
Q

)
−
L P̂

(h
,h
′′ )
|+

µ
d

1
(f
P
,H
′′ )

=
D

IS
C

(P̂
,q

)
+
µ
d

1
(f
P
,H
′′ )
,

w
h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
.

W
e

ca
n

al
so

b
ou

n
d

th
e
Y-

d
is

cr
ep

an
cy

in
te

rm
s

of
th

e
d
is

cr
ep

an
cy

m
ea

su
re

an
d

th
e

fo
ll
ow

in
g

m
ea

su
re

of
th

e
d
iff

er
en

ce
of

th
e

so
u
rc

e
an

d
ta

rg
et

la
b

el
in

g
fu

n
ct

io
n
s:

η H
(f
P
,f
Q

)
=

m
in

h
0
∈H

(
m

ax
x
∈s

u
p

p
(P̂

)
|f P

(x
)
−
h

0
(x

)|
+

m
ax

x
∈s

u
p

p
(Q̂

)
|f Q

(x
)
−
h

0
(x

)|)
.
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C
o
r
t
e
s,

M
o
h
r
i
a
n
d

M
u
ñ
o
z
M
e
d
in
a

P
ro

p
o
si

ti
o
n

8
T

h
e

fo
ll

o
w

in
g

in
eq

u
a
li

ty
h
o
ld

s
fo

r
a
ll

d
is

tr
ib

u
ti

o
n

s
q

o
ve

r
S X

:

d
is

c Y
(P̂
,q

)
≤

d
is

c(
P̂
,q

)
+
µ
η H

(f
P
,f
Q

).

P
ro

o
f

B
y

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y

an
d

th
e
µ

-a
d
m

is
si

b
il
it

y
of

th
e

lo
ss

,
th

e
fo

ll
ow

in
g

in
eq

u
a
li
ty

h
ol

d
s

fo
r

al
l
h

0
∈
H

:

d
is

c Y
(P̂
,q

)

=
su

p
h
∈H
|L

q
(h
,f
Q

)
−
L P̂

(h
,f
P

)|

≤
su

p
h
∈H

( |
L P̂

(h
,h

0
)
−
L P̂

(h
,f
P

)|
+
|L

q
(h
,f
Q

)
−
L q

(h
,h

0
)|)

+
su

p
h
∈H
|L

q
(h
,h

0
)
−
L P̂

(h
,h

0
)|

≤
µ
(

su
p

x
∈s

u
p

p
(P̂

)

|h
0
(x

)
−
f P

(x
)|]

+
su

p
x
∈s

u
p

p
(Q̂

)[|f
Q

(x
)
−
h

0
(x

)|]
)

+
d
is

c(
P̂
,q

).

M
in

im
iz

in
g

ov
er

al
l
h

0
∈
H

gi
ve

s
d
is

c Y
(P̂
,q

)
≤
µ
η H

(f
P
,f
Q

)
+

d
is

c(
P̂
,q

)
an

d
co

m
p
le

te
s

th
e

p
ro

of
.

T
h
e

fo
ll
ow

in
g

le
ar

n
in

g
gu

ar
an

te
es

ar
e

im
m

ed
ia

te
co

n
se

q
u
en

ce
s

of
P

ro
p

os
it

io
n
s

5
,

7
a
n
d

8. C
o
ro

ll
a
ry

9
L

et
H
′′
⊂
H

be
a

co
n

ve
x

se
t

a
n

d
q

a
d
is

tr
ib

u
ti

o
n

o
ve

r
S X

.
T

h
en

,
fo

r
a
n

y
δ
>

0,
ea

ch
o
f

th
e

fo
ll

o
w

in
g

in
eq

u
a
li

ti
es

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

fo
r

a
ll
h
∈
H

:

L P
(h
,f
P

)
≤
L q

(h
,f
Q

)
+

D
IS

C
(P̂
,q

)
+
µ
d

1
(f
P
,H
′′ )

+
2
R
n
(H

P
)

+
M
P

√
lo

g
(1 δ

)

2
n

,
(1

4
)

L P
(h
,f
P

)
≤
L q

(h
,f
Q

)
+

d
is

c(
P̂
,q

)
+
µ
η H

(f
P
,f
Q

)
+

2
R
n
(H

P
)

+
M
P

√
lo

g
(1 δ

)

2
n

.
(1

5
)

In
ge

n
er

al
,

th
e

b
ou

n
d
s

(1
4)

an
d

(1
5)

ar
e

n
ot

co
m

p
ar

ab
le

.
H

ow
ev

er
,

w
h
en

L
is

a
n
L
P

lo
ss

fo
r

so
m

e
p
≥

1,
w

e
ca

n
sh

ow
th

e
ex

is
te

n
ce

of
a

se
t
H
′′

fo
r

w
h
ic

h
(1

4)
is

a
ti

g
h
te

r
b

o
u
n
d

th
an

(1
5)

.
T

h
e

re
su

lt
is

ex
p
re

ss
ed

in
te

rm
s

of
th

e
lo

ca
l

d
is

cr
ep

a
n

cy
d
efi

n
ed

b
y
:

d
is

c H
′′
(P̂
,q

)
=

su
p

h
∈H

,h
′′
∈H
′′
|L
P̂

(h
,h
′′ )
−
L q

(h
,h
′′ )
|,

w
h
ic

h
is

a
fi
n
er

m
ea

su
re

th
an

th
e

st
an

d
ar

d
d
is

cr
ep

an
cy

fo
r

w
h
ic

h
th

e
su

p
re

m
u
m

is
d
efi

n
ed

ov
er

a
p
ai

r
of

h
y
p

ot
h
es

es
bo

th
in
H
⊇
H
′′ .

T
h

e
o
re

m
1
0

L
et
L

be
th

e
L
P

lo
ss

fo
r

so
m

e
p
≥

1.
L

et
H

:=
{B

(r
):
r
≥

0}
be

a
se

t
o
f

a
ll

ba
ll

s
B

(r
)

=
{h
′′
∈
H
|L

q
(h
′′ ,
f Q

)
≤
rp
}.

T
h
en

,
fo

r
a
n

y
d
is

tr
ib

u
ti

o
n
q

o
ve

r
S X

,
th

er
e

ex
is

ts
H
′′
∈
H

su
ch

th
a
t

th
e

fo
ll

o
w

in
g

h
o
ld

s:

D
IS

C
(P̂
,q

)
+
µ
d

1
(f
P
,H
′′ )
≤

d
is

c H
′′
(P̂
,q

)
+
µ
η H

(f
P
,f
Q

).
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A
d
a
p
t
a
t
io
n
B
a
se

d
o
n
G
e
n
e
r
a
l
iz
e
d

D
isc

r
e
pa

n
c
y

P
ro

o
f

F
ix

a
d
istrib

u
tion

q
overS

X
.

L
et
h
∗0

b
e

an
elem

en
t

of
argm

in
h
0 ∈
H

(L
P̂

(h
0 ,f

P
)
1p

+

L
q (h

0 ,f
Q

)
1p ).

C
h
o
ose

H
′′∈

H
as
H
′′

=
{h
′′∈

H
|L

q (h
′′,f

Q
)≤

r
p}

w
ith

r
=
L
q (h
∗0 ,f

Q
)
1p.

T
h
en

,
b
y

d
efi

n
ition

,
h
∗0

is
in
H
′′.

F
or

th
e
L
p

loss,
it

is
n
ot

h
ard

to
sh

ow
th

a
t

for
all

h
,h
′′∈

H
,

|L
q (h

,h
′′)−

L
q (h

,f
Q

)|≤
µ

[L
q (h
′′,f

Q
)]

1p
(see

A
p
p

en
d
ix

C
).

In
v
iew

of
th

is
in

eq
u
ality,

w
e

ca
n

w
rite:

D
IS

C
(P̂
,q

)
=

su
p

h∈
H
,h
′′∈
H
′′ |L

P̂
(h
,h
′′)−

L
q (h

,f
Q

)|

≤
su

p
h∈
H
,h
′′∈
H
′′ |L

P̂
(h
,h
′′)−

L
q (h

,h
′′)|

+
su

p
h∈
H
,h
′′∈
H
′′ |L

q (h
,h
′′)−

L
q (h

,f
Q

)|

≤
d
isc

H
′′(P̂

,q
)

+
m

ax
h
′′∈
H
′′ µ

[L
q (h
′′,f

Q
)]

1p

=
d
isc

H
′′(P̂

,q
)

+
µ
r

=
d
isc

H
′′(P̂

,q
)

+
µL

q (h
∗0 ,f

Q
)
1p.

U
sin

g
th

is
in

eq
u
ality,

J
en

sen
’s

in
eq

u
ality,

an
d

th
e

fact
th

a
t
h
∗0

is
in
H
′′,

w
e

can
w

rite

µ
d

1 (f
P
,H
′′)

+
D

IS
C

(P̂
,q

)

≤
µ

m
in

h
0 ∈
H
′′

Ex∈
P̂

[|f
P

(x
)−

h
0 (x

)|]+
µL

q (h
∗0 ,f

Q
)
1p

+
d
isc

H
′′(P̂

,q
)

≤
µ

m
in

h
0 ∈
H
′′

Ex∈
P̂

[|f
P

(x
)−

h
0 (x

)| p]
1p

+
µL

q (h
∗0 ,f

Q
)
1p

+
d
isc

H
′′(P̂

,q
)

≤
µL

P̂
(h
∗0 ,f

P
)
1p

+
µL

q (h
∗0 ,f

Q
)
1p

+
d
isc

H
′′(P̂

,q
).

M
o
reover,

b
y

d
efi

n
ition

of
h
∗0

th
e

last
ex

p
ression

is
eq

u
al

to

µ
m

in
h
0 ∈
H

(L
P̂

(h
0 ,f

P
)
1p

+
L
q (h

0 ,f
Q

)
1p )

+
d
isc

H
′′(P̂

,q
)

≤
µ

m
in

h
0 ∈
H

(
m

ax
x∈

su
p

p
(P̂

) |f
P

(x
)−

h
0 (x

)|+
m

ax
x∈

su
p

p
(Q̂

) |f
Q

(x
)−

h
0 (x

)| )
+

d
isc

H
′′(P̂

,q
)

=
µ
η
H

(f
P
,f
Q

)
+

d
isc

H
′′(P̂

,q
).

w
h
ich

co
n
clu

d
es

th
e

p
ro

of.

T
h
eo

rem
1
0

sh
ow

s
th

at
th

e
gen

eralized
d
iscrep

an
cy

can
p
rov

id
e

a
fi
n
er

m
easu

re
of

th
e

d
iff

eren
ce

b
etw

een
tw

o
d
om

ain
s

for
som

e
ch

oices
of
H
′′.

T
h
erefore,

for
a

g
o
o
d

ch
oice

of
H
′′,

a
n

alg
o
rith

m
m

in
im

izin
g

th
e

righ
t-h

an
d

sid
e

of
(14)

w
ou

ld
b

en
efi

t
from

b
etter

th
eoretical

g
u
a
ra

n
tees

th
a
n

th
e

D
M

algorith
m

.
H

ow
ever,

th
e

op
tim

ization
p
rob

lem
d
efi

n
ed

b
y

(14)
is

n
o
t

jo
in

tly
con

vex
in

q
an

d
h

.
In

stead
,

w
e

p
ro

p
ose

to
fi
rst

m
in

im
ize

th
e

gen
eralized

d
iscrep

a
n
cy

an
d

th
en

u
se

th
is

rew
eigh

tin
g

fu
n
ction

as
in

p
u
t

to
ou

r
learn

in
g

algorith
m

.
F

u
rth

er
m

o
tiva

tion
for

th
is

tw
o-stage

algorith
m

is
given

in
th

e
follow

in
g

section
.

4
.2

.
P

o
in

tw
ise

G
u

a
ra

n
te

e
s

S
im

ila
r

to
th

e
g
u
aran

tee
p
resen

ted
b
y

C
o
rtes

an
d

M
oh

ri
(2013),

w
e

w
ill

seek
to

b
ou

n
d

th
e

d
iff

eren
ce

b
etw

een
an

id
ea

l
so

lu
tio

n
h
∗

an
d

th
e

solu
tion

ob
tain

ed
b
y

ou
r

algorith
m

.
W

e
b

eg
in

b
y

sta
tin

g
th

e
follow

in
g

b
ou

n
d

m
otivatin

g
th

e
D

M
algorith

m
.

1
1

JM
L

R
 20(1):1-30, 2019

C
o
r
t
e
s,

M
o
h
r
i
a
n
d

M
u
ñ
o
z
M
e
d
in
a

T
h

e
o
re

m
1
1

(C
o
rte

s
a
n

d
M

o
h

ri,
2
0
1
3
)

L
et

q
be

a
n

a
rbitra

ry
d
istribu

tio
n

o
verS

X
a
n

d
let

h
∗

a
n

d
h
q

be
th

e
h
ypo

th
eses

m
in

im
izin

g
λ‖h‖

2K
+
L
P̂

(h
,f
P

)
a
n

d
λ‖h‖

2K
+
L
q (h

,f
Q

)
respectively.

T
h
en

,
th

e
fo

llo
w

in
g

in
equ

a
lity

h
o
ld

s:

λ‖h
∗−

h
q ‖

2K
≤
µ
η
H

(f
P
,f
Q

)
+

d
isc(P̂

,q
).

(16)

N
otice

th
at

th
e

solu
tion

of
D

M
m

in
im

izes
th

e
righ

t-h
an

d
sid

e
of

(16),
th

at
is

d
isc(P̂

,q
).

T
h
e

follow
in

g
th

eorem
p
rov

id
es

an
an

alogou
s

b
ou

n
d

for
ou

r
a
lgorith

m
.

T
h

e
o
re

m
1
2

L
et

U
be

a
n

a
rbitra

ry
elem

en
t

o
fA

(H
)

a
n

d
let

h
∗

a
n

d
h
U

be
th

e
h
ypo

th
eses

m
in

im
izin

g
λ‖
h‖

2K
+
L
P̂

(h
,f
P

)
a
n

d
λ‖
h‖

2K
+
L
U
h (h

,f
Q

)
respectively.

T
h
en

,
th

e
fo

llo
w

in
g

in
equ

a
lity

h
o
ld

s
fo

r
a
n

y
co

n
vex

set
H
′′⊆

H
:

λ‖
h
∗−

h
U ‖

2K
≤
µ
d

1 (f
P
,H
′′)

+
D

IS
C

(P̂
,U

).
(17)

P
ro

o
f

F
ix

U
∈
A

(H
)

an
d

let
G
P̂

d
en

ote
h
7→
L
P̂

(h
,f
P

)
an

d
G

U
th

e
fu

n
ction

h
7→

L
U
h (h

,f
Q

).
S
in

ce
h
7→

λ‖
h‖

2K
+
G
P̂

(h
)

is
con

vex
an

d
d
iff

eren
tiab

le
a
n
d

sin
ce

h
∗

is
its

m
in

im
izer,

th
e

grad
ien

t
is

zero
at

h
∗,

th
at

is
2
λ
h
∗

=
−
∇
G
P̂

(h
∗).

S
im

ilarly,
sin

ce
h
7→

λ‖h‖
2K

+
G

U
(h

)
is

con
v
ex

,
it

ad
m

its
a

su
b
-d

iff
eren

tial
at

an
y
h
∈
H

.
S
in

ce
h
U

is
a

m
in

im
izer,

its
su

b
-d

iff
eren

tial
at
h
U

m
u
st

con
tain

0.
T

h
u
s,

th
ere

ex
ists

a
su

b
-grad

ien
t
g

0
∈
∂
G

U
(h

U
)

su
ch

th
at

2
λ
h
U

=
−
g

0 ,
w

h
ere

∂
G

U
(h

U
)

d
en

otes
th

e
su

b
-d

iff
eren

tial
of
G

U
at

h
U

.
U

sin
g

th
ese

tw
o

eq
u
alities

w
e

can
w

rite

2λ‖
h
∗−

h
U ‖

2K
=
〈h
∗−

h
U
,g

0 −
∇
G
P̂

(h
∗)〉

=
〈g

0 ,h
∗−

h
U 〉−

〈∇
G
P̂

(h
∗),h

∗−
h
U 〉

≤
G

U
(h
∗)−

G
U

(h
U

)
+
G
P̂

(h
U

)−
G
P̂

(h
∗)

=
L
P̂

(h
U
,f
P

)−
L
U
h (h

U
,f
Q

)
+
L
U
h (h
∗,f

Q
)−
L
P̂

(h
∗,f

P
)

≤
2

su
p

h∈
H
|L
P̂

(h
,f
P

)−
L
U
h (h

,f
Q

)|,

w
h
ere

w
e

u
sed

for
th

e
fi
rst

in
eq

u
ality

th
e

con
vex

ity
of
G

U
com

b
in

ed
w

ith
th

e
su

b
-grad

ien
t

p
rop

erty
of

g
0
∈
∂
G

U
(h

U
),

an
d

th
e

con
v
ex

ity
of

G
P̂

.
F

or
an

y
h
∈
H

,
u
sin

g
th

e
µ

-
ad

m
issib

ility
of

th
e

loss,
w

e
can

u
p
p

er
b

o
u
n
d

th
e

op
eran

d
of

th
e

m
ax

op
erator

as
follow

s:

|L
P̂

(h
,f
P

)−
L
U
h (h

,f
Q

)|≤
|L
P̂

(h
,f
P

)−
L
P̂

(h
,h

0 )|+
|L
P̂

(h
,h

0 )−
L
U
h (h

,f
Q

)|
≤
µ

Ex∼
P̂ |f

P
(x

)−
h

0 (x
)|+

m
ax

h
′′∈
H
′′ |L

P̂
(h
,h
′′)−

L
U
h (h

,f
Q

)|,

w
h
ere

h
0

is
an

arb
itrary

elem
en

t
of
H
′′.

S
in

ce
th

is
b

ou
n
d

h
old

s
for

a
ll
h

0 ∈
H
′′,

it
follow

s
im

m
ed

iately
th

at

λ‖h
∗−

h
U ‖

2K
≤
µ

m
in

h
0 ∈
H
′′ EP̂
|f
P

(x
)−

h
0 (x

)|
+

su
p

h∈
H

m
ax

h
′′∈
H
′′ |L

P̂
(h
,h
′′)−

L
U
h (h

,f
Q

)|,

w
h
ich

con
clu

d
es

th
e

p
ro

of.

N
ote

th
at

ou
r

ch
oice

of
Q

:
h
7→

Q
h

m
in

im
izes

th
e

righ
t-h

an
d

sid
e

of
(17)

am
on

g
all

fu
n
ction

s
U
∈
A

(H
)

sin
ce,

for
an

y
U

,
w

e
can

w
rite

D
IS

C
(P̂
,U

)=
su

p
h∈
H

m
ax

h
′′∈
H
′′ |L

P̂
(h
,h
′′)−
L
U
h (h

,f
Q

)|≥
su

p
h∈
H

m
in

q∈F
(S
X

)
m

ax
h
′′∈
H
′′ |L

P̂
(h
,h
′′)−
L
q (h

,f
Q

)|

=
su

p
h∈
H

m
ax

h
′′∈
H
′′ |L

P̂
(h
,h
′′)−

L
Q
h (h

,f
Q

)|
=

D
IS

C
(P̂
,Q

).
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A
d
a
p
t
a
t
io
n
B
a
se

d
o
n
G
e
n
e
r
a
l
iz
e
d

D
is
c
r
e
pa

n
c
y

T
h
u
s,

in
v
ie

w
of

T
h
eo

re
m

10
,

fo
r

an
y

co
n
st

a
n
t

fu
n
ct

io
n
U
∈
A

(H
)

w
it

h
U
h

=
q

fo
r

so
m

e
fi
x
ed

d
is

tr
ib

u
ti

on
q

ov
er
S X

,
th

e
ri

gh
t-

h
an

d
si

d
e

o
f

th
e

b
ou

n
d

of
T

h
eo

re
m

11
is

lo
w

er
b

ou
n
d
ed

b
y

th
e

ri
gh

t-
h
an

d
si

d
e

of
th

e
b

ou
n
d

of
T

h
eo

re
m

12
,

si
n
ce

th
e

lo
ca

l
d
is

cr
ep

an
cy

is
a

fi
n
er

q
u
an

ti
ty

th
an

th
e

d
is

cr
ep

an
cy

:
d
is

c H
′′
(P̂
,q

)
≤

d
is

c(
P̂
,q

).
T

h
u
s,

as
ex

p
ec

te
d

fr
om

th
e

d
is

cu
ss

io
n

af
te

r
T

h
eo

re
m

10
,

ou
r

al
go

ri
th

m
b

en
efi

ts
fr

om
a

m
or

e
fa

vo
ra

b
le

g
u
ar

an
te

e
th

an
th

e
D

M
al

go
ri

th
m

fo
r

so
m

e
p
ar

ti
cu

la
r

ch
oi

ce
s

of
H
′′ ,

es
p

ec
ia

ll
y

si
n
ce

,
ou

r
ch

oi
ce

of
Q

is
b
as

ed
on

th
e

m
in

im
iz

at
io

n
ov

er
al

l
el

em
en

ts
in
A

(H
)

an
d

n
ot

ju
st

th
e

su
b
se

t
of

co
n
st

an
t

fu
n
ct

io
n
s

m
ap

p
in

g
to

a
d
is

tr
ib

u
ti

on
.

T
h
e

fo
ll
ow

in
g

p
oi

n
tw

is
e

gu
ar

an
te

e
fo

ll
ow

s
d
ir

ec
tl

y
fr

om
T

h
eo

re
m

12
.

C
o
ro

ll
a
ry

1
3

L
et
h
∗

be
a

m
in

im
iz

er
o
f
λ
‖h
‖2 K

+
L P̂

(h
,f
P

)
a
n

d
h
Q

a
m

in
im

iz
er

o
f
λ
‖h
‖2 K

+
L Q

h
(h
,f
Q

).
T

h
en

,
th

e
fo

ll
o
w

in
g

h
o
ld

s
fo

r
a
n

y
co

n
ve

x
se

t
H
′′
⊆
H

a
n

d
fo

r
a
ll

(x
,y

)
∈
X
×
Y:

|L
(h

Q
(x

),
y
)
−
L

(h
∗ (
x

),
y
)|
≤
µ
R

√
µ
d

1
(f
P
,H
′′ )

+
D

IS
C

(P̂
,Q

)

λ
,

(1
8)

w
h
er

e
R

2
=

su
p
x
∈X

K
(x
,x

).

P
ro

o
f

B
y

th
e
µ

-a
d
m

is
si

b
il
it

y
of

th
e

lo
ss

,
th

e
re

p
ro

d
u
ci

n
g

p
ro

p
er

ty
of

H
,

an
d

th
e

C
au

ch
y
-

S
ch

w
ar

z
in

eq
u
al

it
y,

th
e

fo
ll
ow

in
g

h
ol

d
s

fo
r

al
l
x
∈
X

an
d
y
∈
Y:

|L
(h

Q
(x

),
y
)
−
L

(h
∗ (
x

),
y
)|
≤
µ
|h

Q
(x

)
−
h
∗ (
x

)|
=
µ
|〈h

Q
−
h
∗ ,
K

(x
,·)
〉 K
|

≤
µ
‖h

Q
−
h
∗ ‖
K

√
K

(x
,x

)
≤
R
‖h

Q
−
h
∗ ‖
K
.

U
p
p

er
b

ou
n
d
in

g
‖h

Q
−
h
∗ ‖
K

u
si

n
g

T
h
eo

re
m

12
an

d
u
si

n
g

th
e

fa
ct

th
at

Q
:
h
→

Q
h

is
a

m
in

im
iz

er
of

th
e

b
ou

n
d

ov
er

al
l

ch
oi

ce
s

of
U
∈
A

(H
)

y
ie

ld
s

th
e

d
es

ir
ed

re
su

lt
.

T
h
e

p
oi

n
tw

is
e

lo
ss

gu
ar

an
te

e
ju

st
p
re

se
n
te

d
ca

n
b

e
d
ir

ec
tl

y
u
se

d
to

b
ou

n
d

th
e

d
iff

er
en

ce
of

th
e

ex
p

ec
te

d
lo

ss
of
h
∗

an
d
h
Q

in
te

rm
s

of
th

e
sa

m
e

u
p
p

er
b

ou
n
d
s,

e.
g.

,

L P
(h

Q
,f
P

)
≤
L P

(h
∗ ,
f P

)
+
µ
R

√
µ
d

1
(f
P
,H
′′ )

+
D

IS
C

(P̂
,Q

)

λ
.

(1
9)

S
im

il
ar

ly
,

T
h
eo

re
m

10
d
ir

ec
tl

y
im

p
li
es

th
e

fo
ll
ow

in
g

C
or

ol
la

ry
.

C
o
ro

ll
a
ry

1
4

L
et
h
∗

be
a

m
in

im
iz

er
o
f
λ
‖h
‖2 K

+
L P̂

(h
,f
P

)
a
n

d
h
Q

a
m

in
im

iz
er

o
f
λ
‖h
‖2 K

+
L Q

h
(h
,f
Q

).
L

et
su

p
x
∈X

K
(x
,x

)
=
R

2
.

T
h
en

,
th

er
e

ex
is

ts
a

ch
o
ic

e
o
f
H
′′
∈
H

fo
r

w
h
ic

h
th

e
fo

ll
o
w

in
g

in
eq

u
a
li

ty
h
o
ld

s
u

n
if

o
rm

ly
o
ve

r
o
ve

r
(x
,y

)
∈
X
×
Y:

|L
(h

Q
(x

),
y
)
−
L

(h
∗ (
x

),
y
)|
≤
µ
R

√
µ
η H

(f
P
,f
Q

)+
d
is

c H
′′
(P̂
,q

m
in

)

λ
,

w
h
er

e
q
m
in

is
th

e
so

lu
ti

o
n

o
f

th
e

D
M

a
lg

o
ri

th
m

.
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1)
:1

-3
0,

 2
01

9

C
o
r
t
e
s,

M
o
h
r
i
a
n
d

M
u
ñ
o
z
M
e
d
in
a

T
h
e

ch
oi

ce
of

th
e

se
t
H
′′

d
efi

n
in

g
ou

r
al

g
or

it
h
m

is
st

ro
n
g
ly

m
ot

iv
at

ed
b
y

th
e

th
eo

re
ti

ca
l

re
su

lt
s

of
th

is
se

ct
io

n
.

In
v
ie

w
of

T
h
eo

re
m

10
,

w
e

re
st

ri
ct

ou
r

ch
oi

ce
of
H
′′

to
th

e
fa

m
il
y
H

,
p
ar

am
et

ri
ze

d
on

ly
b
y

th
e

ra
d
iu

s
r.

S
in

ce
th

e
ge

n
er

al
iz

ed
d
is

cr
ep

an
cy

D
IS

C
is

a
fu

n
ct

io
n

o
f

th
e

se
t
H
′′

w
h
ic

h
in

tu
rn

d
ep

en
d
s

on
ly

on
r,

th
e

ra
d
iu

s
r

is
ch

os
en

to
m

in
im

iz
e

(1
9
).

T
h
is

ca
n

b
e

d
on

e
b
y

u
si

n
g

as
a

va
li
d
at

io
n

se
t

a
sm

al
l

am
ou

n
t

of
la

b
el

ed
d
at

a
fr

o
m

th
e

ta
rg

et
d
om

ai
n

w
h
ic

h
is

ty
p
ic

al
ly

av
ai

la
b
le

in
p
ra

ct
ic

e.
In

p
ar

ti
cu

la
r,

as
th

e
si

ze
of

th
e

u
n
la

b
el

ed
sa

m
p
le
T
′

in
cr

ea
se

s,
ou

r
es

ti
m

at
e

of
th

e
op

ti
m

al
ra

d
iu

s
r

b
ec

om
es

m
or

e
a
cc

u
ra

te
.

W
e

p
ro

v
id

e
a

d
et

ai
le

d
d
es

cr
ip

ti
on

of
ou

r
al

go
ri

th
m

’s
im

p
le

m
en

ta
ti

on
in

S
ec

ti
on

5
.

4
.3

.
C

o
m

p
a
ri

so
n

a
g
a
in

st
O

th
e
r

L
e
a
rn

in
g

B
o
u

n
d

s

W
e

n
ow

co
m

p
ar

e
th

e
le

ar
n
in

g
b

ou
n
d
s

ju
st

d
er

iv
ed

fo
r

ou
r

al
go

ri
th

m
w

it
h

th
o
se

o
f

so
m

e
co

m
m

on
re

w
ei

gh
ti

n
g

te
ch

n
iq

u
es

.
In

p
ar

ti
cu

la
r,

w
e

co
m

p
ar

e
ou

r
b

ou
n
d
s

w
it

h
th

o
se

o
f

C
o
rt

es
et

al
.
(2

00
8)

fo
r

th
e

K
M

M
al

go
ri

th
m

.
A

si
m

il
ar

co
m

p
ar

is
on

h
ow

ev
er

ca
n

b
e

d
er

iv
ed

fo
r

o
th

er
al

go
ri

th
m

s
b
as

ed
on

im
p

or
ta

n
ce

w
ei

gh
ti

n
g

su
ch

as
K

L
IE

P
or

u
L

S
IF

.
A

ss
u
m

e
P

an
d
Q

ad
m

it
d
en

si
ti

es
p

an
d
q

re
sp

ec
ti

ve
ly

.
F

or
ev

er
y
x
∈
X

w
e

d
en

o
te

b
y

β
(x

)
=

p
(x

)
q
(x

)
th

e
im

p
or

ta
n
ce

ra
ti

o
an

d
b
y
β

=
β
∣ ∣ S
X

it
s

re
st

ri
ct

io
n

to
S X

.
W

e
a
ls

o
le

t
β̂

b
e

th
e

so
lu

ti
on

to
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
so

lv
ed

b
y

th
e

K
M

M
al

go
ri

th
m

.
L

et
h
β

d
en

o
te

th
e

so
lu

ti
on

to
m

in
h
∈H

λ
‖h
‖2

+
L β

(h
,f
Q

),
(2

0
)

an
d
h
β̂

b
e

th
e

so
lu

ti
on

to

m
in

h
∈H

λ
‖h
‖2

+
L β̂

(h
,f
Q

).
(2

1
)

T
h
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
d
u
e

to
C

or
te

s
et

al
.

(2
00

8)
re

la
te

s
th

e
er

ro
r

of
th

es
e

h
y
p

o
th

es
es

.
T

h
e

p
ro

p
os

it
io

n
re

q
u
ir

es
th

e
ke

rn
el
K

to
b

e
a

st
ri

ct
ly

p
os

it
iv

e
d
efi

n
it

e
u
n
iv

er
sa

l
ke

rn
el

,
w

it
h

G
ra

m
m

at
ri

x
K

gi
ve

n
b
y

K
ij

=
K

(x
i,
x
j
).

P
ro

p
o
si

ti
o
n

1
5

A
ss

u
m

e
L

(h
(x

),
y
)
≤

1
fo

r
a
ll

(x
,y

)
∈
X
×
Y,
h
∈
H

.
F

o
r

a
n

y
δ
>

0
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

w
e

h
a
ve

:

|L
P

(h
β
,f
P

)
−
L P

(h
β̂
,f
P

)|
≤
µ

2
R

2
λ

1 2 m
a
x
(K

)

λ

(
εB
′

√
m

+
κ

1
/
2

λ
1
/
2

m
in

(K
)√

B
′2

m
+

1 n

( 1
+

√
2

lo
g

2 δ

))
,

(2
2
)

w
h
er

e
ε

a
n

d
B
′ a

re
th

e
h
yp

er
pa

ra
m

et
er

s
d
efi

n
in

g
th

e
K

M
M

a
lg

o
ri

th
m

a
n

d
λ

m
a
x
(K

),
λ

m
in

(K
)

d
en

o
te

th
e

la
rg

es
t

a
n

d
sm

a
ll

es
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b
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d
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p
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p
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d
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b
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p
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at
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b
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b
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b
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tain

ed
b
y

com
b
in

in
gS

an
d
T
′,

w
h
ich

corresp
on

d
s

to
th

e
n
ew

em
p
irical

d
istrib

u
tion

Q̂
′
=

m
m

+
s Q̂

+
s

m
+
s P̂
′.
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s
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) d
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b
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-con
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p
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p
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b
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p
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p
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.
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con
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r
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b
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r
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b
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d
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m
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=
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‖
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=

(q
m

in (x
1 )

1
/
2y

1 ,...,q
m

in (x
m

)
1
/
2y
m

)
is

th
e

vector
of

n
orm
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m
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‖
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p
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p
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con
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p
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m
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+
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+
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‖y‖
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=

K
>st K

t (λ
K
t
+
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p
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p
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p
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p
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h
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b
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p
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=
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−
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≥
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1 2
K
t)
−

1
(Y
α

+
1 2
γ

).

T
h
e

p
ro

of
of

th
e

p
ro

p
os

it
io

n
is

gi
ve

n
in

A
p
p

en
d
ix

B
.

T
h
e

re
su

lt
sh

ow
s

th
at

,
gi

v
en

a
fi
n
it

e
sa

m
p
le
h

1
,.
..
,h

k
on

th
e

b
ou

n
d
ar

y
of
H
′′ ,

(2
4)

is
in

fa
ct

eq
u
iv

al
en

t
to

a
st

an
d
ar

d
Q

P
.

H
en

ce
,

a
so

lu
ti

on
ca

n
b

e
fo

u
n
d

effi
ci

en
tl

y
w

it
h

on
e

of
th

e
m

an
y

o
ff

-t
h
e-

sh
el

f
al

go
ri

th
m

s
fo

r
q
u
ad

ra
ti

c
p
ro

gr
am

m
in

g.
W

e
n
ow

d
es

cr
ib

e
th

e
p
ro

ce
ss

of
sa

m
p
li
n
g

fr
om

th
e

b
ou

n
d
ar

y
of

th
e

se
t
H
′′ ,

w
h
ic

h
is

a
n
ec

es
sa

ry
st

ep
fo

r
d
efi

n
in

g
p
ro

b
le

m
(2

4)
.

W
e

co
n
si

d
er

co
m

p
ac

t
se

ts
of

th
e

fo
rm

H
′′

:=
{h
′′
∈
H
|g

i(
h
′′ )
≤

0}
,

w
h
er

e
th

e
fu

n
ct

io
n
s
g i

a
re

co
n
ti

n
u
ou

s
an

d
co

n
v
ex

.
F

or
in

st
an

ce
,

w
e

co
u
ld

co
n
si

d
er

th
e

se
t
H
′′

d
efi

n
ed

in
th

e
p
re

v
io

u
s

se
ct

io
n
.

M
or

e
ge

n
er

al
ly

,
w

e
ca

n
co

n
si

d
er

a
fa

m
il
y

of
se

ts
H
′′ p

=
{h
′′
∈
H
||
∑

m i=
1
q

m
in

(x
i)
|h

(x
i)
−
y i
|p
≤
rp
}.

A
ss

u
m

e
th

at
th

er
e

ex
is

ts
h

0
sa

ti
sf

y
in

g
g i

(h
0
)
<

0.
O

u
r

sa
m

p
li
n
g

p
ro

ce
ss

is
il
lu

st
ra

te
d

b
y

F
ig

u
re

1
an

d
w

or
k
s

as
fo

ll
ow

s:
p
ic

k
a

ra
n
d
om

d
ir

ec
ti

on
ĥ

an
d

d
efi

n
e
λ
i

to
b

e
th

e
m

in
im

al
so

lu
ti

on
to

th
e

sy
st

em

(λ
≥

0)
∧

(g
i(
h

0
+
λ
ĥ

)
=

0)
.

S
et
λ
i

=
∞

if
n
o

so
lu

ti
on

is
fo

u
n
d

an
d

d
efi

n
e
λ
∗

=
m

in
i
λ
i.

B
y

th
e

co
n
v
ex

it
y

an
d

co
m

p
ac

t-
n
es

s
of
H
′′

w
e

ca
n

gu
ar

an
te

e
th

at
λ
∗
<
∞

.
T

h
e

h
y
p

ot
h
es

is
h

=
h

0
+
λ
∗ ĥ

sa
ti

sfi
es
h
∈
H
′′

an
d
g j

(h
)

=
0

fo
r
j

su
ch

th
at
λ
j

=
λ
∗ .

T
h
e

la
tt

er
is

st
ra

ig
h
tf

or
w

ar
d
.

T
o

ve
ri

fy
th

e
fo

rm
er

,
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C
o
r
t
e
s,

M
o
h
r
i
a
n
d

M
u
ñ
o
z
M
e
d
in
a

as
su

m
e

th
at
g i

(h
0

+
λ
∗ ĥ

)
>

0
fo

r
so

m
e
i.

T
h
e

co
n
ti

n
u
it

y
of
g i

w
ou

ld
im

p
ly

th
e

ex
is

te
n
ce

o
f

λ
′ i

w
it

h
0
<
λ
′ i
<
λ
∗
≤
λ
i

su
ch

th
at
g i

(h
0

+
λ
′ iĥ

)
=

0.
T

h
is

w
ou

ld
co

n
tr

ad
ic

t
th

e
ch

o
ic

e
o
f

λ
i,

th
u
s,

th
e

in
eq

u
al

it
y
g i

(h
0

+
λ
∗ ĥ

)
≤

0
m

u
st

h
ol

d
fo

r
al

l
i.

S
in

ce
a

p
oi

n
t
h

0
w

it
h
g i

(h
0
)
<

0
ca

n
b

e
ob

ta
in

ed
b
y

so
lv

in
g

a
co

n
ve

x
p
ro

g
ra

m
a
n
d

so
lv

in
g

th
e

eq
u
at

io
n
s

d
efi

n
in

g
λ
i

is
,

in
ge

n
er

al
,

si
m

p
le

,
th

e
p
ro

ce
ss

d
es

cr
ib

ed
p
ro

v
id

es
a
n

effi
ci

en
t

w
ay

of
sa

m
p
li
n
g

p
oi

n
ts

fr
om

th
e

co
n
ve

x
se

t
H
′′ .

5
.3

.
Im

p
le

m
e
n
ta

ti
o
n

fo
r

th
e
L

2
L

o
ss

W
e

n
ow

d
es

cr
ib

e
h
ow

to
fu

ll
y

im
p
le

m
en

t
ou

r
sa

m
p
li
n
g-

b
as

ed
al

go
ri

th
m

fo
r

th
e

ca
se

w
h
er

e
L

is
eq

u
al

to
th

e
L

2
lo

ss
.

In
v
ie

w
of

th
e

re
su

lt
s

of
S
ec

ti
on

4,
w

e
le

t
H
′′

=
{h
′′ |‖
h
′′ ‖
K
≤

Λ
∧
L q

(h
′′ ,
f Q

)
≤
r2
}.

W
e

fi
rs

t
d
es

cr
ib

e
th

e
st

ep
s

n
ee

d
ed

to
fi
n
d

a
p

oi
n
t
h

0
∈
H
′′ .

L
et

h
Λ

b
e

su
ch

th
at
‖h

Λ
‖ K

=
Λ

an
d
λ
r
∈
R

+
b

e
su

ch
th

a
t

th
e

so
lu

ti
on

h
r

to
th

e
o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m

m
in

h
∈H

λ
r
‖h
‖2

+
L q

(h
,f
Q

),

sa
ti

sfi
es
L q

(h
r
,f
Q

)
=
r2

.
It

is
ea

sy
to

ve
ri

fy
th

at
th

e
ex

is
te

n
ce

of
λ
r

is
g
u
a
ra

n
te

ed
fo

r
m

in
h
∈H
L q

(h
,f
Q

)
≤
r2
≤
∑

m i=
1
q
(x
i)
y

2 i
.

It
is

cl
ea

r
th

at
th

e
p

oi
n
t
h

0
=

1 2
(h
r

+
h

Λ
)

is
in

th
e

in
te

ri
or

of
H
′′ .

O
f

co
u
rs

e,
fi
n
d
in

g
λ
r

w
it

h
th

e
d
es

ir
ed

p
ro

p
er

ti
es

is
n
o
t

st
ra

ig
h
tf

o
rw

a
rd

.
H

ow
ev

er
,

si
n
ce

r
is

ch
os

en
v
ia

va
li
d
at

io
n
,

w
e

d
o

n
ot

n
ee

d
to

fi
n
d
λ
r

as
a

fu
n
ct

io
n

o
f
r.

In
st

ea
d
,

w
e

ca
n

si
m

p
ly

se
le

ct
λ
r

th
ro

u
gh

va
li
d
at

io
n

to
o.

In
or

d
er

to
co

m
p
le

te
th

e
sa

m
p
li
n
g

p
ro

ce
ss

,
w

e
m

u
st

h
av

e
an

effi
ci

en
t

w
ay

o
f

se
le

ct
in

g
a

ra
n
d
om

d
ir

ec
ti

on
ĥ

.
If
H
⊂

R
d

is
a

se
t

of
li
n
ea

r
h
y
p

ot
h
es

es
,

a
d
ir

ec
ti

o
n
ĥ

ca
n

b
e

sa
m

p
le

d
u
n
if

or
m

ly
b
y

le
tt

in
g
ĥ

=
ξ ‖ξ
‖,

w
h
er

e
ξ

is
a

st
an

d
a
rd

G
au

ss
ia

n
ra

n
d
om

va
ri

a
b
le

in
R
d
.

If
H

is
a

su
b
se

t
of

a
R

K
H

S
,

b
y

th
e

re
p
re

se
n
te

r
th

eo
re

m
,

w
e

on
ly

n
ee

d
to

co
n
si

d
er

h
y
p

o
th

es
es

o
f

th
e

fo
rm

h
=
∑

m i=
1
α
iK

(x
i,
·).

T
h
er

ef
or

e,
w

e
ca

n
sa

m
p
le

a
d
ir

ec
ti

on
ĥ

=
∑

m i=
1
α
′ iK

(x
i,
·),

w
h
er

e
th

e
ve

ct
or
α

′ =
(α
′ 1
,.
..
,α
′ m

)
is

d
ra

w
n

u
n
if

or
m

ly
fr

om
th

e
u
n
it

sp
h
er

e
in

R
m

.
A

fu
ll

im
p
le

m
en

ta
ti

on
of

ou
r

al
go

ri
th

m
th

u
s

co
n
si

st
s

of
th

e
fo

ll
ow

in
g

st
ep

s:

•
fi
n
d

th
e

d
is

tr
ib

u
ti

on
q

m
in

=
ar

gm
in

q
∈Q

d
is

c(
q
,P̂

).
T

h
is

ca
n

b
e

d
on

e
b
y

u
si

n
g

th
e

sm
o
ot

h
ap

p
ro

x
im

at
io

n
al

go
ri

th
m

of
C

or
te

s
an

d
M

oh
ri

(2
01

3)
;

•
sa

m
p
le

p
oi

n
ts

fr
om

th
e

se
t
H
′′

u
si

n
g

th
e

sa
m

p
li
n
g

p
ro

ce
ss

d
es

cr
ib

ed
ab

ov
e;

•
so

lv
e

th
e

Q
P

in
tr

o
d
u
ce

d
in

S
ec

ti
on

5.
2.

N
ot

ic
e

th
at

ou
r

al
go

ri
th

m
on

ly
re

q
u
ir

es
so

lv
in

g
a

si
m

p
le

Q
P

an
d

th
er

ef
or

e
it

s
co

m
p
le

x
it

y
is

th
e

sa
m

e
as

ot
h
er

ad
ap

ta
ti

on
al

go
ri

th
m

s
su

ch
as

K
M

M
,

K
L

IE
P

an
d

D
M

.

6
.
E
x
p
e
ri
m
e
n
ts

H
er

e,
w

e
re

p
or

t
th

e
re

su
lt

s
of

ex
te

n
si

ve
co

m
p
ar

is
on

s
b

et
w

ee
n

G
D

M
an

d
se

ve
ra

l
o
th

er
a
d
a
p
-

ta
ti

on
al

go
ri

th
m

s
w

h
ic

h
d
em

on
st

ra
te

th
e

b
en

efi
ts

o
f

ou
r

al
go

ri
th

m
.

W
e

u
se

th
e

im
p
le

m
en

-
ta

ti
on

d
es

cr
ib

ed
in

th
e

p
re

v
io

u
s

se
ct

io
n
.

T
h
e

so
u
rc

e
co

d
e

fo
r

ou
r

al
go

ri
th

m
a
s

w
el

l
a
s

a
ll

ot
h
er

b
as

el
in

es
d
es

cr
ib

ed
in

th
is

se
ct

io
n

ca
n

b
e

fo
u
n
d

at
h
t
t
p
:
/
/
c
i
m
s
.
n
y
u
.
e
d
u
/
~
m
u
n
o
z
.
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n
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e
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c
D

a
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S
e
t

T
o
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m

p
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e
th

e
p

er
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rm
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s

of
th

e
G

D
M

an
d

D
M

al
go

ri
th

m
s,

w
e
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n
si

d
er

ed
th

e
fo

ll
ow

in
g

sy
n
th

et
ic

on
e-

d
im

en
si

on
al

ta
sk

,
w

h
ic

h
is

si
m

il
ar

to
th

e
on

e
co

n
si

d
er
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b
y

H
u
a
n
g
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a
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p
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G
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l
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0.4

0.6
0.8
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1.2

−1.2 −0.8 −0.4 0.0 0.2

S
ource

Target
D

M
G

D
M

w

MSE

(a)
(b

)

F
ig

u
re

2:
(a

)
H

y
p

oth
eses

ob
tain

ed
b
y

train
in

g
on

sou
rce

(green
circles),

targ
et

(red
trian

-
g
les)

an
d

u
sin

g
D

M
(d

ash
ed

b
lu

e)
an

d
G

D
M

algorith
m

s
(solid

b
lu

e).
(b

)
O

b
jective

fu
n
ction

s
for

sou
rce

an
d

target
d
istrib

u
tion

as
w

ell
as

G
D

M
an

d
D

M
algorith

m
s.

S
ets

H
an

d
su

rrogate
h
y
p

oth
esis

set
H
′′⊆

H
are

sh
ow

n
at

th
e

b
ottom

.
T

h
e

vertical
lin

es
rep

resen
t

th
e

m
in

im
izin

g
h
y
p

oth
esis

for
each

loss.

(2
0
0
6
):

th
e

sou
rce

d
om

ain
ex

am
p
les

w
ere

sam
p
led

from
th

e
u
n
iform

d
istrib

u
tion

over
th

e
in

terva
l

[.2
,1

]
a
n
d

target
on

es
sam

p
led

u
n
ifo

rm
ly

over
[0
,.25].

T
h
e

lab
els

w
ere

given
b
y

th
e

m
a
p
x
7→
−
x

+
x

3
+
ξ,

w
h
ere

ξ
is

a
G

au
ssian

ran
d
om

variab
le

w
ith

m
ean

0
an

d
stan

d
ard

d
ev

ia
tio

n
0.1

.
O

u
r

h
y
p

oth
esis

set
w

as
d
efi

n
ed

b
y

th
e

fam
ily

of
lin

ear
fu

n
ction

s
w

ith
ou

t
an

o
ff

set.
F

ig
u
re

2(a)
sh

ow
s

th
e

regression
h
y
p

oth
eses

ob
tain

ed
b
y

train
in

g
th

e
D

M
an

d
G

D
M

a
lgo

rith
m

a
s

w
ell

as
th

ose
ob

tain
ed

b
y

train
in

g
on

th
e

sou
rce

an
d

target
d
istrib

u
tion

s.
T

h
e

id
ea

l
h
y
p

o
th

esis
is

sh
ow

n
in

red
.

N
otice

h
ow

th
e

G
D

M
solu

tion
g
ives

a
closer

ap
p
rox

im
ation

th
a
n

D
M

to
th

e
id

eal
solu

tion
.

In
ord

er
to

b
etter

u
n
d
erstan

d
th

e
d
iff

eren
ce

b
etw

een
th

e
so

lu
tio

n
s

o
f

th
ese

algorith
m

s,
F

igu
re

2(b
)

d
ep

icts
th

e
ob

jective
fu

n
ctio

n
m

in
im

ized
b
y

each
a
lgo

rith
m

a
s

a
fu

n
ction

of
th

e
slop

e
w

o
f

th
e

lin
ear

fu
n
ction

,
th

e
on

ly
variab

le
of

th
e

h
y
p

o
th

esis.
T

h
e

v
ertical

lin
es

sh
ow

th
e

valu
e

of
th

e
m

in
im

izin
g

h
y
p

oth
esis

for
each

loss.
K

eep
in

g
in

m
in

d
th

at
th

e
regu

larization
p
aram

eter
λ

u
sed

in
rid

ge
regression

corresp
on

d
s

to
a

L
a
g
ra

n
g
e

m
u
ltip

lier
for

th
e

con
strain

t
w

2≤
Λ

2
for

som
e

Λ
(C

o
rtes

an
d

M
oh

ri,
2013)

[L
em

m
a

1
],

th
e

h
y
p

oth
esis

set
H

=
{
w|w

2
≤

Λ
2}

is
d
ep

icted
at

th
e

b
ottom

of
th

is
p
lot.

T
h
e

sh
a
d
ed

reg
ion

rep
resen

ts
th

e
set

H
′′

=
H
∩
{
h
′′|L

q
m
in (h

′′)≤
r}.

It
is

clear
from

th
is

p
lo

t
th

a
t

D
M

h
elp

s
ap

p
rox

im
ate
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oã

o
G

ra
ça

,
an

d
F

er
n
an

d
o

P
er

ei
ra

.
F

ru
st

ra
ti

n
gl

y
h
ar

d
d
om

ai
n

ad
ap

ta
ti

on
fo

r
d
ep

en
d
en

cy
p
ar

si
n
g.

In
E

M
N

L
P

-C
o
N

L
L

,
20

07
.

P
as

ca
l

G
er

m
ai

n
,

A
m

au
ry

H
ab

ra
rd

,
F

ra
n

ço
is

L
av

io
le

tt
e,

an
d

E
m

il
ie

M
or

va
n
t.

A
P

A
C

-
B

ay
es

ia
n

ap
p
ro

ac
h

fo
r

d
om

ai
n

ad
ap

ta
ti

on
w

it
h

sp
ec

ia
li
za

ti
on

to
li
n
ea

r
cl

as
si

fi
er

s.
In

P
ro

ce
ed

in
gs

o
f

IC
M

L
,

20
13

.

A
rt

h
u
r

G
re

tt
on

,
K

ar
st

en
M

.
B

or
gw

ar
d
t,

M
al

te
J
.

R
as

ch
,

B
er

n
h
ar

d
S
ch

öl
ko

p
f,

an
d

A
le

x
an

-
d
er

J
.

S
m

ol
a.

A
ke

rn
el

tw
o-

sa
m

p
le

te
st

.
J

M
L

R
,

13
:7

23
–7

73
,

20
12

.

J
u
d
y

H
off

m
an

,
T

re
vo

r
D

ar
re

ll
,

an
d

K
at

e
S
ae

n
ko

.
C

on
ti

n
u
ou

s
m

an
if

ol
d

b
a
se

d
a
d
ap

ta
ti

on
fo

r
ev

ol
v
in

g
v
is

u
al

d
om

ai
n
s.

In
P

ro
ce

ed
in

gs
o
f

IE
E

E
C

V
P

R
,

p
ag

es
86

7–
87

4,
20

14
.

J
ia

y
u
an

H
u
an

g,
A

le
x
an

d
er

J
.
S
m

ol
a,

A
rt

h
u
r

G
re

tt
on

,
K

ar
st

en
M

.
B

or
gw

a
rd

t,
an

d
B

er
n
h
ar

d
S
ch

öl
ko

p
f.

C
or

re
ct

in
g

sa
m

p
le

se
le

ct
io

n
b
ia

s
b
y

u
n
la

b
el

ed
d
at

a.
In

P
ro

ce
ed

in
gs

o
f

N
IP

S
,

vo
lu

m
e

19
,

p
ag

es
60

1–
60

8,
20

06
.

J
in

g
J
ia

n
g

an
d

C
h
en

gX
ia

n
g

Z
h
ai

.
In

st
an

ce
W

ei
gh

ti
n
g

fo
r

D
om

ai
n

A
d
ap

ta
ti

on
in

N
L

P
.

In
P

ro
ce

ed
in

gs
o
f

A
C

L
,

p
ag

es
26

4–
27

1,
20

07
.

P
iy

u
sh

K
u
m

ar
,

J
os

ep
h

S
.

B
.

M
it

ch
el

l,
an

d
E

.
A

lp
er

Y
il
d
ir

im
.

C
om

p
u
ti

n
g

co
re

-s
et

s
an

d
ap

p
ro

x
im

at
e

sm
al

le
st

en
cl

os
in

g
h
y
p

er
sp

h
er

es
in

h
ig

h
d
im

en
si

on
s.

In
A

L
E

N
E

X
,

L
ec

tu
re

N
o
te

s
C

o
m

p
u

t.
S

ci
,

p
ag

es
45

–5
5,

20
03

.

29
JM

L
R

 2
0(

1)
:1

-3
0,

 2
01

9

C
o
r
t
e
s,

M
o
h
r
i
a
n
d

M
u
ñ
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ñ
oz

M
ed

in
a.

L
ea

rn
in

g
T

h
eo

ry
a
n

d
A

lg
o
ri

th
m

s
fo

r
A

u
ct

io
n

in
g

a
n

d
A

d
a
p
ta

ti
o
n

P
ro

bl
em

s.
P

h
D

th
es

is
,

N
ew

Y
or

k
U

n
iv

er
si

ty
,

20
15

.

M
eh

ry
ar

M
oh

ri
an

d
A

n
d
re

s
M

u
ñ
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W
e

ex
p

ec
t

th
at

th
es

e
li
n
es

of
st

u
d
y

le
a
d

to
th

e
d
ev

el
op

m
en

t
of

an
in

te
rp

re
ta

b
le

an
d

p
ri

n
ci

p
le

d
al

te
rn

at
iv

es
to

D
N

N
s.

C
om

p
ar

ed
to

ot
h
er

sh
a
ll

o
w

m
od

el
s,

su
ch

as
k
er

n
el

m
et

h
o
d
s

(S
h
aw

e-
T

ay
lo

r
a
n
d

C
ri

s-
ti

an
in

i,
20

04
)

an
d

en
se

m
b
le

m
et

h
o
d
s

(S
ch

ap
ir

e
an

d
F

re
u
n
d
,

20
12

),
D

N
N

s
h
av

e
a
t

le
a
st

tw
o

sp
ec

ifi
c

te
ch

n
ic

al
is

su
es

:
th

e
fu

n
ct

io
n

co
m

po
si

ti
o
n

an
d

th
e

re
d
u

n
d
a
n

t
a
n

d
co

m
p
li

ca
te

d
pa

ra
m

et
ri

za
ti

o
n

.
F

ir
st

,
a

D
N

N
is

fo
rm

al
ly

a
co

m
p

os
it

e
g
L
◦·
··
◦g

0
of

in
te

rm
ed

ia
te

m
a
p
s

g
`
(`

=
0,
..
.,
L

).
H

er
e,

ea
ch
g
`

co
rr

es
p

on
d
s

to
th

e
`-

th
h
id

d
en

la
ye

r.
C

u
rr

en
tl

y,
o
u
r

u
n
-

d
er

st
an

d
in

g
of

le
ar

n
in

g
m

ac
h
in

es
is

b
as

ed
on

li
n

ea
r

a
lg

eb
ra

,
i.
e.

,
th

e
ba

si
s

a
n

d
co

effi
ci

en
ts

(V
ap

n
ik

,
19

98
).

L
in

ea
r

al
ge

b
ra

is
co

m
p
at

ib
le

w
it

h
sh

al
lo

w
m

o
d
el

s
b

ec
au

se
a

sh
a
ll
ow

m
o
d
el

is
a

li
n
ea

r
co

m
b
in

at
io

n
of

b
as

is
fu

n
ct

io
n
s.

H
ow

ev
er

,
it

h
as

p
o
or

co
m

p
at

ib
il
it

y
w

it
h

d
ee

p
m

o
d
el

s
b

ec
au

se
th

e
fu

n
ct

io
n

co
m

p
os

it
io

n
(f
,g

)
7→
f
◦g

is
n
ot

as
su

m
ed

in
th

e
st

a
n
d
a
rd

d
efi

n
it

io
n

of
th

e
li
n
ea

r
sp

ac
e.

T
h
er

ef
or

e,
w

e
sh

ou
ld

m
ov

e
to

sp
ac

es
w

h
er

e
th

e
fu

n
ct

io
n

co
m

p
os

it
io

n
is

d
efi

n
ed

,
su

ch
as

m
on

o
id

s,
se

m
ig

ro
u
p
s,

an
d

d
yn

a
m

ic
a
l

sy
st

em
s.

S
ec

o
n
d
,

th
e

st
an

d
ar

d
p
ar

am
et

ri
za

ti
on

of
th

e
N

N
,

su
ch

as
g
`(
x

)
=
∑

p j=
1
c
` j
σ

(a
` j
·x
−
b` j

),
is

re
d
u
n
d
a
n
t

b
ec

au
se

th
er

e
ex

is
t

d
iff

er
en

t
se

ts
of

p
ar

am
et

er
s

th
at

sp
ec

if
y

th
e

sa
m

e
fu

n
ct

io
n
,

w
h
ic

h
ca

u
se

s
te

ch
n
ic

al
p
ro

b
le

m
s,

su
ch

as
lo

ca
l

m
in

im
a.

F
u
rt

h
er

m
or

e,
it

is
co

m
p
li
ca

te
d

b
ec

a
u
se

th
e

in
-

te
rp

re
ta

ti
on

of
p
ar

am
et

er
s

is
u
su

al
ly

im
p

os
si

b
le

,
w

h
ic

h
re

su
lt

s
in

th
e

b
la

ck
b

ox
n
a
tu

re
o
f

D
N

N
s.

T
h
er

ef
or

e,
w

e
n
ee

d
a

n
ew

p
ar

am
et

ri
za

ti
on

th
at

is
co

n
ci

se
in

th
e

se
n
se

th
a
t

d
iff

er
en

t
p
ar

am
et

er
s

sp
ec

if
y

d
iff

er
en

t
fu

n
ct

io
n
s

an
d

si
m

p
le

in
th

e
se

n
se

th
at

it
is

ea
sy

to
u
n
d
er

st
a
n
d
.

F
or

sh
al

lo
w

N
N

s,
th

e
in

te
gr

a
l

re
p
re

se
n

ta
ti

o
n

th
eo

ry
(M

u
ra

ta
,

19
96

;
C

an
d
ès

,
1
9
9
8
;

S
o
n
-

o
d
a

an
d

M
u
ra

ta
,

20
17

a)
p
ro

v
id

es
a

co
n
ci

se
an

d
si

m
p
le

re
p
ar

am
et

ri
za

ti
on

.
T

h
e

in
te

g
ra

l
re

p
re

se
n
ta

ti
on

is
d
er

iv
ed

b
y

a
co

n
ti

n
u
u
m

li
m

it
of

th
e

w
id

th
or

th
e

n
u
m

b
er

o
f

h
id

d
en

u
n
it

s.
O

w
in

g
to

th
e

ri
d
ge

le
t

tr
a
n

sf
o
rm

or
a

p
se

u
d
o-

in
v
er

se
op

er
at

o
r

of
th

e
in

te
gr

al
re

p
re

se
n
ta

ti
o
n

op
er

at
or

,
it

is
co

n
ci

se
an

d
si

m
p
le

(s
ee

S
ec

ti
on

1.
3.

2
fo

r
fu

rt
h
er

d
et

ai
ls

on
th

e
ri

d
g
el

et
tr

a
n
s-

fo
rm

).
F

u
rt

h
er

m
or

e,
in

th
e

in
te

gr
al

re
p
re

se
n
ta

ti
on

,
w

e
ca

n
co

m
p
u
te

th
e

p
ar

a
m

et
er

s
o
f

th
e

sh
al

lo
w

N
N

th
at

at
ta

in
s

th
e

gl
o
ba

l
m

in
im

u
m

of
th

e
b
ac

k
p
ro

p
a
ga

ti
on

tr
ai

n
in

g
(S

o
n
o
d
a

et
a
l.
,

20
18

).
In

th
e

in
te

gr
al

re
p
re

se
n
ta

ti
on

,
th

u
s

fa
r,

th
e

sh
al

lo
w

N
N

s
is

n
o

lo
n
g
er

a
b
la

ck
b

ox
,

an
d

th
e

tr
ai

n
in

g
is

p
ri

n
ci

p
le

d
.

H
ow

ev
er

,
th

e
in

te
gr

al
re

p
re

se
n
ta

ti
on

is
ag

ai
n

b
a
se

d
o
n

li
n
ea

r
al

ge
b
ra

,
th

e
sc

op
e

of
w

h
ic

h
d
o
es

n
ot

in
cl

u
d
e

D
N

N
s.

In
sp

ir
ed

b
y

th
e

in
te

gr
al

re
p
re

se
n
ta

ti
on

th
eo

ry
,

w
e

in
tr

o
d
u
ce

d
th

e
fl

o
w

re
p
re

se
n

ta
ti

o
n

an
d

d
ev

el
op

ed
th

e
tr

a
n

sp
o
rt

a
n

a
ly

si
s

of
D

N
N

s.
T

h
e

fl
ow

re
p
re

se
n
ta

ti
on

is
d
er

iv
ed

b
y

a
co

n
ti

n
u
u
m

li
m

it
of

th
e

d
ep

th
or

th
e

n
u
m

b
er

of
h
id

d
en

la
ye

rs
.

In
th

e
fl
ow

re
p
re

se
n
ta

ti
o
n
,

w
e

fo
rm

u
la

te
a

D
N

N
as

a
fl
ow

of
an

or
d
in

ar
y

d
iff

er
en

ti
al

eq
u
at

io
n

(O
D

E
)
ẋ
t

=
v
t(
x
t)

w
it

h
ve

ct
or

fi
el

d
v
t.

In
ad

d
it

io
n
,

w
e

in
tr

o
d
u
ce

d
th

e
tr

a
n

sp
o
rt

m
a
p

b
y

w
h
ic

h
w

e
ca

ll
a

d
is

cr
et

iz
at

io
n
x
7→
x

+
f
t(
x

)
of

th
e

fl
ow

.
S
p

ec
ifi

ca
ll
y,

w
e

re
ga

rd
th

e
in

te
rm

ed
ia

te
m

a
p

g
:
R
m
→

R
n

of
an

or
d
in

ar
y

D
N

N
as

a
tr

an
sp

or
t

m
ap

th
at

tr
an

sf
er

s
th

e
m

a
ss

a
t
x
∈
R
m

to
w

ar
d
g

(x
)
∈

R
n
.

S
in

ce
th

e
fl
ow

an
d

tr
an

sp
or

t
m

ap
ar

e
in

d
ep

en
d
en

t
o
f

co
o
rd

in
a
te

s,
th

ey
en

ab
le

u
s

th
e

co
or

d
in

at
e-

fr
ee

tr
ea

tm
en

t
of

D
N

N
s.

In
th

e
tr

an
sp

or
t

an
a
ly

si
s,

fo
ll
ow

in
g

W
a
ss

er
st

ei
n

ge
o
m

et
ry

(V
il
la

n
i,

20
09

),
w

e
tr

ac
k

a
fl
ow

b
y

an
al

y
zi

n
g

th
e

th
re

e
p
ro

fi
le

s
o
f

th
e

2
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T
r
a
n
sp

o
r
t
A
n
a
ly

sis
o
f
In

f
in
it
e
ly

D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k

X
Z

1
Z

2
Z

3
Z

4
Z

5
Y

R
2
8×

2
8

R
1
0
0
0

R
1
0
0
0

F
ig

u
re

1
:

M
a
ss

tran
sp

ortation
in

a
d
eep

n
eu

ral
n
etw

ork
th

at
classifi

es
im

ages
of

d
igits.

In
th

e
fi
n
a
l

h
id

d
en

layer,
th

e
featu

re
vectors

h
av

e
to

b
e

lin
early

sep
arab

le
b

ecau
se

th
e

ou
tp

u
t

layer
is

ju
st

a
lin

ear
classifi

er.
H

en
ce,

th
rou

gh
th

e
n
etw

ork
,

th
e

sam
e

d
igits

grad
u
ally

a
ccu

m
u
la

te
a
n
d

d
iff

eren
t

d
igits

grad
u
ally

sep
arate.

fl
ow

:
d
yn

a
m

ica
l

system
,

p
u

sh
fo

rw
a
rd

m
ea

su
re,

an
d

W
a
sserstein

gra
d
ien

t
fl

o
w

(A
m

b
rosio

et
a
l.,

2
0
0
8
)

(see
S
ection

2
for

fu
rth

er
d
etails).

W
e

n
o
te

th
at

w
h
en

th
e

in
p
u
t

an
d

th
e

ou
tp

u
t

d
iff

er
in

d
im

en
sion

,
i.e.,

m
6=
n

,
w

e
sim

-
p
ly

co
n
sid

er
th

at
b

oth
th

e
in

p
u
t

sp
ace

a
n
d

th
e

ou
tp

u
t

sp
ace

are
em

b
ed

d
ed

in
a

com
m

on
h
ig

h
-d

im
en

sio
n
al

sp
ace.

A
s

a
com

p
osite

of
tran

sp
ort

m
ap

s
lead

s
to

a
n
oth

er
tran

sp
ort

m
ap

,
th

e
tra

n
sp

o
rt

m
ap

h
as

com
p
atib

ility
w

ith
d
eep

stru
ctu

res.
In

th
is

m
an

n
er,

tran
sp

ortation
is

a
u
n
iversa

l
ch

aracteristic
of

D
N

N
s.

F
or

ex
am

p
le,

let
u
s

con
sid

er
a

d
igit

recogn
ition

p
rob

-
lem

w
ith

D
N

N
s.

W
e

can
ex

p
ect

th
e

featu
re

ex
tractor

in
th

e
D

N
N

to
b

e
a

tran
sp

ort
m

a
p

th
a
t

sep
a
ra

tes
th

e
featu

re
vectors

of
d
iff

eren
t

d
igits,

sim
ilar

to
th

e
sep

a
ration

of
o
il

a
n

d
w

a
ter

(see
F

ig
u
re

1
for

ex
am

p
le).

A
t

th
e

tim
e

of
th

e
in

itial
su

b
m

ission
in

20
16,

th
e

fl
ow

rep
resen

ta
tio

n
seem

ed
to

b
e

a
n
ovel

v
iew

p
oin

t
of

D
N

N
s.

A
t

p
resen

t,
it

is
th

e
m

ain
stream

o
f

d
evelo

p
m

en
t.

F
or

ex
am

p
le,

tw
o

im
p

ortan
t

D
N

N
s—

resid
u
al

n
etw

ork
(R

esN
et)

(H
e

et
al.,

2
0
1
6
)

a
n
d

g
en

erative
ad

versarial
n
et

(G
A

N
)

(G
o
o
d
fellow

et
al.,

2014)—
are

n
ow

con
sid

ered
to

b
e

tra
n
sp

o
rt

m
ap

s
(see

S
ection

1.2
fo

r
a

m
ore

d
etailed

su
rv

ey
).

In
stead

o
f

d
irectly

in
vesti-

g
a
tin

g
D

N
N

s
in

term
s

of
th

e
red

u
n
d
an

t
an

d
com

p
lex

p
aram

etrization
,
w

e
p

erform
tran

sp
o
rt

a
n
a
ly

sis
a
sso

cia
ted

w
ith

th
e

fl
ow

rep
resen

tation
.

W
e

con
sid

er
th

at
th

e
fl
ow

rep
resen

tation
is

p
o
ten

tia
lly

co
n
cise

an
d

sim
p
le

b
ecau

se
th

e
fl
ow

is
in

d
ep

en
d
en

t
of

p
a
ram

etrization
,

an
d

it
is

sp
ecifi

ed
b
y

a
sin

gle
vector

fi
eld

v
.

In
th

is
stu

d
y,

w
e

d
em

on
strate

tran
sp

ort
an

aly
sis

of
th

e
d
en

o
isin

g
a
u

toen
cod

er
(D

A
E

).
T

h
e

D
A

E
w

a
s

in
tro

d
u
ced

b
y

V
in

cen
t

et
al.

(2008)
as

a
h
eu

ristic
m

o
d
ifi

catio
n

to
en

h
an

ce
th

e
ro

b
u
stn

ess
of

th
e

trad
ition

al
au

to
en

co
d
er.

T
h
e

trad
ition

al
au

to
en

co
d
er

is
an

N
N

th
at

is
tra

in
ed

a
s

a
n

id
en

tity
m

ap
g

(x
)

=
x

.
T

h
e

h
id

d
en

lay
er

of
th

e
n
etw

o
rk

is
u
sed

a
s

a
fea

tu
re

m
a
p
,

w
h
ich

is
often

called
th

e
“co

d
e”

b
ecau

se
th

e
activa

tion
p
attern

ap
p

ears
to

b
e

ra
n
d
o
m

,
b
u
t

it
su

rely
en

co
d
es

som
e

in
form

ation
ab

o
u
t

th
e

in
p
u
t

d
ata.

O
n

th
e

oth
er

h
a
n
d
,

th
e

D
A

E
is

a
n

N
N

th
at

is
train

ed
as

a
“d

en
oisin

g”
m

ap
g

(x̃
)≈

x
of

d
elib

erately
co

rru
p
ted

in
p
u
ts
x̃

.
T

h
e

D
A

E
is

a
corn

erston
e

for
th

e
d
evelop

m
en

t
of

d
eep

learn
in

g
or

rep
resen

ta
tion

lea
rn

in
g

(B
en

g
io

et
al.,

2013a).
A

lth
ou

gh
th

e
co

rru
p
t

a
n

d
d
en

o
ise

p
rin

cip
le

is
sim

p
le,

it
is

3
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L
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S
o
n
o
d
a
a
n
d

M
u
r
a
t
a

su
ccessfu

l
an

d
h
as

in
sp

ired
m

an
y

rep
resen

ta
tion

learn
in

g
algorith

m
s

(see
S
ection

1.3.1
for

ex
am

p
le).

F
u
rth

erm
ore,

w
e

in
vestigate

sta
ckin

g
(B

en
gio

et
al.,

2007)
of

D
A

E
s.

B
ecau

se
sta

cked
D

A
E

(V
in

cen
t

et
al.,

2010)
ru

n
s

D
A

E
s

o
n

th
e

co
d
es

in
th

e
h
id

d
en

lay
er,

it
h
as

b
een

less
in

vestigated
,

so
far.

T
h
e

key
fi
n
d
in

g
is

th
at

w
h
en

th
e

corru
p
tion

p
ro

cess
is

ad
d
itive,

i.e.,
x̃

=
x

+
ε

w
ith

som
e

n
oise

ε
,

th
en

th
e

D
A

E
g

is
given

b
y

th
e

su
m

of
th

e
trad

ition
al

au
to

en
co

d
er
x̃
7→
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O
D

E
s.

In
ad

d
it

io
n
,

C
h
iz

at
an

d
B

ac
h

(2
01

8)
p
ro

ve
d

th
e

gl
ob

al
co

n
ve

rg
en

ce
o
f

st
o
ch

a
st

ic
gr

ad
ie

n
t

d
es

ce
n
t

(S
G

D
)

u
si

n
g

W
as

se
rs

te
in

gr
ad

ie
n
t

fl
ow

.
N

ov
el

d
ee

p
le

ar
n
in

g
m

et
h
o
d
s

h
av

e
b

ee
n

p
ro

p
os

ed
b
y

co
n
tr

ol
li
n
g

th
e

fl
ow

(I
off

e
a
n
d

S
ze

ge
d
y
,

20
15

;
G

om
ez

et
a
l.
,

2
0
1
7
;

H
a
b

er
an

d
R

u
th

ot
to

,
20

18
;

L
i

an
d

H
ao

,
20

18
;

C
h
en

et
al

.,
20

18
).

W
e

re
m

ar
k

th
at

in
sh

ri
n
ka

ge
st

at
is

ti
cs

,
th

e
ex

p
re

ss
io

n
of

th
e

tr
an

sp
or

t
m

a
p
x

+
f

(x
)

is
k
n
ow

n
as

B
ro

w
n
’s

re
p
re

se
n
ta

ti
on

of
th

e
p

os
te

ri
or

m
ea

n
(G

eo
rg

e
et

al
.,

20
06

).
L

iu
a
n
d

W
a
n
g

(2
01

6)
an

al
y
ze

d
it

an
d

p
ro

p
os

ed
a

B
ay

es
ia

n
in

fe
re

n
ce

al
go

ri
th

m
,

ap
ar

t
fr

om
d
ee

p
le

a
rn

in
g
.

1
.3

.
B

a
ck

g
ro

u
n

d

1
.3
.1
.
D
e
n
o
is
in
g

A
u
t
o
e
n
c
o
d
e
r
s

T
h
e

d
en

o
is

in
g

a
u

to
en

co
d
er

(D
A

E
)

is
a

fu
n
d
am

en
ta

l
m

o
d
el

fo
r

re
p
re

se
n
ta

ti
o
n

le
a
rn

in
g
,

th
e

ob
je

ct
iv

e
of

w
h
ic

h
is

to
ca

p
tu

re
a

go
o
d

re
p
re

se
n
ta

ti
on

of
th

e
d
at

a.
V

in
ce

n
t

et
a
l.

(2
0
0
8)

in
tr

o
d
u
ce

d
it

as
a

h
eu

ri
st

ic
m

o
d
ifi

ca
ti

on
of

tr
ad

it
io

n
al

au
to

en
co

d
er

s
fo

r
en

h
a
n
ci

n
g

ro
b
u
st

-
n
es

s.
In

th
e

se
tt

in
g

of
tr

ad
it

io
n
al

au
to

en
co

d
er

s,
w

e
tr

ai
n

an
N

N
a
s

an
id

en
ti

ty
m

a
p
x
7→
x

an
d

ex
tr

ac
t

th
e

h
id

d
en

la
y
er

to
ob

ta
in

th
e

so
-c

al
le

d
“c

o
d
e.

”
O

n
th

e
ot

h
er

h
an

d
,

th
e

D
A

E
is

tr
ai

n
ed

as
a

d
en

oi
si

n
g

m
ap
x̃
7→
x

of
d
el

ib
er

at
el

y
co

rr
u
p
te

d
in

p
u
ts
x̃

.
A

lt
h
ou

g
h

th
e

co
rr

u
p
t

a
n

d
d
en

o
is

e
p
ri

n
ci

p
le

is
si

m
p
le

,
it

h
as

in
sp

ir
ed

m
an

y
n
ex

t-
ge

n
er

at
io

n
m

o
d
el

s.
In

th
is

st
u
d
y,

w
e

an
al

y
ze

D
A

E
va

ri
an

ts
su

ch
as

sh
al

lo
w

D
A

E
,

d
ee

p
D

A
E

(o
r

co
m

p
os

it
io

n
o
f

D
A

E
s)

,
in

-
fi
n
it

el
y

d
ee

p
D

A
E

(o
r

co
n
ti

n
u
ou

s
D

A
E

),
an

d
st

ac
k
ed

D
A

E
.

S
ta

ck
in

g
(B

en
g
io

et
a
l.
,

2
0
0
7)

w
as

p
ro

p
os

ed
in

th
e

ea
rl

y
st

ag
es

of
d
ee

p
le

ar
n
in

g,
an

d
it

re
m

ai
n
s

a
m

y
st

er
io

u
s

tr
ea

tm
en

t
b

ec
au

se
it

ru
n
s

D
A

E
s

on
co

d
es

in
th

e
h
id

d
en

la
ye

r.
T

h
e

th
eo

re
ti

ca
l

ju
st

ifi
ca

ti
on

s
an

d
ex

te
n
si

on
s

fo
ll
ow

fr
om

at
le

as
t

fi
v
e

st
an

d
p

o
in

ts
:

m
a
n
-

if
ol

d
le

ar
n
in

g
(R

if
ai

et
al

.,
20

11
;

A
la

in
an

d
B

en
gi

o,
20

14
),

ge
n
er

at
iv

e
m

o
d
el

in
g

(V
in

ce
n
t

et
al

.,
20

10
;

B
en

gi
o

et
al

.,
20

13
b
,

20
14

),
in

fo
m

ax
p
ri

n
ci

p
le

(V
in

ce
n
t

et
al

.,
2
0
1
0
),

le
a
rn

in
g
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T
r
a
n
sp

o
r
t
A
n
a
ly

sis
o
f
In

f
in
it
e
ly

D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k

d
y
n
a
m

ics
(E

rh
a
n

et
al.,

2010),
an

d
sco

re
m

atch
in

g
(V

in
cen

t,
2011).

T
h
e

fi
rst

th
ree

stan
d
-

p
o
in

ts
w

ere
a
lread

y
m

en
tion

ed
in

th
e

origin
al

p
ap

er
(V

in
cen

t
et

al.,
2008).

A
ccord

in
g

to
th

ese
sta

n
d
p

oin
ts,

a
D

A
E

ex
tracts

on
e

of
th

e
follow

in
g

from
th

e
d
ata

set:
a

m
an

ifold
on

w
h
ich

th
e

d
a
ta

are
arran

ged
(m

an
ifold

lea
rn

in
g);

th
e

laten
t

variab
les,

w
h
ich

o
ften

b
eh

ave
as

n
o
n
lin

ea
r

co
o
rd

in
ates

in
th

e
featu

re
sp

ace,
th

at
gen

erate
th

e
d
ata

(gen
erative

m
o
d
elin

g
);

a
tra

n
sfo

rm
a
tio

n
of

th
e

d
ata

d
istrib

u
tion

th
at

m
ax

im
izes

th
e

m
u
tu

al
in

form
ation

(in
fom

ax
);

g
o
o
d

in
itia

l
p
a
ram

eters
th

at
allow

th
e

train
in

g
to

avoid
lo

cal
m

in
im

a
(learn

in
g

d
y
n
am

ics);
o
r

th
e

d
a
ta

d
istrib

u
tion

(score
m

atch
in

g).
A

tu
rn

in
g

p
oin

t
ap

p
ears

to
b

e
th

e
fi
n
d
in

g
of

th
e

sco
re

m
a
tch

in
g

asp
ect

(V
in

cen
t,

2011),
w

h
ich

reveals
th

at
score

m
atch

in
g

w
ith

a
sp

ecial
fo

rm
o
f

th
e

en
ergy

fu
n
ction

coin
cid

es
w

ith
a

D
A

E
.

T
h
u
s,

a
D

A
E

is
a

d
en

sity
estim

a
tor

of
th

e
d
a
ta

d
istrib

u
tion

µ
.

In
oth

er
w

ord
s,

it
ex

tracts
an

d
stores

in
form

ation
as

a
fu

n
ction

o
f
µ

.
S
in

ce
th

en
,

m
an

y
research

ers
h
ave

avoid
ed

stack
in

g
d
eterm

in
istic

au
to

en
co

d
ers

an
d

h
ave

d
evelo

p
ed

gen
erative

d
en

sity
estim

ators
(B

en
gio

et
al.,

2013b
,

2014)
in

stead
.

1
.3
.2
.
In

t
e
g
r
a
l
R
e
p
r
e
se

n
t
a
t
io
n
T
h
e
o
r
y
a
n
d

R
id
g
e
l
e
t
A
n
a
ly

sis

T
h
e

fl
ow

rep
resen

tation
is

in
sp

ired
b
y

th
e

in
tegral

rep
resen

tation
th

eory
(M

u
rata,

19
96;

C
a
n
d
ès,

1
99

8
;

S
on

o
d
a

an
d

M
u
rata,

2017a).

T
h
e

in
teg

ra
l

rep
resen

tation

S
[γ

](x
)

=

∫
γ

(a
,b)σ

(a
·x
−
b)d

λ
(a
,b)

(2)

is
a

co
n
tin

u
u
m

lim
it

of
a

sh
allow

N
N
g
p (x

)
=
∑

pj=
1
c
j σ

(a
j ·x−

b
j )

as
th

e
h
id

d
en

u
n
it

n
u
m

b
er

p
→
∞

.
In

S
[γ

],
ev

ery
p

ossib
le

n
on

lin
ear

p
aram

eter
(a
,b)

is
“in

tegra
ted

ou
t,”

an
d

on
ly

lin
ea

r
p
a
ram

eters
c
j

rem
ain

as
a

co
effi

cien
t

fu
n
ction

γ
(a
,b).

T
h
erefore,

w
e

d
o

n
ot

n
eed

to
select

w
h
ich

(a
,b)’s

to
u
se,

w
h
ich

am
ou

n
ts

to
a

n
on

-con
vex

op
tim

ization
p
rob

lem
.

In
stead

,
th

e
co

effi
cien

t
fu

n
ction

γ
(a
,b)

au
tom

a
tically

selects
th

e
(a
,b)’s

b
y

w
eig

h
tin

g
th

em
.

S
im

ilar
rep

a
ra

m
etriza

tion
tech

n
iq

u
es

h
ave

b
een

p
rop

osed
for

B
ay

esian
N

N
s

(R
ad

ford
M

.
N

eal,
1996)

a
n
d

co
n
vex

N
N

s
(B

en
gio

et
al.,

2006;
B

ach
,

2017a).
O

n
ce

a
co

effi
cien

t
fu

n
ction

γ
is

giv
en

,
w

e
ca

n
o
b
ta

in
a
n

ord
in

ary
N

N
g
p

th
at

ap
p
rox

im
ates

S
[γ

]
b
y

n
u
m

erical
in

tegra
tion

.
W

e
also

rem
a
rk

th
at

th
e

in
tegral

rep
resen

tation
S

[γ
p ]

w
ith

a
sin

g
u
lar

co
effi

cien
t
γ
p

:=
∑

pj=
1
c
j δ

(a
j ,b

j )

lea
d
s

to
a
n

ord
in

ary
N

N
g
p .

T
h
e

a
d
va

n
tage

of
th

e
in

tegral
rep

resen
ta

tion
is

th
at

th
e

solu
tion

op
erator—

th
e

rid
gelet

tra
n

sfo
rm

—
to

th
e

in
tegral

eq
u
ation

S
[γ

]
=
f

a
n
d

th
e

op
tim

ization
p
ro

b
lem

o
f
L

[γ
]

:=
‖
S

[γ
]−
f‖

2
+
β‖γ‖

2
is

k
n
ow

n
.

T
h
e

rid
gelet

tran
sfo

rm
w

ith
an

ad
m

issib
le

fu
n
ction

ρ
is

given
b
y

R
[f

](a
,b)

:=

∫

R
m

f
(x

) ρ
(a
·x
−
b)d
x
.

(3)

T
h
e

in
teg

ra
l

eq
u
ation

S
[γ

]
=
f

is
a

trad
ition

al
form

of
learn

in
g,

an
d

th
e

rid
gelet

tran
sform

γ
=
R

[f
]

sa
tisfi

es
S

[γ
]

=
S

[R
[f

]]
=
f

(M
u
ra

ta,
1996;

C
an

d
ès,

1998;
S
on

o
d
a

an
d

M
u
rata,

2
0
1
7
a
).

T
h
e

op
tim

ization
p
rob

lem
of
L

[γ
]

is
a

m
o
d
ern

form
of

learn
in

g
,

an
d

a
m

o
d
ifi

ed
versio

n
o
f

th
e

rid
gelet

tran
sform

gives
th

e
glob

al
op

tim
u
m

(S
on

o
d
a

et
al.,

2018).
T

h
ese

stu
d
ies

im
p
ly

th
at

a
sh

allow
N

N
is

n
o

lo
n

ger
a

bla
ckbo

x
b
u
t

a
rid

gelet
tran

sform
of

th
e

d
a
ta

set.
T

ra
d
ition

ally,
th

e
in

tegral
rep

resen
tation

h
as

b
een

d
evelop

ed
to

estim
ate

th
e
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S
o
n
o
d
a
a
n
d

M
u
r
a
t
a

ap
p
rox

im
ation

an
d

estim
ation

error
b

ou
n
d
s

of
sh

allow
N

N
s
g
p

(B
arron

,
1993;

K
ů
rk

ov
á,

2012;
K

lu
sow

sk
i
an

d
B

arron
,
2017,

2018;
S
u
zu

k
i,

2018).
R

ecen
tly,

th
e

n
u
m

erical
in

tegration
m

eth
o
d
s

for
R

[f
]

an
d
S

[R
[f

]]
w

ere
d
evelop

ed
(C

an
d
ès,

1998;
S
on

o
d
a

an
d

M
u
rata,

2014;
B

ach
,

2017b
)

w
ith

variou
s
f

,
in

clu
d
in

g
th

e
M

N
IS

T
classifi

er.
H

en
ce,

b
y

com
p
u
tin

g
th

e
rid

gelet
tran

sform
of

th
e

d
ata

set,
w

e
can

ob
tain

th
e

glob
al

m
in

im
izer

w
ith

ou
t

grad
ien

t
d
escen

t.

T
h
u
s

far,
th

e
in

tegral
rep

resen
tation

is
k
n
ow

n
as

an
effi

cien
t

rep
aram

etrization
m

eth
o
d

to
facilitate

u
n
d
erstan

d
in

g
of

th
e

h
id

d
en

lay
ers,

to
estim

ate
th

e
ap

p
rox

im
a
tion

an
d

estim
a-

tion
error

b
ou

n
d
s

of
sh

allow
N

N
s,

an
d

to
calcu

late
th

e
h
id

d
en

p
aram

eters.
H

ow
ever,

it
is

b
ased

on
lin

ear
algeb

ra,
i.e.,

it
starts

b
y

regard
in

g
c
j

an
d
σ

(a
j ·
x
−
b
j )

as
co

effi
cien

ts
an

d
b
asis

fu
n
ction

s,
resp

ectively.
T

h
erefore,

th
e

in
tegral

rep
resen

tation
for

D
N

N
s

is
n
ot

triv
ial

at
all.

1
.3
.3
.
O
p
t
im

a
l
T
r
a
n
sp

o
r
t
T
h
e
o
r
y
a
n
d

W
a
sse

r
st

e
in

G
e
o
m
e
t
r
y

T
h
e

op
tim

al
tran

sp
ort

th
eory

(V
illan

i,
2009)

origin
ated

from
th

e
p
ractical

req
u
irem

en
t

in
th

e
18th

cen
tu

ry
to

tran
sp

ort
m

aterials
at

th
e

m
in

im
u
m

cost.
A

t
th

e
en

d
of

th
e

20th
cen

tu
ry,

it
w

as
tran

sform
ed

in
to

W
a
sserstein

geo
m

etry,
or

th
e

geom
etry

o
n

th
e

sp
ace

of
p
rob

ab
ility

d
istrib

u
tion

s.
R

ecen
tly,

W
asserstein

geom
etry

h
as

attracted
con

sid
erab

le
atten

-
tion

in
statistics

an
d

m
ach

in
e

learn
in

g.
O

n
e

of
th

e
reason

s
for

its
p

op
u
larity

is
th

at
th

e
W

a
sserstein

d
ista

n
ce

can
cap

tu
re

th
e

d
iff

eren
ce

b
etw

een
tw

o
sin

gu
lar

m
easu

res,
w

h
ereas

th
e

trad
ition

al
K

u
llb

ack
-L

eib
ler

d
istan

ce
can

n
ot

(A
rjov

sk
y

et
al.,

2017).
A

n
oth

er
reason

is
th

at
it

gives
a

u
n
ifi

ed
p

ersp
ective

on
a

series
of

fu
n
ction

in
eq

u
alities,

in
clu

d
in

g
th

e
con

cen
tration

in
eq

u
ality.

C
om

p
u
tation

m
eth

o
d
s

for
th

e
W

asserstein
d
istan

ce
an

d
W

asserstein
grad

ien
t

fl
ow

h
ave

also
b

een
d
evelop

ed
(P

ey
ré

an
d

C
u
tu

ri,
2018;

N
itan

d
a

an
d

S
u
zu

k
i,

2018;
Z

h
an

g
et

al.,
2018).

In
th

is
stu

d
y,

w
e

em
p
loy

W
a
sserstein

gra
d
ien

t
fl

o
w

(A
m

b
rosio

et
al.,

2008)
for

th
e

ch
aracterization

of
D

N
N

s.

G
iven

a
d
en

sity
µ

of
m

aterials
in

R
m

,
a

d
en

sity
ν

of
fi
n
al

d
estin

ation
s

in
R
m

,
an

d
a

cost
fu

n
ction

c
:R

m
×

R
m
→

R
asso

ciated
w

ith
th

e
tran

sp
ortation

,
u
n
d
er

som
e

regu
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⊂
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b
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→

R
n

be
L

ip
sch

itz
co

n
tin

u
o
u

s,
m
≤
n

,
a
n

d
µ

be
a

p
ro

ba
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d
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a
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∇
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u
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b
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a
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p
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p
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b
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c
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d
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d
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d
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d
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u
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p
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b
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u
ation

(9)
w

ith
in
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p
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d
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e
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b
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p
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h
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re
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]
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︸
=

:f
t
(x̃

)

,
(1

5)

w
h
er

e
∗

d
en

o
te

s
th
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ra
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b
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←
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h
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h
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d
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→
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→
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n
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e

m
in

im
u
m

m
ea

n
sq

u
ar

ed
er

ro
r

(M
M

S
E

)
es

ti
m

at
or

of
x

gi
ve

n
x̃

is
gi

v
en

b
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at
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p
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p
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→
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a
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∂
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∈
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it

ia
l

ve
lo

ci
ty

ve
ct

or
is

gi
ve

n
b
y

th
e

F
is

h
er

sc
o
re

∂
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∇
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∇
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∇
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ra
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p
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b
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b
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re
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e

S
h
an

n
on

en
trop

y
o
f

d
ata.
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d
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→
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→
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e
com

p
osition

of
D

A
E

s
as

th
e

E
u

ler
sch

em
e

o
r

th
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p
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b
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o
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=
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0 ∈
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b
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b
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b
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0 .
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→
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g
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1
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at
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b
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w
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m
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p
on
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D
A

E
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en
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g
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x

+
(t`+
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V
t
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→
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=
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b
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` ∗
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e
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∇
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∞
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b
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elöf

th
eorem

,
w

h
en

th
e

vector
fi
eld
∇
V
t

is
con

tin
u
ou

s
in
t

an
d

L
ip

sch
itz

in
x

,
th

e
lim

it
lim

L→
∞
g

0
:L

con
verges

to
a

con
tin

u
ou

s
D

A
E

(23)
b

ecau
se

th
e

tra
jectory

t7→
g

0
:L

(x
0 )

corresp
on

d
s

to
a

b
roken

lin
e

ap
p
rox

im
ation

of
th

e
in

tegral
cu

rv
e
t7→

ϕ
t (x

).

T
h
e

follow
in

g
p
rop

erties
are

im
m

ed
iate

from
F

act
2

an
d

F
act

3.
L

et
ϕ
t

:R
m
→

R
m

b
e

th
e

con
tin

u
ou

s
D

A
E

asso
ciated

w
ith

vector
fi
eld
∇
V
t .

G
iven

th
e

d
ata

d
istrib

u
tion

µ
0 ,

th
e

p
u
sh

forw
ard

µ
t

:=
(ϕ

t )
] µ

0
evolves

accord
in

g
to

th
e

con
tin

u
ity

eq
u
ation

∂
t µ
t (x

)
=
−
∇
·
[µ
t (x

)∇
V
t (x

)],
t≥

0
(24)

1
6

JM
L

R
 20(2):1-52, 2019



T
r
a
n
sp

o
r
t
A
n
a
ly

si
s
o
f
In

f
in
it
e
ly

D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k

an
d

th
e

W
as

se
rs

te
in

gr
ad

ie
n
t

fl
ow d d
tµ

t
=
−
gr
ad
F

[µ
t]
,

t
≥

0
(2

5)

w
h
er

e
F

is
gi

v
en

b
y

(1
1)

.

4
.3

.
E

x
a
m

p
le

:
G

a
u

ss
ia

n
D

A
E

W
e

co
n
si

d
er

a
co

n
ti

n
u
ou

s
G

au
ss

ia
n

D
A

E
ϕ
t

tr
ai

n
ed

on
µ

0
∈
P 2

(R
m

).
S
p

ec
ifi

ca
ll
y,

it
sa

ti
sfi

es

d d
tx

(t
)

=
∇

lo
g
[µ
t(
x

(t
))

],
t
≥

0
(2

6)

w
it

h
µ
t

:=
ϕ
t]
µ

0
.

T
h

e
o
re

m
7

T
h
e

p
u

sh
fo

rw
a
rd
µ
t

:=
ϕ
t]
µ

0
o
f

th
e

co
n

ti
n

u
o
u

s
G

a
u

ss
ia

n
D

A
E
ϕ
t

is
th

e
so

-
lu

ti
o
n

to
th

e
in

it
ia

l
va

lu
e

p
ro

bl
em

o
f

th
e

ba
ck

w
a
rd

h
ea

t
eq

u
a
ti

o
n

(B
H

E
)

∂
tµ
t(
x

)
=
−
4
µ
t(
x

),
µ
t=

0
(x

)
=
µ

0
(x

).
(2

7)

T
h
e

p
ro

of
is

im
m

ed
ia

te
fr

om
T

h
eo

re
m

6.

A
s

m
en

ti
on

ed
af

te
r

T
h
eo

re
m

6,
th

e
B

H
E

ap
p

ea
rs

b
ec

au
se

th
e

D
A

E
so

lv
es

an
es

ti
m

at
io

n
p
ro

b
le

m
.

W
e

re
m

ar
k

th
at

th
e

B
H

E
is

eq
u
iv

al
en

t
to

th
e

fo
ll
ow

in
g

fi
n

a
l

va
lu

e
p
ro

bl
em

fo
r

th
e

or
d
in

ar
y

h
ea

t
eq

u
at

io
n
:

∂
tu
t(
x

)
=
4
u
t(
x

),
u
t=
T

(x
)

=
µ

0
(x

)
fo

r
so

m
e
T

w
h
er

e
u
t

d
en

ot
es

a
p
ro

b
ab

il
it

y
m

ea
su

re
on

R
m

.
In

d
ee

d
,
µ
t(
x

)
=
u
T
−
t(
x

)
so

lv
es

(2
7)

.
In

ot
h
er

w
or

d
s,

th
e

b
ac

k
w

ar
d

h
ea

t
eq

u
at

io
n

d
es

cr
ib

es
th

e
ti

m
e

re
v
er

sa
l
of

an
o
rd

in
ar

y
d
iff

u
si

on
p
ro

ce
ss

.

A
cc

or
d
in

g
to

W
as

se
rs

te
in

ge
om

et
ry

,
an

or
d
in

ar
y

h
ea

t
eq

u
at

io
n

co
rr

es
p

on
d
s

to
a

W
as

se
r-

st
ei

n
gr

ad
ie

n
t

fl
ow

th
at

in
cr

ea
se

s
th

e
S
h
an

n
on

en
tr

op
y

fu
n
ct

io
n
al
H

[µ
]

:=
−
∫
µ

(x
)

lo
g
µ

(x
)d
x

(V
il
la

n
i,

20
09

,
T

h
.
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.

C
on

se
q
u
en

tl
y,

w
e
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n

co
n
cl

u
d
e

th
at

th
e

co
n
ti

n
u
ou

s
G

au
ss

ia
n

D
A

E
is

a
tr

an
sp

or
t

m
ap

th
at

d
ec

re
a
se

s
th

e
S
h
an

n
on

en
tr

op
y

of
th

e
d
at

a
d
is

tr
ib

u
ti

on
.

T
h

e
o
re

m
8

T
h
e

p
u

sh
fo

rw
a
rd

µ
t

:=
ϕ
t]
µ

0
ev

o
lv

es
a
cc

o
rd

in
g

to
th

e
W

a
ss

er
st

ei
n

gr
a
d
ie

n
t

fl
o
w

w
it

h
re

sp
ec

t
to

th
e

S
h
a
n

n
o
n

en
tr

o
p
y

d d
tµ

t
=
−
gr
ad
H

[µ
t]
,

µ
t=

0
=
µ

0
.

(2
8)

P
ro

o
f

W
h
en

F
=
H

,
th

en
V
t

=
−

lo
g
µ
t;

th
u
s,

gr
ad
H

[µ
t]

=
∇
·[
µ
t∇

lo
g
µ
t]

=
∇
·[
∇
µ
t]

=
4
µ
t,

w
h
ic

h
m

ea
n
s

th
at

th
e

co
n
ti

n
u
it

y
eq

u
at

io
n

re
d
u
ce

s
to

th
e

b
ac

k
w

ar
d

h
ea

t
eq

u
at

io
n
.
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S
o
n
o
d
a
a
n
d

M
u
r
a
t
a

4
.4

.
E

x
a
m

p
le

:
R

e
n
y
i

E
n
tr

o
p
y

S
im

il
ar

ly
,

w
h
en

F
is

th
e

R
en

y
i

en
tr

op
y

H
α
[µ

]
:=

∫ R
m

µ
α
(x

)
−
µ

(x
)

α
−

1
d
x
,

th
en

gr
ad
H
α
[µ
t]

=
4
µ
α t

(s
ee

E
x
.
15

.6
in

V
il
la

n
i,

20
09

,
fo

r
th

e
p
ro

of
)

an
d

th
u
s

th
e

co
n
ti

n
u
it

y
eq

u
at

io
n

re
d
u
ce

s
to

th
e

ba
ck

w
a
rd

po
ro

u
s

m
ed

iu
m

eq
u

a
ti

o
n

∂
tµ
t(
x

)
=
−
4
µ
α t
(x

).
(2

9
)

5
.

F
u
rt

h
e
r

In
v
e
st

ig
a
ti

o
n
s

o
n

S
h
a
ll
o
w

a
n
d

D
e
e
p

D
A

E
s

th
ro

u
g
h

E
x
a
m

p
le

s

5
.1

.
A

n
a
ly

ti
c

E
x
a
m

p
le

s

W
e

li
st

an
al

y
ti

c
ex

am
p
le

s
of

sh
al

lo
w

an
d

co
n
ti

n
u
ou

s
D

A
E

s
(s

ee
A

p
p

en
d
ix

D
fo

r
fu

rt
h
er

d
et

ai
ls

,
in

cl
u
d
in

g
p
ro

of
s)

.
In

al
l
th

e
se

tt
in

gs
,
th

e
co

n
ti

n
u
o
u
s

D
A

E
s

at
ta

in
a

si
n
g
u
la

r
m

ea
su

re
at

so
m

e
fi
n
it

e
t
>

0
w

it
h

va
ri

ou
s

si
n
gu

la
r

su
p
p

or
ts

th
at

re
fl
ec

t
th

e
in

it
ia

l
d
a
ta

d
is

tr
ib

u
ti

o
n

µ
0
,

w
h
il
e

th
e

sh
al

lo
w

D
A

E
s

ac
ce

p
t

an
y
t
>

0
an

d
d
eg

en
er

at
e

to
a

p
oi

n
t

m
as

s
a
s
t
→
∞

.

5
.1
.1
.
U
n
iv
a
r
ia
t
e
N
o
r
m
a
l
D
is
t
r
ib
u
t
io
n

W
h
en

th
e

d
at

a
d
is

tr
ib

u
ti

on
is

a
u
n
iv

ar
ia

te
n
or

m
al

d
is

tr
ib

u
ti

on
N

(m
0
,σ

0
),

th
e

tr
a
n
sp

o
rt

m
ap

an
d

p
u
sh

fo
rw

ar
d

fo
r

th
e

sh
a
ll

o
w

D
A

E
ar

e
gi

ve
n

b
y

g t
(x

)
=

σ
2 0

σ
2 0

+
tx

+
t

σ
2 0

+
tm

0
,

(3
0
)

µ
t

=
N

( m
0
,

σ
2 0

(1
+
t/
σ

2 0
)2

)
,

(3
1
)

an
d

th
os

e
of

th
e

co
n

ti
n

u
o
u

s
D

A
E

ar
e

gi
ve

n
b
y

g t
(x

)
=
√

1
−

2t
/σ

2 0
(x
−
m

0
)

+
m

0
,

(3
2
)

µ
t

=
N

(m
0
,σ

2 0
−

2t
).

(3
3
)

5
.1
.2
.
M
u
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a
r
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t
e
N
o
r
m
a
l
D
is
t
r
ib
u
t
io
n

W
h
en

th
e

d
at

a
d
is

tr
ib

u
ti

on
is

a
m

u
lt

iv
ar

ia
te

n
or

m
al

d
is

tr
ib

u
ti

on
N

(m
0
,Σ

0
),

th
e
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a
n
sp

o
rt

m
ap

an
d

p
u
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rw

ar
d

fo
r

th
e

sh
a
ll

o
w

D
A

E
ar

e
gi

ve
n

b
y

g
t(
x

)
=
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+
tΣ
−

1
0
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1
x

+
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+
t−

1
Σ

0
)−

1
m

0
,
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4
)

µ
t

=
N
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0
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0
(I

+
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−

1
0

)−
2
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5
)
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d
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e
of
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e
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n
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n
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o
u

s
D

A
E
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e
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n
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t(
x

)
=

√
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1
0
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−
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0
)

+
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0
,
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6
)
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=
N
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0
−
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I
).
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)
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5
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.
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u
r
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o
f
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u
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iv
a
r
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t
e
N
o
r
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a
l
D
ist

r
ib
u
t
io
n
s

W
h
en

th
e

d
a
ta

d
istrib

u
tion

is
a

m
ix

tu
re

of
m

u
ltivariate

n
o
rm

ald
istrib

u
tion

s ∑
Kk
=

1
w
k N

(m
k ,Σ

k )
w

ith
th

e
a
ssu

m
p
tion

th
at

it
is

w
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sepa
ra

ted
,

th
e

tran
sp

ort
m

ap
an

d
p
u
sh

forw
ard

for
th

e
sh

a
llo

w
D

A
E

a
re

given
b
y

g
t (x

)
=

K
∑k

=
1

γ
k
t (x

) {
(I

+
tΣ
−

1
k

) −
1x

+
(I

+
t −

1Σ
k ) −

1m
k }
,

(38)

µ
t ≈

K
∑k

=
1

w
k N

(m
k ,Σ

k (I
+
tΣ
−

1
k

) −
2),

(39)

w
ith

resp
o
n
sib

ility
fu

n
ctionγ

k
t (x

)
:=

w
k N

(x
;m

k ,Σ
k

+
tI

)
∑

Kk
=

1
w
k N

(x
;m

k ,Σ
k

+
tI

) ,
(40)

a
n
d

th
o
se

o
f

th
e

co
n

tin
u

o
u

s
D

A
E

are
given

b
y

g
t (x

)≈
√
I−

2
tΣ
−

1
k

(x
−
m

k )
+
m

k ,
(41)

µ
t

=
K
∑k

=
1

w
k N

(m
k ,Σ

k −
2
tI

),
(42)

w
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o
n
sib

ility
fu

n
ctionγ

k
t (x

)
:=

w
k N

(x
;m

k ,Σ
k −

2
tI

)
∑

Kk
=

1
w
k N

(x
;m

k ,Σ
k −

2
tI

) .
(43)

H
ere,

w
e

say
th
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th

e
m
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tu

re ∑
Kk
=

1
w
k N

(m
k ,Σ

k )
is

w
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arated

w
h
en

for
every
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m
k ,

th
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a
n
eigh

b
orh

o
o
d

Ω
k
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m

k
su

ch
th

at
N

(Ω
k ;m

k ,Σ
k )≈

1
an

d
γ
k
t ≈

1
Ω
k .
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l
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x
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p
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o
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rie
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W
e
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2
-d
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p
les,

in
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v
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alize
th

e
d
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eren
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vector
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eld

s
b
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een
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e
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a
llow
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d

d
eep

D
A

E
s.
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e
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a
m

p
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b
elow

,
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are
d
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n
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to
a
ttra
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h
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ever
th

e
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e
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e
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d
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eed
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d
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b
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allow
an

d
d
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l
D
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u
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F
ig

u
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6
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m
p
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e
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jectories
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fou

r
D

A
E

s
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ed
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th

e
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m
on

d
ata

d
istrib

u
tion

µ
0

=
N

(
[0,0], [

2
0

0
1 ])

.
(44)

T
h
e

tra
n
sp

o
rt

m
ap

s
for

com
p
u
tin

g
th

e
tra

jectories
are

given
b
y

(34)
for

th
e

sh
allow

D
A

E
a
n
d
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m

p
ositio

n
of

D
A

E
s,

an
d

b
y

(36)
for

th
e
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u
ou

s
D

A
E

.
H

ere,
w

e
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p
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(34)
m

u
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e
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p
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D
A

E
s.19

JM
L

R
 20(2):1-52, 2019

S
o
n
o
d
a
a
n
d

M
u
r
a
t
a

T
h
e
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s
D

A
E

con
verges
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an
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ly
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g
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th

e
x

-ax
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at
t

=
1
/
2.

B
y

con
trast,

th
e

sh
allow

D
A

E
slow

s
d
ow

n
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t→
∞

an
d

n
ever

attain
s

th
e

sin
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larity
in
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n
ite

tim
e.

A
s
L

ten
d
s

to
in

fi
n
ity,

g
t0
:L

p
lots

a
tra

jectory
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to
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at
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e
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tin
u
ou

s
D

A
E

ϕ
t ;
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e
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of

th
e

tra
jectory
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ges
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g
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∆
t.

5
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o
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B
iv
a
r
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t
e
N
o
r
m
a
l
D
ist

r
ib
u
t
io
n
s

F
igu

re
7,

8,
an

d
9

com
p
are

th
e

tra
jectories
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fou

r
D

A
E

s
train

ed
on

th
e

th
ree

com
m

on
d
ata

d
istrib

u
tion

s

µ
0

=
0.5

N

(
[−

1
,0], [

1
0

0
1 ])

+
0
.5
N

(
[1,0], [

1
0

0
1 ])

,
(45)

µ
0

=
0.2

N

(
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1
,0], [

1
0

0
1 ])

+
0
.8
N

(
[1,0], [

1
0

0
1 ])

,
(46)

µ
0

=
0.2

N

(
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1,0], [
1

0
0

1 ])
+

0
.8
N

(
[1,0], [

2
0

0
1 ])

.
(47)

resp
ectively.
T

h
e

tran
sp
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m
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s
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p
u
tin

g
th

e
tra

jectories
are

given
b
y

(38)
fo
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D
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d
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p

osition
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A
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s.
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D

A
E
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e
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p
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g
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d
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n
ition
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n
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s
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D
A

E
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=
∇

log
µ
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).
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an
y
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e
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u
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s
D

A
E

con
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at
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e
t
>

0,
b
u
t
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e

sh
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e
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e
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an

d
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e
b
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s
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ge
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g
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e
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itial

d
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d
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u
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.
T

h
e
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D
A

E
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to
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e
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t→

∞
,

an
d
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e

com
p
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D
A

E
s

p
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a
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e
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u
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s
D

A
E
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L
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g
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.
In

p
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F
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s
D

A
E
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w
h
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p
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at
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e
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t
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e-d
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d
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→
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F
ig

u
re

15
:

T
y
p
ical

tran
sp

ortation
resu

lts
o
f

th
e

2-d
im

en
sion

al
sw

issro
ll

d
ata

b
y

an
S
D

A
E

(left)
a
n
d

a
C

D
A

E
(righ

t).
In

b
o
th

th
e

sid
es,

th
e

b
la

ck
p

oin
ts

rep
resen

t
th

e
in

p
u
t

vectors
x

0 ∈
R

2,
an

d
th

e
re

d
an

d
b

lu
e

p
oin

ts
rep

resen
t

th
e

fi
rst

an
d

secon
d

tran
sp

ortation
resu

lts
x

1
a
n
d
x

2 ,
resp

ectively.

7
.

In
te

g
ra

l
R

e
p
re

se
n
ta

tio
n

o
f

th
e

F
lo

w
R

e
p
re

se
n
ta

tio
n

In
th

is
sectio

n
,

w
e

aim
to

d
evelop

th
e

d
ou

b
le

con
tin

u
u
m

lim
it:

a
com

b
in

ation
of

th
e

d
ep

th
co

n
tin

u
u
m

lim
it,

or
th

e
fl
ow

rep
resen

tation
,

an
d

th
e

w
id

th
con

tin
u
u
m

lim
it,

or
th

e
in

tegral
rep

resen
ta

tio
n
.

T
o

fa
cilita

te
v
isu

alization
,

w
e

w
rite

th
e

h
id

d
en

p
aram

eters
as
θ

in
stead

of
(a
,b),

th
e

k
-th

elem
en

t
of

th
e

co
effi

cien
t

fu
n
ction

as
γ

(θ
,k

)
or
γ
k (θ

)
in

stead
of

th
e

b
old

face
γ

(θ
),

a
n
d

th
e

in
teg

ra
l

rep
resen

tation
as

S
[γ
k ](x

)
=

∫
γ

(θ
,k

)σ
(x

;θ
)d
θ
.

(57)

F
u
rth

erm
ore,

b
y

u
sin

g
a

sin
gu

lar
m

easu
re
γ
pk (θ

)
:=
∑

pj=
1
c
jk δ

θ
j (θ

),
w

e
w

rite
an

ord
in

ary
sh

a
llow

N
N

a
s

S
[γ
pk ](x

)
=

∫
γ
p(θ

,k
)σ

(x
;θ

)d
θ

=

p
∑j=

1

c
jk σ

(x
;θ
j ).

(58)

If
th

ere
is

n
o

risk
of

con
fu

sion
,

w
e

om
it

w
ritin

g
th

e
su

p
erscrip

t
p
.

S
p

ecifi
cally,

w
e

w
rite

“S
[γ
k ]”

w
ith

o
u
t

d
istin

ction
b

etw
een

an
in

fi
n
ite

N
N

(57)
an

d
a

fi
n
ite

N
N

(58).
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S
o
n
o
d
a
a
n
d

M
u
r
a
t
a

7
.1

.
E

n
c
o
d

e
r

a
n

d
D

e
c
o
d

e
r

in
th

e
In

te
g
ra

l
R

e
p

re
se

n
ta

tio
n

F
irst,

w
e

con
sid

er
a

fi
n
ite

case.
S
u
p
p

ose
th

at
a

sh
allow

D
A

E
is

realized
b
y

a
fi
n
ite

N
N

∑
pj=

1
c
jk σ

(x
;θ
j ).

T
h
en

,
th

e
en

co
d
er

is
giv

en
b
y

z
(θ
j )

=
en
c(x

,θ
j )

=
σ

(x
;θ
j ),

j
=

1,...,p
;

an
d

th
e

d
eco

d
er

is
given

b
y

d
ec(z

,k
)

=

p
∑j=

1

c
jk z

(θ
j ).

T
h
erefore,

su
p
p

osin
g

th
at

a
sh

allow
D

A
E

is
realized

b
y
S

[γ
],

th
e

en
co

d
er

an
d

d
eco

d
er

in
th

e
in

tegral
rep

resen
tation

are
given

b
y

en
c(x

,θ
)

:=
σ

(x
;θ

),
(59)

d
ec(z

,k
)

:=

∫
γ

(θ
,k

)z
(θ

)d
θ
,

(60)

w
h
ere

“th
e
θ

-th
elem

en
t”

of
z

is
giv

en
b
y
z
(θ

).
N

ex
t,

w
e

con
sid

er
th

e
stacked

D
A

E
b
u
ilt

on
z

.
S
u
p
p

ose
th

at
th

e
stacked

D
A

E
is

realized
b
y
S

[γ̃
θ
](z

)
=
∫
γ̃

(ω
,θ

)σ
(z

;ω
)d
ω

;
th

en
,

th
e

en
co

d
er

an
d

d
eco

d
er

are
given

b
y

ẽn
c(z

,ω
)

:=
σ

(z
;ω

),
(61)

d̃
ec(u

,θ
)

:=

∫
γ̃

(ω
,θ

)u
(ω

)d
ω
,

(62)

w
h
ere

th
e
ω

-th
elem

en
t

of
u

is
giv

en
b
y
u

(ω
),

an
d

th
e
θ

-th
elem

en
t

of
ω

is
giv

en
b
y
ω

(θ
).

In
th

is
n
otation

,
for

ex
am

p
le,

th
e

top
ological

con
ju

gacy
(55)

claim
s

th
at

th
ere

ex
ists

γ
′

su
ch

th
at

∫
γ

(θ
,k

) ∫
γ̃

(ω
,θ

)σ
(σ

(x
;·);ω

)d
ω

d
θ

=

∫
γ
′(θ
′,k

)σ

(∫
γ

(θ
,·)σ

(x
;θ

)d
θ

;θ
′ )

d
θ
′.

(63)

7
.2

.
R

id
g
e
le

t
T

ra
n

sfo
rm

o
f

F
lo

w
s

L
et
ϕ
t

:R
m
→

R
m

b
e

a
fl
ow

th
at

satisfi
es
ϕ
t ◦
ϕ
s

=
ϕ
t+
s .

T
h
en

,
th

e
follow

in
g

form
u
la

h
old

s:∫
R

[ϕ
t ](θ

,k
)σ

(∫
R

[ϕ
s ](θ

,·)σ
(x

;θ
′)d
θ
′ )

d
θ

=

∫
R

[ϕ
t+
s ](θ

,k
)σ

(x
;θ

)d
θ
.

(64)

In
oth

er
w

ord
s,
S

[R
[ϕ

t ]]◦
S

[R
[ϕ

s ]]
=
S

[R
[ϕ

t+
s ]].

A
ccord

in
g

to
B

arron
’s

b
ou

n
d

(K
ů
rkov

á,
2012,

C
or.5.4),

th
e

d
iscretization

error‖
S

[γ
]−

S
[γ
p]‖

2
b

etw
een

S
[γ

]
an

d
S

[γ
p]

is
b

ou
n
d
ed

b
y
‖
γ‖

1 / √
p
.

H
en

ce,‖
R

[ϕ
t ]‖

1
+
‖
R

[ϕ
s ]‖

1 ≤
‖R

[ϕ
t+
s ]‖

1
for

som
e
t

an
d
s,

w
h
ich

im
p
lies

th
e

ex
p
ressive

effi
cien

cy
of

th
e

D
N

N
.

C
on

sid
er

a
sp

ecial
case

w
h
en
ϕ

:
R
m
→

R
m

is
given

b
y

th
e

grad
ien

t
of

a
p

oten
tial

fu
n
ction

V
.

S
p

ecifi
cally,

ϕ
=
∇
V

.
W

e
n
ote

th
at

accord
in

g
to

th
e

p
olar

d
ecom

p
osition

th
eorem

b
y

B
ren

ier
(1991),

an
y

op
tim

al
tran

sp
ort

m
ap

ϕ
t

:
[0,1]×

R
m
→

R
m

can
b

e
w

ritten
as
ϕ
t

=
id

+
t∇
U

w
ith

som
e

p
oten

tial
fu

n
ction

U
.

H
en

ce,
b
y

lettin
g
V

=
|·| 2/2

+
U

,
w

e
can

u
n
d
erstan

d
ϕ

:=
ϕ

1
=
∇
V

as
an

op
tim

al
tran

sp
ort

m
ap

.
T

h
en

,
w

e
h
ave

an
in

tegration
-b

y
-p

arts
form

u
la

for
th

e
vector

rid
gelet

tran
sform

.
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T
r
a
n
sp

o
r
t
A
n
a
ly

si
s
o
f
In

f
in
it
e
ly

D
e
e
p
N
e
u
r
a
l
N
e
t
w
o
r
k

T
h

e
o
re

m
1
1

L
et
K
⊂

R
m

be
a

co
m

pa
ct

se
t

w
it

h
sm

oo
th

bo
u

n
d
a
ry

∂
K

.
G

iv
en

th
a
t

a
sm

oo
th

sc
a
la

r
po

te
n

ti
a
l
V

is
su

p
po

rt
ed

in
K

,
th

e
ri

d
ge

le
t

tr
a
n

sf
o
rm

o
f

th
e

po
te

n
ti

a
l

ve
ct

o
r

fi
el

d
∇
V

is
ca

lc
u

la
te

d
by

R
ρ
[∇
V

](
a
,b

)
=
−
a
R
ρ
′ [
V

](
a
,b

).
(6

5)

H
er

e,
R
ρ

a
n

d
R
ρ
′

d
en

o
te

th
e

ri
d
ge

le
t

tr
a
n

sf
o
rm

w
it

h
re

sp
ec

t
to
ρ

a
n

d
ρ
′ ,

re
sp

ec
ti

ve
ly

.

P
ro

o
f

R
ρ
[∇
V

](
a
,b

)
=

∫ K
∇
V

(x
)ρ

(a
·x
−
b)

d
x

=

[ ∫

∂
K
V

(x
) ρ

(a
·x
−
b)
n

(x
)d
S
−
a

∫ K
V

(x
) ρ
′ (
a
·x
−
b)

d
x

]

=
0
−
a
R
ρ
′ [
V

](
a
,b

).
�

T
h
e

le
ft

-h
an

d
si

d
e

(L
H

S
)

of
(6

5)
d
en

ot
es

a
ve

ct
or

ri
d
ge

le
t

tr
an

sf
or

m
d
efi

n
ed

b
y

el
em

en
t-

w
is

e
m

ap
p
in

g,
w

h
er

ea
s

th
e

ri
gh

t-
h
an

d
si

d
e

(R
H

S
)

co
n
si

st
s

of
a

sc
al

ar
ri

d
ge

le
t

tr
an

sf
or

m
.

W
e

ca
n

u
n
d
er

st
an

d
th

e
R

H
S

gi
v
en

th
at

th
e

n
et

w
or

k
sh

ar
es

co
m

m
on

k
n
ow

le
d
ge

am
on

g
el

em
en

t-
w

is
e

ta
sk

s.

7
.3

.
E

x
a
m

p
le

:
A

u
to

e
n

c
o
d

e
r

A
s

th
e

m
os

t
fu

n
d
am

en
ta

l
tr

an
sp

or
t

m
ap

,
w

e
co

n
si

d
er

a
sm

o
ot

h
“t

ru
n
ca

te
d
”

a
u
to

en
co

d
er

id
r,
δ
.

W
e

d
en

ot
e

b
y
Bm

(z
;r

)
a

cl
os

ed
b
al

l
in

R
m

w
it

h
ce

n
te

r
z

an
d

ra
d
iu

s
r.

W
e

as
su

m
e

th
at

id
r,
δ

is
(1

)
sm

o
ot

h
,

(2
)

eq
u
al

to
th

e
id

en
ti

ty
m

ap
id

w
h
en

it
is

re
st

ri
ct

ed
to

Bm
(r

),
an

d
(3

)
tr

u
n
ca

te
d

to
b

e
su

p
p

or
te

d
in

Bm
(r

+
δ)

w
it

h
a

sm
al

l
p

os
it

iv
e

n
u
m

b
er
δ
>

0
.

L
et
∇
V
r,
δ

b
e

a
sm

o
ot

h
fu

n
ct

io
n

th
at

sa
ti

sfi
es

V
r,
δ
(x

)
:=

    

1 2
|x
|2

x
∈
Bm

(0
;r

),

(s
m

o
ot

h
m

ap
)
x
∈
B(

0;
r

+
δ)
\B

(0
;r

),

0
x
/∈
Bm

(0
;r

+
δ)
,

an
d

le
t

id
r,
δ

:=
∇
V
r,
δ
.

N
ot

e
th

at
w

e
ca

n
co

n
st

ru
ct

id
r,
δ

an
d
∇
V
r,
δ

b
y

u
si

n
g

m
ol

li
fi
er

s;
th

u
s,

su
ch

m
ap

s
ex

is
t.

T
h
e

ri
d
ge

le
t

tr
an

sf
or

m
of

th
e

tr
u
n
ca

te
d

au
to

en
co

d
er

is
gi

ve
n

b
y

R
ρ
[i
d
r,
δ
](
a
,b

)
≈
−
K
a
ρ
′ (
−
b)

as
δ
→

0
(6

6)

w
it

h
a

ce
rt

ai
n

co
n
st

an
t
K

(s
ee

A
p
p

en
d
ix

E
fo

r
th

e
p
ro

of
).
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0(

2)
:1

-5
2,

 2
01

9

S
o
n
o
d
a
a
n
d

M
u
r
a
t
a

8
.

D
is

cu
ss

io
n

W
e

p
er

fo
rm

ed
tr

an
sp

or
t

an
al

y
si

s
of

d
en

oi
si

n
g

au
to

en
co

d
er

s
b
y

in
tr

o
d
u
ci

n
g

th
e

fl
ow

re
p
re

-
se

n
ta

ti
on

.
T

h
e

fl
ow

re
p
re

se
n
ta

ti
on
ϕ
t

is
th

e
d
ep

th
co

n
ti

n
u
u
m

li
m

it
of

a
D

N
N

,
sp

ec
ifi

ed
b
y

an
O

D
E

w
it

h
ve

ct
or

fi
el

d
v
t.

W
e

in
te

rp
re

te
d

an
or

d
in

ar
y

D
N

N
g
t

as
a

tr
a
n
sp

o
rt

m
a
p

or
an

E
u
le

r
b
ro

ke
n

li
n
e

ap
p
ro

x
im

at
io

n
of
ϕ
t.

T
h
e

ad
va

n
ta

ge
s

of
th

e
fl
ow

re
p
re

se
n
ta

ti
o
n

ar
e

th
at

it
p
ro

v
id

es
th

e
co

or
d
in

at
e-

fr
ee

tr
ea

tm
en

t
of

D
N

N
s,

av
oi

d
in

g
th

e
re

d
u
n
d
a
n
cy

o
f

th
e

or
d
in

ar
y

p
ar

am
et

ri
za

ti
on

of
D

N
N

s,
an

d
th

at
it

fa
ci

li
ta

te
s

o
u
r

u
n
d
er

st
a
n
d
in

g
o
f

w
h
a
t

D
N

N
s

d
o—

it
is

th
e

m
as

s
tr

an
sp

or
ta

ti
on

co
n
tr

ol
le

d
b
y
v
t.

In
ad

d
it

io
n
,

th
e

ad
va

n
ta

g
e

o
f

th
e

in
te

rp
re

ta
ti

on
as

m
as

s
tr

an
sp

or
ta

ti
on

is
th

at
it

ca
n

h
a
n
d
le

fu
n
ct

io
n

co
m

p
o
si

ti
o
n
.

In
th

e
tr

an
sp

or
t

an
al

y
si

s,
w

e
an

al
y
ze

d
a

fl
ow

in
th

re
e

as
p

ec
ts

:
a

d
y
n
am

ic
al

sy
st

em
d
es

cr
ib

ed
b
y

a
tr

an
sp

or
t

m
ap

or
ve

ct
or

fi
el

d
,

a
p
u
sh

fo
rw

ar
d

m
ea

su
re

d
es

cr
ib

ed
b
y

a
co

n
ti

n
u
it

y
eq

u
a
ti

o
n
,

an
d

W
as

se
rs

te
in

gr
ad

ie
n
t

fl
ow

.
F

ro
m

th
e

re
su

lt
s

in
W

as
se

rs
te

in
ge

om
et

ry
,

th
es

e
a
sp

ec
ts

ar
e

cl
os

el
y

co
n
n
ec

te
d
,

an
d

th
e

h
y
p

er
p
ar

am
et

er
v
t

p
la

y
s

a
ce

n
tr

al
ro

le
as

an
in

te
rm

ed
ia

ry
.

F
or

ex
am

p
le

,
in

th
e

tr
an

sp
or

t
an

al
y
si

s
of

co
n
ti

n
u
ou

s
D

A
E

s,
th

e
p

ot
en

ti
al

fu
n
ct

io
n
a
l

o
f

th
e

W
as

se
rs

te
in

gr
ad

ie
n
t

fl
ow

of
te

n
fa

ci
li
ta

te
s

ou
r

u
n
d
er

st
an

d
in

g
of

th
e

fl
ow

b
ec

a
u
se

it
is

th
e

S
h
an

n
on

en
tr

op
y,

w
h
ic
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p
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p
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d
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d
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d
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→
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=

∫
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=

∫
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b
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)⊂

L
2(µ
∗
ν

).
T

h
en

,
for

an
arb

itrary
fu

n
ctio

n
h
∈
C
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∂∂
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=
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−
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=
(15).

N
o
te

th
a
t
g
∗

a
ttain

s
th

e
glob

al
m

in
im

u
m

,
b

ecau
se,

fo
r

every
fu

n
ction

h
,

L
[g
∗

+
h

]
=

∫

R
m

E
ε [|ε−

E
t [ε|x

]+
h

(x
)| 2µ

0 (x
−
ε
)]d
x

=

∫
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+

∫
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2 ∫
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∂
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∇
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∂
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∂
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∂
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=
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+
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tũ
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b̃
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∂
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ũ
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ũ
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√
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ũ
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ũ
t

=
Ṽ
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tũ
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∂
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[ũ
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∇
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)ũ
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ũ
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ũ
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ũ
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con
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◦
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p
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=
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+
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.
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p
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=
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0 .
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√
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=
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.

(33)

39
JM

L
R

 20(2):1-52, 2019

S
o
n
o
d
a
a
n
d

M
u
r
a
t
a

P
ro

o
f

[µ
t ]

W
rite

th
e

p
u
sh

forw
ard

as
N

(m
t ,σ

2t ).
B

y
u
sin

g
th

e
h
eat

kern
el
φ
t (x

,y
)

=
(4π

t) −
m
/
2

ex
p
(−
|x
−
y| 2/

4
t),

for
som

e
T
>

0,

N
(m

t ,σ
2t )

=
φ
T−

t ∗
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e

p
ositiv

ity
of
σ

2t ,
w

e
can

d
eterm

in
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∂
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=
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u
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=
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+
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+
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d
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w
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+
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−
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+
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p
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=

√
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−
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=

(4
π
t)
−
m
/
2

ex
p
(−
|x
−
y
|2 /
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=
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+
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−
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−
m
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+
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+
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Σ
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=

√
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=

√
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h
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0
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n
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Σ
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D
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n
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D
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w
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n
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Σ
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−
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−
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=
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≡
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b
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v
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∇
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∈
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−
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=

√
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.
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b
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y
u
b
iq

u
it

ou
s

in
te

x
t

(S
am

p
so

n
et

al
.,

19
90

),
im

ag
e

(M
ai

ra
l
et

a
l.
,
2
0
0
7
),

an
d

ge
n
om

ic
(T

a
şa

n
et

al
.,

20
14

)
p
ro

ce
ss

in
g.

H
er

e,
w

e
co

n
si

d
er

fi
n
d
in

g
re

gr
es

so
rs

th
a
t

a
re

n
ot

ve
ct

or
va

lu
ed

p
ar

am
et

er
s,

b
u
t

ra
th

er
fu

n
ct

io
n
s
f
∈
H

in
a

h
y
p

ot
h
es

iz
ed

fu
n
ct

io
n

cl
a
ss

H
.

T
h
is

fu
n
ct

io
n

es
ti

m
at

io
n

ta
sk

al
lo

w
s

on
e

to
le

ar
n

n
on

li
n
ea

r
st

at
is

ti
ca

l
m

o
d
el

s
a
n
d

is
k
n
ow

n
to

y
ie

ld
b

et
te

r
re

su
lt

s
in

ap
p
li
ca

ti
on

s
w

h
er

e
li
n
ea

ri
ty

of
a

gi
ve

n
st

at
is

ti
ca

l
m

o
d
el

is
ov

er
ly

re
st

ri
ct

iv
e

su
ch

as
co

m
p
u
te

r
v
is

io
n

an
d

ob
je

ct
re

co
gn

it
io

n
(M

u
k
h
er

je
e

a
n
d

N
ay

a
r,

19
96

;
L

i
et

al
.,

20
14

).
T

h
e

ad
eq

u
ac

y
of

th
e

re
gr

es
so

r
fu

n
ct

io
n
f

is
ev

al
u
at

ed
b
y

th
e

co
n
v
ex

lo
ss

fu
n
ct

io
n
`

:
H
×
X
×
Y
→

R
th

at
q
u
an

ti
fi
es

th
e

m
er

it
of

th
e

es
ti

m
at

or
f

(x
)

ev
a
lu

a
te

d
at

fe
at

u
re

ve
ct

or
x

.
T

h
is

lo
ss

is
av

er
ag

ed
ov

er
al

l
p

os
si

b
le

tr
ai

n
in

g
ex

am
p
le

s
to

d
efi

n
e

th
e

st
at

is
ti

ca
l

lo
ss
L

(f
)

:=
E x

,y
[`

(f
(x

),
y
)]

,
w

h
ic

h
w

e
co

m
b
in

e
w

it
h

a
T

ik
h
on

ov
re

g
u
la

ri
ze

r
to

2
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P
a
r
sim

o
n
io
u
s
O
n
l
in
e
L
e
a
r
n
in
g

w
it
h
K
e
r
n
e
l
s

co
n
stru

ct
th

e
regu

larized
loss

R
(f

)
:=

argm
in
f∈H

L
(f

)
+

(λ
/
2)‖

f‖
2H

(S
h
alev

-S
h
w

artz
et

al.,
2
0
1
0
;

E
v
gen

io
u

et
al.,

2000).
W

e
th

en
d
efi

n
e

th
e

op
tim

al
fu

n
ctio

n
as

f
∗

=
argm

in
f∈H

R
(f

)
:

=
argm

in
f∈H

E
x
,y [`(f (x

),y ) ]
+
λ2 ‖
f‖

2H
(1)

T
h
e

o
p
tim

iza
tion

p
rob

lem
in

(1)
is

in
tractab

le
in

gen
eral.

H
ow

ever,
w

h
en
H

is
eq

u
ip

p
ed

w
ith

a
rep

rod
u

cin
g

kern
el
κ

:X
×
X
→

R
,

a
n
on

p
aram

etric
fu

n
ctio

n
estim

atio
n

p
rob

lem
of

th
e

fo
rm

(1
)

m
ay

b
e

red
u
ced

to
a

p
aram

etric
form

v
ia

th
e

rep
resen

ter
th

eorem
(W

h
eed

en
et

a
l.,

1
9
7
7;

N
o
rk

in
an

d
K

ey
zer,

2009).
T

h
is

th
eorem

states
th

at
th

e
op

tim
al

argu
m

en
t

of
(1

)
is

in
th

e
sp

an
of

kern
el

fu
n
ction

s
th

at
are

cen
tered

at
p

oin
ts

in
th

e
given

train
in

g
d
ata

set,
a
n
d

it
red

u
ces

th
e

p
rob

lem
to

th
at

of
d
eterm

in
in

g
th

e
N

co
effi

cien
ts

of
th

e
resu

ltin
g

lin
ea

r
co

m
b
in

ation
of

kern
els

(S
ection

2).
T

h
is

resu
lts

in
a

fu
n
ction

d
escrip

tion
th

at
is

d
ata

d
riven

a
n
d

fl
ex

ib
le,

alas
very

com
p
lex

.
A

s
w

e
con

sid
er

p
rob

lem
s

w
ith

larger
tra

in
in

g
sets,

th
e

rep
resen

ta
tion

of
f

req
u
ires

a
grow

in
g

n
u
m

b
er

of
kern

els
(N

o
rk

in
an

d
K

ey
zer,

2009).
In

th
e

ca
se

o
f

stream
in

g
ap

p
lication

s
th

is
n
u
m

b
er

w
ou

ld
grow

u
n
b

ou
n
d
ed

an
d

th
e

kern
el

m
a
trix

a
s

w
ell

as
th

e
co

effi
cien

t
vector

w
ou

ld
grow

to
in

fi
n
ite

d
im

en
sion

a
n
d

an
in

fi
n
ite

a
m

o
u
n
t

o
f

m
em

ory
w

ou
ld

b
e

req
u
ired

to
rep

resen
t
f

.
It

is
th

erefore
cu

sto
m

ary
to

red
u
ce

th
is

co
m

p
lex

ity
b
y

forgettin
g

train
in

g
p

oin
ts

or
oth

erw
ise

req
u
irin

g
th

at
f
∗

ad
m

it
a

p
arsi-

m
o
n
io

u
s

rep
resen

tation
in

term
s

of
a

sp
arse

su
b
set

of
kern

els.
T

h
is

overcom
es

th
e

d
iffi

cu
lties

a
sso

cia
ted

w
ith

a
rep

resen
tation

of
u
n
m

an
ageab

le
com

p
lex

ity
b
u
t

a
steep

er
d
iffi

cu
lty

is
th

e
d
eterm

in
a
tio

n
of

th
is

op
tim

al
p
arsim

on
iou

s
rep

resen
tation

as
w

e
ex

p
la

in
in

th
e

follow
in

g
sectio

n

1
.1

.
C

o
n
te

x
t

T
o

u
n
d
erstan

d
th

e
ch

allen
ge

in
d
eterm

in
in

g
op

tim
al

p
arsim

on
iou

s
rep

resen
tation

s,
recall

th
a
t

kern
el

o
p
tim

ization
m

eth
o
d
s

b
orrow

tech
n
iq

u
es

from
vector

valu
ed

(i.e.,
w

ith
ou

t
th

e
u
se

o
f

kern
els)

sto
ch

astic
op

tim
ization

in
th

e
sen

se
th

at
th

ey
seek

to
op

tim
ize

(1)
b
y

re-
p
la

cin
g

th
e

d
escen

t
d
irection

of
th

e
ob

jective
w

ith
th

at
of

a
sto

ch
astic

estim
ate

(B
ottou

,
1
9
9
8
;

R
o
b
b
in

s
an

d
M

on
ro,

1951).
S
to

ch
astic

op
tim

ization
is

w
ell

u
n
d
ersto

o
d

in
vector

val-
u
ed

p
ro

b
lem

s
to

th
e

ex
ten

t
th

at
recen

t
eff

orts
are

con
cern

ed
w

ith
im

p
rov

in
g

con
vergen

ce
p
ro

p
erties

th
ro

u
gh

th
e

u
se

of
varian

ce
red

u
ction

(S
ch

m
id

t
et

al.,
20

13;
J
o
h
n
son

an
d

Z
h
a
n
g,

2
0
1
3
;
D

efa
zio

et
al.,

2014),
or

sto
ch

astic
ap

p
rox

im
ation

s
of

N
ew

ton
step

s
(S

ch
ra

u
d
olp

h
et

al.,
2
0
0
7
;

B
o
rd

es
et

al.,
2009;

M
ok

h
tari

an
d

R
ib

eiro,
2014,

2015).
S
to

ch
astic

op
tim

izatio
n

in
kern

el
sp

a
ces,

h
ow

ev
er,

ex
h
ib

its
tw

o
p

ecu
liarities

th
at

m
ak

e
it

m
ore

ch
allen

gin
g:

i.
T

h
e

im
p
lem

en
tation

of
sto

ch
astic

m
eth

o
d
s

for
ex

p
ected

risk
m

in
im

ization
in

a
R

K
H

S
req

u
ires

storage
of

kern
el

m
atrices

an
d

w
eigh

t
v
ectors

th
a
t

togeth
er

are
cu

b
ic

in
th

e
itera

tion
in

d
ex

.
T

h
is

is
tru

e
ev

en
if

w
e

req
u
ire

th
at

th
e

solu
tion

f
∗

ad
m

it
a

sp
arse

rep
resen

tation
b

ecau
se,

w
h
ile

it
m

ay
b

e
tru

e
th

at
th

e
asy

m
p
totic

solu
tion

ad
m

its
a

sp
a
rse

rep
resen

tation
,

th
e

in
term

ed
iate

iterates
are

n
ot

n
ecessarily

sp
arse;

see,
e.g.,

K
iv

in
en

et
al.

(2004).

ii.
T

h
e

p
ro

b
lem

in
(i)

m
ak

es
it

n
ecessary

to
u
se

sp
arse

ap
p
rox

im
ation

s
of

d
escen

t
d
irec-

tio
n
s.

H
ow

ev
er,

th
ese

sp
arse

ap
p
rox

im
ates

a
re

n
ot

gu
aran

teed
to

b
e

valid
sto

ch
astic

d
escen

t
d
irection

s.
C

on
seq

u
en

tly,
th

ere
are

n
o

gu
aran

tees
th

at
a

p
a
th

of
sp

arse
ap

-
p
rox

im
a
tion

learn
s

th
e

op
tim

al
sp

arse
ap

p
rox

im
ation

.
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K
o
p
p
e
l
,
W
a
r
n
e
l
l
,
S
t
u
m
p
,
a
n
d

R
ib
e
ir
o

Issu
e

(i)
is

a
key

p
oin

t
of

d
ep

artu
re

b
etw

een
kern

el
sto

ch
astic

op
tim

ization
an

d
its

vector
valu

ed
cou

n
terp

art.
It

im
p
lies

th
at

red
efi

n
in

g
f
∗

to
en

cou
rag

e
sp

arsity
m

ay
m

ake
it

easier
to

w
ork

w
ith

th
e

R
K

H
S

rep
resen

tation
a
fter

it
h
as

b
een

learn
t.

H
ow

ever,
th

e
sto

ch
astic

grad
ien

t
iterates

th
at

n
eed

to
b

e
com

p
u
ted

to
fi
n
d

su
ch

rep
resen

tation
h
ave

a
com

p
lex

ity
th

at
grow

s
w

ith
th

e
ord

er
of

th
e

iteration
in

d
ex

(K
iv

in
en

et
a
l.,

2004),
p
reclu

d
in

g
th

e
u
se

of
sp

arsity
-en

cou
ragin

g
p

en
alties

(F
u
,

1998).
W

ork
s

on
sto

ch
astic

o
p
tim

ization
in

a
R

K
H

S
h
ave

variou
sly

ign
ored

th
e

in
tractab

le
grow

th
of

th
e

p
aram

etric
rep

resen
tation

of
f
∈
H

(Y
in

g
an

d
Z

h
ou

,
2006;

L
iu

et
al.,

2008;
P

on
til

et
al.,

2005;
D

ieu
leveu

t
an

d
B

a
ch

,
2014),

ad
d
ressed

it
in

d
irectly

th
rou

gh
p
rob

ab
ilistic

(R
ah

im
i

an
d

R
ech

t,
2
008,

2009;
D

ai
et

al.,
2014)

or
com

p
u
tation

al
(W

illiam
s

an
d

S
eeger,

2001;
Z

h
an

g
et

al.,
2008)

ap
p
rox

im
ation

s
of

th
e

k
ern

el,
or

h
av

e
au

gm
en

ted
th

e
learn

ed
fu

n
ctio

n
to

lim
it

th
e

m
em

o
ry

issu
es

asso
ciated

w
ith

kern
elization

u
sin

g
on

lin
e

sp
arsifi

cation
p
ro

ced
u
res.

T
h
ese

ap
p
roach

es
fo

cu
s

on
lim

itin
g

th
e

grow
th

of
th

e
kern

el
d
iction

ary
th

rou
gh

forgettin
g

factors
(K

iv
in

en
et

al.,
2004),

ran
d
om

d
rop

p
in

g
(Z

h
an

g
et

al.,
2013;

L
e

et
al.,

2016b
),

com
p
ressive

sen
sin

g
(E

n
gel

et
al.,

2004;
R

ich
ard

et
al.,

2009;
H

on
ein

e,
2012),

greed
y

search
(B

o
rd

es
et

al.,
2
005)

an
d

p
ro

jection
(Z

h
ao

et
al.,

2012;
Z

h
ao

an
d

H
oi,

2012
;

W
an

g
et

al.,
2012).

T
h
ese

ap
p
roach

es
overcom

e
Issu

e
(i)

b
u
t

th
ey

d
o

so
at

th
e

cost
of

d
rop

p
in

g
op

tim
ality

[cf.
Issu

e
(ii)].

T
h
is

is
b

ecau
se

th
ese

sp
arsifi

cation
tech

n
iq

u
es

in
tro

d
u
ce

a
b
ias

in
th

e
sto

ch
astic

grad
ien

t
w

h
ich

n
u
llifi

es
con

vergen
ce

gu
aran

tees,
an

d
em

p
irically

lead
s

to
in

stab
ility.

P
ast

w
ork

s
th

at
h
ave

con
sid

ered
su

pervised
sp

arsifi
cation

(a
d
d
ressin

g
issu

es
(i)-(ii))

h
ave

on
ly

b
een

d
ev

elop
ed

for
sp

ecial
cases

su
ch

as
on

lin
e

su
p
p

ort
vector

m
ach

in
es

(S
V

M
)

(W
an

g
et

al.,
2012),

off
-lin

e
logistic

regression
Z

h
u

an
d

H
astie

(2005),
an

d
off

-lin
e

S
V

M
(J

oach
im

s
an

d
Y

u
,
2009).

T
h
e

w
ork

s
p

erh
ap

s
m

ost
sim

ilar
to

ou
rs,

b
u
t

d
evelop

ed
on

ly
for

S
V

M
(W

an
g

et
al.,

2012))
fi
x
es

th
e

n
u
m

b
er

of
kern

el
d
iction

ary
elem

en
ts,

or
th

e
m

o
d
el

ord
er,

in
ad

van
ce

rath
er

tu
n
in

g
th

e
kern

el
d
iction

ary
to

gu
aran

tee
sto

ch
astic

d
escen

t,
i.e.

d
eterm

in
in

g
w

h
ich

kern
el

d
iction

ary
elem

en
ts

are
m

ost
im

p
ortan

t
for

rep
resen

tin
g
f
∗.

F
u
rth

er,
th

e
an

aly
sis

of
th

e
resu

ltin
g

b
ias

in
d
u
ced

b
y

sp
arsifi

cation
req

u
ires

overly
restrictive

assu
m

p
tion

s
an

d
is

con
d
u
cted

in
term

s
of

tim
e-average

ob
jectiv

e
su

b
-op

tim
ality,

a
lo

oser
criterion

th
an

alm
ost

su
re

con
vergen

ce.
F

or
sp

ecialized
classes

o
f

loss
fu

n
ction

s,
th

e
b
ias

of
th

e
d
escen

t
d
irection

in
d
u
ced

b
y

u
n
su

p
erv

ised
sp

arsifi
cation

tech
n
iq

u
es

u
sin

g
ran

d
om

su
b
-sam

p
lin

g
d
o
es

n
ot

p
reven

t
th

e
d
erivation

of
b

ou
n
d
s

on
th

e
tim

e-average
su

b
-op

tim
ality

(regret)
(Z

h
an

g
et

al.,
2013);

h
ow

ever,
th

is
an

aly
sis

om
its

im
p

ortan
t

cases
su

ch
as

su
p
p

ort
vector

m
ach

in
es

an
d

kern
el

rid
ge

regression
.

1
.2

.
C

o
n
trib

u
tio

n
s

In
th

is
w

ork
,

w
e

b
u
ild

u
p

on
p
ast

w
ork

s
w

h
ich

com
b
in

e
fu

n
ction

al
gen

eralization
s

of
fi
rst-

ord
er

sto
ch

astic
op

tim
ization

m
eth

o
d
s

op
era

tin
g

in
tan

d
em

w
ith

su
p

erv
ised

sp
arsifi

cation
.

In
p
articu

lar,
d
escen

d
in

g
alon

g
th

e
g
rad

ien
t

of
th

e
ob

jective
in

(1)
is

in
tractab

le
w

h
en

th
e

sam
p
le

size
N

is
n
ot

n
ecessarily

fi
n
ite,

an
d

th
u
s

sto
ch

astic
m

eth
o
d
s

are
n
ecessary.

In
S
ection

3,
w

e
b
u
ild

u
p

on
K

iv
in

en
et

al.
(2004)

in
d
eriv

in
g

th
e

gen
eralization

of
sto

ch
astic

g
rad

ien
t

m
eth

o
d

called
fu

n
ction

al
S
G

D
(S

ection
3.1

).
T

h
e

com
p
lex

ity
of

th
is

on
lin

e
fu

n
ction

al
it-

erative
op

tim
ization

is
on

th
e

ord
er

of
th

e
iteration

in
d
ex

,
a

com
p
licatin

g
factor

of
kern

el
m

eth
o
d
s

w
h
ich

is
u
n
ten

ab
le

for
stream

in
g

settin
gs.
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P
a
r
si
m
o
n
io
u
s
O
n
l
in
e
L
e
a
r
n
in
g

w
it
h
K
e
r
n
e
l
s

T
h
u
s,

w
e

p
ro

je
ct

th
e

F
S
G

D
it

er
at

es
on

to
sp

ar
se

su
b
sp

ac
es

,
w

h
ic

h
,

ra
th

er
th

an
b

ei
n
g

fi
x
ed

in
d
ep

en
d
en

t
of

th
e

p
ro

b
le

m
(Z

h
u

et
al

.,
20

09
),

ar
e

ad
ap

ti
ve

ly
co

n
st

ru
ct

ed
fr

om
th

e
sp

an
of

a
sm

al
l

n
u
m

b
er

of
ke

rn
el

d
ic

ti
on

ar
y

el
em

en
ts

(S
ec

ti
on

3.
2)

.
T

o
fi
n
d

th
es

e
sp

a
rs

e
su

b
sp

ac
es

of
th

e
R

K
H

S
,

w
e

m
ak

e
u
se

of
gr

ee
d
y

sa
m

p
li
n
g

m
et

h
o
d
s

b
as

ed
on

m
at

ch
in

g
p
u
rs

u
it

(P
at

i
et

al
.,

19
93

).
T

h
e

u
se

of
th

is
te

ch
n
iq

u
e

is
m

ot
iv

at
ed

b
y
:

(i
)

T
h
e

fa
ct

th
at

ke
rn

el
m

at
ri

ce
s

in
d
u
ce

d
b
y

ar
b
it

ra
ry

d
at

a
st

re
am

s
w

il
l

n
ot

,
in

ge
n
er

al
,

sa
ti

sf
y

re
q
u
is

it
e

co
n
d
it

io
n
s

fo
r

m
et

h
o
d
s

th
at

en
fo

rc
e

sp
ar

si
ty

th
ro

u
gh

co
n
v
ex

re
la

x
at

io
n

(C
an

d
es

,
20

08
);

(i
i)

T
h
at

h
av

in
g

fu
n
ct

io
n

it
er

at
es

th
at

ex
h
ib

it
sm

al
l

m
o
d
el

or
d
er

is
of

gr
ea

te
r

im
p

or
ta

n
ce

th
an

ex
ac

t
re

co
ve

ry
si

n
ce

S
G

D
it

er
at

es
ar

e
n
ot

th
e

go
al

si
gn

al
b
u
t

ju
st

a
n
oi

sy
st

ep
p
in

g
st

on
e

to
th

e
op

ti
m

al
f
∗ .

T
h
er

ef
or

e,
w

e
co

n
st

ru
ct

th
es

e
in

st
an

ta
n
eo

u
s

sp
ar

se
su

b
sp

ac
es

b
y

m
ak

in
g

u
se

of
ke

rn
el

or
th

og
on

al
m

at
ch

in
g

p
u
rs

u
it

(V
in

ce
n
t

an
d

B
en

g
io

,
20

02
),

a
gr

ee
d
y

se
ar

ch
ro

u
ti

n
e

w
h
ic

h
,

gi
ve

n
a

fu
n
ct

io
n

an
d

an
ap

p
ro

x
im

at
io

n
b
u
d
ge

t
ε,

re
tu

rn
s

it
s

a
sp

ar
se

ap
p
ro

x
im

at
io

n
an

d
gu

ar
an

te
es

it
s

ou
tp

u
t

to
b

e
in

a
sp

ec
ifi

c
H

il
b

er
t-

n
or

m
n
ei

gh
b

or
h
o
o
d

of
it

s
fu

n
ct

io
n

in
p
u
t.

G
re

ed
y

sa
m

p
li
n
g

m
et

h
o
d
s

ap
p

ea
r

in
p
ri

or
w

or
k
s

fo
r

co
n
st

ru
ct

in
g

R
K

H
S

su
b
sp

ac
es

in
re

cu
rs

iv
e

m
in

i-
b
at

ch
in

g
p
ro

ce
d
u
re

s
(K

ee
rt

h
i

et
al

.,
20

06
)

or
w

it
h

F
S
G

D
(Z

h
ao

et
al

.,
20

12
),

b
u
t

in
a

m
an

n
er

th
at

av
oi

d
s

ad
d
re

ss
in

g
h
ow

to
m

er
ge

gr
ee

d
y

co
m

p
re

ss
io

n
w

it
h

ob
ta

in
in

g
op

ti
m

al
fu

n
ct

io
n

re
p
re

se
n
ta

ti
on

s.

T
o

gu
ar

an
te

e
st

o
ch

as
ti

c
d
es

ce
n
t,

w
e

ti
e

th
e

si
ze

of
th

e
er

ro
r

n
ei

gh
b

or
h
o
o
d

in
d
u
ce

d
b
y

sp
ar

se
p
ro

je
ct

io
n
s

to
th

e
m

ag
n
it

u
d
e

of
th

e
fu

n
ct

io
n
al

st
o
ch

as
ti

c
gr

ad
ie

n
t

an
d

ot
h
er

p
ro

b
le

m
p
ar

am
et

er
s,

th
er

eb
y

ke
ep

in
g

on
ly

th
os

e
ke

rn
el

d
ic

ti
on

ar
y

el
em

en
ts

n
ec

es
sa

ry
fo

r
co

n
ve

rg
en

ce
(S

ec
ti

on
4)

.
T

h
e

re
su

lt
is

th
at

w
e

ar
e

ab
le

to
co

n
d
u
ct

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

u
si

n
g

on
ly

sp
ar

se
p
ro

je
ct

io
n
s

of
th

e
st

o
ch

as
ti

c
gr

ad
ie

n
t,

m
ai

n
ta

in
in

g
a

co
n
ve

rg
en

ce
p
at

h
of

m
o
d
er

at
e

co
m

p
le

x
it

y
to

w
ar

d
s

th
e

op
ti

m
al
f
∗

(1
).

W
h
en

th
e

d
at

a
an

d
ta

rg
et

d
om

ai
n
s

(X
an

d
Y,

re
sp

ec
ti

ve
ly

)
ar

e
co

m
p
ac

t,
fo

r
a

ce
rt

ai
n

ap
p
ro

x
im

at
io

n
b
u
d
g
et

d
ep

en
d
in

g
on

th
e

st
o
ch

as
ti

c
gr

ad
ie

n
t

al
go

ri
th

m
st

ep
-s

iz
e,

w
e

sh
ow

th
at

th
e

sp
ar

se
st

o
ch

as
ti

ca
ll
y

p
ro

je
ct

ed
F

S
G

D
se

q
u
en

ce
st

il
l

co
n
ve

rg
es

al
m

os
t

su
re

ly
to

th
e

op
ti

m
u
m

of
(5

)
u
n
d
er

b
ot

h
at

te
n
u
at

in
g

an
d

co
n
st

an
t

le
ar

n
in

g
ra

te
sc

h
em

es
.

M
or

eo
ve

r,
th

e
m

o
d
el

or
d
er

of
th

is
se

q
u
en

ce
re

m
ai

n
s

fi
n
it

e
fo

r
a

gi
ve

n
ch

oi
ce

of
co

n
st

an
t

st
ep

-s
iz

e
an

d
ap

p
ro

x
im

at
io

n
b
u
d
ge

t,
an

d
is

,
in

th
e

w
or

st
-c

as
e,

co
m

p
ar

ab
le

to
th

e
co

ve
ri

n
g

n
u
m

b
er

of
th

e
d
at

a
d
om

ai
n

(Z
h
ou

,
20

02
;

P
on

ti
l,

20
03

). In
S
ec

ti
on

5
w

e
p
re

se
n
t

n
u
m

er
ic

al
re

su
lt

s
on

sy
n
th

et
ic

an
d

em
p
ir

ic
al

d
at

a
fo

r
la

rg
e-

sc
al

e
ke

rn
el

iz
ed

su
p

er
v
is

ed
le

ar
n
in

g
ta

sk
s.

W
e

o
b
se

rv
e

st
ab

le
co

n
v
er

ge
n
ce

b
eh

av
io

r
of

P
O

L
K

co
m

p
ar

ab
le

to
v
ec

to
r-

va
lu

ed
fi
rs

t-
or

d
er

st
o
ch

as
ti

c
m

et
h
o
d
s

in
te

rm
s

of
ob

je
ct

iv
e

fu
n
ct

io
n

ev
al

u
at

io
n
,

p
u
n
ct

u
at

ed
b
y

a
st

at
e

o
f

th
e

ar
t

tr
ad

e-
off

b
et

w
ee

n
te

st
se

t
er

ro
r

a
n
d

n
u
m

b
er

of
sa

m
p
le

s
p
ro

ce
ss

ed
.

F
u
rt

h
er

,
th

e
p
ro

p
os

ed
m

et
h
o
d

re
d
u
ce

s
th

e
co

m
p
le

x
it

y
of

tr
ai

n
in

g
ke

rn
el

re
gr

es
so

rs
b
y

or
d
er

s
of

m
ag

n
it

u
d
e.

In
S
ec

ti
on

6
w

e
d
is

cu
ss

ou
r

m
ai

n
fi
n
d
in

gs
.

In
p
ar

ti
cu

la
r,

w
e

su
gg

es
t

th
at

th
er

e
is

a
p
at

h
fo

rw
ar

d
fo

r
ke

rn
el

m
et

h
o
d
s

as
an

al
te

rn
at

iv
e

to
n
eu

ra
l

n
et

w
or

k
s

th
at

p
ro

v
id

es
a

m
or

e
in

te
rp

re
ta

b
le

m
ec

h
an

is
m

fo
r

in
fe

re
n
ce

w
it

h
n
on

li
n
ea

r
st

at
is

ti
ca

l
m

o
d
el

s
an

d
th

at
on

e
m

ay
ac

h
ie

ve
h
ig

h
ge

n
er

al
iz

at
io

n
ca

p
ab

il
it

y
w

it
h
ou

t
lo

si
n
g

co
n
ve

x
it

y,
an

es
se

n
ti

al
co

m
p

on
en

t
fo

r
effi

ci
en

t
tr

ai
n
in

g.

R
el

at
iv

e
to

(K
op

p
el

et
al

.,
20

17
),

th
is

p
ap

er
p
ro

v
id

es
d
et

ai
le

d
d
er

iv
a
ti

on
s

o
f

th
e

al
go

-
ri

th
m

s
an

d
p
ro

of
s

to
al

l
th

eo
re

m
s,

in
cl

u
d
in

g
au

x
il
ia

ry
an

d
te

ch
n
ic

al
le

m
m

as
.

M
or

eo
ve

r,
a

th
or

ou
gh

ac
co

u
n
ti

n
g

of
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
an

d
ex

te
n
si

v
e

ex
p

er
im

en
ta

ti
o
n

w
it

h
se

ve
ra

l
st

at
e

of
th

e
ar

t
al

te
rn

at
iv

es
,

b
ot

h
offl

in
e

an
d

on
li
n
e,

ar
e

p
ro

v
id

ed
.

5
JM

L
R

 2
0(

3)
:1

-4
4,

 2
01

9

K
o
p
p
e
l
,
W
a
r
n
e
l
l
,
S
t
u
m
p
,
a
n
d

R
ib
e
ir
o

2
.
S
ta
ti
st
ic
a
l
O
p
ti
m
iz
a
ti
o
n
in

R
e
p
ro

d
u
ci
n
g
K
e
rn

e
l
H
il
b
e
rt

S
p
a
ce

s

S
u
p

er
v
is

ed
le

ar
n
in

g
is

of
te

n
fo

rm
u
la

te
d

as
an

op
ti

m
iz

at
io

n
p
ro

b
le

m
th

at
co

m
p
u
te

s
a

se
t

of
p
ar

am
et

er
s
θ
∈

Θ
to

m
in

im
iz

e
th

e
av

er
ag

e
of

a
lo

ss
fu

n
ct

io
n
l

:
Θ
×
X
×
Y
→

R
fo

r
tr

ai
n
in

g
ex

am
p
le

s
(x
n
,y

n
)
∈
X
×
Y.

W
h
en

th
e

n
u
m

b
er

of
tr

ai
n
in

g
ex

am
p
le

s
N

is
fi
n
it

e,
th

is
go

al
is

re
fe

rr
ed

to
as

em
p
ir

ic
a
l

ri
sk

m
in

im
iz

a
ti

o
n

(T
ew

ar
i

a
n
d

B
ar

tl
et

t,
2
0
1
4
),

a
n
d

m
ay

b
e

so
lv

ed
u
si

n
g

b
at

ch
op

ti
m

iz
at

io
n

te
ch

n
iq

u
es

.
T

h
e

op
ti

m
al
θ

is
th

e
on

e
th

at
m

in
im

iz
es

th
e

re
gu

la
ri

ze
d

av
er

ag
e

lo
ss

,
R̃

(θ
;{

x
n
,y
n
}N n

=
1
)

=
1 N

∑
N n

=
1
l(
θ

;(
x
n
,y
n
))

,
ov

er
th

e
se

t
o
f

tr
a
in

in
g

d
at

a
S

=
{x

n
,y
n
}N n

=
1
,

i.
e.

,

θ∗
=

ar
gm

in
θ
∈Θ

R̃
(θ

;S
)

=
ar

gm
in

θ
∈Θ

1 N

N ∑ n
=

1

l(
θ

;x
n
,y
n
)

+
λ 2
‖θ
‖2
.

(2
)

W
e

fo
cu

s
on

th
e

ca
se

w
h
en

th
e

in
p
u
ts

ar
e

ve
ct

or
s

x
∈
X
⊆

R
p

a
n
d

th
e

ta
rg

et
d
o
m

a
in

Y
⊆
{0
,1
}

in
th

e
ca

se
of

cl
as

si
fi
ca

ti
on

or
Y
⊆

R
in

th
e

ca
se

of
re

gr
es

si
on

.

2
.1

.
S

u
p

e
rv

is
e
d

K
e
rn

e
l

L
e
a
rn

in
g

In
th

e
ca

se
of

su
p

er
v
is

ed
ke

rn
el

le
ar

n
in

g
(M

ü
ll
er

et
al

.,
20

13
;

L
i

et
al

.,
20

14
),

Θ
is

ta
ke

n
to

b
e

a
H

il
b

er
t

sp
ac

e,
d
en

ot
ed

h
er

e
as
H

.
E

le
m

en
ts

of
H

ar
e

fu
n

ct
io

n
s,
f

:
X
→
Y,

th
a
t

a
d
m

it
a

re
p
re

se
n
ta

ti
on

in
te

rm
s

of
el

em
en

ts
of
X

w
h
en
H

h
as

a
sp

ec
ia

l
st

ru
ct

u
re

.
In

p
a
rt

ic
u
la

r,
eq

u
ip
H

w
it

h
a

u
n
iq

u
e

ke
rn

el
fu

n
ct

io
n

,
κ

:
X
×
X
→

R
,

su
ch

th
at

:

(i
)
〈f
,κ

(x
,·)

)〉
H

=
f

(x
)

fo
r

al
l
x
∈
X
,

(i
i)
H

=
sp

an
{κ

(x
,·)
}

fo
r

a
ll

x
∈
X
.

(3
)

w
h
er

e
〈·,
·〉 H

d
en

ot
es

th
e

H
il
b

er
t

in
n
er

p
ro

d
u
ct

fo
r
H

.
W

e
fu

rt
h
er

as
su

m
e

th
a
t

th
e

ke
rn

el
is

p
os

it
iv

e
se

m
id

efi
n
it

e,
i.
e.
κ

(x
,x
′ )
≥

0
fo

r
al

l
x
,x
′ ∈
X

.
F

u
n
ct

io
n

sp
ac

es
w

it
h

th
is

st
ru

ct
u
re

ar
e

ca
ll
ed

re
p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
ac

es
(R

K
H

S
).

In
(3

),
p
ro

p
er

ty
(i

)
is

ca
ll
ed

th
e

re
p
ro

d
u
ci

n
g

p
ro

p
er

ty
of

th
e

ke
rn

el
,

an
d

is
a

co
n
se

q
u
en

ce
of

th
e

R
ie

sz
R

ep
re

se
n
ta

ti
on

T
h
eo

re
m

(W
h
ee

d
en

et
al

.,
19

77
).

R
ep

la
ci

n
g
f

b
y
κ

(x
′ ,
·)

in
(3

)
(i

)
y
ie

ld
s

th
e

ex
p
re

ss
io

n
〈κ

(x
′ ,
·),
κ

(x
,·)
〉 H

=
κ

(x
,x
′ )

,
w

h
ic

h
is

th
e

or
ig

in
of

th
e

te
rm

“
re

-
p
ro

d
u
ci

n
g

k
er

n
el

.”
T

h
is

p
ro

p
er

ty
p
ro

v
id

es
a

p
ra

ct
ic

al
m

ea
n
s

b
y

w
h
ic

h
to

ac
ce

ss
a

n
o
n
li
n
ea

r
tr

an
sf

or
m

at
io

n
of

th
e

in
p
u
t

sp
ac

e
X

.
S
p

ec
ifi

ca
ll
y,

d
en

ot
e

b
y
φ

(·)
a

n
on

li
n
ea

r
m

a
p

o
f

th
e

fe
a
-

tu
re

sp
ac

e
th

at
as

si
gn

s
to

ea
ch

x
th

e
ke

rn
el

fu
n
ct

io
n
κ

(·,
x

).
T

h
en

th
e

re
p
ro

d
u
ci

n
g

p
ro

p
er

ty
of

th
e

ke
rn

el
al

lo
w

s
u
s

to
w

ri
te

th
e

in
n
er

p
ro

d
u
ct

of
th

e
im

ag
e

of
d
is

ti
n
ct

fe
a
tu

re
v
ec

to
rs

x
an

d
x
′ u

n
d
er

th
e

m
ap

φ
in

te
rm

s
of

ke
rn

el
ev

al
u
at

io
n
s

on
ly

:
〈φ

(x
),
φ

(x
′ )
〉 H

=
κ

(x
,x
′ )

.
T

h
is

is
co

m
m

on
ly

re
fe

rr
ed

to
as

th
e

ke
rn

el
tr

ic
k,

an
d

it
p
ro

v
id

es
a

co
m

p
u
ta

ti
on

a
ll
y

effi
ci

en
t

to
o
l

fo
r

le
ar

n
in

g
n
on

li
n
ea

r
fu

n
ct

io
n
s.

M
or

eo
ve

r,
p
ro

p
er

ty
(3

)
(i

i)
st

at
es

th
at

an
y

fu
n
ct

io
n
f
∈
H

m
ay

b
e

w
ri

tt
en

a
s

a
li
n
ea

r
co

m
b
in

at
io

n
of

ke
rn

el
ev

al
u
at

io
n
s.

F
or

ke
rn

el
iz

ed
an

d
re

gu
la

ri
ze

d
em

p
ir

ic
al

ri
sk

m
in

im
iz

a
-

ti
on

,
th

e
R

ep
re

se
n
te

r
T

h
eo

re
m

(K
im

el
d
or

f
an

d
W

ah
b
a,

19
71

;
S
ch

öl
ko

p
f

et
al

.,
2
0
0
1
)

es
ta

b
-

li
sh

es
th

at
th

e
op

ti
m

al
f

in
th

e
h
y
p

ot
h
es

is
fu

n
ct

io
n

cl
as

s
H

m
ay

b
e

w
ri

tt
en

a
s

a
n

ex
p
a
n
si

o
n

of
ke

rn
el

ev
al

u
at

io
n
s

o
n

ly
at

el
em

en
ts

of
th

e
tr

ai
n
in

g
se

t
as

f
(x

)
=

N ∑ n
=

1

w
n
κ

(x
n
,x

)
.

(4
)
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P
a
r
sim

o
n
io
u
s
O
n
l
in
e
L
e
a
r
n
in
g

w
it
h
K
e
r
n
e
l
s

w
h
ere

w
=

[w
1 ,···

,w
N

] T
∈

R
N

d
en

otes
a

set
o
f

w
eigh

ts.
T

h
e

u
p
p

er
su

m
m

an
d

in
d
ex

N
in

(4)
is

h
en

ceforth
referred

to
as

th
e

m
o
d
el

ord
er.

C
om

m
on

ch
o
ices

κ
in

clu
d
e

th
e

p
o
ly

n
o
m

ia
l

k
ern

el
an

d
th

e
rad

ial
b
asis

kern
el,

i.e.,
κ

(x
,x
′)

=
(x

T
x
′+

b )
c

an
d
κ

(x
,x
′)

=

ex
p {−

‖
x−

x
′‖

22
2
c
2

}
,

resp
ectively,

w
h
ere

x
,x
′∈
X

.

W
e

m
ay

n
ow

form
u
late

th
e

kern
el

varian
t

of
th

e
em

p
irical

risk
m

in
im

ization
p
rob

lem
as

th
e

o
n
e

th
a
t

m
in

im
izes

th
e

loss
fu

n
ction

al
L

:H
×
X
×
Y
→

R
p
lu

s
a

com
p
lex

ity
-red

u
cin

g
p

en
a
lty.

T
h
e

loss
fu

n
ction

al
L

m
ay

b
e

w
ritten

as
an

avera
ge

over
in

stan
tan

eo
u
s

losses
`

:H
×
X
×
Y
→

R
,

each
of

w
h
ich

p
en

alizes
th

e
average

d
ev

iation
b

etw
een

f
(x
n
)

an
d

th
e

a
sso

cia
ted

o
u
tp

u
t
y
n

over
th

e
train

in
g

setS
.

W
e

d
en

ote
th

e
d
a
ta

loss
an

d
co

m
p
lex

ity
loss

a
s
R

:H
→

R
,

an
d

con
sid

er
th

e
p
rob

lem

f
∗

=
argm

in
f∈H

R
(f

;S
)

=
argm

in
f∈H

1N

N
∑n

=
1

`(f
(x
n
),y

n
)

+
λ2 ‖
f‖

2H
.

(5)

T
h
e

a
b

ov
e

p
ro

b
lem

,
referred

to
as

T
ik

h
on

ov
regu

larization
(E

v
gen

iou
et

al.,
2
000),

is
on

e
in

w
h
ich

w
e

a
im

to
learn

a
gen

eral
n
on

lin
ear

relation
sh

ip
b

etw
een

x
n

an
d
y
n

th
rou

gh
a

fu
n
ctio

n
f

.
T

h
rou

gh
ou

t,
w

e
assu

m
e
`

is
con

v
ex

w
ith

resp
ect

to
its

fi
rst

argu
m

en
t
f

(x
).

B
y

su
b
stitu

tin
g

th
e

R
ep

resen
ter

T
h
eorem

ex
p
an

sion
in

(4)
in

to
(5),

th
e

op
tim

ization
p
ro

b
lem

a
m

o
u
n
ts

to
fi
n
d
in

g
an

op
tim

al
set

of
co

effi
cien

ts
w

as

f
∗

=
a
rgm

in
w
∈
R
N

1N

N
∑n

=
1

`(
N
∑m

=
1

w
m
κ

(x
m
,x

n
),y

n
)

+
λ2 ‖

N
∑n
,m

=
1

w
n
w
m
κ

(x
m
,x

n
)‖

2H

=
a
rgm

in
w
∈
R
N

1N

N
∑n

=
1

`(w
T
κ
X

(x
n
),y

n
)

+
λ2

w
T
K

X
,X

w
(6)

w
h
ere

w
e

h
ave

d
efi

n
ed

th
e

G
ram

m
atrix

(variou
sly

referred
to

as
th

e
kern

el
m

a
trix

)
K

X
,X
∈

R
N
×
N

,
w

ith
en

tries
giv

en
b
y

th
e

k
ern

el
evalu

ation
s

b
etw

een
x
m

an
d

x
n

as
[K

X
,X

]m
,n

=
κ

(x
m
,x

n
).

W
e

fu
rth

er
d
efi

n
e

th
e

v
ector

of
kern

el
evalu

ation
s
κ
X

(·)
=

[κ
(x

1 ,·)
...κ

(x
N
,·)] T

,
w

h
ich

a
re

rela
ted

to
th

e
kern

el
m

atrix
a
s

K
X
,X

=
[κ

X
(x

1 )
...κ

X
(x
N

)].
T

h
e

d
iction

ary
of

tra
in

in
g

p
o
in

ts
asso

ciated
w

ith
th

e
kern

el
m

a
trix

is
d
efi

n
ed

as
X

=
[x

1 ,
...

,x
N

].
O

b
serve

th
a
t

b
y

ex
p
loitin

g
th

e
R

ep
resen

ter
T

h
eorem

,
w

e
tran

sform
a

n
on

p
aram

etric
in

fi
n
ite

d
im

en
sion

al
op

tim
ization

p
rob

lem
in
H

(5)
in

to
a

fi
n
ite

N
-d

im
en

sio
n
al

p
aram

etric
p
ro

b
lem

(6
).

T
h
u
s,

for
em

p
irical

risk
m

in
im

ization
,

th
e

R
K

H
S

p
rov

id
es

a
p
rin

cip
led

fram
e-

w
o
rk

to
so

lve
n
on

p
aram

etric
regression

p
rob

lem
s

as
v
ia

search
over

R
N

for
an

op
tim

al
set

o
f

co
effi

cien
ts.

A
m

otivatin
g

ex
am

p
le

is
p
resen

ted
n
ex

t
to

clarify
th

e
settin

g
of

su
p

erv
ised

kern
el

lea
rn

in
g
.

E
x
a
m

p
le

1
(K

ern
el

L
ogistic

R
egressio

n
)

C
on

sid
er

th
e

case
of

kern
el

logistic
regressio

n
(K

L
R

),
w

ith
featu

re
vectors

x
n
∈
X
⊆

R
p

an
d

b
in

ary
class

lab
els

y
n
∈
{
0
,1}.

W
e

seek
to

lea
rn

a
fu

n
ctio

n
f
∈
H

th
at

allow
s

u
s

to
b

est
ap

p
rox

im
ate

th
e

d
istrib

u
tion

of
an

u
n
k
n
ow

n
cla

ss
la

b
el

g
iv

en
a

train
in

g
ex

am
p
le

x
u
n
d
er

th
e

assu
m

ed
m

o
d
el

P
(y

=
0
|
x

)
=

ex
p{f

(x
)}

1
+

ex
p{
f

(x
)}
.

(7)
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K
o
p
p
e
l
,
W
a
r
n
e
l
l
,
S
t
u
m
p
,
a
n
d

R
ib
e
ir
o

In
classical

logistic
regression

,
w

e
assu

m
e

th
at
f

is
lin

ear,
i.e.,

f
(x

)
=

c
T
x

+
b.

In
K

L
R

,
on

th
e

oth
er

h
an

d
,

w
e

in
stead

seek
a

n
on

lin
ear

fu
n
ction

of
th

e
form

given
in

(4).
B

y
m

ak
in

g
u
se

of
(7)

an
d

(4),
w

e
m

ay
form

u
late

a
m

ax
im

u
m

-likelih
o
o
d

estim
ation

(M
L

E
)

p
rob

lem
to

fi
n
d

th
e

op
tim

al
fu

n
ction

f
on

th
e

b
asis

ofS
b
y

solv
in

g
for

th
e

w
th

at
m

ax
im

izes
th

e
λ

-regu
larized

av
erage

n
egative

log
likelih

o
o
d

overS
,

i.e.,

f
∗

=
argm

in
f∈H

1N

N
∑n

=
1 [−

log
P

(y
=
y
n
|
x

=
x
n
)

+
λ2 ‖
f‖

2H ]
(8)

=
argm

in
f∈H

1N

N
∑n

=
1 [

log
(1

+
ex

p{f
(x
n
)})−

1
(y
n

=
1)−

f
(x
n
)
1

(y
n

=
0)

+
λ2 ‖
f‖

2H ]

=
argm

in
w
∈
R
N

1N

N
∑n

=
1 [

log (1+
ex

p{w
Tκ

X
(x
n )} )−

1
(y
n

=
1)−

w
Tκ

X
(x
n
)
1

(y
n

=
0)+

λ2
w
T
K

X
,X

w

]
,

w
h
ere

1
(·)

rep
resen

ts
th

e
in

d
icator

fu
n
ction

.
S
olv

in
g

(8)
am

ou
n
ts

to
fi
n
d
in

g
a

fu
n
ction

f
th

at,
given

a
featu

re
vector

x
an

d
th

e
m

o
d
el

ou
tlin

ed
b
y

(7),
b

est
rep

resen
ts

th
e

class-
con

d
ition

al
p
rob

a
b
ilities

th
at

th
e

corresp
on

d
in

g
lab

el
y

is
eith

er
0

or
1.

2
.2

.
O

n
lin

e
K

e
rn

e
l

L
e
a
rn

in
g

T
h
e

goal
of

th
is

p
ap

er
is

to
solve

p
rob

lem
s

of
th

e
fo

rm
(5)

w
h
en

train
in

g
ex

am
p
les

(x
n
,y

n
)

eith
er

b
ecom

e
seq

u
en

tially
availab

le
or

th
eir

total
n
u
m

b
er

is
n
ot

n
ecessarily

fi
n
ite.

T
o

d
o

so,
w

e
con

sid
er

th
e

case
w

h
ere

(x
n
,y

n
)

are
in

d
ep

en
d
en

t
realization

s
from

a
station

ary
join

t
d
istrib

u
tion

of
th

e
ran

d
om

p
air

(x
,y

)
∈
X
×
Y

(S
lavak

is
et

al.,
20

13).
In

th
is

case,
th

e
ob

jective
in

(5)
m

ay
b

e
w

ritten
as

an
ex

p
ectation

over
th

is
ran

d
om

p
air

as

f
∗

=
argm

in
f∈H

R
(f

)
:

=
argm

in
f∈H

E
x
,y

[`(f
(x

),y
)]+

λ2 ‖f‖
2H

(9)

=
argm

in
w
∈
R
I

E
x
,y

[`( ∑n∈I
w
n
κ

(x
n
,x

),y
)]+

λ2 ‖ ∑n
,m
∈I w

n
w
m
κ

(x
m
,x

n
)‖

2H
.

w
h
ere

w
e

d
efi

n
e

th
e

average
loss

as
L

(f
)

:=
E
x
,y

[`(f
(x

),y
)].

In
th

e
secon

d
eq

u
ality

in
(1),

w
e

su
b
stitu

te
in

th
e

ex
p
an

sion
of
f

g
iven

b
y

th
e

R
ep

resen
ter

T
h
eorem

gen
eralized

to
th

e
in

fi
n
ite

sam
p
le-size

case
estab

lish
ed

in
(N

ork
in

an
d

K
ey

zer,
2009),

w
ith
I

as
som

e
cou

n
tab

ly
in

fi
n
ite

in
d
ex

in
g

set.

3
.
A
lg
o
rith

m
D
e
v
e
lo
p
m
e
n
t

W
e

tu
rn

to
d
eriv

in
g

an
algorith

m
ic

solu
tion

to
th

e
kern

elized
ex

p
ected

risk
m

in
im

ization
p
rob

lem
stated

in
(1).

T
o

d
o

so,
tw

o
com

p
lex

ity
b

ottlen
eck

s
m

u
st

b
e

overcom
e.

T
h
e

fi
rst

is
th

at
in

ord
er

to
d
ev

elop
a

n
u
m

erica
l

op
tim

ization
sch

em
e

su
ch

as
grad

ien
t

d
escen

t,
w

e
m

u
st

com
p
u
te

th
e

fu
n
ction

al
grad

ien
t

(F
rech

ét
d
erivativ

e)
of

th
e

ex
p

ected
risk

L
(f

)
w

ith
resp

ect
to

f
,

w
h
ich

req
u
ires

in
fi
n
itely

m
an

y
realization

s
o
f

th
e

ran
d
om

p
air

(x
,y

).
T

h
is

b
ottlen

eck
is

h
an

d
led

v
ia

sto
ch

astic
ap

p
rox

im
ation

,
as

d
etailed

in
S
ection

3.1.
T

h
e

secon
d

issu
e

is
th

at
w

h
en

m
ak

in
g

u
se

of
th

e
sto

ch
astic

grad
ien

t
m

eth
o
d

in
th

e
R

K
H

S
settin

g,
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P
a
r
si
m
o
n
io
u
s
O
n
l
in
e
L
e
a
r
n
in
g

w
it
h
K
e
r
n
e
l
s

th
e

re
su

lt
in

g
p
ar

am
et

ri
c

u
p

d
at

es
re

q
u
ir

e
m

em
or

y
st

or
ag

e
w

h
os

e
co

m
p
le

x
it

y
is

cu
b
ic

in
th

e
it

er
at

io
n

in
d
ex

(t
h
e

cu
rs

e
of

ke
rn

el
iz

at
io

n
),

w
h
ic

h
ra

p
id

ly
b

ec
om

es
u
n
aff

or
d
ab

le
.

T
o

al
le

v
ia

te
th

is
m

em
or

y
ex

p
lo

si
on

,
w

e
in

tr
o
d
u
ce

ou
r

sp
ar

se
st

o
ch

as
ti

c
p
ro

je
ct

io
n

sc
h
em

e
b
as

ed
u
p

o
n

ke
rn

el
or

th
og

on
al

m
at

ch
in

g
p
u
rs

u
it

in
S
ec

ti
on

3.
2.

3
.1

.
F
u

n
c
ti

o
n

a
l

S
to

ch
a
st

ic
G

ra
d

ie
n
t

D
e
sc

e
n
t

F
ol

lo
w

in
g

K
iv

in
en

et
al

.
(2

00
4)

,
w

e
d
er

iv
e

th
e

ge
n
er

al
iz

at
io

n
of

th
e

st
o
ch

as
ti

c
gr

ad
ie

n
t

m
et

h
o
d

fo
r

th
e

R
K

H
S

se
tt

in
g.

T
h
e

re
su

lt
in

g
p
ro

ce
d
u
re

is
re

fe
rr

ed
to

as
fu

n
ct

io
n

a
l

st
oc

h
a
st

ic
gr

a
d
ie

n
t

d
es

ce
n

t
(F

S
G

D
).

F
ir

st
,
gi

ve
n

an
in

d
ep

en
d
en

t
re

al
iz

at
io

n
(x
t,
y t

)
o
f

th
e

ra
n
d
om

p
ai

r
(x
,y

),
w

e
co

m
p
u
te

th
e

st
o
ch

as
ti

c
fu

n
ct

io
n
al

gr
ad

ie
n
t

(F
re

ch
ét

d
er

iv
at

iv
e)

of
L

(f
),

st
at

ed
as

∇
f
`(
f

(x
t)
,y
t)

(·)
=
∂
`(
f

(x
t)
,y
t)

∂
f

(x
t)

∂
f

(x
t)

∂
f

(·)
(1

0)

w
h
er

e
w

e
h
av

e
ap

p
li
ed

th
e

ch
ai

n
ru

le
.

N
ow

,
d
efi

n
e

th
e

sh
or

t-
h
an

d
n
ot

at
io

n
`′

(f
(x
t)
,y
t)

:=
∂
`(
f

(x
t)
,y
t)
/∂
f

(x
t)

fo
r

th
e

d
er

iv
at

iv
e

of
`(

f(
x
t)
,y
t)

w
it

h
re

sp
ec

t
to

it
s

fi
rs

t
sc

al
ar

ar
gu

m
en

t
f

(x
t)

ev
al

u
at

ed
at

x
t.

T
o

ev
al

u
at

e
th

e
se

co
n
d

te
rm

on
th

e
ri

gh
t-

h
an

d
si

d
e

of
(1

0)
,

d
iff

er
en

-
ti

at
e

b
ot

h
si

d
es

of
th

e
ex

p
re

ss
io

n
d
efi

n
in

g
th

e
re

p
ro

d
u
ci

n
g

p
ro

p
er

ty
of

th
e

ke
rn

el
[c

f.
(3

)(
i)

]
w

it
h

re
sp

ec
t

to
f

to
ob

ta
in

∂
f

(x
t)

∂
f

=
∂
〈f
,κ

(x
t,
·))
〉 H

∂
f

=
κ

(x
t,
·)

(1
1)

W
it

h
th

is
co

m
p
u
ta

ti
on

in
h
an

d
,
w

e
p
re

se
n
t

th
e

st
o
ch

as
ti

c
gr

ad
ie

n
t

m
et

h
o
d

fo
r

th
e

ke
rn

el
iz

ed
λ

-r
eg

u
la

ri
ze

d
ex

p
ec

te
d

ri
sk

m
in

im
iz

at
io

n
p
ro

b
le

m
in

(1
)

as

f t
+

1
=

(1
−
η t
λ

)f
t
−
η t
∇
f
`(
f t

(x
t)
,y
t)

=
(1
−
η t
λ

)f
t
−
η t
`′

(f
t(

x
t)
,y
t)
κ

(x
t,
·)
,

(1
2)

w
h
er

e
η t
>

0
is

an
al

go
ri

th
m

st
ep

-s
iz

e
ei

th
er

ch
os

en
as

d
im

in
is

h
in

g
w

it
h
O

(1
/t

)
o
r

a
sm

al
l

co
n
st

an
t

–
se

e
S
ec

ti
on

4.
W

e
fu

rt
h
er

re
q
u
ir

e
th

at
,
gi

ve
n
λ
>

0,
th

e
st

ep
-s

iz
e

sa
ti

sfi
es
η t
<

1
/λ

an
d

th
e

se
q
u
en

ce
is

in
it

ia
li
ze

d
as
f 0

=
0
∈
H

.
G

iv
en

th
is

in
it

ia
li
za

ti
on

,
b
y

m
ak

in
g

u
se

of
th

e
R

ep
re

se
n
te

r
T

h
eo

re
m

(4
),

at
ti

m
e
t,

th
e

fu
n
ct

io
n
f t

m
ay

b
e

ex
p
re

ss
ed

as
an

ex
p
an

si
on

in
te

rm
s

of
fe

at
u
re

ve
ct

or
s

x
t

ob
se

rv
ed

th
u
s

fa
r

as

f t
(x

)
=

t−
1

∑ n
=

1

w
n
κ

(x
n
,x

)
=

w
T t
κ
X
t
(x

)
.

(1
3)

O
n

th
e

ri
gh

t-
h
an

d
si

d
e

of
(1

3)
w

e
h
av

e
in

tr
o
d
u
ce

d
th

e
n
ot

at
io

n
X
t

=
[x

1
,.
..
,x

t−
1
]
∈

R
p
×

(t
−

1
)

an
d
κ
X
t
(·)

=
[κ

(x
1
,·)
,
..
.
,κ

(x
t−

1
,·)

]T
.

M
o
re

ov
er

,
ob

se
rv

e
th

at
th

e
ke

rn
el

ex
p
an

-
si

on
in

(1
3)

,
ta

ke
n

to
ge

th
er

w
it

h
th

e
fu

n
ct

io
n
al

u
p

d
at

e
(1

2)
,

y
ie

ld
s

th
e

fa
ct

th
at

p
er

fo
rm

in
g

th
e

st
o
ch

as
ti

c
gr

ad
ie

n
t

m
et

h
o
d

in
H

am
ou

n
ts

to
th

e
fo

ll
ow

in
g

p
ar

am
et

ri
c

u
p

d
at

es
o
n

th
e

ke
rn

el
d
ic

ti
on

ar
y

X
an

d
co

effi
ci

en
t

ve
ct

or
w

:

X
t+

1
=

[X
t,

x
t]
,

w
t+

1
=

[(
1
−
η t
λ

)w
t,
−
η t
`′

(f
t(

x
t)
,y
t)

]
,

(1
4)

O
b
se

rv
e

th
at

th
is

u
p

d
at

e
ca

u
se

s
X
t+

1
to

h
av

e
on

e
m

or
e

co
lu

m
n

th
a
n

X
t.

W
e

d
efi

n
e

th
e

m
od

el
o
rd

er
as

n
u
m

b
er

of
d
at

a
p

oi
n
ts
M
t

in
th

e
d
ic

ti
on

ar
y

at
ti

m
e
t

(t
h
e

n
u
m

b
er

of
co

lu
m

n
s

of
X
t)

.
F

S
G

D
is

su
ch

th
at
M
t

=
t
−

1,
an

d
h
en

ce
gr

ow
s

u
n
b

ou
n
d
ed

w
it

h
it

er
at

io
n

in
d
ex
t.
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K
o
p
p
e
l
,
W
a
r
n
e
l
l
,
S
t
u
m
p
,
a
n
d

R
ib
e
ir
o

3
.2

.
M

o
d

e
l

O
rd

e
r

C
o
n
tr

o
l

v
ia

S
to

ch
a
st

ic
P

ro
je

c
ti

o
n

T
o

m
it

ig
at

e
th

e
m

o
d
el

or
d
er

is
su

e
d
es

cr
ib

ed
ab

ov
e,

w
e

sh
al

l
ge

n
er

at
e

an
ap

p
ro

x
im

a
te

se
-

q
u
en

ce
of

fu
n
ct

io
n
s

b
y

or
th

og
on

al
ly

p
ro

je
ct

in
g

fu
n
ct

io
n
al

st
o
ch

as
ti

c
gr

ad
ie

n
t

u
p

d
a
te

s
o
n
to

su
b
sp

ac
es
H

D
⊆
H

th
at

co
n
si

st
on

ly
of

fu
n
ct

io
n
s

th
at

ca
n

b
e

re
p
re

se
n
te

d
u
si

n
g

so
m

e
d
ic

ti
o
-

n
ar

y
D

=
[d

1
,
..
.,

d
M

]
∈
R
p
×
M

,
i.
e.

,
H

D
=
{f

:
f

(·)
=
∑

M n
=

1
w
n
κ

(d
n
,·)

=
w
T
κ
D

(·)
}

=
sp

an
{κ

(d
n
,·)
}M n

=
1
.

F
or

co
n
ve

n
ie

n
ce

w
e

h
av

e
d
efi

n
ed

[κ
D

(·)
=
κ

(d
1
,·)
..
.κ

(d
M
,·)

],
a
n
d

K
D
,D

as
th

e
re

su
lt

in
g

k
er

n
el

m
at

ri
x

fr
om

th
is

d
ic

ti
on

a
ry

.
W

e
w

il
l

en
fo

rc
e

p
a
rs

im
o
n
y

in
fu

n
ct

io
n

re
p
re

se
n
ta

ti
on

b
y

se
le

ct
in

g
d
ic

ti
on

ar
ie

s
D

th
at
M
t
�
t.

W
e

fi
rs

t
sh

ow
th

at
,

b
y

se
le

ct
in

g
D

=
X
t+

1
at

ea
ch

it
er

at
io

n
,

th
e

se
q
u
en

ce
(1

2
)

d
er

iv
ed

in
S
ec

ti
on

3.
1

m
ay

b
e

in
te

rp
re

te
d

as
ca

rr
y
in

g
ou

t
a

se
q
u
en

ce
of

or
th

og
on

al
p
ro

je
ct

io
n
s.

T
o

se
e

th
is

,
re

w
ri

te
(1

2)
as

th
e

q
u
ad

ra
ti

c
m

in
im

iz
a
ti

on

f t
+

1
=

ar
gm

in
f
∈H

∥ ∥ ∥f
−
( (1
−
η t
λ

)f
t
−
η t
∇
f
`(
f t

(x
t)
,y
t)
)∥ ∥ ∥

2 H

=
ar

gm
in

f
∈H

X
t+

1

∥ ∥ ∥f
−
( (1
−
η t
λ

)f
t
−
η t
∇
f
`(
f t

(x
t)
,y
t)
)∥ ∥ ∥

2 H
,

(1
5
)

w
h
er

e
th

e
fi
rs

t
eq

u
al

it
y

in
(1

5)
co

m
es

fr
om

ig
n
or

in
g

co
n
st

an
t

te
rm

s
w

h
ic

h
va

n
is

h
u
p

o
n

d
iff

er
en

ti
at

io
n

w
it

h
re

sp
ec

t
to

f
,

an
d

th
e

se
co

n
d

co
m

es
fr

om
ob

se
rv

in
g

th
a
t
f t

+
1

ca
n

b
e

re
p
re

se
n
te

d
u
si

n
g

on
ly

th
e

p
oi

n
ts

X
t+

1
,

u
si

n
g

(1
4)

.
N

ot
ic

e
n
ow

th
at

(1
5)

ex
p
re

ss
es
f t

+
1

a
s

th
e

or
th

og
on

al
p
ro

je
ct

io
n

of
th

e
u
p

d
at

e
(1
−
η t
λ

)f
t
−
η t
∇
f
`(
f t

(x
t)
,y
t)

on
to

th
e

su
b
sp

a
ce

d
efi

n
ed

b
y

d
ic

ti
on

ar
y

X
t+

1
.

R
at

h
er

th
an

se
le

ct
d
ic

ti
on

ar
y

D
=

X
t+

1
,

w
e

p
ro

p
os

e
in

st
ea

d
to

se
le

ct
a

d
iff

er
en

t
d
ic

-
ti

on
ar

y,
D

=
D
t+

1
,

w
h
ic

h
is

ex
tr

ac
te

d
fr

om
th

e
d
at

a
p

oi
n
ts

ob
se

rv
ed

th
u
s

fa
r,

a
t

ea
ch

it
er

at
io

n
.

T
h
e

p
ro

ce
ss

b
y

w
h
ic

h
w

e
se

le
ct

D
t+

1
w

il
l

b
e

d
is

cu
ss

ed
sh

or
tl

y,
b
u
t

is
o
f

d
im

en
-

si
on

p
×
M
t+

1
,

w
it

h
M
t+

1
�

t.
A

s
a

re
su

lt
,

w
e

sh
al

l
ge

n
er

at
e

a
fu

n
ct

io
n

se
q
u
en

ce
f t

th
a
t

d
iff

er
s

fr
om

th
e

fu
n
ct

io
n
al

st
o
ch

as
ti

c
gr

ad
ie

n
t

m
et

h
o
d

p
re

se
n
te

d
in

S
ec

ti
on

3
.1

.
T

h
e

fu
n
c-

ti
on

f t
+

1
is

p
ar

am
et

er
iz

ed
b
y

d
ic

ti
on

ar
y

D
t+

1
an

d
w

ei
gh

t
ve

ct
or

w
t+

1
.

W
e

d
en

o
te

co
lu

m
n
s

of
D
t+

1
as

d
n

fo
r
n

=
1,
..
.,
M
t+

1
,

w
h
er

e
th

e
ti

m
e

in
d
ex

is
d
ro

p
p

ed
fo

r
n
ot

a
ti

o
n
a
l

cl
a
ri

ty
b
u
t

m
ay

b
e

in
fe

rr
ed

fr
om

th
e

co
n
te

x
t.

T
o

b
e

sp
ec

ifi
c,

w
e

p
ro

p
os

e
re

p
la

ci
n
g

th
e

u
p

d
at

e
(1

5)
in

w
h
ic

h
th

e
d
ic

ti
o
n
a
ry

g
ro

w
s

at
ea

ch
it

er
at

io
n

b
y

th
e

st
o
ch

as
ti

c
p
ro

je
ct

io
n

of
th

e
fu

n
ct

io
n
al

st
o
ch

as
ti

c
gr

a
d
ie

n
t

se
q
u
en

ce
on

to
th

e
su

b
sp

ac
e
H

D
t+

1
=

sp
an
{κ

(d
n
,·)
}M

t+
1

n
=

1
a
s

f t
+

1
=

ar
gm

in
f
∈H

D
t+

1

∥ ∥ ∥f
−
( (1
−
η t
λ

)f
t
−
η t
∇
f
`(
f t

(x
t)
,y
t)
)∥ ∥ ∥

2 H

:=
P H

D
t+

1

[ (1
−
η t
λ

)f
t
−
η t
∇
f
`(
f t

(x
t)
,y
t)
] .

(1
6
)

w
h
er

e
w

e
d
efi

n
e

th
e

p
ro

je
ct

io
n

op
er

at
or
P

on
to

su
b
sp

ac
e
H

D
t+

1
⊂
H

b
y

th
e

u
p

d
a
te

(1
6
).

C
o
e
ffi

c
ie

n
t

u
p

d
a
te

T
h
e

u
p

d
a
te

(1
6)

,
fo

r
a

fi
x
ed

d
ic

ti
on

ar
y

D
t+

1
∈
R
p
×
M
t+

1
,

m
ay

b
e

ex
p
re

ss
ed

in
te

rm
s

of
th

e
p
ar

am
et

er
sp

ac
e

of
co

effi
ci

en
ts

on
ly

.
In

or
d
er

to
d
o

so
,

w
e

fi
rs

t
d
efi

n
e

th
e

st
o
ch

as
ti

c
gr

ad
ie

n
t

u
p

d
at

e
w

it
h
ou

t
p
ro

je
ct

io
n
,

gi
ve

n
fu

n
ct

io
n
f t

p
a
ra

m
et

er
iz

ed
b
y

d
ic

ti
on

ar
y

D
t

an
d

co
effi

ci
en

ts
w
t,

as

f̃ t
+

1
=

(1
−
η t
λ

)f
t
−
η t
∇
f
`(
f t

;x
t,

y
t)
.

(1
7
)
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P
a
r
sim

o
n
io
u
s
O
n
l
in
e
L
e
a
r
n
in
g

w
it
h
K
e
r
n
e
l
s

T
h
is

u
p

d
a
te

m
ay

b
e

rep
resen

ted
u
sin

g
d
iction

ary
an

d
w

eigh
t

vector

D̃
t+

1
=

[D
t ,

x
t ],

w̃
t+

1
=

[(1−
η
t λ

)w
t ,
−
η
t ` ′(f

t (x
t ),y

t )]
.

(18)

O
b
serve

th
a
t

D̃
t+

1
h
as
M̃

=
M
t
+

1
colu

m
n
s,

w
h
ich

is
also

th
e

len
gth

of
w̃
t+

1 .
F

o
r

a
fi
x
ed

d
ictio

n
a
ry

D
t+

1 ,
th

e
sto

ch
astic

p
ro

jectio
n

in
(16)

am
ou

n
ts

to
a

least-sq
u
ares

p
rob

lem
on

th
e

co
effi

cien
t

vector.
T

o
see

th
is,

m
ak

e
u
se

of
th

e
R

ep
resen

ter
T

h
eorem

to
rew

rite
(16)

in
term

s
o
f

kern
el

ex
p
an

sion
s,

an
d

th
at

th
e

co
effi

cien
t

vector
is

th
e

on
ly

free
p
aram

eter
to

w
rite

a
rg

m
in

w
∈
R
M
t+

1

12
η
t ∥∥∥

M
t+

1
∑n

=
1

w
n
κ

(d
n
,·)−

M̃∑m
=

1

w̃
m
κ

(d̃
m
,·) ∥∥∥

2H
(19)

=
a
rg

m
in

w
∈
R
M
t+

1

12
η
t 

M
t+

1
∑n
,n
′=

1 w
n
w
n
′κ

(d
n
,d

n
′)−

2 M
t+

1
,M̃

∑n
,m

=
1 w

n
w̃
m
κ

(d
n
,d̃

m
)+

M̃∑

m
,m
′=

1

w̃
m
w̃
m
′κ

( d̃
m
,d̃

m
′) 

=
a
rg

m
in

w
∈
R
M
t+

1

12
η
t (w

T
K

D
t+

1
,D

t+
1 w
−

2w
T
K

D
t+

1
,D̃

t+
1 w̃

t+
1

+
w̃
t+

1 K
D̃
t+

1
,D̃

t+
1 w̃

t+
1 )

:=
w
t+

1
.

In
(1

9
),

th
e

fi
rst

eq
u
ality

com
es

from
ex

p
an

d
in

g
th

e
sq

u
are,

an
d

th
e

secon
d

com
es

from
d
efi

n
in

g
th

e
cross-kern

el
m

atrix
K

D
t+

1
,D̃

t+
1

w
h
ose

(n
,m

)
th

en
try

is
given

b
y
κ

(d
n
,d̃

m
).

T
h
e

o
th

er
k
ern

el
m

atrices
K

D̃
t+

1
,D̃

t+
1

an
d

K
D
t+

1
,D

t+
1

are
sim

ilarly
d
efi

n
ed

.
N

ote
th

at

M
t+

1
is

th
e

n
u
m

b
er

of
colu

m
n
s

in
D
t+

1 ,
w

h
ile

M̃
=
M
t

+
1

is
th

e
n
u
m

b
er

of
co

lu
m

n
s

in
D̃
t+

1
[cf.

(1
8
)].

T
h
e

ex
p
licit

solu
tion

of
(19)

m
ay

b
e

ob
tain

ed
b
y

n
otin

g
th

at
th

e
last

term
is

a
co

n
sta

n
t

in
d
ep

en
d
en

t
of

w
,

an
d
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p
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b
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ca
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p
u
ta

ti
on

of
f̃ t

,
w

h
ic

h
re

q
u
ir

es
co

m
p
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n
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p
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p
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+
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p
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p
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b
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h
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h
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at
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b
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d
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p
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p
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p
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b
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p
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p
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b
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b
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p
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ra
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p
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b
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b
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b
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p
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p
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p
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at
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p
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p
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c
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b
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p
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c
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b
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b
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b
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d
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.
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e

ex
p

ec
te

d
ri

sk
fu

n
ct

io
n
a
l

(1
)

al
m

os
t

su
re

ly
,

w
e

n
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p
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r
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c
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p
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p
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h
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p
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p
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p
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is

th
en

ta
il
or

ed
to

so
lv

e
th

e
le

ar
n
in

g
ta

sk
at

h
an

d
an

d
th

e
m

o
d
el

o
rd

er
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b
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h
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b
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ra
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b
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p
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at
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r
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p
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al

.
(2

01
6b

)
ca

n
n
o
t

d
ir

ec
tl

y
co

n
tr

ol
th

e
d
ir

ec
ti

on
al

er
ro

r/
b
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b
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p
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b
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h
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p
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d
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p
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l
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A
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a
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w
e
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e

m
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o
d
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w
h
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g
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g
u
a
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n
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u
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e

fu
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b
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e
a
p
p
rox

im
a
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n
b
u
d
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W

e
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of
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e
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e
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n
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m
A
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m
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at
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d
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er
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en
d
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o
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o
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∈
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B
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p
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ceed
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g
w
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e
an
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w
e

d
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n
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q
u
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p
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e

a
n
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d
in
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d
u
ce
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d
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m

p
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w
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n
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en
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d
efi

n
e
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e
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n
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al
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t (x
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∇
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F
u
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p
ro

jected
sto

ch
astic

fu
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a
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w
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u
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f
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D
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η
t ∇̂
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b
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p
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a
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d
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b
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con
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b
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t
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e
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ected
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(1),
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[∇̂

f `(f
t (x
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t ) ∣∣F

t ]
=
∇
f R

(f
t )

(25)
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t.
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w
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form
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state
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n
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con
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e
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fu

n
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n
s,
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d
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n
d
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ch
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ap
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ation
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a
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lish
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ce.

A
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p
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n

1
T

h
e

fea
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X
⊂

R
p

a
n

d
ta
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o
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Y
⊂
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m
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a
n

d
th

e
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u

cin
g
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a
p

m
a
y

be
bo

u
n

d
ed

a
s
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p

x∈X

√
κ
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,x

)
=
X
<
∞

(26)

A
ssu

m
p

tio
n

2
T

h
e

in
sta

n
ta

n
eo

u
s
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`
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H
×
X
×
Y
→

R
is

u
n

ifo
rm

ly
C

-L
ip
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itz

co
n

tin
u

o
u

s
fo

r
a
ll
z
∈
R

fo
r

a
fi

xed
y
∈
Y

|`(z
,y

)−
`(z ′,y

)|≤
C
|z−

z ′|
(27)

A
ssu

m
p

tio
n

3
T

h
e

lo
ss

fu
n

ctio
n
`(f

(x
),y

)
is

co
n

vex
a
n

d
d
iff

eren
tia

ble
w
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respect
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rst

(sca
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r)
a
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m
en

t
f
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)

o
n
R
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r

a
ll

x
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X

a
n

d
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∈
Y

.
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p
p
e
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,
W
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r
n
e
l
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,
S
t
u
m
p
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d

R
ib
e
ir
o

A
ssu
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p

tio
n

4
L

etF
t
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en

o
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th
e
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a

a
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w
h
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m
ea
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e

a
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ry
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tim
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u
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=
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x
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u ,u
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T
h
e
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n
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d
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ite
co

n
d
itio

n
a
l

seco
n

d
m

o
m

en
ts

fo
r

ea
ch

t,
th

a
t

is,

E
[‖∇̃

f `(f
t (x

t ),y
t )‖

2H
|F

t ]≤
σ

2
(28)

A
ssu

m
p
tion

1
h
old

s
in

m
ost

p
ractical

settin
gs

b
y

th
e

d
ata

d
om

ain
itself,

an
d

ju
stifi

es
th

e
b

ou
n
d
in

g
of

th
e

loss
in

A
ssu

m
p
tion

2.
T

aken
togeth

er,
th

ese
con

d
ition

s
p

erm
it

b
ou

n
d
in

g
th

e
op

tim
al

fu
n
ction

f
∗

in
th

e
H

ilb
ert

n
orm

,
an

d
im

p
ly

th
at

th
e

w
orst-case

m
o
d
el

ord
er

is
gu

aran
teed

to
b

e
fi
n
ite.

V
arian

ts
of

A
ssu

m
p
tion

2
ap

p
ear

in
th

e
an

a
ly

sis
of

sto
ch

astic
d
escen

t
m

eth
o
d
s

in
th

e
kern

elized
settin

g
(P

on
til

et
al.,

2005;
Y

in
g

an
d

Z
h
ou

,
2006).

A
s-

su
m

p
tion

3
is

satisfi
ed

for
su

p
erv

ised
learn

in
g

p
rob

lem
s

su
ch

as
logistic

regression
,

su
p
p

ort
vector

m
ach

in
es

w
ith

th
e

sq
u
are-h

in
ge-lo

ss,
th

e
sq

u
are

loss,
am

on
g

oth
ers.

M
oreover,

it
is

a
stan

d
ard

con
d
ition

in
th

e
an

aly
sis

of
d
escen

t
m

eth
o
d
s

(see
B

oy
d

an
d

V
an

d
erb

ergh
e

(2004)).
A

ssu
m

p
tion

4
is

com
m

on
in

sto
ch

astic
a
p
p
rox

im
ation

literatu
re,

an
d

en
su

res
th

at
th

e
varian

ce
of

th
e

sto
ch

astic
ap

p
rox

im
a
tio

n
error

is
fi
n
ite.

U
n
d
er

th
ese

con
d
ition

s,
w

e
estab

lish
tech

n
ical

resu
lts

in
A

p
p

en
d
ix

A
w

h
ich

are
u
sed

to
estab

lish
ou

r
m

ain
con

vergen
ce

resu
lts

in
th

e
follow

in
g

su
b
section

.

4
.1

.
Ite

ra
te

C
o
n
v
e
rg

e
n

c
e

A
s

is
cu

stom
ary

in
th

e
an

aly
sis

of
sto

ch
astic

algorith
m

s,
w

e
estab

lish
th

at
u
n
d
er

a
d
im

in
-

ish
in

g
algorith

m
step

-size
sch

em
e

(n
on

-su
m

m
ab

le
an

d
sq

u
are-su

m
m

a
b
le),

w
ith

th
e

sp
a
rse

ap
p
rox

im
ation

b
u
d
get

selection

∞∑t=
1

η
t

=
∞
,

∞∑t=
1

η
2t
<
∞
,

ε
t

=
η

2t
,

(29)

A
lgorith

m
2

con
verges

ex
actly

to
th

e
op

tim
al

fu
n
ction

f
∗

in
stated

in
(1)

alm
ost

su
rely.

W
e

u
se

th
e

ab
b
rev

iation
a.s.

for
an

even
t

th
at

o
ccu

rs
alm

ost
su

rely,
or

w
ith

p
ro

b
ab

ility
1.

T
h

e
o
re

m
2

C
o
n

sid
er

th
e

sequ
en

ce
gen

era
ted
{
f
t }

by
A

lgo
rith

m
2

w
ith

f
0

=
0,

a
n

d
d
en

o
te

f
∗

a
s

th
e

m
in

im
izer

o
f

th
e

regu
la

rized
expected

risk
sta

ted
in

(1).
L

et
A

ssu
m

p
tio

n
s

1
-4

h
o
ld

a
n

d
su

p
po

se
th

e
step

-size
ru

les
a
n

d
a
p
p
ro

xim
a
tio

n
bu

d
get

a
re

d
im

in
ish

in
g

a
s

in
(29)

w
ith

regu
la

rizer
su

ch
th

a
t
η
t
<

1/λ
fo

r
a
ll
t.

T
h
en

th
e

o
bjective

fu
n

ctio
n

erro
r

sequ
en

ce
co

n
verges

to
n

u
ll

in
in

fi
m

u
m

a
lm

o
st

su
rely

a
s

lim
in

f
t→
∞

R
(f
t )−

R
(f
∗)

=
0

a
.s.

(30)

M
o
reo

ver,
th

e
sequ

en
ce

o
f

fu
n

ctio
n

s{f
t }

co
n

verges
a
lm

o
st

su
rely

to
th

e
o
p
tim

u
m
f
∗

a
s

lim
t→
∞
‖
f
t −

f
∗‖

2H
=

0
a
.s.

(31)

P
ro

o
f:

S
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A
p
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d
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B
.

�
T

h
e

resu
lt

in
T

h
eorem

2
states

th
at

w
h
en

a
d
im

in
ish

in
g

algorith
m

step
-size

is
ch

osen
as,

e.g.
η
t

=
O

(1/t),
an

d
th

e
ap

p
rox

im
atio

n
b
u
d
get

th
at

d
ictates

th
e

size
of

th
e

sp
arse

sto
ch

astic
su

b
sp

aces
on

to
w

h
ich

th
e

iterates
are

p
ro

jected
is

selected
as
ε
t

=
η

2t ,
w

e
ob

tain
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P
a
r
si
m
o
n
io
u
s
O
n
l
in
e
L
e
a
r
n
in
g

w
it
h
K
e
r
n
e
l
s

ex
ac

t
co

n
ve

rg
en

ce
to

th
e

op
ti

m
iz

er
of

th
e

re
gu

la
ri

ze
d

ex
p

ec
te

d
ri

sk
in

(1
).

H
ow

ev
er

,
in

ob
ta

in
in

g
ex

ac
t

co
n
ve

rg
en

ce
b

eh
av

io
r,

w
e

re
q
u
ir

e
th

e
ap

p
ro

x
im

at
io

n
b
u
d
ge

t
to

ap
p
ro

ac
h

n
u
ll

as
y
m

p
to

ti
ca

ll
y,

w
h
ic

h
m

ea
n
s

th
at

th
e

m
o
d
el

or
d
er

of
th

e
re

su
lt

in
g

fu
n
ct

io
n

se
q
u
en

ce
m

ay
gr

ow
ar

b
it

ra
ri

ly
,

u
n
le

ss
f
∗

is
sp

a
rs

e
an

d
th

e
m

ag
n
it

u
d
e

of
th

e
st

o
ch

a
st

ic
g
ra

d
ie

n
t

re
d
u
ce

s
su

ffi
ci

en
tl

y
q
u
ic

k
ly

,
i.
e.

,
co

m
p
ar

ab
le

to
ε t

=
O

(1
/t

2
).

If
in

st
ea

d
w

e
co

n
si

d
er

a
co

n
st

an
t

al
go

ri
th

m
st

ep
-s

iz
e
η t

=
η

an
d

th
e

ap
p
ro

x
im

at
io

n
b
u
d
ge

t
ε t

=
ε

is
ch

os
en

as
a

co
n
st

an
t

w
h
ic

h
sa

ti
sfi

es
ε t

=
ε

=
O

(η
3
/
2
),

w
e

ob
ta

in
th

at
th

e
it

er
at

es
co

n
ve

rg
e

in
in

fi
m

u
m

to
a

n
ei

gh
b

or
h
o
o
d

of
th

e
op

ti
m

u
m

,
as

w
e

st
at

e
n
ex

t.

T
h

e
o
re

m
3

D
en

o
te
{f
t}

a
s

th
e

se
qu

en
ce

ge
n

er
a
te

d
by

A
lg

o
ri

th
m

2
w

it
h
f 0

=
0,

a
n

d
d
en

o
te

f
∗

a
s

th
e

m
in

im
iz

er
o
f

th
e

re
gu

la
ri

ze
d

ex
pe

ct
ed

ri
sk

st
a
te

d
in

(1
).

L
et

A
ss

u
m

p
ti

o
n

s
1
-4

h
o
ld

,
a
n

d
gi

ve
n

re
gu

la
ri

ze
r
λ
>

0
,

su
p
po

se
a

co
n

st
a
n

t
a
lg

o
ri

th
m

st
ep

-s
iz

e
η t

=
η

is
ch

o
se

n
su

ch
th

a
t
η
<

1
/λ

,
a
n

d
th

e
sp

a
rs

e
a
p
p
ro

xi
m

a
ti

o
n

bu
d
ge

t
sa

ti
sfi

es
ε

=
K
η

3
/
2

=
O

(η
3
/
2
),

w
h
er

e
K

is
a

po
si

ti
ve

sc
a
le

r.
T

h
en

th
e

a
lg

o
ri

th
m

co
n

ve
rg

es
to

a
n

ei
gh

bo
rh

oo
d

a
lm

o
st

su
re

ly
a
s

li
m

in
f

t→
∞
‖f
t
−
f
∗ ‖
H
≤
√
η λ

( K
+
√
K

2
+
λ
σ

2
)

=
O

(√
η
)

a
.s

.
(3

2)

P
ro

o
f:

S
ee

A
p
p

en
d
ix

C
.

�
T

h
eo

re
m

3
st

at
es

th
at

w
h
en

a
su

ffi
ci

en
tl

y
sm

al
l

co
n
st

an
t

st
ep

-s
iz

e
is

u
se

d
to

ge
th

er
w

it
h

a
b
ia

s
to

le
ra

n
ce

in
d
u
ce

d
b
y

sp
ar

si
fi
ca

ti
on

ch
os

en
as

ε
=
O

(η
3
/
2
),

A
lg

or
it

h
m

2
co

n
ve

rg
es

in
in

fi
m

u
m

to
a

n
ei

gh
b

or
h
o
o
d

of
th

e
op

ti
m

u
m

w
h
ic

h
d
ep

en
d
s

on
th

e
ch

os
en

st
ep

-s
iz

e,
th

e
p
ar

si
m

on
y

co
n
st

an
t
K

w
h
ic

h
sc

al
es

th
e

ap
p
ro

x
im

at
io

n
b
u
d
ge

t
ε,

th
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
λ

,
as

w
el

l
as

th
e

va
ri

an
ce

of
th

e
st

o
ch

as
ti

c
gr

ad
ie

n
t
σ

2
.

T
h
is

re
su

lt
ag

ai
n

is
ty

p
ic

al
of

co
n
v
er

ge
n
ce

re
su

lt
s

in
st

o
ch

as
ti

c
gr

ad
ie

n
t

m
et

h
o
d
s.

H
ow

ev
er

,
th

e
u
se

of
a

co
n
st

an
t

le
ar

n
in

g
ra

te
al

lo
w

s
u
se

to
gu

ar
an

te
e

th
e

m
o
d
el

or
d
er

of
th

e
re

su
lt

in
g

fu
n
ct

io
n

se
q
u
en

ce
is

al
w

ay
s

b
ou

n
d
ed

,
as

w
e

es
ta

b
li
sh

in
th

e
fo

ll
ow

in
g

su
b
se

ct
io

n
.

4
.2

.
M

o
d

e
l

O
rd

e
r

C
o
n
tr

o
l

In
th

is
su

b
se

ct
io

n
,
w

e
es

ta
b
li
sh

th
at

th
e

se
q
u
en

ce
of

fu
n
ct

io
n
s
{f
t}

ge
n
er

at
ed

b
y

A
lg

o
ri

th
m

2,
w

h
en

a
co

n
st

an
t

al
go

ri
th

m
st

ep
-s

iz
e

is
se

le
ct

ed
,
is

p
ar

am
et

er
iz

ed
b
y

a
ke

rn
el

d
ic

ti
o
n
ar

y
w

h
ic

h
is

gu
ar

an
te

ed
to

h
av

e
fi
n
it

el
y

m
an

y
el

em
en

ts
,

i.
e.

,
it

s
th

e
m

o
d
el

or
d
er

re
m

ai
n
s

b
ou

n
d
ed

.
W

e
ob

ta
in

th
at

th
e

w
or

st
-c

as
e

b
ou

n
d

on
th

e
m

o
d
el

or
d
er

of
f t

d
ep

en
d
s

b
y

th
e

to
p

ol
og

ic
al

p
ro

p
er

ti
es

of
th

e
fe

at
u
re

sp
ac

e
X

,
th

e
L

ip
sc

h
it

z
co

n
st

an
t

of
th

e
in

st
an

ta
n
eo

u
s

lo
ss

,
an

d
th

e
ra

d
iu

s
of

co
n
ve

rg
en

ce
∆

=
(√
η
/λ

)(
K

+
√
K

2
+
λ
σ

2
)

d
efi

n
ed

in
T

h
eo

re
m

3.

T
h

e
o
re

m
4

D
en

o
te
f t

a
s

th
e

fu
n

ct
io

n
se

qu
en

ce
d
efi

n
ed

by
A

lg
o
ri

th
m

2
w

it
h

co
n

st
a
n

t
st

ep
-

si
ze
η t

=
η
<

1/
λ

a
n

d
a
p
p
ro

xi
m

a
ti

o
n

bu
d
ge

t
ε

=
K
η

3
/
2

w
h
er

e
K
>

0
is

a
n

a
rb

it
ra

ry
po

si
ti

ve
sc

a
la

r.
L

et
M
t

be
th

e
m

od
el

o
rd

er
o
f
f t

i.
e.

,
th

e
n

u
m

be
r

o
f

co
lu

m
n

s
o
f

th
e

d
ic

ti
o
n

a
ry

D
t

w
h
ic

h
pa

ra
m

et
er

iz
es
f t

.
T

h
en

th
er

e
ex

is
ts

a
fi

n
it

e
u

p
pe

r
bo

u
n

d
M
∞

su
ch

th
a
t,

fo
r

a
ll
t
≥

0
,

th
e

m
od

el
o
rd

er
is

a
lw

a
ys

bo
u

n
d
ed

a
s
M
t
≤
M
∞

.
C

o
n

se
qu

en
tl

y,
th

e
m

od
el

o
rd

er
o
f

th
e

li
m

it
in

g
fu

n
ct

io
n
f
∞

=
li
m
t
f t

is
fi

n
it

e.
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p
p
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D
.1

.
�

T
h
e

n
u
m

b
er

of
ke

rn
el

d
ic

ti
on

ar
y

el
em

en
ts

in
th

e
fu

n
ct

io
n

se
q
u
en

ce
f t

ge
n
er

at
ed

b
y

A
lg

o-
ri

th
m

2
is

in
th

e
w

or
st

-c
as

e
d
et

er
m

in
ed

b
y

th
e

p
ac

k
in

g
n
u
m

b
er

of
th

e
k
er

n
el

tr
an

sf
or

m
at

io
n
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W
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n
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S
t
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p
,
a
n
d

R
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e
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o

T
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le
1:

S
u
m

m
ar

y
of

co
n
ve

rg
en

ce
re

su
lt

s
fo

r
d
iff

er
en

t
p
ar

am
et

er
se

le
ct

io
n
s.

D
im

in
is

h
in

g
C

on
st

an
t

S
te

p
-s

iz
e/

L
ea

rn
in

g
ra

te
η t

=
O

(1
/t

)
η t

=
η
>

0

S
p
ar

se
A

p
p
ro

x
im

at
io

n
B

u
d
ge

t
ε t

=
η

2 t
ε

=
O

(η
3
/
2
)

R
eg

u
la

ri
za

ti
on

C
on

d
it

io
n

η t
<

1
/λ

η
<

1/
λ

C
on

ve
rg

en
ce

R
es

u
lt

f t
→
f
∗

a.
s.

li
m

in
f t
‖f
t
−
f
∗ ‖

=
O

(√
η
)

a
.s

.

M
o
d
el

O
rd

er
G

u
ar

an
te

e
N

on
e

F
in

it
e

of
th

e
fe

at
u
re

sp
ac

e
φ

(X
)

=
κ

(X
,·)

,
as

sh
ow

n
in

th
e

p
ro

of
of

T
h
eo

re
m

4.
M

o
re

ov
er

,
th

e
on

li
n
e

sp
ar

si
fi
ca

ti
on

p
ro

ce
d
u
re

in
d
u
ce

d
b
y

K
O

M
P

re
d
u
ce

s
to

a
co

n
d
it

io
n

o
n

th
e

sc
a
le

o
f

th
e

p
ac

k
in

g
n
u
m

b
er

of
φ

(X
)

as
st

at
ed

in
(7

6)
.

S
p

ec
ifi

ca
ll
y,

as
th

e
ra

d
iu

s
K
√
η

C
in

cr
ea

se
s,

th
e

p
ac

k
in

g
n
u
m

b
er

of
th

e
ke

rn
el

iz
ed

fe
a
tu

re
sp

ac
e

d
ec

re
as

es
,

an
d

h
en

ce
th

e
re

q
u
ir

ed
m

o
d
el

or
d
er

to
fi
ll
φ

(X
)

d
ec

re
as

es
.

T
h
is

ra
d
iu

s
d
ep

en
d
s

on
th

e
co

n
st

an
t
K

w
h
ic

h
sc

a
le

s
th

e
a
p
p
ro

x
-

im
at

io
n

b
u
d
ge

t
se

le
ct

io
n
η
,

th
e

le
ar

n
in

g
ra

te
η
,

an
d

th
e

co
n
st

an
t
C

b
ou

n
d
in

g
th

e
g
ra

d
ie

n
t

of
th

e
re

gu
la

ri
ze

d
in

st
an

ta
n
eo

u
s

lo
ss

.

W
e

h
av

e
es

ta
b
li
sh

ed
th

at
A

lg
or

it
h
m

2
y
ie

ld
s

co
n
ve

rg
en

t
b

eh
av

io
r

fo
r

th
e

p
ro

b
le

m
(1

)
in

b
ot

h
d
im

in
is

h
in

g
an

d
co

n
st

an
t

st
ep

-s
iz

e
re

gi
m

es
.

W
h
en

th
e

le
a
rn

in
g

ra
te
η t

sa
ti

sfi
es
η t
<

1/
λ

,
w

h
er

e
λ
>

0
is

th
e

re
gu

la
ri

za
ti

on
p
a
ra

m
et

er
,

an
d

is
at

te
n
u
at

in
g

su
ch

th
a
t
∑

t
η t

=
∞

an
d
∑

t
η

2 t
<
∞

,
i.
e.

,
η t

=
O

(1
/t

),
th

e
ap

p
ro

x
im

at
io

n
b
u
d
ge

t
ε t

of
A

lg
o
ri

th
m

1
m

u
st

sa
ti

sf
y
ε t

=
η

2 t
[c

f.
(2

9)
].

P
ra

ct
ic

al
ly

sp
ea

k
in

g,
th

is
m

ea
n
s

th
a
t

as
y
m

p
to

ti
ca

ll
y

th
e

it
er

a
te

s
ge

n
er

at
ed

b
y

A
lg

or
it

h
m

2
m

ay
h
av

e
a

ve
ry

la
rg

e
m

o
d
el

or
d
er

in
th

e
d
im

in
is

h
in

g
st

ep
-s

iz
e

re
gi

m
e,

si
n
ce

th
e

ap
p
ro

x
im

at
io

n
b
u
d
ge

t
is

va
n
is

h
in

g
as
ε t

=
O

(1
/t

2
).

O
n

th
e

o
th

er
h
a
n
d
,

w
h
en

a
co

n
st

an
t

al
go

ri
th

m
st

ep
-s

iz
e
η t

=
η

is
ch

os
en

to
sa

ti
sf

y
η
<

1
/λ

,
th

en
w

e
o
n
ly

re
q
u
ir

e
th

e
co

n
st

an
t

ap
p
ro

x
im

at
io

n
b
u
d
ge

t
ε t

=
ε

to
sa

ti
sf

y
ε

=
O

(η
3
/
2
).

T
h
is

m
ea

n
s

th
at

in
th

e
co

n
st

an
t

le
ar

n
in

g
ra

te
re

gi
m

e,
w

e
ob

ta
in

a
fu

n
ct

io
n

se
q
u
en

ce
w

h
ic

h
co

n
ve

rg
es

to
a

n
ei

gh
b

or
h
o
o
d

of
th

e
op

ti
m

al
f
∗

d
efi

n
ed

b
y

(1
)

an
d

is
gu

ar
an

te
ed

to
h
av

e
a

fi
n
it

e
m

o
d
el

or
d
er

.
T

h
es

e
re

su
lt

s
ar

e
su

m
m

ar
iz

ed
in

T
ab

le
1.

R
e
m

a
rk

5
(S

pa
rs

it
y

o
f
f
∗ )

A
lg

or
it

h
m

2
p
ro

v
id

es
a

m
et

h
o
d

to
av

oi
d

k
ee

p
in

g
a
n

u
n
n
ec

es
-

sa
ri

ly
la

rg
e

n
u
m

b
er

of
ke

rn
el

d
ic

ti
on

ar
y

el
em

en
ts

al
on

g
th

e
co

n
ve

rg
en

ce
p
at

h
to

w
a
rd

s
f
∗

[c
f.

(1
)]

,
so

lv
in

g
th

e
cl

as
si

c
sc

al
ab

il
it

y
p
ro

b
le

m
of

ke
rn

el
m

et
h
o
d
s

in
st

o
ch

as
ti

c
p
ro

g
ra

m
m

in
g
.

H
ow

ev
er

,
if

th
e

op
ti

m
al

fu
n
ct

io
n

ad
m

it
s

a
lo

w
d
im

en
si

on
al

re
p
re

se
n
ta

ti
on
|I
|�
∞

,
th

en
in

ad
d
it

io
n

to
ex

tr
ac

ti
n
g

m
em

or
y

effi
ci

en
t

in
st

an
ta

n
eo

u
s

it
er

at
es

,
P

O
L

K
w

il
l

o
b
ta

in
th

e
o
p
ti

-
m

al
fu

n
ct

io
n

ex
ac

tl
y.

In
S
ec

ti
on

5,
w

e
il
lu

st
ra

te
th

is
p
ro

p
er

ty
v
ia

a
m

u
lt

i-
cl

as
s

cl
a
ss

ifi
ca

ti
o
n

p
ro

b
le

m
w

h
er

e
th

e
d
at

a
is

ge
n
er

at
ed

fr
om

G
au

ss
ia

n
m

ix
tu

re
m

o
d
el

s.

4
.3

.
C

o
m

p
le

x
it

y
A

n
a
ly

si
s

W
e

n
ow

st
u
d
y

th
e

p
er

-i
te

ra
ti

on
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

A
lg

or
it

h
m

2
.

T
h
ro

u
g
h
o
u
t

th
e

fo
ll
ow

in
g

d
is

cu
ss

io
n
,

w
e

sh
al

l
u
se
M
t

to
d
en

ot
e

th
e

m
o
d
el

or
d
er

at
it

er
at

io
n
t,

a
n
d
p

to

1
8

JM
L

R
 2

0(
3)

:1
-4

4,
 2

01
9



P
a
r
sim

o
n
io
u
s
O
n
l
in
e
L
e
a
r
n
in
g

w
it
h
K
e
r
n
e
l
s

d
en

o
te

th
e

d
im

en
sion

of
th

e
in

p
u
t

(featu
re)

sp
ace.

F
or

co
n
ven

ien
ce

of
an

aly
sis,

A
lgorith

m
2

ca
n

b
e

th
o
u
g
h
t

of
as

op
eratin

g
in

tw
o

d
istin

ct
p
h
ases:

i.
A

p
p

e
n

d
:

au
gm

en
t

th
e

d
iction

ary
an

d
w

eigh
ts

so
as

to
tak

e
th

e
tru

e
F

S
G

D
step

(i.e.,
su

ch
th

a
t

th
ey

rep
resen

t
f̃
t+

1 ).

ii.
P

ru
n

e
:

u
se

m
atch

in
g

p
u
rsu

it
to

red
u
ce

th
e

m
o
d
el

o
rd

er
(i.e.,

com
p
u
te

th
e

ap
p
rox

i-
m

a
tio

n
f
t+

1 ).

In
a
n
a
ly

zin
g

th
e

ap
p

en
d

p
h
ase,

th
ere

are
tw

o
m

a
jor

op
eration

s
to

con
sid

er.
T

h
e

fi
rst

is
th

e
co

m
p
u
ta

tion
of

th
e

co
effi

cien
t
` ′(f

(x
t ),y

t )
for

th
e

n
ew

p
oin

t,
w

h
ich

req
u
ires

M
t

kern
el

eva
lu

a
tio

n
s,
{
κ

(d
j ,x

t )}
M
t

j=
1 ,

to
b

e
w

eigh
ted

a
n
d

su
m

m
ed

.
C

om
p
u
tin

g
th

e
kern

el
valu

es

ex
h
ib

its
com

p
lex

ity
O

(p
M

2t )
(th

e
com

p
lex

ity
of

a
kern

el
evalu

ation
scales

at
least

lin
early

w
ith

p
),

a
n
d

th
e

w
eigh

tin
g

an
d

su
m

m
in

g
ex

h
ib

its
com

p
lex

ity
O

(M
t ).

T
h
e

secon
d

m
a
jor

o
p

era
tio

n
th

a
t

takes
p
lace

in
th

e
ap

p
en

d
p
h
ase

is
th

at
of

au
gm

en
tin

g
th

e
kern

el
m

atrix
.

H
ow

ever,
fo

r
com

p
u
tation

al
effi

cien
cy,

a
cop

y
of

th
e

in
verse

of
th

is
kern

el
m

a
trix

is
also

kep
t,

w
h
ich

can
b

e
u
p

d
ated

in
O

(M
2t )

tim
e

u
sin

g
classical

ran
k
-on

e,
b
lo

ck
-in

verse
u
p

d
ate

ru
les,

b
ased

on
th

e
S
h
erm

an
-W

o
o
d
b
u
ry

-M
orrison

id
en

tity
(see,

e.g.,
K

R
L

S
in

E
n
g
el

et
al.

(2
0
0
4
)).

T
h
erefore,

th
e

total
com

p
u
tation

al
com

p
lex

ity
of

th
e

ap
p

en
d

p
h
ase

isO
(M

2t ).

T
o

a
n
aly

ze
th

e
p
ru

n
in

g
p
h
ase,

w
e

fi
rst

in
tro

d
u
ce

som
e

ad
d
ition

al
n
o
tation

.
L

et
Z
t

d
en

ote
th

e
to

ta
l

n
u
m

b
er

of
th

e
ou

ter
iteration

s
of

A
lgorith

m
1

th
at

actu
ally

take
p
lace

at
tim

e
t,

i.e.,
th

e
n
u
m

b
er

of
p

oin
ts

rem
oved

from
D̃

.
U

sin
g

an
effi

cien
t

im
p
lem

en
tation

of
A

lg
orith

m
1

in
sp

ired
b
y

V
in

cen
t

an
d

B
en

gio
(2002),

each
of

th
ese

Z
t

iteration
s

ex
h
ib

its
a

com
p
u
tatio

n
al

co
m

p
lex

ity
o
fO

(M
2t ).

A
fter

th
e

stop
p
in

g
criterion

h
as

b
een

m
et,

th
e

au
gm

en
ted

fu
n
ction

is
p
ro

jected
o
n
to

th
e

su
b
sp

ace
sp

an
n
ed

b
y

th
e

p
ru

n
ed

d
iction

ary,
w

h
ich

a
lso

ex
h
ib

its
a

co
m

p
lex

ity
ofO

(M
2t ).

F
in

ally,
th

e
n
ew

k
ern

el
m

atrix
an

d
its

in
verse

are
u
p

d
ated

,
w

h
ich

,
to

o,
in

cu
rs

a
co

m
p
u
tation

al
cost

ofO
(M

2t ),
b
rin

gin
g

th
e

overa
ll

com
p
lex

ity
o
f

th
e

p
ru

n
in

g
p
h
a
se

to
O

(Z
t M

2t ).
A

p
essim

istic
estim

ate
of
Z
t

is
M
t ,

alth
ou

gh
in

p
ractice

it
is

alw
ay

s
less

th
a
n

th
e

m
in

i-b
atch

size
B

.

C
o
m

b
in

in
g

th
e

term
s

from
each

p
h
ase,

th
e

total
com

p
lex

ity
of

A
lgorith

m
2

at
iteration

t
co

m
es

o
u
t

to
O

(Z
t M

2t ).
In

th
e

stead
y
-state,

Z
=

1
(i.e.,

M
t+

1
=
M
t ),

w
h
ich

fu
rth

er
red

u
ces

th
e

ex
p
ression

to
O

(M
2t ),

ex
a
ctly

th
e

com
p
lex

ity
of

K
R

L
S

(E
n
gel

et
a
l.,

2004).
O

b
serve

th
a
t

th
e

com
p
lex

ity
of

F
S
G

D
isO

(t),
w

h
ich

m
ean

s
th

at
P

O
L

K
is

com
p
u
tation

ally
a
d
va

n
ta

g
eo

u
s

w
h
en

ever
t
>
Z
t M

2t .
S
in

ce
lim

t M
t

is
gu

aran
teed

to
b

e
fi
n
ite,

an
d

u
su

ally
Z
t ≤

B
,

th
e

m
in

i-b
atch

size.T
h
u
s,

P
O

L
K

is
ju

stifi
ed

w
h
en

ever
t

is
large.

T
h
is

is
ty

p
ical

o
f

th
e

o
n
lin

e
m

eth
o
d
s

for
k
ern

el
learn

in
g

th
a
t

w
e

com
p
are

again
st

ex
p

erim
en

tally
in

th
e

fo
llow

in
g

sectio
n
.

R
e
m

a
rk

6
(C

h
ea

per
P

ro
jectio

n
s)

B
oth

th
eoretically

an
d

in
p
ractice,

it
is

p
ossib

le
to

ch
ea

p
en

th
e

co
st

o
f

p
ro

jection
s

b
y

rep
lacin

g
th

e
arg

m
in

in
K

O
M

P
b
y

a
sch

em
e

th
at

d
rop

s
kern

el
d
ictio

n
a
ry

elem
en

ts
u

n
ifo

rm
ly

a
t

ra
n

d
o
m

u
n
til

th
e

fu
n
ction

h
its

th
e

b
ou

n
d
ary

of
a

H
ilb

ert-
n
o
rm

erro
r

n
eigh

b
orh

o
o
d
.

S
u
ch

a
sch

em
e’s

con
vergen

ce
w

ou
ld

still
b

e
gu

aran
teed

b
y

th
e

p
reced

in
g

th
eo

retical
an

aly
sis,

an
d

th
e

cost
of

p
ru

n
in

g
p

oin
ts

w
ou

ld
b

e
sign

ifi
can

tly
ch

eap
er.

S
p

ecifi
ca

lly,
it

w
ou

ld
b

e
at

m
ost

lin
ear

in
th

e
d
iction

ary
size
O

(M
t Z
t ).

H
ow

ever,
th

e
p
rice

o
f

p
u
rsu

in
g

th
is

rou
te

w
ou

ld
b

e
low

er
q
u
ality

estim
ates

of
f
∗.

W
e

h
ave

left
th

e
in

vestiga
tion

o
f

th
ese

ra
n
d
o
m

ap
p
rox

im
ated

p
ro

jection
s

to
fu

tu
re

w
ork

.
H

ow
ever,

w
e

n
ote

th
at

sev
eral

19
JM

L
R

 20(3):1-44, 2019

K
o
p
p
e
l
,
W
a
r
n
e
l
l
,
S
t
u
m
p
,
a
n
d

R
ib
e
ir
o

altern
atives

in
th

e
literatu

re
ad

op
t

a
version

of
th

is
ap

p
roach

,
b
u
t

w
ith

fi
xed

su
b
sp

ace
sizes

(W
an

g
an

d
V

u
cetic,

2010a;
W

an
g

et
al.,

2012;
Z

h
ao

an
d

H
oi,

2012;
Z

h
an

g
et

al.,
2013;

L
e

et
al.,

2016b
;

L
u

et
al.,

2016)
rath

er
th

an
error-n

eigh
b

orh
o
o
d

b
u
d
gets,

as
is

d
on

e
in

th
is

w
ork

,
w

h
ich

is
n
ot

en
ou

gh
to

estab
lish

a
lm

ost
su

re
con

v
ergen

ce.

5
.
E
x
p
e
rim

e
n
ts

In
th

is
section

,
w

e
evalu

ate
P

O
L

K
b
y

con
sid

erin
g

its
p

erform
an

ce
on

tw
o

su
p

erv
ised

learn
in

g
task

s
train

ed
for

th
ree

stream
in

g
d
a
ta

sets.
T

h
e

sp
ecifi

c
task

s
w

e
con

sid
er

are
th

ose
of

(a)
train

in
g

a
m

u
lti-class

k
ern

el
logistic

regressor
(K

L
R

),
a
n
d

(b
)

tra
in

in
g

a
m

u
lti-class

k
ern

el
su

p
p

ort
vector

m
ach

in
e

(K
S
V

M
).

T
h
e

th
ree

d
ata

sets
w

e
u
se

are
(i)

m
u
l
t
i
d
i
s
t
,

a
sy

n
th

etic
d
ata

set
w

e
con

stru
cted

u
sin

g
tw

o-d
im

en
sion

al
G

au
ssian

m
ix

tu
re

m
o
d
els;

(ii)
m
n
i
s
t
,

th
e

M
N

IS
T

h
an

d
w

ritten
d
igits

(L
ecu

n
an

d
C

ortes,
2009);

an
d

(iii)
b
r
o
d
a
t
z
,

im
age

tex
tu

res
d
raw

n
from

a
su

b
set

of
th

e
B

ro
d
atz

tex
tu

re
d
atab

ase
(B

ro
d
atz,

1966).
W

h
ere

p
ossib

le,
w

e
com

p
are

ou
r

tech
n
iq

u
e

w
ith

com
p

etin
g

m
eth

o
d
s.

S
p

ecifi
cally,

for
th

e
on

lin
e

su
p
p

ort
vector

m
ach

in
e

case,
w

e
com

p
are

w
ith

b
u
d
geted

sto
ch

astic
grad

ien
t

d
escen

t
(B

S
G

D
)

W
an

g
et

al.
(2012),

a
fi
x
ed

su
b
sp

a
ce

p
ro

jection
m

eth
o
d
,

w
h
ich

req
u
ires

a
m

ax
im

u
m

m
o
d
el

ord
er

a
p
rio

ri;
D

u
al

S
p
a
ce

G
rad

ien
t

D
escen

t
(D

u
al)

(L
e

et
al.,

2016a),
w

h
ich

ex
ecu

tes
a

h
y
b
rid

com
b
in

ation
of

fu
n
ction

al
sto

ch
astic

grad
ien

t
m

eth
o
d

togeth
er

w
ith

a
h
y
b
rid

ran
d
om

featu
re

rep
resen

tation
of

th
e

reg
ression

fu
n
ction

;
n
on

p
aram

etric
b
u
d
geted

sto
ch
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l
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l
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h
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=
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=
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d
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h
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u
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d
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u
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h
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o
os

in
g

it
ac

co
rd

in
g

to
th

e
sa

m
p
le

va
ri

an
ce

of
a

cr
os

s-
va

li
d
at

io
n

tr
ai

n
in

g
su

b
se

t
to

b
e

re
as

on
ab

ly
eff

ec
ti

ve
,
an

d
th

is
st

ra
te

g
y

w
a
s

u
se

d
in

ou
r

im
p
le

m
en

ta
ti

on
.

T
h
e

m
in

i-
b
at

ch
si

ze
of

32
w

as
se

le
ct

ed
b
as

ed
o
n

re
d
u
ci

n
g

th
e

n
oi

se
of

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
er

ro
r

on
ce

st
ea

d
y

st
at

e
is

ac
h
ie

ve
d
,

an
d

w
a
s

d
o
n
e

th
ro

u
g
h

tr
ia

l
an

d
er

ro
r

b
y

st
ar

ti
n
g

at
b
at

ch
si

ze
s

of
1

an
d

d
ou

b
li
n
g

u
n
ti

l
th

e
co

m
p
u
ta

ti
o
n
a
l

b
u
rd

en
of

a
m

in
i-

b
at

ch
ex

ce
ed

ed
it

s
b

en
efi

ts
in

te
rm

s
of

n
oi

se
re

d
u
ct

io
n
.

W
e

fi
n
d

th
e
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g
u
la
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r
λ

h
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li
tt

le
eff

ec
t

w
h
en

th
e

d
at

a
d
o
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n
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h
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e
an

u
n
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n
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d
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P
a
r
sim

o
n
io
u
s
O
n
l
in
e
L
e
a
r
n
in
g

w
it
h
K
e
r
n
e
l
s

it
a
s

a
sm

a
ll

co
n
stan

t.
F

or
p
rob

lem
s

w
ith

w
orse

con
d
ition

in
g,

h
ow

ever,
larger

regu
larizers

m
ay

b
e

u
sefu

l.

T
h
e

selectio
n

of
th

e
algorith

m
step

-size
an

d
p
arsim

on
y

con
stan

t
in

o
u
r

ex
p

erim
en

ts
is

d
o
n
e

th
ro

u
gh

a
sim

p
le

trial
an

d
error

p
ro

ced
u
re.

W
e

b
egin

w
ith

a
sm

all
step

-size,
b

etw
een

0
.0

1
a
n
d

0
.1

,
to

test
w

h
eth

er
th

e
algorith

m
con

verges,
w

ith
p
arsim

on
y

con
stan

t
K

=
0.001.

C
o
n
verg

en
ce,

h
ow

ev
er,

m
ay

o
ccu

r
w

h
ile

th
e

m
o
d
el

ord
er

grow
s

u
n
ten

ab
ly.

S
o,

w
e

p
rogres-

sively
in

crea
se

th
e

p
arsim

on
y

con
stan

t
u
n
til

th
e

b
ias

in
th

e
sto

ch
astic

grad
ien

t
b

ecom
es

u
n
m

a
n
a
gea

b
le

an
d

th
e

algorith
m

d
iverges.

W
e

select
th

e
p
arsim

on
y

con
stan

t
to

b
e

as
large

a
s

p
o
ssib

le
w

h
ile

still
p
reserv

in
g

con
v
ergen

ce
of

th
e

algorith
m

.
T

h
en

,
w

e
ex

p
loit

k
n
ow

led
ge

o
f

th
e

tra
d
e-o

ff
b

etw
een

learn
in

g
rate

an
d

step
-size

selectio
n
:

sm
aller

step
-sizes

y
ield

slow
er

lea
rn

in
g

a
n
d

sm
aller

asy
m

p
totic

error.
In

ligh
t

of
th

is
fact,

w
e

in
crem

en
t

th
e

step
-size

to
in

crea
se

th
e

lea
rn

in
g

rate,
an

d
th

en
ram

p
u
p

th
e

p
a
rsim

on
y

con
stan

t
to

its
m

ax
im

u
m

valu
e

th
a
t

p
reserves

con
vergen

ce.
T

h
is

trial
an

d
error

p
ro

ced
u
re

on
ly

n
eed

ed
to

b
e

rep
eated

a
few

tim
es

fo
r

ea
ch

d
ata

set/p
rob

lem
in

stan
ce

to
ob

tain
th

e
P

O
L

K
resu

lts
p
resen

ted
in

th
is

section
.

5
.4

.
R

e
su

lts

F
o
r

ea
ch

ta
sk

a
n
d

d
ata

set
d
escrib

ed
ab

ove,
w

e
im

p
lem

en
ted

P
O

L
K

(A
lgo

rith
m

2)
alon

g
w

ith
th

e
co

m
p

etin
g

m
eth

o
d
s

d
escrib

ed
at

th
e

b
egin

n
in

g
o
f

th
e

section
.

F
or

som
e

of
th

e
ta

sk
s,

o
n
ly

a
su

b
set

of
th

e
com

p
etin

g
m

eth
o
d
s

are
ap

p
licab

le,
an

d
in

so
m

e
cases

su
ch

as
o
n
lin

e
lo

gistic
regression

,
n
on

e
are.

H
ere,

w
e

sh
all

d
escrib

e
th

e
d
etails

of
each

ex
p

erim
en

tal
settin

g
a
n
d

th
e

corresp
on

d
in

g
resu

lts.

m
u
l
t
i
d
i
s
t

R
e
su

lts
S

p
a
rse

S
V

M
D

u
e

to
th

e
sm

all
size

of
ou

r
sy

n
th

etic
m
u
l
t
i
d
i
s
t

d
ata

set,
w

e
w

ere
ab

le
to

g
en

era
te

resu
lts

for
th

e
M

u
lti-K

S
V

M
task

u
sin

g
each

of
th

e
m

eth
o
d
s

sp
ecifi

ed
earlier

ex
cep

t
fo

r
IV

M
.

F
or

P
O

L
K

,
w

e
u
sed

th
e

follow
in

g
sp

ecifi
c

p
aram

eter
valu

es:
w

e
select

th
e

G
a
u
ssia

n
/
R

B
F

kern
el

w
ith

b
an

d
w

id
th
σ̃

2
=

0.6,
con

stan
t

learn
in

g
rate

η
=

6.0,
p
arsim

on
y

co
n
sta

n
t
K

=
0.04,

an
d

regu
larization

con
stan

t
λ

=
10 −

6.
F

u
rth

er,
w

e
p
ro

cessed
stream

in
g

sa
m

p
les

in
m

in
i-b

atch
es

of
size

32.
F

or
B

S
G

D
,
D

u
al,

N
O

R
M

A
,
N

P
B

S
G

D
,
a
n
d

B
P

A
,
w

e
u
sed

th
e

sa
m

e
σ̃

2
a
n
d
λ

,
b
u
t

ach
ieved

th
e

b
est

resu
lts

w
ith

sm
aller

con
stan

t
learn

in
g

rate
η

=
1.0

(p
erh

a
p
s

d
u
e,

in
p
art,

to
th

e
fact

th
at

it
is

u
n
clear

h
ow

to
fold

m
in

i-b
atch

in
g

in
to

th
eir

im
p
lem

en
tatio

n
).

F
or

D
u
al,

w
e

set
k

=
3,

w
h
ich

d
eterm

in
es

th
e

h
ow

m
a
n
y

m
o
d
el

p
o
in

ts
w

e
sea

rch
over

to
om

it
from

th
e

d
iction

ary
an

d
in

stead
con

trib
u
te

to
th

e
ran

d
om

featu
re

fu
n
ctio

n
a
l

rep
resen

tation
.

F
or

N
P

B
S
G

D
,

w
e

set
th

e
B

ern
ou

lli
p
aram

eter
p

=
m

in
(1
,β
/t)

w
ith

β
=

(45/
70)N

as
in

th
e

ex
p

erim
en

ts
of

L
e

et
al.

(2016b
).

In
ord

er
to

com
p
are

w
ith

P
O

L
K

,
w

e
set

th
e

com
p

etin
g

m
eth

o
d
s’

p
re-sp

ecifi
ed

m
o
d
el

ord
ers

or
b
u
d
g
et

p
aram

eters
to

b
e

1
6
,

i.e.,
th

e
stead

y
-state

m
o
d
el

ord
ers

of
P

O
L

K
p
aram

eterized
w

ith
th

e
valu

e
of
K

sp
ecifi

ed
a
b

ove.

In
F

ig
u
re

2
w

e
p
lot

th
e

em
p
irical

resu
lts

of
th

is
ex

p
erim

en
t

for
P

O
L

K
an

d
its

com
p

eti-
to

rs,
a
n
d

ob
serve

th
at

P
O

L
K

ou
tp

erform
s

m
an

y
of

its
com

p
etitors

b
y

an
ord

er
of

m
agn

itu
d
e

in
term

s
of

o
b

jective
evalu

ation
(F

ig
.

2(a))
an

d
test-set

error
rate

(F
ig

2(b
)).

T
h
e

n
ota

b
le

ex
cep

tio
n

is
N

P
B

S
G

D
w

h
ich

com
es

close
in

term
s

of
ob

jective
evalu

ation
b
u
t

still
fa

lls
sh

o
rt

in
term

s
of

test
error.

M
oreover,

b
ecau

se
th

e
m

argin
al

featu
re

d
en

sity
of

m
u
l
t
i
d
i
s
t

co
n
ta

in
s

1
5

m
o
d
es,

th
e

op
tim

al
m

o
d
el

o
rd

er
is
M
∗

=
15,

w
h
ich

is
ap

p
rox

im
ately

lea
rn

ed
b
y
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K
o
p
p
e
l
,
W
a
r
n
e
l
l
,
S
t
u
m
p
,
a
n
d

R
ib
e
ir
o

m
u
l
t
i
d
i
s
t

A
lg

o
rith

m
M

u
lti-K

S
V

M
M

u
lti-L

ogistic
(risk

/
e
rro

r/
m
o
d
e
l
o
rd

e
r)

(risk
/
e
rro

r/
m
o
d
e
l
o
rd

e
r)

L
IB

S
V

M
−
/
3.92/656

−
/−

/−
L

-B
F

G
S

0
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IV
M

−
/−
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0
.0894/
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F
ou

rier
−
/
3.88/5000

−
/3
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N
y
ström

−
/
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−
/3
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1000

B
S
G

D
0
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21.8
/
16

−
/−

/−
D

u
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1.598
/
30.5

.8/
15

1
.417

/
48.4

/15

N
O

R
M

A
0
.751/

33.1
/
16

1.26/29.3/
16

N
P

B
S
G

D
0
.334/

11.6
/
16

0
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/
3.92/

16

B
P

A
0
.947/

64.1
/
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−
/−

/−
P

O
L

K
0
.0

9
1
9
/3
.9

8
/1

6
0
.1

2
0
/4
.3

6
/1

6

T
ab

le
2:

C
om

p
arison

of
d
iff

eren
t

m
eth

o
d
s

on
th

e
m
u
l
t
i
d
i
s
t

d
ata

set
for

ex
tractin

g
th

e
op

tim
ally

sp
arse

fu
n
ction

al
rep

resen
tation

,
i.e.,

K
=

0
.04

for
P

O
L

K
an

d
M

=
16

for
on

lin
e

com
p

etitors.
R

ep
orted

risk
an

d
erro

r
valu

es
for

P
O

L
K

an
d

B
S
G

D
w

ere
averaged

over
th

e
fi
n
al

5%
of

p
ro

cessed
train

in
g

ex
am

p
les.

D
ash

es
in

d
icate

w
h
ere

th
e

m
eth

o
d

cou
ld

n
ot

b
e

u
sed

to
gen

erate
resu

lts
b

ecau
se

it
is

n
ot

d
efi

n
ed

for
th

at
task

.
L

IB
S
V

M
is

u
sed

as
a

b
aselin

e,
b
u
t

n
ote

th
at

it
u
ses

a
fu

n
d
am

en
tally

d
iff

eren
t

m
o
d
el

for
m

u
lti-class

p
rob

lem
s

(a
sep

arate
on

e-v
s-all

classifi
er

is
train

ed
for

each
class,

an
d

th
en

at
test

tim
e,

a
m

a
jo

rity
vote

is
ex

ecu
ted

),
an

d
so

a
com

p
ara

b
le

risk
valu

e
can

n
ot

com
p
u
ted

.

P
O

L
K

for
K

=
0
.04

(i.e.,
M
T

=
16)

(F
ig.

2(c)).
S
everal

altern
atives

in
itialized

w
ith

th
is

p
aram

eter,
on

th
e

oth
er

h
an

d
,

d
o

n
ot

con
verge.

O
b
serve

th
at

for
th

is
task

P
O

L
K

ex
h
ib

its
a

state
of

th
e

art
trad

e
off

b
etw

een
test

set
a
ccu

racy
an

d
n
u
m

b
er

of
sam

p
les

p
ro

cessed
–

reach
in

g
b

elow
4%

error
after

on
ly

1249
sam

p
les.

T
h
e

fi
n
al

d
ecision

su
rfa

ce
fT

of
th

is
trial

of
P

O
L

K
is

sh
ow

n
in

F
ig.

4(a),
w

h
ere

it
can

b
e

seen
th

at
th

e
selected

kern
el

d
iction

ary
elem

en
ts

con
cen

trate
n
ear

th
e

m
o
d
es

of
th

e
m

argin
al

featu
re

d
en

sity.

W
e

can
also

see
from

T
ab

le
2

th
at

P
O

L
K

com
p
ares

favorab
ly

to
th

e
b
atch

tech
n
iq

u
es

for
M

u
lti-K

S
V

M
on

th
e
m
u
l
t
i
d
i
s
t

d
ata

set.
It

ach
ieves

ap
p
rox

im
ately

th
e

sam
e

error
rate

as
L

IB
S
V

M
w

ith
sign

ifi
can

tly
few

er
m

o
d
el

p
oin

ts
(su

p
p

ort
v
ectors)

an
d

ev
en

ou
tp

erform
s

ou
r

(d
en

se)
L

-B
F

G
S

b
atch

solv
er

in
term

s
of

test-set
error,

w
h
ile

ad
d
in

g
th

e
ab

ility
to

p
ro

cess
d
ata

in
an

on
lin

e
fash

ion
.

C
om

p
ared

to
ap

p
rox

im
ate

b
atch

solvers
su

ch
as

R
an

d
om

F
ou

rier
F

eatu
res

w
ith

d
=

1000
featu

res
an

d
all

N
=

5000
sam

p
le

p
oin

ts,
w

e
o
b
serve

P
O

L
K

ob
tain

s
a

0.1%
error

in
crease

w
ith

a
99%

red
u
ction

in
m

o
d
el

com
p
lex

ity.
W

e
also

im
p
lem

en
t

N
y
ström

ap
p
rox

im
ation

w
ith

k
-m

ean
s

sam
p
led

la
n
d
m

ark
p

oin
ts

w
ith

k
=

1000
(Z

h
an

g
et

al.,
2008),

an
d

ob
serve

sim
ilar

accu
racy

resu
lts

to
ran

d
om

featu
res,

w
h
ich

in
creased

com
p
lex

ity
asso

ciated
w

ith
com

p
u
tin

g
k

m
ean

s
ov

er
th

e
en

tire
train

in
g

set.
W

e
still

rep
ort

a
m

o
d
el

ord
er

eq
u
al

to
th

e
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p
le

size
for

th
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m
eth

o
d
s,

h
ow

ever,
sin

ce
th

ey
req

u
ire

th
e

fu
ll

train
in

g
set

in
ord

er
to

im
p
lem

en
t

th
eir

ap
p
rox

im
ation

p
ro

ced
u
re.
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p
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O
L

K
an

d
it

s
co

m
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u
l
t
i
d
i
s
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d
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r
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e
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V
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n
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a
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r
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th
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P
O

L
K
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go

ri
th

m
ap

p
li
ed

to
m
n
i
s
t

d
a
ta

se
t

fo
r

th
e

M
u
lt

i-
L

og
is

ti
c

ta
sk

.
T

h
e

al
go

ri
th

m
ex

h
ib

it
s

sm
o
ot

h
er

co
n
ve

rg
en

ce
d
u
e

to
th

e
d
iff

er
en

ti
ab

il
it

y
of

th
e

lo
gi

st
ic

lo
ss

,
an

d
ac

h
ie

ve
s

as
y
m

p
to

ti
c

te
st

er
ro

r
2
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%
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W
e
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n
o
b
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rv
e

d
u
e

to
th

e
d
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se
d
at

a
d
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la
rg

er
m

o
d
el

or
d
er

s
a
re

n
ee

d
ed

to
ex

h
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it
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m
p

et
it

iv
e
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si
fi
ca

ti
on

p
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fo
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ra
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ro
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d
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u
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p
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r
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m
ap
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li
ed

to
th

e
b
r
o
d
a
t
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d
a
ta

se
t

fo
r

th
e

M
u
lt
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L

og
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ti
c

ta
sk
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W

e
ob

se
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e
co

n
ve

rg
en

t
b

eh
av

io
r,

an
d

a
cl

ea
r

tr
a
d
e

o
ff

b
et

w
ee

n
h
ig

h
er

m
o
d
el

or
d
er

an
d

in
cr

ea
se

d
ac

cu
ra

cy
.

D
u
e

to
th

is
d
a
ta

d
o
m

a
in

b
ei

n
g

a
m

or
e

ch
al

le
n
gi

n
g

ta
sk

th
an

th
e
m
n
i
s
t

d
ig

it
s,

w
e

ob
se

rv
e

a
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m
p
to

ti
c

te
st
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cu

ra
cy

of
ap

p
ro

x
im

at
el

y
4
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P
a
r
sim

o
n
io
u
s
O
n
l
in
e
L
e
a
r
n
in
g

w
it
h
K
e
r
n
e
l
s

tim
a
l

p
a
ra

m
eter

valu
es

th
at

m
in

im
ize

th
e

error
b

etw
een

th
e

fu
n
ction

an
d

ob
serv

ed
in

p
u
t-

o
u
tp

u
t

p
a
irs.

T
h
e

m
ain

reason
for

th
e

p
op

u
larity

of
p
aram

etric
fu

n
ctio

n
ap

p
rox

im
a
tion

is
its

su
ccess

in
solv

in
g

p
ractical

p
rob

lem
s,

b
u
t

th
ere

are
oth

er
factors

th
at

h
av

e
fostered

th
eir

a
d
o
p
tio

n
.

O
n
e

su
ch

factor
is

th
e

availab
ility

of
w

orkab
le,

if
n
ot

n
ecessarily

effi
cien

t,
o
p
tim

iza
tio

n
tech

n
iq

u
es

for
th

e
d
eterm

in
ation

of
th

e
op

tim
al

p
aram

eter
valu

es,
in

th
e

form
o
f

sto
ch

a
stic

g
rad

ien
t

d
escen

t
an

d
its

varian
ts.

P
aram

etric
sto

ch
astic

grad
ien

t
d
escen

t
p
ro-

cesses
tra

in
in

g
ex

am
p
les

seq
u
en

tially
an

d
h
as

a
p

er-iteration
com

p
lex

ity
th

at
is

lin
ear

on
th

e
n
u
m

b
er

o
f

p
aram

eters
b
u
t

in
d
ep

en
d
en

t
of

th
e

size
of

th
e

train
in

g
set.

D
esp

ite
th

e
su

ccess
of

p
aram

etric
tech

n
iq

u
es,

n
on

p
aram

etric
fu

n
ction

ap
p
rox

im
ation

h
as

th
e

a
d
va

n
tag

e
of

ex
p
ressive

p
ow

er
in

th
e

sen
se

th
at

th
ey

are
allow

ed
to

select
th

e
ap

p
rox

-
im

a
tin

g
fu

n
ctio

n
from

a
m

ore
gen

eral
set

of
fu

n
ction

s
th

an
th

ose
th

at
ad

m
it

a
p
aram

etric
fo

rm
ch

o
sen

a
p
rio

ri.
T

h
is

ad
van

tage
is

seen
,

e.g.,
in

th
e

im
p
roved

classifi
cation

accu
racy

o
f

(n
o
n
p
ara

m
etric)

kern
el

su
p
p

ort
vector

m
ach

in
es

(S
V

M
s)

relativ
e

to
(p

aram
etric)

lin
ear

S
V

M
s

(E
v
g
en

io
u

et
al.,

2000).
T

h
is

is
n
ot

to
say

th
at

n
on

p
aram

etric
m

eth
o
d
s

a
re

n
ecessar-

ily
b

etter.
N

eu
ral

n
etw

ork
s,

e.g.,
h
ave

p
rov

en
to

b
e

very
ad

ep
t

p
aram

etric
rep

resen
tation

s
in

im
a
g
e

cla
ssifi

cation
p
rob

lem
s

(K
rizh

ev
sk

y
et

al.,
2012).

H
ow

ever,
it

is
n
on

eth
eless

tru
e

th
a
t

th
e

b
etter

ex
p
ressive

p
ow

er
of

n
on

p
aram

etric
rep

resen
tation

s
is

of
im

p
o
rta

n
ce

in
som

e
a
p
p
lica

tio
n
s.

T
h
e

im
p

o
rtan

ce
of

ex
p
ressiven

ess
n
otw

ith
stan

d
in

g,
n
on

p
aram

etric
ap

p
roach

es
are

rel-
a
tively

less
p

o
p
u
lar.

T
h
is

is
p
artly

ex
p
lain

ed
b
y

th
e

fact
th

at,
co

n
trary

to
p
aram

etric
a
p
p
ro

a
ch

es,
w

o
rkab

le
algorith

m
s

for
th

e
m

in
im

ization
of

fu
n
ction

al
costs

are
n
ot

as
w

ell-
d
evelo

p
ed

.
In

d
eed

,
n
on

p
aram

etric
m

o
d
els

in
vo

lve
fu

n
ction

rep
resen

tation
s

th
at

d
ep

en
d

on
a
n

in
fi
n
ite

n
u
m

b
er

of
p
aram

eters.
T

h
is

is
a

ch
allen

g
e

n
ot

on
ly

b
ecau

se
op

tim
al

fu
n
ctio

n
d
e-

scrip
tio

n
s

ca
n

b
ecom

e
com

p
u
tation

ally
in

tractab
le

b
u
t,

m
ore

im
p

ortan
tly,

b
ecau

se
fi
n
d
in

g
th

ese
o
p
tim

a
l

rep
resen

tation
s

is
itself

in
tractab

le.

T
h
is

w
ork

rep
resen

ts
th

e
fi
rst

attem
p
t

at
com

p
reh

en
sively

ad
d
ressin

g
th

is
in

tractab
ility.

In
p
articu

la
r,

w
e

h
ave

p
rop

osed
solv

in
g

g
en

eral
con

v
ex

ex
p

ected
risk

m
in

im
iza

tion
p
rob

lem
s

over
a

H
ilb

ert
sp

ace
th

at
d
efi

n
es

n
on

p
aram

etric
regression

fu
n
ction

s
in

a
w

ay
th

at
gu

aran
tees

th
e

m
o
d
el

o
rd

er
of

th
e

learn
ed

fu
n
ction

d
o
es

n
ot

grow
u
n
n
ecessarily

large.
In

d
oin

g
so,

w
e

a
d
d
ressed

ch
a
llen

ges
(i)

-
(ii)

as
follow

s:
w

e
con

sid
ered

th
e

gen
eralization

of
sto

ch
astic

g
ra

d
ien

t
d
escen

t
to

th
e

kern
elized

ex
p

ected
risk

settin
g

an
d

w
e

com
p
ressed

th
e

learn
ed

d
ecisio

n
fu

n
ctio

n
in

a
w

ay
th

at
gu

aran
tees

sto
ch

astic
d
escen

t
b
y

tu
n
in

g
a

greed
y

sp
arse

a
p
p
rox

im
a
tio

n
error

criterion
to

th
e

u
n
d
erly

in
g

op
tim

ization
seq

u
en

ce.
T

h
e

resu
lt

is
an

a
lm

o
st-su

re
co

n
vergen

t
fu

n
ction

seq
u
en

ce
w

ith
m

o
d
erate

com
p
lex

ity
th

at
is

ab
le

to
o
p

erate
in

tru
e

o
n
lin

e
settin

gs.

In
d
eed

,
o
u
r

ex
p

erim
en

ts
h
av

e
sh

ow
n

th
at

P
O

L
K

p
erform

s
com

p
arab

ly
to

b
atch

kern
el

m
eth

o
d
s

in
term

s
of

accu
racy,

w
h
ile

its
m

o
d
el

com
p
lex

ity
is

red
u
ced

b
y

ord
ers

of
m

agn
itu

d
e.

A
d
d
itio

n
a
lly,

w
e

ob
serve

state-of-th
e-art

p
erform

an
ce

in
term

s
of

test-set
accu

racy
relative

to
th

e
n
u
m

b
er

of
sam

p
les

p
ro

cessed
.

S
u
ch

p
erfo

rm
an

ce
is

k
ey

to
a
ch

iev
in

g
reason

ab
le

p
erfo

rm
a
n
ce

in
m

an
y

ap
p
lication

s
of

in
terest,

e.g.,
w

h
en

learn
in

g
on

rob
otics

p
latform

s
o
p

era
tin

g
in

u
n
k
n
ow

n
en

v
iron

m
en

ts.
In

th
is

case,
th

e
on

lin
e

n
atu

re
o
f

th
e

p
rob

lem
is

in
trin

sic
a
n
d

d
u
e

to
a

lack
of

p
rior

in
form

ation
on

th
eir

op
eratin

g
d
om

ain
(K

op
p

el
et

al.,
2
0
1
6
).

O
n

th
e

o
th

er
h
an

d
,

it
m

u
st

b
e

n
oted

th
at

P
O

L
K

,
an

d
even

b
atch

kern
el

m
eth

o
d
s,

fo
r

certa
in

la
rg

e-scale
su

p
erv

ised
learn

in
g

task
s,

h
av

e
n
ot

m
et

th
e

h
igh

b
ar

of
asy

m
p
totic
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K
o
p
p
e
l
,
W
a
r
n
e
l
l
,
S
t
u
m
p
,
a
n
d

R
ib
e
ir
o

test
set

accu
racy

set
forth

b
y

b
atch

ap
p
roach

es
to

d
eep

learn
in

g
(K

rizh
ev

sk
y

et
al.,

2012).
W

e
b

elieve
th

is
d
iscrep

an
cy

is
on

accou
n
t

of
th

e
sin

gle-lay
er

n
atu

re
of

th
e

n
on

p
aram

etric
regressor,

w
h
ich

is
tied

to
th

e
ch

oice
of

rep
ro

d
u
cin

g
kern

el
u
sed

in
ou

r
ex

p
erim

en
ts.

O
f

cou
rse,

m
ore

com
p
licated

m
u
lti-lay

er
com

p
osite

kern
els

m
ay

b
e

u
sed

,
b
ased

on
th

e
fact

th
at

a
com

p
osition

an
d

p
ositive

lin
ear

com
b
in

ation
of

kern
els

is
still

a
kern

el
(T

h
eo

d
orid

is,
2
015,

C
h
.

11).
H

ow
ever,

th
e

scalab
le

d
ev

elop
m

en
t

of
on

lin
e

n
on

p
aram

etric
m

eth
o
d
s

b
ased

on
su

ch
com

p
osite

kern
els

is
n
ot

straigh
t-forw

ard
,

an
d

left
to

fu
tu

re
w

ork
.

A
p
p
e
n
d
ix

A
.
T
e
ch

n
ica

l
R
e
su

lts

N
ex

t
w

e
estab

lish
an

au
x
iliary

resu
lt

n
eed

ed
to

p
rove

T
h
eorem

s
2

an
d

3
w

h
ich

b
o
u
n
d
s

th
e

m
agn

itu
d
e

of
th

e
iterates

of
A

lgorith
m

2
in

th
e

H
ilb

ert
n
orm

.

P
ro

p
o
sitio

n
7

L
et

A
ssu

m
p
tio

n
s

1
-4

h
o
ld

a
n

d
d
en

o
te
{f
t }

a
s

th
e

sequ
en

ce
gen

era
ted

by
A

lgo
rith

m
2

w
ith

f
0

=
0.

F
u

rth
er

d
en

o
te
f
∗

a
s

th
e

o
p
tim

u
m

d
efi

n
ed

by
(1).

B
o
th

qu
a
n

tities
a
re

bo
u

n
d
ed

by
th

e
co

n
sta

n
t
K

:=
C
X
/λ

in
H

ilbert
n

o
rm

fo
r

a
ll
t

a
s

‖f
t ‖H
≤
C
Xλ
,

‖f
∗‖H
≤
C
Xλ

(36)

P
ro

o
f:

F
irst,

sin
ce

w
e

rep
eated

ly
u
se

th
e

C
au

ch
y
-S

ch
w

artz
in

eq
u
ality

togeth
er

w
ith

th
e

rep
ro

d
u
cin

g
k
ern

el
p
rop

erty
in

th
e

follow
in

g
an

aly
sis,

w
e

h
ere

n
ote

th
at

for
all

g
∈
H

,
|g

(x
t )|≤

|〈g
,κ

(x
t ,·)〉H |≤

X
‖g‖H

.
N

ow
,

con
sid

er
th

e
m

a
gn

itu
d
e

of
f

1
in

th
e

H
ilb

ert
n
orm

,
given

f
0

=
0

‖
f

1 ‖H
=
∥∥∥ P
H

D
1 [η

0 ∇
f `(0,y

0 ) ] ∥∥∥H
≤
η

0 ‖∇
f `(0,y

0 )‖H
≤
η

0 |` ′(0,y
0 )|‖κ

(x
0 ,·)‖H

≤
η

0 C
X
<
C
Xλ

(37)

T
h
e

fi
rst

eq
u
ality

com
es

from
su

b
stitu

tin
g

in
f

0
=

0
an

d
th

e
secon

d
in

eq
u
ality

com
es

from
th

e
d
efi

n
ition

of
op

tim
ality

con
d
ition

of
th

e
p
ro

jection
op

erator
an

d
th

e
h
om

ogen
eity

of
th

e
H

ilb
ert

n
orm

,
an

d
th

e
th

ird
u
ses

th
e

d
erivation

of
th

e
fu

n
ction

al
sto

ch
astic

grad
ien

t
in

(10)
w

ith
th

e
C

au
ch

y
-S

ch
w

artz
in

eq
u
ality.

L
astly,

w
e

m
ake

u
se

of
A

ssu
m

p
tion

s
1

an
d

2
to

b
ou

n
d

th
e

scalar
d
erivative

` ′
u
sin

g
th

e
L

ip
sch

itz
con

stan
t,

an
d

th
e

b
ou

n
d
ed

n
ess

of
th

e
kern

el
m

ap
[cf.

(26)].
T

h
e

fi
n
al

strict
in

eq
u
ality

in
(37)

com
es

from
ap

p
ly

in
g

th
e

step
-size

con
d
ition

η
0
<

1
/λ

.
N

ow
w

e
con

sid
er

th
e

in
d
u
ction

step
.

G
iven

th
e

in
d
u
ction

h
y
p

oth
esis
‖f
t ‖H
≤
C
X
/λ

,
con

sid
er

th
e

m
agn

itu
d
e

of
th

e
iterate

at
th

e
tim

e
t

+
1

a
s

‖
f
t+

1 ‖H
=
∥∥∥ P
H

D
t+

1 [(1−
η
t λ

)f
t −

η
t ∇

f `(f
t (x

t ),y
t ) ] ∥∥∥H

≤
‖(1−

η
t λ

)f
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b
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p
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d
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ra
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d
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d
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re
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n
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>
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>
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d
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ra
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∇̂
f
`(
f t

(x
t)
,y
t)
∥ ∥ ∥2 H

=
∥ ∥ ∥

1 η t

( f t
−
η t
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b
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u
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p
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‖f̃
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p
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=
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b
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b
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∗ ‖

2 H
=
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b
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∗ ‖
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‖f
t
−
f
∗ ‖

2 H
−

2
η t
〈f
t
−
f
∗ ,
∇̂
f
`(
f t

(x
t)
,y
t)
〉 H

(4
6)

+
2
ε t
‖f
t
−
f
∗ ‖
H

+
η

2 t
‖∇̃
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[ ‖
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∣ ∣ F
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c
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b
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+
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−
η
λ)
η
`′ (
f t
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−
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(1

9
7
8
),

bu
t

u
su

a
lly

requ
ire

a
h
igh

er
co

m
p
u

ta
-

tio
n

a
l

eff
o
rt

per
itera

tio
n

.
T

yp
ica

l
a
d
va

n
ta

ges
o
f

S
A

a
lgo

rith
m

s
a
re

th
eir

very
m

ild
m

em
o
ry

requ
irem

en
ts

a
n

d
th

e
sm

a
ll

co
m

p
u

ta
tio

n
a
l

eff
o
rt

per
itera

tio
n

.
If

th
e

co
st

o
f

a
fu

n
ctio

n
eva

lu
a
tio

n
is

very
h
igh

,
th

en
even

a
co

n
sid

era
ble

co
m

p
u

ta
tio

n
a
l

eff
o
rt

per
itera

tio
n

m
a
y

be
n

egligible
w

ith
respect

to
th

e
co

st
o
f

a
fu

n
ctio

n
eva

lu
a
tio

n
,

a
n

d
a
lgo

rith
m

s
w

h
ich

requ
ire

few
fu

n
ctio

n
eva

lu
a
tio

n
s

a
re

p
refera

ble;
o
th

erw
ise,

a
lso

th
e

co
m

p
u

ta
tio

n
a
l

eff
o
rt

per
itera

tio
n

sh
o
u

ld
be

ta
ken

in
to

a
cco

u
n

t,
a
n

d
fro

m
th

is
po

in
t

o
f

view
S

A
a
lgo

rith
m

s
a
re

o
ften

better
th

a
n

o
th

er
a
lgo

rith
m

s.”
H

ow
ever

S
A

algorith
m

s
h
ave

b
een

d
esign

ed
an

d
ex

ten
sively

stu
d
ied

in
a

con
tex

t
w

h
ere

th
e

ex
a
ct

cost
cou

ld
b

e
ob

served
.

W
e

recall
b

elow
som

e
b
asic

facts
in

th
e

n
oiseless

case
(S

ectio
n

1
.2

)
a
n
d

th
en

p
resen

t
th

e
n
oisy

case
w

h
ich

is
th

e
settin

g
ad

d
ressed

in
th

is
p
ap

er
(S

ectio
n

1
.3

).

1
.2

.
S

im
u

la
te

d
A

n
n

e
a
lin

g
w

ith
o
u

t
N

o
ise

L
et
E

b
e

som
e

fi
n
ite

search
sp

ace
an

d
J

:
E
→

R
+

a
fu

n
ction

th
at

w
e

w
an

t
to

m
in

im
ize,

ca
lled

co
st

th
ereafter.

S
im

u
la

ted
A

n
n
ealin

g
is

a
classical

glob
al

op
tim

ization
m

eth
o
d
.

It
aim

s
at

b
u
ild

in
g

a
seq

u
en

ce
o
f

elem
en

ts
from

E
w

h
ose

last
elem

en
t

is
d
raw

n
from

a
u
n
iform

p
rob

ab
ility

law
o
n

th
e

su
b
set

of
glo

ba
l

m
in

im
a

of
J

.
In

oth
er

w
ord

s
it

aim
s

at
sam

p
lin

g
from

th
e

follow
in

g
d
istrib

u
tio

n

µ
?

=
1
S
o
p
t

|S
o
p
t |
,

w
h
ere

S
o
p
t

=
{
x
,J

(x
)

=
m

in
y∈
E
J

(y
)}

an
d
|.|

d
en

otes
th

e
ca

rd
in

ality
of

a
set.

S
u
ch

a
sa

m
p
lin

g
is

o
f

cou
rse

n
ot

straigh
tforw

ard
b
u
t

on
e

can
n
otice

th
at

th
is

d
istrib

u
tio

n
ca

n
b

e
rew

ritten
in

th
e

follow
in

g
form

:

∀
x
∈
E
,
µ
?(x

)
=

lim
T→

0

e
−
J
(x

)
T

∑
y∈
E
e

−
J
(y

)
T

,

a
n
d

it
is

w
ell-k

n
ow

n
th

at
th

e
G

ib
b
s

d
istrib

u
tion

s
of

th
e

form
µ
T

=
e

−
J
T
/ ∑

e
−
J
T

are
ef-

fi
cien

tly
sa

m
p
led

for
reason

ab
ly

low
tem

p
eratu

res
T
∈

R
+

u
sin

g
th

e
M

etrop
olis-H

astin
gs

a
lg

o
rith

m
(A

a
rts

an
d

K
orst,

1988).
A

q
u
ite

n
atu

ral
a
ttem

p
t

is
th

erefore
to

b
u
ild

a
se-

q
u
en

ce
o
f

seq
u
en

ces
ob

tain
ed

u
sin

g
M

etrop
olis-H

astin
gs

algorith
m

for
a

set
of

d
ecreasin

g
tem

p
era

tu
res.

In
p
articu

lar,
at

a
very

low
tem

p
eratu

re,
th

e
M

etrop
olis-H

astin
gs

algorith
m

g
en

era
tes

ex
p
lo

ratory
m

ov
es

th
at

are
accep

ted
w

ith
very

low
p
rob

ab
ilities,

w
h
ich

m
akes

it
a

v
ery

b
a
d

sam
p
ler.

T
h
erefore

it
is

n
ecessary

to
fi
rst

en
cou

rage
ex

p
loration

b
y

u
sin

g
a

sa
m

p
lin

g
a
t

h
ig

h
er

tem
p

eratu
res.

A
low

er
b

ou
n
d

on
th

e
tem

p
eratu

re
at

each
step

en
su

rin
g

a
co

n
v
erg

en
ce

in
p
rob

ab
ility

of
th

e
algorith

m
h
as

b
een

p
rov

id
ed

b
y

H
a

jek
(1988).

A
t

th
e

sa
m

e
tim

e
an

o
th

er
p
ro

of
of

con
vergen

ce
u
sin

g
m

o
d
ern

sem
i-grou

p
rep

resen
tation

of
M

a
rkov

p
ro

cesses
h
a
s

b
een

ob
tain

ed
b
y

H
olley

an
d

S
tro

o
ck

(1988).
T

h
e

ob
tain

ed
b

ou
n
d
s

a
re

less
ex

p
licit

b
u
t

co
n
tain

in
form

ation
ab

ou
t

th
e

con
vergen

ce
rate

an
d

th
e

p
ro

of
sch

em
e

is
m

u
ch

m
ore

g
en

era
l.

W
e

set
ou

r
w

ork
in

th
e

con
tin

u
ity

of
th

is
last

w
ork

an
d

u
se

sim
ila

r
n
otation

s.
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B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

1
.3

.
S

im
u

la
te

d
A

n
n

e
a
lin

g
w

ith
N

o
isy

E
v
a
lu

a
tio

n
s

A
s

m
en

tion
ed

p
rev

iou
sly,

ou
r

m
ain

in
terest

is
to

ex
ten

d
su

ch
a

m
eth

o
d

of
sim

u
lated

an
n
eal-

in
g

to
th

e
sto

ch
astic

case:

F
in

d
x
?

=
arg

m
in

x∈
E

E
ω
(U

(x
,ω

))

w
h
ere

ω
is

a
ran

d
om

in
p
u
t

of
a

b
ou

n
d
ed

cost
fu

n
ction

U
w

h
ose

ex
p

ecta
tion

can
on

ly
b

e
n
u
m

erically
estim

ated
th

rou
gh

M
on

te
C

arlo
sim

u
lation

s.
In

oth
er

w
ord

s,
w

e
con

sid
er

J
(.)

=
E
ω
(U

(.,ω
)).

T
h
is

q
u
estion

is
n
o
t

n
ovel

an
d

several
attem

p
ts

w
ere

m
ad

e
to

ad
d
ress

th
is

p
rob

lem
th

eoretically
in

th
e

90’s.
G

elfan
d

an
d

M
itter

(1989)
w

ere
p
rob

ab
ly

th
e

fi
rst

on
es

to
in

tro
d
u
ce

th
e

n
otion

of
sim

u
lated

an
n
ealin

g
w

ith
n
oisy

m
easu

rem
en

ts.
T

h
ey

as-
su

m
ed

an
ad

d
itive

G
au

ssian
n
oise

in
d
ep

en
d
en

t
of

th
e

evalu
ation

p
oin

t
an

d
gave

a
su

ffi
cien

t
con

d
ition

for
th

e
d
ecrease

of
th

e
varian

ce
σ

2k
of

th
is

n
oise,

to
en

su
re

con
vergen

ce
of

th
e

al-
gorith

m
to

th
e

op
tim

al
set.

G
u
tjah

r
an

d
P

fl
u
g

(1996)
ex

ten
d
ed

th
e

resu
lts

to
d
istrib

u
tion

s
th

at
are

m
ore

p
eaked

arou
n
d

zero
th

an
th

e
G

au
ssian

d
istrib

u
tion

.
T

h
eir

con
vergen

ce
resu

lt
can

b
e

stated
rou

gh
ly

as
follow

s:

T
h

e
o
re

m
1

(G
u

tja
h

r
a
n

d
P

fl
u

g
1
9
9
6
)

L
et

(X
k )
k∈

N
d
en

o
te

th
e

sequ
en

ce
o
f

sta
tes

in
E

visited
by

th
e

sim
u

la
ted

a
n

n
ea

lin
g

a
lgo

rith
m

w
ith

M
o
n

te
C

a
rlo

sa
m

p
lin

g
o
f

th
e

n
o
isy

m
ea

su
rem

en
ts.

If:

(i)
th

e
co

n
vergen

ce
co

n
d
itio

n
s

fro
m

(H
a
jek,

1
9
8
8
)

a
re

sa
tisfi

ed

(ii)
∃
ε
>

0
su

ch
th

a
t

th
e

sta
n

d
a
rd

erro
r

o
f

th
e

n
o
ise

a
t

step
k

o
f

th
e

a
lgo

rith
m
σ

2k
=

O
(k −

(2
+
ε))

th
en
∀
x
∈
E
,

lim
k→

+
∞
P

(X
k

=
x

)
=
µ
?(x

),
w

h
ere

µ
?

is
th

e
u

n
ifo

rm
d
istribu

tio
n

o
n

th
e

glo
ba

l

m
in

im
a

o
f

th
e

expected
co

st.

T
h
is

resu
lt

p
rov

id
ed

a
fi
rst

an
sw

er
to

ou
r

q
u
estion

ab
ou

t
th

e
con

v
ergen

ce
of

th
e

algo-
rith

m
in

th
e

sto
ch

astic
case.

H
ow

ever
th

e
con

vergen
ce

statem
en

t
ab

ove
d
id

n
ot

give
an

y
in

form
ation

ab
ou

t
th

e
con

v
ergen

ce
rate

of
th

e
algorith

m
.

F
ollow

in
g

th
e

n
oise-free

p
ro

of
of

A
arts

an
d

K
orst

(1988),
H

om
em

-d
e

M
ello

(2000)
p
rov

id
ed

an
ex

ten
sion

of
th

is
state-

m
en

t
to

th
e

n
oisy

case
w

ith
b

ou
n
d
ed

varian
ce

an
d

in
tro

d
u
cin

g
a

state
d
ep

en
d
en

t
n
oise.

H
e

ob
tain

ed
th

e
sam

e
con

strain
t

on
th

e
d
ecrease

of
th

e
varian

ce
an

d
th

e
sam

e
con

vergen
ce

statem
en

t.
H

e
also

h
igh

ligh
ted

th
e

n
eed

for
a
n

ex
ten

d
ed

resu
lt

con
cern

in
g

th
e

rate
of

con
-

vergen
ce

an
d

for
n
u
m

erical
ex

p
erim

en
ts.

In
d
eed

on
th

is
secon

d
p

oin
t

w
e

can
m

en
tion

th
e

w
ork

s
of

F
in

k
(1998)

an
d

B
ran

ke
et

al.
(2008)

th
at

ad
d
ressed

th
is

issu
e.

F
in

k
(1998)

m
ad

e
a

very
in

terestin
g

p
rop

osition
in

th
e

fram
ew

ork
of

G
au

ssian
n
oise.

H
e

p
rop

osed
to

u
se

th
e

n
oise

of
m

easu
rem

en
t

to
d
rive

th
e

sim
u
lated

an
n
ealin

g,
i.e.,

accep
t

a
m

ov
e

if
th

e
esti-

m
ated

cost
of

th
e

p
rop

osed
solu

tion
is

low
er

th
an

th
e

on
e

of
th

e
cu

rren
t

solu
tion

.
U

sin
g

an
an

alogy
w

ith
th

e
G

lau
b

er
accep

tan
ce

m
ech

an
ism

,
w

h
ich

is
a

sy
m

m
etric

altern
ative

to
th

e
M

etrop
olis-H

astin
g

m
ech

an
ism

(A
arts

an
d

K
orst,

1988),
h
e

p
rop

osed
a

far
m

ore
effi

cien
t

criteria
for

th
e

varian
ce

d
ecrease,

i.e.,
σ
k

=
O

(log
(k

) −
2).

U
n
fortu

n
ately

h
e

on
ly

p
rov

id
ed

a
few

n
u
m

erical
ex

am
p
les

to
valid

ate
h
is

statem
en

t
an

d
a

th
eoretical

p
ro

of
is

still
m

issin
g.
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
is
y
si
m
u
l
a
t
e
d

a
n
n
e
a
l
in
g

1
.4

.
M

a
in

C
o
n
tr

ib
u

ti
o
n

s

In
th

is
p
ap

er
w

e
co

n
si

d
er

a
si

m
u
la

te
d

an
n
ea

li
n
g

al
go

ri
th

m
b
as

ed
on

m
in

i-
b
at

ch
es

of
in

-
cr

ea
si

n
g

si
ze

.
M

or
e

p
re

ci
se

ly
,

at
ea

ch
it

er
at

io
n
,

th
e

ex
p

ec
te

d
co

st
is

es
ti

m
at

ed
b
y

M
on

te
C

ar
lo

sa
m

p
li
n
g

of
in

cr
ea

si
n
g

si
ze

s.
T

h
e

es
ti

m
at

ed
co

st
at

st
ep

k
of

th
e

al
go

ri
th

m
is

th
u
s
Ê ω

(U
(x
k
,ω

))
=

1
/N

k
∑

N
k

i=
1
U

(x
k
,ω

i)
,

w
h
er

e
N
k

is
an

in
cr

ea
si

n
g

se
q
u
en

ce
a
n
d
ω
i

ar
e

i.
i.
d
.

ra
n
d
om

va
ri

ab
le

s
h
av

in
g

th
e

sa
m

e
la

w
as

ω
.

T
h
e

co
st

ca
n

b
e

w
ri

tt
en

al
so

as
Ê ω

(U
(x
k
,ω

))
=

E ω
(U

(x
k
,ω

))
+
ζ ω

(x
k
),

w
h
er

e
ζ ω

(x
k
)

is
so

m
e

b
ou

n
d
ed

ra
n
d
om

va
ri

ab
le

.
W

e
d
en

ot
e
σ

2 k
:=

V
ar

(ζ
ω
(x
k
))

,
th

e
va

ri
an

ce
of

p
o
st

-s
am

p
li
n
g

n
oi

se
.

A
s

it
is

d
ir

ec
tl

y
li
n
ke

d
to

th
e

n
u
m

b
er

of
m

ea
su

re
m

en
ts

m
ad

e
d
u
ri

n
g

th
e

m
in

i-
b
at

ch
,

it
ca

n
b

e
tu

n
ed

b
y

th
e

u
se

r.

R
a
t
e
o
f
c
o
n
v
e
r
g
e
n
c
e
f
o
r
a
l
l
v
a
r
ia
n
c
e
s
o
f
p
o
ly

n
o
m
ia
l
d
e
c
a
y
.

In
th

e
se

q
u
el

w
e

fi
rs

t
sh

ow
th

at
th

eo
re

ti
ca

l
gu

ar
an

te
es

of
T

h
eo

re
m

1
ca

n
b

e
ex

te
n
d
ed

to
su

b
-G

au
ss

ia
n

ra
n
-

d
om

va
ri

ab
le

s
(e

.g
.,

b
ou

n
d
ed

n
oi

se
d
is

tr
ib

u
ti

on
s)

w
it

h
st

ro
n
ge

r
co

n
ve

rg
en

ce
re

su
lt

s
fo

r
th

is
al

go
ri

th
m

.
In

d
ee

d
w

e
sh

ow
th

at
co

n
ve

rg
en

ce
ca

n
b

e
en

su
re

d
if

th
e

n
u
m

b
er

of
m

ea
su

re
m

en
ts

is
ch

os
en

su
ch

th
at
σ
k

=
O

(k
−

(α
/
2
) )

w
it

h
α
>

0,
w

h
ic

h
co

rr
es

p
on

d
s

to
N
k

of
th

e
or

d
er
k
α
.

O
n
e

ca
n

ob
se

rv
e

th
at

,
as

op
p

os
ed

to
G

u
tj

ah
r

an
d

P
fl
u
g

(1
99

6)
,

th
e

co
n
ve

rg
en

ce
st

il
l

h
ol

d
s

fo
r
α
≤

2.
T

h
is

is
su

m
m

ar
iz

ed
in

T
h
eo

re
m

3.

W
e

d
er

iv
e

th
e

ra
te

of
co

n
ve

rg
en

ce
of

th
e

p
ro

ce
d
u
re

(T
h
eo

re
m

5)
an

d
op

ti
m

iz
e

it
(C

or
ol

-
la

ry
1)

w
it

h
re

sp
ec

t
to

th
e

n
oi

sy
si

m
u
la

te
d

an
n
ea

li
n
g

al
go

ri
th

m
p
ar

am
et

er
s

in
or

d
er

to
p
ro

v
id

e
a

m
in

im
al

to
ta

l
n
u
m

b
er

of
m

ea
su

re
m

en
ts

at
gi

v
en

ac
cu

ra
cy

an
d

co
n
fi
d
en

ce
re

q
u
ir

e-
m

en
ts

.
T

h
is

le
ad

s
to

th
e

op
ti

m
al

va
lu

e
α

=
2

fo
r

w
h
ic

h
th

e
n
u
m

b
er

of
co

st
ev

al
u
at

io
n
s

in
cr

ea
se

s
fa

st
en

ou
gh

to
en

su
re

al
m

os
t

th
e

sa
m

e
co

n
ve

rg
en

ce
ra

te
as

in
th

e
n
oi

se
-f

re
e

ca
se

.
T

h
is

sh
ow

s
th

at
th

e
co

n
ve

rg
en

ce
ra

te
is

li
m

it
ed

b
y

th
e

co
n
ce

n
tr

at
io

n
sp

ee
d

of
th

e
G

ib
b
s

m
ea

su
re

ar
ou

n
d

it
s

m
o
d
es

.
A

cc
or

d
in

g
to

ou
r

co
n
ce

n
tr

at
io

n
re

su
lt

,
in

cr
ea

si
n
g

th
e

es
ti

m
at

io
n

eff
or

t
ca

n
n
ot

in
cr

ea
se

th
e

p
er

fo
rm

an
ce

of
th

e
al

go
ri

th
m

ab
ov

e
th

is
li
m

it
.

O
n

th
e

ot
h
er

h
an

d
th

e
co

n
ve

rg
en

ce
st

il
l

h
ol

d
s

fo
r

a
d
ec

re
as

ed
es

ti
m

at
io

n
eff

or
t

(α
<

2)
as

so
on

as
th

e
co

ol
in

g
sc

h
ed

u
le

is
sl

ow
ed

co
n
se

q
u
en

tl
y.

C
o
m
p
u
t
a
t
io
n
a
l
c
o
st

in
t
h
e
g
e
n
e
r
a
l
c
a
se

.
F

in
al

ly
,

w
e

d
er

iv
e

an
u
p
p

er
b

ou
n
d

on
th

e
co

m
p
u
ta

ti
on

al
ti

m
e-

co
m

p
le

x
it

y
of

ou
r

si
m

u
la

te
d

an
n
ea

li
n
g

al
go

ri
th

m
(w

it
h

n
oi

sy
m

ea
su

re
-

m
en

ts
).

T
h
is

q
u
an

ti
ty

is
ro

u
gh

ly
of

th
e

or
d
er

of
:

e
C
1
lo
g

1 δ
ε

,

w
h
er

e
C

1
is

so
m

e
co

n
st

an
t

d
ep

en
d
in

g
on

th
e

co
st

fu
n
ct

io
n

it
se

lf
as

d
et

a
il
ed

in
C

or
ol

la
ry

1.
T

h
e

p
ro

v
id

ed
b

ou
n
d

ex
h
ib

it
an

ex
p

on
en

ti
al

d
ep

en
d
en

cy
in

1
/ε

an
d

lo
g

1
/δ

.
T

h
is

is
co

m
p
re

h
en

si
ve

re
ga

rd
in

g
th

e
ge

n
er

al
it

y
of

th
e

co
n
si

d
er

ed
p
ro

b
le

m
.

C
o
m
p
u
t
a
t
io
n
a
l
c
o
st

in
t
h
e
a
b
se

n
c
e
o
f
l
o
c
a
l
m
in
im

u
m

If
th

e
fu

n
ct

io
n

h
as

n
o

lo
ca

l
m

in
im

u
m

ap
ar

t
fr

om
th

e
gl

ob
al

m
in

im
u
m

(e
.g

.,
a

co
n
ve

x
fu

n
ct

io
n

ev
al

u
at

ed
on

a
fi
n
it

e
se

t)
th

e
te

m
p

er
at

u
re

sc
h
ed

u
le

ca
n

b
e

ad
ap

te
d

an
d

th
e

co
m

p
u
ta

ti
on

al
co

st
b

ec
o
m

es
of

th
e

or
d
er

of
:
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B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

(
C

2
lo

g
1 δ

ε

)
3

,

w
h
er

e
C

2
is

a
co

n
st

an
t

d
et

ai
le

d
in

C
or

ol
la

ry
2.

T
h
is

se
co

n
d

b
ou

n
d

in
cr

ea
se

s
in

a
p

o
ly

n
o
m

ia
l

w
ay

w
it

h
re

sp
ec

t
to

1/
ε

an
d

lo
g

1/
δ.

T
h
is

is
a

v
er

y
p

os
it

iv
e

re
su

lt
as

it
sh

ow
s

th
a
t

th
e

n
oi

sy
si

m
u
la

te
d

an
n
ea

li
n
g

al
go

ri
th

m
re

co
ve

rs
th

e
st

at
e-

of
-t

h
e-

ar
t

co
n
ve

rg
en

ce
g
u
a
ra

n
ti

es
if

st
ro

n
ge

r
h
y
p

ot
h
es

es
on

th
e

co
st

ar
e

co
n
si

d
er

ed
.

N
u
m
e
r
ic
a
l
e
x
p
e
r
im

e
n
t
s.

W
e

p
ro

v
id

e
n
u
m

er
ic

al
ev

id
en

ce
in

d
ic

at
in

g
th

at
th

e
n
u
m

er
ic

a
ll
y

ob
se

rv
ed

re
q
u
ir

em
en

ts
in

F
in

k
(1

99
8)

,
i.

e.
,
σ
k

=
O

(l
og

(k
))

,
d
o

n
ot

h
ol

d
fo

r
a

M
et

ro
p

o
li
s-

H
as

ti
n
gs

A
cc

ep
ta

n
ce

cr
it

er
ia

.
W

e
ap

p
ly

th
e

n
oi

sy
si

m
u
la

te
d

an
n
ea

li
n
g

on
cl

a
ss

ic
a
l

n
o
n

co
n
ve

x
op

ti
m

iz
at

io
n

te
st

ca
se

s
w

it
h

d
iff

er
en

t
le

ve
l

of
n
oi

se
,

b
u
t

al
so

p
er

fo
rm

a
te

st
on

a
re

al
-w

or
ld

ex
am

p
le

,
i.

e.
,

an
ai

rc
ra

ft
tr

a
je

ct
or

y
op

ti
m

iz
at

io
n

p
ro

b
le

m
u
si

n
g

a
b
la

ck
-b

ox
ai

rc
ra

ft
p

er
fo

rm
an

ce
m

o
d
el

.

1
.5

.
A

ir
c
ra

ft
T

ra
je

c
to

ry
O

p
ti

m
iz

a
ti

o
n

A
s

a
le

ad
in

g
ex

am
p
le

fo
r

th
is

se
tt

in
g,

w
e

co
n
si

d
er

th
e

p
ro

b
le

m
of

op
ti

m
iz

in
g

co
m

m
er

ci
a
l

ai
rc

ra
ft

tr
a

je
ct

or
ie

s
w

it
h

re
sp

ec
t

to
a

co
m

b
in

at
io

n
of

fu
el

co
n
su

m
p
ti

on
an

d
fl
ig

h
t

d
u
ra

ti
o
n
:.

F
in

d
u
?

=
ar

g
m

in
u

g
(x

(t
f
),
t f

)
+

∫
t f

t 0

−
ṁ

(x
(s

),
u

(s
))
d
s

s.
t.
∀t
>
t 0
ẋ

(t
)

=
f

(x
(t

),
u

(t
))

x
(t

0
)

=
x

0

d
(t
f
)

=
d
f
,

w
h
er

e
x

is
th

e
st

at
e

of
th

e
ai

rc
ra

ft
,
m

it
s

m
as

s,
ṁ

it
s

in
st

an
ta

n
eo

u
s

fu
el

co
n
su

m
p
ti

o
n
,
d

th
e

gr
ou

n
d

d
is

ta
n
ce

it
h
as

fl
ow

n
ov

er
,
u

th
e

p
at

h
co

n
tr

ol
,
f

th
e

in
st

an
ta

n
eo

u
s

d
y
n
a
m

ic
a
n
d
g

th
e

te
rm

in
al

co
st

fu
n
ct

io
n
.

T
h
e

p
at

h
co

n
tr

ol
u

is
th

e
co

m
b
in

at
io

n
of

th
e

th
ru

st
ra

ti
n
g
δ T

an
d

th
e

li
ft

co
effi

ci
en

t
C
l.

u
=

(
C
l

δ T

)

E
st

im
at

es
of

th
e

co
st

of
tr

a
je

ct
or

ie
s

ar
e

u
su

al
ly

ob
ta

in
ed

th
ro

u
gh

n
u
m

er
ic

al
in

te
g
ra

ti
o
n

of
th

e
fl
ig

h
t

d
y
n
am

ic
eq

u
at

io
n
s,
f

:

ẋ
=

     

V̇ γ̇ ḣ ḋ ṁ

     
=

     

(T
(h
,V
,δ
T

)
−
D

(h
,V
,C

L
))

1 m
−
g

si
n
γ

(L
(h
,V
,C

L
)
−
m
g

co
s
γ

)
1
m
V

V
si

n
(γ

)
V

co
s(
γ

)
η
T

(h
,V

)

     

w
h
er

e
T

is
th

e
th

ru
st

,
D

th
e

d
ra

g,
L

th
e

li
ft

,
η

th
e

sp
ec

ifi
c

fu
el

co
n
su

m
p
ti

o
n
,
γ

th
e

p
a
th

an
gl

e,
V

th
e

sp
ee

d
of

th
e

ai
rc

ra
ft

an
d
h

it
s

h
ei

gh
t.

T
h
es

e
eq

u
at

io
n
s

in
vo

lv
e

so
m

e
te

rm
s
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
isy

sim
u
l
a
t
e
d

a
n
n
e
a
l
in
g

like
th

e
a
ero

d
y
n
am

ic
d
rag

co
effi

cien
t

(C
D

)
or

m
ax

im
al

p
rop

u
lsion

eff
ort

(T
m
a
x )

w
h
o

are
estim

a
ted

u
sin

g
in

terp
olation

of
ex

p
erim

en
tal

lo
cal

m
easu

rem
en

ts.

T
(h
,V
,δ
T

)
=
δ
T
T
m
a
x (h

,V
)

L
(h
,V
,C

L
)

=
12
ρ
(h
,V

)S
V

2C
L

D
(h
,V
,C

L
)

=
12
ρ
(h
,V

)S
V

2C
D

(C
L
,V

)

N
o

a
n
aly

tic
so

lu
tion

is
th

erefore
availab

le
n
or

con
ceivab

le.
M

oreov
er

th
e

relation
b

etw
een

co
st

a
n
d

tra
jectory

con
trol

p
aram

eters
can

n
ot

reason
a
b
ly

b
e

assu
m

ed
to

b
e

con
v
ex

.
A

t
la

st,
th

e
co

st
estim

ation
relies

on
som

e
p
red

icted
fl
igh

t
con

d
ition

s
in

clu
d
in

g
a
tm

osp
h
eric

o
n
es.

H
en

ce,
real-fl

igh
t

costs
can

th
u
s

d
ev

iate
su

b
stan

tia
lly

fro
m

th
eir

p
red

iction
s

an
d

som
e

u
n
certa

in
ty

p
ro

p
agation

m
eth

o
d

m
u
st

b
e

ap
p
lied

to
ob

tain
an

accu
rate

estim
ate

o
f

th
e

ex
-

p
ected

fl
ig

h
t

costs.
In

oth
er

w
ord

s
th

e
fu

n
ction

w
e

w
an

t
to

m
in

im
ize

can
o
n
ly

b
e

evalu
ated

w
ith

a
certa

in
ran

d
om

error,
w

h
ich

corresp
on

d
s

ex
actly

to
th

e
settin

g
of

th
is

p
ap

er.
F

in
a
lly,

th
e

co
m

p
u
ta

tio
n
al

effi
cien

cy
is

a
k
ey

in
gred

ien
t

as
it

m
u
st

b
e

p
erform

ed
on

ly
a

few
h
ou

rs
b

efo
re

th
e

p
la

n
n
ed

fl
igh

t.
F

or
m

ore
in

form
ation

ab
ou

t
aircraft

tra
jectory

op
tim

ization
w

e
refer

to
B

etts
(1998).

T
h
is

ex
a
m

p
le

com
p
letely

fi
ts

ou
r

req
u
irem

en
t

as
th

e
com

p
u
tation

of
th

e
cost

of
on

e
sin

gle
co

m
p
lete

tra
jectory

is
q
u
ite

fast,
i.e.,

less
th

an
a

secon
d
.

T
h
erefore,

th
e

E
G

O
algorith

m
(J

o
n
es

et
al.,

1
998)

w
ou

ld
n
ot

b
e

su
ited

for
th

is
ap

p
lication

.
O

n
th

e
oth

er
h
an

d
form

u
-

la
tio

n
s

b
a
sed

o
n

th
e

D
IR

E
C

T
algorith

m
(J

on
es

et
al.,

1993
)

w
ou

ld
su

ff
er

stron
g
ly

from
th

e
d
im

en
sio

n
of

th
e

p
rob

lem
.

A
n

ad
d
ition

al
elem

en
t

th
at

m
otivates

th
e

u
se

of
sim

u
lated

a
n
n
ea

lin
g

is
th

e
fact

th
at

in
th

e
case

of
tra

jectory
op

tim
ization

th
e

set
of

ad
m

issib
le

con
-

tro
ls

is
n
o
t

k
n
ow

n
in

ad
van

ce
as

it
is

p
ath

d
ep

en
d
en

t.
W

e
can

on
ly

en
su

re
th

at
th

is
set

is
co

n
n
ected

.
T

h
is

im
p
lies

in
p
articu

lar
th

at
n
o

p
ro

jection
on

th
e

con
strain

ts
ca

n
b

e
p

er-
fo

rm
ed

an
d

ex
clu

d
es

th
e

p
ro

jected
sto

ch
astic

grad
ien

t
d
escen

t
for

ex
am

p
le.

In
th

e
case

o
f

sim
u
la

ted
a
n
n
ealin

g,
a

v
ery

sim
p
le

step
can

b
y
p
ass

th
is

issu
e.

B
y

settin
g

th
e

va
lu

e
of

th
e

co
st

to
in

fi
n
ity

w
h
en

th
e

tra
jectory

evalu
ator

retu
rn

s
an

error
w

e
en

su
re

stay
in

g
in

th
e

a
d
m

issib
le

d
o
m

ain
.

C
on

seq
u
en

tly,
a

feasib
le

solu
tion

an
d

a
con

servative
ap

p
rox

im
ation

of
th

e
a
d
m

issib
le

d
om

ain
are

th
e

on
ly

req
u
irem

en
ts

to
in

itiate
th

e
algorith

m
in

th
is

settin
g.

1
.6

.
O

u
tlin

e
o
f

th
e

P
a
p

e
r

O
u
r

p
a
p

er
is

o
rgan

ized
as

follow
s.

In
S
ection

2
w

e
p
resen

t
th

e
n
oisy

sim
u
lated

algorith
m

an
d

o
u
r

m
a
in

th
eo

retical
resu

lt.
In

S
ection

s
3,

4
an

d
5

w
e

p
rov

id
e

th
e

p
ro

of
of

th
is

statem
en

t.
M

o
re

p
recisely,

in
S
ection

3
w

e
com

p
u
te

th
e

in
fi
n
itesim

al
gen

erator
of

th
e

n
oisy

sim
u
lated

a
n
n
ea

lin
g

a
lgo

rith
m

.
In

S
ection

4
w

e
com

p
are

it
to

th
e

on
e

of
th

e
n
oise-free

sim
u
lated

a
n
n
ea

lin
g

a
lgo

rith
m

from
H

olley
an

d
S
tro

o
ck

(1988).
T

h
is

en
ab

les
u
s

to
d
erive

a
d
iff

eren
-

tia
l

in
eq

u
a
lity

for
a
L

2
d
istan

ce
b

etw
een

th
e

d
istrib

u
tion

s
of

th
e

tw
o

p
rev

iou
sly

m
en

tion
ed

p
ro

cesses.
In

teg
ratin

g
b
y

ap
p
ly

in
g

G
rön

w
all’s

L
em

m
a

S
ection

5,
w

e
ob

tain
o
b
tain

ou
r

con
-

verg
en

ce
resu

lt.
In

th
e

sam
e

section
,

w
e

sh
ow

h
ow

to
tu

n
e

th
e

p
a
ram

eters
of

th
e

algorith
m

in
o
rd

er
to

o
p
tim

ize
th

e
p

erform
an

ce
b

ou
n
d

an
d

giv
e

th
e

corresp
on

d
in

g
com

p
u
tation

al
co

st.
In

S
ectio

n
6

w
e

p
rop

ose
som

e
n
u
m

erical
in

sigh
t

on
sy

n
th

etic
an

d
real

d
ata

ex
p

erim
en

ts.
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B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

A
ck

n
o
w

le
d
g
m

e
n
ts.

W
e

th
an

k
S
éb

astien
G

ad
at

for
in

tro
d
u
cin

g
th

is
top

ic
to

u
s,

m
ak

in
g

th
is

collab
oration

p
os-

sib
le

an
d

for
fru

itfu
l

d
iscu

ssion
s

an
d

h
elp

fu
l

in
sigh

ts,
an

d
S
éb

astien
G

erch
in

ov
itz

for
all

h
is

con
stru

ctive
ad

v
ice

an
d

id
eas.

2
.

N
o
isy

S
im

u
la

te
d

A
n
n
e
a
lin

g
A

lg
o
rith

m
:

S
ta

te
m

e
n
t

a
n
d

C
o
n
v
e
rg

e
n
ce

R
e
su

lt

W
e

fi
rst

p
resen

t
ou

r
ex

ten
d
ed

v
ersion

of
th

e
sim

u
la

ted
an

n
ealin

g
to

th
e

sto
ch

astic
case,

w
h
ose

p
seu

d
o-co

d
e

can
b

e
fou

n
d

in
A

lgorith
m

1.

2
.1

.
N

o
isy

S
im

u
la

te
d

A
n

n
e
a
lin

g
a
lg

o
rith

m
(N

S
A

)

A
lg

o
rith

m
1

N
oisy

S
im

u
lated

A
n
n
ealin

g

p
ro

c
e
d

u
re

N
S
A

(In
p

u
ts:

N
eigh

b
ou

rh
o
o
d
s

stru
ctu

re
(S
x )
x∈
S

,
In

itial
gu

ess
x

0 ,
in

creasin
g

fu
n
ction

β
:R

+
→

R
+

,
F

u
n
ction

t7→
n
t )

In
itialize

tim
e
t0

=
0

β
0

=
β

(t0 )

fo
r

k
from

0
to

M
ax

im
al

n
u
m

b
er

of
iteration

s
d

o
D

raw
on

e
solu

tion
can

d
id

ate:
x̃
t
k ∈

S
x
tk

accord
in

g
to
q

0 (x
k ,·)

D
raw

N
t
k ∼
P
oisson

(n
t
k )

+
1

D
raw

2N
t
k

sim
u
lation

con
d
ition

s
in

d
ep

en
d
en

tly
:

(ω
k1
,...,ω

kN
tk

)∼
(P

Ω
(x
t
k )) ⊗

N
tk

an
d

(ω̃
k1
,...,ω̃

kN
tk

)∼
(P

Ω
(x̃
t
k )) ⊗

N
tk

C
om

p
u
te

estim
ates

Ĵ
(x
t )

an
d
Ĵ

(x̃
t )

u
sin

g
th

e
N
t
k

con
d
ition

s:

Ĵ
(x
t
k )

=
1
N
tk ∑

N
tk

i=
1
U

(x
t
k ,ω

ki ),

Ĵ
(x̃
t
k )

=
1
N
tk ∑

N
tk

i=
1
U

(x̃
t
k ,ω̃

ki )

D
raw

an
ex

p
on

en
tial

ran
d
om

variab
le
ξ
k
+

1
of

p
aram

eter
1

U
p

d
ate

tim
e
tk

+
1

:=
tk

+
ξ
k
+

1

W
ith

p
rob

ab
ility

e −
β
k bĴ

(x̃
tk

)−
Ĵ

(x
tk

)c
+

:
1

set
x
t
k
+
1

:=
x̃
t
k

O
th

erw
ise

set
x
t
k
+
1

:=
x
t
k

In
crease

th
e

in
verse

of
th

e
tem

p
era

tu
re
β
k
+

1
:=

β
(tk

+
1 )

e
n

d
fo

r
re

tu
rn

x
t
k
+
1

e
n

d
p

ro
c
e
d

u
re

1
bxc

+
=

0
if
x
≤

0
an

d
x

if
n
o
t.
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
is
y
si
m
u
l
a
t
e
d

a
n
n
e
a
l
in
g

A
s

in
th

e
d
et

er
m

in
is

ti
c

se
tt

in
g,

th
e

al
go

ri
th

m
re

q
u
ir

es
an

in
it

ia
l

fe
as

ib
le

so
lu

ti
on

x
t 0

,
a

te
m

p
er

at
u
re

sc
h
ed

u
le
T
t

(w
e

w
il
l

m
os

tl
y

u
se

it
s

in
v
er

se
β
t

=
1
/T

t)
,

an
d

a
go

o
d

n
ei

gh
-

b
ou

rh
o
o
d

st
ru

ct
u
re

.
W

h
at

w
e

m
ea

n
b
y

go
o
d

w
il
l

b
e

sp
ec

ifi
ed

in
th

e
d
efi

n
it

io
n

of
q 0

.
T

h
e

al
go

ri
th

m
ex

p
lo

re
s

th
e

st
at

e
sp

ac
e

in
th

e
fo

ll
ow

in
g

m
an

n
er

.
A

ft
er
k

it
er

a
ti

on
s,

at
ti

m
e
t k

,
it

se
le

ct
s

a
ra

n
d
om

n
ei

gh
b

ou
ri

n
g

so
lu

ti
on

x̃
t k
∈
S
x
t k

(S
x
t

b
ei

n
g

th
e

se
t

of
n
ei

gh
b

ou
rs

of

x
t k

)
ac

co
rd

in
g

to
a

p
ro

p
os

it
io

n
la

w
.

T
h
en

it
co

m
p
ar

es
th

e
es

ti
m

at
e
Ĵ

(x̃
t k

)
of

th
e

co
st

of

th
is

n
ew

so
lu

ti
on

to
th

e
es

ti
m

at
ed

co
st
Ĵ

(x
t k

)
of

th
e

cu
rr

en
t

so
lu

ti
on

an
d

th
en

it
d
ec

id
es

to
su

b
st

it
u
te

(o
r

n
ot

)
th

e
n
ew

to
th

e
cu

rr
en

t:

•
if

th
e

es
ti

m
at

ed
co

st
of

th
e

n
ew

st
at

e
is

lo
w

er
th

a
n

th
e

cu
rr

en
t

on
e,

i.
e.

,
Ĵ

(x̃
t k

)
≤

Ĵ
(x
t k

),
th

e
m

ov
e

is
ac

ce
p
te

d
,

i.
e.

,
x
t k

+
1
←
x̃
t k

•
if

n
ot

,
it

is
on

ly
ac

ce
p
te

d
w

it
h

a
p
ro

b
ab

il
it

y
ex

p
(−
β
t k

(Ĵ
(x̃
t k

)
−
Ĵ

(x
t k

))
.

T
h
e

ti
m

e
t

is
th

en
u
p

d
at

ed
u
si

n
g

in
d
ep

en
d
en

t
ex

p
on

en
ti

al
ra

n
d
om

va
ri

a
b
le

s,
en

ab
li
n
g

u
s

to
co

n
si

d
er

th
e

N
S
A

as
a

co
n
ti

n
u
ou

s
ti

m
e

M
ar

ko
v

p
ro

ce
ss

.

R
e
m

a
rk

2
A

s
o
n

e
ca

n
se

e
in

li
n

e
8

o
f

A
lg

o
ri

th
m

1
,

th
e

sa
m

p
le

si
ze

a
t

ea
ch

st
ep

is
ra

n
d
o
m

.
T

h
is

is
a

te
ch

n
ic

a
l

ch
o
ic

e
th

a
t

w
il

l
ea

se
th

e
co

n
ve

rg
en

ce
st

u
d
y

o
f

th
e

u
n

d
er

ly
in

g
p
ro

ce
ss

.
H

o
w

ev
er

in
p
ra

ct
ic

e
w

e
d
id

n
o
t

o
bs

er
ve

a
n

y
si

gn
ifi

ca
n

t
d
iff

er
en

ce
be

tw
ee

n
u

si
n

g,
a
t

st
ep

k
,

a
ra

n
d
o
m

sa
m

p
le

si
ze
N
t k

a
n

d
it

s
ex

pe
ct

ed
va

lu
e,

n
a
m

el
y
n
t k

+
1
.

2
.2

.
G

e
n

e
ra

l
S

e
tt

in
g

a
n

d
N

o
ta

ti
o
n
s

T
o

st
at

e
th

e
co

n
ve

rg
en

ce
of

A
lg

or
it

h
m

1,
w

e
fi
rs

t
n
ee

d
to

d
es

cr
ib

e
fo

rm
a
ll
y

th
e

fr
am

ew
or

k
w

e
ar

e
w

or
k
in

g
in

.
N

ot
at

io
n
s

in
tr

o
d
u
ce

d
in

th
is

se
ct

io
n

ar
e

va
li
d

fo
r

th
e

w
h
ol

e
p
ap

er
u
n
le

ss
m

en
ti

on
ed

ex
p
li
ci

tl
y.

•
R

eg
ar

d
in

g
th

e
n
oi

se
st

ru
ct

u
re

an
d

th
e

es
ti

m
at

io
n

p
ro

ce
d
u
re

,
w

e
d
en

ot
e:

(Ĵ
)

th
e

es
ti

m
at

ed
co

st
:
Ĵ

:
E
→

R
+

,
su

ch
th

at
∀
x
∈
E
,Ĵ

(x
)

=
1 N

∑
N i=

1
U

(x
,ω

i)
,

w
h
er

e:
(ω

1
,.
..
,ω

N
)

is
a
N

i.
i.
d
.

ve
ct

or
s

se
q
u
en

ce
d
ra

w
n

fr
om

d
is

tr
ib

u
ti

on
P

Ω
(x

)

(ξ
k
)

th
e

ti
m

e
in

cr
em

en
ts

:
(ξ
k
) k
∈N

is
a

se
q
u
en

ce
of

i.
i.
d
.

ex
p

on
en

ti
al

ra
n
d
om

va
ri

ab
le

s
of

p
ar

am
et

er
1

(t
k
)

th
e

ju
m

p
in

g
ti

m
es

:
∀k
∈

N
,

t k
=
∑

k i=
1
ξ i

.

(n
t)

th
e

sa
m

p
li
g

in
te

n
si

ty
:
n
t

a
co

n
ti

n
u
ou

s
in

cr
ea

si
n
g

fu
n
ct

io
n
.

(N
t k

)
th

e
sa

m
p
le

si
ze

s:
N
t 1
,N

t 2
,.
..
N
t n

ar
e

in
d
ep

en
d
en

t
fo

r
al

l
n
∈
N

an
d

al
l

0
<
t 1
<

t 2
..
.
<
t n

an
d

N
t k
∼
P
oi
ss
on

(n
t k

)
+

1
,

W
e

ca
n

m
ak

e
a

fe
w

re
m

ar
k
s

ab
o
u
t

th
e

d
iff

er
en

t
n
ot

at
io

n
s.

T
h
e

co
n
st

ru
ct

io
n

of
N
t

en
su

re
s

th
at

it
s

va
lu

e
is

a
st

ri
ct

ly
p

os
it

iv
e

in
te

ge
r

at
al

l
ti

m
es

.
T

h
e

re
as

on
w

h
y

w
e

ch
o
os

e
to

h
av

e
a

ra
n
d
om

ly
si

ze
d

sa
m

p
le

fo
r

th
e

M
on

te
C

ar
lo

es
ti

m
a
ti

on
p
ro

ce
d
u
re

is
ra

th
er

te
ch

n
ic

al
.

It
en

ab
le

s
ge

n
er

at
in

g
a

co
n
ti

n
u
ou

s
tr

an
si

ti
on

p
ro

b
ab

il
it

y
as

it
ca

n
b

e
n
ot

ic
ed

in
E

q
u
at

io
n

(3
)

an
d

ea
se

th
e

fo
rm

u
la

ti
on

of
th

e
in

fi
n
it

es
im

al
ge

n
er

at
or

(E
q
u
at

io
n

(7
))

.
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B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

•
A

b
ou

t
th

e
st

at
e

sp
ac

e,
w

e
d
en

ot
e:

(E
)

a
fi
n
it

e
st

at
e

sp
ac

e.

(S
)

a
n
ei

gh
b

ou
rh

o
o
d

st
ru

ct
u
re

su
ch

th
at
E

is
co

n
n
ec

te
d

w
it

h
re

sp
ec

t
to

it
,

i.
e.

,
S

is
a

co
n
n
ec

te
d

gr
ap

h
co

n
ta

in
in

g
al

l
th

e
p

o
in

ts
in
E

.
F

or
an

y
x

in
E

,
w

e
d
en

o
te
S
x

th
e

se
t

of
it

s
d
ir

ec
t

n
ei

gh
b

ou
rs

.

(µ
0
)

th
e

in
it

ia
l
d
is

tr
ib

u
ti

on
,
a

p
ro

b
ab

il
it

y
m

ea
su

re
th

a
t

ch
ar

ge
s

ev
er

y
p

o
in

t
o
f

a
su

b
se

t
of

in
te

re
st
E
′ ⊂

E
d
efi

n
ed

m
or

e
p
re

ci
se

ly
in

(U
)

,

(q
0
)

th
e

p
ro

p
os

it
io

n
la

w
,

an
ir

re
d
u
ci

b
le

an
d
µ

0
−
re
v
er
si
bl
e

tr
an

si
ti

o
n

p
ro

b
a
b
il
it

y,

i.
e.

,
∀x
,y
∈
E
,
∞ ∑ n
=

0
q(n

)
0

(x
,y

)
=
∞

an
d
µ

0
(x

)q
0
(x
,y

)
=
µ

0
(y

)q
0
(y
,x

).
In

a
d
d
it

io
n

w
e

as
su

m
e

th
at

fo
r

an
y
x

in
E

,
w

e
h
av

e
q 0

(x
,S

x
)

=
1

C
on

si
d
er

in
g

a
fi
n
it

e
se

ar
ch

sp
ac

e
E

en
ab

le
s

u
s

to
ea

si
ly

d
er

iv
e

th
e

sp
ec

tr
a
l

g
a
p

in
-

eq
u
al

it
y

in
T

h
eo

re
m

4
an

d
ov

er
co

m
e

d
iff

er
en

ti
at

io
n
-u

n
d
er

-t
h
e-

in
te

gr
a
l-

si
g
n

is
su

es
in

E
q
u
at

io
n

(1
5)

.
N

ev
er

th
el

es
s,

it
co

u
ld

b
e

re
p
la

ce
d

b
y

co
er

ci
v
it

y
as

su
m

p
ti

o
n
s

o
n

th
e

fu
n
ct

io
n
J

,
w

h
ic

h
co

u
ld

b
e

m
or

e
ge

n
er

al
b
u
t

n
ot

re
al

ly
w

el
l

su
it

ed
fo

r
th

e
a
p
p
li
ca

ti
o
n

w
e

ar
e

lo
ok

in
g

fo
r.

It
is

ou
r

m
os

t
re

st
ri

ct
iv

e
as

su
m

p
ti

on
.

N
ev

er
th

el
es

s
it

is
in

li
n
e

w
it

h
p
re

v
io

u
s

w
or

k
s

on
n
oi

sy
gl

ob
al

op
ti

m
iz

at
io

n
fo

r
ex

am
p
le

:
G

u
tj

a
h
r

a
n
d

P
fl
u
g

(1
99

6)
,

H
om

em
-d

e
M

el
lo

(2
00

0)
o
r

F
in

k
(1

99
8)

.
It

co
rr

es
p

on
d
s

to
a

h
is

to
ri

ca
l

u
se

of
si

m
u
la

te
d

an
n
ea

li
n
g

fo
r

p
ro

b
le

m
s

w
it

h
h
u
ge

fi
n
it

e
se

ar
ch

sp
ac

e
li
ke

fo
r

th
e

tr
av

el
in

g
sa

le
sm

an
p
ro

b
le

m
(A

ar
ts

an
d

K
or

st
,

19
89

).
M

im
ic

k
in

g
H

ol
le

y
an

d
S
tr

o
o
ck

(1
9
8
8
),

w
e

m
ig

h
t

h
ow

ev
er

re
la

x
th

is
as

su
m

p
ti

on
of

fi
n
it

en
es

s.
N

ev
er

th
el

es
s

it
re

q
u
ir

es
m

o
re

te
ch

n
ic

al
it

ie
s

as
in

A
ar

ts
an

d
K

or
st

(1
98

8
)

an
d

th
is

is
le

ft
fo

r
fu

tu
re

w
o
rk

.

W
e

as
su

m
e

th
at

th
e

al
go

ri
th

m
ca

n
v
is

it
an

d
st

ar
t

fr
om

ev
er

y
p

oi
n
t

in
th

e
so

lu
ti

o
n

sp
ac

e
th

ro
u
gh

th
e

co
n
n
ec

ti
on

as
su

m
p
ti

on
S

an
d

th
e

d
efi

n
it

io
n

of
µ

0
.

T
h
e

p
ro

p
o
si

ti
on

la
w
q 0

d
efi

n
es

th
e

w
ay

a
n
ew

so
lu

ti
on

x̃
is

p
ro

p
os

ed
to

th
e

N
S
A

at
ea

ch
it

er
a
ti

o
n
.

T
h
e

ir
re

d
u
ci

b
il
it

y
of
q 0

im
p
li
es

th
e

fa
ct

th
at

on
e

ca
n

go
fr

om
an

y
st

a
te
x

to
a
n
y

ot
h
er

st
at

e
y

u
si

n
g

th
e

n
ei

gh
b

ou
rh

o
o
d

st
ru

ct
u
re
S

,
in

a
fi
n
it

e
n
u
m

b
er

o
f

st
ep

s.
T

h
e

µ
0
−
re
v
er
si
bi
li
ty

is
u
se

d
to

si
m

p
li
fy

th
e

n
o
ta

ti
on

s.
A

cl
as

si
ca

l
ch

oi
ce

(A
a
rt

s
a
n
d

K
o
rs

t,
19

88
)

fo
r
q 0

an
d
µ

0
is

:
∀
x
,y
∈

E
,
µ

0
(x

)
=

1 |E
|

an
d
q 0

(x
,y

)
=

1 |S
x
|,

a
ss

u
m

in
g

ev
er

y
p

oi
n
t

in
E

to
h
av

e
th

e
sa

m
e

n
u
m

b
er

of
n
ei

gh
b

or
s.

H
ow

ev
er

th
er

e
ar

e
o
th

er
p

o
ss

ib
le

ch
oi

ce
s

fo
r
µ

0
an

d
q 0

.
T

h
is

la
st

tw
o

as
su

m
p
ti

o
n
s

ar
e

in
h
er

it
ed

fr
om

th
e

cl
a
ss

ic
a
l

M
et

ro
p

ol
is

-H
as

ti
n
g

sa
m

p
li
n
g

al
g
or

it
h
m

w
h
ic

h
co

rr
es

p
on

d
s

to
th

e
N

S
A

a
lg

o
ri

th
m

w
it

h
n
o

co
ol

in
g

m
ec

h
an

is
m

an
d

n
o

n
oi

se
.

T
h
ey

en
su

re
th

at
a

ru
n

in
th

is
se

tt
in

g
,

st
a
rt

in
g

fr
om

an
y

p
oi

n
t

of
th

e
se

ar
ch

sp
ac

e,
co

n
v
er

ge
s

to
a

st
at

io
n
ar

y
d
is

tr
ib

u
ti

o
n

w
h
ic

h
is

th
e

G
ib

b
s

m
ea

su
re

as
so

ci
at

ed
to
J

.

•
A

b
ou

t
th

e
co

st
fu

n
ct

io
n
,

w
e

co
n
si

d
er

:

(U
)

th
e

u
n
d
er

ly
in

g
co

st
:
∃M

>
0

an
d
∃E
′
⊂
E

,
su

ch
th

at
U

is
b

ou
n
d
ed

a
n
d

n
o
n
-

n
eg

at
iv

e
on

E
′ ,

i.
e.
∀x
∈

E
′ ,
∀ω

,
0
≤
U

(x
,ω

)
≤
M

an
d
U

is
in

fi
n
it

e
o
n
E
\E
′ ,

i.
e.

,∀
x
∈
E
\E
′ ,
∀ω

,
U

(x
,ω

)
=

+
∞
.
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
isy

sim
u
l
a
t
e
d

a
n
n
e
a
l
in
g

T
h
e

a
ssu

m
p
tion

ab
ou

t
U

b
ein

g
b

ou
n
d
ed

is
n
ot

restrictive.
It

refl
ects

th
e

p
ractical

settin
g

w
h
ere

a
sim

u
lation

co
d
e

crash
es

ou
t

of
th

e
d
efi

n
ition

d
om

ain
s.

W
e

asso
cia

te
in

fi
n
ite

co
sts

to
crash

es
an

d
th

u
s

(U
)

is
rath

er
a

con
seq

u
en

ce
of

(E
).

•
A

b
o
u
t

th
e

algorith
m

p
aram

etrization
,

w
e

d
en

ote

(β
t )

th
e

in
v
erse

of
th

e
tem

p
eratu

re:
a

p
ositive

in
creasin

g
real

fu
n
ction

of
t,

(α
)

th
e

sam
p
lin

g
size

(ex
p

ected
n
u
m

b
er

of
sim

u
lation

s):
∃
α
∈

R
+

su
ch

th
at
n
t

=
(t

+
1)
α
,

β
t

is
u
su

a
lly

ch
osen

su
ch

th
at
∀
t
∈

R
+

,
d
β
t

d
t

=
bd

1
+
td

for
so

m
e
b,d
∈

R
+

,
as

it
w

as
sh

ow
n

b
y

(H
a

jek
,

1988)
an

d
(H

olley
an

d
S
tro

o
ck

,
1988)

to
b

e
a

n
ecessary

con
d
ition

to
en

su
re

th
e

con
vergen

ce
of

th
e

sim
u
lated

an
n
ealin

g
alg

orith
m

for
an

y
cost

fu
n
ction

.
T

h
ere

is
n
o

reason
to

ex
p

ect
th

at
th

e
n
oisy

con
tex

t
w

ou
ld

b
e

m
ore

fav
o
rab

le
th

an
th

e
d
eterm

in
istic

on
e.

A
s

su
ggested

b
y

th
e

d
efi

n
ition

of
α

,
w

e
ch

o
ose

a
p

oly
n
om

ial
grow

th
o
f

th
e

n
u
m

b
er

of
sim

u
lation

s
for

th
e

co
st

estim
ation

.
W

e
sh

ow
later

on
in

th
is

w
ork

th
a
t

th
is

en
su

res
th

e
con

vergen
ce

o
f

th
e

n
oisy

sim
u
lated

a
n
n
ealin

g
for

a
go

o
d

ch
oice

o
f
α

a
n
d
b.

2
.3

.
T

o
o
l

fo
r

th
e

A
n

a
ly

sis:
th

e
N

S
A

P
ro

c
e
ss

W
e

n
ow

p
resen

t
th

e
m

ath
em

atical
form

alization
of

th
e

N
S
A

algorith
m

’s
u
n
d
erly

in
g

sto
ch

as-
tic

p
ro

cess.
F

irst,
for

p
ed

agogical
p
u
rp

oses,
w

e
om

it
th

e
tem

p
eratu

re
evolu

tion
an

d
n
oisy

m
ea

su
rem

en
ts.

T
h
e

N
S
A

algorith
m

th
en

b
ecom

es
a

sim
p
ler

M
arkov

ch
ain

ex
p
lo

rin
g

th
e

sta
te

sp
a
ce
E

a
ccord

in
g

to
th

e
M

ark
ov

ian
tran

sition
m

atrix
w

h
ose

elem
en

ts
are

of
th

e
form

:

P
(x
→
y
)

=
q
β
(x
,y

)
=


q

0 (x
,y

)e −
βbJ

(y
)−
J

(x
)c

+
if
y
6=
x

1−
∑z∈
E
\
x

q
β
(x
,z

)
if
y

=
x
,

(1)

T
h
is

refl
ects

th
e

tran
sition

m
ech

an
ism

in
tro

d
u
ced

at
th

e
b

egin
n
in

g
of

th
is

section
.

A
s

th
e

p
ro

cess
is

in
fact

a
con

tin
u
ou

s
on

e,
w

e
m

u
st

also
con

sid
er

th
e

tim
e

com
p

on
en

t.
N

S
A

ju
m

p
s

h
a
p
p

en
a
t

sto
ch

astic
tim

es
an

d
th

e
p
rob

ab
ility

of
accep

tan
ce

d
ep

en
d
s

o
n

th
ese

tim
es.

C
o
m

b
in

in
g

th
e

law
of

th
e

ju
m

p
in

g
tim

es
an

d
th

e
p
rev

iou
s

m
ech

a
n
ism

,
w

e
can

m
ake

th
eir

jo
in

t
tra

n
sitio

n
p
rob

ab
ility

ex
p
licit:

•
L

et
(χ̃
k ,T

k )
k∈

N
a
E
×

R
+

-valu
ed

M
arkov

ch
ain

su
ch

th
at∀

k
∈
N
,∀
y
∈
E

,∀
u
∈
R

+
:

P
(χ̃
k
+

1
=
y
,T

k
+

1 ≥
u|χ̃

k ,T
k )

=

+
∞
∫u

q̃
β
τ (χ̃

k ,y
)1

[T
k
,+
∞

[ (τ
)e −

(τ−
T
k
)d
τ,

(2)

w
h
ere

q̃
β
t (x

,y
)

=



q
0 (x

,y
)E

N
t E

ω
1
,...,ω

N
t (
e −

β
t

N
t b ∑

N
t

i=
1
U

(y
,ω
i )−

U
(x
,ω
i )c

+ )
if
y
6=
x

1−
∑x6=
z

q̃
β
t (x

,z
)

if
y

=
x

(3)

1
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B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

T
h
is

is
a

sim
ilar

con
stru

ction
to

th
e

on
e

of
th

e
classical

sim
u
lated

an
n
ealin

g
p
ro

cess
(H

a
jek

,
1988).

T
h
e

state
tran

sition
m

ech
an

ism
m

u
st

also
refl

ect
th

e
estim

ation
p
ro-

ced
u
re,

th
erefore

th
e

form
of

E
q
u
ation

(3
)

d
iff

ers
from

E
q
u
ation

(1).
A

s
m

en
tion

ed
b

efore
th

e
fu

n
ction

t7→
β
t

rep
resen

ts
th

e
in

verse
of

th
e

tem
p

eratu
re

sch
ed

u
le

an
d
N
t

is
th

e
ran

d
om

p
ro

cess
d
escrib

ed
b
y
N
t
k .

T
h
e

ju
m

p
in

g
tim

es,
or

evalu
ation

tim
es

of
th

e
p
ro

cess
h
ap

p
en

at
tim

es
d
efi

n
ed

b
y

th
e

seq
u
en

ce
T
k

(cf.
th

e
d
efi

n
ition

of
tk ).

T
h
e

ch
ain

(χ̃
k )
k≥

0
ex

p
lores

th
e

state
sp

ace
E

u
sin

g
a

tran
sition

p
rob

a
b
ility

q̃
β
t

con
-

stru
cted

in
a

sam
e

w
ay

as
th

e
classical

on
e,

rep
lacin

g
th

e
ex

act
valu

e
of−

β
T
k (J

(y
)−

J
(x

))
+

b
y

its
M

on
te

C
arlo

estim
ation

.
T

h
e

ex
p

ected
valu

e
from

th
e

form
u
la

com
es

from
th

e
fact

th
at,

as
m

en
tion

ed
in

th
e

d
efi

n
ition

of
Ĵ

an
d

in
A

lgo
rith

m
1,

w
e

u
se

a
ran

d
om

n
u
m

b
er

of
M

on
te

C
arlo

sh
o
otin

gs
for

th
e

estim
ation

s.

F
in

ally,
w

e
ob

tain
th

e
N

S
A

p
ro

cess
b
y

asso
ciatin

g
th

e
tw

o
su

b
-p

ro
cesses

as
follow

s:

•
L

et
(
X̃
t )
t≥

0
b

e
th

e
in

h
om

ogen
eou

s
M

arkov
P

ro
cess

su
ch

th
at
X̃
t

=
χ̃
k

if
T
k
≤
t
<

T
k
+

1 .
O

n
e

can
see

th
at

th
is

p
ro

cess
is

p
iecew

ise
con

stan
t

an
d

ju
m

p
s

at
ex

p
on

en
-

tial
tim

es
from

on
e

can
d
id

ate
solu

tion
to

an
oth

er,
in

oth
er

w
ord

s
(X̃

t )
t≥

0
is

ju
st

th
e

con
tin

u
ou

s-tim
e

version
of

th
e

n
oisy

sim
u
la

ted
an

n
ealin

g
d
iscrete

tim
e

p
ro

cess,(χ̃
k )
k≥

0 .

N
ote

th
at,

if
y
∈
E
\E
′

th
en
∀
x
∈
E
′,

q̃
β
t (x

,y
)

=
0.

H
en

ce,
if

th
e

in
itial

solu
tion

X̃
0

is
ch

osen
in
E
′,

th
en
∀
t≥

0
,
X̃
t ∈

E
′.

2
.4

.
C

o
n
v
e
rg

e
n

c
e

R
e
su

lt

W
e

d
en

ote:

•
m
?

th
e

m
ax

im
u
m

d
ep

th
of

a
w

ell
n
ot

con
tain

in
g

a
fi
x
ed

glob
al

m
in

im
u
m

of
th

e
fu

n
ction

J
.

T
o

b
e

m
ore

p
recise,

w
e

call
a

p
ath

from
x

to
y

an
y

fi
n
ite

seq
u
en

ce
x

0
=
x
,x

1 ,...,x
n

=
y

su
ch

th
at

for
all

i,
x
i+

1 ∈
S
x
i .

L
et
P
x
y

b
e

th
e

set
of

p
ath

s
from

x
to
y
.

F
or

a
giv

en
p
ath

p
∈
P
x
,y ,

th
e

elevation
of

th
e

fu
n
ction

J
on

p
is

m
ax

z∈
p
J

(z
).

M
in

im
izin

g

th
is

q
u
an

tity
over

th
e

set
of

p
ossib

le
p
ath

s
P
x
,y ,

gives
u
s

th
e

elevation
of

th
e

ch
eap

est
p
ath

goin
g

from
x

to
y
.

D
en

ote
th

is
elevation

b
y
:

H
x
,y

=
m

in
p∈
P
x
y {

m
ax

z∈
p
J

(z
) }

T
h
en

m
?

:=
m

ax
x
,y∈

E
{H

x
,y −

m
ax

(J
(y

),J
(x

))}
(4)

A
s

rep
resen

ted
on

F
igu

re
1,
m
?

can
also

b
e

u
n
d
ersto

o
d

as
th

e
h
igh

est
en

ergy
b
arrier

to
clim

b
to

go
from

on
e

p
oin

t
to

an
oth

er
in

th
e

search
sp

ace
in

th
e

easiest
d
irection

.
A

s
m

en
tion

ed
b

efore,
it

also
rep

resen
ts

th
e

m
ax

im
al

d
ep

th
of

a
w

ell
n
ot

con
tain

in
g

a
fi
x
ed

glob
al

m
in

im
u
m

.
If
x
?

is
a

glob
al

m
in

im
u
m

th
en

:

m
?

=
m

ax
y∈
E
{H

x
?
,y −

J
(y

)}
.
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
is
y
si
m
u
l
a
t
e
d

a
n
n
e
a
l
in
g

m
?

x
?

=
ar

gm
in

u
∈E

J
(u

)J

y

p
∈
P
y
x
?

m
in

p
∈P

y
x
?

m
a
x

z
∈p
J

(z
)

1

F
ig

u
re

1:
m
?
,

m
ax

im
al

d
ep

th
of

lo
ca

l
m

in
im

a

T
h
e

d
efi

n
it

io
n

p
ro

v
id

ed
h
er

e
is

eq
u
iv

al
en

t
to

th
e

cl
as

si
ca

l
on

e,
i.

e.
,

th
e

on
e

p
ro

v
id

ed
in

H
a
je

k
(1

98
8)

an
d

H
ol

le
y

an
d

S
tr

o
o
ck

(1
98

8)
.

A
p
ro

of
of

th
is

st
at

em
en

t
ca

n
b

e
fo

u
n
d

in
A

p
p

en
d
ix

B
.

•
γ

(β
)

th
e

sp
ec

tr
al

ga
p

b
et

w
ee

n
0

an
d

th
e

re
st

of
th

e
L

2
(µ
β
)

sp
ec

tr
u
m

of
−
L
β
,

w
h
er

e
L
β

is
th

e
ge

n
er

at
or

of
th

e
cl

as
si

ca
l

si
m

u
la

te
d

an
n
ea

li
n
g

(f
or

m
or

e
d
et

ai
ls

ab
ou

t
L
β

se
e

S
ec

ti
on

3)
: γ
(β

)
:=

in
f

{ −
∫
φ
L
β
φ
d
µ
β

s.
t.

∫
|φ
|2 d
µ
β

=
1

an
d

∫
φ
d
µ
β

=
0}

(5
)

F
ol

lo
w

in
g

H
ol

le
y

an
d

S
tr

o
o
ck

(1
98

8)
,

w
e

k
n
ow

th
at

gi
v
en

E
,
µ

0
an

d
U

,
th

er
e

ex
is

ts
a

co
n
st

an
t
c

su
ch

th
at

:
∀β
≥

0,
γ

(β
)
≥
ce
−
m
?
β

R
em

ar
k

th
at

th
is

lo
w

er
b

ou
n
d

is
m

ai
n
ly

in
fo

rm
at

iv
e

fo
r

sm
al

l
va

lu
es

of
β

.
In

ad
d
it

io
n

se
t:

∀x
∈
E
,
J

(x
)

=
E ω

(U
(x
,ω

))
an

d
J
?

=
m

in
x
∈E

E ω
(U

(x
,ω

))
.

W
e

d
efi

n
e
χ
ε

th
e

se
t

of
ε-

op
ti

m
al

p
oi

n
ts

in
E

,
i.

e.
,

χ
ε

=
{x

:
J

(x
)
≤
J
?

+
ε}
,

(6
)

an
d

d
en

ot
e

c
χ
ε

=
E
\χ

ε,
it

s
co

m
p
le

m
en

ta
ry

in
E

.
W

e
al

so
w

ri
te
a
∧
b

=
m

in
a
,b

.
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 2
0(

4)
:1

-4
5,

 2
01

9

B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

T
h

e
o
re

m
3

C
o
n

si
d
er

th
e

se
tt

in
gs

o
f

S
ec

ti
o
n

2
.2

,
if
β
t

=
b

lo
g
(t
d

+
1
)

a
n

d
n
t

=
(t

+
1)
α
,

w
it

h
:

{m
?
b
<

1
∧
α
/2
}

o
r
{m

?
b

=
1,
α
>

2
a
n

d
d
<

2c
m
?
/M
},

th
en

th
er

e
ex

it
s
C
>

0
su

ch
th

a
t,
∀t
∈
R

+
,
∀ε
>

0,
P(
X̃
t
∈

c
χ
ε)
≤
C

(µ
β
t
(c
χ
ε)

)1
/
2
.

T
h
is

th
eo

re
m

is
a

n
at

u
ra

l
ex

te
n
si

on
of

th
e

re
su

lt
p
ro

v
id

ed
b
y

H
ol

le
y

an
d

S
tr

o
o
ck

(1
9
8
8
).

T
h
er

e
ar

e
tw

o
m

ai
n

in
te

re
st

in
g

fa
ct

s
to

p
oi

n
t

ou
t.

F
ir

st
,

w
e

ob
ta

in
a

b
a
la

n
ce

b
et

w
ee

n
th

e
ex

p
ec

te
d

n
u
m

b
er

of
M

on
te

C
ar

lo
si

m
u
la

ti
on

s
at

ea
ch

st
ep

of
th

e
al

go
ri

th
m

a
n
d

th
e

in
ve

rs
e

of
th

e
te

m
p

er
at

u
re

,
i.

e.
,
{m

?
b
<

1
∧
α
/2
}

or
{m

?
b

=
1
,
α
>

2
an

d
d
<

2c
m
?
/M
}.

R
ed

u
ci

n
g

th
e

gr
ow

th
ra

te
α

of
th

e
n
u
m

b
er

of
si

m
u
la

ti
on

s
b

el
ow

th
e

q
u
ad

ra
ti

c
ra

te
sh

o
u
ld

b
e

co
m

p
en

sa
te

d
b
y

d
ec

re
as

in
g

ac
co

rd
in

gl
y

th
e

te
m

p
er

at
u
re

fa
ct

or
b.

S
ec

on
d
,

th
e

co
n
ve

rg
en

ce
is

st
at

ed
in

te
rm

s
of

a
b

ou
n
d

on
th

e
p
ro

b
ab

il
it

y
of

n
ot

re
tu

rn
in

g
an

op
ti

m
al

so
lu

ti
o
n
.

U
si

n
g

th
e

co
n
ce

n
tr

at
io

n
sp

ee
d

of
th

e
G

ib
b
s

m
ea

su
re

on
e

ca
n

d
ed

u
ce

a
ra

te
of

co
n
ve

rg
en

ce
o
f

th
e

al
go

ri
th

m
.

A
ls

o
th

e
th

eo
re

m
p
ro

v
id

es
an

in
si

gh
t

on
h
ow

th
e

al
go

ri
th

m
co

u
ld

b
e

u
se

d
in

p
ra

ct
ic

e.
A

ru
n

of
p
ar

al
le

l
n
oi

sy
si

m
u
la

te
d

an
n
ea

li
n
g

w
ou

ld
h
av

e
a

p
ro

b
ab

il
it

y
o
f

re
tu

rn
in

g
a

b
ad

so
lu

ti
on

th
at

w
ou

ld
d
ec

re
as

e
in

th
e

p
ow

er
of

th
e

n
u
m

b
er

of
ru

n
s.

N
ev

er
th

el
es

s
th

is
b

en
efi

t
sh

ou
ld

b
e

tr
ad

ed
w

it
h

an
ad

d
it

io
n
al

se
le

ct
io

n
co

st
.

In
d
ee

d
,

if
w

e
ob

ta
in
K

so
lu

ti
o
n
s

re
tr

ie
ve

d
b
y
K

p
ar

al
le

l
N

S
A

re
al

iz
at

io
n
,

w
e

st
il
l

fa
ce

th
e

p
ro

b
le

m
of

se
le

ct
in

g
th

e
b

es
t

o
n
e.

W
e

on
ly

ac
ce

ss
es

ti
m

at
es

of
th

e
co

st
s

as
so

ci
at

ed
to

ea
ch

so
lu

ti
on

.

R
e
m

a
rk

1
T

a
ki

n
g
n
t

=
(t

+
1)
α

,
im

p
li

es
th

a
t

th
e

sa
m

p
le

si
ze

a
t

st
ep

k
,

is
o
f

th
e

o
rd

er
tα k

.
T

h
e

va
lu

e
α

=
2

m
in

im
iz

es
th

e
n

u
m

be
r

o
f

m
ea

su
re

m
en

ts
u

se
d

by
th

e
a
lg

o
ri

th
m

in
o
rd

er
to

re
tu

rn
a
n

es
ti

m
a
ti

o
n

o
f

a
gi

ve
n

a
cc

u
ra

cy
a
n

d
co

n
fi

d
en

ce
le

ve
l

(s
ee

C
o
ro

ll
a
ry

1
).

In
p
ra

ct
ic

e
ge

n
er

a
ti

n
g

sa
m

p
le

s
o
f

si
ze

s
gr

o
w

in
g

a
t

th
is

ra
te

m
ig

h
t

be
o
ve

rw
h
el

m
in

g.
H

o
w

ev
er

,
fo

r
so

m
e

w
el

l-
be

h
a
ve

d
co

st
fu

n
ct

io
n

s
a
n

d
lo

w
n

o
is

e
le

ve
ls

o
n

e
ca

n
a
ff

o
rd

a
su

b-
o
p
ti

m
a
l

ev
a
lu

a
ti

o
n

n
u

m
be

r
a
s

sh
o
w

n
in

F
ig

u
re

3
.

O
n

th
e

o
th

er
h
a
n

d
,

w
h
en

th
is

is
n

o
t

th
e

ca
se

,
u

si
n

g
fe

w
er

m
ea

su
re

m
en

ts
a
t

ea
ch

st
ep

ca
n

d
ec

re
a
se

th
e

pe
rf

o
rm

a
n

ce
o
f

th
e

a
lg

o
ri

th
m

a
s

su
gg

es
te

d
in

F
ig

u
re

5
.

S
k
e
t
c
h
o
f
t
h
e
p
r
o
o
f

T
h
e

p
ro

of
of

th
is

th
eo

re
m

is
d
iv

id
ed

in
to

th
re

e
p
a
rt

s.
F

ir
st

,
in

S
ec

ti
on

3,
w

e
co

m
p
u
te

th
e

in
fi
n
it

es
im

al
ge

n
er

at
or

of
th

e
cl

as
si

ca
l

(E
q
u
at

io
n

(1
1
))

a
n
d

n
o
is

y
si

m
u
la

te
d

an
n
ea

li
n
g

(E
q
u
at

io
n

(7
))

.
S
ec

on
d
,

in
S
ec

ti
on

4,
w

e
co

m
p
ar

e
th

em
(L

em
m

a
1
)

a
n
d

th
ir

d
,
in

S
ec

ti
on

5,
w

e
co

n
cl

u
d
e

ab
ou

t
th

e
co

n
ve

rg
en

ce
u
si

n
g

th
e

G
rö

n
w

al
l
le

m
m

a
(E

q
u
a
ti

o
n

(1
8)

)
an

d
th

e
co

n
ve

rg
en

ce
of

th
e

cl
as

si
ca

l
si

m
u
la

te
d

an
n
ea

li
n
g

(E
q
u
at

io
n

(2
4
))

.

C
o
n
v
e
r
g
e
n
c
e
r
a
t
e

In
th

e
ca

se
m
?
b
<

1
a

fi
n
er

b
ou

n
d

ca
n

b
e

d
ed

u
ce

d
fr

o
m

G
rö

n
w

a
ll
’s

le
m

m
a

an
d

on
e

ca
n

ob
ta

in
a

m
or

e
p
re

ci
se

co
n
ve

rg
en

ce
ra

te
fo

r
th

e
al

go
ri

th
m

(T
h
eo

re
m

5)
,

w
h
ic

h
is

ro
u
gh

ly
of

th
e

or
d
er

of
:

P(
X̃
t
∈

c
χ
ε)
≤

Γ
t(

(m
?
−
ε)
b−

m
in

(1
,α
/
2
))
/
2

w
h
er

e
Γ

is
so

m
e

co
n
st

an
t

d
et

ai
le

d
in

T
h
eo

re
m

5.
In

p
ar

ti
cu

la
r

th
is

im
p
li
es

th
a
t

fo
r

fi
x
ed

ε,
δ
>

0
w

e
ca

n
fi
n
d
T
?

su
ch

th
at

P(
X̃
? T
∈

c
χ
ε)
≤
δ.

T
h
is

le
ad

s
to

a
b

ou
n
d

(L
em

m
a

6
)

o
n

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y,
E
( N

T
∗

ca
ll

) ,
of

th
e

or
d
er

of
:

E
( N

T
∗

ca
ll

) ≤
(

Γ δ

) 2
(α

+
1
)/

(m
in

(1
,α
/
2
)−

(m
?
−
ε)
b)

.
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
isy

sim
u
l
a
t
e
d

a
n
n
e
a
l
in
g

3
.

P
ro

o
f,

P
a
rt

1
:

In
fi
n
ite

sim
a
l

G
e
n
e
ra

to
r

In
th

is
sectio

n
w

e
u
se

th
e

sem
i-grou

p
ch

aracterization
of

th
e

g
en

erator
in

ord
er

to
p
rove

th
at

a
s

so
o
n

a
s
q̃
β
t

d
efi

n
ed

in
E

q
u
ation

(3
)

is
con

tin
u
ou

s
w

ith
resp

ect
to
t

th
en

th
e

in
fi
n
itesim

al

g
en

erato
r
L̃
β
t

o
f

th
e

M
arkov

p
ro

cess
X̃
t

can
b

e
w

ritten
as:

L̃
β
t f

(x
)

=
∑y∈
E (

f
(y

)−
f

(x
) )
q̃
β
t (x

,y
).

(7)

W
e

b
riefl

y
recall

th
e

d
efi

n
ition

of
th

e
sem

i-grou
p

asso
ciated

to
a

M
arkov

p
ro

cess.

D
e
fi

n
itio

n
1

T
h
e

sem
i-gro

u
p

(P
t,t+

s )
t≥

0
,s≥

0
a
ssocia

ted
to

th
e

M
a
rko

v
p
rocess

(X
t )
t≥

0
is

a
fa

m
ily

o
f

p
ro

ba
bility

kern
els

su
ch

th
a
t

fo
r

a
ll

n
o

n
-n

ega
tive

bo
relia

n
fu

n
ctio

n
s:

∀
t,s∈

R
+

P
t,t+

s f
(x

)
=

E
(f

(X
t+
s )|X

t
=
x

)

L
et

(P
t,t+

s )
t≥

0
,s≥

0
b

e
th

e
sem

i-grou
p

asso
ciated

to
th

e
M

arkov
p
ro

cess
(X

t )
t≥

0 .
T

h
e

sem
i-

g
ro

u
p

ch
a
ra

cterization
of

its
gen

erator
is

given
in

th
e

follow
in

g
d
efi

n
ition

:

D
e
fi

n
itio

n
2

T
h
e

in
fi

n
itesim

a
l

gen
era

to
r
L
t

o
f

th
e

M
a
rko

v
p
rocess

(X
t )
t≥

0
is

d
efi

n
ed

a
s

th
e

o
pera

to
r

su
ch

th
a
t

fo
r

a
n

y
bo

u
n

d
ed

fu
n

ctio
n
f

:

L
t f

(x
)

=
lim
s→

0

P
t,t+

s f
(x

)−
P
t,t f

(x
)

s

W
e

sta
rt

b
y

co
m

p
u
tin

g
th

e
in

fi
n
itesim

al
gen

erator
L
β
t

of
th

e
p
ro

cess
asso

ciated
to

th
e

S
A

a
lg

o
rith

m
,

i.e.,
w

ith
n
o

m
easu

rem
en

t
n
oise,

an
d

th
en

d
ed

u
ce

th
e

in
fi
n
itesim

al
gen

erator
of

th
e

N
S
A

a
lg

o
rith

m
.

U
sin

g
sim

ilar
n
otation

s
to

th
e

on
es

of
S
ection

2.3,
w

e
con

sid
er

th
e

n
oise

free
in

h
o
m

o
gen

eou
s

M
arkov

p
ro

cess,
(X

t )
t≥

0
con

stru
cted

from
th

e
in

h
om

ogen
eou

s
M

arkov
ch

a
in

(χ
k )
k∈

N
w

h
ose

on
e

step
tran

sition
p
rob

ab
ility

is:

∀
x
,y
∈
E
,

q
β
T
k
(x
,y

)
=


q

0 (x
,y

)e −
β
T
k

(J
(y

)−
J

(x
))

+
if
y
6=
x

1−
∑

z∈
E
\{
x}
q
β
T
k
(x
,z

)
if

y
=

x

T
h
is

is
th

e
n
atu

ral
ex

ten
sion

of
th

e
sim

u
lated

an
n
ealin

g
p
ro

cess
w

ith
d
iscrete

ju
m

p
in

g
tim

es
(H

a
jek

,
1988)

to
th

e
con

tin
u
ou

s
tim

e
p
ro

cess.
In

th
is

con
fi
gu

ration
,

th
e

ju
m

p
in

g
tim

es
a
re

d
raw

n
from

an
i.i.d

.
seq

u
en

ce
of

ex
p

on
en

tial
ran

d
om

variab
les

of
p
aram

eter
1.

In
th

e
h
o
m

o
g
en

eou
s

con
fi
gu

ration
,

i.e.,
β
t

=
β

,
th

e
in

fi
n
itesim

al
gen

erator
h
as

a
classical

fo
rm

:
L
β

=
Q
β −

I
d

w
h
ere

Q
β

is
th

e
tran

sition
m

atrix
asso

ciated
to
q
β

an
d
I
d

d
en

otes
th

e
id

en
tity.

T
h
e

ex
ten

sio
n

to
th

e
gen

erator
of

th
e

n
on

-h
om

ogen
eou

s
p
ro

cess
is

n
ot

straigh
tforw

ard
.

T
h
erefo

re
w

e
p
rop

ose
to

d
etail

th
e

com
p
u
tatio

n
s.

B
y

d
efi

n
itio

n
,

for
an

y
b

ou
n
d
ed

fu
n
ction

f
:

L
β
t f

(x
)

=
lim
s→

0

P
t,t+

s f
(x

)−
P
t,t f

(x
)

s

=
lim
s→

0

∑y∈
E

f
(y

)P
(X

t+
s

=
y|X

t
=
x

)−
f

(x
)

s

=
lim
s→

0

∑y∈
E

f
(y

)P
(X

t+
s

=
y
,H

t+
s −

H
t ≥

0|X
t

=
x

)−
f

(x
)

s
,

(8)
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B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

w
h
ere

H
t

=
m

ax{k
∈
N

:
T
k
<
t}

d
en

otes
th

e
n
u
m

b
er

of
ju

m
p
s

b
efore

tim
e

t.
S
in

ce
T
k

is
a

su
m

of
in

d
ep

en
d
en

t
ex

p
on

en
tial

variab
les

of
p
aram

eter
1,

on
e

can
rem

ark
th

at
H
t

is
in

fact
a

P
oisson

p
ro

cess
of

p
aram

eter
1.

In
ord

er
to

com
p
u
te

th
e

ab
ove

lim
it,

w
e

b
egin

b
y

calcu
la

tin
g

a
m

ore
ex

p
licit

form
of

th
e

p
rob

ab
ilities

ab
ov

e.
W

e
can

d
iv

id
e

th
ese

com
p
u
tation

s
in

to
th

ree
p
arts

accord
in

g
to

th
e

n
u
m

b
er

of
ju

m
p
s

b
etw

een
t

an
d
t

+
s:

P
(X

t+
s

=
y
,H

t+
s −

H
t ≥

0|X
t

=
x

)
=

P
(X

t+
s

=
y
,H

t+
s −

H
t

=
0|X

t
=
x

)

+
P

(X
t+
s

=
y
,H

t+
s −

H
t

=
1|X

t
=
x

)

+
P

(X
t+
s

=
y
,H

t+
s −

H
t ≥

2|X
t

=
x

).

T
h
e

fi
rst

case
is

straigh
tforw

ard
,

if
th

ere
is

n
o

ju
m

p
b

etw
een

t
an

d
t

+
s,

th
e

p
ro

cess
w

ill
n
ot

ch
an

ge
its

p
osition

an
d

w
e

th
u
s

h
ave:

P
(X

t+
s

=
y
,
H
t+
s −

H
t

=
0|X

t
=
x

)
=
δ
x (y

)e −
s.

T
h
e

secon
d

case
is

sligh
tly

m
ore

in
vo

lved
.

U
sin

g
th

e
sta

tion
arity

an
d

th
e

d
efi

n
ition

of
P

oisson
p
ro

cesses,
th

e
even

t
th

at
th

e
algorith

m
go

es
from

x
to

y
,

h
av

in
g

on
ly

on
e

ju
m

p
b

etw
een

t
an

d
t

+
s,

can
b

e
w

ritten
as:

P
(X

t+
s

=
y
,H

t+
s −

H
t

=
1|X

t
=
x

)
=
P

(X
t+
s

=
y
,ξ ′1

<
s,s−

ξ ′1
<
ξ ′2 |X

t
=
x

)

w
h
ere

ξ ′1
an

d
ξ ′2

are
tw

o
in

d
ep

en
d
en

t
ex

p
on

en
tial

ran
d
om

variab
les

of
p
aram

eter
on

e.
L

et
ξ

=
(ξ ′1 ,ξ ′2 )

an
d
D
s

=
{
(h

1 ,h
2 )∈

R
2|h

1
<
s

an
d
h

2
>
s−

h
1 }.

A
lso

in
w

h
at

follow
s,

for
a

ran
d
om

variab
le
Y

w
e

d
en

ote
f
Y

its
p
rob

ab
ility

d
istrib

u
tion

.
U

sin
g

th
ese

n
o
tation

s
an

d
th

e
fact

th
at
ξ

is
in

d
ep

en
d
en

t
of
X
t ,

w
e

can
w

rite:

P
(X

t+
s

=
y
,ξ∈

D
s |X

t
=
x

)
=

∫

D
s

f
(X

t+
s
,ξ

)|X
t =
x (y

,h
)d
h

=

∫

D
s

f
X
t+
s |ξ

=
h
,X
t =
x (y

)f
ξ (h

)d
h

=

∫
s

0

∫
+
∞

s−
h
1

q
β
t+
h
1 (x

,y
)e −

h
1e −

h
2d
h

1 d
h

2

T
h
e

p
rev

iou
s

eq
u
ality

y
ield

s:

P
(X

t+
s

=
y
,
H
t+
s −

H
t

=
1|X

t
=
x

)
=
e −

s ∫
s

0
q
β
t+
h
1 (x

,y
)d
h

1 .
(9)

In
th

e
follow

in
g

w
e

u
se

th
e

classicalO
(.)

an
d
o(.)

n
otation

s:
for

all
fu

n
ction

s
f

an
d
g

d
efi

n
ed

on
som

e
su

b
set

ofR
,

•
f

(x
)

=
O

(g
(x

))
as
x
→

0
+
⇐
⇒
∃
σ
,x

0
>

0
,|f

(x
)|≤

σ|g
(x

)|
for

all
0
<
x
≤
x

0

•
f

(x
)

=
o(g

(x
))

as
x
→

0
+
⇐
⇒

lim
x→

0
+

f
(x

)
g
(x

)
=

0.

1
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
is
y
si
m
u
l
a
t
e
d

a
n
n
e
a
l
in
g

F
or

th
e

th
ir

d
te

rm
w

e
ca

n
se

e
th

at
:

P(
X
t+
s

=
y
,
H
t+
s
−
H
t
≥

2|
X
t

=
x

)
≤

P(
H
t+
s
−
H
t
≥

2)
≤

P(
H
s
≥

2)

S
in

ce
H
s

is
a

P
oi

ss
on

P
ro

ce
ss

of
p
ar

am
et

er
1,

on
e

ca
n

ch
ec

k
th

at
fo

r
al

l
s

cl
os

e
to

ze
ro

w
e

h
av

e
th

at
P(
H
s
≥

2)
=

1
−

P(
H
s

=
0)
−

P(
H
s

=
1)

=
1
−
e−

s
−
se
−
s

=
O

(s
2
).

T
h
is

im
p
li
es

th
at

w
h
en

s
is

cl
os

e
to

ze
ro

,
th

e
p
ro

b
ab

il
it

y
th

at
th

e
p
ro

ce
ss

go
es

fr
om

x
to
y

b
et

w
ee

n
t

an
d
t

+
s,

w
it

h
m

or
e

th
an

o
n
e

ju
m

p
is

sm
al

l
in

co
m

p
ar

is
on

to
s:

P(
X
t+
s

=
y
,
H
t+
s
−
H
t
≥

2
|X

t
=
x

)
=
O

(s
2
)

(1
0)

P
u
tt

in
g

al
l

th
e

te
rm

s
to

ge
th

er
an

d
re

p
la

ci
n
g

th
em

in
E

q
u
at

io
n

(2
),

w
e

ca
n

re
w

ri
te

th
e

in
fi
n
it

es
im

al
ge

n
er

at
or

as
fo

ll
ow

s:

L
β
t
f

(x
)

=
li
m

s→
0

1 s

[ ∑ y
∈E
f

(y
)[ δ x

(y
)e
−
s

+
e−

s

∫
s

0
q β

(t
+
τ
)(
x
,y

)d
τ

] −
f

(x
)]

+
li
m

s→
0

1 s

∑ y
∈E
f

(y
)P

(X
t+
s

=
y
,H

t+
s
−
H
t
≥

2
|X

t
=
x

)

U
si

n
g

th
e

fa
ct

th
at
f

is
b

ou
n
d
ed

,
E

fi
n
it

e
an

d
th

e
u
p
p

er
b

ou
n
d

gi
ve

n
b
y

E
q
u
at

io
n

(1
0)

,
on

e
ca

n
ea

si
ly

ch
ec

k
th

at
th

e
se

co
n
d

te
rm

is
ze

ro
.

H
en

ce
w

e
ob

ta
in

:

L
β
t
f

(x
)

=
li
m

s→
0

1 s

  e
−
s

  f
(x

)
+
∑ y
∈E
f

(y
)

∫
s

0
q β

(t
+
τ
)(
x
,y

)d
τ

 
−
f

(x
) 

=
li
m

s→
0

f
(x

)(
e−

s
−

1)

s
+

li
m

s→
0

e−
s

s

 
∑ y
∈E
f

(y
)

∫
s

0
q β

(t
+
τ
)(
x
,y

)d
τ

 

N
ot

in
g

th
e

fa
ct

th
at
q β
t

is
co

n
ti

n
u
ou

s
w

it
h

re
sp

ec
t

to
t

an
d

th
e

fo
ll
ow

in
g

id
en

ti
ty

e−
s

=
1
−
s

+
O

(s
2
),

w
e

ea
si

ly
ob

ta
in

th
e

si
m

p
le

st
fo

rm
fo

r
th

e
in

fi
n
it

es
im

a
l

ge
n
er

at
o
r

of
th

e
in

h
o
m

o
ge

n
eo

u
s

M
ar

ko
v

ch
ai

n
:

L
β
t
f

(x
)

=
∑ y
∈E

( f
(y

)
−
f

(x
)) q β

t
(x
,y

).
(1

1)

W
e

ca
n

re
m

ar
k

th
at

th
e

ex
p
li
ci

t
fo

rm
of

th
e

tr
an

si
ti

on
p
ro

b
ab

il
it

y
q β
t

d
o
es

n
ot

ap
p

ea
r

in
th

e
p
ro

of
,

h
en

ce
th

e
re

su
lt

is
co

m
p
le

te
ly

ge
n
er

a
l.

T
h
e

on
ly

n
ec

es
sa

ry
p
ro

p
er

ty
of

th
is

tr
a
n
si

ti
on

p
ro

b
ab

il
it

y
is

it
s

co
n
ti

n
u
it

y
w

it
h

re
sp

ec
t

to
t.

T
h
e

fa
ct

th
at

n
t

an
d
β
t

ar
e

co
n
ti

n
u
ou

s
fu

n
ct

io
n
s

en
su

re
s

th
e

co
n
ti

n
u
it

y
of

tr
an

si
ti

on
p
ro

b
ab

il
it

y
q̃ β
t
,

d
efi

n
ed

in
E

q
u
at

io
n

(3
)

.
T

h
er

ef
or

e,
fo

ll
ow

in
g

th
e

sa
m

e
ar

gu
m

en
t,

o
n
e

ca
n

d
ed

u
ce

(7
).

H
er

e
w

e
ca

n
se

e
th

e
re

le
va

n
ce

of
th

e
ra

n
d
om

n
es

s
of
N
t.

A
n

in
cr

ea
si

n
g

d
et

er
m

in
is

ti
c

se
q
u
en

ce
w

ou
ld

ge
n
er

at
e

a
d
is

co
n
ti

n
u
ou

s
q̃ β
t

an
d

w
ou

ld
m

ak
e

d
iffi

cu
lt

th
e

u
se

of
d
er

iv
at

io
n
s

ab
ov

e.
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B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

4
.

P
ro

o
f,

P
a
rt

2
:

G
e
n
e
ra

to
rs

C
o
m

p
a
ri

so
n

T
h
e

fa
ct

th
at

fo
r

a
te

m
p

er
at

u
re

sc
h
ed

u
le

th
at

d
ec

re
as

es
sl

ow
ly

en
ou

g
h
,
th

e
p
ro

ce
ss

g
en

er
a
te

d
b
y

th
e

cl
as

si
ca

l
S
im

u
la

te
d

A
n
n
ea

li
n
g

co
n
ve

rg
es

to
th

e
se

t
of

gl
ob

al
m

in
im

a
of
J

is
w

el
l
k
n
ow

n
.

T
h
e

N
oi

sy
S
im

u
la

te
d

A
n
n
ea

li
n
g

is
a

si
m

il
ar

al
go

ri
th

m
,

b
u
il
t

on
th

e
sa

m
e

p
ri

n
ci

p
le

s
ex

ce
p
t

th
at

th
e

va
lu

es
of

th
e

fu
n
ct

io
n
J

ar
e

re
p
la

ce
d

b
y

an
es

ti
m

at
io

n
ea

ch
ti

m
e

it
s

co
m

p
u
ta

ti
o
n

is
n
ee

d
ed

.
T

h
er

ef
or

e
a

ti
gh

t
re

la
ti

on
ex

is
ts

b
et

w
ee

n
b

ot
h

ap
p
ro

ac
h
es

.
F

u
rt

h
er

m
o
re

,
a
s

w
e

w
il
l

sh
ow

in
th

is
se

ct
io

n
,

fo
r

a
w

el
l

ch
os

en
co

u
p
le

(β
t,
n
t)

th
e

ge
n
er

a
to

rs
of

th
e

tw
o

a
lg

o
ri

th
m

s
w

il
l

b
e

’c
lo

se
’

at
la

rg
e

ti
m

es
.

T
h
is

is
a

ke
y

el
em

en
t

of
th

e
p
ro

of
as

it
w

il
l

im
p
ly

a
fi
rs

t
co

n
d
it

io
n

fo
r

th
e

ra
ti

o
β
t/
n
t.

U
si

n
g

th
e

re
la

ti
on

s
gi

v
en

b
y

E
q
u
at

io
n

(1
1)

an
d

E
q
u
at

io
n

(7
),

th
e

q
u
an

ti
ty

o
f

in
te

re
st

is
:

L̃
β
t
f

(x
)

=
L
β
t
f

(x
)

+
∑ y
∈E

(f
(y

)
−
f

(x
))

(q̃
β
t
−
q β
t
)(
x
,y

).

H
en

ce
q
u
an

ti
fy

in
g

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

tw
o

ge
n
er

at
or

s
ca

n
b

e
re

d
u
ce

d
to

b
o
u
n
d
in

g
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

tw
o

p
ro

b
ab

il
it

y
tr

an
si

ti
on

s
q β
t

an
d
q̃ β
t
.

T
h
u
s

th
e

m
a
in

re
su

lt
o
f

th
is

se
ct

io
n

is
th

e
fo

ll
ow

in
g

le
m

m
a.

L
e
m

m
a

1
L

et
β
t/
√
n
t
→ ∞

0.
T

h
er

e
ex

is
t

tw
o

fu
n

ct
io

n
s
ε− t

a
n

d
ε+ t

su
ch

th
a
t

∀
t
∈

R
+
,
∀
x
∈
E
′ ,
∀
y
∈
E
,

ε− t
q β
t
(x
,y

)
≤

(q̃
β
t
−
q β
t
)(
x
,y

)
≤
ε+ t
q β
t
(x
,y

)

a
n

d
li
m

t→
+
∞
ε− t

=
li
m

t→
+
∞
ε+ t

=
0.

B
ef

or
e

go
in

g
in

to
th

e
p
ro

of
of

th
is

le
m

m
a,

w
e

p
re

se
n
t

so
m

e
p
re

li
m

in
ar

ie
s.

F
ir

st
it

ca
n

b
e

n
ot

ic
ed

th
at

fo
r

al
l
x
,y
∈
E

,
x
6=
y

w
e

h
av

e:

(q̃
β
t
−
q β
t
)(
x
,y

)

=
q β
t
(x
,y

)

(
q̃ β
t

q β
t

−
1

)
(x
,y

)

=
q β
t
(x
,y

)

 
E N

t
E ω

1
,.
..
,ω
N
t

 
e−

β N
t
b∑

N
t

i=
1
U

(y
,ω
i
)−
U

(x
,ω
i
)c

+

e−
β
t
bE

(U
(y
,Ω

))
−
E(
U

(x
,Ω

))
c +
−

1 
 
.

U
n
le

ss
sp

ec
ifi

ed
ot

h
er

w
is

e,
in

th
is

se
ct

io
n

w
e

al
w

ay
s

co
n
si

d
er
x
6=
y

.
T

h
e

ca
se
x

=
y

is
h
an

d
le

d
at

th
e

en
d

of
th

e
se

ct
io

n
.

T
o

si
m

p
li
fy

th
e

n
ot

at
io

n
s

w
e

d
en

ot
e
X
x
,y

i
:=

U
(y
,ω

i)
−

U
(x
,ω

i)
−

E(
U

(y
,ω

i)
−
U

(x
,ω

i)
)

an
d
K
x
,y

=
E(
U

(y
,ω

i)
−
U

(x
,ω

i)
).

H
en

ce
,

(q̃
β
t
−
q β
t
)(
x
,y

)

=
q β
t
(x
,y

)

( E N
t
E ω

1
,.
..
,ω
N
t

( e−
β
t

( b
1 N
t

∑
N
t

i=
1
X
x
,y
i

+
K
x
,y
c +

+
bK

x
,y
c +
)
−

1

))
.

N
ot

ic
in

g
th

at
,

∀
a
,b
∈
R
,
−
|a
|≤
−
ba

+
bc

+
+
bb
c +
≤
|a
|,
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
isy

sim
u
l
a
t
e
d

a
n
n
e
a
l
in
g

w
e

o
b
ta

in
th

e
follow

in
g

b
ou

n
d
s

for
(q̃
β
t −

q
β
t )(x

,y
):

E
N
t E

ω
1
,...,ω

N
t (
e |
β
t

N
t ∑

N
t

i=
1
X
x
,y
i
|−

1 )
≥

( q̃
β
t −

q
β
t

q
β
t

)(x
,y

)≥
E
N
t E

ω
1
,...,ω

N
t (
e −
|
β
t

N
t ∑

N
t

i=
1
X
x
,y
i
|−

1 )
.

(12)

In
o
rd

er
to

o
b
tain

a
b

ou
n
d

for
th

e
ex

p
ectation

of
a

fu
n
ction

of
N
t

w
e

n
eed

an
estim

ation
o
f

th
e

p
ro

b
a
b
ility

th
at
N
t

takes
valu

es
’far’

from
its

ex
p

ectation
.

L
e
m

m
a

2
T

h
ere

exist
δ∈

(0,1)
a
n

d
a

=
|(1−

δ)
(1−

log
(1−

δ))−
1|

su
ch

th
a
t

fo
r

a
ll
t
>

0
w

e
h
a
ve:

P
(N

t ≤
(1−

δ)n
t )≤

e −
a
n
t.

P
ro

o
f.

W
e

rem
in

d
th

e
read

er
th

at,
as

m
en

tion
ed

in
th

e
d
efi

n
ition

N
t
k ,

at
a

fi
x
ed

tim
e
t

th
e

p
ro

cess
N
t

can
b

e
w

ritten
as

1
+
H

,
w

h
ere

H
is

a
P

oisson
ran

d
om

varia
b
le

of
p
aram

eter
n
t .

F
ix
t∈

R
a
n
d
δ
∈

(0,1).
W

e
p
rov

id
e

an
u
p
p

er
b

ou
n
d

for
P

(N
t ≤

(1−
δ)n

t )
u
sin

g
th

e
C

ra
m

er-C
h
ern

o
ff

m
eth

o
d
.

F
irst

w
e

see
th

at
for

an
y
λ
>

0,
ap

p
ly

in
g

M
ark

ov
’s

in
eq

u
ality

w
e

h
av

e:

P
(N

t ≤
(1−

δ)n
t )

=
P

(e −
λ
N
t
>
e
λ

(δ−
1
)n
t)≤

E
N
t [e −

λ
N
t]

e
λ

(δ−
1
)n
t
..

F
o
r
t

fi
x
ed

N
t −

1
h
as

th
e

d
istrib

u
tion

of
a

P
oisson

ran
d
om

variab
le

of
p
aram

eter
n
t .

T
h
erefo

re
b
y

d
irect

com
p
u
tation

s
w

e
h
ave:

E
N
t [e −

λ
N
t]

=
∑k
>

0 (e −
λ

(k
+

1
)e −

n
t n

kt

k
!
)

=
e −

n
t −
λ ∑k

>
0

(e −
λn

t )
k

k
!

=
e −

n
t −
λe
e −
λ
n
t

P
u
ttin

g
a
ll

th
ese

elem
en

ts
togeth

er
y
ield

s:

P
(N

t ≤
(1−

δ)n
t )≤

ex
p
([−

λ
(δ−

1)−
1

+
e −

λ]n
t )

T
h
e

id
ea

is
to

ch
o
ose

λ
an

d
δ

in
ord

er
to

ob
tain

th
e

sm
allest

p
ossib

le
valu

e
for
−
λ

(δ−
1
)−

1
+
e −

λ.
F

or
δ
∈

(0,1),
th

e
m

in
im

u
m

is
reach

ed
a
t
λ

=
−

log
(1−

δ)
w

h
ich

is
strictly

p
o
sitive.

F
o
r

su
ch

λ
an

d
δ,

w
e

d
en

ote
a

=
|(1−

δ)
(1−

log
(1−

δ))−
1|

an
d

co
n
clu

d
e

th
e

p
ro

o
f.

N
ow

w
e

h
av

e
w

h
at

w
e

n
eed

in
ord

er
to

start
th

e
p
ro

of
of

L
em

m
a

1.
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B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

4
.1

.
P

ro
o
f

o
f

L
e
m

m
a

1
.

F
irst,

recall
th

at
if
y
∈
E
\E
′

th
en
∀
x
∈
E
′,

q̃
β
t (x

,y
)

=
q
β
t (x

,y
)

=
0.

H
en

ce
L

em
m

a
E

q
u
ation

(1)
is

triv
ially

verifi
ed

for
x
∈
E

an
d
y
∈
E
\E
′.

C
on

sid
erin

g
th

e
in

eq
u
alities

given
b
y

E
q
u
ation

(12),
th

e
p
ro

of
can

b
e

d
iv

id
ed

in
tw

o
p
arts

b
y

stu
d
y
in

g
sep

arately
th

e
u
p
p

er
b

ou
n
d
E
N
t E

ω
1
,...,ω

N
t (
e |
β
t

N
t ∑

N
t

i=
1
X
x
,y
i
| )

an
d

th
e

low
er

b
ou

n
d

E
N
t E

ω
1
,...,ω

N
t (
e −
|
β
t

N
t ∑

N
t

i=
1
X
x
,y
i
| )

.

4
.1
.1
.
U
p
p
e
r
B
o
u
n
d

W
e

h
ave:

(q̃
β
t −

q
β
t )(x

,y
)≤

q
β
t (x

,y
) (

E
N
t E

ω
1
,...,ω

N
t (
e |
β
t

N
t ∑

N
t

i=
1
X
x
,y
i
|−

1 ))
.

F
irst

w
e

w
ill

p
rov

id
e

an
estim

ate
ofE

ω
1
,...,ω

N
t [
e |
β
t

N
t ∑

N
t

i=
1
X
x
,y
i
||N

t ]
for

all
N
t .

W
e

start
b
y

rew
ritin

g
th

is
ex

p
ectation

as:

E
ω
1
,...,ω

N
t [
e |
β
t

N
t ∑

N
t

i=
1
X
x
,y
i
||N

t ]
=

∫

R
+

P
(
e |
β
t

N
t ∑

N
t

i=
1
X
x
,y
i
|
>
u|N

t )
d
u

=

∫

R
+

P

(
∣∣∣∣∣
N
t

∑i=
1

X
x
,y

i

∣∣∣∣∣
>

log
(u

)N
t

β
t
|N

t )
d
u
.

S
in

ce
X
x
,y

i
=
U

(y
,ω

i )−
U

(x
,ω

i )−
E
N
t E

ω
i (U

(y
,ω

i )−
U

(x
,ω

i ))
is

a
cen

tered
ran

d
om

variab
le

an
d
U

is
b

ou
n
d
ed

on
E
′

(see
th

e
d
efi

n
ition

of
U

)
th

ere
ex

ists
σ

su
ch

th
at|X

x
,y

i
|≤

σ
(for

ex
am

p
le

set
σ

=
2M

),
alm

ost
su

rely
for

all
i.

T
h
erefore

(X
x
,y

i
)
1≤
i≤
N
t

are
su

b
-ga

u
ssian

ran
d
om

variab
les

((B
ou

ch
eron

et
al.,

2013))
w

ith
varian

ce
factor

σ
2,

i.e.,

∀
u
≥

0,
m

ax
(P

(X
x
,y

i
>
u

),P
(−
X
x
,y

i
>
u

))≤
e −

u
2

2
σ
2
.

C
on

sid
erin

g
th

at
(X

x
,y

i
)
i≤
N
t

is
a

seq
u
en

ce
of

in
d
ep

en
d
en

t
su

b
-G

au
ssian

variab
les,

th
eir

su
m

is
still

a
su

b
-G

au
ssian

variab
le.

A
s

V
ar(X

x
,y

i
)≤

σ
2

for
all

i
w

e
h
ave

th
at

V
ar (∑

N
t

i=
1
X
x
,y

i

)
≤

N
t σ

2
an

d
th

erefore:

∀
u
≥

0
,

m
ax (

P

(
N
t

∑i=
1

X
x
,y

i
>
u )

,P

(
−

N
t

∑i=
1

X
x
,y

i
>
u )
)
≤
e −

u
2

2
σ
2
N
t.

F
or

m
ore

d
etails

ab
ou

t
su

b
-gau

ssian
variab

les
w

e
refer

to
(B

ou
ch

eron
et

al.,
2013).

W
e

u
se

th
is

p
rop

erty
of

con
cen

tration
in

ord
er

to
get

an
estim

ate
of

th
e

ex
p

ectation
:

2
0
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
is
y
si
m
u
l
a
t
e
d

a
n
n
e
a
l
in
g

E ω
1
,.
..
,ω
N
t

[ e|
β
t
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)] m

t(
x

)
−
∑ x
∈E
f t

(x
)
m
t

µ
β
t

(x
)∂
tµ
β
t
(x

).

D
en

ot
e
〈J
〉 µ
β
t

:=
∫
J
d
µ
β
t

th
e

m
ea

n
of
J

w
it

h
re

sp
ec

t
to
µ
β
t
.

O
n
e

ca
n

ch
ec

k
th

at
:

∂
tµ
β
t
(x

)
=
−
β
′ t[ J

(x
)
−
〈J
〉 µ
β
t

] µ
β
t
(x

).

T
h
u
s,

w
e

ea
si

ly
ob

ta
in

th
e

fo
ll
ow

in
g

eq
u
al

it
y
:

∂
t‖
f t
−

1
‖2 µ

β
t

=
2
∑ x
∈E
f t

(x
)(
L̃
β
t
f t

)(
x

)µ
β
t
(x

)
+
β
′ t∑ x
∈E

(J
(x

)
−
〈J
〉 µ
β
t
)f

2 t
(x

)µ
β
t
.

(1
6)

F
ir

st
,

w
e

fo
cu

s
on

th
e

fi
rs

t
te

rm
of

th
e

ri
gh

t
h
an

d
si

d
e

of
E

q
u
at

io
n

(1
6)

.
S
in

ce
w

e
tr

y
to

co
n
tr

ol
th

e
ge

n
er

at
or

of
th

e
n
oi

sy
si

m
u
la

te
d

an
n
ea

li
n
g

b
y

th
e

ge
n
er

at
or

of
th

e
cl

as
si

ca
l

on
e,

it
is

n
at

u
ra

l
to

w
ri

te
L̃
β
t

as
L
β
t

+
L̃
β
t
−
L
β
t
.

T
h
is

co
m

p
ar

is
on

le
ad

s
to

th
e

co
m

p
u
ta

ti
on

:

∑ x
∈E
f t

(x
)(
L̃
β
t
f t

)(
x

)µ
β
t
(x

)

=
∑ x

f t
(x

)(
L
β
t
f t

)(
x

)µ
β
t
(x

)
+
∑ x
∈E
f t

(x
)

 
∑ y
∈E

(f
t(
y
)
−
f t

(x
))

(q̃
β
t
−
q β
t
)(
x
,y

) 
µ
β
t
(x

).
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B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

W
e

re
w

ri
te

th
e

la
st

p
ar

t
of

th
e

se
co

n
d

te
rm

u
si

n
g

L
em

m
a

1:
∑ y
∈E

(f
t(
y
)
−
f t

(x
))

(q̃
β
t
−
q β
t
)(
x
,y

)

=
∑ y
∈E
f t

(y
)(
q̃ β
t
−
q β
t
)(
x
,y

)
−
∑ y
∈E
f t

(x
))

(q̃
β
t
−
q β
t
)(
x
,y

)

≤
ε+ t
∑ y
∈E
f t

(y
)q
β
t
(x
,y

)
−
ε+ t
∑ y
∈E
f t

(x
)q
β
t
(x
,y

)
+
ε+ t
∑ y
∈E
f t

(x
)q
β
t
(x
,y

)
−
ε− t
∑ y
∈E
f t

(x
)q
β
t
(x
,y

)

≤
ε+ t
∑ y
∈E

(f
t(
y
)
−
f t

(x
))
q β
t
(x
,y

)
+

(ε
+ t
−
ε− t

)f
t(
x

)

≤
ε+ t
L
β
t
f t

(x
)

+
(ε

+ t
−
ε− t

)f
t(
x

).

In
se

rt
in

g
th

is
in

th
e

p
re

v
io

u
s

in
eq

u
al

it
y,

w
e

ge
t:

∑ x
∈E
f t

(x
)(
L̃
β
t
f t

)(
x

)µ
β
t
(x

)

≤
(1

+
ε+ t

)
∑ x

f t
(x

)(
L
β
t
f t

)(
x

)µ
β
t
(x

)
+

(ε
+ t
−
ε− t

)
∑ x
∈E
f

2 t
(x

)µ
β
t
(x

)

≤
(1

+
ε+ t

)
∑ x

f t
(x

)(
L
β
t
f t

)(
x

)µ
β
t
(x

)
+

(ε
+ t
−
ε− t

)
∑ x
∈E

(f
2 t
(x

)
−

1)
µ
β
t
(x

)
+

(ε
+ t
−
ε− t

).

T
h
er

ef
or

e,
u
si

n
g

E
q
u
at

io
n

(1
6)

,
w

e
ob

ta
in

th
e

fo
ll
ow

in
g

in
eq

u
al

it
y
:

d d
t‖
f t
−

1
‖2 µ

β
t

≤
2

[ (1
+
ε+ t

)
∑ x

f t
(x

)(
L
β
t
f t

)(
x

)µ
β
t
(x

)
+

(ε
+ t
−
ε− t

)
∑ x
∈E

(f
2 t
(x

)
−

1)
µ
β
t
(x

)
+

(ε
+ t
−
ε− t

)]

+
β
′ t∑ x
∈E

(J
(x

)
−
〈J
〉 µ
β
t
)f

2 t
(x

)µ
β
t

≤
2

[ (1
+
ε+ t

)
∑ x

f t
(x

)(
L
β
t
f t

)(
x

)µ
β
t
(x

)
+

(ε
+ t
−
ε− t

)
∑ x
∈E

(f
2 t
(x

)
−

1)
µ
β
t
(x

)
+

(ε
+ t
−
ε− t

)]

+
β
′ t∑ x
∈E

(J
(x

)
−
〈J
〉 µ
β
t
)(
f t

(x
)
−

1)
2
µ
β
t
(x

)
+

2
β
′ t∑ x
∈E

(J
(x

)
−
〈J
〉 µ
β
t
)(
f t

(x
)
−

1
)µ
β
t
(x

).

In
or

d
er

to
d
ea

l
w

it
h

th
e

fi
rs

t
su

m
w

e
u
se

an
es

ti
m

at
e

of
th

e
sp

ec
tr

al
ga

p
o
f
L
β
t
.

T
h
is

is
p
ro

v
id

ed
b
y

T
h
eo

re
m

2.
1

of
H

ol
le

y
an

d
S
tr

o
ok

(H
ol

le
y

an
d

S
tr

o
o
ck

,
19

88
).

T
h

e
o
re

m
4

(H
o
ll
e
y

a
n

d
S

tr
o
o
k

8
8
)

U
n

d
er

a
ss

u
m

p
ti

o
n

s
o
f

2
.2

,
th

er
e

ex
is

t
tw

o
po

si
ti

ve
co

n
st

a
n

ts
0
<
c
≤
C
<

+
∞

su
ch

th
a
t
∀
β
∈

R
+
,

ce
−
β
m
?
≤
γ

(β
)
≤
C
e−

β
m
?

w
h
er

e
γ

(β
)

=
in

f{
−
∫
φ
L
β
φ
d
µ
β

:
‖φ
‖ µ

β
=

1
a
n

d
∫
φ
d
µ
β

=
0
}

a
n

d
m
?

is
th

e
m

a
xi

m
u

m
d
ep

th
o
f

a
w

el
l

co
n

ta
in

in
g

a
lo

ca
l

m
in

im
u

m
d
efi

n
ed

in
E
qu
a
ti
on

(4
).
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
isy

sim
u
l
a
t
e
d

a
n
n
e
a
l
in
g

R
e
m

a
rk

2
T

h
e

co
n

sta
n

t
m
?

is
a
lw

a
ys

strictly
po

sitive
a
s

soo
n

a
s

th
e

fu
n

ctio
n

h
a
s

a
strict

loca
l

m
in

im
u

m
th

a
t

is
n

o
t

glo
ba

l.
T

h
is

is
gen

era
lly

th
e

ca
se

in
o
u

r
settin

g.
A

lso
,

w
e

a
lw

a
ys

h
a
ve
m
?≤

M
.

F
o
llo

w
in

g
o
f

th
e

P
ro

o
f.

U
sin

g
th

e
d
efi

n
ition

of
f
t ,

on
e

can
see

th
at
∫
f
t d
µ
β
t

=
1,

h
en

ce
a
p
p
ly

in
g

th
e

th
eorem

for
φ

=
f
t −

1

‖f
t −

1‖
µ
β
t

gives:

−
∑

x

φ
(L

β
t φ

)(x
)µ
β
t (x

)≥
ce −

β
t m

?.

T
h
is

a
n
d

th
e

d
efi

n
ition

of
L
β
t

im
p
ly

:

∑

x

f
t (x

)(L
β
t f
t )(x

)µ
β
t (x

)≤
−
ce −

β
t m

?‖f
t −

1‖
2µ
β
t .

J
is

a
p

o
sitive

fu
n
ction

b
ou

n
d
ed

b
y
M

on
E
′.

F
or

all
x
∈
E
\
E
′,

th
e

o
n
ly

p
oin

ts
w

h
ere

J
>
M

,
w

e
h
av

e
th

at
J

(x
)

=
+
∞

an
d

th
erefore

µ
β
t (x

)
=

0.
T

h
is

im
p
lies

th
at

for
all

m
ea

su
ra

b
le

fu
n
ction

s
g
,

∑x∈
E

(J
(x

)−
〈J〉

µ
β
t )g

(x
)µ
β
t ≤

M
‖g‖

µ
β
t .

P
u
ttin

g
a
ll

th
ese

term
s

togeth
er

gives:

dd
t ‖f

t −
1‖

2µ
β
t ≤

2 [−
ce −

β
t m

?(1
+
ε
+t

)
+

(ε
+t
−
ε −t

)
+
M2
β
′t ]‖f

t −
1‖

2µ
β
t

(17)

+
2
M
β
′t ‖f

t −
1‖
µ
β
t

+
2(ε

+t
−
ε −t

).

W
e

d
en

o
te
u
t

=
‖
f
t −

1‖
2µ
β
t .

C
on

sid
erin

g
th

e
fact

th
at
ε
+t

is
a

p
ositiv

e
fu

n
ction

w
e

h
ave:

u
′t ≤

2 [−
ce −

β
t m

?
+

(ε
+t
−
ε −t

)
+
M2
β
′t ]
u
t

(18)

+
2
M
β
′t √
u
t

+
2(ε

+t
−
ε −t

).

U
sin

g
th

a
t,∀

x
∈
R
,

14 x
2

+
1
≥
x

,
w

e
get:

u
′t ≤

2 [−
ce −

β
t m

?
+

(ε
+t
−
ε −t

)
+

( M2
+
M4

)β
′t ]
u
t

(19)

+
2
M
β
′t +

2(ε
+t
−
ε −t

).

L
et
A
t

=
2ce −

β
t m

?
an

d
B
t

=
2(ε

+t
−
ε −t

)
+

2
M
β
′t .

A
p
p
ly

in
g

G
rö

n
w

all’s
L

em
m

a
for

th
e

p
rev

iou
s

relation
g
iv

es:

u
t ≤

u
0 e ∫

t0
−
A
s
+
B
s
d
s

+

∫
t

0
B
s e ∫

ts −
A
h

+
B
h

d
hd
s.

(20)
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B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

U
n
d
er

A
ssu

m
p
tion

s
2.2,

th
ere

ex
ist

b,d
>

0
su

ch
th

at
β
t

=
b

log
(1

+
td

).
T

h
is

im
p
lies:

β
′t
=

bd

1
+
td

an
d
e −

m
?
β
t

=

(
1

1
+
td )

m
?
b

.

U
sin

g
th

e
d
efi

n
ition

of
ε
+t
,ε −t

an
d

th
e

fact
th

at
n
t

=
(1

+
t)
α

on
e

can
ch

eck
th

at:

A
t

=
O
(

1

t m
?
b )

an
d
B
t

=
O
(

1t ∨
log

t

t α
/
2 )

W
e

can
see

th
at

if
B
t

=
o(A

t )
th

e
secon

d
term

of
E

q
u
ation

(20)
is

b
ou

n
d
ed

an
d

gives
u
s

a
fi
n
ite

u
p
p

er
b

ou
n
d

on
u
t .

T
h
is

h
ap

p
en

s
as

so
on

as:

m
?b
<

1∧
α
/2

(21)

H
ow

ever,
th

e
con

d
ition

giv
en

b
y

E
q
u
ation

(21)
is

su
ffi

cien
t

yet
n
ot

n
ecessa

ry.
F

o
r
α
>

2,
B
t

b
ecom

es
of

th
e

ord
erO

(1/t)
an

d
th

u
s

w
e

can
ch

o
ose

d
in

a
w

ay
th

at
p
reserves

a
fi
n
ite

u
p
p

er
b

ou
n
d

of
E

q
u
ation

(20)
even

for
m
?b

=
1.

O
n
e

can
ch

eck
b
y

d
irect

com
p
u
tation

th
at

th
is

is
tru

e
for

an
y
d
<
cm

?/M
.

L
et
β
t

an
d
n
t

b
e

ch
osen

in
ord

er
to

com
p
ly

to
on

e
of

th
e

tw
o

p
rev

iou
sly

m
en

tion
ed

con
d
ition

s.
T

h
en

th
ere

ex
ists

a
con

stan
t
K
′

su
ch

th
at

u
t ≤

K
′

for
all

t∈
R

+
(22)

T
o

com
p
lete

th
e

p
ro

of
of

T
h
eorem

3
on

e
can

ob
serv

e
th

at
for

all
t∈

R
+

,
an

d
all

ε
>

0
:

P
(X̃

t ∈
cχ
ε )

=
E

(1
[J
?
+
ε,+
∞

) (J
(X̃

t ))).

U
sin

g
th

e
C

au
ch

y
-S

ch
w

arz
in

eq
u
ality

an
d

th
e

u
p
p

er
b

o
u
n
d

given
b
y

E
q
u
ation

(22)
w

e
ob

tain
:E
(1

[J
?
+
ε,+
∞

(J
(X̃

t )))
=

∫

R
1

[J
?
+
ε,+
∞

(J
(x

))f
t d
µ
β
t (x

)

≤
(∫

R
(f
t )

2d
µ
β
t (x

) )
12 (∫

R
1

2[J
?
+
ε,+
∞

) (J
(x

))d
µ
β
t (x

) )
12

(23)

≤
‖f
t ‖
L
2µ
β
t (µ

β
t (

cχ
ε ))

1
/
2

≤
K

(µ
β
t (

cχ
ε ))

1
/
2

w
ith

K
=
√
K
′+

1.
T

h
is

com
p
letes

th
e

p
ro

of
of

T
h
eo

rem
3.

5
.2

.
C

o
n
v
e
rg

e
n

c
e

R
a
te

A
fi
rst

rate
of

con
vergen

ce
can

b
e

d
ed

u
ced

from
T

h
eorem

3
u
sin

g
th

e
con

cen
tration

sp
eed

of
th

e
G

ib
b
s

m
easu

re
on

χ
ε .
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g
e
n
c
e
r
a
t
e
o
f
a
n
o
is
y
si
m
u
l
a
t
e
d

a
n
n
e
a
l
in
g

µ
β
t
(c
χ
ε)

=

∑
x
∈c

χ
ε
e−

β
t
J

(x
)

∑
x
∈E

e−
β
t
J

(x
)

=

∑
x
∈c

χ
ε
e−

β
t
J

(x
)

∑
x
∈c

χ
ε
e−

β
t
J

(x
)

+
∑

x
∈χ

ε
e−

β
t
J

(x
)

≤
(|E
|−
|χ
ε|)
e−

β
t
(J
?
+
ε)

0
+
|χ
ε|e
−
β
t
J
?

≤
(
|E
|

|χ
ε|
−

1

)
(1

+
td

)−
bε

(2
4)

A
s

th
e

d
ep

en
d
en

cy
of
K

(T
h
eo

re
m

3)
in
b

an
d
α

is
n
ot

ex
p
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ci

t,
w

e
ca

n
h
ow

ev
er

n
o
t

d
ed

u
ce

an
op

ti
m

al
ch

oi
ce

of
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,α

)
fr

om
th

is
b

ou
n
d
.

T
h
is

ca
n

b
e

ac
h
ie

ve
d

if
w

e
as

su
m

e
th

at
E

q
u
at

io
n

(2
1)

h
ol

d
s

an
d

d
is

ti
n
gu

is
h

th
e

tw
o

ca
se

s
α
≤

2
an

d
α
>

2.
In

d
ee

d
,

w
e

ca
n

th
en

im
p
ro

ve
th

e
b

ou
n
d

on
u
t

an
d

d
er

iv
e

a
m

or
e
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cu

ra
te
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n
ve

rg
en

ce
ra

te
of

th
e

al
go

ri
th

m
.

T
h
is

ra
te

ca
n

th
en

b
e

op
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m
iz

ed
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ob
ta
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th
er

an
u
p
p

er
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ou
n
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of
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e
p
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b
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y
of
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n
ve

rg
en
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to

χ
ε
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r

a
fi
x
ed
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m

p
u
ta

ti
on

al
b
u
d
ge

t
or

th
e

m
in

im
al
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m

p
u
ta

ti
on

al
b
u
d
ge

t
at

a
fi
x
ed

ri
sk

of
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n
ve

rg
en

ce
ou

t
of

χ
ε.

T
h

e
o
re

m
5

U
n

d
er

a
ss

u
m

p
ti

o
n

s
o
f

S
ec

ti
o
n

2
.2

,
su

p
po

se
:
β
t

=
b

lo
g
(t
d

+
1)

,
n
t

=
(1

+
td

)α

a
n

d
m
?
b
<

m
in

(α
/2
,1

):

•
if
α
≥

2,
le

t
b

be
su

ch
th

a
t
m
?
b
<

1
a
n

d
le

t
γ
∈

(0
,α
/
2
−
m
?
b)

,
T

h
en

,
th

er
e

ex
is

t
Γ
γ
,Γ

2
>

0
su

ch
th

a
t

fo
r

t
la

rg
e

en
o
u

gh
,

fo
r

a
ll
ε
>

0
,

P(
X̃
t
∈

c
χ
ε)
≤

Γ
γ
Γ

2
(1

+
td

)(m
?
b−

1
−
bε

)/
2

+
Γ

2
(1

+
td

)−
bε

•
if
α
<

2
,

le
t
b

be
su

ch
th

a
t
m
?
b
<
α
/
2

a
n

d
le

t
γ
∈

(0
,α
/
2
−
m
?
b)

,
T

h
en

,
th

er
e

ex
is

t
Γ
γ
,Γ

2
>

0
su

ch
th

a
t

fo
r

t
la

rg
e

en
o
u

gh
,

fo
r

a
ll
ε
>

0
,

P(
X̃
t
∈

c
χ
ε)
≤

Γ
γ
Γ

2
(1

+
td

)(m
?
b−
α
/
2
+
γ
−
bε

)/
2

+
Γ

2
(1

+
td

)−
bε

R
e
m

a
rk

3
γ

is
n

o
t

a
n

ew
pa

ra
m

et
er

o
f

th
e

N
S

A
a
lg

o
ri

th
m

.
T

h
is

is
a

te
ch

n
ic

a
l

el
em

en
t

th
a
t

en
a
bl

es
th

e
tu

n
in

g
o
f

th
e

co
m

p
u

ta
ti

o
n

a
l

co
m

p
le

xi
ty

bo
u

n
d
s

o
f

S
ec

ti
o
n

5
.3

.
A

s
sh

o
w

n
in

th
e

A
p
pe

n
d
ix

A
,

Γ
γ

is
o
f

th
e

o
rd

er
o
f

1
/γ

.

R
e
m

a
rk

4
T

h
is

tw
o

bo
u

n
d
s

d
is

p
la

y
th

e
tr

a
d
e

o
ff

be
tw

ee
n

th
e

co
n

ve
rg

en
ce

ra
te

o
f

th
e

G
ib

bs
m

ea
su

re
to

th
e

u
n

if
o
rm

d
is

tr
ib

u
ti

o
n

o
ve

r
th

e
gl

o
ba

l
m

in
im

a
a
n

d
th

e
ra

te
o
f

co
n

ve
rg

en
ce

o
f

th
e

N
S

A
p
ro

ce
ss

to
th

e
G

ib
bs

m
ea

su
re

.
F

o
r

th
e

fi
rs

t
bo

u
n

d
,

co
n

si
d
er

in
g
α
>

2
w

e
re

co
ve

r
th

e
cl

a
ss

ic
a
l

ra
te

o
f

co
n

ve
rg

en
ce

o
f

th
e

si
m

u
la

te
d

a
n

n
ea

li
n

g
in

th
e

n
o
is

e
fr

ee
ca

se
.

T
h
is

co
rr

es
po

n
d
s

to
th

e
re

su
lt

o
f

G
u

tj
a
h
r

a
n

d
P

fl
u

g
(1

9
9
6
).

T
h
e

se
co

n
d

bo
u

n
d

p
ro

vi
d
es

th
e

ra
te

o
f

co
n

ve
rg

en
ce

fo
r

a
ch

o
ic

e
o
f
α
<

2.
It

ca
n

be
se

en
th

a
t
b

w
il

l
h
a
ve

to
be

re
d
u

ce
d

to
en

su
re

th
e

co
n

ve
rg

en
ce

a
n

d
th

u
s

th
is

bo
u

n
d

ex
h
ib

it
s

cl
ea

rl
y

th
e

tr
a
d
e

o
ff

be
tw

ee
n

co
o
li

n
g

a
n

d
es

ti
m

a
ti

o
n

.
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B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

P
ro

o
f.

U
n
d
er

as
su

m
p
ti

on
s

of
T

h
eo

re
m

5,
th

e
fo

ll
ow

in
g

b
ou

n
d

on
u
t

ca
n

b
e

d
er

iv
ed

fr
om

G
rö

n
w

al
l’
s

L
em

m
a

(f
or

d
et

ai
ls

se
e

A
p
p

en
d
ix

A
):

u
t
≤
{

Γ
γ
(1

+
td

)m
?
b−

1
if
α
≥

2

Γ
γ
(1

+
td

)m
?
b−
α
/
2
+
γ

if
α
<

2
(2

5
)

T
h
u
s

w
e

ca
n

co
m

p
u
te

a
n
ew

b
ou

n
d

on
th

e
p
ro

b
ab

il
it

y
th

at
X̃
t

d
o
es

n
ot

b
el

o
n
g

to
th

e
op

ti
m

al
se

t
χ
ε

(c
f.

6)
:

P(
X̃
t
∈

c
χ
ε)

=

∫ R
1

c
χ
ε
(J

(x
))
f t
d
µ
β
t
(x

)

=

∫ R
1

c
χ
ε
(J

(x
))

(f
t
−

1)
d
µ
β
t
(x

)
+

∫ R
+

1
c
χ
ε
(J

(x
))
d
µ
β
t
(x

)

≤
( ∫

R
+

(f
t
−

1
)2
d
µ
β
t
(x

)

∫ R
+

1
2 c
χ
ε
(J

(x
))
d
µ
β
t
(x

)) 1
/
2

+
µ
β
t
(c
χ
ε)

≤
√
u
tµ
β
t
(c
χ
ε)

+
µ
β
t
(c
χ
ε)

(2
6)

T
h
is

m
ea

n
s

th
at

if
th

er
e

ex
is

t
(α
,b

)
su

ch
th

at
u
t

=
O

(µ
β
t
)

th
e

co
n
ve

rg
en

ce
ra

te
in

th
e

n
o
is

y
ca

se
w

il
l

b
e

of
th

e
sa

m
e

or
d
er

as
in

th
e

cl
as

si
ca

l
on

e,
b
u
t

fo
r

a
sm

al
le

r
b.

U
si

n
g

th
e

p
re

v
io

u
s

in
eq

u
al

it
y,

E
q
u
at

io
n

(2
5)

an
d

th
e

co
n
ce

n
tr

at
io

n
ra

te
o
f

th
e

G
ib

b
s

m
ea

su
re

gi
v
en

b
y

E
q
u
at

io
n

(2
4)

w
e

h
av

e:

P(
X̃
t
∈

c
χ
ε)
≤
{

Γ
γ
Γ

2
(1

+
td

)m
?
b
−
1
−
b
ε

2
+

Γ
2
(1

+
td

)−
bε

if
α
≥

2

Γ
γ
Γ

2
(1

+
td

)m
?
b
−
α
/
2
+
γ
−
b
ε

2
+

Γ
2
(1

+
td

)−
bε

if
α
<

2

w
h
er

e
Γ

2
=
|E
|

|χ
ε
|−

1.

5
.3

.
C

o
m

p
u

ta
ti

o
n

a
l

C
o
m

p
le

x
it

y
o
f

N
S

A

G
iv

en
th

e
co

n
ve

rg
en

ce
ra

te
of

th
e

al
go

ri
th

m
,

w
e

ca
n

d
efi

n
e
T
?

su
ch

th
at

th
e

co
n
fi
d
en

ce
in

eq
u
al

it
y

co
n
st

ra
in

t
is

sa
ti

sfi
ed

at
ti

m
e
T
?
.

L
et
N
T ca
ll

b
e

th
e

n
u
m

b
er

of
co

st
fu

n
ct

io
n

ev
al

u
at

io
n
s

m
ad

e
b
y

th
e

N
S
A

u
n
ti

l
ti

m
e
T

.
T

h
is

is
a

ra
n
d
om

va
ri

ab
le

.
W

e
d
efi

n
e

th
e

co
m

p
u
ta

ti
on

al
co

st
of

th
e

al
go

ri
th

m
as

th
e

ex
p

ec
ta

ti
o
n

of
th

is
ra

n
d
om

va
ri

ab
le

.
It

ca
n

b
e

w
ri

tt
en

as
:

E
( N

T ca
ll

) =
E

 
∑ k
≥

1

1
T
k
<
T
N
T
k

 
.

L
e
m

m
a

6
L

et
δ,
ε
>

0
,
γ
∈

(0
,α
/
2
−
m
?
b)

a
n

d

T
?

=
1 d

(
m

ax

(
(

2Γ
γ

δ

) 2
/
(m

in
(1
,α
2
−
γ

)−
m
?
b+
bε

)

,(
2Γ

2

δ

) 1
/
bε
)
−

1)
.
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
isy

sim
u
l
a
t
e
d

a
n
n
e
a
l
in
g

T
h
en

,
fo

r
a
ll
t≥

T
?,P

(X̃
t ∈

cχ
ε )≤

δ
a
n

d
th

e
co

m
p
u

ta
tio

n
a
l

co
st

u
p

to
tim

e
T
?

is
bo

u
n

d
ed

:

E
(N

T∗
ca
ll )≤

1d
m

ax (
(

2Γ
γ

δ

)
2
(α

+
1
)/

(m
in

(1
,
α2 −

γ
)−
m
?
b+
bε)

, (
2Γ

2

δ

)
(α

+
1
)/
bε )

.

P
ro

o
f.

In
o
rd

er
to

p
rov

e
th

is
statem

en
t,

w
e

u
se

th
e

in
eq

u
alities

from
T

h
eorem

5
treatin

g
ea

ch
term

sep
a
rately.

W
e

co
n
sid

er
T

1 ,T
2

su
ch

th
at

Γ
γ Γ

2 (1
+
d
T

1 )
m
?
b−

m
in

(1
,
α2 −

γ
)−
bε

=
δ/2

an
d

Γ
2 (1

+
d
T

2 ) −
bε

=
δ/2.

T
h
is

im
p
lies:1

+
d
T

1
=

(
2Γ

γ

δ

)
2
/
(m

in
(1
,
α2 −

γ
)−
m
?
b+
bε)

an
d

1
+
d
T

2
=

(
2Γ

2

δ

)
1
/
bε

.
(27)

N
ow

w
e

ca
n

d
efi

n
e
T
?,

th
e

tim
e

after
w

h
ich

th
e

cu
rren

t
state

of
th

e
N

S
A

b
elon

gs
to

χ
ε

w
ith

p
ro

b
ab

ility
a
t

least
1−

δ,
i.e.,∀

t
>
T
?,

P
(X̃

t ∈
χ
ε )≥

1−
δ:

T
?

=
m

ax
(T

1 ,T
2 ).

W
e

a
re

in
terested

in
th

e
com

p
u
tation

al
cost

u
p

to
tim

e
T
?,

m
ore

p
recisely

th
e

ex
p

ected

n
u
m

b
er

o
f

M
on

te
C

arlo
sim

u
lation

s
u
sed

u
p

to
T
?.

T
h
is

is
given

b
y
E
(∑

k≥
1
1
T
k
<
T
?N

T
k )

.

T
h
e

va
lu

e
o
f

th
is

q
u
an

tity
can

n
ot

b
e

com
p
u
ted

ex
actly,

b
u
t

it
can

easily
b

e
u
p
p

er
b

ou
n
d
ed

.

E


∑k≥

1

1
T
k
<
T
?N

T
k 

=
E


E


∑k≥

1

1
T
k
<
T
?N

T
k 
|(T

k )
k
=

1···+
∞



=
E


∑k≥

1

1
T
k
<
T
?n

T
k 

≤
E


∑k≥

1

1
T
k
<
T
? 

n
T
?

T
h
e

la
st

in
eq

u
a
lity

is
im

p
lied

b
y

th
e

fact
th

at
n
t
is

an
in

creasin
g

fu
n
ction

.
S
in

ce ∑
k≥

1
1
T
k
<
T
?

is
a

P
o
isson

variab
le

of
p
aram

eter
T
?,

u
sin

g
th

e
d
efi

n
ition

o
f
n
t

on
e

can
see

th
at:

E


∑k≥

1

1
T
k
<
T
?N

T
k 
≤
T
?(1

+
d
T
?)
α

(28)

≤
1d

(1
+
d
T
?)
α

+
1.

W
e

co
n
clu

d
e

u
sin

g
E

q
u
ation

(27).

T
h
e

ra
te

of
grow

th
of

th
e

total
com

p
u
tation

n
u
m

b
er

is
m

ain
ly

d
riven

b
y

th
e

ex
p

on
en

t
of

1δ
in

th
e

co
st

fu
n
ction

.
W

e
are

lo
ok

in
g

for
th

e
cou

p
le

(α
,b)

th
at

m
in

im
izes

th
is

q
u
an

tity
an

d
fu

lfi
lls

th
e

req
u
irem

en
ts

of
T

h
eorem

5.
W

e
can

sp
lit

th
e

p
rob

lem
in

to
tw

o
su

b
-p

ro
b
lem

s:

3
1

JM
L

R
 20(4):1-45, 2019

B
o
u
t
t
ie
r
a
n
d

G
a
v
r
a

C
ase

1:
α2
−
γ
>

1

m
in

b,α
m

ax (
2(α

+
1)

1−
m
?b

+
bε
,
α

+
1

bε

)
(29)

s.t.m
?b
<

1
an

d
α
−

2γ
>

2

C
ase

2:
α2
≤

1

m
in

b,α
m

ax (
2(α

+
1)

α
/2−

γ
−
m
?b

+
bε
,
α

+
1

bε

)
(30)

s.t.0
<
γ
<
α2
−
m
?b

an
d
α
−

2
γ
≤

2

T
h
e

solu
tion

of
E

q
u
ation

(29)
is

ob
v
iou

s,
th

e
m

in
im

al
valu

e
for

α
an

d
th

e
m

ax
im

al
for

b,
i.e,

α
m

u
st

b
e

a
s

close
to

2
as

p
ossib

le
an

d
b

=
1

m
?
+
ε .

A
s

for
E

q
u
ation

(30),
w

e
con

sid
er

tw
o

su
b
-cases.

F
irst

su
p
p

ose
th

at:

2(α
+

1)

α
/2−

γ
−
m
?b

+
bε
≥
α

+
1

bε
⇐
⇒
α
/2−

γ
−
m
?b≤

bε.
(31)

T
h
e

fu
n
ction

w
e

w
an

t
to

m
in

im
ize

is
strictly

d
ecreasin

g
in
α

an
d

strictly
in

creasin
g

in
b,

so
its

m
in

im
u
m

valu
e

is
attain

ed
for

th
e

m
ax

im
al

valu
e

of
α

an
d

th
e

m
in

im
al

valu
e

of
b,

u
n
d
er

th
e

d
om

ain
con

strain
ts

given
b
y

E
q
u
ation

(30)
a
n
d

E
q
u
ation

(31),
so

th
e

solu
tion

is:

α
=

2(1
+
γ

)
an

d
b
>

1

m
?

+
ε
.

(32)

In
th

e
secon

d
su

b
-case,

su
p
p

osin
g

th
at

th
e

in
eq

u
ality

E
q
u
ation

(31)
is

in
verted

,
th

e
p
rob

lem
can

b
e

resu
m

ed
at

m
in

im
izin

g
(α

+
1)/bε,

a
d
ecreasin

g
fu

n
ction

w
ith

resp
ect

to
b,

for

b≤
α
/2−

γ

(m
?

+
ε)

an
d
α
≤

2
.

R
ep

lacin
g
b

b
y

its
m

ax
im

al
valu

e
th

e
ob

jective
fu

n
ction

b
ecom

es
a

d
ecreasin

g
fu

n
ction

in
α

,
an

d
th

erefore
w

e
ob

tain
th

e
sam

e
solu

tion
as

b
efore,

d
efi

n
ed

in
E

q
u
ation

(32).
T

h
is

is
a

q
u
ite

com
p
reh

en
sive

resu
lt,

as
it

in
d
icates

th
at

th
e

low
er

th
e

req
u
ired

accu
racy

in
th

e
solu

tion
sp

ace
is,

i.e.,
ε

in
creases

an
d

th
u
s

th
e

size
of

χ
ε

d
o
es

to
o,

th
e

faster
th

e
tem

p
eratu

re
can

d
ecrease

to
zero.

W
e

n
eed

to
ex

p
lore

less
th

e
state

sp
a
ce.

C
o
ro

lla
ry

1
F

o
r

th
e

o
p
tim

a
l

pa
ra

m
eters

ch
o
ice

d
efi

n
ed

in
E

qu
a
tio

n
(3

2
),

a
n
ε-o

p
tim

a
l

so
lu

tio
n

is
retu

rn
ed

by
N

S
A

w
ith

p
ro

ba
bility

1−
δ

a
t

a
co

m
p
u

ta
tio

n
a
l

co
st

a
t

m
o
st

:

1d

(
2Γ

γ

δ

)
m
?
+
ε

ε
(3

+
2
γ

)

,

w
h
ere

Γ
γ

is
d
efi

n
ed

in
T

h
eo

rem
5
.
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C
o
n
v
e
r
g
e
n
c
e
r
a
t
e
o
f
a
n
o
is
y
si
m
u
l
a
t
e
d

a
n
n
e
a
l
in
g

T
h
is

is
ra

th
er

co
st

ly
b
u
t

re
p
re

se
n
ts

a
ge

n
er

al
b

ou
n
d

w
it

h
fe

w
co

n
st

ra
in

ts
on

th
e

fu
n
ct

io
n

J
.

H
ow

ev
er

,
if

th
e

fu
n
ct

io
n
J
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w
it

h
co

va
ri

at
es

w
it

h
G

au
ss

ia
n

d
es

ig
n
.

B
y

d
ev

el
op

in
g

th
is

ge
n
er

al
fr

a
m

ew
o
rk

in
te

rm
s

of
th

es
e

p
ro

p
er

ti
es

,
w

e
on

ly
n
ee

d
to

ve
ri

fy
th

at
ou

r
se

t
sa

ti
sfi

es
th

es
e

p
ro

p
er

ti
es

a
n
d

al
so

d
em

on
st

ra
te

th
at

th
es

e
p
ro

p
er

ti
es

ar
e

fu
n
d
am

en
ta

l
to

p
ro

v
id

in
g

th
eo

re
ti

ca
l

re
su

lt
s

fo
r

p
ro

je
ct

ed
gr

ad
ie

n
t

d
es

ce
n
t.

O
u
r

m
ai

n
th

eo
re

ti
ca

l
re

su
lt

sh
ow

s
th

at
th

e
F

ro
b

en
iu

s
n
or

m
sc

al
es

as
n
−

1
/
2
w
G

[Θ
∩
B F

(1
)]

,
w

h
er

e
n

is
th

e
sa

m
p
le

si
ze

,
B F

(1
)

:=
{A

:
‖A
‖ F
≤

1}
re

fe
rs

to
th

e
F

ro
b

en
iu

s-
n
o
rm

b
a
ll

w
it

h
ra

d
iu

s
1

an
d
w
G

[Θ
∩
B F

(1
)]

re
fe

rs
to

th
e

lo
ca

li
ze

d
G

a
u

ss
ia

n
w

id
th

of
Θ

.
W

h
il
e

st
a
ti

st
ic

al
ra

te
s

in
te

rm
s

of
G

au
ss

ia
n

w
id

th
s

ar
e

al
re

ad
y

es
ta

b
li
sh

ed
fo

r
co

n
ve

x
re

gu
la

ri
za

ti
o
n

a
p
-

p
ro

ac
h
es

(s
ee

,
e.

g.
,

C
h
an

d
ra

se
ka

ra
n

et
al

.,
20

12
;

R
as

k
u
tt

i
an

d
Y

u
a
n
,

20
15

),
th

is
to

th
e

b
es

t
of

ou
r

k
n
ow

le
d
ge

is
th

e
fi
rs

t
ge

n
er

al
er

ro
r

b
ou

n
d

fo
r

n
on

-c
on

ve
x

p
ro

je
ct

ed
gr

a
d
ie

n
t

d
es

ce
n
t

in
te

rm
s

of
a

lo
ca

li
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d
G

au
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ia
n

w
id

th
.
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P
r
o
je
c
t
e
d

L
o
w
-r
a
n
k

T
e
n
so

r
R
e
g
r
e
ssio

n

A
n
o
th

er
m

a
jor

con
trib

u
tion

w
e

m
ak

e
is

to
p
rov

id
e

a
com

p
arison

b
oth

in
term

s
of

statis-
tica

l
erro

r
ra

te
a
n
d

com
p
u
tation

to
ex

istin
g

con
vex

ap
p
ro

ach
es

to
low

ran
k

ten
sor

regression
.

U
sin

g
ou

r
statistical

error
b

ou
n
d

for
n
on

-con
v
ex

p
ro

jected
grad

ien
t

d
escen

t
w

h
ich

is
stated

in
term

s
o
f

th
e

lo
calized

G
au

ssian
w

id
th

of
Θ

,
w

e
sh

ow
ex

p
licitly

th
a
t

o
u
r

error
b

ou
n
d

for
th

e
n
o
n
-con

vex
ap

p
roach

is
n
o

larger
(u

p
to

a
con

stan
t)

th
an

th
ose

for
con

v
ex

regu
larization

sch
em

es
(see,

e.g.,
T

h
eorem

1
of

R
ask

u
tti

an
d

Y
u
an

,
2015),

an
d

in
som

e
cases

is
sm

a
ller.

T
o

m
a
ke

th
is

co
m

p
arison

m
ore

con
crete,

w
e

fo
cu

s
on

th
ree

p
articu

lar
ex

am
p
les

of
low

-ran
k

ten
so

r
stru

ctu
re:

(i)
su

m
of

ran
k
s

of
each

slice
of

a
ten

so
r

b
ein

g
sm

all;
(ii)

sp
arsity

an
d

low
-ra

n
k

stru
ctu

re
for

slices;
an

d
(iii)

low
T

u
cker

ran
k
.

In
ca

se
(i),

b
oth

ap
p
roach

es
are

a
p
p
lica

b
le

an
d

ach
ieve

th
e

sam
e

rate
of

con
vergen

ce.
F

or
case

(ii),
th

e
n
on

-con
vex

ap
p
roa

ch
is

still
a
p
p
licab

le
w

h
ereas

a
con

vex
regu

larization
ap

p
roach

is
n
ot

n
atu

rally
ap

p
licab

le.
In

ca
se

(iii)
a
ga

in
b

oth
ap

p
roach

es
are

ap
p
licab

le
b
u
t

a
su

p
erior

statistical
p

erform
an

ce
can

b
e

a
ch

ieved
v
ia

th
e

n
on

-con
vex

m
eth

o
d
.

W
e

su
p
p
lem

en
t

ou
r

th
eoretical

com
p
arison

w
ith

a
sim

u
la

tio
n

co
m

p
arison

.
O

u
r

sim
u
lation

resu
lts

sh
ow

th
at

ou
r

n
on

-con
vex

p
ro

jected
g
ra-

d
ien

t
d
escen

t
b
ased

ap
p
roach

com
p
ares

fav
orab

ly
to

th
e

con
vex

regu
larization

ap
p
roach

u
sin

g
a

g
en

eric
c
v
x

solver
in

term
s

of
b

oth
ru

n
-tim

e
an

d
statistical

p
erform

an
ce

p
rov

id
ed

o
p
tim

a
l

step
-size

ch
oices

in
th

e
p
ro

jected
grad

ien
t

d
escen

t
an

d
regu

larization
p
aram

eters
in

th
e

co
n
v
ex

reg
u
larization

ap
p
roach

are
u
sed

.
F

u
rth

erm
ore

th
e

p
ro

jected
grad

ien
t

d
escen

t
sca

les
to

m
u
ch

larger-scale
d
ata

th
an

gen
eric

con
vex

solvers.

1
.1

.
O

u
r

c
o
n
trib

u
tio

n
s

T
o

su
m

m
a
rize,

w
e

m
ake

th
e

follow
in

g
th

ree
con

trib
u
tion

s
in

ou
r

p
ap

er:

•
F

irstly,
w

e
p
rov

id
e

gen
eral

error
b

ou
n
d
s

fo
r

p
ro

jected
grad

ien
t

d
escen

t
ap

p
lied

to
g
en

era
lized

ten
sor

regression
p
rob

lem
s

in
term

s
of

th
e

lo
calized

G
au

ssian
w

id
th

of
th

e
co

n
stra

in
t

set
Θ

.
In

p
articu

lar,
w

e
p
rov

id
e

th
ree

n
ov

el
resu

lts.
T

h
eorem

1
p
rov

id
es

a
n

u
p
p

er
b

ou
n
d

for
p
ro

jected
grad

ien
t

d
escen

t
w

ith
ten

sor
p
aram

eters
an

d
ap

p
lies

to
a
n
y

Θ
satisfy

in
g

th
e

su
p

er-ad
d
itiv

ity
an

d
co

n
tractive

p
rop

erties
d
escrib

ed
ab

ove
a
n
d

ex
p
la

in
ed

in
greater

d
etail

in
S
ection

3.
T

h
eorem

1
su

b
stan

tially
gen

eralizes
p
rior

resu
lts

in
J
ain

et
al.

(2014,
2016)

w
h
ich

fo
cu

s
on

sp
arse

vectors
an

d
low

-ran
k

m
atrices.

T
h
eo

rem
2

an
d

3
ap

p
ly

th
e

gen
eral

resu
lt

in
T

h
eorem

1
to

gen
eralized

lin
ear

m
o
d
els

a
n
d

G
a
u
ssian

lin
ear

m
o
d
els

resp
ectiv

ely.
S
ign

ifi
can

tly,
T

h
eorem

s
2

an
d

3
sh

ow
th

at
th

e
lo

ca
lized

G
au

ssian
w

id
th

for
th

e
con

strain
t

set
for

Θ
p
lay

a
cru

cial
role

in
th

e
m

ea
n
-sq

u
ared

error
b

ou
n
d
.

T
h
is

is
th

e
fi
rst

an
aly

sis
w

e
are

aw
are

of
th

at
ex

p
resses

th
e

sta
tistical

error
of

P
G

D
in

term
s

of
lo

calized
G

au
ssian

w
id

th
w

h
ich

a
llow

s
u
s

to
d
ea

l
w

ith
P

G
D

in
a

m
ore

u
n
ifi

ed
m

an
n
er.

•
U

sin
g

T
h
eorem

3,
ou

r
secon

d
m

a
jor

con
trib

u
tion

is
to

p
rov

id
e

a
com

p
arison

in
term

s
o
f

m
ea

n
-sq

u
ared

error
to

stan
d
ard

con
vex

regu
larization

sch
em

es
stu

d
ied

in
R

ask
u
tti

a
n
d

Y
u
an

(2015).
W

e
sh

ow
u
sin

g
th

e
com

p
arison

of
G

a
u
ssia

n
w

id
th

s
in

th
e

con
v
ex

a
n
d

n
o
n
-con

v
ex

cases
th

at
u
n
lik

e
for

vector
an

d
m

atrix
p
rob

lem
s

w
h
ere

con
vex

reg-
u
la

riza
tio

n
sch

em
es

p
rovab

ly
ach

ieve
th

e
sam

e
statistical

error
b

ou
n
d
s

as
n
on

-con
vex

a
p
p
ro

ach
es,

th
e

m
ore

com
p
lex

stru
ctu

re
of

ten
sors

m
ean

s
th

at
ou

r
n
on

-con
vex

ap
-

p
ro

a
ch

co
u
ld

y
ield

a
su

p
erior

statistical
error

b
ou

n
d

in
som

e
ex

am
p
les

com
p
a
red

to
co

n
vex

regu
larization

sch
em

es.
W

e
also

p
rov

e
th

at
o
u
r

n
on

-con
vex

error
b

ou
n
d

is
n
o

la
rg

er
th

a
n

th
e

con
vex

regu
larization

b
ou

n
d

d
evelop

ed
in

R
ask

u
tti

an
d

Y
u
an

(201
5).
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C
h
e
n
,
R
a
sk

u
t
t
i,
Y
u
a
n

•
L

astly,
w

e
d
em

on
strate

in
S
ection

5
th

e
b

en
efi

ts
of

th
e

n
on

-con
vex

ap
p
ro

ach
com

-
p
ared

to
ex

istin
g

con
vex

regu
larization

sch
em

es
for

variou
s

low
-ran

k
ten

sor
reg

ression
p
rob

lem
s.

W
e

also
sh

ow
th

rou
gh

sim
u
lation

s
th

e
b

en
efi

t
of

u
sin

g
low

-ran
k

ten
sor

regu
larization

sch
em

es
com

p
ared

to
u
sin

g
a

low
-ran

k
m

atrix
sch

em
e.

T
h
e

rem
ain

d
er

of
th

e
p
ap

er
is

organ
ized

a
s

follow
s:

S
ection

2
in

tro
d
u
ces

th
e

b
a
sics

of
th

e
low

-ran
k

ten
sor

regression
m

o
d
els

w
e

con
sid

er
an

d
in

tro
d
u
ces

th
e

p
ro

jected
grad

ien
t

d
e-

scen
t

algorith
m

.
S
ection

3
p
resen

ts
th

e
g
en

eral
th

eoretical
resu

lts
for

n
on

-con
vex

p
ro

jected
grad

ien
t

d
escen

t
an

d
sp

ecifi
c

ex
am

p
les

are
d
iscu

ssed
in

S
ection

4.
A

sim
u
lation

com
p
ari-

son
b

etw
een

th
e

con
vex

an
d

n
on

-con
vex

ap
p
roach

is
p
rov

id
ed

in
S
ection

5
an

d
p
ro

ofs
are

p
rov

id
ed

in
S
ection

7.

2
.

M
e
th

o
d
o
lo

g
y

C
on

sid
er

a
gen

eralized
ten

sor
regression

fram
ew

ork
w

h
ere

th
e

con
d
ition

al
d
istrib

u
tion

of
a

scalar
resp

on
se
Y

given
a

covariate
ten

sor
X
∈
R
d
1 ×
d
2 ×
...×

d
N

is
giv

en
b
y

p
(Y
|X
,T

)
=
h

(Y
)

ex
p{Y

〈X
,T〉−

a
(〈X

,T〉)}
,

(1)

w
h
ere

a
(·)

is
a

strictly
con

vex
an

d
d
iff

eren
tiab

le
log-p

artition
fu

n
ction

,
h

(·)
is

a
n
u
isan

ce
p
aram

eter,
an

d
T
∈
R
d
1 ×
d
2 ×
...×

d
N

is
th

e
p
aram

eter
ten

sor
of

in
terest.

T
y
p
ical

ex
am

p
les

of
a
(·)

in
clu

d
e
a
(θ)

=
12 θ

2
lead

in
g

to
th

e
u
su

al
n
orm

al
lin

ear
regression

,
a
(θ)

=
log

(1
+
e
θ)

corresp
on

d
in

g
to

logistic
regression

,
an

d
a
(θ)

=
e
θ

w
h
ich

can
b

e
id

en
tifi

ed
w

ith
P

oisson
regression

w
h
ere

θ
is

a
scalar.

T
h
e

goal
is

to
estim

ate
ten

sor
T

b
ased

on
th

e
train

in
g

d
ata

{
(X

(i),Y
(i))

:
1
≤
i≤

n}.
F

or
con

ven
ien

ce
w

e
assu

m
e

(X
(i),Y

(i))’s
are

in
d
ep

en
d
en

t
cop

ies
of

(X
,Y

).
H

en
ce

th
e

n
egative

log-likelih
o
o
d

risk
o
b

jectiv
e,

for
an

y
A
∈
R
d
1 ×
d
2 ×
...×

d
N

,
is:

L
(A

)
=

1n

n
∑i=

1 [a
(〈X

(i),A〉)−
Y

(i)〈X
(i),A〉−

log
h

(Y
(i)) ]

.
(2)

T
h
e

n
otation

〈·,·〉
w

ill
refer

th
rou

gh
ou

t
th

is
p
ap

er
to

th
e

stan
d
ard

in
n
er

p
ro

d
u
ct

taken
over

ap
p
rop

riate
E

u
clid

ean
sp

aces.
H

en
ce,

for
A
∈
R
d
1 ×
···×

d
N

an
d
B
∈
R
d
1 ×
···×

d
N

:

〈A
,B
〉

=

d
1
∑j
1
=

1 ···
d
N
∑j
N

=
1

A
j
1
,...,j

N
B
j
1
,...,j

N
∈
R
.

U
sin

g
th

e
stan

d
ard

n
otion

of
in

n
er

p
ro

d
u
ct,

for
a

ten
sor

A
,‖A‖

F
=
〈A
,A〉

1
/
2.

A
n
d

th
e

em
p
irical

n
orm

‖·‖
n

for
a

ten
sor

A
∈
R
d
1 ×
···×

d
N

is
d
efi

n
e

a
s:

‖
A‖

2n
:=

1n

n
∑i=

1 〈A
,X

(i)〉
2.

A
lso,

for
an

y
lin

ea
r

su
b
sp

ace
A
⊂

R
d
1 ×
d
2 ×
...×

d
N

,
A
A

d
en

otes
th

e
p
ro

jection
of

a
ten

sor
A

on
to
A

.
M

ore
p
recisely

A
A

:=
arg

m
in

M
∈A
‖
A
−
M
‖

F
.
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P
r
o
je
c
t
e
d

L
o
w
-r
a
n
k

T
e
n
so

r
R
e
g
r
e
ss
io
n

2
.1

.
B

a
ck

g
ro

u
n

d
o
n

te
n

so
r

a
lg

e
b

ra

O
n
e

of
th

e
m

a
jo

r
ch

al
le

n
ge

s
as

so
ci

at
ed

w
it

h
lo

w
-r

an
k

te
n
so

rs
is

th
at

th
e

n
o
ti

on
of

h
ig

h
er

-
or

d
er

te
n
so

r
d
ec

om
p

os
it

io
n

an
d

ra
n
k

is
am

b
ig

u
ou

s.
S
ee

,
e.

g.
,

K
ol

d
ar

an
d

B
ad

er
(2

00
9)

fo
r

a
re

v
ie

w
.

T
h
er

e
ar

e
tw

o
st

an
d
ar

d
d
ec

om
p

os
it

io
n
s,

th
e

so
-c

al
le

d
ca

n
on

ic
al

p
ol

ya
d
ic

(C
P

)
d
ec

om
p

os
it

io
n

an
d

th
e

T
u
ck

er
d
ec

om
p

os
it

io
n
.

In
ad

d
it

io
n

to
th

at
,

th
er

e
ar

e
va

ri
ou

s
n
ot

io
n
s

of
te

n
so

r
lo

w
-r

an
k
n
es

s
co

n
si

d
er

ed
in

th
e

ap
p
li
ca

ti
on

.
In

or
d
er

to
si

m
p
li
fy

n
ot

at
io

n
,

w
e

fo
cu

s
ou

r
d
is

cu
ss

io
n

on
th

ir
d
-o

rd
er

te
n
so

rs
(N

=
3)

b
u
t

p
oi

n
t

ou
t

th
at

m
an

y
of

th
e

n
o
ti

on
s

ge
n
er

al
iz

e
to
N
>

3.
O

u
r

ge
n
er

al
th

eo
re

m
in

S
ec

ti
on

3
w

or
k
s

fo
r

ge
n
er

al
N
≥

3.
T

h
e

C
P

d
ec

om
p

os
it

io
n

of
a

th
ir

d
-o

rd
er

te
n
so

r
is

d
efi

n
ed

a
s

th
e

sm
al

le
st

n
u
m

b
er
r

of
ra

n
k
-o

n
e

te
n
so

rs
n
ee

d
ed

to
re

p
re

se
n
t

a
te

n
so

r
A
∈
R
d
1
×
d
2
×
d
3
:

A
=

r ∑ k
=

1

u
k
,1
⊗
u
k
,2
⊗
u
k
,3

(3
)

w
h
er

e
u
k
,m
∈
R
d
m

,
fo

r
1
≤
k
≤
r

an
d

1
≤
m
≤

3.
A

se
co

n
d

p
op

u
la

r
d
ec

om
p

os
it

io
n

is
th

e
so

-c
al

le
d

T
u
ck

er
d
ec

om
p

os
it

io
n
.

T
h
e

T
u
ck

er
d
ec

om
p

os
it

io
n

of
a

te
n
so

r
A
∈
R
d
1
×
d
2
×
d
3

is
of

th
e

fo
rm

:

A
j 1
j 2
j 3

=

r 1 ∑ k
1
=

1

r 2 ∑ k
2
=

1

r 3 ∑ k
3
=

1

S
k
1
k
2
k
3
U
j 1
k
1
,1
U
j 2
k
2
,2
U
j 3
k
3
,3

so
th

at
U
m
∈
R
d
m
×
r m

fo
r

1
≤
m
≤

3
ar

e
fa

ct
or

s
m

at
ri

ce
s

(w
h
ic

h
ar

e
u
su

a
ll
y

or
th

og
on

al
)

an
d

S
∈
R
r 1
×
r 2
×
r 3

is
th

e
so

-c
al

le
d

co
re

te
n
so

r
(s

ee
,

e.
g.

,
K

ol
d
ar

an
d

B
ad

er
,

20
09

).
T

h
e

ve
ct

or
(r

1
,r

2
,r

3
)

is
re

fe
rr

ed
to

as
th

e
T

u
ck

er
ra

n
k
s

of
A

.
It

is
n
ot

h
ar

d
to

se
e

th
at

if
(3

)
h
ol

d
s,

th
en

th
e

T
u
ck

er
ra

n
k
s

(r
1
,r

2
,r

3
)

ca
n

b
e

eq
u
iv

al
en

tl
y

in
te

rp
re

te
d

as
th

e
d
im

en
si

on
al

it
y

of
th

e
li
n
ea

r
sp

ac
es

sp
an

n
ed

b
y
{u

k
,1

:
1
≤
k
≤
r}

,
{u

k
,2

:
1
≤
k
≤
r}

,
an

d
{u

k
,3

:
1
≤
k
≤
r}

re
sp

ec
ti

ve
ly

.
A

co
n
v
en

ie
n
t

w
ay

to
re

p
re

se
n
t

lo
w

T
u
ck

er
ra

n
k
s

of
a

te
n
so

r
is

th
ro

u
gh

m
a
tr

ic
iz

a
ti

o
n

.
D

en
ot

e
b
y
M

1
(·)

th
e

m
o
d
e-

1
m

at
ri

ci
za

ti
on

of
a

te
n
so

r,
th

at
is
M

1
(A

)
is

th
e
d

1
×

(d
2
d

3
)

m
at

ri
x

w
h
os

e
co

lu
m

n
ve

ct
or

s
ar

e
th

e
m

o
d
e-

1
fi
b

er
s

of
A
∈
R
d
1
×
d
2
×
d
3
.

A
fi
b

er
is

d
efi

n
ed

b
y

fi
x
in

g
ev

er
y

in
d
ex

b
u
t

on
e,

w
h
ic

h
is

th
e

fi
rs

t
in

d
ex

in
th

e
ca

se
of

m
o
d
e-

1
fi
b

er
.

H
er

e
A

h
as

d
2
d

3
m

o
d
e-

1
fi
b

er
s.
M

2
(·)

,
M

3
(·)

ar
e

d
efi

n
ed

in
th

e
sa

m
e

fa
sh

io
n
.

B
y

d
efi

n
in

g

ra
n
k
(M

m
(A

))
=
r m

(A
),

it
fo

ll
ow

s
th

at
(r

1
(A

),
r 2

(A
),
r 3

(A
))

re
p
re

se
n
t

th
e

T
u
ck

er
ra

n
k
s

of
A

.
F

or
la

te
r

d
is

cu
ss

io
n
,

d
efi

n
e
M
−

1
i

(·)
to

b
e

th
e

in
ve

rs
e

of
m

o
d
e-
i

m
at

ri
ci

za
ti

on
,

so

M
−

1
1

:
R
d
1
×

(d
2
·d

3
)
→

R
d
1
×
d
2
×
d
3
,

M
−

1
2

:
R
d
2
×

(d
1
·d

3
)
→

R
d
1
×
d
2
×
d
3
,

M
−

1
3

:
R
d
3
×

(d
1
·d

2
)
→

R
d
1
×
d
2
×
d
3
,

su
ch

th
at
M
−

1
i

(M
i(
A

))
=
A

.
A

ls
o,

a
te

n
so

r
ca

n
b

e
ve

ct
or

iz
ed

v
ia

co
ll
ap

si
n
g

al
l

it
s

d
im

en
-

si
on

s
se

q
u
en

ti
al

ly
,

i.
e.

ve
c(
A

)
∈
R
d
1
·d

2
·d

3
fo

r
A
∈
R
d
1
×
d
2
×
d
3
,

a
n
d
A

’s
(j

1
,j

2
,j

3
)t
h

el
em

en
t

is
p
la

ce
d

in
th

e
p

os
it

io
n

of
∑

3 i=
1
[(
j i
−

1)
Π

3 l=
i+

1
d
l]

+
1

in
ve

c(
A

).
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C
h
e
n
,
R
a
sk

u
t
t
i,
Y
u
a
n

F
u
rt

h
er

,
w

e
d
efi

n
e

sl
ic

es
of

a
te

n
so

r
as

fo
ll
ow

s.
F

or
an

or
d
er

-3
te

n
so

r
A

,
th

e
(1
,2

)
sl

ic
es

of
A

ar
e

th
e

co
ll
ec

ti
on

of
d

3
m

at
ri

ce
s

of
d

1
×
d

2

{A
··j

3
:=

(A
j 1
j 2
j 3

) 1
≤
j 1
≤
d
1
,1
≤
j 2
≤
d
2

:
1
≤
j 3
≤
d

3
}.

2
.2

.
L

o
w

-d
im

e
n

si
o
n

a
l

st
ru

c
tu

ra
l

a
ss

u
m

p
ti

o
n

s

A
s

m
en

ti
on

ed
ea

rl
ie

r,
th

er
e

is
n
ot

a
u
n
iq

u
e

w
ay

of
d
efi

n
in

g
te

n
so

r
an

d
th

er
e

a
re

m
u
lt

ip
le

w
ay

s
to

im
p

os
e

lo
w

-r
an

k
n
es

s/
lo

w
-d

im
en

si
on

al
it

y
on

a
te

n
so

r
sp

ac
e.

G
iv

en
th

e
a
m

b
ig

u
it

y
of

te
n
so

r
lo

w
-r

an
k
n
es

s,
on

e
of

th
e

go
al

s
of

th
e

p
ap

er
is

to
d
ev

el
op

a
ge

n
er

al
fr

a
m

ew
o
rk

th
at

ap
p
li
es

to
m

an
y

d
iff

er
en

t
n
ot

io
n
s

of
lo

w
-r

an
k
n
es

s.
T

o
b

e
m

or
e

co
n
cr

et
e,

w
e

fo
cu

s
o
n

th
re

e
sp

ec
ifi

c
ex

am
p
le

s
of

lo
w

-r
an

k
st

ru
ct

u
re

.
T

h
es

e
th

re
e

ex
am

p
le

s
fa

ll
in

th
e

ge
n
er

a
l

fr
a
m

ew
o
rk

of
ou

r
an

al
y
si

s
of

th
e

P
G

D
al

go
ri

th
m

ap
p
li
ed

to
lo

w
-d

im
en

si
on

al
te

n
so

r
re

gr
es

si
o
n
.

A
m

o
n
g

th
e

th
re

e,
th

e
fi
rs

t
tw

o
ar

e
cl

os
el

y
re

la
te

d
to

v
ie

w
in

g
th

e
te

n
so

r
as

sl
ic

es
of

m
a
tr

ix
o
r

lo
w

er
or

d
er

te
n
so

r
(e

.g
.

4t
h

or
d
er

te
n
so

r
h
as

’s
li
ce

s’
of

3r
d

o
rd

er
te

n
so

r)
,

an
d

h
en

ce
m

ea
su

ri
n
g

h
y
b
ri

d
of

gr
ou

p
sp

ar
si

ty
an

d
lo

w
er

or
d
er

lo
w

-r
an

k
n
es

s.
T

h
e

th
ir

d
is

th
e

m
a
x
im

u
m

o
f

th
e

st
an

d
ar

d
T

u
ck

er
ra

n
k
s.

F
or

si
m

p
li
ci

ty
,

w
e

fo
cu

s
on

th
e

ca
se

w
h
en

N
=

3
an

d
th

en
d
is

cu
ss

p
ot

en
ti

al
ge

n
er

al
iz

at
io

n
to

h
ig

h
er

or
d
er

.
F

ir
st

ly
w

e
p
la

ce
lo

w
-r

an
k

st
ru

ct
u
re

on
th

e
m

at
ri

x
sl

ic
es

.
In

p
ar

ti
cu

la
r

fi
rs

t
d
efi

n
e:

Θ
1
(r

)
=

  
A
∈
R
d
1
×
d
2
×
d
3

:

d
3 ∑ j 3
=

1

ra
n
k
(A
··j

3
)
≤
r  

.

W
e

ca
n

v
ie

w
Θ

1
(r

)
as

a
sp

ec
ifi

c
ra

n
k
-r

or
le

ss
su

b
se

t
o
f

3r
d

or
d
er

te
n
so

r
sp

a
ce

w
it

h
th

e
ra

n
k

d
efi

n
ed

to
b

e
th

e
su

m
of

th
e

ra
n
k

of
th

e
m

at
ri

x
sl

ic
es

.
T

o
co

n
n
ec

t
to

m
a
tr

ic
es

,
a
n

al
te

rn
at

iv
e

w
ay

to
p
ar

am
et

er
iz

e
Θ

1
(r

)
is

as
th

e
se

t
of

R
d
1
.d

3
×
d
2
.d

3
b
lo

ck
d
ia

g
o
n
a
l

m
a
tr

ic
es

,
w

h
er

e
ea

ch
b
lo

ck
co

rr
es

p
on

d
s

to
th

e
m

at
ri

x
sl

ic
e
A
··j

3
∈
R
d
1
×
d
2

a
n
d

1
≤
j 3
≤
d

3
.

T
h
e

ra
n
k

co
n
st

ra
in

t
in

Θ
1
(r

),
co

rr
es

p
on

d
s

ex
ac

tl
y

to
p
la

ci
n
g

a
ra

n
k

co
n
st

ra
in

t
on

th
e

co
rr

es
p

o
n
d
in

g
R
d
1
.d

3
×
d
2
.d

3
m

at
ri

x
.

S
ec

on
d
ly

w
e

ca
n

im
p

os
e

a
re

la
te

d
n
ot

io
n

w
h
er

e
w

e
b

ou
n
d

th
e

m
ax

im
u
m

o
f

th
e

ra
n
k

o
f

ea
ch

sl
ic

e
an

d
sp

ar
si

ty
al

on
g

th
e

m
at

ri
x

sl
ic

es
.

Θ
2
(r
,s

)
=

  
A
∈
R
d
1
×
d
2
×
d
3

:
m

ax j 3
ra

n
k
(A
··j

3
)
≤
r,

d
3 ∑ j 3
=

1

I(
A
··j

3
6=

0)
≤
s  

.

W
e

ca
n

v
ie

w
Θ

2
(r
,s

)
as

a
sp

ec
ifi

c
ra

n
k
-(

r,
s)

or
le

ss
su

b
se

t
of

th
e

th
ir

d
-o

rd
er

te
n
so

r.
O

n
e

n
at

u
ra

l
ex

am
p
le

w
h
er

e
im

p
os

in
g

th
is

co
m

b
in

at
io

n
of

lo
w

-r
an

k
n
es

s
an

d
sp

ar
si

ty
fo

r
is

ve
ct

o
r

au
to

-r
eg

re
ss

iv
e

(V
A

R
)

m
o
d
el

s
(s

ee
e.

g.
B

as
u

an
d

M
ic

h
ai

li
d
is

(2
01

5)
).

F
or

ex
a
m

p
le

,
if

w
e

h
av

e
an

M
-v

ar
ia

te
ti

m
e

se
ri

es
an

d
co

n
si

d
er

a
V

A
R

(p
)

m
o
d
el

,
d

1
=
d

2
=
M

a
n
d
d

3
=
p
.

W
e

w
an

t
ea

ch
au

to
-r

eg
re

ss
iv

e
m

at
ri

x
sl

ic
e
A
··j

3
to

h
av

e
lo

w
-r

an
k

an
d

th
e

to
ta

l
n
u
m

b
er

o
f

la
g
s

in
vo

lv
ed

in
th

e
p
ro

b
le

m
to

b
e

sp
ar

se
(e

.g
.

to
ac

co
u
n
t

fo
r

im
m

ed
ia

te
eff

ec
ts

a
n
d

se
a
so

n
al

eff
ec

ts
).

F
in

al
ly

,
w

e
im

p
os

e
th

e
as

su
m

p
ti

on
th

at
T

u
ck

er
ra

n
k
s

ar
e

u
p
p

er
b

ou
n
d
ed

:

Θ
3
(r

1
,r

2
,r

3
)

=
{ A
∈
R
d
1
×
d
2
×
d
3

:
r i

(A
)
≤
r i

fo
r
i

=
1,

2,
3}

.
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P
r
o
je
c
t
e
d

L
o
w
-r
a
n
k

T
e
n
so

r
R
e
g
r
e
ssio

n

N
o
te

th
a
t

a
ll

th
ese

low
-d

im
en

sion
al

stru
ctu

ral
assu

m
p
tion

s
Θ

1 (r),
Θ

2 (r,s)
an

d
Θ

3 (r
1 ,r

2 ,r
3 )

a
re

n
o
n
-co

n
v
ex

sets.
N

ote
th

at
Θ

2 (r,s)
a
n
d

Θ
3 (r

1 ,r
2 ,r

3 )
h
ave

tw
o

p
aram

eters
(r,s)

an
d

th
ree

p
a
ra

m
eters

(r
1 ,r

2 ,r
3 )

resp
ectively

an
d

ou
r

fram
ew

ork
d
eals

w
ith

th
is.

In
th

e
n
ex

t
su

b
sectio

n
w

e
in

tro
d
u
ce

a
gen

eral
p
ro

jected
grad

ien
t

d
escen

t
(P

G
D

)
algorith

m
for

m
in

im
iz-

in
g

th
e

g
en

era
lized

lin
ear

m
o
d
el

ob
jective

(2
)

su
b

ject
to

th
e

p
aram

eter
ten

sor
A

b
elo

n
gin

g
to

a
p

o
ten

tia
lly

n
on

-con
vex

con
strain

t
set

Θ
.

A
lso

n
ote

th
at

it
is

straigh
tfo

rw
ard

to
ex

ten
d

Θ
3 (r

1 ,r
2 ,r

3 )
to
N
>

3.

2
.3

.
P

ro
je

c
te

d
G

ra
d

ie
n
t

D
e
sc

e
n
t

(P
G

D
)

In
th

is
sectio

n
w

e
in

tro
d
u
ce

th
e

n
on

-con
vex

p
ro

jected
grad

ien
t

d
escen

t
(P

G
D

)
ap

p
roach

es
d
evelo

p
ed

in
J
a
in

et
al.

(2014,
2016)

ad
ap

ted
to

a
gen

eral
ten

sor
sp

ace
Θ

.
T

h
e

p
rob

lem
w

e
a
re

in
terested

in
is

m
in

im
izin

g
th

e
gen

eralized
lin

ear
m

o
d
el

ob
jective

(2)
su

b
ject

to
A

b
elo

n
g
in

g
to

a
p

oten
tially

n
on

-con
vex

set.
T

h
e

P
G

D
alg

orith
m

for
m

in
im

izin
g

a
gen

eral
lo

ss
fu

n
ctio

n
f

(A
)

su
b

ject
to

th
e

con
strain

t
A
∈

Θ
is

a
s

follow
s:

A
lg

o
rith

m
1

P
ro

jected
G

rad
ien

t
D

escen
t

1
:

In
p

u
t

:
d
ata

Y
,X

,
p
aram

eter
sp

ace
Θ

,
iteration

s
K

,
step

size
η

2
:

In
itia

liz
e

:
k

=
0,
T̂

0 ∈
Θ

3
:

fo
r
k

=
1,2

,...,K
d

o
4
:

g
k

=
T̂
k −

η∇
f

(T̂
k )

(grad
ien

t
step

)
5
:

T̂
k
+

1
=
P

Θ
(g
k )

or
T̂
k
+

1
=
P̂

Θ
(g
k )

((ap
p
rox

im
a
te)

p
ro

jectio
n

step
)

6
:

e
n

d
fo

r
7
:

O
u

tp
u

t
:
T̂
K

T
h
e

n
o
ta

tio
n
P̂

Θ
(·)

refers
to

an
ap

p
rox

im
ate

p
ro

jectio
n

o
n

to
Θ

if
an

ex
act

p
ro

jection
is

n
o
t

im
p
lem

en
tab

le.
T

h
e

P
G

D
algorith

m
h
as

b
een

w
id

ely
u
sed

for
b

oth
con

vex
an

d
n
on

-
co

n
vex

o
b

jectives
an

d
con

strain
t

sets.
In

ou
r

settin
g,

w
e

ch
o
ose

th
e

n
egative

log-likelih
o
o
d

fo
r

th
e

g
en

eralized
lin

ear
m

o
d
el

as
th

e
fu

n
ction

s
f

(A
)

to
m

in
im

ize.
A

n
im

p
o
rta

n
t

q
u
estion

asso
ciated

w
ith

p
ro

jected
grad

ien
ts

is
w

h
eth

er
th

e
p
ro

jection
on

to
Θ

is
im

p
lem

en
tab

le.
T

h
e

p
ro

jection
s

w
e

con
sid

er
for

Θ
1 (r),

Θ
2 (r,s)

a
n
d

Θ
3 (r

1 ,r
2 ,r

3 )
ca

n
a
ll

b
e

im
p
lem

en
ted

ap
p
rox

im
ately

as
com

b
in

ation
s

of
p
ro

jection
s

on
to

m
atrix

or
vector

su
b
sp

a
ces

d
efi

n
ed

in
J
ain

et
al.

(2014,
2016).

B
y

u
sin

g
sp

arsity
an

d
low

-ran
k
n
ess

p
ro

jection
s

in
th

e
vecto

r
a
n
d

m
atrix

resp
ectiv

ely,
th

e
p
ro

jection
s

in
Θ

1 ,
Θ

2
an

d
Θ

3
are

im
p
lem

en
tab

le.
In

p
a
rticu

la
r,

for
a

vector
v
∈

R
d,

w
e

d
efi

n
e

th
e

p
ro

jection
op

erato
r
P̃
s (v

)
as

th
e

p
ro-

jectio
n

o
n

to
th

e
set

of
s-sp

arse
vectors

b
y

selectin
g

th
e
s

largest
elem

en
ts

of
v

in
`
2 -n

orm
.

T
h
a
t

is:
P̃
s (v

)
:=

a
rg

m
in

‖
z‖
`
0 ≤

s ‖z−
v‖

`
2 .

F
or

a
m

a
trix

M
∈
R
d
1 ×
d
2,

let
P̄
r (M

)
d
en

ote
th

e
ran

k
-r

p
ro

jection
:

P̄
r (M

)
:=

a
rg

m
in

ra
n

k
(Z

)≤
r ‖
Z
−
M
‖

F
.

A
s

m
en

tio
n
ed

in
J
ain

et
al.

(2014,
20

16),
b

oth
p
ro

jection
s

are
com

p
u
tab

le.
P̃
s (v

)
is

th
e

th
resh

o
ld

in
g

o
p

erator
w

h
ich

selects
th

e
s

largest
elem

en
ts

of
v

in
`
2 -n

orm
an

d
P̄
r (M

)
can
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C
h
e
n
,
R
a
sk

u
t
t
i,
Y
u
a
n

b
e

selectin
g

th
e

top
r

sin
gu

lar
vectors

of
M

.
F

or
th

e
rem

ain
d
er

of
th

is
p
ap

er
w

e
u
se

b
oth

of
th

ese
p
ro

jection
op

erators
for

vectors
an

d
m

atrices
resp

ectively.

3
.

M
a
in

R
e
su

lts

In
th

is
section

w
e

p
resen

t
ou

r
gen

eral
th

eoretical
resu

lts
w

h
ere

w
e

p
rov

id
e

a
statistical

gu
aran

tee
for

th
e

P
G

D
algorith

m
ap

p
lied

to
a

low
-d

im
en

sion
a
l

sp
ace

Θ
.

3
.1

.
P

ro
p

e
rtie

s
fo

r
Θ

a
n

d
its

p
ro

je
c
tio

n

T
o

en
su

re
th

e
P

G
D

algorith
m

con
verges

for
a

giv
en

su
b
sp

a
ce

Θ
,

w
e

v
iew

it
a
s

a
m

em
b

er
of

a
collection

of
su

b
sp

aces{Θ
(t)

:
t∈

Ξ}
for

som
e

Ξ
⊂

Z
k+

an
d

req
u
ire

som
e

gen
eral

p
rop

erties
for

th
is

collection
.

T
h
e

in
d
ex

t
ty

p
ically

rep
resen

ts
a

sp
arsity

an
d
/
or

low
-ran

k
in

d
ex

an
d

m
ay

b
e

m
u
lti-d

im
en

sion
al.

F
or

ex
am

p
le,

Θ
1 (r)

is
in

d
ex

ed
b
y

ran
k
r

w
h
ere

Ξ
=
{
0,...,d

3 ·
m

in{d
1 ,d

2 }}.

S
im

ilarly,
Θ

2 (r,s)
is

in
d
ex

ed
b
y
t

=
(r,s)

so
th

at

Ξ
=
{
(0,0),...,(m

in{d
1 ,d

2 }
,d

3 )}
,

an
d

Θ
3 (r

1 ,r
2 ,r

3 )
is

in
d
ex

ed
b
y

ran
k

(r
1 ,r

2 ,r
3 )

so
th

at

Ξ
=
{(0,0,0),...,(m

in{
d

1 ,d
2 d

3 }
,m

in{
d

2 ,d
1 d

3 }
,m

in{
d

3 ,d
1 d

2 }
)}
.

N
ote

th
at

th
e

Ξ
is

p
artially

ord
ered

w
h
ere

a
≥

(≤
,<
,>

)b
for

tw
o

vectors
a

an
d
b

of
con

form
ab

le
d
im

en
sion

m
ean

s
th

e
in

eq
u
ality

h
old

s
in

an
elem

en
t-w

ise
fash

ion
,

i.e.
th

e
in

eq
u
ality

h
old

s
for

each
elem

en
t

of
a

an
d

its
cou

n
terp

arty
in
b.

D
e
fi

n
itio

n
1
.

A
set{Θ

(t)
:
t∈

Ξ}
is

a
su

pera
d
d
itive

a
n

d
pa

rtia
lly

o
rd

ered
co

llectio
n

o
f

sym
m

etric
co

n
es

if

(1)
each

m
em

b
er

Θ
(t)

is
a

sym
m

etric
co

n
e

in
th

at
if
z
∈

Θ
(t),

th
en

cz
∈

Θ
(t)

for
an

y
c∈

R
;

(2)
th

e
set

is
pa

rtia
lly

o
rd

ered
in

th
at

for
an

y
t1 ≤

t2 ,
Θ

(t1 )⊂
Θ

(t2 );

(3)
th

e
set

is
su

pera
d
d
itive

in
th

at
Θ

(t1 )
+

Θ
(t2 )⊂

Θ
(t1

+
t2 ).

T
h
e

fi
rst

tw
o

p
rop

erties
b
asically

state
th

at
w

e
h
ave

a
set

of
sy

m
m

etric
con

es
in

th
e

ten
sor

sp
ace

w
ith

a
p
artial

ord
erin

g
in

d
ex

ed
b
y
t.

T
h
e

last
p
rop

erty
req

u
ires

th
a
t

th
e

collection
of

su
b
sp

aces
b

e
su

p
erad

d
itive

in
th

at
th

e
M

in
k
ow

sk
i

su
m

of
an

y
tw

o
su

b
sp

aces
is

con
tain

ed
in

th
e

su
b
sp

ace
of

d
im

en
sion

th
at

is
th

e
su

m
of

th
e

tw
o

low
er

d
im

en
sion

s.
A

ll
th

ree
p
rop

erties
are

essen
tial

for
d
eriv

in
g

th
eoretical

gu
aran

tees
for

th
e

P
G

D
algorith

m
.

B
y

rely
in

g
on

th
ese

p
rop

erties
alon

e,
w

e
ob

tain
a

gen
eral

resu
lt

th
at

p
rov

id
es

a
u
n
ifi

ed
w

ay
o
f

d
ealin

g
w

ith
Θ

1 (r),Θ
2 (r,s)

an
d

Θ
3 (r

1 ,r
2 ,r

3 )
as

w
ell

as
m

an
y

oth
er

collection
s

of
su

b
sp

aces.
F

u
rth

erm
ore,

w
e

in
tro

d
u
ce

th
e

follow
in

g
p
rop

erty
of

con
tractive

p
ro

jection
,

for
P

Θ
or

P̂
Θ

in
A

lgorith
m

1,
th

at
is

essen
tial

for
th

e
th

eoretical
p

erform
an

ce
of

th
e

P
G

D
algo-

rith
m

.
A

gain
,

w
e

sh
all

v
iew

th
ese

op
erators

a
s

m
em

b
ers

of
a

collection
of

o
p

erators
Q

Θ
(t)

:
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)
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).
T
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io
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p
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sa
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th
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Q
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je
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on
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in
cu

rs
le

ss
ap

p
ro

x
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to
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an
t

fa
ct

or
.

T
h
is

p
ro

p
er

ty
is

ad
op

te
d

fr
om

ea
rl

ie
r

st
u
d
y

on
ve

ct
or

/m
at

ri
x

ca
se
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(s

ee
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e.
g.

,
J
ai

n
et

al
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20
14
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20

16
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T
h
e

d
iff

er
en

ce
h
er

e
is

th
at

in
th

e
te

n
so

r
ca

se
,

th
e

co
n
st

an
t

fa
ct

or
δ

is
n
o

lo
n
ge

r
on

e
as

in
ve

ct
or

/m
at

ri
x

ca
se

.
A

n
d

la
te

r
th

eo
re

m
s

w
il
l

sh
ow

th
at

a
n
y

fi
n
it

e
δ

ca
n

gu
ar

an
te

e
li
n
ea

r
co

n
ve

rg
en

ce
w

it
h

er
ro

r
b

ou
n
d

ex
p
re

ss
ed

in
G

au
ss

ia
n

w
id

th
fo

r
P

G
D

in
te

n
so

r
ca

se
.

T
h
is

m
ea

n
s

th
at

ce
rt

ai
n

lo
w

-c
os

t
ap

p
ro

x
im

at
e

lo
w

-r
an

k
p
ro

je
ct

io
n
s

in
th

e
te

n
so

r
ca

se
ar

e
su

ffi
ci

en
t

fo
r

P
G

D
an

d
la

te
r

w
e

w
il
l

se
e

T
u
ck

er
ra

n
k

is
th

e
ca

se
.

D
e
fi

n
it

io
n

2
.

W
e

sa
y

th
at

a
se

t
{Θ

(t
)

:
t
≥

0}
an

d
co

rr
es

p
on

d
in

g
o
p

er
at

or
s
Q

Θ
(t

)
:

∪ t
Θ

(t
)
7→

Θ
(t

)
sa

ti
sf

y
th

e
co

n
tr

a
ct

iv
e

p
ro

je
ct

io
n

p
ro

pe
rt

y
fo

r
so

m
e
δ
>

0,
d
en

ot
ed

b
y

C
P

P
(δ

),
if

fo
r

an
y
t 1
<
t 2
<
t 0

,
Y
∈

Θ
(t

1
),

an
d
Z
∈

Θ
(t

0
):

‖Q
Θ

(t
2
)(
Z

)
−
Z
‖ F
≤
δ

∥ ∥ ∥ ∥t 0
−
t 2

t 0
−
t 1

∥ ∥ ∥ ∥1
/
2

` ∞

·‖
Y
−
Z
‖ F
.

H
er

e,
w

h
en

Θ
(t

)
is

in
d
ex

ed
b
y

m
u
lt

i-
d
im

en
si

on
al
t,

th
e

d
iv

is
io

n
t 0
−
t 2

t 0
−
t 1

re
fe

rs
to

a
ve

ct
or

w
it

h

th
e
jt

h
el

em
en

t
to

b
e

(t
0
) j
−
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2
) j
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0
) j
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1
) j

.
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is

cl
ea

r
th

at
Θ

1
(r

)
is

is
om

or
p
h
ic

to
ra

n
k
-r

b
lo

ck
d
ia

go
n
al

m
at

ri
ce

s
w

it
h

d
ia

go
n
al

b
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p
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p
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at
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p
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e
st
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c
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d
st
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g
c
o
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v
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x
it
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w
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ge
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q
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n
d
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p
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at
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∇

2
f

(A
)

to
d
en

ot
e

th
e

H
es

si
an

of
fu

n
ct

io
n
f

on
ve

ct
or

iz
ed

te
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re
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lo

w
te

n
so

r
ra

n
k

st
ru

ct
u
re

.

1.
(L

ow
C

P
ra

n
k
)

G
en

er
at

e
th

re
e

in
d
ep

en
d
en

t
gr

ou
p
s

of
r

in
d
ep

en
d
en

t
ra

n
d
o
m

ve
ct

o
rs

of
u
n
it

le
n
gt

h
,
{u

k
,1
}r k

=
1
,
{u

k
,2
}r k

=
1

an
d
{u

k
,3
}r k

=
1
.

T
o

d
o

th
is

w
e

p
er

fo
rm

th
e

S
V

D
o
f

a
G

au
ss

ia
n

ra
n
d
om

m
at

ri
x

th
re

e
ti

m
es

an
d

ke
ep

th
e
r

le
ad

in
g

si
n
gu

la
r

ve
ct

o
rs

,
a
n
d

th
en

co
m

p
u
te

th
e

ou
te

r-
p
ro

d
u
ct T

=
r ∑ k
=

1

u
k
,1
⊗
u
k
,2
⊗
u
k
,3
.

T
h
e
T

p
ro

d
u
ce

d
in

th
is

w
ay

is
gu

ar
an

te
ed

to
h
av

e
C

P
ra

n
k

at
m

os
t
r.

T
h
is

ca
n

ea
si

ly
b

e
ex

te
n
d
ed

to
N

=
4.

2.
(L

ow
T

u
ck

er
ra

n
k
)

G
en

er
at

e
M
d
×
d
×
d

w
it

h
i.
i.
d
.
N

(0
,1

)
el

em
en

ts
an

d
th

en
d
o

a
p
-

p
ro

x
im

at
e

T
u
ck

er
ra

n
k
-r

p
ro

je
ct

io
n

(s
u
cc

es
si

ve
lo

w
ra

n
k

ap
p
ro

x
im

at
io

n
o
f

m
o
d
e-

1,
m

o
d
e-

2
an

d
m

o
d
e-

3
m

at
ri

ci
za

ti
on

)
to

ge
t
T

=
P̂

Θ
3
(r
,r
,r

)(
M

).
T

h
e
T

p
ro

d
u
ce

d
in

th
is

w
ay

is
gu

ar
an

te
ed

to
h
av

e
la

rg
es

t
el

em
en

t
of

T
u
ck

er
ra

n
k

at
m

o
st
r.

O
n
ce

a
g
a
in

th
is

is
ea

si
ly

ex
te

n
d
ed

to
th

e
N

=
4

ca
se

.

3.
(S

p
ar

se
sl

ic
es

of
lo

w
-r

an
k

m
at

ri
ce

s)
In

th
is

ca
se
N

=
3.

G
en

er
at

e
s

sl
ic

es
o
f

ra
n
d
o
m

ra
n
k
-r

m
at

ri
ce

s,
(w

it
h

ei
ge

n
va

lu
es

al
l

eq
u
al

to
on

e
an

d
ra

n
d
om

ei
ge

n
ve

ct
o
rs

),
a
n
d

fi
ll

u
p

th
e

re
m

a
in

in
g
d
−
s

sl
ic

es
w

it
h

ze
ro

m
a
tr

ic
es

to
ge

t
d
×
d
×
d

te
n
so

r
T

.
T

h
e
T

p
ro

d
u
ce

d
in

th
is

w
ay

is
gu

ar
an

te
ed

to
fa

ll
in

Θ
2
(r
,s

).

T
h
en

w
e

ge
n
er

at
e

co
va

ri
at

es
{X

(i
) }
n i=

1
to

b
e

i.
i.
d

ra
n
d
om

m
at

ri
ce

s
fi
ll
ed

w
it

h
i.
i.
d
N

(0
,1

)
en

tr
ie

s.
F

in
al

ly
,

w
e

si
m

u
la

te
th

re
e

G
L

M
m

o
d
el

,
th

e
G

au
ss

ia
n

li
n
ea

r
m

o
d
el

,
lo

g
is

ti
c

re
g
re

s-
si

on
an

d
P

oi
ss

on
re

gr
es

si
on

as
fo

ll
ow

s.

1.
(G

au
ss

ia
n

li
n
ea

r
m

o
d
el

)
W

e
si

m
u
la

te
d

n
oi

se
{ε

(i
) }
n i=

1
in

d
ep

en
d
en

tl
y

fr
o
m
N

(0
,σ

2
)

an
d

w
e

va
ry
σ

2
.

T
h
e

n
oi

sy
ob

se
rv

at
io

n
is

th
en

Y
(i

)
=
〈X

(i
) ,
T
〉+

ε(
i)
.

2.
(L

og
is

ti
c

re
gr

es
si

on
)

W
e

si
m

u
la

te
d

B
in

om
ia

l
ra

n
d
om

va
ri

ab
le

s:

Y
(i

)
∼

B
in

om
ia

l(
m
,p
i)
,

w
h
er

e
p
i

=
lo

gi
t(
α
·〈
X

(i
) ,
T
〉)
.
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P
r
o
je
c
t
e
d

L
o
w
-r
a
n
k

T
e
n
so

r
R
e
g
r
e
ssio

n

3
.

(P
o
isso

n
regression

)
W

e
sim

u
lated

Y
(i)∼

P
oisson

(λ
i ),

w
h
ere

λ
i

=
m

ex
p
(α
·〈X

(i),T〉).

5
.2

.
C

o
n
v
e
rg

e
n

c
e

o
f

P
G

D
u

n
d

e
r

re
stric

te
d

te
n

so
r

re
g
re

ssio
n

T
h
e

fi
rst

set
o
f

sim
u
lation

s
in

vestiga
tes

th
e

con
vergen

ce
p

erform
an

ce
of

P
G

D
u
n
d
er

vari-
o
u
s

co
n
stra

in
ts

an
d

step
-size

ch
oices

for
th

ree
d
iff

eren
t

ty
p

es
of

low
-ran

k
n
ess.

O
n
e

of
th

e
im

p
o
rta

n
t

ch
a
llen

ges
w

h
en

u
sin

g
th

e
p
ro

jected
grad

ien
t

d
escen

t
algorith

m
is

ch
o
osin

g
th

e
step

-sizes
(ju

st
like

selectin
g

th
e

regu
lariza

tion
p
aram

eter
for

con
vex

regu
la

rization
sch

em
es)

a
n
d

th
e

step
-size

ch
oices

stated
in

T
h
eorem

2
d
ep

en
d

on
n
on

-com
p
u
tab

le
p
a
ram

eters
(e.g.

c
u ,c

` ,...).
In

p
ractice,

th
e

step
is

very
im

p
ortan

t
in

th
at

large
step

size
w

o
u
ld

lead
to

d
i-

verg
en

ce
a
n
d

sm
all

step
size

cou
ld

cau
se

slow
con

vergen
ce.

W
e

su
ggest

eith
er

start
w

ith
rela

tively
la

rg
e

step
size

an
d

con
tin

u
ou

sly
d
ecrease

th
e

step
size

if
d
iv

ergen
ce

b
eh

av
ior

is
o
b
served

u
n
til

tolerab
le

step
size

is
fou

n
d
,

or
start

w
ith

relatively
sm

all
step

size
th

at
can

g
u
a
ra

n
tee

co
n
vergen

ce
an

d
grad

u
ally

in
crease

step
size

alon
g

th
e

w
ay

w
h
ile

goin
g

b
ack

to
sm

a
ll

step
size

w
h
en

d
ivergen

ce
b

eh
av

ior
is

ob
served

,
w

h
ich

is
sim

ilar
to

w
arm

start
strat-

eg
y

u
su

a
lly

u
sed

to
sp

eed
u
p

con
vergen

ce.
In

all
ou

r
sim

u
altion

s,
th

e
step

-size
η

is
set

as
a

co
n
sta

n
t

sp
ecifi

ed
in

each
p
lot.

5
.2
.1
.
T
h
ir
d
-o

r
d
e
r
t
e
n
so

r
s

In
th

e
fi
rst

tw
o

cases
(see

cases
b

elow
),

P
G

D
w

ith
ap

p
rox

im
ate

p
ro

jection
P̂

Θ
3
(r ′,r ′,r ′)

w
ere

a
p
p
lied

w
ith

d
iff

eren
t

ch
oices

of
(r ′,η

)
w

h
ile

in
th

e
th

ird
case

th
e

P
G

D
w

ith
ex

act
p
ro

jection
P

Θ
2
(r ′,s ′)

w
ere

a
d
op

ted
w

ith
d
iff

eren
t

ch
oices

of
(r ′,s ′,η

).

C
a
se

1
a
:

(G
au

ssia
n
)

L
ow

C
P

R
an

k
w

ith
p

=
5
0

3,
n

=
4000,

r
=

5,
σ

=
0.5

(S
N

R
≈

4.5);

C
ase

2
a:

(G
a
u
ssia

n
)

L
ow

T
u
cker

R
an

k
w

ith
p

=
50

3,
n

=
4000,

r
=

5,
σ

=
5

(S
N

R
≈

7.2
);

C
ase

3
a:

(G
a
u
ssia

n
)

S
lices

of
L

ow
-ran

k
M

atrices
w

ith
p

=
50

3,
n

=
4000,

r
=

5,
s

=
5,
σ

=
1

(S
N

R
≈

5
.2).

F
ig

u
res

1,
2

an
d

3
p
lot

n
orm

alized
ro

oted
m

ean
sq

u
ared

error
(rm

se)‖T̂
−
T‖

F
/‖T‖

F

versu
s

n
u
m

b
er

of
iteration

s,
sh

ow
in

g
h
ow

fast
rm

se
d
ecreases

as
th

e
n
u
m

b
er

of
itera

tion
s

in
crea

ses,
u
n
d
er

d
iff

eren
t

(r ′,η
)

or
(r ′,s ′,η

).
N

otice
th

at
h
ere

w
e

p
lot

th
e

average
rm

se
w

ith
erro

r
b
a
r

to
b

e
th

e
stan

d
ard

d
ev

iation
for

ten
ru

n
s

for
C

ases
1a,

2a
an

d
3a.

O
vera

ll,
th

e
p
lots

sh
ow

th
e

con
vergen

ce
of

rm
se’s,

an
d

th
at

th
e

larger
th

e
r ′

or
s ′

is,
th

e
g
rea

ter
th

e
con

verged
rm

se
w

ill
b

e,
m

ean
in

g
th

at
m

issp
ecifi

cation
of

ra
n
k
/sp

a
rsity

w
ill

d
o

h
a
rm

to
th

e
p

erform
an

ce
of

P
G

D
.

In
term

s
of

th
e

ch
oice

of
step

size,
th

e
ex

p
erim

en
ts

in
fo

rm
u
s

th
a
t

if
η

is
to

o
large,

th
e

algorith
m

m
ay

n
o
t

con
verge

an
d

th
e

ran
ge

of
tolerab

le
step

-size
ch

o
ices

varies
in

d
iff

eren
t

cases.
In

gen
eral,

th
e

m
ore

m
issp

ecifi
ed

th
e

con
strain

t
p
a
ra

m
eter(s)

is(are),
th

e
low

er
th

e
toleran

ce
for

step
size

w
ill

b
e.

O
n

th
e

oth
er

h
an

d
,

as
w

e
ca

n
see

in
a
ll

cases,
given

η
u
n
d
er

a
certain

toleran
ce

level,
th

e
larger

th
e
η

is,
th

e
faster

th
e

co
n
verg

en
ce

w
ill

b
e.
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C
h
e
n
,
R
a
sk

u
t
t
i,
Y
u
a
n

5
.2
.2
.
F
o
u
r
t
h
-o

r
d
e
r
t
e
n
so

r
s

A
lth

ou
gh

w
e

h
ave

fo
cu

sed
on

th
ird

ord
er

ten
sor

for
b
rev

ity,
o
u
r

m
eth

o
d

ap
p
lies

straigh
tfor-

w
ard

ly
to

h
igh

er
ord

er
ten

sors.
F

or
illu

stration
,

w
e

co
n
sid

ered
th

e
follow

in
g

tw
o

ex
am

p
les

w
h
ich

fo
cu

s
on

estim
atin

g
fou

rth
ord

er
low

ran
k

ten
sors.

C
ase

4a:
(G

au
ssian

)
L

ow
C

P
R

an
k

w
ith

p
=

20
4,
n

=
400

0,
r

=
5,
σ

=
0.5

(S
N

R
≈

4.4);

C
ase

5a:
(G

au
ssian

)
L

ow
T

u
cker

R
an

k
w

ith
p

=
20

4,
n

=
4000,

r
=

5,
σ

=
5

(S
N

R
≈

7.4).

F
igu

re
4

p
lots

average
rm

se
(w

ith
s.d

.
as

error
b
ar)

for
ten

ru
n
s

v
s

n
u
m

b
er

of
iteration

s
for

C
ase

4a
an

d
C

ase
5a

u
sin

g
η

=
0.2

u
n
d
er

variou
s

ch
oices

of
low

-ran
k
n
ess

con
strain

t
p
aram

eter
r ′.

In
gen

eral
th

e
con

vergen
ce

b
eh

av
ior

for
C

ase
4a

an
d

C
ase

5a
are

sim
ilar

to
th

ose
for

C
ase

1a
an

d
C

ase
2a.

5
.2
.3
.
L
o
g
ist

ic
a
n
d

P
o
isso

n
r
e
g
r
e
ssio

n

In
th

e
n
ex

t
set

of
sim

u
lation

s,
w

e
stu

d
y

th
e

con
v
ergen

ce
b

eh
av

ior
of

th
e

P
G

D
ap

p
lied

to
logistic

an
d

P
oisson

regression
situ

ation
.

C
ase

1b
:

(L
ogistic)

L
ow

C
P

R
an

k
w

ith
p

=
50

3,
n

=
4000

,
r

=
5,
m

=
10,

α
=

0.1
(S

N
R
≈

3.8);

C
ase

1c:
(P

oisson
)

L
ow

C
P

R
an

k
w

ith
p

=
30

3,
n

=
4000,

r
=

5,
m

=
5,
α

=
0.5

(S
N

R
≈

4.8).

T
h
e

resu
lts

p
resen

ted
in

F
igu

res
5

an
d

6
ex

h
ib

it
sim

ilar
p
attern

of
con

v
ergen

ce
as

in
F

igu
re

1.
W

e
ob

serv
e

also
th

at
in

th
e

case
of

low
T

u
cker

ran
k

an
d

sp
arse

slices
o
f

low
-ran

k
m

atrices,
logistic

an
d

P
oisson

regression
h
ave

sim
ilar

con
v
ergen

ce
b

eh
av

ior
to

least-sq
u
ares

regression
.

In
gen

eral,
a

relax
ed

p
ro

jection
step

is
in

ferior
to

u
sin

g
th

e
tru

e
ran

k
p
aram

eter
for

p
ro

jection
.

O
n
ce

again
as

th
e

step
-size

in
creases,

th
e

con
vergen

ce
w

ill
sp

eed
u
p

u
n
til

th
e

step
size

b
ecom

es
to

o
large

to
gu

aran
tee

con
vergen

ce.

5
.3

.
C

o
m

p
a
riso

n
o
f

n
o
n

-c
o
n
v
e
x

P
G

D
to

c
o
n
v
e
x

re
g
u

la
riz

a
tio

n

N
ex

t,
w

e
com

p
are

th
e

P
G

D
m

eth
o
d

w
ith

con
vex

regu
larization

m
eth

o
d
s

(im
p
lem

en
ted

v
ia

c
v
x
).

In
gen

eral,
th

e
c
v
x

b
ased

regu
larization

algorith
m

is
sign

ifi
can

tly
slow

er
th

an
th

e
P

G
D

m
eth

o
d
.

T
h
is

is
p
artly

d
u
e

to
th

e
fact

th
at

th
e

in
frastru

ctu
re

of
gen

eric
c
v
x

is
n
ot

tailored
to

solve
th

e
sp

ecifi
c

con
vex

op
tim

ization
p
rob

lem
s.

O
n

th
e

oth
er

h
an

d
,

th
e

P
G

D
is

m
u
ch

easier
to

im
p
lem

en
t

an
d

en
joy

s
fast

rates
of

con
vergen

ce,
w

h
ich

m
ay

a
lso

con
trib

u
te

to
its

im
p
roved

p
erform

an
ce

in
term

s
of

ru
n
-tim

e.
B

esid
es,

c
v
x

ca
n
n
ot

h
an

d
le
p

as
large

as
th

ose
in

C
ases

1a,
2a

an
d

3a.
H

en
ce,

in
ord

er
to

d
o

com
p
ariso

n
in

term
s

of
th

e
estim

ation
error,

w
e

resort
to

m
o
d
erate

p
so

th
at

c
v
x

ru
n
s

to
com

p
letion

.
T

h
e

sim
u
latio

n
setu

p
is

as
follow

s:

C
ase

6a:
(G

au
ssian

)
L

ow
C

P
R

an
k

w
ith

p
=

10
3,
n

=
1000,

r
=

5,
σ

=
0.5
,1
,

or
2

(S
N

R
≈

4.8,
2.4

or
1.2);

C
ase

7a:
(G

au
ssian

)
L

ow
T

u
ck

er
R

an
k

w
ith

p
=

10
3,
n

=
1000,

r
=

5,
σ

=
2
.5
,5
,

or
10

(S
N

R
≈

7.2,
3.6,

or
1.8);

2
0
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a
p
×
p

2
m

at
ri

x
an

d
th

en
im

p
os

e
lo

w
-r

an
k

st
ru

ct
u
re

.
F

or
n
a
iv

e
m

a
tr

ic
iz

a
ti

o
n

ap
p
ro

ac
h
,
w

e
re

p
or

t
th

e
re

su
lt

s
of

m
at

ri
x

ra
n
k
-r
′ p

ro
je

ct
io

n
w

it
h
r′

=
5

w
h
ic

h
y
ie

ld
s

th
e

b
es

t
p

er
fo

rm
an

ce
of

it
s

k
in

d
.

T
ab

le
2

su
m

m
ar

iz
es

th
e

av
er

ag
e

rm
se

w
it

h
st

an
d
ar

d
d
ev

ia
ti

o
n

o
f
th

e
tw

o
ap

p
ro

ac
h
es

fo
r

50
ra

n
d
om

ru
n
s

re
sp

ec
ti

ve
ly

.
H

en
ce

w
e

ca
n

se
e

th
at

if
w

e
p
a
rt

ia
ll
y

d
is

ca
rd

th
e

te
n
so

r
st

ru
ct

u
re

b
y

u
si

n
g

on
ly

th
e

lo
w

-r
an

k
n
es

s
af

te
r

m
at

ri
ci

za
ti

on
,

th
e

p
er

fo
rm

a
n
ce

is
gr

ea
tl

y
in

fe
ri

or
to

th
e

lo
w

T
u
ck

er
ap

p
ro

x
im

at
e

p
ro

je
ct

io
n

ap
p
ro

ac
h
.

T
h
is

a
p
p
li
es

to
a
ll

th
re

e
ca

se
s

co
n
si

d
er

ed
h
er

e,
i.
e.

T
u
ck

er
,

C
P

an
d

sp
ar

se
sl

ic
es

of
lo

w
-r

an
k

m
a
tr

ic
es

.

6
.

C
o
n
cl

u
si

o
n

In
th

is
p
ap

er
,

w
e

p
ro

v
id

e
a

ge
n
er

al
fr

am
ew

o
rk

th
at

off
er

s
th

eo
re

ti
ca

l
gu

ar
an

te
es

fo
r

le
a
rn

in
g

h
ig

h
-d

im
en

si
on

al
te

n
so

r
re

gr
es

si
on

m
o
d
el

s
u
n
d
er

d
iff

er
en

t
lo

w
-r

an
k

st
ru

ct
u
ra

l
a
ss

u
m

p
ti

o
n
s

u
si

n
g

th
e

P
G

D
al

go
ri

th
m

ap
p
li
ed

to
a

p
ot

en
ti

al
ly

n
on

-c
on

v
ex

co
n
st

ra
in

t
se

t
Θ

in
te

rm
s

of
it

s
lo

ca
li

ze
d

G
a
u

ss
ia

n
w

id
th

.
O

u
r

fr
am

ew
or

k
is

th
e

fi
rs

t
ge

n
er

al
th

eo
ry

fo
r

P
G

D
a
p
p
li
ed

to
te

n
so

r
p
ro

b
le

m
s

an
d

gi
ve

n
th

at
th

e
n
ot

io
n

of
lo

w
-r

an
k

st
ru

ct
u
re

is
am

b
ig

u
o
u
s

fo
r

te
n
so

rs
,

ou
r

ge
n
er

al
fr

am
ew

or
k

ap
p
li
es

tr
ea

ts
th

em
in

a
u
n
ifi

ed
w

ay
.

B
y

p
ro

v
id

in
g

st
at

is
ti

ca
l

gu
ar

an
te

es
in

te
rm

s
of

lo
ca

li
ze

d
G

au
ss

ia
n

w
id

th
,

w
e

p
ro

v
e

th
a
t

th
e

P
G

D
ap

p
ro

ac
h

h
as

m
ea

n
-s

q
u
ar

ed
er

ro
r

th
at

is
n
o

w
or

se
th

an
th

e
co

n
ve

x
re

g
u
la

ri
za

-
ti

on
co

u
n
te

r-
p
ar

t
st

u
d
ie

d
in

R
as

k
u
tt

i
an

d
Y

u
an

(2
01

5)
.

W
e

al
so

p
ro

v
id

ed
th

re
e

co
n
cr

et
e

ex
am

p
le

s
Θ

1
,Θ

2
an

d
Θ

3
of

lo
w

-d
im

en
si

on
al

te
n
so

r
st

ru
ct

u
re

an
d

p
ro

v
id

e
im

p
le

m
en

ta
b
le

(a
p
p
ro

x
im

at
e)

p
ro

je
ct

io
n
s

an
d

p
ro

v
id

e
m

ea
n
-s

q
u
ar

ed
er

ro
r

gu
ar

an
te

es
.

F
or

Θ
1

a
n
d

Θ
2

w
e
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P
r
o
je
c
t
e
d

L
o
w
-r
a
n
k

T
e
n
so

r
R
e
g
r
e
ssio

n

p
rov

id
e

a
co

n
vex

regu
larization

sch
em

e
th

at
ach

ieves
th

e
sam

e
ra

te,
w

h
ile

for
Θ

3
w

e
sh

ow
th

a
t

th
e

n
o
n
-co

n
vex

P
G

D
ap

p
roach

ach
iev

es
su

p
erior

m
ean

-sq
u
ared

error.
W

e
su

p
p
lem

en
t

ou
r

th
eoretical

resu
lts

w
ith

sim
u
lation

s
w

h
ich

sh
ow

th
at,

u
n
d
er

several
co

m
m

o
n

settin
gs

of
gen

eralized
low

ra
n
k

ten
sor

regression
,

th
e

p
ro

jected
grad

ien
t

d
escen

t
a
p
p
roa

ch
is

su
p

erior
b

oth
in

term
s

of
statistical

error
an

d
ru

n
-tim

e
com

p
ared

to
co

n
vex

a
p
p
roa

ch
es

p
rov

id
ed

th
e

step
-sizes

of
th

e
p
ro

jected
d
escen

t
algorith

m
are

su
itab

ly
ch

o
sen

.
A

d
d
itio

n
a
l

sim
u
lation

resu
lts

sh
ow

th
at

P
G

D
w

ith
ten

sor
low

-ran
k
n
ess

con
strain

t
also

o
u
t-

p
erfo

rm
s

n
a
ive

m
atricization

ap
p
roach

es.

7
.

P
ro

o
fs

7
.1

.
P

ro
o
f

o
f

g
e
n

e
ra

l
re

su
lts

W
e

fi
rst

p
rove

th
e

resu
lts

of
S
ection

3:
T

h
eorem

s
1,

2
an

d
3.

In
p
a
rticu

lar,
w

e
fi
rst

p
rov

id
e

a
p
ro

o
f

fo
r

T
h
eorem

1.
F

or
con

v
en

ien
ce

w
e

fi
rst

state
th

e
p
ro

of
for

th
e

G
au

ssian
case

(T
h
eo

rem
3
)

a
n
d

th
en

d
escrib

e
th

e
n
ecessary

ch
an

ges
n
eed

ed
for

th
e

m
ore

gen
eral

G
L

M
ca

se
(T

h
eo

rem
2).

7
.1
.1
.
P
r
o
o
f
o
f
T
h
e
o
r
e
m

1

T
h
e

p
ro

o
f

follow
s

v
ery

sim
ilar

step
s

to
th

ose
d
evelop

ed
in

J
ain

et
al.

(2014,
2016).

R
ecall

th
a
t
T̂
k
+

1
=
P

Θ
(t

1
) (g

k )
w

h
ere

g
k

=
T̂
k −

η∇
f

(T̂
k ).

F
or
T̂
k
+

1 ∈
Θ

(t1 )
a
n
d

an
y
T
∈

Θ
(t0 −

t1 ),

th
e

su
p

era
d
d
itiv

ity
con

d
ition

gu
aran

tees
th

at
th

ere
ex

ists
a

lin
ea

r
su

b
sp

a
ceA

=
{
α

1 T̂
k
+

1
+

α
2 T
|α

1 ,α
2 ∈

R}
su

ch
th

at
T̂
k
+

1 ∈
A

,
T
∈
A

an
d
A
⊂

Θ
(t0 ).

T
h
e

co
n
tractive

p
ro

jection
p
rop

erty
C

P
P

(δ)
im

p
lies

th
at

for
an

y
T
∈

Θ
(t0 −

t1 ),

‖(T̂
k
+

1 −
g
k )A ‖

F
≤
δ ∥∥∥∥

t0 −
t1

t1

∥∥∥∥
1
/
2

`∞

·‖
(T
−
g
k )A ‖

F
.

S
in

ce
t1

=

⌈
4
δ
2
C

2u
C
−
2

l

1
+

4
δ
2
C

2u
C
−
2

l

·
t0 ⌉

,

δ ∥∥∥∥
t0 −

t1
t1

∥∥∥∥
1
/
2

`∞

≤
(2C

u C
−

1
l

) −
1.

H
en

ce,

‖T̂
k
+

1 −
T‖

F
≤
‖
T̂
k
+

1 −
g
k ‖

F
+
‖T
−
g
k ‖

F

≤
(

1
+
δ ∥∥∥∥

t0 −
t1

t1

∥∥∥∥
1
/
2

`∞

)
‖(T
−
g
k )A ‖

F

≤
(1

+
(2
C
u C
−

1
l

) −
1)‖(T

−
g
k )A ‖

F

≤
(

1
+

C
l

2
C
u )
‖
[T
−
T̂
k −

η
(∇
f

(T
)−
∇
f

(T̂
k )))A ‖

F
+

2
η‖[∇

f
(T

)]A ‖
F
,

w
h
ere

th
e

fi
n
a
l

in
eq

u
ality

follow
s

from
th

e
trian

gle
in

eq
u
ality.

If
w

e
d
efi

n
e

th
e

H
essia

n
m

a
trix

o
f

th
e

fu
n
ction

f
of

a
vectorized

ten
sor

as

H
(A

)
=
∇

2f
(A

),
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C
h
e
n
,
R
a
sk

u
t
t
i,
Y
u
a
n

th
e

M
ean

V
alu

e
T

h
eorem

im
p
lies

th
at

vec(∇
f

(T
)−
∇
f

(T̂
k ))

=
H

(T̂
k

+
α

(T
−
T̂
k ))·(T

−
T̂
k ),

for
som

e
0
<
α
<

1,
an

d

‖T̂
k
+

1 −
T‖

F
≤

(1
+

(2
C
u C
−

1
l

) −
1)‖

[(I−
η
H

(T̂
k

+
α

(T
−
T̂
k )))vec(T̂

k −
T

)]v
ec(A

) ‖
`
2

+
2
η‖

[∇
f

(T
)]A ‖

F
.

W
e

n
ow

ap
p

eal
to

th
e

follow
in

g
lem

m
a:

L
e
m

m
a

4
S

u
p
po

se
S

is
a

lin
ea

r
su

bspa
ce

o
f
R
d,

a
n

d
H

is
a
n
d×

d
po

sitive
sem

id
efi

n
ite

m
a
trix.

F
o
r

a
n

y
given

0
<
c
<

1
,

if
fo

r
a
n

y
x
∈
S

,

cx
>
x
≤
x
>
H
x
≤

(2−
c)x
>
x
,

(12)

th
en

fo
r

a
n

y
z
∈
S

,
w

e
h
a
ve

‖[(I−
H

)z
]S ‖

`
2 ≤

(1−
c)‖z‖

`
2 ,

(·)S
sta

n
d
s

fo
r

th
e

p
ro

jectio
n

o
n

to
th

e
su

bspa
ce
S

.

P
ro

o
f

[P
ro

of
of

L
em

m
a

4]
S
u
p
p

ose
th

e
o
rth

o
n
om

al
b
asis

ofS
is
e

1
...,e

q ,
an

d
th

en

R
d

=
{
ce

1 |c∈
R}⊕

...⊕
{
ce
q |c∈

R}⊕
S
⊥

F
or

p
ositive

sem
id

efi
n
ite

H
,

it
can

b
e

d
ecom

p
osed

as
follow

s

H
=
D
>
D
.

H
en

ce
w

e
can

d
ecom

p
ose

th
e

row
s

of
D

to
get

D
=

q
∑i=

1

λ
i e >i

+
(y

1 ,...,y
n
) >

w
h
ere

y
1 ,...,y

n
∈
S
⊥

,
an

d
λ
i ∈

R
n

for
i

=
1,...,q.

T
h
erefore,

D
>
D

=

q
∑i=

1

q
∑j=

1 (λ
>i
λ
j )e

i e >j
+

n
∑k

=
1

y
k y >k

+
(y

1 ,...,y
n
)

q
∑i=

1

λ
i e >i

+

q
∑i=

1

e
i λ
>i
·(y

1 ,...,y
n
) >
.

N
ow

for
an

y
(α

1 ,...,α
q ) >
∈
R
q,

w
e

h
ave

x
=
∑

qi=
1
α
i e
i ∈
S

,
an

d
h
en

ce

x
>
D
>
D
x

=
(

q
∑i=

1

α
i e
i ) >

D
>
D

(

q
∑i=

1

α
i e
i )

=

q
∑i=

1

q
∑j=

1 (λ
>i
λ
j )α

i α
j .

T
h
e

eq
u
ation

12
th

en
im

p
lies

th
at

th
e

m
atrix

Λ
=
{Λ

i,j }
qi,j=

1
w

h
ere

Λ
i,j

=
λ
>i
λ
j
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P
r
o
je
c
t
e
d

L
o
w
-r
a
n
k

T
e
n
so

r
R
e
g
r
e
ss
io
n

h
as

ei
ge

n
va

lu
es

b
ou

n
d
ed

b
y
c

fr
om

b
el

ow
an

d
2
−
c

fr
om

ab
ov

e.
N

ex
t,

n
o
ti

ce
th

at
fo

r
an

y
z
∈
S,

w
e

h
av

e
z

=
∑

q i=
1
β
ie
i

fo
r

so
m

e
(β

1
,.
..
,β
q
)>
∈
R
q
,

an
d

h
en

ce
d
u
e

to
th

e
fa

ct
th

at
y 1
,.
..
y n
∈
S⊥

(I
−
D
>
D

)z
=

 
I
−

q ∑ i=
1

q ∑ j=
1

(λ
> i
λ
j
)e
ie
> j

+
(y

1
,.
..
,y
n
)

q ∑ i=
1

λ
ie
> i

 
q ∑ i=
1

β
ie
i,

an
d

fu
rt

h
er

m
or

e

[(
I
−
D
>
D

)z
] S

=

 
I
−

q ∑ i=
1

q ∑ j=
1

(λ
> i
λ
j
)e
ie
> j

 
q ∑ i=
1

β
ie
i

=
(e

1
,.
..
,e
q
)(
I q
×
q
−

Λ
)(
β

1
,.
..
β
q
)>
,

an
d

‖[
(I
−
D
>
D

)z
] S
‖2 `

2
=

(β
1
,.
..
β
q
)(
I q
×
q
−

Λ
)(
β

1
,.
..
β
q
)>
,

w
h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
.

C
on

d
it

io
n
R
S
C
S

(Θ
(t

0
),
C
l,
C
u
)

gu
ar

an
te

es
th

e
co

n
d
it

io
n

of
L

em
m

a
4

is
sa

ti
sfi

ed
w

it
h

H
=
η
H

(T̂
k

+
α

(T
−
T̂
k
))

,
c

=
(C

u
C
−

1
l

)−
1

an
d
S

=
A

.
H

en
ce

L
em

m
a

4
im

p
li
es

th
at

‖T̂
k
+

1
−
T
‖ F
≤

(1
+

(2
C
u
C
−

1
l

)−
1
)
( 1
−

(C
u
C
−

1
l

)−
1
) ‖
T̂
k
−
T
‖ F

+
2
η
‖[
∇
f

(T
)]
A
‖ F
.

T
h
er

ef
or

e
fo

r
an

y
k
,

‖T̂
k
+

1
−
T
‖ F
≤

(1
−

(2
C
u
C
−

1
l

)−
1
)‖
T̂
k
−
T
‖ F

+
2
η
Q
,

w
h
er

e

Q
=

su
p

A
0
⊂

Θ
(t

0
)
‖(
∇
f

(T
))
A

0
‖ F
,

w
h
er

e
A

0
is

an
y

li
n
ea

r
su

b
sp

ac
e

of
Θ

(t
0
).

W
e

th
en

ap
p

ea
l

to
th

e
fo

ll
ow

in
g

re
su

lt
.

L
e
m

m
a

5
S

u
p
po

se
A

is
a

li
n

ea
r

su
bs

pa
ce

o
f

te
n

so
r

sp
a
ce

Ω
.

F
o
r

a
n

y
L
∈

Ω
,

‖(
L

) A
‖ F

=
su

p
A
∈A
∩B

F
(1

)〈A
,L
〉

P
ro

o
f

[P
ro

of
of

L
em

m
a

5]
F

ir
st

,
w

e
ar

e
go

in
g

to
sh

ow
th

at

‖(
L

) A
‖ F
≤

su
p

A
∈A
∩B

F
(1

)〈A
,L
〉

S
u
p
p

os
e

w
e

h
av

e
(L

) A
=
P
∈
A

.
S
in

ce
fo

r
an

y
α
>
−

1,
P

+
α
P
∈
A

,
an

d
h
en

ce

‖P
+
α
P
−
L
‖ F

=
‖P
−
L
‖ F

+
α

2
‖P
‖ F

+
α
〈P
,P
−
L
〉≤
‖P
−
L
‖ F
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C
h
e
n
,
R
a
sk

u
t
t
i,
Y
u
a
n

w
e

m
u
st

h
av

e
〈P
,P
−
L
〉=

0,
i.
e.
〈P
,L
〉=
〈P
,P
〉.

(o
th

er
w

is
e
α

of
sm
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ay

es
ia

n
ap

p
ro

a
ch

es
a
re

u
se

d
fo

r
ta

k
in

g
co

rr
el

at
io

n
s

in
to

ac
co

u
n
t.

E
n
se

m
b
le

m
et

h
o
d
s

ai
m

to
co

rr
ec

t
th

is
b
y

le
a
rn

in
g

m
u
lt

ip
le

cl
as

si
fi
er

s
tr

ai
n
ed

on
la

b
el

su
b
sp

ac
es

(e
x
.

R
A

k
E

L
b
y

T
so

u
m

ak
as

et
a
l.
,

2
0
1
1
a
),

ob
se

rv
at

io
n

su
b
se

ts
w

it
h

p
ru

n
in

g
an

d
re

p
la

ce
m

en
t,

or
an

al
y
zi

n
g

va
ri

ou
s

la
b

el
o
rd

er
in

g
s

in
ch

ai
n
s

(e
x
.

P
ro

b
ab

il
is

ti
c

C
la

ss
ifi

er
C

h
ai

n
s

b
y

D
em

b
cz

y
n
sk

i
et

al
.,

20
10

).

M
u
lt

i-
la

b
el

em
b

ed
d
in

g
te

ch
n
iq

u
es

em
er

ge
d

as
a

re
sp

on
se

th
e

n
ee

d
to

co
p

e
w

it
h

a
la

rg
e

la
b

el
sp

ac
e;

th
es

e
in

cl
u
d
e

la
b

el
sp

ac
e

d
im

en
si

on
al

it
y

re
d
u
ct

io
n

te
ch

n
iq

u
es

th
a
t

tu
rn

ed
M

o
st

m
u
lt

i-
la

b
el

em
b

ed
d
in

g
m

et
h
o
d
s

tu
rn

m
u
lt

i-
la

b
el

cl
as

si
fi
ca

ti
on

in
to

m
u
lt

iv
ar

ia
te

re
g
re

ss
io

n
p
ro

b
le

m
fo

ll
ow

ed
b
y

a
ru

le
-b

as
ed

or
cl

as
si

fi
er

-b
as

ed
co

rr
ec

ti
on

st
ep

.
E

m
b

ed
d
in

g
m

et
h
o
d
s

al
so

va
ry

b
y

th
e

p
ri

n
ci

p
le

of
h
ow

th
e

em
b

ed
d
in

g
is

p
er

fo
rm

ed
,
th

es
e

in
cl

u
d
e:

P
ri

n
ci

p
le

L
a
b

el
S
p
ac

e
T

ra
n
sf

or
m

at
io

n
(T

ai
an

d
L

in
,

20
12

)
b
as

ed
on

P
ri

n
ci

p
al

C
om

p
on

en
t

A
n
a
ly

si
s;

C
o
n
-

d
it

io
n
al

P
ri

n
ci

p
al

L
ab

el
S
p
ac

e
T

ra
n
sf

or
m

at
io

n
(C

h
en

an
d

L
in

,
20

12
)

w
it

h
C

a
n
o
n
ic

a
l

C
o
m

-

2
JM

L
R

 2
0(

6)
:1

-2
2,

 2
01
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sc
ik

it
-m

u
lt

il
e
a
r
n
:

A
P

y
t
h
o
n

l
ib

r
a
r
y

f
o
r

M
u
lt

i-L
a
b
e
l

C
l
a
ssif

ic
a
t
io

n

p
o
n
en

t
A

n
a
ly

sis;
F

eatu
re-aw

are
Im

p
licit

L
ab

el
S
p
ace

E
n
co

d
in

g
(L

in
et

al.,
20

14)
b
a
sed

on
m

atrix
d
ecom

p
osition

s;
S
L

E
E

C
(B

h
atia

et
a
l.,

2015)
w

h
ich

u
ses

k
-m

ean
s

clu
sterin

g
an

d
p

er
clu

ster
em

b
ed

d
in

g;
C

L
E

M
S

(H
u
an

g
an

d
L

in
,
2017)

w
h
ich

p
erform

s
M

u
lti-D

im
en

sion
al

S
cal-

in
g

(see
K

ru
ska

l,
1964)

w
ith

ex
tra

m
u
lti-lab

el
q
u
ality

m
easu

re
op

tim
izatio

n
;

an
d

L
N

E
M

L
C

(S
zy

m
a
ń
sk

i
et

al.,
2018)

w
h
ich

em
b

ed
s

lab
el

n
etw

ork
s

u
sin

g
n
etw

ork
em

b
ed

d
in

gs
su

ch
as

L
IN

E
o
r

n
o
d
e2

v
ec.

M
ost

of
th

ese
u
se

lin
ear,

rid
ge

or
ran

d
om

forest
regressors

to
p
red

ict
em

b
ed

d
in

g
s

fo
r

u
n
seen

sam
p
les

an
d

a
varian

t
of

k
N

N
to

classify
th

em
w

ith
la

b
els.

C
L

E
M

S
a
n
d

L
N

E
M

L
C

are
am

on
g

th
e

b
est

p
erform

in
g

m
u
lti-lab

el
em

b
ed

d
in

gs
at

th
is

tim
e.

M
u
lti-la

b
el

ad
van

ces
in

recen
t

years
also

in
clu

d
e

d
evelop

m
en

ts
in

a
su

b
-area

called
ex

-
trem

e
m

u
lti-la

b
el

w
h
ere

n
ew

m
eth

o
d
s

em
erged

su
ch

as
d
eep

-learn
in

g
b
ased

d
om

ain
-sp

ecifi
c

a
p
p
ro

a
ch

es
fo

r:
im

age
classifi

cation
fram

ew
ork

s
(Z

h
ao

et
al.,

2015;
W

an
g

et
al.,

2016;
W

ei
et

a
l.,

2
0
1
6
)

o
r

tex
t

(L
iu

et
al.,

2017
;

Y
en

et
a
l.,

2017).
T

h
e

fi
eld

also
in

clu
d
es

tree-b
ased

(P
ra

b
h
u

a
n
d

V
arm

a,
2014)

or
em

b
ed

d
in

g-b
ased

(B
h
atia

et
al.,

2015)
ap

p
roach

es.
W

h
ile

ex
trem

e
m

u
lti-lab

el
is

an
in

terestin
g

task
it

d
iff

ers
stro

n
gly

from
classical

m
u
lti-lab

el
clas-

sifi
ca

tio
n

in
p

erform
an

ce
ex

p
ectation

s,
b

en
ch

m
ark

d
atasets

an
d

q
u
ality

m
easu

res
an

d
falls

b
eyo

n
d

th
e

m
a
in

fo
cu

s
of

scik
it-m

u
ltilearn

b
u
t

its
m

eth
o
d
s

can
b

e
u
sed

to
classify

th
ese

sca
le

o
f

p
ro

b
lem

s.

3
.

R
e
la

te
d

w
o
rk

A
s

w
ith

every
a
p
p
lied

scien
ce,

research
req

u
ires

en
v
iron

m
en

ts
for

p
erform

in
g

ex
p

erim
en

ts.
T

h
e

m
o
st

p
ro

m
in

en
t

m
u
lti-lab

el
classifi

cation
stack

to
d
ate

(regard
in

g
m

eth
o
d

cou
n
t

a
n
d

p
o
p
u
la

rity
)

is
im

p
lem

en
ted

in
J
ava:

M
U

L
A

N
(T

sou
m

akas
et

al.,
2011b

)
an

d
M

E
K

A
(R

ead
et

a
l.,

2
0
1
6
).

B
oth

d
ep

en
d

h
eav

ily
on

th
e

fam
ou

s
W

E
K

A
lib

rary
(H

all
et

al.,
2009)

w
h
ich

im
p
lem

en
ts

a
p
leth

ora
of

classifi
cation

an
d

regression
m

eth
o
d
s

for
sin

gle-lab
el

classifi
cation

.
M

U
L

A
N

a
n
d

M
E

K
A

are
large

m
u
lti-p

u
rp

ose
lib

raries
w

h
ich

su
p
p

ort
n
ot

o
n
ly

m
u
lti-lab

el
cla

ssifi
ca

tio
n

ta
sk

s
b
u
t

also
regression

an
d

m
u
lti-in

stan
ce/m

u
lti-ou

tp
u
t

task
s.

P
y
th

o
n
’s

scien
tifi

c
ecosy

stem
’s

p
h
ilosop

h
y

(O
lip

h
an

t,
200

7)
is

a
d
iff

eren
t

on
e,

in
stead

o
f

h
av

in
g

few
large

m
u
lti-p

u
rp

ose
lib

raries,
it

p
rov

id
es

a
fou

n
d
ation

of
lib

raries
th

at
d
e-

liver
m

o
st

im
p

ortan
t

ap
p
roach

es
an

d
a

n
etw

ork
of

sm
aller

an
d

m
ore

sp
ecialized

lib
ra

ries
th

a
t

in
tera

ct
th

an
k
s

to
a

w
ell-d

efi
n
ed

A
P

I,
co

d
in

g
an

d
d
o
cu

m
en

tation
stan

d
ard

s
set

ou
t

for
co

m
m

o
n

m
a
ch

in
e

learn
in

g
task

s
su

ch
as

p
red

iction
or

d
ata

tran
sform

ation
.

W
ith

n
u
m

p
y

(O
lip

h
a
n
t,

2
0
06

),
scip

y
(J

on
es

et
al.,

2001)
as

n
u
m

erical
op

eration
an

d
d
ata

stru
ctu

re
fou

n
-

d
a
tio

n
s.

T
h
e

m
ach

in
e-learn

in
g

fou
n
d
atio

n
p
rov

id
ed

b
y

scik
it-learn

(P
ed

regosa
et

al.,
2011)

fo
llow

s
a

d
iff

eren
t

ap
p
roach

th
an

W
E

K
A

as
it

d
o
es

n
ot

aim
at

b
ein

g
a

large
m

o
n
o-lib

rary
w

h
ere

a
ll

fu
n
ction

ality
is

gath
ered

.
In

stead
,

it
co

n
cen

trates
on

im
p
lem

en
tin

g
m

ost
cited

w
ell-esta

b
lish

ed
m

eth
o
d
s

alon
gsid

e
a

stab
le

A
P

I
d
esign

.

T
h
e

ru
d
im

en
tary

m
u
lti-lab

el
m

eth
o
d
s

p
rov

id
ed

b
y

scik
it-learn

d
o

n
o
t

su
p
p

ort
sp

arse
rep

-
resen

ta
tion

s
o
f

lab
el

m
atrices

ap
art

from
th

e
m

u
lti

o
u
tp

u
t

classifi
er:

algorith
m

ad
ap

tation
a
p
p
ro

a
ch

es
su

ch
as

k
n
earest

n
eigh

b
ors,

C
A

R
T

trees
an

d
ran

d
om

forests
a
n
d

p
ercep

tron
s;

p
ro

b
lem

tra
n
sform

ation
m

eth
o
d
s

B
in

ary
R

elevan
ce,

C
lassifi

er
C

h
ain

s
an

d
on

e-v
s-rest

or
o
n
e-v

s-a
ll

u
sa

g
e

of
m

u
lti-class

classifi
ers

su
ch

as
S
u
p
p

ort
V

ector
M

ach
in

es
(H

earst
et

al.,
1
9
9
8
).

H
ow

ev
er

all
of

th
ese

are
th

e
m

ost
ru

d
im

en
ta

ry
varian

ts
of

listed
m

eth
o
d
s

an
d

h
ave

b
een

su
p

ersed
ed

b
y

m
ore

m
o
d
ern

ap
p
roach

es.
T

h
e

k
N

N
ap

p
roach

from
scik

it-learn
h
as

b
een

im
p
roved

b
y

M
L

-k
N

N
(Z

h
an

g
an

d
Z

h
ou

,
200

7),
d
eep

learn
in

g
is

u
sed

m
u
ch

m
ore

3
JM

L
R

 20(6):1-22, 2019

P
io

t
r

S
z
y
m

a
ń
sk

i
a
n
d

T
o
m

a
sz

K
a
jd

a
n
o
w

ic
z

often
th

an
p

ercep
tron

s,
an

d
n
ew

tree-b
ased

classifi
ers

like
fastX

M
L

(P
rab

h
u

an
d

V
arm

a,
2014)

ou
tp

erform
trad

ition
al

ran
d
om

forests
of

m
u
lti-lab

el
trees.

O
n
e-v

s-all/rest
m

u
lti-class

classifi
ers

can
n
ow

b
e

rep
laced

w
ith

in
h
eren

tly
m

u
lti-lab

el
varian

ts
of

th
e

m
eth

o
d
s,

ex
.
S
V

M
classifi

cation
sch

em
e

h
as

b
een

en
h
an

ced
b
y

m
u
lti-lab

el
S
V

M
ap

p
roach

es
su

ch
as

M
L
T

S
V

M
(C

h
en

et
al.,

2016
).

B
in

ary
R

elevan
ce

p
rov

id
es

w
orse

p
erform

an
ce

th
an

d
ata-d

riven
lab

el
sp

ace
d
iv

ision
(S

zy
m

ań
sk

i
et

al.,
2016)

or
stack

in
g

(M
on

tañ
es

et
al.,

2
014).

C
lassifi

er
ch

a
in

s
h
ave

b
een

ex
ten

d
ed

in
m

u
ltip

le
w

ay
s

to
ov

ercom
e

artifacts
related

to
sam

p
le

d
istrib

u
tion

ch
an

ges
b

etw
een

lab
el

ord
erin

gs
eith

er
b
y

learn
in

g
sh

orter
ch

ain
s

v
ia

d
a
ta-d

riven
lab

el
sp

ace
d
iv

ision
s

or
ch

ain
sam

p
lin

g
m

eth
o
d
s

(P
C

C
b
y

D
em

b
czy

n
sk

i
et

al.,
2010),

(M
C

C
b
y

R
ead

et
al.,

2013).
H

ow
ever

scik
it-learn

’s
classifi

ers
are

ex
trem

ely
u
sefu

l
w

h
en

u
sed

as
a

b
ase

for
m

ore
com

p
reh

en
sive

m
eth

o
d
s

in
scik

it-m
u
tlilea

rn
su

ch
as

lab
el

sp
ace

p
artition

in
g

en
sem

b
les

or
m

u
lti-lab

el
em

b
ed

d
in

g.

T
h
e

scik
it-learn

p
ro

ject
also

form
s

a
h
u
b

of
a

la
rge

n
etw

ork
of

com
p
lem

en
tary

lib
raries

for
m

ore
sp

ecifi
c

task
s,

n
ew

tech
n
iq

u
es

or
em

ergen
t

su
b
-fi

eld
s.

S
u
ch

lib
ra

ries
in

clu
d
e

am
on

g
m

an
y

oth
ers

scik
it-m

u
ltifl

ow
an

d
im

b
alan

ced
-learn

.

T
h
e

scik
it-m

u
ltifl

ow
lib

rary
(M

on
tiel

et
al.,

2018)
co

n
cern

s
m

u
lti-lab

el
stream

s,
w

h
ich

d
iff

ers
from

th
e

trad
ition

al
m

u
lti-lab

el
settin

g
w

h
ere

a
m

eth
o
d

is
train

ed
on

ce
to

p
red

ict
d
ata

-
in

m
u
lti-lab

el
stream

s
th

e
m

eth
o
d
s

are
retrain

ed
or

a
d
op

ted
as

n
ew

sam
p
les

arrive.
E

ven
th

ou
gh

scik
it-m

u
ltifl

ow
p
rov

id
es

reim
p
lem

en
tation

s
selected

m
eth

o
d
s

of
scik

it-learn
,

th
e

au
th

ors
n
ote

th
at

scik
it-learn

’s
im

p
lem

en
tation

s
sh

ou
ld

b
e

ap
p
lied

w
h
ile

u
sin

g
th

e
lib

rary.
A

u
th

ors
claim

th
at

th
e

p
rov

id
ed

im
p
lem

en
tation

s
are

less
op

tim
al

(k
N

N
)

or
m

ask
s

over
th

e
origin

al
scik

it-learn
co

d
e

for
in

tern
al

p
u
rp

oses.
m

ore
M

o
d
ern

versio
n

of
classifi

er
ch

ain
s

(P
C

C
,

M
C

C
)

an
d

stream
classifi

ers
are

th
e

core
con

trib
u
tion

of
th

e
lib

rary.
T

h
ey

are
op

tim
ized

tow
ard

s
p
artial

u
p

d
atin

g
as

n
ew

ev
id

en
ce

arrives.
T

h
e

lib
rary

is
w

ell
u
n
it-tested

an
d

sh
ou

ld
b

e
u
sed

for
m

u
lti-lab

el
stream

task
s

w
h
ich

scik
it-m

u
ltilearn

d
o
es

n
ot

h
an

d
le

ou
t

of
th

e
b

ox
.

H
ow

ever,
scik

it-m
u
ltilearn

p
rov

id
es

m
ore

v
ib

ran
t

an
d

variou
s

off
erin

g
of

state
of

th
e

art
m

eth
o
d
s

op
tim

ized
for

th
e

classic
m

u
lti-lab

el
p
rob

lem
form

u
lation

.

T
h
e

im
b
alan

ced
-learn

lib
rary

(L
em

âıtre
et

al.,
2017)

is
d
ed

icated
to

overcom
in

g
class

im
b
alan

ce
p
rob

lem
s

in
sin

gle-lab
el

task
s

b
y

a
variety

of
u
n
d
er/over-sam

p
lin

g
strategies.

A
s

m
an

y
p
rob

lem
tran

sform
ation

ap
p
roach

es
tran

sform
th

e
p
rob

lem
to

a
m

u
lti-class

p
rob

lem
im

b
alan

ced
-learn

can
b

e
u
sed

to
im

p
rove

learn
in

g
cap

ab
ilities

of
scik

it-m
u
ltilearn

classifi
ers

b
y

fi
ttin

g
th

em
to

resam
p
led

d
ata.

D
om

ain
an

d
su

b
-fi

eld
related

d
eep

n
eu

ral
n
etw

ork
s

w
ith

m
u
lti-lab

el
classifi

cation
su

p
-

p
ort

are
also

availab
le
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at
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p
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at
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p
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re
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p
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p
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b
y

a
t

le
as

t
a

fa
ct

or
of
O

(p
).

W
e

p
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u
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r
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r
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d
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ra
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b
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p
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p
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h
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r
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b
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at
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d
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b
le

m

m
in

im
iz

e
β
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ra
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B
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.
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c
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c
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b
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h
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p
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h
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.
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r
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R
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⊂
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b
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∈
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⊂
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d
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at
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d
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d
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p
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;
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p
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th
e

p
op

u
la

ti
on

ri
sk

g
iv

en
in

(1
),

an
d

le
t
β
o
ls

d
en

ot
e

th
e

co
rr

es
p

o
n
d
in

g

or
d
in

ar
y

le
as

t
sq

u
ar

es
(O

L
S
)

co
effi

ci
en

ts
d
efi

n
ed

as
β
o
ls

=
E
[ x
x
T
] −

1
E

[x
y
].

T
h
en

,
u
n
d
er

2
JM

L
R

 2
0(

7)
:1

-4
5,

 2
01

9



S
c
a
l
a
b
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
G
e
n
e
r
a
l
iz
e
d

L
in
e
a
r
P
r
o
b
l
e
m
s

certa
in

ran
d
om

p
red

ictor
(d

esign
)

m
o
d
els,

β
p
o
p∝

β
o
ls.

(3)

F
o
r

lo
g
istic

reg
ression

w
ith

G
au

ssian
d
esign

(w
h
ich

is
eq

u
ivalen

t
to

F
ish

er’s
d
iscrim

in
an

t
a
n
a
ly

sis),
(3

)
w

as
n
oted

b
y

F
ish

er
in

th
e

1930s
(F

ish
er,

1936);
a

m
o
re

gen
eral

form
u
lation

fo
r

m
o
d
els

w
ith

G
au

ssian
d
esign

is
given

in
B

rillin
ger

(1982).
T

h
e

relation
sh

ip
(3)

su
ggests

th
a
t

if
th

e
co

n
stan

t
of

p
rop

ortion
ality

is
k
n
ow

n
,

th
en

β
p
o
p

can
b

e
estim

ated
b
y

com
p
u
tin

g
th

e
O

L
S

estim
a
tor,

w
h
ich

m
ay

b
e

su
b
stan

tially
sim

p
ler

th
an

m
in

im
izin

g
th

e
em

p
irical

risk
.

In
fa

ct,
in

so
m

e
ap

p
lication

s
like

b
in

ary
classifi

cation
,

it
m

ay
n
ot

b
e

n
ecessary

to
fi
n
d

th
e

co
n
sta

n
t

o
f

p
ro

p
ortion

ality
in

(3).
O

u
r

w
ork

in
th

is
p
ap

er
b
u
ild

s
on

th
is

id
ea.

O
u
r

co
n
trib

u
tion

s
can

b
e

su
m

m
arized

as
follow

s.

1
.

W
e

sh
ow

th
at
β
p
o
p

is
ap

p
rox

im
ately

p
rop

ortion
al

to
β
o
ls

in
th

e
ran

d
o
m

d
esign

settin
g,

reg
a
rd

less
of

th
e

covariate
(p

red
ictor)

d
istrib

u
tion

.
T

h
at

is,
w

e
p
rove

∥∥∥
β
p
o
p−

c
Ψ
×
β
o
ls ∥∥∥∞

.
c ‖
β
p
o
p‖∞
√
p

,

fo
r

so
m

e
c

Ψ
∈

R
w

h
ich

d
ep

en
d
s

on
th

e
n
on

-lin
earity

Ψ
.

W
e

n
ote

th
at

ab
ove

rate
is

th
e

rela
tive

d
ecay,

an
d

it
is

ob
tain

ed
u
n
d
er

th
e

assu
m

p
tion

th
at

E
[〈x
,β

p
o
p〉

2].
c

2.
O

u
r

g
en

eralization
u
ses

zero-b
ias

tran
sform

ation
s

(G
old

stein
an

d
R

ein
ert,

1997).
W

e
a
lso

sh
ow

th
at

th
e

relation
(3)

still
h
old

s
u
n
d
er

certain
ty

p
es

of
regu

larization
.

2
.

W
e

d
esig

n
a

com
p
u
tation

ally
effi

cien
t

estim
ator

for
β
p
o
p

b
y

fi
rst

estim
atin

g
th

e
O

L
S

co
effi

cien
ts,

an
d

th
en

estim
atin

g
th

e
p
rop

ortion
ality

con
stan

t
c

Ψ
v
ia

lin
e

search
.

W
e

refer
to

th
e

resu
ltin

g
estim

ator
a
s

th
e

S
caled

L
east

S
q
u
ares

(S
L

S
)

estim
ator

an
d

d
en

ote
it

b
y
β̂
sls.

A
fter

estim
atin

g
th

e
O

L
S

co
effi

cien
ts,

th
e

secon
d

step
of

ou
r

algorith
m

in
-

vo
lves

fi
n
d
in

g
a

ro
ot

of
a

real
valu

ed
fu

n
ction

;
th

is
can

b
e

accom
p
lish

ed
u
sin

g
itera

tive
m

eth
o
d
s

w
ith

u
p

to
a

q
u
ad

ratic
con

vergen
ce

rate
an

d
on

ly
O

(n
)

p
er-iteration

co
st.

T
h
is

is
co

m
p
u
tation

ally
ch

eap
er

th
an

th
e

classical
b
atch

m
eth

o
d
s

su
ch

as
grad

ien
t

d
escen

t
b
y

at
least

a
factor

ofO
(p

).

3
.

F
o
r

ra
n
d
o
m

d
esign

w
ith

su
b
-G

au
ssian

p
red

ictors
a
n
d

b
ou

n
d
ed

Ψ
(2

),
w

e
sh

ow
th

at

∥∥∥
β̂
sls−

β
p
o
p ∥∥∥∞

.
‖
β
p
o
p‖∞
√
p

+

√
pn
.

T
h
is

b
o
u
n
d

ch
aracterizes

th
e

p
erfo

rm
an

ce
of

th
e

p
rop

osed
estim

ator
in

term
s

of
d
ata

d
im

en
sio

n
s,

an
d

ju
stifi

es
th

e
u
se

of
th

e
algorith

m
in

th
e

large-sca
le

settin
g

w
h
ere

n
�

p
�

1.
W

e
also

p
rov

id
e

th
eo

retical
gu

aran
tees

w
h
en

su
b
sam

p
lin

g
is

u
tilized

in
th

e
a
lgo

rith
m

for
fu

rth
er

effi
cien

cy.

4
.

W
e

d
em

o
n
strate

h
ow

to
tran

sform
a

b
in

ary
classifi

cation
p
rob

lem
w

ith
sm

o
oth

su
rro-

g
a
te

loss
in

to
a

gen
eralized

lin
ear

p
rob

lem
,

an
d

h
ow

ou
r

m
eth

o
d
s

can
b

e
a
p
p
lied

to
o
b
ta

in
a

com
p
u
tation

ally
effi

cien
t

op
tim

ization
sch

em
e.

3
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E
r
d
o
g
d
u
,
B
a
y
a
t
i,
D
ic
k
e
r

5.
W

e
p
rop

ose
a

scalab
le

op
tim

ization
m

eth
o
d

for
con

vertin
g

on
e

gen
eralized

lin
ear

p
rob

-
lem

to
an

oth
er

b
y

ex
p
loitin

g
th

e
p
rop

ortion
ality

relation
(3).

T
h
e

p
rop

osed
alg

orith
m

req
u
ires

on
ly
O

(n
)

com
p
u
tation

s
p

er
each

itera
tion

,
w

ith
n
o

ad
d
ition

al
on

e-tim
e

cost.
W

e
fu

rth
er

d
iscu

ss
th

e
can

on
icalization

of
th

e
sq

u
are

loss,
w

h
ich

m
ay

b
e

of
in

d
ep

en
-

d
en

t
in

terest
for

n
on

-con
v
ex

op
tim

ization
.

6.
W

e
em

p
irically

stu
d
y

th
e

statistical
an

d
com

p
u
tation

a
l

p
erform

an
ce

of
β̂
sls,

an
d

com
-

p
are

it
to

th
at

of
th

e
em

p
irical

risk
m

in
im

izer
(u

sin
g

sev
eral

w
ell-k

n
ow

n
im

p
lem

en
ta-

tion
s),

on
a

variety
of

large-scale
d
a
tasets.

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

as
follow

s:
S
ection

1.1
su

rvey
s

th
e

related
w

o
rk

an
d

S
ection

2
in

tro
d
u
ces

th
e

req
u
ired

b
ack

grou
n
d

an
d

th
e

n
otation

.
In

S
ection

3,
w

e
p
rov

id
e

th
e

in
tu

ition
b

eh
in

d
th

e
relation

sh
ip

(3),
w

h
ich

are
b
ased

on
ex

act
calcu

lation
s

for
th

e
G

au
ssian

d
esign

settin
g.

In
S
ection

4,
w

e
p
ro

p
ose

ou
r

algorith
m

an
d

d
iscu

ss
its

com
p
u
tation

al
p
rop

erties.
T

h
eoretical

resu
lts

are
given

in
S
ection

5
.

In
S
ection

6,
w

e
p
rop

ose
an

algorith
m

to
con

vert
on

e
G

L
M

ty
p

e
to

a
n
oth

er.
W

e
d
iscu

ss
h
ow

a
b
in

ary
classifi

cation
p
rob

lem
can

b
e

cast
as

a
gen

eralized
lin

ear
p
rob

lem
in

S
ection

7,
an

d
in

S
ection

7.1
w

e
p
rop

ose
a

m
eth

o
d

to
can

on
icalize

th
e

sq
u
are

loss.
S
ection

8
p
rov

id
es

a
th

orou
gh

com
p
arison

b
etw

een
th

e
p
rop

osed
algo

rith
m

an
d

oth
er

ex
istin

g
m

eth
o
d
s.

F
in

ally,
w

e
con

clu
d
e

w
ith

a
b
rief

d
iscu

ssion
in

S
ection

9.

1
.1

.
R

e
la

te
d

w
o
rk

A
s

m
en

tion
ed

in
S
ection

1,
th

e
relatio

n
sh

ip
(3)

is
w

ell-k
n
ow

n
in

several
form

s
in

statistics
literatu

re.
B

rillin
ger

(1982)
d
erived

(3)
for

m
o
d
els

w
ith

G
au

ssian
p
red

ictors
u
sin

g
S
tein

’s
lem

m
a.

L
i

an
d

D
u
an

(1989)
stu

d
ied

m
o
d
el

m
issp

ecifi
cation

p
rob

lem
s

in
statistics

an
d

d
erived

(3)
w

h
en

th
e

p
red

ictor
d
istrib

u
tion

h
as

lin
ear

con
d
ition

al
m

ean
s

(th
is

is
a

sligh
t

gen
eralization

of
G

au
ssian

p
red

ictors).
T

h
e

relatio
n

(3)
h
as

led
to

variou
s

tech
n
iq

u
es

for
d
im

en
sion

red
u
ction

(L
i,

1991;
L

i
an

d
D

on
g,

2009),
an

d
m

ore
recen

tly,
it

h
as

b
een

stu
d
ied

b
y

P
lan

an
d

V
ersh

y
n
in

(2016);
T

h
ram

p
ou

lid
is

et
a
l.

(2
015)

in
th

e
con

tex
t

of
com

p
ressed

sen
sin

g.
It

h
as

b
een

sh
ow

n
th

at
th

e
stan

d
ard

lasso
estim

ator
m

ay
b

e
very

eff
ective

w
h
en

u
sed

in
m

o
d
els

w
h
ere

th
e

relation
sh

ip
b

etw
een

th
e

ex
p

ected
resp

on
se

a
n
d

th
e

sign
al

is
n
on

lin
ear,

an
d

th
e

p
red

ictors
(i.e.

th
e

d
esign

or
sen

sin
g

m
atrix

)
are

G
au

ssian
.

A
com

m
on

th
em

e
for

all
of

th
is

p
rev

iou
s

w
ork

is
th

at
it

fo
cu

ses
solely

on
settin

gs
w

h
ere

(3
)

h
old

s
ex

actly
an

d
th

e
p
red

ictors
(covariates)

are
G

au
ssian

(or,
in

th
e

ca
se

of
L

i
an

d
D

u
an

(19
89),

very
n
early

G
au

ssian
).

T
h
e

p
rop

ortion
ality

relation
is

solely
b
ased

on
S
tein

’s
lem

m
a

an
d

its
varian

ts.
T

h
ere

are
recen

t
stu

d
ies

u
sin

g
S
tein

’s
lem

m
a

in
variou

s
m

ach
in

e
learn

in
g

an
d

op
tim

ization
task

s
su

ch
as

secon
d
-ord

er
op

tim
ization

(E
rd

o
gd

u
,
2015,

2016,
2017),

B
ayesian

in
feren

ce
(L

iu
an

d
W

an
g,

2016),
m

ea
su

rin
g

sam
p
le

q
u
ality

an
d

m
o
d
el

evalu
ation

task
s

(G
orh

am
an

d
M

ackey
,

2015;
L

iu
et

al.,
2016).

T
w

o
key

n
ovelties

of
th

e
p
resen

t
p
ap

er
are

(i)
ou

r
fo

cu
s

on
th

e
com

p
u
ta

tion
al

b
en

efi
ts

follow
in

g
from

(3)
for

large
scale

p
rob

lem
s

w
ith

n
�
p
�

1;
an

d
(ii)

ou
r

rigorou
s

fi
n
ite

sam
-

p
le

an
aly

sis
of

m
o
d
els

w
ith

n
on

-G
au

ssian
p
red

ictors,
w

h
ere

(3)
is

sh
ow

n
to

b
e

ap
p
rox

im
ately

valid
.

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

th
e

p
resen

t
p
ap

er
an

d
its

earlier
versio

n
E

rd
og

d
u

et
al.

(2016)
are

th
e

fi
rst

to
con

sid
er

th
e

relation
(3)

in
th

e
con

tex
t

of
op

tim
ization

.
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S
c
a
l
a
b
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
G
e
n
e
r
a
l
iz
e
d

L
in
e
a
r
P
r
o
b
l
e
m
s

2
.

P
re

li
m

in
a
ri

e
s

a
n
d

N
o
ta

ti
o
n

W
e

as
su

m
e

a
ra

n
d
om

d
es

ig
n

se
tt

in
g,

w
h
er

e
th

e
o
b
se

rv
ed

d
at

a
co

n
si

st
s

of
n

ra
n
d
om

ii
d

p
ai

rs
(y

1
,x

1
),

(y
2
,x

2
),
..
.,

(y
n
,x

n
);
y i
∈
Y
⊂

R
is

th
e

re
sp

on
se

va
ri

a
b
le

an
d
x
i

=
(x
i1
,·
··
,x

ip
)T
∈

X
⊂

R
p

is
th

e
ve

ct
or

of
p
re

d
ic

to
rs

or
co

va
ri

at
es

.
W

e
fo

cu
s

on
p
ro

b
le

m
s

w
h
er

e
th

e
m

in
i-

m
iz

at
io

n
(1

)
is

d
es

ir
ab

le
,

b
u
t

w
e

al
lo

w
m

o
d
el

m
is

sp
ec

ifi
ca

ti
on

,
an

d
d
o

n
ot

n
ee

d
to

as
su

m
e

th
at

(y
i,
x
i)

ar
e

ac
tu

al
ly

d
ra

w
n

fr
om

a
p
ar

ti
cu

la
r

p
ar

am
et

ri
c

m
o
d
el

.
In

ot
h
er

w
or

d
s,

th
e

jo
in

t
d
is

tr
ib

u
ti

on
of

(y
i,
x
i)

ca
n

b
e

ar
b
it

ra
ry

.

β
p
o
p

=
ar

gm
in

β
∈R

p
E
[ Ψ

(〈
x
i,
β
〉)
−
y i
〈x
i,
β
〉]
.

(4
)

W
h
il
e

w
e

m
ak

e
n
o

as
su

m
p
ti

on
s

on
Ψ

b
ey

on
d

sm
o
ot

h
n
es

s,
n
ot

e
th

at
w

h
en

th
e

op
ti

m
iz

a-
ti

on
p
ro

b
le

m
is

G
L

M
,

an
d

Ψ
is

th
e

cu
m

u
la

n
t

ge
n
er

at
in

g
fu

n
ct

io
n

fo
r
y i
|
x
i,

th
en

th
e

p
ro

b
le

m
re

d
u
ce

s
to

th
e

st
an

d
ar

d
G

L
M

w
it

h
ca

n
on

ic
al

li
n
k

an
d

re
gr

es
si

on
p
ar

am
et

er
s
β
p
o
p

(M
cC

u
ll
ag

h
an

d
N

el
d
er

,
19

89
).

E
x
am

p
le

s
of

G
L

M
s

in
th

is
fo

rm
in

cl
u
d
e

lo
gi

st
ic

re
gr

es
si

on
w

it
h

Ψ
(w

)
=

lo
g
{1

+
ew
},

P
oi

ss
on

re
gr

es
si

on
w

it
h

Ψ
(w

)
=
ew

,
an

d
li
n
ea

r
re

g
re

ss
io

n
(l

ea
st

sq
u
ar

es
)

w
it

h
Ψ

(w
)

=
w

2
/2

.

O
u
r

ob
je

ct
iv

e
is

to
fi
n
d

a
co

m
p
u
ta

ti
on

al
ly

effi
ci

en
t

es
ti

m
at

or
fo

r
β
p
o
p
.

T
h
e

al
te

rn
at

iv
e

es
ti

m
at

or
fo

r
β
p
o
p

p
ro

p
os

ed
in

th
is

p
ap

er
is

re
la

te
d

to
th

e
O

L
S

co
effi

ci
en

t
ve

ct
or

,
w

h
ic

h
is

d
e-

fi
n
ed

b
y
β
o
ls

: =
E[
x
ix
T i

]−
1
E

[x
iy
i]

;
th

e
co

rr
es

p
on

d
in

g
O

L
S

es
ti

m
at

or
is
β̂
o
ls

: =
(X

T
X

)−
1
X
T
y
,

w
h
er

e
X

=
(x

1
,.
..
,x

n
)T

is
th

e
n
×
p

d
es

ig
n

m
at

ri
x

an
d
y

=
(y

1
,.
..
,y
n
)T
∈
R
n
.

A
d
d
it

io
n
al

ly
,

th
ro

u
gh

ou
t

th
e

te
x
t

w
e

le
t

[m
]=
{1
,2
,.
..
,m
},

fo
r

p
os

it
iv

e
in

te
ge

rs
m

,
an

d
w

e
d
en

ot
e

th
e

si
ze

of
a

se
t
S

b
y
|S
|.

T
h
e
m

-t
h

d
er

iv
at

iv
e

of
a

fu
n
ct

io
n
g

:
R
→

R
is

d
en

ot
ed

b
y
g

(m
) .

F
or

a
ve

ct
or
u
∈
R
p

an
d

a
n
×
p

m
at

ri
x

U
,

w
e

le
t
‖u
‖ q

an
d
‖U
‖ q

d
en

ot
e

th
e
` q

-v
ec

to
r

an
d

-o
p

er
at

or
n
or

m
s,

re
sp

ec
ti

ve
ly

.
If
S
⊆

[n
],

le
t

U
S

d
en

ot
e

th
e
|S
|×

p
m

at
ri

x
ob

ta
in

ed
fr

om
U

b
y

ex
tr

ac
ti

n
g

th
e

ro
w

s
th

at
ar

e
in

d
ex

ed
b
y
S

.
F

or
a

sy
m

m
et

ri
c

m
at

ri
x

M
∈
R
p
×
p
,
λ

m
a
x
(M

)
an

d
λ

m
in

(M
)

d
en

ot
e

th
e

m
ax

im
u
m

an
d

m
in

im
u
m

ei
ge

n
va

lu
es

,
re

sp
ec

ti
ve

ly
,
an

d
ρ
q
(M

)
fo

r
q
∈
{1
,2
,∞
}d

en
ot

es
th

e
co

n
d
it

io
n

n
u
m

b
er

of
M

w
it

h
re

sp
ec

t
to

` q
-n

or
m

.
W

e
d
en

ot
e

b
y
N
p

th
e
p
-v

ar
ia

te
n
or

m
al

d
is

tr
ib

u
ti

on
,

an
d

al
l

ex
p

ec
ta

ti
on

s
a
re

ov
er

al
l

ra
n
d
om

n
es

s
in

si
d
e

th
e

b
ra

ck
et

s.
F

in
al

ly
,

w
e

u
se
a
.
b

an
d
a
≤
O

(b
)

in
te

rc
h
an

ge
ab

ly
,

w
h
ic

h
ev

er
is

co
n
v
en

ie
n
t

(w
h
er

e
O

(·)
re

fe
rs

to
th

e
b
ig

O
n
ot

at
io

n
).

3
.

F
ro

m
O

L
S

to
th

e
T

ru
e

M
in

im
iz

e
r:

G
a
u
ss

ia
n

C
a
se

T
o

m
ot

iv
at

e
ou

r
m

et
h
o
d
ol

og
y,

w
e

as
su

m
e

in
th

is
se

ct
io

n
th

at
th

e
co

va
ri

at
es

ar
e

m
u
lt

iv
ar

ia
te

n
or

m
al

,
as

in
B

ri
ll
in

ge
r

(1
98

2)
.

T
h
es

e
d
is

tr
ib

u
ti

on
al

as
su

m
p
ti

on
s

w
il
l
b

e
re

la
x
ed

to
a

ce
rt

ai
n

ex
te

n
t

in
S
ec

ti
on

5.

P
ro

p
o
si

ti
o
n

1
A

ss
u

m
e

th
a
t

th
e

co
va

ri
a
te

s
a
re

m
u

lt
iv

a
ri

a
te

n
o
rm

a
l

w
it

h
m

ea
n

0
a
n

d
co

-
va

ri
a
n

ce
m

a
tr

ix
Σ

,
i.

e.
x
i
∼

N
p
(0
,Σ

).
T

h
en

β
p
o
p

ca
n

be
w

ri
tt

en
a
s

β
p
o
p

=
c Ψ
×
β
o
ls
,

(5
)

w
h
er

e
c Ψ
∈
R

is
th

e
fi

xe
d

po
in

t
o
f

th
e

m
a
p
p
in

g

z
→

E
[ Ψ

(2
) (〈
x
i,
β
o
ls
〉z

)] −
1
.

(6
)
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E
r
d
o
g
d
u
,
B
a
y
a
t
i,
D
ic
k
e
r

P
ro

o
f

[o
f

P
ro

p
os

it
io

n
1]

T
h
e

st
at

io
n
ar

y
p

oi
n
t

of
th

e
m

in
im

iz
at

io
n

p
ro

b
le

m
in

(4
)

sa
ti

sfi
es

th
e

fo
ll
ow

in
g

n
or

m
al

eq
u
at

io
n
s,

E
[y
ix
i]

=
E
[ x

iΨ
(1

) (〈
x
i,
β
〉)
]

fo
r

i
=

1,
2,
..
.,
p
.

(7
)

N
ow

,
d
en

ot
e

b
y
φ

(x
|Σ

)
th

e
m

u
lt

iv
ar

ia
te

n
or

m
al

d
en

si
ty

w
it

h
m

ea
n

0
an

d
co

va
ri

a
n
ce

m
a
tr

ix
Σ

.
W

e
re

ca
ll

th
e

w
el

l-
k
n
ow

n
p
ro

p
er

ty
of

G
au

ss
ia

n
d
en

si
ty

d
φ

(x
|Σ

)/
d
x

=
−

Σ
−

1
x
φ

(x
|Σ

).
U

si
n
g

th
is

an
d

th
e

in
te

gr
at

io
n

b
y

p
ar

ts
on

th
e

ri
gh

t
h
an

d
si

d
e

of
th

e
ab

ov
e

eq
u
a
ti

o
n
,

w
e

ob
ta

in
fo

r
i

=
1,

2
,.
..
,p E
[ x

iΨ
(1

) (〈
x
i,
β
〉)
] =

∫
x

Ψ
(1

) (〈
x
,β
〉)
φ

(x
|Σ

)
d
x
,

(8
)

=
Σ
β

E[
Ψ

(2
) (〈
x
i,
β
〉)
]

︸
︷︷

︸
∈

R

,

w
h
ic

h
is

b
as

ic
al

ly
th

e
S
te

in
’s

le
m

m
a.

C
om

b
in

in
g

th
is

w
it

h
th

e
n
or

m
al

eq
u
a
ti

o
n
s

(7
)

a
n
d

m
u
lt

ip
ly

in
g

b
ot

h
si

d
e

w
it

h
Σ
−

1
,

w
e

ob
ta

in
th

e
d
es

ir
ed

re
su

lt
.

P
ro

p
os

it
io

n
1

an
d

it
s

p
ro

of
p
ro

v
id

e
th

e
m

ai
n

in
tu

it
io

n
b

eh
in

d
ou

r
p
ro

p
o
se

d
m

et
h
o
d
.

O
b
se

rv
e

th
at

in
ou

r
d
er

iv
at

io
n
,

w
e

on
ly

w
o
rk

ed
w

it
h

th
e

ri
gh

t
h
an

d
si

d
e

o
f

th
e

n
o
rm

a
l

eq
u
at

io
n
s

(7
)

w
h
ic

h
d
o
es

n
ot

d
ep

en
d

on
th

e
re

sp
on

se
va

ri
ab

le
y i

.
T

h
er

ef
or

e,
th

e
eq

u
iv

a
le

n
ce

w
il
l

h
ol

d
re

ga
rd

le
ss

of
th

e
jo

in
t

d
is

tr
ib

u
ti

on
of

(y
i,
x
i)

.
T

h
is

is
th

e
m

ai
n

d
iff

er
en

ce
fr

o
m

th
e

p
ro

of
of

B
ri

ll
in

ge
r

(1
98

2)
w

h
er

e
y i

is
as

su
m

ed
to

fo
ll
ow

a
si

n
gl

e
in

d
ex

m
o
d
el

.
In

S
ec

ti
o
n

5
,

w
h
er

e
w

e
ex

te
n
d

th
e

m
et

h
o
d

to
n
on

-G
au

ss
ia

n
p
re

d
ic

to
rs

,
th

e
id

en
ti

ty
(8

)
is

g
en

er
a
li
ze

d
v
ia

th
e

ze
ro

-b
ia

s
tr

an
sf

or
m

at
io

n
s

fr
om

G
ol

d
st

ei
n

an
d

R
ei

n
er

t
(1

99
7)

.

3
.1

.
R

e
g
u

la
ri

z
a
ti

o
n

A
ve

rs
io

n
of

P
ro

p
os

it
io

n
1

in
co

rp
or

at
in

g
re

gu
la

ri
za

ti
on

—
an

im
p

or
ta

n
t

to
o
l

fo
r

d
a
ta

se
ts

w
h
er

e
p

is
la

rg
e

re
la

ti
ve

to
n

or
th

e
p
re

d
ic

to
rs

ar
e

h
ig

h
ly

co
ll
in

ea
r

—
is

al
so

p
o
ss

ib
le

,
a
s

o
u
t-

li
n
ed

b
ri

efl
y

in
th

is
se

ct
io

n
.

W
e

fo
cu

s
on

`2
-r

eg
u
la

ri
za

ti
on

(r
id

ge
re

gr
es

si
on

)
in

th
is

se
ct

io
n
;

so
m

e
co

n
n
ec

ti
on

s
w

it
h

la
ss

o
(`

1
-r

eg
u
la

ri
za

ti
on

)
ar

e
d
is

cu
ss

ed
in

S
ec

ti
on

5
an

d
C

o
ro

ll
a
ry

6.

F
or
λ
≥

0,
d
efi

n
e

th
e
` 2

-r
eg

u
la

ri
ze

d
em

p
ir

ic
al

ri
sk

m
in

im
iz

er
,

β
p
o
p

λ
=

ar
gm

in
β
∈R

p
E

[Ψ
(〈
x
i,
β
〉)
−
y i
〈x
i,
β
〉]

+
λ 2
‖β
‖2 2

(9
)

an
d

th
e

co
rr

es
p

on
d
in

g
`2

-r
eg

u
la

ri
ze

d
O

L
S

co
effi

ci
en

ts
β
o
ls
λ

=
( E
[ x
ix
T i

] +
λ
I)
−

1
E

[x
iy
i]

(s
o

β
p
o
p

=
β
p
o
p

0
an

d
β
o
ls

=
β
o
ls

0
).

T
h
e

sa
m

e
ar

gu
m

en
t

a
s

ab
ov

e
im

p
li
es

th
at

β
p
o
p

λ
=
c Ψ
×
β
o
ls
γ
,

w
h
er

e
γ

=
λ
c Ψ
.

(1
0
)

T
h
is

su
gg

es
ts

th
at

th
e

or
d
in

ar
y

ri
d
ge

re
gr

es
si

on
fo

r
th

e
li
n
ea

r
m

o
d
el

ca
n

b
e

u
se

d
to

es
ti

m
a
te

th
e
`2

-r
eg

u
la

ri
ze

d
em

p
ir

ic
al

ri
sk

m
in

im
iz

er
β
p
o
p

λ
.

F
u
rt

h
er

p
u
rs

u
in

g
th

es
e

id
ea

s
fo

r
p
ro

b
le

m
s

w
h
er

e
re

gu
la

ri
za

ti
on

is
a

cr
it

ic
al

is
su

e
m

ay
b

e
an

in
te

re
st

in
g

ar
ea

fo
r

fu
tu

re
re

se
a
rc

h
.
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S
c
a
l
a
b
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
G
e
n
e
r
a
l
iz
e
d

L
in
e
a
r
P
r
o
b
l
e
m
s

A
lg

o
rith

m
1

S
L

S
:

S
caled

L
east

S
q
u
ares

E
stim

ator

In
p

u
t:

D
a
ta

(y
i ,x

i )
ni=

1

S
te

p
1
.

C
o
m

p
u

te
th

e
le

a
st

sq
u

a
re

s
e
stim

a
to

r:
β̂
o
ls

a
n

d
ŷ

=
X
β̂
o
ls.

F
o
r

a
su

b
-sam

p
lin

g
b
ased

O
L

S
estim

ator,
let

S
⊂

[n
]

b
e

a

ra
n
d
o
m

su
b
set

an
d

take
β̂
o
ls

=
|S|n

(X
TS
X
S

) −
1X

T
y
.

S
te

p
2
.

S
o
lv

e
th

e
fo

llo
w

in
g

e
q
u

a
tio

n
fo

r
c∈

R
:

1
=

cn ∑
ni=

1
Ψ

(2
)(c

ŷ
i ).

U
se

N
ew

ton
’s

ro
ot-fi

n
d
in

g
m

eth
o
d
:

In
itialize

c;
R

ep
eat

u
n
til

con
vergen

ce:

c←
c−

c
1n ∑

ni=
1

Ψ
(2

)(c
ŷ
i )−

1
1n ∑

ni=
1 {

Ψ
(2

)(c
ŷ
i )

+
c
ŷ
i Ψ

(3
)(c

ŷ
i ) }

.

O
u

tp
u

t:
β̂
sls

=
c×

β̂
o
ls.

4
.

S
L

S
:

S
ca

le
d

L
e
a
st

S
q
u
a
re

s
E

stim
a
to

r

M
o
tiva

ted
b
y

th
e

resu
lts

in
th

e
p
rev

iou
s

section
,

w
e

d
esig

n
a

com
p
u
tation

ally
effi

cien
t

a
lg

o
rith

m
th

a
t

ap
p
rox

im
ates

th
e

sto
ch

a
stic

op
tim

ization
p
rob

lem
(1)

th
at

is
as

sim
p
le

as
so

lv
in

g
th

e
lea

st
sq

u
ares

p
rob

lem
;

it
is

d
escrib

ed
in

A
lgorith

m
1.

T
h
e

algorith
m

h
as

tw
o

b
a
sic

step
s.

F
irst,

w
e

estim
ate

th
e

O
L

S
co

effi
cien

ts,
an

d
th

en
in

th
e

secon
d

step
w

e
estim

a
te

th
e

p
ro

p
o
rtio

n
a
lity

con
stan

t
v
ia

a
sim

p
le

ro
ot-fi

n
d
in

g
a
lgorith

m
.

T
h
ere

a
re

n
u
m

erou
s

fast
op

tim
ization

m
eth

o
d
s

to
solve

th
e

least
sq

u
a
res

p
ro

b
lem

,
an

d
even

a
su

p
erfi

cial
rev

iew
of

th
ese

cou
ld

go
b

eyon
d

th
e

p
age

lim
its

of
th

is
p
a
p

er.
W

e
em

p
h
a-

size
th

a
t

th
is

step
(fi

n
d
in

g
th

e
O

L
S

estim
ator)

d
o
es

n
ot

h
av

e
to

b
e

iterative
an

d
it

is
th

e
m

ain
co

m
p
u
ta

tio
n
a
l

cost
of

th
e

p
rop

osed
algo

rith
m

.
W

e
su

g
gest

u
sin

g
a

su
b
-sam

p
lin

g
b
ased

esti-
m

ato
r

fo
r
β
o
ls,

w
h
ere

w
e

on
ly

u
se

a
su

b
set

of
th

e
ob

servation
s

to
estim

ate
th

e
covarian

ce
m

a-
trix

.
L

et
S
⊂

[n
]

b
e

a
ran

d
om

su
b
-sam

p
le

an
d

d
en

ote
b
y

X
S

th
e

su
b
-m

atrix
form

ed
b
y

th
e

row
s

o
f
X

in
S

.
T

h
en

th
e

su
b
-sam

p
led

O
L

S
estim

ator
is

given
as
β̂
o
ls

=
(

1|S| X
TS
X
S )−

1
1n
X
T
y
.

P
ro

p
erties

of
su

b
-sam

p
lin

g
an

d
sketch

in
g

b
ased

estim
ators

h
ave

b
een

w
ell-stu

d
ied

(V
er-

sh
y
n
in

,
2
0
1
0
;

D
h
illon

et
al.,

2013;
E

rd
ogd

u
an

d
M

on
tan

ari,
2015;

P
ilan

ci
an

d
W

ain
w

rig
h
t,

2
01

5
;

R
o
osta-K

h
orasan

i
an

d
M

ah
on

ey
,

2016a,b
).

F
or

su
b
-G

au
ssian

covariates,
it

su
ffi

ces
to

u
se

a
su

b
-sa

m
p
le

size
ofO

(p
log

(p
))

(V
ersh

y
n
in

,
2010).

H
en

ce,
th

is
step

req
u
ires

a
sin

gle
tim

e
co

m
p
u
tation

al
cost

ofO
(|S|p

2
+
p

3
+
n
p )
≈
O
(p

m
ax{

p
2

log
(p

),n} ).
F

or
oth

er
ap

-
p
ro

a
ch

es,
w

e
refer

read
er

to
R

ok
h
lin

an
d

T
y
gert

(2008);
D

rin
eas

et
al.

(201
1);

D
h
illon

et
al.

(2
0
1
3
);

E
rd

o
g
d
u

an
d

M
on

tan
ari

(2015)
an

d
th

e
referen

ces
th

erein
.

T
h
e

seco
n
d

step
of

A
lgorith

m
1

in
volves

so
lv

in
g

a
sim

p
le

ro
ot-fi

n
d
in

g
p
rob

lem
.

A
s

w
ith

th
e

fi
rst

step
,

th
ere

are
n
u
m

erou
s

m
eth

o
d
s

availab
le

for
com

p
letin

g
th

is
task

.
N

ew
ton

’s
ro

o
t-fi

n
d
in

g
m

eth
o
d

w
ith

q
u
ad
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v
ergen
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or

H
alley

’s
m
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o
d

w
ith
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b
ic

con
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m

ay
b

e
a
p
p
ro

p
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W
e

h
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t
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at
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O
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)

p
er-iteration
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d

th
a
t

w
e
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n

a
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h
igh
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algorith
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s.

T
h
e
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g
p
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itera
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com
m
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b
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d
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d
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e
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b
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p
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d
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le
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p
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p
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’s

b
u
ilt-in

fu
n
ctio

n
s

are
u
sed

to
fi
n
d

th
e

M
L

E
.

C
orrect

in
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p
le,

in
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d
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b
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=
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(1
)(〈x

i ,β〉) ).
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e
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w
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Ψ
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ar
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e
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b
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e
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b
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=
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p
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b
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n
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n
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d
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R
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p
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p
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b
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p
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p
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p
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=
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Σ
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︸
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[ Ψ
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︸
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d
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d
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d
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b
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d
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e

fa
r

ri
gh

t-
h
an

d
si

d
e

in
(1

2)
b

eh
av

es
si

m
il
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=
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at
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h
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p
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is

as
su

m
p
ti

o
n

is
co

m
m

on
in

m
an

y
fi
el

d
s,

y
et

ca
n

ap
p

ea
r

in
d
iff

er
en

t
fo

rm
s.

F
or

ex
am

p
le

in
th

e
m

ac
h
in

e
le

a
rn

in
g

li
te

ra
-

tu
re

,
th

e
st

an
d
ar

d
co

n
ve

n
ti

on
(t

h
e

sa
m

e
se

tt
in

g
in

C
or

ol
la

ry
4)

is
to

as
su

m
e

th
a
t
‖x

i‖
2
≤
r,

an
d

th
at
‖β

p
o
p
‖ 2

=
O
( √
p
)

(K
al

ai
an

d
S
as

tr
y
,

20
09

;
S
h
al

ev
-S

h
w

ar
tz

et
al

.,
2
0
0
9
;

K
a
ka

d
e

et
al

.,
20

11
),

or
th

e
in

n
er

p
ro

d
u
ct

is
su

p
p

or
te

d
on

an
in

te
rv

al
|〈x
,β

p
o
p
〉|
≤
b

a
lm

o
st

su
re

ly
(A

lq
u
ie

r
an

d
B

ia
u
,

20
13

),
w

h
er

e
th

e
la

tt
er

is
a

m
or

e
st

ri
ct

as
su

m
p
ti

on
.

In
th

e
co

m
p
re

ss
ed

se
n
si

n
g

an
d

ot
h
er

ar
ea

s
in

st
at

is
ti

cs
,

a
si

m
il
ar

as
su

m
p
ti

on
is

im
p

os
ed

on
th

e
co

va
ri

a
n
ce

m
at

ri
x
E
[ x
x
T
] =

Σ̃
/p

w
h
ic

h
p
ro

v
id

es
u
s

w
it

h
E[
‖x
‖2 2

]
=
O

(1
)

(D
on

oh
o

et
al

.,
2
0
0
9
;

B
ay

a
ti

an
d

M
on

ta
n
ar

i,
20

12
;

B
ay

at
i

et
al

.,
20

13
;

S
u

an
d

C
an

d
es

,
20

16
).

O
n

th
e

ot
h
er

h
an

d
,

th
e

st
an

d
ar

d
co

n
ve

n
ti

on
in

th
e

d
im

en
si

on
re

d
u
ct

io
n

te
ch

n
iq

u
es

is
to

as
su

m
e

th
at

th
e

co
va

ri
at

es
h
av

e
n
or

m
of

or
d
er
√
p
,

i.
e.

E
[‖
x
‖ 2

]
=
O
( √
p
) ,

a
n
d

th
e

co
effi

ci
en

ts
h
av

e
n
or

m
of

or
d
er

1,
i.
e.
‖β
‖ 2

=
τ

=
O

(1
)

(D
u
an

an
d

L
i,

1
9
9
1
;

H
a
ll

an
d

L
i,

19
93

;
H

ri
st

ac
h
e

et
al

.,
20

01
).

T
h
is

se
tt

in
g

ag
ai

n
y
ie

ld
s

th
at

th
e

in
n
er

p
ro

d
u
ct

b
et

w
ee

n
th

os
e

tw
o

ve
ct

or
s

ar
e

tr
ac

ta
b
le

an
d

p
ro

v
id

es
u
s

w
it

h
a

d
ec

ay
in

th
e

la
tt

er
te

rm
,

i.
e.
‖β

p
o
p
‖ ∞

=
O
( 1/
√
p
) .

In
th

is
se

tt
in

g,
T

h
eo

re
m

3
y
ie

ld
s

th
e

fo
ll
ow

in
g

co
ro

ll
a
ry

.

C
o
ro

ll
a
ry

5
L

et
th

e
a
ss

u
m

p
ti

o
n

s
o
f

T
h
eo

re
m

3
h
o
ld

.
If

w
e

fu
rt

h
er

a
ss

u
m

e
th

a
t
β
p
o
p

is
r-

w
el

l-
sp

re
a
d

in
th

e
se

n
se

th
a
t

fo
r
‖β

p
o
p
‖ 2

=
τ

,
w

e
h
a
ve
τ
/
‖β

p
o
p
‖ ∞

=
r√

p
fo

r
so

m
e
r
≤

1
,

∥ ∥ ∥ ∥
1 c Ψ
×
β
p
o
p
−
β
o
ls

∥ ∥ ∥ ∥ ∞
≤
η
‖β

p
o
p
‖ ∞

√
p

,
w

h
er

e
η

=
8k
κ

3 x
ρ
∞

(τ
/r

)‖
Σ

1
/
2
‖ ∞

.
(1

5
)

In
th

e
ab

ov
e

b
ou

n
d
,

th
e

d
ec

ay
is

in
fa

ct
1/
p
,

b
u
t

w
e

ch
os

e
to

st
at

e
th

e
re

la
ti

ve
d
ec

a
y.

W
e

em
p
h
as

iz
e

th
at

b
ot

h
se

tt
in

gs
in

C
or

ol
la

ri
es

4
an

d
5

ar
e

eq
u
iv

al
en

t
an

d
b

ot
h

a
ss

u
m

p
ti

o
n
s

le
ad

a
tr

ac
ta

b
le

in
n
er

p
ro

d
u
ct
〈x
,β

p
o
p
〉.

T
h
e

co
n
st

an
ts
κ
x
,
ρ
k

ar
e

in
va

ri
an

t
to

th
e

sc
a
li
n
g
s

co
n
si

d
er

ed
in

b
ot

h
se

tt
in

gs
.

T
h
e

as
su

m
p
ti

on
th

at
β
p
o
p

is
w

el
l-

sp
re

ad
ca

n
b

e
re

la
x
ed

w
it

h
m

in
or

m
o
d
ifi

ca
ti

o
n
s.

F
or

ex
am

p
le

,
if

w
e

h
av

e
a

sp
ar

se
co

effi
ci

en
t

ve
ct

or
,

w
h
er

e
su

p
p
(β

p
o
p
)

=
{j

;
β
p
o
p

j
6=

0
}

is
th

e
su

p
p

or
t

se
t

of
β
p
o
p
,

th
en

C
or

ol
la

ry
5

h
ol

d
s

w
it

h
p

re
p
la

ce
d

b
y

th
e

si
ze

of
th

e
su

p
p

o
rt

se
t.

T
h
e

as
su

m
p
ti

o
n
s

on
th

e
co

n
d
it

io
n
al

m
om

en
ts

ar
e

th
e

re
la

x
ed

ve
rs

io
n
s

o
f

a
ss

u
m

p
ti

o
n
s

th
at

ar
e

co
m

m
on

ly
en

co
u
n
te

re
d

in
d
im

en
si

on
re

d
u
ct

io
n

te
ch

n
iq

u
es

.
F

or
ex

a
m

p
le

,
sl

ic
ed

in
ve

rs
e

re
gr

es
si

on
m

et
h
o
d
s

as
su

m
e

th
at

th
e

fi
rs

t
co

n
d
it

io
n
al

m
om

en
t
E
[ x
∣ ∣ 〈x
,β
〉]

is
li
n
ea

r
in
x

fo
r

al
l
β

(L
i

an
d

D
u
an

,
19

89
;

L
i,

19
91

),
w

h
ic

h
is

sa
ti

sfi
ed

b
y

el
li
p
ti

ca
ll
y

d
is

tr
ib

u
te

d
ra

n
d
om

v
ec

to
rs

.
A

n
im

p
or

ta
n
t

ca
se

th
at

is
n
ot

co
ve

re
d

b
y

th
es

e
m

et
h
o
d
s

is
th

e
in

d
ep

en
d
en

t
co

or
d
in

at
e

ca
se

,
i.
e.

,
w

h
en

th
e

w
h
it

en
ed

co
va

ri
at

es
h
av

e
in

d
ep

en
d
en

t,
b
u
t

n
o
t

n
ec

es
sa

ri
ly

id
en

ti
ca

l
en

tr
ie

s.
T

h
is

is
m

ad
e

p
os

si
b
le

b
y

in
tr

o
d
u
ci

n
g

ad
d
it

io
n
al

ap
p
ro

x
im

a
ti

o
n

er
ro

r
(i

.e
.

su
b

op
ti

m
al

it
y

d
u
e

to
n
on

-G
au

ss
ia

n
d
es

ig
n
).

W
e

re
fe

r
re

ad
er

to
L

i
an

d
D

o
n
g

(2
0
0
9
),

fo
r

a
go

o
d

re
v
ie

w
of

d
im

en
si

on
re

d
u
ct

io
n

te
ch

n
iq

u
es

an
d

th
ei

r
co

rr
es

p
on

d
in

g
a
ss

u
m

p
ti

o
n
s.

W
e

al
so

h
ig

h
li
gh

t
th

at
ou

r
m

om
en

t
as

su
m

p
ti

on
s

ca
n

b
e

re
la

x
ed

fu
rt

h
er

,
a
t

th
e

ex
p

en
se

of
in

tr
o
d
u
ci

n
g

so
m

e
ad

d
it

io
n
al

co
m

p
le

x
it

y
in

to
th

e
re

su
lt

s.
A

n
in

te
re

st
in

g
co

n
se

q
u
en

ce
of

T
h
eo

re
m

3
an

d
th

e
co

ro
ll
ar

ie
s

fo
ll
ow

in
g

th
e

th
eo

re
m

is
th

at
w

h
en

ev
er

an
en

tr
y

of
β
p
o
p

is
ze

ro
,

th
e

co
rr

es
p

on
d
in

g
en

tr
y

of
β
o
ls

h
as

to
b

e
sm

a
ll
,

a
n
d

co
n
ve

rs
el

y.
F

or
λ
≥

0,
d
efi

n
e

th
e

la
ss

o
co

effi
ci

en
ts

β
la
ss
o

λ
=

ar
gm

in
β
∈R

p

1 2
E
[ (y

i
−
〈x
i,
β
〉)

2
] +

λ
‖β
‖ 1
.

(1
6
)

1
0
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S
c
a
l
a
b
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
G
e
n
e
r
a
l
iz
e
d

L
in
e
a
r
P
r
o
b
l
e
m
s

C
o
ro

lla
ry

6
L

et
su

p
p
(β

)
d
en

o
te

th
e

su
p
po

rt
o
f
β

,
i.e.,

th
e

set{i∈
[p

]
:
β
i 6=

0}
.

G
iven

‖
1c
Ψ
β
p
o
p−

β
o
ls‖∞

≤
δ,

a
n

d
fo

r
a
n

y
λ
≥
δ,

ifE
[x
i ]

=
0

a
n

d
E
[x
i x
Ti ]

=
I,

w
e

h
a
ve

su
p
p
(β

la
sso)⊂

su
p
p
(β

p
o
p).

F
u

rth
er,

if
λ

a
n

d
β
p
o
p

a
lso

sa
tisfy

th
a
t∀
j
∈

su
p
p
(β

p
o
p),|β

p
o
p

j
|
>
c

Ψ
(λ

+
δ),

th
en

w
e

h
a
ve

su
p
p
(β

la
sso)

=
su

p
p
(β

p
o
p).

W
e

n
o
te

th
a
t
δ

ab
ove

can
b

e
ob

tain
ed

u
sin

g
T

h
eorem

3
or

its
corollaries.

S
o

far
in

th
is

sectio
n
,

w
e

h
av

e
on

ly
d
iscu

ssed
p
rop

erties
of

th
e

p
op

u
lation

p
aram

eters,
su

ch
as
β
p
o
p

an
d

β
o
ls.

In
th

e
rem

ain
d
er

of
th

is
section

,
w

e
tu

rn
ou

r
a
tten

tion
to

th
e

resu
lts

on
th

e
estim

ators
th

a
t

a
re

th
e

m
a
in

fo
cu

s
of

th
is

p
ap

er;
th

ese
resu

lts
u
ltim

ately
b
u
ild

on
ou

r
earlier

resu
lts,

i.e.
T

h
eo

rem
3
.

W
e

w
ill

b
e

con
sid

erin
g

th
e

settin
g

in
C

orollary
5

in
th

e
rest

of
th

is
section

,
i.e.,‖

x‖
2

=
O
(√
p )

an
d
‖
β
p
o
p‖

2
=
O

(1).
R

esu
lts

p
resen

ted
b

elow
can

b
e

easily
gen

eralized
to

th
e

settin
g

in
C

orollary
4

as
w

ell.
In

o
rd

er
to

p
recisely

d
escrib

e
th

e
p

erform
an

ce
of
β̂
sls,

w
e

fi
rst

n
eed

b
ou

n
d
s

o
n

th
e

O
L

S
estim

a
to

r.
T

h
e

O
L

S
estim

ator
h
as

b
een

stu
d
ied

ex
ten

sively
in

th
e

literatu
re;

h
ow

ev
er,

for
o
u
r

p
u
rp

o
ses,

w
e

fi
n
d

it
con

v
en

ien
t

to
d
erive

a
n
ew

b
ou

n
d

on
its

accu
racy.

W
h
ile

w
e

h
ave

n
o
t

seen
th

is
ex

act
b

ou
n
d

elsew
h
ere,

it
is

very
sim

ilar
to

T
h
eorem

5
of

D
h
illon

et
al.

(2013).

P
ro

p
o
sitio

n
7

A
ssu

m
e

th
a
t
E

[x
i ]

=
0,

E
[x
i x
Ti ]

=
Σ

,
a
n

d
th

a
t

Σ
−

1/
2x
i

a
n

d
y
i

a
re

su
b-

G
a
u

ssia
n

w
ith

n
o
rm

s
κ

a
n

d
γ

,
respectively.

F
o
r
λ
m
in

d
en

o
tin

g
th

e
sm

a
llest

eigen
va

lu
e

o
f

Σ
,

a
n

d
|S|

>
η
p
,

∥∥∥
β̂
o
ls−

β
o
ls ∥∥∥

2 ≤
η
λ
−

1/
2

m
in

√
p|S| ,

(17)

w
ith

p
ro

ba
bility

a
t

lea
st

1−
3e −

p,
w

h
ere

η
d
epen

d
s

o
n

ly
o
n
γ

a
n

d
κ

.

P
ro

p
o
sitio

n
7

is
p
roved

in
S
ection

10.
O

u
r

m
ain

resu
lt

on
th

e
p

erfo
rm

an
ce

of
β̂
sls

is
g
iven

n
ex

t.

T
h

e
o
re

m
8

L
et

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
3
,

C
o
ro

lla
ry

5
,

a
n

d
P

ro
po

sitio
n

7
h
o
ld

.
F

u
r-

th
er

a
ssu

m
e

th
a
t ∣∣Ψ

(2
) ∣∣≤

b
a
n

d
fo

r
so

m
e
c̄

a
n

d
ε

th
e

fu
n

ctio
n
f

(z
)

=
zE
[Ψ

(2
)(〈x

,β
o
ls〉z

) ]

sa
tisfi

es
f

(c̄)
>

1
+
ε,

a
n

d
th

e
d
eriva

tive
o
f
f

in
th

e
in

terva
l

[0,c̄]
d
oes

n
o
t

ch
a
n

ge
sign

,
i.e.,

its
a
bso

lu
te

va
lu

e
is

lo
w

er
bo

u
n

d
ed

by
υ
>

0.
T

h
en

,
fo

r
n

a
n

d
|S|

su
ffi

cien
tly

la
rge,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
4e −

p,
w

e
h
a
ve

∥∥∥
β̂
sls−

β
p
o
p ∥∥∥∞

≤
η

1 ‖
β
p
o
p‖∞
√
p

+
η

2 √
p|S| ,

(18)

w
h
ere

th
e

co
n

sta
n

ts
η

1
a
n

d
η

2
a
re

d
efi

n
ed

by

η
1

=
η
k
c̄ρ∞

(τ
/r)‖

Σ
1
/
2‖∞

(19)

η
2

=
η
c̄ (
λ
−

1
/
2

m
in

+
k
υ
−

1
m

ax {
(‖Σ

1
/
2β

o
ls‖

2
+

1)‖
Σ‖

2
+
b/k

,c̄ })
,

(20)

a
n

d
η
>

0
is

a
co

n
sta

n
t

d
epen

d
in

g
o
n
κ

a
n

d
γ

.
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E
r
d
o
g
d
u
,
B
a
y
a
t
i,
D
ic
k
e
r

N
ote

th
at

th
e

con
vergen

ce
rate

of
th

e
u
p
p

er
b

ou
n
d

in
(18)

d
ep

en
d
s

on
th

e
su

m
o
f

th
e

tw
o

term
s,

b
oth

of
w

h
ich

are
fu

n
ction

s
of

th
e

d
ata

d
im

en
sion

s
n

an
d
p
.

T
h
e

fi
rst

term
on

th
e

righ
t

in
(18)

com
es

from
T

h
eorem

3
an

d
C

orollary
5,

w
h
ich

b
ou

n
d
s

th
e

d
iscrep

a
n
cy

b
etw

een
c

Ψ
×
β
o
ls

an
d
β
p
o
p.

T
h
is

term
is

sm
all

w
h
en

p
is

large,
an

d
it

d
o
es

n
ot

d
ep

en
d

on
th

e
n
u
m

b
er

of
ob

servation
s
n

.
If
n

an
d
p

grow
togeth

er,
th

en
p

h
as

to
grow

at
a

sm
aller

rate
to

ach
ieve

con
vergen

ce.
W

e
n
ote

th
at

th
e

actu
al

d
ecay

of
th

is
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secon
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in
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p
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p
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b
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b
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at
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b
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p
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b
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p
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p
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b
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Ψ
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p
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b
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p
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/
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p
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c
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b
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p
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ra
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n
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b
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.
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b
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√
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c Ψ
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∥ ∥ 2
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b
e

co
n
tr

ol
le

d
w

it
h

ad
d
it

io
n
al

sp
ar

si
ty

-t
y
p

e
st

ru
ct

u
ra

l
as

su
m

p
ti

on
s

on
th

e
p
ro

b
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g.

S
p

a
rs

it
y
.

A
ss

u
m

e
th

at
β
p
o
p

h
as
s

n
on

-z
er

o
te

rm
s,

i.
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u
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‖β

p
o
p
‖ ∞
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p
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at
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b
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p
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si

n
g

se
tt

in
g

w
h
er

e
w

e
as

su
m

e
x
∼

N
(0
,

1 p
I)

,
a
n
d

th
is

ti
m

e
w

e
le

t
‖β

p
o
p
‖ 2

=
c Ψ
∥ ∥ β

o
ls
∥ ∥ 2
≈
√
p
.

In
or

d
er

to
ob

ta
in

a
sc

a
li
n
g

co
n
st

a
n
t
c Ψ
≤

20
,

as
su

m
e

th
at

w
e

h
av

e
∥ ∥ β

o
ls
∥ ∥ 2

=
√
p
/
20

.

B
o
o
st

in
g

lo
ss

:
In

th
is

ca
se

,
w

e
h
av

e
Ψ

(z
)

=
z
/2

+
√

1
+
z

2
/4

w
h
ic

h
y
ie

ld
s

Ψ
(2

) (z
)

=
1 4

(1
+
z

2
/4

)−
3
/
2

a
n
d

Ψ
(4

) (z
)

=
3 6
4

5
z

2
(1

+
z

2
/
4)
−

2
−

4

(1
+
z

2
/
4)

5
/
2

.
(2

5
)

W
e

n
ot

ic
e

th
at

b
ot

h
of

th
es

e
fu

n
ct

io
n
s

ar
e

ev
en

,
i.
e.

,
Ψ

(2
) (
z
)

=
Ψ

(2
) (
−
z
),

a
n
d

Ψ
(4

) (
z
)

=
Ψ

(4
) (
−
z
).

W
e

u
se

th
e

lo
ca

l
co

n
v
ex

it
y

fo
r
z
≥

0
ar

ou
n
d
z

=
2,

an
d

ob
ta

in
Ψ

(2
) (
z
)
≥
a
−
bz

w
h
er

e
a

=
Ψ

(2
) (

2)
−

2Ψ
(3

) (
2)

an
d
b

=
−

Ψ
(3

) (
2)

.
F

or
W
∼

N
(0
,1

)
an

d
φ

d
en

o
ti

n
g

th
e

st
an

d
ar

d
n
or

m
al

d
en

si
ty

,
w

e
w

ri
te

f
(z

)
=
z
E
[ Ψ

(2
) (〈
x
,β

o
ls
〉z

)] =
z
E
[ Ψ

(2
) (W

z
/2

0
)] ,

(2
6
)

=
2
z

∫
∞

0
Ψ

(2
) (w

z
/2

0)
φ

(w
)d
w
≥

2z

∫
2
0
a
/
bz

0
(a
−
bw
z
/2

0)
φ

(w
)d
w
,

=
2z

{ a
Φ

(2
0
a /
bz

)
−
a 2
−

bz

20
√

2
π

(1
−
e−

2
0
0
a
2
/b

2
z
2
)}

.

U
si

n
g

th
e

ab
ov

e
b

ou
n
d
,

w
e

ob
se

rv
e

th
at

fo
r
c̄

=
6

an
d
δ

=
.2

3,
w

e
h
av

e
f

(c̄
)
>

1
+
δ.

N
ex

t,
w

e
v
er

if
y

th
e

d
er

iv
at

iv
e

co
n
d
it

io
n

on
f

,
th

at
is

,
f

(1
)

d
o
es

n
ot

ch
an

g
e

si
g
n

in
th

e
in

te
rv

al
[0
,c̄

].
B

y
th

e
S
te

in
’s

le
m

m
a,

w
e

w
ri

te

f
(1

) (z
)

=
E
[ Ψ

(2
) (W

z
/2

0)
] +

(z
/2

0)
2
E
[ Ψ

(4
) (W

z
/2

0)
] .

(2
7
)

U
si

n
g

th
e

p
re

v
io

u
s

in
eq

u
al

it
ie

s
to

ge
th

er
w

it
h

th
e

ab
ov

e
ex

p
re

ss
io

n
,

w
e

h
av

e

f
(1

) (z
)
≥
E
[ Ψ

(2
) (W

z
/2

0)
] −

9

1
00

∣ ∣ ∣Ψ
(4

)∣ ∣ ∣
(2

8
)

≥
2

{ a
Φ

(2
0
a /
bz

)
−
a 2
−

bz

20
√

2
π

(1
−
e−

2
0
0
a
2
/b

2
z
2
)}
−

27

16
00
≥

0
.1

8
8
,
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S
c
a
l
a
b
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
G
e
n
e
r
a
l
iz
e
d

L
in
e
a
r
P
r
o
b
l
e
m
s

w
h
ich

verifi
es

th
e

d
erivative

assu
m

p
tion

on
f

(z
).

L
o
g
istic

re
g
re

ssio
n

:
In

th
is

case,
w

e
h
ave

Ψ
(z

)
=

log
(1

+
e
z)

w
h
ich

y
ield

s

Ψ
(2

)(z
)

=
e
z

(1
+
e
z)

2
an

d
Ψ

(4
)(z

)
=
e
z(1−

4e
z

+
e

2
z)

(1
+
e
z)

4
.

(29)

A
s

b
efo

re,
b

o
th

Ψ
(2

)
an

d
Ψ

(4
)

are
even

fu
n
ction

s.
A

gain
,

ap
p

ealin
g

to
th

e
lo

cal
con

vex
ity

p
ro

p
erties,

fo
r
z
≥

0
arou

n
d
z

=
2.5,

w
e

ob
tain

Ψ
(2

)(z
)
≥
a
−
bz

w
h
ere

a
=

Ψ
(2

)(2.5)−
2
.5

Ψ
(3

)(2.5
)

an
d
b

=
−

Ψ
(3

)(2.5).
U

sin
g

(26
),

w
e

ob
tain

f
(z

)≥
2
z {

a
Φ

(
2
0
a/
bz)−

a2
−

bz

2
0 √

2
π

(1−
e −

2
0
0
a
2/
b
2
z
2) }

.
(30)

U
sin

g
th

e
a
b

ove
b

ou
n
d
,

w
e

see
th

at
for

c̄
=

6,
an

d
δ

=
.22

w
e

h
ave

f
(c̄)

>
1

+
δ.

F
o
r

th
e

d
erivative

b
ou

n
d
,

w
e

again
u
se

(27),
an

d
ob

tain
th

at
for

z
∈

[0,c̄],

f
(1

)(z
)≥

E
[Ψ

(2
)(W

z
/20) ]−

9100

∣∣∣ Ψ
(4

) ∣∣∣ ≥
E
[Ψ

(2
)(W

z
/20) ]−

9800
≥

0
.19,

(31)

w
h
ich

verifi
es

th
e

assu
m

p
tion

.

6
.

C
o
n
v
e
rtin

g
O

n
e

G
L

M
to

A
n
o
th

e
r

In
th

is
section

,
w

e
assu

m
e

th
at

on
e

h
as

alread
y

ob
tain

ed
a

set
of

co
effi

cien
ts

b
y

m
in

im
izin

g
a

certa
in

G
L

M
loss,

b
u
t

w
an

ts
to

m
in

im
ize

an
oth

er
G

L
M

loss
u
sin

g
th

e
sam

e
d
ataset.

It
is

o
ften

th
e

ca
se

th
at

a
p
ractition

er
w

ou
ld

like
to

ch
an

ge
th

e
loss

fu
n
ction

(or
eq

u
ivalen

tly
th

e
m

o
d
el)

b
a
sed

o
n

its
p

erform
an

ce.
H

ow
ev

er,
w

h
en

th
e

d
ataset

is
large,

train
in

g
a

n
ew

m
o
d
el

fro
m

scratch
is

ex
trem

ely
tim

e
con

su
m

in
g.

In
th

e
follow

in
g,

w
e

w
ill

u
se

th
e

p
rop

ortion
ality

relatio
n

to
tra

n
sition

b
etw

een
d
iff

eren
t

loss
fu

n
ction

s.
A

ssu
m

e
th

a
t

a
p
ractition

er
fi
tted

a
G

L
M

u
sin

g
th

e
loss

fu
n
ction

(or
cu

m
u
lan

t
gen

era
tin

g
fu

n
ctio

n
)

Ψ
1 ,

b
u
t

th
ey

w
ou

ld
like

to
tra

in
a

n
ew

m
o
d
el

b
ased

on
th

e
secon

d
loss

fu
n
ction

Ψ
2 .

In
stead

o
f

m
in

im
izin

g
th

e
n
ew

loss
b
ased

on
Ψ

2 ,
on

e
can

ex
p
loit

th
e

p
rop

ortion
ality

rela
tio

n
an

d
ob

tain
th

e
co

effi
cien

ts
for

th
e

n
ew

G
L

M
p
rob

lem
.

D
en

ote
b
y
β
p
o
p

1
an

d
β
p
o
p

2

th
e

G
L

M
co

effi
cien

ts
corresp

on
d
in

g
to

th
e

loss
fu

n
ction

s
Ψ

1
an

d
Ψ

2 ,
resp

ectively.
U

sin
g

th
e

resu
lts

in
th

e
p
rev

iou
s

section
s,

w
e

h
ave

1c
Ψ

1

β
p
o
p

1
=

1c
Ψ

2

β
p
o
p

2
=
β
o
ls,

fo
r

th
e

n
o
rm

a
l

case,
th

at
is,

b
oth

co
effi

cien
ts

are
p
rop

ortion
al

to
th

e
O

L
S

co
effi

cien
ts

w
h
ich

d
o
es

n
o
t

d
ep

en
d

on
th

e
loss

fu
n
ction

.
T

h
erefore,

th
ese

co
effi

cien
ts
β
p
o
p

1
an

d
β
p
o
p

2
a
re

also
p
ro

p
o
rtio

n
a
l

to
each

oth
er

an
d

w
e

can
w

rite

β
p
o
p

2
=
c

Ψ
2

c
Ψ

1

β
p
o
p

1
:=
ρ
β
p
o
p

1
,

(32)

w
h
ere

th
e

p
ro

p
ortion

ality
con

stan
t

b
etw

een
tw

o
d
iff

eren
t

G
L

M
ty

p
es

tu
rn

s
ou

t
to

b
e

th
e

ra
tio

b
etw

een
c

Ψ
1

an
d
c

Ψ
2 ,

i.e.
ρ

=
c

Ψ
2 /c

Ψ
1 .

U
sin

g
th

e
d
efi

n
ition

of
c

Ψ
2 ,

w
e

w
rite

1
=
c

Ψ
2
E
[Ψ

(2
)

2
(〈x

,β
p
o
p

2
〉) ]

,

=
c

Ψ
1 ρ

E
[Ψ

(2
)

2
(〈x

,β
p
o
p

1
〉ρ

) ]
.
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E
r
d
o
g
d
u
,
B
a
y
a
t
i,
D
ic
k
e
r

A
lg

o
rith

m
2

C
on

version
from

on
e

G
L

M
to

an
o
th

er

In
p

u
t:

D
ata

(y
i ,x

i )
ni=

1 ,
an

d
β̂

g
lm

1

S
te

p
1
.

C
o
m

p
u

te
ŷ

=
X
β̂

g
lm

1
,

a
n

d
κ

=
1n ∑

ni=
1

Ψ
(2

)
1

(ŷ
i ).

S
te

p
2
.

S
o
lv

e
th

e
fo

llo
w

in
g

e
q
u

a
tio

n
fo

r
ρ
∈
R

:
κ

=
ρn ∑

ni=
1

Ψ
(2

)
2

(ŷ
i ρ

)
U

se
N

ew
ton

’s
ro

ot-fi
n
d
in

g
m

eth
o
d
:

In
itia

lize
ρ

=
1;

R
ep

eat
u
n
til

con
vergen

ce:

ρ
←
ρ−

ρ
1n ∑

ni=
1

Ψ
(2

)
2

(ρ
ŷ
i )−

κ

1n ∑
ni=

1 {
Ψ

(2
)

2
(ρ
ŷ
i )

+
ρ
ŷ
i Ψ

(3
)

2
(ρ
ŷ
i ) }

.

O
u

tp
u

t:
β̂

g
lm

2
=
ρ×

β̂
g
lm

1
.

D
iv

id
in

g
th

e
b

oth
sid

es
b
y
c

Ψ
1

an
d

u
sin

g
th

e
eq

u
ality

c −
1

Ψ
1

=
E
[Ψ

(2
)

1
(〈x

,β
p
o
p

1
〉) ],

w
e

ob
tain

E
[Ψ

(2
)

1
(〈x

,β
p
o
p

1
〉) ]

=
ρ
E
[Ψ

(2
)

2
(〈x

,β
p
o
p

1
〉ρ

) ]
.

T
h
e

ab
ove

eq
u
ation

on
ly

in
volves

β
p
o
p

1
as

th
e

co
effi

cien
ts

(w
h
ich

is
assu

m
ed

to
b

e
alread

y
k
n
ow

n
/ob

tain
ed

b
y

th
e

p
ractition

er).
T

h
erefore,

if
w

e
solv

e
it

for
th

e
ratio

ρ
,

w
e

can
estim

ate
β
p
o
p

2
b
y

sim
p
ly

u
sin

g
th

e
p
rop

ortion
ality

relation
given

in
(32).

T
h
e

p
ro

ced
u
re

d
escrib

ed
ab

ove
is

su
m

m
arized

a
s

A
lgorith

m
2.

W
e

em
p
h
asize

th
at

th
is

p
ro

ced
u
re

d
o
es

n
o
t

req
u
ire

th
e

com
p
u
tation

of
th

e
O

L
S

estim
ator

w
h
ich

w
as

th
e

m
ain

cost
of

S
L

S
,

an
d

it
on

ly
req

u
ires

a
p

er-iteration
cost

ofO
(n

).
In

oth
er

w
ord

s,
con

version
from

on
e

G
L

M
ty

p
e

to
an

oth
er

is
easier

com
p
ared

to
ob

tain
in

g
th

e
G

L
M

co
effi

cien
ts

from
scratch

.

7
.

B
in

a
ry

C
la

ssifi
ca

tio
n

w
ith

P
ro

p
e
r

S
co

rin
g

R
u
le

s

In
th

is
section

,
w

e
assu

m
e

th
at

for
i∈

[n
],

th
e

resp
on

se
is

b
in

ary
y
i
∈
{
0
,1}

.
T

h
e

b
in

ary
classifi

cation
p
rob

lem
can

b
e

d
escrib

ed
b
y

th
e

follow
in

g
m

in
im

ization
of

an
em

p
irical

risk

m
in

im
ize

β∈
R
p

1n

n
∑i=

1

`(y
i ;q(〈x

i ,β〉)),
(33)

w
h
ere

`
an

d
q

are
referred

to
as

th
e

loss
an

d
th

e
lin

k
fu

n
ction

s,
resp

ectively.
T

h
ere

are
variou

s
loss

fu
n
ction

s
th

at
are

u
sed

in
p
ractice.

E
x
am

p
les

in
clu

d
e

log-loss,
b

o
ostin

g
loss,

sq
u
are

loss
etc

(S
ee

T
ab

le
1).

A
s

b
efore,

w
e

con
strain

ou
r

an
aly

sis
on

th
e

can
on

ical
lin

k
s.

T
h
e

con
cep

t
of

can
on

ical
lin

k
s

for
b
in

ary
classifi

cation
is

in
tro

d
u
ced

b
y

B
u
ja

et
al.

(2005),
an

d
it

is
q
u
ite

sim
ilar

to
th

e
gen

eralized
lin

ear
p
rob

lem
s.

F
or

an
y

given
loss

fu
n
ction

,
w

e
d
efi

n
e

th
e

p
artial

losses
`
k (·)

=
`(y

=
k
;·)

for
k
∈
{0,1}

.
S
in

ce
w

e
h
ave

a
b
in

ary
resp

on
se

variab
le,

w
e

can
w

rite
an

y
loss

in
th

e
follow

in
g

form
at

`(y
;q)

=
y
`
1 (q)

+
(1−

y
)`

0 (q),

=
y

(`
1 (q)−

`
0 (q))

+
`
0 (q).

1
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S
c
a
l
a
b
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
G
e
n
e
r
a
l
iz
e
d

L
in
e
a
r
P
r
o
b
l
e
m
s

T
ab

le
1:

C
om

m
on

lo
ss

fu
n
ct

io
n
s

an
d

th
ei

r
in

ve
rs

e
ca

n
on

ic
al

li
n
k
s

N
a
m
e

L
o
ss

f
u
n
c
t
io
n
:
`(
y
;q
)

W
e
ig
h
t
:
w
(q
)

In
v
e
r
se

C
a
n
o
n
ic
a
l
l
in
k
:q

L
o
g
-l
o
ss

−
y
lo
g
(q
)
−

(1
−
y
)
lo
g
(1

−
q)

1
q
(1

−
q
)

1
1
+

e
x
p
(−
z
)

B
o
o
st

in
g

l
o
ss

y
(q

−
1
−
1
)1
/
2
+

(1
−
y
)(
q−

1
−
1
)−

1
/
2

1

[q
(1

−
q
)]
3
/
2

1 2
+

z
/
4

2
(z

2
/
4
+

1
)1

/
2

S
q
u
a
r
e
l
o
ss

y
(1

−
q)

2
+

(1
−
y
)q

2
1

1
+
z

2

T
h
e

ab
ov

e
fo

rm
u
la

ti
on

is
of

th
e

fo
rm

of
a

ge
n
er

al
iz

ed
li
n
ea

r
p
ro

b
le

m
.

B
ef

or
e

m
ov

in
g

fo
rw

ar
d
,

w
e

re
ca

ll
th

e
co

n
ce

p
t

of
p
ro

p
er

sc
or

in
g

in
b
in

ar
y

cl
as

si
fi
ca

ti
on

,
w

h
ic

h
is

so
m

et
im

es
re

fe
rr

ed
to

as
F

is
h
er

co
n
si

st
en

cy
.

D
e
fi

n
it

io
n

1
0

(P
ro

p
e
r

sc
o
ri

n
g

ru
le

s)
A

ss
u

m
e

th
a
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p
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p
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p
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=
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=
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p
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re
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at
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p
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p
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b
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p
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h
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e
H

es
si

an
of

th
e

ab
ov

e
m

in
im

iz
at

io
n
,

w
h
ic

h
re

m
ed

ie
s

tw
o

p
ot

en
ti

al
p
ro

b
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.
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b
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b
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b
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d
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p
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.
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h
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p
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p
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>
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er

e
ex

is
ts

a
ca

n
o
n

ic
a
l

li
n

k
fu

n
ct

io
n

w
h
ic

h
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n
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n
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p
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b
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=
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p
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d
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p
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d d
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=
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⇒
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⇒
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⇒
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p
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p
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b
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b
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p
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b
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b
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b
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b
le

m
s

u
n
d
er

ca
n
on

ic
al

li
n
k
s

as
w

el
l.
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b
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b
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h
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ra
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e

fu
n
ct

io
n
f

is
ca

ll
ed

th
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ra
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b
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b
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b
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p
ro

x
im

at
e

th
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w
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p
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=
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p
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p
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p
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b
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b
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p
or

ti
o
n
al

it
y

re
la

ti
on

s
fo

r
G

L
M

s
w

it
h

n
on

-
ca

n
on

ic
al

li
n
k
s

(c
on

d
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b
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p
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b
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p
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u
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T
h
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p
u
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d
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b
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relativ

e
error

∥∥
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∈
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=
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p
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p
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=
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d
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b
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∈
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.
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=
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e

resp
o
n
se

is
g
en

erated
from

th
e

logistic
m

o
d
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b
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p
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b
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as
id

e)
10

%
p

o
rt

io
n

of
th

e
en

ti
re

d
a
ta

se
t.

A
s

n
ot

ed
p
re

v
io

u
sl

y,
th

e
M

L
E

is
m

or
e

a
cc

u
ra

te
fo

r
sm

al
l
n

(s
ee

F
ig

u
re

1
).

H
ow

ev
er

,
in

th
e

re
gi

m
e

co
n
si

d
er

ed
h
er

e
(n
�
p
�

1)
,

th
e

M
L

E
an

d
th

e
S
L

S
p

er
fo

rm
ve

ry
si

m
il
a
rl

y
in

te
rm

s
of

th
ei

r
er

ro
r

ra
te

s;
fo

r
in

st
an

ce
,
on

th
e

H
ig

gs
d
at

as
et

,
th

e
S
L

S
an

d
M

L
E

h
av

e
te

st
er

ro
r

ra
te

s
of

22
.4

0%
an

d
22
.3

8%
,

re
sp

ec
ti

ve
ly

.
F

or
ea

ch
d
at

as
et

,
th

e
m

in
im

u
m

ac
h
ie

va
b
le

te
st

er
ro

r
is

se
t

to
b

e
th

e
m

ax
im

u
m

of
th

e
fi
n
al

te
st

er
ro

rs
,

w
h
er

e
th

e
m

ax
im

u
m

is
ta

ke
n

ov
er

a
ll

o
f

th
e

es
ti

m
at

io
n

m
et

h
o
d
s.

L
et

Σ
(1

)
an

d
Σ

(2
)

b
e

tw
o

ra
n
d
om

ly
ge

n
er

at
ed

co
va

ri
a
n
ce

m
a
tr

ic
es

.
T

h
e

d
at

as
et

s
w

e
an

al
y
ze

d
w

er
e:

(i
)

a
sy

n
th

et
ic

d
at

as
et

ge
n
er

at
ed

fr
om

a
lo

g
is

ti
c

re
g
re

ss
io

n
m

o
d
el

w
it

h
ii
d
{e

x
p

on
en

ti
al

(1
)−

1
}

p
re

d
ic

to
rs

sc
al

ed
b
y

Σ
(1

) ;
(i

i)
th

e
H

ig
gs

d
a
ta

se
t

(l
o
g
is

ti
c

re
gr

es
si

on
)

B
al

d
i

et
al

.
(2

01
4)

;
(i

ii
)

a
sy

n
th

et
ic

d
at

as
et

g
en

er
at

ed
fr

om
a

P
oi

ss
o
n

re
g
re

ss
io

n
m

o
d
el

w
it

h
ii
d

b
in

ar
y
(±

1)
p
re

d
ic

to
rs

sc
al

ed
b
y

Σ
(2

) ;
(i

v
)

th
e

C
ov

er
ty

p
e

d
a
ta

se
t

(P
o
is

so
n

re
gr

es
si

on
)

B
la

ck
ar

d
an

d
D

ea
n

(1
99

9)
.

In
al

l
ca

se
s,

th
e

S
L

S
ou

tp
er

fo
rm

ed
th

e
al

te
rn

at
iv

e
al

go
ri

th
m

s
fo

r
fi
n
d
in

g
th

e
M

L
E

b
y

a
la

rg
e

m
ar

gi
n
,

in
te

rm
s

of
co

m
p
u
ta

ti
on

.
D

et
ai

le
d

re
su

lt
s

m
ay

b
e

fo
u
n
d

in
F

ig
u
re

s
4

a
n
d

5
,

an
d

T
ab

le
2.

W
e

p
ro

v
id

e
ad

d
it

io
n
al

ex
p

er
im

en
ts

w
it

h
d
iff

er
en

t
d
at

as
et

s
in

S
ec

ti
o
n

1
2
.
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S
c
a
l
a
b
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
G
e
n
e
r
a
l
iz
e
d

L
in
e
a
r
P
r
o
b
l
e
m
s

9
.

D
iscu

ssio
n

In
th

is
p
a
p

er,
w

e
sh

ow
ed

th
at

th
e

tru
e

m
in

im
izer

of
a

gen
eralized

lin
ear

p
rob

lem
an

d
th

e
O

L
S

estim
a
to

r
a
re

a
p
p
rox

im
ately

p
rop

ortion
a
l

u
n
d
er

th
e

g
en

era
l

ra
n
d
om

d
esign

settin
g.

U
sin

g
th

is
rela

tio
n
,

w
e

p
rop

osed
a

com
p
u
tation

ally
effi

cien
t

algorith
m

for
la

rge-scale
p
rob

lem
s

th
a
t

a
ch

ieves
th

e
sam

e
accu

racy
as

th
e

em
p
irical

risk
m

in
im

izer
b
y

fi
rst

estim
atin

g
th

e
O

L
S

co
effi

cien
ts

a
n
d

th
en

estim
atin

g
th

e
p
rop

ortion
ality

con
stan

t
th

rou
gh

iteration
s

th
at

can
a
tta

in
q
u
a
d
ra

tic
or

cu
b
ic

con
vergen

ce
rate,

w
ith

on
ly
O

(n
)

p
er-iteratio

n
cost.

W
e

b
riefl

y
m

en
tion

ed
th

at
th

e
p
rop

ortion
a
lity

b
etw

een
th

e
co

effi
cien

ts
h
old

s
even

w
h
en

th
ere

is
reg

u
la

rization
in

S
ection

3.1.
F

u
rth

er
p
u
rsu

in
g

th
is

id
ea

m
ay

b
e

in
terestin

g
for

la
rg

e-sca
le

p
ro

b
lem

s
w

h
ere

regu
larization

is
cru

cial.
A

n
oth

er
in

terestin
g

lin
e

of
research

is
to

fi
n
d

sim
ila

r
p
rop

ortion
ality

relation
s

b
etw

een
th

e
p
aram

eters
in

o
th

er
larg

e-scale
op

ti-
m

iza
tio

n
p
ro

b
lem

s
su

ch
as

su
p
p

ort
vecto

r
m

ach
in

es.
S
u
ch

relation
s

m
ay

red
u
ce

th
e

p
rob

lem
co

m
p
lex

ity
sig

n
ifi

can
tly.

1
0
.

P
ro

o
f

o
f

M
a
in

R
e
su

lts

In
th

is
sectio

n
,

w
e

p
rov

id
e

th
e

d
eta

ils
an

d
th

e
p
ro

ofs
of

ou
r

tech
n
ical

resu
lts.

F
or

con
ve-

n
ien

ce,
w

e
b
riefl

y
state

th
e

follow
in

g
d
efi

n
ition

s.

D
e
fi

n
itio

n
1
3

(S
u

b
-G

a
u

ssia
n

)
F

o
r

a
given

co
n

sta
n

t
κ

,
a

ra
n

d
o
m

va
ria

ble
x
∈
R

is
sa

id

to
be

su
b
-G

a
u
ssian

if
it

sa
tisfi

es
su

p
m
≥

1
m

−
1/

2E
[|x| m

] 1
/
m
≤
κ
.

S
m

a
llest

su
ch

κ
is

th
e

su
b-

G
a
u

ssia
n

n
o
rm

o
f
x

a
n

d
it

is
d
en

o
ted

by
‖x‖

ψ
2 .

S
im

ila
rly,

a
ra

n
d
o
m

vecto
r
y
∈

R
p

is
a

su
b
-G

a
u
ssia

n
v
ector

if
th

ere
exists

a
co

n
sta

n
t
κ
′

su
ch

th
a
t

su
p
v∈
S
p−

1 ‖〈y
,v〉‖

ψ
2 ≤

κ
′.

D
e
fi

n
itio

n
1
4

(S
u

b
-e

x
p

o
n

e
n
tia

l)
F

o
r

a
given

co
n

sta
n

t
κ

,
a

ra
n

d
o
m

va
ria

ble
x
∈

R
is

ca
lled

su
b
-ex

p
o
n
en

tial
if

it
sa

tisfi
es

su
p
m
≥

1
m
−

1E
[|x| m

] 1
/
m
≤
κ
.

S
m

a
llest

su
ch

κ
is

th
e

su
b-expo

n
en

tia
l

n
o
rm

o
f
x

a
n

d
it

is
d
en

o
ted

by
‖
x‖

ψ
1 .

S
im

ila
rly,

a
ra

n
d
o
m

vecto
r
y
∈

R
p

is
a

su
b
-ex

p
o
n
en

tial
vector

if
th

ere
exists

a
co

n
sta

n
t
κ
′

su
ch

th
a
t

su
p
v∈
S
p−

1 ‖〈y
,v〉‖

ψ
1 ≤

κ
′.

T
h
e

p
ro

o
f

of
T

h
eorem

3
is

given
n
ex

t.
P

ro
o
f

[o
f

T
h
eorem

3]
F

or
sim

p
licity,

w
e

d
en

ote
th

e
w

h
iten

ed
covariate

b
y
w

=
Σ
−

1
/
2x

.
S
in

ce
w

is
su

b
-G

au
ssian

w
ith

n
orm

κ
,

its
j-th

en
try

w
j

h
as

b
ou

n
d
ed

th
ird

m
om

en
t.

T
h
at

is,

κ
=

su
p

‖
u‖

2
=

1 ‖〈u
,w〉‖

ψ
2 ≥
‖w

j ‖
ψ

2
=

su
p

m
≥

1
m
−

1
/
2E

[|w
j | m

] 1
/
m
≥

1√3 E
[|w

j | 3 ]
1
/
3
,

(37)

w
h
ere

in
th

e
fi
rst

step
,

w
e

u
sed

u
=
e
j ,

th
e
j-th

stan
d
ard

b
asis

v
ector.

H
en

ce,
w

e
ob

tain
a

b
o
u
n
d

o
n

th
e

th
ird

m
om

en
t,

i.e,

m
ax
j

E
[|w

j | 3 ]≤
3

3
/
2κ

3.
(38)

U
sin

g
th

e
n
o
rm

al
eq

u
ation

s,
w

e
w

rite

E
[y
x

]
=

E
[x

Ψ
(1

)(〈x
,β〉) ]

=
Σ

1
/
2E
[w

Ψ
(1

)(〈w
,Σ

1
/
2β〉) ]

,
(39)

=
Σ

1
/
2E
[w

Ψ
(1

)(〈w
,β̃〉) ]

,

2
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E
r
d
o
g
d
u
,
B
a
y
a
t
i,
D
ic
k
e
r

w
h
ere

w
e

d
efi

n
ed

β̃
=

Σ
1
/
2β

.
B

y
m

u
ltip

ly
in

g
b

oth
sid

es
w

ith
Σ
−

1,
w

e
ob

tain

β
o
ls

=
Σ
−

1
/
2E
[w

Ψ
(1

)(〈w
,β̃〉) ]

.
(40)

N
ow

w
e

d
efi

n
e

th
e

p
artial

su
m

s
W
−
i

=
∑

j6=
i β̃

j w
j

=
〈β̃
,w〉−

β̃
i w

i .
W

e
w

ill
fo

cu
s

on
th

e
i-th

en
try

of
th

e
ab

ov
e

ex
p

ectation
given

in
(40).

D
en

otin
g

th
e

zero
b
iased

tran
sform

ation
of
w
i

con
d
ition

ed
on

W
−
i

b
y
w
∗i ,

w
e

h
ave

E
[w

i Ψ
(1

)(〈w
,β̃〉) ]

=
E
[E
[w

i Ψ
(1

) (
β̃
i w

i
+
W
−
i )∣∣W

−
i ]]

,
(41)

=
β̃
i E
[Ψ

(2
)(β̃

i w
∗i

+
W
−
i ) ]

,

=
β̃
i E
[Ψ

(2
)(β̃

i (w
∗i −

w
i )

+
〈w
,β̃〉) ]

,

w
h
ere

in
th

e
secon

d
step

,
w

e
u
sed

th
e

assu
m

p
tion

on
con

d
ition

al
m

om
en

ts.
L

et
D

b
e

a

d
iagon

al
m

atrix
w

ith
d
iagon

al
en

tries
D
ii

=
E
[Ψ

(2
)(β̃

i (w
∗i −

w
i )

+
〈w
,β̃〉) ].

U
sin

g
(40)

togeth
er

w
ith

(41),
w

e
ob

tain
th

e
eq

u
ality

β
o
ls

=
Σ
−

1
/
2D

β̃
=

Σ
−

1
/
2D

Σ
1
/
2β
.

(42)

N
ow

,
u
sin

g
th

e
L

ip
sch

itz
con

tin
u
ity

assu
m

p
tion

of
th

e
varian

ce
fu

n
ction

,
w

e
h
ave

∣∣∣ E
[Ψ

(2
)(β̃

i (w
∗i −

w
i )

+
〈w
,β̃〉) ]−

E
[Ψ

(2
)(〈w

,β̃〉) ] ∣∣∣ ≤
k|β̃

i |E
[|w
∗i −

w
i |].

(43)

In
th

e
follow

in
g,

w
e

w
ill

u
se

th
e

p
rop

erties
of

zero-b
iased

tran
sform

ation
s.

C
on

sid
er

th
e

q
u
an

tity

r
=

su
p
E
[|w
∗i −

w
i | ∣∣W

−
i ]

E
[|w

i | 3 ∣∣W
−
i ]

(44)

w
h
ere

w
∗i

h
as
w
i -zero

b
iased

d
istrib

u
tion

(con
d
ition

ed
on

W
−
i )

an
d

th
e

su
p
rem

u
m

is
taken

w
ith

resp
ect

to
all

ran
d
om

variab
les

w
ith

m
ean

0,
stan

d
ard

d
ev

iation
1

an
d

fi
n
ite

th
ird

m
om

en
t,

an
d
w
∗i

is
ach

iev
in

g
th

e
m

in
im

al
`
1

cou
p
lin

g
to

w
i

con
d
ition

ed
on

W
−
i .

It
is

sh
ow

n
in

G
old

stein
(2007)

th
at

th
e

ab
ove

b
ou

n
d

h
old

s
for

r
=

1.5
for

th
e

u
n
con

d
ition

al
zero-b

ias
tran

sform
ation

s.
H

ere,
w

e
take

a
sim

ilar
ap

p
roach

to
sh

ow
th

at
th

e
sa

m
e

b
ou

n
d

h
old

s
for

th
e

con
d
ition

al
case

as
w

ell.
B

y
u
sin

g
th

e
trian

gle
in

eq
u
ality,

w
e

h
ave

E
[|w
∗i −

w
i | ∣∣W

−
i ]≤

E
[|w
∗i | ∣∣W

−
i ]

+
E
[|w

i | ∣∣W
−
i ]

(45)

≤
12 E
[|w

i | 3 ∣∣W
−
i ]

+
E
[|w

i | 3 ∣∣W
−
i ]

1
/
3
.

S
in

ce
E
[|w

i | 2 ∣∣W
−
i ]

is
con

stan
t,

it
is

eq
u
al

to
E
[|w

i | 2 ]
=

1.
T

h
is

y
ield

s
th

at
th

e
secon

d
term

in
th

e
last

lin
e

is
u
p
p

er
b

ou
n
d
ed

b
y
E
[|w

i | 3 ∣∣W
−
i ].

C
o
n
seq

u
en

tly,
b
y

tak
in

g
ex

p
ectation

s
over

b
oth

h
an

d
sid

es
w

e
ob

tain
th

at

E
[|w
∗i −

w
i |]≤

1
.5

E
[|w

i | 3 ]
.

(46)
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S
c
a
l
a
b
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
G
e
n
e
r
a
l
iz
e
d

L
in
e
a
r
P
r
o
b
l
e
m
s

T
h
en

th
e

ri
gh

t
h
an

d
si

d
e

of
(4

3)
ca

n
b

e
u
p
p

er
b

ou
n
d
ed

b
y

k
|β̃
i|E

[|w
∗ i
−
w
i|]
≤
rk

m
ax i

{ |
β̃
i|E
[ |w

i|3
]}
≤

8
k
κ

3
‖Σ

1
/
2
β
‖ ∞

,
(4

7)

w
h
er

e
in

th
e

se
co

n
d

st
ep

w
e

u
se

d
th

e
b

ou
n
d

on
th

e
th

ir
d

m
om

en
t

gi
ve

n
in

(3
8)

.
T

h
e

la
st

in
eq

u
al

it
y

p
ro

v
id

es
u
s

w
it

h
th

e
fo

ll
ow

in
g

re
su

lt
,

m
ax i

∣ ∣ ∣ ∣D
ii
−

1 c Ψ

∣ ∣ ∣ ∣≤
8
k
κ

3
‖Σ

1
/
2
β
‖ ∞

.
(4

8)

F
in

al
ly

,
co

m
b
in

in
g

th
is

w
it

h
(4

0)
an

d
(4

2)
,

w
e

ob
ta

in
∥ ∥ ∥ ∥β

o
ls
−

1 c Ψ
β

∥ ∥ ∥ ∥ ∞
=

∥ ∥ ∥ ∥Σ
−

1
/
2
D

Σ
1
/
2
β
−

1 c Ψ
β

∥ ∥ ∥ ∥ ∞
(4

9)

=

∥ ∥ ∥ ∥Σ
−

1
/
2

( D
−

1 c Ψ
I)

Σ
1
/
2
β

∥ ∥ ∥ ∥ ∞
,

≤
m

ax i

∣ ∣ ∣ ∣D
ii
−

1 c Ψ

∣ ∣ ∣ ∣∥ ∥ ∥Σ
1
/
2
∥ ∥ ∥ ∞
∥ ∥ ∥Σ
−

1
/
2
∥ ∥ ∥ ∞
‖β
‖ ∞

,

≤
8k
κ

3
ρ
∞
‖Σ

1
/
2
‖ ∞
‖β

p
o
p
‖2 ∞

,

w
h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
.

P
ro

o
f

[o
f

C
or

ol
la

ry
4]

D
u
e

to
d
ia

go
n
al

d
om

in
an

ce
p
ro

p
er

ty
,

w
e

h
av

e

‖Σ
1
/
2
‖ ∞

=
m

ax i

p ∑ j=
1

∣ ∣ ∣Σ
1
/
2

ij

∣ ∣ ∣≤
2

m
ax i

Σ
1
/
2

ii
≤

2
‖Σ
‖1
/
2

2
.

(5
0)

S
in

ce
w

e
h
av

e
‖x
‖ 2
≤
r,

w
e

w
ri

te

r2
≥

E
[ ‖
x
‖2 2

] =
T

r
(Σ

)
≥
p
‖Σ
‖ 2
/ρ

2
.

(5
1)

C
om

b
in

in
g

th
is

w
it

h
th

e
p
re

v
io

u
s

in
eq

u
al

it
y

w
e

ob
ta

in

‖Σ
1
/
2
‖ ∞
≤

2
r√

ρ
2
/p
.

(5
2)

F
in

al
ly

,
th

e
re

su
lt

fo
ll
ow

s
fr

om
u
si

n
g

th
e

la
st

b
ou

n
d

in
T

h
eo

re
m

3.

P
ro

o
f

[o
f

C
or

ol
la

ry
5]

T
h
e

re
su

lt
d
ir

ec
tl

y
fo

ll
ow

s
fr

om
u
si

n
g

th
e
r-

w
el

l-
sp

re
ad

n
es

s
as

su
m

p
-

ti
on

in
T

h
eo

re
m

3.

P
ro

o
f

[o
f

P
ro

p
os

it
io

n
7]

F
or

co
n
ve

n
ie

n
ce

,
w

e
d
en

ot
e

th
e

w
h
it

en
ed

co
va

ri
at

es
b
y
w
i

=
Σ
−

1
/
2
x
i.

W
e

h
av

e
E

[w
i]

=
0,

E
[ w

iw
T i

] =
I,

an
d
‖w

i‖
ψ

2
≤
κ

.
A

ls
o

d
en

o
te

th
e

su
b
-s

am
p
le

d

co
va

ri
an

ce
m

at
ri

x
w

it
h

Σ̂
=

1 |S
|∑

i∈
S
x
ix
T i

,
an

d
it

s
w

h
it

en
ed

ve
rs

io
n

as
Σ̃

=
1 |S
|∑

i∈
S
w
iw

T i
.

F
u
rt

h
er

,
d
efi

n
e
ζ̂

=
1 n

∑
n i=

1
w
iy
i

an
d
ζ

=
E

[w
y
].

T
h
en

,
w

e
h
av

e

β̂
o
ls

=
Σ̂
−

1
Σ

1
/
2
ζ̂

an
d

β
o
ls

=
Σ
−

1
/
2
ζ
.
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E
r
d
o
g
d
u
,
B
a
y
a
t
i,
D
ic
k
e
r

F
or

n
ow

,
w

e
w

or
k

on
th

e
ev

en
t

th
at

Σ̂
is

in
ve

rt
ib

le
.

W
e

w
il
l

se
e

th
at

th
is

ev
en

t
h
o
ld

s
w

it
h

ve
ry

h
ig

h
p
ro

b
ab

il
it

y.
W

e
w

ri
te

∥ ∥ ∥Σ
1
/
2
(β̂

o
ls
−
β
o
ls
)∥ ∥ ∥ 2

=
∥ ∥ ∥Σ

1
/
2
Σ̂
−

1
Σ

1
/
2
ζ̂
−

Σ
−

1
/
2
ζ
∥ ∥ ∥ 2
,

(5
3
)

=
∥ ∥ ∥Σ̃
−

1
{ ζ̂
−
ζ

+
( I
−

Σ
−

1
/
2
Σ̂

Σ
−

1
/
2
) ζ
}∥ ∥ ∥

2
,

≤
∥ ∥ ∥Σ̃
−

1
∥ ∥ ∥ 2

{∥ ∥ ∥
ζ̂
−
ζ
∥ ∥ ∥ 2

+
∥ ∥ ∥I
−

Σ̃
∥ ∥ ∥ 2
‖ζ
‖ 2
}
,

w
h
er

e
w

e
u
se

d
th

e
tr

ia
n
gl

e
in

eq
u
al

it
y

an
d

th
e

p
ro

p
er

ti
es

of
th

e
op

er
at

or
n
or

m
.

F
or

th
e

fi
rs

t
te

rm
on

th
e

ri
gh

t
h
an

d
si

d
e

of
(5

3)
,

w
e

w
ri

te

∥ ∥ ∥Σ̃
−

1
∥ ∥ ∥ 2

=
1

λ
m

in
(Σ̃

)
≤

1

1
−
δ
,

w
h
er

e
w

e
as

su
m

ed
th

at
su

ch
a
δ
>

0
ex

is
ts

.
In

fa
ct

,
w

h
en

δ
<

0.
5,

w
e

o
b
ta

in
a

b
o
u
n
d

of
2

on
th

e
ri

gh
t

h
an

d
si

d
e,

w
h
ic

h
al

so
ju

st
ifi

es
th

e
in

v
er

ti
b
il
it

y
as

su
m

p
ti

o
n

o
f

Σ̂
.

B
y

C
or

ol
la

ry
5.

50
of

V
er

sh
y
n
in

(2
01

0)
an

d
th

e
fo

ll
ow

in
g

re
m

ar
k
,

w
e

h
av

e
w

it
h

p
ro

b
a
b
il
it

y
at

le
as

t
1
−

2
ex

p
{−
p
},

∥ ∥ ∥Σ̃
−

I∥ ∥ ∥ 2
≤
c√

p |S
|,

w
h
er

e
c

is
a

co
n
st

an
t

d
ep

en
d
in

g
on

ly
on

κ
.

W
h
en
|S
|>

4
c2
p
,

w
e

ob
ta

in

∣ ∣ ∣λ
m

in
(Σ̃

)
−

1
∣ ∣ ∣≤

∥ ∥ ∥Σ̃
−

I∥ ∥ ∥ 2
≤

0.
5,

w
h
er

e
th

e
fi
rs

t
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

e
L

ip
sc

h
it

z
p
ro

p
er

ty
of

th
e

ei
ge

n
va

lu
es

.

N
ex

t,
w

e
b

ou
n
d

th
e

d
iff

er
en

ce
b

et
w

ee
n
ζ̂

a
n
d

it
s

ex
p

ec
ta

ti
on

ζ
.

W
e

w
ri

te
th

e
b

o
u
n
d
s

on
th

e
su

b
-e

x
p

on
en

ti
al

n
or

m

‖w
y
‖ ψ

1
=

su
p

‖v
‖ 2

=
1

su
p

m
≥

1
m
−

1
E

[|〈
v
,w
〉y
|m

]1
/
m
,

(5
4)

≤
su

p
‖v
‖ 2

=
1

su
p

m
≥

1
m
−

1
E
[ |〈
v
,w
〉|2

m
] 1
/
2
m
E
[ |y
|2m
] 1
/
2
m
,

≤
su

p
‖v
‖ 2

=
1

su
p

m
≥

1
m
−

1
/
2
E
[ |〈
v
,w
〉|2

m
] 1
/
2
m

su
p

m
≥

1
m
−

1
/
2
E
[ |y
|2m
] 1
/
2
m
,

≤
2
‖w
‖ ψ

2
‖y
‖ ψ

2
=

2γ
κ
.

H
en

ce
,

w
e

h
av

e
m

ax
i
‖w

iy
i
−

E
[w
iy
i]
‖ ψ

1
≤

4γ
κ

.
F

u
rt

h
er

,
le

t
e j

d
en

ot
e

th
e
j-

th
st

a
n
d
a
rd

b
as

is
,

an
d

n
ot

ic
e

th
at

ea
ch

en
tr

y
of
w

is
al

so
su

b
-G

au
ss

ia
n

w
it

h
n
or

m
u
p
p

er
b

o
u
n
d
ed

b
y
κ

,
i.
e.

,

κ
=
‖w
‖ ψ

2
=

su
p

‖u
‖ 2

=
1
‖〈
u
,w
〉‖
ψ

2
≥
‖〈
e j
,w
〉‖
ψ

2
=
‖w

j
‖ ψ

2
.
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G
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e
r
a
l
iz
e
d

L
in
e
a
r
P
r
o
b
l
e
m
s

A
lso

,
w

e
ca

n
w

rite2
γ
κ
≥
‖w
y‖

ψ
1

=
su

p
‖
u‖

2
=

1
su

p
m
≥

1
m
−

1E
[|〈u

,w〉y| m
] 1
/
m
,

(55)

≥
su

p
‖
u‖

2
=

1 E
[|〈u

,w〉y|],

≥
su

p
‖
u‖

2
=

1 E
[〈u
,w〉y

]
=

su
p

‖
u‖

2
=

1 〈u
,ζ〉

=
‖
ζ‖

2
,

w
h
ere

in
th

e
la

st
step

,
w

e
u
sed

th
e

fact
th

at
d
u
al

n
orm

of
`
2

n
orm

is
itself.

N
ex

t,
w

e
a
p
p
ly

L
em

m
a

17
to
ζ̂−

ζ
,

an
d

ob
tain

w
ith

p
rob

ab
ility

at
least

1−
ex

p{−
p}

∥∥∥
ζ̂−

ζ ∥∥∥
2 ≤

cγ
κ √

pn
,

w
h
en

ever
n
>
c

2p
for

an
ab

solu
te

con
stan

t
c.

C
o
m

b
in

in
g

th
e

ab
ove

resu
lts

in
(53),

w
e

ob
tain

w
ith

p
rob

ab
ility

at
least

1−
3

ex
p{−

p}
∥∥∥
Σ

1
/
2(β̂

o
ls−

β
o
ls) ∥∥∥

2 ≤
2 {

c
1 γ
κ √

pn
+
c

2 γ
κ √

p|S| }
≤
η √

p|S|
(56)

w
h
ere

η
d
ep

en
d
s

on
ly

on
κ

an
d
γ

,
an

d
|S|

>
η
p
.

F
in

ally,
w

e
w

rite

∥∥∥
β̂
o
ls−

β
o
ls ∥∥∥

2 ≤
λ
−

1
/
2

m
in

∥∥∥
Σ

1
/
2(β̂

o
ls−

β
o
ls) ∥∥∥

2
,

≤
η
λ
−

1
/
2

m
in

√
p|S| ,

w
ith

p
rob

a
b
ility

at
least

1−
3

ex
p{−

p}
,

w
h
en

ev
er|S|

>
η
p
.

T
h
e

fo
llow

in
g

lem
m

a
–

com
b
in

ed
w

ith
th

e
P

rop
osition

7
–

p
rov

id
es

th
e

n
ecessary

to
ols

to
p
rov

e
T

h
eorem

9.

L
e
m

m
a

1
5

F
o
r

a
given

fu
n

ctio
n

Ψ
(2

)
th

a
t

is
L

ip
sch

itz
co

n
tin

u
o
u

s
w

ith
co

n
sta

n
t
k

,
w

e
d
efi

n
e

th
e

fu
n

ctio
n
f

:
R
×

R
p
→

R
a
s
f

(c,β
)

=
c
E
[Ψ

(2
)(〈x

,β〉c) ]
,

a
n

d
its

em
p
irica

l
co

u
n

terpa
rt

a
s

f̂
(c,β

)
=
c

1n

n
∑i=

1

Ψ
(2

)(〈x
i ,β〉c).

F
o
r

th
e

ba
ll

cen
tered

a
ro

u
n

d
β
o
ls

w
ith

ra
d
iu

s
δ,

B
δ(β̃

o
ls)

=
{
β

: ∥∥
β
−
β̃
o
ls ∥∥

2 ≤
δ }

,
w

ith
β̃
o
ls

=
Σ

1
/
2β

o
ls,

a
ssu

m
e

th
a
t

su
p
β∈B

δ
(β̃

o
ls) ∥∥

Ψ
(2

)(〈x
,β〉) ∥∥

ψ
2 ≤

κ
g ,

a
n

d
∥∥
Σ
−

1
/
2x
i ∥∥
ψ

2 ≤
κ
x .

F
u

rth
er,

fo
r

so
m

e

ε,c̄
>

0,
a
ssu

m
e

th
a
t
f

(c̄,β
o
ls)≥

1
+
ε.

T
h
en

,∃
c

Ψ
>

0
sa

tisfyin
g

th
e

equ
a
tio

n
1

=
f

(c
Ψ
,β

o
ls).
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E
r
d
o
g
d
u
,
B
a
y
a
t
i,
D
ic
k
e
r

F
u

rth
er,

a
ssu

m
e

th
a
t

fo
r

so
m

e
ε̃
>

0,
w

e
h
a
ve

ε
=
ε̃ √
p
,

a
n

d
n

a
n

d
|S|

su
ffi

cien
tly

la
rge,

i.e.,

m
in {

n

log
(n

) ,|S| }
>
K

2/
ε̃
2

fo
r
K

=
η
c̄

m
ax{

b
+
κ
/µ̃
,k
c̄κ}

.
T

h
en

,
w

ith
p
ro

ba
bility

1−
5

ex
p{−

p}
,

th
ere

exists
a

co
n

sta
n

t
ĉ

Ψ
∈

(0,c̄)
sa

tisfyin
g

th
e

equ
a
tio

n

1
=
ĉ

Ψ
1n

n
∑i=

1

Ψ
(2

)(〈x
i ,β̂

o
ls〉ĉ

Ψ
).

M
o
reo

ver,
if

th
e

d
eriva

tive
o
f
z
→

f
(z
,β

o
ls)

is
bo

u
n

d
ed

belo
w

in
a
bso

lu
te

va
lu

e
(i.e.

d
oes

n
o
t

ch
a
n

ge
sign

)
by
υ
>

0
in

th
e

in
terva

l
z
∈

[0,c̄],
th

en
w

ith
p
ro

ba
bility

1−
5

ex
p{−

p}
,

w
e

h
a
ve

|ĉ
Ψ
−
c

Ψ |≤
C

√
p

m
in{n

/
log

(n
)
,|S|}

,

w
h
ere

C
=
K
/υ

.

P
ro

o
f

[of
L

em
m

a
15]

F
irst

statem
en

t
is

ob
v
io

u
s.

W
e

n
o
tice

th
at
f

(c,β
o
ls)

is
a

con
tin

u
ou

s
fu

n
ction

in
its

fi
rst

argu
m

en
t

w
ith

f
(0,β

o
ls)

=
0

an
d
f

(c̄,β
o
ls)≥

1
+
δ.

H
en

ce,
th

ere
ex

ists
c

Ψ
>

0
su

ch
th

at
f

(c
Ψ
,β

o
ls)

=
1.

If
th

ere
are

m
an

y
solu

tion
s

to
th

e
ab

ove
eq

u
ation

,
w

e
ch

o
ose

th
e

on
e

th
at

is
closest

to
zero.

T
h
e

con
d
ition

o
n

th
e

d
erivativ

e
w

ill
gu

aran
tee

th
e

u
n
iq

u
en

ess
of

th
e

solu
tion

.
N

ex
t,

w
e

w
ill

sh
ow

th
e

ex
isten

ce
of
ĉ

Ψ
u
sin

g
a

u
n
iform

con
cen

tration
given

b
y

L
em

m
a

18.

D
efi

n
e

th
e

ev
en

tE
th

at
β̂
o
ls

falls
in

to
B
δΣ

(β
o
ls),

i.e.,E
=
{
β̂
o
ls∈
B
δΣ

(β
o
ls) }

.
B

y
P

rop
osition

7
an

d
th

e
in

eq
u
ality

given
in

(56),
w

h
en

ev
er|S|

>
η
p
,

w
e

ob
tain

P
(E

C )≤
3

ex
p{−

p}
,

w
h
ere
E
C

d
en

otes
th

e
com

p
lem

en
t

of
th

e
even

tE
,

an
d
η

is
a

con
stan

t
d
ep

en
d
in

g
on

ly
on

κ
x

an
d
γ

,
an

d
δ

=
η √

p
/|S|.

F
or

an
y
c∈

[0,c̄],
o
n

th
e

even
tE

,
w

e
h
ave

∣∣∣ f̂
(c,β̂

o
ls)−

f
(c,β̂

o
ls) ∣∣∣ ≤

su
p

β∈B
δΣ

(β
o
ls) ∣∣∣ f̂

(c,β
)−

f
(c,β

) ∣∣∣
.

H
en

ce,
w

e
ob

tain
th

e
follow

in
g

in
eq

u
ality

P

(
su

p
c∈

[0
,c̄] ∣∣∣ f̂

(c,β̂
o
ls)−

f
(c,β̂

o
ls) ∣∣∣

>
ε )

≤
P

(
su

p
c∈

[0
,c̄] ∣∣∣ f̂

(c,β̂
o
ls)−

f
(c,β̂

o
ls) ∣∣∣

>
ε;E )

+
P
(E

C )
,

≤
P

(
su

p
c∈

[0
,c̄]

su
p

β∈B
δΣ

(β
o
ls) ∣∣∣ f̂

(c,β
)−

f
(c,β

) ∣∣∣
>
ε )

+
3

ex
p{−

p}
.
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S
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e
d

L
in
e
a
r
P
r
o
b
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s

In
th

e
fo

ll
ow

in
g,

w
e

w
il
l

u
se

L
em

m
a

18
fo

r
th

e
fi
rs

t
te

rm
in

th
e

la
st

li
n
e

ab
ov

e.
D

en
o
ti

n
g

b
y
w

,
th

e
w

h
it

en
ed

co
va

ri
at

es
,

w
e

h
av

e
〈x
,β
〉=
〈w
,Σ

1
/
2
β
〉.

T
h
er

ef
or

e,

su
p

c∈
[0
,c̄

]
su

p
β
∈B

δ Σ
(β

o
ls
)

∣ ∣ ∣f̂
(c
,β

)
−
f

(c
,β

)∣ ∣ ∣

≤
c̄

su
p

c∈
[0
,c̄

]
su

p
β
∈B

δ Σ
(β

o
ls
)

∣ ∣ ∣ ∣ ∣1 n

n ∑ i=
1

Ψ
(2

) (〈
w
i,

Σ
1
/
2
β
〉c

)
−

E
[ Ψ

(2
) (〈
w
,Σ

1
/
2
β
〉c

)]∣ ∣ ∣ ∣ ∣
.

N
ex

t,
d
efi

n
e

th
e

b
al

lc
en

te
re

d
ar

ou
n
d
β̃
o
ls

=
Σ

1
/
2
β
o
ls
,
w

it
h

ra
d
iu

s
δ

as
B δ

(β̃
o
ls
)

=
Σ

1
/
2
Bδ Σ

(β
o
ls
).

W
e

h
av

e
β
∈
Bδ Σ

(β
o
ls
)

if
an

d
on

ly
if

Σ
1
/
2
β
∈
B δ

(β̃
o
ls
).

T
h
en

,
th

e
ri

gh
t

h
an

d
si

d
e

of
th

e
ab

ov
e

in
eq

u
al

it
y

ca
n

b
e

w
ri

tt
en

as

c̄
su

p
c∈

[0
,c̄

]
su

p
β
∈B

δ
(β̃

o
ls
)

∣ ∣ ∣ ∣ ∣1 n

n ∑ i=
1

Ψ
(2

) (〈
w
i,
β
〉c

)
−

E
[ Ψ

(2
) (〈
w
,β
〉c

)]∣ ∣ ∣ ∣ ∣
,

=
c̄

su
p

β
∈B

c̄
δ
(β̃

o
ls
)

∣ ∣ ∣ ∣ ∣1 n

n ∑ i=
1

Ψ
(2

) (〈
w
i,
β
〉)
−

E
[ Ψ

(2
) (〈
w
,β
〉)
]∣ ∣ ∣ ∣ ∣
.

T
h
en

,
b
y

L
em

m
a

18
,

w
e

ob
ta

in

P

(
su

p
c∈

[0
,c̄

]

∣ ∣ ∣f̂
(c
,β̂

o
ls
)
−
f

(c
,β̂

o
ls
)∣ ∣ ∣>

c′
c̄(
κ
g

+
κ
x
/µ̃

)√
p

n
/

lo
g

(n
))
≤

5
ex

p
{−
p
}

(5
7)

w
h
en

ev
er
n
p
>

51
m

ax
{ χ
,χ
−

1
}

w
h
er

e
χ

=
(κ
g

+
κ
x
/
µ̃

)2
/(
c′
δ2
k

2
c̄2
µ̃

2
).

A
ls

o,
b
y

th
e

L
ip

sc
h
it

z
co

n
d
it

io
n

fo
r

Ψ
(2

) ,
w

e
h
av

e
fo

r
an

y
c
∈

[0
,c̄

],
an

d
β

1
,β

2
,

|f
(c
,β

1
)
−
f

(c
,β

2
)|
≤
k
c2
E
[∣ ∣ ∣
〈w
,Σ

1
/
2
(β

1
−
β

2
)〉
∣ ∣ ∣]

≤
k
c̄2
κ
x

∥ ∥ ∥Σ
1
/
2
(β

1
−
β

2
)∥ ∥ ∥ 2

.

A
p
p
ly

in
g

th
e

ab
ov

e
b

ou
n
d

fo
r
β

1
=
β̂
o
ls

an
d
β

2
=
β
o
ls
,

w
e

ob
ta

in
w

it
h

p
ro

b
ab

il
it

y
1
−

3
ex

p
{−
p
}

∣ ∣ ∣f
(c
,β̂

o
ls
)
−
f

(c
,β

o
ls
)∣ ∣ ∣≤

η
k
c̄2
κ
x

√
p |S
|,

(5
8)

w
h
er

e
th

e
la

st
st

ep
fo

ll
ow

s
fr

om
P

ro
p

os
it

io
n

7
an

d
th

e
in

eq
u
al

it
y

gi
v
en

in
(5

6)
.

C
om

b
in

in
g

th
is

w
it

h
th

e
p
re

v
io

u
s

b
ou

n
d
,

an
d

ta
k
in

g
in

to
ac

co
u
n
t

th
at
µ

=
µ̃
√
p
,

fo
r

an
y
c
∈

[0
,c̄

],
w

it
h

p
ro

b
ab

il
it

y
1
−

5
ex

p
{−
p
},

w
e

ob
ta

in

∣ ∣ ∣f̂
(c
,β̂

o
ls
)
−
f

(c
,β

o
ls
)∣ ∣ ∣≤

c′
c̄(
κ
g

+
κ
x
/
µ̃

)√
p

n
/

lo
g

(n
)

+
η
k
c̄2
κ
x

√
p |S
|

≤
K

√
p

m
in
{n
/

lo
g

(n
)
,|S
|}

w
h
er

e
K

=
η
c̄

m
ax
{κ

g
+
κ
x
/
µ̃
,k
c̄κ
x
}.

H
er

e,
η

d
ep

en
d
s

on
ly

on
κ
x

an
d
γ

.
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E
r
d
o
g
d
u
,
B
a
y
a
t
i,
D
ic
k
e
r

In
p
ar

ti
cu

la
r,

fo
r
c

=
c̄

w
e

ob
se

rv
e

th
at

f̂
(c̄
,β̂

o
ls
)
≥
f

(c̄
,β

o
ls
)
−
K

√
p

m
in
{n
/

lo
g

(n
)
,|S
|}

≥
1

+
ε
−
K

√
p

m
in
{n
/

lo
g

(n
)
,|S
|}
.

T
h
er

ef
or

e,
fo

r
su

ffi
ci

en
tl

y
la

rg
e
n

an
d
|S
|s

at
is

fy
in

g
m

in
{

n
lo

g
(n

)
,|S
|}

>
K

2
/
ε̃2

w
e

o
b
ta

in

f̂
(c̄
,β̂

o
ls
)
>

1.
S
in

ce
th

is
fu

n
ct

io
n

is
co

n
ti

n
u
ou

s
an

d
f̂

(0
,β̂

o
ls
)

=
0,

w
e

o
b
ta

in
th

e
ex

is
te

n
ce

of
ĉ Ψ
∈

[0
,c̄

]
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−

5
ex

p
{−
p
}.

N
ow

,
si

n
ce

ĉ Ψ
an

d
c Ψ

sa
ti

sf
y

th
e

eq
u
at

io
n
s
f̂

(ĉ
Ψ
,β̂

o
ls
)

=
f

(c
Ψ
,β

o
ls
)

=
1

(w
it

h
h
ig

h
p
ro

b
ab

il
it

y
),

b
y

th
e

in
eq

u
al

it
y

gi
ve

n
in

(5
7)

,
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−

5
ex

p
{−
p
},

w
e

ob
ta

in

∣ ∣ ∣1
−
f

(ĉ
Ψ
,β̂

o
ls
)∣ ∣ ∣=

∣ ∣ ∣f̂
(ĉ

Ψ
,β̂

o
ls
)
−
f

(ĉ
Ψ
,β̂

o
ls
)∣ ∣ ∣≤

c′
c̄(
κ
g

+
κ
x
/µ̃

)√
p

n
/

lo
g
(n

).

A
ls

o,
b
y

th
e

sa
m

e
ar

gu
m

en
t

in
(6

0
),

an
d

P
ro

p
os

it
io

n
7,

w
e

ge
t

∣ ∣ ∣f
(ĉ

Ψ
,β̂

o
ls
)
−
f

(ĉ
Ψ
,β

o
ls
)∣ ∣ ∣≤

k
c̄2
κ
∥ ∥ ∥Σ

(β̂
o
ls
−
β
o
ls
)∥ ∥ ∥ 2
≤
η
k
c̄2
κ
x

√
p |S
|.

N
ow

,
u
si

n
g

th
e

T
ay

lo
r’

s
se

ri
es

ex
p
an

si
on

of
c
→
f

(c
,β

o
ls
)

ar
ou

n
d
c Ψ

,
an

d
th

e
a
ss

u
m

p
ti

o
n

on
th

e
d
er

iv
at

iv
e

of
f

w
it

h
re

sp
ec

t
to

it
s

fi
rs

t
a
rg

u
m

en
t,

w
e

ob
ta

in

υ
|ĉ Ψ
−
c Ψ
|≤
∣ ∣ ∣f

(ĉ
Ψ
,β

o
ls
)
−
f

(c
Ψ
,β

o
ls
)∣ ∣ ∣

≤
∣ ∣ ∣f

(ĉ
Ψ
,β

o
ls
)
−
f

(ĉ
Ψ
,β̂

o
ls
)∣ ∣ ∣+

∣ ∣ ∣f
(ĉ

Ψ
,β̂

o
ls
)
−

1∣ ∣ ∣

≤
η
k
c̄2
κ
x

√
p |S
|+

c′
c̄(
κ
g

+
κ
x
/
µ̃

)√
p

n
/

lo
g
(n

)

≤
K

√
p

m
in
{n
/

lo
g

(n
)
,|S
|}

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−

5
ex

p
{−
p
}.

H
er

e,
th

e
co

n
st

an
t
K

is
th

e
sa

m
e

a
s

b
ef

o
re
K

=
η
c̄

m
ax
{κ

g
+
κ
x
/µ̃
,k
c̄κ
x
}.

L
e
m

m
a

1
6

F
o
r

a
gi

ve
n

fu
n

ct
io

n
Ψ

(2
)

th
a
t

is
L

ip
sc

h
it

z
co

n
ti

n
u

o
u

s
w

it
h

co
n

st
a
n

t
k

,
a
n

d
u

n
if

o
rm

ly
bo

u
n

d
ed

by
b,

w
e

d
efi

n
e

th
e

fu
n

ct
io

n
s
f

,
f̂

,
a
n

d
th

e
co

n
st

a
n

ts
ε,
c Ψ
,c̄

a
s

in
L

em
m

a
1
5
.

A
ss

u
m

e
th

a
t
x
i’

s
a
re

i.
i.

d
.

su
b-

G
a
u

ss
ia

n
w

it
h
‖x

i‖
ψ

2
≤
κ
x
.

T
h
en

,
w

it
h

p
ro

ba
-

bi
li

ty
1
−

4
ex

p
{−
p
},

th
er

e
ex

is
ts

a
co

n
st

a
n

t
ĉ Ψ
∈

(0
,c̄

)
sa

ti
sf

yi
n

g
th

e
eq

u
a
ti

o
n

1
=
ĉ Ψ

1 n

n ∑ i=
1

Ψ
(2

) (〈
x
i,
β̂
o
ls
〉ĉ

Ψ
).

30
JM

L
R

 2
0(

7)
:1

-4
5,

 2
01

9



S
c
a
l
a
b
l
e
A
p
p
r
o
x
im

a
t
io
n
s
f
o
r
G
e
n
e
r
a
l
iz
e
d

L
in
e
a
r
P
r
o
b
l
e
m
s

M
o
reo

ver,
if

th
e

d
eriva

tive
o
f
z
→

f
(z
,β

o
ls)

is
bo

u
n

d
ed

belo
w

in
a
bso

lu
te

va
lu

e
(i.e.

d
oes

n
o
t

ch
a
n

ge
sign

)
by
υ
>

0
in

th
e

in
terva

l
z
∈

[0,c̄],
th

en
w

ith
p
ro

ba
bility

1−
4

ex
p{−

p}
,

w
e

h
a
ve

|ĉ
Ψ
−
c

Ψ |≤
K

√
p|S| ,

w
h
ere

K
=
η
υ
−

1c̄k
m

ax {
(1

+
‖β̃‖

2 )‖
Σ‖

2
+
b/k

,c̄ }
,
η

d
epen

d
s

o
n

ly
o
n
γ

a
n

d
κ
x ,

a
n

d
|S|

is

su
ffi

cien
tly

la
rge.

P
ro

o
f

[of
L

em
m

a
16]

T
h
e

p
ro

of
follow

s
from

th
e

sam
e

step
s

in
L

em
m

a
15.

F
irst

statem
en

t
is

o
b
v
io

u
s.

N
ex

t,
w

e
w

ill
sh

ow
th

e
ex

isten
ce

of
ĉ

Ψ
u
sin

g
a

u
n
iform

con
cen

tration
g
iven

b
y

L
em

m
a

1
9
.

L
et

th
e

ellip
soid

s
B
δΣ

(β
o
ls)

an
d
B
δ(β̃

o
ls),

an
d

th
e

even
t
E

b
e

as
in

L
em

m
a

15
.

B
y

P
ro

p
o
sitio

n
7

a
n
d

th
e

in
eq

u
ality

given
in

(56),
w

h
en

ev
er|S|

>
η
p
,

w
e

ob
tain

P
(E

C )≤
3

ex
p{−

p}
,

w
h
ere
E
C

d
en

o
tes

th
e

com
p
lem

en
t

of
th

e
even

tE
,

an
d
η

is
a

con
stan

t
d
ep

en
d
in

g
on

ly
on

κ
x

a
n
d
γ

.
F

o
r

a
n
y
c∈

[0,c̄],
on

th
e

even
tE

,
w

e
h
ave

∣∣∣ f̂
(c,β̂

o
ls)−

f
(c,β̂

o
ls) ∣∣∣ ≤

su
p

β∈B
δΣ

(β
o
ls) ∣∣∣ f̂

(c,β
)−

f
(c,β

) ∣∣∣
.

U
sin

g
th

e
sam

e
argu

m
en

ts
as

in
th

e
p
rev

iou
s

lem
m

a
th

at
led

to
(57),

w
e

ob
tain

th
e

follow
in

g
in

eq
u
a
lity

P

(
su

p
c∈

[0
,c̄] ∣∣∣ f̂

(c,β̂
o
ls)−

f
(c,β̂

o
ls) ∣∣∣

>
ε )

≤
P

(
su

p
c∈

[0
,c̄]

su
p

β∈B
δΣ

(β
o
ls) ∣∣∣ f̂

(c,β
)−

f
(c,β

) ∣∣∣
>
ε )

+
3

ex
p{−

p}
,

≤
P

(
su

p
β∈B

c̄
δ
(β̃

o
ls) ∣∣∣∣∣ 1n

n
∑i=

1

Ψ
(2

)(〈w
i ,β〉)−

E
[Ψ

(2
)(〈w

,β〉) ] ∣∣∣∣∣
>
ε/c̄ )

+
3

ex
p{−

p}

w
h
ere
B
c̄δ (β̃

o
ls)

is
th

e
b
all

cen
tered

arou
n
d
β̃
o
ls

=
Σ

1
/
2β

o
ls

w
ith

rad
iu

s
δ

=
η √

p
/|S|.

T
h
en

,
u
sin

g
L

em
m

a
19,

w
e

ob
tain

P

(
su

p
c∈

[0
,c̄] ∣∣∣ f̂

(c,β̂
o
ls)−

f
(c,β̂

o
ls) ∣∣∣

>
2
c̄ (

k {‖
β̃‖

2
+
η √

p|S| }
‖
Σ‖

2
+
b )
√
pn )
≤

4
ex

p{−
p}
.

(59)

B
y

th
e

L
ip

sch
itz

p
rop

erty
of

Ψ
(2

)
as

w
ell

as
su

b
-G

au
ssia

n
p
rop

erty
of
x

,
w

e
h
ave

for
an

y
c∈

[0,c̄],
a
n
d
β

1 ,β
2 ,|f

(c,β
1 )−

f
(c,β

2 )|≤
k
c

2E
[ ∣∣∣ 〈w

,Σ
1
/
2(β

1 −
β

2 )〉 ∣∣∣ ]

≤
k
c̄

2κ
x ∥∥∥

Σ
1
/
2(β

1 −
β

2 ) ∥∥∥
2
.

3
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E
r
d
o
g
d
u
,
B
a
y
a
t
i,
D
ic
k
e
r

A
p
p
ly

in
g

th
e

ab
ov

e
b

ou
n
d

for
β

1
=
β̂
o
ls

an
d
β

2
=
β
o
ls,

w
e

ob
tain

w
ith

p
rob

ab
ility

1
−

3
ex

p{−
p}

∣∣∣ f
(c,β̂

o
ls)−

f
(c,β

o
ls) ∣∣∣ ≤

η
k
c̄

2κ
x √

p|S| ,
(60)

w
h
ere

th
e

last
step

follow
s

from
P

rop
osition

7
an

d
th

e
in

eq
u
ality

giv
en

in
(56).

C
om

b
in

in
g

th
is

w
ith

th
e

p
rev

iou
s

b
ou

n
d
,

for
an

y
c
∈

[0,c̄],
w

ith
p
rob

ab
ility

1
−

4
ex

p{−
p},

w
e

ob
tain

∣∣∣ f̂
(c,β̂

o
ls)−

f
(c,β

o
ls) ∣∣∣ ≤

2c̄ (
k‖β̃‖

2 ‖
Σ‖

2
+
η
k‖Σ‖

2 √
p|S|

+
b )
√
pn

+
η
k
c̄

2κ
x √

p|S|

=
2c̄k {

‖
β̃‖

2 ‖
Σ‖

2 √
pn

+
η‖

Σ‖
2

p
√
|S|n

+
b √

pn
+
η
c̄κ
x √

p|S| }

≤
η
c̄k

m
ax {

(1
+
‖
β̃‖

2 )‖
Σ‖

2
+
b/k

,c̄ }
√

p|S|
=
K

√
p|S|

w
h
ere

K
=
η
c̄k

m
ax {

(1
+
‖
β̃‖

2 )‖
Σ‖

2
+
b/k

,c̄ }
,

an
d
|S|

>
η
p
.

H
ere,

η
d
ep

en
d
s

o
n
ly

on
th

e

con
stan

ts
κ
x

an
d
γ

.
In

p
articu

lar,
for

c
=
c̄

w
e

ob
serve

th
at

f̂
(c̄,β̂

o
ls)≥

f
(c̄,β

o
ls)−

K

√
p|S|

≥
1

+
ε−

K

√
p|S| .

T
h
erefore,

for
su

ffi
cien

tly
large

|S|
satisfy

in
g
|S|

>
K

2p
,

w
e

ob
tain

f̂
(c̄,β̂

o
ls)

>
1.

S
in

ce
th

is
fu

n
ction

is
con

tin
u
ou

s
an

d
f̂

(0,β̂
o
ls)

=
0,

w
e

ob
tain

th
e

ex
isten

ce
of
ĉ

Ψ
∈

[0,c̄]
w

ith
p
rob

ab
ility

at
least

1−
4

ex
p{−

p}.
N

ow
,

sin
ce

ĉ
Ψ

an
d
c

Ψ
satisfy

th
e

eq
u
ation

s
f̂

(ĉ
Ψ
,β̂

o
ls)

=
f

(c
Ψ
,β

o
ls)

=
1

(w
ith

h
igh

p
rob

ab
ility

),
b
y

th
e

in
eq

u
ality

given
in

(5
9),

w
ith

p
rob

ab
ility

at
least

1−
4

ex
p{−

p}
,

w
e

ob
tain

∣∣∣ 1−
f

(ĉ
Ψ
,β̂

o
ls) ∣∣∣

=
∣∣∣ f̂

(ĉ
Ψ
,β̂

o
ls)−

f
(ĉ

Ψ
,β̂

o
ls) ∣∣∣ ≤

2c̄ (
k {‖

β̃‖
2

+
η √

p|S| }
‖
Σ‖

2
+
b )
√
pn
.

N
ow

,
u
sin

g
th

e
T

ay
lor’s

series
ex

p
an

sion
of
c→

f
(c,β

o
ls)

aro
u
n
d
c

Ψ
,
an

d
th

e
assu

m
p
tion

on
th

e
d
erivative

of
f

w
ith

resp
ect

to
its

fi
rst

argu
m

en
t,

w
e

ob
tain

υ|ĉ
Ψ
−
c

Ψ |≤
∣∣∣ f

(ĉ
Ψ
,β

o
ls)−

f
(c

Ψ
,β

o
ls) ∣∣∣

≤
∣∣∣ f

(ĉ
Ψ
,β

o
ls)−

f
(ĉ

Ψ
,β̂

o
ls) ∣∣∣

+
∣∣∣ f

(ĉ
Ψ
,β̂

o
ls)−

1 ∣∣∣

≤
η
k
c̄

2κ
x √

p|S|
+

2
c̄ (

k {‖β̃‖
2

+
η √

p|S| }
‖Σ‖

2
+
b )
√
pn

≤
K

√
p|S|

3
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}.

H
er

e,
th

e
co

n
st

an
t
K

is
th

e
sa

m
e

as
b

ef
or

e
K

=

η
c̄k

m
ax
{ (1

+
‖β̃
‖ 2

)
‖Σ
‖ 2

+
b/
k
,c̄
} .

P
ro

o
f

[o
f

T
h
eo

re
m

8]
W

e
h
av

e

∥ ∥ ∥β̂
sl
s
−
β
p
o
p
∥ ∥ ∥ ∞
≤
∥ ∥ ∥c

Ψ
β
o
ls
−
β
p
o
p
∥ ∥ ∥ ∞

+
∥ ∥ ∥ĉ

Ψ
β̂
o
ls
−
c Ψ
β
o
ls
∥ ∥ ∥ ∞

,
(6

1)

w
h
er

e
w

e
u
se

d
th

e
tr

ia
n
gl

e
in

eq
u
al

it
y

fo
r

th
e
` ∞

n
or

m
.

T
h
e

fi
rs

t
te

rm
on

th
e

ri
gh

t
h
an

d
si

d
e

ca
n

b
e

b
ou

n
d
ed

u
si

n
g

T
h
eo

re
m

3
an

d
C

or
ol

la
ry

5.
W

e
w

ri
te

∥ ∥ ∥c
Ψ
β
o
ls
−
β
p
o
p
∥ ∥ ∥ ∞
≤
η 1
‖β

p
o
p
‖ ∞

√
p

,
(6

2)

fo
r
η 1

=
8k
c̄κ

3
ρ
∞
‖Σ

1
/
2
‖ ∞

(τ
/r

).
F

or
th

e
se

co
n
d

te
rm

,
w

e
w

ri
te

∥ ∥ ∥ĉ
Ψ
β̂
o
ls
−
c Ψ
β
o
ls
∥ ∥ ∥ ∞

=
∥ ∥ ∥ĉ

Ψ
β̂
o
ls
±
ĉ Ψ
β
o
ls
−
c Ψ
β
o
ls
∥ ∥ ∥ ∞

,
(6

3)

≤
|ĉ Ψ
|∥ ∥ ∥
β̂
o
ls
−
β
o
ls
∥ ∥ ∥ ∞

+
|ĉ Ψ
−
c Ψ
|∥ ∥ ∥
β
o
ls
∥ ∥ ∥ ∞

,

w
h
er

e
th

e
fi
rs

t
st

ep
fo

ll
ow

s
fr

om
tr

ia
n
gl

e
in

eq
u
al

it
y.

B
y

L
em

m
a

16
,

fo
r

su
ffi

ci
en

tl
y

la
rg

e
n

an
d
|S
|,

w
it

h
p
ro

b
ab

il
it

y
1
−

4
ex

p
{−
p
},

th
e

co
n
st

an
t
ĉ Ψ

ex
is

ts
an

d
it

is
in

th
e

in
te

rv
al

(0
,c̄

].
B

y
th

e
sa

m
e

le
m

m
a,

w
it

h
p
ro

b
a
b
il
it

y
1
−

4
ex

p
{−
p
},

w
e

h
av

e

|ĉ Ψ
−
c Ψ
|≤

η 4

√
p |S
|,

(6
4)

w
h
er

e
η 4

=
η
′ υ
−

1
c̄k

m
ax
{ (‖

Σ
1
/
2
β
o
ls
‖ 2

+
1)
‖Σ
‖ 2

+
b/
k
,c̄
}

fo
r

so
m

e
co

n
st

an
t
η
′

d
ep

en
d
in

g
on

th
e

su
b
-G

au
ss

ia
n

n
or

m
s
κ

an
d
γ

.
A

ls
o,

b
y

th
e

n
or

m
eq

u
iv

al
en

ce
an

d
P

ro
p

os
it

io
n

7,
w

e
h
av

e
w

it
h

p
ro

b
ab

il
it

y
1
−

4
ex

p
{−
p
}

∥ ∥ ∥β̂
o
ls
−
β
o
ls
∥ ∥ ∥ ∞
≤
η 3

√
p |S
|,

(6
5)

fo
r
η 3

=
η
′′ λ
−

1
/
2

m
in

,
w

h
er

e
η
′′

is
co

n
st

an
t

d
ep

en
d
in

g
on

ly
on

γ
a
n
d
κ

.
F

in
al

ly
,

co
m

b
in

in
g

al
l

th
es

e
in

eq
u
al

it
ie

s
w

it
h

th
e

la
st

li
n
e

of
(6

1)
,

w
e

h
av

e
w

it
h

p
ro

b
a-

b
il
it

y
1
−

4
ex

p
{−
p
},

∥ ∥ ∥β̂
sl
s
−
β
p
o
p
∥ ∥ ∥ ∞
≤
η 1
‖β

p
o
p
‖ ∞

√
p

+
η 3
c̄

√
p |S
|+

η 4

∥ ∥ ∥β
o
ls
∥ ∥ ∥ ∞

√
p |S
|,

(6
6)

≤
η 1
‖β

p
o
p
‖ ∞

√
p

+
( η 3

c̄
+
η 4

∥ ∥ ∥β
o
ls
∥ ∥ ∥ ∞
)√

p |S
|,

=
η 1
‖β

p
o
p
‖ ∞

√
p

+
η 2

√
p |S
|,
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=
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c̄ρ
∞

(τ
/r
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Σ

1
/
2
‖ ∞

(6
7
)

η 2
=
η 3
c̄

+
η 4
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o
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∥ ∥ ∥ ∞

=
η
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−

1
/
2

m
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2
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ro
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is
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se
n
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al
ly
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e

sa
m

e
as

th
at

of
T

h
eo

re
m

8,
w

h
er

e
th

is
ti

m
e

w
e

u
se

L
em

m
a

16
in

st
ea

d
of

L
em

m
a

15
.

P
ro

o
f

[o
f

C
or

ol
la

ry
6]

T
h
e

n
or

m
al

eq
u
at

io
n
s

fo
r

th
e

la
ss

o
m

in
im

iz
at

io
n

y
ie

ld
s

E
[ x
x
T
] β

la
ss
o

λ
−
β
o
ls

+
λ
s

=
0,

w
h
er

e
s
∈
∂
∥ ∥ β

la
ss
o

λ

∥ ∥ 1
.

It
is

w
el

l-
k
n
ow

n
th

at
u
n
d
er

th
e

or
th

og
on

al
d
es

ig
n

w
h
er

e
th

e
co

va
ri

a
te

s

h
av

e
i.
i.
d
.

en
tr

ie
s,

th
e

ab
ov

e
eq

u
at

io
n

re
d
u
ce

s
to

so
ft

(β
o
ls
;λ

)
=
β
la
ss
o

λ
,

w
h
er

e
so
ft

(
·;
λ

)
d
en

ot
es

th
e

so
ft

th
re

sh
ol

d
in

g
op

er
at

o
r

at
le

v
el
λ

.
F

or
an

y
β
∈
R
p
,

le
t

su
p
p
(β

)
d
en

o
te

th
e

su
p
p

or
t

of
β

,
i.
e.

,
th

e
se

t
{i
∈

[p
]

:
β
i
6=

0}
.

W
e

h
av

e

su
p
p
(β

la
ss
o

λ
)

=
{i
∈

[p
]

:
β
la
ss
o

λ
,i
6=

0}
=
{i
∈

[p
]

:
|β

o
ls
i
|>

λ
}

B
y

T
h
eo

re
m

3,
w

e
h
av

e
|β

o
ls
i
|≤

1 c Ψ
|β

p
o
p

i
|+

δ,
w

h
ic

h
im

p
li
es

th
at

su
p
p
(β

la
ss
o

λ
)
⊂
{ i
∈

[p
]

:
1 c Ψ
|β

p
o
p

i
|+

δ
≥
λ

}
.

H
en

ce
,

w
h
en

ev
er
λ
≥
δ,

w
e

h
av

e
su

p
p
(β

la
ss
o

λ
)
⊂

su
p
p
(β

p
o
p
).

F
u
rt

h
er

,
w

e
h
av

e
b
y

T
h
eo

re
m

3

1 c Ψ
|β

p
o
p

i
|≤
|β

o
ls
i
|+

δ.

H
en

ce
,

w
h
en

ev
er
|β

p
o
p

i
|>

c Ψ
(λ

+
δ)

,
w

e
ge

t
|β

o
ls
i
|>

λ
.

If
th

is
co

n
d
it

io
n

is
sa

ti
sfi

ed
fo

r
a
n
y

en
tr

y
in

th
e

su
p
p

or
t

of
β
p
o
p
,

th
e

co
rr

es
p

on
d
in

g
la

ss
o

co
effi

ci
en

t
w

il
l

b
e

n
on

-z
er

o
.

T
h
er

ef
o
re

,
w

e
ge

t
su

p
p
(β

p
o
p
)
⊂

su
p
p
(β

la
ss
o

λ
)

u
n
d
er

th
is

as
su

m
p
ti

on
.

C
om

b
in

in
g

th
is

w
it

h
th

e
p
re

v
io

u
s

re
su

lt
,

w
e

co
n
cl

u
d
e

th
e

p
ro

of
.

1
1
.

A
u
x
il
ia

ry
L

e
m

m
a
s

L
e
m

m
a

1
7

(S
u

b
-e

x
p

o
n

e
n
ti

a
l

v
e
c
to

r
c
o
n

c
e
n
tr

a
ti

o
n

)
L

et
x

1
,x

2
,.
..
,x

n
be

in
d
ep

en
d
en

t
ce

n
te

re
d

su
b-

ex
po

n
en

ti
a
l

ra
n

d
o
m

ve
ct

o
rs

w
it

h
m

ax
i
‖x

i‖
ψ

1
=
κ

.
T

h
en

w
e

h
a
ve

P

(
∥ ∥ ∥ ∥ ∥1 n

n ∑ i=
1

x
i∥ ∥ ∥ ∥ ∥ 2

>
cκ

√
p n

)
≤

ex
p
{−
p
}.

(6
8
)

w
h
en

ev
er
n
>

4
c2
p

fo
r

a
n

a
bs

o
lu

te
co

n
st

a
n

t
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L
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F

or
a

v
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z
∈
R
p,

w
e

h
av

e
‖z‖

2
=

su
p‖
u‖

2
=

1 〈u
,z〉

sin
ce

th
e

d
u
al

o
f
`
2

n
o
rm

is
itself.

T
h
erefore,

w
e

w
rite

P

(
∥∥∥∥∥

1n

n
∑i=

1

x
i ∥∥∥∥∥

2

>
t )

=
P

(
su

p
‖
u‖

2
=

1

1n

n
∑i=

1 〈u
,x

i 〉
>
t )

.

N
ow

,
letN

ε
b

e
an

ε-n
et

overS
p−

1
=
{
u
∈
R
p

:
‖u‖

2
=

1}
,

an
d

ob
serve

th
a
t

m
ax

u∈N
ε 〈u

,x〉≥
(1−

ε)
su

p
‖
u‖

2
=

1 〈u
,x〉

=
(1−

ε)‖x‖
2 ,

w
ith
|N

ε |≤
(1

+
2
/ε)

p.
H

en
ce,

w
e

m
ay

w
rite

P

(
su

p
‖
u‖

2
=

1

1n

n
∑i=

1 〈u
,x

i 〉
>
t )
≤
P

(
m

ax
u∈N

ε

1n

n
∑i=

1 〈u
,x

i 〉
>
t(1−

ε) )
,

≤
|N

ε |P
(

1n

n
∑i=

1 〈u
,x

i 〉
>
t(1−

ε) )
.

F
or

a
n
y
u
∈
S
p−

1,
w

e
h
ave
‖〈u

,x
i 〉‖

ψ
1
≤
κ

.
T

h
en

,
b
y

th
e

B
ern

stein
-ty

p
e

in
eq

u
ality

for
su

b
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p
o
n
en

tial
ran

d
om

variab
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(V
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y
n
in

,
2010),

w
e

h
av

e

P

(
1n

n
∑i=

1 〈u
,x

i 〉
>
t(1−

ε) )
≤

ex
p {−

cn
m

in {
t 2(1−

ε)
2

κ
2

,
t(1−

ε)

κ
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,

fo
r

a
n

a
b
so

lu
te

con
stan

t
c.

T
h
erefore,

th
e

p
rob

ab
ility

on
th

e
left

h
a
n
d

sid
e

of
(6
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can

b
e

b
o
u
n
d
ed

b
y

(
1

+
2ε )

p

ex
p {−

cn
t 2(1−

ε)
2

κ
2

}
=

ex
p {−

cn
t 2(1−

ε)
2

κ
2

+
p

log (
1

+
2ε )}

,

w
h
en

ever
t
<
κ
/(1−

ε).
C

h
o
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g
ε

=
0.5

an
d

for
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t
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>
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β
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F
o
r
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=
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i ‖
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→

R
th

a
t

is
L

ip
sch
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κ
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1

g
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E
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κ
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) √
p
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−
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L
et

E
[‖x‖

2 ]
=
µ

=
µ̃ √

p
an

d
for

ε
>

0,
β
∈
B

(β̃
)

an
d
w
∈
R
p

d
efi

n
e

th
e

b
ou

n
d
in

g
fu

n
ction

s

lβ
(w

)
=
g
(〈w

,β〉)−
ε‖w‖

2 /4
µ
,

u
β
(w

)
=
g
(〈w

,β〉)
+
ε‖w‖

2 /4
µ
.

L
et
N

∆
b

e
a

n
et

over
B

(β̃
)

in
th
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se
th

at
for
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y
β

1
∈
B

(β̃
),∃

β
2
∈
N

∆
su

ch
th

at
‖
β

1 −
β

2 ‖
2 ≤

∆
.

W
e

fi
x

∆
∗

=
ε/

(4k
µ

)
an

d
w

rite
∀
β

1 ∈
B

,∃
β

2 ∈
N

∆
∗ ,

1.
an

u
p
p

er
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m

m
u
n
it

y
fo

rw
ar

d
se

le
ct

io
n

is
k
n
ow

n
as

or
th

og
on

al
le

as
t

sq
u
ar

es
(C

h
en

et
a
l.
,

1
9
8
9
).

O
th

er
al

go
ri

th
m

s,
su

ch
as

L
A

S
S
O

(T
ib

sh
ir

an
i,

19
96

),
le

as
t-

an
gl

e
re

gr
es

si
on

(L
A

R
S
)

(E
fr

on
et

al
.,

20
04

),
fo

rw
ar

d
st

ag
ew

is
e

re
gr

es
si

on
(F

S
R

)
(E

fr
on

et
al

.,
2
00

4)
an

d
or

th
o
g
o
n
a
l

m
a
tc

h
-

in
g

p
u
rs

u
it

(O
M

P
)

(P
at

i
et

al
.,

19
93

;
D

av
is

et
al

.,
19

94
)

ar
e

al
l

va
ri

at
io

n
s

o
f

th
e

b
a
si

c
st

ep
w

is
e

se
le

ct
io

n
al

go
ri

th
m

,
w

h
il
e

in
fo

rm
a
ti

on
-t

h
eo

re
ti

c
fe

at
u
re

se
le

ct
io

n
m

et
h
o
d
s

a
re

a
ll

ap
p
ro

x
im

at
io

n
s

of
th

e
fo

rw
ar

d
p
h
as

e
u
si

n
g

d
is

cr
et

e
d
at

a
(B

ro
w

n
et

al
.,

20
1
2
).

A
d
et

a
il
ed

co
m

p
ar

is
on

b
et

w
ee

n
L

A
S
S
O

,
L

A
R

S
an

d
F

S
R

is
g
iv

en
in

(E
fr

on
et

al
.,

20
04

),
a

co
m

p
a
ri

so
n

b
et

w
ee

n
L

A
R

S
an

d
O

M
P

ca
n

b
e

fo
u
n
d

in
(H

am
ee

d
,

20
12

),
w

h
il
e

a
co

m
p
a
ri

so
n

b
et

w
ee

n
O

M
P

an
d

fo
rw

ar
d

se
le

ct
io

n
(c

al
le

d
or

th
og

on
al

le
as

t
sq

u
ar

es
)

ca
n

b
e

fo
u
n
d

in
(B

lu
m

en
sa

th
an

d
D

av
ie

s,
20

07
).

W
e

p
ro

ce
ed

w
it

h
a

b
ri

ef
h
ig

h
-l

ev
el

co
m

p
ar

is
on

of
th

e
a
b

ov
e

w
it

h
th

e
fo

rw
ar

d
se

le
ct

io
n

al
go

ri
th

m
.

A
ll

of
th

e
ab

ov
e

m
et

h
o
d
s

se
le

ct
th

e
n
ex

t
fe

at
u
re

u
si

n
g

so
m

e
se

le
ct

io
n

cr
it

er
io

n
an

d
ar

e
eq

u
ip

p
ed

w
it

h
a

st
op

p
in

g
cr

it
er

io
n
.

In
tu

it
iv

el
y,

th
ey

a
ll

se
le

ct
th

e
fe

at
u
re

th
at

p
ro

v
id

es
th

e
m

os
t

in
fo

rm
at

io
n

fo
r

th
e

er
ro

rs
(r

es
id

u
al

s)
of

th
e

cu
rr

en
t

m
o
d
el

.
F

or
w

ar
d

se
le

ct
io

n
on

th
e

ot
h
er

h
an

d
,

se
le

ct
s

th
e

fe
a
tu

re
th

at
le

ad
s

to
a

m
o
d
el

p
ro

v
id

in
g
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F
o
r
w
a
r
d
-B

a
c
k
w
a
r
d

S
e
l
e
c
t
io
n
w
it
h
E
a
r
ly

D
r
o
p
p
in
g

th
e

m
o
st

a
d
d
ition

al
in

form
ation

,
giv

en
all

selected
va

riab
les.

In
L

A
S
S
O

,
b

oth
forw

ard
an

d
b
a
ck

w
a
rd

step
s

can
b

e
p

erform
ed

at
each

itera
tion

.
A

fter
a

featu
re

is
selected

,
forw

ard
selectio

n
a
n
d

O
M

P
create

a
n
ew

u
n
restricted

m
o
d
el

th
at

also
con

tain
s

th
e

n
ew

ly
selected

fea
tu

re.
L

A
S
S
O

,
L

A
R

S
an

d
F

S
R

create
a

n
ew

m
o
d
el

b
y

u
p

d
atin

g
th

e
p
rev

io
u
s

on
e,

con
-

stra
in

in
g

th
e

co
effi

cien
ts

of
th

e
n
ew

m
o
d
el.

L
A

S
S
O

h
as

a
stop

p
in

g
criterion

b
ased

on
th

e
L

1
-n

orm
of

th
e

co
effi

cien
ts

of
th

e
cu

rren
t

variab
les.

G
iven

th
is

syn
th

etic
view

a
n

d
co

n
n

ec-
tio

n
s

betw
een

th
e

a
lgo

rith
m

s,
w

e
w

o
u

ld
like

to
n

o
te

th
a
t

a
n

y
exten

sio
n

to
step

w
ise

m
eth

od
s,

su
ch

a
s

th
e

o
n

e
p
ro

po
sed

in
th

is
w

o
rk,

ca
n

be
tra

n
sla

ted
a
n

d
d
irectly

a
p
p
lied

w
ith

a
n

y
o
f

th
e

a
bo

ve
fea

tu
re

selectio
n

a
lgo

rith
m

s.

In
th

is
w

ork
w

e
ex

ten
d

th
e

forw
ard

selection
algorith

m
to

d
eal

w
ith

th
e

p
rob

lem
s

ab
ove.

In
S
ectio

n
3

w
e

p
rop

ose
e
a
rly

d
ro

p
p

in
g

,
a

sim
p
le

h
eu

ristic
to

sp
eed

-u
p

forw
ard

selection
,

w
ith

o
u
t

sacrifi
cin

g
its

q
u
ality

an
d

m
ain

tain
in

g
its

th
eoretical

gu
aran

tees.
T

h
e

id
ea

is,
in

ea
ch

itera
tio

n
o
f

th
e

forw
ard

search
,

to
fi
lter

ou
t

variab
les

th
at

are
d
eem

ed
co

n
d
ition

ally
in

d
ep

en
d
en

t
of

th
e

target
given

th
e

cu
rren

t
set

of
selected

variab
les.

A
fter

term
in

ation
,

th
e

a
lgo

rith
m

is
allow

ed
to

ru
n

u
p

to
K

ad
d
ition

al
tim

es,
every

tim
e

in
itializin

g
th

e
set

of
selected

va
ria

b
les

to
th

e
on

es
selected

in
th

e
p
rev

iou
s

ru
n
.

F
in

ally,
b
ack

w
ard

selection
is

a
p
p
lied

o
n

th
e

resu
lt

of
th

e
forw

ard
p
h
ase.

W
e

call
th

is
a
lgorith

m
F
o
rw

a
rd

-B
a
ck

w
a
rd

se
le

c
tio

n
w

ith
E

a
rly

D
ro

p
p

in
g

(F
B

E
D
K

)
1.

T
h
is

h
eu

ristic
is

in
sp

ired
b
y

th
e

th
eory

o
f

B
ayesia

n
n
etw

ork
s

an
d

m
ax

im
al

an
cestral

grap
h
s

(S
p
irtes

et
al.,

2000;
R

ich
a
rd

son
an

d
S
p
irtes,

2
0
0
2
),

an
d

sim
ilar

id
eas

h
ave

b
een

su
ccessfu

lly
ap

p
lied

for
featu

re
selection

(A
liferis

et
a
l.,

2
0
1
0
).

In
S
ection

3.2
w

e
sh

ow
th

at
(a)

F
B

E
D

0
retu

rn
s

a
su

p
erset

of
th

e
ad

jacen
t

n
o
d
es

in
a
n
y

B
ayesian

n
etw

ork
or

m
ax

im
al

an
cestral

grap
h

th
at

faith
fu

lly
rep

resen
ts

th
e

d
a
ta

d
istrib

u
tion

(if
th

ere
ex

ists
on

e
an

d
assu

m
in

g
p

erfect
statistical

in
d
ep

en
d
en

ce
tests),

(b
)

F
B

E
D

1
retu

rn
s

th
e

M
arkov

b
lan

k
et

of
th

e
d
ata

d
istrib

u
tion

,
p
rov

id
ed

th
e

d
istrib

u
tion

is
fa

ith
fu

l
to

a
B

ayesian
n
etw

ork
,

an
d

(c)
F

B
E

D
∞

retu
rn

s
th

e
M

arkov
b
lan

ket
of

th
e

d
ata

d
istrib

u
tion

p
rov

id
ed

th
e

d
istrib

u
tion

is
faith

fu
l

to
a

m
ax

im
al

an
cestral

grap
h
,

or
eq

u
iva-

len
tly,

it
is

fa
ith

fu
l

to
a

B
ayesian

n
etw

ork
w

h
ere

som
e

variab
les

are
u
n
ob

serv
ed

(laten
t).

In
th

e
ex

p
erim

en
tal

evalu
ation

p
resen

ted
in

S
ection

4,
w

e
sh

ow
th

at
F

B
E

D
K

is
1-2

ord
ers

of
m

a
g
n
itu

d
e

fa
ster

th
an

F
B

S
,

w
h
ile

at
th

e
sam

e
tim

e
selectin

g
a

sim
ilar

n
u
m

b
er

of
featu

res
a
n
d

h
av

in
g

sim
ilar

p
red

ictive
p

erform
an

ce.
In

a
com

p
arison

b
etw

een
d
iff

eren
t

m
em

b
ers

of
th

e
F

B
E

D
K

fa
m

ily
an

d
F

B
S

w
e

sh
ow

th
at

F
B

E
D

0
an

d
F

B
E

D
1

also
red

u
ce

th
e

n
u
m

b
er

of
fa

lse
va

ria
b
le

selection
s,

w
h
en

th
e

d
ata

con
sist

of
irrelevan

t
variab

les
on

ly.
W

e
also

in
vesti-

g
a
ted

th
e

b
eh

av
ior

of
F

B
E

D
K

w
ith

in
creasin

g
n
u
m

b
er

of
ru

n
s
K

,
sh

ow
in

g
th

at
a

relativ
ely

sm
a
ll
K

is
su

ffi
cien

t
in

m
ost

cases
to

reach
op

tim
al

p
red

ictiv
e

p
erform

an
ce.

A
fterw

ard
s,

w
e

co
m

p
a
re

F
B

E
D
K

to
F

B
S
,
featu

re
selection

w
ith

L
A

S
S
O

(T
ib

sh
iran

i,
1996)

an
d

to
th

e
M

ax
-

M
in

P
a
ren

ts
a
n
d

C
h
ild

ren
algorith

m
(M

M
P

C
)

(T
sam

ard
in

os
et

al.,
2003a)

an
d

sh
ow

th
at

it
o
ften

h
a
s

com
p
arab

le
p
red

ictive
p

erform
an

ce
w

h
ile

selectin
g

th
e

few
est

variab
les

overall.
F

in
a
lly,

w
e

co
m

p
are

F
B

E
D
K

to
featu

re
selection

w
ith

L
A

S
S
O

(T
ib

sh
iran

i,
1996)

w
h
en

b
oth

a
lg

o
rith

m
s

a
re

lim
ited

to
select

th
e

sam
e

n
u
m

b
er

of
variab

les,
sh

ow
in

g
th

at
b

oth
alg

orith
m

s
p

erfo
rm

sim
ila

rly.
T

h
is,

alon
g

w
ith

th
e

gen
erality

of
F

B
E

D
K

m
akes

it
an

in
terestin

g
alter-

n
a
tive

to
L

A
S
S
O

,
esp

ecially
for

p
rob

lem
s

w
h
ere

L
A

S
S
O

req
u
ires

sp
ecialized

algorith
m

s
(like

th
e

g
ro

u
p

L
A

S
S
O

algorith
m

for
logistic

regressio
n

(M
eier

et
al.,

2008),
L

A
S
S
O

fo
r

m
ix

ed
-

1
.

T
h

e
ea

rly
d

ro
p

p
in

g
h

eu
ristic

h
a
s

a
lso

u
sed

b
y

a
n

ex
ten

sio
n

o
f

F
B

E
D

fo
r

B
ig

D
a
ta

settin
g
s

a
n

d
m

a
p
-

red
u

ce
a
rch

itectu
res

(T
sa

m
a
rd

in
o
s

et
a
l.,

2
0
1
8
a
).

H
ow

ev
er,

th
e

m
a
in

id
ea

a
n

d
m

o
tiva

tio
n

b
eh

in
d

it,
its

th
eo

retica
l

p
ro

p
erties

a
n

d
a

th
o
ro

u
g
h

ex
p

erim
en

ta
l

eva
lu

a
tio

n
a
re

p
resen

ted
in

th
is

w
o
rk

.
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B
o
r
b
o
u
d
a
k
is

a
n
d

T
sa

m
a
r
d
in
o
s

eff
ects

lin
ear

m
o
d
els

(S
ch

elld
orfer

et
a
l.,

2011),
an

d
th

e
L

A
S
S
O

an
d

grou
p

L
A

S
S
O

m
eth

o
d
s

for
fu

n
ction

al
P

oisson
regression

(Ivan
off

et
al.,

2016)),
w

h
ich

m
ay

b
e

n
on

-con
vex

(as
is

th
e

case
for

m
ix

ed
-eff

ects
lin

ear
m

o
d
els

(S
ch

elld
orfer

et
al.,

2011)
or

for
tem

p
oral-lon

gitu
d
in

al
d
ata

(G
roll

an
d

T
u
tz,

2014;
T

sagris
et

al.,
2018))

an
d

com
p
u
tation

ally
d
em

an
d
in

g
(tak

in
g

several
d
ay

s
to

term
in

ate
on

d
atasets

w
ith

ju
st

1000
p
red

ictors
u
sin

g
C

ox
’s

p
rop

ortion
al

h
azard

s
m

o
d
el

(F
a
n

et
al.,

2010)).

2
.
N
o
ta
tio

n
a
n
d
P
re
lim

in
a
rie

s

W
e

start
b
y

in
tro

d
u
cin

g
th

e
n
otation

a
n
d

term
in

ology
u
sed

th
rou

gh
ou

t
th

e
p
ap

er.
W

e
u
se

u
p
p

er-case
letters

to
d
en

ote
sin

gle
variab

les
(for

ex
am

p
le,

X
),

an
d

b
old

u
p
p

er-case
letters

to
d
en

ote
sets

of
variab

les
(for

ex
am

p
le,

Z
).

T
h
e

term
s

variab
le,

featu
re

or
p
red

ictor
w

ill
b

e
u
sed

in
terch

an
geab

ly.
W

e
w

ill
u
se
p

an
d
n

to
refer

to
th

e
n
u
m

b
er

of
variab

les
a
n
d

sam
p
les

in
a

d
ataset

D
,

resp
ectively.

T
h
e

set
of

variab
les

in
D

w
ill

b
e

d
en

oted
as

V
.

T
h
e

target
variab

le
(also

called
ou

tcom
e)

w
ill

b
e

referred
to

as
T

.
N

ex
t,

w
e

p
ro

ceed
w

ith
th

e
b
asics

ab
ou

t
step

w
ise

featu
re

selection
m

eth
o
d
s

(K
u
tn

er
et

al.,
2
004;

W
eisb

erg,
2005).

2
.1

.
S

te
p
w

ise
F
e
a
tu

re
S

e
le

c
tio

n

S
tep

w
ise

m
eth

o
d
s

start
w

ith
som

e
set

of
selected

variab
les

an
d

try
to

im
p
rove

it
in

a
greed

y
fash

ion
,

b
y

eith
er

in
clu

d
in

g
or

ex
clu

d
in

g
a

sin
gle

variab
le

at
each

step
.

T
h
ere

are
variou

s
w

ay
s

to
com

b
in

e
th

ose
op

eration
s,

lead
in

g
to

d
iff

eren
t

m
em

b
ers

of
th

e
step

w
ise

algorith
-

m
ic

fam
ily.

T
w

o
p

op
u
lar

m
em

b
ers

of
th

e
step

w
ise

fam
ily

are
th

e
fo

rw
a
rd

se
le

c
tio

n
an

d
b

a
ck

w
a
rd

se
le

c
tio

n
(also

k
n
ow

n
as

b
ack

w
ard

elim
in

ation
)

algorith
m

s.
F

orw
ard

selection
starts

w
ith

a
(u

su
ally

em
p
ty

)
set

of
variab

les
a
n
d

ad
d
s

variab
les

to
it,

u
n
til

som
e

stop
-

p
in

g
criterion

is
m

et.
S
im

ilarly,
b
ack

w
ard

selection
starts

w
ith

a
(u

su
ally

com
p
lete)

set
of

variab
les

an
d

th
en

ex
clu

d
es

variab
les

from
th

at
set,

again
,

u
n
til

som
e

stop
p
in

g
criterion

is
m

et.
T

y
p
ically,

b
oth

m
eth

o
d
s

try
to

in
clu

d
e

or
ex

clu
d
e

th
e

va
riab

le
th

at
off

ers
th

e
h
igh

est
p

erform
an

ce
in

crease.
W

e
w

ill
call

each
step

o
f

selectin
g

(rem
ov

in
g)

a
variab

le
a

forw
ard

(b
ack

w
ard

)
ite

ra
tio

n
.

E
x
ecu

tin
g

forw
ard
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n
ct

io
n

w
it

h
th

em
.

2
.2
.2
.
In

f
o
r
m
a
t
io
n
C
r
it
e
r
ia

A
n
ot

h
er

w
ay

to
co

m
p
ar

e
tw

o
(o

r
m

or
e)

co
m

p
et

in
g

m
o
d
el

s
is

to
u
se

in
fo

rm
a
ti

o
n

cr
it

er
ia

,
su

ch
as

th
e

A
ka

ik
e

in
fo

rm
at

io
n

cr
it

er
io

n
(A

IC
)

(A
ka

ik
e,

19
73

)
or

th
e

B
ay

es
ia

n
in

fo
rm

a
ti

on
cr

it
er

io
n

(B
IC

)
(S

ch
w

ar
z

et
al

.,
19

78
).

In
fo

rm
at

io
n

cr
it

er
ia

ar
e

b
as

ed
on

th
e

fi
t

o
f

a
m

o
d
el

b
u
t

ad
d
it

io
n
al

ly
p

en
al

iz
e

th
e

m
o
d
el

b
y

it
s

co
m

p
le

x
it

y
(t

h
at

is
,

th
e

n
u
m

b
er

o
f

p
a
ra

m
et

er
s)

.

3
.

T
h

is
re

su
lt

a
ss

u
m

es
th

a
t

th
e

la
rg

er
h
y
p

o
th

es
is

is
co

rr
ec

tl
y

sp
ec

ifi
ed

.
In

ca
se

o
f

m
o
d

el
m

is
sp

ec
ifi

ca
ti

o
n

,
th

e
st

a
ti

st
ic

fo
ll

ow
s

a
d

iff
er

en
t

d
is

tr
ib

u
ti

o
n

(F
o
u

tz
a
n

d
S

ri
va

st
av

a
,

1
9
7
7
).

M
et

h
o
d

s
to

h
a
n

d
le

m
o
d

el
m

is
sp

ec
ifi

ca
ti

o
n

h
av

e
b

ee
n

p
ro

p
o
se

d
b
y

W
h

it
e

(1
9
8
2
)

a
n

d
V

u
o
n

g
(1

9
8
9
).

A
m

et
h

o
d

fo
r

d
ea

li
n

g
w

it
h

m
o
d
el

m
is

sp
ec

ifi
ca

ti
o
n

in
m

o
d

el
se

le
ct

io
n

w
it

h
in

fo
rm

a
ti

o
n

cr
it

er
io

n
is

p
re

se
n
te

d
in

(L
v

a
n

d
L

iu
,

2
0
1
4
).

A
s

th
is

p
ro

b
le

m
is

o
u

t
o
f

th
is

p
a
p

er
’s

sc
o
p

e,
w

e
d

id
n

o
t

fu
rt

h
er

co
n

si
d

er
it

.
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F
o
r
w
a
r
d
-B

a
c
k
w
a
r
d

S
e
l
e
c
t
io
n
w
it
h
E
a
r
ly

D
r
o
p
p
in
g

T
h
e

A
IC

a
n
d

B
IC

scores
of

a
m

o
d
el

for
T

b
ased

on
X

are
d
efi

n
ed

as
follow

s:

A
IC

(T|X
)≡

D
e
v

(T|X
)

+
2·

P
a
r

(T|X
)

B
IC

(T|X
)≡

D
e
v

(T|X
)

+
log

(n
)·P

a
r

(T|X
)

w
h
ere

n
is

th
e

n
u
m

b
er

of
sam

p
les.

In
th

e
fram

ew
ork

d
escrib

ed
ab

ove,
in

form
ation

criteria
ca

n
b

e
a
p
p
lied

b
y

u
sin

g
th

e
in

form
ation

criterion
valu

e
a
s

th
e

p
erform

an
ce

fu
n
ctio

n
P
e
r
f
,

a
n
d

a
selectio

n
criterion

C
th

at
sim

p
ly

com
p
ares

th
e

p
erform

an
ce

of
tw

o
m

o
d
els,

giv
in

g
p
referen

ce
to

th
e

on
e

w
ith

th
e

low
est

valu
e.

A
ltern

atively,
on

e
cou

ld
ch

eck
th

at
th

e
d
iff

eren
ce

in
sco

res
is

la
rger

th
an

som
e

th
resh

old
.

N
eith

er
A

IC
n
or

B
IC

are
d
esign

ed
for

cases
w

h
ere

th
e

n
u
m

b
er

of
p
red

ictors
p

is
larger

th
a
n

th
e

n
u
m

b
er

of
sam

p
les

n
(C

h
en

an
d

C
h
en

,
2008),

an
d

th
u
s

also
su

ff
er

from
a

h
igh

false
d
iscovery

ra
te,

sim
ilar

to
statistical

tests.
T

h
ere

h
ave

b
een

several
ex

ten
sio

n
s

to
h
an

d
le

th
is

p
ro

b
lem

,
like

th
e

ex
ten

d
ed

B
ayesian

in
form

ation
criterion

(E
B

IC
)

(C
h
en

an
d

C
h
en

,
200

8),
th

e
g
en

era
lized

in
form

ation
criterion

(G
IC

)
(F

an
an

d
T

an
g,

2013
;

K
im

et
al.,

2012),
an

d
th

e
co

rrected
risk

in
form

ation
criterion

(R
IC

c )
(Z

h
an

g
an

d
S
h
en

,
2010),

to
n
a
m

e
a

few
.

C
o
m

p
a
red

to
statistical

tests,
in

form
ation

criteria
are

som
ew

h
at

lim
ited

as
th

ey
can

o
n
ly

b
e

co
m

p
u
ted

for
m

o
d
els

w
h
ere

th
e

m
o
d
el

co
m

p
lex

ity
is

k
n
ow

n
(like

gen
eralized

lin
ear

m
o
d
els).

A
n

ex
am

p
le

w
h
ere

in
form

ation
criteria

are
n
ot

ap
p
lica

b
le

are
kern

el-b
ased

tests
(Z

h
a
n
g

et
a
l.,

2011).
T

h
u
s,

statistica
l

tests
are

in
h
eren

tly
m

ore
g
en

eral
th

an
in

form
a
tion

criteria
.

W
e

w
ill

sh
ow

n
ex

t
h
ow

,
in

case
of

n
ested

m
o
d
els,

u
sin

g
B

IC
d
irectly

corresp
on

d
s

to
a

likelih
o
o
d
-ratio

test
for

som
e

sign
ifi

can
ce

level
α

;
th

e
sam

e
reason

in
g

can
b

e
ap

p
lied

to
A

IC
a
n
d

all
in

form
ation

criteria
th

at
are

com
p
u
ted

b
ased

on
th

e
m

o
d
el

likelih
o
o
d

an
d

a
p

en
a
lty

term
.

L
et

X
an

d
X
∪

Y
b

e
tw

o
can

d
id

ate
variab

les
sets.

X
∪

Y
is

selected
(th

a
t

is,
th

e
n
u
ll

h
y
p

oth
esis

is
rejected

)
if

B
IC

(T|X
∪

Y
)
<

B
IC

(T|X
),

or
eq

u
iva

len
tly

if
D
e
v

(T|X
)−

D
e
v

(T|X
∪

Y
)
>

log
(n

)·
(P

a
r

(T|X
∪

Y
)−

P
a
r

(T|X
)).

N
ote

th
at

th
e

left-h
a
n
d

sid
e

term
eq

u
als

th
e

statistic
of

a
lik

elih
o
o
d
-ratio

test,
w

h
ereas

th
e

righ
t-h

an
d

size
co

rresp
o
n
d
s

to
th

e
critical

valu
e.

T
h
e

statistic
follow

s
a
χ

2
d
istrib

u
tion

w
ith

k
=

P
a
r

(T|X
∪

Y
)−

P
a
r

(T|X
)

d
egrees

of
freed

om
,

an
d

th
u
s,

th
e

sign
ifi

can
ce

lev
el

eq
u
als

α
=

1−
F

(log
(n

)·k
;k

),
w

h
ere

F
(v

;k
)

is
th

e
χ

2
cd

f
w

ith
k

d
egrees

of
freed

om
a
t

valu
e
v
.

2
.3

.
M

a
rk

o
v

B
la

n
k
e
ts

in
B

a
y
e
sia

n
N

e
tw

o
rk

s
a
n

d
M

a
x
im

a
l

A
n

c
e
stra

l
G

ra
p

h
s

T
h
e

p
ro

p
o
sed

a
lgorith

m
is

in
sp

ired
b
y

th
e

th
eory

of
M

arkov
b
lan

kets
in

B
ayesian

n
etw

ork
s

a
n
d

m
a
x
im

a
l

a
n
cestral

grap
h
s.

N
ex

t,
w

e
w

ill
p
rov

id
e

a
b
rief

in
tro

d
u
ction

of
th

em
;

m
ore

d
eta

ils
ca

n
b

e
fou

n
d

in
A

p
p

en
d
ix

A
.
F

or
a

com
p
reh

en
sive

in
tro

d
u
ction

to
B

ayesian
n
etw

ork
s

a
n
d

m
a
x
im

a
l

a
n
cestral

grap
h
s

w
e

refer
th

e
read

er
to

(P
earl,

1988;
S
p
irtes

et
al.,

200
0;

R
ich

a
rd

so
n

a
n
d

S
p
irtes,

2002).
A

d
ire

c
te

d
a
c
y
c
lic

g
ra

p
h

(D
A

G
)

is
a

grap
h

th
at

on
ly

con
ta

in
s

d
irected

ed
g
es

(→
)

an
d

h
a
s

n
o

d
irected

cy
cles.

A
d

ire
c
te

d
m

ix
e
d

g
ra

p
h

is
a

grap
h

th
at,

in
ad

d
ition

to
d
irected

ed
g
es

a
lso

co
n
ta

in
s

b
i-d

irected
ed

ges
(↔

).
A

trip
let

of
vertices〈X

,Y
,Z〉

is
called

a
c
o
llid

e
r

if
th

ere
a
re

d
irected

or
b
i-d

irected
ed

ges
from

X
an

d
Z

to
Y

.
A

p
ath

p
is

called
a

c
o
llid

e
r

p
a
th

if
every

n
on

-en
d
p

oin
t

vertex
is

a
collid

er
on

p
.

B
a
y
e
sia

n
n

e
tw

o
rk

s
(B

N
s)

con
sist

of
a

D
A

G
G

an
d

a
p
rob

ab
ility

d
istrib

u
tion

P
over

a
set

of
va

ria
b
les

V
.

A
D

A
G
G

is
M

arkov
an

d
faith

fu
l
toP

if
(a)

each
variab

le
is

con
d
ition

ally
in

d
ep

en
d
en

t
o
f

its
n
on

-d
escen

d
an

ts
given

its
p
aren

ts,
an

d
(b

)
all

an
d

on
ly

th
ose

con
d
itio

n
al
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B
o
r
b
o
u
d
a
k
is

a
n
d

T
sa

m
a
r
d
in
o
s

in
d
ep

en
d
en

cies
in
P

are
en

tailed
b
y
G

.
B

N
s

are
n
ot

closed
u
n
d
er

m
argin

alization
,

th
at

is,
th

ey
are

n
ot

ab
le

to
en

co
d
e

laten
t

co
n
fou

n
d
ers.

B
N

s
h
ave

b
een

ex
ten

d
ed

to
rep

resen
t

su
ch

m
argin

al
d
istrib

u
tion

s,
an

d
are

called
d

ire
c
te

d
m

a
x
im

a
l

a
n

c
e
stra

l
g
ra

p
h

s
(D

M
A

G
s)

(R
ich

ard
son

an
d

S
p
irtes,

2002).
T

h
e

grap
h
ical

stru
ctu

re
of

a
D

M
A

G
is

a
d
irected

m
ix

ed
grap

h
w

ith
th

e
follow

in
g

restriction
s:

(i)
it

con
tain

s
n
o

d
irected

cy
cles,

(ii)
it

con
tain

s
n
o

alm
ost

d
irected

cy
cles,

th
at

is,
if
X
↔
Y

th
en

n
eith

er
X

n
or
Y

is
an

an
cestor

o
f

th
e

oth
er,

an
d

(iii)
th

ere
is

n
o

p
ath

p
su

ch
th

at
each

n
on

-en
d
p

oin
t

on
p

is
a

collid
er

an
d

every
collid

er
is

an
an

cestor
of

an
en

d
p

oin
t

vertex
of
p
.

A
M

a
rk

o
v

b
la

n
k
e
t

of
a

variab
le
T

is
a

m
in

im
a
l

set
of

variab
les

M
B

(T
)

th
at

ren
d
ers

T
con

d
ition

ally
in

d
ep

en
d
en

t
of

all
rem

ain
in

g
variab

les
V
\
M

B
(T

).
In

ca
se

th
e

d
istrib

u
tion

can
b

e
faith

fu
lly

rep
resen

ted
b
y

a
B

N
or

D
M

A
G

,
th

en
th

e
M

arkov
b
lan

ket
of
T

is
u

n
iq

u
e
,

an
d

is
d
efi

n
ed

as
follow

s
(see

A
p
p

en
d
ix

A
for

a
p
ro

of
sketch

).

D
e
fi

n
itio

n
1

(M
a
rk

o
v

b
la

n
k
e
t)

T
h
e

M
a
rko

v
bla

n
ket

o
f
T

in
a

B
N

o
r

D
M

A
G

co
n

sists
o
f

a
ll

vertices
a
d
ja

cen
t

to
T

,
a
s

w
ell

a
s

a
ll

vertices
th

a
t

a
re

rea
ch

a
ble

fro
m
T

th
ro

u
gh

a
co

llid
er

pa
th

.In
case

of
B

ay
esian

n
etw

ork
s,

th
is

sim
p
lifi

es
to

th
e

set
of

p
aren

ts,
ch

ild
ren

,
an

d
p
aren

ts
of

ch
ild

ren
of
T

.

3
.
S
p
e
e
d
in
g
-u
p
F
o
rw

a
rd

-B
a
ck

w
a
rd

S
e
le
ctio

n

T
h
e

stan
d
ard

F
B

S
algorith

m
h
as

tw
o

m
ain

issu
es.

T
h
e

fi
rst

is
th

at
it

is
slow

:
at

ea
ch

forw
ard

iteration
,

all
rem

ain
in

g
variab

les
are

recon
sid

ered
to

fi
n
d

th
e

b
est

n
ex

t
can

d
id

ate.
If
k

is
th

e
total

n
u
m

b
er

of
selected

variab
les

an
d
p

is
th

e
n
u
m

b
er

of
in

p
u
t

variab
les,

th
e

n
u
m

b
er

of
m

o
d
el

evalu
ation

s
(or

in
ou

r
case,

in
d
ep

en
d
en

ce
tests)

F
B

S
p

erform
s

is
of

th
e

ord
er

of
O

(k
p
).

A
lth

ou
gh

relatively
low

-d
im

en
sion

al
d
atasets

are
m

an
ageab

le,
it

can
b

e
very

slow
for

m
o
d
ern

d
atasets

w
h
ich

often
con

tain
th

ou
san

d
s

of
variab

les.
T

h
e

secon
d

p
rob

lem
is

th
at

it
su

ff
ers

from
m

u
ltip

le
testin

g
issu

es,
resu

ltin
g

in
overfi

ttin
g

an
d

a
h
igh

false
d
iscovery

rate.
T

h
is

h
ap

p
en

s
b

ecau
se

it
recon

sid
ers

all
rem

ain
in

g
variab

les
at

each
iteration

;
variab

les
w

ill
often

h
ap

p
en

to
seem

im
p

ortan
t

sim
p
ly

b
y

ch
an

ce,
if

th
ey

are
given

en
ou

gh
op

p
ortu

n
ities

to
b

e
selected

.
A

s
a

resu
lt,

it
w

ill
often

select
a

sig
n
ifi

can
t

n
u
m

b
er

of
false

p
ositive

variab
les

(F
lom

an
d

C
assell,

2007).
T

h
is

b
eh

av
ior

is
fu

rth
er

m
agn

ifi
ed

in
h
igh

-d
im

en
sion

al
settin

gs
an

d
w

ith
larger

sign
ifi

can
ce

levels
α

.
N

ex
t,

w
e

d
escrib

e
a

sim
p
le

m
o
d
ifi

cation
of

F
B

S
,

im
p
rov

in
g

its
ru

n
n
in

g
tim

e
w

h
ile

red
u
cin

g
th

e
p
rob

lem
of

m
u
ltip

le
testin

g.

3
.1

.
T

h
e

E
a
rly

D
ro

p
p

in
g

H
e
u

ristic

W
e

p
rop

ose
th

e
follow

in
g

m
o
d
ifi

cation
:

after
each

forw
ard

iteration
,

rem
ove

all
variab

les
th

at
d
o

n
ot

satisfy
th

e
criterion

C
for

th
e

cu
rren

t
set

of
selected

variab
les

S
from

th
e

rem
ain

in
g

variab
les

R
.

In
ou

r
case,

th
ose

variab
les

are
th

e
on

es
th

at
are

con
d
ition

ally
in

d
ep

en
d
en

t
of
T

given
S

.
T

h
e

id
ea

is
to

q
u
ick

ly
red

u
ce

th
e

n
u
m

b
er

of
can

d
id

ate
variab

les
R

,
w

h
ile

keep
in

g
m

an
y

(p
ossib

ly
)

relevan
t

variab
les

in
it.

T
h
e

forw
ard

p
h
ase

term
in

ates
if

n
o

m
ore

variab
les

can
b

e
selected

,
eith

er
b

ecau
se

th
ere

is
n
o

in
form

ative
variab

le
or
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u
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w
e
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u
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F
B

E
D
K

an
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S
w

ith
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eir
b
ack

w
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p
h
ase
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e
ex
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h
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B
E
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K
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B
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e

b
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p
h
ase
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rova
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th
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an
d

b
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p
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th
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t

th
e

p
a
p

er.
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K
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C

w
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d
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b
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con
d
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,
cov

-
erin

g
a
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e
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f
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m

on
ly
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valu
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w
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F

B
S

w
e
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p
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a
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1
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valu
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n
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con
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w
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m
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w
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ecu
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ca
lly,

fo
r

th
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≤
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p
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e
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p
u
tation

al
overh

ea
d
,

as
th

e
forw

ard
p
h
a
ses

h
ave

a
lread

y
b

een
com

p
u
ted

an
d

on
ly

th
e

b
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b
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b
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p
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w
e

u
sed

elastic
n
et

reg
u
la

rized
lo

g
istic

regression
(Z

ou
an

d
H

astie,
20

05),
u
sin

g
λ
m
a
x

=
100

a
n
d

th
e

m
ix

tu
re

p
a
ra

m
eter

α
set

to{
0,0.25,0

.5
,0
.75,1}

(α
=
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rem
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p
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p
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d
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e
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d
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d
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u
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e
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w
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tion
of

th
e

m
o
d
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d
p
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ation
p
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p
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d
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rem
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y
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er-p
aram

eter
con

fi
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b
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d
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p
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b
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d
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b
er

of
rep

etition
s

w
as

set
to

10,
a
n
d

to
50

for
th

e
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p
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b
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p
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b
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u
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p
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h
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e
su

ffi
ci
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t

st
at

is
ti
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l

p
ow

er
to

p
ic

k
u
p

w
ea

k
si

gn
al

s.
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w
ou

ld
b

e
in

te
re

st
in

g
to

st
u
d
y

th
is

eff
ec

t
in

m
or

e
d
ep
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,

b
u
t
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is
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of
th
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o
p
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of
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ap

er
.
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-F
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a
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d
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B
E

D
K
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o
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si
m
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a
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y
w

h
en

th
e

n
u

m
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r
o
f
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a
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es
to

se
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is

th
e

sa
m

e.

4
.6
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S

im
u

la
ti

o
n

S
tu

d
y

o
n

th
e

M
u

lt
ip

le
T

e
st

in
g

P
ro

b
le

m

T
h
e

id
ea

of
ea

rl
y

d
ro

p
p
in

g
of

va
ri

ab
le

s
u
se

d
b
y

F
B

E
D
K

d
o
es

n
ot

on
ly

re
d
u
ce

th
e

ru
n
n
in

g
ti

m
e,

b
u
t

al
so

re
d
u
ce

s
th

e
p
ro

b
le

m
of

m
u
lt

ip
le

te
st

in
g,

in
so

m
e

se
n
se

.
S
p

ec
ifi

ca
ll
y,

it
re

d
u
ce

s
th

e
n
u
m

b
er

of
va

ri
ab

le
s

fa
ls

el
y

se
le

ct
ed

d
u
e

to
ty

p
e

I
er

ro
rs

.
In

ge
n
er

al
,

th
e

n
u
m

b
er

o
f

fa
ls

e
se

le
ct

io
n
s

is
re

la
te

d
to

th
e

to
ta

l
n
u
m

b
er

of
va

ri
ab

le
s

co
n
si

d
er

ed
in

al
l

fo
rw

a
rd

it
er

a
ti

o
n
s.

T
h
u
s,

th
e

eff
ec

t
h
ig

h
ly

d
ep

en
d
s

on
th

e
va

lu
e

of
K

u
se

d
b
y

F
B

E
D
K

,
w

it
h

h
ig

h
er

va
lu

es
o
f

K
le

ad
in

g
to

m
or

e
fa

ls
e

se
le

ct
io

n
s.

W
e

sh
ow

th
is

fo
r

F
B

E
D

0
b
y

co
n
si

d
er

in
g

a
si

m
p
le

sc
en

a
ri

o
,

w
h
er

e
n
on

e
of

th
e

ca
n
d
id

at
e

va
ri

ab
le

s
ar

e
p
re

d
ic

ti
ve

fo
r

th
e

ou
tc

om
e.

T
h
en

,
in

th
e

w
o
rs

t
ca

se
,

F
B

E
D

0
w

il
l

se
le

ct
ab

ou
t
α
·p

of
th

e
va

ri
ab

le
s

on
av

er
ag

e
(w

h
er

e
α

is
th

e
si

g
n
ifi

ca
n
ce

le
ve

l)
,

si
n
ce

al
l

ot
h
er

va
ri

ab
le

s
w

il
l

b
e

d
ro

p
p

ed
in

th
e

fi
rs

t
it

er
at

io
n
.

T
h
is

st
em

s
fr

o
m

th
e

fa
ct

th
at

,
u
n
d
er

th
e

n
u
ll

h
y
p

ot
h
es

is
of

co
n
d
it

io
n
al

in
d
ep

en
d
en

ce
,

th
e

p
-v

al
u
es

a
re

u
n
if

o
rm

ly
d
is

tr
ib

u
te

d
.

In
p
ra

ct
ic

e,
th

e
n
u
m

b
er

of
se

le
ct

ed
va

ri
ab

le
s

w
il
l

b
e

ev
en

lo
w

er
,

a
s

F
B

E
D

0
w

il
l

ke
ep

d
ro

p
p
in

g
va

ri
ab

le
s

af
te

r
ea

ch
va

ri
ab

le
in

cl
u
si

on
.

O
n

th
e

ot
h
er

h
an

d
,

F
B

S
m

ay
se

le
ct

a
m

u
ch

la
rg

er
n
u
m

b
er

of
va

ri
ab

le
s,

si
n
ce

ea
ch

va
ri

ab
le

is
gi

ve
n

th
e

ch
an

ce
to

b
e

in
cl

u
d
ed

in
th

e
ou

tp
u
t

at
ea

ch
it

er
at

io
n

an
d

w
il
l

of
te

n
d
o

so
,

si
m

p
ly

b
y

ch
an

ce
.

W
e

p
er

fo
rm

ed
a

sm
al

l
si

m
u
la

ti
on

to
in

ve
st

ig
at

e
th

e
b

eh
av

io
r

of
F

B
E

D
0
,
F

B
E

D
1
,
F

B
E

D
∞

an
d

h
ow

th
ey

co
m

p
ar

e
to

F
B

S
.

W
e

ge
n
er

at
ed

50
0

n
or

m
al

ly
d
is

tr
ib

u
te

d
d
a
ta

se
ts

w
it

h
1
0
0
0

sa
m

p
le

s
ea

ch
,

a
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
ra

n
d
om

b
in

ar
y

ou
tc

om
e,

an
d

co
n
si

d
er

ed
d
iff

er
en

t
va

ri
ab

le
si

ze
s
p
∈
{1

00
,2

00
,3

00
,4

00
,5

00
}

an
d

5
si

gn
ifi

ca
n
ce

le
ve

ls
α

u
n
if

or
m

ly
sp

a
ce

d
in

[0
.0

1,
0.

1]
.

A
ll

va
ri

ab
le

s
ar

e
ge

n
er

at
ed

ra
n
d
om

ly
,

an
d

th
er

e
is

n
o

d
ep

en
d
en

cy
b

et
w

ee
n

a
n
y

of
th

em
.

T
h
u
s,

a
fa

ls
e

p
os

it
iv

e
ra

te
of

ab
ou

t
α

is
ex

p
ec

te
d
,

if
n
o

ad
ju

st
m

en
t

is
d
o
n
e

to
co

n
tr

ol
th

e
fa

ls
e

d
is

co
ve

ry
ra

te
.

F
or

ea
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se
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in
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w
e
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m

p
u
te

d
th
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ra
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o
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fa
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o
si
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s
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it
h
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t
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e
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p
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d

n
u
m

b
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es
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h
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F
ig

u
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6
:

T
h
e

fi
gu

res
sh

ow
th

e
relative

n
u
m

b
er

of
false

selection
s

b
y

each
algorith

m
on

ra
n
d
o
m

ly
g
en

erated
d
ata.

T
h
e

ex
p

ected
n
u
m

b
er

of
false

selection
s

is
α
·
p
,

w
h
ere

α
is

th
e

sig
n
ifi

ca
n
ce

level
an

d
p

th
e

n
u
m

b
er

of
variab

les.
T

h
e

n
u
m

b
ers

are
com

p
u
ted

as
th

e
ratio

b
etw

een
th

e
average

n
u
m

b
er

of
selected

variab
les

to
th

e
ex

p
ected

false
p

ositiv
es.

F
B

E
D

0

a
n
d

F
B

E
D

1
ty

p
ically

select
few

er
variab

les
th

an
ex

p
ected

,
an

d
th

eir
b

eh
av

io
r

im
p
roves

w
ith

in
crea

sin
g
α

a
n
d
p
.

F
B

E
D
∞

an
d

F
B

S
on

th
e

oth
er

h
an

d
select

m
ore

fa
lse

p
ositive

variab
les,

g
ettin

g
w

o
rse

w
ith

larger
valu

es
of
α

or
on

d
atasets

w
ith

m
ore

variab
les.

o
f

va
ria

b
les.

In
all

cases,
F

B
E

D
0

an
d

F
B

E
D

1
select

few
er

false
p

ositives
th

an
ex

p
ected

,
a
n
d

th
eir

b
eh

av
ior

im
p
roves

b
oth

w
ith

in
creasin

g
α

an
d

n
u
m

b
er

of
variab

les.
F

B
E

D
∞

an
d

F
B

S
p

erform
a
lm

ost
id

en
tically,

an
d

ten
d

to
select

m
ore

variab
les.

W
e

also
o
b
serve

th
a
t

th
e

n
u
m

b
er

o
f

fa
lse

p
ositives

in
creases

b
oth

w
ith

α
an

d
w

ith
th

e
n
u
m

b
er

of
va

riab
les.

T
h
u
s,

in
ca

se
o
n

e
is

in
terested

to
lim

it
th

e
n

u
m

ber
o
f

fa
lse

selectio
n

,
w

e
reco

m
m

en
d

ru
n

n
in

g
F

B
E

D
K

w
ith

a
sm

a
ll

va
lu

e
o
f
K

.

5
.
C
o
n
clu

sio
n

W
e

p
resen

ted
th

e
early

d
rop

p
in

g
h
eu

ristic
to

sp
eed

-u
p

th
e

forw
ard

-b
ack

w
ard

featu
re

selec-
tio

n
alg

o
rith

m
,

w
h
ich

gives
rise

to
a

fam
ily

of
algorith

m
s,

called
forw

ard
-b

ack
w

ard
selection

w
ith

ea
rly

d
rop

p
in

g
(F

B
E

D
K

).
E

arly
d
rop

p
in

g
is

a
sim

p
le

h
eu

ristic
th

at
lead

s
to

ord
ers

o
f

m
a
g
n
itu

d
e

sp
eed

-u
p
,

esp
ecially

in
h
igh

-d
im

en
sion

al
d
atasets,

w
h
ile

still
m

ain
tain

in
g

th
e
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B
o
r
b
o
u
d
a
k
is

a
n
d

T
sa

m
a
r
d
in
o
s

th
eoretical

gu
aran

tees
of

forw
ard

-b
ack

w
ard

selection
.

W
e

p
rove

th
at

F
B

E
D

1
an

d
F

B
E

D
∞

id
en

tify
th

e
op

tim
al

solu
tion

(M
arkov

b
lan

ket)
if

th
e

d
istrib

u
tion

of
th

e
d
ata

ca
n

b
e

faith
-

fu
lly

rep
resen

ted
b
y

a
B

ay
esian

n
etw

ork
or

m
ax

im
al

an
cestral

grap
h

resp
ectively,

sim
ilar

to
th

e
stan

d
ard

forw
ard

-b
ack

w
ard

selection
(F

B
S
).

A
u
sefu

l
p
rop

erty
of

F
B

E
D
K

is
th

at
it

is
a

gen
eral

algorith
m

th
a
t

can
b

e
ad

ap
ted

to
h
an

-
d
le

d
iff

eren
t

variab
le

ty
p

es
(for

ex
am

p
le,

con
tin

u
ou

s,
categorical,

ord
in

al),
cross-section

al
an

d
tim

e-cou
rse

d
ata,

lin
ear

an
d

n
on

-lin
ear

d
ep

en
d
en

cies,
as

w
ell

as
d
iff

eren
t

a
n
aly

sis
task

s
(for

ex
am

p
le,

regression
,

classifi
cation

,
su

rv
ival

an
aly

sis)
b
y

u
sin

g
an

ap
p
ro

p
riate

con
d
i-

tion
al

in
d
ep

en
d
en

ce
test.

In
con

trast,
algorith

m
s

like
L

A
S
S
O

(T
ib

sh
iran

i,
1996),

alth
ou

g
h

b
ein

g
com

p
u
tation

ally
fast

an
d

p
erform

in
g

w
ell

in
term

s
of

p
red
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d
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p
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d
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d
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p
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b
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b
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p
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p
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d
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p
erform

ab
ou

t
eq

u
ally

w
ell,

w
h
en

lim
ited

to
select

th
e

sam
e

n
u
m

b
er

of
variab

les.
T

h
is,

com
b
in

ed
w

ith
th

e
fact

th
at

F
B

E
D
K

is
m

ore
gen

eral,
m

akes
it

an
attractive

altern
ative

to
L

A
S
S
O

,
esp

ecially
for

p
rob

lem
s

w
h
ere

n
o

effi
cien

t
solu

tion
to

th
e

L
A

S
S
O

p
rob

lem
ex

ists.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

w
ou

ld
like

to
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.
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p
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p
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d
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c
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b
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p
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h
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con
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p
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n
t

of
Y

an
d
Y

a
ch

ild
of
X

.
A

vertex
W

is
a

sp
o
u

se
of
X

,
if

b
o
th

sh
are

a
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c
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p
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e
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P
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d
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n
d
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m
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ts
P

of
an

y
v
er

te
x
D

in
so

m
e

d
is

tr
ic

t
(T
∗
→
··
·↔

D
←
P

).
A

s
th

e
p
re

v
io

u
s

ca
se

s
ca

p
tu

re
ex

ac
tl

y
al

l
p

os
si

b
il
it

ie
s

of
n
o
d
es

re
ac

h
ab

le
fr

om
T

th
ro

u
gh

a
co

ll
id

er
p
a
th

,
D

efi
n
it

io
n

1
d
o
es

n
ot

in
cl

u
d
e

an
y

ad
d
it

io
n
al

va
ri

a
b
le

s
th

at
ar

e
n
ot

in
th

e
M

a
rk

ov
b
la

n
ke

t
of
T

.

A
p
p
e
n
d
ix

B
.
P
ro

o
fs

W
e

p
ro

ce
ed

b
y

li
st

in
g

so
m

e
ax

io
m

s
ab

ou
t

co
n
d
it

io
n
al

in
d
ep

en
d
en

ce
(P

ea
rl

,
2
0
0
0
),

ca
ll
ed

se
m

i-
g
ra

p
h

o
id

ax
io

m
s,

w
h
ic

h
w

il
l

b
e

u
se

fu
l

la
te

r
on

.
T

h
os

e
ax

io
m

s
ar

e
g
en

er
a
l,

a
s

th
ey

h
ol

d
fo

r
an

y
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
.

F
or

al
l

of
th

e
p
ro

of
s

w
e

as
su

m
e

th
at

th
e

a
lg

o
ri

th
m

s
h
av

e
ac

ce
ss

to
an

in
d

e
p

e
n

d
e
n

c
e

o
ra

c
le

th
at

ca
n

p
er

fe
ct

ly
d
et

er
m

in
e

w
h
et

h
er

a
g
iv

en
co

n
d
it

io
n
al

d
ep

en
d
en

ce
or

in
d
ep

en
d
en

ce
h
ol

d
s.

F
u
rt

h
er

m
or

e,
in

al
l

p
ro

of
s

w
e

w
il
l

u
se

th
e

te
rm

s
d
-c

on
n
ec

te
d
/m

-c
on

n
ec

te
d

(d
-s

ep
ar

at
ed

/m
-s

ep
ar

at
ed

)
an

d
d
ep

en
d
en

t
(i

n
d
ep

en
d
en

t)
in

te
rc

h
an

ge
ab

ly
;

th
is

is
p

os
si

b
le

d
u
e

to
th

e
fa

it
h
fu

ln
es

s
as

su
m

p
ti

on
.

S
y
m

m
e
tr

y
(X
⊥

Y
|Z

)
⇒

(Y
⊥

X
|Z

)
D

e
c
o
m

p
o
si

ti
o
n

(X
⊥

Y
∪

W
|Z

)
⇒

(X
⊥

Y
|Z

)
∧

(X
⊥

W
|Z

)
W

e
a
k

U
n

io
n

(X
⊥

Y
∪

W
|Z

)
⇒

(X
⊥

Y
|Z
∪

W
)

C
o
n
tr

a
c
ti

o
n

(X
⊥

Y
|Z

)
∧

(X
⊥

W
|Y
∪

Z
)
⇒

(X
⊥

Y
∪

W
|Z

)

U
si

n
g

th
os

e
ax

io
m

s
w

e
p
ro

ve
th

e
fo

ll
ow

in
g

le
m

m
a.

L
e
m

m
a

7
L

et
A

,
T

be
va

ri
a
bl

es
a
n

d
B

,
C

se
ts

o
f

va
ri

a
bl

es
.

T
h
en

(T
⊥
A
|B
∪

C
)
∧

(T
⊥
B
|C

)
⇒

(T
⊥
A
|C

)
h
o
ld

s
fo

r
a
n

y
su

ch
va

ri
a
bl

es
.

P
ro

o
f

(T
⊥
A
|B
∪

C
)
∧

(T
⊥

B
|C

)
⇒

(C
o
n
tr

a
c
ti

o
n

)

(T
⊥
A
∪

B
|C

)
⇒

(D
e
c
o
m

p
o
si

ti
o
n

)

(T
⊥
A
|C

)
∧

(T
⊥

B
|C

)

T
h
e

fo
ll
ow

in
g

le
m

m
a

w
il
l

b
e

u
se

fu
l

fo
r

p
ro

v
in

g
so

m
e

of
th

e
th

eo
re

m
s.

L
e
m

m
a

8
L

et
S

be
a

se
t

o
f

va
ri

a
bl

es
se

le
ct

ed
fo

r
so

m
e

ta
rg

et
T

a
n

d
R

=
V
\S

.
A

ss
u

m
e

th
a
t
∀V

r
∈

R
(T
⊥
V
r
|

S
)

h
o
ld

s.
T

h
en

,
if
∃V

s
∈

S
su

ch
th

a
t

(T
⊥
V
s
|

S
\
V
s
)

h
o
ld

s,
∀V

r
∈

R
(T
⊥
V
r
|S
\V

s
)

a
ls

o
h
o
ld

s.

P
ro

o
f

W
e

ar
e

gi
ve

n
th

at
∀V

r
∈

R
(T
⊥
V
r
|S

)
h
ol

d
s.

B
y

ap
p
ly

in
g

L
em

m
a

7
to

ea
ch

va
ri

a
b
le

in
V
r
∈

R
w

it
h
A

=
V
r
,

B
=
{V

s
}

an
d

C
=

S
\V

s
,

w
e

ge
t

th
at

(T
⊥
V
r
|V

s
∪

(S
\V

s
))
∧

(T
⊥
V
s
|S
\V

s
)
⇒

(T
⊥
V
r
|S
\V

s
)

h
ol

d
s

fo
r

an
y

su
ch

V
r
,

w
h
ic

h
co

n
cl

u
d
es

th
e

p
ro

o
f.

3
0
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L

R
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8)
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F
o
r
w
a
r
d
-B

a
c
k
w
a
r
d

S
e
l
e
c
t
io
n
w
it
h
E
a
r
ly

D
r
o
p
p
in
g

T
o

p
u
t

it
sim

p
le,

L
em

m
a

8
states

th
at

if
w

e
rem

ove
an

y
variab

le
V
s

from
a

set
of

selected
varia

b
les

S
b
y

con
d
ition

in
g

on
S
\
V
s ,

n
o

variab
le

th
at

is
n
ot

in
S

b
ecom

es
con

d
i-

tio
n
ally

d
ep

en
d
en

t
w

ith
T

given
S\

V
s .

In
p
ractice

th
is

m
ean

s
th

at
rem

ov
in

g
varia

b
les

u
sin

g
b
a
ck

w
a
rd

selection
from

a
set

of
variab

les
selected

b
y

forw
ard

selection
w

ill
n
ot

create
an

y
a
d
d
itio

n
a
l
co

n
d
ition

al
d
ep

en
d
en

cies,
m

ea
n
in

g
th

at
w

e
d
o

n
ot

h
av

e
to

recon
sid

er
th

em
ag

ain
.

P
ro

o
f

o
f

C
o
ro

lla
ry

3
P

ro
o
f

T
o

sh
ow

th
at

S
is

m
in

im
al,

w
e

h
av

e
to

sh
ow

th
e

follow
in

g

i
∀
V
s ∈

S
(T6⊥

V
s |

S
\
V
s )

(N
o

va
ria

ble
ca

n
be

rem
o
ved

)

ii
∀
V
r ∈

V
D
\

S
,(T⊥

V
r |

S
)

(N
o

va
ria

ble
ca

n
be

a
d
d
ed

)

P
ro

o
f

o
f

(i):
T

h
is

h
old

s
triv

ially,
as

b
ack

w
ard

selection
rem

ov
es

an
y

variab
le
V
s
∈

S
if

(T⊥
V
s |

S
\
V
s )

h
old

s.
P

ro
o
f

o
f

(ii):
W

e
k
n
ow

th
at

after
th

e
term

in
ation

of
forw

ard
selection

,
n
o

variab
le

can
b

e
a
d
d
ed

,
th

a
t

is,∀
V
r ∈

R
(T⊥

V
r |

S
)

h
old

s.
G

iven
th

at,
L

em
m

a
8

can
b

e
rep

eated
ly

ap
p
lied

a
fter

ea
ch

va
ria

b
le

rem
oval

b
y

b
ack

w
ard

selection
,

an
d

th
u
s

n
o

variab
le

in
R

can
b

e
ad

d
ed

to
S

.

P
ro

o
f

o
f

C
o
ro

lla
ry

4
P

ro
o
f

A
s

is
th

e
case

w
ith

F
B

S
,

th
e

forw
ard

selection
p
h
ase

of
F

B
E

D
∞

stop
s

if
n
o

m
ore

va
ria

b
les

ca
n

b
e

in
clu

d
ed

.
U

sin
g

th
is

fact,
th

e
p
ro

of
is

id
en

tical
to

th
e

on
e

of
T

h
eorem

3.

P
ro

o
f

o
f

T
h

e
o
re

m
5

P
ro

o
f

In
th

e
fi
rst

ru
n

of
F

B
E

D
1,

all
variab

les
th

at
are

ad
jacen

t
to
T

(th
at

is,
its

p
aren

ts
a
n
d

ch
ild

ren
)

w
ill

b
e

selected
,

as
n
on

e
of

th
em

can
b

e
d
-sep

a
rated

from
T

b
y

an
y

set
of

va
ria

b
les.

In
th

e
n
ex

t
ru

n
,

all
variab

les
con

n
ected

th
rou

gh
a

collid
er

p
ath

of
len

gth
2

(th
at

is,
th

e
sp

o
u
ses

of
T

)
w

ill
b

ecom
e

d
-con

n
ected

w
ith

T
,

sin
ce

th
e

algorith
m

con
d
ition

s
on

all
selected

va
ria

b
les

(in
clu

d
in

g
its

ch
ild

ren
),

an
d

th
u
s

w
ill

b
e

selected
.

T
h
e

resu
ltin

g
set

of
va

ria
b
les

in
clu

d
es

th
e

M
ark

ov
b
lan

ket
of
T

,
b
u
t

m
ay

also
in

clu
d
e

ad
d
ition

al
varia

b
les.

N
ex

t
w

e
sh

ow
th

a
t

a
ll

ad
d
ition

al
variab

les
w

ill
b

e
rem

oved
b
y

th
e

b
ack

w
ard

selection
p
h
ase.

L
et

M
B

(T
)

b
e

th
e

M
arkov

b
lan

ket
of
T

an
d

S
in

d
=

S\M
B

(T
)

b
e

all
selected

variab
les

n
ot

in
th

e
M

a
rkov

b
la

n
k
et

of
T

.
B

y
d
efi

n
ition

,
(T⊥

X
|
M
B

(T
))

h
old

s
for

an
y

set
of

variab
les

X
n
ot

in
M

B
(T

),
an

d
th

u
s

also
for

variab
les

S
in

d
.

B
y

ap
p
ly

in
g

th
e

w
eak

u
n
ion

grap
h
oid

ax
iom

,
o
n
e

ca
n

in
fer

th
at∀

S
i ∈

S
in

d
,(T⊥

S
i |

M
B

(T
)∪

S
in

d
\
S
i )

h
old

s,
an

d
th

u
s

som
e

variab
le

S
j

w
ill

b
e

rem
ov

ed
in

th
e

fi
rst

iteration
.

U
sin

g
th

e
sam

e
rea

son
in

g
an

d
th

e
d
efi

n
ition

of
a

M
a
rkov

b
la

n
ket,

it
can

b
e

sh
ow

n
th

at
all

varia
b
les

in
S
in

d
w

ill
b

e
rem

oved
from

M
B

(T
)

at
so

m
e

itera
tio

n
.

T
o

con
clu

d
e,

it
su

ffi
ces

to
u
se

th
e

fact
th

at
va

riab
les

in
M

B
(T

)
w

ill
n
ot

b
e

rem
oved

b
y

th
e

b
ack

w
ard

selection
,

as
th

ey
are

n
ot

con
d
ition

ally
in

d
ep

en
d
en

t
of
T

g
iven

th
e

rem
a
in

in
g

variab
les

in
M

B
(T

).

P
ro

o
f

o
f

T
h

e
o
re

m
6

P
ro

o
f

In
th

e
fi
rst

ru
n

of
F

B
E

D
∞

,
all

variab
les

th
at

are
ad

jacen
t

to
T

(th
at

is,
its

p
aren

ts,
ch

ild
ren

a
n
d

va
riab

les
con

n
ected

w
ith

T
b
y

a
b
i-d

irected
ed

ge)
w

ill
b

e
selected

,
as

n
on

e
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B
o
r
b
o
u
d
a
k
is

a
n
d

T
sa

m
a
r
d
in
o
s

of
th

em
can

b
e

m
-sep

arated
from

T
b
y

an
y

set
of

variab
les.

A
fter

each
ru

n
ad

d
ition

al
variab

les
m

ay
b

ecom
e

ad
m

issib
le

for
selection

.
S
p

ecifi
cally,

after
k

ru
n
s

all
variab

les
th

at
are

con
n
ected

w
ith

T
b
y

a
collid

er
p
ath

o
f

len
gth

k
w

ill
b

ecom
e

m
-co

n
n
ected

w
ith

T
,

an
d

th
u
s

w
ill

b
e

selected
;

w
e

p
rove

th
is

n
ex

t.
A

ssu
m

e
th

a
t

after
k

ru
n
s

all
variab

les
con

n
ected

w
ith

T
b
y

a
collid

er
p
ath

of
len

gth
at

m
ost

k
−

1
h
ave

b
een

selected
.

B
y

con
d
ition

in
g

on
all

selected
variab

les,
all

variab
les

th
at

are
in

to
som

e
selected

variab
le

con
n
ected

w
ith

T
b
y

a
collid

er
p
ath

w
ill

b
ecom

e
m

-con
n
ected

w
ith

T
.

T
h
is

is
tru

e
b

ecau
se

con
d
ition

in
g

on
a

variab
le
Y

in
a

collid
er〈X

,Y
,Z〉

m
-co

n
n
ects

X
an

d
Z

.
B

y
ap

p
ly

in
g

th
is

on
each

variab
le

on
som

e
collid

er
p
ath

,
it

is
easy

to
see

th
at

its
en

d
-p

oin
ts

b
ecom

e
m

-con
n
ected

.
F

in
ally,

a
fter

ap
p
ly

in
g

th
e

b
ack

w
ard

selection
p
h
ase,

all
variab

les
th

at
are

n
ot

in
th

e
M

arkov
b
lan

ket
of

T
w

ill
b

e
rem

oved
;

th
e

p
ro

of
is

id
en

tical
to

th
e

on
e

u
sed

in
th

e
p
ro

of
of

T
h
eorem

5
an

d
th

u
s

w
ill

b
e

om
itted

.

A
p
p
e
n
d
ix

C
.
B
o
o
tstra

p
T
e
st

F
o
r
C
o
m
p
a
rin

g
A
lg
o
rith

m
s

W
e

u
sed

b
o
otstrap

p
in

g
to

com
p
u
te

th
e

p
rob

ab
ility

th
at

algorith
m
A
i

is
b

etter/w
orse

or
eq

u
al

th
an

all
oth

ers
in

term
s

of
som

e
m

easu
re

of
in

terest
f

(for
ex

am
p
le,

A
U

C
),

th
at

is
P

(∧
j6=
i f

(A
i )≥

f
(A

j )).
T

h
e

p
ro

ced
u
re

is
d
escrib

ed
n
ex

t.
L

et
f
i,k

d
en

o
te

th
e

m
easu

re
of

in
terest

of
algorith

m
i

on
test

set
k
.

W
e

resam
p
le

w
ith

rep
lacem

en
t
B

=
100000

tim
es

th
e

test
sets

an
d

com
p
u
te
f

,
d
en

oted
as
f
i,k
,b

fo
r

th
e

b
-th

sam
p
le

of
a
lgorith

m
i

an
d

test
set

k
.

T
h
en

,
f
i,k
,b

are
averaged

over
test

sets,
ob

tain
in

g
f̂
i,b .

T
h
e

p
ro

b
ab

ility
P

(∧
j6=
i f

(A
i )≥

f
(A

j ))
is

th
en

com
p
u
ted

as
1/B

∑
b
I
(f̂
i,b ≥

m
a
x
j
f̂
j,b ),

w
h
ere

I
is

th
e

in
d
icator

fu
n
ction

.

A
p
p
e
n
d
ix

D
.
R
u
n
n
in
g
T
im

e
s
o
f
F
B
E
D
K
,
F
B
S
,
M

M
P
C

a
n
d
L
A
S
S
O

T
ab

le
4

sh
ow

s
th

e
ru

n
n
in

g
tim

e
of

each
featu

re
selection

a
lgorith

m
an

d
co

n
fi
gu

ration
,

o
n

all
d
atasets.

T
h
e

valu
es

corresp
on

d
to

a
sin

gle
ru

n
on

th
e

com
p
lete

d
ataset.

A
ll

ru
n
s

w
ere

p
erform

ed
on

a
sin

gle
m

ach
in

e,
an

d
n
o

ru
n
s

w
ere

p
erform

ed
sim

u
ltan

eou
sly.

F
or

F
B

E
D
K

w
e

on
ly

sh
ow

ru
n
n
in

g
tim

es
for

K
∈
{
0,1

,3
,∞
}
,

an
d

for
L

A
S
S
O

-F
S

w
e

sh
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an
d
s 0

re
sp

ec
ti

ve
ly

d
en

ot
e

th
e

le
n
gt

h
of

th
e

h
or

iz
on

,
n
u
m

b
er

o
f

th
e

fe
at

u
re

s,
a
n
d

sp
a
rs

it
y

(i
.e

.,
n
u
m

b
er

of
n
o
n
-z

er
o

el
em

en
ts

of
θ 0

).
W

e
sh

ow
th

at
ou

r
re

su
lt

s
ar

e
n
ea

rl
y

o
p
ti

m
a
l

a
n
d

n
o

p
ol

ic
y

ca
n

ob
ta

in
re

gr
et

b
et

te
r

th
an

O
( s

0
(l

og
d

+
lo

g
T

))
.

In
th

e
R

M
L

P
p

ol
ic

y
it

is
as

su
m

ed
th

at
th

e
n
oi

se
d
is

tr
ib

u
ti

on
(d

is
tr

ib
u
ti

o
n

o
f

te
rm

z
in

va
lu

at
io

n
m

o
d
el

(1
))

is
k
n
ow

n
to

th
e

se
ll
er

.
W

e
al

so
co

n
si

d
er

th
e

se
tt

in
g

th
a
t

th
e

n
o
is

e
d
is

tr
ib

u
ti

on
is

u
n
k
n
ow

n
b
u
t

b
el

on
gs

to
a

p
ar

am
et

ri
ze

d
fa

m
il
y

of
d
is

tr
ib

u
ti

o
n
s.

W
e

p
ro

p
o
se

R
M

L
P

-2
p

ol
ic

y
fo

r
su

ch
se

tt
in

g
an

d
p
ro

ve
th

at
it

ac
h
ie

ve
s

a
re

gr
et

of
O

(√
(l

o
g
d
)T

).
W

e
fu

rt
h
er

h
ow

th
at

n
o

p
ol

ic
y

ca
n

ge
t

re
gr

et
b

et
te

r
th

an
Ω

(√
T

)
in

th
is

se
tt

in
g.

2
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D
y
n
a
m
ic

P
r
ic
in
g

in
H
ig
h
-d

im
e
n
sio

n
s

W
e

p
o
in

t
o
u
t

th
at

ou
r

resu
lts

can
b

e
ap

p
lied

to
ap

p
lication

s
w

h
ere

th
e

featu
res

d
i-

m
en

sio
n

is
la

rg
er

th
an

th
e

tim
e

h
orizon

of
in

terest.
A

p
ow

erfu
l

p
ricin

g
p

olicy
fo

r
th

ese
a
p
p
lica

tio
n
s

sh
ou

ld
ob

tain
regret

th
at

scales
gra

cefu
lly

w
ith

th
e

d
im

en
sion

.
N

ote
th

at
in

g
en

era
l,

little
can

b
e

learn
ed

ab
ou

t
th

e
m

o
d
el

p
aram

eters
θ

0
if
T
<
d
,

b
ecau

se
th

e
n
u
m

b
er

o
f

d
eg

rees
o
f

freed
om

d
ex

ceed
s

th
e

n
u
m

b
er

of
ob

servation
s
T

,
an

d
th

erefo
re,

an
y

estim
a
tor

ca
n

b
e

a
rb

itrary
erron

eou
s.

H
ow

ev
er,

w
h
en

th
ere

is
p
rior

k
n
ow

led
ge

ab
ou

t
th

e
stru

ctu
re

of
u
n
k
n
ow

n
p
a
ra

m
eter

θ
0 ,

(e.g.,
sp

arsity
),

th
en

accu
rate

estim
ation

s
are

attain
ab

le
even

w
h
en

T
<
d
.

1
.1

.
O

rg
a
n

iz
a
tio

n
a
n

d
C

o
n
trib

u
tio

n
s

In
th

e
rem

a
in

in
g

p
art

of
th

e
in

tro
d
u
ction

,
w

e
d
iscu

ss
h
ow

ou
r

w
ork

is
p

osition
ed

w
ith

resp
ect

to
th

e
litera

tu
re

on
d
y
n
am

ic
p
ricin

g
an

d
h
igh

-d
im

en
sion

al
statistics.

T
h
e

rest
of

th
e

p
ap

er
p
resen

ts
th

e
fo

llow
in

g
con

trib
u
tion

s:

•
S
ection

2
.

W
e

form
ally

p
resen

t
ou

r
m

o
d
el

an
d

d
iscu

ss
th

e
tech

n
ical

assu
m

p
tion

s
an

d
th

e
b

en
ch

m
ark

p
olicy.

•
S
ection

3.
W

e
p
resen

t
th

e
R

M
L

P
p

olicy
th

at
u
ses

a
regu

larized
m

ax
im

u
m

likelih
o
o
d

fu
n
ctio

n
to

estim
ate

th
e

p
aram

eters
of

th
e

ch
oice

m
o
d
el

an
d

su
b
seq

u
en

tly
sets

th
e

b
est

p
rices

b
ased

on
th

e
ob

tain
ed

estim
ates.

T
h
e

R
M

L
P

p
olicy

assu
m

es
th

at
th

e
m

a
rket

n
oise

d
istrib

u
tion

is
k
n
ow

n
an

d
form

s
th

e
log-likelih

o
o
d

fu
n
ction

b
ased

on
th

is
k
n
ow

led
ge.

•
S
ection

4
.

W
e

an
aly

ze
th

e
regret

of
th

e
R

M
L

P
p

olicy
w

ith
resp

ect
to

a
clairvoyan

t
w

h
o

k
n
ow

s
th

e
p
aram

eters
of

th
e

ch
oice

m
o
d
el

in
ad

van
ce.

W
e

sh
ow

th
at

it
ach

ieves
a

reg
ret

o
f
O

(s
0

log
d·log

T
).

•
S
ectio

n
5.

W
e

p
rov

id
e

a
low

er
b

ou
n
d

on
th

e
regret

of
an

y
p

olicy
th

at
d
o
es

n
ot

k
n
ow

th
e

p
a
ra

m
eters

of
th

e
ch

oice
m

o
d
el

in
ad

van
ce.

N
am

ely,
w

e
sh

ow
th

at
n
o

p
olicy

can
o
b
ta

in
reg

ret
b

etter
th

an
O

(s
0 (log

d
+

log
T

)).

•
S
ectio

n
6
.

W
e

gen
eralize

th
e

R
M

L
P

p
olicy

to
n
on

-lin
ear

valu
ation

s
fu

n
ction

s
an

d
sh

ow
th

a
t,

sim
ilar

to
th

e
case

of
lin

ear
valu

ation
s,

it
ach

iev
es

a
regret

o
f
O

(s
0

log
d·log

T
).

•
S
ectio

n
7
.

W
e

con
sid

er
a

settin
g

w
h
ere

th
e

ex
act

u
n
d
erly

in
g

n
oise

d
istrib

u
tio

n
is

n
ot

k
n
ow

n
b
u
t

it
is

assu
m

ed
to

b
elon

g
to

a
k
n
ow

n
class

of
log-con

cave
d
istrib

u
tion

s.
W

e
p
ro

p
o
se

th
e

R
M

L
P

-2
p

olicy,
so-n

am
ed

,
for

th
is

settin
g

w
h
ose

regret
is
O

( √
(log

d
)T

).
W

e
a
lso

a
rgu

e
th

at
n
o

p
olicy

can
get

b
etter

th
an

O
( √
T

)
regret

in
th

is
settin

g.

•
S
ectio

n
8
.

W
e

p
rov

id
e

th
e

p
ro

ofs
of

ou
r

m
ain

th
eo

rem
s

an
d

resu
lts.

W
e

co
n
clu

d
e

o
u
r

w
ork

alon
g

w
ith

som
e

fu
tu

re
d
irection

s
in

S
ection

9.
P

ro
of

of
tech

n
ical

lem
m

a
s

a
re

d
eferred

to
th

e
ap

p
en

d
ices.

1
.2

.
R

e
la

te
d

W
o
rk

O
u
r

w
o
rk

co
n
trib

u
tes

to
th

e
literatu

re
on

d
y
n
am

ic
p
ricin

g
as

w
ell

as
h
igh

d
im

en
sion

al
sta

tistics.
In

th
e

follow
in

g,
w

e
b
riefl

y
overv

iew
th

e
w

ork
closest

to
ou

rs
in

th
ese

con
tex

ts.
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J
a
v
a
n
m
a
r
d

a
n
d

N
a
z
e
r
z
a
d
e
h

D
y
n

a
m

ic
p

ric
in

g
a
n

d
le

a
rn

in
g
.

T
h
e

literatu
re

on
d
y
n
am

ic
p
ricin

g
an

d
learn

in
g

h
as

b
een

grow
in

g
over

th
e

p
ast

few
years,

m
otivated

in
p
art

b
y

th
e

ad
van

ces
in

b
ig

d
ata

tech
n
ology

th
at

allow
fi
rm

s
to

easily
collect

an
d

u
tilize

in
form

ation
.

W
e

b
riefl

y
d
iscu

ss
som

e
of

th
e

recen
t

lin
es

of
research

in
th

is
literatu

re.
W

e
refer

to
d
en

B
o
er

(2015
)

for
an

ex
cellen

t
su

rvey
on

th
is

top
ic.

P
a
ra

m
etric

A
p
p
roa

ch
.

A
n
atu

ral
ap

p
roach

to
cap

tu
re

u
n
certain

ty
ab

ou
t

th
e

cu
sto

m
ers’

valu
ation

s
is

to
m

o
d
el

th
e

u
n
certain

ty
u
sin

g
a

sm
all

n
u
m

b
er

of
p
aram

eters,
an

d
th

en
esti-

m
ate

th
ose

p
aram

eters
u
sin

g
classicalstatistical

m
eth

o
d
s

su
ch

as
m

ax
im

u
m

likelih
o
o
d

(B
ro

d
er

an
d

R
u
sm

ev
ich

ien
ton

g,
2012;

d
en

B
o
er

an
d

Z
w

art,
201

3,
2014;

C
h
en

et
al.,

2015)
or

least
sq

u
are

estim
ation

(K
esk

in
,

2014;
B

asta
n
i

an
d

B
ayati,

2016).
O

u
r

w
ork

is
sim

ilar
to

th
is

lin
e

of
w

ork
,

in
th

at
w

e
assu

m
e

a
p
aram

etric
m

o
d
el

for
cu

stom
er’s

valu
ation

s
an

d
ap

p
ly

th
e

m
ax

im
u
m

likelih
o
o
d

m
eth

o
d

u
sin

g
th

e
ran

d
om

n
ess

of
th

e
id

iosy
n
cratic

n
oise

in
valu

ation
s.

H
ow

ever,
th

e
p
aram

eter
vector

θ
is

h
igh

-d
im

en
sion

a
l,

w
h
ose

d
im

en
sio

n
d

(th
at

can
even

ex
ceed

th
e

tim
e

h
orizon

of
in

terest
T

).
W

e
u
se

regu
la

rized
m

a
x
im

u
m

-likelih
o
o
d

in
ord

er
to

p
rom

ote
sp

arsity
stru

ctu
re

in
th

e
estim

ated
p
aram

eter.
F

u
rth

er,
ou

r
p
ricin

g
p

olicy
h
as

an
ep

iso
d
ic

th
em

e
w

h
ich

m
ak

es
th

e
p

osted
p
rices

p
t

in
each

ep
iso

d
e

in
d
ep

en
d
en

t
of

th
e

id
iosy

n
-

cratic
n
oise

in
valu

ation
s,
z
t ,

in
th

at
ep

iso
d
e.

T
h
is

is
in

co
n
trast

to
oth

er
p

olicies
b
ased

on
m

ax
im

u
m

-likelih
o
o
d
,

su
ch

as
M
L
E
-G

R
E
E
D
Y

(B
ro

d
er

an
d

R
u
sm

ev
ich

ien
ton

g,
2012),

or
greed

y
iterativ

e
least

sq
u
are

(G
IL

S
)

(K
esk

in
,

2014;
d
en

B
o
er

an
d

Z
w

art,
2014;

Q
ian

g
an

d
B

ayati,
2016)

th
at

u
se

th
e

en
tire

h
istory

of
ob

servatio
n
s

to
u
p

d
ate

th
e

estim
ate

for
th

e
m

o
d
el

p
aram

eters
at

each
step

.

B
a
yesia

n
A

p
p
roa

ch
.

O
n
e

of
th

e
earliest

w
ork

on
B

ay
esian

p
aram

etric
ap

p
roach

in
th

is
con

tex
t

is
b
y

(R
oth

sch
ild

,
1974)

w
h
o

con
sid

er
a

B
ayesian

fram
ew

ork
w

h
ere

th
e

fi
rm

can
ch

o
ose

from
tw

o
p
rices

w
ith

u
n
k
n
ow

n
d
em

an
d

an
d

sh
ow

th
at

(m
yop

ic)
B

ayesian
p

olicies
m

ay
lead

to
“in

com
p
lete

learn
in

g.”
H

ow
ever,

carefu
lly

d
esign

ed
variation

s
of

th
e

m
yop

ic
p

olicies
can

(op
tim

ally
)

learn
th

e
op

tim
al

p
rice

(H
arrison

et
al.,

2012);
see

also
K

eller
an

d
R

ad
y

(1999);
A

ram
an

an
d

C
ald

en
tey

(20
09).

N
o
n

-P
a
ra

m
etric

m
od

els.
A

n
early

w
ork

in
n
on

-p
aram

etric
settin

g
is

b
y

K
lein

b
erg

an
d

L
eigh

ton
(2003).

T
h
ey

m
o
d
el

th
e

d
y
n
am

ic
p
ricin

g
p
rob

lem
as

a
m

u
lti-a

rm
ed

b
an

d
it

(M
A

B
)

w
h
ere

each
arm

corresp
on

d
s

to
a

(d
iscretized

)
p

osted
p
rice.

T
h
ey

p
rop

ose
an

O
( √
T

)-
algorith

m
w

h
ere

T
is

th
e

len
gth

of
th

e
h
orizon

.
S
im

ilar
resu

lts
h
ave

b
een

ob
tain

ed
in

m
ore

gen
eral

settin
gs

(B
ad

an
id

iy
u
ru

et
al.,

2013
;

A
graw

al
an

d
D

evan
u
r,

2014)
in

clu
d
in

g
settin

g
w

ith
in

ven
tory

con
strain

ts
(B

esb
es

an
d

Z
eev

i,
2009;

B
ab

aioff
et

a
l.,

2
012;

W
an

g
et

al.,
2014).

F
ea

tu
re-ba

sed
M

od
els.

R
ecen

t
p
a
p

ers
on

d
y
n
am

ic
p
ricin

g
con

sid
er

m
o
d
els

w
ith

fea-
tu

res/covariates.
A

m
in

et
al.

(2014),
in

a
m

o
d
el

sim
ilar

to
ou

rs,
p
resen

t
an

algorith
m

th
at

ob
tain

s
regret

O
(T

2
/
3);

th
ey

also
stu

d
y

d
y
n
am

ic
in

cen
tive

com
p
atib

ility
in

rep
eated

a
u
c-

tion
s.

A
n
oth

er
closely

related
w

ork
to

ou
rs

is
b
y

C
oh

en
et

al.
(2016).

T
h
eir

m
o
d
el

d
iff

ers
from

ou
rs

in
tw

o
m

ain
asp

ects:
i)

th
eir

m
o
d
el

is
d
eterm

in
istic

(n
o

id
iosy

n
cratic

n
oise)

ii)
th

e
arrivals

(of
featu

res
v
ectors)

is
m

o
d
eled

as
ad

versarial.
T

h
ey

p
rop

ose
a

clever
b
in

ary
-search

ap
p
roach

u
sin

g
th

e
E

llip
soid

m
eth

o
d

w
h
ich

ob
tain

s
regret

of
O

(d
2

log
(T
/
d
)).

R
ecen

tly,
G

ol-
rezaei

et
al.

(2018)
stu

d
ied

th
e

p
rob

lem
of

d
y
n
am

ic
p
ricin

g
w

h
en

a
grou

p
of

strategic
b
u
y
ers

com
p

etes
w

ith
each

oth
er

in
rep

eated
con

tex
tu

al
au

ction
s.

T
o

th
e

ex
ten

t
of

ou
r

k
n
ow

led
ge,

ou
rs

is
th

e
fi
rst

w
ork

th
at

h
igh

ligh
ts

th
e

role
of

stru
ctu

re/sp
arsity

in
d
y
n
am

ic
p
ricin

g
.
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D
y
n
a
m
ic

P
r
ic
in
g

in
H
ig
h
-d

im
e
n
si
o
n
s

Q
ia

n
g

an
d

B
ay

at
i

(2
01

6)
st

u
d
y

a
m

o
d
el

w
h
er

e
th

e
se

ll
er

ca
n

ob
se

rv
e

th
e

d
em

a
n
d

it
se

lf
,

n
ot

a
b
in

ar
y

si
gn

al
as

in
ou

r
se

tt
in

g.
T

h
ey

sh
ow

th
at

a
m

yo
p
ic

p
ol

ic
y

b
as

ed
o
n

le
as

t-
sq

u
ar

e
es

ti
m

at
io

n
s

ca
n

ob
ta

in
a

lo
ga

ri
th

m
ic

re
gr

et
.

B
as

ta
n
i
an

d
B

ay
at

i
(2

01
6)

st
u
d
y

a
m

u
lt

i-
ar

m
ed

b
an

d
it

se
tt

in
g,

w
it

h
d
is

cr
et

e
ar

m
s,

an
d

h
ig

h
-d

im
en

si
on

al
co

va
ri

at
es

,
ge

n
er

al
iz

in
g

re
su

lt
s

of
G

ol
d
en

sh
lu

ge
r

an
d

Z
ee

v
i

(2
01

3)
.

M
or

e
p
re

ci
se

ly
,

th
e

d
ec

is
io

n
-m

ak
er

h
as

ac
ce

ss
to
K

ar
m

s
(d

ec
is

io
n
s)

,
w

h
er

e
ea

ch
ar

m
i

h
as

an
u
n
k
n
ow

n
sp

ar
se

p
ar

am
et

er
v
ec

to
r
β
i
∈

R
d
.

U
p

on
p
u
ll
in

g
ar

m
i

at
ti

m
e
t,

th
e

d
ec

is
io

n
-m

ak
er

ge
ts

re
w

ar
d
x
t
·β

i
+
z t

.
T

h
e

au
th

or
s

p
re

se
n
t

an
al

go
ri

th
m

,
u
si

n
g

a
L

A
S
S
O

es
ti

m
at

or
,

th
at

ob
ta

in
s

re
gr

et
O
( K

(l
og
T

+
lo

g
d
)2
)

w
h
er

e
K

d
en

ot
es

th
e

n
u
m

b
er

of
ar

m
s.

B
y

co
n
tr

as
t,

in
ou

r
se

tt
in

g
d
ec

is
io

n
s

(p
ri

ce
s)

ca
n

ta
ke

co
n
ti

n
u
ou

s
va

lu
es

an
d

al
so

th
e

re
su

lt
in

g
re

w
ar

d
s

d
o

n
ot

fo
ll
ow

a
si

m
il
ar

re
la

ti
on

sh
ip

w
it

h
th

e
co

va
ri

at
es

an
d

th
e

d
ec

is
io

n
s.

H
ig

h
-d

im
e
n

si
o
n

a
l

st
a
ti

st
ic

s.
T

h
er

e
h
as

b
ee

n
a

gr
ea

t
d
ea

l
of

w
or

k
on

re
gu

la
ri

ze
d

es
ti

-
m

at
or

u
n
d
er

th
e

h
ig

h
-d

im
en

si
on

al
sc

al
in

g;
se

e
e.

g.
,

V
an

d
e

G
ee

r
(2

00
8)

.
C

lo
se

r
to

th
e

sp
ir

it
of

ou
r

w
or

k
is

th
e

p
ro

b
le

m
of

1-
b
it

co
m

p
re

ss
ed

se
n
si

n
g

(P
la

n
an

d
V

er
sh

y
n
in

,
20

13
;

B
h
as

ka
r

an
d

J
av

an
m

ar
d
,

20
15

).
In

th
is

p
ro

b
le

m
,

li
n
ea

r
m

ea
su

re
m

en
ts

ar
e

ob
se

rv
ed

fo
r

an
u
n
k
n
ow

n
p
ar

am
et

er
of

in
te

re
st

b
u
t

on
ly

th
e

si
gn

of
th

es
e

m
ea

su
re

m
en

ts
ar

e
ob

se
rv

ed
.

N
ot

e
th

at
in

ou
r

p
ro

b
le

m
,

th
e

se
ll
er

is
in

vo
lv

ed
in

b
ot

h
th

e
le

a
rn

in
g

ta
sk

an
d

al
so

th
e

p
ol

ic
y

d
es

ig
n
.

S
p

ec
ifi

ca
ll
y,

h
e

sh
ou

ld
d
ec

id
e

on
th

e
p
ri

ce
s,

w
h
ic

h
d
ir

ec
tl

y
aff

ec
t

co
ll
ec

te
d

re
ve

n
u
e

an
d

al
so

in
d
ir

ec
tl

y
in

fl
u
en

ce
th

e
d
iffi

cu
lt

y
of

th
e

le
ar

n
in

g
ta

sk
.

T
h
e

m
ar

k
et

va
lu

es
ar

e
th

en
co

m
p
ar

ed
w

it
h

th
e

p
os

te
d

p
ri

ce
s,

in
co

n
tr

as
t

to
1-

b
it

co
m

p
re

ss
ed

se
n
si

n
g

w
h
er

e
th

e
m

ea
su

re
m

en
ts

ar
e

co
m

p
ar

ed
w

it
h

ze
ro

(s
ig

n
in

fo
rm

at
io

n
).

In
ad

d
it

io
n
,

th
e

p
ri

ci
n
g

p
ro

b
le

m
h
as

an
on

li
n
e

n
a-

tu
re

w
h
il
e

th
e

1-
b
it

co
m

p
re

ss
ed

se
n
si

n
g

is
m

os
tl

y
st

u
d
ie

d
fo

r
offl

in
e

se
tt

in
g.

F
in

al
ly

,
n
ot

e
th

at
p
ri

ce
s

ar
e

se
t

b
as

ed
on

cu
st

om
er

’s
p
u
rc

h
as

e
b

eh
av

io
r,

an
d

h
en

ce
in

tr
o
d
u
ce

d
ep

en
d
en

cy
am

on
g

th
e

co
ll
ec

te
d

in
fo

rm
at

io
n

ab
ou

t
th

e
m

o
d
el

p
ar

am
et

er
s.

1
.3

.
N

o
ta

ti
o
n
s

F
or

a
v
ec

to
r
v
,

su
p
p
(v

)
re

p
re

se
n
ts

th
e

p
os

it
io

n
s

of
n
on

ze
ro

en
tr

ie
s

of
v
.

F
u
rt

h
er

,
fo

r
a

ve
ct

or
v

an
d

a
su

b
se

t
J

,
v J

is
th

e
re

st
ri

ct
io

n
of
v

to
in

d
ic

es
in

J
.

W
e

w
ri

te
‖v
‖ p

fo
r

th
e

st
an

d
ar

d
` p

n
or

m
of

a
ve

ct
or

v
,

i.
e.

,
‖v
‖ p

=
(∑

i
|v i
|p )

1
/
p

an
d
‖v
‖ 0

fo
r

th
e

u
m

b
er

of
n
on

ze
ro

en
tr

ie
s

of
v
.

If
th

e
su

b
sc

ri
p
t
p

is
om

it
te

d
,

it
sh

ou
ld

b
e

d
ee

m
ed

as
` 2

n
or

m
.

F
or

tw
o

ve
ct

or
s
a
,b
∈
R
d
,

th
e

n
ot

at
io

n
a
·b

=
∑

d i=
1
a
ib
i

re
p
re

se
n
ts

th
e

st
an

d
ar

d
in

n
er

p
ro

d
u
ct

.
F

or
tw

o
fu

n
ct

io
n
s
f

(n
)

an
d
g
(n

),
th

e
n
ot

at
io

n
f

(n
)

=
O

(g
(n

))
m

ea
n
s

th
at
f

is
b

ou
n
d
ed

ab
ov

e
b
y
g

as
y
m

p
to

ti
ca

ll
y,

n
am

el
y,
f

(n
)
≤
C
g
(n

)
fo

r
so

m
e

fi
x
ed

p
os

it
iv

e
co

n
st

an
t
C
>

0.
T

h
ro

u
gh

ou
t,
φ

(x
)

=
e−

x
2
/
2
/
√

2π
is

th
e

G
au

ss
ia

n
d
en

si
ty

an
d

Φ
(x

)
≡
∫ x −
∞
φ

(u
)d
u

is
th

e
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
.

2
.
C
h
o
ic
e
M

o
d
e
l

W
e

co
n
si

d
er

a
se

ll
er

,
w

h
o

h
as

a
p
ro

d
u
ct

fo
r

sa
le

in
ea

ch
p

er
io

d
t

=
1
,2
,·
··
,T

,
w

h
er

e
T

d
en

ot
es

th
e

le
n
gt

h
of

th
e

h
or

iz
on

an
d

m
ay

b
e

u
n
k
n
ow

n
th

e
to

th
e

se
ll
er

.
E

ac
h

p
ro

d
u
ct

is
re

p
re

se
n
te

d
b
y

an
o
bs

er
va

bl
e

ve
ct

or
of

fe
at

u
re

s
(c

ov
ar

ia
te

s)
x
t
∈
X
⊆

R
d
.

P
ro

d
u
ct

s
m

ay
va

ry
ac

ro
ss

p
er

io
d
s

an
d

w
e

as
su

m
e

th
at

fe
at

u
re

v
ec

to
rs
x
t

ar
e

sa
m

p
le

d
in

d
ep

en
d
en

tl
y

fr
om

a
fi
x
ed

,
b
u
t

a
p
ri

or
i

u
n

kn
o
w

n
,

d
is

tr
ib

u
ti

on
P X

,
su

p
p

or
te

d
on

a
b

ou
n
d
ed

se
t
X

.
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J
a
v
a
n
m
a
r
d

a
n
d

N
a
z
e
r
z
a
d
e
h

T
h
e

p
ro

d
u
ct

at
ti

m
e
t

h
as

a
m

ar
ke

t
va

lu
e
v t

=
v
(x
t)

,
w

h
ic

h
is

n
o
t

o
bs

er
ve

d
b
y

th
e

se
ll
er

an
d

fu
n
ct

io
n
v

is
(a

p
ri

or
i)

u
n
k
n
ow

n
.

A
t

ea
ch

p
er

io
d
t,

th
e

se
ll
er

p
os

ts
a

p
ri

ce
p
t.

If
p
t
≤
v t

,
a

sa
le

o
cc

u
rs

,
an

d
th

e
se

ll
er

co
ll
ec

ts
re

ve
n
u
e
p
t.

If
th

e
p
ri

ce
is

se
t

h
ig

h
er

th
a
n

th
e

m
a
rk

et
va

lu
e,
p
t
>
v t

,
n
o

sa
le

o
cc

u
rs

an
d

n
o

re
ve

n
u
e

is
ob

ta
in

ed
.

T
h
e

go
al

of
th

e
se

ll
er

is
to

d
es

ig
n

a
p
ri

ci
n
g

p
ol

ic
y

th
at

m
ax

im
iz

es
th

e
co

ll
ec

te
d

re
ve

n
u
e.

W
e

fi
rs

t
as

su
m

e
th

at
th

e
m

ar
ke

t
va

lu
e

of
a

p
ro

d
u
ct

is
a

li
n
ea

r
fu

n
ct

io
n

of
it

s
co

va
ri

a
te

s,
n
am

el
y

v
(x
t)

=
θ 0
·x

t
+
z t
,

(2
)

w
h
er

e
a
·b

d
en

ot
es

th
e

in
n
er

p
ro

d
u
ct

of
ve

ct
or

s
a

an
d
b.

H
er

e,
{z
t}
t≥

1
ar

e
id

io
sy

n
cr

a
ti

c
sh

o
ck

s,
re

fe
rr

ed
to

as
n
oi

se
,

w
h
ic

h
ar

e
d
ra

w
n

in
d
ep

en
d
en

tl
y

an
d

id
en

ti
ca

ll
y

fr
o
m

a
d
is

tr
ib

u
-

ti
on

w
it

h
m

ea
n

ze
ro

an
d

cu
m

u
la

ti
ve

fu
n
ct

io
n
F

,
w

it
h

d
en

si
ty
f

(x
)

=
F
′ (
x

),
cf

.
(K

es
k
in

a
n
d

Z
ee

v
i,

20
14

).
T

h
e

n
oi

se
ca

n
ac

co
u
n
t

fo
r

th
e

fe
at

u
re

s
th

at
ar

e
n
ot

m
ea

su
re

d
.

W
e

g
en

er
a
li
ze

ou
r

m
o
d
el

to
n
on

-l
in

ea
r

va
lu

at
io

n
fu

n
ct

io
n
s

in
S
ec

ti
on

6.
P

ar
a
m

et
er
θ 0

is
a

p
ri

o
ri

u
n
k
n
ow

n
to

th
e

se
ll
er

.
T

h
er

ef
or

e,
th

e
se

ll
er

is
in

v
ol

ve
d

in
th

e
re

al
m

of
ex

p
lo

ra
ti

on
-e

x
p
lo

it
a
ti

o
n

a
s

h
e

n
ee

d
s

to
ch

o
os

e
b

et
w

ee
n

le
ar

n
in

g
θ 0

an
d

ex
p
lo

it
in

g
w

h
at

h
as

b
ee

n
le

ar
n
ed

so
fa

r
to

co
ll
ec

t
re

ve
n
u
e.

L
et
y t

b
e

th
e

re
sp

on
se

va
ri

ab
le

th
at

in
d
ic

at
es

w
h
et

h
er

a
sa

le
h
as

o
cc

u
rr

ed
a
t

p
er

io
d
t:

y t
=

{
+

1
if
v t
≥
p
t
,

−
1

if
v t
<
p
t
.

(3
)

N
ot

e
th

at
th

e
ab

ov
e

m
o
d
el

ca
n

b
e

re
p
re

se
n
te

d
as

th
e

fo
ll
ow

in
g

p
ro

b
ab

il
is

ti
c

m
o
d
el

:

y t
=

{
+

1
w

it
h

p
ro

b
ab

il
it

y
1
−
F

(p
t
−
θ 0
·x

t)
,

−
1

w
it

h
p
ro

b
ab

il
it

y
F

(p
t
−
θ 0
·x

t)
.

(4
)

O
u
r

p
ro

p
os

ed
al

go
ri

th
m

ex
p
lo

it
s

th
e

st
ru

ct
u
re

(s
p
ar

si
ty

)
of

th
e

fe
at

u
re

sp
a
ce

to
im

p
ro

ve
it

s
p

er
fo

rm
an

ce
.

T
o

th
is

ai
m

,
le

t
s 0

d
en

ot
e

th
e

n
u
m

b
er

of
n
on

ze
ro

co
or

d
in

a
te

s
o
f
θ 0

,
i.
e.

,
s 0

=
‖θ

0
‖ 0

=
∑

d j=
1
I(
θ 0
j
6=

0)
.

W
e

re
m

ar
k

th
at
s 0

is
a

p
ri

or
i

u
n
k
n
ow

n
to

th
e

se
ll
er

.

2
.1

.
T

e
ch

n
ic

a
l

A
ss

u
m

p
ti

o
n

s

T
o

si
m

p
li
fy

th
e

p
re

se
n
ta

ti
on

,
w

e
as

su
m

e
th

a
t
‖x

t‖
∞
≤

1,
fo

r
al

l
x
t
∈
X

,
an

d
‖θ

0
‖ 1
≤
W

fo
r

a
k
n
ow

n
co

n
st

an
t
W
≥

1,
w

h
er

e
fo

r
a

ve
ct

or
u

=
(u

1
,.
..
,u

d
),
‖u
‖ ∞

=
m

ax
i∈

[d
]
|u
i|

d
en

o
te

s

th
e

m
ax

im
u
m

ab
so

lu
te

va
lu

e
of

it
s

en
tr

ie
s

an
d
‖u
‖ 1

=
∑

d i=
1
|u
i|.

W
e

d
en

ot
e

b
y

Ω
th

e
se

t
of

fe
as

ib
le

p
ar

am
et

er
s,

i.
e.

,

Ω
=
{ θ
∈
R
d
+

1
:
‖θ
‖ 0
≤
s 0
,
‖θ
‖ 1
≤
W
}
.

(5
)

W
e

al
so

m
ak

e
th

e
fo

ll
ow

in
g

as
su

m
p
ti

on
on

th
e

d
is

tr
ib

u
ti

on
of

n
oi

se
F

.

A
ss

u
m

p
ti

o
n

1
T

h
e

fu
n

ct
io

n
F

(v
)

is
st

ri
ct

ly
in

cr
ea

si
n

g.
F

u
rt

h
er

,
F

(v
)

a
n

d
1
−
F

(v
)

a
re

lo
g-

co
n

ca
ve

in
v

.
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D
y
n
a
m
ic

P
r
ic
in
g

in
H
ig
h
-d

im
e
n
sio

n
s

L
o
g
-co

n
cav

ity
is

a
w

id
ely

-u
sed

assu
m

p
tion

in
th

e
econ

om
ics

literatu
re

(B
a
gn

oli
a
n
d

B
erg

strom
,

2
0
0
5).

N
ote

th
at

if
th

e
d
en

sity
f

is
sy

m
m

etric
an

d
th

e
d
istrib

u
tion

F
is

log-
co

n
cave,

th
en

1−
F

is
also

log-con
cave.

A
ssu

m
p
tion

1
is

satisfi
ed

b
y

sev
era

l
com

m
on

p
rob

a-
b
ility

d
istrib

u
tion

s
in

clu
d
in

g
n
orm

al,
u
n
iform

,
L

ap
lace,

ex
p

on
en

tial,
an

d
lo

g
istic.

N
ote

th
at

th
e

cu
m

u
la

tive
d
istrib

u
tion

fu
n
ction

of
all

log-con
cave

d
en

sities
is

also
lo

g-con
cave

(B
oy

d
a
n
d

V
a
n
d
en

b
ergh

e,
2004).

O
u
r

seco
n
d

assu
m

p
tion

is
on

th
e

p
ro

d
u
ct

featu
re

vectors.

A
ssu

m
p

tio
n

2
P

rod
u

ct
fea

tu
re

vecto
rs

a
re

gen
era

ted
in

d
epen

d
en

tly
fro

m
a

fi
xed

u
n

kn
o
w

n
d
istribu

tio
n
P
X

w
ith

a
bo

u
n

d
ed

su
p
po

rtX
∈

R
d.

W
e

d
en

o
te

by
Σ

=
E

(x
t x

Tt
)

th
e

seco
n

d
m

o
m

en
t

m
a
trix

o
f

d
istribu

tio
n
P
X

,
a
n

d
a
ssu

m
e

th
a
t

Σ
is

a
po

sitive
d
efi

n
ite

m
a
trix.

N
a
m

ely,
a
ll

o
f

its
eigen

va
lu

es
a
re

bo
u

n
d
ed

fro
m

belo
w

by
a

co
n

sta
n

t
C

m
in
>

0
.

W
e

a
lso

d
en

o
te

th
e

m
a
xim

u
m

eigen
va

lu
e

o
f

Σ
by

C
m

a
x .

T
h
e

a
b

ove
assu

m
p
tion

h
old

s
for

m
an

y
com

m
on

p
ro

b
ab

ility
d
istrib

u
tion

s,
su

ch
as

u
n
i-

fo
rm

,
tru

n
cated

n
orm

al,
an

d
in

gen
eral

tru
n
ca

ted
versio

n
of

m
an

y
m

o
re

d
istrib

u
tion

s.
G

en
-

era
lly,

if
P
X

is
b

ou
n
d
ed

b
elow

from
zero

on
an

op
en

set
arou

n
d

th
e

orig
in

,
th

en
it

h
as

a
p

o
sitive

d
efi

n
ite

secon
d

m
om

en
t

m
atrix

.
L

et
u
s

stress
th

at
th

e
seller

k
n
ow

s
n
eith

er
th

e
d
istrib

u
tio

n
P
X

,
n
or

its
secon

d
m

om
en

t
Σ

.

2
.2

.
C

la
irv

o
y
a
n
t

P
o
lic

y
a
n

d
P

e
rfo

rm
a
n

c
e

M
e
tric

W
e

eva
lu

a
te

th
e

p
erform

an
ce

of
ou

r
algorith

m
u
sin

g
th

e
com

m
on

n
otion

of
regret:

th
e

ex
p

ected
reven

u
e

loss
com

p
ared

w
ith

th
e

op
tim

al
p
ricin

g
p

olicy
th

at
k
n
ow

s
θ

0
in

ad
van

ce
(b

u
t

n
o
t

th
e

realization
s

of{
z
t }
t≥

1 ).
L

et
u
s

fi
rst

ch
aracterize

th
is

b
en

ch
m

ark
p

olicy.
U

sin
g

E
q
.

(2),
th

e
ex

p
ected

rev
en

u
e

from
a

p
osted

p
rice

p
is

eq
u
al

to

p×
P

(v
t ≥

p
)

=
p
(1−

F
(p−

θ
0 ·x

t ))
.

T
h
erefo

re,
u
sin

g
fi
rst

ord
er

con
d
ition

s,
for

th
e

op
tim

al
p

osted
p
rice,

d
en

oted
b
y
p ∗,

w
e

h
ave

p ∗(x
t )

=
1−

F
(p ∗−

θ
0 ·
x
t )

f
(p ∗−

θ
0 ·x

t )
.

(6)

T
o

sim
p
lify

th
e

p
resen

tation
,

let
p ∗t

=
p ∗(x

t )
d
en

ote
th

e
op

tim
al

p
rice

at
tim

e
t.

W
e

n
ow

d
efi

n
e
ϕ

(v
)≡

v−
(1−

F
(v

))/f
(v

)
corresp

on
d
in

g
to

th
e

virtu
a
l

va
lu

a
tio

n
fu

n
ction

co
m

m
o
n
ly

u
sed

in
m

ech
an

ism
d
esign

(M
yerson

,
1981).

B
y

A
ssu

m
p
tion

1,
ϕ

is
in

jectiv
e

an
d

h
en

ce
w

e
ca

n
d
efi

n
e

fu
n
ction

g
as

follow
s

g
(v

)≡
v

+
ϕ
−

1(−
v
)
.

(7)

It
is

ea
sy

to
verify

th
at
g

is
n
on

-n
egative.

N
ote

th
at

b
y

E
q
.

(6),
for

th
e

op
tim

al
p
rice

w
e

h
ave

θ
0 ·x

t
+
ϕ

(p ∗−
θ

0 ·
x
t )

=
0
.

T
h
erefo

re,
b
y

rearran
gin

g
th

e
term

s
for

th
e

op
tim

al
p
rice

at
tim

e
t

w
e

h
ave

p ∗t
=
g
(θ

0 ·
x
t )
.

(8)
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J
a
v
a
n
m
a
r
d

a
n
d

N
a
z
e
r
z
a
d
e
h

W
e

can
n
ow

form
ally

d
efi

n
e

th
e

regret
of

a
p

olicy.
L

et
π

b
e

th
e

seller’s
p

olicy
th

at
sets

p
rice

p
t

at
p

erio
d
t,

an
d
p
t

can
d
ep

en
d

on
th

e
h
istory

of
ev

en
ts

u
p

to
tim

e
t.

T
h
e

w
o
rst-case

regret
is

d
efi

n
ed

as:

R
egretπ

(T
)≡

m
ax

θ
0 ∈

Ω
P
X
∈
Q

(X
) E

[
T
∑t=

1 (
p ∗t I(v

t ≥
p ∗t )−

p
t I(v

t ≥
p
t ) ) ]

,
(9)

w
h
ere

th
e

ex
p

ectation
is

w
ith

resp
ect

to
th

e
d
istrib

u
tion

s
of

id
iosy

n
cratic

n
oise,

z
t ,

an
d
P
X

,
th

e
d
istrib

u
tion

of
featu

re
vectors.

A
lso,

Q
(X

)
rep

resen
ts

th
e

set
of

p
rob

a
b
ility

d
istrib

u
tion

s
su

p
p

orted
on

a
b

o
u
n
d
ed

setX
.

O
u
r

algorith
m

u
ses

th
e

sp
arsity

stru
ctu

re
of
θ

0
an

d
learn

s
th

e
m

o
d
el

w
ith

ord
er

of
m

agn
itu

d
e

less
d
a
ta

com
p
ared

to
a

stru
ctu

re-ign
oran

t
alg

orith
m

.
In

S
ection

4,
w

e
sh

ow
th

at
ou

r
p
ricin

g
sch

em
e

ach
ieves

a
regret

b
ou

n
d

of
O
(s

0
lo

g
d·log

T ).

N
ote

th
at

th
e

settin
g

w
ith

k
n
ow

n
m

ark
et

n
oise

d
istrib

u
tion

is
eq

u
ivalen

t
to

p
ositin

g
a

p
aram

etric
ch

oice
m

o
d
el

on
th

e
u
sers’

b
eh

av
ior.

S
ev

eral
p
aram

etric
ch

oice
m

o
d
els

h
av

e
b

een
w

id
ely

u
sed

b
y

p
ractition

ers
an

d
h
ave

b
een

an
aly

zed
b
y

research
ers.

P
erh

ap
s

th
e

m
ost

w
ell-k

n
ow

n
ex

am
p
le

is
th

e
m

u
ltin

om
ial

logit
(M

N
L

)
m

o
d
el,

w
h
ich

h
as

q
u
ite

a
lon

g
h
istory

in
econ

om
ic

an
d

tran
sp

ortation
research

(M
cF

ad
d
en

,
2001),

as
w

ell
as

m
arketin

g
(H

au
ser

an
d

K
op

p
elm

an
,
1979;

G
en

sch
an

d
R

ecker,
1979;

L
ou

v
iere

an
d

W
o
o
d
w

orth
,
1983;

G
u
ad

agn
i

an
d

L
ittle,

2008).
N

ote
th

at
th

e
M

N
L

m
o
d
el

corresp
on

d
s

to
th

e
case

w
h
ere

cu
stom

ers
are

off
ered

m
u
ltip

le
p
ro

d
u
cts

at
each

rou
n
d

an
d

th
e

m
arket

n
oise

is
com

in
g

from
th

e
G

u
m

b
el

d
istrib

u
tion

(T
allu

ri
an

d
V

an
R

y
zin

,
2006).

In
th

e
case

of
sin

gle
p
ro

d
u
ct

off
ered

at
each

rou
n
d

(sim
ilar

to
ou

r
settin

g),
th

is
red

u
ces

to
n
oise

com
in

g
from

th
e

logistic
d
istrib

u
tion

.
O

th
er

p
rom

in
en

t
M

N
L

m
o
d
els

in
clu

d
e

N
ested

M
N

L
,

laten
t-class

M
N

L
,

ran
d
om

-p
aram

eter
m

ix
ed

M
N

L
,

an
d

h
ierarch

ical
B

ayesian
M

N
L

(E
lsh

iew
y

et
al.,

2017).

In
S
ection

7
w

e
relax

th
e

assu
m

p
tion

of
k
n
ow

in
g

th
e

m
arket

n
oise

d
istrib

u
tion

.

3
.
A

R
e
g
u
la
rize

d
M

a
x
im

u
m

L
ik
e
lih

o
o
d
P
ricin

g
(R

M
L
P
)
P
o
licy

In
th

is
section

,
w

e
p
resen

t
ou

r
d
y
n
am

ic
p
ricin

g
p

olicy.
O

u
r

p
olicy

ru
n
s

in
an

ep
iso

d
ic

fash
ion

.
E

p
iso

d
es

are
in

d
ex

ed
b
y
k

an
d

tim
e

p
erio

d
s

are
in

d
ex

ed
b
y
t.

T
h
e

len
gth

of
ep

iso
d
e

k
is

d
en

oted
b
y
τ
k .

T
h
rou

gh
ou

t
ep

iso
d
e
k
,

w
e

set
th

e
p
rices

eq
u
al

to
p
t

=
g
(x
t ·
θ̂
k)

w
h
ere

θ̂
k

d
en

otes
th

e
estim

ate
of
θ

0
w

h
ich

is
ob

tain
ed

from
th

e
ob

servation
s
{(x

t ,y
t ,p

t )}
in

th
e

p
revio

u
s

ep
iso

d
e.

N
ote

th
at

b
y

E
q
.

(7),
p
t

is
th

e
op

tim
al

p
osted

p
rice

if
θ̂
k

w
as

th
e

tru
e

u
n
d
erly

in
g

p
aram

eter
of

th
e

m
o
d
el.

W
e

estim
ate

θ
0

u
sin

g
a

regu
larized

m
ax

im
u
m

-likelih
o
o
d

estim
a
tor;

see
E

q
.

(10
)

w
h
ere

th
e

(n
orm

alized
)

n
egative

log-likelih
o
o
d

fu
n
ction

for
θ

is
given

b
y

E
q
.

(11).
W

e
n
ote

th
at

as
a

con
seq

u
en

ce
of

th
e

log
con

cav
ity

assu
m

p
tion

on
F

an
d

1−
F

,
th

e
op

tim
ization

p
rob

lem
(10)

is
a

con
v
ex

p
rob

lem
.

T
h
ere

is
a

large
to

olk
it

of
variou

s
op

tim
ization

m
eth

o
d
s

(e.g.,
altern

atin
g

d
irection

m
eth

o
d

of
m

u
ltip

liers
(A

D
M

M
),

fast
iterative

sh
rin

kage-th
resh

old
in

g
algorith

m
(F

IS
T

A
),

accelerated
p
ro

jected
grad

ien
t

d
escen

t,
am

on
g

m
an

y
o
th

ers)
th

at
can

b
e

u
sed

to
solv

e
th

is
op

tim
ization

p
rob

lem
.

T
h
ere

are
also

recen
t

d
evelop

m
en

ts
on

d
istrib

u
ted

solvers
for

`
1

regu
larized

cost
fu

n
ction

(B
oy

d
et

al.,
2011).

O
b
serve

th
at

b
y

d
esign

,
p
rices

p
osted

in
th

e
k
-th

ep
iso

d
e

are
in

d
ep

en
d
en

t
from

th
e

m
arket

valu
e

n
oises

in
th

is
p

erio
d
,

i.e.,{
z
t }
τ
k
+
1 −

1
t=
τ
k

.
T

h
is

allow
s

u
s

to
estim

ate
θ

0
for

each
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D
y
n
a
m
ic

P
r
ic
in
g

in
H
ig
h
-d

im
e
n
si
o
n
s

In
p

u
t:

(a
t

ti
m

e
0)

fu
n
ct

io
n
g
,

re
gu

la
ri

za
ti

on
s
λ
k
,
W

(b
ou

n
d

on
‖θ

0
‖ 1

),
In

p
u

t:
(a

rr
iv

e
s

o
v
e
r

ti
m

e
)

co
va

ri
at

e
ve

ct
or

s
{x

t}
t∈

N
O

u
tp

u
t:

p
ri

ce
s
{p
t}
t∈

N
1
:
τ 1
←

1,
p

1
←

0,
θ̂1
←

0
2
:

fo
r

ea
ch

ep
is

o
d
e
k

=
2,

3
,.
..

d
o

3
:

S
et

th
e

le
n
gt

h
of
k
-t

h
ep

is
o
d
e:
τ k
←

2
k
−

1
.

4
:

U
p

d
at

e
th

e
m

o
d
el

p
ar

am
et

er
es

ti
m

at
e
θ̂k

u
si

n
g

th
e

re
gu

la
ri

ze
d

M
L

es
ti

m
at

or
ob

ta
in

ed
fr

om
ob

se
rv

at
io

n
s

in
th

e
p
re

v
io

u
s

ep
is

o
d
e:

θ̂k
=

ar
g

m
in

‖θ
‖ 1
≤
W
{L

(θ
)

+
λ
k
‖θ
‖ 1
}
,

(1
0)

w
it

h

L(
θ)

=
−

1

τ k
−

1

τ k
−

1
∑

t=
τ k
−
1

{ I(
y t

=
1)

lo
g
(1
−
F

(p
t
−
θ
·x

t)
)

+
I(
y t

=
−

1)
lo

g
(F

(p
t
−
θ
·x

t)
)} .

(1
1)

5
:

F
or

ea
ch

p
er

io
d
t

d
u
ri

n
g

th
e
k
-t

h
ep

is
o
d
e,

se
t

p
t
←
g
(θ̂
k
·x

t)
.

(1
2)

A
lg

o
ri

th
m

1
:

R
M

L
P

p
o
li
c
y

fo
r

d
y
n

a
m

ic
p

ri
c
in

g

ep
is

o
d
e

se
p
ar

at
el

y
;

se
e

P
ro

p
os

it
io

n
10

in
S
ec

ti
on

8.
1.

C
om

p
ar

in
g

to
p

ol
ic

ie
s

th
at

u
se

th
e

en
ti

re
d
at

a
sa

le
h
is

to
ry

in
m

ak
in

g
d
ec

is
io

n
s,

so
m

e
re

m
ar

k
s

ar
e

in
or

d
er

:

•
P

er
is

h
a
bi

li
ty

o
f

d
a
ta

:
In

p
ra

ct
ic

al
ap

p
li
ca

ti
on

s,
th

e
u
n
k
n
ow

n
d
em

an
d

p
ar

am
et

er
s

w
il
l

ch
an

ge
ov

er
ti

m
e,

ra
is

in
g

th
e

co
n
ce

rn
of

p
er

is
h
ab

il
it

y
of

d
at

a
.

N
am

el
y,

co
ll
ec

te
d

d
at

a
b

ec
om

es
ob

so
le

te
af

te
r

a
w

h
il
e

an
d

ca
n
n
ot

b
e

re
li
ed

o
n

fo
r

es
ti

m
at

in
g

th
e

m
o
d
el

p
ar

am
et

er
s

(K
es

k
in

an
d

Z
ee

v
i,

2
01

6;
J
av

an
m

ar
d
,

20
17

).
C

om
m

on
p

o
li
ci

es
to

m
it

ig
at

e
th

is
p
ro

b
le

m
(d

is
cu

ss
ed

in
(K

es
k
in

an
d

Z
ee

v
i,

20
16

))
in

cl
u
d
e

m
ov

in
g

w
in

d
ow

s
a
n
d

d
ec

ay
in

g
w

ei
gh

ts
w

h
ic

h
u
se

on
ly

re
ce

n
t

d
at

a
to

le
ar

n
th

e
m

o
d
el

p
ar

am
et

er
s.

B
y

co
n
tr

as
t,

m
et

h
o
d
s

th
at

u
se

th
e

en
ti

re
h
is

to
ri

ca
l

d
at

a,
w

it
h

eq
u
al

w
ei

gh
t,

su
ff

er
s

fr
om

th
is

p
ro

b
le

m
.

•
S

im
p
li

ci
ty

a
n

d
effi

ci
en

cy
:

In
R

M
L

P
p

ol
ic

y,
es

ti
m

at
es

of
th

e
m

o
d
el

p
ar

a
m

et
er

s
ar

e
u
p

d
at

ed
on

ly
at

th
e

fi
rs

t
p

er
io

d
of

ea
ch

ep
is

o
d
e

(l
og
T

u
p

d
at

es
).

F
u
rt

h
er

,
at

ea
ch

u
p

d
at

e,
th

e
p

ol
ic

y
u
se

s
on

ly
th

e
h
is

to
ri

ca
l

d
at

a
fr

om
th

e
p
re

v
io

u
s

ep
is

o
d
e.

T
h
es

e
tw

o
id

ea
s

to
ge

th
er

,
n
ot

on
ly

al
lo

w
fo

r
a

n
ea

t
an

al
y
si

s
of

th
e

st
at

is
ti

ca
l

d
ep

en
d
en

cy
am

on
g

sa
m

p
le

s
b
u
t

al
so

d
ec

re
as

e
th

e
co

m
p
u
ta

ti
on

al
co

st
.

S
ca

la
b
il
it

y
of

th
e

p
ri

ci
n
g

p
ol

ic
y

is
in

d
is

p
en

sa
b
le

in
p
ra

ct
ic

al
ap

p
li
ca

ti
on

s
as

th
e

sa
le

s
d
at

a
is

co
ll
ec

te
d

at
an

u
n
p
re

ce
d
en

te
d

ra
te

.
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01

9

J
a
v
a
n
m
a
r
d

a
n
d

N
a
z
e
r
z
a
d
e
h

•
T

h
e

im
pa

ct
o
n

re
gr

et
:

B
y

u
si

n
g

h
al

f
of

th
e

h
is

to
ri

ca
l

d
at

a
at

ea
ch

u
p

d
a
te

,
o
u
r

p
o
li
cy

lo
se

s
at

m
os

t
a

fa
ct

or
2

in
th

e
to

ta
l

re
gr

et
.

(T
h
is

b
ec

om
es

cl
ea

r
sh

o
rt

ly
w

h
en

w
e

d
is

cu
ss

th
e

es
ti

m
at

io
n

er
ro

r
ra

te
in

te
rm

s
of

n
u
m

b
er

of
sa

m
p
le

s.
)

T
h
e

le
n
gt

h
s

of
ep

is
o
d
es

in
ou

r
a
lg

or
it

h
m

in
cr

ea
se

ge
om

et
ri

ca
ll
y

(τ
k

=
2
k
−

1
),

a
ll
ow

in
g

fo
r

m
or

e
ac

cu
ra

te
es

ti
m

at
e

of
θ 0

as
th

e
ep

is
o
d
e

in
d
ex

gr
ow

s.
T

h
e

al
go

ri
th

m
te

rm
in

a
te

s
at

th
e

en
d

of
th

e
h
or

iz
on

(p
er

io
d
T

),
b
u
t

n
ot

e
th

at
it

d
o
es

n
ot

n
ee

d
to

k
n
ow

th
e

le
n
g
th

o
f

th
e

h
or

iz
on

in
ad

va
n
ce

.
T

h
e

re
gu

la
ri

za
ti

on
p
ar

am
et

er
λ
k

co
n
st

ra
in

s
th

e
` 1

n
or

m
of

th
e

es
ti

m
at

o
r
θ̂k

.
S
el

ec
ti

n
g

th
e

va
lu

e
of
λ
k

is
of

cr
u
ci

al
im

p
or

ta
n
ce

as
it

aff
ec

ts
th

e
es

ti
m

at
or

er
ro

r.
W

e
se

t
it

a
s

λ
k

=
O
( √

(l
og
d
)/
τ k
−

1

) .
M

or
e

p
re

ci
se

ly
,

d
efi

n
e

u
F
≡

su
p

|x
|≤

3
W

{ m
ax
{

lo
g
′ F

(x
),
−

lo
g
′ (

1
−
F

(x
))
}}

,

w
h
er

e
th

e
d
er

iv
at

iv
es

ar
e

w
.r

.t
.
x

.
B

y
th

e
lo

g-
co

n
ca

v
it

y
p
ro

p
er

ty
of
F

an
d

1
−
F

,
w

e
h
av

e

u
F

=
m

ax
{

lo
g
′ F

(−
2W

),
−

lo
g
′ (

1
−
F

(2
W

))
}
.

(1
3
)

H
en

ce
,
u
F

ca
p
tu

re
s

th
e

st
ee

p
n
es

s
of

lo
g
F

.
In

or
d
er

to
m

in
im

iz
e

th
e

re
gr

et
,

w
e

ru
n

th
e

R
M

L
P

p
ol

ic
y

w
it

h

λ
k

=
4u

F

√
lo

g
d

τ k
−

1
.

(1
4
)

N
ot

e
th

at
ex

p
lo

ra
ti

on
an

d
ex

p
lo

it
at

io
n

ta
sk

s
ar

e
m

ix
ed

in
ou

r
al

go
ri

th
m

.
In

th
e

b
eg

in
-

n
in

g
of

ea
ch

ep
is

o
d
e,

w
e

u
se

w
h
at

is
le

ar
n
ed

fr
om

p
re

v
io

u
s

ep
is

o
d
e

to
im

p
ro

ve
th

e
es

ti
m

a
ti

o
n

of
θ 0

an
d

th
en

w
e

ex
p
lo

it
th

is
es

ti
m

at
e

th
ro

u
gh

ou
t

th
e

cu
rr

en
t

ep
is

o
d
e

to
in

cu
r

li
tt

le
re

-
gr

et
.

M
ea

n
w

h
il
e,

th
e

ob
se

rv
at

io
n
s

ga
th

er
ed

in
th

e
cu

rr
en

t
ep

is
o
d
e

ar
e

u
se

d
to

u
p

d
a
te

o
u
r

es
ti

m
at

e
of
θ 0

fo
r

th
e

n
ex

t
ep

is
o
d
e.

T
h
e

k
n
ow

le
d
ge

of
th

e
m

ar
ke

t
n
oi

se
d
is

tr
ib

u
ti

on
is

u
se

d
b
y

th
e

R
M

L
P

p
o
li
cy

,
in

es
ti

-
m

at
in

g
th

e
m

o
d
el

p
ar

am
et

er
s

(c
on

st
ru

ct
in

g
th

e
lo

g-
li
k
el

ih
o
o
d

fu
n
ct

io
n

an
d

ch
o
o
si

n
g

th
e

re
gu

la
ri

za
ti

on
λ
k
)

as
w

el
l

as
in

se
tt

in
g

th
e

p
ri

ce
s.

(T
h
e

p
ri

ci
n
g

fu
n
ct

io
n
g

is
d
efi

n
ed

b
a
se

d
on

th
e

n
oi

se
d
is

tr
ib

u
ti

on
F

.)
In

th
e

n
ex

t
se

ct
io

n
w

e
an

al
y
ze

th
e

re
gr

et
of

th
e

R
M

L
P

p
ol

ic
y.

4
.
R
e
g
re
t
A
n
a
ly
si
s

T
h
e

fo
ll
ow

in
g

th
eo

re
m

b
ou

n
d
s

th
e

re
gr

et
of

ou
r

d
y
n
am

ic
s

p
ri

ci
n
g

p
ol

ic
y.

T
h

e
o
re

m
3

(R
e
g
re

t
U

p
p

e
r

B
o
u

n
d

)
S

u
p
po

se
A

ss
u

m
p
ti

o
n

s
1

a
n

d
2

h
o

ld
a
n

d
th

e
.

T
h
en

,

th
e

re
gr

et
o
f

th
e

R
M

L
P

po
li

cy
is

o
f
O
(

W
C

2 m
in
s 0

lo
g
d
·l

og
T
) .

L
et

u
s

st
re

ss
ag

ai
n

th
at

th
e

R
M

L
P

p
ol

ic
y

d
o
es

n
ot

n
ee

d
to

k
n
ow

th
e

sp
ar

si
ty
s 0

,
a
lt

h
o
u
g
h

it
s

re
gr

et
sc

al
es

li
n
ea

rl
y

w
it

h
s 0

.
F

u
rt

h
er

,
th

e
R

M
L

P
is

as
su

m
ed

to
k
n
ow

th
e

m
a
rk

et
n
o
is

e
d
is

tr
ib

u
ti

on
F

.
1

B
el

ow
w

e
p
ro

v
id

e
an

ou
tl

in
e

fo
r

th
e

p
ro

of
of

T
h
eo

re
m

3
a
n
d

d
ef

er
it

s
co

m
p
le

te
p
ro

of
to

S
ec

ti
on

8.
1.

1
.

It
is

u
se

fu
l

to
co

m
p

a
re

T
h

eo
re

m
3

w
it

h
th

e
re

su
lt

o
f

C
h

en
et

a
l.

(2
0
1
5
),

[T
h

eo
re

m
5
.4

],
w

h
ic

h
a
ls

o
u

se
s

a
m

a
x
im

u
m

li
k
el

ih
o
o
d

es
ti

m
a
to

r
w

it
h

o
u

t
ex

p
lo

it
in

g
sp

a
rs

it
y

st
ru

ct
u

re
a
n

d
a
ch

ie
v
es

re
g
re

t

O
(

d
C

m
in

√
lo

g
(T
d
)T
) .

1
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D
y
n
a
m
ic

P
r
ic
in
g

in
H
ig
h
-d

im
e
n
sio

n
s

1
.

In
R

M
L

P
,

th
e

u
p

d
ates

in
th

e
m

o
d
el

p
a
ram

eter
estim

ation
on

ly
o
ccu

rs
at

th
e

b
egin

-
n
in

g
o
f

ea
ch

ep
iso

d
e,

w
ith

u
sin

g
on

ly
th

e
sa

m
p
les

collected
in

th
e

p
rev

iou
s

ep
iso

d
e.

T
h
erefo

re,
th

e
p
rices

p
osted

in
each

ep
iso

d
e

are
in

d
ep

en
d
en

t
from

th
e

m
arket

valu
e

n
oises

in
th

at
ep

iso
d
e.

T
h
is

ob
servation

also
verifi

es
th

atL
(θ)

given
b
y

(11),
is

in
d
eed

th
e

n
eg

a
tiv

e
log-likelih

o
o
d

of
th

e
sam

p
les

collected
in
k
-th

ep
iso

d
e.

N
ote

th
at

th
is

in
d
ep

en
d
en

ce
is

n
ot

a
m

ere
seren

d
ip

ity,
rath

er
it

h
old

s
b

ecau
se

of
th

e
sp

ecifi
c

d
esign

o
f

R
M

L
P

p
olicy.

U
sin

g
th

is
p
rop

erty,
w

e
u
se

to
ols

from
h
igh

-d
im

en
sion

al
statistics

to
b

ou
n
d

th
e

estim
ation

error.
T

o
b

ou
n
d

th
e

error
term

‖θ
k−

θ
0 ‖

2 ,
w

e
com

p
are

th
e

fu
n
ctio

n
valu

esL
(θ
k)

an
d
L

(θ
0 ).

T
h
e

m
ain

ch
allen

ge
h
ere

is
th

atL
(θ)

is
n
ot

strictly
co

n
vex

in
θ. 2

H
en

ce,
th

ere
ca

n
b

e,
in

p
rin

cip
le,

p
aram

eter
vectors

θ
1

an
d
θ

2
th

at
are

clo
se

to
each

oth
er

an
d

n
everth

eless
th

e
valu

es
of

fu
n
ction

L
at

th
ese

p
oin

ts
are

far
from

each
oth

er.

T
o

co
p

e
w

ith
th

is
ch

allen
ge,

w
e

sh
ow

th
at

a
so-called

restricted
eigen

va
lu

e
co

n
d
itio

n
h
o
ld

s
fo

r
th

e
featu

re
p
ro

d
u
cts.

T
h
is

n
otion

im
p
lies

th
atL

(θ)
is

strictly
con

vex
on

th
e

set
o
f

sp
a
rse

vectors. 3
U

sin
g

th
e

restricted
eigen

valu
e

con
d
ition

,
w

e
sh

ow
th

e
follow

in
g

`
2

erro
r

fo
r

th
e

regu
larized

log-likelih
o
o
d

estim
ate

in
th

e
k
-th

ep
iso

d
e,
θ̂
k,

h
old

s
tru

e

‖θ̂
k−

θ
0 ‖

2
=
O

( √
s

0 λ
k )

=
O

(
√
s

0
log

d

τ
k−

1

)
.

A
s

ex
p

ected
,

th
e

estim
ate

gets
m

ore
accu

rate
as

th
e

ep
iso

d
e’s

len
gth

in
creases;

see
S
ectio

n
8
.1

for
m

ore
d
etails.

2
.

F
o
r

a
n
y
p
≥

0,
d
en

ote
b
y
rev

t (p
)

=
p
(1−

F
(p−

x
t ·θ

0 )),
th

e
ex

p
ected

reven
u
e

u
n
d
er

p
rice

p
.

W
e

b
o
u
n
d
reg

t
in

term
s

of
rev

t (p ∗t )−
rev

t (p
t ).

S
in

ce
p ∗t ∈

arg
m

ax{rev
t (p

)},
w

e
h
ave

rev ′t (p ∗t )
=

0,
an

d
b
y

T
ay

lor
ex

p
a
n
sion

of
rev

t
arou

n
d
p ∗t ,

w
e

ob
tain

rev
t (p ∗t )−

rev
t (p

t )
=

O
((p ∗t −

p
t )

2).

3
.

F
o
r
t

in
th

e
k
-th

ep
iso

d
e,

n
am

ely
τ
k−

1 ≤
t≤

τ
k −

1,
w

e
h
ave

p ∗t −
p
t

=
g
(θ

0 ·x
t )−

g
(θ̂
k·
x
t )≤

|(θ
0 −

θ̂
k)·x

t |,

w
h
ich

follow
s

b
y

sh
ow

in
g

th
at
g

is
1-L

ip
sch

itz.
F

u
rth

er,
b
y

A
ssu

m
p
tio

n
2

(w
ith

ou
t

lo
ss

of
g
en

erality
assu

m
e
C

m
a
x
>

1),
w

e
h
ave

E
[((θ

0 −
θ̂
k)·x

t )
2]

=
E

[(θ
0 −

θ̂
k)

T
Σ

(θ
0 −

θ̂
k)]≤

C
m

a
x E

[‖
θ̂
k−

θ
0 ‖

22 ],

w
h
ere

th
e

eq
u
ality

h
old

s
b

eca
u
se
x
t

is
in

d
ep

en
d
en

t
of
θ̂
k,

an
d

th
e

last
step

follow
s

sin
ce

th
e

m
ax

im
u
m

eigen
valu

e
of

th
e

secon
d

m
om

en
t

m
atrix

Σ
=

E
(x
t x

Tt
)

is
at

m
ost

C
m

a
x
>

0
.

2
.

N
o
te

th
a
t
∇

2θ L
=

(−
1
/
τ
k−

1 ) ∑
τ
k −

1
t=
τ
k−

1 (∂
2/
∂
2u
t L

)x
t x

Tt
,

w
h

ere
u
t

=
p
t −

θ
·
x
t −

α
0 .

T
h

erefo
re,∇

2θ L
is

a
d
×
d

m
a
trix

o
f

ra
n

k
a
t

m
o
st
τ
k
−
τ
k−

1 .
H

en
ce,L

(θ
)

is
strictly

co
n
v
ex

in
θ

o
n

ly
if
τ
k
−
τ
k−

1
≥
d
.

H
ow

ev
er,

sin
ce

w
e

a
re

n
o
t

u
p

d
a
tin

g
o
u

r
estim

a
tes

in
th

e
m

id
d

le
o
f

a
n

ep
iso

d
e,

ep
iso

d
es

o
f

len
g
th
d

y
ield

th
e

reg
ret

to
sca

le
lin

ea
rly

in
d
,

w
h

ich
is

n
o
t

d
esired

.
3
.

It
is

strictly
co

n
v
ex

ov
er

th
e

set
o
f
s
0

sp
a
rse

v
ecto

rs
in
d
-d

im
en

sio
n

if
th

e
n
u

m
b

er
o
f

sa
m

p
les

is
a
b

ov
e

cs
0

lo
g
d

fo
r

a
su

ita
b

le
co

n
sta

n
t
c
>

0
.
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J
a
v
a
n
m
a
r
d

a
n
d

N
a
z
e
r
z
a
d
e
h

L
et

reg
t

b
e

th
e

regret
o
ccu

rred
a
t

step
t.

C
om

b
in

in
g

th
e

a
b

ove
b

ou
n
d
s

(step
2

an
d

3),
w

e
arrive

atE
[reg

t ]
=
O

(s
0 (log

d
)/τ

k−
1 ).

T
h
erefore,

th
e

cu
m

u
lative

ex
p

ected
regret

in
ep

iso
d
e
k

w
ork

s
ou

t
at
O

(s
0

log
d
).

S
in

ce
th

e
len

gth
of

ep
iso

d
es

in
crease

geom
etrically,

th
ere

are
O

(log
T

)
ep

iso
d
es

b
y

tim
e
T

.
T

h
is

im
p
lies

th
at

th
e

total
ex

p
ected

regret
b
y

tim
e
T

is
O

(s
0

log
d

log
T

).

4
.1

.
C

o
m

p
a
riso

n
w

ith
th

e
“
C

o
m

m
o
n

”
R

e
g
re

t
o
f

B
o
u

n
d

Ω
( √
T

)

T
h
ere

is
an

often
-seen

regret
b

ou
n
d

Ω
( √
T

)
in

th
e

literatu
re

of
on

lin
e

d
ecisio

n
m

ak
in

g,
w

h
ich

can
b

e
im

p
rov

ed
to

a
logarith

m
ic

reg
ret

b
ou

n
d

if
som

e
ty

p
e

of
“sep

arab
ility

assu
m

p
tion

”
h
old

s
tru

e
(D

an
i

et
al.,

2008;
A

b
b
asi-Y

ad
kori

et
al.,

2012).
S
ep

arab
ility

assu
m

p
tion

p
osits

th
at

th
ere

is
a

p
ositiv

e
con

stan
t

gap
b

etw
een

th
e

rew
ard

s
of

th
e

b
est

an
d

th
e

secon
d

b
est

action
s.

In
ou

r
fram

ew
ork

,
th

e
p
aram

eter
θ

b
elon

gs
to

a
con

tin
u
ou

s
set

in
R
d
+

1
an

d
th

erefore
th

e
sep

arab
ility

assu
m

p
tion

can
n
ot

b
e

en
forced

b
ecau

se
b
y

ch
o
osin

g
θ

arb
itrary

close
to
θ

0 ,
on

e
can

ob
tain

su
b

op
tim

al
(b

u
t

arb
itrary

close
to

op
tim

a
l)

rew
ard

.
H

ow
ever,

th
e

reg
ret

of
ou

r
p

olicy
scales

on
ly

logarith
m

ically
w

ith
T

.
H

ere,
w

e
con

trast
ou

r
logarith

m
ic

regret
b

ou
n
d

w
ith

th
e

folk
lore

low
er

b
ou

n
d

Ω
( √
T

),
to

b
u
ild

fu
rth

er
in

sigh
t

on
ou

r
resu

lts.

U
n

in
fo

rm
a
tiv

e
p

ric
e
s

a
n

d
Ω

( √
T

)
lo

w
e
r-b

o
u

n
d

.
W

e
fo

cu
s

on
(B

ro
d
er

an
d

R
u
sm

ev
ich

ien
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w
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ich

h
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a
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fram
ew

ork
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it

con
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a

d
y
n
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p
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g
p

olicy
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p
u
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asin
g

d
ecision

s
a
n
d

p
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a

p
ricin

g
p

olicy
b
ased
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m
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u
m

lik
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h
o
o
d

estim
ation

w
ith

regret
O

( √
T

).
A

d
op
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n
otation

,
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m
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v
t
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en
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istrib
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to
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e

fam
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p
aram
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b
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z
.

D
en

ote
b
y
d
(p
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)

th
e

d
em

an
d

cu
rve.

T
h
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cu
rve

d
eterm
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th
e

p
rob
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ility
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a

p
u
rch
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at
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given

p
rice,
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d
(p

;z
)

=
P
z (v

t ≥
p
).

(B
ro

d
er

an
d

R
u
sm

ev
ich

ien
ton

g,
2012)

sh
ow

th
at

th
e

w
orst-case

re-
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of
an

y
p
ricin

g
p

olicy
m

u
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b
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)
(see

T
h
eorem

3.1
th
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h
e
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ou

n
d
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roved

b
y
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erin
g
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c

fam
ily

of
d
em

an
d
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d
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d
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fam
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a
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m
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rice.

F
u
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er,
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e
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m
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p
rice
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c
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p
aram

eter
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T
h
erefore,
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e

p
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p
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e
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em

an
d

p
aram
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p
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h
e
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b
ou

n
d

for
th

e
w

orst-case
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d
em
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cu
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d
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b
e
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th
e

p
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iou
s
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ou
r

fram
ew
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n
o

su
ch

u
n
in

form
ative

p
rice.

F
irst,

n
ote

th
at
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e
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oice

m
o
d
el

w
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p
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m
eters

θ
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=
(θ
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th
e

d
em
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d

cu
rve
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e
t
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giv

en
b
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d
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d
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p
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u
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in

form
ative

p
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F
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an
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.

S
p
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n
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er
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;z
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=
0
.5

+
z
−

z
p
.

H
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z
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d
it
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a
t

p ∗(z
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=
1

fo
r
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0

=
0
.5
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P
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p
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b
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b
y
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m
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w
e
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A

p
p

en
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fo
r
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lo
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it

h
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p
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X
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te
d

ei
ge

n
va

lu
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b
y

w
h
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h
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h
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e
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‖X
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1
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C

m
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2
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1
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5)

T
h
er

ef
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e,
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r
an

y
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ed

p
ri

ce
p
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if

w
e
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e

d
em

an
d

p
ar
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et

er
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so
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e

ot
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er
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,
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e

d
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ge
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b
y

an
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n
t

p
ro

p
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al
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.
H

en
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,
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y
p
ri

ce
in
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in
g

is
in
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rm
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iv

e
ab

o
u
t

th
e

m
o
d
el

p
ar
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et

er
s.
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o

b
u
il
d
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d
er
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ce
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o
d
el
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er

e
th

e
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ti
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er
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b
u
y
in

g
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p
ro

d
u
ct

w
it

h
fe
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u
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ec
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rs
x
t

at
p
ri

ce
p

is
g
iv

en
b
y

u
(x
t)

=
θ 0
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t
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β

0
p

+
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(1
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h
er

e
θ 0
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0
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e
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n
k
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ow

n
m

o
d
el

p
ar

am
et

er
s

an
d
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is
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e
n
oi
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te
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T
h
e

cu
st

om
er

b
u
y
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e

p
ro

d
u
ct

iff
u

(x
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≥

0.
N

ot
e

th
at

th
e

m
o
d
el

w
e

st
u
d
ie

d
in

th
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p
ap

er
(s

ee
E

q
u
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a
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ia
l
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h
en

th
e

p
ri
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β

0
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b

e
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m
al
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W
e

n
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u
n
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ow
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th
e

u
n
in
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iv

e
p
ri

ce
s

d
o
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t
an

d
h
en

ce
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e
Ω

(√
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)
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il
l

in
p
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ce
.

T
o

se
e

th
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,
le

t
θ 0
,i

=
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fo
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d
.

F
ix

ar
b
it

ra
ry
a
,

an
d

se
t
β

0
=
g
(a

)
−
a

+
θ 0
,1

.
A

ls
o,

le
t
x
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1
=

1,
fo

r
al

l
t.

T
h
en

,
th

e
d
em

an
d

cu
rv

es
w

il
l

b
e

u
n
al

te
re

d
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er
ti

m
e

an
d
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e
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n
b
y

d
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=
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0
p
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=

1
−
F

((
g
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W
e

n
ex

t
ve

ri
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th
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p
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=
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is
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ti
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al
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ri

ce
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r
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e
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c
ch
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ce

of
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.
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th
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th
e

ex
p
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te

d
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u
e
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rm

a
p
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d
p
ri

ce
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v
en

b
y

p
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d
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p
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)
=
p

(1
−
F
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)p
−
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(1
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B
y

d
efi

n
it

io
n

of
th

e
p
ri

ci
n
g

fu
n
ct

io
n
g
,

gi
ve

n
b
y
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it
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ea
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to
se

e
th

at
p
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=
1

se
ts

th
e

gr
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ie
n
t

of
th

e
ex

p
ec

te
d

re
ve

n
u
e

to
ze

ro
.

N
ex

t
n
ot

e
th

at
al

l
th

e
d
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an
d

cu
rv

es
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re
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le

ss
of

va
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e
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,
in
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at
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h
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al
l

h
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e
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e
va

lu
e
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at
th
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p
ri
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T
h
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ef
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u
n
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rm

at
iv

e
p
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in
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b
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p
ri

ci
n
g

at
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H
ow

ev
er

,
w

h
en
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=
a
,

ch
o
os

in
g

p
ri

ce
s

th
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ar
e
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ay
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rm
at

iv
e

p
ri

ce
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ad
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to
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e
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gr
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P
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s
th

at
ar
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os
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p
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d
o
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n
ot

h
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e
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y
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at
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n
ga
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n
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n
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e
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o
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b
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ow

n
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e
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p
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e
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R
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d
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F
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al
ly

,
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ra
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p
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b
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h
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d
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o
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a
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0
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h
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ra
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b
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h
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h
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e
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u
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s
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p
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T
h
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n
tr

o
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ed
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ro

u
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e

m
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u
m
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n
va
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,
C

m
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C

m
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ra
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o
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n
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u
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e
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q
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p
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h
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ra
cy

.
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C

om
p
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x
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y
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T

h
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p
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ro

u
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e
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L
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P
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p
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,
w
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e
h
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e
fa
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s
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n
tr
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u
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th

e
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n
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o
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o
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o
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C

m
in

In
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b
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g
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r
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w
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A
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u
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p
ti
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2

w
h
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h
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q
u
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e
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o
p
u
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b
e
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b
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b
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b
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p
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b
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n
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d
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n
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h
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p
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n
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p
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b
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=
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m
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p
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d
in

d
ep

en
d
en

tl
y

fr
o
m

a
p
ro

b-
a
bi

li
ty

d
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∈
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u
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pa
ra

m
et

er
s
θ 0
∈
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p
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re
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√
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d
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m
en

si
on

d
.

F
ro

m
th

e
te

ch
n
ic

al
p

oi
n
t

of
v
ie

w
,

th
is

is
d
u
e

to
th

e
fa

ct
th

at
in

o
u
r

a
n
a
ly

si
s

in
st

ea
d

of
b

ou
n
d
in

g
th

e
es

ti
m

at
io

n
er

ro
rs
‖θ

0
−
θ̂k
‖ 2

,
w

e
d
ir

ec
tl

y
b

ou
n
d

th
e

p
re

d
ic

ti
o
n

er
-

ro
rs
‖X

(k
−

1
) (
θ 0
−
θ̂k

)‖
2
,

w
h
er

e
X

(k
−

1
)

is
th

e
m

at
ri

x
ob

ta
in

ed
b
y

p
u
tt

in
g

th
e

fe
a
tu

re
ve

ct
or

s
in

ep
is

o
d
e

(k
−

1)
as

it
s

ro
w

s.
W

e
th

en
co

n
n
ec

t
th

e
to

ta
l

re
g
re

t
in

ea
ch

ep
is

o
d
e

to
th

e
co

rr
es

p
on

d
in

g
p
re

d
ic

ti
on

er
ro

r.
B

y
th

is
an

al
y
si

s,
w

e
ar

e
ab

le
to

re
m

ov
e

th
e

re
q
u
ir

em
en

t
C

m
in
>

0
an

d
ob

ta
in

a
re

gr
et

th
at

is
in

d
ep

en
d
en

t
of

th
e

sp
ar

si
ty
s 0

,
at

th
e

co
st

o
f

g
et

ti
n
g

O
(√
T

)
re

gr
et

b
ou

n
d
.

5
.
L
o
w
e
r
B
o
u
n
d
o
n
R
e
g
re
t

A
s

d
is

cu
ss

ed
in

S
ec

ti
on

2.
2,

if
th

e
tr

u
e

p
ar

am
et

er
θ 0

is
k
n
ow

n
,

th
e

op
ti

m
a
l

p
o
li
cy

(i
n

te
rm

s
of

ex
p

ec
te

d
re

ve
n
u
e)

is
th

e
on

e
th

at
se

ts
p
ri

ce
s

as
p
t

=
g
(x
t
·
θ 0

).
L

et
H
t

=
{x

1
,x

2
,.
..
,x

t,
z 1
,z

2
,.
..
,z
t}

d
en

ot
e

th
e

h
is

to
ry

se
t

u
p

to
ti

m
e
t,

an
d

re
ca

ll
th

a
t

Ω
d
en

o
te

s
th

e
se

t
of

fe
as

ib
le

p
ar

am
et

er
s,

i.
e.

,
Ω

=
{θ
∈
R
d

:
‖θ
‖ 0
≤
s 0
,
‖θ
‖ 1
≤
W
}.

W
e

co
n
si

d
er

th
e

fo
ll
ow

in
g

se
t

of
p

ol
ic

ie
s,

Π
:

Π
=
{ π

:
π

(p
t)

=
g
(x
t
·θ
t)
,

fo
r

so
m

e
θ t
∈

Ω
,

su
ch

th
at
θ t

is
H
t−

1
-m

ea
su

ra
b
le
}
.

(1
8
)

1
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D
y
n
a
m
ic

P
r
ic
in
g

in
H
ig
h
-d

im
e
n
sio

n
s

H
ere

π
(p
t )

d
en

o
tes

th
e

p
rice

p
osted

b
y

p
olicy

π
at

tim
e
t.

W
e

p
rov

id
e

a
low

er
b

ou
n
d

on
th

e
ach

ievab
le

regret
b
y

a
n
y

p
olicy

in
set

Π
.

In
d
eed

th
is

low
er

b
o
u
n
d

a
p
p
lies

to
an

oracle
w

h
o

fu
lly

ob
serves

th
e

m
arket

va
lu

es
after

th
e

p
rice

is
eith

er
a
ccep

ted
or

rejected
.

C
om

p
ared

to
ou

r
settin

g,
w

h
ere

th
e

seller
ob

serv
es

on
ly

th
e

b
in

ary
feed

b
a
ck

s
(p

u
rch

ase/n
o

p
u
rch

ase),
th

is
oracle

ap
p

ears
ex

ceed
in

gly
p

ow
erfu

l
at

fi
rst

sig
h
t

b
u
t

su
rp

risin
gly,

th
e

d
erived

low
er

b
ou

n
d

m
atch

es
th

e
regret

of
ou

r
d
y
n
am

ic
p

olicy,
u
p

to
a

lo
g
a
rith

m
ic

factor.

T
h

e
o
re

m
5

C
o
n

sid
er

lin
ea

r
m

od
el

(2)
w

h
ere

th
e

m
a
rket

va
lu

es
v
(x
t ),

1
≤
t≤

T
,

a
re

fu
lly

o
bserved

.
W

e
fu

rth
er

a
ssu

m
e

th
a
t

m
a
rket

va
lu

e
n

o
ises

a
re

gen
era

ted
a
s
z
t ∼

N
(0,σ

2).
L

et
Π

be
th

e
set

o
f

po
licies

given
by

(18).
T

h
en

,
th

ere
exists

co
n

sta
n

t
C
′
>

0
(d

epen
d
in

g
o
n
W

a
n

d
σ

),
su

ch
th

a
t

th
e

fo
llo

w
in

g
h
o
ld

s
tru

e
fo

r
a
ll
T
∈
N

.

m
in

π∈
Π
R
egretπ

(T
)≥

C
′ {
s

0
log (

Ts
0 )

+
m

in [
Ts
0
,s

0
log (

ds
0 ) ]}

.
(19)

In
th

e
fo

llow
in

g
w

e
giv

e
an

ou
tlin

e
for

th
e

p
ro

of
of

T
h
eorem

5,
su

m
m

arizin
g

its
m

ain
step

s
a
n
d

d
efer

th
e

com
p
lete

p
ro

of
to

S
ection

8.3.

1
.

W
e

d
erive

a
low

er
b

ou
n
d

for
regret

in
term

s
of

th
e

m
in

im
ax

estim
ation

error.
S
p

ecif-
ica

lly,
fo

r
t∈

N
,

let

reg
t ≡

p ∗t I(v
t ≥

p ∗t )−
p
t I(v

t ≥
p
t )

(20)

b
e

th
e

reg
ret

at
p

erio
d
t.

W
e

sh
ow

th
at

m
ax

θ
0 ∈

Ω
E

(reg
t )≥

c
m

ax
θ
0 ∈

Ω
E{

m
in

(‖
θ
t −

θ
0 ‖

22 ,C
)}
,

(21)

fo
r

so
m

e
con

stan
ts
c,C

>
0.

2
.

L
et
θ
T1

=
(θ
t )
Tt=

1
an

d
d
efi

n
e
d
(θ
T1
,θ)≡

∑
Tt=

1
m

in
(‖
θ
t −

θ‖
22 ,C

).
W

e
u
se

a
sta

n
d
ard

ar-
g
u
m

en
t

(L
e

C
am

’s
m

eth
o
d
)

th
at

relates
th

e
m

in
im

ax
`
2

risk
,
m

in
θ
T1

m
ax

θ
0 ∈

Ω
E

[d
(θ
T1
,θ

0 )],

in
term

s
o
f

th
e

error
in

m
u
lti-w

ay
h
y
p

oth
esis

p
rob

lem
(T

sy
b
akov

,
2008).

W
e

fi
rst

con
-

stru
ct

a
m

ax
im

al
set

of
p

oin
ts

in
Ω

,
su

ch
th

at
m

in
im

u
m

p
airw

ise
d
ista

n
ces

am
on

g
th

em
is

a
t

lea
st
δ.

(S
u
ch

set
is

u
su

ally
referred

to
as

a
δ-p

ack
in

g
in

th
e

literatu
re).

H
ere

δ
is

a
free

p
a
ram

eter
to

b
e

d
eterm

in
ed

in
th

e
p
ro

of.
W

e
th

en
u
se

a
stan

d
ard

red
u
ction

to
sh

ow
th

a
t

an
y

estim
ator

w
ith

sm
all

m
in

im
ax

risk
sh

ou
ld

n
ecessarily

solve
a

h
y
p

oth
esis

testin
g

p
rob

lem
over

th
e

p
ack

in
g

set,
w

ith
sm

all
error

p
rob

ab
ility.

M
ore

sp
ecifi

cally,
su

p
p

ose
th

at
n
atu

re
ch

o
oses

on
e

p
oin

t
from

th
e

p
ack

in
g

set
u
n
iform

ly
at

ra
n
d
om

an
d

co
n
d
itio

n
al

on
n
atu

re’s
ch

oice
of

th
e

p
aram

eter
vector,

say
θ

0 ,
th

e
m

arket
valu

e
are

g
en

era
ted

accord
in

g
to
〈x
t ,θ

0 〉
+
z
t

w
ith

z
t ∼

N
(0,σ

2).
T

h
e

p
rob

lem
is

red
u
ced

to
low

er
b

ou
n
d
in

g
th

e
error

p
rob

ab
ility

in
d
istin

gu
ish

in
g
θ

0
am

on
g

th
e

can
d
id

ates
in

th
e

p
ack

in
g

set
u
sin

g
th

e
ob

serv
ed

m
arket

valu
es.

3
.

W
e

a
p
p
ly

F
an

o’s
in

eq
u
ality

from
in

form
ation

th
eo

ry
to

low
er

b
ou

n
d

th
e

p
rob

ab
ility

of
error

(T
sy

b
akov

,
2008).

T
h
e

F
an

o’s
b

ou
n
d

in
volv

es
th

e
logarith

m
of

th
e

card
in

ality
of

th
e
δ-p

a
ck

in
g

set
as

w
ell

as
th

e
m

u
tu

al
in

form
ation

b
etw

een
th

e
ob

servation
s

(m
arket
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J
a
v
a
n
m
a
r
d

a
n
d

N
a
z
e
r
z
a
d
e
h

valu
es)

an
d

th
e

ran
d
om

p
aram

eter
vector

θ
0

ch
osen

u
n
iform

ly
at

ran
d
om

from
th

e
p
ack

in
g

set.
L

e
C

am
’s

m
eth

o
d

is
u
sed

to
d
eriv

e
m

in
im

al
risk

low
er

b
ou

n
d

for
an

estim
ator

θ̂,
w

h
ile

h
ere

w
e

h
av

e
a

seq
u
en

ce
of

estim
ators

an
d

n
eed

to
ad

ju
st

th
e

L
e

C
am

’s
m

eth
o
d

to
get

th
e

low
er

b
ou

n
d

for
d
(θ
T1
,θ

0 ).

6
.
N
o
n
lin

e
a
r
V
a
lu
a
tio

n
F
u
n
ctio

n

In
p
rev

iou
s

section
s,

w
e

fo
cu

sed
ex

clu
sively

on
lin

ea
r

valu
ation

fu
n
ction

given
b
y

E
q

(2).
H

ere,
w

e
ex

ten
d

ou
r

resu
lts

an
d

assu
m

e
th

at
th

e
m

arket
valu

ation
s

are
m

o
d
eled

b
y

a
n

o
n

lin
ea

r
fu

n
ction

th
at

d
ep

en
d
s

on
p
ro

d
u
cts’

featu
res

an
d

an
in

d
ep

en
d
en

t
n
oise

term
.

S
p

ecifi
cally,

th
e

m
arket

valu
e

of
a

p
ro

d
u
ct

w
ith

featu
re

v
ector

x
t

is
giv

en
b
y

v
(x
t )

=
ψ

(θ
0 ·
φ

(x
t )

+
z
t )
,

(22)

w
h
ere

th
e

origin
al

featu
res

x
t

are
tran

sform
ed

b
y

a
featu

re
m

ap
p
in

g
φ

:R
d7→

R
d,

an
d

fu
n
c-

tion
ψ

:R
7→

R
is

a
gen

eral
fu

n
ction

th
at

is
log-con

cave
an

d
strictly

in
creasin

g.
Im

p
ortan

t
ex

am
p
les

of
th

is
m

o
d
el

in
clu

d
e

log-log
m

o
d
el

(ψ
(x

)
=
e
x,
φ

(x
)

=
ln

(x
)),

sem
i-log

m
o
d
el

(ψ
(x

)
=
e
x,
φ

(x
)

=
x

),
an

d
logistic

m
o
d
el

(ψ
(x

)
=
e
x/(1

+
e
x),

ψ
(x

)
=
x

).
M

o
d
el

(22)
allow

s
u
s

to
cap

tu
re

correlation
s

an
d

n
on

-lin
ear

d
ep

en
d
en

cies
on

th
e

featu
res.

W
e

n
ex

t
state

ou
r

assu
m

p
tion

on
th

e
featu

re
m

ap
p
in

g
φ

an
d

th
en

d
iscu

ss
ou

r
d
y
n
am

ic
p
ricin

g
p

olicy
an

d
its

regret
b

ou
n
d

for
th

e
gen

eral
settin

g
(22).

A
ssu

m
p

tio
n

6
L

et
p
X

be
a
n

(u
n

kn
o
w

n
)

d
istribu

tio
n

fro
m

w
h
ich

th
e

o
rigin

a
l

fea
tu

res
x
t

a
re

sa
m

p
led

in
d
epen

d
en

tly.
S

u
p
po

se
th

a
t

th
e

fea
tu

re
m

a
p
p
in

g
φ

h
a
s

co
n

tin
u

o
u

s
d
eriva

tive
a
n

d
d
en

o
te

by
Σ
φ
≡

E
(φ

(x
)·
φ

(x
)
T

)
th

e
seco

n
d

m
o
m

en
t

m
a
trix

o
f
φ

(x
)

u
n

d
er

P
X

.
W

e
a
ssu

m
e

th
a
t

th
ere

exist
co

n
sta

n
ts
C

m
in

a
n

d
C

m
a
x

su
ch

th
a
t

fo
r

every
eigen

va
lu

e
σ

o
f

Σ
φ
,

w
e

h
a
ve

0
<
C

m
in ≤

σ
<
C

m
a
x
<
∞

.

In
vok

in
g

A
ssu

m
p
tion

1,P
X

h
as

a
b

o
u
n
d
ed

su
p
p

ortX
an

d
sin

ce
φ

h
as

con
tin

u
ou

s
d
eriva-

tive,
it

is
L

ip
sch

itz
on
X

an
d

h
en

ce
th

e
im

age
ofX

u
n
d
er
φ

rem
ain

s
b

ou
n
d
ed

.
T

h
erefo

re,
th

e
n
ew

featu
res

φ
(x
t )

are
also

sam
p
led

in
d
ep

en
d
en

tly
from

a
b

ou
n
d
ed

set.
T

h
e

con
d
ition

on
Σ
φ

is
an

alogou
s

to
th

at
on

Σ
,

as
req

u
ired

b
y

A
ssu

m
p
tion

2
for

th
e

lin
ear

settin
g.

B
ased

on
featu

re
m

ap
p
in

g
φ

,
valid

ity
of

A
ssu

m
p
tion

6
m

ay
d
ep

en
d

on
all

m
om

en
ts

of
d
istrib

u
tion

P
X

.
W

e
p
rov

id
e

an
altern

ative
to

th
is

assu
m

p
tion

,
w

h
ich

on
ly

d
ep

en
d
s

on
featu

re
m

ap
p
in

g
φ

an
d

th
e

secon
d

m
om

en
t

of
P
X

.
In

statin
g

th
e

assu
m

p
tion

,
w

e
u
se

th
e

n
otation

D
φ

to
d
en

ote
th

e
d
erivative

m
atrix

of
a

featu
re

m
ap

p
in

g
φ

.
P

recisely,
fo

r
φ

=
(φ

1 ,...,φ
d ),

w
ith

φ
i

real-valu
ed

fu
n
ction

d
efi

n
ed

on
R
d,

w
e

w
rite
D
φ

=
(∂
φ
i /∂

x
j )

1≤
i≤
j≤
d .

A
ssu

m
p

tio
n

7
(a

lte
rn

a
tiv

e
to

A
ssu

m
p

tio
n

6
)

S
u

p
po

se
th

a
t

fea
tu

re
m

a
p
p
in

g
φ

h
a
s

co
n

tin
u

o
u

s
d
eriva

tive
a
n

d
its

d
eriva

tive
D
φ
(x

)
is

fu
ll-ra

n
k

fo
r

a
lm

o
st

a
ll
x

.
In

a
d
d
itio

n
,

th
ere

exist
co

n
sta

n
ts
C

m
in

a
n

d
C

m
a
x

su
ch

th
a
t

fo
r

every
eigen

va
lu

e
σ

o
f

co
va

ria
n

ce
Σ

,
w

e
h
a
ve

0
<
C

m
in ≤

σ
<
C

m
a
x
<
∞

.

R
ecall

th
at

th
e

n
oise

term
s
{
z
t }
t≥

1
are

d
raw

n
in

d
ep

en
d
en

tly
an

d
id

en
tically

from
a

d
istrib

u
tion

w
ith

cu
m

u
lative

fu
n
ction

F
an

d
d
en

sity
f

(x
).

L
et
λ

(v
)

=
f

(v
)/(1−

F
(v

))
b

e
th

e
h
azard

rate
fu

n
ction

for
d
istrib

u
tion

F
.

F
or

a
log-con

cave
fu

n
ction

ψ
,

w
e

d
efi

n
e

g −
1

ψ
(v

)≡
v−

λ
−

1 (
ψ
′(v

)

ψ
(v

) )
.

(23)
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D
y
n
a
m
ic

P
r
ic
in
g

in
H
ig
h
-d

im
e
n
si
o
n
s

In
p

u
t:

(a
t

ti
m

e
0)

fu
n
ct

io
n
g
,

re
gu

la
ri

za
ti

on
s
λ
k
,
W

(b
ou

n
d

on
‖θ

0
‖ 1

)
In

p
u

t:
(a

rr
iv

e
s

o
v
e
r

ti
m

e
)

co
va

ri
at

e
ve

ct
or

s
{x̃

t
=
φ

(x
t)
} t
∈N

O
u

tp
u

t:
p
ri

ce
s
{p
t}
t∈

N
1
:
τ 1
←

1,
p

1
←

0,
θ̂1
←

0
2
:

fo
r

ea
ch

ep
is

o
d
e
k

=
2,

3
,.
..

d
o

3
:

S
et

th
e

le
n
gt

h
of
k
-t

h
ep

is
o
d
e:
τ k
←

2
k
−

1
.

4
:

U
p

d
at

e
th

e
m

o
d
el

p
ar

am
et

er
es

ti
m
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e
θ̂k

u
si

n
g

th
e

re
gu

la
ri

ze
d

M
L

es
ti

m
at

or
ob
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in

ed
fr

om
ob

se
rv

at
io

n
s

in
th

e
p
re

v
io

u
s

ep
is

o
d
e:

θ̂k
=

ar
g

m
in

‖θ
‖ 1
≤
W
{L

(θ
)

+
λ
k
‖θ
‖ 1
}
,

(2
4)

w
h
er

e
L(
θ)

is
gi

ve
n

b
y
:

L(
θ)

=
−

1

τ k
−

1

τ k
−

1
∑

t=
τ k
−
1

{ I(
y t

=
1)

lo
g
(1
−
F

(ψ
−

1
(p
t)
−
θ
·x̃

t)
)

+
I(
y t

=
−

1)
lo

g
(F

(ψ
−

1
(p
t)
−
θ
·x̃

t)
)}

.
(2

5
)

5
:

F
or

ea
ch

p
er

io
d
t

d
u
ri

n
g

th
e
k
-t

h
ep

is
o
d
e,

se
t

p
t
←
ψ

(g
ψ

(θ̂
k
·x̃

t)
)
.

(2
6
)

A
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o
ri
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m

2
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R
M
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P
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o
li
c
y
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r
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n
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m
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p

ri
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in
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u

n
d

e
r

th
e
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o
n

li
n

e
a
r

se
t-
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n

g

N
ot

e
th

at
ψ
′ (
v
)/
ψ

(v
)

=
lo

g
′ ψ

(v
)

an
d

si
n
ce
ψ

is
lo

g-
co

n
ca

ve
,
th

is
te

rm
is

d
ec

re
as

in
g.

F
u
rt

h
er

,
si

n
ce

1
−
F

is
lo

g-
co

n
ca

ve
th

en
it

s
h
az

ar
d

ra
te
λ

is
in

cr
ea

si
n
g

(S
ee

p
ro

of
of

L
em

m
a

C
.1

.)
C

om
b
in

in
g

th
es

e
ob

se
rv

at
io

n
s,

w
e

h
av

e
th

at
−
λ
−

1
(ψ
′ (
v
)/
ψ

(v
))

is
in

cr
ea

si
n
g
.

C
on

se
q
u
en

tl
y,

•
R

ig
h
t-

h
an

d
si

d
e

of
(2

3)
is

st
ri

ct
ly

in
cr

ea
si

n
g

an
d

h
en

ce
,
g
−

1
ψ

is
w

el
l-

d
efi

n
ed

.

•
W

e
h
av

e
(g
−

1
ψ

)′
(v

)
≥

1,
fo

r
al

l
v
.

T
h
is

im
p
li
es

th
at

0
<
g
′ ψ
(v

)
≤

1,
fo

r
al

l
v
.

It
is

w
or

th
n
ot

in
g

th
at

fo
r
ψ

(v
)

=
v

(l
in

ea
r

m
o
d
el

),
w

e
h
av

e
g ψ

=
g
,

w
h
er

e
g

is
d
efi

n
ed

b
y

(7
).

O
u
r

p
ri

ci
n
g

p
ol

ic
y

fo
r

th
e

n
on

li
n
ea

r
m

o
d
el

is
co

n
ce

p
tu

al
ly

si
m

il
ar

to
th

e
li
n
ea

r
se

tt
in

g:
T

h
e

p
ol

ic
y

ru
n
s

in
an

ep
is

o
d
ic

m
a
n
n
er

.
D

u
ri

n
g

ep
is

o
d
e
k
,

th
e

p
ri

ce
s

ar
e

se
t

as
p
t

=
ψ

(g
ψ

(θ̂
k
·x

t)
),

w
h
er

e
θ̂k

d
en

ot
es

th
e

es
ti

m
at

e
of

th
e

tr
u
e

p
ar

am
et

er
v
ec

to
r
θ 0

,
u
si

n
g

a
re

gu
la

ri
ze

d
m

ax
im

u
m

-l
ik

el
ih

o
o
d

es
ti

m
at

or
ap

p
li
ed

to
ob

se
rv

at
io

n
s

in
th

e
p
re

vi
o
u

s
ep

is
o
d
e,

an
d
x̃
t

=
φ

(x
t)

.
W

e
d
es

cr
ib

e
ou

r
(m

o
d
ifi

ed
)

R
M

L
P

p
ol

ic
y

in
A

lg
or

it
h
m

2.
T

h
er

e
a

fe
w

d
iff

er
en

ce
s

b
et

w
ee

n
A

lg
or

it
h
m

2
an

d
A

lg
or

it
h
m

1:
F

ir
st

ly
,

th
e

fe
at

u
re

s
x
t

ar
e

re
p
la

ce
d

b
y
x̃
t

=
φ

(x
t)

.
S
ec

on
d
ly

,
in

th
e

re
gu

la
ri

ze
d

es
ti

m
at

or
,

p
ri

ce
s
p
t

ar
e

re
p
la

ce
d

b
y
ψ
−

1
(p
t)

.
T

h
ir

d
ly

,
in

th
e

la
st

st
ep

of
al

go
ri

th
m

p
ri

ce
s

ar
e

se
t

as
ψ

(g
ψ

(θ̂
k
·x

t)
),

w
it

h
g ψ

d
efi

n
ed

b
y

E
q
u
at

io
n

(2
3)

.
O

u
r

n
ex

t
th

eo
re

m
b

ou
n
d
s

th
e

re
gr

et
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r

p
ri

ci
n
g

p
ol

ic
y

(A
lg

or
it

h
m

2)
.
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p
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p
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p
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e
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g
re

d
ie

n
ts

.

1.
B

y
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si
n
g

p
ro

p
er
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a
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o
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u
rs

at
p

er
io

d
t

w
h
en
z t
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1
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−
θ 0
·x̃
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H
en

ce
,

th
e

lo
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li
ke
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d

es
ti

m
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or
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r
th

is
se

tt
in
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re
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s
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B

y
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u
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p
ti
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r
it
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p
ti
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w
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es
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p
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b
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d
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p
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p
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b
ou

n
d

is
si

m
il
ar

to
th

e
co

rr
es

p
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w
e

ge
t
R

(T
)

=
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d
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e
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p
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,
th

e
u
n
d
er

ly
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d
is
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u
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at
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is
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ra
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es
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es
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d
is

tr
ib

u
ti

o
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t
p
ri

ci
n
g

p
ol

ic
y.
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in

so
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p
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th
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th
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ly
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g
d
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u
ti
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o
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at
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n
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ow
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n
ow

n
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d
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tr
ib

u
ti

on
s.

F
or

ex
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le
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lo
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n
o
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d
is

tr
ib

u
ti
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e
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b

e
a

go
o
d

fi
t

fo
r

th
e

d
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at
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d
el
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et
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L
ah

ai
e
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d

P
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o
ck
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20

0
7
;

X
ia

o
et

a
l.
,

20
09
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B

al
se

ir
o

et
al

.,
20
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).
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e

co
n
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d
er

a
se
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in

g
w

h
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u
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er

ly
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d
is
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d
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b
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u
n
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.

7
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u
n
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n
m

an
d

u
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n
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2
.
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o
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,
w

e
ca
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at
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b
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b
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u
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P
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0
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larization
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W
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u
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e
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r
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e
)
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vectors{
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t∈

N
O

u
tp
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t:

p
rices{

p
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N
1
:
τ
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1
,
p

1 ←
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0

2
:

fo
r

ea
ch
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d
e
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d

o
3
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k ←
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o
d
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=
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)
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λ
k ‖
µ‖

1 }
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w
h
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L
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b
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1
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k −
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∑t=
τ
k−

1 {
I(y

t
=

1)
log

(1−
F

(β
p
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−
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p
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.
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d
t

d
u
rin

g
th

e
k
-th

ep
iso

d
e,

set

p
t ←

1β̂
k
g
(µ̂
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p
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=
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β
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β
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β
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b
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b
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b
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s
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p
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≤
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−
p
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−
p
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≥
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Σ
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b
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b
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b
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p
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b
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p
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b
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.
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u
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p
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τ
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τ
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τ
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+
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+
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τ
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=
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R
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<

2
k−
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p
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b
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R
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d
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,
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R
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con
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=
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=

m
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=
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R
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b
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p
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b
ou

n
d

(91)
to

sam
p
les

in
ep

iso
d
e

(k−
1),

w
e

get
th

at
w

ith
p
rob

ab
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0 ‖
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0 ‖
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0 ‖
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b
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secon
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b
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0 ‖
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secon
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b
ou

n
d
ed

b
y

v
irtu

e
of

th
e

follow
in

g
lem

m
a,

w
h
ose

p
ro

of
is

d
eferred

to
A

p
p

en
d
ix

C
.8

24
JM

L
R

 20(9):1-49, 2019



D
y
n
a
m
ic

P
r
ic
in
g

in
H
ig
h
-d

im
e
n
si
o
n
s

L
e
m

m
a

1
5

F
o
r

a
n

y
k
≥

1
a
n

d
a
n

y
ve

ct
o
r
v
∈
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√
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p
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√
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−
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b
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p
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−
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√
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=
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a
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>

0:

R
eg
re
t(
T

)
≤
C
W

3
K ∑ k
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√
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p
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h
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re
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1
,1

]d
.
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b
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c
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d
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d
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∈
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b
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re
gr

et
o
cc

u
rr

ed
at

st
ep

t
an

d
b
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=
re
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−
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−
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si
n
g

b
ef

or
e
p
∗ t

an
d

d
ec

re
as

in
g

af
te

rw
ar

d
.

T
h
er

ef
or

e,
if
p
t
≤
p
∗ t
−
δ

th
en

re
v t

(p
t)
≤

re
v t

(p
∗ t
−
δ)

=
re
v t

(p
∗ t)

+
1 2
re
v′
′ t(
p
)δ

2
≤

re
v t

(p
∗ t)
−
c 1 8
δ2
,

(6
1
)

w
h
er

e
p

is
so

m
e

p
oi

n
t

in
[p
∗ t
−
δ,
p
∗ t]

an
d

w
e

ap
p
li
ed

L
em

m
a

16
in

th
e

la
st

st
ep

.

S
im

il
ar

ly
,

fo
r
p
t
≥
p
∗ t

+
δ

w
e

ob
ta

in

re
v t

(p
t)
≤

re
v t

(p
∗ t

+
δ)

=
re
v t

(p
∗ t)

+
1 2
re
v′
′ t(
p
)δ

2
≤

re
v t

(p
∗ t)
−
c 1 8
δ2
,

(6
2
)

w
h
er

e
p
∈

[p
∗ t−
δ,
p
∗ t]

th
is

ti
m

e.
C

om
b
in

in
g

th
es

e
tw

o
in

eq
u
al

it
ie

s,
w

e
ge

t
th

a
t
re
v t

(p
∗ t)
−

re
v t

(p
t)
≥
c 1
δ2
/
8,

if
|p
∗ t
−
p
t|
≥
δ.

W
ri

ti
n
g

th
e

b
ou

n
d
s

in
th

e
tw

o
ca

se
s

to
ge

th
er

,
w

e
ge

t

E(
re
g
t|H̄

t−
1
)
≥

re
v t

(p
∗ t)
−

re
v t

(p
t)
≥

      

c 1 8
(p
t
−
p
∗ t)

2
,

if
|p
t
−
p
∗ t|
≤
δ
,

c 1 8
δ2
,

if
|p
t
−
p
∗ t|
>
δ
.

(6
3
)

W
e

p
ro

ce
ed

b
y

re
la

ti
n
g

th
e

lo
w

er
b

ou
n
d

to
th

e
er

ro
r

in
es

ti
m

at
io

n
θ 0

.

E(
re
g
t|H̄

t−
1
)
≥
c 1 8

m
in
( (p

t
−
p
∗ t)

2
,δ

2
) =

c 1 8
m

in
( (g

(x
t
·θ
t)
−
g
(x
t
·θ

0
))

2
,δ

2
)

≥
c 1 8

m
in
( c2 2
|x
t
·(
θ t
−
θ 0

)|2
,δ

2
) ,

(6
4
)

w
h
er

e
w

e
u
se

d
th

e
fa

ct
th

at
b
y

L
em

m
a

14
,
g
′ (
v
)
>
c 2

ov
er

th
e

b
ou

n
d
ed

in
te

rv
a
l

[−
W
,W

],
fo

r
so

m
e

co
n
st

an
t
c 2

>
0.

W
e

re
ca

ll
th

e
d
efi

n
it

io
n

of
h
is

to
ry

se
t
H
t
≡
H̄
t\
{x

t+
1
}

=
{x

1
,x

2
,.
..
,x

t,
z 1
,z

2
,.
..
,z
t}

.
S
in

ce
H
t
⊆
H̄
t,

b
y

it
er

at
ed

la
w

of
ex

p
ec

ta
ti

on
,

w
e

g
et

E(
re
g
t|H

t−
1
)

=
E(

E(
re
g
t|H̄

t−
1
)|H

t−
1
)
≥
c 1 8
E(

m
in
( c

2 2
|x
t
·(
θ t
−
θ 0

)|2 2
,δ

2
)∣ ∣ ∣
H
t−

1

) .
(6

5
)

N
ot

e
th

at
x
t

is
in

d
ep

en
d
en

t
of
H
t−

1
an

d
θ t
−
θ 0

is
H
t−

1
-m

ea
su

ra
b
le

.
W

e
u
se

th
e

fo
ll
ow

in
g

le
m

m
a

to
lo

w
er

b
ou

n
d

th
e

ri
gh

t-
h
an

d
si

d
e

of
(6

5)
.

5
.

T
h

e
ra

n
d

o
m

n
es

s
co

m
es

fr
o
m

ra
n

d
o
m

n
es

s
in

p
ri

ce
s

w
h

ic
h

in
tu

rn
co

m
es

fr
o
m

ra
n

d
o
m

n
es

s
in

fe
a
tu

re
s
x
t
.
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D
y
n
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m
ic

P
r
ic
in
g

in
H
ig
h
-d

im
e
n
sio

n
s

L
e
m

m
a

1
7

L
et
x
∈

R
d

be
a

ra
n

d
o
m

vecto
r

su
ch

th
a
t

its
coo

rd
in

a
tes

a
re

ch
o
sen

in
d
epen

-
d
en

tly
a
n

d
u

n
ifo

rm
ly

a
t

ra
n

d
o
m

fro
m
{−

1
,1}.

F
u

rth
er,

su
p
po

se
th

a
t
v
∈
R
d

a
n

d
δ
>

0
a
re

d
eterm

in
istic.

T
h
en

,

E (
m

in ((x
·
v
)
2,δ

2 ) )
≥

0.1
m

in
(‖
v‖

22 ,δ
2)
.

(66)

P
ro

o
f

o
f

L
em

m
a

17
is

giv
en

in
A

p
p

en
d
ix

C
.4.

A
p
p
ly

in
g

L
em

m
a

17
to

b
ou

n
d

(65),
w

e
ob

tain

E
(reg

t |H
t−

1 )≥
c

1 c
22

80
E (

m
in (‖θ

t −
θ

0 ‖
22 ,δ

2/c
22 ) ∣∣∣ H

t−
1 )
.

(67)

N
ow

,
ta

k
in

g
ex

p
ectation

from
b

oth
sid

es
w

ith
resp

ect
to
H
t−

1 ,
w

e
arrive

at

E
(reg

t )≥
c

1 c
22

80
E (

m
in (‖θ

t −
θ

0 ‖
22 ,δ

2/c
22 ))

.
(68)

E
q
u
a
tio

n
(6

8
)

low
er

b
ou

n
d
s

th
e

ex
p

ected
regret

at
each

step
to

th
e
`
2

estim
ation

error.
W

e
co

n
tin

u
e

b
y

estab
lish

in
g

a
m

in
im

ax
low

er
b

ou
n
d

on
`
2 -risk

of
estim

ation
.

L
e
m

m
a

1
8

C
o
n

sid
er

lin
ea

r
m

od
el

(2),
w

ith
α

0
=

0,
a
n

d
a
ssu

m
e

th
a
t

th
e

m
a
rket

va
lu

es
v
(x
t ),

1
≤
t
≤
T

,
a
re

fu
lly

o
bserved

a
n

d
th

e
fea

tu
re

vecto
rs

a
re

gen
era

ted
a
cco

rd
in

g
to

p
X

,
d
escribed

a
bo

ve.
W

e
fu

rth
er

a
ssu

m
e

th
a
t

th
e

n
o
ise

in
m

a
rket

va
lu

e
is

gen
era

ted
a
s

z
t ∼

N
(0,σ

2).
F

o
r

a
sequ

en
ce

o
f

estim
a
to

rs
θ
t ,

w
e

let
θ
t1

=
(θ

1 ,θ
2 ,...,θ

t ).
T

h
en

,
fo

r
a
n

y

fi
xed

va
lu

e
C
>

0
,

th
ere

exists
a

n
o
n

n
ega

tive
co

n
sta

n
t
C̃

,
d
epen

d
in

g
o
n
C

,
σ

,
W

,
su

ch
th

a
t

m
in
θ
T1

m
a
x

θ
0 ∈

Ω

T
∑t=

1 E
(

m
in (‖

θ
t −

θ
0 ‖

22 ,C
) ∣∣∣ x

1 ,...,x
T )
≥
C̃

{
s

0
log (

Ts
0 )

+
m

in [
Ts
0
,s

0
log (

ds
0 ) ]}

.

(69)

P
ro

o
f

o
f

L
em

m
a

18
is

giv
en

in
A

p
p

en
d
ix

C
.5.

W
e

a
re

n
ow

read
y

to
low

er
b

ou
n
d

th
e

regret
of

an
y

p
olicy

in
Π

.

R
egret(T

)≥
m

ax
θ
0 ∈

Ω

T
∑t=

1 E
(reg

t )≥
c

1 c
22

80

T
∑t=

1 E (
m

in (‖
θ
t −

θ
0 ‖

22 ,δ
2/c

22 ))

≥
C̃
c

1 c
22

80

{
s

0
log (

Ts
0 )

+
m

in [
Ts
0
,s

0
log (

ds
0 ) ]}

.
(70)

w
h
ere

th
e

last
step

follow
s

from
L

em
m

a
18.

8
.4

.
P

ro
o
f

o
f

T
h

e
o
re

m
8

L
et
x̃
t

=
φ

(x
t )

d
en

ote
th

e
tran

sform
ed

featu
res

u
n
d
er

th
e

featu
re-m

ap
.

A
lso,

let
p̃
t

=
ψ
−

1(p
t ).

W
e

fi
rst

sh
ow

th
at

A
ssu

m
p
tion

7
im

p
lies

A
ssu

m
p
tion

6,
an

d
th

erefore
it

su
ffi

ces
to

p
rov

e
th

e
th

eorem
u
n
d
er

A
ssu

m
p
tion

6.

L
e
m

m
a

1
9

S
u

p
po

se
th

a
t

A
ssu

m
p
tio

n
1

h
o
ld

tru
e.

T
h
en

,
A

ssu
m

p
tio

n
7

im
p
lies

A
ssu

m
p
-

tio
n

6
.
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J
a
v
a
n
m
a
r
d

a
n
d

N
a
z
e
r
z
a
d
e
h

P
ro

of
of

L
em

m
a

19
is

giv
en

in
A

p
p

en
d
ix

C
.6.

B
y

A
ssu

m
p
tion

1,
th

e
su

p
p

ort
ofP

X
is

a
b

ou
n
d
ed

setX
.

G
iven

th
at
φ

h
as

a
con

tin
u
ou

s
d
erivativ

e,
it

is
L

ip
sch

itz
on

th
e

b
ou

n
d
ed

setX
an

d
ergo

th
e

im
age

ofX
rem

ain
s

b
ou

n
d
ed

u
n
d
er

th
e

featu
re-m

ap
φ

.
P

u
ttin

g
d
iff

eren
tly,

featu
res

x̃
t

are
sam

p
led

from
a

b
ou

n
d
ed

set
in

R
d.

W
ith

ou
t

loss
of

gen
erality,

w
e

assu
m

e‖x̃
t ‖∞
≤

1.
F

u
rth

er,
as

p
er

A
ssu

m
p
tio

n
6,

th
e

covarian
ce

of
th

e
u
n
d
erly

in
g

d
istrib

u
tion

Σ
φ

is
p

ositive
d
efi

n
ite

w
ith

b
ou

n
d
ed

eigen
valu

es.
O

n
a

d
iff

eren
t

n
ote,

sin
ce
ψ

is
strictly

in
creasin

g,
a

sale
o
ccu

rs
at

p
erio

d
t

w
h
en
θ

0 ·x̃
t +

z
t ≥

ψ
−

1(p
t )

=
p̃
t .

T
h
erefore

th
e

(n
egative)

log-likelih
o
o
d

fu
n
ction

for
θ

read
s

as

L
(θ)

=
−

1

τ
k−

1

τ
k −

1
∑t=
τ
k−

1 {
I(y

t
=

1)
log

(1−
F

(p̃
t −

θ·
x̃
t ))

+
I(y

t
=
−

1)
lo

g
(F

(p̃
t −

θ·x̃
t )) }

.

T
h
e

estim
ation

b
ou

n
d

(34)
also

h
old

s
for

th
is

settin
g

an
d

th
e

p
ro

of
go

es
alon

g
th

e
sam

e
lin

es
of

th
e

p
ro

of
of

P
rop

osition
10,

w
ith

sligh
t

m
o
d
ifi

cation
s:

(i)
th

e
featu

res
x
t

an
d

p
rices

p
t

sh
ou

ld
b

e
rep

laced
b
y
x̃
t

an
d
p̃
t .

(ii)
Q

u
an

tity
u
F

an
d
`
F

in
th

e
statem

en
t

o
f

P
rop

osition
10

sh
ou

ld
b

e
set

as
M

=
(1/3)g

ψ
(0)

+
(2
/
3)W

.
T

h
is

follow
s

from
th

e
b

ou
n
d
s

b
elow

p̃
t

=
g
ψ

(x̃
t ·θ̂

k)≤
g
ψ

(0)
+
|x̃
t ·θ̂

k|≤
g
ψ

(0)
+
W
,

(71)

w
h
ere

w
e

u
sed

th
e

facts
th

at
g
ψ

is
1-L

ip
sch

itz
an

d
in

creasin
g

as
ex

p
lain

ed
b

elow
E

q
u
a-

tion
(23).

W
e

n
ex

t
ch

aracterize
th

e
op

tim
al

p
olicy

w
h
en

th
e

tru
e

p
aram

eter
θ

0
is

k
n
ow

n
.

T
h
e

ex
p

ected
reven

u
e

from
a

p
osted

p
rice

p
w

ork
s

ou
t

at
p
(1−

F
(ψ
−

1(p
)−

θ
0 ·
x̃
t )).

W
ritin

g
th

is
in

term
s

of
p̃

=
ψ
−

1(p
),

th
e

fi
rst

ord
er

con
d
ition

for
th

e
op

tim
al

p
rice

read
s

as

λ
(p̃ ∗−

θ
0 ·x̃

t )≡
f

(p̃ ∗−
θ

0 ·x̃
t )

1−
F

(p̃ ∗−
θ

0 ·
x̃
t )

=
ψ
′(p̃ ∗)
ψ

(p̃ ∗)
,

(72)

w
h
ere

λ
d
en

otes
th

e
h
azard

rate
fu

n
ction

.
E

q
u
ivalen

tly

θ
0 ·x̃

t
=
p̃ ∗−

λ
−

1 (
ψ
′(p̃ ∗)
ψ

(p̃ ∗) )
.

(73)

B
y

d
efi

n
ition

of
fu

n
ction

g
ψ

as
p

er
E

q
u
ation

(23),
w

e
get

p̃ ∗
=

g
ψ

(θ
0
·
x̃
t )

an
d

th
u
s

p ∗
=
ψ

(g
ψ

(θ
0 ·x̃

t )).
W

e
are

n
ow

read
y

to
b

ou
n
d

th
e

regret
of

th
e

algo
rith

m
.

S
im

ilar
to

E
q
u
ation

(42),
w

e
h
ave

E
(reg

t |H̄
t−

1 )≤
C2

(p ∗t −
p
t )

2
=
C2 [ψ

(g
ψ

(θ
0 ·x̃

t ))−
ψ

(g
ψ

(θ̂
k·
x̃
t )) ]

2

≤
C2
L

(g
ψ

(θ
0 ·
x̃
t ))−

g
ψ

(θ̂
k·x̃

t ))
2≤

L
C2
|x̃
t ·(θ

0 −
θ̂
k)| 2

,
(74)

w
h
ere

L
≡

m
ax|v|≤

ψ
(M

) |ψ
′(v

)|
(sin

ce
ψ

is
con

tin
u
ou

sly
d
iff

eren
tiab

le,
it

attain
s

a
m

ax
im

u
m

over
a

b
ou

n
d
ed

set.)
In

ad
d
ition

,
w

e
u
sed

th
e

fact
th

at
g ′ψ

(v
)
≤

1
as

ex
p
lain

ed
b

elow
E

q
u
ation

(23).
T

h
e

in
eq

u
alities

ab
ove

th
en

follow
from

th
e

m
ean

-valu
e

th
eorem

.
G

iven
th

at
x̃
t

is
in

d
ep

en
d
en

t
ofH

t−
1 ,

w
e

h
ave

E
(reg

t |H
t−

1 )≤
L
C2
〈θ̂
k−

θ
0 ,Σ

φ
(θ̂
k−

θ
0 )〉

,
(75)
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D
y
n
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P
r
ic
in
g

in
H
ig
h
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im
e
n
si
o
n
s

w
h
er

e
Σ
φ

=
E(
x
tx

T t
).

U
si

n
g

A
ss

u
m

p
ti

on
6,

E(
re
g
t)

=
E

(E
(r
eg
t|H

t−
1
))
≤

1 2
L
C
C

m
a
x
E(
‖θ̂
k
−
θ 0
‖2 2

)
.

(7
6)

R
es

t
of

th
e

p
ro

of
is

si
m

il
ar

to
p
ro

of
of

T
h
eo

re
m

8.
1

(s
ee

af
te

r
E

q
u
at

io
n

(4
5)

).

8
.5

.
P

ro
o
f

o
f

T
h

e
o
re

m
9

W
e

co
n
si

d
er

re
p
re

se
n
ta

ti
on

(2
7)

of
th

e
va

lu
at

io
n
s.

L
et

ti
n
g
x̃
t

=
(−
x
t;
p
t)

an
d
η

=
(µ

;β
)

ve
ct

or
s

in
R

(d
+

1
)×

1
,

w
e

ca
n

w
ri

te
th

e
lo

g-
li
ke

li
h
o
o
d

lo
ss

as
:

L(
η
)

=
−

1

τ k
−

1

τ k
−

1
∑

t=
τ k
−
1

{ I(
y t

=
1)

lo
g

(1
−
F

(x̃
t
·η

))
+

I(
y t

=
−

1)
lo

g
(F

(x̃
t
·η

))

}
.

(7
7)

W
e

le
t
p

(k
)

=
(p
τ k
−
1
,.
..
,p
τ k
−

1
)T

b
e

th
e

ve
ct

or
of

p
ri

ce
s

p
os

te
d

in
ep

is
o
d
e
k
.

W
e

al
so

co
n
st

ru
ct

fe
at

u
re

m
at

ri
x
X

(k
)

b
y

p
u
tt

in
g

fe
a
tu

re
s
x
t

th
at

ar
ri

ve
in

ep
is

o
d
e
k
,

as
it

s
ro

w
s.

M
at

ri
x
X̃

(k
)

is
co

n
st

ru
ct

ed
li
ke

w
is

e
b
y

st
a
ck

in
g

au
gm

en
te

d
fe

at
u
re

s
x
t.

H
en

ce
,
X̃

(k
)

=
[−
X

(k
) ,
p

(k
) ]

.

T
h
e

n
ex

t
le

m
m

a
is

a
te

ch
n
ic

al
le

m
m

a
th

at
w

il
l

b
e

u
se

d
la

te
r

in
b

ou
n
d
in

g
th

e
re

gr
et

.
W

e
re

fe
r

th
e

re
ad

er
to

A
p
p

en
d
ix

C
.9

fo
r

it
s

p
ro

of
.

L
e
m

m
a

2
0

A
ss

u
m

e
th

a
t

th
e

p
ro

d
u

ct
fe

a
tu

re
s
x
t
∈
R
d

a
re

ge
n

er
a
te

d
in

d
ep

en
d
en

tl
y

fr
o
m

a
n

u
n

kn
o
w

n
d
is

tr
ib

u
ti

o
n

w
it

h
bo

u
n

d
ed

su
p
po

rt
in

R
d
.

T
h
en

,
w

it
h

th
e

ch
o
ic

e
o
f

re
gu

la
ri

za
ti

o
n

pa
ra

m
et

er
s
λ
k

=
4
u
F

√
(l

og
d
)/
τ k
−

1
in

th
e

R
M

L
P

-2
po

li
cy

,
th

e
fo

ll
o
w

in
g

in
eq

u
a
li

ti
es

h
o
ld

tr
u

e:

1

τ k
−

1
‖X

(k
−

1
) (µ

0
−
µ̂
k
)‖

2
≤

4
W ` F
λ
k
,

(7
8)

(β
0
−
β̂
k
)2
≤

c W ` F
λ
k
,

(7
9)

w
h
er

e
c W

>
0

is
a

co
n

st
a
n

t
th

a
t

d
ep

en
d
s

o
n
W

.

W
e

n
ex

t
fi
gu

re
ou

t
th

e
cl

ai
rv

oy
an

t
p

ol
ic

y.

L
e
m

m
a

2
1

L
et
g

be
th

e
p
ri

ci
n

g
fu

n
ct

io
n

co
rr

es
po

n
d
in

g
to

d
is

tr
ib

u
ti

o
n
F

=
F

0
,1

,
gi

ve
n

by
g
(v

)
=
v

+
ϕ
−

1
(−
v
),

w
h
er

e
ϕ

(v
)

=
v
−

(1
−
F

(v
))
/
f

(v
)

is
th

e
vi

rt
u

a
l

va
lu

a
ti

o
n

fu
n

ct
io

n
.

T
h
en

,
u

n
d
er

m
od

el
(2

7)
,

th
e

cl
a
ir

vo
ya

n
t

o
p
ti

m
a
l

p
ri

ce
s

a
re

gi
ve

n
by

p
∗ t

=
1 β
0
g
(x
t
·µ

0
)
.

(8
0)

P
ro

of
of

L
em

m
a

21
is

gi
v
en

in
A

p
p

en
d
ix

C
.7

. 29
JM

L
R

 2
0(

9)
:1

-4
9,

 2
01

9

J
a
v
a
n
m
a
r
d

a
n
d

N
a
z
e
r
z
a
d
e
h

W
e

n
ex

t
b

ou
n
d

th
e

re
gr

et
at

ot
h
er

p
er

io
d
s

of
th

e
ep

is
o
d
e.

L
et
H̄
t

=
{x̃

1
,.
..
,x̃

t,
x̃
t+

1
,z

1
,.
..
,z
t}

b
e

th
e

h
is

to
ry

se
t

u
p

to
ti

m
e
t.

S
im

il
ar

to
(4

2)
,

w
e

w
ri

te

E(
re
g
t|H̄

t−
1
)
≤
C
W

(p
∗ t
−
p
t)

2

=
C
W
(

1 β
0
g
(x
t
·µ

0
)
−

1 β̂
k
g
(x
t
·µ̂

k
)) 2

≤
2C
W

β
2 0

( g
(x
t
·µ

0
)
−
g
(x
t
·µ̂

k
)) 2

+
2
C
W
(

1 β
0
−

1 β̂
k

) 2
g
(x
t
·µ̂

k
)2

≤
2C
W

β
2 0

|x
t
·(
µ

0
−
µ̂
k
)|2

+
8C
W

3

β
2 0

(β̂
k
−
β

0
)2
.

(8
1
)

In
th

e
la

st
st

ep
,

th
e

fi
rs

t
te

rm
is

b
ou

n
d
ed

b
y

u
si

n
g

1-
L

ip
sc

h
it

z
p
ro

p
er

ty
of
g

a
n
d

th
e

se
co

n
d

te
rm

is
b

ou
n
d
ed

b
y

u
si

n
g

th
e

fo
ll
ow

in
g

ch
ai

n
of

in
eq

u
al

it
ie

s:

1 β̂
k
g
(x
t
·µ̂

k
)
≤

2 β̂
k
|x
t
·µ̂

k
|≤

2 β̂
k
‖x

t‖
∞
‖µ̂

k
‖ 1
≤

2
W
.

N
ot

e
th

at
in

th
e

fi
rs

t
in

eq
u
al

it
y

w
e

u
se

d
th

e
fa

ct
th

at
ϕ

(v
)

is
in

cr
ea

si
n
g

fo
r

lo
g
-c

o
n
ca

ve
d
is

tr
ib

u
ti

on
s

an
d

h
en

ce
g
(v

)
=
v

+
ϕ
−

1
(−
v
)
≤
v

+
|v
|≤

2
|v
|.

T
h
e

la
st

in
eq

u
a
li
ty

h
o
ld

s
b

ec
au

se
‖µ̂

k
/
β̂
k
‖
≤
W

b
y

th
e

op
ti

m
iz

at
io

n
co

n
st

ra
in

t
in

(2
8
).

R
ec

al
li
n
g

ou
r

n
ot

at
io

n
H
t

=
H̄
t\
{x̃

t+
1
}

an
d

ap
p
ly

in
g

th
e

la
w

o
f

it
er

at
ed

ex
p

ec
ta

ti
o
n
s,

w
e

h
av

e

E(
re
g
t|H

t−
1
)
≤

2C
W

β
2 0

〈 µ̂
k
−
µ

0
,Σ

(µ̂
k
−
µ

0
)〉

+
8C
W

3

β
2 0

(β̂
k
−
β

0
)2

≤
C

1
W

3
(〈

µ̂
k
−
µ

0
,Σ

(µ̂
k
−
µ

0
)〉

+
(β̂
k
−
β

0
)2
) ,

(8
2
)

w
it

h
C

1
=

8C
W
/β

2 0
.

F
ol

lo
w

in
g

a
si

m
il
ar

d
er

iv
at

io
n

to
(5

8)
w

e
ge

t

〈 µ̂
k
−
µ

0
,Σ

(µ̂
k
−
µ

0
)〉
≤

16

(
W
u
F

` F
+
W

2

)
√

lo
g
d

τ k
−

1
.

(8
3
)

U
si

n
g

E
q
u
at

io
n
s

(8
3)

an
d

(7
9)

in
E

q
u
at

io
n

(8
2)

,
w

e
ge

t

E(
re
g
t)
≤
C

1
W

3

[ 16

(
W
u
F

` F
+
W

2

)
+

4
u
F
c W ` F

]

︸
︷︷

︸
C

2

√
lo

g
d

τ k
−

1
.

(8
4
)

F
ol

lo
w

in
g

a
si

m
il
ar

ar
gu

m
en

t
as

in
S
ec

ti
on

8.
1

(s
ee

E
q
u
a
ti

on
(4

5)
an

d
on

w
a
rd

s)
w

e
h
av

e
th

at
th

e
fo

ll
ow

in
g

h
ol

d
s

fo
r

a
su

it
ab

le
co

n
st

an
t
C
>

0:

R
eg
re
t(
T

)
≤
C

2

K ∑ k
=

2

√
lo

g
d

τ k
−

1
·τ
k

≤
√

2
C

2

K ∑ k
=

2

√
(l

o
g
d
)τ
k
−

1
=
O

(√
(l

og
d
)T

)
,

30
JM

L
R

 2
0(

9)
:1

-4
9,

 2
01

9



D
y
n
a
m
ic

P
r
ic
in
g

in
H
ig
h
-d

im
e
n
sio

n
s

w
h
ere

w
e

u
sed

τ
k

=
2τ
k−

1 .

F
o
r

th
e

low
er

b
ou

n
d

Ω
( √
T

),
n
ote

th
at

u
n
d
er

m
o
d
el

(27)
w

e
can

d
efi

n
e

th
e

(scaled
)

cu
sto

m
er’s

u
tility

as

ũ
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+
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|Ã
|≥

ex
p
(
s 2

lo
g
d
−
s/

2
s

)
su

ch
th

at
th

e
H

am
m

in
g

d
is

ta
n
ce

b
et

w
ee

n
an

y
tw

o
el

em
en

ts
in
Ã
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δÃ
⊆

Ω
.

F
u
rt

h
er

,
fo

r
q,
q′
∈
√

2 s
δÃ
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d

th
re

sh
ol

d
in

g
te

ch
n
iq

u
es

.
T

h
e

p
ap

er
S
o
jo

u
d
i

(2
01

6
)

off
er

s
a

se
t

of
co

n
d
it

io
n
s

fo
r

th
e

eq
u
iv

al
en

ce
of

th
es

e
tw

o
m

et
h
o
d
s,

an
d

ar
gu

es
th

e
sa

ti
sf

ac
ti

on
o
f

th
es

e
co

n
d
it

io
n
s

in
th

e
ca

se
w

h
er

e
th

e
re

gu
la

ri
za

ti
on

co
effi

ci
en

t
is

la
rg

e
or

eq
u
iv

al
en

tl
y

a
sp

ar
se

gr
a
p
h

is
so

u
g
h
t.

A
lt

h
ou

gh
th

e
co

n
d
it

io
n
s

d
er

iv
ed

in
S
o

jo
u
d
i

(2
01

6)
sh

ed
li
gh

t
o
n

th
e

p
er

fo
rm

a
n
ce

o
f

th
e

G
L

,
th

ey
d
ep

en
d

on
th

e
op

ti
m

al
so

lu
ti

on
of

th
e

G
L

an
d

ca
n
n
o
t

b
e

v
er

ifi
ed

w
it

h
o
u
t

so
lv

in
g

th
e

p
ro

b
le

m
.

N
on

et
h
el

es
s,

it
is

h
ig

h
ly

d
es

ir
ab

le
to

fi
n
d

co
n
d
it

io
n
s

fo
r

th
e

eq
u
iv

a
le

n
ce

o
f

th
e

G
L

an
d

th
re

sh
ol

d
in

g
th

at
ar

e
d
ir

ec
tl

y
in

te
rm

s
of

th
e

sa
m

p
le

co
va

ri
an

ce
m

a
tr

ix
.

T
o

th
is

en
d
,

tw
o

n
ot

io
n
s

of
si

gn
-c

o
n

si
st

en
t

an
d

in
ve

rs
e-

co
n

si
st

en
t

m
at

ri
ce

s
a
re

in
tr

o
d
u
ce

d
,

an
d

th
ei

r
p
ro

p
er

ti
es

ar
e

st
u
d
ie

d
fo

r
d
iff

er
en

t
ty

p
es

of
m

at
ri

ce
s.

It
is

th
en

sh
ow

n
th

a
t

th
e

G
L

an
d

th
re

sh
ol

d
in

g
ar

e
eq

u
iv

al
en

t
if

th
re

e
co

n
d
it

io
n
s

a
re

sa
ti

sfi
ed

.
T

h
e

fi
rs

t
co

n
d
it

io
n

re
q
u
ir

es
a

ce
rt

ai
n

m
at

ri
x

fo
rm

ed
b
as

ed
on

th
e

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
to

h
av

e
a

p
o
si

ti
ve

-
d
efi

n
it

e
co

m
p
le

ti
on

.
T

h
e

se
co

n
d

co
n
d
it

io
n

re
q
u
ir

es
th

is
m

at
ri

x
to

b
e

si
gn

-c
o
n
si

st
en

t
a
n
d

in
ve

rs
e-

co
n
si

st
en

t.
T

h
e

th
ir

d
co

n
d
it

io
n

n
ee

d
s

a
se

p
ar

a
ti

on
b

et
w

ee
n

th
e

la
rg

es
t

th
re

sh
o
ld

ed
an

d
th

e
sm

al
le

st
u
n
-t

h
re

sh
ol

d
ed

en
tr

ie
s

of
th

e
sa

m
p
le

co
va

ri
an

ce
m

at
ri

x
.

T
h
es

e
co

n
d
it

io
n
s

ca
n

b
e

ea
si

ly
v
er

ifi
ed

fo
r

ac
y
cl

ic
gr

ap
h
s

an
d

ar
e

ex
p

ec
te

d
to

h
ol

d
fo

r
sp

ar
se

g
ra

p
h
s.

B
y

b
u
il
d
in

g
u
p

on
th

es
e

re
su

lt
s,

an
ex

p
li
ci

t
cl

os
ed

-f
or

m
so

lu
ti

on
is

ob
ta

in
ed

fo
r

th
e

G
L

m
et

h
o
d

in
th

e
ca

se
w

h
er

e
th

e
th

re
sh

ol
d
ed

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
h
as

an
ac

y
cl

ic
su

p
p

o
rt

g
ra

p
h
.

F
u
rt

h
er

m
or

e,
th

is
re

su
lt

is
ge

n
er

al
iz

ed
to

sp
ar

se
su

p
p

or
t

gr
ap

h
s

to
d
er

iv
e

a
cl

o
se

d
-f

o
rm

fo
rm

u
la

th
at

ca
n

se
rv

e
ei

th
er

as
an

ap
p
ro

x
im

at
e

so
lu

ti
on

of
th

e
G

L
or

th
e

op
ti

m
a
l

so
lu

ti
o
n

of
th

e
G

L
w

it
h

a
p

er
tu

rb
ed

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
.

T
h
e

ap
p
ro

x
im

at
io

n
er

ro
r

(t
o
g
et

h
er

w
it

h
th

e
co

rr
es

p
on

d
in

g
p

er
tu

rb
at

io
n

in
th

e
sa

m
p
le

co
va

ri
an

ce
m

at
ri

x
)

is
sh

ow
n

to
b

e
re

la
te

d
to

th
e

le
n
gt

h
s

of
th

e
cy

cl
es

in
th

e
gr

ap
h
.

2
JM

L
R

 2
0(

10
):

1-
44

, 2
01

9



G
r
a
p
h
ic
a
l
L
a
sso

a
n
d

T
h
r
e
sh

o
l
d
in
g

T
h
e

rem
a
in

d
er

of
th

is
p
ap

er
is

organ
ized

as
follow

s.
T

h
e

m
ain

resu
lts

a
re

p
resen

ted
in

S
ection

3
,

fo
llow

ed
b
y

n
u
m

erical
ex

am
p
les

an
d

case
stu

d
ies

in
S
ection

4.
C

on
clu

d
in

g
rem

a
rk

s
a
re

d
raw

n
in

S
ection

5.
M

ost
of

th
e

tech
n
ical

p
ro

ofs
are

p
rov

id
ed

in
A

p
p

en
d
ix

.
N

o
ta

tio
n

s:
L

ow
ercase,

b
old

low
ercase

an
d

u
p
p

ercase
letters

are
u
sed

for
scalars,

v
ectors

a
n
d

m
a
trices,

resp
ectively

(say
x
,x
,X

).
T

h
e

sy
m

b
ols

R
d,S

d
an

d
S
d+

are
u
sed

to
d
en

o
te

th
e

sets
o
f
d×

1
rea

l
v
ectors,

d×
d

sy
m

m
etric

m
atrices

an
d
d×

d
sy

m
m

etric
p

ositive-sem
id

efi
n
ite

m
a
trices,

resp
ectively.

T
h
e

n
otation

s
trace(M

)
an

d
log

d
et(M

)
refer

to
th

e
trace

an
d

th
e

lo
g
a
rith

m
o
f

th
e

d
eterm

in
an

t
of

a
m

atrix
M

,
resp

ectively.
T

h
e

(i,j)
th

en
try

of
th

e
m

atrix
M

is
d
en

o
ted

b
y
M
ij .

M
oreover,

I
d

d
en

otes
th

e
d×

d
id

en
tity

m
atrix

.
T

h
e

sign
of

a
scalar

x
is

sh
ow

n
a
s

sign
(x

).
T

h
e

n
otation

s
|x|,‖M

‖
1

an
d
‖
M
‖
F

d
en

ote
th

e
ab

solu
te

valu
e

of
th

e
sca

la
r
x

,
th

e
in

d
u
ced

n
orm

-1
an

d
F

ro
b

en
iu

s
n
orm

of
th

e
m

a
trix

M
,

resp
ectively.

T
h
e

in
eq

u
a
lities

M
�

0
an

d
M
�

0
m

ean
th

at
M

is
p

ositiv
e-sem

id
efi

n
ite

an
d

p
ositive-d

efi
n
ite,

resp
ectively.

T
h
e

sy
m

b
ol

sign
(·)

sh
ow

s
th

e
sign

op
erator.

T
h
e

ceilin
g

fu
n
ction

is
d
en

oted
as

d·e.
T

h
e

ca
rd

in
ality

of
a

d
iscrete

setD
is

d
en

oted
as|D

|0 .
G

iv
en

a
m

a
trix

M
∈
S
d,

d
efi

n
e

‖
M
‖

1
,o

ff
=

d
∑i=

1

d
∑j=

1 |M
ij |−

d
∑i=

1 |M
ii |,

‖
M
‖

m
a
x

=
m

ax
i6=
j
|M

ij |.

D
e
fi

n
itio

n
1

G
iven

a
sym

m
etric

m
a
trix

S
∈
S
d,

th
e

su
p

p
o
rt

g
ra

p
h

o
r

sp
a
rsity

g
ra

p
h

o
f
S

is
d
efi

n
ed

a
s

a
gra

p
h

w
ith

th
e

vertex
setV

:=
{
1,2,...,d}

a
n

d
th

e
ed

ge
setE

⊆
V
×
V

su
ch

th
a
t

(i,j)
∈
V

if
a
n

d
o
n

ly
if
S
ij
6=

0,
fo

r
every

tw
o

d
iff

eren
t

vertices
i,j
∈
V

.
T

h
e

su
p
po

rt
gra

p
h

o
f
S

ca
p
tu

res
th

e
spa

rsity
pa

ttern
o
f

th
e

m
a
trix

S
a
n

d
is

d
en

o
ted

a
s

su
p
p
(S

).

D
e
fi

n
itio

n
2

G
iven

a
gra

p
h
G

,
d
efi

n
e
G

(c)
a
s

th
e

co
m

p
lem

en
t

o
fG

,
w

h
ich

is
o
bta

in
ed

by
rem

o
vin

g
th

e
existin

g
ed

ges
o
fG

a
n

d
d
ra

w
in

g
a
n

ed
ge

betw
een

every
tw

o
vertices

o
fG

th
a
t

w
ere

n
o
t

o
rigin

a
lly

co
n

n
ected

.

D
e
fi

n
itio

n
3

G
iven

tw
o

gra
p
h
sG

1
a
n

d
G

2
w

ith
th

e
sa

m
e

vertex
set,G

1
is

ca
lled

a
su

bgra
p
h

o
fG

2
if

th
e

ed
ge

set
o
fG

1
is

a
su

bset
o
f

th
e

ed
ge

set
o
fG

2 .
T

h
e

n
o
ta

tio
n
G

1 ⊆
G

2
is

u
sed

to
d
en

o
te

th
is

in
clu

sio
n

.

F
in

a
lly,

a
sy

m
m

etric
m

atrix
M

is
said

to
h
av

e
a

p
o
sitiv

e
-d

e
fi

n
ite

c
o
m

p
le

tio
n

if
th

ere
ex

ists
a

p
ositive-d

efi
n
ite

M̃
w

ith
th

e
sam

e
size

su
ch

th
at
M̃
ij

=
M
ij

for
every

(i,j)∈
su

p
p
(M

).

2
.
P
ro

b
le
m

F
o
rm

u
la
tio

n

C
o
n
sid

er
a

ra
n
d
om

vector
x

=
(x

1 ,x
2 ,...,x

d )
w

ith
a

m
u
ltivariate

n
orm

al
d
istrib

u
tion

.
L

et
Σ
∗
∈

S
d+

d
en

o
te

th
e

covarian
ce

m
atrix

asso
ciated

w
ith

th
e

vector
x

.
T

h
e

in
verse

of
th

e
covaria

n
ce

m
a
trix

can
b

e
u
sed

to
d
eterm

in
e

th
e

con
d
ition

al
in

d
ep

en
d
en

ce
b

etw
een

th
e

3
JM

L
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F
a
t
t
a
h
i
a
n
d

S
o
jo

u
d
i

ran
d
om

variab
les

x
1 ,x

2 ,...,x
d .

In
p
articu

lar,
if

th
e

(i,j)
th

en
try

of
Σ
−

1
∗

is
zero

for
tw

o
d
isp

arate
in

d
ices

i
an

d
j,

th
en

x
i

an
d
x
j

are
co

n
d
ition

ally
in

d
ep

en
d
en

t
given

th
e

rest
of

th
e

variab
les.

T
h
e

grap
h

su
p
p (Σ

−
1
∗
)

(i.e.,
th

e
sp

arsity
grap

h
of

Σ
−

1
∗

)
rep

resen
ts

a
grap

h
ical

m
o
d
el

cap
tu

rin
g

th
e

con
d
ition

al
in

d
ep

en
d
en

ce
b

etw
een

th
e

elem
en

ts
of

x
.

A
ssu

m
e

th
at

Σ
∗

is
n
on

sin
gu

lar
an

d
th

at
su

p
p (Σ

−
1
∗
)

is
a

sp
arse

grap
h
.

F
in

d
in

g
th

is
grap

h
is

cu
m

b
ersom

e
in

p
ractice

b
ecau

se
th

e
ex

act
covarian

ce
m

atrix
Σ
∗

is
rarely

k
n
ow

n
.

M
ore

p
recisely,

su
p
p (Σ

−
1
∗
)

sh
ou

ld
b

e
con

stru
cted

from
a

given
sam

p
le

covarian
ce

m
atrix

(con
stru

cted
from

n
sam

p
les),

as
op

p
osed

to
Σ
∗ .

L
et

Σ
d
en

ote
an

arb
itrary

d
×
d

p
ositive-sem

id
efi

n
ite

m
atrix

,
w

h
ich

is
p
rov

id
ed

as
an

estim
ate

of
Σ
∗ .

C
on

sid
er

th
e

con
vex

o
p
tim

izatio
n

p
rob

lem

m
in

S∈
S
d+ −

log
d
et(S

)
+

trace(Σ
S

).
(1)

It
is

easy
to

verify
th

at
th

e
op

tim
al

solu
tio

n
of

th
e

ab
ove

p
rob

lem
is

eq
u
al

to
S

o
p

t
=

Σ
−

1.
H

ow
ever,

th
ere

are
tw

o
issu

es
w

ith
th

is
solu

tion
.

F
irst,

sin
ce

th
e

n
u
m

b
er

of
sam

p
les

availab
le

in
m

an
y

ap
p
lication

s
is

sm
all

or
m

o
d
est

com
p
ared

to
th

e
d
im

en
sion

of
Σ

,
th

e
m

atrix
Σ

is
ill-

con
d
ition

ed
or

even
sin

gu
lar.

U
n
d
er

su
ch

circu
m

stan
ces,

th
e

eq
u
ation

S
o
p

t
=

Σ
−

1
lead

s
to

large
or

u
n
d
efi

n
ed

en
tries

for
th

e
op

tim
al

solu
tion

of
(1).

S
econ

d
,

alth
ou

gh
Σ
−

1
∗

is
assu

m
ed

to
b

e
sp

arse,
a

sm
all

ran
d
om

d
iff

eren
ce

b
etw

een
Σ
∗

an
d

Σ
w

ou
ld

m
ake

S
o
p

t
h
igh

ly
d
en

se.
In

ord
er

to
ad

d
ress

th
e

aforem
en

tion
ed

issu
es,

co
n
sid

er
th

e
p
rob

lem

m
in

S∈
S
d+ −

log
d
et(S

)
+

trace(Σ
S

)
+
λ‖S‖

1
,o

ff
,

(2)

w
h
ere

λ
∈

R
+

is
a

regu
larization

p
aram

eter.
T

h
is

p
rob

lem
is

referred
to

as
G

ra
p
h
ica

l
L

a
sso

(G
L

).
In

tu
itively,

th
e

term
‖S‖

1
,o

ff
in

th
e

ob
jective

fu
n
ction

serves
as

a
su

rrogate
for

p
rom

otin
g

sp
arsity

am
on

g
th

e
off

-d
iagon

al
en

tries
of
S

,
w

h
ile

en
su

rin
g

th
at

th
e

p
rob

lem
is

w
ell-d

efi
n
ed

ev
en

w
ith

a
sin

gu
lar

in
p
u
t

Σ
.

H
en

ceforth
,

th
e

n
otation

S
o
p

t
w

ill
b

e
u
sed

to
d
en

ote
a

solu
tion

of
th

e
G

L
in

stead
of

th
e

u
n
regu

larized
op

tim
iza

tion
p
rob

lem
(1).

S
u
p
p

ose
th

at
it

is
k
n
ow

n
a

p
rio

ri
th

at
th

e
tru

e
grap

h
su

p
p (Σ

−
1
∗
)

h
as
k

ed
ges,

for
som

e
given

n
u
m

b
er
k
.

W
ith

n
o

loss
of

gen
erality,

assu
m

e
th

at
all

n
on

zero
off

-d
iagon

al
en

tries
of

Σ
h
av

e
d
iff

eren
t

m
agn

itu
d
es.

T
w

o
h
eu

ristic
m

eth
o
d
s

for
fi
n
d
in

g
an

estim
ate

of
su

p
p (Σ

−
1
∗
)

are
as

follow
s:

•
G

ra
p

h
ic

a
l

L
a
sso

:
W

e
solve

th
e

op
tim

ization
p
rob

lem
(2

)
rep

eated
ly

for
d
iff

eren
t

valu
es

of
λ

u
n
til

a
solu

tion
S

o
p

t
w

ith
ex

actly
2
k

n
on

zero
off

-d
iagon

al
en

tries
are

fou
n
d
.

•
T

h
re

sh
o
ld

in
g
:

W
ith

ou
t

solv
in

g
a
n
y

op
tim

ization
p
rob

lem
,

w
e

sim
p
ly

id
en

tify
th

ose
2k

en
tries

of
Σ

th
at

h
ave

th
e

largest
m

agn
itu

d
es

am
on

g
a
ll

off
-d

iagon
al

en
tries

of
Σ

.
W

e
th

en
rep

lace
th

e
rem

ain
in

g
d

2−
d
−

2k
off

-d
iagon

al
en

tries
of

Σ
w

ith
zero

an
d

d
en

ote
th

e
th

resh
old

ed
sam

p
le

covarian
ce

m
atrix

as
Σ
k .

N
ote

th
at

Σ
an

d
Σ
k

h
ave

th
e

sam
e

d
iagon

al
en

tries.
F

in
ally,

w
e

con
sid

er
th

e
sp

arsity
grap

h
of

Σ
k ,

n
am

ely
su

p
p
(Σ

k ),
as

an
estim

ate
for

su
p
p (Σ

−
1
∗
).

D
e
fi

n
itio

n
4

It
is

sa
id

th
a
t

th
e

sp
a
rsity

stru
c
tu

re
s

o
f

G
ra

p
h

ic
a
l

L
a
sso

a
n

d
th

re
sh

-
o
ld

in
g

a
re

e
q
u

iv
a
le

n
t

if
th

ere
exists

a
regu

la
riza

tio
n

coeffi
cien

t
λ

su
ch

th
a
t

su
p
p
(S

o
p
t)

=
su

p
p
(Σ

k ).
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p
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d
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r
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tr
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an
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n
ct
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al
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a
of

20
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b
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ct
s,

p
ro

v
id

ed
th

at
k

is
on

th
e

or
d
er

of
n

(S
o
jo

u
d
i

20
16

).
T

h
is

im
p
li
es

th
at
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si

m
p
le

th
re

sh
ol

d
in

g
te

ch
n
iq

u
e

w
ou
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ob

ta
in

th
e

sa
m

e
sp

ar
si

ty
st

ru
ct

u
re

as
th

e
co

m
p
u
ta

ti
on

al
ly

-h
ea

v
y

G
L

te
ch

n
iq

u
e.

In
th

is
p
ap

er
,

it
is

ai
m

ed
to

u
n
d
er

st
an

d
u
n
d
er

w
h
at

co
n
d
it

io
n
s

th
e

ea
sy

-t
o-

fi
n
d

gr
ap

h
su

p
p
(Σ

k
)

is
eq

u
al

to
th

e
h
ar

d
-t

o-
ob

ta
in

gr
ap

h
su

p
p
(S

o
p

t )
,

w
it

h
ou

t
h
av

in
g

to
so

lv
e

th
e

G
L

.
F

u
rt

h
er

m
or

e,
w

e
w

il
l

sh
ow

th
at

th
e

G
L

p
ro

b
le

m
h
as

a
si

m
p
le

cl
os

ed
-f

or
m

so
lu

ti
on

th
at

ca
n

b
e

ea
si

ly
d
er

iv
ed

m
er

el
y

b
as

ed
on

th
e

th
re

sh
ol

d
ed

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
,

p
ro

v
id

ed
th

a
t

it
s

u
n
d
er

ly
in

g
gr

ap
h

h
as

an
ac

y
cl

ic
st

ru
ct

u
re

.
T

h
is

re
su

lt
w

il
l

th
en

b
e

ge
n
er

al
iz

ed
to

ob
ta

in
an

ap
p
ro

x
i-

m
at

e
so

lu
ti

on
fo

r
th

e
G

L
in

th
e

ca
se

w
h
er

e
th

e
th

re
sh

ol
d
ed

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
h
as

an
ar

b
it

ra
ry

sp
ar

si
ty

st
ru

ct
u
re

.
T

h
is

cl
os

ed
-f

or
m

so
lu

ti
on

co
n
ve

rg
es

to
th

e
ex

ac
t

so
lu

ti
on

of
th

e
G

L
as

th
e

le
n
gt

h
of

th
e

m
in

im
u
m

-l
en

gt
h

cy
cl

e
in

th
e

su
p
p

or
t

gr
ap

h
of

th
e

th
re

sh
ol

d
ed

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
gr

ow
s.

T
h
e

d
er

iv
ed

cl
os

ed
-f

or
m

so
lu

ti
on

ca
n

b
e

u
se

d
fo

r
tw

o
p
u
r-

p
os

es
:

(1
)

as
a

su
rr

og
at

e
to

th
e

ex
ac

t
so

lu
ti

on
of

th
e

co
m

p
u
ta

ti
on

al
ly

h
ea

v
y

G
L

p
ro

b
le

m
,

an
d

(2
)

as
an

in
it

ia
l

p
oi

n
t

fo
r

co
m

m
on

n
u
m

er
ic

al
al

go
ri

th
m

s
to

n
u
m

er
ic

al
ly

so
lv

e
th

e
G

L
(s

ee
F

ri
ed

m
an

et
al

.
(2

00
8)

;
H

si
eh

et
al

.
(2

01
4)

).
T

h
e

ab
ov

e
re

su
lt

s
u
n
ve

il
fu

n
d
am

en
ta

l
p
ro

p
er

ti
es

of
th

e
G

L
in

te
rm

s
of

sp
ar

si
fi
ca

ti
on

an
d

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y.
A

lt
h
o
u
gh

co
n
ic

op
ti

m
iz

at
io

n
p
ro

b
le

m
s

al
m

os
t

n
ev

er
b

en
efi

t
fr

om
an

ex
ac

t
or

in
ex

ac
t

ex
p
li
ci

t
fo

rm
u
la

fo
r

th
ei

r
so

lu
ti

on
s

an
d

sh
ou

ld
b

e
so

lv
ed

n
u
m

er
ic

al
ly

,
th

e
fo

rm
u
la

ob
ta

in
ed

in
th

is
p
ap

er
su

gg
es

ts
th

at
sp

ar
se

G
L

an
d

re
la

te
d

gr
ap

h
-b

as
ed

co
n
ic

op
ti

m
iz

a
ti

on
p
ro

b
le

m
s

m
ay

fa
ll

in
to

th
e

ca
te

go
ry

of
p
ro

b
le

m
s

w
it

h
cl

os
ed

-f
or

m
so

lu
ti

on
s

(s
im

il
ar

to
le

as
t

sq
u
a
re

s
p
ro

b
le

m
s)

.

3
.
M

a
in

R
e
su

lt
s

In
th

is
se

ct
io

n
,

w
e

p
re

se
n
t

th
e

m
ai

n
re

su
lt

s
of

th
e

p
ap

er
.

In
or

d
er

to
st

re
am

li
n
e

th
e

p
re

se
n
-

ta
ti

on
,

m
os

t
of

th
e

te
ch

n
ic

al
p
ro

of
s

ar
e

p
os

tp
on

ed
to

A
p
p

en
d
ix

.

3
.1

.
E

q
u
iv

a
le

n
c
e

o
f

G
L

a
n

d
T

h
re

sh
o
ld

in
g

In
th

is
su

b
se

ct
io

n
,
w

e
d
er

iv
e

su
ffi

ci
en

t
co

n
d
it

io
n
s

to
gu

ar
an

te
e

th
at

th
e

G
L

an
d

th
re

sh
ol

d
in

g
m

et
h
o
d
s

re
su

lt
in

th
e

sa
m

e
sp

ar
si

ty
gr

ap
h
.

T
h
es

e
co

n
d
it

io
n
s

ar
e

on
ly

d
ep

en
d
en

t
on

λ
an

d
Σ

,
an

d
ar

e
ex

p
ec

te
d

to
h
ol

d
w

h
en

ev
er
λ

is
la

rg
e

en
ou

gh
or

a
sp

ar
se

gr
ap

h
is

so
u
gh

t.

D
e
fi

n
it

io
n

5
A

m
a
tr

ix
M
∈
Sd

is
ca

ll
ed

in
v
e
rs

e
-c

o
n

si
st

e
n
t

if
th

er
e

ex
is

ts
a

m
a
tr

ix
N
∈

Sd
w

it
h

ze
ro

d
ia

go
n

a
l

el
em

en
ts

su
ch

th
a
t

M
+
N
�

0,

su
p
p
(N

)
⊆

(s
u
p
p
(M

))
(c

)
,

su
p
p
( (M

+
N

)−
1
))
⊆

su
p
p
(M

).

T
h
e

m
a
tr

ix
N

is
ca

ll
ed

in
v
e
rs

e
-c

o
n

si
st

e
n
t

c
o
m

p
le

m
e
n
t

o
f
M

a
n

d
is

d
en

o
te

d
a
s
M

(c
) .

T
h
e

n
ex

t
L

em
m

a
w

il
l

sh
ed

li
gh

t
on

th
e

d
efi

n
it

io
n

of
in

v
er

se
-c

on
si

st
en

cy
b
y

in
tr

o
d
u
ci

n
g

an
im

p
or

ta
n
t

cl
as

s
of

su
ch

m
at

ri
ce

s
th

at
sa

ti
sf

y
th

is
p
ro

p
er

ty
,

n
a
m

el
y

th
e

se
t

o
f

m
a
tr

ic
es

w
it

h
po

si
ti

ve
-d

efi
n

it
e

co
m

p
le

ti
o
n

s.
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F
a
t
t
a
h
i
a
n
d

S
o
jo

u
d
i

L
e
m

m
a

6
A

n
y

a
rb

it
ra

ry
m

a
tr

ix
w

it
h

po
si

ti
ve

-d
efi

n
it

e
co

m
p
le

ti
o
n

is
in

ve
rs

e-
co

n
si

st
en

t
a
n

d
h
a
s

a
u

n
iq

u
e

in
ve

rs
e-

co
n

si
st

en
t

co
m

p
le

m
en

t.

P
ro

o
f:

C
on

si
d
er

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m

m
in

S
∈S

n
tr

ac
e(
M
S

)
−

lo
gd

et
(S

)
(4

a
)

su
b

je
ct

to
S
ij

=
0,

∀(
i,
j)
∈

(s
u
p
p
(M

))
(c

)
(4

b
)

S
�

0,
(4

c)

an
d

it
s

d
u
al

m
ax

Π
∈S

n
d
et

(M
+

Π
)

(5
a)

su
b

je
ct

to
M

+
Π
�

0
(5

b
)

su
p
p
(Π

)
⊆

(s
u
p
p
(M

))
(c

)
(5

c)

Π
ii

=
0,

i
=

1,
..
.,
d
.

(5
d
)

N
ot

e
th

at
Π
ij

is
eq

u
al

to
th

e
L

ag
ra

n
ge

m
u
lt

ip
li
er

fo
r

(4
b
)

an
d

ev
er

y
(i
,j

)
∈

(s
u
p
p
(M

))
(c

) ,
an

d
is

ze
ro

ot
h
er

w
is

e.
S
in

ce
th

e
m

at
ri

x
M

h
as

a
p

os
it

iv
e-

d
efi

n
it

e
co

m
p
le

ti
o
n
,

th
e

d
u
a
l

p
ro

b
le

m
is

st
ri

ct
ly

fe
as

ib
le

.
M

or
eo

ve
r,
S

=
I d

is
a

fe
as

ib
le

so
lu

ti
on

of
(4

).
T

h
er

ef
o
re

,
st

ro
n
g

d
u
al

it
y

h
ol

d
s

an
d

th
e

p
ri

m
al

so
lu

ti
on

is
at

ta
in

ab
le

.
O

n
th

e
ot

h
er

h
an

d
,

th
e

o
b

je
ct

iv
e

fu
n
ct

io
n

(4
a)

is
st

ri
ct

ly
co

n
ve

x
,

w
h
ic

h
m

ak
es

th
e

so
lu

ti
on

of
th

e
p
ri

m
al

p
ro

b
le

m
u
n
iq

u
e.

L
et

S
o
p

t
d
en

ot
e

th
e

gl
ob

al
ly

op
ti

m
al

so
lu

ti
on

of
(4

).
It

fo
ll
ow

s
fr

om
th

e
fi
rs

t-
or

d
er

o
p
ti

m
a
li
ty

co
n
d
it

io
n
s

th
at

S
o
p

t
=

(M
+

Π
o
p

t )−
1
.

T
h
is

im
p
li
es

th
at

su
p
p
(Π

o
p

t )
⊆

(s
u
p
p
(M

))
(c

)

su
p
p
((
M

+
Π

o
p

t )−
1
)
⊆

su
p
p
(M

)

M
+

Π
o
p

t
�

0.

A
s

a
re

su
lt

,
M
∈
Sd

is
in

ve
rs

e-
co

n
si

st
en

t
an

d
Π

o
p

t
is

it
s

co
m

p
le

m
en

t.
T

o
p
ro

ve
th

e
u
n
iq

u
e-

n
es

s
of

th
e

in
ve

rs
e-

co
n
si

st
en

t
co

m
p
le

m
en

t
of
M

,
le

t
Π

d
en

ot
e

an
ar

b
it

ra
ry

co
m

p
le

m
en

t
o
f

M
.

It
fo

ll
ow

s
fr

om
D

efi
n
it

io
n

5
an

d
th

e
fi
rs

t-
or

d
er

op
ti

m
al

it
y

co
n
d
it

io
n
s

th
at

(M
+

Π
)−

1
is

a
so

lu
ti

on
of

(4
).

S
in

ce
S

o
p

t
is

th
e

u
n
iq

u
e

so
lu

ti
on

of
(4

),
it

ca
n

b
e

co
n
cl

u
d
ed

th
a
t

Π
=

Π
o
p

t .
T

h
is

im
p
li
es

th
at
M

h
as

a
u
n
iq

u
e

in
ve

rs
e-

co
n
si

st
en

t
co

m
p
le

m
en

t.
�

R
e
m

a
rk

7
T

w
o

o
bs

er
va

ti
o
n

s
ca

n
be

m
a
d
e

ba
se

d
o
n

L
em

m
a

6
.

F
ir

st
,

th
e

po
si

ti
ve

-d
efi

n
it

en
es

s
o
f

a
m

a
tr

ix
is

su
ffi

ci
en

t
to

gu
a
ra

n
te

e
th

a
t

it
be

lo
n

gs
to

th
e

co
n

e
o
f

m
a
tr

ic
es

w
it

h
po

si
ti

ve
-

d
efi

n
it

e
co

m
p
le

ti
o
n

.
T

h
er

ef
o
re

,
po

si
ti

ve
-d

efi
n

it
e

m
a
tr

ic
es

a
re

in
ve

rs
e-

co
n

si
st

en
t.

S
ec

o
n

d
,

u
po

n
ex

is
te

n
ce

,
th

e
in

ve
rs

e-
co

n
si

st
en

t
co

m
p
le

m
en

t
o
f

a
m

a
tr

ix
w

it
h

po
si

ti
ve

-d
efi

n
it

e
co

m
-

p
le

ti
o
n

is
eq

u
a
l

to
th

e
d
iff

er
en

ce
be

tw
ee

n
th

e
m

a
tr

ix
a
n

d
it

s
u

n
iq

u
e
m
a
x
im

u
m

d
e
te
rm

in
a
n
t

co
m
p
le
ti
o
n

.
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G
r
a
p
h
ic
a
l
L
a
sso

a
n
d

T
h
r
e
sh

o
l
d
in
g

D
e
fi

n
itio

n
8

A
n

in
verse-co

n
sisten

t
m

a
trix

M
is

ca
lled

sig
n

-c
o
n

siste
n
t

if
th

e
(i,j)

en
tries

o
f
M

a
n

d
(M

+
M

(c)) −
1

a
re

n
o
n

zero
a
n

d
h
a
ve

o
p
po

site
sign

s
fo

r
every

(i,j)∈
su

p
p
(M

).

E
x
a
m

p
le

1
(A

n
in

v
e
rse

-
a
n

d
sig

n
-c

o
n

siste
n
t

m
a
trix

)
T

o
illu

strate
D

efi
n
ition

s
5

an
d

8
,

co
n
sid

er
th

e
m

atrix

M
=



1
0.3

0
0

0
.3

1
−

0
.4

0
0
−

0
.4

1
0
.2

0
0

0.2
1


.

T
h
e

g
ra

p
h

su
p
p
(M

)
is

a
p
ath

grap
h

w
ith

th
e

v
ertex

set
{1
,2
,3
,4}

an
d

th
e

ed
ge

set
{
(1,2),(2,3

),(3,4)}.
T

o
sh

ow
th

at
M

is
in

verse-con
sisten

t,
let

th
e

m
atrix

M
(c)

b
e

ch
o-

sen
a
s

M
(c)

=



0
0

−
0
.12

0
−

0
.024

0
0

0
−

0
.080

−
0
.120

0
0
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−

0
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0
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0
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T
h
e
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m
a
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(M
+
M
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1
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O
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th
a
t:

•
M

a
n
d
M

+
M

(c)
are

b
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p
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efi
n
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•
T

h
e

sp
a
rsity

grap
h
s
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M

an
d
M

(c)
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com
p
lem

en
ts
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er.

•
T

h
e
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a
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h
s
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M
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d

(M
+
M
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1
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•
T

h
e
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o
n
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iagon
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en
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M

an
d

(M
+
M

(c)) −
1

h
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op
p
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sign
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T
h
e

a
b
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p
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p
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p
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th
at
M
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b
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d
sign

-con
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M

(c)
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lem
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t.

D
e
fi

n
itio
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9

G
iven

a
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p
h
G

a
n

d
a

sca
la

r
α

,
d
efi

n
e
β

(G
,α

)
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s

th
e

m
a
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u

m
o
f‖
M

(c)‖
m

a
x

o
ver
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ll

m
a
trices

M
w
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sitive-d
efi

n
ite
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m

p
letio

n
s
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n

d
w
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e
d
ia

go
n

a
l

en
tries
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equ
a
l

to
1

su
ch

th
a
t

su
p
p
(M

)
=
G

a
n

d
‖
M
‖

m
a
x ≤

α
.

C
o
n
sid

er
th

e
d
u
al

solu
tion

Π
o
p

t
in
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d
u
ced
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e
p
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L
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m
a

6
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d
n
o
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th
a
t
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a
fu

n
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n
o
f
M

.
R
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gh

ly
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g,
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e
fu
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ction

β
(G
,α

)
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th
e
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e
d
efi
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ition

p
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a
n

u
p
p

er
b

o
u
n
d
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‖Π

o
p

t‖
m

a
x
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M
w

ith
p
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e-d

efi
n
ite
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p
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d
w

ith
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e
d
ia

g
o
n
al

en
tries

eq
u
al

to
1

su
ch

th
at

su
p
p
(M

)
=
G

an
d
‖
M
‖

m
a
x ≤

α
.

A
s

w
ill

b
e

sh
ow

n
later,

th
is

fu
n
ction
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b
e

u
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as
a
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v
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th
e

op
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d
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s
fo

r
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e
G
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F
a
t
t
a
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i
a
n
d

S
o
jo

u
d
i

S
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Σ
∗

is
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on

-sin
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lar
an

d
w

e
h
ave

a
fi
n
ite

n
u
m

b
er

of
sam

p
les,

th
e
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en
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of

th
e

u
p
p

er
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gu
lar

p
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of
Σ

(ex
clu

d
in

g
its

d
iagon

a
l
elem

en
ts)

are
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n
on

zero
an

d
d
istin
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w

ith
p
rob

ab
ility
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e.

L
et
σ

1 ,σ
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1
)/

2
d
en
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e
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te

valu
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u
p
p
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en
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1
>
σ

2
>
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>
σ
d
(d−

1
)/

2
>

0.

D
e
fi

n
itio

n
1
0

C
o
n

sid
er

a
n

a
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ry
po
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regu
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riza

tio
n
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m
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λ
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t
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n
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d
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d
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D
efi

n
e
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e

in
d
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k
a
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w
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λ

a
s

a
n
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n
u

m
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g
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e
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n
λ
∈
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k
+
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k ).

If
λ
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th

a
n
σ

1 ,
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en
k
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0
.

T
h
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ou

t
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p
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er,
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e
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d
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k
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e

n
u
m

b
er
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tro

d
u
ced
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D

efi
n
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10,
w

h
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d
ep

en
d
s
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.

D
e
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n
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1
1

D
efi
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e
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u
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Σ
re
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λ
a
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a
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a
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Σ
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S
d
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a
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e
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o
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Σ
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)
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a
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Σ
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λ
×
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ij )
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j
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|Σ
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>
λ

,
a
n

d
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is
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a
l

to
0

o
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F
u
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o
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d
efi

n
e

n
o
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a
liz

e
d
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sid

u
e

o
f

Σ
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e
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λ
a
s

Σ̃
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)
=
D
−

1
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Σ
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D
−

1
/
2,

w
h
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D
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d
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n

a
l

m
a
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w
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D
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=
Σ
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r
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i∈
{1
,...,d}.

N
otice

th
at

Σ
res(λ

)
is

in
fact

th
e

soft-th
resh

old
ed

sam
p
le
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ce

m
a
trix

w
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th
e

th
resh

old
λ

.
F

or
n
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p
licity,

w
e

w
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Σ
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Σ
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)
o
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Σ̃
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)
w
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ever
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e
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u
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b
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con
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O
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m
a
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p
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p
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h

e
o
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2

T
h
e
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stru
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o
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th
e

th
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o
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g

a
n

d
G

L
m
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s
a
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d
itio
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•
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o
n

d
itio
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1
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I
d

+
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h
a
s

a
po
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efi

n
ite
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m

p
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.

•
C

o
n

d
itio

n
1
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I
d

+
Σ̃
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-co

n
sisten

t.

•
C

o
n

d
itio

n
1
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T
h
e
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n

β
(
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p
p
(Σ

res),‖
Σ̃
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m

a
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≤

m
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i6=
j

|Σ
ij |≤

λ

λ
−
|Σ
ij |

√
Σ
ii Σ

jj

h
o
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A
n
u
m

b
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o
b
servation

s
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b
e

m
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e
b
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T

h
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F
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d
u
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L
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m
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C
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d
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I
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Σ̃
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verse-con
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h
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s
w

h
en

I
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+
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p
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a
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e

p
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n
iten
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I
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aran
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h
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e
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e
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u
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e
m
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R
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∈
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an
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d
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I
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n
u
m

b
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h
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d
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e
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si

d
u
e

m
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ri
x
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en
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ie
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en
ce
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on

d
it

io
n

(1
-i

)
is

ex
p

ec
te

d
fo

r
a

la
rg

e
cl

as
s

of
re

si
d
u
e

m
at

ri
ce

s;
th

is
w

il
l

b
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re
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d
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al
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ti

sfi
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I d
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re
s

is
d
ia

go
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ly
d
om

in
a
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t.
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on

d
it

io
n
s

(1
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an
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)
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T

h
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re
m

12
ar

e
h
ar

d
er

to
ch

ec
k
.

T
h
es

e
co

n
d
it

io
n
s

d
ep

en
d

on
th

e
su

p
p

or
t

gr
ap

h
of

th
e

re
si

d
u
e

m
at

ri
x

Σ̃
re

s
an

d
/o

r
h
ow

sm
al

l
th

e
n
on

ze
ro

en
tr

ie
s

of
Σ̃

re
s

ar
e.

T
h
e

n
ex

t
tw

o
le

m
m
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fu
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h
er

an
al

y
ze

th
es

e
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n
d
it

io
n
s

to
sh
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th

ey
ar

e
ex

p
ec

te
d

to
b

e
sa

ti
sfi

ed
fo

r
la

rg
e
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.

L
e
m

m
a

1
3

G
iv

en
a
n

a
rb

it
ra

ry
gr

a
p
h
G,

th
er

e
is

a
st

ri
ct

ly
po

si
ti

ve
co

n
st

a
n

t
n

u
m

be
r
ζ
(G

)
su

ch
th

a
t

β
(G
,α

)
≤
ζ
(G

)α
2
,

∀
α
∈

(0
,1

)
(7

)

a
n

d
th

er
ef

o
re

,
C

o
n

d
it

io
n

(1
-i

ii
)

is
re

d
u

ce
d

to

ζ
(s

u
p
p
(Σ

re
s ))
×

m
ax

k
6=
l

|Σ
k
l|>

λ

(
|Σ
k
l|
−
λ

√
Σ
k
k
Σ
ll

) 2
≤

m
in

i6=
j

|Σ
ij
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λ

λ
−
|Σ
ij
|

√
Σ
ii

Σ
jj
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L
e
m

m
a

1
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C
o
n

si
d
er

a
m

a
tr

ix
M

w
it

h
a

po
si

ti
ve

-d
efi

n
it

e
co

m
p
le

ti
o
n

a
n

d
w

it
h

u
n

it
d
ia
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o
n

a
l

en
tr

ie
s.

D
efi

n
e
α

=
‖M
‖ m

a
x

a
n

d
G

=
su

p
p
(M

).
T

h
er

e
ex

is
t

st
ri

ct
ly

po
si

ti
ve

co
n

st
a
n

t
n

u
m

be
rs
α

0
(G

)
a
n

d
γ

(G
)

su
ch

th
a
t
M

is
si

gn
-c

o
n

si
st

en
t
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≤
α

0
(G

)
a
n

d
th

e
a
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o
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e

o
f

th
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o
ff
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go
n

a
l

n
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n

ze
ro

en
tr

ie
s

o
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lo

w
er

bo
u

n
d
ed
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γ
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.

T
h
is

im
p
li

es
th

a
t

C
o
n

d
it

io
n
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is

sa
ti

sfi
ed

if
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m
a
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α

0
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u
p
p
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re
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)
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n

d
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u
p
p
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re
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×

m
a
x

k
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|Σ
k
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k
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−
λ

√
Σ
k
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Σ
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≤

m
in
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|Σ
ij
|>
λ

|Σ
ij
|−

λ
√

Σ
ii

Σ
jj

.
(8

)

F
or

si
m

p
li
ci
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of

n
ot

at
io

n
,

d
efi

n
e
r

=
m

a
x
i
Σ
ii

m
in
j

Σ
j
j

an
d

Σ
m

a
x

=
m

ax
i
Σ
ii

.
A

ss
u
m

in
g

th
at

‖Σ̃
re

s ‖
m

a
x
≤
α

0
(s

u
p
p
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re
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C
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d
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io
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an

d
(1

-i
ii
)

of
T

h
eo

re
m

1
2

ar
e

gu
ar

an
te

ed
to

b
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≤
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+

1

Σ
m

a
x

( σ
1
−
λ

Σ
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p
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s ))
≤
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·
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−
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Σ
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x
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−
λ

Σ
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a
x
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)

w
h
ic

h
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eq
u
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al
en

t
to

m
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u
p
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u
p
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(Σ
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σ
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Σ
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σ
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σ
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|∣ ∣
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−
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b
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e

ca
rd

in
al

it
y

of
T

b
y

a
fa

ct
or

of
d 2
.

C
om

b
in

ed
w

it
h

th
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Σ
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u
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−
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e

te
rm

2
σ

1
−
σ
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b
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.
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b
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σ
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e
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d
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b

e
sa

ti
sfi

ed
.

T
h
e

sa
ti

sf
ac

ti
on

of
th

is
co

n
d
it

io
n

w
il
l

b
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.
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s

su
b
se

ct
io

n
,

w
e

p
ro

v
id

ed
a

se
t

of
su

ffi
ci

en
t

co
n
d
it

io
n
s

fo
r

th
e

eq
u
iv

a
le

n
ce

of
th

e
G

L
an

d
th

re
sh

ol
d
in

g
m

et
h
o
d
s.

A
lt

h
ou

gh
th

es
e

co
n
d
it

io
n
s

ar
e

m
er

el
y

b
a
se

d
o
n

th
e

k
n
ow

n
p
ar

am
et

er
s

of
th

e
p
ro

b
le

m
,

i.
e.

,
th

e
re

gu
la

ri
za

ti
on

co
effi

ci
en

t
an

d
sa

m
p
le

co
va

ri
a
n
ce

m
at

ri
x
,

th
ei

r
ve

ri
fi
ca

ti
on

is
co

n
ti

n
ge

n
t

u
p

on
k
n
ow

in
g

th
e

va
lu

e
of
β

(s
u
p
p
(Σ

re
s )
,‖

Σ̃
re

s ‖
m

a
x
)

an
d

w
h
et

h
er
I d

+
Σ̃

re
s

is
si

gn
-c

on
si

st
en

t
an

d
h
as

a
p

os
it

iv
e-

d
efi

n
it

e
co

m
p
le

ti
o
n
.

T
h
e

ob
-

je
ct

iv
e

of
th

is
p
ar

t
is

to
gr

ea
tl

y
si

m
p
li
fy

th
e

co
n
d
it

io
n
s

in
th

e
ca

se
w

h
er

e
th

e
th

re
sh

o
ld

ed
sa

m
p
le

co
va

ri
an

ce
m

at
ri

x
h
as

an
ac

y
cl

ic
su

p
p

or
t

gr
ap

h
.

F
ir

st
,

n
ot

ic
e

th
at

if
I d

+
Σ̃

re
s

is
p

os
it

iv
e-

d
efi

n
it

e,
it

h
as

a
tr

iv
ia

l
p

os
it

iv
e-

d
efi

n
it

e
co

m
p
le

ti
on

.
F

u
rt

h
er

m
or

e,
w

e
w

il
l

p
ro

ve
th

at
ζ
(s

u
p
p
(Σ

re
s )

)
in

L
em

m
a

13
is

eq
u
al

to
1

w
h
en

su
p
p
(Σ

re
s )

is
ac

y
cl

ic
.

T
h
is

re
d
u
ce

s
C

on
d
it

io
n

(1
-i

ii
)

to
th

e
si

m
p
le

in
eq

u
al

it
y

‖Σ̃
re

s ‖
2 m

a
x
≤

m
in

i6=
j

|Σ
ij
|≤
λ

λ
−
|Σ
ij
|

√
Σ
ii

Σ
jj

,

w
h
ic

h
ca

n
b

e
ve

ri
fi
ed

effi
ci

en
tl

y
an

d
is

ex
p

ec
te

d
to

h
ol

d
in

p
ra

ct
ic

e
(s

ee
S
ec

ti
o
n

4
).

T
h
en

,
w

e
w

il
l

sh
ow

th
at

th
e

si
gn

-c
on

si
st

en
cy

of
I d

+
Σ̃

re
s

is
au

to
m

at
ic

al
ly

im
p
li
ed

b
y

th
e

fa
ct

th
a
t

it
h
as

a
p

os
it

iv
e-

d
efi

n
it

e
co

m
p
le

ti
on

if
su

p
p
(Σ

re
s )

is
ac

y
cl

ic
.

L
e
m

m
a

1
5

G
iv

en
a
n

a
rb

it
ra

ry
a
cy

cl
ic

gr
a
p
h
G,

th
e

re
la

ti
o
n

β
(G
,α

)
≤
α

2
(1

0
)

h
o
ld

s
fo

r
ev

er
y

0
≤
α
<

1
.

F
u

rt
h
er

m
o
re

,
st

ri
ct

eq
u

a
li

ty
h
o
ld

s
fo

r
(1

0)
if
G

in
cl

u
d
es

a
pa

th
o
f

le
n

gt
h

a
t

le
a
st

2
.

S
k
e
tc

h
o
f

th
e

P
ro

o
f:

In
w

h
at

fo
ll
ow

s,
w

e
w

il
l

p
ro

v
id

e
a

sk
et

ch
of

th
e

m
a
in

id
ea

b
eh

in
d

th
e

p
ro

of
of

L
em

m
a

15
.

T
h
e

d
et

ai
le

d
an

a
ly

si
s

ca
n

b
e

fo
u
n
d

in
th

e
A

p
p

en
d
ix

.
W

it
h
o
u
t

lo
ss

of
ge

n
er

al
it

y,
on

e
ca

n
as

su
m

e
th

at
G

is
co

n
n
ec

te
d
.

O
th

er
w

is
e,

th
e

su
b
se

q
u
en

t
a
rg

u
m

en
t

ca
n

b
e

m
ad

e
fo

r
ev

er
y

co
n
n
ec

te
d

co
m

p
on

en
t

of
G.

C
on

si
d
er

a
m

at
ri

x
M

th
a
t

sa
ti

sfi
es

th
e

co
n
d
it

io
n
s

d
el

in
ea

te
d

in
D

efi
n
it

io
n

9,
i.
e.

1)
it

h
as

a
p

os
it

iv
e-

d
efi

n
it

e
co

m
p
le

ti
o
n

a
n
d

h
en

ce
,

is
in

ve
rs

e-
co

n
si

st
en

t
(s

ee
L

em
m

a
6)

,
2)

it
h
as

u
n
it

d
ia

go
n
al

en
tr

ie
s,

3)
th

e
a
b
so

lu
te

va
lu

e
of

it
s

off
-d

ia
go

n
al

el
em

en
ts

is
u
p
p

er
b

ou
n
d
ed

b
y
α

,
an

d
4)

su
p
p
(M

)
=
G.

T
h
e

ke
y

id
ea

b
eh

in
d

th
e

p
ro

of
of

L
em

m
a

15
li
es

in
th

e
fa

ct
th

at
,

d
u
e

to
th

e
ac

y
cl

ic
st

ru
ct

u
re

o
f
G,

o
n
e

ca
n

ex
p
li
ci

tl
y

ch
ar

ac
te

ri
ze

th
e

in
v
er

se
-c

on
si

st
en

t
co

m
p
le

m
en

t
of
M

.
In

p
ar

ti
cu

la
r,

it
ca

n
b

e
sh

ow
n

th
at

th
e

in
ve

rs
e-

co
n
si

st
en

t
co

m
p
le

m
en

t
of
M

h
as

th
e

fo
ll
ow

in
g

ex
p
li
ci

t
fo

rm
u
la

:

fo
r

ev
er

y
(i
,j

)
6∈
G,

M
(c

)
ij

is
eq

u
al

to
th

e
m

u
lt

ip
li
ca

ti
on

of
th

e
off

-d
ia

go
n
al

el
em

en
ts

o
f
M

co
rr

es
p

on
d
in

g
to

th
e

ed
ge

s
in

th
e

u
n
iq

u
e

p
at

h
b

et
w

ee
n

th
e

n
o
d
es
i

an
d
j

in
G.

T
h
is

ke
y

in
si

gh
t

im
m

ed
ia

te
ly

re
su

lt
s

in
th

e
st

at
em

en
t

of
L

em
m

a
15

:
th

e
le

n
gt

h
of

th
e

p
a
th

b
et

w
ee

n

10
JM

L
R
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0(
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, 2
01
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G
r
a
p
h
ic
a
l
L
a
sso

a
n
d

T
h
r
e
sh

o
l
d
in
g

n
o
d
es
i

a
n
d
j

is
low

er
b

ou
n
d
ed

b
y

2
an

d
th

erefore,
M

(c)
ij
≤
α

2.
F

u
rth

erm
ore,

it
is

easy
to

see
th

a
t

ifG
in

clu
d
es

a
p
ath

of
len

gth
at

least
2,
M

can
b

e
ch

osen
su

ch
th

at
for

som
e

(i,j)6∈
G

,
w

e
h
ave

M
(c)
ij

=
α

2.
�

L
em

m
a

1
5

is
at

th
e

core
of

ou
r

su
b
seq

u
en

t
arg

u
m

en
ts.

It
sh

ow
s

th
at

th
e

fu
n
ction

β
(G
,α

)
h
a
s

a
sim

p
le

a
n
d

ex
p
licit

form
u
la

sin
ce

its
in

v
erse-con

sisten
t

com
p
lem

en
t

can
b

e
easily

o
b
ta

in
ed

.
F

u
rth

erm
ore,

it
w

ill
b

e
u
sed

to
d
erive

a
p
p
ro

xim
a
te

in
verse-con

sisten
t

com
p
lem

en
t

o
f

th
e

m
a
trices

w
ith

sp
arse,

b
u
t

n
ot

n
ecessarily

acy
clic

su
p
p

ort
gra

p
h
s.

L
e
m

m
a

1
6

C
o
n

d
itio

n
(1

-ii)
o
f

T
h
eo

rem
1
2

is
im

p
lied

by
its

C
o
n

d
itio

n
(1

-i)
if

th
e

gra
p
h

su
p
p
(Σ

res)
is

a
cyclic.

P
ro

o
f:

C
on

sid
er

an
arb

itrary
m

atrix
M
∈

S
d

w
ith

a
p

ositiv
e-d

efi
n
ite

co
m

p
letion

.
It

su
ffi

ces
to

sh
ow

th
at

if
su

p
p
(M

)
is

acy
clic,

th
en

M
is

sign
-con

sisten
t.

T
o

th
is

en
d
,

con
sid

er
th

e
m

a
trix

Π
o
p

t
in

tro
d
u
ced

in
th

e
p
ro

of
of

L
em

m
a

6,
w

h
ich

is
in

d
eed

th
e

u
n
iq

u
e

in
verse-

co
n
sisten

t
co

m
p
lem

en
t

of
M

.
F

or
an

arb
itrary

p
air

(i,j)
∈

su
p
p
(M

),
d
efi

n
e

a
d
iagon

al
m

a
trix

Φ
∈
S
n

as
follow

s:

•
C

o
n
sid

er
th

e
grap

h
su

p
p
(M

)\{(i,j)}
,
w

h
ich

is
ob

tain
ed

from
th

e
acy

clic
grap

h
su

p
p
(M

)
b
y

rem
ov

in
g

its
ed

ge
(i,j).

T
h
e

resu
ltin

g
grap

h
is

d
iscon

n
ected

b
ecau

se
th

ere
is

n
o

p
a
th

b
etw

een
n
o
d
es
i

an
d
j.

•
D

iv
id

e
th

e
d
iscon

n
ected

grap
h

su
p
p
(M

)\{(i,j)}
in

to
tw

o
grou

p
s

1
a
n
d

2
su

ch
th

at
g
ro

u
p

1
con

tain
s

n
o
d
e
i

an
d

grou
p

2
in

clu
d
es

n
o
d
e

2.

•
F

o
r

every
l∈
{1
,...,n},

d
efi

n
e

Φ
ll

as
1

if
l

is
in

grou
p

1,
an

d
as

-1
oth

erw
ise.

In
lig

h
t

o
f

L
em

m
a

6,
(M

+
Π

) −
1

is
th

e
u
n
iq

u
e

solu
tion

of
(4).

S
im

ilarly,
Φ

(M
+

Π
) −

1Φ
is

a
fea

sib
le

p
o
in

t
for

(4).
A

s
a

resu
lt,

th
e

follow
in

g
in

eq
u
ality

m
u
st

h
old

{
trace(M

(M
+

Π
o
p

t) −
1)−

logd
et((M

+
Π

o
p

t) −
1) }

−
{

trace(M
Φ

(M
+

Π
o
p

t) −
1Φ

)−
logd

et(Φ
(M

+
Π

o
p

t) −
1Φ

) }
<

0.

It
is

ea
sy

to
verify

th
at

th
e

left
sid

e
of

th
e

ab
ove

in
eq

u
ality

is
eq

u
al

to
tw

ice
th

e
p
ro

d
u
ct

o
f

th
e

(i,j)
en

tries
of
M

an
d

(M
+

Π
) −

1.
T

h
is

im
p
lies

th
at

th
e

(i,j)
en

tries
of
M

an
d

(M
+

Π
) −

1
h
ave

op
p

osite
sign

s.
A

s
a

resu
lt,
M

is
sign

-con
sisten

t.
�

D
e
fi

n
itio

n
1
7

D
efi

n
e
T

(λ
)

a
s

a
d
×
d

sym
m

etric
m

a
trix

w
h
o
se

(i,j)
th

en
try

is
equ

a
l

to
Σ
ij

+
λ
×

sign
(S

o
p
t

ij
)

fo
r

every
(i,j)∈

su
p
p
(S

o
p
t),

a
n

d
it

is
equ

a
l

to
zero

o
th

erw
ise.

T
h
e

n
ex

t
resu

lt
of

th
is

p
ap

er
is

a
con

seq
u
en

ce
of

L
em

m
as

15
an

d
16

an
d

T
h
eorem

12.

T
h

e
o
re

m
1
8

A
ssu

m
e

th
a
t

th
e

gra
p
h

su
p
p
(S

o
p
t)

is
a
cyclic

a
n

d
th

e
m

a
trix

D
+
T

(λ
)

is
po

sitive-d
efi

n
ite.

T
h
en

,
th

e
rela

tio
n
E
o
p
t⊆
E

res
h
o
ld

s
a
n

d
th

e
o
p
tim

a
l

so
lu

tio
n
S
o
p
t

o
f

th
e

1
1
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L
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F
a
t
t
a
h
i
a
n
d

S
o
jo

u
d
i

G
L

ca
n

be
co

m
p
u

ted
via

th
e

exp
licit

fo
rm

u
la

S
o
p
t

ij
=



1Σ
ii (

1
+

∑
(i,m

)∈E
o
p
t

(Σ
re

s
im

)
2

Σ
ii Σ

m
m
−

(Σ
re

s
im

)
2 )

if
i

=
j,

−
Σ

re
s

ij

Σ
ii Σ

j
j −

(Σ
re

s
ij

)
2

if
(i,j)∈

E
o
p
t,

0
o
th

erw
ise,

(11)

w
h
ere
E
o
p
t

a
n

d
E

res
d
en

o
te

th
e

ed
ge

sets
o
f

su
p
p
(S

o
p
t)

a
n

d
su

p
p
(Σ

res),
respectively.

W
h
en

th
e

regu
larization

p
aram

eter
λ

is
large,

th
e

grap
h

su
p
p
(S

o
p

t)
is

ex
p

ected
to

b
e

sp
arse

an
d

p
ossib

ly
acy

clic.
In

th
is

case,
th

e
m

atrix
T

(λ
)

is
sp

arse
w

ith
sm

all
n
on

zero
en

tries.
If
D

+
T

(λ
)

is
p

ositiv
e-d

efi
n
ite

an
d

su
p
p
(S

o
p

t)
is

acy
clic,

T
h
eorem

18
reveals

tw
o

im
p

ortan
t

p
rop

erties
of

th
e

solu
tion

of
th

e
G

L
:

1
)

its
su

p
p

ort
grap

h
is

con
tain

ed
in

th
e

sp
arsity

grap
h

of
th

e
th

resh
old

ed
sam

p
le

covarian
ce

m
atrix

,
an

d
2)

th
e

en
tries

of
th

is
m

atrix
can

b
e

fou
n
d

u
sin

g
th

e
ex

p
licit

form
u
la

(11).
H

ow
ev

er,
th

is
form

u
la

req
u
ires

to
k
n
ow

th
e

lo
cation

s
of

th
e

n
on

zero
elem

en
ts

of
S

o
p

t.
In

w
h
at

follow
s,

w
e

w
ill

rep
lace

th
e

assu
m

p
tion

s
of

th
e

ab
ove

th
eorem

w
ith

easily
verifi

ab
le

ru
les

th
at

are
in

d
ep

en
d
en

t
from

th
e

op
tim

al
solu

tion
S

o
p

t
or

th
e

lo
cation

s
of

its
n
on

zero
en

tries.
F

u
rth

erm
ore,

it
w

ill
b

e
sh

ow
n

th
at

th
ese

con
d
ition

s
are

ex
p

ected
to

h
old

w
h
en

λ
is

large
en

ou
gh

,
i.e.,

if
a

sp
arse

m
atrix

S
o
p

t
is

sou
gh

t.

T
h

e
o
re

m
1
9

A
ssu

m
e

th
a
t

th
e

fo
llo

w
in

g
co

n
d
itio

n
s

a
re

sa
tisfi

ed
:

•
C

o
n

d
itio

n
2
-i.

T
h
e

gra
p
h

su
p
p
(Σ

res)
is

a
cyclic.

•
C

o
n

d
itio

n
2
-ii.

I
d

+
Σ̃

res
is

po
sitive-d

efi
n

ite.

•
C

o
n

d
itio

n
2
-iii.

‖Σ̃
res‖

2m
a
x ≤

m
in

i6=
j

|Σ
ij |≤

λ

λ−
|Σ
ij |

√
Σ
ii Σ

j
j .

T
h
en

,
th

e
spa

rsity
pa

ttern
o

f
th

e
o
p
tim

a
l

so
lu

tio
n
S
o
p
t

co
rrespo

n
d
s

to
th

e
spa

rsity
pa

ttern
o
f

Σ
res

a
n

d
,

in
a
d
d
itio

n
,
S
o
p
t

ca
n

be
o
bta

in
ed

via
th

e
exp

licit
fo

rm
u

la
(11).

T
h
e

ab
ove

th
eorem

states
th

at
if

a
sp

arse
grap

h
is

sou
gh
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e.

(1
3
)

T
h
e

d
efi

n
it

io
n

of
th

is
m

at
ri

x
d
o
es

n
ot

m
ak

e
an

y
as

su
m

p
ti

on
on

th
e

st
ru

ct
u
re

o
f

th
e

g
ra

p
h

Er
es

.
R

ec
al

l
th

at
Σ

re
s

in
th

e
ab

ov
e

fo
rm

u
la

is
th

e
sh

or
th

an
d

n
ot

at
io

n
fo

r
Σ

re
s (
λ

).
A

s
a

re
su

lt
,

th
e

m
at

ri
x
A

is
a

fu
n
ct

io
n

of
λ

.
T

o
p
ro

ve
th

at
th

e
ab

ov
e

m
at

ri
x

is
a
n

a
p
p
ro

x
im

a
te

so
lu

ti
on

of
th

e
G

L
,

a
fe

w
st

ep
s

n
ee

d
to

b
e

ta
ke

n
.

F
ir

st
,

re
ca

ll
th

at
—

ac
co

rd
in

g
to

th
e

p
ro

o
f

of
L

em
m

a
15

—
it

is
p

os
si

b
le

to
ex

p
li
ci

tl
y

b
u
il
d

th
e

in
ve

rs
e-

co
n
si

st
en

t
co

m
p
le

m
en

t
o
f

th
e

th
re

sh
ol

d
ed

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
if

it
s

sp
ar

si
ty

gr
ap

h
is

ac
y
cl

ic
.

T
h
is

m
a
tr

ix
se

rv
es

as
a

ce
rt

ifi
ca

te
to

co
n
fi
rm

th
at

th
e

ex
p
li
ci

t
so

lu
ti

on
(1

3)
in

d
ee

d
sa

ti
sfi

es
th

e
K

K
T

co
n
d
it

io
n
s

fo
r

th
e

G
L

.
B

y
ad

op
ti

n
g

a
si

m
il
ar

ap
p
ro

ac
h
,

it
w

il
l

th
en

b
e

p
ro

ve
d

th
at

if
th

e
su

p
p

o
rt

g
ra

p
h

of
th

e
th

re
sh

ol
d
ed

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
is

sp
ar

se
,

b
u
t

n
ot

n
ec

es
sa

ri
ly

a
cy

cl
ic

,
o
n
e

ca
n

fi
n
d

an
ap

p
ro

x
im

at
e

in
v
er

se
-c

on
si

st
en

t
co

m
p
le

m
en

t
of

th
e

p
ro

p
os

ed
cl

os
ed

-f
o
rm

so
lu

ti
o
n

to
ap

p
ro

x
im

at
el

y
sa

ti
sf

y
th

e
K

K
T

co
n
d
it

io
n
s.

D
e
fi

n
it

io
n

2
2

G
iv

en
a

n
u

m
be

r
ε
≥

0
,

a
d
×
d

m
a
tr

ix
B

is
ca

ll
ed

a
n
ε-
re
la
x
ed

in
v
e
rs
e

o
f

m
a
tr

ix
A

if
A
×
B

=
I d

+
E

su
ch

th
a
t
|E

ij
|≤

ε
fo

r
ev

er
y

(i
,j

)
∈
{1
,2
,.
..
,d
}2

.

T
h
e

n
ex

t
le

m
m

a
off

er
s

op
ti

m
al

it
y

(K
K

T
)

co
n
d
it

io
n
s

fo
r

th
e

u
n
iq

u
e

so
lu

ti
o
n

o
f

th
e

G
L

.
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G
r
a
p
h
ic
a
l
L
a
sso

a
n
d

T
h
r
e
sh

o
l
d
in
g

L
e
m

m
a

2
3

(S
o

jo
u

d
i

(2
0
1
6
))

A
m

a
trix

S
o
p
t

is
th

e
o
p
tim

a
l

so
lu

tio
n

o
f

th
e

G
L

if
a
n

d
o
n

ly
if

it
sa

tisfi
es

th
e

fo
llo

w
in

g
co

n
d
itio

n
s

fo
r

every
i,j∈

{1
,2
,...,d}

(S
o
p
t) −

1
ij

=
Σ
ij

if
i

=
j,

(14a)

(S
o
p
t) −

1
ij

=
Σ
ij

+
λ
×

sign
(S

o
p
t

ij
)

if
S
o
p
t

ij
6=

0,
(14b

)

Σ
ij −

λ
≤

(S
o
p
t) −

1
ij
≤

Σ
ij

+
λ

if
S
o
p
t

ij
=

0,
(14c)

w
h
ere

(S
o
p
t) −

1
ij

d
en

o
tes

th
e

(i,j)
th

en
try

o
f

(S
o
p
t) −

1.

T
h
e

fo
llow

in
g

d
efi

n
ition

in
tro

d
u
ces

a
relax

ed
version

of
th

e
fi
rst-ord

er
o
p
tim

ality
con

d
i-

tio
n
s

g
iven

in
(14).

D
e
fi

n
itio

n
2
4

G
iven

a
n

u
m

ber
ε
≥

0
,

it
is

sa
id

th
a
t

th
e
d
×
d

m
a
trix

A
sa

tisfi
es

th
e

ε-re
la
x
ed

K
K
T

co
n
d
itio

n
s

fo
r

th
e

G
L

p
ro

blem
if

th
ere

exists
a
d×

d
m

a
trix

B
su

ch
th

a
t

•
B

is
a
n
ε-rela

xed
in

verse
o
f

th
e

m
a
trix

A
.

•
T

h
e

pa
ir

(A
,B

)
sa

tisfi
es

th
e

co
n

d
itio

n
s

B
ij

=
Σ
ij

if
i

=
j,

(15a)

|B
ij −

(Σ
ij

+
λ
×

sign
(A

ij ))|≤
ε

if
A
ij 6=

0,
(15b

)

|B
ij −

Σ
ij |≤

λ
+
ε

if
A
ij

=
0.

(15c)

B
y

levera
g
in

g
th

e
ab

ove
d
efi

n
ition

,
th

e
ob

jective
is

to
p
rove

th
at

th
e

ex
p
licit

so
lu

tion
in

-
tro

d
u
ced

in
(1

3
)

satisfi
es

th
e
ε-relax

ed
K

K
T

con
d
ition

s
for

som
e

n
u
m

b
er
ε

to
b

e
d
efi

n
ed

la
ter.

D
e
fi

n
itio

n
2
5

G
iven

a
gra

p
h
G

,
d
efi

n
e

th
e

fu
n

ctio
n
c(G

)
a
s

th
e

len
gth

o
f

th
e

m
in

im
u

m
-

len
gth

cycle
o
fG

(th
e

n
u

m
ber

c(G
)

is
set

to
+
∞

ifG
is

a
cyclic).

L
et

d
eg

(G
)

refer
to

th
e

m
a
xim

u
m

d
egree

o
fG

.
F

u
rth

erm
o
re,

d
efi

n
e
P
ij (G

)
a
s

th
e

set
o
f

a
ll

sim
p
le

pa
th

s
betw

een
n

od
es
i

a
n

d
j

in
G

,
a
n

d
d
en

o
te

th
e

m
a
xim

u
m

o
f|P

ij (G
)|0

o
ver

a
ll

pa
irs

(i,j)
a
s
P

m
a
x (G

).

D
efi

n
e

Σ
m

a
x

an
d

Σ
m

in
as

th
e

m
ax

im
u
m

an
d

m
in

im
u
m

d
iagon

al
elem

en
ts

of
Σ

,
resp

ec-
tively.

T
h

e
o
re

m
2
6

U
n

d
er

th
e

a
ssu

m
p
tio

n
λ
<
σ

1 ,
th

e
exp

licit
so

lu
tio

n
(13)

sa
tisfi

es
th

e
ε-rela

xed
K

K
T

co
n

d
itio

n
s

fo
r

th
e

G
L

w
ith

ε
ch

o
sen

a
s

ε
=

m
a
x {

Σ
m

a
x , √

Σ
m

a
x

Σ
m

in }
·
δ·

(P
m

a
x (su

p
p
(Σ

res))−
1)· (‖Σ̃

res‖
m

a
x )
⌈
c
(su

p
p
(Σ

re
s
))

2

⌉

,
(16)

w
h
ere

δ
=

1
+

d
eg

(su
p
p
(Σ

res))·‖
Σ̃

res‖
2m

a
x

1−
‖
Σ̃

res‖
2m

a
x

+
(d

eg
(su

p
p
(Σ

res))−
1
)

1−
‖
Σ̃

res‖
2m

a
x

,
(17)

if
th

e
fo

llo
w

in
g

co
n

d
itio

n
s

a
re

sa
tisfi

ed
:

•
C

o
n

d
itio

n
3
-i.

I
d

+
Σ̃

res
is

po
sitive-d

efi
n

ite.
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F
a
t
t
a
h
i
a
n
d

S
o
jo

u
d
i

•
C

o
n

d
itio

n
3
-ii.
‖
Σ̃

res‖
2m

a
x ≤

m
in

i6=
j

(i,j)6∈
su

p
p

(Σ
re

s)

λ−
|Σ
ij |

√
Σ
ii Σ

j
j .

T
h
e

n
u
m

b
er
ε

given
in

T
h
eorem

2
6

is
com

p
rised

of
d
iff

eren
t

p
arts:

•
‖Σ̃

res‖
m

a
x :

N
otice

th
at‖Σ̃

res‖
m

a
x

is
strictly

less
th

an
1

an
d
λ

is
large

w
h
en

a
sp

arse
grap

h
is

sou
gh

t.
T

h
erefore,‖Σ̃

res‖
m

a
x

is
ex

p
ected

to
b

e
sm

all
for

sp
arse

grap
h
s.

U
n
d
er

th
is

assu
m

p
tion

,
w

e
h
av

e
0
≤
‖Σ̃

res‖
m

a
x �

1.

•
c(su

p
p
(Σ

res)):
It

is
straigh

tforw
ard

to
verify

th
at

c(su
p
p
(Σ

res))
is

a
n
on

-d
ecreasin

g
fu

n
ction

of
λ

.
T

h
is

is
d
u
e

to
th

e
fact

th
at

as
λ

in
creases,

Σ
res(λ

)
b

ecom
es

sp
arser

an
d

th
is

resu
lts

in
a

su
p
p

ort
grap

h
w

ith
few

er
ed

ges.
In

p
articu

lar,
if
d
≥

3,
th

en
c(su

p
p
(Σ

res))
=

3
for

λ
=

0
an

d
c(su

p
p
(Σ

res))
=

+
∞

for
λ

=
σ

1
alm

ost
su

rely.

•
P

m
a
x (su

p
p
(Σ

res))
an

d
d
eg(su

p
p
(Σ

res)):
T

h
ese

tw
o

p
aram

eters
are

also
n
on

-d
ecreasin

g
fu

n
ction

s
of

λ
an

d
likely

to
b

e
sm

all
for

large
λ

.
F

or
a

sm
all

λ
,

th
e

n
u
m

b
ers

P
m

a
x (su

p
p
(Σ

res))
an

d
d
eg(su

p
p
(Σ

res))
cou

ld
b

e
on

th
e

ord
er

ofO
(d

!)
an

d
O

(d
),

resp
ec-

tively.
H

ow
ever,

th
ese

valu
es

are
ex

p
ected

to
b

e
sm

all
for

sp
arse

grap
h
s.

In
p
a
rticu

lar,
it

is
easy

to
v
erify

th
at

for
n
on

em
p
ty

an
d

acy
clic

grap
h
s,
P

m
a
x (su

p
p
(Σ

res))
=

1.

T
h
e

ab
ove

ob
servation

s
im

p
ly

th
at

if
λ

is
large

en
ou

gh
an

d
th

e
su

p
p

o
rt

grap
h

of
Σ

res

is
sp

arse,
(13)

serves
as

a
go

o
d

ap
p
rox

im
ation

of
th

e
op

tim
al

solu
tion

of
th

e
G

L
.

In
oth

er
w

ord
s,

it
resu

lts
from

(16)
th

at
if

su
p
p
(Σ

res)
h
as

a
stru

ctu
re

th
at

is
close

to
an

acy
clic

grap
h
,

i.e.,
it

h
as

on
ly

a
few

cy
cles

w
ith

m
o
d
erate

len
gth

s,
w

e
h
ave

ε
≈

0.
In

S
ection

4,
w

e
w

ill
p
resen

t
illu

strative
ex

am
p
les

to
sh

ow
th

e
accu

ra
cy

of
th

e
closed

-form
ap

p
rox

im
ate

solu
tion

w
ith

resp
ect

to
th

e
size

of
th

e
cy

cles
in

th
e

sp
arsity

grap
h
.

C
on

sid
er

th
e

m
atrix

A
given

in
(13),

an
d

let
µ

m
in (A

)
an

d
µ

m
a
x (A

)
d
en

ote
its

m
in

im
u
m

an
d

m
ax

im
u
m

eigen
valu

es,
resp

ectively.
If
λ

=
σ

1 ,
th

en
A

=
D
−

1
(recall

th
a
t
D

collects
th

e
d
iagon

al
en

tries
of

Σ
)

an
d

su
b
seq

u
en

tly
µ

m
in (A

)
>

0.
S
in

ce
µ

m
in (·)

is
a

con
tin

u
ou

s
fu

n
ction

of
λ

,
th

ere
ex

ists
a

n
u
m

b
er
λ

0
in

th
e

in
terval

(0
,1)

su
ch

th
at

th
e

m
atrix

A
(im

p
licitly

d
efi

n
ed

b
ased

on
λ

)
is

p
ositive-d

efi
n
ite

for
every

λ
≥
λ

0 .
T

h
e

follow
in

g
th

eorem
fu

rth
er

elab
orates

on
th

e
con

n
ection

b
etw

een
th

e
closed

-form
form

u
la

an
d

th
e

op
tim

al
solu

tion
of

th
e

G
L

.

T
h

e
o
re

m
2
7

T
h
ere

exists
a
n

strictly
po

sitive
n

u
m

ber
λ

0
su

ch
th

a
t,

fo
r

every
λ
≥
λ

0 ,
th

e
m

a
trix

A
given

in
(13)

is
th

e
o
p
tim

a
l

so
lu

tio
n

o
f

th
e

G
L

p
ro

blem
a
fter

rep
la

cin
g

Σ
w

ith
so

m
e

pertu
rbed

m
a
trix

Σ̂
th

a
t

sa
tisfi

es
th

e
in

equ
a
lity

‖
Σ
−

Σ̂‖
2 ≤

d
m

a
x (A

) (
1

µ
m

in (A
)

+
1 )

ε,
(18)

w
h
ere

d
m

a
x (A

)
is

th
e

m
a
xim

u
m

vertex
ca

rd
in

a
lity

o
f

th
e

co
n

n
ected

co
m

po
n

en
ts

in
th

e
gra

p
h

su
p
p
(A

)
a
n

d
ε

is
given

in
(16).

F
u

rth
erm

o
re,

1
8

im
p
lies

th
a
t

f
(A

)−
f
∗≤

(µ
m

a
x (A

)
+
µ

m
a
x (S

o
p

t) )
d

m
a
x (A

) (
1

µ
m

in (A
)

+
1 )

ε,
(19)

w
h
ere

f
(A

)
a
n

d
f
∗

a
re

th
e

o
bjective

fu
n

ctio
n

s
o
f

th
e

G
L

eva
lu

a
ted

a
t
A

a
n

d
th

e
o
p
tim

a
l

so
lu

tio
n

,
respectively.
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G
r
a
p
h
ic
a
l
L
a
ss
o

a
n
d

T
h
r
e
sh

o
l
d
in
g

A
s

m
en

ti
on

ed
b

ef
or

e,
if

a
sp

ar
se

so
lu

ti
on

is
so

u
gh

t
fo

r
th

e
G

L
,

th
e

re
gu

la
ri

za
ti

on
co

effi
-

ci
en

t
w

ou
ld

b
e

la
rg

e
an

d
th

is
h
el

p
s

w
it

h
th

e
sa

ti
sf

ac
ti

on
of

th
e

in
eq

u
al

it
y
λ
≥
λ

0
.

In
fa

ct
,

it
w

il
l

b
e

sh
ow

n
th

ro
u
gh

d
iff

er
en

t
si

m
u
la

ti
on

s
th

at
λ

0
is

sm
al

l
in

p
ra

ct
ic

e
an

d
h
en

ce
,

th
is

co
n
d
it

io
n

is
n
ot

re
st

ri
ct

iv
e.

U
n
d
er

th
is

ci
rc

u
m

st
an

ce
,

T
h
eo

re
m

27
st

at
es

th
at

th
e

ea
sy

-t
o-

co
n
st

ru
ct

m
at

ri
x
A

is
1)

th
e

ex
ac

t
op

ti
m

al
so

lu
ti

on
of

th
e

G
L

p
ro

b
le

m
w

it
h

a
p

er
tu

rb
ed

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
,

an
d

2)
it

is
th

e
ap

p
ro

x
im

at
e

so
lu

ti
on

of
th

e
G

L
w

it
h

th
e

or
ig

in
al

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
.

T
h
e

m
ag

n
it

u
d
es

of
th

is
p

er
tu

rb
at

io
n

an
d

ap
p
ro

x
im

at
io

n
er

ro
r

ar
e

a
fu

n
ct

io
n

of
d

m
a
x
(A

),
µ

m
in

(A
),
µ

m
a
x
(A

),
µ

m
a
x
(S
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p
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p
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p
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p
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≥
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h
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p
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d
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p
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p
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p
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p
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=
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=
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m
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p
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p
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h
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e
co

n
ti

n
u
ou

s
fu

n
ct

io
n
s

of
λ

.
T

h
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m
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b
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n
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h
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e
en

ou
gh

.
B

as
ed

on
th

es
e

ob
se

rv
at

io
n
s,

it
ca

n
b

e
co

n
cl

u
d
ed

th
at

th
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p
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p
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b
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p
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d
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p
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ra
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b
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p
le

co
va

ri
an

ce
m

at
ri

ce
s.
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d
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at
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b
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p
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b
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p
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p
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R
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b
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b
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d
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d
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b
y

n
u
m

er
ic

al
ly

so
lv

in
g

th
e

G
L

fo
r

co
m

p
o
n
en

t
i

w
it

h
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d
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d

1
7

JM
L

R
 2

0(
10

):
1-

44
, 2

01
9

F
a
t
t
a
h
i
a
n
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u
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b
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e
it

h
co

m
p

on
en

t
of

su
p
p
(Σ

re
s)

.
T

h
e

w
ar

m
-s

ta
rt

al
go

ri
th

m
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b
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d
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d
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2
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et
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.
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p
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b
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n
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d
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e
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d
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it
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su
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p
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h
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n
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p
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d
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u
n
d
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n
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er
w
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t
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h
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b
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R
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h
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p
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p
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p
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p
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p
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d
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th
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p
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ra
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n
d
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p
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n
d
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e

G
L

.

4
.
N
u
m
e
ri
ca

l
R
e
su

lt
s

In
th

is
se

ct
io

n
,

w
e

w
il
l

d
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ra
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w
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b
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p
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h
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b
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b
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O
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U
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p
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r b
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b
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h
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d
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d
ition

(2-iii),
it

can
b

e
o
b
served

th
a
t

th
e

relation
(σ

1 −
λ

)
2≤

λ−
σ
k
+

1
h
old

s
if
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0.85

)
2
<
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e

satisfaction
of

C
on

d
ition

(2
-iii)

fo
r

every
a
cy

clic
grap

h
su

p
p
(Σ

res).
In

oth
er

w
ord

s,
on

e
can

fi
n
d

th
e

op
tim

al
solu

tion
of

th
e

G
L

p
ro

b
lem

u
sin

g
th

e
ex

p
licit

form
u
la

in
T

h
eorem

19
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g

as:
1
)

a
sp

an
n
in

g
tree

stru
ctu

re
fo

r
th

e
op

tim
al

solu
tion

of
th

e
G

L
p
rob

lem
is

sou
gh

t,
2)

th
e

d
egree

of
each

n
o
d
e

in
th

e
sp

an
n
in

g
tree

is
n
ot

greater
th

an
100,

an
d

(3)
th

e
d
iff

eren
ce

b
etw

een
σ
d−

1
an

d
σ
d

is
g
rea

ter
th

a
n

0.01.
N

ote
th

at
C

on
d
ition

(2)
is

con
servative

an
d

can
b

e
d
ro

p
p

ed
for

certain
ty

p
es

of
g
ra

p
h
s

(e.g.,
p
ath

grap
h
s).

In
p
ractice,

th
e

p
ositive-d

efi
n
iten

ess
of
I
d

+
Σ

res
is

n
o
t

restrictive;
w

e
h
ave

verifi
ed

th
at

th
is

m
atrix

is
p

ositiv
e-d

efi
n
ite

for
ran

d
om

ly
gen

erated
in

sta
n
ces

w
ith

th
e

sizes
u
p

to
d

=
200,000

ev
en

w
h
en

d
eg

(v
)
>

100.
N

ow
,

co
n
sid

er
th

e
follow

in
g

m
o
d
ifi

cation
s

in
th

e
ex

p
erim

en
t:

•
T

h
e

elem
en

ts
of

Σ
corresp

on
d
in

g
to

a
cy

cle
of

len
gth

d
are

ran
d
om

ly
set

to
−

0.8
or

0.8
w

ith
eq

u
al

p
rob

ab
ility.

•
T

h
e

off
-d

iagon
al

en
tries

th
at

d
o

n
ot

corresp
on

d
to

th
e

ab
ove

cy
cle

are
in

th
e

in
terval

[−
0
.7,0.7

].

If
λ

is
ch

o
sen

a
s

0
.75,

th
en

th
e

grap
h

su
p
p
(Σ

res)
coin

cid
es

w
ith

a
cy

cle
of

len
gth

d
.

F
u
r-

th
erm

o
re,

I
d

+
Σ

res
is

d
iagon

ally
d
om

in
an

t
an

d
h
en

ce
p

ositive-d
efi

n
ite

for
every

d
.

F
igu

re
1

sh
ow

s
th

e
o
p
tim

ality
gap

of
th

e
p
rop

o
sed

closed
-form

solu
tio

n
an

d
its

d
erived

th
eoretical

u
p
p

er
b

o
u
n
d

(i.e.
th

e
left

an
d

righ
t

h
an

d
sid

es
o
f

(19),
resp

ectively
)

w
ith

resp
ect

to
th

e
len

g
th

o
f

th
e

cy
cle

d
in

log-lin
ear

scale.
(n

ote
th

at
d
eg

(su
p
p
(Σ

res))
an

d
P

m
a
x (su

p
p
(Σ

res))
in

(1
9
)

a
re

b
o
th

eq
u
al

to
2).

T
w

o
im

p
ortan

t
ob

servation
s

can
b

e
m

ad
e

b
ased

o
n

th
is

fi
gu

re.

•
In

p
ra

ctice,
th

e
p

erform
an

ce
of

th
e

d
erived

clo
sed

-form
solu

tion
is

sign
ifi

can
tly

b
etter

th
an

its
th

eoretical
u
p
p

er
b

ou
n
d
s.

In
fact,

th
is

error
is

less
th

an
10 −

6
w

h
en

th
e

len
g
th

o
f

th
e

m
in

im
u
m

-len
gth

cy
cle

is
at

least
6.

T
h
e

h
igh

accu
racy

of
th

e
closed

-
fo

rm
solu

tion
w

ill
b

ecom
e

m
ore

ev
id

en
t

in
th

e
su

b
seq

u
en

t
ca

se
stu

d
ies

on
large-scale

p
ro

b
lem

s.
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•
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b
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th
at

th
e
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m
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im
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a
lin
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th

e
cy
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gth
.

T
h
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b
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th
e
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b
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T
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26

an
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27:
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p
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ation

error
is
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p
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d
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g
w
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e
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gth
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e
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u
m
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gth
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4
.2

.
C
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n
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N
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C
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e
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g
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e
b
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fu
n
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n
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n
etw
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b
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a

set
of

restin
g

state
fu

n
ction

al
M

R
I

(fM
R

I)
d
ata

collected
from

20
in

d
iv

id
u
al

su
b

jects
(V

értes
et

al.,
2012).

T
h
e

d
ata

for
each

su
b

ject
corresp
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d

to
d
isjoin

t
b
rain

activ
ities

an
d
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correlated

d
u
e

to
th

e
u
n
d
erly

in
g

fu
n
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al
con

n
ectiv

ity
stru

ctu
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th

e
b
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.
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th
ese

d
ep

en
d
en
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b
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b
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sid
ered

as
a

n
o
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b
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b
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b
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b
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b
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b
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b
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d
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d
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al
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e
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ed
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F
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u
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o
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b
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ith
sizes
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for
w

h
ich

th
e

corresp
on

d
in

g
su

b
m

atrices
of

th
e

solu
tion

of
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e
G

L
h
av

e
an

ex
p
licit

form
u
la.

N
ote

th
at

th
o
se

en
tries

in
th

e
op

tim
al

solu
tion

th
at

corresp
on

d
to

isolated
n
o
d
es

are
triv

ially
eq

u
al

to
0.

T
h
erefore,

in
ord

er
to

b
etter

refl
ect

th
e

sign
ifi

can
ce

of
th

e
d
erived

solu
tion

,
w

e
h
ave

on
ly

con
sid
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th

e
com

p
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en
ts

w
ith

at
least

tw
o

n
o
d
es.
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can

b
e
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th
at

if
λ
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greater

th
an

0.5,
th

en
th

e
n
u
m

b
er

of
n
o
d
es

b
elon

gin
g

to
th

e
com

p
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en
ts

w
ith

ex
p
licit

form
u
la

is
greater

th
an

th
e

n
u
m

b
er

of
th

ose
n
o
d
es

asso
ciated

w
ith

in
ex

act
closed

-form
solu

tion
s.

F
igu

re
2c

d
em

on
strates

th
e

n
u
m

b
er

of
ed

ges
in

th
e

sp
arsity

grap
h

of
th

e
op

tim
al

solu
tion

,
togeth

er
w

ith
th

e
n
u
m

b
er

of
m

ism
atch

es
in

th
e

ed
ge

sets
of

th
e

sp
arsity

grap
h
s

of
th

e
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tim
al

an
d

th
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old
ed

solu
tion

s.
N

otice
th

at
th

e
n
u
m

b
er

of
m

ism
atch

es
is

less
th

an
10%

w
h
en

λ
is

greater
th

an
0.35

an
d
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alm

ost
0

w
h
en

λ
is

greater
th

an
0.5.
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im

u
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d
closed

-form
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p
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d
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eren
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λ
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h
e
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p
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p
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efi

n
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h
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λ
is

greater
th

an
0.37.
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eq
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0.37.
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p
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im
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d
iff

eren
ce

b
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d
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-
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b
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b
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h
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p
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λ
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p
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at
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h
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d
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P
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ra
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m
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m
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d
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b
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d
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m
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d
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cova
rian

ce
m

atrix
an

d
are

n
ot

b
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b
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con
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a
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.

T
h
e

sign
ifi

can
t

sp
eed

u
p

an
d

gracefu
l

scalab
ility

of
th

e
p
ro

p
o
sed

ex
p
licit

form
u
la

com
p
ared

to
oth

er
state-of-th
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d
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F
a
t
t
a
h
i
a
n
d

S
o
jo

u
d
i

A
p
p
e
n
d
ix

In
w

h
at

follow
s,

th
e

om
itted

tech
n
ical

p
ro
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w

ill
b

e
p
resen

ted
.

A
n
u
m

b
er

of
lem

m
as

are
req

u
ired

for
th

is
p
u
rp

ose.

B
efore

p
resen

tin
g

th
e

p
ro

of
of

T
h
eorem

12,
con

sid
er

th
e

n
o
rm

a
lized

G
L

,
d
efi

n
ed

as

m
in

S∈
S
d+ −

log
d
et(S

)
+

trace(Σ̃
S

)
+
∑i6=
j

λ̃
ij |S

ij |,
(21)

w
h
ere

Σ̃
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th
e

n
orm

alized
sam

p
le

covarian
ce,

i.e.,
Σ̃
ij

=
Σ
ij

√
Σ
ii Σ

j
j

for
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(i,j)∈
{1
,2
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2
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k
n
ow

n
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p
le

correlation
m

atrix
).

S
im

ilarly,
λ̃
ij
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d
efi

n
ed
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λ

√
Σ
ii Σ

j
j .

U
p
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d
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g
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L
as
S̃

,
w

e
con

sid
er

th
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p
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=
D
−
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D
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b
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=
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=
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h
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b
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con
d
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p
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h
old

s:

1)
i

=
j:

W
e

h
ave

(M
+
N

)
ij

=
M
ii

=
Σ̃
ii .28

JM
L

R
 20(10):1-44, 2019



G
r
a
p
h
ic
a
l
L
a
ss
o

a
n
d

T
h
r
e
sh

o
l
d
in
g

2)
(i
,j

)
∈

su
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(Σ̃
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ca
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av

e
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+
N

) i
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=
M
ij

=
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ij
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(Σ̃
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e
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(Σ̃
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−
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+
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=
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+
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‖Σ̃
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√
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h
er
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ca
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ed
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1
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th
e
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n
d
it
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s
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.

O
n

th
e

ot
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er
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an

d
,

n
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e
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at
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p
p
((

M
+

N
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1
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re
s )

.
T

h
is

co
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u
d
es

th
e

p
ro

o
f.
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o
p
ro

ce
ed

w
it

h
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e
p
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of
of

L
em

m
a

13
,

w
e

n
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d
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e
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ow
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g
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m
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L
e
m

m
a

3
0

C
o
n

si
d
er

a
m

a
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∈
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w

it
h
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-d
efi

n
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e
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m
p
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o
n
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A

ss
u

m
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th
a
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) ‖
1
≤
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I d
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a
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−
I d
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1
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‖M
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I d
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I d
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∈
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p
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u
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a
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n
e
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w
ri
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I d

)
+
M

(c
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I d
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I d
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h
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1
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d
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I d

+
M

(c
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I d
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I d
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(c
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I d
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d
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n

s
fo

r
th

e
n

o
rm

a
li

ze
d

G
L

a
re

eq
u

iv
a
le

n
t

to
(1

4
)

a
ft

er
re

p
la

ci
n

g
λ

w
it

h
λ̃
ij
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F
a
t
t
a
h
i
a
n
d

S
o
jo

u
d
i

S
in

ce
su

p
p
((
M

+
M

(c
) )
−

1
)
⊆

su
p
p
(M

),
it

ca
n

b
e

co
n
cl

u
d
ed

th
at

th
e

(i
,j

)
en

tr
ie

s
o
f
M

(c
)

an
d

(M
−
I d

+
M

(c
) )2
×
∞ ∑ i=

0

(−
M

+
I d
−
M

(c
) )i

ar
e

eq
u
al

fo
r

ev
er

y
(i
,j

)
∈

su
p
p
(M

(c
) )

.
S
in

ce
th

e
(i
,j

)
en

tr
y

of
M

(c
)

is
ze

ro
if

(i
,j

)
6∈

su
p
p
(M

(c
) )

,
w

e
h
av

e ‖M
(c

) ‖
1
≤
∥ ∥ ∥ ∥ ∥(M

−
I d

+
M

(c
) )2

∞ ∑ i=
0

(M
−
I d

+
M

(c
) )i

∥ ∥ ∥ ∥ ∥ 1

.

S
in

ce
1-

n
or

m
is

su
b
-m

u
lt

ip
li
ca

ti
ve

,
th

e
ab

ov
e

in
eq

u
al

it
y

ca
n

b
e

si
m

p
li
fi
ed

a
s

‖M
(c

) ‖
1
≤

(‖
M
−
I d
‖ 1

+
‖M

(c
) ‖

1
)2
×
∞ ∑ i=

0

(‖
M
−
I d
‖ 1

+
‖M

(c
) ‖

1
)i

=
(‖
M
−
I d
‖ 1

+
‖M

(c
) ‖

1
)2

1
−
‖M
−
I d
‖ 1
−
‖M

(c
) ‖

1

≤
(‖
M
−
I d
‖ 1

+
η
‖M
−
I d
‖‖

1
)2

1
−
‖M
−
I d
‖ 1
−
η
‖M
−
I d
‖‖

1

=
(1

+
η
)2

‖M
−
I d
‖2 1

1
−

(η
+

1)
‖M
−
I d
‖ 1
.

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
.

P
ro

o
f

o
f

L
e
m

m
a

1
3

G
iv

en
an

ar
b
it

ra
ry

gr
ap

h
G,

co
n
si

d
er

a
m

at
ri

x
va

ri
ab

le
M

w
it

h
1
’s

on
th

e
d
ia

go
n
al

su
ch

th
at

su
p
p
(M

)
⊆
G.

T
h
e

fi
rs

t
ob

je
ct

iv
e

is
to

fi
n
d

a
m

at
ri

x
in

te
rm

s
o
f

M
,

d
en

ot
ed

b
y

th
e

m
at

ri
x

fu
n
ct

io
n
N

(M
),

sa
ti

sf
y
in

g
th

e
fo

ll
ow

in
g

p
ro

p
er

ti
es

su
p
p
( (M

+
N

(M
))
−

1
) ⊆
G,

su
p
p
(N

(M
))
⊆
G(
c)
.

T
o

th
is

en
d
,

d
efi

n
e

th
e

m
at

ri
x

fu
n
ct

io
n
A

(M
)

as

A
(M

)
=

(M
+
N

(M
))
−

1
.

O
b
se

rv
e

th
at

•
A

s
lo

n
g

as
A

(M
)

ex
is

ts
an

d
su

p
p
(A

(M
))
⊆
G,

th
er

e
is

a
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
a
b
le

m
ap

p
in

g
fr

om
A

(M
)

to
M

b
ec

au
se
M

ca
n

b
e

fo
u
n
d

b
y

se
tt

in
g

th
os

e
en

tr
ie

s
o
f
A

(M
)−

1

co
rr

es
p

on
d
in

g
to

th
e

ed
ge

s
of
G(
c)

to
ze

ro
.

M
or

eo
ve

r,
th

e
J
ac

ob
ia

n
o
f

th
is

m
a
p
p
in

g
h
as

fu
ll

ra
n
k

at
M

=
I d

.
D

u
e

to
th

e
in

ve
rs

e
fu

n
ct

io
n

th
eo

re
m

,
th

e
m

a
p
p
in

g
fr

o
m
M

to
A

(M
)

ex
is

ts
an

d
is

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
.

•
S
im

il
ar

ly
,

as
lo

n
g

as
A

(M
)

ex
is

ts
an

d
su

p
p
(A

(M
))
⊆
G,

th
er

e
is

a
co

n
ti

n
u
o
u
sl

y
d
iff

er
en

ti
ab

le
m

ap
p
in

g
fr

om
A

(M
)

to
N

(M
).

30
JM

L
R

 2
0(

10
):

1-
44

, 2
01

9



G
r
a
p
h
ic
a
l
L
a
sso

a
n
d

T
h
r
e
sh

o
l
d
in
g

•
If
M

=
I
d ,

th
en

N
(M

)
=

0.

It
fo

llow
s

fro
m

th
e

ab
ov

e
p
rop

erties
th

at
if
M

is
su

ffi
cien

tly
sm

all,
th

e
fu

n
ction

N
(M

)
ex

ists
a
n
d

sa
tisfi

es
th

e
follow

in
g

p
rop

erties:
(i)

0
=
N

(I
d ),

an
d

(ii)
N

(·)
is

d
iff

eren
tiab

le
at

M
=
I
d .

T
h
is

im
p
lies

th
at

th
ere

are
su

ffi
cien

tly
sm

all
n
on

zero
n
u
m

b
ers

η
an

d
α

0
su

ch
th

at
‖
N

(M
)‖

1 ≤
η‖
M
−
I
d ‖

1
w

h
en

ever‖M
‖

m
a
x ≤

α
0 .

N
ow

,
it

follow
s

from
L

em
m

a
3
0

th
a
t

‖N
(M

)‖
1 ≤

(1
+
η
)
2

‖M
−
I
d ‖

21

1−
(η

+
1)‖

M
−
I
d ‖

1
,

o
r

‖N
(M

)‖
m

a
x ≤

(1
+
η
)
2×

(d
eg

(G
))

2

1−
(η

+
1)α

0 ×
d
eg(G

) ‖M
‖

2m
a
x ,

if‖M
‖

m
a
x ≤

α
0 .

T
h
e

in
eq

u
ality

(7)
is

satisfi
ed

for
th

e
n
u
m

b
er
ζ

d
efi

n
ed

as
th

e
m

ax
im

u
m

o
f

(1
+
η
)
2×

(d
eg(G

))
2

1−
(η

+
1)α

0 ×
d
eg(G

)

a
n
d

th
e

fi
n
ite

n
u
m

b
er

m
ax {

β
(G
,α

)

α
2

∣∣∣∣ α
∈

(α
0 ,1) }

.

T
h
is

co
m

p
letes

th
e

p
ro

of.
�

P
ro

o
f

o
f

L
e
m

m
a

1
4

It
can

b
e

easily
verifi

ed
th

at

(M
+
M

(c)) −
1

=
I−

(M
+
M

(c)−
I
)

+
(M

+
M

(c)) −
1(M

+
M

(c)−
I
)
2.

T
h
is

im
p
lies

th
at,

for
a

given
p
air

(i,j)∈
G

,
on

e
can

w
rite

(
(M

+
M

(c)) −
1 )

ij
=
−
M
ij

+
(

(M
+
M

(c)) −
1 )

i: (
(M

+
M

(c)−
I
)
2 )

:j
,

(28)

w
h
ere

((M
+
M

(c)) −
1 )
i:

an
d
((M

+
M

(c)−
I
)
2 )

:j
are

th
e
i th

row
an

d
j

th
colu

m
n

of
(M

+

M
(c)) −

1
a
n
d

(M
+
M

(c)−
I
)
2,

resp
ectively.

B
ased

on
(28),

th
e

(i,j)
en

tries
of
M

an
d

(M
+
M

(c)) −
1

h
ave

op
p

osite
sign

s
if

|M
ij |
>

∣∣∣∣ (
(M

+
M

(c)) −
1 )

i: (
(M

+
M

(c)−
I
)
2 )

:j ∣∣∣∣
.

(29)

T
o

strea
m

lin
e

th
e

p
resen

tation
,‖
M
‖

m
a
x

is
red

efi
n
ed

as
m

a
x
i,j |M

ij |
in

th
e

rest
of

th
e

p
ro

o
f.

O
n
e

ca
n

w
rite

∥∥∥
(M

+
M

(c)−
I
)
2 ∥∥∥

m
a
x ≤
∥∥
(M
−
I
)
2 ∥∥

m
a
x +

∥∥∥∥ (
M

(c) )
2 ∥∥∥∥

m
a
x +
∥∥∥
M

(c)(M
−
I
) ∥∥∥

m
a
x +
∥∥∥
(M
−
I
)M

(c) ∥∥∥
m

a
x

≤
d
eg

(G
)α

2
+

(d−
d
eg

(G
))ζ

(G
)
2α

4
+

2d
eg

(G
)ζ

(G
)α

3

≤
3d

eg
(G

)
m

ax{α
2,ζ

(G
)α

3}
+

(d−
d
eg

(G
))ζ

(G
)
2α

4

≤
K
α

2,
(30)
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F
a
t
t
a
h
i
a
n
d

S
o
jo

u
d
i

for
som

e
K

th
at

on
ly

d
ep

en
d
s

on
d
eg

(G
),ζ

(G
),

an
d
d
.

F
u
rth

erm
ore,

assu
m

e
th

at

α
≤

1

2d
eg

(G
) √

ζ
(G

)
=
α

0 (G
).

(31)

N
ote

th
at

(M
+
M

(c)) −
1

=
I−

(M
+
M

(c)−
I
)(M

+
M

(c)) −
1,

w
h
ich

im
p
lies

th
at

∥∥∥
(M

+
M

(c)) −
1 ∥∥∥

m
a
x

=
1

+
d
eg

(G
)

m
a
x{α

,ζ
(G

)α
2} ∥∥∥

(M
+
M

(c)) −
1 ∥∥∥

m
a
x
,

(32)

w
h
ere

w
e

h
ave

u
sed

th
e

fact
th

at
su

p
p
((M

+
M

(c)) −
1)⊆

G
an

d
h
en

ce,
its

m
ax

im
u
m

d
egree

is
u
p
p

er
b

ou
n
d
ed

b
y

d
eg

(G
).

(32),
togeth

er
w

ith
th

e
assu

m
p
tion

(31)
im

p
lies

th
at

∥∥∥
(M

+
M

(c)) −
1 ∥∥∥

m
a
x ≤

1

1−
d
eg

(G
)

m
ax{

α
,ζ

(G
)α

2}
≤

2.
(33)

C
om

b
in

in
g

(30)
an

d
(33)

w
ith

(29)
com

p
letes

th
e

p
ro

of.
�

P
ro

o
f

o
f

L
e
m

m
a

1
5

W
ith

ou
t

loss
o
f

gen
erality,

assu
m

e
th

atG
is

a
tree.

N
ote

th
at

if
th

ere
are

d
isjoin

t
com

p
on

en
ts,

th
e

argu
m

en
t

m
ad

e
in

th
e

seq
u
el

can
b

e
a
p
p
lied

to
each

con
n
ected

com
p

on
en

t
ofG

sep
arately.

L
et
d
ij

d
en

ote
th

e
u
n
iq

u
e

p
ath

b
etw

een
every

tw
o

d
isp

arate
n
o
d
es
i

an
d
j

in
G

.
F

u
rth

erm
ore,

d
efi

n
e
N

(i)
a
s

th
e

set
o
f

all
n
eigh

b
o
rs

of
n
o
d
e
i

in
G

.
C

on
sid

er
a

m
atrix

M
w

ith
p

ositive-d
efi

n
ite

com
p
letion

an
d

w
ith

d
iagon

al
elem

en
ts

eq
u
al

to
1

su
ch

th
at‖

M
‖

m
a
x ≤

α
an

d
su

p
p
(M

)
=
G

.
L

et
N

b
e

a
m

atrix
w

ith
th

e
follow

in
g

en
tries

N
ij

=

{
∏

(m
,t)∈

d
ij
M
m
t

if
(i,j)∈

(su
p
p
(M

))
(c),

0
oth

erw
ise.

(34)

M
oreover,

d
efi

n
e

A
ij

=



1
+
∑

m
∈N

(i)
M

2m
i

1−
M

2m
i

if
i

=
j,

−
M
ij

1−
M

2ij
if

(i,j)∈
su

p
p
(M

),

0
oth

erw
ise.

(35)

T
h
e

goal
is

to
sh

ow
th

at
th

e
m

atrix
N

is
th

e
u
n
iq

u
e

in
verse-con

sisten
t

com
p
lem

en
t

of
M

.
F

irst,
n
ote

th
at

su
p
p
(N

)
=

(su
p
p
(M

))
(c)

an
d

su
p
p
(M

)
=

su
p
p
(A

).
N

ex
t,

it
is

d
esirab

le
to

p
rove

th
at

(M
+
N

) −
1

=
A

or
eq

u
ivalen

tly
(M

+
N

)A
=
I
.

U
p

on
d
efi

n
in

g
T

=
(M

+
N

)A
,

on
e

can
w

rite

T
ii

=
d
∑m

=
1 (M

im
+
N
im

)A
m
i

=
1

+
∑m
∈N

(i)

M
2m
i

1−
M

2m
i −

∑m
∈N

(i)

M
2m
i

1−
M

2m
i

=
1.

M
oreover,

for
every

p
air

of
n
o
d
es
i

an
d
j,

d
efi

n
e
D
ij

as ∏
(k
,t)∈

d
ij
M
k
t

if
i6=

j
an

d
as

1
if

i
=
j.

3
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G
r
a
p
h
ic
a
l
L
a
ss
o

a
n
d

T
h
r
e
sh

o
l
d
in
g

C
on

si
d
er

a
p
ai

r
of

d
is

ti
n
ct

n
o
d
es
i

an
d
j.

L
et
t

d
en

o
te

th
e

n
o
d
e

ad
ja

ce
n
t

to
j

in
d
ij

(n
ot

e
th

at
w

e
m

ay
h
av

e
t

=
i)

.
It

ca
n

b
e

ve
ri

fi
ed

th
at

T
ij

=
d ∑ m
=

1

(M
im

+
N
im

)A
m
j

=
D
ij

 
1

+
∑

m
∈N

(j
)

M
2 m
j

1
−
M

2 m
j

 
−
D
it

(
M
tj

1
−
M

2 tj

)

−
∑

m
∈N

(j
)

m
6=
t

D
im

M
m
j

1
−
M

2 m
j

.
(3

6)

F
u
rt

h
er

m
or

e,

D
ij

=
D
it
M
tj
,

D
im

=
D
it
M
tj
M
jm
,

∀
m
∈
N

(j
),
m
6=
t.

(3
7)

P
lu

gg
in

g
(3

7)
in

to
(3

6)
y
ie

ld
s

th
at

T
ij

=
D
it
M
tj

   
1

1
−
M

2 tj

+
∑

m
∈N

(j
)

m
6=
t

M
2 m
j

1
−
M

2 m
j

   
−
D
it

(
M
tj

1
−
M

2 tj

)
−
D
it
M
tj

∑

m
∈N

(j
)

m
6=
t

M
2 m
j

1
−
M

2 m
j

=
0.

H
en

ce
,
T

=
I
.

F
in

al
ly

,
w

e
n
ee

d
to

sh
ow

th
at
M

+
N
�

0.
T

o
th

is
en

d
,

it
su

ffi
ce

s
to

p
ro

ve
th

at
A
�

0.
N

ot
e

th
at
A

ca
n

b
e

w
ri

tt
en

as
I

+
∑

(i
,j

)∈
G
L

(i
,j

) ,
w

h
er

e
L

(i
,j

)
is

d
efi

n
ed

as

L
(i
,j

)
r
l

=

      

M
2 ij

1
−
M

2 ij
if

r
=
l

=
i

or
j,

−
M
ij

1
−
M

2 ij
if

(r
,l

)
=

(i
,j

),

0
ot

h
er

w
is

e.

C
on

si
d
er

th
e

te
rm

x
T
A
x

fo
r

an
ar

b
it

ra
ry

ve
ct

or
x
∈
R
d
.

O
n
e

ca
n

ve
ri

fy
th

at

x
T
A
x

=
d ∑ i=

1

x
2 i
+
∑

(i
,j

)∈
G
x
T
L

(i
,j

) x

=
d ∑ i=

1

x
2 i

+
∑

(i
,j

)∈
G

(
M

2 ij

1
−
M

2 ij

)
x

2 i
+

(
M

2 ij

1
−
M

2 ij

)
x

2 j
−
(

2M
ij

1
−
M

2 ij

)
x
ix
j
.

(3
8)

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
as

su
m

e
th

at
th

e
gr

ap
h

is
a

ro
ot

ed
tr

ee
w

it
h

th
e

ro
ot

at
n
o
d
e
d
.

A
ss

u
m

e
th

at
ea

ch
ed

ge
(i
,j

)
d
efi

n
es

a
d
ir

ec
ti

on
th

a
t

is
to

w
ar

d
th

e
ro

ot
.

T
h
en

,
it

fo
ll
ow

s
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av

e
th

e
len

gth
of

at
least

dc/2e;
oth

erw
ise

d
sij

is
n
ot

th
e

sh
ortest

p
ath

b
etw

een
th

e
n
o
d
es
i

an
d
j.

T
h
is

im
p
lies

th
at

th
e

len
gth

of
d
ij

is
at

leastdc/2e.

L
e
m

m
a

3
2

L
et
M

be
equ

a
l

to
I
d

+
Σ̃

res.
T

h
e

in
equ

a
lities

∣∣R
ij −

R
sk ′j M

ik ′ ∣∣≤
(|P

ij |0 −
1
) (‖

Σ̃
res‖

m
a
x )
d
c2 e
,

(45a)

∣∣R
k
j −

R
sk ′j M

ik ′M
ik ∣∣≤

(|P
k
j |0 −

1) (‖
Σ̃

res‖
m

a
x )
d
c2 e−

1
(45b

)

h
o
ld

if
i6=

j,
w

h
ere

k ′
is

th
e

n
od

e
a
d
ja

cen
t

to
i

in
d
sij

a
n

d
k
∈
N

(i)\
k ′.

P
ro

o
f

F
irst,

w
e

sh
ow

th
e

valid
ity

of
(45a).

D
u
e

to
(44),

on
e

can
w

rite

R
ij

=
R
sij

+
∑

d
ij ∈P

ij \
d
sij

∏

(m
,t)∈

d
ij

M
m
t .

(46)

IfP
ij \
d
sij

is
em

p
ty,

th
en

th
e

eq
u
ation

R
ij

=
R
sk ′j M

ik ′
an

d
th

erefore
(4

5a)
h
old

.
N

ow
,
assu

m
e

th
atP

ij \d
sij

is
n
ot

em
p
ty.

D
u
e

to
L

em
m

a
31,

w
e

h
ave

−
(‖Σ̃

res‖
m

a
x )
d
c2 e≤

∏

(m
,t)∈

d
ij

M
m
t ≤

(‖
Σ̃

res‖
m

a
x )
d
c2 e
,

for
every

d
ij
∈
P
ij \d

sij .
T

h
e

ab
ove

in
eq

u
alities,

togeth
er

w
ith

(46)
an

d
th

e
eq

u
ation

R
sij

=
R
sk ′j M

ik ′,
resu

lt
in

(45a).
T

o
p
rove

(45b
),

d
efi

n
e
d̂
k
j

as
d
sij ∪
{(i,k

)}
(n

ote
th

at
d̂
k
j

is
n
ot

n
ecessarily

eq
u
al

to
d
sk
j ).

It
y
ield

s
th

at

R
k
j

=
R
sij M

ik
+

∑

d
k
j ∈P

k
j \
d̂
k
j

∏

(m
,t)∈

d
k
j

M
m
t .

(47)
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G
r
a
p
h
ic
a
l
L
a
ss
o

a
n
d

T
h
r
e
sh

o
l
d
in
g

In
li
gh

t
of

L
em

m
a

31
,

th
e

le
n
gt

h
of

ev
er

y
p
at

h
d
k
j
∈
P k

j
\d̂

k
j

is
lo

w
er

b
ou

n
d
ed

b
y
dc
/2
e−

1.
T

h
is

im
p
li
es

th
at

−
( ‖

Σ̃
re

s ‖
m

a
x

) d
c 2
e−

1
≤

∏

(m
,t

)∈
d
ij

M
m
t
≤
( ‖

Σ̃
re

s ‖
m

a
x

) d
c 2
e−

1
,

(4
8)

fo
r

ev
er

y
d
k
j
∈
P k

j
\d̂

k
j
.

C
om

b
in

in
g
R
s ij
M
ik

=
R
s k
′ j
M
ik
′ M

ik
w

it
h

(4
7)

an
d

(4
8)

le
ad

s
to

th
e

in
eq

u
al

it
y

(4
5b

).

L
e
m

m
a

3
3

T
h
e

fo
ll

o
w

in
g

in
eq

u
a
li

ty
h
o
ld

s d
eg

1
−
‖Σ̃

re
s ‖

2 m
a
x

≤
δ,

w
h
er

e
δ

d
efi

n
ed

a
s

(1
7)

.

P
ro

o
f

T
h
e

p
ro

of
is

st
ra

ig
h
tf

or
w

ar
d

an
d

is
om

it
te

d
fo

r
b
re

v
it

y.

P
ro

o
f

o
f

T
h

e
o
re

m
2
6

C
on

si
d
er

th
e

n
or

m
al

iz
ed

G
L

an
d

d
efi

n
e

th
e

fo
ll
ow

in
g

ex
p
li
ci

t
fo

rm
u
la

fo
r
Ã

Ã
ij

=

          

1
+

∑
(i
,m

)∈
Eo

p
t

(Σ̃
re

s
im

)2

1
−

(Σ̃
re

s
im

)2
if

i
=
j,

−
Σ̃

re
s

ij

1
−

(Σ̃
re

s
ij

)2
if

(i
,j

)
∈
Er

es
,

0
ot

h
er

w
is

e.

(4
9)

L
et
M

b
e

eq
u
al

to
I d

+
Σ̃

re
s .

F
u
rt

h
er

m
or

e,
d
efi

n
e

ε̃
=
δ
·(
P

m
a
x
(s

u
p
p
(Σ

re
s ))
−

1)
·(
‖Σ̃

re
s ‖

m
a
x

)⌈
c
(s

u
p
p
(Σ

re
s
))

2

⌉

.

In
or

d
er

to
p
ro

ve
th

e
th

eo
re

m
,

w
e

u
se

th
e

m
at

ri
x
N

d
efi

n
ed

in
(4

3)
,

an
d

fi
rs

t
sh

ow
th

at
M

+
N

is
an

ε̃-
re

la
x
ed

in
ve

rs
e

of
Ã

an
d

th
at

th
e

p
ai

r
(Ã
,M

+
N

)
sa

ti
sfi

es
th

e
ε̃-

re
la

x
ed

K
K

T
co

n
d
it

io
n
s.

C
on

si
d
er

th
e

m
at

ri
x
T

d
efi

n
ed

as
T

=
Ã

(M
+
N

)
an

d
re

ca
ll

th
at
M

+
N

=
R

.
O

n
e

ca
n

w
ri

te

T
ii

=
d ∑ m
=

1

Ã
im
R
m
i

=

 
1

+
∑

m
∈N

(i
)

M
im

2

1
−
M
im

2

 
−

∑

m
∈N

(i
)

M
im

1
−
M
im

2
R
m
i.

(5
0)

N
ot

e
th

at
si

n
ce
{(
m
,i

)}
∈
P m

i
fo

r
ev

er
y
m
∈
N

(i
),

w
e

h
av

e

R
m
i

=
M
m
i
+

∑

d
m
i
∈P

m
i
\{

(m
,i

)}

∏

(r
,t

)∈
d
m
i

M
r
t.
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F
a
t
t
a
h
i
a
n
d

S
o
jo

u
d
i

If
P m

i\
{(
m
,i

)}
is

em
p
ty

,
th

en
R
m
i

=
M
m
i

an
d
T
ii

=
1.

O
th

er
w

is
e,

si
n
ce

th
e

le
n
g
th

o
f

th
e

m
in

im
u
m

-l
en

gt
h

cy
cl

e
is
c,

th
e

le
n
gt

h
of

ev
er

y
p
at

h
d
m
i
∈
P m

i\
{(
m
,i

)}
is

a
t

le
a
st
c
−

1.
T

h
is

y
ie

ld
s

th
at

M
m
i
−

(|P
m
i| 0
−

1)
( ‖

Σ̃
re

s ‖
m

a
x

) c
−

1
≤
R
m
i
≤
M
m
i
+

(|P
m
i| 0
−

1)
( ‖

Σ̃
re

s ‖
m

a
x

) c
−

1
.

(5
1
)

C
om

b
in

in
g

(5
1)

an
d

(5
0)

le
ad

s
to

|T
ii
−

1
|≤

(|P
m
i| 0
−

1)
( ‖

Σ̃
re

s ‖
m

a
x

) c
−

1

 
∑

m
∈N

(i
)

M
im

1
−
M
im

2

 
≤

d
eg

(P
m

a
x
−

1)
‖Σ̃

re
s ‖
c m

a
x

1
−
‖Σ̃

re
s ‖

2 m
a
x

≤
ε̃,

(5
2
)

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

is
d
u
e

to
L

em
m

a
33

an
d

th
e

fa
ct

th
at
dc 2
e
≤
c

fo
r
c
≥

3
.

N
ow

,
co

n
si

d
er
T
ij

fo
r

a
p
ai

r
(i
,j

)
su

ch
th

at
i
6=
j.

W
e

h
av

e

T
ij

=
d ∑ m
=

1

Ã
im
R
m
j

=

 
1

+
∑

m
∈N

(i
)

M
im

2

1
−
M
im

2

 
R
ij
−

∑

m
∈N

(i
)

M
im

1
−
M
im

2
R
m
j
.

(5
3
)

A
cc

or
d
in

g
to

L
em

m
a

31
,

on
e

ca
n

w
ri

te

R
s m
′ j
M
im
′
−

(|P
ij
| 0
−

1)
( ‖

Σ̃
re

s ‖
m

a
x

) d
c 2
e
≤
R
ij
≤
R
s m
′ j
M
im
′
+

(|P
ij
| 0
−

1)
( ‖

Σ̃
re

s ‖
m

a
x

) d
c 2
e ,

(5
4
a)

R
s m
′ j
M
im
′ M

im
−

(|P
m
j
| 0−

1)
( ‖

Σ̃
re

s ‖
m

a
x

) d
c 2
e−

1
≤
R
m
j

≤
R
s m
′ j
M
im
′ M

im
+

(|P
m
j
| 0−

1)
( ‖

Σ̃
re

s ‖
m

a
x

) d
c 2
e−

1
,

(5
4
b
)

w
h
er

e
m
′ i

s
th

e
n
o
d
e

ad
ja

ce
n
t

to
i

in
d
s ij

an
d
m
∈
N

(i
)\
m
′ .

N
ot

e
th

at
if
N

(i
)\
m
′ i

s
em

p
ty

,

th
en

R
ij

=
R
s m
′ j
M
im
′

an
d
R
m
j

=
R
s m
′ j
M
im
′ Σ̃

re
s

im
.

In
th

is
ca

se
,

an
ar

gu
m

en
t

si
m

il
a
r

to
th

e
p
ro

of
of

L
em

m
a

15
ca

n
b

e
m

ad
e

to
sh

ow
th

at
T
ij

=
0.

N
ow

,
as

su
m

e
th

at
N

(i
)\
m
′

is
n
o
t

em
p
ty

.
O

n
e

ca
n

w
ri

te

|T
ij
−
F
ij
|(a

)
=
|T
ij
|(b

) ≤
ε̃,

(5
5
)

w
h
er

e

F
ij

=

 
1

1
−
M
im
′2

+
∑

m
∈N

(i
)\
m
′

M
im

2

1
−
M
im

2

 
R
s m
′ j
M
im
′
−

M
im
′

1
−
M
im
′2
R
s m
′ j

−
∑

m
∈N

(i
)\
m
′

M
im

2

1
−
M
im

2
R
s m
′ j
M
im
′ M

im
.

N
ot

e
th

at
th

e
re

la
ti

on
(a

)
ca

n
b

e
ve

ri
fi
ed

b
y

th
e

fa
ct

th
at
F
ij

=
0

an
d

th
e

in
eq

u
a
li
ty

(b
)

is
ob

ta
in

ed
b
y

co
m

b
in

in
g

(5
3)

w
it

h
(5

4a
)

an
d

(5
4b

).
T

h
e

in
eq

u
al

it
ie

s
(5

2)
a
n
d

(5
5
)

im
p
ly

th
at
M

+
N

is
an

ε̃-
re

la
x
ed

in
ve

rs
e

of
Ã

.
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G
r
a
p
h
ic
a
l
L
a
sso

a
n
d

T
h
r
e
sh

o
l
d
in
g

N
ow

,
it

w
ill

b
e

sh
ow

n
th

at
th

e
p
air

(Ã
,M

+
N

)
satisfi

es
th

e
ε̃-relax

ed
K

K
T

con
d
ition

s.
N

o
te

th
a
t
M
ii

+
N
ii

=
M
ii

=
Σ̃
ii

an
d
,

h
en

ce,
(15a)

is
satisfi

ed
.

T
o

p
rove

(15b
),

sin
ce

sig
n
(Ã

ij )
=
−

sign
(M

ij )
=
−

sign
(Σ̃

ij ),
it

can
b

e
con

clu
d
ed

th
at

M
ij

+
N
ij

=
(Σ̃

ij −
λ̃
ij ×

sign
(Σ

ij ))
+
N
ij

=
(Σ̃

ij
+
λ̃
ij ×

sign
(Ã

ij ))
+
N
ij ,

fo
r

every
(i,j)

su
ch

th
at
i6=

j
an

d
Ã
ij 6=

0.
D

u
e

to
th

e
d
efi

n
ition

of
N

an
d

th
e

fact
th

at

(i,j)∈
su

p
p
(M

),
w

e
h
ave
|N

ij |≤
(P

m
a
x −

1) (‖Σ̃
res‖

m
a
x )

c−
1.

H
en

ce,

|M
ij

+
N
ij −

(Σ̃
ij

+
λ̃
ij ×

sign
(Ã

ij ))|≤
ε,

fo
r

every
(i,j)

su
ch

th
at
i6=

j
an

d
Ã
ij 6=

0.
T

h
erefore,

th
e

p
air

(Ã
,M

+
N

)
satisfi

es
(15b

).
F

in
a
lly,

co
n
sid

er
a

p
air

(i,j)
su

ch
th

at
i6=

j
an

d
Ã
ij

=
0.

O
n
e

can
w

rite

M
ij

+
N
ij

=
R
sij

+
∑

d
ij ∈P

ij \
d
sij

∏

(m
,t)∈

d
ij

Σ̃
res
m
t .

IfP
ij \
d
sij

is
em

p
ty,

a
set

of
in

eq
u
alities

sim
ilar

to
(25)

an
d

(26)
can

b
e

ob
tain

ed
to

p
rove

(1
5
c).

N
ow

,
a
ssu

m
e

th
atP

ij \d
sij

is
n
ot

em
p
ty.

T
h
e

len
gth

of
d
sij

is
at

least
2

sin
ce

th
ere

is
n
o

d
irect

ed
g
e

b
etw

een
n
o
d
es
i

an
d
j.

H
en

ce,|R
sij |≤

‖Σ̃
res‖

2m
a
x .

F
u
rth

erm
ore,

d
u
e

to
L

em
m

a
(3

1
),

th
e

len
gth

of
every

p
ath

d
ij ∈
P
ij \
d
sij

is
at

leastdc/2e.
T

h
is

lead
s

to

|M
ij

+
N
ij |≤

‖Σ̃
res‖

2m
a
x

+
(P

m
a
x −

1) (‖Σ̃
res‖

m
a
x )
d
c2 e

≤
m

in
k6=

l
(k
,l)6∈

su
p

p
(Σ

re
s) (λ̃

k
l −
|Σ̃

res
k
l |)

+
(P

m
a
x −

1) (‖Σ̃
res‖

m
a
x )
d
c2 e

≤
λ̃
ij −
|Σ̃

res
ij |+

(P
m

a
x −

1) (‖
Σ̃

res‖
m

a
x )
d
c2 e
,

w
h
ere

th
e

la
st

in
eq

u
ality

follow
s

from
C

o
n
d
ition

(2-ii)
in

th
e

th
eorem

.
T

h
erefore,

|M
ij +

N
ij −

Σ̃
ij |≤
|M

ij +
N
ij |+
|Σ̃
ij |≤

λ̃
ij −
|Σ̃

res
ij |+

|Σ̃
res
ij |+

(P
m

a
x −

1) (‖Σ̃
res‖

m
a
x )
d
c2 e

≤
λ̃
ij

+
ε̃.

T
h
is

sh
ow

s
th

a
t

(Ã
,M

+
N

)
in

d
eed

satisfi
es

th
e
ε̃-relax

ed
K

K
T

con
d
ition

s
for

th
e

n
orm

alized
G

L
.

F
in

a
lly,

w
e

con
sid

er
th

e
ex

p
licit

solu
tion

A
d
efi

n
ed

as
(13).

T
h
e

follow
in

g
statem

en
ts

h
o
ld

:

1
.

th
e

m
a
trix

D
1
/
2(M

+
N

)D
1
/
2

is
ε-relax

ed
in

verse
of
A

.
T

o
see

th
is,

n
ote

th
a
t

A
(
D

1
/
2(M

+
N

)D
1
/
2 )

=
D
−

1
/
2Ã
D
−

1
/
2D

1
/
2(M

+
N

)D
1
/
2

=
D
−

1
/
2T
D

1
/
2

=
I
d

+
E
,

w
h
ere
‖
E
‖

m
a
x ≤

√
Σ

m
a
x

Σ
m

in
ε̃≤

ε.
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S
o
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u
d
i

2.
T

h
e

p
air

(A
,D

1
/
2(M

+
N

)D
1
/
2)

satisfi
es

th
e
ε-relax

ed
K

K
T

con
d
ition

s.
N

ote
th

at
it

is
alread

y
sh

ow
n

th
at

(Ã
,M

+
N

)
satisfi

es
th

e
follow

in
g

in
eq

u
alities

(M
+
N

)
ij

=
Σ̃
ij

if
i

=
j,

(56a)
∣∣∣ (M

+
N

)
ij −

(
Σ̃
ij

+
λ̃
ij ×

sign
(Ã

ij ) ) ∣∣∣ ≤
ε̃

if
Ã
ij 6=

0,
(56b

)
∣∣∣ (M

+
N

)
ij −

Σ̃
ij ∣∣∣ ≤

λ̃
ij

+
ε̃

if
Ã
ij

=
0.

(56c)

R
ep

lacin
g
M

+
N

w
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g
a
r

ve
ct

or
x

on
ly

to
w

it
h
in

a
p

os
it

iv
e

m
u
lt

ip
le

,
or

eq
u
iv

al
en

tl
y,

to
re

co
ve

r
th

e
n
or

m
a
li
ze

d
v
ec

to
r

x
/‖
x
‖ 2

.
T

h
is

li
m

it
at

io
n

ca
n

b
e

ov
er

co
m

e
b
y

ch
o
os

in
g

th
e

m
ea

su
re

m
en

ts
to

co
n
si

st
o
f

th
e

si
gn

s
of

in
n
er

p
ro

d
u
ct

s
〈a
i,
x
〉+

b i
,

w
h
er

e
ag

ai
n
a
i,
b i

ar
e

se
le

ct
ed

at
ra

n
d
om

.
T

h
e

cu
rr

en
t

st
at

u
s

of
O

B
C

S
is

th
at

w
h
il
e

se
ve

ra
l

al
go

ri
th

m
s

h
av

e
b

ee
n

p
ro

p
o
se

d
,

th
eo

-
re

ti
ca

l
an

al
y
si

s
is

av
ai

la
b
le

fo
r

on
ly

a
fe

w
al

go
ri

th
m

s.
M

or
eo

ve
r,

in
ca

se
s

w
h
er

e
th

eo
re

ti
ca

l
an

al
y
si

s
is

av
ai

la
b
le

,
th

e
sa

m
p
le

co
m

p
le

x
it

y
is

ex
tr

em
el

y
h
ig

h
.

In
th

e
p
re

se
n
t

p
a
p

er
,

w
e

in
te

rp
re

t
O

B
C

S
as

a
p
ro

b
le

m
in

p
ro

b
ab

ly
ap

p
ro

x
im

at
el

y
co

rr
ec

t
(P

A
C

)
le

a
rn

in
g

th
eo

ry
,

w
h
ic

h
is

a
w

el
l-

es
ta

b
li
sh

ed
b
ra

n
ch

of
st

at
is

ti
ca

l
le

ar
n
in

g
th

eo
ry

.
B

y
d
oi

n
g

so
,

w
e

a
re

a
b
le

to
d
ra

w
fr

om
th

e
w

ea
lt

h
of

re
su

lt
s

th
at

a
re

al
re

ad
y

av
ai

la
b
le

,
an

d
th

er
eb

y
a
d
d
re

ss
so

m
e

o
f

th
e

cu
rr

en
tl

y
ou

ts
ta

n
d
in

g
is

su
es

.
In

P
A

C
le

ar
n
in

g
th

eo
ry

,
a

ce
n
tr

al
ro

le
is

p
la

ye
d

b
y

th
e

so
-c

al
le

d
V

ap
n
ik

-C
h
er

vo
n
en

k
is

(V
C

)
d
im

en
si

on
of

th
e

co
ll
ec

ti
on

of
co

n
ce

p
ts

to
b

e
le

a
rn

ed
.

T
h
e

p
ri

n
ci

p
al

re
su

lt
of

th
e

p
re

se
n
t

p
ap

er
is

th
at

th
e

V
C

-d
im

en
si

on
of

th
e

se
t

o
f

h
a
lf

-p
la

n
es

in
R
n

ge
n
er

at
ed

b
y
k
-s

p
ar

se
v
ec

to
rs

is
b

ou
n
d
ed

b
el

ow
b
y
k

lg
(n
/k

)
an

d
ab

ov
e

b
y

2k
lg

(e
n

),
p
lu

s
so

m
e

ro
u
n
d
off

te
rm

s.
U

si
n
g

th
is

b
ou

n
d
,

w
e

ar
e

ab
le

to
es

ta
b
li
sh

th
e

fo
ll
ow

in
g

re
su

lt
s

fo
r

th
e

ca
se

w
h
er

e
x
∈
R
n

h
as

n
o

m
or

e
th

a
n
k

n
on

ze
ro

co
m

p
on

en
ts

:

•
In

p
ri

n
ci

p
le

,
O

B
C

S
is

p
os

si
b
le

w
h
en

ev
er

th
e

m
ea

su
re

m
en

t
ve

ct
or

(a
i,
b i

)
is

d
ra

w
n

at
ra

n
d
om

fr
om

a
n

y
a
rb

it
ra

ry
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
.

M
or

eo
ve

r,
if

a
co

n
si

st
en

t
al

go
ri

th
m

1
ca

n
b

e
d
ev

is
ed

,
th

en
th

e
n
u
m

b
er

of
m

ea
su

re
m

en
ts

is
O

(k
lg
n

).

•
T

h
er

e
is

al
so

a
lo

w
er

bo
u

n
d

on
th

e
O

B
C

S
p
ro

b
le

m
.

S
p

ec
ifi

ca
ll
y,

th
er

e
ex

is
ts

a
p
ro

b
a
-

b
il
it

y
d
is

tr
ib

u
ti

on
on

R
n

su
ch

th
at

,
if

(a
i,
b i

)
is

d
ra

w
n

at
ra

n
d
om

fr
om

th
is

d
is

tr
ib

u
ti

o
n
,

th
en

th
e

n
u
m

b
er

of
m

ea
su

re
m

en
ts

re
q
u
ir

ed
to

le
ar

n
ea

ch
k
-s

p
ar

se
n

-d
im

en
si

o
n
a
l
ve

ct
o
r

is
b

ou
n
d
ed

be
lo

w
b
y

Ω
(k

ln
(n
/k

))
.

•
It

is
sh

ow
n

th
at

O
B

C
S

is
p

os
si

b
le

u
n
d
er

ra
n
d
om

fl
ip

p
in

g
of

th
e

si
gn

s
o
f

th
e

m
ea

su
re

-
m

en
ts

.
T

h
is

fi
n
d
in

g
b
u
il
d
s

on
ea

rl
ie

r
re

su
lt

s
on

P
A

C
le

ar
n
in

g
w

it
h

n
oi

sy
la

b
el

s.

•
If

th
e

sa
m

p
le

s
a
i

ar
e

n
ot

in
d
ep

en
d
en

t,
b
u
t

ar
e
β

-m
ix

in
g,

le
ar

n
in

g
is

st
il
l

p
o
ss

ib
le

,
a
n
d

ex
p
li
ci

t
es

ti
m

at
es

ar
e

av
ai

la
b
le

fo
r

th
e

ra
te

of
le

a
rn

in
g.

T
h
e

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s:
In

S
ec

ti
on

2,
a

b
ri

ef
re

v
ie

w
is

gi
ve

n
o
f

so
m

e
re

ce
n
t

p
ap

er
s

in
O

B
C

S
.
In

S
ec

ti
on

3,
so

m
e

p
ar

ts
of

P
A

C
le

ar
n
in

g
th

eo
ry

th
at

ar
e

re
le

va
n
t

to
O

B
C

S
ar

e
re

v
ie

w
ed

.
In

p
ar

ti
cu

la
r,

it
is

sh
ow

n
h
ow

O
B

C
S

ca
n

b
e

fo
rm

u
la

te
d

a
s

a
p
ro

b
le

m
in

P
A

C
le

ar
n
in

g,
so

th
at

O
B

C
S

ca
n

b
e

ad
d
re

ss
ed

b
y

fi
n
d
in

g
u
p
p

er
b

ou
n
d
s

on
th

e
V

C
-d

im
en

si
o
n

of
h
al

f-
sp

ac
es

ge
n
er

at
ed

b
y
k
-s

p
ar

se
ve

ct
or

s.
In

S
ec

ti
on

4,
b

ot
h

u
p
p

er
an

d
lo

w
er

b
o
u
n
d
s

a
re

d
er

iv
ed

fo
r

th
e

V
C

-d
im

en
si

on
of

h
al

f-
sp

ac
es

ge
n
er

at
ed

b
y
k
-s

p
ar

se
ve

ct
or

s.
In

S
ec

ti
o
n

5,
th

e
ca

se
w

h
er

e
th

e
si

gn
m

ea
su

re
m

en
ts

ar
e

fl
ip

p
ed

at
ra

n
d
om

is
ex

am
in

ed
.

F
in

a
ll
y,

S
ec

ti
o
n

6
co

n
ta

in
s

a
d
is

cu
ss

io
n

of
so

m
e

is
su

es
th

at
m

er
it

fu
rt

h
er

in
ve

st
ig

at
io

n
.

2
.
B
ri
e
f
R
e
v
ie
w

o
f
O
n
e
-B

it
C
o
m
p
re
ss
e
d
S
e
n
si
n
g

B
y

n
ow

th
er

e
is

a
su

b
st

an
ti

al
li
te

ra
tu

re
re

ga
rd

in
g

th
e

tr
ad

it
io

n
al

co
m

p
re

ss
ed

se
n
si

n
g

fo
r-

m
u
la

ti
on

,
ou

t
of

w
h
ic

h
on

ly
a

fe
w

re
fe

re
n
ce

s
ar

e
ci

te
d

h
er

e
in

th
e

in
te

re
st

s
o
f

b
re

v
it

y.
B

o
ok

-l
en

gt
h

tr
ea

tm
en

ts
of

co
m

p
re

ss
ed

se
n
si

n
g

ca
n

b
e

fo
u
n
d

in
(E

la
d
,

20
10

;
F

o
u
ca

rt
a
n
d

R
au

h
u
t,

20
13

;
R

is
h

an
d

G
ra

b
ar

n
ik

,
20

15
;

H
as

ti
e

et
al

.,
20

15
).

A
m

on
gs

t
th

es
e,

(F
o
u
ca

rt

1
.

T
h

is
te

rm
is

st
a
n

d
a
rd

in
st

a
ti

st
ic

a
l

le
a
rn

in
g

th
eo

ry
a
n

d
is

d
efi

n
ed

la
te

r.
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O
n
e
-B

it
C
o
m
p
r
e
sse

d
S
e
n
sin

g
:
A

P
A
C

L
e
a
r
n
in
g

A
p
p
r
o
a
c
h

a
n
d

R
a
u
h
u
t,

2
013)

con
tain

s
a

th
orou

gh
d
iscu

ssion
of

v
irtu

ally
all

asp
ects

of
com

p
ressed

sen
sin

g
th

eo
ry.

A
recen

t
volu

m
e

(E
ld

ar
an

d
K

u
ty

n
iok

,
2012)

is
a

com
p

en
d
iu

m
of

articles
on

a
va

riety
o
f

to
p
ics.

T
h
e

fi
rst

p
ap

er
in

th
is

volu
m

e
(D

aven
p

ort
et

al.,
2012)

is
a

su
rvey

o
f

th
e

b
a
sic

resu
lts

in
com

p
ressed

sen
sin

g.
A

n
oth

er
p
a
p

er
(N

egab
h
an

et
al.,

20
12)

p
rov

id
es

a
very

g
en

era
l

fram
ew

ork
for

sp
arse

regression
th

at
can

b
e

u
sed

,
am

on
g

oth
er

th
in

gs,
to

an
aly

ze
co

m
p
ressed

sen
sin

g
algorith

m
s.

E
ach

of
th

ese
p
ap

ers
con

tain
s

an
ex

ten
siv

e
b
ib

liograp
h
y.

T
h
ro

u
g
h
o
u
t

th
is

p
ap

er,
n

d
en

otes
som

e
fi
x
ed

a
n
d

large
in

teger.
F

or
x
∈
R
n
,

let
su

p
p
(x

)
d
en

o
te

th
e

su
p
p

ort
of

a
vector,

an
d

let
Σ
k

d
en

ote
th

e
set

of
k
-sp

arse
vectors

in
R
n
;

th
at

is,

su
p
p
(x

)
:=
{
i

:
x
i 6=

0}
,Σ

k
:=
{
x
∈
R
n

:|su
p
p
(x

)|≤
k}
.

S
u
p
p

o
se
x
∈
R
n

is
k
-sp

arse,
th

at
is,

x
∈

Σ
k ,

w
h
ere

b
oth

n
an

d
k

are
k
n
ow

n
in

tegers
w

ith
k
�

n
.

T
h
e

b
a
sic

p
rob

lem
in

com
p
ressed

sen
sin

g
is

to
d
esign

an
m
×
n

m
atrix

A
w

h
ere

m
�

n
,

to
g
eth

er
w

ith
a

d
eco

d
er

m
ap

∆
:R

m
→

R
n

su
ch

th
a
t

∆
(A
x

)
=
x

for
a
ll
x
∈

Σ
k ,

th
a
t

is,
x

ca
n

b
e

recovered
ex

actly
from

th
e
m

-d
im

en
sion

al
v
ector

of
lin

ear
m

easu
rem

en
ts

y
=
A
x

.
V

a
ria

tion
s

of
th

e
p
rob

lem
in

clu
d
e

th
e

case
w

h
ere

x
is

n
ot

ex
actly

sp
arse,

an
d
/or

y
=
A
x

+
η

w
h
ere

η
is

a
m

easu
rem

en
t

n
o
ise.

G
iv

en
a

vector
x
∈

R
n
,

a
n

in
teger

k
<
n

,
d
efi

n
e

σ
k (x

,‖·‖
1 )

:=
m

in
z∈

Σ
k ‖x
−
z‖

1

to
b

e
th

e
k
-sp

a
rsity

in
d

e
x

of
th

e
v
ector

x
.

It
is

clear
th

at
x
∈

Σ
k

if
an

d
on

ly
if
σ
k (x

,‖·‖
1 )

=
0
.

B
y

fa
r

th
e

m
ost

p
op

u
lar

m
eth

o
d

for
recoverin

g
a

sp
arse

vector
is
`
1 -n

orm
m

in
im

ization
.

If
y

=
A
x

+
η
,

th
e

ap
p
roach

is
to

d
efi

n
e

th
e

“d
eco

d
er”

m
a
p

∆
:R

m
→

R
n

b
y

∆
(y

)
=
x̂

:=
argm

in
z
‖
z‖

1
s.t.‖y−

A
z‖

2 ≤
ε,

(1)

w
h
ere

ε
is

a
k
n
ow

n
u
p
p

er
b

ou
n
d

on
‖η‖

2 .
In

a
series

o
f

p
ap

ers
b
y

C
an

d
ès,

T
ao,

D
on

oh
o,

a
n
d

o
th

ers,
it

is
d
em

on
strated

th
at

if
th

e
m

atrix
A

is
ch

osen
so

as
to

satisfy
th

e
so

-called
R

estricted
Iso

m
etry

P
rop

erty
(R

IP
),

th
en

th
e

d
eco

d
er

∆
d
efi

n
ed

in
(1)

p
ro

d
u
ces

a
go

o
d

a
p
p
rox

im
a
tion

to
x

in
th

e
follow

in
g

sen
se:

T
h
ere

ex
ist

con
stan

ts
C
,D

th
at

d
ep

en
d

on
th

e
m

ea
su

rem
en

t
m

atrix
A

b
u
t

n
ot

on
th

e
u
n
k
n
ow

n
v
ector

x
,

su
ch

th
at

‖
x̂
−
x‖

1 ≤
C
σ
k (x

,‖·‖
1 )

+
D
ε.

In
p
a
rticu

la
r,
`
1 -n

orm
m

in
im

ization
recovers

x
ex

actly
if
x
∈

Σ
k

an
d
η

=
0.

S
ee

for
ex

am
p
le

(C
a
n
d
ès

a
n
d

T
a
o,

2005;
C

an
d
ès

et
a
l.,

2006;
D

on
oh

o,
2006a,b

),
as

w
ell

as
th

e
su

rv
ey

p
ap

er
(D

aven
p

o
rt

et
a
l.,

2012)
an

d
th

e
com

p
reh

en
sive

b
o
ok

(F
ou

cart
an

d
R

au
h
u
t,

2013).
F

u
rth

er,
it

is
sh

ow
n

in
(C

an
d
ès

an
d

T
ao,

200
5)

th
at

if
th

e
elem

en
ts

of
A

are
sam

p
les

of
in

d
ep

en
d
en

t
a
n
d

id
en

tica
lly

d
istrib

u
ted

(i.i.d
.)

n
orm

al
ran

d
om

variab
les

(d
en

oted
b
y
a
ij
∼
N

(0,1)),
th

en
th

e
resu

ltin
g

n
orm

alized
m

atrix
(1
/ √

m
)A

satisfi
es

th
e

R
IP

w
ith

p
ro

b
ab

ility
th

at
can

b
e

m
a
d
e

a
rb

itrarily
close

to
on

e
b
y

in
creasin

g
th

e
n
u
m

b
er

of
m

easu
rem

en
ts.

T
h
e

rem
a
in

d
er

of
th

e
section

is
d
evoted

to
a

d
iscu

ssion
of

th
e

on
e-b

it
co

m
p
ressed

sen
sin

g
(O

B
C

S
)

p
ro

b
lem

.
O

n
e

b
it

com
p
ressed

sen
sin

g
is

in
tro

d
u
ced

in
(B

ou
fou

n
os

an
d

B
aran

iu
k
,

2
0
0
8
).

In
th

at
p
ap

er,
it

is
assu

m
ed

th
at

th
e

m
easu

rem
en

t
y
i

eq
u
als

th
e

b
ip

olar
q
u
an

tity
y
i

=
sig

n
(〈a

i ,x〉),
as

op
p

osed
to

th
e

real
n
u
m

b
er〈a

i ,x〉.
B

ecau
se

th
e

m
easu

rem
en

ts
rem

ain
in

va
ria

n
t

if
x

is
rep

laced
b
y

an
y

p
ositive

m
u
ltip

le
of
x

,
th

ere
is

n
o

loss
of

gen
erality

in
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A
h
se

n
a
n
d

V
id
y
a
sa

g
a
r

assu
m

in
g

th
at‖

x‖
2

=
1.

A
greed

y
algorith

m
called

“ren
orm

alized
fi
x
ed

p
oin

t
iteration

”
is

in
tro

d
u
ced

,
as

follow
s:x̂

:=
argm

in
z
‖z‖

1
+
λ

m
∑i=

1

f
(|(Y

A
)
i |)

s.t.‖
z‖

2
=

1,

w
h
ere

y
1 ,...,y

m
are

som
e

con
stan

ts,
Y

=
D

iag
(y

1 ,...,y
m

),
an

d
th

e
regu

larizin
g

fu
n
ctio

n
f

(·)
is

d
efi

n
ed

b
y

f
(α

)
:=

{
α

2/2
if
α
<

0,
0

if
α
≥

0.

T
h
e

op
tim

ization
p
rob

lem
is

n
on

-con
vex

d
u
e

to
th

e
con

strain
t‖z‖

2
=

1.
O

n
ly

sim
u
lation

s
are

p
rov

id
ed

,
b
u
t

n
o

th
eoretical

resu
lts.

In
(G

u
p
ta

et
al.,

2010),
th

e
fo

cu
s

is
on

recoverin
g

th
e

su
p
p

ort
set

of
th

e
u
n
k
n
ow

n
v
ector

x
from

n
oise-corru

p
ted

m
easu

rem
en

ts
of

th
e

form
sign

(〈a
i ,x〉

+
η
i ),

w
h
ere

th
e

n
oise

vector
η

con
sists

of
p
airw

ise
in

d
ep

en
d
en

t
G

au
ssian

sign
als.

A
n
on

-a
d
ap

tive
algorith

m
is

p
resen

ted
th

at
m

akes
u
se

of
H

o
eff

d
in

g’s
in

eq
u
ality

ap
p
lied

to
th

e
ex

p
ected

valu
e

of
th

e
covarian

ce
of

th
e

sign
s

of
tw

o
G

au
ssian

ran
d
om

variab
les.

A
n

ad
ap

tive
algorith

m
is

also
p
resen

ted
.

In
(B

ou
fou

n
os,

2009),
a

n
ew

greed
y

algorith
m

is
p
resen

ted
called

“m
atch

ed
sign

ed
p
u
rsu

it.”
T

h
e

op
tim

ization
p
rob

lem
is

n
ot

con
vex

;
as

a
resu

lt
th

ere
are

n
o

th
eoretical

resu
ts.

T
h
e

algorith
m

is
sim

ilar
to

th
e

C
oS

aM
P

algorith
m

for
th

e
con

v
en

tion
al

com
p
ressed

sen
sin

g
p
rob

lem
(N

eed
ell

an
d

T
rop

p
,

2009).
In

(J
acq

u
es

et
al.,

2013),
th

e
au

th
ors

in
tro

d
u
ce

a
con

stan
t

ε
o
p

t
:=

k

2
em

+
2
k

3
/
2
,

w
h
ere

e
d
en

otes
th

e
b
ase

of
th

e
n
atu

ral
logarith

m
,

an
d

sh
ow

th
at

it
is

th
e

m
in

im
u
m

ach
iev

-
ab

le
error

n
o

m
atter

w
h
at

recon
stru

ction
m

eth
o
d

is
u
sed

.
N

ex
t,

th
ey

ch
o
ose

an
y
ε≥

ε
o
p

t

an
d

sh
ow

th
e

follow
in

g
resu

lt:
L

et
A
∼
N
m
×
n
(0,1)

con
sist

of
m
n

p
airw

ise
in

d
ep

en
d
en

t
n
orm

al
ran

d
om

variab
les,

an
d

let
y
i

=
sign

(〈a
i ,x〉).

F
ix
δ
∈

(0,1).
If

th
e

n
u
m

b
er

of
m

easu
rem

en
ts
m

satisfi
es

m
≥

2ε (
2
k

ln
n

+
4
k

ln
17ε

+
ln

1δ )
.

th
en

for
every

p
air

x
,s∈

Σ
k ,

sign
(A
x

)
=

sign
(A
s)

=⇒
‖x
−
s‖

2 ≤
ε,

w
ith

p
rob

ab
ility

≥
1−

δ.
In

w
ord

s,
th

is
resu

lt
m

ean
s

th
at

if
w

e
can

fi
n
d

a
k
-sp

arse
vector

s
th

at
is

con
sisten

t
w

ith
th

e
ob

servation
vector

y
,

th
en

s
is

close
to
x

.
In

fact,
s

can
b

e
m

ad
e

as
close

to
x

as
d
esired

b
y

in
creasin

g
th

e
n
u
m

b
er

of
m

easu
rem

en
ts
m

.
U

n
fortu

n
ately,

th
is

resu
lt

is
n
ot

p
ractical

b
ecau

se
fi
n
d
in

g
su

ch
a

vector
s

is
eq

u
ivalen

t
to

fi
n
d
in

g
a

m
in

im
al
`
0 -

n
orm

solu
tion

con
sisten

t
w

ith
th

e
ob

servation
s,

w
h
ich

is
k
n
ow

n
to

b
e

an
N

P
-h

ard
p
rob

lem
(N

atara
jan

,
1995).

In
(P

lan
an

d
V

ersh
y
n
in

,
2013a

),
th

e
au

th
ors

fo
cu

s
on

vectors
x
∈

R
n

th
at

satisfy
an

in
eq

u
ality

of
th

e
form

‖
x‖

1 /‖x‖
2 ≤

s.
N

ote
th

at
if
x

is
s-sp

arse,
th

en
it

satisfi
es

th
e

ab
ove
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O
n
e
-B

it
C
o
m
p
r
e
ss
e
d

S
e
n
si
n
g
:
A

P
A
C

L
e
a
r
n
in
g

A
p
p
r
o
a
c
h

in
eq

u
al

it
y,

th
ou

gh
of

co
u
rs

e
th

e
co

n
ve

rs
e

is
n
ot

tr
u
e.

T
h
u
s

th
ey

u
se

th
e

ra
ti

o
‖x
‖ 1
/
‖x
‖ 2

as
a

p
ro

x
y

fo
r
‖x
‖ 0

.
T

h
ey

ch
o
os

e
m

ea
su

re
m

en
t

ve
ct

or
s
a
i
∈
R
n

ac
co

rd
in

g
to

th
e

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
,

or
m

or
e

ge
n
er

al
ly

,
an

y
ra

d
ia

ll
y

in
va

ri
an

t
d
is

tr
ib

u
ti

on
;

th
is

m
ea

n
s

th
at

,
u
n
d
er

th
e

ch
os

en
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
on

th
e

v
ec

to
r
a
∈

R
n
,

th
e

n
or

m
al

iz
ed

ve
ct

or
a
/‖
a
‖ 2

is
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
on

th
e

sp
h
er

e
S
n
−

1
⊆

R
n
.

W
it

h
th

es
e

ra
n
d
o
m

ly
ge

n
er

at
ed

m
ea

-
su

re
m

en
t

ve
ct

or
s,

th
e

m
ea

su
re

d
q
u
an

ti
ti

es
ar

e
y i

=
si

gn
(〈
a
i,
x
〉)

.
T

h
e

au
th

or
s

p
ro

p
os

e
to

es
ti

m
at

e
x

v
ia

x̂
:=

ar
gm

in
z
‖z
‖ 1

s.
t.

si
gn

(〈
a
i,
z
〉)

=
y i
∀i
,
m ∑ i=

1

|〈a
i,
z
〉|

=
m
,

(2
)

w
h
er

e
m

is
th

e
n
u
m

b
er

of
m

ea
su

re
m

en
ts

.
T

h
ey

sh
ow

th
at

if

ε
>
C
(
s m

ln
(2
n
/s

)
ln

(2
n
/m

+
2
m
/n

)) 1
/
5

fo
r

so
m

e
u
n
iv

er
sa

l
co

n
st

an
t
C

,
th

en
w

it
h

p
ro

b
ab

il
it

y
≥

1
−

ex
p
(−
cε
m

)
w

h
er

e
c

is
an

ot
h
er

u
n
iv

er
sa

l
co

n
st

an
t,

it
is

tr
u
e

th
at

∥ ∥ ∥ ∥
x ‖x
‖ 2
−

x̂ ‖x̂
‖ 2

∥ ∥ ∥ ∥ 2

≤
ε

(3
)

fo
r

al
l
x
∈

R
n

su
ch

th
at
‖x
‖ 1
/‖
x
‖ 2
≤
√
s.

A
lt

h
ou

gh
th

is
is

th
e

fi
rs

t
p
ro

p
os

ed
co

n
ve

x
al

go
ri

th
m

to
re

co
ve

r
x

,
th

e
n
u
m

b
er

of
m

ea
su

re
m

en
t
m

is
O

(δ
−

5
).

F
ro

m
(3

)
w

e
se

e
th

at
if

w
e

ar
e

ab
le

to
ca

rr
y

ou
t

th
e
` 0

-n
or

m
m

in
im

iz
at

io
n
,

th
en

m
is
O

(δ
−

1
).

It
is

st
il
l

an
op

en
q
u
es

ti
on

w
h
et

h
er

or
n
ot

a
p
ra

ct
ic

al
al

go
ri

th
m

ca
n

ac
h
ie

ve
th

is
op

ti
m

al
d
ep

en
d
en

ce
on

δ
in

(3
).

In
(A

i
et

al
.,

20
14

)
th

e
th

eo
ry

is
ex

te
n
d
ed

to
n
on

-G
au

ss
ia

n
n
oi

se
si

gn
al

s
th

at
ar

e
su

b
-G

au
ss

ia
n
.

In
(P

la
n

an
d

V
er

sh
y
n
in

,
20

13
b
),

it
is

as
su

m
ed

th
at

th
e

m
ea

su
re

m
en

ts
y i
∈
{0
,1
}

ar
e

d
ra

w
n

at
ra

n
d
om

w
it

h
th

e
p
ro

p
er

ty
th

at
th

e
ex

p
ec

te
d

va
lu

e
E

(y
i)

sa
ti

sfi
es

E
(y
i)

=
θ(
〈a
i,
x
〉)
,

w
h
er

e
θ

:
R
→

[−
1
,1

]
is

an
u
n
k
n
ow

n
fu

n
ct

io
n
.

If
θ(
α

)
=

ta
n
h
(α
/2

),
th

en
th

e
p
ro

b
le

m
is

on
e

of
lo

gi
st

ic
re

gr
es

si
on

,
w

h
er

ea
s

if
θ(
α

)
=

si
gn

(α
),

th
en

th
e

p
ro

b
le

m
b

ec
om

es
O

B
C

S
.

A
p
ro

b
ab

il
is

ti
c

ap
p
ro

ac
h

is
p
ro

p
os

ed
in

(P
la

n
an

d
V

er
sh

y
n
in

,
20

13
b
),

w
h
ic

h
h
as

th
e

ad
va

n
ta

ge
th

at
th

e
re

su
lt

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
is

co
n
ve

x
.

H
ow

ev
er

,
th

e
d
is

ad
va

n
ta

ge
is

th
at

th
e

n
u
m

b
er

of
m

ea
su

re
m

en
ts
m

is
O

(δ
−

6
)

w
h
er

e
δ

is
th

e
p
ro

b
ab

il
it

y
th

at
th

e
al

go
ri

th
m

m
ay

fa
il
.

T
h
e

la
rg

e
n
eg

at
iv

e
ex

p
on

en
t

of
δ

m
ak

es
th

e
al

go
ri

th
m

so
m

ew
h
at

im
p
ra

ct
ic

al
.

In
al

l
of

th
e

p
ap

er
s

d
is

cu
ss

ed
u
n
ti

l
n
ow

,
th

e
m

ea
su

re
m

en
t

ve
ct

or
y i

eq
u
al

s
si

gn
(〈
a
i,
x
〉)

fo
r

su
it

ab
ly

ge
n
er

at
ed

ra
n
d
om

ve
ct

or
s
a
i.

A
s

m
en

ti
on

ed
ab

ov
e,

w
it

h
su

ch
a

se
t

of
m

ea
su

re
m

en
ts

on
e

ca
n

at
b

es
t

as
p
ir

e
to

re
co

ve
r

on
ly

th
e

n
or

m
al

iz
ed

u
n
k
n
ow

n
v
ec

to
r
x
/
‖x
‖ 2

.
In

(K
n
u
d
so

n
et

al
.,

20
16

),
it

is
p
ro

p
os

ed
to

ov
er

co
m

e
th

is
li
m

it
at

io
n

b
y

ch
an

gi
n
g

th
e

li
n

ea
r

m
ea

su
re

m
en

ts
to

a
ffi

n
e

m
ea

su
re

m
en

ts
.

S
p

ec
ifi

ca
ll
y,

th
e

m
ea

su
re

m
en

ts
in

(K
n
u
d
so

n
et

al
.,

20
16

)
ar

e
of

th
e

fo
rm

y i
=

si
gn

(〈
a
i,
x
〉+

b i
),

w
h
er

e
a
ij
∼
N

(0
,1

),
2

an
d
b i
∼
N

(0
,τ

2
)

w
h
er

e
τ

is
so

m
e

2
.

R
ec

a
ll

th
a
t

ea
ch

a
i

is
a
n
n

-v
ec

to
r.
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A
h
se

n
a
n
d

V
id
y
a
sa

g
a
r

sp
ec

ifi
ed

co
n
st

an
t.

If
a

p
ri

or
u
p
p

er
b

ou
n
d
R

fo
r
‖x
‖ 2

is
av

ai
la

b
le

,
th

en
it

is
p

o
ss

ib
le

to
ch

o
os

e
τ

=
R

.
T

h
en

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
in

(2
)

is
m

o
d
ifi

ed
to

3

(x̂
,v̂

)
:=

ar
gm

in
z
,v

[‖
z
‖ 1

+
τ
|v
|]

s.
t.

si
g
n
(〈
a
i,
z
〉+

b i
v
)

=
y i
∀i
,
m ∑ i=

1

|〈a
i,
z
〉+

b i
v
|=

m
.

(4
)

It
is

ev
id

en
t

th
at

th
e

ab
ov

e
fo

rm
u
la

ti
on

is
si

m
il
ar

to
th

e
fo

rm
u
la

ti
on

in
(P

la
n

a
n
d

V
er

sh
y
n
in

,
20

13
a)

ap
p
li
ed

to
th

e
au

gm
en

te
d

ve
ct

or
(x
,v

)
∈

R
n

+
1
.

T
h
e

fo
ll
ow

in
g

re
su

lt
is

sh
ow

n
in

(K
n
u
d
so

n
et

al
.,

20
16

,
T

h
eo

re
m

4)
:

F
ix
τ,
R
,α

su
ch

th
at
α
<

m
in
{1
,τ
/2
}.

If

m
≥
C

(
√
R

2
+
τ

2

α

)
5

lo
g

2

(
2n x

)
,

th
en

fo
r

al
l

ve
ct

or
s
x
∈

R
n

w
it

h
‖x
‖ 1
/
‖s
‖ 2
≤
√
s,

th
e

so
lu

ti
on

(x̂
,v̂

)
to

th
e

o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
in

(4
)

sa
ti

sfi
es

‖(
x̂
/
v̂
)
−
x
‖ 2
≤

4
√
R

2
+
τ

2

τ
α
,

w
it

h
a

p
ro

b
ab

il
it

y
ex

ce
ed

in
g

1
−
C

ex
p

( −
cα
m

√
R

2
+
τ

2

)
,

w
h
er

e
C

an
d
c

ar
e

u
n
iv

er
sa

l
co

n
st

an
ts

.
If
R

is
a

k
n
ow

n
p
ri

or
u
p
p

er
b

ou
n
d

fo
r
‖x
‖ 2

,
th

en
on

e
ca

n
ch

o
os

e
τ

=
R

in
th

e
ab

ov
e,

in
w

h
ic

h
th

e
b

ou
n
d

si
m

p
li
fi
es

to

‖(
x̂
/v̂

)
−
x
‖ 2
≤

4√
2
α
.

3
.
P
re
li
m
in
a
ri
e
s

In
th

is
se

ct
io

n
w

e
p
re

se
n
t

so
m

e
p
re

li
m

in
ar

y
re

su
lt

s,
w

h
il
e

th
e

m
ai

n
re

su
lt

s
a
re

p
re

se
n
te

d
in

th
e

n
ex

t
se

ct
io

n
.

A
s

sh
ow

n
b

el
ow

,
th

e
on

e-
b
it

co
m

p
re

ss
ed

se
n
si

n
g

(O
B

C
S
)

p
ro

b
le

m
ca

n
b

e
n
at

u
ra

ll
y

fo
rm

u
la

te
d

as
a

p
ro

b
le

m
in

p
ro

b
ab

ly
ap

p
ro

x
im

at
el

y
co

rr
ec

t
(P

A
C

)
le

a
rn

in
g
.

In
fa

ct
,

se
v
er

al
of

th
e

ap
p
ro

ac
h
es

p
ro

p
os

ed
th

u
s

fa
r

fo
r

so
lv

in
g

th
e

O
B

C
S

p
ro

b
le

m
a
re

si
m

il
ar

to
ex

is
ti

n
g

m
et

h
o
d
s

in
P

A
C

le
ar

n
in

g,
b
u
t

d
o

n
ot

ta
ke

fu
ll

ad
va

n
ta

g
e

o
f

th
e

p
ow

er
an

d
ge

n
er

al
it

y
of

P
A

C
le

ar
n
in

g
th

eo
ry

.
S
om

e
of

th
e

th
in

gs
th

at
“c

om
e

fo
r

fr
ee

”
in

P
A

C
le

ar
n
in

g
th

eo
ry

ar
e:

ex
p
li
ci

t
es

ti
m

at
es

fo
r

th
e

n
u
m

b
er

of
m

ea
su

re
m

en
ts
m

,
re

a
d
y

ex
te

n
si

o
n

to
th

e
ca

se
w

h
er

e
su

cc
es

si
v
e

m
ea

su
re

m
en

t
ve

ct
or

s
a
i

ar
e

n
ot

in
d
ep

en
d
en

t
b
u
t

fo
rm

a
β

-
m

ix
in

g
p
ro

ce
ss

,
an

d
re

ad
y

ex
te

n
si

on
to

th
e

ca
se

of
n
oi

sy
m

ea
su

re
m

en
ts

.
T

h
e

n
eg

a
ti

ve
is

th
at

th
e

P
A

C
le

ar
n
in

g
ap

p
ro

ac
h

d
o
es

n
o
t

al
w

ay
s

ad
d
re

ss
th

e
effi

ci
en

tl
y

co
m

p
u

ta
bi

li
ty

o
f

th
e

al
go

ri
th

m
s.

In
(V

al
ia

n
t,

19
84

)
w

h
ic

h
la

u
n
ch

ed
P

A
C

le
a
rn

in
g

th
eo

ry
,

effi
ci

en
t

co
m

p
u
ta

b
il
it

y
of

th
e

al
go

ri
th

m
is

a
ce

n
tr

al
co

n
si

d
er

at
io

n
.

H
ow

ev
er

,
su

b
se

q
u
en

t
li
te

ra
tu

re
d
o
es

n
o
t

a
lw

ay
s

p
ay

fu
ll

at
te

n
ti

on
to

th
is

as
p

ec
t.

3
.

N
o
te

th
a
t
v

h
er

e
eq

u
a
ls
u
/
τ

in
(K

n
u

d
so

n
et

a
l.

,
2
0
1
6
,

E
q
.

(6
))

.
A

ls
o
,

si
n
ce

δ
is

u
se

d
to

d
en

o
te

th
e

co
n

fi
d

en
ce

o
f

a
P

A
C

le
a
rn

in
g

a
lg

o
ri

th
m

la
te

r
in

th
e

p
a
p

er
,

w
e

u
se
α

in
st

ea
d

o
f
δ

a
s

in
th

e
ci

te
d

eq
u

a
ti

o
n

.
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O
n
e
-B

it
C
o
m
p
r
e
sse

d
S
e
n
sin

g
:
A

P
A
C

L
e
a
r
n
in
g

A
p
p
r
o
a
c
h

3
.1

.
B

rie
f

In
tro

d
u

c
tio

n
to

th
e

P
A

C
L

e
a
rn

in
g

P
ro

b
le

m

In
th

is
su

b
section

,
w

e
give

a
b
rief

in
tro

d
u
ction

to
P

A
C

learn
in

g
th

eory.
B

y
n
ow

th
e

fu
n
d
a-

m
en

ta
ls

of
P

A
C

learn
in

g
th

eory
are

w
ell-d

ev
elop

ed
,

an
d

several
b

o
ok

-len
gth

treatm
en

ts
are

ava
ila

b
le,

in
clu

d
in

g
(V

ap
n
ik

,
1998;

A
n
th

on
y

an
d

B
artlett,

1999;
V

id
y
asa

gar,
1997,

20
03).

T
h
e

th
eo

ry
en

com
p
asses

a
w

id
e

variety
of

learn
in

g
situ

ation
s.

H
ow

ever,
O

B
C

S
is

align
ed

clo
sely

w
ith

th
e

m
ost

b
asic

version
of

P
A

C
learn

in
g,

k
n
ow

n
as

con
cep

t
learn

in
g,

w
h
ich

is
fo

rm
a
lly

d
escrib

ed
n
ex

t.
T

h
e

co
n
cep

t
learn

ig
p
rob

lem
is

form
u
lated

over
a

m
etric

sp
ace

X
(u

su
ally

tak
en

as
R
n

fo
r

so
m

e
in

teg
er
n

),
togeth

er
w

ith
th

e
asso

ciated
B

orel
σ

-algeb
ra
S

;
a

collection
of

sets
C
⊆
S

,
k
n
ow

n
as

th
e

c
o
n

c
e
p

t
c
la

ss;
an

d
a

fam
ily
P

of
p
rob

ab
ility

m
easu

res
on

(X
,S

).
IfP

=
P
∗,

th
e

set
of

a
ll

p
rob

ab
ility

m
easu

res
on

(X
,S

),
th

e
p
rob

lem
is

k
n
ow

n
as

on
e

of
“
d
istrib

u
tio

n
-free

learn
in

g.”
L

earn
in

g
takes

p
lace

as
follow

s:
A

fi
x
ed

b
u
t

u
n
k
n
ow

n
set

T
∈
C

,
k
n
ow

n
as

th
e

“targ
et

co
n
cep

t,”
is

ch
osen

,
alon

g
w

ith
an

u
n
k
n
ow

n
p
rob

ab
ility

m
easu

re
P
∈
P

.
T

h
en

ran
d
om

sa
m

p
les{c

1 ,c
2 ,...}

are
gen

erated
in

d
ep

en
d
en

tly
in

accord
an

ce
w

ith
th

e
ch

osen
d
istrib

u
tion

P
.

T
h
is

is
th

e
b
asic

version
of

P
A

C
learn

in
g

stu
d
ied

in
(V

ap
n
ik

,
19

98;
A

n
th

on
y

an
d

B
artlett,

1
9
9
9
;

V
id

yasa
g
ar,

1997).
T

h
e

case
w

h
ere

th
e

sam
p
le

seq
u
en

ce
can

ex
h
ib

it
d
ep

en
d
en

ce,
for

ex
a
m

p
le

if
th

ey
com

e
from

a
M

arkov
p
ro

cess
w

ith
th

e
station

ary
d
istrib

u
tion

P
,

is
stu

d
ied

in
(V

id
ya

sa
g
a
r,

2003).
U

sin
g

th
e

sam
p
le
c
i ,

an
“oracle”

gen
erates

a
“la

b
el”

y
i ∈
{
0,1}

.
In

th
e

ca
se

o
f

n
oise-free

m
easu

rem
en

ts,
y
i

=
I
T

(c
i ),

w
h
ere

T
is

th
e

fi
x
ed

b
u
t

u
n
k
n
ow

n
ta

rg
et

co
n
cep

t,
an

d
I
T

(·)
d
en

otes
th

e
in

d
icator

fu
n
ction

of
th

e
set

T
.

In
th

e
case

of
n
oisy

m
ea

su
rem

en
ts,

th
e

lab
el
y
i

eq
u
als

I
T

(c
i )

fl
ip

p
ed

w
ith

an
u
n
k
n
ow

n
p
rob

ab
ility

α
.

T
h
is

situ
a
tio

n
is

stu
d
ied

in
S
ection

5.
A

fter
m

su
ch

sam
p
les

are
d
raw

n
an

d
lab

elled
,

th
e

availab
le

in
fo

rm
a
tio

n
{
(c
i ,y

i )}
mi=

1
∈

(X
×
{
0
,1}

)
m

is
p
assed

th
rou

gh
an

“algorith
m

”
to

gen
erate

a
“
h
y
p

o
th

esis,”
o
r

an
ap

p
rox

im
ation

to
th

e
u
n
k
n
ow

n
target

con
cep

t
T

.
F

or
p
resen

t
p
u
rp

oses,
a
n

“
a
lg

o
rith

m
”

is
an

y
in

d
ex

ed
collection

of
m

ap
s{
A
m }

m
≥

1
w

h
ere

A
m

:
(X
×
{
0
,1})

m
→
C
.

In
o
th

er
w

o
rd

s,
an

algorith
m

is
an

y
sy

stem
atic

p
ro

ced
u
re

for
tak

in
g

a
fi
n
ite

seq
u
en

ce
of

la
b

elled
sa

m
p
les,

an
d

retu
rn

in
g

an
elem

en
t

of
th

e
con

cep
t

classC
.

T
h
e

con
cep

t

G
m

(T
;c

)
:=

A
m

({
(c
i ,y

i )}
mi=

1 )

is
ca

lled
th

e
“
h
y
p

oth
esis”

gen
erated

b
y

th
e

fi
rst

m
sam

p
les

w
h
en

th
e

sa
m

p
le

seq
u
en

ce
is

c
=

(c
1 ,...,c

m
),

an
d

th
e

lab
el

seq
u
en

ce
is

y
=

(y
1 ,...,y

m
).

In
th

e
in

terests
of

red
u
cin

g
clu

tter,
w

e
w

ill
u
se
G
m

in
th

e
p
lace

of
G
m

(T
;c

)
u
n
less

th
e

fu
ll

form
is

n
eed

ed
for

clarity.
N

o
te

th
a
t
A
m

is
a

d
eterm

in
istic

m
ap

,
b
u
t

th
e

h
y
p

oth
esis

G
m

is
ran

d
om

b
ecau

se
it

d
ep

en
d
s

o
n

th
e

ra
n
d
o
m

learn
in

g
seq

u
en

ce
{
c
i }

.
T

o
m

ea
su

re
h
ow

w
ell

th
e

h
y
p

oth
esis

G
m

ap
p
rox

im
ates

th
e

u
n
k
n
ow

n
target

con
cep

t
T

,
w

e
u
se

th
e

g
e
n

e
ra

liz
a
tio

n
e
rro

r
d
efi

n
ed

b
y

J
(T
,G

m
)

=
E

[|I
T

(x
)−

I
G
m

(x
)|,P

].
(5)

T
h
u
s
J

(T
,G

m
)

is
th

e
ex

p
ected

valu
e

of
th

e
d
iff

eren
ce

b
etw

een
th

e
in

d
icator

fu
n
ction

I
T

(·)
a
n
d

th
e

la
b

el
g
en

erated
b
y

th
e

oracle
w

ith
th

e
in

p
u
t
I
G
m

(·).
N

ote
th

at
b

o
th

I
T

an
d
I
G
m
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A
h
se

n
a
n
d

V
id
y
a
sa

g
a
r

assu
m

e
valu

es
in
{
0,1}

.
H

en
ce
J

(T
,G

m
)

is
also

th
e

p
rob

ab
ility

th
at,

w
h
en

a
ran

d
om

test
sam

p
le
x
∈
X

is
gen

erated
in

accord
an

ce
w

ith
th

e
p
rob

ab
ility

d
istrib

u
tion

P
,

th
e

sam
p
le

is
m

iscla
ssifi

ed
b
y

th
e

h
y
p

oth
esis

G
m

,
in

th
e

sen
se

th
at
I
T

(x
)6=

I
G
m

(x
).

In
p
articu

lar,
if

th
e

h
y
p

oth
esis

G
m

d
iff

ers
from

th
e

target
con

cep
t
T

b
y

a
set

of
m

easu
re

zero,
th

en
th

e
gen

eralization
error

w
ou

ld
b

e
zero.

T
h
e

k
ey

q
u
an

tity
in

P
A

C
learn

in
g

th
eory

is
th

e
le

a
rn

in
g

ra
te

,
d
efi

n
ed

b
y

r(m
,ε)

:=
su

p
P
∈P

su
p

T∈C
P
m{

c
∈
X
m

:
J

(T
,G

m
)
>
ε}
.

(6)

T
h
erefore

r(m
,ε)

is
th

e
w

orst-case
m

easu
re,

over
all

p
rob

ab
ility

d
istrib

u
tio

n
s

in
P

an
d

all
target

con
cep

ts
in
C

,
of

th
e

set
of

“b
ad

”
sam

p
les

c
=

(c
1 ,...,c

m
)

for
w

h
ich

th
e

corresp
on

d
in

g
h
y
p

oth
esis

G
m

h
as

a
gen

eralization
error

larger
th

an
a

p
resp

ecifi
e

th
resh

old
ε.

T
h
u
s,

after
m

sam
p
les

are
gen

erated
togeth

er
w

ith
th

eir
lab

els,
an

d
th

e
h
y
p

oth
esis

G
m

is
gen

erated
u
sin

g
th

e
algorith

m
,

it
can

b
e

asserted
w

ith
con

fi
d
en

ce
1−

r(m
,ε)

th
at
G
m

w
ill

correctly
classify

th
e

n
ex

t
ran

d
om

ly
gen

erated
test

sam
p
le

w
ith

p
rob

ab
ility

of
at

lea
st

1−
ε.

D
e
fi

n
itio

n
1

A
n

a
lgo

rith
m
{A

m }
is

sa
id

to
be

p
ro

b
a
b

ly
a
p

p
ro

x
im

a
te

ly
c
o
rre

c
t

(P
A

C
)

if
r(m

,ε)→
0

a
s
m
→
∞

,
fo

r
every

fi
xed

ε
>

0.
T

h
e

co
n

cep
t

cla
ss
C

is
sa

id
to

be
P

A
C

le
a
rn

a
b

le
u

n
d
er

th
e

fa
m

ily
o
f

p
ro

ba
bility

m
ea

su
resP

if
th

ere
exists

a
P

A
C

a
lgo

rith
m

.

T
h
e

ob
jective

of
statistical

learn
in

g
th

eo
ry

is
to

d
eterm

in
e

con
d
ition

s
u
n
d
er

w
h
ich

th
ere

ex
ists

a
P

A
C

algorith
m

for
a

given
con

cep
t

class,
an

d
if

so,
to

fi
n
d

u
p
p

er
b

ou
n
d
s

for
th

e
learn

in
g

rate
r(m

,ε).

3
.2

.
O

B
C

S
a
s

a
P

ro
b

le
m

in
P

A
C

L
e
a
rn

in
g

In
ord

er
to

em
b

ed
th

e
p
rob

lem
of

on
e-b

it
com

p
ressed

sen
sin

g
in

to
th

e
fram

ew
ork

of
con

cep
t

learn
in

g,
w

e
p
ro

ceed
as

follow
s.

W
e

b
egin

w
ith

th
e

case
w

h
ere

th
e

m
easu

rem
en

ts
are

of
th

e
form

sign
(〈a

i ,x〉)
w

h
ere

th
e
a
i

are
ch

osen
at

ran
d
om

accord
in

g
to

som
e

arb
itrary

p
rob

ab
ility

d
istrib

u
tion

,
w

h
ich

n
eed

n
o
t

be
th

e
G

a
u

ssia
n

.
O

b
serve

n
ow

th
at

th
e

closed
h
alf-sp

ace

H
(x

)
:=
{z
∈
R
n

:〈z
,x〉≥

0}

d
eterm

in
es

th
e

vector
x

u
n
iq

u
ely

to
w

ith
in

a
p

ositive
scalar

m
u
ltip

le,
b

ecau
se
x

is
th

e
n
orm

al
to

th
e

h
alf-sp

ace.
C

on
v
ersely,

th
e

vector
x

u
n
iq

u
ely

d
eterm

in
es

th
e

corresp
o
n
d
in

g
h
alf-sp

ace
H

(x
),

w
h
ich

rem
ain

s
in

varian
t

if
x

is
rep

laced
b
y

a
p

ositive
m

u
ltip

le
of
x

.
T

h
u
s

th
e

O
B

C
S

p
rob

lem
can

b
e

p
osed

as
th

at
of

d
eterm

in
in

g
th

e
h
alf-sp

ace
H

(x
)

given
th

e
m

easu
rem

en
ts

sign
(〈a

i ,x〉),i
=

1,...,m
w

h
ere

th
e
a
i

are
selected

at
ran

d
om

in
accord

an
ce

w
ith

som
e

p
rob

ab
ility

m
easu

re
P

.
M

oreover,
th

e
on

e-b
it

m
easu

rem
en

t
sign

(〈a
i ,x〉)

eq
u
als

2
I
H

(x
) (a

i )−
1,

w
h
ere

I
H

(x
) (·)

d
en

otes
th

e
in

d
icator

fu
n
ction

of
th

e
h
alf-sp

ace
H

(x
).

T
h
erefore,

to
w

ith
in

a
sim

p
le

affi
n
e

tran
sform

ation
,
th

e
O

B
C

S
p
rob

lem
b

ecom
es

th
at

of
d
eterm

in
in

g
an

u
n
k
n
ow

n
h
alf-sp

ace
H

(x
)

from
lab

elled
sam

p
les

(a
i ,I

H
(x

) (a
i )),i

=
1,...,m

,
w

h
ere

th
e

sam
p
les

a
i

are
gen

erated
at

ran
d
om

accord
in

g
to

som
e

p
resp

ecifi
ed

p
rob

ab
ility

m
easu

re.
T

h
is

is
a

P
A

C
learn

in
g

p
rob

lem
w

h
ere

th
e

u
n
d
erly

in
g

sp
ace

X
is

R
n
,

w
ith
S

b
ein

g
th

e
asso

ciated
B

orel
σ

-algeb
ra.

T
h
e

con
cep

t
classC

is
th

e
collection

of
a
ll

h
alf-sp

aces{H
nk
(x

)}
w

h
ere

H
nk
(x

)
=
{
a
∈
R
n

:〈a
,x〉≥

0}
(7)
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S
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L
e
a
r
n
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g

A
p
p
r
o
a
c
h
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x
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es
ov

er
Σ
k
,

th
e

se
t

of
k
-s

p
ar

se
ve

ct
or

s
in

R
n
.

T
h
e

fa
m

il
y

of
p
ro

b
ab

il
it

y
m

ea
su

re
s

P
ca

n
ei

th
er

b
e

a
si

n
gl

et
on
{P
}

w
h
er

e
P

is
sp

ec
ifi

ed
a

p
ri

o
ri

,
or
P
∗ ,

th
e

fa
m

il
y

of
a
ll

p
ro

b
ab

il
it

y
m

ea
su

re
s

on
R
n
,

or
an

y
th

in
g

in
-b

et
w

ee
n
.

W
h
en

m
ea

su
re

m
en

ts
ar

e
of

th
e

ty
p

e
si

gn
(〈
a
i,
x
〉)

,
it

is
in

h
er

en
tl

y
im

p
os

si
b
le

to
d
et

er
m

in
e

th
e

u
n
k
n
ow

n
ve

ct
or

x
,

ex
ce

p
t

to
w

it
h
in

a
p

o
si

ti
ve

sc
al

ar
m

u
lt

ip
le

.
T

h
is

is
ad

d
re

ss
ed

b
y

ch
an

gi
n
g

th
e

m
ea

su
re

m
en

ts
to

b
e

of
th

e
fo

rm
si

gn
(〈
a
i,
x
〉+

b i
),

as
su

gg
es

te
d

in
(K

n
u
d
so

n
et

al
.,

20
16

).
S
om

e
sl

ig
h
t

m
o
d
ifi

ca
ti

on
s

ar
e

re
q
u
ir

ed
to

ad
d
re

ss
th

is
m

o
d
ifi

ed
fo

rm
u
la

ti
on

.
In

th
is

ca
se

th
eu

n
d
er

ly
in

g
sp

ac
e
X

is
R
n

+
1
,

a
n
d
S

is
th

e
as

so
ci

at
ed
σ

-a
lg

eb
ra

.
T

h
e

co
n
ce

p
t

cl
as

s
C

is
th

e
co

ll
ec

ti
on

of
al

l
h
al

f-
sp

ac
es
{H

n
+

1
k
}

w
h
er

e

H
n

+
1

k
(x

)
=
{(
a
,b

)
∈
R
n

+
1

:
〈a
,x
〉+

b
≥

0
}

(8
)

as
x

va
ri

es
ov

er
Σ
k
.

F
in

al
ly

,
th

e
fa

m
il
y

of
p
ro

b
ab

il
it

y
m

ea
su

re
s
P

ca
n

ei
th

er
b

e
a

si
n
gl

et
on

{P
}

w
h
er

e
P

is
sp

ec
ifi

ed
a

p
ri

o
ri

,
or
P
∗ ,

th
e

fa
m

il
y

of
a
ll

p
ro

b
ab

il
it

y
m

ea
su

re
s

on
R
n
,

or
an

y
th

in
g

in
-b

et
w

ee
n
.

F
or

a
gi

v
en

x
∈

Σ
k
,

if
a
∈
R
n

b
el

on
gs

to
th

e
h
al

f-
sp

ac
e
H
n k
(x

),
th

en
th

e
v
ec

to
r

(a
,0

)
∈

R
n

+
1

b
el

on
gs

to
H
n

+
1

k
(x

).
H

ow
ev

er
,

th
e

h
al

f-
sp

ac
e
H
n

+
1

k
(x

)
ca

n
al

so
co

n
ta

in
ve

ct
or

s
of

th
e

fo
rm

(a
,b

)
w

it
h
b
6=

0.

3
.3

.
In

te
rp

re
ta

ti
o
n

o
f

th
e

G
e
n

e
ra

li
z
a
ti

o
n

E
rr

o
r

S
u
p
p

os
e
P

is
a

p
ro

b
ab

il
it

y
m

ea
su

re
on

(X
,S

),
an

d
d
efi

n
e

th
e

q
u
an

ti
ty

d
P

(A
,B

)
:=

P
(A

∆
B

),
∀A

,B
∈
S.

T
h
en

d
P

is
a

p
se

u
d
om

et
ri

c
on
S,

in
th

at
d
P

sa
ti

sfi
es

al
l

th
e

ax
io

m
s

of
a

m
et

ri
c,

ex
ce

p
t

th
at

d
P

(A
∆
B

)
=

0
d
o
es

n
ot

n
ec

es
sa

ri
ly

im
p
ly

th
at
A

=
B

,
on

ly
th

at
A

∆
B

h
as

m
ea

su
re

ze
ro

u
n
d
er
P

.
In

th
e

tr
ad

it
io

n
al

P
A

C
le

ar
n
in

g
p
ro

b
le

m
fo

rm
u
la

ti
on

,
th

e
q
u
an

ti
ty

of
in

te
re

st
is

th
e

ge
n
er

al
iz

at
io

n
er

ro
r

d
efi

n
ed

in
(5

).
It

is
ea

sy
to

se
e

th
at

an
al

te
rn

at
e

ex
p
re

ss
io

n
fo

r
th

e
ge

n
er

al
iz

at
io

n
er

ro
r

is
J

(T
,G

m
)

=
P

(A
∆
B

)
=
d
P

(A
,B

).

T
h
er

ef
or

e
th

e
tr

ad
it

io
n
al

P
A

C
le

ar
n
in

g
fo

rm
u
la

ti
on

d
o
es

n
ot

d
is

ti
n
gu

is
h

b
et

w
ee

n
tw

o
co

n
-

ce
p
t

cl
as

se
s

th
at

d
iff

er
b
y

a
se

t
of

m
ea

su
re

ze
ro

.
T

h
e

ab
ov

e
d
is

cu
ss

io
n

ex
p
la

in
s

th
e

li
m

it
at

io
n
s

of
on

e-
b
it

co
m

p
re

ss
ed

se
n
si

n
g

as
d
es

cr
ib

ed
in

(P
la

n
an

d
V

er
sh

y
n
in

,
20

13
b
).

In
th

ei
r

ca
se

,
th

ey
ch

o
o
se

tw
o

ve
ct

or
s

in
R

2
,

n
am

el
y
x

1
=

[
1

0
]
an

d
x

1
=

[
1

0
.5

].
4

T
h
ei

r
ch

oi
ce

fo
r
P

is
th

e
B

er
n
ou

ll
i
d
is

tr
ib

u
ti

on
on

R
2
,
w

h
ic

h
is

p
u
re

ly
at

om
ic

an
d

as
si

gn
s

a
w

ei
gh

t
of

0
.2

5
to

th
e

fo
u
r

p
oi

n
ts

(1
,1

),
(1
,−

1)
,(
−

1
,1

),
(−

1,
−

1)
.

N
ow

le
t

u
s

p
lo

t
th

e
h
al

f-
p
la

n
es
H
x
1
,H

x
2

an
d

th
ei

r
sy

m
m

et
ri

c
d
iff

er
en

ce
,

w
h
ic

h
is

th
e

sh
ad

ed
re

gi
on

sh
ow

n
in

F
ig

u
re

1.
B

ec
au

se
n
on

e
of

th
e

fo
u
r

p
oi

n
ts

(1
,1

),
(1
,−

1)
,(
−

1
,1

),
(−

1
,−

1)
(s

h
ow

n
as

re
d

ci
rc

le
s)

b
el

on
gs

to
th

e
sy

m
m

et
ri

c
d
iff

er
en

ce
,
x

1
an

d
x

2
ar

e
in

d
is

ti
n
gu

is
h
ab

le
in

O
B

C
S

u
n
d
er

th
is

p
ro

b
ab

il
it

y
m

ea
su

re
.

In
(P

la
n

an
d

V
er

sh
y
n
in

,
20

13
a)

,
th

e
au

th
or

s
co

n
cl

u
d
e

th
at

O
B

C
S

ca
n
n
ot

al
w

ay
s

re
co

ve
r

an
u
n
k
n
ow

n
ve

ct
or
x

,
d
ep

en
d
in

g
on

w
h
at
P

is
.

In
d
ee

d
,
x

1
an

d
x

2
w

ou
ld

b
e

in
d
is

ti
n
gu

is
h
ab

le
u
n
d
er

a
n

y
p
ro

b
ab

il
it

y
m

ea
su

re
th

at
as

si
gn

s
a

va
lu

e
of

ze
ro

to
H
x
1
∆
H
x
2
.

T
h
er

ef
or

e,
on

e
m

u
st

b
e

ca
re

fu
l

to
d
ra

w
th

e
ri

gh
t

co
n
cl

u
si

on
:

W
h
en

su
b
se

q
u
en

t
th

eo
re

m
s

in
th

is
p
ap

er
sh

ow
th

at
O

B
C

S
is

p
os

si
b
le

u
n
d
er

a
ll

p
ro

b
ab

il
it

y

4
.

T
h

ey
a
p

p
en

d
a

w
h

o
le

lo
t

o
f

ze
ro

co
m

p
o
n

en
ts

w
h
ic

h
a
re

n
eg

le
ct

ed
h

er
e.
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A
h
se

n
a
n
d

V
id
y
a
sa

g
a
r

H
x
1

H
x
2

F
ig

u
re

1:
T

h
e

h
al

f-
p
la

n
es
H
x
1
,
H
x
2
,

an
d

th
ei

r
sy

m
m

et
ri

c
d
iff

er
en

ce
.

m
ea

su
re

s
on

R
n
,

in
cl

u
d
in

g
al

l
p
u
re

ly
at

om
ic

p
ro

b
ab

il
it

y
m

ea
su

re
s,

w
h
a
t

th
is

m
ea

n
s

is
th

at
if
x
∈

Σ
k
,

th
en

O
B

C
S

w
il
l

re
tu

rn
a

v
ec

to
r
x̂

su
ch

th
at
P

(H
x
∆
H
x̂
)

=
0

w
h
at

ev
er

b
e
P

,
a
n
d

n
o
t

th
at
x

=
x̂

.

N
ow

w
e

ex
am

in
e

th
e

re
la

ti
on

sh
ip

of
th

e
ge

n
er

al
iz

at
io

n
er

ro
r
J

(x̂
,x

)
to

a
co

u
p
le

o
f

o
th

er
q
u
an

ti
ti

es
th

at
ar

e
w

id
el

y
u
se

d
in

O
B

C
S

as
er

ro
r

m
ea

su
re

s.
F

ir
st

,
d
efi

n
e

ρ
(x̂
,x

)
:=

E
[|s

ig
n
(〈
a
,x̂
〉)
−

si
gn

(〈
a
,x
〉)
|,P

],
(9

)

w
h
er

e
x

is
th

e
tr

u
e

ve
ct

or
,
x̂

is
it

s
es

ti
m

at
e.

N
ot

e
th

at
|si

gn
(〈
a
,x̂
〉)
−

si
gn

(〈
a
,x
〉)
|e

q
u
a
ls

0
or

2.
T

h
er

ef
or

e
w

e
ca

n
al

so
w

ri
te

ρ
(x̂
,x

)
=

2
J

(H
x̂
,H

x
).

N
ex

t,
w

e
ex

am
in

e
th

e
re

la
ti

on
sh

ip
of
ρ
(x̂
,x

)
to
‖x̂
−
x
‖ 2

.
W

it
h
ou

t
lo

ss
o
f

g
en

er
a
li
ty

it
ca

n
b

e
as

su
m

ed
th

at
b

ot
h
x

an
d
x̂

h
av

e
u
n
it

E
u
cl

id
ea

n
n
or

m
.

T
h
is

ca
n

b
e

a
ch

ie
ve

d
u
si

n
g

so
m

e
re

su
lt

s
fr

om
(G

o
em

an
s

an
d

W
il
li
am

so
n
,

19
95

).
D

efi
n
e

α
:=

m
in

θ
∈[

0
,2
π

]

2 π

θ

1
−

co
s
θ
>

0
.8

78
56
.

(1
0
)

T
h
en

w
e

h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
s.

L
e
m

m
a

2
L

et
P

be
a
n

y
ra

d
ia

ll
y

in
va

ri
a
n

t
p
ro

ba
bi

li
ty

m
ea

su
re

o
n
R
n

,
a
n

d
su

p
po

se
a
∈
R
n

is
d
ra

w
n

a
t

ra
n

d
o
m

a
cc

o
rd

in
g

to
P

.
S

u
p
po

se
‖x
‖ 2

=
‖x̂
‖ 2

=
1,

a
n

d
le

t
J

(x̂
,x

)
d
en

o
te

th
e

ge
n

er
a
li

za
ti

o
n

er
ro

r
d
efi

n
ed

in
(5

).
T

h
en

‖x̂
−
x
‖2 2
≤

4 α
J

(x̂
,x

).
(1

1)

1
0

JM
L

R
 2

0(
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, 2
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O
n
e
-B

it
C
o
m
p
r
e
sse

d
S
e
n
sin

g
:
A

P
A
C

L
e
a
r
n
in
g

A
p
p
r
o
a
c
h

P
ro

o
f

W
e

m
a
ke

u
se

of
a

cou
p
le

of
resu

lts
from

(G
o
em

an
s

an
d

W
illiam

son
,

1995).
F

irst,
(G

o
em

a
n
s

a
n
d

W
illiam

son
,

1995,
L

em
m

a
3.2)

states
th

a
t

P
r{

sign
(〈a

,x̂〉)6=
sign

(〈a
,x〉)}

=
1π

arccos(x̂
>
x

),

N
o
te

th
a
t

J
(x̂
,x

)
=

P
r{sign

(〈a
,x̂〉)6=

sign
(〈a

,x〉)}
.

T
h
erefo

re
th

e
a
b

ove
is

eq
u
ivalen

t
to

J
(x̂
,x

)
=

1π
arccos(x̂

>
x

).

S
eco

n
d
,

(G
o
em

an
s

an
d

W
illiam

son
,

1995,
L

em
m

a
3.4)

states
th

at

1π
arccos(x̂

>
x

)≥
α2

(1−
x̂
>
x

),

o
r

eq
u
iva

len
tly

1−
x̂
>
x
≤

2α
a
rccos(x̂

>
x

).

N
ow

n
o
te

th
a
t,

w
h
en

b
oth

x̂
an

d
x

are
u
n
it

vectors,
w

e
h
ave

‖x̂
−
x‖

22
=
‖
x̂‖

22
+
‖x‖

22 −
2
x̂
>
x

=
2(1−

x̂
>
x

).

T
h
erefo

re

‖
x̂
−
x‖

22
=

2(1−
x̂
>
x

)

≤
4α

arccos(x̂
>
x

)
=

4α
J

(x̂
,x

).

3
.4

.
P

A
C

L
e
a
rn

in
g

v
ia

th
e

V
a
p

n
ik

-C
h

e
rv

o
n

e
n

k
is

(V
C

)
D

im
e
n

sio
n

O
n
e

o
f

th
e

m
o
st

u
sefu

l
con

cep
ts

in
P

A
C

learn
in

g
th

eory
is

d
efi

n
ed

n
ex

t.

D
e
fi

n
itio

n
3

A
set

S
⊆
X

o
f

fi
n

ite
ca

rd
in

a
lity

is
sa

id
to

be
sh

a
tte

re
d

by
th

e
co

n
cep

t
cla

ss
C

if,
fo

r
every

su
bset

B
⊆
S

,
th

ere
exists

a
co

n
cep

t
A
∈
C

su
ch

th
a
t
S
∩
A

=
B

.
T

h
e

V
a
p

n
ik

-C
h

e
rv

o
n

e
n

k
is-

o
r

V
C

-d
im

e
n

sio
n

o
f

th
e

co
n

cep
t

cla
ssC

is
th

e
la

rgest
in

teger
d

su
ch

th
a
t

th
ere

exists
a

set
S

o
f

ca
rd

in
a
lity

d
th

a
t

is
sh

a
ttered

by
C

.

T
h
erefo

re
a

con
cep

t
classC

h
as

V
C

-d
im

en
sion

d
if

tw
o

statem
en

ts
h
old

:
(i)

T
h
ere

ex
ists

a
set

o
f

ca
rd

in
ality

d
th

at
is

sh
attered

b
y
C

,
an

d
n

o
set

of
card

in
ality

larger
th

an
d

is
sh

a
ttered

b
y
C

.
If

th
ere

ex
ist

sets
of

arb
itarily

large
card

in
ality

th
at

are
sh

attered
b
y
C

,
th

en
its

V
C

-d
im

en
sion

is
d
efi

n
ed

to
b

e
in

fi
n
ite.

If
a

co
n
cep

t
class

h
as

fi
n
ite

V
C

-d
im

en
sion

,
th

en
it

is
P

A
C

learn
ab

le
u
n
d
er

every
p
ro

b-
a
bility

d
istribu

tio
n

on
X

.
A

n
algorith

m
is

said
to

b
e

c
o
n

siste
n
t

if
it

alw
ay

s
p
ro

d
u
ces

a

1
1
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L

R
 20(11):1-23, 2019

A
h
se

n
a
n
d

V
id
y
a
sa

g
a
r

h
y
p

oth
esis

th
at

classifi
es

all
th

e
train

in
g

sa
m

p
les

correctly.
In

oth
er

w
ord

s,
an

algorith
m

is
con

sisten
t

if
th

e
h
y
p

oth
esis

G
m

p
ro

d
u
ced

b
y

ap
p
ly

in
g

th
e

algorith
m

to
th

e
seq

u
en

ce
{
(c
i ,I

T
(c
i ))}

i≥
1

h
as

th
e

p
rop

erty
th

at
I
T

(c
i )

=
I
G
m

(c
i )

for
all

i
an

d
m

.
N

ote
th

at
a

con
sis-

ten
t

algorith
m
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v 2
s

0
(n
−

2
s
)×

1
0 (
n
−

2
s
)×
s

    
∈
R
n
×
l .

(1
6
)

In
ot

h
er

w
or

d
s,

th
e

m
at

ri
x
M

h
as

a
fi
rs

t
co

lu
m

n
of

o
n
es

,
an

d
th

en
th

e
2s

b
ip

o
la

r
ve

ct
o
rs

in
{−

1
,1
}s

in
so

m
e

or
d
er

,
p
ad

d
ed

b
y

a
b
lo

ck
of

ze
ro

s
in

ca
se
n
>

2l
−

1
.

A
s

w
e

sh
a
ll

se
e

b
el

ow
,

th
e

“p
ad

d
in

g”
is

n
ot

u
se

d
.

N
ow

d
efi

n
e
U

=
{u

0
,u

1
,.
..
,u

s
}

d
en

ot
e

th
e
s

+
1

=
l

co
lu

m
n
s

o
f

th
e

m
at

ri
x
M

.
N

ot
e

th
at

fo
r

n
ot

at
io

n
al

co
n
ve

n
ie

n
ce

w
e

st
ar

t
n
u
m

b
er

in
g

th
e

co
lu

m
n
s

w
it

h
0

ra
th

er
th

an
1.

It
is

cl
ai

m
ed

th
at

th
e

co
ll
ec

ti
on

of
h
al

f-
sp

ac
es
H
n 1

sh
at

te
rs

th
is

se
t
U

,
th

u
s

sh
ow

in
g

th
at

V
C

-d
im

(H
n 1
)
≥
l.

6
.

A
ct

u
a
ll

y
n
k

is
a

p
re

tt
y

cr
u

d
e

es
ti

m
a
te

,
b

u
t

a
s

w
e

sh
a
ll

se
e,

it
is

g
o
o
d

en
o
u

g
h

.
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O
n
e
-B

it
C
o
m
p
r
e
sse

d
S
e
n
sin

g
:
A

P
A
C

L
e
a
r
n
in
g

A
p
p
r
o
a
c
h

T
o

sh
ow

th
a
t

th
e

set
U

is
sh

attered
,

let
B
⊆
U

b
e

an
arb

itrary
su

b
set.

T
h
u
s
B

con
sists

o
f

so
m

e
co

lu
m

n
s

of
th

e
m

atrix
M

.
W

e
ex

am
in

e
tw

o
cases

sep
arately.

F
irst,

su
p
p

ose
u

0 ∈
B

.
T

h
en

w
e

a
sso

ciate
a

u
n
iq

u
e

in
teger

r
b

etw
een

1
an

d
2
s

as
follow

s.
D

efi
n
e

a
b
ip

olar
vector

iB
∈
{−

1
,1}

s
b
y
ij

=
1

if
u
j ∈

B
,

an
d
ij

=
−

1
if
u
j 6∈

B
.

T
h
is

b
ip

olar
vector

iB
m

u
st

b
e

o
n
e

o
f

th
e

vectors
v

1 ,...,v
2
s.

L
et
r

b
e

th
e

u
n
iq

u
e

in
teger

su
ch

th
at

iB
=
v
r .

D
efi

n
e

th
e

vecto
r
x
∈

R
n

su
ch

th
at
x
r

=
1,

a
n
d

th
e

rem
ain

in
g

elem
en

ts
of
x

are
a
ll

zero,
an

d
n
ote

th
a
t
x
∈

Σ
1 .

T
h
en
〈u

0 ,x〉
=

1,
w

h
ile
〈u
j ,x〉

=
1

if
u
j
∈
B

an
d
〈u
j ,x〉

=
−

1
if
u
j
6∈
B

.
T

h
erefo

re
th

e
a
sso

ciated
h
alf-sp

ace
H

(x
)

in
clu

d
es

p
recisely

th
e

elem
en

ts
of

th
e

sp
ecifi

ed
set

B
.

N
ex

t,
su

p
p

ose
u

0
6∈
B

;
in

th
is

case
w

e
b
asica

lly
fl
ip

th
e

sign
s.

T
h
u
s

th
e

b
ip

olar
vecto

r
iB
∈
{−

1,1}
s

is
ch

osen
su

ch
th

at
ij

=
−

1
if
u
j ∈

B
,

an
d
ij

=
1

if
u
j 6∈

B
.

If
th

is
b
ip

o
la

r
v
ecto

r
corresp

on
d
s

to
row

r
in

th
e

ord
erin

g
of{−

1
,1}

s,
w

e
ch

o
ose

x
∈

Σ
1

to
h
ave

a
−

1
in

row
r

a
n
d

zeros
elsew

h
ere.

T
h
is

argu
m

en
t

sh
ow

s
th

at
th

e
setH

n1
gen

era
ted

b
y

all
o
n
e-sp

a
rse

vectors
x

h
as

V
C

-d
im

en
sion

of
at

leastblg
nc

+
1,

w
h
ich

is
con

sisten
t

w
ith

th
e

left
sid

e
o
f

(1
4
)

w
h
en

k
=

1.

T
o

ex
ten

d
th

e
ab

ove
argu

m
en

t
to

gen
eral

valu
es

of
k
,

su
p
p

ose
n

an
d
k

are
sp

ecifi
ed

,
a
n
d

d
efi

n
e
l

=
blg

(n
/k

)c
+

1
an

d
s

=
l−

1
=
blg

(n
/k

)c.
T

h
en

n
/k
≥

2
s,

or
eq

u
ivalen

tly,
n
≥
k
2
s.

D
efi

n
e

m
atrices

M
1 ,...,M

k
∈
{−

1
,1}

2
s×
l

in
an

alogy
w

ith
(16

).
T

h
en

d
efi

n
e

a
m

a
trix

M
∈
{
0
,1}

n×
k
l

as
a

b
lo

ck
-d

iagon
al

m
atrix

con
tain

in
g
M

1 ,...,M
k

on
th

e
d
ia

gon
al

b
lo

ck
s,

p
a
d
d
ed

b
y

an
ap

p
rop

riate
n
u
m

b
er

of
zero

row
s

so
th

at
th

e
n
u
m

b
er

o
f

row
s

eq
u
a
ls

n
.

In
o
th

er
w

o
rd

s,
M

h
as

th
e

form

M
=



M
1

0
2
s×
l

...
0

2
s×
l

0
2
s×
l

M
2

...
0

2
s×
l

...
...

...
...

0
2
s×
l

...
0

2
s×
l

M
k

0
(n−

k
2
s
)×
k
l


∈
R
n×

k
l.

D
efi

n
e
U

to
b

e
th

e
set

of
colu

m
n
s

of
th

e
m

atrix
M

,
an

d
n
ote

th
at|U

|
=
k
l

=
k
(blg

(n
/k

)c+
1).

It
is

n
ow

sh
ow

n
th

at
th

e
set

U
is

sh
attered

b
y

th
e

collectio
n
H
nk

of
h
alf-sp

aces
gen

erated
b
y
k
-sp

a
rse

vectors.
P

artition
U

as
U

1 ∪
U

2 ∪
...∪

U
k ,

w
h
ere

each
U
i

con
sists

of
l

colu
m

n
vecto

rs.
T

h
en

an
y

sp
ecifi

ed
su

b
set

B
⊆
U

ca
n

b
e

ex
p
ressed

as
a

u
n
ion

B
1 ∪
···∪

B
k

w
h
ere

B
i ⊆

U
i

fo
r

ea
ch
i.

N
ow

it
is

p
ossib

le
to

m
im

ic
th

e
argu

m
en

ts
of

th
e

p
rev

iou
s

p
aragrap

h
to

sh
ow

th
a
t

th
e

set
U

can
b

e
sh

attered
b
y

th
e

collection
of

h
alf-sp

acesH
nk
.

F
or

each
su

b
set

B
i ,

id
en

tify
a
n

in
teger

r
i

b
etw

een
1

an
d

2
s

su
ch

th
at

th
e

b
ip

olar
vector

iB
i

is
th

e
r
i -th

in
th

e
en

u
m

era
tio

n
of{−

1
,1}

s.
F

or
each

in
d
ex

i
b

etw
een

1
an

d
k
,

let
x
i ∈

R
2
s

con
tain

a
1

in
row

r
i

a
n
d

zero
s

elsew
h
ere.

D
efi

n
e
x
∈
R
n

b
y

stack
in

g
x

1
th

rou
gh

x
k ,

follow
ed

b
y
n
−
k
2
s

zero
s.

T
h
is

sh
ow

s
th

at
it

is
p

ossib
le

to
sh

atter
a

set
of

card
in

ality
k
(1

+
blg

(n
/k

)c),
w

h
ich

is
th

e
rig

h
t

in
eq

u
ality

in
(14).

T
h
eo

rem
6

is
ap

p
licab

le
to

th
e

case
w

h
ere

m
easu

rem
en

ts
are

of
th

e
form

sign
(〈a

i ,x〉).
S
u
ch

m
ea

su
rem

en
ts

can
at

b
est

lead
to

th
e

recovery
o
f

th
e

d
irection

of
a
k
-sp

arse
vector

x
,

b
u
t

n
o
t

its
m

agn
itu

d
e.

In
situ

ation
s

w
h
ere

it
is

d
esired

to
recov

er
a

sp
a
rse

vector
in

its
en

tirety,
th

e
m

easu
rem

en
ts

are
ch

an
ged

to

y
i

=
sign

(〈a
i ,x〉

+
b
i θ),

(17)
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A
h
se

n
a
n
d

V
id
y
a
sa

g
a
r

w
h
ere

x
varies

over
Σ
k ⊆

R
n

an
d
θ∈

R
.

T
h
e

con
cep

t
class

in
th

is
case

is
given

b
y

H
n

+
1

k
(x
,θ)

=
{
(a
,b)∈

R
n

+
1

:〈a
,x〉

+
bθ≥

0}
.

(18)

B
y

in
sp

ectin
g

th
e

eq
u
ation

(17),
w

e
d
ed

u
ce

th
at

H
nk
(x

)⊆
H
n

+
1

k
(x

)⊆
H
n

+
1

k
+

1 ([x
θ] >

),
(19)

w
h
ere

x
∈

Σ
k

an
d
θ
∈

R
so

th
at

th
e

v
ector

[x
θ] >

is
k

+
1-sp

arse.
W

e
are

n
ow

read
y

to
state

a
b

ou
n
d

on
th

e
V

C
-d

im
en

stion
of

th
e

collection
of

h
alf-sp

acesH
n

+
1

k
.

T
h

e
o
re

m
7

L
etH

n
+

1
k

d
en

o
te

th
e

set
o
f

h
a
lf-spa

ces
H
nk
(x

)
in

R
n

a
s

d
efi

n
ed

in
(17).

T
h
en

k
(1

+
blg

(n
/k

)c)≤
V

C
-d

im
(H

n
+

1
k

)≤
b2(k

+
1)

lg
(e(n

+
1))c.

(20)

P
ro

o
f

F
rom

(19)
w

e
con

clu
d
e

th
at

V
C

-d
im

(H
nk
)≤

V
C

-d
im

(H
n

+
1

k
)≤

V
C

-d
im
H
n

+
1

k
+

1
([x

θ] >
),

th
en

th
e

d
esired

resu
lt

follow
s

T
h
eorem

6.

5
.
O
B
C
S
w
ith

N
o
isy

M
e
a
su

re
m
e
n
ts

In
th

is
section

w
e

stu
d
y

th
e

on
e-b

it
com

p
ressed

sen
sin

g
p
rob

lem
w

h
en

th
e

in
form

ation
availab

le
to

th
e

learn
er

is
a

ran
d
om

ly
“fl

ip
p

ed
”

v
ersion

of
th

e
tru

e
ou

tp
u
t

sign
(〈a

i ,x〉)
or

sign
(〈a

i ,x〉
+
b
i ),

w
h
ere

x
is

an
u
n
k
n
ow

n
k
-sp

arse
vector.

A
stu

d
y

of
th

e
p
rob

lem
of

P
A

C
learn

in
g

w
ith

n
oisy

m
easu

rem
en

ts
w

as
in

itiated
in

(V
alian

t,
19

85),
sh

ortly
after

th
e

p
u
b
lication

of
(V

alian
t,

1984).
O

ver
th

e
years

sev
eral

d
iff

eren
t

m
o
d
els

of
P

A
C

learn
in

g
w

ith
n
oisy

lab
els

h
av

e
b

een
stu

d
ied

.
R

ath
er

th
an

p
resen

t
an

ex
h
au

stiv
e

listin
g

of
th

ese,
w

e
fo

cu
s

on
ju

st
a

few
p
ap

ers
th

at
are

m
ost

germ
an

e
to

th
e

v
ersion

of
th

e
p
rob

lem
stu

d
ied

h
ere.

In
th

e
case

of
n
oise-free

m
easu

rem
en

ts,
th

e
resu

lts
on

learn
ab

ility
w

ere
stated

in
term

s
of

a
con

sisten
t

algorith
m

,
w

h
ich

alw
ay

s
ex

ists
if

on
e

w
ere

to
assu

m
e

th
e

ax
iom

of
ch

oice.
In

con
trast,

in
th

e
case

w
h
ere

th
e

lab
els

are
n
oisy,

it
m

igh
t

n
ot

b
e

p
ossib

le
to

con
stru

ct
a

h
y
p

oth
esis

th
at

is
con

sisten
t

w
ith

th
e

d
ata.

T
h
erefore

th
e

n
otion

of
con

sisten
cy

is
rep

laced
b
y

th
e

n
otion

of
m

in
im

izin
g

em
p
irical

risk
.

S
u
p
p

ose
w

e
are

given
a

lab
elled

sam
p
le

seq
u
en

ce
{
(c
i ,y

i )∈
X
×
{0
,1}}

i≥
1 .

S
u
p
p

ose
F
∈
C

is
a

h
y
p

oth
esis.

T
h
en

th
e

e
m

p
iric

a
l

risk
o
f

th
e

h
y
p

oth
esis

w
ith

resp
ect

to
th

is
lab

elled
seq

u
en

ce,
after

m
sam

p
les,

is
d
efi

n
ed

as

Ĵ
m

(T
,F

)
:=

1m

m
∑i=

1 |y
i −

I
F

(c
i )|.

(21)

D
e
fi

n
itio

n
8

A
n

a
lgo

rith
m
{A

m }
m
≥

1 is
sa

id
to

m
in

im
ize

e
m
p
irica

l
risk

,
o
r

to
be

a
M

E
R

a
lg
o
rith

m
,

if
fo

r
a
ll

sa
m

p
le

sequ
en

ces{(c
i ,y

i )∈
X
×
{
0,1}}

i≥
1 ,

a
n

d
a
ll

in
tegers

m
,

it
is

th
e

ca
se

th
a
t

Ĵ
m

(G
m

)
=

m
in

F
∈C
Ĵ
m

(F
),

(22)

w
h
ere

G
m

=
A
m

((c
1 ,y

1 ),...(c
m
,y
m

))

is
th

e
o
u

tp
u

t
o
f

th
e

a
lgo

rith
m

a
fter

m
sa

m
p
les,

given
th

e
sequ

en
ce{(c

i ,y
i )∈

X
×
{0
,1}}

i≥
1 .
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O
n
e
-B

it
C
o
m
p
r
e
ss
e
d

S
e
n
si
n
g
:
A

P
A
C

L
e
a
r
n
in
g

A
p
p
r
o
a
c
h

N
ot

e
th

at
if

th
e

la
b

el
s

ar
e

n
oi

se
-f

re
e,

th
en

y i
=
I T

(c
i)

,
an

d

Ĵ
m

(T
,F

)
:=

1 m

m ∑ i=
1

|I T
(c
i)
−
I F

(c
i)
|

is
th

e
em

p
ir

ic
al

es
ti

m
at

e
of

th
e

d
is

ta
n
ce
D
P

(T
,F

).
In

th
is

ca
se

,
a

M
E

R
al

go
ri

th
m

b
ec

om
es

a
co

n
si

st
en

t
al

go
ri

th
m

.
W

e
b

eg
in

b
y

su
m

m
ar

iz
in

g
so

m
e

re
le

va
n
t

re
su

lt
s

fr
om

(A
n
gl

u
in

an
d

L
ai

rd
,

19
88

).
In

th
is

p
ap

er
,

th
e

p
ro

b
ab

il
it

y
of

a
1

tu
rn

in
g

in
to

0
is

as
su

m
ed

to
b

e
th

e
sa

m
e

as
th

e
p
ro

b
ab

il
it

y
of

a
0

tu
rn

in
g

in
to

a
1;

ca
ll

it
α

.
C

le
ar

ly
α

m
u
st

b
e
<

0
.5

in
or

d
er

fo
r

th
e

p
ro

b
le

m
to

b
e

le
ar

n
ab

le
,

b
ec

au
se

if
th

e
la

b
el

s
ar

e
fl
ip

p
ed

w
it

h
p
ro

b
ab

il
it

y
0
.5

,
th

en
th

e
la

b
el

s
ar

e
p
u
re

n
oi

se
an

d
d
o

n
ot

co
n
ve

y
an

y
in

fo
rm

at
io

n
.

In
th

is
p
ap

er
,

it
is

n
o
t

as
su

m
ed

th
at

th
e

fl
ip

p
in

g
p
ro

b
ab

il
it

y
α

is
k
n
ow

n
;

ra
th

er
,

it
is

as
su

m
ed

th
at

an
u
p
p

er
b

ou
n
d
ᾱ
<

0
.5

fo
r
α

is
k
n
ow

n
.

M
or

eo
ve

r,
a

p
ro

ce
d
u
re

is
gi

ve
n

fo
r

ge
n
er

at
in

g
su

ch
an

u
p
p

er
b

ou
n
d
.

S
u
p
p

os
e
ε,
δ
∈

(0
,1

)
ar

e
sp

ec
ifi

ed
,

w
h
er

e
ε

is
th

e
ac

cu
ra

cy
an

d
δ

is
th

e
co

n
fi
d
en

ce
,

an
d

th
e

ob
je

ct
iv

e
is

to
ch

o
os

e
th

e
n
u
m

b
er

of
sa

m
p
le

s
m

to
b

e
su

ffi
ci

en
tl

y
la

rg
e

th
at
r(
m
,ε

)
≤
δ,

w
h
er

e
th

e
le

ar
n
in

g
ra

te
r(
m
,ε

)
is

d
efi

n
ed

in
(6

).
T

h
e

p
ro

ce
d
u
re

gi
ve

n
in

th
is

p
ap

er
ge

n
er

at
es

an
u
p
p

er
b

ou
n
d
ᾱ
<

0.
5

fo
r
α

w
it

h
co

n
fi
d
en

ce
≥

1
−
δ/

2
u
si

n
g
r

=
1

+
dlg

[(
1
−

2
α

)−
1
]e

ro
u
n
d
s.

In
ca

se
th

e
co

n
ce

p
t

cl
as

s
C

h
as

fi
n
it

e
ca

rd
in

al
it

y,
sa

y
|C
|≤

N
,

th
en

th
e

fo
ll
ow

in
g

re
su

lt
ca

n
b

e
es

ta
b
li
sh

ed
.

T
h

e
o
re

m
9

(S
ee

(A
n

gl
u

in
a
n

d
L

a
ir

d
,

1
9
8
8
,

T
h
eo

re
m

2
).

)
G

iv
en

ε,
δ
>

0,
d
ra

w

m
≥

2

ε2
(1
−

2
ᾱ

)2
ln

2N δ
(2

3)

i.
i.

d
.

sa
m

p
le

s
a
cc

o
rd

in
g

to
a
n

u
n

kn
o
w

n
p
ro

ba
bi

li
ty

m
ea

su
re
P
∈
P
∗ .

L
et
T
∈
C

be
a
n

y
u

n
kn

o
w

n
ta

rg
et

co
n

ce
p
t,

a
n

d
le

t
G
m

d
en

o
te

th
e

o
u

tp
u

t
o
f

a
M

E
R

a
lg

o
ri

th
m

ba
se

d
o
n
m

n
o
is

y
la

be
ls

.
T

h
en

su
p

P
∈P

∗
m

ax
T
∈C
P
m
{x
∈
X
m

:
d
P

(G
m
,T

)
≥
ε}
≤
δ.

(2
4)

If
an

in
fi
n
it

e
co

n
ce

p
t

cl
as

s
C

h
as

fi
n
it

e
V

C
-d

im
en

si
on

,
th

en
fo

r
ea

ch
ε
>

0
an

d
P
∈
P
∗ ,

C
h
as

a
fi
n
it

e
ε-

co
v
er

w
it

h
re

sp
ec

t
to

th
e

m
et

ri
c
d
P

,
w

h
os

e
ca

rd
in

a
li
ty

d
o
es

n
ot

d
ep

en
d

on
P
∈
P
∗ .

U
si

n
g

th
is

fa
ct

an
d

T
h
eo

re
m

9,
it

is
p

os
si

b
le

to
p
ro

ve
b

ou
n
d
s

an
al

og
ou

s
to

th
os

e
in

(2
5)

fo
r

co
n
ce

p
t

cl
as

se
s

w
it

h
fi
n
it

e
V

C
-d

im
en

si
on

.
T

h
is

is
d
on

e
in

(L
ai

rd
,

19
88

).
N

ex
t

w
e

d
is

cu
ss

th
e

p
ap

er
(N

at
ar

a
ja

n
et

al
.,

20
13

).
In

th
is

p
ap

er
,

th
e

p
ro

b
ab

il
it

y
of

a
1

b
ec

om
in

g
0

is
n

o
t

as
su

m
ed

to
eq

u
al

th
e

p
ro

b
ab

il
it

y
of

a
0

b
ec

om
in

g
a

1.
H

ow
ev

er
,

it
is

as
su

m
ed

th
at

bo
th

p
ro

ba
bi

li
ti

es
a
re

kn
o
w

n
.

T
h
is

al
lo

w
s

th
e

au
th

or
s

to
co

n
st

ru
ct

an
u
n
b
ia

se
d

es
ti

m
at

or
fo

r
th

e
tr

u
e

la
b

el
,

w
h
ic

h
m

ay
n
ot

b
e

p
os

si
b
le

if
on

ly
b

ou
n
d
s

fo
r

th
es

e
p
ro

b
ab

il
it

ie
s

ar
e

k
n
ow

n
.

F
in

al
ly

,
w

e
m

en
ti

on
in

p
as

si
n
g

th
e

p
ap

er
(S

im
on

,
19

96
),

ev
en

th
ou

gh
th

e
le

ar
n
in

g
p
ro

b
-

le
m

st
u
d
ie

d
th

er
e

is
m

or
e

ge
n
er

al
th

an
th

e
on

e
st

u
d
ie

d
h
er

e.
L

et
F
⊆

[0
,1

]X
b

e
a

fa
m

il
y

of
fu

n
ct

io
n
s

m
ap

p
in

g
X

in
to

[0
,1

],
an

d
le

t
f
∈
F

b
e

fi
x
ed

b
u
t

u
n
k
n
ow

n
.

L
et
P
∈
P
∗ (
X

)
b

e
an

u
n
k
n
ow

n
p
ro

b
ab

il
it

y
m

ea
su

re
on

X
,

an
d

ge
n
er

at
e

sa
m

p
le

s
x

1
,.
..
,x

m
in
X

th
at

ar
e

i.
i.
d
.

ac
co

rd
in

g
to

P
.

F
or

ea
ch

sa
m

p
le
x
j
,

a
co

rr
es

p
on

d
in

g
la

b
el
l j
∈
{0
,1
}

is
ge

n
er

a
te

d
ac

co
rd

in
g

to

l j
=

{
1,

w
.p

.
f

(x
j
),

0,
w

.p
.

1
−
f

(x
j
).
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A
h
se

n
a
n
d

V
id
y
a
sa

g
a
r

F
ro

m
th

e
d
at

a
{(
x
j
,l
j
)}
m i=

1
,

th
e

ob
je

ct
iv

e
is

to
cc

on
st

ru
ct

an
ap

p
ro

x
im

at
io

n
to
f

(·)
.

N
ow

w
e

co
m

e
to

th
e

ob
je

ct
iv

e
of

th
e

p
re

se
n
t

se
ct

io
n
.

B
y

fo
cu

si
n
g

on
th

e
p
re

d
ic

ti
o
n

er
ro

r
(d

efi
n
ed

b
el

ow
)

in
st

ea
d

of
th

e
d
is

ta
n
ce
d
P

(G
m
,T

),
it

is
p

os
si

b
le

to
st

re
am

li
n
e

th
e

st
a
te

m
en

t
of

th
e

th
eo

re
m

.
T

o
m

ak
e

th
e

p
ro

b
le

m
fo

rm
u
la

ti
on

p
re

ci
se

,
w

e
u
se

th
e

n
ot

at
io

n
in

S
ec

ti
o
n

3
.1

,
w

h
er

eb
y

X
is

a
se

t,
S

is
a
σ

-a
lg

eb
ra

of
su

b
se

ts
of
X

,
an

d
P

is
a

p
ro

b
ab

il
it

y
m

ea
su

re
o
n
X

.
T

o
in

co
rp

or
at

e
th

e
ra

n
d
om

n
es

s,
w

e
en

la
rg

e
X

b
y

d
efi

n
in

g
X
N

=
X
×
{0
,1
}

a
s

th
e

sa
m

p
le

sp
ac

e;
d
efi

n
e
S N

to
b

e
th

e
σ

-a
lg

eb
ra

of
su

b
se

ts
in
X
N

ge
n
er

at
ed

b
y

cy
li
n
d
er

se
ts

o
f

th
e

fo
rm

S
×
{0
}

an
d
S
×
{1
}

fo
r

al
l
S
∈
S;

an
d

d
efi

n
e

a
p
ro

b
a
b
il
it

y
m

ea
su

re
P
N

o
n
X
N

b
y

d
efi

n
in

g
P
N

(S
×
{0
})

=
(1
−
α

)P
(S

),
P
N

(S
×
{1
})

=
α
P

(S
).

(2
5
)

L
et

(c
,L

)
d
en

ot
e

a
ty

p
ic

al
el

em
en

t
in

th
e

sa
m

p
le

sp
ac

e
X
N

.
T

h
en

P
r{
L

=
0}

=
P
N

(X
×
{0
})

=
1
−
α
,P

r{
L

=
1}

=
P
N

(X
×
{1
})

=
α
.

H
er

e
th

e
ev

en
t
L

=
0

co
rr

es
p

on
d
s

to
th

e
la

b
el

n
ot

b
ei

n
g

fl
ip

p
ed

,
w

h
il
e

th
e

ev
en

t
L

=
1

co
rr

es
p

on
d
s

to
th

e
la

b
el

b
ei

n
g

fl
ip

p
ed

.
It

is
cl

ea
r

th
at
P
N

is
a

p
ro

d
u
ct

m
ea

su
re

,
so

th
a
t

th
e

fl
ip

p
in

g
of

la
b

el
s

is
in

d
ep

en
d
en

t
of

th
e

ge
n
er

at
io

n
of

tr
ai

n
in

g
sa

m
p
le

s.
L

ea
rn

in
g

ta
ke

s
p
la

ce
as

fo
ll
ow

s:
In

d
ep

en
d
en

t
sa

m
p
le

s
{(
c i
,ω

i)
∈
X
×
{0
,1
}}
i≥

1
a
re

ge
n
er

at
ed

in
ac

co
rd

an
ce

w
it

h
th

e
ab

ov
e

p
ro

b
ab

il
it

y
m

ea
su

re
P
N

.
L

et
T

b
e

a
fi
x
ed

b
u
t

u
n
k
n
ow

n
ta

rg
et

co
n
ce

p
t.

T
h
en

fo
r

ea
ch

i,
a

la
b

el
y i

is
ge

n
er

at
ed

as

y i
=
|I T

(c
i)
−
ω
i|.

(2
6
)

T
h
is

is
eq

u
iv

al
en

t
to

sa
y
in

g
th

at
y i

=
I T

(c
i)

w
it

h
p
ro

b
ab

il
it

y
1
−
α

an
d
y i

=
1
−
I T

(c
i)

w
it

h
p
ro

b
ab

il
it

y
α

.
A

s
b

ef
or

e,
an

al
go

ri
th

m
is

an
in

d
ex

ed
fa

m
il
y

of
m

ap
s
A
m

:
(X
×
{0
,1
})
m
→
C

fo
r

ea
ch

m
≥

1.
T

h
e

al
go

ri
th

m
A
m

is
a
p
p
li
ed

to
th

e
se

t
of

la
b

el
le

d
sa

m
p
le

s
{(
c i
,y
i)
}m i=

1
,

gi
v
in

g
ri

se
to

a
h
y
p

ot
h
es

is
G
m

.
T

o
as

se
ss

h
ow

w
el

l
a

h
y
p

ot
h
es

is
F

(h
ow

ev
er

it
is

d
er

iv
ed

)
ap

p
ro

x
im

a
te

s
th

e
u
n
k
n
ow

n
ta

rg
et

co
n
ce

p
t
T

,
w

e
ge

n
er

at
e

a
ra

n
d
om

te
st

in
p
u
t
x
∈
X

ac
co

rd
in

g
to
P

,
an

d
th

en
p
re

d
ic

t
th

at
th

e
or

ac
le

ou
tp

u
t

on
x

w
il
l

b
e
I F

(x
).

T
h
e

er
ro

r
cr

it
er

io
n

th
er

ef
or

e
is

th
e

p
re

d
ic

ti
o
n

e
rr

o
r,

an
d

eq
u
al

s
J
N

(T
,F

)
:=

E
[|f

(I
T

(x
))
−
I F

(x
)|,
P
N

],
(2

7)

w
h
er

e
f

(I
T

(x
))

is
th

e
n
oi

sy
la

b
el

an
d
I F

(x
)

is
th

e
in

d
ic

at
or

fu
n
ct

io
n

of
F

.
T

h
e

p
re

m
is

e
in

th
e

ab
ov

e
d
efi

n
it

io
n

is
th

at
,

w
h
il
e

th
e

or
ac

le
ou

tp
u
t

is
n
oi

sy
,

ou
r

p
re

d
ic

ti
on

is
n
o
t

n
o
is

y.
N

ot
e

th
at

,
fo

r
a

gi
ve

n
x
∈
X

,
th

e
q
u
an

ti
ty
|f

(I
T

(x
))
−
I F

(x
)|

eq
u
al

s
|I T

(x
)
−
I F

(x
)|

w
it

h
p
ro

b
ab

il
it

y
1
−
α

,
an

d
eq

u
al

s
1
−
|I T

(x
)
−
I F

(x
)|

w
it

h
p
ro

b
ab

il
ty
α

.
T

h
er

ef
o
re

J
N

(T
,F

)
=

∫ X
[(

1
−
α

)|I
T

(x
)
−
I F

(x
)|

+
α

(1
−
|I T

(x
)
−
I F

(x
)|)

]P
(d
x

)

=
α

+
(1
−

2
α

)

∫ X
|I T

(x
)
−
I F

(x
)|P

(d
x

)

=
α

+
(1
−

2
α

)d
P

(T
,F

).
(2

8
)

T
h
er

ef
or

e,
if

w
e

w
er

e
to

d
efi

n
e

th
e

m
in

im
u
m

ac
h
ie

va
b
le

p
re

d
ic

ti
on

er
ro

r
J
∗ N

(T
)

a
s

J
∗ N

(T
)

=
m

in
F
∈C
J
N

(T
,F

),

1
8

JM
L

R
 2

0(
11

):
1-

23
, 2

01
9



O
n
e
-B

it
C
o
m
p
r
e
sse

d
S
e
n
sin

g
:
A

P
A
C

L
e
a
r
n
in
g

A
p
p
r
o
a
c
h

th
en

J
∗N

(T
)

=
α

for
each

T
∈
C

.
T

h
erefore,

to
q
u
an

tify
th

e
p

erform
an

ce
of

a
learn

in
g

a
lg

o
rith

m
,

w
e

com
p
are

th
e

actu
al

p
red

iction
error

J
N

(G
m
,T

)
w

ith
J
∗N

(T
),

w
h
ere

G
m

is
th

e
o
u
tp

u
t

o
f

th
e

a
lgorith

m
b
ased

on
m

sam
p
les.

W
ith

th
ese

ob
servation

s,
w

e
can

state
th

e
fo

llow
in

g
resu

lt.

T
h

e
o
re

m
1
0

S
u

p
po

se
C

is
a

co
n

cep
t

cla
ss

o
f

su
bsets

o
f
X

w
ith

V
C

-d
im

(C
)≤

d
,

a
n

d
let

T
∈
C

be
a

fi
xed

bu
t

u
n

kn
o
w

n
ta

rget
co

n
cep

t.
S

u
p
po

se
P
∈
P
∗

is
a

fi
xed

bu
t

u
n

kn
o
w

n
p
ro

ba
bility

m
ea

su
re

o
n
X

,
c

1 ,...,c
m
∈
X

a
re

i.i.d
.

sa
m

p
les

d
ra

w
n

a
cco

rd
in

g
to
P

,
a
n

d
let

G
m

be
th

e
o
u

tp
u

t
o
f

a
M

E
R

a
lgo

rith
m

.
T

h
en

P
r{J

N
(T
,G

m
)
>
J
∗N

(T
)

+
ε}
≤
c(m

,ε),
(29)

w
h
ere

c(m
,ε)

=

[
4 (

0
.2
em

d

)
1
0
d

+
1 ]

ex
p
(−

0.08m
ε
2).

(30)

B
ecau

se
th

e
estim

ates
d
erived

ab
ove

are
b
road

ly
sim

ilar
to

th
ose

in
(A

n
glu

in
an

d
L

aird
,

1
9
8
8
;

L
a
ird

,
1
9
88),

w
e

om
it

th
e

p
ro

of
of

T
h
eorem

10.
T

h
e

p
ro

of
can

b
e

fou
n
d

in
(A

h
sen

a
n
d

V
id

ya
sa

g
a
r,

2017).
N

o
te

th
a
t

th
e

b
ou

n
d

for
th

e
learn

in
g

rate
in

T
h
eorem

10
is

q
u
alitativ

ely
sim

ilar
to

th
at

in
T

h
eorem

4
.

T
h
erefore

th
e

b
ou

n
d

(30)
can

b
e

u
sed

to
sh

ow
th

e
follow

in
g:

T
h
e

q
u
a
n
tity

P
r{
J
N

(T
,G

m
)
>
J
∗N

(T
)

+
ε}

can
b

e
m

ad
e

sm
aller

th
an

a
sp

ecifi
ed

con
sta

n
t
δ

b
y

ch
o
osin

g

m
≥

m
ax{

O
((1/ε)

lg
(1/ε)),O

((1/ε)
lg

(1/δ))}
(31)

sa
m

p
les.

N
o
te

th
a
t

th
e

error
rate

α
d
o
es

n
ot

ap
p

ear
ex

p
licitly

in
th

e
righ

t
sid

e
of

(30).
H

ow
ev

er,
if

w
e

ex
a
m

in
e

(28),
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rö
m

m
et

h
o
d
,
h
a
s

b
ee

n
ap

p
li
ed

in
p
re

v
io

u
s

w
or

k
s

to
ap

p
ro

x
im

at
el

y
so

lv
e

k
er

n
el

le
a
rn

in
g

p
ro

b
le

m
s

w
h
en

b
ot

h
of

th
e

ab
ov

e
co

n
d
it

io
n
s

ar
e

p
re

se
n
t.

T
h
is

w
or

k
an

al
y
ze

s
th

e
a
p
p
li
ca

ti
on

of
th

is
p
ar

a
d
ig

m
to

ke
rn

el
k
-m

ea
n
s

cl
u
st

er
in

g,
an

d
sh

ow
s

th
a
t

ap
p
ly

in
g

th
e

li
n
ea

r
k
-m

ea
n
s

cl
u
st

er
in

g
al

go
ri

th
m

to
k ε

(1
+
o(

1
))

fe
at

u
re

s
co

n
st

ru
ct

ed
u
si

n
g

a
so

-c
a
ll
ed

ra
n
k
-r

es
tr

ic
te

d
N

y
st

rö
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ck
et

a
l.
,

2
0
0
7
),

im
ag

e
se

gm
en

ta
ti

on
(H

ar
al

ic
k

an
d

S
h
ap

ir
o,

19
85

),
an

om
al

y
d
et

ec
ti

on
(C

h
a
n
d
o
la

et
a
l.
,

20
09

),
co

ll
ab

or
at

iv
e

fi
lt

er
in

g
(U

n
ga

r
an

d
F

os
te

r,
19

98
),

an
d

fa
st

ap
p
ro

x
im

a
te

le
a
rn

in
g

o
f

n
on

-l
in

ea
r

m
o
d
el

s
(S

i
et

al
.,

20
14

).
L

in
ea

r
k
-m

ea
n
s

cl
u
st

er
in

g
is

a
st

an
d
ar

d
an

d
w

el
l-

re
ga

rd
ed

ap
p
ro

ac
h

to
cl

u
st

er
a
n
a
ly

si
s

th
at

p
ar

ti
ti

on
s

in
p
u
t

ve
ct

or
s
{a

1
,.
..
,a
n
}
⊂

R
d

in
to
k

cl
u
st

er
s,

in
an

u
n
su

p
er

v
is

ed
m

a
n
n
er

,
b
y

as
si

gn
in

g
ea

ch
ve

ct
or

to
th

e
cl

u
st

er
w

it
h

th
e

n
ea

re
st

ce
n
tr

oi
d
.

F
or

m
al

ly
,

li
n
ea

r
k
-m

ea
n
s

cl
u
st

er
in

g
se

ek
s

to
p
ar

ti
ti

on
th

e
se

t
[n

]
=
{1
,.
..
,n
}i

n
to
k

d
is

jo
in

t
se

ts
J 1
,.
..
,J

k
b
y

so
lv

in
g

ar
g
m

in
J

1
,.
..
,J

k

1 n

k ∑ i=
1

∑ j
∈J

i

∥ ∥ ∥ ∥a
j
−

1 |J
i|
∑ l∈
J

i

a
l∥ ∥ ∥ ∥2 2

.
(1

)

L
lo

y
d
’s

al
go

ri
th

m
(L

lo
y
d
,

19
82

)
is

a
st

an
d
ar

d
ap

p
ro

ac
h

fo
r

fi
n
d
in

g
lo

ca
l

m
in

im
iz

er
s

o
f

(1
),

an
d

is
a

st
ap

le
in

d
at

a
m

in
in

g
an

d
m

ac
h
in

e
le

ar
n
in

g.

D
es

p
it

e
it

s
p

o
p
u
la

ri
ty

,
li
n
ea

r
k
-m

ea
n
s

cl
u
st

er
in

g
is

n
ot

a
u
n
iv

er
sa

l
so

lu
ti

o
n

to
a
ll

cl
u
st

er
in

g
p
ro

b
le

m
s.

In
p
ar

ti
cu

la
r,

li
n
ea

r
k
-m

ea
n
s

cl
u
st

er
in

g
st

ro
n
gl

y
b
ia

se
s

th
e

re
co

ve
re

d
cl

u
st

er
s

to
w

ar
d
s

is
ot

ro
p
y

an
d

sp
h
er

ic
it

y.
A

p
p
li
ed

to
th

e
d
at

a
in

F
ig

u
re

1
(a

),
L

lo
y
d
’s

al
go

ri
th

m
is

p
er

fe
ct

ly
ca

p
ab

le
of

p
ar

ti
ti

on
in

g
th

e
d
at

a
in

to
th

re
e

cl
u
st

er
s

w
h
ic

h
fi
t

th
es

e
as

su
m

p
ti

on
s.

H
ow

ev
er

,
th

e
d
at

a
in

F
ig

u
re

1(
b
)

d
o

n
ot

fi
t

th
es

e
as

su
m

p
ti

on
s:

th
e

cl
u
st

er
s

ar
e

ri
n
g-

sh
ap

ed
an

d
h
av

e
co

in
ci

d
en

t
ce

n
te

rs
,

so
m

in
im

iz
in

g
th

e
li
n
ea

r
k
-m

ea
n
s

o
b

je
ct

iv
e

d
o
es

n
ot

re
co

ve
r

th
es

e
cl

u
st

er
s.

(a
)

(b
)

(c
)

F
ig

u
re

1:
F

ig
u
re

s
1(

a)
an

d
1(

b
)

sh
ow

tw
o

se
ts

of
tw

o-
d
im

en
si

on
al

p
oi

n
ts

,
w

it
h

d
iff

er
en

t
co

lo
rs

in
d
ic

at
in

g
d
iff

er
en

t
cl

u
st

er
s.

F
ig

u
re

1(
a)

is
se

p
ar

ab
le

u
si

n
g

li
n
ea

r
k
-m

ea
n
s;

F
ig

u
re

s
1(

b
)

is
in

se
p
ar

ab
le

u
si

n
g

li
n
ea

r
k
-m

ea
n
s.

F
ig

u
re

1(
c)

sh
ow

s
th

e
fi
rs

t
tw

o
d
im

en
si

on
s

of
th

e
fe

at
u
re

ve
ct

or
s

k
1
,.
..
,k

n
∈
R
n

d
er

iv
ed

fr
om

a
ke

rn
el

.

T
o

ex
te

n
d

th
e

sc
op

e
of
k
-m

ea
n
s

cl
u
st

er
in

g
to

in
cl

u
d
e

an
is

to
tr

op
ic

,
n
on

-s
p
h
er

ic
a
l
cl

u
st

er
s

su
ch

as
th

os
e

d
ep

ic
te

d
in

F
ig

u
re

1(
b
),

S
ch

öl
ko

p
f

et
al

.
(1

99
8)

p
ro

p
os

ed
to

p
er

fo
rm

li
n
ea

r
k
-m

ea
n
s

cl
u
st

er
in

g
in

a
n
on

li
n
ea

r
fe

at
u
re

sp
a
ce

in
st

ea
d

of
th

e
in

p
u
t

sp
ac

e.
A

ft
er

ch
o
o
si

n
g

a
fe

at
u
re

fu
n
ct

io
n
φ

:
R
d
7→
F

to
m

ap
th

e
in

p
u
t

ve
ct

or
s

n
on

-l
in

ea
rl

y
in

to
fe

a
tu

re
ve

ct
o
rs

,

2
JM

L
R

 2
0(

12
):

1-
49

, 2
01

9



S
c
a
l
a
b
l
e
K
e
r
n
e
l
K
-M

e
a
n
s
C
l
u
st

e
r
in
g

w
it
h
N
y
st

r
ö
m

A
p
p
r
o
x
im

a
t
io
n

th
ey

p
ro

p
o
se

m
in

im
izin

g
th

e
ob

jective
fu

n
ction

a
rg

m
in

J
1
,...,J

k

1n

k
∑i=

1

∑j∈J
i ∥∥∥∥
φ

(a
j )
−

1

|J
i | ∑l∈J

i φ
(a
l ) ∥∥∥∥

22 ,
(2

)

w
h
ere
{J

1 ,...,J
k }

d
en

otes
a
k
-p

artition
of

[n
].

T
h
e

“kern
el

trick
”

en
ab

les
u
s

to
m

in
im

ize
th

is
o
b

jective
w

ith
ou

t
ex

p
licitly

com
p
u
tin

g
th

e
p

oten
tially

h
igh

-d
im

en
sion

al
featu

res,
as

in
n
er

p
ro

d
u
cts

in
featu

re
sp

ace
can

b
e

com
p
u
ted

im
p
licitly

b
y

evalu
atin

g
th

e
kern

el
fu

n
ction

κ (a
i ,

a
j )

=
〈φ

(a
i ),
φ

(a
j ) 〉.

T
h
u
s

th
e

in
fo

rm
ation

req
u
ired

to
solve

th
e

kern
el
k
-m

ean
s

p
rob

lem
(2),

is
p
resen

t
in

th
e

kern
el

m
a
trix

K
=

[κ
(a
i ,a

j )]ij ∈
R
n×

n
.

L
et

K
=

V
Λ

V
T

b
e

th
e

fu
ll

eigen
valu

e
d
ecom

p
osition

(E
V

D
)

of
th

e
kern

el
m

atrix
an

d

k
1 ,...,k

n
∈

R
n

b
e

th
e

row
s

of
V

Λ
1
/
2∈

R
n×

n
.

It
can

b
e

sh
ow

n
(see

A
p
p

en
d
ix

B
.3)

th
at

th
e

so
lu

tion
o
f

(2)
is

id
en

tical
to

th
e

solu
tion

of

a
rgm

in
J

1
,...,J

k

1n

k
∑i=

1

∑j∈J
i ∥∥∥∥

k
j
−

1

|J
i | ∑l∈J

i k
l ∥∥∥∥

22 .
(3

)

T
o

d
em

o
n
stra

te
th

e
p

ow
er

of
kern

el
k
-m

ean
s

clu
sterin

g,
con

sid
er

th
e

d
ata

set
in

F
igu

re
1(b

).
W

e
u
se

th
e

G
a
u
ssian

R
B

F
k
ern

el

κ
(a
,a ′)

=
ex

p (−
1

2
σ
2 ‖a
−

a ′‖
22 )

w
ith

σ
=

0.3,
an

d
form

th
e

corresp
on

d
in

g
kern

el
m

atrix
of

th
e

d
ata

in
F

igu
re

1(b
).

F
ig

u
re

1
(c)

scatterp
lots

th
e

fi
rst

tw
o

co
ord

in
ates

of
th

e
fea

tu
re

vectors
k

1 ,...,k
n
.

C
learly,

th
e

fi
rst

co
ord

in
ate

of
th

e
featu

re
vectors

alread
y

sep
a
rates

th
e

tw
o

classes
w

ell,
so
k
-m

ean
s

clu
sterin

g
u
sin

g
th

e
n
on

-lin
ear

featu
res

k
1 ,···

,k
n

h
as

a
b

etter
ch

an
ce

of
sep

aratin
g

th
e

tw
o

cla
sses.
A

lth
o
u
g
h

it
is

m
ore

gen
erally

ap
p
licab

le
th

an
lin

ear
k
-m

ean
s

clu
sterin

g,
kern

el
k
-

m
ean

s
clu

sterin
g

is
com

p
u
tation

ally
ex

p
en

siv
e.

A
s

a
b
aselin

e,
w

e
con

sid
er

th
e

cost
of

o
p
tim

izin
g

(3
).

T
h
e

form
ation

of
th

e
kern

el
m

atrix
K

given
th

e
in

p
u
t

vectors
a

1 ,...,a
n
∈

R
d

co
stsO

(n
2d

)
tim

e.
T

h
e

ob
jective

in
(3)

can
th

en
b

e
(ap

p
rox

im
ately

)
m

in
im

ized
u
sin

g
L

loy
d
’s

a
lg

o
rith

m
at

a
cost

ofO
(n

2k
)

tim
e

p
er

iteration
.

T
h
is

req
u
ires

th
e
n

-d
im

en
sion

al
n
o
n
-lin

ear
fea

tu
re

vectors
ob

tain
ed

from
th

e
fu

ll
E

V
D

of
K

;
com

p
u
tin

g
th

ese
featu

re
v
ectors

ta
kesO

(n
3)

tim
e,

b
ecau

se
K

is,
in

gen
eral,

fu
ll-ran

k
.

T
h
u
s,

ap
p
rox

im
ately

solv
in

g
th

e
kern

el
k
-m

ea
n
s

clu
sterin

g
p
rob

lem
b
y

op
tim

izin
g

(3)
costsO

(n
3

+
n

2d
+
T
n

2k
)

tim
e,

w
h
ere

T
is

th
e

n
u
m

b
er

o
f

iteration
s

of
L

loy
d
’s

algorith
m

.
K

ern
el

a
p
p
rox

im
ation

tech
n
iq

u
es,

in
clu

d
in

g
th

e
N

y
ström

m
eth

o
d

(N
y
ström

,
193

0;
W

illia
m

s
a
n
d

S
eeger,

2001;
G

itten
s

an
d

M
ah

on
ey

,
2016)

an
d

ran
d
o
m

featu
re

m
ap

s
(R

ah
im

i
a
n
d

R
ech

t,
2
00

7),
h
ave

b
een

ap
p
lied

to
d
ecrease

th
e

cost
of

solv
in

g
k
ern

elized
m

ach
in

e
lea

rn
in

g
p
rob

lem
s:

th
e

id
ea

is
to

rep
lace

K
w

ith
a

low
-ran

k
ap

p
rox

im
ation

,
w

h
ich

allow
s

fo
r

m
o
re

effi
cien

t
com

p
u
tation

s.
C

h
itta

et
al.

(2011,
2012

)
p
rop

osed
to

ap
p
ly

k
ern

el
a
p
p
rox

im
a
tio

n
s

to
effi

cien
tly

ap
p
rox

im
ate

kern
el
k
-m

ean
s

clu
sterin

g.
A

lth
ou

gh
kern

el
a
p
p
rox

im
a
tio

n
s

m
itigate

th
e

com
p
u
tation

al
ch

allen
ges

o
f

kern
el
k
-m

ean
s

clu
sterin

g,
th

e
a
fo

rem
en

tio
n
ed

w
ork

s
d
o

n
ot

p
rov

id
e

gu
aran

tees
on

th
e

clu
sterin

g
p

erform
an

ce:
h
ow

3
JM

L
R

 20(12):1-49, 2019

W
a
n
g
,
G
it
t
e
n
s,

a
n
d

M
a
h
o
n
e
y

accu
rate

m
u
st

th
e

low
-ran

k
ap

p
rox

im
ation

of
K

b
e

to
en

su
re

n
ear

op
tim

ality
of

th
e

ap
p
rox

im
ate

clu
sterin

g
ob

tain
ed

v
ia

th
is

m
eth

o
d
?

W
e

p
rop

ose
a

p
rovab

le
ap

p
rox

im
ate

solu
tion

to
th

e
kern

el
k
-m

ean
s

p
rob

lem
b
ased

on
th

e
N

y
ström

ap
p
rox

im
ation

.
O

u
r

m
eth

o
d

h
as

th
ree

step
s:

fi
rst,

ex
tract

c
(c�

n
)

fea
tu

res
u
sin

g
th

e
N

y
ström

m
eth

o
d
;

secon
d
,

red
u
ce

th
e

featu
res

to
s

d
im

en
sion

s
(k
≤
s
<
c)

u
sin

g
th

e
tru

n
cated

S
V

D
; 1

th
ird

,
ap

p
ly

an
y

off
-th

e-sh
elf

lin
ear

k
-m

ean
s

clu
sterin

g
algorith

m
u
p

o
n

th
e
s-d

im
en

sion
al

featu
res

to
ob

tain
th

e
fi
n
a
l

clu
sters.

T
h
e

total
tim

e
com

p
lex

ity
o
f

th
e

fi
rst

tw
o

step
s

is
O

(n
d
c

+
n
c

2).
T

h
e

tim
e

com
p
lex

ity
of

th
e

th
ird

step
d
ep

en
d
s

on
th

e
sp

ecifi
c

lin
ear

k
-m

ean
s

algorith
m

;
for

ex
am

p
le,

u
sin

g
L

loy
d
’s

algorith
m

,
th

e
p

er-iteration
com

p
lex

ity
isO

(n
sk

),
an

d
th

e
n
u
m

b
er

of
iteration

s
m

ay
d
ep

en
d

on
s. 2

O
u
r

m
eth

o
d

com
es

w
ith

a
stron

g
ap

p
rox

im
ation

ratio
gu

aran
tee.

S
u
p
p

ose
w

e
set

s
=
k
/ε

an
d
c

=
Õ

(µ
s/ε)

for
an

y
ε
∈

(0,1),
w

h
ere

µ
∈

[1,
ns

]
is

th
e

coh
eren

ce
p
aram

eter
of

th
e

d
om

in
an

t
s-d

im
en

sion
al

sin
gu

lar
sp

ace
of

th
e

kern
el

m
atrix

K
.

A
lso

su
p
p

ose
th

e
stan

d
ard

kern
el
k
-m

ean
s

an
d

ou
r

ap
p
rox

im
ate

m
eth

o
d

u
se

th
e

sam
e

lin
ear

k
-m

ean
s

clu
sterin

g
algorith

m
,
e.g.,

L
loy

d
’s

algorith
m

or
som

e
oth

er
algorith

m
th

at
com

es
w

ith
d
iff

eren
t

p
rovab

le
ap

p
rox

im
ation

gu
aran

tees.
A

s
gu

aran
teed

b
y

T
h
eorem

2,
w

h
en

th
e

q
u
ality

of
th

e
clu

sterin
g

is
m

easu
red

b
y

th
e

cost
fu

n
ction

d
efi

n
ed

in
(2),

w
ith

p
rob

ab
ility

at
least

0.9,
ou

r
algorith

m
retu

rn
s

a
clu

sterin
g

th
at

is
at

m
ost

1
+
O

(ε)
tim

es
w

orse
th

a
n

th
e

stan
d
ard

kern
el
k
-m

ean
s

clu
sterin

g.
O

u
r

th
eory

m
akes

ex
p
licit

th
e

trad
e-off

b
etw

een
accu

racy
an

d
com

p
u
tation

:
larger

s
an

d
c

lead
to

h
igh

accu
racy

an
d

also
h
igh

com
p
u
tation

al
cost.

S
p

ectral
clu

sterin
g

(S
h
i

an
d

M
alik

,
2000;

N
g

et
al.,

2002)
is

a
p

op
u
lar

altern
ative

to
kern

el
k
-m

ean
s

clu
sterin

g
th

at
can

also
p
artition

n
on

-lin
early

sep
arab

le
d
ata

su
ch

as
th

ose
in

F
igu

re
1(b

).
U

n
fortu

n
ately,

b
ecau

se
it

req
u
ires

com
p
u
tin

g
an
n×

n
affi

n
ity

m
atrix

an
d

th
e

top
k

eigen
vectors

of
th

e
corresp

on
d
in

g
grap

h
L

ap
lacian

,
sp

ectral
clu

sterin
g

is
in

effi
cien

t
for

large
n

.
F
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rö
m

fe
at

u
re

s
re

tu
rn

s
a

cl
u
st

er
in

g
th

at
h
as

ob
je

ct
iv

e
va

lu
e

at
m

os
t

1
+
ε

ti
m

es
as

la
rg

e
as

th
e

ob
je

ct
iv

e
va

lu
e

o
f

th
e

b
es

t
cl

u
st

er
in

g.
O

u
r

th
eo

ry
is

in
d
ep

en
d
en

t
of

th
at

in
M

u
sc

o
an

d
M

u
sc

o
(2

0
1
7
),

a
n
d

d
iff

er
s

in
th

at
(1

)
M

u
sc

o
an

d
M

u
sc

o
(2

01
7)

ap
p
li
es

sp
ec

ifi
ca

ll
y

to
N

y
st

rö
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ti
o

fo
r

th
e

n
on

-r
an

k
-r

es
tr

ic
te

d
R

L
S
-N

y
st

rö
m

ap
p
ro

x
im

at
io

n
,

w
h
er

ea
s

w
e

es
ta

b
li
sh

a
1

+
ε

ap
p
ro

x
im

at
io

n
ra

ti
o

fo
r

th
e

(m
or

e
co

m
p
u
ta

ti
on

al
ly

effi
ci

en
t)

ra
n
k
-r

es
tr

ic
te

d
N

y
st

rö
m

ap
p
ro

x
im

at
io

n
.

1
.3

.
P

a
p

e
r

O
rg

a
n

iz
a
ti

o
n

In
S
ec

ti
on

2,
w

e
st

ar
t

w
it

h
a

d
efi

n
it

io
n

of
th

e
n
ot

at
io

n
u
se

d
th

ro
u
g
h
ou

t
th

is
p
a
p

er
as

w
el

l
as

a
b
ac

k
gr

ou
n
d

on
m

at
ri

x
sk

et
ch

in
g

m
et

h
o
d
s.

T
h
en

,
in

S
ec

ti
on

3,
w

e
p
re

se
n
t

o
u
r

m
ai

n
th

eo
re

ti
ca

l
re

su
lt

s:
S
ec

ti
on

3.
1

p
re

se
n
ts

an
im

p
ro

ve
d

re
la

ti
ve

-e
rr

or
ra

n
k
-r

es
tr

ic
te

d
N

y
st

rö
m

ap
p
ro

x
im

at
io

n
;

S
ec

ti
on

3.
2

p
re

se
n
ts

th
e

m
ai

n
th

eo
re

ti
ca

l
re

su
lt

s
o
n

k
er

n
el
k
-

m
ea

n
s

w
it

h
N

y
st

rö
m

ap
p
ro

x
im

at
io

n
;

an
d

S
ec

ti
on

3.
3

st
u
d
ie

s
k
er

n
el
k
-m

ea
n
s

w
it

h
ke

rn
el

p
ri

n
ci

p
al

co
m

p
on

en
t

an
al

y
si

s.
S
ec

ti
on

4
d
is

cu
ss

es
an

d
ev

al
u
a
te

s
th

e
th

eo
re

ti
ca

l
a
n
d

em
p
ir

ic
al

m
er

it
s

of
ke

rn
el
k
-m

ea
n
s

cl
u
st

er
in

g
v
er

su
s

sp
ec

tr
a
l

cl
u
st

er
in

g,
w

h
en

ea
ch

is
ap

p
ro

x
im

at
ed

u
si

n
g

N
y
st

rö
m

ap
p
ro

x
im

at
io

n
.

S
ec

ti
on

5
em

p
ir

ic
al

ly
co

m
p
ar

es
th

e
N

y
st

rö
m

m
et

h
o
d

an
d

th
e

ra
n
d
om

fe
at

u
re

m
ap

s
fo

r
th

e
ke

rn
el
k
-m

ea
n
s

cl
u
st

er
in

g
on

m
ed

iu
m

-s
ca

le
d
at

a.
S
ec

ti
on

6
p
re

se
n
ts

a
la

rg
e-

sc
al

e
d
is

tr
ib

u
te

d
im

p
le

m
en

ta
ti

on
in

A
p
a
ch

e
S
p
a
rk

a
n
d

it
s

em
p
ir

ic
al

ev
al

u
at

io
n

on
a

d
at

a
se

t
w

it
h

8.
1

m
il
li
on

p
oi

n
ts

.
S
ec

ti
on

7
p
ro

v
id

es
a

b
ri

ef
co

n
cl

u
si

on
.

P
ro

of
s

ar
e

p
ro

v
id

ed
in

th
e

A
p
p

en
d
ic

es
.

2
.
N
o
ta
ti
o
n

T
h
is

se
ct

io
n

d
efi

n
es

th
e

n
ot

at
io

n
u
se

d
th

ro
u
gh

ou
t

th
is

p
ap

er
.

A
se

t
of

co
m

m
o
n
ly

u
se

d
p
ar

am
et

er
s

is
su

m
m

ar
iz

ed
in

T
ab

le
1.

M
a
tr

ic
e
s

a
n

d
v
e
c
to

rs
.

W
e

ta
ke

I n
to

b
e

th
e
n
×
n

id
en

ti
ty

m
at

ri
x
,

0
to

b
e

a
v
ec

to
r

or
m

at
ri

x
of

al
l

ze
ro

s
of

th
e

ap
p
ro

p
ri

at
e

si
ze

,
an

d
1
n

to
b

e
th

e
n

-d
im

en
si

on
a
l

v
ec

to
r

o
f

al
l

on
es

.
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S
c
a
l
a
b
l
e
K
e
r
n
e
l
K
-M

e
a
n
s
C
l
u
st

e
r
in
g

w
it
h
N
y
st

r
ö
m

A
p
p
r
o
x
im

a
t
io
n

S
e
ts.

T
h
e

set{
1
,2
,···

,n}
is

w
ritten

as
[n

].
W

e
call{J

1 ,···
,J

k }
a
k
-p

artition
of

[n
]

if
J

1 ∪
···∪

J
k

=
[n

]
an

d
J
p ∩
J
q

=
∅

w
h
en

p
6=
q.

L
et|J

|
d
en

ote
th

e
card

in
ality

of
th

e
set

J
.

S
in

g
u

la
r

v
a
lu

e
d

e
c
o
m

p
o
sitio

n
(S

V
D

).
L

et
A
∈
R
n×

d
an

d
ρ

=
ran

k
(A

).
A

(com
p
act)

sin
g
u
la

r
va

lu
e

d
ecom

p
osition

(S
V

D
)

is
d
efi

n
ed

b
y

A
=

U
Σ

V
T

=
∑

ρi=
1
σ
i (A

)u
i v
Ti
,

w
h
ere

U
,

Σ
,

V
are

an
n
×
ρ

colu
m

n
-orth

ogo
n
al

m
atrix

,
a
ρ
×
ρ

d
iago

n
al

m
atrix

w
ith

n
o
n
n
eg

a
tive

en
tries,

an
d

a
d×

ρ
colu

m
n
-orth

ogo
n
al

m
atrix

,
resp

ectively.
If

A
is

sy
m

m
etric

p
o
sitive

sem
i-d

efi
n
ite

(S
P

S
D

),
th

en
U

=
V

,
an

d
th

is
d
ecom

p
osition

is
also

called
th

e
(red

u
ced

)
eig

en
valu

e
d
ecom

p
osition

(E
V

D
).

B
y

con
ven

tion
,

w
e

tak
e
σ

1 (A
)≥
···≥

σ
ρ (A

).

T
ru

n
c
a
te

d
S

V
D

.
T

h
e

m
atrix

A
s

=
∑

si=
1
σ
i (A

)u
i v
Ti

is
a

ran
k
-s

tru
n
cated

S
V

D
of

A
,

a
n
d

is
a
n

o
p
tim

al
ran

k
-s

ap
p
rox

im
ation

to
A

w
h
en

th
e

ap
p
rox

im
ation

error
is

m
easu

red
in

a
u
n
ita

rily
in

va
rian

t
n
orm

.

T
h

e
M

o
o
re

-P
e
n

ro
se

in
v
e
rse

of
A

is
d
efi

n
ed

b
y

A
†

=
V

Σ
−

1U
T

.

L
e
v
e
ra

g
e

sc
o
re

a
n

d
c
o
h

e
re

n
c
e
.

L
et

U
∈
R
n×

ρ
b

e
d
efi

n
ed

in
th

e
ab

ove
an

d
u
i

b
e

th
e

i-th
row

o
f

U
.

T
h
e

row
lev

erage
scores

of
A

are
li

=
‖
u
i ‖

22
for

i∈
[n

].
T

h
e

row
coh

eren
ce

o
f
A

is
µ

(A
)

=
nρ

m
ax

i ‖u
i ‖

22 .
T

h
e

leverage
scores

for
a

m
atrix

A
can

b
e

co
m

p
u
ted

ex
actly

in
th

e
tim

e
it

ta
kes

to
com

p
u
te

th
e

m
atrix

U
;

an
d

th
e

lev
erage

scores
can

b
e

ap
p
rox

im
ated

(in
th

eo
ry

(D
rin

eas
et

al.,
2012)

an
d

in
p
ractice

(G
itten

s
an

d
M

ah
on

ey
,

2016
))

in
rou

gh
ly

th
e

tim
e

it
ta

kes
to

ap
p
ly

a
ran

d
om

p
ro

jection
m

atrix
to

th
e

m
atrix

A
.

M
a
trix

n
o
rm

s.
W

e
u
se

th
ree

m
atrix

n
orm

s
in

th
is

p
ap

er:

F
rob

en
iu

s
N

orm
:
‖A
‖
F

=
√
∑
i,j a

2ij
=
√
∑
i σ

2i (A
);

S
p

ectra
l

N
orm

:
‖A
‖
2

=
m

a
x

‖
x‖

2
=
1 ∥∥

A
x ∥∥

2
=

σ
1 (A

);

T
ra

ce
N

orm
:
‖A
‖∗

=
∑
i σ
i (A

).

A
n
y

sq
u
a
re

m
atrix

satisfi
es

tr(A
)≤
‖A
‖∗ .

If
ad

d
ition

ally
A

is
S
P

S
D

,
th

en
tr(A

)
=
‖A
‖∗ .

M
a
trix

sk
e
tch

in
g

H
ere,

w
e

b
riefl

y
rev

iew
m

atrix
sketch

in
g

m
eth

o
d
s

th
at

are
com

m
on

ly
u
sed

w
ith

in
ra

n
d
om

ized
lin

ear
algeb

ra
(R

L
A

)
(M

ah
on

ey
,

2011).
G

iven
a

m
a
trix

A
∈
R
m
×
n
,

w
e

call
C

=
A

P
∈
R
m
×
c

(ty
p
ically

c�
n

)
a

sketch
of

A
an

d
P
∈
R
n×

c
a

sketch
in

g
m

a
trix.

W
ith

in
R

L
A

,
sketch

in
g

h
as

em
erged

as
a

p
ow

erfu
l

p
rim

itive,
w

h
ere

o
n
e

is
p
rim

arily
in

terested
in

u
sin

g
ran

d
om

p
ro

jection
s

an
d

ra
n
d
om

sam
p
lin

g
to

co
n
stru

ct
ran

d
o
m

zed
sk

etch
es

(M
ah

on
ey

,
2011;

D
rin

eas
an

d
M

ah
on

ey
,
2016

).
In

p
articu

la
r,

sketch
in

g
is

u
sefu

l
as

it
allow

s
large

m
atrices

to
b

e
rep

laced
w

ith
sm

aller
m

atrices
w

h
ich

a
re

m
o
re

a
m

en
a
b
le

to
effi

cien
t

com
p
u
tation

,
b
u
t

p
rovab

ly
retain

alm
ost

op
tim

al
accu

racy
in

m
an

y
co

m
p
u
ta

tion
s

(M
ah

on
ey

,
2011;

W
o
o
d
ru

ff
,
2014).

T
h
e

colu
m

n
s

of
C

ty
p
ically

com
p
rise

a
resca

led
su

b
set

of
th

e
colu

m
n
s

of
A

,
or

ran
d
om

lin
ear

com
b
in

a
tion

s
of

th
e

colu
m

n
s

of
A

;
th

e
fo

rm
er

ty
p

e
of

sk
etch

in
g

is
called

co
lu

m
n

selectio
n

or
ra

n
d
o
m

sa
m

p
lin

g,
an

d
th

e
latter

is
referred

to
a
s

ra
n

d
o
m

p
ro

jectio
n

.
C

o
lu

m
n

selectio
n

form
s

C
∈

R
m
×
c

u
sin

g
a

ran
d
om

ly
sam

p
led

an
d

rescaled
su

b
set

of
th

e
co

lu
m

n
s

o
f

A
∈
R
m
×
n
.

L
et
p

1 ,···
,p
n
∈

(0,1
)

b
e

th
e

sam
p
lin

g
p
rob

ab
ilities

asso
ciated

7
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W
a
n
g
,
G
it
t
e
n
s,

a
n
d

M
a
h
o
n
e
y

w
ith

th
e

colu
m

n
s

of
A

(so
th

at,
in

p
articu

lar, ∑
ni=

1
p
i

=
1).

T
h
e

colu
m

n
s

of
th

e
sketch

are
selected

id
en

tically
an

d
in

d
ep

en
d
en

tly
as

follow
s:

each
colu

m
n

of
C

is
ran

d
om

ly
sam

p
led

from
th

e
colu

m
n
s

of
A

accord
in

g
to

th
e

sam
p
lin

g
p
rob

ab
ilities

an
d

rescaled
b
y

1
√
cp
i ,

w
h
ere

i

is
th

e
in

d
ex

of
th

e
colu

m
n

of
A

th
at

w
as

selected
.

In
ou

r
m

atrix
m

u
ltip

lication
form

u
lation

for
sketch

in
g,

colu
m

n
selection

corresp
on

d
s

to
a

sk
etch

in
g

m
atrix

P
∈
R
n×

c
th

at
h
as

ex
actly

on
e

n
on

-zero
en

try
in

each
colu

m
n
,
w

h
o
se

p
osition

an
d

m
agn

itu
d
e

corresp
on

d
to

th
e

in
d
ex

of
th

e
colu

m
n

selected
from

A
.

U
n

ifo
rm

sa
m

p
lin

g
is

colu
m

n
sam

p
lin

g
w

ith
p

1
=
···

=
p
n

=
1n
,

an
d

levera
ge

sco
re

sa
m

p
lin

g
takes

p
i

=
li

∑
j
lj

for
i∈

[n
],

w
h
ere

li
is

th
e
i-th

lev
erage

sco
re

of
som

e
m

atrix
(ty

p
ically

A
,
A
k ,

or
an

ran
d
om

ized
ap

p
rox

im
ation

th
ereto)

(D
rin

eas
et

al.,
2012).

G
a
u

ssia
n

p
ro

jectio
n

is
a

ty
p

e
of

ran
d
om

p
ro

jection
w

h
ere

th
e

sketch
in

g
m

atrix
is

taken
to

b
e

P
=

1√c G
∈
R
n×

c;
h
ere

th
e

en
tries

of
G

are
i.i.d

.N
(0,1)

ran
d
om

variab
les.

G
au

ssian

p
ro

jection
is

in
effi

cien
t

relative
to

colu
m

n
sam

p
lin

g:
th

e
form

ation
of

a
G

au
ssian

sketch
of

a
d
en

se
m
×
n

m
atrix

req
u
ires
O

(m
n
c)

tim
e.

T
h
e

S
u

bsa
m

p
led

R
a
n

d
o
m

ized
H

a
d
a
m

a
rd

T
ra

n
sfo

rm
(S

R
H

T
)

is
a

m
ore

effi
cien

t
altern

ative
th

at
en

joy
s

sim
ilar

p
rop

erties
to

th
e

G
au

ssian
p
ro

jection
(D

rin
eas

et
al.,

2011;
L

u
et

al.,
201

3;
T

rop
p
,

2011),
an

d
can

b
e

ap
p
lied

to
a

d
en

se
m
×
n

m
atrix

in
on

ly
O

(m
n

log
c)

tim
e.

T
h
e

C
o
u

n
tS

ketch
is

even
m

ore
effi

cien
t:

it
can

b
e

ap
p
lied

to
an

y
m

atrix
A

in
O

(n
n
z(A

))
tim

e
(C

lark
son

an
d

W
o
o
d
ru

ff
,

2
013;

M
en

g
an

d
M

ah
on

ey
,
2013;

N
elson

an
d

N
gu

y
ên

,
2013),

w
h
ere

n
n
z(·)

d
en

otes
th

e
n
u
m

b
er

of
n
on

zero
en

tries
in

a
m

atrix
.

3
.
O
u
r
M

a
in

R
e
su

lts:
Im

p
ro
v
e
d
S
P
S
D

M
a
trix

A
p
p
ro
x
im

a
tio

n
a
n
d

K
e
rn

e
l
k
-m

e
a
n
s
A
p
p
ro
x
im

a
tio

n

In
th

is
section

,
w

e
p
resen

t
ou

r
m

ain
th

eoretical
resu

lts.
W

e
start,

in
S
ection

3.1,
b
y

p
resen

tin
g

T
h
eorem

1,
a

n
ovel

resu
lt

on
S
P

S
D

m
atrix

ap
p
rox

im
atio

n
w

ith
th

e
ran

k
-

restricted
N

y
ström

m
eth

o
d
.

T
h
is

resu
lt

is
of

in
d
ep

en
d
en

t
in

terest,
an

d
so

w
e

p
resen

t
it

in
d
etail,

b
u
t

in
th

is
p
ap

er
w

e
w

ill
u
se

it
to

estab
lish

ou
r

m
ain

resu
lt.

T
h
en

,
in

S
ection

3.2,
w

e
p
resen

t
T

h
eorem

2,
w

h
ich

is
ou

r
m

ain
resu

lt
for

ap
p
rox

im
ate

kern
el
k
-m

ean
s

w
ith

th
e

N
y
ström

ap
p
rox

im
ation

.
In

S
ection

3.3,
w

e
estab

lish
n
ovel

gu
aran

tees
on

kern
el
k
-m

ean
s

w
ith

d
im

en
sion

ality
red

u
ction

.

3
.1

.
T

h
e

N
y
strö

m
M

e
th

o
d

T
h
e

N
y
ström

m
eth

o
d

(N
y
ström

,
1930)

is
th

e
m

ost
p

op
u
lar

kern
el

ap
p
rox

im
ation

m
eth

o
d

in
th

e
m

ach
in

e
learn

in
g

com
m

u
n
ity.

L
et

K
∈
R
n×

n
b
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ö
m

A
p
p
r
o
x
im

a
t
io
n

T
ab

le
2:

S
u
ffi

ci
en

t
sk

et
ch

si
ze

s
fo

r
se

v
er

al
sk

et
ch

in
g

m
et

h
o
d
s

u
se

d
to

co
n
st

ru
ct

N
y
st

rö
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p
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b
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−
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d
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p
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at
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p
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p
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b
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b
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ra
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p
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si
on

so
lu

ti
on

ob
ta

in
ed

b
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it
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at
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r

ke
rn

el
k
-m
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n
s

cl
u
st

er
in
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ap

p
li
ca

ti
on
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W

e
p
ro

ve
T

h
eo

re
m

4
in

A
p
p

en
d
ix

C
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T
h

e
o
re

m
4

(T
h

e
P

o
w

e
r

M
e
th

o
d

)
L

et
Φ

be
a

m
a
tr
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w

it
h
n

ro
w
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K

=
Φ

Φ
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∈
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n
×
n

be
th

e
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po
n

d
in

g
ke

rn
el

m
a
tr
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n

d
σ
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be
th

e
i-

th
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n
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r
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e
o
f

K
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F
ix
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n

er
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r
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ra

m
et

er
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∈
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R

u
n
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o
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th
m

1
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h
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(
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g
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o
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in

B
∈
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L
et

th
e

k
-p
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··
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th

e
o
u
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p
p
ro
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th
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.
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;

Φ
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γ
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+
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)
·

m
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J
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,··
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J
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1
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;

Φ
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p
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e
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h
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d
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ot

e
th
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th
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ow
er
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et
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re
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th
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∈
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en
in
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u
te
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se
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in
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ef
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ow
er
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et
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b
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at
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n
w

it
h
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m
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p
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rm

in
g

K
.

T
h
eo

re
m
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P

ro
p

os
it

io
n

3,
an

d
T

h
eo

re
m

4
ar

e
h
ig

h
ly

in
te

re
st

in
g
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om
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th

eo
re

ti
ca

l
p

er
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ec
ti

ve
.

T
h
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e
re
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s
d
em

on
st

ra
te

th
at
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=

k ε
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)
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re
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W
a
n
g
,
G
it
t
e
n
s,

a
n
d

M
a
h
o
n
e
y

en
su

re
a

(1
+
ε)

ap
p
ro

x
im

at
io

n
ra

ti
o.

P
ri

or
w
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k

(D
h
il
lo

n
et
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.,

20
0
4;

D
in

g
et

a
l.
,

2
0
0
5
)
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t
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=
k

an
d

d
id

n
ot

p
ro

v
id

e
ap

p
ro

x
im

at
io

n
ra

ti
o

gu
ar

an
te
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In
d
ee

d
,
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lo

w
er
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u
n
d

in
th

e
li
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ea

r
k
-m
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n
s
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st

er
in
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ca

se
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u
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to
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oh
en

et
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p
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at
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ra
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p
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rö

m
A
p
p
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b
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p
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rö
m

m
et

h
o
d

to
ap

p
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r
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p
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h
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n
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;
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d
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n
d
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h
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h
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d
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rö
m

m
et

h
o
d

to
sp

ee
d

u
p

sp
ec

tr
a
l

cl
u
st

er
in

g
h
as

b
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r
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b
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p
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p
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p
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p
u

la
r

h
eu

ri
st

ic
o
f

co
m

bi
n

-
in

g
sp

ec
tr

a
l

cl
u

st
er

in
g

w
it

h
N

ys
tr

ö
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d
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b
y

p
er

fo
rm

in
g

li
n
ea

r
k
-m

ea
n
s

cl
u
st

er
in

g
o
n

th
e

n
or

m
al

iz
ed

ro
w

s
of

V
k
.

F
ow

lk
es

et
al

.
(2

0
04

)
p

op
u
la

ri
ze

d
th

e
ap

p
li
ca

ti
on

o
f

th
e

N
y
st

rö
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S
c
a
l
a
b
l
e
K
e
r
n
e
l
K
-M

e
a
n
s
C
l
u
st

e
r
in
g

w
it
h
N
y
st

r
ö
m

A
p
p
r
o
x
im

a
t
io
n

clu
sterin

g
b
y
:

(1)
form

in
g

a
N

y
ström

ap
p
rox

im
ation

to
K

,
d
en

oted
b
y

K̃
;

(2)
com

p
u
tin

g
th

e
d
eg

ree
m

atrix
D̃

=
d
iag

(K̃
1
n
)

of
K̃

;
(3)

com
p
u
tin

g
th

e
top

k
sin

gu
lar

vectors
Ṽ
k

of
D̃
−

1
/
2K̃

D̃
−

1
/
2,

w
h
ich
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eq

u
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t
to

th
e

b
ottom

k
eigen

vectors
of
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=

I
n −

D̃
−

1
/
2K̃

D̃
−

1
/
2;

(4
)

p
erfo

rm
in

g
lin

ear
k
-m

ean
s

over
th

e
n
orm

alized
row

s
of

Ṽ
k ∈

R
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k.
T

o
th

e
b

est
of

ou
r

k
n
ow
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ge,
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sterin
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w

ith
N
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p
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.
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b
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m
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n
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p
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algorith

m
.
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m
a
p

p
rox

im
a
tio

n
,

th
e

ex
tra

cted
fea

tu
re

m
a
trices

h
av

e
d

im
en

sio
n
n×

k
,

so
th

e
k
-m

ea
n

s
clu

sterin
g
s

req
u

ired
b
y

b
o
th

S
C

a
n

d
K

K
h

av
e

id
en

tica
l

co
st.

1
6

JM
L

R
 20(12):1-49, 2019



S
c
a
l
a
b
l
e
K
e
r
n
e
l
K
-M

e
a
n
s
C
l
u
st

e
r
in
g

w
it
h
N
y
st

r
ö
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ö
m

A
p
p
r
o
x
im

a
t
io
n

(a
)
M
u
sh
ro
o
m

(n
=

8
,1
2
4
,

d
=

1
1
2
,

k
=

2
).

T
h
e
re
su
lt
s
o
f
N
ys
tr
ö
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m
)

6
9
6
.0±

1
1
1
.8

2
7
2
8
.1±

1
9
0
.3

T
(D

R
)

9
4
.6±

3
1
.8

9
7
.9±

2
0
.6

T
(k

-M
ea

n
s)

1
0
4
.6±

2
8
.7

8
8
.0±

2
3
.9

T
(T

o
ta

l)
9
4
0
.6±

1
3
9
.3

2
9
5
2
.2±

1
7
4
.5

6
.3

.
E

ff
e
c
t

o
f

S
k
e
tch

S
iz

e
c

W
e

ex
ecu

ted
ou

r
S
p
ark

im
p
lem

en
tation

u
sin

g
32

com
p
u
te

n
o
d
es,

settin
g
s

=
2
0

or
80

,
an

d
vary

in
g

th
e

target
d
im

en
sion

c.
T

ab
le

5
rep

orts
th

e
ob

serv
ed

n
orm

alized
m

u
tu

al
in

form
ation

2
4

JM
L

R
 20(12):1-49, 2019



S
c
a
l
a
b
l
e
K
e
r
n
e
l
K
-M

e
a
n
s
C
l
u
st

e
r
in
g

w
it
h
N
y
st

r
ö
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Ã
s

th
a
t

sa
ti

sfi
es

th
e

fo
ll

o
w

in
g

co
n

d
it

io
n

s:
(i

)
th

er
e

is
a
n

o
rt

h
og

o
n

a
l

p
ro

je
ct

io
n

m
a
tr

ix
M

su
ch

th
a
t

Ã
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rö
m

ap
p
ro

x
im

at
io

n
is

K
≈

C
W
† C

T
,

w
h
er

e
C

=
K

P
,

W
=

P
T
K

P
,

an
d

P
is

a
sk

et
ch

in
g

m
at

ri
x
.

T
h

e
o
re

m
1
5

C
h
oo

se
a

sk
et

ch
in

g
sk

et
ch

in
g

m
a
tr

ix
P
∈

R
n
×
c

a
n

d
sk

et
ch

si
ze
c

co
n

si
st

en
t

w
it

h
T

a
bl

e
2
.

L
et

B
∈
R
n
×
s

be
a
n

y
m

a
tr

ix
sa

ti
sf

yi
n

g
B

B
T

=
(C

W
† C

T
) s

.
L

et
th

e
cl

u
st

er
in

d
ic

a
to

r
m

a
tr

ix
X

B
be

th
e

o
u

tp
u

t
o
f

a
n

y
γ

-a
p
p
ro

xi
m

a
te

k
-m

ea
n

s
cl

u
st

er
in

g
a
lg

o
ri

th
m

a
p
p
li

ed
to

th
e

ro
w

s
o
f

B
.

W
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

0.
9,

∥ ∥ Φ
−

X
B

X
T B

Φ
∥ ∥2 F
≤

γ
( 1

+
ε

+
k s

)
m

in
X
∈X

n
,k

∥ ∥ Φ
−

X
X
T
Φ
∥ ∥2 F
.

37
JM

L
R

 2
0(

12
):

1-
49

, 2
01

9

W
a
n
g
,
G
it
t
e
n
s,

a
n
d

M
a
h
o
n
e
y

P
ro

o
f

T
h
eo

re
m

1
sh

ow
s

th
at

(1
1)

h
ol

d
s

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
0.

9.
T

h
eo

re
m

1
a
ls

o
sh

ow
s

th
at

B
B
T

=
K

1
/
2
Q

Q
T
K

1
/
2

w
h
er

e
Q

is
a
n
×
s

m
at

ri
x

w
it

h
or

th
on

o
rm

a
l

co
lu

m
n
s,

so
(1

2)
h
ol

d
s

su
re

ly
.

T
h
e

th
eo

re
m

n
ow

fo
ll
ow

s
fr

om
L

em
m

a
14

.

A
p
p
e
n
d
ix

C
.
P
ro

o
f
o
f
T
h
e
o
re
m

4

S
ec

ti
on

C
.1

an
al

y
ze

s
ra

n
k
-r

es
tr

ic
te

d
N

y
st

öm
w

it
h

p
ow

er
m

et
h
o
d
.

S
ec

ti
o
n

C
.2

co
m

p
le

te
s

th
e

p
ro

of
of

T
h
eo

re
m

4.
H

er
e

w
e

re
-s

ta
te

th
e

al
go

ri
th

m
of

T
h
eo

re
m

4
:

fi
rs

t,
se

t
a
n
y
c
≥
s

a
n
d

d
ra

w
a

G
au

ss
ia

n
p
ro

je
ct

io
n

m
at

ri
x

P
∈
R
n
×
c
;

se
co

n
d
,

ru
n

th
e

p
ow

er
it

er
at

io
n

P
←
−

K
P

fo
r
t

ti
m

es
;

th
ir

d
,

or
th

og
on

al
iz

e
P
∈
R
n
×
c

to
ob

ta
in

U
∈
R
n
×
c
;

fo
u
rt

h
,

co
m

p
u
te

C
=

K
U

an
d

W
=

U
T
K

U
;

la
st

,
fi
n
d

an
y

B
∈
R
n
×
s

sa
ti

sf
y
in

g
B

B
T

=
(C

W
† C

T
) s

.

C
.1

.
R

a
n

k
-R

e
st

ri
c
te

d
N

y
st

rö
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Ã
T s

) (I
n
−

Π
)) .

L
et

M
b

e
an

or
th

og
on

al
p
ro

je
ct

io
n

m
at

ri
x

d
efi

n
ed

in
A

ss
u
m

p
ti

on
2;

b
y

th
is

as
su

m
p
ti

on
,

it
h
ol

d
s

th
at

Ã
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Ã
T s

) (I
n
−

Π
))

=
tr
( (I

n
−

Π
)A

(I
−

M
)A

T
(I
n
−

Π
))

=
∥ ∥ (

I n
−

Π
)A

(I
−

M
)∥ ∥

2 F
=
∥ ∥ ∥A
−

Π
A

︸︷
︷︸

ra
n

k
k

−
(I
n
−

Π
)A

M
︸

︷︷
︸

ra
n

k
s

∥ ∥ ∥2 F

≥
m

in
ra

n
k
(Y

)≤
s+
k

∥ ∥ A
−

Y
∥ ∥2 F

=
∥ ∥ A
−

A
s+
k

∥ ∥2 F
,

w
h
er

e
th

e
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
th

at
m

at
ri

x
ra

n
k

is
su

b
ad

d
it

iv
e

fu
n
ct

io
n
.

It
fo

ll
ow

s
th

at

tr
( Π
( A

A
T
−

Ã
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Ã
T s

) Π
)

≤
(1

+
ε)
∥ ∥ A

A
T
−

A
s
A
T s

∥ ∥ ∗
−
∥ ∥ A
−

A
s+
k

∥ ∥2 F

=
(1

+
ε)
∥ ∥ A
−

A
s

∥ ∥2 F
−
∥ ∥ A
−

A
s+
k

∥ ∥2 F

=
ε∥ ∥

A
−

A
s

∥ ∥2 F
+

n ∑

i=
s+

1

σ
2 i
(A

)
−

n ∑

i=
s+
k
+

1

σ
2 i
(A

)

=
ε∥ ∥

A
−

A
s

∥ ∥2 F
+

s+
k

∑

i=
s+

1

σ
2 i
(A

)

≤
ε∥ ∥

A
−

A
s

∥ ∥2 F
+
k s

s+
k

∑

i=
k
+

1

σ
2 i
(A

),

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
b
y

th
e

d
ec

re
as

e
of

th
e

si
n
g
u
la

r
va

lu
es

.
F

in
al

ly
,

w
e

ob
ta

in
th

at

tr
( Π
( A

A
T
−

Ã
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Ã
T s

)Π
) .

(1
3)

U
n
d
er

A
ss

u
m

p
ti

on
2

th
at

Ã
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Ã
T s

)Π
) .

U
n
d
er

A
ss

u
m

p
ti

on
s

1
an

d
2,

w
e

ca
n

ap
p
ly

L
em

m
a

19
to

b
ou

n
d

th
e

ri
gh

t-
h
a
n
d

si
d
e:

tr
( Π
( A

A
T
−

Ã
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rö
m

m
et

h
o
d

w
it

h
ap

p
li
ca

ti
on

to
ke

rn
el

cl
as

si
fi
ca

ti
on

.
IE

E
E

T
ra

n
sa

ct
io

n
s

o
n

In
fo

rm
a
ti

o
n

T
h
eo

ry
,

59
(1

0)
:6

93
9–

69
49

,
20

13
.

W
il
li
am

B
.

J
oh

n
so

n
an

d
J
or

am
L

in
d
en

st
ra

u
ss

.
E

x
te

n
si

on
s

of
L

ip
sc

h
it

z
m

a
p
p
in

g
s

in
to

a
H

il
b

er
t

sp
ac

e.
C

o
n

te
m

po
ra

ry
m

a
th

em
a
ti

cs
,

26
(1

8
9-

20
6)

,
19

84
.

T
ap

as
K

an
u
n
go

,
D

av
id

M
M

ou
n
t,

N
at

h
an

S
N

et
an

ya
h
u
,

C
h
ri

st
in

e
D

P
ia

tk
o
,

R
u
th

S
il
ve

rm
an

,
an

d
A

n
ge

la
Y

W
u
.

A
lo

ca
l

se
ar

ch
ap

p
ro

x
im

at
io

n
al

go
ri

th
m

fo
r

k
-m

ea
n
s

cl
u
st

er
in

g.
In

A
n

n
u

a
l

S
ym

po
si

u
m

o
n

C
o
m

p
u

ta
ti

o
n

a
l

G
eo

m
et

ry
,

20
02

.

A
m

it
K

u
m

ar
,

Y
og

is
h

S
ab

h
ar

w
al

,
an

d
S
an

d
ee

p
S
en

.
A

si
m

p
le

li
n
ea

r
ti

m
e

(1
+
ε)

-
ap

p
ro

x
im

at
io

n
al

go
ri

th
m

fo
r

k
-m

ea
n
s

cl
u
st

er
in

g
in

an
y

d
im

en
si

on
s.

In
A

n
n

u
a
l

IE
E

E
S

ym
po

si
u

m
o
n

F
o
u

n
d
a
ti

o
n

s
o
f

C
o
m

p
u

te
r

S
ci

en
ce

(F
O

C
S

),
20

04
.

S
an

ji
v

K
u
m

ar
,

M
eh

ry
ar

M
oh

ri
,

an
d

A
m

ee
t

T
al

w
al

ka
r.

S
am

p
li
n
g

m
et

h
o
d
s

fo
r

th
e

N
y
st

rö
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éo

n
B

ot
to

u
,

Y
os

h
u
a

B
en

gi
o,

an
d

P
at

ri
ck

H
aff

n
er

.
G

ra
d
ie

n
t-

b
a
se

d
le

a
rn

in
g

ap
p
li
ed

to
d
o
cu

m
en

t
re

co
gn

it
io

n
.

P
ro

ce
ed

in
gs

o
f

th
e

IE
E

E
,

86
(1

1)
:2

27
8–

2
3
2
4
,

1
9
9
8
.

M
u

L
i,

W
ei

B
i,

J
.T

.
K

w
ok

,
an

d
B

ao
-L

ia
n
g

L
u
.

L
ar

ge
-s

ca
le

N
y
st

rm̈
ke

rn
el

m
a
tr

ix
ap

p
ro

x
im

at
io

n
u
si

n
g

ra
n
d
om

iz
ed

S
V

D
.

IE
E

E
T

ra
n

sa
ct

io
n

s
o
n

N
eu

ra
l

N
et

w
o
rk

s
a
n

d
L

ea
rn

in
g

S
ys

te
m

s,
26

(1
):

15
2–

16
4,

J
an

20
15

.

Y
in

gy
u

L
ia

n
g,

M
ar

ia
-F

lo
ri

n
a

F
B

al
ca

n
,

V
an

d
an

a
K

an
ch

an
ap

al
ly

,
an

d
D

av
id

W
o
o
d
ru

ff
.

Im
p
ro

ve
d

d
is

tr
ib

u
te

d
p
ri

n
ci

p
al

co
m

p
on

en
t

an
al

y
si

s.
In

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
(N

IP
S

),
20

14
.

S
tu

ar
t

L
lo

y
d
.

L
ea

st
sq

u
ar

es
q
u
an

ti
za

ti
on

in
P

C
M

.
IE

E
E

T
ra

n
sa

ct
io

n
s

o
n

In
fo

rm
a
ti

o
n

T
h
eo

ry
,

28
(2

):
12

9–
13

7,
19

82
.

Y
ic

h
ao

L
u
,

P
ar

am
ve

er
D

h
il
lo

n
,

D
ea

n
P

F
os

te
r,

an
d

L
y
le

U
n
ga

r.
F

as
te

r
ri

d
ge

re
g
re

ss
io

n
v
ia

th
e

su
b
sa

m
p
le

d
ra

n
d
om

iz
ed

H
ad

am
ar

d
tr

an
sf

or
m

.
In

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
(N

IP
S

),
20

13
.

46
JM

L
R

 2
0(

12
):

1-
49

, 2
01

9



S
c
a
l
a
b
l
e
K
e
r
n
e
l
K
-M

e
a
n
s
C
l
u
st

e
r
in
g

w
it
h
N
y
st

r
ö
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ö
lkop

f,
A

lex
an

d
er

S
m

ola,
an

d
K

lau
s-R

ob
ert

M
ü
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ri

ab
le

s
co

rr
es

p
on

d
in

g
to

n
o
d
es

an
d

ed
ge

s
of

a
gr

ap
h
G

:
w
>
φ

(x
,y

)
=

∑
i∈
V

(G
)
w
> i
φ
i(
x
,y
i)

+
∑

ij
∈E

(G
)
w
> ij
φ
ij

(x
,y
i,
y j

).
V

ie
w

in
g

th
is

as
a

fu
n
ct

io
n

o
f
y
,

w
e

ca
n

w
ri

te
th

e
p
re

d
ic

ti
on

p
ro

b
le

m
as

:

m
ax y

∑ c

θ c
(y
c
;x
,w

)
,

(1
)

w
h
er

e
θ c

(y
c
;x
,w

)
=
w
> c
φ
c
(x
,y
c
)

(w
e

w
il
l

so
m

et
im

es
om

it
th

e
d
ep

en
d
en

ce
o
n
x

a
n
d
w

in
th

e
se

q
u
el

).

D
u
e

to
it

s
co

m
b
in

at
or

ia
l

n
at

u
re

,
th

e
p
re

d
ic

ti
on

p
ro

b
le

m
is

ge
n
er

al
ly

N
P

-h
a
rd

,
b
u
t

fo
rt

u
n
at

el
y,

effi
ci

en
t

ap
p
ro

x
im

at
io

n
s

h
av

e
b

ee
n

p
ro

p
os

ed
.

H
er

e
w

e
w

il
l

b
e

p
a
rt

ic
u
la

rl
y

in
te

re
st

ed
in

ap
p
ro

x
im

at
io

n
s

b
as

ed
on

L
P

re
la

x
at

io
n
s.

W
e

b
eg

in
b
y

fo
rm

u
la

ti
n
g

p
re

d
ic

ti
o
n

1
.

M
o
st

o
f

o
u

r
re

su
lt

s
a
ls

o
h
o
ld

m
o
re

g
en

er
a
ll

y
fo

r
n

o
n

-l
in

ea
r

m
o
d

el
s

(e
.g

.,
d

ee
p

n
eu

ra
l

fa
ct

o
rs

).

2
JM

L
R

 2
0(

13
):
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T
r
a
in

a
n
d

T
e
st

T
ig
h
t
n
e
ss

o
f
L
P

R
e
l
a
x
a
t
io
n
s
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic
t
io
n

a
s

th
e

fo
llow

in
g

IL
P

: 2

m
ax

µ∈M
L

µ∈{
0
,1}

q ∑

c

∑y
c

µ
c (y

c )θ
c (y

c )
+
∑

i

∑

y
i

µ
i (y

i )θ
i (y

i )
=
θ >
µ
,

(2
)

w
h
ere
M

L
=

{
µ
≥

0
: ∑

y
c\

i
µ
c (y

c )
=
µ
i (y

i )
∀
c,i∈

c,y
i

∑
y
i
µ
i (y

i )
=

1
∀
i

}
.

H
ere,

µ
c (y

c )
is

an
in

d
icator

variab
le

for
a

factor
c

an
d

lo
cal

assign
m

en
t
y
c ,

an
d
q

is
th

e
total

n
u
m

b
er

o
f

fa
cto

r
assign

m
en

ts
(d

im
en

sion
o
f
µ

).
T

h
e

setM
L

is
k
n
ow

n
as

th
e

lo
cal

m
argin

al
p

o
ly

to
p

e
(W

a
in

w
righ

t
an

d
J
ord

an
,

2008),
an

d
∑

y
c\
i
µ
c (y

c )
is

th
e

m
arg

in
a
lization

of
µ
c

w
.r.t.

va
ria

b
le
i.

F
irst,

n
otice

th
at

th
ere

is
a

on
e-to-on

e
co

rresp
o
n
d
en

ce
b

etw
een

feasib
le

µ
’s

a
n
d

a
ssig

n
m

en
ts
y
’s,

w
h
ich

is
ob

tain
ed

b
y

settin
g
µ

to
in

d
icators

over
lo

cal
assign

m
en

ts
(y
c

a
n
d
y
i )

co
n
sisten

t
w

ith
y
.

S
eco

n
d
,

w
h
ile

solv
in

g
IL

P
s

is
N

P
-h

ard
in

gen
eral,

it
is

ea
sy

to
o
b
tain

a
tractab

le
p
rogram

b
y

relax
in

g
th

e
in

tegrality
con

strain
ts

(µ
∈
{0
,1}

q),
w

h
ich

m
ay

in
tro

d
u
ce

fraction
al

solu
tio

n
s

to
th

e
L

P
.

T
h
is

relax
ation

,
som

etim
es

called
th

e
ba

sic
lin

ea
r

p
rogra

m
m

in
g

rela
xa

tio
n

(T
h
ap

p
er

an
d

Ž
iv

n
ý
,

2012),
is

th
e

fi
rst

level
of

th
e

S
h
era

li-A
d
a
m

s
h
ierarch

y
(S

h
erali

an
d

A
d
am

s,
1990).

T
h
is

h
ierarch

y
p
rov

id
es

su
ccessively

tig
h
ter

L
P

rela
x
ation

s
of

an
IL

P
.

N
otice

th
at

sin
ce

th
e

relax
ed

p
rogram

is
ob

tain
ed

b
y

rem
ov

in
g

con
strain

ts
from

th
e

origin
al

p
rob

lem
,

its
op

tim
al

valu
e

u
p
p

er
b

ou
n
d
s

th
e

IL
P

o
p
tim

u
m

.
F

in
a
lly,

w
e

n
ote

th
at

m
ost

of
ou

r
resu

lts
b

elow
also

h
old

fo
r

cases
w

h
ere

m
ore

co
m

p
lex

co
n
strain

ts
th

an
th

ose
in

E
q
.

(2)
are

u
sed

.
F

or
ex

am
p
le,

som
e

assign
m

en
ts

m
ay

b
e

fo
rb

id
d
en

sin
ce

th
ey

d
o

n
ot

corresp
on

d
to

feasib
le

glob
al

stru
ctu

res
su

ch
as

sp
an

n
in

g
trees

(e.g
.,

M
a
rtin

s
et

al.,
2009b

;
K

o
o

et
al.,

2010).

In
o
rd

er
to

a
ch

ieve
h
igh

p
red

iction
a
ccu

racy,
th

e
p
aram

eters
w

are
learn

ed
from

train
in

g
d
a
ta

.
In

th
is

su
p

erv
ised

learn
in

g
settin

g,
th

e
m

o
d
elis

fi
t

to
lab

eled
ex

a
m

p
les{(x

(m
),y

(m
))}

Mm
=

1 ,
w

h
ere

th
e

g
o
o
d
n
ess

of
fi
t

is
m

easu
red

b
y

a
task

-sp
ecifi

c
lo

ss
∆

(y
(x

(m
);w

),y
(m

)).
W

e
assu

m
e

th
at

∆
(y
,y ′)≥

0
for

all
y
,y ′,

an
d

th
at

∆
(y
,y

)
=

0.
F

or
ex

am
p
le,

a
com

m
on

ly
u
sed

task
-loss

is
th

e
H

a
m

m
in

g
d
istan

ce:
∆

H
a
m

m
in

g (y
,y ′)

=
1n ∑

i
1

[y
i 6=

y ′i ].
In

th
e

stru
ctu

red
S

V
M

(S
S
V

M
)

fram
ew

ork
(T

askar
et

al.,
2003;

T
so

ch
an

tarid
is

et
al.,

2
0
0
4
),

th
e

em
p
irical

risk
is

u
p
p

er
b

ou
n
d
ed

b
y

a
con

v
ex

su
rrogate

called
th

e
stru

ctu
red

h
in

ge
lo

ss,
w

h
ich

y
ield

s
th

e
train

in
g

ob
jective:

m
in
w

∑

m

m
a
x

y

[w
> (
φ

(x
(m

),y
)−

φ
(x

(m
),y

(m
)) )

+
∆

(y
,y

(m
)) ]

.
(3

)

F
o
r

b
rev

ity,
w

e
h
ave

om
itted

th
e

stan
d
ard

regu
larization

term
from

E
q
.

(3
),

h
ow

ever,
all

of
o
u
r

resu
lts

b
elow

in
section

s
4—

6
still

h
old

w
ith

regu
lariza

tion
. 3

T
h
e

ob
jectiv

e
in

E
q
.

(3)
is

a
co

n
vex

fu
n
ction

of
w

an
d

h
en

ce
can

b
e

op
tim

ized
in

variou
s

w
ay

s.
B

u
t,

n
otice

th
at

th
e

o
b

jectiv
e

in
clu

d
es

a
m

ax
im

ization
ov

er
ou

tp
u
ts
y

for
each

train
in

g
ex

am
p
le.

T
h
is

lo
ss-

a
u
gm

en
ted

p
red

iction
task

n
eed

s
to

b
e

solved
rep

eated
ly

d
u
rin

g
train

in
g

(e.g.,
to

evalu
ate

su
b
g
ra

d
ien

ts),
w

h
ich

m
akes

train
in

g
in

tractab
le

in
gen

eral
(see

also
S
on

tag
et

al.,
2010).

S
im

ila
r

to
p
red

iction
,

L
P

relax
ation

can
b

e
ap

p
lied

to
th

e
stru

ctu
red

lo
ss

(T
askar

et
al.,

2
.

F
o
r

co
n
v
en

ien
ce

w
e

in
tro

d
u

ce
sin

g
leto

n
fa

cto
rs
θ
i ,

w
h

ich
co

u
ld

b
e

set
to

0
if

n
eed

ed
.

3
.

In
p

a
rticu

la
r,

o
u

r
b

o
u

n
d

s
a
p

p
ly

to
th

e
m

a
x
im

iza
tio

n
ov

er
y

in
E

q
.

(3
),

so
still

h
o
ld

w
h

en
reg

u
la

riza
tio

n
w

.r.t.
w

is
a
d

d
ed

.
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M
e
sh

i,
L
o
n
d
o
n
,
W

e
l
l
e
r
,
a
n
d

S
o
n
t
a
g

2003;
K

u
lesza

an
d

P
ereira,

2007),
w

h
ich

y
ield

s
th

e
relax

ed
train

in
g

ob
jective:

m
in
w

∑

m

m
ax

µ∈M
L [θ >m

(µ
−
µ
m

)
+
`
m
>
µ ]

,
(4)

w
h
ere

θ
m
∈

R
q

is
a

score
v
ector

in
w

h
ich

each
en

try
rep

resen
ts
w
>c
φ
c (x

(m
),y

c )
for

som
e
c

an
d
y
c ,

an
d
µ
m

is
th

e
in

tegral
vector

corresp
on

d
in

g
to
y

(m
).

A
ssu

m
in

g
th

at
th

e
task

-loss
d
ecom

p
oses

as
th

e
m

o
d
el

score,
∆

(y
,y ′)

=
∑

c
∆
c (y

c ,y ′c ),
w

e
d
efi

n
e

th
e

vector
`
m
∈
R
q

w
ith

en
tries

`
m
,c,y

c
=

∆
c (y

(m
)

c
,y
c )

for
each

valu
e
y
c .

N
otice

th
at
`

h
as

th
e

sam
e

d
im

en
sion

as
µ

,

an
d

w
e

can
d
efi

n
e

∆
(y

(m
),y

)
=
∑

c ∑
y ′c

∆
c (y

(m
)

c
,y ′c )µ

c (y ′c )
=
`
m
>
µ

,
w

h
ere

µ
is

th
e

vector
of

in
d
icators

corresp
on

d
in

g
to
y

(i.e.,
µ
c (y ′c )

=
1{
y ′c

=
y
c }).

W
ith

th
is

d
efi

n
ition

,
`

gen
eralizes

∆
to

an
y
µ
∈
M

L
.

A
fter

rev
iew

in
g

related
w

ork
in

S
ection

3,
w

e
p
rop

ose
a

th
eoretical

ju
stifi

catio
n

for
th

e
ob

serv
ed

tigh
tn

ess
of

L
P

relax
ation

s
for

stru
ctu

red
p
red

iction
.

T
o

th
is

en
d
,

w
e

m
ake

tw
o

com
p
lem

en
tary

argu
m

en
ts:

in
S
ection

4
w

e
argu

e
th

at
op

tim
izin

g
th

e
relax

ed
train

in
g

ob
jective

of
E

q
.

(4)
also

h
as

th
e

eff
ect

of
en

cou
ragin

g
tigh

tn
ess

of
train

in
g

in
sta

n
ces;

th
en

,
in

section
s

5
an

d
6

w
e

sh
ow

th
at

tigh
tn

ess
gen

eralizes
fro

m
train

to
test

d
ata.

3
.
R
e
la
te
d
W

o
rk

M
an

y
stru

ctu
red

p
red

iction
p
rob

lem
s

can
b

e
ex

p
ressed

as
IL

P
s

(R
oth

an
d

Y
ih

,
2005;M

artin
s

et
al.,

2009a;
R

u
sh

et
al.,

2010).
D

esp
ite

b
ein

g
N

P
-h

ard
in

gen
eral

(R
oth

,
1996;

S
h
im

on
y
,

1994),
variou

s
eff

ective
ap

p
rox

im
ation

s
h
ave

b
een

p
rop

osed
.

T
h
ese

ap
p
rox

im
a
tion

s
in

clu
d
e

search
-b

ased
m

eth
o
d
s

(D
au

m
é

III
et

al.,
2009;

Z
h
an

g
et

a
l.,

2014)
an

d
n
atu

ral
L

P
relax

ation
s

to
th

e
h
ard

IL
P

s
(S

ch
lesin

ger,
1976;

K
oster

et
al.,

1998;
C

h
ek

u
ri

et
al.,

2004
;

W
ain

w
righ

t
et

al.,
2005).

T
igh

tn
ess

of
L

P
relax

ation
s

for
sp

ecial
classes

o
f

p
rob

lem
s

h
as

b
een

stu
d
ied

ex
ten

sively
in

recen
t

years
an

d
h
as

b
een

d
em

on
strated

b
y

restrictin
g

eith
er

th
e

stru
ctu

re
of

th
e

m
o
d
el

or
its

score
fu

n
ction

.
F

or
ex

am
p
le,

th
e

p
airw

ise
L

P
relax

ation
is

k
n
ow

n
to

b
e

tigh
t

for
tree-stru

ctu
red

m
o
d
els

or
for

su
p

erm
o
d
u
lar

scores
(see,

e.g.,
W

a
in

w
righ

t
an

d
J
ord

an
,

2008;
T

h
ap

p
er

an
d

Ž
iv

n
ý
,

2012);
certain

stab
ility

con
d
itio

n
s

gu
aran

tee
tigh

tn
ess

of
L

P
relax

ation
s

for
F

errom
agn

etic
P

otts
m

o
d
els

(L
an

g
et

al.,
2
018);

an
d

th
e

cy
cle

relax
ation

(for
b
in

ary
p
airw

ise
m

o
d
els)

is
k
n
ow

n
to

b
e

tigh
t

b
oth

fo
r

p
lan

ar
Isin

g
m

o
d
els

w
ith

n
o

ex
tern

al
fi
eld

(B
arah

on
a,

1993)
an

d
for

alm
ost

b
alan

ced
m

o
d
els

(W
eller

et
al.,

2016).
H

y
b
rid

con
d
ition

s,
com

b
in

in
g

stru
ctu

re
an

d
score,

b
y

forb
id

d
in

g
sign

ed
m

in
ors

h
ave

recen
tly

b
een

sh
ow

n
to

also
gu

a
ran

tee
tigh

t
relax

ation
s

(R
ow

lan
d

et
al.,

2017;
W

eller,
2016).

T
o

facilitate
effi

cien
t

p
red

iction
,

on
e

cou
ld

restrict
th

e
m

o
d
el

class
to

b
e

tractab
le.

F
or

ex
am

p
le,

T
askar

et
al.

(2004)
learn

su
p

erm
o
d
u
lar

scores,
an

d
M

esh
i

et
al.

(2013)
learn

tree
stru

ctu
res.

H
ow

ever,
th

e
su

ffi
cien

t
con

d
ition

s
m

en
tion

ed
ab

ove
are

b
y

n
o

m
ean

s
n
ecessary,

an
d

in
d
eed

,
m

an
y

score
fu

n
ction

s
th

at
are

u
sefu

l
in

p
ractice

d
o

n
o
t

satisfy
th

em
b
u
t

still
p
ro

d
u
ce

in
tegral

solu
tion

s
(R

oth
an

d
Y

ih
,
200

4;
L

acoste-J
u
lien

et
al.,

2006
;
S
on

tag
et

al.,
2008;

F
in

ley
an

d
J
oach

im
s,

2008;
M

artin
s

et
al.,

2009
b
;

K
o
o

et
al.,

2010).
F

or
ex

am
p
le,

M
artin

s
et

al.
(2009b

)
sh

ow
ed

th
at

p
red

ictors
th

at
are

learn
ed

w
ith

L
P

relax
ation

s
y
ield

tig
h
t

L
P

s
for

92.88%
of

th
e

test
d
ata

on
a

d
ep

en
d
en

cy
p
arsin

g
p
rob

lem
(see

T
ab

le
2

th
erein

).
K

o
o

et
al.

(2010)
ob

served
sim

ilar
b

eh
av

ior
for

d
ep

en
d
en

cy
p
arsin

g
o
n

a
n
u
m

b
er

of
lan

gu
ages,

as
can
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T
r
a
in

a
n
d

T
e
st

T
ig
h
t
n
e
ss

o
f
L
P

R
e
l
a
x
a
t
io
n
s
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic
t
io
n

LP
 is

 o
ft

en
 t

ig
ht

 fo
r 

st
ru

ct
ur

ed
 p

re
di

ct
io

n!
N

on
-P

ro
je

ct
iv

e
D

ep
en

de
nc

y
P
ar

si
ng

* 0
Jo

h
n
1

sa
w
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ra
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u
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p
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b
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p
re

d
ic

to
rs

fr
om

la
b

el
ed

d
at

a
w

a
s

p
ro

p
os

ed
in

va
ri

ou
s

fo
rm

s
b
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al

.
(2

00
3)

;
T

so
ch

an
ta

ri
d
is

et
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p
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h
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p
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p
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h
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p
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b
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at
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p
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d
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h
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P
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d
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h
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h
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P
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w
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b

ou
n
d

on
th

e
in

te
g
ra

li
ty

5
.

S
im

il
a
r

a
n

a
ly

si
s

fo
r

S
D

P
a
n

d
q
u

a
d

ra
ti

c
re

la
x
a
ti

o
n

s
is

le
ft

a
s

fu
tu

re
w

o
rk

—
se

e
re

ce
n
t

w
o
rk

b
y

L
ê-

H
u

u
a
n

d
P

a
ra

g
io

s
(2

0
1
8
).
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T
r
a
in

a
n
d

T
e
st

T
ig
h
t
n
e
ss

o
f
L
P

R
e
l
a
x
a
t
io
n
s
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic
t
io
n

g
a
p
.

H
en

ce,
d
riv

in
g

d
ow

n
th

e
ap

p
rox

im
ate

ob
jective

m
ay

also
red

u
ce

th
e

in
tegrality

gap
o
f

tra
in

in
g

in
stan

ces,
alth

ou
gh

in
S
ection

4.1
w

e
also

stu
d
y

cases
w

h
ere

lo
ose

b
o
u
n
d
s

can
lea

d
to

n
o
n
-zero

in
tegrality

gap
.

O
n
e

case
w

h
ere

th
e

in
tegrality

gap
b

eco
m

es
zero

is
w

h
en

th
e

d
a
ta

is
a
lg

o
rith

m
ically

sep
arab

le
(i.e.,

µ
L

=
µ
T

,
so

E
q
.

(8)
eq

u
als

0).
In

th
is

ca
se

th
e

rela
x
ed

-h
in

g
e

term
van

ish
es

(th
e

ex
act-h

in
ge

m
u
st

also
van

ish
),

an
d

train
in

g
in

tegrality
is

a
ssu

red
.

S
eco

n
d
,

E
q
.

(6)
h
old

s
for

a
n

y
in

tegra
l
µ

,
an

d
n
ot

ju
st

th
e

grou
n
d
-tru

th
µ
T

.
In

oth
er

w
o
rd

s,
th

e
on

ly
p
rop

erty
of
µ
T

u
sed

h
ere

is
its

in
tegrality.

In
d
eed

,
in

S
ection

7
w

e
verify

em
p
irica

lly
th

a
t

train
in

g
a

m
o
d
el

u
sin

g
ra

n
d
o
m

la
bels

still
attain

s
th

e
sam

e
level

of
tigh

tn
ess

a
s

tra
in

in
g

w
ith

th
e

grou
n
d
-tru

th
lab

els. 6
O

n
th

e
oth

er
h
an

d
,

accu
racy

d
rop

s
d
rastically,

a
s

ex
p

ected
.

T
h
is

an
aly

sis
su

ggests
th

at
tigh

tn
ess

is
n

o
t

co
u

p
led

w
ith

a
ccu

ra
cy

of
th

e
p
red

icto
r.

F
in

ley
an

d
J
oach

im
s

(20
08)

ex
p
lain

ed
tigh

tn
ess

of
L

P
relax

ation
s

b
y

n
otin

g
th

a
t

fra
ctio

n
a
l

solu
tion

s
alw

ay
s

in
cu

r
a

lo
ss

d
u
rin

g
tra

in
in

g.
O

u
r

an
aly

sis
su

ggests
an

a
ltern

a
tive

ex
p
lan

ation
,

em
p
h
asizin

g
th

e
d
iff

eren
ce

in
sco

res
(E

q
.

(7))
rath

er
th

an
th

e
loss,

a
n
d

d
eco

u
p
lin

g
tigh

tn
ess

from
accu

racy.

T
h
ird

,
th

e
resu

lts
ab

ove
still

h
old

in
th

e
p
resen

ce
of

glob
al

con
strain

ts.
O

ften
su

ch
co

n
stra

in
ts

ca
n

b
e

ex
p
ressed

as
lin

ea
r

in
eq

u
a
lities,

so
in

th
is

case
th

e
lo

cal
p

oly
to

p
e
M

L

ca
n

b
e

red
efi

n
ed

b
y

ad
d
in

g
th

ese
con

strain
ts

to
th

ose
in

E
q
.

(2)
to

fo
rm

a
tigh

ter
p

oly
top

e.
In

p
articu

la
r,

E
q
.

(8)
h
old

s
sin

ce
µ
T

satisfi
es

th
e

glob
al

con
strain

ts.

F
in

a
lly,

w
e

d
o

n
ot

m
ake

an
y

assu
m

p
tion

h
ere

a
b

ou
t

th
e

form
of

th
e

m
o
d
el

scores
θ.

T
h
erefo

re,
th

ese
resu

lts
ap

p
ly

m
ore

gen
erally,

even
w

h
en

factor
scores

a
re

ob
tain

ed
from

n
o
n
-lin

ea
r

fu
n
ction

s
of

th
e

in
p
u
ts,

su
ch

as
d
eep

n
eu

ral
n
etw

ork
s

(e.g
.,

C
h
en

et
al.,

201
5).

4
.1

.
W

h
e
n

R
e
la

x
e
d

T
ra

in
in

g
is

B
e
tte

r
th

a
n

E
x
a
c
t

T
ra

in
in

g

U
n
fo

rtu
n
a
tely,

th
e

b
ou

n
d

in
E

q
.
(10)

m
igh

t
som

etim
es

b
e

lo
ose.

In
d
eed

,
to

get
th

e
b

ou
n
d

w
e

h
ave

d
isca

rd
ed

th
e

ex
act-h

in
ge

term
(E

q
.
(8)),

ad
d
ed

th
e

task
-loss

(E
q
.
(9)),

an
d

m
ax

im
ized

th
e

lo
ss-a

u
g
m

en
ted

ob
jectiv

e
(E

q
.

(10)).
A

t
th

e
sam

e
tim

e,
E

q
.

(7)
p
rov

id
es

a
p
recise

ch
a
ra

cteriza
tio

n
of

th
e

in
tegrality

gap
.

S
p

ecifi
cally,

th
e

gap
is

d
eterm

in
ed

b
y

th
e

d
iff

eren
ce

b
etw

een
th

e
relax

ed
-h

in
ge

an
d

th
e

ex
act-h

in
ge

term
s.

T
h
is

im
p
lies

th
a
t

even
w

h
en

th
e

rela
x
ed

-h
in

ge
is

n
ot

zero,
a

sm
all

in
tegrality

gap
can

still
b

e
attain

ed
if

th
e

ex
act-h

in
ge

is
a
lso

la
rg

e.
In

fa
ct,

th
e

o
n

ly
w

a
y

to
get

a
large

in
tegrality

gap
is

b
y

settin
g

th
e

ex
act-h

in
ge

m
u
ch

sm
a
ller

th
an

th
e

relax
ed

-h
in

ge.
B

u
t

w
h
en

can
th

is
h
ap

p
en

?
A

s
w

e
n
ow

sh
ow

,
it

is
less

likely
to

h
a
p
p

en
w

h
en

train
in

g
w

ith
relax

ed
in

feren
ce

th
an

w
h
en

tra
in

in
g

w
ith

ex
act

in
feren

ce.

A
key

p
o
in

t
is

th
at

th
e

relax
ed

an
d

ex
act

h
in

ge
term

s
are

u
p
p

er
b

o
u
n
d
ed

b
y

th
e

relax
ed

a
n
d

ex
a
ct

tra
in

in
g

o
bjectives

resp
ectively

(th
e

latter
ad

d
ition

ally
d
ep

en
d

on
th

e
task

loss
∆

).
T

h
erefo

re,
m

in
im

izin
g

th
e

train
in

g
ob

jective
w

ill
also

lik
ely

red
u
ce

th
e

corresp
on

d
in

g
h
in

ge
term

(th
is

is
a
lso

d
em

on
strated

em
p
irically

in
S
ectio

n
7).

U
sin

g
th

is
in

sigh
t,

w
e

ob
serv

e
th

at
rela

x
ed

tra
in

in
g

red
u
ces

th
e

relax
ed

-h
in

ge
term

w
ith

ou
t

d
irectly

red
u
cin

g
th

e
ex

act-h
in

ge
term

,
a
n
d

th
ereb

y
in

d
u
ces

a
sm

all
in

tegrality
gap

.
O

n
th

e
oth

er
h
an

d
,

th
is

also
su

ggests
th

a
t

exa
ct

tra
in

in
g

m
a
y

a
ctu

a
lly

in
crea

se
th

e
in

tegra
lity

ga
p
,

sin
ce

it
red

u
ces

th
e

ex
act-

h
in

ge
w

ith
o
u
t

also
red

u
cin

g
d
irectly

th
e

relax
ed

-h
in

ge
term

.
T

h
is

fi
n
d
in

g
is

con
sisten

t
w

ith
p
rev

io
u
s

em
p
irical

ev
id

en
ce.

S
p

ecifi
cally,

M
artin

s
et

al.
(2009b

,
T

ab
le

2)
sh

ow
ed

th
at

on

6
.

T
h

is
is

n
o
t

tru
e

fo
r

ra
n

d
o
m

m
o
d

els
(w

),
w

h
ich

o
ften

y
ield

lo
o
se

rela
x
a
tio

n
s.
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M
e
sh

i,
L
o
n
d
o
n
,
W

e
l
l
e
r
,
a
n
d

S
o
n
t
a
g

w
-2

-1
0

1
2

3

Hinge

0 2 4 6 8 10
R

elaxed
 h

in
g

e
E

xact h
in

g
e

F
igu

re
2:

E
x
act-

an
d

relax
ed

-
h
in

ge
(see

E
q
.
(6))

as
a

fu
n
ction

of
w

for
th

e
learn

in
g

scen
ario

in
S
ection

4.1.

a
d
ep

en
d
en

cy
p
arsin

g
p
rob

lem
,

train
in

g
w

ith
th

e
relax

ed
ob

jective
ach

ieved
92
.9%

in
tegral

solu
tion

s,
w

h
ile

ex
act

train
in

g
ach

ieved
on

ly
83
.5%

in
tegral

solu
tion

s.
A

n
even

stron
ger

eff
ect

w
as

ob
served

b
y

F
in

ley
an

d
J
oach

im
s

(2008,
T

ab
le

3)
for

m
u
lti-lab

el
classifi

cation
,

w
h
ere

relax
ed

train
in

g
resu

lted
in

99.6%
in

tegral
in

stan
ces,

w
ith

ex
act

train
in

g
attain

in
g

on
ly

17
.7%

(‘Y
east’

d
ataset).

In
S
ection

7
w

e
p
rov

id
e

fu
rth

er
em

p
irica

l
su

p
p

ort
for

ou
r

ex
p
lan

ation
,

h
ow

ever,
w

e
n
ex

t
sh

ow
its

p
ossib

le
lim

itation
b
y

p
rov

id
in

g
a

cou
n
ter-ex

am
p
le.

T
h
e

cou
n
ter-ex

am
p
le

d
em

on
strates

th
a
t

d
esp

ite
train

in
g

w
ith

a
relax

ed
ob

jective,
th

e
ex

act-h
in

ge
can

in
som

e
cases

actu
ally

b
e

su
bsta

n
tia

lly
sm

a
ller

th
an

th
e

relax
ed

-h
in

ge,
lead

in
g

to
a

lo
ose

relax
ation

.
A

lth
ou

gh
th

is
illu

strates
th

e
lim

itation
s

of
th

e
ex

p
lan

ation
ab

ove,
w

e
p

oin
t

ou
t

th
at

th
e

corresp
on

d
in

g
learn

in
g

task
is

far
from

n
atu

ral.
W

e
con

stru
ct

a
learn

in
g

scen
ario

w
h
ere

relax
ed

train
in

g
ob

tain
s

zero
ex

act-h
in

ge
an

d
n
on

-zero
relax

ed
-h

in
ge,

so
th

e
relax

ation
is

n
ot

tigh
t.

C
o
n
sid

er
a

m
o
d
el

w
h
ere

x
∈

R
3,

y
∈
{0,1}

3,
an

d
th

e
p
red

iction
is

giv
en

b
y
:

y
(x

;w
)

=
arg

m
ax

y

(
x
1 y

1
+
x
2 y

2
+
x
3 y

3
+
w

[1{
y
1 6=

y
2 }

+
1{y

1 6=
y
3 }

+
1{
y
2 6=

y
3 }] )

.
(1

1)

T
h
e

corresp
on

d
in

g
L

P
relax

ation
is

th
en

:

m
ax

µ∈M
L (
x
1 µ

1 (1)
+
x
2 µ

2 (1
)

+
x
3 µ

3 (1)
(1

2
)

+
w

[µ
1
2 (01)

+
µ
1
2 (10

)
+
µ
1
3 (01)

+
µ
1
3 (10)

+
µ
2
3 (01)

+
µ
2
3 (10)] )

.

N
ex

t,
w

e
con

stru
ct

a
train

in
g

set
w

h
ere

th
e

fi
rst

in
stan

ce
is:

x
(1

)
=

(2,2,2),y
(1

)
=

(1,1,0),
an

d
th

e
secon

d
is:

x
(2

)
=

(0,0,0),y
(2

)
=

(1,1,0).
F

ig.
2

sh
ow

s
th

e
relax

ed
an

d
ex

act
lo

sses
as

a
fu

n
ction

of
w

,
ob

tain
ed

b
y

p
lu

gg
in

g
E

q
.

(11
)

an
d

E
q
.

(12)
in

E
q
.

(3)
an

d
E

q
.

(4),
resp

ectively. 7
O

b
serve

th
at
w

=
1

m
in

im
izes

th
e

rela
x
ed

ob
jective

(E
q
.

(4)).
H

ow
ever,

w
ith

th
is

w
eigh

t
vector

th
e

relax
ed

-h
in

ge
for

th
e

secon
d

in
stan

ce
(x

(2
),y

(2
))

is
eq

u
al

to
1,

w
h
ile

th
e

ex
act-h

in
ge

for
th

is
in

stan
ce

is
0

(th
e

d
ata

is
sep

arab
le

w
ith

w
=

1).
C

on
seq

u
en

tly,
th

ere
is

an
in

tegrality
gap

of
1

for
th

e
secon

d
in

stan
ce,

an
d

th
e

relax
a
tion

is
lo

ose
(th

e
fi
rst

7
.

F
o
r

sim
p

licity
w

e
u

se
`

=
0

in
th

is
ex

a
m

p
le,

b
u

t
a

sim
ila

r
resu

lt
h

o
ld

s
w

ith
`

=
1
/
2·
`
H
a
m
m
in

g .
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T
r
a
in

a
n
d

T
e
st

T
ig
h
t
n
e
ss

o
f
L
P

R
e
l
a
x
a
t
io
n
s
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic
t
io
n

M
L

F
ig

u
re

3:
Il

lu
st

ra
ti

on
of

th
e

lo
ca

l
m

ar
gi

n
al

p
ol

y
to

p
e
M

L
,

w
it

h
it

s
ve

rt
ic

es
p
ar

ti
ti

on
ed

in
to

in
te

gr
al

v
er

ti
ce

s
V I

(b
lu

e)
,

an
d

fr
ac

ti
on

al
ve

rt
ic

es
V F

(r
ed

).

in
st

an
ce

is
ac

tu
al

ly
ti

gh
t)

.
N

ot
ic

e
th

at
in

th
is

d
at

a
th

e
sa

m
e

ou
tp

u
t

co
rr

es
p

on
d
s

to
tw

o
ve

ry
d
iff

er
en

t
in

p
u
ts

.

5
.
G
e
n
e
ra

li
za

ti
o
n
o
f
T
ig
h
tn

e
ss

O
u
r

ar
gu

m
en

t
in

S
ec

ti
on

4
co

n
ce

rn
s

on
ly

th
e

ti
gh

tn
es

s
of

tr
ai

n
in

st
an

ce
s.

H
ow

ev
er

,
th

e
em

p
ir

ic
al

ev
id

en
ce

d
is

cu
ss

ed
ab

ov
e

p
er

ta
in

s
to

te
st

d
at

a.
T

o
b
ri

d
ge

th
is

ga
p
,

in
th

is
se

ct
io

n
w

e
p
ro

ve
a

ge
n
er

al
iz

at
io

n
b

ou
n
d

w
h
ic

h
sh

ow
s

th
at

tr
ai

n
ti

gh
tn

es
s

im
p
li
es

te
st

ti
gh

tn
es

s.

W
e

fi
rs

t
d
efi

n
e

a
lo

ss
fu

n
ct

io
n

w
h
ic

h
m

ea
su

re
s

th
e

la
ck

of
in

te
gr

al
it

y
(o

r,
fr

ac
ti

on
al

it
y
)

of
th

e
L

P
so

lu
ti

on
fo

r
a

gi
ve

n
in

st
an

ce
.

T
o

th
is

en
d
,

w
e

co
n
si

d
er

th
e

d
is

cr
et

e
se

t
of

ve
rt

ic
es

of
th

e
lo

ca
l

p
ol

y
to

p
e
M

L
(e

x
cl

u
d
in

g
it

s
co

n
ve

x
h
u
ll
),

d
en

ot
in

g
b
y
V I

an
d
V F

th
e

se
ts

of
fu

ll
y
-i

n
te

gr
al

an
d

n
on

-i
n
te

gr
al

(i
.e

.,
fr

ac
ti

on
al

)
v
er

ti
ce

s,
8

re
sp

ec
ti

ve
ly

(s
o
V I
∩
V F

=
∅,

an
d

V I
∪
V F

co
n
si

st
s

of
al

l
ve

rt
ic

es
of
M

L
);

9
se

e
F

ig
.

3.
C

on
si

d
er

in
g

on
ly

ve
rt

ic
es

d
o
es

n
ot

re
d
u
ce

ge
n
er

al
it

y,
si

n
ce

th
e

so
lu

ti
on

to
a

li
n
ea

r
p
ro

g
ra

m
is

al
w

ay
s

at
a

v
er

te
x
.

N
ex

t,
le

t

I
∗ (
w
,x

)
,

m
ax

µ
∈V

I

θ(
x

;w
)>
µ

an
d

F
∗ (
w
,x

)
,

m
ax

µ
∈V

F

θ(
x

;w
)>
µ

(1
3)

d
en

ot
e

th
e

re
sp

ec
ti

ve
b

es
t

in
te

gr
al

an
d

fr
ac

ti
on

al
sc

or
es

.
B

y
co

n
ve

n
ti

on
,

w
e

se
t
F
∗ (
w
,x

)
,

−
∞

w
h
en

ev
er
V F

=
∅.

T
h
e

fr
ac

ti
on

al
it

y
of

in
fe

re
n
ce

w
it

h
(w
,x

)
ca

n
b

e
m

ea
su

re
d

b
y

th
e

q
u
an

ti
ty

D
(w
,x

)
,
F
∗ (
w
,x

)
−
I
∗ (
w
,x

).
(1

4)

O
b
se

rv
e

th
at
D

(w
,x

)
>

0
w

h
en

ev
er

th
e

L
P

h
as

a
fr

ac
ti

on
al

so
lu

ti
on

th
at

is
b

et
te

r
th

an
th

e
in

te
gr

al
so

lu
ti

on
.

W
e

ca
n

n
ow

d
efi

n
e

th
e

in
te

gr
a
li

ty
lo

ss
,

L 0
(w
,x

)
,
{

1
D

(w
,x

)
>

0

0
ot

h
er

w
is

e
.

(1
5)

8
.

It
is

en
o
u

g
h

th
a
t

o
n

e
co

o
rd

in
a
te

is
fr

a
ct

io
n

a
l

to
b

el
o
n

g
to
V F

.
9
.

W
e

a
ss

u
m

e
th

a
t

a
ll

fe
a
si

b
le

in
te

g
ra

l
so

lu
ti

o
n

s
a
re

v
er

ti
ce

s
o
f
M

L
,

w
h

ic
h

is
th

e
ca

se
fo

r
th

e
ty

p
e

o
f

re
la

x
a
ti

o
n

s
co

n
si

d
er

ed
h

er
e

(s
ee

W
a
in

w
ri

g
h
t

a
n

d
J
o
rd

a
n

,
2
0
0
8
).
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M
e
sh

i,
L
o
n
d
o
n
,
W

e
l
l
e
r
,
a
n
d

S
o
n
t
a
g

T
h
is

lo
ss

fu
n
ct

io
n

eq
u
al

s
1

if
an

d
on

ly
if

th
e

op
ti

m
al

fr
ac

ti
on

al
so

lu
ti

on
h
as

a
(s

tr
ic

tl
y
)

h
ig

h
er

sc
or

e
th

an
th

e
op

ti
m

al
in

te
gr

al
so

lu
ti

on
.

T
h
e

lo
ss

w
il
l

b
e

0
w

h
en

ev
er

th
e

n
o
n
-i

n
te

g
ra

l
a
n
d

in
te

gr
al

op
ti

m
a

ar
e

eq
u
al

—
th

at
is

,
fo

r
ou

r
p
u
rp

os
e

w
e

co
n
si

d
er

th
e

re
la

x
at

io
n

to
b

e
ti

g
h
t

in
th

is
ca

se
.

T
h
e

ex
p

ec
te

d
in

te
gr

al
it

y
lo

ss
m

ea
su

re
s

th
e

p
ro

b
a
b
il
it

y
of

ob
ta

in
in

g
a

fr
a
ct

io
n
a
l

L
P

so
lu

ti
on

(o
ve

r
d
ra

w
s

of
an

in
p
u
t,
x

).
N

ot
e

th
a
t

th
is

lo
ss

ig
n
or

es
th

e
g
ro

u
n
d

tr
u
th

as
si

gn
m

en
t.

T
o

su
p
p

or
t

ou
r

ge
n
er

al
iz

at
io

n
an

al
y
si

s,
w

e
d
efi

n
e

a
re

la
te

d
lo

ss
fu

n
ct

io
n
,

w
h
ic

h
w

e
ca

ll
th

e
in

te
gr

a
li

ty
ra

m
p

lo
ss

.
F

or
a

p
re

d
et

er
m

in
ed

m
ar

gi
n

p
ar

am
et

er
,
γ

,
th

e
in

te
g
ra

li
ty

ra
m

p
lo

ss
is

gi
ve

n
b
y

L γ
(w
,x

)
,

    

1
D

(w
,x

)
>

0

1
+
D

(w
,x

)/
γ
−
γ
<
D

(w
,x

)
≤

0

0
D

(w
,x

)
≤
−
γ

.
(1

6
)

Im
p

or
ta

n
tl

y,
th

e
in

te
gr

al
it

y
ra

m
p

lo
ss

u
p
p

er
-b

ou
n
d
s

th
e

in
te

gr
al

it
y

lo
ss

.
F

or
th

e
ra

m
p

lo
ss

to
b

e
ze

ro
,

th
e

b
es

t
in

te
gr

al
so

lu
ti

on
h
as

to
b

e
b

et
te

r
th

an
th

e
b

es
t

fr
ac

ti
on

a
l

so
lu

ti
o
n

b
y

a
m

ar
gi

n
of

at
le

as
t
γ

,
w

h
ic

h
is

a
st

ro
n
ge

r
re

q
u
ir

em
en

t
th

an
m

er
e

ti
gh

tn
es

s.
In

A
p
p

en
d
ix

A
w

e
gi

ve
ex

am
p
le

s
of

m
o
d
el

s
th

at
ar

e
gu

ar
an

te
ed

to
sa

ti
sf

y
th

is
re

q
u
ir

em
en

t,
a
n
d

in
S
ec

ti
o
n

7
w

e
al

so
sh

ow
th

is
of

te
n

h
ap

p
en

s
in

p
ra

ct
ic

e.
W

e
p

oi
n
t

ou
t

th
at

b
ot

h
L 0

(w
,x

)
an

d
L γ

(w
,x

)
ar

e
ge

n
er

al
ly

h
ar

d
to

co
m

p
u
te

,
a

p
o
in

t
w

h
ic

h
w

e
ad

d
re

ss
in

S
ec

ti
on

6.
F

or
th

e
ti

m
e

b
ei

n
g,

w
e

ar
e

on
ly

in
te

re
st

ed
in

p
ro

v
in

g
th

a
t

ti
gh

tn
es

s
is

a
ge

n
er

al
iz

in
g

p
ro

p
er

ty
,

so
w

e
w

il
l

n
ot

w
or

ry
ab

ou
t

co
m

p
u
ta

ti
on

a
l

effi
ci

en
cy

.
W

e
ar

e
n
ow

re
ad

y
to

st
at

e
th

e
m

ai
n

th
eo

re
m

of
th

is
se

ct
io

n
,

a
ge

n
er

al
iz

a
ti

o
n

b
o
u
n
d

fo
r

ti
gh

tn
es

s.
O

u
r

p
ro

of
(d

ef
er

re
d

to
A

p
p

en
d
ix

B
.1

)
u
se

s
a

P
A

C
-B

ay
es

ia
n

an
al

y
si

s,
si

m
il
a
r

to
L

on
d
on

et
al

.
(2

01
6)

,
th

ou
gh

th
e

m
ai

n
re

su
lt

is
st

at
ed

fo
r

a
d
et

er
m

in
is

ti
c

p
re

d
ic

to
r.

T
h

e
o
re

m
1
.

L
et

D
d
en

o
te

a
d
is

tr
ib

u
ti

o
n

o
ve

r
X

.
L

et
φ

:
X
×
Y
→

R
d

d
en

o
te

a
fe

a
tu

re
m

a
p
p
in

g
su

ch
th

a
t

su
p
x
,y
‖φ

(x
,y

)‖
2
≤
B
<
∞

.
T

h
en

,
fo

r
a
n

y
γ
>

0
,
δ
∈

(0
,1

)
a
n

d
m
≥

1
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

o
ve

r
d
ra

w
s

o
f

(x
(1

) ,
..
.,
x

(m
) )
∈
X
m

,
a
cc

o
rd

in
g

to
D
m

,
ev

er
y

w
ei

gh
t

ve
ct

o
r,
w

,
w

it
h
‖w
‖ 2
≤
R
<
∞

,
sa

ti
sfi

es

E
x
∼
D
[L

0
(w
,x

)]
≤

1 m

m ∑ i=
1

L γ
(w
,x

(i
) )

+
8 m

+
2

√
d

ln
(m
B
R
/γ

)
+

ln
2 δ

2m
.

(1
7
)

T
h
eo

re
m

1
sh

ow
s

th
at

if
w

e
ob

se
rv

e
h
ig

h
in

te
gr

al
it

y
(e

q
u
iv

al
en

tl
y,

lo
w

fr
a
ct

io
n
a
li
ty

)
on

a
fi
n
it

e
sa

m
p
le

of
tr

ai
n
in

g
d
at

a,
th

en
it

is
li
k
el

y
th

at
in

te
gr

al
it

y
of

te
st

d
a
ta

w
il
l

n
o
t

b
e

m
u
ch

lo
w

er
,

p
ro

v
id

ed
su

ffi
ci

en
t

n
u
m

b
er

of
sa

m
p
le

s.
It

is
w

or
th

n
ot

in
g

th
a
t,

th
o
u
g
h

w
e

fo
cu

s
on

li
n
ea

r
m

o
d
el

s
to

si
m

p
li
fy

ou
r

p
re

se
n
ta

ti
on

,
it

is
p

os
si

b
le

to
ex

te
n
d

th
is

re
su

lt
to

ac
co

m
m

o
d
at

e
n
on

-l
in

ea
r

m
o
d
el

s
(e

.g
.,

sc
or

es
θ

co
m

p
u
te

d
b
y

a
d
ee

p
n
eu

ra
l

n
et

w
o
rk

),
p
ro

v
id

ed
so

m
e

as
su

m
p
ti

on
s

ar
e

m
ad

e
on

th
e

sm
o
ot

h
n
es

s
of

th
e

m
o
d
el

an
d

lo
ss

.
A

s
th

e
fo

ll
ow

in
g

co
ro

ll
ar

y
st

at
es

,
T

h
eo

re
m

1
a
ct

u
al

ly
ap

p
li
es

m
or

e
ge

n
er

a
ll
y

to
a
n
y

tw
o

d
is

jo
in

t
se

ts
of

ve
rt

ic
es

,
an

d
is

n
ot

li
m

it
ed

to
V I

an
d
V F

.

C
o
ro

ll
a
ry

1
.

L
et
V α

be
a
n

y
se

t
o
f

ve
rt

ic
es

o
f
M

L
w

it
h

a
t

m
o

st
α

fr
a
ct

io
n

a
l

va
lu

es
(w

h
er

e
0
≤
α
≤

1
),

a
n

d
le

t
V̄ α

be
th

e
re

st
o
f

th
e

ve
rt

ic
es

o
f
M

L
.

T
h
en

T
h
eo

re
m

1
h
o
ld

s
w

it
h
V α

a
n

d
V̄ α

re
p
la

ci
n

g
V I

a
n

d
V F

in
th

e
d
efi

n
it

io
n

o
f
I
∗

a
n

d
F
∗

in
E

q.
(1

3
),

re
sp

ec
ti

ve
ly

.

10
JM

L
R

 2
0(

13
):

1-
34

, 2
01

9



T
r
a
in

a
n
d

T
e
st

T
ig
h
t
n
e
ss

o
f
L
P

R
e
l
a
x
a
t
io
n
s
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic
t
io
n

F
o
r

ex
a
m

p
le,

w
e

can
setV

α
to

b
e

an
y

set
of

vertices
w

ith
at

m
ost

10%
fraction

al
valu

es,
a
n
d
V̄
α

to
b

e
th

e
rest

of
th

e
vertices

ofM
L

.
T

h
is

gives
a

d
iff

eren
t

m
ean

in
g

to
th

e
in

teg
rality

lo
ss,

b
u
t

th
e

rest
of

ou
r

an
aly

sis
h
old

s
u
n
ch

a
n
ged

.
C

o
n
seq

u
en

tly,
ou

r
g
en

eralization
resu

lt
im

p
lies

th
a
t

it
is

likely
to

ob
serve

a
sim

ilar
p

ortion
of

in
stan

ces
w

ith
at

m
ost

10%
fraction

al
valu

es
a
t

test
tim

e
as

w
e

d
id

at
train

in
g.

M
o
reover,

T
h
eorem

1
also

h
old

s
in

th
e

p
resen

ce
of

glob
al

con
strain

ts
(e.g.,

sp
an

n
in

g
tree

co
n
stra

in
ts).

A
s

m
en

tion
ed

in
S
ection

4,
th

e
p

oly
top

e
M

L
is

rep
laced

b
y

its
in

tersection
w

ith
th

e
g
lo

b
a
l

con
strain

ts
p

oly
top

e,
b
u
t

th
e

rest
of

ou
r

d
erivation

rem
ain

s
u
n
ch

a
n
ged

.
N

ote
th

a
t

th
e

loss
fu

n
ction

in
E

q
.

(15)
d
o
es

n
ot

m
easu

re
th

e
actu

al
n
u
m

b
er

of
fractio

n
al

va
lu

es,
n
o
r

th
eir

d
ista

n
ce

to
in

tegrality.
In

S
ection

6,
w

e
a
n
aly

ze
a

n
otion

of
tigh

tn
ess

th
at

a
cco

u
n
ts

fo
r

th
e

L
1

d
istan

ce
to

in
tegrality.

C
o
m

p
a
red

to
th

e
gen

eralization
b

ou
n
d

of
K

u
lesza

an
d

P
ereira

(2007),
ou

r
b

ou
n
d
s

on
ly

co
n
sid

er
th

e
tig

h
tn

ess
of

a
p
red

iction
,

ign
orin

g
lab

el
errors.

T
h
u
s,

for
ex

a
m

p
le,

if
learn

in
g

h
a
p
p

en
s

to
settle

on
a

set
of

p
aram

eters
in

a
tractab

le
regim

e
(e.g.,

su
p

erm
o
d
u
lar

p
oten

tials
o
r

sta
b
le

in
sta

n
ces

(M
akary

ch
ev

et
al.,

2014
))

for
w

h
ich

th
e

L
P

relax
atio

n
is

tig
h
t

for
m

o
st

tra
in

in
g

in
stan

ces,
ou

r
gen

eralization
b

ou
n
d

gu
a
ran

tees
th

at
w

ith
h
igh

p
rob

a
b
ility

th
e

L
P

rela
x
a
tion

w
ill

also
b

e
tigh

t
on

m
ost

test
in

stan
ces.

In
con

trast,
in

K
u
lesza

an
d

P
ereira

(2
0
0
7
),

tigh
tn

ess
on

test
in

stan
ces

can
on

ly
b

e
gu

aran
teed

w
h
en

th
e

train
in

g
d
ata

is
a
lg

o
rith

m
ica

lly
sep

arab
le

(i.e.,
L

P
-relax

ed
in

feren
ce

p
red

icts
p

erfectly
).

5
.1

.
γ
-T

ig
h
t

R
e
la

x
a
tio

n
s

In
th

is
sectio

n
w

e
stu

d
y

th
e

stron
ger

n
otio

n
of

tigh
tn

ess
req

u
ired

b
y

ou
r

su
rrogate

fraction
-

a
lity

lo
ss

(E
q
.

(16)),
an

d
sh

ow
ex

am
p
les

of
m

o
d
els

th
at

satisfy
it.

D
e
fi

n
itio

n
1
.

A
n

L
P

relax
ation

is
called

γ
-tigh

t
if
I ∗(w

,x
)≥

F
∗(w

,x
)

+
γ

(so
L
γ (w

,x
)

=
0
).

T
h
a
t

is,
th

e
b

est
in

tegral
valu

e
is

larger
th

an
th

e
b

est
n
on

-in
tegral

valu
e

b
y

at
least

γ
. 1

0

W
e

fo
cu

s
o
n

b
in

ary
p
airw

ise
m

o
d
els

an
d

sh
ow

tw
o

cases
w

h
ere

th
e

m
o
d
el

is
gu

aran
teed

to
b

e
γ

-tig
h
t.

P
ro

ofs
are

p
rov

id
ed

in
A

p
p

en
d
ix

A
.

O
u
r

fi
rst

ex
am

p
le

in
volves

ba
la

n
ced

m
o
d
els,

w
h
ich

are
b
in

ary
p
airw

ise
m

o
d
els

th
at

h
ave

su
p

erm
o
d
u
lar

sco
res,

or
can

b
e

m
a
d
e

su
p

erm
o
d
u
la

r
b
y

“fl
ip

p
in

g”
a

su
b
set

o
f

th
e

variab
les

(for
m

ore
d
etails,

see
A

p
p

en
d
ix

A
).

P
ro

p
o
sitio

n
1
.

A
ba

la
n

ced
m

od
el

w
ith

a
u

n
iqu

e
o
p
tim

u
m

is
(α
/2)-tigh

t,
w

h
ere

α
is

th
e

d
iff

eren
ce

betw
een

th
e

best
a
n

d
seco

n
d
-best

(in
tegra

l)
so

lu
tio

n
s.

T
h
is

resu
lt

is
of

p
articu

lar
in

terest
w

h
en

learn
in

g
stru

ctu
red

p
red

ictors
w

h
ere

th
e

ed
ge

scores
d
ep

en
d

on
th

e
in

p
u
t.

W
h
ereas

on
e

cou
ld

learn
su

p
erm

o
d
u
lar

m
o
d
els

b
y

en
forcin

g
lin

ea
r

in
eq

u
a
lities

(T
askar

et
al.,

2004),
w

e
k
n
ow

of
n
o

tractab
le

m
ea

n
s

of
en

su
rin

g
th

e
m

o
d
el

is
b
a
la

n
ced

.
In

stead
,
on

e
cou

ld
learn

over
th

e
fu

ll
sp

ace
o
f
m

o
d
els

u
sin

g
L

P
rela

x
ation

.
If

th
e

lea
rn

ed
m

o
d
els

are
b
alan

ced
on

th
e

train
in

g
d
ata,

P
rop

osition
1

togeth
er

w
ith

T
h
eo

rem
1

tell
u
s

th
a
t

th
e

L
P

relax
ation

is
likely

to
b

e
tigh

t
on

test
d
ata

as
w

ell.
O

u
r

seco
n
d

ex
am

p
le

regard
s

m
o
d
els

w
ith

sin
gleton

scores
th

at
are

m
u
ch

stron
ger

th
an

th
e

p
a
irw

ise
scores.

C
on

sid
er

a
b
in

ary
p
airw

ise
m

o
d
el 1

1
in

m
in

im
al

rep
resen

tation
,

w
h
ere

θ̄
i

a
re

n
o
d
e

sco
res

an
d
θ̄
ij

are
ed

ge
scores

in
th

is
rep

resen
tation

(see
A

p
p

en
d
ix

A
for

fu
ll

1
0
.

N
o
tice

th
a
t

sca
lin

g
u

p
θ
(w
,x

)
w

ill
a
lso

in
crea

se
γ

,
b

u
t

o
u

r
b

o
u

n
d

in
E

q
.

(1
7
)

a
lso

g
row

s
w

ith
th

e
n

o
rm

o
f
θ
(w
,x

)
(v

ia
th

e
term

B
R

).
T

h
erefo

re,
w

e
a
ssu

m
e

h
ere

th
a
t‖
θ
(w
,x

)‖
2

is
b

o
u

n
d

ed
.

1
1
.

T
h

is
ca

se
ea

sily
g
en

era
lizes

to
va

ria
b

les
w

ith
m

o
re

th
a
n

2
p

o
ssib

le
va

lu
es.
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M
e
sh

i,
L
o
n
d
o
n
,
W

e
l
l
e
r
,
a
n
d

S
o
n
t
a
g

d
etails).

F
u
rth

er,
for

each
variab

le
i,

d
efi

n
e

th
e

set
of

n
eigh

b
ors

w
ith

a
ttra

ctive
ed

ges
N

+i
=

{
j∈

N
i |θ̄

ij
>

0},
an

d
th

e
set

of
n
eigh

b
ors

w
ith

rep
u

lsive
ed

ges
N
−i

=
{
j∈

N
i |θ̄

ij
<

0}.

P
ro

p
o
sitio

n
2
.

If
a
ll

va
ria

bles
sa

tisfy
th

e
co

n
d
itio

n
:

θ̄
i ≥
−
∑

j∈
N
−i
θ̄
ij

+
β
,

o
r

θ̄
i ≤
−
∑

j∈
N

+i

θ̄
ij −

β

fo
r

so
m

e
β
>

0
,

th
en

th
e

m
od

el
is

(β
/2)-tigh

t.

F
in

ally,
w

e
p

oin
t

ou
t

th
at

in
b

oth
of

th
e

ex
am

p
les

ab
ove,

th
e

con
d
ition

s
can

b
e

verifi
ed

effi
cien

tly
an

d
if

th
ey

h
old

,
th

e
valu

e
of
γ

can
b

e
com

p
u
ted

effi
cien

tly.

6
.
A
n
a
ly
sis

o
f
th

e
In

te
g
ra

lity
D
ista

n
ce

F
or

stru
ctu

red
p
red

iction
,

th
e

m
ax

im
izer,

µ
L

,
is

often
m

ore
im

p
ortan

t
th

an
th

e
m

ax
im

u
m

valu
e,
θ >
µ
L

.
T

h
at

is,
w

e
d
o

n
ot

really
care

w
h
eth

er
th

e
op

tim
u
m

of
th

e
relax

ed
p
rob

lem
eq

u
als

th
at

of
th

e
in

tegral
on

e;
w

e
ju

st
w

an
t

relax
ed

in
feren

ce
to

y
ield

th
e

op
tim

a
l

in
tegral

assign
m

en
t—

or,
lack

in
g

th
at,

an
assign

m
en

t
th

at
is

“close
to”

th
e

op
tim

al
in

tegral
on

e.
If

w
e

assu
m

e
th

at
th

e
relax

ed
p
rob

lem
h
as

a
u
n
iq

u
e

solu
tion

,
th

en
an

in
tegrality

gap
of

zero
im

p
lies

th
at

th
e

assign
m

en
ts

are
th

e
sam

e.
H

ow
ever,

lack
in

g
th

is
assu

m
p
tion

,
th

ere
m

ay
b

e
m

u
ltip

le,
d
isp

arate
solu

tion
s,

so
th

e
assign

m
en

ts
m

ay
d
iff

er.
In

gen
eral,

it
is

d
iffi

cu
lt

to
ch

aracterize
th

e
d
istan

ce
b

etw
een

rela
x
ed

an
d

ex
act

assign
m

en
ts

as
a

fu
n
ction

of
a

n
on

zero
in

tegrality
gap

.

T
h
u
s,

in
ad

d
ition

to
stu

d
y
in

g
th

e
in

tegrality
gap

,
w

e
are

also
in

terested
in

w
h
at

w
e

w
ill

call
th

e
in

tegra
lity

d
ista

n
ce,

d
efi

n
ed

as
‖
µ
L
−
µ
I ‖

1 ,
w

h
ich

is
th

e
M

an
h
attan

d
istan

ce
b

etw
een

th
e

m
ax

im
izers

of
th

e
relax

ed
an

d
ex

act
p
rogram

s.
T

h
e

in
tegrality

d
istan

ce
is

con
cep

tu
ally

sim
ilar

to
persisten

ce
(see

W
ain

w
righ

t
an

d
J
ord

an
,

2008
for

d
efi

n
ition

)
in

th
at

a
p

ersisten
t

fraction
al

solu
tion

w
ill

h
ave

a
su

b
set

of
variab

les
w

ith
zero

in
tegra

lity
d
istan

ce.
T

h
e

in
tegrality

d
istan

ce
is

also
related

to
th

e
in

tegrality
gap

,
alth

o
u
gh

th
e

d
istan

ce
cou

ld
som

etim
es

b
e

m
o
re

u
sefu

l:
w

h
en

th
e

in
tegrality

d
istan

ce
is

sm
a
ll,

th
e

relax
ed

solu
tion

is
close

to
th

e
ex

act
solu

tion
,

w
h
ich

is
w

h
at

w
e

m
ay

u
ltim

ately
care

ab
ou

t;
m

oreover,
w

h
en

th
e

in
tegrality

d
istan

ce
is

zero,
th

e
in

tegrality
ga

p
m

u
st

also
b

e
zero,

regard
less

of
w

h
eth

er
w

e
assu

m
e

u
n
iq

u
en

ess.

In
th

is
section

,
w

e
relate

th
e

in
tegrality

d
istan

ce
to

several
loss

fu
n
ction

s
th

at
are

com
m

on
ly

an
aly

zed
in

th
e

literatu
re

on
stru

ctu
red

p
red

iction
.

W
e

th
en

sh
ow

th
at,

sim
ilar

to
th

e
in

tegrality
gap

,
th

e
in

tegrality
d
istan

ce
also

gen
eralizes

from
an

em
p
irical

sam
p
le

to
th

e
p

op
u
lation

average.
M

oreover,
w

e
sh

ow
th

at
th

e
in

tegrality
d
istan

ce
is

u
p
p

er-b
ou

n
d
ed

b
y

a
con

stan
t

m
u
ltip

le
of

th
e

stru
ctu

red
h
in

ge
loss—

a
con

vex
loss

fu
n
ction

th
at

is
com

m
on

ly
u
sed

for
train

in
g.

Im
p

ortan
tly,

u
n
like

th
e

b
ou

n
d

in
T

h
eorem

1,
th

is
b

ou
n
d

is
com

p
u
tation

ally
tractab

le.
C

om
b
in

in
g

th
ese

resu
lts,

w
e

ob
tain

a
h
igh

-p
rob

ab
ility

b
ou

n
d

on
th

e
ex

p
ected

in
tegrality

d
istan

ce
th

at
can

b
e

effi
cien

tly
evalu

ated
from

train
in

g
d
ata,

an
d

w
h
ose

ad
d
itive

error
d
ecreases

w
ith

th
e

n
u
m

b
er

of
ex

am
p
les.

F
in

ally,
a

sim
p
le

argu
m

en
t

sh
ow

s
h
ow

th
is

b
ou

n
d

ap
p
lies

to
an

in
tegral

rou
n
d
in

g
of

a
fra

ction
al

so
lu

tion
.
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T
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T
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R
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u
c
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u
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e
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P
r
e
d
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t
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6
.1

.
S

tr
u

c
tu

re
d

L
o
ss

F
u

n
c
ti

o
n

s

W
e

w
il
l

fo
cu

s
on

th
e

in
te

gr
al

it
y

d
is

ta
n
ce

of
th

e
si

n
gl

et
on

(i
.e

.,
n
o
d
e)

m
ar

g
in

al
s,

d
en

ot
ed

µ
u
,

(µ
i)
n i=

1
,

si
n
ce

th
ey

ar
e

su
ffi

ci
en

t
fo

r
d
ec

o
d
in

g
a

la
b

el
in

g,
y
.

L
et

D
1
(µ
,µ
′ )
,

1 2
n

∥ ∥ µ
u
−
µ
′ u

∥ ∥ 1
(1

8)

d
en

ot
e

th
e

n
or

m
al

iz
ed

M
an

h
at

ta
n

d
is

ta
n
ce

.
W

h
en

b
ot

h
in

p
u
ts

ar
e

in
te

gr
al

,
D

1
is

eq
u
iv

al
en

t
to

th
e

n
or

m
al

iz
ed

H
am

m
in

g
d
is

ta
n
ce

.
G

iv
en

a
m

o
d
el

,
w

,
an

in
p
u
t,
x

,
an

d
an

as
si

gn
m

en
t,
µ

,
le

t

L 1
(w
,x
,µ

)
,
D

1
(µ
,µ

L
(x

;w
))

(1
9)

d
en

ot
e

th
e

L
1

lo
ss

.
T

h
is

lo
ss

fu
n
ct

io
n

is
a

ge
n
er

al
iz

at
io

n
of

th
e

H
am

m
in

g
lo

ss
,

w
h
ic

h
is

co
m

m
on

ly
u
se

d
to

m
ea

su
re

th
e

p
re

d
ic

ti
on

er
ro

r
of

ex
ac

t
in

fe
re

n
ce

.
If

th
e

th
ir

d
ar

gu
m

en
t

is
a

re
fe

re
n
ce

(i
.e

.,
“g

ro
u
n
d

tr
u
th

”)
la

b
el

in
g,
µ
T

,
th

en
L 1

(w
,x
,µ

T
)

m
ea

su
re

s
th

e
p
re

d
ic

ti
on

er
ro

r
of

ap
p
ro

x
im

at
e

in
fe

re
n
ce

.
H

ow
ev

er
,

if
th

e
th

ir
d

ar
gu

m
en

t
is

th
e

ex
ac

t,
in

te
gr

al
M

A
P

st
at

e,
µ
I
,

th
en
L 1

(w
,x
,µ

I
)

is
th

e
n
or

m
al

iz
ed

in
te

gr
al

it
y

d
is

ta
n
ce

.
T

h
is

la
tt

er
q
u
an

ti
ty

is
w

h
at

w
e

w
il
l

fo
cu

s
on

u
p
p

er
-b

ou
n
d
in

g.
L

et

L h
(w
,x
,µ

)
,

m
a
x

µ
′ ∈
M

L

D
1
(µ
,µ
′ )

+
θ>
( µ
′ −

µ
) .

(2
0)

d
en

ot
e

a
lo

ss
fu

n
ct

io
n

co
m

m
on

ly
re

fe
rr

ed
to

as
th

e
(r

el
ax

ed
)

st
ru

ct
u

re
d

h
in

ge
lo

ss
.

T
h
is

lo
ss

is
m

in
im

iz
ed

w
h
en

µ
sc

or
es

h
ig

h
er

th
an

al
l

al
te

rn
at

e
as

si
gn

m
en

ts
,
µ
′ ,

b
y

a
m

ar
g
in

th
at

is
at

le
as

t
D

1
(µ
,µ
′ )

.
N

ot
e

th
at

w
h
en

µ
is

th
e

ex
ac

t
M

A
P

st
at

e,
th

e
st

ru
ct

u
re

d
h
in

ge
lo

ss
co

m
p
u
te

s
a

lo
ss

-a
u

gm
en

te
d

in
te

gr
al

it
y

ga
p
,
u
si

n
g

M
an

h
at

ta
n

d
is

ta
n
ce

fo
r

lo
ss

au
gm

en
ta

ti
on

(s
ee

E
q
.

(4
))

.
A

re
la

te
d

lo
ss

fu
n
ct

io
n

is
th

e
(r

el
ax

ed
)

st
ru

ct
u

re
d

ra
m

p
lo

ss
,

L r
(w
,x
,µ

)
,

m
ax

µ
′ ∈
M

L

D
1
(µ
,µ
′ )

+
θ>
( µ
′ −

µ
L

(x
;w

))
,

(2
1)

w
h
ic

h
ca

n
b

e
co

n
si

d
er

ed
a

n
or

m
al

iz
ed

ve
rs

io
n

of
th

e
h
in

ge
lo

ss
.
L r

is
b

ou
n
d
ed

b
y

[0
,1

],
w

h
er

ea
s
L h

m
ig

h
t

b
e

u
n
b

ou
n
d
ed

(d
ep

en
d
in

g
on

th
e

fe
at

u
re

s
an

d
w

ei
gh

ts
).

T
h
e

h
in

ge
lo

ss
is

of
te

n
u
se

d
in

m
ax

-m
ar

gi
n

tr
a
in

in
g,

si
n
ce

it
is

co
n
ve

x
in
w

.
T

h
e

ra
m

p
lo

ss
is

n
ot
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n
ve

x
in
w

,
b
u
t

it
is

b
ou

n
d
ed

,
L

ip
sc

h
it

z,
an

d
h
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a
co

n
ve

n
ie

n
t

re
la

ti
on

sh
ip

to
th

e
L

1
(o

r
H

am
m

in
g)

an
d

h
in

ge
lo

ss
es

:

L 1
(w
,x
,µ

)
≤
L r

(w
,x
,µ

)
≤
L h

(w
,x
,µ

).
(2

2)

T
h
u
s,

th
e

ra
m

p
lo

ss
is

of
te

n
u
se

d
as

an
an

al
y
ti

ca
l
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to
d
er

iv
e

ge
n
er

al
iz

a
ti

on
b

ou
n
d
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e

th
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.
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o
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n
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d
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d
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.
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p
p
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n
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t
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g
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h

e
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L
et

D
d
en

o
te

a
d
is

tr
ib

u
ti

o
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o
ve

r
X

.
L
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φ
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X
×
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→

R
d

d
en

o
te

a
fe

a
tu
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m

a
p
p
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g
su
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a
t

su
p
x
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)‖
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B
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∞

;
a
n

d
µ
I

is
d
efi

n
ed

in
E
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).
T

h
en

,
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r
a
n

y
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∈
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)
a
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d
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w

it
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p
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ty

a
t

le
a
st

1
−
δ

o
ve

r
d
ra
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o
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∈
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a
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D
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,
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y

w
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w
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‖ 2
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∞

,
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E
x
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1
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,x
,µ

I
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(w
,x
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µ
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)

I
)
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√
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B
R
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)

F
u
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h
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E

q.
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)

h
o
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s
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h
en
L r

is
re

p
la
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w
it

h
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h
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2
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th
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gr
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it
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d
is

ta
n
ce

on
th

e
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n
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g
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n
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a
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s
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d
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d
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e
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h
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d
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h
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re
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d
is

ta
n
ce

.
T

h
at

is
,

m
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p
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h
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p
re

d
ic

ti
o
n

er
ro

r,
b
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at
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.
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P
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≤
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e
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h
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u
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e

in
te

gr
al

it
y

h
in

ge
lo

ss
as

fo
ll
ow

s:

L h
(w
,x
,µ

I
)

=
m

ax
µ
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T
).
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b
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of.

N
o
te

th
a
t

L
em

m
a

1
also

y
ield

s
an

u
p
p
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er-h
o
u
n
d
ed

b
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u
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ob
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→
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d
en

o
te

a
fea

tu
re

m
a
p
p
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∞
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∈
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∞
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+
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+
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d
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p
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Im
p

ortan
tly,

if
th

e
con

stan
ts
B

a
n
d
R

are
k
n
ow

n
,

th
en

th
is

b
o
u
n
d

can
b

e
effi

cien
tly

evalu
ated

from
tra

in
in

g
d
ata.

It
is

w
orth

n
otin

g
th

at
C

o
ro

lla
ry

2
a
ctu

ally
h
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h
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h
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b
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b
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n
d
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is

relation
sh

ip
is

d
eterm

in
ed

,
on

e
can

ap
p
ly

ou
r

p
rior

gen
eralization

a
n
a
ly

sis
to

th
e

rou
n
d
in

g.
It

tu
rn

s
ou

t
th

at
th

e
d
istan

ce
from

µ
R

to
µ
I

can
b

e
u
p
p

er-b
ou

n
d
ed

b
y

a
m

u
ltip

le
o
f

th
e

in
tegrality

d
istan

ce.

15
JM

L
R

 20(13):1-34, 2019

M
e
sh

i,
L
o
n
d
o
n
,
W

e
l
l
e
r
,
a
n
d

S
o
n
t
a
g

0
50

100
150

200
0

0.5 1
R

elaxed T
raining

 

 
R

elaxed−hinge
E

xact−hinge
R

elaxed S
S

V
M

 obj
E

xact S
S

V
M

 obj

0
50

100
150

200
0

0.5 1

T
raining epochs

 

 

T
rain tightness

T
est tightness

R
elaxed test F

1
E

xact test F
1

0
50

100
150

200
250

0

0.5 1

1.5
E

xact T
rain

in
g

T
rain

in
g

 ep
o

ch
s

0
50

100
150

200
250

0

0.5 1

−0.4
−0.2

0
0

100

200

R
elaxed T

raining

−0.4
−0.2

0
0

100

200

E
xact T

raining

I *−F
*

F
igu

re
4:

T
rain

in
g

w
ith

th
e

‘Y
east’

m
u
lti-lab

el
classifi

cation
d
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fu
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T
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g
w
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L

P
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T
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P
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m
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(b
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w
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L
e
m

m
a
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S
u

p
po
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u
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t
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h
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=
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n

d
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d
o
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a
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a
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.
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e
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u

n
d
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f

th
e
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n
a
l

so
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tio
n
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µ
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≤
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b
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cal
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elief
on

an
“in

correct”
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en
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n
d
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b
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at
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p
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b
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b
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p
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p
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ra
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d
it

io
n

in
P

ro
p

o
si

ti
o
n

2
is

sa
ti

sfi
ed

fo
r

6
5
%

o
f

a
ll

va
ri

a
b

le
s,

a
lt

h
o
u

g
h

o
n

ly
1
%

o
f

th
e

tr
a
in

in
g

in
st

a
n

ce
s

sa
ti

sf
y

it
fo

r
a
ll

th
ei

r
va

ri
a
b

le
s.
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T
r
a
in

a
n
d

T
e
st

T
ig
h
t
n
e
ss

o
f
L
P

R
e
l
a
x
a
t
io
n
s
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic
t
io
n

U
n
like

th
e

‘S
cen

e’
d
ataset,

h
ere

on
ly

1.2%
of

varia
b
les

satisfy
th

e
con

d
ition

in
P

rop
osition

2
(u

sin
g

L
P

tra
in

in
g).

In
all

of
ou

r
ex

p
erim

en
ts

th
e

learn
ed

m
o
d
el

scores
w

ere
n
ever

b
alan

ced
(P

ro
p

o
sition

1
),

alth
ou

gh
for

th
e

segm
en

tatio
n

p
rob

lem
w

e
b

elieve
th

e
m

o
d
els

learn
ed

are
clo

se
to

b
a
la

n
ced

,
b

oth
for

relax
ed

an
d

ex
act

train
in

g.

8
.
C
o
n
clu

sio
n

In
th

is
p
a
p

er
w

e
p
resen

t
a

th
eoretical

an
aly

sis
of

th
e

tigh
tn

ess
of

L
P

relax
atio

n
s

often
ob

-
served

in
stru

ctu
red

p
red

iction
ap

p
lication

s.
O

u
r

an
aly

sis
is

b
ased

on
a

carefu
l

ex
a
m

in
ation

o
f

th
e

in
teg

ra
lity

gap
,

th
e

in
tegrality

d
istan

ce,
an

d
th

eir
relation

to
th

e
train

in
g

ob
jective.

It
sh

ow
s

h
ow

train
in

g
w

ith
L

P
relax

ation
s,

alth
ou

gh
d
esign

ed
w

ith
accu

racy
con

sid
eration

s
in

m
in

d
,

a
lso

in
d
u
ces

tigh
tn

ess
of

th
e

relax
ation

.
O

u
r

d
erivation

also
su

ggests
th

at
ex

act
tra

in
in

g
m

ay
so

m
etim

es
h
av

e
th

e
op

p
osite

eff
ect,

in
creasin

g
th

e
in

tegrality
gap

.
T

o
ex

p
la

in
tigh

tn
ess

at
test

tim
e,

w
e

sh
ow

th
at

tigh
tn

ess
gen

eralizes
in

th
e

follow
in

g
tw

o
sen

ses:
fi
rst,

if
m

ost
train

in
g

p
red

iction
s

are
in

tegral,
th

en
m

ost
test

in
sta

n
ces

w
ill

also
b

e
in

teg
ra

l;
secon

d
ly,

if
train

in
g

p
red

iction
s

a
re

on
average

“close
to”

in
tegra

l,
th

en
test

p
red

iction
s

w
ill

b
e

sim
ilarly

close
to

in
tegral

in
ex

p
ectation

.

A
ck

n
o
w
le
d
g
m
e
n
ts

A
W

a
ck

n
ow

led
ges

su
p
p

ort
from

th
e

D
av

id
M

acK
ay

N
ew

ton
research

fellow
sh

ip
a
t

D
arw

in
C

o
lleg

e,
T

h
e

A
lan

T
u
rin

g
In

stitu
te

u
n
d
er

E
P

S
R

C
gra

n
t

E
P

/N
51012

9/1
&

T
U

/B
/000

074,
a
n
d

th
e

L
ev

erh
u
lm

e
T

ru
st

v
ia

th
e

C
F

I.
D

S
ack

n
ow

led
ges

su
p
p

ort
from

N
S
F

C
C

F
-1723344

a
n
d

N
S
F

C
A

R
E

E
R

aw
ard

#
1350965.
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M
e
sh

i,
L
o
n
d
o
n
,
W

e
l
l
e
r
,
a
n
d

S
o
n
t
a
g

A
p
p
e
n
d
ix

A
.
γ
-T

ig
h
t
L
P

R
e
la
x
a
tio

n
s

In
th

is
section

w
e

p
rov

id
e

fu
ll

d
erivation

s
for

th
e

resu
lts

in
S
ection

5.1.
W

e
m

ake
ex

ten
sive

u
se

of
th

e
resu

lts
in

W
eller

et
al.

(2016),
som

e
of

w
h
ich

are
restated

h
ere

for
com

p
leten

ess.
W

e
start

b
y

d
efi

n
in

g
a

m
o
d
el

in
m

in
im

al
rep

resen
tation

,
w

h
ich

w
ill

b
e

co
n
ven

ien
t

for
th

e
d
erivation

s
th

at
follow

.
S
p

ecifi
cally,

in
th

e
case

of
b
in

ary
variab

les
(y
i ∈
{0,1}

)
w

ith
p
airw

ise
factors,

w
e

d
efi

n
e

a
valu

e
η
i

for
each

variab
le,

an
d

a
valu

e
η
ij

for
each

p
air.

T
h
e

m
ap

p
in

g
b

etw
een

th
e

over-com
p
lete

vector
µ

an
d

th
e

m
in

im
al

vector
η

is
as

follow
s.

F
or

sin
gleton

factors,
w

e
h
ave:

µ
i

=

(
1−

η
i

η
i

)

S
im

ilarly,
for

th
e

p
airw

ise
factors,

w
e

h
ave:

µ
ij

=

(
1

+
η
ij −

η
i −

η
j

η
j −

η
ij
,

η
i −

η
ij

η
ij

)

T
h
e

corresp
on

d
in

g
m

ap
p
in

g
to

m
in

im
al

p
aram

eters
is

th
en

:

θ̄
i

=
θ
i (1)−

θ
i (0)

+
∑j∈
N
i (θ

ij (1,0)−
θ
ij (0,0

))

θ̄
ij

=
θ
ij (1,1)

+
θ
ij (0,0)−

θ
ij (0,1

)−
θ
ij (1,0)

In
th

is
rep

resen
tation

,
th

e
L

P
relax

ation
is

given
b
y

(u
p

to
con

stan
ts):

m
ax

η∈
L
f

(η
)

:=
n
∑i=

1

θ̄
i η
i
+
∑ij∈E

θ̄
ij η

ij

w
h
ere

L
is

th
e

ap
p
rop

riate
tran

sform
ation

o
fM

L
to

th
e

eq
u
ivalen

t
red

u
ced

sp
ace

of
η
:

0
≤
η
i ≤

1
m

ax
(0,η

i
+
η
j −

1)
≤
η
ij ≤

m
in

(η
i ,η

j )
∀
i
∀
ij∈

E

If
θ̄
ij
>

0
(θ̄
ij
<

0),
th

en
th

e
ed

ge
is

called
a
ttra

ctive
(rep

u
lsive

).
If

all
ed

ges
are

attractive,
th

en
th

e
L

P
relax

ation
is

k
n
ow

n
to

b
e

tigh
t

(W
ain

w
righ

t
an

d
J
ord

an
,

2008).
W

h
en

n
ot

all
ed

ges
are

attractiv
e,

in
som

e
cases

it
is

p
ossib

le
to

m
ak

e
th

em
attractive

b
y

fl
ip

p
in

g
a

su
b
set

of
th

e
variab

les
(y
i ←

1
−
y
i ),

w
h
ich

fl
ip

s
th

e
sign

s
of

ed
ge

p
oten

tials
for

ed
ges

w
ith

ex
actly

on
e

en
d

in
th

e
fl
ip

p
ed

su
b
set. 1

4
In

su
ch

cases
th

e
m

o
d
el

is
ca

lled
ba

la
n

ced
.

In
th

e
seq

u
el

w
e

w
ill

m
ake

u
se

of
th

e
k
n
ow

n
fa

ct
th

at
all

vertices
o
f

th
e

lo
cal

p
oly

top
e

are
h
alf-in

tegral
(take

valu
es

in
{0
,

12 ,1}
)

(P
ad

b
erg,

1989).
W

e
are

n
ow

rea
d
y

to
p
rove

th
e

p
rop

osition
s

(restated
h
ere

for
con

ven
ien

ce).

1
4
.

T
h

e
fl

ip
-set,

if
ex

ists,
is

ea
sy

to
fi

n
d

b
y

m
a
k
in

g
a

sin
g
le

p
a
ss

ov
er

th
e

g
ra

p
h

(see
W

eller
(2

0
1
5
)

fo
r

m
o
re

d
eta

ils).

2
0
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T
r
a
in

a
n
d

T
e
st

T
ig
h
t
n
e
ss

o
f
L
P

R
e
l
a
x
a
t
io
n
s
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic
t
io
n

A
.1

.
P

ro
o
f

o
f

P
ro

p
o
si

ti
o
n

1

P
ro

p
o
si

ti
o
n

1
A

ba
la

n
ce

d
m

od
el

w
it

h
a

u
n

iq
u

e
o
p
ti

m
u

m
is

(α
/2

)-
ti

gh
t,

w
h
er

e
α

is
th

e
d
iff

er
en

ce
be

tw
ee

n
th

e
be

st
a
n

d
se

co
n

d
-b

es
t

(i
n

te
gr

a
l)

so
lu

ti
o
n

s.
P

ro
o
f

W
el

le
r

et
al

.
(2

01
6)

d
efi

n
e

fo
r

a
gi

ve
n

va
ri

ab
le
i

th
e

fu
n
ct

io
n
F
i L
(z

),
w

h
ic

h
re

tu
rn

s
fo

r
ev

er
y

0
≤
z
≤

1
th

e
co

n
st

ra
in

ed
op

ti
m

u
m

:

F
i L
(z

)
=

m
ax

η
∈L

η
i
=
z

f
(η

)

G
iv

en
th

is
d
efi

n
it

io
n
,
th

ey
sh

ow
th

at
fo

r
a

b
al

an
ce

d
m

o
d
el

,
F
i L
(z

)
is

a
li

n
ea

r
fu

n
ct

io
n

(W
el

le
r

et
al

.,
20

16
,

T
h
eo

re
m

6)
.

L
et
m

b
e

th
e

op
ti

m
al

sc
or

e,
le

t
η

1
b

e
th

e
u
n
iq

u
e

op
ti

m
u
m

in
te

gr
al

ve
rt

ex
in

m
in

im
al

fo
rm

so
f

(η
1
)

=
m

,
an

d
b
y

as
su

m
p
ti

on
an

y
ot

h
er

in
te

gr
al

ve
rt

ex
h
as

va
lu

e
at

m
os

t
m
−
α

.
D

en
ot

e
th

e
st

at
e

of
η

1
at

co
or

d
in

at
e
i

b
y
z
∗

=
η

1 i
,

an
d

co
n
si

d
er

co
m

p
u
ti

n
g

th
e

co
n
st

ra
in

ed
op

ti
m

u
m

h
ol

d
in

g
η i

to
va

ri
ou

s
st

at
es

.
B

y
as

su
m

p
ti

on
,

an
y

ot
h
er

in
te

gr
al

ve
rt

ex
h
as

va
lu

e
at

m
os

t
m
−
α

,
th

er
ef

or
e,

F
i L
(z
∗ )

=
m

F
i L
(1
−
z
∗ )
≤
m
−
α

(t
h
e

se
co

n
d

li
n
e

h
ol

d
s

w
it

h
eq

u
al

it
y

if
th

er
e

ex
is

ts
a

se
co

n
d
-b

es
t

so
lu

ti
on

η
2

s.
t.
η

2 i
6=
η

1 i
).

S
in

ce
F
i L
(z

)
is

a
li
n
ea

r
fu

n
ct

io
n
,

w
e

h
av

e
th

at
:

F
i L
(1
/
2)
≤
m
−
α
/2

(2
9)

N
ex

t,
to

w
ar

d
s

co
n
tr

ad
ic

ti
on

,
su

p
p

os
e

th
at

th
er

e
ex

is
ts

a
fr

ac
ti

on
al

v
er

te
x
η
f

w
it

h
va

lu
e

f
(η
f
)
>
m
−
α
/2

.
L

et
j

b
e

a
fr

ac
ti

on
al

co
o
rd

in
at

e,
so

η
f j

=
1 2

(s
in

ce
ve

rt
ic

es
ar

e
h
al

f-

in
te

gr
al

).
O

u
r

as
su

m
p
ti

on
im

p
li
es

th
at
F
j L
(1
/2

)
>
m
−
α
/2

,
b
u
t

th
is

co
n
tr

ad
ic

ts
E

q
.

(2
9)

.
T

h
er

ef
or

e,
w

e
co

n
cl

u
d
e

th
at

an
y

fr
ac

ti
on

al
so

lu
ti

on
h
as

va
lu

e
at

m
os

t
f

(η
f
)
≤
m
−
α
/2

.

It
is

p
os

si
b
le

to
ch

ec
k

in
p

ol
y
n
om

ia
l

ti
m

e
if

a
m

o
d
el

is
b
al

an
ce

d
,

if
it

h
as

a
u
n
iq

u
e

op
ti

m
u
m

,
an

d
co

m
p
u
te
α

.
T

h
is

ca
n

b
e

d
on

e
b
y

co
m

p
u
ti

n
g

th
e

d
iff

er
en

ce
in

va
lu

e
to

th
e

se
co

n
d
-b

es
t.

In
or

d
er

to
fi
n
d

th
e

se
co

n
d
-b

es
t:

on
e

ca
n

co
n
st

ra
in

ea
ch

va
ri

ab
le

in
tu

rn
to

d
iff

er
fr

om
th

e
st

at
e

of
th

e
op

ti
m

al
so

lu
ti

on
,

an
d

re
co

m
p
u
te

th
e

M
A

P
so

lu
ti

on
;

fi
n
al

ly
,

ta
ke

th
e

m
ax

im
u
m

ov
er

al
l

th
es

e
tr

ia
ls

.

A
.2

.
P

ro
o
f

o
f

P
ro

p
o
si

ti
o
n

2

P
ro

p
o
si

ti
o
n

2
If

a
ll

va
ri

a
bl

es
sa

ti
sf

y
th

e
co

n
d

it
io

n
:

θ̄ i
≥
−
∑ j∈
N
− i

θ̄ i
j

+
β
,

o
r

θ̄ i
≤
−
∑ j∈
N

+ i

θ̄ i
j
−
β

fo
r

so
m

e
β
>

0
,

th
en

th
e

m
od

el
is

(β
/2

)-
ti

gh
t.

P
ro

o
f

F
or

an
y

b
in

ar
y

p
ai

rw
is

e
m

o
d
el

s,
gi

ve
n

si
n
gl

et
on

te
rm

s
{η
i}

,
th

e
o
p
ti

m
a
l

ed
ge

te
rm

s
ar

e
gi

v
en

b
y

(f
or

d
et

ai
ls

se
e

W
el

le
r

et
al

.,
20

16
):

η i
j
(η
i,
η j

)
=

{
m

in
(η
i,
η j

)
if
θ̄ i
j
>

0

m
ax

(0
,η
i
+
η j
−

1)
if
θ̄ i
j
<

0
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M
e
sh

i,
L
o
n
d
o
n
,
W

e
l
l
e
r
,
a
n
d

S
o
n
t
a
g

N
ow

,
co

n
si

d
er

a
va

ri
ab

le
i

an
d

le
t
N
i

b
e

th
e

se
t

of
it

s
n
ei

gh
b

or
s

in
th

e
g
ra

p
h
.

F
u
rt

h
er

,
d
efi

n
e

th
e

se
ts
N

+ i
=
{j
∈
N
i|θ̄

ij
>

0}
an

d
N
− i

=
{j
∈
N
i|θ̄

ij
<

0
},

co
rr

es
p

on
d
in

g
to

a
tt

ra
ct

iv
e

an
d

re
p
u
ls

iv
e

ed
ge

s,
re

sp
ec

ti
ve

ly
.

W
e

n
ex

t
fo

cu
s

on
th

e
p
ar

ts
of

th
e

ob
je

ct
iv

e
a
ff

ec
te

d
b
y

th
e

va
lu

e
at
η i

(r
ec

om
p
u
ti

n
g

op
ti

m
al

ed
ge

te
rm

s)
;

re
ca

ll
th

at
a
ll

ve
rt

ic
es

ar
e

h
a
lf

-i
n
te

g
ra

l:

η i
=

1
η i

=
1/

2
η i

=
0

θ̄ i
+
∑

j∈
N

+ i
η
j
=

1

θ̄ i
j

+
1 2

∑
j∈
N

+ i

η
j
=

1 2

θ̄ i
j

+
∑

j∈
N
− i

η
j
=

1

θ̄ i
j

+
1 2

∑
j∈
N
− i

η
j
=

1 2

θ̄ i
j

1 2
θ̄ i

+
1 2

∑
j∈
N

+ i

η
j
∈{

1 2
,1
}θ̄ i

j
+

1 2

∑
j∈
N
− i

η
j
=

1

θ̄ i
j

0

It
is

ea
sy

to
ve

ri
fy

th
at

th
e

co
n
d
it

io
n
θ̄ i
≥
−
∑

j∈
N
− i
θ̄ i
j

+
β

gu
ar

an
te

es
th

a
t
η i

=
1

in
th

e

op
ti

m
al

so
lu

ti
on

.
W

e
n
ex

t
b

ou
n
d

th
e

d
iff

er
en

ce
in

ob
je

ct
iv

e
va

lu
es

re
su

lt
in

g
fr

o
m

se
tt

in
g

η i
=

1/
2.

∆
f

=
1 2

     
θ̄ i

+
∑ j∈
N

+ i
η
j
=

1

θ̄ i
j

+
∑ j∈
N
− i

η
j
∈{

1 2
,1
}θ̄ i

j

     
≥

1 2

 
θ̄ i

+
∑ j∈
N
− i

θ̄ i
j

 
≥
β
/2

S
im

il
ar

ly
,

w
h
en

θ̄ i
≤
−
∑

j∈
N

+ i
θ̄ i
j
−
β

,
th

en
η i

=
0

in
an

y
op

ti
m

al
so

lu
ti

o
n
.

T
h
e

d
iff

er
en

ce
in

ob
je

ct
iv

e
va

lu
es

fr
om

se
tt

in
g
η i

=
1/

2
in

th
is

ca
se

is
:

∆
f

=
−

1 2

     
θ̄ i

+
∑ j∈
N

+ i

η
j
∈{

1 2
,1
}θ̄ i

j
+
∑ j∈
N
− i

η
j
=

1

θ̄ i
j

     
≥
−

1 2

 
θ̄ i

+
∑ j∈
N

+ i

θ̄ i
j

 
≥
β
/2

N
ot

ic
e

th
at

fo
r

m
or

e
fr

ac
ti

on
al

co
or

d
in

at
es

th
e

d
iff

er
en

ce
in

va
lu

es
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n
on

ly
in

cr
ea

se
,

so
in

an
y

ca
se

th
e

fr
ac

ti
on

al
so

lu
ti

on
is

w
or

se
b
y

at
le

as
t
β
/2

.
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p
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n
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n
d
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ro
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T
o

p
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ve
T

h
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re
m

s
1

an
d

2,
w

e
w

il
l

u
se

th
e

fo
ll
ow

in
g

P
A

C
-B

ay
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b
ou

n
d
.

T
h
er

e
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re

o
th

er
w

ay
s

of
p
ro

v
in

g
g
en

er
al

iz
at

io
n

b
ou

n
d
s

fo
r

st
ru

ct
u
re

d
p
re

d
ic

to
rs

(e
.g

.,
W

ei
ss

a
n
d

T
a
sk

a
r,

20
10

),
an

d
ot

h
er

P
A

C
-B

ay
es

ia
n

an
al

y
se

s
of

st
ru

ct
u
re

d
p
re

d
ic

ti
on

(e
.g

.,
M

cA
ll
es

te
r,

2
0
0
7
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b
u
t

w
e

p
re

fe
r

th
e

fo
ll
ow

in
g

fo
r

it
s

si
m

p
li
ci

ty
.

O
u
r

an
al

y
si

s
is

b
as

ed
on

L
on

d
on

et
a
l.
’s

(2
0
1
6
),

w
it

h
ce

rt
ai

n
si

m
p
li
fi
ca

ti
on

s
d
u
e

to
d
iff

er
en

ce
s

in
ou

r
ob

je
ct

iv
e.

L
e
m

m
a

3
.

L
et

D
d
en

o
te

a
d
is

tr
ib

u
ti

o
n

o
ve

r
a
n

in
st

a
n

ce
sp

a
ce

,
Z

.
L

et
H

d
en

o
te

a
h
yp

o
th

es
is

cl
a
ss

.
L

et
L

:
H
×
Z
→

[0
,1

]
d
en

o
te

a
bo

u
n

d
ed

lo
ss

fu
n

ct
io

n
.

L
et

P
d
en

o
te

a
fi

xe
d

p
ri

o
r

d
is

tr
ib

u
ti

o
n

o
ve

r
H

.
T

h
en

,
fo

r
a
n

y
δ
∈

(0
,1

)
a
n

d
m
≥

1
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

o
ve

r
d
ra

w
s

o
f

(Z
(1

) ,
..
.,
Z

(m
) )
∈
Z
m

,
a
cc

o
rd

in
g

to
D
m

,
ev

er
y

po
st

er
io

r
d
is

tr
ib

u
ti

o
n

,
Q

,
o
ve

r
H

,
sa

ti
sfi

es

E
Z
∼
D

E
h
∼
Q

[L
(h
,Z

)]
≤

1 m

m ∑ i=
1

E
h
∼
Q

[L
(h
,Z

(i
) )]

+
2√

D
k
l
(Q
‖P

)
+

ln
2 δ

2m
(3

0
)
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T
r
a
in

a
n
d

T
e
st

T
ig
h
t
n
e
ss

o
f
L
P

R
e
l
a
x
a
t
io
n
s
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic
t
io
n

P
ro

o
f

T
o

sim
p
lify

n
otation

,
let

ϕ
(h
,Z

(i)),
1m

(
EZ∼
D
[L

(h
,Z

)]−
L

(h
,Z

(i)) )
.

F
o
r

a
n
y

free
p
a
ram

eter,
ε∈

R
,

ob
serve

th
at

EZ∼
D

Eh∼
Q

[L
(h
,Z

)]−
1m

m
∑i=

1

Eh∼
Q

[L
(h
,Z

(i))]
=

1ε
Eh∼
Q [

m
∑i=

1

ε
ϕ

(h
,Z

(i)) ]
.

(31)

T
h
e

n
ex

t
step

u
ses

D
on

sker
an

d
V

arad
h
an

’s
(1975)

ch
a
n

ge
o
f

m
ea

su
re

in
eq

u
ality,

w
h
ich

sta
tes

th
a
t,

if
X

is
a

ran
d
om

variab
le

tak
in

g
valu

es
in

Ω
,

th
en

for
an

y
tw

o
d
istrib

u
tion

s,P
a
n
d
Q

,
o
n

Ω
,

EX∼
Q

[X
]≤

D
k
l (Q
‖P

)
+

ln
EX∼

P [e
X ]

.

A
p
p
ly

in
g

ch
a
n
g
e

of
m

easu
re

to
th

e
righ

th
an

d
sid

e
of

E
q
u
ation

31,
w

e
h
ave

1ε
Eh∼
Q [

m
∑i=

1

ε
ϕ

(h
,Z

(i)) ]
≤

1ε (
D

k
l (Q
‖P

)
+

ln
Eh∼
P [

ex
p (

m
∑i=

1

ε
ϕ

(h
,Z

(i)) )
])

.
(32)

B
y

M
a
rkov

’s
in

eq
u
ality,

w
ith

p
rob

ab
ility

1−
δ

over
d
raw

s
of

a
train

in
g

set,
Z
,

(Z
(1

),...,Z
(m

)),
a
ccord

in
g

to
D
m

,

Eh∼
P [

ex
p (

m
∑i=

1

ε
ϕ

(h
,Z

(i)) )
]
≤

1δ
E

Z∼
D
m

Eh∼
P [

ex
p (

m
∑i=

1

ε
ϕ

(h
,Z

(i)) )
]

=
1δ

Eh∼
P

E
Z∼

D
m

[
m∏i=

1

ex
p (

ε
ϕ

(h
,Z

(i)) ) ]

=
1δ

Eh∼
P

m∏i=
1

E
Z

(i)∼
D [ex

p (
ε
ϕ

(h
,Z

(i)) )]
.

(33)

In
th

e
la

st
lin

e,
w

e
leveraged

th
e

fact
th

at
th

e
ex

p
ectation

of
a

p
ro

d
u
ct

of
i.i.d

.
ran

d
om

varia
b
les

(in
th

is
case,

ϕ
(h
,Z

(i)))
is

th
e

p
ro

d
u
ct

of
th

eir
ex

p
ectation

s.
T

o
u
p
p

er-b
ou

n
d

each
ex

p
ecta

tion
,

w
e

u
se

H
o
eff

d
in

g’s
in

eq
u
ality,

w
h
ich

sta
tes

th
at

if
X

is
a

zero-m
ean

ran
d
om

varia
b
le,

su
ch

th
at
a
≤
X
≤
b

alm
ost

su
rely,

th
en

,
for

all
ε∈

R
,

E
[e
εX ]≤

ex
p (

ε
2(b−

a
)
2

8

)
.

S
in

ce
ϕ

(h
,Z

(i))
h
as

m
ean

zero,
an

d

EZ∼
D
[L

(h
,Z

)]−
1m
≤
ϕ

(h
,Z

(i))≤
EZ∼
D
[L

(h
,Z

)]−
0,

w
e

h
ave

th
a
t

E
Z

(i)∼
D [ex

p (
ε
ϕ

(h
,Z

(i)) )]≤
ex

p (
ε
2

8m
2 )

.
(34)

23
JM

L
R

 20(13):1-34, 2019

M
e
sh

i,
L
o
n
d
o
n
,
W

e
l
l
e
r
,
a
n
d

S
o
n
t
a
g

C
om

b
in

in
g

E
q
u
ation

s
31

to
34,

w
e

h
ave

for
an

y
ε∈

R
,

w
ith

p
rob

ab
ility

at
least

1−
δ,

allQ
satisfy

EZ∼
D

Eh∼
Q

[L
(h
,Z

)]−
1m

m
∑i=

1

Eh∼
Q

[L
(h
,Z

(i))]≤
1ε (

D
k
l (Q
‖P

)
+

ln
1δ )

+
ε8
m
.

(35)

T
h
e
ε

th
at

m
in

im
izes

E
q
u
ation

35
is

straigh
tforw

ard
:

settin
g

th
e

d
erivative

eq
u
al

to

0
an

d
solv

in
g

for
ε
?,

w
e

h
ave

ε
?

=
√

8
m

(D
k
l (Q
‖P

)
+

ln
1δ ).

U
n
fo

rtu
n
ately,

th
is

op
tim

al

valu
e

d
ep

en
d
s

on
th

e
ch

oice
of

p
osterior,Q

,
w

h
ich

m
ean

s
th

at
th

e
b

ou
n
d

w
ou

ld
on

ly
h
old

for
a

sin
gle

p
osterior,

n
ot

a
ll

p
osteriors

sim
u
lta

n
eou

sly.
T

o
d
erive

a
b

ou
n
d

th
at

h
old

s
for

all
p

osteriors,
w

e
em

p
loy

a
cov

erin
g

tech
n
iq

u
e,

attrib
u
ted

to
S
eld

in
et

al.
(2012).

W
e

fi
rst

d
efi

n
e

a
cou

n
tab

ly
in

fi
n
ite

seq
u
en

ce
of
ε

valu
es.

F
or

each
valu

e,
w

e
assign

an
ex

p
on

en
tially

d
ecreasin

g
p
rob

ab
ility

th
at

E
q
u
ation

35
fails

to
h
old

,
su

ch
th

at
w

ith
p
rob

ab
ility

at
least

1
−
δ

it
h
old

s
for

all
valu

es
sim

u
ltan

eou
sly.

T
h
en

,
for

an
y

p
osterior,

w
e

select
an

in
d
ex

,
j
?,

th
at

ap
p
rox

im
ately

op
tim

izes
E

q
u
ation

35,
an

d
u
se

low
er

an
d

u
p
p

er
b

ou
n
d
s

on
ε
j
?

to
sim

p
lify

th
e

b
ou

n
d
.

F
or
j

=
0,1,2,...,

let

ε
j ,

2
j √

8m
ln

2δ
.

(36)

F
or

each
ε
j ,

w
e

assign
δ
j ,

δ2 −
(j+

1
)

p
rob

a
b
ility

th
at

E
q
u
ation

35
d
o
es

n
ot

h
old

,
su

b
stitu

tin
g

(ε
j ,δ

j )
for

(ε,δ).
T

h
u
s,

w
ith

p
rob

ab
ility

at
least

1−
∑
∞j=

0
δ
j

=
1−

δ ∑
∞j=

0
2 −

(j+
1
)

=
1−

δ,
all

j
=

0,1,2,...
satisfy

EZ∼
D

Eh∼
Q

[L
(h
,Z

)]−
1m

m
∑i=

1

Eh∼
Q

[L
(h
,Z

(i))]≤
1ε
j (

D
k
l (Q
‖P

)
+

ln
1δ
j )

+
ε
j

8
m

F
or

an
y

giv
en

p
osterior,Q

,
w

e
ch

o
ose

an
in

d
ex

,
j
?,

b
y

tak
in

g

j
?,

⌊
1

2
ln

2
ln (

D
k
l (Q
‖P

)

ln
(2/δ)

+
1 )⌋

,

w
h
ich

im
p
lies

√
2m

(
D

k
l (Q
‖P

)
+

ln
2δ )
≤
ε
j
?≤

√
8
m

(
D

k
l (Q
‖P

)
+

ln
2δ )

.

W
e

fu
rth

er
h
av

e
(from

L
on

d
on

et
al.

(2016))
th

at

D
k
l (Q
‖P

)
+

ln
1δ
j
?
≤

32

(
D

k
l (Q
‖P

)
+

ln
2δ )

.
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S
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c
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r
e
d

P
r
e
d
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n

T
h
u
s,

w
it

h
p
ro

b
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il
it

y
at

le
as

t
1
−
δ,

al
l

p
os

te
ri

or
s

sa
ti

sf
y

E
Z
∼
D

E
h
∼
Q

[L
(h
,Z

)]
−

1 m

m ∑ i=
1

E
h
∼
Q

[L
(h
,Z

(i
) )]

≤
1 ε j
?

( D
k
l
(Q
‖P

)
+

ln
1 δ j
?

)
+
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?

8m

≤
D

k
l
(Q
‖P

)
+

ln
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/δ
j?

)
√

2m
(D

k
l
(Q
‖P

)
+

ln
(2
/δ

))
+

√
8
m

(D
k
l
(Q
‖P

)
+
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/δ

))

8m

≤
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k
l
(Q
‖P

)
+
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/δ

))

2√
2
m

(D
k
l
(Q
‖P

)
+

ln
(2
/δ

))
+

√
8m

(D
k
l
(Q
‖P

)
+

ln
(2
/δ

))

8
m

=
2√

D
k
l
(Q
‖P

)
+

ln
(2
/δ

)

2
m

,

w
h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
.

B
.1

.
P

ro
o
f

o
f

T
h

e
o
re

m
1

T
h
e

p
ro

of
p
ro

ce
ed

s
in

th
re

e
st

ag
es

:
F

ir
st

,
w

e
co

n
st

ru
ct

p
ri

or
an

d
p

os
te

ri
or

d
is

tr
ib

u
ti

on
s.

B
ot

h
ar

e
u
n
if

or
m

,
b
u
t

th
e

p
os

te
ri

or
is

ce
n
te

re
d

at
a

le
ar

n
ed

h
y
p

ot
h
es

is
,

an
d

it
s

su
p
p

or
t

sh
ri

n
k
s

as
th

e
tr

ai
n
in

g
d
at

a
gr

ow
s.

T
h
is

co
n
st

ru
ct

io
n

es
se

n
ti

al
ly

m
ea

n
s

th
a
t

w
e

sh
ou

ld
tr

u
st

th
e

le
ar

n
ed

m
o
d
el

m
or

e
as

w
e

ge
t

m
or

e
tr

ai
n
in

g
d
at

a.
In

th
e

se
co

n
d

st
ep

,
w

e
u
p
p

er
-b

ou
n
d

th
e

K
L

d
iv

er
ge

n
ce

te
rm

—
w

h
ic

h
is

tr
iv

ia
l

gi
ve

n
th

e
u
n
if

or
m

co
n
st

ru
ct

io
n
s.

F
in

al
ly

,
w

e
sh

ow
th

at
,

u
n
d
er

th
e

p
os

te
ri

or
co

n
st

ru
ct

io
n
,

th
e

lo
ss

of
a

ra
n
d
om

h
y
p

ot
h
es

is
is

“c
lo

se
to

”
th

e
lo

ss
of

th
e

le
ar

n
ed

h
y
p

ot
h
es

is
;

sp
ec

ifi
ca

ll
y,

th
at

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
ei

r
lo

ss
es

is
a

sm
al

l
ad

d
it

iv
e

te
rm

th
at

va
n
is

h
es

as
th

e
tr

ai
n
in

g
se

t
gr

ow
s.

L
et

P
d
en

ot
e

a
u
n
if

or
m

p
ri

or
ov

er
{w
∈

R
d

:
‖w
‖ 2
≤
R
}.

G
iv

en
a

le
ar

n
ed

w
ei

gh
t

ve
ct

or
,
w

,
w

e
co

n
st

ru
ct

a
p

os
te

ri
or

,
Q

,
as

a
u
n
if

or
m

d
is

tr
ib

u
ti

on
ov

er
{w
′
∈

R
d
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‖w
′ ‖ 2
≤

R
,
‖w
′ −

w
‖ 2
≤

2γ
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m
B
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.
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ca

n
ea

si
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b
e

sh
ow

n
(L
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d
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et
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.,
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,

A
p
p

en
d
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C
.3

)
th

at
D

k
l
(Q
‖P
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≤
d
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B
R
/γ

).
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T
h
e

n
ex

t
p
ar

t
of

th
e

p
ro

of
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er
an

d
om
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es

”
th

e
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n
ct
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n
s
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E

q
u
a
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o
n
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,

re
p
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n
g

th
e
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n
d
om

iz
ed

h
y
p

ot
h
es

is
,

w
it

h
w

ei
gh

ts
w
′
∼

Q
,

w
it

h
th

e
d
et

er
m

in
is

ti
c

p
re

d
ic

to
r

b
a
se

d
on

w
.

T
o

d
o

so
,

w
e

w
il
l

b
ou

n
d

th
e

d
iff

er
en

ce
|L
γ
(w
,x

)
−
L γ
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x

)|.
W

e
fi
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t
n
ot

e
th

at
th

e
ra

m
p

fu
n
ct

io
n

is
(1
/γ

)-
L

ip
sc

h
it

z;
th

at
is

,
fo

r
an

y
γ

,
x

,
w

an
d
w
′ ,

∣ ∣ L
γ
(w
,x

)
−
L γ

(w
′ ,
x

)∣ ∣
≤

1 γ

∣ ∣ D
(w
,x

)
−
D

(w
′ ,
x

)∣ ∣
.

(3
8)

T
o

u
p
p

er
-b

ou
n
d
|D

(w
,x

)
−
D

(w
′ ,
x

)|,
le

t

µ
F
∈

ar
g

m
ax

µ
∈V

F

θ(
x

;w
)>
µ

an
d

µ
′ F
∈

ar
g

m
ax

µ
∈V

F

θ(
x

;w
′ )
>
µ
,

µ
I
∈

ar
g

m
ax

µ
∈V

I

θ(
x

;w
)>
µ

an
d

µ
′ I
∈

ar
g

m
ax

µ
∈V

I

θ(
x

;w
′ )
>
µ
,
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d
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e
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∣ ∣ D
(w
,x

)
−
D

(w
′ ,
x

)∣ ∣
=
∣ ∣ ∣θ

(x
;w

)>
(µ
F
−
µ
I
)
−
θ(
x

;w
′ )
>

(µ
′ F
−
µ
′ I)
∣ ∣ ∣

≤
∣ ∣ ∣θ

(x
;w

)>
µ
F
−
θ(
x

;w
′ )
>
µ
′ F
∣ ∣ ∣

(3
9
)

+
∣ ∣ ∣θ

(x
;w
′ )
>
µ
′ I
−
θ(
x

;w
)>
µ
I

∣ ∣ ∣.
(4

0
)

W
e

w
il
l

u
p
p

er
-b

ou
n
d

E
q
u
at

io
n
s

39
a
n
d

40
se

p
ar

at
el

y.

S
ta

rt
in

g
w

it
h

E
q
u
at

io
n

39
,
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su

m
e

th
at
θ(
x

;w
)>
µ
F
≥
θ(
x

;w
′ )
>
µ
′ F

.
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f
th

e
in

eq
u
a
li
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th

e
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h
er

d
ir
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ti

on
,

w
e
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m

p
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sw
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th
e
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d
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t
te
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s,

w
h
ic

h
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eq
u
iv

a
le

n
t

in
si

d
e

th
e
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te

va
lu

e.
)

W
e

th
en

h
av

e
th

at

∣ ∣ ∣θ
(x

;w
)>
µ
F
−
θ(
x

;w
′ )
>
µ
′ F
∣ ∣ ∣=

θ(
x

;w
)>
µ
F
−
θ(
x

;w
′ )
>
µ
′ F

≤
θ(
x

;w
)>
µ
F
−
θ(
x

;w
′ )
>
µ
F

=
(w
−
w
′ )
>
φ

(x
,µ

F
),

d
u
e

to
th

e
op

ti
m

al
it

y
of
µ
′ F

fo
r
θ(
x

;w
′ )

.
T

h
en

,
u
si

n
g

C
au

ch
y
-S

ch
w

ar
z,

(w
−
w
′ )
>
φ

(x
,µ

F
)
≤
∥ ∥ w
−
w
′∥ ∥

2
‖φ

(x
,µ

F
)‖

2
≤
∥ ∥ w
−
w
′∥ ∥

2
B
.

A
n

id
en

ti
ca

l
an

al
y
si

s
of

E
q
u
at

io
n

40
y
ie

ld
s

∣ ∣ ∣θ
(x

;w
′ )
>
µ
′ I
−
θ(
x

;w
)>
µ
I

∣ ∣ ∣=
θ(
x

;w
′ )
>
µ
′ I
−
θ(
x

;w
)>
µ
I

≤
θ(
x

;w
′ )
>
µ
′ I
−
θ(
x

;w
)>
µ
′ I

=
(w
′ −

w
)>
φ

(x
,µ
′ I)

≤
∥ ∥ w
′ −

w
∥ ∥ 2

∥ ∥ φ
(x
,µ
′ I)
∥ ∥ 2

≤
∥ ∥ w
′ −

w
∥ ∥ 2
B
.

B
y
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n
st

ru
ct

io
n
,

ev
er

y
w
′
∼

Q
h
as

d
is
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n
ce
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m

os
t

2γ
/(
m
B

)
fr
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w

.
T

h
er

ef
o
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b
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u
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g
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e
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s
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d
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,
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e
h
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e
th
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∣ ∣ D
(w
,x

)
−
D

(w
′ ,
x

)∣ ∣
≤
∥ ∥ w
−
w
′∥ ∥

2
B

+
∥ ∥ w
′ −

w
∥ ∥ 2
B
≤

2
γ

m
B
·2
B

=
4γ m

;

an
d
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m

b
in

in
g
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is

b
ou

n
d

w
it

h
E

q
u
at

io
n

38
y
ie

ld
s

∣ ∣ L
γ
(w
,x

)
−
L γ

(w
′ ,
x

)∣ ∣
≤

1 γ
·4γ m

=
4 m
.
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h
u
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e
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y
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n
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om

w
ei
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t
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to
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b
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t
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f
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e
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ar
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ed
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n
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e
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e
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n
d
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e
d
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m

in
is

ti
c

lo
ss

:
∣ ∣ ∣ ∣L

γ
(w
,x

)
−

E
w
′ ∼

Q
[L
γ
(w
′ ,
x

)]

∣ ∣ ∣ ∣≤
E

w
′ ∼

Q

[∣ ∣ L
γ
(w
,x

)
−
L γ

(w
′ ,
x

)∣ ∣]
≤
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.
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)]≤
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D
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)]+
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[L
γ (w

′,x
(i))]≤
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A
ll

th
at
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s
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u
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th
e

p
ieces
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ia
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em
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a
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w
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ility

at
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over
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in
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D

Ew ′∼
Q

[L
γ (w

′,x
)]≤
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∑i=

1

Ew ′∼
Q

[L
γ (w

′,x
(i))]+

2 √
D

k
l (Q
‖P

)
+

ln
2δ
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.

T
o
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lete
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e
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ro

of,
w

e
u
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E
q
u
ation
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to

u
p
p
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ou

n
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th
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L
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E

q
u
a
tion
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to

low
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d

th
e

ran
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an
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q
u
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42
to
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n
d

th
e
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.
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.
P

ro
o
f

o
f

T
h

e
o
re

m
2

A
s

w
e

d
id

in
th

e
p
rev

iou
s

p
ro

of,
w

e
d
efi

n
e
P

as
a

u
n
iform

p
rior

over{
w
∈
R
d

:‖
w‖

2 ≤
R}

.
G

iven
w

,
w

e
co

n
stru

ct
a

p
osterior,

Q
,

as
a

u
n
iform

d
istrib

u
tion

over
{
w
′∈

R
d

:‖
w
′‖

2
≤

R
,‖
w
′−

w‖
2 ≤

2
/(m

B
)}

(w
e

om
it
γ

),
w

h
ich

y
ield

s
D

k
l (Q
‖P

)≤
d

ln
(m
B
R

).
In

w
h
a
t

fo
llow

s
w

e
u
se

th
e

fact
th

at
w

h
en

on
e

of
th

e
argu

m
en

ts
of
D

1 (µ
,µ
′)

(E
q
.
(18))—

say,
µ

—
is

in
teg

ral,
D

1 (µ
,µ
′)

can
b

e
ex

p
ressed

as
`(µ

) >
µ
′,

w
h
ere

`(µ
),

1n

[
1
−
µ

u

0

]
.

(43)

T
o

d
era

n
d
o
m

ize
th

e
loss

of
w
′∼

Q
,
w

e
n
eed

to
b

ou
n
d

th
e

d
iff

eren
ce|L

r (w
,x
,µ

I )−
L

r (w
′,x
,µ

I )|.
N

o
te

th
a
t
w
′

is
b

ein
g

evalu
ated

w
ith

resp
ect

to
th

e
M

A
P

assign
m

en
t

u
n
d
er
w

,
i.e.,

µ
I
∈

a
rg

m
a
x
µ∈M

θ(x
;w

) >
µ

.
T

o
sim

p
lify

n
otation

,
w

e
w

ill
u
se

th
e

follow
in

g
sh

orth
an

d
:

θ
,
θ(x

;w
)

an
d

θ ′,
θ(x

;w
′)

;

µ
L
∈

arg
m

ax
µ∈M

L

θ >
µ

an
d

µ
′L
∈

arg
m

ax
µ∈M

L

(θ ′) >
µ

;

µ̃
L
∈

arg
m

ax
µ∈M

L

(`(µ
I )

+
θ) >

µ
an

d
µ̃
′L
∈

arg
m

ax
µ∈M

L

(`(µ
I )

+
θ ′) >

µ
.

W
e

th
en

h
av

e
th

at
th

e
d
iff

eren
ce

of
ram

p
losses

d
ecom

p
oses

as

∣∣L
r (w

,x
,µ

I )−
L

r (w
′,x
,µ

I ) ∣∣

=
∣∣∣ (

(`(µ
I )

+
θ) >

µ̃
L
−
θ >
µ
L )
−
(

(`(µ
I )

+
θ ′) >

µ̃
′L
−

(θ ′) >
µ
′L ) ∣∣∣

≤
∣∣∣ (`(µ

I )
+
θ) >

µ̃
L
−

(`(µ
I )

+
θ ′) >

µ̃
′L ∣∣∣

(44)

+
∣∣∣ (θ ′) >

µ
′L
−
θ >
µ
L ∣∣∣ .

(45)
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E
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4

an
d
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W
e

start
w

ith
E

q
u
ation

45,
w

h
ich

is
sligh

tly
sim

p
ler.

W
ith

ou
t

loss
of

gen
erality,

assu
m

e
th

at
(θ ′) >

µ
′L
≥
θ >
µ
L

.
U

sin
g

th
e

op
tim

ality
of
µ
L

w
ith

resp
ect

to
θ,

w
e

th
en

h
av

e
th

at

∣∣∣ (θ ′) >
µ
′L
−
θ >
µ
L ∣∣∣

=
(θ ′) >

µ
′L
−
θ >
µ
L

≤
(θ ′) >

µ
′L
−
θ >
µ
′L

=
(w
′−

w
) >
φ

(x
,µ
′L

)

≤
∥∥
w
′−

w ∥∥
2 ∥∥
φ

(x
,µ
′L

) ∥∥
2

≤
∥∥
w
′−

w ∥∥
2
B
.

B
y

con
stru

ction
,

every
w
′∼

Q
h
as

d
istan

ce
at

m
ost

2
/(m

B
)

from
w

,
so

∣∣∣ (θ ′) >
µ
′L
−
θ >
µ
L ∣∣∣ ≤

∥∥
w
′−

w ∥∥
2
B
≤

2

m
B
·
B

=
2m
.

(46)

A
p
p
ly

in
g

th
e

sam
e

tech
n
iq

u
e

to
E

q
u
ation

44
,

w
e
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m

e,
w

ith
ou

t
loss

of
gen

erality,
th

at
(`(µ

I )
+
θ) >

µ̃
L
≥

(`(µ
I )

+
θ ′) >

µ̃
′L

.
T

h
en

,

∣∣∣ (`(µ
I )

+
θ) >

µ̃
L
−

(`(µ
I )

+
θ ′) >

µ̃
′L ∣∣∣

=
(`(µ

I )
+
θ) >

µ̃
L
−

(`(µ
I )

+
θ ′) >

µ̃
′L

≤
(`(µ

I )
+
θ) >

µ̃
L
−

(`(µ
I )

+
θ ′) >

µ̃
L

=
(θ−

θ ′) >
µ̃
L

=
(w
−
w
′) >
φ

(x
,µ̃

L
)

≤
∥∥
w
−
w
′ ∥∥

2
B
≤

2m
.
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S
u
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g
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q
u
ation
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for
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an
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q
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ation
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for

45,
w

e
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ave
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at

∣∣L
r (w

,x
,µ

I )−
L

r (w
′,x
,µ

I ) ∣∣≤
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h
en
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an
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I
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b
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≤
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N
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thateven
thisrelaxed

version
ofthe

problem
isfarfrom

straightforw
ard.The

m
ain

challenge
lies

in
obtaining

confidence
intervals

around
em

piricalestim
ates

of
the

stationary
m

eans.
Since

H
oeffding-type

concentration
bounds

existfor
ϕ

-m
ixing

processes,itm
ay

be
tem

pting
to

use
such

inequalities
directly

w
ith

standard
U

C
B

algorithm
s

designed
forthe

i.i.d.setting,to
find

the
bestarm

.
H

ow
ever,as

w
e

dem
onstrate

in
the

paper,unlike
in

the
i.i.d.setting,a

policy
in

this
fram

ew
ork

m
ay

introduce
strong

couplings
betw

een
pastand

future
pay-offs

in
such

a
w

ay
thatthe

distribution
of

the
sam

pled
sequence

m
ay

noteven
be
ϕ

-m
ixing.T

his
is

the
reason

w
hy

a
standard

U
C

B
algorithm

designed
fori.i.d.settings

is
notsuitable

here,even
w

hen
equipped

w
ith

a
concentration

bound
for

ϕ
-m

ixing
processes.In

fact,this
oversightseem

s
to

have
occurred

in
previous

literature,specifically
in

the
Im

proved-U
C

B
-based

approach
ofA

udiffren
and

R
alaivola

(2015).W
e

referto
Section

4.1
fora

m
ore

detailed
discussion.W

e
circum

ventthese
difficulties

by
carefully

taking
random

tim
es 1

into
accountand

controlling
the

effectofa
policy

on
the

pay-offdistributions.Som
e

ofourtechnical
results

can
be

m
ore

generally
used

to
address

the
problem

ofonline
sam

pling
underdependence.

Finally,w
hile

the
study

of
the

m
ulti-arm

ed
banditproblem

w
ith

strongly
dependentpay-offs

atits
fullgenerality

is
beyond

the
scope

of
this

paper,w
e

provide
a

com
plem

entary
exam

ple
for

this
regim

e.
Specifically,w

e
consider

a
setting

w
here

the
banditarm

s
are

governed
by

stationary
G

aussian
processes

w
ith

slow
ly

decaying
covariance

functions.
Such

high-dependence
scenarios

are
quite

com
m

on
in

practice.Forinstance,the
throughputofradio

channels
changes

slow
ly

over
tim

e
and

the
problem

ofchoosing
the

bestchannelcan
be

m
odeled

by
a

banditproblem
w

ith
strongly

dependentpay-offs.
T

he
intuitive

reason
w

hy
in

this
setting

itm
ay

also
be

possible
to

efficiently
obtain

approxim
ately

optim
alsolutions

is
thatthe

strong
dependencies

can
allow

forthe
prediction

of
future

rew
ards

even
from

scarce
observations.W

e
give

a
sim

ple
sw

itching
strategy

forthis
instance

ofthe
problem

and
show

thatitsignificantly
outperform

s
a

policy
thataim

s
forthe

bestarm
.O

ur
regretbound

forthis
algorithm

directly
reflects

the
dependence

betw
een

the
pay-offs:the

higherthe
dependence

the
low

erthe
regret.

A
sum

m
ary

ofourm
ain

contributions
is

listed
below

.

i.
In

an
attem

ptto
derive

a
com

putationally
tractable

solution
forthe

restless
banditproblem

,w
e

firstidentify
a

case
w

here
the

optim
alsw

itching
strategy

can
be

approxim
ated

by
playing

the
arm

w
ith

the
higheststationary

m
ean.

To
this

end,w
e

show
thatthe

loss
of

settling
for

the
higheststationary

m
ean

as
opposed

to
finding

the
bestsw

itching
strategy

is
controlled

by
the

am
ountofinter-dependence

as
reflected

by
ϕ

1 .T
his

is
show

n
in

Proposition
9.

ii.
W

e
provide

a
detailed

exam
ple,nam

ely
E

xam
ple

1,w
here

w
e

dem
onstrate

the
challenges

in
the

non-i.i.d.banditproblem
.In

particular,w
e

show
thata

policy
in

this
fram

ew
ork

m
ay

introduce
strong

couplings
betw

een
pastand

future
pay-offs

in
such

a
w

ay
thatthe

resulting
pay-offsequence

m
ay

have
a

com
pletely

differentdependency
structure.

iii.
W

e
develop

technicalm
achinery

to
circum

ventthe
difficultiesintroduced

by
the

inter-dependence
betw

een
the

rew
ards,and

allow
us

to
controlthe

effectofa
policy

on
the

pay-offdistributions.
Som

e
ofourderivations

concerning
sam

pling
underdependence

can
be

ofindependentinterest.
W

e
further

propose
a

U
C

B
-type

algorithm
,nam

ely
A

lgorithm
1

thatdeploys
these

tools
to

identify
the

arm
w

ith
the

higheststationary
m

ean.

1.T
hese

correspond
to

random
variables

w
hich

determ
ine

the
tim

e
atw

hich
an

arm
is

sam
pled.
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iv.
W

e
provide

an
upperbound

on
the

regretofA
lgorithm

1
(w

ith
respectto

the
higheststationary

m
ean).

T
his

is
provided

in
T

heorem
12.

T
he

regretbound
is

a
function

of
the

am
ountof

inter-dependence
as

reflected
by

the
ϕ

-m
ixing

coefficients,and
in

the
case

w
here

the
pay-offs

are
i.i.d.,w

e
recoverthe

regretbound
ofA

ueretal.(2002)[T
hm

.1].T
his

resultalong
w

ith
Proposition

9
allow

us
to

argue
thatin

the
case

w
here

dependence
is

low
A

lgorithm
1

can
be

used
to

approxim
ate

the
bestsw

itching
strategy.

T
he

rem
ainder

of
the

paper
is

organized
as

follow
s.

In
Section

2
w

e
introduce

prelim
inary

notation
and

definitions.
W

e
form

ulate
the

problem
in

Section
3

and
give

our
m

ain
results

in
Section

4.W
e

conclude
in

Section
5

w
ith

a
discussion

ofopen
problem

s.

2.Prelim
inaries

W
e

startw
ith

som
e

usefulnotation
before

discussing
basic

definitionsconcerning
stochastic

processes.
Since

the
banditproblem

involves
m

ultiple
arm

s
(processes),w

e
extend

the
definition

ofa
ϕ

-m
ixing

process
to

w
hat

w
e

call
a

jointly
ϕ

-m
ixing

process,to
be

able
to

m
odel

the
m

ulti-arm
ed

bandit
problem

.
Indeed,in

m
any

naturalsettings,the
process

is
jointly

ϕ
-m

ixing.
For

exam
ple,as

w
e

dem
onstrate

in
Proposition

5,independentM
arkov

chains
are

jointly
ϕ

-m
ixing.

N
otation.

L
etN

+
:=
{
1,2,...}

and
N

:=
N
∪
{∞
}

denote
the

setand
extended

setof
natural

num
bers

respectively.
W

e
introduce

the
abbreviation

a
m
..n
,
m
,n
∈

N
+
,m
≤
n,for

sequences
a
m
,a
m

+
1 ,...,a

n .
G

iven
a

finite
subset

C
⊂

N
+

and
a

sequence
a,w

e
let

a
C

:=
{
a
i

:
i∈

C
}

denote
the

setofelem
ents

of
a

indexed
by
C

.If
X
C

is
a

sequence
ofrandom

variables
indexed

by
C
⊂

N
+

,w
e

denote
by
σ

(X
C

)
the

sm
allest

σ
-algebra

generated
by
X
C

.

N
otion

of
ϕ

-dependence.
Part

of
our

results
concern

the
so-called

ϕ
-dependence

betw
een

σ
-

algebras
defined

as
follow

s,see,e.g.(D
oukhan,1994).

D
efinition

1
C

onsider
a

probability
space

(Ω
,A
,P

)
and

letU
andV

denote
σ

-subalgebras
ofA

respectively.The
ϕ

-dependence
betw

eenU
andV

is
is

given
by

ϕ
(U
,V

)
:=

su
p{|P

(V
)−

P
(V
|U

)|
:
U
∈
U
,P

(U
)
>

0,V
∈
V}.

If
X

and
Y

are
tw

o
random

variables
m

easurable
w

ith
respecttoA

w
e

sim
plify

notation
by

letting
ϕ

(X
,Y

)
:=

ϕ
(σ

(X
),σ

(Y
))

denote
the

ϕ
-dependence

betw
een

their
corresponding

σ
-algebras;

distinction
w

illbe
clearfrom

the
context.Sim

ilarly,if
X
A

and
X
B

are
finite

sequences
ofrandom

variables,w
ith

A
,B
⊂

N
+

their
ϕ

-dependence
can

be
sim

ilarly
defined

as

ϕ
(X

A
,X

B
)

:=
ϕ

(σ
(X

A
),σ

(X
B

)).

In
w

ords,
ϕ

(X
A
,X

B
)

m
easures

the
m

axim
aldifference

betw
een

the
probability

ofan
event

V
and

its
conditionalprobability

given
an

event
U

,w
here

U
and

V
are

determ
ined

by
random

variables
indexed

by
A

and
B

respectively.The
notion

of
ϕ

-dependence
carriesoverfrom

probability
m

easures
to

expectations.In
particular,considera

real-valued
random

variable
X

defined
on

som
e

probability
space

(Ω
,A
,P

),and
denote

byG
som

e
collected

inform
ation

in
the

form
ofa

σ
-subalgebra

ofA
.

L
et
E

(X
|G

)
denote

K
olm

ogorov’s
conditionalexpectation,i.e.aG

-m
easurable

random
variable

Z
such

that ∫
B
Z

=
∫
B
X

forall
B
∈
G

.A
s

follow
s

from
Theorem

2
below

,due
to

B
radley

(2007)[vol.
1

pp.124],the
difference

betw
een

E
(X
|G

)
and

E
X

is
effectively

upper-bounded
by
ϕ

(G
,σ

(X
)).
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(B

ra
dl
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00
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)
be
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ty
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le
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be
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ri

ab
le

w
ith
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‖ 1
<
∞

an
d

le
tG

be
so

m
e
σ

-s
ub

al
ge

br
a

of
A

.T
he

n

2
ϕ

(G
,σ

(X
))

=
su

p
‖E

(Y
|G

)
−
E

(Y
)‖

1
/
‖Y
‖ 1
,

(1
)

w
he

re
th

e
su

pr
em
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is

ta
ke

n
ov

er
al

l
σ

(X
)-

m
ea
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bl
e

ra
nd

om
va

ri
ab

le
s
Y

w
ith
‖Y
‖ 1

<
∞

.
F

ur
th

er
m

or
e,

fo
r

an
y
B
∈
G

it
ho

ld
s

th
at

∫ B
|E

(X
|G

)
−
E

(X
)|
d
P
≤

2P
(B

)‖
X
‖ ∞

ϕ
(G
,σ

(X
))
.

(2
)

O
bs

er
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th
at

be
ca
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X

is
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σ

(X
)-

m
ea
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bl
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(1
)g
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en

in
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e
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eo
re

m
im

pl
ie

s
th

at

‖E
(X
|G
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−
E

(X
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1
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ϕ

(G
,σ

(X
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St
oc

ha
st

ic
Pr

oc
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ϕ

-m
ix

in
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Pr
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L

et
(X
,B
X

)
be

a
m

ea
su

ra
bl

e
sp

ac
e;

w
e

le
tX
⊂

[0
,1

]
2

an
d

de
no

te
by
B(m

)
X

th
e

B
or

el
σ

-a
lg

eb
ra

on
X
m
,
m
∈
N

+
.W

e
de

no
te

by
X
∞

th
e

se
to

fa
ll

X
-v

al
ue

d
in

fin
ite

se
qu

en
ce

s
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de
xe
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N
+
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st
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∞
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∞
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ss
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st
oc

ha
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pr
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s
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qu
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ce
of

ra
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om
va
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le
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X

1
,X

2
,.
..

,w
he

re
X
t

:
X
∞
→
X

is
th

e
pr

oj
ec

tio
n

on
to

th
e
t’

th
el

em
en

t,
i.e

.
X
t(
ω

)
=
ω
t

fo
r
ω
∈
X
∞

an
d
t
∈
N

+
.

A
pr

oc
es

s
ρ

is
st

at
io

na
ry

if
ρ
(X

1
..
m
∈
B

)
=
ρ
(X

i+
1
..
i+
m
∈
B

)
fo

r
al

l
B

or
el

se
ts
B
∈
B(m

)
X

,
i,
m
∈
N

+
.T

he
te

rm
st

oc
ha
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ic

pr
oc

es
s

re
fe

rs
to

ei
th

er
th
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pr
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s
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ρ
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ci
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X
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∈
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en
ce

w
ill
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rf
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th
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co
nt

ex
t.

D
efi
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n
3
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ta

tio
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ry
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in
g

Pr
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C
on

si
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ef
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ϕ
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∈N

+

ϕ
(X

1
..
u
,X
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∈
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+
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→
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+
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+
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∞
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∈
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M
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e
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ϕ
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M
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v
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ai
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e
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tly

ϕ
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A
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fk
∈
N

+
m
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de
-
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M
ar

ko
v

pr
oc
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se

sρ
i,
i

=
1.
.k

gi
ve

ri
se

to
a
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in
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at
io
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ϕ
-m

ix
in

g
pr

oc
es

s.

Pr
oo

f
B

y
T

he
or

em
3.

1
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B
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(2
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5)
ea

ch
pr
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s
ρ
i,
i

=
1.
.k
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ψ
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g.

M
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r,
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Pr
op
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5

ab
ov

e,
k

m
ut

ua
lly
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de
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tψ
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g
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s
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e
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in
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ϕ
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s
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ρ
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i
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.k
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ϕ
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e
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e
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e
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n
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th
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in
tly
ϕ
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g
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se

s
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m
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lly
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de
pe
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M
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v
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s
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e.

3.
Pr
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m
Fo
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at
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n:
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e
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in
tly

ϕ
-m

ix
in

g
B
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di

tP
ro

bl
em

.

W
e
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su

m
e

in
th

e
se

qu
el

th
at

a
to

ta
lo

fk
<
∞

ba
nd

it
ar

m
s

ar
e

gi
ve

n,
w

he
re

fo
re

ac
h
i
∈

1
..
k

,a
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i
co

rr
es
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nd

st
o

a
st

at
io

na
ry

pr
oc

es
st

ha
tg

en
er

at
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a
tim

e
se
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fp
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sX
1
,i
,X

2
,i
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Fu
rth

er
m

or
e,

w
e
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su

m
e

th
at

th
e

jo
in

tp
ro

ce
ss

ov
er

th
e
k

ar
m

s
is
ϕ

-m
ix

in
g

in
th

e
se

ns
e
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D

efi
ni

tio
n

4,
an

d
th

at
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se
qu

en
ce

of
m

ix
in

g
co

ef
fic
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s
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su
m

m
ab
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,i
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‖ϕ
‖

:=
∑
∞ i=

1
ϕ
i
<
∞
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E
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h
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s
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E
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S
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A
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D
IT

P
R

O
B

L
E

M

stationary
m

ean
µ
i ,
i

=
1..k

and
w

e
denote

by
µ
∗

:=
m

ax{
µ

1 ,...,µ
k }

the
higheststationary

m
ean.

W
e

som
etim

esdenote
the

arm
w

ith
the

higheststationary
m

ean
asthe

bestarm
.A

tevery
tim

e-step
t∈

N
+

,a
playerchoosesone

of
k

arm
saccording

to
a

policy
π
t and

receivesa
rew

ard
X
t,π

t .The
player’s

objective
is

to
m

axim
ize

the
sum

ofthe
pay-offs

received.The
policy

has
access

only
to

the
pay-offs

gained
atearlierstages

and
to

the
arm

s
ithas

chosen.L
et〈F

t 〉
t≥

0
be

a
filtration

thattracks
the

pay-
offs

obtained
in

the
past

t
rounds,i.e.F

0
=
{∅,Ω},andF

t
=
σ

(X
1
,π

1 ,...,X
t,π

t ),
t≥

1.A
policy

is
a

sequence
ofm

appings
π
t

:
Ω
→
{1,...,k},t≥

1,each
ofw

hich
is

m
easurable

w
ith

respectto
F
t−

1 .N
ote

thatthe
assum

ption
that

π
t ,
t≥

1
is

m
easurable

w
ith

respecttoF
t−

1
is

equivalentto
the

assum
ption

thatthe
policy

can
be

w
ritten

as
a

function
ofthe

pastpay-offs
and

chosen
arm

s,see,e.g.
(Shiryaev,1991)[T

hm
.

3,pp.174].
L

et
Π

=
{π

:=
〈π
t 〉
t≥

1
:
π
t isF

t−
1 -m

easurable
forall

t≥
1}

denote
the

space
ofallpossible

policies.W
e

also
letG

t denote
the

filtration
thatkeeps

track
ofallthe

inform
ation

available
up

to
tim

e
t

(including
unobserved

pay-offs).M
ore

specifically,let〈G
t 〉
t≥

0 ,
G

0
=
N

andG
t

=
σ

( ⋃
ki=

1 ⋃
ts=

1
σ

(X
s,i )∪

N
)

for
t≥

1,w
hereN

is
the

fam
ily

ofm
easurable

sets
of
P

-m
easure

zero.W
e

define
the

m
axim

alvalue
thatcan

be
achieved

in
n

rounds
as

v ∗n
=

su
p

π∈
Π

n
∑t=

1

E
X
t,π

t .
(3)

T
he

regretthatbuilds
up

over
n

rounds
forany

strategy
π

is

R
π
(n

)
:=

v ∗n −
E

(X
t,π

t ).
(4)

To
sim

plify
notation,w

e
m

ay
useR

(n
)

w
hen

the
policy

π
is

clearfrom
the

context.

R
em

ark
7

R
equiring

‖
ϕ‖

<
∞

,w
hich

is
standard

in
the

literature
on

em
piricalprocess

theory
involving

m
ixing

processes,does
notlead

to
a

strong
assum

ption.This
condition

is
already

fulfilled
by

any
stationary

ergodic
finite-state

M
arkov

chain,see,e.g.
(B

radley,2005).
In

fact,as
follow

s
from

Theorem
3.4

ofB
radley

(2005)the
ϕ

-m
ixing

coefficientcorresponding
to

any
(notnecessarily

stationary)
ϕ

-m
ixing

M
arkov

process
has

an
exponentially

fast
rate

of
decay,

giving
rise

to
a

sum
m

able
sequence

of
ϕ

-m
ixing

coefficients.N
ote

thatour
focus

in
the

sequelis
on

the
m

ore
general

case
of
ϕ

-m
ixing

(notnecessarily
M

arkov)processes.

4.M
ain

R
esults

W
e

consider
the

restless
banditproblem

in
a

setting
w

here
the

rew
ard

distributions
are

jointly
ϕ

-
m

ixing
as

form
ulated

in
Section

3.R
ecallthat,w

hile
the

optim
alstrategy

in
this

case
is

to
sw

itch
betw

een
the

arm
s,obtaining

the
bestsw

itching
strategy

is
PSPA

C
E

-hard.W
e

address
the

question
of

w
hen

and
how

a
good

and
com

putationally
tractable

approxim
ation

of
the

optim
alpolicy

can
be

obtained
in

this
setting.T

he
form

erquestion
is

answ
ered

in
Section

4.2
w

here
w

e
characterize

(in
term

s
of
ϕ

1 )
the

loss
of

settling
for

the
highest

stationary
m

ean
as

opposed
to

follow
ing

the
bestsw

itching
strategy.W

e
show

thatforsm
all
ϕ

-m
ixing

coefficients,the
optim

um
ofthis

relaxed
problem

is
close

to
that

given
by

v ∗n .
To

answ
er

the
latter,

w
e

devise
a

U
C

B
-type

algorithm
in

Section
4.3

to
identify

the
arm

w
ith

the
higheststationary

m
ean.The

m
ain

challenge
lies

in
building

confidence
intervals

around
em

piricalestim
ates

ofthe
stationary

m
eans.Indeed,as

w
e

dem
onstrate

in
Section

4.1,unlike
in

the
i.i.d.setting,a

policy
in

this
fram

ew
ork

m
ay

introduce
strong

couplings
betw

een
pastand

future
pay-offs

in
such

a
w

ay
thatthe

resulting
pay-off

sequence
m

ay
noteven

be
ϕ

-m
ixing.

A
s

a
result,a

standard
U

C
B

algorithm
designed

for
an

i.i.d.
setting

is
notsuitable
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G
R

Ü
N

E
W

Ä
L

D
E

R
A

N
D

K
H

A
L

E
G

H
I

here,even
w

hen
equipped

w
ith

a
H

oeffding-type
concentration

bound
for

ϕ
-m

ixing
processes.W

e
circum

vent
these

difficulties
in

Sections
4.2

and
4.3

by
controlling

the
effect

of
a

policy
on

the
pay-offdistributions.Partofthe

analysis
in

these
tw

o
sections

relies
on

som
e

technicalresults
for

ϕ
-m

ixing
processes

outlined
in

A
ppendix

A
.1,w

hich
m

ay
be

ofindependentinterest.Finally,our
results

forthe
w

eakly
dependentrew

ard
distributions

are
com

plem
ented

in
Section

4.4,w
here

w
e

study
an

exam
ple

ofa
class

ofstrongly
dependentprocesses

and
give

a
sim

ple
sw

itching
strategy

thatsignificantly
outperform

s
a

policy
thataim

s
forthe

bestarm
.

4.1.Policies,R
andom

Tim
es,and

the
ϕ

-m
ixing

Property

R
ecallthata

policy
π
t ,
t∈

N
+

is
a

function
w

hich
based

on
the

past(observed)data
sam

ples
one

of
k

banditarm
s

attim
e-step

t.T
herefore,since

this
decision

is
based

on
sam

ples
generated

by
a

random
process,the

tim
es

atw
hich

banditarm
s

are
played

can
be

naturally
m

odeled
via

random
tim

es.
M

ore
form

ally,denote
by

τ
i,j

:
Ω
→

N
+

a
random

variable
w

hich
determ

ines
the

tim
e

at
w

hich
the

j-th
arm

is
sam

pled
forthe

i-th
tim

e,i∈
N

+
and

j∈
1..k,and

observe
thatforany

t∈
N

the
event{τ

i,j
=
t}

is
inF

t−
1 .W

e
denote

by

X
τ
i ,j

:=
∑t∈
N

+

χ{
τ
i,j

=
t}
X
t,j

the
pay-offobtained

from
sam

pling
arm

j
atrandom

tim
e
τ
i,j

forany
i∈

N
+
,
j∈

1
..k,w

here
χ

is
the

indicatorfunction,i.e.
χ{τ

i,j
=
t}

is
1

forall
ω
∈

Ω
such

that
τ
i,j (ω

)
=
t,and

is
0

otherw
ise.

T
he

m
ain

challenge
in

devising
a

policy
forthe

ϕ
-m

ixing
banditproblem

is
that,depending

on
the

policy
used,the

dependence
structure

ofthe
pay-offsequence

X
τ
1
,j ,

X
τ
2
,j ,...,for

j∈
1
..k

m
ay

be
com

pletely
differentfrom

thatof
X

1
,j ,

X
2
,j ,....

N
ote

thatthis
differs

from
the

sim
pler

i.i.d.
setting

w
here

the
distribution

ofthe
j-th

arm
(w

ith
allits

characteristics)carries
overto

thatofthe
sam

pled
sequence.T

his
is

illustrated
in

E
xam

ple
1

below
.

E
xam

ple
1

C
onsider

a
tw

o-arm
ed

banditproblem
w

here
the

second
arm

is
determ

inistically
setto

0,i.e.
X
t,2

=
0,
t∈

N
+

and
the

firstarm
has

a
process

distribution
described

by
a

tw
o

state
M

arkov
chain

w
ith

the
initialdistribution

and
stationary

distribution
over

the
states

both
being

(1/2
1
/2) >

and
w

ith
the

follow
ing

transition
m

atrix,

T
=

(
1−

ε
ε

ε
1−

ε )
,

w
ith

som
e
ε∈

(0,1
).

O
bserve

that
for

this
process,

if
ε

is
sm

all,
w

ith
high

probability
the

M
arkov

chain
stays

in
its

currentstate.
N

ow
consider

a
policy

π
,and

denote
by
τ

1 ,τ
2 ,...the

sequence
ofrandom

tim
es

at
w

hich
π

sam
ples

the
firstarm

according
to

the
follow

ing
sim

ple
rule.

Set
τ

1
=

1.
For

subsequent
random

tim
es,

if
X
τ
n
,1

=
X

1
,1

for
n
∈

N
+

then
τ
n

+
1

=
τ
n

+
1.

O
therw

ise,
τ
n

+
1

is
set

to
be

significantly
larger

than
τ
n

to
guarantee

that
the

distribution
of
X
τ
n

+
1
,1

given
X
τ
n
,1

is
close

to
the

stationary
distribution

ofthe
M

arkov
chain,during

w
hich

tim
e

the
firstarm

is
sam

pled.
The

sequence
X
τ
1
,1 ,X

τ
2
,1 ,...

so
generated

is
highly

dependenton
X

1
,1

and
is

not
ϕ

-m
ixing.In

fact,the
expected

pay-offs
given

the
firstobservation,i.e.

E
(X

τ
n
,1 |X

1
,1 ),

n
∈
N

+
,are

very
differentfrom

the
stationary

m
ean

E
X

1
,1

if
ε

is
sm

all.
In

particular,
E
X

1
,1

=
0.5

w
hile

E
(X

τ
n
,1 |X

1
,1

=
1)

is
atleast

1/
(1

+
2
ε)−

1/
10

due
to

E
quation

(41)on
page

28
and,hence,for

ε≤
0.01

w
e

have
that

E
(X

τ
n
,1 |X

1
,1

=
1)≥

0.8.
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(o
bs

er
ve

d)
pa

st
da

ta
w

hi
ch

ca
n

le
ad

to
st
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d
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tu
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fs
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k.
T

hi
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in
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ok
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in

th
e

w
or

k
of

A
ud

iff
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n
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d
R

al
ai

vo
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(2
01

5)
w

hi
ch

re
lie

s
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Im
pr

ov
ed

-U
C

B
(A

ue
r
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d

O
rt

ne
r,

20
10

)
to

id
en

tif
y

th
e

ar
m

w
ith

th
e

hi
gh

es
ts

ta
tio

na
ry

m
ea

n,
by

el
im

in
at

in
g

po
te

nt
ia

lly
su
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op
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al

ar
m

s.
T

he
el

im
in

at
io

n
pr

oc
es

s
de

pe
nd

s
on

th
e

da
ta

,a
nd

th
e

tim
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st
ep

s
at

w
hi

ch
a

pa
rt
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ul

ar
ar

m
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pl
ay

ed
de

pe
nd

on
th

e
re

m
ai

ni
ng

ar
m

s.
H

en
ce

,r
an

do
m

tim
es

an
d

th
e

po
lic

y’
s

m
em

or
y

ha
ve

to
be

ca
re

fu
lly

ta
ke

n
in
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co

ns
id

er
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n,

as
th

e
pr

oc
es

s
di

st
rib

ut
io

n
of

th
e

sa
m

pl
ed

se
qu

en
ce

is
di

ff
er

en
tf

ro
m

th
at

of
th

e
co

rr
es

po
nd

in
g

ar
m

.T
hi

s
no

tio
n

ha
s

no
tb

ee
n

ac
co

un
te

d
fo

ri
n

th
ei

ra
lg

or
ith

m
,a

nd
th

e
co

nfi
de

nc
e

in
te

rv
al

s
in

vo
lv

ed
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rr
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po
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to
th

e
di

st
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tio
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of

th
e

ar
m
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d
no

t
to

th
os

e
of

th
e

sa
m

pl
ed

se
qu

en
ce

s,
an

d
ar

e
th

er
ef

or
e

in
va

lid
in

th
is

no
n-

i.i
.d

.s
et

tin
g.

4.
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A
pp

ro
xi

m
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n

E
rr

or

W
e

st
ar

tb
y

tra
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g
ϕ
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ix
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g
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s
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e
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o
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n
w

ha
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sw
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ra
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n
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e
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m
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d

to
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e
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ts
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tio
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m
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Pr
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r
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de
lv
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g
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th
e
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pr

ob
le

m
w

e
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ns
id

er
a

si
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le
bo

un
de

d
re

al
-v
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ue

d
st

at
io

na
ry
ϕ

-m
ix

in
g

pr
oc

es
s
〈X

t〉 t
∈N

+
sa

m
pl

ed
at

ra
nd

om
tim

es
τ 1
<
τ 2
<
..
.,

w
he

re
τ i
,
i
∈
N

+
,i

s
fu

lly
de

fin
ed

by
th

e
pa

st
ob

se
rv

at
io

ns
X
τ 1
,.
..
,X

τ i
−

1
.W

e
co

nt
ro

lt
he

di
ff

er
en

ce
be

tw
ee

n
th

e
m

ea
n

of
th

e
sa

m
pl

ed
pr

oc
es

s
〈X

τ i
〉 i∈

N
+

fr
om

th
e

st
at

io
na

ry
m

ea
n

of
th

e
or

ig
in

al
pr

oc
es

s.
T

he
fo

llo
w

in
g

pr
op

os
iti

on
sh

ow
s

th
at

th
e

di
ff

er
en

ce
in

th
e

m
ea

ns
is

co
nt

ro
lle

d
by

th
e
ϕ

-m
ix

in
g

co
ef

fic
ie

nt
s

an
d

th
e

in
cr

em
en

ts
in

th
e

st
op

pi
ng

tim
es

;t
he

pr
oo

fi
s

pr
ov

id
ed

in
A

pp
en

di
x

A
.3

.

Pr
op

os
iti

on
8

A
ss

um
e

th
at
〈X

t〉 t
∈N

+
is

a
st

at
io

na
ry
ϕ

-m
ix

in
g

pr
oc

es
s

w
ith

m
ix

in
g

co
ef

fic
ie

nt
s

〈ϕ
i〉 i
∈N

+
su

ch
th

at
E
X
t

=
µ
,
t
∈
N

+
,a

nd
su

p
t∈

N
+
|X

t|
≤
c

fo
r

so
m

e
c
∈

[0
,∞

).
F

ur
th

er
m

or
e,

le
tτ

1
,τ

2
,.
..

be
a

se
qu

en
ce

of
ra

nd
om

tim
es

su
ch

th
at
τ i

+
`
≤
τ i

+
1

a.
s.

fo
r

so
m

e
`
≥

1
an

d
al

l
i
∈
N

+
,a

nd
al

lτ
i+

1
ar

e
σ

(X
τ 1
,.
..
,X

τ i
)-

m
ea

su
ra

bl
e

w
ith

τ 1
∈
N

+
be

in
g

a
fix

ed
tim

e.
Th

en
fo

r
an

y
n
∈
N

+

∣ ∣ ∣1 n

n ∑ i=
1

E
X
τ i
−
µ
∣ ∣ ∣≤

2c
ϕ
`.

In
ot

he
rw

or
ds

,w
he

n
us

in
g

th
e

sa
m

pl
e

m
ea

n
of

th
e

sa
m

pl
ed

pr
oc

es
s

as
an

es
tim

at
e

of
th

e
st

at
io

na
ry

m
ea

n
th

en
th

e
bi

as
of

th
e

es
tim

at
or

is
bo

un
de

d
th

ro
ug

h
th

e
ϕ
`-

m
ix

in
g

co
ef

fic
ie

nt
.T

hi
s

re
su

lt
ha

s
fu

rt
he

r
im

pl
ic

at
io

ns
,i

n
pa

rt
ic

ul
ar

,i
ti

s
te

lli
ng

us
so

m
et

hi
ng

ab
ou

tt
he

le
ve

ra
ge

a
sw

itc
hi

ng
po

lic
y

ha
s.

A
sw

itc
hi

ng
po

lic
y

se
le

ct
s

ef
fe

ct
iv

el
y

ra
nd

om
tim

es
fo

re
ac

h
ar

m
at

w
hi

ch
th

e
ar

m
is

pl
ay

ed
an

d
th

is
re

su
lt

is
sa

yi
ng

th
at

th
e

su
m

m
ed

pa
y-

of
fi

tc
an

ga
th

er
ca

nn
ot

be
m

or
e

th
an

2c
n
ϕ
`

la
rg

er
th

an
th

e
st

at
io

na
ry

m
ea

n
of

th
e

ar
m

.N
ow

,a
po

lic
y

is
fr

ee
to

pl
ay

th
e

ar
m

s
at

an
y

tim
e

an
d

w
e

on
ly

kn
ow

th
at

τ i
+

1
≥
τ i

+
1

fo
ra

ny
ra

nd
om

tim
e
τ i

,i
.e

.`
=

1.
T

hi
s

in
tu

iti
on

un
de

rl
ie

s
th

e
fo

llo
w

in
g

pr
op

os
iti

on
.

Pr
op

os
iti

on
9

C
on

si
de

r
th

e
jo

in
tly

st
at

io
na

ry
ϕ

-m
ix

in
g

ba
nd

it
pr

ob
le

m
fo

rm
ul

at
ed

in
Se

ct
io

n
3.

Le
t

µ
1
,.
..
,µ

k
be

th
e

m
ea

ns
of

th
e

st
at

io
na

ry
di

st
ri

bu
tio

ns
an

d
le

tµ
∗

:=
m

ax
{µ

1
,.
..
,µ

k
}.

Le
tϕ

1
be

th
e

fir
st
ϕ

-m
ix

in
g

co
ef

fic
ie

nt
as

gi
ve

n
by

D
efi

ni
tio

n
4.

Fo
r

ev
er

y
n
≥

1
w

e
ha

ve

v
∗ n
−
n
µ
∗
≤

2
n
ϕ

1
.
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G
R

Ü
N

E
W

Ä
L

D
E

R
A

N
D

K
H

A
L

E
G

H
I

Pr
oo

f
C

on
si

de
ra

n
ar

bi
tr

ar
y

po
lic

y
〈π
t〉 t
∈N

+
an

d
an

ar
bi

tr
ar

y
t
∈
N

+
th

en

E
X
t,
π
t

=
k ∑ j=

1

t ∑ i=
1

E
X
t,
j
×
χ
{τ
i,
j

=
t}
.

R
ec

al
lt

he
de

fin
iti

on
of
G t
−

1
in

Se
ct

io
n

3
an

d
ob

se
rv

e
th

at
τ i
,j

is
G t
−

1
-m

ea
su

ra
bl

e.
H

en
ce

,w
e

ha
ve

w
ith

B
=
{τ
i,
j

=
t}

th
at

E
X
t,
j
×
χ
{τ
i,
j

=
t}

=
E
E

(X
t,
j
|G
t−

1
)
×
χ
{τ
i,
j

=
t}

=

∫ B
E

(X
t,
j
|G
t−

1
).

W
e

ca
n

ex
te

nd
th

e
ϕ

-m
ix

in
g

pr
op

er
ty

of
th

e
jo

in
tp

ro
ce

ss
fr

om
σ

(X
1
1
,.
..
,X

tk
)t

o
G t

by
ap

pl
yi

ng
L

em
m

a
A

.2
an

d
w

e
ge

t

∣ ∣∫

B
(E

(X
t,
j
|G
t−

1
)
−
E
X

1
,j

)∣ ∣
≤

2ϕ
1
P

(B
).

Si
nc

e
th

e
di

ff
er

en
ts

et
s
{τ
i,
j

=
t}
,j
∈
{1
,.
..
,k
},
i
∈
{1
,.
..
,t
}a

re
di

sj
oi

nt

E
X
t,
π
t
−
µ
∗
≤

k ∑ j=
1

t ∑ i=
1

(E
X
t,
j
×
χ
{τ
i,
j

=
t}
−
P

(τ
i,
j

=
t)
E
X

1
,j

)

≤
2ϕ

1

k ∑ j=
1

t ∑ i=
1

P
(τ
i,
j

=
t)

≤
2ϕ

1
.

O
bs

er
ve

th
at

th
is

re
la

xa
tio

n
in

tr
od

uc
es

an
in

ev
ita

bl
e

lin
ea

r
co

m
po

ne
nt

to
th

e
re

gr
et

as
sh

ow
n

by
Pr

op
os

iti
on

9.
H

ow
ev

er
,w

e
ar

gu
e

th
at

if
th

e
re

w
ar

d
di

st
ri

bu
tio

ns
ar

e
w

ea
kl

y
de

pe
nd

en
ti

n
th

e
se

ns
e

th
at
ϕ

1
is

sm
al

l,
w

e
m

ay
se

ttl
e

fo
rt

he
be

st
ar

m
in

st
ea

d
of

fo
llo

w
in

g
th

e
be

st
sw

itc
hi

ng
st

ra
te

gy
.

4.
3.

A
n

O
pt

im
is

tic
A

pp
ro

ac
h

In
th

is
se

ct
io

n
w

e
pr

op
os

e
a

U
C

B
-ty

pe
al

go
rit

hm
to

id
en

tif
y

th
e

ar
m

w
ith

th
e

hi
gh

es
ts

ta
tio

na
ry

m
ea

n
in

a
jo

in
tly
ϕ

-m
ix

in
g

ba
nd

it
pr

ob
le

m
.C

on
si

de
rt

he
ba

nd
it

pr
ob

le
m

de
sc

rib
ed

in
Se

ct
io

n
3,

w
he

re
w

e
ha

ve
k

ar
m

s
ea

ch
w

ith
a

bo
un

de
d

st
at

io
na

ry
pa

y-
of

fs
eq

ue
nc

e
su

ch
th

at
th

e
jo

in
tp

ro
ce

ss
is

st
at

io
na

ry
ϕ

-m
ix

in
g.

Su
pp

os
e

th
at

th
e

pr
oc

es
se

s
ar

e
w

ea
kl

y
de

pe
nd

en
ti

n
th

e
se

ns
e

th
at
ϕ

1
≤
ε

fo
rs

om
e

sm
al

l
ε.

A
s

di
sc

us
se

d
in

Se
ct

io
n

4.
2,

in
th

is
ca

se
a

po
lic

y
to

se
ttl

e
fo

r
th

e
be

st
ar

m
ca

n
se

rv
e

as
a

go
od

ap
pr

ox
im

at
io

n
fo

rt
he

be
st

sw
itc

hi
ng

st
ra

te
gy

.M
or

e
sp

ec
ifi

ca
lly

,l
et

R
π
(n

)
:=

n
µ
∗
−

n ∑ t=
1

E
X
t,
π
t

de
no

te
th

e
re

gr
et

of
a

po
lic

y
π

w
ith

re
sp

ec
t

to
th

e
ar

m
w

ith
th

e
hi

gh
es

t
st

at
io

na
ry

m
ea

n.
Fr

om
Pr

op
os

iti
on

9
w

e
ha

ve
1 n
(R

π
(n

)
−
R
π
(n

))
≤
ε

an
d

ou
ro

bj
ec

tiv
e

in
th

is
se

ct
io

n
is

to
m

in
im

iz
e
R
π

.
R

ec
al

lt
ha

ti
n

lig
ht

of
th

e
ar

gu
m

en
ts

pr
ov

id
ed

in
Se

ct
io

n
4.

1
it

is
cr

uc
ia

lt
o

ta
ke

a
po

lic
y’

sa
cc

es
st

o
pa

st
(o

bs
er

ve
d)

da
ta

in
to

ac
co

un
tw

he
n

de
vi

si
ng

a
st

ra
te

gy
fo

rt
he

ba
nd

it
pr

ob
le

m
in

th
is

fr
am

ew
or

k.
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A
P

P
R

O
X

IM
A

T
IO

N
S

O
F

T
H

E
R

E
S

T
L

E
S

S
B

A
N

D
IT

P
R

O
B

L
E

M

To
address

the
challenge

induced
by

the
inter-dependentrew

ard
sequences

obtained
atrandom

tim
es,

our
approach

relies
on

the
follow

ing
key

observation.
Suppose

w
e

obtain
a

sequence
of
m
∈
N

+

consecutive
sam

ples
X
τ
,i ,X

τ
+

1
,i ,...,X

τ
+
m
,i from

arm
i∈

1
..k

starting
ata

random
tim

e
τ.Fora

long
batch,i.e.

large
enough

m
,the

average
expectations

1m

∑
m
−

1
j=

0
E
X
τ
+
j,i becom

e
close

to
the

stationary
m

ean
µ
i .M

ore
form

ally
w

e
have

L
em

m
a

10
below

.

L
em

m
a

10
For

a
fixed

i
∈

1
..k

and
m
∈

N
+

,
consider

the
consecutive

sam
ples

X
τ
,i ,X

τ
+

1
,i ,

...,X
τ
+
m
,i ,w

here
τ

:
Ω
→

N
+

is
a

random
tim

e
atw

hich
the

i-th
arm

is
sam

pled.Let
µ
i denote

the
stationary

m
ean

ofarm
i.W

e
have
∣∣∣∣∣∣ µ
i −

1m

m
−

1
∑j=

0

E
X
τ
+
j,i ∣∣∣∣∣∣ ≤

2m
‖
ϕ‖

.

Proof
Forsim

plicity
ofnotation

w
e

denote
X
t,i by

X
t and

X
τ
,i by

X
τ .R

ecallthatG
t denotes

the
filtration

thatkeeps
track

ofallthe
inform

ation
available

up
to

tim
e
t(including

unobserved
pay-offs).

O
bserve

that
χ{
τ

=
t}

isG
t−

1 -m
easurable

so
thatthe

event{τ
=
t}

is
inG

t−
1

forall
t∈

N
+

.A
s

a
result,forany

t∈
N

+
and

j∈
0
..m
−

1
w

e
have

E
(χ{

τ
=
t}
X
t+
j |G

t−
1 )

=
χ{
τ

=
t}E

(X
t+
j |G

t−
1 ),

(5)

see,e.g.(Shiryaev,1991)[pp.216].W
e

obtain
∣∣∣∣∣∣ m
µ
i −

m
−

1
∑j=

0

E
X
τ
+
j,i ∣∣∣∣∣∣

=

∣∣∣∣∣∣ ∑t∈
N

+

m
−

1
∑j=

0

E
(χ{

τ
=
t}
X
t+
j )−

E
χ{τ

=
t}
E
X
t ∣∣∣∣∣∣

(6)

=

∣∣∣∣∣∣ ∑t∈
N

+

m
−

1
∑j=

0

E
E

(χ{
τ

=
t}
X
t+
j |G

t−
1 )−

E
χ{
τ

=
t}
E
X
t ∣∣∣∣∣∣

(7)

=

∣∣∣∣∣∣ ∑t∈
N

+

m
−

1
∑j=

0

E
(χ{

τ
=
t}
E

(X
t+
j |G

t−
1 ))−

E
χ{
τ

=
t}
E
X
t ∣∣∣∣∣∣

(8)

≤
∑t∈
N

+

m
−

1
∑j=

0

E
(χ{τ

=
t}|E

(X
t+
j |G

t−
1 )−

E
X
t | )

(9)

=
∑t∈
N

+

m
−

1
∑j=

0

E
(χ{τ

=
t}|E

(X
t+
j |G

t−
1 )−

E
X
t+
j | )

(10)

=
∑t∈
N

+

m
−

1
∑j=

0 ∫{
τ
=
t} |E

(X
t+
j |G

t−
1 )−

E
X
t+
j |

≤
∑t∈
N

+

m
−

1
∑j=

0

2
ϕ

(G
t−

1 ,σ
(X

t+
j ))E

χ{
τ

=
t}

(11)

≤
∑t∈
N

+

m
∑j=

1

2
ϕ
j E
χ{
τ

=
t}

(12)

≤
2‖
ϕ‖

(13)
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A
lgorithm

1
A

U
C

B
-type

A
lgorithm

for
ϕ

-m
ixing

bandits.

Input:
N

um
ber

k
ofarm

s;Sum
‖
ϕ‖

:=
∑
∞i=

1
ϕ
i ofm

ixing
coefficients 3

Initialization:
Play

each
arm

once
and

update
the

em
piricalm

ean
foreach

arm
1:

for
i

=
1..k

do
2:

X
i ←

X
i

3:
s
i ←

1
.
s
i ,
i

=
1..k

denotes
the

num
beroftim

es
arm

ihas
been

selected
M

ain
L

oop:
4:

for
t

=
1..∞

do
5:

A
rm

Selection:
Selectthe

arm
thatm

axim
izes

the
follow

ing
U

C
B

j←
m

in 
arg

m
ax

u∈
1
..k

X
u

+

√
8
ξ(

18
+

ln
t)

2
s
u

+
‖ϕ‖

2
s
u −

1 
,

w
here

ξ
:=

1
+

8‖
ϕ‖

.
The

m
in

operator
is

used
to

give
precedence

to
the

sm
aller

arm
-index

in
the

case
ofa

tie.
6:

U
pdate:

Play
arm

j
for

2
s
j

consecutive
iterationsand

update
the

em
piricalm

ean
accordingly.

tj ←
t

t←
t

+
2
s
j

X
j ←

12
s
j

t−
1

∑t ′=
t
j

X
t ′,j

s
j ←

s
j

+
1

w
here

(6)
and

(7)
are

due
to

stationarity
and

the
law

of
totalexpectation

respectively,(8)
follow

s
from

(5),(10)follow
s

from
stationarity,(11)follow

s
from

T
heorem

2,nam
ely

Inequality
(2),and

noting
that‖

X
‖∞

=
1,(12)follow

s
directly

from
D

efinition
4,and

(13)follow
s

from
the

definition
of‖

ϕ‖.

Inspired
by

this
result,w

e
provide

A
lgorithm

1
w

hich,given
the

num
ber

k
ofarm

s
and

the
sum

‖
ϕ‖

ofthe
ϕ

-m
ixing

coefficients,w
orks

as
follow

s.First,each
arm

is
sam

pled
once

forinitialization.
N

ext,from
t

=
k

+
1

on,arm
s

are
played

in
batches

ofexponentially
grow

ing
length.Specifically,at

each
round

arm
j

w
ith

the
highestupper-confidence

on
its

em
piricalm

ean
is

selected,and
played

for
2
s
j

consecutive
tim

e-steps,w
here

s
j

denotes
the

num
beroftim

es
thatarm

j
has

been
selected

so
far.

T
he

upperconfidence
bound

is
calculated

based
on

a
H

oeffding-type
bound

for
ϕ

-m
ixing

processes
given

by
C

orollary
2.1

of
R

io
(1999).

T
he

2
s
j

sam
ples

obtained
by

playing
the

selected
arm

are
used

in
turn

to
calculate

(from
scratch)the

arm
’s

em
piricalm

ean.T
he

algorithm
does

notrequire
the

values
ofthe

individual
ϕ

-m
ixing

coefficients,butonly
theirsum

‖
ϕ‖.In

fact,any
upper-bound

ϑ
≥
‖ϕ‖

m
ay

be
used,in

w
hich

case
ϑ

w
ould

replace‖ϕ‖
in

the
regretbound

ofT
heorem

12.
To

analyze
the

regret
of

A
lgorithm

1,
first

recall
that

in
an

i.i.d.
setting

w
e

trivially
have

R
(n

)
=
n
µ
∗−

µ
j ∑

kj=
1
E
T
j (n

)
=
∑

kj=
1

∆
j E
T
j (n

)
w

here
T
j (n

)
is

the
totalnum

beroftim
es

that
arm

j
is

played
by

the
algorithm

in
n

rounds
and

∆
j

:=
µ
∗−

µ
j ,
j∈

1
..k.In

ourfram
ew

ork,this
equality

does
notnecessarily

hold
due

to
the

inter-dependencies
betw

een
the

pay-offs.
H

ow
ever,

as
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4π

1
/
4((∆

+
√

2)/
2)

1
/
2

and
the

bracketon
the

rightside
is

about
2
π

1
/
2−

1.The
gap

∆
itselfis

notofhigh
im

portance
because

in
Phase

Ithe
algorithm

selects
the

arm
w

ith
highestcurrentpay-off

and
the

value
stays

stable
overa

long
period

as
c

is
sm

all.B
oth

regretbounds
are

linearin
n

because
the

oracle
has

a
significantadvantage

in
this

setting:atany
given

tim
e
t

the
oracle

chooses
the

arm
w

ith
the

highestpay-offin
hindsight.H

ow
ever,fora

m
oderate

num
berofarm

s
k

2c
3
/
4

is
significantly

sm
allerthan

ex
p
(−

∆
2/4)

unless
∆

is
considerably

large.The
advantage

ofthe
sw

itching
algorithm

vanishes
if
k

is
large

com
pared

to
the

sm
oothness

ofthe
process,because

eventually
the

exploration
phase

(Phase
I)w

illdom
inate

and
the

sm
oothness

ofthe
arm

s
cannotbe

exploited
by

this
algorithm

.
T

his
exam

ple
dem

onstrates
thatlarge

dependence
in

the
stochastic

process
can

be
exploited

to
build

sw
itching

algorithm
s

thathave
a

significantedge
overalgorithm

s
thataim

to
selecta

single
arm

and
algorithm

s
like

A
lgorithm

1
are

outperform
ed

by
sim

ple
sw

itching
algorithm

s.

5.O
utlook

T
his

paper
is

an
initialattem

ptto
characterize

specialsub-classes
of

the
restless

banditproblem
w

here
good

approxim
ate

solutions
can

be
found

using
sim

ple,com
putationally

tractable
approaches.

W
e

provide
a

U
C

B
-type

algorithm
to

approxim
ate

the
optim

alstrategy
in

the
case

w
here

the
pay-offs
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are
jointly

stationary
ϕ

-m
ixing

and
are

only
w

eakly
dependent.

A
naturalopen

problem
here

is
the

derivation
of

a
low

er-bound.
M

oreover,w
hile

our
algorithm

only
requires

know
ledge

of
the

sum
ofthe

ϕ
-m

ixing
coefficients‖

ϕ‖
=
∑

i ϕ
i as

opposed
to

thatofeach
individual

ϕ
i ,the

online
estim

ation
ofthe

m
ixing

coefficients
can

prove
useful.Specifically,in

lightofProposition
9,if

ϕ
1

is
estim

ated
from

data,the
algorithm

can
have

a
real-tim

e
estim

ate
ofits

m
axim

um
loss

w
ith

respect
to

the
bestsw

itching
strategy

after
n

rounds
ofplay.Further,the

results
can

be
strengthened

ifthe
algorithm

can
adaptively

estim
ate‖

ϕ‖
instead

ofrelying
on

itas
input.A

notherinteresting
regim

e
corresponds

to
strongly

dependentpay-off
distributions.

W
e

provide
an

exam
ple

using
stationary

G
aussian

Processes
w

here
a

sim
ple

sw
itching

strategy
can

leverage
the

dependencies
to

outperform
a

bestarm
policy.A

n
open

problem
w

ould
be

to
w

eaken
the

assum
ptions

on
the

process
distributions

and
obtain

results
analogous

to
the

w
eakly

dependentcase
forthe

strongly
dependentfram

ew
ork.
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A
ppendix

A
.Proofsfor

ϕ-m
ixing

Processes

A
.1.TechnicalR

esults

The
follow

ing
key

lem
m

a
allow

s
us

to
control

ϕ
-m

ixing
coefficients

corresponding
to

disjointevents.

L
em

m
a

A
.1

Let
(Ω
,A
,P

)
be

a
probability

space
and

letB
,C

be
tw

o
σ

-subalgebras
ofA

.Ifthere
exists

a
ϕ
≥

0
such

thatfor
all
B
∈
B

and
C
∈
C

itholds
that|P

(B
)P

(C
)−

P
(B
∩
C

)|≤
ϕ
P

(C
)

then
for

any
disjointsequence〈B

n 〉
n∈

N
,B

n
∈
B

for
all

n
∈
N

,and
any

C
∈
C,w

e
have

∞∑n
=

0 |P
(B

n
)P

(C
)−

P
(B

n ∩
C

)|≤
2ϕ
P

(C
).

Proof
L

et
c
n

=
P

(B
n
)P

(C
)−

P
(B

n ∩
C

),
I

+
=
{
n
∈

N
:
c
n
≥

0},I−
=
{n
∈

N
:
c
n
<

0}.
N

ow
,since ⋃

n∈
I
+
B
n
∈
B

and ⋃
n∈
I−
B
n
∈
B

w
e

have

P
(C

)ϕ
≥
P
(
⋃n∈
I
+

B
n )
P

(C
)−

P
((
⋃n∈
I
+

B
n )
∩
C
)

=
∑n∈
I
+

(P
(B

n
)P

(C
)−

P
(B

n ∩
C

))
=
∑n∈
I
+ |P

(B
n
)P

(C
)−

P
(B

n ∩
C

)|.

Sim
ilarly,P

(C
)ϕ
≥
∑

n∈
I−
|P

(B
n
)P

(C
)−

P
(B

n ∩
C

)|.H
ence

2
P

(C
)ϕ
≥
∑n∈
I
+ |P

(B
n
)P

(C
)−

P
(B

n ∩
C

)|+
∑n∈
I− |P

(B
n
)P

(C
)−

P
(B

n ∩
C

)|

=
∑n∈

N |P
(B

n
)P

(C
)−

P
(B

n ∩
C

)|.
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T
he

fo
llo

w
in

g
te

ch
ni

ca
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em
m

a
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us
ed

in
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e
pr

oo
fo

fP
ro

po
si

tio
n

9.

L
em

m
a

A
.2

G
iv

en
so

m
e

pr
ob

ab
ili

ty
sp

ac
e

(Ω
,A
,P

),
th

re
e
σ

-s
ub

al
ge

br
as
B,
C,
D
⊂
A

an
d
ϕ
>

0
su

ch
th

at
|P

(U
)P

(V
)
−
P

(U
∩
V

)|
≤
ϕ
P

(V
)

fo
r

al
lU
∈
B,
V
∈
C

an
d
P

(A
)

=
0

fo
r

al
lA
∈
D

th
en

it
ho

ld
s

th
at
|P

(U
)P

(V
)
−
P

(U
∩
V

)|
≤
ϕ
P

(V
)

fo
r

al
lU
∈
B,
V
∈
σ

(C
∪
D

).

Pr
oo

f
(i)

T
he

se
t

E
:=
{A

:
A
∈
A
,

th
er

e
ex

is
ts

a
B
∈
C

su
ch

th
at

fo
ra

ll
C
∈
A
,P

(A
∩
C

)
=
P

(B
∩
C

)}
is

a
D

yn
ki

n
sy

st
em

(F
re

m
lin

,2
01

0)
[1

36
A

].
To

se
e

th
is

,n
ot

e
th

at
(1

)∅
∈
E

si
nc

e
∅
∈
C,

(2
)f

or
A
∈
E

ta
ke

an
y
B
∈
C

an
d

ob
se

rv
e

th
at
P

(C
∩

(Ω
\A

))
=
P

(C
\(
C
∩
A

))
=
P

(C
)
−
P

(C
∩
A

)
=
P

(C
)
−

P
(C
∩
B

)
=
P

(C
∩

(Ω
\B

))
fo

re
ve

ry
C
∈
A

an
d

Ω
\B
∈
C,

(3
)l

et
〈A

n
〉 n
∈N

be
a

di
sj

oi
nt

se
qu

en
ce

in
E

w
ith

co
rr

es
po

nd
in

g
el

em
en

ts
B
n
∈
C

th
en
P

(⋃
n
∈N
A
n
)

=
∑
∞ n=

0
P

(A
n
)

=
∑
∞ n=

0
P

(B
n
) .

L
et
B
′ 0

=
B

0
an

d
ite

ra
tiv

el
y

le
tB
′ n

=
B
n
\B
′ n−

1
th

en
〈B
′ n〉
n
∈N

is
a

di
sj

oi
nt

se
qu

en
ce

su
ch

th
at

P
(B

n
)

=
P

(B
′ n)

:
fo

r
an

y
m
,n
∈
N

w
e

ha
ve
P

(B
n
∩
B
m

)
=
P

(A
n
∩
B
m

)
=
P

(A
n
∩
A
m

)
=

0
an

d,
he

nc
e,
P

(B
n
\B
′ n−

1
)
≥
P

(B
n
)
−
∑

n
−

1
i=

0
P

(B
n
∩
B
i)

=
P

(B
n
).

T
he

re
fo

re
,∑

∞ n=
0
P

(B
n
)

=
∑
∞ n=

0
P

(B
′ n)

=
P

(⋃
n
∈N
B
′ n)

=
P

(⋃
n
∈N
B
n
)

an
d
E

is
a

D
yn

ki
n

sy
st

em
.

(ii
) L

et
D
′ :

=
{A
∩
B

:
A
∈
C,
B
∈
D
}.

O
bs

er
ve

th
at
C
∪
D
∪
D
′ i

s
cl

os
ed

un
de

ri
nt

er
se

ct
io

n:
if
A
,B
∈
C

th
en
A
∩
B
∈
C

an
d

si
m

ila
rl

y
fo

rA
,B
∈
D

.I
fA
∈
C

an
d
B
∈
D

th
en
A
∩
B

is
in

an
el

em
en

to
fD
′ .

If
A
∈
C

an
d
B

is
an

el
em

en
to

fD
′ t

he
n
B

=
C
∩
D

fo
rs

om
e
C
∈
C

,D
∈
D

an
d

A
∩
B

=
(A
∩
C

)
∩
D

w
hi

ch
is

ag
ai

n
an

el
em

en
to

fD
′ (

an
d

eq
ui

va
le

nt
ly

fo
rA
∈
D

).
Fu

rth
er

m
or

e,
C
∪
D
∪
{A
∩
B

:
A
∈
C,
B
∈
D
}
⊂
E.

N
ot

e
th

at
C

is
a

su
bs

et
of
E,

an
d

if
B
∈
D

th
en

w
e

ob
ta

in
P

(∅
∩
C

)
=

0
=
P

(B
∩
C

)
fo

r
an

y
C
∈
A

an
d
∅
∈
C.

Fi
na

lly
,i

f
w

e
ha

ve
A
∩
B

w
he

re
A
∈
C

an
d
B
∈
D

th
en
P

(A
∩
B
∩
C

)
=

0
=
P

(∅
∩
C

)
fo

r
an

y
C
∈
A

.
H

en
ce

,σ
(C
∪
D

)
⊂
E

by
th

e
m

on
ot

on
e

cl
as

s
th

eo
re

m
(F

re
m

lin
,2

01
0)

[1
36

B
].

(ii
i)

N
ow

,l
et

us
co

ns
id

er
a
U
∈
B

an
d
V
∈
σ

(C
∪
D

).
D

ue
to

st
ep

s
(i

)
an

d
(i

i)
w

e
ca

n
se

le
ct

a
V
′
∈
C

su
ch

th
at
P

(V
∩
C

)
=
P

(V
′ ∩

C
)

fo
r

al
l
C
∈
A

.
T

he
n

w
ith

th
is
V
′

w
e

ha
ve

th
at

|P
(U

)P
(V

)
−
P

(U
∩
V

)|
=
|P

(U
)P

(V
′ )
−
P

(U
∩
V
′ )
|≤

ϕ
P

(V
′ )

=
ϕ
P

(V
).

A
no

th
er

im
po

rt
an

tr
es

ul
ti

n
th

is
co

nt
ex

tc
on

ce
rn

s
th

e
ϕ

-m
ix

in
g

pr
op

er
ty

of
a

pr
oc

es
s

th
at

st
ar

ts
at

a
ra

nd
om

tim
e.

T
hi

s
re

su
lt

is
ne

ed
ed

to
be

ab
le

to
us

e
H

oe
ff

di
ng

bo
un

ds
fo

rb
at

ch
es

of
ob

se
rv

at
io

ns
w

hi
ch

oc
cu

ri
n

ou
ra

lg
or

ith
m

.T
o

st
at

e
th

is
re

su
lt

co
nc

is
el

y
w

e
fir

st
de

fin
e

th
e

fo
llo

w
in

g
tw

o
fa

m
ili

es
of

ev
en

ts

U
:=
{ {
τ n
<
∞
}∩

(X
τ n
,i
,.
..
,X

τ n
+
u
−

1
,i
)−

1
[B

]
:
B
∈
B(u

)
X

} ,

V
:=
{ {
τ n
<
∞
}∩

(X
τ n

+
u

+
l−

1
,i
,.
..
,X

τ n
+
u

+
l+
v
−

2
,i
)−

1
[B

]
:
B
∈
B(u

)
X

} ,

w
he

re
th

e
no

ta
tio

n
(X

τ n
,i
,.
..
,X

τ n
+
u
−

1
,i
)−

1
[B

]
de

no
te

s
th

e
se

t

{ω
:
ω
∈

Ω
,(
X
τ n

(ω
),
i(
ω

),
..
.,
X
τ n

(ω
)+
u
−

1
,i
(ω

))
∈
B
}

an
d
X

is
th

e
sp

ac
e

in
w

hi
ch

th
e

ra
nd

om
va

ri
ab

le
s
X
t,
i

at
ta

in
va

lu
es

in
.

L
em

m
a

14
In

th
e

jo
in

tly
-s

ta
tio

na
ry
ϕ

-m
ix

in
g

ba
nd

it
pr

ob
le

m
fo

rm
ul

at
ed

in
Se

ct
io

n
3,

co
ns

id
er

an
ar

m
i
≤
k

an
d

an
in

cr
ea

si
ng

se
qu

en
ce

of
st

ar
tin

g
tim

es
〈τ
n
〉 n
∈N

+
of

ba
tc

he
s

in
w

hi
ch

ar
m
i

is
pl

ay
ed

w
hi

ch
ar

e
al

m
os

ts
ur

el
y

fin
ite

.T
he

fo
llo

w
in

g
ho

ld
s

fo
r

al
ln
∈
N

+
an

d
1
≤
l
≤

2n
−

1
−

1

su
p
{|
P

(V
)
−
P

(U
∩
V

)/
P

(U
)|

:U
∈
U,
V
∈
V,
P

(U
)
>

0
,

u
,v
∈
N

+
,u

+
v

+
l
−

1
≤

2
n
−

1
}
≤

2ϕ
l.

(1
5)

17
JM

L
R

 2
0(

14
):

1-
37

, 2
01

9

G
R

Ü
N

E
W

Ä
L

D
E

R
A

N
D

K
H

A
L

E
G

H
I

Pr
oo

f
Fo

ra
ny
U
,V

as
de

fin
ed

in
(1

5)
th

er
e

ex
is

ts
eq

ue
nc

es
〈U
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∈N

+
,a

nd
〈V
t〉 t
∈N

+
,w

he
re

U
t
∈
σ
( {

(X
t,
i,
..
.,
X
t+
u
−

1
,i
)−

1
[B

]
∩
{τ
n
<
∞
}

:
B
∈
B(u

)
X
})

an
d

V
t
∈
σ
( {

(X
t+
u

+
l−

1
,i
,.
..
,X

t+
u

+
l+
v
−

2
,i
)−

1
[B

]∩
{τ
n
<
∞
}

:
B
∈
B(v

)
X
})

su
ch

th
at
U

=
⋃
t∈

N
+
{τ
n

=
t}
∩
U
t

an
d
V

=
⋃
t∈

N
+
{τ
n

=
t}
∩
V
t.

O
bs

er
ve

al
so

th
at

du
e

to
st

at
io

na
rit

y
P

(V
t)

=
P

(V
1
)

fo
ra

ll
t
≥

1.
Si

nc
e,
U
t
∩
{τ
n

=
t}
∈
G t

th
e
ϕ

-m
ix

in
g

pr
op

er
ty

gi
ve

s
us

|P
({
τ n

=
t}
∩
U
t
∩
V
t)
−
P

({
τ n

=
t}
∩
U
t)
P

(V
t)
|≤

ϕ
lP

({
τ n

=
t}
∩
U
t)

an
d

si
nc

e
τ n
<
∞

al
m

os
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el

y
fo
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w
e
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(V

)
−
P

(V
1
)|
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1

|P
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∩
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−
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|≤

ϕ
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C
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su
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|P
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)P
(V

)
−
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)|
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)P

(V
)
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({
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(V
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|+
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ϕ
lP

({
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∞ ∑ t=

1

P
({
τ n

=
t}
∩
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co
ef

fic
ie

nt
s

of
th

e
jo

in
tp

ro
ce

ss
an

d
th

e
ψ
i

ar
e

up
pe

r
bo

un
ds

on
th

e
m

ix
in

g
co

ef
fic

ie
nt

s
of

th
e

in
di

vi
du

al
pr

oc
es

se
s.

Pr
oo

f
Fi

x
so

m
e
n
,a
,u
,v
>

0
,a
≥
u

+
n

an
d

le
tu

sd
en

ot
e

th
e

in
di

vi
du

al
pr

oc
es

se
sw

ith
〈X

n
,i
〉 n
∈N

+
,

i
≤
k

.F
ur

th
er

m
or

e,
le

tA
=
{1
,.
..
,u
},
B

=
{a
,.
..
,a

+
v
−

1}
an

d
G

=
σ

(X
A
,1
,.
..
,X

A
,k

),
H

=
σ

(X
B
,1
,.
..
,X

B
,k

).
Th

e
pr

oo
fs

tru
ct

ur
e

is
th

e
fo

llo
w

in
g:

in
st

ep
(i)

w
e

sh
ow

fo
r“

si
m

pl
e”

ev
en

ts
th

at
th

e
ψ

-m
ix

in
g

pr
op

er
ty

ca
rr

ie
s

ov
er

to
th

e
jo

in
tp

ro
ce

ss
.I

n
st

ep
(i

i)
,w

e
co

ns
tr

uc
ta

ne
w

pr
ob

ab
ili

ty
sp

ac
e

in
w

hi
ch

to
ea

ch
of

th
es

e
“s

im
pl

e”
ev

en
ts

a
pr

od
uc

to
fe

ve
nt

s
is

as
so

ci
at

ed
.T

he
ap

pr
oa

ch
is

us
ef

ul
si

nc
e

m
or

e
co

m
pl

ex
ev

en
ts

ca
n

be
ea

si
ly

ap
pr

ox
im

at
ed

by
pr

od
uc

ts
.

In
st

ep
(i

ii)
w

e
m

ak
e

us
e

of
th

is
ap

pr
ox

im
at

io
n

an
d

w
e

re
la

te
ar

bi
tr

ar
y

ev
en

ts
to

un
io

ns
of

pr
od

uc
ts

fo
re

ac
h

of
w

hi
ch

th
e

ψ
-m

ix
in

g
pr

op
er

ty
de

riv
ed

in
(i

)a
pp

lie
s.
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L
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(i) C
onsidera

set
U
∈
G

ofthe
form

U
=
⋂
i≤
k
U
i w

here
U
i ∈

σ
(X

A
,i )

forall
i≤

k
and

a
set

V
∈
H

of
the

form
V

=
⋂
i≤
k
V
i ,
V
i ∈

σ
(X

B
,i ),for

all
i≤

k.
T

he
m

utualindependence
of

the
processes

im
plies

that

|P
(U

)P
(V

)−
P

(U
∩
V

)|
=
∣∣∣
k
∏i=

1

P
(U

i )P
(V
i )−

k
∏i=

1

P
(U

i ∩
V
i ) ∣∣∣

≤
P

(U
1 )P

(V
1 ) ∣∣∣

k
∏i=

2

P
(U

i )P
(V
i )−

k
∏i=

2

P
(U

i ∩
V
i ) ∣∣∣

+
|P

(U
1 )P

(V
1 )−

P
(U

1 ∩
V

1 )|
k
∏i=

2

P
(U

i ∩
V
i )

≤
(

2
∏i=

1

P
(U

i )P
(V
i ) )
∣∣∣
k
∏i=

3

P
(U

i )P
(V
i )−

k
∏i=

3

P
(U

i ∩
V
i ) ∣∣∣

+
P

(U
1 )P

(V
1 )|P

(U
2 )P

(V
2 )−

P
(U

2 ∩
V

2 )|
k
∏i=

3

P
(U

i ∩
V
i )

+
ψ
n
P

(U
1 )P

(V
1 )

k
∏i=

2

P
(U

i ∩
V
i )

≤
ψ
n

k
∑i=

1 (
i
∏j=

1

P
(U

j )P
(V
j ) )(

k
∏j=
i+

1

P
(U

j ∩
V
j ) )

≤
ψ
n
P

(U
)P

(V
)

k
∑i=

1

k
∏j=
i+

1

P
(U

j ∩
V
j )

P
(U

j )P
(V
j )

≤
ψ
n
P

(U
)P

(V
)
k−

1
∑i=

0 (1
+
ψ
n
)
k−

i−
1

=
((1

+
ψ
n
)
k−

1)
P

(U
)P

(V
).

(ii)
N

ext,
w

e
dem

onstrate
the

ψ
-m

ixing
property

for
U
∈
G

and
V
∈
H

.
W

e
use

a
product

m
easure

approach.To
m

ake
use

ofthis
letthe

index
set

C
=
A
∪
B

and
considerthe

independent
σ

-algebras
σ

(X
C
,1 ),...,

σ
(X

C
,k ).

L
et
P
i

be
the

restriction
of
P

to
σ

(X
C
,i )

for
all

i
≤
k

and
define

the
productspace

(Ω
k,⊗̂

i≤
k σ

(X
C
,i ),µ

),w
here

µ
is

the
productm

easure
of
P

1 ,...,P
k

and
⊗̂
i≤
k σ

(X
C
,i )

denotes
the

product
σ

-algebra
of
σ

(X
C
,1 ),...,σ

(X
C
,k ).

T
he

m
ap

φ
:

Ω
→

Ω
k,

φ
(ω

)(i)
=
ω

for
all

i
≤
k,

is
inverse-m

easure
preserving

due
to

Frem
lin

(2010)[272J,254X
c].

In
particular,

P
( ⋂

i≤
k
U
i )

=
P
φ
−

1[U
1 ×

...×
U
k ]

=
µ

(U
1 ×

...×
U
k )

for
U
i ∈

σ
(X

A
,i ).

T
he

im
portantproperty

isthe
follow

ing:if
U
∈
G

then
there

existsan
F
∈
⊗̂
i≤
k σ

(X
A
,i )⊆

⊗̂
i≤
k σ

(X
C
,i )

such
that

U
=
φ
−

1[F
].To

see
this

considerthe
set

S
:=
{φ
−

1[F
]

:
F
∈
⊗̂
i≤
k σ

(X
A
,i )}

.

A
standard

argum
entshow

s
thatS

is
a
σ

-algebra,i.e.∅
∈
S

,if
U
∈
S

then
Ω\
U

=
φ
−

1[Ω
k\U

]∈
S

and
if〈U

n 〉
n∈

N
a

sequence
in
S

then
⋃
n∈

N
U
n

=
φ
−

1[ ⋃
n∈

N
F
n
]
∈
S

for
suitable

sets
F
n .

Furtherm
ore,S

⊇
{ ⋂

i≤
k
U
i

:
U
i ∈

σ
(X

A
,i ),i≤

k}
and

the
lattersetis

closed
underintersection.
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H
ence,the

m
onotone

class
theorem

tells
us

thatG
=
σ{ ⋂

i≤
k
U
i

:
U
i ∈

σ
(X

A
,i ),i≤

k}
⊂
S

and
the

resultfollow
s.Sim

ilarly,w
e

can
link

V
∈
G

to⊗̂
i≤
k σ

(X
B
,i ).

(iii)
W

e’d
like

to
dem

onstrate
that

the
ψ

-m
ixing

property
carries

over
to

arbitrary
elem

ents
U
∈
⊗̂
i≤
k σ

(X
A
,i )

and
V
∈
⊗̂
i≤
k σ

(X
B
,i ).

First,observe
thatif

U
=
U

1 ×
...×

U
k

and
V

=
V

1 ×
...×

V
k ,U

i ∈
σ

(X
A
,i ),V

i ∈
σ

(X
B
,i ),i≤

k,then
using

(U
1 ×

...×
U
k )∩

(V
1 ×

...×
V
k )

=
(U

1 ∩
V

1 )×
...×

(U
k ∩

V
k )

w
ith

the
inverse-m

easure
preserving

property
of
φ

and
(i)itfollow

s
that

|µ
(U

1 ×
...×

U
k )µ

(V
1 ×

...×
V
k )−

µ
(U

1 ×
...×

U
k ∩

V
1 ×

...×
V
k )|

=
∣∣P
(⋂

i≤
k
U
i )P
(⋂

i≤
k
V
i )−

P
(⋂

i≤
k
U
i ∩
⋂
i≤
k
V
i ) ∣∣

≤
((1

+
ψ
n
)
k−

1)
P
(⋂

i≤
k
U
i )P
(⋂

i≤
k
V
i )

=
((1

+
ψ
n
)
k−

1)
µ

(U
1 ×

...×
U
k )µ

(V
1 ×

...×
V
k ).

T
he

advantage
ofthe

productapproach
is

thatw
e

can
approxim

ate
the

sets
U

and
V

w
ith

cylinders
of

the
form

U
1 ×

...×
U
k

and
this

allow
s

us
to

carry
the

ψ
-m

ixing
property

to
G

and
H

.
A

s
follow

s
from

Frem
lin

(2010)[T
hm

.251Ie,pp.200,251W
]forevery

ε∈
(0,1]there

existsequences
U

1
,1 ,...,U

m
1
,1 ,

...,U
1
,k ,...,U

m
1
,k

and
V

1
,1 ,...,V

m
2
,1 ,

...,V
1
,k ,...,V

m
2
,k ,w

ith
U
i,j ,V

i ′,j ∈
σ

(X
C
,j )

forall
i≤

m
1 ,i ′≤

m
2 ,j≤

k,w
ith

the
follow

ing
fourproperties.

µ (
⋃i≤
m

1

U
i,1 ×

...×
U
i,k )
≥
∑i≤
m

1

µ
(U

i,1 ×
...×

U
i,k )−

ε,
(16)

µ (
⋃i≤
m

2

V
i,1 ×

...×
V
i,k )
≥
∑i≤
m

2

µ
(V
i,1 ×

...×
V
i,k )−

ε/m
1 ,

(17)

µ (
U
4
⋃i≤
m

1

U
i,1 ×

...×
U
i,k )
≤
ε,

and
(18)

µ (
V
4
⋃i≤
m

2

V
i,1 ×

...×
V
i,k )
≤
ε/m

1 ,
(19)

w
here4

denotes
the

sym
m

etric
difference

betw
een

sets.
From

(16)and
(17)w

e
obtain ∑

i≤
m

1
µ

(U
i,1 ×

...×
U
i,k )≤

1
+
ε

and ∑
i≤
m

2
µ

(V
i,1 ×

...×
V
i,k )≤

1
+
ε/m

1
respectively.M

oreover,w
e

have
∣∣µ

(U
)−

µ (
⋃i≤
m

1

U
i,1 ×

...×
U
i,k ) ∣∣≤

µ (U
4
⋃i≤
m

1

U
i,1 ×

...×
U
i,k )≤

ε
(20)

w
here

the
second

inequality
follow

s
from

(18).Sim
ilarly,from

(19)w
e

obtain
∣∣µ

(V
)−

µ (
⋃i≤
m

2

V
i,1 ×

...×
V
i,k ) ∣∣≤

ε/m
1 .

(21)

Furtherm
ore,to

obtain
a

sim
ilar

resultfor
U
∩
V

,below
,w

e
rely

on
the

follow
ing

elem
entary

set
m

anipulation.C
onsidersets

A
1 ,A

2 ,A
3 ,A

4
then

(A
1 ∩

A
2 )4

(A
3 ∩

A
4 )

=
((A

1 ∩
A

2 )\(A
3 ∩

A
4 ))∪

((A
3 ∩

A
4 )\(A

1 ∩
A

2 ))

=
((A

1 ∩
A

2 )\A
3 )∪

((A
1 ∩

A
2 )\A

4 )∪
((A

3 ∩
A

4 )\A
1 )∪

((A
3 ∩

A
4 )\A

2 )

⊆
(A

1 \A
3 )∪

(A
2 \
A

4 )∪
(A

3 \
A

1 )∪
(A

4 \
A

2 )

=
(A

1 4
A

3 )∪
(A

2 4
A

4 ).
(22)
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W
e

ha
ve

,
∣ ∣ µ

(U
∩
V

)
−
µ
((
⋃

i≤
m

1

U
i,

1
×
..
.
×
U
i,
k

) ∩
(
⋃

i≤
m

2

V
i,

1
×
..
.
×
V
i,
k

))
∣ ∣

≤
∣ ∣ µ
( (U
∩
V

)4
((
⋃

i≤
m

1

U
i,

1
×
..
.
×
U
i,
k

) ∩
(
⋃

i≤
m

2

V
i,

1
×
..
.
×
V
i,
k

))
)∣ ∣

≤
µ
( U
4
(
⋃

i≤
m

1

U
i,

1
×
..
.
×
U
i,
k

))
+
µ
( V
4
(
⋃

i≤
m

2

V
i,

1
×
..
.
×
V
i,
k

))
(2

3)

≤
ε

+
ε/
m

1
(2

4)

≤
2
ε

(2
5)

w
he

re
,(

23
)i

s
du

e
to

(2
2)

an
d

(2
4)

fo
llo

w
s

fr
om

(1
8)

an
d

(1
9)

.N
ow

,a
pp

ly
in

g
(2

0)
,(

21
)a

nd
(2

5)
w

e
ob

ta
in

,

|µ
(U

)µ
(V

)
−
µ

(U
∩
V

)|
≤
|µ

(U
)µ

(V
)
−
µ
(
⋃

i≤
m

1

⋃

j≤
m

2

(U
i,

1
×
..
.
×
U
i,
k
)
∩

(V
j,

1
×
..
.
×
V
j,
k
))
|+

2
ε

≤
4ε

+
∣ ∣ µ
(
⋃

i≤
m

1

U
i,

1
×
..
.
×
U
i,
k

) µ
(
⋃

i≤
m

2

V
i,

1
×
..
.
×
V
i,
k

)

−
µ
(
⋃

i≤
m

1

⋃

j≤
m

2

(U
i,

1
×
..
.
×
U
i,
k
)
∩

(V
j,

1
×
..
.
×
V
j,
k
))
∣ ∣ .

(2
6)

Fu
rt

he
rm

or
e, ∣ ∣∑ i≤

m
1

∑ j≤
m

2

µ
(U

i,
1
×
..
.
×
U
i,
k
)µ

(V
j,

1
×
..
.
×
V
j,
k
)

−
µ
(
⋃

i≤
m

1

U
i,

1
×
..
.
×
U
i,
k

) µ
(
⋃

i≤
m

2

V
i,

1
×
..
.
×
V
i,
k

)∣ ∣

≤
( µ
(
⋃

i≤
m

1

U
i,

1
×
..
.
×
U
i,
k

) +
ε)
∑ j≤
m

2

µ
(V
j,

1
×
..
.
×
V
j,
k
)

−
µ
(
⋃

i≤
m

1

U
i,

1
×
..
.
×
U
i,
k

) µ
(
⋃

i≤
m

2

V
i,

1
×
..
.
×
V
i,
k

)

≤
2
ε

+
ε2

≤
3
ε.

(2
7)

L
et
U

1
,.
..
,U

m
be

su
ch

th
at
µ

(⋃
i≤
m
U
i)
≥
∑

i≤
m
µ

(U
i)
−
ε.

T
he

n
∑

i≤
m
µ
( ⋃

j<
i
U
j
∩
U
i)
≤
ε.

T
hi

s
is

be
ca

us
e

µ
(⋃ i≤

m

U
i)

=
µ
(⋃ i≤

m

U
i\
(⋃ j<

i

U
j
∩
U
i))

=
∑ i≤
m

µ
( U

i\
(⋃ j<

i

U
j
∩
U
i))

=
∑ i≤
m

µ
(U

i)
−
∑ i≤
m

µ
(⋃ j<

i

U
j
∩
U
i))
.
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N
ow

,f
or

an
y

m
ea

su
ra

bl
e

se
tV

w
e

ha
ve

by
th

e
sa

m
e

ar
gu

m
en

tt
ha

t

µ
(⋃ i≤

m

U
i
∩
V
) =

µ
(⋃ i≤

m

U
i
∩
V
\(
⋃ j<
i

U
j
∩
U
i))

=
∑ i≤
m

µ
( U

i
∩
V
\(
⋃ j<
i

U
j
∩
U
i))

=
∑ i≤
m

µ
(U

i
∩
V

)
−
∑ i≤
m

µ
(⋃ j<

i

U
j
∩
U
i))

≥
∑ i≤
m

µ
(U

i
∩
V

)
−
ε.

H
en

ce
,u

si
ng

(1
6)

an
d

(1
7)

,w
e

ca
n

ob
ta

in

∣ ∣∑ i≤
m

1

∑ j≤
m

2

µ
( (U

i,
1
×
..
.
×
U
i,
k
)
∩

(V
j,

1
×
..
.
×
V
j,
k
))

−
µ
(
⋃

i≤
m

1

⋃

j≤
m

2

(U
i,

1
×
..
.
×
U
i,
k
)
∩

(V
j,

1
×
..
.
×
V
j,
k
))
∣ ∣

≤
∑ i≤
m

1

∑ j≤
m

2

µ
( (U

i,
1
×
..
.
×
U
i,
k
)
∩

(V
j,

1
×
..
.
×
V
j,
k
))

−
∑ i≤
m

1

µ
( (U

i,
1
×
..
.
×
U
i,
k
)
∩
(
⋃

j≤
m

2

(V
j,

1
×
..
.
×
V
j,
k
))

+
ε

≤
ε

+
∑ i≤
m

1

ε/
m

1

=
2ε
.

(2
8)

W
e

ob
ta

in
an

bo
un

d
on
|µ

(U
)µ

(V
)
−
µ

(U
∩
V

)|
by

us
in

g
(2

6)
,(

27
)a

nd
(2

8)
to

ge
th

er
w

ith
th

e
re

su
lt

fr
om

St
ep

(i
),

i.e
.,

|µ
(U

)µ
(V

)
−
µ

(U
∩
V

)|
≤

9
ε

+
∑ i≤
m

1

∑ j≤
m

2

|µ
(U

i,
1
×
..
.
×
U
i,
k
)µ

(V
j,

1
×
..
.
×
V
j,
k
)

−
µ
( (U

i,
1
×
..
.
×
U
i,
k
)
∩

(V
j,

1
×
..
.
×
V
j,
k
))
|

≤
9
ε

+
((

1
+
ψ
n
)k
−

1)
∑ i≤
m

1

µ
(U

i,
1
×
..
.
×
U
i,
k
)
∑ j≤
m

2

µ
(V
j,

1
×
..
.
×
V
j,
k
)

(2
9)

≤
((

1
+
ψ
n
)k
−

1)
µ

(U
)µ

(V
)

+
9
ε

+
5
ε(

(1
+
ψ
n
)k
−

1)
,

w
he

re
th

e
la

st
in

eq
ua

lit
y

fo
llo

w
s

fr
om

th
e

sa
m

e
ar

gu
m

en
ts

as
us

ed
in

in
eq

ua
lit

ie
s

(2
6)

an
d

(2
7)

.
Si

nc
e
ε

is
ar

bi
tr

ar
y

w
e

de
riv

e
th

e
up

pe
r

bo
un

d
fo

r
ar

bi
tr

ar
y

el
em

en
ts
U
∈
⊗̂
i≤
k
σ

(X
A
,i
)

an
d

V
∈
⊗̂
i≤
k
σ

(X
B
,i
).

N
ot

e
th

at
th

is
la

st
st

ep
is

th
e

on
ly

pa
rt

of
th

e
pr

oo
fw

he
re
ψ

-m
ix

in
g

is
ne

ce
ss

ar
y.

In
pa

rt
ic

ul
ar

,
w

e
co

ul
d

no
td

er
iv

e
(2

9)
fr

om
th

e
lin

e
pr

ec
ed

in
g

it
by

on
ly

as
su

m
in

g
ϕ

-m
ix

in
g.
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To
conclude,

if
U
∈
G
,V
∈
H

then
w

e
know

from
step

(ii)
that

there
are

elem
ents

E
∈

⊗̂
i≤
k σ

(X
A
,i ),F

∈
⊗̂
i≤
k σ

(X
B
,i )

such
that

|P
(U
∩
V

)−
P

(U
)P

(V
)|

=
|P
φ
−

1[E
∩
F

]−
P
φ
−

1[E
]P
φ
−

1[F
]|

=
|µ

(E
∩
F

)−
µ

(E
)µ

(F
)|

≤
((1

+
ψ
n
)
k−

1)P
(U

)P
(V

).

(iv)T
he

jointprocess
is
ψ

-m
ixing

since
lim

n→
∞

(1−
ψ
n
)
k−

1
=

0.

A
.3.ProofofProposition

8

In
w

hat
follow

s,
w

e
denote

the
probability

space
by

(Ω
,A
,P

)
and

let〈E
t 〉
t≥

1
be

the
filtration

E
t

=
σ{σ

(X
1 ,...,X

t )∪
N
}

w
hereN

is
the

fam
ily

ofsets
ofm

easure
zero.T

he
random

tim
es

are
τ
i

:
Ω
→

N
+

and
they

areA
−
P

(N
+

)
m

easurable,w
hereP

(N
+

)
denotes

the
pow

ersetofN
+

=
{
1,2

...}.Furtherm
ore,letthe

random
variables

X
i attain

values
inX

⊂
R

and
assum

e
thatthey

areA
−
B
X

m
easurable,w

hereB
X

denotes
the

B
orel

σ
-algebra

onX
.W

e
define

the
random

tim
es

τ
i inductively

togetherw
ith

a
filtration

thattracks
the

observed
inform

ation.LetH
0

=
{∅,Ω},let

τ
1

be
aH

0 -m
easurable

random
tim

e
and

letH
1

=
σ

(X
τ
1 ).T

hen,forgiven
τ

1 ,...,τ
i andH

1 ,...,H
i

let
τ
i+

1
be

som
e
H
i -m

easurable
random

variable
such

that
τ
i+

1
>
τ
i

alm
ost

surely
and

define
H
i+

1
=
σ

(X
τ
1 ,...,X

τ
i+

1 ).
W

e
can

observe
that

σ
(X

τ
1 ,...,X

τ
i )

=
σ

(X
τ
1 ,...,X

τ
t ,τ

1 ,...,τ
t ).

To
see

this,
note

that
τ

1
is
σ

(X
τ
1 ,...,X

τ
t )-m

easurable,
hence

σ
(X

τ
1 ,...,X

τ
t ,τ

1 ,...,τ
t )

=
σ

(X
τ
1 ,...,X

τ
t ,τ

2 ,...,τ
t ).

M
oreover,

since
τ

2
is
σ

(X
τ
1 ,τ

1 )
=
σ

(X
τ
1 )-m

easurable,
w

e
have

that
σ

(X
τ
1 ,...,X

τ
t ,τ

2 ,...,τ
t )

=
σ

(X
τ
1 ,...,X

τ
t ,τ

3 ,...,τ
t ),and

the
observation

can
sim

ply
be

verified
by

induction.R
ecallthe

statem
entofProposition

8
as

follow
s.

A
ssum

e
that〈X

t 〉
t∈

N
+

is
a

stationary
ϕ

-m
ixing

process
w

ith
m

ixing
coefficients〈ϕ

i 〉
i∈

N
+

such
that

E
X
t

=
µ
,
t∈

N
+

,and
su

p
t∈

N
+ |X

t |≤
c

forsom
e
c∈

[0,∞
).Furtherm

ore,let
τ

1 ,τ
2 ,...be

a
sequence

ofrandom
tim

es
such

that
τ
i
+
`≤

τ
i+

1
a.s.forsom

e
`≥

1
and

all
i∈

N
+

,and
all
τ
i+

1

are
σ

(X
τ
1 ,...,X

τ
i )-m

easurable
w

ith
τ

1 ∈
N

+
being

a
fixed

tim
e.T

hen
forany

n
∈
N

+

∣∣∣ 1n

n
∑i=

1

E
X
τ
i −

µ ∣∣∣ ≤
2cϕ

` .

Proof
T

he
follow

ing
technicalresultis

im
portantin

this
context.

L
em

m
a

A
.3

For
all

i,t
≥

1
and

A
∈
H
i−

1
w

e
have

that
A
∩
{
τ
i

=
t}
∈
E
t .

In
particular

{
τ
i

=
t}
∈
E
t .

Proof
For

i
=

1
the

result
holds

trivially
since

A
∩
{τ
i

=
t}

is
either

Ω
or∅

and
since

E
t

is
a
σ

-algebra
it

contains
Ω

and
∅.

For
any

other
i
≥

2
observe

that
if

the
claim

holds
for

all
1
≤
j≤

i−
1

then
since

τ
i isH

i−
1 -m

easurable
and

because
τ
i
>
τ
i−

1
alm

ostsurely
im

plies
that

U
:=
{τ
i

=
t}∩
{
τ
i−

1 ≥
t}
∈
N
⊂
E
t and

w
e

have

{τ
i

=
t}

=
U
∪
t−

1
⋃s=

1 {τ
i

=
t}∩
{
τ
i−

1
=
s}
∈
E
t .
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W
e

can
also

observe
that{

B
∩
{
τ
i

=
t}

:
B
∈
σ

(X
τ
i )}
⊂
E
t because

{B
∩
{
τ
i

=
t}

:
B
∈
σ

(X
τ
i )}

=
{
X
−

1
t

[B
′]∩
{
τ
i

=
t}

:
B
′∈
B
X }

and
both

X
−

1
t

[B
′]and{τ

i
=
t}

lie
inE

t .
A

lso,for
any

j∈
{1,...,i−

1}
w

e
have{B

∩
{
τ
i

=
t}

:
B
∈
σ

(X
τ
j )}
⊂
E
t :

let
U

=
{τ
i

=
t}∩
{
τ
j ≥

t
+

1−
(i−

j)}
then

U
∈
N

and

{
B
∩
{
τ
i

=
t}

:
B
∈
σ

(X
τ
j )}

=
U
∪
t−

(i−
j)

⋃s=
1

{X
−

1
s

[B
′]∩
{
τ
i

=
t}∩
{
τ
j

=
s}

:
B
′∈
B
X }

and
X
−

1
s

[B
′]∩
{
τ
j

=
s}
∈
E
s ⊂
E
t .W

e
have

show
n

that

{{
τ
i

=
t}∩

i−
1

⋂j=
1

B
j

:
B
j ∈

σ
(X

τ
j ) }
⊂
E
t .

T
his

im
plies

directly
that

σ {{τ
i

=
t}∩

i−
1

⋂j=
1

B
j

:
B
j ∈

σ
(X

τ
j ) }
⊂
E
t .

B
y

induction
one

can
verify

that{
A
∩
{τ
i

=
t}

:
A
∈
σ

(X
τ
1 ,...,X

τ
i−

1 )}
is

included
in

the
left

side.

W
e

also
need

the
follow

ing
observation:

L
et
s,t
∈

N
+

,
s
<
t

then
for

any
B
∈
E
s

w
e

have
| ∫
B

(E
(X

t |E
s )−

E
(X

t ))|≤
2ϕ

t−
s cP

(B
).

T
his

follow
s

from
L

em
m

a
A

.2
by

rem
em

bering
that

E
s

=
σ

(σ
(X

1 ,...,X
s )∪N

),i.e.the
ϕ

-m
ixing

property
im

pliesthisupperbound
for

σ
(X

1 ,...,X
s )

instead
ofE

s
and

L
em

m
a

A
.2

allow
s

us
to

extend
this

property
to
σ

(σ
(X

1 ,...,X
s )∪
N

)
by

using
in

L
em

m
a

A
.2

the
follow

ing
σ

-algebras:B
=
σ

(X
t ),C

=
σ

(X
1 ,...,X

s )
andD

=
N

.
N

ow
,com

ing
to

the
m

ain
proofconsiderfirst

τ
1 .N

ote
that

τ
1

is
independentofany

X
i since

for
U
∈
σ

(X
i ),V

∈
σ

(τ
1 )

=
{∅,Ω}

w
e

have
either

V
=

Ω
and

P
(U
∩
V

)
=
P

(U
)

=
P

(U
)P

(V
)

or
V

=
∅

and
P

(U
∩
V

)
=

0
=
P

(U
)P

(V
).Independence

and
stationarity

ofthe
process〈X

t 〉
t∈

N
+

give
us

forany
t∈

N
+

that

E
(X

t ×
χ{τ

1
=
t}

)
=
P

(τ
1

=
t)E

(X
t )

=
P

(τ
1

=
t)E

(X
1 ).

N
ow

,since
the

X
t are

bounded
and

τ
1

attains
a

value
in

N
+

w
e

know
that

∞∑t=
1

E
(|X

t |×
χ{
τ

1
=
t})

=
∞∑t=

1

P
(τ

1
=
t)E
|X

1 |

is
finite

and
B

.
L

evi’s
T

heorem
(Frem

lin,
2010)[123A

]
tells

us
that ∑

∞t=
1 |X

t |×
χ{
τ

1
=
t}

is
integrable.A

lso| ∑
t ′t=

1
X
t ×

χ{τ
1

=
t}|is

upperbounded
by

the
integrable

function ∑
∞t=

1 |X
t |×

χ{τ
1

=
t}

forall
t ′∈

N
+

and
Lebesgue’s

D
om

inated
C

onvergence
Theorem

(Frem
lin,2010)[123C

]
gives

us

E
(X

τ
1 )

=
E
(
∞∑t=

1

X
t ×

χ{τ
1

=
t} )

=
∞∑t=

1

E
(X

t ×
χ{
τ

1
=
t}

)
=
∞∑t=

1

P
(τ

1
=
t)E

(X
t )

=
E

(X
1 ).
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W
e

pe
rf

or
m

in
du

ct
io

n
ov

er
τ i

,i
≥

2
.

T
he

se
t{
τ i

=
t}

is
an

el
em

en
to

f
H
i−

1
an

d
fo

r
an

y
s
<
t,

s,
t
∈
N

+
w

e
ha

ve
th

at
B

=
{τ
i

=
t}
∩
{τ
i−

1
=
s}
∈
H
i−

1
.O

bs
er

ve
th

at
L

em
m

a
A

.3
te

lls
us

th
at

B
∈
E s

an
d,

he
nc

e,
th

at
∫ B

E
(X

τ i
|H

i−
1
)

=

∫ B
X
t

=

∫ B
E

(X
t|E

s
).

D
ue

to
st

at
io

na
ri

ty
th

is
im

pl
ie

s
th

at

∣ ∣∫

B
(E

(X
τ i
|H

i−
1
)
−
E

(X
t)

)∣ ∣
=
∣ ∣∫

B
(E

(X
t|E

s
)
−
E

(X
1
))
∣ ∣ ≤

2c
ϕ
t−
s
P

(B
).

(3
0)

B
ec

au
se
τ i

is
H
i−

1
m

ea
su

ra
bl

e
w

e
ca

n
no

w
w

ri
te

E
(X

τ i
)

=
E
E

(X
τ i
|H

i−
1
)

=
E
E

(
∞ ∑ t=

1

X
t
×
χ
{τ
i

=
t}
|H

i−
1
)

(3
1)

=
∞ ∑ t=

1

E
E

(X
t
×
χ
{τ
i

=
t}
|H

i−
1
)

(3
2)

=
∞ ∑ t=

1

E
(E

(X
t|H

i−
1
)
×
χ
{τ
i

=
t}

)
(3

3)

=
∞ ∑ t=

1

E
(E

(X
t|H

i−
1
)
×
χ
( {
τ i

=
t}
∩
t− ⋃̀ s=

1

{τ
i−

1
=
s}
) )

=
∞ ∑ t=

1

t− ∑̀ s=
1

E
(E

(X
t|H

i−
1
)
×
χ
( {
τ i

=
t}
∩
{τ
i−

1
=
s}
) ,

(3
4)

w
he

re
,

w
ith

th
e

sa
m

e
ar

gu
m

en
t

as
ab

ov
e,

us
in

g
B

.L
ev

i’s
T

he
or

em
an

d
L

eb
es

gu
e’

s
D

om
in

at
ed

C
on

ve
rg

en
ce

T
he

or
em

fo
rt

he
ex

pe
ct

at
io

n
op

er
at

or
an

d
fo

rt
he

co
nd

iti
on

al
ex

pe
ct

at
io

n
op

er
at

or
,t

he
in

fin
ite

su
m

m
at

io
n

in
(3

1)
is

m
ov

ed
ou

ts
id

e
to

gi
ve

(3
2)

.M
or

eo
ve

r,
(3

3)
is

du
e

to
th

e
fa

ct
th

at
τ i

is
H
i−

1
-m

ea
su

ra
bl

e.
Fi

na
lly

,w
e

ob
ta

in
,

|E
(X

τ i
)
−
E

(X
1
)|

(3
5)

=

∣ ∣ ∣ ∣ ∣∞ ∑ t=
1

t− ∑̀ s=
1

(E
(E

(X
t|H

i−
1
)
×
χ

({
τ i

=
t}
∩
{τ
i−

1
=
s}

))
−
P

(τ
i

=
t,
τ i
−

1
=
s)
E

(X
1
))

∣ ∣ ∣ ∣ ∣
(3

6)

≤
∞ ∑ t=

1

t− ∑̀ s=
1

∣ ∣ (E
(E

(X
t|H

i−
1
)
×
χ

({
τ i

=
t}
∩
{τ
i−

1
=
s}

))
−
P

(τ
i

=
t,
τ i
−

1
=
s)
E

(X
1
))
∣ ∣

≤
2
c
∞ ∑ t=

1

t− ∑̀ s=
1

ϕ
t−
s
P

(τ
i

=
t,
τ i
−

1
=
s)

(3
7)

≤
2
cϕ

`

∞ ∑ t=
1

t− ∑̀ s=
1

P
(τ
i

=
t,
τ i
−

1
=
s)

(3
8)

=
2c
ϕ
`,
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w
he

re
,(

36
)

fo
llo

w
s

fr
om

(3
4)

,(
37

)
fo

llo
w

s
fr

om
(3

0)
w

ith
B

:=
{τ
i

=
t}
∩
{τ
i−

1
=
s}
∈
H
i−

1
,

an
d

(3
8)

is
du

e
to

th
e

fa
ct

th
at
〈ϕ

n
〉 n
∈N

+
is

a
de

cr
ea

si
ng

se
qu

en
ce

,s
ee

,e
.g

.(
B

ra
dl

ey
,2

00
7)

[v
ol

.1
pp

.6
9]

,a
nd

th
at
t
−
s
≥
`.

T
hi

s
pr

ov
es

th
e

st
at

em
en

t.

A
.4

.D
et

ai
ls

of
E

xa
m

pl
e

1

W
e

gi
ve

in
th

is
se

ct
io

n
th

e
de

ta
ils

of
th

e
co

ns
tr

uc
tio

n
in

E
xa

m
pl

e
1.

T
hi

s
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e
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m
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te
s

th
at

th
e

se
qu

en
ce
〈X

τ n
〉 n
∈N

+
of

sa
m

pl
es

of
on

e
of

th
e

ar
m

s
of

a
tw

o
ar

m
ed
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nd

it
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ob
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m
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tn
ee

d
to
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ϕ
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ev
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th
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gh
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e
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s
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ϕ
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g.

T
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ar
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en
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s
st
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et
al

.,
20

08
)a

nd
a

w
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es
s.

A
ss

um
e

w
e

ha
ve

a
tw

o
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m
ba

nd
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pr
ob

le
m

w
he

re
th

e
pa

y-
of

f
fo

r
ar

m
tw

o
is

ze
ro

at
al

lt
im

e
an

d
th

e
pa

y-
of

fd
is

tr
ib

ut
io

n
of

ar
m

on
e

is
de

sc
ri

be
d

by
a

M
ar

ko
v

ch
ai

n
w

ith
tw

o
st

at
es

,t
ra

ns
iti

on
pr

ob
ab

ili
tie

s
p

1
1

=
p

2
2

=
1
−
ε,
p

1
2

=
p

2
1

=
ε,

fo
r

so
m

e
ε
∈

(0
,1

),
an

d
pr

ob
ab

ili
ty

1/
2

to
be

in
st

at
e

1
at

tim
e
t

=
0.

T
he

pl
ay

er
ga

in
s

a
pa

y-
of

f
of

1
if

th
e

M
ar

ko
v

ch
ai

n
is

in
st

at
e

1
an

d
a

pa
y-

of
f

of
0

if
th

e
M

ar
ko

v
ch

ai
n

is
in

st
at

e
2
.

T
he

M
ar

ko
v

ch
ai

n
is

ir
re

du
ci

bl
e

an
d

ap
er

io
di

c.
Fu

rt
he

rm
or

e,
th

e
M

ar
ko

v
ch

ai
n

in
du

ce
s

a
st

at
io

na
ry

pa
y-

of
fd

is
tr

ib
ut

io
n.

T
hi

s
im

pl
ie

s
th

at
w

e
ar

e
de

al
in

g
w

ith
a

jo
in

tly
st

at
io

na
ry
ϕ

-m
ix

in
g

pr
oc

es
s

w
ith

m
ix

in
g

co
ef

fic
ie

nt
s
ϕ
k

be
in

g
up

pe
rb

ou
nd

ed
by

ϕ
k
≤

(1
−

2ε
)k

:
on

e
ca

n
de

riv
e

th
e

pa
rt

ic
ul

ar
bo

un
d

by
co

ns
id

er
in

g
an

ei
ge

nd
ec

om
po

si
tio

n
of

th
e

tr
an

si
tio

n
m

at
ri

x
T

w
hi

ch
yi

el
ds

ei
ge

nv
al

ue
s
λ

1
=

1,
λ

2
=

1
−

2ε
an

d
ei

ge
nv

ec
to

rs
u

1
=

√
2(

1/
2

1/
2)
>
,u

2
=
√

2(
1
/2
−

1/
2)
>

,
i.e

.
w

ith
U

=
(u

1
u

2
)

an
d

Λ
be

in
g

th
e

di
ag

on
al

m
at

ri
x

w
ith

en
tr

ie
s
λ

1
an

d
λ

2
w

e
ha

ve
T

=
U

Λ
U
>

.
T

he
st

at
io

na
ry

di
st

ri
bu

tio
n

ov
er

th
e

st
at

es
is
s

=
(1
/
2

1/
2)
>

an
d

fo
r

an
y

ve
ct

or
v

=
(v

1
v 2

)>
,v

1
,v

2
≥

0
,v

1
+
v 2

=
1,

w
e

ha
ve

Λ
k
U
>
v

=
(1
/√

2)
(1

(1
−

2ε
)k

(v
1
−
v 2

))
>

.H
en

ce
,T

k
v
−
s

=
(1
/2

)(
1
−

2ε
)k

(v
1
−
v 2

)(
1
−

1)
>

an
d
∥ ∥ T

k
v
−
s∥ ∥
∞
≤

(1
/
2)

(1
−

2ε
)k

.
T

he
m

ix
in

g
co

ef
fic

ie
nt

s
ca

n
no

w
be

bo
un

de
d

in
th

e
fo

llo
w

in
g

w
ay

.
L

et
X
t,
i,
t
≥

1,
i
∈
{1
,2
},

be
ra

nd
om

va
ri

ab
le

s
th

at
re

pr
es

en
t

th
e

pa
y-

of
f

of
ar

m
i

ga
in

ed
at

tim
e
t.

C
on

si
de

r
a

pa
rt

ic
ul

ar
re

al
iz

at
io

n
w

he
re
X

1
,1

=
x

1
,.
..
,X

n
,1

=
x
n

an
d

X
n

+
k
,1

=
x
n

+
k
,.
..
,X

n
+
k
+
m
,1

=
x
n

+
k
+
m

fo
r

so
m

e
x

1
,.
..
,x

n
,x

n
+
k
+

1
,.
..
,x

n
+
k
+
m
∈
{0
,1
}

th
en
P

(X
1
,1

=
x

1
,.
..
,X

n
,1

=
x
n
,X

n
+
k
,1

=
x
n

+
k
,.
..
,X

n
+
k
+
m
,1

=
x
n

+
k
+
m

)
=
P

(X
1
,1

=
x

1
,.
..
,X

n
,1

=
x
n
)P

(X
n

+
k
,1

=
x
n

+
k
,.
..
,X

n
+
k
+
m
,1

=
x
n

+
m

+
k
|X

n
,1

=
x
n
)

an
d

|P
(X

n
+
k
,1

=
x
n

+
k
,.
..
,X

n
+
k
+
m
,1

=
x
n

+
m

+
k
|X

n
,1

=
x
n
)

−
P

(X
n

+
k
,1

=
x
n

+
k
,.
..
,X

n
+
k
+
m
,1

=
x
n

+
m

+
k
)|

=
P

(X
n

+
k
+

1
,1

=
x
n

+
k
+

1
,.
..
,X

n
+
k
+
m
,1

=
x
n

+
m

+
k
|X

n
+
k
,1

=
x
n

+
k
)

×
|P

(X
n

+
k
,1

=
x
n

+
k
)
−
P

(X
n

+
k
,1

=
x
n

+
k
|X

n
,1

=
x
n
)|

≤
(1
/2

)(
1
−

2ε
)k
P

(X
n

+
k
+

1
,1

=
x
n

+
k
+

1
,.
..
,X

n
+
k
+
m
,1

=
x
n

+
m

+
k
|X

n
+
k
,1

=
x
n

+
k
)

=
(1
−

2
ε)
k
P

(X
n

+
k
,1

=
x
n

+
k
,.
..
,X

n
+
k
+
m
,1

=
x
n

+
m

+
k
).

(3
9)

si
nc

e
P

(X
n

+
k
,1

=
x
n

+
k
)

=
1/

2
.

L
et
A

=
{1
,.
..
,n
},
B

=
{n

+
k
,.
..
,n

+
k

+
m
}

an
d

co
ns

id
er
σ

(X
A

),
σ

(X
B

).
T

he
ev

en
ts

in
th

es
e
σ

-a
lg

eb
ra

s
ar

e
fin

ite
un

io
ns

of
ev

en
ts

of
th

e
fo

rm
{X

1
,1

=
x

1
,.
..
,X

n
,1

=
x
n
}a

nd
{X

n
+
k
,1

=
x
n
k
,.
..
,X

n
+
k
+
m
,1

=
x
n

+
k
+
m
}.

Fo
ra

ny
U
∈
σ

(X
A

)
w

e
kn

ow
th

at
U

co
ns

is
ts

at
m

os
to

ffi
ni

te
ly

m
an

y
su

ch
ev

en
ts
U

1
,.
..
,U

l,
U
i
∩
U
j

=
∅,

fo
ra

ll
i,
j
≤
l.

Si
m

ila
rly

fo
rV
∈
σ

(X
B

)
w

e
kn

ow
th

at
V

=
V

1
∪
..
.∪
V
o
,V

i
∩
V
j

=
∅,
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D
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P
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O
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L
E

M

forall
i,j≤

o.The
above

argum
entw

hich
leads

to
the

bound
(39)allow

s
us

to
conclude

thatforany
U
∈
σ

(X
A

)
and

V
∈
σ

(X
B

)

|P
(U

)P
(V

)−
P

(U
∩
V

)|
=
∑i≤

l ∑j≤
o |P

(U
i )P

(V
j )−

P
(U

i ∩
V
j )|

≤
(1−

2
ε)
k ∑i≤

l ∑j≤
o

P
(U

i )P
(V
j )≤

(1−
2ε)

k.

H
ence

the
M

arkov
chain

is
ϕ

-m
ixing.T

he
second

arm
has

a
constantrew

ard
and

does
notintroduce

any
dependencies

in
the

pay-offovertim
e.T

herefore
w

e
have

a
jointly

stationary
ϕ

-m
ixing

process
w

ith
the

m
ixing

coefficientbeing
equalto

the
m

ixing
coefficients

ofthe
M

arkov
chain.

N
ow

fix
som

e
δ
>

0
and

consider
the

follow
ing

policy
π
δ.

A
t
t

=
1

the
policy

plays
arm

1
receiving

pay-off
X

1
,1 .T

hen
atany

other
t≥

2
the

arm
is

selected
according

to
the

follow
ing

rules:
ifat

t−
1

arm
1

has
been

played
and

X
t−

1
,1

=
X

1
,1

then
the

policy
chooses

at
t

arm
1;ifat

t−
1

arm
1

has
been

played
and

X
t−

1
,1 6=

X
1
,1

then
the

policy
chooses

at
t

arm
2

and
plays

arm
2

forthe
next

k
:=
dlo

g
(2δ)/

log
(1−

2ε)e
rounds

before
sw

itching
back

to
arm

1.W
e’d

like
to

show
thatthe

sequence
ofpay-offs

generated
by

policy
π
δ

atarm
1

is
not

ϕ
-m

ixing.Let
τ

1 ,τ
2 ,...be

the
sequence

ofrandom
tim

es
atw

hich
arm

1
is

played
(by

construction
τ

1
=

1
and

τ
2

=
2).T

he
evolution

ofthe
process〈X

τ
n 〉
n≥

1
can

also
be

described
by

transition
m

atrices.T
he

transition
probabilities

to
m

ove
from

a
state

at
t

=
1

to
a

state
at
t

=
2

are
justthe

probabilities
sum

m
arized

in
T

.
For

allother
t

(t≥
2)the

transition
m

atrix
is

either

T̃
=

(
1−

ε
ε

(T
k)

2
1

(T
k)

2
2 )

or
T̃

=

(
(T

k)
1
1

(T
k)

1
2

ε
1−

ε )
(40)

depending
on

X
τ
1 ,

i.e.
if
X
τ
1

=
1

then
the

form
er

is
describing

the
evolution

and
if
X
τ
1

=
0

the
latter

is
the

one
describing

the
evolution

of
the

M
arkov

chain.
In

the
follow

ing
w

e
discuss

the
case

that
X
τ
1

=
1 ,butthe

sam
e

argum
ents

apply
to

the
case

X
τ
1

=
0 .

W
e

can
observe

that
‖
v >

(T̃
−
T̂

)‖∞
≤
δ

forall
v

w
ith

non-negative
entries

and
v

1
+
v

2
=

1,w
here

T̂
=

(
1−

ε
ε

1/
2

1
/2 )

in
case

that
X
τ
1

=
1.T

he
claim

can
be

verified
through

∥∥∥
v >
T̃
−
v >
T̂ ∥∥∥∞

=

∥∥∥∥
v >
(

0
0

T̃
2
1 −

1/
2

T̃
2
2 −

1/
2 ) ∥∥∥∥∞

=
v

2 ∥∥∥∥
T
k (

01 )
−
(

1/
2

1/
2 ) ∥∥∥∥∞

≤
v

2 δ≤
δ.

T
he

M
arkov

chains
associated

to
T̃

and
T̂

are
both

irreducible
and

aperiodic.
T

his
im

plies
in

particularthe
existence

ofstationary
distributions,w

ith
the

associated
probabilities

to
be

in
state

one
and

tw
o

sum
m

arized
in

vectors
s̃,ŝ∈

[0,1] 2,and
the

convergence
of
T̃
l,T̂

lto
s̃,ŝ

in
l(m

easured
in

‖‖∞
,(L

evin
etal.,2008)[T

hm
.4.9]).In

particular,there
existconstants

c̃,ĉ
>

0
and

α̃
,α̂
∈

(0,1)
such

thatforall
l≥

1
and

any
vector

v
∈

[0,1] 2
w

ith
v

1
+
v

2
=

1

‖
v >
T̃
l−

s̃‖∞
≤
c̃α̃

l
and

‖v >
T̂
l−

ŝ‖∞
≤
ĉα̂

l.
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G
R

Ü
N

E
W

Ä
L

D
E

R
A

N
D

K
H

A
L

E
G

H
I

W
e

can
also

calculate
the

stationary
distribution

of
T̂

explicitly
to

getŝ
=

(1/(1
+

2ε)
2ε/

(1
+

2ε)) >
.

Itis
know

n
thatM

arkov
chains

w
ith

slightly
perturbed

transition
m

atrices
have

sim
ilarstationary

distributions.
D

ue
to

C
ho

and
M

eyer
(2001)

there
exists

a
constant

c
>

0
thatis

only
dependent

on
T̂

(and
independentof

T̃
)

such
that‖s̃−

ŝ‖∞
≤
c‖T̃
−
T̂‖∞

,1 ≤
2δc

w
here‖

T̃
−
T̂‖∞

,1
:=

m
ax

i∈{
1
,2} ∑

2j=
1 |T̃

i,j −
T̂
i,j |≤

2
δ.C

om
bining

these
inequalities

yields‖
v >
T̃
l−

ŝ‖∞
≤

2
δc

+
c̃α̃

l

forany
v

w
ith

non-negative
entries

and
v

1
+
v

2
=

1.
C

onsider
now

the
events

U
=
{X

τ
1
,1

=
1}

and
V

=
{X

τ
n
,1

=
1}

for
n
≥

2.
W

e
have

P
(U

)
=

1/2
=
P

(V
)

w
here

the
second

equality
follow

s
from

2
P

(X
τ
n
,1

=
0)

=
P

(X
τ
n
,1

=
0|X

τ
1
,1

=
0)

+
P

(X
τ
n
,1

=
0|X

τ
1
,1

=
1)

=
P

(X
τ
n
,1

=
1|X

τ
1
,1

=
1)

+
P

(X
τ
n
,1

=
1|X

τ
1
,1

=
0)

=
2P

(X
τ
n
,1

=
1).

Furtherm
ore,w

ith
T̃

being
the

m
atrix

defined
on

the
leftside

of(40)

∣∣∣ P
(U
∩
V

)

P
(U

)
−

1

1
+

2
ε ∣∣∣

=
∣∣∣ (1−

ε
ε)T̃

n−
1 (

10 )
−

1

1
+

2
ε ∣∣∣

≤
∥∥∥
(1−

ε
ε)T̃

n−
1−

1

1
+

2
ε (

12
ε )∥∥∥∞

and
the

lastterm
is

upper
bounded

by
2
δc

+
c̃α̃

n−
1.

R
ecalling

that
c

does
notdepend

on
T̃

and,
hence,noton

δ
w

e
see

thatw
e

can
m

ake
the

term
2δc

arbitrary
sm

all.Furtherm
ore,by

considering
a

large
n

w
e

can
m

ake
the

second
term

arbitrary
sm

all.In
particular,let

ε
=

1/
10

then
there

exists
a

π
δ

and
an
N
∈
N

such
thatforall

n
≥
N

∣∣∣ P
(U
∩
V

)

P
(U

)
−

1

1
+

2
ε ∣∣∣ ≤

1
/10.

(41)

H
ence,forall

n
≥
N|P

(U
)P

(V
)−

P
(U
∩
V

)|≥
P

(U
) ( ∣∣∣ 12

−
1

1
+

2
ε ∣∣∣ −

1
/
10 )

≥
P

(U
)/

5

and
the

process
is

not
ϕ

-m
ixing.

A
ppendix

B
.ProofofT

heorem
12:R

egretB
ound

for
ϕ-m

ixing
B

andits

Forthe
regret R

(n
)

ofA
lgorithm

1
after

n
rounds

ofplay.W
e

have,

R
(n

)≤
k
∑i=

1
µ
i 6=
µ
∗

32(1
+

8‖
ϕ‖

)
ln
n

∆
i

+
(1

+
2π

2/
3)(

k
∑i=

1

∆
i )

+
‖ϕ‖

log
n

Proof
T

hanks
to

Proposition
11,

in
order

to
bound

the
regretR

(n
)

it
suffices

to
calculate

the
expected

num
ber

of
tim

es
T
i (n

)
thata

suboptim
alarm

is
played

in
n

rounds.
For

any
s,t∈

N
+

,
let

c
t,s

:=
√

(8ζ
((1/

8)
+

ln
t))/

2
s

+
‖
ϕ‖

/2
s−

1,w
here

ζ
=

1
+

8‖ϕ‖.
R

ecallthatA
lgorithm

1
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pl
ay

s
its

se
le

ct
ed

ar
m

s
in

ba
tc

he
s

of
ex

po
ne

nt
ia

lly
gr

ow
in

g
le

ng
th

so
th

at
if

ar
m
j

fo
r
j
∈

1
..
k

is
se

le
ct

ed
at

ro
un

d
t,

it
is

pl
ay

ed
fo

r2
s j

(t
)

co
ns

ec
ut

iv
e

tim
e-

st
ep

s,
w

he
re
s j

(t
)

de
no

te
s

th
e

nu
m

be
ro

f
tim

es
th

at
ar

m
j

ha
s

be
en

se
le

ct
ed

up
-to

tim
e
t.

B
el

ow
,w

e
de

no
te

by
X
j,
s

:=
1 2
s

∑
t+

2
s
−

1
t′

=
t

X
t′
,j

w
ith

s
:=

s j
(t

),
th

e
A

lg
or

ith
m

’s
es

tim
at

e
of

th
e

st
at

io
na

ry
m

ea
n

of
ar

m
j

se
le

ct
ed

at
tim

e
t.

A
s

us
ua

l,
a

su
pe

rs
cr

ip
t“
∗”

re
fe

rs
to

th
e

qu
an

tit
ie

s
fo

r
th

e
ar

m
w

ith
th

e
hi

gh
es

ts
ta

tio
na

ry
m

ea
n.

Fi
x

so
m

e
l
∈
N

+
.W

e
ha

ve
,

T
i(
n

)
=

1
+

n ∑

t=
k
+

1

χ
{π

t
=
i}

≤
2l

+
1

+
n ∑

t=
2
l+

1
+

1

lo
g
t

∑

m
=
l+

1

2m
χ
{τ
m
,i

=
t}

≤
2l

+
1

+
n ∑

t=
2
l+

1
+

1

lo
g
t

∑

m
=
l+

1

2m
χ
{

m
in

s=
1
..

lo
g
t
X
∗ s

+
c t
,s
≤

1

2m
−

1

t+
2
m
−

1
−

1
∑ u

=
t

X
u
,i

+
c t
,m
−

1

}

≤
2l

+
1

+
∞ ∑ t=

1

lo
g
t

∑

m
=
l+

1

lo
g
t

∑ s=
1

2m
χ
{ X

∗ s
+
c t
,s
≤

1

2
m
−

1

t+
2
m
−

1
−

1
∑ u

=
t

X
u
,i

+
c t
,m
−

1

}

Fo
re

ve
ry
t
∈
N

an
d

ev
er

y
s
∈

1.
.l

og
t

w
e

ha
ve

th
at
X
∗ s

+
c t
,s
≤

1
2
m
−

1

∑
t+

2
m
−

1
−

1
u

=
t

X
u
,i

+
c t
,m
−

1

im
pl

ie
s

th
at

X
∗ s
≤
µ
∗
−
c t
,s

(4
2)

1

2
m
−

1

t+
2
m
−

1
−

1
∑ u

=
t

X
u
,i
≥
µ
i
+
c t
,m
−

1
(4

3)

µ
∗
<
µ
i
+

2
c t
,m
−

1
(4

4)

N
ow

,o
bs

er
ve

th
at

fo
ra

fix
ed
t
∈

1.
.n

w
e

ha
ve

,

P
(X
∗ s
≤
µ
∗
−
c t
,s

)
≤
P
(∣ ∣ ∣
X
∗ s
−
µ
∗∣ ∣ ∣
≥
c t
,s

)

≤
P

 
∣ ∣ ∣ ∣ ∣ ∣2
s
−

1
∑ j=

0

X
∗ τ s

+
j
−
E
X
∗ τ s

+
j

∣ ∣ ∣ ∣ ∣ ∣+

∣ ∣ ∣ ∣ ∣ ∣2
s
−

1
∑ j=

0

(E
X
∗ τ s

+
j
−
µ
∗ )

∣ ∣ ∣ ∣ ∣ ∣≥
2
s
c t
,s

 

≤
P

 
∣ ∣ ∣ ∣ ∣ ∣2
s
−

1
∑ j=

0

X
∗ τ s

+
j
−
E
X
∗ τ s

+
j

∣ ∣ ∣ ∣ ∣ ∣≥
2
s
c t
,s
−

2
‖ϕ
‖ 

(4
5)

≤
√
e

ex
p
( −

(2
s
c t
,s
−

2
‖ϕ
‖)

2

2s
+

1
ζ

)
(4

6)

≤
t−

4
,

(4
7)

w
he

re
,(

45
)f

ol
lo

w
s

fr
om

L
em

m
a

10
an

d
(4

6)
fo

llo
w

s
fr

om
a

H
oe

ff
di

ng
-t

yp
e

bo
un

d
fo

rϕ
-m

ix
in

g
pr

oc
es

se
s

gi
ve

n
by

C
or

ol
la

ry
2.

1
of

R
io

(1
99

9)
w

hi
ch

is
ap

pl
ic

ab
le

du
e

to
L

em
m

a
14

(p
p.

17
).
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M
or

eo
ve

r,
no

tin
g

th
at
‖ϕ
‖
≥

0
w

e
si

m
ila

rl
y

ob
ta

in
,

P
(

1

2m
−

1

t+
2
m
−

1
−

1
∑ u

=
t

X
u
,i
≥
µ
i
+
c t
,m
−

1

)
≤
P
(

1

2m
−

1

t+
2
m
−

1
−

1
∑ u

=
t

X
u
,i
≥
µ
i
+
c t
,m
−

1
−

2

2m
−

1
‖ϕ
‖)

≤
P
( |t+

2
m
−

1
−

1
∑ u

=
t

X
u
,i
−

2m
−

1
µ
i|
≥

2m
−

1
c t
,m
−

1
−

2
‖ϕ
‖)

≤
t−

4
.

(4
8)

Le
tL

:=
lo

g
3
2
(1

+
4
‖ϕ
‖)

ln
n

∆
2 i

.S
in

ce
,f

or
t
≥

2L
+

1
an

d
ev

er
y
m
≥
L

+
1

w
e

ha
ve
µ
∗ −

µ
i
−

2c
t,
m
−

1
≥

0
,i

tf
ol

lo
w

s
th

at
(4

4)
is

fa
ls

e
fo

ra
ll
m
≥
L

+
1

.T
he

re
fo

re
w

e
ha

ve
,

E
(T
i(
n

))
≤

2
L

+
1

+
∞ ∑ t=

1

lo
g
t

∑

m
=
L

+
1

lo
g
t

∑ s=
1

P
(X
∗ s
≤
µ
∗
−
c t
,s
,

1

2m
−

1

t+
2
m
−

1
−

1
∑ u

=
t

X
u
,i
≥
µ
i
+
c t
,m
−

1
)

≤
2L

+
1

+
∞ ∑ t=

1

lo
g
t

∑

m
=
L

+
1

lo
g
t

∑ s=
1

2m
+

1
t−

4
(4

9)

≤
32

(1
+

4
‖ϕ
‖)

ln
n

∆
2 i

+
1

+
2π

2
/3

w
he

re
(4

9)
fo

llo
w

s
fr

om
(4

7)
an

d
(4

8)
.

A
pp

en
di

x
C

.P
ro

of
sf

or
St

ro
ng

ly
D

ep
en

de
nt

R
ew

ar
d

D
is

tr
ib

ut
io

ns

C
.1

.B
as

ic
B

ou
nd

s

C
on

si
de

rt
w

o
in

de
pe

nd
en

ta
nd

no
rm

al
ly

di
st

rib
ut

ed
ra

nd
om

va
ria

bl
es
X
,Y

w
ith

m
ea

n
µ
X
>
µ
Y

an
d

va
ria

nc
e
σ

2 X
,σ

2 Y
.L

et
∆

=
µ
X
−
µ
Y
>

0
an

d
σ

2
=
σ

2 X
+
σ

2 Y
.W

e
de

riv
e

in
th

is
se

ct
io

n
th

e
fo

llo
w

in
g

bo
un

ds
w

hi
ch

ar
e

cr
uc

ia
lf

or
th

e
de

riv
at

io
n

of
th

e
re

gr
et

.W
e

us
e

th
e

no
ta

tio
n
z

+
=

m
a
x
{0
,z
}a

nd
φ

(x
)

=
(2
π

)−
1
/
2

ex
p
(−
x

2
/2

)
fo

rt
he

de
ns

ity
fu

nc
tio

n
of

th
e

st
an

da
rd

no
rm

al
di

st
ri

bu
tio

n.

E
(Y
−
X

)+
≤
σ
φ

(∆
/σ

),
(5

0)

E
(Y
−
X

)+
≥

0
,

(5
1)

E
(X
−
Y

)+
≤
σ
φ

(∆
/σ

)
+

∆
,

(5
2)

E
(X
−
Y

)+
≥

∆
.

(5
3)

Th
e

de
riv

at
io

n
is

ba
se

d
on

ba
si

c
pr

op
er

tie
s

of
G

au
ss

ia
n

ra
nd

om
va

ria
bl

es
.R

ec
al

lt
ha

tZ
=
X
−
Y

is
no

rm
al

ly
di

st
ri

bu
te

d
w

ith
m

ea
n

∆
an

d
va

ri
an

ce
σ

2
.T

he
re

fo
re

,

√
2π
σ
E

(X
−
Y

)+
=

∫
∞

0
z

ex
p

( −
(z
−

∆
)2

2
σ

2

)

=

∫
∞ −
∆
z

ex
p

( −
z

2

2σ
2

)
+

∆

∫
∞ −
∆

ex
p

( −
z

2

2σ
2

)

=
σ

2
ex

p

( −
∆

2

2σ
2

)
+

∆
σ

∫
∆
/
σ

−
∞

ex
p

( −
z

2 2

)
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Standard
bounds

on
the

cdf,as
can

be
found

in
(D

udley,2002)[L
em

.12.1.6],lead
to

(53),i.e.

√
2π
σ
E

(X
−
Y

)
+

=
σ

2
ex

p (−
∆

2

2σ
2 )

+
∆
σ √

2
π

(
1−

1
√

2π

∫
∞∆
/
σ

ex
p (−

z
22

) )

≥
σ

2
ex

p (−
∆

2

2σ
2 )

+
∆
σ √

2
π

(
1−

σ
√

2π
∆

ex
p (−

∆
2

2
σ

2 ))

=
∆
σ √

2
π
.

Sim
ilarly,ifw

e
consider

Z
=
Y
−
X

w
hich

has
m

ean−
∆

√
2π
σ
E

(Y
−
X

)
+

=

∫
∞0
z

ex
p (−

(z
+

∆
)
2

2
σ

2

)

=
σ

2
ex

p (−
∆

2

2σ
2 )
−

∆
σ

∫
∞∆
/
σ

ex
p (−

z
22

)
.

A
pplying

the
resultfrom

D
udley

(2002)[L
em

.12.1.6]leads
here

to
the

triviallow
erbound

0
and,

hence,inequality
(51).W

e
use

the
follow

ing
inequalities

to
obtain

upperbounds
on
E

(Y
−
X

)
+

and
E

(X
−
Y

)
+

.L
et
Z

be
a

standard
norm

alrandom
variable.T

hen

P
r(Z
≥
c)≥

{
φ

(c)/(2c)
if
c≥

1,

φ
(c)(1−

c)/
2

if
0
≤
c
<

1
.

T
he

firstbound
can

be
found

in
(D

udley,2014).T
he

second
bound

is
a

straightforw
ard

adaptation
ofthe

techniques
used

to
derive

the
firstbound.A

pplying
these

bounds
w

e
getthe

follow
ing

upper
bounds

on
E

(Y
−
X

)
+

.If
∆
/σ
≥

1
then

√
2
π
σ
E

(Y
−
X

)
+
≤
σ

2
ex

p (−
∆

2

2
σ

2 )
−

∆
σ
σ2∆

ex
p (−

∆
2

2
σ

2 )

=
σ

22
ex

p (−
∆

2

2
σ

2 )

and
if

0
≤

∆
/
σ
<

1

√
2
π
σ
E

(Y
−
X

)
+
≤
σ

2
ex

p (−
∆

2

2
σ

2 )
−

∆
σ

(1−
∆
/σ

)

2
ex

p (−
∆

2

2
σ

2 )

=
(σ

2−
∆
σ
/2

+
∆

2/2)
ex

p (−
∆

2

2σ
2 )

≤
σ

2
ex

p (−
∆

2

2
σ

2 )

and
the

inequality
(52)follow

s.T
he

upperbounds
on
E

(X
−
Y

)
+

are
derived

in
the

sam
e

w
ay.For

∆
/
σ
≥

1
these

are

√
2
π
σ
E

(X
−
Y

)
+
≤
σ

2
ex

p (−
∆

2

2
σ

2 )
−

(σ
2/

2
)

ex
p (−

∆
2

2
σ

2 )
+

∆
σ √

2
π

=
σ

22
ex

p (−
∆

2

2
σ

2 )
+

∆
σ √

2
π
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and
for

0
≤

∆
/σ
≤

1

√
2
π
σ
E

(X
−
Y

)
+
≤
σ

2
ex

p (−
∆

2

2σ
2 )
−

∆
σ

(1−
∆
/σ

)

2
ex

p (−
∆

2

2σ
2 )

+
∆
σ √

2
π

=
(σ

2−
∆
σ
/2

+
∆

2/
2)

ex
p (−

∆
2

2σ
2 )

+
∆
σ √

2
π

and
the

inequality
(50)follow

s.

C
.2.ProofofProposition

13

W
e

bound
the

regretofthe
tw

o
phases

individually.Som
e

technicalsteps
are

m
oved

furtherbelow
to

stream
line

the
discussion.

R
egretofPhase

I.
W

e
sw

eep
through

all
k

arm
s

attim
es

1
to
k,m

+
1

to
m

+
k,etc.D

uring
each

ofthese
phases

w
e

build
up

regret.T
his

regretcan
be

bounded
by

k
∑i=

1

E
(m

ax
j6=
i
X
m

+
i,j −

X
m

+
i,i )

+

≤
k
∑i=

1 ∑j6=
i

E
(X

m
+
i,j −

X
m

+
i,i )

+

≤
(k−

1)
k
∑i=

1

m
ax

j6=
i
E

(X
m

+
i,j −

X
m

+
i,i )

+

≤
(k−

1)
k
∑i=

1

∆
i
+
√

2(k−
1)

k
∑i=

1

φ
(∆

i / √
2)

≤
(k−

1)
k
∑i=

1 (∆
i
+
√

2),
(54)

w
here

∆
i

=
µ
∗−

µ
i is

the
difference

betw
een

the
higheststationary

m
ean

of
the

k
arm

s
and

the
stationary

m
ean

ofarm
i.H

ere,w
e

use
Inequality

(52)and
the

assum
ption

thatthe
variance

ofthe
individualprocesses

is
1.T

herefore,the
σ

appearing
in

the
bound

(52)is √
2

since
σ

2
is

the
sum

of
the

variances
ofthe

tw
o

individualprocesses.

R
egretofPhase

II.
To

controlthe
regretbuilding

up
in

the
second

phase
w

e
condition

on
the

observations
in

a
sw

eep
attim

e
lm

,
l∈

N
,i.e.

on
the

observed
pay-offs

x
1 ,...,x

k .
A

rm
i ∗

is
selected

such
that

x
i ∗
≥

m
ax

i≤
k
x
i

and
this

arm
is

played
for

m
−
k

steps.
W

e
need

to
control

E
(m

ax
i≤
k (X

t ′,i −
X
t ′,π

t ′ )
+

)
forall

lm
+
k

+
1
≤
t ′≤

(l
+

1)m
.D

ue
to

stationarity
this

is
equal

to
controlling

E
(m

ax
i≤
k (X

t,i −
X
t,π

t )
+

),forall
k

+
1
≤
t≤

m
.

W
e

use
in

the
follow

ing
P
x

1
,...,x

k ,
P
x
i ,x

u
for

the
conditional

distributions
given

that
X

1
1

=
x

1 ,...,X
k
k

=
x
k

and
X
ii

=
x
i ,X

u
u

=
x
u ,and

w
e

use
ν

forthe
m

arginalm
easure.In

A
ppendix
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C
.2

.1
be

lo
w

w
e

sh
ow

th
at

fo
ra

ny
k

+
1
≤
t
≤
m

it
ho

ld
s

th
at

E
(m

ax
i≤
k

(X
t,
i
−
X
t,
π
t
)+

)

≤
k ∑ u
=

1

∑ i6=
u

∫
P
x

1
,.
..
,x
k
(u

=
i∗

)
×
∫

(X
t,
i
−
X
t,
u
)+
d
P
x
i
,x
u
d
ν

(x
1
,.
..
,x

k
).

(5
5)

T
he

in
ne

ri
nt

eg
ra

li
n

(5
5)

ca
n

be
bo

un
de

d
by

us
in

g
in

eq
ua

lit
y

(5
0)

∫
(X

t,
i
−
X
t,
u
)+
d
P
x
i
,x
u
≤
σ
t,
iφ

(
∆
t,
i

σ
t,
i

) ,
(5

6)

w
he

re
∆
t,
i

=
E

(X
t,
u
−
X
t,
i|X

i,
i

=
x
i,
X
u
,u

=
x
u
)

w
hi

ch
eq

ua
ls
E

(X
t,
u
|X

u
,u

=
x
u
)
−

E
(X

t,
i|X

i,
i

=
x
i)

du
e

to
th

e
in

de
pe

nd
en

ce
be

tw
ee

n
ar

m
u

an
d
i.

T
he

se
ar

e
po

st
er

io
r

m
ea

ns
of

G
au

ss
ia

n
pr

oc
es

se
s

gi
ve

n
ob

se
rv

at
io

ns
x
u

an
d
x
i,

re
sp

ec
tiv

el
y.

O
bs

er
ve

th
at

th
e

po
st

er
io

rm
ea

n
fo

r
X
t,
u

is
re

la
te

d
to

th
e

po
st

er
io

r
m

ea
n

of
th

e
ze

ro
m

ea
n

G
au

ss
ia

n
pr

oc
es

s
X
t,
u
−
µ
u

th
ro

ug
h

E
(X

t,
u
|X

u
,u

=
x
u
)

=
µ
u

+
E

(X
t,
u
−
µ
u
|X

u
,u
−
µ
u

=
x
u
−
µ
u
).

T
he

po
st

er
io

re
qu

at
io

n
fo

rt
he

ze
ro

m
ea

n
G

au
ss

ia
n

pr
oc

es
s
X
t,
u
−
µ
u

gi
ve

n
ob

se
rv

at
io

n
x
u
−
µ
u

at
tim

e
u

is
co

v(
t
−
u

)(
x
u
−
µ
u
)

si
nc

e
co

v(
0)

=
1.

T
he

re
fo

re
,
E

(X
t,
u
|X

u
,u

=
x
u
)

=
µ
u

+
co

v(
t
−
u

)(
x
u
−
µ
u
)

an
d,

he
nc

e,
E

(X
t,
u
|X

u
,u

=
x
u
)

=
(1
−

co
v(
t
−
u

))
µ
u

+
co

v(
t
−
u

)x
u
.

Si
m

ila
rl

y,
E

(X
t,
i|X

i,
i

=
x
i)

=
(1
−

co
v(
t
−
i)

)µ
i
+

co
v(
t
−
i)
x
i

B
y

de
fin

in
g

∆̃
i

=
x
u
−
x
i

an
d

by
us

in
g

th
e

H
öl

de
r-

co
nt

in
ui

ty
as

su
m

pt
io

n,
w

e
ob

ta
in

th
e

fo
llo

w
in

g
lo

w
er

bo
un

d.

∆
t,
i

=
(µ
u
−
µ
i)

(1
−

co
v(
t
−
k
))

+
∆̃
ic

ov
(t
−
k
)

+
ε(
t)

≥
∆̃
i
−
|µ
u
−
µ
i||

co
v(

0)
−

co
v(
t
−
k
)|
−

∆̃
i|c

ov
(0

)
−

co
v(
t
−
k
)|
−
|ε(
t)
|

≥
∆̃
i
−
c(
t
−
k
)α

(∆
+

∆̃
i)
−
|ε(
t)
|

(5
7)

w
ith

ε(
t)

be
in

g
a

te
rm

w
hi

ch
ca

n
be

bo
un

de
d

by
|ε(
t)
|≤

(∆
+

∆̃
i)
ck
α

(s
ee

A
pp

en
di

x
C

.2
.2

).
Fo

r
th

e
co

nd
iti

on
al

va
ri

an
ce

,

σ
2 t,
i

=
E

(X
2 t,
u
|X

u
,u

=
x
u
)
−
E

(X
t,
u
|X

u
,u

=
x
u
)2

+
E

(X
2 t,
i|X

i,
i

=
x
i)
−
E

(X
t,
i|X

i,
i

=
x
i)

2
,

w
e

ob
ta

in
th

e
fo

llo
w

in
g

up
pe

r-
bo

un
d

σ
2 t,
i

=
2
−

co
v2

(t
−
u

)
−

co
v2

(t
−
i)
≤

2c
(t
−
u

)α
+

2
c(
t
−
i)
α
≤

4
ct
α
,

(5
8)

w
he

re
w

e
ha

ve
us

ed
th

e
po

st
er

io
re

qu
at

io
n

fo
rt

he
co

va
ri

an
ce

,t
ha

tt
he

co
va

ri
an

ce
is

by
as

su
m

pt
io

n
no

n-
ne

ga
tiv

e,
an

d
th

at
,

un
de

r
th

e
H

öl
de

r-
co

nt
in

ui
ty

as
su

m
pt

io
n,

fo
r

a
no

n-
ne

ga
tiv

e
co

va
ri

an
ce

co
v(
l)
≥

m
ax
{0
,(

1
−
cl
α
)}

an
d,

he
nc

e,

co
v2

(l
)
≥

co
v(
l)

m
ax
{0
,1
−
cl
α
}

=

{
0

if
cl
α
≥

1
,

co
v(
l)

(1
−
cl
α
)

ot
he

rw
is

e,

≥
{

0
if
cl
α
≥

1,

1
−

2
cl
α

+
c2
l2
α

ot
he

rw
is

e,

≥
1
−

2
cl
α
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C
om

bi
ni

ng
(5

6)
,(

57
)a

nd
(5

8)
w

e
ob

ta
in

∫
(X

t,
i
−
X
t,
u
)+
d
P
x
i
,x
u

≤
(2
/π

)1
/
2
c1
/
2
tα
/
2

ex
p

(
−

(∆̃
i
−
c(

(t
−
k
)α

+
k
α
)(

∆̃
i
+

∆
))

2

8c
tα

)

=
(2
/π

)1
/
2
c1
/
2
tα
/
2

ex
p

(
−

∆̃
2 i

8c
tα

( 1
−
c(

(t
−
k
)α

+
k
α
)( 1

+
∆ ∆̃
i

))
2
)
.

(5
9)

T
he

bo
un

d
is

m
ax

im
iz

ed
fo

r
t

=
m

.
Su

bs
tit

ut
in

g
th

is
bo

un
d

ba
ck

in
to

(5
5)

an
d

af
te

r
a

fe
w

m
an

ip
ul

at
io

ns
(s

ee
A

pp
en

di
x

C
.2

.3
)w

e
se

e
th

at
m ∑

t=
k
+

1

E
( m

ax
i≤
k

(X
t,
i
−
X
t,
π
t
)+
)

≤
(m
−
k
)a

m
c1
/
2
k
(k
−

1)

8π
(1
−
b m

)

( 2
π

1
/
2
−

(1
−

∆
√
b m
/
4)

ex
p

( −
∆

2
b m 4

))
(6

0)

if
m
>
k

an
d

∆
<
√
a
m
/
(b
m

√
2)

,w
he

re
a
m

=
8c
m
α

an
d
b m

=
c(

(m
−
k
)α

+
k
α
).

C
om

bi
ne

d
R

eg
re

t.
C

om
bi

ni
ng

(5
4)

w
ith

(6
0)

an
d

us
in

g
∆
i
≤

∆
w

e
ca

n
ob

se
rv

e
th

at
th

e
co

m
bi

ne
d

re
gr

et
fo

ra
ny
m

st
ep

s
is

bo
un

de
d

by

k
(k
−

1)

(
∆

+
√

2
+

(m
−
k
)

a
m
c1
/
2

8
π

(1
−
b m

)

( 2π
1
/
2
−

(1
−

∆
√
b m
/4

)
ex

p

( −
∆

2
b m 4

))
)

if
m
>
k

an
d

∆
<
√
a
m
/(
b m
√

2)
.G

iv
en

a
tim

e
ho

riz
on
n

w
e

ha
ve
dn
/m
em

an
y

ite
ra

tio
ns

of
Ph

as
e

Ia
nd

II
an

d
th

e
ov

er
al

lr
eg

re
ti

s
bo

un
de

d
by

(n
/m

+
1)
k
(k
−

1)

(
∆

+
√

2
+
a
m
c1
/
2
(m
−
k
)

8
π

(1
−
b m

)

( 2
π

1
/
2
−

(1
−

∆
√
b m
/
4)

ex
p

( −
∆

2
b m 4

))
)

≤
(n

+
m

)k
(k
−

1)

(
∆

+
√

2

m
+

a
m
c1
/
2

8
π

(1
−
b m

)

( 2π
1
/
2
−

(1
−

∆
√
b m
/
4)

ex
p

( −
∆

2
b m 4

))
)
.

(6
1)

T
hi

s
is

th
e

re
gr

et
bo

un
d

st
at

ed
in

th
e

pr
op

os
iti

on
te

xt
.

In
st

ea
d

of
try

in
g

to
fin

d
th

e
m

th
at

m
in

im
iz

es
(6

1)
w

e
op

tim
iz

e
m

ov
er

th
e

co
ns

id
er

ab
ly

si
m

pl
er

ex
pr

es
si

on
∆

+
√

2

m
+

2
c3
/
2
m
α

√
π

(
=

∆
+
√

2

m
+
a
m
c1
/
2

4
√
π

)
.

(6
2)

Th
e

(1
−
b m

)
te

rm
th

at
w

e
le

av
e

ou
ti

s
of

m
in

or
re

le
va

nc
e

si
nc

e
b m

is
sm

al
la

nd
th

e
ne

ga
tiv

e
te

rm
in

th
e

br
ac

ke
tt

ha
tw

e
le

av
e

ou
ti

s
no

tl
ar

ge
rt

ha
n

1.
B

y
ig

no
ri

ng
th

is
la

tte
rt

er
m

w
e

lo
se

on
ly

an
ot

he
r

co
ns

ta
nt

.M
in

im
iz

in
g

(6
2)

w
ith

re
sp

ec
tt

o
m

an
d

ro
un

di
ng

up
yi

el
ds

m
?

=

   (
√
π

(∆
+
√

2)

2α
c3
/
2

)
1

1
+
α

   
.
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C
.2.1.

P
R

O
O

F
O

F
IN

E
Q

U
A

L
IT

Y
(55)

D
ue

to
stationarity

and
since

ourpolicy
depends

only
on

the
observations

atthe
lastsw

eep
w

e
have

that
E

(m
a
x
i≤
k (X

t ′,i −
X
t ′,π

t ′ )
+

)
=
E

(m
a
x
i≤
k (X

t,i −
X
t,π

t )
+

)
forany

t ′,lm
+
k

+
1
≤
t ′≤

lm
,

l∈
N

,and
corresponding

t
=
t ′−

lm
.

N
ow

,consider
any

t,
k

+
1
≤
t≤

m
and,using

i ∗
for

the
choice

ofarm
given

the
observations

X
1
,1 ,...,X

k
,k ,rew

rite
the

regretin
the

follow
ing

w
ay

E
(

m
ax

i≤
k

(X
t,i −

X
t,π

t )
+ )

=
k
∑u

=
1

E
(

m
ax

i≤
k
χ{
u

=
i ∗}×

(X
t,i −

X
t,i ∗)

+ )

=

k
∑u

=
1

E
(

m
ax

i6=
u
χ{u

=
i ∗}×

(X
t,i −

X
t,u )

+ )

≤
k
∑u

=
1 ∑i6=

u

E
(
χ{
u

=
i ∗}×

(X
t,i −

X
t,u )

+ )

=
k
∑u

=
1 ∑i6=

u ∫
∫
χ{u

=
i ∗}×

(X
t,i −

X
t,u )

+
d
P
x

1
,...,x

k d
ν

(x
1 ,...,x

k )

=
k
∑u

=
1 ∑i6=

u ∫
P
x

1
,...,x

k (u
=
i ∗)×

∫
(X

t,i −
X
t,u )

+
d
P
x

1
,...,x

k d
ν

(x
1 ,...,x

k )
(63)

=
k
∑u

=
1 ∑i6=

u ∫
P
x

1
,...,x

k (u
=
i ∗)×

∫
(X

t,i −
X
t,u )

+
d
P
x
i ,x

u d
ν

(x
1 ,...,x

k )
(64)

w
here

(63)follow
sbecause

χ{u
=
i ∗}

isindependentof
(X

t,i −
X
t,u )

+
given

X
1
1

=
x

1 ,...,X
k
k

=
x
k

and
(64)follow

s
since

(X
t,i −

X
t,u )

+
only

depends
on
X
i,i and

X
u
,u .

C
.2.2.

B
O

U
N

D
O

N
ε(t).

T
he

term
ε(t)

thatw
e

introduced
is

equalto

ε(t)
=
µ
u (cov(t−

k
)−

cov
(t−

u
))−

µ
i (cov(t−

k
)−

cov(t−
i))

+
x
u (cov(t−

u
)−

cov
(t−

k
))−

x
i (cov(t−

i)−
cov(t−

k
)).

Since,due
to

ourH
ölderassum

ption,|cov(t−
k
)−

cov(t−
u

)|≤
c(k−

u
)
α
≤
ck
α

and|cov(t−
k
)−

cov
(t−

i)|≤
ck
α,w

e
have

the
follow

ing
bound.

|ε(t)|≤
(∆

+
∆̃
i )ck

α
.

C
.2.3.

P
R

O
O

F
O

F
IN

E
Q

U
A

L
IT

Y
(60)

D
enote

in
the

follow
ing

X
u

:=
X
u
,u

and
X
i

=
X
i,i

and
recallthat

∆̃
i

=
X
u −

X
i

is
norm

ally
distributed

w
ith

m
ean

µ
u −

µ
i and

variance
2.W

riting

f
(X

u ,X
i )

=
(2/π

)
1
/
2c

1
/
2m

α
/
2

ex
p (
−

∆̃
2i

8cm
α (

1−
c((m

−
k
)
α

+
k
α
) (

1
+

∆∆̃
i ))

2 )
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w
e

have
∫
P
x

1
,...,x

k (u
=
i ∗)×

∫
(X

t,i −
X
t,u )

+
d
P
x
i ,x

u
d
ν

(x
1 ,...,x

k )

≤
∫
P
x

1
,...,x

k (X
u ≥

X
i )×

∫
(X

t,i −
X
t,u )

+
d
P
x
i ,x

u
d
ν

(x
1 ,...,x

k )

≤
∫
χ{
x
u ≥

x
i }×

f
(x
u ,x

i )
d
ν

(x
1 ,...,x

k )
(65)

=

∫
χ{
x
u −

x
i ≥

0}×
f

(x
u ,x

i )
d
ν

(x
u ,x

i ),
(66)

w
here

the
inequality

in
(65)

follow
s

because{
X
u
≥
X
i }

is
only

dependenton
x
u

and
x
i and

by
bounding

the
inner

integralw
ith

(59).
M

ultiplying
the

density
of

∆̃
i

by
f

and
using

a
=

8cm
α,

b
=
c((m

−
k
)
α

+
k
α
),
d

=
(a
c)

1
/
2/

(4π
),in

the
case

w
here

∆
<
√
a
/(b √

2),w
e

obtain
∫
χ{x

u −
x
i ≥

0}×
f

(x
u ,x

i )
d
ν

(x
u ,x

i )

=
d ∫

∞0
ex

p (
−

(∆̃
i (1−

b)−
∆
b)

2

a
−

(∆̃
i −

(µ
u −

µ
i ))

2

4

)
d
∆̃
i

≤
d ∫

∞0
ex

p (
−

(∆̃
i (1−

b)−
∆
b)

2

a

)
d
∆̃
i

=
d

1−
b ∫

∞−
∆
b
ex

p (
−

∆̃
2i

a

)
d
∆̃
i

=

√
a
d

(1−
b) √

2

∫
√

2
∆
b

√
a

−
∞

ex
p (
−

∆̃
2i

2

)
d
∆̃
i

=

√
a
d √

2π

(1−
b) √

2

(
1−

1
√

2
π

∫
∞√
2
∆
b

√
a

ex
p (
−

∆̃
2i

2

)
d
∆̃
i )

≤
√
π
a
d

(1−
b) (

1−
1−
√

2∆
b/ √

a

2 √
2
π

ex
p (−

∆
2b

2

a

) )

=
a
c

1
/
2

4(1−
b) √

π

(
1−

1−
√

2∆
b/ √

a

2 √
2π

ex
p (−

∆
2b

2

a

) )

≤
a
c

1
/
2

8
π

(1−
b) (

2π
1
/
2−

(1−
∆
b/ √

a
)

ex
p (−

∆
2b

2

a

))

and
for

m
>
k,since

then
a
/4
≥
b,this

can
be

furtherbounded
by

a
c

1
/
2

8π
(1−

b) (
2
π

1
/
2−

(1−
∆
√
b/

4)
ex

p (−
∆

2b

4

))
.
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g
re

a
so

n
a
b

le
va

lu
es

fo
r

b
o
th

.
T

h
is

le
v
el

o
f

a
u

to
m

a
ti

o
n

h
a
s

m
a
n
y

b
en

efi
ts

:
it

en
a
b

le
s

ex
p

er
ts

a
n
d

n
o
n
ex

p
er

ts
a
li
k
e

to
u
se

m
o
re

so
p
h
is

ti
ca

te
d

m
o
d
el

s,
it

fa
ci

li
ta

te
s

fa
st

er
ex

p
lo

ra
to

ry
m

o
d
el

in
g

an
d

an
al

y
si

s,
an

d
h
el

p
s

en
su

re
ex

p
er

im
en

ta
l

re
p
ro

d
u
ci

b
il
it

y.

B
u
t

as
m

o
d
er

n
d
at

a
se

ts
co

n
ti

n
u
e

to
gr

ow
la

rg
er

ov
er

ti
m

e,
it

is
im

p
or

ta
n
t

fo
r

in
fe

re
n
ce

to
b

e
n
ot

on
ly

au
to

m
at

ed
,

b
u
t

sc
a
la

bl
e

w
h
il
e

re
ta

in
in

g
th

eo
re

ti
ca

l
gu

a
ra

n
te

es
on

th
e

q
u
al

it
y

o
f

in
fe

re
n
ti

a
l

re
su

lt
s.

In
th

is
re

g
a
rd

,
th

e
cu

rr
en

t
se

t
o
f

av
a
il

a
b
le

in
fe

re
n

ce
a
lg

o
ri

th
m

s
fa

ll
s

sh
o
rt

.
S
ta

n
d
a
rd

M
C

M
C

a
lg

o
ri

th
m

s
m

ay
b

e
“
ex

a
ct

”
,

b
u
t

th
ey

a
re

ty
p
ic

a
ll
y

n
o
t

tr
a
ct

a
b
le

fo
r

la
rg

e-
sc

a
le

d
a
ta

,
a
s

th
ei

r
co

m
p
le

x
it

y
p

er
p

o
st

er
io

r
sa

m
p
le

sc
a
le

s
a
t

le
a
st

li
n
ea

rl
y

in
th

e
d
a
ta

se
t

si
ze

.
V

a
ri

a
ti

o
n
a
l

m
et

h
o
d
s

o
n

th
e

o
th

er
h
a
n
d

a
re

o
ft

en
sc

a
la

b
le

,
b
u
t

p
o
st

er
io

r
ap

p
ro

x
im

at
io

n
gu

ar
an

te
es

co
n
ti

n
u

e
to

el
u

d
e

re
se

ar
ch

er
s

in
al

l
b

u
t

a
fe

w
si

m
p

le
ca

se
s.

O
th

er
sc

a
la

b
le

B
ay

es
ia

n
in

fe
re

n
ce

a
lg

o
ri

th
m

s
h
av

e
la

rg
el

y
b

ee
n

d
ev

el
o
p

ed
b
y

m
o
d
if

y
in

g
st

a
n
d

a
rd

in
fe

re
n

ce
al

go
ri

th
m

s
to

h
an

d
le

d
is

tr
ib

u
te

d
or

st
re

am
in

g
d

at
a

p
ro

ce
ss

in
g.

E
x
am

p
le

s
in

cl
u

d
e

su
b
sa

m
p
li
n
g

an
d

st
re

am
in

g
m

et
h
o
d
s

fo
r

va
ri

at
io

n
al

B
ay

es
(H

off
m

an
et

al
.,

20
13

;
B

ro
d
er

ic
k

et
a
l.
,

2
0
1
3
;

C
a
m

p
b

el
l

et
a
l.
,

2
0
1
5
),

su
b
sa

m
p
li
n
g

m
et

h
o
d
s

fo
r

M
C

M
C

(W
el

li
n
g

a
n
d

T
eh

,
20

11
;

A
h
n

et
al

.,
20

12
;

B
ar

d
en

et
et

al
.,

20
14

;
K

or
at

ti
ka

ra
et

al
.,

20
14

;
M

ac
la

u
ri

n
an

d
A

d
am

s,
20

14
;

B
ar

d
en

et
et

al
.,

20
15

),
an

d
d
is

tr
ib

u
te

d
“c

on
se

n
su

s”
m

et
h
o
d
s

fo
r

M
C

M
C

(S
co

tt
et

al
.,

20
16

;
S

ri
va

st
av

a
et

al
.,

20
15

;
R

ab
in

ov
ic

h
et

al
.,

20
15

;
E

n
te

za
ri

et
al

.,
20

16
).

T
h

es
e

m
et

h
o
d

s
ei

th
er

h
av

e
n
o

g
u
a
ra

n
te

es
o
n

th
e

q
u
a
li
ty

o
f

th
ei

r
in

fe
re

n
ti

a
l

re
su

lt
s,

o
r

re
q
u
ir

e
ex

p
en

si
v
e

it
er

a
ti

v
e

a
cc

es
s

to
a

co
n
st

a
n
t

fr
a
ct

io
n

o
f

th
e

d
a
ta

,
b
u
t

m
o
re

im
p

o
rt

a
n
tl

y
th

ey
te

n
d

to
b

e
m

o
d
el

-s
p

ec
ifi

c
a
n
d

re
q
u
ir

e
ex

te
n

si
v
e

ex
p

er
t

tu
n

in
g
.

T
h
is

m
a
k
es

th
em

p
o
o
r

ca
n
d

id
a
te

s
fo

r
au

to
m

at
io

n
on

th
e

la
rg

e
cl

as
s

of
m

o
d

el
s

to
w

h
ic

h
st

an
d

ar
d

au
to

m
at

ed
in

fe
re

n
ce

al
go

ri
th

m
s

ar
e

ap
p
li
ca

b
le

.

A
n

a
lt

er
n
a
ti

v
e

a
p
p
ro

a
ch

,
b
a
se

d
o
n

th
e

o
b
se

rv
a
ti

o
n

th
a
t

la
rg

e
d
a
ta

se
ts

o
ft

en
co

n
ta

in
re

d
u
n
d
an

t
d
at

a,
is

to
m

o
d
if

y
th

e
d
at

a
se

t
it

se
lf

su
ch

th
at

it
s

si
ze

is
re

d
u
ce

d
w

h
il
e

p
re

se
rv

in
g

it
s

o
ri

g
in

a
l

st
a
ti

st
ic

a
l

p
ro

p
er

ti
es

.
In

B
ay

es
ia

n
re

g
re

ss
io

n
,

fo
r

ex
a
m

p
le

,
a

la
rg

e
d

a
ta

se
t

ca
n

b
e

co
m

p
re

ss
ed

u
si

n
g

ra
n
d
o
m

li
n
ea

r
p
ro

je
ct

io
n

(G
ep

p
er

t
et

a
l.
,

2
0
1
7
;

A
h
fo

ck
et

a
l.
,

2
0
1
7
;

B
a
rd

en
et

a
n
d

M
a
il
la

rd
,

2
0
1
5
).

F
o
r

a
w

id
er

cl
a
ss

o
f

B
ay

es
ia

n
m

o
d
el

s,
o
n
e

ca
n

co
n
st

ru
ct

a

2
JM

L
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0(
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1-
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01
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A
u
t
o
m
a
t
e
d

S
c
a
l
a
b
l
e
In

f
e
r
e
n
c
e
v
ia

H
il
b
e
r
t
C
o
r
e
se

t
s

sm
a
ll

w
eig

h
ted

su
b
set

o
f

th
e

d
a
ta

,
k
n
ow

n
a
s

a
B

a
yesia

n
co

reset
1

(H
u
g
g
in

s
et

a
l.,

2
0
1
6
),

w
h
ose

w
eigh

ted
log-likelih

o
o
d

ap
p
rox

im
ates

th
e

fu
ll

d
ata

log-likelih
o
o
d
.

T
h
e

coreset
can

th
en

b
e

p
assed

to
an

y
stan

d
ard

(au
tom

ated
)

in
feren

ce
algorith

m
,

p
rov

id
in

g
p

osterior
in

feren
ce

at
a

sign
ifi

can
tly

red
u
ced

com
p
u
tation

al
cost.

N
ote

th
at

sin
ce

th
e

coresets
ap

p
roach

is
agn

ostic
to

th
e

p
articu

lar
in

feren
ce

algorith
m

u
sed

,
its

b
en

efi
ts

ap
p
ly

to
th

e
con

tin
u
in

g
d
evelop

m
en

ts
in

b
o
th

M
C

M
C

(R
o
b

ert
et

a
l.,

2
0
1
8
)

a
n
d

va
ria

tio
n
a
l

(D
ien

g
et

a
l.,

2
0
1
7
;

L
i

a
n
d

T
u
rn

er,
2
0
16

;
L

iu
a
n
d

W
an

g,
2016)

ap
p
roach

es.

B
ay

esia
n

co
resets,

in
co

n
tra

st
to

o
th

er
la

rg
e-sca

le
in

feren
ce

tech
n
iq

u
es,

a
re

sim
p
le

to
im

p
lem

en
t,

co
m

p
u
ta

tio
n
a
lly

in
ex

p
en

siv
e,

a
n
d

h
av

e
th

eo
retica

l
g
u
a
ra

n
tees

rela
tin

g
co

reset
size

to
b

o
th

co
m

p
u
ta

tio
n
a
l

co
m

p
lex

ity
a
n
d

th
e

q
u
a
lity

o
f

a
p
p
rox

im
a
tio

n
(H

u
g
g
in

s
et

a
l.,

2016).
H

ow
ever,

th
eir

con
stru

ction
can

n
ot

b
e

easily
au

tom
ated

,
as

it
req

u
ires

com
p
u
tin

g
th

e
sen

sitivity
(L

a
n
g
b

erg
a
n
d

S
ch

u
lm

a
n
,

2
0
1
0
)

o
f

ea
ch

d
a
ta

p
o
in

t,
a

m
o
d
el-sp

ecifi
c

ta
sk

th
a
t

in
v
o
lv

es
sig

n
ifi

ca
n
t

tech
n
ica

l
ex

p
ertise.

T
h
is

a
p
p
ro

a
ch

a
lso

o
ften

n
ecessita

tes
a

b
o
u
n
d
ed

p
a
ra

m
eter

sp
a
ce

to
en

su
re

b
o
u
n
d
ed

sen
sitiv

ities,
p
reclu

d
in

g
m

a
n
y

o
ft-u

sed
co

n
tin

u
o
u
s

lik
elih

o
o
d

s
a
n

d
p

rio
rs.

F
u

rth
er,

sin
ce

B
ay

esia
n

co
reset

co
n

stru
ctio

n
in

v
o
lv

es
i.i.d

.
ra

n
d

o
m

su
b
sam

p
lin

g,
it

can
on

ly
red

u
ce

ap
p
rox

im
ation

error
com

p
ared

to
u
n
iform

su
b
sam

p
lin

g
b
y

a
co

n
sta

n
t,

a
n
d

ca
n
n
o
t

u
p

d
a
te

its
n
o
tio

n
o
f

im
p

o
rta

n
ce

b
a
sed

o
n

w
h
a
t

p
o
in

ts
it

h
a
s

a
lrea

d
y

selected
.

In
th

is
w

o
rk

,
w

e
d

ev
elo

p
a

sca
la

b
le,

th
eo

retica
lly

-so
u

n
d

B
ay

esia
n

a
p

p
rox

im
a
tio

n
fra

m
e-

w
o
rk

w
ith

th
e

sa
m

e
lev

el
o
f

a
u
to

m
a
tio

n
a
s

A
D

V
I

a
n
d

N
U

T
S
,

th
e

a
lg

o
rith

m
ic

sim
p
licity

a
n
d

low
co

m
p
u
ta

tio
n
a
l

b
u
rd

en
o
f

B
ay

esia
n

co
resets,

a
n
d

th
e

in
feren

tia
l

p
erfo

rm
a
n
ce

o
f

h
a
n

d
-tu

n
ed

,
m

o
d

el-sp
ecifi

c
sca

la
b

le
a
lg

o
rith

m
s.

W
e

b
eg

in
w

ith
a
n

in
tu

itiv
e

refo
rm

u
la

tio
n

o
f

B
ay

esia
n

co
reset

co
n
stru

ctio
n

a
s

sp
a
rse

v
ecto

r
su

m
a
p
p
rox

im
a
tio

n
,

in
w

h
ich

th
e

d
a
ta

lo
g
-lik

elih
o
o
d

fu
n
ctio

n
s

a
re

v
ecto

rs
in

a
v
ecto

r
sp

a
ce,

sen
sitiv

ity
is

a
w

eig
h
ted

u
n
ifo

rm
(i.e.

su
p

rem
u

m
)

n
o
rm

o
n

th
o
se

v
ecto

rs,
a
n

d
th

e
co

n
stru

ctio
n

a
lg

o
rith

m
is

im
p

o
rta

n
ce

sa
m

-
p
lin

g.
T

h
is

p
ersp

ective
illu

m
in

ates
th

e
u
se

of
th

e
u
n
iform

n
orm

as
th

e
p
rim

ary
sou

rce
of

th
e

sh
ortcom

in
gs

of
B

ayesian
coresets.

T
o

ad
d

ress
th

ese
issu

es
w

e
d

evelop
H

ilb
ert

coresets,
i.e.,

B
ayesian

coresets
u
sin

g
a

n
orm

in
d
u
ced

b
y

an
in

n
er-p

ro
d
u
ct

on
th

e
log-likelih

o
o
d

fu
n
ction

sp
ace.

O
u
r

con
trib

u
tion

s
in

clu
d
e

tw
o

can
d
id

ate
n
orm

s:
on

e
a

w
eigh

ted
L

2
n
orm

,
an

d
an

oth
er

b
ased

on
th

e
F

ish
er

in
form

ation
d
istan

ce
(J

oh
n
son

an
d

B
arron

,
2004).

G
iven

th
ese

n
orm

s,
w

e
p
rov

id
e

an
im

p
ortan

ce
sam

p
lin

g-b
ased

coreset
con

stru
ction

algorith
m

an
d

a
m

ore
aggressive

“d
irection

of
im

p
rovem

en
t”-aw

are
coreset

con
stru

ction
b
ased

on
th

e
F

ran
k
–W

olfe
algorith

m
(F

ran
k

an
d

W
olfe,

1956;
G

u
élat

an
d

M
arcotte,

1986;
J
aggi,

2013).
O

u
r

con
trib

u
tion

s
in

clu
d
e

th
eoretical

gu
aran

tees
relatin

g
th

e
p

erform
an

ce
of

b
oth

to
coreset

size.
S

in
ce

th
e

p
rop

osed
n
o
rm

s
an

d
in

n
er-p

ro
d
u
cts

can
n
ot

in
gen

eral
b

e
com

p
u
ted

in
closed

-form
,

w
e

au
tom

ate
th

e
co

n
stru

ctio
n

u
sin

g
a

ra
n
d
o
m

fi
n
ite-d

im
en

sio
n
a
l

p
ro

jectio
n

o
f

th
e

lo
g
-lik

elih
o
o
d

fu
n
ctio

n
s

in
sp

ired
b
y

R
ah

im
i

an
d

R
ech

t
(2007).

W
e

test
H

ilb
ert

coresets
em

p
irically

on
m

u
ltivariate

G
a
u
ssia

n
in

feren
ce,

lo
g
istic

reg
ressio

n
,

P
o
isso

n
reg

ressio
n
,

a
n
d

v
o
n

M
ises-F

ish
er

m
ix

tu
re

m
o
d
elin

g
w

ith
b

o
th

rea
l

a
n
d

sy
n
th

etic
d
a
ta

;
th

ese
ex

p
erim

en
ts

sh
ow

th
a
t

H
ilb

ert
co

resets
p
rov

id
e

h
ig

h
q
u
a
lity

p
o
sterio

r
a
p
p
rox

im
a
tio

n
s

w
ith

a
sig

n
ifi

ca
n
t

red
u

ctio
n

in
th

e
co

m
p
u
ta

-
tio

n
a
l

co
st

o
f

in
feren

ce
co

m
p

a
red

to
sta

n
d

a
rd

a
u

to
m

a
ted

in
feren

ce
a
lg

o
rith

m
s.

A
ll

p
ro

o
fs

a
re

d
eferred

to
A

p
p

en
d
ix

A
.

1
.
T
h
e
co
n
cep

t
o
f
a
co
reset

o
rig

in
a
ted

in
co
m
p
u
ta
tio

n
a
l
g
eo
m
etry

a
n
d
o
p
tim

iza
tio

n
(A

g
a
rw

a
l
et

a
l.,

2
0
0
5
;

F
eld

m
a
n
a
n
d
L
a
n
g
b
erg

,
2
0
1
1
;
F
eld

m
a
n
et

a
l.,

2
0
1
3
;
B
a
ch
em

et
a
l.,

2
0
1
5
;
L
u
cic

et
a
l.,

2
0
1
6
;
B
a
ch
em

et
a
l.,

2
0
1
6
;
F
eld

m
a
n
et

a
l.,

2
0
1
1
;
H
a
n
et

a
l.,

2
0
1
6
).

3
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L
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C
a
m
p
b
e
l
l
a
n
d

B
r
o
d
e
r
ic
k

2
.
B
a
ck

g
ro

u
n
d

In
th

e
g
en

era
l

settin
g

o
f

B
ay

esia
n

p
o
sterio

r
in

feren
ce,

w
e

a
re

g
iv

en
a

d
a
ta

set
(y
n
)
Nn

=
1

o
f

N
ob

servation
s,

a
likelih

o
o
d
p
(y
n |θ)

for
each

ob
servation

given
th

e
p

aram
eter

θ
∈

Θ
,

an
d

a
p
rior

d
en

sity
π

0 (θ)
on

Θ
.

W
e

assu
m

e
th

rou
gh

ou
t

th
at

th
e

d
ata

are
con

d
ition

ally
in

d
ep

en
d
en

t
given

θ.
T

h
e

B
ayesian

p
osterior

is
given

b
y

th
e

d
en

sity

π
(θ)

:=
1Z

ex
p
(L

(θ))π
0 (θ),

w
h
ere

th
e

log-likelih
o
o
d
L

(θ)
an

d
m

argin
a
l

likelih
o
o
d
Z

are
d
efi

n
ed

b
y

L
n
(θ)

:=
log

p
(y
n |θ),

L
(θ)

:=
N
∑n

=
1 L

n
(θ),

Z
:=

∫
ex

p
(L

(θ))π
0 (θ)

d
θ.

In
alm

ost
all

cases
in

p
ractice,

an
ex

act
closed

-form
ex

p
ression

of
π

is
n
ot

availab
le

d
u
e

to
th

e
d
iffi

cu
lty

of
com

p
u
tin

g
Z

,
forcin

g
th

e
u
se

of
ap

p
rox

im
ate

B
ayesian

in
feren

ce
algorith

m
s.

W
h
ile

M
a
rk

ov
ch

a
in

M
o
n
te

C
a
rlo

(M
C

M
C

)
a
lg

o
rith

m
s

(G
elm

a
n

et
a
l.,

2
0
1
3
,

C
h
a
p
ters

1
1
,

12)
are

often
p
referred

for
th

eir
th

eoretical
gu

aran
tees

asy
m

p
totic

in
ru

n
n
in

g
tim

e,
th

ey
are

ty
p

ically
com

p
u

tation
ally

in
tractab

le
for

large
N

.
O

n
e

w
ay

to
ad

d
ress

th
is

is
to

con
stru

ct
a

sm
all,

w
eigh

ted
su

b
set

of
th

e
origin

al
d
ata

set
w

h
ose

log-likelih
o
o
d

ap
p
rox

im
ates

th
at

of
th

e
fu

ll
d
ata

set,
k
n
ow

n
as

a
B

a
yesia

n
co

reset
(H

u
ggin

s
et

al.,
2016).

T
h
is

coreset
can

th
en

b
e

p
a
ssed

to
a

sta
n

d
a
rd

M
C

M
C

a
lg

o
rith

m
.

T
h

e
co

m
p

u
ta

tio
n

a
l

sav
in

g
s

fro
m

ru
n

n
in

g
M

C
M

C
on

a
m

u
ch

sm
aller

d
ata

set
can

allow
a

m
u
ch

faster
in

feren
ce

p
ro

ced
u
re

w
h
ile

retain
in

g
th

e
th

eoretical
gu

aran
tees

of
M

C
M

C
.

In
p
articu

lar,
th

e
aim

of
th

e
B

ayesian
coresets

fram
ew

ork
is

to
fi
n
d

a
set

of
n
on

n
egative

w
eigh

ts
w

:=
(w

n
)
Nn

=
1 ,

a
sm

all
n
u
m

b
er

of
w

h
ich

are
n
on

zero,
su

ch
th

at
th

e
w

eigh
ted

log-likelih
o
o
d

L
(w
,θ)

:=
N
∑n

=
1

w
n L

n
(θ)

satisfi
es

|L
(w
,θ)−

L
(θ)|≤

ε|L
(θ)|,

∀
θ∈

Θ
.

(2.1)

T
h
e

algorith
m

p
rop

osed
b
y

H
u
ggin

s
et

al.
(2016)

to
con

stru
ct

a
B

ayesian
coreset

is
as

follow
s.

F
irst,

com
p
u
te

th
e

sen
sitivity

σ
n

of
each

d
ata

p
oin

t,

σ
n

:=
su

p
θ∈

Θ ∣∣∣∣ L
n
(θ)

L
(θ) ∣∣∣∣

,
(2.2)

a
n

d
th

en
su

b
sa

m
p

le
th

e
d

a
ta

set
b
y

ta
k
in

g
M

in
d

ep
en

d
en

t
d

raw
s

w
ith

p
ro

b
a
b

ility
p

ro
p

o
r-

tion
al

to
σ
n

(resu
ltin

g
in

a
coreset

of
size
≤
M

)
v
ia

σ
:=

N
∑n

=
1

σ
n

(M
1 ,...,M

N
)∼

M
u
lti (

M
, (
σ
nσ

)
Nn

=
1 )

W
n

=
σσ
n

M
n

M
.

(2.3)

S
in

ce
E

[W
n
]
=

1
,

w
e

h
av

e
th

a
t
E

[L
(W

,θ)]
=
L

(θ),
a
n
d

w
e

ex
p

ect
th

a
tL

(W
,θ)→

L
(θ)

in
som

e
sen

se
as
M

in
creases.

T
h
is

is
in

d
eed

th
e

case;
B

raverm
an

et
al.

(2016);
F

eld
m

an
an

d
L

an
gb

erg
(2011)

sh
ow

ed
th

at
w

ith
h
igh

p
rob

ab
ility,

th
e

coreset
likelih

o
o
d
L

(W
,θ)

sa
tisfi

es
E

q
.

(2
.1

)
w

ith
ε
2

=
O
(

1M

),
a
n
d

H
u
g
g
in

s
et

a
l.

(2
0
1
6
)

ex
ten

d
ed

th
is

resu
lt

to
th

e
ca

se
o
f

B
ay

esia
n

co
resets

in
th

e
settin

g
o
f

lo
g
istic

reg
ressio

n
.

T
y
p
ica

lly,
ex

a
ct

co
m

p
u
ta

tio
n

o
f

th
e

sen
sitiv

ities
σ
n

is
n
ot

tractab
le,

so
u
p
p

er
b

ou
n
d
s

are
u
sed

in
stead

(H
u
ggin

s
et

al.,
2016).
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A
u
t
o
m
a
t
e
d

S
c
a
l
a
b
l
e
In

f
e
r
e
n
c
e
v
ia

H
il
b
e
r
t
C
o
r
e
se

t
s

3
.
C
o
re
se
ts

a
s
S
p
a
rs
e
V
e
ct
o
r
S
u
m

A
p
p
ro
x
im

a
ti
o
n

T
h
is

se
ct

io
n

d
ev

el
o
p
s

a
n

in
tu

it
iv

e
p

er
sp

ec
ti

v
e

o
f

B
ay

es
ia

n
co

re
se

ts
a
s

sp
a
rs

e
v
ec

to
r

su
m

ap
p
ro

x
im

at
io

n
u
n
d
er

a
u
n
if

or
m

n
or

m
,
an

d
d
ra

w
s

on
th

is
p

er
sp

ec
ti

ve
to

u
n
co

ve
r

th
e

li
m

it
at

io
n
s

of
th

e
fr

am
ew

or
k

an
d

av
en

u
es

fo
r

ex
te

n
si

on
.

C
on

si
d
er

th
e

ve
ct

or
sp

ac
e

of
fu

n
ct

io
n
s
g

:
Θ
→

R
w

it
h

b
ou

n
d
ed

u
n
if

or
m

n
or

m
w

ei
gh

te
d

b
y

th
e

to
ta

l
lo

g-
li
ke

li
h
o
o
d
L(
θ)

,

‖g
‖

: =
su

p
θ
∈Θ

∣ ∣ ∣ ∣g
(θ

)

L(
θ)

∣ ∣ ∣ ∣.
(3

.1
)

In
th

is
sp

ac
e,

th
e

d
at

a
lo

g-
li
ke

li
h
o
o
d

fu
n
ct

io
n
s
L n

(θ
)

h
av

e
ve

ct
or

s
L n

w
it

h
n
or

m
σ
n

: =
‖L

n
‖

a
s

d
efi

n
ed

in
E

q
.

(2
.2

),
th

e
to

ta
l

lo
g
-l

ik
el

ih
o
o
d

h
a
s

v
ec

to
r
L

: =
∑

N n
=

1
L n

,
a
n
d

th
e

co
re

se
t

gu
ar

an
te

e
in

E
q
.(

2.
1)

co
rr

es
p

on
d
s

to
ap

p
ro

x
im

at
io

n
of
L

w
it

h
th

e
ve

ct
or
L(
w

)
: =
∑

N n
=

1
w
n
L n

u
n
d
er

th
e

v
ec

to
r

n
o
rm

w
it

h
er

ro
r

a
t

m
o
st
ε,

i.
e.
‖L

(w
)
−
L‖
≤
ε.

G
iv

en
th

is
fo

rm
u
la

ti
o
n
,

w
e

ca
n

w
ri

te
th

e
p
ro

b
le

m
of

co
n
st

ru
ct

in
g

th
e

b
es

t
co

re
se

t
of

si
ze
M

as
th

e
m

in
im

iz
at

io
n

of
ap

p
ro

x
im

at
io

n
er

ro
r

su
b

je
ct

to
a

co
n
st

ra
in

t
on

th
e

n
u
m

b
er

of
n
on

ze
ro

en
tr

ie
s

in
w

,

m
in

w
∈R

N
‖L

(w
)
−
L‖

2
s.

t.
w
≥

0
,

N ∑ n
=

1

1
[w
n
>

0]
≤
M
.

(3
.2

)

E
q
.

(3
.2

)
is

a
co

n
v
ex

o
p
ti

m
iz

a
ti

o
n

w
it

h
b
in

a
ry

co
n
st

ra
in

ts
,

a
n
d

th
u
s

is
d
iffi

cu
lt

to
so

lv
e

effi
ci

en
tl

y
in

g
en

er
a
l;

w
e

a
re

fo
rc

ed
to

u
se

a
p
p
ro

x
im

a
te

m
et

h
o
d
s.

T
h
e

u
n
if

o
rm

B
ay

es
ia

n
co

re
se

ts
fr

a
m

ew
o
rk

p
ro

v
id

es
o
n
e

su
ch

a
p
p
ro

x
im

a
te

m
et

h
o
d
,

w
h
er

e
L/
N

is
v
ie

w
ed

a
s

th
e

ex
p

ec
ta

ti
on

of
a

u
n
if

or
m

ly
ra

n
d
om

su
b
sa

m
p
le

of
(L

n
)N n

=
1
,

an
d

im
p

or
ta

n
ce

sa
m

p
li
n
g

is
u
se

d
to

re
d
u
ce

th
e

ex
p

ec
te

d
er

ro
r

of
th

e
es

ti
m

at
e.

C
h
o
os

in
g

im
p

or
ta

n
ce

p
ro

b
ab

il
it

ie
s

p
ro

p
or

ti
on

al
to
σ
n

=
‖L

n
‖

re
su

lt
s

in
a

h
ig

h
-p

ro
b
a
b
il
it

y
b

o
u
n
d

o
n

a
p
p
ro

x
im

a
ti

o
n

er
ro

r
g
iv

en
b

el
ow

in
T

h
eo

re
m

3.
2.

T
h
e

p
ro

of
of

T
h
eo

re
m

3.
2

in
A

p
p

en
d
ix

A
is

m
u
ch

si
m

p
le

r
th

an
si

m
il
ar

re
su

lt
s

av
a
il
a
b
le

in
th

e
li
te

ra
tu

re
(F

el
d
m

a
n

a
n
d

L
a
n
g
b

er
g
,

2
0
1
1
;

B
ra

v
er

m
a
n

et
a
l.
,

2
0
1
6
;

H
u
g
g
in

s
et

a
l.
,

2
0
1
6
)

d
u
e

to
th

e
p
re

se
n
t

v
ec

to
r

sp
a
ce

fo
rm

u
la

ti
o
n
.

T
h
eo

re
m

3
.2

d
ep

en
d
s

o
n

tw
o

co
n
st

a
n
ts

(σ
a
n
d
η
)

th
a
t

ca
p
tu

re
im

p
o
rt

a
n
t

a
sp

ec
ts

o
f

th
e

g
eo

m
et

ry
o
f

th
e

o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
:

σ
n

: =
‖L

n
‖

σ
: =

N ∑ n
=

1

σ
n

η
2

: =
m

ax
n
,m
∈[
N

]

∥ ∥ ∥ ∥L
n

σ
n
−
L m σ
m

∥ ∥ ∥ ∥2

,
(3

.3
)

w
h
er

e
[N

]
: =
{1
,2
,.
..
,N
}.

T
h
e

q
u
a
n
ti

ty
σ
≥

0
ca

p
tu

re
s

th
e

sc
a
le

o
f

th
e

p
ro

b
le

m
;

a
ll

er
ro

r
gu

ar
an

te
es

on
‖L

(w
)
−
L‖

sh
ou

ld
b

e
ro

u
gh

ly
li
n
ea

rl
y

p
ro

p
or

ti
on

al
to
σ

.
T

h
e

q
u
an

ti
ty

0
≤
η
≤

2
ca

p
tu

re
s

h
ow

w
el

l-
al

ig
n
ed

th
e

ve
ct

or
s

(L
n
)N n

=
1

ar
e,

an
d

th
u
s

th
e

in
h
er

en
t

d
iffi

cu
lt

y
o
f

a
p
p
ro

x
im

a
ti

n
g
L

w
it

h
a

sp
a
rs

e
w

ei
g
h
te

d
su

b
se

t
L(
w

).
F

o
r

ex
a
m

p
le

,
if

a
ll

v
ec

to
rs

a
re

a
li
g
n
ed

th
en

η
=

0
,

a
n
d

th
e

p
ro

b
le

m
is

tr
iv

ia
l

si
n
ce

w
e

ca
n

a
ch

ie
v
e

0
er

ro
r

w
it

h
a

si
n
g
le

sc
al

ed
ve

ct
or
L n

.
T

h
eo

re
m

3.
2

al
so

d
ep

en
d
s

on
an

ap
p
ro

x
im

at
e

n
ot

io
n

of
th

e
d
im

en
si

on
of

th
e

sp
a
n

o
f

th
e

lo
g
-l

ik
el

ih
o
o
d

v
ec

to
rs

(L
n
)N n

=
1
,

g
iv

en
b
y

D
efi

n
it

io
n

3
.1

.
N

o
te

in
p
a
rt

ic
u

la
r

th
at

th
e

ap
p
ro

x
im

at
e

d
im

en
si

on
of

a
se

t
of

ve
ct

or
s

in
R
d

is
at

m
os

t
d
,

co
rr

es
p

on
d
in

g
to

th
e

u
su

al
n
ot

io
n

of
d
im

en
si

on
in

th
is

se
tt

in
g.
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38
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01

9

C
a
m
p
b
e
l
l
a
n
d

B
r
o
d
e
r
ic
k

(a
)

(b
)

F
ig

u
re

1:
(1

a)
:

T
h
e

sp
ar

se
ve

ct
or

ap
p
ro

x
im

at
io

n
p
ro

b
le

m
,

d
ep

ic
ti

n
g

th
e

su
m
L

in
b
lu

e
an

d
th

e
v
ec

to
rs
L n

in
g
re

y.
(1

b
):

U
n
if

o
rm

B
ay

es
ia

n
co

re
se

ts
b

eh
av

io
r

o
n

th
e

si
m

p
le

ex
er

ci
se

o
f

le
a
rn

in
g

a
G

a
u
ss

ia
n

m
ea

n
.

D
ep

ic
te

d
a
re

d
a
ta

li
k
el

ih
o
o
d
s

in
b
la

ck
,

sc
a
le

d
p

o
st

er
io

r
d
en

si
ty

in
b

lu
e,

a
n

d
d

a
ta

a
s

b
la

ck
sc

a
tt

er
p

o
in

ts
.

T
h

e
se

n
si

ti
v
it

y
o
f

ea
ch

d
a
ta

p
o
in

t
is

in
d
ic

a
te

d
b
y

th
e

li
n
e

th
ic

k
n
es

s
o
f

th
e

li
k
el

ih
o
o
d
—

a
th

ic
k
er

,
d
a
rk

er
li
n
e

d
en

o
te

s
h
ig

h
er

se
n
si

ti
v
it

y,
w

h
il
e

th
in

n
er

,
li
gh

te
r

li
n
es

d
en

ot
e

lo
w

er
se

n
si

ti
v
it

y.

D
e
fi

n
it

io
n

3
.1

.
T

h
e

a
p
p
ro

xi
m

a
te

d
im

en
si

o
n

d
im

(u
n
)N n

=
1

of
N

ve
ct

or
s

in
a

n
or

m
ed

ve
ct

or
sp

a
ce

is
th

e
m

in
im

u
m

va
lu

e
o
f
d
∈
N

su
ch

th
a
t

a
ll

v
ec

to
rs
u
n

ca
n

b
e

a
p
p
ro

x
im

a
te

d
u
si

n
g

li
n
ea

r
co

m
b
in

at
io

n
s

of
a

se
t

of
d

u
n
it

ve
ct

or
s

(v
j
)d j

=
1
,
‖v
j
‖

=
1:

∀n
∈

[N
],
∃α

n
∈

[−
1
,1

]d
s.

t.

∥ ∥ ∥ ∥ ∥ ∥
u
n

‖u
n
‖
−

d ∑ j=
1

α
n
j
v j

∥ ∥ ∥ ∥ ∥ ∥
≤

d √
N
.

T
h

e
o
re

m
3
.2

.
F

ix
a
n

y
δ
∈

(0
,1

).
W

it
h

p
ro

ba
bi

li
ty
≥

1
−
δ,

th
e

o
u

tp
u

t
o
f

th
e

u
n

if
o
rm

co
re

se
t

co
n

st
ru

ct
io

n
a
lg

o
ri

th
m

in
E

q.
(2

.3
)

sa
ti

sfi
es

‖L
(W

)
−
L‖
≤

σ √
M

(
3 2

d
im

(L
n
)N n

=
1

+
η

√
2

lo
g

1 δ

)
.

T
h

e
an

al
y
si

s,
d
is

cu
ss

io
n

,
an

d
al

go
ri

th
m

s
p

re
se

n
te

d
to

th
is

p
oi

n
t

ar
e

in
d

ep
en

d
en

t
of

th
e

p
a
rt

ic
u
la

r
ch

o
ic

e
o
f

n
o
rm

g
iv

en
in

E
q
.

(3
.1

);
o
n
e

m
ig

h
t

w
o
n
d
er

if
th

e
u
n
if

o
rm

n
o
rm

u
se

d
a
b

ov
e

is
th

e
b

es
t

ch
o
ic

e,
o
r

if
th

er
e

is
a
n
o
th

er
n
o
rm

m
o
re

su
it

ed
to

B
ay

es
ia

n
in

fe
re

n
ce

in
so

m
e

w
ay

.
F

o
r

in
st

a
n
ce

,
th

e
su

p
re

m
u
m

in
E

q
.

(3
.1

)
ca

n
d
iv

er
g
e

in
a
n

u
n
b

o
u
n
d
ed

o
r

in
fi
n
it

e-
d
im

en
si

on
al

p
ar

am
et

er
sp

ac
e

Θ
,

re
q
u
ir

in
g

an
ar

ti
fi
ci

al
re

st
ri

ct
io

n
p
la

ce
d

on
th

e
sp

ac
e

(H
u
g
g
in

s
et

a
l.
,

2
0
1
6
).

T
h
is

p
re

cl
u
d
es

th
e

a
p
p
li
ca

ti
o
n

to
th

e
m

a
n
y

co
m

m
o
n

m
o
d
el

s
a
n
d

p
ri

o
rs

th
a
t

h
av

e
u
n
b

o
u
n
d
ed

p
a
ra

m
et

er
sp

a
ce

s,
ev

en
lo

g
is

ti
c

re
g
re

ss
io

n
w

it
h

fu
ll

su
p
p

o
rt

Θ
=

R
d
.

T
h
e

o
p
ti

m
iz

a
ti

o
n

o
b

je
ct

iv
e

fu
n
ct

io
n

in
E

q
.

(3
.1

)
is

a
ls

o
ty

p
ic

a
ll
y

n
o
n
co

n
v
ex

,
a
n
d

fi
n
d
in

g
(o

r
b

ou
n
d
in

g)
th

e
op

ti
m

u
m

is
a

m
o
d
el

-s
p

ec
ifi

c
ta

sk
th

at
is

n
ot

ea
si

ly
a
u
to

m
a
te

d
.

P
er

h
ap

s
m

os
t

im
p

or
ta

n
tl

y,
th

e
u
n
if

or
m

n
or

m
la

ck
s

a
se

n
se

of
“d

ir
ec

ti
on

al
it

y
”

as
it

d
o
es

n
o
t

co
rr

es
p

o
n
d

to
a
n

in
n
er

-p
ro

d
u
ct

.
T

h
is

im
p
li
es

th
a
t

th
e

b
o
u
n
d

in
T

h
eo

re
m

3
.2

d
o
es

n
o
t

sc
a
le

p
ro

p
er

ly
w

it
h

th
e

a
li
g
n
m

en
t

o
f

v
ec

to
rs

(n
o
te

h
ow

th
e

er
ro

r
d
o
es

n
o
t

a
p
p
ro

a
ch

0
a
s
η
→

0
)

a
n
d

th
a
t

it
d
ep

en
d
s

o
n

th
e

a
p
p
ro

x
im

a
te

d
im

en
si

o
n

(w
h
ic

h
m

ay
b

e
h
a
rd

to
co

m
p
u
te

).
M

o
re

ov
er

,
th

e
la

ck
o
f

d
ir

ec
ti

o
n
a
li
ty

m
a
k
es

th
e

co
re

se
t

co
n
st

ru
ct

io
n

a
lg

o
ri

th
m

b
eh

av
e

co
u
n
te

ri
n
tu

it
iv

el
y

an
d

li
m

it
s

it
s

p
er

fo
rm

an
ce

in
a

fu
n
d
am

en
ta

l
w

ay
.

F
ig

.
1a

p
ro

v
id

es
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A
u
t
o
m
a
t
e
d

S
c
a
l
a
b
l
e
In

f
e
r
e
n
c
e
v
ia

H
il
b
e
r
t
C
o
r
e
se

t
s

a
p
icto

ria
l

rep
resen

ta
tio

n
o
f

th
is

lim
ita

tio
n
.

R
eca

ll
th

a
t

th
e

g
o
a
l

o
f

co
reset

co
n
stru

ctio
n

is
to

fi
n

d
a

spa
rse

w
eig

h
ted

su
b

set
o
f

th
e

v
ecto

rs
(L

n
)
Nn

=
1

(g
rey

)
th

a
t

a
p

p
rox

im
a
tesL

(b
lu

e).
In

th
is

ex
a
m

p
le,

th
ere

a
re

v
ecto

rs
w

h
ich

,
w

h
en

sca
led

,
co

u
ld

in
d
iv

id
u
a
lly

n
ea

rly
p

erfectly
rep

licateL
.

B
u
t

th
e

im
p

ortan
ce

sam
p
lin

g
algorith

m
in

E
q
.

(2.3)
w

ill
in

stead
ten

d
to

sam
p
le

th
ose

vectors
w

ith
large

n
orm

th
at

are
p

oin
ted

aw
ay

from
L

,
req

u
irin

g
a

m
u
ch

larger
coreset

to
ach

ieve
th

e
sam

e
ap

p
rox

im
ation

error.
T

h
is

is
a

con
seq

u
en

ce
of

th
e

lack
of

d
irection

ality
o
f

th
e

u
n
ifo

rm
n
o
rm

;
it

h
a
s

n
o

co
n
cep

t
o
f

th
e

a
lig

n
m

en
t

o
f

certa
in

v
ecto

rs
w

ith
L

,
a
n
d

is
fo

rced
to

m
itig

a
te

w
o
rst-ca

se
erro

r
b
y

sa
m

p
lin

g
th

o
se

v
ecto

rs
w

ith
la

rg
e

n
o
rm

.
F

ig
.

1
b

sh
ow

s
th

e
resu

lt
o
f

th
is

b
eh

av
io

r
in

a
1
D

G
a
u
ssia

n
in

feren
ce

p
ro

b
lem

.
In

th
is

fi
g
u
re,

th
e

likelih
o
o
d

fu
n
ction

s
of

th
e

d
ata

are
d
ep

icted
in

b
lack

,
w

ith
th

eir
u
n
iform

n
orm

(or
sen

sitiv
ity

)
in

d
ica

ted
b
y

th
ick

n
ess

a
n
d

o
p
a
city.

T
h
e

p
o
sterio

r
d
istrib

u
tio

n
is

d
isp

lay
ed

in
b
lu

e,
w

ith
its

lo
g
-d

en
sity

sca
led

b
y

1
/N

fo
r

cla
rity.

T
h

e
im

p
o
rta

n
ce

sa
m

p
lin

g
a
lg

o
rith

m
in

E
q
.

(2
.3

)
w

ill
ten

d
to

sam
p
le

th
ose

d
ata

th
at

are
fa

r
a
w

a
y

from
th

e
p

osterior
m

ean
,

w
ith

likelih
o
o
d
s

th
at

are
d

iff
eren

t
th

an
th

e
scaled

p
osterior,

d
esp

ite
th

e
fact

th
at

th
ere

are
d

ata
close

to
th

e
m

ea
n

w
h

o
se

lik
elih

o
o
d

s
a
re

n
ea

r-p
erfect

a
p

p
rox

im
a
tio

n
s

o
f

th
e

sca
led

p
o
sterio

r.
U

sin
g

th
e

in
tu

itio
n

fro
m

F
ig

.
1
,

it
is

n
o
t

d
iffi

cu
lt

to
co

n
stru

ct
ex

a
m

p
les

w
h

ere
th

e
ex

p
ected

erro
r

o
f

im
p

o
rta

n
ce

sa
m

p
lin

g
is

arb
itrarily

w
orse

th
an

th
e

error
o
f

th
e

op
tim

al
coreset

of
size

M
.

4
.
H
ilb

e
rt

C
o
re
se
ts

It
is

clea
r

th
a
t

a
n
o
tio

n
o
f

d
irectio

n
a
lity

o
f

th
e

v
ecto

rs
(L

n
)
Nn

=
1

is
k
ey

to
d
ev

elo
p
in

g
b

o
th

effi
cien

t,
in

tu
itive

coreset
con

stru
ction

algorith
m

s
an

d
th

eory
th

at
correctly

refl
ects

p
rob

lem
d

iffi
cu

lty.
T

h
erefore,

in
th

is
section

w
e

d
evelop

m
eth

o
d

s
for

con
stru

ctin
g

B
ayesian

coresets
in

a
H

ilb
ert

sp
a
ce

(H
ilbert

co
resets),

i.e.,
u

sin
g

a
n

o
rm

co
rresp

o
n

d
in

g
to

a
n

in
n

er
p

ro
d

u
ct.

T
h

e
n

o
tio

n
o
f

d
irectio

n
a
lity

g
ra

n
ted

b
y

th
e

in
n

er
p

ro
d

u
ct

p
rov

id
es

tw
o

m
a
jo

r
a
d

va
n
ta

g
es

ov
er

u
n
ifo

rm
co

resets:
co

reset
p

o
in

ts
ca

n
b

e
ch

o
sen

in
tellig

en
tly

b
a
sed

o
n

th
e

resid
u
a
l

p
o
sterio

r
a
p

p
rox

im
a
tio

n
erro

r
v
ecto

r;
a
n

d
th

eo
retica

l
g
u

a
ra

n
tees

o
n

a
p

p
rox

im
a
tio

n
q
u

a
lity

ca
n

d
irectly

in
co

rp
o
ra

te
th

e
d
iffi

cu
lty

o
f

th
e

a
p
p
rox

im
a
tio

n
p
ro

b
lem

v
ia

th
e

a
lig

n
m

en
t

o
f

log-likelih
o
o
d

vectors.
W

e
p
rov

id
e

tw
o

coreset
con

stru
ction

algorith
m

s
w

h
ich

take
ad

van
tage

o
f

th
ese

b
en

efi
ts.

T
h
e

fi
rst

m
eth

o
d
,

d
ev

elo
p

ed
in

S
ectio

n
4
.1

,
is

b
a
sed

o
n

v
iew

in
g
L
/N

a
s

th
e

ex
p

ecta
tio

n
o
f

a
u
n

ifo
rm

ly
ra

n
d

o
m

su
b

sa
m

p
le

o
f

(L
n
)
Nn

=
1 ,

a
n

d
th

en
u

sin
g

im
p

o
rta

n
ce

sa
m

p
lin

g
to

red
u
ce

th
e

ex
p

ected
erro

r
o
f

th
e

estim
a
te.

T
h
e

seco
n
d

m
eth

o
d
,

d
ev

elo
p

ed
in

S
ectio

n
4
.2

,
is

b
a
sed

o
n

v
iew

in
g

th
e

ca
rd

in
a
lity

-u
n
co

n
stra

in
ed

v
ersio

n
o
f

E
q
.

(3
.2

)
a
s

a
q
u

a
d

ra
tic

o
p

tim
iza

tio
n

ov
er

a
n

a
p
p

ro
p

ria
tely

-ch
o
sen

p
o
ly

to
p

e,
a
n

d
th

en
u

sin
g

th
e

F
ra

n
k
–

W
o
lfe

a
lg

o
rith

m
F

ra
n
k

a
n
d

W
o
lfe

(1
9
5
6
);

G
u

éla
t

a
n
d

M
a
rco

tte
(1

9
8
6
);

J
a
g
g
i

(2
0
1
3
)

to
co

m
p
u
te

a
sp

a
rse

a
p
p
rox

im
a
tio

n
to

th
e

o
p
tim

u
m

.
T

h
eo

retica
l

g
u
a
ra

n
tees

o
n

p
o
sterio

r
ap

p
rox

im
ation

error
are

p
rov

id
ed

for
b

oth
.

In
S
ection

4.3,
w

e
d
evelop

stream
in

g/d
istrib

u
ted

ex
ten

sio
n
s

o
f

th
ese

m
eth

o
d
s

a
n
d

p
rov

id
e

sim
ila

r
a
p
p
rox

im
a
tio

n
g
u
a
ra

n
tees.

N
o
te

th
a
t

th
is

sectio
n

trea
ts

th
e

g
en

era
l

ca
se

o
f

B
ay

esia
n

co
reset

co
n

stru
ctio

n
w

ith
a

H
ilb

ert
sp

a
ce

n
o
rm

;
th

e
selectio

n
of

a
p
articu

lar
n
orm

an
d

its
au

tom
ated

com
p
u
tation

is
left

to
S
ection

5.

4
.1

.
C

o
re

se
t

C
o
n

stru
c
tio

n
v
ia

Im
p

o
rta

n
c
e

S
a
m

p
lin

g

T
ak

in
g

in
sp

iration
from

th
e

u
n
iform

B
ayesian

coreset
con

stru
ction

algorith
m

,
th

e
fi
rst

H
ilb

ert
coreset

con
stru

ction
m

eth
o
d
,

A
lgorith

m
1,

in
volves

i.i.d
.

sam
p
lin

g
from

th
e

vectors
(L

n
)
Nn

=
1

7
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C
a
m
p
b
e
l
l
a
n
d

B
r
o
d
e
r
ic
k

A
lg

o
rith

m
1

IS
:

H
ilb

ert
coresets

v
ia

im
p

ortan
ce

sam
p
lin

g

R
e
q
u

ire
:

(L
n
)
Nn

=
1 ,
M

,‖·‖
∀
n
∈

[N
]
σ
n
←
‖L

n ‖
,

an
d
σ
←
∑

Nn
=

1
σ
n

.
com

p
u
te

n
orm

s

(M
1 ,...,M

N
)←

M
u
lti (

M
, (
σ
nσ )

Nn
=

1 )
.

su
b
sam

p
le

th
e

d
ata

W
n
←

σσn
M
n

M
for

n
∈

[N
]

.
rew

eigh
t

th
e

su
b
sam

p
le

re
tu

rn
W

w
ith

p
ro

b
a
b
ilities

(p
n
)
Nn

=
1

a
n
d

rew
eig

h
tin

g
th

e
su

b
sa

m
p
le.

In
co

n
tra

st
to

th
e

ca
se

o
f

th
e

w
eig

h
ted

u
n
ifo

rm
n
o
rm

in
E

q
.

(3
.1

),
th

e
ch

o
ice

p
n
∝
σ
n

ex
a
ctly

m
in

im
izes

th
e

ex
p

ected
sq

u
ared

coreset
error

u
n
d
er

a
H

ilb
ert

n
orm

(see
E

q
.

(A
.2)

in
A

p
p

en
d
ix

A
),

y
ield

in
g

E
[‖L

(W
)−
L‖

2 ]
=
σ

2η
2

M
η

2
:=

1−
‖L‖

2

σ
2
,

(4.1)

w
h
ere

0
≤
η
≤

1,
sim

ilar
to
η
,

cap
tu

res
h
ow

w
ell-align

ed
th

e
vectors

(L
n
)
Nn

=
1

are.
H

ow
ever,

in
a

H
ilb

ert
sp

a
ce
η

is
a

tig
h
ter

co
n

sta
n
t:
η
≤
η
/ √

2
b
y

L
em

m
a

A
.4

.
T

h
eo

rem
4
.1

,
w

h
o
se

p
ro

o
f

in
A

p
p

en
d
ix

A
relies

o
n

sta
n
d
a
rd

m
a
rtin

g
a
le

co
n
cen

tra
tio

n
in

eq
u
a
lities,

p
rov

id
es

a
h

igh
-p

rob
ab

ility
gu

aran
tee

on
th

e
q
u

ality
of

th
e

ou
tp

u
t

ap
p

rox
im

ation
.

T
h

is
resu

lt
d

ep
en

d
s

on
η

from
E

q
.

(3.3)
an

d
η

from
E

q
.

(4.1).

T
h

e
o
re

m
4
.1

.
F

ix
a
n

y
δ∈

(0
,1

).
W

ith
p
ro

ba
bility

≥
1−

δ,
th

e
o
u

tp
u

t
W

o
f

A
lgo

rith
m

1
sa

tisfi
es

‖L
(W

)−
L‖
≤

σ
√
M

(
η

+
η
M

√
2

log
1δ

)

w
h
ere

η
M

:=
m

in (
η
,η √

2
M
η

2

η
2

log
1δ

H
−

1 (
η

2
log

1δ

2
M
η

2

)
)

H
(y

)
:=

(1
+
y
)

log
(1

+
y
)−

y
.

In
co

n
tra

st
to

T
h
eo

rem
3
.2

,
T

h
eo

rem
4
.1

ta
k
es

a
d
va

n
ta

g
e

o
f

th
e

in
n
er

p
ro

d
u
ct

to
in

corp
orate

a
n

otion
of

p
rob

lem
d
iffi

cu
lty

in
to

th
e

b
ou

n
d

.
F

or
ex

am
p

le,
sin

ce
H

(y
)∼

y
2

as
y
→

0
,

w
e

h
av

e
th

a
t
H
−

1(y
)∼
√
y

a
n
d

so
lim

y→
0 √

y −
1
H
−

1(y
)

=
1
.

C
o
m

b
in

ed
w

ith
th

e
fact

th
at
η
≤
η
,

w
e

h
ave

lim
M
→
∞
η
M

=
η
,

an
d

so
th

e
b

ou
n
d

in
T

h
eorem

4.1
is

asy
m

p
totically

eq
u
iva

len
t

to
σ
η

√
M

(
1

+
√

2
log

1δ )
a
s
M
→
∞

.
G

iv
en

th
a
t

im
p

o
rta

n
ce

sa
m

p
lin

g
ca

n
o
n
ly

im
p
rov

e
co

n
v
erg

en
ce

ov
er

u
n
ifo

rm
ly

ra
n
d
o
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b
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b
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p
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tisfi
es

‖L
(W

)−
L‖
≤

σ
η

√
M

(
1

+

√
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h
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p
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m
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e

re
si

d
u
a
l

er
ro

r
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p
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b
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p
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h
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r
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th
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it
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st

ra
in

t
on

w
in

E
q
.

(3
.2

)
w

it
h

a
p
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e
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n
st

ra
in
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e
K
∈
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b
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e
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ta
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o
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th
e
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il
b

er
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=
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∈
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h
is

o
p
ti

m
a
l

w
it

h
co

st
0

si
n
ce

L(
1
)

=
L—

a
n
d

h
av

e
v
er

ti
ce

s
σ σ
n

1
n

fo
r
n
∈
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at
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ra
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at
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u
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ra
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w
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p
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m
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ra
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ra
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ra
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b
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e
tt

h
it

er
at

e
x
t,

w
e

fi
rs

t
fi
n
d

a
se

ar
ch

d
ir

ec
ti

on
d
t

=
s t
−
x
t

b
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∇
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at
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d
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p
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p
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b
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p
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p
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p
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b
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−
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w
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p
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p
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b
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b
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d
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=
ar

g
m

ax
n
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p
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p
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w
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p
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∈
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b
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il
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F
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∑
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←
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∈
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m
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←
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−
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←
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n
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ra
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∈
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b
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=

〈
σ σ
f
t
L f

t
−
L(
w
t)
,L
−
L(
w
t)
〉

〈
σ σ
f
t
L f

t
−
L(
w
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∈
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∈
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b
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at
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b
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h
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),
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E
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.

(4
.1

),
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d
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d
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b
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−
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d
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σ
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re
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b
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p
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h
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p
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u
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h
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h
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h
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√
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√
M

.

In
co

n
tr

as
t

to
p
re

v
io

u
s

co
n
ve

rg
en

ce
an

al
y
se

s
of

F
ra

n
k
–W

ol
fe

op
ti

m
iz

at
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ra
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e
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e
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v
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E
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.

(4.5)
b
y

sim
p
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settin
g
γ
t

=
2

3
t+
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th
is

ca
se,

T
h
eo

rem
4
.4
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w
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er
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th

e
n
o
te

a
t

th
e
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d

of
th

e
p
ro
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T
h
eorem

4.4
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A
p
p

en
d
ix

A
)

‖L
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)−
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2
σ
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√
3M

+
1
.

4
.3

.
D

istrib
u

te
d

C
o
re

se
t

C
o
n
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c
tio

n

A
n
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of

H
ilb
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coresets—

an
d

coresets
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p
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e
p
ro

je
ct

io
n

d
im

en
si

o
n
J

.
T

h
eo

re
m

5
.2

(b
el

ow
),

w
h
o
se

p
ro

o
f

m
ay

b
e

fo
u
n
d

in
A

p
p

en
d
ix

A
,

sh
ow

s
th

a
t

u
n
d
er

re
as

on
ab

le
co

n
d
it

io
n
s

th
is

is
in

d
ee

d
th

e
ca

se
:

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

tr
u
e

ou
tp

u
t

er
ro

r
an

d
ra

n
d
om

p
ro

je
ct

io
n

ou
tp

u
t

er
ro

r
sh

ri
n
k
s

as
J

in
cr

ea
se

s.
N

ot
e

th
at

T
h
eo

re
m

5.
2

is
q
u
it

e
lo

os
e,

d
u
e

to
it

s
re

li
an

ce
on

a
m

ax
-n

o
rm

q
u
ad

ra
ti

c
fo

rm
u
p
p

er
b

ou
n
d
.

D
e
fi

n
it

io
n

5
.1

.
(B

ou
ch

er
on

et
al

.,
20

13
,

p
.

24
)

A
ra

n
d
om

va
ri

ab
le
X

is
su

b-
G

a
u

ss
ia

n
w

it
h

co
n

st
a
n

t
ξ2

if

∀λ
∈
R
,

E
[ eλ

X
] ≤

e
λ
2
ξ
2

2
.
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JM

L
R
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0(
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):
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C
a
m
p
b
e
l
l
a
n
d

B
r
o
d
e
r
ic
k

T
h

e
o
re

m
5
.2

.
L

et
µ
∼
π̂

,
d
∼

U
n
if

({
1
,.
..
,D
})

,
a
n

d
su

p
po

se
D
∇
L n

(µ
) d
∇
L m

(µ
) d

(g
iv

en
‖·
‖ π̂
,F

)
o
r
L n

(µ
)L

m
(µ

)
(g

iv
en
‖·
‖ π̂
,2

)
is

su
b-

G
a
u

ss
ia

n
w

it
h

co
n

st
a
n

t
ξ2

.
F

ix
a
n

y
δ
∈

(0
,1

).
W

it
h

p
ro

ba
bi

li
ty
≥

1
−
δ,

th
e

o
u

tp
u

t
o
f

A
lg

o
ri

th
m

3
sa

ti
sfi

es

‖L
−
L(
w

)‖
2 π̂
,2
/
F
≤
‖L̂
−
L̂(
w

)‖
2 2

+
‖w
−

1
‖2 1

√
2
ξ2 J

lo
g

2N
2

δ
.

6
.
S
y
n
th

e
ti
c
E
v
a
lu
a
ti
o
n

In
th

is
se

ct
io

n
,

w
e

co
m

p
a
re

H
il
b

er
t

co
re

se
ts

to
u
n
if

o
rm

co
re

se
ts

a
n
d

u
n
if

o
rm

ly
ra

n
d
o
m

su
b

sa
m

p
li

n
g

in
a

sy
n
th

et
ic

se
tt

in
g

w
h

er
e

ex
p

re
ss

io
n

s
fo

r
th

e
ex

a
ct

a
n

d
co

re
se

t
p

o
st

er
io

rs
,

al
on

g
w

it
h

th
e

K
L

-d
iv

er
ge

n
ce

b
et

w
ee

n
th

em
,

ar
e

av
ai

la
b

le
in

cl
os

ed
-f

or
m

.
In

p
ar

ti
cu

la
r,

th
e

m
et

h
o
d

s
a
re

u
se

d
to

p
er

fo
rm

p
o
st

er
io

r
in

fe
re

n
ce

fo
r

th
e

u
n

k
n

ow
n

m
ea

n
µ
∼
N

(µ
0
,I

)
o
f

a
2-

d
im

en
si

on
al

m
u
lt

iv
ar

ia
te

n
or

m
al

d
is

tr
ib

u
ti

on
w

it
h

k
n
ow

n
co

va
ri

an
ce
I

fr
om

a
co

ll
ec

ti
on

of
N

=
1,

00
0

i.
i.
d
.

ob
se

rv
at

io
n
s

(y
n
)N n

=
1
:

µ
∼
N

(µ
0
,I

)
(y
n
)N n

=
1
|µ

i.
i.
d
.
∼
N

(µ
,I

).

6
.1

.
M

e
th

o
d

s

W
e

ra
n

1
0
0
0

tr
ia

ls
o
f

d
a
ta

g
en

er
a
ti

o
n

fo
ll
ow

ed
b
y

u
n
if

o
rm

ly
ra

n
d
o
m

su
b
sa

m
p
li
n
g

(R
a
n
d
),

u
n
if

o
rm

co
re

se
ts

(U
n
i
f
),

H
il
b

er
t

im
p

o
rt

a
n
ce

sa
m

p
li
n
g

(I
S
),

a
n
d

H
il
b

er
t

F
ra

n
k
–
W

o
lf

e
(F
W
).

F
or

th
e

tw
o

H
il
b

er
t

co
re

se
t

co
n
st

ru
ct

io
n

s,
w

e
u
se

d
th

e
w

ei
gh

te
d

F
is

h
er

in
fo

rm
at

io
n

d
is

ta
n
ce

in
E

q
.

(5
.1

).
In

th
is

si
m

p
le

se
tt

in
g,

th
e

ex
ac

t
p

os
te

ri
or

d
is

tr
ib

u
ti

on
is

a
m

u
lt

iv
ar

ia
te

G
au

ss
ia

n
w

it
h

m
ea

n
µ
π

an
d

co
va

ri
an

ce
Σ
π

gi
ve

n
b
y

µ
|(
y n

)N n
=

1
∼
N

(µ
π
,Σ

π
)

Σ
π

=
1

1
+
N
I

µ
π

=
Σ
π

(
µ

0
+

N ∑ n
=

1

y n

)
.

F
o
r

u
n
if

o
rm

co
re

se
t

co
n
st

ru
ct

io
n
,

w
e

su
b
sa

m
p
le

d
th

e
d
a
ta

se
t

a
s

p
er

E
q
.

(2
.3

),
w

h
er

e
th

e
se

n
si

ti
v
it

y
of
y n

(s
ee

A
p
p

en
d
ix

C
fo

r
th

e
d
er

iv
at

io
n
)

is
gi

ve
n

b
y

σ
n

=
1 N

(
1

+
(y
n
−
ȳ
)T

(y
n
−
ȳ
)

1 N

∑
N m

=
1
y
T m
y m
−
ȳ
T
ȳ

)
,

ȳ
: =

1 N

N ∑ n
=

1

y n
.

(6
.1

)

T
h
is

re
su

lt
ed

in
a

m
u
lt

iv
ar

ia
te

G
au

ss
ia

n
u
n
if

or
m

co
re

se
t

p
os

te
ri

or
ap

p
ro

x
im

at
io

n
w

it
h

m
ea

n
µ̂
π

an
d

co
va

ri
an

ce
Σ̂
π

gi
ve

n
b
y

Σ̂
π

=
1

1
+
∑

N n
=

1
W
n

I
µ̂
π

=
Σ̂
π

(
µ

0
+

N ∑ n
=

1

W
n
y n

)
.

(6
.2

)

G
en

er
a
ti

n
g

a
u
n
if

o
rm

ly
ra

n
d
o
m

su
b
sa

m
p
le

p
o
st

er
io

r
a
p
p
ro

x
im

a
ti

o
n

in
v
o
lv

ed
a

si
m

il
a
r

te
ch

n
iq

u
e,

in
st

ea
d

u
si

n
g

p
ro

b
ab

il
it

ie
s

1 N
fo

r
al

l
n
∈

[N
].

F
or

th
e

H
il
b

er
t

co
re

se
t

al
go

ri
th

m
s,

w
e

u
se

d
th

e
tr

u
e

p
o
st

er
io

r
a
s

th
e

w
ei

g
h
ti

n
g

d
is

tr
ib

u
ti

o
n
,

i.
e.

,
π̂

=
π

.
T

h
is

w
a
s

ch
o
se

n
to

il
lu

st
ra

te
th

e
id

ea
l

ca
se

in
w

h
ic

h
th

e
tr

u
e

p
os

te
ri

or
π

is
w

el
l-

ap
p
ro

x
im

at
ed

b
y

th
e

w
ei

gh
ti

n
g

1
4
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A
u
t
o
m
a
t
e
d

S
c
a
l
a
b
l
e
In

f
e
r
e
n
c
e
v
ia

H
il
b
e
r
t
C
o
r
e
se

t
s

d
istrib

u
tion

π̂
.

G
iven

th
is

ch
oice,

th
e

F
ish

er
in

form
ation

d
istan

ce
in

n
er

p
ro

d
u

ct
is

availab
le

in
clo

sed
-fo

rm
:

〈L
n
,L

m 〉
π
,F

=
2

1
+
N

+
(µ
π −

y
n
)
T

(µ
π −

y
m

)
.

(6.3)

N
ote

th
at

th
e

n
orm

‖L
n ‖

π
,F

im
p
lied

b
y

E
q
.

(6.3)
an

d
th

e
u
n
iform

sen
sitiv

ity
from

E
q
.

(6.1)
are

fu
n
ction

ally
very

sim
ilar;

b
oth

scale
w

ith
th

e
sq

u
ared

d
istan

ce
from

y
n

to
an

estim
ate

of
µ

.
S
in

ce
all

th
e

ap
p
rox

im
ate

p
osteriors

are
m

u
ltivariate

G
au

ssian
s

of
th

e
form

E
q
.

(6.2)—
w

ith
w

eig
h
ts
W
n

d
iff

erin
g

d
ep

en
d
in

g
o
n

th
e

co
n
stru

ctio
n

a
lg

o
rith

m
—

w
e

w
ere

a
b
le

to
eva

lu
a
te

p
o
sterio

r
a
p
p
rox

im
a
tio

n
q
u
a
lity

ex
a
ctly

u
sin

g
th

e
K

L
-d

iv
erg

en
ce

fro
m

th
e

a
p
p
rox

im
a
te

co
reset

p
o
sterio

r
π̃

to
π

,
given

b
y

D
K

L
(π||π̃

)
=

12

{
tr (Σ

−
1

π̃
Σ
π )

+
(µ
π̃ −

µ
π
)
T

Σ
−

1
π̃

(µ
π̃ −

µ
π
)−

2
+

log
|Σ
π̃ |

|Σ
π | }

.

6
.2

.
R

e
su

lts

T
h
e

resu
lts

o
f

th
is

test
a
p
p

ea
r

in
F

ig
.

2
.

T
h
e

v
isu

a
l

co
m

p
a
riso

n
o
f

th
e

d
iff

eren
t

co
reset

con
stru

ction
s

in
F

ig.
2a–2d

m
akes

th
e

ad
van

tages
of

H
ilb

ert
coresets

con
stru

cted
v
ia

F
ran

k
–

W
o
lfe

clea
r.

A
s

m
o
re

co
reset

p
o
in

ts
a
re

a
d

d
ed

,
a
ll

a
p
p

rox
im

a
te

p
o
sterio

rs
co

n
v
erg

e
to

th
e

tru
e

p
o
sterio

r;
h
ow

ev
er,

th
e

F
ra

n
k
–
W

o
lfe

m
eth

o
d

req
u
ires

m
a
n
y

few
er

co
reset

p
o
in

ts
to

co
n
v
erg

e
o
n

a
relia

b
le

estim
a
te.

W
h
ile

b
o
th

th
e

H
ilb

ert
a
n
d

u
n
ifo

rm
co

resets
su

b
sa

m
p
le

th
e

d
ata

favorin
g

th
ose

p
oin

ts
at

greater
d

istan
ce

from
th

e
cen

ter,
th

e
F

ran
k
–W

olfe
m

eth
o
d

fi
rst

selects
a

p
o
in

t
clo

se
to

th
e

cen
ter

(w
h
o
se

sca
led

lik
elih

o
o
d

w
ell-a

p
p
rox

im
a
tes

th
e

tru
e

p
osterior),

an
d

th
en

refi
n
es

its
estim

ate
w

ith
p

oin
ts

far
aw

ay
from

th
e

cen
ter.

T
h
is

in
tu

itive
b

eh
av

io
r

resu
lts

in
a

h
ig

h
er-q

u
a
lity

a
p
p
rox

im
a
tio

n
o
f

th
e

p
o
sterio

r
a
cro

ss
a
ll

co
reset

sizes.
N

o
te

th
a
t

th
e

b
la

ck
co

reset
p

o
in

ts
a
cro

ss
M

=
5
,

5
0
,

a
n
d

5
0
0

sh
ow

a
sin

g
le

tra
ce

o
f

a
co

reset
b

ein
g

co
n
stru

cted
,

w
h
ile

th
e

g
reen

p
o
sterio

r
p
red

ictiv
e

ellip
ses

sh
ow

th
e

n
o
ise

in
th

e
co

reset
co

n
stru

ctio
n

a
cro

ss
m

u
ltip

le
ru

n
s

a
t

ea
ch

fi
x
ed

va
lu

e
o
f
M

.
T

h
e

q
u
a
n
tita

tiv
e

resu
lts

in
F

igs.
2e

an
d

2f—
w

h
ich

p
lot

th
e

K
L

-d
ivergen

ce
b

etw
een

each
coreset

ap
p

rox
im

ate
p

o
sterio

r
a
n
d

th
e

tru
th

a
s

th
e

p
ro

jectio
n

d
im

en
sio

n
J

o
r

th
e

n
u
m

b
er

o
f

co
reset

itera
tio

n
s

M
varies—

con
fi

rm
th

e
q
u
alitative

evalu
ation

s.
In

ad
d
ition

,
F

ig.
2e

con
fi
rm

s
th

e
th

eoretical
resu

lt
fro

m
T

h
eo

rem
4
.4

,
i.e.,

th
a
t

F
ra

n
k
–
W

o
lfe

ex
h

ib
its

lin
ea

r
co

n
v
erg

en
ce

in
th

is
settin

g
.

F
ig.

2f
sim

ilarly
con

fi
rm

s
T

h
eorem

5.2,
i.e.,

th
at

th
e

p
osterior

error
of

th
e

p
ro

jected
H

ilb
ert

co
reset

co
n
v
erg

es
to

th
a
t

o
f

th
e

ex
a
ct

H
ilb

ert
co

reset
a
s

th
e

d
im

en
sio

n
J

o
f

th
e

ra
n
d
o
m

p
ro

jectio
n

in
creases.

7
.
E
x
p
e
rim

e
n
ts

In
th

is
section

w
e

evalu
ate

th
e

p
erform

an
ce

of
H

ilb
ert

coresets
com

p
ared

w
ith

u
n
iform

coresets
a
n
d

u
n
ifo

rm
ly

ra
n
d
o
m

su
b
sa

m
p
lin

g
,

u
sin

g
M

C
M

C
o
n

th
e

fu
ll

d
a
ta

set
a
s

a
b

en
ch

m
a
rk

.
W

e
test

th
e

algorith
m

s
on

logistic
regression

,
P

oisson
regression

,
an

d
d

irection
al

clu
sterin

g
m

o
d
els

ap
p
lied

to
n
u
m

erou
s

real
an

d
sy

n
th

etic
d
ata

sets.
B

ased
on

th
e

resu
lts

of
th

e
sy

n
th

etic
co

m
p
a
riso

n
p
resen

ted
in

S
ectio

n
6
,

fo
r

cla
rity

w
e

fo
cu

s
th

e
tests

o
n

co
m

p
a
rin

g
u
n
ifo

rm
ly

ra
n
d
o
m

su
b
sa

m
p
lin

g
to

H
ilb

ert
co

resets
co

n
stru

cted
u
sin

g
F

ra
n
k
–
W

o
lfe

w
ith

th
e

w
eig

h
ted

F
ish

er
in

fo
rm

a
tio

n
d
ista

n
ce

fro
m

E
q
.

(5
.1

).
A

d
d
itio

n
a
l

resu
lts

o
n

im
p

o
rta

n
ce

sa
m

p
lin

g
,

u
n
ifo

rm
co

resets,
an

d
th

e
w

eigh
ted

2-n
orm

from
E

q
.

(5
.3)

are
d
eferred

to
A

p
p

en
d
ix

B
.
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C
a
m
p
b
e
l
l
a
n
d

B
r
o
d
e
r
ic
k

(a)
U

n
iform

ly
ra

n
d
om

su
b
sam

p
lin

g
(b

)
U

n
ifo

rm
coreset

(c)
H

ilb
ert

im
p

ortan
ce

sa
m

p
lin

g
(d

)
H

ilb
ert

F
ran

k
–
W

olfe

(e)
(f)

F
ig

u
re

2
:

(2
a
-2

d
):

C
o
m

p
a
riso

n
o
f

d
iff

eren
t

co
reset

co
n
stru

ctio
n
s

fo
r

G
a
u
ssia

n
in

feren
ce,

sh
ow

in
g

ex
a
m

p
le

co
reset

p
o
sterio

r
p

red
ictiv

e
3
σ

ellip
ses

(g
reen

),
th

e
tru

e
d

a
ta

g
en

era
tin

g
d
istrib

u
tio

n
3
σ

ellip
se

(b
lu

e),
a
n
d

a
sin

g
le

tra
ce

o
f

co
reset

co
n
stru

ctio
n

(b
la

ck
)

fo
r
M

=
5
,

5
0
,

a
n
d

5
0
0
.

T
h
e

ra
d
iu

s
o
f

ea
ch

co
reset

p
o
in

t
in

d
ica

tes
its

w
eig

h
t.

(2
e):

A
co

m
p
a
riso

n
o
f

a
p
p
rox

im
a
te

p
o
sterio

rs
u
sin

g
ex

a
ct

n
o
rm

s
v
ersu

s
co

reset
co
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lfe

(so
lid

)
a
n
d

u
n
ifo

rm
ra

n
d
o
m

su
b
sa

m
p
lin

g
(d

a
sh

ed
)

o
n

th
e

P
o
isso

n
reg

ressio
n

m
o
d
el.

B
o
th

a
x
es
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re

n
o
rm
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lized

u
sin

g
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lts
from

ru
n
n
in

g
M

C
M

C
on

th
e

fu
ll

d
ata

set;
see

S
ection

7.3.

7
.3

.
M

e
th

o
d

s

W
e

ra
n

5
0

tria
ls

o
f

u
n
ifo

rm
ly

ra
n
d
o
m

su
b
sa

m
p
lin

g
a
n
d

H
ilb

ert
F

ra
n
k
–
W

o
lfe

u
sin

g
th

e
ap

p
rox

im
ate

F
ish

er
in

form
ation

d
istan

ce
in

E
q
.

(5.1),
vary

in
g
M
∈
{
10,

50,
100,

500,
1,000,

5,000,
10,000}

.
F

or
b

oth
lo

g
istic

re
g
re

ssio
n

an
d

P
o
isso

n
re

g
re

ssio
n

,
w

e
u
sed

th
e

L
ap

lace
a
p
p
rox

im
a
tio

n
(B

ish
o
p
,

2
0
0
6
,

S
ectio

n
4
.4

)
a
s

th
e

w
eig

h
tin

g
d
istrib

u
tio

n
π̂

in
th

e
H

ilb
ert

co
reset,

w
ith

th
e
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n
d
o
m

p
ro

jectio
n

d
im

en
sio

n
set
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D

=
5
0
0
.

P
o
sterio

r
in
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in
ea
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o
f

th
e

5
0
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a
s
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n
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u
cted
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n
d
o
m

w
a
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etro

p
o
lis-H

a
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s
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a
n
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tro

p
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C
a
m
p
b
e
l
l
a
n
d

B
r
o
d
e
r
ic
k

m
u
ltiva

ria
te

G
a
u
ssia

n
p
ro

p
o
sa

l
d
istrib

u
tio

n
.

W
e

sim
u
la

ted
a

to
ta

l
o
f

1
0
0
,0

0
0

step
s,

w
ith

50,000
w

arm
u
p

step
s

in
clu

d
in

g
p
rop

osal
covarian

ce
ad

ap
tation

w
ith

a
target

accep
tan

ce
rate

of
0.234,

an
d

th
in

n
in

g
of

th
e

latter
50,000

b
y

a
factor

of
5,

y
ield

in
g

10,000
p

osterior
sam

p
les.

F
o
r

d
ire

c
tio

n
a
l

c
lu

ste
rin

g
th

e
w

eig
h
tin

g
d
istrib

u
tio

n
π̂

fo
r

th
e

H
ilb

ert
co

reset
w

a
s
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n
stru

cted
b
y

fi
n
d
in

g
m

a
x
im

u
m

lik
elih

o
o
d

estim
a
tes

o
f

th
e

clu
ster

m
o
d
es

(µ̂
k )
Kk
=

1
a
n
d

w
eig

h
ts
ω̂

u
sin

g
th

e
E

M
a
lg

o
rith

m
,

a
n
d

th
en

settin
g
π̂

to
a
n

in
d
ep

en
d
en

t
p
ro

d
u
ct

o
f

ap
p
rox

im
ate

p
osterior

con
d
ition

als,

x̄
k

:=
N
∑n

=
1

z
n
k x

n
z̄
k

:=
N
∑n

=
1

z
n
k

µ
k

in
d
e
p
∼

v
M

F

(
x̄
k

‖
x̄
k ‖
,τ‖x̄

k ‖ )
ω

in
d
e
p
∼

D
ir

(1
+
z̄

1 ,...,1
+
z̄
k )
,

(7.1)

w
h
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(z
n
)
Nn

=
1 ,
z
n
∈

R
K+

a
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th
e
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o
o
th

ed
clu

ster
a
ssig

n
m

en
ts.

T
h
e
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n
d
o
m

p
ro

jectio
n

d
im

en
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n
w
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D
=

5
0
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a
n
d
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e

n
u
m

b
er

o
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clu
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K
w
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6
.

P
o
sterio

r
in
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each

of
th

e
50

trials
w

as
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d
u

cted
u

sed
G
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b

s
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p
lin

g
(in
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d
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g
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x
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b
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b
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r

th
e

d
a
ta

)
w

ith
a

to
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l
o
f

1
0
0
,0

0
0

step
s,

w
ith

5
0
,0

0
0

w
a
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u
p

step
s

a
n
d

th
in

n
in

g
o
f

th
e

la
tter

5
0
,0

0
0

b
y

a
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cto
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o
f

5
,

y
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g

1
0
,0

0
0

p
o
sterio

r
sa

m
p
les.

N
o
te
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a
t
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is

ap
p
roach
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ex

act
for

th
e

fu
ll

d
ata

set;
for

th
e

coreset
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s
w

ith
w

eigh
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d
ata,

w
e

rep
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d
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p
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t
b
y
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w
eigh

t,
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d
th

en
rescale
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e

assign
m

en
t
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a
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u
n
t

fo
r

th
e
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n
a
l

w
eig

h
t.

In
p

a
rticu
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r,
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r
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reset

w
eig

h
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(w
n
)
Nn

=
1 ,

w
e

sa
m

p
le

lab
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for
p

oin
ts

w
ith

w
n
>

0
v
ia

γ
k ∝

ω
k f

v
M

F
(x
n
;µ

k ,τ
)

z
n

in
d
e
p
∼

M
u
lti(c

e
i
l
(w

n
),γ

)
z
n
←

w
n

c
e
i
l
(w

n
) z
n
,

an
d

sam
p
le

th
e

clu
ster

cen
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an
d

w
eigh

ts
v
ia

E
q
.

(7.1).
F

o
r

a
ll

m
o
d
els,

w
e

eva
lu

a
te

tw
o

m
etrics

o
f

p
o
sterio

r
q
u
a
lity

:
n
eg

a
tiv

e
lo

g
-lik

elih
o
o
d

o
n

th
e

h
eld

-ou
t

test
set,

averaged
over

p
osterior

M
C

M
C

sam
p
les;

an
d

1-W
asserstein

d
istan

ce
of

th
e

p
o
sterio

r
sa

m
p
les

to
sa

m
p
les

o
b
ta

in
ed

fro
m

ru
n
n
in

g
M

C
M

C
o
n

th
e

fu
ll

d
a
ta

set.
A

ll
n
eg

a
tiv

e
test

lo
g
-lik

elih
o
o
d

resu
lts

a
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sh
ifted

b
y

th
e

m
a
x
im

u
m

p
o
ssib

le
test

lo
g
-lik

elih
o
o
d

a
n
d

n
o
rm

a
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y

th
e

test
lo

g
-lik

elih
o
o
d

o
b
ta
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fro
m

th
e

fu
ll

d
a
ta

set
p

o
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r.
A

ll
1-W

asserstein
d
istan
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lts
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n
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alized
b
y

th
e

m
ed

ian
p
airw
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1-W

asserstein
d
istan

ce
b

etw
een

1
0
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o
f

M
C

M
C
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n
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e

fu
ll

d
a
ta

set.
A
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co

m
p

u
ta

tio
n

tim
es

a
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n
o
rm

a
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b
y
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e

m
ed
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n
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m

p
u
ta
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n
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e

fo
r

M
C

M
C

o
n
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e
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ll

d
a
ta

set
a
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e
1
0
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ls.

T
h
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n
o
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n
s

a
llow

th
e
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lts
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m

m
u
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le
d
a
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b
e

p
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tted
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h
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tly
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e
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W
e

ra
n

th
e
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m

e
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p
erim

en
ts

d
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a
b
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e

o
n

H
ilb

ert
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p
o
rta

n
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m

p
lin

g
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r
a
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d
a
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sets,
a
n
d

u
n
ifo
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o
n

th
e
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g
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n
m

o
d
el

w
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a
=

3
a
n
d
K

=
4

(see
H

u
g
g
in

s
et

a
l.

(2
0
1
6
,

S
ec.

4
.2

)).
W

e
a
lso

co
m

p
a
red

H
ilb

ert
co

resets
w

ith
th

e
w

eig
h
ted

2-n
orm

in
E

q
.

(5.3)
to

th
e

w
eigh

ted
F

ish
er

in
form

ation
d
istan

ce
in

E
q
.

(5.1).
T

h
e

resu
lts

of
th

ese
ex

p
erim

en
ts

are
d
eferred

to
A

p
p

en
d
ix

B
for

clarity.

7
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.
R

e
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lts
a
n

d
d
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u

ssio
n

F
ig

s.
3
,

4
a
n
d

5
sh

ow
th

e
ex

p
erim

en
ta

l
resu

lts
fo

r
lo

g
istic

reg
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n
,

P
o
isso

n
reg
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n
,

a
n
d

d
irectio

n
a
l

clu
sterin

g
,
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T

h
e

v
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a
l
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m

p
a
riso

n
s

o
f
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reset

co
n
stru

ctio
n

fo
r
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n
c
e
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H
il
b
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r
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o
r
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se
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(a
)

U
n
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m
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n
d
o
m
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b
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m
p
li
n
g

(b
)

H
il
b

er
t

im
p

o
rt

an
ce

sa
m

p
li
n
g

(c
)

H
il
b

er
t

F
ra

n
k
–W

ol
fe

(d
)

(e
)

F
ig

u
re

5
:

(5
a
-5

c)
:

C
o
m

p
a
ri

so
n

o
f

d
iff

er
en

t
co

re
se

t
co

n
st

ru
ct

io
n
s

fo
r

d
ir

ec
ti

o
n
a
l

cl
u
st

er
in

g
,

sh
ow

in
g

ex
a
m

p
le

co
re

se
t

p
o
st

er
io

r
m

ea
n

cl
u
st

er
s

(g
re

en
),

a
n
d

a
si

n
g
le

tr
a
ce

o
f

co
re

se
t

co
n
st

ru
ct

io
n

(b
la

ck
)

fo
r
M

=
10

,
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an

d
1,
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0.

T
h
e

ra
d
iu

s
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ea
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se
t

p
oi

n
t

in
d
ic

at
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it
s

w
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gh
t.

(5
d
,
5e

):
A

co
m

p
ar

is
on

of
n
eg

at
iv

e
te

st
lo

g-
li
ke

li
h
o
o
d

(5
d
)

an
d

1-
W
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se

rs
te

in
d
is

ta
n
ce

(5
e)

v
er

su
s

co
m

p
u
ta

ti
o
n

ti
m

e
fo

r
F

ra
n
k
–
W

o
lf

e
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o
li
d
)

a
n
d

u
n
if

o
rm
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n
d
o
m

su
b
sa

m
p
li
n
g

(d
a
sh

ed
)

o
n

th
e

d
ir
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ti

o
n

a
l
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u

st
er

in
g

m
o
d

el
.

B
o
th

a
x
es

a
re

n
o
rm

a
li

ze
d

u
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n
g

re
su

lt
s

fr
o
m

ru
n
n
in

g
M

C
M

C
on

th
e

fu
ll

d
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a
se
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se

e
S
ec

ti
on

7.
3.

a
ll

m
o
d
el

s
m

im
ic

th
e

re
su

lt
s

o
f

th
e

sy
n
th

et
ic

ev
a
lu

a
ti

o
n

in
F

ig
.

2
.

F
o
r

a
ll

th
e

a
lg

o
ri

th
m

s,
th

e
a
p
p
ro

x
im

a
te

p
o
st

er
io

r
co

n
v
er

g
es

to
th

e
tr

u
e

p
o
st

er
io

r
o
n

th
e

fu
ll

d
a
ta

se
t

a
s

m
o
re
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re

se
t

p
o
in
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a
re

a
d
d
ed

;
a
n
d

th
e

F
ra

n
k
–
W

o
lf

e
H

il
b

er
t

co
re

se
t

co
n
st

ru
ct

io
n

se
le

ct
s

th
e

m
o
st

u
se

fu
l

p
o
in

ts
in

cr
em

en
ta

ll
y,

cr
ea

ti
n
g

in
tu

it
iv

e
co

re
se

ts
th

a
t

o
u
tp

er
fo

rm
a
ll

th
e

o
th

er
m

et
h
o
d
s.

F
o
r

ex
a
m

p
le

,
in

th
e

lo
g
is

ti
c

re
g
re
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io

n
m

o
d
el

,
th

e
u
n
if

o
rm

co
re

se
t

co
n
st

ru
ct

io
n

se
n
si

ti
v
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s
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e

b
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ed
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th
e

p
ro

x
im

it
y

of
th

e
d
at

a
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e
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n
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rs
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a
K
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st
er

in
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an
d

d
o

n
o
t

d
ir

ec
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y
in
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o
ra
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a
ti

o
n

a
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o
u
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e
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a
ss
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o
n

b
o
u
n
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a
ry

.
T

h
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C
a
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p
b
e
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l
a
n
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B
r
o
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e
r
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)

F
ig

u
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6
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A
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m
p
a
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o
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(6
a
)

n
eg

a
ti

v
e

te
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lo
g
-l
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o
o
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b
)

1
-W

a
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p
o
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r
d
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ta
n
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ti

m
a
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n
d
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p
u
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n
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e
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ru
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n

it
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n
s
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F
ra
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im
p
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n
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sa
m

p
li
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(r
ed
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if

or
m

ly
ra

n
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su
b
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p
li
n
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ed

b
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a
cr

o
ss

a
ll

m
o
d
el

s
a
n
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d
a
ta
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A

ll
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et
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a
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o
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d
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e
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b
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m
p
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n
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th
er

ef
or

e
ge

n
er

al
ly

fa
vo

rs
sa

m
p
li
n
g

p
oi

n
ts

on
th

e
p

er
ip

h
er

y
of

th
e

d
at

a
se

t
an

d
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si
gn

s
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ig
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w
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t
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se
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r
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te

r.
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il

b
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p
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b
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p
li
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b
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d
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p
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e
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o
u
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p
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ra
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h
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il
b

er
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p
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b
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p
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r
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e
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n
d
ar
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T

h
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it
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fa
r
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w

er
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t
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p
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p
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−
w
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w
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e
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−
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≤
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≤
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∈
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at
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σ
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∈
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∑
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m
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∈
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h
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b
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( d
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‖
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b
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re
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>
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u
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.
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−
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w
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−
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‖
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‖
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√
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−
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≤
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1
≤
ν

2
x
t(

1
−
x
t)
,

an
d

so
L

em
m

a
A

.6
im

p
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≤
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−
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+
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b
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b
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−

2
t
+
η

2
t

T
h
e

p
ro

o
f

co
n
cl

u
d
es

b
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p
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h
e

se
co

n
d

st
at

ed
b

ou
n

d
re

su
lt

s
fr

om
th

e
fa

ct
th

at
η
≥
η

an
d
ν
≤

1.
T

h
e

w
ea

ke
r

b
ou

n
d

in
th

e
n
ot

e
af

te
r

th
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d
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;
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d
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−
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≤
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∇
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b
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p
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b
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∈
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b
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√
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‖
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p
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a
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p
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p
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p
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p
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b
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b
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p
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ra
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p
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p
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b
serva

tio
n
y
n

u
sed

in
th

e
co

n
stru

ctio
n

o
f

a
B

ay
esia

n
co

reset
(H
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∑
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∑
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b
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e
n
eigh

b
orh

o
o
d

of
an

y
n
ew

u
ser-item

p
airs

in
p
red

iction
.

T
h
e

p
ro

p
o
sed

ap
p
roach

takes
fu

ll
ad

van
tage

of
th

e
sm

o
o
th

in
g

p
attern

of
th

e
ratin

g
m

ech
-

a
n
ism

over
cova

riates,
w

h
ile

in
tegratin

g
u
ser-item

d
ep

en
d
en

cies
th

rou
gh

u
ser-item

sp
ecifi

c
n
etw

o
rk

s
in

to
a

recom
m

en
d
er

sy
stem

n
on

p
a
ram

etrically.
T

h
is

lead
s

to
a

h
igh

er
p
red

ic-
tio

n
a
ccu

ra
cy

for
a

recom
m

en
d
er,

as
d
em

on
strated

in
th

e
n
u
m

erical
ex

a
m

p
les

in
S
ection

5
.

S
ig

n
ifi

ca
n
tly,

ou
r

ap
p
roach

ou
tp

erform
s

th
e

state-of-th
e-art

p
red

iction
p

erform
an

ce
for

th
e

L
a
st.fm

m
u
sic

b
en

ch
m

ark
d
ataset

b
y

n
early

20%
.

A
d
d
ition

ally,
w

e
p

erform
an

error
a
n
a
ly

sis,
sh

ow
in

g
th

at
th

e
error

rate
of

th
e

p
rop

osed
m

eth
o
d

is
gov

ern
ed

b
y

th
e

d
egree

o
f

sm
o
o
th

n
ess

of
a

n
eigh

b
orh

o
o
d

sy
stem

w
ith

resp
ect

to
con

tin
u
ou

s
cova

riates,
g
iven

th
at

th
e

g
ro

u
p
in

g
in

form
ation

is
p
recisely

d
efi

n
ed

b
y

d
iscrete

covariates
an

d
n
etw

ork
s.

M
ost

critica
lly,

a
s

su
g
gested

b
y

T
h
eorem

1,
th

e
m

eth
o
d

p
erform

s
w

ell
even

in
a

h
igh

-d
im

en
sion

al
situ

a
tio

n
in

w
h
ich

th
e

overall
size

of
ob

served
ratin

gs
is

of
th

e
sam

e
m

agn
itu

d
e

as
th

e
n
u
m

b
er

o
f

u
n
k
n
ow

n
p
aram

eters.

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
follow

s.
S
ection

2
b
riefl

y
in

tro
d
u
ces

th
e

regu
-

la
rized

la
ten

t
factor

m
o
d
el,

S
ection

3
p
resen

ts
th

e
p
rop

osed
recom

m
en

d
er

sy
stem

an
d

its
im

p
lem

en
ta

tio
n

v
ia

th
e

altern
atin

g
least

sq
u
ares

a
lgorith

m
.

S
ection

4
estab

lish
es

th
e

asy
m

p
-

to
tic

resu
lts

fo
r

th
e

p
rop

osed
m

eth
o
d
.

S
ection

5
ex

am
in

es
th

e
n
u
m

erical
p

erform
an

ce
of

th
e

p
ro

p
o
sed

m
eth

o
d

in
sim

u
lation

stu
d
ies

an
d

a
real

ap
p
lication

to
th

e
L

a
st.fm

d
ataset

(h
t
t
p
:
/
/
w
w
w
.
l
a
s
t
.
f
m
).

A
b
rief

su
m

m
ary

is
given

in
S
ection

6,
an

d
th

e
A

p
p

en
d
ix

con
tain

s
th

e
tech

n
ica

l
p
ro

ofs.
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D
a
i,
W
a
n
g
,
S
h
e
n
a
n
d

Q
u

2
.
R
e
g
u
la
rize

d
la
te
n
t
fa
cto

rs

In
th

is
section

,
w

e
p
rov

id
e

th
e

n
otation

s
in

recom
m

en
d
er

sy
stem

s,
an

d
th

e
fram

ew
ork

of
a

regu
larized

laten
t

factor
m

o
d
el.

C
on

sid
er

a
recom

m
en

d
er

sy
stem

of
n

u
sers’

p
referen

ce
scores

on
m

item
s,

w
h
ere

r
u
i

d
en

otes
th

e
p
referen

ce
score

of
u
ser

u
on

item
i.

S
u
p
p

ose
a

u
ser-item

sp
ecifi

c
covariate

vector
x
u
i ∈
X
⊂

R
d

is
ob

served
(e.g.,

a
u
ser’s

d
em

ograp
h
ics

an
d

an
item

’s
con

ten
t

in
form

ation
).

O
n
e

k
ey

ch
allen

ge
for

train
in

g
a

reco
m

m
en

d
er

sy
stem

is
th

at
th

e
p
referen

ce
m

atrix
R

=
(r
u
i )∈

R
n×

m
is

on
ly

p
artially

ob
served

w
ith

a
h
igh

m
issin

g
p

ercen
tage.

D
en

ote
th

e
in

d
ex

set
of

ob
served

p
referen

ce
scores

as
Ω

,
th

en
|Ω|�

n
m

.
A

recom
m

en
d
er

sy
stem

can
b

e
form

u
lated

in
th

e
fram

ew
o
rk

of
a

laten
t

factor
m

o
d
el:

r
u
i

=
θ
u
i
+
ε
u
i

=
p
Tu
q
i
+
ε
u
i ,

1
≤
u
≤
n
,1
≤
i≤

m
,

(1)

w
h
ere

θ
u
i

=
E

(r
u
i )

is
th

e
ex

p
ected

p
referen

ce
score

of
a

u
ser-item

p
air

(u
,i),

an
d
ε
u
i

is
in

d
ep

en
d
en

t
from

x
u
i

w
ith

m
ean

zero
an

d
fi
n
ite

varian
ce.

T
h
e

laten
t

factor
m

o
d
el

assu
m

es
th

at
θ
u
i

can
b

e
rep

resen
ted

b
y

u
ser

an
d

item
laten

t
factors:

θ
u
i

=
p
Tu
q
i ,

w
h
ere

p
u

an
d

q
i

are
K

-d
im

en
sion

al
laten

t
vectors

rep
resen

tin
g

u
ser

u
’s

p
referen

ce
an

d
item

i’s
p
rofi

le,
resp

ectively,
an

d
K

is
th

e
n
u
m

b
er

of
laten

t
factors

for
b

oth
u
sers

an
d

item
s,

w
h
ich

is
also

th
e

ran
k

in
th

e
laten

t
factor

m
o
d
el

(M
u
k
h
erjee

et
al.,

2015).
T

o
estim

ate
th

ese
p

erson
alized

p
ara

m
eters,

a
regu

larized
S
V

D
m

eth
o
d

(P
aterek

,
2007;

Z
h
u

et
al.,

2016)
estim

ates
P

=
(p

1 ,···
,p

n
)
T

an
d
Q

=
(q

1 ,···
,q
m

)
T

b
y

m
in

P
,Q

1|Ω|
∑(u
,i)∈

Ω

(r
u
i −

p
Tu
q
i )

2
+
λ {

n
∑u

=
1

J
(p
u )

+
m
∑i=

1

J
(q
i ) }
,

(2)

w
h
ere

λ
is

a
n
on

n
egative

tu
n
in

g
p
ara

m
eter,

an
d
J

(·)
can

b
e

an
y

p
en

alty
fu

n
ction

su
ch

as
th

e
L
q -p

en
alty

w
ith

q
=

0,1
,2

(Z
h
u

et
a
l.,

2
016)

or
th

e
alig

n
m

en
t

p
en

alty
(N

gu
yen

an
d

Z
h
u
,
2013).

N
ote

th
at
r
u
i

in
(2)

is
often

rep
laced

b
y

th
e

resid
u
al
r
u
i −
µ−

x
Tu
i β

,
w

h
ere

(µ
,β

)
is

a
vector

of
regression

co
effi

cien
ts

to
b

e
m

in
im

ized
in

(2).
A

ltern
atively,

p
u

=
s
u −

x
Tu
α

an
d
q
i

=
t
i −

x
Ti
β

,
w

h
ere

(s
u ,t

i )
are

laten
t

facto
rs,

an
d

(α
,β

)
are

regression
co

effi
cien

ts
to

in
corp

orate
th

e
covariate

eff
ects

(A
garw

al
et

al.,
2011).

T
h
ere

are
a

n
u
m

b
er

of
m

a
jor

ch
allen

ges
for

th
e

regu
larized

S
V

D
m

o
d
el

in
(2).

F
irst,

a
u
ser-item

sp
ecifi

c
n
etw

ork
is

often
availab

le
to

cap
tu

re
u
ser-item

d
ep

en
d
en

ce
b
u
t

is
ign

ored
in

(2).
H

ere
n
etw

ork
s

con
sists

of
in

form
a
tion

from
ex

istin
g

u
sers’

so
cial

n
etw

ork
,

or
item

n
etw

ork
,

or
th

e
n
etw

ork
con

stru
cted

from
availab

le
d
iscrete

covariates
of

th
e

u
ser-item

p
air

(u
,i).

It
can

p
rov

id
e

ad
d
ition

al
in

form
ation

regard
in

g
th

e
p
referen

ce
sim

ilarity
b

etw
een

con
n
ected

p
airs.

T
h
is

is
th

e
case

for
th

e
L

a
st.fm

d
ata,

w
h
ere

a
u
ser

sp
ecifi

c
n
etw

ork
im

p
acts

u
sers’

p
referen

ce
on

item
s,

in
d
ica

ted
b
y

F
igu

re
1.

S
econ

d
,

a
lin

ear
m

o
d
el

in
(2)

m
ay

b
e

in
ad

eq
u
ate

to
in

corp
orate

u
ser

an
d

item
covariates,

esp
ecially

w
h
en

th
e

lin
earity

assu
m

p
tion

is
v
iolated

.
T

h
ird

,
th

e
ob

jective
fu

n
ction

(2)
assu

m
es

im
p
licitly

th
at

m
issin

g
o
ccu

rs
com

p
letely

at
ran

d
om

so
th

at
th

e
fi
rst

loss
fu

n
ction

in
(2)

ca
n

ap
p
rox

im
ate

th
e

loss
fu

n
ction

for
th

e
com

p
lete

d
ata.

W
h
en

th
e

m
issin

g
is

in
form

ative,
m

issin
g

ch
aracteristics

su
ch

as
th

e
m

issin
g

p
attern

for
each

u
ser

can
b

e
u
tilized

for
su

b
grou

p
in

g
(B

i
et

al.,
2017).

F
ou

rth
,

th
e

regu
larized

S
V

D
in

(2)
su

ff
ers

from
th

e
“cold

-start”
p
rob

lem
for

n
ew

u
sers

or
item

s
in

th
e

ab
sen

ce
of

ob
served

ratin
gs.

F
o
r

in
stan

ce,
if

a
u
ser

u
or

an
item

i
is

com
p
letely

m
issin

g
from

Ω
,

th
e

corresp
on

d
in

g
p
u

or
q
i

is
estim

ated
in

correctly
as

0
d
u
e

to
th

e
p

en
alty

J
(·)

in
(2).
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S
m
o
o
t
h
n
e
ig
h
b
o
r
h
o
o
d

r
e
c
o
m
m
e
n
d
e
r
sy

st
e
m
s

F
ig

u
re

1:
C

om
p
ar

is
on

of
th

e
co

si
n
e

si
m

il
ar

it
y

of
lo

ga
ri

th
m

of
u
se

rs
’

li
st

en
in

g
co

u
n
ts

ve
ct

or
b

et
w

ee
n

fr
ie

n
d
s

an
d

ra
n
d
om

ly
se

le
ct

ed
u
se

rs
in

th
e

L
a
st

.f
m

d
at

as
et

.

3
.
M

e
th

o
d
s

T
h
is

se
ct

io
n

in
tr

o
d
u
ce

s
a

sm
o
ot

h
re

co
m

m
en

d
er

sy
st

em
,

w
h
ic

h
in

co
rp

or
at

es
u
se

r
an

d
/o

r
it

em
sp

ec
ifi

c
co

va
ri

at
es

an
d

th
e

u
se

r-
it

em
sp

ec
ifi

c
n
et

w
or

k
in

fo
rm

at
io

n
to

im
p
ro

v
e

p
re

d
ic

ti
on

ac
cu

ra
cy

.
T

h
e

p
ro

p
os

ed
m

et
h
o
d

u
ti

li
ze

s
in

fo
rm

at
iv

e
ob

se
rv

at
io

n
s

fo
r

ea
ch

u
se

r-
it

em
p
ai

r
fo

r
p

er
so

n
al

iz
ed

p
re

d
ic

ti
on

an
d

re
so

lv
in

g
th

e
“c

ol
d
-s

ta
rt

”
p
ro

b
le

m
.

3
.1

.
P

ro
p

o
se

d
m

e
th

o
d

O
n
e

ke
y

st
ra

te
gy

of
th

e
p
ro

p
os

ed
m

et
h
o
d

is
to

p
o
ol

in
fo

rm
at

io
n

ac
ro

ss
u
se

r-
it

em
p
ai

rs
to

im
p
ro

ve
p
re

d
ic

ti
on

ac
cu

ra
cy

th
ro

u
gh

in
cr

ea
si

n
g

eff
ec

ti
v
e

sa
m

p
le

si
ze

.
In

co
n
tr

as
t

to
gr

ou
p
in

g
ap

p
ro

ac
h
es

b
as

ed
on

u
se

r-
it

em
-s

p
ec

ifi
c

in
fo

rm
at

io
n

(B
i

et
al

.,
20

17
;

M
as

th
off

,
20

11
),

th
e

p
ro

p
os

ed
re

co
m

m
en

d
er

sy
st

em
in

te
gr

at
es

si
m

il
ar

ob
se

rv
ed

p
ai

rs
(u
′ ,
i′

)
∈

Ω
fo

r
ea

ch
(u
,i

)
th

ro
u
gh

a
w

ei
gh

t
fu

n
ct

io
n
,

re
ga

rd
le

ss
of

w
h
et

h
er

(u
,i

)
is

ob
se

rv
ed

or
n
ot

.
T

h
is

al
lo

w
s

fo
r

n
on

li
n
ea

r
or

n
on

p
ar

am
et

ri
c

m
o
d
el

in
g

of
th

e
re

la
ti

on
b

et
w

ee
n

u
se

r-
it

em
p
re

fe
re

n
ce

s
an

d
la

te
n
t

fa
ct

or
s,

w
h
ic

h
is

m
or

e
fl
ex

ib
le

th
an

th
e

li
n
ea

r
m

o
d
el

in
g

in
(2

).

T
h
e

p
ro

p
os

ed
w

ei
gh

t
fu

n
ct

io
n

is
co

n
st

ru
ct

ed
b
as

ed
on

th
e

cl
os

en
es

s
b

et
w

ee
n

co
n
ti

n
u
ou

s
co

va
ri

at
es

in
ad

d
it

io
n

to
a

u
se

r-
it

em
sp

ec
ifi

c
n
et

w
or

k
.

T
o

p
re

ci
se

ly
d
es

cr
ib

e
th

e
n
et

w
or

k
st

ru
ct

u
re

,
w

e
d
efi

n
e

an
in

d
ic

at
or
S
u
i
u
′ i
′

=
S
u u
′S
i i′

=
1

if
th

er
e

ex
is

t
ed

ge
s

co
n
n
ec

ti
n
g
u

an
d

u
′

in
a

u
se

r-
sp

ec
ifi

c
so

ci
al

n
et

w
or

k
an

d
i

an
d
i′

in
an

it
em

-s
p

ec
ifi

c
n
et

w
or

k
,

an
d
S
u
i
u
′ i
′

=
0

ot
h
er

w
is

e.
M

or
eo

v
er

,
w

e
in

te
gr

at
e

th
e

ab
ov

e
u
se

r-
it

em
sp

ec
ifi

c
n
et

w
or

k
w

it
h

ex
is

ti
n
g

u
se

r
so

ci
al

n
et

w
or

k
,

it
em

n
et

w
or

k
,

as
w

el
l

as
in

fo
rm

at
io

n
fr

om
d
is

cr
et

e
co

va
ri

at
es

.
F

or
ex

am
p
le

,
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0(

16
):

1-
24

, 2
01

9

D
a
i,
W
a
n
g
,
S
h
e
n
a
n
d

Q
u

in
th

e
L

a
st

.f
m

d
at

as
et

,
r u
i

is
th

e
li
st

en
in

g
co

u
n
t

of
a

u
se

r-
ar

ti
st

p
ai

r
(u
,i

),
a
n
d
x
u
i

is
th

e
p
at

te
rn

of
li
st

en
in

g
co

u
n
ts

fo
r

u
se

r
u

an
d

a
rt

is
t
i.

T
h
e

av
ai

la
b
le

n
et

w
or

k
in

fo
rm

a
ti

o
n

is
g
iv

en
as
S
u
i
u
′ i
′

=
S
u u
′S
i i′
,

w
h
er

e
S
u u
′

re
p
re

se
n
ts

a
u
se

r’
s

fr
ie

n
d
sh

ip
n
et

w
or

k
,

an
d
S
i i′

is
co

n
st

ru
ct

ed
fr

om
ar

ti
st

s’
ta

g
in

fo
rm

at
io

n
w

it
h
S
i i′

=
1

in
d
ic

at
in

g
a
rt

is
ts
i

an
d
i′

sh
ar

e
th

e
sa

m
e

ta
g
s,

an
d
S
i i′

=
0

ot
h
er

w
is

e.

U
si

n
g

lo
ca

l
li
k
el

ih
o
o
d

v
ia

sm
o
ot

h
in

g
w

ei
gh

ts
(T

ib
sh

ir
an

i
an

d
H

as
ti

e,
19

87
;

F
a
n

a
n
d

G
ij

-
b

el
s,

19
96

),
w

e
p
ro

p
os

e
th

e
fo

ll
ow

in
g

co
st

fu
n
ct

io
n

fo
r

a
sm

o
ot

h
n
ei

gh
b

or
h
o
o
d

re
co

m
m

en
d
er

sy
st

em
:

L(
P
,Q

)
=

1 n
m

n ∑ u
=

1

m ∑ i=
1

(
∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ (
r u

′ i
′
−
p
T u
q
i)

2
)

+
λ

1

n ∑ u
=

1

J
(p
u
)

+
λ

2

m ∑ i=
1

J
(q
i)
,

(3
)

w
h
er

e
J

(·)
is

a
ge

n
er

al
p

en
al

ty
,

an
d
λ

1
a
n
d
λ

2
ar

e
tw

o
n
on

n
eg

at
iv

e
tu

n
in

g
p
a
ra

m
et

er
s.

It
is

al
so

as
su

m
ed

th
at
∑

(u
′ ,
i′

)∈
Ω
ω
u
i,
u
′ i
′

=
1.

L
em

m
a

1
b

el
ow

gi
ve

s
an

eq
u
iv

al
en

t
fo

rm
o
f

(3
).

L
e
m

m
a

1
T

h
e

co
st

fu
n

ct
io

n
L(
P
,Q

)
in

(3
)

is
eq

u
iv

a
le

n
t

to

1 n
m

n ∑ u
=

1

m ∑ i=
1

(
∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ r
u
′ i
′
−
p
T u
q
i) 2

+
λ

1

n ∑ u
=

1

J
(p
u
)

+
λ

2

m ∑ i=
1

J
(q
i)
.

(4
)

T
h
e

ch
oi

ce
of
ω
u
i,
u
′ i
′

is
cr

it
ic

al
to

p
ro

p
er

ly
m

ea
su

re
th

e
si

m
il
ar

it
y

b
et

w
ee

n
(u
,i

)
a
n
d

(u
′ ,
i′

).
W

e
in

tr
o
d
u
ce

a
w

ei
gh

t
fu

n
ct

io
n

to
d
efi

n
e

th
e

sm
o
ot

h
n
ei

gh
b

or
h
o
o
d

o
f

(u
,i

):

ω
u
i,
u
′ i
′

=
K h

(x
u
i,
x
u
′ i
′ )
S
u
i
u
′ i
′

∑
(u

′ ,
i′

)∈
Ω
K h

(x
u
i,
x
u
′ i
′ )
S
u
i
u
′ i
′,

(5
)

w
h
er

e
ω
u
i,
u
′ i
′

in
vo

lv
es

on
ly

ob
se

rv
ed

p
ai

rs
(u
′ ,
i′

)’
s

w
it

h
S
u
i
u
′ i
′

=
1.

In
(5

),
if
x
u
i

o
r
S
u
i
u
′ i
′

is
ab

se
n
t,
K h

(x
u
i,
x
u
′ i
′ )

or
S
u
i
u
′ i
′

ca
n

b
e

se
t

as
1

co
rr

es
p

on
d
in

gl
y.

T
h
e

k
er

n
el

fu
n
ct

io
n

is
se

t
a
s

K h
(x

u
i,
x
u
′ i
′ )

=
K

(h
−

1
‖x

u
i
−
x
u
′ i
′ ‖

2
)

m
ea

su
ri

n
g

th
e

cl
os

en
es

s
b

et
w

ee
n
x
u
i

a
n
d
x
u
′ i
′ ,

w
h
er

e
th

e
ch

oi
ce

of
th

e
L

2
-n

or
m

re
d
u
ce

s
th

e
d
im

en
si

on
of

th
e

co
va

ri
at

e
sp

ac
e

an
d

o
th

er
ch

o
ic

es
of

d
is

ta
n
ce

m
ay

b
e

al
so

co
n
si

d
er

ed
.

H
er

e
h
>

0
is

th
e

w
in

d
ow

si
ze

an
d
K

(·)
is

a
ke

rn
el

w
h
os

e
d
eg

re
e

of
sm

o
ot

h
n
es

s
re

fl
ec

ts
p
ri

or
k
n
ow

le
d
g
e

ab
ou

t
h
ow

th
e

tr
u
e

p
re

fe
re

n
ce

va
ri

es
in

te
rm

s
of
‖x

u
i
−
x
u
′ i
′ ‖

2
.

N
ot

e
th

at
th

is
is

d
iff

er
en

t
fr

om
st

an
d
ar

d
ke

rn
el

sm
o
o
th

in
g

(F
a
n

an
d

G
ij

b
el

s,
19

96
;
D

el
ai

gl
e

an
d

H
al

l,
20

10
),

in
th

at
th

e
sm

o
ot

h
n
ei

gh
b

or
h
o
o
d

is
co

n
st

ru
ct

ed
b
as

ed
on

co
n
ti

n
u
ou

s
an

d
d
is

cr
et

e
co

va
ri

at
es

as
w

el
l

as
u
se

r-
it

em
sp

ec
ifi

c
n
et

w
o
rk

s,
w

h
er

ea
s

st
an

d
ar

d
ke

rn
el

sm
o
ot

h
in

g
fo

cu
se

s
p
ri

m
ar

il
y

on
sm

o
ot

h
in

g
ov

er
co

n
ti

n
u
ou

s
co

va
ri

a
te

s.

T
h
e

p
ro

p
os

ed
fr

am
ew

or
k

h
as

th
e

fo
ll
ow

in
g

ad
va

n
ta

ge
s.

F
ir

st
,

th
e

u
se

r-
it

em
sp

ec
ifi

c
co

va
ri

at
es

an
d

n
et

w
or

k
st

ru
ct

u
re

s
ar

e
in

te
gr

at
ed

in
co

n
st

ru
ct

in
g

th
e

n
ei

g
h
b

or
h
o
o
d

fo
r

(u
,i

)
p
ai

rs
.

T
h
u
s

th
e

eff
ec

ti
ve

sa
m

p
le

si
ze

fo
r

(u
,i

)
in

cr
ea

se
s

w
h
en

p
o
ol

in
g

in
fo

rm
a
ti

o
n

fr
o
m

it
s

n
ei

gh
b

or
h
o
o
d

th
ro

u
gh
∑

(u
′ ,
i′

)∈
Ω
ω
u
i,
u
′ i
′ r
u
′ i
′

in
(4

).
S
ec

on
d
,

it
so

lv
es

th
e

“
co

ld
-s

ta
rt

”
p
ro

b
le

m
an

d
y
ie

ld
s

m
or

e
ac

cu
ra

te
es

ti
m

at
or

s
of
p
u

a
n
d
q
i

fo
r

al
l
u

’s
an

d
i’

s
b
y

le
ve

ra
g
in

g
d
ep

en
d
en

ci
es

am
o
n
g

u
se

rs
an

d
it

em
s,

ex
p
re

ss
ed

in
te

rm
s

of
u
se

r-
sp

ec
ifi

c
so

ci
a
l
n
et

w
o
rk

s
a
n
d

it
em

s’
ta

gg
in

g
in

fo
rm

at
io

n
.

T
h
is

is
ev

id
en

t
fr

om
(4

),
si

n
ce

ev
en

fo
r

an
u
n
o
b
se

rv
ed

(u
,i

),
∑

(u
′ ,
i′

)∈
Ω
ω
u
i,
u
′ i
′ r
u
′ i
′

is
a

w
ei

gh
te

d
av

er
ag

e
of

p
re

fe
re

n
ce

sc
or

es
ov

er
it

s
n
ei

g
h
b

o
rh

o
o
d
.

O
n

th
is

gr
ou

n
d
,

a
re

co
m

m
en

d
at

io
n

ca
n

b
e

m
ad

e
b
y

es
ti

m
at

in
g
p
u

an
d
q
i

fo
r

an
y

n
ew

u
se

r-
it

em
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S
m
o
o
t
h
n
e
ig
h
b
o
r
h
o
o
d

r
e
c
o
m
m
e
n
d
e
r
sy

st
e
m
s

p
a
ir

(u
,i).

T
h
ird

,
th

e
n
on

-ign
orab

le
m

issin
g

can
b

e
ad

d
ressed

th
rou

gh
a

covariate-ad
ju

sted
n
eig

h
b

o
rh

o
o
d

a
sso

ciated
w

ith
m

issin
gn

ess
an

d
u
sers’

p
referen

ces.
F

or
in

stan
ce,

each
u
ser’s

a
n
d

item
’s

m
issin

g
p

ercen
tages

an
d

th
e

p
ercen

tiles
of

th
eir

ob
serv

ed
ratin

g
s

can
b

e
m

o
d
eled

n
o
n
p
a
ra

m
etrically

as
covariates

in
d
efi

n
in

g
ω
u
i,u

′i ′.

3
.2

.
S

c
a
la

b
le

c
o
m

p
u

ta
tio

n

T
o

so
lve

la
rg

e-scale
op

tim
ization

in
(3),

w
e

em
p
loy

a
“d

iv
id

e-an
d
-con

q
u
er”

ty
p

e
of

alter-
n
a
tin

g
lea

st
sq

u
ares

(A
L

S
)

algorith
m

,
w

ith
a

p
rin

cip
le

o
f

solv
in

g
m

an
y

sm
all

p
en

alized
reg

ressio
n

p
ro

b
lem

s
iterativ

ely.
T

h
is

p
erm

its
p
arallel

a
n
d

effi
cien

t
com

p
u
tation

.
T

h
e

A
L

S
m

eth
o
d

h
a
s

b
een

ex
ten

sively
in

vestigated
in

th
e

literatu
re

(C
arroll

an
d

C
h
an

g,
1970;

F
ried

-
m

an
a
n
d

S
tu

etzle,
1981),

an
d

th
e

d
iv

id
e-an

d
-con

q
u
er

strategy
is

also
em

p
loyed

in
(Z

h
u

et
a
l.,

2
0
1
6
)

fo
r

th
e

p
arallelization

of
(2).

T
h
e

co
m

p
u
tation

al
strategy

of
A

L
S

is
to

b
reak

large-scale
op

tim
ization

in
to

m
u
ltip

le
sm

a
ll

su
b
p
ro

b
lem

s
b
y

altern
atively

fi
x
in

g
eith

er
p
u

or
q
i ,

w
h
ere

each
su

b
p
ro

b
lem

is
a

sim
p
le

p
en

a
lized

lea
st

sq
u
ares

regression
an

d
can

b
e

solved
an

aly
tically

w
ith

J
(·)

=
‖·‖

22 .
N

ote
th

a
t

th
is

stra
tegy

is
ap

p
licab

le
as

lon
g

as
J

(·)
is

sep
arab

le
for

p
u

an
d
q
i .

F
o
r

illu
stra

tion
,

con
sid

er
J

(·)
=
‖·‖

22 .
A

t
iteration

k
,
Q̂

(k
)

is
fi
x
ed

an
d

th
e

laten
t

factor

p
u

is
u
p

d
a
ted

a
s
p̂

(k
+

1
)

u
=

argm
in
p
u

∑
i (∑

(u
′,i ′)∈

Ω
ω
u
i,u

′i ′(r
u
′i ′−

p
Tu
q̂

(k
)

i
)
2 )

+
λ

1 ‖
p
u ‖

22 .
S
im

-

ila
rly,

w
ith

fi
x
ed
P̂

(k
+

1
),
q
i

is
u
p

d
ated

as
q̂

(k
+

1
)

i
=

argm
in
q
i

∑
u (∑

(u
′,i ′)∈

Ω
ω
u
i,u

′i ′(r
u
′i ′−

(p̂
(k

+
1
)

u
)
T
q
i )

2 )
+
λ

2 ‖
q
i ‖

22 .
T

h
en

each
su

b
p
rob

lem
is

solv
ed

an
aly

tically,

p̂
(k

+
1
)

u
=
(∑

i

q̂
(k

)
i

(q̂
(k

)
i

)
T

+
λ

1 I
K )
−

1 (∑

i

r̄
Ωu
i q̂

(k
)

i

)
,

(6)

q̂
(k

+
1
)

i
=
(∑

u

p̂
(k

+
1
)

u
(p̂

(k
+

1
)

u
)
T

+
λ

2 I
K )
−

1 (∑

u

r̄
Ωu
i p̂

(k
+

1
)

u

)
,

(7)

w
h
ere

r̄
Ωu
i

=
∑

(u
′,i ′)∈

Ω
ω
u
i,u

′i ′r
u
′i ′

is
a

w
eigh

ted
ratin

g
fo

r
(u
,i)

over
th

e
n
eigh

b
orh

o
o
d
,

an
d

I
K

is
a
K
×
K

id
en

tity
m

atrix
.

T
h
e

iterative
u
p

d
atin

g
is

con
tin

u
ed

u
n
til

a
term

in
ation

criterio
n

is
rea

ch
ed

.
O

n
ce

th
e

solu
tion

{p̂
u ,q̂

i }
1≤
u≤

n
;1≤

i≤
m

is
ob

tain
ed

,
th

e
fi
n
al

p
red

icted
p
referen

ce
is
r̂
u
i

=
p̂
Tu
q̂
i .

It
fo

llow
s

from
C

h
en

et
al.

(2012)
th

at
th

e
algorith

m
con

verges
to

a
station

a
ry

p
oin

t
(P̄
,Q̄

)
o
fL

(P
,Q

)
in

(3),
w

h
ere

P̄
=

argm
in
P
L

(P
,Q̄

),
an

d
Q̄

=
argm

in
Q
L

(P̄
,Q

).
T

h
is

is
d
u
e

to
th

e
n
on

con
vex

m
in

im
ization

in
ad

d
ition

to
h
av

in
g

m
an

y
m

issin
g

ob
servation

s.
M

o
reover,

ea
ch

u
p

d
ate

of
p
u

an
d
q
i

in
(6)

an
d

(7)
can

b
e

com
p
u
ted

in
a

p
arallel

fash
ion

.
T

h
is

ca
n

su
b
sta

n
tially

sp
eed

u
p

th
e

com
p
u
tation

,
p
articu

larly
w

h
en

K
is

sm
all

b
u
t
m

an
d

n
a
re

la
rg

e.

T
h
e

overa
ll

com
p
u
tation

al
com

p
lex

ity
of

th
e

algorith
m

is
n
o

grea
ter

th
an

O
((n

m
K

2
+

(n
+
m

)K
3)I

A
L
S ),

w
h
ere

I
A
L
S

is
th

e
n
u
m

b
er

of
iteration

s
in

th
e

A
L

S
algorith

m
.

In
ou

r
im

-
p
lem

en
ta

tio
n
,

th
e

algorith
m

is
co

d
ed

th
rou

gh
P

y
M

P
,

w
h
ich

is
a

P
y
th

on
version

o
f

O
p

en
M

P
in

C
,

a
n
d

ca
n

h
an

d
le

a
d
ataset

w
ith

a
size

u
p

to
th

e
ord

er
of

10
8

on
a

q
u
ad

-core
com

p
u
ter

w
ith

o
n
e

3
.4

0
G

H
z

C
P

U
an

d
8G

m
em

ory.
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D
a
i,
W
a
n
g
,
S
h
e
n
a
n
d

Q
u

4
.
T
h
e
o
ry

T
h
is

section
p
resen

ts
th

eoretical
p
rop

erties
to

q
u
an

tify
th

e
asy

m
p
totic

b
eh

av
ior

of
th

e
p
rop

osed
recom

m
en

d
er

sy
stem

.
P

articu
larly,

w
e

sh
ow

th
e

con
v
ergen

ce
rate

in
p
red

iction
error

of
th

e
p
rop

osed
sy

stem
.

L
et

th
e

tru
e

a
n
d

estim
ated

p
aram

eters
b

e
θ

0u
i

=
p

0u
T
q

0i
an

d
θ̂
u
i

=
p̂
Tu
q̂
i ,

w
h
ere

p̂
u

an
d

q̂
i

are
estim

ated
laten

t
factors;

u
=

1
,···

,n
;
i

=
1
,···

,m
.

N
ote

th
at

th
e

rep
resen

tation
is

u
n
iq

u
e

w
ith

resp
ect

to
θ
u
i ,

alth
ou

gh
th

e
d
ecom

p
ositio

n
of
p
u

an
d
q
i

m
ay

n
ot

b
e

u
n
iq

u
e.

L
et
θ̂

=
(θ̂
u
i )∈

R
n×

m
an

d
θ

0
=

(θ
0u
i )∈

R
n×

m
,

th
e

p
red

iction
accu

racy
of
θ̂

is
d
efi

n
ed

b
y

th
e

ro
ot

m
ean

sq
u
are

error:

R
M

S
E

(θ̂
,θ

0)
=
(

1n
m

n
∑u

=
1

m
∑i=

1 (θ̂
u
i −

θ
0u
i )

2 )
1
/
2.

W
e

req
u
ire

th
e

follow
in

g
tech

n
ical

assu
m

p
tion

s.
A

ssu
m

p
tio

n
A

.
T

h
ere

ex
ist

con
stan

ts
c

1
>

0
an

d
α
>

0
su

ch
th

at
for

an
y

(u
,i)

an
d

(u
′,i ′)

, ∣∣θ
0u
i −

θ
0u ′i ′ ∣∣≤

c
1 √
K

m
ax{‖x

u
i −

x
u
′i ′‖

α2
,I

(S
u
i
u
′i ′

=
0)},

w
h
ere

th
e

corresp
on

d
in

g
ex

p
ression

in
th

e
m

ax
im

u
m

op
erator

is
set

as
0

if
x
u
i

or
S
u
i
u
′i ′

is
ab

sen
t.

A
ssu

m
p
tion

A
d
efi

n
es

th
e

sm
o
oth

n
ess

of
θ

0u
i

in
term

s
of

th
e

con
tin
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p
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′,i ′)∈

Ω
ω

2u
i,u
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ra
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w
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.
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p
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b
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/
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r
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p
y
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b
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b
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e

R
co

d
e

fo
r

gS
V

D
is

p
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ed
b
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et
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ot
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R
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b
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d
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B
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p
u
te
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V
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e
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p
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p
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p

er
so

n
al

iz
ed

p
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p
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e

le
ar

n
in

g
ra

te
,

th
e
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tu
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te
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n
d

th
e
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m

b
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tu
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in
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p
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e
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th
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o
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l
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b
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−

3
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F
or

th
e

p
ro

p
o
se

d
sS

V
D

,
a

G
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n
ke

rn
el
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u
se

d
w

it
h

th
e

w
in

d
ow

si
ze

h
b

ei
n
g

th
e

m
ed

ia
n

d
is

ta
n
ce

a
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o
n
g
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ll

u
se

r-
it

em
p
ai
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T
h
e

p
re
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ti
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p
er
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l
m

et
h
o
d
s
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m
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d

b
y

th
e
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o
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n
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e
x
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p
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b
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n
in
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ig
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e
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-s
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”
p
ro

b
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th

e
u
ti
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of
a

u
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c
n
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k
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p
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d
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p
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e
ge

n
er
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e

th
e
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m

u
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on
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T

h
e

d
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s
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a

ra
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n
g

m
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x
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u
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e
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p
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K
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I
K

)
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d
q
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1
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N
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I
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)
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r
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n

a
n
d
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=
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·,
m

,
w

h
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1
K

an
d

0
K

b
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n
g
K

-d
im

en
si

on
al
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s
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an

d
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H

er
e

w
e
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m

p
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ra
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n
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n
d
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,
w

h
er

e
π

is
th

e
m

is
si

n
g

ra
te

,
a
n
d

th
e

to
ta

l
n
u
m

b
er
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se
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ed
ra

ti
n
gs
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|Ω
|=

(1
−
π

)n
m

.
F

or
ea

ch
u
se

r-
it

em
p
ai

r
(u
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)
∈

Ω
,

w
e

le
t
u

an
d
i

b
e

u
n
if

or
m

ly
sa

m
p
le

d
fr

om
1,
··
·,
n

an
d

1,
··
·,
m

,
re

sp
ec

ti
ve

ly
,

an
d
r u
i

b
e

g
en

er
a
te

d
fr

om
a

tr
u
n
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te
d

n
or

m
al

d
is

tr
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u
ti

on
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]
w

it
h

m
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n
p
T u
q
i

an
d
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an

d
ar

d
d
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ia
ti

o
n

0.
5
.

F
u
rt

h
er

,
r u
i

is
ro

u
n
d
ed

to
th

e
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t
in

te
ge

r
in
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··
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}

to
m

im
ic

d
is

cr
et

e
ra

ti
n
g
s

in
p
ra

ct
ic

e.

T
o

ge
n
er

at
e

a
si

m
il
ar

it
y

n
et

w
or

k
fo

r
ea

ch
u
se

r-
it

em
(u
,i

)
p
ai
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w

e
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n
n
ec

t
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)
w

it
h

it
s

n
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st
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d
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n
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b
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d
ic
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,

sa
y
u
−

1
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d
u

+
1

fo
r
u

an
d
i
−

1
an

d
i
+

1
fo

r
i.

T
h
is

m
im
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s

a
u
se

r’
s
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n
d
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ip
n
et

w
or

k
.
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ad

d
it

io
n
,

w
e

in
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o
d
u
ce

a
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d
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ta
rt

”
ra

te
ρ
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ex

a
m

-
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e
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e
p
re

d
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ti
on
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ra
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of
th

e
p
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p
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ed
m

et
h
o
d
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n
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u
se
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an

d
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s.

S
p

ec
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y,

w
e

ra
n
d
om

ly
se
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ct
ρ
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p
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u
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d
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em
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d

re
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a
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of
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r
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es
p

o
n
d
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g
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n
gs
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a

te
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g
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t
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m

b
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th
e

“c
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d
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”
p
h
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en
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T
h
e
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m

a
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in
g

ra
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n
g
s
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e

ra
n
d
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t
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n
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n
in

g
an

d
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g
se

ts
w
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h

60
%

,
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%
,

a
n
d

2
5
%

o
f
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e
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n
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re
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ve
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.
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m

u
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s,
w

e
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e
ξ

=
0
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,
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6
,
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e

m
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n
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ra
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”
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S
m
o
o
t
h
n
e
ig
h
b
o
r
h
o
o
d

r
e
c
o
m
m
e
n
d
e
r
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st
e
m
s

w
eig

h
t

fu
n
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n
is

set
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ω
u
i,u

′i ′
=
S
u
i
u
′i ′ ,

w
h
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is
con

stru
cted

b
ased

on
th

e
a
d
jacen

cy
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ea
ch

u
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p
airs.

F
or

gS
V

D
,

w
e

u
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e
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k
in

g
p

ercen
tages

of
each

u
ser

an
d
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a
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rd
in

g
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B
i
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al.
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t
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u
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c
n
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in

form
ation

is
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o
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o
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b
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d
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p
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p
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V
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V
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d
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p
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a
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m
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0
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d
th
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h
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)
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a
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d
iff

eren
t
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its
accu
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is
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b
est

p
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V
D
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e
rem
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in

g
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r
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N
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th
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u
r

settin
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o
n
d
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n
o
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u
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p
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T

h
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sim
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n
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o
n
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sS
V

D
is
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g
u
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c
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cial

n
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s.
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g
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g
S
V

D
,

w
ith

o
u
t

u
sin

g
th

e
u
ser-sp
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c

n
etw
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s,

p
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s
w
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le
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u
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u
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d
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d
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w
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g
d
u
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d
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d
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a
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p
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an

ce
as

S
o
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p
u
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w
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,
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m
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D
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S
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p
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p
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p
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e
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from
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83.2%

.
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d
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,
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S
h
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n
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n
d

Q
u
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h
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m
issin
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an
d

h
igh

“cold
-start”
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m
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b
y

th
e

m
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π
an

d
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ρ
.

A
s
π
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d
ρ
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e

p
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V
D
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w
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e

p
erform
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ly.
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h
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=
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p
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b
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d
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b
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0
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.6,
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con
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b
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con
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b
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e

p
rop

osed
sS

V
D

is
less

aff
ected

b
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d
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d
a
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d
evia
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5
0
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u
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e
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e
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r
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a
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r
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ra
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.0

,
0
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=

0.1
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=
0.2
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=

0.4
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0.6

π
n
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r
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=
0.0

ρ
=

0.0
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0.716(0.0
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1.660
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09

)
1.415(0.013)
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ser-item

sp
ecifi

c
n
et-

w
ork

s
in

to
laten

t
factor

m
o
d
elin

g
can

en
h
an

ce
th

e
accu

racy
of

p
red

ictio
n

an
d

tack
le

th
e

“cold
-start”

issu
e.

In
th

is
regard

,
sS

V
D

is
a

m
ore

eff
ective

recom
m

en
d
er

sy
stem

th
an

th
e

ex
istin

g
m

eth
o
d
s

in
th

e
literatu

re.

1
2

JM
L

R
 20(16):1-24, 2019



S
m
o
o
t
h
n
e
ig
h
b
o
r
h
o
o
d

r
e
c
o
m
m
e
n
d
e
r
sy

st
e
m
s

5
.2

.
M

u
si

c
d

a
ta

fr
o
m

L
a
st
.f
m

In
th

is
se

ct
io

n
,

w
e

an
al

y
ze

a
on

li
n
e

m
u
si

c
d
at

as
et

fr
om

th
e

L
a
st

.f
m

(h
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ti
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h
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st

en
s

to
an

av
er

ag
e

of
ab

ou
t

49
ar

ti
st

s,
an

d
ea

ch
ar

ti
st

h
as

b
ee

n
li
st

en
ed

to
b
y

ab
ou

t
5

u
se

rs
on

av
er

ag
e.

N
ot

e
th

at
th

e
ob

se
rv

at
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b
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p
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p
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p
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p
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e
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h
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c
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b
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d
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b
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d
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p
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u
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b
grou

p
s

of
u
sers

an
d

10
h
om

ogen
eou

s
su

b
grou

p
s

of
artists

for
gS

V
D

,
a
n
d

cova
ria

tes
(x

u ,x
i )

for
sS

V
D

are
ob

tain
ed

from
5%

,
25%

,
50%

,
75%

,
an

d
95

%
q
u
a
n
tiles

o
f

th
e

lo
g

o
b
served

listen
in

g
cou

n
ts

in
th

e
train

in
g

set
for

each
u
ser

an
d

artist.
A

lso,
w

e
slig

h
tly

m
o
d
ify

th
e

w
eigh

t
ω
u
i,u

′i ′
d
efi

n
ed

in
(5)

u
sin

g
th

resh
old

in
g.

S
p

ecifi
cally,

S
u
i
u
′i ′

=
S
uu ′ S

ii ′ ,
w

h
ere

S
uu ′

=
0.8

if
u
ser

u
an

d
u
′

are
ad

jacen
t

in
th

e
u
ser

so
cial

n
etw

ork
,

an
d

S
uu ′

=
0
.5

o
th

erw
ise;

an
d
S
ii ′

is
com

p
u
ted

b
ased

on
th

e
cosin

e
sim

ilarity
b

etw
een

th
e

tag
in

fo
rm

a
tio

n
of

artists
i

an
d
i ′.

F
or

n
ew

u
sers

or
artists,

on
ly

u
ser

so
cial

n
etw

ork
an

d
artist

ta
g
s

in
fo

rm
a
tio

n
are

availab
le,

th
erefore

th
e

w
eigh

t
fu

n
ction

for
covariate

is
au

tom
atically

set
a
s

o
n
e.

F
u
rth

erm
ore,

w
e

ap
p
ly

a
G

au
ssian

kern
el

w
ith

w
in

d
ow

size
h

as
th

e
m

ed
ian

d
ista

n
ce

am
o
n
g

all
u
ser-artist

p
airs.

F
or

each
u
ser-artist

p
air

(u
,i),

w
e

com
p
u
te

th
e

w
eig

h
ts

a
s

in
(5

),
a
n
d

tru
n
cate

th
em

to
keep

on
ly

th
e

fi
ve

m
ost

sim
ilar

u
ser-artist

p
airs

for
each

(u
,i)

to
fa

cilita
te

com
p
u
tation

.
F

o
r

eva
lu

a
tion

,
w

e
ap

p
ly

5-fold
cro

ss-va
lid

ation
over

a
ran

d
om

p
artition

of
th

e
origin

al
d
a
ta

set,
a
n
d

ca
lcu

late
th

e
R

M
S
E

as
in

K
oyejo

an
d

G
h
o
sh

(2
011).

F
o
r

S
V

D
-b

ased
m

eth
o
d
s,

w
e

set
K

=
5
,

a
n
d

select
th

e
op

tim
al
λ

from
{1
,···

,25}
th

rou
gh

th
e

5-fold
cro

ss-valid
ation

.
F

o
r

C
R

B
M

,
th

e
p
aram

eters
are

set
as

su
gg

ested
in

N
gu

yen
an

d
L

au
w

(201
6);

an
d

fo
r

S
S
R

,
th

e
p
ara

m
eters

are
d
eterm

in
ed

th
rou

gh
cross-valid

ation
as

su
g
gested

in
Z

h
ao

et
al.

(2016).

T
a
b
le

3
:

R
M

S
E

s
o
f

va
rio

u
s

m
eth

od
s

a
n

d
th

eir
estim

a
ted

sta
n

d
a
rd

d
evia

tio
n

s
in

pa
ren

th
eses

fo
r

o
bserved

,
co

ld
-sta

rt,
a
n

d
en

tire
pa

irs
o
n

th
e

L
a
st.fm

d
a
ta

set.
H

ere
R

B
M

,
S

o
ftIm

p
u

t,
S

S
R

,
rS

V
D

,
gS

V
D

,
sS

V
D

d
en

o
te:

restricted
B

o
ltzm

a
n

n
m

a
ch

in
es

(S
a
la

kh
u

td
in

o
v

et
a
l.,

2
0
0
7
),

S
o
ftIm

p
u

t
m

eth
od

(H
a
stie

et
a
l.,

2
0
1
5
),

S
elf-reco

vered
sid

e
regressio

n
(Z

h
a
o

et
a
l.,

2
0
1
6
),

regu
la

rized
S

V
D

m
eth

od
(P

a
terek,

2
0
0
7
),

gro
u

p
-specifi

c
S

V
D

m
eth

od
(B

i
et

a
l.,

2
0
1
7
)

a
n

d
th

e
p
ro

po
sed

m
eth

od
,

respectively.
T

h
e

seco
n

d
co

lu
m

n
in

d
ica

tes
w

h
a
t

type
o
f

co
va

ria
tes

a
re

u
sed

by
ea

ch
m

eth
od

,
w

h
ere

N
,

T
a
n

d
M

d
en

o
te

u
ser-specifi

c
socia

l
n

etw
o
rks,

a
rtist

ta
gs

a
n

d
n

o
n

-ign
o
ra

ble
m

issin
g

pa
ttern

,
respectively.

T
h
e

best
perfo

rm
a
n

ce
in

ea
ch

settin
g

is
bo

ld
-fa

ced
.

C
ovariate

O
b
serv

ed
p
a
ir

“
C

o
ld

-start”
p
a
ir

E
n
tire

p
air

R
egressio

n
N

,
T

1
.5

07
(.0

0
5)

1
.8

3
2
(.0

2
3)

1
.55

2(.005)

C
R

B
M

N
,

T
1
.5

0
7(.0

05
)

1
.8

34
(.02

3
)

1.5
52(.004)

S
o
ftIm

p
u
te

N
,

T
1.3

08
(.00

5)
1
.83

2
(.0

2
3
)

1.3
86(.0

04)

S
S
R

N
,

T
1
.4

3
6(.0

06
)

1.8
41

(.0
3
5
)

1.4
93(.009)

rS
V

D
N

,
T

1
.1

2
4(.0

06
)

1.8
32

(.0
2
3
)

1.2
37(.004)

gS
V

D
M

,
T

0.99
7(.0

13
)

1
.2

0
2
(.0

1
2)

1.0
26(.0

11)

sS
V

D
N

,
M

,
T

0
.8

8
0
(.0

0
4
)

0
.7

0
6
(.0

0
3
)

0
.8

6
0
(.0

0
3
)

T
a
b
le

3
sh

ow
s

th
at

sS
V

D
sign

ifi
can

tly
ou

tp
erform

s
its

com
p

etitors
w

ith
a

R
M

S
E

of
0.860

fo
r

th
e

en
tire

d
ataset,

w
h
ereas

gS
V

D
is

th
e

secon
d

b
est

p
erform

er
w

ith
a

R
M

S
E

of
1.020.

A
s

a
referen

ce,
th

ese
tw

o
R

M
S
E

s
are

b
oth

sm
aller

th
an

1
.071

for
th

e
w

eigh
ted

in
teraction

m
eth

o
d

u
n
d
er

th
e

sam
e

settin
g,

w
h
ich

is
rep

orted
as

th
e

b
est

p
erform

er
in

a
n
aly

zin
g

th
e

L
a
st.fm

d
a
ta

set
(K

oy
ejo

an
d

G
h
osh

,
2011).

T
h
e

am
ou

n
ts

of
im

p
rovem

en
t

o
f

sS
V

D
over

g
S
V

D
,

rS
V

D
,

S
oftIm

p
u
t,

S
S
R

an
d

C
R

B
M

are
15.6%

,
24.6%

,
38.0%

,
42.4%

,
an

d
44.6%

,
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D
a
i,
W
a
n
g
,
S
h
e
n
a
n
d

Q
u

resp
ectively.

F
or

th
e

“cold
-start”

p
airs,

sS
V

D
y
ield

s
a

m
ore

th
an

40%
im

p
rov

em
en

t
over

th
e

secon
d
-b

est
com

p
etitor

gS
V

D
.

N
ote

th
at

S
oftIm

p
u
t

an
d

rS
V

D
d
o

n
ot

p
erform

w
ell

in
h
an

d
lin

g
th

e
“cold

-start”
p
rob

lem
,

as
th

eir
p

en
alization

lead
s

to
th

e
sam

e
p

erform
an

ce
as

th
e

regression
ap

p
roach

.

6
.
S
u
m
m
a
ry

T
h
is

article
p
rop

oses
a

sm
o
oth

collab
orative

recom
m

en
d
er

sy
stem

w
h
ich

in
tegrates

th
e

n
et-

w
ork

stru
ctu

re
of

u
ser-item

p
airs

to
im

p
rove

p
red

iction
accu

racy.
T

h
e

p
rop

osed
m

eth
o
d

p
rov

id
es

a
fl
ex

ib
le

fram
ew

ork
to

ex
p
loit

th
e

covariate
in

form
ation

,
su

ch
as

u
ser

d
em

ograp
h
-

ics,
item

con
ten

ts,
an

d
so

cial
n
etw

ork
in

form
a
tion

for
u
sers

an
d
/or

item
s.

T
h
e

n
etw

o
rk

stru
ctu

re
allow

s
u
s

to
in

crease
th

e
eff

ective
sam

p
le

size
for

h
igh

er
p
red

ictio
n

accu
racy,

in
ad

d
ition

to
p
ro

d
u
cin

g
a

m
ore

accu
ra

te
recom

m
en

d
er

sy
stem

for
“cold

-start”
p
airs.

In
ad

d
i-

tion
,

w
e

im
p
lem

en
t

a
“d

iv
id

e-an
d
-con

q
u
er”

ty
p

e
of

altern
atin

g
lea

st
sq

u
are

algorith
m

.
W

e
also

estab
lish

th
e

asy
m

p
totic

p
rop

erties
o
f

th
e

p
rop

osed
m

eth
o
d
,

w
h
ich

p
rov

id
e

th
e

th
eoret-

ical
fou

n
d
ation

of
its

su
p

erior
p

erform
an

ce
over

oth
er

state-of-th
e-art

m
eth

o
d
s.

A
lth

ou
gh

th
e

p
rop

osed
m

eth
o
d

is
form

u
lated

b
ased

o
n

th
e

laten
t

factor
m

o
d
el,

th
e

fram
ew

ork
can

b
e

ex
ten

d
ed

to
oth

er
m

o
d
els,

su
ch

as
K

oren
(2008)

an
d

B
i

et
al.

(2017).

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

w
ou

ld
like

to
ack

n
ow

led
ge

su
p
p

ort
for

th
is

p
ro

ject
from

th
e

N
ation

al
S
cien

ce
F

ou
n
d
ation

gran
ts

D
M

S
-1415500,

D
M

S
-1712564,

D
M

S
-172121

6,
D

M
S
-1613

190,
D

M
S
-1415308,

D
M

S
-

1821198,
th

e
N

ation
al

In
stitu

te
of

H
ealth

gran
ts

1R
01G

M
1260

02,
R

01H
L

105397,
an

d
H

on
g

K
on

g
R

esearch
G

ran
t

C
ou

n
cil

gran
ts

G
R

F
-11302615,

G
R

F
-11303918

an
d

G
R

F
-11331

016.
T

h
e

au
th

ors
are

gratefu
l

to
rev

iew
ers

an
d

th
e

A
ction

E
d
itor

for
th

eir
in

sigh
tfu

l
com

m
en

ts
an

d
su

ggestion
s

w
h
ich

h
av

e
im

p
roved

th
e

m
an

u
scrip

t
sign

ifi
can

tly.
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S
m
o
o
t
h
n
e
ig
h
b
o
r
h
o
o
d

r
e
c
o
m
m
e
n
d
e
r
sy

st
e
m
s

A
p
p
e
n
d
ix
:
te
ch

n
ic
a
l
p
ro

o
fs

P
ro

o
f

o
f

L
e
m

m
a

1
.

B
y

th
e

d
efi

n
it

io
n

of
(P̂
,Q̂

)
as

a
m

in
im

iz
er

of
(3

),
w

e
h
av

e

(P̂
,Q̂

)
=

ar
gm

in
P
,Q

1 n
m

n ∑ u
=

1

m ∑ i=
1

(
∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ (
r u

′ i
′
−
p
T u
q
i)

2
)

+
λ

1

n ∑ u
=

1

J
(p
u
)

+
λ

2

m ∑ i=
1

J
(q
i)

=
ar

gm
in

P
,Q

1 n
m

n ∑ u
=

1

m ∑ i=
1

(
∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ r

2 u
′ i
′
−

∑

(u
′ ,
i′

)∈
Ω

2ω
u
i,
u
′ i
′ r
u
′ i
′ p
T u
q
i

+
∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ (
p
T u
q
i)

2
)

+
λ

1

n ∑ u
=

1

J
(p
u
)

+
λ

2

m ∑ i=
1

J
(q
i)

=
ar

gm
in

P
,Q

1 n
m

n ∑ u
=

1

m ∑ i=
1

(
∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ r

2 u
′ i
′
−

∑

(u
′ ,
i′

)∈
Ω

2ω
u
i,
u
′ i
′ r
u
′ i
′ p
T u
q
i
+

(p
T u
q
i)

2

−
∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ r

2 u
′ i
′
+
(
∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ r
u
′ i
′) 2
)

+
λ

1

n ∑ u
=

1

J
(p
u
)

+
λ

2

m ∑ i=
1

J
(q
i)

=
ar

gm
in

P
,Q

1 n
m

n ∑ u
=

1

m ∑ i=
1

( (
∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ r
u
′ i
′) 2
−

∑

(u
′ ,
i′

)∈
Ω

2
ω
u
i,
u
′ i
′ r
u
′ i
′ p
T u
q
i
+

(p
T u
q
i)

2
)

+
λ

1

n ∑ u
=

1

J
(p
u
)

+
λ

2

m ∑ i=
1

J
(q
i)

=
ar

gm
in

P
,Q

1 n
m

n ∑ u
=

1

m ∑ i=
1

(
∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ r
u
′ i
′
−
p
T u
q
i) 2

+
λ

1

n ∑ u
=

1

J
(p
u
)

+
λ

2

m ∑ i=
1

J
(q
i)
,

w
h
er

e
th

e
th

ir
d

eq
u
al

it
y

fo
ll
ow

s
th

at
∑

(u
′ ,
i′

)∈
Ω
ω
u
i,
u
′ i
′

=
1

an
d

th
e

fa
ct

th
at

ad
d
in

g
co

n
st

a
n
ts

to
th

e
co

st
fu

n
ct

io
n

d
o
es

n
ot

im
p
ac

t
m

in
im

iz
at

io
n
.

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
.

P
ro

o
f

o
f

T
h

e
o
re

m
1
.

O
u
r

tr
ea

tm
en

t
fo

r
b

ou
n
d
in

g
P
( R

M
S
E

(θ̂
,θ

)
≥
η
)

is
to

b
ou

n
d

em
p
ir

ic
al

p
ro

ce
ss

es
in

d
u
ce

d
b
y

R
M

S
E

(·,
·)

b
y

a
ch

ai
n
in

g
a
rg

u
m

en
t

as
in

(W
on

g
an

d
S
h
en

,
19

95
;

S
h
en

et
al

.,
20

03
;

L
iu

an
d

S
h
en

,
20

06
).

L
et

Γ
(L
,η

)
=
{θ
∈

Γ
(L

)
:

R
M

S
E

(θ
,θ

0
)
≥
η
}

b
e

a
p
ar

am
et

er
su

b
se

t
of

th
e

p
a
ra

m
et

er
sp

ac
e

Γ
(L

).
L

et
λ
J

(θ
)

=
λ

1
∑

n u
=

1
J

(p
u
)

+
λ

2
∑

m i=
1
J

(q
i)

b
e

th
e

re
gu

la
ri

ze
r.

N
ot

e
th

at
θ̂

is
a

m
in

im
iz

er
of
L(
P
,Q

)
in

Γ
(L

),
w

e
h
av

e
th

at
P
( R

M
S
E

(θ̂
,θ

0
))
≥
η
) ≤

P
∗(

su
p
θ
∈Γ

(L
,η

)(
L(
P

0
,Q

0
)
−
L(
P
,Q

))
≥

0
) ,

w
h
er

e
P
∗

is
th

e
ou

te
r

p
ro

b
ab

il
it

y
(B

il
li
n
gs

le
y
,

20
13

).
U

si
n
g

th
e

ex
p
re

ss
io

n
of
L(
P
,Q

),
w

e
ob

ta
in

an
u
p
p

er
b

ou
n
d

of
th

e
la

tt
er

as
fo

ll
ow

s.

P
∗(

su
p

θ
∈Γ

(L
,η

)(n
m

)−
1
∑ u
,i

∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ (
θ u
i
−
θ0 u
i)

(2
r u

′ i
′
−
θ0 u
i
−
θ u
i)

+
λ
J

(θ
0
)
−
λ
J

(θ
)
≥

0
)

≤
P
∗(

su
p

θ
∈Γ

(L
,η

)(n
m

)−
1
∑ u
,i

∑

(u
′ ,
i′

)∈
Ω

ω
u
i,
u
′ i
′ (
θ u
i
−
θ0 u
i)

(2
r u

′ i
′
−
θ0 u
i
−
θ u
i)
≥
−
λ
J

(θ
0
)) ,

w
h
er

e
th

e
fa

ct
th

at
λ
J

(θ
)
≥

0
h
as

b
ee

n
u
se

d
.

N
ow

,
le

t
A
j

=
{ θ
∈

Γ
(L

)
:

2j
−

1
η
≤

R
M

S
E

(θ
,θ

0
)
≤

2
j
η
} ;
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=

1,
..
.,
d
,

w
h
er

e
d

is
a

d
el

ay
p
ar

am
et

er
.

In
th

is
sc

en
ar

io
,

w
e

ai
m

at
co

n
tr

ol
li
n
g

th
e

gr
ow

th
of

th
e

re
g
re

t
av

er
a
g
ed

ov
er

al
l

ag
en

ts
(t

h
e

so
-c

al
le

d
av

er
ag

e
w

el
fa

re
re

gr
et

).

In
th

e
n
on

co
op

er
at

iv
e

ca
se

,
w

h
en

ag
en

ts
ig

n
or

e
th

e
in

fo
rm

at
io

n
re

ce
iv

ed
fr

o
m

o
th

er
ag

en
ts

,
th

e
av

er
ag

e
w

el
fa

re
re

gr
et

gr
ow

s
li
ke
√
K
T

(t
h
e

m
in

im
ax

ra
te

fo
r

st
a
n
d
a
rd

b
a
n
d
it

se
tt

in
g)

,
w

h
er

e
K

is
th

e
n
u
m

b
er

of
ac

ti
o
n
s

an
d
T

is
th

e
ti

m
e

h
or

iz
on

.
W

e
sh

ow
th

a
t,

u
si

n
g

co
op

er
at

io
n
,
N

ag
en

ts
w

it
h

co
m

m
u
n
ic

at
io

n
gr

ap
h
G

ca
n

ac
h
ie

ve
an

av
er

ag
e

w
el

fa
re

re
g
re

t

of
or

d
er
√
( d

+
1

+
K N
α
≤
d

) (T
ln
K

).
H

er
e
α
≤
d

d
en

ot
es

th
e

in
d
ep

en
d
en

ce
n
u
m

b
er

o
f

th
e

d
-t

h
p

ow
er

of
G

(i
.e

.,
th

e
gr

ap
h
G

au
gm

en
te

d
w

it
h

a
ll

ed
ge

s
b

et
w

ee
n

an
y

tw
o

p
a
ir

o
f

n
o
d
es

at
sh

or
te

st
-p

at
h

d
is

ta
n
ce

le
ss

th
an

or
eq

u
al

to
d
).

W
h
en

d
=
√
K

th
is

b
ou

n
d

is
a
t

m
o
st

K
1
/
4
√
T

ln
K

+
√
K

(l
n
T

)
fo

r
an

y
co

n
n
ec

te
d

gr
ap

h
—

se
e

R
em

ar
k

8
in

S
ec

ti
o
n

4
.1

—
w

h
ic

h
is

as
y
m

p
to

ti
ca

ll
y

b
et

te
r

th
an
√
K
T

.

N
et

w
or

k
s

of
n
on

st
o
ch

as
ti

c
b
an

d
it

s
w

er
e

al
so

in
v
es

ti
ga

te
d

b
y

A
w

er
b
u
ch

a
n
d

K
le

in
b

er
g

(2
00

8)
in

a
se

tt
in

g
w

h
er

e
th

e
d
is

tr
ib

u
ti

on
ov

er
ac

ti
on

s
is

sh
ar

ed
am

on
g

th
e

a
g
en

ts
w

it
h
o
u
t

d
el

ay
.

A
w

er
b
u
ch

an
d

K
le

in
b

er
g

(2
00

8)
p
ro

ve
a

b
ou

n
d

on
th

e
av

er
ag

e
w

el
fa

re
re

g
re

t
o
f

o
rd

er
√
( 1

+
K N

) T
ig

n
or

in
g

p
ol

y
lo

g
fa

ct
or

s.
1

W
e

re
co

ve
r

th
e

sa
m

e
b

ou
n
d

as
a

sp
ec

ia
l

ca
se

o
f

o
u
r

b
ou

n
d

w
h
en

G
is

a
cl

iq
u
e

an
d
d

=
1.

In
th

e
cl

iq
u
e

ca
se

ou
r

b
ou

n
d

is
a
ls

o
si

m
il
a
r

to
th

e

b
ou

n
d
√

K N
(T

ln
K

)
ac

h
ie

ve
d

b
y

S
el

d
in

et
al

.
(2

01
4)

in
a

si
n
gl

e-
ag

en
t

b
an

d
it

se
tt

in
g

w
h
er

e,

at
ea

ch
ti

m
e

st
ep

,
th

e
ag

en
t

ca
n

ch
o
os

e
a

su
b
se

t
of
N
≤
K

ac
ti

on
s

an
d

ob
se

rv
e

th
ei

r
lo

ss
.

In
th

e
ca

se
w

h
en

N
=

1
(s

in
gl

e
ag

en
t)

,
ou

r
an

a
ly

si
s

ca
n

b
e

ap
p
li
ed

to
th

e
n
o
n
st

o
ch

a
st

ic
b
an

d
it

p
ro

b
le

m
w

h
er

e
th

e
p
la

ye
r

ob
se

rv
es

th
e

lo
ss

of
ea

ch
p
la

ye
d

a
ct

io
n

w
it

h
a

d
el

ay
o
f
d

st
ep

s.
In

th
is

ca
se

w
e

im
p
ro

v
e

on
th

e
p
re

v
io

u
s

re
su

lt
of
√

(d
+

1)
K
T

b
y

N
eu

et
a
l.

(2
0
1
0
,

20
14

),
an

d
gi

ve
th

e
fi
rs

t
ch

ar
ac

te
ri

za
ti

on
(u

p
to

lo
ga

ri
th

m
ic

fa
ct

or
s)

of
th

e
m

in
im

a
x

re
g
re

t,
w

h
ic

h
is

of
or

d
er
√

(d
+
K

)
T

.

1
.

T
h

e
ra

te
p

ro
v
en

in
(A

w
er

b
u

ch
a
n

d
K

le
in

b
er

g
,

2
0
0
8
,

T
h

eo
re

m
2
.1

)
h

a
s

a
w

o
rs

e
d

ep
en

d
en

ce
o
n
T

,
b

u
t

w
e

b
el

ie
v
e

th
is

is
d

u
e

to
th

e
fa

ct
th

a
t

th
ei

r
se

tt
in

g
a
ll

ow
s

fo
r

d
is

h
o
n

es
t

a
g
en

ts
a
n

d
a
g
en

t-
sp

ec
ifi

c
lo

ss
v
ec

to
rs

.

2
JM

L
R

 2
0(

17
):

1-
38

, 2
01
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D
e
l
a
y
a
n
d

C
o
o
p
e
r
a
t
io
n
in

N
o
n
st

o
c
h
a
st

ic
B
a
n
d
it
s

In
p
rin

cip
le,

th
e

p
rob

lem
of

d
elay

s
in

on
lin

e
lea

rn
in

g
cou

ld
b

e
ta

ck
led

b
y

sim
p
le

red
u
c-

tio
n
s.

Y
et,

th
ese

red
u
ction

s
give

rise
to

su
b

op
tim

al
resu

lts.
In

th
e

sin
g
le

agen
t

settin
g,

w
h
ere

th
e

d
elay

is
con

stan
t

an
d

eq
u
al

to
d
,

on
e

can
u
se

th
e

tech
n
iq

u
e

of
W

ein
b

erger
an

d
O

rd
en

tlich
(2

0
0
2)

an
d

ru
n
d

+
1

in
sta

n
ces

of
an

on
lin

e
alg

orith
m

for
th

e
n
on

d
elayed

case,
w

h
ere

ea
ch

in
stan

ce
is

u
sed

ev
ery

d
+

1
step

s.
T

h
is

d
eliv

ers
a

su
b

op
tim

a
l

regret
b

ou
n
d

of
√

(d
+

1
)K

T
.

In
th

e
case

of
m

u
ltip

le
d
elay

s,
like

in
ou

r
m

u
lti-agen

t
settin

g,
on

e
can

re-
p

ea
t

th
e

sa
m

e
a
ction

for
d

+
1

step
s

w
h
ile

accu
m

u
latin

g
in

form
ation

from
th

e
oth

er
agen

ts,
a
n
d

th
en

p
erfo

rm
an

u
p

d
ate

on
scaled

-u
p

losses.
T

h
e

resu
ltin

g
(su

b
op

tim
al)

b
ou

n
d

on
th

e

avera
g
e

w
elfa

re
regret

w
ou

ld
b

e
of

th
e

form
√

(d
+

1) (1
+

KN
α
≤
d )(T

ln
K

).

R
a
th

er
th

a
n

u
sin

g
red

u
ction

s,
th

e
an

aly
sis

of
E
x
p
3
-C

o
o
p

rests
on

q
u
an

tify
in

g
th

e
p

erfo
rm

a
n
ce

o
f

su
itab

le
im

p
ortan

ce
w

eigh
ted

estim
ates.

In
fact,

in
th

e
sin

gle-agen
t

settin
g

w
ith

d
elay

p
a
ra

m
eter

d
,
u
sin

g
E
x
p
3
-C

o
o
p

red
u
ces

to
ru

n
n
in

g
th

e
sta

n
d
ard

E
x
p
3

algorith
m

p
erfo

rm
in

g
an

u
p

d
ate

as
so

on
a

n
ew

loss
b

ecom
es

availab
le.

T
h
is

im
p
lies

th
at

at
an

y
rou

n
d

t
>
d
,
E
x
p
3

selects
an

action
w

ith
ou

t
k
n
ow

in
g

th
e

losses
in

cu
rred

d
u
rin

g
th

e
la

st
d

rou
n
d
s.

T
h
e

resu
ltin

g
regret

is
b

ou
n
d
ed

b
y

relatin
g

th
e

stan
d
ard

an
aly

sis
of

E
x
p
3

to
a

d
etailed

q
u
a
n
tifi

ca
tion

o
f

th
e

ex
ten

t
to

w
h
ich

th
e

d
istrib

u
tion

m
ain

tain
ed

b
y
E
x
p
3

can
d
rift

in
d

step
s.

In
th

e
m

u
lti-agen

t
case,

th
e

im
p

ortan
ce

w
eigh

ted
estim

ate
of

E
x
p
3
-C

o
o
p

is
d
esign

ed
in

su
ch

a
w

ay
th

at
at

each
tim

e
t
>
d

th
e

in
stan

ce
of

th
e

algorith
m

ru
n

b
y

a
n

agen
t
v

u
p

d
a
tes

a
ll

action
s

th
at

w
ere

p
layed

at
tim

e
t−

d
b
y

agen
t
v

or
b
y

o
th

er
a
gen

ts
n
ot

fu
rth

er
aw

ay
th

an
d

from
v
.

C
om

p
ared

to
th

e
sin

gle
agen

t
case,

h
ere

each
a
gen

t
can

ex
p
loit

th
e

in
fo

rm
a
tion

circu
lated

b
y

th
e

oth
er

ag
en

ts.
H

ow
ever,

in
ord

er
to

com
p
u
te

th
e

im
p

ortan
ce

w
eig

h
ted

estim
ates

u
sed

lo
cally

b
y

each
agen

t,
th

e
p
rob

ab
ilities

m
ain

tain
ed

b
y

th
e

ag
en

ts
m

u
st

b
e

p
ro

p
a
g
ated

togeth
er

w
ith

th
e

ob
served

losses.
H

ere,
fu

rth
er

con
cern

s
m

ay
sh

ow
u
p
,

like
th

e
a
m

o
u
n
t

of
com

m
u
n
ication

,
an

d
th

e
lo

cation
of

each
agen

t
w

ith
in

th
e

n
etw

ork
.

In
p
a
rticu

la
r,

w
h
en
G

h
as

sp
arse

com
p

on
en

ts,
w

e
sh

ow
th

at
a

varian
t

of
E
x
p
3
-C

o
o
p

,
allow

in
g

a
g
en

ts
to

ch
o
ose

th
eir

p
aram

eters
accord

in
g

to
th

eir
cen

trality
w

ith
in
G

,
strictly

im
p
roves

o
n

th
e

reg
ret

o
f
E
x
p
3
-C

o
o
p

.

F
in

a
lly,

w
e

p
rop

ose
a

secon
d

varian
t

of
E
x
p
3
-C

o
o
p

w
h
ere

each
agen

t
is

ab
le

to
u
se

lo
ss

in
fo

rm
a
tio

n
a
s

so
on

as
it

b
ecom

es
availab

le.
T

h
is

im
p
lies

th
at

th
e

u
p

d
ates

p
erform

ed
at

tim
e
t

n
ow

in
vo

lve
losses

w
ith

d
iff

eren
t

d
elay

s.
F

or
th

is
reason

,
th

e
n
ew

varian
t

of
E
x
p
3
-

C
o
o
p

co
m

b
in

es
m

an
y

loss
estim

ators,
each

d
efi

n
ed

for
a

d
iff

eren
t

level
of

d
elay,

th
rou

gh
a

fi
x
ed

d
istrib

u
tion

D
.

In
th

e
an

aly
sis

w
e

sh
ow

h
ow

th
e

in
tro

d
u
ction

of
com

b
in

ed
loss

estim
a
to

rs
a
ff

ects
th

e
av

erage
w

elfare
regret.

A
p
relim

in
a
ry

version
of

th
is

w
ork

ap
p

eared
as

an
ex

ten
d
ed

ab
stract

in
(C

esa-B
ian

ch
i

et
a
l.,

2
0
1
6
).

2
.
A
d
d
itio

n
a
l
R
e
la
te
d
W

o
rk

M
a
n
y

im
p

o
rta

n
t

id
eas

in
d
elayed

on
lin

e
learn

in
g,

in
clu

d
in

g
th

e
ob

servatio
n

th
at

th
e

eff
ect

o
f

d
elay

s
ca

n
b

e
lim

ited
b
y

con
trollin

g
th

e
am

ou
n
t

of
ch

an
ge

in
th

e
agen

t
stra

tegy,
w

ere
in

tro
d
u
ced

b
y

M
esterh

arm
(2005)

—
see

also
(M

esterh
arm

,
2007,

C
h
ap

ter
8).

A
m

ore
recen

t
in

vestig
a
tio

n
o
n

d
elay

ed
on

lin
e

learn
in

g
is

d
u
e

to
N

eu
et

al.
(2010,

2014),
w

h
o

an
a
ly

zed
ex

-
p

o
n
en

tia
l

w
eig

h
ts

w
ith

d
elay

ed
feed

b
ack

s.
F

u
rh

er
p
rogress

is
m

ad
e

b
y

J
ou

lan
i

et
al.

(2013),
w

h
o

a
lso

stu
d
y

d
elay

s
in

th
e

gen
eral

p
artia

l
m

on
itorin

g
settin

g.
A

d
d
ition

al
w

ork
s

(J
ou

lan
i

3
JM

L
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C
e
sa

-B
ia
n
c
h
i,
G
e
n
t
il
e
,
a
n
d

M
a
n
so

u
r

et
al.,

2016;
Q

u
an

ru
d

an
d

K
h
ash

ab
i,

2015
)

p
rove

regret
b

ou
n
d
s

for
th

e
fu

ll-in
fo

rm
ation

ca
se

of
th

e
form

√
(D

+
T

)
ln
K

,
w

h
ere

D
is

th
e

total
d
elay

ex
p

erien
ced

ov
er

th
e
T

rou
n
d
s.

In
th

e
sto

ch
astic

case,
b
an

d
it

learn
in

g
w

ith
d
elay

ed
feed

b
ack

w
as

con
sid

ered
b
y

D
u
d́
ık

et
al.

(2011);
J
ou

lan
i

et
al.

(2013)
an

d
in

a
h
ard

er
an

on
y
m

ized
m

o
d
el

b
y

P
ik

e-B
u
rke

et
al.

(2018).

T
o

th
e

b
est

of
ou

r
k
n
ow

led
ge,

th
e

fi
rst

p
ap

er
ab

ou
t

n
on

sto
ch

astic
co

o
p

erative
b
an

d
it

n
etw

ork
s

is
(A

w
erb

u
ch

an
d

K
lein

b
erg,

2008).
M

ore
p
ap

ers
an

aly
ze

th
e

sto
ch

astic
settin

g,
an

d
th

e
closest

on
e

to
ou

r
w

ork
is

p
erh

ap
s

(S
zoren

y
i

et
al.,

2013).
In

th
at

p
ap

er,
d
elayed

loss
estim

ates
in

a
n
etw

ork
of

co
op

eratin
g

sto
ch

astic
b
an

d
its

are
an

aly
zed

u
sin

g
a

d
y
n
am

ic
P

2P
ran

d
om

n
etw

ork
s

as
com

m
u
n
ication

m
o
d
el.

A
m

ore
recen

t
p
ap

er
is

(L
an

d
gren

et
al.,

2015),
w

h
ere

th
e

com
m

u
n
ication

n
etw

o
rk

is
a

fi
x
ed

grap
h

an
d

a
co

op
erative

version
of

th
e

U
C

B
algorith

m
is

in
tro

d
u
ced

w
h
ich

u
ses

a
d
istrib

u
ted

con
sen

su
s

algorith
m

to
estim

ate
th

e
m

ean
rew

ard
s

of
th

e
arm

s.
T

h
e

m
ain

resu
lt

is
an

in
d
iv

id
u
al

(p
er-agen

t)
regret

b
ou

n
d

th
at

d
ep

en
d
s

on
th

e
n
etw

ork
stru

ctu
re

w
ith

ou
t

tak
in

g
d
elay

s
in

to
accou

n
t.

A
n
oth

er
in

terestin
g

p
ap

er
ab

ou
t

co
op

eratin
g

b
an

d
its

in
a

sto
ch

astic
settin

g
is

(K
ar

et
al.,

2011).
S
im

ilar
to

ou
r

m
o
d
el,

agen
ts

sit
on

th
e

n
o
d
es

of
a

com
m

u
n
ication

n
etw

ork
.

H
ow

ever,
on

ly
on

e
d
esign

ated
agen

t
ob

serves
th

e
rew

a
rd

s
of

action
s

h
e

selects,
w

h
erea

s
th

e
oth

ers
rem

ain
in

th
e

d
ark

.
T

h
is

d
esign

ated
agen

t
b
road

casts
h
is

sam
p
led

action
s

th
rou

gh
th

e
n
etw

ork
s

to
th

e
oth

er
agen

ts,
w

h
o

m
u
st

learn
th

eir
p

olicies
rely

in
g

on
ly

on
th

is
in

d
irect

feed
b
ack

.
T

h
e

p
ap

er
sh

ow
s

th
at

in
an

y
con

n
ected

n
etw

ork
th

is
in

form
ation

is
su

ffi
cien

t
to

ach
ieve

asy
m

p
totically

op
tim

al
regret.

C
o
op

erative
b
a
n
d
its

w
ith

asy
m

m
etric

feed
b
ack

are
also

stu
d
ied

b
y

B
arrett

an
d

S
ton

e
(2011).

In
th

eir
m

o
d
el,

a
n

agen
t

m
u
st

teach
th

e
rew

ard
d
istrib

u
tion

to
an

oth
er

agen
t

w
h
ile

keep
in

g
th

e
d
iscou

n
ted

regret
u
n
d
er

con
trol.

T
ek

in
an

d
van

d
er

S
ch

aar
(2015)

in
vestigate

a
sto

ch
astic

con
tex

tu
al

b
an

d
it

m
o
d
el

w
h
ere

each
agen

t
can

eith
er

p
rivately

select
an

action
or

h
ave

an
oth

er
agen

t
select

an
actio

n
on

h
is

b
eh

alf.
In

a
related

p
ap

er,
T

ek
in

et
al.

(2014)
lo

ok
at

a
sto

ch
astic

b
a
n
d
it

m
o
d
el

w
ith

co
m

b
in

atorial
action

s
in

a
d
istrib

u
ted

recom
m

en
d
er

sy
stem

settin
g,

an
d

stu
d
y

in
cen

tives
am

on
g

agen
ts

w
h
o

can
n
ow

reco
m

m
en

d
item

s
tak

en
from

oth
er

agen
ts’

in
ven

to
ries.

A
m

ore
recen

t
p
ap

er
(K

olla
et

al.,
2016)

stu
d
ies

th
e

p
erform

an
ce

of
th

e
U

C
B

algorith
m

b
y

A
u
er

et
al.

(2002a)
in

a
m

u
lti-agen

t
settin

g,
w

h
ere

at
each

tim
e

step
each

agen
t

ob
serves

also
th

e
losses

of
action

s
ch

osen
b
y

an
y

agen
t

lo
cated

in
th

e
sam

e
n
eigh

b
orh

o
o
d

of
th

e
com

m
u
n
ication

n
etw

ork
.

A
fu

rth
er

lin
e

of
relevan

t
w

ork
in

volves
p
rob

lem
s

of
d
ecen

tra
lized

b
an

d
it

co
o
rd

in
ation

.
F

or
ex

am
p
le,

S
tran

d
ers

et
al.

(2012)
con

sid
er

a
b
an

d
it

co
ord

in
ation

p
rob

lem
w

h
ere

th
e

rew
ard

fu
n
ction

is
glob

al
an

d
can

b
e

rep
resen

ted
as

a
factor

grap
h

in
w

h
ich

each
agen

t
con

trols
a

su
b
set

of
th

e
variab

les.

A
p
arallel

th
read

of
research

con
cern

s
n
etw

ork
s

of
b
an

d
its

th
at

com
p

ete
for

sh
ared

resou
rces.

A
p
arad

igm
atic

ap
p
lication

d
om

ain
is

th
a
t

of
cogn

itiv
e

rad
io

n
etw

ork
s,

in
w

h
ich

a
n
u
m

b
er

of
ch

an
n
els

are
sh

ared
am

on
g

m
an

y
u
sers

an
d

an
y

tw
o

or
m

ore
u
sers

in
terfere

w
h
en

ever
th

ey
sim

u
ltan

eou
sly

try
to

u
se

th
e

sa
m

e
ch

an
n
el.

T
h
e

resu
ltin

g
b
an

d
it

p
rob

lem
is

on
e

of
co

ord
in

ation
in

a
com

p
etitive

en
v
iron

m
en

t,
b

ecau
se

every
tim

e
tw

o
or

m
ore

agen
ts

select
th

e
sam

e
action

at
th

e
sam

e
tim

e
step

th
ey

b
oth

get
a

zero
rew

ard
d
u
e

to
th

e
in

terferen
ce

—
see

(R
osen

sk
i

et
al.,

2015)
for

recen
t

w
ork

on
sto

ch
astic

com
p

etitive
b
an

d
its

an
d

(K
lein

b
erg

et
al.,

2009)
for

a
stu

d
y

of
m

o
re

gen
eral

co
n
gestion

gam
es

in
a

gam
e-th

eoretic
settin

g.

F
in

ally,
th

ere
ex

ists
an

ex
ten

siv
e

literatu
re

on
th

e
ad

ap
ta

tion
of

grad
ien

t
d
escen

t
a
n
d

related
algorith

m
s

to
d
istrib

u
ted

com
p
u
tin

g
settin

gs,
w

h
ere

asy
n
ch

ron
ou

s
p
ro

cessors
n
atu

-
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D
e
l
a
y
a
n
d

C
o
o
p
e
r
a
t
io
n
in

N
o
n
st

o
c
h
a
st

ic
B
a
n
d
it
s

ra
ll
y

in
tr

o
d
u
ce

d
el

ay
s

—
se

e,
e.

g.
,

(Z
in

ke
v
ic

h
et

al
.,

20
09

;
A

ga
rw

al
an

d
D

u
ch

i,
20

11
;
L

i
et

al
.,

20
13

;
M

cM
ah

an
an

d
S
tr

ee
te

r,
20

14
;

Q
u
an

ru
d

an
d

K
h
as

h
ab

i,
20

15
;

L
iu

et
al

.,
20

15
;

D
u
ch

i
et

al
.,

20
15

).
H

ow
ev

er
,

n
on

e
of

th
es

e
w

or
k
s

co
n
si

d
er

s
b
an

d
it

se
tt

in
gs

,
w

h
ic

h
a
re

an
es

se
n
ti

al
in

gr
ed

ie
n
t

fo
r

ou
r

an
al

y
si

s.

3
.
P
re
li
m
in
a
ri
e
s

W
e

n
ow

es
ta

b
li
sh

ou
r

n
ot

at
io

n
,

al
on

g
w

it
h

b
as

ic
as

su
m

p
ti

on
s

an
d

p
re

li
m

in
a
ry

fa
ct

s
re

la
te

d
to

ou
r

al
go

ri
th

m
s.

N
ot

at
io

n
an

d
se

tt
in

g
h
er

e
b

ot
h

re
fe

r
to

th
e

si
n
gl

e
a
ge

n
t

ca
se

.
T

h
e

co
op

-
er

at
iv

e
se

tt
in

g
w

it
h

m
u
lt

ip
le

ag
en

ts
(a

n
d

n
ot

at
io

n
th

er
eo

f)
w

il
l

b
e

in
tr

o
d
u
ce

d
in

S
ec

ti
on

4.
L

et
A

=
{1
,.
..
,K
}

b
e

th
e

ac
ti

on
se

t.
A

le
ar

n
in

g
ag

en
t

ru
n
s

an
ex

p
o
n
en

ti
al

ly
-w

ei
gh

te
d

al
go

ri
th

m
w

it
h

w
ei

gh
ts
w
t(
i)

,
an

d
le

ar
n
in

g
ra

te
η
>

0
.

In
it

ia
ll
y,
w

1
(i

)
=

1
fo

r
al

l
i
∈
A

.
A

t
ea

ch
ti

m
e

st
ep

t
=

1,
2
,.
..

,
th

e
ag

en
t

d
ra

w
s

ac
ti

on
I t

w
it

h
p
ro

b
ab

il
it

y
P(
I t

=
i)

=
p
t(
i)

=
w
t(
i)
/W

t,
w

h
er

e
W
t

=
∑

j∈
A
w
t(
j)

.
A

ft
er

ob
se

rv
in

g
th

e
lo

ss
` t

(I
t)
∈

[0
,1

]
as

so
ci

a
te

d
w

it
h

th
e

ch
os

en
ac

ti
on

I t
,

an
d

p
os

si
b
ly

so
m

e
ad

d
it

io
n
a
l

in
fo

rm
at

io
n
,

th
e

ag
en

t
co

m
p
u
te

s,
fo

r
ea

ch
i
∈
A

,
n
on

n
eg

at
iv

e
lo

ss
es

ti
m

at
es
̂̀ t(
i)

,
an

d
p

er
fo

rm
s

th
e

ex
p

on
en

ti
al

u
p

d
at

e

w
t+

1
(i

)
=
p
t(
i)

ex
p
( −
η
̂̀ t(
i)
)

(1
)

to
th

es
e

w
ei

gh
ts

.
T

h
e

fo
ll
ow

in
g

tw
o

le
m

m
as

ar
e

ge
n
er

al
re

su
lt

s
th

at
co

n
tr

ol
th

e
ev

o
lu

ti
on

of
th

e
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
s

in
th

e
ex

p
on

en
ti

al
ly

-w
ei

gh
te

d
al

go
ri

th
m

.
A

s
w

e
sa

id
in

th
e

in
tr

o
d
u
ct

io
n
,

b
ou

n
d
in

g
th

e
ex

te
n
t

to
w

h
ic

h
th

e
d
is

tr
ib

u
ti

on
u
se

d
b
y

ou
r

al
go

ri
th

m
s

ca
n

d
ri

ft
in
d

st
ep

s
is

ke
y

to
co

n
tr

ol
li
n
g

re
gr

et
in

a
d
el

ay
ed

se
tt

in
g.

T
h
e

fi
rs

t
re

su
lt

b
ou

n
d
s

th
e

a
d
d
it

iv
e

ch
an

ge
in

th
e

p
ro

b
ab

il
it

y
of

an
y

ac
ti

on
,

an
d

it
h
ol

d
s

n
o

m
at

te
r

h
ow
̂̀ t(
i)

is
d
efi

n
ed

.

L
e
m

m
a

1
U

n
d
er

th
e

u
pd

a
te

ru
le

(1
),

fo
r

a
ll
t
≥

1
a
n

d
fo

r
a
ll
i
∈
A

,

−
η
p
t(
i)
̂̀ t(
i)
≤
p
t+

1
(i

)
−
p
t(
i)
≤
η
p
t+

1
(i

)
∑ j∈
A

p
t(
j)
̂̀ t(
j)

h
o
ld

s
d
et

er
m

in
is

ti
ca

ll
y

w
it

h
re

sp
ec

t
to

th
e

a
ge

n
t’

s
ra

n
d
o
m

iz
a
ti

o
n

.

P
ro

o
f

D
ir

ec
tl

y
fr

om
th

e
d
efi

n
it

io
n

of
th

e
u
p

d
at

e
(1

),
w
t+

1
(i

)
≤
p
t(
i)

fo
r

al
l
i
∈
A

,
so

th
at

W
t+

1
≤

1,
w

h
ic

h
in

tu
rn

im
p
li
es
w
t+

1
(i

)
≤
w
t+

1
(i

)/
W
t+

1
=
p
t+

1
(i

).
T

h
er

ef
or

e

p
t+

1
(i

)
−
p
t(
i)
≥
w
t+

1
(i

)
−
p
t(
i)

=
p
t(
i)
( e−

η
̂̀ t

(i
)
−

1)
≥
−
η
p
t(
i)
̂̀ t(
i)
,

th
e

la
st

in
eq

u
al

it
y

u
si

n
g

1
−
e−

x
≤
x

,
fo

r
x
≥

0.
S
im

il
ar

ly
,

p
t+

1
(i

)
−
p
t(
i)
≤
p
t+

1
(i

)
−
w
t+

1
(i

)

=
p
t+

1
(i

)
−
p
t+

1
(i

)W
t+

1

=
p
t+

1
(i

)
∑ j∈
A

( p
t(
j)
−
w
t+

1
(j

))

=
p
t+

1
(i

)
∑ j∈
A

p
t(
j)
( 1
−
e−

η
̂̀ t

(j
))

≤
η
p
t+

1
(i

)
∑ j∈
A

p
t(
j)
̂̀ t(
j)
,
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C
e
sa

-B
ia
n
c
h
i,
G
e
n
t
il
e
,
a
n
d

M
a
n
so

u
r

h
en

ce
co

n
cl

u
d
in

g
th

e
p
ro

of
.

T
h
e

se
co

n
d

re
su

lt
d
el

iv
er

s
a

m
u

lt
ip

li
ca

ti
ve

b
ou

n
d

on
th

e
ch

an
ge

in
th

e
p
ro

b
a
b
il
it

y
o
f

a
n
y

ac
ti

on
w

h
en

th
e

lo
ss

es
ti

m
at

es
̂̀ t(
i)

ar
e

of
th

e
fo

ll
ow

in
g

fo
rm

:

̂̀ t(
i)

=

  

` t
−
d
(i

)

q t
−
d
(i

)
B
t−
d
(i

)
if
t
>
d
,

0
ot

h
er

w
is

e
,

(2
)

w
h
er

e
d
≥

0
is

a
d
el

ay
p
ar

am
et

er
,
B
t−
d
(i

)
∈
{0
,1
},

fo
r
i
∈
A

,
ar

e
in

d
ic

at
or

fu
n
ct

io
n
s,

a
n
d

q t
−
d
(i

)
≥
p
t−
d
(i

)
fo

r
al

l
i

an
d
t
>
d
.

In
al

l
la

te
r

se
ct

io
n
s,
B
t−
d
(i

)
w

il
l

b
e

in
st

a
n
ti

a
te

d
to

th
e

in
d
ic

at
or

fu
n
ct

io
n

of
th

e
ev

en
t

th
at

ac
ti

on
i

h
as

b
ee

n
p
la

ye
d

at
ti

m
e
t
−
d

b
y

so
m

e
a
g
en

t,
an

d
q t
−
d
(i

)
w

il
l

b
e

th
e

(c
on

d
it

io
n
al

)
p
ro

b
ab

il
it

y
of

th
is

ev
en

t.

L
e
m

m
a

2
L

et
̂̀ t(
i)

be
o
f

th
e

fo
rm

(2
)

fo
r

ea
ch

t
≥

1
a
n

d
i
∈
A

.
If
η
≤

1
K
e(
d
+

1
)

in
th

e

u
pd

a
te

ru
le

(1
),

th
en

p
t+

1
(i

)
≤
( 1

+
1 d

)
p
t(
i)

h
o
ld

s
fo

r
a
ll
t
≥

1
a
n

d
i
∈
A

,
d
et

er
m

in
is

ti
ca

ll
y

w
it

h
re

sp
ec

t
to

th
e

a
ge

n
t’

s
ra

n
d
o
m

iz
a
ti

o
n

.

P
ro

o
f

W
e

p
ro

ce
ed

b
y

in
d
u
ct

io
n

ov
er
t.

F
or

al
l
t
≤
d
,
̂̀ t(
·)

=
0.

H
en

ce
p
t(
·)

=
1
/
K

,
a
n
d

th
e

le
m

m
a

tr
iv

ia
ll
y

h
ol

d
s.

F
or
t
>
d

w
e

ca
n

w
ri

te

∑ i∈
A

p
t(
i)
̂̀ t(
i)

=
∑ i∈
A

p
t(
i)
` t
−
d
(i

)

q t
−
d
(i

)B
t−
d
(i

)

≤
∑ i∈
A

p
t(
i)

q t
−
d
(i

)
(b

ec
au

se
B
t−
d
(i

)`
t−
d
(i

)
≤

1
)

≤
∑ i∈
A

( 1
+

1 d

) d
p
t−
d
(i

)

q t
−
d
(i

)
(b

y
th

e
in

d
u
ct

iv
e

h
y
p

ot
h
es

is
)

≤
( 1

+
1 d

) d
K

(b
ec

au
se
q t
−
d
(i

)
≥
p
t−
d
(i

))

≤
K
e
.

H
en

ce
,

u
si

n
g

L
em

m
a

1,

p
t+

1
(i

)(
1
−
η
K
e)
≤
p
t+

1
(i

)

 
1
−
η
∑ j∈
A

p
t(
j)
̂̀ t(
j)

 
≤
p
t(
i)

w
h
ic

h
im

p
li
es
p
t+

1
(i

)
≤
( 1

+
1 d

) p
t(
i)

w
h
en

ev
er
η
≤

1
K
e(
d
+

1
)

.

A
s

w
e

sa
id

in
S
ec

ti
on

1,
th

e
id

ea
of

co
n
tr

ol
li
n
g

th
e

d
ri

ft
of

th
e

p
ro

b
ab

il
it

ie
s

in
o
rd

er
to

b
ou

n
d

th
e

eff
ec

ts
of

d
el

ay
ed

fe
ed

b
ac

k
is

n
ot

n
ew

.
In

p
ar

ti
cu

la
r,

va
ri

an
ts

of
L

em
m

a
1

w
er

e
al

re
ad

y
d
er

iv
ed

in
th

e
w

or
k

of
N

eu
et

al
.

(2
01

0,
20

14
).

H
ow

ev
er

,
L

em
m

a
2

a
p
p

ea
rs

to
b

e
n
ew

,
an

d
th

is
is

th
e

ke
y

re
su

lt
to

ac
h
ie

v
in

g
ou

r
im

p
ro

ve
m

en
ts

.
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o
n
st

o
c
h
a
st

ic
B
a
n
d
it
s

4
.
T
h
e
C
o
o
p
e
ra

tiv
e
S
e
ttin

g
o
n
a
C
o
m
m
u
n
ica

tio
n
N
e
tw

o
rk

In
o
u
r

m
u
lti-a

g
en

t
b
an

d
it

settin
g,

th
ere

are
N

agen
ts

sittin
g

on
th

e
vertices

of
a

con
n
ected

a
n
d

u
n
d
irected

com
m

u
n
ication

grap
h
G

=
(V
,E

),
w

ith
V

=
{
1,...,N

}
.

T
h
e

agen
ts

co-
o
p

era
te

to
so

lve
th

e
sam

e
in

stan
ce

of
a

n
on

sto
ch

astic
b
an

d
it

p
rob

lem
w

h
ile

lim
itin

g
th

e
co

m
m

u
n
icatio

n
am

on
g

th
em

.
L

et
N
s (v

)
b

e
th

e
set

of
n
o
d
es
v ′∈

V
w

h
ose

sh
ortest-p

ath
d
ista

n
ce

d
ist

G
(v
,v ′)

from
v

in
G

is
ex

actly
s.

A
t

each
tim

e
step

t
=

1,2
,...,

each
agen

t
v
∈
V

d
raw

s
a
n

action
I
t (v

)
from

th
e

com
m

on
action

set
A

.
N

o
te

th
at

each
action

i∈
A

d
elivers

th
e

sa
m

e
loss

`
t (i)∈

[0,1]
to

all
agen

ts
v

su
ch

th
at
I
t (v

)
=
i.

A
t

th
e

en
d

of
rou

n
d

t,
ea

ch
a
g
en

t
v

ob
serves

h
is

ow
n

loss
`
t (I

t (v
) ),

an
d

sen
d
s

to
h
is

n
eigh

b
ors

in
G

th
e

m
essage

m
t (v

)
=
〈
t,v

,I
t (v

),`
t (I

t (v
) ),p

t (v
) 〉

w
h
ere

p
t (v

)
=
(p
t (1,v

),...,p
t (K

,v
) )

is
th

e
d
istrib

u
tion

of
I
t (v

).
M

oreover,
v

also
receives

fro
m

h
is

n
eig

h
b

ors
a

variab
le

n
u
m

b
er

of
m

essages
m
t−
s (v ′).

E
ach

m
essage

m
t−
s (v ′)

th
at
v

receives
fro

m
a

n
eigh

b
or

is
u
sed

to
u
p

d
ate

p
t (v

)
an

d
th

en
forw

ard
ed

to
th

e
oth

er
n
eigh

b
o
rs

o
n
ly

if
s
<
d
,

oth
erw

ise
it

is
d
rop

p
ed

. 2
H

ere
d

is
th

e
m

ax
im

u
m

d
elay,

a
p
aram

eter
of

th
e

co
m

m
u
n
ica

tion
p
roto

col.
T

h
erefore,

at
th

e
en

d
of

rou
n
d
t,

each
agen

t
v

receives
on

e
m

essa
g
e
m
t−
s (v ′)

from
each

agen
t
v ′

su
ch

th
at

d
ist

G
(v
,v ′)

=
s,

w
h
ere

s∈
{1,...,d}.

G
rap

h
G

ca
n

th
u
s

b
e

seen
as

a
sy

n
ch

ron
ou

s
m

u
lti-h

op
com

m
u
n
ica

tion
n
etw

ork
w

h
ere

m
essag

es
are

b
ro

a
d
ca

st,
ea

ch
h
op

cau
sin

g
a

d
elay

of
on

e
tim

e
step

.
O

u
r

learn
in

g
p
roto

col
is

su
m

m
arized

in
F

igu
re

1
,

w
h
ile

F
igu

re
2

con
tain

s
a

p
ictorial

ex
am

p
le.

O
u
r

m
o
d
el

is
sim

ilar
to

th
e
l
o
c
a
l

com
m

u
n
ication

m
o
d
el

in
d
istrib

u
ted

com
p
u
tin

g
(L

in
ia

l,
1
9
9
2
;

S
u
om

ela,
2013),

w
h
ere

th
e

ou
tp

u
t

of
a

n
o
d
e

d
ep

en
d
s

on
ly

on
th

e
in

p
u
ts

of
o
th

er
n
o
d
es

in
a

con
stan

t-size
n
eigh

b
orh

o
o
d

of
it,

an
d

th
e

goal
is

to
d
erive

a
lgorith

m
s

w
h
ose

ru
n
n
in

g
tim

e
is

in
d
ep

en
d
en

t
of

th
e

n
etw

ork
size.

(T
h
e

m
ain

d
iff

eren
ce

is
th

at
th

e
task

h
ere

h
a
s

n
o

co
m

p
letion

tim
e,

h
ow

ever,
also

in
ou

r
m

o
d
el

in
fl
u
en

ce
on

a
n
o
d
e

is
on

ly
th

rou
g
h

a
co

n
sta

n
t-size

n
eigh

b
orh

o
o
d

of
it.)

O
n
e

a
sp

ect
d
eserv

in
g

atten
tion

is
th

at,
ap

art
from

th
e

com
m

on
d
elay

p
ara

m
eter

d
,

th
e

a
gen

ts
n
eed

n
o
t

sh
are

fu
rth

er
in

form
ation

.
In

p
articu

lar,
th

e
agen

ts
n
eed

n
ot

k
n
ow

n
eith

er
th

e
to

p
o
lo

gy
o
f

th
e

grap
h
G

n
or

th
e

total
n
u
m

b
er

of
agen

ts
N

.
In

S
ection

5,
w

e
sh

ow
th

at
o
u
r

d
istrib

u
ted

algorith
m

can
also

b
e

an
aly

zed
w

h
en

each
agen

t
v

u
ses

a
p

erson
alized

d
elay

d
(v

),
th

u
s

d
o
in

g
aw

ay
w

ith
th

e
n
eed

of
a

com
m

on
d
elay

p
aram

eter,
an

d
g
u
aran

teein
g

a
g
en

era
lly

b
etter

p
erform

an
ce.

F
u
rth

er
g
ra

p
h

n
otation

is
n
eed

ed
at

th
is

p
oin

t.
G

iven
G

as
ab

ove,
let

u
s

d
en

ote
b
y
G
≤
d

th
e

g
ra

p
h

(V
,E
≤
d )

w
h
ere

(u
,v

)
∈
E
≤
d

if
an

d
on

ly
if

th
e

sh
ortest-p

ath
d
istan

ce
b

etw
een

a
gen

ts
u

a
n
d
v

in
G

is
a
t

m
o
st
d

(h
en

ce
G
≤

1
=
G

).
G

rap
h
G
≤
d

is
som

etim
es

called
th

e
d
-th

p
ow

er
o
f
G

.
W

e
also

u
se
G

0
to

d
en

ote
th

e
g
rap

h
(V
,∅).

R
ecall

th
at

a
n

in
d
ep

en
d
en

t
set

o
f
G

is
a
n
y

su
b
set

T
⊆
V

su
ch

th
at

n
o

tw
o
i,j
∈
T

are
con

n
ected

b
y

an
ed

ge
in
E

.
T

h
e

la
rg

est
size

of
an

in
d
ep

en
d
en

t
set

is
th

e
in

d
epen

d
en

ce
n

u
m

ber
of
G

,
d
en

oted
b
y
α

(G
).

L
et
d
G

b
e

th
e

d
ia

m
eter

of
G

(m
ax

im
al

len
gth

ov
er

all
p

ossib
le

sh
ortest

p
ath

s
b

etw
een

all
p
a
irs

o
f

n
o
d
es);

th
en

G
≤
d
G

is
a

cliq
u
e,

an
d

on
e

can
easily

see
th

at
N

=
α

(G
0 )
>
α

(G
)≥

2
.

D
ro

p
p

in
g

m
essa

g
es

o
ld

er
th

a
n
d

ro
u

n
d

s
is

clea
rly

im
m

a
teria

l
w

ith
resp

ect
to

p
rov

in
g

b
a
n

d
it

reg
ret

b
o
u
n

d
s.

W
e

a
d

d
ed

th
is

fea
tu

re
ju

st
to

p
rov

e
a

p
o
in

t
a
b

o
u

t
th

e
m

essa
g
e

co
m

p
lex

ity
o
f

th
e

p
ro

to
co

l.
S

ee
R

em
a
rk

1
0

in
S

ectio
n

5
fo

r
fu

rth
er

d
iscu

ssio
n

.
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C
e
sa

-B
ia
n
c
h
i,
G
e
n
t
il
e
,
a
n
d

M
a
n
so

u
r

T
h

e
c
o
o
p

e
ra

tiv
e

b
a
n

d
it

p
ro

to
c
o
l

P
a
ra

m
e
te

rs:
U

n
d
irected

com
m

u
n
ication

grap
h
G

=
(V
,E

),
h
id

d
en

loss
vectors

`
t

=
(`
t (1),...,`

t (K
) )∈

[0,1] K
for

t≥
1,

d
elay

d
.

F
o
r
t

=
1,2,...

1.
E

ach
agen

t
v
∈
V

p
lay

s
action

I
t (v

)∈
A

d
raw

n
accord

in
g

to
d
istrib

u
tion

p
t (v

);
2.

E
ach

agen
t
v
∈
V

ob
serves

loss
`
t (I

t (v
) ),

sen
d
s

to
h
is

n
eigh

b
ors

th
e

m
essage

m
t (v

),
an

d
receives

from
h
is

n
eig

h
b

ors
m

essages
m
t−
s (v ′);

3.
E

ach
agen

t
v
∈
V

d
rop

s
an

y
m

essage
m
t−
s (v ′)

received
from

som
e

n
eigh

b
or

su
ch

th
at
s≥

d
,

an
d

forw
ard

s
to

th
e

oth
er

n
eigh

b
ors

th
e

rem
ain

in
g

m
essages.

F
igu

re
1:

T
h
e

co
op

erative
b
an

d
it

p
roto

col
w

h
ere

all
agen

ts
sh

are
th

e
sam

e
d
elay

p
aram

eter
d
.

3
1

5
6

4
2

F
igu

re
2:

In
th

is
ex

am
p
le,

G
is

a
lin

e
grap

h
w

ith
N

=
6

agen
ts,

an
d

d
elay

d
=

2.
A

t
th

e
en

d
of

tim
e

step
t,

A
gen

t
4

sen
d
s

to
h
is

n
eig

h
b

ors
3

an
d

5
m

essage
m
t (4),

receives
from

A
gen

t
3

m
essages

m
t−

1 (3)
an

d
m
t−

2 (2),
an

d
from

A
gen

t
5

m
essages

m
t−

1 (5)
an

d
m
t−

2 (6).
F

in
ally,

A
gen

t
4

forw
ard

s
to

A
gen

t
5

m
essage

m
t−

1 (3)
an

d
forw

ard
s

to
A

gen
t

3
m

essage
m
t−

1 (5).
A

n
y

m
essage

old
er

th
an

t−
1

received
b
y

A
gen

t
4

at
th

e
en

d
of

rou
n
d
t

w
ill

n
o
t

b
e

forw
ard

ed
to

h
is

n
eigh

b
ors.

α
(G
≤

2 )
≥
···≥

α
(G
≤
d
G

)
=

1.
W

e
sh

ow
in

S
ection

4
.1

th
at

th
e

collective
p

erform
an

ce
of

ou
r

algorith
m

s
d
ep

en
d
s

on
α

(G
≤
d ).

If
th

e
grap

h
G

u
n
d
er

con
sid

eration
is

d
irected

(see
S
ection

5),
th

en
α

(G
)

is
th

e
in

d
ep

en
d
en

ce
n
u
m

b
er

of
th

e
u
n
d
irected

grap
h

ob
tain

ed
fro

m
G

b
y

d
isregard

in
g

ed
ge

orien
tation

.
T

h
e

ad
versary

gen
eratin

g
losses

is
ob

liv
iou

s:
loss

v
ectors

`
t

=
(`
t (1),...,`

t (K
) )∈

[0,1] K

d
o

n
ot

d
ep

en
d

on
th

e
agen

ts’
in

tern
a
l

ran
d
om

ization
.

T
h
e

agen
ts’

goal
is

to
con

trol
th

e
a
vera

ge
w

elfa
re

regret
R

co
o
p

T
,

d
efi

n
ed

as

R
co

o
p

T
=

(
1N

∑v∈
V

E

[
T
∑t=

1

`
t (I

t (v
) ) ]
−

m
in

i∈
A

T
∑t=

1

`
t (i) )

,

th
e

ex
p

ectation
b

ein
g

w
ith

resp
ect

to
th

e
in

tern
al

ran
d
o
m

ization
of

each
agen

t’s
algo-

rith
m

.
In

th
e

seq
u
el,

w
e

w
rite

E
t [·]

to
d
en

ote
th

e
ex

p
ectation

w
.r.t.

th
e

p
ro

d
u
ct

d
istrib

u
tion

∏
v∈
V
p
t (v

),
con

d
ition

ed
on

I
1 (v

),...,I
t−

1 (v
),
v
∈
V

.

4
.1

.
T

h
e

E
x
p

3
-C

o
o
p

a
lg

o
rith

m

O
u
r

fi
rst

algorith
m

,
called

E
x
p
3
-C

o
o
p

(C
o
op

erativ
e

E
x
p
3)

is
d
escrib

ed
in

F
igu

re
3.

T
h
e

al-
gorith

m
w

ork
s

in
th

e
learn

in
g

p
roto

col
of

F
igu

re
1.

E
ach

agen
t
v
∈
V

ru
n
s

th
e

ex
p

on
en

tially
-

w
eigh

ted
algorith

m
(1),

com
b
in

ed
w

ith
a

“d
elayed

”
im

p
ortan

ce-w
eig

h
ted

loss
estim

ate
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D
e
l
a
y
a
n
d

C
o
o
p
e
r
a
t
io
n
in

N
o
n
st

o
c
h
a
st

ic
B
a
n
d
it
s

T
h

e
E

x
p

3
-C

o
o
p

A
lg

o
ri

th
m

P
a
ra

m
e
te

rs
:

U
n
d
ir

ec
te

d
co

m
m

u
n
ic

at
io

n
gr

ap
h
G

=
(V
,E

);
d
el

ay
d
;

le
ar

n
in

g
ra

te
η
.

In
it

:
E

ac
h

ag
en

t
v
∈
V

se
ts

w
ei

gh
ts
w

1
(i
,v

)
=

1
fo

r
al

l
i
∈
A

.
F
o
r
t

=
1,

2,
..
.

1.
E

ac
h

ag
en

t
v
∈
V

p
la

y
s

ac
ti

on
I t

(v
)
∈
A

d
ra

w
n

ac
co

rd
in

g
to

d
is

tr
ib

u
ti

on
p
t(
v
)

=
(p
t(

1,
v
),
..
.,
p
t(
K
,v

))
,

w
h
er

e

p
t(
i,
v
)

=
w
t(
i,
v
)

W
t(
v
)
,
i

=
1,
..
.,
K
,

an
d

W
t(
v
)

=
∑ j∈
A

w
t(
j,
v
)

;

2.
E

ac
h

ag
en

t
v
∈
V

ob
se

rv
es

lo
ss
` t
( I
t(
v
))

an
d

ex
ch

an
ge

s
m

es
sa

ge
s

w
it

h
h
is

n
ei

gh
-

b
or

s
(S

te
p
s

2
an

d
3

of
th

e
p
ro

to
co

l
in

F
ig

u
re

1)
;

3.
E

ac
h

ag
en

t
v
∈
V

p
er

fo
rm

s
th

e
u
p

d
at

e
w
t+

1
(i
,v

)
=
p
t(
i,
v
)

ex
p
( −
η
̂̀ t(
i,
v
))

fo
r

al
l

i
∈
A

,
w

h
er

e

̂̀ t(
i,
v
)

=

  

` t
−
d
(i

)

q d
,t
−
d
(i
,v

)
B
d
,t
−
d
(i
,v

)
if
t
>
d
,

0
ot

h
er

w
is

e,
(3

)

an
d
B
d
,t
−
d
(i
,v

)
=

I{
∃v
′ ∈

N
≤
d
(v

)
:
I t
−
d
(v
′ )

=
i}

w
it

h

q d
,t
−
d
(i
,v

)
=

1
−

∏

v
′ ∈
N
≤
d
(v

)( 1
−
p
t−
d
(i
,v
′ )
)
.

F
ig

u
re

3:
T

h
e

E
x
p
3-

C
o
op

al
go

ri
th

m
w

h
er

e
al

l
ag

en
ts

sh
ar

e
th

e
sa

m
e

d
el

ay
p
ar

am
et

er
d
.

̂̀ t(
i,
v
)

th
at

in
co

rp
or

at
es

th
e

d
el

ay
ed

in
fo

rm
at

io
n

se
n
t

b
y

th
e

ot
h
er

ag
en

ts
.

S
p

ec
ifi

ca
ll
y,

d
en

ot
e

b
y
N
≤
d
(v

)
=
⋃
s≤
d
N
s
(v

)
th

e
se

t
of

n
o
d
es

in
G

w
h
os

e
sh

or
te

st
-p

a
th

d
is

ta
n
ce

fr
om

v
is

at
m

os
t
d
,

an
d

n
ot

e
th

at
,

fo
r

al
l
v
,
{v
}

=
N
≤

0
(v

)
⊆
N
≤

1
(v

)
⊆
N
≤

2
(v

)
⊆
··
·.

If
an

y
of

th
e

ag
en

ts
in
N
≤
d
(v

)
h
as

p
la

ye
d

at
ti

m
e
t
−
d

ac
ti

o
n
i

(t
h
at

is
,
B
d
,t
−
d
(i
,v

)
=

1

in
(3

))
,

th
en

th
e

co
rr

es
p

on
d
in

g
lo

ss
` t
−
d
(i

)
is

in
co

rp
or

at
ed

b
y
v

in
to
̂̀ t(
i,
v
).

T
h
e

d
en

om
in

a-
to

r
q d
,t
−
d
(i
,v

)
is

si
m

p
ly

,
co

n
d
it

io
n
ed

on
th

e
h
is

to
ry

,
th

e
p
ro

b
ab

il
it

y
of
B
d
,t
−
d
(i
,v

)
=

1,
i.
e.

,
q d
,t
−
d
(i
,v

)
=

E t
[B

d
,t
−
d
(i
,v

)]
.

O
b
se

rv
e

th
at
{v
}
⊆

N
≤
d
(v

)
fo

r
al

l
d
≥

0
im

p
li
es

q d
,t
−
d
(i
,v

)
≥
p
t−
d
(i
,v

),
as

re
q
u
ir

ed
b
y

(2
)

so
as

to
m

ak
e

L
em

m
a

2
h
ol

d
.

It
is

a
ls

o
w

or
th

m
en

ti
on

in
g

th
at

,
d
es

p
it

e
th

is
is

n
ot

st
ri

ct
ly

n
ee

d
ed

b
y

ou
r

le
ar

n
in

g
p
ro

to
co

l,
ea

ch
ag

en
t
v

ac
tu

al
ly

ex
p
lo

it
s

th
e

lo
ss

in
fo

rm
at

io
n

ga
th

er
ed

fr
om

p
la

y
in

g
ac

ti
o
n
I t

(v
)

on
ly
d

ti
m

e
st

ep
s

la
te

r.
A

n
ex

te
n
si

on
of

E
x
p
3
-C

o
o
p

,
w

h
er

e
ea

ch
lo

ss
is

ex
p
lo

it
ed

as
so

on
as

it
is

m
a
d
e

av
ai

l-
ab

le
to

an
ag

en
t,

is
an

al
y
ze

d
in

S
ec

ti
on

6.
S
ec

ti
on

7,
in

st
ea

d
,

st
u
d
ie

s
an

im
p

or
ta

n
t

sp
ec

ia
l

ca
se

of
th

is
se

tt
in

g
w

h
er

e
th

er
e

is
a

si
n
gl

e
b
an

d
it

ag
en

t
re

ce
iv

in
g

d
el

ay
ed

fe
ed

b
ac

k
.

B
y

th
ei

r
ve

ry
d
efi

n
it

io
n
,
th

e
lo

ss
es

ti
m

at
es
̂̀ t(
·,·

)
at

ti
m

e
t

ar
e

d
et

er
m

in
ed

b
y

th
e

re
al

iz
a-

ti
on

s
of
I s

(·)
,

fo
r
s

=
1,
..
.,
t
−
d
.

T
h
is

im
p
li
es

th
at

th
e

n
u
m

b
er

s
p
t(
·,·

)
d
efi

n
in

g
q d
,t
−
d
(·,
·),

ar
e

d
et

er
m

in
ed

b
y

th
e

re
al

iz
at

io
n
s

of
I s

(·)
fo

r
s

=
1,
..
.,
t
−
d
−

1
(b

ec
au

se
th

e
p
ro

b
ab

il
it

ie
s

p
t(
v
)

at
ti

m
e
t

ar
e

d
et

er
m

in
ed

b
y

th
e

lo
ss

es
ti

m
at

es
u
p

to
ti

m
e
t
−

1,
se

e
(1

))
.

W
e

h
av

e,
fo

r
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C
e
sa

-B
ia
n
c
h
i,
G
e
n
t
il
e
,
a
n
d

M
a
n
so

u
r

al
l
t
>
d
,
i
∈
A

,
an

d
v
∈
V

,

E t
−
d

[ ̂̀
t(
i,
v
)] =

` t
−
d
(i

)
.

(4
)

F
u
rt

h
er

,
b

ec
au

se
of

w
h
at

w
e

ju
st

sa
id

ab
ou

t
p
t(
·,·

)
an

d
q d
,t
−
d
(·,
·)

b
ei

n
g

d
et

er
m

in
ed

b
y

I 1
(·)
,.
..
,I
t−
d
−

1
(·)

,
w

e
al

so
h
av

e

E t
−
d

[ p
t(
i,
v
)̂̀
t(
i,
v
)] =

p
t(
i,
v
)`
t−
d
(i

)
,

E t
−
d

[ p
t(
i,
v
)̂̀
t(
i,
v
)2
] =

p
t(
i,
v
)
` t
−
d
(i

)2

q d
,t
−
d
(i
,v

)
.

(5
)

T
h
e

n
ex

t
le

m
m

a
re

la
te

s
th

e
va

ri
an

ce
of

th
e

es
ti

m
at

es
(3

)
to

th
e

st
ru

ct
u
re

of
th

e
co

m
m

u
n
i-

ca
ti

on
gr

ap
h
G

.
T

h
e

le
m

m
a

is
st

at
ed

fo
r

a
ge

n
er

ic
u
n
d
ir

ec
te

d
co

m
m

u
n
ic

at
io

n
g
ra

p
h
G

,
b
u
t

ou
r

ap
p
li
ca

ti
on

of
it

ac
tu

al
ly

in
v
ol

ve
s

gr
ap

h
G
≤
d
.

L
e
m

m
a

3
L

et
G

=
(V
,E

)
be

a
n

u
n

d
ir

ec
te

d
gr

a
p
h

w
it

h
in

d
ep

en
d
en

ce
n

u
m

be
r
α

(G
).

F
o
r

ea
ch

v
∈
V

,
le

t
N
≤

1
(v

)
be

th
e

n
ei

gh
bo

rh
oo

d
o
f

n
od

e
v

(i
n

cl
u

d
in

g
v

it
se

lf
),

a
n

d
p

(v
)

=
( p

(1
,v

),
..
.,
p
(K
,v

))
be

a
p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

o
ve

r
A

=
{1
,.
..
,K
}.

T
h
en

,
fo

r
a
ll
i
∈
A

,

∑ v
∈V

p
(i
,v

)

q(
i,
v
)
≤

1

1
−
e−

1

(
α

(G
)

+
∑ v
∈V

p
(i
,v

))
w

h
er

e
q(
i,
v
)

=
1
−

∏

v
′ ∈
N
≤
1
(v

)( 1
−
p
(i
,v
′ )
)
.

P
ro

o
f

F
ix
i
∈
A

an
d

se
t

fo
r

b
re

v
it

y
P

(i
,v

)
=
∑

v
′ ∈
N
≤
1
(v

)
p
(i
,v
′ )

.
W

e
ca

n
w

ri
te

∑ v
∈V

p
(i
,v

)

q(
i,
v
)

=
∑

v
∈V

:P
(i
,v

)≥
1

p
(i
,v

)

q(
i,
v
)

︸
︷︷

︸
(I

)

+
∑

v
∈V

:P
(i
,v

)<
1

p
(i
,v

)

q(
i,
v
)

︸
︷︷

︸
(I

I)

,

an
d

p
ro

ce
ed

b
y

u
p
p

er
b

ou
n
d
in

g
th

e
tw

o
te

rm
s

(I
)

an
d

(I
I)

se
p
ar

at
el

y.
L

et
r(
v
)

b
e

th
e

ca
rd

in
al

it
y

of
N
≤

1
(v

).
W

e
h
av

e,
fo

r
an

y
gi

ve
n
v
∈
V

,

m
in

  
q(
i,
v
)

:
∑

v
′ ∈
N
≤
1
(v

)

p
(i
,v
′ )
≥

1

  
=

1
−
( 1
−

1

r(
v
)) r

(v
)

≥
1
−
e−

1
.

T
h
e

eq
u
al

it
y

is
d
u
e

to
th

e
fa

ct
th

at
th

e
m

in
im

u
m

is
ac

h
ie

v
ed

w
h
en

p
(i
,v
′ )

=
1
r
(v

)
fo

r
a
ll

v
′ ∈

N
≤

1
(v

),
an

d
th

e
in

eq
u
al

it
y

co
m

es
fr

om
r(
v
)
≥

1
(f

o
r,
v
∈
N
≤

1
(v

))
.

H
en

ce

(I
)
≤

∑

v
∈V

:P
(i
,v

)≥
1

p
(i
,v

)

1
−
e−

1
≤
∑ v
∈V

p
(i
,v

)

1
−
e−

1
.

A
s

fo
r

(I
I)

,
u
si

n
g

th
e

in
eq

u
al

it
y

1
−
x
≤
e−

x
,x
∈

[0
,1

],
w

it
h
x

=
p
(i
,v
′ )

,
w

e
ca

n
w

ri
te

q(
i,
v
)
≥

1
−

ex
p

 
−

∑

v
′ ∈
N
≤
1
(v

)

p
(i
,v
′ )

 
=

1
−

ex
p

(−
P

(i
,v

))
.
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D
e
l
a
y
a
n
d

C
o
o
p
e
r
a
t
io
n
in

N
o
n
st

o
c
h
a
st

ic
B
a
n
d
it
s

In
tu

rn
,

b
eca

u
se
P

(i,v
)
<

1
in

term
s

(II),
w

e
can

u
se

th
e

in
eq

u
ality

1−
e −

x≥
(1−

e −
1)
x

,
h
o
ld

in
g

w
h
en
x
∈

[0,1],
w

ith
x

=
P

(i,v
),

th
ereb

y
con

clu
d
in

g
th

at
q(i,v

)≥
(1−

e −
1)P

(i,v
).

T
h
u
s

(II)≤
∑

v∈
V

:P
(i,v

)<
1

p
(i,v

)

(1−
e −

1)P
(i,v

)
≤

1

1−
e −

1

∑v∈
V

p
(i,v

)

P
(i,v

)
≤

α
(G

)

1−
e −

1

w
h
ere

in
th

e
last

step
w

e
u
sed

(A
lon

et
al.,

2017,
L

em
m

a
10).

N
ote

th
at

d
esp

ite
th

e
sta

tem
en

t
o
f

th
is

lem
m

a
refers

to
a

d
irected

grap
h

an
d

its
m

ax
im

u
m

acy
clic

su
b
grap

h
,

in
th

e
sp

ecia
l

ca
se

of
u
n
d
irected

grap
h
s,

th
e

size
of

th
e

m
ax

im
u
m

acy
clic

su
b
grap

h
coin

cid
es

w
ith

th
e

in
d
ep

en
d
en

ce
n
u
m

b
er.

M
oreover,

ob
serve

th
at

p
(i,1),...,p

(i,N
)
≥

0
n
eed

n
ot

su
m

to
o
n
e

in
ord

er
for

th
is

lem
m

a
to

h
old

.

T
h
e

fo
llow

in
g

th
eorem

q
u
an

tifi
es

th
e

b
eh

av
ior

of
E
x
p
3
-C

o
o
p

in
term

s
of

a
free

p
aram

eter
γ

in
th

e
lea

rn
in

g
rate,

th
e

tu
n
in

g
of

w
h
ich

w
ill

b
e

ad
d
ressed

in
th

e
su

b
seq

u
en

t
T

h
eorem

5.

T
h

e
o
re

m
4

T
h
e

regret
o
f
E
x
p
3
-C

o
o
p

ru
n

o
ver

a
n

etw
o
rk
G

=
(V
,E

)
o
f
N

a
gen

ts,
ea

ch
u

sin
g

d
ela

y
d

a
n

d
lea

rn
in

g
ra

te
η

=
γ /(K

e(d
+

1) ),
fo

r
γ
∈

(0,1],
sa

tisfi
es

R
co

o
p

T
≤

2
d

+
K
e(d

+
1)

ln
K

γ
+
γ (

α
(G
≤
d )

2(1−
e −

1)(d
+

1)N
+

3K
e )

T
.

P
ro

o
f

T
h
e

stan
d
ard

an
aly

sis
of

th
e

ex
p

on
en

tially
-w

eigh
ted

algorith
m

w
ith

im
p

ortan
ce-

sa
m

p
lin

g
estim

ates
—

see,
e.g.,

th
e

p
ro

of
of

(A
lon

et
al.,

2017,
L

em
m

a
1)—

g
ives

fo
r

each
a
gen

t
v

an
d

ea
ch

action
k

th
e

d
eterm

in
istic

b
ou

n
d

T
∑t=

1

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)≤
T
∑t=

1 ̂̀
t (k
,v

)
+

ln
Kη

+
η2

T
∑t=

1

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)
2
.

(6)

W
e

ta
k
e

ex
p

ectation
s

of
th

e
th

ree
(d

o
u
b
le)

su
m

s
in

(6)
sep

arately.
A

s
for

th
e

fi
rst

su
m

,
n
o
te

th
a
t

a
n

iterative
ap

p
lication

of
L

em
m

a
1

gives,
for

t
>
d
,

p
t (i,v

)≥
p
t−
d (i,v

)−
η

d
∑s=

1

p
t−
s (i,v

) ̂̀
t−
s (i,v

)
,

so
th

a
t,

settin
g

for
b
rev

ity
A
t (i,v

)
=
∑

ds=
1
p
t−
s (i,v

) ̂̀
t−
s (i,v

),
w

e
h
ave

T
∑t=

1

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)≥
T
∑t=
2
d
+

1

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)

≥
T
∑t=
2
d
+

1

K
∑i=

1

p
t−
d (i,v

) ̂̀
t (i,v

)−
η

T
∑t=
2
d
+

1

K
∑i=

1

A
t (i,v

) ̂̀
t (i,v

)
.
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C
e
sa

-B
ia
n
c
h
i,
G
e
n
t
il
e
,
a
n
d

M
a
n
so

u
r

H
en

ce

E

[
T
∑t=

1

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

) ]
≥

E

[
T
∑t=
2
d
+

1

K
∑i=

1

p
t−
d (i,v

) ̂̀
t (i,v

) ]
−
η
E

[
T
∑t=
2
d
+

1

K
∑i=

1

A
t (i,v

) ̂̀
t (i,v

) ]

=
E

[
T
∑t=
2
d
+

1

K
∑i=

1

p
t−
d (i,v

)E
t−
d [̂̀

t (i,v
) ] ]
−
η
E

[
T
∑t=
2
d
+

1

K
∑i=

1

A
t (i,v

)E
t−
d [̂̀

t (i,v
) ] ]

(sin
ce
p
t (i,v

)
is

d
eterm

in
ed

b
y
I

1 (·),...,I
t−
d−

1 (·))

=
E

[
T
∑t=
2
d
+

1

K
∑i=

1

p
t−
d (i,v

)
`
t−
d (i) ]

−
η
E

[
T
∑t=
2
d
+

1

K
∑i=

1

A
t (i,v

)
`
t−
d (i) ]

(u
sin

g
(4))

≥
E

[
T
∑t=

1

K
∑i=

1

p
t (i,v

)
`
t (i) ]

−
2d−

η
T
d
.

T
h
e

last
step

u
ses

E

[
K
∑i=

1

A
t (i,v

)
`
t−
d (i) ]

≤
E

[
K
∑i=

1

A
t (i,v

) ]
=

E

[
K
∑i=

1

d
∑s=

1

p
t−
s (i,v

) ̂̀
t−
s (i,v

) ]

=
E

[
K
∑i=

1

d
∑s=

1

p
t−
s (i,v

)`
t−
s−
d (i) ]

≤
E

[
K
∑i=

1

d
∑s=

1

p
t−
s (i,v

) ]
=
d

h
old

in
g

for
t≥

2d
+

1.
S
im

ilarly,
for

th
e

secon
d

su
m

in
(6),

w
e

h
ave

E

[
T
∑t=

1 ̂̀
t (k
,v

) ]
=

T
∑t=
d
+

1

`
t−
d (k

)≤
T
∑t=

1

`
t (k

)
.

F
in

ally,
for

th
e

th
ird

su
m

in
(6),

an
iterative

ap
p
lication

of
L

em
m

a
2

y
ield

s,
for

t
>
d
,

p
t (i,v

)≤
(

1
+

1d )
d

p
t−
d (i,v

)≤
e
p
t−
d (i,v

)
,

so
th

at
w

e
can

w
rite

E

[
T
∑t=

1

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)
2 ]

=
E

[
T
∑t=
d
+

1

K
∑i=

1 E
t−
d [p

t (i,v
) ̂̀
t (i,v

)
2 ] ]

≤
E

[
T
∑t=
d
+

1

K
∑i=

1

p
t (i,v

)

q
d
,t−

d (i,v
) ]

(u
sin

g
(5)

an
d
`
t (·)≤

1)

≤
eE

[
T
∑t=
d
+

1

K
∑i=

1

p
t−
d (i,v

)

q
d
,t−

d (i,v
) ]

.

T
h
e

last
in

eq
u
ality

com
es

from
an

iterative
ap

p
lication

of
L

em
m

a
2,

an
d

th
e

ob
servation

th
at (1

+
1d )
d≤

e.

1
2
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e

n
u
m

b
er

of
ti

m
es

a
m

es
sa

ge
fr

om
v

is
fo

rw
ar

d
ed

to
th

e
o
th

er
ag

en
ts

,
th

er
eb

y
li
m

it
in

g
th

e
m

es
sa

ge
co

m
p
le

x
it

y
of

th
e

al
go

ri
th

m
.

In
or

d
er

to
a
cc

o
m

o
d
a
te

th
is

ad
d
it

io
n
al

p
ar

am
et

er
,

w
e

ar
e

re
q
u
ir

ed
to

m
o
d
if

y
th

e
co

op
er

at
iv

e
b
an

d
it

p
ro

to
co

l
o
f

5
.

B
ec

a
u

se
it

h
o
ld

s
fo

r
a

w
o
rs

t-
ca

se
(c

o
n

n
ec

te
d

)
G

,
th

is
u

p
p

er
b

o
u

n
d

o
n
α

(G
≤
d
)

ca
n

b
e

m
a
d

e
ti

g
h
te

r
w

h
en

sp
ec

ifi
c

g
ra

p
h

to
p

o
lo

g
ie

s
a
re

co
n

si
d

er
ed

.
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D
e
l
a
y
a
n
d

C
o
o
p
e
r
a
t
io
n
in

N
o
n
st

o
c
h
a
st

ic
B
a
n
d
it
s

F
ig

u
re

1.
A

s
in

S
ection

4,
w

e
h
av

e
an

u
n
d
irected

com
m

u
n
ication

n
etw

ork
G

=
(V
,E

)
over

th
e

a
g
en

ts.
H

ow
ever,

in
th

is
n
ew

p
roto

col
th

e
m

essage
th

at
at

th
e

en
d

of
rou

n
d
t

each
agen

t
v

sen
d
s

to
h
is

n
eigh

b
ors

in
G

h
as

th
e

form
at

m
t (v

)
=
〈
t,v

,ttl(v
),I

t (v
),`

t (I
t (v

) ),p
t (v

) 〉

w
h
ere

ttl(v
)

is
th

e
tim

e-to-live
p
aram

eter
of

agen
t
v
.

E
ach

m
essage

m
t−
s (v ′),

w
h
ich

v
receives

fro
m

a
n
eigh

b
or,

fi
rst

h
as

its
tim

e-to-leave
d
ecrem

en
ted

b
y

on
e.

If
th

e
resu

ltin
g

va
lu

e
is

p
o
sitive,

th
e

m
essage

is
forw

ard
ed

to
th

e
oth

er
n
eigh

b
ors,

oth
erw

ise
it

is
d
rop

p
ed

.
M

o
reover,

v
u
ses

th
is

m
essage

to
u
p

d
ate

p
t (v

)
on

ly
if
s
≤
d
(v

).
H

en
ce,

at
tim

e
t

an
a
g
en

t
v

u
ses

th
e

m
essage

sen
t

at
tim

e
t−

s
b
y
v ′

if
an

d
on

ly
if

d
ist

G
(v ′,v

)
=
s

w
ith

s≤
m

in{d
(v

),ttl(v ′)},
w

h
ere

d
ist

G
(v
,v ′)

is
th

e
sh

ortest-p
ath

d
istan

ce
from

v ′
to
v

in
G

.
B

a
sed

on
th

e
collection

P
=
{d

(v
),ttl(v

)}
v∈
V

of
in

d
iv

id
u
al

p
aram

eters,
w

e
d
efi

n
e

th
e

d
irected

g
ra

p
h
G
P

=
(V
,E
P

)
as

follow
s:

arc
(v ′,v

)
∈
E
P

if
an

d
on

ly
if

d
ist

G
(v
,v ′)

≤
m

in{d
(v

),ttl(v ′)}.
T

h
e

in
-n

eigh
b

orh
o
o
d
N
−P

(v
)

of
v

th
u
s

con
tain

s
th

e
set

of
all

v ′∈
V

w
h
o
se

d
ista

n
ce

from
v

is
n
ot

larger
th

an
m

in{d
(v

),ttl(v ′)}
.

N
otice

th
at,

w
ith

th
is

d
efi

n
ition

,
v
∈
N
−P

(v
),

so
th

at
(V
,E
P

)
in

clu
d
es

all
self-lo

op
s

(v
,v

).
F

igu
re

4(a)
illu

strates
th

ese
co

n
cep

ts
th

ro
u
gh

a
sim

p
le

p
ictorial

ex
am

p
le.

R
e
m

a
rk

1
0

It
is

im
po

rta
n

t
to

rem
a
rk

th
a
t

th
e

co
m

m
u

n
ica

tio
n

stru
ctu

re
en

cod
ed

byP
is

a
n

exogen
o
u

s
pa

ra
m

eter
o
f

th
e

regret
m

in
im

iza
tio

n
p
ro

blem
,

a
n

d
so

o
u

r
a
lgo

rith
m

s
ca

n
n

o
t

tra
d
e

it
o
ff

a
ga

in
st

regret.
In

a
d
d
itio

n
to

th
a
t,

th
e

pa
ra

m
eteriza

tio
n
P

=
{
d
(v

),ttl(v
)}
v∈
V

d
efi

n
es

a
sim

p
le

a
n

d
sta

tic
co

m
m

u
n

ica
tio

n
gra

p
h

w
h
ich

m
a
kes

it
rela

tively
ea

sy
to

exp
ress

regret
a
s

a
fu

n
ctio

n
o
f

th
e

a
m

o
u

n
t

o
f

a
va

ila
ble

co
m

m
u

n
ica

tio
n

.
T

h
is

w
o
u

ld
n

o
t

be
po

ssible
if

w
e

h
a
d

ea
ch

in
d
ivid

u
a
l

n
od

e
v

d
ecid

e
w

h
eth

er
to

fo
rw

a
rd

a
m

essa
ge

ba
sed

,
sa

y,
o
n

its
o
w

n
loca

l
d
ela

y
pa

ra
m

eter
d
(v

).
T

o
see

w
h
y,

co
n

sid
er

th
e

situ
a
tio

n
w

h
ere

n
od

es
v

a
n

d
v ′

a
re

a
lo

n
g

th
e

ro
u

te
o
f

a
m

essa
ge

th
a
t

is
rea

ch
in

g
v

befo
re
v ′.

T
h
e

d
ecisio

n
o
f
v

to
d
ro

p
th

e
m

essa
ge

m
a
y

cla
sh

w
ith

th
e

w
illin

gn
ess

o
f
v ′

to
receive

it,
a
n

d
th

is
m

a
y

clea
rly

h
a
p
pen

w
h
en

d
(v

)
<
d
(v ′).

T
h
e

stru
ctu

re
o
f

th
e

co
m

m
u

n
ica

tio
n

gra
p
h

resu
ltin

g
fro

m
th

is
in

d
ivid

u
a
l

beh
a
vio

r
o
f

th
e

n
od

es
w

o
u

ld
be

ra
th

er
co

m
p
lica

ted
.

O
n

th
e

co
n

tra
ry,

th
e

tim
e-to

-live-ba
sed

pa
ra

m
etriza

tio
n

,
w

h
ich

is
co

m
m

o
n

ly
u

sed
in

co
m

m
u

n
ica

tio
n

n
etw

o
rks

to
co

n
tro

l
co

m
m

u
n

ica
tio

n
co

m
p
lexity,

d
oes

n
o
t

h
a
ve

th
is

issu
e.

F
ig

u
re

5
co

n
tain

s
ou

r
algorith

m
(called

E
x
p
3
-C

o
o
p
2
)

for
th

is
settin

g.
E
x
p
3
-C

o
o
p
2

is
a

strict
g
en

era
lization

of
E
x
p
3
-C

o
o
p

,
an

d
so

is
its

an
aly

sis.
T

h
e

m
ain

d
iff

eren
ce

b
etw

een
th

e
tw

o
alg

o
rith

m
s

is
th

at
E
x
p
3
-C

o
o
p
2

d
ea

ls
w

ith
d
irected

grap
h
s.

T
h
is

fact
p
rev

en
ts

u
s

fro
m

u
sin

g
th

e
sam

e
tech

n
iq

u
es

of
S
ection

4.1
in

ord
er

to
con

trol
th

e
regret.

In
tu

itively,
a
d
d
in

g
o
rien

ta
tion

s
to

th
e

ed
ges

red
u
ces

th
e

in
form

ation
availab

le
to

th
e

ag
en

ts
an

d
th

u
s

in
crea

ses
th

e
varian

ce
of

th
eir

loss
estim

ates.
T

h
u
s,

in
ord

er
to

con
trol

th
is

varian
ce,

w
e

n
eed

a
low

er
b

o
u
n
d

6
on

th
e

p
rob

ab
ilities

p
t (i,v

).
F

rom
F

igu
re

5,
on

e
ca

n
easily

see
th

at

1
=
∑i∈
A

w
t (i,v

)

W
t (v

)
≤
P̃
t (v

)≤
∑i∈
A

(
w
t (i,v

)

W
t (v

)
+

δK

)
=

1
+
δ

(7)

6
.

W
e

fi
n

d
it

co
n
v
en

ien
t

to
d

eriv
e

th
is

low
er

b
o
u

n
d

w
ith

o
u

t
m

ix
in

g
w

ith
th

e
u

n
ifo

rm
d

istrib
u

tio
n

ov
er
A

—
see,

e.g
.,

(A
u

er
et

a
l.,

2
0
0
2
b

)—
b

u
t

in
a

slig
h
tly

d
iff

eren
t

m
a
n

n
er.

T
h

is
fa

cilita
tes

o
u

r
d

elay
ed

feed
b

a
ck

a
n

a
ly

sis.
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C
e
sa

-B
ia
n
c
h
i,
G
e
n
t
il
e
,
a
n
d

M
a
n
so

u
r

3

1

5
6

4

2
0

2

3
1

1

2

1
3

0
3

1

2

(c)
(a)

N
N

1
/2

v'

1
/2

(b)

N

v

F
igu

re
4:

(a
)

In
th

is
ex

am
p
le,

th
e

com
m

u
n
ication

n
etw

ork
G

is
an

u
n
d
irected

lin
e

grap
h

w
ith

N
=

6
agen

ts,
w

h
ose

ed
ges

are
d
ep

icted
in

b
lack

.
C

lose
to

each
n
o
d
e

v
=

1,...,6
is

th
e

in
d
iv

id
u
al

d
elay

d
(v

)
(in

b
lu

e),
an

d
th

e
in

d
iv

id
u
a
l

tim
e-to-

leave
ttl(v

)
(in

red
).

T
h
e

arcs
(a.k

.a.,
d
irected

ed
ges)

of
th

e
in

d
u
ced

d
irected

grap
h
G
P

are
also

d
ep

icted
in

b
lu

e.
S
elf-lo

op
s

are
n
ot

d
ep

icted
.

F
or

in
stan

ce,
w

e
h
ave

N
−P

(5)
=
{
4,5,6}

an
d
N
−P

(3)
=
{3}.

(b
)

A
co

m
m

u
n
ication

n
etw

ork
h
av

in
g

a
d
en

se
(red

n
o
d
es)

an
d

a
sp

arse
(b

lack
n
o
d
es)

region
.

T
h
e

b
lack

region
h
as
N

1
/
2

agen
ts,

th
e

red
on

e
h
as
N
−
N

1
/
2

agen
ts.

(c
)

A
star

grap
h

w
ith

lon
g

ray
s.

T
h
e

cen
ter

v
(in

red
)

sets
a

sm
all

d
(v

)
an

d
a

large
ttl(v

).
T

h
e

p
erip

h
eral

n
o
d
es
v ′

(in
green

)
set

a
large

d
(v ′)

an
d

a
sm

all
ttl(v ′).

im
p
ly

in
g

th
e

low
er

b
ou

n
d
p
t (i,v

)≥
δ

K
(1

+
δ
)
,

h
o
ld

in
g

for
all

i,
t,

an
d
v
.

T
h
e

follow
in

g
th

eorem
(p

ro
of

in
th

e
ap

p
en

d
ix

)
is

th
e

m
ain

resu
lt

of
th

is
section

.

T
h

e
o
re

m
1
1

T
h
e

regret
o
f
E
x
p
3
-C

o
o
p
2

ru
n

o
ver

a
n

etw
o
rk
G

=
(V
,E

)
o
f
N

a
gen

ts,
ea

ch
a
gen

t
v

u
sin

g
in

d
ivid

u
a
l

d
ela

y
d
(v

),
in

d
ivid

u
a
l

tim
e-to

-lea
ve

ttl(v
),

exp
lo

ra
tio

n
pa

ra
m

eter
δ

=
1/T

,
a
n

d
lea

rn
in

g
ra

te
η

su
ch

th
a
t
η
→

0
a
s
T
→
∞

sa
tisfi

es,
w

h
en

T
gro

w
s

la
rge,

R
co

o
p

T
=
O
(

ln
Kη

+
η (
d̄
V

+
KN
α

(G
P

)
ln

(T
N
K

) )
T )

,
w

h
ere

d̄
V

=
1N

∑v∈
V

d
(v

)
.

U
sin

g
a

d
ou

b
lin

g
trick

in
m

u
ch

th
e

sam
e

w
ay

w
e

u
sed

it
to

p
rov

e
T

h
eorem

5,
w

e
can

state
th

e
follow

in
g

resu
lt

(p
ro

of
in

th
e

ap
p

en
d
ix

).

C
o
ro

lla
ry

1
2

T
h
e

regret
o
f
E
x
p
3
-C

o
o
p
2

ru
n

o
ver

a
n

etw
o
rk
G

=
(V
,E

)
o
f
N

a
gen

ts,
ea

ch
a
gen

t
v

u
sin

g
in

d
ivid

u
a
l

d
ela

y
d
(v

),
in

d
ivid

u
a
l

tim
e-to

-lea
ve

ttl(v
),

exp
lo

ra
tio

n
pa

ra
m

eter
δ

=
1/T

,
a
n

d
in

d
ivid

u
a
l

lea
rn

in
g

ra
te
η
(v

)
a
d
a
p
tively

selected
by

ea
ch

a
gen

t
th

ro
u

gh
a

d
o
u

blin
g

trick,
sa

tisfi
es,

w
h
en

T
gro

w
s

la
rge

R
co

o
p

T
=
O
(
√

(ln
K

) (
d̄
V

+
1

+
KN
α

(G
P

)
ln

(T
N
K

) )
T

+
d̄
V

(
ln
T

+
ln

ln
(T
N
K

) ) )
.

T
o

illu
strate

th
e

ad
van

tage
of

h
av

in
g

in
d
iv

id
u
al

d
elay

s
a
s

op
p

osed
to

sh
arin

g
th

e
sam

e
d
elay

valu
e,

it
su

ffi
ces

to
con

sid
er

a
com

m
u
n
ication

n
etw

o
rk

in
clu

d
in

g
regio

n
s

of
d
iff

eren
t

d
en

sity.
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D
e
l
a
y
a
n
d

C
o
o
p
e
r
a
t
io
n
in

N
o
n
st

o
c
h
a
st

ic
B
a
n
d
it
s

T
h

e
E

x
p

3
-C

o
o
p

2
A

lg
o
ri

th
m

P
a
ra

m
e
te

rs
:

U
n
d
ir

ec
te

d
gr

ap
h
G

=
(V
,E

);
le

ar
n
in

g
ra

te
η
;

ex
p
lo

ra
ti

o
n

p
ar

am
et

er
δ
>

0
.

In
it

:
E

ac
h
v
∈
V

se
ts

w
ei

gh
ts
w

1
(i
,v

)
=

1,
fo

r
al

l
i
∈
A

,
d
el

ay
d
(v

),
an

d
ti

m
e-

to
-l

iv
e

tt
l(
v
).

F
o
r
t

=
1,

2,
..
.

1.
E

ac
h

ag
en

t
v
∈
V

p
la

y
s

ac
ti

on
I t

(v
)
∈
A

d
ra

w
n

ac
co

rd
in

g
to

d
is

tr
ib

u
ti

on
p
t(
v
)

=
(p
t(

1,
v
),
..
.,
p
t(
K
,v

))
,

w
h
er

e

p
t(
i,
v
)

=
p̃
t(
i,
v
)

P̃
t(
v
)
,

P̃
t(
v
)

=
∑ j∈
A

p̃
t(
j,
v
),

an
d

p̃
t(
i,
v
)

=
m

ax

{
w
t(
i,
v
)

W
t(
v
)
,
δ K

}
,

W
t(
v
)

=
∑ j∈
A

w
t(
j,
v
)

;

2.
E

ac
h

ag
en

t
v
∈
V

ob
se

rv
es

lo
ss
` t
( I
t(
v
))

an
d

ex
ch

an
ge

s
m

es
sa

ge
s

w
it

h
h
is

n
ei

gh
-

b
or

s
(s

ee
m

ai
n

te
x
t

fo
r

an
ex

p
la

n
at

io
n
);

3.
E

ac
h

ag
en

t
v
∈
V

p
er

fo
rm

s
th

e
u
p

d
at

e
w
t+

1
(i
,v

)
=
p
t(
i,
v
)

ex
p
( −
η
̂̀ t(
i,
v
))

fo
r

al
l

i
∈
A

,
w

h
er

e

̂̀ t(
i,
v
)

=

  

` t
−
d
(v

)(
i)

q P
,t
−
d
(v

)(
i,
v
)
B
P
,t
−
d
(v

)(
i,
v
)

if
t
>
d
(v

),

0
ot

h
er

w
is

e,

an
d
B
P
,t
−
d
(v

)(
i,
v
)

=
I{
∃v
′ ∈

N
− P

(v
)

:
I t
−
d
(v

)(
v
′ )

=
i}

,
w

it
h

q P
,t
−
d
(v

)(
i,
v
)

=
1
−

∏

v
′ ∈
N
− P

(v
)( 1
−
p
t−
d
(v

)(
i,
v
′ )
)
.
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u
re
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T
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E
x
p
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C
o
op

2
al

go
ri

th
m

w
it

h
in

d
iv

id
u
al

d
el

ay
an

d
ti

m
e-

to
-l

iv
e

p
ar

am
et

er
s.

C
on

cr
et

el
y,

co
n
si

d
er

th
e

gr
ap

h
in

F
ig

u
re

4(
b
)

w
it

h
a

la
rg

e
d
en

se
ly

co
n
n
ec

te
d

re
gi

o
n

(r
ed

ag
en

ts
)

an
d

a
sm

al
l

sp
ar

se
ly

co
n
n
ec

te
d

re
gi

on
b
la

ck
ag

en
ts

).
In

th
is

ex
am

p
le

,
th

e
b
la

ck
ag

en
ts

p
re

fe
r

a
la

rg
e

va
lu

e
of

th
ei

r
in

d
iv

id
u
al

d
el

ay
so

as
to

re
ce

iv
e

m
or

e
in

fo
rm

at
io

n
fr

om
n
ea

rb
y

ag
en

ts
,

b
u
t

th
is

co
m

es
at

th
e

p
ri

ce
of

a
la

rg
er

b
ia

s
fo

r
th

ei
r

es
ti

m
at

or
s
̂̀ t(
i,
v
).

O
n

th
e

co
n
tr

ar
y,

in
fo

rm
at

io
n

fr
om

n
ea

rb
y

ag
en

ts
is

re
ad

il
y

av
ai

la
b
le

to
th

e
re

d
a
ge

n
ts

,
so

th
at

th
ey

d
o

n
ot

ga
in

an
y

re
gr

et
im

p
ro

v
em

en
t

fr
om

a
la

rg
e

d
el

ay
p
ar

am
et

er
.

A
si

m
il
ar

ar
gu

m
en

t
ap

p
li
es

h
er

e
to

th
e

in
d
iv

id
u
al

ti
m

e-
to

-l
iv

e
va

lu
es

:
re

d
ag

en
ts
v

w
il
l
se

t
a

sm
al

l
tt
l(
v
)

to
re

d
u
ce

co
m

m
u
n
ic

at
io

n
.

B
la

ck
ag

en
ts
v
′

m
ay

d
ec

id
e

to
se

t
tt
l(
v
′ )

d
ep

en
d
in

g
on

th
ei

r
in

te
n
ti

on
to

re
ac

h
th

e
re

d
n
o
d
es

.
B

u
t

b
ec

au
se

th
e

re
d

ag
en

ts
h
av

e
se

t
a

sm
al

l
d
(v

),
an

y
eff

or
t

m
ad

e
b
y
v
′

tr
y
in

g
to

re
ac

h
th

em
w

ou
ld

b
e

a
co

m
m

u
n
ic

at
io

n
w
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te

.
H

en
ce

,
it

is
re
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on

ab
le

fo
r

a
b
la

ck
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C
e
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c
h
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G
e
n
t
il
e
,
a
n
d

M
a
n
so

u
r

ag
en

t
v
′

to
se

t
a

m
o
d
er

at
el

y
la

rg
e

va
lu

e
fo

r
tt
l(
v
′ )

,
b
u
t

p
er

h
ap

s
n
ot

so
la

rg
e

a
s

to
re

a
ch

th
e

re
d

ag
en

ts
.

O
n
e

ca
n

re
ad

th
is

off
th

e
b

ou
n
d
s

in
b

ot
h

T
h
eo

re
m

11
an

d
C

o
ro

ll
a
ry

1
2
,

a
s

ex
p
la

in
ed

n
ex

t.
S
u
p
p

os
e

fo
r

si
m

p
li
ci

ty
th

at
K
≈
N

so
th

at
,

d
is

re
ga

rd
in

g
lo

g
fa

ct
o
rs

,
th

es
e

b
ou

n
d
s

d
ep

en
d

on
p
ar

am
et

er
s
P

on
ly

th
ro

u
gh

th
e

q
u
an

ti
ty

H
=
d̄
V

+
α

(G
P

).
N

ow
,

in
th

e
ca

se
of

a
co

m
m

on
d
el

ay
p
ar

am
et

er
d

(S
ec

ti
on

4.
1)

,
it

is
n
ot

h
ar

d
to

se
e

th
a
t

th
e

b
es

t
se

tt
in

g
fo

r
d

in
or

d
er

to
m

in
im

iz
e
H

is
of

th
e

fo
rm

d
=
N

1
/
4
,

re
su

lt
in

g
in
H

=
Θ

(N
1
/
4
).

O
n

th
e

ot
h
er

h
an

d
,

th
e

b
es

t
se

tt
in

g
fo

r
th

e
in

d
iv

id
u
a
l

d
el

ay
s

is
d
(v

)
=

1
w

h
en

v
is

re
d
,

a
n
d

d
(v

)
=
√
N

w
h
en

v
is

b
la

ck
,

re
su

lt
in

g
in
H

=
Θ

(1
).

T
h
e

ti
m

e-
to

-l
iv

e
p
ar

am
et

er
s
tt
l(
v
)

aff
ec

t
th

e
re

gr
et

b
ou

n
d

on
ly

th
ro

u
gh

α
(G
P

),
b
u
t

th
ey

cl
ea

rl
y

p
la

y
th

e
ad

d
it

io
n
al

ro
le

of
b

ou
n
d
in

g
th

e
m

es
sa

ge
co

m
p
le

x
it

y
of

th
e

al
g
o
ri

th
m

.
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o
u
r

ex
am

p
le
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F

ig
u
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4(
b
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w
e

es
se

n
ti

al
ly

h
av

e
d
(v

)
≈
tt
l(
v
)
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r
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l
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.

A
ty

p
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en
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o
w

h
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e
ag

en
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h
av

e
d
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)
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tt
l(
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d
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F

ig
u
re

4(
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.
In

th
is

ca
se

,
w

e
h
av

e
st

a
r-

li
ke

gr
ap

h
w

h
er

e
a

ce
n
tr

al
ag

en
t

is
co

n
n
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te
d

th
ro

u
gh

lo
n
g

ra
y
s

to
al

l
ot

h
er

s
ag

en
ts

.
T

h
e

ce
n
te

r
v

p
re

fe
rs

to
se

t
a

sm
al

l
d
(v

),
si

n
ce

it
h
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a
la

rg
e

d
eg

re
e,

b
u
t

al
so

a
la

rg
e
tt
l(
v
)

in
o
rd

er
to

re
ac

h
th

e
gr

ee
n

p
er

ip
h
er

al
n
o
d
es

.
T

h
e

gr
ee

n
n
o
d
es
v
′

ar
e

re
as

on
ab

ly
d
oi

n
g

th
e

o
p
p

o
si

te
:

a
la

rg
e
d
(v
′ )

in
or

d
er

to
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th
er

in
fo

rm
at

io
n
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ot
h
er

n
o
d
es

,
b
u
t

al
so

a
sm

al
le

r
ti

m
e-

to
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iv
e

th
an
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e
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n
te

r,
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r
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e
in
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rm

at
io

n
tr

an
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it
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d
b
y
v
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m
p
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ti
ve

ly
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va
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a
b
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to
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e
w

h
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e
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e
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e
tr
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it
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d
b
y

th
e

ce
n
te

r.
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n
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n

se
t

th
ei

r
in

d
iv
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u
al

p
ar

am
et

er
s

in
a

to
p

ol
og

y
-d

ep
en

d
en

t
m

an
n
er

u
si

n
g

a
n
y

al
go

ri
th

m
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r
as

se
ss

in
g

th
e

ce
n
tr

al
it

y
of

n
o
d
es

in
a

d
is

tr
ib

u
te

d
fa

sh
io

n
—

e.
g
.,

(W
eh

m
u
th

an
d

Z
iv

ia
n
i,

20
13
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an

d
re

fe
re

n
ce

s
th

er
ei

n
.
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h
is

ca
n

b
e

d
on

e
at

th
e

b
eg

in
n
in

g
in

a
n
u
m

b
er

of
ro

u
n
d
s

w
h
ic

h
on

ly
d
ep

en
d
s

on
th

e
n
et

w
or

k
to

p
ol

og
y

(b
u
t

n
ot

on
T

).
H

en
ce

,
th

is
in

it
ia

l
p
h
as

e
w

ou
ld

aff
ec

t
th

e
re

gr
et

b
ou

n
d

on
ly

b
y

an
ad

d
it

iv
e

co
n
st

an
t.

6
.
E
x
te
n
si
o
n
II
:
C
o
o
p
e
ra

ti
o
n
w
it
h
M

ix
e
d
D
e
la
y
s

T
h
e

tw
o

al
go

ri
th

m
s

w
e

d
es

ig
n
ed

so
fa

r
d
o

n
ot

u
se

th
e

lo
ss

in
fo

rm
at

io
n

in
th

e
m

o
st

eff
ec

ti
ve

w
ay

,
as

th
ey

b
ot

h
p

os
tp

on
e

th
e

u
p

d
at

e
st

ep
b
y
d

(F
ig

u
re

3)
or
d
(v

)
(F

ig
u
re

5
)

ti
m

e
st

ep
s.

T
h
e

ad
va

n
ta

ge
of

p
os

tp
on

in
g

u
p

d
at

es
is

th
at

lo
ss

es
ti

m
a
te

s
a
re

si
m

p
le

to
d
es

ig
n
,

b
ec

a
u
se

th
e

u
p

d
at

es
at

ti
m

e
t

al
l

in
vo

lv
e

lo
ss

es
ge

n
er

at
ed

at
th

e
sa

m
e

ti
m

e
t
−
d

o
r
t
−
d
(v

).
In

th
is

se
ct

io
n
,

in
st

ea
d
,

w
e

st
u
d
y

ge
n
er

al
iz

ed
ve

rs
io

n
s

of
E
x
p
3
-c
o
o
p

an
d
E
x
p
3
-c
o
o
p
2

w
h
er

e
al

l
lo

ss
es

` t
−
s
(i

)
se

n
t

fr
om

ag
en

ts
at

d
is

ta
n
ce

s
to

an
y

gi
ve

n
a
ge

n
t
v

ar
e

u
se

d
b
y
v

a
t

ti
m

e
t;

th
at

is
,

th
ey

ar
e

u
se

d
as

so
on

as
th

ey
b

ec
om

e
av

ai
la

b
le

to
v
.

U
n
li
ke

b
ef

o
re

,
th

e
u
p

d
at

es
p

er
fo

rm
ed

at
ti

m
e
t

n
ow

in
vo

lv
e

lo
ss

es
w

it
h

d
iff

er
en

t
d
el

ay
s,

an
d

fo
r

th
is

re
a
so

n
th

es
e

ge
n
er

al
iz

ed
al

go
ri

th
m

s
co

m
b
in

e
m

an
y

lo
ss

es
ti

m
at

or
s,

ea
ch

d
efi

n
ed

fo
r

a
d
iff

er
en

t
le

ve
l

of
d
el

ay
,

th
ro

u
gh

a
fi
x
ed

d
is

tr
ib

u
ti

on
D

(e
.g

.,
a

d
is

tr
ib

u
ti

on
em

p
h
as

iz
in

g
re

ce
n
t

lo
ss

es
).

A
s

w
e

sh
ow

,
in

th
e

re
su

lt
in

g
re

gr
et

b
ou

n
d
s

b
ot

h
d
el

ay
s

an
d

in
d
ep

en
d
en

ce
n
u
m

b
er

s
en

d
u
p

co
rr

es
p

on
d
in

gl
y

m
ix

ed
ac

co
rd

in
g

to
th

e
d
is

tr
ib

u
ti

on
D

.
In

th
e

re
st

of
th

is
se

ct
io

n
,

w
e

p
re

se
n
t
E
x
p
3
-C

o
o
p
-M

ix
,
w

h
ic

h
ge

n
er

al
iz

es
E
x
p
3
-C

o
o
p

to
m

ix
ed

d
el

ay
ed

es
ti

m
a
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rs
.

T
h
e

le
ar

n
in

g
p
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to
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l
re

m
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n
s

th
e

sa
m

e
(F

ig
u
re

1)
.

A
si

m
il
ar

ex
te

n
si

on
ex

is
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fo
r
E
x
p
3
-C

o
o
p
2
,

w
h
er

e
in

st
ea

d
of

h
av

in
g

in
d
iv

id
u
al

d
el

ay
s
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(v

),
w

e
h
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e
in

d
iv

id
u
al

d
is

tr
ib

u
ti

o
n
s

ov
er

d
el

ay
va

lu
es

.
W

e
d
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to
om

it
th

is
fu
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h
er

ex
te

n
si

on
fr

om
th

e
p
ap

er
b
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au

se
it

d
o
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n
o
t

a
d
d

an
y

ex
tr

a
va
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e

to
th

e
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er
al

l
d
is

cu
ss

io
n
.

E
x
p
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o
o
p
-M
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ed
in

F
ig

u
re

6
,
w

h
er

e
w

e
si

m
p
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re
p
la
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d

es
ti

m
a
to

r
(3
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b
y

it
s

m
ix

ed
ve
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n
(8

).
T

h
e

n
ex

t
th

eo
re

m
(w

h
os

e
p
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in
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e
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p
en
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C
o
o
p
e
r
a
t
io
n
in

N
o
n
st

o
c
h
a
st

ic
B
a
n
d
it
s

T
h

e
E

x
p

3
-C

o
o
p

-M
ix

A
lg

o
rith

m
P

a
ra

m
e
te

rs:
U

n
d
irected

com
m

u
n
ication

grap
h
G

=
(V
,E

);
m

ax
im

al
d
elay

d
;

d
elay

d
istrib

u
tion

D
over{

0,1,...,d−
1}

;
learn

in
g

rate
η
>

0.
In

it:
E

a
ch

a
g
en

t
v
∈
V

sets
w

eigh
ts
w

1 (i,v
)

=
1

for
all

i∈
A

.
F
o
r
t

=
1,2,...

1
.

E
a
ch

ag
en

t
v
∈
V

p
lay

s
action

I
t (v

)∈
A

d
raw

n
accord

in
g

to
d
istrib

u
tion

p
t (v

)
=

(p
t (1,v

),...,p
t (K

,v
)),

w
h
ere

p
t (i,v

)
=
w
t (i,v

)

W
t (v

)
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i
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1,...,K

an
d

W
t (v

)
=
∑j∈
A

w
t (j,v
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;

2
.

E
a
ch

ag
en

t
v
∈
V

ob
serves

loss
`
t (I

t (v
) )

an
d

ex
ch

an
ges

m
essages

w
ith

h
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n
eigh

-
b

o
rs

(S
tep

s
2

an
d

3
of

th
e

p
roto

col
in

F
igu

re
1);
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E
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ch
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g
en

t
v
∈
V

p
erform

s
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e
u
p

d
ate

w
t+

1 (i,v
)

=
p
t (i,v

)
ex

p (−
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t (i,v
) )

fo
r

all
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,

w
h
erề
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)

=
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1
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D
(s)

`
t−
s (i)

q
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s (i,v
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s,t−
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)

if
t
>
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0
oth

erw
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a
n
d
B
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d
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d
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e

sa
m

e
d
ela

y
d
istribu

tio
n
D

,
a
n

d
lea

rn
in

g
ra

te
η
≤

1
/(K

e(d
+
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+
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+
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∑i=

1

p
t (i,v

)`
t (i) ]

−
T
∑t=

1

`
t (k

)

≤
2
d

+
E

[
ln
K

η
(v

)
+
η
(v

)
d

2
+
η
(v

)
T
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∑i=

1

p
t−
d (i,v

)

q
d
,t−

d (i,v
) )

I{t
>
d} )

︸
︷︷

︸
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b
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) √
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+
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d ⌈
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p
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∈
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∈
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p
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te p
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=
p
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)
>
δ/
K
}.

(1
0
)

T
o

p
ro

ve
(1

0)
,

w
e

re
ca

ll
th

at
p̃
t+

1
(i
,v

)
=

m
ax
{
w
t+

1
(i
,v

)
W
t+

1
(v

)
,
δ K

} .
T

h
en

w
e

d
is

ti
n
g
u
is

h
tw

o
ca

se
s:

1.
If

w
t+

1
(i
,v

)
W
t+

1
(v

)
≤

δ K
,

th
en

p̃
t+

1
(i
,v

)
=
δ/
K

,
an

d
w
t+

1
(i
,v

)/
W
t+

1
(v

)
>

0
b
y

d
efi

n
it

io
n
,

h
en

ce
(1

0)
h
ol

d
s;

2.
If

w
t+

1
(i
,v

)
W
t+

1
(v

)
>

δ K
th

en
p̃
t+

1
(i
,v

)
=

w
t+

1
(i
,v

)
W
t+

1
(v

)
,

so
th

at
p
t+

1
(i
,v

)
≤
p
t+

1
(i
,v

)
P̃
t+

1
(v

)
=

p̃
t+

1
(i
,v

)
an

d
(1

0)
ag

ai
n

h
ol

d
s.

T
h
en

,
se

tt
in

g
fo

r
b
re

v
it

y
C

=
I{
p̃
t+

1
(i
,v

)
>
δ/
K
},

w
e

ca
n

w
ri

te

p
t+

1
(i
,v

)
−
p
t(
i,
v
)
≤

p
t+

1
(i
,v

)
−
w
t+

1
(i
,v

)
(f

ro
m

th
e

u
p

d
a
te

(1
))

≤
p
t+

1
(i
,v

)
−
W
t+

1
(v

)p
t+

1
(i
,v

)
C

(u
si

n
g

(1
0)

)

=
p
t+

1
(i
,v

)(
1
−
W
t+

1
(v

)
C
)

=
p
t+

1
(i
,v

)

 
∑ j∈
A

( p
t(
j,
v
)
−
C
w
t+

1
(j
,v

))
 

=
p
t+

1
(i
,v

)
∑ j∈
A

p
t(
j,
v
)
( 1
−
C
e−

η
̂̀ t

(j
,v

))

≤
p
t+

1
(i
,v

)
∑ j∈
A

p
t(
j,
v
)
( 1
−
C

(1
−
η
̂̀ t(
j,
v
))
)

w
h
er

e
in

th
e

la
st

st
ep

w
e

ag
ai

n
u
se

d
e−

x
≥

1
−
x

.
T

h
is

co
n
cl

u
d
es

th
e

p
ro

of
.

L
e
m

m
a

1
7

U
n

d
er

th
e

u
pd

a
te

ru
le

co
n

ta
in

ed
in

F
ig

u
re

5
,

if
δ
≤

1/
d
(v

)
a
n

d
η
≤

1
K
e(
d
(v

)+
1
)
,

th
en

p
t+

1
(i
,v

)
≤
( 1

+
1

d
(v

))
p
t(
i,
v
)

(1
1
)

h
o
ld

s
fo

r
a
ll
t
≥

1
a
n

d
i
∈
A

,
d
et

er
m

in
is

ti
ca

ll
y

w
it

h
re

sp
ec

t
to

th
e

a
ge

n
ts

’
ra

n
d
o
m

iz
a
ti

o
n

.

P
ro

o
f

If
p̃
t+

1
(i
,v

)
=
δ/
K

th
en

,
fr

om
(7

),
w

e
h
av

e
δ/
K

=
p
t+

1
(i
,v

)P̃
t+

1
(v

)
≥
p
t+

1
(i
,v

),

an
d
p
t(
i,
v
)
≥

δ
K

(1
+
δ
)
.

H
en

ce
,
p
t+

1
(i
,v

)
p
t
(i
,v

)
≤

δ
/
K

δ
/
(K

(1
+
δ
))

=
1

+
δ,

so
th

e
cl

ai
m

fo
ll
ow

s
fr

o
m

δ
≤

1
d
(v

)
.

O
n

th
e

ot
h
er

h
an

d
,

if
p̃
t+

1
(i
,v

)
>
δ/
K

,
th

en
th

e
p
ro

of
is

ex
ac

tl
y

th
e

sa
m

e
a
s

th
e

p
ro

of
of

L
em

m
a

2,
fo

r
th

e
se

co
n
d

in
eq

u
al

it
y

in
th

e
st

at
em

en
t

o
f

L
em

m
a

16
tu

rn
s

o
u
t

to
b

e
ex

ac
tl

y
th

e
sa

m
e

as
th

e
co

rr
es

p
on

d
in

g
in

eq
u
al

it
y

in
th

e
st

at
em

en
t

in
L

em
m

a
1
.

N
ex

t,
w

e
ge

n
er

al
iz

e
L

em
m

a
3

to
th

e
ca

se
of

d
ir

ec
te

d
gr

ap
h
s.

T
h
is

is
w

h
er

e
w

e
n
ee

d
a

lo
w

er
b

ou
n
d

on
th

e
p
ro

b
ab

il
it

ie
s
p
t(
i,
v
).

If
G

=
(V
,E

)
is

a
d
ir

ec
te

d
gr

ap
h
,

th
en

fo
r

ea
ch
v
∈
V

le
t

N
− ≤

1
(v

)
b

e
th

e
in

-n
ei

gh
b

or
h
o
o
d

of
n
o
d
e
v

(i
.e

.,
th

e
se

t
of
v
′ ∈

V
su

ch
th

at
a
rc

(v
′ ,
v
)
∈
E

),
in

cl
u
d
in

g
v

it
se

lf
.
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D
e
l
a
y
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d

C
o
o
p
e
r
a
t
io
n
in

N
o
n
st

o
c
h
a
st

ic
B
a
n
d
it
s

L
e
m

m
a

1
8

L
et
G

=
(V
,E

)
be

a
d
irected

gra
p
h

w
ith

in
d
epen

d
en

ce
n

u
m

ber
α

(G
).

L
et

p
(v

)
=
(p

(1,v
),...,p

(K
,v

) )
be

a
p
ro

ba
bility

d
istribu

tio
n

o
ver

A
=
{1
,...,K

}
su

ch
th

a
t

p
(i,v

)≥
δ

K
(1

+
δ
) .

T
h
en

,
fo

r
a
ll
i∈

A
,

∑v∈
V

p
(i,v

)

q(i,v
)
≤

1

1−
e −

1 (
6
α

(G
)

ln (
1

+
N

2K
(1

+
δ)

δ

)
+
∑v∈
V

p
(i,v

) )
,

w
h
ere

q(i,v
)

=
1−

∏
v ′∈

N
−≤
1
(v

) (1−
p
(i,v ′) ).

P
ro

o
f

W
e

fo
llow

th
e

n
otation

an
d

th
e

p
ro

of
of

L
em

m
a

3,
w

h
ere

it
is

sh
ow

n
th

at

∑v∈
V

p
(i,v

)

q(i,v
)
≤

1

1−
e −

1

∑v∈
V

(
p
(i,v

)

P
(i,v

)
+
p
(i,v

) )
.

In
o
rd

er
to

b
o
u
n
d

from
ab

ove
th

e
su

m
∑

v∈
V

p
(i,v

)
P

(i,v
) ,

w
e

com
b
in

e
(A

lon
et

a
l.,

2017,
L

em
m

a
14

a
n
d

1
6
)

a
n
d

d
erive

th
e

u
p
p

er
b

ou
n
d

∑v∈
V

p
(i,v

)

P
(i,v

)
≤

6
α

(G
)

ln (
1

+
N

2K
(1

+
δ)

δ

)

h
o
ld

in
g

w
h
en

p
(i,v

)
≥

δ
K

(1
+
δ
) .

A
gain

,
th

e
p
rob

ab
ilities

p
(i,1),...,p

(i,N
)
≥

0
n
eed

n
ot

su
m

to
o
n
e

in
o
rd

er
for

th
is

lem
m

a
to

ap
p
ly.

W
ith

th
e

a
b

ove
th

ree
lem

m
as

h
an

d
y,

w
e

are
read

y
to

p
rov

e
T

h
eorem

1
1.

P
ro

o
f

o
f

T
h

e
o
re

m
1
1
.

T
h
is

p
ro

of
is

sim
ilar

to
th

e
p
ro

of
o
f

T
h
eorem

4,
h
en

ce
w

e
on

ly
em

p
h
a
size

th
e

d
iff

eren
ces

b
etw

een
th

e
tw

o.
F

ro
m

th
e

u
p

d
ate

ru
le

in
F

igu
re

5,
w

e
h
ave,

for
each

v
∈
V

,

W
T

+
1 (v

)
=

K
∑i=

1

p̃
T

(i)

P̃
T

(v
) e −

η ̂̀
T

(i,v
)

≥
K
∑i=

1

w
T

(i,v
)

W
T

(v
)P̃

T
(v

) e −
η ̂̀
T

(i,v
)

(sin
ce
p̃
T

(i)≥
w
T

(i,v
)/
W
T

(v
))

=
K
∑i=

1

p̃
T−

1 (i,v
)e −

η ̂̀
T
−
1
(i,v

)e −
η ̂̀
T

(i,v
)

W
T

(v
)P̃

T−
1 (v

)P̃
T

(v
)

...≥
K
∑i=

1

w
1 (i,v

)
e −

η ∑
Tt=

1 ̂̀
t (i,v

)

W
1 (v

)···W
T

(v
)P̃

1 (v
)···P̃

T
(v

)
.

N
ow

,
b

eca
u
se
w

1 (i,v
)

=
1,
W

1 (v
)

=
K

,
an

d
P̃
t (v

)≤
1

+
δ

for
all

t,
see

(7),
th

e
ab

ove
ch

ain
o
f

in
eq

u
alities

im
p
lies

th
at,

for
an

y
fi
x
ed

action
k
∈
A

,

(1
+
δ)
T
K

(
T∏t=

1

W
t+

1 (v
) )
≥
e −

η ∑
Tt=

1 ̂̀
t (k

,v
)
.

(12)
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C
e
sa

-B
ia
n
c
h
i,
G
e
n
t
il
e
,
a
n
d

M
a
n
so

u
r

A
s

u
su

al,
th

e
q
u
an

tity
W
t+

1 (v
)

can
b

e
u
p
p

er
b

ou
n
d
ed

as

W
t+

1 (v
)

=
K
∑i=

1

p
t (i,v

)e −
η ̂̀
t (i,v

)

≤
K
∑i=

1

p
t (i,v

) (
1−

η ̂̀
t (i,v

)
+
η

22
̂̀
t (i,v

)
2 )

(from
e −

x≤
1−

x
+
x

2/
2

for
all

x
≥

0)

=
1−

η
K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)
+
η

22

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)
2
.

S
u
b
stitu

tin
g

in
to

(12)
an

d
tak

in
g

logs
of

b
oth

sid
es

giv
es

T
ln

(1
+
δ)

+
ln
K

+
T
∑t=

1

ln (
1−

η
K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)
+
η

22

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)
2 )

≥
−
η

K
∑i=

1 ̂̀
t (k
,v

)
.

F
in

ally,
u
sin

g
ln

(1
+
x

)≤
x

,
d
iv

id
in

g
b
y
η
,

u
sin

g
δ

=
1/T

,
an

d
rearran

gin
g

y
ield

s

T
∑t=

1

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)≤
1

+
ln
K

η
+

T
∑t=

1 ̂̀
t (k
,v

)
+
η2

T
∑t=

1

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)
2
,

(13)

h
en

ce
arriv

in
g

at
th

e
cou

n
terp

art
of

(6).
F

rom
th

is
p

oin
t

on
,

w
e

p
ro

ceed
as

in
th

e
p
ro

of
of

T
h
eorem

4
b
y

tak
in

g
ex

p
ectation

on
th

e
th

ree
(d

ou
b
le)

su
m

s
in

(13).
N

ote
th

a
t

w
e

d
o

still
h
ave,

for
all

v
∈
V

,
t
>
d
(v

),
an

d
i∈

A
,

E
t−
d
(v

) [̂̀
t (i,v

) ]
=

`
t−
d
(v

) (i)

E
t−
d
(v

) [p
t (i,v

) ̂̀
t (i,v

) ]
=

p
t (i,v

)`
t−
d
(v

) (i)

E
t−
d
(v

) [p
t (i,v

) ̂̀
t (i,v

)
2 ]

=
p
t (i,v

)
`
t−
d
(v

) (i)
2

qP
,t−

d
(v

) (i,v
)
.

W
e

can
w

rite

E

[
T
∑t=

1

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

) ]
≥

E

[
T
∑t=

1

K
∑i=

1

p
t (i,v

)
`
t (i) ]

−
2d

(v
)−

(η
+
δ)
T
d
(v

)

E

[
T
∑t=

1 ̂̀
t (k
,v

) ]
≤

T
∑t=

1

`
t (k

)

an
d
,

as
in

th
e

p
ro

of
of

T
h
eorem

4,

E

[
T
∑t=

1

K
∑i=

1

p
t (i,v

) ̂̀
t (i,v

)
2 ]
≤
eE


T
∑

t=
d
(v

)+
1

K
∑i=

1

p
t−
d
(v

) (i,v
)

qP
,t−

d
(v

) (i,v
) 

.
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o
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h
a
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ic
B
a
n
d
it
s

S
u
m

m
in

g
ov

er
al

l
ag

en
ts
v
,

d
iv

id
in

g
b
y
N

,
a
n
d

ap
p
ly

in
g

L
em

m
a

18
to

th
e

d
ir

ec
te

d
gr

ap
h

G
P

,
th

e
la

st
in

eq
u
al

it
y

gi
v
es

1 N
E

[
T ∑ t=

1

K ∑ i=
1

∑ v
∈V

p
t(
i,
v
)̂̀
t(
i,
v
)2

]
≤

e

1
−
e−

1
T

(
6
K N
α

(G
P

)
ln
( 1

+
2
T
N

2
K
) +

1

)
.

C
om

b
in

in
g

as
in

(1
3)

,
re

ca
ll
in

g
th

at
δ

=
1/
T

,
an

d
se

tt
in

g
fo

r
b
re

v
it

y
d̄
V

=
1 N

∑
v
∈V

d
(v

),
w

e
h
av

e
th

u
s

ob
ta

in
ed

th
at

th
e

av
er

ag
e

w
el

fa
re

re
gr

et
of

E
x
p
3
-C

o
o
p
2

sa
ti

sfi
es

R
co

o
p

T
≤

3
d̄
V

+
η
T
d̄
V

+
1

+
ln
K

η
+

eη

2(
1
−
e−

1
)
T

(
6K N

α
(G
P

)
ln
( 1

+
2
T
N

2
K
) +

1

)

=
O
( η

T
d̄
V

+
ln
K η

+
η
T
K

N
α

(G
P

)
ln

(T
N
K

))

as
T

gr
ow

s
la

rg
e.

T
h
is

co
n
cl

u
d
es

th
e

p
ro

of
.

P
ro

o
fs

fr
o
m

S
e
ct
io
n
6

T
h
e

fo
ll
ow

in
g

ar
e

fu
rt

h
er

ge
n
er

al
iz

at
io

n
s

of
L

em
m

as
1

an
d

2
th

at
ap

p
ly

to
m

ix
ed

d
el

ay
es

ti
m

at
or

s.

L
e
m

m
a

1
9

L
et
̂̀ t(
i,
v
)

be
o
f

th
e

fo
rm

(8
)

fo
r

ea
ch
t
≥

1,
i
∈
A

,
a
n

d
v
∈
V

.
If
η
≤

1
K
e(
d
+

1
)

in
th

e
u

pd
a
te

ru
le

w
t+

1
(i
,v

)
=
p
t(
i,
v
)

ex
p
( −
η
̂̀ t(
i,
v
))

th
en

p
t+

1
(i
,v

)
≤
( 1

+
1 d

)
p
t(
i,
v
)

h
o
ld

s
fo

r
a
ll
t
≥

1,
i
∈
A

,
a
n

d
v
∈
V

d
et

er
m

in
is

ti
ca

ll
y

w
it

h
re

sp
ec

t
to

th
e

a
ge

n
t’

s
ra

n
d
o
m

-
iz

a
ti

o
n

.

P
ro

o
f

T
h
e

p
ro

of
fo

ll
ow

s
a

si
m

il
ar

in
d
u
ct

iv
e

ar
gu

m
en

t
as

in
th

e
p
ro

of
of

L
em

m
a

2.
W

e
ca

n
w

ri
te

,
fo

r
t
>
d
, ∑ i∈
A

p
t(
i,
v
)̂̀
t(
i,
v
)

=
∑ i∈
A

p
t(
i,
v
)
d
−

1
∑ s=

0

D
(s

)
` t
−
s
(i
,v

)

q s
,t
−
s
(i
,v

)B
s,
t−
s
(i
,v

)

≤
∑ i∈
A
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p
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p
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∈
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∈
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d
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b
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p
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p
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p
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∑ s=

0

D
(s

)
B
s,
t−
s
(i
,v

)
p
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p
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.
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−
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d
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p
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≥
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+
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s ∑ h
=

1

d
−

1
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p
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∑t=
2
d
+

1

K
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p
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p
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+
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p
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∑i=

1

d−
1
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p
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︸
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D
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︸
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∈
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=
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p
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p
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p
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=

`
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`
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p
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=

p
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=

p
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−
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∑
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p
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−
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=
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−
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−
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−
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=
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−
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p
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=
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p
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p
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p
re

ss
iv

e
al

go
ri

th
m

is
d
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d
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b
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h
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p
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p
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p
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n
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th

en
it
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n
ot

op
ti

m
al

in
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e
m
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e
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et
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d
m
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h
em
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at
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b
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p
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d
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b
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b
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p
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e
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at
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p
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d

or
d
er

co
m

p
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en
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p
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d
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h
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p
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h
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at
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d
efi

n
it

io
n
s

a
re

si
m

il
ar

.
H

ow
ev

er
,

ev
en

in
th

e
on

e-
d
im

en
si
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e
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g
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w
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p
ra
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b
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d
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w
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y
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m
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w
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t
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m
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d
m
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b
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b
le

m
s,

w
it

h
fu

rt
h
er

is
su

es
w

it
h

d
at

a
sp

ar
si

ty
an

d
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b
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p
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h
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at
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e

ea
rl

y
co

n
tr

ib
u
ti

o
n

of
H

al
l

an
d

M
ar

ro
n

(1
98

7)
th

at
p
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d
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m
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n
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d
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e
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p
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b
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b
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eo
re

ti
ca

l
fr

am
ew

or
k

to
u
n
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b
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d
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n
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b
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p
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h
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B
e
st

o
n
e
-sid

e
d

c
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e
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w
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e
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h
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p
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g-in
m

eth
o
d
s

as
in

S
h
eath

er
a
n
d

J
o
n
es

(1
9
9
1):

th
at

som
eth

in
g

w
ith

low
er

ord
er

n
oise

h
ad

to
b

e
estim

a
ted

,
th

e
p
ilo

t,
a
n
d

term
s

o
f

sligh
tly

low
er

ord
er

h
ad

to
b

e
ign

ored
in

th
e

asy
m

p
to

tic
resu

lts.
In

th
is

p
ap

er
w

e
d
efi

n
e

th
ree

d
ogm

as
for

a
m

o
d
ern

kern
el

sm
o
oth

in
g

estim
ator:

1
.

It
sh

o
u
ld

b
e

a
d
irect

estim
ation

b
ased

on
p
rin

cip
les

w
ith

ou
t

com
p
licated

m
ath

em
atical

a
d
ju

stm
en

ts.

2
.

E
x
tra

term
s

of
sligh

tly
low

er
ord

er
are

n
ot

allow
ed

in
th

e
ex

p
an

sion
s.

3
.

F
u
rth

er
sm

o
oth

in
g

th
an

th
ose

n
ecessary

fo
r

th
e

origin
al

estim
ator

is
n
ot

allow
ed

to
b

e
a
ssu

m
ed

w
h
ile

an
aly

sin
g

th
e

q
u
ality

of
th

e
b
an

d
w

id
th

selector.

T
h
e

orig
in

a
l

cross-valid
ation

estim
ator

an
d

th
e

ap
p
roach

of
H

art
an

d
Y

i
(199

8)
lives

u
p

to
a
ll

th
ree

d
o
g
m

a
ru

les
w

h
ile

th
e

p
lu

g-in
ty

p
e

estim
ators

of
e.g.

S
h
eath

er
an

d
J
o
n
es

(1991)
a
n
d

S
avch

u
k

et
al.

(2010)
v
iolate

all
th

ree.
W

e
b

elieve
th

is
to

b
e

th
e

reason
w

h
y

M
am

m
en

et
a
l.

(20
1
1
,2

0
1
4)

con
clu

d
ed

th
at

th
eir

d
ou

b
le

on
e-sid

ed
kern

el
d
en

sity
b
an

d
w

id
th

selector,
d
irectly

in
sp

ired
b
y

H
art

an
d

Y
i

(1998
),

w
orked

b
etter

in
p
ractice

th
an

th
e

estim
ators

of
S
h
ea

th
er

a
n
d

J
on

es
(1991)

an
d

S
av

ch
u
k

et
al.

(2010).
T

h
e

fu
n
d
am

en
tal

p
rin

cip
les

of
th

is
p
a
p

er
a
re

th
erefore

th
e

th
ree

d
ogm

as
ab

ov
e

an
d

th
e

d
ecision

th
eoretical

fram
ew

o
rk

of
H

all
a
n
d

M
a
rro

n
(1

987),
an

d
th

is
h
as

let
u
s

to
ex

p
lore

d
ou

b
le

on
e-sid

ed
cross-valid

ation
an

d
o
n
e-sid

ed
cro

ss-valid
ation

even
fu

rth
er

b
ecau

se
of

th
eir

ap
p
aren

t
p
ractical

su
p

eriority
on

th
e

m
a
rket

o
f

cu
rren

t
kern

el
b
an

d
w

id
th

selectors.
A

d
etailed

in
vestigation

of
b

o
th

sid
es

o
f

lo
ca

l
on

e-sid
ed

b
an

d
w

id
th

selectio
n

sh
ow

ed
u
s

a
p

erh
ap

s
su

rp
risin

g
fact.

W
h
ile

th
e

left-sid
ed

a
n
d

th
e

righ
t-sid

ed
cross-valid

ation
p
ro

ced
u
res

h
ave

th
e

sam
e

m
ath

em
atical

sta-
tistica

l
b

eh
av

io
u
r,

th
ey

d
o

p
erform

v
ery

d
iff

eren
tly

in
p
ractice.

O
ften

on
e

of
th

e
tw

o
sid

es
b
rea

k
s

d
ow

n
co

m
p
letely.

D
ou

b
le

on
e-sid

ed
cross-valid

ation
w

ork
s

b
etter

th
an

on
e-sid

ed
cro

ss-va
lid

a
tio

n
in

a
w

id
e

variety
of

k
ern

el
sm

o
oth

in
g

p
rob

lem
s,

see
for

ex
am

p
le

M
am

m
en

et
a
l.

(2
01

1
,2

014),
G

ám
iz

et
al.

(2013a,b
,

2016).
A

closer
in

vestigatio
n

go
in

g
th

ro
u
gh

lo
ca

l
fea

tu
res

o
f

in
d
iv

id
u
al

sim
u
lation

sam
p
les

reveals
th

at
b

eh
in

d
a

go
o
d

d
ou

b
le

on
e-sid

ed
cro

ss-va
lid

a
tio

n
resu

lt
often

h
id

es
an

av
erage

of
a

go
o
d

on
e-sid

ed
estim

ator
an

d
a

som
eh

ow
ra

n
d
o
m

resu
lt

from
th

e
oth

er
sid

e.
T

h
e

su
ggestion

of
th

is
p
ap

er
is

to
im

p
rove

th
e

stab
ility

o
f

o
n
e-sid

ed
cro

ss-valid
ation

v
ia

a
lo

cal
in

form
ation

p
rin

cip
le

in
sp

ectin
g

at
every

sin
gle

lo
cal

p
o
in

t
w

h
eth

er
to

u
se

th
e

righ
t

sid
e

or
th

e
left

sid
e

for
cross-valid

ation
.

T
h
is

ap
p
ro

ach
is

sta
b
le

in
its

p
ractical

p
erform

an
ce,

it
o
b

ey
s

th
e

th
ree

ab
ove

d
ogm

as
an

d
it

p
rov

id
es

th
e

ex
a
ct

sa
m

e
a
sy

m
p
totic

p
erform

an
ce

as
th

e
less

stab
le

on
e-sid

ed
a
n
d

d
ou

b
le-sid

ed
com

p
eti-

to
rs

m
en

tio
n
ed

ab
ove.

W
e

call
th

e
n
ew

a
p
p
roach

b
est

on
e-sid

ed
cross-va

lid
ation

.
T

h
is

p
a
p

er
fu

rth
erm

ore
in

tro
d
u
ces

th
e

m
ath

em
atical

statistical
ap

p
roach

of
H

a
ll

an
d

M
arron

(1
9
8
7
)

to
m

u
ltip

licative
b
ias

corrected
lo

cal
lin

ear
k
ern

el
h
azard

estim
a
tors

an
d

it
in

tro-
d
u
ces

a
sy

m
p
to

tic
th

eory
an

d
p
ractical

im
p
lem

en
tation

of
b

est
on

e-sid
ed

-cross-valid
atio

n
fo

r
th

ese
m

u
ltip

licative
b
ias

corrected
h
azard

estim
ators.

M
u
ltip

licative
b
ias

correctio
n

is
k
n
ow

n
to

im
p
rov

e
th

e
p
ractical

im
p
lem

en
tation

of
kern

el
h
azard

estim
ation

,
see

N
ielsen

3
JM

L
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G
á
m

iz
,

M
a
r
t́
ın

e
z
-M

ir
a
n
d
a

a
n
d

N
ie

l
se

n

(1998)
an

d
N

ielsen
an

d
T

an
ggaard

(2001).
T

h
is

p
arallels

in
sigh

ts
from

th
e

m
ore

research
ed

w
orld

of
kern

el
d
en

sity
estim

ation
,

see
for

ex
am

p
le

J
on

es
et

al.
(1995)

an
d

J
on

es
an

d
S
ig-

n
orin

i
(1997).

T
h
e

latter
w

en
t

th
ro

u
gh

a
series

of
sm

all
sam

p
le

stu
d
ies

of
k
ern

el
d
en

sity
estim

ation
p
ro

ced
u
res

to
con

clu
d
e

th
at

m
u
ltip

licative
b
ias

correction
seem

ed
to

b
e

th
e

b
est.

T
h
e

con
trib

u
tion

of
th

is
p
ap

er
is

th
erefore

also
to

u
p

d
ate

m
ath

em
atical

statistica
l

th
eory

an
d

p
ractice

to
th

e
p

erh
ap

s
b

est
p
ractically

p
erform

in
g

kern
el

h
aza

rd
estim

ator
w

e
h
av

e:
th

e
m

u
ltip

licativ
e

b
ias

corrected
lo

cal
lin

ear
kern

el
h
azard

estim
ator.

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

a
s

follow
s.

In
S
ection

2
w

e
d
escrib

e
th

e
lin

k
b

etw
een

ou
r

p
rop

osal
an

d
m

eth
o
d
s

in
m

ach
in

e
learn

in
g.

In
S
ection

3
w

e
form

u
late

th
e

m
o
d
el

w
e

assu
m

e
in

th
e

p
ap

er
an

d
p
resen

t
tw

o
h
azard

estim
ators,

n
am

ely
th

e
lo

cal
lin

ear
estim

ator
an

d
its

m
u
ltip

licative
b
ias

correction
.

B
an

d
w

id
th

selection
for

th
ese

estim
ators

th
rou

gh
cross-valid

ation
an

d
th

e
d
ou

b
le

on
e-sid

ed
cross-valid

ation
m

eth
o
d

of
G

ám
iz

et
al.

(2016)
is

d
escrib

ed
in

S
ection

4,
an

d
ou

r
n
ew

b
est

on
e-sid

ed
cross-valid

ation
m

eth
o
d

is
su

ggested
.

T
h
e

asy
m

p
totic

p
rop

erties
of

all
p
resen

ted
valid

ated
b
an

d
w

id
th

s
are

an
aly

sed
in

S
ection

5.
A

ssu
m

p
tion

s
are

d
eferred

to
A

p
p

en
d
ix

A
an

d
p
ro

ofs
are

p
rov

id
ed

in
th

e
S
u
p
p
lem

en
tary

M
aterial.

A
fu

rth
er

in
v
estigation

of
th

e
th

eoretical
p
rop

erties
of

b
an

d
w

id
th

selectors
is

d
escrib

ed
in

A
p
p

en
d
ix

B
.
T

w
o

case
stu

d
ies

sh
ow

th
e

ap
p
licab

ility
of

ou
r

p
rop

osals,
w

h
ich

are
d
escrib

ed
in

S
ectio

n
6.

In
S
ection

7
w

e
d
escrib

e
sim

u
lation

ex
p

erim
en

ts
to

evalu
ate

th
e

fi
n
ite

sam
p
le

p
rop

erties
of

ou
r

p
rop

osal.
T

h
e

m
ain

fi
n
d
in

gs
from

th
e

sim
u
lation

s
are

d
iscu

ssed
in

S
ection

8
alon

g
w

ith
fu

rth
er

in
sigh

ts
ab

ou
t

th
e

asy
m

p
totic

p
rop

erties
of

b
an

d
w

id
th

selectors.
F

in
al

con
clu

sion
s

are
d
raw

n
in

S
ection

9.
A

ll
n
u
m

erical
calcu

lation
s

h
ave

b
een

p
erform

ed
w

ith
R

an
d

th
e

m
eth

o
d
s

p
rop

osed
in

th
is

p
ap

er
h
ave

b
een

im
p
lem

en
ted

in
th

e
D
O
v
a
l
i
d
a
t
i
o
n

p
ackage

(G
ám

iz
et

al.,
2017).

2
.
T
ra

in
in
g
a
n
d
le
a
rn

in
g
v
e
rsu

s
cro

ss-v
a
lid

a
tio

n
a
n
d
a
d
ju
ste

d
cro

ss-v
a
lid

a
tio

n

T
o

m
otivate

ou
r

research
b

eyon
d

a
w

id
er

crow
d

th
an

ex
p

erts
in

n
o
n
p
aram

etric
h
azard

estim
ation

,
ou

r
p

oin
t

of
v
iew

is
form

u
lated

b
elow

v
ia

stan
d
ard

vo
cab

u
lary

from
m

ach
in

e
learn

in
g

an
d

artifi
cial

in
telligen

ce.
L

et
u
s

assu
m

e
w

e
ob

serve
n

in
d
iv

id
u
als

over
som

e
tim

e
th

at
cou

ld
p

oten
tially

b
e

fi
ltered

v
ia

tru
n
cation

an
d

cen
sorin

g,
a
n
d

let
A

b
e

a
train

in
g

set
an

d
B

b
e

a
learn

in
g

set
su

ch
th

at
th

e
tw

o
sets

u
n
ited

eq
u
als

th
e

set
{
1,...,n}.

L
et

for
th

e
p
u
rp

ose
of

a
d
iscu

ssion
th

e
n
u
m

b
er

of
elem

en
ts

of
A

b
e

80%
of
n

an
d

th
e

n
u
m

b
er

of
elem

en
ts

in
B

b
e

20%
of
n

.
T

h
en

a
stan

d
ard

ap
p
roach

to
valid

ation
,

see
again

M
u
ñ
oz

an
d

van
d
er

L
aan

(201
2),

w
ou

ld
b

e
to

estim
ate

th
e

h
azard

on
th

e
train

in
g

set
an

d
evalu

ate
it

v
ia

th
e

learn
in

g
set.

U
n
d
er

som
e

stan
d
ard

in
d
ep

en
d
en

ce
assu

m
p
tion

s
th

is
w

ill
lead

to
a

d
ecrease

in
effi

cien
cy

of
estim

ation
itself

corresp
on

d
in

g
to

ign
orin

g
20%

o
f

th
e

d
ata

set
an

d
it

w
ill

d
ecrease

th
e

effi
cien

cy
on

th
e

valid
ation

ap
p
roach

,
com

p
ared

to
cross-valid

ation
an

d
th

e
th

eoretical
ap

p
roach

con
sid

ered
in

th
is

p
ap

er,
corresp

on
d
in

g
to

ign
orin

g
80%

of
th

e
d
ata

set.
O

n
e

cou
ld

of
cou

rse
con

sid
er

all
p

ossib
le

com
b
in

ation
s

of
train

in
g

an
d

learn
in

g
sets

an
d

average
all

th
ese

valid
ation

s
in

to
on

e
sin

gle
valid

ation
p
rin

cip
le

or
learn

in
g

p
rin

cip
le.

T
h
is

w
ou

ld
corresp

on
d

to
a

com
p
u
tation

ally
in

effi
cien

t
cross-valid

ation
.

In
co

n
clu

sion
:

even
if

all
p

ossib
le

com
b
in

ation
s

of
train

ers
an

d
learn

ers
are

calcu
lated

,
w

e
en

d
u
p

w
ith

stan
d
ard

cross-valid
ation

w
ith

th
e

w
ell

k
n
ow

n
p
rob

lem
s

of
d
ata

sp
arsity

an
d

n
oise.

W
ith

th
e

h
elp

of
th

e
th

eory
origin

ally
d
evelop

ed
b
y

H
all

an
d

M
arron

(1987)
in

th
e

kern
el

d
en

sity
con

tex
t,
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B
e
st

o
n
e
-s

id
e
d

c
r
o
ss

-v
a
l
id

a
t
io

n

w
e

w
il
l

in
th

is
p
ap

er
,

in
th

e
k
er

n
el

h
az

ar
d

co
n
te

x
t,

co
n
si

d
er

m
o
re

effi
ci

en
t

u
se

of
d
at

a
w

h
en

es
ti

m
at

or
s

ar
e

va
li
d
at

ed
or

w
h
en

tr
ai

n
er

s
ar

e
le

ar
n
in

g.
It

tu
rn

s
ou

t
th

at
th

is
is

in
d
ee

d
p

os
si

b
le

v
ia

re
la

ti
v
el

y
st

ra
ig

h
tf

or
w

ar
d

ad
ju

st
m

en
ts

of
st

a
n
d
ar

d
cr

os
s-

va
li
d
at

io
n
.

3
.
T
h
e
co

u
n
ti
n
g
p
ro

ce
ss

m
o
d
e
l
a
n
d
k
e
rn

e
l
h
a
za

rd
e
st
im

a
to
rs

In
th

is
se

ct
io

n
w

e
fo

rm
u
la

te
ev

en
ts

v
ia

co
u
n
ti

n
g

p
ro

ce
ss

es
.

C
ou

n
ti

n
g

p
ro

ce
ss

es
ar

e
w

el
l

d
es

ig
n
ed

w
h
en

ev
en

t
d
at

a
ar

e
fi
lt

er
ed

fo
r

ex
am

p
le

v
ia

tr
u
n
ca

ti
on

o
r

ce
n
so

ri
n
g.

A
n

in
d
iv

id
u
al

ze
ro

-o
n
e

va
lu

ed
ex

p
os

u
re

p
ro

ce
ss

si
m

p
ly

ke
ep

s
tr

ac
k
s

on
w

h
et

h
er

an
in

d
iv

id
u
al

is
u
n
d
er

ri
sk

or
n
ot

at
an

y
p
ar

ti
cu

la
r

p
oi

n
t

in
ti

m
e.

W
e

a
ss

u
m

e
th

at
in

d
iv

id
u
al

s
ar

e
in

d
ep

en
d
en

t
an

d
th

at
d
at

a
fi
lt

er
in

g
is

n
on

-i
n
fo

rm
at

iv
e.

F
or

m
al

ly
,

w
e

ob
se

rv
e
n

in
d
iv

id
u
al

s,
i

=
1,
..
.,
n

.
L

et
N
i

co
u
n
t

ob
se

rv
ed

fa
il
u
re

s
fo

r
th

e
it

h
in

d
iv

id
u
al

in
th

e
ti

m
e

in
te

rv
al

[0
,T

],
N
i

ca
n

ta
ke

va
lu

es
0

or
1.

W
e

as
su

m
e

th
at
N
i

is
a

o
n
e-

d
im

en
si

on
al

co
u
n
ti

n
g

p
ro

ce
ss

w
it

h
re

sp
ec

t
to

an
in

cr
ea

si
n
g,

ri
gh

t
co

n
ti

n
u
ou

s,
co

m
p
le

te
fi
lt

ra
ti

on
F t

,
t
∈

[0
,T

],
i.
e.

,
it

o
b

ey
s

th
e

u
su

al
co

n
d
it

io
n
s

(A
n
d
er

se
n

et
al

.,
19

93
,

p
.

60
).

W
e

as
su

m
e

A
al

en
’s

m
u
lt

ip
li
ca

ti
ve

m
o
d
el

(A
al

en
,

19
78

)
w

h
er

e
th

e
ra

n
d
om

in
te

n
si

ty
is

w
ri

tt
en

as
λ
i(
t)

=
α

(t
)Y
i(
t)
,

w
it

h
n
o

re
st

ri
ct

io
n

on
th

e
fu

n
ct

io
n
al

fo
rm

of
th

e
h
az

ar
d

fu
n
ct

io
n
α

(·)
.

H
er

e
Y
i

is
a

p
re

d
ic

ta
b
le

p
ro

ce
ss

ta
k
in

g
va

lu
es

0
or

1,
in

d
ic

at
in

g
(b

y
th

e
va

lu
e

1)
w

h
en

th
e
it

h
in

d
iv

id
u
al

is
at

ri
sk

a
n
d

u
n
d
er

ob
se

rv
at

io
n
.

W
e

as
su

m
e

th
at

(N
1
,Y

1
)
,.
..
,(
N
n
,Y

n
)

ar
e

in
d
ep

en
d
en

t
an

d
id

en
ti

ca
ll
y

d
is

tr
ib

u
te

d
fo

r
th

e
n

in
d
iv

id
u
al

s.
W

it
h

th
es

e
d
efi

n
it

io
n
s
λ
i

is
p
re

d
ic

ta
b
le

an
d

th
e

p
ro

ce
ss

es
M
i(
t)

=
N
i(
t)
−

Λ
i(
t)

,
i

=
1,
..
.,
n

,
w

it
h

Λ
i(
t)

=
∫ t 0
λ
i(
s)
d
s,

ar
e

sq
u
ar

e
in

te
gr

ab
le

lo
ca

l
m

ar
ti

n
ga

le
s.

A
s

an
ex

am
p
le

w
e

il
lu

st
ra

te
h
ow

th
e

ab
ov

e
st

o
ch

as
ti

c
p
ro

ce
ss

es
lo

ok
li
ke

in
th

e
ca

se
of

in
d
ep

en
d
en

t
an

d
n
on

-i
n
fo

rm
at

iv
e

le
ft

tr
u
n
ca

ti
on

an
d

ri
gh

t
ce

n
so

ri
n
g,

w
h
er

e
n

tu
p
le

s
(L

i,
Z
i,
δ i

),
i

=
1,
..
.,
n

,
ar

e
ob

se
rv

ed
.

H
er

e
L
i

is
th

e
ti

m
e

th
e
it

h
in

d
iv

id
u
al

en
te

rs
th

e
st

u
d
y
;
Z
i

is
th

e
ti

m
e
it

h
in

d
iv

id
u
al

le
av

es
th

e
st

u
d
y

ei
th

er
b

ec
au

se
an

ev
en

t
h
as

h
ap

p
en

ed
or

b
ec

au
se

of
ri

gh
t

ce
n
so

ri
n
g;

an
d
δ i

is
b
in

ar
y

an
d

eq
u
al

to
on

e
if

an
ev

en
t,

fo
r

ex
am

p
le

d
ea

th
or

an
on

se
t

of
a

d
is

ea
se

,
is

th
e

re
as

on
fo

r
th

e
it

h
in

d
iv

id
u
al

to
le

av
e

th
e

st
u
d
y,

an
d

th
e

va
lu

e
is

ze
ro

w
h
en

th
e

re
as

on
fo

r
th

e
it

h
in

d
iv

id
u
al

to
le

av
e

th
e

st
u
d
y

w
as

u
n
in

fo
rm

at
iv

e
ri

gh
t

ce
n
so

ri
n
g.

In
th

is
ca

se
,

th
e

p
ro

ce
ss
Y
i

a
b

ov
e

w
ou

ld
b

e
Y
i(
t)

=
I
(L

i
≤
t
<
Z
i)

,
an

d
N
i(
t)

=
I
(Z

i
≤
t)
δ i

,
w

h
er

e
I
(·)

is
th

e
in

d
ic

at
or

fu
n
ct

io
n
.

H
er

ea
ft

er
w

e
w

il
l

w
or

k
in

th
e

co
n
ve

n
ie

n
t

an
d

ge
n
er

al
st

o
ch

as
ti

c
p
ro

ce
ss

fo
rm

u
la

ti
on

on
ly

.
T

h
e

lo
ca

l
li
n
ea

r
ke

rn
el

h
az

ar
d

es
ti

m
at

or
in

ou
r

ge
n
er

al
st

o
ch

as
ti

c
p
ro

ce
ss

fo
rm

u
la

ti
on

w
as

in
tr

o
d
u
ce

d
b
y

N
ie

ls
en

an
d

T
an

gg
aa

rd
(2

00
1)

an
d

it
is

d
efi

n
ed

as

α̂
L

L
b,
K

(t
)

=
n ∑ i=

1

∫
T

0
K̄
t,
b
(t
−
s)
d
N
i(
s)
,

(1
)

w
it

h
th

e
st

o
ch

as
ti

c
lo

ca
l

li
n
ea

r
k
er

n
el

K̄
t,
b
(t
−
s)

=
a

2
,K

(t
)
−
a

1
,K

(t
)(
t
−
s)

a
0
,K

(t
)a

2
,K

(t
)
−
{a

1
,K

(t
)}

2
K
b
(t
−
s)
,

(2
)

w
h
er

e
K
b
(u

)
=

b−
1
K

(u
/b

),
a
j,
K

(t
)

=
∫ T 0

K
b
(t
−
s)

(t
−
s)
j
Y

(s
)d
s,

fo
r
j

=
0,

1
,2

,
an

d
Y

(t
)

=
∑

n i=
1
Y
i(
t)

is
th

e
ag

gr
eg

at
ed

ri
sk

p
ro

ce
ss

.
H

er
e
K

is
a

ke
rn

el
fu

n
ct

io
n

w
it

h
su

p
p

or
t

[−
1
,1

]
an

d
b
>

0
is

th
e

b
an

d
w

id
th

p
ar

am
et

er
.

T
h
e

lo
ca

l
li
n
ea

r
ke

rn
el
K̄
t,
b

sa
ti

sfi
es

th
e

p
ro

p
er

ti
es

:
∫ T 0

K̄
t,
b
(t
−
s)
Y

(s
)d
s

=
1,
∫ T 0

K̄
t,
b
(t
−

s)
(t
−
s)
Y

(s
)d
s

=
0

an
d
∫ T 0

K̄
t,
b
(t
−
s)

(t
−
s)

2
Y

(s
)d
s
>

0.
T

h
u
s,
K̄
t,
b

ca
n

b
e

in
te

rp
re

te
d

as
a
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G
á
m

iz
,

M
a
r
t́
ın

e
z
-M

ir
a
n
d
a

a
n
d

N
ie

l
se

n

se
co

n
d

or
d
er

k
er

n
el

w
it

h
re

sp
ec

t
to

th
e

st
o
ch

as
ti

c
m

ea
su

re
µ

,
w

h
er

e
d
µ

(s
)

=
Y

(s
)d
s.

D
efi

n
-

in
g

th
e

ag
gr

eg
at

ed
fa

il
u
re

p
ro

ce
ss

,
N

(t
)

=
∑

n i=
1
N
i(
t)

,
w

e
ca

n
w

ri
te
α̂

L
L
b,
K

(t
)

=
∫ T 0

K̄
t,
b
(t
−

s)
d
N

(s
).

T
h
e

m
u
lt

ip
li
ca

ti
ve

b
ia

s
co

rr
ec

te
d

es
ti

m
at

or
co

n
st

ru
ct

ed
fr

o
m

th
e

lo
ca

l
li
n
ea

r
h
a
za

rd
es

ti
m

at
or

is
d
efi

n
ed

as

α̂
M

B
C

b,
K

(t
)

=
n ∑ i=

1

∫
K̄

M
B

C
t,
b

(t
−
s)
α̂

L
L
b,
K

(t
){
α̂

L
L
b,
K

(s
)}
−

1
d
N
i(
s)
,

(3
)

w
h
er

e
th

e
m

u
lt

ip
li
ca

ti
ve

k
er

n
el

is

K̄
M

B
C

t,
b

(t
−
s)

=
a

M
B

C
2
,K

(t
)
−
a

M
B

C
1
,K

(t
)(
t
−
s)

a
M

B
C

0
,K

(t
)a

M
B

C
2
,K

(t
)
−
{a

M
B

C
1
,K

(t
)}

2

{ α̂
L

L
b,
K

(s
)}

2
K
b
(t
−
s)
,

(4
)

w
it

h
a

M
B

C
j,
K

(t
)

=
∫ T 0

K
b
(t
−
s)

(t
−
s)
j
{ α̂

L
L
b,
K

(s
)} 2

Y
(s

)d
s,

fo
r
j

=
0,

1,
2.

4
.
C
ro

ss
-v
a
li
d
a
ti
o
n
a
n
d
b
e
st

o
n
e
-s
id
e
d
cr
o
ss
-v
a
li
d
a
ti
o
n
o
f
o
u
r
tw

o
e
st
im

a
to
rs

T
h
e

tw
o

ke
rn

el
h
az

ar
d
s

es
ti

m
at

or
s

co
n
si

d
er

ed
in

th
is

p
ap

er
d
ep

en
d

on
a

b
a
n
d
w

id
th

p
a
-

ra
m

et
er

th
at

d
et

er
m

in
es

th
e

sm
o
ot

h
n
es

s
d
eg

re
e

o
f

th
e

re
su

lt
in

g
es

ti
m

at
es

.
C

h
o
o
si

n
g

th
e

b
an

d
w

id
th

p
ar

am
et

er
is

a
cr

u
ci

al
p
ro

b
le

m
th

at
st

ar
ts

b
y

d
efi

n
in

g
w

h
at

th
e

o
p
ti

m
a
l

b
a
n
d
-

w
id

th
w

ou
ld

b
e,

so
it

ca
n

b
e

es
ti

m
at

ed
fr

om
d
at

a.
L

et
α̂
b,
K

d
en

ot
e

a
ke

rn
el

h
az

ar
d

es
ti

m
at

or
w

it
h

b
an

d
w

id
th

b
an

d
ke

rn
el
K

,
w

h
ic

h
ca

n
b

e
an

y
of

th
e

tw
o

d
efi

n
ed

in
(1

)
or

(3
).

Id
ea

ll
y

w
e

w
ou

ld
li
ke

a
b
an

d
w

id
th

p
a
ra

m
et

er
b

th
a
t

m
in

im
iz

es
th

e
in

te
gr

at
ed

sq
u
ar

ed
er

ro
r

(I
S
E

)
d
efi

n
ed

as

∆
K

(b
)

=
n
−

1
n ∑ i=

1

∫
T

0
{α̂

b,
K

(s
)
−
α

(s
)}

2
Y
i(
s)
w

(s
)d
s,

w
h
er

e
w

(·)
is

so
m

e
w

ei
gh

t
fu

n
ct

io
n
.

H
ow

ev
er

,
th

e
m

in
im

iz
er

of
th

e
in

te
g
ra

te
d

sq
u
a
re

d
er

ro
r,
b̂ I

S
E
,K

,
d
ep

en
d
s

on
th

e
u
n
k
n
ow

n
h
az

ar
d

fu
n
ct

io
n

an
d

it
is

in
fe

as
ib

le
in

p
ra

ct
ic

e.
In

th
is

p
ap

er
w

e
co

n
si

d
er

b̂ I
S

E
,K

as
th

e
op

ti
m

al
b
a
n
d
w

id
th

an
d

in
th

is
se

ct
io

n
w

e
p
re

se
n
t

es
ti

m
at

es
b
as

ed
on

th
e

cr
os

s-
va

li
d
at

io
n

m
et

h
o
d
.

W
e

re
fe

r
th

e
re

ad
er

to
G

ám
iz

et
a
l.

(2
0
16

)
fo

r
th

e
h
is

to
ry

of
cr

os
s-

va
li
d
at

io
n

in
ke

rn
el

h
az

ar
d

es
ti

m
at

io
n

b
as

ed
on

co
u
n
ti

n
g

p
ro

ce
ss

es
.

F
ir

st
n
ot

ic
e

th
at

m
in

im
iz

in
g

∆
K

(b
)

is
eq

u
iv

al
en

t
to

m
in

im
iz

in
g

n
−

1

[
n ∑ i=

1

∫
T

0
{α̂

b,
K

(s
)}

2
Y
i(
s)
w

(s
)d
s
−

2
n ∑ i=

1

∫
T

0
α̂
b,
K

(s
)α

(s
)Y
i(
s)
w

(s
)d
s] ,

an
d

on
ly

th
e

se
co

n
d

te
rm

d
ep

en
d
s

on
th

e
u
n
k
n
ow

n
h
a
za

rd
.

T
h
e

cr
os

s-
va

li
d
a
ti

o
n

a
p
p
ro

a
ch

es
ti

m
at

es
th

is
se

co
n
d

te
rm

fr
om

th
e

d
at

a
re

p
la

ci
n
g
α

(s
)d
s

b
y

it
s

em
p
ir

ic
a
l

co
u
n
te

rp
a
rt

d
N
i(
s)

.
T

h
e

cr
os

s-
va

li
d
at

ed
b
an

d
w

id
th

,
d
en

ot
ed

b
y
b̂ C

V
,K

,
is

th
er

ef
or

e
th

e
m

in
im

iz
er

o
f

Q̂
K

(b
)

=
n
−

1

[
n ∑ i=

1

∫
T

0
{α̂

b,
K

(s
)}

2
Y
i(
s)
w

(s
)d
s
−

2
n ∑ i=

1

∫
T

0
α̂

[i
]
b,
K

(s
)w

(s
)d
N
i(
s)

] ,
(5

)
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B
e
st

o
n
e
-sid

e
d

c
r
o
ss-v

a
l
id

a
t
io

n

w
h
ere

α̂
[i]
b,K

(s)
is

th
e

estim
ator

arisin
g

w
h
en

th
e

d
ata

set
is

ch
an

ged
b
y

settin
g

th
e

sto
ch

astic
p
ro

cess
N
i (s)

eq
u
al

to
0

for
all

s∈
[0,T

].
A

p
ra

ctica
l

an
d

th
eoretical

im
p
rov

em
en

t
of

cross-valid
ation

w
as

given
in

G
ám

iz
et

al.
(2

0
1
6
)

th
a
t

d
evelop

ed
d
ou

b
le

on
e-sid

ed
cross-valid

ation
(D

O
-valid

ation
),

as
a

sim
p
le

av
erage

o
f

tw
o

in
d
irect

cross-valid
ated

b
an

d
w

id
th

s.
In

d
irect

cross-valid
ation

m
akes

u
se

of
th

e
fact

th
a
t,

u
n
d
er

m
ild

regu
larity

con
d
ition

s,
asy

m
p
totically

op
tim

al
b
an

d
w

id
th

s
for

tw
o

k
ern

el
estim

a
to

rs
w

ith
d
iff

eren
t

k
ern

els
K

an
d
L

d
iff

er
b
y

a
factor

th
at

on
ly

d
ep

en
d
s

on
th

e
tw

o
kern

els
K

an
d
L

.
In

in
d
irect

cross-valid
ation

on
e

ap
p
lies

cro
ss-valid

ation
to

a
kern

el
estim

a
to

r
w

ith
kern

el
L

,
an

d
afterw

ard
s

on
e

m
u
ltip

lies
th

e
cross-valid

ation
b
an

d
w

id
th

b
y

th
e

fa
cto

r
(d

ep
en

d
in

g
on

K
an

d
L

)
to

get
a

b
an

d
w

id
th

for
th

e
kern

el
estim

ator
w

ith
kern

el
K

.
S
u
ch

a
co

n
stru

ction
m

akes
sen

se
if

cross-valid
ation

for
a

kern
el

estim
ator

w
ith

kern
el
L

w
o
rk

s
b

etter
th

an
cross-valid

ation
for

a
k
ern

el
estim

ator
w

ith
kern

el
K

.
D

ou
b
le

on
e-sid

ed
cro

ss-va
lid

a
tio

n
av

erages
th

e
tw

o
in

d
irect

cross-va
lid

ation
b
an

d
w

id
th

s
b
a
sed

o
n

o
n
e-sid

ed
kern

els:
th

e
left-sid

ed
K

L
(u

)
=

2K
(u

)I
(u
<

0),
or

th
e

righ
t-sid

ed
K

R
(u

)
=

2
K

(u
)I

(u
>

0).
M

o
re

sp
ecifi

ca
lly,

tw
o

on
e-sid

ed
cross-valid

atio
n

criteria,
Q̂
K

L
(b)

an
d
Q̂
K

R
(b),

are
d
efi

n
ed

as

in
(5

)
b
u
t

rep
la

cin
g
K

w
ith

K
L

an
d
K

R
,

resp
ectively.

D
en

otin
g

b
y
b̂
C

V
,K

L
an

d
b̂
C

V
,K

R
th

eir
m

in
im

izers,
th

e
d
ou

b
le

on
e-sid

ed
cross-valid

ation
b
an

d
w

id
th

estim
ate

is
th

e
(con

ven
ien

tly
)

w
eig

h
ted

avera
g
e

of
th

ese

b̂
D

O
,K

=
ρ {

b̂
C

V
,K

L
+
b̂
C

V
,K

R

2

}
.

F
o
r

th
e

lo
ca

l
lin

ear
h
azard

estim
ator

d
efi
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p
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d
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b
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∑
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∈
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b
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r
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e
z
-M
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a
n
d
a

a
n
d

N
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l
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n

M
art́ın

ez-M
iran

d
a

et
al.

(2013)
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at
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m

u
ltip
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d
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p
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d
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w
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con
sid

ered
in

th
is

p
ap

er,
H

iab
u

et
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b
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w
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d
elay

(α
2 ).

F
rom

th
ese

h
azard

estim
a
tes

th
e

d
en

sity
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b
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b
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Ŝ
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Ŝ
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Ŝ
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d
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con
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b
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p
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b
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con
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p
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d
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h
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on

s
of

th
is

w
or

k
ar

e
tw

o-
fo

ld
.

F
ir

st
ly

,
w

e
p
ro

p
os

e
a

n
ew

al
go

ri
th

m
,

ac
ce

le
ra

te
d

a
lt

er
n
a
ti

n
g

p
ro

je
ct

io
n
s

(A
cc

A
lt

P
ro

j)
,
fo

r
R

P
C

A
,
w

h
ic

h
is

su
b
st

an
ti

al
ly

fa
st

er
th

an
ot

h
er

st
a
te

-o
f-

th
e-

a
rt

al
go

ri
th

m
s.

S
ec

on
d
ly

,
ex

ac
t

re
co

ve
ry

of
ac

ce
le

ra
te

d
al

te
rn

at
in

g
p
ro

je
ct

io
n
s

h
a
s

b
ee

n
es

ta
b
-

li
sh

ed
fo

r
th

e
fi
x
ed

sp
ar

si
ty

m
o
d
el

,
w

h
er

e
w

e
as

su
m

e
th

e
ra

ti
o

of
th

e
n
u
m

b
er

o
f

n
o
n
-z

er
o

en
tr

ie
s

in
ea

ch
ro

w
an

d
co

lu
m

n
of
S

is
le

ss
th

an
a

th
re

sh
ol

d
.

1
.1

.
A

ss
u

m
p

ti
o
n

s

It
is

cl
ea

r
th

at
th

e
R

P
C

A
p
ro

b
le

m
is

il
l-

p
os

ed
w

it
h
ou

t
an

y
ad

d
it

io
n
al

co
n
d
it

io
n
s.

C
o
m

m
o
n

as
su

m
p
ti

on
s

ar
e

th
at
L

ca
n
n
ot

b
e

to
o

sp
ar

se
an

d
S

ca
n
n
ot

b
e

lo
ca

ll
y

to
o

d
en

se
,

w
h
ic

h
a
re

fo
rm

al
iz

ed
in

A
1

an
d

A
2,

re
sp

ec
ti

v
el

y.

A
1

T
h
e

u
n

d
er

ly
in

g
lo

w
ra

n
k

m
a
tr

ix
L
∈
R
m
×
n

is
a

ra
n

k-
r

m
a
tr

ix
w

it
h
µ

-i
n

co
h
er

en
ce

,
th

a
t

is

m
ax i
‖e

T i
U
‖ 2
≤
√
µ
r

m
,

an
d

m
ax j
‖e

T j
V
‖ 2
≤
√
µ
r n

h
o
ld

fo
r

a
po

si
ti

ve
n

u
m

er
ic

a
l

co
n

st
a
n

t
1
≤
µ
≤

m
in
{m

,n
}

r
,

w
h
er

e
L

=
U

Σ
V
T

is
th

e
S

V
D

o
f

L
.
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A
c
c
A
lt

P
r
o
j
f
o
r
R
o
b
u
st

P
C
A

A
ssu

m
p
tio

n
A

1
w

as
fi
rst

in
tro

d
u
ced

in
(C

an
d
ès

an
d

R
ech

t,
2009)

for
low

ran
k

m
atrix

co
m

p
letio

n
,

a
n
d

n
ow

it
is

a
very

stan
d
ard

assu
m

p
tion

for
related

low
ran

k
recon

stru
c-

tio
n

p
ro

b
lem

s.
It

b
asically

states
th

at
th

e
left

an
d

righ
t

sin
gu

lar
vectors

of
L

a
re

w
eak

ly
co

rrela
ted

w
ith

th
e

can
on

ical
b
asis,

w
h
ich

im
p
lies

L
can

n
ot

b
e

a
very

sp
arse

m
a
trix

.

A
2

T
h
e

u
n

d
erlyin

g
spa

rse
m

a
trix

S
∈
R
m
×
n

is
α

-spa
rse.

T
h
a
t

is,
S

h
a
s

a
t

m
o
st
α
n

n
o
n

-
zero

en
tries

in
ea

ch
ro

w
,

a
n

d
a
t

m
o
st
α
m

n
o
n

-zero
en

tries
in

ea
ch

co
lu

m
n

.
In

th
e

o
th

er
w

o
rd

s,
fo

r
a
ll

1
≤
i≤

m
,1
≤
j≤

n
,

‖e
Ti
S‖

0 ≤
α
n

a
n

d
‖S
e
j ‖

0 ≤
α
m
.

(3)

In
th

is
pa

per,
w

e
a
ssu

m
e

1

α
.

m
in {

1

µ
r

2κ
3
,

1

µ
1
.5r

2κ
,

1

µ
2r

2 }
,

(4)

w
h
ere

κ
is

th
e

co
n

d
itio

n
n

u
m

ber
o
f
L

.
A

ssu
m

p
tio

n
A

2
states

th
at

th
e

n
on

-zero
en

tries
of

th
e

sp
arse

m
atrix

S
can

n
ot

con
cen

-
tra

te
in

a
few

row
s

or
colu

m
n
s,

so
th

ere
d
o
es

n
ot

ex
ist

a
low

ran
k

com
p

on
en

t
in
S

.
If

th
e

in
d
ices

o
f

th
e

su
p
p

ort
set

Ω
are

sam
p
led

in
d
ep

en
d
en

tly
from

th
e

B
ern

ou
lli

d
istrib

u
tion

w
ith

th
e

a
sso

cia
ted

p
aram

eter
b

ein
g

sligh
tly

sm
aller

th
an

α
,

b
y

th
e

C
h
ern

o
ff

in
eq

u
ality,

on
e

can
ea

sily
sh

ow
th

a
t

(3)
h
old

s
w

ith
h
igh

p
rob

ab
ility.

1
.2

.
O

rg
a
n

iz
a
tio

n
a
n

d
N

o
ta

tio
n

o
f

th
e

P
a
p

e
r

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
follow

s.
In

th
e

rem
ain

d
er

of
th

is
section

,
w

e
in

tro
d
u
ce

sta
n
d
a
rd

n
ota

tion
th

at
is

u
sed

th
rou

gh
ou

t
th

e
p
ap

er.
S
ection

2.1
p
resen

ts
th

e
p
rop

osed
a
lg

o
rith

m
a
n
d

d
iscu

sses
h
ow

to
im

p
lem

en
t

it
effi

cien
tly.

T
h
e

th
eoretical

recov
ery

gu
aran

tee
o
f

th
e

p
ro

p
o
sed

algorith
m

is
p
resen

ted
in

S
ection

2.2,
follow

ed
b
y

a
rev

iew
of

p
rior

art
fo

r
R

P
C

A
.

In
S
ection

3,
w

e
p
resen

t
th

e
n
u
m

erical
sim

u
lation

s
of

ou
r

algorith
m

.
S
ection

4
co

n
ta

in
s

a
ll

th
e

m
ath

em
atical

p
ro

ofs
of

ou
r

m
ain

th
eoretical

resu
lt.

W
e

co
n
clu

d
e

th
is

p
ap

er
w

ith
fu

tu
re

d
irection

s
in

S
ection

5.
In

th
is

p
a
p

er,
vectors

are
d
en

oted
b
y

b
o
ld

low
ercase

letters
(e.g.,

x
),

m
a
trices

are
d
en

oted
b
y

b
o
ld

ca
p
ita

l
letters

(e.g.,
X

),
an

d
op

erators
are

d
en

oted
b
y

callig
rap

h
ic

letters
(e.g

.,H
).

In
p
a
rticu

lar,
e
i

d
en

otes
th

e
i th

can
on

ical
b
asis

vector,
I

d
en

otes
th

e
id

en
tity

m
atrix

,
an

d
I

d
en

o
tes

th
e

id
en

tity
op

erator.
F

or
a

vector
x

,‖
x‖

0
cou

n
ts

th
e

n
u
m

b
er

of
n
on

-zero
en

tries
in

x
,
a
n
d
‖
x‖

2
d
en

otes
th

e
`
2

n
orm

of
x

.
F

or
a

m
atrix

X
,
[X

]ij
d
en

otes
its

(i,j)
th

en
try,

σ
i (X

)
d
en

o
tes

its
i th

sin
gu

lar
valu

e,‖X
‖∞

=
m

a
x
ij |[X

]ij |
d
en

otes
th

e
m

ax
im

u
m

m
agn

itu
d
e

of

its
en

tries,‖X
‖

2
=
σ

1 (X
)

d
en

otes
its

sp
ectral

n
orm

,‖
X
‖
F

=
√
∑

i σ
2i (X

)
d
en

otes
its

F
ro

b
en

iu
s

n
o
rm

,
an

d
‖
X
‖∗

=
∑

i σ
i (X

)
d
en

otes
its

n
u
clear

n
orm

.
T

h
e

in
n
er

p
ro

d
u
ct

of
tw

o
rea

l
va

lu
ed

vectors
is

d
efi

n
ed

as〈x
,y〉

=
x
T
y

,
an

d
th

e
in

n
er

p
ro

d
u
ct

of
tw

o
real

valu
ed

m
a
trices

is
d
efi

n
ed

as
〈X

,Y
〉

=
T
ra
ce(X

T
Y

),
w

h
ere

(·)
T

rep
resen

ts
th

e
tran

sp
ose

o
f

a
vecto

r
or

m
atrix

.
A

d
d
itio

n
ally,

w
e

som
etim

es
u
se

th
e

sh
orth

an
d
σ
Ai

to
d
en

ote
th

e
i th

sin
gu

lar
valu

e
of

a
m

a
trix

A
.

N
ote

th
at
κ

=
σ
L1
/σ

Lr
alw

ay
s

d
en

otes
th

e
con

d
ition

n
u
m

b
er

o
f

th
e

u
n
d
erly

in
g

1
.

T
h

e
sta

n
d

a
rd

n
o
tio

n
“.

”
in

(4
)

m
ea

n
s

th
ere

ex
ists

a
n

a
b

so
lu

te
n
u

m
erica

l
co

n
sta

n
t
C
>

0
su

ch
th

a
t
α

ca
n

b
e

u
p

p
er

b
o
u

n
d

ed
b
y
C

tim
es

th
e

rig
h
t

h
a
n

d
sid

e.
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C
a
i,
C
a
i
a
n
d

W
e
i

ran
k
-r

m
atrix

L
,

an
d

Ω
=
su
p
p
(S

)
is

alw
ay

s
referred

to
as

th
e

su
p
p

ort
of

th
e

u
n
d
erly

in
g

sp
arse

m
atrix

S
.

A
t

th
e
k
th

iteration
of

th
e

p
rop

o
sed

a
lgorith

m
,

th
e

estim
ates

of
th

e
low

ran
k

m
atrix

an
d

th
e

sp
arse

m
atrix

are
d
en

oted
b
y
L
k

an
d
S
k ,

resp
ectively.

2
.
A
lg
o
rith

m
a
n
d
T
h
e
o
re
tica

l
R
e
su

lts

In
th

is
section

,
w

e
p
resen

t
th

e
n
ew

algorith
m

an
d

its
recovery

gu
aran

tee.
F

or
ease

of
ex

p
osition

,
w

e
assu

m
e

all
m

atrices
are

sq
u
are

(i.e.,
m

=
n

),
b
u
t

em
p
h
asize

th
at

n
oth

in
g

is
sp

ecial
ab

ou
t

th
is

assu
m

p
tion

an
d

all
th

e
resu

lts
can

b
e

easily
ex

ten
d
ed

to
rectan

gu
lar

m
atrices.

2
.1

.
P

ro
p

o
se

d
A

lg
o
rith

m

A
ltern

atin
g

p
ro

jection
s

is
a

m
in

im
ization

ap
p
roach

th
at

h
as

b
een

su
ccessfu

lly
u
sed

in
m

an
y

fi
eld

s,
in

clu
d
in

g
im

age
p
ro

cessin
g

(W
an

g
et

al.,
2008;

C
h
an

an
d

W
on

g,
2000;

O
’S

u
llivan

an
d

B
en

ac,
2007),

m
atrix

com
p
letio

n
(K

esh
avan

et
al.,

2012
;

J
ain

et
al.,

2013
;

H
ard

t,
2013;

T
an

n
er

an
d

W
ei,

2016),
p
h
ase

retrieval
(N

etrap
alli

et
al.,

2013;
C

ai
et

al.,
2017;

Z
h
a
n
g,

2017),
an

d
m

an
y

oth
ers

(P
eters

an
d

H
eath

,
20

09;
A

garw
al

et
al.,

2014;
Y

u
et

al.,
2016;

P
u

et
al.,

2017).
A

n
on

-con
vex

algorith
m

b
ased

on
altern

atin
g

p
ro

jection
s,

n
am

ely
A

ltP
ro

j,
is

p
resen

ted
in

(N
etrap

alli
et

al.,
2014)

for
R

P
C

A
accom

p
an

ied
w

ith
a

th
eoretical

recovery
gu

aran
tee.

In
each

iteration
,

A
ltP

ro
j

fi
rst

u
p

d
ates

L
b
y

p
ro

jectin
g
D
−
S

on
to

th
e

sp
ace

of
ran

k
-r

m
atrices,

d
en

oted
M

r ,
an

d
th

en
u
p

d
ates

S
b
y

p
ro

jectin
g
D
−
L

on
to

th
e

sp
ace

of
sp

arse
m

atrices,
d
en

oted
S

;
see

th
e

left
p
lot

of
F

igu
re

1
for

an
illu

stration
.

R
egard

in
g

to
th

e
im

p
lem

en
tation

o
f

A
ltP

ro
j,

th
e

p
ro

jection
of

a
m

atrix
on

to
th

e
sp

ace
of

low
ran

k
m

atrices
can

b
e

com
p
u
ted

b
y

th
e

sin
gu

lar
valu

e
d
ecom

p
osition

(S
V

D
)

follow
ed

b
y

tru
n
catin

g
ou

t
sm

all
sin

gu
lar

valu
es,

w
h
ile

th
e

p
ro

jection
o
f

a
m

atrix
on

to
th

e
sp

ace
of

sp
arse

m
a
trices

can
b

e
com

p
u
ted

b
y

th
e

h
ard

th
resh

old
in

g
op

erator.
A

s
a

n
on

-con
vex

algorith
m

w
h
ich

targets
(1)

d
irectly,

A
ltP

ro
j

is
com

p
u
tation

ally
m

u
ch

m
ore

effi
cien

t
th

an
solv

in
g

th
e

con
vex

relax
ation

p
rob

lem
(2)

u
sin

g
sem

id
efi

n
ite

p
rogram

m
in

g
(S

D
P

).
H

ow
ever,

w
h
en

p
ro

jectin
g

D
−
S

on
to

th
e

low
ran

k
m

atrix
m

an
ifold

,
A

ltP
ro

j
req

u
ires

to
com

p
u
te

th
e

S
V

D
of

a
fu

ll
size

m
atrix

,
w

h
ich

is
com

p
u
tation

ally
ex

p
en

siv
e.

In
sp

ired
b
y

th
e

w
ork

in
(V

a
n
d
erey

cken
,

2013;
W

ei
et

al.,
2016a,b

),
w

e
p
rop

ose
an

accelerated
algorith

m
for

R
P

C
A

,
coin

ed
accelerated

altern
atin

g
p
ro

jection
s

(A
ccA

ltP
ro

j),
to

circu
m

ven
t

th
e

h
igh

co
m

p
u
tation

al
cost

of
th

e
S
V

D
.

T
h
e

n
ew

algorith
m

is
ab

le
to

red
u
ce

th
e

p
er-iteration

com
p
u
tation

al
cost

of
A

ltP
ro

j
sign

ifi
can

tly,
w

h
ile

a
th

eoretical
gu

aran
tee

can
b

e
sim

ilarly
estab

lish
ed

.

O
u
r

algorith
m

con
sists

of
tw

o
p
h
ases:

in
itialization

an
d

p
ro

jection
s

on
to
M

r
an

d
S

altern
atively.

W
e

b
egin

ou
r

d
iscu

ssion
w

ith
th

e
secon

d
p
h
ase,

w
h
ich

is
d
escrib

ed
in

A
lgo-

rith
m

1.
F

or
geom

etric
com

p
arison

b
etw

een
A

ltP
ro

j
an

d
A

ccA
ltP

ro
j,

see
F

igu
re

1.

L
et

(L
k ,S

k )
b

e
a

p
air

of
cu

rren
t

estim
ates.

A
t

th
e

(k
+

1)
th

iteration
,

A
ccA

ltP
ro

j
fi
rst

trim
s
L
k

in
to

an
in

coh
eren

t
m

atrix
L̃
k

u
sin

g
A

lgorith
m

2.
N

otin
g

th
at
L̃
k

is
still

a
ran

k
-

r
m

atrix
,

so
its

left
an

d
righ

t
sin

gu
la

r
vectors

d
efi

n
e

an
(2
n
−
r)r-d

im
en

sion
al

su
b
sp

ace
(V

an
d
erey

cken
,

2013),

T̃
k

=
{
Ũ
k A

T
+
B
Ṽ
Tk
|
A
,B
∈
R
n×

r}
,

(5)
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A
c
c
A
lt

P
r
o
j
f
o
r
R
o
b
u
st

P
C
A

(i
)

Il
lu

st
ra

ti
o
n

o
f

A
lt

P
ro

j
(i

i)
Il

lu
st

ra
ti

o
n

o
f

A
cc

A
lt

P
ro

j

F
ig

u
re

1:
V

is
u
al

co
m

p
ar

is
on

b
et

w
ee

n
A

lt
P

ro
j

an
d

A
cc

A
lt

P
ro

j,
w

h
er

e
M

r
d
en

ot
es

th
e

m
an

if
ol

d
of

ra
n
k
-r

m
at

ri
ce

s
an

d
S

d
en

ot
es

th
e

se
t

of
sp

ar
se

m
at

ri
ce

s.
T

h
e

re
d

d
as

h
li
n
e

in
(i

i)
re

p
re

se
n
ts

th
e

ta
n
ge

n
t

sp
ac

e
of
M

r
at
L
k
.

In
fa

ct
,

ea
ch

ci
rc

le
re

p
re

se
n
ts

a
su

m
of

a
lo

w
ra

n
k

m
at

ri
x

an
d

a
sp

ar
se

m
at

ri
x
,

b
u
t

w
it

h
th

e
co

m
p

on
en

t
on

on
e

ci
rc

le
fi
x
ed

w
h
en

p
ro

je
ct

in
g

on
to

th
e

ot
h
er

ci
rc

le
.

F
or

co
n
ci

se
n
es

s,
th

e
tr

im
st

ag
e,

i.
e.

,
L̃
k
,

is
n
ot

in
cl

u
d
ed

in
th

e
p
lo

t
fo

r
A

cc
A

lt
P

ro
j.

A
lg

o
ri

th
m

1
R

ob
u
st

P
C

A
b
y

A
cc

el
er

at
ed

A
lt

er
n
at

in
g

P
ro

je
ct

io
n
s

(A
cc

A
lt

P
ro

j)

1
:

In
p

u
t:
D

=
L

+
S

:
m

at
ri

x
to

b
e

sp
li
t;
r:

ra
n
k

of
L

;
ε:

ta
rg

et
p
re

ci
si

on
le

v
el

;
β

:
th

re
sh

ol
d
in

g
p
ar

am
et

er
;
γ

:
ta

rg
et

co
n
ve

rg
e

ra
te

;
µ

:
in

co
h
er

en
ce

p
ar

am
et

er
o
f
L

.
2
:

In
it

ia
li
z
a
ti

o
n

3
:
k

=
0

4
:

w
h

il
e

<
‖D
−
L
k
−
S
k
‖ F
/
‖D
‖ F
≥
ε>

d
o

5
:

L̃
k

=
T

ri
m

(L
k
,µ

)
6
:

L
k
+

1
=
H
r
(P

T̃
k
(D
−
S
k
))

7
:

ζ k
+

1
=
β
( σ

r
+

1

( P
T̃
k
(D
−
S
k
))

+
γ
k
+

1
σ

1

( P
T̃
k
(D
−
S
k
)))

8
:

S
k
+

1
=
T ζ
k
+
1
(D
−
L
k
+

1
)

9
:

k
=
k

+
1

e
n

d
w

h
il
e

1
0
:

O
u

tp
u

t:
L
k
,
S
k

w
h
er

e
L̃
k

=
Ũ
k
Σ̃
k
Ṽ
T k

is
th

e
S
V

D
o
f
L̃
k

2
.

G
iv

en
a

m
at

ri
x
Z
∈

R
n
×
n
,

it
ca

n
b

e
ea

si
ly

ve
ri

fi
ed

th
at

th
e

p
ro

je
ct

io
n
s

of
Z

on
to

th
e

su
b
sp

ac
e
T̃
k

an
d

it
s

or
th

og
on

a
l

co
m

p
le

m
en

t
ar

e
gi

ve
n

b
y

P T̃
k
Z

=
Ũ
k
Ũ
T k
Z

+
Z
Ṽ
k
Ṽ
T k
−
Ũ
k
Ũ
T k
Z
Ṽ
k
Ṽ
T k

(6
)

an
d

(I
−
P T̃

k
)Z

=
(I
−
Ũ
k
Ũ
T k

)Z
(I
−
Ṽ
k
Ṽ
T k

).
(7

)

2
.

In
p

ra
ct

ic
e,

w
e

o
n

ly
n

ee
d

th
e

tr
im

m
ed

o
rt

h
o
g
o
n

a
l

m
a
tr

ic
es

Ũ
k

a
n

d
Ṽ
k

fo
r

th
e

p
ro

je
ct

io
n
P T̃

k
,

a
n

d
th

ey

ca
n

b
e

co
m

p
u

te
d

effi
ci

en
tl

y
v
ia

a
Q

R
d

ec
o
m

p
o
si

ti
o
n

.
T

h
e

en
ti

re
m

a
tr

ix
L̃
k

sh
o
u

ld
n

ev
er

b
e

fo
rm

ed
in

a
n

effi
ci

en
t

im
p

le
m

en
ta

ti
o
n

o
f

A
cc

A
lt

P
ro

j.
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C
a
i,
C
a
i
a
n
d

W
e
i

A
lg

o
ri

th
m

2
T

ri
m

1
:

In
p

u
t:
L

=
U

Σ
V
T

:
m

at
ri

x
to

b
e

tr
im

m
ed

;
µ

:
ta

rg
et

in
co

h
er

en
ce

le
ve

l.

2
:
c µ

=
√

µ
r n

3
:

fo
r
<
i

=
1
t
o
m
>

d
o

4
:

A
(i

)
=

m
in
{1
,

c µ
‖U

(i
)
‖}
U

(i
)

e
n

d
fo

r
5
:

fo
r
<
j

=
1
t
o
n
>

d
o

6
:

B
(j

)
=

m
in
{1
,

c µ
‖V

(j
)
‖}
V

(i
)

e
n

d
fo

r
7
:

O
u

tp
u

t:
L̃

=
A

Σ
B

A
s

st
at

ed
p
re

v
io

u
sl

y,
A

lt
P

ro
j
tr

u
n
ca

te
s

th
e

S
V

D
of
D
−
S
k

d
ir

ec
tl

y
to

ge
t

a
n
ew

es
ti

m
at

e
of
L

.
In

co
n
tr

as
t,

A
cc

A
lt

P
ro

j
fi
rs

t
p
ro

je
ct

s
D
−
S
k

on
to

th
e

lo
w

d
im

en
si

on
a
l

su
b
sp

a
ce
T̃
k
,

an
d

th
en

p
ro

je
ct

s
th

e
in

te
rm

ed
ia

te
m

at
ri

x
on

to
th

e
ra

n
k
-r

m
at

ri
x

m
an

if
ol

d
M

r
u
si

n
g

th
e

tr
u
n
ca

te
d

S
V

D
.

T
h
at

is
,

L
k
+

1
=
H
r
(P

T̃
k
(D
−
S
k
))
,

w
h
er

e
H
r

co
m

p
u
te

s
th

e
b

es
t

ra
n
k
-r

a
p
p
ro

x
im

at
io

n
of

a
m

at
ri

x
,

H
r
(Z

)
:=
Q

Λ
r
P
T

w
h
er

e
Z

=
Q

Λ
P
T

is
it

s
S
V

D
an

d
[Λ

r
] i
i

:=

{
[Λ

] i
i

i
≤
r

0
ot

h
er

w
is

e.
(8

)

B
ef

or
e

p
ro

ce
ed

in
g,

it
is

w
or

th
n
ot

in
g

th
at

th
e

se
t

of
ra

n
k
-r

m
at

ri
ce

s
M

r
fo

rm
a

sm
o
o
th

m
an

if
ol

d
of

d
im

en
si

on
(2
n
−
r)
r,

an
d
T̃
k

is
in

d
ee

d
th

e
ta

n
ge

n
t

sp
ac

e
of
M

r
a
t
L̃
k

(V
a
n
d
er

-
ey

ck
en

,
20

13
).

M
a
tr

ix
m

an
if

ol
d

al
go

ri
th

m
s

b
a
se

d
on

th
e

ta
n
ge

n
t

sp
ac

e
of

lo
w

d
im

en
si

o
n
al

sp
ac

es
h
av

e
b

ee
n

w
id

el
y

st
u
d
ie

d
in

th
e

li
te

ra
tu

re
,

se
e

fo
r

ex
am

p
le

(N
go

an
d

S
a
a
d
,

2
0
12

;
M

is
h
ra

et
al

.,
20

12
;

V
an

d
er

ey
ck

en
,

20
13

;
M

is
h
ra

an
d

S
ep

u
lc

h
re

,
20

14
;

M
is

h
ra

et
a
l.
,

2
0
1
4
;

W
ei

et
al

.,
20

16
a,

b
)

an
d

re
fe

re
n
ce

s
th

er
ei

n
.

In
p
ar

ti
cu

la
r,

w
e

in
v
it

e
re

ad
er

s
to

ex
p
lo

re
th

e
b

o
ok

(A
b
si

l
et

al
.,

20
09

)
fo

r
m

or
e

d
et

ai
ls

a
b

ou
t

th
e

d
iff

er
en

ti
al

ge
om

et
ry

id
ea

s
b

eh
in

d
m

an
if

ol
d

al
go

ri
th

m
s.

O
n
e

ca
n

se
e

th
at

a
S
V

D
is

st
il
l
n
ee

d
ed

to
ob

ta
in

th
e

n
ew

es
ti

m
at

e
L
k
+

1
.

N
ev

er
th

el
es

s,
it

ca
n

b
e

co
m

p
u
te

d
in

a
ve

ry
effi

ci
en

t
w

ay
(V

an
d
er

ey
ck

en
,

20
13

;
W

ei
et

al
.,

20
16

a
,b

).
L

et
(I
−

Ũ
k
Ũ
T k

)(
D
−
S
k
)Ṽ

k
=
Q

1
R

1
an

d
(I
−
Ṽ
k
Ṽ
T k

)(
D
−
S
k
)Ũ

k
=
Q

2
R

2
b

e
th

e
Q

R
d
ec

o
m

p
o
si

ti
o
n
s

of
(I
−
Ũ
k
Ũ
T k

)(
D
−
S
k
)Ṽ

k
an

d
(I
−
Ṽ
k
Ṽ
T k

)(
D
−
S
k
)Ũ

k
,

re
sp

ec
ti

v
el

y.
N

o
te

th
a
t

(I
−

Ũ
k
Ũ
T k

)(
D
−
S
k
)Ṽ

k
an

d
(I
−
Ṽ
k
Ṽ
T k

)(
D
−
S
k
)Ũ

k
ca

n
b

e
co

m
p
u
te

d
b
y

on
e

m
a
tr

ix
-m

a
tr

ix
su

b
tr

ac
ti

on
b

et
w

ee
n

an
n
×
n

m
at

ri
x

an
d

an
n
×
n

m
at

ri
x
,
tw

o
m

at
ri

x
-m

at
ri

x
m

u
lt

ip
li
ca

ti
o
n
s

b
et

w
ee

n
an

n
×
n

m
at

ri
x

an
d

an
n
×
r

m
at

ri
x
,

an
d

a
fe

w
m

at
ri

x
-m

at
ri

x
m

u
lt

ip
li
ca

ti
o
n
s

b
et

w
ee

n
a
r
×
n

an
d

an
n
×
r

or
b

et
w

ee
n

an
n
×
r

m
at

ri
x

an
d

a
r
×
r

m
at

ri
x
.

M
o
re

ov
er

,
A

li
tt

le
al

ge
b
ra

gi
ve

s

P T̃
k
(D
−
S
k
)

=
Ũ
k
Ũ
T k

(D
−
S
k
)

+
(D
−
S
k
)Ṽ

k
Ṽ
T k
−
Ũ
k
Ũ
T k

(D
−
S
k
)Ṽ

k
Ṽ
T k

=
Ũ
k
Ũ
T k

(D
−
S
k
)(
I
−
Ṽ
k
Ṽ
T k

)
+

(I
−
Ũ
k
Ũ
T k

)(
D
−
S
k
)Ṽ

k
Ṽ
T k

+
Ũ
k
Ũ
T k

(D
−
S
k
)Ṽ

k
Ṽ
T k

=
Ũ
k
R
T 2
Q
T 2

+
Q

1
R

1
Ṽ
T k

+
Ũ
k
Ũ
T k

(D
−
S
k
)Ṽ

k
Ṽ
T k
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A
c
c
A
lt

P
r
o
j
f
o
r
R
o
b
u
st

P
C
A

=
[Ũ

k
Q

1 ] [
Ũ
Tk

(D
−
S
k )Ṽ

k
R
T2

R
1

0

][
Ṽ
Tk

Q
T2 ]

:=
[Ũ

k
Q

1 ]
M

k [
Ṽ
Tk

Q
T2 ]

,

w
h
ere

th
e

fo
u
rth

lin
e

follow
s

from
th

e
fact

Ũ
Tk
Q

1
=
Ṽ
Tk
Q

2
=

0
.

L
et
M

k
=
U
M
k Σ

M
k V

TM
k

b
e

th
e

S
V

D
o
f
M

k ,
w

h
ich

can
b

e
com

p
u
ted

u
sin

g
O

(r
3)

fl
op

s
sin

ce
M

k
is

a
2
r×

2
r

m
atrix

.
T

h
en

th
e

S
V

D
ofP

T̃
k (D

−
S
k )

=
Ũ
k Σ̃

k Ṽ
Tk

can
b

e
com

p
u
ted

b
y

Ũ
k
+

1
=
[Ũ

k
Q

1 ]
U
M
k ,

Σ̃
k
+

1
=

Σ
M
k ,

an
d

Ṽ
k
+

1
=
[Ṽ

k
Q

2 ]
V
M
k

(9)

sin
ce

b
oth

th
e

m
atrices [Ũ

k
Q

1 ]
a
n
d
[Ṽ

k
Q

2 ]
are

orth
ogon

al.
In

su
m

m
ary,

th
e

overall

co
m

p
u
ta

tio
n
a
l

costs
ofH

r (P
T̃
k (D

−
S
k ))

lie
in

on
e

m
atrix

-m
atrix

su
b
traction

b
etw

een
an

n
×
n

m
a
trix

a
n
d

an
n
×
n

m
atrix

,
tw

o
m

atrix
-m

atrix
m

u
ltip

lication
s

b
etw

een
an

n
×
n

m
a
trix

a
n
d

an
n
×
r

m
atrix

,
th

e
Q

R
d
ecom

p
osition

of
tw

o
n
×
r

m
atrices,

a
n

S
V

D
of

a
2r×

2
r

m
atrix

,
an

d
a

few
m

atrix
-m

atrix
m

u
ltip

lication
s

b
etw

een
a
r×

n
m

a
trix

an
d

a
n
n
×
r

m
a
trix

or
b

etw
een

an
n
×
r

m
atrix

an
d

a
r
×
r

m
atrix

,
lea

d
in

g
to

a
total

of
4
n

2r
+
n

2
+
O

(n
r

2
+
r

3)
fl
op

s.
T

h
u
s,

th
e

d
om

in
a
n
t

p
er

iteration
com

p
u
ta

tion
al

com
p
lex

ity
o
f

A
ccA

ltP
ro

j
for

u
p

d
atin

g
th

e
estim

ate
of
L

is
th

e
sam

e
as

th
e

n
ovel

grad
ien

t
d
escen

t
b
a
sed

a
p
p
ro

a
ch

in
tro

d
u
ced

in
(Y

i
et

al.,
2
016).

In
con

trast,
com

p
u
tin

g
th

e
b

est
ran

k
-r

a
p
p
rox

im
a
tio

n
of

a
n
on

-stru
ctu

red
n
×
n

m
atrix

D
−
S
k

ty
p
ically

costs
O

(n
2r)

+
n

2
fl
op

s
w

ith
a

larg
e

h
id

d
en

con
stan

t
in

fron
t

o
f
n

2r.
A

fter
L
k
+

1
is

ob
tain

ed
,

follow
in

g
th

e
a
p
p
roach

in
(N

etrap
alli

et
al.,

2014),
w

e
ap

p
ly

th
e

h
a
rd

th
resh

o
ld

in
g

op
erator

to
u
p

d
ate

th
e

estim
ate

of
th

e
sp

arse
m

atrix
,

S
k
+

1
=
T
ζ
k
+
1 (D

−
L
k
+

1 ),

w
h
ere

th
e

th
resh

old
in

g
op

eratorT
ζ
k
+
1

is
d
efi

n
ed

as

[T
ζ
k
+
1 Z

]ij
=

{
[Z

]ij
|[Z

]ij |
>
ζ
k
+

1

0
oth

erw
ise

(10)

fo
r

an
y

m
a
trix

Z
∈

R
m
×
n
.

N
otice

th
at

th
e

th
resh

old
in

g
valu

e
of
ζ
k
+

1
in

A
lgo

rith
m

1
is

ch
o
sen

a
s

ζ
k
+

1
=
β
(
σ
r
+

1 (P
T̃
k (D

−
S
k ) )

+
γ
k
+

1σ
1 (P

T̃
k (D

−
S
k ) ))

,

w
h
ich

relies
o
n

a
tu

n
in

g
p
aram

eter
β
>

0,
a

con
vergen

ce
rate

p
aram

eter
0
≤
γ
<

1,
an

d
th

e
sin

g
u
la

r
va

lu
es

ofP
T̃
k (D

−
S
k ).

S
in

ce
w

e
h
av

e
alread

y
ob

tain
ed

all
th

e
sin

gu
lar

valu
es

o
fP

T̃
k (D

−
S
k )

w
h
en

com
p
u
tin

g
L
k
+

1 ,
th

e
ex

tra
co

st
o
f

com
p
u
tin

g
ζ
k
+

1
is

very
m

argin
a
l.

T
h
erefo

re,
th

e
cost

of
u
p

d
atin

g
th

e
estim

ate
of
S

is
v
ery

low
an

d
in

sen
sitive

to
th

e
sp

arsity
o
f
S

.In
th

is
p
a
p

er,
a

go
o
d

in
itialization

is
ach

ieved
b
y

tw
o

step
s

of
m

o
d
ifi

ed
A

ltP
ro

j
w

h
en

settin
g

th
e

in
p
u
t

ran
k

to
r,

see
A

lgorith
m

3
.

W
ith

th
is

in
itia

lization
sch

em
e,

w
e

can
co

n
stru

ct
an

in
itial

gu
ess

th
at

is
su

ffi
cien

tly
close

to
th

e
grou

n
d

tru
th

an
d

is
in

sid
e

th
e

“b
asin

o
f

a
ttra

ctio
n
”

a
s

d
etailed

in
th

e
n
ex

t
su

b
section

.
N

ote
th

at
th

e
th

resh
o
ld

in
g

p
aram

eter
β
in
it

u
sed

in
A

lg
o
rith

m
3

is
d
iff

eren
t

from
th

at
in

A
lgo

rith
m

1.
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C
a
i,
C
a
i
a
n
d
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p
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p
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w
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p
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cien
tly

sm
all,

an
d
su
p
p
(S

k )
⊂
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b
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b
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d
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8 √
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∈
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‖
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w
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b
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∈
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p
tio

n
A

2
.

T
h
en

,
th

e
in

equ
a
lity

‖
S‖

2 ≤
α
n‖
S‖∞

h
o
ld

s,
w

h
ere

α
is

th
e

spa
rsity

level
o
f
S

.

P
ro

o
f

T
h
e

p
ro

of
can

b
e

fou
n
d

in
(N

etra
p
alli

et
al.,

2014,
L

em
m

a
4).

L
e
m

m
a

5
L

et
T

rim
be

th
e

a
lgo

rith
m

d
efi

n
ed

by
A

lgo
rith

m
2
.

If
L
k
∈
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√
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Ũ
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‖L̃
k −

L‖
2 ≤

8 √
2rκ‖L
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Ũ
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Ũ
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∈
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p
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k ∈
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Ũ
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Ω

,
th

en

‖P
T̃
k (S
−
S
k )‖∞

≤
4α
µ
r‖
S
−
S
k ‖∞

.
(17)

16
JM

L
R

 20(20):1-33, 2019



A
c
c
A
lt

P
r
o
j
f
o
r
R
o
b
u
st

P
C
A

P
ro

o
f

B
y

th
e

in
co

h
er

en
ce

as
su

m
p
ti

o
n

of
L̃
k

an
d

th
e

sp
ar

si
ty

as
su

m
p
ti

on
of
S
−
S
k
,

w
e

h
av

e

[P
T̃
k
(S
−
S
k
)]
a
b

=
〈P

T̃
k
(S
−
S
k
),
e
a
e
T b
〉

=
〈S
−
S
k
,P

T̃
k
(e
a
e
T b

)〉
=
〈S
−
S
k
,Ũ
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Ũ
T k
e
a
e
T b
Ṽ
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ve

‖L
−
L
k
+

1
‖ 2
≤

8
α
µ
rγ

k
+

1
σ
L 1
,

p
ro

vi
d
ed

1
>
γ
≥

51
2τ
rκ

2
+

1 √
1
2
.

P
ro

o
f

A
d
ir

ec
t

ca
lc

u
la

ti
on

y
ie

ld
s

‖L
−
L
k
+

1
‖ 2
≤
‖L
−
P T̃

k
(D
−
S
k
)‖

2
+
‖P

T̃
k
(D
−
S
k
)
−
L
k
+

1
‖ 2

≤
2
‖L
−
P T̃

k
(D
−
S
k
)‖

2

=
2‖
L
−
P T̃

k
(L

+
S
−
S
k
)‖

2

=
2‖

(P
T̃
k
−
I)
L

+
P T̃

k
(S
−
S
k
)‖

2

≤
2
·τ
γ
k
+

1
σ
L r

=
8α
µ
rγ

k
+

1
σ
L 1
,

w
h
er

e
th

e
se

co
n
d

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
fa

ct
L
k
+

1
=
H
r
(P

T̃
k
(D
−
S
k
))

is
th

e
b

es
t

ra
n
k
-r

ap
p
ro

x
im

at
io

n
of
P T̃

k
(D
−
S
k
),

an
d

th
e

la
st

in
eq

u
al

it
y

u
se

s
(1

8)
in

L
em

m
a

10
.

L
e
m

m
a

1
3

L
et
L
∈

R
n
×
n

a
n

d
S
∈

R
n
×
n

be
tw

o
sy

m
m

et
ri

c
m

a
tr

ic
es

sa
ti

sf
yi

n
g

A
ss

u
m

p
-

ti
o
n

s
A

1
a
n

d
A

2
,

re
sp

ec
ti

ve
ly

.
L

et
L̃
k
∈
R
n
×
n

be
th

e
tr

im
o
u

tp
u

t
o
f
L
k
.

If

‖L
−
L
k
‖ 2
≤

8
α
µ
rγ

k
σ
L 1
,
‖S
−
S
k
‖ ∞
≤
µ
r n
γ
k
σ
L 1
,

an
d
su
p
p
(S

k
)
⊂

Ω
,

th
en

w
e

h
a
ve

‖L
−
L
k
+

1
‖ ∞
≤
(

1 2
−
τ

)
µ
r n
γ
k
+

1
σ
L 1
,

p
ro

vi
d
ed

1
>
γ
≥

m
ax
{5

12
τ
rκ

2
+

1 √
1
2
,

2
υ

(1
−

1
2
τ
)(

1
−
τ
−
υ

)2
}

a
n

d
τ
<

1 1
2
.
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C
a
i,
C
a
i
a
n
d

W
e
i

P
ro

o
f

L
et
P T̃

k
(D
−
S
k
)

=
[ U

k
+

1
Ü
k
+

1

][
Λ

0

0
Λ̈

][
U
T k
+

1

Ü
T k
+

1

]
=
U
k
+

1
Λ
U
T k
+

1
+
Ü
k
+

1
Λ̈
Ü
T k
+

1

b
e

it
s

ei
ge

n
va

lu
e

d
ec

om
p

os
it

io
n
.

W
e

u
se

th
e

li
gh

te
r

n
ot

at
io

n
λ
i

(1
≤

i
≤

n
)

fo
r

th
e

ei
ge

n
va

lu
es

of
P T̃

k
(D
−
S
k
)

at
th

e
k
-t

h
it

er
at

io
n

an
d

as
su

m
e

th
ey

ar
e

or
d
er

ed
b
y
|λ

1
|≥

|λ
2
|≥
··
·≥
|λ
n
|.

M
or

eo
v
er

,
Λ

h
as

it
s
r

la
rg

es
t

ei
ge

n
va

lu
es

in
m

ag
n
it

u
d
e,
U
k
+

1
co

n
ta

in
s

th
e

fi
rs

t
r

ei
ge

n
ve

ct
or

s,
an

d
Ü
k
+

1
h
as

th
e

re
st

.
It

fo
ll
ow

s
th

a
t
L
k
+

1
=
H
r
(P

T̃
k
(D
−
S
k
))

=

U
k
+

1
Λ
U
T k
+

1
.

D
en

ot
e
Z

=
P T̃

k
(D
−
S
k
)−
L

=
(P

T̃
k
−
I)
L

+
P T̃

k
(S
−
S
k
).

L
et
u
i

b
e

th
e
it
h

ei
g
en

ve
ct

o
r

of
P T̃

k
(D
−
S
k
).

N
ot

in
g

th
at

(λ
iI
−
Z

)u
i

=
L
u
i,

w
e

h
av

e

u
i

=

( I
−
Z λ
i

) −
1
L λ
i
u
i

=

(
I

+
Z λ
i

+

(
Z λ
i

) 2
+
··
·)

L λ
i
u
i

fo
r

al
l
u
i

w
it

h
1
≤
i
≤
r,

w
h
er

e
th

e
ex

p
a
n
si

on
is

va
li
d

b
ec

au
se

‖Z
‖ 2
λ
i
≤
‖Z
‖ 2

λ
r
≤

τ

1
−
τ
<

1

fo
ll
ow

in
g

fr
om

(1
8
)

in
L

em
m

a
10

an
d

(2
0)

in
L

em
m

a
11

.
T

h
is

im
p
li
es

U
k
+

1
Λ
U
T k
+

1
=

r ∑ i=
1

u
iλ
iu
T i

=
r ∑ i=
1

 
∑ a
≥

0

(
Z λ
i

) a
L λ
i

 
u
iλ
iu
T i

 
∑ b≥

0

(
Z λ
i

) b
L λ
i

 
T

=
∑ a
≥

0

Z
a
L

r ∑ i=
1

(
u
i

1

λ
a
+
b+

1
i

u
T i

)
L
∑ b≥

0

Z
b

=
∑ a
,b
≥

0

Z
a
L
U
k
+

1
Λ
−

(a
+
b+

1
) U

T k
+

1
L
Z
b
.

T
h
u
s,

w
e

h
av

e

‖L
k
+

1
−
L
‖ ∞

=
‖U

k
+

1
Λ
U
T k
+

1
−
L
‖ ∞

=
‖L
U
k
+

1
Λ
−

1
U
T k
+

1
L
−
L

+
∑

a
+
b>

0

Z
a
L
U
k
+

1
Λ
−

(a
+
b+

1
) U

T k
+

1
L
Z
b
‖ ∞

≤
‖L
U
k
+

1
Λ
−

1
U
T k
+

1
L
−
L
‖ ∞

+
∑

a
+
b>

0

‖Z
a
L
U
k
+

1
Λ
−

(a
+
b+

1
) U

T k
+

1
L
Z
b
‖ ∞

:=
Y

0
+
∑

a
+
b>

0

Y
a
b
.

W
e

w
il
l

h
an

d
le
Y

0
fi
rs

t.
R

ec
al

l
th

at
L

=
U

Σ
V
T

is
th

e
S
V

D
of

th
e

sy
m

m
et

ri
c

m
a
tr

ix

L
w

h
ic

h
ob

ey
s
µ

-i
n
co

h
er

en
ce

,
i.
e.

,
U
U
T

=
V
V
T

an
d
‖e

T i
U
U
T
‖ 2
≤
√

µ
r n

fo
r

a
ll
i.

S
o
,

fo
r

ea
ch

(i
,j

)
en

tr
y

of
Y

0
,

on
e

h
as

Y
0

=
m

ax ij
|e
T i

(L
U
k
+

1
Λ
−

1
U
T k
+

1
L
−
L

)e
j
|
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A
c
c
A
lt

P
r
o
j
f
o
r
R
o
b
u
st

P
C
A

=
m

ax
ij
|e
Ti
U
U
T

(L
U
k
+

1 Λ
−

1U
Tk+

1 L
−
L

)U
U
T
e
j |

≤
m

ax
ij
‖
e
Ti
U
U
T‖

2 ‖
L
U
k
+

1 Λ
−

1U
Tk+

1 L
−
L‖

2 ‖
U
U
T
e
j ‖

2

≤
µ
rn
‖
L
U
k
+

1 Λ
−

1U
Tk+

1 L
−
L‖

2 ,

w
h
ere

th
e

seco
n
d

eq
u
ation

follow
s

from
th

e
fact

U
U
T
L

=
L
U
U
T

=
L

.
S
in

ce
L

=
U
k
+

1 Λ
U
Tk+

1
+
Ü
k
+

1 Λ̈
Ü
Tk+

1 −
Z

,
th

ere
h
old

‖
L
U
k
+

1 Λ
−

1U
Tk+

1 L
−
L‖

2

=
‖
(U

k
+

1 Λ
U
Tk+

1
+
Ü
k
+

1 Λ̈
Ü
Tk+

1 −
Z

)U
k
+

1 Λ
−

1U
Tk+

1 (U
k
+

1 Λ
U
Tk+

1
+
Ü
k
+

1 Λ̈
Ü
Tk+

1 −
Z

)−
L‖

2

=
‖
U
k
+

1 Λ
U
Tk+

1 −
L
−
U
k
+

1 U
Tk+

1 Z
−
Z
U
k
+

1 U
Tk+

1 −
Z
U
k
+

1 Λ
−

1U
Tk+

1 Z
‖

2

≤
‖
Z
−
Ü
k
+

1 Λ̈
Ü
Tk+

1 ‖
2

+
2‖
Z
‖

2
+
‖Z
‖

22

|λ
r |

≤
‖
Ü
k
+

1 Λ̈
Ü
Tk+

1 ‖
2

+
4‖Z
‖

2

≤
|λ
r
+

1 |+
4‖Z
‖

2

≤
5‖Z
‖

2

≤
5
τ
γ
k
+

1σ
L1
,

w
h
ere

th
e

fi
fth

in
eq

u
ality

u
ses

(18)
in

L
em

m
a

10,
an

d
n
otice

th
at
‖
Z
‖
2

|λ
r |
≤

τ
1−
τ
<

1
sin

ce

τ
<

12
a
n
d
|λ
r
+

1 |≤
‖Z
‖

2
sin

ce
L

is
a

ran
k
-r

m
atrix

.
T

h
u
s,

w
e

h
ave

Y
0 ≤

µ
rn

5
τ
γ
k
+

1σ
L1
.

(22)

N
ex

t,
w

e
d
erive

an
u
p
p

er
b

ou
n
d

for
th

e
rest

p
art.

N
ote

th
at

Y
a
b

=
m

ax
ij
|e
Ti
Z
aL
U
k
+

1 Λ
−

(a
+
b+

1
)U

Tk+
1 L
Z
be
j |

=
m

ax
ij
|(e

Ti
Z
aU
U
T

)L
U
k
+

1 Λ
−

(a
+
b+

1
)U

Tk+
1 L

(U
U
T
Z
be
j )|

≤
m

ax
ij
‖
e
Ti
Z
aU
‖

2 ‖L
U
k
+

1 Λ
−

(a
+
b+

1
)U

Tk+
1 L‖

2 ‖
U
T
Z
be
j ‖

2

≤
m

ax
l

µ
rn

( √
n‖
e
Tl
Z
‖

2 )
a
+
b‖L

U
k
+

1 Λ
−

(a
+
b+

1
)U

Tk+
1 L‖

2 ,

w
h
ere

th
e

la
st

in
eq

u
ality

u
ses

L
em

m
a

9.
F

u
rth

erm
ore,

b
y

u
sin

g
L

=
U
k
+

1 Λ
U
Tk+

1
+

Ü
k
+

1 Λ̈
Ü
Tk+

1 −
Z

again
,

w
e

get

‖
L
U
k
+

1 Λ
−

(a
+
b+

1
)U

Tk+
1 L‖

2

=
‖
(U

k
+

1 Λ
U
Tk+

1
+
Ü
k
+

1 Λ̈
Ü
Tk+

1 −
Z

)U
k
+

1 Λ
−

(a
+
b+

1
)U

Tk+
1 (U

k
+

1 Λ
U
Tk+

1
+
Ü
k
+

1 Λ̈
Ü
Tk+

1 −
Z

)‖
2

=
‖
U
k
+

1 Λ
−

(a
+
b−

1
)U

Tk+
1 −

Z
U
k
+

1 Λ
−

(a
+
b)U

Tk+
1 −

U
k
+

1 Λ
−

(a
+
b)U

Tk+
1 Z

+
Z
U
k
+

1 Λ
−

(a
+
b+

1
)U

Tk+
1 Z
‖

2

≤
|λ
r | −

(a
+
b−

1
)

+
|λ
r | −

(a
+
b)‖Z

‖
2

+
|λ
r | −

(a
+
b)‖Z

‖
2

+
|λ
r | −

(a
+
b+

1
)‖Z
‖

22

=
|λ
r | −

(a
+
b−

1
) (

1
+

2‖
Z
‖

2

|λ
r |

+

(
‖Z
‖

2

|λ
r | )

2 )
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C
a
i,
C
a
i
a
n
d

W
e
i

=
|λ
r | −

(a
+
b−

1
) (

1
+
‖
Z
‖

2

|λ
r | )

2

≤
|λ
r | −

(a
+
b−

1
) (

1

1−
τ )

2

≤
(

1

1−
τ )

2((1−
τ
)σ
Lr )−

(a
+
b−

1
)
,

w
h
ere

th
e

secon
d

in
eq

u
ality

follow
s

from
‖
Z
‖
2

|λ
r |
≤

τ
1−
τ
,

a
n
d

th
e

last
in

eq
u
ality

follow
s

from

L
em

m
a

11.
T

ogeth
er

w
ith

(19)
in

L
em

m
a

10,
w

e
h
av

e

∑a
+
b>

0

Y
a
b ≤

∑a
+
b>

0

µ
rn

(
1

1−
τ )

2

υ
γ
kσ

Lr (
υ
γ
kσ

Lr

(1−
τ
)σ
Lr )

a
+
b−

1

≤
µ
rn

(
1

1−
τ )

2

υ
γ
kσ

L1

∑a
+
b>

0 (
υ

1−
τ )

a
+
b−

1

≤
µ
rn

(
1

1−
τ )

2

υ
γ
kσ

L1

(
1

1−
υ

1−
τ )

2

≤
µ
rn

(
1

1−
τ−

υ )
2

υ
γ
kσ

L1
.

(23)

F
in

ally,
com

b
in

in
g

(22)
an

d
(23)

togeth
er

giv
es

‖
L
k
+

1 −
L‖∞

=
Y

0
+
∑a
+
b>

0

Y
a
b

≤
µ
rn

5τ
γ
k
+

1σ
L1

+
µ
rn

(
1

1−
τ−

υ )
2

υ
γ
kσ

L1

≤
(

12
−
τ )

µ
rn
γ
k
+

1σ
L1
,

w
h
ere

th
e

last
in

eq
u
ality

follow
s

from
γ
≥

2
υ

(1−
1
2
τ
)(1−

τ−
υ

)
2 .

L
e
m

m
a

1
4

L
et
L
∈

R
n×

n
a
n

d
S
∈

R
n×

n
be

tw
o

sym
m

etric
m

a
trices

sa
tisfyin

g
A

ssu
m

p
-

tio
n

s
A

1
a
n

d
A

2
,

respectively.
L

et
L̃
k ∈

R
n×

n
be

th
e

trim
o
u

tp
u

t
o
f
L
k .

R
eca

ll
th

a
t
β

=
µ
r

2
n

.
If

‖
L
−
L
k ‖

2 ≤
8α
µ
rγ

kσ
L1
,
‖S
−
S
k ‖∞

≤
µ
rn
γ
kσ

L1
,

an
d
su
p
p
(S

k )⊂
Ω

th
en

w
e

h
a
ve

su
p
p
(S

k
+

1 )⊂
Ω

a
n
d
‖
S
−
S
k
+

1 ‖∞
≤
µ
rn
γ
k
+

1σ
L1
,

p
ro

vid
ed

1
>
γ
≥

m
ax{512

τ
rκ

2
+

1
√

1
2 ,

2
υ

(1−
1
2
τ
)(1−

τ−
υ

)
2 }

a
n

d
τ
<
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A
lt

P
r
o
j
f
o
r
R
o
b
u
st

P
C
A

P
ro

o
f

W
e

fi
rs

t
n
ot

ic
e

th
at

[S
k
+

1
] i
j

=
[T
ζ k

+
1
(D
−
L
k
+

1
)]
ij

=
[T
ζ k

+
1
(S

+
L
−
L
k
+

1
)]
ij

=

{
T ζ
k
+
1
([
S

+
L
−
L
k
+

1
] i
j
)

(i
,j

)
∈

Ω

T ζ
k
+
1
([
L
−
L
k
+

1
] i
j
)

(i
,j

)
∈

Ω
c
.

L
et
|λ

(k
)

i
|d

en
ot

e
it
h

si
n
gu

la
r

va
lu

e
of
P T̃

k
(D
−
S
k
).

B
y

L
em

m
as

11
an

d
13

,
w

e
h
av

e

|[L
−
L
k
+

1
] i
j
|≤
‖L
−
L
k
+

1
‖ ∞
≤
(

1 2
−
τ

)
µ
r n
γ
k
+

1
σ
L 1

≤
(

1 2
−
τ

)
µ
r n

1

1
−

2τ

( |
λ
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)

r
+

1
|+

γ
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+

1
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(k
)

1
|)

=
ζ k

+
1

fo
r

an
y

en
tr

y
of
L
−
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k
+

1
.
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en

ce
,

[S
k
+

1
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=
0

fo
r

al
l

(i
,j

)
∈

Ω
c
,

i.
e.
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su
p
p
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+

1
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⊂

Ω
.

D
en

ot
e

Ω
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+

1
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su
p
p
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+
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−
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k
+
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>
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h
en

,
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en

tr
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S
−
S
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+

1
,

th
er

e
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ol

d
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−
S
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+

1
] i
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=
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1
−
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] i
j
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j
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0 ‖L
−
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+

1
‖ ∞
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−
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k
+
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‖ ∞
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1
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0
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∈

Ω
c
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−
τ
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+

1
σ
L 1
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,j

)
∈

Ω
k
+

1
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r n
γ
k
+

1
σ
L 1

(i
,j

)
∈

Ω
\Ω

k
+

1
.

H
er

e
th

e
la

st
st

ep
fo

ll
ow

s
fr

om
L

em
m

a
1
1

w
h
ic

h
im

p
li
es
ζ k

+
1

=
µ
r

2
n

(|λ
(k

)
r
+

1
|+

γ
k
+

1
|λ

(k
)

1
|)
≤

( 1 2
+
τ
) µ

r n
γ
k
+

1
σ
L 1

.
T

h
er

ef
or

e,
‖S
−
S
k
+

1
‖ ∞
≤

µ
r n
γ
k
+

1
σ
L 1

.

N
ow

,
w

e
h
av

e
al

l
th

e
in

gr
ed

ie
n
ts

fo
r

th
e

p
ro

of
of

T
h
eo

re
m

1.

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

1]
T

h
is

th
eo

re
m

w
il
l

b
e

p
ro

ve
d

b
y

m
at

h
em

at
ic

al
in

d
u
ct

io
n
.

B
a
se

C
a
se

:
W

h
en

k
=

0,
th

e
b
as

e
ca

se
is

sa
ti

sfi
ed

b
y

th
e

as
su

m
p
ti

on
on

th
e

in
ti

al
iz

at
io

n
.

In
d

u
c
ti

o
n

S
te

p
:

A
ss

u
m

e
w

e
h
av

e

‖L
−
L
k
‖ 2
≤

8α
µ
rγ

k
σ
L 1
,
‖S
−
S
k
‖ ∞
≤
µ
r n
γ
k
σ
L 1
,

an
d

su
p
p
(S

k
)
⊂

Ω

at
th

e
k
th

it
er

at
io

n
.

A
t

th
e

(k
+

1)
th

it
er

at
io

n
.

If
fo

ll
ow

s
d
ir

ec
tl

y
fr

o
m

L
em

m
as

12
an

d
14

th
at

‖L
−
L
k
+

1
‖ 2
≤

8
α
µ
rγ

k
+

1
σ
L 1
,
‖S
−
S
k
+

1
‖ ∞
≤
µ
r n
γ
k
+

1
σ
L 1

an
d

su
p
p
(S

k
+

1
)
⊂

Ω
,

w
h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
.

A
d
d
it

io
n
al

ly
,
n
ot

ic
e

th
at

w
e

ov
er

al
lr

eq
u
ir

e
1
>
γ
≥

m
ax
{5

12
τ
rκ

2
+

1 √
1
2
,

2
υ

(1
−

1
2
τ
)(

1
−
τ
−
υ

)2
}.

B
y

th
e

d
efi

n
it

io
n

of
τ

an
d
υ

,
on

e
ca

n
ea

si
ly

se
e

th
at

th
e

lo
w

er
b

o
u
n
d

ap
p
ro

ac
h
es

1 √
1
2

w
h
en

th
e

co
n
st

an
t

h
id

d
en

in
(4

)
is

su
ffi

ci
en

tl
y

la
rg

e.
T

h
er

ef
or

e,
th

e
th

eo
re

m
ca

n
b

e
p
ro

ve
d

fo
r

an
y
γ
∈
(

1 √
1
2
,1
) .
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C
a
i,
C
a
i
a
n
d

W
e
i

4
.2

.
P

ro
o
f

o
f

T
h

e
o
re

m
2

W
e

fi
rs

t
p
re

se
n
t

a
le

m
m

a
w

h
ic

h
is

a
va

ri
an

t
of

L
em

m
a

9
an

d
al

so
ap

p
ea

rs
in

(N
et

ra
p
a
ll
i

et
al

.,
20

14
,

L
em

m
a

5)
.

T
h
e

le
m

m
a

ca
n

b
e

si
m

il
ar

ly
p
ro

v
ed

b
y

m
at

h
em

at
ic

a
l

in
d
u
ct

io
n
.

L
e
m

m
a

1
5

L
et
S
∈
R
n
×
n

be
a

sp
a
rs

e
m

a
tr

ix
sa

ti
sf

yi
n

g
A

ss
u

m
p
ti

o
n

A
2
.

L
et
U
∈
R
n
×
r

be

a
n

o
rt

h
og

o
n

a
l

m
a
tr

ix
w

it
h
µ

-i
n

co
h
er

en
ce

,
i.

e.
,
‖e

T i
U
‖ 2
≤
√

µ
r n

fo
r

a
ll
i.

T
h
en

‖e
T i
S
a
U
‖ 2
≤
√
µ
r n

(α
n
‖S
‖ ∞

)a

fo
r

a
ll
i

a
n

d
a
≥

0.

T
h
ou

gh
th

e
p
ro

p
os

ed
in

it
ia

li
za

ti
on

sc
h
em

e
(i

.e
.,

A
lg

or
it

h
m

s
3)

b
as

ic
al

ly
co

n
si

st
s

o
f

tw
o

st
ep

s
of

A
lt

P
ro

j
(N

et
ra

p
al

li
et

al
.,

20
14

),
w

e
p
ro

v
id

e
an

in
d
ep

en
d
en

t
p
ro

of
fo

r
T

h
eo

re
m

2
h
er

e
b

ec
au

se
w

e
b

ou
n
d

th
e

ap
p
ro

x
im

at
io

n
er

ro
rs

of
th

e
lo

w
ra

n
k

m
at

ri
ce

s
u
si

n
g

th
e

sp
ec

tr
a
l

n
or

m
ra

th
er

th
an

th
e

in
fi
n
it

y
n
or

m
.

T
h
e

p
ro

of
o
f

T
h
eo

re
m

2
fo

ll
ow

s
a

si
m

il
a
r

st
ru

ct
u
re

to
th

at
of

T
h
eo

re
m

1,
b
u
t

w
it

h
ou

t
th

e
p
ro

je
ct

io
n

on
to

a
lo

w
d
im

en
si

on
al

ta
n
g
en

t
sp

a
ce

.
In

st
ea

d
of

fi
rs

t
p
re

se
n
ti

n
g

se
ve

ra
l

au
x
il
ia

ry
le

m
m

as
,

w
e

gi
v
e

a
si

n
gl

e
p
ro

o
f

b
y

p
u
tt

in
g

a
ll

th
e

el
em

en
ts

to
ge

th
er

.
P

ro
o
f

[P
ro

of
of

T
h
eo

re
m

2]
T

h
e

p
ro

of
ca

n
b

e
p
ar

ti
ti

on
ed

in
to

se
v
er

al
p
ar

ts
.

(i
)

N
ot

e
th

at
L
−

1
=

0
an

d

‖L
−
L
−

1
‖ ∞

=
‖L
‖ ∞

=
m

ax ij

∣ ∣ e
T i
U

Σ
U
T
e
j

∣ ∣ ≤
m

ax ij
‖e

T i
U
‖ 2
‖Σ
‖ 2
‖U

T
e
j
‖ 2
≤
µ
r n
σ
L 1
,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
A

ss
u
m

p
ti

on
A

1,
i.
e.

,
L

is
µ

-i
n
co

h
er

en
t.

T
h
u
s,

w
it

h

th
e

ch
oi

ce
of
β
in
it
≥

µ
r
σ
L 1

n
σ
D 1

,
w

e
h
av

e

‖L
−
L
−

1
‖ ∞
≤
β
in
it
σ
D 1

=
ζ −

1
.

(2
4
)

S
in

ce

[S
−

1
] i
j

=
[T
ζ −

1
(S

+
L
−
L
−

1
)]
ij

=

{
T ζ

−
1
([
S

+
L
−
L
−

1
] i
j
)

(i
,j

)
∈

Ω

T ζ
−
1
([
L
−
L
−

1
] i
j
)

(i
,j

)
∈

Ω
c
,

it
fo

ll
ow

s
th

at
[S
−

1
] i
j

=
0

fo
r

al
l

(i
,j

)
∈

Ω
c
,

i.
e.

Ω
−

1
:=

su
p
p
(S
−

1
)
⊂

Ω
.

M
o
re

ov
er

,
fo

r
a
n
y

en
tr

ie
s

of
S
−
S
−

1
,

w
e

h
av

e

[S
−
S
−

1
] i
j

=

    

0 [L
−

1
−
L

] i
j

[S
] i
j

≤

    

0 ‖L
−
L
−

1
‖ ∞

‖L
−
L
−

1
‖ ∞

+
ζ −

1

≤

    

0
(i
,j

)
∈

Ω
c

µ
r n
σ
L 1

(i
,j

)
∈

Ω
−

1
4
µ
r
n
σ
L 1

(i
,j

)
∈

Ω
\Ω
−

1

,

w
h
er

e
th

e
la

st
in

eq
u
al

it
y

fo
ll
ow

s
fr

om
β
in
it
≤

3
µ
r
σ
L 1

n
σ
D 1

,
so

th
at
ζ −

1
≤

3
µ
r
n
σ
L 1

.
T

h
er

ef
o
re

,
if

fo
ll
ow

s
th

at

su
p
p
(S
−

1
)
⊂

Ω
an

d
‖S
−
S
−

1
‖ ∞
≤

4µ
r

n
σ
L 1
.

(2
5
)
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A
c
c
A
lt

P
r
o
j
f
o
r
R
o
b
u
st

P
C
A

B
y

L
em

m
a

4
,

w
e

also
h
ave

‖S
−
S
−

1 ‖
2 ≤

α
n‖
S
−
S
−

1 ‖∞
≤

4
α
µ
rσ

L1
.

(ii)
T

o
b

o
u
n
d

th
e

ap
p
rox

im
ation

error
of
L

0
to
L

in
term

s
of

th
e

sp
ectral

n
orm

,
n
o
te

th
at

‖
L
−
L

0 ‖
2 ≤
‖L
−

(D
−
S
−

1 )‖
2

+
‖
(D
−
S
−

1 )−
L

0 ‖
2

≤
2‖
L
−

(D
−
S
−

1 )‖
2

=
2‖L
−

(L
+
S
−
S
−

1 )‖
2

=
2‖S
−
S
−

1 ‖
2 ,

w
h
ere

th
e

seco
n
d

in
eq

u
ality

follow
s

from
th

e
fact

L
0

=
H
r (D

−
S
−

1 )
is

th
e

b
est

ran
k
-r

a
p
p
rox

im
a
tio

n
of
D
−
S
−

1 .
It

follow
s

im
m

ed
iately

th
at

‖
L
−
L

0 ‖
2 ≤

8
α
µ
rσ

L1
.

(26)

(iii)
S
in

ce
D

=
L

+
S

,
w

e
h
ave

D
−
S
−

1
=
L

+
S
−
S
−

1 .
L

et
λ
i

d
en

otes
th

e
i th

eigen
valu

e
of

D
−
S
−

1
o
rd

ered
b
y
|λ

1 |≥
|λ

2 |≥
···≥

|λ
n |.

T
h
e

ap
p
lication

o
f

W
ey

l’s
in

eq
u
ality

togeth
er

w
ith

th
e

b
o
u
n
d

of
α

in
A

ssu
m

p
tion

A
2

im
p
lies

th
at

|σ
Li
−
|λ
i ||≤

‖
S
−
S
−

1 ‖
2 ≤

σ
Lr8

(27)

h
o
ld

s
fo

r
a
ll
i.

C
on

seq
u
en

tly,
w

e
h
av

e

78
σ
Li
≤
|λ
i |≤

98
σ
Li
,

∀
1
≤
i≤

r,
(28)

‖S
−
S
−

1 ‖
2

|λ
r |

≤
σ
Lr8

7
σ
Lr

8

=
17
.

(29)

L
et
D
−
S
−

1
=

[U
0 ,Ü

0 ] [
Λ

0

0
Λ̈

]
[U

0 ,Ü
0 ] T

=
U

0 Λ
U
T0

+
Ü

0 Λ̈
Ü
T0

b
e

its
eigen

valu
e

d
e-

co
m

p
o
sition

,
w

h
ere

Λ
h
as

th
e
r

largest
eigen

valu
es

in
m

agn
itu

d
e

an
d

Λ̈
con

tain
s

th
e

rest
eig

en
va

lu
es.

A
lso,

U
0

con
tain

s
th

e
fi
rst

r
eigen

vectors,
an

d
Ü

0
h
as

th
e

rest.
N

otice
th

at
L

0
=
H
r (D
−
S
−

1 )
=
U

0 Λ
U
T0

d
u
e

to
th

e
sy

m
m

etric
settin

g.
D

en
ote

E
=
D
−
S
−
1 −

L
=

S
−
S
−

1 .
L

et
u
i

b
e

th
e
i th

eigen
vector

of
D
−
S
−

1
=
L

+
E

.
F

or
1
≤
i
≤
r,

sin
ce

(L
+
E

)u
i

=
λ
i u
i ,

w
e

h
ave

u
i

=

(
I
−
Eλ
i )
−

1
Lλ
i u

i
=

(
I

+
Eλ
i

+

(
Eλ
i )

2

+
··· )

Lλ
i u

i

fo
r

ea
ch
u
i ,

w
h
ere

th
e

ex
p
an

sion
in

th
e

last
eq

u
ality

is
valid

b
ecau

se
‖
E
‖
2

|λ
i |
≤

17
for

all

1
≤
i≤

r
fo

llow
in

g
from

(29).
T

h
erefore,

‖
L

0 −
L‖∞

=
‖
U

0 Λ
U
T0
−
L‖∞
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C
a
i,
C
a
i
a
n
d

W
e
i

=
‖
L
U

0 Λ
−

1U
T0
L
−
L

+
∑a
+
b>

0

E
aL
U

0 Λ
−

(a
+
b+

1
)U

T0
L
E
b‖∞

≤
‖L
U

0 Λ
−

1U
T0
L
−
L‖∞

+
∑a
+
b>

0 ‖E
aL
U

0 Λ
−

(a
+
b+

1
)U

T0
L
E
b‖∞

:=
Y

0
+
∑a
+
b>

0

Y
a
b .

W
e

w
ill

h
an

d
le
Y

0
fi
rst.

R
ecall

th
at
L

=
U

Σ
V
T

is
th

e
S
V

D
of

th
e

sy
m

m
etric

m
atrix

L

w
h
ich

is
µ

-in
coh

eren
ce,

i.e.,
U
U
T

=
V
V
T

an
d
‖
e
Ti
U
U
T‖

2 ≤
√

µ
rn

for
a
ll
i.

F
or

each
(i,j)

en
try

of
Y

0 ,
w

e
h
ave

Y
0

=
m

ax
ij
|e
Ti

(L
U

0 Λ
−

1U
T0
L
−
L

)e
j |

=
m

ax
ij
|e
Ti
U
U
T

(L
U

0 Λ
−

1U
T0
L
−
L

)U
U
T
e
j |

≤
m

ax
ij
‖
e
Ti
U
U
T‖

2 ‖
L
U

0 Λ
−

1U
T0
L
−
L‖

2 ‖
U
U
T
e
j ‖

2

≤
µ
rn
‖L
U

0 Λ
−

1U
T0
L
−
L‖

2 ,

w
h
ere

th
e

secon
d

eq
u
ation

follow
s

from
th

e
fact

L
=
U
U
T
L

=
L
U
U
T

.
S
in

ce
L

=
U

0 Λ
U
T0

+
Ü

0 Λ̈
Ü
T0
−
E

,

‖
L
U

0 Λ
−

1U
T0
L
−
L‖

2

=
‖
(U

0 Λ
U
T0

+
Ü

0 Λ̈
Ü
T0
−
E

)U
0 Λ
−

1U
T0

(U
0 Λ
U
T0

+
Ü

0 Λ̈
Ü
T0
−
E

)−
L‖

2

=
‖
U

0 Λ
U
T0
−
L
−
U

0 U
T0
E
−
E
U

0 U
T0
−
E
U

0 Λ
−

1U
T0
E
‖

2

≤
‖
E
−
Ü

0 Λ̈
Ü
T0 ‖

2
+

2‖E
‖

2
+
‖E
‖

22

|λ
r |

≤
‖
Ü

0 Λ̈
Ü
T0 ‖

2
+

4‖E
‖

2

≤
|λ
r
+

1 |
+

4‖E
‖

2

≤
5‖E
‖

2 ,

w
h
ere

th
e

fi
rst

an
d

fou
rth

in
eq

u
ality

follow
from

(27)
an

d
(2

9),
an

d
|λ
r
+

1 |≤
‖E
‖

2
sin

ce
σ
Lr+

1
=

0.
T

ogeth
er,

w
e

h
ave

Y
0 ≤

5
µ
r

n
‖
E
‖

2 ≤
5α
µ
r‖
E
‖∞

,
(30)

w
h
ere

th
e

last
in

eq
u
ality

follow
s

from
L

em
m

a
4.

N
ex

t,
w

e
w

ill
fi
n
d

an
u
p
p

er
b

ou
n
d

for
th

e
rest

p
art.

N
ote

th
at

Y
a
b

=
m

ax
ij
|e
Ti
E
aL
U

0 Λ
−

(a
+
b+

1
)U

T0
L
E
be
j |

=
m

ax
ij
|(e

Ti
E
aU
U
T

)L
U

0 Λ
−

(a
+
b+

1
)U

T0
L

(U
U
T
E
be
j )|

≤
m

ax
ij
‖e

Ti
E
aU
‖

2 ‖L
U

0 Λ
−

(a
+
b+

1
)U

T0
L‖

2 ‖
U
T
E
be
j ‖

2

2
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A
c
c
A
lt

P
r
o
j
f
o
r
R
o
b
u
st

P
C
A

≤
µ
r n

(α
n
‖E
‖ ∞

)a
+
b
‖L
U

0
Λ
−

(a
+
b+

1
) U

T 0
L
‖ 2

≤
α
µ
r‖
E
‖ ∞
(
σ
L r 8

) a
+
b−

1

‖L
U

0
Λ
−

(a
+
b+

1
) U

T 0
L
‖ 2
,

w
h
er

e
th

e
se

co
n
d

in
eq

u
al

it
y

u
se

s
L

em
m

a
15

.
F

u
rt

h
er

m
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e,
b
y

u
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n
g
L

=
U

0
Λ
U
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+
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0
Λ̈
Ü
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−
E
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n
,

w
e

h
av

e

‖L
U

0
Λ
−

(a
+
b+

1
) U

T 0
L
‖ 2

=
‖(
U

0
Λ
U
T 0

+
Ü

0
Λ̈
Ü
T 0
−
E

)U
0
Λ
−

(a
+
b+

1
) U

T 0
(U

0
Λ
U
T 0

+
Ü

0
Λ̈
Ü
T 0
−
E
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2

=
‖U

0
Λ
−
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+
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1
) U

T 0
−
E
L
U

0
Λ
−

(a
+
b)
U
T 0
−
L
U

0
Λ
−

(a
+
b)
U
T 0
E

+
E
L
U

0
Λ
−

(a
+
b+

1
) U

T 0
E
‖ 2

≤
|λ
r
|−

(a
+
b−

1
)

+
|λ
r
|−

(a
+
b)
‖E
‖ 2

+
|λ
r
|−

(a
+
b)
‖E
‖ 2

+
|λ
r
|−

(a
+
b+

1
) ‖
E
‖2 2

=
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r
|−
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+
b−

1
)

(
1

+
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E
‖ 2

|λ
r
|

+

(
‖E
‖ 2
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r
|) 2

)

=
|λ
r
|−

(a
+
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1
)

( 1
+
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‖ 2
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r
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2
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+
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1
)
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2

(
7 8
σ
L r

) −
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+
b−

1
)

,
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h
er

e
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n
d
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u
al

it
y
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fr
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(2

9)
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d
th

e
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u
al

it
y
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(2

8)
.

T
og

et
h
er

,
w

e
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av

e

∑

a
+
b>

0

Y
a
b
≤
∑

a
+
b>

0

2
α
µ
r‖
E
‖ ∞
(

1 8
σ
L r

7 8
σ
L r

)
a
+
b−

1

≤
2
α
µ
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E
‖ ∞

∑

a
+
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0
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1 7

) a
+
b−

1

≤
2
α
µ
r‖
E
‖ ∞
(

1

1
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1 7

)
2

≤
3
α
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‖ ∞

.
(3

1)
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m
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0)
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)
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∑
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0
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‖ ∞
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‖ ∞
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d
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p
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e
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,
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0
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=
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∈
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L
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∈
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=
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p
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0
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i.
e.
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⊂
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S
−
S

0
,

th
er

e
h
ol

d
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S

0
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0
−
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j
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0 ‖L
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L

0
‖ ∞

‖L
−
L
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‖ ∞
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0
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)
∈
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c
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∈
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σ
L 1

(i
,j

)
∈
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8)
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p
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≤

3
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L 1
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T
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0
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⊂
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‖ ∞
≤
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r n
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b
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d
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s.
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e
p
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b
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p
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e
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m
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y
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d
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n
g
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e

p
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n
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b
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e

S
V
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w
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s
th

e
p
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n
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m

p
u
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f

th
e

al
go
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th

m
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rn
at
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g

p
ro
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ct

io
n
s
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n
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y.
T

h
eo

re
ti
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l
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v
er

y
g
u
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te

e
h
a
s

b
ee
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b
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ed
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r
th

e
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al
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ri
th

m
,

w
h
il
e

n
u
m

er
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al
si

m
u
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ti
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s
sh

ow
th

at
ou

r
a
lg

o
ri

th
m
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su

p
er

io
r

to
ot

h
er

st
at

e-
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-t
h
e-
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t
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go

ri
th

m
s.

T
h
er

e
ar

e
th

re
e
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es

of
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se
ar
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r
fu

tu
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or
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F
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e
th

eo
re
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l
n
u
m

b
er

o
f

th
e

n
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er

o
en

tr
ie
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se

m
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ri
x

b
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ow
w

h
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h
A
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lt
P

ro
j
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n
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ve
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u
l
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ve
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is
h
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h
ly

p
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m
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c
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m
p
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ed
w

it
h

ou
r

n
u
m

er
ic

al
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n
d
in

g
s.

T
h
is

su
gg

es
ts

th
e

p
o
ss

ib
il
it

y
of

im
p
ro

v
in

g
th

e
th

eo
re

ti
ca

l
re

su
lt

.
S
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d
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,
re

co
v
er

y
st

a
b
il
it

y
of

th
e

p
ro

p
o
se

d
a
lg

o
ri

th
m

to
ad

d
it

iv
e

n
oi

se
w

il
l

b
e

in
ve

st
ig

at
ed

in
th

e
fu

tu
re
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F

in
al

ly
,

th
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p
a
p

er
fo
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se

s
o
n

th
e

fu
ll
y

ob
se
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ed

se
tt

in
g.

T
h
e

p
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p
os

ed
al

go
ri

th
m

m
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h
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b
e
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il
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p
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p
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.
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T
h
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w
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k
w
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p
p

or
te

d
in

p
ar

t
b
y
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an
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H

K
R

G
C
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1
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N
S
F

C
11

80
1
0
8
8
,

a
n
d

S
h
a
n
g
-

h
ai

S
ai

li
n
g

P
ro

gr
am
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Y

F
14
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60

0.

R
e
fe
re
n
ce

s

P
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A
b
si

l,
R

ob
er

t
M
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on

y,
an

d
R

o
d
ol

p
h
e

S
ep

u
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h
re

.
O

p
ti

m
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a
ti
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n

a
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o
ri

th
m

s
o
n

m
a
tr
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m

a
n

if
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P
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P
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A
c
c
A
lt

P
r
o
j
f
o
r
R
o
b
u
st

P
C
A

A
lek

h
A

g
a
rw

al,
A

n
im

ash
ree

A
n
an

d
k
u
m

ar,
P

rateek
J
ain

,
P

ran
eeth

N
etrap

alli,
an

d
R

ash
ish

T
a
n
d
o
n
.

L
ea

rn
in

g
sp

arsely
u
sed

overcom
p
lete

d
iction

aries.
In

C
o
n

feren
ce

o
n

L
ea

rn
in

g
T

h
eo

ry,
p
ag

es
123–137,

2014.

R
a

jen
d
ra

B
h
a
tia.

M
a
trix

a
n

a
lysis,

volu
m

e
169.

S
p
rin

ger
S
cien

ce
&

B
u
sin

ess
M

ed
ia,

20
13.

J
ia

n
-F

en
g

C
a
i,

H
aix

ia
L

iu
,

an
d

Y
an

g
W

an
g.

F
ast

ran
k

on
e

a
ltern

atin
g

m
in

im
izatio

n
algo-

rith
m

fo
r

p
h
a
se

retrieval.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
7
0
8
.0

8
7
5
1
,

2017.

E
m

m
a
n
u
el

J
C

an
d
ès

an
d

B
en
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in

R
ech

t.
E

x
act

m
atrix

com
p
letion

v
ia

con
vex

op
tim

iza-
tio

n
.

F
o
u

n
d
a
tio

n
s

o
f

C
o
m

p
u

ta
tio

n
a
l

m
a
th

em
a
tics,

9(6):717,
2009.

E
m

m
a
n
u
el

J
C

an
d
ès,

X
iao

d
on

g
L

i,
Y

i
M

a,
an

d
J
oh

n
W

righ
t.

R
ob

u
st

p
rin

cip
al

com
p

on
en

t
a
n
a
ly

sis?
J

o
u

rn
a
l

o
f

th
e

A
C

M
(J

A
C

M
),

58(3):11,
20

11.

T
o
n
y

F
C

h
an

a
n
d

C
h
iu

-K
w

on
g

W
on

g.
C

on
vergen

ce
o
f

th
e

altern
atin

g
m

in
im

ization
algo-

rith
m

fo
r

b
lin

d
d
econ

v
olu

tion
.

L
in

ea
r

A
lgebra

a
n

d
its

A
p
p
lica

tio
n

s,
316(1-3):259–285,

2
0
0
0
.

V
en

ka
t

C
h
a
n
d
rasekaran

,
S
u
jay

S
an

gh
av

i,
P

ab
lo

A
P

arrilo,
an

d
A

lan
S

W
illsk

y.
R

an
k
-

sp
a
rsity

in
co

h
eren

ce
for

m
atrix

d
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p
osition

.
S

IA
M

J
o
u

rn
a
l

o
n

O
p
tim

iza
tio

n
,

21(2):
5
7
2
–
5
9
6
,

2
0
1
1.

Y
u
d
o
n
g

C
h
en

a
n
d

M
artin

J
W

ain
w

righ
t.

F
ast

low
-ran

k
estim

ation
b
y

p
ro

jected
grad

ien
t

d
escen

t:
G

en
eral

statistical
an

d
algorith

m
ic

g
u
aran

tees.
a
rX

iv
p
rep

rin
t

a
rX

iv:1
5
0
9
.0

3
0
2
5
,

2
0
1
5
.

Y
u
d
o
n
g

C
h
en

,
S
u
jay

S
an

gh
av

i,
an

d
H

u
an

X
u
.

C
lu

sterin
g

sp
arse

grap
h
s.

In
A

d
va

n
ces

in
n

eu
ra

l
in

fo
rm

a
tio

n
p
rocessin

g
system

s,
p
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2204–2212,
2012.

Q
u
a
n
q
u
a
n

G
u
,

Z
h
aoran

W
an

g,
an

d
H

an
L

iu
.
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ow
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k

an
d
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stru
ctu

re
p
u
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it
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ia

a
ltern

a
tin

g
m

in
im

ization
.
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A
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l
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a
n

d
S
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p
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M
o
ritz

H
ard

t.
O

n
th

e
p
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le
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of
altern
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g

m
in

im
ization

for
m

atrix
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p
le-

tio
n
.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
3
1
2
.0

9
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5
,

2013.

P
o-S

en
H

u
a
n
g
,
S
cott

D
eean

n
C

h
en

,
P

aris
S
m

aragd
is,

an
d

M
ark

H
asegaw

a-J
oh

n
son

.
S
in

gin
g-

vo
ice

sep
a
ra

tion
from

m
on

au
ral

record
in

gs
u
sin

g
rob

u
st

p
rin

cip
al

co
m

p
o
n
en

t
an

aly
sis.

In
A

co
u

stics,
S

peech
a
n

d
S

ign
a
l

P
rocessin

g
(IC

A
S

S
P

),
2
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1
2

IE
E

E
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

,
p
a
g
es
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–
60.

IE
E

E
,

2012.

P
ra

teek
J
a
in

,
P

ran
eeth

N
etrap

alli,
an

d
S
u
jay

S
an

gh
av

i.
L

ow
-ran

k
m

atrix
com

p
letion

u
sin

g
a
ltern

a
tin

g
m

in
im

ization
.

In
P

roceed
in
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o
f

th
e

fo
rty-fi

fth
a
n

n
u

a
l

A
C

M
sym

po
siu

m
o
n

T
h
eo

ry
o
f
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m

p
u

tin
g,

p
ages
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A

C
M

,
2013.

R
a
g
h
u
n
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n
d
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n

H
u
likal

K
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et

al.
E

ffi
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t
a
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r
co
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bo

ra
tive

fi
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P

h
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S
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u
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n
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W
eim
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an
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d
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n
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u
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p
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d
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u
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p
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p
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p
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.
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p
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al

su
m

fu
n
ct

io
n
s

of
th

e
fo

rm
(4

)
u
si

n
g

C
h
eb

y
sh

ev
’s

ex
p
an

si
on

,
an

d
a
ls

o
es

ti
m

a
te

th
e

sp
ec

tr
u
m

it
se

lf
u
si

n
g

m
om

en
t

m
at

ch
in

g
in

W
as

se
rs

te
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d
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p
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d
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p
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b
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p
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p
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p
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p
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p
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p
ro

p
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p
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p
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p
er

ty
of

th
e

st
ru

ct
u
re

of
th

e
p
at

te
rn

(λ
∗ G
,r

in
E

q
.(

14
))

th
at

ca
p
tu

re
s

th
e

d
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p
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p
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p
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p
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p
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p
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p
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p
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p
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re
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u
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d
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at
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R
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p
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at
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p
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at
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p
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b
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p
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p
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p
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p
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p
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h
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p
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at
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f
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e
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p
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p
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p
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m
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b
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n
d
er

th
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m
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p
u
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u
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b
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e

sam
e

ex
p

erim
en

t
to

sh
ow

case
th
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b
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a
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b
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b
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p
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b
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u
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∈
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w
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b
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n
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b
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p
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p
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−
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p
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∈
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=
tr
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=
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(O
M
∗O

M
∗O

M
)

(7
)

T
h
e

fi
rs

t
w
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h
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e
se

lf
-l

o
op

,
w

h
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p
la

ce
d

at
th

e
fi
rs

t,
se

co
n
d

or
th
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p
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u
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p
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at
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p
le

te
se

t
o
f

ex
p
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p
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p
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p
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h
e
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i
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p
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=
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p
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∑
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b
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=
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p
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∑
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d
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b
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p
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b
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p
le

r
ta

sk
o
f

co
u
n
ti

n
g
K

4
h
as

ru
n
-t

im
e

sc
al

in
g

as
O

(d
α

+
1
),

w
h
ic

h
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d
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d
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p
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p
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.
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im
a
t
io
n
f
r
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a
F
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w

E
n
t
r
ie
s
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o
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m
1
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ch
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k
-n

orm
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e
q
u
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),
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∈
H
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Θ̂
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∈
H
k ,

com
p
u
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Ω
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g
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form

u
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from
E

q
.

(5)–(7)
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k
=

3
a
n
d

E
q
.
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–

(203)
for

k
∈
{4,5,6,7}
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Θ̂
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Ω
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H
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k

1
p
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γP

Ω
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) (H
)

4
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5
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Θ̂
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Ω
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lgorith
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),
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p
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)
for

all
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∈
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k ]
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p
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b
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ab
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p
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e
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ab
ility
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ed
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b
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d
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ed
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in
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h
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.
P
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e
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e
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e
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w

e
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estim
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ized

for
E

rd
ös-R

én
y
i

sam
p
lin

g.
G
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a

ra
n
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e

d
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cu
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g
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f
M
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m

sam
p
led

en
tries
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b
y

th
e
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eren
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e

origin
al
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e
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en

ote
b
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n
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d

R
ech
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b
e

th
e
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e
d
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f
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p
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d
efi
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ite
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w
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m
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d
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r
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d
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∑
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j∈
[d

],
w

e
h
ave
| ∑
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µ √
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m
atrix

from
ran

d
om

sam
p
les

(C
an

d
ès

an
d

R
ech

t,
200

9;
K

esh
avan

et
a
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d
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w
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p
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O
n

th
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ch
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m
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M
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d
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b
er
κ

=
σ

m
a
x (M

)/σ
m

in (M
),

w
e

d
efi
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e
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m
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d
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K
h
e
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n
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O
h

su
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th
at

th
e
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r
estim
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b
ou

n
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ed
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V
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‖
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2
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w

e
sh

ow
in

th
e

p
ro
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of

T
h
eorem
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ection

8.1
.

H
ere,

g
(k
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=

O
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!)
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a
fu

n
ction

d
ep

en
d
in
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on

ly
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k
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N
ote
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p
lifi

es
to

ρ
2

=
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m
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p
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n
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rd
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p
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n
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efi
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ite
m
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trix
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n

d
given
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p
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f
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e
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o
f
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e
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estim
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te
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ith
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a
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p
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h
en

th
e

C
h
eb

y
sh

ev
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b
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ab
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(rd

log
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s
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e
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ly

a
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rop
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of
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e
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ot
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e
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p
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p
lex
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b
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factor
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2
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ran
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em
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ch
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e
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b
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e
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-cy

clic
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W
e
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e
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m
atrix

com
p
letion

ap
p
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b
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p
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of
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e
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S
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k
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‖
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M
‖
kk ,

for
k

=
5,

for
th

ree
ap

p
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m
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p
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ositive

sem
i-d

efi
n
ite

m
atrix

of
size

d
=

500,
an

d
ran

k
r

=
100

(left
p
a
n
el)

an
d
r

=
500

(righ
t

p
an

el).
S
in

gu
lar

vectors
U

of
M

=
U

Σ
U
>

,
are

gen
erated

b
y

Q
R

d
ecom

p
osition

of
N

(0,I
d×
d )

an
d

Σ
i,i

is
u
n
iform

ly
d
istrib

u
ted

over
[1
,2].

F
or

a
low

ran
k

m
atrix

on
th

e
left,

th
ere

is
a

clear
critical

valu
e

of
p
'

0.45
,

ab
ove

w
h
ich

m
atrix

com
p
letion

is
ex

act
w

ith
h
igh

p
rob

ab
ility.

H
ow

ever,
th

is
algorith

m
k
n
ow

s
th

e
u
n
d
erly

in
g

ran
k

an
d

cru
cially

ex
p
loits

th
e

fact
th

at
th

e
u
n
d
erly

in
g

m
atrix

is
ex

actly
low

-ran
k
.

In
com

p
arison

,
ou

r
ap

p
roach

is
agn

ostic
to

th
e

low
-ran

k
assu

m
p
tion

b
u
t

fi
n
d
s

th
e

accu
rate

estim
ate

th
at

is
ad

ap
tive

to
th

e
actu

al
ran

k
in

a
d
ata-d

riv
en

m
an

n
er.

U
sin

g
th

e
fi
rst

r
sin

gu
lar

va
lu

es
of

th
e

(rescaled
)

sam
p
led

m
atrix

fails
m

iserab
ly

for
all

regim
es

(w
e

tru
n
cate

th
e

error
at

on
e

fo
r

illu
stration

p
u
rp

oses).
In

th
is

p
ap

er,
w

e
are

in
terested

in
th

e
regim

e
w

h
ere

ex
act

m
atrix

com
p
letion

is
im

p
ossib

le
as

w
e

d
o

n
ot

h
ave

en
ou

gh
sam

p
les

to
ex

actly
recover

th
e

u
n
d
erly

in
g

m
atrix

:
p
≤

0
.45

in
th

e
left

p
an

el
an

d
all

regim
es

in
th

e
righ

t
p
an

el.
T

h
e

su
ffi

cien
t

con
d
ition

of
d

2p
=
O

(d
r

1−
2
/
k)

in
T

h
eorem

3
h
old

s
for

a
b
road

ran
ge

of
p
aram

eters
w

h
ere

th
e

ran
k

is
su

ffi
cien

tly
sm

all
r

=
O

(d
k
/
((k−

1
)(k−

2
)))

(to
en

su
re

th
at
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p
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p
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im
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o
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 s
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p
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 m

at
ri

x
 m
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ri

x
 c

o
m

p
le

ti
o
n

sa
m

p
li
n
g

p
ro

b
a
b
il
it

y,
p
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d
=
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r
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.2

 0
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.0
1
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.1
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 0
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 0
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 0
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 0
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p
ro

p
o
se

d
 e

st
im

at
o
r

sc
al

ed
 s

am
p
le

d
 m

at
ri

x
m

at
ri

x
 c

o
m

p
le

ti
o
n

sa
m

p
li
n
g

p
ro

b
a
b
il
it

y,
p

relativeerror

d
=

50
0,

r
=

50
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F
ig

u
re

4:
T

h
e

p
ro

p
os

ed
es

ti
m

at
or

ou
tp

er
fo

rm
s

b
ot

h
b
as

el
in

e
ap

p
ro

ac
h
es

b
el

ow
th

e
m

at
ri

x
co

m
p
le

ti
on

th
re

sh
ol

d
.

F
or

k
=

5,
co

m
p
ar

is
on

of
th

e
a
b
so

lu
te

re
la

ti
ve

er
ro

r
in

es
ti

m
at

ed

S
ch

at
te

n
n
or

m
th

at
is
∣ ∣ ‖
M
‖k k
−
‖̂M
‖k k
∣ ∣ /
‖M
‖k k

fo
r

th
e

th
re

e
al

go
ri

th
m

s:
(1

)
th

e
p
ro

p
os

ed

es
ti

m
at

or
,
‖̂M
‖k k

=
Θ̂
k
(P

Ω
(M

))
,

(2
)

S
ch

at
te

n
n
or

m
of

th
e

sc
al

ed
sa

m
p
le

d
m

at
ri

x
,
‖̂M
‖k k

=

‖(
1/
p
)P

r
(P

Ω
(M

))
‖k k

,
(3

)
S
ch

at
te

n
n
or

m
of

th
e

co
m

p
le

te
d

m
at

ri
x
,
M̃

=
A

lt
M

in
(P

Ω
(M

))

fr
om

(J
ai

n
et

al
.,

20
13

),
‖̂M
‖k k

=
‖M̃
‖k k

,
w

h
er

e
P r

(·)
is

th
e

st
an

d
ar

d
b

es
t

ra
n
k
-r

p
ro

je
ct

io
n

of
a

m
at

ri
x
.

Ω
is

ge
n
er

at
ed

b
y

E
rd

ös
-R

én
y
i

sa
m

p
li
n
g

of
m

at
ri

x
M

w
it

h
p
ro

b
ab

il
it

y
p
.

th
e

fi
rs

t
te

rm
in
ρ

2
d
om

in
at

es
).

H
ow

ev
er

,
th

e
fo

ll
ow

in
g

re
su

lt
s

in
F

ig
u
re

5
on

n
u
m

er
ic

al
ex

p
er

im
en

ts
su

gg
es

t
th

at
ou

r
an

al
y
si

s
h
ol

d
s

m
or

e
ge

n
er

al
ly

fo
r

al
l

re
gi

m
es

of
th

e
ra

n
k
r,

ev
en

th
os

e
cl

os
e

to
d
.
M

is
ge

n
er

at
ed

u
si

n
g

se
tt

in
gs

si
m

il
ar

to
th

at
of

F
ig

u
re

4.
E

m
p
ir

ic
al

p
ro

b
ab

il
it

ie
s

ar
e

co
m

p
u
te

d
b
y

av
er

ag
in

g
ov

er
10

0
in

st
an

ce
s.

O
n
e

m
ig

h
t

h
op

e
to

ti
gh

te
n

th
e

C
h
eb

y
sh

ev
b

ou
n
d

b
y

ex
p
lo

it
in

g
th

e
fa

ct
th

at
th

e
co

rr
el

a-
ti

on
am

on
g

th
e

su
m

m
an

d
s

in
ou

r
es

ti
m

at
or

(3
)

is
w

ea
k
.

T
h
is

ca
n

b
e

m
ad

e
p
re

ci
se

u
si

n
g

th
e

re
ce

n
t

re
su

lt
fr

om
S
ch

u
d
y

an
d

S
v
ir

id
en

ko
(2

01
1)

,
w

h
er

e
a

B
er

n
st

ei
n
-t

y
p

e
b

ou
n
d

w
as

p
ro

ve
d

fo
r

th
e

su
m

of
p

ol
y
n
om

ia
ls

of
in

d
ep

en
d
en

t
ra

n
d
om

va
ri

ab
le

s
th

at
ar

e
w

ea
k
ly

co
rr

el
at

ed
.

T
h
e

fi
rs

t
te

rm
in

th
e

b
ou

n
d

(9
)

is
th

e
n
at

u
ra

l
B

er
n
st

ei
n
-t

y
p

e
b

ou
n
d

co
rr

es
p

on
d
in

g
to

th
e

C
h
eb

y
sh

ev
’s

b
ou

n
d

in
(8

).
H

ow
ev

er
,

u
n
d
er

th
e

re
gi

m
e

w
h
er

e
k

is
la

rg
e

or
p

is
la

rg
e,

th
e

co
rr

el
at

io
n

am
on

g
th

e
su

m
m

an
d
s

b
ec

om
es

st
ro

n
ge

r,
an

d
th

e
se

co
n
d

an
d

th
ir

d
te

rm
in

th
e

b
ou

n
d

(9
)

st
ar

t
to

d
om

in
at

e.
In

th
e

ty
p
ic

al
re

gi
m

e
of

in
te

re
st

w
h
er

e
µ

,
κ

,
k

ar
e

fi
n
it

e,
ra

n
k

is
su

ffi
ci

en
tl

y
sm

al
l
r

=
O

(d
k
/
((
k
−

1
)(
k
−

2
))

),
an

d
sa

m
p
le

co
m

p
le

x
it

y
d

2
p

=
O

(d
r1
−

2
/
k
),

th
e

er
ro

r
p
ro

b
ab

il
it

y
is

d
om

in
at

ed
b
y

th
e

fi
rs

t
te

rm
on

th
e

ri
gh

t-
h
an

d
si

d
e

of
(9

).
N

ei
th

er
o
n
e

of
th

e
tw

o
b

ou
n
d
s

in
(8

)
an

d
(9

)
d
om

in
a
te

s
th

e
ot

h
er

,
an

d
d
ep

en
d
in

g
on

th
e

va
lu

es
of

th
e

p
ro

b
le

m
p
ar

am
et

er
s,

w
e

m
ig

h
t

w
an

t
to

ap
p
ly

th
e

on
e

th
at

is
ti

gh
te

r.
W

e
p
ro

v
id

e
a

p
ro

of
in

S
ec

ti
on

8.
2.
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K
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O
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n
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5
5
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0
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2

0
.0

2

0
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.2

 0
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.8
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k
=

2
k

=
3

k
=

4

k
=

5
k

=
6

k
=

7

F
ig

u
re

5:
E

ac
h

co
lo

rm
ap

in
ea

ch
b
lo

ck
fo

r
k
∈
{2
,3
,4
,5
,6
,7
}

sh
ow

em
p
ir

ic
al

p
ro

b
a
b
il
it

y
o
f

th
e

ev
en

t
{∣ ∣
‖M
‖k k
−

Θ̂
k
(P

Ω
(M

))
∣ ∣ /
‖M
‖k k
≤
δ}

,
fo

r
δ

=
0.

5
(l

ef
t

p
a
n
el

)
an

d
δ

=
0.

2
(r

ig
h
t

p
an

el
).

Ω
is

ge
n
er

at
ed

b
y

E
rd

ös
-R

én
y
i

sa
m

p
li
n
g

of
m

at
ri

x
M

w
it

h
p
ro

b
ab

il
it

y
p

(v
er

ti
ca

l
ax

is
).

M
is

a
sy

m
m

et
ri

c
p

os
it

iv
e

se
m

i-
d
efi

n
it

e
m

at
ri

x
of

si
ze

d
=

10
00

.
T

h
e

so
li
d

li
n
es

co
rr

es
p

on
d

to
ou

r
th

eo
re

ti
ca

l
p
re

d
ic

ti
on

p
=

(1
/d

)r
1
−

2
/
k
.

T
h

e
o
re

m
4

U
n

d
er

th
e

h
yp

o
th

es
es

o
f

T
h
eo

re
m

3
,

th
e

er
ro

r
p
ro

ba
bi

li
ty

is
u

p
pe

r
bo

u
n

d
ed

by

P(
∣ ∣ Θ̂

k
(P

Ω
(M

))
−
‖M
‖k k
∣ ∣

‖M
‖k k

≥
δ)

≤

e2
m

ax

{
e−

δ
2

ρ
2

(
d
p

r
1
−

2
/
k

) k
,e
−

(d
p
)(

δ
d

ρ
r
k
−

1

) 1
/
k

,e
−

(d
p
)(

δ
d

ρ
r
k
−

1

) ,e
−
δ
d
p
ρ

}
.

(9
)

T
h
es

e
tw

o
re

su
lt

s
sh

ow
th

at
th

e
sa

m
p
le

si
ze

of
d

2
p

=
O

(d
r1
−

2
/
k
)

is
su

ffi
ci

en
t

to
es

ti
m

a
te

a
S
ch

at
te

n
k
-n

or
m

ac
cu

ra
te

ly
w

h
en

µ
,
κ

,
k

ar
e

fi
n
it

e
an

d
ra

n
k

is
su

ffi
ci

en
tl

y
sm

a
ll
r

=
O

(d
k
/
((
k
−

1
)(
k
−

2
))

).
In

ge
n
er

al
,

w
e

d
o

n
ot

ex
p

ec
t

to
ge

t
a

u
n
iv

er
sa

l
u
p
p

er
b

o
u
n
d

th
a
t

is
si

gn
ifi

ca
n
tl

y
ti

gh
te

r
fo

r
al

l
r,

b
ec

au
se

fo
r

a
sp

ec
ia

l
ca

se
of
r

=
d
,

th
e

fo
ll
ow

in
g

co
ro

ll
a
ry

of
(L

i
et

al
.,

20
14

,
T

h
eo

re
m

3.
2)

p
ro

v
id

es
a

lo
w

er
b

ou
n
d
;

it
is

n
ec

es
sa

ry
to

h
av

e
sa

m
p
le

si
ze

d
2
p

=
O

(d
2
−

4
/
k
)

w
h
en

r
=
d
.

H
en

ce
,

th
e

ga
p

is
at

m
os

t
a

fa
ct

or
of
r2
/
k

in
th

e
sa

m
p
le

co
m

p
le

x
it

y.

C
o
ro

ll
a
ry

5
C

o
n

si
d
er

a
n

y
li

n
ea

r
o
bs

er
va

ti
o
n
X
∈

R
n

o
f

a
m

a
tr

ix
M
∈

R
d
×
d

a
n

d
a
n

y
es

ti
m

a
te
θ(
X

)
sa

ti
sf

yi
n

g
(1
−
δ k

)‖
M
‖k k
≤
θ(
X

)
≤

(1
+
δ k

)‖
M
‖k k

fo
r

a
n

y
M

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

3/
4
,

w
h
er

e
δ k

=
(1
.2
k
−

1)
/
(1
.2
k

+
1)

.
T

h
en

,
n

=
Ω

(d
2
−

4
/
k
).

F
or

k
∈
{1
,2
},

p
re

ci
se

b
ou

n
d
s

ca
n

b
e

ob
ta

in
ed

w
it

h
si

m
p
le

r
an

al
y
se

s.
In

p
a
rt

ic
u
la

r,
w

e
h
av

e
th

e
fo

ll
ow

in
g

re
m

ar
k
s,

w
h
os

e
p
ro

of
fo

ll
ow

s
im

m
ed

ia
te

ly
b
y

ap
p
ly

in
g

C
h
eb

y
sh

ev
’s

in
eq

u
al

it
y

an
d

B
er

n
st

ie
n
’s

in
eq

u
al

it
y

al
on

g
w

it
h

th
e

in
co

h
er

en
ce

as
su

m
p
ti

o
n
s.
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S
p
e
c
t
r
u
m

E
st

im
a
t
io
n
f
r
o
m

a
F
e
w

E
n
t
r
ie
s

R
e
m

a
rk

6
F

o
r
k

=
1,

th
e

p
ro

ba
bility

o
f

erro
r

in
(8)

is
u

p
per

bo
u

n
d
ed

by
m

in{ν
1 ,ν

2 }
,

w
h
ere

ν
1 ≡

1δ
2

(κ
µ

)
2

d
p

,
a
n

d
ν

2 ≡
2

ex
p (−

δ
2

2

(
(κ
µ

)
2

d
p

+
δ

(κ
µ

)

3d
p

)
−

1 )
.

R
e
m

a
rk

7
F

o
r
k

=
2,

th
e

p
ro

ba
bility

o
f

erro
r

in
(8)

is
u

p
per

bo
u

n
d
ed

by
m

in{ν
1 ,ν

2 }
,

w
h
ere

ν
1 ≡

1δ
2

(κ
µ

)
4

d
2p

(2
+
r

2d

)
,

a
n

d
ν

2 ≡
2

ex
p (
−
δ

22

(
(κ
µ

)
4

d
2p

(2
+
r

2d

)
+
δ

(κ
µ

)
2r

3d
2p

)
−

1 )
.

W
h
en

k
=

2,
for

ran
k

sm
all

r
≤
C
√
d
,

on
ly

w
e

on
ly

n
eed

d
2p

=
O

(1)
sam

p
les

for
recovery

u
p

to
an

y
arb

itrary
sm

all
m

u
ltip

licativ
e

error.
W

h
en

ran
k
r

is
large,

ou
r

estim
ator

req
u
ires

d
2p

=
O

(d
)

for
b

oth
k
∈
{1
,2}.

3
.2

.
F
ro

m
S

ch
a
tte

n
n

o
rm

s
to

sp
e
c
tru

m
a
n

d
sp

e
c
tra

l
su

m
fu

n
c
tio

n
s

S
ch

a
tten

n
orm

s
b
y

th
em

selves
are
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e
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ro
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at
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=
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of
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e
S
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at
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n
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ti
m

at
es
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‖k k
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fi
rs

t
th

e
p
ro

p
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ti
m

at
or

Θ̂
k
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Ω
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an
d

se
co

n
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th
e

S
ch

at
te

n
n
or

m
of

th
e

co
m

p
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te
d

m
at

ri
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,
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=
A

lt
M
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(P

Ω
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fr

om
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et
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T
h
eo

re
m
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.

T
h
e

m
ai

n
id

ea
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th
at
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ve

n
th

e
ra

n
k
,

th
e

m
ax

im
u
m

su
p
p

or
t

si
ze

o
f

th
e

tr
u
e

sp
ec

tr
u
m

,
an

d
an

es
ti

m
at

e
of

it
s

fi
rs

t
K

m
om

en
ts

,
on

e
ca

n
fi
n
d
r

si
n
gu

la
r

va
lu

es
w

h
o
se
K

fi
rs

t
m

om
en

ts
ar

e
cl

os
e

to
th

e
es

ti
m

at
ed

S
ch

a
tt

en
n
or

m
s.

A
lg

o
ri

th
m

3
S
p

ec
tr

u
m

es
ti

m
at

or
(a

va
ri

at
io

n
of

K
on

g
an

d
V

al
ia

n
t

(2
01

6)
)

R
e
q
u

ir
e
:
P Ω

(M
),
K

,
ε,

ta
rg

et
ra

n
k
r,

lo
w

er
b

ou
n
d
a

an
d

u
p
p

er
b

ou
n
d
b

o
n

th
e

p
o
si

ti
ve

si
n
gu

la
r

va
lu

es
E

n
su

re
:

es
ti

m
at

ed
si

n
gu

la
r

va
lu

es
(σ̂

1
,σ̂

2
,.
..
,σ̂

r
)

1
:
L
∈
R
K

:
L
k

=
Θ̂
k
(P

Ω
(M

))
fo

r
k
∈

[K
]

[A
lg

o
ri

th
m

1]
2
:
t

=
d(
b
−
a
)/
εe

+
1,
x
∈
R
t :
x
i

=
a

+
ε(
i
−

1)
,

fo
r
i
∈

[t
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3
:
V
∈
R
K
×
t

:
V
ij

=
x
i j

fo
r
i
∈

[K
],
j
∈

[t
]

4
:
p
∗
≡
{m

in
p
∈R

t
|V
p
−
L
| 1

:
1
> t
p

=
1,
p
≥

0}
5
:
σ̂
i

=
m

in
{x

j
:
∑

`≤
j
p
∗ `
≥

i
r
+

1
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it

h
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+
1)

st
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u
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ti
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d
is
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ib

u
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rr
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p
o
n
d
in

g
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p
∗

F
u
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h
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,
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r
u
p
p

er
b
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n
d
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th

e
fi
rs

t
K

m
om

en
ts

ca
n

b
e

tr
a
n
sl

at
ed

in
to

a
n

u
p
p

er
b

ou
n
d

on
th

e
W

as
se

rs
te

in
d
is

ta
n
ce

b
et

w
ee

n
th

os
e

tw
o

d
is

tr
ib

u
ti

on
s,

w
h
ic

h
in

tu
rn

g
iv

es
th

e
fo

ll
ow

in
g

b
ou

n
d

on
th

e
si

n
gu

la
r

va
lu

es
.

W
it

h
sm

al
l

en
ou

g
h
ε

an
d

la
rg

e
en

o
u
g
h
K

a
n
d
r,

w
e

n
ee

d
sa

m
p
le

si
ze
d

2
p
>
C
r,
K
,ε
,γ
d
r1
−

2
/
k

to
ac

h
ie

ve
ar

b
it

ra
ry

sm
al

l
er

ro
r.

C
o
ro

ll
a
ry

1
0

U
n

d
er

th
e

h
yp

o
th

es
es

o
f

T
h
eo

re
m

3
,

gi
ve

n
ra

n
k
r,

co
n

st
a
n

ts
0
≤

a
<

b
su

ch
th

a
t
σ

m
in
≥

a
,
σ

m
a
x
≤

b,
a
n

d
es

ti
m

a
te

s
o
f

th
e

fi
rs

t
K

S
ch

a
tt

en
n

o
rm

s
o
f
M

,
{Θ̂

k
(P

Ω
(M

))
} k
∈[
K

]
o
bt

a
in

ed
by

th
e

es
ti

m
a
to

r
(3
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fo

r
a
n

y
0
<
ε
�
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−
a
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a
n

d
γ
>
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A
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o
-
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S
p
e
c
t
r
u
m

E
st

im
a
t
io
n
f
r
o
m

a
F
e
w

E
n
t
r
ie
s

rith
m

3
ru

n
s

in
tim

e
p

oly
(r,K

,(b−
a
)/ε)

a
n

d
retu

rn
s{σ̂

i }
i∈

[r
]

a
n

estim
a
te

o
f{
σ
i (M

)}
i∈

[r
]

su
ch

th
a
t

1r

r
∑i=

1 |σ̂
i −

σ
i |
≤

C
(b−

a
)

K
+
b−

a

r
+
g
(K

)(b−
a
) (
εK

b
K
−

1
+

K
∑k

=
1

σ
km

a
x √

ρ
2γ

(
m

ax{
1,r

1−
2
/
k}

d
p

)
k )

,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
γ
K

,
w

h
ere

C
is

a
n

a
bso

lu
te

co
n

sta
n

t
a
n

d
g
(K

)
o
n

ly
d
epen

d
s

o
n

K
.

In
F

ig
u
re

7
,

w
e

evalu
ate

th
e

p
erform

an
ce

of
th

e
p
rop

osed
estim

ator
(3),

in
recov

erin
g

th
e

tru
e

sp
ectru

m
u
sin

g
A

lgorith
m

3.
W

e
com

p
are

th
e

resu
lts

w
ith

th
e

case
w

h
en

S
ch

atten
n
o
rm

s
a
re

estim
ated

u
sin

g
m

atrix
com

p
letion

.
W

e
con

sid
er

tw
o

d
istrib

u
tion

s
on

sin
gu

lar
va

lu
es,

on
e

p
ea

k
an

d
tw

o
p

eak
s.

M
ore

gen
eral

d
istrib

u
tion

s
of

sp
ectru

m
can

b
e

recovered
a
ccu

rately,
h
ow

ev
er

th
at

w
ou

ld
req

u
ire

estim
atin

g
h
igh

er
S
ch

atten
n
orm

s.
F

or
b

oth
cases,

th
e

p
ro

p
osed

estim
ator

ou
tp

erform
s

m
atrix

com
p
letio

n
ap

p
roach

es,
an

d
ach

ieves
b

etter
a
ccu

racy
a
s

sa
m

p
le

size
in

creases
w

ith
α

.
In

each
grap

h
,

th
e

b
lack

solid
lin

e
d
ep

icts
th

e
em

p
irica

l
C

u
m

u
lative

D
istrib

u
tion

F
u
n
ction

(C
D

F
)

of
th

e
gro

u
n
d

tru
th

s{
σ
i }
i∈

[r
]

for
th

ose
r

strictly
p

o
sitive

sin
gu

lar
valu

es.
In

th
e

fi
rst

ex
p

erim
en

t
(th

e
top

p
an

el),
th

ere
are

r
sin

g
u
lar

va
lu

es
at

on
e

p
eak

σ
i

=
1,

an
d

in
th

e
secon

d
ex

p
erim

en
t

(th
e

b
ottom

p
a
n
n
el)

th
ere

a
re
r/2

sin
gu

la
r

valu
es

at
each

of
th

e
tw

o
p

eak
s

at
σ
i

=
1

an
d
σ
i

=
2.

E
ach

cell
sh

ow
s

th
e

resu
lt

o
f

a
ch

oice
of

ran
k
r
∈
{
5
0,200

,500}
an

d
a

p
aram

eter
α
∈
{
3
,5
,8
,10},

w
h
ere

Ω
is

g
en

era
ted

u
sin

g
E

rd
ös-R

én
y
i

sa
m

p
lin

g
w

ith
p
rob

a
b
ility

p
=

(α
/d

)r
1−

2
/
7.

M
atrix

M
is

a
sy

m
m

etric
m

atrix
of

size
d

=
1000

an
d

ran
k
r

w
ith

sin
gu

lar
valu

es
{
σ
i }
i∈

[d
] .

In
ea

ch
cell,

th
ere

are
on

e
b
lack

lin
e,

th
ree

b
lu

e
lin

es,
an

d
th

ree
oran

g
e

lin
es.

E
ach

b
lu

e
lin

e
co

rresp
o
n
d
s

to
th

e
em

p
irical

C
D

F
of{

σ̂
i }
i∈

[d
]

for
each

trial,
over

th
ree

in
d
ep

en
d
en

t
tria

ls.
E

a
ch

o
ran

ge
lin

e
corresp

on
d
s

to
th

e
em

p
irical

C
D

F
of
{
σ̃
i }
i∈

[d
] .

H
ere,

σ̂
i ’s

are

estim
a
ted

u
sin

g
{
Θ̂
k (P

Ω
(M

))}
k∈

[K
]

ob
tain

ed
b
y

th
e

estim
ator

(3),
an

d
σ̃
i ’s

are
estim

ated

u
sin

g
{‖M̃

‖
kk }
k∈

[K
]

w
h
ere

M̃
=

A
ltM

in
(P

Ω
(M

)),
alo

n
g

w
ith

A
lgorith

m
2

in
(K

o
n
g

a
n
d

V
a
lia

n
t,

20
1
6
),

for
K

=
7.

4
.

G
ra

p
h

sa
m

p
lin

g

O
u
r

fra
m

ew
o
rk

for
estim

atin
g

th
e

S
ch

atten
k
-n

orm
s

ca
n

b
e

ap
p
lied

m
ore

gen
era

lly
to

an
y

ra
n
d
o
m

sa
m

p
lin

g,
as

lon
g

as
th

e
d
istrib

u
tion

is
p

erm
u
tation

in
varian

t.
In

p
ractice,

w
e

ty
p
ica

lly
o
b
serve

on
e

in
stan

ce
of

a
sam

p
led

m
atrix

an
d

d
o

n
ot

k
n
ow

h
ow

th
e

sam
p
les

w
ere

g
en

era
ted

.
U

n
d
er

a
m

ild
assu

m
p
tion

th
at

th
e

p
rob

ab
ility

of
sam

p
lin

g
an

en
try

is
in

d
ep

en
d
en

t
o
f

th
e

valu
e

of
th

at
en

try,
th

e
on

ly
in

form
ation

ab
o
u
t

th
e

sam
p
lin

g
m

o
d
el

th
at

w
e

h
ave

is
th

e
pa

ttern
,
i.e.

an
u
n
lab

elled
grap

h
G

=
(V
,E

)
cap

tu
rin

g
th

e
p
attern

of
sam

p
led

in
d
ices

b
y

th
e

ed
ges.

T
h
is

n
atu

rally
su

ggests
a

n
ovel

sam
p
lin

g
scen

ario
th

a
t

w
e

ca
ll

gra
p
h

sa
m

p
lin

g.
T

h
e

E
rd

ö
s-R

én
y
i

sam
p
lin

g
h
as

b
een

criticized
as

b
ein

g
to

o
strict

for
ex

p
lain

in
g

h
ow

rea
l-w

o
rld

d
a
ta

sets
are

sam
p
led

.
W

h
en

w
ork

in
g

w
ith

n
atu

ral
d
ata,

w
e

ty
p
ically

on
ly

get
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h
e
t
a
n
a
n
d

O
h
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0
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0
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2
3

sin
g
u
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valu
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α
=

3
α

=
5

α
=

8
α

=
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r
=

50

r
=

200

r
=

500

0

0
.5 1

0
1

2
3

sin
g
u
lar

valu
es

α
=

3
α

=
5

α
=

8
α

=
10

r
=

50

r
=

200

r
=

500

F
igu

re
7:

T
h
e

p
rop

osed
estim

ator
(in

b
lu

e
solid

lin
es)

ou
tp

erform
s

m
atrix

com
p
letion

ap
-

p
roach

es
(in

oran
ge

solid
lin

es)
in

estim
atin

g
th

e
grou

n
d

tru
th

s
em

p
irical

cu
m

u
lative

d
is-

trib
u
tion

fu
n
ction

of
th

e
r

strictly
p

ositive
sin

gu
lar

valu
es

(in
b
lack

solid
lin

e)
for

tw
o

ex
am

p
les:

on
e

p
eak

at
σ
i

=
1

on
th

e
top

an
d

tw
o

p
eak

s
a
t
σ
i

=
1

or
σ
i

=
2

on
th

e
b

ottom
.

on
e

in
stan

ce
of

a
sam

p
led

m
atrix

w
ith

ou
t

th
e

k
n
ow

led
ge

o
f

h
ow

th
ose

en
tries

a
re

sam
p
led

.
In

th
is

section
,

w
e

p
rop

ose
a

n
ew

sam
p
lin

g
m

o
d
el

th
at

w
e

call
gra

p
h

sa
m

p
lin

g
th

at
m

ak
es

m
in

im
al

assu
m

p
tion

s
ab

ou
t

h
ow

th
e

d
ata

w
as

sam
p
led

.
W

e
assu

m
e

th
at

th
e

pa
ttern

h
as

b
een

d
eterm

in
ed

a
p
riori,

w
h
ich

is
rep

resen
ted

b
y

a
d
eterm

in
istic

grap
h
G

=
(V
,E

)
w

ith
d

n
o
d
es

d
en

oted
b
y
V

an
d

u
n
d
irected

ed
ges

d
en

oted
b
y
E

.
T

h
e

ran
d
om

sam
p
lin

g
Ω

is
ch

osen
u
n
iform

ly
at

ran
d
om

over
all

relab
elin

g
of

th
e

n
o
d
es

in
G

.
F

orm
ally,

fo
r

a
given

G
=

(V
,E

),
a

p
erm

u
tation

π
:

[d
]→

V
is

d
raw

n
u
n
iform

ly
a
t

ran
d
om

an
d

sam
p
les

are
d
raw

n
accord

in
g

2
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S
p
e
c
t
r
u
m

E
st

im
a
t
io
n
f
r
o
m

a
F
e
w

E
n
t
r
ie
s

to

P Ω
(M

)
=
{(
i,
j,
M
ij

)}
(π

(i
),
π

(j
))
∈E

.

A
s

th
e

sa
m

p
li
n
g

p
at

te
rn
G

is
co

m
p
le

te
ly

k
n
ow

n
to

th
e

st
at

is
ti

ci
a
n

w
h
o

on
ly

h
as

on
e

in
st

an
ce

of
a

ra
n
d
om

sa
m

p
li
n
g,

w
e

ar
e

on
ly

im
p

os
in

g
th

at
th

e
sa

m
p
le

s
ar

e
d
ra

w
n

u
n
if

or
m

ly
at

ra
n
d
om

fr
om

al
l

in
st

an
ce

s
th

at
sh

ar
e

th
e

sa
m

e
p
at

te
rn

.
F

u
rt

h
er

,
u
n
d
er

st
an

d
in

g
th

is
gr

ap
h

sa
m

p
li
n
g

m
o
d
el

h
as

a
p

ot
en

ti
al

to
re

ve
al

th
e

su
b
tl

e
d
ep

en
d
en

ce
of

th
e

es
ti

m
at

io
n

p
ro

b
le

m
on

th
e

u
n
d
er

ly
in

g
p
at

te
rn

,
w

h
ic

h
is

k
n
ow

n
to

b
e

h
ar

d
ev

en
fo

r
an

es
ta

b
li
sh

ed
ar

ea
of

m
at

ri
x

co
m

p
le

ti
on

.
In

th
is

se
ct

io
n
,

w
e

p
ro

v
id

e
an

es
ti

m
at

or
u
n
d
er

gr
ap

h
sa

m
p
li
n
g,

an
d

ch
a
ra

ct
er

iz
e

th
e

fu
n
d
am

en
ta

l
li
m

it
on

th
e

ac
h
ie

va
b
le

er
ro

r.
T

h
is

cr
u
ci

al
ly

d
ep

en
d
s

on
th

e
or

ig
in

al
p
a
tt

er
n

G
v
ia

a
fu

n
d
am

en
ta

l
p
ro

p
er

ty
λ
∗ G
,r

,
w

h
ic

h
is

ge
n
er

al
ly

ch
al

le
n
gi

n
g

to
co

m
p
u
te

.
H

ow
ev

er
,

w
e

p
ro

v
id

e
a

b
ou

n
d

on
λ
∗ G
,r

fo
r

tw
o

ex
tr

em
e

ca
se

s
of

va
ry

in
g

d
iffi

cu
lt

y
:

a
cl

iq
u
e

sa
m

p
li
n
g

th
at

re
q
u
ir

es
on

ly
O

(r
2
−

4
/
k
)

sa
m

p
le

s
an

d
a

cl
iq

u
e-

st
ar

sa
m

p
li
n
g

th
at

re
q
u
ir

es
as

m
an

y
as

O
(d
r1
−

4
/
k
)

sa
m

p
le

s.
T

h
is

is
m

ad
e

fo
rm

al
b
y

sh
ow

in
g

a
lo

w
er

b
ou

n
d

on
th

e
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p
le

te
gr

ap
h
K
d
.

N
ot

e
th

at
al

th
ou

gh
Ω

is
a

ra
n
d
om

q
u
an

ti
ty

,
ω
P Ω

(1
1
T

)(
H

)
on

ly
d
ep

en
d
s

on
th

e
st

ru
ct

u
re

an
d

n
ot

th
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p
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d
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p
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p
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p
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b
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p
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]
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d
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p
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g
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p
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b
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p
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p
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p
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n
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u
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u
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≥
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−
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/
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p
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∈
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σ
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d
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m
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d
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‖
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=
O
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p
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p
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>
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th
e

u
n
d
er

ly
in

g
ra

n
k
.

H
ow

ev
er

,
in

th
e

re
gi

m
e

of
ou

r
in

te
re

st
,

w
h
ic

h
is

b
el

ow
th

e
st

an
d
ar

d
m

at
ri

x
co

m
p
le

ti
on

th
re

sh
ol

d
,

th
e

al
go

ri
th

m
fa

il
s

m
is

er
ab

ly
an

d
th

er
e

ar
e

n
o

gu
ar

an
te

es
.

In
a

m
or

e
re

ce
n
t

w
or

k
,

S
aa

d
e

et
al

.
(2

01
5)

p
ro

p
os

e
a

n
ov

el
ra

n
k

es
ti

m
at

or
of

co
u
n
ti

n
g

th
e

n
eg

at
iv

e
ei

ge
n
va

lu
es

of
B

et
h
e

H
es

si
an

m
at

ri
x
.

It
is

an
in

te
re

st
in

g
fu

tu
re

d
ir

ec
ti

on
to

b
u
il
d

u
p

on
ou

r
fr

am
ew

or
k

to
p
ro

v
id

e
a

gu
id

el
in

e
fo

r
ch

o
os

in
g

th
e

p
ar

am
et

er
s

fo
r

th
e

st
an

d
ar

d
ra

n
k

es
ti

m
at

io
n
,

an
d

co
m

p
ar

e
it

s
p

er
fo

rm
a
n
ce

to
ex

is
ti

n
g

m
et

h
o
d
s.

T
h

e
e
ff

e
c
t

o
f

th
e

e
ff

e
c
ti

v
e

ra
n

k
.

O
n
e

p
ro

p
er

ty
of

th
e

S
ch

at
te

n
n
or

m
is

th
at

as
k

ge
ts

la
rg

e
an

d
as

th
e

si
n
gu

la
r

va
lu

es
h
av

e
sm

al
l

eff
ec

ti
ve

ra
n
k

(m
ea

n
in

g
th

at
th

ey
d
ec

ay
fa

st
),

th
e

su
m

m
at

io
n

is
d
om

in
at

ed
b
y

th
e

la
rg

es
t

fe
w

si
n
gu

la
r

va
lu

es
.

In
su

ch
sc

en
ar

io
s,

in
th

e
es

ti
m

at
io

n
p
ro

b
le

m
,

an
y

al
go

ri
th

m
th

at
tr

ac
k
s

th
e

fi
rs

t
fe

w
si

n
gu

la
r

va
lu

es
co

rr
ec

tl
y

w
ou

ld
ac

h
ie

ve
sm

al
l

er
ro

r.
H

en
ce

,
th

e
ga

p
ge

t
sm

al
le

r
as

th
e

eff
ec

ti
ve

ra
n
k

ge
ts

sm
al

le
r,

b
et

w
ee

n
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p
ro

p
o
se

d
 e

st
im

at
o
r

sc
al

ed
 s

am
p
le

d
 m

at
ri

x
m

at
ri

x
 c

o
m

p
le

ti
o
n

sa
m

p
li
n
g

p
ro

b
a
b
il
it

y,
p

relativeerror

d
=

50
0,

r
=

50
0

F
ig

u
re

9:
F

or
a

m
at

ri
x

w
it

h
a

ve
ry

sm
al

l
eff

ec
ti

v
e

ra
n
k
,

th
e

ga
p

b
et

w
ee

n
th

e
p
ro

p
o
se

d
es

ti
m

at
or

an
d

th
e

si
m

p
le

sc
al

ed
sa

m
p
le

d
m

at
ri

x
ap

p
ro

ac
h

is
sm

al
le

r.

th
e

p
ro

p
os

ed
es

ti
m

at
or

an
d

th
e

si
m

p
le

S
ch

at
te

n
k
-n

o
rm

of
th

e
re

sc
al

ed
sa

m
p
le

d
m

a
tr

ix
,

a
s

d
ep

ic
te

d
in

F
ig

u
re

9.
W

e
ar

e
u
si

n
g

th
e

sa
m

e
se

tt
in

g
as

th
os

e
in

F
ig

u
re

4
w

it
h

a
fu

ll
ra

n
k

m
at

ri
x
M

w
it

h
r

=
d

=
50

0,
b
u
t

th
e

eff
ec

ti
ve

ra
n
k

is
re

la
ti

ve
ly

sm
a
ll

as
th

e
si

n
g
u
la

r
va

lu
es

ar
e

d
ec

ay
in

g
as
σ
i

=
1/
i2

.
F

or
th

e
cu

rr
en

t
ch

oi
ce

of
k

=
5,

n
ot

ic
e

th
at

th
e

co
n
tr

ib
u
ti

o
n

in
‖M
‖k k

of
th

e
se

co
n
d

si
n
gu

la
r

va
lu

e
is

a
fa

ct
or

o
f

2
1
0

sm
al

le
r

th
an

th
e

to
p

si
n
g
u
la

r
va

lu
e,

m
ak

in
g

it
eff

ec
ti

ve
ly

a
ra

n
k

on
e

m
at

ri
x
.

T
e
ch

n
ic

a
l

ch
a
ll
e
n

g
e
s.

T
h
e

te
ch

n
ic

al
ch

al
le

n
ge

in
p
ro

v
in

g
b

ou
n
d
s

on
th

e
n
ec

es
sa

ry
n
u
m

-
b

er
of

sa
m

p
le

s
n
ee

d
ed

to
es

ti
m

at
e

S
ch

at
te

n
k
-n

or
m

s
li
es

in
ge

tt
in

g
ti

gh
t

b
o
u
n
d
s

o
n

th
e

va
ri

an
ce

of
th

e
es

ti
m

at
or

.
V

ar
ia

n
ce

is
a

fu
n
ct

io
n

of
w

ei
g
h
te

d
co

u
n
ts

of
ea

ch
p
se

u
d
o
g
ra

p
h

o
f

2
k
-c

lo
se

d
w

al
k
s,

in
th

e
co

m
p
le

te
m

at
ri

x
.

A
s

th
e

w
ei

g
h
t

of
ea

ch
w

al
k

ca
n

b
e

p
o
si

ti
ve

o
r

n
eg

-
at

iv
e,

si
gn

ifi
ca

n
t

ca
n
ce

ll
at

io
n

o
cc

u
rs

w
h
en

w
e

su
m

al
l

th
e

w
ei

g
h
ts

.
H

ow
ev

er
,

th
is

st
o
ch

a
st

ic
ca

n
ce

ll
at

io
n

is
h
ar

d
to

ca
p
tu

re
in

th
e

an
al

y
si

s
an

d
w

e
as

su
m

e
th

e
w

o
rs

t
ca

se
w

h
er

e
a
ll

th
e

w
ei

gh
ts

ar
e

p
os

it
iv

e,
w

h
ic

h
ca

n
n
ot

o
cc

u
r

fo
r

in
co

h
er

en
t

an
d

w
el

l-
co

n
d
it

io
n
ed

m
a
tr

ic
es

.
T

h
is

w
ea

k
n
es

s
of

th
e

an
al

y
si

s
le

ad
s

to
th

e
re

q
u
ir

em
en

t
of

th
e

ra
n
k

b
ei

n
g

su
ffi

ci
en

tl
y

sm
a
ll

in
th

e
ca

se
of

E
rd

ös
-R

én
y
i

sa
m

p
li
n
g

an
d
k

sm
al

l
in

th
e

ca
se

of
cl

iq
u
e

sa
m

p
li
n
g
.

W
e

b
el

ie
v
e

th
es

e
b

ou
n
d
s

ca
n

b
e

ti
gh

te
n
ed

an
d

th
e

sa
m

e
is

re
fl
ec

te
d

in
th

e
n
u
m

er
ic

al
si

m
u
la

ti
o
n
s

w
h
ic

h
sh

ow
th

e
sa

m
e

sc
al

in
g

h
ol

d
s

fo
r

al
l

sm
al

l
va

lu
es

of
k

an
d

ra
n
k

cl
os

e
to

th
e

d
im

en
si

o
n

o
f

th
e

m
at

ri
x
.

6
.

A
lg

o
ri

th
m

fo
r

e
st

im
a
ti

n
g

S
ch

a
tt

e
n

k
-n

o
rm

fo
r
k
≥

8

T
h
e

co
ll
ec

ti
on

of
p
se

u
d
og

ra
p
h
s
H
k

is
p
ar

ti
ti

on
ed

in
to

se
ts
{H

is
o

k
,i
} 1
≤
i≤
r
,

fo
r

so
m

e
r
≤
k
!.

T
h
e

p
ar

ti
ti

on
s
H

is
o

k
,i

ar
e

d
efi

n
ed

su
ch

th
at

th
e

p
se

u
d
og

ra
p
h
s

in
on

e
p
ar

ti
ti

on
a
re

is
o
m

o
rp

h
ic

to
ea

ch
ot

h
er

w
h
en

m
u
lt

i-
ed

ge
s

ar
e

co
n
d
en

se
d

in
to

on
e.

T
h
is

is
u
se

fu
l

si
n
ce

a
ll

th
e

p
se

u
d
o-

gr
ap

h
s

in
on

e
p
ar

ti
ti

on
ar

e
ob

se
rv

ed
to

ge
th

er
in
G

([
d
],

Ω
)

fo
r

an
y

fi
x
ed

su
b
gr

a
p
h

in
G

.
T

h
e

u
n
d
er

ly
in

g
si

m
p
le

gr
ap

h
(i

n
cl

u
d
in

g
se

lf
lo

op
s)

fo
r

ea
ch

p
ar

ti
ti

on
H

is
o

k
,i

is
d
en

o
te

d
b
y
F
k
,i
.
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S
p
e
c
t
r
u
m

E
st

im
a
t
io
n
f
r
o
m

a
F
e
w

E
n
t
r
ie
s

T
h
e

m
a
in

id
ea

is
to

en
u
m

erate
a

list
L
`

of
all

con
n
ected

`-vertex
in

d
u
ced

su
b
grap

h
s

(p
o
ssib

ly
w

ith
lo

op
s)

of
th

e
grap

h
G

([d
],Ω

),
for

each
1
≤
`
≤
k
.

T
h
e

u
n
b
ia

sed
w

eigh
ted

co
u
n
t

o
f
all

p
seu

d
ograp

h
sH

k
for

each
of

th
ese

v
ertex

-in
d
u
ced

su
b
grap

h
s
g
∈
L
`

is
com

p
u
ted

.
T

h
is

is
a
ch

ieved
b
y

fu
rth

er
en

u
m

eratin
g

a
listS

g
,`

of
all

`-vertex
su

b
grap

h
s

fo
r

each
g
.

T
h
en

th
e

u
n
b
ia

sed
w

eigh
t

of
all

p
seu

d
ograp

h
s
H
∈
H
k

th
at

ex
ist

in
th

e
su

b
grap

h
h

is
com

p
u
ted

a
n
d

is
su

m
m

ed
ov

er
to

get
th

e
estim

ate
of

th
e
k
-th

S
ch

atten
n
orm

.
R

ecall
th

e
n
otation

P
Ω

(M
)

w
h
ich

is
u
sed

to
d
en

ote
th

e
p
artially

ob
served

m
atrix

corresp
on

d
in

g
to

th
e

in
d
ex

set
Ω

w
ith

th
e

u
n
ob

served
en

tries
b

ein
g

rep
laced

b
y

zero.
W

e
ab

u
se

th
is

n
o
tation

an
d

u
se
h

(M
)

to
rep

resen
t

th
e

m
atrix

M
restricted

to
th

e
su

b
grap

h
h

of
th

e
ob

served
g
rap

h
G

([d
],Ω

).

E
a
ch

co
n
n
ected

in
d
u
ced

su
b
grap

h
s

of
size

k
in

a
grap

h
ca

n
b

e
en

u
m

erated
in

tim
e

p
o
ly

n
o
m

ia
l

in
d

an
d
k

(E
lb

assion
i,

2015).
T

h
e

n
u
m

b
er

of
co

n
n
ected

in
d
u
ced

su
b
grap

h
s

o
f

size
k

in
a

grap
h

is
u
p
p

er
b

ou
n
d
ed

b
y

(e∆
)
k/

((∆
−

1)k
),

w
h
ere

∆
is

th
e

m
ax

im
u
m

d
eg

ree
o
f

th
e

g
rap

h
(U

eh
ara

et
al.,

1999).
T

h
erefore,

A
lgorith

m
4

ru
n
s

in
tim

e
th

at
is

su
p

er
ex

p
o
n
en

tia
l

in
k
,

p
oly

n
om

ial
in
d

an
d

th
e

n
u
m

b
er

of
k
-con

n
ected

in
d
u
ced

su
b
grap

h
s

in
th

e
o
b
served

g
ra

p
h
G

([d
],Ω

).

A
lg

o
rith

m
4

S
ch

atten
k
-n

orm
estim

ator

R
e
q
u

ire
:
P

Ω
(M

),
k
,H

k ,
p
(H

)
for

all
H
∈
H
k

E
n

su
re

:
Θ̂
k (P

Ω
(M

))
1
:

Θ̂
k (P

Ω
(M

))←
0

2
:

fo
r

1
≤
`≤

k
d

o
3
:

E
n
u
m

era
te

a
list,

L
` ,

of
all

con
n
ected

`-vertex
in

d
u
ced

su
b
grap

h
s

(p
ossib

ly
w

ith
lo

o
p
s)

o
f

th
e

grap
h
G

([d
],Ω

)
4
:

fo
r

a
ll
g
∈
L
`

d
o

5
:

E
n
u
m

erate
a

listS
g
,`

of
all

con
n
ected

`-vertex
su

b
grap

h
s

of
th

e
grap

h
g

b
y

rem
ov

in
g

o
n
e

o
r

m
ore

ed
ges

6
:

fo
r

a
ll
h
∈
S
g
,`

d
o

7
:

fo
r

1
≤
i≤

r
d

o
8
:

if
h

is
isom

orp
h
ic

to
F
k
,i

th
e
n

9
:

Θ̂
k (P

Ω
(M

))←
Θ̂
k (P

Ω
(M

))
+
∑

H
∈H

iso
k
,i

1
p
(H

) ω
h

(M
) (H

)c(H
)

1
0
:

e
n

d
if

1
1
:

e
n

d
fo

r
1
2
:

e
n

d
fo

r
1
3
:

e
n

d
fo

r
1
4
:

e
n

d
fo

r

7
.

A
lg

o
rith

m
fo

r
co

m
p
u
tin

g
th

e
C

h
e
b
y
sh

e
v

p
o
ly

n
o
m

ia
l

8
.

P
ro

o
fs

W
e

p
rov

id
e

p
ro

ofs
for

th
e

m
ain

resu
lts

an
d

th
e

tech
n
ical

lem
m

as.
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K
h
e
t
a
n
a
n
d

O
h

A
lg

o
rith

m
5

C
h
eb

y
sh

ev
p

oly
n
om

ial
of

th
e

fi
rst

k
in

d
ap

p
rox

im
atin

g
H
c
1
,c

2 (x
)

R
e
q
u

ire
:
H
c
1
,c

2 ,
c

1 ,
c

2 ,
an

d
target

accu
racy

δ
=

0.1
E

n
su

re
:

C
h
eb

y
sh

ev
p

oly
n
om

ial
q(x

)
of

fi
rst

k
in

d
1
:
g
(x

)≡
x−

c
2

c
1 −
c
2

2
:
T

0 (x
)≡

1,
T

1 (x
)≡

x
3
:
q(x

)←
1π ∫

c
1

c
2

(1−
x

2) −
1
/
2g

(x
)T

0 (x
)d
x

+
1π ∫

1c
1 (1−

x
2) −

1
/
2T

0 (x
)d
x

4
:
i

=
1

5
:

w
h

ile
su

p
x∈

[0
,1

] |q(x
)−

H
c
1
,c

2 (x
)|≥

δ
d

o

6
:

q(x
)←

q(x
)

+
2
T
i (x

)
π

∫
c
1

c
2

(1−
x

2) −
1
/
2g

(x
)T
i (x

)d
x

+
2
T
i (x

)
π

∫
1c
1 (1−

x
2) −

1
/
2T

i (x
)d
x

7
:

i←
i

+
1

8
:

T
i (x

)≡
2x
T
i−

1 (x
)−

T
i−

2 (x
)

9
:

e
n

d
w

h
ile

8
.1

.
P

ro
o
f

o
f

T
h

e
o
re

m
3

C
on

sid
er
W̃

to
b

e
th

e
collection

of
all

len
gth

k
closed

w
alk

s
on

a
com

p
lete

gra
p
h

of
d

vertices.
H

ere
w

e
sligh

tly
overload

th
e

n
otion

of
com

p
lete

grap
h

to
refer

to
an

u
n
d
irected

grap
h

w
ith

n
ot

on
ly

all
th

e
d
(d−

1)/
2

sim
p
le

ed
ges

b
u
t

also
w

ith
d

self
lo

op
s

as
w

ell.

C
on

stru
ct

th
e

largest
p

ossib
le

collection
W

from
W̃

w
h
erein

each
w

alk
h
as

d
istin

ct
w

eigh
ts

th
at

is
ω

(w
)6=

ω
(w
′)

for
all

w
,w
′∈

W
.

W
e

p
artition

W
accord

in
g

to
th

e
p
attern

am
on

g
k
-cy
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/
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d
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=
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S⊆
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⊇
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p
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∏
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u

n
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u
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E
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Ω
)] )
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⊇
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o
tes
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d
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.
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d
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n
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lled
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o
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n
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>

0
,
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r
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n
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in

teger
i≥

1
w

e
h
a
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E
[|Z
−

E
[Z

]| i ]
≤
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L
E
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−

E
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F
o
r
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o
f
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e

B
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d
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les{I((i,j)∈
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L
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/
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e
fo
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,
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e
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σ

m
a
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t∈
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g
L
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a
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n
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‖
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‖
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b
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d
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o
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ŝ
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ŝ≤
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˜̀
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ŝ≤
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ŝ≤
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⊇
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ŝ/
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ŝ≤
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ŝ≤
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.
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p
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b
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.
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∈
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‖
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b
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b
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d
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b
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∈
M

r,µ
w

ith
µ

=
C
′ √
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‖
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‖
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e
sam

p
led

m
atrix

P
Ω

(M
)

w
h
en
M

is
d
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th
e

relab
eled

grap
h

G
π
(Ṽ
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b
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b
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d
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b
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p
er

tu
rb

at
io

n
.

P
re

ci
se

ly
,

le
t
M

2
=
M

1
+
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∈
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d
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E
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(r
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∈
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∈
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))
}
.

(3
1
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F
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e
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p
u
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io
n

d
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(Ē
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,Ē
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d
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p
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d
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∈
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b
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d
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√
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b
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,Ē
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√
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d
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d
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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∑
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d
efi
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d
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e
d
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b
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d
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∈
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=
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∞
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√
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n
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>
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g
lo

g
r)
α

.
T

h
ere

exists
a
n

a
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C
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o
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th
e
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(r,r),
alon

g
w

ith
L

em
m

a
17

an
d

L
em

m
a

1
8

w
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.

C
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o
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)
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∈
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w
e

ca
n

see
th

at
for

k
=
O

(log
r)

th
ere

ex
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ab
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∫
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+
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+
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‖
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+
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d
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1
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1 ‖
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‖
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1
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con
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2
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‖
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‖
k

=
d
.

U
sin

g
trian

gle
in

eq
u
ality,

w
e

h
ave

‖
M

2 ‖
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‖
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‖
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‖
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1 ‖
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d
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ab
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‖
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‖
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b
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/ √
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at
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b
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secon
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p
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u
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u
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d
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d
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b
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( ∑
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≤
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.
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∈
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b
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b
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=
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i.i.d

.
R

ad
em

ach
er

ran
d
om

variab
les.

D
efi

n
e
C
π
≡

ex
p
((5/d

)
2λ

2`
π
).

F
rom

th
e

d
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√
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√
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) d
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√
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√
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) d
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√
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) d
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√
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b
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red
u
ced

th
rou

gh
an

o
rth

ogo
n

a
lity

p
ro

m
o
tin

g
R

F
m

o
d
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cation
(Y

u
et

al.,
2016

).
T

h
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a
p
p
ro

ach
es

assu
m

e
th

at
th

e
kern

el
is

k
n
ow

n
,

a
ch

oice
cru

cia
lly

d
ep

en
d
en

t
on

d
om

ain
k
n
ow

led
g
e.

E
n
ab

lin
g

k
ern

el
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,
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M
K

L
-b
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ap

p
roach

es
h
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em
erged

,
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e.g
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ck
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R

ak
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m
am

on
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et
al.,
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B

ach
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C
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et

al.,
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ö
n
en
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n
d

A
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ay
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,
2011),

an
d

th
eir

p
erform

an
ce

gain
h
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b
een
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o
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m
en

ted
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th

eir
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g
le

kern
el
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n
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ow
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e
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m
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o
d
s
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esign
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b
a
tch

settin
g
s,

an
d

are
eith

er
in
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or
b

ecom
e

less
effi

cien
t

in
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lin
e
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p
s.

W
h
en

th
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so
u
g
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t

fu
n
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e
an
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w

h
en

th
e

d
y
n
am
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u
n
k
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ow
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settin
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b
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in
g

th
e
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tim
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fu
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estim
a
tors.

O
n

lin
e

(m
u
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e
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le
a
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in
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.
T

ailored
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in
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d
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e
kern

el-b
a
sed

lea
rn

in
g

m
eth

o
d
s

h
ave
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ed

d
u
e

p
op

u
larity.

T
o

d
eal

w
ith

th
e

grow
in

g
co

m
-

p
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o
f

o
n
lin

e
kern

el
learn

in
g,

su
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l
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p
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h
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b
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m
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esign
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d
geted

kern
el

lea
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in
g

algorith
m
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clu
d
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n
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u
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p
p
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rem
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a
l.,
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D
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et
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d
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p

ort
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m
ergin
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an
g

et
al.,
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M

ain
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in

g
a
n

a
ff

o
rd

a
b
le

b
u
d
get,

on
lin

e
m

u
lti-kern

el
learn

in
g
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K
L
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m

eth
o
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h
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b
een

rep
orted

fo
r
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n
lin

e
cla

ssifi
cation
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et
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S
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o
o

et
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an
d
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a
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et
a
l.,

2014;
L

u
et

al.,
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D
evoid

of
th

e
n
eed

for
b
u
d
get

m
a
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ten
an
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lin
e

kern
el-b
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sed

learn
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b
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ap
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b
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evelop
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B
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ou
lis

et
a
l.,

2018;
D

in
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b
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a
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m
p
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en
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d
y
n
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n
d
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e

d
y
n
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u
n
k
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n
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h
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p
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t
p
ap
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p
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b
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b
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cross-fertilization
of

o
n
lin

e
lea

rn
in

g
to

M
K

L
.

P
erform

an
ce

of
th

e
resu

ltan
t

algo
rith

m
(ab

b
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b
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b
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b
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d
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ra
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n
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u
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n
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con
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S
h
e
n
a
n
d

C
h
e
n
a
n
d

G
ia
n
n
a
k
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N
o
ta

tio
n

.
B

old
u
p
p

ercase
(low

ercase)
letters

w
ill

d
en

o
te

m
atrices

(colu
m

n
v
ectors),

w
h
ile

(·) >
stan

d
s

for
vector

an
d

m
atrix

tran
sp

osition
,

an
d
‖x‖

d
en

otes
th

e
`
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a
vector

x
.

In
eq

u
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vectors
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an
d
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e

p
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efi

n
ed

en
try

w
ise.

S
y
m

b
ol†

rep
resen
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th

e
H
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itian

op
erator,

w
h
ile

th
e

in
d
icator

fu
n
ction
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}
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e
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w
h
en

th
e

even
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A
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p
en
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an

d
0

oth
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E
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otes
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e
ex

p
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,
w
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an
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ector
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d
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E
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d
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P
re
lim
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n
d
P
ro

b
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m

S
ta
te
m
e
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T
h
is

section
rev
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b
riefl
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b
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ased

learn
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u
ce

n
otation

an
d

th
e

n
eed

ed
b
ack

grou
n
d

for
ou

r
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ov

el
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lin
e

M
K

L
sch

em
es.

G
iven

sam
p
les
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1 ,y
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T
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T
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Tt=

1
w
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x
t ∈

R
d

an
d
y
t ∈

R
,

th
e

fu
n
ction

ap
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p
rox
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to
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n
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a
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n
ction
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su
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y
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+
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w
h
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e
t

d
en
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rep
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g

n
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u
n
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o
d
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d
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am
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p
p
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f

(·)
b
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d
u
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g
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H

ilb
ert

sp
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(R
K

H
S
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(x
)
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∞t=

1
α
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w
h
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R
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is
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m
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p
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fu
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w
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etw
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x
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d
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m
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g

th
e

ch
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of
κ
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in
g

d
iff

eren
t

b
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a
p

op
u
lar

on
e

is
th

e
G

au
ssian

given
b
y
κ

(x
,x

t )
:=

ex
p
[−
‖x−

x
t ‖

2/(2σ
2)].

A
kern

el
is

rep
ro

d
u
cin

g
if

it
satisfi

es〈κ
(x
,x

t ),κ
(x
,x

t ′)〉H
=
κ

(x
t ,x

t ′),
w

h
ich

in
tu

rn
in

d
u
ces

th
e

R
K

H
S

n
orm

‖
f‖

2H
:=
∑

t ∑
t ′ α

t α
t ′κ

(x
t ,x

t ′).
C

on
sid

er
th

e
op

tim
ization

p
rob

lem

m
in

f∈H
1T

T
∑t=

1 C
(f

(x
t ),y

t )
+
λ

Ω
(‖
f‖

2H )
(1)

w
h
ere

d
ep

en
d
in

g
on

th
e

ap
p
lication

,
th

e
cost

fu
n
ction

C
(·,·)

can
b

e
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to
b

e,
e.g.,

th
e
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u
ares

(L
S
),

th
e

logistic
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th
e

h
in

ge
loss;

Ω
(·)

is
an

in
creasin

g
fu

n
ction

;
an

d
,
λ
>

0
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a
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larization
p
aram

eter
th

at
con

trols
overfi

ttin
g.

A
ccord

in
g

to
th

e
rep

resen
ter

th
eorem

,
th

e
op

tim
al

solu
tion

of
(1)

ad
m

its
th

e
fi
n
ite-d

im
en

sion
al

form
,

giv
en

b
y

(W
a
h
b
a,

1990)

f̂
(x

)
=

T
∑t=

1

α
t κ

(x
,x

t )
:=
α
>

k
(x

)
(2)

w
h
ere

α
:=

[α
1 ,...,α

T
] >
∈

R
T

collects
th

e
com

b
in

ation
co

effi
cien

ts,
an

d
th

e
T
×

1
ker-

n
el

v
ector

is
k

(x
)

:=
[κ

(x
,x

1 ),...,κ
(x
,x

T
)] >.

S
u
b
stitu

tin
g

(2)
in

to
th

e
R

K
H

S
n
orm

,
w

e
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n
d
‖
f‖

2H
:=
∑

t ∑
t ′ α

t α
t ′κ

(x
t ,x

t ′)
=
α
>

K
α

,
w

h
ere

th
e
T
×
T

kern
el

m
atrix

K
h
as

en
-

tries
[K

]t,t ′
:=

κ
(x
t ,x

t ′);
th

u
s,

th
e

fu
n
ction

al
p
rob

lem
(1)

b
oils

d
ow

n
to

a
T

-d
im

en
sion

al
op

tim
ization

ov
er
α

,
n
am

ely

m
in

α
∈
R
T

1T

T
∑t=

1 C
(α
>

k
(x
t ),y

t )
+
λ

Ω
(
α
>

K
α )

(3)

w
h
ere

k
>

(x
t )

is
th

e
tth

row
of

th
e

m
atrix

K
.

W
h
ile

a
scalar

y
t

is
u
sed

h
ere

for
b
rev

ity,
coverage

ex
ten

d
s

read
ily

to
vectors{

y
t }

.
N

ote
th

at
(1)

relies
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:
i)

a
k
n
ow

n
p
re-selected

kern
el
κ

;
an

d
ii)

h
av

in
g
{x

t ,y
t }
Tt=

1
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le

in
b
atch

form
.

A
key
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h
ere
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e
d
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of
th

e
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le
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)
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b
er
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le
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.
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b
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b
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b
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e.
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O
n
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e
M

K
L
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a
ti
c
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n
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e
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w
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ev

el
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e
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n
in
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b
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e
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u
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01
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d
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ra
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u
n
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u
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u
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k
e
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at
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n
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.

3
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F
-b
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n
g
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k
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e
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l
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b
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at
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b
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b
y

ju
d
ic

io
u
sl

y
u
si

n
g

R
F

s.
A

lt
h
ou

gh
ge

n
er

al
iz

at
io

n
s

w
il
l

fo
ll
ow

,
th

is
su

b
se

ct
io

n
is

d
ev

ot
ed

to
R

F
-b

a
se

d
si

n
gl

e
ke

rn
el

le
ar

n
in

g,
w

h
er

e
b
as

ic
s

of
ke

rn
el

s,
R

F
s,

an
d

on
li
n
e

le
ar

n
in

g
w

il
l

b
e

re
v
is

it
ed

.
A

s
in

(R
ah

im
i

an
d

R
ec

h
t,

20
07

),
w

e
w

il
l

ap
p
ro

x
im

at
e
κ

in
(2

)
u
si

n
g

sh
if

t-
in

va
ri

an
t

ke
rn

el
s

th
at

sa
ti

sf
y
κ

(x
t,

x
t′

)
=
κ

(x
t
−

x
t′

).
F

or
κ

(x
t
−

x
t′

)
ab

so
lu

te
ly

in
te

g
ra

b
le

,
it

s
F

ou
ri

er
tr

an
sf

or
m
π
κ
(v

)
ex

is
ts

an
d

re
p
re

se
n
ts

th
e

p
ow

er
sp

ec
tr

al
d
en

si
ty

,
w

h
ic

h
u
p

on
n
or

m
al

iz
in

g
to

en
su

re
κ

(0
)

=
1,

ca
n

al
so

b
e

v
ie

w
ed

as
a

p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n

(p
d
f)

;
h
en

ce
,

κ
(x
t
−

x
t′

)
=

∫
π
κ
(v

)e
jv
>

(x
t
−
x
t′

) d
v

:=
E v
[ e
jv
>

(x
t
−
x
t′

)]
(4

)

w
h
er

e
th

e
la

st
eq

u
al

it
y

is
ju

st
th

e
d
efi

n
it

io
n

of
th

e
ex

p
ec

te
d

va
lu

e.
D

ra
w

in
g

a
su

ffi
ci

en
t

n
u
m

b
er

of
D

in
d
ep

en
d
en

t
an

d
id

en
ti

ca
ll
y

d
is

tr
ib

u
te

d
(i

.i
.d

.)
sa

m
p
le

s
{v

i}
D i=

1
fr

om
π
κ
(v

),
th

e
en

se
m

b
le

m
ea

n
in

(4
)

ca
n

b
e

ap
p
ro

x
im

at
ed

b
y

th
e

sa
m

p
le

av
er

ag
e

κ̂
c
(x
t,

x
t′

)
:=

1 D

D ∑ i=
1

ej
v
> i

(x
t
−
x
t′

)
:=
ζ
† V

(x
t)
ζ
V

(x
t′

)
(5

)

w
h
er

e
V

:=
[v

1
,.
..
,v

D
]>
∈
R
D
×
d
,
sy

m
b

ol
†r

ep
re

se
n
ts

th
e

H
er

m
it

ia
n

(c
on

ju
ga

te
-t

ra
n
sp

os
e)

op
er

at
or

,
an

d
ζ
V

(x
)

th
e

co
m

p
le

x
R

F
v
ec

to
r

ζ
V

(x
)

:=
1 √
D

[ ej
v
> 1
x
,.
..
,e
jv
> D
x
] >

.
(6

)

T
ak

in
g

ex
p

ec
te

d
va

lu
es

on
b

ot
h

si
d
es

of
(5

)
an

d
u
si

n
g

(4
)

y
ie

ld
s
E v

[κ̂
c
(x
t,

x
t′

)]
=
κ

(x
t,

x
t′

),
w

h
ic

h
m

ea
n
s
κ̂
c

is
u
n
b
ia

se
d
.

L
ik

ew
is

e,
κ̂
c

ca
n

b
e

sh
ow

n
co

n
si

st
en

t
si

n
ce

V
ar

[κ̂
c
(x
t,

x
t′

)]
∝

D
−

1
va

n
is

h
es

as
D
→
∞

.
F

in
d
in

g
π
κ
(v

)
re

q
u
ir

es
d
-d

im
en

si
on

al
F

ou
ri

er
tr

an
sf

or
m

of
κ

,
ge

n
er

al
ly

th
ro

u
gh

n
u
m

er
ic

al
in

te
gr

at
io

n
.

F
or

a
n
u
m

b
er

of
p

op
u
la

r
ke

rn
el

s
h
ow

ev
er

,
π
κ
(v

)
is

av
ai

la
b
le

in
cl

os
ed

fo
rm

.
T

ak
in

g
th

e
G

au
ss

ia
n

ke
rn

el
as

an
ex

am
p
le

,
w

h
er

e
κ
G

(x
t,

x
t′

)
=

ex
p
( ‖

x
t−

x
t′
‖2 2
/(

2σ
2
))

,
h
as

F
ou

ri
er

tr
an

sf
or

m
co

rr
es

p
on

d
in

g
to

th
e

p
d
f
π
G

(v
)

=
N

(0
,σ
−

2
I)

.
In

st
ea

d
of

th
e

co
m

p
le

x
R

F
s
{ζ

V
(x
t)
}i

n
(6

)
fo

rm
in

g
th

e
li
n
ea

r
ke

rn
el

es
ti

m
at

or
κ̂
c

in
(5

),
on

e
ca

n
co

n
si

d
er

it
s

re
al

p
ar

t
κ̂

(x
t,

x
t′

)
:=
<{
κ̂
c
(x
t,

x
t′

)}
th

at
is

al
so

an
u
n
b
ia

se
d

es
ti

m
at

or
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S
h
e
n
a
n
d

C
h
e
n
a
n
d

G
ia
n
n
a
k
is

of
κ

.
D

efi
n
in

g
th

e
re

al
R

F
ve

ct
or

z
V

(x
)

:=
[<
>
{ζ

V
(x
t)
},
=>
{ζ

V
(x
t)
}]
>

,
th

is
re

a
l

ke
rn

el
es

ti
m

at
or

b
ec

om
es

(c
f.

(5
))

κ̂
(x
t,

x
t′

)
=

z
> V

(x
t)

z
V

(x
t′

)
(7

)

w
h
er

e
th

e
2D
×

1
re

a
l

R
F

v
ec

to
r

ca
n

b
e

w
ri

tt
en

as

z
V

(x
)

=
1 √
D

[ si
n
(v
> 1

x
),
..
.,

si
n
(v
> D

x
),

co
s(

v
> 1

x
),
..
.,

co
s(

v
> D

x
)] >

.
(8

)

H
en

ce
,

th
e

n
on

li
n
ea

r
fu

n
ct

io
n

th
at

is
op

ti
m

al
in

th
e

se
n
se

of
(1

)
ca

n
b

e
a
p
p
ro

x
im

a
te

d
b
y

a
li
n
ea

r
on

e
in

th
e

n
ew

2
D

-d
im

en
si

on
al

R
F

sp
ac

e,
n
am

el
y

(c
f.

(2
)

an
d

(7
))

f̂
R

F
(x

)
=

T ∑ t=
1

α
tz
> V

(x
t)

z
V

(x
)

:=
θ
>

z
V

(x
)

(9
)

w
h
er

e
θ
>

:=
∑

T τ
=

1
α
τ
z
> V

(x
τ
)

is
th

e
n
ew

w
ei

gh
t

ve
ct

or
of

si
ze

2
D

w
h
os

e
d
im

en
si

o
n

d
o
es

n
o
t

in
cr

ea
se

w
it

h
n
u
m

b
er

of
d
at

a
sa

m
p
le

s
T

.

W
h
il
e

th
e

so
lu

ti
on

f̂
in

(2
)

is
th

e
su

p
er

p
os

it
io

n
o
f

n
o
n
li
n
ea

r
fu

n
ct

io
n
s
κ

,
it

s
R

F
a
p
p
ro

x
-

im
an

t
f̂

R
F

in
(9

)
is

a
li
n
ea

r
fu

n
ct

io
n

of
z
V

(x
).

A
s

a
re

su
lt

,
th

e
lo

ss
b

ec
om

es

L t
( f

(x
t)
) :=

C(
f

(x
t)
,y
t)

+
λ

Ω
( ‖
f
‖2 H
) =
C(
θ
>

z
V

(x
t)
,y
t)

+
λ

Ω
( ‖
θ
‖2
)

(1
0
)

w
h
er

e
‖θ
‖2

:=
∑

t

∑
t′
α
tα
t′
z
> V

(x
t)

z
V

(x
t′

)
:=
‖f
‖2 H

;
an

d
th

e
on

li
n
e

le
ar

n
in

g
ta

sk
is

m
in

θ
∈R

2
D

T ∑ t=
1

L
( θ
>

z
V

(x
t)
,y
t) ,

w
it

h
L(
θ
>

z
V

(x
t)
,y
t)

:=
C(
θ
>

z
V

(x
t)
,y
t)

+
λ

Ω
( ‖
θ
‖2
) .

(1
1)

C
om

p
ar

ed
w

it
h

th
e

fu
n
ct

io
n
al

op
ti

m
iz

at
io

n
in

(1
),

th
e

re
fo

rm
u
la

te
d

p
ro

b
le

m
(1

1
)

is
p
a
ra

-
m

et
ri

c,
an

d
m

or
e

im
p

or
ta

n
tl

y
it

in
vo

lv
es

on
ly

op
ti

m
iz

at
io

n
va

ri
ab

le
s

o
f

fi
x
ed

si
ze

2
D

.
W

e
ca

n
th

u
s

so
lv

e
(1

1)
u
si

n
g

th
e

on
li
n
e

gr
ad

ie
n
t

d
es

ce
n
t

it
er

at
io

n
,

e.
g.

,
(H

az
an

,
2
0
1
6
).

A
cq

u
ir

-
in

g
x
t

p
er

sl
ot
t,

it
s

R
F

z
V

(x
t)

is
fo

rm
ed

as
in

(8
),

an
d
θ
t+

1
is

u
p

d
at

ed
on

li
n
e

a
s

θ
t+

1
=
θ
t
−
η t
∇
L(
θ
> t

z
V

(x
t)
,y
t)

(1
2
)

w
h
er

e
{η
t}

is
th

e
se

q
u
en

ce
of

st
ep

si
ze

s
th

at
ca

n
tu

n
e

le
ar

n
in

g
ra

te
s,

an
d
∇
L(
θ
> t

z
V

(x
t)
,y
t)

th
e

gr
ad

ie
n
t

at
θ

=
θ
t.

It
er

at
io

n
(1

2)
p
ro

v
id

es
a

fu
n

ct
io

n
a
l

u
pd

a
te

si
n
ce
f̂

R
F

t
(x

)
=
θ
> t

z
V

(x
),

b
u
t

th
e

u
p
sh

ot
of

in
vo

lv
in

g
R

F
s

is
th

at
th

is
a
p
p
ro

x
im

an
t

is
in

th
e

sp
an

of
{z

V
(x

),
∀x
∈
X
}.

S
in

ce
E[
κ̂

]
=
κ

,
w

e
fi
n
d

re
ad

il
y

th
at

E[
f̂

R
F
]

=
f̂

;
in

w
or

d
s,

u
n
b
ia

se
d
n
es

s
o
f

th
e

ke
rn

el
ap

p
ro

x
im

at
io

n
en

su
re

s
th

at
th

e
R

F
-b

as
ed

fu
n
ct

io
n

ap
p
ro

x
im

an
t

is
al

so
u
n
b
ia

se
d
.

V
a
ri

a
n

c
e
-r

e
d

u
c
e
d

R
F

.
B

es
id

es
u
n
b
ia

se
d
n
es

s,
p

er
fo

rm
an

ce
of

th
e

R
F

ap
p
ro

x
im

a
ti

o
n

is
al

so
in

fl
u
en

ce
d

b
y

th
e

va
ri

an
ce

of
R

F
s.

N
ot

e
th

at
th

e
va

ri
an

ce
of
κ̂

in
(7

)
is

o
f

o
rd

er
O

(D
−

1
),

b
u
t

it
s

sc
al

e
ca

n
b

e
re

d
u
ce

d
if

V
is

fo
rm

ed
to

h
av

e
or

th
og

on
al

ro
w

s
(Y

u
et

a
l.
,

20
16

).
S
p

ec
ifi

ca
ll
y

fo
r

a
G

au
ss

ia
n

ke
rn

el
w

it
h

b
an

d
w

id
th
σ

2
,

re
ca

ll
th

at
V

=
σ
−

1
G

in
(8

),
w

h
er

e
ea

ch
en

tr
y

of
G

is
d
ra

w
n

fr
om
N

(0
,1

).
F

or
th

e
va

ri
an

ce
-r

ed
u
ce

d
or

th
o
g
o
n
a
l

(O
)R

F
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R
a
n
d
o
m

F
e
a
t
u
r
e
-b
a
se

d
O
n
l
in
e
M
K
L

in
E
n
v
ir
o
n
m
e
n
t
s
w
it
h
U
n
k
n
o
w
n
D
y
n
a
m
ic
s

w
ith

D
=
d
,

o
n
e

starts
w

ith
Q

-R
factorization

of
V

=
Q

R
,

an
d

u
ses

th
e
d
×
d

factor
Q

a
lo

n
g

w
ith

a
d
iagon

al
m

atrix
Λ

,
to

form
(Y

u
et

al.,
2016

)

V
O

R
F

=
σ
−

1
Λ

Q
(13)

w
h
ere

th
e

d
ia

g
on

al
en

tries
of

Λ
are

d
raw

n
i.i.d

.
from

th
e
χ

d
istrib

u
tion

w
ith

d
d
eg

rees
of

freed
o
m

,
to

en
su

re
u
n
b
iased

n
ess

of
th

e
kern

el
ap

p
rox

im
an

t.
F

or
D
>
d
,

on
e

selects
D

=
ν
d

w
ith

ν
>

1
in

teger,
an

d
gen

erates
in

d
ep

en
d
en

tly
ν

m
atrices

each
of

size
d
×
d

as
in

(13
).

T
h
e

fi
n
a
l
V

O
R

F
is

form
ed

b
y

con
caten

atin
g

th
ese

d×
d

su
b
-m

atrices.
T

h
e

u
p
sh

ot
o
f

O
R

F
is

th
a
t

(Y
u

et
a
l.,

2016)
V

ar(κ̂
O

R
F
(x
t ,x

t ′))≤
V

ar(κ̂
(x
t ,x

t ′)).
A

s
w

e
h
ave

a
lso

con
fi
rm

ed
v
ia

sim
u
la

ted
tests,

O
R

F
-b

ased
fu

n
ction

ap
p
rox

im
ation

can
attain

a
p
rescrib

ed
accu

racy
w

ith
co

n
sid

era
b
ly

less
O

R
F

s
th

an
w

h
at

req
u
ired

b
y

its
R

F
-b

ased
cou

n
terp

art.
T

h
e

R
F

-b
a
sed

on
lin

e
sin

gle
kern

el
learn

in
g

sch
em

e
in

th
is

section
p
resu

m
es

th
at
κ

is
k
n
ow

n
a

p
rio

ri.
S
in

ce
th

is
is

n
ot

gen
erally

p
ossib

le,
it

is
p
ru

d
en

t
to

ad
ap

tively
select

k
ern

els
b
y

su
p

erim
p

o
sin

g
m

u
ltip

le
kern

el
fu

n
ction

s
from

a
p
rescrib

ed
d
iction

ary.
T

h
is

su
p

erp
osition

w
ill

p
lay

a
key

role
in

th
e

R
F

-b
ased

on
lin

e
M

K
L

ap
p
roach

p
resen

ted
n
ex

t.

3
.2

.
R

a
k
e
r

fo
r

o
n

lin
e

M
K

L

S
p

ecify
in

g
th

e
k
ern

el
th

at
“sh

ap
es”H

is
a

critical
ch

oice
for

sin
gle

kern
el

learn
in

g,
sin

ce
d
if-

feren
t

kern
els

y
ield

fu
n
ction

estim
ates

of
variab

le
accu

racy.
T

o
d
eal

w
ith

th
is,

com
b
in

ation
s

o
f

kern
els

fro
m

a
p
rescrib

ed
an

d
su

ffi
cien

tly
rich

d
iction

ary
{κ

p }
Pp
=

1
can

b
e

em
p
loyed

in
(1).

E
a
ch

co
m

b
in

a
tion

b
elon

gs
to

th
e

con
vex

h
u
llK̄

:=
{
κ̄

=
∑

Pp
=

1
ᾱ
p κ
p ,
ᾱ
p ≥

0, ∑
Pp
=

1
ᾱ
p

=
1}

,

a
n
d

is
itself

a
kern

el
(S

ch
ölkop

f
an

d
S
m

ola,
2002).

W
ith
H̄

d
en

otin
g

th
e

R
K

H
S

in
d
u
ced

b
y
κ̄
∈
K̄

,
on

e
th

en
solves

(1)
w

ith
H

rep
laced

b
y
H̄

:=
H

1 ⊕
··· ⊕

H
P

,
w

h
ere
{H

p }
Pp
=

1

rep
resen

t
th

e
R

K
H

S
s

corresp
on

d
in

g
to
{κ

p }
Pp
=

1
(M

icch
elli

an
d

P
on

til,
200

5).

T
h
e

ca
n
d
id

a
te

fu
n
ction

f̄
∈
H̄

is
ex

p
ressib

le
in

a
sep

arab
le

form
as
f̄

(x
)

:=
∑

Pp
=

1
f̄
p (x

),

w
h
ere

f̄
p (x

)
b

elon
gs

to
H
p ,

for
p
∈
P

:=
{
1,...,P

}
.

T
o

ad
d

fl
ex

ib
ility

p
er

k
ern

el
in

ou
r

en
su

in
g

o
n
lin

e
M

K
L

sch
em

e,
w

e
let

w
log
{f̄
p

=
w
p f
p }
Pp
=

1 ,
an

d
seek

fu
n
ction

s
of

th
e

fo
rm

f
(x

)
:=

P
∑p
=

1

w̄
p f
p (x

)∈
H̄

(14)

w
h
ere

f
:=

f̄
/ ∑

Pp
=

1
w
p ,

an
d

th
e

n
orm

alized
w

eig
h
ts{w̄

p
:=

w
p / ∑

Pp
=

1
w
p }
Pp
=

1
satisfy

w̄
p ≥

0
,

a
n
d
∑

Pp
=

1
w̄
p

=
1.

P
lu

ggin
g

(14)
in

to
(1),

M
K

L
solves

th
e

n
on

con
vex

p
rob

lem

m
in

{
w̄
p }
,{
f
p }

1T

T
∑t=

1 C 
P
∑p
=

1

w̄
p f
p (x

t ),y
t 

+
λ

Ω


∥∥∥∥∥∥

P
∑p
=

1

w̄
p f
p ∥∥∥∥∥∥

2H̄ 
(15a)

s.
to

P
∑p
=

1

w̄
p

=
1,
w̄
p ≥

0,
p
∈
P

(15b
)

f
p ∈
H
p ,
p
∈
P
.

(15c)

If
Ω

is
con

vex
over

f
,

th
en

(15a)
is

b
icon

v
ex

,
m

ean
in

g
it

is
con

vex
w

rt{f
p }

({w̄
p }

)
w

h
en

{
w̄
p }

({
f
p })
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given

.
L

ev
eragin

g
b
icon

vex
ity,

ex
istin

g
b
atch

M
K

L
sch

em
es

solve
(15)

v
ia
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at
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d
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roa
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p
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+
λ
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=

1
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Ω
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p ‖
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p )
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to

(15b
)
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(15c)
(16)
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ere
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con
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u
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(15b
)
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(15a).
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across

kern
el

‘atom
s.’

W
e

w
ill

ex
p
loit

th
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p
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1
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F
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∈
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L (θ
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V
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e
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w
e

w
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p
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e

an
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tical
p

erform
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ce
gu

aran
tees.

O
u
r

iterative
solu

tion
w

ill
u
p
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sep
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each
f̂

R
F
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ection

3.1
u
sin

g
th

e
scalab
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)R
F
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ased

fu
n
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n
ap

p
rox
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ation
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em

e.
G

iven
x
t ,
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R

F
vector
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p (x

t )
w

ill
b

e
gen
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p

er
p
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p
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f
π
κ
p (v

)
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(8)),
w

h
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w
e

let
z
p (x

t )
:=

z
V
p (x

t )
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n
otation

al
b
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ity.
H

en
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for
each

p
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slot
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w

e
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f̂
R

F
p
,t

(x
t )

=
θ
>p
,t z

p (x
t )

(18)

an
d
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in

(12),
θ
p
,t
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u
p

d
ated
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ia

θ
p
,t+

1
=
θ
p
,t −

η∇
L

(θ
>p
,t z

p (x
t ),y

t ).
(19)

A
s

far
as
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g
for

w̄
p
,t ,
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ce

it
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a
p
rob

ab
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sim
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(15b
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r
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em
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u
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u
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(a.k
.a.

ex
p
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grad

ien
t

d
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t),
e.g.,
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,
2016).

S
p

ecifi
cally,
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e

u
n
-n

orm
alized

w
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are

fou
n
d

fi
rst

as

w
p
,t+

1
=

arg
m
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w
p

ηL
t (
f̂

R
F

p
,t

(x
t ) )

(w
p −

w
p
,t )

+
D

K
L
(w

p ‖w
p
,t )

(20)

w
h
ereD

K
L
(w

p ‖
w
p
,t )

:=
w
p

log
(w

p /w
p
,t )

is
th

e
K

L
-d

ivergen
ce.
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can

b
e

read
ily

verifi
ed

th
at

(20)
ad

m
its
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e

follow
in

g
closed

-form
u
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d
ate

w
p
,t+

1
=
w
p
,t ex

p (−
ηL

t (
f̂

R
F

p
,t

(x
t ) ))

(21)

w
h
ere

η
∈

(0,1)
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a
ch

osen
con

stan
t

th
at

con
trols

th
e

ad
ap

tation
rate

of{w
p
,t }.

H
av

in
g

fou
n
d
{w

p
,t }

as
in

(21),
th

e
n
orm

alized
w

eigh
ts

in
(14)

are
ob

tain
ed

as
w̄
p
,t

:=
w
p
,t / ∑

Pp
=

1
w
p
,t .

U
p

d
ate

(21)
is

in
tu

itively
p
leasin

g
b

ecau
se

w
h
en

f̂
R

F
p
,t

con
trib

u
tes

a
larger

loss
relative

to

oth
er
f̂

R
F

p ′,t
w

ith
p ′6=

p
at

slot
t,

th
e

corresp
on

d
in

g
w
p
,t+

1
d
ecreases

m
ore

th
an

th
e

oth
er
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p
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=
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.
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p
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:
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h
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:
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a
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.
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b
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∈
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b
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at
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b
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∈
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:
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:

e
n

d
fo

r

co
ll
ec

ti
n
g

al
l

ac
ti

ve
in

te
rv

al
s

at
th

e
cu

rr
en

t
sl

ot
t

in
th

e
se

t

I(
t)

:=
{I
∈
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∈
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b
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at
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b
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b
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w
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re
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w
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re
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d
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m
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∈I

(t
)
h

(J
)

t
,

th
e

ov
er

al
l

ou
tp

u
t

is
gi

ve
n

b
y

f̂ t
(x

)
:=
∑ I
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b
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b
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m
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d
in

F
ig

u
re

1.
S
el

ec
ti

n
g

ju
d
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h
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p
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b
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p
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b
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n
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h
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.
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.
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.
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b
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b
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p
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b
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b
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h
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b
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b
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.
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p
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p
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.
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∈
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.
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p
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=
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h
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∈
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h
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h
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b
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p
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b
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p
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d
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R
a
n
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F
e
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r
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n
l
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e
M
K
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E
n
v
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n
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t
s
w
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h
U
n
k
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o
w
n
D
y
n
a
m
ic
s

C
o
m

p
a
rin

g
(2
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)

w
ith

(35)
w

e
d
ed

u
ce

th
at

th
e

d
y
n
am

ic
regret
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alw
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s
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er

th
an

th
e

static
reg

ret
in

(2
5
).

T
h
u
s,

a
su

b
-lin

ear
d
y
n
am

ic
regret

im
p
lies

a
su

b
-lin

ear
static

regret,
b
u
t

n
ot

v
ice

versa
.

G
iven

{L
t },

A
d
aR

aker
gen
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fu

n
ction

s{
f̂
t }

to
m

in
im

ize
th

e
d
y
n
am

ic
regret.

T
o

a
ssess

th
e

A
d
aR

ak
er

p
erform

an
ce,

w
e

w
ill

start
w

ith
an

in
term

ed
ia

te
resu

lt
o
n

th
e
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tic

regret
asso

ciated
w

ith
an

y
su

b
-in

terval
I
⊆
T

.

L
e
m

m
a

2
U

n
d
er

(a
s1

)-(a
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),
th

e
sta

tic
regret

o
n

a
n

y
in

terva
l
I
⊆
T

is
given

by

R
eg

sA
(|I|)

:=
∑t∈
I L

t (f̂
t (x

t ))−
∑t∈
I L

t (f
∗I (x

t ))
(36)

w
h
ere
|I|

d
en

o
tes

th
e

len
gth

o
f

in
terva

l
I

,
a
n

d
th

e
best

tim
e-in

va
ria

n
t

fu
n

ctio
n

a
p
p
ro

xim
a
n

t
is
f
∗I ∈

a
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m
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f∈ ⋃

p∈
P
H
p ∑

t∈
I L

t (f
(x
t )),

w
ith
H
p

d
en

o
tin

g
th

e
R

K
H

S
in

d
u

ced
by
κ
p .

T
h
en

fo
r

a
n

y
in

terva
l
I
⊆
T

a
n

d
fi

xed
po

sitive
co

n
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C

0 ,
C

1 ,
th

e
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w
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g
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u

n
d
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o
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s

R
eg

sA
d

a
R

a
k
er (|I|)≤

C
0 √
|I|+

C
1

ln
T √
|I|,

w
.h
.p
.

(37)

P
ro

o
f:

S
ee

A
p
p

en
d
ix

C
.

L
em

m
a

2
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at

b
y
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b
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g

R
aker

learn
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ith

d
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learn
in

g
rates,

A
d
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R
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T

h
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a
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h
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p
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g
w
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u
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e
red
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l
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F
ig
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2.

C
learly,
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e

b
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x
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in
(36)

is
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w
h
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n
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d
iff
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tervals.

T
h
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h
y
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e
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n
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b
y

A
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u
a
n
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,
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aR

aker.
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h
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d
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Õ

n
eglects

th
e

lo
w

er-o
rd

er
term

s
w

ith
a

po
lyn

o
m

ia
l

log
T

ra
te.

P
ro

o
f:

S
ee

A
p
p

en
d
ix

D
.

T
h
eo

rem
2

asserts
th

at
A

d
aR

ak
er’s

d
y
n
am

ic
regret

d
ep

en
d
s

on
th

e
va

riation
o
f

loss
fu

n
ctio

n
s

in
(3

8
),

an
d

on
th

e
h
orizon

T
.

In
terestin

g
en

ou
gh

,
w

h
en

ever
th

e
loss

fu
n
ction

s
d
o

n
o
t

va
ry

o
n

a
vera

ge,
m

ean
in

g
V

({L
t }
Tt=

1 )
=

o
(T

),
A

d
aR

aker
ach

ieves
su

b
-lin

ea
r

d
y
n
am

ic
reg

ret.
T

o
th

is
en

d
,

it
is

u
sefu

l
to

p
resen

t
an

ex
am

p
le

w
h
ere

th
is

argu
m

en
t

h
old

s.

15
JM

L
R

 20(22):1-36, 2019

S
h
e
n
a
n
d

C
h
e
n
a
n
d

G
ia
n
n
a
k
is

In
te

rm
itte

n
t

sw
itch

e
s:

W
ith
L
t 6=
L
t+

1
d
efi

n
in

g
a

sw
itch

,
con

sid
er

th
at

th
e

n
u
m

b
er

of
sw

itch
es

is
su

b
-lin

ear
over

T
;

th
at

is, ∑
Tt=

1
1

(L
t 6=
L
t+

1 )
=
T
γ,∀

γ
∈

[0,1).
T

h
en

it
follow

s
th

atV
({L

t }
Tt=

1 )
=
O

(T
γ),

sin
ce

th
e

on
e-slot

variation
of

th
e

loss
fu

n
ction

s
is

b
ou

n
d
ed

.
O

th
er

setu
p
s

w
ith

su
b
-lin

ear
accu

m
u
lated

variatio
n

em
erge,

e.g.,
w

h
en

th
e

p
er-slot

vari-
ation

d
ecreases

asV
(L

t )
=
O

(t γ−
1),∀

γ
∈

[0,1).
B

esid
es

d
y
n
am

ic
losses,

su
b
-lin

ear
d
y
n
am

ic
regrets

can
b

e
also

eff
ected

b
y

con
fi
n
in

g
th

e
variab

ility
of

op
tim

al
fu

n
ction

estim
ators.

T
h

e
o
re

m
3

S
u

p
po

se
th

e
co

n
d
itio

n
s

o
f

T
h
eo

rem
2

h
o
ld

,
a
n

d
d
efi

n
e

th
e

regret
rela

tive
to

a
n

m
-sw

itch
in

g
d
yn

a
m

ic
ben

ch
m

a
rk

a
s

R
eg
mA

(T
)

:=
∑

Tt=
1 L

t (f̂
t (x

t ))−
∑

Tt=
1 L

t (f̌
∗t (x

t )),
w

h
ere

{f̌
∗t }

is
a
n

y
tra

jecto
ry

fro
m

{{
f̌
∗t }

Tt=
1 ∈
⋃
p∈P
H
p ∣∣∣ ∑

Tt=
1
1

(f̌
∗t 6=

f̌
∗t−

1 )≤
m
}
.

(40)

W
ith

C
0

a
n

d
C

1
d
en

o
tin

g
so

m
e

u
n

iversa
l

co
n

sta
n

ts,
it

th
en

h
o
ld

s
w

.h
.p

.
th

a
t

R
eg
mA

d
a
R

a
k
er (T

)≤
(C

0 +
C

1
ln
T

) √
T
m

=
Õ
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n

m
et

h
o
d

b
y

in
co

rp
o
ra

ti
n
g

a
tr

u
n
-

ca
ti

on
st

ep
in

to
th

e
te

n
so

r
p

ow
er

it
er

at
io

n
st

ep
.

R
el

at
io

n
al

d
at

a
se

ts
ar

e
ty

p
ic

al
ly

ex
p
re

ss
ed

as
(s

u
b

je
ct

,
p
re

d
ic

at
e,

ob
je

ct
)

tr
ip

le
s

a
n
d

ca
n

b
e

gr
ou

p
ed

as
a

th
ir

d
-o

rd
er

te
n
so

r.
A

s
a

re
su

lt
,

te
n
so

r
fa

ct
or

iz
at

io
n

m
et

h
o
d
s

ca
n

b
e

n
at

u
ra

ll
y

ap
p
li
ed

to
th

es
e

d
at

a
se

ts
.

N
ic

k
el

(2
01

3)
p
ro

p
os

ed
a

R
E

S
C

A
L

fa
ct

o
ri

za
ti

o
n

m
o
d
el

fo
r

st
at

is
ti

ca
l

re
la

ti
on

al
le

ar
n
in

g.
C

om
p
ar

ed
to

ot
h
er

te
n
so

r
fa

ct
or

iz
at

io
n

ap
p
ro

a
ch

es
su

ch
as

C
P

an
d

T
u
ck

er
m

et
h
o
d
s,

R
E

S
C

A
L

is
m

or
e

ca
p
ab

le
of

d
et

ec
ti

n
g

th
e

co
rr

el
a
ti

o
n
s

p
ro

d
u
ce

d
b

et
w

ee
n

m
u
lt

ip
le

in
te

rc
on

n
ec

te
d

n
o
d
es

.
F

or
re

la
ti

on
al

d
at

a
co

n
si

st
in

g
of
n

en
ti

ti
es

,
K

ty
p

es
of

re
la

ti
on

s,
an

d
a

p
os

it
iv

e
in

te
ge

r
s,

R
E

S
C

A
L

co
m

p
u
te

s
an

n
×
s

fa
ct

or
m

a
tr

ix
a
n
d

a
n

s
×
s
×
K

co
re

te
n
so

r.
T

h
e

fa
ct

or
m

at
ri

x
an

d
th

e
co

re
te

n
so

r
ca

n
b

e
fu

rt
h
er

u
se

d
fo

r
li
n
k

p
re

d
ic

ti
on

,
en

ti
ty

re
so

lu
ti

on
an

d
li
n
k
-b

a
se

d
cl

u
st

er
in

g.
N

ic
ke

l
et

al
.

(2
01

1)
sh

ow
ed

th
a
t

a
li
n
ea

r
R

E
S
C

A
L

m
o
d
el

ac
h
ie

ve
d

b
et

te
r

or
co

m
p
ar

ab
le

re
su

lt
s

on
co

m
m

on
b

en
ch

m
a
rk

d
a
ta

se
ts

w
h
en

co
m

p
ar

ed
to

ot
h
er

ex
is

ti
n
g

m
et

h
o
d
s

su
ch

as
M

L
N

,
D

E
D

IC
O

M
(H

a
rs

h
m

a
n
,
1
9
7
8
),

IR
M

,
C

P
,

M
R

C
(K

ok
an

d
D

om
in

go
s,

20
07

),
et

c.
It

w
as

sh
ow

n
in

N
ic

ke
l

an
d

T
re

sp
(2

0
1
3
)

th
at

a
lo

gi
st

ic
R

E
S
C

A
L

m
o
d
el

co
u
ld

fu
rt

h
er

im
p
ro

ve
th

e
li
n
k

p
re

d
ic

ti
on

re
su

lt
s.

C
en

tr
al

to
th

e
em

p
ir

ic
al

va
li
d
it

y
of

R
E

S
C

A
L

is
th

e
co

rr
ec

t
sp

ec
ifi

ca
ti

on
o
f

th
e

n
u
m

b
er

of
la

te
n
t

fa
ct

or
s.

N
ic

ke
l

et
al

.
(2

01
1
)

p
ro

p
os

ed
to

se
le

ct
th

is
p
ar

am
et

er
v
ia

cr
o
ss

-v
a
li
d
a
ti

o
n
.

A
s

co
m

m
on

ly
k
n
ow

n
fo

r
cr

os
s-

va
li
d
at

io
n

m
et

h
o
d
s,

th
er

e’
s

n
o

th
eo

re
ti

ca
l

gu
a
ra

n
te

e
a
g
a
in

st
ov

er
es

ti
m

at
io

n
.

B
es

id
es

,
cr

os
s-

va
li
d
at

io
n

ca
n

b
e

co
m

p
u
ta

ti
on

al
ly

ex
p

en
si

ve
,

es
p

ec
ia

ll
y

fo
r

la
rg

e
n

an
d
K

.
In

th
e

li
te

ra
tu

re
,

m
o
d
el

se
le

ct
io

n
is

le
ss

st
u
d
ie

d
fo

r
te

n
so

r
fa

ct
o
ri

za
ti

o
n

2
JM

L
R

 2
0(

23
):

1-
38

, 2
01
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N
u
m
b
e
r
o
f
L
a
t
e
n
t
F
a
c
t
o
r
s
in

R
e
l
a
t
io
n
a
l
L
e
a
r
n
in
g

m
eth

o
d
s.

A
llen

(2012)
an

d
S
u
n

et
al.

(2017)
p
rop

osed
to

u
se

B
ayesian

in
form

a
tion

criteria
(B

IC
,

S
ch

w
a
rz,

1978)
for

sp
arse

C
P

d
ecom

p
ositio

n
.

H
ow

ever,
n
o

th
eoretical

resu
lts

w
ere

p
rov

id
ed

fo
r

B
IC

.
In

d
eed

,
w

e
sh

ow
in

th
is

p
ap

er
th

at
a

B
IC

-ty
p

e
criterion

m
ay

fail
for

th
e

R
E

S
C

A
L

m
o
d
el.

T
h
e

co
n
trib

u
tion

of
th

is
p
ap

er
is

tw
ofold

.
F

irst,
w

e
p
rop

ose
a

gen
eral

class
of

in
form

ation
criteria

for
th

e
R

E
S
C

A
L

m
o
d
el

an
d

p
rove

th
eir

m
o
d
el

selection
con

sisten
cy.

A
lth

ou
gh

w
e

fo
cu

s
o
n

th
e

R
E

S
C

A
L

m
o
d
el,

ou
r

in
form

ation
criteria

ca
n

b
e

ex
ten

d
ed

to
select

m
o
d
els

for
g
en

era
l
ten

so
r

factorization
m

eth
o
d
s

w
ith

sligh
t

m
o
d
ifi

cation
.

T
h
e

p
rob

lem
is

n
on

stan
d
ard

a
n
d

ch
a
llen

g
in

g
sin

ce
b

oth
th

e
factor

m
atrix

an
d

th
e

core
ten

sor
are

n
ot

ob
served

a
n
d

n
eed

to
b

e
estim

a
ted

.
B

esid
es,

th
e

m
o
d
el

p
aram

eters
are

n
on

-id
en

tifi
a
b
le.

M
oreov

er,
th

e
d
erivation

o
f

m
o
d
el/

tu
n
in

g
p
aram

eter
selection

con
sisten

cy
of

in
form

ation
criteria

u
su

ally
relies

on
th

e
(u

n
ifo

rm
)

con
sisten

cy
of

estim
ated

p
ara

m
eters.

F
or

ex
am

p
le,

F
an

an
d

T
an

g
(2013)

d
erived

th
e

u
n
iform

con
sisten

cy
of

th
e

m
ax

im
u
m

likelih
o
o
d

estim
ators

(M
L

E
s)

to
p
rov

e
th

e
co

n
sisten

cy
of

G
IC

(see
P

rop
osition

2
in

th
at

p
ap

er).
Z

h
an

g
et

a
l.

(2016)
estab

lish
ed

th
e

u
n
ifo

rm
con

sisten
cy

of
th

e
su

p
p

ort
vector

m
ach

in
e

solu
tion

s
to

p
rove

th
e

co
n
sisten

cy
o
f

S
V

M
IC

H
(see

L
em

m
a

2
in

th
at

p
ap

er).
T

h
e

con
sisten

cy
of

th
ese

estim
ators

are
d
u
e

to
th

e
co

n
cav

ity
(con

vex
ity

)
of

th
e

likelih
o
o
d

(or
th

e
em

p
irical

loss)
fu

n
ction

s.
In

con
trast,

fo
r

m
o
st

ten
so

r
d
ecom

p
osition

m
o
d
els

in
clu

d
in

g
R

E
S
C

A
L

,
th

e
likelih

o
o
d

(or
th

e
em

p
irical

lo
ss)

fu
n
ctio

n
is

u
su

ally
n
on

-con
cave

(n
o
n
-con

v
ex

)
an

d
m

ay
h
av

e
m

u
ltip

le
lo

cal
solu

tion
s.

A
s

a
resu

lt,
th

e
corresp

on
d
in

g
glob

al
m

ax
im

izer
(m

in
im

izer)
m

ay
n
ot

b
e

con
sisten

t
ev

en
w

ith
th

e
id

en
tifi

ab
ility

con
strain

ts.
It

rem
ain

s
u
n
k
n
ow

n
h
ow

to
estab

lish
th

e
con

sisten
cy

o
f

th
e

in
fo

rm
a
tion

criterion
w

ith
ou

t
con

sisten
cy

of
th

e
estim

ator.
A

key
in

n
ovation

in
o
u
r

a
n
a
ly

sis
is

to
d
esign

a
“p

rop
er”

p
seu

d
om

etric
an

d
sh

ow
th

at
th

e
g
lob

a
l

o
p
tim

u
m

is
co

n
sisten

t
u
n
d
er

th
is

sp
ecifi

c
p
seu

d
om

etric.
W

e
fu

rth
er

estab
lish

th
e

rate
o
f

con
v
ergen

ce
o
f

th
e

g
lo

b
a
l

o
p
tim

u
m

u
n
d
er

th
is

p
seu

d
om

etric
as

a
fu

n
ction

of
n

an
d
K

.
B

ased
on

th
ese

resu
lts,

w
e

esta
b
lish

th
e

con
sisten

cy
of

ou
r

in
form

ation
criteria

w
h
en

K
is

eith
er

b
ou

n
d
ed

o
r

d
iverg

es
a
t

a
p
rop

er
rate

of
n

.
N

o
p
aram

etric
assu

m
p
tion

s
are

im
p

osed
on

th
e

laten
t

fa
cto

rs.
S
eco

n
d
,

w
e

in
tro

d
u
ce

a
scalab

le
algorith

m
for

estim
atin

g
th

e
p
a
ram

eters
in

th
e

lo
g
istic

R
E

S
C

A
L

m
o
d
el.

D
esp

ite
th

e
fact

th
at

a
lin

ear
R

E
S
C

A
L

m
o
d
el

ca
n

b
e

con
ven

ien
tly

so
lved

b
y

a
n

a
ltern

atin
g

least
sq

u
are

algorith
m

(N
ickel

et
al.,

2011),
th

ere
are

lack
of

o
p
tim

iza
tio

n
a
lgorith

m
s

for
solv

in
g

gen
eral

R
E

S
C

A
L

m
o
d
els.

T
h
e

p
rop

osed
algorith

m
is

b
a
sed

o
n

th
e

a
ltern

atin
g

d
irection

m
eth

o
d

of
m

u
ltip

liers
(A

D
M

M
,

B
oy

d
et

al.,
2011

)
an

d
ca

n
b

e
im

p
lem

en
ted

in
a

p
arallelized

fash
ion

.

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

as
follow

s.
W

e
form

ally
in

tro
d
u
ce

th
e

R
E

S
C

A
L

m
o
d
el

a
n
d

stu
d
y

th
e

p
aram

eter
id

en
tifi

ab
ility

in
S
ection

2.
O

u
r

in
form

ation
criteria

are
p
resen

ted
in

S
ectio

n
3

a
n
d

th
eir

m
o
d
el

selection
p
rop

erties
are

in
vestigated

.
N

u
m

erical
ex

am
p
les

are
p
resen

ted
in

S
ection

4
to

ex
am

in
e

th
e

fi
n
ite

sam
p
le

p
erform

an
ce

of
th

e
p
rop

o
sed

in
form

ation
criteria

.
S
ectio

n
5

con
clu

d
es

w
ith

a
su

m
m

ary
an

d
d
iscu

ssion
of

fu
tu

re
ex

ten
sion

s.
A

ll
th

e
p
ro

o
fs

are
g
iv

en
in

th
e

A
p
p

en
d
ix

.

2
.

T
h
e

R
E

S
C

A
L

M
o
d
e
l

T
h
is

sectio
n

is
stru

ctu
red

as
follow

s.
W

e
in

tro
d
u
ce

th
e

R
E

S
C

A
L

m
o
d
el

in
S
ection

2.1.
In

S
ectio

n
2
.2

,
w

e
stu

d
y

th
e

id
en

tifi
ab

ility
of

p
aram

eters
in

th
e

m
o
d
el.

3
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S
h
i,
L
u
,
S
o
n
g

2
.1

.
M

o
d

e
l

S
e
tu

p

In
k
n
ow

led
ge

grap
h
s,

facts
can

b
e

ex
p
ressed

in
th

e
form

of
(su

b
ject,p

red
icate,ob

ject)
trip

les,
w

h
ere

su
b

ject
an

d
ob

ject
are

en
tities

an
d

p
red

icate
is

th
e

relation
b

etw
een

en
tities.

F
or

ex
am

p
le,

con
sid

er
th

e
follow

in
g

sen
ten

ce
from

W
ik

ip
ed

ia:

J
o
n

S
n

o
w

is
a

fi
ctio

n
a
l

ch
a
ra

cter
in

th
e

A
S

o
n

g
o
f

Ice
a

n
d

F
ire

series
o
f

fa
n

ta
sy

n
o
vels

by
A

m
erica

n
a
u

th
o
r

G
eo

rge
R

.
R

.
M

a
rtin

,
a
n

d
its

televisio
n

a
d
a
p
ta

tio
n

G
a
m

e
o
f

T
h
ro

n
es.

T
h
e

in
form

ation
con

tain
ed

in
th

is
m

essage
can

b
e

su
m

m
arized

in
to

th
e

follow
in

g
set

of
(su

b
ject,p

red
icate,ob

ject)
trip

les:

S
u
bject

P
red

ica
te

O
bject

J
o
n
S
n
o
w

ch
a
ra
cter

in
A

S
o
n
g
o
f
Ice

a
n
d
F
ire

J
o
n
S
n
o
w

ch
a
ra
cter

in
G
a
m
e
o
f
T
h
ro
n
es

A
S
o
n
g
o
f
Ice

a
n
d
F
ire

gen
re

n
o
vel

G
a
m
e
o
f
T
h
ro
n
es

gen
re

televisio
n
series

G
eo
rge

R
.R

.
M
a
rtin

a
u
th
o
r
o
f

A
S
o
n
g
o
f
Ice

a
n
d
F
ire

G
eo
rge

R
.R

.
M
a
rtin

p
ro
fessio

n
n
o
velist

In
th

is
ex

am
p
le,

w
e

h
ave

a
total

of
7

en
tities,

4
ty

p
es

of
relation

s
an

d
6

trip
les.

M
ore

gen
erally,

let
E

=
{e

1 ,...,e
n }

d
en

ote
th

e
set

o
f

all
en

tities
an

d
R

=
{
r

1 ,...,r
K }

d
en

ote
th

e
set

of
all

relation
ty

p
es.

T
h
e

n
u
m

b
er

of
relation

s
K

is
eith

er
b

ou
n
d
ed

or
d
iverges

w
ith

n
.

A
ssu

m
in

g
n
on

-ex
istin

g
trip

les
in

d
icate

false
relation

sh
ip

s,
w

e
can

co
n
stru

ct
a

th
ird

-ord
er

b
in

ary
ten

sor

Y
=
{
Y
ijk }

i,j∈{
1
,...,n}

,k∈{
1
,...,K

} ,

su
ch

th
at

Y
ijk

=

{
1,

if
a

trip
le

(e
i ,r

k ,e
j )

ex
ists,

0,
oth

erw
ise.

T
h
e

R
E

S
C

A
L

m
o
d
el

is
d
efi

n
ed

as
follow

s.
F

or
each

en
tity

e
i ,

a
la

ten
t

v
ector

a
i,0 ∈

R
s
0

is
gen

erated
.

T
h
e
Y
ijk ’s

are
assu

m
ed

to
b

e
con

d
ition

ally
in

d
ep

en
d
en

t
given

all
laten

t
factors

{
a
i,0 }

ni=
1 .

B
esid

es,
it

is
assu

m
ed

th
at

P
r(Y

ijk
=

1|{a
i,0 }

ni=
1 )

=
g(a

Ti,0 R
k
,0 a

j,0 ),
(1)

for
som

e
strictly

m
on

oton
e

lin
k

fu
n
ction

g
an

d
s

0 ×
s

0
m

atrices
R

1
,0 ,...,R

K
,0 .

In
th

e
ab

ov
e

m
o
d
el,
a
i,0

corresp
on

d
s

to
th

e
laten

t
rep

resen
tation

of
th

e
ith

en
tity

an
d
R
k
,0

sp
ecifi

es
h
ow

th
ese

a
i,0 ’s

in
teract

for
th

e
k
-th

relation
.

T
o

accou
n
t

for
asy

m
m

etric
relation

s,
w

e
d
o

n
ot

restrict
R
k
,0 ’s

to
sy

m
m

etric
m

atrices.
W

h
en

th
e

relation
s

are
sy

m
m

etric,
i.e.,

P
r(Y

ijk
=

1|{a
i,0 }

ni=
1 )

=
P

r(Y
jik

=
1|{a

i,0 }
ni=

1 ),
∀
i,j,k

,

on
e

can
im

p
ose
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con
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con
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d
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d
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∀
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p
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at
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∈
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=
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d
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ra
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ra
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re
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d
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ra
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d
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d
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p
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at
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.
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.
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=
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=
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h
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h
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p
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b
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b
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d
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P
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=
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m
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ke

li
h
o
o
d

fu
n
ct

io
n
.

S
in

ce
w

e
u
se

th
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d
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b
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w
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)
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︸
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︸
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n
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b
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d
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p
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−
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∈
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∈

R
s
1 ×
s
1,
a

(s
2
)

i,2
∈
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∈
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m
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con
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â

(s)
i
}
i ,{
R̂
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.
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n
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︸
︷︷

︸
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︸
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=
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+
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+
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=
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>
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b
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p
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>
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b
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{b
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≤
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.
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≤
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√
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≥
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g
n

.
A

ss
u

m
e
κ

(n
,K

)
sa

ti
sfi

es

s m
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h
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ŝ
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s 0

)
→

1
w

h
er

e
ŝ
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d
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ed
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+
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en

s m
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∞
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n
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g
n
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n
e
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K
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m
ax
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(n
,K
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e
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≥
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ot
e

th
at
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=
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+
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)
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g
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ot

e
th

at
th

e
te
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g
{l

og
(n
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)}
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th

at
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g
{l
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∞

an
d

lo
g
{l
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K
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≥
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d
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p
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at
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p
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d
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t
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.
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d
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re
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.
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d
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d
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b
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ŝ

=
s 0

)
→

1
.

T
h
e

co
n
si

st
en

cy
o
f

ou
r

in
fo

rm
at

io
n

cr
it

er
io

n
re

m
ai

n
s

u
n
ch

an
ge

d
.

O
b
se

rv
e

th
at

w
e

h
av

e
a

to
ta

l
of
n
×
n
×
K

=
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p
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â

(s
)

i
}n i=

(s
+

1
),
{R̂

(s
)

k
} k

)
=

ar
g

m
ax

{a
(s

)
i
}n i

=
s
+
1
,{
R

(s
)

k
} k
` n

(Y
;{
a

(s
)

i
} i
,{
R

(s
)

k
} k

),
(1

0
)

w
h
er

e

` n
(Y

;{
a

(s
)

i
} i
,{
R

(s
)

k
} k

)
=
∑ ij
k

( Y
ij
k
(a

(s
)

i
)T
R

(s
)

k
a

(s
)

j
−

lo
g
[1

+
ex

p
{(
a

(s
)

i
)T
R

(s
)

k
a

(s
)

j
}]
) .

F
or

an
y
b

1
,.
..
,b
n
∈
R
s
,

d
efi

n
e

¯̀ n
(Y

;{
a

(s
)

i
} i
,{
R

(s
)

k
} k
,{
b

(s
)

i
} i

)
=
∑ ij
k

( Y
ij
k
(a

(s
)

i
)T
R

(s
)

k
b

(s
)

j
−

lo
g
[1

+
ex

p
{(
a

(s
)

i
)T
R

(s
)

k
b

(s
)

j
}]
) .

F
ix

[b
(s

)
1
,.
..
,b

(s
)

s
]

=
I
s
,

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
in

E
q
u
at

io
n

1
0

is
eq

u
iv

a
le

n
t

to

({
â
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(s)
i,π }

i ,{
R̂

(s)
k
,π }

k )
=

arg
m

ax
a
(s

)
1
,...,a

(s
)

n
∈

Θ
(s

)
a

vec
(R

(s
)

1
),...,vec

(R
(s

)
K

)∈
Θ

(s
)

r

`
n
(Y

;{
a

(s)
i
}
i ,{R

(s)
k
}
k ),

su
b

ject
to

[a
(s)
π

(1
) ,...,a

(s)
π

(s) ]
=
I
s ,

an
d

th
e

corresp
on

d
in

g
in

form
ation

criteria

IC
π
(s)

=
2`
n
(Y

;{
â
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;{a
(s)
i
}
i ,{
R

(s)
k
}
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b

ject
to

th
e

con
strain
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th

at
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(s)
1
,...,a

(s)
s

]
is

in
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le.
A

s
a
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lt,
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e
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IC
(s)

=
IC

π
(s)

as
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g
as

[â
(s)
π

(1
) ,...,â

(s)
π

(s) ]
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v
ertib

le
an

d
[â

(s)
1
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,...,â

(s)
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]
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(15)

H
ow

ev
er,

it
rem

ain
s

u
n
k
n
ow

n
w

h
eth

er
E

q
u
ation

15
h
old

s
or

n
ot.

H
en

ce,
th

ere’s
n
o

gu
aran

-
tee

th
at

IC
(s)

=
IC

π
(s).

T
h
is

m
ean

s
th

e
ch

oice
of

th
e

id
en

tifi
ab

ility
con

strain
t

m
igh

t
aff

ect
th

e
valu

e
of

ou
r

p
rop

osed
in

form
ation

criterion
.

In
th

e
follow

in
g,

w
e

p
rove

P
r 

⋂

π
:{

1
,...,n}→

{
1
,...,n}

|{
π

(1
),...,π

(n
)}|=

n

{
arg

m
ax

s=
1
,...,s

m
a
x {

IC
π
(s)}

=
s

0 } 
→

1
.

(16)

T
h
is

m
ean

s
w

ith
p
rob

ab
ility

ten
d
in

g
to

1,
all

th
e

in
form

ation
criteria

w
ith

d
iff

eren
t

id
en

-
tifi

ab
ility

con
strain

ts
w

ill
select

th
e

tru
e

m
o
d
el.

T
h
erefore,

th
e

ch
oice

o
f

th
e

id
en

tifi
ab

ility
con

strain
t

w
ill

n
o
t

aff
ect

th
e

p
erform
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ce
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r
m

eth
o
d
.

F
or

an
y
s
∈
{s

0 ,...,s
m

a
x }

,
let

A
s,0
,π

=
[a

(s)
π

(1
),0 ,...,a

(s)
π

(s),0 ] T
,

a
(s)∗
i,π

=
(A
−

1
s,0
,π

)
T
a

(s)
i,0

an
d
R

(s)∗
k
,π

=
A
s,0
,π
R

(s)
k
,0 A

Ts,0
,π
.

W
e

n
eed

th
e

follow
in

g
con

d
ition

.

(A
4)

A
ssu

m
e
a

(s)∗
i,π
∈

Θ
(s)
a

an
d

v
ec(R

(s)∗
k
,π

)
∈

Θ
(s)
r

,
∀
i

=
1,...,n

,
k

=
1
,...,K

,
s

0
≤

s
≤
s

m
a
x

an
d

an
y

p
erm

u
tation

fu
n
ction

π
(·).

In
ad

d
ition

,
assu

m
e

su
p
x∈

Θ
(s

)
a
‖
x‖

2
≤
ω
a ,

su
p
y∈

Θ
(s

)
r
‖
y‖

2 ≤
ω
r

for
som

e
ω
a ,ω

r
>

0.

C
o
ro

lla
ry

1
.

A
ssu

m
e

(A
2
)-(A

4
)

h
o
ld

,
K
∼
n
l0

fo
r

so
m

e
0
≤
l0 ≤

1
,
s

m
a
x

=
o{ √

n
/

log
(n
K

)},
lim

in
f
n
n

(1−
l0

)/
2K̄
≥

ex
p
(2ω

2a ω
r ) √

log
n

.
A

ssu
m

e
κ

(n
,K

)
sa

tisfi
es

C
o
n

d
itio

n
(6).

T
h
en

,
(16)

is
sa

tisfi
ed

.
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∈
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∈
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L
et
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d
er

th
e
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w
h
er
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ra
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e
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<
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A
0
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e
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∈
R
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∈
R
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b
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0
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m
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0
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e
fu
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ra

n
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et
R

0
=
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T 1
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T K
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th
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se

w
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er
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ra
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0
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.
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e
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R
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Λ
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∈
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∈
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∈
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−
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−
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s
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It
fo

ll
ow

s
fr

om
E

q
u
at

io
n

18
th

at

R
k
,0

=
U
k
,0

Λ
0
V
T 0
,
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Λ
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=
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Λ
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Λ

0
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0
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=
V
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Λ
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V
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Λ
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∈
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∈
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ã
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=
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R
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≤
i,
j
≤
n
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≤
k
≤
K
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e
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is
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.
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t
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‖ 2
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e
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E
u
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y
m
×
q

m
a
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Q

,
‖Q
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st
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d
s
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r

th
e
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al

n
or

m
of
Q

w
h
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e
‖Q
‖ F

d
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ot
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it
s

F
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b
en
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s

n
or

m
.

F
o
r

si
m

p
li
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,

w
e
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m
e

Θ
a

=
{x
∈

R
s 0

:
‖x
‖ 2
≤
ω
a
}

an
d

Θ
r

=
{y
∈

R
s2 0

:
‖y
‖ 2
≤
ω
r
}.

A
ss

u
m

e
m

ax
k
=

1
,.
..
,K
‖R

k
,0
‖ F

=
O

(1
),
‖a

1
,0
‖ 2

is
b

ou
n
d
ed

w
it

h
p
ro

b
ab

il
it

y
1.

In
ad

d
it

io
n
,

a
ss

u
m

e
th

er
e

ex
is

t
so

m
e

co
n
st

an
ts
c 0
,t

0
>

0
su

ch
th

at

P
r
( ‖

[a
1
,0
,.
..
,a

s 0
,0

]−
1
‖ F

>
t)
≤
c 0
t−

1
,

∀t
≤
t 0
.

(2
1
)

W
h
en

s 0
=

1,
th

e
ab

ov
e

co
n
d
it

io
n

is
cl

os
el

y
re

la
te

d
to

th
e

m
ar

gi
n

as
su

m
p
ti

o
n

(T
sy

b
a
ko

v
,

20
04

;
A

u
d
ib

er
t

an
d

T
sy

b
ak

ov
,

20
07

)
in

th
e

cl
as

si
fi
ca

ti
on

li
te

ra
tu

re
.

It
au

to
m

a
ti

ca
ll
y

h
o
ld

s
w

h
en

a
1
,0

h
as

a
b

ou
n
d
ed

p
ro

b
ab

il
it

y
d
en

si
ty

fu
n
ct

io
n
.

In
th

e
fo

ll
ow

in
g,

w
e

sh
ow

w
it

h
p
ro

p
er

ch
oi

ce
of
ω
a

a
n
d
ω
r
,

(A
1)

h
ol

d
s

w
it

h
p
ro

b
a
-

b
il
it

y
te

n
d
in

g
to

1.
B

y
th

e
id

en
ti

fi
ab

il
it

y
co

n
st

ra
in

ts
,
‖a

(s
)∗

i
‖ 2

=
1,
∀i

=
1,
..
.,
s

a
n
d

s
=
s 0
,.
..
,s

m
a
x
.

W
h
en

ω
a
,ω

r
→
∞

,
w

e
h
av

e
fo

r
su

ffi
ci

en
tl

y
la

rg
e
n

,

P
r
( a

(s
)∗

i
∈

Ω
a

)
=

1,
∀1
≤
i
≤
s,
s 0
≤
s
≤
s m

a
x
.

(2
2)

B
y

th
e

d
efi

n
it

io
n

of
A
s,

0
,

w
e

h
av

e

A
−

1
s,

0
=

(
A
−

1
s 0
,0

O
s 0
×

(s
−
s 0

)

−
A

(s
0
+

1
):
s,

0
A
−

1
s 0
,0

I
s−
s 0

)
,

(2
3
)

w
h
er

e
A

(s
0
+

1
):
s,

0
=

[a
s 0

+
1
,0
,.
..
,a

s,
0
]T

.
It

fo
ll
ow

s
th

at

a
(s

)∗
i

=

 
A
−

1
s 0
,0
a
i,

0

(0
,.
..
,0

︸
︷︷

︸
i−
s 0
−

1

,1
,0
,.
..
,0

︸
︷︷

︸
s−
i

)T
−
A

(s
0
+

1
):
s,

0
A
−

1
s 0
,0
a
i,

0

 
,

∀s
<
i
≤
n
,s

0
≤
s
≤
s m

a
x
.

U
n
d
er

th
e

gi
ve

n
co

n
d
it

io
n
s,

w
e

h
av

e
‖a

i,
0
‖ 2
≤
ω

0
w

it
h

p
ro

b
ab

il
it

y
1

fo
r
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m

e
co

n
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a
n
t

ω
0
>
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T

h
er

ef
or

e,
w

e
h
av

e

m
ax
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≤
s≤
s m

a
x

s<
i≤
n

‖a
(s

)∗

i
‖ 2
≤
ω

0
‖A
−

1
s 0
,0
‖ 2

+
1

+
√
s m

a
x
ω

2 0
‖A
−

1
s 0
,0
‖ 2
≤

1
+

(1
+
√
s m

a
x
ω

0
)ω

0
‖A
−

1
s 0
,0
‖ F
.

B
y

(2
1)

,
it

is
im

m
ed

ia
te

to
se

e
th

at

P
r

 
m

ax
s 0
≤
s≤
s m

a
x

s<
i≤
n

‖a
(s

)∗

i
‖ 2
>
ω
a

 
→
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n
g
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ω
a
�
√
s m

a
x
.

T
h
is

to
ge

th
er
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h
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q
u
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y
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P
r
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a
x
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≤
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n

‖a
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i
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>
ω
a

 
→
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ā

(s
)

l i
‖ 2
‖R

k
‖ F
‖a

j
‖ 2

+
‖ā
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â

(s
)

i
} i
,{
R̂

(s
)

k
} k

))

≤
m

ax
s∈
{s

0
,.
..
,s

m
a
x
}

8
ex

p
(ω

2 a
ω
r
)

s

∣ ∣ ∣` 0
({
â
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(â
(s)
i

)
T
R̂

(s)
k
â
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(â
(s

)
i,
π
)T
R̂

(s
)

k
,π
â
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th
at

u
ses

L
A

S
R

S
d
a
ta

(B
eck

et
al.,

2004).
W

e
evalu

ate
tw

o
train

in
g

scen
arios,

on
e

u
sin

g
all

availa
b
le

tra
in

in
g

d
a
ta

fro
m

th
e

P
R

IS
M

d
ata

set
(F

errer
et

al.,
2011

),
w

h
ich

con
tain

s
a

sm
a
ll

p
ercen

tage
o
f

sp
ea

kers
sp

ea
k
in

g
tw

o
d
iff

eren
t

lan
gu

ages,
an

d
on

e
w

h
ere

w
e

su
b
set

th
e

train
in

g
d
ata

to
co

n
tain

o
n
ly

o
n
e

lan
gu

age
p

er
sp

eaker.
W

e
sh

ow
th

at
J
P

L
D

A
sign

ifi
can

tly
ou

tp
erform

s
tw

o
sta

n
d
a
rd

P
L

D
A

ap
p
roach

es
w

ith
d
iff

eren
t

stru
ctu

res
an

d
tied

P
L

D
A

,
esp

ecially
w

h
en

th
e

tra
in

in
g

d
a
ta

co
n
tain

s
m

ostly
or

on
ly

a
sin

gle
lan

g
u
age

p
er

sp
eaker.

2
.
S
ta
n
d
a
rd

P
L
D
A

M
o
d
e
ls

In
th

is
w

o
rk

,
w

e
ad

op
t

th
e

n
om

en
clatu

re
u
su

ally
u
sed

b
y

th
e

sp
eaker

recogn
itio

n
co

m
m

u
n
ity.

Y
et,

th
e

m
o
d
el

p
rop

osed
can

b
e

u
sed

for
th

e
origin

al
im

age
p
ro

cessin
g

task
or

an
y

o
th

er
task

fo
r

w
h
ich

sta
n
d
a
rd

P
L

D
A

is
u
sed

.

S
tan

d
ard

P
L

D
A

(P
rin

ce,
2007)

assu
m

es
th

at
th

e
v
ector

m
i

rep
resen

tin
g

a
certain

sam
p
le

fro
m

sp
ea

ker
s
i

is
giv

en
b
y

m
i

=
µ

+
V
y
s
i

+
U
x
i
+
z
i ,

(1)

w
h
ere

µ
is

a
fi
x
ed

b
ias;

y
s
i

is
a

vector
of

size
R
y ,

th
e

d
im

en
sion

of
th

e
sp

eaker
su

b
sp

ace;
a
n
d
x
i

is
a

vector
of

size
R
x ,

th
e

d
im

en
sion

of
th

e
su

b
sp

ace
corresp

on
d
in

g
to

th
e

n
u
isan

ce
co

n
d
itio

n
o
r,

a
s

u
su

ally
called

in
sp

eak
er

recog
n
ition

,
th

e
ch

an
n
el.

T
h
e

m
o
d
el

assu
m

es
th

at

y
s
i
∼

N
(0,I

),

x
i
∼

N
(0,I

),

z
i
∼

N
(0,D

−
1),

w
h
ere

th
e

m
a
trix

D
is

assu
m

ed
to

b
e

d
iagon

al.
A

ll
th

ese
laten

t
varia

b
les

are
assu

m
ed

in
d
ep

en
d
en

t:
sp

eak
er

variab
les

are
in

d
ep

en
d
en

t
across

sp
eakers,

an
d

th
e

n
u
isan

ce
variab

le
x
i

a
n
d

n
o
ise

va
ria

b
le
z
i

are
in

d
ep

en
d
en

t
across

sam
p
les.
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F
e
r
r
e
r
a
n
d

M
c
L
a
r
e
n

T
h
is

m
o
d
el

is
eq

u
ivalen

t
(S

izov
et

al.,
2014)

to
assu

m
in

g
th

e
follow

in
g

d
istrib

u
tion

s

m
i |γ

s
i
∼

N
(γ
s
i ,U

U
T

+
D
−

1),
(2)

γ
s
i
∼

N
(µ
,V
V
T

).
(3)

w
h
ere

w
e

can
see

th
at
V
V
T

is
th

e
b

etw
een

-sp
eaker

an
d
U
U
T

+
D
−

1
is

th
e

w
ith

in
-sp

eaker
covarian

ce
m

atrix
of

th
e
m
i

vectors.
N

ote
th

at,
in

th
e

g
en

eral
ca

se,
th

e
m

atrix
V
V
T

cou
ld

b
e

sin
gu

lar.
T

h
is

fact,
th

ou
gh

,
d
o
es

n
ot

cau
se

an
y

th
eoretical

or
p
ractical

p
rob

lem
s

for
th

e
P

L
D

A
m

o
d
el.

T
h
e

m
o
d
el

d
escrib

ed
ab

ove
corresp

on
d
s

to
th

e
origin

al
P

L
D

A
form

u
lation

,
w

h
ich

w
e

w
ill

call
fu

ll
P

L
D

A
(F

P
L

D
A

).
In

sp
eaker

recogn
ition

,
a

sim
p
lifi

ed
version

of
P

L
D

A
(S

P
L

D
A

for
th

e
p
u
rp

ose
of

th
is

p
ap

er)
is

m
ore

com
m

on
ly

u
sed

,
w

h
ere

th
e

n
u
isan

ce
term

U
x
i

is
ab

sorb
ed

in
to

th
e

n
oise

term
,

w
h
ich

is
th

en
assu

m
ed

to
h
ave

a
fu

ll
rath

er
th

an
d
iagon

al
covarian

ce
m

atrix
.

S
izov

et
al.

(2014)
gives

a
com

p
reh

en
sive

ex
p
lan

ation
of

th
e

u
su

al
fl
avors

of
P

L
D

A
.

T
h
e

train
in

g
of

P
L

D
A

p
aram

eters
is

d
on

e
u
sin

g
an

E
M

alg
orith

m
.

T
h
e

E
M

form
u
lation

for
S
P

L
D

A
an

d
F

P
L

D
A

can
b

e
fou

n
d

in
tw

o
very

d
etailed

d
o
cu

m
en

ts
b
y

B
rü

m
m

er
(2010

a,b
).

F
or

F
P

L
D

A
,
w

e
u
se

a
m

in
im

u
m

d
iverg

en
ce

(K
en

n
y
,
2010)

step
after

ev
ery

m
ax

im
ization

step
.

T
h
is

step
is

gen
erally

u
sed

to
sp

eed
u
p

co
n
verg

en
ce

of
th

e
E

M
algorith

m
.

F
or

S
P

L
D

A
,

th
is

step
w

as
n
ot

n
ecessary

for
q
u
ick

con
verg

en
ce

sin
ce,

as
w

e
w

ill
see,

th
e

sm
a
rt

in
itialization

p
ro

ced
u
re

d
escrib

ed
b

elow
alread

y
lead

s
to

an
ex

cellen
t

m
o
d
el.

W
e

w
ill

n
ot

rep
ro

d
u
ce

th
e

E
M

form
u
las

h
ere,

b
u
t

w
e

w
ill

d
escrib

e
th

e
tw

o
in

itia
lization

p
ro

ced
u
res

w
e

u
se,

sin
ce

th
ey

w
ill

b
e

com
p
ared

in
th

e
ex

p
erim

en
tal

section
.

2
.1

.
E

M
In

itia
liz

a
tio

n
P

ro
c
e
d

u
re

T
h
e

E
M

algorith
m

req
u
ires

an
in

itial
m

o
d
el

to
start

th
e

iteration
s.

T
h
is

m
o
d
el

can
b

e
gen

erated
ran

d
om

ly
or,

in
th

e
case

of
S
P

L
D

A
,

w
ith

a
“sm

art”
p
ro

ced
u
re

th
at

resu
lts

in
a

m
u
ch

b
etter

in
itial

m
o
d
el

th
at,

in
tu

rn
,

req
u
ires

m
an

y
few

er
or

n
o

E
M

iteration
s

to
co

n
verge

to
th

e
fi
n
al

p
aram

eters.
In

ou
r

ex
p

erim
en

ts,
for

ran
d
om

in
itializa

tion
,
w

e
set

D
to

b
e

an
id

en
tity

m
atrix

,
an

d
V

an
d

U
,

w
h
en

ap
p
licab

le,
to

b
e

m
atrices

w
ith

ran
d
om

elem
en

ts
d
raw

n
from

a
n
orm

al
d
istrib

u
tion

w
ith

stan
d
ard

d
ev

iation
0.01

an
d

m
ean

0.
F

or
S
P

L
D

A
,

w
e

also
try

a
sm

art
in

itialization
ap

p
roach

th
at

is
d
irectly

m
otivated

b
y

E
q
u
ation

s
(2)

an
d

(3).
N

am
ely,

w
e

in
itialize

V
an

d
D

as
follow

s

V
=

Q
Λ
−

1
/
2,

D
=

W
−

1,

w
h
ere

W
is

th
e

em
p
irical

w
ith

in
-sp

eaker
covarian

ce
m

a
trix

of
th

e
train

in
g

d
ata,

a
n
d
Q

is
a

m
atrix

w
ith

th
e

eigen
vectors

corresp
on

d
in

g
to

th
e
R
y

largest
eigen

valu
es

of
th

e
b

etw
een

-
sp

eaker
covarian

ce
m

atrix
of

th
e

train
in

g
d
ata

an
d

Λ
−

1
/
2

is
a

d
iagon

al
m

atrix
con

tain
in

g
th

e
sq

u
are

ro
ots

of
th

ose
eigen

valu
es.

A
s

w
ill

b
e

sh
ow

n
in

th
e

ex
p

erim
en

ts,
th

is
in

itialization
p
ro

ced
u
re

w
ork

s
q
u
ite

w
ell,

lead
in

g
to

m
o
d
els

th
at

are
as

go
o
d

as
th

ose
train

ed
w

ith
m

an
y

iteration
s

of
E

M
.

2
.2

.
S

c
o
rin

g

In
th

is
w

ork
,

w
e

con
sid

er
a

verifi
cation

task
.

T
w

o
sets

of
sam

p
les,

an
en

rollm
en

t
set

E
an

d
a

test
set

T
,

each
corresp

on
d
in

g
to

on
e

or
m

ore
sam

p
les

fro
m

th
e

sa
m

e
sp

eak
er,

are
com

p
ared
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J
o
in
t
P
L
D
A

f
o
r
S
im

u
lt
a
n
e
o
u
s
M
o
d
e
l
in
g

o
f
T
w
o

F
a
c
t
o
r
s

to
d
ec

id
e

w
h
et

h
er

th
e

tw
o

sp
ea

ke
rs

ar
e

th
e

sa
m

e
o
r

d
iff

er
en

t.
T

h
is

co
m

p
ar

is
on

is
u
su

al
ly

ca
ll
ed

a
tr

ia
l

in
sp

ea
k
er

ve
ri

fi
ca

ti
on

.
In

so
m

e
ap

p
li
ca

ti
on

s,
a

h
ar

d
d
ec

is
io

n
is

n
ee

d
ed

;
in

ot
h
er

s,
a

so
ft

sc
or

e
is

p
re

fe
ra

b
le

.
T

h
e

P
L

D
A

p
ap

er
(P

ri
n
ce

,
20

07
)

sh
ow

ed
h
ow

to
u
se

th
is

m
o
d
el

to
co

m
p
u
te

th
e

li
ke

li
h
o
o
d

ra
ti

o
(L

R
)

b
et

w
ee

n
th

e
tw

o
h
y
p

ot
h
es

es
,

w
h
ic

h
ca

n
b

e
u
se

d
d
ir

ec
tl

y
as

so
ft

sc
or

e
or

th
re

sh
ol

d
ed

to
m

ak
e

h
ar

d
d
ec

is
io

n
s

if
re

q
u
ir

ed
.

T
h
e

L
R

is
g
iv

en
b
y

L
R

=
p
(E
,T
|H

S
S

)

p
(E
,T
|H

D
S

),

w
h
er

e
H
S
S

is
th

e
h
y
p

ot
h
es

is
th

at
th

e
sp

ea
ke

rs
in

b
ot

h
se

ts
ar

e
th

e
sa

m
e,

w
h
il
e
H
D
S

is
th

e
h
y
p

ot
h
es

is
th

at
th

e
sp

ea
ke

rs
ar

e
d
iff

er
en

t.
T

h
is

va
lu

e
ca

n
b

e
co

m
p
u
te

d
u
si

n
g

a
cl

os
ed

fo
rm

u
si

n
g

th
e

P
L

D
A

m
o
d
el

.
In

ou
r

co
d
e

w
e

u
se

th
e

fo
rm

u
la

ti
on

d
er

iv
ed

b
y

C
u
m

an
i

et
al

.
(2

01
4)

,
E

q
u
at

io
n

(3
4)

.
N

ot
e,

th
ou

gh
,

th
at

th
e

la
st

te
rm

in
th

at
eq

u
at

io
n

sh
ou

ld
n
ot

b
e

th
er

e
(t

h
is

m
is

ta
ke

w
as

co
n
fi
rm

ed
b
y

on
e

co
au

th
or

of
th

e
p
ap

er
).

3
.
T
ie
d
P
L
D
A

M
o
d
e
l

T
h
e

ti
ed

P
L

D
A

m
o
d
el

w
as

in
tr

o
d
u
ce

d
b
y

L
i

et
al

.
(2

01
2)

.
T

h
e

m
o
d
el

is
a

m
ix

tu
re

o
f

P
L

D
A

m
o
d
el

s
w

h
er

e
th

e
la

te
n
t

va
ri

ab
le

co
rr

es
p

on
d
in

g
to

th
e

sp
ea

k
er

is
ti

ed
ac

ro
ss

co
m

p
on

en
ts

.
T

h
e

ve
ct

or
re

p
re

se
n
ti

n
g

sa
m

p
le
i

fr
om

sp
ea

ke
r
s i

is
m

o
d
el

ed
as

m
i

=
µ
d
i

+
V
d
i
y s
i

+
U
d
i
x
i
+
z i
,

(4
)

w
h
er

e
d
i

in
d
ic

at
es

th
e

m
ix

tu
re

co
m

p
on

en
t

co
rr

es
p

on
d
in

g
to

sa
m

p
le
i,

an
d

w
h
er

e

y s
i
∼

N
(0
,I

),

x
i
∼

N
(0
,I

),

z i
∼

N
(0
,D
−

1
d
i

).

H
en

ce
,

on
ce

th
e

m
ix

tu
re

co
m

p
on

en
t

is
gi

ve
n
,

th
e

m
o
d
el

re
d
u
ce

s
to

a
st

an
d
a
rd

P
L

D
A

m
o
d
el

.
In

th
is

w
or

k
,

w
e

as
su

m
e

th
at

th
e

m
ix

tu
re

co
m

p
on

en
t

is
k
n
ow

n
b

ot
h

d
u
ri

n
g

tr
ai

n
in

g
an

d
d
u
ri

n
g

te
st

in
g,

as
in

th
e

or
ig

in
al

w
or

k
(L

i
et

al
.,

20
12

),
th

ou
gh

th
e

au
th

or
s

n
o
te

th
at

th
is

is
n
ot

a
n
ec

es
sa

ry
co

n
d
it

io
n
.

In
th

e
si

m
p
le

st
ca

se
w

e
co

u
ld

ta
ke

th
e

m
ix

tu
re

co
m

p
on

en
t

to
b

e
th

e
n
u
is

an
ce

co
n
d
it

io
n

of
th

e
sa

m
p
le

b
u
t,

as
w

e
w

il
l

se
e,

th
is

m
ig

h
t

n
ot

b
e

fe
as

ib
le

if
so

m
e

co
n
d
it

io
n
s

h
av

e
to

o
fe

w
tr

ai
n
in

g
sa

m
p
le

s
in

w
h
ic

h
ca

se
gr

ou
p
in

g
of

sa
m

p
le

s
fr

om
d
iff

er
en

t
co

n
d
it

io
n
s

in
to

th
e

sa
m

e
co

m
p

on
en

t
m

ig
h
t

b
e

n
ec

es
sa

ry
.

N
ot

e
th

at
th

e
la

te
n
t

va
ri

ab
le
y s
i

d
o
es

n
ot

d
ep

en
d

on
th

e
co

m
p

on
en

t.
R

at
h
er

,
th

is
va

ri
ab

le
is

ti
ed

fo
r

al
l
sa

m
p
le

s
fr

om
th

e
sa

m
e

sp
ea

ke
r

ac
ro

ss
co

m
p

on
en

ts
.

T
h
is

en
ab

le
s

th
e

m
o
d
el

to
p
ro

p
er

ly
re

p
re

se
n
t

cr
os

s-
co

m
p

on
en

t
va

ri
ab

il
it

y.
A

s
fo

r
th

e
or

ig
in

al
P

L
D

A
m

o
d
el

,
a

si
m

p
le

P
L

D
A

m
o
d
el

ca
n

b
e

u
se

d
in

st
ea

d
of

th
e

fu
ll

P
L

D
A

m
o
d
el

fo
r

ea
ch

co
m

p
on

en
t

in
th

e
m

ix
tu

re
.

F
u
rt

h
er

,
th

e
co

va
ri

a
n
ce

m
at

ri
x

fo
r

th
e

n
oi

se
te

rm
ca

n
b

e
ei

th
er

fu
ll

or
d
ia

go
n
al

.
In

th
is

w
or

k
,

ea
ch

co
m

p
on

en
t

is
d
es

cr
ib

ed
b
y

a
S
P

L
D

A
m

o
d
el

fo
r

si
m

p
li
ci

ty
of

im
p
le

m
en

ta
ti

on
,

si
n
ce

th
e

d
iff

er
en

ce
b

et
w

ee
n

S
P

L
D

A
a
n
d

F
P

L
D

A
is

ve
ry

sm
al

l
in

p
ra

ct
ic

e.
T

h
e

T
P

L
D

A
m

o
d
el

d
es

cr
ib

ed
b
y

L
i

et
al

.
(2

01
2)

an
d

u
se

d
h
er

e
co

in
ci

d
es

w
it

h
w

h
at

M
ak

et
al

.
(2

01
6)

ca
ll
s

S
N

R
-d

ep
en

d
en

t
m

ix
tu

re
P

L
D

A
m

o
d
el

if
w

e
as

su
m

e
th

e
S
N

R
to

b
e

d
is

cr
et

e
ra

th
er

th
an

co
n
ti

n
u
ou

s
so

th
at

th
e

p
os

te
ri

or
p
ro

b
ab

il
it

y
fo

r
ea

ch
co

m
p

on
en

t
is

fi
x
ed

to
1

fo
r

th
e

co
m

p
on

en
t

co
rr

es
p

on
d
in

g
to

th
e

sa
m

p
le

,
an

d
to

0
ot

h
er

w
is

e.
T

h
e

tr
ai

n
in

g
an

d
sc

or
in

g
p
ro

ce
d
u
re

s
fo

r
T

P
L

D
A

ca
n

b
e

fo
u
n
d

in
th

e
su

p
p
le

m
en

ta
ry

m
at

er
ia

l
fo

r
M

a
k

et
a
l.

(2
0
16

).
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F
e
r
r
e
r
a
n
d

M
c
L
a
r
e
n

4
.
J
o
in
t
P
L
D
A

M
o
d
e
l

In
th

is
w

or
k
,
w

e
p
ro

p
os

e
a

ge
n
er

al
iz

at
io

n
of

th
e

or
ig

in
al

P
L

D
A

m
o
d
el

w
h
er

e
th

e
n
u
is

a
n
ce

va
ri

-
ab

le
is

n
o

lo
n
ge

r
co

n
si

d
er

ed
in

d
ep

en
d
en

t
ac

ro
ss

sa
m

p
le

s,
b
u
t

p
ot

en
ti

al
ly

sh
ar

ed
(t

ie
d
)

a
cr

o
ss

sa
m

p
le

s
th

at
co

rr
es

p
on

d
to

th
e

sa
m

e
n
u
is

an
ce

co
n
d
it

io
n
.

T
h
is

m
a
ke

s
th

e
m

o
d
el

sy
m

m
et

ri
c

in
th

e
tw

o
la

te
n
t

va
ri

ab
le

s
co

rr
es

p
on

d
in

g
to

th
e

sp
ea

ke
r

an
d

th
e

n
u
is

an
ce

co
n
d
it

io
n
.

T
o

re
p
-

re
se

n
t

th
is

d
ep

en
d
en

cy
,

w
e

in
tr

o
d
u
ce

a
co

n
d
it

io
n

la
b

el
fo

r
ea

ch
sa

m
p
le

,
ca

ll
ed

c i
.

G
iv

en
th

is
la

b
el

,
an

d
th

e
sp

ea
ke

r
la

b
el
s i

,
w

e
p
ro

p
os

e
to

m
o
d
el

ve
ct

or
m
i

of
d
im

en
si

on
R
m

fo
r

sa
m

p
le
i

as
:

m
i

=
µ

+
V
y s
i

+
U
x
c i

+
z i
,

(5
)

w
h
er

e,
as

b
ef

or
e,
y s
i

is
a

ve
ct

or
of

si
ze
R
y

an
d
x
c i

is
a

ve
ct

or
of

si
ze
R
x
,

a
n
d

y s
i
∼

N
(0
,I

),

x
c i
∼

N
(0
,I

),

z i
∼

N
(0
,D
−

1
).

T
h
e

m
o
d
el

’s
p
ar

am
et

er
s

to
es

ti
m

at
e

ar
e
λ

=
{µ
,V
,U
,D
},

as
in

th
e

st
an

d
ar

d
P

L
D

A
fo

rm
u
-

la
ti

on
,

b
u
t

th
e

in
p
u
t

d
at

a
fo

r
th

e
tr

ai
n
in

g
al

go
ri

th
m

is
n
ow

re
q
u
ir

ed
to

h
av

e
a

se
co

n
d

se
t

of
la

b
el

s
in

d
ic

at
in

g
th

e
n
u
is

an
ce

co
n
d
it

io
n

of
ea

ch
sa

m
p
le

.

T
h
e

ex
p

ec
ta

ti
on

-m
ax

im
iz

at
io

n
eq

u
at

io
n
s

fo
r

tr
ai

n
in

g
th

is
n
ew

m
o
d
el

a
re

si
g
n
ifi

ca
n
tl

y
m

or
e

in
vo

lv
ed

th
an

fo
r

th
e

or
ig

in
al

P
L

D
A

m
o
d
el

.
T

h
is

is
d
u
e

to
th

e
fa

ct
th

a
t

ea
ch

sp
ea

ke
r

ca
n
n
ot

b
e

tr
ea

te
d

se
p
ar

at
el

y
fr

om
th

e
ot

h
er

s
si

n
ce

sa
m

p
le

s
fr

om
on

e
sp

ea
ke

r
m

ig
h
t

b
e

d
e-

p
en

d
en

t
on

sa
m

p
le

s
fr

om
a

d
iff

er
en

t
sp

ea
ke

r.
T

h
is

cr
ea

te
s

a
p

ot
en

ti
al

d
ep

en
d
en

cy
b

et
w

ee
n

al
l

tr
ai

n
in

g
sa

m
p
le

s,
w

h
ic

h
gr

ea
tl

y
co

m
p
li
ca

te
s

th
e

fo
rm

u
la

ti
on

,
in

cr
ea

si
n
g

th
e

co
m

p
u
ta

ti
o
n

ti
m

e
b
y

or
d
er

s
of

m
ag

n
it

u
d
e

fo
r

ea
ch

E
M

it
er

at
io

n
.

N
ev

er
th

el
es

s,
as

w
e

w
il
l

se
e

in
th

e
ex

-
p

er
im

en
ts

,
in

it
ia

li
zi

n
g

th
e

m
o
d
el

in
a

sm
ar

t
w

ay
b
as

ic
al

ly
m

ak
es

E
M

u
n
n
ec

es
sa

ry
in

o
u
r

ex
p

er
im

en
ts

,
re

d
u
ci

n
g

th
e

tr
ai

n
in

g
ti

m
e

of
th

e
m

o
d
el

to
th

e
sa

m
e

or
d
er

of
w

h
a
t

is
re

q
u
ir

ed
to

tr
ai

n
st

an
d
ar

d
P

L
D

A
on

th
e

sa
m

e
d
at

a.
A

d
et

ai
le

d
d
er

iv
at

io
n

of
th

e
E

M
a
lg

o
ri

th
m

an
d

sc
or

in
g

p
ro

ce
d
u
re

fo
r

J
P

L
D

A
is

gi
ve

n
b
y

F
er

re
r

(2
01

7)
.

In
A

p
p

en
d
ix

A
w

e
g
iv

e
a

su
m

m
a
ry

of
th

e
fo

rm
u
la

ti
on

,
in

cl
u
d
in

g
al

l
th

e
eq

u
at

io
n
s

n
ee

d
ed

to
im

p
le

m
en

t
th

es
e

a
lg

o
ri

th
m

s.
W

e
h
av

e
n
ot

im
p
le

m
en

te
d

a
m

in
im

u
m

d
iv

er
ge

n
ce

st
ep

fo
r

th
is

m
o
d
el

.
W

e
p
la

n
to

a
d
d

th
is

st
ep

in
th

e
fu

tu
re

.
Y

et
,

gi
ve

n
th

at
,

as
w

e
w

il
l

se
e,

th
e

sm
ar

t
in

it
ia

li
za

ti
on

p
ro

ce
d
u
re

d
es

cr
ib

ed
b

el
ow

m
ak

es
E

M
u
n
n
ec

es
sa

ry
in

ou
r

ex
p

er
im

en
ts

,
w

e
b

el
ie

ve
m

in
im

u
m

d
iv

er
g
en

ce
is

u
n
li
ke

ly
to

re
su

lt
in

b
et

te
r

m
o
d
el

s
fo

r
th

is
ap

p
ro

ac
h
,

at
le

as
t

fo
r

th
e

cu
rr

en
t

ex
p

er
im

en
ts

.

N
ot

e
th

at
th

e
m

at
ri

x
D

in
th

e
J
P

L
D

A
m

o
d
el

ca
n

b
e

fu
ll

or
d
ia

go
n
al

.
If

w
e

w
a
n
t
D

to
b

e
d
ia

go
n
al

,
w

e
si

m
p
ly

se
t
D

to
b

e
th

e
d
ia

go
n
al

p
a
rt

of
th

e
es

ti
m

at
ed

va
lu

e
fo

r
D

in
ea

ch
m

ax
im

iz
at

io
n

st
ep

of
th

e
E

M
al

go
ri

th
m

,
as

d
on

e
fo

r
th

e
st

a
n
d
a
rd

P
L

D
A

E
M

a
lg

o
ri

th
m

(B
rü

m
m

er
,

20
10

a)
.

4
.1

.
E

M
In

it
ia

li
z
a
ti

o
n

P
ro

c
e
d

u
re

T
h
e

J
P

L
D

A
m

o
d
el

ca
n

b
e

ra
n
d
om

ly
in

it
ia

li
ze

d
u
si

n
g

th
e

sa
m

e
p
ro

ce
d
u
re

a
s

fo
r

st
a
n
d
a
rd

P
L

D
A

d
es

cr
ib

ed
in

S
ec

ti
on

2.
1.

W
e

p
ro

p
os

e
an

al
te

rn
at

iv
e

p
ro

ce
d
u
re

to
g
et

th
e

in
it

ia
l

va
lu

es
fo

r
th

e
P

L
D

A
m

o
d
el

,
U

0
,
V

0
an

d
D

0
.

T
h
e

p
ro

ce
d
u
re

fi
rs

t
es

ti
m

at
es

th
e

m
a
tr

ix
U

0

b
y

tr
ai

n
in

g
an

S
P

L
D

A
m

o
d
el

w
it

h
co

n
d
it

io
n

la
b

el
s

as
ta

rg
et

s,
im

p
li
ci

tl
y

ab
so

rb
in

g
th

e
eff

ec
t

of
th

e
sp

ea
ke

r
te

rm
in

to
th

e
n
oi

se
te

rm
.

T
h
is

P
L

D
A

m
o
d
el

is
u
se

d
to

es
ti

m
a
te

th
e

eff
ec

t
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J
o
in
t
P
L
D
A

f
o
r
S
im

u
lt
a
n
e
o
u
s
M
o
d
e
l
in
g

o
f
T
w
o

F
a
c
t
o
r
s

o
f

th
e

co
n
d
itio

n
in

th
e

sam
p
les,

w
h
ich

is
th

en
su

b
tracted

to
ob

tain
con

d
ition

-com
p

en
sated

sa
m

p
les.

T
h
e

n
ew

train
in

g
d
ata

is
th

en
u
sed

to
estim

ate
an

oth
er

S
P

L
D

A
m

o
d
el

w
h
ich

sh
o
u
ld

n
ow

m
o
d
el

th
e

eff
ect

of
th

e
sp

eaker.
T

h
is

secon
d

S
P

L
D

A
m

o
d
el

is
u
sed

ob
tain

V
0

an
d
D

0 .
A

lg
o
rith

m
1

g
iv

es
th

e
p
seu

d
o
co

d
e

for
th

e
p
rop

osed
in

itialization
algorith

m
.

N
ote

th
at,

as
u
su

a
lly

d
on

e
w

h
en

train
in

g
P

L
D

A
m

o
d
els,

w
e

assu
m

e
an

in
itial

step
w

h
ere

µ
is

set
to

th
e

g
lo

b
a
l

m
ea

n
o
f

th
e

d
ata

an
d

su
b
tracted

from
all

train
in

g
sam

p
les.

T
h
e

in
itialization

step
,

as
w

ell
a
s

th
e

E
M

iteration
s,

u
se

th
e

resu
ltin

g
cen

tered
sam

p
les

as
in

p
u
t.

A
s

w
e

w
ill

see
th

is
“
sm

a
rt”

in
itia

lization
lead

s
to

su
ch

a
g
o
o
d

startin
g

p
oin

t
th

at
E

M
iteration

s
are

u
n
n
ecessary

in
o
u
r

ex
p

erim
en

ts.

A
lg

o
rith

m
1

S
m

art
E

M
in

itialization
ap

p
roach

for
J
P

L
D

A
.

T
h
e

m
atrix

M
,

of
size

N
×

R
m

co
n
ta

in
s

th
e

cen
tered

train
in

g
vectors.

L
c

an
d
L
s

are
vectors

of
size

N
con

tain
in

g
th

e
co

n
d
itio

n
an

d
sp

eaker
lab

els
for

th
e

train
in

g
d
ata,

resp
ectively.

F
u
n
ction

S
P

L
D

A
train

retu
rn

s
th

e
p
a
ra

m
eters

of
an

S
P

L
D

A
m

o
d
el

(th
e

su
b
sp

ace
m

atrix
an

d
th

e
n
oise

p
recision

m
atrix

)
a
fter

ru
n
n
in

g
2
0

E
M

iteration
s,

w
h
ile

fu
n
ction

S
P

L
D

A
laten

t
retu

rn
s

th
e

estim
ated

laten
t

va
ria

b
les

fo
r

ea
ch

of
th

e
train

in
g

sam
p
les.

N
o
te

th
at

all
sam

p
les

w
ith

th
e

sam
e

lab
el

h
ave

th
e

sa
m

e
la

ten
t

variab
le.

1
:

p
ro

c
e
d

u
re

J
P
L
D
A
In

it
ia
l
iz
a
t
io
n

(M
,L

c ,L
s ,R

x ,R
y )

2
:

U
0 ,D

=
S
P

L
D

A
train

(M
,L

c ,R
x )

3
:

X
=

S
P

L
D

A
laten

t(M
,L

c ,U
0 ,D

)
.
X

is
a

m
atrix

of
size

N
×
R
x

4
:

M
c

=
M
−
X
U
T0

5
:

V
0 ,D

0
=

S
P

L
D

A
train

(M
c ,L

s ,R
y )

6
:

re
tu

rn
V

0 ,U
0 ,D

0

4
.2

.
S

c
o
rin

g

A
s

fo
r

stan
d
ard

P
L

D
A

,
w

e
d
efi

n
e

th
e

score
as

th
e

likelih
o
o
d

ra
tio

b
etw

een
th

e
tw

o
h
y
p

oth
eses:

th
a
t

th
e

sp
ea

kers
are

th
e

sam
e

an
d

th
at

th
e

sp
eakers

are
d
iff

eren
t.

N
everth

eless,
in

th
is

case
w

e
n
eed

to
m

a
rg

in
alize

b
oth

likelih
o
o
d
s

over
tw

o
n
ew

h
y
p

oth
eses:

th
at

th
e

n
u
isan

ce
con

d
ition

s
a
re

th
e

sa
m

e
a
n
d

th
at

th
ey

are
d
iff

eren
t.

T
h
is

is
b

ecau
se,

in
gen

era
l,

w
e

can
n
ot

assu
m

e
th

at
th

e
n
u
isan

ce
con

d
ition

is
k
n
ow

n
d
u
rin

g
testin

g.
H

en
ce,

th
e

L
R

is
com

p
u
ted

as
follow

s:

L
R

=
p
(E
,T|H

S
S
,H

S
C

)P
(H

S
C |H

S
S

)
+
p
(E
,T|H

S
S
,H

D
C

)P
(H

D
C |H

S
S

)

p
(E
,T|H

D
S
,H

S
C

)P
(H

S
C |H

D
S

)
+
p
(E
,T|H

D
S
,H

D
C

)P
(H

D
C |H

D
S

)
(6)

w
h
ere,

a
s

b
efo

re,
H
S
S

is
th

e
h
y
p

oth
esis

th
at

th
e

sp
eak

ers
fo

r
b

oth
sets

are
th

e
sam

e,
an

d
H
D
S

is
th

e
h
y
p

o
th

esis
th

at
th

ey
are

d
iff

eren
t,

w
h
ile

H
S
C

is
th

e
h
y
p

oth
esis

th
at

th
e

n
u
isan

ce
co

n
d
itio

n
fo

r
b

o
th

sets
is

th
e

sam
e,

an
d
H
D
C

is
th

e
h
y
p

oth
esis

th
at

th
ey

are
d
iff

eren
t.

T
h
is

L
R

va
lu

e
ca

n
b

e
com

p
u
ted

u
sin

g
a

closed
form

d
eriv

ed
in

A
p
p

en
d
ix

A
an

d
,

in
m

ore
d
etail,

in
(F

errer,
2
0
1
7
).

N
o
te

th
at

h
ere

w
e

assu
m

e
th

at
all

sam
p
les

from
th

e
en

ro
llm

en
t

set
com

e
from

th
e

sam
e

co
n
d
itio

n
an

d
a
ll

sam
p
les

from
th

e
test

set
com

e
from

th
e

sam
e

con
d
ition

,
w

h
ich

cou
ld

b
e

th
e

sa
m

e
o
r

d
iff

eren
t

from
th

e
en

rollm
en

t
con

d
ition

.
T

h
is

is
triv

ially
tru

e
w

h
en

th
e

sets
are

co
m

p
o
sed

o
f

a
sin

gle
sam

p
le,

w
h
ich

is
th

e
case

w
e

con
sid

er
in

th
e

ex
p

erim
en

ts
in

th
is

p
ap

er.
T

h
e

fo
rm

u
la

tio
n

w
ou

ld
b

ecom
e

m
ore

com
p
lex

w
ith

ou
t

th
is

assu
m

p
tion

sin
ce

w
e

w
ou

ld
n
eed

to
co

n
sid

er
th

e
p

o
ssib

ility
th

at
each

sam
p
le

in
each

set
cou

ld
com

e
from

d
iff

eren
t

con
d
ition

s.
In
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F
e
r
r
e
r
a
n
d

M
c
L
a
r
e
n

(F
errer,

2017),
w

e
also

d
erive

th
e

scorin
g

form
u
la

for
a

m
u
lti-en

rollm
en

t
sin

gle-test
case

w
h
ere

th
e

en
rollm

en
t

con
d
ition

s
are

k
n
ow

n
an

d
d
iff

eren
t

from
th

e
test

con
d
ition

.
T

h
is

form
u
lation

is
u
sed

w
h
en

ap
p
ly

in
g

J
P

L
D

A
to

lan
g
u
age

id
en

tifi
cation

(L
ID

).
E

x
p

erim
en

ts
on

L
ID

w
ill

b
e

th
e

su
b

ject
of

an
oth

er
p
ap

er.
F

u
rth

er,
th

e
gen

eralization
of

th
e

scorin
g

form
u
la

to
m

u
ltip

le
en

rollm
en

t
or

test
sam

p
les

w
ith

u
n
k
n
ow

n
con

d
ition

s
w

ill
b

e
co

n
sid

ered
in

fu
tu

re
w

ork
.

A
n
oth

er
im

p
licit

assu
m

p
tion

m
ad

e
in

E
q
u
ation

(6)
is

th
at

th
e

con
d
ition

s
in

th
e

test
trials

h
ave

n
ot

b
een

seen
d
u
rin

g
train

in
g.

T
h
is

a
ssu

m
p
tion

is
also

m
ad

e
w

ith
resp

ect
to

th
e

sp
eakers,

b
oth

in
J
P

L
D

A
an

d
stan

d
ard

P
L

D
A

scorin
g.

W
h
ile,

in
m

an
y

ap
p
lication

s,
th

e
assu

m
p
tion

th
at

test
sp

eakers
are

u
n
seen

d
u
rin

g
train

in
g

is
ap

p
rop

riate,
th

is
m

ay
n
ot

alw
ay

s
b

e
th

e
case

for
n
u
isan

ce
con

d
ition

s.
In

p
articu

lar,
in

ou
r

ex
p

erim
en

ts,
w

h
ere

th
e

n
u
isan

ce
con

d
ition

is
given

b
y

th
e

lan
gu

age
sp

oken
in

th
e

sign
al,

th
is

assu
m

p
tion

d
o
es

n
ot

h
old

for
som

e
trials,

sin
ce

som
e

of
th

e
test

lan
gu

ages
are

seen
d
u
rin

g
train

in
g.

In
th

e
fu

tu
re,

w
e

p
lan

to
relax

th
is

assu
m

p
tion

,
w

h
ich

m
ay

allow
for

fu
rth

er
p

erform
an

ce
im

p
rov

em
en

ts.

T
h
e

scorin
g

form
u
la

ab
ove

d
ep

en
d
s

on
tw

o
p
rior

p
rob

ab
ilities,

th
e

p
rob

ab
ility

th
at

th
e

en
-

rollm
en

t
an

d
test

con
d
ition

s
are

th
e

sam
e

given
th

at
th

e
sp

eakers
are

th
e

sam
e,
P

(H
S
C |H

S
S

),
an

d
th

e
p
rob

ab
ility

th
at

th
e

con
d
itio

n
s

are
th

e
sam

e
given

th
at

th
e

sp
eak

ers
are

d
iff

er-
en

t,
P

(H
S
C |H

D
S

).
T

h
e

oth
er

tw
o

p
rior

p
rob

a
b
ilities

are
d
ep

en
d
en

t
on

th
ese

tw
o

sin
ce

P
(H

S
C |H

S
S

)
+
P

(H
D
C |H

S
S

)
=

1
an

d
P

(H
S
C |H

D
S

)
+
P

(H
D
C |H

D
S

)
=

1.
T

h
ese

tw
o

in
-

d
ep

en
d
en

t
p
rior

p
rob

ab
ilities

are
p
aram

eters
th

at
cou

ld
b

e
com

p
u
ted

from
th

e
train

in
g

d
ata,

tu
n
ed

u
sin

g
a

d
evelop

m
en

t
set,

or
set

to
arb

itrary
valu

es
b
ased

on
w

h
at

is
k
n
ow

n
ab

ou
t

th
e

test
d
ata.

In
som

e
ap

p
lication

s,
th

e
n
u
isan

ce
con

d
ition

m
igh

t
b

e
k
n
ow

n
also

in
testin

g.
In

th
at

case,
th

e
sam

e-con
d
ition

p
riors

can
b

e
set

to
1.0

for
sam

e-con
d
ition

trials
an

d
to

0
for

d
iff

eren
t-con

d
ition

trials.

5
.
E
x
p
e
rim

e
n
ta
l
S
e
tu

p

In
th

is
section

w
e

d
escrib

e
th

e
task

,
th

e
p

erform
an

ce
m

etrics,
th

e
d
ata

u
sed

for
th

e
ex

p
er-

im
en

ts
an

d
th

e
p
ro

ced
u
re

u
sed

to
con

vert
each

au
d
io

sam
p
le

to
a

fi
x
ed

-len
g
th

vector
to

b
e

m
o
d
eled

b
y

th
e

d
iff

eren
t

P
L

D
A

m
eth

o
d
s.

5
.1

.
M

u
ltila

n
g
u
a
g
e

S
p

e
a
k
e
r

V
e
rifi

c
a
tio

n

T
h
e

task
con

sid
ered

for
ou

r
ex

p
erim

en
ts

is
sp

eaker
verifi

cation
,

w
h
ich

con
sists

of
d
eterm

in
in

g
w

h
eth

er
tw

o
sets

of
sam

p
les,

an
en

rollm
en

t
an

d
a

test
set,

b
elon

g
to

th
e

sam
e

sp
eak

er
or

n
ot.

H
ere

w
e

con
sid

er
th

e
sim

p
lest

case,
w

h
ere

b
oth

en
rollm

en
t

an
d

test
sets

each
con

tain
a

sin
gle

sp
eech

sam
p
le.

A
p
air

of
en

rollm
en

t
an

d
test

sam
p
les

is
called

a
tria

l.
A

trial
is

a
target

trial
if

th
e

en
rollm

en
t

an
d

test
sp

eak
ers

are
th

e
sam

e
an

d
an

im
p

ostor
trial

if
th

e
tw

o
sp

eakers
are

d
iff

eren
t.

In
th

is
p
ap

er
w

e
ex

p
lore

th
e

p
rob

lem
of

m
u
ltilan

gu
age

sp
eaker

v
erifi

catio
n

w
h
ere

test
trials

can
b

e
com

p
osed

of
tw

o
sam

p
les

in
th

e
sam

e
lan

gu
age

(sam
e-lan

gu
age

trials)
or

tw
o

sam
p
les

in
d
iff

eren
t

lan
gu

ages
(cross-lan

gu
ag

e
trials).

M
ost

state-of-th
e-art

sp
eaker

verifi
cation

sy
stem

s
are

in
h
eren

tly
la

n
gu

age-in
d
ep

en
d
en

t
in

th
e

sen
se

th
at

th
ey

d
o

n
ot

u
se

in
form

ation
ab

ou
t

th
e

lan
gu

age
sp

oken
in

ord
er

to
gen

erate
th

e
ou

tp
u
t

score.
Y

et,
th

is
d
o
es

n
ot

m
ean

th
at

th
ey

are
rob

u
st

to
lan

gu
age

variation
.

In
fact,

sp
eaker

verifi
cation

p
erform

an
ce

is
k
n
ow

n
to

d
egrad

e
sign

ifi
can

tly
in

cross-la
n
gu

age
trials

as
w

ell
as

in
sam

e-lan
gu

age
trials

from
lan

gu
ages

n
ot

fou
n
d

in
th

e
train

in
g

set
(A

u
ck

en
th

aler
et

al.,
2001;

M
isra

an
d

H
an

sen
,

2014;
R

ozi
et

al.,
2016).
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J
o
in
t
P
L
D
A

f
o
r
S
im

u
lt
a
n
e
o
u
s
M
o
d
e
l
in
g

o
f
T
w
o

F
a
c
t
o
r
s

R
oz

i
et

al
.

(2
01

6)
d
is

cu
ss

es
a

p
ro

b
le

m
th

at
o
cc

u
rs

w
h
en

tr
ai

n
in

g
P

L
D

A
m

o
d
el

s
w

it
h

m
u
l-

ti
li
n
gu

al
d
at

a:
th

e
d
is

tr
ib

u
ti

on
of

th
e

sp
ea

k
er

fa
ct

or
s

b
ec

om
es

b
ro

ad
er

to
co

ve
r

th
e

d
iff

er
en

t
la

n
gu

ag
es

th
at

a
sp

ea
ke

r
m

ig
h
t

sp
ea

k
,
w

h
ic

h
co

u
ld

re
su

lt
in

su
b

op
ti

m
al

p
er

fo
rm

an
ce

on
sa

m
e-

la
n
gu

ag
e

tr
ia

ls
.

T
h
ey

p
ro

p
os

e
to

m
it

ig
at

e
th

is
p
ro

b
le

m
b
y

tr
a
in

in
g

a
st

a
n
d
ar

d
P

L
D

A
m

o
d
el

u
si

n
g

b
ot

h
la

n
gu

ag
e

an
d

sp
ea

ke
r

as
ta

rg
et

s
(i

.e
.,

sa
m

p
le

s
fr

om
th

e
sa

m
e

sp
ea

k
er

b
u
t

d
iff

er
en

t
la

n
gu

ag
e

ar
e

co
n
si

d
er

ed
as

d
iff

er
en

t
sp

ea
ke

rs
).

T
h
is

la
n
gu

ag
e-

aw
ar

e
P

L
D

A
m

o
d
el

p
er

fo
rm

s
si

gn
ifi

ca
n
tl

y
b

et
te

r
on

sa
m

e-
la

n
gu

ag
e

tr
ia

ls
th

an
th

e
m

o
d
el

tr
a
in

ed
w

it
h

sp
ea

ke
r

ta
rg

et
s,

b
u
t

d
eg

ra
d
es

on
cr

os
s-

la
n
gu

ag
e

tr
ia

ls
,

si
n
ce

it
ca

n
n
ot

m
o
d
el

cr
os

s-
la

n
gu

ag
e

va
ri

at
io

n
.

J
P

L
D

A
,
on

th
e

ot
h
er

h
an

d
,

ca
n

si
m

u
lt

an
eo

u
sl

y
m

o
d
el

la
n
gu

ag
e

an
d

sp
ea

ke
r

fa
ct

or
s,

al
lo

w
in

g
th

e
sp

ea
ke

r
fa

ct
or

s
to

ke
ep

a
sh

ar
p

er
d
is

tr
ib

u
ti

on
,

w
h
il
e

st
il
l

m
o
d
el

in
g

th
e

eff
ec

t
of

la
n
gu

ag
e,

re
su

lt
in

g
in

im
p
ro

ve
d

p
er

fo
rm

an
ce

b
ot

h
in

sa
m

e-
la

n
gu

ag
e

an
d

cr
os

s-
la

n
gu

ag
e

tr
ia

ls
w

it
h

re
sp

ec
t

to
st

an
d
ar

d
P

L
D

A
.

5
.2

.
P

e
rf

o
rm

a
n

c
e

M
e
tr

ic
s

W
e

co
m

p
u
te

p
er

fo
rm

an
ce

u
si

n
g

th
e

eq
u
al

-e
rr

or
ra

te
(E

E
R

)
an

d
d
et

ec
ti

on
er

ro
r

(D
E

T
)

cu
rv

es
.

T
h
e

D
E

T
cu

rv
es

an
d

th
e

E
E

R
m

ea
su

re
th

e
p

er
fo

rm
an

ce
of

a
sy

st
em

th
at

u
se

s
th

e
sc

or
es

(i
n

ou
r

ca
se

,
th

e
L

R
s)

to
m

ak
e

fi
n
al

d
ec

is
io

n
s

on
th

e
la

b
el

of
ea

ch
sa

m
p
le

b
y

co
m

p
ar

in
g

th
es

e
sc

or
es

w
it

h
a

d
ec

is
io

n
th

re
sh

ol
d
.

S
am

p
le

s
w

h
os

e
sc

or
es

ar
e

ab
ov

e
th

e
th

re
sh

ol
d

ar
e

la
b

el
ed

as
ta

rg
et

s
an

d
sa

m
p
le

s
w

h
os

e
sc

or
es

ar
e

b
el

ow
th

e
th

re
sh

ol
d

ar
e

la
b

el
ed

a
s

im
p

os
to

rs
.

T
w

o
ty

p
es

of
er

ro
r

ar
e

th
en

p
os

si
b
le

:
(1

)
m

is
se

s,
th

e
tr

u
e

ta
rg

et
tr

ia
ls

th
at

ar
e

la
b

el
ed

as
im

p
os

to
rs

b
y

th
e

sy
st

em
,

an
d

(2
)

fa
ls

e
al

ar
m

s,
th

e
im

p
os

to
r

tr
ia

ls
th

at
ar

e
la

b
el

ed
as

ta
rg

et
s

b
y

th
e

sy
st

em
.

T
h
e

E
E

R
is

gi
ve

n
b
y

th
e

m
is

s
ra

te
w

h
en

th
e

d
ec

is
io

n
th

re
sh

ol
d

is
se

t
su

ch
th

at
th

e
m

is
s

ra
te

is
eq

u
al

to
th

e
fa

ls
e

al
ar

m
ra

te
.

D
E

T
cu

rv
es

(M
ar

ti
n

et
al

.,
19

97
)

ar
e

a
va

ri
at

io
n

ov
er

th
e

tr
ad

it
io

n
al

re
ce

iv
er

op
er

at
-

in
g

ch
ar

ac
te

ri
st

ic
(R

O
C

)
cu

rv
es

th
at

h
av

e
b

ee
n

w
id

el
y

u
se

d
fo

r
sp

ea
ke

r
v
er

ifi
ca

ti
on

fo
r

tw
o

d
ec

ad
es

.
A

D
E

T
cu

rv
e

is
a

p
lo

t
of

th
e

fa
ls

e
al

ar
m

ra
te

ve
rs

u
s

th
e

m
is

s
ra

te
ob

ta
in

ed
w

h
il
e

sw
ee

p
in

g
a

d
ec

is
io

n
th

re
sh

ol
d

ov
er

a
ce

rt
ai

n
ra

n
g
e

w
h
er

e
th

e
ax

es
ar

e
tr

an
sf

or
m

ed
to

a
p
ro

b
it

sc
al

e.
T

h
e

p
ro

b
it

tr
an

sf
or

m
at

io
n
,

th
e

in
ve

rs
e

of
th

e
cu

m
u
la

ti
ve

d
is

tr
ib

u
ti

on
fu

n
ct

io
n

of
th

e
st

an
d
ar

d
n
or

m
al

d
is

tr
ib

u
ti

on
,

co
n
ve

rt
s

th
e

m
is

s
ve

rs
u
s

fa
ls

e
al

ar
m

ra
te

cu
rv

e
in

to
a

st
ra

ig
h
t

li
n
e

if
th

e
sc

or
e

d
is

tr
ib

u
ti

on
fo

r
th

e
tw

o
cl

as
se

s
is

G
au

ss
ia

n
w

it
h

th
e

sa
m

e
st

an
d
ar

d
d
ev

ia
-

ti
on

(M
ar

ti
n

et
al

.,
19

97
),

w
h
ic

h
is

a
re

as
on

ab
le

ap
p
ro

x
im

at
io

n
fo

r
m

an
y

sp
ea

ke
r

ve
ri

fi
ca

ti
on

sy
st

em
s.

5
.3

.
T

ra
in

in
g

D
a
ta

W
e

co
n
si

d
er

tw
o

tr
ai

n
in

g
co

n
d
it

io
n
s,

on
e

th
at

in
cl

u
d
es

al
l

ou
r

av
ai

la
b
le

tr
ai

n
in

g
d
at

a
(F

U
L

L
)

an
d

a
su

b
se

t
th

at
ke

ep
s

on
ly

on
e

la
n
gu

a
ge

fo
r

ea
ch

sp
ea

ke
r

(M
O

N
O

L
IN

G
).

T
h
e

se
co

n
d

co
n
-

d
it

io
n

is
d
es

ig
n
ed

to
h
el

p
u
s

an
al

y
ze

p
er

fo
rm

an
ce

of
th

e
P

L
D

A
m

et
h
o
d
s

u
n
d
er

th
is

ex
tr

em
el

y
ch

al
le

n
gi

n
g

sc
en

ar
io

w
h
er

e
n
o

ex
p
li
ci

t
in

fo
rm

at
io

n
is

av
ai

la
b
le

in
th

e
tr

ai
n
in

g
d
at

a
of

th
e

eff
ec

t
th

at
la

n
gu

ag
e

h
as

on
th

e
ve

ct
or

s
re

p
re

se
n
ti

n
g

th
e

sa
m

p
le

s.

T
h
e

F
U

L
L

tr
ai

n
in

g
se

t
is

co
m

p
os

ed
of

:

•
S
w

it
ch

b
oa

rd
C

el
lu

la
r

P
ar

t
1

(G
ra

ff
et

a
l.
,

20
01

)
an

d
C

el
lu

la
r

P
ar

t
2

(G
ra

ff
et

al
.,

20
04

),
co

n
si

st
in

g
of

E
n
gl

is
h

ce
ll
p
h
on

e
co

n
v
er

sa
ti

on
s

•
S
w

it
ch

b
oa

rd
2

P
h
as

e
2

(G
ra

ff
et

al
.,

19
99

)
an

d
P

h
as

e
3

(G
ra

ff
et

al
.,

20
02

)
sa

m
p
le

s,
co

n
si

st
in

g
of

E
n
gl

is
h

te
le

p
h
on

e
co

n
v
er

sa
ti

on
s
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F
e
r
r
e
r
a
n
d

M
c
L
a
r
e
n

•
M

ix
er

d
at

a
(C

ie
ri

et
al

.,
20

07
)

fr
om

th
e

20
04

to
20

08
sp

ea
ke

r
re

co
gn

it
io

n
ev

a
lu

a
ti

o
n
s

or
ga

n
iz

ed
b
y

th
e

N
at

io
n
al

In
st

it
u
te

of
S
ta

n
d
ar

d
s

an
d

T
ec

h
n
ol

og
y

(N
IS

T
).

T
h
is

d
a
ta

co
n
ta

in
s

E
n
gl

is
h

sa
m

p
le

s
re

co
rd

ed
b

ot
h

on
te

le
p
h
on

e
an

d
m

ic
ro

p
h
on

e
ch

a
n
n
el

s
a
n
d

n
o
n
-

E
n
gl

is
h

sa
m

p
le

s
re

co
rd

ed
on

te
le

p
h
on

e
ch

an
n
el

s.
W

it
h

ve
ry

fe
w

ex
ce

p
ti

o
n
s,

sp
ea

ke
rs

th
at

re
co

rd
ed

n
on

-E
n
gl

is
h

sa
m

p
le

s
al

so
re

co
rd

ed
E

n
gl

is
h

sa
m

p
le

s.
O

n
ly

o
n
e

sp
ea

ke
r

h
a
s

d
at

a
in

tw
o

n
on

-E
n
gl

is
h

la
n
gu

ag
es

a
n
d

n
o

d
at

a
in

E
n
g
li
sh

.
O

n
ly

a
su

b
se

t
o
f

th
is

d
a
ta

is
u
se

d
fo

r
tr

ai
n
in

g,
le

av
in

g
so

m
e

sp
ea

ke
rs

ou
t

fo
r

te
st

in
g

(S
ec

ti
on

5.
4)

.
W

e
a
ls

o
d
is

ca
rd

d
at

a
fr

om
la

n
gu

ag
es

fo
r

w
h
ic

h
on

ly
on

e
or

tw
o

sp
ea

ke
rs

ar
e

av
ai

la
b
le

an
d

sa
m

p
le

s
w

h
er

e
th

e
la

n
gu

ag
e

w
as

u
n
av

ai
la

b
le

or
am

b
ig

u
ou

s
(e

.g
.,

m
or

e
th

an
on

e
la

n
gu

a
g
e

li
st

ed
in

th
e

la
n
gu

ag
e

ke
y
)

in
N

IS
T

’s
k
ey

s.

T
h
e

M
O

N
O

L
IN

G
tr

ai
n
in

g
se

t
is

cr
ea

te
d

b
y

ra
n
d
om

ly
ke

ep
in

g
th

e
sa

m
p
le

s
fr

o
m

o
n
ly

on
e

of
th

e
la

n
gu

ag
es

sp
ok

en
b
y

ea
ch

sp
ea

ke
r

fr
om

th
e

F
U

L
L

tr
ai

n
in

g
se

t.

F
in

al
ly

,
in

S
ec

ti
on

6.
4,

w
e

an
al

y
ze

re
su

lt
s

w
h
en

su
b
se

tt
in

g
th

es
e

tw
o

tr
a
in

in
g

se
ts

to
co

n
ta

in
a

m
or

e
b
al

an
ce

d
re

p
re

se
n
ta

ti
on

of
ch

an
n
el

s
w

h
il
e

ke
ep

in
g

al
l

d
at

a
fr

o
m

b
il
in

g
u
al

sp
ea

ke
rs

fo
r

th
e

F
U

L
L

tr
ai

n
in

g
se

t.
S
p

ec
ifi

ca
ll
y,

w
e

su
b
se

t
th

e
F

U
L

L
tr

a
in

in
g

se
t

to
d
is

ca
rd

a
ll

th
e

te
le

p
h
on

e
d
at

a
fr

om
sp

ea
ke

rs
th

at
d
o

n
ot

h
av

e
d
at

a
in

b
ot

h
E

n
gl

is
h

an
d

an
o
th

er
la

n
g
u
a
g
e.

T
h
is

is
d
at

a
th

at
is

n
ot

ad
d
in

g
m

u
ch

n
ew

in
fo

rm
at

io
n
,

si
n
ce

al
l

n
on

-E
n
gl

is
h

d
a
ta

is
re

co
rd

ed
ov

er
te

le
p
h
on

e
li
n
e,

an
d

al
l

sp
ea

k
er

s
w

it
h

n
on

-E
n
gl

is
h

d
at

a
al

so
h
av

e
te

le
p
h
o
n
e

re
co

rd
in

g
s

in
E

n
gl

is
h
.

B
y

su
b
se

tt
in

g
th

e
d
at

a
th

is
w

ay
,

w
e

ac
h
ie

ve
a

m
or

e
b
al

an
ce

d
re

p
re

se
n
ta

ti
o
n

o
f

th
e

te
le

p
h
on

e
d
at

a
w

it
h

re
sp

ec
t

to
th

e
m

ic
ro

p
h
on

e
d
at

a,
w

h
il
e

em
p
h
as

iz
in

g
th

e
d
a
ta

fr
o
m

b
il
in

gu
al

sp
ea

ke
rs

,
w

h
ic

h
is

a
ve

ry
sm

al
l

m
in

or
it

y
on

th
e

or
ig

in
al

se
t

in
cl

u
d
in

g
a
ll

th
e

d
a
ta

.
T

o
cr

ea
te

th
e

su
b
se

t
fo

r
th

e
M

O
N

O
L

IN
G

tr
ai

n
in

g
se

t,
w

e
si

m
p
ly

u
se

th
e

sa
m

p
le

s
th

a
t

a
p
p

ea
r

in
th

e
su

b
se

t
fr

om
th

e
F

U
L

L
tr

ai
n
in

g
se

t
an

d
al

so
ap

p
ea

r
in

th
e

M
O

N
O

L
IN

G
se

t.

T
ab

le
1

sh
ow

s
st

at
is

ti
cs

on
th

e
tw

o
tr

ai
n
in

g
se

ts
an

d
th

ei
r

co
rr

es
p

on
d
in

g
su

b
se

ts
.

T
h
e

la
n
gu

ag
es

in
cl

u
d
ed

u
n
d
er

“O
th

er
”

ar
e:

A
ra

b
ic

(w
it

h
44

0
sa

m
p
le

s)
;

B
en

ga
li

(8
8
);

F
re

n
ch

(2
5)

;
C

h
in

es
e

(8
68

);
F

ar
si

(2
5)

;
H

in
d
i

(1
43

);
It

al
ia

n
(1

1)
;

J
ap

an
es

e
(1

24
);

K
or

ea
n

(7
8
);

R
u
ss

ia
n

(4
78

);
S
p
an

is
h

(1
70

);
T

ag
al

og
(2

6)
;

T
h
ai

(1
85

);
V

ie
tn

am
es

e
(1

69
);

C
h
in

es
e

W
u

(6
3
);

a
n
d

C
an

to
n
es

e
(2

16
).

5
.4

.
T

e
st

D
a
ta

W
e

co
n
si

d
er

tw
o

te
st

in
g

co
n
d
it

io
n
s,

on
e

co
m

p
os

ed
of

M
ix

er
d
at

a
an

d
u
se

d
fo

r
d
ev

el
o
p
m

en
t

an
d

on
e

co
m

p
os

ed
of

L
A

S
R

S
d
at

a
an

d
u
se

d
as

h
el

d
-o

u
t

se
t

fo
r

fi
n
al

ev
al

u
at

io
n

o
f

th
e

se
le

ct
ed

m
et

h
o
d
s.

T
h

e
M

ix
e
r

te
st

d
a
ta

is
co

m
p

os
ed

of
te

le
p
h
on

e
sa

m
p
le

s
fr

om
M

ix
er

co
ll
ec

ti
o
n
s

(C
ie

ri
et

al
.,

20
07

)
fr

om
th

e
20

05
to

20
10

N
IS

T
sp

ea
ke

r
re

co
gn

it
io

n
ev

al
u
at

io
n
s,

fr
o
m

sp
ea

ke
rs

n
o
t

u
se

d
fo

r
tr

ai
n
in

g.
W

e
in

cl
u
d
e

11
9

sa
m

p
le

s
in

A
ra

b
ic

fr
om

21
sp

ea
ke

rs
;

20
0

sa
m

p
le

s
in

R
u
ss

ia
n

fr
om

47
sp

ea
ke

rs
;

30
9

sa
m

p
le

s
in

T
h
ai

fr
om

38
sp

ea
ke

rs
;

82
7

sa
m

p
le

s
in

C
h
in

es
e

fr
o
m

1
6
3

sp
ea

ke
rs

;
an

d
57

55
sa

m
p
le

s
in

E
n
gl

is
h

fr
om

70
1

sp
ea

ke
rs

(i
n
cl

u
d
in

g
th

os
e

th
a
t

a
ls

o
sp

ea
k

on
e

of
th

e
ot

h
er

la
n
gu

ag
es

).
T

h
e

tr
ia

ls
ar

e
cr

ea
te

d
b
y

se
le

ct
in

g
th

e
sa

m
e

n
u
m

b
er

o
f

ta
rg

et
an

d
im

p
os

to
r

sa
m

e-
la

n
gu

ag
e

an
d

cr
os

s-
la

n
gu

ag
e

tr
ia

ls
su

ch
th

at
th

e
fi
n
al

se
t

o
f

tr
ia

ls
is

a
b
al

an
ce

d
u
n
io

n
of

b
ot

h
ty

p
es

of
tr

ia
ls

.
F

u
rt

h
er

,
th

e
sa

m
e-

la
n
gu

ag
e

tr
ia

ls
a
re

cr
ea

te
d

a
s

a
b
al

an
ce

d
u
n
io

n
of

E
n
gl

is
h

ve
rs

u
s

n
on

-E
n
gl

is
h

tr
ia

ls
.

T
h
e

fi
n
al

se
t

of
tr

ia
ls

co
n
ta

in
s

1
1
,5

22
ta

rg
et

tr
ia

ls
an

d
85

8,
11

9
im

p
os

to
r

tr
ia

ls
.

T
h

e
L

A
S

R
S

te
st

d
a
ta

is
co

m
p

os
ed

of
sa

m
p
le

s
fr

o
m

a
b
il
in

gu
al

,
m

u
lt

i-
m

o
d
a
l

vo
ic

e
co

rp
u
s

(B
ec

k
et

al
.,

20
04

).
T

h
e

co
rp

u
s

is
co

m
p

os
ed

of
10

0
b
il
in

gu
al

sp
ea

ke
rs

fr
o
m

ea
ch

o
f
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J
o
in
t
P
L
D
A

f
o
r
S
im

u
lt
a
n
e
o
u
s
M
o
d
e
l
in
g

o
f
T
w
o

F
a
c
t
o
r
s

S
am

p
le

cou
n
t

S
p

eaker
cou

n
t

N
a
m

e
S
el

E
n
g

E
n
g

O
th

er
T

otal
M

on
oL

in
g

B
iL

in
g

T
otal

M
ic

P
h
n

P
h
n

E
n
g

O
th

er

F
U

L
L

all
11017

38382
3109

52508
2764

34
495

3293

su
b
set

11017
3711

2733
17461

207
0

494
701

M
O

N
O

L
IN

G
all

10797
36619

1688
49104

3026
267

0
3293

su
b
set

10797
1948

1332
14077

468
233

0
701

T
a
b
le

1
:

S
ta

tistics
for

th
e

fou
r

train
in

g
sets

con
sid

ered
in

ou
r

ex
p

erim
en

ts.
“E

n
g”

refers
to

E
n
g
lish

d
ata

w
h
ile

“O
th

er”
refers

to
an

y
lan

gu
age

oth
er

th
an

E
n
g
lish

.
“P

h
n
”

refers
to

telep
h
on

e
or

cellp
h
on

e
d
ata,

an
d

“M
ic”

refers
to

all
oth

er
m

icrop
h
on

es
in

th
e

train
in

g
set.

“M
on

olin
g”

refers
to

sp
eakers

for
w

h
ich

w
e

on
ly

h
ave

sam
p
les

in
a

sin
g
le

lan
gu

age,
an

d
“B

ilin
g”

refers
to

sp
eakers

for
w

h
ich

w
e

h
ave

sam
p
les

in
tw

o
la

n
g
u
a
ges

(E
n
glish

p
lu

s
on

e
oth

er
lan

gu
age

in
m

ost
cases).

th
ree

la
n
g
u
a
g
es:

A
rab

ic,
K

orean
an

d
S
p
an

ish
.

In
all

cases,
th

e
oth

er
lan

gu
age

of
th

e
sp

eakers
is

E
n
g
lish

.
E

a
ch

sp
eak

er
is

asked
to

p
erform

a
series

of
task

s,
in

clu
d
in

g
talk

in
g

w
ith

a
p
artn

er
o
n

th
e

p
h
on

e
a
n
d

read
in

g
variou

s
tex

ts,
in

E
n
glish

an
d

also
in

th
eir

n
ative

lan
gu

age.
E

ach
ta

sk
is

reco
rd

ed
u
sin

g
several

record
in

g
d
ev

ices
an

d
rep

eated
in

tw
o

sep
arate

session
s

record
ed

o
n

d
iff

eren
t

d
ay

s.
T

h
e

L
A

S
R

S
trials

for
th

is
w

ork
are

created
b
y

en
rollin

g
w

ith
d
ata

from
th

e
fi
rst

reco
rd

ed
session

an
d

testin
g

on
th

e
secon

d
reco

rd
ed

session
in

each
o
f

th
e

tw
o

sp
ok

en
la

n
g
u
a
g
es.

W
e

u
se

on
ly

th
e

con
versation

al
d
ata

from
each

session
.

T
h
is

resu
lts

in
th

e
sam

e
n
u
m

b
er

o
f

sam
e-lan

gu
age

an
d

cross-lan
gu

age
trials

for
a

total
of

848
target

trials
an

d
100336

im
p

o
sto

r
tria

ls
for

each
of

sev
en

d
iff

eren
t

m
icrop

h
on

es:
a

cam
cord

er
m

icrop
h
on

e
(C

m
);

a
D

esk
to

p
m

icro
p
h
on

e
(D

m
);

a
stu

d
io

m
icrop

h
on

e
(S

m
);

an
om

n
id

irection
al

m
icro

p
h
on

e
(O

m
);

a
lo

ca
l

telep
h
on

e
m

icrop
h
on

e
(T

m
);

a
rem

ote
telep

h
o
n
e

m
icrop

h
on

e
(T

k
);

an
d

a
telep

h
on

e
ea

rp
iece

(T
s).

F
or

th
is

stu
d
y,

w
e

on
ly

con
sid

er
sam

e-m
icrop

h
on

e
trials

for
sim

p
licity

of
a
n
a
ly

sis.
F

o
r

m
o
re

d
etails

on
th

e
collection

p
roto

col,
see

(B
eck

et
al.,

2004).

5
.5

.
I-v

e
c
to

r
E

x
tra

c
tio

n

F
or

va
lid

a
tio

n
o
f

th
e

p
rop

osed
ap

p
roach

,
w

e
u
se

a
trad

ition
al

i-vecto
r

fram
ew

ork
for

sp
eaker

reco
g
n
itio

n
(D

eh
ak

et
al.,

2011).
I-vectors

are
fi
x
ed

-d
im

en
sion

al
vectors

th
at

attem
p
t

to
rep

resen
t,

a
s

fu
lly

as
th

e
assu

m
p
tion

s
allow

,
th

e
ch

aracteristics
of

th
e

sp
eech

in
a
n

au
d
io

reco
rd

in
g
.

In
th

is
fram

ew
ork

,
each

record
in

g
is

fi
rst

rep
resen

ted
b
y

a
seq

u
en

ce
of

sh
ort-term

fea
tu

re
vecto

rs
x

=
{x

1 ,...,x
L }.

T
h
e

len
gth

L
of

th
is

seq
u
en

ce
is

variab
le

an
d

d
ep

en
d
s

on
th

e
d
u
ra

tio
n

o
f
th

e
record

in
g.

T
h
e

i-vector
ap

p
roach

th
en

assu
m

es
each

of
th

ese
featu

re
vectors

x
j

is
in

d
ep

en
d
en

tly
d
raw

n
from

an
N

-com
p

on
en

t
G

au
ssian

m
ix

tu
re

m
o
d
el

(G
M

M
)

w
ith

w
eigh

ts
w
i ,

cova
rian

ce
m

atrices
C
i

an
d

m
ean

s
µ
i

+
T
i ω

,
for

i∈
{
1,...,N

}
.

T
h
e

p
aram

eters
of

th
e

i-vecto
r

m
o
d
el

a
re

th
e

set
of
w
i ,
C
i ,
µ
i ,

an
d
T
i .

W
h
ile

w
eigh

ts
an

d
covarian

ces
are

fi
x
ed

for
a
ll

reco
rd

in
g
s,

th
e

m
ean

s
vary

in
a

su
b
sp

ace
d
eterm

in
ed

b
y

th
e

m
atrices

T
i .

E
a
ch

record
in

g
is

th
en

m
o
d
eled

b
y

a
d
iff

eren
t

G
M

M
,

d
eterm

in
ed

b
y

th
e

v
ecto

r
ω

.
T

h
ese

vectors
are

assu
m

ed
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F
e
r
r
e
r
a
n
d

M
c
L
a
r
e
n

to
h
ave

a
p
rior

n
orm

al
stan

d
ard

d
istrib

u
tio

n
.

T
h
e

m
ean

of
th

e
p

osterior
d
istrib

u
tion

of
ω

given
th

e
seq

u
en

ce
of

featu
res

x
is

th
e

i-vector,
u
sed

to
rep

resen
t

th
e

record
in

g.

T
h
e

p
osterior

d
istrib

u
tion

of
th

e
i-v

ector
m

o
d
el

is
in

tractab
le.

It
can

n
ot

b
e

u
sed

in
an

E
M

algorith
m

to
ob

tain
th

e
m

o
d
el’s

p
aram

eters
or

even
to

ob
tain

th
e

i-vectors
for

a
n
ew

sam
p
le,

given
th

e
m

o
d
el.

A
m

ean
-fi

eld
V

ariation
al

B
ayes

(V
B

)
E

M
ap

p
roach

can
b

e
u
sed

to
estim

ate
th

e
m

o
d
el’s

p
aram

eters
an

d
th

e
i-v

ectors,
as

d
escrib

ed
b
y

B
rü

m
m

er
(2015).

In
th

is
ap

p
roach

,
th

e
p
aram

eters
are

iteratively
reestim

ated
,

alon
g

w
ith

th
e

p
osterior

d
istrib

u
tion

for
ω

an
d

th
e

resp
on

sib
ilities

for
each

record
in

g.
T

h
e

resp
on

sib
ilities

are
variation

al
p
aram

eters
th

at
can

b
e

in
terp

reted
as

soft
assign

m
en

ts
for

th
e

fram
es

to
each

of
th

e
N

com
p

on
en

ts
of

th
e

m
o
d
el.

In
th

e
classical

i-vector
ap

p
roach

,
th

ou
gh

,
th

e
p
aram

eters
w
i ,
C
i

an
d
µ
i

are
fi
x
ed

in
an

in
itial

step
.

T
h
ey

are
giv

en
b
y

th
e

w
eigh

ts,
covarian

ces
an

d
m

ean
s

of
a

G
M

M
,

called
th

e
u
n
iversal

b
ack

grou
n
d

m
o
d
el

(U
B

M
),

train
ed

u
sin

g
record

in
gs

from
m

an
y

d
iff

eren
t

sp
eakers.

A
n

ap
p
rox

im
ate

p
osterior

d
istrib

u
tio

n
of
ω

is
th

en
ob

tain
ed

u
sin

g
a

sim
p
lify

in
g

assu
m

p
tion

:
th

e
resp

on
sib

ilities
are

set
to

b
e

th
e

U
B

M
state

p
osteriors.

W
ith

th
e

resp
on

sib
ilities

an
d

th
e
w
i ,
C
i

an
d
µ
i

p
aram

eters
fi
x
ed

,
th

e
T
i

m
a
trices

are
estim

ated
b
y

m
ax

im
izin

g
th

e
V

B
low

er
b

ou
n
d
.

F
in

ally,
on

ce
th

e
p
aram

eters
of

th
e

m
o
d
el

h
ave

b
een

estim
ated

,
i-vectors

are
ex

tracted
as

th
e

m
ean

of
th

e
ap

p
rox

im
ate

p
osterior

d
istrib

u
tion

of
ω

given
th

e
featu

res
for

th
e

record
in

g,
again

fi
x
in

g
th

e
resp

on
sib

ilities
to

b
e

th
e

U
B

M
state

p
osteriors.

In
ou

r
ex

p
erim

en
ts,

th
e

p
ro

cess
for

ex
tractin

g
an

i-vector
to

rep
resen

t
a

variab
le-len

gth
sp

eech
record

in
g

is
as

follow
s.

T
h
e

fi
rst

20
m

el-freq
u
en

cy
cep

stral
co

effi
cien

ts
(M

F
C

C
s)

are
ex

tracted
from

th
e

au
d
io

sign
al

u
sin

g
a

25m
s

w
in

d
ow

every
10m

s.
M

F
C

C
s

are
an

acou
stic

featu
re

vector
th

at
cap

tu
res

in
form

ation
regard

in
g

th
e

am
p
litu

d
e

of
d
iff

eren
t

freq
u
en

cies
in

a
sim

ilar
m

an
n
er

to
h
ow

sou
n
d
s

are
p

erceived
b
y

th
e

h
u
m

an
ear

(D
av

is
an

d
M

erm
elstein

,
1980).

T
h
e

M
F

C
C

s
are

ap
p

en
d
ed

w
ith

d
eltas

an
d

d
ou

b
le

d
eltas

to
h
elp

cap
tu

re
th

e
d
y
n
a
m

ics
of

sp
eech

over
tim

e
(e.g.,

G
ales

an
d

Y
ou

n
g,

20
08).

T
h
is

resu
lts

in
a

featu
re

vector
of

60
d
im

en
sion

s,
w

ith
100

fram
es

(of
featu

re
vector)

p
er

secon
d
.

S
p

eech
activ

ity
d
etection

(S
A

D
)

is
th

en
ap

p
lied

to
rem

ove
an

y
fram

es
th

at
d
o

n
ot

con
tain

sp
eech

.
F

or
th

is
p
u
rp

ose
w

e
u
se

a
d
eep

n
eu

ral
n
etw

ork
(D

N
N

)-b
ased

m
o
d
el

train
ed

on
telep

h
on

e
an

d
m

icrop
h
on

e
d
ata

from
a

com
b
in

ation
of

F
ish

er
(C

ieri
et

al.,
a,b

),
S
w

itch
b

oard
(G

raff
et

al.,
2001,

2004,
1999,

2002)
an

d
M

ix
er

d
ata

(C
ieri

et
al.,

2007),
as

w
ell

as
a

30-
m

in
u
te

lon
g

d
u
al-ton

e
m

u
lti-freq

u
en

cy
(D

T
M

F
)

sign
al

w
ith

ou
t

sp
eech

,
an

d
a

set
of

3740
sign

als
w

h
ere

sp
eech

from
th

e
F

ish
er

corp
ora

w
as

corru
p
ted

w
ith

n
on

-vo
cal

m
u
sic

at
d
iff

eren
t

S
N

R
levels.

T
h
e

grou
n
d

tru
th

lab
els

u
sed

to
tra

in
th

e
D

N
N

w
ere

ob
tain

ed
u
sin

g
ou

r
p
rev

iou
s

S
A

D
sy

stem
w

h
ich

con
sisted

of
a

sp
eech

/n
on

-sp
eech

h
id

d
en

M
arkov

m
o
d
el

(H
M

M
)

d
eco

d
er

an
d

variou
s

d
u
ration

con
strain

ts.
T

h
is

sy
stem

p
erform

ed
v
ery

w
ell

b
u
t

w
as

slow
,

com
p
lex

an
d

h
ard

to
retrain

given
n
ew

d
ata.

T
h
e

lab
els

for
th

e
corru

p
ted

d
ata

w
ere

ob
tain

ed
from

th
e

clean
sign

als.
A

s
in

p
u
t

to
th

e
S
A

D
sy

stem
w

e
u
se

M
F

C
C

featu
res,

m
ean

an
d

varian
ce

n
orm

alized
over

each
w

aveform
,

ex
cep

t
for

th
e
C

0
co

effi
cien

t,
for

w
h
ich

th
e

m
ax

im
u
m

rath
er

th
an

th
e

m
ean

is
su

b
tracted

b
efore

d
iv

id
in

g
b
y

th
e

stan
d
ard

d
ev

iation
.

T
h
e

n
orm

alized
featu

res
are

con
caten

ated
ov

er
a

w
in

d
ow

of
31

fram
es.

T
h
e

resu
ltin

g
620-d

im
en

sion
al

featu
re

vector
form

s
th

e
in

p
u
t

to
a

D
N

N
th

at
con

sists
of

tw
o

h
id

d
en

lay
ers

of
sizes

500
an

d
100.

T
h
e

ou
tp

u
t

layer
of

th
e

D
N

N
con

sists
of

tw
o

n
o
d
es

train
ed

to
p
red

ict
th

e
p

osteriors
for

th
e

sp
eech

an
d

n
on

-sp
eech

classes.
T

h
ese

p
osteriors

are
con

v
erted

in
to

likelih
o
o
d

ratios
u
sin

g
B

ayes
ru

le
(assu

m
in

g
a

p
rior

of
0.5),

an
d

a
th

resh
old

of
0.5

is
ap

p
lied

to
ob

ta
in

th
e

fi
n
al

1
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d
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l
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p
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b
se

t
of

10
,0

00
sa

m
p
le

s
(f

u
ll

re
co

rd
in

gs
)

of
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e
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i
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d
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ib
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t.
T

h
e
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es
T
i

ar
e

th
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ti
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e

F
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S
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ex
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p
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m

p
le

s
fr

om
la

n
gu

ag
es

fo
r

w
h
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h
on
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e
or
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o

sp
ea

ke
rs

ar
e
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ai
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b
le

or
w

h
er

e
th

e
la

n
gu

ag
e

w
as

u
n
av

ai
la

b
le

or
am

b
ig

u
ou

s
ar

e
n
ot

d
is

ca
rd

ed
fo

r
th

is
p
u
r-

p
os

e.
F

in
al

ly
,

on
ce

th
e

m
o
d
el

is
tr

ai
n
ed

,
th

e
i-

ve
ct

or
s

fo
r

an
y

au
d
io

sa
m

p
le

ca
n

b
e

ex
tr

ac
te

d
u
si

n
g

on
ly

th
e

sp
ee

ch
fr

am
es

,
as

in
tr

ai
n
in

g.

T
h
e

i-
v
ec

to
rs

ca
n

th
en

b
e

u
se

d
fo

r
d
et

er
m

in
in

g
sp

ea
ke

r
si

m
il
ar

it
y

b
et

w
ee

n
tw

o
u
tt

er
an

ce
s

u
si

n
g

P
L

D
A

.
F

or
th

e
ex

p
er

im
en

ts
,

w
e

p
ro

ce
ss

th
e

i-
v
ec

to
rs

w
it

h
m

u
lt

ic
la

ss
li
n
ea

r
d
is

cr
im

i-
n
an

t
an

al
y
si

s
(L

D
A

)
tr

ai
n
ed

on
th

e
sa

m
e

tr
ai

n
in

g
d
at

a
u
se

d
fo

r
P

L
D

A
,

af
te

r
w

h
ic

h
w

e
su

b
-

tr
ac

t
th

e
m

ea
n

ov
er

th
e

tr
ai

n
in

g
d
at

a
an

d
p

er
fo

rm
le

n
gt

h
n
or

m
al

iz
at

io
n

(G
ar

ci
a-

R
om

er
o

an
d

E
sp

y
-W

il
so

n
,

20
11

).
T

h
e

le
n
gt

h
-n

or
m

al
iz

at
io

n
st

ep
se

rv
es

to
b

et
te

r
sa

ti
sf

y
th

e
G

a
u
ss

ia
n
it

y
as

su
m

p
ti

on
b

eh
in

d
P

L
D

A
.
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.
R
e
su
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s

In
th

is
se

ct
io

n
w

e
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m
p
ar

e
re

su
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s
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r
d
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er
en

t
E

M
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n
iq

u
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p
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et
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an
d

tr
ai

n
in
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r
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ed
an
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b
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n
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re
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n
s.

T
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n
u
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an
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n
d
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L
D

A
in

th
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p
er

im
en
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th
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n
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ag
e
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ok

en
in
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p
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u
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n
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b
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n
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er

w
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F

or
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P
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D
A

,
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th
e

ot
h
er

h
an

d
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w
e
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n
n
ot

ta
ke
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m
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b
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p
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h
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p
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d
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p
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d
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p
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d
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h
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p
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L
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b
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ra
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b
e

u
se

d
fo

r
J
P

L
D

A
.

T
h
is

va
lu

e
tu

rn
ed

ou
t

to
b

e
op

ti
m

al
fo

r
J
P

L
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p
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p
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ra
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b
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w
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=

0.
5.

F
o
r

T
P

L
D

A
w

e
u
se

a
d
ia

go
n
al

m
at

ri
x

fo
r

th
e

co
va

ri
an

ce
of

th
e

n
oi

se
m

o
d
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b
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p
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b
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b
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d
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d
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e
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w

er
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b
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.
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z
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ti
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n
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n

d
C

o
n
v
e
rg

e
n

c
e

o
f

T
ra

in
in

g
P

ro
c
e
d
u

re

W
e

fi
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t
sh

ow
re

su
lt

s
fo

r
S
P

L
D

A
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F
P

L
D

A
an

d
J
P

L
D

A
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a
fu

n
ct

io
n

of
th

e
n
u
m

b
er

o
f

E
M

it
er

at
io

n
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n
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r

th
e
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it
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ro
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d
u
re
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ra

n
d
om

an
d
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ar
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ex

p
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in
ed

in
S
ec

ti
o
n
s

2.
1

an
d

4.
1.
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or

F
P

L
D

A
,

n
o

st
an

d
ar

d
w

ay
ex

is
ts

of
w

h
ic

h
w

e
ar

e
aw

ar
e

to
sm

a
rt

ly
in

it
ia

li
ze

al
l

p
ar
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et

er
s

of
th

e
m

o
d
el
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ca
se
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w

e
on

ly
sh

ow
re

su
lt

s
fo

r
ra

n
d
o
m

in
it

ia
li
za

ti
o
n
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F
o
r

th
is

se
ct

io
n
,

w
e

u
se

th
e

F
U

L
L

tr
ai

n
in

g
d
at

a
w

it
h
ou

t
su

b
se

tt
in

g
an

d
te

st
on

th
e

M
ix

er
d
a
ta
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R
es

u
lt

s
in

F
ig

u
re

1
sh

ow
th

at
E

M
it

er
at

io
n
s

ar
e

es
se

n
ti

al
w

h
en

ra
n
d
om

in
it

ia
li
za

ti
o
n

is
u
se

d
,

le
ad

in
g

to
la

rg
e

ga
in

s
ov

er
th

e
in

it
ia

l
ra

n
d
om

m
o
d
el

as
th

e
it

er
a
ti

on
s

p
ro

g
re

ss
a
n
d

co
n
ve

rg
in

g
to

an
ap

p
ro

x
im

at
el

y
st

ab
le

va
lu

e
w

h
en

re
ac

h
in

g
50

it
er

at
io

n
s.

O
n

th
e

o
th

er
h
a
n
d
,

w
h
en

sm
ar

t
in

it
ia

li
za

ti
on

of
S
P

L
D

A
or

J
P

L
D

A
is

u
se

d
,

E
M

it
er

at
io

n
s

ar
e

n
o
t

n
ec

es
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ry
o
n

th
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d
at

a
se

t.
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ct

,
J
P

L
D

A
p

er
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an
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w

it
h
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ar

t
in
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li
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ti
on

sl
ig

h
tl

y
d
eg

ra
d
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fo
r

la
rg

er
n
u
m

b
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of
it

er
at

io
n
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ro

b
ab

ly
d
u
e

to
ov

er
fi
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in
g

of
th

e
tr

ai
n
in

g
d
at
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F

o
r

th
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re
a
so

n
,

fo
r

th
e

re
st

of
th

e
ex

p
er

im
en

ts
w

e
u
se

on
ly

on
e

it
er

at
io

n
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M
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P

L
D
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th
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u
g
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at
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b
e
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L
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L
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b
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b
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r
S
im
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e
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s
M
o
d
e
l
in
g

o
f
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w
o

F
a
c
t
o
r
s
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va
lu

e
b

etw
een

0
an

d
1
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0.1

step
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W
e

sh
ow
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lts

on
th

e
fu
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d
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b
u
t
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th

e
d
a
ta

in
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m

e-lan
gu

age
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gu
age
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W

e
com
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e
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o
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in
b
y
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in
g
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e

lan
gu

age
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a
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d
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ow
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d
u
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sco
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p
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e
p
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ab
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e
lan
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age
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b
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al
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gu
age
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p
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ab
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e
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age
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o
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l
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age
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b
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e
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d
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d
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k
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g
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e-lan
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F

u
rth
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e

low
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m
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gu
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o
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e
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th
at

tak
es

p
la
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w
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p
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d
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w
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p
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h
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w
e
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ou
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th
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lan
gu

age
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w
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n
d
u
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e
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p
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b
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ab
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ab
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d
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b
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e

trials
are

p
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p
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p
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p
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h
e
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3

sh
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F

P
L

D
A
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tly
b

etter
p

erform
an

ce
th
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n

S
P

L
D

A
fo

r
so

m
e

ch
an

n
els

(m
ostly

th
e

telep
h
on

e
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es)
w

h
en

th
e

F
U

L
L

train
in

g
d
ata

is
u
sed

.
F

or
th

is
rea

so
n
,

fo
r

th
e

rem
ain

in
g

ex
p

erim
en

ts
in

th
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p
ap

er,
w

e
u
se

F
P

L
D

A
a
s

th
e

b
aselin

e.

C
o
m

p
a
rin

g
th

e
tw

o
m

eth
o
d
s

th
at

con
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er
lan

gu
age
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d
u
rin

g
train

in
g,

T
P

L
D

A
an

d
J
P

L
D

A
,

o
n

th
e

top
p
lot

in
F

igu
re

3,
w

e
see

th
at

th
ey

b
oth

give
sign

ifi
can

t
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in
s

ov
er

th
e

b
a
selin

es
o
n

M
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er
d
ata,

w
h
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th
e

ch
an

n
el

is
m
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ed

to
th

e
m

a
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of
th

e
train

in
g
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ch
a
n
n
el.
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th
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b
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p
roach

es
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cceed
in

m
itigatin

g
th

e
eff

ect
of
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n
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a
ge
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n
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e

oth
er
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an
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w
h
en

th
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n
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n
o
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e
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e
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m
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in
g
,

T
P

L
D

A
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g
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p
erform

a
n
ce
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an

J
P

L
D
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h
is
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reaso

n
a
b
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h
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m
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h
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e
d
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th
e

E
n
glish
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g
d
a
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o
n
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h
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e
d
ata
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ob
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for

th
e

n
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-E
n
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d
ata.

T
h
is
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p
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th
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e

P
L

D
A
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on
d
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g
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n
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n
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d
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P
L

D
A
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w
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h
on

e
d
ata,
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g
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th
e

p
o
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p
erform

an
ce

ob
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som

e
of

th
e

L
A

S
R

S
ch

an
n
els.

O
n

th
e

o
th

er
h
a
n
d
,

J
P

L
D

A
can

leverage
th

e
in

form
a
tion

ab
ou

t
altern

ative
m

icrop
h
on

es
learn

ed
fro

m
E

n
g
lish

d
a
ta

for
all

lan
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ages,
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th

e
m
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th

a
t

m
o
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els

th
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ility

is
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ared
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cro
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la

n
g
u
a
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th
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o
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F
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w
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th
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w
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d
u
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d
u
rin

g
scorin

g.

ob
served

in
train

in
g),

T
P

L
D

A
lead

s
to

a
larg

e
d
egrad

ation
over

b
oth

b
aselin

es.
N

ote
th

at,
as

far
as

w
e

k
n
ow

,
T

P
L

D
A

h
ad

n
ot

b
een

tested
u
n
d
er

th
is

ch
allen

gin
g

scen
ario.

R
ath

er,
it

w
as

tested
u
sin

g
train

in
g

d
ata

w
h
ere

each
cla

ss
of

in
terest

(e.g.,
a

face)
w

as
seen

u
n
d
er

all
p

ossib
le

con
d
ition

s
(fron

t
an

d
p
rofi

le)
(L

i
et

al.,
20

12).
W

h
en

each
class

is
seen

u
n
d
er

a
sin

gle
con

d
ition

,
th

e
T

P
L

D
A

m
o
d
el

b
a
sica

lly
d
egen

erates
to

sep
arate

(u
n
tied

)
P

L
D

A
m

o
d
els,

each
learn

ed
on

th
e

d
ata

from
its

ow
n

con
d
ition

.
T

h
is

im
p
lies

th
at

th
e

resu
ltin

g
m

ix
tu

re
w

ill
b

e
u
n
ab

le
to

m
o
d
el

th
e

cross-lan
gu

ag
e

variab
ility,

w
h
ich

resu
lts

in
ex

trem
ely

d
egrad

ed
p

erform
an

ce
on

th
e

cross-lan
gu

age
trials.

In
d
eed

,
o
u
r

resu
lts

in
d
icate

th
at

th
e

sam
e-la

n
gu

age
trials

get
reason

ab
le

T
P

L
D

A
p

erform
an

ce
(resu

lts
n
o
t

sh
ow

n
h
ere),

it
is

th
e

d
egrad

ation
on

th
e

cross-lan
gu

age
trials

th
at

aff
ects

th
e

ov
erall

p
erfo

rm
an

ce
as

o
b
served

in
th

e
p
lot.

F
in

ally,
fo

cu
sin

g
on

J
P

L
D

A
,

w
e

see
th

at
sign

ifi
ca

n
t

gain
s

are
o
b
served

com
p
ared

to
b

oth
b
aselin

es
u
sin

g
b

oth
train

in
g

sets,
w

ith
larger

relative
gain

s
w

h
en

th
e

train
in

g
d
ata

con
tain

s
on

ly
a

sin
gle

lan
gu

age
p

er
sp

eaker,
in

w
h
ich

case
w

e
fi
n
d

gain
s

from
13%

of
u
p

to
65%

relative
to

th
e

F
P

L
D

A
b
aselin

e.

6
.4

.
T

ra
in

in
g

D
a
ta

C
o
m

p
a
riso

n

F
in

ally,
in

th
is

section
w

e
com

p
are

th
e

F
P

L
D

A
b
aselin

e
an

d
J
P

L
D

A
u
sin

g
th

e
tw

o
train

-
in

g
sets

d
efi

n
ed

in
S
ection

5.3
an

d
th

eir
su

b
sets,

w
h
ere

w
e

d
iscard

telep
h
on

e
sam

p
les

from
sp

eakers
th

at
on

ly
h
ave

E
n
glish

sam
p
les

in
an

attem
p
t

to
ach

iev
e

a
b

etter
b
alan

ce
b

etw
een

E
n
glish

an
d

n
on

-E
n
glish

sam
p
les

an
d

telep
h
on

e
an

d
m

icrop
h
on

e
sam

p
les.
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J
o
in
t
P
L
D
A

f
o
r
S
im

u
lt
a
n
e
o
u
s
M
o
d
e
l
in
g

o
f
T
w
o

F
a
c
t
o
r
s

M
ix

er
LA

SR
S-

Ts
LA

SR
S-

Dm
LA

SR
S-

Om
LA

SR
S-

Cm
LA

SR
S-

Sm
LA

SR
S-

Tk
LA

SR
S-

Tm
024681012 EER

34
%

9%
6%

4%

9%

40
%

46
%

50
%

SP
LD

A
FP

LD
A

TP
LD

A
JP

LD
A

(a
)
T
ra
in
in
g
d
a
ta
:
F
U
L
L

M
ix

er
LA

SR
S-

Ts
LA

SR
S-

Dm
LA

SR
S-

Om
LA

SR
S-

Cm
LA

SR
S-

Sm
LA

SR
S-

Tk
LA

SR
S-

Tm
05101520253035 EER

63
%

16
%

13
%

14
%

21
%

65
%

65
%

65
%

SP
LD

A
FP

LD
A

TP
LD

A
JP

LD
A

(b
)
T
ra
in
in
g
d
a
ta
:
M
O
N
O
L
IN

G

F
ig

u
re

3:
C

om
p
ar

is
on

of
p

er
fo

rm
an

ce
fo

r
fo

u
r

P
L

D
A

m
et

h
o
d
s

on
al

l
te

st
se

ts
u
si

n
g

b
ot

h
tr

ai
n
in

g
se

ts
,

F
U

L
L

an
d

M
O

N
O

L
IN

G
.

T
h
e

n
u
m

b
er

s
on

to
p

of
th

e
J
P

L
D

A
b
ar

s
sh

ow
th

e
re

la
ti

ve
ga

in
of

J
P

L
D

A
re

la
ti

v
e

to
F

P
L

D
A

.

F
ig

u
re

4
sh

ow
s

th
at

,
fo

r
F

P
L

D
A

,
u
si

n
g

th
e

su
b
se

t
is

si
gn

ifi
ca

n
tl

y
b

et
te

r
th

an
u
si

n
g

th
e

fu
ll

tr
ai

n
in

g
se

t
fo

r
b

ot
h

tr
ai

n
in

g
co

n
d
it

io
n
s,

F
U

L
L

an
d

M
O

N
O

L
IN

G
,

fo
r

m
os

t
te

st
co

n
d
it

io
n
s.

T
h
at

is
,

F
P

L
D

A
b

en
efi

ts
fr

om
h
av

in
g

a
m

or
e

b
al

an
ce

d
d
is

tr
ib

u
ti

on
of

co
n
d
it

io
n
s

w
it

h
in

th
e

tr
ai

n
in

g
d
at

a.
T

h
is

is
b

ec
au

se
,

in
st

an
d
ar

d
P

L
D

A
,
th

e
sa

m
p
le

s
fr

om
a
ll

sp
ea

ke
rs

ar
e

a
ss

u
m

ed
to

fo
ll
ow

th
e

sa
m

e
d
is

tr
ib

u
ti

on
,
re

ga
rd

le
ss

of
w

h
et

h
er

th
es

e
sa

m
p
le

s
ar

e
al

l
in

E
n
gl

is
h
,
or

b
ot

h
in

E
n
gl

is
h

an
d

so
m

e
ot

h
er

la
n
gu

ag
e.

H
en

ce
,
if

a
la

rg
e

p
ro

p
or

ti
on

of
sp

ea
ke

rs
on

ly
h
av

e
E

n
gl

is
h

sa
m

p
le

s,
th

e
p
ar

am
et

er
s

in
th

e
P

L
D

A
m

o
d
el

w
il
l

b
e

m
os

tl
y

d
et

er
m

in
ed

b
y

w
h
at

is
op

ti
m

al
fo

r
th

es
e

sp
ea

k
er

s,
d
eg

ra
d
in

g
th

e
p

er
fo

rm
an

ce
on

n
on

-E
n
gl

is
h

an
d

cr
os

s-
la

n
gu

ag
e

tr
ia

ls
.
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F
e
r
r
e
r
a
n
d

M
c
L
a
r
e
n

M
ix

er
LA

SR
S-

Ts
LA

SR
S-

Dm
LA

SR
S-

Om
LA

SR
S-

Cm
LA

SR
S-

Sm
LA

SR
S-

Tk
LA

SR
S-

Tm
0246810 EER

FP
LD

A 
al

l
JP

LD
A 

al
l

FP
LD

A 
su

bs
et

JP
LD

A 
su

bs
et

(a
)
T
ra
in
in
g
d
a
ta
:
F
U
L
L

M
ix

er
LA

SR
S-

Ts
LA

SR
S-

Dm
LA

SR
S-

Om
LA

SR
S-

Cm
LA

SR
S-

Sm
LA

SR
S-

Tk
LA

SR
S-

Tm
024681012 EER

FP
LD

A 
al

l
JP

LD
A 

al
l

FP
LD

A 
su

bs
et

JP
LD

A 
su

bs
et

(b
)
T
ra
in
in
g
d
a
ta
:
M
O
N
O
L
IN

G

F
ig

u
re

4:
C

om
p
ar

is
on

of
p

er
fo

rm
an

ce
fo

r
F

P
L

D
A

an
d

J
P

L
D

A
on

al
l

te
st

se
ts

u
si

n
g

th
e

tw
o

tr
ai

n
in

g
se

ts
,

F
U

L
L

an
d

M
O

N
O

L
IN

G
.

F
o
r

ea
ch

ca
se

,
w

e
co

m
p
ar

e
u
si

n
g

th
e

fu
ll

tr
ai

n
in

g
se

t
an

d
a

su
b
se

t
w

h
er

e
w

e
d
is

ca
rd

te
le

p
h
on

e
sa

m
p
le

s
fr

om
sp

ea
ke

rs
th

a
t

on
ly

h
av

e
E

n
gl

is
h

sa
m

p
le

s
in

th
e

F
U

L
L

tr
ai

n
in

g
se

t.

O
n

th
e

ot
h
er

h
an

d
,

J
P

L
D

A
d
o
es

n
ot

se
em

to
re

q
u
ir

e
su

b
se

tt
in

g
th

e
d
at

a2
.

In
fa

ct
,

fo
r

th
e

F
U

L
L

tr
ai

n
in

g
co

n
d
it

io
n
,

J
P

L
D

A
le

ad
s

to
si

m
il
ar

or
b

et
te

r
p

er
fo

rm
a
n
ce

(u
si

n
g

ei
th

er
th

e
fu

ll
tr

ai
n
in

g
se

t
or

th
e

su
b
se

t)
th

an
F

P
L

D
A

u
si

n
g

th
e

su
b
se

t.
F

or
th

e
M

O
N

O
L

IN
G

co
n
d
it

io
n
,
th

e
ad

va
n
ta

ge
of

J
P

L
D

A
ov

er
F

P
L

D
A

is
m

u
ch

la
rg

er
th

an
fo

r
th

e
F

U
L

L
tr

ai
n
in

g
se

t,
co

n
si

st
en

tl
y

sh
ow

in
g

si
gn

ifi
ca

n
t

ga
in

s
ov

er
th

e
b

es
t

F
P

L
D

A
re

su
lt

.
F

u
rt

h
er

,
fo

r
th

is
tr

ai
n
in

g
co

n
d
it

io
n

w
e

2
.
N
o
te

th
a
t
th
e
E
E
R

o
n
th
e
b
et
te
r
p
er
fo
rm

in
g
te
st

se
ts

(L
A
S
R
S
-S
m
,
L
A
S
R
S
-T

k
a
n
d
L
A
S
R
S
-T

m
)
co
rr
e-

sp
o
n
d
s
to

v
er
y
fe
w

m
is
se
s,

m
a
k
in
g
th
a
t
m
et
ri
c
so
m
ew

h
a
t
u
n
re
li
a
b
le

o
n
th
o
se

se
ts
.
H
ow

ev
er
,
D
E
T

cu
rv
es

sh
ow

n
la
te
r
in

th
e
se
ct
io
n
co
m
p
le
m
en
t
th
e
E
E
R

re
su
lt
s,

su
p
p
o
rt
in
g
th
e
ov
er
a
ll
co
n
cl
u
si
o
n
s
m
a
d
e
b
a
se
d
o
n

E
E
R
s.
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J
o
in
t
P
L
D
A

f
o
r
S
im

u
lt
a
n
e
o
u
s
M
o
d
e
l
in
g

o
f
T
w
o

F
a
c
t
o
r
s

see
a

co
n
sisten

t
tren

d
sh

ow
in

g
th

at
J
P

L
D

A
b

en
efi

ts
from

u
sin

g
th

e
fu

ll
train

in
g

set,
w

h
ich

in
d
ica

tes
th

at,
con

trary
to

P
L

D
A

,
J
P

L
D

A
can

h
an

d
le

th
e

im
b
alan

ce
in

th
e

fu
ll

set
of

d
ata,

su
ccessfu

lly
lev

eragin
g

th
e

ad
d
ition

al
sam

p
les

m
issin

g
from

th
e

su
b
set.

T
o

co
m

p
lem

en
t

th
e

E
E

R
resu

lts
in

th
e

b
ar

p
lots,

F
igu

re
5

sh
ow

s
th

e
D

E
T

cu
rv

es
for

all
test

sets.
W

e
sh

ow
th

ese
cu

rves
for

th
e

m
ore

ch
a
llen

gin
g

train
in

g
con

d
ition

,
M

O
N

O
L

IN
G

,
w

h
ere

J
P

L
D

A
g
ives

th
e

b
iggest

ad
van

tage
over

F
P

L
D

A
.
T

h
e

p
lots

sh
ow

th
at

th
e

gain
s

are
n
ot

sp
ecifi

c
to

th
e

E
E

R
op

eratin
g

p
oin

t.
R

ath
er,

J
P

L
D

A
giv

es
a

sign
ifi

can
t

gain
over

F
P

L
D

A
over

a
v
ery

w
id

e
ran

ge
of

op
eratin

g
p

oin
ts

corresp
on

d
in

g
to

m
iss

an
d

false
alarm

s
rates

b
etw

een
0.0

1
%

to
40%

.
F

u
rth

er,
w

e
also

see
th

e
ad

van
tage

of
u
sin

g
all

th
e

ava
ilab

le
train

in
g

d
a
ta

ra
th

er
th

a
n

ju
st

th
e

su
b
set

w
h
en

u
sin

g
J
P

L
D

A
,

w
h
ile

th
e

op
p

osite
is

tru
e

for
F

P
L

D
A

,
a
s

a
lrea

d
y

o
b
served

in
th

e
E

E
R

b
ar

p
lots.

F
in

a
lly,

F
ig

u
re

6
sh

ow
s

E
E

R
resu

lts
on

M
ix

er
test

d
ata

u
sin

g
th

e
tw

o
train

in
g

sets
an

d
th

eir
su

b
sets

fo
r

all
trials

(as
in

p
rev

iou
s

b
ar

p
lots)

as
w

ell
as

for
sam

e-la
n
gu

age
an

d
cross-

la
n
g
u
a
g
e

tria
ls.

T
h
e

p
erform

an
ce

on
all

trials
is

th
e

sam
e

as
in

F
igu

re
4.

T
h
ese

p
lots

sh
ow

th
a
t:

(1)
B

oth
sam

e-lan
gu

age
an

d
cross-lan

gu
age

trials
b

en
efi

t
from

u
sin

g
J
P

L
D

A
,

p
a
rticu

la
rly

fo
r

th
e

M
O

N
O

L
IN

G
train

in
g

con
d
ition

s.
(2)

T
h
e

J
P

L
D

A
b

en
efi

t
from

u
sin

g
th

e
co

m
p
lete

tra
in

in
g

sets
h
old

s
for

b
oth

sam
e-lan

gu
age

an
d

cross-lan
gu

ag
e

su
b
sets

of
trials.

(3
)

T
h
e

F
P

L
D

A
b

en
efi

t
from

u
sin

g
th

e
su

b
set

on
ly

h
old

s
on

th
e

sam
e-lan

gu
age

trials;
cross-

la
n
g
u
a
g
e

tria
l

p
erform

an
ce

is
d
egrad

ed
or

u
n
ch

an
ged

b
y

su
b
settin

g
th

e
train

in
g

d
ata.

A
n
d

(4
)

th
e

rela
tive

gain
from

J
P

L
D

A
is

larger
on

ce
sam

e-lan
gu

age
an

d
cro

ss-lan
gu

age
trials

a
re

p
o
o
led

to
g
eth

er.
T

h
is

last
ob

servation
in

d
icates

th
at

J
P

L
D

A
is

n
ot

on
ly

im
p
rov

in
g

d
iscrim

in
a
tio

n
fo

r
each

ty
p

e
of

trial
(sam

e-lan
gu

age
an

d
cross-lan

g
u
age),

b
u
t

it
is

also
align

in
g

th
e

d
istrib

u
tio

n
s

of
th

ese
tw

o
ty

p
es

of
trials

su
ch

th
at

w
h
en

th
ey

are
p

o
oled

tog
eth

er,
th

e
rela

tive
g
ain

fro
m

u
sin

g
J
P

L
D

A
is

em
p
h
asized

.
Y

et,
as

w
e

can
see,

J
P

L
D

A
d
o
es

n
ot

ap
p

ear
to

fu
lly

so
lve

th
e

p
rob

lem
,

sin
ce

th
e

p
o
oled

p
erfo

rm
an

ce
is

still
som

ew
h
at

w
o
rse

th
an

th
at

of
th

e
su

b
sets.

W
e

p
lan

to
stu

d
y

th
e

sou
rce

of
th

e
rem

ain
in

g
m

isalign
m

en
t

in
th

e
n
ear

fu
tu

re.

7
.
C
o
n
clu

sio
n
s

W
e

h
ave

p
ro

p
o
sed

a
gen

eralization
of

P
L

D
A

w
h
ere

w
ith

in
-class

variab
ility

factors
are

n
o

lo
n
g
er

co
n
sid

ered
in

d
ep

en
d
en

t
across

sam
p
les.

T
h
e

m
eth

o
d

assu
m

es
th

at
th

e
id

en
tity

o
f

a
n
u
isa

n
ce

co
n
d
ition

is
k
n
ow

n
d
u
rin

g
train

in
g

an
d

ties
th

e
laten

t
variab

le
corresp

on
d
in

g
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rü

m
m

er
,

N
.m

m
er

,
E

.
D

e
V

il
li
er

s,
an

d
P

.
D

u
m

ou
ch

el
.

M
ix

-
tu

re
of

P
L

D
A

m
o
d
el

s
in

i-
ve

ct
or

sp
ac

e
fo

r
ge

n
d
er

-i
n
d
ep

en
d
en

t
sp

ea
ke

r
re

co
gn

it
io

n
.

In
P

ro
c.

In
te

rs
pe

ec
h
,

p
ag

es
25

–2
8,

F
lo

re
n
ce

,
It

al
y,

A
u
gu

st
20

11
.

Z
.

S
h
i,

L
.

L
iu

,
an

d
R

.
L

iu
.

M
u
lt

i-
v
ie

w
(j

oi
n
t)

p
ro

b
ab

il
it

y
li
n
ea

r
d
is

cr
im

in
at

io
n

an
al

y
si

s
fo

r
m

u
lt

i-
v
ie

w
fe

at
u
re

ve
ri

fi
ca

ti
on

.
a
rX

iv
:1

7
0
4
.0

6
0
6
1
,

20
17

.

A
.

S
iz

ov
,

K
.

A
.

L
ee

,
an

d
T

.
K

in
n
u
n
en

.
U

n
if

y
in

g
p
ro

b
ab

il
is

ti
c

li
n
ea

r
d
is

cr
im

in
a
n
t

an
al

y
si

s
va

ri
an

ts
in

b
io

m
et

ri
c

au
th

en
ti

ca
ti

on
.

In
J

o
in

t
IA

P
R

In
te

rn
a
ti

o
n

a
l

W
o
rk

sh
o
p
s

o
n

S
ta

ti
st

ic
a
l

T
ec

h
n

iq
u

es
in

P
a
tt

er
n

R
ec

og
n

it
io

n
(S

P
R

)
a
n

d
S

tr
u

ct
u

ra
l

a
n

d
S

yn
ta

ct
ic

P
a
tt

er
n

R
ec

og
n

it
io

n
(S

S
P

R
),

p
ag

es
46

4–
47

5.
S
p
ri

n
ge

r,
2
01

4.

29
JM

L
R

 2
0(

24
):

1-
29

, 2
01

9

 



 
 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

2
0

(2
0
1
9
)

1
-4

9
S

u
b

m
it

te
d

4
/
1
8
;

R
ev

is
ed

1
0
/
1
8
;

P
u

b
li

sh
ed

1
/
1
9

G
ro

u
p
In

v
a
ri
a
n
ce

,
S
ta
b
il
it
y
to

D
e
fo
rm

a
ti
o
n
s,

a
n
d
C
o
m
p
le
x
it
y
o
f
D
e
e
p
C
o
n
v
o
lu
ti
o
n
a
l
R
e
p
re
se
n
ta
ti
o
n
s

A
lb

e
rt

o
B

ie
tt

i
a
l
b
e
r
t
o
.b
ie
t
t
i@

in
r
ia
.f
r

J
u

li
e
n

M
a
ir

a
l

ju
l
ie
n
.m

a
ir
a
l
@
in
r
ia
.f
r

U
n

iv
.

G
re

n
o
bl

e
A

lp
es

,
In

ri
a
,

C
N

R
S

,
G

re
n

o
bl

e
IN

P
∗ ,

L
J

K
,

3
8

0
0
0

G
re

n
o
bl

e,
F

ra
n

ce

E
d

it
o
r:

L
or

en
zo

R
o
sa

sc
o

A
b
st
ra

ct

T
h
e

su
cc

es
s

of
d
ee

p
co

n
v
ol

u
ti

on
a
l

a
rc

h
it

ec
tu

re
s

is
of

te
n

a
tt

ri
b
u
te

d
in

p
ar

t
to

th
ei

r
ab

il
it

y
to

le
a
rn

m
u
lt

is
ca

le
an

d
in

va
ri

an
t

re
p
re

se
n
ta

ti
on

s
o
f

n
at

u
ra

l
si

gn
a
ls

.
H

ow
ev

er
,

a
p
re

ci
se

st
u
d
y

of
th

es
e

p
ro

p
er

ti
es

a
n
d

h
ow

th
ey

aff
ec

t
le

ar
n
in

g
gu

ar
an

te
es

is
st

il
l

m
is

si
n
g.

In
th

is
p
ap

er
,

w
e

co
n
si

d
er

d
ee

p
co

n
v
ol

u
ti

o
n
al

re
p
re

se
n
ta

ti
on

s
o
f

si
g
n
a
ls

;
w

e
st

u
d
y

th
ei

r
in

va
ri

an
ce

to
tr

an
sl

a
ti

o
n
s

an
d

to
m

or
e

g
en

er
al

gr
o
u
p
s

of
tr

a
n
sf

or
m

a
ti

o
n
s,

th
ei

r
st

a
b
il
it

y
to

th
e

ac
ti

on
o
f

d
iff

eo
m

or
p
h
is

m
s,

an
d

th
ei

r
ab

il
it

y
to

p
re

se
rv

e
si

gn
a
l
in

fo
rm

at
io

n
.

T
h
is

an
al

y
si

s
is

ca
rr

ie
d

b
y

in
tr

o
d
u
ci

n
g

a
m

u
lt

il
ay

er
ke

rn
el

b
as

ed
o
n

co
n
v
o
lu

ti
o
n
al

k
er

n
el

n
et

w
o
rk

s
an

d
b
y

st
u
d
y
-

in
g

th
e

g
eo

m
et

ry
in

d
u
ce

d
b
y

th
e

ke
rn

el
m

ap
p
in

g
.

W
e

th
en

ch
a
ra

ct
er

iz
e

th
e

co
rr

es
p

on
d
in

g
re

p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
a
ce

(R
K

H
S
),

sh
ow

in
g

th
a
t

it
co

n
ta

in
s

a
la

rg
e

cl
as

s
of

co
n
-

vo
lu

ti
on

al
n
eu

ra
l

n
et

w
or

k
s

w
it

h
h
om

og
en

eo
u
s

ac
ti

va
ti

on
fu

n
ct

io
n
s.

T
h
is

a
n
al

y
si

s
al

lo
w

s
u
s

to
se

p
a
ra

te
d
at

a
re

p
re

se
n
ta

ti
o
n

fr
om

le
a
rn

in
g,

an
d

to
p
ro

v
id

e
a

ca
n
on

ic
al

m
ea

su
re

of
m

o
d
el

co
m

p
le

x
it

y,
th

e
R

K
H

S
n
or

m
,

w
h
ic

h
co

n
tr

ol
s

b
o
th

st
ab

il
it

y
a
n
d

ge
n
er

al
iz

at
io

n
of

an
y

le
a
rn

ed
m

o
d
el

.
In

a
d
d
it

io
n

to
m

o
d
el

s
in

th
e

co
n
st

ru
ct

ed
R

K
H

S
,

ou
r

st
a
b
il
it

y
an

al
y
si

s
al

so
a
p
p
li
es

to
co

n
vo

lu
ti

o
n
al

n
et

w
o
rk

s
w

it
h

ge
n
er

ic
ac

ti
va

ti
on

s
su

ch
as

re
ct

ifi
ed

li
n
ea

r
u
n
it

s,
an

d
w

e
d
is

cu
ss

it
s

re
la

ti
o
n
sh

ip
w

it
h

re
ce

n
t

g
en

er
a
li
za

ti
on

b
o
u
n
d
s

b
a
se

d
o
n

sp
ec

tr
al

n
or

m
s.

K
e
y
w

o
rd

s:
in

va
ri

an
t

re
p
re

se
n
ta

ti
o
n
s,

d
ee

p
le

ar
n
in

g
,

st
ab

il
it

y,
ke

rn
el

m
et

h
o
d
s

1
.
In

tr
o
d
u
ct
io
n

T
h
e

re
su

lt
s

ac
h
ie

v
ed

b
y

d
ee

p
n
eu

ra
l

n
et

w
or

k
s

fo
r

p
re

d
ic

ti
on

ta
sk

s
h
av

e
b

ee
n

im
p
re

ss
iv

e
in

d
om

ai
n
s

w
h
er

e
d
at

a
is

st
ru

ct
u
re

d
a
n
d

av
ai

la
b
le

in
la

rg
e

am
ou

n
ts

.
In

p
a
rt

ic
u
la

r,
co

n
vo

lu
-

ti
on

al
n
eu

ra
l

n
et

w
or

k
s

(C
N

N
s,

L
eC

u
n

et
al

.,
19

89
)

h
av

e
sh

ow
n

to
eff

ec
ti

ve
ly

le
ve

ra
ge

th
e

lo
ca

l
st

at
io

n
ar

it
y

of
n
at

u
ra

l
im

ag
es

at
m

u
lt

ip
le

sc
al

es
th

an
k
s

to
co

n
vo

lu
ti

on
a
l

op
er

at
io

n
s,

w
h
il
e

al
so

p
ro

v
id

in
g

so
m

e
tr

an
sl

at
io

n
in

va
ri

an
ce

th
ro

u
gh

p
o
ol

in
g

op
er

at
io

n
s.

Y
et

,
th

e
ex

ac
t

n
at

u
re

of
th

is
in

va
ri

an
ce

an
d

th
e

ch
ar

ac
te

ri
st

ic
s

of
fu

n
ct

io
n
al

sp
ac

es
w

h
er

e
co

n
vo

lu
ti

on
al

n
eu

ra
l

n
et

w
or

k
s

li
ve

ar
e

p
o
or

ly
u
n
d
er

st
o
o
d
;

ov
er

al
l,

th
es

e
m

o
d
el

s
ar

e
so

m
et

im
es

se
en

as
cl

ev
er

en
gi

n
ee

ri
n
g

b
la

ck
b

ox
es

th
at

h
av

e
b

ee
n

d
es

ig
n
ed

w
it

h
a

lo
t

of
in

si
g
h
t

co
ll
ec

te
d

si
n
ce

th
ey

w
er

e
in

tr
o
d
u
ce

d
.

U
n
d
er

st
an

d
in

g
th

e
in

d
u
ct

iv
e

b
ia

s
of

th
es

e
m

o
d
el

s
is

n
ev

er
th

el
es

s
a

fu
n
d
am

en
ta

l
q
u
es

ti
on

.
F

or
in

st
an

ce
,

a
b

et
te

r
gr

as
p

of
th

e
ge

om
et

ry
in

d
u
ce

d
b
y

co
n
vo

lu
ti

on
al

re
p
re

se
n
ta

ti
on

s
m

ay
b
ri

n
g

n
ew

in
tu

it
io

n
ab

ou
t

th
ei

r
su

cc
es

s,
an

d
le

ad
to

im
p
ro

ve
d

m
ea

su
re

s
of

m
o
d
el

co
m

p
le

x
it

y.
In

tu
rn

,
th

e
is

su
e

of
re

gu
la

ri
za

ti
on

m
ay

b
e

so
lv

ed
b
y

p
ro

v
id

in
g

w
ay

s
to

co
n
tr

ol
th

e
va

ri
at

io
n
s

∗.
In

st
it

u
te

o
f

E
n

g
in

ee
ri

n
g

U
n

iv
.

G
re

n
o
b

le
A

lp
es

c ©
2
0
1
9

A
lb

er
to

B
ie

tt
i

a
n

d
J
u

li
en

M
a
ir

a
l.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
8
-
1
9
0
.
h
t
m
l
.

JM
L

R
 2

0(
25

):
1-

49
, 2

01
9

B
ie
t
t
i
a
n
d

M
a
ir
a
l

of
p
re

d
ic

ti
on

fu
n
ct

io
n
s

in
a

p
ri

n
ci

p
le

d
m

an
n
er

.
O

n
e

m
ea

n
in

gf
u
l
w

ay
to

st
u
d
y

su
ch

va
ri

a
ti

o
n
s

is
to

co
n
si

d
er

th
e

st
ab

il
it

y
of

m
o
d
el

p
re

d
ic

ti
on

s
to

n
at

u
ra

ll
y

o
cc

u
ri

n
g

ch
a
n
g
es

o
f

in
p
u
t

si
gn

al
s,

su
ch

as
tr

an
sl

at
io

n
s

an
d

d
ef

or
m

at
io

n
s.

S
m

al
l

d
ef

or
m

at
io

n
s

of
n
at

u
ra

l
si

gn
al

s
of

te
n

p
re

se
rv

e
th

ei
r

m
ai

n
ch

ar
ac

te
ri

st
ic

s,
su

ch
as

cl
as

s
la

b
el

s
(e

.g
.,

th
e

sa
m

e
d
ig

it
w

it
h

d
iff

er
en

t
h
an

d
w

ri
ti

n
gs

m
ay

co
rr

es
p

o
n
d

to
th

e
sa

m
e

im
ag

es
u
p

to
sm

al
l

d
ef

or
m

at
io

n
s)

,
an

d
p
ro

v
id

e
a

m
u
ch

ri
ch

er
cl

as
s

of
tr

a
n
sf

o
rm

a
ti

o
n
s

th
an

tr
an

sl
at

io
n
s.

T
h
e

sc
at

te
ri

n
g

tr
a
n
sf

o
rm

(M
al

la
t,

20
12

;
B

ru
n
a

an
d

M
al

la
t,

2
0
1
3
)

is
a

re
ce

n
t

at
te

m
p
t

to
ch

ar
ac

te
ri

ze
co

n
vo

lu
ti

on
al

m
u
lt

il
ay

er
ar

ch
it

ec
tu

re
s

b
as

ed
o
n

w
av

el
et

s.
T

h
e

th
eo

ry
p
ro

v
id

es
an

el
eg

an
t

ch
ar

ac
te

ri
za

ti
on

of
in

va
ri

an
ce

an
d

st
ab

il
it

y
p
ro

p
er

ti
es

o
f

si
gn

al
s

re
p
re

se
n
te

d
v
ia

th
e

sc
at

te
ri

n
g

op
er

at
or

,
th

ro
u
gh

a
n
ot

io
n

of
L

ip
sc

h
it

z
st

a
b
il
it

y
to

th
e

ac
ti

on
of

d
iff

eo
m

or
p
h
is

m
s.

N
ev

er
th

el
es

s,
th

es
e

n
et

w
or

k
s

d
o

n
ot

in
v
ol

ve
“l

ea
rn

in
g
”

in
th

e
cl

as
si

ca
l
se

n
se

si
n
ce

th
e

fi
lt

er
s

of
th

e
n
et

w
or

k
s

ar
e

p
re

-d
efi

n
ed

,
an

d
th

e
re

su
lt

in
g

a
rc

h
it

ec
tu

re
d
iff

er
s

si
gn

ifi
ca

n
tl

y
fr

om
th

e
m

os
t

u
se

d
on

es
,

w
h
ic

h
ad

ap
t

fi
lt

er
s

to
tr

ai
n
in

g
d
a
ta

.

In
th

is
w

or
k
,

w
e

st
u
d
y

th
es

e
th

eo
re

ti
ca

l
p
ro

p
er

ti
es

fo
r

m
or

e
st

an
d
ar

d
co

n
vo

lu
ti

o
n
a
l

a
r-

ch
it

ec
tu

re
s,

fr
om

th
e

p
oi

n
t

of
v
ie

w
of

p
os

it
iv

e
d
efi

n
it

e
ke

rn
el

s
(S

ch
öl

ko
p
f

an
d

S
m

o
la

,
2
0
0
1
).

S
p

ec
ifi

ca
ll
y,

w
e

co
n
si

d
er

a
fu

n
ct

io
n
al

sp
ac

e
d
er

iv
ed

fr
om

a
ke

rn
el

fo
r

m
u
lt

i-
d
im

en
si

o
n
a
l

si
g
-

n
al

s
th

at
ad

m
it

s
a

m
u
lt

i-
la

y
er

an
d

co
n
vo

lu
ti

on
al

st
ru

ct
u
re

b
as

ed
on

th
e

co
n
st

ru
ct

io
n

of
co

n
vo

lu
ti

on
al

ke
rn

el
n
et

w
or

k
s

(C
K

N
s)

in
tr

o
d
u
ce

d
b
y

M
ai

ra
l

(2
01

6)
;

M
a
ir

a
l

et
a
l.

(2
0
1
4)

.
T

h
e

ke
rn

el
re

p
re

se
n
ta

ti
on

fo
ll
ow

s
st

an
d
ar

d
co

n
vo

lu
ti

on
al

ar
ch

it
ec

tu
re

s,
w

it
h

p
a
tc

h
ex

tr
a
c-

ti
on

,
n
on

-l
in

ea
r

(k
er

n
el

)
m

ap
p
in

gs
,

an
d

p
o
ol

in
g

o
p

er
at

io
n
s.

W
e

sh
ow

th
at

o
u
r

fu
n
ct

io
n
al

sp
ac

e
co

n
ta

in
s

a
la

rg
e

cl
as

s
of

C
N

N
s

w
it

h
sm

o
ot

h
h
om

og
en

eo
u
s

ac
ti

va
ti

on
fu

n
ct

io
n
s.

T
h
e

m
ai

n
m

ot
iv

at
io

n
fo

r
in

tr
o
d
u
ci

n
g

a
ke

rn
el

fr
am

ew
or

k
is

to
st

u
d
y

se
p
ar

a
te

ly
d
a
ta

re
p
-

re
se

n
ta

ti
on

an
d

p
re

d
ic

ti
v
e

m
o
d
el

s.
O

n
th

e
on

e
h
an

d
,

w
e

st
u
d
y

th
e

tr
an

sl
a
ti

o
n
-i

n
va

ri
a
n
ce

p
ro

p
er

ti
es

of
th

e
ke

rn
el

re
p
re

se
n
ta

ti
on

an
d

it
s

st
ab

il
it

y
to

th
e

ac
ti

on
of

d
iff

eo
m

o
rp

h
is

m
s,

ob
ta

in
in

g
si

m
il
ar

gu
ar

an
te

es
as

th
e

sc
at

te
ri

n
g

tr
an

sf
or

m
(M

al
la

t,
20

12
),

w
h
il
e

p
re

se
rv

in
g

si
gn

al
in

fo
rm

at
io

n
.

W
h
en

th
e

k
er

n
el

is
ap

p
ro

p
ri

at
el

y
d
es

ig
n
ed

,
w

e
al

so
sh

ow
h
ow

to
ob

-
ta

in
si

gn
al

re
p
re

se
n
ta

ti
on

s
th

at
ar

e
in

va
ri

an
t

to
th

e
ac

ti
on

of
an

y
lo

ca
ll
y

co
m

p
a
ct

g
ro

u
p

of
tr

an
sf

or
m

at
io

n
s,

b
y

m
o
d
if

y
in

g
th

e
co

n
st

ru
ct

io
n

of
th

e
k
er

n
el

re
p
re

se
n
ta

ti
o
n

to
b

ec
o
m

e
eq

u
iv

a
ri

a
n

t
to

th
e

gr
ou

p
ac

ti
on

.
O

n
th

e
ot

h
er

h
an

d
,

w
e

sh
ow

th
at

th
es

e
st

a
b
il
it

y
re

su
lt

s
ca

n
b

e
tr

an
sl

at
ed

to
p
re

d
ic

ti
ve

m
o
d
el

s
b
y

co
n
tr

ol
li
n
g

th
ei

r
n
or

m
in

th
e

fu
n
ct

io
n
a
l

sp
a
ce

,
or

si
m

p
ly

th
e

n
or

m
of

th
e

la
st

la
y
er

in
th

e
ca

se
of

C
K

N
s

(M
ai

ra
l,

20
16

).
W

it
h

o
u
r

ke
rn

el
fr

am
ew

or
k
,

th
e

R
K

H
S

n
or

m
al

so
ac

ts
a
s

a
m

ea
su

re
of

m
o
d
el

co
m

p
le

x
it

y,
th

u
s

co
n
tr

o
ll
in

g
b

ot
h

st
ab

il
it

y
an

d
ge

n
er

al
iz

at
io

n
,

so
th

at
st

ab
il
it

y
m

ay
le

ad
to

im
p
ro

v
ed

sa
m

p
le

co
m

p
le

x
it

y.
F

in
al

ly
,

ou
r

w
or

k
su

gg
es

ts
th

at
ex

p
li
ci

tl
y

re
gu

la
ri

zi
n
g

C
N

N
s

w
it

h
th

e
R

K
H

S
n
o
rm

(o
r

a
p
-

p
ro

x
im

at
io

n
s

th
er

eo
f)

ca
n

h
el

p
ob

ta
in

m
or

e
st

ab
le

m
o
d
el

s,
a

m
o
re

p
ra

ct
ic

al
q
u
es

ti
o
n

w
h
ic

h
w

e
st

u
d
y

in
fo

ll
ow

-u
p

w
or

k
(B

ie
tt

i
et

al
.,

20
19

).

A
sh

or
t

ve
rs

io
n

of
th

is
p
ap

er
w

as
p
u
b
li
sh

ed
at

th
e

N
eu

ra
l

In
fo

rm
at

io
n

P
ro

ce
ss

in
g

S
y
s-

te
m

s
20

17
co

n
fe

re
n
ce

(B
ie

tt
i

an
d

M
ai

ra
l,

20
17

).

1
.1

.
S

u
m

m
a
ry

o
f

M
a
in

R
e
su

lt
s

O
u
r

w
or

k
ch

ar
ac

te
ri

ze
s

p
ro

p
er

ti
es

of
d
ee

p
co

n
v
ol

u
ti

on
al

m
o
d
el

s
al

on
g

tw
o

m
a
in

d
ir

ec
ti

o
n
s.

•
T

h
e

fi
rs

t
go

al
is

to
st

u
d
y

re
p
re

se
n

ta
ti

o
n

p
ro

p
er

ti
es

of
su

ch
m

o
d
el

s,
in

d
ep

en
d
en

tl
y

o
f

tr
ai

n
in

g
d
at

a.
G

iv
en

a
d
ee

p
co

n
vo

lu
ti

on
al

ar
ch

it
ec

tu
re

,
w

e
st

u
d
y

si
gn

a
l

p
re

se
rv

a
ti

o
n

as
w

el
l

as
in

va
ri

an
ce

an
d

st
ab

il
it

y
p
ro

p
er

ti
es

.
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In
v
a
r
ia
n
c
e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

•
T

h
e

seco
n
d

goal
fo

cu
ses

on
lea

rn
in

g
asp

ects,
b
y

stu
d
y
in

g
th

e
co

m
p
lex

ity
of

learn
ed

m
o
d
els

b
ased

on
ou

r
rep

resen
tation

.
In

p
articu

lar,
ou

r
con

stru
ction

relies
on

kern
el

m
eth

o
d
s,

allow
in

g
u
s

to
d
efi

n
e

a
corresp

on
d
in

g
fu

n
ction

al
sp

ace
(th

e
R

K
H

S
).

W
e

sh
ow

th
a
t

th
is

fu
n
ction

al
sp

ace
co

n
tain

s
a

class
of

C
N

N
s

w
ith

sm
o
oth

h
om

ogen
eou

s
a
ctivatio

n
s,

an
d

stu
d
y

th
e

co
m

p
lex

ity
of

su
ch

m
o
d
els

b
y

con
sid

erin
g

th
eir

R
K

H
S

n
o
rm

.
T

h
is

d
irectly

lead
s

to
statem

en
ts

on
th

e
gen

eralization
of

su
ch

m
o
d
els,

as
w

ell
a
s

o
n

th
e

in
varian

ce
an

d
stab

ility
p
rop

erties
of

th
eir

p
red

iction
s.

•
F

in
a
lly,

w
e

sh
ow

h
ow

som
e

of
ou

r
argu

m
en

ts
ex

ten
d

to
m

ore
trad

itio
n
al

C
N

N
s

w
ith

g
en

eric
a
n
d

p
ossib

ly
n
on

-sm
o
oth

activa
tion

s
(su

ch
as

R
eL

U
or

tan
h
).

S
ig

n
a
l

p
re

se
rv

a
tio

n
,

in
v
a
ria

n
c
e

a
n

d
sta

b
ility

.
W

e
tack

le
th

is
fi
rst

go
al

b
y

d
efi

n
-

in
g

a
d
eep

con
volu

tion
al

rep
resen

tation
b
ased

on
h
iera

rch
ical

kern
els.

W
e

sh
ow

th
at

th
e

rep
resen

ta
tio

n
p
reserves

sign
al

in
form

ation
an

d
gu

aran
tees

n
ear-in

varian
ce

to
tran

slation
s

a
n
d

sta
b
ility

to
d
eform

ation
s

in
th

e
follow

in
g

sen
se,

d
efi

n
ed

b
y

M
allat

(2
012):

for
sign

als
x

:R
d
→

R
p
0

d
efi

n
ed

on
th

e
con

tin
u
ou

s
d
om

ain
R
d,

w
e

say
th

at
a

rep
resen

tation
Φ

(x
)

is
sta

ble
to

th
e

a
ction

of
d
iff

eom
orp

h
ism

s
if

‖Φ
(L

τ x
)−

Φ
(x

)‖
≤

(C
1 ‖∇

τ‖∞
+
C

2 ‖
τ‖∞

)‖x‖
,

w
h
ere

τ
:R

d→
R
d

is
a
C

1-d
iff

eom
orp

h
ism

,
L
τ x

(u
)

=
x

(u−
τ
(u

))
its

a
ction

op
erator,

an
d

th
e

n
o
rm

s‖τ‖∞
a
n
d
‖∇

τ‖∞
ch

aracterize
h
ow

large
th

e
tran

slation
an

d
d
eform

ation
co

m
p

on
en

ts
a
re,

resp
ectiv

ely
(see

S
ection

3
for

form
al

d
efi

n
ition

s).
T

h
e

J
acob

ian
∇
τ

q
u
an

tifi
es

th
e

size
of

lo
ca

l
d
efo

rm
a
tion

s,
so

th
at

th
e

fi
rst

term
con

tro
ls

th
e

stab
ility

of
th

e
rep

resen
tation

.
In

th
e

ca
se

o
f

tra
n
sla

tion
s,

th
e

fi
rst

term
van

ish
es

(∇
τ

=
0),

h
en

ce
a

sm
all

valu
e

of
C

2
is

d
esirab

le
fo

r
tra

n
sla

tio
n

in
varian

ce.
W

e
sh

ow
th

at
su

ch
sign

al
p
reservation

an
d

stab
ility

p
rop

erties
are

va
lid

fo
r

th
e

m
u
ltilayer

kern
el

rep
resen

tation
Φ

d
efi

n
ed

in
S
ection

2
b
y

rep
eated

ap
p
lication

o
f

p
a
tch

ex
tra

ction
,

kern
el

m
ap

p
in

g,
an

d
p

o
olin

g
o
p

erators:

•
T

h
e

rep
resen

tation
can

b
e

d
iscretized

w
ith

n
o

loss
of

in
form

ation
,

b
y

su
b
sam

p
lin

g
at

ea
ch

layer
w

ith
a

factor
sm

aller
th

an
th

e
p
atch

size;

•
T

h
e

tra
n
slation

in
varian

ce
is

con
trolled

b
y

a
factor

C
2

=
C
′2 /σ

n
,

w
h
ere

σ
n

rep
resen

ts
th

e
“
reso

lu
tion

”
of

th
e

last
layer,

an
d

ty
p
ically

in
creases

ex
p

on
en

tially
w

ith
d
ep

th
;

•
T

h
e

d
efo

rm
ation

stab
ility

is
con

trolled
b
y

a
factor

C
1

w
h
ich

in
crea

ses
as
κ
d
+

1,
w

h
ere

κ
co

rresp
o
n
d
s

to
th

e
p
atch

size
at

a
given

layer,
th

at
is,

th
e

size
of

th
e

“recep
tive

fi
eld

”
o
f

a
p
a
tch

relative
to

th
e

resolu
tion

of
th

e
p
rev

iou
s

layer.

T
h
ese

resu
lts

su
ggest

th
at

a
go

o
d

w
ay

to
ob

tain
a

stab
le

rep
resen

tation
th

at
p
reserves

sign
al

in
fo

rm
a
tion

is
to

u
se

th
e

sm
allest

p
ossib

le
p
a
tch

es
at

each
lay

er
(e.g.,

3x
3

for
im

ages)
an

d
p

erfo
rm

p
o
o
lin

g
an

d
d
ow

n
sam

p
lin

g
at

a
factor

sm
aller

th
an

th
e

p
atch

size,
w

ith
as

m
an

y
layers

a
s

n
eed

ed
in

ord
er

to
reach

a
d
esired

level
o
f

tran
slation

in
varian

ce
σ
n
.

W
e

sh
ow

in
S
ectio

n
3
.3

th
at

th
e

sam
e

in
varian

ce
an

d
stab

ility
gu

aran
tees

h
old

w
h
en

u
sin

g
k
ern

el
a
p
p
rox

im
a
tio

n
s

as
in

C
K

N
s,

at
th

e
cost

of
losin

g
sign

al
in

form
ation

.
In

S
ection

3.5,
w

e
sh

ow
h
ow

to
go

b
eyon

d
th

e
tran

slation
gro

u
p
,

b
y

con
stru

ctin
g

sim
ilar

rep
resen

tatio
n
s

th
at

are
in

varian
t

to
th

e
action

of
lo

cally
com

p
act

grou
p
s.

T
h
is

is
ach

ieved
b
y

m
o
d
ify

in
g

p
atch

ex
traction

an
d

p
o
olin

g
op

erators
so

th
at

th
ey

com
m

u
te

w
ith

th
e

grou
p

a
ctio

n
op

era
tor

(th
is

is
k
n
ow

n
as

equ
iva

ria
n

ce
).

3
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B
ie
t
t
i
a
n
d

M
a
ir
a
l

M
o
d

e
l

c
o
m

p
le

x
ity

.
O

u
r

secon
d

goal
is

to
an

aly
ze

th
e

com
p
lex

ity
of

d
eep

con
volu

tion
al

m
o
d
els

b
y

stu
d
y
in

g
th

e
fu

n
ction

al
sp

ace
d
efi

n
ed

b
y

ou
r

kern
el

rep
resen

tation
,

sh
ow

in
g

th
at

certain
classes

of
C

N
N

s
are

con
tain

ed
in

th
is

sp
ace,

an
d

ch
aracterizin

g
th

eir
n
orm

.
T

h
e

m
u
lti-layer

kern
el

rep
resen

tation
d
efi

n
ed

in
S
ection

2
is

con
stru

cted
b
y

u
sin

g
kern

el
m

ap
p
in

gs
d
efi

n
ed

on
lo

cal
sign

al
p
atch

es
at

each
scale,

w
h
ich

rep
lace

th
e

lin
ear

m
ap

p
in

g
follow

ed
b
y

a
n
on

-lin
earity

in
stan

d
ard

con
v
olu

tion
al

n
etw

ork
s.

In
sp

ired
b
y

Z
h
an

g
et

al.
(2017b

),
w

e
sh

ow
in

S
ection

4.1
th

at
w

h
en

th
ese

kern
el

m
ap

p
in

gs
com

e
from

a
class

of
d
ot-p

ro
d
u
ct

kern
els,

th
e

corresp
on

d
in

g
R

K
H

S
con

tain
s

fu
n
ction

s
of

th
e

form

z
7→
‖z‖σ

(〈g
,z〉/‖

z‖
),

for
certain

ty
p

es
of

sm
o
oth

activation
fu

n
ction

s
σ

,
w

h
ere

g
an

d
z

live
in

a
p
articu

lar
H

ilb
ert

sp
ace.

T
h
ese

b
eh

av
e

like
sim

p
le

n
eu

ral
n
etw

ork
fu

n
ction

s
on

p
atch

es,
u
p

to
h
om

ogen
eiza-

tion
.

N
ote

th
at

if
σ

w
as

allow
ed

to
b

e
h
om

ogen
eou

s,
su

ch
as

fo
r

rectifi
ed

lin
ear

u
n
its

σ
(α

)
=

m
ax

(α
,0),

h
om

ogen
eization

w
ou

ld
d
isap

p
ear.

B
y

con
sid

erin
g

m
u
ltip

le
su

ch
fu

n
c-

tion
s

at
each

layer,
w

e
con

stru
ct

a
C

N
N

in
th

e
R

K
H

S
of

th
e

fu
ll

m
u
lti-layer

k
ern

el
in

S
ection

4.2.
D

en
otin

g
su

ch
a

C
N

N
b
y
f
σ
,

w
e

sh
ow

th
at

its
R

K
H

S
n
orm

can
b

e
b

ou
n
d
ed

as

‖
f
σ ‖

2≤
‖w

n
+

1 ‖
2
C

2σ (‖W
n ‖

22
C

2σ (‖W
n−

1 ‖
22
...C

2σ (‖W
2 ‖

22
C

2σ (‖
W

1 ‖
2F

))
...)),

w
h
ere

W
k

are
con

volu
tion

al
fi
lter

p
aram

eters
at

layer
k
,
w
n

+
1

carries
th

e
p
aram

eters
of

a
fi
n
al

lin
ear

fu
lly

con
n
ected

layer,
C

2σ
is

a
fu

n
ction

q
u
an

tify
in

g
th

e
com

p
lex

ity
of

th
e

sim
p
le

fu
n
ction

s
d
efi

n
ed

ab
ove

d
ep

en
d
in

g
on

th
e

ch
oice

of
activation

σ
,

an
d
‖
W
k ‖

2 ,‖
W
k ‖
F

d
en

ote
sp

ectral
an

d
F

rob
en

iu
s

n
orm

s,
resp

ectively,
(see

S
ection

4.2
fo

r
d
etails).

T
h
is

n
orm

can
th

en
con

trol
gen

eralization
asp

ects
th

rou
gh

classical
m

argin
b

ou
n
d
s,

as
w

ell
as

th
e

in
varian

ce
an

d
stab

ility
of

m
o
d
el

p
red

iction
s.

In
d
eed

,
b
y

u
sin

g
th

e
rep

ro
d
u
cin

g
p
rop

erty
f

(x
)

=
〈f
,Φ

(x
)〉,

th
is

“lin
earization

”
lets

u
s

con
trol

stab
ility

p
rop

erties
o
f

m
o
d
el

p
red

iction
s

th
rou

gh
‖f‖:

for
a
ll

sign
als

x
an

d
x
′,
|f

(x
)−

f
(x
′)|≤

‖f‖·‖
Φ

(x
)−

Φ
(x
′)‖
,

m
ean

in
g

th
at

th
e

p
red

iction
fu

n
ctio

n
f

w
ill

in
h
erit

th
e

stab
ility

of
Φ

w
h
en
‖
f‖

is
sm

all.

T
h

e
c
a
se

o
f

sta
n

d
a
rd

C
N

N
s

w
ith

g
e
n

e
ric

a
c
tiv

a
tio

n
s.

W
h
en

con
sid

erin
g

C
N

N
s

w
ith

gen
eric,

p
ossib

ly
n
on

-sm
o
oth

activation
s

su
ch

as
rectifi

ed
lin

ear
u
n
its

(R
eL

U
s),

th
e

sep
aration

b
etw

een
a

d
ata-in

d
ep

en
d
en

t
rep

resen
tation

an
d

a
learn

ed
m

o
d
el

is
n
ot

alw
ay

s
ach

ievab
le

in
con

trast
to

ou
r

kern
el

ap
p
roach

.
In

p
articu
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n
it

e
ke

rn
el
K

th
at

op
er

at
es

on
a

se
t
X

im
p
li
ci

tl
y

d
efi

n
es

a
re

p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
ac

e
H

of
fu

n
ct

io
n
s

fr
om
X

to
R

,
al

on
g

w
it

h
a

m
ap

p
in

g
ϕ

:
X
→
H

.
A

p
re

d
ic

ti
ve

m
od

el
as

so
ci

at
es

to
ev

er
y

p
oi

n
t
z

in
X

a
la

b
el

in
R

;
it

co
n
si

st
s

of
a

li
n
ea

r
fu

n
ct

io
n
f

in
H

su
ch

th
at
f

(z
)

=
〈f
,ϕ

(z
)〉
H

,
w

h
er

e
ϕ

(z
)

is
th

e
d
a
ta

re
p
re

se
n

ta
ti

o
n

.
G

iv
en

n
ow

tw
o

p
o
in

ts
z
,z
′

in
X

,
C

au
ch

y
-S

ch
w

ar
z’

s
in

eq
u
al

it
y

al
lo

w
s

u
s

to
co

n
tr

ol
th

e
va

ri
at

io
n

of
th

e
p
re

d
ic

ti
v
e

m
o
d
el
f

ac
co

rd
in

g
to

th
e

ge
om

et
ry

in
d
u
ce

d
b
y

th
e

H
il
b

er
t

n
or

m
‖.
‖ H

:

|f
(z

)
−
f

(z
′ )
|≤
‖f
‖ H
‖ϕ

(z
)
−
ϕ

(z
′ )
‖ H
.

(1
)

T
h
is

p
ro

p
er

ty
im

p
li
es

th
at

tw
o

p
oi

n
ts
z

an
d
z
′ t

h
at

ar
e

cl
os

e
to

ea
ch

ot
h
er

ac
co

rd
in

g
to

th
e

R
K

H
S

n
or

m
sh

ou
ld

le
ad

to
si

m
il
ar

p
re

d
ic

ti
on

s,
w

h
en

th
e

m
o
d
el
f

h
as

sm
a
ll

n
o
rm

in
H

.
T

h
en

,
w

e
co

n
si

d
er

n
ot

at
io

n
fr

om
si

gn
al

p
ro

ce
ss

in
g

si
m

il
ar

to
M

al
la

t
(2

0
1
2
).

W
e

ca
ll

a
si

gn
al
x

a
fu

n
ct

io
n

in
L

2
(R

d
,H

),
w

h
er

e
th

e
d
om

ai
n
R
d

re
p
re

se
n
ts

sp
at

ia
l

co
o
rd

in
a
te

s,
a
n
d

H
is

a
H

il
b

er
t

sp
ac

e,
w

h
en
‖x
‖2 L

2
:=
∫ R

d
‖x

(u
)‖

2 H
d
u
<
∞

,
w

h
er

e
d
u

is
th

e
L

eb
es

g
u
e

m
ea

su
re

on
R
d
.

G
iv

en
a

li
n
ea

r
op

er
at

or
T

:
L

2
(R

d
,H

)
→

L
2
(R

d
,H
′ )

,
th

e
op

er
at

or
n
o
rm

is
d
efi

n
ed

as
‖T
‖ L

2
(R
d
,H

)→
L
2
(R
d
,H

′ )
:=

su
p
‖x
‖ L

2
(R
d
,H

)
≤

1
‖T
x
‖ L

2
(R
d
,H

′ )
.

F
or

th
e

sa
ke

of
cl

a
ri

ty
,

w
e

d
ro

p

n
or

m
su

b
sc

ri
p
ts

,
fr

om
n
ow

on
,

u
si

n
g

th
e

n
ot

at
io

n
‖·
‖

fo
r

H
il
b

er
t

sp
ac

e
n
or

m
s,
L

2
n
o
rm

s,
an

d
L

2
→
L

2
op

er
at

or
n
or

m
s,

w
h
il
e
|·
|d

en
ot

es
th

e
E

u
cl

id
ea

n
n
or

m
on

R
d
.

W
e

u
se

cu
rs

iv
e

ca
p
it

al
le

tt
er

s
(e

.g
.,
H
,P

)
to

d
en

ot
e

H
il
b

er
t

sp
ac

es
,
an

d
n
on

-c
u
rs

iv
e

o
n
es

fo
r

o
p

er
a
to

rs
(e

.g
.,

P
,M

,A
).

S
om

e
u
se

fu
l

m
at

h
em

at
ic

al
to

ol
s

ar
e

al
so

p
re

se
n
te

d
in

A
p
p

en
d
ix

A
.

1
.4

.
O

rg
a
n

iz
a
ti

o
n

o
f

th
e

P
a
p

e
r

T
h
e

re
st

of
th

e
p
ap

er
is

st
ru

ct
u
re

d
as

fo
ll
ow

s:

•
In

S
ec

ti
on

2,
w

e
in

tr
o
d
u
ce

a
m

u
lt

il
ay

er
co

n
v
ol

u
ti

on
al

ke
rn

el
re

p
re

se
n
ta

ti
o
n

fo
r

co
n
ti

n
-

u
ou

s
si

gn
al

s,
b
as

ed
on

a
h
ie

ra
rc

h
y

of
p
at

ch
ex

tr
ac

ti
on

,
ke

rn
el

m
ap

p
in

g
,

a
n
d

p
o
o
li
n
g

op
er

at
or

s.
W

e
p
re

se
n
t

u
se

fu
l

p
ro

p
er

ti
es

of
th

is
re

p
re

se
n
ta

ti
on

su
ch

as
si

g
n
a
l

p
re

se
r-

va
ti

on
,

as
w

el
l

as
w

ay
s

to
m

ak
e

it
p
ra

ct
ic

al
th

ro
u
gh

d
is

cr
et

iz
at

io
n

an
d

ke
rn

el
a
p
p
ro

x
-

im
at

io
n
s

in
th

e
co

n
te

x
t

of
C

K
N

s.
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In
v
a
r
ia
n
c
e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

•
In

S
ectio

n
3,

w
e

p
resen

t
ou

r
m

ain
resu

lts
regard

in
g

stab
ility

an
d

in
varian

ce,
n
am

ely
th

a
t

th
e

k
ern

el
rep

resen
tation

in
tro

d
u
ced

in
S
ection

2
is

n
ear

tran
slatio

n
-in

va
rian

t
a
n
d

sta
b
le

to
th

e
action

of
d
iff

eom
orp

h
ism

s.
W

e
th

en
sh

ow
in

S
ection

3.3
th

at
th

e
sa

m
e

sta
b
ility

resu
lts

ap
p
ly

in
th

e
p
resen

ce
of

kern
el

ap
p
rox

im
ation

s
su

ch
a
s

th
ose

of
C

K
N

s
(M

airal,
2016),

an
d

d
escrib

e
a

gen
eric

w
ay

to
m

o
d
ify

th
e

m
u
ltilayer

con
stru

c-
tio

n
in

o
rd

er
to

gu
aran

tee
in

varian
ce

to
th

e
actio

n
of

an
y

lo
cally

com
p
act

g
rou

p
of

tra
n
sfo

rm
ation

s
in

S
ection

3.5.

•
In

S
ectio

n
4,

w
e

stu
d
y

th
e

fu
n
ction

al
sp

aces
in

d
u
ced

b
y

ou
r

rep
resen

tation
,

sh
ow

in
g

th
a
t

sim
p
le

n
eu

ral-n
etw

ork
like

fu
n
ction

s
w

ith
certain

sm
o
oth

activation
s

are
con

-
ta

in
ed

in
th

e
R

K
H

S
at

in
term

ed
iate

layers,
an

d
th

at
th

e
R

K
H

S
o
f

th
e

fu
ll

kern
el

in
d
u
ced

b
y

ou
r

rep
resen

tation
con

tain
s

a
cla

ss
of

gen
eric

C
N

N
s

w
ith

sm
o
oth

an
d

h
o-

m
o
g
en

eo
u
s

activation
s.

W
e

th
en

p
resen

t
u
p
p

er
b

ou
n
d
s

on
th

e
R

K
H

S
n
orm

of
su

ch
C

N
N

s,
w

h
ich

serves
as

a
m

easu
re

of
com

p
lex

ity,
con

trollin
g

b
oth

gen
eralization

an
d

sta
b
ility.

S
ection

4.3
stu

d
ies

th
e

stab
ility

for
C

N
N

s
w

ith
gen

eric
activation

s
su

ch
as

rectifi
ed

lin
ear

u
n
its,

an
d

d
iscu

sses
th

e
lin

k
w

ith
gen

eralization
.

•
F

in
a
lly,

w
e

d
iscu

ss
in

S
ection

5
h
ow

th
e

ob
tain

ed
stab

ility
resu

lts
ap

p
ly

to
th

e
p
ractical

settin
g

o
f

learn
in

g
p
red

iction
fu

n
ction

s.
In

p
articu

lar,
w

e
ex

p
lain

w
h
y

th
e

regu
lariza-

tio
n

u
sed

in
C

K
N

s
p
rov

id
es

a
n
atu

ral
w

ay
to

con
trol

stab
ility,

w
h
ile

a
sim

ilar
con

trol
is

h
ard

er
to

ach
ieve

w
ith

gen
eric

C
N

N
s.

2
.
C
o
n
stru

ctio
n
o
f
th

e
M

u
ltila

y
e
r
C
o
n
v
o
lu
tio

n
a
l
K
e
rn

e
l

W
e

n
ow

p
resen

t
th

e
m

u
ltilay

er
con

volu
tion

al
kern

el,
w

h
ich

op
erates

on
sign

als
w

ith
d

sp
atial

d
im

en
sio

n
s.

T
h
e

con
stru

ction
follow

s
closely

th
at

o
f

con
volu

tion
al

kern
el

n
etw

ork
s

b
u
t

is
g
en

eralized
to

in
p
u
t

sign
als

d
efi

n
ed

on
th

e
con

tin
u
ou

s
d
om

ain
R
d.

D
ealin

g
w

ith
con

tin
u
ou

s
sig

n
a
ls

is
in

d
eed

u
sefu

l
to

ch
aracterize

th
e

stab
ility

p
rop

erties
of

sign
al

rep
resen

tation
s

to
sm

a
ll

d
efo

rm
ation

s,
as

d
on

e
b
y

M
allat

(2012)
in

th
e

con
tex

t
o
f

th
e

scatterin
g

tran
sfo

rm
.

T
h
e

issu
e

o
f

d
iscretization

on
a

d
iscrete

grid
is

ad
d
ressed

in
S
ection

2.1.
In

w
h
a
t

fo
llow

s,
w

e
con

sid
er

sign
als

x
0

th
at

live
in
L

2(R
d,H

0 ),
w

h
ere

ty
p
ically

H
0

=
R
p
0

(e.g.,
w

ith
p

0
=

3
an

d
d

=
2,

th
e

vector
x

0 (u
)

in
R

3
m

ay
rep

resen
t

th
e

R
G

B
p
ix

el
valu

e
a
t

lo
ca

tio
n
u

in
R

2).
T

h
en

,
w

e
b
u
ild

a
seq

u
en

ce
of

rep
ro

d
u
cin

g
k
ern

el
H

ilb
ert

sp
aces

H
1 ,H

2 ,...,
an

d
tran

sform
x

0
in

to
a

seq
u
en

ce
of

“featu
re

m
ap

s”,
resp

ectively
d
en

oted
b
y
x

1

in
L

2(R
d,H

1 ),
x

2
in
L

2(R
d,H

2 ),
etc...

A
s

d
ep

icted
in

F
igu

re
1,

a
n
ew

m
ap

x
k

is
b
u
ilt

from
th

e
p
rev

io
u
s

o
n
e
x
k
–
1

b
y

ap
p
ly

in
g

su
ccessively

th
ree

op
erators

th
at

p
erform

p
a
tch

ex
traction

(P
k ),

kern
el

m
ap

p
in

g
(M

k )
to

a
n
ew

R
K

H
S
H
k ,

an
d

lin
ear

p
o
olin

g
(A

k ),
resp

ectively.
W

h
en

g
o
in

g
u
p

in
th

e
h
ierarch

y,
th

e
p

oin
ts
x
k (u

)
carry

in
form

ation
from

larger
sign

al
n
eig

h
b

o
rh

o
o
d
s

cen
tered

at
u

in
R
d

w
ith

m
ore

in
varian

ce,
as

w
e

form
ally

sh
ow

in
S
ection

3.

P
a
tch

e
x
tra

c
tio

n
o
p

e
ra

to
r.

G
iven

th
e

layer
x
k
–
1 ,

w
e

con
sid

er
a

p
atch

sh
ap

e
S
k ,

d
efi

n
ed

a
s

a
co

m
p
a
ct

cen
tered

su
b
set

of
R
d,

e.g.,
a

b
ox

,
an

d
w

e
d
efi

n
e

th
e

H
ilb

ert
sp

ace
P
k

:=
L

2(S
k ,H

k
–
1 )

eq
u
ip

p
ed

w
ith

th
e

n
orm
‖
z‖

2
=
∫
S
k ‖
z
(u

)‖
2d
ν
k (u

),
w

h
ere

d
ν
k

is
th

e
n
orm

alized
u
n
ifo

rm
m

ea
su

re
on

S
k

for
every

z
in
P
k .

S
p

ecifi
cally,

w
e

d
efi

n
e

th
e

(lin
ear)

p
atch

ex
traction

o
p

era
to

r
P
k

:
L

2(R
d,H

k
–
1 )→

L
2(R

d,P
k )

su
ch

th
at

for
all

u
in

R
d,

P
k x

k
–
1 (u

)
=

(v
7→
x
k
–
1 (u

+
v
))
v∈
S
k ∈
P
k .
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B
ie
t
t
i
a
n
d

M
a
ir
a
l

x
k
–
1

:
Ω
→
H

k
–
1

x
k
–
1 (u

)∈
H

k
–
1

P
k x

k
–
1 (v

)∈
P
k

(p
a
tch

ex
tra

ction
)

kern
el

m
ap

p
in

g

M
k P

k x
k
–
1 (v

)
=
ϕ
k (P

k x
k
–
1 (v

))∈
H

k
M

k P
k x

k
–
1

:
Ω
→
H

k

x
k

:=
A

k M
k P

k x
k
–
1

:
Ω
→
H

k

lin
ear

p
o
olin

g
x
k (w

)
=
A

k M
k P

k x
k
–
1 (w

)∈
H

k

F
igu

re
1:

C
on

stru
ction

of
th

e
k
-th

sign
al

rep
resen

tation
from

th
e
k
–1-th

on
e.

N
ote

th
at

w
h
ile

th
e

d
om

ain
Ω

is
d
ep

icted
as

a
b

ox
in

R
2

h
ere,

ou
r

con
stru

ction
is

su
p
p

orted
on

Ω
=

R
d.

N
ote

th
at

b
y

eq
u
ip

p
in

gP
k

w
ith

a
n
orm

alized
m

easu
re,

it
is

easy
to

sh
ow

th
at

th
e

op
erator

P
k

p
reserves

th
e

n
orm

—
th

at
is,‖P

k x
k
–
1 ‖

=
‖x

k
–
1 ‖

an
d

h
en

ce
P
k x

k
–
1

is
in
L

2(R
d,P

k ).

K
e
rn

e
l

m
a
p

p
in

g
o
p

e
ra

to
r.

T
h
en

,
w

e
m

ap
each

p
atch

of
x
k
–
1

to
a

R
K

H
S
H
k

th
an

k
s

to
th

e
kern

el
m

ap
p
in

g
ϕ
k

:P
k →

H
k

asso
ciated

to
a

p
ositive

d
efi

n
ite

kern
el
K
k

th
at

op
erates

on
p
atch

es.
It

allow
s

u
s

to
d
efi

n
e

th
e

p
oin

tw
ise

op
erator

M
k

su
ch

th
at

for
all

u
in

R
d,

M
k P

k x
k
–
1 (u

)
:=

ϕ
k (P

k x
k
–
1 (u

))∈
H
k .

In
th

is
p
ap

er,
w

e
con

sid
er

h
om

ogen
eou

s
d
ot-p

ro
d
u
ct

k
ern

els
K
k

op
eratin

g
o
n
P
k ,

d
efi

n
ed

in
term

s
of

a
fu

n
ction

κ
k

:
[−

1,1]→
R

th
at

satisfi
es

th
e

follow
in

g
con

strain
ts:

κ
k (u

)
=

+
∞
∑j=

0

b
j u
j

s.t.
∀
j,b

j ≥
0,

κ
k (1)

=
1,

κ
′k (1)

=
1,

(A
1)

assu
m

in
g

con
vergen

ce
of

th
e

series ∑
j
b
j

an
d
∑

j
jb
j .

T
h
en

,
w

e
d
efi

n
e

th
e

kern
el
K
k

b
y

K
k (z

,z ′)
=
‖
z‖‖z ′‖

κ
k (
〈z
,z ′〉

‖z‖‖z ′‖ )
,

(2)

if
z
,z ′∈

P
k \{0},

an
d
K
k (z

,z ′)
=

0
if
z

=
0

or
z ′

=
0.

T
h
e

kern
el

is
p

ositive
d
efi

n
ite

sin
ce

it
ad

m
its

a
M

aclau
rin

ex
p
an

sion
w

ith
on

ly
n
on

-n
egative

co
effi

cien
ts

(S
ch

o
en

b
erg,

1942;
S
ch

ölkop
f

an
d

S
m

ola,
2001).

T
h
e

con
d
itio

n
κ
k (1)

=
1

en
su

res
th

at
th

e
R

K
H

S
m

ap
p
in

g
p
reserves

th
e

n
orm

—
th

at
is,‖

ϕ
k (z

)‖
=
K
k (z

,z
)
1
/
2

=
‖
z‖

,
an

d
th

u
s
‖M

k P
k x

k
–
1 (u

)‖
=

‖P
k x

k
–
1 (u

)‖
for

all
u

in
R
d;

as
a

con
seq

u
en

ce,
M
k P

k x
k
–
1

is
alw

ay
s

in
L

2(R
d,H

k ).
T

h
e

tech
n
ical

con
d
itio

n
κ
′k (1)

=
1,

w
h
ere

κ
′k

is
th

e
fi
rst

d
erivative

of
κ
k ,

en
su

res
th

at
th

e
kern

el
m

ap
p
in

g
ϕ
k

is
n
on

-ex
p
an

sive,
acco

rd
in

g
to

L
em

m
a

1
b

elow
.
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In
v
a
r
ia
n
c
e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

L
e
m

m
a

1
(N

o
n

-e
x
p

a
n

si
v
e
n

e
ss

o
f

th
e

k
e
rn

e
l

m
a
p

p
in

g
s)

C
o
n

si
d
er

a
po

si
ti

ve
-d

efi
n

it
e

ke
rn

el
o
f

th
e

fo
rm

(2
)

sa
ti

sf
yi

n
g

(A
1)

w
it

h
R

K
H

S
m

a
p
p
in

g
ϕ
k

:
P k
→
H
k
.

T
h
en

,
ϕ
k

is
n

o
n

-e
xp

a
n

si
ve

—
th

a
t

is
,

fo
r

a
ll
z
,z
′

in
P k

,

‖ϕ
k
(z

)
−
ϕ
k
(z
′ )
‖
≤
‖z
−
z
′ ‖.

M
o
re

o
ve

r,
w

e
re

m
a
rk

th
a
t

th
e

ke
rn

el
K
k

is
lo

w
er

-b
o
u

n
d
ed

by
th

e
li

n
ea

r
o
n

e

K
k
(z
,z
′ )
≥
〈z
,z
′ 〉.

(3
)

F
ro

m
th

e
p
ro

of
of

th
e

le
m

m
a,

gi
v
en

in
A

p
p

en
d
ix

B
,

on
e

m
ay

n
ot

ic
e

th
at

th
e

as
su

m
p
-

ti
on

κ
′ k(

1)
=

1
is

n
ot

cr
it

ic
al

an
d

m
ay

b
e

sa
fe

ly
re

p
la

ce
d

b
y
κ
′ k(

1)
≤

1.
T

h
en

,
th

e
n
on

-
ex

p
an

si
ve

n
es

s
p
ro

p
er

ty
w

ou
ld

b
e

p
re

se
rv

ed
.

Y
et

,
w

e
h
av

e
ch

os
en

a
st

ro
n
ge

r
co

n
st

ra
in

t
si

n
ce

it
y
ie

ld
s

a
fe

w
si

m
p
li
fi
ca

ti
on

s
in

th
e

st
ab

il
it

y
an

al
y
si

s,
w

h
er

e
w

e
u
se

th
e

re
la

ti
o
n

(3
)

th
at

re
q
u
ir

es
κ
′ k(

1)
=

1.
M

or
e

ge
n
er

al
ly

,
th

e
k
er

n
el

m
ap

p
in

g
is

L
ip

sc
h
it

z
co

n
ti

n
u
ou

s
w

it
h

co
n
-

st
an

t
ρ
k

=
m

ax
(1
,√

κ
′ k(

1)
).

O
u
r

st
ab

il
it

y
re

su
lt

s
h
ol

d
in

a
se

tt
in

g
w

it
h
ρ
k
>

1,
b
u
t

w
it

h
co

n
st

an
ts
∏
k
ρ
k

th
at

m
ay

gr
ow

ex
p

on
en

ti
al

ly
w

it
h

th
e

n
u
m

b
er

of
la

ye
rs

.
E

x
am

p
le

s
of

fu
n
ct

io
n
s
κ
k

th
at

sa
ti

sf
y

th
e

p
ro

p
er

ti
es

(A
1)

ar
e

n
ow

gi
ve

n
b

el
ow

:

ex
p

on
en

ti
al

κ
ex

p
(〈
z
,z
′ 〉)

=
e〈
z
,z

′ 〉−
1

in
ve

rs
e

p
ol

y
n
om

ia
l

κ
in

v
-p

o
ly

(〈
z
,z
′ 〉)

=
1

2
−
〈z
,z

′ 〉

p
ol

y
n
om

ia
l,

d
eg

re
e
p

κ
p

o
ly

(〈
z
,z
′ 〉)

=
1

(c
+

1
)p

(c
+
〈z
,z
′ 〉)

p
w

it
h

c
=
p
−

1

ar
c-

co
si

n
e,

d
eg

re
e

1
κ

a
co

s(
〈z
,z
′ 〉)

=
1 π

(s
in

(θ
)

+
(π
−
θ)

co
s(
θ)

)
w

it
h
θ

=
ar

cc
os

(〈
z
,z
′ 〉)

V
ov

k
’s

,
d
eg

re
e

3
κ

v
o
v
k
(〈
z
,z
′ 〉)

=
1 3

( 1
−
〈z
,z

′ 〉3
1
−
〈z
,z

′ 〉

)
=

1 3

( 1
+
〈z
,z
′ 〉

+
〈z
,z
′ 〉2
)

W
e

n
ot

e
th

at
th

e
in

ve
rs

e
p

ol
y
n
om

ia
l

ke
rn

el
w

as
u
se

d
b
y

Z
h
an

g
et

al
.

(2
01

6,
20

17
b
)

to
b
u
il
d

co
n
v
ex

m
o
d
el

s
of

fu
ll
y

co
n
n
ec

te
d

n
et

w
or

k
s

an
d

tw
o-

la
ye

r
co

n
v
ol

u
ti

on
al

n
eu

ra
l

n
et

w
or

k
s,

w
h
il
e

th
e

ar
c-

co
si

n
e

ke
rn

el
ap

p
ea

rs
in

ea
rl

y
d
ee

p
ke

rn
el

m
ac

h
in

es
(C

h
o

an
d

S
au

l,
20

09
).

N
ot

e
th

at
th

e
h
om

og
en

eo
u
s

ex
p

on
en

ti
al

ke
rn

el
re

d
u
ce

s
to

th
e

G
au

ss
ia

n
ke

rn
el

fo
r

u
n
it

-n
or

m
ve

ct
or

s.
In

d
ee

d
,

fo
r

al
l
z
,z
′

su
ch

th
at
‖z
‖

=
‖z
′ ‖

=
1,

w
e

h
av

e

κ
ex

p
(〈
z
,z
′ 〉)

=
e〈
z
,z

′ 〉−
1

=
e−

1 2
‖z
−
z
′ ‖

2
,

an
d

th
u
s,

w
e

m
ay

re
fe

r
to

ke
rn

el
(2

)
w

it
h

th
e

fu
n
ct

io
n
κ

ex
p

as
th

e
h
om

og
en

eo
u
s

G
au

ss
ia

n

ke
rn

el
.

T
h
e

ke
rn

el
κ

(〈
z
,z
′ 〉)

=
eα

(〈
z
,z

′ 〉−
1
)

=
e−

α 2
‖z
−
z
′ ‖

2
w

it
h
α
6=

1
m

ay
al

so
b

e
u
se

d
h
er

e,
b
u
t

w
e

ch
o
os

e
α

=
1

fo
r

si
m

p
li
ci

ty
si

n
ce
κ
′ (

1)
=
α

(s
ee

d
is

cu
ss

io
n

ab
ov

e)
.

P
o
o
li

n
g

o
p

e
ra

to
r.

T
h
e

la
st

st
ep

to
b
u
il
d

th
e

la
ye

r
x
k

co
n
si

st
s

of
p

o
ol

in
g

n
ei

gh
b

or
in

g
va

lu
es

to
ac

h
ie

ve
lo

ca
l

sh
if

t-
in

va
ri

an
ce

.
W

e
ap

p
ly

a
li
n
ea

r
co

n
vo

lu
ti

on
o
p

er
at

or
A
k

w
it

h
a

G
au

ss
ia

n
fi
lt

er
of

sc
al

e
σ
k
,
h
σ
k
(u

)
:=

σ
−
d

k
h

(u
/σ

k
),

w
h
er

e
h

(u
)

=
(2
π

)−
d
/
2

ex
p
(−
|u
|2 /

2)
.

T
h
en

,
fo

r
al

l
u

in
R
d
,

x
k
(u

)
=
A
k
M
k
P
k
x
k
–
1
(u

)
=

∫ R
d

h
σ
k
(u
−
v
)M

k
P
k
x
k
–
1
(v

)d
v
∈
H
k
,

(4
)

w
h
er

e
th

e
in

te
gr

al
is

a
B

o
ch

n
er

in
te

g
ra

l
(s

ee
,

D
ie

st
el

an
d

U
h
l,

19
77

;
M

u
an

d
et

et
al

.,
20

17
).

B
y

ap
p
ly

in
g

S
ch

u
r’

s
te

st
to

th
e

in
te

gr
al

op
er

at
or
A
k

(s
ee

A
p
p

en
d
ix

A
),

w
e

ob
ta

in
th

at
th

e
op

er
at

or
n
or

m
‖A

k
‖

is
le

ss
th

an
1.

T
h
u
s,
x
k

is
in
L

2
(R

d
,H

k
),

w
it

h
‖x

k
‖
≤
‖M

k
P
k
x
k
–
1
‖.

N
ot

e
th

at
a

si
m

il
ar

p
o
ol

in
g

op
er

at
or

is
u
se

d
in

th
e

sc
at

te
ri

n
g

tr
an

sf
or

m
(M

al
la

t,
20

12
).
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):

1-
49

, 2
01

9

B
ie
t
t
i
a
n
d

M
a
ir
a
l

M
u

lt
il

a
y
e
r

c
o
n

st
ru

c
ti

o
n

a
n

d
p
re

d
ic

ti
o
n

la
y
e
r.

F
in

al
ly

,
w

e
ob

ta
in

a
m

u
lt

il
ay

er
re

p
-

re
se

n
ta

ti
on

b
y

co
m

p
os

in
g

m
u
lt

ip
le

ti
m

es
th

e
p
re

v
io

u
s

o
p

er
at

or
s.

In
or

d
er

to
in

cr
ea

se
in

-
va

ri
an

ce
w

it
h

ea
ch

la
ye

r
an

d
to

in
cr

ea
se

th
e

si
ze

of
th

e
re

ce
p
ti

v
e

fi
el

d
s

(t
h
a
t

is
,

th
e

n
ei

g
h
-

b
or

h
o
o
d

of
th

e
or

ig
in

al
si

gn
al

co
n
si

d
er

ed
in

a
gi

v
en

p
at

ch
),

th
e

si
ze

of
th

e
p
a
tc

h
S
k

a
n
d

p
o
ol

in
g

sc
al

e
σ
k

ty
p
ic

al
ly

gr
ow

ex
p

on
en

ti
al

ly
w

it
h
k
,

w
it

h
σ
k

an
d

th
e

p
at

ch
si

ze
su

p
c∈
S
k
|c|

of
th

e
sa

m
e

or
d
er

.
W

it
h
n

la
ye

rs
,

th
e

m
ap

s
x
n

m
ay

th
en

b
e

w
ri

tt
en

x
n

:=
A
n
M
n
P
n
A
n

–
1
M
n

–
1
P
n

–
1
··
·A

1
M

1
P

1
x

0
∈
L

2
(R

d
,H

n
).

(5
)

It
re

m
ai

n
s

to
d
efi

n
e

a
k
er

n
el

fr
om

th
is

re
p
re

se
n
ta

ti
on

,
th

at
w

il
l

p
la

y
th

e
sa

m
e

ro
le

a
s

th
e

“f
u
ll
y

co
n
n
ec

te
d
”

la
ye

r
of

cl
as

si
ca

l
co

n
vo

lu
ti

on
al

n
eu

ra
l

n
et

w
or

k
s.

F
or

th
a
t

p
u
rp

o
se

,
w

e
si

m
p
ly

co
n
si

d
er

th
e

fo
ll
ow

in
g

li
n
ea

r
ke

rn
el

d
efi

n
ed

fo
r

al
l
x

0
,x
′ 0

in
L

2
(R

d
,H

0
)

b
y

u
si

n
g

th
e

co
rr

es
p

on
d
in

g
fe

at
u
re

m
ap

s
x
n
,x
′ n

in
L

2
(R

d
,H

n
)

gi
ve

n
b
y

ou
r

m
u
lt

il
ay

er
co

n
st

ru
ct

io
n

(5
):

K n
(x

0
,x
′ 0
)

=
〈x
n
,x
′ n〉

=

∫ u
∈R

d

〈x
n
(u

),
x
′ n(
u

)〉
d
u
.

(6
)

T
h
en

,
th

e
R

K
H

S
H
K
n

of
K n

co
n
ta

in
s

al
l

fu
n
ct

io
n
s

of
th

e
fo

rm
f

(x
0
)

=
〈w
,x

n
〉w

it
h
w

in
L

2
(R

d
,H

n
)

(s
ee

A
p
p

en
d
ix

A
).

W
e

n
ot

e
th

at
on

e
m

ay
al

so
co

n
si

d
er

n
on

li
n
ea

r
k
er

n
el

s,
su

ch
as

a
G

au
ss

ia
n

ke
rn

el
:

K n
(x

0
,x
′ 0
)

=
e−

α 2
‖x
n
−
x
′ n
‖2
.

(7
)

S
u
ch

ke
rn

el
s

ar
e

th
en

as
so

ci
at

ed
to

a
R

K
H

S
d
en

ot
ed

b
y
H
n

+
1
,

al
on

g
w

it
h

a
ke

rn
el

m
a
p
p
in

g
ϕ
n

+
1

:
L

2
(R

d
,H

n
)
→
H
n

+
1

w
h
ic

h
w

e
ca

ll
p
re

d
ic

ti
o
n

la
ye

r,
so

th
at

th
e

fi
n
al

re
p
re

se
n
ta

ti
o
n

is
gi

ve
n

b
y
ϕ
n

+
1
(x
n
)

in
H
n

+
1
.

W
e

n
ot

e
th

at
ϕ
n

+
1

is
n
on

-e
x
p
an

si
ve

fo
r

th
e

G
a
u
ss

ia
n

ke
rn

el
w

h
en

α
≤

1
(s

ee
S
ec

ti
on

B
.1

),
an

d
is

si
m

p
ly

an
is

om
et

ri
c

li
n
ea

r
m

ap
p
in

g
fo

r
th

e
li
n
ea

r
ke

rn
el

.
T

h
en

,
w

e
h
av

e
th

e
re

la
ti

on
K n

(x
0
,x
′ 0
)

:=
〈ϕ

n
+

1
(x
n
),
ϕ
n

+
1
(x
′ n)
〉,

an
d

in
p
a
rt

ic
u
la

r,
th

e
R

K
H

S
H
K
n

of
K n

co
n
ta

in
s

al
l

fu
n
ct

io
n
s

of
th

e
fo

rm
f

(x
0
)

=
〈w
,ϕ

n
+

1
(x
n
)〉

w
it

h
w

in
H
n

+
1
,

se
e

A
p
p

en
d
ix

A
.

2
.1

.
S

ig
n

a
l

P
re

se
rv

a
ti

o
n

a
n

d
D

is
c
re

ti
z
a
ti

o
n

In
th

is
se

ct
io

n
,

w
e

sh
ow

th
at

th
e

m
u
lt

il
ay

er
ke

rn
el

re
p
re

se
n
ta

ti
on

p
re

se
rv

es
a
ll

in
fo

rm
a
ti

o
n

ab
ou

t
th

e
si

gn
al

at
ea

ch
la

y
er

,
an

d
b

es
id

es
,

ea
ch

fe
at

u
re

m
ap

x
k

ca
n

b
e

sa
m

p
le

d
o
n

a
d
is

cr
et

e
se

t
w

it
h

n
o

lo
ss

of
in

fo
rm

at
io

n
.

T
h
is

su
gg

es
ts

a
n
a
tu

ra
l

ap
p
ro

ac
h

fo
r

d
is

cr
et

iz
a
ti

o
n

w
h
ic

h
w

il
l

b
e

d
is

cu
ss

ed
af

te
r

th
e

fo
ll
ow

in
g

le
m

m
a,

w
h
os

e
p
ro

of
is

gi
v
en

in
A

p
p

en
d
ix

C
.

L
e
m

m
a

2
(S

ig
n

a
l

re
c
o
v
e
ry

fr
o
m

sa
m

p
li

n
g
)

A
ss

u
m

e
th

a
t
H
k

co
n

ta
in

s
a
ll

li
n

ea
r

fu
n

c-
ti

o
n

s
z
7→
〈g
,z
〉w

it
h
g

in
P k

(t
h
is

is
tr

u
e

fo
r

a
ll

ke
rn

el
s
K
k

d
es

cr
ib

ed
in

th
e

p
re

vi
o
u

s
se

ct
io

n
,

a
cc

o
rd

in
g

to
C

o
ro

ll
a
ry

1
2

in
S

ec
ti

o
n

4
.1

la
te

r)
;

th
en

,
th

e
si

gn
a
l
x
k
–
1

ca
n

be
re

co
ve

re
d

fr
o
m

a
sa

m
p
li

n
g

o
f
x
k

a
t

d
is

cr
et

e
lo

ca
ti

o
n

s
in

a
se

t
Ω

a
s

so
o
n

a
s

Ω
+
S
k

=
R
d

(
i.
e.

,
th

e
u

n
io

n
o
f

pa
tc

h
es

ce
n

te
re

d
a
t

th
es

e
po

in
ts

co
ve

rs
R
d
).

It
fo

ll
o
w

s
th

a
t
x
k

ca
n

be
re

co
n

st
ru

ct
ed

fr
o
m

su
ch

a
sa

m
p
li

n
g.

T
h
e

p
re

v
io

u
s

co
n
st

ru
ct

io
n

d
efi

n
es

a
ke

rn
el

re
p
re

se
n
ta

ti
on

fo
r

ge
n
er

al
si

gn
a
ls

in
L

2
(R

d
,H

0
),

w
h
ic

h
is

an
ab

st
ra

ct
ob

je
ct

d
efi

n
ed

fo
r

th
eo

re
ti

ca
l
p
u
rp

o
se

s.
In

p
ra

ct
ic

e,
si

gn
a
ls

a
re

d
is

cr
et

e,
an

d
it

is
th

u
s

im
p

or
ta

n
t

to
d
is

cu
ss

th
e

p
ro

b
le

m
of

d
is

cr
et

iz
at

io
n
.

F
or

cl
ar

it
y,

w
e

li
m

it
th

e

1
0
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In
v
a
r
ia
n
c
e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

p
resen

ta
tio

n
to

1-d
im

en
sion

al
sign

als
(d

=
1),

b
u
t

th
e

argu
m

en
ts

can
easily

b
e

ex
ten

d
ed

to
h
ig

h
er

d
im

en
sio

n
s
d

w
h
en

u
sin

g
b

ox
-sh

ap
ed

p
atch

es.
N

otation
from

th
e

p
rev

iou
s

section
is

p
reserved

,
b
u
t

w
e

ad
d

a
b
ar

on
top

of
all

d
iscrete

an
alogu

es
of

th
eir

con
tin

u
ou

s
cou

n
terp

arts.
e.g.,

x̄
k

is
a

d
iscrete

featu
re

m
ap

in
`
2(Z

,H̄
k )

for
som

e
R

K
H

S
H̄
k .

In
p

u
t

sig
n

a
ls
x

0
a
n

d
x̄

0 .
D

iscrete
sign

als
acq

u
ired

b
y

a
p
h
y
sical

d
ev

ice
m

ay
b

e
seen

as
lo

ca
l
in

teg
ra

to
rs

of
sign

als
d
efi

n
ed

on
a

con
tin

u
ou

s
d
om

ain
(e.g.,

sen
sors

from
d
igital

cam
eras

in
teg

ra
te

th
e

p
oin

tw
ise

d
istrib

u
tion

of
p
h
oton

s
in

a
sp

atial
an

d
tem

p
oral

w
in

d
ow

).
T

h
en

,
co

n
sid

er
a

sig
n
al
x

0
in
L

2(R
d,H

0 )
an

d
s

0
a

sam
p
lin

g
in

terval.
B

y
d
efi

n
in

g
x̄

0
in
`
2 (Z

,H
0 )

su
ch

th
a
t
x̄

0 [n
]

=
x

0 (n
s

0 )
for

all
n

in
Z

,
it

is
th

u
s

n
atu

ral
to

assu
m

e
th

at
x

0
=
A

0 x
,
w

h
ere

A
0

is
a

p
o
o
lin

g
o
p

erator
(lo

cal
in

tegrator)
ap

p
lied

to
an

origin
al

con
tin

u
ou

s
sig

n
al
x

.
T

h
e

role
o
f
A

0
is

to
p
reven

t
aliasin

g
an

d
red

u
ce

h
igh

freq
u
en

cies;
ty

p
ically,

th
e

scale
σ

0
of
A

0
sh

ou
ld

b
e

o
f

th
e

sa
m

e
m

agn
itu

d
e

as
s

0 ,
w

h
ich

w
e

ch
o
ose

to
b

e
s

0
=

1
w

ith
ou

t
loss

of
gen

erality.
T

h
is

n
a
tu

ra
l

a
ssu

m
p
tion

is
kep

t
later

for
th

e
stab

ility
an

aly
sis.

M
u

ltila
y
e
r

c
o
n

stru
c
tio

n
.

W
e

n
ow

w
an

t
to

b
u
ild

d
iscrete

featu
re

m
ap

s
x̄
k

in
`
2(Z

,H̄
k )

a
t

ea
ch

layer
k

in
volv

in
g

su
b
sam

p
lin

g
w

ith
a

factor
s
k

w
ith

resp
ect

to
x̄
k
–
1 .

W
e

n
ow

d
efi

n
e

th
e

d
iscrete

a
n
a
logu

es
of

th
e

op
erators

P
k

(p
atch

ex
traction

),
M
k

(kern
el

m
ap

p
in

g),
an

d
A
k

(p
o
o
lin

g
)

a
s

fo
llow

s:
for

n
∈
Z

,

P̄
k x̄

k
–
1 [n

]
:=

1
√
e
k

(x̄
k
–
1 [n

],x̄
k
–
1 [n

+
1],...,x̄

k
–
1 [n

+
e
k −

1])∈
P̄
k

:=
H̄
e
k
k
–
1

M̄
k P̄

k x̄
k
–
1 [n

]
:=

ϕ̄
k (P̄

k x̄
k
–
1 [n

])∈
H̄
k

x̄
k [n

]=
Ā
k M̄

k P̄
k x̄

k
–
1 [n

]
:=

1
√
s
k

∑m
∈
Z
h̄
k [n

s
k −

m
]M̄

k P̄
k x̄

k
–
1 [m

]=
(h̄
k ∗

M̄
k P̄

k x̄
k
–
1 )[n

s
k ]∈
H̄
k ,

w
h
ere

(i)
P̄
k

ex
tracts

a
p
atch

of
size

e
k

startin
g

at
p

osition
n

in
x̄
k
–
1 [n

],
w

h
ich

lives
in

th
e

H
ilb

ert
sp

a
ce
P̄
k

d
efi

n
ed

as
th

e
d
irect

su
m

of
e
k

tim
es
H̄
k
–
1 ;

(ii)
M̄
k

is
a

kern
el

m
ap

p
in

g
id

en
tica

l
to

th
e

con
tin

u
ou

s
case,

w
h
ich

p
reserves

th
e

n
orm

,
lik

e
M
k ;

(iii)
Ā
k

p
erform

s
a

co
n
vo

lu
tio

n
w

ith
a

G
au

ssian
fi
lter

an
d

a
su

b
sam

p
lin

g
op

eration
w

ith
factor

s
k .

T
h
e

n
ex

t
lem

m
a

sh
ow

s
th

at
u
n
d
er

m
ild

assu
m

p
tion

s,
th

is
con

stru
ction

p
reserves

sign
al

in
form

ation
.

L
e
m

m
a

3
(S

ig
n

a
l

re
c
o
v
e
ry

w
ith

su
b

sa
m

p
lin

g
)

A
ssu

m
e

th
a
t
H̄
k

co
n

ta
in

s
th

e
lin

ea
r

fu
n

ctio
n

s
z
7→
〈w
,z〉

fo
r

a
ll
w

in
P̄
k

a
n

d
th

a
t
e
k ≥

s
k .

T
h
en

,
x̄
k
–
1

ca
n

be
reco

vered
fro

m
x̄
k .

T
h
e

p
ro

o
f

is
g
iven

in
A

p
p

en
d
ix

C
.

T
h
e

resu
lt

relies
on

recoverin
g

p
atch

es
u
sin

g
lin

ear
“
m

ea
su

rem
en

t”
fu

n
ction

s
an

d
d
econ

volu
tion

of
th

e
p

o
olin

g
op

eration
.

W
h
ile

su
ch

a
d
e-

co
n
vo

lu
tio

n
o
p

eration
can

b
e

u
n
stab

le,
it

m
ay

b
e

p
ossib

le
to

ob
tain

m
ore

stab
le

recovery
m

ech
a
n
ism

s
b
y

also
con

sid
erin

g
n
on

-lin
ear

m
easu

rem
en

ts,
a

q
u
estion

w
h
ich

w
e

leave
op

en
.

L
in

k
s

b
e
tw

e
e
n

th
e

p
a
ra

m
e
te

rs
o
f

th
e

d
isc

re
te

a
n

d
c
o
n
tin

u
o
u

s
m

o
d

e
ls.

D
u
e

to
su

b
sa

m
p
lin

g
,

th
e

p
atch

size
in

th
e

con
tin

u
ou

s
an

d
d
iscrete

m
o
d
els

are
related

b
y

a
m

u
lti-

p
lica

tive
facto

r.
S
p

ecifi
cally,

a
p
atch

of
size

e
k

w
ith

d
iscretization

corresp
o
n
d
s

to
a

p
atch

S
k

o
f

d
ia

m
eter

e
k s
k−

1 s
k−

2
...s

1
in

th
e

con
tin

u
ou

s
case.

T
h
e

sam
e

h
old

s
tru

e
for

th
e

scale
p
a-

ra
m

eter
σ
k

o
f

th
e

G
au

ssian
p

o
olin

g.

1
1
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B
ie
t
t
i
a
n
d

M
a
ir
a
l

2
.2

.
P

ra
c
tic

a
l

Im
p

le
m

e
n
ta

tio
n

v
ia

C
o
n
v
o
lu

tio
n

a
l

K
e
rn

e
l

N
e
tw

o
rk

s

B
esid

es
d
iscretization

,
con

volu
tion

al
kern

el
n
etw

ork
s

ad
d

tw
o

m
o
d
ifi

cation
s

to
im

p
lem

en
t

in
p
ractice

th
e

im
age

rep
resen

tation
w

e
h
ave

d
escrib

ed
.

F
irst,

it
u
ses

featu
re

m
ap

s
w

ith
fi
n
ite

sp
atial

su
p
p

ort,
w

h
ich

in
tro

d
u
ces

b
ord

er
eff

ects
th

at
w

e
d
o

n
ot

stu
d
y

(like
M

allat,
2012),

b
u
t

w
h
ich

are
n
egligib

le
w

h
en

d
ealin

g
w

ith
large

realistic
im

ages.
S
econ

d
,

C
K

N
s

u
se

fi
n
ite-

d
im

en
sion

al
ap

p
rox

im
ation

s
of

th
e

kern
el

featu
re

m
ap

.
T

y
p
ically,

each
R

K
H

S
’s

m
ap

p
in

g
is

ap
p
rox

im
ated

b
y

p
erform

in
g

a
p
ro

jection
on

to
a

su
b
sp

ace
of

fi
n
ite

d
im

en
sion

,
w

h
ich

is
a

classical
ap

p
roach

to
m

ake
k
ern

el
m

eth
o
d
s

w
ork

at
large

scale
(F

in
e

an
d

S
ch

ein
b

erg,
2001;

S
m

ola
an

d
S
ch

ölkop
f,

2000;
W

illiam
s

an
d

S
eeger,

2001).
If

w
e

con
sid

er
th

e
k
ern

el
m

ap
p
in

g
ϕ
k

:P
k
→
H
k

at
lay

er
k
,

th
e

orth
ogon

al
p
ro

jection
on

to
th

e
fi
n
ite-d

im
en

sion
al

su
b
sp

ace
F
k

=
sp

an
(ϕ

k (z
1 ),...,ϕ

k (z
p
k ))⊆

H
k ,

w
h
ere

th
e
z
i ’s

are
p
k

an
ch

or
p

oin
ts

in
P
k ,

is
giv

en
b
y

th
e

lin
ear

op
erator

Π
k

:H
k →

F
k

d
efi

n
ed

for
f

in
H
k

b
y

Π
k f

:=
∑

1≤
i,j≤

p
k (K

−
1

Z
Z

)
ij 〈ϕ

k (z
i ),f〉ϕ

k (z
j ),

(8)

w
h
ere

K
−

1
Z
Z

is
th

e
in

verse
(or

p
seu

d
o-in

verse)
of

th
e
p
k ×

p
k

kern
el

m
atrix

[K
k (z

i ,z
j )]ij .

A
s

an
orth

ogon
al

p
ro

jection
op

erator,
Π
k

is
n
on

-ex
p
an

sive,
i.e.,‖Π

k ‖
≤

1.
W

e
can

th
en

d
efi

n
e

th
e

n
ew

ap
p
rox

im
ate

version
M̃
k

of
th

e
kern

el
m

ap
p
in

g
op

erato
r
M
k

b
y

M̃
k P

k x
k
–
1 (u

)
:=

Π
k ϕ

k (P
k x

k
–
1 (u

))∈
F
k .

(9)

N
ote

th
at

all
p

oin
ts

in
th

e
featu

re
m

ap
M̃
k P

k x
k
–
1

lie
in

th
e
p
k -d

im
en

sion
al

sp
a
ceF

k ⊆
H
k ,

w
h
ich

allow
s

u
s

to
rep

resen
t

each
p

oin
t
M̃
k P

k x
k
–
1 (u

)
b
y

th
e

fi
n
ite

d
im

en
sion

al
vector

ψ
k (P

k x
k
–
1 (u

))
:=

K
−

1
/
2

Z
Z

K
Z

(P
k x

k
–
1 (u

))∈
R
p
k,

(10)

w
ith

K
Z

(z
)

:=
(K

k (z
1 ,z

),...,K
k (z

p
k ,z

)) >
;

th
is

fi
n
ite-d

im
en

sion
al

rep
resen

tation
p
reserves

th
e

H
ilb

ertian
in

n
er

p
ro

d
u
ct

an
d

n
orm

1
in
F
k

so
th

at‖
ψ
k (P

k x
k
–
1 (u

))‖
22

=
‖
M̃
k P

k x
k
–
1 (u

)‖
2H
k .

S
u
ch

a
fi
n
ite-d

im
en

sion
al

m
ap

p
in

g
is

com
p
atib

le
w

ith
th

e
m

u
ltilayer

con
stru

ction
,
w

h
ich

b
u
ild

sH
k

b
y

m
an

ip
u
latin

g
p

oin
ts

from
H
k
–
1 .

H
ere,

th
e

ap
p
rox

im
ation

p
rov

id
es

p
oin

ts
in

F
k ⊆
H
k ,

w
h
ich

rem
ain

in
F
k

after
p

o
olin

g
sin

ceF
k

is
a

lin
ear

su
b
sp

ace.
E

v
en

tu
ally,

th
e

se-
q
u
en

ce
of

R
K

H
S
s{H

k }
k≥

0
is

n
ot

aff
ected

b
y

th
e

fi
n
ite-d

im
en

sion
al

ap
p
rox

im
ation

.
B

esid
es,

th
e

stab
ility

resu
lts

w
e

w
ill

p
resen

t
n
ex

t
are

p
reserved

th
an

k
s

to
th

e
n
on

-ex
p
an

siv
en

ess
of

th
e

p
ro

jection
.

In
con

trast,
oth

er
kern

el
ap

p
rox

im
ation

s
su

ch
as

ran
d
om

F
ou

rier
fea-

tu
res

(R
ah

im
i

an
d

R
ech

t,
2007)

d
o

n
ot

p
rov

id
e

p
oin

ts
in

th
e

R
K

H
S

(see
B

ach
,

2017),
an

d
th

eir
eff

ect
on

th
e

fu
n
ction

al
sp

ace
d
erived

from
th

e
m

u
ltilay

er
con

stru
ction

is
u
n
clear.

It
is

th
en

p
ossib

le
to

d
erive

th
eoretical

resu
lts

for
th

e
C

K
N

m
o
d
el,

w
h
ich

ap
p

ears
as

a
n
atu

ral
im

p
lem

en
tation

of
th

e
kern

el
con

stru
cted

p
rev

iou
sly

;
yet,

w
e

w
ill

also
sh

ow
in

S
ection

4
th

at
th

e
resu

lts
ap

p
ly

m
ore

b
road

ly
to

C
N

N
s

th
at

are
con

tain
ed

in
th

e
fu

n
ctio

n
al

sp
ace

asso
ciated

to
th

e
k
ern

el.
H

ow
ever,

th
e

stab
ility

of
th

ese
C

N
N

s
d
ep

en
d
s

on
th

eir
R

K
H

S
n
orm

,
w

h
ich

is
h
a
rd

to
con

trol.
In

con
trast,

for
C

K
N

s,
stab

ility
is

ty
p
ically

con
tro

lled
b
y

th
e

n
orm

of
th

e
fi
n
al

p
red

iction
layer.

1
.

W
e

h
av

e
〈ψ
k
(z

),ψ
k
(z ′)〉

2
=
〈Π

k
ϕ
k
(z

),Π
k
ϕ
k
(z ′)〉H

k
.

S
ee

M
a
ira

l
(2

0
1
6
)

fo
r

d
eta

ils.
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In
v
a
r
ia
n
c
e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

3
.
S
ta
b
il
it
y
to

D
e
fo
rm

a
ti
o
n
s
a
n
d
G
ro

u
p
In

v
a
ri
a
n
ce

In
th

is
se

ct
io

n
,

w
e

st
u
d
y

th
e

tr
an

sl
at

io
n

in
va

ri
an

ce
an

d
th

e
st

ab
il
it

y
u
n
d
er

th
e

ac
ti

on
of

d
iff

eo
m

or
p
h
is

m
s

of
th

e
ke

rn
el

re
p
re

se
n
ta

ti
on

d
es

cr
ib

ed
in

S
ec

ti
on

2
fo

r
co

n
ti

n
u
ou

s
si

gn
al

s.
In

ad
d
it
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d
p

o
o
lin

g
)

C
o
n

sid
er
A
σ

th
e

poo
lin

g
o
pera

to
r

w
ith

kern
el

h
σ
(u

)
=
σ
−
dh

(u
/σ

).
If‖∇

τ‖∞
≤

1/
2
,

th
ere

exists
a

co
n

sta
n

t
C

1
su

ch
th

a
t

fo
r

a
n

y
σ

a
n

d
|c|≤

κ
σ

,
w

e
h
a
ve

‖
[L
c A

σ
,L

τ ]‖
≤
C

1 ‖∇
τ‖∞

,

w
h
ere

C
1

d
epen

d
s

o
n

ly
o
n
h

a
n

d
κ

.

A
sim

ila
r

resu
lt

can
b

e
fou

n
d

in
L

em
m

a
E

.1
of

M
allat

(201
2)

for
com

m
u
tators

o
f

th
e

form
[A

σ
,L

τ ],
b
u
t

w
e

ex
ten

d
it

to
h
an

d
le

in
tegral

op
erators

L
c A

σ
w

ith
a

sh
ifted

kern
el.

T
h
e

p
ro

of
(g

iven
in

A
p
p

en
d
ix

C
.4)

follow
s

closely
M

allat
(2

012)
an

d
relies

on
th

e
fact

th
at

[L
c A

σ
,L

τ ]
is

a
n

in
tegra

l
o
p

erator
in

ord
er

to
b

ou
n
d

its
n
orm

v
ia

S
ch

u
r’s

test.
N

ote
th

at
κ

can
b

e
m

ad
e

la
rg

er,
a
t

th
e

cost
of

an
in

crease
of

th
e

co
n
stan

t
C

1
of

th
e

ord
er
κ
d
+

1.

B
o
u

n
d

o
n
‖
L
τ A

n −
A
n ‖

.
W

e
b

ou
n
d

th
e

op
erator

n
orm

‖
L
τ A

n −
A
n ‖

in
term

s
of‖τ‖∞

u
sin

g
th

e
follow

in
g

resu
lt

d
u
e

to
M

allat
(2012,

L
em

m
a

2.11),
w

ith
σ

=
σ
n
:

L
e
m

m
a

6
(T

ra
n

sla
tio

n
in

v
a
ria

n
c
e
)

If‖∇
τ‖∞

≤
1
/2

,
w

e
h
a
ve

‖L
τ A

σ −
A
σ ‖
≤
C

2

σ
‖τ‖∞

,

w
ith

C
2

=
2
d·‖∇

h‖
1 .

C
o
m

b
in

in
g

P
ro

p
osition

4
w

ith
L

em
m

as
5

an
d

6,
w

e
n
ow

ob
tain

th
e

follow
in

g
resu

lt:

T
h

e
o
re

m
7

(S
ta

b
ility

b
o
u

n
d

)
A

ssu
m

e
(A

2).
If‖∇

τ‖∞
≤

1/
2,

w
e

h
a
ve

‖Φ
n
(L

τ x
)−

Φ
n
(x

)‖
≤
(
C

1
(1

+
n

)‖∇
τ‖∞

+
C

2

σ
n ‖
τ‖∞

)
‖
x‖.

(13)

T
h
is

resu
lt

m
a
tch

es
th

e
d
esired

n
otion

of
stab

ility
in

E
q
.

(11),
w

ith
a

tran
slatio

n
-in

varian
ce

fa
cto

r
th

a
t

d
ecay

s
w

ith
σ
n
.

W
e

d
iscu

ss
im

p
lication

s
of

ou
r

b
ou

n
d
,

an
d

com
p
are

it
w

ith
rela

ted
w

ork
o
n

stab
ility

in
S
ection

3.2.
W

e
also

n
ote

th
at

ou
r

b
ou

n
d

y
ield

s
a

w
orst-case

g
u
a
ra

n
tee

o
n

stab
ility,

in
th

e
sen

se
th

at
it

h
old

s
for

an
y

sign
al
x

.
In

p
articu

lar,
m

ak
in

g
a
d
d
itio

n
a
l
a
ssu

m
p
tion

s
on

th
e

sign
al

(e.g.,
sm

o
oth

n
ess)

m
ay

lead
to

im
p
roved

stab
ility.

T
h
e

p
red

ictio
n
s

fo
r

a
sp

ecifi
c

m
o
d
el

m
ay

also
b

e
m

ore
stab

le
th

an
ap

p
ly

in
g

(1)
to

ou
r

stab
ility

b
o
u
n
d
,

fo
r

in
stan

ce
if

th
e

fi
lters

are
sm

o
oth

en
o
u
gh

.

R
e
m

a
rk

8
(S

ta
b

ility
fo

r
L

ip
sch

itz
n

o
n

-lin
e
a
r

m
a
p

p
in

g
s)

W
h
ile

th
e

p
revio

u
s

resu
lts

requ
ire

n
o
n

-expa
n

sive
n

o
n

-lin
ea

r
m

a
p
p
in

gs
ϕ
k ,

it
is

ea
sy

to
exten

d
th

e
resu

lt
to

th
e

fo
llo

w
in

g
m

o
re

gen
era

l
co

n
d
itio

n

‖ϕ
k (z

)−
ϕ
k (z ′)‖

≤
ρ
k ‖
z−

z ′‖
a
n

d
‖
ϕ
k (z

)‖
≤
ρ
k ‖z‖

.

In
d
eed

,
th

e
p
roo

f
o
f

P
ro

po
sitio

n
4

ea
sily

exten
d
s

to
th

is
settin

g,
givin

g
a
n

a
d
d
itio

n
a
l

fa
c-

to
r
∏
k
ρ
k

in
th

e
bo

u
n

d
(11).

T
h
e

sta
bility

bo
u

n
d

(13)
th

en
beco

m
es

‖Φ
n
(L

τ x
)−

Φ
n
(x

)‖
≤
(

n
∏k
=

1

ρ
k )
(
C

1
(1

+
n

)‖∇
τ‖∞

+
C

2

σ
n ‖τ‖∞

)
‖x‖

.
(14)

T
h
is

w
ill

be
u

sefu
l

fo
r

o
bta

in
in

g
sta

bility
o
f

C
N

N
s

w
ith

gen
eric

a
ctiva

tio
n

s
su

ch
a
s

R
eL

U
(see

S
ectio

n
4
.3

),
a
n

d
th

is
a
lso

ca
p
tu

res
th

e
ca

se
o
f

kern
els

w
ith

κ
′k (1)

>
1

in
L

em
m

a
1
.
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B
ie
t
t
i
a
n
d

M
a
ir
a
l

3
.2

.
D

isc
u
ssio

n
o
f

th
e

S
ta

b
ility

B
o
u

n
d

(T
h

e
o
re

m
7
)

In
th

is
section

,
w

e
d
iscu

ss
th

e
im

p
lication

s
of

ou
r

stab
ility

b
o
u
n
d

(13),
an

d
com

p
are

it
to

related
w

ork
on

th
e

stab
ility

of
th

e
scatterin

g
tran

sform
(M

allat,
2012)

as
w

ell
as

th
e

w
ork

of
(W

iatow
sk

i
an

d
B

ölcskei,
2018)

on
m

o
re

gen
eral

con
volu

tion
al

m
o
d
els.

R
o
le

o
f

d
e
p

th
.

O
u
r

b
ou

n
d

d
isp

lay
s

a
lin

ear
d
ep

en
d
en

ce
on

th
e

n
u
m

b
er

of
lay

ers
n

in
th

e
stab

ility
con

stan
t
C

1 (1
+
n

).
W

e
n
ote

th
at

a
d
ep

en
d
en

ce
on

a
n
otion

of
d
ep

th
(th

e
n
u
m

b
er

of
layers

n
h
ere)

also
ap

p
ears

in
M

allat
(2012),

w
ith

a
fa

ctor
eq

u
al

to
th

e
m

ax
im

al
len

gth
of

“scatterin
g

p
ath

s”,
an

d
w

ith
th

e
sa

m
e

con
d
ition

‖∇
τ‖∞

≤
1
/2.

N
everth

eless,
th

e
n
u
m

b
er

of
layers

is
tigh

tly
lin

ked
to

th
e

p
a
tch

sizes,
an

d
w

e
n
ow

sh
ow

h
ow

a
d
eep

er
arch

itectu
re

can
b

e
b

en
efi

cial
for

stab
ility.

G
iven

a
d
esired

level
of

tran
slation

-in
varian

ce
σ
f

an
d

a
given

in
itial

resolu
tion

σ
0 ,

th
e

ab
ove

b
ou

n
d

togeth
er

w
ith

th
e

d
iscretization

resu
lts

of
S
ection

2.1
su

ggest
th

at
on

e
can

ob
ta

in
a

stab
le

rep
resen

tation
th

at
p
reserves

sign
al

in
form

ation
b
y

tak
in

g
sm

all
p
atch

es
at

each
layer

an
d

su
b
sam

p
lin

g
w

ith
a

factor
eq

u
al

to
th

e
p
atch

size
(assu

m
in

g
a

p
atch

size
g
reater

th
an

on
e)

u
n
til

th
e

d
esired

level
of

in
varian

ce
is

reach
ed

:
in

th
is

case
w

e
h
ave

σ
f /σ

0
≈
κ
n
,

w
h
ere

κ
is

of
th

e
ord

er
of

th
e

p
a
tch

size,
so

th
at
n

=
O

(log
(σ
f /σ

0 )/
log

(κ
)),

an
d

h
en

ce
th

e
stab

ility
con

stan
t
C

1 (1
+
n

)
grow

s
w

ith
κ

as
κ
d
+

1/
log

(κ
),

ex
p
lain

in
g

th
e

b
en

efi
t

of
sm

all
p
atch

es,
an

d
th

u
s

of
d
eep

er
m

o
d
els.

N
o
rm

p
re

se
rv

a
tio

n
.

W
h
ile

th
e

scatterin
g

rep
resen

tatio
n

p
reserves

th
e

n
orm

of
th

e
in

p
u
t

sign
als

w
h
en

th
e

len
gth

of
scatterin

g
p
ath

s
go

es
to

in
fi
n
ity,

in
ou

r
settin

g
th

e
n
orm

m
ay

d
ecrease

w
ith

d
ep

th
d
u
e

to
p

o
olin

g
layers.

H
ow

ever,
w

e
sh

ow
in

A
p
p

en
d
ix

C
.5

th
at

a
p
art

of
th

e
sign

al
n
orm

is
still

p
reserved

,
p
articu

larly
for

sign
als

w
ith

h
igh

en
ergy

in
th

e
low

freq
u
en

cies,
as

is
th

e
case

for
n
atu

ral
im

ag
es

(e.g.,
T

orralb
a

an
d

O
liva,

2003).
T

h
is

ju
stifi

es
th

at
th

e
b

ou
n
d
ed

q
u
an

tity
in

(13)
is

relevan
t

an
d

n
on

-triv
ia

l.
N

everth
eless,

w
e

recall
th

at
d
esp

ite
a

p
ossib

le
loss

in
n
orm

,
ou

r
(in

fi
n
ite-d

im
en

sion
al)

rep
resen

tation
Φ

(x
)

p
reserves

sign
al

in
form

ation
,

as
d
iscu

ssed
in

S
ection

2.1.

D
e
p

e
n

d
e
n

c
e

o
n

sig
n

a
l

b
a
n

d
w

id
th

.
W

e
n
ote

th
at

ou
r

stab
ility

resu
lt

cru
cially

relies
on

th
e

assu
m

p
tion

σ
0
>

0,
w

h
ich

eff
ectively

lim
its

its
ap

p
licab

ility
to

sign
als

w
ith

freq
u
en

cies
b

ou
n
d
ed

b
y
λ

0
≈

1
/σ

0 .
W

h
ile

th
is

assu
m

p
tion

is
realistic

in
p
ractice

for
d
ig

ital
sign

als,
ou

r
b

ou
n
d

d
egrad

es
as
σ

0
ap

p
roach

es
0,

sin
ce

th
e

n
u
m

b
er

of
lay

ers
n

grow
s

as
log

(1
/
σ

0 ),
as

ex
p
lain

ed
ab

ove.
T

h
is

is
in

con
trast

to
th

e
stab

ility
b

ou
n
d

of
M

allat
(2012),

w
h
ich

h
old

s
u
n
iform

ly
over

an
y

su
ch

σ
0 ,

th
an

k
s

to
th

e
u
se

of
m

ore
p

ow
erfu

l
to

ols
from

h
arm

on
ic

an
aly

sis
su

ch
as

th
e

C
otlar-S

tein
lem

m
a,

w
h
ich

allow
s

to
con

trol
stab

ility
sim

u
ltan

eou
sly

at
all

freq
u
en

cies
th

an
k
s

to
th

e
stru

ctu
re

of
th

e
w

avelet
tran

sform
,

so
m

eth
in

g
w

h
ich

seem
s

m
ore

ch
allen

gin
g

in
ou

r
case

d
u
e

to
th

e
n
on

-lin
earities

sep
aratin

g
d
iff

eren
t

scales.

W
e

n
ote

th
at

it
m

ay
b

e
d
iffi

cu
lt

to
ob

tain
m

ean
in

gfu
l

stab
ility

resu
lts

for
an

u
n
b

ou
n
d
ed

freq
u
en

cy
su

p
p

ort
given

a
fi
x
ed

arch
itectu

re,
w

ith
ou

t
m

ak
in

g
assu

m
p
tion

s
ab

ou
t

th
e

fi
lters

of
a

sp
ecifi

c
m

o
d
el.

In
p
articu

lar,
if

w
e

con
sid

er
a

m
o
d
el

w
ith

a
h
igh

freq
u
en

cy
F

ou
rier

or
cosin

e
fi
lter

at
th

e
fi
rst

layer,
su

p
p

orted
on

a
large

en
ou

gh
p
a
tch

relativ
e

to
th

e
corresp

on
d
in

g
w

av
elen

gth
,

th
is

w
ill

cau
se

in
stab

ilities,
p
articu

larly
if

th
e

in
p
u
t

sign
al

h
as

isolated
h
igh

freq
u
en

cies
(see,

e.g.,
B

ru
n
a

an
d

M
allat,

2013).
B

y
th

e
argu

m
en

ts
o
f

S
ection

4,
su

ch
an

u
n
stab

le
m

o
d
el
g

is
in

th
e

R
K

H
S
,

an
d

w
e

th
en

h
ave

th
at

th
e

fi
n
al

rep
resen

tation
Φ

(·)
is
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In
v
a
r
ia
n
c
e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

al
so

u
n
st

ab
le

,
si

n
ce

‖Φ
(L

τ
x

)
−

Φ
(x

)‖
=

su
p

f
∈H

K
n
,‖
f
‖≤

1
〈f
,Φ

(L
τ
x

)
−

Φ
(x

)〉

≥
1 ‖g
‖〈
g
,Φ

(L
τ
x

)
−

Φ
(x

)〉
=

1 ‖g
‖(g

(L
τ
x

)
−
g
(x

))
.

C
o
m

p
a
ri

so
n

w
it

h
W

ia
to

w
sk

i
a
n

d
B

ö
lc

sk
e
i

(2
0
1
8
).

T
h
e

w
o
rk

o
f

W
ia

to
w

sk
i

an
d

B
öl

cs
ke

i
(2

01
8)

al
so

st
u
d
ie

s
d
ef

or
m

at
io

n
st

ab
il
it

y
fo

r
ge

n
er

ic
co

n
vo

lu
ti

on
al

n
et

w
or

k
m

o
d
el

s,
h
ow

ev
er

th
ei

r
“d

ef
or

m
at

io
n

se
n
si

ti
v
it

y
”

re
su

lt
on

ly
sh

ow
s

th
at

th
e

re
p
re

se
n
ta

ti
on

is
as

se
n
-

si
ti

ve
to

d
ef

or
m

at
io

n
s

as
th

e
or

ig
in

al
si

gn
al

,
so

m
et

h
in

g
w

h
ic

h
is

al
so

a
p
p
li
ca

b
le

h
er

e
th

an
k
s

to
th

e
n
on

-e
x
p
an

si
ve

n
es

s
of

ou
r

re
p
re

se
n
ta

ti
on

.
M

or
eo

ve
r,

th
ei

r
b

ou
n
d

d
o
es

n
ot

sh
ow

th
e

d
ep

en
d
en

ce
on

d
ef

or
m

at
io

n
si

ze
(t

h
e

J
ac

ob
ia

n
n
or

m
),

an
d

d
is

p
la

y
s

a
tr

an
sl

at
io

n
in

va
ri

an
ce

p
ar

t
th

at
d
eg

ra
d
es

li
n
ea

rl
y

w
it

h
1/
σ

0
.

In
co

n
tr

as
t,

th
e

tr
an

sl
at

io
n

in
va

ri
an

ce
p
ar

t
of

ou
r

b
ou

n
d

is
in

d
ep

en
d
en

t
of
σ

0
,

an
d

th
e

ov
er

al
l

b
ou

n
d

on
ly

d
ep

en
d
s

lo
ga

ri
th

m
ic

al
ly

on
1/
σ

0
,

b
y

ex
p
lo

it
in

g
ar

ch
it

ec
tu

ra
l

ch
oi

ce
s

su
ch

as
p

o
ol

in
g

la
ye

rs
an

d
p
at

ch
si

ze
s.

3
.3

.
S

ta
b

il
it

y
w

it
h

K
e
rn

e
l

A
p

p
ro

x
im

a
ti

o
n

s

A
s

in
th

e
an

al
y
si

s
of

th
e

sc
at

te
ri

n
g

tr
an

sf
o
rm

of
M

al
la

t
(2

01
2)

,
w

e
h
av

e
ch

ar
ac

te
ri

ze
d

th
e

st
ab

il
it

y
an

d
sh

if
t-

in
va

ri
an

ce
of

th
e

d
at

a
re

p
re

se
n
ta

ti
on

fo
r

co
n
ti

n
u
ou

s
si

gn
al

s,
in

or
d
er

to
gi

ve
so

m
e

in
tu

it
io

n
ab

ou
t

th
e

p
ro

p
er

ti
es

of
th

e
co

rr
es

p
on

d
in

g
d
is

cr
et

e
re

p
re

se
n
ta

ti
on

,
w

h
ic

h
w

e
h
av

e
d
es

cr
ib

ed
in

S
ec

ti
on

2.
1.

A
n
ot

h
er

ap
p
ro

x
im

at
io

n
p

er
fo

rm
ed

in
th

e
C

K
N

m
o
d
el

of
M

ai
ra

l
(2

01
6)

co
n
si

st
s

of
ad

d
in

g
p
ro

je
ct

io
n

st
ep

s
on

fi
n
it

e-
d
im

en
si

on
al

su
b
sp

ac
es

of
th

e
R

K
H

S
’s

la
ye

rs
,

as
d
is

cu
ss

se
d

in
S
ec

ti
on

2.
2.

In
te

re
st

in
gl

y,
th

e
st

ab
il
it

y
p
ro

p
er

ti
es

w
e

h
av

e
ob

ta
in

ed
p
re

v
io

u
sl

y
ar

e
co

m
p
at

ib
le

w
it

h
th

es
e

st
ep

s.
W

e
m

ay
in

d
ee

d
re

p
la

ce
th

e
op

er
a
to

r
M
k

w
it

h
th

e
op

er
a-

to
r
M̃
k
z
(u

)
=

Π
k
ϕ
k
(z

(u
))

fo
r

an
y

m
ap

z
in
L

2
(R

d
,P

k
),

in
st

ea
d

of
M
k
z
(u

)
=
ϕ
k
(z

(u
))

;
Π
k

:
H
k
→
F k

is
h
er

e
an

or
th

og
on

al
p
ro

je
ct

io
n

op
er

at
or

on
to

a
li
n
ea

r
su

b
sp

ac
e,

g
iv

en
in

(8
).

T
h
en

,
M̃
k

d
o
es

n
ot

n
ec

es
sa

ri
ly

p
re

se
rv

e
th

e
n
or

m
an

y
m

or
e,

b
u
t
‖M̃

k
z
‖
≤
‖z
‖,

w
it

h
a

lo
ss

of
in

fo
rm

at
io

n
eq

u
al

to
‖M

k
z
−
M̃
k
z
‖

co
rr

es
p

on
d
in

g
to

th
e

q
u
al

it
y

of
ap

p
ro

x
im

at
io

n
of

th
e

ke
rn

el
K
k

on
th

e
p

oi
n
ts
z
(u

).
O

n
th

e
ot

h
er

h
an

d
,

th
e

n
on

-e
x
p
an

si
ve

n
es

s
of
M
k

is
sa

ti
sfi

ed
th

an
k
s

to
th

e
n
on

-e
x
p
an

si
v
en

es
s

o
f

th
e

p
ro

je
ct

io
n
.

In
su

m
m

a
ry

,
it

is
p

os
si

b
le

to
sh

ow
th

at
th

e
co

n
cl

u
si

on
s

of
T

h
eo

re
m

7
re

m
ai

n
va

li
d

w
h
en

a
d
d
in

g
th

e
C

K
N

p
ro

je
ct

io
n

st
ep

s
at

ea
ch

la
ye

r,
b
u
t

so
m

e
si

gn
al

in
fo

rm
at

io
n

is
lo

st
in

th
e

p
ro

ce
ss

.

3
.4

.
E

m
p

ir
ic

a
l

S
tu

d
y

o
f

S
ta

b
il

it
y

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
n
u
m

er
ic

al
ex

p
er

im
en

ts
to

d
em

on
st

ra
te

th
e

st
ab

il
it

y
p
ro

p
er

ti
es

of
th

e
ke

rn
el

re
p
re

se
n
ta

ti
on

s
d
efi

n
ed

in
S
ec

ti
on

2
on

d
is

cr
et

e
im

ag
es

.

W
e

co
n
si

d
er

im
ag

es
of

h
an

d
w

ri
tt

en
d
ig

it
s

fr
om

th
e

In
fi
n
it

e
M

N
IS

T
d
at

as
et

of
L

o
os

li
et

al
.

(2
00

7)
,

w
h
ic

h
co

n
si

st
s

of
28

x
28

gr
ay

sc
al

e
M

N
IS

T
d
ig

it
s

au
gm

en
te

d
w

it
h

sm
al

l
tr

an
s-

la
ti

on
s

an
d

d
ef

or
m

at
io

n
s.

T
ra

n
sl

at
io

n
s

ar
e

ch
o
se

n
at

ra
n
d
om

fr
om

on
e

o
f

ei
gh

t
p

os
si

b
le

d
ir

ec
ti

on
s,

w
h
il
e

d
ef

or
m

at
io

n
s

ar
e

ge
n
er

a
te

d
b
y

co
n
si

d
er

in
g

sm
a
ll

sm
o
ot

h
d
ef

or
m

at
io

n
s
τ
,

an
d

ap
p
ro

x
im

at
in

g
L
τ
x

u
si

n
g

a
ta

n
g
en

t
v
ec

to
r

fi
el

d
∇
x

co
n
ta

in
in

g
p
ar

ti
al

d
er

iv
a
ti

ve
s

of
th

e
si

gn
al
x

al
on

g
th

e
h
or

iz
on

ta
l

an
d

ve
rt

ic
al

im
ag

e
d
ir

ec
ti

on
s.

W
e

in
tr

o
d
u
ce

a
d
ef

or
m

at
io

n
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B
ie
t
t
i
a
n
d

M
a
ir
a
l

F
ig

u
re

2:
M

N
IS

T
d
ig

it
s

w
it

h
tr

an
sf

or
m

at
io

n
s

co
n
si

d
er

ed
in

ou
r

n
u
m

er
ic

al
st

u
d
y

o
f

st
a
b
il
it

y.
E

ac
h

ro
w

gi
ve

s
ex

a
m

p
le

s
of

im
ag

es
fr

om
a

se
t

of
d
ig

it
s

th
at

ar
e

co
m

p
ar

ed
to

a
re

fe
re

n
ce

im
a
g
e

of
a

“5
”.

F
ro

m
to

p
to

b
ot

to
m

:
d
ef

or
m

at
io

n
s

w
it

h
α

=
3;

tr
an

sl
at

io
n
s

an
d

d
ef

o
rm

a
ti

o
n
s

w
it

h
α

=
1;

d
ig

it
s

fr
om

th
e

tr
ai

n
in

g
se

t
w

it
h

th
e

sa
m

e
la

b
el

“5
”

as
th

e
re

fe
re

n
ce

d
ig

it
;

d
ig

it
s

fr
om

th
e

tr
ai

n
in

g
se

t
w

it
h

an
y

la
b

el
.

p
ar

am
et

er
α

to
co

n
tr

ol
su

ch
d
ef

or
m

at
io

n
s,

w
h
ic

h
ar

e
th

en
gi

ve
n

b
y

L
α
τ
x

(u
)

=
x

(u
−
α
τ
(u

))
≈
x

(u
)
−
α
τ
(u

)
·∇

x
(u

).

F
ig

u
re

2
sh

ow
s

ex
am

p
le

s
of

d
iff

er
en

t
d
ef

or
m

at
io

n
s,

w
it

h
va

ri
ou

s
va

lu
es

of
α

,
w

it
h

o
r

w
it

h
o
u
t

tr
an

sl
at

io
n
s,

ge
n
er

at
ed

fr
om

a
re

fe
re

n
ce

im
ag

e
of

th
e

d
ig

it
“5

”.
In

ad
d
it

io
n
,
on

e
m

ay
co

n
si

d
er

th
at

a
gi

ve
n

re
fe

re
n
ce

im
ag

e
of

a
h
an

d
w

ri
tt

en
d
ig

it
ca

n
b

e
d
ef

or
m

ed
in

to
d
iff

er
en

t
im

a
g
es

of
th

e
sa

m
e

d
ig

it
,

an
d

p
er

h
ap

s
ev

en
in

to
a

d
iff

er
en

t
d
ig

it
(e

.g
.,

a
“1

”
m

ay
b

e
d
ef

o
rm

ed
in

to
a

“7
”)

.
In

tu
it

iv
el

y,
th

e
la

tt
er

tr
an

sf
or

m
at

io
n

co
rr

es
p

on
d
s

to
a

“l
ar

ge
r”

d
ef

or
m

a
ti

o
n

th
a
n

th
e

fo
rm

er
,

so
th

at
a

p
re

d
ic

ti
on

fu
n
ct

io
n

th
at

is
st

ab
le

to
d
ef

or
m

a
ti

on
s

sh
ou

ld
b

e
p
re

fe
ra

b
le

fo
r

a
cl

as
si

fi
ca

ti
on

ta
sk

.
T

h
e

ai
m

of
ou

r
ex

p
er

im
en

ts
is

to
q
u
an

ti
fy

th
is

st
ab

il
it

y,
a
n
d

to
st

u
d
y

h
ow

it
is

aff
ec

te
d

b
y

ar
ch

it
ec

tu
ra

l
ch

oi
ce

s
su

ch
as

p
at

ch
si

ze
s

an
d

p
o
ol

in
g

sc
a
le

s.
W

e
co

n
si

d
er

a
fu

ll
k
er

n
el

re
p
re

se
n
ta

ti
on

,
d
is

cr
et

iz
ed

as
d
es

cr
ib

ed
in

S
ec

ti
on

2
.1

.
W

e
li
m

it
ou

rs
el

ve
s

to
2

la
ye

rs
in

or
d
er

to
m

ak
e

th
e

co
m

p
u
ta

ti
on

of
th

e
fu

ll
k
er

n
el

tr
a
ct

a
b
le

.
P

a
tc

h
ex

tr
ac

ti
on

is
p

er
fo

rm
ed

w
it

h
ze

ro
p
ad

d
in

g
in

or
d
er

to
p
re

se
rv

e
th

e
si

ze
of

th
e

p
re

v
io

u
s

fe
a
tu

re
m

ap
.

W
e

u
se

a
h
om

og
en

eo
u
s

d
ot

-p
ro

d
u
ct

ke
rn

el
as

in
E

q
.

(2
)

w
it

h
κ

(z
)

=
eρ

(z
−

1
) ,
ρ

=
1
/(

0.
65

)2
.

N
ot

e
th

at
th

is
ch

oi
ce

y
ie

ld
s
κ
′ (
z
)

=
ρ
>

1,
gi

v
in

g
an

ρ
-L

ip
sc

h
it

z
ke

rn
el

m
a
p
p
in

g
in

st
ea

d
of

a
n
on

-e
x
p
an

si
ve

on
e

as
in

L
em

m
a

1
w

h
ic

h
co

n
si

d
er

s
ρ

=
1.

H
ow

ev
er

,
va

lu
es

o
f
ρ

la
rg

er
th

an
on

e
ty

p
ic

al
ly

le
ad

to
b

et
te

r
em

p
ir

ic
al

p
er

fo
rm

an
ce

fo
r

cl
as

si
fi
ca

ti
o
n

(M
a
ir

a
l,

20
16

),
an

d
th

e
st

ab
il
it

y
re

su
lt

s
of

S
ec

ti
on

3
ar

e
st

il
l

va
li
d

w
it

h
an

ad
d
it

io
n
al

fa
ct

o
r
ρ
n

(w
it

h
n

=
2

h
er

e)
in

E
q
.

(1
3)

.
F

or
a

su
b
sa

m
p
li
n
g

fa
ct

or
s,

w
e

ap
p
ly

a
G

au
ss

ia
n

fi
lt

er
w

it
h

sc
a
le

σ
=
s/
√

2
b

ef
or

e
d
ow

n
sa

m
p
li
n
g.

O
u
r

C
+

+
im

p
le

m
en

ta
ti

on
fo

r
co

m
p
u
ti

n
g

th
e

fu
ll

ke
rn

el
gi

ve
n

tw
o

im
ag

es
is

av
ai

la
b
le

at
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
a
l
b
i
e
t
z
/
c
k
n
_
k
e
r
n
e
l
.
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In
v
a
r
ia
n
c
e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

0
.0

0
.5

1
.0

1
.5

2
.0

2
.5

3
.0

d
e
fo

rm
a
tio

n
 α

0
.0

0
0

.0
5

0
.1

0
0

.1
5

0
.2

0
0

.2
5

0
.3

0
0

.3
5

0
.4

0
0

.4
5

mean relative distance

(a
)

1
.0

1
.5

2
.0

2
.5

3
.0

3
.5

4
.0

4
.5

5
.0

la
st la

y
e
r p

o
o
lin

g

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

mean relative distance

d
e
fo

rm
a
tio

n
s

d
e
fo

rm
a
tio

n
s +

 tra
n
sla

tio
n

sa
m

e
 la

b
e
l

a
ll la

b
e
ls

(b
)

3
.0

3
.5

4
.0

4
.5

5
.0

5
.5

6
.0

6
.5

7
.0

p
a
tch

 size

0
.0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

mean relative distance

(c)

F
ig

u
re

3
:

A
verage

relative
rep

resen
tation

d
ista

n
ce

for
variou

s
2-layer

m
o
d
els.

L
in

es
in

th
e

leg
en

d
co

rresp
o
n
d
s

to
row

s
of

im
ages

in
F

igu
re

2.
In

(b
-c),

d
eform

ation
s

are
ob

tain
ed

w
ith

α
=

1
.

W
e

sh
ow

th
e

im
p
act

on
relative

d
istan

ce
of:

(a)
th

e
valu

e
of
α

in
d
eform

ation
s,

in
{
0.0

1
,0
.03,0

.1
,0
.3
,1
,3};

(b
)

th
e

su
b
sam

p
lin

g
factor

o
f

th
e

fi
n
al

p
o
olin

g
lay

er,
in
{
1,3,5}

;
(c)

th
e

p
a
tch

size,
in
{
3,5,7}

.

In
F

ig
u
re

3
,
w

e
sh

ow
av

erage
relative

d
istan

ce
in

rep
resen

tation
sp

ace
b

etw
een

a
referen

ce
im

a
g
e

a
n
d

im
a
ges

from
variou

s
sets

of
20

im
ages

(eith
er

gen
erated

tran
sform

ation
s,

or
im

a
g
es

a
p
p

ea
rin

g
in

th
e

train
in

g
set).

F
or

a
giv

en
arch

itectu
re
A

a
n
d

set
S

of
im

ages,
th

e
avera

g
e

rela
tive

d
istan

ce
to

an
im

age
x

is
giv

en
b
y

1|S| ∑x
′∈
S

‖Φ
A

(x
′)−

Φ
A

(x
)‖

‖Φ
A

(x
)‖

=
1|S| ∑x

′∈
S

√
K
A

(x
,x

)
+
K
A

(x
′,x
′)−

2K
A

(x
,x
′)

√
K
A

(x
,x

)
,

w
h
ere

Φ
A

d
en

o
tes

th
e

k
ern

el
rep

resen
tation

for
arch

itectu
re
A

an
d
K
A

(x
,x
′)

th
e

corre-
sp

o
n
d
in

g
k
ern

el.
W

e
n
orm

alize
b
y
‖
Φ
A

(x
)‖

in
o
rd

er
to

red
u
ce

sen
sitiv

ity
to

th
e

ch
o
ice

of
a
rch

itectu
re.

W
e

start
w

ith
a

(3
,2)-layer

follow
ed

b
y

a
(3
,5)-layer,

w
h
ere

(p
,s)

in
d
ica

tes
a

layer
w

ith
p
a
tch

size
p

an
d

su
b
sam

p
lin

g
s.

In
F

igu
re

3b
,

w
e

vary
th

e
su

b
sam

p
lin

g
factor

of
th

e
seco

n
d

layer,
an

d
in

F
igu

re
3c

w
e

vary
th

e
p
atch

size
of

b
oth

layers.
E

a
ch

row
o
f

F
igu

re
2

sh
ow

s
d
igits

an
d

d
eform

ed
version

s.
In

tu
itively,

it
sh

ou
ld

b
e

easier
to

d
efo

rm
an

im
age

of
a

h
an

d
w

ritten
5

in
to

a
d
iff

eren
t

im
age

of
a

5
,

th
an

in
to

a
d
iff

eren
t

d
ig

it.
In

d
eed

,
F

igu
re

3
sh

ow
s

th
at

th
e

avera
ge

relative
d
istan

ce
for

im
ag

es
w

ith
d
iff

eren
t

la
b

els
is

a
lw

ay
s

larger
th

an
for

im
ages

w
ith

th
e

sam
e

la
b

el,
w

h
ich

in
tu

rn
is

larger
th

a
n

for
sm

a
ll

d
efo

rm
a
tion

s
an

d
tran

slation
s

of
th

e
referen

ce
im

age.
A

d
d
in

g
tra

n
slation

s
on

top
of

d
eform

ation
s

in
creases

d
istan

ce
in

all
cases,

an
d

F
igu

re
3b

sh
ow

s
th

a
t

th
is

gap
is

sm
aller

w
h
en

u
sin

g
larger

su
b
sam

p
lin

g
factors

in
th

e
last

lay
er.

T
h
is

a
g
rees

w
ith

th
e

stab
ility

b
ou

n
d

(13),
w

h
ich

sh
ow

s
th

at
a

larger
p

o
olin

g
scale

at
th

e
last

layer
in

crea
ses

tran
slation

in
varian

ce.
F

igu
re

3a
h
igh

ligh
ts

th
e

d
ep

en
d
en

ce
of

th
e

d
istan

ce
o
n

th
e

d
efo

rm
a
tion

size
α

,
w

h
ich

is
n
ear-lin

ear
as

in
E

q
.

(13)
(n

ote
th

a
t
α

con
trols

th
e

J
a
co

b
ia

n
o
f

th
e

d
eform

ation
).

F
in

ally,
F

igu
re

3c
sh

ow
s

th
at

larg
er

p
atch

sizes
can

m
ake

th
e

rep
resen

ta
tio

n
s

less
stab

le,
as

d
iscu

ssed
in

S
ection

3.

3
.5

.
G

lo
b

a
l

In
v
a
ria

n
c
e

to
G

ro
u

p
A

c
tio

n
s

In
S
ectio

n
3.1

,
w

e
h
ave

seen
h
ow

th
e

kern
el

rep
resen

tation
of

S
ection

2
crea

tes
in

varian
ce

to
tra

n
sla

tio
n
s

b
y

com
m

u
tin

g
w

ith
th

e
action

of
tran

slation
s

at
in

term
ed

iate
layers,

an
d

h
ow
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B
ie
t
t
i
a
n
d

M
a
ir
a
l

th
e

last
p

o
olin

g
layer

on
th

e
tran

slation
grou

p
gov

ern
s

th
e

fi
n
al

level
of

in
varian

ce.
It

is
often

u
sefu

l
to

en
co

d
e

in
varian

ces
to

d
iff

eren
t

grou
p
s

of
tran

sform
ation

s,
su

ch
as

rotation
s

or
refl

ection
s

(see,
e.g.,

C
oh

en
an

d
W

ellin
g,

2016;
M

allat,
2012;

R
a
j

et
al.,

2017;
S
ifre

an
d

M
allat,

2013).
H

ere,
w

e
sh

ow
h
ow

th
is

can
b

e
a
ch

iev
ed

b
y

d
efi

n
in

g
ad

ap
ted

p
atch

ex
traction

an
d

p
o
olin

g
op

erators
th

at
com

m
u
te

w
ith

th
e

action
of

a
tran

sform
ation

gro
u
p
G

(th
is

is
k
n
ow

n
as

grou
p

covarian
ce

or
eq

u
ivarian

ce).
W

e
assu

m
e

th
at

G
is

lo
cally

com
p
act

su
ch

th
at

w
e

can
d
efi

n
e

a
left-in

varian
t

H
aar

m
easu

re
µ

—
th

at
is,

a
m

easu
re

on
G

th
at

satisfi
es

µ
(g
S

)
=
µ

(S
)

for
an

y
B

orel
set

S
⊆
G

an
d
g

in
G

.
W

e
assu

m
e

th
e

in
itial

sig
n
al
x

(u
)

is
d
efi

n
ed

on
G

,
an

d
w

e
d
efi

n
e

su
b
seq

u
en

t
featu

re
m

ap
s

on
th

e
sam

e
d
om

ain
.

T
h
e

action
of

an
elem

en
t
g

in
G

is
d
en

oted
b
y
L
g ,

w
h
ere

L
g x

(u
)

=
x

(g −
1u

).
In

ord
er

to
keep

th
e

p
resen

tation
sim

p
le,

w
e

ign
ore

som
e

issu
es

related
to

th
e

gen
eral

con
stru

ction
in
L

2(G
)

of
ou

r
sign

als
an

d
op

erators,
w

h
ich

can
b

e
m

ad
e

m
ore

p
recise

u
sin

g
to

ols
from

ab
stract

h
arm

on
ic

an
aly

sis
(e.g.,

F
ollan

d
,

2016).

E
x
te

n
d

in
g

a
sig

n
a
l

o
n
G

.
W

e
n
ote

th
at

th
e

origin
al

sign
al

is
d
efi

n
ed

on
a

d
om

ain
R
d

w
h
ich

m
ay

b
e

d
iff

eren
t

from
th

e
tran

sform
ation

grou
p
G

th
at

acts
on

R
d

(e.g.,
for

2D
im

ages
th

e
d
om

ain
is

R
2

b
u
t
G

m
ay

also
in

clu
d
e

a
rotation

an
gle).

T
h
e

action
of
g

in
G

on
th

e
origin

al
sign

al
d
efi

n
ed

on
R
d,

d
en

oted
x̃

(ω
)

y
ield

s
a

tran
sform

ed
sign

al
L
g x̃

(ω
)

=
x̃

(g −
1·ω

),
w

h
ere·

d
en

otes
grou

p
action

.
T

h
is

req
u
ires

an
ap

p
rop

riate
ex

ten
sion

of
th

e
sign

al
to
G

th
at

p
reserves

th
e

m
ean

in
g

of
sign

al
tran

sform
ation

s.
W

e
m

ake
th

e
follow

in
g

assu
m

p
tion

:
every

elem
en

t
ω

in
R
d

can
b

e
reach

ed
w

ith
a

tran
sfo

rm
ation

u
ω

in
G

from
a

n
eu

tral
elem

en
t
ε

in
R
d

(e.g.,
ε

=
0),

as
ω

=
u
ω
·
ε.

N
ote

th
at

fo
r

2D
im

ages
(d

=
2),

th
is

ty
p
ically

req
u
ires

a
grou

p
G

th
at

is
“larger”

th
an

tran
slation

s,
su

ch
as

th
e

roto-tran
slation

g
rou

p
,

w
h
ile

it
is

n
ot

satisfi
ed

,
for

in
stan

ce,
for

rotation
s

on
ly.

A
sim

ilar
assu

m
p
tion

is
m

ad
e

b
y

K
on

d
or

an
d

T
rived

i
(2018).

T
h
en

,
on

e
can

ex
ten

d
th

e
origin

al
sig

n
al
x̃

b
y

d
efi

n
in

g
x

(u
)

:=
x̃

(u·ε).
In

d
eed

,
w

e
th

en
h
av

eL
g x

(u
ω
)

=
x

(g −
1u
ω
)

=
x̃

((g −
1u
ω
)·
ε)

=
x̃

(g −
1·ω

),

so
th

at
th

e
sign

al
(x

(u
ω
))
ω∈

R
d

p
reserves

th
e

stru
ctu

re
o
f
x̃

.
W

e
d
etail

th
is

b
elow

for
th

e
ex

am
p
le

of
roto-tran

slation
s

on
2D

im
ages.

T
h
en

,
w

e
are

in
terested

in
d
efi

n
in

g
a

layer—
th

at
is,

a
su

ccession
of

p
atch

ex
traction

,
kern

el
m

ap
p
in

g,
a
n
d

p
o
olin

g
op

erators—
th

a
t

com
m

u
tes

w
ith

L
g ,

in
ord

er
to

ach
iev

e
eq

u
ivarian

ce
to
G

.

P
a
tch

e
x
tra

c
tio

n
.

W
e

d
efi

n
e

p
atch

ex
tractio

n
as

follow
s

P
x

(u
)

=
(x

(u
v
))
v∈
S

for
a
ll
u
∈
G
,

w
h
ere

S
⊂
G

is
a

p
atch

sh
ap

e
cen

tered
at

th
e

id
en

tity
elem

en
t.
P

com
m

u
tes

w
ith

L
g

sin
ce

P
L
g x

(u
)

=
(L

g x
(u
v
))
v∈
S

=
(x

(g −
1u
v
))
v∈
S

=
P
x

(g −
1u

)
=
L
g P
x

(u
).

K
e
rn

e
l

m
a
p

p
in

g
.

T
h
e

p
oin

tw
ise

op
erator

M
is

d
efi

n
ed

ex
actly

as
in

S
ection

2,
an

d
th

u
s

com
m

u
tes

w
ith

L
g .

P
o
o
lin

g
.

T
h
e

p
o
olin

g
op

erator
on

th
e

grou
p
G

is
d
efi

n
ed

b
y

A
x

(u
)

=

∫

G
x

(u
v
)h

(v
)d
µ

(v
)

=

∫

G
x

(v
)h

(u
−

1v
)d
µ

(v
),

2
0
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In
v
a
r
ia
n
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e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

w
h
er

e
h

is
a

p
o
ol

in
g

fi
lt

er
ty

p
ic

al
ly

lo
ca

li
ze

d
ar

ou
n
d

th
e

id
en

ti
ty

el
em

en
t.

T
h
e

co
n
st

ru
ct

io
n

is
si

m
il
ar

to
R

a
j

et
al

.
(2

01
7)

an
d

it
is

ea
sy

to
se

e
fr

om
th

e
fi
rs

t
ex

p
re

ss
io

n
of
A
x

(u
)

th
at

A
L
g
x

(u
)

=
L
g
A
x

(u
),

m
ak

in
g

th
e

p
o
ol

in
g

op
er

at
or
G

-e
q
u
iv

ar
ia

n
t.

O
n
e

m
ay

al
so

p
o
ol

on
a

su
b
se

t
of

th
e

gr
ou

p
b
y

on
ly

in
te

gr
at

in
g

ov
er

th
e

su
b
se

t
in

th
e

fi
rs

t
ex

p
re

ss
io

n
,

an
op

er
at

io
n

w
h
ic

h
is

al
so
G

-e
q
u
iv

ar
ia

n
t.

In
ou

r
an

al
y
si

s
of

st
ab

il
it

y
in

S
ec

ti
on

3.
1,

w
e

sa
w

th
at

in
n
er

p
o
ol

in
g

la
ye

rs
ar

e
u
se

fu
l

to
gu

ar
an

te
e

st
ab

il
it

y
to

lo
ca

l
d
ef

or
m

a
ti

on
s,

w
h
il
e

gl
ob

al
in

va
ri

an
ce

is
ac

h
ie

ve
d

m
ai

n
ly

th
ro

u
gh

th
e

la
st

p
o
ol

in
g

la
y
er

.
In

so
m

e
ca

se
s,

on
e

on
ly

n
ee

d
s

st
ab

il
it

y
to

a
su

b
gr

ou
p

of
G

,
w

h
il
e

ac
h
ie

v
in

g
in

va
ri

an
ce

to
th

e
w

h
ol

e
gr

ou
p
,

e.
g.

,
in

th
e

ro
to

-t
ra

n
sl

at
io

n
gr

o
u
p

(O
ya

ll
on

an
d

M
al

la
t,

20
15

;
S
if

re
an

d
M

al
la

t,
20

13
),

on
e

m
ig

h
t

w
an

t
in

va
ri

an
ce

to
a

gl
ob

al
ro

ta
ti

on
b
u
t

st
ab

il
it

y
to

lo
ca

l
tr

an
sl

at
io

n
s.

T
h
en

,
on

e
ca

n
p

er
fo

rm
p
at

ch
ex

tr
ac

ti
on

an
d

p
o
ol

in
g

ju
st

on
th

e
su

b
gr

ou
p

to
st

ab
il
iz

e
(e

.g
.,

tr
an

sl
at

io
n
s)

in
in

te
rm

ed
ia

te
la

ye
rs

,
w

h
il
e

p
o
ol

in
g

on
th

e
en

ti
re

gr
ou

p
at

th
e

la
st

la
ye

r
to

ac
h
ie

ve
th

e
gl

ob
al

gr
ou

p
in

va
ri

an
ce

.

E
x
a
m

p
le

w
it

h
th

e
ro

to
-t

ra
n

sl
a
ti

o
n

g
ro

u
p

.
W

e
co

n
si

d
er

a
si

m
p
le

ex
am

p
le

on
2D

im
-

ag
es

w
h
er

e
on

e
w

an
ts

gl
ob

al
in

va
ri

an
ce

to
ro

ta
ti

on
s

in
ad

d
it

io
n

to
n
ea

r-
in

va
ri

an
ce

a
n
d

st
a-

b
il
it

y
to

tr
an

sl
at

io
n
s

as
in

S
ec

ti
on

3.
1.

F
or

th
is

,
w

e
co

n
si

d
er

th
e

ro
to

-t
ra

n
sl

at
io

n
g
ro

u
p

(s
ee

,
e.

g.
,

S
if

re
an

d
M

al
la

t,
20

13
),

d
efi

n
ed

as
th

e
se

m
i-

d
ir

ec
t

p
ro

d
u
ct

of
tr

an
sl

at
io

n
s
R

2
an

d
ro

ta
ti

on
s
S
O

(2
),

d
en

ot
ed

b
y
G

=
R

2
o
S
O

(2
),

w
it

h
th

e
fo

ll
ow

in
g

gr
ou

p
op

er
at

io
n

g
g
′ =

(v
+
R
θ
v
′ ,
θ

+
θ′

),

fo
r
g

=
(v
,θ

),
g
′

=
(v
′ ,
θ′

)
in
G

,
w

h
er

e
R
θ

is
a

ro
ta

ti
on

m
at

ri
x

in
S
O

(2
).

T
h
e

el
em

en
t

g
=

(v
,θ

)
in
G

ac
ts

on
a

lo
ca

ti
on

u
∈
R

2
b
y

co
m

b
in

in
g

a
ro

ta
ti

on
an

d
a

tr
an

sl
at

io
n
:

g
·u

=
v

+
R
θ
u

g
−

1
·u

=
(−
R
−
θ
v
,−
θ)
·u

=
R
−
θ
(u
−
v
).

F
or

a
gi

ve
n

im
ag

e
x̃

in
L

2
(R

2
),

ou
r

eq
u
iv

ar
ia

n
t

co
n
st

ru
ct

io
n

ou
tl

in
ed

ab
ov

e
re

q
u
ir

es
an

ex
te

n
si

on
of

th
e

si
gn

al
to

th
e

gr
ou

p
G

.
W

e
co

n
si

d
er

th
e

H
aa

r
m

ea
su

re
gi

ve
n

b
y
d
µ

((
v
,θ

))
:=

d
v
d
µ
c
(θ

),
w

h
er

e
d
v

is
th

e
L

eb
es

gu
e

m
ea

su
re

on
R

2
an

d
d
µ
c

th
e

n
or

m
al

iz
ed

H
aa

r
m

ea
su

re
on

th
e

u
n
it

ci
rc

le
.

N
ot

e
th

at
µ

is
le

ft
-i

n
va

ri
an

t,
si

n
ce

th
e

d
et

er
m

in
an

t
of

ro
ta

ti
on

m
at

ri
ce

s
th

at
ap

p
ea

rs
in

th
e

ch
an

ge
of

va
ri

ab
le

s
is

1
.

W
e

ca
n

th
en

d
efi

n
e
x

b
y
x

((
u
,η

))
:=

x̃
(u

)
fo

r
an

y
an

gl
e
η
,

w
h
ic

h
is

in
L

2
(G

)
an

d
p
re

se
rv

es
th

e
d
efi

n
it

io
n

of
gr

ou
p

ac
ti

on
on

th
e

or
ig

in
al

si
gn

al
x̃

si
n
ce L
g
x

((
u
,η

))
=
x

(g
−

1
(u
,η

))
=
x

((
g
−

1
·u
,η
−
θ)

)
=
x̃

(g
−

1
·u

)
=
L
g
x̃

(u
).

T
h
at

is
,

w
e

ca
n

st
u
d
y

th
e

ac
ti

on
of
G

on
2D

im
ag

es
in
L

2
(R

2
)

b
y

st
u
d
y
in

g
th

e
ac

ti
on

on
th

e
ex

te
n
d
ed

si
gn

al
s

in
L

2
(G

)
d
efi

n
ed

ab
ov

e.
W

e
ca

n
n
ow

d
efi

n
e

p
at

ch
ex

tr
ac

ti
on

an
d

p
o
ol

in
g

op
er

at
or

s
P
,A

:
L

2
(G

)
→

L
2
(G

)
on

ly
on

th
e

tr
an

sl
at

io
n

su
b
gr

ou
p
,
b
y

co
n
si

d
er

in
g

a
p
at

ch
sh

ap
e
S

=
{(
v
,0

)}
v
∈S̃
⊂
G

w
it

h
S̃
⊂

R
2

fo
r
P

,
an

d
d
efi

n
in

g
p

o
ol

in
g

b
y
A
x

(g
)

=
∫ R

d
x

(g
(v
,0

))
h

(v
)d
v
,

w
h
er

e
h

is
a

G
au

ss
ia

n
p

o
ol

in
g

fi
lt

er
w

it
h

sc
al

e
σ

d
efi

n
ed

on
R

2
.

T
h
e

fo
ll
ow

in
g

re
su

lt
,

p
ro

ve
d

in
A

p
p

en
d
ix

C
,

sh
ow

s
an

al
og

ou
s

re
su

lt
s

to
th

e
st

ab
il
it

y
le

m
m

as
of

S
ec

ti
on

3.
1

fo
r

th
e

op
er

at
or

s
P

an
d
A

.
F

or
a

d
iff

eo
m

or
p
h
is

m
τ
,

w
e

d
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b
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b
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−
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.
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d
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y
w

it
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n
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e
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w
in

g
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n
d
it
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n

h
o
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s
su

p
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|c|
≤
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σ
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w

e
h
a
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P
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τ
]‖
≤
C

1
‖∇

τ
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w
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h
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e
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m
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n
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n
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C

1
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s
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h
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en
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h
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‖ ∞
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h
C

2
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d
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B
y
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g
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u
lt
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p
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n
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p

er
a
to

rs
a
t

ea
ch

la
y
er

,
w

e
ca

n
ob

ta
in

a
si

m
il
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g
a

g
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b
a
l
p
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o
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n
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A
c

:
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e
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,
d
efi
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ed

,
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r
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∈
L

2
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A
c
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)

=

∫
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µ
c
(η
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d
it

io
n
al
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b
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ro
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c
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r.
D

efi
n

e
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ra
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=
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τ
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,η
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n

d
d
efi

n
e

th
e

d
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−
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e
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e
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at
a

si
m

il
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m
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w
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=
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b
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.
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in
k
w
it
h
E
x
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n
g
C
o
n
v
o
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n
a
l
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h
it
e
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u
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s
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w
e
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u
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e

fu
n
ct
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K
H
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is

e
fr

om
o
u
r
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u
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d
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d
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b
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se
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‖‖
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b
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b
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n
eu

ra
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n
et

w
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k
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ik
e
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s

d
efi
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ed
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w
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w
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il
e
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4.
2

w
e
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a
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n
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er
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C

N
N

s
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n
ta
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in
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e
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S
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e
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n
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b
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p
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n
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S
d
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e
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n
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u
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e
C
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N
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A
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u
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su
lt

s
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th
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o
u
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a
b
il
it

y
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in
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p
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3
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fo
r
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b
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of
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In
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c
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b
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n
d
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m
p
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f
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e
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p
C
o
n
v
o
l
u
t
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n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

4
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.
A

c
tiv

a
tio

n
F
u

n
c
tio

n
s

a
n

d
K

e
rn

e
ls
K
k

B
efo

re
in

tro
d
u
cin

g
form

al
lin

k
s

b
etw

een
ou

r
kern

el
rep

resen
tation

an
d

classical
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v
olu

tio
n
al

a
rch

itectu
res,

w
e

stu
d
y

in
m

ore
d
etails

th
e

kern
els

K
k

d
escrib

ed
in

S
ection

2
an

d
th

eir
R

K
H

S
sH

k .
In

p
articu

lar,
w

e
are

in
terested

in
ch

aracterizin
g

w
h
ich

ty
p

es
of

fu
n
ction

s
live

in
H
k .

T
h
e

n
ex

t
lem

m
a

ex
ten

d
s

som
e

resu
lts

of
Z

h
an

g
et

al.
(2016,

2017
b
),

origin
ally

d
evelo

p
ed

fo
r

th
e

in
verse

p
oly

n
om

ial
an

d
G

au
ssian

kern
els;

it
sh

ow
s

th
a
t

th
e

R
K

H
S

m
ay

co
n
ta

in
sim

p
le

“n
eu

ral
n
etw

ork
”

fu
n
ction

s
w

ith
activation

s
σ

th
a
t

are
sm

o
oth

en
ou

gh
.

L
e
m

m
a

1
1

(A
c
tiv

a
tio

n
fu

n
c
tio

n
s

a
n

d
R

K
H

S
s
H
k )

L
et
σ

:
[−

1,1]→
R

be
a

fu
n

ctio
n

th
a
t

a
d
m

its
a

po
lyn

o
m

ia
l

expa
n

sio
n
σ

(u
)

:=
∑
∞j=

0
a
j u
j.

C
o
n

sid
er

a
kern

el
K
k

fro
m

S
ec-

tio
n

2
,

given
in

(2),
w

ith
κ
k (u

)
=
∑
∞j=

0
b
j u
j,

a
n

d
b
j
≥

0
fo

r
a
ll
j.

A
ssu

m
e

fu
rth

er
th

a
t

a
j

=
0

w
h
en

ever
b
j

=
0,

a
n

d
d
efi

n
e

th
e

fu
n

ctio
n
C

2σ (λ
2)

:=
∑
∞j=

0 (a
2j /b

j )λ
2
j.

L
et
g

in
P
k

be

su
ch

th
a
t
C

2σ (‖g‖
2)
<
∞

.
T

h
en

,
th

e
R

K
H

S
H
k

co
n

ta
in

s
th

e
fu

n
ctio

n

f
:
z
7→
‖z‖σ

(〈g
,z〉/‖

z‖
),

(15)

a
n

d
its

n
o
rm

sa
tisfi

es‖f‖
≤
C
σ
(‖
g‖

2).

N
o
tin

g
th

a
t

for
all

ex
am

p
les

of
κ
k

given
in

S
ection

2,
w

e
h
ave

b
1
>

0,
th

is
resu

lt
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p
lies

th
e

n
ex

t
co

ro
lla

ry,
w

h
ich

w
as

also
fou

n
d

to
b

e
u
sefu

l
in

ou
r

an
aly

sis.

C
o
ro

lla
ry

1
2

(L
in

e
a
r

fu
n

c
tio

n
s

a
n

d
R

K
H

S
s)

T
h
e

R
K

H
S

sH
k

fo
r

th
e

exa
m

p
les

o
f
κ
k

given
in

S
ectio

n
2

co
n

ta
in

a
ll

lin
ea

r
fu

n
ctio

n
s

o
f

th
e

fo
rm

z
7→
〈g
,z〉

w
ith

g
in
P
k .

T
h
e

p
rev

io
u
s

lem
m

a
sh

ow
s

th
at

for
m

an
y

ch
o
ices

of
sm

o
oth

fu
n
ction

s
σ

,
th

e
R

K
H

S
H
k

co
n
ta

in
s

th
e

fu
n
ction

s
of

th
e

form
(15).

W
h
ile

th
e

n
on

-h
om

ogen
eou

s
fu

n
ction

s
z
7→
σ

(〈g
,z〉)

a
re

sta
n
d
a
rd

in
n
eu

ral
n
etw

ork
s,

th
e

h
om

ogen
eou

s
varian

t
is

n
ot.

Y
et,

w
e

n
ote

th
at

(i)
th

e
m

o
st

su
ccessfu

l
activation

fu
n
ction

,
n
am

ely
rectifi

ed
lin

ear
u
n
its,

is
h
om

o
gen

eou
s—

th
at

is,
relu

(〈g
,z〉)

=
‖
z‖relu

(〈g
,z〉/‖z‖
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(ii)

w
h
ile

relu
is

n
on

sm
o
oth

an
d

th
u
s

n
ot

in
ou

r
R

K
H

S
s,

th
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sm

o
oth

ed
varian

t
th

at
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th

e
co

n
d
ition

s
of

L
em

m
a
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for

u
sefu

l
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els.
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n
o
ticed

b
y
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h
an

g
et

al.
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),
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is
for

in
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n
ce

th
e
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se

for
th

e
in

verse
p

o
ly

n
o
m

ia
l

kern
el.
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F

igu
re

4,
w

e
p
lot

an
d

com
p
are

th
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d
iff

eren
t

varia
n
ts

of
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eL
U

.

4
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.
C

o
n
v
o
lu

tio
n

a
l

N
e
u

ra
l

N
e
tw

o
rk

s
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n

d
th

e
ir
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o
m

p
le

x
ity

W
e

n
ow

stu
d
y

th
e

con
n
ection

b
etw

een
th

e
kern

el
rep

resen
tation

d
efi

n
ed
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2
an

d
C

N
N
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S
p

ecifi
cally,

w
e

sh
ow

th
at

th
e

R
K

H
S
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th

e
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n
al
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elK

n
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ou

r
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n
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n
tain

s
a

set
of

C
N

N
s

on
con

tin
u
ou

s
d
om
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s

w
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in

ty
p

es
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en
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s
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n
im

p
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t
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u
en

ce
is
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e
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ility

resu
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of
p
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iou
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n
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p
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of
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N
N

s,
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ou
gh

th
e
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d
ep

en
d
s
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e
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K
H

S
n
o
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d
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ssed
later

in
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T

h
is

n
orm
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a

m
easu

re
of

m
o
d
el

com
p
lex

ity,
th

u
s

co
n
tro

llin
g

b
o
th
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eralization

an
d

stab
ility.

C
N

N
m

a
p

s
c
o
n

stru
c
tio

n
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W
e

n
ow

d
efi

n
e

a
C

N
N

fu
n
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f
σ

th
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tak
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p
u
t

an
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a
g
e
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2(R
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p
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w
ith

p
0

ch
an

n
els,

an
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b
u
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u
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featu
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ap
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fu

n
ction

z
k

in
L
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p
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w
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p
k

ch
an

n
els;
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e

m
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z
k
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b
y

p
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con
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w
ith

a
set

of
fi
lters

(w
ik )
i=

1
,...,p
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b
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eft)
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s
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for

d
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≥
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.5,

sR
eL

U
an

d
R

eL
U

are
in

d
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b
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p
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b
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b
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=
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p
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w
h
er

e
W
k
(u

)
is

th
e

m
a
tr

ix
(w

ij k
(u

))
ij

,
‖·
‖ 2

th
e

sp
ec

tr
a
l

n
o
rm

,
a
n

d
‖·
‖ F

th
e

F
ro

be
n

iu
s

n
o
rm

.

A
s

an
ex

am
p
le

,
if

w
e

co
n
si

d
er
κ

1
=
··
·=

κ
n

to
b

e
on

e
of

th
e

k
er

n
el

s
in

tr
o
d
u
ce

d
in

S
ec

ti
o
n

2
an

d
ta

k
e
σ

=
κ

1
so

th
at
C

2 σ
(λ

2
)

=
κ

1
(λ

2
),

th
en

co
n
st

ra
in

in
g

th
e

n
or

m
s

at
ea

ch
la

ye
r

to
b

e
sm

al
le

r
th

an
1

en
su

re
s
‖f
σ
‖
≤

1,
si

n
ce

fo
r
λ
≤

1
w

e
h
av

e
C

2 σ
(λ

2
)
≤
C

2 σ
(1

)
=
κ

1
(1

)
=

1
.
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In
v
a
r
ia
n
c
e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

If
w

e
co

n
sid

er
lin

ear
kern

els
an

d
σ

(u
)

=
u

,
w

e
h
av

e
C

2σ (λ
2)

=
λ

2
an

d
th

e
b

ou
n
d

b
ecom

es
‖
f
σ ‖
≤
‖
w
n

+
1 ‖‖W

n ‖
2 ···‖W

2 ‖
2 ‖
W

1 ‖
F

.
If

w
e

ign
ore

th
e

con
volu

tion
al

stru
ctu

re
(i.e.,

on
ly

ta
k
in

g
1x

1
p
atch

es
on

a
1x

1
im

age),
th

e
n
orm

in
v
olves

a
p
ro

d
u
ct

of
sp

ectral
n
orm

s
at

ea
ch

layer
(ign

o
rin

g
th

e
fi
rst

lay
er),

a
q
u
a
n
tity

w
h
ich

a
lso

ap
p

ears
in

recen
t

gen
eralization

b
o
u
n
d
s

(B
a
rtlett

et
al.,

2017;
N

ey
sh

ab
u
r

et
al.,

2018).
W

h
ile

su
ch

q
u
an

tities
h
ave

p
roven

u
sefu

l
to

ex
p
la

in
som

e
gen

eralization
p
h
en

om
en

a,
su

ch
as

th
e

b
eh

av
ior

of
n
etw

ork
s

train
ed

o
n

d
a
ta

w
ith

ran
d
om

lab
els

(B
artlett

et
al.,

2017;
Z

h
an

g
et

al.,
2017a

),
som

e
au

th
ors

h
ave

p
o
in

ted
o
u
t

th
a
t

sp
ectral

n
orm

s
m

ay
y
ield

overly
p

essim
istic

gen
eralization

b
ou

n
d
s

w
h
en

co
m

p
a
rin

g
w

ith
sim

p
le

p
aram

eter
cou

n
tin

g
(A

rora
et

al.,
2018),

an
d

ou
r

resu
lts

m
ay

d
isp

lay
sim

ila
r

d
raw

b
a
ck

s.
W

e
n
ote,

h
ow

ever,
th

at
P

rop
osition

14
on

ly
gives

an
u
p
p

er
b

ou
n
d
,

an
d

th
e

a
ctu

al
R

K
H

S
n
orm

m
ay

b
e

sm
aller

in
p
ractice.

It
m

ay
also

b
e

th
at

th
e

n
orm

is
n
ot

w
ell

co
n
tro

lled
d
u
rin

g
train

in
g,

an
d

th
at

th
e

ob
tain

ed
b

ou
n
d
s

m
ay

n
ot

fu
lly

ex
p
la

in
th

e
g
en

era
liza

tion
b

eh
av

ior
ob

served
in

p
ra

ctice.
U

sin
g

su
ch

q
u
an

tities
to

regu
la

rize
d
u
rin

g
tra

in
in

g
m

ay
th

en
y
ield

b
ou

n
d
s

th
at

are
less

vacu
ou

s
(B

ietti
et

al.,
2019).

G
e
n

e
ra

liz
a
tio

n
a
n

d
sta

b
ility

.
T

h
e

resu
lts

of
th

is
section

im
p
ly

th
at

ou
r

stu
d
y

of
th

e
ge-

o
m

etry
o
f
th

e
kern

el
rep

resen
tation

s,
an

d
in

p
articu

lar
th

e
stab

ility
an

d
in

varian
ce

p
rop

erties
o
f

S
ectio

n
3
,

a
p
p
ly

to
th

e
gen

eric
C

N
N

s
d
efi

n
ed

a
b

ove,
th

an
k
s

to
th

e
L

ip
sch

itz
sm

o
oth

n
ess

rela
tio

n
(1

).
T

h
e

sm
o
oth

n
ess

is
th

en
con

trolled
b
y

th
e

R
K

H
S

n
orm

of
th

ese
fu

n
ction

s,
w

h
ich

sh
ed

s
lig

h
t

o
n

th
e

lin
k
s

b
etw

een
gen

eralization
an

d
stab

ility.
In

p
articu

la
r,

fu
n
ction

s
w

ith
low

R
K

H
S

n
o
rm

p
rov

id
e

b
etter

gen
eralization

gu
aran

tees
on

u
n
seen

d
ata,

as
sh

ow
n

b
y

th
e

m
a
rg

in
b

o
u
n
d

in
E

q
.

(18).
T

h
is

im
p
lies,

for
in

stan
ce,

th
at

gen
eralization

is
h
ard

er
if

th
e

ta
sk

req
u
ires

classify
in

g
tw

o
sligh

tly
d
eform

ed
im

ages
w

ith
d
iff

eren
t

lab
els,

sin
ce

sep
aratin

g
su

ch
p
red

ictio
n
s

b
y

som
e

m
argin

req
u
ires

a
fu

n
ction

w
ith

large
R

K
H

S
n
orm

accord
in

g
to

o
u
r

sta
b
ility

a
n
aly

sis.
In

con
trast,

if
a

stab
le

fu
n
ction

(i.e.,
w

ith
sm

all
R

K
H

S
n
orm

)
is

su
ffi

cien
t

to
d
o

w
ell

on
a

train
in

g
set,

learn
in

g
b

ecom
es

“easier”
an

d
few

sam
p
les

m
ay

b
e

en
o
u
g
h

fo
r

g
o
o
d

gen
eralization

.

4
.3

.
S

ta
b

ility
a
n

d
G

e
n

e
ra

liz
a
tio

n
w

ith
G

e
n

e
ric

A
c
tiv

a
tio

n
s

O
u
r

stu
d
y

o
f
sta

b
ility

an
d

gen
eralization

so
far

h
as

relied
on

k
ern

el
m

eth
o
d
s,

w
h
ich

allow
s

u
s

to
sep

a
ra

te
lea

rn
ed

m
o
d
els

from
d
ata

rep
resen

tation
s

in
ord

er
to

estab
lish

tigh
t

con
n
ection

s
b

etw
een

th
e

sta
b
ility

of
rep

resen
tation

s
an

d
statistical

p
rop

erties
of

learn
ed

C
N

N
s

th
rou

gh
R

K
H

S
n
orm

s.
O

n
e

im
p

ortan
t

cav
eat,

h
ow

ever,
is

th
at

ou
r

stu
d
y

is
lim

ited
to

C
N

N
s

w
ith

a
class

o
f

sm
o
o
th

an
d

h
om

ogen
eou

s
activation

s
d
escrib

ed
in

S
ection

4.1,
w

h
ich

d
iff

er
from

g
en

eric
activa

tion
s

u
sed

in
p
ractice

su
ch

as
R

eL
U

or
tan

h
.

In
d
eed

,
R

eL
U

is
h
om

ogen
eou

s
b
u
t

lack
s

th
e

req
u
ired

sm
o
oth

n
ess,

w
h
ile

tan
h

is
n
ot

h
om

ogen
eou

s.
In

th
is

section
,
w

e
sh

ow
th

at
o
u
r

sta
b
ility

resu
lts

can
b

e
ex

ten
d
ed

to
th

e
p
red

iction
s

of
C

N
N

s
w

ith
su

ch
a
ctiva

tion
s,

an
d

th
a
t

sta
b
ility

is
con

trolled
b
y

a
q
u
an

tity
b
ased

on
sp

ectral
n
orm

s,
w

h
ich

p
lay

s
an

im
p

o
rta

n
t

ro
le

in
recen

t
resu

lts
on

gen
eralization

.
T

h
is

con
fi
rm

s
a

stron
g

con
n
ection

b
etw

een
stab

ility
a
n
d

g
en

era
liza

tion
in

th
is

m
ore

gen
eral

con
tex

t
as

w
ell.

S
ta

b
ility

b
o
u

n
d

.
W

e
con

sid
er

an
a
ctivation

fu
n
ction

σ
:R
→

R
th

at
is
ρ
-L

ip
sch

itz
a
n
d

sa
tisfi

es
σ

(0
)

=
0.

E
x
am

p
les

in
clu

d
e

R
eL

U
a
n
d

tan
h

activation
s,

for
w

h
ich

ρ
=

1.
T

h
e

C
N

N
co

n
stru

ction
is

sim
ilar

to
S
ection

4.2
w

ith
featu

re
m

ap
s
z
k

in
L

2(R
d,R

p
k),

an
d

a
fi
n
al

p
red

ictio
n

fu
n
ction

f
σ

d
efi

n
ed

w
ith

an
in

n
er

p
ro

d
u
ct
〈w

n
+

1 ,z
n 〉.

T
h
e

on
ly

ch
an

ge
is

th
e

2
7
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B
ie
t
t
i
a
n
d

M
a
ir
a
l

n
on

-lin
ear

m
ap

p
in

g
in

E
q
.

(16),
w

h
ich

is
n
o

lon
ger

h
om

ogen
eized

,
an

d
can

b
e

rew
ritten

as

z̃
k (u

)
=
ϕ
k (P

k z
k
–
1 (u

))
:=

σ (∫

S
k

W
k (v

)(P
k z
k
–
1 (u

))(v
)d
ν
k (v

) )
,

w
h
ere

σ
is

ap
p
lied

com
p

on
en

t-w
ise.

T
h
e

n
on

-lin
ear

m
ap

p
in

g
ϕ
k

on
p
atch

es
satisfi

es

‖
ϕ
k (z

)−
ϕ
k (z ′)‖

≤
ρ
k ‖z−

z ′‖
an

d
‖
ϕ
k (z

)‖
≤
ρ
k ‖
z‖
,

w
h
ere

ρ
k

=
ρ‖W

k ‖
2

an
d
‖W

k ‖
2

is
th

e
sp

ectral
n
orm

of
W
k

:
L

2(S
k ,R

p
k
–
1)→

R
p
k

d
efi

n
ed

b
y

‖
W
k ‖

2
=

su
p

‖
z‖≤

1 ∥∥∥∥ ∫

S
k

W
k (v

)z
(v

)d
ν
k (v

) ∥∥∥∥
.

W
e

n
ote

th
at

th
is

sp
ectral

n
orm

is
sligh

tly
d
iff

eren
t

th
an

th
e

m
ix

ed
n
orm

u
sed

in
P

rop
o-

sition
14.

B
y

d
efi

n
in

g
an

op
erator

M
k

th
at

ap
p
lies

ϕ
k

p
oin

tw
ise

as
in

S
ection

2,
th

e
con

stru
ction

of
th

e
last

featu
re

m
ap

takes
th

e
sa

m
e

form
as

th
at

of
th

e
m

u
ltilayer

kern
el

rep
resen

tation
,
so

th
at

th
e

resu
lts

of
S
ection

3
ap

p
ly,

lead
in

g
to

th
e

follow
in

g
stab

ility
b

ou
n
d

on
th

e
fi
n
al

p
red

iction
s:

|f
σ
(L

τ x
)−

f
σ
(x

)|≤
ρ
n‖
w
n

+
1 ‖ (

∏

k

‖W
k ‖

2 )
(
C

1
(1

+
n

)‖∇
τ‖∞

+
C

2

σ
n ‖
τ‖∞

)
‖x‖

.
(20)

L
in

k
w

ith
g
e
n

e
ra

liz
a
tio

n
.

T
h
e

stab
ility

b
ou

n
d

(20)
tak

es
a

sim
ilar

form
to

th
e

on
e

ob
tain

ed
for

C
N

N
s

in
th

e
R

K
H

S
,

w
ith

th
e

R
K

H
S

n
orm

rep
laced

b
y

th
e

p
ro

d
u
ct

of
sp

ectral
n
orm

s.
In

con
trast

to
th

e
R

K
H

S
n
orm

,
su

ch
a

q
u
an

tity
d
o
es

n
ot

d
irectly

lead
to

gen
eraliza-

tion
b

ou
n
d
s;

h
ow

ever,
a

few
recen

t
w

ork
s

h
ave

p
rov

id
ed

m
ean

in
gfu

l
gen

eralization
b

ou
n
d
s

for
d
eep

n
eu

ral
n
etw

ork
s

th
at

in
v
olve

th
e

p
ro

d
u
ct

of
sp

ectral
n
orm

s
(B

artlett
et

a
l.,

2017;
N

ey
sh

ab
u
r

et
al.,

2018).
T

h
u
s,

th
is

su
ggests

th
at

stab
le

C
N

N
s

h
ave

b
etter

gen
eralization

p
rop

erties,
even

w
h
en

con
sid

erin
g

gen
eric

C
N

N
s

w
ith

R
eL

U
or

tan
h

activation
s.

N
everth

e-
less,

th
ese

b
ou

n
d
s

ty
p
ically

in
volve

an
ad

d
ition

al
factor

con
sistin

g
of

oth
er

m
atrix

n
orm

s
su

m
m

ed
across

layers,
w

h
ich

m
ay

in
tro

d
u
ce

som
e

d
ep

en
d
en

ce
on

th
e

n
u
m

b
er

of
p
aram

eters,
an

d
d
o

n
ot

d
irectly

su
p
p

ort
con

volu
tion

al
stru

ctu
re.

In
con

trast,
ou

r
R

K
H

S
n
orm

b
ou

n
d

b
ased

on
sp

ectral
n
orm

s
given

in
P

rop
osition

14
d
irectly

su
p
p

orts
con

volu
tion

al
stru

ctu
re,

an
d

h
as

n
o

d
ep

en
d
en

ce
on

th
e

n
u
m

b
er

of
p
aram

eters.

5
.
D
iscu

ssio
n
a
n
d
C
o
n
clu

d
in
g
R
e
m
a
rk

s

In
th

is
p
ap

er,
w

e
in

tro
d
u
ce

a
m

u
ltilayer

con
volu

tio
n
al

kern
el

rep
resen

tation
(S

ection
2);

w
e

sh
ow

th
at

it
is

sta
b
le

to
th

e
action

of
d
iff

eom
orp

h
ism

s,
an

d
th

at
it

can
b

e
m

ad
e

in
varian

t
to

grou
p
s

of
tran

sform
ation

s
(S

ection
3);

an
d

fi
n
ally

w
e

ex
p
lain

con
n
ectio

n
s

b
etw

een
ou

r
rep

resen
tation

an
d

gen
eric

con
volu

tion
al

n
etw

ork
s

b
y

sh
ow

in
g

th
at

certain
cla

sses
of

C
N

N
s

w
ith

sm
o
oth

activation
s

are
con

tain
ed

in
th

e
R

K
H

S
o
f

th
e

fu
ll

m
u
ltilayer

kern
el

(S
ection

4).
A

con
seq

u
en

ce
of

th
is

last
resu

lt
is

th
at

th
e

stab
ility

resu
lts

of
S
ection

3
ap

p
ly

to
an

y
C

N
N

fu
n
ction

f
from

th
at

class,
b
y

u
sin

g
th

e
relation

|f
(L

τ x
)−

f
(x

)|≤
‖
f‖‖Φ

n
(L

τ x
)−

Φ
n
(x

)‖,
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In
v
a
r
ia
n
c
e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

w
h
ic

h
fo

ll
ow

s
fr

om
(1

),
as

su
m

in
g

a
li
n
ea

r
p
re

d
ic

ti
on

la
ye

r.
In

th
e

ca
se

of
C

N
N

s
w

it
h

ge
n
er

ic
ac

ti
va

ti
on

s
su

ch
as

R
eL

U
,

th
e

ke
rn

el
p

oi
n
t

of
v
ie

w
is

n
ot

ap
p
li
ca

b
le

,
an

d
th

e
se

p
ar

at
io

n
b

et
w

ee
n

m
o
d
el

an
d

re
p
re

se
n
ta

ti
on

is
n
ot

as
cl

ea
r.

H
ow

ev
er

,
w

e
sh

ow
in

S
ec

ti
on

4.
3

th
at

a
si

m
il
ar

st
ab

il
it

y
b

ou
n
d

ca
n

b
e

ob
ta

in
ed

,
w

it
h

th
e

p
ro

d
u
ct

of
sp

ec
tr

al
n
or

m
s

at
ea

ch
la

ye
r

p
la

y
in

g
a

si
m

il
ar

ro
le

to
th

e
R

K
H

S
n
or

m
of

th
e

C
N

N
.

In
b

ot
h

ca
se

s,
a

q
u
an

ti
ty

th
at

ch
ar

ac
te

ri
ze

s
co

m
p
le

x
it

y
of

a
m

o
d
el

ap
p

ea
rs

in
th

e
fi
n
al

b
ou

n
d

on
p
re

d
ic

te
d

va
lu

es
—
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p
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r
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p
ro

ce
ss

,
m

ak
in

g
su

ch
a

st
ab

il
it

y
gu

ar
an

te
e

m
or

e
u
se

fu
l.

In
or

d
er

to
av

oi
d

th
e

sc
al

ab
il
it

y
is

su
es

of
su

ch
ap

p
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p
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p
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b
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p
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p
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p
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p
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w
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d
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‖‖
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‖‖
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b
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p
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p

or
ta

n
t

ro
le

in
co

n
tr

ol
li
n
g

th
ei

r
ge

n
er

al
iz

at
io

n
ab

il
it

y,
an

d
it

m
ay

b
e

p
la

u
si

b
le

th
at

th
es

e
im

p
ac

t
th

e
R

K
H

S
n
or

m
of

a
le

ar
n
ed

C
N

N
,

or
it

s
sp

ec
tr
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p
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p
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p
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p
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at
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d
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s.

W
e

re
ca

ll
a

cl
as

si
ca

l
re

su
lt

fr
om

h
ar

m
on

ic
an

al
y
si

s
(s

ee
,

e.
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b
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b
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d
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R
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×
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→
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n
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∫ Ω
k
(u
,v

)x
(v

)d
v
,

(2
1
)

w
h
er

e
th

e
in

te
gr

a
l

is
a

B
oc

h
n

er
in
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a
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h
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n
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b
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In
v
a
r
ia
n
c
e
,
S
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b
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a
n
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e
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o
f
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p
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p
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,z ′∈
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d
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∈
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w ‖
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,L

τ
]‖
‖x
‖+
‖A

n
L
τ
−
A
n
‖‖
x
‖,

an
d

th
e

re
su

lt
fo

ll
ow

s
b
y

d
ec

om
p

os
in

g
A
n
L
τ

=
[A

n
,L

τ
]
+
L
τ
A
n

an
d

ap
p
ly

in
g

th
e

tr
ia

n
g
le

in
eq

u
al

it
y.

C
.4

.
P

ro
o
f

o
f

L
e
m

m
a

5

P
ro

o
f

T
h
e

p
ro

of
fo

ll
ow

s
in

la
rg

e
p
ar

ts
th

e
m

et
h
o
d
ol

og
y

in
tr

o
d
u
ce

d
b
y

M
a
ll
a
t

(2
0
1
2
)

in
th

e
an

al
y
si

s
of

th
e

st
ab

il
it

y
of

th
e

sc
at

te
ri

n
g

tr
an

sf
or

m
.

M
or

e
p
re

ci
se

ly
,

w
e

w
il
l

fo
ll
ow

in
p
ar

t
th

e
p
ro

of
of

L
em

m
a

E
.1

of
M

al
la

t
(2

01
2)

.
T

h
e

ke
rn

el
(i

n
th

e
se

n
se

of
L

em
m

a
A

.1
)

o
f

A
σ

is
h
σ
(z
−
u

)
=
σ
−
d
h

(z
−
u

σ
).

T
h
ro

u
gh

ou
t

th
e

p
ro

of
,

w
e

w
il
l

u
se

th
e

fo
ll
ow

in
g

b
o
u
n
d
s

o
n

th
e

d
ec

ay
of
h

fo
r

si
m

p
li
ci

ty
,

as
in

M
al

la
t

(2
01

2)
:2

|h
(u

)|
≤

C
h

(1
+
|u
|)d

+
2

|∇
h

(u
)|
≤

C
′ h

(1
+
|u
|)d

+
2
,

w
h
ic

h
ar

e
sa

ti
sfi

ed
fo

r
th

e
G

au
ss

ia
n

fu
n
ct

io
n
h

th
an

k
s

to
it

s
ex

p
on

en
ti

al
d
ec

ay
.

W
e

n
ow

d
ec

om
p

os
e

th
e

co
m

m
u
ta

to
r

[L
c
A
σ
,L

τ
]

=
L
c
A
σ
L
τ
−
L
τ
L
c
A
σ

=
L
c
(A

σ
−
L
−

1
c
L
τ
L
c
A
σ
L
−

1
τ

)L
τ

=
L
c
T
L
τ
,

2
.

N
o
te

th
a
t

a
m

o
re

p
re

ci
se

a
n

a
ly

si
s

m
ay

b
e

o
b

ta
in

ed
b
y

u
si

n
g

fi
n

er
d

ec
ay

b
o
u

n
d

s.
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In
v
a
r
ia
n
c
e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

w
ith

T
:=

A
σ −

L
−

1
c
L
τ L

c A
σ
L
−

1
τ

.
H

en
ce,

‖[L
c A

σ
,L

τ ]‖
≤
‖
L
c ‖‖L

τ ‖‖T‖
.

W
e

h
ave‖

L
c ‖

=
1

sin
ce

th
e

tran
slation

op
erator

L
c

p
reserves

th
e

n
orm

.
N

ote
th

at
w

e
h
ave

2 −
d≤

(1−
‖∇

τ‖∞
)
d≤

d
et(I−

∇
τ
(u

))≤
(1

+
‖∇

τ‖∞
)
d≤

2
d,

(23)

fo
r

a
ll
u
∈
R
d.

T
h
u
s,

for
f
∈
L

2(R
d),

‖
L
τ f‖

2
=

∫

R
d |f

(z−
τ
(z

))| 2d
z

=

∫

R
d |f

(u
)| 2

d
et(I−

∇
τ
(u

)) −
1d
u

≤
(1−

‖∇
τ‖∞

) −
d‖
f‖

2,

su
ch

th
a
t‖L

τ ‖
≤

(1−
‖∇

τ‖∞
) −
d
/
2≤

2
d
/
2.

T
h
is

y
ield

s

‖
[L
c A

σ
,L

τ ]‖
≤

2
d
/
2‖
T‖
.

K
e
rn

e
l

o
f
T

.
W

e
n
ow

sh
ow

th
at
T

is
an

in
tegral

op
erator

an
d

d
escrib

e
its

kern
el.

L
et

ξ
=

(I−
τ
) −

1,
so

th
at
L
−

1
τ
f

(z
)

=
f

(ξ(z
))

for
an

y
fu

n
ction

f
in
L

2(R
d).

W
e

h
ave

A
σ
L
−

1
τ
f

(z
)

=

∫
h
σ
(z−

v
)f

(ξ(v
))d
v

=

∫
h
σ
(z−

u
+
τ
(u

))f
(u

)
d
et(I−

∇
τ
(u

)),d
u

u
sin

g
th

e
ch

a
n
g
e

of
variab

le
v

=
u
−
τ
(u

),
giv

in
g
∣∣
d
v
d
u ∣∣

=
d
et(I−

∇
τ
(u

)).
T

h
en

n
ote

th
at

L
−

1
c
L
τ L

c f
(z

)
=
L
τ L

c f
(z

+
c)

=
L
c f

(z
+
c−

τ
(z

+
c))

=
f

(z−
τ
(z

+
c)).

T
h
is

y
ield

s
th

e
fo

llow
in

g
k
ern

el
for

th
e

op
erator

T
:

k
(z
,u

)
=
h
σ
(z−

u
)−

h
σ
(z−

τ
(z

+
c)−

u
+
τ
(u

))
d
et(I−

∇
τ
(u

)).
(24)

A
sim

ila
r

o
p

era
tor

ap
p

ears
in

L
em

m
a

E
.1

o
f

M
allat

(2012),
w

h
ose

kern
el

is
id

en
tica

l
to

(24)
w

h
en

c
=

0
.

L
ike

M
a
lla

t
(2012),

w
e

d
ecom

p
ose

T
=
T

1
+
T

2 ,
w

ith
kern

els

k
1 (z

,u
)

=
h
σ
(z−

u
)−

h
σ
((I−

∇
τ
(u

))(z−
u

))
d
et(I−

∇
τ
(u

))

k
2 (z

,u
)

=
d
et(I−

∇
τ
(u

))
(h
σ
((I−

∇
τ
(u

))(z−
u

))−
h
σ
(z−

τ
(z

+
c)−

u
+
τ
(u

)))
.

T
h
e

kern
el
k

1 (z
,u

)
ap

p
ears

in
(M

allat,
2012),

w
h
ereas

th
e

kern
el
k

2 (z
,u

)
in

volves
a

sh
ift
c

w
h
ich

is
n
o
t

p
resen

t
in

(M
allat,

2012).
F

o
r

com
p
leten

ess,
w

e
in

clu
d
e

th
e

p
ro

of
of

th
e

b
o
u
n
d

fo
r

b
o
th

o
p

era
tors,

ev
en

th
ou

gh
on

ly
d
ealin

g
w

ith
k

2
req

u
ires

sligh
tly

n
ew

d
evelo

p
m

en
ts.

B
o
u

n
d

o
n
‖
T

1 ‖
.

W
e

can
w

rite
k

1 (z
,u

)
=
σ
−
dg

(u
,(z−

u
)/σ

)
w

ith

g
(u
,v

)
=
h

(v
)−

h
((I−

∇
τ
(u

))v
)

d
et(I−

∇
τ
(u

))

=
(1−

d
et(I−

∇
τ
(u

)))h
((I−

∇
τ
(u

))v
)

+
h

(v
)−

h
((I−

∇
τ
(u

))v
).
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B
ie
t
t
i
a
n
d

M
a
ir
a
l

U
sin

g
th

e
fu

n
d
am

en
tal

th
eorem

of
calcu

lu
s

on
h

,
w

e
h
ave

h
(v

)−
h

((I−
∇
τ
(u

))v
)

=

∫
1

0
〈∇
h

((I
+

(t−
1)∇

τ
(u

))v
),∇

τ
(u

)v〉d
t.

N
oticin

g
th

at
|(I

+
(t−

1)∇
τ
(u

))v|≥
(1−

‖∇
τ‖∞

)|v|≥
(1/

2)|v|,
an

d
th

at
d
et(I−

∇
τ
(u

)))≥
(1−

‖∇
τ‖∞

)
d≥

1−
d‖∇

τ‖∞
,

w
e

b
ou

n
d

each
term

as
follow

s

|(1−
d
et(I−

∇
τ
(u

)))h
((I−

∇
τ
(u

))v
)|≤

d‖∇
τ‖∞

C
h

(1
+

12 |v|)
d
+

2

∣∣∣∣ ∫
1

0
〈∇
h

((I
+

(t−
1)∇

τ
(u

))v
),∇

τ
(u

)v〉d
t ∣∣∣∣ ≤

‖∇
τ‖∞

C
′h |v|

(1
+

12 |v|)
d
+

2
.

W
e

th
u
s

h
ave

|g
(u
,v

)|≤
‖∇

τ‖∞
C
h d

+
C
′h |v|

(1
+

12 |v|)
d
+

2
.

U
sin

g
ap

p
rop

riate
ch

an
ges

of
varia

b
les

in
ord

er
to

b
ou

n
d
∫
|k

1 (z
,u

)|d
u

an
d
∫
|k

1 (z
,u

)|d
z
,

S
ch

u
r’s

test
y
ield

s
‖
T

1 ‖
≤
C

1 ‖∇
τ‖∞

,
(25)

w
ith

C
1

=

∫

R
d

C
h d

+
C
′h |v|

(1
+

12 |v|)
d
+

2
d
v

B
o
u

n
d

o
n
‖T

2 ‖.
L

et
α

(z
,u

)
=
τ
(z

+
c)−

τ
(u

)−
∇
τ
(u

)(z−
u

),
an

d
n
ote

th
at

w
e

h
ave

|α
(z
,u

)|≤
|τ

(z
+
c)−

τ
(u

)|
+
|∇
τ
(u

)(z−
u

)|
≤
‖∇

τ‖∞
|z

+
c−

u|
+
‖∇

τ‖∞
|z−

u|
≤
‖∇

τ‖∞
(|c|

+
2|z−

u|).
(26)

T
h
e

fu
n
d
am

en
tal

th
eorem

of
calcu

lu
s

y
ield

s

k
2 (z

,u
)

=
−

d
et(I−

∇
τ
(u

)) ∫
1

0
〈∇
h
σ
(z−

τ
(z

+
c)−

u
+
τ
(u

)−
tα

(z
,u

)),α
(z
,u

)〉d
t.

W
e

n
ote

th
at|d

et(I−
∇
τ
(u

))|≤
2
d,

a
n
d
∇
h
σ
(v

)
=
σ
−
d−

1∇
h

(v
/σ

).
U

sin
g

th
e

ch
an

ge
of

variab
le
z ′

=
(z−

u
)/σ

,
w

e
ob

tain

∫
|k

2 (z
,u

)|d
z

≤
2
d ∫

∫
1

0

∣∣∣∣ ∇
h (

z ′+
τ
(u

+
σ
z ′+

c)−
τ
(u

)−
tα

(u
+
σ
z ′,u

)

σ

) ∣∣∣∣ ∣∣∣∣ α
(u

+
σ
z ′,u

)

σ

∣∣∣∣ d
td
z ′.

W
e

can
u
se

th
e

u
p
p

er
b

ou
n
d

(26),
togeth

er
w

ith
ou

r
assu

m
p
tion

|c|≤
κ
σ

:

∣∣∣∣ α
(u

+
σ
z ′,u

)

σ

∣∣∣∣ ≤
‖∇

τ‖∞
(κ

+
2|z ′|).

(27)
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,
S
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y
,
a
n
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C
o
m
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l
e
x
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y
o
f
D
e
e
p
C
o
n
v
o
l
u
t
io
n
a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

S
ep

ar
at

el
y,

w
e

h
av

e
|∇
h

(v
(z
′ )

)|
≤
C
′ h/

(1
+
|v

(z
′ )
|)d

+
2
,

w
it

h

v
(z
′ )

:=
z
′ +

τ
(u

+
σ
z
′ +

c)
−
τ
(u

)
−
tα

(u
+
σ
z
′ ,
u

)

σ
.

F
or
|z
′ |
>

2κ
,

w
e

h
av

e
∣ ∣ ∣ ∣τ

(u
+
σ
z
′ +

c)
−
τ
(u

)
−
tα

(u
+
σ
z
′ ,
u

)

σ

∣ ∣ ∣ ∣=
∣ ∣ ∣ ∣t∇

τ
(u

)z
′ +

(1
−
t)
τ
(u

+
σ
z
′ +

c)
−
τ
(u

)

σ

∣ ∣ ∣ ∣
≤
t‖
∇
τ
‖ ∞
|z
′ |+

(1
−
t)
‖∇

τ
‖ ∞

(|z
′ |+

κ
)

≤
3 2
‖∇

τ
‖ ∞
|z
′ |
≤

3 4
|z
′ |,

an
d

h
en

ce
,

u
si

n
g

th
e

re
ve

rs
e

tr
ia

n
gl

e
in

eq
u
al

it
y,
|v

(z
′ )
|≥
|z
′ |−

3 4
|z
′ |

=
1 4
|z
′ |.

T
h
is

y
ie

ld
s

th
e

u
p
p

er
b

ou
n
d

|∇
h

(v
(z
′ )

)|
≤

  
C
′ h,

if
|z
′ |
≤

2
κ

C
′ h

(1
+

1 4
|z

′ |)
d
+
2
,

if
|z
′ |
>

2κ
.

(2
8)

C
om

b
in

in
g

th
es

e
tw

o
b

ou
n
d
s,

w
e

ob
ta

in
∫
|k

2
(z
,u

)|d
z
≤
C

2
‖∇

τ
‖ ∞

,

w
it

h

C
2

:=
2d
C
′ h

(
∫ |z

′ |<
2
κ
(κ

+
2
|z
′ |)
d
z
′ +
∫ |z

′ |>
2
κ

κ
+

2
|z
′ |

(1
+

1 4
|z
′ |)
d
+

2
d
z
′)
.

N
ot

e
th

at
th

e
d
ep

en
d
en

ce
of

th
e

fi
rs

t
in

te
gr

al
on

κ
is

of
or

d
er
k
d
+

1
.

F
ol

lo
w

in
g

th
e

sa
m

e
st

ep
s

w
it

h
th

e
ch

an
ge

of
va

ri
ab

le
u
′ =

(z
−
u

)/
σ

,
w

e
ob

ta
in

th
e

b
ou

n
d
∫
|k

2
(z
,u

)|d
u
≤
C

2
‖∇

τ
‖ ∞

.
S
ch

u
r’

s
te

st
th

en
y
ie

ld
s

‖T
2
‖
≤
C

2
‖∇

τ
‖ ∞

.
(2

9)

W
e

h
av

e
th

u
s

p
ro

v
en ‖[
L
c
A
σ
,L

τ
]‖
≤

2d
/
2
‖T
‖
≤

2d
/
2
(C

1
+
C

2
)‖
∇
τ
‖ ∞

.

C
.5

.
D

is
c
u

ss
io

n
a
n

d
P

ro
o
f

o
f

N
o
rm

P
re

se
rv

a
ti

o
n

W
e

n
ow

st
at

e
a

re
su

lt
w

h
ic

h
sh

ow
s

th
at

w
h
il
e

th
e

k
er

n
el

re
p
re

se
n
ta

ti
on

m
ay

lo
se

so
m

e
of

th
e

en
er

gy
of

th
e

or
ig

in
al

si
gn

al
,

it
p
re

se
rv

es
a

p
ar

t
of

it
,

en
su

ri
n
g

th
at

th
e

st
ab

il
it

y
b

ou
n
d

in
T

h
eo

re
m

7
is

n
on

-t
ri

v
ia

l.
W

e
co

n
si

d
er

in
th

is
se

ct
io

n
th

e
fu

ll
ke

rn
el

re
p
re

se
n
ta

ti
on

,
in

cl
u
d
in

g
a

p
re

d
ic

ti
on

la
y
er

,
w

h
ic

h
is

gi
ve

n
b
y

Φ
(x

)
=
ϕ
n

+
1
(Φ

n
(x

))
,

w
h
er

e
ϕ
n

+
1

is
th

e
ke

rn
el

fe
at

u
re

m
ap

of
ei

th
er

a
G

au
ss

ia
n

ke
rn

el
(7

)
w

it
h
α

=
1,

or
a

li
n
ea

r
ke

rn
el

(6
).

In
b

ot
h

ca
se

s,
ϕ
n

+
1

is
n
on

-e
x
p
an

si
ve

,
w

h
ic

h
y
ie

ld
s

‖Φ
(L

τ
x

)
−

Φ
(x

)‖
≤
‖Φ

n
(L

τ
x

)
−

Φ
n
(x

)‖
,
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il
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T

h
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re
m

7
a
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o
ap

p
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to
Φ

.
F

or
th

e
G

au
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ia
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se

,
w

e
tr
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h
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e
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p
re

se
n
ta

ti
on

w
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h
n
or

m
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w
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p
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a
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w
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e
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r

th
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r
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le
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t

p
ar

t
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th
e
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gn
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en

er
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is
p
re

se
rv

ed
,

in
p
ar

ti
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h
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p
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p
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p
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‖Φ
(x

)‖
≥
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‖
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‖Φ
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b
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b
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‖Φ
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p
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‖Φ
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∫
‖A

n
M
n
P
n
x
n

–
1
(u

)‖
2
d
u

=

∫
〈∫
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∫
∫
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′ d
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∫
h
σ
n
(u
−
v
)h
σ
n
(u
−
v
′ )
〈P

n
x
n

–
1
(v

),
P
n
x
n

–
1
(v
′ )
〉d
v
d
v
′ d
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∫
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at
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=
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P
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−

2
=
A
n
,n

–
1
M
n

–
1
P
n

–
1
x
n
−
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re
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‖A

n
x
n

–
1
‖2
≥
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p
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‖
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‖
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‖
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‖
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‖
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‖x‖
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=
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b
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b
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Φ
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≥
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‖Φ
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=
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Φ
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=
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Φ
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‖
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‖
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b
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‖
Φ
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‖
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=
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Φ
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)‖

2
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Φ
n

(x
)‖
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‖Φ
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Φ
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‖
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=
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∈
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∈
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R
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∈
R
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=

∫

R
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)(v
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=

∫

R
2
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R
η v
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=

∫

R
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=

∫
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h
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m
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F
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w
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L
τ
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e
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en
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L
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=
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),η
)).
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w

e
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en
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e
L
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b
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x
∈
L

2(G
)
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e
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x
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x
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)

=
Ã
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P̃
η ,Ã
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∈
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=

∫
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A
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2
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2
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µ
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=

∫
‖[P̃
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τ ](x
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))‖
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2
(R

2
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µ
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∫
‖[P̃

η Ã
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τ ]‖
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µ
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‖
[P̃
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τ ]‖
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2
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A
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L
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η Ã
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τ ]‖
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L
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b

e
b
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n
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a
s
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3
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h
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b
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=
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=

∫
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‖
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=
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=
L
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h
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d
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=
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=
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=
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‖Φ
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at
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b
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b
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er
w

it
h

an
a
d
ap

te
d

ve
rs

io
n

of
P

ro
p

os
it

io
n

4,
an

d
b
y

n
ot

ic
in

g
th

at
‖∇

τ θ
‖ ∞

=
‖∇
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p
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th
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p
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⊗
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⊗
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⊗
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es

th
e

te
n
so

r
p
ro

d
u
ct

of
or

d
er

j
of

th
e

ve
ct

or
z
.

T
ec

h
n
ic

al
ly

,
th

e
ex

-
p
li
ci

t
m

ap
p
in

g
li
ve

s
in

th
e

H
il
b

er
t

sp
ac

e
⊕
n j=

0
⊗
j
P

,
w

h
er

e
⊕

d
en

o
te

s
th

e
d
ir

ec
t

su
m

of

H
il
b

er
t

sp
ac

es
,

an
d

w
it

h
th

e
ab

u
se

of
n
ot

at
io

n
th

at
⊗

0
P

is
si

m
p
ly

R
.

T
h
en

,
w

e
h
av

e
th

at
K

d
p
(z
,z
′ )

=
〈ψ

(z
),
ψ

(z
′ )
〉f

or
al

l
z
,z
′

in
th

e
u
n
it

b
al

l
of
P

.
S
im

il
ar

ly
,

w
e

ca
n

co
n
st

ru
ct

an
ex

p
li
ci

t
fe

at
u
re

m
ap

fo
r

th
e

h
om

og
en

eo
u
s

d
ot

-p
ro

d
u
ct

ke
rn

el
s

(2
):

ψ
h

d
p
(z

)
=
( √

b 0
‖z
‖,
√
b 1
z
,√

b 2
‖z
‖−

1
z
⊗
z
,√

b 3
‖z
‖−

2
z
⊗
z
⊗
z
,.
..
)

=
( √

b j
‖z
‖1
−
j
z
⊗
j
) j∈

N
.

(3
3)
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p
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e
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st

ra
te
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y
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Z
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et

al
.
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6,
20

17
b
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B
y

fi
rs

t
co

n
si

d
er

in
g

th
e

re
st

ri
ct

io
n

of
K

to
u
n
it

-n
o
rm

ve
c-

to
rs
z
,

σ
(〈
w
,z
〉)

=
+
∞ ∑ j=
0

a
j
〈w
,z
〉j

=
+
∞ ∑ j=
0

a
j
〈w
⊗
j
,z
⊗
j
〉=
〈w̄
,ψ

(z
)〉
,

w
h
er

e

w̄
=

(
a
j

√
b j
w
⊗
j

)

j∈
N

.

T
h
en

,
th

e
n
or

m
of
w̄

is

‖w̄
‖2

=
+
∞ ∑ j=
0

a
2 j b j
‖w
⊗
j
‖2

=
+
∞ ∑ j=
0

a
2 j b j
‖w
‖2
j

=
C

2 σ
(‖
w
‖2

)
<

+
∞
.

U
si

n
g

T
h
eo

re
m

A
.1

,
w

e
co

n
cl

u
d
e

th
at
f

is
in

th
e

R
K

H
S

of
K

,
w

it
h

n
or

m
‖f
‖
≤
C
σ
(‖
w
‖2

).
F

in
al

ly
,

w
e

ex
te

n
d

th
e

re
su

lt
to

n
on

u
n
it

-n
or

m
ve

ct
or

s
z

w
it

h
si

m
il
ar

ca
lc

u
la

ti
o
n
s

a
n
d

w
e

ob
ta

in
th

e
d
es

ir
ed

re
su

lt
.

D
.2

.
C

N
N

c
o
n

st
ru

c
ti

o
n

a
n

d
R

K
H

S
n

o
rm

In
th

is
se

ct
io

n
,

w
e

d
es

cr
ib

e
th

e
sp

ac
e

of
fu

n
ct

io
n
s

(R
K

H
S
)
H
K
n

as
so

ci
at

ed
to

th
e

ke
r-

n
el
K n

(x
0
,x
′ 0
)

=
〈x
n
,x
′ n〉

d
efi

n
ed

in
(6

),
w

h
er

e
x
n
,
x
′ n

ar
e

th
e

fi
n
al

re
p
re

se
n
ta

ti
o
n
s

g
iv

en
b
y

E
q
.

(5
),

in
p
ar

ti
cu

la
r

sh
ow

in
g

it
co

n
ta

in
s

th
e

se
t

of
C

N
N

s
w

it
h

ac
ti

va
ti

on
s

d
es

cr
ib

ed
in

S
ec

ti
on

4.
1.

D
.2
.1
.
C
o
n
st

r
u
c
t
io
n
o
f
a
C
N
N

in
t
h
e
R
K
H
S
.

L
et

u
s

co
n
si

d
er

th
e

d
efi

n
it

io
n

of
th

e
C

N
N

p
re

se
n
te

d
in

S
ec

ti
on

4.
W

e
w

il
l

sh
ow

th
a
t

it
ca

n
b

e
se

en
as

a
p

oi
n
t

in
th

e
R

K
H

S
of
K n

.
A

cc
or

d
in

g
to

L
em

m
a

11
,

w
e

co
n
si

d
er
H
k

th
at

co
n
ta

in
s

al
l

fu
n
ct

io
n
s

of
th

e
fo

rm
z
∈
P k
7→
‖z
‖σ

(〈
w
,z
〉/
‖z
‖)

,
w

it
h
w
∈
P k

.
W

e
re

ca
ll

th
e

in
te

rm
ed

ia
te

q
u
an

ti
ti

es
in

tr
o
d
u
ce

d
in

S
ec

ti
on

4
.

T
h
at

is
,

w
e

d
efi

n
e

th
e

in
it

ia
l

q
u
an

ti
ti

es
f
i 1
∈
H

1
,g
i 1
∈
P 1

fo
r
i

=
1,
..
.,
p

1
su

ch
th

at

g
i 1

=
w
i 1
∈
L

2
(S

1
,R

p
0
)

=
L

2
(S

1
,H

0
)

=
P 1

f
i 1
(z

)
=
‖z
‖σ

(〈
g

0 i
,z
〉/
‖z
‖)

fo
r
z
∈
P 1
,

an
d

w
e

re
cu

rs
iv

el
y

d
efi

n
e,

fr
om

la
ye

r
k
–1

,
th

e
q
u
an

ti
ti

es
f
i k
∈
H
k
,g
i k
∈
P k

fo
r
i

=
1,
..
.,
p
k
:

g
i k
(v

)
=

p
k
–
1

∑ j=
1

w
ij k

(v
)f
j k
–
1

w
h
er

e
w
i k
(v

)
=

(w
ij k

(v
))
j=

1
,.
..
,p
k
–
1

f
i k
(z

)
=
‖z
‖σ

(〈
g
i k
,z
〉/
‖z
‖)

fo
r
z
∈
P k
.

T
h
en

,
w

e
w

il
l

sh
ow

th
at
z̃
i k
(u

)
=
f
i k
(P

k
x
k
–
1
(u

))
=
〈f
i k
,M

k
P
k
x
k
–
1
(u

)〉
,

w
h
ic

h
co

rr
es

p
o
n
d

to
fe

at
u
re

m
ap

s
at

la
ye

r
k

an
d

in
d
ex

i
in

a
C

N
N

.
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d
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d
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e
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r
k

=
1

b
y

42
JM

L
R

 2
0(

25
):

1-
49

, 2
01

9



In
v
a
r
ia
n
c
e
,
S
t
a
b
il
it
y
,
a
n
d

C
o
m
p
l
e
x
it
y
o
f
D
e
e
p
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t
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a
l
R
e
p
r
e
se

n
t
a
t
io
n
s

co
n
stru

ctio
n

w
ith

fi
lters

w
i1 (v

),
an

d
for

k
≥

2,
w

e
h
ave

z̃
ik (u

)
=
n
k (u

)σ (〈w
ik ,P

k z
k
–
1 (u

)〉/n
k (u

) )

=
n
k (u

)σ (〈w
ik ,P

k A
k
–
1 z̃
k
–
1 (u

)〉/n
k (u

) )

=
n
k (u

)σ


1

n
k (u

)

p
k
–
1

∑j=
1 ∫

S
k

w
ijk

(v
)A

k
–
1 z̃
jk
–
1 (u

+
v
)d
ν
k (v

) 

=
n
k (u

)σ


1

n
k (u

)

p
k
–
1

∑j=
1 ∫

S
k

w
ijk

(v
)〈f

jk
–
1 ,A

k
–
1 M

k
–
1 P

k
–
1 x
k
–
2 (u

+
v
)〉d
ν
k (v

) 

=
n
k (u

)σ

(
1

n
k (u

) ∫

S
k 〈g

ik (v
),A

k
–
1 M

k
–
1 P

k
–
1 x
k
–
2 (u

+
v
)〉d
ν
k (v

) )

=
n
k (u

)σ

(
1

n
k (u

) ∫

S
k 〈g

ik (v
),x

k
–
1 (u

+
v
)〉d
ν
k (v

) )

=
n
k (u

)σ

(
1

n
k (u

) 〈g
ik (v

),P
k x

k
–
1 (u

)〉 )

=
f
ik (P

k x
k
–
1 (u

)),

w
h
ere

n
k (u

)
:=
‖
P
k x

k
–
1 (u

)‖
.

N
ote

th
at

w
e

h
av

e
u
sed

m
an

y
tim

es
th

e
fact

th
at
A
k

op
erates

o
n

ea
ch

ch
a
n
n
el

in
d
ep

en
d
en

tly
w

h
en

ap
p
lied

to
a

fi
n
ite-d

im
en

sion
al

m
ap

.
T

h
e

fi
n
a
lp

red
iction

fu
n
ction

is
of

th
e

form
f
σ
(x

0 )
=
〈w

n
+

1 ,z
n 〉

w
ith

w
n

+
1

in
L

2(R
d,R

p
n
).

T
h
en

,
w

e
ca

n
d
efi

n
e

th
e

follow
in

g
fu

n
ction

g
σ

in
L

2(R
d,H

n
)

su
ch

th
at

g
σ
(u

)
=

p
n
∑j=

1

w
jn

+
1 (u

)f
jn ,

w
h
ich

y
ield

s

〈g
σ
,x

n 〉
=

p
n
∑j=

1 ∫

R
d

w
jn

+
1 (u

)〈f
jn ,x

n
(u

)〉d
u

=

p
n
∑j=

1 ∫

R
d

w
jn

+
1 (u

)〈f
jn ,A

n
M
n
P
n
x
n−

1 (u
)〉d
u

=

p
n
∑j=

1 ∫

R
d

w
jn

+
1 (u

)A
n
z̃
jn (u

)d
u

=

p
n
∑j=

1 ∫

R
d

w
jn

+
1 (u

)z
jn (u

)d
u

=

p
n
∑j=

1 〈w
jn

+
1 ,z

jn 〉
=
f
σ
(x

0 ),

w
h
ich

co
rresp

o
n
d
s

to
a

lin
ear

layer
after

p
o
olin

g.
S
in

ce
th

e
R

K
H

S
ofK

n
in

th
e

lin
ear

ca
se

(6
)

co
n
ta

in
s

all
fu

n
ction

s
of

th
e

form
f

(x
0 )

=
〈g
,x

n 〉,
fo

r
g

in
L

2(R
d,H

n
),

w
e

h
ave

th
at

f
σ

is
in

th
e

R
K

H
S
.
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D
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.
P
r
o
o
f
o
f
P
r
o
p
o
sit

io
n
1
3

P
ro

o
f

A
s

sh
ow

n
in

L
em

m
a

11,
th

e
R

K
H

S
n
orm

of
a

fu
n
ction

f
:
z
∈
P
k 7→

‖z‖
σ

(〈w
,z〉/‖

z‖
)

in
H
k

is
b

ou
n
d
ed

b
y
C
σ
(‖w‖

2),
w

h
ere

C
σ

d
ep

en
d
s

on
th

e
activation

σ
.

W
e

th
en

h
ave

‖
f
i1 ‖

2≤
C

2σ (‖
w
i1 ‖

22 )
w

h
ere

‖w
i1 ‖

22
=

∫

S
1 ‖w

i1 (v
)‖

2d
ν

1 (v
)

‖f
ik ‖

2≤
C

2σ (‖
g
ik ‖

2)

‖
g
ik ‖

2
=

∫

S
k ‖

p
k
–
1

∑j=
1

w
ijk

(v
)f
jk
–
1 ‖

2d
ν
k (v

)

≤
p
k
–
1

p
k
–
1

∑j=
1 (∫

S
k |w

ijk
(v

)| 2d
ν
k (v

) )
‖f

jk
–
1 ‖

2

=
p
k
–
1

p
k
–
1

∑j=
1 ‖
w
ijk ‖

22 ‖
f
jk
–
1 ‖

2,

w
h
ere

in
th

e
last

in
eq

u
ality

w
e

u
se
‖
a

1
+
...

+
a
n ‖

2
≤

n
(‖
a

1 ‖
2

+
...

+
‖a

n ‖
2).

S
in

ce
C

2σ
is

m
on

oton
ically

in
creasin

g
(ty

p
ically

ex
p

on
en

tially
in

its
argu

m
en

t),
w

e
h
ave

for
k

=
1,...,n

−
1

th
e

recu
rsive

relation

‖
f
ik ‖

2≤
C

2σ 
p
k
–
1

p
k
–
1

∑j=
1 ‖w

ijk ‖
22 ‖
f
jk
–
1 ‖

2 
.

T
h
e

n
orm

of
th

e
fi
n
al

p
red

iction
fu

n
ction

f
∈
L

2(R
d,H

n
)

is
b

ou
n
d
ed

as
follow

s,
u
sin

g
sim

ilar
argu

m
en

ts
as

w
ell

as
T

h
eorem

A
.1:

‖
f
σ ‖

2≤
‖g
σ ‖

2≤
p
n

p
n
∑j=

1 (∫

R
d |w

jn
+

1 (u
)| 2d

u )
‖f

jn ‖
2.

T
h
is

y
ield

s
th

e
d
esired

resu
lt.

D
.2
.3
.
P
r
o
o
f
o
f
P
r
o
p
o
sit

io
n
1
4

P
ro

o
f

D
efi

n
e

F
k

=
(f

1k ,...,f
p
k
k

)∈
H
p
k
k

G
k

=
(g

1k ,...,g
p
k
k

)∈
P
p
k
k

W
k (u

)
=

(w
ijk

(u
))
ij ∈

R
p
k ×

p
k
–
1

for
u
∈
S
k .

W
e

w
ill

w
rite,

b
y

ab
u
se

of
n
otation

,
G
k (u

)
=

(g
1k (u

),...,g
p
k
k

(u
))

for
u
∈
S
k ,

so
th

at
w

e
can

w
rite

G
k (u

)
=
W
k (u

)F
k
–
1 .

In
p
articu

lar,
w

e
h
ave
‖
G
k (u

)‖
≤
‖
W
k (u

)‖
2 ‖
F
k
–
1 ‖

.
T

h
is

can
b

e
seen

b
y

con
sid

erin
g

an
orth

on
orm

al
b
asis

B
ofH

k ,
an

d
d
efi

n
in

g
real-valu

ed
v
ectors

F
wk

=
(〈w

,f
1k 〉,...,〈w

,f
p
k
k
〉),

G
wk

(u
)

=
(〈w

,g
1k (u

)〉,...,〈w
,g
p
k
k

(u
)〉)

for
w
∈
B

.
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h
av

e
G
w k

(u
)

=
W
k
(u

)F
w k
–
1

an
d

h
en

ce
‖G

w k
(u

)‖
≤
‖W

k
(u

)‖
2
‖F

w k
–
1
‖

fo
r

al
l
w
∈
B

,
an

d
w

e
co

n
cl

u
d
e

u
si

n
g

‖G
k
(u

)‖
2

=
∑ w
∈B
‖G

w k
(u

)‖
2
≤
‖W

k
(u

)‖
2 2

∑ w
∈B
‖F

w k
–
1
‖2

=
‖W

k
(u

)‖
2 2
‖F

k
–
1
‖2
.

T
h
en

,
w

e
h
av

e ‖G
k
‖2

=
∑ i

‖g
i k
‖2

=
∑ i

∫ S
k

‖g
i k
(u

)‖
2
d
ν k

(u
)

=

∫ S
k

‖G
k
(u

)‖
2
d
ν k

(u
)

≤
∫ S

k

‖W
k
(u

)‖
2 2
‖F

k
–
1
‖2
ν k

(u
)

=
‖W

k
‖2 2
‖F

k
–
1
‖2
.

S
ep

ar
at

el
y,

w
e

n
ot

ic
e

th
at
C

2 σ
is

su
p

er
-a

d
d
it

iv
e,

i.
e.

,

C
2 σ
(λ

2 1
+
..
.
+
λ

2 n
)
≥
C

2 σ
(λ

2 1
)

+
..
.
+
C

2 σ
(λ

2 n
).

In
d
ee

d
,

th
is

fo
ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

o
f
C

2 σ
,

n
ot

in
g

th
at

p
o
ly

n
om

ia
ls

w
it

h
n
on

-n
eg

at
iv

e
co

effi
ci

en
ts

ar
e

su
p

er
-a

d
d
it

iv
e

on
n
on

-n
eg

at
iv

e
n
u
m

b
er

s.
T

h
u
s,

w
e

h
av

e

‖F
1
‖2

=

p
1 ∑ i=
1

‖f
i 1
‖2
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Ỹ
=
X̃
×
n

U
;
X̃
×
n

v

K
ron

ecker⊗
;

K
h

atri-R
ao
⊙

H
a
d
a
m

ard
p
ro

d
u
ct

(∗)

JU
(1

),···
,U

(N
)K

JG̃
;
U

(1
),···

,U
(N

)K
E

[x
⊗

x
⊗

x
]

P
rox

`
1 ,

P
rox

`∗

T
u
cker

C
P

/
P

A
R

A
F
A

C

M
P

S
/

T
en

so
r-T

ra
in

R
ob

u
st

ten
so

r
P

C
A

R
id

g
e

T
u
cker

&
K

ru
ska

l
R

eg
ressio

n

T
en

so
r

R
eg

ressio
n

N
etw

o
rk

s

T
ensor

D
ecom

position

T
ensor

L
earning

O
p

era
tion

s
M

eth
o
d
s

F
ig

u
re

1
:

T
en

so
rL

y
b
u
ild

s
on

top
of

th
e

P
y
th

on
ecosy

stem
an

d
im

p
lem

en
ts

T
en

sor
A

lgeb
ra

O
pera

tio
n

s.
T

h
ese

ten
sor

o
p

erators
are

th
en

u
sed

for
h
igh

er
lev

el
M

eth
od

s
su

ch
a
s

ten
sor

regression
an

d
d
ecom

p
osition

,
or

com
b
in

ed
w

ith
d
eep

learn
in

g
.

et
a
l.,

2
01

7
),

C
h
ain

er’s
C

u
P

y
(T

ok
u
i
et

al.,
2
015)

or
T

en
sorF

low
w

ith
eager

ex
ecu

tion
(A

b
ad

i
et

a
l.,

2
0
1
5
).

N
u

m
P

y
is

th
e

stan
d
ard

lib
rary

for
n
u
m

erical
com

p
u
tation

in
P

y
th

on
.

It
o
ff

ers
h
ig

h
p

erfo
rm

an
ce

stru
ctu

res
for

m
an

ip
u
latin

g
m

u
lti-d

im
en

sion
al

a
rray

s.
C

u
P

y
w

ork
s

as
a

d
ro

p
-in

rep
la

cem
en

t
for

N
u
m

P
y

w
ith

G
P

U
su

p
p

o
rt.

M
X

N
e
t

is
a

fl
ex

ib
le

d
eep

lea
rn

in
g

lib
ra

ry
w

ith
a
n

N
D

A
rray

stru
ctu

re
th

at
allow

s
to

effi
cien

tly
ru

n
co

d
e

on
C

P
U

,
G

P
U

an
d

m
u
lti-m

a
ch

in
es.

S
im

ilarly,
P

y
T

o
rch

p
rov

id
es

a
N

u
m

P
y
-like

A
P

I
w

ith
G

P
U

acceleration
a
n
d

a
u
to

-g
ra

d
u
sin

g
d
y
n
am

ical
grap

h
s.

T
e
n

so
rF

lo
w

is
an

estab
lish

ed
m

ach
in

e-learn
in

g
fra

m
ew

o
rk

th
a
t

p
rov

id
es

an
im

p
erative

ap
p
roach

u
sin

g
eager

ex
ecu

tion
.

W
e

a
im

a
t

m
ak

in
g

th
e

A
P

I
sim

p
le

a
n
d

effi
cien

t,
follow

in
g

th
at

of
scik

it-learn
(B

u
itin

ck
et

a
l.,

20
1
3
),

w
h
ere

p
ossib

le.
H

ow
ever,

w
h
ile

scik
it-learn

w
ork

s
w

ith
ob

servation
s

(sam
p
les)

rep
resen

ted
a
s

vectors,
th

is
lib

rary
fo

cu
ses

on
h
igh

er
ord

er
array

s.
T

en
so

rL
y

’s
m

ain
fu

n
c-

tio
n
a
lities

in
term

of
ten

sor
op

eration
s

are
su

m
m

arized
in

F
ig.

2,
w

h
ere

in
th

e
op

era
tion

s
co

lu
m

n
th

e
m

a
th

em
atical

n
otation

of
K

old
a

an
d

B
ad

er
(2009)

is
ad

op
ted

.
In

th
e

m
eth

o
d
s

co
lu

m
n
,

w
e

su
m

m
arize

th
e

im
p
lem

en
ted

w
ell-k

n
ow

n
ten

sor
d
ecom

p
osition

an
d

regression
m

eth
o
d
s.

T
h
ese

in
clu

d
e

C
P

an
d

T
u
cker

d
ecom

p
osition

s,
th

eir
n
o
n
-n

egative
version

s,
m

atrix
-

p
ro

d
u
ct-sta

te
(also

k
n
ow

n
as

ten
sor-train

d
ecom

p
osition

),
R

ob
u
st

ten
sor

P
C

A
,

(G
old

farb
a
n
d

Q
in

,
2
0
1
4
)

an
d

low
-ran

k
ten

sor
(K

ru
skal

an
d

T
u
cker)

R
egression

.
A

d
d
ition

ally,
u
sin

g
th

e
d
eep

lea
rn

in
g

b
acken

d
s,

it
is

easy
to

com
b
in

e
ten

sor
m

eth
o
d
s

an
d

D
eep

L
earn

in
g.

W
e

em
p
h
a
size

co
d
e

q
u
ality

an
d

ease
of

u
tilization

for
th

e
en

d
u
ser.

T
o

th
at

ex
ten

t,
b

oth
testin

g
a
n
d

d
o
cu

m
en

tation
are

an
essen

tial
p
art

of
th

e
p
ackage:

all
fu

n
ction

s
com

e
w

ith
d
o
cu

m
en

ta
tio

n
an

d
u
n
it-tests

(at
th

e
tim

e
of

w
ritin

g,
th

e
coverage

is
of

9
9%

).

3
.
P
e
rfo

rm
a
n
ce

T
en

so
rL

y
h
a
s

b
een

tailored
for

th
e

P
y
th

on
ecosy

stem
:

ten
sors

are
m

u
lti-d

im
en

sio
n
al

ar-
ray

s
w

h
ich

a
re

eff
ectiv

ely
m

an
ip

u
lated

d
irectly

b
y

th
e

variou
s

m
eth

o
d
s,

d
ecom

p
osition

or
reg

ressio
n
.

T
h
is

allow
s

for
com

p
etitiv

e
p

erform
an

ce
even

th
ou

gh
th

e
lib

rary
is

im
p
lem

en
ted

in
a

h
ig

h
-level,

in
teractive

lan
gu

age.
T

h
e

op
eration

s
are

also
op

tim
ized

for
sp

eed
:

ten
sor

o
p

eratio
n
s

h
ave

b
een

red
efi

n
ed

w
h
en

p
ossib

le
to

allow
for

b
etter

p
erform

an
ce.

In
p
articu

lar,

3
JM

L
R

 20(26):1-6, 2019

K
o
ssa

if
i,
P
a
n
a
g
a
k
is,

A
n
a
n
d
k
u
m
a
r
,
P
a
n
t
ic

w
e

p
rop

ose
an

effi
cien

t
u
n
fold

in
g

of
ten

sors
w

h
ich

d
iff

ers
from

th
e

tra
d
ition

al
on

e
(K

old
a

an
d

B
ad

er,
2009)

b
y

th
e

ord
erin

g
of

th
e

fi
b

ers.

G
iven

a
ten

sor,X̃
∈
R
I
1 ×
I
2 ×
···×

I
N

,
th

e
m

o
d
e-n

u
n
fold

in
g

ofX̃
is

a
m

atrix
X

[n
] ∈

R
I
n
,I
M

,
an

d
is

d
efi

n
ed

b
y

th
e

m
ap

p
in

g
from

elem
en

t
(i1 ,i2 ,···

,iN
)

to
(in
,j),

w
ith

j
=

N
∑k
=

1
,

k6=
n

ik ×
N∏

m
=
k
+

1
,

k6=
n

I
m

,
an

d
M

=
N∏k
=

1
,

k6=
n

I
k

T
h
is

form
u
lation

b
oth

ach
iev

es
b

etter
p

erform
an

ce
w

h
en

u
sin

g
C

-ord
erin

g
of

th
e

elem
en

ts
(N

u
m

p
y

an
d

m
ost

P
y
th

on
lib

raries’
d
efau

lt),
an

d
tran

slates
in

to
m

o
re

n
a
tu

ra
l

p
rop

erties.

3
.1

.
N

u
m

e
ric

a
l

te
st

W
e

gen
erated

ran
d
om

th
ird

ord
er

ten
so

rs
of

size
500×

500×
500

(125
m

illion
elem

en
ts).

W
e

th
en

com
p
ared

th
e

d
ecom

p
osition

sp
eed

fo
r

a
ran

k
–50

C
A

N
D

E
C

O
M

P
-P

A
R

A
F
A

C
(C

P
)

an
d

ran
k

(50,50,50)–T
u
cker

d
ecom

p
o
sition

w
ith

T
en

sorL
y

on
C

P
U

(N
u
m

P
y

b
acken

d
)

an
d

T
en

sorL
y

on
G

P
U

(M
X

N
et,

P
y
T

orch
,

T
en

sorF
low

an
d

C
u
P

y
b
acken

d
s),

an
d

S
cik

it-T
en

sor
(S

kten
so

r
),

F
ig.

2.
In

all
cases

w
e

fi
x
ed

th
e

n
u
m

b
er

of
itera

tion
s

to
100

to
allow

for
a

fair
com

p
arison

.
T

h
e

ex
p

erim
en

t
w

as
rep

eated
10

tim
es,

w
ith

th
e

m
ain

b
ar

rep
resen

tin
g

th
e

average
C

P
U

tim
e

an
d

th
e

tip
on

th
e

b
a
r

th
e

stan
d
ard

d
ev

iation
of

th
e

ru
n
s.

A
s

can
b

e
ob

served
,

ou
r

lib
rary

off
ers

com
p

etitive
sp

eed
,

th
an

k
s

to
op

tim
ized

form
u
lation

an
d

im
p
lem

en
tation

.
E

x
p

erim
en

ts
w

ere
d
on

e
on

an
A

m
azon

W
eb

S
erv

ices
p
3

in
stan

ce,
w

ith
a

N
V

ID
IA

V
O

L
T

A
V

100
G

P
U

an
d

8
In

tel
X

eon
E

5
(B

road
w

ell)
p
ro

cessors.

F
igu

re
2:

S
p

eed
com

p
arison

for
T

u
cker

an
d

C
A

N
D

E
C

O
M

P
-P

A
R

A
F
A

C
d
ecom

p
osition

.

4
.
C
o
n
clu

sio
n

T
en

so
rL

y
m

akes
ten

sor
learn

in
g

accessib
le

an
d

straigh
tforw

ard
b
y

off
erin

g
state-of-th

e-art
ten

sor
m

eth
o
d
s

an
d

op
eration

s
th

rou
gh

sim
p
le

an
d

con
sisten

t
in

terfaces,
u
n
d
er

a
p

erm
issive

licen
se.

It
is

op
tim

ized
to

b
e

fast
an

d
rob

u
st,

w
ith

sy
stem

atic
u
n
it-tests

an
d

d
o
cu

m
en

tation
.

T
h
e

lib
rary

’s
sp

eed
an

d
ease

of
u
se

allow
for

an
effi

cien
t

com
p
arison

of
ex

istin
g

m
eth

o
d
s

an
d

easy
im

p
lem

en
tation

of
n
ew

on
es.

Its
fl
ex

ib
le

b
acken

d
sy

stem
allow

s
to

tran
sp

aren
tly

sw
itch

b
etw

een
lib

raries
an

d
p
latform

s
an

d
h
elp

com
b
in

e
ten

sor
m

eth
o
d
s

w
ith

d
eep

learn
in

g.
G

oin
g

forw
ard

,
w

e
w

ill
fu

rth
er

ex
ten

d
th

e
availab

le
m

eth
o
d
s

w
ith

oth
er

state-of-th
e-art

m
eth

o
d
s

an
d

target
fu

rth
er

im
p
rovem

en
ts

in
p

erform
an

ce,
as

ex
em

p
lifi

ed
b
y

S
h
i

et
al.

(2
016).

4
JM

L
R

 20(26):1-6, 2019



T
e
n
so

r
L
y
:
T
e
n
so

r
L
e
a
r
n
in
g

in
P
y
t
h
o
n

R
e
fe
re
n
ce

s

M
.

A
b
a
d
i,

A
.

A
g
ar

w
al

,
P

.
B

a
rh

am
,

E
.

B
re

v
d
o,

Z
.

C
h
en

,
C

.
C

it
ro

,
G

.
S
.

C
or

ra
d
o,

A
.

D
av

is
,

J
.

D
ea

n
,

M
.

D
ev

in
,

S
.

G
h
em

aw
at

,
I.

G
o
o
d
fe

ll
ow

,
A

.
H

a
rp

,
G

.
Ir

v
in

g,
M

.
Is

ar
d
,

Y
.

J
ia

,
R

.
J
oz

ef
ow

ic
z,

L
.

K
ai

se
r,

M
.

K
u
d
lu

r,
J
.

L
ev

en
b

er
g,

D
.

M
an

é,
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er
s,

a
se

tt
in

g
w

h
er

e
tr

ai
n
in

g
is

n
ot

n
or

m
al

ly
se

en
as

co
m

p
u
ta

ti
o
n
a
ll
y

tr
ac

ta
b
le

.

M
on

ot
on

e
le

ar
n
in

g
w

it
h

d
ee

p
re

ct
ifi

er
n
et

w
or

k
s

is
m

ad
e

p
os

si
b
le

b
y

tw
o

ch
a
n
g
es

to
th

e
st

an
d
ar

d
p
ar

ad
ig

m
:

(i
)

co
n

se
rv

a
ti

ve
u
p

d
at

es
th

at
m

in
im

iz
e

th
e

n
or

m
of

th
e

p
a
ra

m
et

er
ch

an
ge

s,
an

d
(i

i)
el

im
in

at
in

g
al

l
b
u
t

th
e

b
ia

s
va

ri
ab

le
s

a
s

le
ar

n
ed

p
ar

am
et

er
s.

A
lt

h
ou

gh
th

e
fe

ed
fo

rw
ar

d
co

m
p
u
ta

ti
on

s
in

st
an

d
ar

d
n
eu

ra
l

n
et

w
or

k
m

o
d
el

s
a
re

in
sp

ir
ed

b
y

b
io

lo
gi

ca
l
n
eu

ro
n
al

co
m

p
u
ta

ti
on

s,
th

e
tr

ai
n
in

g
p
ro

to
co

ls
in

w
id

es
p
re

ad
u
se

se
em

fa
r

fr
o
m

n
at

u
ra

l.
H

u
m

an
s

ar
e

ab
le

to
ge

n
er

al
iz

e
th

e
sh

ap
e

of
th

e
d
ig

it
5

w
it

h
ou

t
su

ff
er

in
g

th
ro

u
g
h

m
an

y
tr

ai
n
in

g
“e

p
o
ch

s”
th

ro
u
gh

a
d
at

a
se

t,
an

d
ar

e
ca

p
a
b
le

of
b
u
il
d
in

g
a

ru
d
im

en
ta

ry
re

p
re

-
se

n
ta

ti
on

of
d
ig

it
s

or
ot

h
er

cl
as

se
s

of
ob

je
ct

s
fr

om
re

la
ti

ve
ly

fe
w

ex
am

p
le

s.
T

h
e

co
n
se

rv
a
ti

ve
le

ar
n
in

g
p
ri

n
ci

p
le

,
in

tr
o
d
u
ce

d
to

th
e

b
es

t
of

ou
r

k
n
ow

le
d
ge

b
y

W
id

ro
w

et
al

.
(1

9
8
8
)

a
s

th
e

“m
in

im
al

d
is

tu
rb

a
n
ce

p
ri

n
ci

p
le

,”
co

m
es

cl
os

er
to

ou
r

ex
p

er
ie

n
ce

of
n
at

u
ra

l
le

a
rn

in
g
.

In
th

is
m

o
d
e

of
le

ar
n
in

g
th

e
p
ar

am
et

er
s

of
th

e
n
et

w
or

k
ar

e
m

in
im

al
ly

ch
an

ge
d

to
a
cc

o
m

m
o
d
a
te

ea
ch

ex
am

p
le

as
it

is
re

ce
iv

ed
,

w
it

h
th

e
ra

ti
on

al
e

th
at

th
e

at
te

n
ti

on
to

m
in

im
a
li
ty

p
re

se
rv

es
th

e
re

p
re

se
n
ta

ti
on

cr
ea

te
d

b
y

ea
rl

ie
r

ex
am

p
le

s.

T
h
e

m
in

im
al

d
is

tu
rb

an
ce

p
ri

n
ci

p
le

w
as

re
p
ri

se
d

b
y

C
ra

m
m

er
et

al
.(

20
06

)
a
s

th
e

“
p
a
ss

iv
e-

ag
gr

es
si

ve
al

go
ri

th
m

”,
in

th
e

co
n
te

x
t

of
su

p
p

or
t-

ve
ct

or
m

ac
h
in

es
.

T
h
er

e
ar

e
re

la
ti

ve
ly

fe
w

m
o
d
el

s
w

h
er

e
“a

gg
re

ss
iv

e”
p
ar

am
et

er
u
p

d
at

es
—

m
in

im
al

,
ye

t
ac

h
ie

v
in

g
im

m
ed

ia
te

re
su

lt
s

—
ar

e
ea

si
ly

co
m

p
u
te

d
.

T
o

em
p
h
as

iz
e

th
e

n
o
rm

-m
in

im
iz

in
g

ch
ar

a
ct

er
is

ti
c

o
f

th
is

le
a
rn

in
g

m
o
d
e

w
e

u
se

th
e

te
rm

“c
on

se
rv

at
iv

e
le

ar
n
in

g.
”

A
n

ap
p
ro

x
im

at
e

im
p
le

m
en

ta
ti

o
n

o
f

co
n
se

r-
va

ti
v
e

le
ar

n
in

g
w

as
su

cc
es

sf
u
ll
y

u
se

d
to

d
is

co
v
er

th
e

S
tr

as
se

n
ru

le
s

of
m

a
tr

ix
m

u
lt

ip
li
ca

ti
o
n

(E
ls

er
,

20
16

).

In
th

e
p
re

se
n
t

w
or

k
w

e
m

ak
e

ch
an

ge
s

to
th

e
“s

ta
n
d
ar

d
n
eu

ra
l

n
et

w
or

k
m

o
d
el

”
to

en
a
b
le

co
n
se

rv
at

iv
e

le
ar

n
in

g.
In

b
ro

ad
ou

tl
in

e,
th

e
ch

a
n
ge

s
gu

ar
an

te
e

m
on

ot
on

ic
it

y,
m

a
k
in

g
th

e
co

m
p
u
ta

ti
on

of
th

e
co

n
se

rv
at

iv
e

u
p

d
at

es
tr

ac
ta

b
le

.
A

ke
y

st
ep

w
as

el
ev

at
in

g
th

e
ro

le
o
f

th
e

ad
d
it

iv
e

p
ar

am
et

er
,

or
b
ia

s.
T

h
e

m
et

ap
h
or

th
at

re
p
la

ce
s

H
eb

b
ia

n
sy

n
ap

se
(w

ei
g
h
t)

le
a
rn

in
g

is
th

at
of

a
si

lt
in

g
ri

v
er

d
el

ta
,

w
it

h
m

y
ri

ad
ch

an
n
el

s
w

h
os

e
le

ve
ls

(b
ia

s)
ri

se
d
iff

er
en

ti
a
ll
y,

b
u
t

m
on

ot
on

ic
al

ly
,

ov
er

ti
m

e.

B
el

ow
is

an
ov

er
v
ie

w
of

ou
r

co
n
tr

ib
u
ti

on
s.

•
In

sp
ir

ed
b
y

an
al

og
im

p
le

m
en

ta
ti

o
n
s

of
lo

gi
c,

w
e

p
ro

p
os

e
re

p
la

ci
n
g

th
e

co
n
ve

n
ti

o
n
a
l

re
ct

ifi
ed

su
m

co
m

p
u
te

d
b
y

a
st

an
d
ar

d
n
eu

ro
n

u
si

n
g

a
R

eL
U

fu
n
ct

io
n

y
←

m
ax

(
0,
∑ i

w
ix
i
−
b)
,

b
y

a
su

m
of

re
ct

ifi
ca

ti
on

s:

y
←
w
∑ i

m
ax

(0
,
x
i
−
b i

).
(1

)

O
n
ly

th
e

b
ia

s
p
ar

am
et

er
s

ar
e

le
ar

n
ed

;
th

e
w

ei
gh

ts
ar

e
st

at
ic

.

2
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M
o
n
o
t
o
n
e
L
e
a
r
n
in
g

w
it
h
R
e
c
t
if
ie
d

W
ir
e
N
e
t
w
o
r
k
s

•
E

ven
w

ith
ju

st
p

ositiv
e

w
eigh

ts
w

in
(1),

w
e

sh
ow

th
a
t

n
etw

ork
s

of
rectifi

ed
w

ires
can

rep
resen

t
arb

itrary
B

o
olean

fu
n
ction

s.
T

h
is

con
stru

ction
m

ak
es

u
se

of
d
ou

b
led

in
p
u
ts,

w
h
ere

t
r
u
e

is
en

co
d
ed

as
(1,0),

fa
l
se

as
(0
,1),

an
d

gen
eralizes,

fo
r

sy
m

b
olic

d
ata,

to
o
n
e-h

o
t

en
co

d
in

g.

•
T

h
e

n
o
d
e

valu
es

of
ou

r
n
etw

ork
s

are
n
on

-n
egative.

W
e

p
rop

o
se

d
efi

n
in

g
class

m
em

-
b

ersh
ip

o
f

d
ata

b
y

th
e

corresp
on

d
in

g
ou

tp
u
t

n
o
d
e

h
av

in
g

valu
e

zero.

•
B

eca
u
se

th
e

b
iases

on
all

th
e

w
ires

are
n
on

-n
egative

an
d

can
on

ly
in

crease
d
u
rin

g
tra

in
in

g
,

w
e

ch
o
ose

to
in

itialize
th

em
at

zero.

•
W

e
sh

ow
th

at
th

e
2-n

orm
m

in
im

izin
g

ch
an

ge
of

th
e

b
ias

p
aram

eters,
th

at
sets

th
e

cla
ss

ou
tp

u
t

n
o
d
e

for
a

given
in

p
u
t

to
zero,

is
th

e
solu

tion
to

a
q
u
ad

ratic
p
rog

ram
.

•
A

n
itera

tive
algorith

m
sim

ilar
to

sto
ch

astic
grad

ien
t

d
escen

t,
in

clu
d
in

g
b

oth
b
ack

w
ard

p
ro

p
a
ga

tion
an

d
a

n
ew

k
in

d
of

forw
ard

p
rop

agatio
n
,
is

p
rop

osed
to

ap
p
rox

im
ately

fi
n
d

th
e

2
-n

orm
m

in
im

izin
g

b
ias

ch
a
n
ges.

E
x
ecu

tin
g

th
e

m
in

im
u
m

n
u
m

b
er

of
iteration

s
req

u
ired

to
m

ak
e

th
e

class
ou

tp
u
t

n
o
d
e

th
e

sm
allest

in
valu

e
d
efi

n
es

th
e

sequ
en

tia
l

d
ea

ctiva
tio

n
algorith

m
(S

D
A

).

•
W

e
sh

ow
th

at
a

p
articu

lar
lim

it
of

S
D

A
,
on

n
etw

ork
s

w
ith

a
sin

gle
h
id

d
en

lay
er,

learn
s

a
rb

itra
ry

B
o
olean

fu
n
ction

s.

•
N

etw
o
rk

s
w

ith
b

etter
scalin

g
h
ave

m
u
ltip

le
layers,

an
d

th
eir

train
in

g
is

sen
sitiv

e
to

th
e

settin
gs

of
th

e
static

w
eigh

ts.
W

e
p
rop

ose
ba

la
n

ced
w

eigh
ts

b
ased

ju
st

on
th

e
in

-d
egrees

an
d

ou
t-d

egrees
in

th
is

gen
eral

settin
g.

•
A

tw
o
-p

a
ram

eter
fam

ily
of

ran
d
om

sp
arse

ex
p
an

d
er

n
etw

ork
s

is
in

tro
d
u
ced

to
ex

p
lore

th
e

size
a
n
d

d
ep

th
b

eh
av

ior
of

learn
in

g
in

ou
r

m
o
d
el.

•
C

o
n
serva

tiv
e

learn
in

g
on

rectifi
ed

w
ire

n
etw

ork
s

w
ith

th
e

S
D

A
algorith

m
is

d
em

on
-

strated
fo

r
M

N
IS

T
an

d
sy

n
th

etic
d
atasets.

•
D

esp
ite

o
u
r

m
o
d
el’s

cap
acity

for
d
ep

th
in

its
rep

resen
tation

s,
w

e
fi
n
d

th
at

th
e

b
est

ex
p

erim
en

tal
resu

lts
w

ith
th

e
S
D

A
algorith

m
are

ob
tain

ed
in

a
lim

it
w

h
ere

d
ea

ctiva-
tio

n
o
ccu

rs
on

ly
in

th
e

fi
n
al

lay
er,

w
h
ere

th
e

m
o
d
el

is
eq

u
ivalen

t
to

a
n
etw

o
rk

w
ith

ju
st

a
sin

g
le

h
id

d
en

layer
of

rectifi
er

gates.
T

h
e

p
u
rsu

it
of

con
d
ition

s
th

a
t

fu
lly

u
tilize

a
ctiva

tio
n
/d

ecativation
in

all
layers

is
id

en
tifi

ed
as

th
e

go
al

of
fu

tu
re

research
.

1
.

R
e
ctifi

e
d

w
ire

n
e
tw

o
rk

s

O
n
e

m
o
tiva

tio
n

for
ou

r
n
etw

ork
m

o
d
el

is
th

e
im

p
lem

en
tation

of
logic

b
y

a
n
alog

co
m

p
u
tation

s
w

ith
o
u
t

m
u
ltip

lication
s.

T
h
e

an
alog

cou
n
terp

arts
of

t
r
u
e

an
d

fa
l
se

are,
resp

ectiv
ely,

th
e

n
u
m

b
ers

1
an

d
0.

B
efore

p
resen

tin
g

ou
r

“rectifi
ed

w
ire”

n
etw

ork
m

o
d
el,

w
e

con
sid

er
n
etw

o
rk

s
co

n
stru

cted
from

b
iased

rectifi
er

ga
tes.

A
b
iased

rectifi
er

gate
w

ith
K

in
p
u
ts,

R
[b](x

1 ,...,x
K

)
=

m
ax

(0
,x

1
+
···

+
x
K
−
b),

3
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L
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E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

gen
eralizes

a
n
d

an
d
o
r

gates.
a
n
d

gates
are

realized
w

ith
b
ias

b
=
K
−

1.
W

e
w

ou
ld

get
th

e
o
r

gate
w

ith
b

=
0

if
w

e
cou

ld
satu

rate
th

e
ou

tp
u
t

at
th

e
valu

e
1.

W
e

sh
ow

b
elow

h
ow

th
is

d
etail

can
b

e
fi
x
ed

w
ith

ad
d
ition

al
rectifi

ers
an

d
a

su
itab

le
n
etw

ork
d
esign

.

N
egation

s
are

com
p
letely

ab
sen

t
from

ou
r

rectifi
er

im
p
lem

en
tation

s
of

gen
eral

logic
circu

its.
T

h
is

is
m

ad
e

p
ossib

le
b
y

th
e

p
ro

cess
of

d
em

o
rga

n
iza

tio
n

,
w

h
ere

n
o
t

gates
are

p
u
sh

ed
th

rou
gh

th
e

circu
it

from
ou

tp
u
t

to
in

p
u
t,

ex
ch

an
gin

g
a
n
d

an
d
o
r

gates
as

d
ictated

b
y

D
e

M
organ

’s
law

s.
A

fter
all

th
e
n
o
t

g
ates

h
ave

b
een

p
u
sh

ed
th

ro
u
gh

,
th

e
on

ly
rem

ain
in

g
n
o
t

gates
act

d
irectly

on
th

e
in

p
u
ts.

W
e

accom
m

o
d
ate

th
is

b
y

allow
in

g
each

in
p
u
t

to
th

e
logic

circu
it

to
b

e
rep

laced
b
y

an
an

a
log

p
air

w
ith

valu
es

(1,0)
for

t
r
u
e

a
n
d

(0
,1)

for
fa

l
se

.
W

e
refer

to
th

is
en

co
d
in

g
sch

em
e

as
in

p
u

t
d
o
u

blin
g.

It
is

relatively
straigh

tforw
ard

to
sh

ow
,

as
w

e
d
o

in
th

eorem
1.1,

th
at

n
etw

ork
s

com
-

p
risin

g
on

ly
rectifi

er
gates,

w
ith

b
ias

variab
les

as
th

e
on

ly
p
aram

eters,
can

m
im

ic
an

y
logic

circu
it.

F
rom

th
e

m
ach

in
e

learn
in

g
p

ersp
ective,

ou
r

n
etw

ork
m

o
d
el

h
as

at
least

th
e

cap
acity

to
rep

resen
t

th
e

classes
d
efi

n
ed

b
y

th
e

tru
th

valu
e

of
arb

itrary
B

o
olea

n
fu

n
ction

s.
H

ow
ev

er,
th

e
p
aram

eter
settin

gs
th

at
realize

th
ese

B
o
olean

classes
are

very
sp

ecial
p

oin
ts

in
th

e
con

-
tin

u
ou

s
p
aram

eter
sp

ace
of

th
e

m
o
d
el,

an
d

are
n
ot

claim
ed

to
b

e
d
irectly

relevan
t

for
th

e
in

ten
d
ed

u
se

of
th

ese
n
etw

ork
s.

T
h

e
o
re

m
1
.1

A
n

y
B

oo
lea

n
fu

n
ctio

n
o
n
N

in
p
u

ts
a
n

d
co

m
p
u

ted
w

ith
M

bin
a
ry

a
n
d

/
o
r

ga
tes

a
n

d
a
n

y
n

u
m

ber
o
f
n
o
t

ga
tes

ca
n

be
im

p
lem

en
ted

by
a
n

a
n

a
log

n
etw

o
rk

co
m

p
risin

g
a
t

m
o
st

5M
bia

sed
rectifi

er
ga

tes
ta

kin
g

th
e

co
rrespo

n
d
in

g
2
N

d
o
u

bled
a
n

a
log

in
p
u

ts.

P
ro

o
f

A
s

a
circu

it,
th

e
fu

n
ction

takes
N

B
o
olean

in
p
u
ts
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e

ren
d
er

rectifi
ed

w
ire

n
etw

ork
s

a
s

sim
p
le

d
irected

grap
h
s,

w
ith

in
p
u
t

n
o
d
es

at
th

e
b

o
tto

m
,

o
u
tp

u
t

n
o
d
es

at
th

e
top

,
an

d
all

ed
ges

d
irected

in
th

e
u
p
w

ard
d
irection

.
T

h
e

ren
d
erin

g
o
f

th
e

b
ias

valu
es

—
th

e
on

ly
learn

ed
p
aram

eters
—

is
th

rou
gh

th
e

ed
ge

th
ick

n
ess.

E
d
g
es

w
ith

low
b
ias

are
th

ick
,

th
ose

w
ith

h
igh

b
ias

are
th

in
.

W
h
en

th
e

b
ias

on
an

ed
ge

is
so

g
rea

t
th

a
t

th
e

rectifi
ed

valu
e

is
zero

for
an

y
in

p
u
t

to
th

e
n
etw

ork
,

th
e

ed
ge

is
eff

ectively
a
b
sen

t
(zero

th
ick

n
ess).

F
igu

re
4

sh
ow

s
th

is
sty

le
of

ren
d
erin

g
of

a
n
etw

o
rk

w
ith

fou
r

in
p
u
t,

fo
u
r

h
id

d
en

,
an

d
tw

o
ou

tp
u
t

n
o
d
es.

W
e

ca
n

g
en

eralize
b

oth
th

e
in

p
u
ts

an
d

th
e

ou
tp

u
ts

of
rectifi

ed
w

ire
n
etw

ork
s

to
ex

p
a
n
d

th
eir

sco
p

e
b

eyon
d

B
o
olean

fu
n
ction

-valu
e

classifi
ers.

In
m

an
y

ap
p
lication

s
th

e
featu

re
vecto

rs
a
re

strin
gs

of
sy

m
b

ols
from

a
fi
n
ite

alp
h
ab

et:{
t
r
u
e
,
fa

l
se},{

a
,c
,g
,t}

,
etc.

A
s

in
th

e
B

o
o
lea

n
ca

se,
for

an
alp

h
ab

et
of

size
K

w
e

u
se

th
e

on
e-h

ot
en

co
d
in

g
sch

em
e

w
h
ere

th
e

k
th

sy
m

b
o
l

is
ex

p
an

d
ed

in
to
K

n
u
m

erical
valu

es
all

zero
ex

cep
t

for
a

1
in

th
e
k

th
p

osition
.

N
u
m

erica
l
(n

o
n
-sy

m
b

olic)
d
ata

m
ay

b
e

en
co

d
ed

in
th

e
sam

e
sty

le.
S
u
p
p

ose
th

e
d
ata

vectors
h
ave

len
g
th
L

:
v

=
(v

1 ,...,v
L

).
W

e
fi
rst

ob
tain

th
e

cu
m

u
lative

p
rob

ab
ility

fu
n
ction

θ
i

for
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E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

F
igu

re
4:

R
ectifi

ed
w

ire
n
etw

ork
w

ith
fou

r
in

p
u
t

n
o
d
es

(b
ottom

row
),

fou
r

h
id

d
en

n
o
d
es,

an
d

tw
o

ou
tp

u
t

n
o
d
es

(top
row

).
T

h
in

n
est

ed
ges

h
ave

th
e

h
igh

est
b
ias.

each
com

p
on

en
t
i

=
1,...,L

over
th

e
d
ataset.

T
h
e

d
a
ta

v
ector

for
in

p
u
t

to
th

e
n
etw

ork
,

corresp
on

d
in

g
to
v
,

is
th

en

d
(v

)
=

[
θ

1 (v
1 )
,1−

θ
1 (v

1 )
,
...

,
θ
L

(v
L

)
,1−

θ
L

(v
L

)
].

(2)

W
ith

th
is

con
ven

tion
,

th
e

in
p
u
t

to
th

e
n
etw

ork
is

alw
ay

s
a

vector
of

n
u
m

b
ers

b
etw

een
0

an
d

1
w

h
ose

su
m

eq
u
als

th
e

n
u
m

b
er

of
com

p
on

en
ts

or
strin

g
len

gth
of

th
e

d
ata.

T
h
e

m
ap

p
in

g
b
y

th
e

cu
m

u
lative

p
rob

ab
ility

fu
n
ction

s,
in

th
e

case
of

an
alog

d
ata,

en
su

res
th

at
th

e
d
istrib

u
tion

in
each

ch
an

n
el

is
u
n
iform

.
T

h
e

n
u
m

b
er

o
f

ou
tp

u
t

n
o
d
es

eq
u
als

th
e

n
u
m

b
er

of
d
ata

classes.
A

B
o
olean

fu
n
ction

classifi
er

w
ou

ld
h
ave

tw
o

ou
tp

u
t

n
o
d
es

to
classify

th
e

tru
th

valu
e

of
th

e
in

p
u
t.

T
o

classify
M

N
IS

T
d
ata

(L
eC

u
n

et
al.,

1998),
th

e
n
etw

ork
w

ou
ld

h
ave

10
ou

tp
u
t

n
o
d
es.

B
efore

w
e

d
escrib

e
h
ow

th
ese

ou
tp

u
ts

are
in

terp
reted

w
e

m
ake

a
triv

ial
ob

servation
:

L
e
m

m
a

1
.4

In
a

rectifi
ed

w
ire

n
etw

o
rk

w
ith

in
p
u

t
vecto

r
d
≥

0
,

th
ere

exist
settin

gs
o
f

th
e

bia
s

pa
ra

m
eters

w
h
ere,

fo
r

a
n

y
o
f

th
e

o
u

tp
u

t
n

od
es
c∈

C
,

w
e

h
a
ve

x
c

=
0

a
n

d
x
j
>

0
fo

r
j∈

C
\{
c}.

P
ro

o
f

A
ll

th
e

ou
tp

u
t

n
o
d
es

w
ill

h
ave

p
ositive

valu
es

for
zero

b
ias,

b
ecau

se
th

e
w

eigh
ts

are
p

ositive
an

d
each

ou
tp

u
t

is
con

n
ected

b
y

a
p
ath

to
on

e
of

th
e

in
p
u
ts

w
ith

p
ositive

valu
e

(see
d
efi

n
ition

1.2
).

T
o

ex
clu

sively
arran

ge
for

x
c

=
0,

w
e

set
b
i→

c
=
x
i

on
all

th
e

ed
ges

i→
c

in
cid

en
t

on
c

(keep
in

g
all

oth
er

b
iases

at
zero).

W
e

w
ill

ex
p
lain

in
section

3
w

h
y

zero
is

th
e

ap
p
ro

p
ria

te
in

d
ica

tor
fu

n
ction

valu
e

for
d
efi

n
in

g
classes

on
a

con
servatively

train
ed

rectifi
ed

w
ire

n
etw

ork
.

2
.

N
o
ta

tio
n

N
ow

th
at

m
ost

of
th

e
elem

en
ts

of
ou

r
n
etw

ork
m

o
d
el

h
ave

b
een

in
tro

d
u
ced

,
w

e
su

m
m

arize
ou

r
n
otation

al
con

v
en

tion
s.

L
ow

er
case

sy
m

b
ols

rep
resen

t
variab

les
or

p
aram

eters
on

th
e
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M
o
n
o
t
o
n
e
L
e
a
r
n
in
g

w
it
h
R
e
c
t
if
ie
d

W
ir
e
N
e
t
w
o
r
k
s

n
et

w
or

k
.

T
h
es

e
b

ea
r

a
la

ti
n

in
d
ex

w
h
en

d
efi

n
ed

on
a

n
o
d
e

o
f

th
e

n
et

w
or

k
.

E
x
am

p
le

s
ar

e
th

e
n
o
d
e

va
lu

es
,
x
i,

or
th

e
w

ei
gh

ts
w
i.

T
h
e

in
d
ex

is
w

ri
tt

en
as

a
d
ir

ec
te

d
ed

ge
b

et
w

ee
n

n
o
d
es

w
h
en

d
efi

n
ed

on
an

ed
ge

of
th

e
n
et

w
or

k
.

E
x
am

p
le

s
ar

e
th

e
b
ia

s
p
ar

am
et

er
s,
b i
→
j
,

an
d

ed
ge

-o
u
tp

u
ts
y i
→
j
.

T
h
e

sa
m

e
lo

w
er

ca
se

sy
m

b
ol

s,
b

ot
h

fo
r

n
o
d
es

an
d

ed
ge

s,
w

h
en

w
ri

tt
en

w
it

h
ou

t
su

b
sc

ri
p
ts

d
en

ot
e

th
e

ve
ct

or
of

al
l

th
e

in
d
ex

ed
va

lu
es

.
F

or
ex

am
p
le

,
b

is
th

e
ve

ct
or

of
al

l
b
ia

se
s

in
th

e
n
et

w
or

k
an

d
d

th
e

ve
ct

or
of

d
at

a
va

lu
es

on
th

e
in

p
u
t

n
o
d
es

.
W

h
en

su
ch

sy
m

b
ol

s
ap

p
ea

r
in

an
eq

u
al

it
y
/i

n
eq

u
al

it
y,

th
e

re
la

ti
on

ap
p
li
es

co
m

p
on

en
tw

is
e.

R
ou

n
d

b
ra

ck
et

s
at

ta
ch

ed
to

a
va

ri
ab

le
id

en
ti

fy
it

s
fu

n
ct

io
n
al

d
ep

en
d
en

ce
,

w
h
en

re
le

va
n
t.

T
h
e

va
lu

e
of

n
o
d
e
k
,

fo
r

ex
am

p
le

,
m

ig
h
t

b
e

w
ri

tt
en
x
k
(b
,d

)
to

em
p
h
as

iz
e

it
s

d
ep

en
d
en

ce
on

th
e

b
ia

se
s

an
d

in
p
u
t

d
at

a.
U

p
p

er
ca

se
sy

m
b

ol
s

ar
e

u
se

d
fo

r
se

ts
.

T
h
e

sy
m

b
ol

s
D

,
H

,
C

a
re

re
se

rv
ed

fo
r

th
e

d
at

a
(i

n
p
u
t)

,
h
id

d
en

,
an

d
cl

as
s

(o
u
tp

u
t)

n
o
d
es

re
sp

ec
ti

ve
ly

,
w

h
il
e
E

is
th

e
se

t
of

d
ir

ec
te

d
ed

ge
s.

U
p
p

er
ca

se
sy

m
b

ol
s

ar
e

al
so

u
se

d
fo

r
co

n
ti

n
u
ou

s
se

ts
w

it
h

th
e

sa
m

e
co

n
ve

n
ti

on
fo

r
fu

n
ct

io
n
al

d
ep

en
d
en

ce
as

va
ri

ab
le

s.
F

or
ex

am
p
le

,
B

(d
)

m
ig

h
t

b
e

th
e

se
t

of
b
ia

s
va

lu
es
b

su
ch

th
at

fo
r

b
∈
B

(d
)

th
e

n
o
d
e

va
lu

e
x
i(
b,
d
)

is
ze

ro
fo

r
in

p
u
t
d
.

C
ar

d
in

al
it

y
is

d
en

o
te

d
w

it
h

ve
rt

ic
al

b
ar

s,
e.

g.
|E
|f

or
th

e
n
u
m

b
er

of
ed

ge
s

in
th

e
n
et

w
or

k
.

N
o
d
e
i

in
a

n
et

w
or

k
h
as

in
-d

eg
re

e
|→
i|

an
d

ou
t-

d
eg

re
e
|i→
|.

3
.

C
o
u
n
te

rf
a
ct

u
a
l

cl
a
ss

ifi
ca

ti
o
n

a
n
d

co
n
se

rv
a
ti

v
e

le
a
rn

in
g

M
on

ot
on

e
le

ar
n
in

g
on

re
ct

ifi
ed

w
ir

e
n
et

w
or

k
s

is
m

ad
e

p
os

si
b
le

b
y

th
e

fa
ct

th
at

,
fo

r
a

fi
x
ed

in
p
u
t
d
≥

0
to

th
e

n
et

w
or

k
,

th
e

va
lu

e
x
k
(b
,d

)
at

an
y

n
o
d
e
k

is
a

n
on

-n
eg

at
iv

e
an

d
n
on

-
in

cr
ea

si
n
g

fu
n
ct

io
n

of
th

e
b
ia

s
p
ar

am
et

er
s
b.

T
h
is

,
co

m
b
in

ed
w

it
h

th
e

fa
ct

(l
em

m
a

1.
4)

th
at

ze
ro

is
al

w
ay

s
a

fe
as

ib
le

va
lu

e
on

an
y

of
th

e
ou

tp
u
t

n
o
d
es

,
m

ot
iv

at
es

th
e

fo
ll
ow

in
g

d
efi

n
it

io
n

of
a

cl
as

si
fi
er

.

D
e
fi

n
it

io
n

3
.1

T
h
e

o
u

tp
u

t
n

od
es
C

o
f

a
re

ct
ifi

ed
w

ir
e

n
et

w
o
rk

se
rv

e
a
s

a
cl

a
ss

ifi
er

o
f
|C
|

cl
a
ss

es
o
f

in
p
u

ts
w

h
en

th
er

e
a
re

bi
a
se

s
b

su
ch

th
a
t

fo
r

in
p
u

ts
d

in
cl

a
ss
c
∈
C

,
x
c
(b
,d

)
=

0
a
n

d
x
i(
b,
d
)
>

0
fo

r
i
∈
C
\{
c}

.

T
o

se
e

w
h
y

th
is

d
efi

n
it

io
n

m
ak

es
se

n
se

in
th

e
co

n
te

x
t

of
co

n
se

rv
at

iv
e

le
ar

n
in

g,
su

p
p

os
e

th
at

at
so

m
e

st
ag

e
of

tr
ai

n
in

g
al

l
th

e
ou

tp
u
t

n
o
d
es

ar
e

p
o
si

ti
ve

fo
r

so
m

e
in

p
u
t
d

in
cl

as
s
c.

B
y

in
cr

ea
si

n
g

th
e

b
ia

se
s
b,

th
e

ou
tp

u
t

va
lu

e
x
c
(b
,d

)
ca

n
al

w
ay

s
b

e
d
ri

ve
n

to
ze

ro
fo

r
in

p
u
t

d
,

an
d

b
y

in
cr

ea
si

n
g

th
em

as
li
tt

le
as

p
os

si
b
le

,
i.
e.

co
n
se

rv
at

iv
el

y,
th

er
e

is
a

go
o
d

ch
an

ce
th

e
ot

h
er

ou
tp

u
t

n
o
d
es

ca
n

b
e

ke
p
t

p
os

it
iv

e.
If

so
m

e
o
f

th
e

ot
h
er

ou
tp

u
ts

ar
e

al
so

se
t

to
ze

ro
in

th
e

p
ro

ce
ss

of
in

cr
ea

si
n
g

b
ia

se
s,

th
e

cl
a
ss

ifi
ca

ti
on

is
am

b
ig

u
ou

s.
In

an
y

ca
se

,
an

d
a
ft

er
an

y
am

ou
n
t

of
su

b
se

q
u
en

t
tr

ai
n
in

g
w

h
er

e
b
ia

se
s

ar
e

in
cr

ea
se

d
,

m
on

ot
on

ic
it

y
of
x
c
(b
,d

)
w

it
h

re
sp

ec
t

to
b

en
su

re
s
x
c
(b
,d

)
=

0
co

n
ti

n
u
es

to
b

e
a

va
li
d

in
d
ic

at
or

fo
r

cl
as

s
c.

T
h
e

ou
tp

u
ts

of
th

e
p
ro

p
os

ed
cl

as
si

fi
er

ar
e

co
u
n
te

rf
ac

tu
al

in
th

e
se

n
se

th
at

a
la

rg
e

p
os

it
iv

e
va

lu
e
x
c

on
th

e
n
o
d
e

fo
r

cl
as

s
c

re
p
re

se
n
ts

st
ro

n
g

ev
id

en
ce

th
at
c

is
n
ot

th
e

co
rr

ec
t

cl
as

s.
In

th
e

ca
se

of
a

cl
as

s
d
efi

n
ed

b
y

th
e

tr
u
th

va
lu

e
of

a
B

o
ol

ea
n

fu
n
ct

io
n
,

w
e

w
ou

ld
u
se

th
e

fu
n
ct

io
n

th
at

re
tu

rn
s
fa

l
se

fo
r

m
em

b
er

s
of

th
e

cl
as

s,
so

th
e

va
lu

e
of

th
e

co
rr

es
p

on
d
in

g
an

al
og

ci
rc

u
it

ou
tp

u
t

n
o
d
e

is
ze

ro
.

W
e

sh
al

l
se

e
th

at
w

e
d
o

n
ot

n
ee

d
to

se
p
ar

at
el

y
in

si
st

th
at

,
d
u
ri

n
g

tr
ai

n
in

g,
b
ia

se
s

ar
e

n
ev

er
d
ec

re
as

ed
,

as
it

w
il
l

fo
ll
ow

au
to

m
at

ic
al

ly
fr

om
th

e
co

n
se

rv
at

iv
e

le
ar

n
in

g
p
ri

n
ci

p
le

w
h
ic

h
as

si
gn

s
th

e
fo

ll
ow

in
g

co
st

w
h
en

b
ia

se
s

ar
e

ch
an

ge
d
:
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9

E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

D
e
fi

n
it

io
n

3
.2

T
h
e

co
st

,
in

a
re

ct
ifi

ed
w

ir
e

n
et

w
o
rk

,
fo

r
ch

a
n

gi
n

g
th

e
bi

a
se

s
fr

o
m
b

to
b′

,
is

th
e
p
-n

o
rm
‖b
′ −

b‖
p
.

T
h
e

u
n
iq

u
en

es
s

of
th

e
co

st
-m

in
im

iz
in

g
b
ia

s
ch

an
ge

,
fo

r
fi
x
in

g
a

m
is

cl
as

si
fi
ca

ti
o
n
,
d
ep

en
d
s

on
th

e
n
or

m
ex

p
on

en
t
p
.

W
e

m
os

tl
y

u
se
p

=
2

in
th

is
st

u
d
y,

w
h
er

e
u
n
iq

u
en

es
s

ca
n

b
e

p
ro

ve
d
.

O
u
r

d
efi

n
it

io
n

of
th

e
co

n
se

rv
at

iv
e

le
ar

n
in

g
ru

le
,

w
h
ic

h
si

d
es

te
p
s

u
n
iq

u
en

es
s,

is
th

e
fo

ll
ow

in
g
:

D
e
fi

n
it

io
n

3
.3

S
u

p
po

se
o
u

tp
u

t
n

od
e
c
∈
C

fo
r

cl
a
ss
c

h
a
s

va
lu

e
x
c
(b
,d

)
>

0
fo

r
a
n

in
p
u

t
d

,
in

a
n

et
w

o
rk

w
it

h
bi

a
se

s
se

t
a
t
b.

A
co

n
se

rv
a
ti

ve
bi

a
s

u
pd

a
te

is
a
n

y
b′

th
a
t

m
in

im
iz

es
‖b
′ −

b‖
p

a
n

d
p
ro

d
u

ce
s

o
u

tp
u

t
va

lu
e
x
c
(b
′ ,
d
)

=
0.

L
e
m

m
a

3
.4

If
b′

is
a
n

y
co

n
se

rv
a
ti

ve
u

pd
a
te

o
f
b,

th
en

b′
≥
b.

P
ro

o
f

B
ia

se
s
b′

h
av

e
ju

st
le

ar
n
ed

an
in

p
u
t
d

in
so

m
e

cl
as

s
c
∈
C

,
so
x
c
(b
′ ,
d
)

=
0
.

N
ow

su
p
p

os
e
b′ i
→
j
<
b i
→
j

fo
r

so
m

e
ed

ge
i
→

j
∈
E

.
T

h
e

u
p

d
at

e
b′
′ ,

w
h
er

e
b′
′ i→
j

=
b i
→
j

a
n
d

a
ll

ot
h
er

s
ar

e
u
n
ch

an
ge

d
,

h
as

lo
w

er
co

st
th

an
b′

an
d

ye
t,

b
y

m
on

ot
on

ic
it

y
of

n
o
d
e

va
lu

es
w

it
h

re
sp

ec
t

to
b,

al
l

ou
tp

u
t

n
o
d
es

w
it

h
va

lu
e

ze
ro

w
il
l

st
il
l

b
e

ze
ro

,
in

cl
u
d
in

g
x
c
(b
′′ ,
d
).

T
h
e

ou
tp

u
ts

o
f

a
re

ct
ifi

ed
w

ir
e

n
et

w
o
rk

ar
e

co
m

p
os

it
io

n
s

of
re

ct
ifi

er
fu

n
ct

io
n
s.

C
o
m

-
p

os
it

io
n

of
co

n
ve

x
fu

n
ct

io
n
s

ar
e

in
ge

n
er

al
n
ot

co
n
ve

x
,

b
u
t

fo
r

th
e

re
ct

ifi
er

fu
n
ct

io
n

th
is

is
tr

u
e.

W
e

gi
v
e

an
in

d
u
ct

iv
e

p
ro

of
b
as

ed
on

th
e

fo
ll
ow

in
g.

L
e
m

m
a

3
.5

If
x

(b
)

:
R
K
→

R
is

co
n

ve
x,

th
en

y
(a
,b

)
:

(R
,R

K
)
→

R
,

d
efi

n
ed

by

y
(a
,b

)
=

m
ax

(0
,x

(b
)
−
a
),

is
a
ls

o
co

n
ve

x.

P
ro

o
f

B
ec

au
se
x

is
co

n
ve

x
,

fo
r

ar
b
it

ra
ry
b 1
,b

2
∈
R
K

w
e

h
av

e

x
(λ
b 1

+
(1
−
λ

)b
2
)
≤
λ
x

(b
1
)

+
(1
−
λ

)
x

(b
2
)

(3
)

fo
r

0
≤
λ
≤

1.
F

or
ar

b
it

ra
ry
a

1
,a

2
∈
R

,

y
(λ
a

1
+

(1
−
λ

)a
2
,
λ
b 1

+
(1
−
λ

)b
2
)

=
m

ax
(0
,x

(λ
b 1

+
(1
−
λ

)b
2
)
−
λ
a

1
−

(1
−
λ

)a
2
)

≤
m

ax
(0
,λ
x

(b
1
)

+
(1
−
λ

)
x

(b
2
)
−
λ
a

1
−

(1
−
λ

)a
2
)

=
m

ax
(0
,λ
z 1

+
(1
−
λ

)
z 2

),

w
h
er

e
w

e
h
av

e
u
se

d
(3

)
an

d
d
efi

n
ed

z 1
=
x

(b
1
)
−
a

1

z 2
=
x

(b
2
)
−
a

2
.

S
in

ce
fo

r
ar

b
it

ra
ry
s,
t
∈
R m

ax
(0
,s

+
t)
≤

m
ax

(0
,s

)
+

m
ax

(0
,t

),

1
0
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M
o
n
o
t
o
n
e
L
e
a
r
n
in
g

w
it
h
R
e
c
t
if
ie
d

W
ir
e
N
e
t
w
o
r
k
s

w
e

o
b
ta

in

m
ax

(0,λ
z

1
+

(1−
λ

)
z

2 )≤
m

ax
(0,λ

z
1 )

+
m

ax
(0
,(1−

λ
)
z

2 )

=
λ

m
ax

(0,z
1 )

+
(1−

λ
)

m
ax

(0
,z

2 )

=
λ
y
(a

1 ,b
1 )

+
(1−

λ
)
y
(a

2 ,b
2 )

a
s

cla
im

ed
.

T
h

e
o
re

m
3
.6

T
h
e

n
od

e
va

lu
es

x
(b,d

)
o
f

a
rectifi

ed
w

ire
n

etw
o
rk,

given
a
n

in
p
u

t
d

,
a
re

co
n

vex
fu

n
ctio

n
s

o
f

th
e

bia
s

pa
ra

m
eters

b.

P
ro

o
f

T
h
e

va
lu

es
of

th
e

in
p
u
t

n
o
d
es
D

,
set

to
th

e
con

stan
t

valu
es
x
i

=
d
i ,i∈

D
,

are
triv

ia
lly

co
n
vex

.
S
in

ce
ou

r
n
etw

ork
is

an
acy

clic
grap

h
,

th
e

n
o
d
es

can
b

e
in

d
ex

ed
b
y

co
n
secu

tive
in

tegers
so

th
at

all
ed

ge
ou

tp
u
ts
y
i→

j
in

cid
en

t
on

a
n
o
d
e
j
∈
H
∪
C

are
from

in
p
u
t

n
o
d
es
i∈

D
or

from
h
id

d
en

n
o
d
es
i∈

H
th

at
h
av

e
i
<
j.

F
or

an
y
j∈

H
∪
C

,
w

e
u
se

in
d
u
ctio

n
a
n
d

su
p
p

ose
all

x
i ,
i∈

H
w

ith
i
<
j

are
con

v
ex

fu
n
ction

s
of

th
e

b
ias

p
aram

eters.
C

o
n
sid

er
a
n
y

o
f

th
e

ed
ge

ou
tp

u
ts
y
i→

j (b)
in

cid
en

t
on

j:

y
i→

j (b)
=

m
ax

(0
,x

i (b)−
b
i→

j ).

S
een

a
s

a
fu

n
ction

of
b
ias

p
aram

eters,
w

h
ere

x
i (b)

is
a

con
vex

fu
n
ction

of
b
ia

ses
n
ot

in
clu

d
in

g
b
i→

j ,
y
i→

j (b)
fi
ts

th
e

h
y
p

oth
esis

of
lem

m
a

3.5
an

d
is

th
erefore

con
vex

.
T

h
is

con
clu

sion
a
lso

a
p
p
lies

to
th

e
b
ase

case,
th

e
h
id

d
en

n
o
d
e

n
u
m

b
ered

j
=

1,
w

h
ere

all
th

e
x
i

are
in

p
u
ts
i∈

D
a
n
d

co
n
sta

n
t.

S
in

ce
th

e
n
o
d
e

valu
ex
j (b)

=
w
j ∑i→

j

y
i→

j (b)

is
a

p
o
sitive

m
u
ltip

le
of

a
su

m
of

con
vex

fu
n
ction

s,
it

to
o

is
con

vex
an

d
com

p
letes

th
e

in
-

d
u
ctio

n
.

F
o
r

th
e

ca
se
p

=
2,

w
e

can
p
rove

u
n
iq

u
en

ess
of

th
e

con
servative

b
ias

u
p

d
ate.

C
o
ro

lla
ry

3
.7

T
h
e

set
B

(d
),

o
f

bia
ses

b
o
f

a
rectifi

ed
w

ire
n

etw
o
rk

w
ith

fi
xed

in
p
u

t
d

fo
r

w
h
ich

x
c (b,d

)
=

0
fo

r
a

given
o
u

tp
u

t
n

od
e
c,

is
n

o
n

-em
p
ty

a
n

d
co

n
vex.

C
o
n

sequ
en

tly,
th

e
co

n
serva

tive
bia

s
u

pd
a
te
b ′∈

B
(d

)
th

a
t

m
in

im
izes

th
e

co
st‖b ′−

b‖
2

w
ith

respect
to

th
e

bia
ses

b
is

u
n

iqu
e.

P
ro

o
f

T
h
e

set
B

(d
)

m
ay

b
e

d
efi

n
ed

as
th

e
feasib

le
set

of
x
c (b,d

)≤
0

(sin
ce

th
is

fu
n
ction

is
n
o
n
-n

eg
a
tive).

B
y

lem
m

a
1.4

B
(d

)
is

n
on

-em
p
ty,

a
n
d

b
y

th
eorem

(3.6)
B

(d
)

is
closed

an
d

co
n
vex

b
eca

u
se
x
c (b,d

)
is

a
con

vex
fu

n
ction

of
b.

N
ow

su
p
p

ose
b ′1
∈
B

(d
)

an
d
b ′2
∈
B

(d
)

a
re

d
istin

ct
m

in
im

izers
of‖

b ′−
b‖

2
for

som
e

b
ias

b.
B

eca
u
se
B

(d
)

is
con

vex
w

e
h
ave

a
co

n
tra

d
ictio

n
b

ecau
se
b ′3

=
(b ′1

+
b ′2 )/2

∈
B

(d
)

an
d
‖
b ′3 −

b‖
2
<
‖
b ′1 −

b‖
2

=
‖
b ′2 −

b‖
2

im
p
lies

b ′1
a
n
d
b ′2

w
ere

n
ot

m
in

im
izers.
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E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

T
o

d
esign

algorith
m

s
for

com
p
u
tin

g
th

e
con

servativ
e

b
ias

u
p

d
ate

an
d

to
estab

lish
th

e
com

p
lex

ity
of

th
is

task
w

e
cast

th
e

p
rob

lem
as

a
m

ath
em

atical
p
rogram

.
C

on
sid

er
a

rectifi
ed

w
ire

n
etw

ork
w

ith
ed

ges
E

on
w

h
ich

w
e

are
given

b
ias

p
aram

eters
b,

say
from

p
rev

iou
s

train
in

g.
S
u
p
p

ose
w

e
n
ow

w
ish

to
learn

th
e

p
air

(c,d
),

a
vector

of
in

p
u
t

d
ata

d
in

th
e

class
asso

ciated
w

ith
ou

tp
u
t

n
o
d
e
c.

U
n
less

x
c (b,d

)
=

0
,

th
e

b
ia

ses
m

u
st

b
e

con
servativ

ely
u
p

d
ated

to
b ′

so
th

is
is

tru
e.

B
efore

w
e

d
o

th
is

w
e

p
artition

E
in

to
th

e
set

of
a
ctive

ed
ges

A
an

d
its

com
p
lem

en
t,
Ā

.

D
e
fi

n
itio

n
3
.8

T
h
e

set
A

o
f

a
ctive

ed
ges

o
f

a
rectifi

ed
w

ire
n

etw
o
rk,

given
in

p
u

t
d
a
ta
d

a
n

d
bia

s
pa

ra
m

eters
b,

a
re

th
o
se

ed
ges

i→
j

w
h
ere

x
i (b,d

)
>
b
i→

j ,
o
r

equ
iva

len
tly,

w
h
ere

y
i→

j (b,d
)
>

0.

T
h
e

b
iases

b
i→

j
on

th
e

in
active

ed
ges

i→
j∈

Ā
,

w
h
en

in
creased

,
h
ave

n
o

eff
ect

on
an

y
n
o
d
e

valu
es,

in
p
articu

lar
th

e
ou

tp
u
t

n
o
d
es,

b
ecau

se
th

e
corresp

on
d
in

g
ed

ge-ou
tp

u
ts
y
i→

j

are
zero

b
y

m
on

o
ton

icity
of
x

(b)
(n

on
-in

creasin
g).

T
o

fi
n
d
b ′

w
e

m
ay

th
erefore

w
ork

w
ith

th
e

n
etw

ork
in

d
u
ced

b
y

th
e

active
ed

ges
A

,
called

th
e

“active
n
etw

ork
.”

O
u
r

m
ath

em
atical

p
rogram

m
akes

u
se

of
a

set
of

red
u

ced
bia

s
variab

les.

D
e
fi

n
itio

n
3
.9

L
et
A

be
th

e
a
ctive

ed
ges

o
f

a
rectifi

ed
w

ire
n

etw
o
rk

fo
r

in
p
u

t
d
a
ta
d

a
n

d
bia

s
pa

ra
m

eters
b.

F
o
r

ea
ch

ed
ge
i→

j
o
f

th
e

n
etw

o
rk,

d
efi

n
e

th
e

red
u

ced
bia

s
by

b −i→
j

=

{
b
i→

j ,
i→

j∈
A

x
i (b,d

),
i→

j∈
Ā
.

N
ow

con
sid

er
a

con
servative

u
p

d
ate

b ′
of
b,

an
d

th
e

red
u
ced

b
iases

b −
for

b ′.
W

e
alw

ay
s

h
ave

b −
≤
b ′,

an
d

th
e

red
u
ced

valu
es

h
av

e
th

e
p
rop

erty
th

at
x

(b −
,d

)
=
x

(b ′,d
).

In
p
articu

lar,
for

th
e

class
ou

tp
u
t

n
o
d
e
c

w
e

h
ave

x
c (b −

,d
)

=
x
c (b ′,d

)
=

0.
T

h
e

on
ly

reason
th

at
a

con
servativ

e
u
p

d
ate

b ′
of
b

w
ou

ld
n
ot

alread
y

b
e

red
u
ced

(b ′
=
b −

)
is

th
at

th
e

freed
om

b −
≤
b ′

m
ay

allow
a

red
u
ction

in
cost,

th
at

is,
give

a
m

ore
con

servative
u
p

d
ate.

W
e

n
ow

d
efi

n
e

th
e

m
ath

em
atical

p
rogram

.
F

or
given

d
ata

d
,

b
iases

b
a
n
d

w
eigh

ts
w

on
a

rectifi
ed

w
ire

n
etw

ork
,

w
e

are
giv

en
th

e
corresp

on
d
in

g
active

ed
ges

A
an

d
n
o
d
e
c

of
th

e
correct

class.
T

h
e

u
n
k
n
ow

n
s

are
th

e
u
p

d
ated

b
iases

b ′,
red

u
ced

b
iases

b −
,

an
d

ed
ge-ou

tp
u
ts

y
on

A
,

an
d

th
e

valu
es

of
x

on
c

an
d

th
e

in
p
u
t

an
d

h
id

d
en

n
o
d
es:

m
in

im
ize:‖

b ′−
b‖
pp

(4a)

su
ch

th
at:

b −
≤
b ′,

(4b
)

0
≤
b −
,

(4c)

x
i

=
d
i ,

i∈
D

(4d
)

y
i→

j
=
x
i −

b −i→
j ,

i→
j∈

A
(4e)

0
≤
y
i→

j ,
i→

j∈
A

(4f)

x
j

=
w
j

∑i→
j∈
A

y
i→

j ,
j∈

H
∪
{
c}

(4g
)

x
c

=
0.

(4h
)
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M
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o
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o
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e
L
e
a
r
n
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g

w
it
h
R
e
c
t
if
ie
d

W
ir
e
N
e
t
w
o
r
k
s

T
h

e
o
re

m
3
.1

0
T

h
e

m
a
th

em
a
ti

ca
l

p
ro

gr
a
m

(4
),

d
efi

n
ed

fo
r

th
e

n
et

w
o
rk
A

th
a
t

is
a
ct

iv
e

fo
r

gi
ve

n
bi

a
se

s
b

a
n

d
d
a
ta
d

,
a
s

pa
rt

o
f

it
s

so
lu

ti
o
n
b′

gi
ve

s
a

co
n

se
rv

a
ti

ve
bi

a
s

u
pd

a
te

fo
r

th
e

cl
a
ss

a
ss

oc
ia

te
d

w
it

h
o
u

tp
u

t
n

od
e
c.

P
ro

o
f

F
ir

st
ob

se
rv

e
th

at
an

y
va

li
d

(x
c

=
0)

as
si

gn
m

en
t

of
n
o
d
e

va
lu

es
x

an
d

ed
ge

-o
u
tp

u
ts

y
,

in
th

e
co

rr
es

p
on

d
in

g
re

ct
ifi

ed
w

ir
e

n
et

w
or

k
,

is
re

al
iz

ed
b
y

a
fe

a
si

b
le

p
oi

n
t

of
th

e
li
n
ea

r
sy

st
em

(4
c)

–
(4

h
)

in
vo

lv
in

g
ju

st
th

e
re

d
u
ce

d
b
ia

se
s

(n
ot
b′

).
F

or
th

e
va

ri
ab

le
s
b′

to
b

e
re

ct
i-

fi
ed

w
ir

e
b
ia

se
s

co
n
si

st
en

t
w

it
h

th
e

re
d
u
ce

d
b
ia

se
s
b−

,
it

is
su

ffi
ci

en
t

fo
r

th
em

to
sa

ti
sf

y
(4

b
),

as
m

on
ot

on
ic

it
y

en
su

re
s
x
c
(b
′ )

=
0.

O
p
ti

m
iz

in
g

(4
a)

su
b

je
ct

to
(4

b
)

an
d

th
e

co
n
st

ra
in

ts
th

at
d
efi

n
e

th
e

fe
as

ib
le

se
t

of
re

d
u
ce

d
b
ia

se
s,

gi
ve

s
th

e
m

os
t

co
n
se

rv
at

iv
e

u
p

d
at

e.

F
or
p

=
2,

(4
)

is
a

p
os

it
iv

e
se

m
i-

d
efi

n
it

e
q
u
ad

ra
ti

c
p
ro

gr
am

an
d

ca
n

b
e

so
lv

ed
in

ti
m

e
th

at
gr

ow
s

p
ol

y
n
om

ia
ll
y

(K
oz

lo
v

et
al

.,
19

80
)

in
th

e
si

ze
of

th
e

ac
ti

ve
n
et

w
or

k
,
|A
|.

T
h
e

sa
m

e
co

n
cl

u
si

on
ap

p
li
es

fo
r
p

=
1,

a
li
n
ea

r
p
ro

gr
am

,
b

ec
au

se
th

e
ob

je
ct

iv
e

ca
n

b
e

re
p
la

ce
d

b
y

th
e

su
m

of
al

l
th

e
u
p

d
at

ed
b
ia

se
s
b′

p
ro

v
id

ed
w

e
im

p
os

e
th

e
re

su
lt

of
le

m
m

a
(3

.4
),

b
≤
b′

,
as

a
co

n
st

ra
in

t.
W

h
il
e

th
es

e
re

su
lt

s
al

lo
w

u
s

to
ad

d
re

ct
ifi

ed
w

ir
e

n
et

w
or

k
s

to
th

e
li
st

of
m

o
d
el

s
fo

r
w

h
ic

h
th

er
e

is
a

tr
ac

ta
b
le

co
n
se

rv
at

iv
e

le
ar

n
in

g
ru

le
,

in
m

os
t

ap
p
li
ca

ti
on

s
it

is
al

so
im

p
or

ta
n
t

th
at

tr
ai

n
in

g
sc

al
es

n
ea

rl
y

li
n
ea

rl
y

w
it

h
th

e
si

ze
of

th
e

n
et

w
or

k
.

T
h
e

se
qu

en
ti

a
l

d
ea

ct
iv

a
ti

o
n

a
lg

o
ri

th
m

(S
D
A

)
d
es

cr
ib

ed
in

th
e

n
ex

t
se

ct
io

n
is

d
es

ig
n
ed

to
m

ee
t

th
at

go
al

.
W

e
cl

os
e

th
is

se
ct

io
n

b
y

re
v
ie

w
in

g
th

e
fe

at
u
re

s
of

ou
r

m
o
d
el

th
at

m
ak

e
tr

ai
n
in

g
tr

ac
ta

b
le

.
T

h
e

in
si

st
en

ce
on

ex
ac

tl
y

le
ar

n
in

g
in

d
iv

id
u
al

it
em

s
sh

ou
ld

n
ot

b
e

co
u
n
te

d
as

a
tr

ac
ta

b
il
it

y
-

en
ab

li
n
g

fe
at

u
re

.
In

d
ee

d
,

it
is

ea
sy

to
se

e
h
ow

th
e

m
at

h
em

at
ic

al
p
ro

gr
am

(4
),

to
co

m
p
u
te

th
e

co
n
se

rv
at

iv
e

u
p

d
at

e
fo

r
on

e
d
at

a
it

em
,
w

ou
ld

b
e

ge
n
er

al
iz

ed
to

fi
n
d

th
e

n
or

m
-m

in
im

iz
in

g
u
p

d
at

e
th

at
cl

as
si

fi
es

an
en

ti
re

m
in

i-
b
at

ch
.

A
ll

th
e

va
ri

ab
le

s
an

d
d
at

a,
w

it
h

th
e

ex
ce

p
ti

on
of

th
e

b
ia

se
s
b

an
d
b′

,
n
ow

ca
rr

y
a

d
at

a
in

d
ex
m
∈
M

,
w

h
er

e
M

is
a

m
in

i-
b
at

ch
.

F
or

ex
am

p
le

,
(4

b
)

w
ou

ld
b

e
re

p
la

ce
d

b
y b−

i→
j,
m
≤
b′
i→

j
i
→
j
∈
A
,
m
∈
M

an
d

im
p

os
es

co
n
si

st
en

cy
of

th
e

b
ia

s
u
p

d
at

es
fo

r
al

l
in

st
an

ti
at

io
n
s

of
th

e
re

d
u
ce

d
b
ia

se
s

ov
er

th
e

m
in

i-
b
at

ch
.

W
h
il
e

th
e

si
ze

of
th

e
m

at
h
em

at
ic

al
p
ro

gr
am

h
as

gr
ow

n
to
O

(|A
||M
|)

eq
u
at

io
n
s

an
d

in
eq

u
al

it
ie

s,
it

is
st

il
l

tr
ac

ta
b
le

.
C

on
ve

x
it

y
of

th
e

va
ri

ab
le

s
x

an
d
y

w
it

h
re

sp
ec

t
to

th
e

b
ia

s
p
ar

am
et

er
s

is
cl

ea
rl

y
im

-
p

or
ta

n
t

fo
r

tr
ac

ta
b
le

le
ar

n
in

g,
an

d
th

e
p
ro

of
s

of
le

m
m

a
3.

5
an

d
th

eo
re

m
3.

6
sh

ow
th

a
t

th
is

re
li
es

on
th

e
n
on

-n
eg

at
iv

it
y

of
th

e
st

at
ic

w
ei

gh
ts

an
d

th
e

fo
rm

of
th

e
ac

ti
va

ti
on

fu
n
ct

io
n
.

L
es

s
ob

v
io

u
s

in
fa

ci
li
ta

ti
n
g

tr
ac

ta
b
il
it

y
is

th
e

p
ro

p
os

al
to

re
p
la

ce
th

e
lo

ss
fu

n
ct

io
n

o
f

n
eu

ra
l

n
et

w
or

k
s

b
y

a
co

n
st

ra
in

t,
an

d
in

p
ar

ti
cu

la
r,

th
e

si
m

p
le

co
n
st

ra
in

t
(4

h
).

F
o
r

ex
am

p
le

,
on

e
m

ig
h
t

co
n
si

d
er

re
p
la

ci
n
g

th
is

si
n
gl

e
co

n
st

ra
in

t
w

it
h

th
e

fo
ll
ow

in
g

se
t

of
in

eq
u
al

it
ie

s,

x
i
>
x
c

+
∆
,

i
∈
C
\c
,

(5
)

w
h
er

e
th

e
fi
x
ed

p
os

it
iv

e
p
ar

am
et

er
∆

sp
ec

ifi
es

a
m

ar
gi

n
fo

r
av

oi
d
in

g
am

b
ig

u
ou

s
cl

as
si

fi
-

ca
ti

on
.

A
ft

er
al

l,
w

e
st

il
l

h
av

e
a

tr
ac

ta
b
le

m
at

h
em

at
ic

al
p
ro

gr
am

af
te

r
th

is
su

b
st

it
u
ti

on
.

U
n
fo

rt
u
n
at

el
y,

th
is

p
ro

p
os

al
cr

ea
te

s
a

co
n
fl
ic

t
in

th
e

re
la

ti
on

sh
ip

b
et

w
ee

n
th

e
re

d
u
ce

d
b
ia

se
s

b−
an

d
th

e
ac

tu
al

b
ia

s
u
p

d
at

es
b′

.
W

h
il
e

th
e
b−

va
ri

ab
le

s
p
ro

v
id

e
an

ex
h
au

st
iv

e
p
ar

am
e-

te
ri

za
ti

on
of

th
e

n
o
d
e

va
ri

ab
le

s
x

,
ev

en
u
n
d
er

th
e

co
n
st

ra
in

t
(5

),
w

e
ca

n
n
ot

co
u
n
t

on
th

e

1
3
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01
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E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

in
eq

u
al

it
y
b−
≤
b′

to
p
re

se
rv

e
th

is
co

n
st

ra
in

t
w

h
en

b−
b
ia

se
s

ar
e

re
p
la

ce
d

b
y
b′

b
ia

se
s

in
th

e
re

ct
ifi

ed
w

ir
e

m
o
d
el

(t
h
e

m
on

ot
on

ic
d
ec

re
as

e
of

a
n
on

-c
la

ss
ou

tp
u
t

m
ay

ex
ce

ed
th

a
t

o
f

th
e

cl
as

s
ou

tp
u
t)

.

4
.

S
e
q
u
e
n
ti

a
l

d
e
a
ct

iv
a
ti

o
n

a
lg

o
ri

th
m

T
h
is

se
ct

io
n

d
es

cr
ib

es
in

d
et

ai
l

th
e
S
D
A

al
go

ri
th

m
fo

r
co

m
p
u
ti

n
g

b
ia

s
u
p

d
a
te

s
in

th
e

re
ct

ifi
ed

w
ir

e
m

o
d
el

.
W

h
il
e

th
es

e
u
p

d
at

es
ar

e
n
ot

gu
ar

an
te

ed
to

b
e

th
e

m
o
st

co
n
se

rv
a
ti

ve
p

os
si

b
le

,
th

ei
r

co
m

p
u
ta

ti
on

is
si

gn
ifi

ca
n
tl

y
fa

st
er

th
an

so
lv

in
g

a
ge

n
er

al
q
u
ad

ra
ti

c
p
ro

g
ra

m
.

T
h
e

S
D

A
al

go
ri

th
m

re
se

m
b
le

s
th

e
gr

ad
ie

n
t

m
et

h
o
d
s

u
se

d
fo

r
op

ti
m

iz
in

g
st

a
n
d
a
rd

m
o
d
el

n
et

w
or

k
s,

th
e

m
os

t
w

id
el

y
u
se

d
b

ei
n
g

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

(S
G
D

)
(R

u
m

el
h
a
rt

et
a
l.
,

19
86

). T
h
e

p
ro

gr
am

(4
)

w
ou

ld
b

e
gr

ea
tl

y
si

m
p
li
fi
ed

if
in

eq
u
al

it
y

(4
f)

w
as

so
m

eh
ow

a
u
to

m
a
ti

-
ca

ll
y

sa
ti

sfi
ed

.
A

ll
ac

ti
ve

ed
ge

s
w

ou
ld

re
m

ai
n

ac
ti

ve
in

th
e

u
p

d
at

e
an

d
th

e
u
p

d
a
te

d
b
ia

se
s

b′
on

th
em

w
ou

ld
b

e
eq

u
al

to
th

e
re

d
u
ce

d
b
ia

se
s
b−

.
T

h
e

n
o
d
e

va
ri

ab
le

s
x

,
in

p
a
rt

ic
u
la

r
x
c
,

w
ou

ld
b

e
li
n
ea

r
fu

n
ct

io
n
s

of
th

e
b′

:

x
c
(b
′ )

=
x
c
(b

)
+
∇
x
c
·(
b′
−
b)
.

F
or

th
e
p

=
2

n
or

m
on

b
ia

s
u
p

d
at

es
,

th
e

op
ti

m
al

u
p

d
at

e
th

at
a
ch

ie
ve

s
x
c

=
0

is
th

en

b′
=
b
−

x
c
(b

)

‖∇
x
c
‖2
∇
x
c
.

T
h
e

co
n
se

rv
at

iv
e

u
p

d
at

e,
in

th
is

si
m

p
li
fi
ca

ti
on

,
is

th
e

sa
m

e
as

gr
ad

ie
n
t

d
es

ce
n
t.

In
th

e
ge

n
er

al
ca

se
,

w
h
er

e
ed

ge
s

m
ay

b
ec

om
e

in
ac

ti
v
e,

fr
om

th
e

m
on

ot
o
n
ic

it
y

o
f
x
c

w
e

k
n
ow

at
le

as
t

th
at

th
e

gr
ad

ie
n
t
∇
x
c

n
ev

er
h
as

p
o
si

ti
ve

co
m

p
o
n
en

ts
.

If
w

e
h
a
d

th
e

st
ro

n
g
er

p
ro

p
er

ty
,

th
at
∇
x
c

is
al

so
n
ev

er
ze

ro
w

h
il
e
x
c
>

0,
th

en
gr

ad
ie

n
t

d
es

ce
n
t

w
il
l

a
lw

ay
s

fi
n
d

an
u
p

d
at

e
b∗

th
at

sa
ti

sfi
es
x
c
(b
∗ )

=
0.

B
u
t

th
e

la
tt

er
p
ro

p
er

ty
fo

ll
ow

s
im

m
ed

ia
te

ly
fr

om
th

e
fa

ct
th

at
x
c
>

0
is

on
ly

p
os

si
b
le

w
h
en

th
er

e
ar

e
ac

ti
ve

ed
ge

s
in

ci
d
en

t
to

o
u
tp

u
t

n
o
d
e
c,

so
th

at
x
c

h
as

n
on

-z
er

o
d
er

iv
at

iv
es

at
le

a
st

w
it

h
re

sp
ec

t
to

th
e

b
ia

se
s

on
th

em
.

W
h
il
e

gr
ad

ie
n
t

d
es

ce
n
t

ca
n
n
ot

gu
ar

an
te

e
th

e
n
or

m
m

in
im

iz
in

g
u
p

d
at

e
p
ro

m
is

ed
b
y

th
e

so
lu

ti
on

of
p
ro

gr
a
m

(4
),

it
h
as

so
m

e
at

tr
ac

ti
v
e

fe
at

u
re

s.
F

ir
st

,
th

e
co

m
p
u
ta

ti
o
n

o
f

th
e

(p
ie

ce
w

is
e

co
n
st

an
t)

gr
ad

ie
n
t

is
fa

st
,

as
is

th
e

co
m

p
u
ta

ti
on

of
th

e
st

ep
si

ze
to

th
e

n
ex

t
gr

ad
ie

n
t

d
is

co
n
ti

n
u
it

y
(d

ea
ct

iv
at

io
n

ev
en

t)
.

S
ec

on
d
,

th
er

e
is

an
op

p
or

tu
n
it

y
to

m
a
k
e

th
e

gr
ad

ie
n
t

d
es

ce
n
t

u
p

d
at

e
b∗

m
or

e
co

n
se

rv
at

iv
e

o
n

th
e

in
ac

ti
ve

ed
ge

s.
U

si
n
g

th
e

co
n
d
it

io
n

y i
→
j
(b
∗ )

=
0

as
th

e
in

d
ic

at
or

of
an

in
ac

ti
v
e

ed
ge

,
th

e
im

p
ro

ve
d

u
p

d
at

e
is

,
fo

r
a
ll
i
→
j
∈
A

,

b′ i
→
j

=

{
m

ax
(b
i→

j
,x

i(
b∗

))
,
y i
→
j
(b
∗ )

=
0

b∗ i
→
j
,
y i
→
j
(b
∗ )
>

0.
(6

)

T
h
e

S
D

A
al

go
ri

th
m

is
th

e
effi

ci
en

t
im

p
le

m
en

ta
ti

on
of

gr
a
d
ie

n
t

d
es

ce
n
t

on
th

e
re

ct
ifi

ed
w

ir
e

m
o
d
el

fo
ll
ow

ed
b
y

(6
).

It
s

n
am

e
d
ra

w
s

at
te

n
ti

on
to

th
e

fa
ct

th
at

th
e

st
ep

s
in

th
e

d
es

ce
n
t

ar
e

d
efi

n
ed

b
y

d
ea

ct
iv

at
io

n
ev

en
ts

.

W
e

n
ow

tu
rn

to
th

e
im

p
le

m
en

ta
ti

on
of

th
e

S
D

A
al

go
ri

th
m

.
T

h
e

el
em

en
ta

ry
o
p

er
a
ti

o
n
s

ar
e

d
efi

n
ed

in
A

lg
or

it
h
m

1.
P

ro
ce

d
u
re

e
v
a
l

is
si

m
p
ly

a
fo

rw
a
rd

-p
as

s
th

ro
u
g
h

th
e

n
et

w
o
rk

,
fr

om
d
at

a
su

p
p
li
ed

at
th

e
in

p
u
t

n
o
d
es

,
to

th
e

ou
tp

u
t

n
o
d
es

w
h
os

e
va

lu
es

d
ir

ec
tl

y
en

co
d
e
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M
o
n
o
t
o
n
e
L
e
a
r
n
in
g

w
it
h
R
e
c
t
if
ie
d

W
ir
e
N
e
t
w
o
r
k
s

A
lg

o
rith

m
1

E
lem

en
tary

n
etw

ork
p
ro

ced
u
res

p
ro

c
e
d

u
re

e
v
a
l
(E

,
b,
d
)→

(A
,x
,y

)
x
i ←

d
i ,

i∈
D

x
j ←

w
j ∑

i→
j∈
E
y
i→

j ,
j∈

H
∪
C

y
i→

j ←
m

ax
(0,x

i −
b
i→

j ),
i→

j∈
E

A
←
{i→

j∈
E

:
y
i→

j
=

0}
e
n

d
p

ro
c
e
d

u
re

p
ro

c
e
d

u
re

g
r
a
d

(A
,
c)→

∇
x
c

(−
∇
x
c )
j ←

w
c
δ
jc ,

j∈
C

(−
∇
x
c )
i ←

w
i ∑

i→
j∈
A

(−
∇
x
c )
j ,

i∈
H

e
n

d
p

ro
c
e
d

u
re

p
ro

c
e
d

u
re

v
e
l
o
c
it
y

(A
,∇

x
c )→

ẏ
(−
ẏ
)
i→

j ←
(−
∇
x
c )
j

+
w
i ∑

k→
i∈
A

(−
ẏ
)
k→

i ,
i→

j∈
A

e
n

d
p

ro
c
e
d

u
re

th
e

cla
ss.

In
a
d
d
ition

to
th

e
ou

tp
u
t

n
o
d
e

valu
es{

x
i

:
i∈

C
},

e
v
a
l

also
p
rov

id
es

th
e

ed
ge

o
u
tp

u
ts
y

an
d

th
e

set
of

active
ed

ges
A

(o
n

w
h
ich

th
e

ed
ge

ou
tp

u
ts

are
n
on

-zero).

S
u
p
p

o
se

th
e

cu
rren

t
b
ias

p
aram

eters
are

b(0).
D

en
ote

b
y

(−
∇
x
c )
i→

j
th

e
n
egative

gra-
d
ien

t
co

m
p

o
n
en

t
for

th
e

b
ias

on
ed

ge
i→

j
∈
A

.
B

ecau
se

th
e

d
erivatives

w
ith

resp
ect

to
a
ll

th
e
b
i→

j
o
n

activ
e

ed
ges

in
to

th
e

sam
e

n
o
d
e
j

are
eq

u
al,

th
e

n
o
d
e-in

d
ex

ed
varia

b
les

(−
∇
x
c )
j

:=
(−
∇
x
c )
i→

j ,
i→

j∈
A

a
re

w
ell

d
efi

n
ed

.
In

p
articu

lar,
if
j

is
an

ou
tp

u
t

n
o
d
e,

th
en

(−
∇
x
c )
j

=
w
c
δ
jc .

A
s

lon
g

as
th

e
g
ra

d
ien

t
is

con
stan

t,
th

e
b
iases

ev
olve

as

b
i→

j (t)
=
b
i→

j (0)
+
t(−
∇
x
c )
j ,

(7)

w
h
ere

t
is

a
co

n
tin

u
ou

s
“tim

e”.

T
h
e

g
ra

d
ien

t
(−
∇
x
c )
i

is
p

ositive
on

ly
if

n
o
d
e
i

is
con

n
ected

b
y

activ
e

ed
ges

to
n
o
d
e
c,

w
ith

va
lu

e
g
iv

en
b
y

th
e

su
m

over
all

p
ath

s
o
n

active
ed

ges,
each

co
n
trib

u
tin

g
b
y

th
e

p
ro

d
u
ct

o
f

w
eig

h
ts

alo
n
g

th
e

p
ath

.
T

h
e

eff
ect

on
x
c

of
a

b
ias

ch
an

ge
on

an
active

ed
ge

in
to
i

is
th

e
sa

m
e

a
s

if
th

e
sam

e
b
ias

ch
an

ge
w

as
in

stead
ap

p
lied

to
all

th
e

active
ed

g
es

leav
in

g
n
o
d
e
i,

b
u
t

m
u
ltip

lied
b
y
w
i .

T
h
is

im
p
lies

th
e

recu
rsion

,

(−
∇
x
c )
i

=
w
i

∑i→
j∈
A

(−
∇
x
c )
j ,

i∈
H

(8)

in
th

e
p
ro

ced
u
re

g
r
a
d

of
A

lgorith
m

1
an

d
corresp

on
d
s

to
b
ack

p
rop

agation
in

th
e

n
etw

ork
.

T
h
e

th
ird

p
ro

ced
u
re,

v
e
l
o
c
it
y

,
is

d
erived

from
th

e
recu

rsion
for

th
e

ed
ge-ou

tp
u
ts
y
:

y
i→

j
=
w
i

∑k→
i∈
A

y
k→

i −
b
i→

j .
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E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

T
ak

in
g

th
e

tim
e

d
erivative

an
d

u
sin

g
(7),

(−
ẏ
)
i→

j
=
w
i

∑k→
i∈
A

(−
ẏ
)
k→

i
+

(−
∇
x
c )
j

(9)

w
e

ob
tain

th
e

velo
cities

of
th

e
ed

ge-ou
tp

u
ts

b
y

forw
a
rd

p
rop

agatio
n
.

T
h
e

in
itialization

o
ccu

rs
at

ed
ges

i→
j

from
all

th
e

in
p
u
t

n
o
d
es
i,

for
w

h
ich

th
e

su
m

in
(9)

is
ab

sen
t

an
d

(−
∇
x
c )
j

is
set

b
y
g
r
a
d

.
B

y
con

stru
ction

,
b

oth
y
i→

j (0)
an

d
th

e
(con

stan
t)

velo
cities

(−
ẏ
)
i→

j
on

th
e

activ
e

ed
ges

i→
j∈

A
are

p
ositive

an
d

th
e

fi
rst

d
eactivation

even
t

o
ccu

rs
at

tim
e

t ∗
=

m
in

i→
j∈
A

y
i→

j (0)

(−
ẏ
)
i→

j
.

(10)

T
h
is

is
th

e
tim

e
step

in
on

e
iteration

of
th

e
S
D

A
algorith

m
.

A
fter

th
e

b
iases

are
in

crem
en

ted
b
y

(7)
an

d
th

e
n
ew

ly
d
eactivated

ed
ges

are
rem

oved
from

A
,

an
oth

er
rou

n
d

is
b

egu
n
.

Iteration
s

are
term

in
ated

w
h
en

e
v
a
l

retu
rn

s
x
c

=
0.

T
h
e

fi
n
al

b
iases

are
ob

ta
in

ed
b
y

ap
p
ly

in
g

(6)
to

th
e

grad
ien

t
d
escen

t
b
iases.

W
e

n
ow

rev
isit

th
e

classifi
cation

ru
le

of
d
efi

n
ition

3.1
,

w
h
ere

d
a
ta

is
d
eclared

learn
ed

w
h
en

x
c

=
0.

R
ecall

th
at

th
is

h
as

th
e

d
esired

p
rop

erty
of

n
ot

h
av

in
g

th
e

“su
p
rem

acy
”

(sm
allest

valu
e

am
on

g
all

classes)
of

n
o
d
e
c

sp
oiled

b
y

su
b
seq

u
en

t
train

in
g.

T
h
e

o
n
ly

w
ay

th
at

th
e

latter
can

h
av

e
a

n
egative

eff
ect,

th
rou

gh
th

e
gen

eral
d
ecrease

in
ou

tp
u
t

valu
es

w
ith

in
creasin

g
b
iases,

is
w

h
en

ou
tp

u
t

n
o
d
es

oth
er

th
a
n
c

are
in

a
tie

at
valu

e
zero.

T
o

m
itigate

th
is

eff
ect,

an
d

also
m

ake
th

e
b
ias

ch
an

ges
even

m
ore

con
servative,

w
e

in
tro

d
u
ce

th
e

u
ltra

-co
n

serva
tive

lea
rn

in
g

ru
le:

D
e
fi

n
itio

n
4
.1

In
th

e
u

ltra
-co

n
serva

tive
m

od
e

o
f

lea
rn

in
g

w
ith

th
e
S
D
A

a
lgo

rith
m

,
itera

-
tio

n
s

a
re

term
in

a
ted

w
h
en

x
c ,

th
e

va
lu

e
o
f

th
e

o
u

tp
u

t
n

od
e
c

o
f

th
e

co
rrect

cla
ss,

is
eith

er
zero

o
r

sm
a
ller

th
a
n

th
e

va
lu

es
o
f

a
ll

th
e

o
th

er
o
u

tp
u

t
n

od
es.

T
h
is

term
in

ation
criterion

is
con

servative
from

th
e

p
oin

t
of

v
iew

of
testin

g.
C

on
sid

er
th

e
early

stages
of

train
in

g,
w

h
en

w
e

m
igh

t
w

an
t

to
test

th
e

algorith
m

on
w

h
ich

class
is

b
ein

g
favored

.
T

h
e

n
atu

ral
can

d
id

ate
for

th
e

la
tter

is
th

e
ou

tp
u
t

n
o
d
e

w
ith

th
e

sm
allest

valu
e.

B
y

term
in

atin
g
sd

a
as

so
on

as
th

is
criterion

is
m

et,
th

e
test

(w
h
en

p
erform

ed
righ

t
after

train
in

g)
w

ill
su

cceed
w

ith
a

sm
aller

ch
an

ge
to

th
e

b
iases

th
an

is
req

u
ired

b
y

th
e
x
c

=
0

criterion
.

B
ecau

se
th

e
p
rop

erty
of

d
ata

d
p
ro

d
u
cin

g
th

e
sm

allest
ou

tp
u
t

valu
e

on
n
o
d
e
c

can
b

e
sp

oiled
b
y

train
in

g
w

ith
d
ata

d ′6=
d
,

it
m

ay
b

e
n
ecessary

for
th

e
n
etw

ork
to

retrain
on

d
,

or
d
ata

sim
ilar

to
d
,

in
ord

er
to

p
rop

erly
learn

th
e

com
b
in

ation
(d
,c).

T
h
e

im
p
lied

h
eu

ristic
is

th
at

th
e

n
et

b
ias

ch
an

ge
for

th
is

m
o
d
e

of
learn

in
g

class
c

m
ay

b
e

m
ore

con
servative

th
an

alw
ay

s
in

sistin
g

on
ou

tp
u
t
x
c

=
0

for
ev

ery
d

in
th

is
cla

ss.
T

h
e
sd

a
algorith

m
w

ith
th

e
u
ltra-con

servative
term

in
ation

criterion
is

su
m

m
arized

in
A

lgorith
m

2.
A

s
so

on
as
x
c

b
ecom

es
th

e
sm

allest
ou

tp
u
t

or
is

zero,
th

e
algorith

m
retu

rn
s

th
e

m
ost

con
servatively

u
p

d
ated

b
iases

b ′
con

sisten
t

w
ith

th
e

activ
ity

of
th

e
n
etw

ork
ed

ges,
(6).

E
stim

atin
g

th
e

w
ork

req
u
ired

to
correct

a
m

isclassifi
catio

n
is

com
p
licated

b
y

tw
o

factors.
W

h
ile

th
e

w
ork

in
on

e
iteration

scales
lin

early
w

ith
th

e
size

of
th

e
active

n
etw

ork
,

w
e

d
o

n
ot

k
n
ow

h
ow

m
an

y
iteration

s
are

n
eed

ed
on

average
to

satisfy
th

e
u
ltra-con

servative

1
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M
o
n
o
t
o
n
e
L
e
a
r
n
in
g

w
it
h
R
e
c
t
if
ie
d

W
ir
e
N
e
t
w
o
r
k
s

A
lg

o
ri

th
m

2
S
eq

u
en

ti
al

D
ea

ct
iv

at
io

n
(S

D
A

)

in
p

u
t

(E
,b

0
),

(d
,c

)
(n

et
w

or
k

ed
ge

s,
in

it
ia

l
b
ia

se
s)

,
(d

at
a

ve
ct

or
,

cl
as

s)

b
←
b0

in
it

ia
li
ze

b
ia

se
s

(A
,x
,y

)
←

e
v
a
l
(E
,b
,d

)
ac

ti
ve

ed
ge

s,
n
o
d
e

an
d

ed
ge

ou
tp

u
t

va
lu

es
it
er
←

0
ze

ro
th

e
it

er
at

io
n

co
u
n
te

r

w
h

il
e
x
c
>

0
an

d
ar

g
m

in
i∈
C
x
i
6=
{c
}

d
o

it
er

at
e

u
n
ti

l
n
o
d
e
c

is
sm

al
le

st
∇
x
c
←

g
r
a
d

(A
,c

)
gr

ad
ie

n
t

w
it

h
re

sp
ec

t
to

ac
ti

ve
b
ia

se
s

ẏ
←

v
e
l
o
c
it
y

(A
,∇
x
c
)

ed
ge

ou
tp

u
t

v
el

o
ci

ty
t∗
←

m
in
i→

j∈
A
y i
→
j
/(
−
ẏ i
→
j
)

st
ep

si
ze

fo
r
i
→
j
∈
A

d
o

b i
→
j
←
b i
→
j

+
t∗

(−
∇
x
c
) j

in
cr

ea
se

b
ia

se
s

e
n

d
fo

r

(A
,x
,y

)
←

e
v
a
l
(A
,b
,d

)
n
ew

ac
ti

ve
ed

ge
s,

n
o
d
e

an
d

ed
g
e

ou
tp

u
t

va
lu

es
it
er
←

it
er

+
1

in
cr

em
en

t
it

er
at

io
n

co
u
n
te

r
e
n

d
w

h
il
e

fo
r
i
→
j
∈
E

d
o

if
i
→
j
∈
A

th
e
n

b′ i
→
j

=
b i
→
j

ke
ep

b
ia

se
s

on
ac

ti
v
e

ed
ge

s
e
ls

e b′ i
→
j

=
m

ax
(b

0 i→
j
,x

i)
co

n
se

rv
at

iv
e

u
p

d
at

e
fo

r
in

ac
ti

ve
ed

ge
s

e
n

d
if

e
n

d
fo

r

o
u

tp
u

t
b′

,
it
er

u
p

d
at

ed
b
ia

se
s,

it
er

at
io

n
co

u
n
t

te
rm

in
at

io
n

ru
le

.
E

m
p
ir

ic
al

ly
(s

ec
ti

on
9)

w
e

fi
n
d

th
e

n
u
m

b
er

of
it

er
at

io
n
s

is
of

te
n

q
u
it

e
sm

al
l

an
d

d
ep

en
d
s

on
ly

w
ea

k
ly

on
n
et

w
or

k
si

ze
.

A
se

co
n
d

eff
ec

t,
se

rv
in

g
to

le
ss

en
th

e
w

or
k
,

is
th

e
sp

ar
si

fi
ca

ti
on

of
th

e
ac

ti
v
e

n
et

w
or

k
w

it
h

ti
m

e.
In

an
y

ev
en

t,
th

e
to

ta
l

co
m

p
u
ta

ti
on

in
le

ar
n
in

g
ea

ch
d
at

a
it

em
w

ou
ld

b
e

at
m

os
t
O

(|A
|2 )

,
si

n
ce

in
ea

ch
it

er
at

io
n

at
le

as
t

on
e

of
th

e
ac

ti
v
e

ed
ge

s
is

d
ea

ct
iv

at
ed

(a
n
d

el
im

in
a
te

d
fr

om
su

b
se

q
u
en

t
ro

u
n
d
s)

.

A
p

os
si

b
le

d
ir

ec
ti

on
fo

r
fu

tu
re

re
se

a
rc

h
is

th
e

d
es

ig
n

of
an

al
go

ri
th

m
th

at
so

lv
es

th
e

p
ro

gr
am

(4
),

fo
r

th
e

m
os

t
co

n
se

rv
at

iv
e

u
p

d
at

e,
w

it
h

on
ly

a
m

o
d
es

t
am

ou
n
t

of
ex

tr
a

w
or

k
th

an
u
se

d
b
y

S
D

A
.
In

th
is

co
n
n
ec

ti
on

w
e

p
re

se
n
t

th
e

si
m

p
le

st
in

st
an

ce
w

e
k
n
ow

of
w

h
er

e
th

e
u
p

d
at

e
fo

u
n
d

b
y

S
D

A
is

n
on

-o
p
ti

m
al

.
F

ig
u
re

5
sh

ow
s

a
fr

ag
m

en
t

of
a

n
et

w
or

k
w

h
er

e
th

e
b
ia

s
u
p

d
at

es
on

fo
u
r

ed
ge

s
ca

n
b

e
an

al
y
ze

d
in

is
ol

at
io

n
.

W
e

co
n
si

d
er

th
e

or
ig

in
al

op
ti

m
iz

a
ti

on
p
ro

b
le

m
(4

),
w

h
er

e
th

e
b
ia

s
u
p

d
at

es
m

u
st

gi
ve

ze
ro

on
n
o
d
e
c.

T
h
er

e
m

ay
b

e
ad

d
it

io
n
al

ed
ge

s
in

ci
d
en

t
on

th
e

n
o
d
es

sh
ow

n
,

b
u
t

th
es

e
ar

e
in

ac
ti

ve
fo

r
th

e
d
at

a
it

em
b

ei
n
g

le
a
rn

ed
.

In
p
u
t

n
o
d
e

1
h
as

b
ee

n
ze

ro
fo

r
al

l
p
re

v
io

u
s

d
at

a
an

d
ex

p
la

in
s

w
h
y

b
ia

se
s
b 1
→

2
,
b 2
→

3
an

d
b 2
→
c

ar
e

st
il
l

ze
ro

.
T

h
e

in
ac

ti
ve

ed
ge

in
ci

d
en

t
on

n
o
d
e

3
w

as
ac

ti
ve

on
p
re

v
io

u
s

d
at

a
an

d
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E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

F
ig

u
re

5:
A

n
et

w
or

k
fr

ag
m

en
t

on
w

h
ic

h
th

e
S
D

A
u
p

d
at

e
is

n
ot

op
ti

m
al

.
T

h
e

in
it

ia
l

b
ia

s
on

th
e

th
ic

k
ed

ge
s

is
ze

ro
,

w
h
il
e
b 3
→
c

=
b.

A
n
ot

h
er

p
ar

am
et

er
is

th
e

w
ei

g
h
t
w

of
n
o
d
e

2;
al

l
ot

h
er

n
o
d
es

h
av

e
u
n
it

w
ei

gh
t.

T
h
e

d
as

h
ed

ed
ge

is
in

a
ct

iv
e

in
it

ia
ll
y

an
d

ir
re

le
va

n
t,

b
u
t

w
as

re
sp

on
si

b
le

fo
r
b
>

0
fr

om
p
ri

o
r

tr
ai

n
in

g.

ac
co

u
n
ts

fo
r

th
e

p
os

it
iv

e
b
ia

s
b 3
→
c

=
b.

T
h
e

n
o
d
es

al
l

h
av

e
u
n
it

w
ei

gh
t

ex
ce

p
t

n
o
d
e

2
,

w
h
os

e
w

ei
gh

t
is
w

.
D

at
a

v
ec

to
r

co
m

p
on

en
t
d

1
=

1
(o

n
n
o
d
e

1)
is

th
e

on
ly

o
n
e

re
le

va
n
t

fo
r

th
e

fr
ag

m
en

t
sh

ow
n
.

It
is

ea
sy

to
se

e
th

at
fo

r
th

e
ca

se
w
<
b

th
e

S
D

A
so

lu
ti

on
is

op
ti

m
al

,
th

a
t

is
,

it
co

in
ci

d
es

w
it

h
th

e
so

lu
ti

on
of

(4
).

H
ow

ev
er

,
w

it
h

a
b
it

of
w

or
k

on
e

ca
n

sh
ow

th
at

th
e

S
D

A
u
p

d
a
te

s
ar

e
su

b
op

ti
m

al
w

h
en

w
>
b,

ev
en

w
h
en

ta
k
in

g
a
d
va

n
ta

ge
of

(6
).

T
h
is

ex
am

p
le

o
n
ly

sh
ow

s
th

er
e

is
ro

om
fo

r
im

p
ro

ve
m

en
t.

W
e

d
o

n
ot

k
n
ow

h
ow

p
er

va
si

ve
th

is
ty

p
e

o
f

in
st

a
n
ce

is
in

p
ra

ct
ic

e,
le

t
al

on
e

h
ow

se
ri

ou
sl

y
it

im
p
ac

ts
le

ar
n
in

g.

W
e

cl
os

e
th

is
se

ct
io

n
w

it
h

th
e

ob
se

rv
at

io
n

th
at

S
D

A
is

n
ot

th
at

d
iff

er
en

t
fr

o
m

S
G

D
ap

p
li
ed

to
th

e
lo

ss
fu

n
ct

io
n
x
c
.

T
h
e

m
ai

n
d
iff

er
en

ce
s

ar
e

th
at

th
e

st
ep

si
ze

(l
ea

rn
in

g
ra

te
)

is
n
ot

a
fr

ee
p
ar

am
et

er
b
u
t

se
t

b
y

d
ea

ct
iv

at
io

n
ev

en
ts

an
d

th
at

m
u
lt

ip
le

st
ep

s
m

ay
b

e
ex

ec
u
te

d
w

h
en

le
ar

n
in

g
ea

ch
d
at

a
it

em
.

T
h
e

b
en

efi
t

im
p
a
rt

ed
b
y

th
e

re
ct

ifi
ed

w
ir

e
m

o
d
el

,
in

th
is

co
n
te

x
t,

is
ju

st
th

at
th

e
gr

ad
ie

n
t

co
m

p
u
ta

ti
on

s
an

d
st

ep
si

ze
s

ar
e

ve
ry

ea
sy

to
co

m
p
u
te

.
If

w
e

se
t

as
id

e
m

on
ot

on
ic

it
y

an
d

so
lu

ti
on

gu
ar

an
te

es
,

th
es

e
at

tr
ib

u
te

s
ca

rr
y

ov
er

to
lo

ss
fu

n
ct

io
n
s

th
at

ar
e

m
u
ch

st
ro

n
ge

r
th

an
x
c
.

T
o

ge
t

a
se

n
se

of
h
ow

sm
al

l
a

ch
an

ge
m

ov
es

th
e

m
o
d
el

in
to

d
iffi

cu
lt

te
rr

it
or

y,
co

n
si

d
er

th
e

p
ro

b
le

m
of

le
ar

n
in

g
th

e
tr

u
th

va
lu

e
of

a
B

o
ol

ea
n

fu
n
ct

io
n
f

(z
)

on
N

va
ri

ab
le

s
g
en

er
a
te

d
b
y

M
b
in

ar
y
a
n
d

/
o
r

ga
te

s,
as

d
is

cu
ss

ed
in

se
ct

io
n

1.
T

h
e

re
ct

ifi
ed

w
ir

e
n
et

w
or

k
w

o
u
ld

re
ce

iv
e

2
N

d
ou

b
le

d
in

p
u
ts

an
d

h
av

e
ou

tp
u
t

n
o
d
es
f

an
d
f̄

,
tr

ai
n
ed

so
th

at
(x
f
,x

f̄
)

=
(f

(z
),
f̄

(z
))

.
F

ro
m

co
ro

ll
ar

y
(1

.3
)

w
e

k
n
ow

su
ch

a
re

ct
ifi

ed
w

ir
e

n
et

w
or

k
ex

is
ts

,
w

it
h

u
n
it

w
ei

g
h
ts

a
n
d
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M
o
n
o
t
o
n
e
L
e
a
r
n
in
g

w
it
h
R
e
c
t
if
ie
d

W
ir
e
N
e
t
w
o
r
k
s

h
av

in
g

at
m

o
st

7M
h
id

d
en

n
o
d
es.

T
h
e

ou
tstan

d
in

g
q
u
estion

,
of

cou
rse,

is
w

h
eth

er
a

grad
ien

t
b
a
sed

a
lgo

rith
m

can
fi
n
d

th
e

ap
p
rop

riate
b
ias

settin
gs.

In
stea

d
o
f

th
e

m
on

oton
e

loss
fu

n
ction

x
f

(z
) ,

frau
gh

t
w

ith
th

e
p
rob

lem
th

at
train

in
g

ca
n
n
o
t

p
reven

t
(x
f ,x

f̄ )
=

(0,0)
—

an
am

b
igu

ity
—

w
e

m
igh

t
try

th
e

h
in

ge-loss
fu

n
ction

m
ax (

0
,
x
f

(z
) −

x
f̄

(z
)

+
∆
)
.

B
y

co
ro

lla
ry

(1
.3)

w
e

k
n
ow

th
at

it
is

p
ossib

le
to

ach
ieve

zero
loss

ov
er

all
z

w
ith

m
argin

∆
=

1
,

a
n
d

th
a
t

th
e

d
ata

w
ill

b
e

correctly
an

d
u
n
am

b
igu

ou
sly

classifi
ed

.
L

ik
e
x
f

(z
) ,

th
is

lo
ss

fu
n
ctio

n
is

p
iecew

ise
lin

ear
on

th
e

rectifi
ed

w
ire

m
o
d
el

an
d

can
likew

ise
b

en
efi

t
from

fa
st

g
ra

d
ien

t
a
n
d

step
size

calcu
lation

s.
B

ecau
se

th
is

loss
is

n
o

lon
ger

m
on

oton
e

d
ecreasin

g
in

th
e

b
ias

p
aram

eters,
th

ere
is

n
ow

n
o

reason
to

in
itialize

b
iases

a
t

zero.
T

h
e

loss
of

m
o
n
o
ton

icity,
o
f

cou
rse,

b
rin

gs
w

ith
it

th
e

zero
grad

ien
t

p
rob

lem
.

W
e

su
sp

ect
th

is
m

ay
b

e
m

o
re

serio
u
s

fo
r

rectifi
ed

w
ires

th
an

it
is

in
sta

n
d
ard

n
etw

ork
m

o
d
els.

5
.

C
la

u
se

le
a
rn

in
g

A
lth

o
u
g
h

th
e

S
D

A
algorith

m
p
rov

id
es

a
tractab

le
com

p
u
tation

for
lea

rn
in

g
in

d
iv

id
u
al

d
ata

in
th

e
rectifi

ed
w

ire
m

o
d
el,

w
e

d
o

n
ot

yet
h
ave

an
y

reason
to

b
eliev

e
th

is
algo

rith
m

can
learn

a
n
y

in
terestin

g
fu

n
ction

s.
T

o
ad

d
ress

th
at

con
cern

,
in

th
is

section
w

e
sh

ow
th

at
at

least
in

a
p
a
rticu

la
r

lim
it,

th
e

S
D

A
algorith

m
is

ab
le

to
learn

classes
d
efi

n
ed

b
y

an
y

B
o
olean

fu
n
ction

.
W

e
a
lrea

d
y

saw
in

section
1

th
at

rectifi
ed

w
ire

n
etw

ork
s

can
rep

resen
t

su
ch

classes,
even

w
ith

favo
ra

b
le

size
scalin

g.
T

o
also

d
em

on
strate

learn
in

g
w

e
h
av

e
to

rely
on

an
ad

m
itted

ly
im

p
ra

ctica
l
fa

m
ily

of
n
etw

ork
s,

w
ith

size
grow

in
g

ex
p

on
en

tially
w

ith
th

e
n
u
m

b
er

of
B

o
o
lean

va
ria

b
les.

D
e
fi

n
itio

n
5
.1

T
h
e

co
m

p
lete

B
oo

lea
n

n
etw

o
rk,

fo
r

lea
rn

in
g

a
B

oo
lea

n
fu

n
ctio

n
f

(z
1 ,...,z

N
),

h
a
s
N

pa
irs

o
f

in
p
u

t
n

od
es,

2
N

h
id

d
en

n
od

es,
a
n

d
tw

o
o
u

tp
u

t
n

od
es.

T
h
e

in
p
u

t
n

od
es

co
rre-

spo
n

d
to

th
e

litera
ls
z

1 ,z̄
1 ,...,z

N
,z̄
N

,
th

e
h
id

d
en

n
od

es
to

a
ll

po
ssible

N
-cla

u
ses{z

1 ,z̄
1 }×

···×
{
z
N
,z̄
N }

fo
rm

ed
fro

m
N

litera
ls,

a
n

d
th

e
o
u

tp
u

t
n

od
es

co
rrespo

n
d

to
th

e
tru

th
va

lu
e

o
f
f

.
E

a
ch

h
id

d
en

n
od

e
h
a
s
N

ed
ges

to
ea

ch
o
f

its
co

n
stitu

en
t

litera
ls,

a
n

d
ed

ges
to

bo
th

o
f

th
e

o
u

tp
u

t
n

od
es.

F
ig

u
re

6
sh

ow
s

th
e

com
p
lete

B
o
olean

n
etw

ork
for

fu
n
ction

s
of

tw
o

variab
les

(ren
d
ered

for
zero

b
ias

o
n

a
ll

ed
ges).

In
gen

eral,
th

e
h
id

d
en

n
o
d
es

all
lie

in
th

e
sam

e
layer.

W
ith

th
e

w
eig

h
ts

a
t

th
e

ou
tp

u
t

n
o
d
es

fi
x
ed

at
1,

th
e

lim
it

of
th

e
S
D

A
algorith

m
w

e
w

ill
an

aly
ze

is
w

h
ere

th
e

w
eigh

t
w

sh
ared

b
y

all
th

e
h
id

d
en

n
o
d
es

ap
p
roach

es
zero.

W
e

refer
to

th
is

lim
it

o
n

co
m

p
lete

B
o
olean

n
etw

ork
s

as
cla

u
se

lea
rn

in
g

T
h
e

S
D

A
b
ias

ch
an

ges
in

clau
se

learn
in

g
are

very
sim

p
le.

W
h
ile

(−
∇
x
c )
i ∈
{0
,1}

w
h
en

i
is

a
n

o
u
tp

u
t

n
o
d
e,

b
y

(8)
w

e
h
av

e
(−
∇
x
c )
i ∈
{0
,w}

at
all

th
e

h
id

d
en

n
o
d
es.

F
rom

(8)
it

a
lso

fo
llow

s
th

at
th

e
b
ias

ch
an

ges
on

ed
ges

in
to

th
e

h
id

d
en

n
o
d
es

are
sm

aller
b
y

a
factor

w
relative

to
ed

ges
leav

in
g

th
e

h
id

d
en

n
o
d
es.

R
ecall

th
at

an
S
D

A
iteration

is
d
efi

n
ed

b
y

th
e

d
ea

ctiva
tio

n
of

som
e

ed
ge

as
b
iases

are
in

creased
.

In
clau

se
learn

in
g

th
is

alw
ay

s
o
ccu

rs
in

th
e

seco
n
d

layer,
in

th
e

ed
ges

to
th

e
ou

tp
u
ts.

A
s

th
e

h
id

d
en

n
o
d
e

valu
es

are
O

(w
),

th
e

b
ia

ses
to

th
e

o
u
tp

u
t

ed
ges

w
ill

also
b

e
O

(w
)

as
th

at
su

ffi
ces

for
d
ea

ctiva
tion

.
W

h
ile

th
ere

a
re

co
rresp

o
n
d
in

g
b
ias

ch
an

ges
on

ed
ges

in
to

th
e

h
id

d
en

n
o
d
es,

th
ese

are
sm

aller
b
y

a
factor

1
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E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

F
igu

re
6:

C
om

p
lete

B
o
olean

n
etw

ork
for

2-variab
le

B
o
olean

fu
n
ction

s
f

(z
1 ,z

2 ).
T

h
e

fu
n
c-

tion
valu

e
is

classifi
ed

b
y

th
e

sm
aller

of
th

e
tw

o
ou

tp
u
t

n
o
d
e

valu
es,

w
ith

th
e

con
ven

tion
th

at
n
o
d
e
f

is
sm

aller
w

h
en

f
(z

1 ,z
2 )

=
0.

of
w

,
or
O

(w
2),

an
d

far
from

m
ak

in
g

th
ese

ed
ges

in
a
ctive

(sin
ce
x
i ∈
{0,1}

on
th

e
in

p
u
t

n
o
d
es).

L
e
m

m
a

5
.2

In
cla

u
se

lea
rn

in
g,

th
e

h
id

d
en

n
od

es
a
n

d
th

e
bia

ses
o
n

ed
ges

lea
vin

g
th

em
,

a
lw

a
ys

h
a
ve

va
lu

es
o
f

th
e

fo
rm

w
K

+
O

(w
2),

K
∈
Z
≥

0 .

P
ro

o
f

W
e

u
se

in
d
u
ction

,
w

ith
th

e
b
ase

case
b

ein
g

th
e

sta
rt

of
train

in
g

w
h
ere

all
th

e
b
iases

are
zero.

F
or

an
y

(d
ou

b
led

)
in

p
u
t
d
∈
{
0
,1}

2
N

,
th

e
va

lu
e

of
a

h
id

d
en

n
o
d
e
h

is
x
h

=
w
K

(d
,h

),
w

h
ere

K
(d
,h

)∈
{0
,...,N

}
cou

n
ts

th
e

n
u
m

b
er

of
literals

asso
ciated

w
ith

n
o
d
e
h

th
at

are
1

for
in

p
u
t
d
.

N
ex

t
su

p
p

ose
th

at
a

sligh
tly

m
o
d
ifi

ed
statem

en
t

con
tin

u
es

to
h
old

after
T

iteration
s

of
S
D

A
,

th
at

is,
for

an
y

h
id

d
en

n
o
d
e
h

an
d

an
y

ed
ge

h
→

i,
x
h ,b

h→
i ∈
{
w
K

+
O

(w
2):

K
∈

Z
≥

0 }
.

C
on

sid
er

w
h
at

h
ap

p
en

s
in

iteration
T

+
1,

in
voked

w
h
en

th
e

n
etw

ork
m

akes
th

e
w

ron
g

p
red

iction
an

d
som

e
ed

ge
is

d
ea

ctivated
b
y

a
n

in
crease

in
b
ias.

T
h
e

d
eactivated

ed
ge

w
ill

alw
ay

s
b

e
an

ed
ge

leav
in

g
a

h
id

d
en

n
o
d
e,

an
d

th
e

ch
an

ge
of

its
b
ias

w
ill

th
erefore

b
e

th
e

d
iff

eren
ce

of
tw

o
n
u
m

b
ers

in
th

e
set{w

K
+
O

(w
2):

K
∈
Z
≥

0 }
,

th
u
s

keep
in

g
th

e
ch

an
ged

b
ias

in
th

is
set.

S
in

ce
th

e
corresp

on
d
in

g
b
ias

ch
an

ges
on

ed
ges

in
to

th
e

h
id

d
en

n
o
d
es

are
O

(w
2),

th
e

statem
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∈
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=
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=
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∈
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d
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b
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at
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=
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n
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d
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b
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re
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b
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p
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b
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=
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p
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b
ia

s
b h
→
f̄

=
w
K

+
O

(w
2
),
K
<
N

.
T

h
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h
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p
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h
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e
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b
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at
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b
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p
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b
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p
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b
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b
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d
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=

`(
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p
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b
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d
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h
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d
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e,
|i→
|.

F
ro

m
d
efi

n
it

io
n

1.
2

w
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ra
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√
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d
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b
a
sed

on
p
rior

in
fo

rm
a
tio

n
a
b

ou
t

th
e

classes,
su

ch
as

th
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d
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e

classes,
th

e
w

eigh
ts

on
th

e
ou

tp
u
t

n
o
d
es

sh
o
u
ld

b
e

g
iv

en
eq

u
al

valu
es.

B
y

scale
in

varian
ce

w
e

are
free

to
im

p
ose

w
i

=
1,

i∈
C
.

A
s

a
to

o
l
fo

r
th

e
stu

d
y

of
rectifi

ed
w

ire
n
etw

ork
s,

w
e

in
tro

d
u
ce

a
glob

al
w

eigh
t-m

u
ltip

lier
h
y
p

erp
a
ra

m
eter

q
w

h
ere

form
u
la

(14)
is

rep
laced

b
y

w
i

=
q

√
|→
i||i→

| ,
i∈

H
,

(15)

a
n
d
q

=
1

co
rresp

on
d
s

to
b
alan

ced
w

eigh
ts.

T
h
e

lim
it
q
→

0
is

in
terestin

g
b

ecau
se

it
co

lla
p
ses

th
e

rectifi
ed

w
ire

m
o
d
el

to
a

m
u
ch

sim
p
ler

on
e.

A
s

ex
p
lain

ed
in

section
5,

an
d

ea
sily

g
en

era
lized

to
arb

itrary
n
u
m

b
ers

of
layers,

tw
o

th
in

gs
h
ap

p
en

in
th

e
q→

0
lim

it:
(i)

o
n
ly

ed
g
es

in
th

e
fi
n
al

layer
ever

b
ecom

e
in

active,
an

d
(ii)

all
b
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ex
cep

t
th

ose
in

th
e

fi
n
al

layer
ca

n
b

e
n
eglected

.
B

ecau
se

of
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a
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th
e

lay
ers

b
elow

th
e

fi
n
al

h
id

d
en

layer
of

n
o
d
es

co
m

b
in

e
in

to
a

sin
gle

lin
ear

layer,
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ltin
g

in
a

m
o
d
el

w
ith

ju
st

a
sin

gle
h
id

d
en

layer.
A

fter
sca

lin
g

aw
ay

th
e

w
eigh

ts,
th

e
ex

p
ressio

n
for

th
e

valu
e

of
an

ou
tp

u
t

n
o
d
e
k
∈
C

takes
th

e
fo

rm

x
k

=
∑j∈
H

m
ax (

0, ∑i∈
D

a
ji x

i −
b
j→

k )
,

(16)

w
h
ere

th
e

in
teg

ers
a
ji

cou
n
t

th
e

n
u
m

b
er

of
p
ath

s
in

th
e

n
etw

ork
from

an
in

p
u
t

n
o
d
e
i

to
a

h
id

d
en

lay
er

n
o
d
e
j.

T
h
is

m
o
d
el,

com
p
risin

g
a
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gle
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of

rectifi
er
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of
cou

rse
m

u
ch

ea
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an
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th
an

a
gen
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m

u
lti-layered
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w
ire
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o
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el.

B
y

d
ecreasin

g
q
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p
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e
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e

valu
e
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d
ep

th
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th
e

n
etw

ork
.

In
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→

0
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p
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ce,
th

en
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ep
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b
ein

g
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essen
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7
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b
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d
el

(rectifi
ed

w
ires)
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(con
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n
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n
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e
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o
d
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d
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d
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n
etw
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rk
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e
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d
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S
D

A
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m
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e
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n
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n
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b
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h
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d
en
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n
etw

ork
,

for
fu

n
ction

s
o
n
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B
o
o
lea

n
variab

les.
W

e
a
lrea

d
y

p
roved

(section
5)

th
at

th
e

16-ed
ge

n
etw

ork
sh

ow
n

in
F

ig
u
re

6
learn

s
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2
2
2

tw
o
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b
le

B
o
olean

fu
n
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w
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S
D

A
in
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e
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g

w
eigh
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th
e
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b
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ts.
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E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

F
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re
7:

T
w

o
ex
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p
les

of
fi
n
al

b
ias

settin
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in
colu

m
n
s,

for
n
etw

ork
s

tra
in

ed
on

th
e

fu
n
ction

s
(left

to
righ

t)
f

0 ,
f

1 ,
f

+
,
f×

w
ith

d
iff

eren
t

d
ata

ord
erin

gs.

sy
m

m
etry

of
th
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n
etw

ork
,

w
e
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eed
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eck
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r
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u
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p
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p
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op
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ra
of

G
F

(2)
for

B
o
olean

op
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e
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r
eq

u
ivalen
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f
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1 ,z
2 )
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f
1 (z

1 ,z
2 )

=
z

1
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+

(z
1 ,z

2 )
=
z

1
+
z

2

f×
(z

1 ,z
2 )

=
z

1 z
2 .

W
e

h
av

e
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ed
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at
th

e
fou

r
fu

n
ctio

n
s

ab
ov

e
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re

learn
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th

e
16-ed

ge
n
etw

ork
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ith
S
D

A
an

d
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alan

ced
w

eigh
ts

(q
=

1).
T

h
e

b
iases

w
ere
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ay
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in

itialized
at

zero,
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ren
d
ered

b
y

eq
u
al-th

ick
n
ess

w
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6.
R
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h
ow

th
e

n
etw

ork
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train
ed

on
a

fu
n
ction

f
w

ith
th

e
S
D

A
algorith

m
.

A
fter

a
d
ata

v
ector

d
=

(z
1 ,z

2 ,z̄
2 ,z̄

1 )
is

forw
ard

-p
rop

agated
,

th
e
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o

ou
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u
t

n
o
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es

w
ill

h
ave

eq
u
al

or
u
n
eq

u
al

valu
es.

If
u
n
eq

u
al,

an
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th
e

correct
n
o
d
e

—
corresp

on
d
in

g
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class
f

(z
1 ,z

2 )
—
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allest,
n
o

b
iases

are
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an
ged

an
d

th
e

n
ex

t
item

is
p
ro

cessed
.

If
th

e
sm

allest
ou

tp
u
t

is
p

ositive
b
u
t

w
ron

g,
or

eq
u
al

to
th

e
oth

er
ou

tp
u
t,

th
en

th
e

S
D

A
algorith

m
ex

ecu
tes

iteration
s

u
n
til

th
e

correct
ou

tp
u
t

is
sm

allest
or

zero.
T

h
e

n
etw

ork
w

ill
th

en
h
ave

learn
ed

d
,

ex
cep

t
for

th
e

case
w

h
ere

th
e

iteration
s

d
rive

b
oth

ou
tp

u
ts

to
zero.

T
h
is

irreversib
le

m
o
d
e

of
classifi

cation
am

b
igu

ity
d
o
es

n
ot

arise
w

ith
th

e
16-ed

ge
n
etw

ork
an

d
an

y
of

th
e

fou
r

fu
n
ction

s.
In

u
ltra-con

servative
learn

in
g

th
ere

is
n
o

gu
aran

tee
th

at
su

ccessfu
lly

learn
ed

d
ata

is
n
ot

u
n
learn

ed
in

su
b
seq

u
en

t
train

in
g.

H
ow

ever,
b
y

testin
g

on
all

fou
r

d
ata

each
tim

e
b
iases

are
ch

an
ged

b
y

S
D

A
,
on

e
can

estab
lish

w
h
eth

er
th

e
fu

n
ction

is
learn

ed
.

T
h
e

ord
er

in
w

h
ich

d
ata

are
p
ro

cessed
m

atters,
as

m
an

ifested
in

th
e

fi
n
al

b
ia

s
valu

es.
F

igu
re

7
sh

ow
s

tw
o

ex
am

p
les

of
fi
n
al

b
ias

settin
gs

for
each

of
th

e
fou

r
fu

n
ction

s.
D

efi
n
e

a
tria

l
as

a
sin

gle
train

in
g

ex
p

erim
en

t
w

h
ere,

startin
g

w
ith

zero
b
ias,

th
e

d
ata

are
p
ro

cessed
in

som
e

p
rescrib

ed
ord

er.
A

ll
trials,

for
an

y
o
f

th
e

fou
r

fu
n
ction

s
ab

ove,
are

su
ccessfu

l
on

th
e

16-ed
ge

n
etw

ork
.

T
h
at

is,
th

ere
alw

ay
s

is
a

p
oin

t
w

h
ere

th
e

b
iases

stop
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M
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o
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o
n
e
L
e
a
r
n
in
g

w
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h
R
e
c
t
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d

W
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e
N
e
t
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o
r
k
s

ch
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n
g
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d
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e

d
at
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b
ig
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sl
y
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si
fi
ed

.
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w
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n
u
m

b
er

s
of
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re
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u
l
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l
ar
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er
r,
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n
u
m

b
er
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w

ro
n
g
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am

b
ig

u
ou

sl
y
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fi
ed

d
at

a
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n
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on
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of
S
D

A
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er

th
e

co
u
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e
of

tr
ai

n
in

g,
an

d
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#

it
er

,
th

e
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ta
l

n
u
m

b
er

of
S
D

A
it

er
at

io
n
s

p
er

fo
rm

ed
.

T
h
es

e
n
u
m

b
er

s
a
re

eq
u
al

on
th

e
16

-e
d
ge

n
et

w
or

k
tr

ai
n
ed

on
an

y
of

th
e

2-
va

ri
ab

le
fu

n
ct

io
n
s,
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on

e
S
D

A
it

er
at

io
n

is
su

ffi
ci

en
t

to
fi
x

an
y

in
co

rr
ec

t
cl

as
si

fi
ca

ti
on

in
th

is
ca

se
.

N
ot

su
rp

ri
si

n
gl

y,
th

e
co

n
st

an
t

fu
n
ct

io
n
f 0

is
th

e
ea

si
es

t
to

le
ar

n
,

w
it

h
#

er
r

=
1.

A
ll

tr
ia

ls
w

it
h
f 1

h
av

e
#

er
r

eq
u
al

to
4

or
5.

T
h
e
x
o
r

fu
n
ct

io
n
,
f +

,
al

w
ay

s
h
as

#
er

r
=

3,
w

h
il
e

th
e
a
n
d

fu
n
ct

io
n
,
f ×

,
h
as

th
e

gr
ea

te
st

va
ri

at
io

n
w

it
h

#
er

r
=

2,
3

or
4.

T
h
e

m
or

e
ag

gr
es

si
ve

va
ri

an
t

of
S
D

A
,

w
h
er

e
it

er
at

io
n
s

co
n
ti

n
u
e

u
n
ti

l
th

e
cl

as
s

ou
tp

u
t

n
o
d
e

is
ze

ro
,

al
so

su
cc

ee
d
s

fo
r

al
l

fo
u
r

fu
n
ct

io
n
s

on
th

e
16

-e
d
ge

n
et

w
or

k
w

it
h

b
al

an
ce

d
w

ei
gh

ts
.

In
th

is
m

o
d
e

of
tr

ai
n
in

g
on

e
p
as

s
th

ro
u
gh

th
e

d
at

a
al

w
ay

s
su

ffi
ce

s.
W

e
fi
n
d
,

fo
r

al
l

fo
u
r

fu
n
ct

io
n
s,

th
at

th
e

n
et

w
or

k
m

u
st

se
e

al
l

th
e

d
at

a
(#

er
r

=
4)

an
d

6
≤

#
it

er
≤

9.

C
om

p
le

te
B

o
ol

ea
n

n
et

w
or

k
s,

su
ch

as
th

e
16

-e
d
ge

n
et

w
or

k
,

q
u
ic

k
ly

b
ec

om
e

to
o

la
rg

e
fo

r
fu

n
ct

io
n
s

of
m

an
y

B
o
ol

ea
n

va
ri

ab
le

s,
a
n
d

al
te

rn
at

iv
e

n
et

w
or

k
d
es

ig
n
s

m
u
st

b
e

co
n
si

d
er

ed
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F
or

ex
am

p
le

,
th

e
n
o
d
es

in
th

e
si

n
gl

e
h
id

d
en

la
y
er

co
u
ld

b
e
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au

se
s

fo
rm

ed
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om
al

l
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al
l

su
b
se
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of

th
e

va
ri
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le
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or

ev
en

an
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p
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te
sa

m
p
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g

of
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se

s.
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h
e

su
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cl
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se

le
ar

n
in
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→
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w

it
h

su
ch

n
et

w
or

k
s

w
ou
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of

co
u
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e
d
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en
d
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e
n
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tu

re
of

th
e

fu
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n
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T
h
e

op
p

os
it

e
li
m

it
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p
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ed

to
th

e
h
id

d
en

-l
ay

er
w

ei
gh
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∞
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su

gg
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a

d
iff

er
en

t
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ig
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fo
r

si
n
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id
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en
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ay

er
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et

w
or

k
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B
ec

au
se

b
ia

se
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on
ed

ge
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to
th

e
ou

tp
u
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n
ev

er
ch

an
ge
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is
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m

it
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w
e
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n
n
ec

t
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ch
h
id

d
en

-l
ay

er
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o
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e

to
a

si
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gl

e
ou
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t.

T
h
e

h
id

d
en
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ay

er
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o
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ra
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n
in

g
b
y

ch
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to
th

e
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b
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F
or

ex
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p
le
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la
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p
le

b
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at
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b
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at
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→
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p
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b
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re

e-
va

ri
ab

le
B

o
ol

ea
n

fu
n
ct

io
n
s

w
h
er

e
th

e
h
id

d
en

la
ye

r
n
o
d
es

on
ly

h
av

e
in

-
d
eg

re
e

tw
o.

T
o

p
ot

en
ti

al
ly

ex
p
re

ss
re

la
ti

on
sh

ip
s

am
on

g
th

re
e

va
ri

ab
le

s,
th

e
h
id

d
en

n
o
d
es

ar
e

ar
ra

n
ge

d
in

tw
o

la
ye

rs
.

T
h
e

th
re

e-
va

ri
ab

le
n
et

w
or

k
,

sh
ow

n
in

F
ig

u
re

8,
is

co
m

p
le

te
in

th
e

fo
ll
ow

in
g

se
n
se

.
T

h
e

n
o
d
es

in
th

e
fi
rs

t
h
id

d
en

la
ye

r
ex

h
au

st
th

e
3
×

4
w

ay
s

of
co

ll
ec

ti
n
g

in
p
u
ts

fr
om

d
is

ti
n
ct

B
o
ol

ea
n

p
ai

rs
,

w
it

h
an

d
w

it
h
ou

t
n
eg

at
io

n
.

O
n
e

at
tr

ib
u
te

of
th

es
e

n
o
d
es

is
th

e
id

en
ti

ty
of

th
e

B
o
ol

ea
n

va
ri

ab
le

—
1,

2
or

3
—

th
at

w
as

n
o
t

sa
m

p
le

d
.

T
h
e

se
co

n
d

la
ye

r
of

h
id

d
en

n
o
d
es

ex
h
au

st
s

al
l

3
×

4
×

4
co

m
b
in

at
io

n
s

of
in

p
u
t

p
ai

rs
fo

r
w

h
ic

h
th

is
fi
rs

t
h
id

d
en

la
ye

r
at

tr
ib

u
te

is
d
iff

er
en

t.
A

s
in

th
e

16
-e

d
ge

n
et

w
or

k
,

th
e

w
ir

in
g

b
et

w
ee

n
th

e
fi
n
al

h
id

d
en

la
ye

r
an

d
th

e
ou

tp
u
t

n
o
d
es

is
co

m
p
le

te
in

th
e

co
n
ve

n
ti

on
al

se
n
se

.
T

h
e

re
su

lt
in

g
n
et

w
or

k
h
as

21
6

ed
ge

s. B
ia

s
re

n
d
er

in
gs

,
af

te
r

tr
ai

n
in

g,
of

n
et

w
or

k
s

w
it

h
ov

er
20

0
ed

ge
s

ar
e

n
ot

ve
ry

co
m

p
re

h
en

-
si

b
le

.
H

ow
ev

er
,

th
e

st
at

is
ti

cs
of

th
e

n
u
m

b
er

s
#

er
r

an
d

#
it

er
ap

p
ea

r
to

co
rr

el
at

e
w

el
l

w
it

h
th

e
n
ai

ve
co

m
p
le

x
it

y
of

th
e

B
o
ol

ea
n

fu
n
ct

io
n
.

W
e

co
n
si

d
er

ed
th

re
e

fu
n
ct

io
n
s

th
at

ev
al

u
at

e
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E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

F
ig

u
re

8:
A

re
ct

ifi
ed

w
ir

e
n
et

w
or

k
w

it
h

tw
o

h
id

d
en

la
y
er

s
th

at
,

w
e

co
n
je

ct
u
re

,
le

a
rn

s
a
ll

B
o
ol

ea
n

fu
n
ct

io
n
s
f

(z
1
,z

2
,z

3
)

on
th

re
e

va
ri

ab
le

s.
A

ll
h
id

d
en

n
o
d
es

in
th

is
n
et

w
o
rk

h
av

e
tw

o
in

p
u
ts

.

to
0

an
d

1
w

it
h

eq
u
al

fr
eq

u
en

cy
:

f 1
(z

1
,z

2
,z

3
)

=
z 1

f >
(z

1
,z

2
,z

3
)

=
z 1
z 2

+
z 2
z 3

+
z 3
z 1

f +
(z

1
,z

2
,z

3
)

=
z 1

+
z 2

+
z 3
.

L
ea

rn
in

g
f 1

,
or

le
ar

n
in

g
to

ig
n
or

e
z 2

an
d
z 3

,
sh

ou
ld

b
e

ea
si

es
t.

F
u
n
ct

io
n
f >

,
th

e
lo

g
ic

a
l

m
a

jo
ri

ty
fu

n
ct

io
n
,

w
e

ex
p

ec
t

to
b

e
h
ar

d
er

b
ec

au
se

it
s

va
lu

e,
in

so
m

e
b
u
t

n
o
t

a
ll

ca
se

s,
is

se
n
si

ti
ve

to
al

l
th

re
e

va
ri

ab
le

s.
B

y
th

e
sa

m
e

ar
gu

m
en

t,
th

e
p
ar

it
y

fu
n
ct

io
n
f +

sh
o
u
ld

b
e

th
e

h
ar

d
es

t
of

th
e

th
re

e.

A
ll

tr
ia

ls
w

e
p

er
fo

rm
ed

on
f 1

,
f >

an
d
f +

,
u
si

n
g

S
D

A
on

th
e

21
6-

ed
ge

n
et

w
o
rk

w
it

h
b
al

an
ce

d
w

ei
gh

ts
,

w
er

e
su

cc
es

sf
u
l.

F
ig

u
re

9
sh

ow
s

th
e

d
is

tr
ib

u
ti

on
of

#
er

r
a
n
d

#
it

er
in

5
0

tr
ia

ls
fo

r
ea

ch
,

d
iff

er
in

g
on

ly
in

th
e

or
d
er

in
w

h
ic

h
th

e
d
at

a
ar

e
p
ro

ce
ss

ed
.

B
y

ei
th

er
m

et
ri

c
—

th
e

to
ta

l
n
u
m

b
er

of
fa

ls
e

cl
as

si
fi
ca

ti
on

s
or

th
e

to
ta

l
w

or
k

in
tr

ai
n
in

g
—

th
e

d
iffi

cu
lt

y
ra

n
k
in

g
of

th
e

fu
n
ct

io
n
s

is
f 1

<
f >

<
f +

.
L

es
s

ex
te

n
si

v
e

tr
ia

ls
on

th
e

fu
ll

se
t

o
f

22
3

B
o
ol

ea
n

fu
n
ct

io
n
s

al
l
p
ro

ve
d

su
cc

es
sf

u
l
an

d
le

ad
s

u
s

to
co

n
je

ct
u
re

th
at

th
e

21
6
-e

d
g
e

n
et

w
o
rk

of
F

ig
u
re

8
le

ar
n
s

al
l

3-
va

ri
ab

le
B

o
o
le

an
fu

n
ct

io
n
s

re
ga

rd
le

ss
of

d
at

a
or

d
er

.

W
e

n
ot

e
th

at
th

e
co

m
p
le

te
B

o
ol

ea
n

n
et

w
or

k
,

w
it

h
on

ly
23

(3
+

2)
=

40
ed

g
es

,
w

o
u
ld

h
av

e
b

ee
n

m
u
ch

sm
al

le
r

in
th

is
in

st
an

ce
an

d
b
y

th
eo

re
m

5.
3

ca
n

le
ar

n
al

l
th

e
B

o
o
le

a
n

fu
n
ct

io
n
s

in
th

e
w
→

0
li
m

it
.

S
ti

ll
,

it
is

re
as

su
ri

n
g

to
se

e
th

at
S
D

A
al

so
w

o
rk

s
in

d
ee

p
n
et

w
o
rk

s.

T
h
e

th
re

e-
va

ri
ab

le
B

o
ol

ea
n

fu
n
ct

io
n
s

al
so

h
ig

h
li
gh

t
th

e
ad

va
n
ta

ge
of

th
e

u
lt

ra
-c

o
n
se

rv
a
ti

ve
te

rm
in

at
io

n
ru

le
fo

r
S
D

A
it

er
at

io
n
s.

W
h
en

w
e

re
p

ea
t

th
e

50
tr

ia
ls

w
it

h
th

e
st

ri
ct

er
ze

ro
-
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M
o
n
o
t
o
n
e
L
e
a
r
n
in
g

w
it
h
R
e
c
t
if
ie
d

W
ir
e
N
e
t
w
o
r
k
s

F
ig

u
re

9
:

D
istrib

u
tion

of
#

err
an

d
#

iter
in

50
trials

w
h
en

learn
in

g
th

e
th

ree-variab
le

B
o
olean

fu
n
ction

s
f

1 ,
f
>

an
d
f

+
on

th
e

n
etw

ork
sh

ow
n

in
F

igu
re

8.

o
u
tp

u
t-va

lu
e

ru
le

(x
c

=
0),

w
e

fi
n
d

th
at

train
in

g
is

n
ot

a
lw

ay
s

su
ccessfu

l.
W

h
ile

train
in

g
on

f
1

w
a
s

a
lw

ay
s

su
ccessfu

l,
th

e
su

ccess
rate

on
f
>

w
as

76%
an

d
on

f
+

on
ly

22%
.

T
h
e

su
ccess

ra
te

im
p
roves

for
sm

aller
q

an
d

ap
p

ears
to

b
e

at
100%

for
all

th
ree

fu
n
ction

s
w

h
en

q
=

0.5.
A

n
o
th

er
p

o
in

t
in

favor
of

u
ltra-con

servative
term

in
ation

is
th

e
greatly

red
u
ced

n
u
m

b
er

of
iteratio

n
s.

F
or

ex
am

p
le,

b
y

forcin
g

zero
ou

tp
u
ts,

th
e

total
n
u
m

b
er

of
iteration

s
n
eed

ed
to

lea
rn
f

1 ,
avera

g
ed

over
d
ata

ord
erin

g,
is

ab
ou

t
140,

or
ab

ou
t

15
tim

es
th

e
n
u
m

b
er

n
eed

ed
b
y

th
e

u
ltra

-co
n
servative

ru
le.

8
.

S
p
a
rse

e
x
p
a
n
d
e
r

n
e
tw

o
rk

s

A
n
ice

sim
p
lifi

cation
p
rov

id
ed

b
y

rectifi
ed

w
ire

n
etw

ork
s

is
th

at
th

e
train

in
g

algorith
m

h
as

very
few

h
y
p

erp
aram

eters.
L

earn
in

g
su

cceed
s

or
fails

m
ostly

on
th

e
b
asis

of
th

e
n
etw

ork
w

e
ch

o
o
se.

H
ow

ever,
it

is
p

ossib
le

th
at

th
e

tractab
ility

of
rectifi

ed
w

ire
train

in
g

com
es

at
th

e
co

st
o
f

a
g
reater

sen
sitiv

ity
to

n
etw

ork
d
esign

.
W

e
th

erefore
an

ticip
ate

th
at

n
etw

ork
ch

a
ra

cteristics
—

size,
d
ep

th
,

sp
arsity

—
w

ill
take

over
th

e
role

of
h
y
p

erp
ara

m
eters.

A
s

a
g
en

era
l

ru
le,

learn
in

g
im

p
roves

w
ith

larg
er

n
etw

o
rk

s.
S
in

ce
th

e
ed

g
e-b

iases
are

th
e

o
n
ly

lea
rn

ed
p
aram

eters
of

a
rectifi

ed
w

ire
n
etw

ork
,

th
e

ap
p
rop

riate
m

easu
re

of
n
etw

ork
size

is
th

e
n
u
m

b
er

of
ed

ges.
In

th
is

sectio
n

w
e

in
tro

d
u
ce

a
fam

ily
of

n
etw

ork
s

th
at

ad
d
s

d
ep

th
—

th
e

n
u
m

b
er

of
h
id

d
en

layers
—

as
a

seco
n
d

d
esign

p
aram

eter.

L
ayered

n
etw

ork
s

th
at

are
com

p
letely

con
n
ected

in
th

e
con

ven
tion

al
sen

se
su

ff
er

from
a

sy
m

m
etry

b
reak

in
g

p
rob

lem
.

S
in

ce
w

e
start

w
ith

all
b
iases

set
at

zero,
a

com
p
letely

co
n
n
ected

n
etw

ork
h
as

p
erfect

p
erm

u
tation

sy
m

m
etry

of
its

h
id

d
en

n
o
d
es.

T
h
is

sy
m

m
etry
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E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

ex
ten

d
s,

d
u
rin

g
train

in
g,

to
th

e
b
ias

u
p

d
ates

on
all

ed
ges

b
etw

een
th

e
h
id

d
en

n
o
d
es.

T
o

allow
for

in
d
ep

en
d
en

t
settin

gs
of

th
e

b
iases,

th
e

in
itial

b
iases

m
u
st

b
reak

th
e

sy
m

m
etry

in
som

e
d
ata-n

eu
tral

fash
ion

.
In

com
p
letely

con
n
ected

or
ev

en
sp

arse
n
etw

ork
s

are
an

ex
trem

e
form

of
sy

m
m

etry
b
reak

in
g,

an
d

corresp
on

d
to

in
fi
n
ite

b
ias

settin
gs.

O
u
r

n
etw

ork
d
esign

,
called

spa
rse

expa
n

d
er

n
etw

o
rks,

gen
eralizes

th
e

n
etw

ork
s

of
section

7.
S
p
arsity

in
ou

r
case

is
th

e
p
rop

erty
th

at
all

th
e

h
id

d
en

n
o
d
es

h
ave

in
-d

egree
of

on
ly

tw
o.

A
t

th
e

sam
e

tim
e,

th
e

rep
resen

tation
of

th
e

d
ata

is
ex

p
an

d
ed

,
layer

to
layer,

b
y

a
con

stan
t

grow
th

factor
g

in
th

e
size

of
layers.

T
h
e

ex
p
an

d
er

stru
ctu

re
can

n
ot

b
e

ap
p
lied

to
th

e
fi
n
al

tw
o

layers
b

ecau
se

of
th

e
fi
x
ed

(an
d

sm
all)

n
u
m

b
er

of
ou

tp
u
t

n
o
d
es.

H
ere

th
e

layers
are

com
p
letely

con
n
ected

,
th

ereb
y

m
ak

in
g

all
th

e
in

form
ation

in
th

e
last

(largest)
h
id

d
en

layer
availab

le
to

each
ou

tp
u
t

n
o
d
e.

L
ettin

g
h

d
en

o
te

th
e

n
u
m

b
er

of
h
id

d
en

layers,
th

e
n
u
m

b
er

of
ed

ges
in

a
sp

arse
ex

p
an

d
er

n
etw

ork
for|D

|
in

p
u
ts

an
d
|C
|

classes,
w

ith
p
aram

eters
(g
,h

),
is

|E
|
=
|D
|(2g

+
···

+
2
g
h−

1
+

(2
+
|C
|)g

h).
(17)

T
o

in
tro

d
u
ce

a
d
egree

of
u
n
iform

ity,
ou

r
n
etw

ork
s

h
av

e
a

con
sta

n
t

ou
t-d

egree
of

2g
on

all
in

p
u
t

an
d

h
id

d
en

n
o
d
es.

T
h
is

req
u
ires

th
at
g

is
an

in
teger.

T
h
e

in
-ed

ges
to

th
e

n
o
d
es

in
a

h
id

d
en

layer
are

gen
erated

b
y

th
e

sim
p
lest

ran
d
om

algorith
m

.
In

a
fi
rst

p
ass

th
rou

gh
th

e
h
id

d
en

layer
w

e
create

on
e

ed
ge

p
er

n
o
d
e

to
th

e
lay

er
b

elow
b
y

d
raw

in
g

u
n
iform

ly
from

th
e

n
o
d
es

th
at

cu
rren

tly
h
ave

th
e

sm
aller

of
tw

o
p

ossib
le

o
u
t-d

egrees.
A

secon
d

ed
ge

is
ad

d
ed

in
a

secon
d

p
ass,

at
th

e
com

p
letion

of
w

h
ich

all
th

e
n
o
d
es

on
th

e
layer

b
elow

w
ill

h
ave

ou
t-d

egree
2g

.
E

d
ges

from
th

e
fi
rst

h
id

d
en

layer
to

th
e

in
p
u
t

layer
are

con
stru

cted
n
o

d
iff

eren
tly.

T
h
is

con
stru

ction
is

im
p
lem

en
ted

b
y

th
e

p
u
b
licly

availab
le

1C
p
rogram

e
x
p
a
n
d
e
r

an
d

w
as

u
sed

for
all

th
e

ex
p

erim
en

ts
rep

orted
in

th
e

n
ex

t
section

.

W
e

can
u
se

th
e

h
y
p

erp
aram

eter
q

to
assess

th
e

role
of

d
ep

th
.

If
p

erform
an

ce
d
o
es

n
ot

d
egrad

e
in

th
e

lim
it
q→

0,
th

en
th

e
n
etw

ork
cou

ld
h
ave

b
een

rep
laced

b
y

th
e

m
u
ch

sim
p
ler

sin
gle-h

id
d
en

-layer
m

o
d
el

(16).
W

h
en

th
is

lim
it

is
ap

p
lied

to
a

sp
a
rse

ex
p
an

d
er

n
etw

ork
,

th
e

n
u
m

b
er

of
h
id

d
en

n
o
d
es

is|H
|

=
|D
|g
h.

T
h
e

sam
p
lin

g
of

th
e

fi
x
ed

w
eigh

ts
a
ji

in
th

e
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c,
it

s
tr

an
sp

os
e

d
efi

n
es

an
ot

h
er

M
ar

ko
v

ch
ai

n
an

d
is

th
e

so
u
rc

e
of

th
e

st
ri

n
gs

in
cl

as
s

2.
T

h
e

d
ou

b
ly

st
o
ch

as
ti

c
p
ro

p
er

ty
al

so
en

su
re

s
th

at
th

e
fo

u
r

sy
m

b
o
ls

o
cc

u
r

w
it

h
eq

u
al

fr
eq

u
en

cy
.

F
in

al
ly

,
th

e
ab

se
n
ce

of
ze

ro
s

m
ea

n
s

th
at

al
l

b
ig

ra
m

s
h
av

e
fi
n
it

e
p
ro

b
ab

il
it

y.

E
ve

n
a

m
ac

h
in

e
th

at
m

an
ag

ed
to

re
co

n
st

ru
ct
T

fr
om

th
e

d
a
ta

co
u
ld

n
ev

er
h
av

e
p

er
fe

ct
cl

as
si

fi
ca

ti
on

ac
cu

ra
cy

,
b

ec
au

se
ev

er
y

12
-s

y
m

b
ol

st
ri

n
g

o
cc

u
rs

w
it

h
fi
n
it

e
p
ro

b
a
b
il
it

y
in

ei
th

er
ch

ai
n
.

T
h
e

op
ti

m
al

cl
as

si
fi
er

se
le

ct
s

th
e

ch
ai

n
(c

la
ss

)
th

at
gi

ve
s

ea
ch

st
ri

n
g

th
e

h
ig

h
es

t
p
ro

b
ab

il
it

y.
W

it
h

th
is

cr
it

er
io

n
ap

p
li
ed

to
ou

r
T

,
th

e
tr

u
e-

p
os

it
iv

e
ra

te
fo

r
12

-s
y
m

b
o
l
st

ri
n
g
s

is
95

.1
%

.
W

e
al

so
tr

ai
n
ed

n
et

w
or

k
s

on
25

-s
y
m

b
ol

st
ri

n
gs

,
fo

r
w

h
ic

h
th

e
tr

u
e-

p
o
si

ti
ve

ra
te

is
99

.1
%

.
T

h
es

e
n
u
m

b
er

s
se

t
th

e
m

ax
im

u
m

ac
h
ie

va
b
le

cl
as

si
fi
ca

ti
o
n

ac
cu

ra
cy

.

In
F

ig
u
re

s
20

an
d

21
w

e
co

m
p
ar

e
cl

as
si

fi
ca

ti
on

ac
cu

ra
ci

es
fo

r
12

-
a
n
d

25
-s

y
m

b
o
l

st
ri

n
g
s

as
le

ar
n
ed

on
n
et

w
or

k
s

h
av

in
g

ap
p
ro

x
im

at
el

y
2
×

10
5

ed
ge

s.
W

e
se

e
th

at
h
er

e
th

e
d
ep

th
o
f

th
e

n
et

w
or

k
h
as

ve
ry

li
tt

le
eff

ec
t

on
th

e
m

ax
im

u
m

ac
cu

ra
cy

.
B

y
th

e
p
ro

b
ab

il
is

ti
c

n
a
tu

re
o
f
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e
L
e
a
r
n
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g

w
it
h
R
e
c
t
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ie
d

W
ir
e
N
e
t
w
o
r
k
s

F
ig

u
re

2
0:

C
la

ssifi
cation

accu
racy

of
1
2-sy

m
b

ol
strin

gs
gen

erated
b
y

th
e

M
arkov

ch
ain

(18)
o
r

its
tran

sp
ose.

F
ig

u
re

2
1:

C
la

ssifi
cation

accu
racy

of
2
5-sy

m
b

ol
strin

gs
gen

erated
b
y

th
e

M
arkov

ch
ain

(18)
o
r

its
tran

sp
ose.

th
e

d
a
ta,

th
ese

accu
racies

m
u
st

ev
en

tu
ally

d
eclin

e
as

strin
gs

h
av

in
g

h
igh

er
p
rob

ab
ility,

in
th

e
cla

ss
w

ith
th

e
oth

er
lab

el,
are

en
cou

n
tered

.
D

eep
er

n
etw

ork
s

are
less

v
u
ln

erab
le

to
th

is
p
h
en

o
m

en
o
n
.

T
h
e

h
igh

est
accu

racy
ach

iev
ed

for
12

-sy
m

b
ol

strin
gs

is
6%

b
elow

th
at

of
th

e
o
p
tim

a
l

cla
ssifi

er;
for

25-sy
m

b
ol

strin
gs

th
e

sh
ortfall

is
3%

.

W
e

d
id

n
o
t

ex
p
lore

th
e

eff
ect

of
d
ecreasin

g
th

e
q

h
y
p

erp
aram

eter
for

th
is

d
ata

set.
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E
l
se

r
,
S
c
h
m
id
t
a
n
d

Y
e
d
id
ia

1
0
.

D
iscu

ssio
n

T
h
e

rectifi
ed

w
ire

m
o
d
el

is
a

sign
ifi

can
t

d
ep

artu
re

from
th

e
“stan

d
ard

m
o
d
el”

of
n
eu

ral
n
etw

ork
s.

E
v
en

so,
th

e
train

in
g

algorith
m

w
e

d
erived

for
th

is
m

o
d
el,

S
D

A
,

d
eserv

es
com

-
p
arison

w
ith

th
e

lead
in

g
algorith

m
for

th
e

stan
d
ard

m
o
d
el:

sto
ch

astic
grad

ien
t

d
escen

t
(S

G
D

)
(R

u
m

elh
art

et
al.,

1986).
In

b
oth

alg
orith

m
s

th
e

n
etw

ork
p
aram

eters
are

u
p

d
ated

after
on

ly
a

sm
all

am
ou

n
t

of
d
ata

h
as

b
een

seen
:

a
sin

gle
item

in
th

e
case

of
S
D

A
,

a
m

in
i-

b
atch

for
S
G

D
.

T
h
e

com
p
u
tation

of
u
p

d
ates

in
volv

es
p
rop

agatin
g

d
ata

v
ectors

in
a

forw
ard

p
ass,

an
d

th
e

class
of

th
e

d
ata

—
or

th
e

asso
ciated

loss
—

in
a

b
ack

w
ard

p
ass.

S
D

A
m

akes
an

ex
tra

forw
ard

p
ass

th
at

d
eterm

in
es

th
e

size
of

each
u
p

d
ate,

sign
aled

b
y

a
d
eactivation

even
t.

In
S
G

D
th

e
size

of
th

e
u
p

d
ate

is
set

b
y

th
e

learn
in

g
rate,

a
h
y
p

erp
aram

eter,
an

d
th

e
u
p

d
ate

itself
is

an
average

over
th

e
m

in
i-b

atch
,

w
h
ose

size
is

an
oth

er
h
y
p

erp
aram

eter.

T
h
e

ch
aracteristic

of
S
D

A
th

at
m

ost
d
iff

eren
tiates

itself
from

S
G

D
is

th
e

m
on

oton
e

evolu
tion

of
th

e
n
etw

ork
p
aram

eters.
O

sten
sib

ly
th

is
is

p
rob

lem
atic:

th
ere

is
n
o

“goin
g

b
ack

”
on

an
y

u
p

d
ates,

in
clu

d
in

g
th

ose
m

ad
e

early
w

h
en

very
little

of
th

e
d
ata

h
ad

b
een

seen
.

T
h
is

tacitly
assu

m
es

th
e

learn
ed

sta
te

of
th

e
n
etw

ork
is

u
n
iq

u
e,

or
n
early

so.
B

u
t

an
altern

ativ
e

h
y
p

oth
esis

is
also

w
orth

con
sid

erin
g:

a
h
igh

m
u
ltip

licity
of

learn
ed

states,
all

eq
u
ally

v
iab

le.
O

u
r

ex
p

erim
en

ts
w

ith
S
D

A
su

p
p

ort
th

is
h
y
p

oth
esis.

V
ery

d
iff

eren
t

fi
n
al

b
ias

settin
gs,

all
giv

in
g

p
erfect

classifi
cation

,
w

ere
ob

tain
ed

even
for

sim
p
le

classes
ju

st
b
y

ch
an

gin
g

th
e

ord
er

of
th

e
d
ata.

O
u
r

ex
p

erim
en

ts
w

ith
M

arkov
-ch

ain
gen

erated
strin

gs
sh

ow
ed

th
at

S
D

A
is

also
n
ot

trip
p

ed
u
p

b
y

ou
tlier

d
ata.

A
lth

ou
g
h

th
e

fi
n
al

n
etw

ork
in

th
is

p
rob

ab
ilistic

settin
g

m
u
st

h
av

e
100%

classifi
cation

am
b
igu

ity,
th

e
accu

racy
in

p
ractice

is
n
ear

th
at

of
th

e
op

tim
al

classifi
er

lon
g

b
efore

th
is

asy
m

p
totic

state
is

reach
ed

.

N
ot

all
ou

r
ex

p
erim

en
ts

w
ith

S
D

A
w

ere
su

ccessfu
l.

O
n

th
e

M
N

IS
T

d
ataset

th
e

a
lgo-

rith
m

su
ff

ered
from

overfi
ttin

g:
w

h
ereas

th
e

n
etw

ork
h
ad

learn
ed

to
p

erfectly
classify

th
e

train
in

g
d
ata,

th
e

classifi
cation

accu
racy

on
th

e
test

d
ata

w
as

on
ly

95%
.

D
o
es

th
is

refl
ect

a
fu

n
d
am

en
tal

d
efi

cien
cy

in
th

e
rectifi

ed
w

ire
m

o
d
el,

an
d

th
e

con
servative

lea
rn

in
g

p
rin

cip
le

m
ore

gen
erally,

or
is

it
a

resu
lt

of
p

o
or

ex
ecu

tion
?

A
n

even
m

ore
seriou

s
p
rob

lem
w

ith
th

e
rectifi

ed
w

ire
m

o
d
el

w
a
s

ex
p

osed
,

in
ex

p
eri-

m
en

ts,
u
p

on
d
ecreasin

g
th

e
w

eigh
t-m

u
ltip

lier
h
y
p

erp
aram

eter
q.

R
ecall

th
at

th
e

p
rim

ary
m

otivation
for

th
e

m
o
d
el

w
as

tractab
le

train
in

g
in

th
e

p
resen

ce
of

n
etw

ork
d
ep

th
.

S
ig-

n
ifi

can
t

sim
p
lifi

cation
s

of
th

e
stan

d
ard

n
eu

ral
n
etw

ork
m

o
d
el,

su
ch

a
s

fi
x
in

g
th

e
w

eigh
ts

an
d

rep
lacin

g
loss

b
y

a
con

strain
t,

w
ere

key
in

facilitatin
g

tracta
b
le

train
in

g.
E

v
en

so,
th

e
ex

p
ressiv

ity
p
rov

id
ed

b
y

th
e

rem
ain

in
g

b
ias

p
aram

eters
rem

ain
s

h
igh

(arb
itrary

B
o
olean

fu
n
ction

s),
an

d
th

e
train

in
g

algorith
m

(S
D

A
)

fu
lly

u
tilizes

activation
s

(R
eL

U
n
on

lin
eari-

ties)
in

every
layer

of
th

e
n
etw

ork
.

T
h
e
q

p
aram

eter
w

as
in

tro
d
u
ced

to
ex

p
lore

b
eh

av
ior

w
ith

resp
ect

to
d
ep

th
:

sm
all/large

q
favors

b
ias

ch
an

ges
n
ear

th
e

ou
tp

u
t/in

p
u
t

n
o
d
es.

T
h
ou

gh
w

e
stu

d
ied

a
very

lim
ited

class
of

n
etw

ork
s

—
sp

arse
ex

p
an

d
er

n
ets

—
th

e
ex

p
erim

en
tal

resu
lts

p
oin

ted
u
n
iform

ly
in

favor
of
q→

0.
In

th
is

lim
it

th
e

rectifi
ed

w
ire

m
o
d
el

red
u
ces

to
a

m
u
ch

sim
p
ler

m
o
d
el

(16),
com

p
risin

g
a

sin
gle

layer
of

rectifi
er

gates.
W

h
ile

th
is

lim
itin

g
m

o
d
el

is
still

n
on

-triv
ial

an
d

in
terestin

g,
it

d
efi

n
itely

lack
s

d
ep

th
.

O
u
r

ex
p

erien
ce

w
ith

th
e

rectifi
ed

w
ire

m
o
d
el

h
igh

ligh
ts

th
e

d
iff

eren
ce

b
etw

een
th

e
ca-

p
acity

for
d
ep

th
an

d
th

e
learn

ab
ility

of
d
ep

th
.

A
lth

ou
g
h

th
ere

ex
ist

b
ias

settin
gs

in
th

e
m

o
d
el

th
at

effi
cien

tly
rep

resen
t

com
p
lex

B
o
olean

fu
n
ction

s
an

d
u
tilize

activation
s

on
all

levels,
ex

p
erim

en
ts

sh
ow

th
at

th
ese

are
n
ot

th
e

k
in

d
s

of
b
ias

settin
g
s

th
a
t

are
learn

ed
b
y

4
0
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W
ir
e
N
e
t
w
o
r
k
s

th
e

tr
ac

ta
b
le

,
co

n
se

rv
at

iv
e

ro
u
te

.
A

t
le

a
st

th
at

is
th

e
co

n
cl

u
si

on
w

e
sh

ou
ld

d
ra

w
fr

om
th

e
ex

p
er

im
en

ts
p

er
fo

rm
ed

so
fa

r.
T

h
er

e
ar

e
st

il
l

so
m

e
d
ir

ec
ti

on
s

to
ex

p
lo

re
b

ef
or

e
w

e
ca

n
co

n
cl

u
d
e

th
at

co
n
se

rv
at

iv
el

y
tr

ai
n
ed

re
ct

ifi
ed

w
ir

e
n
et

w
or

k
s

la
ck

th
e

ca
p
ac

it
y

to
le

ar
n

“i
n

d
ep

th
”.

T
h
e

m
os

t
ob

v
io

u
s

is
to

tr
y

ar
ch

it
ec

tu
re

s
ve

ry
d
iff

er
en

t
fr

om
th

e
sp

ar
se

ex
p
an

d
er

n
et

w
or

k
s

co
n
si

d
er

ed
so

fa
r.

T
h
es

e
n
ee

d
n
ot

ev
en

b
e

la
ye

re
d
,

al
th

ou
gh

th
ey

m
u
st

b
re

ak
sy

m
m

et
ry

if
w

e
co

n
ti

n
u
e

to
in

it
ia

li
ze

al
l

th
e

b
ia

s
p
ar

am
et

er
s

at
ze

ro
.

S
p

ec
ia

li
ze

d
ar

ch
it

ec
tu

re
s

m
ay

b
e

in
h
er

en
tl

y
b

et
te

r
at

ex
p
lo

it
in

g
d
ep

th
,

as
in

th
e

ca
se

of
st

an
d
ar

d
m

o
d
el

n
et

w
or

k
s

w
it

h
co

n
v
ol

u
ti

on
al

la
ye

rs
.

N
ex

t,
w

e
re

ca
ll

th
at

th
e

b
ia

s
u
p

d
at

es
gi

ve
n

b
y

th
e

S
D

A
al

go
ri

th
m

ca
n

fa
ll

sh
or

t
of

th
e

m
os

t
co

n
se

rv
at

iv
e

p
os

si
b
le

.
W

h
il
e

w
e

d
o

n
o
t

k
n
ow

w
h
et

h
er

th
e

q
u
ad

ra
ti

c
p
ro

gr
am

(4
)

ca
n

b
e

so
lv

ed
b
y

so
m

et
h
in

g
as

effi
ci

en
t

as
th

e
S
D

A
al

go
ri

th
m

,
ex

p
er

im
en

ts
w

it
h

g
en

er
al

-
p
u
rp

os
e

so
lv

er
s

co
u
ld

st
u
d
y

th
e

eff
ec

t
of

u
p

d
at

e
q
u
al

it
y

o
n

tr
ai

n
in

g.
B

y
th

e
sa

m
e

ro
u
te

on
e

co
u
ld

st
u
d
y

th
e

eff
ec

t
of

le
ar

n
in

g,
in

ag
gr

eg
at

e,
en

ti
re

m
in

i-
b
at

ch
es

(s
ec

ti
on

3,
co

n
cl

u
si

on
s)

.
A

n
ot

h
er

av
en

u
e

is
to

d
efi

n
e

“c
on

se
rv

at
iv

e”
b
y

th
e

1-
n
or

m
on

th
e

b
ia

s
u
p

d
at

es
.

O
u
r

ch
oi

ce
of

th
e

2-
n
or

m
w

as
m

ot
iv

at
ed

b
y

th
e

u
n
iq

u
en

es
s

o
f

th
e

op
ti

m
al

u
p

d
at

es
.

H
ow

ev
er

,
it

se
em

s
li
ke

ly
th

at
in

th
e

m
in

i-
b
at

ch
se

tt
in

g
ev

en
th

e
1-

n
or

m
w

il
l

h
av

e
u
n
iq

u
e

op
ti

m
a.

F
in

al
ly

,
it

m
ig

h
t

b
e

in
te

re
st

in
g

to
al

lo
w

th
e

w
ei

gh
ts

in
th

e
n
et

w
o
rk

to
va

ry
sl

ow
ly

ov
er

th
e

co
u
rs

e
of

tr
ai

n
in

g.
T

h
is

co
u
ld

b
e

as
si

m
p
le

as
fa

vo
ri

n
g

d
iff

er
en

t
d
ep

th
s

ov
er

ti
m

e
u
si

n
g

th
e
q

p
ar

am
et

er
,

or
a

m
or

e
so

p
h
is

ti
ca

te
d

sc
h
em

e
b
as

ed
on

ru
n
n
in

g
av

er
ag

es
.

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

th
an

k
A

le
x

A
le

m
i,

S
er

ge
i

B
u
rk

ov
,

P
at

C
oa

d
y,

C
ri

s
M

o
or

e
an

d
M

eh
u
l

T
ik

ek
ar

fo
r

d
is

-
cu

ss
io

n
s

ov
er

th
e

co
u
rs

e
of

th
is

p
ro

je
ct

.
W

e
al

so
th

an
k

th
e

th
re

e
re

v
ie

w
er

s
w

h
os

e
co

m
m

en
ts

b
ro

u
gh

t
si

gn
ifi

ca
n
t

im
p
ro

ve
m

en
ts

to
th

e
p
ap

er
.

R
e
fe

re
n
ce

s

T
h
om

as
C

ov
er

an
d

P
et

er
H

ar
t.

N
ea

re
st

n
ei

g
h
b

or
p
at

te
rn

cl
as

si
fi
ca

ti
on

.
IE

E
E

tr
a
n

sa
ct

io
n

s
o
n

in
fo

rm
a
ti

o
n

th
eo

ry
,

13
(1

):
21

–2
7,

19
67

.

K
ob

y
C

ra
m

m
er

,
O

fe
r

D
ek

el
,
J
os

ep
h

K
es

h
et

,
S
h
ai

S
h
al

ev
-S

h
w

ar
tz

,
an

d
Y

or
a
m

S
in

ge
r.

O
n
li
n
e

p
as

si
ve

-a
gg

re
ss

iv
e

al
go

ri
th

m
s.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

7(
M

ar
):

55
1–

58
5,

20
06

.

V
ei

t
E

ls
er

.
A

n
et

w
or

k
th

at
le

ar
n
s

st
ra

ss
en

m
u
lt

ip
li
ca

ti
on

.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

17
(1

16
):

1–
13

,
20

16
.

M
ik

h
ai

l
K

K
oz

lo
v
,

S
er

ge
i

P
T

ar
as

ov
,

an
d

L
eo

n
id

G
K

h
ac

h
iy

an
.

T
h
e

p
ol

y
n
om

ia
l

so
lv

ab
il
it

y
of

co
n
ve

x
q
u
ad

ra
ti

c
p
ro

gr
am

m
in

g.
U

S
S

R
C

o
m

p
u

ta
ti

o
n

a
l

M
a
th

em
a
ti

cs
a
n

d
M

a
th

em
a
ti

ca
l

P
h
ys

ic
s,

20
(5

):
22

3–
22

8,
19

80
.

Y
an

n
L

eC
u
n
,

L
éo
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a
l

co
n
tr

o
l

fl
ow

o
r

la
te

n
t

va
ri

a
b
le

s
w

h
o
se

ex
is

te
n

ce
d
ep

en
d

s
o
n

th
e

va
lu

es
o
f

o
th

er
la

te
n
t

va
ri

a
b

le
s,

o
r

m
o
d
el

s
w

h
ic

h
on

ly
b

e
d
efi

n
ed

in
cl

os
ed

fo
rm

as
u
n
n
or

m
al

iz
ed

jo
in

t
d
is

tr
ib

u
ti

o
n
s.

F
o
r

a
P

P
L

to
b

e
p
ra

ct
ic

a
l,

it
m

u
st

b
e

sc
a
la

b
le

:
it

s
a
p
p
ro

x
im

a
te

in
fe

re
n
ce

a
lg

o
ri

th
m

s
m

u
st

b
e

ab
le

to
se

am
le

ss
ly

h
an

d
le

th
e

la
rg

e
d

at
a

se
ts

an
d

n
on

-c
on

ju
ga

te
,

h
ig

h
-d

im
en

si
on

al
m

o
d
el

s
co

m
m

o
n

in
A

I
re

se
a
rc

h
,

a
n
d

sh
o
u
ld

ex
p
lo

it
co

m
p
il
er

a
n
d

h
a
rd

w
a
re

a
cc

el
er

a
ti

o
n

to
ap

p
ro

ac
h

th
e

p
er

fo
rm

an
ce

of
op

ti
m

iz
ed

b
es

p
ok

e
im

p
le

m
en

ta
ti

on
s

of
th

es
e

m
o
d
el

s.

A
P

P
L

ta
rg

et
in

g
re

se
a
rc

h
m

o
d
el

s
sh

o
u
ld

b
e

fl
e
x
ib

le
:

in
a
d
d
it

io
n

to
sc

a
la

b
il
it

y,
m

a
n
y

ad
va

n
ce

d
m

o
d
el

s
re

q
u
ir

e
in

fe
re

n
ce

al
go

ri
th

m
s

w
it

h
co

m
p
le

x
,

m
o
d
el

-s
p

ec
ifi

c
b

eh
av

io
r.

A
P

P
L

sh
ou

ld
en

ab
le

re
se

ar
ch

er
s

to
q
u
ic

k
ly

an
d

ea
si

ly
im

p
le

m
en

t
su

ch
b

eh
av

io
r

an
d

sh
ou

ld
en

fo
rc

e
a

se
p
ar

at
io

n
of

co
n
ce

rn
s

b
et

w
ee

n
b

et
w

ee
n

m
o
d
el

,
in

fe
re

n
ce

,
an

d
ru

n
ti

m
e

im
p
le

m
en

ta
ti

o
n
s.

F
in

a
ll
y,

a
P

P
L

ta
rg

et
in

g
re

se
a
rc

h
er

s
a
s

u
se

rs
sh

o
u
ld

st
ri

v
e

to
b

e
m

in
im

a
l:

in
o
rd

er
to

m
in

im
iz

e
co

gn
it

iv
e

ov
er

h
ea

d
,

it
sh

ou
ld

sh
ar

e
m

os
t

of
it

s
sy

n
ta

x
an

d
se

m
an

ti
cs

w
it

h
ex

is
ti

n
g

la
n
gu

ag
es

an
d

an
d

sy
st

em
s

an
d

w
or

k
w

el
l

w
it

h
ot

h
er

to
ol

s
su

ch
as

li
b
ra

ri
es

fo
r

v
is

u
al

iz
at

io
n
.
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P
y
r
o
:
D
e
e
p
U
n
iv
e
r
sa

l
P
r
o
b
a
b
il
ist

ic
P
r
o
g
r
a
m
m
in
g

A
s

is
clea

r
fro

m
T

a
b
le

2
,

th
ese

fo
u
r

p
rin

cip
les

a
re

o
ften

in
co

n
fl
ict,

w
ith

o
n
e

b
ein

g
ach

ieved
at

th
e

ex
p

en
se

of
oth

ers.
F

or
ex

am
p
le,

an
overly

fl
ex

ib
le

d
esign

m
ay

b
e

very
d
iffi

cu
lt

to
im

p
lem

en
t

effi
cien

tly
a
n
d

sca
la

b
ly,

esp
ecia

lly
w

h
ile

sim
u
lta

n
eo

u
sly

in
teg

ra
tin

g
a

n
ew

lan
gu

age
w

ith
ex

istin
g

to
ols.

S
im

ilarly,
en

ab
lin

g
d
evelop

m
en

t
of

cu
stom

in
feren

ce
algorith

m
s

m
ay

b
e

d
iffi

cu
lt

w
ith

ou
t

lim
itin

g
m

o
d

el
ex

p
ressiv

ity.
In

th
is

section
,

w
e

d
escrib

e
th

e
d

esign
ch

o
ices

w
e

m
ad

e
in

P
y
ro

to
b
alan

ce
b

etw
een

all
fo

u
r

ob
jectiv

es.
P

y
ro

is
em

b
ed

d
ed

in
P

y
th

o
n
,

a
n
d

P
y
ro

p
ro

g
ra

m
s

a
re

w
ritten

a
s

P
y
th

o
n

fu
n
ctio

n
s,

o
r

callab
les,

w
ith

ju
st

tw
o

ex
tra

lan
gu

age
p
rim

itives
(w

h
ose

b
eh

av
ior

is
overrid

d
en

b
y

in
feren

ce
a
lg

o
rith

m
s):

p
y
r
o
.
s
a
m
p
l
e

fo
r

a
n
n
o
ta

tin
g

ca
lls

to
fu

n
ctio

n
s

w
ith

in
tern

a
l

ra
n
d
o
m

n
ess,

a
n
d

p
y
r
o
.
p
a
r
a
m

fo
r

reg
isterin

g
lea

rn
a
b
le

p
a
ra

m
eters

w
ith

in
feren

ce
a
lg

o
rith

m
s

th
a
t

ca
n

ch
a
n
g
e

th
em

.
P

y
ro

m
o
d
els

m
ay

con
tain

arb
itrary

P
y
th

on
co

d
e

an
d

in
teract

w
ith

it
in

arb
itrary

w
ay

s,
in

clu
d
in

g
ex

p
ressin

g
u
n
n
orm

alized
m

o
d
els

th
rou

gh
th

e
o
b
s

key
w

ord
argu

m
en

t
to

p
y
r
o
.
s
a
m
p
l
e.

P
y
ro’s

lan
gu

age
p
rim

itives
m

ay
b

e
u
sed

w
ith

all
of

P
y
th

on
’s

con
trol

fl
ow

con
stru

cts,
in

clu
d
in

g
recu

rsion
,
lo

op
s,

an
d

con
d
ition

als.
T

h
e

ex
isten

ce
of

ran
d
om

variab
les

in
a

p
articu

lar
ex

ecu
tion

m
ay

th
u
s

d
ep

en
d

on
an

y
P

y
th

on
con

trol
fl
ow

con
stru

ct. 1

P
y
ro

im
p
lem

en
ts

sev
era

l
g
en

eric
p
ro

b
a
b
ilistic

in
feren

ce
a
lg

o
rith

m
s,

in
clu

d
in

g
th

e
N

o
U

-tu
rn

S
a
m

p
ler

(H
o
ff

m
a
n

a
n
d

G
elm

a
n

(2
0
1
4
)),

a
va

ria
n
t

o
f

H
a
m

ilto
n
ia

n
M

o
n
te

C
a
rlo

.
H

ow
ever,

th
e

p
rim

ary
in

feren
ce

algorith
m

is
grad

ien
t-b

ased
sto

ch
astic

variation
al

in
feren

ce
(S

V
I)

(K
in

g
m

a
a
n
d

W
ellin

g
(2

0
1
4
)),

w
h
ich

u
ses

sto
ch

a
stic

g
ra

d
ien

t
d
escen

t
to

o
p
tim

ize
M

o
n
te

C
a
rlo

estim
a
tes

o
f

a
d
iv

erg
en

ce
m

ea
su

re
b

etw
een

a
p
p
rox

im
a
te

a
n
d

tru
e

p
o
sterio

r
d

istrib
u

tion
s.

P
y
ro

scales
to

com
p

lex
,

h
igh

-d
im

en
sion

al
m

o
d

els
th

an
k
s

to
G

P
U

-accelerated
ten

sor
m

ath
an

d
reverse-m

o
d

e
au

tom
atic

d
iff

eren
tiation

v
ia

P
y
T

orch
,

an
d

it
scales

to
large

d
ata

sets
th

an
k
s

to
sto

ch
astic

grad
ien

t
estim

ates
com

p
u
ted

over
m

in
i-b

atch
es

of
d
ata

in
S
V

I.
S
o
m

e
in

feren
ce

a
lg

o
rith

m
s

in
P

y
ro

,
su

ch
a
s

S
V

I
a
n
d

im
p

o
rta

n
ce

sa
m

p
lin

g
,

ca
n

u
se

a
rb

itra
ry

P
y
ro

p
ro

g
ra

m
s

(ca
lled

gu
id

es,
fo

llow
in

g
w

eb
P

P
L

)
a
s

a
p
p
rox

im
a
te

p
o
sterio

rs
o
r

p
ro

p
o
sa

l
d
istrib

u
tio

n
s.

A
g
u
id

e
fo

r
a

g
iv

en
m

o
d
el

m
u
st

ta
k
e

th
e

sa
m

e
in

p
u
t

a
rg

u
m

en
ts

a
s

th
e

m
o
d

el
a
n
d

co
n
ta

in
a

co
rresp

o
n

d
in

g
sa

m
p

le
sta

tem
en

t
fo

r
ev

ery
u
n

co
n

stra
in

ed
sa

m
p
le

statem
en

t
in

th
e

m
o
d
el

b
u
t

is
oth

erw
ise

u
n
restricted

.
U

sers
are

th
en

free
to

ex
p
ress

com
p
lex

h
y
p

o
th

eses
a
b

o
u
t

th
e

p
o
sterio

r
d
istrib

u
tio

n
,

e.g
.

its
co

n
d
itio

n
a
l

in
d
ep

en
d
en

ce
stru

ctu
re.

U
n
like

w
eb

P
P

L
an

d
A

n
glican

,
in

P
y
ro

gu
id

es
m

ay
n
ot

d
ep

en
d

on
va

lu
es

in
sid

e
th

e
m

o
d
el.

F
in

a
lly,

to
a
ch

iev
e

fl
ex

ib
ility

a
n
d

sep
a
ra

tio
n

o
f

co
n
cern

s,
P

y
ro

is
b
u
ilt

o
n

P
o
u
tin

e,
a

lib
ra

ry
o
f

eff
ect

h
a
n
d
lers

(K
a
m

m
a
r

et
a
l.

(2
0
1
3
))

th
a
t

im
p
lem

en
t

in
d
iv

id
u
a
l

co
n
tro

l
a
n
d

b
o
ok

-keep
in

g
op

eration
s

u
sed

for
in

sp
ectin

g
an

d
m

o
d
ify

in
g

th
e

b
eh

av
ior

of
P

y
ro

p
rogram

s,
sep

a
ra

tin
g

in
feren

ce
algorith

m
im

p
lem

en
tation

s
from

lan
gu

age
d
eta

ils.

3
.
P
ro

je
ct

O
p
e
n
n
e
ss

a
n
d
D
e
v
e
lo
p
m
e
n
t

P
y
ro

’s
so

u
rce

co
d

e
is

freely
ava

ila
b

le
u

n
d

er
a
n

M
IT

licen
se

a
n

d
d

ev
elo

p
ed

b
y

th
e

a
u

th
o
rs

a
n
d

a
co

m
m

u
n
ity

o
f

o
p

en
-so

u
rce

co
n
trib

u
to

rs
a
t
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
u
b
e
r
/
p
y
r
o

a
n
d

d
o
cu

m
en

tation
,

ex
am

p
les,

an
d

a
d
iscu

ssion
foru

m
are

h
osted

on
lin

e
at

h
t
t
p
s
:
/
/
p
y
r
o
.
a
i
.

A
com

p
reh

en
sive

test
su

ite
is

ru
n

au
tom

atically
b
y

a
con

tin
u
ou

s
in

tegration
serv

ice
b

efore
co

d
e

is
m

erg
ed

in
to

th
e

m
ain

co
d
eb

ase
to

m
ain

tain
a

h
igh

lev
el

of
p
ro

ject
q
u
ality

an
d

u
sab

ility.
W

e
a
lso

fo
u
n
d

th
a
t

w
h
ile

P
y
T

o
rch

w
a
s

a
n

in
va

lu
a
b
le

su
b
stra

te
fo

r
ten

so
r

o
p

era
tio

n
s

a
n
d

a
u
to

m
a
tic

d
iff

eren
tia

tio
n
,

it
w

a
s

la
ck

in
g

a
h
ig

h
-p

erfo
rm

a
n
ce

lib
ra

ry
o
f

p
ro

b
a
b
ility

1
.
S
ee

th
e
g
e
o
m
e
t
r
i
c
ex
a
m
p
le

in
h
t
t
p
:
/
/
p
y
r
o
.
a
i
/
e
x
a
m
p
l
e
s
/
i
n
t
r
o
_
p
a
r
t
_
i
.
h
t
m
l

3
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B
in
g
h
a
m

e
t
a
l
.

d
istrib

u
tion

s.
A

s
a

resu
lt,

several
of

th
e

au
th

ors
m

ad
e

su
b
stan

tial
op

en
-sou

rce
con

trib
u
tion

s
u

p
strea

m
to

P
y
T

o
rch

D
istrib

u
tio

n
s, 2

a
n

ew
P

y
T

o
rch

co
re

lib
ra

ry
in

sp
ired

b
y

T
en

so
rF

low
D

istrib
u
tion

s
(D

illon
et

al.
(2017)).

4
.
E
x
istin

g
S
y
ste

m
s

S
y
stem

E
x
p
ressiv

ity
:

D
y
n
am

ic
con

trol
S
calab

ility
:

S
u
b
sam

p
lin

g,
A

D
F

lex
ib

ility
:

F
lex

ib
le

in
feren

ce
M

in
im

ality
:

H
ost

lan
gu

age

S
tan

S
tatic

con
trol

fl
ow

S
om

e,
C

P
U

A
u
tom

ated
N

on
e

C
h
u
rch

Y
es

N
o,

N
on

e
A

u
tom

ated
S
ch

em
e

V
en

tu
re

Y
es

N
o,

N
on

e
Y

es
N

on
e

w
eb

P
P

L
Y

es
N

o,
C

P
U

S
o
m

e
J
avaS

crip
t

E
d
w

ard
S
tatic

con
trol

fl
ow

Y
es,

C
P

U
/
G

P
U

Y
es

T
en

sorF
low

P
y
ro

Y
es

Y
es,

C
P

U
/G

P
U

Y
es

P
y
th

o
n
,

P
y
T

orch

F
igu

re
2:

S
im

p
lifi

ed
su

m
m

ary
of

d
esig

n
p
rin

cip
les

of
P

y
ro

an
d

som
e

oth
er

P
P

L
s.

P
ro

b
a
b
ilistic

p
ro

g
ra

m
m

in
g

a
n
d

a
p
p
rox

im
a
te

in
feren

ce
a
re

a
rea

s
o
f

a
ctiv

e
resea

rch
,

so
th

ere
a
re

m
a
n
y

ex
istin

g
p
ro

b
a
b
ilistic

p
ro

g
ra

m
m

in
g

la
n
g
u
a
g
es

a
n
d

sy
stem

s.
W

e
b
riefl

y
m

en
tion

several
th

at
w

ere
esp

ecially
in

fl
u
en

tial
in

P
y
ro’s

d
evelop

m
en

t,
regretfu

lly
om

ittin
g

(d
u
e

to
sp

a
ce

lim
ita

tio
n
s)

m
a
n
y

sy
stem

s
fo

r
w

h
ich

sim
p
le

d
irect

co
m

p
a
riso

n
s

a
re

m
o
re

d
iffi

cu
lt.

W
e

a
lso

em
p
h
a
size

th
a
t,

a
s

in
co

n
v
en

tio
n
a
l

p
ro

g
ra

m
m

in
g

la
n
g
u
a
g
e

d
ev

elo
p
m

en
t,

ou
r

d
esign

d
ecision

s
are

n
ot

u
n
iversally

ap
p
licab

le
or

d
esirab

le
for

p
rob

ab
ilistic

p
rogram

m
in

g,
an

d
th

at
oth

er
sy

stem
s

p
u
rp

osefu
lly

m
ake

d
iff

eren
t

trad
eoff

s
to

ach
ieve

d
iff

eren
t

go
als.

S
ta

n
(C

a
rp

en
ter

et
a
l.

(2
0
1
7
))

is
a

d
o
m

a
in

-sp
ecifi

c
la

n
g
u
a
g
e

d
esig

n
ed

fo
r

d
escrib

in
g

a
restricted

cla
ss

o
f

p
ro

b
a
b
ilistic

p
ro

g
ra

m
s

a
n
d

p
erfo

rm
in

g
h
ig

h
-q

u
a
lity

a
u
to

m
a
ted

in
feren

ce
in

th
ose

m
o
d
els.

C
h
u
rch

(G
o
o
d
m

an
et

al.
(2008)),

a
p
rob

ab
ilistic

d
ialect

of
S
ch

em
e,

w
as

an
early

u
n
iversal

p
rob

ab
ilistic

p
rogram

m
in

g
lan

gu
age,

cap
ab

le
of

rep
resen

tin
g

an
y

com
p
u
tab

le
p
rob

ab
ility

d
istrib

u
tion

.
V

en
tu

re
(M

an
sin

gh
ka

et
al.

(2018))
is

a
u
n
iversal

lan
gu

age
w

ith
a

fo
cu

s
on

ex
p
ressiv

en
ess

an
d

fl
ex

ib
ility
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ü
ll
er

.
T

h
e

D
es

ig
n

an
d

Im
p
le

m
en

ta
ti

on
of

P
ro

b
ab

il
is

ti
c

P
ro

gr
am

m
in

g
L

an
gu

ag
es

.
h
t
t
p
:
/
/
d
i
p
p
l
.
o
r
g
,

2
01

4.

N
o
a
h

D
.

G
o
o
d
m

a
n
,

V
ik

a
sh

K
.

M
a
n
si

n
g
h
ka

,
D

a
n
ie

l
R

oy
,

K
ei

th
B

o
n
aw

it
z,

a
n
d

J
o
sh

u
a

B
.

T
en

en
b
au

m
.

C
h
u
rc

h
:

A
la

n
gu

ag
e

fo
r

ge
n
er

at
iv

e
m

o
d
el

s.
In

U
A

I,
20

08
.

M
a
tt

h
ew

D
.

H
o
ff

m
a
n

a
n
d

A
n
d
re

w
G

el
m

a
n
.

T
h
e

n
o
-U

-t
u
rn

sa
m

p
le

r:
A

d
a
p
ti

v
el

y
se

tt
in

g
p
at

h
le

n
gt

h
s

in
H

am
il
to

n
ia

n
M

on
te

C
ar

lo
.

J
.

M
a

ch
.

L
ea

rn
.

R
es

.,
15

(1
),

J
a
n
u
a
ry

2
0
1
4
.

O
h
ad

K
am

m
ar

,
S
am

L
in

d
le

y,
an

d
N

ic
ol

a
s

O
u
ry

.
H

an
d
le

rs
in

ac
ti

on
.

In
IC

F
P

,
2
0
1
3
.

D
ie

d
er

ik
P

K
in

gm
a

an
d

M
ax

W
el

li
n
g.

A
u
to

-e
n
co

d
in

g
va

ri
at

io
n
al

B
ay

es
.

In
IC

L
R

,
2
0
1
4
.

D
ie

d
er

ik
P

K
in

g
m

a
,

T
im

S
a
li
m

a
n
s,

R
a
fa

l
J
o
ze

fo
w

ic
z,

X
i

C
h
en

,
Il

y
a

S
u
ts

k
ev

er
,

a
n
d

M
a
x

W
el

li
n
g.

Im
p
ro

ve
d

va
ri

at
io

n
al

in
fe

re
n
ce

w
it

h
in

ve
rs

e
au

to
re

gr
es

si
ve

fl
ow

.
In

N
IP

S
.

2
0
1
6
.

R
ah

u
l
G

K
ri

sh
n
an

,
U

ri
S
h
al

it
,

an
d

D
av

id
S
on

ta
g.

S
tr

u
ct

u
re

d
in

fe
re

n
ce

n
et

w
or

k
s

fo
r

n
on

li
n
ea

r
st

at
e

sp
ac

e
m

o
d
el

s.
In

A
A

A
I,

20
17

.

V
ik

as
h

K
.

M
an

si
n
gh

ka
,

U
lr

ic
h

S
ch

ae
ch

tl
e,

S
h
iv

am
H

an
d
a,

A
le

x
ey

R
ad

u
l,

Y
u
ti

an
C

h
en

,
an

d
M

ar
ti

n
R

in
ar

d
.

P
ro

b
ab

il
is

ti
c

p
ro

gr
am

m
in

g
w

it
h

p
ro

gr
am

m
ab

le
in

fe
re

n
ce

.
In

P
L

D
I,

20
18

.

N
.
S
id

d
h
ar

th
,
B

ro
ok

s
P

ai
ge

,
J
an

-W
il
le

m
va

n
d
e

M
ee

n
t,

A
lb

an
D

es
m

ai
so

n
,
N

oa
h

D
.
G

o
o
d
m

an
,

P
u
sh

m
ee

t
K

o
h
li
,

F
ra

n
k

W
o
o
d
,

a
n
d

P
h
il
ip

T
o
rr

.
L

ea
rn

in
g

d
is

en
ta

n
g
le

d
re

p
re

se
n
ta

ti
o
n
s

w
it

h
se

m
i-

su
p

er
v
is

ed
d
ee

p
ge

n
er

at
iv

e
m

o
d
el

s.
In

N
IP

S
,

20
17

.

D
av

id
T

o
lp

in
,

J
a
n
-W

il
le

m
va

n
d
e

M
ee

n
t,

H
o
n
g
se

o
k

Y
a
n
g
,

a
n
d

F
ra

n
k

W
o
o
d
.

D
es

ig
n

a
n
d

im
p
le

m
en

ta
ti

on
of

p
ro

b
ab

il
is

ti
c

p
ro

gr
am

m
in

g
la

n
gu

ag
e

an
gl

ic
an

.
In

IF
L

,
2
0
1
6
.

D
u
st

in
T

ra
n
,

M
a
tt

h
ew

D
.

H
o
ff

m
a
n
,

R
if

A
.

S
a
u
ro

u
s,

E
u
g
en

e
B

re
v
d
o
,

K
ev

in
M

u
rp

h
y,

a
n
d

D
av

id
M

.
B

le
i.

D
ee

p
p
ro

b
ab

il
is

ti
c

p
ro

gr
am

m
in

g.
In

IC
L

R
,

20
17

.

D
av

id
W

in
g
a
te

,
A

n
d
re

a
s

S
tu

h
lm

ll
er

,
a
n
d

N
o
a
h

G
o
o
d
m

a
n
.

L
ig

h
tw

ei
g
h
t

im
p
le

m
en

ta
ti

o
n
s

o
f

p
ro

b
a
b
il
is

ti
c

p
ro

g
ra

m
m

in
g

la
n
g
u
a
g
es

v
ia

tr
a
n
sf

o
rm

a
ti

o
n
a
l

co
m

p
il
a
ti

o
n
.

In
A

IS
T

A
T

S
,

20
11

.

6
JM

L
R

 2
0(

28
):

1-
6,

 2
01

9



 
 



Jo
ur

na
lo

fM
ac

hi
ne

L
ea

rn
in

g
R

es
ea

rc
h

20
(2

01
9)

1-
28

Su
bm

itt
ed

8/
18

;R
ev

is
ed

12
/1

8;
Pu

bl
is

he
d

1/
19

It
er

at
ed

L
ea

rn
in

g
in

D
yn

am
ic

So
ci

al
N

et
w

or
ks

B
er

na
rd

C
ha

ze
lle

C
H

A
Z

E
L

L
E

@
C

S
.P

R
IN

C
E

T
O

N
.E

D
U

D
ep

ar
tm

en
to

fC
om

pu
te

r
Sc

ie
nc

e,
P

ri
nc

et
on

U
ni

ve
rs

ity
,

35
O

ld
en

St
re

et
,P

ri
nc

et
on

,N
J

08
54

4

C
hu

W
an

g∗
C

H
U

W
A

N
G

@
A

M
A

Z
O

N
.C

O
M

A
m

az
on

In
c.

50
0

B
or

en
Av

en
ue

,S
ea

ttl
e,

W
A

98
10

9

E
di

to
r:

M
eh

ry
ar

M
oh

ri

A
bs

tr
ac

t
A

cl
as

si
c

fin
di

ng
by

(K
al

is
h

et
al

.,
20

07
)s

ho
w

st
ha

tn
o

la
ng

ua
ge

ca
n

be
le

ar
ne

d
ite

ra
tiv

el
y

by
ra

tio
na

l
ag

en
ts

in
a

se
lf

-s
us

ta
in

ed
m

an
ne

r.
In

ot
he

rw
or

ds
,i

fA
te

ac
he

s
a

fo
re

ig
n

la
ng

ua
ge

to
B

,w
ho

th
en

te
ac

he
s

w
ha

ts
he

le
ar

ne
d

to
C

,a
nd

so
on

,t
he

la
ng

ua
ge

w
ill

qu
ic

kl
y

ge
tl

os
ta

nd
ag

en
ts

w
ill

w
in

d
up

te
ac

hi
ng

th
ei

ro
w

n
co

m
m

on
na

tiv
e

la
ng

ua
ge

.I
fs

o,
ho

w
ca

n
lin

gu
is

tic
no

ve
lty

ev
er

be
su

st
ai

ne
d?

W
e

ad
dr

es
s

th
is

ap
pa

re
nt

pa
ra

do
x

by
co

ns
id

er
in

g
th

e
ca

se
of

ite
ra

te
d

le
ar

ni
ng

in
a

so
ci

al
ne

tw
or

k:
w

e
sh

ow
th

at
by

va
ry

in
g

th
e

le
ng

th
s

of
th

e
le

ar
ni

ng
se

ss
io

ns
ov

er
tim

e
or

by
ke

ep
in

g
th

e
ne

tw
or

ks
dy

na
m

ic
,i

ti
s

po
ss

ib
le

fo
ri

te
ra

te
d

le
ar

ni
ng

to
en

du
re

fo
re

ve
rw

ith
ar

bi
tr

ar
ily

sm
al

ll
os

s.

1.
In

tr
od

uc
tio

n

Pe
op

le
ty

pi
ca

lly
fo

rm
op

in
io

ns
by

up
da

tin
g

th
ei

r
cu

rr
en

tb
el

ie
fs

an
d

re
as

on
s

in
re

sp
on

se
to

ne
w

si
gn

al
s

fr
om

ot
he

r
so

ur
ce

s
(f

ri
en

ds
,

co
lle

ag
ue

s,
so

ci
al

m
ed

ia
,

ne
w

sp
ap

er
s,

et
c.

)
(T

ah
ba

z-
Sa

le
hi

et
al

.,
20

09
;

A
ce

m
og

lu
an

d
O

zd
ag

la
r,

20
11

;
G

ol
ub

an
d

Ja
ck

so
n,

20
10

).
Su

pp
os

e
th

er
e

w
er

e
an

in
fo

rm
at

io
n

so
ur

ce
th

at
m

ad
e

a
no

is
y

ve
rs

io
n

of
th

e
“t

ru
th

”
av

ai
la

bl
e

to
ag

en
ts

co
nn

ec
te

d
th

ro
ug

h
a

so
ci

al
ne

tw
or

k.
U

nd
er

w
hi

ch
co

nd
iti

on
s

w
ou

ld
th

e
ag

en
ts

re
ac

h
co

ns
en

su
s

ab
ou

tt
he

ir
be

lie
fs

?
W

ha
tw

ou
ld

en
su

re
tr

ut
hf

ul
co

ns
en

su
s

(m
ea

ni
ng

th
at

th
e

co
ns

en
su

s
co

in
ci

de
d

w
ith

th
e

tr
ut

h)
?

H
ow

lo
ng

w
ou

ld
it

ta
ke

fo
rt

he
pr

oc
es

s
to

co
nv

er
ge

?
A

dd
re

ss
in

g
th

es
e

qu
es

tio
ns

re
qu

ir
es

ag
re

ei
ng

on
a

fo
rm

al
m

od
el

of
di

st
ri

bu
te

d
le

ar
ni

ng
.F

ul
ly

ra
tio

na
la

ge
nt

s
up

da
te

th
ei

rb
el

ie
fs

by
as

su
m

in
g

a
pr

io
r

an
d

us
in

g
B

ay
es

’
ru

le
to

in
te

gr
at

e
al

lp
as

ti
nf

or
m

at
io

n
av

ai
la

bl
e

to
th

em
(A

ce
m

og
lu

et
al

.,
20

11
;

M
ue

lle
r-

Fr
an

k,
20

13
;L

ob
el

an
d

Sa
dl

er
,2

01
5;

M
os

se
le

ta
l.,

20
11

;B
an

er
je

e,
19

92
;B

al
a

an
d

G
oy

al
,

19
98

).
Fu

ll
ra

tio
na

lit
y

is
in

tra
ct

ab
le

in
pr

ac
tic

e
(M

ol
av

ie
ta

l.,
20

15
;R

ah
im

ia
n

an
d

Ja
db

ab
ai

e,
20

16
a)

,
so

m
uc

h
ef

fo
rt

ha
s

be
en

de
vo

te
d

to
de

ve
lo

pi
ng

co
m

pu
ta

tio
na

lly
ef

fe
ct

iv
e

m
ec

ha
ni

sm
s,

in
cl

ud
in

g
no

n-
(o

rp
ar

tia
lly

)B
ay

es
ia

n
m

et
ho

ds
(J

ad
ba

ba
ie

et
al

.,
20

12
;M

ol
av

ie
ta

l.,
20

15
;G

ol
ub

an
d

Ja
ck

so
n,

20
10

,2
01

2;
Ja

db
ab

ai
e

et
al

.,
20

13
).

M
uc

h
of

th
is

lin
e

of
w

or
k

ca
n

be
tr

ac
ed

ba
ck

to
th

e
se

m
in

al
w

or
k

of
(D

eG
ro

ot
,1

97
4)

on
lin

ea
ro

pi
ni

on
po

ol
in

g.
A

s
th

e
si

m
pl

es
te

xa
m

pl
e

of
ite

ra
te

d
le

ar
ni

ng
in

a
so

ci
al

ne
tw

or
k,

co
ns

id
er

a
sy

st
em

co
ns

is
tin

g
of

on
e

te
ac

he
ra

nd
on

e
le

ar
ne

r.
T

he
te

ac
he

rs
am

pl
es

da
ta

fr
om

a
di

st
ri

bu
tio

n
an

d
se

nd
s

it
to

th
e

le
ar

ne
r;

th
e

le
ar

ne
ru

pd
at

es
he

rb
el

ie
fv

ia
B

ay
es

ru
le

re
pe

at
ed

ly
in

or
de

rt
o

le
ar

n
th

at
di

st
rib

ut
io

n.
Th

is
sy

st
em

is
eq

ui
va

le
nt

to
th

e
us

ua
lB

ay
es

ia
n

in
fe

re
nc

e
sc

en
ar

io
.

U
nd

er
m

ild
as

su
m

pt
io

ns
,t

he
le

ar
ne

r
w

ill
ev

en
tu

al
ly

le
ar

n
th

e
gr

ou
nd

tr
ut

h
as

ym
pt

ot
ic

al
ly

(G
el

m
an

et
al

.,
20

13
).

∗.
C

hu
W

an
g

di
d

th
is

w
or

k
pr

io
rt

o
jo

in
in

g
A

m
az

on

c ©
20

19
B

er
na

rd
C

ha
ze

lle
an

d
C

hu
W

an
g.

L
ic

en
se

:C
C

-B
Y

4.
0,

se
e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/

.A
ttr

ib
ut

io
n

re
qu

ir
em

en
ts

ar
e

pr
ov

id
ed

at
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
8
-
5
3
9
.
h
t
m
l

.

JM
L

R
 2

0(
29

):
1-

28
, 2

01
9

C
H

A
Z

E
L

L
E

A
N

D
W

A
N

G

W
he

n
th

e
ne

tw
or

k
st

ru
ct

ur
e

co
m

es
in

to
pl

ay
,t

he
dy

na
m

ic
s

of
th

e
le

ar
ni

ng
pr

oc
es

s
be

co
m

es
m

or
e

co
m

pl
ic

at
ed

.
If

th
e

so
ci

al
ne

tw
or

k
fo

rm
s

a
ch

ai
n
X
,Y
,Z
,.
..

su
ch

th
at

ag
en

ts
te

ac
h

ea
ch

ot
he

ri
n

se
qu

en
ce

:X
te

ac
he

s
Y

,w
ho

th
en

te
ac

he
s

Z
,a

nd
so

on
,b

y
a

cl
as

si
c

re
su

lt
of

G
ri

ffi
th

s
an

d
K

al
is

h
(G

rif
fit

hs
an

d
K

al
is

h,
20

05
),

th
e

in
fo

rm
at

io
n

fr
om

th
e

so
ur

ce
w

ill
va

ni
sh

af
te

ra
fin

ite
nu

m
be

r
of

ite
ra

tio
ns

.A
tt

ha
tp

oi
nt

,t
he

ag
en

ts
,a

ss
um

ed
to

be
ra

tio
na

l,
w

ill
be

“t
ea

ch
in

g”
ea

ch
ot

he
rn

ot
hi

ng
th

ey
do

n’
ta

lre
ad

y
kn

ow
:i

te
ra

te
d

le
ar

ni
ng

is
no

ts
el

f-
su

st
ai

ni
ng

(B
ep

pu
an

d
G

rif
fit

hs
,2

00
9;

G
rif

fit
hs

an
d

K
al

is
h,

20
07

,2
00

5;
R

af
fe

rt
y

et
al

.,
20

09
;K

ir
by

et
al

.,
20

14
;G

ri
ffi

th
s

et
al

.,
20

08
;P

er
fo

rs
an

d
N

av
ar

ro
,2

01
1;

R
af

fe
rt

y
et

al
.,

20
14

;
Sm

ith
,2

00
9;

K
al

is
h

et
al

.,
20

07
).

Su
ch

fin
di

ng
s

ar
e

ha
rd

to
va

lid
at

e
em

pi
ri

ca
lly

bu
tv

ar
ia

nt
s

of
it

ar
e

w
ith

in
th

e
re

ac
h

of
ex

pe
ri

m
en

ta
lp

sy
ch

ol
og

y
(K

al
is

h
et

al
.,

20
07

).
Si

m
ila

rl
ab

or
at

or
y

ex
pe

ri
m

en
ts

w
ith

hu
m

an
su

bj
ec

ts
ha

ve
co

nfi
rm

ed
th

e
un

st
ai

na
bi

lit
y

of
ite

ra
te

d
le

ar
ni

ng
(K

al
is

h
et

al
.,

20
07

;
B

ep
pu

an
d

G
ri

ffi
th

s,
20

09
;

Ta
m

ar
iz

an
d

K
ir

by
,

20
15

;
B

ar
tle

tt;
G

rif
fit

hs
et

al
.,

20
08

).
Si

m
ila

rr
es

ul
ts

of
un

st
ai

na
bi

lit
y

ar
e

fo
un

d
in

co
m

pu
ta

tio
na

ll
in

gu
is

tic
s

w
he

re
,

in
st

ea
d

of
ag

en
ts

se
nd

in
g

in
fo

rm
at

io
n,

th
e

sc
en

ar
io

is
ab

ou
t

la
ng

ua
ge

ev
ol

ut
io

n
th

ro
ug

h
ge

ne
ra

tio
ns

(R
af

fe
rt

y
et

al
.,

20
09

).
If

ag
en

ts
in

te
ra

ct
in

a
m

or
e

co
m

pl
ic

at
ed

an
d

dy
na

m
ic

ne
tw

or
k,

m
or

e
po

ss
ib

ili
tie

s
of

th
e

le
ar

ni
ng

dy
na

m
ic

s
w

ill
em

er
ge

.D
yn

am
ic

ne
tw

or
ks

ar
e

co
m

m
on

oc
cu

rr
en

ce
s

in
op

in
io

n
dy

na
m

ic
s

(H
eg

se
l-

m
an

n
an

d
K

ra
us

e,
20

02
;M

oh
aj

er
an

d
To

ur
i,

20
13

;C
ha

ze
lle

an
d

W
an

g,
20

16
;C

ha
ze

lle
,2

01
5)

,b
ut

,
to

ou
rk

no
w

le
dg

e,
so

m
ew

ha
tn

ew
in

th
e

co
nt

ex
to

fs
oc

ia
ll

ea
rn

in
g.

Fo
llo

w
in

g
th

e
B

ay
es

ia
n-

W
ith

ou
t-

R
ec

al
l(

B
W

R
)m

od
el

pr
op

os
ed

by
R

ah
im

ia
n

an
d

Ja
db

ab
ai

e
in

(R
ah

im
ia

n
an

d
Ja

db
ab

ai
e,

20
16

a)
,w

e
as

su
m

e
th

e
ag

en
ts

to
be

m
em

or
yl

es
s

an
d

ra
tio

na
l:

th
is

m
ea

ns
th

at
th

ey
us

e
B

ay
es

ia
n

up
da

te
s

ba
se

d
on

cu
rr

en
tb

el
ie

fs
an

d
si

gn
al

s
w

ith
no

ot
he

r
in

fo
rm

at
io

n
fr

om
th

e
pa

st
,s

ee
al

so
(R

ah
im

ia
n

et
al

.,
20

15
a,

b;
R

ah
im

ia
n

an
d

Ja
db

ab
ai

e,
20

16
b)

.T
he

B
W

R
m

od
el

se
ek

s
to

ca
pt

ur
e

th
e

be
ne

fit
s

of
ra

tio
na

l
be

ha
vi

or
w

hi
le

ke
ep

in
g

bo
th

th
e

co
m

pu
ta

tio
n

an
d

th
e

in
fo

rm
at

io
n

st
or

ed
to

a
m

in
im

um
(R

ah
im

ia
n

an
d

Ja
db

ab
ai

e,
20

16
b)

.
W

e
fo

cu
s

in
th

is
pa

pe
ro

n
su

st
ai

na
bl

e
le

ar
ni

ng
:t

he
co

nd
iti

on
s

to
en

su
re

ar
bi

tra
ril

y
sm

al
li

nf
or

m
a-

tio
n

lo
ss

in
tr

ut
hf

ul
co

ns
en

su
s

(f
or

m
al

de
fin

iti
on

in
th

e
fo

llo
w

in
g

se
ct

io
ns

).
Fo

r
ch

ai
ne

d
le

ar
ni

ng
,

w
e

sh
ow

ho
w

ke
ep

in
g

th
e

le
ng

th
of

th
e

tr
ai

ni
ng

se
ss

io
ns

(n
um

be
ro

fs
am

pl
es

tr
an

sf
er

re
d)

gr
ow

in
g

sl
ig

ht
ly

al
lo

w
s

ite
ra

te
d

le
ar

ni
ng

to
be

su
st

ai
ne

d
in

pe
rp

et
ui

ty
.T

hi
s

re
so

lv
es

th
e

pa
ra

do
x

ra
is

ed
fr

om
la

ng
ua

ge
ev

ol
ut

io
n

m
od

el
s

(K
al

is
h

et
al

.,
20

07
).

W
e

fu
rt

he
ra

na
ly

ze
th

e
ca

se
w

he
n

th
e

le
ar

ne
rh

as
th

e
ab

ili
ty

to
re

ac
h

ba
ck

to
he

r
ea

rl
y

an
ce

st
or

s
fo

r
“f

re
sh

er
”

da
ta

in
st

ea
d

of
lis

te
ni

ng
to

he
r

di
re

ct
an

ce
st

or
,a

nd
sh

ow
ho

w
th

is
“h

op
pe

d”
le

ar
ni

ng
m

ec
ha

ni
sm

fu
rt

he
rh

el
ps

pr
ev

en
ti

nf
or

m
at

io
n

de
ca

y.
Fo

rt
he

ca
se

w
he

n
th

e
le

ar
ni

ng
ne

tw
or

k
ch

an
ge

s
ov

er
tim

e,
w

e
sh

ow
th

at
un

de
rt

he
as

su
m

pt
io

n
th

at
ea

ch
ag

en
th

ea
rs

a
no

is
y

si
gn

al
fr

om
th

e
tr

ut
h

at
a

fr
eq

ue
nc

y
bo

un
de

d
aw

ay
fr

om
ze

ro
,t

he
sy

st
em

re
ac

he
s

tr
ut

hf
ul

co
ns

en
su

s
al

m
os

ts
ur

el
y

w
ith

a
co

nv
er

ge
nc

e
ra

te
po

ly
no

m
ia

li
n

ex
pe

ct
at

io
n.

T
he

re
la

tio
n

be
tw

ee
n

th
e

co
nv

er
ge

nc
e

ra
te

an
d

th
e

gr
ap

h
st

ru
ct

ur
e

is
al

so
re

ve
al

ed
w

ith
a

se
em

in
gl

y
co

un
te

r-
in

tu
iti

ve
fin

di
ng

th
at

ag
en

ts
in

a
be

tte
rc

on
ne

ct
ed

ne
tw

or
k

le
ar

n
m

or
e

sl
ow

ly
.

W
e

fir
st

in
tro

du
ce

th
e

ite
ra

te
d

le
ar

ni
ng

m
od

el
fr

am
ew

or
k

w
ith

th
e

no
ta

tio
n,

de
fin

iti
on

s,
an

d
ba

si
c

pr
op

er
tie

s
in

Se
ct

io
n

2.
T

he
n

w
e

ex
am

th
e

sc
en

ar
io

s
of

ch
ai

ne
d

le
ar

ni
ng

,h
op

pe
d

le
ar

ni
ng

,a
nd

ne
tw

or
ke

d
le

ar
ni

ng
in

Se
ct

io
n

3,
Se

ct
io

n
4,

an
d

Se
ct

io
n

5,
re

sp
ec

tiv
el

y.
W

e
sh

ow
ou

rm
ai

n
re

su
lts

in
ea

ch
se

ct
io

n,
fo

llo
w

ed
by

de
ta

ils
of

th
e

pr
oo

fs
an

d
di

sc
us

si
on

s.

2.
M

od
el

s,
Pr

el
im

in
ar

ie
s,

an
d

N
ot

at
io

n

In
th

is
se

ct
io

n,
w

e
fo

rm
al

ly
de

fin
e

th
e

pr
ob

le
m

m
at

he
m

at
ic

al
ly

.A
ss

um
e

th
er

e
ar

e
n

ag
en

ts
de

no
te

d
by

th
ei

r
in

di
ce

s
1,

2,
..
.,
n

.
A

tt
im

e
t

=
0,

1
,.
..

,t
he

be
lie

f
of

ag
en

ti
is

a
pr

ob
ab

ili
ty

di
st

ri
bu

tio
n
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IT
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N
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G

IN
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Y
N

A
M

IC
S

O
C

IA
L

N
E

T
W

O
R

K
S

overa
state

space
Θ

,w
hich

is
denoted

by
µ
t,i .T

he
interactions

betw
een

agents
are

m
odeled

by
an

infinite
sequence

(G
t )
t≥

0 ,w
here

each
G
t is

a
directed

graph
overthe

node
set{1

,...,n}.A
n

edge
pointing

from
i

to
j

in
G
t indicates

that
i

receives
data

from
j

attim
e
t.

Intuitively,the
direction

of
the

edge
has

the
sam

e
m

eaning
as

the
“listen-to”

activity.
Typically,the

sequence
of

graphs
is

specified
ahead

oftim
e

oris
chosen

random
ly:

the
only

condition
thatm

atters
is

thatitshould
be

independentofthe
random

ness
used

in
the

data
generating

and
learning

process;specifically,taking
expectations

and
variances

of
the

random
variables

thatgovern
the

dynam
ics

w
illassum

e
a

fixed
graph

sequence
(possibly

random
).T

he
adjacency

m
atrix

of
G
t is

denoted
by
A
t :itis

an
n
×
n

0
/1

m
atrix.

2.1.T
he

existence
ofan

inform
ation

source

W
hen

an
inform

ation
source

exists
w

hose
belief

is
fixed,w

e
labelitagent

0
and

refer
to

itas
the

truth.In
such

a
case,the

graph
G
t is

overthe
node

set{
0,1,...,n}.B

ecause
agent

0
(ifitexists)

holds
the

truth,no
edge

outof
itpoints

to
another

node.
T

he
adjacency

m
atrix

then
becom

es
an

(n
+

1
)×

(n
+

1
)

m
atrix

w
hose

firstrow
is

(1,0
,...,0),w

ith
a

self-loop
atagent0

forsim
plicity.

2.2.D
ata

generation

A
ttim

e
t≥

0,each
agent

i
>

0
sam

ples
a

state
θ
t,i ∈

R
consistentw

ith
herow

n
belief:

θ
t,i ∼

µ
t,i .

A
noisy

m
easurem

ent
a
t,i

=
θ
t,i +

ε
t,i is

then
sentto

each
agent

j
such

that
(A

t )
ji

=
1.A

llthe
noise

term
s
ε
t,i are

sam
pled

iid
from

N
(0,σ

2).
A

n
equivalentform

ulation
is

to
say

thatthe
likelihood

function
l(a|θ)

is
draw

n
from

N
(θ,σ

2).
In

our
setting,agent

i
sends

the
sam

e
data

to
allof

her
neighbors;this

is
done

fornotationalconvenience
and

the
sam

e
results

w
ould

stillhold
ifw

e
w

ere
to

resam
ple

independently
foreach

neighbor.E
xceptforthe

om
ission

ofexplicitutilities
and

actions,
oursetting

is
easily

identified
as

a
variantofthe

B
W

R
m

odelof(R
ahim

ian
and

Jadbabaie,2016a).

2.3.B
eliefsupdate

A
single-step

update
for

agent
i
>

0
consists

of
setting

µ
t+

1
,i

as
the

posterior
P

[µ
t+

1
,i |d

]
∝

P
[d|µ

t,i ]P
[µ
t,i ],w

here
d

is
the

data
from

the
neighbors

of
ireceived

attim
e
t.Forthe

case
w

hen
the

beliefs
are

G
aussian,w

e
getthe

classicalupdate
rules

from
B

ayesian
inference

by
plugging

in
the

corresponding
norm

aldistribution
(B

ox
and

Tiao,2011).U
pdated

beliefs
rem

ain
G

aussian
so

w
e

can
use

the
notation

µ
t,i ∼

N
(x
t,i ,τ −

1
t,i

),w
here

τ
t,i denotes

the
precision

(inverse
variance)

σ
−

2
t,i .

W
riting

τ
=
σ
−

2
and

letting
d
t,i denote

the
outdegree

of
iin

G
t ,forany

i
>

0
and

t≥
0,w

e
have

{
x
t+

1
,i

=
(τ
t,i x

t,i
+
τ
a
t,1

+
···

+
τ
a
t,d
t,i )/

(τ
t,i

+
d
t,i τ

);

τ
t+

1
,i

=
τ
t,i

+
d
t,i τ,

(1)

w
here

a
t,1 ,...,a

t,d
t,i are

the
signals

received
by

agent
ifrom

its
neighbors

attim
e
t.

2.4.T
he

influence
ofthe

graph
sequence

The
graph

sequence
G
t plays

a
crucialrole

in
the

dynam
ics

ofthe
system

.A
sim

ple
starting

exam
ple

is
the

constant
graph

of
tw

o
agents

w
ith

one
directed

edge.
Such

a
graph

sequence
defines

the
case

w
here

one
learner

repeatedly
gets

sam
ples

from
the

inform
ation

source.
If

the
inform

ation
source

is
regarded

as
the

ground
truth,this

system
is

equivalentto
the

usualB
ayesian

inference

3
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C
H

A
Z

E
L

L
E

A
N

D
W

A
N

G

scenario.
Instead

of
exhausting

all
possible

graph
sequences,

in
this

paper,
w

e
focus

on
three

representative
types,nam

ely
the

chained
learning,hopped

learning,and
netw

orked
learning

m
odels.

T
he

fundam
entalproblem

w
e

w
ould

like
to

solve
is

w
hetherthe

system
is

able
to

converge
to

the
truth;in

otherw
ords,w

hetherthe
truthfulinform

ation
is

able
to

propagate
uncorruptedly

across
the

entire
system

.

3.C
hained

L
earning

Follow
ing

(B
eppu

and
G

riffiths,2009;G
riffiths

and
K

alish,2007,2005;R
afferty

etal.,2009;K
irby

etal.,2014;G
riffiths

etal.,2008;Perfors
and

N
avarro,2011;R

afferty
etal.,2014;Sm

ith,2009;
K

alish
etal.,2007),w

e
begin

w
ith

chained
iterated

learning:a
learner’s

state
ofbeliefis

m
odeled

by
a

distribution
over

a
hypothesis

spaceH
,w

hich
is

itself
equipped

w
ith

a
likelihood

function:
P

[d|h
]indicates

the
probability

ofgenerating
data

d
∈
D

given
the

hypothesis
h
∈
H

.A
learner’s

state
ofbeliefm

ay
change

aftera
learning

process,and
w

e
naturally

callherbeliefbefore
and

after
the

learning
priorand

posterior.N
otice

thatthe
hypothesis

spaceH
is

the
sam

e
as

the
state

space
Θ

,butw
e

w
illuseH

to
em

phasize
the

application
background

and
avoid

confusion.
T

he
initial

hypothesis
h
i
n
i
t

generates
m

1
item

s
iid

forthe
firstlearner.T

hese
item

s
provide

the
training

data
d

1
=

(d
1
,1 ,...,d

1
,m

1 )
w

ith
w

hich
the

firstlearnerB
ayes-updates

its
prior.Its

posterioris
given

by
setting

t
=

1
in

this
form

ula:

P
[h|d

t ]
=

P
[d
t |h

]P
[h

]/P
[d
t ],

w
ith

P
[d
t ]

=
∑h∈H

P
[d
t |h

]P
[h

].
(2)

From
thatpointon,each

successive
learnerupdates

its
priorfrom

theirpredecessor.Forany
t
>

1,
learner

t
receives

m
t item

s
sam

pled
by

the
posteriorofagent

t−
1

to
form

the
training

set
d
t .To

do
that,she

picks
a

random
hypothesis

h
from

H
w

ith
probability

P
[h|d

t−
1 ](the

posterioroflearner
t−

1)
and

then
sam

ples
m
t item

s
iid

from
h

to
form

d
t ∈
D
m
t.

T
he

posteriorP
[h|d

t ]is
derived

according
to

(2).N
ote

thatlearner
t

has
no

directaccess
to

the
posterioroflearner

t−
1

butonly
to

data
draw

n
from

a
hypothesis

sam
pled

from
the

posterior.O
urform

ulation
assum

es
a

discrete
space

H
butextends

to
continuous

settings,as
w

e
show

in
§3.5.

In
the

case
oflinguistic

transm
ission,each

hypothesis
h
∈
H

is
a

“knob”
w

hose
setting

is
given

by
a

num
ber

betw
een

0
and

1,specifically
the

prior
probability

P
[h

].
A

lllearners
share

the
sam

e
prior.Picking

som
e
h

from
thatpriorspecifies

a
language

(also
denoted

h
forconvenience).In

this
case,a

language
is

defined
as

a
probability

distribution
overD

,interpreted
here

as
a

setofsentences.
In

this
w

ay,the
priorcan

be
view

ed
as

a
m

ixture
overH

:by
abuse

ofterm
inology,w

e
callita

m
ixed

hypothesis,w
hich

w
e

distinguish
from

a
pure

hypothesis
of

the
form

h
∈
H

(corresponding
to

a
single-pointdistribution).A

ccess
to

language
h

is
achieved

by
random

sam
pling:the

sentence
d
∈
D

is
picked

w
ith

probability
P

[d|h
].

Iterated
learning

proceeds
as

follow
s.

A
fter

selecting
language

h
w

ith
probability

P
[h|d

t−
1 ],

learner
t

collects
m
t

independent
sam

ples
from

h.
T

hus,
given

a
tuple

d
t

=
(d

1 ,...,d
m
t )

of
sentences

from
D

,the
likelihood

P
[d
t |h

]is
equalto

∏
1≤
k≤

m
t P

[d
k |h

].
T

he
learner

is
now

ready
to

B
ayes-update

its
prior.

O
f

course,
the

first
one

(t
=

1)
sam

ples
directly

from
the

language
h
i
n
i
t

chosen
foriterated

learning.T
he

notation
is

boldfaced
to

indicate
that

h
i
n
i
t

m
ay

be
a

m
ixed

hypothesis
or,in

otherw
ords,a

distribution
overhypotheses.
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Su
pp

os
e

th
at
D

=
{d

1
,.
..
,d
s
}a

nd
H

=
{h

1
,.
..
,h

n
}a

re
bo

th
fin

ite
.A

ft
er

ob
se

rv
in

g
th

e
da

ta
ge

ne
ra

te
d

by
th

e
po

st
er

io
r

of
le

ar
ne

r
t
−

1,
if

le
ar

ne
r
t

w
in

ds
up

ch
oo

si
ng

h
i

th
en

,b
y

B
ay

es
ia

n
up

da
tin

g,
th

e
pr

ob
ab

ili
ty
P
|t ij

th
at

its
po

st
er

io
rp

ic
ks
h
j

is
gi

ve
n

by
:

P
|t ij

=
∑

d
∈D

m
t

P[
h
j
|d

]P
[d
|h
i]

=
∑

d
∈D

m
t

P[
d
|h
i]
P[

d
|h
j
]P

[h
j
]

∑
n k
=

1
P[

d
|h
k
]P

[h
k
]
.

(3
)

To
ou

rk
no

w
le

dg
e,

th
e

en
tir

e
lit

er
at

ur
e

on
th

e
to

pi
c

as
su

m
es

a
co

m
m

on
,fi

xe
d

sa
m

pl
e

si
ze

fo
ra

ll
th

e
le

ar
ne

rs
:m

t
=
m

.E
qu

at
io

n
(3

)c
an

be
th

en
in

te
rp

re
te

d
as

m
ar

gi
na

liz
in

g
a

G
ib

bs
sa

m
pl

er
ov

er
th

e
da

ta
sp

ac
e,

w
hi

ch
cr

ea
te

s
a

M
ar

ko
v

ch
ai

n
ov

er
th

e
hy

po
th

es
is

sp
ac

e
H

:
if
h
t

de
no

te
s

th
e

ro
w

ve
ct

or
fo

rm
ed

by
th

e
n

pr
ob

ab
ili

tie
s
P[
h
k
|d

t]
,t

he
n
h
t

=
h
t−

1
P
t ,

w
he

re
h

0
=
h
i
n
i
t
.A

ss
um

in
g

er
go

di
ci

ty
(i

n
th

is
ca

se
,a

fa
ir

ly
in

co
ns

eq
ue

nt
ia

lt
ec

hn
ic

al
as

su
m

pt
io

n)
,t

he
ch

ai
n

ca
n

be
sh

ow
n

to
co

nv
er

ge
to

a
un

iq
ue

st
at

io
na

ry
di

st
ri

bu
tio

n
h

.
It

ca
n

be
ea

si
ly

ch
ec

ke
d

th
at

it
co

in
ci

de
s

w
ith

th
e

pr
io

r:
h

=
(P

[h
1
],
..
.,
P[
h
n
])

(G
ri

ffi
th

s
an

d
K

al
is

h,
20

05
;N

or
ri

s,
19

98
);

se
e

(R
af

fe
rt

y
et

al
.,

20
09

,
20

14
)f

or
an

an
al

ys
is

of
th

e
m

ix
in

g
tim

e
in

sp
ec

ifi
c

lin
gu

is
tic

sc
en

ar
io

s.
T

hi
s

co
nv

er
ge

nc
e

re
ve

al
s

th
e

lo
ng

-t
er

m
un

su
st

ai
na

bi
lit

y
of

ite
ra

te
d

le
ar

ni
ng

.W
e

sh
ow

ho
w

di
ve

rs
if

yi
ng

th
e

sa
m

pl
e

si
ze

s
m
t,

he
nc

e
m

ak
in

g
th

e
M

ar
ko

v
ch

ai
n

tim
e-

in
ho

m
og

en
eo

us
,c

an
ov

er
co

m
e

th
is

w
ea

kn
es

s.
In

pa
rt

ic
ul

ar
,

w
e

pr
ov

e
th

at
it

is
su

ffi
ci

en
tf

or
m
t

to
in

cr
ea

se
lo

ga
ri

th
m

ic
al

ly
w

ith
re

sp
ec

tt
o
t

in
or

de
rt

o
ac

hi
ev

e
su

st
ai

na
bi

lit
y.

3.
1.

Se
lf-

Su
st

ai
na

bi
lit

y

W
e

sh
ow

ho
w

to
m

ak
e

ite
ra

te
d

le
ar

ni
ng

se
lf

-s
us

ta
in

in
g

in
th

e
pr

es
en

ce
of

a
fin

ite
hy

po
th

es
is

sp
ac

e
H

=
{h

1
,.
..
,h

n
}.

T
hi

s
in

vo
lv

es
sp

ec
if

yi
ng

a
se

qu
en

ce
of

tr
ai

ni
ng

se
ss

io
n

le
ng

th
s
m

1
,m

2
,.
..

so
th

at
th

e
po

st
er

io
r

of
an

y
le

ar
ne

r
en

ds
up

di
ff

er
in

g
fr

om
h
i
n
i
t

by
an

ar
bi

tr
ar

ily
sm

al
la

m
ou

nt
.

Fo
rm

al
ly

,g
iv

en
an

y
δ,
ε
≥

0,
w

e
sa

y
th

at
ite

ra
te

d
le

ar
ni

ng
is

(δ
,ε

)-
se

lf-
su

st
ai

ni
ng

if,
w

ith
pr

ob
ab

ili
ty

at
le

as
t1
−
ε,

a
ra

nd
om

h
∈
H

pi
ck

ed
fr

om
an

y
le

ar
ne

r’s
po

st
er

io
rd

is
tri

bu
tio

n
di

ff
er

s
fr

om
h
i
n
i
t

in
to

ta
lv

ar
ia

tio
n

by
at

m
os

tδ
.W

e
re

ca
ll

a
fe

w
fa

ct
s:

th
e

hy
po

th
es

is
h

de
no

te
s

a
la

ng
ua

ge
m

od
el

ed
as

a
pr

ob
ab

ili
ty

di
st

ri
bu

tio
n

ov
er
D

;t
he

to
ta

lv
ar

ia
tio

n
di

st
an

ce
is

ha
lf

th
e
` 1

-n
or

m
;a

nd
th

e
po

st
er

io
ro

f
le

ar
ne

rt
af

te
rt

he
t-

th
ite

ra
tio

n
is

de
fin

ed
by

m
ar

gi
na

liz
in

g
P[
h
|d
t]

ov
er

al
ls

am
pl

es
d
t

dr
aw

n
fr

om
a

ra
nd

om
h

pi
ck

ed
fr

om
th

e
po

st
er

io
ro

fl
ea

rn
er
t
−

1
(o

rh
i
n
i
t

if
t

=
1)

.A
s

a
sh

or
th

an
d,

w
e

sp
ea

k
of

ε-
se

lf
-s

us
ta

in
ab

ili
ty

to
re

fe
rt

o
th

e
ca

se
δ

=
0.

T
he

pa
ra

m
et

er
s
δ

an
d
ε

al
lo

w
us

to
di

st
in

gu
is

h
be

tw
ee

n
tw

o
m

et
ri

cs
:t

he
di

st
an

ce
be

tw
ee

n
tw

o
la

ng
ua

ge
s

ov
er
D

an
d

th
e

di
st

an
ce

be
tw

ee
n

tw
o

m
ix

tu
re

s
ov

er
H

.
T

he
tw

o
no

tio
ns

co
ul

d
di

ff
er

w
id

el
y.

Fo
re

xa
m

pl
e,

if
al

lo
fH

co
rr

es
po

nd
s

to
la

ng
ua

ge
s

ve
ry

cl
os

e
to
h
i
n
i
t
,t

o
ac

hi
ev

e
(δ
,ε

)-
se

lf
-

su
st

ai
na

bi
lit

y
m

ig
ht

be
ea

sy
fo

ra
tin

y
δ
>

0
bu

th
op

el
es

sl
y

di
ffi

cu
lt

fo
rδ

=
0
.T

he
co

m
pl

ex
ity

of
ite

ra
te

d
le

ar
ni

ng
de

pe
nd

s
on

th
e

ge
om

et
ry

of
th

e
la

ng
ua

ge
s

fo
rm

ed
by

th
e

pu
re

hy
po

th
es

es
.

T
hi

s
is

be
st

ca
pt

ur
ed

by
in

tr
od

uc
in

g
a

m
et

ri
c

th
at

,t
ho

ug
h

m
or

e
sp

ec
ia

liz
ed

th
an

th
e

to
ta

lv
ar

ia
tio

n
(i

t
w

or
ks

on
ly

on
th

e
si

m
pl

ex
of

pr
ob

ab
ili

ty
ve

ct
or

s)
,b

ri
ng

s
al

ls
or

ts
of

te
ch

ni
ca

lb
en

efi
ts

:t
he

ro
ot

-s
in

e
di

st
an

ce
be

tw
ee

n
tw

o
pr

ob
ab

ili
ty

di
st

ri
bu

tio
ns
u

=
(u

1
,.
..
,u

s
)

an
d
v

=
(v

1
,.
..
,v
s
)

ov
er
D

is
de

fin
ed

as

d
R
S

(u
,v

)
=

√ √ √ √
1 2

s ∑ i,
j=

1

( √
u
iv
j
−
√
u
j
v i
) 2

=

√ √ √ √
1
−
(

s ∑ i=
1

√
u
iv
i) 2

.
(4

)

5
JM

L
R

 2
0(

29
):

1-
28

, 2
01

9

C
H

A
Z

E
L

L
E

A
N

D
W

A
N

G

N
ot

e
th

at
th

e
ro

ot
-s

in
e

di
st

an
ce

w
ill

be
us

ed
to

m
ea

su
re

si
m

ila
rit

ie
s

be
tw

ee
n

tw
o

lik
el

ih
oo

ds
,a

nd
w

e
w

ill
co

nt
in

ue
th

e
an

al
ys

is
of

su
st

ai
na

bi
lit

y
de

fin
ed

ba
se

d
on

th
e

to
ta

lv
ar

ia
tio

n
di

st
an

ce
.

It
w

ou
ld

be
su

rp
ris

in
g

if
th

is
di

st
an

ce
ha

d
no

tb
ee

n
us

ed
be

fo
re

,b
ut

w
e

co
ul

d
no

tfi
nd

a
re

fe
re

nc
e.

W
e

pr
ov

e
th

at
it

is
in

de
ed

a
m

et
ri

c
in

th
e

A
pp

en
di

x
an

d
al

so
ex

pl
ai

n
its

na
m

e.
W

e
sh

ow
th

at
it

is
re

la
te

d
to

th
e

H
el

lin
ge

r,
B

ha
tta

ch
ar

yy
a

an
d

to
ta

lv
ar

ia
tio

n
di

st
an

ce
s,
d
H

,d
B

,d
T
V

by
th

e
fo

llo
w

in
g

re
la

tio
ns

:

            

d
H

=

√
1
−
√

1
−
d

2 R
S

;

d
B

=
−

1 2
ln

(1
−
d

2 R
S

)
;

d
T
V
≤
√

2s
d
R
S
.

(5
)

3.
2.

T
he

re
su

lts

W
e

fo
cu

s
on

th
e

“p
ur

e”
ca

se
h
i
n
i
t
∈
H

,a
nd

la
te

rb
ri

efl
y

di
sc

us
s

ho
w

to
ge

ne
ra

liz
e

th
e

m
et

ho
d

to
m

ix
ed

hy
po

th
es

es
.U

si
ng

th
e

sh
or

th
an

d
d
ij

fo
rd

R
S

(P
[·|
h
i]
,P

[·|
h
j
])

,w
e

de
fin

e
d
i

:=
m

in
j:
j6=
i
d
ij

.
L

et
p

=
(p

1
,p

2
,.
..
,p
n
)

be
th

e
pr

io
r

di
st

ri
bu

tio
n

ov
er
H

,w
he

re
p
i

:=
P[
h
i]

.
W

e
ca

n
ob

vi
ou

sl
y

as
su

m
e

th
at

ea
ch
p
i

is
po

si
tiv

e
an

d
th

at
al

lt
he

pu
re

hy
po

th
es

es
ar

e
di

st
in

ct
,h

en
ce

d
i
>

0.
T

he
tw

o
th

eo
re

m
s

be
lo

w
as

su
m

e
th

at
h
i
n
i
t

=
h

1
.

T
he

or
em

1.
Fo

r
an

y
po

si
tiv

e
ε
<

1,
th

e
fo

llo
w

in
g

sa
m

pl
e

si
ze

se
qu

en
ce

m
ak

es
ite

ra
te

d
le

ar
ni

ng
ε-

se
lf-

su
st

ai
ni

ng
:

m
t

=
4 d
2 1

ln
n
t

ε
p

1
=

4 d
2 1

( lo
g
t ε

+
C
) ,

fo
r

so
m

e
C
>

0
in

de
pe

nd
en

to
ft
,ε
,d

1
.

Th
e

fa
ct

or
4

ca
n

be
re

du
ce

d
to

2
1
+
o
(1

)
if

w
e

ad
ju

st
th

e
co

ns
ta

nt
C

.I
ti

s
to

be
ex

pe
ct

ed
th

at
th

e
le

ng
th

s
of

th
e

tr
ai

ni
ng

se
ss

io
ns

sh
ou

ld
gr

ow
to

in
fin

ity
as
p

1
te

nd
s

to
ze

ro
,a

s
th

e
va

ni
sh

in
g

pr
io

rm
ak

es
it

in
cr

ea
si

ng
ly

di
ffi

cu
lt

fo
r

th
e

po
st

er
io

rs
to

“a
tta

ch
”

to
h

1
.

T
he

se
ss

io
n

le
ng

th
s

ar
e

se
ns

iti
ve

to
th

e
m

in
im

um
di

st
an

ce
be

tw
ee

n
th

e
la

ng
ua

ge
s

sp
ec

ifi
ed

by
H

an
d

th
e

ta
rg

et
la

ng
ua

ge
h

1
.S

et
tli

ng
fo

r
(δ
,ε

)-
se

lf
-s

us
ta

in
ab

ili
ty

al
lo

w
s

us
to

re
m

ov
e

th
is

de
pe

nd
en

cy
.

T
he

or
em

2.
Fo

r
an

y
po

si
tiv

e
δ,
ε
<

1
,t

he
fo

llo
w

in
g

sa
m

pl
e

si
ze

se
qu

en
ce

m
ak

es
ite

ra
te

d
le

ar
ni

ng
(δ
,ε

)-
se

lf-
su

st
ai

ni
ng

:

m
t

=
8
sn

2

δ2

( ln
t ε

+
C
) .

fo
r

so
m

e
C
>

0
in

de
pe

nd
en

to
ft
,δ
,ε

.
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3.3.T
he

proofs

To
establish

T
heorem

1,w
e

estim
ate

the
probability

P
∗

thateach
leanerends

up
picking

h
1 .R

ecall
that

h
tis

the
posteriordistribution

oflearner
t,by

the
M

arkovian
property

ofthe
system

,

P
∗

=
P

[h
0

=
h

1 ] ∏t≥
0 P

[h
t+

1
=
h

1 |h
t

=
h

1 ]
=
∏t≥

1

P
|t1
1 .

(6)

Since
the

m
atrix

P
|t

is
the

transition
m

atrix
of

a
M

arkov
chain,w

e
proceed

by
bounding

its
off-

diagonalelem
ents

P
|tij

for
i6=

j.W
e

have

P
|tij ≤

∑d∈D
m
t

P
[d|h

i ]P
[d|h

j ]p
j

P
[d|h

i ]p
i
+

P
[d|h

j ]p
j

=
p
j

p
i

∑d∈D
m
t

(
p
i

p
j )P

[d|h
i ]P

[d|h
j ]

(
p
i

p
j )P

[d|h
i ]+

P
[d|h

j ]

≤
12 √

p
j

p
i

∑d∈D
m
t √

P
[d|h

i ]P
[d|h

j ]
=

12 √
p
j

p
i (∑d∈D

√
P

[d|h
i ]P

[d|h
j ] )

m
t

≤
12 √

p
j

p
i

ex
p {

m
t

2

((∑d∈D

√
P

[d|h
i ]P

[d|h
j ] )

2−
1 ) }

,

w
here

the
tw

o
equalities

are
sim

ple
deform

ations,the
firstinequality

is
achieved

by
dropping

som
e

non-negative
term

s
from

the
definition

of
P
|tij

in
(3),the

second
inequality

is
obtained

via
Y

oung’s
inequality,and

the
lastinequality

is
from

Taylorexpansion
ofthe

naturallogarithm
function

at1.B
y

definition
ofthe

root-sine
distance,w

e
have

P
|tij ≤

12 √
p
j

p
i e −

12
d
2ij m

t
(i6=

j).
(7)

Setting
i

=
1

in
(7)and

sum
m

ing
over

2
≤
j≤

n,itfollow
s

by
C

auchy-Schw
arz

that

n
∑j=

2

P
|t1
j ≤

12 √
n

(1−
p

1 )

p
1

e −
12
d
21
m
t
.

(8)

C
om

bining
(6)and

(8)yields

P
∗≥

∏t≥
1 (

1−
12 √

n
(1−

p
1 )

p
1

e −
12
d
21
m
t )
≥

1−
12 √

n
(1−

p
1 )

p
1

∑t≥
1

e −
12
d
21
m
t.

(9)

G
iven

0
<
ε
<

1,w
e

constrain
the

sequence
(m

t )
to

satisfy:

∑t≥
1

e −
12
d
21
m
t
<
ε √

4p
1

n
(1−

p
1 )
.

(10)

Forexam
ple,w

e
can

pick
the

sequence

m
t

=
1d
21

ln
n

(1−
p

1 )t 4

ε
2p

1
,
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w
hich

com
pletes

the
proof.A

closerlook
atthe

calculation
show

s
thatthe

factor
t 4

can
be

reduced
to
C
α
t 2

+
α

forany
sm

all
α
>

0
and

a
suitable

constant
C
α
>

0,w
hich

m
akes

the
dependency

on
t

arbitrarily
close

to
(2/

d
21 )

ln
t.

To
prove

Theorem
2,w

e
seta

targetdistance
ρ

:=
δ/(n √

2s)
and

find
a

subset
A
⊆
H

such
that

(i)
d

1
j ≤

ρ
n

for
j∈

A
and

(ii)
d
ij ≥

ρ
for

i∈
A

and
j6∈

A
.To

see
w

hy
such

a
subsetm

ustexist,
considerspheres

centered
at
h
i
n
i
t

=
h

1
ofradius

k
ρ,for

k
=

1
,...,n

+
1

(w
ith

respectto
d
R
S ).

These
define

n
+

1
disjoint(open)regions

and,by
the

pigeonhole
principle,atleastone

ofthem
m

ust
be

em
pty.W

e
set

A
to

include
allthe

points
in

the
regions

preceding
the

em
pty

one;note
that

h
1 ∈

A
.

T
he

claim
follow

s
from

the
triangularinequality.W

e
begin

w
ith

a
straightforw

ard
generalization

of
(8):forany

i∈
A

,
∑j6∈
A

P
|tij ≤

12 √
n

(1−
p
A

)

p
A

e −
12
ρ
2
m
t
,

(11)

w
here

p
A

:=
m

in
i∈
A
p
i .N

ow
let
P
∗

be
the

probability
that

h
t∈

A
foreach

t,then
(6)and

(9)are
generalized

to

P
∗≥

∏t≥
1 

1−
m

ax
i∈
A

∑j
/∈
A

P
|tij 
≥

1−
12 √

n
(1−

p
A

)

p
A

∑t≥
1

e −
12
ρ
2
m
t.

(12)

Setting

m
t

=
1ρ
2

ln
n

(1−
p
A

)t 4

ε
2p
A

(13)

ensures
that

P
∗
>

1−
ε.The

root-sine
distance

betw
een

the
languages

denoted
by
h

1
and

any
h
∈
A

is
atm

ost
ρ
n,so

that,by
(5),the

totalvariation
distance

is
bounded

by √
2
sρ
n

=
δ,w

hich
concludes

the
proofofT

heorem
2.

So
far,w

e
have

analyzed
only

the
“pure”

case
h
i
n
i
t ∈
H

.T
he

idea
ofthe

training
is

to
prevent

the
priorto

“drag”
the

posteriorm
ixture

allacrossH
.Itshould

be
clearthata

sim
ilarresultobtains

if
h
i
n
i
t ∈

∆
H

is
concentrated

on
a

subset
A

ofH
.T

he
prooffollow

s
the

path
charted

in
T

heorem
2

and
need

notbe
repeated

here.Itis
crucialto

note,how
ever,thatthis

resultis
to

be
understood

in
a

coarse-graining
sense:iterated

learning
cannotensure

thatthe
originalw

eights
in

the
m

ixture
h
i
n
i
t

are
retained

butonly
that

A
contributes

m
ostof

the
m

ass
in

the
posteriors.

To
retain

the
w

eights
w

ould
require

changing
the

stationary
distribution

to
conform

w
ith
h
i
n
i
t ,as

the
process

unfolds,
som

ething
thatstraightforw

ard
B

ayesian
learning

seem
s

unable
to

do.
L

earning
pure

hypotheses
bypasses

thatdifficulty.

3.4.A
pplications

W
e

briefly
discuss

a
directapplication

ofourresults
to

a
w

ell-know
n

m
odeloflanguage

acquisition
via

iterated
learning

and
w

e
m

ention
som

e
naturalextensions

ofthe
techniques.

L
anguage

evolution.
R

afferty
etal.show

how
iterated

learning
fails

rapidly
in

a
sim

ple
m

odelof
language

evolution
(R

afferty
etal.,2009).G

iven
n

hypotheses,iterated
learning

w
ith

fixed-length
training

sessions
ceases

to
learn

anything
new

after
only

O
(log

n
log

log
n

)
rounds.

O
ur

previous
theorem

s
show

how
to

turn
this

around
and

achieve
self-sustainality.

In
our

notational
system

,
theirm

odelis
defined

on
a

hypothesis
spaceH

=
{
h

1 ,...,h
n },w

here
n

=
2
k

and
h
i denotes

the
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la
ng

ua
ge

w
ho

se
se

nt
en

ce
s
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=
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.
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.
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.
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st

in
gu

is
h

be
tw

ee
n

“m
ea

ni
ng

s”
x

an
d

“u
tte

ra
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”
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n

th
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=
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(x
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re
µ

(x
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e
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ili
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x
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he
tr

an
si

tio
n

m
at
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x
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th

e
M
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v
ch

ai
n

th
us

be
co

m
es

P
|t ij

=
∑

x
∈X

m
t

∑

y
∈Y

m
t

P[
h
j
|x
,y

]P
[y
|x
,h

i]
µ

(x
)

=
∑

x
∈X

m
t

∑

y
∈Y

m
t

P[
y
|x
,h

i]
P[
y
|x
,h

j
]P

[h
j
]

∑
m k
=

1
P[
y
|x
,h

k
]P

[h
k
]
µ

(x
)
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Si
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e
th

e
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tp
ut
y

no
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th
th

e
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is
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th
e

in
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w

e
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de
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e
d
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th
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ot
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e

di
st
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be
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ee
n

th
e
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o

di
st

ri
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tio
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P[
y
|x
,h

i]
µ

(x
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an
d
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y
|x
,h

j
]µ

(x
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( d
′ ij
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:=
1
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∑ y
∈Y

√
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y
|x
,h
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,h

j
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(x
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an
d

w
e

de
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e
d
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m
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i
d
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en
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y
i
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P
|t ij
≤
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x
∈X

m
t

∑

y
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m
t
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y
|x
,h
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y
|x
,h

j
]p
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,h
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p
i
+
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,h
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p
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m
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√
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y
|x
,h
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y
|x
,h

j
]µ

(x
)

≤
1 2

√
p
j p
i

( ∑ x
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∑ y
∈Y

√
P[
y
|h
i]
P[
y
|h
j
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(x
)
) m
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≤
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√
p
j p
i

ex
p
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m
t
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∑ y
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√
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y
|x
,h

i]
P[
y
|x
,h

j
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−
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hi

s
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s
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ne
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n
of

in
eq
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lit

y
(7
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w

hi
ch

w
e
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n
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e

as
th

e
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si
s

fo
r

a
re

pe
at

of
th

e
ar

gu
m

en
to

ft
he

pr
ev

io
us

se
ct

io
n: P
|t ij
≤

1 2

√
p
j p
i
e−

1 2
d
′2 ij
m
t

(i
6=
j)
.

(1
6)

3.
5.

G
au

ss
ia

n
ch

ai
ne

d
le

ar
ni

ng

W
he

n
ite

ra
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ri
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n
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m
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.
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e

pr
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n
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s
a

G
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h

]
∼
N

(µ̄
,σ̄

2
)

an
d

th
at

th
e

lik
el

ih
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d
of
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od

uc
in

g
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ta
d
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ve
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h
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|h

]
=
N

(h
,σ

2
).

T
he

lik
el

ih
oo

d
ca

n
al

so
be

un
de
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re
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e

di
st

an
ce

ar
gu

m
en

tf
ai

ls
.

W
e

di
sc

us
s

it
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ra
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d
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m
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L
ea

rn
er
t

B
ay

es
-u

pd
at

es
its

po
st

er
io

ra
s

fo
llo

w
s:

P[
h
|d
t]
∝

P[
d
t|h

]P
[h

]
∝

ex
p
( −

1

2
σ

2

m
t

∑ i=
1

(d
t,
i
−
h

)2
) ex

p
( −

1

2σ̄
2
(h
−
µ̄
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d

by
µ
t

an
d
σ

2 t
,r

es
pe

ct
iv
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+
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τ̄

+
m
tτ
,

(1
7)

w
he

re
w

e
de

fin
e

th
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ra
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µ
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+
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∞
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ra
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−
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e
d
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t

is
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B
y

ta
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ng
th

e
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at
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d
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of

eq
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n

(1
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fin
d

th
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w
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re
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µ
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r
µ
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>

0
,

  
E
µ
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=
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+
m
t
τ

( τ̄
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+
m
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µ
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=
m
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+
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Ifw
e

define
β
t

:=
m
t τ
/
(τ̄

+
m
t τ

),then
(18)becom

esE
µ
t

=
β
t E

µ
t−

1
+

(1−
β
t )µ̄

.If
m
t

=
m

is
a

constant,then
so

is
β
t ,and

the
recursive

relation
(18)becom

es

E
µ
t −

µ̄
=
β
t1 (µ

0 −
µ̄

),

w
hich

show
s

thatE
µ
t converges

to
µ̄

exponentially
fast.A

s
in

the
discrete

case,iterated
learning

is
notself-sustainable

w
ith

constant-length
training

sessions.B
y

letting
m
t increase

as
t 1

+
o
(1

)order,
how

ever,w
e

can
achieve

self-sustainability:

T
heorem

3
For

any
0
<
ε
<

1,the
follow

ing
sam

ple
size

sequence
m

akes
chained

iterated
learning

strongly
ε-self-sustaining:

m
t

=
|µ

0 −
µ̄|

ε

(
1

+
1c )(

σσ̄ )
2
t 1

+
c,

for
an

arbitrarily
sm

allconstant
c
>

0.

Proof
W

e
observe

thatE
µ
t is

a
convex

com
bination

of
µ̄

and
E
µ
s

(s
<
t);specifically,

E
µ
t

=
t
∏s=

1

β
s µ

0
+

(
1−

t
∏s=

1

β
s )
µ̄
.

(19)

B
ecause ∑

s>
0 (1/s)

1
+
c
<

1
+
∫
∞1
x
−

1−
c
d
x

=
1

+
1
/c,w

e
have

1
≥

t
∏s=

1

β
s

=
t
∏s=

1 (
1−

τ̄

m
s τ

+
τ̄ )
≥

1−
t
∑s=

1

τ̄

m
s τ

+
τ̄

≥
1−

ε

|µ
0 −

µ̄| (
c

c
+

1 )
∞∑s=

1

1

s
1
+
c
>

1−
ε

|µ
0 −

µ̄|
.

T
his

show
s

that

|E
µ
t −

µ
0 |

=
(

1−
t
∏s=

1

β
s )|µ̄

−
µ

0 |≤
ε.

B
y

(17),
σ

2t
=

1
/τ
t
<

1
/m

t τ
→

0.Since
σ

2t−
1 ≤

σ̄
2

for
t
>

1,itfollow
s

from
(18)that

var
µ
t ≤

(va
r
µ
t−

1
+
σ

2
+
σ̄

2)/m
t for

t
>

1,and
var

µ
1 ≤

(σ
20

+
σ

2)/m
1 .W

riting
M
t

:=
m
t m

t−
1
...m

1 ,
w

e
have

M
t var

µ
t ≤

M
t−

1 var
µ
t−

1
+
M
t−

1 (σ
2

+
σ̄

2)

≤
tM

t−
1 (σ

20
+
σ

2
+
σ̄

2),

and
thus

va
r
µ
t ≤

(σ
20

+
σ

2
+
σ̄

2)t/m
t →

0
since

m
t

=
Ω

(t 1
+
c).

3.6.Iterated
B

ayesian
L

inear
R

egression

The
iterated

version
ofB

ayesian
linearregression

has
been

the
subjectofextensive

study
in

the
field

ofpsychology
(K

alish
etal.,2007;B

eppu
and

G
riffiths,2009;Tam

ariz
and

K
irby,2015;B

artlett;
G

riffiths
etal.,2008).

T
he

w
ork

has
involved

experim
entation

w
ith

hum
an

subjects
butlittle

in
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the
w

ay
of

theoretical
analysis.

T
his

section
is

a
first

step
tow

ard
filling

this
gap.

T
he

task
at

hand
is

to
estim

ate
a

hypothesis
h
∈
H

:=
R
d

given
a

noisy
m

easurem
ents

on
the

hyperplane
y

=
h
T
x,w

here
x
∈
R
d.

In
the

B
ayesian

setting,w
e

assum
e

a
G

aussian
prior

on
the

hypothesis
space:

P
[h

]∼
N

(µ̄
,σ̄

2I
d ).

T
he

data
is

given
by

(x
,y

),w
here

x
∼
N

(0,I
d )

and
y

=
h
T
x

+
φ,

for
φ
∼
N

(0,σ
2)

(w
ith

x
,φ

independent).
Since

w
e

typically
m

ake
several

m
easurem

ents,w
e

w
rite

this
(likelihood)

relation
in

m
atrix

form
:
y

=
X
h

+
φ,w

here
y
∈
R
m

(w
ith

m
the

num
ber

of
m

easurem
ents);

φ
∼
N

(0,σ
2I
m

);
and

X
is

an
m

-by-d
m

atrix
each

of
w

hose
row

s
denotes

a
random

vector
x
∼
N

(0,I
d ).T

his
m

eans
thatthe

m
atrix

X
is

random
(a

factofkey
im

portance
in

ourdiscussion
below

).W
e

have:


P
[φ

]∼
ex

p {−
1

2
σ
2 ‖
φ‖

22 }
(
n
o
i
s
e
)

P
[h

]∼
ex

p {−
1

2
σ̄
2 ‖h
−
µ̄‖

22 }
(
p
r
i
o
r
)

P
[y|X

,h
]∼

ex
p {−

1
2
σ
2 ‖
y−

X
h‖

22 }
(
l
i
k
e
l
i
h
o
o
d
)

In
iterated

B
ayesian

linear
regression,

the
t-th

learner
receives

her
data

from
learner

t−
1.

H
ere,learner

0
is

treated
justlike

any
otheragent,exceptthathis

priorP
[h

]∼
N

(µ
0 ,σ̄

2I
d )

is
the

distribution
to

be
learned

iteratively.Since
sam

pling
from

the
prioris

independentof
X

,B
ayesian

updating
gives

the
posterior

N
(µ
t ,Σ

t ),w
here

P
[h|X

,y
]

=
P

[h
]P

[y|X
,h

]/P
[y|X

]∼
ex

p {−
1

2
σ̄

2 ‖
h
−
µ̄‖

22 −
1

2
σ

2 ‖y−
X
h‖

22 }
.

C
om

pleting
the

square
in

the
usualfashion

show
s

thatthe
posterioroflearner

t
is

given
by:


Σ
t

=
(σ̄
−

2I
d

+
σ
−

2X
Tt
X
t )−

1
;

µ
t

=
Σ
t (σ̄

−
2µ̄

+
σ
−

2X
Tt
y
t )
,

(20)

w
here

(X
t ,y

t )
is

the
data

gathered
by

learner
t

from
herpredecessor:specifically,

y
t

=
X
t h

+
φ
t ,

w
here

h
is

collected
from

the
(t−

1)-th
learnerby

sam
pling

his
posteriordistribution

N
(µ
t−

1 ,Σ
t−

1 ).

T
heorem

4
G

iven
any

sm
all

enough
δ,ε

>
0,

the
follow

ing
sam

ple
size

sequence
for

iterated
B

ayesian
linear

regression
ensures

that‖E
µ
t −

µ
0 ‖

2 ≤
δ

w
ith

probability
greater

than
1−

ε:

m
t

=
D
c ‖µ

0 −
µ̄‖

2

δ

(
σσ̄ )

2t 1
+
c

+
D
c
d

log
t

+
1

ε
,

for
an

arbitrarily
sm

all
c
>

0
and

a
constant

D
c

thatdepends
only

on
c.

Proof
W

e
proceed

in
tw

o
steps:first,w

e
show

thatto
keep

E
µ
t arbitrarily

close
to
µ

0
forall

thinges
on

spectralproperties
ofcertain

random
m

atrices;second,w
e

callon
know

n
facts

aboutthe
singular

values
ofrandom

G
aussian

m
atrices

to
translate

the
spectralcondition

into
a

high-probability
event.

The
proofunfolds

as
a

series
ofsim

ple
relations,w

hich
w

e
state

firstand
then

dem
onstrate.The

first
one

follow
s

directly
from

(20):

E
µ
t

=
(I
d

+
M
t ) −

1
(µ̄

+
M
t E
µ
t−

1 )
,

w
here

M
t

:=
(
σ̄σ )

2

X
Tt
X
t .

(21)
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S

N
ot

e
th

at
(2

1)
is

a
ra

nd
om

iz
ed

re
cu

rs
iv

e
re

la
tio

n
si

nc
e

th
e

da
ta

po
in

ts
X

1
,X

2
,.
..

ar
e

th
em

se
lv

es
ra

nd
om

.W
e

no
te

th
at

al
lt

he
m

at
ric

es
w

ho
se

in
ve

rs
es

ar
e

ta
ke

n
ar

e
po

si
tiv

e
de

fin
ite

,h
en

ce
no

ns
in

gu
la

r.
To

m
ov

e
on

to
ou

rs
ec

on
d

re
la

tio
n,

w
e

de
fin

e
th

e
m

at
ri

x

Q
t

:=
(I
d

+
M
t)
−

1
M
t(
I d

+
M
t−

1
)−

1
M
t−

1
··
·(
I d

+
M

1
)−

1
M

1
,

fo
rt
>

0,
w

ith
Q

0
=
I d

,a
nd

pr
ov

e
by

in
du

ct
io

n
th

at

E
µ
t

=
Q
tµ

0
+

(I
d
−
Q
t)
µ̄
.

(2
2)

T
he

ba
se

ca
se

is
ob

vi
ou

s
so

w
e

as
su

m
e

th
at
t
>

0
:b

y
(2

1)
,

E
µ
t

=
(I
d

+
M
t)
−

1
(µ̄

+
M
t
E
µ
t−

1
)

=
(I
d

+
M
t)
−

1
(µ̄

+
M
tQ

t−
1
µ

0
+
M
t(
I d
−
Q
t−

1
)µ̄

)

=
(I
d

+
M
t)
−

1
M
tQ

t−
1
µ

0
+

(I
d

+
M
t)
−

1
(I
d

+
M
t(
I d
−
Q
t−

1
))
µ̄

=
Q
t
µ

0
+

(I
d
−

(I
d

+
M
t)
−

1
M
tQ

t−
1
)µ̄
,

w
hi

ch
pr

ov
es

(2
2)

.O
ur

ne
xt

go
al

is
to

bo
un

d
th

e
in

fo
rm

at
io

n
de

ca
y
‖E

µ
t
−
µ

0
‖ 2

.T
o

do
th

at
,w

e
in

ve
st

ig
at

e
th

e
sp

ec
tr

al
no

rm
of

th
e

m
at

ri
x
I d
−
Q
t,

w
hi

ch
le

ad
s

to
ou

rt
hi

rd
re

la
tio

n.
W

e
pr

ov
e

by
in

du
ct

io
n

th
at

,f
or
t
>

0
,

‖I
d
−
Q
t‖

2
≤

t ∑ s=
1

‖A
s
‖ 2
,

(2
3)

w
he

re
A
s

:=
(I
d

+
M
s
)−

1
.F

or
t

=
1
,Q

1
=

(I
d

+
M

1
)−

1
M

1
=
I d
−

(I
d

+
M

1
)−

1
an

d
th

e
cl

ai
m

fo
llo

w
s.

If
t
>

1,
th

en

‖I
d
−
Q
t‖

2
=
‖(
I d
−
Q
t−

1
)

+
(Q

t−
1
−
Q
t)
‖ 2

≤
‖I
d
−
Q
t−

1
‖ 2

+
‖Q

t
−
Q
t−

1
‖ 2
≤

t−
1

∑ s=
1

‖A
s
‖ 2

+
‖Ψ
‖ 2
,

w
he

re
Ψ

:=
(A

tM
t
−
I d

)Q
t−

1
.S

in
ce
A
t(
I d

+
M
t)

=
I d

,w
e

ha
ve

Ψ
=
−
A
tQ

t−
1
.E

ac
h

m
at

rix
M
s

is
po

si
tiv

e
se

m
id

efi
ni

te
,s

o
th

e
ei

ge
nv

al
ue

s
of

(I
d

+
M
s
)−

1
M
s

ar
e

of
th

e
fo

rm
λ
/
(1

+
λ

),
w

he
re

λ
≥

0
.

T
hi

s
sh

ow
s

th
at

al
lt

he
ei

ge
nv

al
ue

s
of
Q
s

ar
e

be
tw

ee
n

0
an

d
1;

th
er

ef
or

e
‖Q

s
‖ 2
≤

1.
T

he
ei

ge
nv

al
ue

s
of
I d
−
A
tM

t
ar

e
th

e
sa

m
e

as
th

os
e

of
A
t;

he
nc

e,
by

su
bm

ul
tip

lic
at

iv
ity

,
‖Ψ
‖ 2
≤

‖A
t‖

2
‖Q

t−
1
‖ 2
≤
‖A

t‖
2
,w

hi
ch

es
ta

bl
is

he
s

(2
3)

.
W

e
ar

e
no

w
re

ad
y

to
ex

pr
es

s
th

e
in

fo
rm

at
io

n
de

ca
y

in
sp

ec
tr

al
te

rm
s.

Pi
ck

an
ar

bi
tr

ar
ily

sm
al

l
co

ns
ta

nt
c
>

0
an

d
as

su
m

e
th

at ‖A
s
‖ 2
≤

δ

‖µ̄
−
µ

0
‖ 2

(
c

1
+
c

)(
1 s

) 1
+
c
.

(2
4)

B
y

(2
2)

,E
µ
t
−
µ

0
=

(I
d
−
Q
t)

(µ̄
−
µ

0
);

th
er

ef
or

e,
by

(2
3)

,

‖E
µ
t
−
µ

0
‖ 2
≤
‖µ̄
−
µ

0
‖ 2

t ∑ s=
1

‖A
s
‖ 2
≤

δc

1
+
c

t ∑ s=
1

s−
1
−
c

≤
δc

1
+
c

( 1
+

∫
∞

1
x
−

1
−
c
d
x
)

=
δ,

(2
5)
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C
H

A
Z

E
L

L
E

A
N

D
W

A
N

G

T
he

re
la

tio
n

sa
ys

th
at

,o
n

av
er

ag
e,

th
e

m
ea

ns
of

an
y

of
th

e
ag

en
ts

’
po

st
er

io
rs

ca
n

be
br

ou
gh

ta
s

cl
os

e
to

th
e

or
ig

in
al

m
ea

n
to

be
le

ar
ne

d
as

w
e

w
an

t.
W

e
ca

n
tu

rn
th

is
in

to
a

hi
gh

-p
ro

ba
bi

lit
y

ev
en

t
by

us
in

g
so

m
e

ba
si

c
ra

nd
om

m
at

ri
x

th
eo

ry
.

R
ec

al
l

th
at

E
µ
t

is
its

el
f

a
ra

nd
om

va
ri

ab
le

w
ho

se
st

oc
ha

st
ic

ity
co

m
es

fr
om

th
e

m
at

ri
ce

s
X
s
,w

hi
ch

ar
e

al
ld

ra
w

n
fr

om
G

au
ss

ia
ns

.
B

ec
au

se
M
s

is
po

si
tiv

e
se

m
id

efi
ni

te
,

‖A
s
‖ 2
≤
‖M

−
1

s
‖ 2
≤

(σ
/σ̄

)2

λ
m

in
(X

T t
X
t)
≤
(

σ
/σ̄

σ
1
(X

t)

) 2
,

(2
6)

w
hi

ch
gi

ve
s

us
a

re
la

tio
n

be
tw

ee
n

th
e

sp
ec

tr
al

no
rm

of
(I
s

+
M
s
)−

1
an

d
th

e
sm

al
le

st
si

ng
ul

ar
va

lu
e

σ
1
(X

t)
of

an
m
t-

by
-d

m
at

rix
X
t

w
ho

se
el

em
en

ts
ar

e
dr

aw
n

iid
fr

om
N

(0
,1

).
Th

e
as

ym
pt

ot
ic

be
ha

v-
io

ro
fσ

1
(X

t)
fo

rl
ar

ge
va

lu
es

of
m
t

ha
s

be
en

ex
te

ns
iv

el
y

st
ud

ie
d

w
ith

in
th

e
fie

ld
of

ra
nd

om
m

at
ri

x
th

eo
ry

(D
av

id
so

n
an

d
Sz

ar
ek

,2
00

1;
E

de
lm

an
,1

98
8;

R
ud

el
so

n
an

d
V

er
sh

yn
in

,2
00

9)
.

Fo
llo

w
in

g
T

he
or

em
II

.1
3

in
(D

av
id

so
n

&
Sz

ar
ek

(D
av

id
so

n
an

d
Sz

ar
ek

,2
00

1)
),

fo
ra

ny
γ
t
>

0
,

P[
σ

1
(X

t)
<
√
m
t
−
√
d
−
γ
t]
≤
e−

γ
2 t
/
2
.

W
e

us
e
C

be
lo

w
as

a
ge

ne
ric

co
ns

ta
nt

la
rg

e
en

ou
gh

to
sa

tis
fy

th
e

in
eq

ua
lit

ie
sw

he
re

it
ap

pe
ar

s.
Se

tti
ng

γ
t

=
C
√

lo
g
((
t

+
1)
/ε

)
en

su
re

s
th

at
∑

t>
0
e−

γ
2 t
/
2
<
ε ,

he
nc

e
th

at
σ

1
(X

t)
<
√
m
t
−
√
d
−
γ
t

ho
ld

s
fo

ra
ll
t

w
ith

pr
ob

ab
ili

ty
le

ss
th

an
ε.

W
ith

ou
rs

et
tin

g
of
m
t,

th
is

m
ea

ns
th

at
,f

or
al

lt
>

0,

P[
σ

1
(X

t)
≥
√
m
t

2

] >
1
−
ε.

(2
7)

A
ss

um
in

g
th

e
ev

en
ti

n
(2

7)
,i

tf
ol

lo
w

s
fr

om
(2

6)
an

d
ou

rs
et

tin
g

of
m
t

th
at

‖A
t‖

2
≤

4 m
t

( σ σ̄

) 2
≤

δ

‖µ̄
−
µ

0
‖ 2

(
4 D
c

)(
1 t

) 1
+
c
;

he
nc

e
(2

4)
ho

ld
s

fo
r
D
c

la
rg

e
en

ou
gh

.
B

y
(2

5,
27

),
th

is
pr

ov
es

th
at

,w
ith

pr
ob

ab
ili

ty
gr

ea
te

r
th

an
1
−
ε,
‖E

µ
t
−
µ

0
‖ 2
≤
δ

fo
ra

ll
t
>

0,
w

hi
ch

co
m

pl
et

es
th

e
pr

oo
f.

4.
H

op
pe

d
L

ea
rn

in
g

In
th

is
se

ct
io

n,
w

e
co

ns
id

er
th

e
“h

op
pe

d
le

ar
ni

ng
”

sc
en

ar
io

in
w

hi
ch

le
ar

ne
rt

ho
ps

ba
ck

to
pi

ck
a

te
ac

he
rf

ro
m
{0
,1
,.
..
,t
−

1}
at

ra
nd

om
,a

nd
th

en
ta

ke
s
m
t

sa
m

pl
es

fr
om

he
rp

os
te

ri
or

.T
o

m
od

el
th

e
da

ta
ge

ne
ra

tin
g

pr
oc

es
s,

w
e

co
nt

in
ue

to
ad

op
tt

he
G

au
ss

ia
n

se
tti

ng
fr

om
Se

ct
io

ns
3.

5
an

d
3.

6.
N

ot
e

th
at

th
e

gr
ap

h
se

qu
en

ce
G
t

be
co

m
es

ra
nd

om
un

de
rt

he
co

ns
tr

ai
nt

th
at

a
le

ar
ne

rc
an

on
ly

ge
t

da
ta

fr
om

th
e

le
ar

ne
rs

be
fo

re
he

r.
Si

nc
e

m
ul

tip
le

sa
m

pl
es

ca
n

be
se

nt
fr

om
a

te
ac

he
rt

o
a

le
ar

ne
r,

w
e

us
e
d
t,
s,
i

to
de

no
te

th
e
i-

th
sa

m
pl

e
ge

ne
ra

te
d

by
ag

en
ts

at
tim

e
t.

N
ot

e
th

at
th

ou
gh

a
le

ar
ne

ro
nl

y
re

ce
iv

es
da

ta
fr

om
on

e
te

ac
he

r,
w

ith
ou

tl
os

s
of

ge
ne

ra
lit

y,
w

e
as

su
m

e
al

lh
er

pr
ed

ec
es

so
rs

ge
ne

ra
te

sa
m

pl
es

bu
ts

he
on

ly
lis

te
ns

to
on

e
of

th
em

.T
he

re
cu

rs
iv

e
re

la
tio

n
fo

rµ
t

be
co

m
es

µ
t

=
β
t

m
t

t−
1

∑ s=
0

χ
t,
s

m
t

∑ i=
1

d
t,
s,
i
+

(1
−
β
t)
µ̄
,

(2
8)

w
he

re
,g

iv
en
t,

th
e

ra
nd

om
va

ri
ab

le
χ
t,
s

is
1

fo
ra

va
lu

e
of
s

pi
ck

ed
at

ra
nd

om
be

tw
ee

n
0

an
d
s
−

1
,

an
d

is
ze

ro
el

se
w

he
re

;r
ec

al
lt

ha
tβ

t
:=

m
tτ
/
(τ̄

+
m
tτ

).
H

op
pe

d
ite

ra
te

d
le

ar
ni

ng
pr

ov
id

es
ac

ce
ss
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to
earlierdata,so

one
w

ould
expectthe

lengths
ofthe

training
sessions

to
grow

m
ore

slow
ly

than
in

chained
learning.T

he
change

is
indeed

quite
dram

atic:

T
heorem

5
For

any
positive

ε
<
|µ

0 −
µ̄|,

the
follow

ing
sam

ple
size

sequence
m

akes
hopped

iterating
learning

ε-self-sustaining:

m
t

=
B
c |µ

0 −
µ̄|

ε

(
σσ̄ )

2(1
+

log
t)

1
+
c,

for
an

arbitrarily
sm

all
c
>

0
and

a
constant

B
c

thatdepends
only

on
c.

Proof
B

y
taking

expectation
on

both
sides

of(28),forany
t
>

0,

E
µ
t

=
β
tt

t−
1

∑s=
0 E

µ
s

+
(1−

β
t )µ̄

,

W
e

define
γ

1
=
β

1
and,for

t
>

1,

γ
t

:=
(1

+
β

1 ) (
1

+
β

22

)
··· (

1
+
β
t−

1

t−
1 )

β
tt
.

W
e

verify
easily

thatE
µ
t

=
γ
t µ

0
+

(1−
γ
t )µ̄

,for
t
>

0;therefore,the
firstpartin

establishing
ε-self-sustainability

consists
ofproving

that

1
≥
γ
t ≥

1−
ε

|µ
0 −

µ̄|
,

(29)

w
hich

w
illshow

that|E
µ
t −

µ
0 |≤

ε.N
ote

that

γ
t ≤

1t

t−
1

∏s=
1 (

1
+

1s )
=

1.

N
ow

define
α
s

=
ε

B
c |µ

0 −
µ̄|s(1

+
log

s)
1
+
c .

for
s
>

0.
W

e
pick

a
constant

B
c

large
enough

so
that

α
s

is
sm

allenough
to

carry
outfirst-order

Taylorapproxim
ations

around
1

+
α
s .W

e
find

that

1
+
β
ss

=
1

+
1s (

1−
1

1
+
m
s τ
/
τ̄ )
≥
(

1
+

1s )(
1−

1

(s
+

1)m
s τ
/
τ̄ )

≥
(

1
+

1s )(
1−

sα
s

s
+

1 )
≥
(

1
+

1s )
(1−

α
s )≥

(
1

+
1s )
e −

2
α
s.

T
hus,

γ
t ≥

β
tt

t−
1

∏s=
1 (

1
+

1s )
e −

2 ∑
t−

1
s
=
1
α
s

=
β
t e −

2 ∑
t−

1
s
=
1
α
s≥

1−
ε

|µ
0 −

µ̄| ,

w
hich

establishes
(29).O

urderivation
relies

on
the

factthat

β
t ≥

1−
ε

B
c |µ

0 −
µ̄|(1

+
log

t)
1
+
c ≥

1−
ε

2|µ
0 −

µ̄|
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C
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G

and
t−

1
∑s=

1

1

s(1
+

log
s)

1
+
c ≤

1
+

1

(log
e)

1
+
c ∫

t−
1

2

1

x
(ln

x
)
1
+
c
d
x

=
O
(

1c )
;

hence,
e −

2 ∑
t−

1
s
=
1
α
s≥

e −
O

(ε/
(cB

c |µ
0 −
µ̄|))≥

1−
ε

2|µ
0 −

µ̄| .

H
aving

show
n

that|E
µ
t −

µ
0 |≤

ε
forall

t,itnow
suffices

to
prove

that
σ

2t
+

var
µ
t rem

ains
bounded.W

e
note

that
τ
t
>
m
t τ
→
∞

,hence
σ

2t
=

1/τ
t →

0 ,so
the

rem
ainderofthe

proofneeds
to

establish
thatthe

variance
of
µ
t stays

bounded.
W

riting
D
t,s

:=
d
t,s,1

+
···

+
d
t,s,m

t ,w
e

have
var

D
t,s

=
m
t var

d
t,s,1

=
m
t (σ

2s
+
σ

2
+

var
µ
s );hence

E
D

2t,s
=

var
D
t,s

+
(E
D
t,s )

2
=
m
t (σ

2s
+
σ

2
+

var
µ
s )

+
m

2t (E
µ
s )

2.

In
(28),

the
variables

χ
t,s

and
D
t,s

are
independent,

for
0
≤
s
≤
t−

1;
furtherm

ore,E
χ
t,s

=
E
χ

2t,s
=

1/t,and
E
χ
t,s

1 χ
t,s

2
=

0
if
s

1 6=
s

2 ;therefore,

var
[χ
t,s D

t,s ]
=

E
χ

2t,s E
D

2t,s −
(E
χ
t,s )

2(E
D
t,s )

2
=

E
D

2t,s

t
−

(E
D
t,s )

2

t 2

=
(
m
t

t

)(σ
2s

+
σ

2
+

var
µ
s

+
m
t (E

µ
s )

2 )−
(
m
t

t

)
2(E

µ
s )

2

(30)

and,for
s

1 6=
s

2 ,

cov
[χ
t,s

1 D
t,s

1 ,χ
t,s

2 D
t,s

2 ]
=

E
[χ
t,s

1 χ
t,s

2 D
t,s

1 ,D
t,s

2 ]−
E

[χ
t,s

1 D
t,s

1 ]E
[χ
t,s

2 D
t,s

2 ]

=
E

[χ
t,s

1 χ
t,s

2 ]E
[D

t,s
1 D

t,s
2 ]−

E
χ
t,s

1 E
D
t,s

1 E
χ
t,s

2 E
D
t,s

2

=
−

1t 2
E
D
t,s

1 E
D
t,s

2
=
−
(
m
t

t

)
2E
µ
s
1 E
µ
s
2 .

(31)

T
hen,by

taking
the

variance
on

both
sides

of(28),w
e

have

var
µ
t

=
(
β
t

m
t )

2
var

t−
1

∑s=
0

χ
t,s D

t,s

=
(
β
t

m
t )

2 (
t−

1
∑s=

0

var
[χ
t,s D

t,s ]+
∑

0≤
s
1 6=
s
2 ≤
t−

1

cov
[χ
t,s

1 D
t,s

1 ,χ
t,s

2 D
t,s

2 ] )

=
(
β
t

m
t )

2 (
t−

1
∑s=

0 (
m
t

t

)(σ
2s

+
σ

2
+

var
µ
s

+
m
t (E

µ
s )

2 )−
(
m
t

t

)
2 (

t−
1

∑s=
0 E

µ
s )

2 )

≤
1

tm
t

t−
1

∑s=
0 (σ

2s
+
σ

2
+

var
µ
s

+
m
t (E

µ
s )

2 ).

N
otice

that
σ

2s →
0

and
(E
µ
s )

2
is

bounded
since|E

µ
t −

µ
0 |≤

ε.
W

e
conclude

that
σ

2t
+

var
µ
t

rem
ains

bounded
forall

t.
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=
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P
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−
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>
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=
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=
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u
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ε
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)
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(3
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u
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ch
th
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0
∼
N
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fo
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>

0,
u
t,
i
∼
N

(0
,(
τ
(P
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>
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=
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su
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tio
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w
e
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st

ra
te
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ld
et
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1.
U

S
E

F
U

L
M

A
T

R
IX

IN
E

Q
U

A
L

IT
IE

S

W
e

hi
gh

lig
ht

ce
rt

ai
n

m
at

ri
x

in
eq

ua
lit

ie
s

to
be

us
ed

th
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ug
ho

ut
.W

e
us

e
th

e
st

an
da

rd
el

em
en

t-
w

is
e

no
ta

tio
n
R
≤
S

to
in

di
ca

te
th

at
R
ij
≤
S
ij

fo
r

al
li
,j

.
T

he
in

fin
ity

no
rm
‖R
‖ ∞

=
m

a
x
i
∑

j
|r i
j
|
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su
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ul

tip
lic

at
iv

e:
‖R
S
‖ ∞
≤
‖R
‖ ∞
‖S
‖ ∞
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y

m
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in

g
re
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an
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ri
ce

s.
O

n
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e
ot

he
r
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m
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-n
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m
‖R
‖ m
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:=

m
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j
|r i
j
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s
no

t,
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ti

s
tr

an
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‖R
S
‖ m
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≤
‖R
‖ ∞
‖S
‖ m
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‖R
S
R
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‖ m
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≤
‖R
‖ ∞
‖S
R
T
‖ m
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‖ ∞
‖R
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T
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≤
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=
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R
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at
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=
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at
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e
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se
ct

io
n
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.
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o
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en
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s
in
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at
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n
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m
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e
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η
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n
th

e
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nv
er
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ra
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is
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Proof
W

e
define

B
t as

the
m

atrix
form

ed
by

rem
oving

the
firstrow

and
the

firstcolum
n

from
the

stochastic
P
−

1
t+

1
(P

t
+
A
t ).Ifw

e
w

rite
y
t as

(0,z
t )

then,by
(33),

(
0
z
t+

1 )
=

(
1

0
α
t
B
t )
(

0z
t )
,

(35)

w
here

α
t,i

=
(P
−

1
t+

1 )
ii

if
there

is
an

edge
(i,0)

at
tim

e
t

and
α
t,i

=
0

otherw
ise.

T
his

further
sim

plifies
to

z
t+

1
=
B
t z
t .

(36)

L
et

1
be

the
all-one

colum
n

vectoroflength
n.Since

P
−

1
t+

1
(P

t
+
A
t )

is
stochastic,

α
t
+
B
t 1

=
1

(37)

In
m

atrix
term

s,the
truth-hearing

assum
ption

m
eans

that,forany
t≥

0,

α
t
+
α
t+

1
+
···

+
α
t+
κ−

1 ≥
Q
−

1
t+
κ 1
,

(38)

w
here

Q
t is

the
m

atrix
derived

from
P
t by

rem
oving

the
firstrow

and
the

lastcolum
n;the

inequality
relies

on
the

factthat
P
t is

m
onotonically

nondecreasing.Forany
t
>
s≥

0,w
e

define
the

product
m

atrix
B
t:s

defined
as

B
t:s

:=
B
t−

1 B
t−

2
...B

s ,
(39)

w
ith

B
t:t

=
I.B

y
(36),forany

t
>
s≥

0,

z
t

=
B
t:s
z
s .

(40)

To
bound

the
infinity

norm
of
B
t:0 ,w

e
observe

that,forany
0
≤
l
<
κ−

1,the
i-th

diagonalelem
ent

of
B
s+
κ

:s+
l+

1
is

low
er-bounded

by

κ−
1

∏j=
l+

1 (B
s+
j )
ii

=
κ−

1
∏j=
l+

1

(P
s+
j

+
A
s+
j )
ii

(P
s+
j+

1 )
ii

(41)

≥
κ−

1
∏j=
l+

1

(P
s+
j )
ii

(P
s+
j+

1 )
ii

=
(P

s+
l+

1 )
ii

(P
s+
κ )
ii
≥

(P
s )
ii

(P
s+
κ )
ii .

T
he

inequalities
follow

from
the

nonnegativity
ofthe

entries
and

the
m

onotonicity
of

(P
t )
ii .N

ote
that(41)also

holds
for

l
=
κ
−

1
since

(B
s+
κ

:s+
κ )
ii

=
1.

Since
P
−

1
t+

1
(P

t
+
A
t )

is
stochastic,the

row
-sum

of
B
t

does
not

exceed
1;

therefore,by
pre-

m
ultiplying

B
s+

1 ,B
s+

2 ,...
on

both
sides

of(37),w
e

obtain:

B
s+
κ

:s 1
≤

1
−
κ−

1
∑l=

0

B
s+
κ

:s+
l+

1 α
s+
l .

(42)

N
oting

that‖
B
t ‖∞

=
‖
B
t 1‖∞

for
any

t,as
B
t

is
non-negative,w

e
com

bine
(38),(41),and

(42)
togetherto

derive:

‖
B
s+
κ

:s ‖∞
≤

1−
m

in
i>

0

(P
s )
ii

(P
s+
κ )

2ii .
(43)
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A
N

G

L
et
η

:=
m

ax
t≥

0
m

ax
1≤
i≤
n
η
t,i

denote
the

m
axim

um
outdegree

in
all

the
netw

orks,
and

define
δ

=
m

in{τ
0 /τ,1}.Forany

i
>

0
and

s≥
κ,

sδκ
≤

(P
s )
ii ≤

η
s

+
τ

0τ
;

(44)

hence,
m

ax
i

(P
s+
κ )
ii ≤

η
(s

+
κ

)
+
τ

0τ
.

(45)

Itfollow
s

that
(P

s+
κ )
ii −

(P
s )
ii

(P
s+
κ )
ii

=

∑
κ−

1
l=

0
η
s+
l,i

(P
s+
κ )
ii
≤
η
κ

2δ −
1

s
+
κ
.

(46)

T
hus,w

e
have

m
in

i>
0

(P
s )
ii

(P
s+
κ )
ii

=
1−

m
ax

i>
0

(P
s+
κ )
ii −

(P
s )
ii

(P
s+
κ )ii

≥
1−

η
κ

2δ −
1

s
+
κ
.

(47)

W
e

can
replace

the
upperbound

of(43)by

1−
1

m
ax

i>
0 (P

s+
κ )
ii

m
in

i>
0

(P
s )
ii

(P
s+
κ )

2ii

,

w
hich,togetherw

ith
(45)and

(47)gives
us

‖B
s+
κ

:s ‖∞
≤

1−
1

η
(s

+
κ

)
+
τ

0 /τ

(
1−

η
κ

2δ −
1

s
+
κ

)

≤
1−

1

2
η
κ

(m
+

2) .

(48)

T
he

latterinequality
holds

as
long

as
s

=
m
κ
>

0
and

m
≥
m
∗
:=

2
η
κδ

+
τ

0

η
κ
τ
.

Itfollow
s

that,for
m

0 ≥
m
∗,

‖
B

(m
0
+
m

)κ
:m

0
κ ‖∞

≤
m

+
1

∏j=
2 (

1−
1

2
η
κ

(m
0

+
j) )

≤
ex

p 
−

1

2
η
κ

m
+

1
∑j=

2

1

m
0

+
j 

.

(49)

T
he

m
atrices

B
t are

sub-stochastic
so

that

‖B
t z‖∞

≤
‖B

t ‖∞
‖
z‖∞

≤
‖z‖∞

.

B
y

(40),forany
t≥

(m
0

+
m

)κ,

z
t

=
B
t:(m

0
+
m

)κ B
(m

0
+
m

)κ
:m

0
κ
z
m

0 ,
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so
th

at
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us

in
g

st
an

da
rd

bo
un

ds
fo

rt
he

ha
rm

on
ic

se
ri

es
,l

n
(k

+
1)
<

1
+

1 2
+
··
·+

1 k
≤

1
+

ln
k

,
w

e
fin

d
th

at

‖z
t‖
∞
≤
‖B

(m
0
+
m

)κ
:m

0
κ
z
m

0
‖ ∞

≤
‖B

(m
0
+
m

)κ
:m

0
κ
‖ ∞
‖z

0
‖ ∞

≤
C
t−

1
/
(2
η
κ

) ,

w
he

re
C
>

0
de

pe
nd

s
on
z

0
,κ
,η
,τ

0
/τ

.W
e

no
te

th
at

th
e

co
nv

er
ge

nc
e
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te

ca
n

be
im

pr
ov

ed
to

th
e

or
de

ro
ft
−

(1
−
ε)
γ
/
η
,f

or
ar

bi
tr

ar
ily

sm
al

lε
>

0,
by

w
or

ki
ng

a
lit

tle
ha

rd
er

w
ith

(4
8)

.

5.
3.

3.
T

H
E

M
E

A
N

P
R

O
C

E
S

S
D

Y
N

A
M

IC
S

R
ec

al
l

th
at
µ
t,
i
∼
N

(x
t,
i,
τ
−

1
t,
i

),
w

he
re
τ t
,i

de
no

te
s

th
e

pr
ec

is
io

n
σ
−

2
t,
i

.
A

ke
y

ob
se

rv
at

io
n

ab
ou

t
th

e
up

da
tin

g
ru

le
in

(1
)

is
th

at
th

e
pr

ec
is

io
n
τ t
,i

is
en

tir
el

y
de

te
rm

in
ed

by
th

e
gr

ap
h

se
qu

en
ce
G
t

an
d

is
in

de
pe

nd
en

to
ft

he
ac

tu
al

dy
na

m
ic

s.
A

dd
in

g
to

th
is

th
e

co
nn

ec
tiv

ity
pr

op
er

ty
im

pl
ie

d
by

th
e

tr
ut

h-
he

ar
in

g
as

su
m

pt
io

n,
w

e
fin

d
im

m
ed

ia
te

ly
th

at
τ t
,i
→
∞

fo
ra

ny
ag

en
ti

.T
hi

s
en

su
re

s
th

at
th

e
co

va
ri

an
ce

m
at

ri
x

Σ
t

te
nd

s
to

0
as
t

go
es

to
in

fin
ity

,w
hi

ch
sa

tis
fie

s
th

e
se

co
nd

cr
ite

ri
on

fo
rt

ru
th

fu
l

co
ns

en
su

s.
T

he
fir

st
cr

ite
ri
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re
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ir

es
th

at
th

e
m

ea
n

pr
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es
s
x
t

sh
ou

ld
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nv
er

ge
to

th
e

tr
ut

h
0

.T
ak

e
th

e
ve

ct
or
x
t
−
y
t

an
d

re
m

ov
e

th
e

fir
st

co
or

di
na

te
(x

t
−
y
t)

0
to

fo
rm

th
e

ve
ct

or
∆
t
∈
R
n

.U
nd

er
th

e
tru

th
-h

ea
rin

g
as

su
m

pt
io

n,
w

e
ha

ve
se

en
th

at
y
t
→

0
(L

em
m

a
7)

,s
o

it
su

ffi
ce

s
to

pr
ov

e
th

e
fo

llo
w

in
g:

L
em

m
a

8
U

nd
er

th
e

tr
ut

h-
he

ar
in

g
as

su
m

pt
io

n,
th

e
de

vi
at

io
n

∆
t

va
ni

sh
es

al
m

os
ts

ur
el

y.

Pr
oo

f
W

e
us

e
a

fo
ur

th
-m

om
en

ta
rg

um
en

t.
T

he
ju

st
ifi

ca
tio

n
fo

r
th

e
hi

gh
or

de
r

is
te

ch
ni

ca
l:

it
is
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ce

ss
ar

y
to

m
ak

e
a

ce
rta

in
“d

ev
ia

tio
n

po
w

er
”

se
rie

s
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nv
er

ge
.B

y
(3

2)
,x

t
is

a
lin
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rc

om
bi

na
tio

n
of

in
de

pe
nd

en
tG

au
ss

ia
n

ra
nd

om
ve

ct
or

s
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s
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d
ε
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fo
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≤
s
≤
t
−

1,
an

d
th
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x
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el
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s

a
G
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ss

ia
n
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nd

om
ve

ct
or

.T
he

re
fo

re
∆
t

is
al

so
G

au
ss

ia
n

an
d

its
m

ea
n

is
ze

ro
.F

ro
m

M
ar

ko
v’

s
in

eq
ua

lit
y,

fo
r

an
y
c
>

0,
∑ t≥

0

P[
|∆

t,
i|
≥
c]
≤
∑ t≥

0

E
∆

4 t,
i

c4
.

(5
0)

If
w

e
ar

e
ab

le
to

sh
ow

th
e

ri
gh

th
an

d
si

de
of

(5
0)

is
fin

ite
fo

ra
ny
c
>

0
,t

he
n,

by
th

e
B

or
el

-C
an

te
lli

le
m

m
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w
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e,
th
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∆
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i|
≥
c
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ro
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es
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w
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ly
ne

ed
to

an
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e
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e
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de
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he
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ur
th
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∆
4 t,
i.

B
y
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ra
ct
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g

(3
3)

fr
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(3
2)

,w
e

ha
ve

:

∆
t+

1
=
B
t∆

t
+
M
tv
t,

(5
1)

w
he

re
v
t

:=
u
t

+
ε
t

an
d
M
t

:=
P
−

1
t+

1
A
t;

ac
tu

al
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,f
or
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m
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at
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,w
e
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heorem

6
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and
8.

W
hy

the
truth-hearing
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is
necessary.
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e

describe
a

sequence
of

graphs
G
t

that
allow

s
every

agent
infinite

access
to

the
truth

and
yet

does
not

lead
to

truthful
consensus.
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x
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variance

is
σ

2
=
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=
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attim
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m
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+
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+
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+
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notconverge
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A
.A

nalysisofthe
R

oot-Sine-D
istance

In
this

appendix,w
e

provide
detailed

discussion
ofthe

root-sine-distance.W
e

w
illfirstshow

thatit
is

a
m

etric,follow
ed

by
the

proofofits
equivalency

to
E

uclidean
distance

and
the

discussion
ofits

relation
to

othersim
ilarm

etrics.T
he

notation
in

the
appendix

is
localand

should
notbe

confused
w

ith
the

one
used

in
the

m
ain

body
ofthis

paper.

T
he

root-sine-distance
isa

m
etric.

T
he

tw
o

form
s

ofthe
function

d
R
S

in
(4)m

ake
itclearthat

0
≤
d
R
S

(a
,b

)≤
1

and
d
R
S

(a
,b

)
=

0
if

and
only

if
a

and
b

are
identical.

W
e

easily
check

that
d
R
S

m
akes

the
sim

plexS
ofdistributions

overD
into

a
m

etric
space.Indeed,d

R
S

(·,·)
is

obviously
sym

m
etric,and

d
R
S

(a
,b

)
=

0
im

plies
that

a
=
b.To

check
the

triangularinequality,notice
that

d
R
S

(a
,b

)
=

√√√√
1−

(
s
∑i=

1 √
a
i b
i )

2
=

sin〈 √
a
, √
b〉,

(58)

w
here

〈 √
a
, √
b〉

is
the

angle
betw

een
the

unit
vectors √

a
and
√
b,

using
the

notation
√
v

=
( √
v

1 ,..., √
v
s ).To

prove
that

d
R
S

(a
,b

)
+
d
R
S

(b
,c

)≥
d
R
S

(a
,c

)
forany

a
,b
,c
∈
S

,w
e

denote
by
α
,β
,γ

the
corresponding

angles
in

thatorder,ie,α
=
〈 √
a
, √
b〉,etc.T

he
coordinates

in
a
,b
,c

are
nonnegative;

therefore
0
≤
α
,β
,γ
≤
π
/2.

T
hese

form
the

three
angles

at
the

origin
of

a
tetrahedron

w
ith

a
vertex

atthe
origin;therefore,by

the
triangularinequality

in
sphericalgeom

etry,
α

+
β
≥
γ.If

α
+
β
≤

π2 ,then
sin

α
+

sin
β
≥

sin
α

cos
β

+
cos

α
sin

β
=

sin
(α

+
β

)≥
sin

γ.O
n

the
otherhand,if

α
+
β
>
π
/
2,then

sin
α

+
sin

β
=

2
sin

α
+
β

2
cos

α−
β

2
≥

2
sin

π4
cos

π4
=

1
≥

sin
γ,

w
hich

establishes
the

triangularinequality.

R
elation

to
the

E
uclidean

distance.
Shrinking

the
sim

plex
S

by
a

tiny
am

ount,
w

e
define

S
ε

:=
{
a
∈
S

:
ε≤

a
i ≤

1−
ε}

and
note

that

d
E

(a
,b

)
:=
‖
a
−
b‖

2
=

√√√√
s
∑i=

1 ( √
a
i −
√
b
i )

2( √
a
i
+
√
b
i )

2.

Itfollow
s

that,for
a
,b
∈
S
ε ,12
d
E

(a
,b

)≤
d
E

( √
a
, √
b

)≤
1

2 √
ε
d
E

(a
,b

).
(59)

O
n

the
other

hand,‖ √
a‖

2
=
‖ √
b‖

2
=

1,so
the

vectors √
a

and
√
b

form
an

isosceles
triangle;

hence

d
E

( √
a
, √
b

)
=

2
sin

12 〈 √
a
, √
b〉

=
sin〈 √

a
, √
b〉

cos
12 〈 √

a
, √
b〉

=
d
R
S

(a
,b

)

cos
12 〈 √

a
, √
b〉
.

Since
0
≤
〈 √
a
, √
b〉≤

π2 ,d
R
S

(a
,b

)≤
d
E

( √
a
, √
b

)≤
√

2
d
R
S

(a
,b

).

Togetherw
ith

(59)this
show

s
that,forany

a
,b
∈
S
ε ,

1

2 √
2
d
E

(a
,b

)≤
d
R
S

(a
,b

)≤
1

2 √
ε
d
E

(a
,b

),
(60)

w
hich

show
s

thatthe
E

uclidean
distance

and
the

m
etric

d
R
S

are
equivalentinS

ε .
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R
elation

to
other

distances.
T

he
m

etric
d
R
S

is
related

to
the

H
ellinger

and
B

hattacharyya
dis-

tances.W
riting

C
(a
,b

)
=
∑

si=
1 √

a
i b
i (C

om
aniciu

etal.,2000),then
d
R
S

(a
,b

)
=
√

1−
C

(a
,b

)
2.

T
he

H
ellinger

distance
is

defined
as
d
H

(a
,b

)
=
√

1−
C

(a
,b

)
(H

azew
inkel,

2013),
w

hile
the

B
hattacharyya

distance
is

defined
as
d
B

(a
,b

)
=
−

ln
C

(a
,b

)
(B

hattachayya,1943).
T

he
total

variation
distance

d
T
V

is
halfthe

`
1 -norm

;therefore
d
T
V

(a
,b

)≤
12 √

s
d
E

(a
,b

).C
om

bining
these

observations
w

ith
(60)establishes

(5):


d
H

=

√
1−

√
1−

d
2R
S

;

d
B

=
−

12
ln

(1−
d

2R
S

)
;

d
T
V
≤
√

2s
d
R
S
.
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en

ce
fr

om
n
u

m
er

ic
al

si
m

u
la

ti
on

s
is

al
so

p
ro

v
id

ed

to
su

p
p

o
rt

th
es

e
th

eo
re

ti
ca

l
p
h
as

e
tr

an
si

ti
on

s
to

p
er

fe
ct

re
co

v
er

y
o
f

th
e

cl
u
st

er
st

ru
ct

u
re

.

K
e
y
w

o
rd

s:
cl

u
st

er
in

g,
d
en

se
st

su
b
gr

ap
h
,

st
o
ch

as
ti

c
b
lo

ck
m

o
d
el

s,
se

m
id

efi
n
it

e
p
ro

gr
am

-

m
in

g
,

sp
a
rs

e
gr

a
p
h
s

c ©
2
0
1
9

A
le

k
si

s
P

ir
in

en
a
n

d
B

re
n

d
a
n

A
m

es
.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed

a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
6
-
1
2
8
.
h
t
m
l
.
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P
ir
in
e
n
a
n
d

A
m
e
s

1
.

In
tr

o
d
u
ct

io
n

C
lu

st
er

in
g

is
a

fu
n
d
a
m

en
ta

l
p
ro

b
le

m
in

m
a
ch

in
e

le
a
rn

in
g

a
n
d

st
a
ti

st
ic

s,
fo

cu
si

n
g

o
n

th
e

id
en

ti
fi
ca

ti
on

an
d

cl
as

si
fi
ca

ti
on

of
gr

ou
p
s,

ca
ll
ed

cl
u

st
er

s,
of

si
m

il
ar

it
em

s
in

a
gi

ve
n

d
at

a
se

t.

C
lu

st
er

in
g

is
u
b
iq

u
it

o
u
s,

p
la

y
in

g
a

p
ro

m
in

en
t

ro
le

in
va

ri
ed

fi
el

d
s

su
ch

a
s

co
m

p
u
ta

ti
o
n
a
l

b
io

lo
g
y,

in
fo

rm
a
ti

o
n

re
tr

ie
va

l,
p
a
tt

er
n

re
co

g
n
it

io
n
,

im
a
g
e

p
ro

ce
ss

in
g

a
n
d

co
m

p
u
te

r
v
is

io
n
,

a
n
d

n
et

w
o
rk

a
n
a
ly

si
s.

T
h
is

p
ro

b
le

m
is

in
h
er

en
tl

y
il
l-

p
o
se

d
,

a
s

th
e

p
a
rt

it
io

n
o
r

cl
u
st

er
in

g

o
f

a
n
y

g
iv

en
d

a
ta

se
t

w
il

l
d

ep
en

d
h

ea
v
il

y
o
n

h
ow

w
e

q
u

a
n
ti

fy
si

m
il

a
ri

ty
b

et
w

ee
n

it
em

s
in

th
e

d
a
ta

se
t

a
n

d
h

ow
w

e
ch

a
ra

ct
er

iz
e

cl
u

st
er

s;
it

is
n

o
t

o
u

ts
id

e
th

e
re

a
lm

o
f

p
o
ss

ib
il

it
y

to

h
av

e
tw

o
d

ra
st

ic
al

ly
d

iff
er

en
t

cl
u

st
er

in
gs

of
th

e
sa

m
e

d
at

a
if

tw
o

d
iff

er
en

t
si

m
il

ar
it

y
m

et
ri

cs

a
re

u
se

d
in

th
e

cl
u
st

er
in

g
p
ro

ce
ss

.
R

eg
a
rd

le
ss

o
f

th
e

si
m

il
a
ri

ty
m

et
ri

c
u
se

d
,

cl
u
st

er
in

g
is

a

co
m

b
in

at
or

ia
l

op
ti

m
iz

at
io

n
p
ro

b
le

m
at

it
s

co
re

:
gi

ve
n

d
at

a,
id

en
ti

fy
a

p
ar

ti
ti

o
n

o
r

la
b

el
in

g

o
f

th
e

d
a
ta

(a
p
p
ro

x
im

a
te

ly
)

m
a
x
im

iz
in

g
so

m
e

m
ea

su
re

o
f

q
u
a
li
ty

o
f

th
e

cl
u
st

er
in

g
.

D
u
e

to
th

e
d

iffi
cu

lt
ie

s
in

h
er

en
t

w
it

h
o
p
ti

m
iz

a
ti

o
n

ov
er

d
is

cr
et

e
se

ts
,

m
a
n
y

p
o
p

u
la

r
a
p

p
ro

a
ch

es

fo
r

cl
u

st
er

in
g

in
v
o
lv

e
th

e
a
p

p
ro

x
im

a
te

so
lu

ti
o
n

o
f

a
n

N
P

-h
a
rd

co
m

b
in

a
to

ri
a
l

o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m
;

fo
r

ex
a
m

p
le

,
th

e
sp

ec
tr

a
l

cl
u
st

er
in

g
h
eu

ri
st

ic
fo

r
th

e
n
o
rm

a
li
ze

d
cu

t
p
ro

b
le

m

(D
h

il
lo

n
et

a
l.

,
2
0
0
4
;

N
g

et
a
l.

,
2
0
0
2
),

th
e

co
n
v
ex

re
la

x
a
ti

o
n

a
p

p
ro

a
ch

es
fo

r
th

e
co

rr
el

a
ti

o
n

cl
u
st

er
in

g
p
ro

b
le

m
(M

at
h
ie

u
an

d
S
ch

u
d
y
,

20
10

),
ro

b
u
st

p
ri

n
ci

p
al

co
m

p
on

en
t

an
al

y
si

s
(C

h
en

et
a
l.
,

2
0
1
4
a
;

O
y
m

a
k

a
n
d

H
a
ss

ib
i,

2
0
1
1
),

a
n
d

th
e

d
en

se
st
k
-d

is
jo

in
t-

cl
iq

u
e

p
ro

b
le

m
(A

m
es

an
d

V
av

as
is

,
20

14
;

A
m

es
,

20
14

),
am

on
g

m
an

y
ot

h
er

s.

In
sp

it
e

of
th

e
in

h
er

en
t

in
tr

ac
ta

b
il
it

y
of

cl
u
st

er
in

g,
m

an
y

re
ce

n
t

an
al

y
se

s
h
av

e
es

ta
b
li
sh

ed

th
a
t

if
d

a
ta

is
sa

m
p

le
d

fr
o
m

so
m

e
d

is
tr

ib
u

ti
o
n

o
f

cl
u

st
er

a
b

le
d

a
ta

,
th

en
o
n

e
ca

n
effi

ci
en

tl
y

re
co

ve
r

th
e

u
n
d
er

ly
in

g
cl

u
st

er
st

ru
ct

u
re

u
si

n
g

a
va

ri
et

y
of

cl
u
st

er
in

g
al

go
ri

th
m

s.
In

p
ar

ti
cu

la
r,

th
e

re
ce

n
t

re
su

lt
s

of
A

b
b

e
et

al
.

(2
01

6)
;

A
il
on

et
al

.
(2

01
3)

;
A

m
es

an
d

V
av

as
is

(2
01

4)
;

A
m

es

(2
0
1
4
);

A
m

in
i

a
n
d

L
ev

in
a

(2
0
1
8
);

C
a
i

a
n

d
L

i
(2

0
1
5
);

C
h
en

et
a
l.

(2
0
1
4
a
,b

);
C

h
en

a
n

d
X

u

(2
01

4)
;

G
u
éd

on
an

d
V

er
sh

y
n

in
(2

01
5)

;
H

a
je

k
et

al
.

(2
01

5)
;

L
ei

an
d

R
in

al
d

o
(2

01
5)

;
M

at
h

ie
u

an
d

S
ch

u
d
y

(2
01

0)
;

N
el

lo
re

an
d

W
ar

d
(2

01
5)

;
O

y
m

ak
an

d
H

as
si

b
i

(2
01

1)
;

R
oh

e
et

al
.

(2
01

1)
;

Q
in

an
d

R
oh

e
(2

01
3)

;
V

in
ay

ak
et

al
.

(2
01

4)
al

l
es

ta
b
li
sh

su
ffi

ci
en

t
co

n
d
it

io
n
s

u
n
d
er

w
h
ic

h
w

e

ca
n

ex
p

ec
t

to
id

en
ti

fy
th

e
la

te
n
t

cl
u
st

er
st

ru
ct

u
re

effi
ci

en
tl

y.
M

o
st

o
f

th
es

e
re

su
lt

s
a
ss

u
m

e

th
a
t

th
e

si
m

il
a
ri

ty
st

ru
ct

u
re

o
f

th
e

d
a
ta

ca
n

b
e

m
o
d
el

ed
a
s

a
g
ra

p
h

sa
m

p
le

d
fr

o
m

so
m

e

ge
n
er

al
iz

at
io

n
of

th
e

st
oc

h
a
st

ic
bl

oc
k

m
od

el
p
ro

p
os

ed
b
y

H
ol

la
n
d

et
al

.
(1

98
3)

.
In

th
is

m
o
d
el

,

th
e

n
o
d
es

o
f

th
e

g
ra

p
h
,

ca
ll
ed

th
e

si
m

il
a
ri

ty
gr

a
p
h

o
f

th
e

d
a
ta

,
a
re

a
ss

o
ci

a
te

d
w

it
h

th
e

it
em

s
in

th
e

d
a
ta

se
t.

A
n

ed
g
e

is
d
ra

w
n

b
et

w
ee

n
tw

o
it

em
s

w
it

h
fi
x
ed

p
ro

b
a
b
il
it

y
p

if
th

e

co
rr

es
p

o
n
d
in

g
it

em
s

b
el

o
n
g

to
th

e
sa

m
e

cl
u
st

er
,

a
n
d

w
it

h
fi
x
ed

p
ro

b
a
b
il
it

y
q
<
p

if
th

e

co
rr

es
p

on
d
in

g
it

em
s

b
el

on
g

to
d
iff

er
en

t
cl

u
st

er
s.

U
n
d
er

th
is

b
lo

ck
m

o
d
el

,
th

e
an

al
y
se

s
ci

te
d

a
b

ov
e

es
ta

b
li
sh

th
a
t

th
e

b
lo

ck
st

ru
ct

u
re

o
f

th
e

d
a
ta

ca
n

b
e

re
co

v
er

ed
in

p
o
ly

n
o
m

ia
l-

ti
m

e

w
it

h
h
ig

h
p
ro

b
a
b
il
it

y
p
ro

v
id

ed
th

a
t

th
e

sm
a
ll
es

t
cl

u
st

er
in

th
e

d
a
ta

is
su

ffi
ci

en
tl

y
la

rg
e,

2
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E
x
a
c
t
C
l
u
st

e
r
in
g

o
f
W

e
ig
h
t
e
d

G
r
a
p
h
s
v
ia

S
e
m
id
e
f
in
it
e
P
r
o
g
r
a
m
m
in
g

ty
p
ica

lly
la

rg
er

th
a
n
c̃ √
n

,
w

h
ere

n
d
en

o
tes

th
e

n
u
m

b
er

o
f

item
s

in
th

e
d
a
ta

(a
n
d

n
o
d
es

in

th
e

sim
ila

rity
g
rap

h
)

an
d
c̃

is
a

p
oly

logarith
m

ic
factor

in
n

d
ep

en
d
in

g
on

p−
q.

A
lth

o
u

g
h

va
lu

a
b
le

in
esta

b
lish

in
g

su
ffi

cien
t

co
n
d
itio

n
s

fo
r

d
a
ta

to
b

e
clu

stera
b
le,

th
ese

resu
lts

a
re

n
o
t

im
m

ed
ia

tely
a
p

p
lica

b
le

to
d

a
ta

sets
seen

in
m

a
n
y

a
p

p
lica

tio
n

s,
p

a
rticu

la
rly

th
ose

arisin
g

from
th

e
an

aly
sis

of
so

cial
n

etw
ork

s.
F

or
ex

am
p

le,
statistical

an
aly

sis
of

so
cial

n
etw

ork
s

su
ggests

th
at

com
m

u
n
ities,

p
lay

in
g

th
e

role
of

clu
sters,

ten
d

to
b

e
lim

ited
in

size
to

several
h
u

n
d

red
u

sers,
w

h
ile

th
e

n
etw

ork
s

th
em

selves
can

con
tain

th
ou

san
d

s,
if

n
ot

m
illion

s

or
even

b
illion

s,
of

u
sers

(L
eskovec

et
al.,

2008,
2009).

H
ow

ever,
th

e
recen

t
an

aly
ses

of
C

h
en

et
al.

(2014a);
C

h
en

an
d

X
u

(2014);
G

u
éd

on
an

d
V

ersh
y
n
in

(2015);
J
alali

et
al.

(2015);
R

oh
e

et
al.

(2014),
am

on
g

oth
ers,

su
ggest

th
at

th
ese

clu
sterab

ility
resu

lts
are

overly
con

servative

w
ith

resp
ect

to
th

e
size

of
clu

sters
w

e
can

ex
p

ect
to

recover
in

p
oly

n
om

ial-tim
e.

S
p

ecifi
cally,

th
ese

an
aly

ses
allow

th
e

ed
ge

p
rob

ab
ilities

p
an

d
q

to
vary

w
ith

n
,

an
d

in
vestigate

h
ow

th
e

size
of

th
e

sm
allest

clu
ster

th
at

can
b

e
recovered

d
ep

en
d
s

on
th

e
relative

scalin
g

of
p
,q

an
d

n
.

In
th

is
case,

th
e

d
ata

is
often

assu
m

ed
to

b
e

sam
p
led

from
a

spa
rse

gen
eralized

sto
ch

astic

b
lo

ck
m

o
d
el

w
h
ere

th
e

p
aram

eters
p

an
d
q

govern
in

g
ed

ge
form

ation
are

fu
n
ction

s
d
ep

en
d
in

g

on
th

e
n
u
m

b
er

of
item

s
n

an
d

on
e

or
b

oth
ten

d
s

to
0

as
n
→
∞

.
In

th
e

case
w

h
ere

p
ten

d
s

to
0

m
u
ch

m
ore

slow
ly

th
an

q,
th

e
n
oise

ob
scu

rin
g

th
e

b
lo

ck
stru

ctu
re

is
sign

ifi
can

tly
w

eaker

th
an

in
th

e
d
en

se
grap

h
case

(w
h
ere

p
an

d
q

are
assu

m
ed

fi
x
ed

).
H

ere,
sp

arsity
refers

to
th

e

fa
ct

th
a
t

g
ra

p
h
s

g
en

era
ted

a
cco

rd
in

g
to

th
e

b
lo

ck
m

o
d
el

co
n
ta

in
v
ery

few
ed

g
es

b
etw

een

clu
sters

w
ith

h
igh

p
rob

ab
ility

w
h

en
n

is
large,

an
d

n
ot

th
at

th
e

grap
h

itself
is

sp
arse

in
th

e

sen
se

th
at

th
e

n
o
d
es

h
ave

sm
all

average
d
egree.

In
th

is
case,

it
h
as

b
een

sh
ow

n
th

at
clu

sters

sign
ifi

can
tly

sm
aller

th
an
√
n

can
b

e
recovered

effi
cien

tly
;

sp
ecifi

cally,
several

m
eth

o
d

s
h

ave

b
een

sh
ow

n
to

recover
clu

sters
w

ith
size

p
oly

logarith
m

ic
in
n

u
n
d
er

certain
assu

m
p
tion

s
on

th
e

p
rob

ab
ility

fu
n
ction

s
p

an
d
q

(see
C

h
en

et
al.,

2014a;
C

h
en

an
d

X
u
,

2014;
G

u
éd

on
an

d

V
ersh

y
n
in

,
2015;

R
oh

e
et

al.,
2014).

W
e

sh
ou

ld
n
ote

th
at

th
ese

resu
lts

p
rov

id
e

ev
id

en
ce

of
a

com
p
u
tation

al
lim

it
for

clu
ster

recovery
;

th
at

is,
th

ese
resu

lts
estab

lish
th

at
clu

sters
can

b
e

recovered
in

a
com

p
u
tation

ally
effi

cien
t

w
ay

if
th

e
u
n
d
erly

in
g

d
ata

satisfi
es

certain
su

ffi
cien

t

co
n
d
itio

n
s.

W
e

sh
o
u
ld

n
o
te

fu
rth

er
th

a
t

th
e

low
er

b
o
u
n
d
s

o
n

clu
ster

size
g
iv

en
b
y

th
ese

su
ffi

cien
t

co
n
d
itio

n
s

ty
p
ica

lly
d
o

n
o
t

m
a
tch

in
fo

rm
a
tio

n
-th

eo
retic

lim
its;

it
is

w
ell-k

n
ow

n

th
at

it
is

p
ossib

le
to

id
en

tify
clu

sters
of

size
on

th
e

ord
er

of
log

n
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at

is
,

w
e

w
il
l

se
e

th
at

if
th

e
b

et
w

ee
n
-c

lu
st

er
ed

ge

w
ei

gh
ts

h
av

e
ex

p
ec

ta
ti

on
β

an
d

va
ri

an
ce
σ

2 2
ap

p
ro

ac
h
in

g
ze

ro
su

ffi
ci

en
tl

y
q
u
ic

k
ly

as
n
→
∞

,

th
en

w
e

m
ay

re
co

ve
r

cl
u
st

er
s

co
n
ta

in
in

g
as

fe
w

as
Ω

(l
og
n

)
n
o
d
es

w
it

h
h
ig

h
p
ro

b
ab

il
it

y.
W

e

w
il

l
d

er
iv

e
th

e
se

m
id

efi
n

it
e

p
ro

g
ra

m
(1

)
a
s

a
re

la
x
a
ti

o
n

o
f

a
p

a
rt

ic
u

la
r

m
o
d

el
p

ro
b

le
m

fo
r

cl
u
st

er
in

g
in

S
ec

ti
on

2.
1

an
d

fo
rm

al
ly

st
at

e
ou

r
re

co
ve

ry
gu

ar
an

te
es

in
S
ec

ti
on

2.
2;

w
e

w
il
l

se
e

th
a
t

th
es

e
re

su
lt

s
im

m
ed

ia
te

ly
sp

ec
ia

li
ze

to
th

o
se

st
a
te

d
in

T
h

eo
re

m
1

fo
r

th
e

se
m

id
efi

n
it

e

p
ro

gr
am

(1
).

2
.

S
e
m

id
e
fi
n
it

e
R

e
la

x
a
ti

o
n
s

o
f

th
e

D
e
n
se

st
k
-D

is
jo

in
t

C
li
q
u
e

P
ro

b
le

m

In
th

is
se

ct
io

n
,

w
e

d
er

iv
e

a
se

m
id

efi
n
it

e
re

la
x
at

io
n

fo
r

th
e

d
en

se
st
k

-d
is

jo
in

t
cl

iq
u
e

p
ro

b
le

m

a
n
d

p
re

se
n
t

a
n

a
n
a
ly

si
s

il
lu

st
ra

ti
n
g

a
su

ffi
ci

en
t

co
n
d
it

io
n

en
su

ri
n
g

th
a
t

th
is

re
la

x
a
ti

o
n

is

ex
a
ct

.
T

h
is

p
ro

b
le

m
w

il
l

a
ct

a
s

a
m

o
d
el

p
ro

b
le

m
fo

r
cl

u
st

er
in

g
a
n
d

w
e

w
il
l

se
e

th
a
t

w
e

sh
ou

ld
ex

p
ec

t
to

ac
cu

ra
te

ly
re

co
ve

r
th

e
u
n
d
er

ly
in

g
cl

u
st

er
st

ru
ct

u
re

if
th

e
gi

ve
n

d
at

a
sa

ti
sfi

es

th
is

su
ffi

ci
en

t
co

n
d
it

io
n
.

2
.1

.
T

h
e

D
e
n

se
st

k
-d

is
jo

in
t

C
li
q
u

e
P

ro
b

le
m

W
e

b
eg

in
b
y

d
er

iv
in

g
a

h
eu

ri
st

ic
fo

r
th

e
cl

u
st

er
in

g
p
ro

b
le

m
b
as

ed
on

se
m

id
efi

n
it

e
re

la
x
at

io
n

o
f

th
e

d
en

se
st

d
is

jo
in

t
cl

iq
u

e
p

ro
b

le
m

.
A

si
m

il
a
r

d
is

cu
ss

io
n

m
o
ti

va
ti

n
g

th
e

re
la

x
a
ti

o
n

w
a
s

o
ri

g
in

a
ll
y

p
re

se
n
te

d
b
y

A
m

es
(2

0
1
4
);

w
e

re
p

ea
t

it
h

er
e

fo
r

co
m

p
le

te
n
es

s.
L

et
K
n

=
(V
,W

)

b
e

a
w

ei
gh

te
d

co
m

p
le

te
gr

ap
h

w
it

h
ve

rt
ex

se
t
V

=
{1
,2
,.
..
,n
}a

n
d

n
on

n
eg

at
iv

e
ed

ge
w

ei
gh

ts

w
ij
∈

[0
,1

]
fo

r
a
ll
i,
j
∈
V

.
G

iv
en

a
su

b
g
ra

p
h
H

o
f
K
n
,

th
e

d
en

si
ty
d
H

o
f
H

is
th

e
av

er
a
g
e

ed
ge

w
ei

gh
t

in
ci

d
en

t
at

a
ve

rt
ex

in
H

:

d
H

=
∑

ij
∈E

(H
)

w
ij

|V
(H

)|
.

If
w

e
a
ss

u
m

e
th

a
t
K
n

is
th

e
si

m
il
a
ri

ty
g
ra

p
h

o
f

so
m

e
d
a
ta

se
t

co
n
si

st
in

g
o
f
k

d
is

jo
in

t

cl
u

st
er

s
an

d
th

at
w

ei
gh

t
is

co
n

ce
n
tr

at
ed

m
or

e
h

ea
v
il

y
on

w
it

h
in

-c
lu

st
er

ed
ge

s
th

an
b

et
w

ee
n

-

cl
u
st

er
ed

g
es

,
th

en
w

e
m

ay
cl

u
st

er
th

is
d
a
ta

se
t

b
y

fi
n
d
in

g
th

e
se

t
o
f
k

d
is

jo
in

t
su

b
g
ra

p
h
s,

co
rr

es
p

o
n
d
in

g
to

th
es

e
cl

u
st

er
s,

w
it

h
m

a
x
im

u
m

d
en

si
ty

;
w

e
ca

ll
th

is
p
ro

b
le

m
th

e
d
en

se
st

k
-p

a
rt

it
io

n
p
ro

bl
em

.
P

en
g

an
d

W
ei

(2
00

7)
es

ta
b
li
sh

ed
th

at
th

e
d
en

se
st
k

-p
ar

ti
ti

on
p
ro

b
le

m
is
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E
x
a
c
t
C
l
u
st

e
r
in
g

o
f
W

e
ig
h
t
e
d

G
r
a
p
h
s
v
ia

S
e
m
id
e
f
in
it
e
P
r
o
g
r
a
m
m
in
g

N
P

-h
ard

.
M

oreover,
th

is
p
artition

m
o
d
el

ex
clu

d
es

th
e

case
w

h
ere

som
e

item
s

in
th

e
d
ata

set

d
o

n
ot

n
atu

rally
asso

ciate
w

ith
an

y
of

th
e

clu
sters

in
th

e
d
ata.

T
o

sim
u
ltan

eou
sly

m
otivate

a
co

n
v
ex

rela
x
a
tio

n
o
f

th
e

d
en

sest
k
-p

a
rtitio

n
p
ro

b
lem

a
n
d

a
d
d
ress

th
e

in
clu

sio
n

o
f

n
o
d
es

th
a
t

d
o

n
o
t

n
a
tu

rally
b

elon
g

to
clu

sters,
w

e
con

sid
er

th
e

d
en

sest
k

-d
isjo

in
t

cliqu
e

p
ro

blem
.

G
iv

en
a

g
ra

p
h
G

=
(V
,E

),
a

cliqu
e

o
f
G

is
a

p
a
irw

ise
a
d
ja

cen
t

su
b
set

o
f
V

.
T

h
a
t

is,

C
⊆
V

is
a

cliq
u
e

of
G

if
ij∈

E
for

every
p
air

of
n
o
d
es
i,j∈

C
or,

eq
u
ivalen

tly,
th

e
su

b
grap

h

G
(C

)
in

d
u
ced

b
y
C

is
co

m
p
lete.

W
e

say
th

a
t
H

is
a
k

-d
isjo

in
t-cliqu

e
su

b
g
ra

p
h

o
f
K
n

if

V
(H

)
con

sists
of
k

d
isjoin

t
cliq

u
es,

i.e.,
H

is
th

e
u

n
ion

of
k

d
isjoin

t
com

p
lete

su
b

grap
h
s

of

K
n
.

T
h
e

d
en

sest
k

-d
isjo

in
t-cliqu

e
p
ro

blem
seek

s
a
k

-d
isjoin

t-cliq
u
e

su
b
grap

h
H
∗

m
ax

im
izin

g

th
e

su
m

of
th

e
d
en

sities
of

th
e

d
isjoin

t
com

p
lete

su
b
grap

h
s

com
p
risin

g
H
∗.

N
ote

th
at

if
w

e

ad
d

th
e

ad
d

ition
al

con
strain

t
th

at
each

n
o
d

e
in
K
n

b
elon

gs
to

ex
actly

on
e
k

-d
isjoin

t-cliq
u

e

su
b

grap
h

in
K
n
,

th
en

th
e

d
en

sest
k

-d
isjoin

t-cliq
u

e
p

rob
lem

b
ecom

es
th

e
d

en
sest

k
-p

artition

p
ro

b
lem

.
H

ow
ev

er,
in

g
en

era
l,

th
e

d
en

sest
k
-d

isjo
in

t-cliq
u
e

p
ro

b
lem

a
llow

s
a
n

a
ssig

n
m

en
t

o
f

n
o
d
es

to
clu

sters,
rep

resen
ted

b
y

th
e

d
isjo

in
t

cliq
u
es,

w
h
ich

ex
clu

d
es

so
m

e
n
o
d
es.

F
o
r

ex
a
m

p
le,

if
su

ch
n
o
d
es

a
re

p
resen

t
in

th
e

d
a
ta

,
th

ey
w

o
u
ld

n
o
t

b
e

a
ssig

n
ed

to
a

clu
ster

b
y

th
e

o
p
tim

a
l
k
-d

isjoin
t-cliq

u
e

su
b
grap

h
.

T
h
e

co
m

p
lex

ity
o
f

th
e

d
en

sest
k
-d

isjo
in

t-cliq
u
e

p
ro

b
lem

is
u
n
k
n
ow

n
;

in
p
a
rticu

la
r,

n
o

p
oly

n
om

ial-tim
e

algorith
m

for
its

solu
tion

is
k
n
ow

n
.

T
o

ad
d
ress

th
is

p
oten

tial
in

tractab
ility,

w
e

w
ill

a
ttem

p
t

to
a
p

p
rox

im
a
tely

so
lv

e
th

e
k
-d

isjo
in

t-cliq
u

e
p

ro
b

lem
b
y

co
n
v
ex

rela
x
a
tio

n
.

S
u
p
p

ose
th

at
v

1 ,...,v
k

are
th

e
ch

aracteristic
vectors

of
a

set
of

d
isjoin

t
cliq

u
es
C

1 ,C
2 ,...,C

k

form
in

g
a
k

-d
isjoin

t-cliq
u
e

su
b
grap

h
of
K
n
.

U
sin

g
th

is
n
otation

,
th

e
d
en

sity
of

th
e

com
p
lete

su
b
g
ra

p
h

in
d
u
ced

b
y
C
i

is
eq

u
al

to

d
G

(C
i )

=
∑u
,v∈

C
i

w
u
v

|C
i |

=
v
Ti
W
v
i

v
Ti
v
i
.

If
w

e
let
P

b
e

th
e
n×

k
m

atrix
w

ith
ith

colu
m

n
eq

u
al

to
v
i /‖v

i ‖
,

w
h
ere‖·‖

=
‖·‖

2
d
en

otes

th
e

stan
d
ard

E
u
clid

ean
n
orm

,
th

en
it

is
ea

sy
to

see
th

at

k
∑i=

1

d
G

(C
i )

=
T

r(P
T
W
P

).

W
e

call
su

ch
a

m
atrix

P
a

n
o
rm

a
lized

k
-clu

ster
m

a
trix

an
d

d
en

ote
th

e
set

of
n
orm

alized
k

-

clu
ster

m
atrices

of
th

e
vertex

set
V

b
y
n
cm

(V
,k

).
It

follow
s

th
at

th
e

d
en

sest
k

-d
isjoin

t-cliq
u
e

p
ro

b
lem

m
ay

b
e

form
u
lated

as

m
ax {

T
r(P

T
W
P

)
:
P
∈
n
cm

(V
,k

) }
.

(2)

A
gain

,
th

e
com

p
lex

ity
of

(2)
is

u
n
k
n
ow

n
,

h
ow

ever,
th

e
m

ax
im

ization
of

q
u
ad

ratic
fu

n
ction

s

su
b

ject
to

co
m

b
in

atorial
con

strain
ts

is
k
n
ow

n
to

b
e

N
P

-h
ard

.
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P
ir
in
e
n
a
n
d

A
m
e
s

A
p
ro

cess
fo

r
rela

x
a
tio

n
o
f

(2)
u
sin

g
m

a
trix

liftin
g

is
d
escrib

ed
b
y

A
m

es
(2

0
1
4
);

a

sim
ilar

relax
ation

tech
n
iq

u
e

w
as

ap
p
lied

b
y

A
m

es
an

d
V

avasis
(2011,

2014)
an

d
A

m
es

(2015).

In
p
a
rticu

la
r,

ea
ch

p
ro

p
o
sed

clu
ster

C
i ,

w
ith

ch
a
ra

cteristic
v
ecto

r
v
i ,

co
rresp

o
n
d
s

to
th

e

ran
k
-on

e
sy

m
m

etric
m

atrix

X
(i)

=
v
i v
Ti

v
Ti
v
i .

It
is

easy
to

see
th

at
th

e
d
en

sity
of
G

(C
i )

is
eq

u
al

to

d
G

(C
i )

=
v
Ti
W
v
i

v
Ti
v
i

=
T

r(W
X

(i)).

M
o
reov

er,
ea

ch
o
f

th
e

m
a
trices

X
(i)

h
a
s

row
a
n
d

co
lu

m
n

su
m

s
eq

u
a
l

to
eith

er
0

o
r

1
,

a
n
d

tra
ce

eq
u
a
l

to
1
.

F
in

a
lly,

fo
r

ea
ch

p
ro

p
o
sed

clu
sterin

g
C

1 ,...,C
k ,

th
e

co
rresp

o
n
d
in

g

ran
k
-on

e
m

atrices
are

orth
ogon

al
in

th
e

trace
in

n
er

p
ro

d
u
ct,

d
u
e

to
th

e
orth

ogon
ality

of
th

e

ch
aracteristic

vectors
of

th
e

corresp
on

d
in

g
d
isjoin

t
clu

sters.
T

h
u
s,

th
e

m
atrix

X
=

k
∑i=

1

X
(i)

=
k
∑i=

1

v
i v
Ti

v
Ti
v
i

(3)

h
as

ran
k

eq
u
al

to
k

.
T

h
is

su
ggests

th
at

w
e

m
ay

relax
(2)

as
th

e
ran

k
-con

strain
ed

sem
id

efi
n
ite

p
rogram

m
ax

X
∈

Σ
n+ {

T
r(W

X
)

:
X
e
≤
e
,ran

k
X

=
k
,T

r
X

=
k
,X
≥

0}
.

(4)

T
h
e

relax
ation

(4)
can

b
e

relax
ed

fu
rth

er
to

a
sem

id
efi

n
ite

p
rogram

b
y

om
ittin

g
th

e
n
on

con
vex

ran
k

con
strain

t:

m
ax

X
∈

Σ
n+ {

T
r(W

X
)

:
X
e
≤
e
,T

r
X

=
k
,X
≥

0}
.

(5)

W
e

sh
ou

ld
n

ote
th

at
th

e
sem

id
efi

n
ite

p
rogram

(5)
is

rem
arkab

ly
sim

ilar
to

th
e

sem
id

efi
n

ite

rela
x
a
tio

n
o
f

th
e

m
in

im
u

m
su

m
o
f

sq
u

a
red

d
ista

n
ce

p
a
rtitio

n
o
f

P
en

g
a
n

d
W

ei
(2

0
0
7
)

a
n

d

th
e

sem
id

efi
n
ite

relax
ation

of
th

e
m

ax
im

u
m

likelih
o
o
d

estim
ate

of
th

e
sto

ch
astic

b
lo

ck
m

o
d
el

co
n
sid

ered
b
y

A
m

in
i

a
n

d
L

ev
in

a
(2

0
1
8
),

a
m

o
n
g

o
th

ers,
a
lth

o
u

g
h

o
u

r
rela

x
a
tio

n
a
p

p
ro

a
ch

d
iff

ers
sligh

tly
from

th
at

u
sed

in
th

ese
tw

o
p
ap

ers.

2
.2

.
B

lo
ck

M
o
d

e
ls

a
n

d
R

e
c
o
v
e
ry

G
u

a
ra

n
te

e
s

G
iv

en
a

set
o
f

clu
stera

b
le

d
a
ta

o
r,

m
o
re

a
ccu

ra
tely,

a
clu

stera
b
le

g
ra

p
h

rep
resen

ta
tio

n
o
f

d
ata,

A
m

es
(2014)

estab
lish

ed
th

at
on

e
can

recover
th

e
u
n
d
erly

in
g

clu
ster

stru
ctu

re
from

th
e

op
tim

al
solu

tion
of

th
e

sem
id

efi
n

ite
p

rogram
(5).

S
p

ecifi
cally,

it
is

assu
m

ed
th

at
d

ata
w

ith

stron
g

clu
ster

stru
ctu

re
sh

ou
ld

corresp
on

d
to

sim
ilarity

grap
h
s

w
ith

h
eav

y
w

eigh
t

assign
ed

to
ed

ges
w

ith
in

clu
sters,

relative
to

th
at

b
etw

een
clu

ster
ed

ges.
T

h
is

corresp
on

d
s

to
p

airs
of
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u
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r
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b
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d
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s.
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.
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b
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h
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h
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ex
se
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d
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o
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e
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o
f
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ll
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et
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tr
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.
W

e
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er
w
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tr
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es
W
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∈
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it
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en
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le
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en
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en
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n

e
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il
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d
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u
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ll
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s.

•
F
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ea

ch
i

=
1,
..
.,
k

an
d
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u
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∈
C
i,
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e
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m

p
le
w
u
v

=
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u

fr
om

a
d
is

tr
ib

u
ti
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Ω

1
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ch

th
at

E
[w
u
v
]

=
E

[w
v
u
]

=
α
,

0
≤
w
u
v
≤

1
,

fo
r
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ed

α
∈
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].

•
F

o
r

ea
ch
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in
g

ed
g
e
u
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∈
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∈
C
j
,

w
e
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ed
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e
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ei
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t
w
u
v

=
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v
u
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om
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d

d
is
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ib

u
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Ω

2
su

ch
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E
[w
u
v
]

=
E
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v
u
]

=
β
,

0
≤
w
u
v
≤

1
,

fo
r

fi
x
ed

β
∈
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,α
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1
≤
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j
≤
k

o
r
i

=
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=
k

+
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an
d

E
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u
v
]

=
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ot
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w
is

e.
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e
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th
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m

p
ti
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e
en
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b
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b
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e
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e
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p
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u
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if
w

e
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m
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t
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m
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b
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Ω
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b
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iv
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w
it
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h
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p
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il
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W

e
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th
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n
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e
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m
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le
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e
p
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te
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u
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N
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W
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e
p
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d
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u
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d
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n
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w

it
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n
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p
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ti
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T
h
is

p
ro
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n
a
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ra
l

g
en

er
a
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n

o
f
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e
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ic
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o
d
el
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d
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,
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e
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d
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e
p
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te
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d
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d
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d
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a
b
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v
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b
li
sh

ed

th
e

fo
ll
ow

in
g

th
eo

re
m

,
en

su
ri

n
g

re
co

ve
ry

of
th

e
p
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n
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e

p
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d
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ee

A
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,

20
14

,
T
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.
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h

e
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2
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e
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C

1
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..
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k
d
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n
e

a
k
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e
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p
h
H
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o
f
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n
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gh
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d
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m

p
le
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a
p
h
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)
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le

t
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:=

V
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∈
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p
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p
la

n
te

d
cl

u
st

er
m

od
el

a
cc

o
rd

in
g

to
d
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Ω

1
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2
w
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h
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s
α
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sf
yi

n
g

γ
=
γ
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L
et
X
∗

be
th

e
fe

a
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e

so
lu

ti
o
n

o
f

(5
)

co
rr

es
po

n
d
in

g
to
C

1
,.
..
,C

k
d
efi

n
ed

by
(3

).
T

h
en

th
er

e

ex
is

t
sc

a
la

rs
c 1
,c

2
,c

3
>

0
su

ch
th

a
t

if

c 1
√
n

+
c 2
√
k
r k

+
1

+
c 3
r k

+
1
≤
γ
r̂,

th
en
X
∗

is
th

e
u

n
iq

u
e

o
p
ti

m
a
l

so
lu

ti
o
n

o
f

(5
),

a
n

d
H
∗

is
th

e
u

n
iq

u
e

m
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m
u

m
d
en

si
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k
-d
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in
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u
e

su
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p
h
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f
K
n

w
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p
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n
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n
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ll
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→
∞

.
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T
h
eo
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2
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p
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p
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p
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b
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p
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p
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p
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h
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p
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b
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p
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b
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p
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p
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p
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e

re
co

v
er

y
g
u
a
ra

n
te

e
o
f

T
h
eo

re
m

2
in

tw
o

w
ay

s.
F

ir
st

,
th
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p
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b
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d
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w
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]
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]
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,
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h
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.
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d
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b
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b
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p
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p
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p
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E
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c
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C
l
u
st

e
r
in
g

o
f
W

e
ig
h
t
e
d

G
r
a
p
h
s
v
ia

S
e
m
id
e
f
in
it
e
P
r
o
g
r
a
m
m
in
g

w
ith

expected
va

lu
es

µ
ij

=
µ
ij (n

)
a
n

d
va

ria
n

ces
σ

2ij
=
σ

2ij (n
).

L
et
σ̃

:=
m

ax
q
,s
σ
q
s

a
n

d

σ̂
:=

m
a
x
q
σ
q
q .

L
et
X
∗

be
th

e
fea

sible
so

lu
tio

n
to

(5)
co

rrespo
n

d
in

g
to
C

1 ,...,C
k

d
efi

n
ed

by

(3
).

L
et

γ
:=

m
in

q
,s=

1
,2
,...,k

q6=
s

{µ
q
q −

µ
q
s }
.

T
h
en

th
ere

exists
sca

la
r
c
>

0
su

ch
th

a
t

if

γ
r̂≥

c
m

a
x {√

σ̃
2n
, √

σ̃
2r̂

log
n
, √

σ̂
2k
r
k
+

1 , √
k
r
k
+

1
log

n
/r̂,

µ
k
+

1
,k

+
1 r
k
+

1 ,
log

n }
,

(6)

th
en
X
∗

is
th

e
u

n
iqu

e
o
p
tim

a
l

so
lu

tio
n

fo
r

(5),
a
n

d
K
∗

is
th

e
u

n
iqu

e
m

a
xim

u
m

d
en

sity

k
-d

isjo
in
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e

su
bgra

p
h

o
f
K
n

w
ith

h
igh

p
ro

ba
bility.

T
h
e

w
ea

k
a
sso

rta
tivity

con
d
ition

(6)
im

p
lies

th
at

w
e

h
ave

p
erfect

recovery
p
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id
ed

th
at

th
e

g
a
p

b
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th

e
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ster
b
lo

ck
ex

p
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n
µ
q
q

a
n
d

th
e

la
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est
b

etw
een
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ster

b
lo

ck

ex
p
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µ
q
s
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C
q ,
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=
1,...,k

,
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th

e
m
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u
m
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n
u
m

b
er

of
u
n
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n
o
d
es
r
k
+

1 ,
n
u
m

b
er
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sters,
an
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ed

ge
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t
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th

e
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ith
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an
d

b
etw

een
-clu

ster
ed

ges
are

ad
d
ed

in
d
ep

en
d
en

tly

w
ith

p
rob

ab
ilities

p
an

d
q,

resp
ectively,

T
h

eorem
3

an
d

,
in

p
articu

lar,
(6)

estab
lish

th
at

w
e

ca
n

recover
th

e
p
lan

ted
clu

sters
p
rov

id
ed

th
at

(p−
q)

2

σ̃
2

=
(p−

q)
2

m
ax{p

(1−
p
),q(1−

q)}
=

Ω
(
nr̂
2 )

.

T
h
is

resu
lt

a
g
rees

w
ith

th
e

E
a
sy

R
eg

im
e

fo
r

clu
ster

recov
ery

p
ro

p
o
sed

b
y

C
h
en

a
n
d

X
u

(2014),
w

h
ere

a
p

oly
n
om

ial-tim
e

algorith
m

ex
ists

for
ex

act
recovery

of
th

e
p
lan

ted
clu

sters,

in
th

is
ca

se,
th

e
so

lu
tio

n
o
f

th
e

sem
id

efi
n
ite

rela
x
a
tio

n
(5).

O
n
e

d
istin

ct
a
d
va

n
ta

g
e

o
f

th
is

resu
lt

ov
er

sim
ila

r
recov

ery
g
u
a
ra

n
tees

is
th

a
t

o
u
r

m
o
d
el

a
n
d

p
h
a
se

tra
n
sitio

n
a
re

la
rg

ely
p
a
ra

m
eter

free.
F

o
r

ex
a
m

p
le,

A
m

in
i

a
n
d

L
ev

in
a

(2
0
1
8
)

p
resen

t
a
n

a
n
a
ly

sis
o
f

th
ree

sem
id

efi
n

ite
relax

ation
s

th
at

ob
tain

n
early

id
en

tical
con

d
ition

s
on
{
Ω
ij }

gu
aran

teein
g

recov
ery

b
u
t

restrict
th

eir
a
n
a
ly

sis
to

th
e

ca
se

w
h
ere

th
e

clu
sters

a
re

id
en

tica
l

in
size

o
r

oth
erw

ise
k
n
ow

n
an

d
w

h
en
{
Ω
ij }

are
B

ern
ou

lli
d
istrib

u
tion

s;
w

e
sh

ou
ld

n
ote

th
at

A
m

in
i

an
d

L
ev

in
a

(2
0
1
8
)

co
n

sid
er

h
etero

g
en

eo
u

s
B

ern
o
u

lli
d

istrib
u

tio
n

s
w

h
ere

th
e

w
ith

in
-clu

ster
a
n

d

b
etw

een
-clu

ster
p
rob

ab
ilities

of
ad

d
in

g
an

ed
ge

vary
across

clu
sters.

S
im

ilarly,
C

h
en

an
d

X
u

(2
0
1
4
)

a
n
d

J
a
la

li
et

a
l.

(2
0
1
5
)

g
iv

e
id

en
tica

l
co

n
d
itio

n
s

fo
r

recov
ery

(u
p

to
co

n
sta

n
ts

a
n
d

logarith
m

ic
term

s)
in

th
e

B
ern

ou
lli

case
to

th
ose

in
T

h
eorem

3
for

sem
id

efi
n

ite
relax

ation
s

th
a
t

req
u
ire

th
e

sizes
o
f

th
e

clu
sters

to
b

e
u
sed

a
s

in
p
u
t

p
a
ra

m
eters

(o
r

a
ll

clu
sters

to

h
av

e
id

en
tica

l
size),

n
eith

er
o
f

w
h

ich
a
re

rea
listic

a
ssu

m
p

tio
n

s
in

p
ra

ctice.
In

co
n
tra

st,
o
u

r

a
p
p
ro

a
ch

a
ch

iev
es

th
is

recov
ery

g
u
a
ra

n
tee

u
sin

g
o
n

ly
th

e
d
esired

n
u

m
ber

o
f

clu
sters

a
s

a

pa
ra

m
eter.

F
u
rth

er,
o
u
r

g
u
a
ra

n
tee

ex
ten

d
s

to
th

e
g
en

era
l

w
eig

h
ted

ca
se

w
h
ere

th
e

va
st
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P
ir
in
e
n
a
n
d

A
m
e
s

m
a
jo

rity
o
f

ex
istin

g
recov

ery
g
u
a
ra

n
tees

fo
r

sto
ch

a
stic

b
lo

ck
m

o
d
els

a
re

restricted
to

th
e

B
ern

ou
lli

case.

It
is

im
p

ortan
t

to
n
ote

th
at

tigh
ter

recovery
gu

aran
tees

th
an

th
ose

p
rov

id
ed

b
y

T
h
eorem

3

a
re

k
n
ow

n
fo

r
sp

ecifi
c

p
ro

b
lem

settin
g
s.

T
h
is

is
a

n
a
tu

ra
l

co
n

seq
u

en
ce

o
f

th
e

m
o
re

g
en

era
l

fra
m

ew
o
rk

o
f

o
u
r

a
n
a
ly

sis.
F

o
r

ex
a
m

p
le,

Y
a
n

et
a
l.

(2
0
1
7
)

stu
d
ies

a
co

n
v
ex

rela
x
a
tio

n

fo
r

clu
ster

recov
ery

in
th

e
B

ern
o
u
lli

(u
n
w

eig
h
ted

)
ca

se.
T

h
e

m
a
in

th
eo

rem
o
f

th
is

a
rticle

estab
lish

es
con

d
ition

s
for

p
erfect

recovery
th

at
allow

larger
clu

sters
to

h
ave

h
igh

er
varian

ce,

a
lth

o
u
g
h

sp
ecia

lized
fo

r
th

e
u
n
w

eig
h
ted

ca
se.

M
o
reov

er,
Y

a
n

et
a
l.

(2
0
1
7
)

co
n
sid

er
th

e
u

se

of
a

tu
n
in

g
p
aram

eter
to

allow
recovery

w
ith

ou
t

k
n
ow

led
ge

of
th

e
n
u
m

b
er

of
clu

sters
k

.
O

n

th
e

o
th

er
h
a
n
d
,

th
e

resu
lts

o
f

A
m

in
i

a
n
d

L
ev

in
a

(2
0
1
8
);

J
a
la

li
et

a
l.

(2
0
1
5
)

a
lso

p
rov

id
e

tig
h
ter

recov
ery

g
u
a
ra

n
tees

b
u
t

req
u
ire

k
n
ow

led
g
e

o
f

clu
ster

sizes.
T

h
e

k
ey

co
n
trib

u
tio

n

o
f

th
is

w
o
rk

is
th

e
p

resen
ta

tio
n

o
f

a
recov

ery
g
u
a
ra

n
tee

th
a
t

ex
ten

d
s

to
th

e
w

eig
h
ted

ca
se

w
ith

ou
t

strict
assu

m
p

tion
s

regard
in

g
in

p
u

t
p

aram
eters,

as
w

ell
as

th
e

fi
rst-ord

er
m

eth
o
d

for

solu
tion

of
(1)

d
iscu

ssed
in

d
etail

in
S
ection

4.

T
o

fu
rth

er
illu

stra
te

th
e

co
n

seq
u

en
ces

o
f

T
h

eo
rem

3
,

w
e

co
n

sid
er

sev
era

l
ex

a
m

p
les.

In

each
,

w
e

assu
m

e
th

at
th

e
grap

h
is

gen
erated

in
th

e
h
om

ogen
eou

s
settin

g
w

h
ere

w
ith

in
-clu

ster

w
eigh

ts
are

i.i.d
.

accord
in

g
to

Ω
1

w
ith

m
ean

α
an

d
varian

ce
σ

21 ,
an

d
b

etw
een

-clu
ster

w
eigh

ts

are
i.i.d

.
accord

in
g

to
Ω

2
w

ith
m

ean
β
<
α

an
d

varian
ce
σ

22 .

2
.2
.1
.
T
h
e
D
e
n
se

C
a
se

W
h
en

α
,β

are
fi
x
ed

,
w

e
ob

tain
th

e
sam

e
recovery

gu
aran

tee
as

b
efore,

u
p

to
con

stan
ts

an
d

lo
g
a
rith

m
ic

term
s:

w
e

h
av

e
ex

a
ct

recov
ery

w
.h

.p
.

if
r̂
≥
c̃

1 √
n

a
n
d
r̂
≥
c̃

2 r
k
+

1
fo

r
so

m
e

co
n

sta
n
ts
c̃

1
a
n

d
c̃

2
d

ep
en

d
in

g
o
n

Ω
1

a
n

d
Ω

2 .
In

d
eed

,
ea

ch
o
f

th
e

p
o
in

tw
ise

m
a
x
im

u
m

s
in

th
e

fi
rst

th
ree

term
s

o
f

(6)
is

b
o
u
n
d
ed

a
b

ov
e

b
y
O

( √
n

)
sin

ce
r̃≤

n
,

a
n
d
k
r
k
+

1
=
O

(n
)

if

r
k
+

1
=
O

(r̂).

2
.2
.2
.
T
h
e
S
pa

r
se

C
a
se

O
n

th
e

o
th

er
h
a
n
d
,

if
n
o
ise

in
th

e
fo

rm
o
f

b
etw

een
-clu

ster
ed

g
e-w

eig
h
t

is
sm

a
ll,

th
en

w
e

sh
o
u
ld

ex
p

ect
to

b
e

a
b
le

recov
er

m
u
ch

sm
a
ller

clu
sters.

F
o
r

ex
a
m

p
le,

su
p
p

o
se

th
a
t

Ω
2

is

th
e

B
ern

ou
lli

d
istrib

u
tion

w
ith

p
rob

ab
ility

of
ad

d
in

g
an

ed
ge
q

an
d

th
at

Ω
1

is
th

e
B

ern
ou

lli

d
istrib

u
tion

w
ith

p
rob

ab
ility

of
ad

d
in

g
an

ed
ge
p

=
1

(th
e

assu
m

p
tion

th
at
p

=
1

is
for

th
e

sake
of

sim
p
licity

in
th

is
ex

am
p
le

an
d

w
e

can
ex

p
ect

an
alogou

s
recovery

gu
aran

tees
for

an
y

p
ten

d
in

g
slow

ly
en

o
u
g
h

to
0
).

A
ssu

m
e

fu
rth

er
th

a
t
q(1−

q)≤
log

n
/n
.

F
in

a
lly,

a
g
a
in

fo
r

sim
p

licity,
a
ssu

m
e

th
a
t

w
e

h
av

e
k

eq
u

a
lly

sized
clu

sters
o
f

size
r̂

=
n
/k

a
n

d
(r
k
+

1
=

0
).

In
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E
x
a
c
t
C
l
u
st

e
r
in
g

o
f
W

e
ig
h
t
e
d

G
r
a
p
h
s
v
ia

S
e
m
id
e
f
in
it
e
P
r
o
g
r
a
m
m
in
g

th
is

ca
se

,
(6

)
h
ol

d
s

if

γ
r̂
≥
c

lo
g
n

=
c

m
ax

  
√

lo
g
n
,

√
r̂

lo
g

2
n

n
,

lo
g
n

  
≥
c

m
a
x
{ √

σ̃
2
n
,
√
σ̃

2
r

lo
g
n
,

lo
g
n
}
,

si
n
ce

σ̃
2

=
m

ax
{p

(1
−
p
),
q(

1
−
q)
}

=
q(

1
−
q)
≤

lo
g
n
/n

a
n
d

th
e

te
rm

s
in

v
o
lv

in
g
r k

+
1

a
n
d

1
−
p

a
re

eq
u
a
l

to
ze

ro
.

T
h
is

im
p
li
es

th
a
t

w
e

h
av

e
ex

a
ct

re
co

v
er

y
o
f

th
e

p
la

n
te

d

cl
u
st

er
s

w
.h

.p
.

p
ro

v
id

ed
r̂

=
Ω

(l
og
n

).
T

h
is

ex
ce

ed
s

th
e

st
a
te

o
f

th
e

a
rt

re
co

v
er

y
b

o
u
n
d

o
f

r̂
=

Ω
(√

lo
g
n

)
es

ta
b

li
sh

ed
in

J
al

al
i

et
al

.
(2

01
5)

b
y

a
fa

ct
or

of
√

lo
g
n

.
H

ow
ev

er
,

th
e

co
n
ve

x

re
la

x
at

io
n

p
ro

p
os

ed
b
y

J
al

al
i

et
al

.
(2

01
5)

re
q
u
ir

es
k
n
ow

le
d
ge

of
∑

k i=
1
r2 i

,
w

h
ic

h
is

of
te

n
an

u
n

re
al

is
ti

c
ex

p
ec

ta
ti

on
in

p
ra

ct
ic

e;
in

co
n
tr

as
t,

ou
r

ap
p

ro
ac

h
on

ly
re

q
u

ir
es

k
n

ow
le

d
ge

of
th

e

n
u
m

b
er

of
cl

u
st

er
s
k

p
re

se
n
t

in
th

e
d
at

a.
F

u
rt

h
er

,
th

e
re

q
u
ir

em
en

t
r̂

=
Ω

(l
og
n

)
is

en
fo

rc
ed

b
y

th
e

ga
p

in
eq

u
al

it
y

(6
),

w
h
ic

h
it

se
lf

is
a

co
n
se

q
u
en

ce
of

th
e

u
se

of
th

e
B

er
n
st

ei
n

in
eq

u
al

it
y

to
es

ta
b
li
sh

ce
rt

ai
n

d
u
al

va
ri

ab
le

s
ar

e
n
on

n
eg

at
iv

e
in

th
e

p
ro

of
of

T
h
eo

re
m

3
(s

ee
S
ec

ti
on

3.
1

fo
r

m
or

e
d
et

ai
ls

).
It

m
ay

b
e

p
os

si
b
le

to
im

p
ro

ve
th

is
b

ou
n
d

to
r̂

=
Ω

(√
lo

g
n

)
w

it
h

im
p
ro

ve
d

co
n
ce

n
tr

at
io

n
in

eq
u
al

it
ie

s
b
u
t

it
is

u
n
cl

ea
r

w
h
at

fo
rm

th
es

e
im

p
ro

ve
m

en
ts

m
ay

ta
ke

.

2
.2
.3
.
T
h
e
P
l
a
n
t
e
d

C
l
iq
u
e
a
n
d

S
pa

r
se

st
S
u
b
g
r
a
p
h

In
th

e
sp

ec
ia

l
ca

se
w

h
en

k
=

1
a
n
d

Ω
1

a
n
d

Ω
2

a
re

B
er

n
o
u
ll
i

d
is

tr
ib

u
ti

o
n
s,

th
e

p
la

n
te

d

cl
u
st

er
m

o
d
el

sp
ec

ia
li
ze

s
to

th
e

p
la

n
te

d
cl

iq
u
e

m
o
d
el

co
n
si

d
er

ed
in

A
m

es
an

d
V

av
as

is
(2

01
1)

a
n
d

A
m

es
(2

0
1
5
).

In
th

is
ca

se
,

(6
)

su
g
g
es

ts
th

a
t

w
e

ca
n

re
co

v
er

a
p
la

n
te

d
cl

iq
u
e

(i
n

th
e

d
en

se
ca

se
)

of
si

ze
r 1

=
Ω

(m
ax
{√

n
,r

2
})

=
Ω

(m
ax
{√

n
,n
−
r 1
})

.
T

h
is

re
co

ve
ry

gu
ar

an
te

e

is
fa

r
m

or
e

co
n

se
rv

at
iv

e
th

an
th

os
e

p
ro

v
id

ed
b
y

A
m

es
an

d
V

av
as

is
(2

01
1)

an
d

A
m

es
(2

01
5)

,

am
on

g
ot

h
er

s,
w

h
ic

h
es

ta
b
li
sh

th
at

a
p
la

n
te

d
cl

iq
u
e

of
si

ze
Ω

(√
n

)
ca

n
b

e
re

co
ve

re
d

fr
om

th
e

op
ti

m
al

so
lu

ti
on

of
a

p
ar

ti
cu

la
r

n
u
cl

ea
r

n
or

m
re

la
x
at

io
n

of
th

e
m

ax
im

u
m

cl
iq

u
e

p
ro

b
le

m
.

U
n
fo

rt
u
n
a
te

ly
,

it
a
p
p

ea
rs

th
a
t

th
is

lo
w

er
b

o
u
n
d

re
st

ri
ct

in
g

th
e

si
ze

o
f

a
re

co
v
er

a
b
le

p
la

n
te

d
cl

iq
u
e

to
a

co
n
st

a
n
t

m
u
lt

ip
le

o
f

th
e

n
u
m

b
er

o
f

n
o
n
cl

iq
u
e

v
er

ti
ce

s
is

ti
g
h
t.

F
o
r

ex
a
m

p
le

,
le

t
p

a
n
d
q

b
e

th
e

p
ro

b
a
b
il
it

ie
s

o
f

a
d
d
in

g
a
n

ed
g
e

g
iv

en
b
y

Ω
1

a
n
d

Ω
2
.

T
h
en

th
e

ex
p

ec
te

d
va

lu
e

of
th

e
p
ro

p
os

ed
so

lu
ti

on
X
∗

in
(5

)
is

eq
u
al

to

E
[T

r(
W
X
∗ )

]
=

1 r̂

∑ i∈
C

1

∑ j∈
C

1

E
[w
ij

]
=
p
r̂.

O
n

th
e

ot
h
er

h
an

d
,

th
e

so
lu

ti
on

1 n
e
e
T

is
al

so
fe

as
ib

le
fo

r
(5

)
w

it
h

ex
p

ec
te

d
ob

je
ct

iv
e

va
lu

e

E

[ 1 n
T

r(
W
e
e
T

)]
≥
ĉq
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e
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n
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ĉ.
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p
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e
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m
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ĉq
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ĉ(
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re
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at
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r
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b
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p
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p
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b
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b
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b
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e
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a
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b
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d
b
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.

D
e
ri

v
a
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o
n

o
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th
e
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e
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v
e
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G
u
a
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n
te
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n
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w
e
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a
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h
y
p
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h
eo
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a
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)
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o
p

ti
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a
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r
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n

d
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p
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n

d
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k
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m
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w
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w
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b
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∈
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∈
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∈
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∈
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+
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−
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=
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=
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=
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p
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d
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p
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p
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b
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b
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∈
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∈
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∈
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∈
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b
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p
le

d
fr

o
m

a
d
is

tr
ib

u
ti

o
n

o
f

cl
u
st

er
a
b
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b
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p
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=
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b
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b
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b
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r
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m
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at
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E
x
a
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t
C
l
u
st

e
r
in
g

o
f
W

e
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h
t
e
d

G
r
a
p
h
s
v
ia

S
e
m
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e
f
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it
e
P
r
o
g
r
a
m
m
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g
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sib
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so

lu
tio

n
o
f

(5)
d
efi

n
ed

b
y

(3).
L

et
C
k
+

1
:=

V
\

(∪
ki=

1 C
i )

a
n
d
r
k
+

1
:=

n
−
∑

ki=
1
r
i

b
e

th
e

size
o
f
C
k
+

1 .
M

o
reov

er,
let

r̂
:=

m
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i=

1
,...,k

r
i

a
n
d
r̃

:=
m

ax
i=

1
,...,k

r
i

b
e

th
e
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o
f
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e
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an
d
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ectively.
L

et
W
∈

Σ
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b
e
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d
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m

m
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m
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m
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e

p
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n
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m
o
d
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w
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p
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n
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C
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k
a
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g
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C
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g
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e
d
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s{Ω
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w
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a
n
d
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e
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o
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o
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u
a
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b
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g
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m

p
lem

en
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ry
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ck
n
ess

con
d

ition
X
S

=
0

.
R

estrictin
g
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con
d
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to
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e
b
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s
X

C
q
,C
q

an
d
S
C
q
,C
q
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X

an
d
S

w
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s

a
n
d
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m

n
s

in
d
ex

ed
b
y
C
q ,
q∈
{1
,2
,...,k},

w
e

see
th

at
X
∗S

=
0

h
old

s
if

an
d

o
n
ly

if

0
=
S
C
q
,C
q e

=
τ
e

+
r
q λ

C
q

+
(λ

TC
q e

)e
−
W

C
q
,C
q e
,

b
y

th
e

b
lo

ck
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ctu
re

of
X
∗;

n
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th
at

Ξ
C
q
,C
q

=
0
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ch

osen
to

satisfy
th

e
com

p
lem

en
tary

sla
ck

n
ess

co
n
d
itio

n
(9).

S
o
lv

in
g

th
is

lin
ea

r
sy

stem
fo

r
λ
C
q

u
sin

g
th

e
S
h
erm

a
n
-M

o
rriso

n
-

W
o
o
d
b
u
ry

F
o
rm

u
la

(G
olu

b
an

d
V

an
L

oan
,

2013,
E

q
u
ation

(2.1.4))
gives

λ
C
q

=
1r
q (
W

C
q
,C
q e
−

12

(
τ

+
e
T
W

C
q
,C
q e

r
q

)
e )

.
(11)

O
n

th
e

o
th

er
h
a
n
d

,
w

e
ch

o
o
se
λ
C
k
+
1

=
0

to
sa

tisfy
th

e
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m
p
lem

en
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ry
sla

ck
n
ess
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n
d
itio

n

(8
).

N
ex

t,
w

e
u
se

th
is

ch
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of
λ

to
con
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ct

th
e

rem
ain

in
g

d
u
al

variab
les.

F
ix
q,s∈

{1
,2
,...,k

+
1}

su
ch

th
a
t
q6=

s.
W

e
w

ill
ch

o
o
se

Ξ
C
q
,C
s

so
th

a
t
S
C
q
,C
s e

=
0

a
n
d
S
C
s
,C
q e

=
0

.
In

p
articu

lar,
w

e
ch

o
ose

Ξ
C
q
,C
s

=
(

1−
δ
q
,k

+
1

2

(
µ
q
q −

τrq )
+

1−
δ
s
,k

+
1

2

(
µ
ss −

τrs )
−
µ
q
s )
e
e
T

+
y
q
,se

T
+
e
(z
q
,s)
T
,

(12)

w
h
ere

th
e

v
ecto

rs
y
q
,s

a
n
d
z
q
,s

a
re

u
n
k
n
ow

n
v
ecto

rs
p
a
ra

m
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g
th

e
en
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o
f

Ξ
C
q
,C
s ;

h
ere

δ
i,j

is
th

e
K

ron
ecker

d
elta

fu
n
ction

d
efi

n
ed

b
y
δ
i,j

=
1

if
i

=
j

an
d

0
oth

erw
ise.

T
h
at

is,

w
e

ch
o
ose

Ξ
C
q
,C
s

to
b

e
th

e
ex

p
ected

valu
e

of
λ
C
q e
T

+
e
λ
TC
s −
W

C
q
,C
s

p
lu

s
th

e
p
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etrizin
g

term
y
q
,se

T
+
e
(z
q
,s)
T

;
th

e
v
ecto

rs
y
q
,s

a
n
d
z
q
,s

a
re

ch
o
sen

to
b

e
so

lu
tio

n
s

o
f
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e
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stem

s

o
f

lin
ea

r
eq

u
a
tio

n
s

g
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en
b
y

th
e

co
m

p
lem

en
ta

ry
sla

ck
n
ess

co
n
d
itio

n
s
S
C
q
,C
s e

=
0

a
n
d

S
C
s
,C
q e

=
0

.
It

is
reason

ab
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straigh
t-forw

ard
to

sh
ow

th
at

w
e

m
ay

ch
o
ose

y
q
,s

=
1r
s (
b
q
,s −

b
Tq
,s e

r
q

+
r
s
e )

z
q
,s

=
1r
q (
b
s,q −

b
Ts,q e

r
q

+
r
s
e )

,
(13)

w
h
ere

b
q
,s

=
(λ

C
q e
T

+
e
λ
TC
s −

W
C
q
,C
s −

E
[λ

C
q e
T

+
e
λ
TC
s −

W
C
q
,C
s ])
e
.

(14)

In
d
eed

,
w

e
m

u
st

ch
o
ose

y
=
y
q
,s

an
d
z

=
z
q
,s

to
b

e
solu

tion
s

of
th

e
sy

stem
(
r
s I

+
e
e
T

0

0
r
q I

+
e
e
T

)
(
yz

)
=

(
b
q
,s

b
s,q

)
,

(15)
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p
lem
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d
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N
o
te

th
a
t

ta
k
in

g
th

e

in
n
er

p
ro

d
u
ct

of
each

sid
e

of
(15)

w
ith

th
e

v
ector

(e
;−
e
)

y
ield

s

(r
q

+
r
s )(e

T
y
−
e
T
z

)
=
e
T
b
q
,s−

e
T
b
s,q

=
0,

b
y

th
e

sy
m

m
etry

of
W

.
T

h
is

estab
lish

es
th

at
th

e
solu

tion
(y

;z
)

of
(15)

is
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a
solu

tion
of

th
e

(sin
gu

lar)
sy

stem
of

eq
u
ation

s,
(

r
s I

e
e
T

e
e
T

r
q I

)
(
yz

)
=

(
b
q
,s

b
s,q

)
,

im
p

o
sed

b
y

th
e

co
m

p
lem

en
ta

ry
sla

ck
n
ess

co
n
d
itio

n
s
S
C
q
,C
s e

=
0

a
n
d
S
C
s
,C
q

=
0

.
S
o
lv

-

in
g

(15)
for
y

an
d
z

u
sin

g
th

e
S
h
erm

an
-M

orrison
-W

o
o
d
b
u
ry

F
orm

u
la

y
ield

s
th

e
form

u
la

for

y
an

d
z

given
b
y

(13).
W

e
set

th
e

rem
ain

in
g

b
lo

ck
Ξ
C
k
+
1
,C
k
+
1

=
0

.
A

m
es

(2014,
S
ection

4.2)

p
rov

id
es

fu
rth

er
d
etails.

F
in

ally,
w

e
ch

o
ose

τ
=

m
in

q
,s=

1
,...,k

q6=
s

{µ
q
q −

µ
q
s }
εr̂

=
:
γ
εr̂,

(16)

w
h
ere

ε
>

0
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a
p
a
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m
eter

to
b

e
ch

o
sen
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p
a
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la
r,
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e
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n
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p
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S
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n
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3
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,
a
n
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3
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esta
b
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es
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a
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a
su
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b
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ch
o
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o
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ε
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e
h
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o
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T
h
eorem

3
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satisfi
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T
h
e
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d
ition
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e
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d
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∈

Σ
n
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e
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+
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ck
m
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µ
q
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e
T
−
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C
q
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µ
q
,k

+
1 e
e
T
−
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C
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(λ

C
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q ])e

T
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µ
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+
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,s e
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+
e
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C
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C
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T
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if
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.

(17)
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th
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b
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u
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satisfy
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h
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h
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T
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S
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∈
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p
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d
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d
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d
efi

n
ed

by
(3).

L
et
τ
∈
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∈

R
n
,

a
n

d
Ξ
∈

R
n×

n
be

ch
o
sen

a
cco

rd
in

g
to

(1
6),

(1
1),

a
n

d
(12),

respectively,
a
n

d
let
S̃

be
ch

o
sen

a
cco

rd
in
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h
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∗

is
o
p
tim

a
l

fo
r

(5),
a
n

d
K
∗

is
th
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P
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b
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h
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∈
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+
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p
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ij
}

sa
ti

sf
y

(6
).

T
h
en

th
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>
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+
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=
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+
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+
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.
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≥
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‖ ∞
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‖ ∞
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√
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∈
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∈
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m
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√
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p
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b
lo

ck
s

o
f

Ξ
sh

ow
s

th
a
t

ea
ch

en
tr

y
o
f

Ξ
is

n
o
n

n
eg

a
ti

v
e

w
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e

en
tr

ie
s

o
f
λ

a
re

n
o
n
n
eg

a
ti

v
e

w
it

h
h
ig

h

p
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p
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p
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con
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∈
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≥

0}
to

ob
tain

λ̄
t.
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p
u
te

ap
p
rox

im
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p
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+
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p
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=
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p
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d
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b
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=
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m
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p
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n
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d
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=
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=
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+
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p
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p
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p
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p
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p
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p
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=
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b
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b
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b
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p
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p
erim

en
ts

fo
r

g
ra

p
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p
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p
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d
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B
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w
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p
ro

v
id

e
fu

rt
h
er

ev
id

en
ce

th
a
t

th
e
ω

(√
n

)
b
a
rr

ie
r

ca
n

b
e

b
ro

k
en

fo
r

p
er

fe
ct

cl
u
st

er

re
co

ve
ry

in
ap

p
ro

x
im

at
el

y
sp

ar
se

gr
ap

h
s

an
d
,

sp
ec

ifi
ca

ll
y,

th
at

th
e

si
ze

of
re

co
ve

ra
b
le

cl
u
st

er
s

sc
a
le

s
lo

g
a
ri

th
m

ic
a
ll
y

w
it

h
n

a
t

w
o
rs

t
in

th
e

sp
ec

ia
l

ca
se

th
a
t

a
ll

cl
u
st

er
s

a
re

ro
u
g
h
ly

th
e

sa
m

e
si

ze
.

F
in

a
ll

y,
o
u

r
se

m
id

efi
n

it
e

re
la

x
a
ti

o
n

re
q
u

ir
es

o
n

ly
a
n

es
ti

m
a
te

o
f

th
e

n
u

m
b

er
o
f

cl
u
st

er
s

p
re

se
n
t

in
th

e
d
at

a
as

in
p
u
t.

O
u

r
re

su
lt

s
su

gg
es

t
se

ve
ra

l
ar

ea
s

of
fu

rt
h

er
re

se
ar

ch
.

T
h

e
n
u

m
er

ic
al

si
m

u
la

ti
on

s
su

gg
es

t

th
a
t

o
u
r

th
eo

re
ti

ca
l

g
u
a
ra

n
te

es
m

ay
b

e
ov

er
ly

co
n
se

rv
a
ti

v
e,

es
p

ec
ia

ll
y

in
th

e
d
en

se
n
o
is

e

ca
se

;
fu

rt
h
er

in
v
es

ti
g
a
ti

o
n

is
n
ee

d
ed

to
d
et

er
m

in
e

if
ti

g
h
te

r
es

ti
m

a
te

s
o
n

th
e

m
in

im
u
m

si
ze

o
f

cl
u
st

er
s

effi
ci

en
tl

y
re

co
v
er

a
b
le

ex
is

t.
M

o
re

ov
er

,
o
u
r

m
o
d
el

a
ss

u
m

es
cl

u
st

er
s

a
re

d
is

jo
in

t.
T

h
is

is
cl

ea
rl

y
n
o
t

m
et

in
m

a
n
y

p
ra

ct
ic

a
l

a
p
p
li
ca

ti
o
n
s;

fo
r

ex
a
m

p
le

,
re

tu
rn

in
g

to

th
e

so
ci

al
n
et

w
or

k
in

g
re

al
m

,
u
se

rs
m

ay
b

el
on

g
to

se
ve

ra
l

ov
er

la
p
p
in

g
co

m
m

u
n
it

ie
s.

It
w

ou
ld

b
e

w
o
rt

h
w

h
il
e

to
se

e
h
ow

o
u
r

m
o
d
el

a
n
d

re
co

v
er

y
g
u
a
ra

n
te

es
ca

n
b

e
m

o
d
ifi

ed
to

a
d
d
re

ss

ov
er

la
p
p
in

g
cl

u
st

er
s.

F
in

a
ll
y,

o
u
r

a
lg

o
ri

th
m

fo
r

g
ra

p
h

cl
u
st

er
in

g
re

q
u
ir

es
th

e
so

lu
ti

o
n

o
f

a
se

m
id

efi
n
it

e
p
ro

g
ra

m
,

w
h
ic

h
m

ay
b

e
im

p
ra

ct
ic

a
l

fo
r

ev
en

m
o
d
er

a
te

ly
la

rg
e

g
ra

p
h
s.

F
o
r

ex
a
m

p
le

,
th

e
p
ro

p
o
se

d
a
lg

o
ri

th
m

,
b
a
se

d
o
n

th
e

A
D

M
M

,
h
a
s

p
er

-i
te

ra
ti

o
n

co
st

o
f
O

(n
3
)

fl
o
p
s

p
er

it
er

a
ti

o
n
,

p
ri

m
a
ri

ly
to

co
m

p
u
te

th
e

sp
ec

tr
a
l

d
ec

o
m

p
o
si

ti
o
n

n
ee

d
ed

to
u
p

d
a
te
Y

.

C
la

ss
ic

a
l

m
et

h
o
d
s

b
a
se

d
o
n

in
te

ri
o
r-

p
o
in

t
m

et
h
o
d
s

w
il
l

sc
a
le

ev
en

m
o
re

p
o
o
rl

y.
E

ffi
ci

en
t,

sc
a
la

b
le

m
et

h
o
d

s
fo

r
so

lv
in

g
th

is
se

m
id

efi
n

it
e

re
la

x
a
ti

o
n

,
a
n
d

se
m

id
efi

n
it

e
p

ro
g
ra

m
m

in
g

in

ge
n
er

al
,

ar
e

n
ee

d
ed

.

A
ck

n
o
w

le
d
g
m

e
n
ts

25
JM

L
R

 2
0(

30
):

1-
34

, 2
01

9

P
ir
in
e
n
a
n
d

A
m
e
s

W
e

a
re

g
ra

te
fu

l
to

J
o
h
n

B
ru

er
a
n
d

J
o
el

T
ro

p
p

fo
r

th
ei

r
in

si
g
h
ts

a
n
d

h
el

p
fu

l
su

g
g
es

ti
o
n
s.

A
le

k
si

s
P

ir
in

en
w

as
su

p
p

or
te

d
b
y

a
C

al
if

or
n
ia

In
st

it
u
te

of
T

ec
h
n
ol

og
y

S
u
m

m
er

U
n
d
er

gr
ad

u
at

e

R
es

ea
rc

h
F

el
lo

w
sh

ip
(S

U
R

F
)

u
si

n
g

fu
n
d
s

p
ro

v
id

ed
b
y

O
ffi

ce
of

N
av

al
R

es
ea

rc
h

(O
N

R
)

aw
ar

d

N
00

00
14

-1
1-

10
02

.
B

re
n
d
an

A
m

es
w

as
su

p
p

or
te

d
b
y

U
n
iv

er
si

ty
of

A
la

b
am

a
R

es
ea

rc
h

G
ra

n
ts

R
G

14
67

8
an

d
R

G
14

83
8.

A
p
p

e
n
d
ix

A
.

P
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o
f

o
f

L
e
m
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a

7

W
e
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e
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ll

p
ro

of
of
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em
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7
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d
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.

P
ro
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f

W
e
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x
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∈
{1
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}
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t
q
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n

d
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u
m

e
w

it
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u

t
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o
f
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en

er
a
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ty
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a
t
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.
B

y
th

e
d
efi

n
it

io
n
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3)
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y
q
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an
d

th
e
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n
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e
in

eq
u
al

it
y,

w
e

h
av

e

‖y
‖ ∞
≤

1 r s

(
‖b

q
,s
‖ ∞

+
|b
T q
,s
e
|

r q
+
r s

)
.

F
or

si
m

p
li
ci

ty
,

le
t
b

1
:=
b
q
,s

an
d
b

2
:=
b
s,
q
.

It
fo

ll
ow

s
fr

om
(1

4)
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d
ou

r
ch
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λ

th
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th
e

it
h

el
em

en
t
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b

1
,

d
en

ot
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,
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b
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=
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i
−

1 2r
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q
q
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−
τ
))

+
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T C
s
e
−

1 2
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−
τ
))
−

 
∑ j∈
C
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w
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−
µ
q
s
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.
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e
d
efi

n
it
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λ
C
s
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λ
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s
e

=
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s
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T
W

C
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−
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τ
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w
h
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h
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p
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τ
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T
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C
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e
−
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∣ ∣ .

A
p
p
ly

in
g

(2
0)
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ow
s
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T
W

C
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)
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h
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h
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w

h
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h
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im
p
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s
e
−

1 2
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−
τ
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3
m
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{ √
σ
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g
n
,
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n
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}
,

w
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h
h
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h
p
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b
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y.
S
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,
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g
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0)

w
it

h
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=
n
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e
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m
∑

j∈
C
s
w
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s
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C
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r
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S
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e
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C
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F
in
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w

e
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th
at

∣∣∣∣ λ
i −
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r
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q
q r
q −

τ
) ∣∣∣∣ ≤

1r
q ∣∣∣∣∣∣ ∑j∈

C
q

w
ij −

µ
q
q r
q ∣∣∣∣∣∣

+
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2q ∣∣e
T
W

C
q
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q e
−
µ
q
q r

2q ∣∣
.

W
e

b
o
u
n
d

th
e

fi
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th
e
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m

u
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g
(20)

w
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T
=
n

,
w

h
ich

estab
lish

es
th

at
∣∣∣∣∣∣ ∑j∈

C
q

w
ij −

µ
q
q r
q ∣∣∣∣∣∣ ≤

6
m

ax { √
σ

2qq r
q

log
n
,log
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,

w
.h

.p
.,

a
n
d

n
o
te

th
at

th
e
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d

term
h
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u
p
p

er
b

ou
n
d

∣∣e
T
W

C
q
,C
q e
−
µ
q
q r

2q ∣∣≤
6

m
ax { √

σ
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2q
log

n
,log

n }
,

w
.h

.p
.,

b
y

a
calcu

lation
id

en
tical

to
th
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u

sed
to

ob
tain

(34
).

A
p

p
ly

in
g

th
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b
ou

n
d
s

u
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g

th
e

trian
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in
eq

u
ality

an
d

th
e

u
n
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b
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C
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w
e
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e
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‖
b
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≤
r
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r
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q
q r
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τ
) ∣∣∣∣

+

∣∣∣∣ λ
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−
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ss r

s −
τ
) ∣∣∣∣

+
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C
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w
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µ
q
s r
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r
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q
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2qq r
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σ

2qq
log
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r
q
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ax {√

σ
2ss
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n
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n

r
s
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+
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√
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(35)
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ig

h
p
ro

b
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b
ility.

W
e

n
ex

t
b

o
u
n
d
∣∣b
T1
e ∣∣.

W
e

h
ave
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r
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λ
TC
q e
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q
q r
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τ
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r
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−
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s −
τ
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q
s r
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e
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C
q
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.
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p
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a
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e
T
W
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3
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3
r
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ax {√

σ
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n

r
s
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ax { √

σ
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s
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n
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=
O

(
r
s

m
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σ̃
2

log
n
,
log

n

r̂
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(36)
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y‖∞
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r
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√
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log
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.

S
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su
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en
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√
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W
e
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√
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p
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0
1
4
).
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∈
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∑j∈
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∑
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∑j∈
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r
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0
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m
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√
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≥
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∈
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p

e
n
d
ix
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.

P
ro
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f

P
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p
o
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1
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f
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s
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∈

1
,.
..
,k

.
A

p
p
ly
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=
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C
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=
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e
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C
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q
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−
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s
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q
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m
ax
{√
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6
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m
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r s
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m
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√
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2
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p
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q
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C
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p
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P
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at
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b
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d
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∈
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a
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{ ‖
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{ √
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P
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P
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ra
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d
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>
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{ ‖
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√
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b
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p
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∑
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m
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−
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{ ‖
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m
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=
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−
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P
X
→

R
.

T
h
er

ef
or

e,
fi
rs

t
re

ca
ll

th
at

X
3
u
7→

k
u

:=
k
(u
,·)
∈

H
⊂

R
X

ca
n

b
e

th
o
u
g
h
t

o
f

a
s

th
e

“(
ca

n
on

ic
al

)
fe

at
u
re

m
ap

”
in

d
u
ce

d
b
y

k
.

It
is

th
en

n
at

u
ra

l
to

p
ro

ce
ed

as
fo

ll
ow

s:

1.
L

if
t

a
p

a
th

e
v
o
lv

in
g

in
d

a
ta

sp
a
c
e
X

to
a

p
a
th

e
v
o
lv

in
g

in
fe

a
tu

re
sp

a
c
e

H
.

W
e

li
ft

th
e

p
at

h
x

th
at

ev
ol

ve
s

in
d
at

a
sp

ac
e
X

to
a

p
at

h
1

k
x

th
at

ev
o
lv

es
in

th
e

fe
at

u
re

sp
ac

e
H

v
ia

th
e

ke
rn

el
k
.

T
h
at

is
,

w
e

m
ap

x
=

(x
(t

))
t∈

[0
,1

]
∈
P
X

to
k
x

=
( k
x

(t
))
t∈

[0
,1

]
∈
P
H

w
h
er

e
P
H

d
en

ot
es

a
su

ffi
ci

en
tl

y
re

gu
la

r
su

b
se

t
of

H
[0
,1

] .

1
.

N
o
te

th
e

sl
ig

h
t

a
b

u
se

o
f

n
o
ta

ti
o
n

th
a
t

k
u
∈
H

if
u
∈
X

a
n

d
k
x
∈
P
H

if
x
∈
P
X

.
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K
e
r
n
e
l
s

f
o
r

se
q
u
e
n
t
ia

l
ly

o
r
d
e
r
e
d

d
a
t
a

2
.

S
ig

n
a
tu

re
fe

a
tu

re
s

fo
r

p
a
th

s
in

H
.

W
e

u
se

a
featu

re
m

ap
th

at
is

w
ell-k

n
ow

n
in

sto
ch

astic
an

aly
sis

for
p
ath

s
th

at
ev

olve
in

lin
ea

r
sp

aces
su

ch
as

H
.

T
h
is

m
ap

is
called

th
e

sig
n
a
tu

re
m

ap
S
.

It
m

ap
s

a
p
ath

h
∈
P
H

in
to

a
series

of
ten

sors,

h
7→

S
(h

)∈
∏m
≥

0

H
⊗
m
.

B
y

a
p
p
ly

in
g

th
is

m
ap

to
th

e
lifted

p
ath

k
x
∈

P
H

,
w

e
get

th
e

featu
re

m
ap

P
X
→

∏
m
≥

0
H
⊗
m

,
d
efi

n
ed

as
x
7→

S
(k
x ).

3
.

S
ig

n
a
tu

re
k
e
rn

e
ls.

T
ak

in
g

in
n
er

p
ro

d
u
cts

y
ield

s
th

e
kern

el

k ⊕
:
P
X
×

P
X
→

R
d
efi

n
ed

as
in

n
er

p
ro

d
u
ct

k ⊕
(x
,y

)
=
〈S

(k
x ),S

(k
y )〉.

It
tu

rn
s

o
u
t,

th
at

k ⊕
h
as

a
recu

rsive
stru

ctu
re

th
at

allow
s

for
an

effi
cien

t
an

d
ro-

b
u
st

ca
lcu

lation
even

th
ou

gh
k
x ,k

y
are

p
a
th

s
evolv

in
g

in
th

e
(in

gen
eral

in
fi
n
ite-

d
im

en
sio

n
al)

state
sp

ace
H

.

B
elow

w
e

give
m

ore
d
etails

ab
ou

t
th

e
last

tw
o

p
o
in

ts
of

th
is

con
stru

ction
.

1
.2

.
T

h
e

sig
n

a
tu

re
m

a
p

T
h
e

sig
n
a
tu

re
S

m
ap

s
a

(su
ffi

cien
tly

regu
lar)

p
ath

h
∈
P
H
⊂

H
[0
,1

]
in

to
a

series
of

ten
sors,

h
7→

S
(h

)
=

(S
m

(h
))
m
≥

0 ∈
∏m
≥

0

H
⊗
m

w
h
ere

b
y

co
n
ven

tion
H
⊗

0
:=

R
an

d
S

0 (h
)

:=
1.

T
h
e

rem
ain

in
g

term
s

S
m

(h
)

are
d
efi

n
ed

as
fo

llow
s:

th
e

fi
rst

d
egree,

S
1 (h

),
of

th
e

sign
atu

re
is

sim
p
ly

th
e

av
erage

ch
an

ge,

S
1 (h

)
:=

E
t [ḣ

(t)]∈
H
,

w
h
ere

ḣ
d
en

o
tes

th
e

d
erivative

of
h

an
d

th
e

ex
p

ectatio
n

is
taken

over
t

sam
p
led

u
n
iform

ly
fro

m
[0,1].

T
h
e

secon
d

d
egree

of
th

e
sign

atu
re,

S
2 (h

),
is

th
e

(n
on

-cen
tred

)
covarian

ce
of

ch
a
n
g
es

at
tw

o
su

b
seq

u
en

t
tim

e
p

oin
ts,

th
at

is

S
2 (h

)
:=

12 E
t
1
<
t
2 [ḣ

(t1 )⊗
ḣ

(t2 )]∈
H
⊗

2,

w
h
ere

th
e

ex
p

ectation
is

over
th

e
tim

e
p

oin
ts
t1 ,t2

sam
p
led

from
th

e
u
n
iform

d
istrib

u
tion

o
n

[0,1
]
a
n
d

p
u
t

in
ch

ron
ological

ord
er.

In
g
en

eral,
th

e
m

-th
d
egree

of
th

e
sign

atu
re,

S
m

(h
),

is
d
efi

n
ed

a
s

th
e
m

-th
m

om
en

t
ten

sor
of

th
e

in
fi
n
itesim

al
ch

an
ges,

w
h
ere

th
e

ex
p

ectation
is

ta
ken

over
m

tim
e

p
oin

ts,
t1 ,...,tm

,
th

at
are

sa
m

p
led

from
th

e
ord

er
statistic

2
of

th
e

u
n
ifo

rm
d
istrib

u
tion

on
[0,1],

th
at

is

S
m

(h
)

:=
1m
! E

t
1
<
···<

t
m

[ḣ
(t1 )⊗

···ḣ
(tm

)]∈
H
⊗
m
.

2
.

T
h

e
o
rd

er
sta

tistic
fo

r
th

e
u

n
ifo

rm
d

istrib
u
tio

n
[0
,1

]
o
f
m

p
o
in

ts
h

a
s

a
d

en
sity

p
(t

1 ,...,t
m

)
=

m
!1
t
1
<
···t

m
<
1

3
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K
ir

á
ly

a
n
d

O
b
e
r
h
a
u
se

r

H
en

ce,
th

e
sign

atu
re

S
(h

)
of

a
p
ath

h
ch

aracterises
th

e
seq

u
en

tial
stru

ctu
re

in
h

b
y

q
u
an

-
tify

in
g

d
ep

en
d
en

cies
in

th
eir

ch
an

ge,
sim

ilar
to

classic
sa

m
p
le

m
om

en
ts

in
R
d.

In
fact,

sign
atu

res
are

in
close

m
ath

em
atical

an
alogy

to
p

oly
n
om

ials:
th

e
featu

re
m

ap
x
7→

S
(h

)
is

in
jective

an
d

if
h
7→
f

(h
)

is
a

n
o
n

-lin
ea

r
fu

n
ctio

n
o
n

pa
th

spa
ce,

th
en

it
can

b
e

w
ell

ap
p
rox

i-
m

ated
as

a
lin

ea
r

fu
n

ctio
n

of
th

e
sign

atu
re

featu
res

S
(h

),
th

at
is
f

(h
)≈
〈`,S

(h
)〉.

H
ow

ever,
sign

atu
re

featu
res

h
ave

th
e

follow
in

g
d
raw

b
ack

s

•
E

ven
if

H
=

R
d

is
fi
n
ite

d
im

en
sion

al,
w

e
h
ave

S
m

(h
)
∈
(R

d )⊗
m

,
th

u
s

th
e

n
u
m

b
er

of
(scalar)

co
ord

in
ates

n
eed

ed
to

sto
re

S
m

(h
)

grow
s

as
O

(d
m

)
as
m

in
creases.

T
h
is

com
b
in

atorial
ex

p
losion

m
akes

th
e

u
se

of
sign

a
tu

re
featu

res
costly

for
p
ath

s
th

at
evolve

in
h
igh

-d
im

en
sion

al
state

sp
aces

H
an

d
in

feasib
le

for
p
ath

s
ev

o
lv

in
g

in
in

fi
n
ite

d
im

en
sion

al
state

sp
aces

H
.

•
S
ign

atu
res

are
on

ly
d
efi

n
ed

for
p
ath

s
evolv

in
g

in
lin

ear
sp

aces;
S
(h

)
d
o
es

n
ot

m
ake

sen
se

w
h
en

h
evolves

in
a

gen
eral

top
ological

sp
ace

X
sin

ce
ḣ

(t)d
t

=
d
h

(t)
is

n
ot

w
ell-d

efi
n
ed

.

H
ow

ever,
as

w
e

w
ill

sh
ow

,
b

oth
of

th
ese

sh
o
rtcom

in
gs

can
b

e
ad

d
ressed

b
y

kern
elization

.

1
.3

.
In

n
e
r

p
ro

d
u

c
ts

o
f

sig
n

a
tu

re
fe

a
tu

re
s

T
h
e

sp
ace ∏

m
≥

0
H
⊗
m

is
a

lin
ear

sp
ace

an
d

b
y

restrictin
g

to
a

su
b
sp

ace,
w

e
can

w
ork

w
ith

an
in

n
er

p
ro

d
u
ct

sp
ace

(in
fact,

again
a

H
ilb

ert
sp

ace
after

co
m

p
letion

);
th

at
is

w
e

d
efi

n
e

for
(s
m

),(tm
)∈

∏
m
≥

0
H
⊗
m

(s
0 ,s

1 ,...)
+

(t0 ,t1 ,...)
:=

(s
0

+
t0 ,s

1
+
t1 ,...)

,

〈(s
0 ,s

1 ,...)
,(t0 ,t1 ,...)〉

:=
∑m
≥

0 〈s
m
,tm 〉

H
⊗
m

w
h
ere
〈·,·〉

H
⊗
m

is
given

as〈u
1 ⊗
···⊗

u
m
,v

1 ⊗
···⊗

v
m 〉

H
⊗
m

:=
∏
mi=

1 〈u
i ,v

i 〉
H

.
T

h
e

in
n
er

p
ro

d
u
ct
〈S

(g
),S

(h
)〉

of
th

e
sign

atu
re

featu
res

of
(su

ffi
cien

tly
regu

lar)
p
ath

s
g
,h
∈

P
H

is
fi
n
ite

an
d

u
sin

g
con

d
ition

al
ex

p
ectation

s
w

e
get

th
at〈S

(g
),S

(h
)〉

eq
u
als

∑m
≥

0

1

m
! 2 E

s
1
<
···<

s
m

t
1
<
···<

t
m

[〈ġ
(s

1 )⊗
···⊗

ġ
(s
m

),ḣ
(t1 )⊗

···⊗
ḣ

(tm
)〉

H
⊗
m

]

=
∑m
≥

0

1

m
! 2 E

s
1
<
···<

s
m

t
1
<
···<

t
m

[〈ġ
(s

1 ),ḣ
(t1 )〉

H
···〈ġ

(s
m

),ḣ
(tm

)〉
H

]

=

(
1

+
E
s
1
,t
1 [〈ġ

(s
1 ),ḣ

(t1 )〉· (
1

+
12
2 E

s
2 |s

1

t
2 |t

1 [〈ġ
(s

2 ),ḣ
(t2 )〉· (

1
+

13
2 E

s
3 |s

2

t
3 |t

2

[...] )
])
])

.

N
ow

ap
p
lied

to
g

=
k
x ∈

P
H

,
h

=
k
y ∈

P
H

,
u
sin

g
th

e
rep

ro
d
u
cin

g
p
ro

p
erty

of
k

w
e

get

〈k̇
x

(s) ,k̇
y
(t) 〉

H
d
s

d
t

=
〈d
g
(s),d

h
(s)〉

H
=

d
s

d
t k

(x
(s),y

(t))
=
κ

(d
s,d

t)

w
h
ere

κ
d
en

otes
th

e
m

easu
re

on
[0
,1

] 2
d
efi

n
ed

as

κ
([s,t]×

[u
,v

])
=

k
(x

(t),y
(v

))−
k
(x

(s),y
(v

))−
k
(x

(t),y
(u

))
+

k
(x

(s),y
(u

)).
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K
e
r
n
e
l
s

f
o
r

se
q
u
e
n
t
ia

l
ly

o
r
d
e
r
e
d

d
a
t
a

(N
ot

e
th

at
th

is
m

ea
su

re
d
o
es

n
ot

u
se

d
iff

er
en

ti
ab

il
it

y
o
f
x
,y

).
R

ep
la

ci
n
g

ab
ov

e
ex

p
ec

ta
ti

on
s

ov
er

th
e

or
d
er

st
at

is
ti

c
b
y

ex
p
li
ci

t
in

te
gr

at
io

n
ov

er
[0
,1

],
w

e
ar

ri
ve

at

k
⊕

(x
,y

)
=

1
+

ˆ

s 1
,t
1

[ κ
(d
s 1
,d
t 1

)
·(

1
+

ˆ

s 2
>
s 1

t 2
>
t 1

[ κ
(d
s 2
,d
t 2

)
·(

1
+

ˆ

s 3
>
s 2

t 3
>
t 2

[.
..

])
])
] .

(1
)

F
in

al
ly

,
th

e
d
at

a
w

e
h
av

e
ac

ce
ss

is
to

is
on

ly
a

se
q
u
en

ce
(x

(t
1
),
..
.,
x

(t
n
))
∈
X

+
ra

th
er

th
an

th
e

w
h
ol

e
p
at

h
x

=
(x

(t
))
t∈

[0
,1

]
∈
P
X

,
b
u
t

re
p
la

ci
n
g

th
e

in
te

gr
al

s
b
y

su
m

s
im

m
ed

ia
te

ly
gi

ve
s

an
ex

p
li
ci

t
re

cu
rs

iv
e

fo
rm

u
la

fo
r

a
ke

rn
el

k
+

:
X

+
×

X
+
→

R
th

at
is

d
et

er
m

in
ed

b
y

a
H

or
n
er

-t
y
p

e3
re

cu
rs

iv
e

ev
al

u
at

io
n
;

es
p

ec
ia

ll
y,

on
e

n
ev

er
co

m
p
u
te

s
th

e
si

gn
at

u
re

m
ap

of
a

p
at

h
th

at
ev

ol
ve

s
in

th
e

h
ig

h
/i

n
fi
n
it

e-
d
im

en
si

on
al

H
il
b

er
sp

ac
e
H

d
ir

ec
tl

y.
T

h
is

y
ie

ld
s

a
ro

b
u
st

an
d

co
m

p
u
ta

ti
on

al
ly

eff
ec

ti
ve

fo
rm

u
la

fo
r

a
ke

rn
el

k
+

fo
r

se
q
u
en

ce
s,

th
at

h
as

w
el

l-
d
efi

n
ed

b
eh

av
io

u
r

in
th

e
sc

al
in

g
li
m

it
w

h
en

se
q
u
en

ce
s

ap
p
ro

x
im

at
e

p
at

h
s.

W
e

m
ak

e
th

e
ab

ov
e

in
fo

rm
al

d
er

iv
at

io
n

ri
go

ro
u
s

in
th

e
fo

ll
ow

in
g

se
ct

io
n
s,

st
u
d
y

it
s

p
ro

p
er

ti
es

an
d

ex
te

n
d
ed

it
to

n
on

-s
m

o
ot

h
p
at

h
s

in
A

p
p

en
d
ix

B
.

1
.4

.
P

ri
o
r

a
rt

a
n

d
li

te
ra

tu
re

re
v
ie

w

L
ea

rn
in

g
w

it
h

se
q
u
en

ti
al

d
at

a
is

a
va

st
fi
el

d
.

P
ri

or
ar

t
th

at
in

sp
ir

ed
ou

r
p
re

se
n
t

ap
p
ro

ac
h

ca
n

b
e

fo
u
n
d

in

(i
)

d
y
n
am

ic
p
ro

gr
am

m
in

g
al

go
ri

th
m

s
fo

r
se

q
u
en

ce
co

m
p
ar

is
on

in
th

e
en

gi
n
ee

ri
n
g

co
m

-
m

u
n
it

y,

(i
i)

ke
rn

el
an

d
G

au
ss

ia
n

p
ro

ce
ss

es
fo

r
se

q
u
en

ce
s

in
th

e
m

ac
h
in

e
le

ar
n
in

g
co

m
m

u
n
it

y,

(i
ii
)

R
ou

gh
p
at

h
s

in
th

e
st

o
ch

as
ti

c
p
ro

ce
ss

co
m

m
u
n
it

y.

B
ey

on
d

th
e

ab
ov

e,
w

e
ar

e
n
ot

aw
ar

e
of

li
te

ra
tu

re
in

st
at

is
ti

cs
th

at
d
ea

ls
w

it
h

se
q
u
en

ce
-

va
lu

ed
d
at

a
p

oi
n
ts

in
a

w
ay

ot
h
er

th
an

fi
rs

t
id

en
ti

fy
in

g
on

e-
d
im

en
si

on
al

se
q
u
en

ce
s

w
it

h
re

al
v
ec

to
rs

of
sa

m
e

si
ze

,
or

ev
en

fo
rg

et
ti

n
g

th
e

se
q
u
en

ce
st

ru
ct

u
re

en
ti

re
ly

an
d

re
p
la

ci
n
g

th
e

se
q
u
en

ce
s

w
it

h
(o

rd
er

-a
gn

os
ti

c)
a
gg

re
ga

te
s

su
ch

as
cu

m
u
la

n
ts

,
q
u
a
n
ti

le
s

or
p
ri

n
ci

p
al

co
m

p
on

en
t

sc
or

es
.

B
el

ow
w

e
d
is

cu
ss

ab
ov

e
th

re
e

p
oi

n
ts

in
m

or
e

d
et

ai
l:

(i
)

D
y
n
a
m

ic
p
r
o
g

r
a
m

m
in

g
a
l
g

o
r
it

h
m

s
f
o
r

se
q
u
e
n
c
e

c
o
m

pa
r
is

o
n
.

T
h
e

ea
rl

ie
st

u
se

of
or

d
er

in
fo

rm
at

io
n

in
se

q
u
en

ce
s

fo
r

le
ar

n
in

g
ca

n
p
ro

b
a
b
ly

b
e

fo
u
n
d

in
S
ak

o
e

an
d

C
h
ib

a
(1

97
0)

an
d

S
ak

o
e

(1
97

9)
b
y

u
si

n
g

ed
it

in
g

or
d
is

to
rt

io
n

d
is

ta
n
ce

s.
T

h
es

e
d
is

ta
n
ce

s
ar

e
th

en
em

p
lo

ye
d

fo
r

cl
as

si
fi
ca

ti
on

b
y

m
ax

im
u
m

si
m

il
ar

it
y
/m

in
im

u
m

d
is

ta
n
ce

p
ri

n
ci

p
le

s.
T

h
ro

u
gh

th
eo

re
ti

ca
l

ap
p

ea
l

an
d

effi
ci

en
t

co
m

p
u
ta

b
il
it

y,
se

q
u
en

ce
co

m
p
ar

is
on

m
et

h
o
d
s,

la
te

r
sy

n
on

y
m

ou
sl

y
ca

ll
ed

d
y
n
am

ic
ti

m
e

w
ar

p
in

g
m

et
h
o
d
s,

h
av

e
b

ec
om

e
on

e
of

th
e

st
an

d
ar

d
m

et
h
o
d
s

in
co

m
p
ar

in
g

se
q
u
en

ti
al

d
at

a
K

ru
sk

al
(1

98
3)

;
G

io
rg

in
o

(2
00

9)
.

S
e-

q
u
en

ce
co

m
p
ar

is
on

m
et

h
o
d
s

in
th

ei
r

or
ig

in
al

fo
rm

u
la

ti
on

ca
n

on
ly

b
e

d
ir

ec
tl

y
ap

p
li
ed

to

3
.

H
o
rn

er
’s

sc
h

em
e

to
ev

a
lu

a
te

a
u

n
i-

va
ri

a
te

p
o
ly

n
o
m

ia
l
p
(x

)
=

∑
m i=

0
a
i
x
i

is
to

w
ri

te
p
(x

)
=

a
0

+
x

(a
1

+
x

(a
2

+
··
·+

x
(a
m
−
1

+
x
a
m

))
)

a
n

d
co

m
p

u
te

th
e

b
ra

ck
et

s
fr

o
m

th
e

in
si

d
e

to
th

e
o
u

ts
id

e.
T

h
is

n
ee

d
s

o
n

ly
n

a
d

d
it

io
n

s
a
n

d
n

m
u

lt
ip

li
ca

ti
o
n

s
w

h
ic

h
is

o
p

ti
m

a
l

a
n

d
in

co
n
tr

a
st

to
th

e
n

a
d

d
it

io
n

s
a
n

d
n
2
+
n

2
m

u
lt

ip
li

ca
ti

o
n

s
n

ee
d

ed
fo

r
th

e
n

a
iv

e
ev

a
lu

a
ti

o
n

o
f
p
(x

);
fu

rt
h

er
,

it
is

n
u

m
er

ic
a
ll

y
m

o
re

st
a
b

le
si

n
ce

o
n

e
n

ev
er

a
d

d
s

fl
o
a
ts

th
a
t

li
v
e

o
n

d
iff

er
en

t
sc

a
le

s
(s

u
ch

a
s
a
1
x

a
n

d
a
m
x
m

).
T

h
is

st
ru

ct
u

ra
l

si
m

il
a
ri

ty
w

it
h

fo
rm

u
la

(1
)

w
il

l
b

e
th

e
k
ey

to
o
u

r
a
lg

o
ri

th
m
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K
ir

á
ly

a
n
d

O
b
e
r
h
a
u
se

r

re
la

ti
ve

ly
si

m
p
le

d
is

ta
n
ce

-b
as

ed
le

ar
n
in

g
al

go
ri

th
m

s.
T

h
is

h
as

b
ee

n
ad

d
re

ss
ed

b
y

co
m

b
in

in
g

su
ch

m
et

h
o
d
s

w
it

h
ke

rn
el

le
ar

n
in

g
(d

is
cu

ss
ed

b
el

ow
).

(i
i)

K
e
r
n
e
l
s

a
n
d

G
a
u
ss

ia
n

p
r
o
c
e
ss

e
s

f
o
r

se
q
u
e
n
c
e
s.

K
er

n
el

le
ar

n
in

g
is

on
e

of
th

e
m

os
t

p
op

u
la

r
ap

p
ro

ac
h
es

to
m

ak
e

n
on

-l
in

ea
r

d
a
ta

o
f

a
rb

it
ra

ry
k
in

d
am

en
ab

le
to

cl
as

si
c

an
d

sc
al

ab
le

li
n
ea

r
al

go
ri

th
m

s
an

d
it

p
ro

v
id

es
le

ar
n
in

g
th

eo
re

ti
ca

l
gu

ar
an

te
es

,
se

e
S
ch

öl
ko

p
f

an
d

S
m

ol
a

(2
00

2)
;

S
h
aw

e-
T

ay
lo

r
an

d
C

ri
st

ia
n
in

i
(2

0
0
4
);

C
u
ck

er
an

d
S
m

al
e

(2
00

2)
.

K
er

n
el

s
fo

r
st

ri
n
gs

,
th

at
is

,
se

q
u
en

ce
s

of
sy

m
b

ol
s,

w
er

e
a
m

o
n
g

th
e

fi
rs

t
to

b
e

co
n
si

d
er

ed
b
y

H
au

ss
le

r
(1

99
9)

an
d

fa
st

al
go

ri
th

m
s

w
er

e
ob

ta
in

ed
a

fe
w

ye
a
rs

la
te

r
L

oh
d
i

et
al

.
(2

00
2)

;
L

es
li
e

an
d

K
u
an

g
(2

00
4)

.
K

er
n
el

s
b
as

ed
on

th
e

ab
ov

e-
m

en
ti

o
n
ed

d
y
n
am

ic
p
ro

gr
am

m
in

g
(t

im
e

w
ar

p
in

g)
ap

p
ro

ac
h

w
er

e
d
ev

el
op

ed
,

fo
r

se
q
u
en

ce
s

o
f

a
rb

it
ra

ry
ob

je
ct

s
le

ad
in

g
to

so
-c

al
le

d
al

ig
n
m

en
t

ke
rn

el
,

se
e

B
ah

lm
an

n
et

al
.

(2
00

2)
;

N
o
m

a
(2

0
0
2
);

C
u
tu

ri
et

al
.

(2
00

7)
;

C
u
tu

ri
(2

01
1)

.
A

ll
of

th
e

m
en

ti
o
n
ed

ke
rn

el
s

ca
n

b
e

v
ie

w
ed

fr
o
m

H
au

ss
le

r’
s

or
ig

in
a
l,

v
is

io
n
ar

y
re

la
ti

on
-c

on
vo

lu
ti

on
ke

rn
el

fr
am

ew
or

k
,

H
au

ss
le

r
(1

9
9
9
),

th
e

ex
is

ti
n
g

li
te

ra
tu

re
p
ro

v
id

es
n
o

u
n
if

y
in

g
ap

p
ro

ac
h

to
ke

rn
el

s
fo

r
se

q
u
en

ce
s:

fo
r

ex
a
m

p
le

th
e

re
la

ti
on

b
et

w
ee

n
st

ri
n
g

ke
rn

el
s

an
d

d
y
n
am

ic
ti

m
e

w
ar

p
in

g/
gl

ob
al

al
ig

n
m

en
t

ke
rn

el
s,

o
r

to
th

e
cl

as
si

ca
l

th
eo

ry
of

ti
m

e
se

ri
es

h
as

re
m

ai
n
ed

u
n
cl

ea
r.

F
u
rt

h
er

,
th

e
on

ly
k
n
ow

n
k
er

n
el

s
fo

r
se

q
u
en

ce
s

of
ar

b
it

ra
ry

ob
je

ct
s,

th
e

d
y
n
am

ic
ti

m
e

w
ar

p
in

g/
g
lo

b
al

al
ig

n
m

en
t

ke
rn

el
s,

a
re

in
ge

n
er

al
n
ot

p
os

it
iv

e
d
efi

n
it

e.

(i
ii
)

R
o
u
g

h
pa

t
h
s

a
n
d

st
o
c
h
a
st

ic
p
r
o
c
e
ss

e
s.

S
er

ie
s

of
it

er
at

ed
in

te
gr

al
s

ap
p

ea
r

in
d
iv

er
se

ar
ea

s
su

ch
as

co
n
tr

ol
th

eo
ry

,
co

m
b
in

a
to

ri
cs

,
h
o
-

m
ot

op
y

th
eo

ry
,

p
h
y
si

cs
(F

ey
n
m

an
–D

y
so

n
–S

ch
w

in
ge

r
th

eo
ry

)
an

d
m

or
e

re
ce

n
tl

y
p
ro

b
a
b
il
it

y
th

eo
ry

;
se

e
(L

yo
n
s,

20
04

,
S
ec

ti
on

“H
is

to
ri

c
p
ap

er
s”

,
p
97

).
T

h
is

se
ri

es
is

tr
ea

te
d

u
n
d
er

va
ri

-
ou

s
n
am

es
in

th
e

li
te

ra
tu

re
li
ke

“M
ag

n
u
s

ex
p
an

si
on

”,
“t

im
e

or
d
er

ed
”

or
”n

on
-c

o
m

m
u
ta

ti
ve

ex
p

on
en

ti
al

”,
or

th
e

on
e

w
e

fo
ll
ow

,
n
am

el
y

“t
h
e

si
gn

at
u
re

o
f

a
p
at

h
”.

S
ig

n
a
tu

re
s

h
av

e
fo

u
n
d

m
an

y
ap

p
li
ca

ti
on

s
in

st
o
ch

as
ti

c
an

al
y
si

s
(r

ou
gh

p
at

h
th

eo
ry

,
re

gu
la

ri
ty

st
ru

ct
u
re

s)
,

b
u
t

th
ei

r
u
se

in
st

at
is

ti
cs

an
d

m
ac

h
in

e
le

ar
n
in

g
is

ve
ry

re
ce

n
t:

P
ap

av
a
si

li
o
u

et
a
l.

(2
0
1
1
)

ap
p
li
es

it
to

S
D

E
p
ar

am
et

er
es

ti
m

at
io

n
;

L
ev

in
et

al
.

(2
01

3)
;

L
yo

n
s

et
al

.
(2

0
1
4
)

a
p
p
li
es

it
to

fo
re

ca
st

in
g

an
d

cl
as

si
fi
ca

ti
on

;
Y

an
g

et
al

.
(2

01
5)

u
se

s
si

gn
at

u
re

fe
at

u
re

s
a
s

in
p
u
t

to
d
ee

p
n
eu

ra
l

n
et

s.
S
o

fa
r,

al
l

ap
p
li
ca

ti
on

s
ar

e
re

st
ri

ct
ed

to
p
at

h
s

ev
ol

v
in

g
in

lo
w

-d
im

en
si

o
n
al

li
n
ea

r
sp

ac
es

d
u
e

to
th

e
co

m
p
u
ta

ti
on

al
b

ot
tl

en
ec

k
gi

ve
n

b
y

th
e

co
m

b
in

at
or

ia
l

ex
p
lo

si
o
n

o
f

si
gn

at
u
re

co
or

d
in

at
es

.

1
.5

.
O

u
tl

in
e

S
ec

ti
on

2
in

tr
o
d
u
ce

s
th

e
si

gn
at

u
re

as
a

ca
n
on

ic
al

fe
at

u
re

m
a
p

fo
r

p
at

h
-v

al
u
ed

d
a
ta

.
S
ec

ti
o
n

3
sh

ow
s

th
at

th
is

si
gn

at
u
re

ca
n

b
e

k
er

n
el

iz
ed

to
ge

t
a

ke
rn

el
k
⊕

fo
r

p
at

h
s

a
n
d

st
u
d
ie

s
it

s
p
ro

p
er

ti
es

.
S
ec

ti
on

4
st

u
d
ie

s
th

e
d
is

cr
et

iz
at

io
n

to
tu

rn
k
⊕

in
to

a
ke

rn
el

k
+

fo
r

se
q
u
en

ce
s.

S
ec

ti
on

5
sh

ow
s

th
at

cl
as

si
c

ke
rn

el
s

fo
r

se
q
u
en

ce
s

ar
is

e
as

sp
ec

ia
l

ca
se

s
of

ou
r

co
n
st

ru
ct

io
n
.

S
ec

ti
on

6
p
re

se
n
ts

eff
ec

ti
ve

al
go

ri
th

m
s

fo
r

co
m

p
u
ti

n
g

k
+

u
si

n
g

ab
ov

e
re

cu
rs

io
n

w
it

h
lo

w
-r

a
n
k

te
ch

n
iq

u
es

.
S
ec

ti
on

7
p
re

se
n
ts

a
N

u
m

p
y

im
p
le

m
en

ta
ti

on
an

d
b
as

ic
b

en
ch

m
a
rk

s.

1
.6

.
N

o
ta

ti
o
n
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K
e
r
n
e
l
s

f
o
r

se
q
u
e
n
t
ia

l
ly

o
r
d
e
r
e
d

d
a
t
a

S
p
a
ces,

seq
u
en

ces
an

d
p
ath

s

X
an

arb
itrary

set
X

+
X

+
:=
⋃
`≥

1
X
`

seq
u
en

ces
of

arb
itrary

len
gth

in
X

P
X

a
set

of
con

tin
u
ou

s
p
ath

s
from

[0
,1]

to
X

H
th

e
rep

ro
d
u
cin

g
kern

el
H

ilb
ert

sp
ace,

H
⊂

R
X

,
of

th
e

kern
el

k
H

+
H

+
:=
⋃
`≥

1
H
`

seq
u
en

ces
of

arb
itrary

len
gth

in
H

+

P
H

a
set

of
con

tin
u
ou

s
b

ou
n
d
ed

variation
p
ath

s
from

[0,1]
to

H

S
ig

n
a
tu

re
fea

tu
res

for
p
ath

s
an

d
seq

u
en

ces
in

H
∏
m
≥

0
H
⊗
m

th
e

lin
ear

sp
ace

of
series

of
ten

sors
in

H

S
th

e
sign

atu
re

m
ap

S
:
P
H
→
∏
m
≥

0
H
⊗
m

S
+

th
e

d
iscretized

sign
atu

re
m

ap
S

+
:
H

+
→
∏
m
≥

0
H
⊗
m

〈·,·〉
in

n
er

p
ro

d
u
ct

on
th

e
su

b
set

of
sq

u
are-su

m
m

ab
le

elem
en

ts
of ∏

m
≥

0
H
⊗
m

‖·‖
n
orm

given
b
y
〈·,·〉

for
sq

u
are

su
m

m
ab

le
elem

en
ts

of ∏
m
≥

0
H
⊗
m

K
ern

els

k
a

kern
el

k
:
X
×

X
→

R
k
x

w
ith

x
∈
X

th
e

elem
en

t
k
x

:=
k
(x
,·)∈

H
⊂

R
X

k
x

w
ith

x
∈
X

+
th

e
seq

u
en

ce
k
x

:=
(k
x
i )
i=

1
,...,` ∈

H
+

w
ith

x
=

(x
i )
i=

1
,...,l

k
x

w
ith

x
∈
P
X

th
e

p
ath

k
x

:=
(k
x

(t) )
t∈

[0
,1

] ∈
P
H

w
ith

x
=

(x
(t))

t∈
[0
,1

]

k
+

a
k
ern

el
k

+
:
X

+
×

X
+
→

R
,

k
+

(x
,y

)
:=
〈S

+
(k
x ),S

+
(k
y )〉

k ⊕
a

k
ern

el
k ⊕

:
P
X
×

P
X
→

R
,

k ⊕
(x
,y

)
:=
〈S

(k
x ),S

(k
y )〉

P
a
rtitio

n
s

of
[0,1]

π
a

p
artition

of
[0,1],

i.e.
a

collection
of

p
oin

ts
0

=
t1
<
···

<
tl

=
1

m
esh

(π
)

m
esh

(π
)

:=
m

ax
i=

1
,...,l−

1 |ti+
1 −

ti |
x
π

fo
r
x
∈
P
X

x
π

:=
(x

(ti ))
i=

1
,...,l ∈

X
+

,
th

e
p
ath

x
sam

p
led

alon
g
π

1
.7

.
A

u
th

o
r’s

c
o
n
trib

u
tio

n

B
o
th

a
u
th

o
rs

con
trib

u
ted

eq
u
ally,

H
O

is
th

e
corresp

on
d
in

g
au

th
or.

2
.

T
h
e

sig
n
a
tu

re
fe

a
tu

re
m

a
p

M
a
p
p
in

g
p
a
th

s
to

series
of

ten
sors

is
w

ell-k
n
ow

n
tech

n
iq

u
e

in
sto

ch
astic

an
a
ly

sis.
In

th
is

section
w

e
give

a
sh

ort
in

tro
d
u
ction

an
d

h
igh

ligh
t

asp
ects

of
th

e
sign

atu
re

m
ap

th
a
t

m
ake

it
a

g
o
o
d

fea
tu

re
m

ap
for

p
ath

s.

2
.1

.
B

o
u

n
d

e
d

v
a
ria

tio
n

p
a
th

s

D
e
fi

n
itio

n
2
.1

L
et

H
a

H
ilbert

spa
ce.

W
e

d
en

o
te

th
e

set
o
f
H

-va
lu

ed
pa

th
s

o
f

bo
u

n
d
ed

va
ria

tio
n

o
n

[0,1]
sta

rtin
g

a
t

th
e

o
rigin

by

C
1([0,1],H

)
:=
{
h
∈
C

([0,1],H
)

:
h

(0)
=

0
,
‖
h‖

1
<
∞
}
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K
ir

á
ly

a
n
d

O
b
e
r
h
a
u
se

r

w
h
ere
‖
h‖

1
=

su
p
π ∑

l−
1

i=
1 ‖
h

(ti+
1 )−

h
(ti )‖

H
a
n

d
th

e
su

p
rem

u
m

is
ta

ken
o
ver

a
ll

fi
n

ite
pa

r-
titio

n
s
π

=
{
(ti )

i=
1
,...,l

:
0

=
t1
<
···

<
tl

=
1}

o
f

[0,1].

A
s

in
th

e
fi
n
ite-d

im
en

sion
al

case,
th

e
in

tegral
´

10
y
(t)

d
h

(t)∈
H

is
d
efi

n
ed

as
th

e
lim

it
of

R
iem

an
n
–S

tieltjes
su

m
s,

see
A

p
p

en
d
ix

A
for

d
etails.

T
h
e

in
tegral

itself
is

in
gen

eral
n
ot

a
scalar,

b
u
t

an
elem

en
t

of
th

e
H

ilb
ert

sp
ace,

´

y
d
h
∈
H

.

D
e
fi

n
itio

n
2
.2

W
e

d
efi

n
e

th
e

sequ
en

ce
(
´

d
h
⊗
m )

m
≥

0 ∈
∏
m
≥

0
H
⊗
m

a
s
4

ˆ

d
h
⊗

0
:=

1
a
n

d

ˆ

d
h
⊗
m

:=

ˆ

1

0

(
ˆ

t

0
d
h
⊗

(m
−

1
) )
⊗

d
h

(t).

W
e

d
efi

n
e

S
:
C

1
([0,1],H

)→
∏m
≥

0

H
⊗
m
,
h
7→
(
ˆ

d
h
⊗
m )

m
≥

0

a
n

d
ca

ll
S
(h

)
th

e
sign

a
tu

re
o
f

th
e

pa
th
h

a
n

d
d
en

o
te

S
m

(h
)

=
´

d
h
⊗
m

.

E
x
a
m

p
le

2
.3

L
et

H
=

R
2

a
n

d
h

(t)
=

(a
(t),b(t)) >

.
T

h
e

fi
rst

levels
o
f

th
e

sign
a
tu

re
o
f
h

a
re

S
0 (h

)
=

1,
S

1 (h
)

=

(
´

10
d
a
(t)

´

10
d
b(t) )

,
S

2 (h
)

=

(
´

10

´

t
2

0
d
a
(t1 )

d
a
(t2 )

´

10

´

t
2

0
d
a
(t1 )

d
b(t2 )

´

10

´

t
2

0
d
b(t1 )

d
a
(t2 )

´

10

´

t
2

0
d
b(t1 )

d
b(t2 ) )

.

T
h
e

d
egree

m
=

3
,

S
3 (h

)∈
(R

2 )⊗
3,

h
a
s

2
3-sca

la
r

va
lu

ed
coo

rd
in

a
tes,

etc.
In

gen
era

l,
fo

r
a

pa
th

in
R
d

w
e

n
eed

d
m

sca
la

rs
to

d
escribe

´

d
h
⊗
m

a
n

d
it

is
exa

ctly
th

is
co

m
bin

a
to

ria
l

exp
lo

sio
n

th
a
t

m
a
kes

th
e

u
se

o
f

sign
a
tu

res
p
ro

h
ibitively

expen
sive

a
lrea

d
y

fo
r

m
od

era
tely

h
igh

-d
im

en
sio

n
a
l
H

a
n

d
im

po
ssible

to
u

se
fo

r
in

fi
n

ite-d
im

en
sio

n
a
l
H

(su
ch

a
s

th
e

R
K

H
S

a
ssocia

ted
w

ith
m

o
st

kern
els

releva
n

t
in

m
a
ch

in
e

lea
rn

in
g).

E
x
a
m

p
le

2
.4

F
o
r

th
e

specia
l

ca
se

o
f

a
lin

ea
r

pa
th

in
H

=
R
d,

i.e.
h

(t)
=
t·
v

fo
r

a
fi

xed
vecto

r
v
∈
R
d,

a
d
irect

ca
lcu

la
tio

n
sh

o
w

s
th

a
t

S
m

(h
)

=
v ⊗

m

m
!

=
h

(1) ⊗
m

m
!

fo
r
m
≥

0

o
r

in
m

o
re

co
n

cise
n

o
ta

tio
n

5,
S
(h

)
=

ex
p
(v

)
=

ex
p
(h

(1)−
h

(0)).
T

h
is

exp
la

in
s

w
h
y

th
e

sign
a
tu

re
S
(h

)
is

a
lso

kn
o
w

n
a
s

tim
e-o

rd
ered

expo
n

en
tia

l.
T

h
is

a
n

a
logy

w
ith

th
e

expo
n

en
tia

l
fu

n
ctio

n
w

ill
be

key
m

o
tiva

tio
n

fo
r

th
e

estim
a
tes

in
S

ectio
n

4
.

4
.

R
eca

ll
th

a
t

b
y

co
n
v
en

tio
n
H
⊗
0

:=
R

.

5
.

w
h

ere
o
n

e
d

en
o
tes

t
=

(t
m

)
m
∈

∏
m
≥
0
H
⊗
m

a
s
t

=
t
0

+
t
1

+
t
2

+
···,

set
ex

p
(t)

=
∑
m
≥
0

t ⊗
m

m
!

a
n

d

id
en

tify
v
∈
R
d

a
s
t

=
0

+
v

+
0

+
0

+
···.
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K
e
r
n
e
l
s

f
o
r

se
q
u
e
n
t
ia

l
ly

o
r
d
e
r
e
d

d
a
t
a

2
.2

.
T

h
e

si
g
n

a
tu

re
a
s

a
c
a
n

o
n

ic
a
l

fe
a
tu

re
m

a
p

T
h
e

si
gn

at
u
re

S
(h

)
d
es

cr
ib

es
a

p
at

h
h

b
y

an
el

em
en

t
in

th
e

li
n
ea

r
sp

ac
e
∏
m
≥

0
H
⊗
m

an
d

th
e

fo
ll
ow

in
g

p
ro

p
er

ti
es

m
ak

e
it

a
go

o
d

fe
at

u
re

m
ap

T
h

e
o
re

m
1

1
.

T
h
e

m
a
p
h
7→

S
(h

)
is

co
n

ti
n

u
o
u

s,

2
.

T
h
e

m
a
p
h
7→

S
(h

)
is

in
je

ct
iv

e
u

p
to

tr
ee

-l
ik

e
eq

u
iv

a
le

n
ce

6
,

3
.

F
o
r

a
n

y
f
∈
C

(K
,R

),
K
⊂
C

1
([

0
,1

],
H

)
co

m
pa

ct
,

a
n

d
ε
>

0
th

er
e

ex
is

ts
a
`
∈

⊕
m
≥

0
H
⊗
m

su
ch

th
a
t

su
p

h
∈K
|f

(h
)
−
〈`
,S

(h
)〉
|<

ε.

T
h
e

p
ro

of
is

cl
as

si
c

in
st

o
ch

as
ti

c
an

al
y
si

s
an

d
gi

ve
n

in
A

p
p

en
d
ix

A
;

th
e

ke
y

in
si

gh
t

is
th

at
th

e
sp

ac
e

of
li
n
ea

r
co

m
b
in

at
io

n
s

of
it

er
at

ed
in

te
gr

al
s

fo
rm

s
an

al
ge

b
ra

.
T

o
su

m
u
p

1.
th

e
si

gn
at

u
re

fe
at

u
re

s
ar

e
a

m
a
th

em
a
ti

ca
ll

y
fa

it
h
fu

l
re

p
re

se
n

ta
ti

o
n

o
f

th
e

u
n

d
er

ly
in

g
pa

th
-v

a
lu

ed
d
a
ta
h

.

2.
li

n
ea

r
co

m
bi

n
a
ti

o
n

s
of

si
gn

at
u
re

co
or

d
in

at
es

a
p
p
ro

xi
m

a
te

co
n

ti
n

u
o
u

s
fu

n
ct

io
n

s
o
f

pa
th

s
ar

b
it

ra
ri

ly
w

el
l.

In
th

e
k
er

n
el

le
ar

n
in

g
co

n
te

x
t

th
is

is
k
n
ow

n
as

“u
n
iv

er
sa

li
ty

”.

3.
th

e
si

gn
at

u
re

fe
at

u
re

s
ar

e
se

qu
en

ti
a
ll

y
o
rd

er
ed

a
n

a
lo

gu
es

to
m

o
m

en
ts

.
S
im

il
ar

to
p

ol
y
-

n
om

ia
ls

,
th

e
fe

at
u
re

sp
ac

e
h
as

th
e

n
at

u
ra

l
gr

ad
in

g
b
y
m

d
es

ig
n
at

in
g

th
e

“p
ol

y
n
om

ia
l

d
eg

re
e”

.

3
.

S
ig

n
a
tu

re
k
e
rn

e
ls

W
e

co
m

e
b
ac

k
to

ou
r

or
ig

in
al

m
ot

iv
at

io
n
:

w
e

ar
e

gi
ve

n
a

R
K

H
S

(H
,k

)
on

X
an

d
w

e
w

a
n
t

to
tr

an
sf

or
m

th
is

in
to

a
R

K
H

S
fo

r
p
at

h
s

in
X

.
T

h
er

ef
or

e
re

ca
ll

th
at

th
e

re
p
ro

d
u
ci

n
g

p
ro

p
er

ty
im

p
li
es

th
at

k
:
X
×

X
→

R
eq

u
al

s
k
(u
,v

)
=
〈k
u
,k
v
〉 H

an
d

th
at

on
e

m
ay

th
in

k
of

X
3
u
7→

k
u
(·)

:=
k
(u
,·)
∈

H
as

th
e

(c
an

on
ic

a
l)

fe
at

u
re

m
ap

in
d
u
ce

d
b
y

th
e

ke
rn

el
k
.

N
ow

gi
ve

n
a

p
at

h
x
∈
P
X

w
e

li
ft

it
to

a
p
at

h
7

k
x
∈
P
H

gi
ve

n
as

6
.

W
e

ca
ll
h
,h
′

tr
ee

-l
ik

e
eq

u
iv

a
le

n
t

if
th

e
co

n
ca

te
n

a
ti

o
n
h
t
h
′−

1
is

tr
ee

-l
ik

e.
A

p
a
th

z
∈
C

1
([
a
,b

],
H

)
is

ca
ll

ed
tr

ee
-l

ik
e

if
th

er
e

ex
is

ts
a

co
n
ti

n
u

o
u

s
m

a
p
f

:
[a
,b

]
→

[0
,∞

)
w

it
h
f

(0
)

=
f

(T
)

=
0

a
n

d
|z

(t
)
−
z

(s
)|
≤
f

(s
)
+
f

(t
)
−

2
in

f u
∈
[s
,t
]
f

(u
)

fo
r

a
ll
s
≤
t
∈

[a
,b

].
T

h
e

k
ey

re
m

a
rk

is
th

a
t

b
ei

n
g

tr
ee

-l
ik

e
eq

u
iv

a
le

n
t

is
a

v
er

y
st

ro
n

g
a
ss

u
m

p
ti

o
n

,
ty

p
ic

a
ll

y
n

o
t

se
en

in
re

a
l

d
a
ta

.
E

v
en

if
p

re
se

n
te

d
w

it
h

a
tr

ee
-l

ik
e

p
a
th

,
a
d

d
in

g
ti

m
e

a
s

ex
tr

a
co

o
rd

in
a
te

tr
a
n

sf
o
rm

s
th

e
p

a
th

to
a

n
o
n

-t
re

el
ik

e
p

a
th

(t
h

a
t

is
,

w
o
rk

in
g

w
it

h
t
7→

(t
,h

(t
))

in
st

ea
d

o
f
t
7→
h

(t
))

.
7
.

R
ec

a
ll

th
e

sl
ig

h
t

cl
a
sh

o
f

n
o
ta

ti
o
n

k
u
∈
H

fo
r
u
∈
X

a
n

d
k
x
∈
P
H

if
x
∈
P
X

,
b

u
t

th
e

m
ea

n
in

g
w

il
l

a
lw

ay
s

b
e

cl
ea

r
fr

o
m

th
e

co
n
te

x
t.

In
fa

ct
,

la
te

r
w

e
a
re

a
ls

o
g
o
in

g
to

u
se

k
x
∈
H

+
if
x
∈
X

+
.
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45

, 2
01

9

K
ir

á
ly

a
n
d

O
b
e
r
h
a
u
se

r

t
7→

k
x
(t

)
:=

k
x

(t
)(
·)

:=
k
(x

(t
),
·).

T
h
e

re
su

lt
s

of
S
ec

ti
on

2
su

gg
es

t
S
(k
x
)

as
fe

a
tu

re
s

fo
r

k
x
,

th
at

is
th

e
fe

at
u
re

m
ap

P
X
3
x
7→

S
(k
x
)
∈
∏ m
≥

0

H
⊗
m
.

(2
)

T
h
eo

re
m

1
gu

ar
an

te
es

th
at

S
(k
x
)

ca
p
tu

re
s

al
l

th
e

in
fo

rm
at

io
n

ab
ou

t
x
∈

P
X

th
a
t

ca
n

b
e

ob
ta

in
ed

b
y

lo
ok

in
g

at
th

e
p
at

h
x

th
ro

u
gh

th
e

k
er

n
el

k
.

M
os

t
R

K
H

S
H

in
m

ac
h
in

e
le

ar
n
in

g
ar

e
in

fi
n
it

e
d
im

en
si

on
al

w
h
ic

h
m

ak
es

th
is

a
p
p
ro

a
ch

in
fe

as
ib

le
;

ev
en

fo
r

fi
n
it

e
d
im

en
si

on
al

H
w

e
su

ff
er

fr
om

th
e

co
m

b
in

at
or

ia
l

ex
p
lo

si
o
n

o
f

th
e

n
u
m

b
er

of
si

gn
at

u
re

co
or

d
in

at
es

,
E

x
am

p
le

2.
3.

T
h
e

m
ai

n
re

su
lt

of
th

is
se

ct
io

n
is

th
a
t

th
e

fe
at

u
re

m
ap

(2
)

ca
n

b
e

co
m

p
le

ty
ke

rn
el

iz
ed

,
th

at
is

b
y

d
efi

n
in

g

(x
,y

)
7→

k
⊕

(x
,y

)
=
〈S

(k
x
),

S
(k
y
)〉

w
e

ge
t

a
ke

rn
el

fo
r

p
at

h
s

in
X

th
at

ca
n

b
e

ve
ry

effi
ci

en
tl

y
ev

al
u
at

ed
u
si

n
g

on
ly

k
(x

(s
),
y
(t

))
fo

r
s,
t
∈

[0
,1

].
T

h
at

is
,

on
ly

ev
al

u
at

io
n
s

of
th

e
”s

ta
ti

c”
ke

rn
el

k
:
X
×

X
→

R
.

W
e

h
en

ce
fo

rt
h

re
st

ri
ct

at
te

n
ti

on
to

p
os

it
iv

e
d
efi

n
it

e
ke

rn
el

s
on

X
an

d
a

se
t

o
f

p
a
th

s
P
X

th
at

li
ft

to
b

ou
n
d
ed

va
ri

at
io

n
p
at

h
s.

A
ll

ou
r

ar
gu

m
en

ts
ex

te
n
d

to
u
n
b

ou
n
d
ed

va
ri

a
ti

o
n

su
ch

as
se

m
i-

m
ar

ti
n
ga

le
s,

d
iff

u
si

on
p
ro

ce
ss

es
,

M
ar

k
ov

p
ro

ce
ss

es
or

G
au

ss
ia

n
p
ro

ce
ss

es
a
n
d

w
e

gi
ve

th
e

n
ee

d
ed

m
o
d
ifi

ca
ti

on
s

in
A

p
p

en
d
ix

B
.

A
ss

u
m

p
ti

o
n

3
.1

T
h
ro

u
gh

o
u

t
th

e
re

m
a
in

d
er

o
f

th
is

a
rt

ic
le

w
e

a
ss

u
m

e
th

a
t

k
:
X
×
X
→

R
is

co
n

ti
n

u
o
u

s
a
n

d
po

si
ti

ve
d
efi

n
it

e.
W

e
d
en

o
te

w
it

h
H

th
e

a
ss

oc
ia

te
d

R
K

H
S

.
F

u
rt

h
er

,
w

e
d
en

o
te

w
it

h
P
X
⊂

X
[0
,1

]
a

se
t

o
f

pa
th

s
in

a
to

po
lo

gi
ca

l
sp

a
ce

X
a
n

d
(H
,k

)
a

R
K

H
S

o
n
X

su
ch

th
a
t

{t
7→

k
x

(t
)

:
x
∈
P
X
}
⊂
C

1
([

0
,1

],
H

).

T
h
is

y
ie

ld
s

th
e

fo
ll
ow

in
g

k
er

n
el

,

D
e
fi

n
it

io
n

3
.2

W
e

ca
ll k
⊕

:P
X
×

P
X
→

R
,

(x
,y

)
7→
〈S

(k
x
),

S
(k
y
)〉
,

th
e

si
gn

at
u
re

ke
rn

el
o
ve

r
k

.

T
h

e
o
re

m
2

T
h
e

si
gn

a
tu

re
ke

rn
el

o
ve

r
k

k
⊕

:
P
X
×

P
X
→

R
,

k
⊕

(x
,y

)
=
〈S

(k
x
)
,S

(k
x
)〉

1
.

is
a

po
si

ti
ve

d
efi

n
it

e
ke

rn
el

,

2
.

k
⊕

(x
,y

)
=
∑

m
≥

0

´

s 1
<
···
<
s m

t 1
<
···
<
t m

∏
m i=

1
d
κ

(s
i,
t i

)
w

it
h
κ

d
efi

n
ed

a
s

κ
([
s,
t]
×

[u
,v

])
:=

k
(x

(t
),
y
(v

))
−

k
(x

(s
),
y
(v

))
−

k
(x

(t
),
y
(u

))
+

k
(x

(s
),
y
(u

))

a
n

d
κ

is
a

si
gn

ed
B

o
re

l
m

ea
su

re
o
n

[0
,1

]2
fo

r
ev

er
y
x
,y
∈
P
X

.
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K
e
r
n
e
l
s

f
o
r

se
q
u
e
n
t
ia

l
ly

o
r
d
e
r
e
d

d
a
t
a

P
ro

o
f

P
o
in

t
(1

)
follow

s
sin

ce
k ⊕

is
given

as
an

in
n
er

p
ro

d
u
ct,

see
S
ch

ölkop
f

an
d

S
m

ola
(2

0
0
2
).

U
sin

g
th

e
d
efi

n
ition

of
k ⊕

w
e

calcu
late

k ⊕
(x
,y

)
=
〈S

(k
x ),S

(k
y )〉

=
∑m
≥

0 〈
ˆ

d
k ⊗

m
x

,

ˆ

d
k ⊗

m
y
〉
H
⊗
m

=
∑m
≥

0 〈
ˆ

1

0

(
ˆ

s
m
−
1

0
d

k ⊗
(m
−

1
)

x

)
⊗

d
k
x

(s
m

) ,

ˆ

1

0

(
ˆ

t
m
−
1

0
d

k ⊗
(m
−

1
)

y

)
⊗

d
k
y
(t
m

) 〉

=
1

+
∑m
≥

1

ˆ

s
m
∈

[0
,1

]
t
m
∈

[0
,1

] 〈
ˆ

s
m

0
d

k ⊗
(m

)
x

,

ˆ

t
m
−
1

0
d

k ⊗
(m
−

1
)

y
〉〈d

k
x

(s
m

) ,d
k
y
(t
m

) 〉

=
...

=
1

+
∑m
≥

1

ˆ

s
m
∈

[0
,1

]
t
m
∈

[0
,1

]

ˆ

s
m
−
1 ∈

[0
,s
m

]
t
m
−
1 ∈

[0
,t
m

] ···
ˆ

s
1 ∈

[0
,s

2
]

t
1 ∈

[0
,t
2
] 〈d

k
x

(s
1
) ,d

k
y
(t

1
) 〉···〈d

k
x

(s
m

) ,d
k
y
(t
m

) 〉.(3)

N
ow

co
n
sid

er
tw

o
p
ath

s
x
,y

th
at

are
p
iecew

ise
lin

ea
r,

th
at

is
th

ere
are

tim
e

p
oin

ts
s

1
≤

···≤
s
k

su
ch

th
at

ẋ
is

con
stan

t
on

in
tervals

(s
i ,s

i+
1 )

an
d

an
alogou

s
for

y
th

ere
ex

ists
t1 ≤

···≤
tl

su
ch

th
at
ẏ

is
con

stan
t

on
all

in
tervals

(ti ,ti+
1 ).

T
h
en

ˆ

(s
1
,s
k
)×

(t
1
,t
l ) 〈d

k
x

(s) ,d
k
y
(t) 〉

H

=
∑

1≤
i≤
k−

1
1≤
j≤
l−

1

ˆ

(s
i ,s
i+

1
)×

(t
j ,t
j
+
1
) 〈d

k
x

(s) ,d
k
y
(t) 〉

H

=
∑

1≤
i≤
k−

1
1≤
j≤
l−

1 〈k
x

(s
i+

1
) −

k
x

(s
i ) ,k

y
(t
j
+
1
) −

k
y
(t
j ) 〉

H

=
∑

1≤
i≤
k−

1
1≤
j≤
l−

1

k
(x

(s
i+

1 ),y
(tj+

1 ))−
k
(x

(s
i ),y

(tj+
1 ))−

k
(x

(s
i+

1 ),y
(tj ))

+
k
(x

(s
i ),y

(tj ))

w
h
ere

w
e

u
sed

th
e

rep
ro

d
u
cin

g
p
rop

erty
〈k
x

(s) ,k
y
(t) 〉

=
k
(x

(s),y
(t))

for
th

e
last

eq
u
ality.

N
o
te

th
a
t

κ
([r,s]×

[u
,v

])
:=

k
(x

(s
i+

1 ),y
(tj+

1 ))−
k
(x

(s
i ),y

(tj+
1 ))−

k
(x

(s
i+

1 ),y
(tj ))

+
k
(x

(s
i ),y

(tj ))

d
efi

n
es

a
sig

n
ed

m
easu

re
on

[0,1] 2,
h
en

ce
ab

ove
read

s

ˆ

(s
1
,s
k
)×

(t
1
,t
l ) 〈d

k
x

(s) ,d
k
y
(t) 〉

H
=
∑1≤
i≤
k

1≤
j≤
l κ

([s
1 ,s

k ]×
[t1 ,tl ])

=

ˆ

(s
1
,s
k
)×

(t
1
,t
l )

d
κ
x
,y (s,t).

C
o
m

b
in

ed
w

ith
th

e
id

en
tity

(3)
th

is
sh

ow
s

(2)
for

p
iecew

ise
con

stan
t

p
ath

s.
F

or
gen

eral
x
,y

fi
x

a
seq

u
en

ce
{(s

ni
)

:
0

=
s

1
<
···

<
s
nl+

1
=

1}
⊂

[0,1] n
su

ch
th

at
m

ax
i |s

ni+
1 −

s
ni |→

0
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K
ir

á
ly

a
n
d

O
b
e
r
h
a
u
se

r

as
n
→
∞

an
d

d
en

ote
w

ith
x
n
,

resp
.
y
n
,

th
e

p
iecew

ise
lin

ear
p
ath

giv
en

b
y

in
terp

olatin
g

b
etw

een
p

oin
ts

(x
(s
ni
))
i ,

resp
.

(y
(s
nj
))
j .

T
h
en

κ
x
n
,y
n
([r,s]×

[u
,v

])→
κ
x
,y ([r,s]×

[u
,v

])

for
all

r
<
s,u

<
v

d
irectly

b
y

th
e

d
efi

n
ition

of
κ

.
T

h
u
s
κ
x
n
,y
n

con
verges

w
eak

ly
to
κ
x
,y

O
n

th
e

oth
er

h
an

d
,〈S

(x
n
)
,S

(y
n
)〉

con
verges

to
〈S

(x
)
,S

(y
)〉

w
h
ich

fi
n
ish

es
th

e
p
ro

of
b
y

sen
d
in

g
n
→
∞

T
h
e

eq
u
ality

in
P

oin
t

(2)
in

T
h
eorem

2
su

ggests
th

e
ex

p
an

sion

k ⊕
(x
,y

)
=

1
+

ˆ

(s
1
,t
1
)∈

(0
,1

)×
(0
,1

) (
1

+

ˆ

(s
2
,t
2
)∈

(0
,s

1
)×

(0
,t
1
)
(1

+
···)

d
κ
x
,y (s

2 ,t2 ) )
d
κ
x
,y (s

1 ,t1 ).

(4)

T
h
is

recu
rsiv

e
stru

ctu
re

w
ill

b
e

th
e

key
for

an
effi

cien
t

com
p
u
tation

.

4
.

D
iscre

tiza
tio

n
a
n
d

re
cu

rsio
n
:

fro
m

p
a
th

s
to

se
q
u
e
n
ce

s

T
o

m
ak

e
th

e
kern

el
k ⊕

:
P
X ×

P
X
→

R
u
sefu

l
for

real-w
orld

ap
p
lication

s,
w

e
n
eed

to
ad

d
ress

th
e

follow
in

g
tw

o
p

oin
ts:

1.
(S

eq
u
en

ces).
W

e
d
o

n
ot

ob
serve

th
e

fu
ll

p
ath

(x
(t))

t∈
[0
,1

] ∈
P
X

b
u
t

on
ly

a
seq

u
en

ce

x
π

=
(x

(ti ))
li=

1
∈

X
+

for
a

p
artition

π
=
{0

=
t1
<
···

<
t`

=
1}

.
T

h
e

p
a
rtition

π
m

igh
t

even
vary

from
p
ath

to
p
ath

.

2.
(C

om
p
u
tation

al
cost).

C
om

p
u
tin

g
th

e
kern

el
k ⊕

:
P
X
×

P
X
→

R
b
y

evalu
atin

g
it

as
an

in
n
er

p
ro

d
u
ct

is
com

p
u
tation

ally
p
roh

ib
itive

even
w

ith
X

=
R
d

=
H

an
d

th
e

lin
ear

kern
el

k
(·,·)

=
〈·,·〉R

d
is

u
sed

if
d

is
large

(E
x
am

p
le

2.3).
It

is
in

feasib
le

for
stan

d
ard

kern
els

su
ch

as
th

e
G

au
ssian

kern
el

th
at

h
ave

an
in

fi
n
ite-d

im
en

sion
al

R
K

H
S
.

T
o

ad
d
ress

p
oin

t
(1),

w
e

ap
p
rox

im
ate

th
e

sign
atu

re
m

ap

x
7→

S
(k
x )

=

(
ˆ

d
k ⊗

m
x

)

m
≥

0

b
y

d
iscretization

of
th

e
in

tegrals.
T

h
is

giv
es

a
featu

re
m

ap
S

+
for

seq
u
en

ces

x
π
7→

S
+

(k
x
π
)

=


∑

1≤
i1
<
···<

im
≤
`−

1 ∇
i1

k
x ⊗
···⊗

∇
im

k
x 

m
≥

0

w
h
ere

w
e

u
se

th
e

n
otation

∇
i k
x

:=
k
x

(t
i+

1
) −

k
x

(t
i )

an
d

k
x
π

=
(k
x

(t
i ) )

li=
1
∈

H
+

.
A

sim
p
le

calcu
lation

sh
ow

s
th

at
th

is
is

eq
u
ivalen

t
to

x
π
7→

S
+

(k
x
π
)

=
∏̀i=

1 (1
+
∇
i k
x
πi
)

12
JM

L
R

 20(31):1-45, 2019



K
e
r
n
e
l
s

f
o
r

se
q
u
e
n
t
ia

l
ly

o
r
d
e
r
e
d

d
a
t
a

if
∏

d
en

ot
es

th
e

li
n
ea

r
ex

te
n
si

on
8

of
th

e
te

n
so

r
p
ro

d
u
ct

to
th

e
li
n
ea

r
sp

ac
e
∏
m
≥

0
H
⊗
m

an
d

th
is

is
th

e
d
efi

n
it

io
n

w
e

ar
e

go
in

g
to

u
se

.
T

h
e

ke
rn

el
k

+
is

d
efi

n
ed

as
th

e
in

n
er

p
ro

d
u
ct

of
th

is
fe

at
u
re

m
ap

k
+

:
X

+
×

X
+
→

R
,

(x
,y

)
7→
〈S

+
(k
x
),

S
+

(k
y
)〉

T
o

ad
d
re

ss
P

oi
n
t

(2
),

w
e

m
ak

e
h
ea

v
y

u
se

of
th

e
re

cu
rs

iv
e

ex
p
an

si
on

(4
)

fo
r

k
⊕

an
d

tr
u
n
ca

te
af

te
r

a
gi

ve
n

d
eg

re
e
m

(t
h
at

is
u
su

al
ly

d
et

er
m

in
ed

b
y

cr
os

s-
va

li
d
a
ti

on
to

av
oi

d
ov

er
fi
tt

in
g

in
an

al
og

y
to

th
e

cl
as

si
c

p
ol

y
n
om

ia
l

ke
rn

el
).

4
.1

.
D

is
c
re

ti
z
e
d

si
g
n

a
tu

re
s

D
e
fi

n
it

io
n

4
.1

W
e

ca
ll

th
e

m
a
p

S
+

:
H

+
→
∏ m
≥

0

H
⊗
m
,

(h
i)
l i=

1
7→

l ∏ i=
1

(1
+
∇
ih

)

th
e

d
is

cr
et

iz
ed

si
gn

a
tu

re
m

a
p

(o
f

o
rd

er
1)

.

T
o

p
ro

ve
q
u
an

ti
ta

ti
ve

re
su

lt
s

ab
ou

t
th

e
q
u
al

it
y

of
th

is
d
is

cr
et

iz
at

io
n
,

w
e

n
ee

d
to

u
n
d
er

st
an

d
h
ow

fa
st

S
+

(k
x
π
)

ap
p
ro

x
im

at
es

S
(k
x
)

as
m

es
h
(π

)
:=

m
ax

i
|t i

+
1
−
t i
|→

0.
W

e
fi
rs

t
st

u
d
y

th
is

ap
p
ro

x
im

at
io

n
of

p
at

h
s

b
y

se
q
u
en

ce
s

fo
r

ge
n
er

al
p
at

h
s
h
∈
P
H

.

D
e
fi

n
it

io
n

4
.2

D
efi

n
e

fo
r
d
≥

1

ex
p
d

:
R
d
→

R
,

v
=

(v
i)
d i=

1
7→

d ∏ i=
1

(1
+
v i

)

D
efi

n
e

fo
r

a
pa

rt
it

io
n
π

=
(t
i)
` i=

1
w

it
h

0
=
t 1
<
··
·<

t `
=

1

‖h
‖ (
π

)
:
C

1
([

0,
1]
,H

)
→

R
,

h
7→
( ‖
h

[t
1
,t
2
]‖ 1
,.
..
,‖
h

[t
`
−
1
,t
`
]‖ 1
)
∈
R
`−

1

w
h
er

e
h

[a
,b

]
d
en

o
te

s
th

e
re

st
ri

ct
io

n
o
f
h
∈
C

1
([

0,
1]
,H

)
to
C

1
([
a
,b

],
H

).

U
si

n
g

th
is

n
ot

at
io

n
,

th
e

m
ai

n
re

su
lt

of
th

is
se

ct
io

n
re

ad
s

T
h

e
o
re

m
3

F
o
r
h
∈
C

1
([

0
,1

],
H

)
a
n

d
a

pa
rt

it
io

n
π

=
(t
i)
` i=

1
,

0
=
t 1
<
··
·<

t `
=

1,

∥ ∥ S
+

(h
π
)
−

S
(h

)∥ ∥
≤

ex
p

(‖
h
‖ 1

)
−

ex
p

1

( ‖
h
‖ (
π

)) ,

w
h
er

e
h
π

=
(h

(t
i)

) i
=

1
,.
..
,`
∈
H

+
.

A
s

a
co

n
se

q
u
en

ce
,

w
e

ge
t

ex
p
li
ci

t
co

n
ve

rg
en

ce
ra

te
s.

8
.

F
o
r
s
,t
∈

∏
m
≥
0
H
⊗
m

w
it

h
s 0

=
t 0

=
1

d
efi

n
e
s
·t
∈

∏
m
≥
0
H
⊗
m

a
s

h
av

in
g

th
e
m

-e
le

m
en

t
eq

u
a
l

to
∑
m i=

0
s i
t m
−
i
.

If
w

e
d

en
o
te

s
=

(s
0
,s

1
,.
..

)
a
s
s

=
s 0

+
s 1

+
··
·,

th
en

th
is

re
a
d

s
s
·t

=
1

+
s 1

+
t 1

+
s 2

+
s 1
t 1

+
t 2

+
··
·

a
n

d
∏

(1
+
∇
i
h

)
re

fe
rs

to
th

is
p

ro
d

u
ct

.
In

fo
rm

a
ll

y
sp

ea
k
in

g
,

w
e

m
u

lt
ip

ly
se

ri
es

o
f

te
n

so
rs

in
th

e
sa

m
e

w
ay

w
e

m
u
lt

ip
ly

p
o
ly

n
o
m

ia
ls

.
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K
ir

á
ly

a
n
d

O
b
e
r
h
a
u
se

r

C
o
ro

ll
a
ry

4
.3

W
it

h
th

e
sa

m
e

n
o
ta

ti
o
n

a
s

in
T

h
eo

re
m

3
a
bo

ve
,

it
h
o
ld

s
th

a
t

∥ ∥ S
+

(h
π
)
−

S
(h

)∥ ∥
≤
‖h
‖ 1
e‖
h
‖ 1
·

m
ax

i=
1
,.
..
,`
−

1
‖h

[t
i
,t
i+

1
]‖ 1
.

H
en

ce
,

th
e

co
n

ve
rg

en
ce

li
m
‖h
‖ (
π
)
→
‖h
‖ 1

S
+

(h
π
)

=
S
(h

),
is

o
f

o
rd

er
O
( m

ax
i
‖h

[t
i
,t
i+

1
]‖ 1
) .

C
o
ro

ll
a
ry

4
.4

W
it

h
th

e
sa

m
e

n
o
ta

ti
o
n

a
s

in
T

h
eo

re
m

3
a
bo

ve
,

it
h
o
ld

s
th

a
t

if
π

is
ch

o
se

n

su
ch

th
a
t
‖h

[t
i
,t
i+

1
]‖ 1

=
‖h
‖ 1

`−
1

fo
r

a
ll
i

=
1
,.
..
,`
−

1,
th

en
o
n

e
h
a
s

th
e

a
sy

m
p
to

ti
ca

ll
y

ti
gh

t
bo

u
n

d

∥ ∥ S
+

(h
π
)
−

S
(h

)∥ ∥
≤
e‖
h
‖ 1

`
−

1

(
1

+
‖h
‖`
−

1
1

(`
−

3)
!)

.

T
h
e

p
ro

of
s

of
T

h
eo

re
m

3
an

d
C

or
ol

la
ri

es
4.

3
an

d
4.

4
ar

e
gi

ve
n

in
A

p
p

en
d
ix

A
.

R
e
m

a
rk

4
.5

(A
b

o
u

t
g
e
o
m

e
tr

ic
a
p

p
ro

x
im

a
ti

o
n

s)
T

h
e

re
a
d
er

fa
m

il
ia

r
w

it
h

pa
th

si
g-

n
a
tu

re
s

w
il

l
n

o
te

th
a
t

th
e

a
p
p
ro

xi
m

a
ti

o
n

s
S

+
(h
π
)

to
S
(h

)
a
re

n
o
t

gr
o
u

p
-l

ik
e

el
em

en
ts

o
f

th
e

te
n

so
r

(H
o
p
f)

a
lg

eb
ra
∏
m
≥

0
H
⊗
m

,
th

u
s

“
n

o
n

-g
eo

m
et

ri
c”

in
th

e
se

n
se

th
a
t

th
er

e
ca

n
n

o
t

ex
-

is
t

a
pa

th
ĥ

su
ch

th
a
t

S
+

(h
π
)

=
S
(ĥ

).
H

o
w

ev
er

,
a
s

w
e

w
il

l
se

e
in

th
e

fo
ll

o
w

in
g

se
ct

io
n

s,
fr

o
m

a
co

m
p
u

ta
ti

o
n

a
l

pe
rs

pe
ct

iv
e

n
o
n

-g
eo

m
et

ri
c

a
p
p
ro

xi
m

a
ti

o
n

s
h
a
ve

m
a
n

y
be

n
efi

ts
.

In
fa

ct
,

th
e

“
n

o
n

-g
eo

m
et

ri
c”

a
p
p
ro

xi
m

a
ti

o
n

s
o
f

th
is

se
ct

io
n

re
co

ve
r

cl
a
ss

ic
m

a
ch

in
e

le
a
rn

in
g

co
n

st
ru

c-
ti

o
n

s,
se

e
S

ec
ti

o
n

5
.

N
ev

er
th

el
es

s,
o
n

e
ca

n
m

od
if

y
th

e
d
is

cu
ss

io
n

o
f

th
is

se
ct

io
n

to
p
ro

d
u

ce
ge

o
m

et
ri

c
a
p
p
ro

xi
m

a
ti

o
n

s
a
n

d
w

e
ca

rr
y

th
is

o
u

t
in

A
p
pe

n
d
ix

B
;

se
e

a
ls

o
R

em
a
rk

B
.6

.

4
.2

.
D

is
c
re

ti
z
e
d

si
g
n

a
tu

re
k
e
rn

e
ls

D
e
fi

n
it

io
n

4
.6

G
iv

en
x

=
(x
i)
l i=

1
∈
X

+
d
en

o
te

k
x

=
(k
x
i
)l i

=
1
∈
H

+
.

W
e

re
fe

r
to

k
+

:
X

+
×

X
+
→

R
,

k
+

(x
,y

)
=
〈S

+
(k
x
),

S
+

(k
y
)〉

a
s

th
e

d
is

cr
et

iz
ed

si
gn

a
tu

re
ke

rn
el

(o
r

se
qu

en
ti

a
li

za
ti

o
n

)
o
ve

r
k

o
f

o
rd

er
1.

T
h

e
o
re

m
4

T
h
e

d
is

cr
et

iz
ed

si
gn

a
tu

re
ke

rn
el

o
ve

r
k

,

k
+

:
X

+
×

X
+
→

R
,

k
+

(x
,y

)
=
〈S

+
(k
x
)
,S

+
(k
x
)〉

1
.

is
a

po
si

ti
ve

d
efi

n
it

e
ke

rn
el

,

2
.

k
+

(x
,y

)
=
∑

m
≥

0

∑
1
≤
i 1
<
···
<
i m
<
|x
|

1
≤
j 1
<
···
<
j m
<
|y
|∏

m r
=

1
∇
i r
,j
r

k
(x
,y

),

3
.

k
+

(x
,y

)
=

1
+
∑

i 1
≥

1
j 1
≥

1
∇
i 1
,j
1

k
(x
,y

)
·( 1

+
∑

i 2
>
i 1

j 2
>
j 1

∇
i 2
,j
2

k
(x
,y

)
·( 1

+
∑

i 3
>
j 2

j 3
>
j 2

..
.))

,

w
h
er

e
w

e
u

se
th

e
n

o
ta

ti
o
n
x

=
(x
i)
|x
|

i=
1
,y

=
(y
i)
|y
|

i=
1
∈
X

+
a
n

d

∇
i,
j

k
(x
,y

)
:=

k
(x
i+

1
,y
j+

1
)

+
k
(x
i,
y j

)
−

k
(x
i,
y j

+
1
)
−

k
(x
i+

1
,y
j
).
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K
e
r
n
e
l
s

f
o
r

se
q
u
e
n
t
ia

l
ly

o
r
d
e
r
e
d

d
a
t
a

P
ro

o
f

T
h
e

fi
rst

p
oin

t
follow

s,
sin

ce
k

+
is

an
in

n
er

p
ro

d
u
ct.

F
or

th
e

secon
d

p
oin

t
n
ote

th
at

∇
i k
x ≡

k
x
i+

1 −
k
x
i ,∇

i k
y ≡

k
y
j
+
1 −

k
y
j

an
d

th
at

b
y

th
e

rep
ro

d
u
cin

g
p
rop

erty〈∇
i k
x ,∇

j
k
y 〉

=
∇
i,j

k
(x
,y

).
T

h
e

id
en

tity
th

en
follow

s
from

m
u
ltip

ly
in

g
ou

t

〈S
+

(k
x ),S

+
(k
y )〉

=
〈 ∏

i

(1
+
∇
i k
x ), ∏

j

(1
+
∇
j

k
y )〉

a
n
d

u
sin

g
th

e
d
efi

n
ition

of
th

e
in

n
er

p
ro

d
u
ct

on
H
⊗
m

.
T

h
e

last
p

oin
t

follow
s

b
y

rearran
g
in

g
th

e
su

m
m

a
tio

n
.

W
e

ca
n

n
ow

co
m

b
in

e
th

is
w

ith
T

h
eorem

3
to

q
u
an

tify
h
ow

fast
th

e
kern

el
k

+
for

seq
u
en

ces
a
p
p
rox

im
a
tes

th
e

kern
el

k ⊕
for

p
ath

s
as

th
e

m
esh

of
p
artition

s
gets

fi
n
er.

C
o
ro

lla
ry

4
.7

L
et
x
,y
∈
P
X

,
a
n

d
π

=
(s
i )
ki=

1
w

ith
0

=
s

1
<
···

<
s
k

=
1

a
n

d
ρ

=
(tj )

lj=
1

w
ith

0
=
t1
<
···

<
tl

=
1.

T
h
en

,

∣∣k
+

(x
π
,y
ρ)−

k ⊕
(x
,y

) ∣∣≤
4e ‖

x‖
1
+
‖
y‖

1−
2
e ‖
x‖

(π
) +
‖
y‖

1−
2
e ‖
x‖

1
+
‖
y‖

(ρ
).

In
pa

rticu
la

r,

lim
‖
x‖

(π
) →
‖
x‖

1

‖
y‖

(ρ
) →
‖
y‖

1

k
+

(x
π
,y
ρ)

=
k ⊕

(x
,y

)

w
h
ere

co
n

vergen
ce

is
u

n
ifo

rm
o
f

o
rd

er
O
(

m
ax

i ‖
x

[s
i ,s
i+

1
] ‖

1
+

m
ax

j ‖
y

[t
j ,t
j
+
1 ‖

1 )
.

P
ro

o
f

It
h
o
ld

s
th

at

k
+

(x
π
,y
ρ)−

k ⊕
(x
,y

)
=
〈S

+
(k
πx
),S

+
(k
ρy )〉−

〈S
(k
x ),S

(k
y )〉

=
〈S

+
(k
πx
),S

+
(k
ρy ))−

S
(k
y )〉

+
〈S

+
(k
πx
)−

S
(k
x ),S

(k
y )〉.

T
h
e

C
a
u
ch

y
–S

ch
w

arz
in

eq
u
ality

im
p
lies

th
at

|〈S
+

(k
πx
),S

+
(k
ρy ))−

S
(k
y )〉|≤

‖
S

+
(k
πx
)‖·‖

S
+

(k
ρy )−

S
(k
y )‖

.

T
h
eo

rem
3

im
p
lies

‖
S

+
(k
πx
)‖·‖

S
+

(k
ρy ))−

S
(k
y )‖
≤

2
ex

p
(‖
x‖

1 )· (
ex

p
(‖
y‖

1 −
ex

p
(‖y‖

ρ ) )

a
n
d

sim
ila

rly,
on

e
ob

tain
s

‖〈S
+

(k
ρy ),S

+
(k
πx
)−

S
(k
x )〉‖

≤
2

ex
p
(‖
y‖

1 )·
(ex

p
(‖
x‖

1 )−
ex

p
(‖
x‖

π
)
.

P
u
ttin

g
a
ll

(in
-)eq

u
alities

togeth
er

y
ield

s
th

e
m

ain
claim

,
th

e
con

vergen
ce

statem
en

t
follow

s
fro

m
T

h
eo

rem
3

(ii).
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K
ir

á
ly

a
n
d

O
b
e
r
h
a
u
se

r

4
.3

.
T

ru
n

c
a
tio

n
a
n

d
v
a
ria

tio
n

s
o
n

a
th

e
m

e

T
h
e

fi
n
al

step
to

get
a

p
ractically

u
sefu

l
kern

el
for

seq
u
en

ces
is

to
tru

n
cate

th
e

d
iscrete

sign
atu

re
featu

res
S

+
(k
x )
∈
∏
m
≥

0
H
⊗
m

at
a

given
d
egree

m
≥

1.
In

an
alogy

w
ith

th
e

classic
p

oly
n
om

ial
featu

res
(resp

.
k
ern

el),
th

is
n
ot

on
ly

serves
a

com
p
u
tation

a
l

p
u
rp

ose
b
u
t

is
also

n
ecessary

to
avoid

overfi
ttin

g
;

in
ap

p
lication

s
th

e
tru

n
cation

d
egree

m
w

ill
b

e
ty

p
ically

d
eterm

in
ed

b
y

cross-valid
ation

.

D
e
fi

n
itio

n
4
.8

G
iven

a
n

in
teger

m
≥

1
,

w
e

ca
ll

k
+m

:
X

+
×

X
+
→

R
,

k
+m

(x
,y

)
=
〈S

+
(k
x ),S

+
(k
y )〉

m

th
e

d
iscretized

sign
a
tu

re
kern

el
(o

r
sequ

en
tia

liza
tio

n
)

o
ver

k
tru

n
ca

ted
a
t

d
egree

m
.

H
ere

w
e

u
se

th
e

n
o
ta

tio
n

k
x

=
(k
x
i )
i ∈

H
+

fo
r
x

=
(x
i )
i ∈

X
+

a
n

d
〈·,·〉

m
fo

r
th

e
in

n
er

p
rod

u
ct

tru
n

ca
ted

9a
t
m

.

C
o
ro

lla
ry

4
.9

T
h
e

d
iscretized

sign
a
tu

re
kern

el
k

+m
o
ver

k
tru

n
ca

ted
a
t

d
egree

m
,

k
+m

:
X

+
×

X
+
→

R
,

k
+m

(x
,y

)
=
〈S

+
(k
x ),S

+
(k
y )〉

m
,

1
.

is
a

po
sitive

d
efi

n
ite

kern
el,

2
.

k
+m

(x
,y

)
=
∑

md
=

1 ∑
1≤
i1
<
···<

id
<
|x|

1≤
j
1
<
···<

j
d
<
|y| ∏

dr
=

1 ∇
ir
,j
r

k
(x
,y

)

3
.

k
+m

(x
,y

)
=

1
+
∑
|x|>

i1 ≥
1

|y|>
j
1 ≥

1 ∇
i1
,j
1

k
(x
,y

)· (
1

+
···(1

+
∑
|x|>

im
>
j
m
−
1

|y|>
j
m
>
j
m
−
1 ∇

im
,j
m

k
(x
,y

)) )

w
h
ere

w
e

d
en

o
te
x

=
(x
i ) |x|
i=

1
,y

=
(y
i ) |y|
i=

1 ∈
X

+
a
n

d

∇
i,j

k
(x
,y

)
:=

k
(x
i+

1 ,y
j+

1 )
+

k
(x
i ,y

j )−
k
(x
i ,y

j+
1 )−

k
(x
i+

1 ,y
j ).

W
h
ile

ab
ove

follow
s

as
sim

p
le

coro
llary

from
th

e
d
iscu

ssion
so

far,
th

e
id

en
tity

P
oin

t
(3)

w
ill

b
e

th
e

key
to

an
effi

cien
t

algorith
m

;
it

is
clearly

m
ore

effi
cien

t
th

an
com

p
u
tin

g
fi
rst

S
+

(x
)

an
d

S
+

(y
)

an
d

th
en

th
eir

in
n
er

p
ro

d
u
ct;

b
u
t

it
is

also
m

u
ch

m
ore

effi
cien

t
th

an
th

e
id

en
tity

in
P

oin
t

(2)
sin

ce
it

on
ly

u
ses∇

i,j
k
(x
,y

)
for

each
i,j

on
ce.

R
e
m

a
rk

4
.1

0
(V

a
ria

tio
n

s
o
n

a
th

e
m

e
)

M
od

ifi
ca

tio
n

s
o
f

th
e

a
bo

ve
a
re

po
ssible.

F
o
r

ex-
a
m

p
le,

(i)
O

n
e

ca
n

o
m

it
th

e
fi

rst
d
iff

eren
ces,

th
a
t

is
co

n
sid

er
th

e
sequ

en
tia

liza
tio

n

k
+

:
X

+
×

X
+
→

R
;

(x
,y

)7→
1

+
∑m
≥

1
1≤
i1
<
···<

im
≤
|x|

1≤
j
1
<
···<

j
m
≤
|y|

m∏k
=

1

k
(x
ik ,y

j
k ).

In
fea

tu
re

spa
ce,

th
is

a
m

o
u

n
ts

to
rep

la
cin

g
th

e
pa

th
(k
t )
t∈

[0
,1

]
by

th
e

pa
th

(
´

t0
k
s

d
s)
t∈

[0
,1

]

a
n

d
ca

lcu
la

tin
g

th
e

sign
a
tu

re
o
f

th
e

la
tter.

9
.〈(s

0 ,s
1 ,...),(t

0 ,t
1 ,...)〉

m
:=
〈(s

0 ,s
1 ,...,s

m
,0
,...),(t

0 ,t
1 ,...,t

m
,0
,...)〉

16
JM

L
R

 20(31):1-45, 2019



K
e
r
n
e
l
s

f
o
r

se
q
u
e
n
t
ia

l
ly

o
r
d
e
r
e
d

d
a
t
a

(i
i)

M
o
re

ge
n

er
a
ll

y,
o
n

e
m

a
y

re
p
la

ce
fo

r
ea

ch
m

,
th

e
in

n
er

p
ro

d
u

ct
∏
m k
=

1
k
(x
i k
,y
j k

)
by

a
ke

rn
el

k
m

:
X
m
×

X
m
→

R
.

T
h
is

le
a
d
s

to
a

se
qu

en
ti

a
li

za
ti

o
n

o
f

th
e

fa
m

il
y

o
f

ke
rn

el
s

(k
m

) m
gi

ve
n

a
s

k
+

:
X

+
×

X
+
→

R
;

(x
,y

)
7→

∑ m
≥

1
1
≤
i 1
<
···
<
i m
≤
|x
|

1
≤
j 1
<
···
<
j m
≤
|y
|k
m

((
x
i 1
,.
..
,x

i m
),

(y
j 1
,.
..
,y
j m

))
.

T
h
is

co
rr

es
po

n
d
s

to
ch

oo
si

n
g

d
iff

er
en

t
ke

rn
el

s
o
n

d
iff

er
en

t
le

ve
ls

o
f

th
e

te
n

so
r

a
lg

eb
ra

,
e.

g.
,

re
-n

o
rm

a
li

za
ti

o
n

.

(i
ii

)
O

n
e

m
a
y

(a
d
d
it

io
n

a
ll

y)
o
p
t

to
re

m
em

be
r

th
e

po
si

ti
o
n

o
f

el
em

en
ts

in
th

e
se

qu
en

ce
.

T
h
is

ca
n

be
d
o
n

e
by

m
a
p
p
in

g
se

qu
en

ce
s

in
X

+
to

a
po

si
ti

o
n

-r
em

em
be

ri
n

g
se

qu
en

ce
in

(X
×
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=
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d
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=
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p
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p
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at
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ra
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b
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`
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=
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p
ro

gr
am

m
in

g,
L

R
=

lo
w

-r
an

k
.
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p
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ra
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at
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p
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R
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∞
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ra
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R
e
m

a
rk

6
.2

A
bo

ve
a
lg

o
ri

th
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R
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p
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R
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∏
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∏
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p
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p
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p
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b
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b
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at
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b
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p
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b
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d
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P
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p
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P
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p
red

iction
,

w
e

u
se

ep
s-su

p
p

ort
v
ector

classifi
cation

(as
availab

le
in

th
e

p
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T
h
is

kern
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iscretized

sign
atu

re
kern

elk
+m

over
th

e
lin

ear/E
u
clid

ea
n

kern
elk

(x
,y

)
=

γ〈x
,y〉.

T
h
is

kern
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e

E
u
clid

ean
an

d
th
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e

ab
ove

section
“p

red
iction

m
eh

o
d
s”.

T
h
e

b
est

p
a
ra

m
eter

is
selected

b
y
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b
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p
le

is
a

tim
e

series
in

tw
o

vari-
ab

les
(ch

an
n
els)

at
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d
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h
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b
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b
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=
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p
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con
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p
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d
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d
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p
recisio
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0
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0
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e
origin

al
p
ap

er
S
ap

san
is

et
al.

(2013)
as

w
ell

(F
igu

res
11

an
d

12).

3
2

JM
L

R
 20(31):1-45, 2019



K
e
r
n
e
l
s

f
o
r

se
q
u
e
n
t
ia

l
ly

o
r
d
e
r
e
d

d
a
t
a

m
et

h
o
d

p
re

ci
si

o
n

re
ca

ll
f1

-s
co

re
(1

.a
)

li
n

ea
r

0
.4

7
0
.3

9
0
.3

7
(1

.a
)

li
n

ea
r,

st
a
n

d
a
rd

iz
ed

0
.3

1
0
.2

8
0
.2

7
(1

.b
)

G
a
u

ss
ia

n
0
.7

1
0
.7

1
0
.7

0
(1

.b
)

G
a
u

ss
ia

n
,

st
a
n

d
a
rd

iz
ed

0
.5

9
0
.5

8
0
.5

6
(2

.a
)

m
ea

n
a
g
g
re

g
a
ti

o
n

0
.1

8
0
.2

0
0
.1

8
(2

.a
)

se
q
u

en
ti

a
l,

d
eg

re
e
≥

2
0
.9

4
0
.9

7
0
.9

5

T
ab

le
5:

fe
m

al
e2

.m
at

m
et

h
o
d

p
re

ci
si

o
n

re
ca

ll
f1

-s
co

re
(1

.a
)

li
n

ea
r

0
.4

8
0
.4

6
0
.4

6
(1

.a
)

li
n

ea
r,

st
a
n

d
a
rd

iz
ed

0
.4

7
0
.4

2
0
.4

3
(1

.b
)

G
a
u

ss
ia

n
0
.6

6
0
.6

4
0
.6

3
(1

.b
)

G
a
u

ss
ia

n
,

st
a
n

d
a
rd

iz
ed

0
.5

4
0
.5

1
0
.5

0
(2

.a
)

m
ea

n
a
g
g
re

g
a
ti

o
n

0
.2

6
0
.2

3
0
.2

0
(2

.a
)

se
q
u

en
ti

a
l,

d
eg

re
e
≥

2
0
.9

6
0
.9

6
0
.9

6

T
ab

le
6:

fe
m

al
e3

.m
at

m
et

h
o
d

p
re

ci
si

o
n

re
ca

ll
f1

-s
co

re
(1

.a
)

li
n

ea
r

0
.3

7
0
.3

3
0
.3

3
(1

.a
)

li
n

ea
r,

st
a
n

d
a
rd

iz
ed

0
.3

8
0
.3

6
0
.3

6
(1

.b
)

G
a
u

ss
ia

n
0
.5

9
0
.5

7
0
.5

7
(1

.b
)

G
a
u

ss
ia

n
,

st
a
n

d
a
rd

iz
ed

0
.5

3
0
.5

4
0
.5

3
(2

.a
)

m
ea

n
a
g
g
re

g
a
ti

o
n

0
.2

0
0
.1

8
0
.1

7
(2

.a
)

se
q
u

en
ti

a
l,

d
eg

re
e
≥

2
0
.9

6
0
.9

6
0
.9

6

T
ab

le
7:

m
al

e1
.m

at

m
et

h
o
d

p
re

ci
si

o
n

re
ca

ll
f1

-s
co

re
(1

.a
)

li
n

ea
r

0
.3

6
0
.3

3
0
.3

2
(1

.a
)

li
n

ea
r,

st
a
n

d
a
rd

iz
ed

0
.3

7
0
.2

9
0
.2

7
(1

.b
)

G
a
u

ss
ia

n
0
.7

2
0
.7

1
0
.7

0
(1

.b
)

G
a
u

ss
ia

n
,

st
a
n

d
a
rd

iz
ed

0
.3

4
0
.3

9
0
.3

5
(2

.a
)

m
ea

n
a
g
g
re

g
a
ti

o
n

0
.2

2
0
.2

3
0
.2

0
(2

.a
)

se
q
u

en
ti

a
l,

d
eg

re
e
≥

2
0
.9

3
0
.9

3
0
.9

3

T
ab

le
8:

m
al

e2
.m

at

7
.3

.
E

x
p

e
ri

m
e
n
t:

P
e
n

d
ig

it
s

W
e

p
er

fo
rm

ed
cl

as
si

fi
ca

ti
on

on
th

e
p

en
d
gi

ts
d
at

a
se

t
fr

om
th

e
U

C
I

re
p

o
si

to
ry

1
6
.

It
co

n
ta

in
s

10
99

2
sa

m
p
le

s
of

d
ig

it
s

b
et

w
ee

n
0

an
d

9
w

ri
tt

en
b
y

44
d
iff

er
en

t
w

ri
te

rs
w

it
h

a
d
ig

it
a
l

p
en

on
a

ta
b
le

t.
O

n
e

sa
m

p
le

co
n
si

st
s

of
a

p
ai

r
of

h
o
ri

zo
n
ta

l
an

d
v
er

ti
ca

l
co

or
d
in

at
es

of
sa

m
p
le

d
at

8
d
iff

er
en

t
ti

m
e

p
oi

n
ts

,
h
en

ce
w

e
d
ea

l
w

it
h

a
se

q
u
en

ce
in

X
8

w
it

h
X

=
R

2
.

T
h
e

d
at

a
se

t
co

m
es

w
it

h
a

p
re

-s
p

ec
ifi

ed
tr

ai
n
in

g
fo

ld
of

74
94

sa
m

p
le

s,
an

d
a

te
st

fo
ld

of
34

98
sa

m
p
le

s.
E

st
im

at
io

n
of

th
e

p
re

d
ic

ti
on

er
ro

r
is

p
er

fo
rm

ed
in

th
is

va
li
d
at

io
n

sp
li
t,

w
h
il
e

tu
n
in

g
is

d
on

e
as

d
es

cr
ib

ed
v
ia

n
es

te
d

5-
fo

ld
cr

os
s-

va
li
d
at

io
n
,

in
si

d
e

th
e

p
re

-s
p

ec
ifi

ed
tr

a
in

in
g

fo
ld

.

W
e

co
m

p
ar

ed
p
re

d
ic

ti
on

v
ia

S
V

C
u
si

n
g

on
e

of
th

e
fo

ll
ow

in
g

th
re

e
ke

rn
el

s:
(2

.a
)

th
e

se
q
u
en

ti
al

iz
ed

E
u
cl

id
ea

n
ke

rn
el

,
an

d
(2

.b
)

th
e

se
q
u
en

ti
al

iz
ed

G
au

ss
ia

n
ke

rn
el

.
F

or
b

ot
h
,

th
e

tr
u
n
ca

ti
on

d
eg

re
e

w
as

se
t

to
m

=
4.

T
h
e

re
su

lt
s

ar
e

re
p

or
te

d
in

T
ab

le
9.

J
ac

k
k
n
if

e
st

an
d
ar

d
er

ro
rs

(p
o
ol

in
g

th
e

fi
v
e

fo
ld

s)
ar

e
al

l
0.

01
or

sm
al

le
r.

B
as

el
in

e
p

er
fo

rm
an

ce
of

an
u
n
in

fo
rm

ed
es

ti
m

at
or

is
1/

10
≈

0
.1

0.

1
6
.
h
t
t
p
s
:
/
/
a
r
c
h
i
v
e
.
i
c
s
.
u
c
i
.
e
d
u
/
m
l
/
d
a
t
a
s
e
t
s
/
P
e
n
-
B
a
s
e
d
+
R
e
c
o
g
n
i
t
i
o
n
+
o
f
+
H
a
n
d
w
r
i
t
t
e
n
+
D
i
g
i
t
s

33
JM

L
R

 2
0(

31
):

1-
45

, 2
01

9

K
ir

á
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á
ly

a
n
d

O
b
e
r
h
a
u
se

r

L
e
m

m
a

A
.4

L
et
h
∈
C

1([a
,b],H

),
π
∈

∆
`[a
,b]

a
n

d
d
efi

n
e
h
π

=
(h

(ti ))
i=

1
,...,` ∈

H
+

.
F

o
r

a
n

y
sequ

en
ce
i

=
(ik )

k
=

1
,...,m

∈
[`] m

w
ith

1
≤
i1
≤
···
≤
im
≤
`

d
en

o
te

∆
i

:=
∆
∩

×
m
−

1
k
=

1
[tik ,tik

+
1 ].

T
h
en

S
m

(h
)−

S
+m

(h
π
)

=
∑

i

ˆ

∆
i

d
h
⊗
m
,

w
h
ere

th
e

su
m

is
ta

ken
o
ver

a
ll
i

=
(ik )

mk
=

1
w

ith
1
≤
i1
≤
···≤

im
≤
`

th
a
t

h
a
ve

a
t

lea
st

o
n

e
repea

tin
g

in
d
ex,

th
a
t

is
ik

=
ik

+
1

fo
r

a
t

lea
st

o
n

e
1
≤
k
≤
m
−

1.
M

o
reo

ver,
ea

ch
term

in
a
bo

ve
su

m
ca

n
be

bo
u

n
d
ed

a
s

fo
llo

w
s

∥∥∥∥
ˆ

∆
i

d
h
⊗
m ∥∥∥∥

H

≤
1i! ∏i∈

i ‖h|[t
i ,t
i+

1
] ‖

1 .

w
h
ere

w
e

u
se
i!

a
s

in
trod

u
ced

in
N

o
ta

tio
n

A
.3

.

P
ro

o
f

W
e

can
d
ecom

p
ose

∆
in

to
a

d
isjoin

t
u
n
ion

of
∆

i
over

all
seq

u
en

ces
i,

w
ith

1
≤
i1 ≤

···≤
im
≤
`,

h
en

ce

S
m

(h
)

=

ˆ

d
h
⊗
m

=
∑

i

ˆ

∆
i

d
h
⊗
m
.

S
p
lit

th
e

su
m
∑

i
in

to
a

su
m

over
i

th
at

h
ave

an
rep

eatin
g

elem
en

t,
i.e.

ik
=
ik

+
1

for
at

least
on

e
k
,

an
d

a
su

m
∑

i
over

in
d
ices

th
at

d
o

n
ot

h
ave

rep
eatin

g
elem

en
ts.

F
or

th
e

latter,
th

e
in

tegration
ca

n
b

e
d
on

e
ex

p
licitly

an
d

th
is

su
m

eq
u
als

∑

i

∇
i1 h
⊗
···⊗

∇
im
h

w
ith

ou
r

u
su

al
n
otation

∇
i h

=
h

(ti+
1 )−

h
(ti ).

H
ow

ever,
th

is
is

ex
actly

S
+m

(h
),

h
en

ce
th

e
fi
rst

statem
en

t
follow

s.
F

or
th

e
fi
rst

su
m

over
seq

u
en

ces
i

w
ith

rep
eatin

g
elem

en
ts,

d
en

ote
w

ith
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∆
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b
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p
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≤
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+
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−
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h
ich

can
b

e
p

osed
as

follow
s:

W
h
ich

pa
rt

o
f

th
e

n
etw

o
rk

stru
ctu

re
is

th
e

m
o
st

im
po

rta
n

t
fo

r
th

e
a
n

a
lyst’s

cu
rren

t
qu

ery?
T

h
e

ch
a
llen

ge
ad

d
ressed

in
th

is
w

ork
is

th
e

red
u
ction

o
f

th
e

search
sp

ace
of

S
D

M
algorith

m
s,

w
h
ich

can
b

e
ach

iev
ed

b
y

u
sin

g
n
etw

ork
a
n
a
ly

sis
ap

p
ro

a
ch

es.
T

o
th

is
en

d
,

w
e

h
av

e
d
ev

elop
ed

a
n

ap
p
roach

th
at

is
cap

a
b
le

of
u
tiliz-

in
g

n
etw

o
rk

a
n
aly

sis
algorith

m
s

P
erson

alized
P

ageR
an

k
(P

age
et

al.,
19

99)
an

d
n
o
d
e2v

ec
(G

rover
a
n
d

L
eskovec,

2016)
to

im
p
rove

th
e

effi
cien

cy
o
f

S
D

M
.

W
e

sh
ow

th
a
t

th
e

p
rop

o
sed

a
p
p
roa

ch
,

n
a
m

ed
N

etS
D

M
,

can
effi

cien
tly

gen
erate

h
igh

q
u
ality

ru
les

b
y

in
v
estigatin

g
on

ly
a

fra
ctio

n
o
f

th
e

en
tire

search
sp

ace
im

p
osed

b
y

th
e

b
ack

grou
n
d

k
n
ow

led
ge

con
sid

ered
.

T
h
e

rest
o
f

th
e

p
ap

er
is

stru
ctu

red
as

follow
s.

S
ection

2
p
resen

ts
th

e
related

w
ork

,
as

w
ell

a
s

th
e

tech
n
ologies

u
sed

;
w

e
fi
rst

in
tro

d
u
ce

th
e

sem
an

tic
d
ata

m
in

in
g

algorith
m

s
u
sed

,
H

ed
w

ig
a
n
d

A
lep

h
(S

rin
ivasan

,
1999

),
an

d
th

en
p
resen

t
th

e
tw

o
n
etw

ork
an

aly
sis

algorith
m

s,
P

erso
n
a
lized

P
ageR

an
k

an
d

n
o
d
e2vec.

S
ection

3
p
resen

ts
th

e
p
rop

osed
N

etS
D

M
ap

p
roach

th
a
t

ex
p
lo

its
n
etw

ork
an

aly
sis

to
red

u
ce

th
e

size
of

th
e

b
ack

grou
n
d

k
n
ow

led
ge

u
sed

b
y

S
D

M
a
lg

o
rith

m
s.

S
ection

4
p
resen

ts
th

e
ex

p
erim

en
tal

setu
p
,

an
d

S
ection

5
p
resen

ts
th

e
ex

p
erim

en
tal

resu
lts.

S
ection

6
con

clu
d
es

th
e

p
ap

er
an

d
p
resen

ts
p
lan

s
for

fu
rth

er
w

ork
.

2
.
R
e
la
te
d
w
o
rk

a
n
d
b
a
ck

g
ro

u
n
d
te
ch

n
o
lo
g
ie
s

T
h
is

sectio
n

p
resen

ts
th

e
related

w
ork

in
th

e
fi
eld

s
of

sem
an

tic
d
ata

m
in

in
g

an
d

n
etw

ork
a
n
a
ly

sis.
It

sta
rts

w
ith

th
e

related
w

ork
in

th
e

fi
eld

o
f

sem
a
n
tic

d
ata

m
in

in
g

in
S
ection

2
.1

,
w

h
ich

p
resen

ts
also

th
e

tw
o

algorith
m

s
u
sed

in
ou

r
ex

p
erim

en
ts:

H
ed

w
ig

an
d

A
lep

h
.

It
co

n
tin

u
es

w
ith

th
e

related
w

ork
in

th
e

fi
eld

of
n
etw

ork
an

aly
sis

in
S
ection

2.2,
an

d
in

clu
d
es

th
e

tw
o

a
lg

o
rith

m
s

u
sed

in
ou

r
ex

p
erim

en
ts:

P
erson

alized
P

ageR
an

k
an

d
n
o
d
e2vec.

2
.1

.
S

e
m

a
n
tic

d
a
ta

m
in

in
g

T
o

fi
n
d

p
a
ttern

s
in

d
ata

an
n
otated

w
ith

on
tologies,

w
e

rely
on

sem
an

tic
d
ata

m
in

in
g

(S
D

M
)

(D
o
u

et
a
l.,

2
0
15;

L
av

rač
an

d
V

av
p

etič,
2015).

In
S
D

M
,

th
e

in
p
u
t

is
com

p
osed

of
a

set
of

cla
ss

la
b

eled
in

stan
ces

an
d

th
e

b
ack

grou
n
d

k
n
ow

led
ge

en
co

d
ed

in
th

e
form

of
on

tolo
gies,

a
n
d

th
e

go
a
l

is
to

fi
n
d

d
escrip

tion
s

of
target

class
in

stan
ces

as
a

set
of

ru
les

of
th

e
form

T
a
r
g
e
t
C
l
a
s
s
←

E
x
p
l
a
n
a
t
i
o
n
,

w
h
ere

th
e

ex
p
lan

ation
is

a
logical

con
ju

n
ction

of
term

s
fro

m
th

e
o
n
to

lo
gy.

S
em

an
tic

d
ata

m
in

in
g

h
as

its
ro

ots
in

sy
m

b
olic

ru
le

learn
in

g
,

su
b
gro

u
p

d
iscovery

a
n
d

en
rich

m
en

t
an

aly
sis

research
,

b
riefl

y
ex

p
lain

ed
b

elow
.

2
.1

.1
.

R
u
l
e

l
e
a
r
n
in

g
a
n
d

su
b
g

r
o
u
p

d
isc

o
v
e
r
y

O
n
e

o
f

th
e

estab
lish

ed
tech

n
iq

u
es

for
d
ata

m
in

in
g

(P
iatetsk

y
-S

h
ap

iro,
1991)

is
sy

m
b

olic
ru

le
lea

rn
in

g
(F

ü
rn

k
ran

z
et

al.,
2012).

W
h
ile

ru
le

learn
in

g
w

a
s

in
itially

fo
cu

sed
on

lea
rn

in
g

p
red

ictive
m

o
d
els

in
th

e
form

of
classifi

cation
ru

les,
th

ere
is

also
a

su
b
stan

tial
research

in
d
e-

scrip
tive

ru
le

learn
in

g,
in

clu
d
in

g
asso

ciation
ru

le
learn

in
g

(A
graw

al
an

d
S
rika

n
t,

1994),
th

at

3
JM

L
R

 20(32):1-50, 2019

K
r
a
l
j,

R
o
b
n
ik

-Š
ik

o
n
ja

,
a
n
d

L
a
v
r
a
č

aim
s

at
fi
n
d
in

g
in

terestin
g

d
escrip

tive
p
attern

s
in

th
e

u
n
su

p
erv

ised
as

w
ell

as
in

su
p

erv
ised

learn
in

g
settin

gs
(L

iu
et

al.,
1998).

B
u
ild

in
g

on
classifi

cation
an

d
asso

ciation
ru

le
learn

in
g,

su
b
g
rou

p
d
iscov

ery
tech

n
iq

u
es

aim
at

fi
n
d
in

g
in

terestin
g

p
attern

s
as

sets
of

ru
les

th
at

b
est

d
escrib

e
th

e
target

class
(K

lösgen
,

1996;
W

rob
el,

1997).
T

y
p
ical

ou
tp

u
t

of
su

b
grou

p
d
iscovery

algorith
m

s
are

ru
les

w
h
ere

th
e

ru
le

con
d
ition

(E
x
p
l
a
n
a
t
i
o
n
)

is
a

co
n
ju

n
ction

of
featu

res
(attrib

u
te

valu
es)

th
at

ch
arac-

terize
th

e
target

class
in

stan
ces

covered
b
y

th
e

ru
le,

an
d

each
ru

le
d
escrib

es
a

p
articu

lar
in

terestin
g

su
b
grou

p
of

target
class

in
stan

ces.

2
.1

.2
.

U
sin

g
o
n
t
o
l
o
g

ie
s

in
e
n
r
ic

h
m

e
n
t

a
n
a
ly

sis

E
n
rich

m
en

t
an

aly
sis

(E
A

)
tech

n
iq

u
es

are
statistical

m
eth

o
d
s

u
sed

to
id

en
tify

p
u
tative

ex
-

p
lan

ation
s

for
a

set
of

en
tities

b
ased

o
n

over-
or

u
n
d
er-rep

resen
tation

of
th

eir
attrib

u
te

valu
es,

w
h
ich

can
b

e
referred

to
as

d
iff

eren
tia

l
exp

ressio
n

.
In

life
scien

ces,
E

A
is

w
id

ely
u
sed

w
ith

th
e

G
en

e
O

n
tology

(G
O

)
(A

sh
b
u
rn

er
et

al.,
2000)

to
p
rofi

le
th

e
b
iologica

l
role

of
gen

es,
su

ch
as

d
iff

eren
tially

ex
p
ressed

can
cer

gen
es

in
m

icroarray
ex

p
erim

en
ts

(T
ip

n
ey

an
d

H
u
n
ter,

2010).

W
h
ile

stan
d
ard

E
A

p
rov

id
es

ex
p
lan

ation
s

in
term

s
of

con
cep

ts
from

a
sin

gle
on

tology,
research

ers
are

in
creasin

gly
com

b
in

in
g

sev
eral

on
tologies

an
d

d
ata

sets
to

u
n
cov

er
n
ovel

asso
ciation

s.
T

h
e

ab
ility

to
d
etect

p
attern

s
in

d
ata

sets
th

at
d
o

n
ot

u
se

on
ly

th
e

G
O

can
y
ield

valu
ab

le
in

sigh
ts

in
to

d
iseases

an
d

th
eir

treatm
en

t.
F

or
in

stan
ce,

it
w

as
sh

ow
n

th
at

W
ern

er’s
sy

n
d
rom

e,
C

o
ckay

n
e

sy
n
d
rom

e,
B

u
rk

itt’s
ly

m
p
h
om

a,
an

d
R

oth
m

u
n
d
-T

h
om

son
sy

n
d
rom

e
are

all
asso

ciated
w

ith
agin

g
related

g
en

es
(P

u
zian

ow
ska-K

u
zn

icka
an

d
K

u
zn

ick
i,

2005;
C

ox
an

d
F

aragh
er,

2007).
O

n
th

e
clin

ical
sid

e,
E

A
can

b
e

u
sed

to
learn

a
d
v
erse

even
ts

from
E

lectron
ic

H
ealth

R
ecord

(E
H

R
)

d
ata

su
ch

as
in

creased
com

orb
id

ities
in

rh
eu

m
atoid

arth
ritis

p
atien

ts
(L

eP
en

d
u

et
al.,

2013),
or

to
id

en
tify

p
h
en

oty
p
ic

sig
n
atu

res
of

n
eu

rop
sy

ch
i-

atric
d
isord

ers
(L

y
alin

a
et

al.,
2013

).
A

n
on

tology
-b

ased
E

A
ap

p
roach

w
as

u
sed

to
id

en
tify

gen
es

lin
k
ed

to
ag

in
g

in
w

orm
s

(C
allah

an
et

al.,
2015),

ab
erran

t
p
ath

w
ay

s—
th

e
n
etw

ork
d
rivers

in
H

IV
in

fection
id

en
tify

in
g

H
IV

in
h
ib

itors
stron

gly
asso

ciated
w

ith
m

o
o
d

d
isord

ers
(H

o
eh

n
d
orf

et
al.,

2012),
or

to
learn

a
com

b
in

ation
of

m
olecu

lar
fu

n
ction

s
an

d
ch

rom
osom

e
p

osition
s

from
ly

m
p
h
om

a
gen

e
ex

p
ression

(J
ilin

e
et

al.,
2011).

2
.1

.3
.

U
sin

g
o
n
t
o
l
o
g

ie
s

in
r
u
l
e

l
e
a
r
n
in

g

A
n

ab
u
n
d
an

ce
of

tax
on

om
ies

an
d

on
tologies

th
at

are
read

ily
availab

le
can

p
rov

id
e

h
igh

er-
level

d
escrip

tors
an

d
ex

p
lan

ation
s

of
d
iscovered

su
b
grou

p
s.

In
th

e
d
om

ain
of

sy
stem

s
b
iology

th
e

G
en

e
O

n
tology

(A
sh

b
u
rn

er
et

al.,
20

00),
K

E
G

G
orth

olog
y

(O
gata

et
al.,

1999
)

an
d

E
n
trez

gen
e–gen

e
in

teraction
d
ata

(M
aglott

et
al.,

2005)
are

ex
am

p
les

of
stru

ctu
red

d
om

ain
k
n
ow

led
ge.

In
ru

le
learn

in
g,

th
e

term
s

in
th

e
n
o
d
es

of
th

ese
on

tologies
can

take
th

e
role

of
ad

d
ition

al
h
igh

-lev
el

d
escrip

tors
(gen

eralization
s

of
d
ata

in
stan

ces)
u
sed

in
th

e
in

d
u
ced

ru
les,

w
h
ile

th
e

h
ierarch

ical
relation

s
am

on
g

th
e

term
s

can
b

e
u
sed

to
gu

id
e

th
e

search
for

con
ju

n
cts

of
th

e
in

d
u
ced

ru
les.

T
h
e

S
E

G
S

algorith
m

(T
ra

jkov
sk

i
et

al.,
2008a)

w
as

th
e

fi
rst

to
com

b
in

e
en

rich
m

en
t

an
aly

sis
an

d
m

ach
in

e
learn

in
g

research
in

th
e

con
stru

ction
of

ru
les

ex
p
lain

in
g

gen
e

ex
p
res-

sion
d
ata.

S
E

G
S

con
stru

cts
ru

les
w

h
ere

th
e

ex
p
lan

atio
n

is
a

logical
con

ju
n
ction

of
term

s
from

several
on

tologies,
ex

p
lain

in
g

sets
of

d
iff

eren
tially

ex
p
ressed

(target
class)

gen
es

as
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N
e
t
S
D

M
:

S
e
m

a
n
t
ic

D
a
t
a

M
in

in
g

w
it

h
N

e
t
w

o
r
k

A
n
a
ly

si
s

co
m

b
in

at
io

n
s

of
G

en
e

O
n
to

lo
gy

(G
O

)
te

rm
s,

K
E

G
G

or
th

ol
og

y
te

rm
s,

an
d

te
rm

s
d
es

cr
ib

in
g

ge
n
e–

ge
n
e

in
te

ra
ct

io
n
s

ob
ta

in
ed

fr
om

th
e

E
n
tr

ez
d
at

ab
as

e.

T
h
e

ch
al

le
n
ge

of
in

co
rp

or
at

in
g

d
om

ai
n

on
to

lo
gi

es
in

d
at

a
m

in
in

g
w

as
ad

d
re

ss
ed

in
S
D

M
re

se
ar

ch
b
y

se
ve

ra
l

ot
h
er

au
th

or
s.

Ž
ák

ov
á

et
al

.
(2

00
6)

u
se

d
an

en
gi

n
ee

ri
n
g

on
to

lo
gy

of
C

om
p
u
te

r-
A

id
ed

D
es

ig
n

(C
A

D
)

el
em

en
ts

an
d

st
ru

ct
u
re

s
as

a
b
ac

k
gr

o
u
n
d

k
n
ow

le
d
ge

to
ex

tr
ac

t
fr

eq
u
en

t
p
ro

d
u
ct

d
es

ig
n

p
at

te
rn

s
in

C
A

D
re

p
os

it
or

ie
s

an
d

to
d
is

co
ve

r
p
re

d
ic

ti
v
e

ru
le

s
fr

om
C

A
D

d
at

a.
U

si
n
g

on
to

lo
gi

es
,
th

e
al

go
ri

th
m

F
r–

O
N

T
fo

r
m

in
in

g
fr

eq
u
en

t
co

n
ce

p
ts

w
as

in
tr

o
d
u
ce

d
b
y

L
aw

ry
n
ow

ic
z

an
d

P
ot

on
ie

c
(2

01
1)

.

V
av

p
et

ič
an

d
L

av
ra

č
(2

01
3)

d
ev

el
op

ed
a

S
D

M
to

ol
k
it

th
at

in
cl

u
d
es

tw
o

se
m

an
ti

c
d
at

a
m

in
in

g
sy

st
em

s:
S
D

M
-S

E
G

S
an

d
S
D

M
-A

le
p
h
.

S
D

M
-S

E
G

S
is

an
ex

te
n
si

on
of

th
e

ea
r-

li
er

d
om

ai
n
-s

p
ec

ifi
c

al
go

ri
th

m
S
E

G
S

(T
ra

jk
ov

sk
i

et
al

.,
20

08
a)

,
w

h
ic

h
su

p
p

or
ts

se
m

an
ti

c
su

b
gr

ou
p

d
is

co
v
er

y
in

ge
n
e

ex
p
re

ss
io

n
d
at

a.
S
D

M
-S

E
G

S
ex

te
n
d
s

an
d

ge
n
er

al
iz

es
th

is
ap

-
p
ro

ac
h

b
y

al
lo

w
in

g
th

e
u
se

r
to

in
p
u
t

a
se

t
of

on
to

lo
gi

es
in

th
e

O
W

L
on

to
lo

gy
sp

ec
ifi

ca
ti

on
la

n
gu

ag
e

an
d

an
em

p
ir

ic
al

d
at

a
se

t
an

n
ot

at
ed

w
it

h
d
om

ai
n

on
to

lo
gy

te
rm

s.
S
D

M
-S

E
G

S
em

p
lo

y
s

a
p
re

d
efi

n
ed

se
le

ct
io

n
of

on
to

lo
gi
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n
ceived

as
a

w
ork

b
en

ch
for

im
p
lem

en
tin

g
a
n
d

testin
g

con
cep

ts
an

d
p
ro

ced
u
res

from
a

variety
o
f

d
iff

eren
t

IL
P

an
d

rela-
tio

n
a
l

lea
rn

in
g

sy
stem

s
an

d
p
ap

ers.
T

h
e

sy
stem

can
con

stru
ct

ru
les,

trees,
con

strain
ts

an
d

fea
tu

res;
in

ven
t

ab
n
orm

ality
p
red

icates;
p

erform
classifi

cation
,

regression
,

clu
sterin

g,
an

d
a
sso

cia
tio

n
ru

le
learn

in
g;

allow
s

for
ch

o
osin

g
b

etw
een

d
iff

eren
t

search
strateg

ies
(gen

eral-
to

-sp
ecifi

c
o
r

sp
ecifi

c-to-gen
eral,

i.e.
top

-d
ow

n
or

b
ottom

-u
p
,

b
id

irection
al,

etc.),
search

a
lgo

rith
m

s
(h

ill-clim
b
in

g,
ex

h
au

stiv
e

search
,

sto
ch

astic
search

,
etc.)

an
d

evalu
atio

n
fu

n
c-

tio
n
s.

It
a
llow

s
u
sers

to
sp

ecify
th

eir
ow

n
search

p
ro

ced
u
re,

p
ro

of
strategy,

an
d

v
isu

alization
o
f

h
y
p

o
th

eses.

S
im

ila
rly

to
H

ed
w

ig,
A

lep
h

accep
ts

as
in

p
u
t

a
set

of
p

ositively
an

d
n
egatively

lab
eled

tra
in

in
g

ex
am

p
les

an
d

a
fi
le

d
escrib

in
g

th
e

b
ack

grou
n
d

k
n
ow

led
ge,

in
clu

d
in

g
a

m
ap

p
in

g
b

etw
een

th
e

ex
a
m

p
les

an
d

th
e

b
ack

grou
n
d

k
n
ow

led
ge.

T
h
e

train
in

g
ex

am
p
les

a
re

ex
p
ressed

a
s

P
ro

lo
g

fa
cts,

an
d

th
e

b
ack

grou
n
d

k
n
ow

led
ge

is
in

th
e

form
of

P
rolog

facts
an

d
clau

ses.
In

co
n
tra

st
to

H
ed

w
ig

th
at

w
as

u
sed

in
ou

r
ex

p
erim

en
ts

for
sem

an
tic

su
b
grou

p
d
iscov

ery,
w

e
u
sed

A
lep

h
in

its
d
efau

lt
op

eration
m

o
d
e

to
learn

a
classifi

er
(a

T
h
eory

)
com

p
osed

of
as

a
set

o
f

cla
ssifi

cation
ru

les,
w

h
ich

also
ex

p
lain

th
e

target
class

ex
a
m

p
les.

A
lep

h
con

stru
cts

ru
les

in
sev

eral
step

s.
It

fi
rst

selects
a

p
ositiv

e
ex

am
p
le

an
d

b
u
ild

s
th

e
m

o
st

sp
ecifi

c
ru

le
ex

p
lain

in
g

th
e

ex
am

p
le

follow
in

g
th

e
step

s
d
escrib

ed
b
y

M
u
ggleto

n
(1

9
9
5
).

N
ex

t,
th

e
algorith

m
search

es
for

a
m

ore
gen

eral
ru

le,
p

erform
ed

w
ith

a
b
ran

ch
-

a
n
d
-b

o
u
n
d

sea
rch

strategy,
search

in
g

fi
rst

th
rou

gh
gen

eralizatio
n
s

of
th

e
ru

le
con

tain
in

g
th

e
few

est
term

s.
F

in
ally,

th
e

ru
le

w
ith

th
e

b
est

score
is

ad
d
ed

to
th

e
cu

rren
t

th
eory,

an
d

a
ll

th
e

ex
a
m

p
les

covered
b
y

th
is

ru
le

are
rem

oved
(th

is
step

is
som

etim
es

called
th

e
”cover

rem
ova

l”
step

).
T

h
is

p
ro

ced
u
re

is
rep

eated
u
n
til

all
th

e
p

ositive
ex

am
p
les

are
covered

.

A
lep

h
w

a
s

in
corp

orated
in

to
th

e
S
D

M
-to

olk
it

(V
av

p
etič

an
d

L
av

rač,
2013),

w
h
ich

allow
s

A
lep

h
(n

am
ed

S
D

M
-A

lep
h
)

to
u
se

th
e

sam
e

in
p
u
t

d
ata

as
H

ed
w

ig.
H

ow
ev

er,
a

d
raw

b
ack

o
f

u
sin

g
S
D

M
-A

lep
h

is
th

at
it

can
reason

on
ly

over
o
n
e

ty
p

e
of

b
ack

grou
n
d

k
n
ow

led
ge

relatio
n
s,

w
h
ile

th
e

origin
al

A
lep

h
algorith

m
can

reason
ov

er
an

y
ty

p
e

of
relation

s.
In

th
e

ca
se

of
G

en
e

O
n
tology,

w
h
ich

w
as

u
sed

as
th

e
b
ack

grou
n
d

k
n
ow

led
ge

in
ou

r
ex

p
erim

en
ts,

th
is

g
en

era
lity

allow
s

A
lep

h
to

en
co

d
e

b
oth

th
e

is
a

an
d

is
pa

rt
o
f

relation
s,

w
h
ich

are
th

e
m

o
st

freq
u
en

t
relation

s
in

on
tologies,

as
w

ell
as

th
e

relation
sh

ip
s

com
p

osed
of

th
ese

tw
o

rela
tio

n
s.

2
.1

.6
.

R
u
l
e

q
u
a
l
it

y
m

e
a
su

r
e
s

W
e

u
se

severa
l

m
easu

res
to

evalu
ate

th
e

q
u
ality

of
ru

les
d
iscovered

b
y

H
ed

w
ig

a
n
d

A
lep

h
.

T
a
ke

fo
r

ex
a
m

p
le

ru
le
R

w
ith

a
con

d
ition

th
at

is
tru

e
for

80
p

ositive
in

stan
ces

(T
ru

e
P

o
s-

itives,
T
P

)
a
n
d

20
n
egativ

e
in

stan
ces

(F
a
lse

P
o
sitives,

F
P

)
from

th
e

set
S

o
f

100
p

ositive
in

sta
n
ces

(P
o
sitives)

an
d

100
n
egative

in
stan

ces
(N

ega
tives).

C
overage(R

)
=
T
P

+
F
P

=

7
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K
r
a
l
j,

R
o
b
n
ik

-Š
ik

o
n
ja

,
a
n
d

L
a
v
r
a
č

100
is

th
e

total
n
u
m

b
er

of
in

stan
ces

cov
ered

b
y

th
e

ru
le.

S
u
p
p

ort
of

th
e

ru
le

is
calcu

lated
as

follow
s:

S
u
p
p

ort(R
)

=
T
P

+
F
P

|S|
=

C
o
v
era

g
e(R

)
|S|

=
0
.5.

P
recision

(R
)

=
0.8

is
calcu

lated
as

T
P

T
P

+
F
P

,
an

d
A

ccu
racy

(R
)

=
0
.8

is
calcu

lated
as

T
P

+
T
N

|S|
,

w
h
ere

T
N

d
en

otes
th

e
n
u
m

b
er

of
T

ru
e

N
ega

tives.
In

ou
r

ex
p

erim
en

ts
w

e
u
se

th
e

L
ift

m
etric

to
evalu

ate
th

e
p

erform
an

ce
of

S
D

M
algorith

m
s

H
ed

w
ig

an
d

A
lep

h
.

L
ift(R

)
is

d
efi

n
ed

as
th

e
ratio

b
etw

een
th

e
p
recision

of
a

ru
le

an
d

th
e

p
rop

ortion
of

p
ositive

ex
am

p
les

in
th

e
d
ata

set
(i.e.

th
e

p
recision

of
th

e
em

p
ty

d
efau

lt
ru

le
th

at
classifi

es
all

ex
am

p
les

as
p

ositiv
e).

In
ou

r
ex

am
p
le

L
ift(R

)
=

0
.8

0
.5

=
1
.6,

w
h
ich

is
calcu

lated
u
sin

g
th

e
follow

in
g

form
u
la:

L
ift(R

)
=

P
recision

(R
)

P
R

(1)

w
h
ere

P
R

=
|P
o
sitiv

es|
|S|

is
th

e
ratio

of
p

ositive
in

stan
ces

in
th

e
d
ata

set.
T

h
e

ran
ge

of
valu

es
L

ift
can

take
is

from
0

to
∞

an
d

larger
valu

es
in

d
icate

b
etter

ru
les.

2
.2

.
N

e
tw

o
rk

a
n

a
ly

sis

N
etw

ork
an

aly
sis

u
ses

con
cep

ts
from

grap
h

th
eory

to
in

vestigate
ch

aracteristics
of

n
etw

o
rked

stru
ctu

res
in

term
s

of
n
o
d
es

(su
ch

as
in

d
iv

id
u
al

actors,
p

eop
le,

or
an

y
oth

er
ob

jects
in

th
e

n
etw

ork
)

an
d

ed
ges

or
lin

k
s

th
at

con
n
ect

th
em

(relation
sh

ip
s,

in
teraction

s
or

ties
b

etw
een

th
e

ob
jects).

T
h
is

section
fo

cu
ses

on
th

e
algorith

m
s

w
h
ich

w
e

u
sed

or
ad

ap
ted

to
ran

k
n
o
d
es

in
in

form
ation

n
etw

ork
s.

2
.2

.1
.

N
o
d
e

r
a
n
k
in

g
:

U
sin

g
P

e
r
so

n
a
l
iz

e
d

P
a
g

e
R

a
n
k

a
l
g

o
r
it

h
m

T
h
e

ob
jective

of
n
o
d
e

ran
k
in

g
in

in
form

ation
n
etw

ork
s

is
to

assess
th

e
relevan

ce
of

a
given

n
o
d
e

eith
er

glob
ally

(w
ith

regard
to

th
e

w
h
ole

grap
h
)

or
lo

cally
(relative

to
som

e
oth

er
n
o
d
e

or
grou

p
of

n
o
d
es

in
th

e
grap

h
).

A
n
etw

ork
n
o
d
e

ran
k
in

g
a
lgorith

m
a
ssign

s
a

sco
re

(or
a

ra
n

k
)

to
each

n
o
d
e

in
th

e
n
etw

ork
,

w
ith

th
e

goal
of

ran
k
in

g
th

e
n
o
d
es

in
term

s
of

th
eir

relevan
ce.

A
w

ell
k
n
ow

n
n
o
d
e

ran
k
in

g
m

eth
o
d

is
P

a
geR

an
k

(P
age

et
al.,

1999),
w

h
ich

w
as

u
sed

in
th

e
G

o
ogle

search
en

gin
e.

O
th

er
m

eth
o
d
s

for
n
o
d
e

ran
k
in

g
in

clu
d
e

W
eigh

ted
P

ageR
an

k
m

eth
o
d

(X
in

g
an

d
G

h
orb

an
i,

2004),
S
im

R
an

k
(J

eh
an

d
W

id
om

,
2002),

d
iff

u
sion

kern
els

(K
on

d
or

an
d

L
aff

erty
,

2002),
h
u
b
s

an
d

au
th

orities
(K

lein
b

erg,
1999),

an
d

sp
read

in
g

acti-
vation

(C
restan

i,
1997).

M
ore

recen
t

n
etw

ork
n
o
d
e

ran
k
in

g
m

eth
o
d
s

in
clu

d
e

P
L

-ran
k
in

g
(Z

h
an

g
et

al.,
2016)

an
d

N
C

D
aw

areR
an

k
(N

ik
olakop

ou
los

an
d

G
arofalak

is,
2013).

A
n
oth

er
w

ay
to

ran
k

n
o
d
es

in
a

n
etw

ork
is

to
u
se

n
etw

ork
cen

trality
m

easu
res,

su
ch

as
F

reem
an

’s
n
etw

ork
cen

trality
(F

reem
an

,
1979),

b
etw

een
n
ess

cen
trality

(F
reem

an
,

1977),
closen

ess
cen

-
trality

(B
avelas,

1950),
an

d
K

atz
cen

trality
(K

atz,
1
953).

In
th

is
p
ap

er,
w

e
are

in
terested

in
n
etw

ork
n
o
d
e

ran
k
in

g
m

eth
o
d
s

th
at

can
b

e
‘lo

calized
’,

i.e.
w

h
ich

d
o

n
ot

com
p
u
te

th
e

glob
al

im
p

ortan
ce/score

of
a

n
o
d
e,

b
u
t

ra
th

er
th

e
score

of
a

n
o
d
e

in
th

e
con

tex
t

of
a

given
su

b
set

of
oth

er
n
o
d
es.

A
n

ex
am

p
le

of
th

is
ty

p
e

of
n
etw

ork
n
o
d
e

ran
k
in

g
ap

p
roach

es
is

th
e

P
erson

alized
P

ageR
an

k
(P

-P
R

)
algorith

m
(P

age
et

al.,
1999),

som
etim

es
referred

to
as

ran
d
om

w
alk

w
ith

restart
(T

on
g

et
al.,

2006).
P

-P
R

calcu
lates

th
e

n
o
d
e

score
lo

cally
to

a
given

n
etw

ork
n
o
d
e—

it
is

h
en

ce
esp

ecially
in

terestin
g

for
ou

r
w

ork
b

ecau
se

it
calcu

lates
th

e
im

p
ortan

ce
of

n
etw

ork
n
o
d
es

relative
to

a
given

set
of
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N
e
t
S
D

M
:

S
e
m

a
n
t
ic

D
a
t
a

M
in

in
g

w
it

h
N

e
t
w

o
r
k

A
n
a
ly

si
s

st
ar

ti
n
g

n
o
d
es

,
in

ou
r

ca
se

,
th

os
e

re
p
re

se
n
ti

n
g

th
e

p
os

it
iv

e
ex

am
p
le

s.
In

th
e

co
n
te

x
t

of
d
at

a
se

t
an

n
ot

at
io

n
w

it
h

on
to

lo
gi

es
,

th
is

al
lo

w
s

u
s

to
es

ti
m

at
e

th
e

im
p

or
ta

n
ce

of
b
ac

k
gr

ou
n
d

k
n
ow

le
d
ge

te
rm

s
in

re
la

ti
on

to
th

e
p

o
si

ti
ve

ex
am

p
le

s
in

th
e

d
at

a
se

t.

P
er

so
n
al

iz
ed

P
ag

eR
an

k
u
se

s
a

ra
n
d
o
m

w
al

k
ap

p
ro

ac
h

to
ca

lc
u
la

te
th

e
si

gn
ifi

ca
n
ce

of
n
o
d
es

in
an

in
fo

rm
at

io
n

n
et

w
or

k
.

G
iv

en
a

se
t

of
‘s

ta
rt

in
g’

n
o
d
es
A

,
th

e
P

er
so

n
al

iz
ed

P
ag

eR
-

an
k

ca
lc

u
la

te
d

fo
r
A

(d
en

ot
ed

P
-P

R
A

)
is

d
efi

n
ed

as
th

e
st

at
io

n
ar

y
d
is

tr
ib

u
ti

on
of

ra
n
d
om

w
al

ke
r

p
os

it
io

n
s,

w
h
er

e
th

e
w

al
k

st
ar

ts
in

a
ra

n
d
om

ly
ch

os
en

m
em

b
er

of
A

an
d

th
en

at
ea

ch
st

ep
ei

th
er

se
le

ct
s

on
e

of
th

e
ou

tg
oi

n
g

co
n
n
ec

ti
on

s
or

te
le

p
o
rt

s
b
ac

k
to

a
ra

n
d
om

ly
se

le
ct

ed
m

em
b

er
of
A

.
P

ro
b
ab

il
it

y
p

of
co

n
ti

n
u
in

g
th

e
w

al
k

is
a

p
ar

am
et

er
of

th
e

P
er

so
n
al

iz
ed

P
ag

eR
an

k
al

go
ri

th
m

an
d

is
u
su

al
ly

se
t

to
0
.8

5.
In

ou
r

co
n
te

x
t,

th
e

P
-P

R
al

go
ri

th
m

is
u
se

d
to

ca
lc

u
la

te
th

e
im

p
or

ta
n
ce

of
n
et

w
or

k
n
o
d
es

w
it

h
re

sp
ec

t
to

a
gi

v
en

se
t

of
st

ar
ti

n
g

n
o
d
es

.

R
e
m

a
rk

1
P

-P
R
A

is
a

ve
ct

o
r,

a
n

d
ea

ch
va

lu
e

o
f

th
e

ve
ct

o
r

co
rr

es
po

n
d
s

to
so

m
e

n
et

w
o
rk

n
od

e
u

.
If
u

is
th

e
i-

th
n

od
e

o
f

th
e

n
et

w
o
rk

,
n

o
ta

ti
o
n

P
-P

R
A

(u
)

is
u

se
d

(r
a
th

er
th

a
n

P
-P

R
A
i)

to
d
en

o
te

th
e
i-

th
va

lu
e

o
f

P
-P

R
A

.

2
.2

.2
.

N
e
t
w

o
r
k

e
m

b
e
d
d
in

g
:

U
si

n
g

n
o
d
e
2
v
e
c

a
l
g

o
r
it

h
m

N
et

w
or

k
em

b
ed

d
in

g
is

a
m

ec
h
an

is
m

fo
r

co
n
ve

rt
in

g
n
et

w
or

k
s

in
to

a
ta

b
u
la

r/
m

at
ri

x
re

p
re

-
se

n
ta

ti
on

fo
rm

at
,

w
h
er

e
ea

ch
n
et

w
or

k
n
o
d
e

is
re

p
re

se
n
te

d
as

a
ve

ct
or

of
so

m
e

p
re

d
efi

n
ed

fi
x
ed

le
n
gt

h
k
,

an
d

a
se

t
of

n
o
d
es

is
re

p
re

se
n
te

d
a
s

a
ta

b
le

w
it

h
k

co
lu

m
n
s.

T
h
e

go
al

of
su

ch
a

co
n
v
er

si
on

is
to

p
re

se
rv

e
st

ru
ct

u
ra

l
p
ro

p
er

ti
es

o
f

a
n
et

w
or

k
,

w
h
ic

h
is

ac
h
ie

ve
d

b
y

p
re

se
rv

in
g

n
o
d
e

si
m

il
ar

it
y

in
b

ot
h

re
p
re

se
n
ta

ti
on

s,
i.
e.

n
o
d
e

si
m

il
ar

it
y

is
co

n
ve

rt
ed

in
to

ve
ct

or
si

m
il
ar

it
y.

N
et

w
or

k
n
o
d
es

ve
ct

or
iz

at
io

n
ca

n
b

e
eff

ec
ti

ve
ly

p
er

fo
rm

ed
b
y

th
e

n
o
d
e2

v
ec

al
go

ri
th

m
(G

ro
ve

r
an

d
L

es
ko

ve
c,

20
16

),
w

h
ic

h
u
se

s
a

ra
n
d
om

w
al

k
ap

p
ro

ac
h

to
ca

lc
u
la

te
fe

at
u
re

s
th

at
ex

p
re

ss
th

e
si

m
il
ar

it
ie

s
b

et
w

ee
n

n
o
d
e

p
ai

rs
.

T
h
e

n
o
d
e2

ve
c

al
go

ri
th

m
ta

ke
s

as
in

p
u
t

a
n
et

w
or

k
of
n

n
o
d
es

,
re

p
re

se
n
te

d
as

a
gr

ap
h
G

=
(V
,E

),
w

h
er

e
V

is
th

e
se

t
of

n
o
d
es

an
d
E

is
th

e
se

t
of

ed
ge

s
in

th
e

n
et

w
or

k
.

F
or

a
u
se

r-
d
efi

n
ed

n
u
m

b
er

of
co

lu
m

n
s
k
,

th
e

al
go

ri
th

m
re

tu
rn

s
a

m
at

ri
x
f
∗
∈
R
|V
|×
k
,

d
efi

n
ed

as
fo

ll
ow

s:

f
∗

=
n
o
d
e2

v
ec

(G
)

=
ar

gm
ax

f
∈R
|V
|×
k

∑ u
∈V

 
−

lo
g
(Z

u
)

+
∑

n
∈N

(u
)

f
(n

)
·f

(u
) 

(2
)

w
h
er

e
N

(u
)

d
en

ot
es

th
e

n
et

w
or

k
n
ei

gh
b

or
h
o
o
d

of
n
o
d
e
u

(t
o

b
e

d
efi

n
ed

b
el

ow
).

R
e
m

a
rk

2
E

a
ch

m
a
tr

ix
f

is
a

co
ll

ec
ti

o
n

o
f
k

-d
im

en
si

o
n

a
l

fe
a
tu

re
ve

ct
o
rs

,
w

it
h

th
e
i-

th
ro

w
o
f

th
e

m
a
tr

ix
co

rr
es

po
n

d
in

g
to

th
e

fe
a
tu

re
ve

ct
o
r

o
f

th
e
i-

th
n

od
e

in
th

e
n

et
w

o
rk

.
W

e
w

ri
te

f
(u

)
to

d
en

o
te

th
e

ro
w

o
f

m
a
tr

ix
f

co
rr

es
po

n
d
in

g
to

n
od

e
u

.

T
h
e

go
al

of
th

e
n
o
d
e2

ve
c

al
go

ri
th

m
is

to
co

n
st

ru
ct

fe
at

u
re

v
ec

to
rs
f

(u
)

in
su

ch
a

w
ay

th
at

fe
at

u
re

ve
ct

or
s

of
n
o
d
es

th
at

sh
ar

e
a

ce
rt

ai
n

n
ei

gh
b

or
h
o
o
d

w
il
l

b
e

si
m

il
ar

.
T

h
e

in
n
er

su
m

of
th

e
va

lu
e,

m
ax

im
iz

ed
in

E
q
u
at

io
n

2,
ca

lc
u
la

te
s

th
e

si
m

il
ar

it
ie

s
b

et
w

ee
n

n
o
d
e
u

an
d

al
l

n
o
d
es

in
it

s
n
ei

gh
b

or
h
o
o
d
:

it
is

la
rg

e
if

th
e

fe
a
tu

re
ve

ct
or

s
of

n
o
d
es

in
th

e
sa

m
e

n
ei

gh
b

or
h
o
o
d

ar
e

co
ll
in

ea
r,

h
ow

ev
er

it
a
ls

o
in

cr
ea

se
s

if
fe

at
u
re

ve
ct

or
s

of
n
o
d
es

h
av

e
a

la
rg

e
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K
r
a
l
j,

R
o
b
n
ik

-Š
ik

o
n
ja

,
a
n
d

L
a
v
r
a
č

n
or

m
.

N
ex

t,
va

lu
e
Z
u

ca
lc

u
la

te
s

th
e

si
m

il
ar

it
ie

s
b

et
w

ee
n

n
o
d
e
u

an
d

al
l

th
e

n
o
d
es

in
th

e
n
et

w
or

k
as

fo
ll
ow

s:

Z
u

=
∑ v
∈V

ef
(u

)·f
(v

)

N
ot

e
th

at
va

lu
e

of
−

lo
g
(Z

u
)

d
ec

re
as

es
w

h
en

th
e

n
or

m
s

of
fe

a
tu

re
ve

ct
o
rs
f

(v
)

in
cr

ea
se

,
th

er
eb

y
p

en
al

iz
in

g
co

ll
ec

ti
on

s
of

fe
at

u
re

v
ec

to
rs

w
it

h
la

rg
e

n
or

m
s.

E
q
u
at

io
n

2
h
as

a
p
ro

b
ab

il
is

ti
c

in
te

rp
re

ta
ti

on
th

at
m

o
d
el

s
a

p
ro

ce
ss

of
ra

n
d
o
m

ly
se

le
ct

in
g

n
o
d
es

fr
om

th
e

n
et

w
or

k
(G

ro
ve

r
an

d
L

es
ko

v
ec

,
20

16
).

In
th

is
p
ro

ce
ss

,
p
ro

b
a
b
il
it

y
P

(n
|u

)
of

n
o
d
e
n

fo
ll
ow

in
g

n
o
d
e
u

in
th

e
se

le
ct

io
n

p
ro

ce
ss

is
p
ro

p
or

ti
on

al
to
ef

(n
)·f

(u
) .

A
ss

u
m

in
g

th
at

se
le

ct
in

g
a

n
o
d
e

is
in

d
ep

en
d
en

t
fr

om
se

le
ct

in
g

an
y

ot
h
er

n
o
d
e,

w
e

ca
n

ca
lc

u
la

te
th

e
p
ro

b
ab

il
it

y
of

se
le

ct
in

g
al

l
n
o
d
es

fr
om

a
gi

ve
n

se
t
N

as
P

(N
|u

)
=
∏
n
∈N

P
(n
|u

),
a
n
d

E
q
u
at

io
n

2
ca

n
th

en
b

e
re

w
ri

tt
en

as
fo

ll
ow

s:

f
∗

=
n
o
d
e2

ve
c(
G

)
=

ar
gm

ax
f
∈R
|V
|×
k

∑ u
∈V

lo
g

(P
(N

(u
)|f

(u
))

)
(3

)

F
in

al
ly

,
le

t
u
s

ex
p
la

in
n
ei

gh
b

or
h
o
o
d
N

(u
)

in
E

q
u
at

io
n
s

2
an

d
3,

ca
lc

u
la

te
d

b
y

si
m

u
la

ti
n
g

a
ra

n
d
om

w
al

ke
r

tr
av

er
si

n
g

th
e

n
et

w
or

k
st

ar
ti

n
g

at
n
o
d
e
u

.
U

n
li
ke

th
e

P
ag

eR
a
n
k

ra
n
d
om

w
al

ke
r,

th
e

tr
an

si
ti

on
p
ro

b
ab

il
it

ie
s

fo
r

tr
av

er
si

n
g

fr
om

n
o
d
e
n

1
to

n
o
d
e
n

2
d
ep

en
d

o
n

n
o
d
e

n
0

th
at

th
e

w
al

ke
r

v
is

it
ed

b
ef

or
e

n
o
d
e
n

1
,

m
ak

in
g

th
e

p
ro

ce
ss

of
tr

av
er

si
n
g

th
e

n
et

w
o
rk

a
se

co
n
d

or
d
er

ra
n
d
om

w
al

k
.

T
h
e

n
on

-n
or

m
al

iz
ed

tr
an

si
ti

on
p
ro

b
ab

il
it

ie
s

ar
e

se
t

u
si

n
g

tw
o

p
ar

am
et

er
s,
p

an
d
q,

an
d

ar
e

eq
u
al

to
:

P
(n

2
|m

ov
ed

fr
om

n
o
d
e
n

0
to
n

1
in

p
re

v
io

u
s

st
ep

)
=

    

1 p
if
n

2
=
n

0

1
if
n

2
ca

n
b

e
re

a
ch

ed
fr

o
m
n

1

1 q
ot

h
er

w
is

e

T
h
e

p
ar

am
et

er
s

of
th

e
ex

p
re

ss
io

n
ar

e
re

fe
rr

ed
to

as
th

e
re

tu
rn

p
ar

am
et

er
p

a
n
d

th
e

in
-o

u
t

p
ar

am
et

er
q.

A
lo

w
va

lu
e

of
th

e
re

tu
rn

p
ar

am
et

er
p

m
ea

n
s

th
at

th
e

ra
n
d
o
m

w
a
lk

er
is

m
or

e
li
ke

ly
to

b
ac

k
tr

ac
k

it
s

st
ep

s
an

d
th

e
ra

n
d
om

w
al

k
w

il
l

b
e

cl
os

er
to

a
b
re

a
d
th

fi
rs

t
se

ar
ch

.
O

n
th

e
ot

h
er

h
an

d
,

a
lo

w
va

lu
e

of
p
ar

am
et

er
q

en
co

u
ra

ge
s

th
e

w
al

k
er

to
m

ov
e

aw
ay

fr
om

th
e

st
ar

ti
n
g

n
o
d
e

an
d

th
e

ra
n
d
om

w
al

k
re

se
m

b
le

s
a

d
ep

th
fi
rs

t
se

ar
ch

o
f

th
e

n
et

w
o
rk

.
T

o
ca

lc
u
la

te
th

e
m

ax
im

iz
in

g
m

at
ri

x
f
∗ ,

a
se

t
of

ra
n
d
om

w
al

k
s

of
li
m

it
ed

si
ze

is
si

m
u
la

te
d

st
ar

ti
n
g

fr
om

ea
ch

n
o
d
e

in
th

e
n
et

w
or

k
to

ge
n
er

at
e

se
v
er

al
sa

m
p
le

s
of

se
ts
N

(u
).

T
h
e

fu
n
ct

io
n

m
ax

im
iz

in
g

E
q
u
at

io
n

2
is

ca
lc

u
la

te
d

u
si

n
g

th
e

st
o
ch

as
ti

c
gr

a
d
ie

n
t

d
es

ce
n
t.

T
h
e

m
at

ri
x

of
fe

at
u
re

ve
ct

or
s

n
o
d
e2

ve
c(
G

)
in

E
q
u
at

io
n

2
is

es
ti

m
at

ed
at

ea
ch

g
en

er
a
te

d
sa

m
p
li
n
g

of
n
ei

gh
b

or
h
o
o
d
s
N

(u
)

fo
r

al
l

n
o
d
es

in
th

e
n
et

w
or

k
to

d
is

co
ve

r
m

a
tr

ix
f
∗

th
a
t

m
ax

im
iz

es
th

e
ex

p
re

ss
io

n
fo

r
th

e
si

m
u
la

te
d

n
ei

gh
b

or
h
o
o
d

se
t.

3
.
N
e
tS

D
M

m
e
th

o
d
o
lo
g
y
:
C
o
m
b
in
in
g
S
D
M

w
it
h
n
e
tw

o
rk

a
n
a
ly
si
s

S
D

M
al

go
ri

th
m

s
p

er
fo

rm
w

el
l

on
re

la
ti

v
el

y
sm

al
l

re
al

w
or

ld
d
at

a
se

ts
,

b
u
t

ev
en

fo
r

sm
a
ll

d
at

a
se

ts
th

e
al

go
ri

th
m

s
se

ar
ch

th
ro

u
gh

a
ve

ry
la

rg
e

sp
ac

e
of

p
os

si
b
le

p
a
tt

er
n
s

to
fi
n
d

th
e

‘b
es

t’
p
at

te
rn

.
T

h
e

m
or

e
co

n
ju

n
ct

s
w

e
al

lo
w

in
ru

le
co

n
d
it

io
n
s

an
d

th
e

la
rg

er
th

e
b
ac

k
gr

ou
n
d

k
n
ow

le
d
ge

,
th

e
la

rg
er

th
e

se
ar

ch
sp

ac
e.

T
h
is

se
ct

io
n

p
re

se
n
ts

th
e

p
ro

p
o
se

d
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N
e
t
S
D

M
:

S
e
m

a
n
t
ic

D
a
t
a

M
in

in
g

w
it

h
N

e
t
w

o
r
k

A
n
a
ly

sis

E
v
a
lu

a
te

 b
a
ckg

ro
u
n
d

kn
o
w

le
d

g
e
 te

rm
sig

n
ifi

ca
n
ce

D
ata

D
ata

4.

2.

1.

3.

R
em

ove less 
significant term

s

D
ata

A
nnotatio

ns

O
ntologies

C
o
n
v
e
rt in

p
u
t in

to
 

n
e
tw

o
rk

 fo
rm

a
t

Pe
rfo

rm
 S

e
m

a
n

tic 
D

a
ta

 M
in

in
g

0.88

0.86
0.91

0.69
0.76

0.43
0.33

0.19

0.24

0.39

0.09

0.76

0.6
0.84

E
xplains

E
xplains

F
ig

u
re

2:
Illu

strative
ou

tlin
e

of
th

e
p
rop

osed
N

etS
D

M
m

eth
o
d
olo

gy.

N
etS

D
M

m
eth

o
d
ology

th
at

com
b
in

es
sem

an
tic

d
ata

m
in

in
g

w
ith

n
etw

ork
an

aly
sis

to
red

u
ce

th
e

sea
rch

sp
a
ce

of
S
D

M
algorith

m
s.

T
h
is

section
starts

w
ith

an
overv

iew
of

th
e

p
rop

osed
m

eth
o
d
o
lo

g
y

in
S
ection

3.1,
illu

strated
b
y

an
ex

am
p
le

in
S
ection

3.2.
S
ection

3
.3

p
rov

id
es

a
d
eta

iled
step

-b
y
-step

d
escrip

tion
of

th
e

N
etS

D
M

m
eth

o
d
ology.

3
.1

.
M

e
th

o
d

o
lo

g
y

o
u

tlin
e

S
D

M
a
lg

o
rith

m
s

u
se

h
eu

ristic
search

w
h
en

m
in

in
g

for
p
attern

s
in

th
e

d
ata

to
lim

it
th

e
sea

rch
to

o
n
ly

th
e

m
ost

p
rom

isin
g

p
arts

of
th

e
search

sp
ace.

C
on

strain
in

g
th

e
search

is
n
ecessa

ry,
a
s

traversin
g

th
e

en
tire

search
sp

ace—
con

sistin
g

of
con

ju
n
cts

of
logical

ex
p
res-

sio
n
s

co
n
ta

in
in

g
on

tological
ex

p
ression

s—
is

com
p
u
tatio

n
ally

u
n
feasib

le.
H

ow
ever,

h
eu

ristic
sea

rch
ca

n
p
ro

d
u
ce

p
o
or

resu
lts

in
som

e
cases.

F
or

ex
a
m

p
le,

w
h
en

search
in

g
for

p
attern

s
w

ith
H

ed
w

ig
u
sin

g
b

eam
search

,
th

e
b

ea
m

m
ay

b
e

to
o

n
arrow

,
an

d
con

seq
u
en

tly
a

b
ran

ch
th

a
t

w
o
u
ld

lea
d

to
a

h
igh

q
u
ality

solu
tion

cou
ld

b
e

d
iscard

ed
early

on
;

in
large

search
sp

aces
even

w
id

e
b

ea
m

s
can

b
e

q
u
ick

ly
fi
lled

w
ith

term
s

th
at

d
o

n
ot

lead
to

go
o
d

fi
n
al

solu
tion

s.
S
im

ila
rly,

th
e

search
algorith

m
in

A
lep

h
can

m
iss

im
p

ortan
t

p
attern

s
if

all
th

eir
su

b
-p

attern
s

ex
h
ib

it
low

q
u
a
lity.

In
th

is
p
ap

er
w

e
p
rop

ose
a

n
ew

m
eth

o
d
ology,

w
h
ich

aim
s

to
solve

th
is

p
ro

b
lem

.
T

h
e

p
rop

osed
N

etS
D

M
m

eth
o
d
ology,

w
h
ich

is
illu

strated
in

F
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w
or

k
s.

T
h
e

se
ct

io
n

co
n
cl

u
d
es

w
it

h
a

d
is

cu
ss

io
n

on
th

e
te

rm
d
el

et
io

n
st

ep
of

th
e

a
lg

or
it

h
m

in
w

h
ic

h
lo

w
-s

co
ri

n
g

te
rm

s
ar

e
re

m
ov

ed
fr

om
th

e
n
et

w
or

k
.

3
.3

.1
.

C
o
n
v
e
r
si

o
n

o
f

b
a
c
k
g

r
o
u
n
d

k
n
o
w

l
e
d
g

e
o
n
t
o
l
o
g

y
in

t
o

n
e
t
w

o
r
k

f
o
r
m

a
t

T
h
e

fi
rs

t
st

ep
of

th
e

N
et

S
D

M
m

et
h
o
d
ol

og
y

is
co

n
ve

rs
io

n
of

th
e

b
ac

k
gr

ou
n
d

k
n
ow

le
d
g
e

on
to

lo
gi

es
in

to
a

n
et

w
or

k
.

W
e

p
re

se
n
t

tw
o

m
et

h
o
d
s,

a
d
ir

ec
t

m
et

h
o
d

an
d

a
h
yp

er
gr

a
p
h

m
et

h
o
d

of
co

n
ve

rs
io

n
.

D
ir

e
c
t

c
o
n
v
e
rs

io
n

.
In

p
u
t

on
to

lo
gi

es
fo

r
th

e
N

et
S
D

M
m

et
h
o
d
ol

og
y

ar
e

co
ll
ec

ti
o
n
s

o
f
tr

ip
le

s
th

at
re

p
re

se
n
t

re
la

ti
on

s
b

et
w

ee
n

b
ac

k
gr

ou
n
d

k
n
ow

le
d
ge

te
rm

s.
A

s
an

y
in

fo
rm

a
ti

o
n

n
et

w
or

k
is

al
so

co
m

p
os

ed
of

a
se

t
of

n
o
d
es

an
d

th
e

co
n
n
ec

ti
on

s
b

et
w

ee
n

th
em

,
a

n
a
tu

ra
l

co
n
ve

rs
io

n
fr

om
th

e
b
ac

k
gr

ou
n
d

k
n
ow

le
d
ge

in
to

an
in

fo
rm

at
io

n
n
et

w
or

k
is

to
co

n
ve

rt
ea

ch
re

la
ti

on
b

et
w

ee
n

tw
o

on
to

lo
gy

te
rm

s
in

to
an

ed
ge

b
et

w
ee

n
tw

o
co

rr
es

p
o
n
d
in

g
n
o
d
es

in
an

in
fo

rm
at

io
n

n
et

w
or

k
.

T
h
is

gi
ve

s
ri

se
to

th
e

fi
rs

t
fu

n
ct

io
n

co
n
ve

rt
in

g
th

e
in

p
u
t

on
to

lo
gy

in
to

th
e

in
fo

rm
at

io
n

n
et

w
or

k
,

in
w

h
ic

h
w

e
v
ie

w
th

e
on

to
lo

g
y

a
n
d

th
e

d
at

a
in

st
an

ce
s

as
p
ar

ts
of

on
e

n
et

w
or

k
.

In
th

e
co

n
ve

rs
io

n
,

w
e

m
er

ge
th

e
d
a
ta

se
t

a
n
d

th
e

b
ac

k
gr

ou
n
d

k
n
ow

le
d
ge

in
to

on
e

n
et

w
or

k
G
e

=
(V
e
,E

e
)

w
h
er

e

•
V
e

=
T

(O
)
∪
S

+
ar

e
ve

rt
ic

es
of

th
e

n
ew

n
et

w
or

k
co

n
si

st
in

g
of

a
ll

b
a
ck

g
ro

u
n
d

k
n
ow

le
d
ge

te
rm

s
T

(O
)

an
d

al
l

ta
rg

et
cl

as
s

in
st

an
ce

s
(p

os
it

iv
e

ex
a
m

p
le

s)
S

+
;

•
E
e

=
{(
t 1
,t

2
)|∃
r

:
(t

1
,r
,t

2
)
∈
O
}∪
{(
s,
t)
|(s
,a

n
n

o
ta

te
d
-w

it
h
,t

)
∈
A
}

a
re

ed
g
es

of
th

e
n
ew

n
et

w
or

k
co

n
si

st
in

g
of

ed
ge

s
th

at
re

p
re

se
n
t

b
ac

k
gr

ou
n
d

k
n
ow

le
d
g
e

re
la

ti
on

s,
as

w
el

l
as

al
l
ed

ge
s

th
at

re
p
re

se
n
t

th
e

a
n

n
o
ta

te
d
-w

it
h

re
la

ti
o
n
s

b
et

w
ee

n

1
4
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N
e
t
S
D

M
:

S
e
m

a
n
t
ic

D
a
t
a

M
in

in
g

w
it

h
N

e
t
w

o
r
k

A
n
a
ly

sis

d
a
ta

in
stan

ces
an

d
b
ack

grou
n
d

k
n
ow

led
ge

term
s

(th
e

m
ean

in
g

o
f
O
,S
,S

+
,S
−

an
d

A
is

ex
p
lain

ed
in

S
ection

3.1).

H
y
p

e
rg

ra
p

h
c
o
n
v
e
rsio

n
.

L
iu

et
al.

(2
013)

p
rop

osed
an

altern
ative

ap
p
roach

to
co

n
vert-

in
g

a
n

o
n
tology

in
to

an
in

form
ation

n
etw

ork
form

at.
T

h
ey

treat
every

rela
tion

in
a

sem
a
n
tic

rep
resen

tation
of

d
ata

as
a

trip
le,

con
sistin

g
of

a
su

b
ject,

p
red

icate
a
n
d

o
b

ject.
T

h
ey

con
stru

ct
a

n
etw

ork
(w

h
ich

th
ey

call
a

h
ypergra

p
h

)
in

w
h
ich

every
trip

le
o
f

th
e

o
rigin

al
b
ack

grou
n
d

k
n
ow

led
g
e

(alon
g

w
ith

th
e

b
ack

gro
u
n
d

k
n
ow

led
ge

term
s)

fo
rm

s
a
n

ad
d
ition

al
n
o
d
e

in
th

e
n
etw

ork
w

ith
th

ree
con

n
ection

s:
on

e
con

n
ection

w
ith

th
e

su
b

ject
of

th
e

relation
,

on
e

w
ith

th
e

ob
ject

of
th

e
rela

tion
,

an
d

on
e

w
ith

th
e

p
red

i-
ca

te
o
f

th
e

relation
.

In
th

is
con

version
,

each
p
red

icate
th

at
ap

p
ears

in
th

e
b
ack

grou
n
d

k
n
ow

led
g
e

is
an

ad
d
ition

al
n
o
d
e

in
th

e
resu

ltin
g

n
etw

ork
.

T
h
is

con
version

resu
lts

in
a

n
etw

o
rk
G
e

=
(V
e ,E

e )
w

h
ere:

•
V
e

=
T

(O
)∪

S
+
∪
{n

r |r
∈
O
∪
A
}∪
{p|∃

s,o
:

(s,p
,o)∈

O
}∪
{
a
n

n
o
ta

ted
-w

ith}
a
re

vertices
of

th
e

n
ew

n
etw

ork
con

sistin
g

of
(i)

a
ll

b
ack

grou
n
d

k
n
ow

led
ge

term
s,

(ii)
all

target
class

in
stan

ces,
(iii)

on
e

n
ew

n
o
d
e
n
r

for
each

relation
r

eith
er

b
etw

een
b
ack

grou
n
d

k
n
ow

led
ge

term
s

or
lin

k
in

g
b
ack

grou
n
d

k
n
ow

led
ge

term
s

to
d
a
ta

in
stan

ces
an

d
(iv

)
on

e
n
o
d
e

for
each

p
red

icate
ap

p
earin

g
in

th
e

on
to

logy
O

,
as

w
ell

as
(v

)
on

e
n
o
d
e

rep
resen

tin
g

th
e

a
n

n
o
ta

ted
-w

ith
p
red

icate;

•
E
e

=
⋃
r
=

(s,p
,o

)∈
O
∪A {

(s,n
r ),(p

,n
r ),(o,n

r )}
are

ed
ges

of
th

e
n
ew

n
etw

ork
,

ea
ch

rela
tion

r
in

d
u
cin

g
th

ree
con

n
ection

s
to

n
o
d
e
n
r

th
at

it
in

d
u
ces

(term
s
V
,S
,S

+
,S
−

a
n
d
A

are
d
efi

n
ed

in
S
ection

3.1).

W
h
ile

h
y
p

ergrap
h

con
version

resu
lts

in
a

sligh
tly

larger
in

form
ation

n
etw

o
rk

,
less

in
fo

rm
a
tion

is
lost

in
th

e
con

version
p
ro

cess
th

an
in

th
e

d
irect

con
versio

n
p
ro

cess
p
resen

ted
ab

ove.

A
n

im
p

o
rta

n
t

asp
ect

of
b

oth
con

version
m

eth
o
d
s,

p
resen

ted
ab

ove,
is

th
at

th
ey

are
d
efi

n
ed

sim
p
ly

on
a

set
of

trip
les

th
at

rep
resen

t
relation

s
b

etw
een

b
ack

g
rou

n
d

k
n
ow

led
g
e

term
s.

T
h
is

m
ean

s
th

at
b

oth
m

eth
o
d
s

can
b

e
u
sed

to
tran

sform
an

arb
itrarily

co
m

p
lex

o
n
to

lo
g
y

w
ith

a
n
y

n
u
m

b
er

of
p
red

icates.

3
.3

.2
.

T
e
r
m

sig
n
if

ic
a
n
c
e

sc
o
r
e

c
a
l
c
u
l
a
t
io

n

A
fter

co
n
v
ertin

g
th

e
b
ack

grou
n
d

k
n
ow

led
ge

an
d

th
e

in
p
u
t

d
ata

in
to

a
join

ed
n
etw

ork
,

w
e

u
se

eith
er

P
erson

alized
P

ageR
an

k
or

n
o
d
e2v

ec
b
ased

sco
rin

g
fu

n
ction

to
evalu

ate
th

e
sig

n
ifi

ca
n
ce

o
f

b
ack

grou
n
d

k
n
ow

led
ge

term
s.

T
erm

im
p

ortan
ce

scorin
g

fu
n
ction

score
S
,O
,A

is
con

stru
cted

b
y

tak
in

g
in

to
accou

n
t

th
e

d
ata

set
S

an
d

b
ack

grou
n
d

k
n
ow

led
ge

term
sT

(O
).

P
-P

R
b

a
se

d
sc

o
re

c
o
m

p
u

ta
tio

n
.

T
h
e

fi
rst

scorin
g

fu
n
ction

is
com

p
u
ted

u
sin

g
th

e
P

er-
so

n
a
lized

P
ageR

an
k

algorith
m

(P
age

et
al.,

1999).
W

h
ile

th
e

b
asic

P
ageR

an
k

algo-
rith

m
evalu

ates
th

e
glob

al
im

p
ortan

ce
of

each
n
o
d
e

in
a

n
etw

ork
(i.e.

w
ith

resp
ect

to
a
ll

o
th

er
n
o
d
es),

th
e

P
erson

alized
P

ageR
an

k
(d

escrib
ed

in
S
ection

2.2.1
)

evalu
ates

th
e

sign
ifi

can
ce

of
n
o
d
es

w
ith

resp
ect

to
a

given
n
o
d
e

(or
a

set
of

n
o
d
es).

T
h
is

fi
ts

w
ell

w
ith

ou
r

d
em

an
d

th
at

a
scorin

g
fu

n
ction

m
u
st

evalu
ate

th
e

sign
ifi

can
ce

of
a

term

15
JM

L
R

 20(32):1-50, 2019

K
r
a
l
j,

R
o
b
n
ik

-Š
ik

o
n
ja

,
a
n
d

L
a
v
r
a
č

b
ased

on
th

e
actu

al
d
ata

-
in

ou
r

case
th

e
im

p
ortan

ce
of

th
e

n
o
d
es

is
n
ot

glob
al

b
u
t

calcu
lated

in
th

e
con

tex
t

of
th

e
given

p
ositive

ex
am

p
les.

W
e

can
th

erefore
reason

ab
ly

ex
p

ect
th

at
th

e
h
igh

est
scorin

g
term

s
w

ill
n
o
t

sim
p
ly

b
e

th
e

m
ost

p
rom

in
en

t
term

s
of

th
e

b
ack

grou
n
d

k
n
ow

led
ge

on
tology

b
u
t

rath
er

th
ose

term
s

w
h
ich

are
th

e
m

ost
rele-

van
t

to
th

e
in

p
u
t

d
ata

set
th

at
a

research
er

is
in

terested
in

.
A

s
ea

ch
term

t∈
T

(O
)

is
a

v
ertex

in
n
etw

ork
G
e ,

w
e

calcu
late

th
e

P
-P

R
sco

re
of

each
term

t∈
T

(O
)

as
follow

s:

sco
re

P
-P

R
(t)

=
P

-P
R
S

+
(t)

(4)

w
h
ere

th
e

P
-P

R
v
ector

is
calcu

lated
on

th
e

n
etw

ork
G
e .

A
sim

p
le

algeb
raic

calcu
lation

(G
rčar

et
al.,

2013)
sh

ow
s

th
at

th
is

valu
e

is
eq

u
al

to
th

e
av

erage
of

all
P

erson
alized

P
ageR

an
k

scores
of
v

w
h
ere

th
e

startin
g

set
for

th
e

ran
d
om

w
alker

is
a

n
o
d
e

from
S

+
:

P
-P

R
S

+
(t)

=
1

|S
+ |
∑w
∈
S

+

P
-P

R
{
w
} (t)

(5)

F
ollow

in
g

th
e

d
efi

n
ition

of
th

e
P

erson
alized

P
ageR

an
k

score,
th

e
valu

e
of

score
P

-P
R

is
th

e
station

ary
d
istrib

u
tion

of
a

ran
d
o
m

w
alker

th
at

starts
its

w
alk

in
on

e
of

th
e

target
d
ata

in
stan

ces
(elem

en
ts

of
th

e
set

S
+

)
an

d
follow

s
th

e
con

n
ection

s
(eith

er
th

e
is-an

n
otated

-b
y

relation
or

a
relation

in
th

e
b
ack

grou
n
d

k
n
ow

led
ge).

A
n
oth

er
in

terp
retation

of
score

P
-P

R
(t)

is
th

at
it

tells
u
s

h
ow

often
w

e
w

ill
reach

n
o
d
e
t

in
ran

d
om

w
alk

s,
startin

g
w

ith
p

ositive
(target

class
lab

eled
)

d
ata

in
stan

ces.
N

ote
th

at
th

e
P

erson
alized

P
ageR

an
k

algorith
m

is
d
efi

n
ed

on
d
irected

n
etw

ork
s,

allow
in

g
u
s

to
calcu

late
th

e
P

erson
alized

P
ageR

an
k

vectors
of

n
o
d
es

b
y

tak
in

g
th

e
d
irection

of
con

n
ection

s
in

to
accou

n
t.

In
ou

r
ex

p
erim

en
ts,

w
e

also
tested

th
e

p
erform

an
ce

of
th

e
scorin

g
fu

n
ction

if
n
etw

ork
G
e

is
v
iew

ed
a
s

an
u
n
d
irected

n
etw

ork
.

T
o

calcu
late

th
e

P
ageR

an
k

vector
on

an
u
n
d
irected

n
etw

ork
,

each
ed

ge
b

etw
een

tw
o

n
o
d
es
u

an
d
v

is
in

terp
reted

as
a

p
air

of
d
irected

ed
ges,

on
e

goin
g

from
u

to
v

an
d

an
oth

er
from

v
to
u

,
allow

in
g

th
e

ran
d
om

w
alker

to
trav

erse
th

e
orig

in
al

u
n
d
irected

ed
ge

in
b

oth
d
irection

s.

n
o
d

e
2
v
e
c

b
a
se

d
sc

o
re

c
o
m

p
u

ta
tio

n
.

T
h
e

secon
d

estim
ator

of
b
ack

grou
n
d

k
n
ow

led
ge

term
s

sign
ifi

can
ce

is
th

e
n
o
d
e2vec

algorith
m

(G
rov

er
an

d
L

eskovec,
2016).

In
ou

r
ex

p
erim

en
ts,

w
e

u
sed

th
e

d
efau

lt
settin

gs
of
p

=
q

=
1

for
th

e
p
aram

eters
of

n
o
d
e2vec,

m
ean

in
g

th
at

th
e

gen
erated

ran
d
om

w
alk

s
are

b
alan

ced
b

etw
een

th
e

d
ep

th
-fi

rst
an

d
b
read

th
-fi

rst
search

of
th

e
n
etw

ork
.

T
h
e

m
ax

im
u
m

len
gth

o
f

ran
d
om

w
alk

s
w

as
set

to
15.

T
h
e

fu
n
ction

n
o
d
e2v

ec
(d

escrib
ed

in
S
ection

2.2.2)
calcu

lates
th

e
featu

re
m

atrix
f
∗

=
n
o
d
e2vec(G

e ),
an

d
each

row
of
f
∗

rep
resen

ts
a

featu
re

vecto
r
f
∗(u

)
for

n
o
d
e
u

in
G
e .

T
h
e

resu
ltin

g
featu

re
vectors

o
f

n
o
d
es

can
b

e
u
sed

to
com

p
u
te

th
e

sim
ilarity

b
etw

een
an

y
tw

o
n
o
d
es

in
th

e
n
etw

ork
.

T
h
e

ap
p
roach

u
ses

th
e

cosin
e

sim
ilarity

of
th

e
tw

o
featu

re
vectors

u
an

d
v
,

com
p
u
ted

as
follow

s:

sim
ilarity

n
o
d

e2
v
ec (u

,v
)

=
f
∗(u

)·
f
∗(v

)

|f
∗(u

)||f
∗(v

)|

In
ou

r
ap

p
roach

,
w

e
form

featu
re

vectors
for

n
o
d
es

rep
resen

tin
g

b
oth

b
ack

grou
n
d

k
n
ow

led
ge

term
s

an
d

d
ata

in
stan

ces.
W

e
u
se

th
ese

featu
re

vectors
to

com
p
u
te

th
e

1
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b
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b
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b
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n
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R
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e
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+
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th
e
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al
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ta
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et
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as

s
in

st
an
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A
s

th
e
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lu

e
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-P
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su
re

s
th

e
si

m
il
ar

it
y

b
et

w
ee

n
w

an
d
t,

E
q
u
at

io
n

5
ca

n
al

so
b

e
u
se

d
to

co
n
st

ru
ct

a
n
o
d
e2

ve
c

sc
or

in
g

fu
n
ct

io
n
.

W
e

re
p
la

ce
th

e
in

d
iv

id
u
al

P
-P

R
si

m
il
ar

it
ie

s
in

E
q
u
at

io
n

5
w

it
h

th
e

in
d
iv

id
u
al

n
o
d
e2

ve
c

si
m

il
ar

it
ie

s:

sc
or

e n
o
d
e2

v
ec

(t
)

=
1 |S
+
|
∑ w
∈S

+

f
∗ (
w

)
·f
∗ (
t)

|f
∗ (
w

)||
f
∗ (
t)
|

(6
)

3
.3

.3
.

N
e
t
w

o
r
k

n
o
d
e

r
e
m

o
v
a
l

In
th

e
th

ir
d

st
ep

of
A

lg
or

it
h
m

1,
lo

w
-s

co
re

d
n
o
d
es

ar
e

re
m

ov
ed

fr
om

th
e

n
et

w
or

k
.

W
e

p
re

se
n
t

an
d

te
st

tw
o

op
ti

on
s

fo
r

n
et

w
or

k
n
o
d
e

re
m

ov
al

.

N
ä
ıv

e
n

o
d

e
re

m
o
v
a
l.

T
h
e

fi
rs

t
(n

äı
ve

)
op

ti
on

is
to

ta
ke

ev
er

y
n
o
d
e

th
at
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m

ar
k
ed

fo
r
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m

ov
al

an
d

d
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et
e

b
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h
th

e
n
o
d
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d
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y
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n
n
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on

le
ad
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g
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or
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om
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T
h
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m
et

h
o
d

is
ro

b
u
st

an
d
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n

b
e

ap
p
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an

y
b
ac

k
gr
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n
d

k
n
ow

le
d
ge

.
H

ow
ev
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w
h
en

b
ac

k
gr

ou
n
d

k
n
ow
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d
ge
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h
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v
il
y

p
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n
ed

,
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m

et
h
o
d

m
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ca
u
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th
e
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lt
in

g
n
et

w
or

k
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ge
t

d
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om
p
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ed

in
to

se
ve

ra
l

d
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in

t
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n
n
ec

te
d
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m

p
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en
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.
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w
e

co
n
ve

rt
th

e
b
ac

k
gr

ou
n
d

k
n
ow

le
d
ge

in
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a
h
y
p

er
gr
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h
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th
e

h
y
p
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gr
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h

h
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n
ta
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re

la
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n
o
d
es

w
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h
ex
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e

n
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b
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h
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b
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p
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d
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d
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)
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w
e
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e

to
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n
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it

b
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k
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a
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d
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d
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p
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n
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b
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k
gr

ou
n
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n
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d
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T
h
u
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äı
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m

ov
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g
n
o
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fr
om

th
e

h
y
p

er
gr
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a
n
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k
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w
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n
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o
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n
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n
ve
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b
ac

k
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d
b
ac

k
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n
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n
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d
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p
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n
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d

v
a
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c
e
d
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o
d
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o
v
a
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e
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te
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e
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p
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h
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k
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in
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ac
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u
n
t

th
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th
e
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ti
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d
ed

b
y

th
e

n
et

w
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k
ed

ge
s,

ar
e
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n
tr

an
si

ti
ve

.
F

or
ex

am
p
le

,
in

ou
r

w
or

k
w

e
u
se

th
e

is
-a

an
d

is
-p

a
rt

-o
f

re
la

ti
on

s
th
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ar

e
b

ot
h

tr
an

si
ti
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.

U
si

n
g

tr
an

si
ti

v
it
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w

e
d
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an
al
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ri

th
m

fo
r
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n
ce

d
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al
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lo
w
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or
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o
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or
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ed

b
y

d
ir

ec
t
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n
ve

rs
io

n
o
f

th
e

b
ac

k
gr

ou
n
d

k
n
ow

le
d
ge

(A
lg

or
it

h
m
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.

T
h
is

ad
va

n
ce

d
n
o
d
e

re
m

ov
al

st
ep
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n

b
e

u
se

d
fo

r
on
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lo
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es

w
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h
a
n
y

n
u
m

b
er

of
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la
ti

on
s.

J
u
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ke

th
e
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A
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h
m
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ot

h
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an

si
ti
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b
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k
to

th
e

n
et

w
or

k
in

ro
w

th
re

e
of

th
e

al
go

ri
th

m
.

A
s

th
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b
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k
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o
u
n
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n
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d
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p
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d
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w
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h
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e
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o
d
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p
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d
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g

a
m
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in
g

te
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e

b
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k
gr

ou
n
d
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n
ow

le
d
ge

.
In

th
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se
n
se

,
A

lg
or

it
h
m

2
ca

n
b

e
u
se

d
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th
e

te
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ep
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A
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h
m
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A
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o
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th
m

2
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n
al
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b

e
u
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d
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w
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b
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d
ge

if
w

e
fi
rs

t
co

n
ve

rt
h
y
p
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n
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b
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n
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d
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3
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p
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a
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d
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d
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th
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d
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k
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b
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d
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t
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n
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k
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u
n
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k
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d
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n

n
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w
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k
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w
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h
d
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d
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a
n
d

n
o
d
e

n
∈
G
e
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of
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e
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in
al

b
ac

k
gr

ou
n
d

k
n
ow

le
d
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)
w

e
w
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h
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m
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e
O

u
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u
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N
ew

b
ac

k
gr

ou
n
d

k
n
ow

le
d
ge

th
at

d
o
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n
ot
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n
ta

in
n
o
d
e
n

1
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r
b
∈
G
e

:
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,n

)
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an
ed

ge
in
G
e

d
o

2
fo

r
a
∈
G
e

:
(n
,a

)
is
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ed

g
e

in
G
e

d
o

3
A

d
d

ed
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(b
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)
in
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G
e

4
R
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ov

e
ed

ge
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)
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G
e

5
e
n

d
6

R
em

ov
e

ed
ge

(b
,n

)
fr

om
G
e

7
e
n

d
8

R
em

ov
e

n
o
d
e
n

fr
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G
e

9
R

et
u
rn
G
e

A
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o
ri

th
m

2
:

T
h
e

al
go
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th

m
fo

r
re

m
ov
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g

a
n
o
d
e

fr
om

a
n
et

w
or

k
,

o
b
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in
ed

th
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u
gh

d
ir

ec
t
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n
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n
of

th
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b
ac

k
gr

ou
n
d

k
n
ow
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d
ge

in
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e
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rm
a
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o
n

n
et

-
w
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k
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rm
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A
p

p
ly

in
g

H
e
d

w
ig

.
H

ed
w

ig
—

w
h
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h
w
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p
re

v
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u
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y
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sf
u
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y

u
se

d
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a
re

a
l-
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fe

a
p
p
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-

ca
ti
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r
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p
la

in
in

g
b
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lo
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ca
l

d
at

a
(V

av
p

et
ič

et
al

.,
20

14
)—

ca
n

u
se

on
ly

o
n
e

re
la

ti
o
n

ty
p

e
in

th
e

b
ac

k
gr

ou
n
d

k
n
ow

le
d
ge

,
i.
e.

th
e

is
-a

re
la

ti
on

in
th

e
ca

se
of

th
e

G
en

e
O

n
-

to
lo

gy
.

H
ed

w
ig

u
se

s
th

is
re

la
ti

on
an

d
it

s
tr

an
si

ti
v
it

y
p
ro

p
er

ty
(i

f
A

is
-a
B

a
n
d
B

is
-a

C
,

th
en

A
is

-a
C

)
to

co
n
st

ru
ct

ru
le

s.

A
p

p
ly

in
g

A
le

p
h

.
In

co
n
tr

as
t

to
H

ed
w

ig
,

th
e

in
p
u
t

to
A

le
p
h

ca
n

co
n
ta

in
se

ve
ra

l
re

la
ti

o
n
s

as
w

el
l

as
in

te
ra

ct
io

n
s

b
et

w
ee

n
th

em
.

T
h
er

ef
or

e
ap

p
ly

in
g

A
le

p
h

en
a
b
le

d
u
s

to
u
se

b
ot

h
th

e
is

-a
an

d
is

-p
a
rt

-o
f

re
la

ti
on

s
in

th
e

G
en

e
O

n
to

lo
gy

.
A

le
p
h

is
ca

p
a
b
le

o
f

u
si

n
g

n
ot

on
ly

th
es

e
tw

o
re

la
ti

on
s

an
d

th
ei

r
tr

an
si

ti
v
it

y,
b
u
t

al
so

th
e

in
te

ra
ct

io
n

b
et

w
ee

n
th

e
tw

o
re

la
ti

on
s

in
th

e
fo

rm
of

tw
o

fa
ct

s:
(i

)
if
A

is
-a
B

an
d
B

is
-p

a
rt

-o
f
C

,
th

en
A

is
-p

a
rt

-o
f
C

an
d

(i
i)

if
A

is
-p

a
rt

-o
f
B

an
d
B

is
-a
C

,
th

en
A

is
-p

a
rt

-o
f
C

.

S
in
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A

le
p
h
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n

u
se

se
ve

ra
l

re
la

ti
on

s
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r
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n
st
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in
g
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le

s,
th

e
b
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k
gr

ou
n
d

k
n
ow
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d
g
e

n
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u
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A
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p
h

ex
p

er
im

en
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n
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in
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e
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p
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n
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n
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o
n
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s
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l
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e
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re

p
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n
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n
g
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a
rt

-o
f

re
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E
x
p
e
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m
e
n
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l
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in
g
s

T
h
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io
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p
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n
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th

e
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p
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an
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c
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a
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w
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A
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p
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n

m
ec
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d
o
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P
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n
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ed
P
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d
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d
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e
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a
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b
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o
u
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p
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p
s.
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p
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p
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n
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D
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a

M
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g

w
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h
N

e
t
w

o
r
k

A
n
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sis

A
L

L
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c
u

te
ly

m
p

h
o
b
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k
e
m
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d
a
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.
T

h
e

A
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d
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b
y

C
h
iaretti

et
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d
ataset
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d
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p
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ro
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g
w

e
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e

step
s

u
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b
y

P
o
d
p
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1,000
en

rich
ed

gen
es

(form
in

g
th

e
target

set
of

in
stan

ces)
from

a
set

of
10
,000

gen
es,

an
n
otated

b
y

con
cep

ts
fro

m
th

e
G

en
e

O
n
tology

(A
sh

b
u
rn

er
et

al.,
2000),

w
h
ich

w
as

u
sed

as
th

e
b
ack

g
rou

n
d

k
n
ow

led
g
e

in
ou

r
ex

p
erim

en
ts.

In
total,

th
e

d
ata

set
con

tain
ed

167
,339

an
n
otation

s
(co

n
n
ection

s
b

etw
een

gen
es

an
d

G
en

e
O

n
tology

term
s).

In
p
rev

iou
s

w
ork

on
an

a-
ly

zin
g

th
e

A
L

L
d
ata

set,
th

e
p

erform
an

ce
of

th
e

S
egM

in
e

m
eth

o
d
ology

(P
o
d
p

ečan
et

a
l.,

2
0
1
1)

w
as

com
p
ared

to
th

e
p

erform
an

ce
of

th
e

D
A

V
ID

algorith
m

(H
u
an

g
et

al.,
2
0
0
8).

In
th

is
w

ork
,

w
e

u
se

th
e

sam
e

d
ata

set
to

assess
if

n
etw

ork
n
o
d
e

ran
k
in

g
an

d
red

u
ctio

n
can

d
ecrease

th
e

ru
n

tim
e

an
d

im
p
rove

th
e

p
erform

an
ce

o
f

th
e

tested
S
D

M
a
lg

o
rith

m
s.

B
re

a
st

c
a
n

c
e
r

d
a
ta

.
T

h
e

b
reast

can
cer

d
ata

set,
in

tro
d
u
ced

b
y

S
otiriou

et
al.

(2006
),

co
n
ta

in
s

gen
e

ex
p
ression

d
ata

on
p
atien

ts
su

ff
erin

g
from

b
reast

can
cer.

In
p
rev

iou
s

w
o
rk

,
V

av
p

etič
et

al.
(2014)

fi
rst

clu
stered

th
e

gen
es

in
to

several
su

b
sets

an
d

th
en

u
sed

a
sem

a
n
tic

su
b
grou

p
d
iscovery

algorith
m

to
in

terp
ret

th
e

m
ost

im
p

o
rta

n
t

su
b
set

(as
d
eterm

in
ed

b
y

d
om

ain
ex

p
erts).

In
th

is
w

ork
,
w

e
con

stru
cted

ru
les

for
th

e
sam

e
su

b
set

o
f

g
en

es
a
s

b
y

V
av

p
etič

et
al.

(2014)
an

d
d
id

n
ot

u
se

th
e

in
p
u
t

of
d
om

ain
ex

p
erts.

T
h
e

set
con

tain
s

990
gen

es
ou

t
of

a
total

of
12,019

g
en

es.
In

ou
r

ex
p

erim
en

ts,
w

e
u
sed

S
D

M
algorith

m
s

to
d
escrib

e
th

e
990

in
terestin

g
gen

es.
T

h
e

d
ata

in
stan

ces
are

co
n
n
ected

to
th

e
G

en
e

O
n
tology

term
s

b
y

195,124
an

n
otation

s.

T
o

test
w

h
eth

er
th

e
resu

lts
of

N
etS

D
M

on
th

e
G

en
e-O

n
tology

-an
n
o
tated

d
ata

sets
d
e-

scrib
ed

a
b

ove
can

b
e

gen
eralized

to
oth

er
d
ata

sets,
w

e
ra

n
th

e
N

etS
D

M
algo

rith
m

also
on

a
set

o
f

sm
a
ller

d
ata

sets,
an

n
otated

b
y

h
ierarch

ical
b
ack

g
rou

n
d

k
n
ow

led
ge,

w
h
ich

w
ere

u
sed

in
co

n
ju

n
ctio

n
w

ith
th

e
H

ed
w

ig
algorith

m
in

ou
r

p
rev

iou
s

w
ork

(A
d
h
ikari

et
al.,

2016).
T

h
e

resu
lts

o
f

th
ese

ex
p

erim
en

ts
are

sh
ow

n
in

A
p
p

en
d
ix

A
of

th
is

p
ap

er.

4
.2

.
E

x
p

e
rim

e
n
ta

l
se

tu
p

s

W
e

co
n
stru

cted
th

ree
ex

p
erim

en
tal

setu
p
s

to
test

th
e

N
etS

D
M

m
eth

o
d
o
lo

gy.
In

a
ll

setu
p
s,

b
o
th

H
ed

w
ig

an
d

A
lep

h
are

u
sed

in
th

eir
stan

d
ard

m
o
d
es

(su
b
grou

p
d
iscovery

an
d

clas-
sifi

ca
tio

n
ru

le
learn

in
g,

resp
ectively

)
to

retu
rn

th
e

set
of

ru
les

ex
p
lain

in
g

th
e

targ
et

class
ex

a
m

p
les.

H
ed

w
ig

retu
rn

s
a

ru
le

set
con

tain
in

g
all

th
e

ru
les

in
th

e
search

b
eam

at
th

e
en

d
o
f

sea
rch

(m
ean

in
g

th
at

th
e

size
of

th
e

retu
rn

ed
ru

le
set

m
a
tch

es
th

e
size

of
th

e
b

eam
).

A
lep

h
retu

rn
s

a
ru

le
set

con
sistin

g
of

ru
les

w
ith

a
su

ffi
cien

t
cov

erage
an

d
low

en
ou

gh
n
oise

(i.e.
ru

les
coverin

g
at

least
10

p
ositiv

e
ex

am
p
les

an
d

at
m

ost
100

n
egative

ex
am

p
les).

In
th

e
fi
rst

setu
p
,

th
e

en
tire

set
of

ru
les

w
as

an
aly

zed
.

In
th

e
secon

d
setu

p
,

w
e

u
sed

th
e

N
etS

D
M

m
eth

o
d
o
lo

g
y

w
ith

th
e

d
irect

m
eth

o
d

of
on

tology
con

version
an

d
th

e
n
äıve

v
ersion

of
n
o
d
e

rem
ova

l.
G

iven
th

eir
d
iff

eren
t

op
eratio

n
m

o
d
es

(H
ed

w
ig

w
as

u
sed

for
learn

in
g

in
d
iv

id
u
al

p
a
ttern

s
a
n
d

A
lep

h
w

as
u
sed

for
p
red

ictive
th

eo
ry

con
stru

ction
),

w
e

alw
ay

s
an

aly
zed

on
ly

th
e

to
p

ru
le

d
iscovered

b
y

H
ed

w
ig,

an
d

th
e

top
3

ru
les

o
f

th
e

th
eory

d
iscovered

b
y

A
lep

h
.

W
e

a
lso

list
th

e
m

etrics
for

th
e

en
tire

th
eory

d
iscovered

b
y

A
lep

h
.

T
h
is

allow
s

clearer
com

-
p
a
riso

n
a
n
d

is
su

ffi
cien

t
to

d
em

on
strate

h
ow

sh
rin

k
in

g
th

e
b
ack

grou
n
d

k
n
ow

led
ge

aff
ects

th
e

q
u
a
lity

o
f

d
iscovered

ru
les.

In
th

e
th

ird
setu

p
,

w
e

u
se

th
e

ad
van

ced
(tran

sitiv
ity

b
ased

)
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K
r
a
l
j,

R
o
b
n
ik

-Š
ik

o
n
ja

,
a
n
d

L
a
v
r
a
č

n
o
d
e

rem
oval

ap
p
roach

(d
escrib

ed
in

S
ection

3.3.3).
W

e
com

p
are

th
e

q
u
ality

of
th

e
resu

lt-
in

g
ru

les
b
y

m
easu

rin
g

th
e

L
ift

valu
es

of
each

ru
le

(d
efi

n
ed

in
E

q
u
ation

1
in

S
ection

2.1.4).
D

etails
of

each
ex

p
erim

en
tal

setu
p

are
given

b
elow

.

F
irst

e
x
p

e
rim

e
n
ta

l
se

tu
p

.
W

e
ran

th
e

tw
o

S
D

M
algorith

m
s

on
th

e
en

tire
d
ata

set
to

d
eterm

in
e

th
e

b
aselin

e
p

erform
an

ce
an

d
ex

am
in

e
th

e
retu

rn
ed

ru
les.

U
sin

g
H

ed
w

ig,
w

e
ran

th
e

algo
rith

m
w

ith
all

com
b
in

ation
s

of
d
ep

th
(1

or
10),

b
eam

w
id

th
(1

or
10)

an
d

su
p
p

ort
(0
.1

or
0
.01).

F
or

A
lep

h
,
w

e
ran

th
e

algorith
m

u
sin

g
th

e
settin

gs
recom

m
en

d
ed

b
y

th
e

algorith
m

au
th

or—
m

in
im

u
m

n
u
m

b
er

of
p

ositive
ex

am
p
les

covered
b
y

a
ru

le
w

as
set

to
10,

an
d

m
ax

im
u
m

n
u
m

b
er

of
n
egative

ex
am

p
les

covered
b
y

a
ru

le
w

as
set

to
100.

T
h
ese

settin
gs

resu
lted

in
ru

les
com

p
arab

le
to

th
ose

d
iscovered

b
y

H
ed

w
ig.

In
b

oth
cases,

ou
r

goal
w

as
to

d
eterm

in
e

w
h
eth

er
th

e
term

s
u
sed

b
y

th
e

S
D

M
algo-

rith
m

s
are

correlated
w

ith
th

e
scores

of
th

e
term

s
retu

rn
ed

b
y

th
e

n
etw

ork
an

aly
sis

algorith
m

s,
i.e.,

calcu
lated

b
y

P
-P

R
(E

q
u
ation

4)
or

n
o
d
e2vec

(E
q
u
ation

6).
W

e
evalu

ated
th

is
relation

b
y

ob
serv

in
g

th
e

ran
k
s

of
term

s
u
sed

b
y

b
oth

algorith
m

s
to

con
stru

ct
th

e
ru

les.
F

or
each

term
t

ap
p

earin
g

in
th

e
con

stru
cted

ru
les,

w
e

com
p
u
ted

th
e

relative
ran

k
of

th
e

term
t

(as
d
efi

n
ed

in
S
ectio

n
3.1).

If
th

e
correlation

b
etw

een
S
D

M
algorith

m
’s

u
se

of
term

s
an

d
retu

rn
ed

scores
is

stron
g,

th
e

relativ
e

ran
k

calcu
-

lated
for

a
term

t
an

d
u
sed

b
y

th
e

a
lgorith

m
w

ill
b

e
low

.
L

ow
p

ercen
tages

en
su

re
th

at
w

e
can

retain
on

ly
a

sm
all

p
ercen

tage
of

th
e

h
igh

est
ra

n
k
ed

scores.

S
e
c
o
n

d
e
x
p

e
rim

e
n
ta

l
se

tu
p

.
In

th
e

secon
d

set
of

ex
p

erim
en

ts,
w

e
ex

p
loited

th
e

corre-
lation

s
d
iscovered

in
th

e
fi
rst

ex
p

erim
en

tal
setu

p
.

W
e

u
sed

th
e

scores
of

b
ack

grou
n
d

k
n
ow

led
ge

term
s

to
p
ru

n
e

th
e

b
a
ck

grou
n
d

k
n
ow

led
ge.

S
p

ecifi
cally,

w
e

ran
th

e
N

etS
D

M
algorith

m
b
y

settin
g

th
e

sh
rin

kage
co

effi
cien

t
valu

es
of
c

to
valu

es
b

etw
een

0
.005

an
d

1,
th

ereb
y

ru
n
n
in

g
th

e
S
D

M
algorith

m
s

on
th

e
gen

e
o
n
tolog

y
(G

O
)

b
ack

grou
n
d

k
n
ow

l-
ed

ge
con

tain
in

g
on

ly
a

su
b
set

of
as

little
as

0.5%
of

th
e

term
s

w
ith

th
e

h
igh

est
scores.

W
e

calcu
lated

th
e

P
-P

R
valu

es
of

G
O

term
s

in
tw

o
w

ay
s:

(i)
w

e
v
iew

ed
is-a

relation
s

as
d
irected

ed
ges

p
oin

tin
g

from
a

m
ore

sp
ecifi

c
G

O
term

to
a

m
ore

gen
eral

term
,

an
d

(ii)
w

e
v
iew

ed
th

e
relation

s
as

u
n
d
irected

ed
ges.

W
h
en

ru
n
n
in

g
th

e
ex

p
erim

en
ts

w
ith

H
ed

w
ig,

w
e

set
th

e
b

eam
size,

d
ep

th
an

d
m

in
im

u
m

coverage
p
aram

eters
to

th
e

valu
es

th
at

retu
rn

ed
th

e
b

est
ru

les
on

each
d
ata

set
in

th
e

fi
rst

set
of

ex
p

erim
en

ts.
F

or
ex

am
p
le,

th
e

resu
lts

of
th

e
fi
rst

ex
p

erim
en

tal
setu

p
sh

ow
ed

th
at

th
e

ru
les

ob
tain

ed
b
y

settin
g

th
e

b
eam

size
or

ru
le

d
ep

th
to

on
e

are
to

o
gen

era
l

to
b

e
of

an
y

b
iolo

gical
in

terest;
w

e
th

erefore
d
ecid

ed
to

set
b

oth
valu

es
to

10.
In

th
e

case
of

ru
le

d
ep

th
,

th
is

valu
e

allow
s

H
ed

w
ig

to
con

stru
ct

arb
itrarily

lon
g

ru
les

(given
th

at
in

ou
r

d
ata

sets
H

ed
w

ig
retu

rn
ed

n
o

ru
les

of
len

gth
greater

th
an

fi
v
e).

S
ettin

g
th

e
b

eam
size

to
1
0

allow
s

H
ed

w
ig

to
d
iscover

im
p

ortan
t

ru
les

(as
sh

ow
n

in
th

e
fi
rst

set
of

ex
p

erim
en

ts)
in

a
reason

ab
le

am
ou

n
t

of
tim

e;
n
ote

th
a
t

th
e

ru
n

tim
e

of
H

ed
w

ig
in

creases
d
rastically

w
ith

in
creased

b
eam

size,
an

d
at

size
10

th
e

algorith
m

tak
es

several
h
ou

rs
to

com
-

p
lete.

R
u
n
n
in

g
th

e
ex

p
erim

en
ts

w
ith

th
e

A
lep

h
algorith

m
,

w
e

a
gain

u
sed

th
e

settin
g

recom
m

en
d
ed

b
y

th
e

algorith
m

au
th

or.

T
h

ird
e
x
p

e
rim

e
n
ta

l
se

tu
p

.
In

th
e

fi
rst

tw
o

sets
of

ex
p

erim
en

ts,
w

e
u
sed

th
e

d
irect

m
eth

o
d

for
con

v
ertin

g
b
ack

grou
n
d

k
n
ow

led
ge

in
to

an
in

form
ation

n
etw

ork
an

d
th

e
n
äıve

m
eth

o
d

for
d
eletin

g
low

scorin
g

n
o
d
es.

In
th

e
th

ird
set

of
ex

p
erim

en
ts,

w
e

2
0
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T
ab
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b
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b
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h
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b
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b
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äıve

n
o
d
e

rem
oval

an
d

th
e

H
ed

w
ig

S
D

M
algorith

m
on

th
e

b
reast

can
cer

d
ata

set.

S
h

rin
k
a
g
e

co
effi

cien
t

[%
]

G
O

-term
L

ift
C

o
v
era

g
e

T
P

5

G
O

:0
0
7
1
8
4
0

cellu
la

r
co

m
p

o
n

en
t

o
rg

a
n

iza
tio

n
o
r

b
io

g
en

esis
G

O
:0

0
0
0
2
7
8

m
ito

tic
cell

cy
cle

G
O

:0
0
0
5
5
1
5

p
ro

tein
b

in
d

in
g

G
O

:0
0
4
4
2
6
0

cellu
la

r
m

a
cro

m
o
lecu

le
m

eta
b

o
lic

p
ro

cess
G

O
:0

0
2
2
4
0
2

cell
cy

cle
p

ro
cess

4
.1

1
4

1
2
1

4
1

1
0

G
O

:0
0
4
3
2
3
2

in
tra

cellu
la

r
n

o
n

-m
em

b
ra

n
e-b

o
u

n
d

ed
o
rg

a
n

elle
G

O
:0

0
0
0
2
7
8

m
ito

tic
cell

cy
cle

G
O

:0
0
0
5
5
1
5

p
ro

tein
b

in
d

in
g

3
.0

5
5

1
5
1

3
8

2
0

G
O

:0
0
7
1
8
4
0

cellu
la

r
co

m
p

o
n

en
t

o
rg

a
n

iza
tio

n
o
r

b
io

g
en

esis
G

O
:0

0
0
7
0
4
9

cell
cy

cle
G

O
:0

0
0
3
8
2
4

ca
ta

ly
tic

a
ctiv

ity
G

O
:0

0
0
5
5
1
5

p
ro

tein
b

in
d

in
g

3
.7

8
1

1
2
2

3
8

5
0

G
O

:0
0
0
3
8
2
4

ca
ta

ly
tic

a
ctiv

ity
G

O
:0

0
0
0
2
7
8

m
ito

tic
cell

cy
cle

G
O

:0
0
2
2
4
0
2

cell
cy

cle
p

ro
cess

G
O

:0
0
0
5
5
1
5

p
ro

tein
b

in
d

in
g

3
.4

6
9

1
2
6

3
6

1
0
0

G
O

:0
0
0
3
6
7
4

m
o
lecu

la
r

fu
n

ctio
n

G
O

:0
0
4
4
4
2
7

ch
ro

m
o
so

m
a
l

p
a
rt

G
O

:0
0
0
0
2
7
8

m
ito

tic
cell

cy
cle

G
O

:0
0
2
2
4
0
2

cell
cy

cle
p

ro
cess

3
.7

4
3

1
2
0

3
7

q
u
ality

of
ru

les
d
iscovered

b
y

H
ed

w
ig.

In
fact,

th
e

ru
les

d
iscovered

from
on

ly
20%

of
th

e
origin

al
b
ack

grou
n
d

k
n
ow

led
ge

ach
ieve

alm
ost

th
e

sam
e

L
ift

score
a
s

th
e

ru
les

p
ro

d
u
ced

from
th

e
en

tire
d
ata

set.
F

u
rth

er
sh

rin
k
in

g
th

e
d
ata

set
allow

s
H

ed
w

ig
to

d
iscov

er
an

ev
en

b
etter

ru
le.

C
om

p
arin

g
th

e
tw

o
tab

les
w

e
see—

even
m

ore
clearly

th
an

in
th

e
A

L
L

d
ata

set—
th

at
ign

orin
g

th
e

d
irection

of
ed

ges
resu

lted
in

b
etter

overall
p

erform
an

ce
of

th
e

algorith
m

.
E

sp
ecially

for
sm

all
b
ack

grou
n
d

k
n
ow

led
ge

sizes,
N

etS
D

M
fi
n
d
s

ru
les

w
ith

su
b
stan

tially
low

er
L

ift
valu

es
u
sin

g
scores

calcu
lated

on
d
irected

ed
g
es

com
p
a
red

to
th

o
se

calcu
lated

b
y

ign
orin

g
th

e
ed

ge
d
irection

.

2
8

JM
L

R
 20(32):1-50, 2019



N
e
t
S
D

M
:

S
e
m

a
n
t
ic

D
a
t
a

M
in

in
g

w
it

h
N

e
t
w

o
r
k

A
n
a
ly

si
s

T
ab

le
11

:
R

es
u
lt

s
of

N
et

S
D

M
u
si

n
g

d
ir

ec
t

n
et

w
or

k
co

n
v
er

si
on

w
it

h
d
ir

ec
te

d
ed

ge
s,

P
er

-
so

n
al

iz
ed

P
ag

eR
an

k
sc

or
in

g
fu

n
ct

io
n
,

n
äı
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an
d

N
ad

a
L

av
rač.
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2012).

T
h
e

d
isa

g
reem

en
t

co
effi

cien
t

is
th

e
su

p
rem

u
m

of
th

e
relation

b
etw

een
th

e
d
isagreem

en
t

m
ass

o
f

fu
n
ctio

n
s

th
at

are
r-d

istan
ced

from
f
∗

to
r,

ov
er

r.
P

C
S

classifi
cation

is
b
ased

on
u
sin

g
g
en

era
lization

b
ou

n
d
s

to
estim

ate
th

e
em

p
irical

error
of
f
∗,

an
d

m
ore

sp
ecifi

cally,
its

d
ista

n
ce

from
th

e
em

p
irical

error
of

th
e

E
R

M
.

W
h
en

ever
a
ll

th
e

fu
n
ction

s
th

at
resid

e
w

ith
in

a
b
a
ll

a
rou

n
d

th
e

E
R

M
u
n
an

im
ou

sly
agree,

th
e

classifi
er

ch
o
oses

to
classify.

T
h
u
s,

th
e

a
b
sta

in
ra

te
is

d
ep

en
d
en

t
on

th
e

d
isagreem

en
t

m
a
ss

of
th

e
fu

n
ction

s
w

ith
in

th
e

b
all.

T
h
e

ra
d
iu

s
o
f

th
e

b
a
ll

d
ep

en
d
s

on
th

e
gen

eralization
b

ou
n
d
s.

T
h
e

gen
era

lization
b

ou
n
d
s

w
e

u
se

a
re

o
f

th
e

fo
rm

Õ
(R

(f
∗)

+
d
/m

)
for

th
e

agn
ostic

case.
A

fter
ob

serv
in

g
m

ex
am

p
les,

w
e

can
b

o
u
n
d

th
e

d
isa

greem
en

t
m

ass
of

a
b
all

arou
n
d

th
e

E
R

M
,

b
y

m
u
ltip

ly
in

g
th

e
rad

iu
s

of
th

e
b
a
ll,

w
h
ich

is
Õ

(R
(f
∗)

+
d
/m

),
w

ith
th

e
d
isagreem

en
t

co
effi

cien
t.

T
h
u
s,

if
for

ex
a
m

p
le,

th
e

d
isa

g
reem

en
t

co
effi

cien
t

is
b

ou
n
d
ed

b
y

a
con

stan
t,

th
e

ab
stain

rate
of

som
e

P
C

S
algorith

m
s

ca
n

b
e

b
o
u
n
d
ed

b
y
Õ

(R
(f
∗)

+
d
/m

).
T

h
is

gives
a

b
asic

id
ea

of
th

e
d
isag

reem
en

t
co

effi
cien

t,
w

h
ich

w
ill

b
e

fo
rm

ally
p
resen

ted
later

on
.

N
o
te

th
a
t,

in
p
rin

cip
le,

th
e

d
isagreem

en
t

co
effi

cien
t

can
b

e
rep

laced
b
y

an
oth

er
im

-
p

o
rta

n
t

q
u
a
n
tity,

n
am

ely,
th

e
v
e
rsio

n
sp

a
c
e

c
o
m

p
re

ssio
n

se
t

siz
e
,

recen
tly

sh
ow

n
to

b
e

eq
u
ivalen

t
to

it
(W

ien
er

et
al.,

2015;
E

l-Y
an

iv
an

d
W

ien
er,

2015).
S
p

ecifi
cally,

an
O

(p
o
ly

lo
g
(m

)log
(1/δ))

version
sp

ace
com

p
ression

set
size

m
in

im
al

b
o
u
n
d

w
as

sh
ow

n
b
y

W
ien

er
et

a
l.

(2015,
C

orollary
11),

to
b

e
eq

u
ivalen

t
to

an
O

(p
oly

log
(1/

r))
d
isagreem

en
t

co
effi

cien
t.

Z
h
a
n
g

a
n
d

C
h
au

d
h
u
ri

(2014)
p
resen

t
a

n
ew

algorith
m

th
at

u
ses

L
P

in
ord

er
to

ach
ieve

b
etter

la
b

el
co

m
p
lex

ity
an

aly
sis

th
a
n

w
as

p
rev

iou
sly

k
n
ow

n
.

T
h
is

p
ap

er
p
ro

p
oses

a
q
u
a
n
tity,

d
en

o
ted

ϕ
c ,

to
rep

lace
th

e
d
isagreem

en
t

co
effi

cien
t

(see
a

stream
lin

ed
d
efi

n
ition

of
ϕ
c

at
th

e
to

p
o
f

p
a
g
e

2
4

in
H

an
n
eke,

2016),
w

h
ich

is
sm

aller
th

an
th

e
d
isagreem

en
t

co
effi

cien
t.
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G
e
l
b
h
a
r
t
a
n
d

E
l
-Y

a
n
iv

sh
ow

th
at

for
th

e
case

of
lin

ear
classifi

cation
u
n
d
er

log-con
cave

d
istrib

u
tion

s,
th

eir
an

aly
sis

can
im

p
rove

(red
u
ce)

th
e

argu
m

en
t

in
sid

e
th

e
logarith

m
of

th
e

la
b

el
com

p
lex

ity
b

ou
n
d
,

an
d

th
e

d
ep

en
d
en

cy
on

th
e

V
C

-d
im

en
sion

is
also

red
u
ced

b
y

a
sq

u
are

ro
ot.

H
ow

ev
er,

in
ou

r
p
ap

er
w

e
fo

cu
s

m
ain

ly
on

th
e

m
ore

b
asic

q
u
estion

:
w

h
en

can
w

e
ach

iev
e

an
ex

p
on

en
tial

sp
eed

u
p

in
term

s
of

1
/ε.

T
h
u
s,

d
u
e

to
th

e
sim

p
licity

of
th

e
d
isagreem

en
t

co
effi

cien
t,

an
d

its
w

id
esp

read
u
se

in
th

e
literatu

re,
w

e
ch

ose
to

fo
cu

s
on

it.
S
ee

a
d
etailed

d
iscu

ssion
on

th
e

ϕ
c

q
u
an

tity
in

S
ection

9.

T
h
e

fi
rst

con
trib

u
tion

of
th

is
p
ap

er
is

a
n
ov

el
selective

classifi
er,

called
IL

E
S
S
,
w

h
ich

u
ses

a
tigh

ter
gen

eralization
error

b
ou

n
d

th
an

L
E

S
S

an
d

d
ep

en
d
s

on
R

(f
∗)

(an
d

in
terp

o
lates

th
e

agn
ostic

an
d

realizab
le

cases).
M

ost
im

p
ortan

tly,
th

e
n
ew

strategy
can

b
e

an
aly

zed
com

p
letely

w
ith

ou
t

th
e

B
ern

stein
con

d
ition

.

W
e

d
erive

an
active

learn
in

g
algorith

m
,

called
A

ctive-IL
E

S
S
,
co

rresp
on

d
in

g
to

ou
r

selec-
tive

classifi
er,

IL
E

S
S
.

A
ctive-IL

E
S
S

is
con

stru
cted

to
w

ork
in

a
stream

-b
ased

A
L

m
o
d
el

an
d

its
q
u
ery

in
g

fu
n
ction

is
ex

trem
ely

con
servative:

for
each

u
n
lab

eled
ex

am
p
le,

th
e

algorith
m

req
u
ests

its
lab

el
if

an
d

on
ly

if
th

e
lab

elin
g

of
th

e
op

tim
al

classifi
er

(from
th

e
sam

e
class)

on
th

is
p

oin
t

can
n
ot

b
e

in
ferred

from
in

form
ation

alread
y

acq
u
ired

.
T

h
is

q
u
ery

in
g

strategy,
w

h
ich

is
often

term
ed

“d
isagreem

en
t-b

ased
,”

h
as

b
een

u
sed

in
a

n
u
m

b
er

of
stream

-b
ased

A
L

algorith
m

s
su

ch
as

A
gn

ostic
C

A
L

an
d

O
racu

lar
C

A
L

(H
su

,
2010

),
A

2
(A

gn
o
stic

A
ctive

),
d
evelop

ed
b
y

B
alcan

et
al.

(2006),
R

o
b
u
stC

A
L

,
stu

d
ied

in
H

an
n
eke

(2012,
2014b

)
an

d
H

an
-

n
eke

an
d

Y
an

g
(2012),

or
th

e
gen

eral
agn

ostic
A

L
algorith

m
of

D
asgu

p
ta

et
al.

(2007).
P

ap
er

H
u
an

g
et

al.
(2015)

p
resen

ted
a

com
p
u
tation

ally
effi

cien
t

algorith
m

for
d
isagreem

en
t-b

ased
A

L
.W

e
p
rov

e
th

at
A

ctive-IL
E

S
S
,

d
esp

ite
b

ein
g

very
sim

ila
r

to
O

racu
lar

C
A

L
H

su
(2010),

ex
h
ib

its
an

im
p
roved

lab
el

com
p
lex

ity,
in

com
p
arison

to
th

at
p
roved

for
O

ra
cu

lar
C

A
L

.
S
p

ecifi
cally,

A
ctive-IL

E
S
S

ach
iev

es
th

e
sam

e
lab

el
com

p
lex

ity
as

A
gn

ostic
C

A
L

,
w

h
ile

b
ein

g
sim

p
ler

in
th

e
sen

se
th

at
its

con
su

m
p
tion

of
E

R
M

com
p
u
tation

s
is

sm
aller.

T
h
e

fi
rst

form
al

relation
sh

ip
b

etw
een

P
C

S
classifi

cation
an

d
A

L
w

as
p
rop

osed
b
y

E
l-

Y
an

iv
an

d
W

ien
er

(2012);
W

ien
er

(2
013),

w
h
ere

th
e

aforem
en

tion
ed

C
S
S

algorith
m

w
as

sh
ow

n
to

b
e

eq
u
ivalen

t
to

th
e

w
ell-k

n
ow

n
C

A
L

A
L

algorith
m

of
C

oh
n

et
al.

(19
94),

in
th

e
sen

se
th

at
a

fast
cov

erage
rate

for
C

S
S

w
as

p
roven

to
b

e
eq

u
ivalen

t
to

a
n

ex
p

on
en

tial
lab

el
com

p
lex

ity
sp

eed
u
p

for
C

A
L

.
T

h
is

resu
lt

a
p
p
lies

to
th

e
realizab

le
settin

g
on

ly.
O

u
r

fi
rst

con
trib

u
tion

is
a

sim
ilar

eq
u
ivalen

ce
relation

b
etw

een
p

oin
tw

ise-co
m

p
etitive

selective
classifi

cation
an

d
A

L
,

w
h
ich

ap
p
lies

to
th

e
m

ore
ch

allen
gin

g
agn

ostic
case

an
d

sm
o
oth

ly
in

terp
olates

th
e

realizab
le

an
d

agn
ostic

settin
gs.

O
u
r

secon
d

an
d

m
ain

con
trib

u
tion

is
to

sh
ow

a
com

p
lete

eq
u
ivalen

ce
b

etw
een

(i)
selectiv

e
classifi

cation
w

ith
a

fast
R
∗

rejection
rate,

(ii)
an

A
L

algo
rith

m
,

A
ctive-IL

E
S
S
,

w
ith

an
R
∗

ex
p

on
en

tial
sp

eed
u
p
,

an
d

(iii)
th

e
ex

isten
ce

of
an

f
∗

w
ith

a
d
isagreem

en
t

co
effi

cien
t

b
ou

n
d
ed

b
y

p
oly

log
(1/r).

T
h
is

is
illu

strated
in

F
igu

re
1,

w
h
ere

th
e

b
lu

e
errors

in
d
icate

th
e

eq
u
ivalen

ce
relation

sh
ip

s
w

e
p
rove

in
th

is
p
ap

er,
an

d
th

e
red

arrow
in

d
icates

a
p
rev

iou
sly

k
n
ow

n
resu

lt
(H

su
,

2010;
H

an
n
ek

e,
2007),

an
d

can
also

b
e

d
ed

u
ced

from
th

e
oth

er
arrow

s.

2
.

D
e
fi
n
itio

n
s

C
on

sid
er

a
d
om

ain
X

,
an

d
a

b
in

ary
lab

el
set
Y

=
{±

1}.
A

learn
in

g
p
rob

lem
is

sp
ecifi

ed
v
ia

a
h
y
p

oth
esis

classF
an

d
an

u
n
k
n
ow

n
p
rob

ab
ility

d
istrib

u
tion

P
X
,Y

.
G

iven
a

seq
u
en
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S
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L
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n
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h
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r
e
e
m
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t
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o
e
f
f
ic
ie
n
t

F
ig

u
re

1:
M

ai
n

re
su

lt
s

of
la

b
el

ed
tr

ai
n
in

g
ex

am
p
le

s
S
m

=
((
x

1
,y

1
),

(x
2
,y

2
),
..
.,

(x
m
,y
m

))
,

su
ch

th
a
t
∀i
,(
x
i,
y i

)
∈

X
×
Y,

th
e

em
p
ir

ic
al

er
ro

r
of

a
h
y
p

ot
h
es

is
f

ov
er
S
m

is
R̂

(f
,S

m
)
,

1 m

∑
m i=

1
`(
f

(x
i)
,y
i)

,
w

h
er

e
`

:
Y
×
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→

R
+

is
a

lo
ss

fu
n
ct

io
n
.

In
th

is
p
ap

er
,

w
e

fo
cu

s
m

ai
n
ly

on
th

e
ze

ro
-o

n
e

lo
ss

fu
n
ct

io
n
,
` 0

1
(y
,y
′ )
,
1
{y
6=
y
′ }.

T
h
e

tr
u
e

(z
er

o-
on

e)
er

ro
r

of
f

is
R

(f
)
,

E P
[`

0
1
(f

(x
),
y
)]

.
A

n
em

p
ir

ic
al

ri
sk

m
in

im
iz

er
h
y
p

ot
h
es
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(h

en
ce

fo
rt

h
,

an
E

R
M

)
is

f̂
(S
m

)
,

ar
gm

in
f
∈F

R̂
(f
,S

m
),

(1
)

an
d

a
tr

u
e

ri
sk

m
in

im
iz

er
is
f
∗
,

ar
gm

in
f
∈F

R
(f

).
3

W
e

ac
q
u
ir

e
th

e
fo

ll
ow

in
g

d
efi

n
it

io
n
s

fr
om

W
ie

n
er

an
d

E
l-

Y
an

iv
(2

01
5)

.
F

or
an

y
h
y
p

ot
h
-

es
is

cl
as

s
F

,
h
y
p

ot
h
es

is
f
∈
F

,
d
is

tr
ib

u
ti

on
P X

,Y
,

sa
m

p
le
S
m

,
an

d
re

al
n
u
m

b
er
r
>

0,
d
efi

n
e

th
e

tr
u
e

an
d

em
p
ir

ic
al

lo
w

-e
rr

o
r

se
ts

,

V(
f
,r

)
,
{ f
′ ∈
F

:
R

(f
′ )
≤
R

(f
)

+
r}

(2
)

an
d

V̂(
f
,r

)
,
{ f
′ ∈
F

:
R̂

(f
′ ,
S
m

)
≤
R̂

(f
,S

m
)

+
r}

.
(3

)

L
et

G
⊆
F
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T

h
e

d
is

a
gr

ee
m

en
t

se
t

(H
an

n
ek

e,
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Y
an
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d
W

ie
n
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w
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ar
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d
efi

n
ed

,
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v
el
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I
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∃f

1
,f

2
∈
G

,
f 1
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)
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)
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W
e

a
ss

u
m

e
th

a
t
f
∗

ex
is

ts
,

a
n

d
th

a
t

it
n

ee
d

n
o
t

b
e

u
n

iq
u

e,
in

w
h

ic
h
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se
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∗

re
fe
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n
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f

th
e
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b
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se
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ct

iv
e
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a
ss
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o
n

(E
l-

Y
an

iv
an

d
W

ie
n
er

,
20

10
),

th
e

le
ar

n
in

g
al

go
ri

th
m

re
ce

iv
es
S
m

an
d

is
re

q
u
ir

ed
to

ou
tp

u
t

a
se

le
ct

iv
e

cl
a
ss

ifi
er

,
d
efi

n
ed

to
b

e
a

p
ai

r
(f
,g

),
w

h
er

e
f
∈
F

is
a

cl
as

si
fi
er

,
an

d
g

:
X
→
{0
,1
}

is
a

se
le

ct
io

n
fu

n
ct

io
n

,
se

rv
in

g
as

a
q
u
al

ifi
er

fo
r
f

a
s

fo
ll
ow

s.
F

or
an

y
x
∈
X

,
(f
,g

)(
x

)
=
f

(x
)

iff
g
(x

)
=

1.
O

th
er

w
is

e,
th

e
cl

as
si

fi
er

ou
tp

u
ts

“
I

d
o
n
’t

k
n
ow

”.
F

or
an

y
se

le
ct

iv
e

cl
as

si
fi
er

(f
,g

),
w

e
d
efi

n
e

it
s

co
ve

ra
ge

to
b

e

Φ
(f
,g

)
,

P
r

X
∼
P X

(g
(X

)
=

1)
,

an
d

it
s

co
m

p
le

m
en

t,
1
−

Φ
,

is
ca

ll
ed

th
e

a
b

st
a
in

ra
te

.
F

or
an

y
f
∈
F

a
n
d
r
>

0
,

d
efi

n
e

th
e

se
t
B

(f
,r

)
of

al
l

h
y
p

ot
h
es

es
th

at
re

si
d
e

w
it

h
in

a
b
al

l
of

ra
d
iu

s
r

ar
ou

n
d
f

,

B
(f
,r

)
,
{ f
′ ∈
F

:
P

r
X
∼
P X

{ f
′ (
X

)
6=
f

(X
)}
≤
r}

.

F
or

an
y
G
⊆
F

,
a
n
d

d
is

tr
ib

u
ti

on
P X

,
w

e
d
en

ot
e

b
y

∆
G

th
e

vo
lu

m
e

of
th

e
d
is

a
g
re

em
en

t
se

t
of
G

(s
ee

(4
))

,
∆
G
,

P
r
{D

I
S

(G
)}

.

D
e
fi

n
it

io
n

2
.1

(D
is

a
g
re

e
m

e
n
t

C
o
e
ffi

c
ie

n
t)

L
et
r 0
≥

0
.

H
a
n

n
ek

e’
s

d
is

a
g
re

em
en

t
co

ef
-

fi
ci

en
t

(H
a
n

n
ek

e,
2
0
0
7
)

o
f

a
cl

a
ss

ifi
er
f
∈
F

w
it

h
re

sp
ec

t
to

th
e

ta
rg

et
d
is

tr
ib

u
ti

o
n
P X

is

θ f
(r

0
)
,

su
p

r
>
r 0

∆
B

(f
,r

)

r
,

(6
)

a
n

d
th

e
ge

n
er

a
l

d
is

ag
re

em
en

t
co

effi
ci

en
t

o
f

th
e

en
ti

re
h
yp

o
th

es
is

cl
a
ss
F

is

θ(
r 0

)
,

su
p

f
∈F

θ f
(r

0
).

(7
)

N
ot

ic
e

th
at

th
is

d
efi

n
it

io
n

of
th

e
d
is

ag
re

em
en

t
co

effi
ci

en
t

is
in

d
ep

en
d
en

t
o
f
P Y
|X

.
A

n
-

ot
h
er

co
m

m
on

ly
u
se

d
d
efi

n
it

io
n

of
th

e
d
is

ag
re

em
en

t
co

effi
ci

en
t

d
o
es

d
ep

en
d

o
n

a
tr

u
e

ri
sk

m
in

im
iz

er
f
∗ ,

as
fo

ll
ow

s:

θ′
(r

0
)

=
su

p
r
>
r 0

∆
B

(f
∗ ,
r)

r
.

(8
)

C
le

ar
ly

,
it

al
w

ay
s

h
ol

d
s

th
at
θ′
≤
θ.

T
h
e

in
d
ep

en
d
en

ce
of
θ

of
u
n
k
n
ow

n
q
u
a
n
ti

ti
es

su
ch

as
th

e
u
n
d
er

ly
in

g
d
is

tr
ib

u
ti

on
(a

n
d
f
∗ )

,
h
ow

ev
er

,
is

a
co

n
ve

n
ie

n
t

p
ro

p
er

ty
th

a
t

so
m

et
im

es
al

lo
w

s
fo

r
a

d
ir

ec
t

es
ti

m
at

io
n

of
θ,

w
h
ic

h
on

ly
d
ep

en
d
s

on
th

e
m

ar
gi

n
al

d
is

tr
ib

u
ti

o
n
,
P X

.
T

h
is

is
,

fo
r

ex
am

p
le

,
th

e
ca

se
in

A
L

,
w

h
er

e
la

b
el

s
ar

e
ex

p
en

si
ve

b
u
t

in
fo

rm
a
ti

o
n

a
b

o
u
t

th
e

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
(p

ro
v
id

ed
b
y

u
n
la

b
el

ed
ex

a
m

p
le

s)
is

ch
ea

p
.

N
ot

e
al

so
th

a
t

th
e

a
b

ov
e

d
efi

n
it

io
n

of
θ′

im
p
li
ci

tl
y

as
su

m
es

a
u
n
iq

u
e
f
∗ .

N
ev

er
th

el
es

s,
th

e
d
efi

n
it

io
n

ca
n

b
e

ex
te

n
d
ed

to
ca

se
s

w
h
er

e
f
∗

is
n
ot

u
n
iq

u
e,

in
w

h
ic

h
ca

se
th

e
in

fi
m

u
m

ov
er

al
l
f
∗

ca
n

b
e

co
n
si

d
er

ed
(t

h
e

an
al

y
si

s
ca

n
b

e
ex

te
n
d
ed

ac
co

rd
in

gl
y

u
si

n
g

li
m

it
s)

.
F

or
m

or
e

on
th

e
d
is

a
g
re

em
en

t
co

effi
ci

en
t,

an
d

ex
am

p
le

s
of

p
ro

b
ab

il
it

ie
s

d
is

tr
ib

u
ti

on
s

an
d

h
y
p

ot
h
es

is
cl

as
se

s
fo

r
w

h
ic

h
it

is
b

ou
n
d
ed

,
se

e
H

an
n
ek

e
(2

01
4b

).
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S
e
l
e
c
t
iv
e
C
l
a
ssif

ic
a
t
io
n
,
A
c
t
iv
e
L
e
a
r
n
in
g

a
n
d

t
h
e
D
isa

g
r
e
e
m
e
n
t
C
o
e
f
f
ic
ie
n
t

3
.

C
o
n
v
e
rg

e
n
ce

B
o
u
n
d
s

a
n
d

L
E

S
S

W
e

u
se

a
u
n
ifo

rm
con

v
ergen

ce
b

ou
n
d

from
V

ap
n
ik

an
d

C
h
ervon

en
k
is

(1974);
D

asgu
p
ta

et
a
l.

(2
0
0
7
);

B
ou

sq
u
et

et
al.

(2003).
D

efi
n
e

con
vergen

ce
slack

s
σ
R
−
R̂

(m
,δ,d

,R
,R̂

)
an

d

σ
R̂
−
R

(m
,δ,d

,R
,R̂

),
giv

en
in

term
s

of
th

e
train

in
g

sam
p
le,

S
m

,
its

size,
m

,
th

e
con

fi
d
en

ce
p
a
ra

m
eter,

δ,
a
n
d

th
e

V
C

-d
im

en
sion

d
of

th
e

classF
.

F
or

an
y
f
∈
F

,

σ
R
−
R̂

(m
,δ,d

,R
,R̂

),
m

in 

4d
ln

(
1
6
m
e

d
δ

)

m
+

√
4d

ln
(

1
6
m
e

d
δ

)

m
·
R̂

︸
︷︷

︸
σ̂
R
−
R̂

(m
,δ,d

,R̂
)

, √
4
d

ln
(

1
6
m
e

d
δ

)

m
·
R

︸
︷︷

︸
σ̄
R
−
R̂

(m
,δ,d

,R
)


(9)

a
n
dσ
R̂
−
R

(m
,δ,d

,R
,R̂

),
m

in 

4
d

ln
(

1
6
m
e

d
δ

)

m
+

√
4
d

ln
(

1
6
m
e

d
δ

)

m
·R

︸
︷︷

︸
σ̄
R̂
−
R

(m
,δ,d

,R
)

, √
4
d

ln
(

1
6
m
e

d
δ

)

m
·
R̂

︸
︷︷

︸
σ̂
R̂
−
R

(m
,δ,d

,R̂
)


.

(10)

T
o

sim
p
lify

th
e

an
aly

sis,
w

e
fu

rth
er

d
ecom

p
ose

th
e

ab
ove

slack
term

s
in

to
th

eir
em

p
irical

a
n
d

n
o
n
-em

p
irical

com
p

on
en

ts.
F

or
(9),

w
e

th
u
s

h
av

e,
resp

ectively,

σ̂
R
−
R̂

(m
,δ,d

,R̂
),

4
d

ln
(

1
6
m
e

d
δ

)

m
+

√
4
d

ln
(

1
6
m
e

d
δ

)

m
·R̂

(11)

a
n
d

σ̂
R̂
−
R

(m
,δ,d

,R̂
),

√
4d

ln
(

1
6
m
e

d
δ

)

m
·
R̂
.

(12)

S
im

ila
rly,

th
e

n
on

-em
p
irical

p
art

in
th

ese
m

in
im

u
m

s
are

d
en

o
ted

b
y
σ̄
R
−
R̂

an
d
σ̄
R̂
−
R

.
W

ith
th

is
n
o
ta

tio
n
,

w
e

can
w

rite,
for

ex
am

p
le,
σ
R
−
R̂

=
m

in{
σ̂
R
−
R̂
,σ̄

R
−
R̂ }

.
O

u
r

L
em

m
a

1
is

tak
en

fro
m

th
e

w
o
rk

o
f

D
asgu

p
ta

et
al.

(2007,
L

em
m

a
1),

w
h
ich

is
b
ased

on
B

ou
sq

u
et

et
al.

(2003,
T

h
eo

rem
7
)

4.

L
e
m

m
a

1
L

etF
be

a
h
ypo

th
esis

cla
ss

w
ith

V
C

-d
im

en
sio

n
d

.
F

o
r

a
n

y
0
<
δ
<

1
,

w
ith

p
ro

ba
bility

o
f

a
t

lea
st

1−
δ

o
ver

th
e

ch
o
ice

o
f
S
m

fro
m
P
m

,
a
n

y
h
ypo

th
esis

f
∈
F

sa
tisfi

es

R
(f

)≤
R̂

(f
)

+
σ
R
−
R̂

(
m
,δ,d

,R
(f

),R̂
(f

) )
(13)

R̂
(f

)≤
R

(f
)

+
σ
R̂
−
R

(
m
,δ,d

,R
(f

),R̂
(f

) )
.

(14)

4
.

In
th

e
o
rig

in
a
l

lem
m

a
fro

m
D

a
sg

u
p

ta
et

a
l.

(2
0
0
7
),
S

(H
,n

),
th

e
g
row

th
fu

n
ctio

n
,

is
g
iv

en
.

W
e

in
sert

S
a
u

er’s
L

em
m

a
,
S

(H
,n

)≤
(
e
md

)
d,

in
to

L
em

m
a

1
fro

m
D

a
sg

u
p

ta
et

a
l.

(2
0
0
7
)

to
g
et

o
u

r
lem

m
a
.
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G
e
l
b
h
a
r
t
a
n
d

E
l
-Y

a
n
iv

S
trategy

1
is

th
e

L
E

S
S

algorith
m

of
W

ien
er

an
d

E
l-Y

an
iv

(2015).
L

E
S
S

learn
s

w
.h

.p
.

a
p

oin
tw

ise-com
p

etitive
selective

classifi
er,

(f
,g

),
w

h
ere

f
∈
F

an
d
g

:X
→
{
0
,1}

is
its

selection
fu

n
ction

th
at

d
eterm

in
es

w
h
eth

er
to

ab
stain

or
to

classify.
A

po
in

tw
ise-co

m
petitive

selective
cla

ssifi
er

m
u
st

satisfy
th

e
follow

in
g

con
d
ition

:
F

or
each

x
w

ith
g
(x

)
=

1,
it

m
u
st

h
old

th
at

f
(x

)
=
f
∗(x

)
for

all
f
∗
∈
F

.
A

P
C

S
learn

in
g

algorith
m

m
u
st

ou
tp

u
t

a
P

C
S

classifi
er

w
.h

.p
.

fo
r

a
llP

Y
|X

;
oth

erw
ise,

on
e

can
con

sid
er

a
tailor-m

ad
e

triv
ial

algorith
m

for
each

d
istrib

u
tion

,
w

h
ich

sim
p
ly

retu
rn

s
f
∗.

R
e
m

a
rk

2
T

h
e

o
rigin

a
l

d
efi

n
itio

n
o
f

po
in

tw
ise-co

m
petitiven

ess
fro

m
W

ien
er

a
n

d
E

l-Y
a
n

iv
(2

0
1
5
)

requ
ires

a
sin

gle
f
∗.

W
e

w
id

en
th

e
d
efi

n
itio

n
to

ca
ses

fo
r

w
h
ich

th
ere

a
re

m
o
re

th
a
n

o
n

e
f
∗,

a
n

d
requ

ire
th

a
t

a
po

in
tw

ise-co
m

petitive
selective

cla
ssifi

er
be

equ
a
l

to
all

f
∗,

w
h
erever

g
=

1.
T

h
is

extra
po

la
tio

n
seem

s
a

bit
strict.

N
everth

eless,
even

if
th

e
requ

irem
en

t
w

o
u

ld
h
a
ve

been
rela

xed
to

“
a
n

y
f
∗”

,
a
n

y
po

in
tw

ise-co
m

petitive
selective

cla
ssifi

er
w

o
u

ld
still

h
a
ve

been
fo

rced
to

id
en

tify
w

ith
a
ll
f
∗,

a
s

it
is

im
po

ssible
to

d
eterm

in
e

w
h
eth

er
a

set
o
f

fu
n

ctio
n

s
a
re

a
ll
f
∗,

o
r

o
n

e
is

better
th

a
n

th
e

rest.

T
h
e

m
ain

id
ea

b
eh

in
d

L
E

S
S

is
th

at,
w

.h
.p

.,
all

f
∗

lie
w

ith
in

a
b
all

arou
n
d

an
E

R
M

h
y
p

oth
esis

w
ith

a
n

error
rad

iu
s

of
2σ

(m
,δ/4

,d
),

w
h
ere

σ
(m
,δ,d

),
2 √

2
d (ln

2
m
e

d

)
+

ln
2δ

m
(15)

is
th

e
slack

term
of

a
certain

u
n
iform

con
vergen

ce
b

ou
n
d
.

T
h
erefore,

if
all

th
e

fu
n
ction

s
in

th
at

b
all

agree
over

th
e

lab
elin

g
of

a
n
y

in
stan

ce
x

,
w

e
k
n
ow

w
ith

h
igh

p
rob

ab
ility

th
at

all
f
∗

lab
el
x

th
e

sam
e

w
ay

as
th

e
E

R
M

.
T

h
is

p
rop

erty
en

su
res

th
at

L
E

S
S

is
p

oin
tw

ise-com
p

etitive
w

.h
.p

.

S
tra

te
g
y

1
A

gn
o
stic

L
ow

-E
rror

S
elective

S
trategy

(L
E

S
S
)

In
p
u
t:

S
a
m

p
le

set
o
f

size
m

,
S
m

,
C

o
n

fi
d

en
ce

lev
el
δ

H
y
p

o
th

esis
cla

ssF
w

ith
V

C
d

im
en

sio
n
d

O
u
tp

u
t:

A
selectiv

e
cla

ssifi
er

(h
,g

)
1
:

S
et
f̂

=
E
R
M

(F
,S
m

),
i.e.,

f̂
is

a
n
y

em
p

irica
l

risk
m

in
im

izer
fro

m
F

2
:

S
et
G

=
V̂
(
f̂
,2
σ

(m
,δ/

4
,d

) )

3
:

C
o
n

stru
ct
g

su
ch

th
a
t
g
(x

)
=

1
⇐
⇒
x
∈
{X
\
D
I
S

(G
)}

4
:
f

=
f̂

4
.

IL
E

S
S

W
e

n
ow

in
tro

d
u
ce

an
im

p
roved

v
ersion

of
L

E
S
S
,

called
IL

E
S
S
,

w
h
ich

u
ses

a
rad

iu
s

of

th
e

form
d·

p
oly

log
(m
,1
/δ)· (

1m
+

√
R

(f
∗
)

m

)
.

N
otin

g
th

at
th

e
rad

iu
s,

2σ
(m
,δ/4

,d
),

u
sed

b
y

L
E

S
S

to
d
efi

n
e
G

=
V̂

,
is

of
th

e
form

d·
p

oly
log

(m
,1/δ)/ √

m
,

w
e

ob
serve

th
a
t

in
cases

w
h
ere

R
(f
∗)≈

Cm
,

th
is

n
ew

rad
iu

s
b

eh
aves

as
d·p

o
ly

lo
g
(m
,1
/
δ
)

m
.

W
e

later
sh

ow
th

at
th

is
rad

iu
s

allow
s

IL
E

S
S

to
ach

iev
e

a
faster

rejection
d
ecay

rate
th

an
th

e
o
n
e

ach
ieved

b
y

L
E

S
S
.

C
on

sid
er

th
e

p
seu

o
d
o-co

d
e

of
IL

E
S
S

given
in

S
trategy

2.
W

e
n
ow

an
aly

ze
IL

E
S
S
,

an
d

b
egin

b
y

sh
ow

in
g

in
L

em
m

a
3

th
at

IL
E

S
S

is
p

oin
tw

ise-com
p

etitiv
e

w
.h

.p
.,

i.e.,
for

an
y
x
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S
e
l
e
c
t
iv
e
C
l
a
ss
if
ic
a
t
io
n
,
A
c
t
iv
e
L
e
a
r
n
in
g

a
n
d

t
h
e
D
is
a
g
r
e
e
m
e
n
t
C
o
e
f
f
ic
ie
n
t

S
tr

a
te

g
y

2
Im

p
ro

ve
d

L
ow

-E
rr

or
S
el

ec
ti

ve
S
tr

at
eg

y
(I

L
E

S
S
)

In
p
u
t:

S
a
m

p
le

se
t
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in
g

th
e

d
is

ag
re

em
en

t
co

effi
ci

en
t

is
θ(
r)

=
O

(p
ol

y
lo

g
(1
/r

))
fo

r
r
≥
R

(f
∗ )

,
th

e
re

je
ct

io
n

m
as

s
of

IL
E

S
S
,

d
efi

n
ed

as
th

e
p
ro

b
ab

il
it

y
th

at
th

e
cl

as
si

fi
er

tr
ai

n
ed

b
y

IL
E

S
S

w
il
l

ou
tp

u
t

“I
d
on

’t
k
n
ow

”
is

b
ou

n
d
ed

w
.h

.p
.

b
y

p
ol

y
lo

g
1

(
1

R
(f
∗ )

+
1
/m

)
·R

(f
∗ )

+
d
·p

ol
y
lo

g
2
(m
,1
/δ

)

m
.

(3
2)

In
m

an
y

ca
se

s,
th

e
d
is

ag
re

em
en

t
co

effi
ci

en
t,
θ(
r)

,
is

b
ou

n
d
ed

b
y

a
co

n
st

an
t,

or
b
y

O
(p

ol
y
lo

g
(1
/r

))
fo

r
al

l
r
>

0
(s

ee
H

an
n
ek

e,
20

14
b
).

F
or

ex
am

p
le

,
it

w
as

sh
ow

n
in

W
ie

n
er

et
al

.
(2

01
5)

,
th

at
fo

r
li
n
ea

r
se

p
ar

at
or

s
u
n
d
er

m
ix

tu
re

of
G

au
ss

ia
n
s,

an
d

fo
r

a
x
is

-a
li
gn

ed
re

ct
an

gl
es

w
it

h
p
ro

b
ab

il
it

y
m

as
s

b
ou

n
d
ed

aw
ay

fr
om

ze
ro

u
n
d
er

p
ro

d
u
ct

d
en

si
ti

es
ov

er
R
k
,

θ(
r)

is
b

ou
n
d
ed

b
y
O

(p
ol

y
lo

g
(1
/r

))
fo

r
al

l
r
>

0.
F

or
su

ch
ca

se
s,

w
e

k
n
ow

th
at

(3
2
)

al
w

ay
s

h
ol

d
s,

re
ga

rd
le

ss
of

th
e

si
ze

of
R

(f
∗ )

.
T

h
e

d
is

ag
re

em
en

t
co

effi
ci

en
t

is
on

ly
d
ep

en
d
en

t
on

th
e

m
ar

gi
n
al
P X

,
th

e
h
y
p

ot
h
es

is
cl

a
ss
F

,
an

d
th

e
id

en
ti

ty
of

th
e

tr
u
e

ri
sk

m
in

im
iz

er
s,
f
∗

(w
h
ic

h
is

n
ot

n
ec

es
sa

ri
ly

u
n
iq

u
e)

.
T

h
is

fa
ct

m
ot

iv
at

es
th

e
fo

ll
ow

in
g

d
efi

n
it

io
n

of
a

re
je

ct
io

n
ra

te
of

a
se

le
ct

iv
e

le
ar

n
in

g
al

go
ri

th
m

,
w

h
ic

h
is

on
ly

d
ep

en
d
en

t
on
P X

,F
a
n
d
f
∗ .

D
e
fi

n
it

io
n

4
.2

(F
a
st
R
∗

R
e
je

c
ti

o
n

R
a
te

)
G

iv
en
P X

,F
a
n

d
f
∗ ,

if
fo

r
a
ll
δ
>

0
,

a
n

d
a
ll
P Y
|X

fo
r

w
h
ic

h
f
∗

is
a

tr
u

e
ri

sk
m

in
im

iz
er

,
th

e
re

je
ct

io
n

m
a
ss

o
f

a
se

le
ct

iv
e

cl
a
ss

ifi
er

le
a
rn

in
g

a
lg

o
ri

th
m

is
bo

u
n

d
ed

by
(3

2
)

w
it

h
p
ro

ba
bi

li
ty

o
f

a
t

le
a
st

1
−
δ,

w
e

sa
y

th
a
t

th
e

a
lg

o
ri

th
m

a
ch

ie
ve

s
a
fa
st
R
∗
re
je
c
ti
o
n

ra
te

,
w

it
h

p
ol

y
lo

g
1

a
n

d
p

ol
y
lo

g
2

a
s

it
s

pa
ra

m
et

er
s.

C
o
ro

ll
a
ry

7
L

et
F

be
a

h
yp

o
th

es
is

cl
a
ss

w
it

h
a

fi
n

it
e

V
C

d
im

en
si

o
n
d

.
G

iv
en
P X

a
n

d
f
∗ ,

if
θ f
∗
(r

)
is

bo
u

n
d
ed

by
O

(p
ol

y
lo

g
(1
/r

))
fo

r
a
ll
r
>

0
,

th
en

th
er

e
ex

is
ts

a
P

C
S

le
a
rn

in
g

a
lg

o
ri

th
m

(I
L

E
S
S

)
w

h
ic

h
a
ch

ie
ve

s
a

fa
st
R
∗

re
je

ct
io

n
ra

te
.

P
ro

o
f

T
h
e

p
ro

of
is

im
m

ed
ia

te
fr

om
T

h
eo

re
m

5.

In
th

e
n
ex

t
se

ct
io

n
,

w
e

w
il
l

sh
ow

th
e

ot
h
er

d
ir

ec
ti

on
;

th
at

is
,

if
th

er
e

is
a

P
C

S
le

ar
n
in

g
al

go
ri

th
m

th
at

h
as

a
fa

st
R
∗

re
je

ct
io

n
ra

te
,

th
en

θ(
r)

=
O

(p
ol

y
lo

g
(1
/r

))
fo

r
al

l
r
>

0.
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G
e
l
b
h
a
r
t
a
n
d

E
l
-Y

a
n
iv

A
s

lo
n
g

as
th

e
n
u
m

b
er

of
tr

ai
n
in

g
ex

am
p
le

s
th

at
IL

E
S
S

re
ce

iv
es

is
n
o
t

“
to

o
la

rg
e”

re
la

ti
ve

to
1/
R

(f
∗ )

,
i.
e.

,
m
�

1
R

(f
∗ )

,
th

e
re

je
ct

io
n

m
as

s
of

IL
E

S
S

is

O

(
d
·p

ol
y
lo

g
(m
,1
/δ

)

m

)
.

W
h
en
m

is
la

rg
e,

an
d
R

(f
∗ )

b
ec

om
es

m
or

e
d
om

in
a
n
t

th
a
n

1 m
,
ou

r
co

ve
ra

ge
b

o
u
n
d

is
d
o
m

-
in

at
ed

b
y
R

(f
∗ )

.
T

h
is

sh
ou

ld
n
ot

su
rp

ri
se

u
s,

as
IL

E
S
S

ac
h
ie

ve
s

po
in

tw
is

e-
co

m
pe

ti
ti

ve
n

es
s

w
.h

.p
.,

an
d

an
y

st
ra

te
gy

th
at

ac
h
ie

ve
s

p
oi

n
tw

is
e-

co
m

p
et

it
iv

en
es

s
ca

n
n
ot

en
su

re
a

b
et

te
r

re
je

ct
io

n
m

as
s

th
an

R
(f
∗ )

w
it

h
ou

t
m

ak
in

g
m

or
e

as
su

m
p
ti

on
s

ab
ou

t
th

e
er

ro
r

o
r

th
e

d
is

tr
i-

b
u
ti

on
.

T
h
is

ca
n

b
e

se
en

in
th

e
fo

ll
ow

in
g

ex
am

p
le

,
in

w
h
ic

h
θ(
r)
≤

1
fo

r
al

l
r
>

0
,

b
u
t

th
e

re
je

ct
io

n
m

as
s

of
an

y
p

oi
n
tw

is
e-

co
m

p
et

it
iv

e
st

ra
te

gy
is

al
w

ay
s

at
le

as
t
R

(f
∗ )

.

E
x
a
m

p
le

1
G

iv
en

a
n

y
0
<
ε
<

0
.5

,
le

t
X

=
[0
,1

],
a
n

d
F

=
{f

1
,f

2
}

w
h
er

e

f 1
(x

)
=

{
1
,
x
<
ε

0
,

o
th

er
w

is
e
,f

2
(x

)
=

{
1
,
x
>

1
−
ε

0
,

o
th

er
w

is
e.

L
et
P X

b
e

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
ov

er
[0
,1

].
A

ss
u
m

e
th

at
Y

w
il
l

a
lw

ay
s

b
e

ze
ro

.
f 1

a
n
d

f 2
ar

e
b

ot
h
f
∗ .

E
ve

ry
p

oi
n
tw

is
e-

co
m

p
et

it
iv

e
cl

as
si

fi
er

w
il
l
h
av

e
to

ou
tp

u
t
g
(x

)
=

0
fo

r
ev

er
y

x
in

th
e

d
is

ag
re

em
en

t
se

t
of
f 1

an
d
f 2

.
R

(f
∗ )

=
ε,

an
d

th
e

re
je

ct
io

n
m

as
s

is
2
ε(

=
2R

(f
∗ )

).

5
.

F
ro

m
S
e
le

ct
iv

e
C

la
ss

ifi
ca

ti
o
n

to
th

e
D

is
a
g
re

e
m

e
n
t

C
o
e
ffi

ci
e
n
t

W
e

n
ow

tu
rn

to
sh

ow
a

re
d
u
ct

io
n

fr
om

se
le

ct
iv

e
cl

as
si

fi
ca

ti
on

,
to

th
e

d
is

ag
re

em
en

t
co

effi
-

ci
en

t.

T
h

e
o
re

m
8

L
et
F

be
a

h
yp

o
th

es
is

cl
a
ss

w
it

h
a

fi
n

it
e

V
C

d
im

en
si

o
n
d

,
a
n

d
P X

,Y
be

a
n

u
n

kn
o
w

n
d
is

tr
ib

u
ti

o
n

.
L

et
P

C
S

be
a
n

a
lg

o
ri

th
m

th
a
t

re
tu

rn
s

a
po

in
tw

is
e-

co
m

pe
ti

ti
ve

se
le

c-
ti

ve
cl

a
ss

ifi
er

w
.h

.p
.

fo
r

a
ll

d
is

tr
ib

u
ti

o
n

s
w

h
o
se

m
a
rg

in
a
l

is
P X

.
If

fo
r

ev
er

y
m
≤

1/
R

(f
∗ )

,
0
<
δ,

w
it

h
p
ro

ba
bi

li
ty

o
f

a
t

le
a
st

1
−
δ,

th
e

a
bs

ta
in

ra
te

1
−

Φ
o
f

P
C

S
(S
m
,δ
,F
,d

)
is

bo
u

n
d
ed

by
a

m
o
n

o
to

n
ic

5
po

ly
lo

g
a
s

fo
ll

o
w

s:

1
−

Φ
(P

C
S
)
≤

p
ol

y
lo

g
0
(m
,1
/δ

)

m
.

(3
3
)

T
h
en

fo
r

ev
er

y
f
∗

(e
ve

ry
tr

u
e

ri
sk

m
in

im
iz

er
),

fo
r

ev
er

y
r
≥
R

(f
∗ )

,

θ f
∗
(r

)
≤

20
(p

ol
y
lo

g
0
(1
/r
,1
/r

)
+

3)
.

P
ro

o
f

F
or

an
y
m
∈
{4
,5
,.
..
,b

1/
R

(f
∗ )
c}

,
d
en

ot
e

b
y
S m

a
ra

n
d
om

tr
ai

n
in

g
sa

m
p
le

d
ra

w
n

fr
om
P X

,Y
.

L
et
Z

b
e

a
ra

n
d
om

va
ri

ab
le

re
p
re

se
n
ti

n
g

a
si

n
gl

e
ra

n
d
om

u
n
la

b
el

ed
ex

a
m

p
le

sa
m

p
le

d
fr

om
P X

,
an

d
le

t
f
∗

to
b

e
a

sp
ec

ifi
c

tr
u
e

ri
sk

m
in

im
iz

er
.

F
or
Z
∈
D
I
S
( B

(f
∗ ,

1 m
))

,
w

e
u
se

th
e

fo
ll
ow

in
g

ar
gu

m
en

t
fr

om
H

an
n
ek

e
(2

0
1
2
,

L
em

m
a

47
).

W
e

k
n
ow

th
at

th
er

e
ex

is
ts

a
fu

n
ct

io
n
h
Z
∈
F

s.
t.
h
Z

(Z
)
6=
f
∗ (
Z

)
an

d
P
r(
h
Z

(X
)
6=

f
∗ (
X

))
≤

1 m
.

W
e

d
en

ot
e

b
y
P X

,Y
z

a
n
ew

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

o
n
,

w
h
er

e
th

e
m

a
rg

in
a
l,
P X

,

5
.

If
th

e
p

o
ly

lo
g

is
n

o
t

m
o
n

o
to

n
ic

,
th

e
fo

ll
ow

in
g

h
o
ld

s:
θ f

∗
(r

)
≤

1
6
(p

o
ly

lo
g
(b

1
/
rc
,b

1
/
rc

)
+

3
)
·5 4

;
se

e
E

q
.

(4
4
).
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S
e
l
e
c
t
iv
e
C
l
a
ssif

ic
a
t
io
n
,
A
c
t
iv
e
L
e
a
r
n
in
g

a
n
d

t
h
e
D
isa

g
r
e
e
m
e
n
t
C
o
e
f
f
ic
ie
n
t

rem
a
in

s
th

e
sam

e,
b
u
t
Y

b
ecom

es
Y
,
h
Z

(x
).

C
learly,

h
Z

is
a

tru
e

risk
m

in
im

izer
(f
∗)

for
su

ch
a

d
istrib

u
tion

.
D

en
o
te

b
y

e
1

th
e

p
rob

ab
ility

ev
en

t
w

h
ere

(33)
h
old

s
(for

a
sp

ecifi
c
m
≤

1
/R

(f
∗)).

D
en

o
te

b
y

e
2

th
e

even
t

w
h
ere

P
C

S
h
as

su
cceed

ed
in

retu
rn

in
g

a
p

oin
tw

ise-com
p

etitive
selective

cla
ssifi

er
(f
s
m
,g
s
m

)
u
n
d
er
S
m

.
D

efi
n
e
S
′m

to
b

e
a

m
o
d
ifi

ed
S
m

w
h
ere,

for
every

(x
,y

)∈
S
m

s.t.
h
Z

(x
)6=

y
,
y

is
m

o
d
ifi

ed
to

b
eco

m
e
y

=
h
Z

(x
).
S
′m

is
a

ran
d
om

train
in

g
sam

p
le

d
raw

n
from

P
X
,Y
z .

D
en

ote
b
y

e
3
z

th
e

ev
en

t
w

h
ere

P
C

S
h
as

su
cceed

ed
in

retu
rn

in
g

a
p

oin
tw

ise-com
p

etitive
selective

classifi
er

(f
s ′m
,g
s ′m

)
u
n
d
er
S
′m

.
h
Z

is
on

ly
d
efi

n
ed

for
cases

in
w

h
ich

Z
∈
D
I
S
(B

(f
∗,

1m
) ),

an
d

th
u
s

w
e

d
efi

n
e

th
at

e
3
z

w
ill

vacu
ou

sly
h
old

w
h
en

Z
/∈
D
I
S
(B

(f
∗,

1m
) ).

U
n
d
er

o
u
r

a
ssu

m
p
tion

s,
P

r(e
1 ),P

r(e
2 )≥

1−
δ.

F
or

every
Z
∈
D
I
S

(B
(f
∗,

1m
)),

P
r(e

3
z |Z

)≥
1−

δ,
a
n
d

fo
r

every
Z
/∈
D
I
S

(B
(f
∗,

1m
)),

P
r(e

3
z |Z

)
=

1,
w

h
ich

im
p
lies

th
at

P
r(e

3
z )≥

1−
δ.

W
e

d
en

o
te

b
y
h
Z

(X
m

)
=
Y
m

th
e

even
t

w
h
ere

h
Z

(x
)

=
y

for
all

(x
i ,y

i )∈
S
m

.
T

h
e

ex
p
lan

a-
tio

n
s

fo
r

th
e

fo
llow

in
g

(in
)eq

u
alities

follow
.

P
r {

Z
∈
D
I
S

(
B

(f
∗,

1m
) )
∧
h
Z

(X
m

)
=
Y
m }

(34)

=
P

r {
Z
∈
D
I
S

(
B

(f
∗,

1m
) )
∧
h
Z

(X
m

)
=
Y
m
∧

e
1 ∧

e
2 ∧

e
3
z }

(35)

+
P

r {
Z
∈
D
I
S

(
B

(f
∗,

1m
) )
∧
h
Z

(X
m

)
=
Y
m
|¬

(e
1 ∧

e
2 ∧

e
3
z ) }
·P

r(¬
(e

1 ∧
e

2 ∧
e

3
z ))

≤
P

r {
Z
∈
D
I
S

(
B

(f
∗,

1m
) )
∧
h
Z

(X
m

)
=
Y
m
∧

e
1 ∧

e
2 ∧

e
3
z }

+
3
δ

(36)

≤
P

r{
g
s
m

(Z
)

=
0∧

e
1 ∧

e
2 ∧

e
3
z }

+
3
δ

(37)

≤
P

r{
g
s
m

(Z
)

=
0∧

e
1 }

+
3
δ

≤
P

r{
g
s
m

(Z
)

=
0
|

e
1 }

+
3
δ

≤
p

o
ly

lo
g

0 (m
,1
/δ)

m
+

3
δ.

(38)

In
(3

4
),

it
is

con
v
en

ien
t

to
v
iew

th
e

ran
d
om

ex
p

erim
en

t
as

if
w

e
d
raw

z
fi
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p
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p
lexity

o
f

A
ctive-IL

E
S

S
(m
,δ/2)

is
bo

u
n

d
ed

w
.h

.p
.

by
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b
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h
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p
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at
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p
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b
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⊆
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∆
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·√

A T
·R

(f
∗ )
.

W
e

d
en

ot
ed

b
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b
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d
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d
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b
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b
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√
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∆
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∑
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∆
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∆
G
t

is
b
y

d
efi

n
it

io
n

th
e

p
ro

b
ab

il
it

y
th

at
A

ct
iv

e-
IL

E
S
S

re
q
u
es

ts
a

la
b

el
.

T
o

d
o

so
,

w
e

w
il
l

b
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∑
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∆
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d
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ra
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R
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−
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−
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+
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h
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p
lex

ity
in

to
m

in
(55),

w
e

get
th

at
th

e
total

lab
el

com
p
lex

ity
is

b
o
u
n
d
ed

b
y
Õ

(
R

(f
∗
)
2

ε
2

),
in

cases
for

w
h
ich

IL
E

S
S

h
as

a
fast

R
∗

rejection
rate.

K
ä
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ecifi
c

(n
on

-triv
ial)

h
y
-

p
o
th

esis
cla

ssF
,

th
ere

ex
ists

a
d
eterm

in
istic

target
fu

n
ction

g
,

an
d

a
m

argin
al

d
istrib

u
tion

P
X

,
s.t.

th
e

la
b

el
com

p
lex

ity
is

Ω̃
(
R

(f
∗
)
2

ε
2

)
(w

h
ere

Ω̃
(·)

h
id

es
logarith

m
ic

factors).

9
.

C
o
n
clu

d
in

g
R

e
m

a
rk

s

In
th

is
p
a
p

er
w

e
fo

cu
sed

on
d
isagreem

en
t-b

ased
m

eth
o
d
s.

N
am

ely,
w

e
alw

ay
s

req
u
ired

th
at

f
∗

rem
ain

s
in

sid
e

a
low

-error
su

b
set

of
h
y
p

oth
eses

w
.h

.p
.,

an
d

m
ad

e
d
ecision

s
b
ased

on
d
is-

a
greem

en
t

con
sid

eration
s.

W
e

h
ave

a
lw

ay
s

ch
osen

to
ab

stain
(in

selective
classifi

cation
)

or
req

u
ire

a
la

b
el

(in
A

L
)

w
h
en

ever
th

ere
w

as
n
o

con
sen

su
s

in
th

e
low

error
set

for
a

given
ex

-
a
m

p
le.

H
ow

ever,
th

is
ap

p
roach

is
n
ot

n
ecessary

w
h
en

you
h
av

e
an

ep
silon

b
u
d
get

for
error.

Z
h
a
n
g

a
n
d

C
h
a
u
d
h
u
ri

(2014)
p
resen

ted
an

A
L

algorith
m

th
at

u
ses

a
con

fi
d
en

ce-rated
p
re-

d
icto

r
to

d
ecid

e
w

h
ich

lab
els

to
q
u
ery.

T
h
is

p
red

ictor
(see

top
of

p
age

6
in

th
eir

p
ap

er)
u
ses

L
P

to
m

in
im

ize
th

e
q
u
ery

p
rob

ab
ility

u
n
d
er

a
con

strain
t

on
th

e
total

error.
T

h
ey

also
p
ro-

v
id

ed
a

n
ew

com
p
lex

ity
m

easu
re,

w
h
ich

is
n
icely

p
resen

ted
in

H
an

n
eke

(2016),
an

d
term

ed
ϕ
c .

U
p

to
certa

in
con

stan
ts,

ϕ
c

rep
laces

th
e

d
isagreem

en
t

co
effi

cien
t

in
th

e
error

b
ou

n
d
s

of
E

q
u
a
tio

n
(1

6)
an

d
T

h
eorem

16
in

th
at

p
ap

er.
ϕ
c

is
a

p
oten

tial
im

p
rov

em
en

t
b

eca
u
se

it
is

sh
ow

n
th

a
t
ϕ
c (r)≤

θ
f (r).

Z
h
an

g
an

d
C

h
au

d
h
u
ri

sh
ow

an
ex

am
p
le

w
h
ere

th
is

im
p
rovem

en
t

ca
n

b
e

a
s

large
as √

d
for

lin
ear

classifi
cation

u
n
d
er

th
e

log-con
cave

d
istrib

u
tion

.

In
o
u
r

p
a
p

er
w

e
fo

cu
sed

on
ly

on
con

sen
su

s
b
a
sed

d
ecision

s.
T

h
is

ap
p
roach

d
id

n
ot

a
ff

ect
o
u
r

resu
lts

sign
ifi

can
tly

as
ou

r
m

ain
con

cern
w

as
th

e
d
ep

en
d
en

cy
on

1
/ε

(logarith
m

ic
o
r

lin
ea

r).
C

o
n
sen

su
s

w
as

an
im

p
ortan

t
elem

en
t

in
th

e
p
ro

of
of

T
h
eorem

8.
P

oin
tw

ise-
co

m
p

etitive
selective

classifi
ers

are
b
ased

on
con

sen
su

s
d
ecision

s,
an

d
th

u
s

th
e

L
P

id
ea

is
n
o
t

a
n

a
p
p
rop

riate
A

L
eq

u
ivalen

t
for

P
C

S
.

N
everth

eless,
ou

r
red

u
ction

from
P

C
S

to
θ
f
∗(r)

(T
h
eorem

8),
is

im
m

ed
iately

tran
slated

to
ϕ
c (r),

as
ϕ
c (r)≤

θ
f
∗(r).

It
is

in
terestin

g,
h
ow

ev
er,

to
d
efi

n
e

a
selectiv

e
classifi

er
th

at
is

n
ot

P
C

S
,

h
as

an
error

b
u
d
g
et,

an
d

ap
p
ly

th
e

L
P

tech
n
iq

u
e.

W
e

leave
th

is
for

fu
tu

re
w

o
rk

.

W
e

in
tro

d
u
ced

a
n
ew

selective
classifi

cation
algorith

m
,

called
IL

E
S
S
,

w
h
ose

rejection
“
en

g
in

e”
u
ses

sh
arp

gen
eralization

b
ou

n
d
s

(w
h
ich

d
ep

en
d

on
R

(f
∗)).

O
u
r

an
aly

sis
p
rov

es
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G
e
l
b
h
a
r
t
a
n
d

E
l
-Y

a
n
iv

th
at

IL
E

S
S

h
as

som
etim

es
sign

ifi
can

tly
b

etter
rejection

gu
ara

n
tees

relative
to

th
e

b
est

k
n
ow

n
p

oin
tw

ise-com
p

etitive
selective

strategy
of

W
ien

er
an

d
E

l-Y
an

iv
(2015).

M
oreov

er,
th

e
gu

aran
tees

w
e

p
rov

id
e

for
IL

E
S
S

d
o

n
ot

d
ep

en
d

at
all

on
th

e
B

ern
stein

assu
m

p
tion

.
F

or
th

e
gen

eral
agn

ostic
settin

g,
w

e
sh

ow
ed

an
eq

u
ivalen

ce
relation

b
etw

een
p

oin
tw

ise-
com

p
etitive

selective
classifi

cation
,
activ

e
learn

in
g

w
ith

A
ctive-IL

E
S
S
,
an

d
th

e
d
isagreem

en
t

co
effi

cien
t

(see
F

igu
re

1).
T

h
is

eq
u
ivalen

ce
is

form
u
lated

in
term

s
of

a
fast

R
∗

rejection
rate

an
d

an
R
∗

ex
p

on
en

tial
sp

eed
u
p

(D
efi

n
ition

s
4.2

an
d

6.3
).

T
h
eorem

s
8

an
d

5
sh

ow
th

at
selective

classifi
cation

w
ith

a
fast

R
∗

rejection
rate

is
com

p
letely

eq
u
ivalen

t
to

h
av

in
g

a
d
isagreem

en
t

co
effi

cien
t

b
ou

n
d
ed

b
y

p
oly

log
(1/r)

for
r
>

0.
In

S
ection

6,
in

S
trategy

3,
w

e
d
efi

n
e

A
ctive-IL

E
S
S

u
sin

g
IL

E
S
S

im
p
licitly

as
its

en
gin

e
(see

S
tatem

en
t

4
in

S
trategy

3).
W

e
can

rep
lace

IL
E

S
S

w
ith

a
n
oth

er
p

oin
tw

ise-
com

p
etitive

selective
algorith

m
,

an
d

th
u
s

con
stru

ct
a

n
ew

active
learn

er,
th

at
q
u
eries

a
lab

el
w

h
en

ever
th

e
selective

classifi
er

ab
stain

s,
an

d
create

a
fake

lab
el

accord
in

g
to

th
e

d
ecision

of
th

e
classifi

er
w

h
en

ever
it

d
ecid

es
to

p
red

ict.
B

ecau
se

th
e

selective
p
red

ictor
is

p
oin

tw
ise-com

p
etitive,

w
e

k
n
ow

th
at

th
e

u
n
d
erly

in
g

d
istrib

u
tion

in
d
u
ced

b
y

its
fake

lab
els

is
eq

u
ivalen

t
to

a
d
istrib

u
tion

d
efi

n
ed

b
y

a
d
eterm

in
istic

lab
elin

g
a
ccord

in
g

to
f
∗

an
d

th
e

sa
m

e
P
X

.
T

h
e

algorith
m

w
ill

term
in

ate
u
sin

g
th

e
ex

act
sam

e
term

in
ation

con
d
ition

as
A

ctive-
IL

E
S
S

(w
h
en

σ
A
ctiv

e
<
ε),

an
d

th
u
s

th
e

total
sam

p
le

com
p
lex

ity
(lab

eled
an

d
u
n
lab

eled
ex

am
p
les)

w
ill

rem
ain

th
e

sam
e.

T
h
e

ch
an

ge
w

ill
on

ly
b

e
in

th
e

lab
elin

g
criterion

.
L

em
m

as
11,

12,
13,

14,
an

d
15

can
all

b
e

gen
eralized

to
su

ch
an

a
lgorith

m
.

G
oin

g
in

th
e

oth
er

d
irection

to
create

a
selective

cla
ssifi

er
from

a
gen

eral
active

learn
er

is
m

ore
ch

allen
gin

g.
If

th
e

activ
e

learn
er,

h
ow

ev
er,

follow
s

th
e

A
ctive-IL

E
S
S

p
arad

igm
,

an
d

in
p
articu

lar,
u
ses

a
p

oin
tw

ise-com
p

etitive
selective

classifi
er

to
d
ecid

e
on

lab
el

req
u
ests,

th
en

a
n
ew

p
oin

tw
ise-com

p
etitiv

e
selective

classifi
er

can
b

e
created

in
th

e
sam

e
w

ay
th

at
B

atch
-IL

E
S
S

w
as

created
.

W
e

can
th

en
restate

T
h
eorem

16,
p
rov

id
in

g
a

red
u
ction

from
an

R
∗

ex
p

on
en

tial
sp

eed
u
p

of
th

e
activ

e
algorith

m
to

a
fast

R
∗

rejection
rate

of
th

e
selective

classifi
er.

D
isagreem

en
t-b

ased
d
ecision

m
ak

in
g

in
active

an
d

selective
learn

in
g

lead
s

to
“d

efen
siv

e”
algorith

m
s.

F
or

ex
am

p
le,

in
th

e
activ

e
learn

in
g

case,
th

is
m

ean
s

th
at

a
d
efen

sive
algorith

m
w

ill
ask

for
m

ore
lab

els
th

an
a

m
ore

aggressiv
e

algorith
m

.
In

selective
classifi

ca
tion

,
th

is
d
efen

siven
ess

p
rov

id
es

th
e

p
ow

er
to

b
e

p
oin

tw
ise-com

p
etitive,

b
u
t

at
a

cost
of

an
in

creased
rejection

rate.
It

w
ou

ld
b

e
in

terestin
g

to
con

sid
er

m
ore

aggressiv
e

algorith
m

s
th

at
cou

ld
,

for
ex

am
p
le,

tak
e

in
to

con
sid

eration
an

estim
ation

ofP
X

in
ord

er
to

ign
ore

ex
am

p
les

th
at

cau
se

d
isagreem

en
t

on
ly

b
etw

een
fu

n
ction

s
th

at
are

very
sim

ilar
to

each
o
th

er
(in

term
s

of
th

e
p
rob

ab
ility

m
ass

of
th

eir
d
iff

eren
ce).

S
u
ch

algorith
m

s
can

b
e

seen
in

D
asgu

p
ta

(2005);
F

reu
n
d

et
al.

(1997);
G

on
en

et
al.

(2013
);

Z
h
an

g
an

d
C

h
au

d
h
u
ri

(2014),
for

th
e

realizab
le

an
d

th
e

low
-error

scen
arios.

W
e

b
elieve

th
at

th
ere

is
still

w
ork

to
b

e
d
on

e
for

th
e

agn
ostic

scen
ario.

M
an

y
aggressiv

e
algorith

m
s

cou
ld

b
e

d
ev

ised
u
n
d
er

assu
m

p
tion

s
ab

ou
t

k
n
ow

led
ge

ofP
X

(th
at

cou
ld

b
e

acq
u
ired

d
u
rin

g
th

e
algorith

m
ru

n
,

an
d

is
given

in
th

e
tran

sd
u
ctiv

e
case),

or
in

a
B

ayesian
settin

g
w

h
ere

a
p
rior

d
istrib

u
tion

on
F

ex
ists.

W
h
en

research
in

g
th

is
d
irection

,
on

e
m

ig
h
t

also
w

an
t

to
d
efi

n
e

a
cost

over
u
n
lab

eled
ex

am
p
les,

an
d

d
iscu

ss
th

e
trad

e-off
b

etw
een

lab
eled

an
d

u
n
lab

eled
ex

am
p
les.

T
h
e

m
ain

op
en

q
u
estion

in
sp

ired
b
y

ou
r

resu
lts

w
ou

ld
b

e
to

id
en

tify
sim

ilar
co

rresp
o
n
d
en

ce
b

etw
een

aggressiv
e

selective
classifi

cation
algorith

m
s

an
d

aggressive
active

learn
ers.
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S
e
l
e
c
t
iv
e
C
l
a
ss
if
ic
a
t
io
n
,
A
c
t
iv
e
L
e
a
r
n
in
g

a
n
d

t
h
e
D
is
a
g
r
e
e
m
e
n
t
C
o
e
f
f
ic
ie
n
t

A
n
ot

h
er

as
p

ec
t

of
se

le
ct

iv
e

cl
as

si
fi
ca

ti
on

an
d

ac
ti

ve
le

ar
n
in

g,
w

h
ic

h
w

as
n
ot

ad
d
re

ss
ed

in
th

is
p
ap

er
,

is
d
iff

er
en

ti
at

in
g

b
et

w
ee

n
m

or
e

an
d

le
ss

n
o
is

y
a
re

as
of

th
e

d
is

tr
ib

u
ti

on
.

If
w

e
d
efi

n
e

th
e

n
oi

se
to

b
e

th
e

er
ro

r
of

th
e

B
ay

es
cl

as
si

fi
er

,
an

d
w

e
as

su
m

e
th

at
th

e
n
oi

se
b

eh
av

es
si

m
il
ar

ly
in

cl
os

e
ar

ea
s

(f
or

in
st

an
ce

,
w

e
a
ss

u
m

e
th

at
th

e
d
er

iv
at

iv
e

of
th

e
n
oi

se
is

b
ou

n
d
ed

),
w

e
ca

n
d
er

iv
e

an
ac

ti
v
e

le
ar

n
er

th
at

w
il
l

es
ti

m
at

e
th

e
n
oi

se
,

an
d

ta
ke

it
in

to
co

n
si

d
er

at
io

n
.

A
n
oi

sy
ar

ea
co

u
ld

b
e

d
efi

n
ed

as
an

ar
ea

fo
r

w
h
ic

h
ev

en
th

e
b

es
t

cl
as

si
fi
er

in
th

e
cl

as
s

co
u
ld

n
ot

ac
h
ie

ve
a

lo
w

-e
rr

or
.

T
h
is

m
ot

iv
at

es
a

n
ew

ty
p

e
of

la
b

el
in

g
fo

r
se

le
ct

iv
e

p
re

d
ic

ti
on

,
w

h
er

e
on

e
ca

n
ab

st
ai

n
fo

r
tw

o
re

as
on

s:
(i

)
la

ck
of

k
n
ow

le
d
ge

in
a

sp
ec

ifi
c

re
gi

on
of
X

,
i.
e.

,
n
ot

en
ou

gh
ex

am
p
le

s
w

er
e

ob
se

rv
ed

in
th

at
re

gi
on

,
an

d
th

e
ge

n
er

al
iz

at
io

n
b

ou
n
d
s

ar
e

n
ot

su
ffi

ci
en

tl
y

ti
gh

t.
(i

i)
T

h
e

re
gi

on
w

as
w

el
l

ex
p
lo

re
d
,

b
u
t

ev
en

th
e

b
es

t
cl

as
si

fi
er

p
er

fo
rm

s
p

o
or

ly
,

an
d

th
u
s

th
e

an
sw

er
is

u
n
k
n
ow

n
(t

h
e

re
gi

on
is

n
oi

sy
).

In
ou

r
p
ap

er
,

an
ac

ti
ve

le
ar

n
er

w
il
l
q
u
er

y
fo

r
b

ot
h

sc
en

ar
io

s;
h
ow

ev
er

,
a

m
or

e
cl

ev
er

ac
ti

ve
le

a
rn

er
m

ig
h
t

o
n
ly

q
u
er

y
ex

am
p
le

s
of

th
e

fi
rs

t
ty

p
e,

as
ex

am
p
le

s
of

th
e

se
co

n
d

ty
p

e
ca

n
n
ot

re
d
u
ce

it
s

er
ro

r.

C
on

si
d
er

th
e

fo
ll
ow

in
g

ex
p

er
im

en
t

in
A

ct
iv

e
L

ea
rn

in
g;

S
u
p
p

os
e

w
e

ar
e

tr
y
in

g
to

le
a
rn

a
h
y
p

er
sp

ac
e

h
y
p

ot
h
es

is
ov

er
R

2
,

w
h
er

e
w

e
h
av

e
a

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
of

p
os

it
iv

e
p

oi
n
ts

lo
ca

te
d

at
(−

1,
0)

,
an

d
an

ot
h
er

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
of

n
eg

at
iv

e
p

oi
n
ts

lo
ca

te
d

at
(1
,0

).
A

si
m

p
le

ac
ti

ve
le

ar
n
er

th
at

is
b
as

ed
on

d
is

ta
n
ce

fr
om

th
e

m
ar

gi
n
,

w
il
l

q
u
ic

k
ly

co
n
ve

rg
e

to
q
u
er

y
in

g
p

oi
n
ts

th
at

h
av

e
x
∼

0,
b
u
t

w
il
l

h
av

e
n
o

p
re

fe
ra

ti
on

ov
er

th
e

va
lu

e
of
y
.

N
ow

co
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,Ŝ

))

+
σ̄
R̂
−
R

(
t 2
,
δ 2
t,
d
,R̂

(f̂
,Ŝ
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,Ŝ

)))

⇒
f
∗
∈
G
t.

P
ro

o
f

o
f

L
e
m

m
a

1
3

L
et
G
t−

1
b

e
th

e
fi
n
al

lo
w

-e
rr

or
se

t
of

A
ct

iv
e-

IL
E

S
S
,

a
n
d
Ŝ
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äi

n
en

.
A

ct
iv

e
le

ar
n
in

g
in

th
e

n
on

-r
ea

li
za

b
le

ca
se

.
L

ec
tu

re
N

o
te

s
in

C
o
m

p
u

te
r

S
ci

en
ce

,
vo

l
4
2
6
4
.

S
p
ri

n
ge

r,
B

er
li

n
,

H
ei

d
el

be
rg

,
20

06
.

A
n
d
re

a
L

o
ca

te
ll
i,

A
le

x
an

d
ra

C
ar

p
en

ti
er

,
an

d
S
am

or
y

K
p

ot
u
fe

.
A

n
ad

ap
ti

ve
st

ra
te

g
y

fo
r

ac
ti

ve
le

ar
n
in

g
w

it
h

sm
o
ot

h
d
ec

is
io

n
b

ou
n
d
ar

y.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

7
1
1
.0

9
2
9
4
,

2
0
1
7
.

S
ta

n
is

la
v

M
in

sk
er

.
P

lu
g-

in
ap

p
ro

ac
h

to
ac

ti
ve

le
ar

n
in

g.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

13
(J

an
):

67
–9

0,
20

12
.

A
.B

.
T

sy
b
ak

ov
.

O
p
ti

m
al

ag
gr

eg
at

io
n

of
cl

as
si

fi
er

s
in

st
at

is
ti

ca
l

le
ar

n
in

g.
T

h
e

A
n

n
a
ls

o
f

M
a
th

em
a
ti

ca
l

S
ta

ti
st

ic
s,

32
:1

35
–1

66
,

20
04

.

V
la

d
im

ir
N

V
ap

n
ik

an
d

A
le

x
ey

J
C

h
er

v
on

en
k
is

.
T

h
eo

ry
of

p
at

te
rn

re
co

gn
it

io
n
,

1
9
7
4
.

V
.

V
ov

k
,

A
.

G
am

m
er

m
an

,
an

d
G

.
S
h
af

er
.

A
lg

o
ri

th
m

ic
L

ea
rn

in
g

in
a

R
a
n

d
o
m

W
o
rl

d
.

S
p
ri

n
ge

r,
N

ew
Y

or
k
,

20
05

.

Y
.

W
ie

n
er

.
T

h
eo

re
ti

ca
l

F
o
u

n
d
a
ti

o
n

s
o
f

S
el

ec
ti

ve
P

re
d
ic

ti
o
n

.
P

h
D

th
es

is
,

th
e

T
ec

h
n
io

n
—

Is
ra

el
In

st
it

u
te

of
T

ec
h
n
ol

og
y,

20
13

.

Y
.
W

ie
n
er

an
d

R
.
E

l-
Y

an
iv

.
A

gn
os

ti
c

p
oi

n
tw

is
e-

co
m

p
et

it
iv

e
se

le
ct

iv
e

cl
a
ss

ifi
ca

ti
o
n
.

J
o
u
rn

a
l

of
A

I
R

es
ea

rc
h
,

52
:1

71
–2

01
,

20
15

.

Y
.

W
ie

n
er

,
S
.

H
an

n
ek

e,
an

d
R

.
E

l-
Y

an
iv

.
A

co
m

p
re

ss
io

n
te

ch
n
iq

u
e

fo
r

a
n
a
ly

zi
n
g

d
is

ag
re

em
en

t-
b
as

ed
ac

ti
ve

le
ar

n
in

g.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

1
6
:7

1
3
–
7
4
5,

20
15

.
U

R
L
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
1
6
/
w
i
e
n
e
r
1
5
a
.
h
t
m
l
.

Y
ai

r
W

ie
n
er

an
d

R
an

E
l-

Y
an

iv
.

P
oi

n
tw

is
e

tr
ac

k
in

g
th

e
op

ti
m

al
re

gr
es

si
on

fu
n
ct

io
n
.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s,
p
a
ge

s
20

42
–
20

50
,

20
1
2
.

M
in

g
Y

u
an

an
d

M
ar

te
n

W
eg

ka
m

p
.

C
la

ss
ifi

ca
ti

o
n

m
et

h
o
d
s

w
it

h
re

je
ct

op
ti

o
n

b
a
se

d
o
n

co
n
ve

x
ri

sk
m

in
im

iz
at

io
n
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

11
(J

an
):

1
1
1
–
1
3
0
,

2
0
1
0.

C
h
ic

h
en

g
Z

h
an

g
an

d
K

am
al

ik
a

C
h
au

d
h
u
ri

.
B

ey
on

d
d
is

ag
re

em
en

t-
b
as

ed
a
g
n
o
st

ic
a
ct

iv
e

le
ar

n
in

g.
In

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s,
p
ag

es
44

2
–
4
5
0
,

2
0
1
4
.

38
JM

L
R

 2
0(

33
):

1-
38

, 2
01

9



 
 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

2
0

(2
0
1
9
)

1
-4

4
S

u
b

m
it

te
d

3
/
1
7
;

R
ev

is
ed

1
0
/
1
8
;

P
u

b
li

sh
ed

3
/
1
9

M
a
tc
h
e
d
B
ip
a
rt
it
e
B
lo
ck

M
o
d
e
l
w
it
h
C
o
v
a
ri
a
te
s

Z
a
h

ra
S

.
R

a
z
a
e
e

r
a
z
a
e
e
@
u
c
l
a
.e
d
u

A
ra

sh
A

.
A

m
in

i
a
a
a
m
in
i@

st
a
t
.u
c
l
a
.e
d
u

J
in

g
y
i

J
e
ss

ic
a

L
i

jl
i@

st
a
t
.u
c
l
a
.e
d
u

U
n

iv
er

si
ty

o
f

C
a
li

fo
rn

ia
,

L
o
s

A
n

ge
le

s

D
ep

a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

8
1
2
5

M
a
th

S
ci

en
ce

s
B

ld
g.

,
B

o
x

9
5
1
5
5
4

L
o
s

A
n

ge
le

s,
C

A
9
0
0
9
5
-1

5
5
4
,

U
S

A

E
d

it
o
r:

E
d
o

A
ir

o
ld

i

A
b
st
ra

ct

C
om

m
u
n
it

y
d
et

ec
ti

on
or

cl
u
st

er
in

g
is

a
fu

n
d
a
m

en
ta

l
ta

sk
in

th
e

an
al

y
si

s
of

n
et

w
or

k
d
at

a.
M

an
y

re
al

n
et

w
o
rk

s
h
av

e
a

b
ip

ar
ti

te
st

ru
ct

u
re

w
h
ic

h
m

a
ke

s
co

m
m

u
n
it

y
d
et

ec
ti

o
n

ch
al

le
n
gi

n
g.

In
th

is
p
a
p

er
,

w
e

co
n
si

d
er

a
m

o
d
el

w
h
ic

h
al

lo
w

s
fo

r
m

a
tc

h
ed

co
m

m
u
n
it

ie
s

in
th

e
b
ip

ar
ti

te
se

tt
in

g,
in

ad
d
it

io
n

to
n
o
d
e

co
va

ri
at

es
w

it
h

in
fo

rm
at

io
n

a
b

ou
t

th
e

m
a
tc

h
in

g.
W

e
d
er

iv
e

a
si

m
p
le

fa
st

al
go

ri
th

m
fo

r
fi
tt

in
g

th
e

m
o
d
el

b
as

ed
on

va
ri

at
io

n
al

in
fe

re
n
ce

id
ea

s
an

d
sh

ow
it

s
eff

ec
ti

ve
n
es

s
on

b
o
th

si
m

u
la

te
d

an
d

re
al

d
a
ta

.
A

va
ri

at
io

n
of

th
e

m
o
d
el

to
a
ll
ow

fo
r

d
eg

re
e-

co
rr

ec
ti

on
is

al
so

co
n
si

d
er

ed
,

in
ad

d
it

io
n

to
a

n
ov

el
ap

p
ro

a
ch

to
fi
tt

in
g

su
ch

d
eg

re
e-

co
rr

ec
te

d
m

o
d
el

s.

K
e
y
w

o
rd

s:
b
ip

a
rt

it
e

n
et

w
o
rk

s,
co

m
m

u
n
it

y
d
et

ec
ti

on
,

st
o
ch

a
st

ic
b
lo

ck
m

o
d
el

,
b
ip

ar
ti

te
m

a
tc

h
in

g,
n
o
d
e

a
tt

ri
b
u
te

s

1
.
In

tr
o
d
u
ct
io
n

N
et

w
or

k
an

al
y
si

s
h
as

b
ee

n
a

ve
ry

ac
ti

ve
a
re

a
of

re
se

ar
ch

w
it

h
ap

p
li
ca

ti
on

s
to

so
ci

al
sc

ie
n
ce

s,
b
io

lo
gy

an
d

m
ar

ke
ti

n
g,

to
n
am

e
a

fe
w

.
A

fu
n
d
am

en
ta

l
p
ro

b
le

m
in

n
et

w
o
rk

d
at

a
an

al
y
si

s
is

co
m

m
u
n
it

y
d
et

ec
ti

on
,

or
cl

u
st

er
in

g:
G

iv
en

a
co

ll
ec

ti
on

of
n
o
d
es

an
d

a
si

m
il
ar

it
y

m
at

ri
x

am
on

g
th

em
,

in
te

rp
re

te
d

as
th

e
ad

ja
ce

n
cy

m
at

ri
x

of
a

(w
ei

gh
te

d
)

n
et

w
or

k
,

on
e

w
an

ts
to

p
ar

ti
ti

on
th

e
n
o
d
es

in
to

cl
u
st

er
s,

or
co

m
m

u
n
it

ie
s,

of
h
ig

h
si

m
il
ar

it
y.

F
or

u
n
d
ir

ec
te

d
n
et

w
or

k
s,

a
p

op
u
la

r
m

o
d
el

fo
r

co
m

m
u
n
it

y
-s

tr
u
ct

u
re

d
n
et

w
or

k
s

is
th

e
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

(S
B

M
)

(H
ol

la
n
d

et
al

.,
19

83
)

an
d

it
s

va
ri

an
ts

(K
ar

re
r

an
d

N
ew

m
an

,
20

11
;

G
op

al
an

an
d

B
le

i,
20

13
),

w
h
ic

h
h
av

e
b

ee
n

ex
te

n
si

ve
ly

in
ve

st
ig

at
ed

in
re

ce
n
t

ye
ar

s
b

ot
h

in
te

rm
s

of
th

eo
re

ti
ca

l
p
ro

p
er

ti
es

an
d

effi
ci

en
t

fi
tt

in
g

al
go

ri
th

m
s.

S
ee

fo
r

in
st

an
ce

B
ic

ke
l

an
d

C
h
en

(2
00

9)
;

D
ec

el
le

et
al

.
(2

01
1)

;
R

oh
e

et
al

.
(2

01
1)

;
M

os
se

l
et

al
.
(2

01
5)

;
Z

h
ao

et
al

.
(2

01
2)

;
A

m
in

i
et

al
.
(2

01
3)

;
Q

in
an

d
R

oh
e

(2
01

3)
;
M

os
se

l
et

al
.

(2
01

3)
;

M
as

so
u
li
é
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to
b
ip

artite
settin

g.
O

ften
,

th
e

co-
clu

sterin
g

fo
rm

u
lation

ign
ores

th
e

issu
e

o
f

m
atch

in
g

of
th

e
clu

sters,
in

th
e

sen
se

th
at

in
gen

eral
an

y
row

clu
ster

can
b

e
in

relation
to

an
y

colu
m

n
clu

ster.
A

n
o
th

er
co

m
m

on
ap

p
roach

is
to

red
u
ce

com
m

u
n
ity

d
etection

in
th

e
b
ip

artite
settin

g
to

tw
o

sep
a
ra

te
in

stan
ces

of
u
su

al
clu

sterin
g

of
(u

n
d
irected

)
u
n
ip

artite
n
etw

ork
s,

b
y

form
in

g
o
n

e-m
od

e
p
ro

jectio
n

s
o
f

th
e

n
etw

ork
on

to
th

e
tw

o
sid

es
(Z

h
ou

et
al.,

2007).
D

esp
ite

a
m

o
d
era

te
red

u
ction

in
th

e
d
im

en
sio

n
(h

av
in

g
to

d
eal

w
ith

tw
o

sm
aller

n
etw

ork
s),

th
e

p
ro

jectio
n

ap
p
roach

su
ff

ers
fro

m
in

fo
rm

a
tio

n
loss

an
d

id
en

tifi
ab

ility
issu

es
(Z

h
ou

et
al.,

2007).
P

ro
jection

can
also

tu
rn

a
stru

ctu
red

b
ip

a
rtite

n
etw

ork
in

to
u
n
stru

ctu
red

u
n
ip

artite
on

es
or

v
ice

versa
(L

arrem
o
re

et
al.,

2
0
1
4
).

A
n
o
th

er
m

a
jor

d
iffi

cu
lty

is
estab

lish
in

g
a

lin
k

b
etw

een
th

e
com

m
u
n
ities

on
th

e
tw

o
sid

es.
O

n
e

ca
n

co
m

e
u
p

w
ith

ad
-h

o
c

asso
ciatio

n
m

easu
res

b
etw

een
com

m
u
n
ities

of
th

e
tw

o
sid

es,
e.g.,

b
y

co
u
n
tin

g
lin

k
s

b
etw

een
each

p
air.

T
h
is,

h
ow

ever,
lead

s
to

an
oth

er
b
ip

artite
g
rap

h
on

th
e

co
m

m
u
n
ities,

lea
d
in

g
to

th
e

d
iffi

cu
lty

o
f

in
terp

reta
tion

.
In

eff
ect,

th
e

p
rob

lem
tran

sfers
from

co
m

m
u
n
ity

d
etection

on
th

e
in

d
iv

id
u
al

n
o
d
es,

to
th

at
on

th
e

n
ew

ly
-d

iscovered
com

m
u
n
ities,

o
r

su
p

ern
o
d
es.

B
lo

ck
-m

o
d
elin

g
in

th
e

b
ip

artite
settin

g
h
as

recen
tly

gain
ed

m
ore

atten
tion

.
W

y
se

et
al.

(2
0
1
4
)

p
ro

p
o
sed

a
m

eth
o
d

to
in

fer
b

oth
com

m
u
n
ity

m
em

b
ersh

ip
s

as
w

ell
as

th
e

n
u
m

b
er

of
co

m
m

u
n
ities

in
a

b
ip

artite
n
etw

ork
u
sin

g
a

b
lo

ck
m

o
d
el

an
d

an
algorith

m
sim

ilar
to

th
e

iterated
co

n
d
itio

n
a
l

m
o
d
es

(B
esag,

1986).
L

arrem
ore

et
a
l.

(2014)
h
as

p
rop

osed
a

b
ip

artite
sto

ch
astic

b
lo

ck
m

o
d
el

(B
iS

B
M

)
th

at
b
u
ilt

on
th

e
w

ork
of

K
arrer

an
d

N
ew

m
an

(2011
)

to
in

fer
b
ip

artite
co

m
m

u
n
ity

stru
ctu

re
in

b
oth

d
egree-corrected

an
d

u
n
corrected

regim
es

b
y

m
ax

im
izin

g
a

p
rofi

le
likelih

o
o
d

over
a
ll

p
artition

s.
In

b
oth

cases,
th

e
issu

e
of

m
atch

in
g

of
th

e
com

m
u
n
ities

on
th

e
tw

o
sid

es
is

n
o
t

th
e

m
ain

con
cern

.
M

o
tiva

ted
b
y

th
e

m
atch

in
g

p
rob

lem
,

in
th

is
p
ap

er,
w

e
con

sid
er

th
e

p
rob

lem
o
f

m
a
tch

ed
co

m
m

u
n

ity
d
etectio

n
in

a
b
ip

artite
n
etw

o
rk

.
In

m
an

y
p
ractical

ex
am

p
les,

on
e

eith
er

ex
p

ects
a

o
n
e-to

-o
n
e

co
rresp

on
d
en

ce
b

etw
een

th
e

com
m

u
n
ities

of
th

e
tw

o
sid

es,
or

it
is

reason
ab

le
to

p
o
stu

la
te

su
ch

stru
ctu

re,
d
u
e

to
ease

o
f

in
terp

retation
(S

ection
2).

T
h
e

p
ro

b
lem

of
“fi

n
d
in

g
co

m
m

u
n
ities

in
a

b
ip

artite
n
etw

ork
th

at
are

in
on

e-to-o
n
e

corresp
on

d
en

ce
b

etw
een

th
e

tw
o

sid
es”

is
w

h
a
t

w
e

refer
to

as
m

atch
ed

com
m

u
n
ity

d
etection

.
In

its
sim

p
lest

form
,

th
e

m
o
d
el

a
ssu

m
es

th
a
t

n
o
d
es

b
elon

gin
g

to
m

atch
ed

com
m

u
n
ities

h
av

e
a

h
igh

er
p
rob

a
b
ility

of
con

n
ection

(cf.
E

q
u
a
tio

n
(3

))
an

d
m

ay
also

h
ave

correlated
valu

es
for

th
eir

n
o
d
al

covaria
tes.

In
oth

er
w

o
rd

s,
w

e
w

ill
p
rop

ose
a

gen
erative

m
o
d
el

for
su

ch
n
etw

ork
s

w
h
ere

th
ere

is
a

h
id

d
en

m
atch

ed
co

m
m

u
n
ity

stru
ctu

re
th

at
aff

ects
th

e
d
istrib

u
tion

of
th

e
ob

served
n
etw

ork
an

d
th

e
n
o
d
al

co-
va

ria
tes.

T
h
is

avoid
s

th
e

n
eed

for
p

ost-h
o
c

m
atch

in
g

of
th

e
com

m
u
n
ities:

th
e

m
atch

in
g

is
b
u
ilt

in
to

th
e

m
o
d
el

an
d

in
ferred

sim
u
ltan

eou
sly

alon
g

w
ith

th
e

com
m

u
n
ities

in
th

e
p
ro

cess
o
f

fi
ttin

g
th

e
m

o
d
el.

O
u
r

m
o
d
el

is
a

n
atu

ral
ex

ten
sio

n
of

th
e

w
ell-k

n
ow

n
sto

ch
astic

b
lo

ck
m

o
d
el

(S
B

M
)

a
n
d

is
d
iscu

ssed
in

d
etail

in
S
ection

2.
W

e
also

d
iscu

ss
an

ex
ten

sion
of

ou
r

m
o
d
el

to
allow

fo
r

d
eg

ree-correction
(S

ection
A

.3),
p
rov

id
in

g
a

m
atch

ed
version

of
th

e
d
egree-corrected

b
lo

ck
m

o
d
el

(D
C

-S
B

M
).

In
a
n
o
th

er
d
irection

,
m

an
y

n
etw

ork
s

com
e

w
ith

m
etad

ata,
often

in
th

e
form

of
n
o
d
e

at-
trib

u
tes,

o
r

cova
riates.

In
ou

r
fou

r
m

otivatin
g

ex
am

p
les

from
b
iom

ed
ical

scien
ces,

n
o
d
e

co-
va

ria
tes

a
re

o
ften

availab
le

an
d

p
rov

id
e

u
sefu

l
in

form
ation

for
d
etectin

g
m

atch
ed

com
m

u
n
ities.

In
th

e
p
ro

tein
-g

en
e

ex
am

p
le,

ex
p
ression

levels
of

th
e

p
rotein

s
an

d
gen

es
are

n
atu

ra
l

n
o
d
e

co-
va

ria
tes

(S
eg

a
l

et
al.,

2003;
B

an
sal

et
al.,

200
6).

In
corp

oratin
g

th
e

covariate
in

form
ation

w
ill

a
llow

u
s

to
m

o
re

accu
rately

id
en

tify
a

grou
p

of
p
rotein

s
th

a
t

co-regu
late

a
clu

ster
of

gen
es,
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R
a
z
a
e
e
,
A
m
in
i,
L
i

b
ecau

se
it

is
ex

p
ected

th
at

th
e

p
rotein

s
in

a
g
rou

p
sh

ou
ld

sh
are

sim
ilar

ex
p
ression

p
attern

s,
an

d
likew

ise
for

th
e

gen
es.

In
th

e
orth

olog
ex

am
p
le,

th
e

ex
p
ression

levels
of

gen
es

in
each

sp
ecies

are
u
sefu

l
n
o
d
e

covariates,
w

h
ich

w
ill

h
elp

research
ers

b
etter

id
en

tify
clu

sters
of

gen
es

th
at

are
n
ot

on
ly

con
served

b
etw

een
th

e
tw

o
sp

ecies
b
u
t

a
lso

sh
are

sim
ilar

fu
n
ction

al
ch

aracteristics
w

ith
in

each
sp

ecies
(L

i
et

al.,
2014;

G
erstein

et
al.,

2014).
In

th
e

m
u
tation

-g
en

e
n
etw

ork
,

gen
e

ex
p
ression

levels
are

th
e

covariates
of

th
e

gen
e

n
o
d
es.

U
sin

g
th

is
covariate

in
form

ation
w

ill
b

e
u
sefu

l
for

id
en

tify
in

g
th

e
activ

e
gen

es
as

a
resu

lt
of

m
u
tation

s
(H

ed
en

falk
et

al.,
2001;

Iw
akaw

a
et

al.,
2015;

R
ob

in
son

et
al.,

2015).
F

or
can

cer
su

b
-ty

p
e

d
etection

ex
am

p
le,

u
sin

g
th

e
p
atien

t’s
d
ata

su
ch

as
age,

gen
d
er,

race,
p
rogression

-free
an

d
overa

ll
su

rv
ival

tim
e,

th
e

p
rim

ary
site

of
th

e
tu

m
or

as
w

ell
a
s

its
stage

an
d

grad
e,

etc.
as

n
o
d
e

covariates
w

ill
h
elp

in
id

en
tify

in
g

rare
an

d
often

m
ore

aggressive
su

b
ty

p
es

(C
h
ean

g
et

al.,
2009;

A
rvold

et
al.,

2011;
V

on
M

in
ck

w
itz

et
al.,

2012).
F

or
th

e
au

th
or–p

ap
er

ex
am

p
le,

th
e

freq
u
en

cies
of

th
e

w
ord

s
in

each
p
ap

er
can

b
e

con
sid

ered
as

n
o
d
e

covariates
for

th
e

p
ap

er
sid

e.
In

th
e

W
ik

ip
ed

ia
u
ser–p

age
n
etw

ork
s,

th
e

lo
cation

of
th

e
u
sers

can
b

e
in

form
ativ

e
covariates.

T
h
e

p
oten

tial
for

im
p
rov

in
g

q
u
ality

of
th

e
clu

sters
b
y

in
corp

oratin
g

n
o
d
e

covariates
h
as

b
een

ex
p
lored

in
recen

t
w

ork
,

in
th

e
con

tex
t

of
u
n
ip

artite
n
etw

ork
s

(B
in

k
iew

icz
et

al.,
2017;

Z
h
an

g
et

al.,
2016;

Y
an

an
d

S
arkar,

2016;
N

ew
m

an
an

d
C

lau
set,

2016).
T

h
e

b
ip

artite
settin

g
ad

d
s

an
oth

er
ch

allen
ge

to
m

o
d
elin

g
n
o
d
e

covariates,
in

p
articu

lar,
h
ow

to
join

tly
m

o
d
el

th
e

covariates
on

th
e

tw
o

sid
es,

con
sid

erin
g

th
at

on
e

often
h
as

covariates
of

d
iff

eren
t

d
im

en
sion

s
on

each
sid

e.
(T

h
e

ex
trem

e
case

is
w

h
en

on
ly

on
e

sid
e

h
as

n
o
d
e

covariates.)
W

e
ex

ten
d

ou
r

p
rop

osed
m

o
d
el

to
allow

for
th

e
p
resen

ce
of

n
o
d
e

covariates
th

at
are

aw
are

of
th

e
m

atch
in

g
b

etw
een

com
m

u
n
ities

of
th

e
tw

o
sid

es.
In

oth
er

w
ord

s,
covariates

corresp
on

d
in

g
to

n
o
d
es

in
m

atch
ed

com
m

u
n
ities

are
statistically

lin
ked

.
T

h
e

lin
kage

can
b

e
tu

n
ed

u
sin

g
a

gen
eral

cross-covarian
ce

m
atrix

,
allow

in
g

for
vary

in
g

d
egrees

of
covariate

in
fl
u
en

ce
on

th
e

com
m

u
n
ity

d
etection

p
rob

lem
(S

ection
2).

It
is

w
orth

n
otin

g
th

at
w

e
sp

ecifi
cally

m
o
d
el

th
e

p
rob

lem
s

w
h
ere

th
e

n
etw

ork
an

d
n
o
d
e

covariates
are

d
riven

b
y

a
sin

gle
laten

t
com

m
u
n
ity

stru
ctu

re.
T

h
is

is
often

a
p
lau

sib
le

assu
m

p
tion

in
m

an
y

ap
p
lication

s.
In

th
ese

cases,
on

e
ex

p
ects

to
ob

tain
m

ore
accu

rate
com

m
u
n
ity

estim
ates

b
y

p
rop

erly
com

b
in

in
g

th
e

tw
o

sou
rces

of
in

form
ation

;
ou

r
m

o
d
el

allow
s

for
a

n
atu

ral
in

co
rp

oration
of

th
ese

tw
o

sou
rces

b
y

m
ax

im
izin

g
th

e
join

t
likelih

o
o
d
.

M
o
d
elin

g
cases

w
h
ere

th
e

n
o
d
e

covariates
a
n
d

th
e

n
etw

ork
p
rov

id
e

con
fl
ictin

g
in

form
ation

ab
ou

t
a

p
oten

tial
clu

sterin
g

rem
ain

s
a

ch
allen

gin
g

task
an

d
is

ou
tsid

e
th

e
scop

e
of

th
e

p
resen

t
p
ap

er.
T

o
fi
t

ou
r

m
o
d
els,

w
e

d
erive

an
algorith

m
b
ased

on
th

e
va

riation
al

in
feren

ce,
also

k
n
ow

n
as

th
e

variation
al

B
ayes

(J
ord

an
et

al.,
1999;

B
lei

et
al.,

2017)
id

eas
(S

ection
3
).

W
e

d
eriv

e
b

oth
th

e
d
egree-corrected

an
d

u
n
corrected

version
s

of
algorith

m
w

ith
in

th
e

sam
e

u
n
ifi

ed
fram

ew
ork

,
n
am

ely,
seq

u
en

tial
b
lo

ck
-co

ord
in

ate
ascen

t
on

th
e

variation
al

likelih
o
o
d
.

T
h
is

in
p
articu

lar
lead

s
to

a
n
ovel

ap
p
roach

to
fi
ttin

g
d
egree-co

rrected
likelih

o
o
d
s

u
sin

g
m

eth
o
d
s

of
con

tin
u
ou

s
op

tim
ization

(as
op

p
osed

to
p
rofi

lin
g

ou
t

th
e

d
egree-correction

p
aram

eters
an

d
op

tim
izin

g
over

th
e

sp
ace

of
d
iscrete

lab
els.).

A
s

p
art

of
th

e
in

itialization
of

th
e

algorith
m

,
w

e
rev

isit
a

b
ip

artite
sp

ectral
clu

sterin
g

algorith
m

,
b
i
S
C

fi
rst

p
ro

p
osed

in
D

h
illon

(2001),
an

d
id

en
tify

it
as

an
eff

ective
algorith

m
for

m
atch

ed
b
ip

artite
clu

sterin
g.

W
e

sh
ow

th
e

eff
ectiv

en
ess

of
ou

r
ap

p
roach

on
sim

u
la

ted
(S

ection
4)

an
d

real
d
ata,

n
am

ely,
p
age-u

ser
n
etw

ork
s

collected
from

W
ik

ip
ed

ia
an

d
tw

o
sets

of
au

th
or-p

ap
er

n
etw

ork
s,

on
e

ex
tracted

from
A

rn
etm

in
er

collection
b
y

T
an

g
et

al.
(2012)

an
d

th
e

oth
er

scrap
ed

from
D

B
L

P
(S

ection
5).

T
o

su
m

m
arize,

ou
r

con
trib

u
tion

s
in

th
is

p
ap

er
are

th
e

follow
in

g:
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M
A
T
C
H
E
D

B
IP

A
R
T
IT

E
B
L
O
C
K

M
O
D
E
L

W
IT

H
C
O
V
A
R
IA

T
E
S

(i
)

Id
en

ti
fy

th
e

m
at

ch
in

g
p
ro

b
le

m
in

b
ip

ar
ti

te
co

m
m

u
n
it

y
d
et

ec
ti

o
n

m
or

e
cl

ea
rl

y
an

d
gi

v
e

it
th

e
p
ro

m
in

en
t

ro
le

,
b
y

sh
ow

in
g

th
at

it
is

p
os

si
b
le

to
co

n
si

d
er

m
at

ch
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o

com
p

on
en

ts
v

1
k ,v

2
k .

W
e

h
ave

th
e

follow
in

g
m

o
d
el:

z
r
i
∼

M
u
lt(1,π

r ),

(v
r
k ,r

=
1,2)

iid
∼
N

(µ
,Σ

),
k

=
1,...,K

.

(x
r
i |
z
r
i

=
k
,
v
r
k )
∼

N
(v
r
k ,σ

2r I
d
r ),

i∈
[N

r ],
r

=
1,2

(2)

w
h
ere

th
e

d
raw

s
are

in
d
ep

en
d
en

t
over

r
an

d
i∈

[N
r ],

on
ea

ch
lin

e.
H

ere,
π
r

=
(π
r
1 ,...,π

r
K

)
is

th
e

p
rio

r
o
n

clu
ster

p
rop

ortion
s

for
grou

p
r

(π
r ∈

[0,1] K
w

ith
∑

Kk
=

1
π
r
k

=
1).

(σ
2r ,r

=
1,2)

m
o
d
els

th
e

va
ria

n
ce

of
m

easu
rem

en
t

n
oise

in
th

e
tw

o
grou

p
s.

T
h
e

id
ea

b
eh

in
d

th
e

covariate
gen

eration
is

as
follow

s:
E

ach
covaria

te
x
r
i

is
goin

g
to

to
b

e
d
eterm

in
ed

b
y
v
r
k ,

th
at

is
x

1
i

w
ill

h
ave

m
ean

v
1
k

an
d
x

2
j

w
ill

h
ave

m
ean

v
2
k ,

assu
m

in
g

n
o
d
es

i
a
n
d
j

b
elo

n
g

to
th

e
sam

e
clu

ster
k

(a
sin

gle
clu

ster
en

com
p
asses

b
oth

sid
es

of
th

e
n
etw

ork
,

b
a
sed

o
n

th
e

m
a
tch

in
g).

T
h
at

is,
w

e
b
reak

each
v∗
k

=
(v

1
k ,v

2
k )

in
to

tw
o

p
ieces

v
1
k

an
d
v

2
k

a
n
d

th
ese

tw
o

p
ieces

d
eterm

in
e

th
e

covariates
of

th
e

tw
o

sid
es,

x
1
i

an
d
x

2
j ,

assu
m

in
g

n
o
d
es
i

an
d
j

b
elo

n
g

to
th

e
sam

e
clu

ster
k
.

N
o
te

th
a
t

th
e

covariates
for

tw
o

n
o
d
es

th
at

are
in

th
e

sam
e

clu
ster

on
th

e
sam

e
sid

e
h
av

e
th

e
sa

m
e

m
ea

n
:

If
z

1
i

=
z

1
j

=
k

th
en

b
oth

x
1
i

an
d
x

1
j

h
ave

m
ean

v
1
k .

O
n

th
e

oth
er

h
an

d
th

e
cova

ria
tes

for
tw

o
n
o
d
es

th
at

are
in

th
e

sam
e

clu
ster

b
u
t

on
d
iff

eren
t

sid
es

w
ill

h
ave

d
iff

eren
t

m
ea

n
s:

If
z

1
i

=
z

2
j

=
k
,

th
en

x
1
i

h
as

m
ean

v
1
k

w
h
ile
x

2
j

as
m

ean
v

2
k .

T
h
ese

tw
o

m
ean

vectors
h
ow

ev
er

a
re

still
related

sin
ce

th
ey

are
th

e
com

p
on

en
ts

of
th

e
sin

gle
vector

v
k∗

=
(v

1
k ,v

2
k )

w
h
ich

is
d
erived

from
a

m
u
ltivariate

G
au

ssian
d
istrib

u
tion

.
T

h
a
t

is,
v

1
k

an
d
v

2
k

are
join

tly
G

a
u
ssia

n
w

ith
a

p
oten

tial
n
on

zero
cross-covarian

ce
m

atrix
.

T
o

m
a
ke

th
e

correlation
stru

ctu
re

in
(v
r
k ,r

=
1
,2)

m
ore

ex
p
licit,

w
e

can
p
artition

µ
=

(µ
r ,r

=
1,2

)
an

d
Σ

,
so

th
at

(
v

1
k

v
2
k )

in
d
∼
N

[(
µ

1

µ
2 )

, (
Σ

1
1

Σ
1
2

Σ
T1
2

Σ
2
2 )
]
,
k

=
1,...,K

.

N
o
te

th
a
t
µ
r
∈

R
d
r.

In
su

b
section

2.5,
w

e
d
iscu

ss
h
ow

th
is

m
o
d
el

p
rov

id
es

a
statistica

l
lin

k
b

etw
een

cova
ria

tes
of

th
e

tw
o

grou
p
s.

F
or

fu
tu

re
referen

ce,
v∗
k

:=
(v
r
k ,r

=
1,2)

collects
th

e
m

a
tch

ed
h
id

d
en

covariate
m

ean
s

of
th

e
clu

sters
C

1
k

an
d
C

2
k .

O
n

th
e

oth
er

h
an

d
,

w
e

w
rite

v
r∗

=
(v
r
k ,k
∈

[K
])

w
h
ich

collects
all

th
e

h
id

d
en

covariate
m

ean
s

for
sid

e
r

=
1
,2

of
th

e
n
etw

o
rk

.

2
.2

.
G

e
n

e
ra

tin
g

th
e

N
e
tw

o
rk

G
iven

Z
,

th
e

b
ip

artite
grap

h
is

gen
erated

as
follow

s:
F

or
each

n
o
d
e
i

in
[N

1 ]
an

d
each

n
o
d
e
j

in
[N

2 ],
w

e
p
u
t

a
n

ed
ge

b
etw

een
th

em
w

ith
p
rob

ab
ility

p
if

th
ey

b
elon

g
to

m
a
tch

ed
clu

sters,
an

d
w

ith
p
ro

b
a
b
ility

q
6=
p

oth
erw

ise.
W

ith
A

=
(A

ij )∈
{
0
,1}

N
1 ×
N

2
d
en

otin
g

th
e

resu
ltin

g
b
i-a

d
ja

cen
cy

m
a
trix

,
w

e
h
av

e

A
ij |

Z
in

d
∼
{

B
er(p

)
z

1
i

=
z

2
j

B
er(q)

z
1
i 6=

z
2
j

,
i∈

[N
1 ],

j∈
[N

2 ].
(3)

C
o
m

b
in

ed
,

(2
)

a
n
d

(3)
d
escrib

e
ou

r
fu

ll
m

atch
ed

b
ip

a
rtite

S
B

M
m

o
d
el.

T
h
e

o
b

jective
is

to
fi
n
d

th
e

p
o
sterio

r
p
rob

ab
ility

of
Z

given
A

an
d
X

=
{
x
r
i

:
i∈

[N
r ],r

=
1,2}.
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R
a
z
a
e
e
,
A
m
in
i,
L
i

A
lth

ou
gh

w
e

w
ill

fo
cu

s
on

th
e

sim
p
le

m
o
d
el

(3)
in

d
eriv

in
g

th
e

algorith
m

s,
it

is
p

ossib
le

to
allow

for
a

m
ore

gen
eral

ed
ge

p
rob

ab
ility

stru
ctu

re
as

in
th

e
u
su

al
S
B

M
,

b
y

assu
m

in
g

A
ij |

Z
in

d
∼

B
er(Ψ

z
1
i ,z

2
j )

i∈
[N

1 ],
j∈

[N
2 ].

(4)

w
h
ere

Ψ
∈

[0,1] K
×
K

is
a

con
n
ectiv

ity
(or

ed
ge

p
rob

ab
ility

)
m

a
trix

.
M

o
d
el

(3)
corresp

on
d
s

to
th

e
case

w
h
ere

Ψ
k
k

=
p

an
d

Ψ
k
`

=
q

for
k
6=
`.

W
e

w
ill

refer
to

th
is

m
o
d
el

a
s
m
b
i
S
B
M

for
m

atch
ed

b
ip

artite
S
B

M
.

R
e
m

a
rk

1
.

P
aram

eter
Σ

in
(2)

is
key

in
tu

n
in

g
th

e
eff

ect
of

th
e

n
o
d
e

covariates
on

com
m

u
n
ity

d
etection

.
A

ssu
m

e
for

sim
p
licity

th
at
σ

2r
=

0
,
r

=
1
,2.

T
h
en

,
w

h
en

Σ
=

0,
v∗
k

=
µ

a.s.
for

all
k
,

h
en

ce
x
∗
i

=
µ

for
all

i,
an

d
th

e
cova

riates
carry

n
o

in
form

ation
ab

ou
t

com
m

u
n
ities.

W
h
en

,
Σ
6=

0
th

ere
is

variab
ility

in
v∗
k

across
k
,

h
en

ce
com

m
u
n
ity

d
etection

b
en

efi
ts

from
th

e
covariate

in
form

ation
.

O
n

th
e

oth
er

h
an

d
,

it
is

w
ell-k

n
ow

n
th

at
th

e
in

form
ation

in
th

e
ad

jacen
cy

m
atrix

A
ab

ou
t

com
m

u
n
ity

stru
ctu

re
is

rou
gh

ly
con

trolled
b
y

th
e

ex
p

ected
d
egree

of
th

e
n
etw

ork
,

i.e.,
th

e
scalin

g
of
Q

=
(p
,q),

in
ad

d
itio

n
to

th
e

sep
aration

of
p

an
d
q.

B
y

scalin
g

of
(p
,q)

w
e

m
ean

th
e

follow
in

g:
O

n
e

can
take

p
=
a
/n

an
d
q

=
b/n

;
th

en
,

h
ow

fast
a

an
d
b

in
crease

as
a

fu
n
ction

of
n

d
eterm

in
es

th
e

d
iffi

cu
lty

o
f

th
e

n
etw

ork
com

m
u
n
ity

d
etection

p
rob

lem
.

F
or

th
e

case
a
,b

=
O

(1),
th

e
so-called

sp
arse

regim
e,

on
ly

p
artial

recovery
of

th
e

lab
els

is
p

ossib
le

(given
on

ly
th

e
n
etw

ork
in

form
ation

),
w

h
ereas

w
h
en
a
,b→

∞
on

e
can

recov
er

w
ith

asy
m

p
totically

van
ish

in
g

m
isclassifi

cation
error;

at
h
igh

er
d
en

sities,
n
am

ely
a
,b
&

log
n

,
it

is
p

ossib
le

to
ex

a
ctly

recov
er

th
e

lab
els

for
su

ffi
cien

tly
large

n
.

S
ee

A
b
b

e
(2017)

for
m

ore
d
etails.

T
h
u
s,

b
y

rescalin
g

Σ
an

d
Q

=
(p
,q),

w
e

can
con

trol
th

e
b
alan

ce
of

th
e

tw
o

sou
rces

of
in

form
ation

(i.e.,
th

e
n
etw

ork
versu

s
n
o
d
e

cova
riate

in
fo

rm
ation

).
T

h
is

is
ex

p
lored

in
S
ection

4
th

rou
gh

sim
u
lation

stu
d
ies.

2
.3

.
C

o
n

n
e
c
tio

n
w

ith
th

e
U

su
a
l

S
B

M

Ign
orin

g
th

e
covariate

p
art

of
th

e
m

o
d
el,

on
e

m
igh

t
w

on
d
er

w
h
eth

er
m
b
i
S
B
M
,

in
tro

d
u
ced

in
(4),

can
b

e
th

ou
gh

t
of

as
a

su
b
-m

o
d
el

of
a

u
su

al
S
B

M
w

ith
p

erh
ap

s
in

creased
n
u
m

b
er

of
com

-
m

u
n
ities.

F
irst,

it
sh

ou
ld

b
e

clear
th

at
th

e
m

o
d
el

is
n
ot

a
u
su

al
S
B

M
w

ith
K

com
m

u
n
ities.

H
ow

ev
er,

it
can

b
e

th
ou

gh
t

of
as

a
S
B

M
w

ith
2
K

com
m

u
n
ities

w
ith

restrictio
n

s
im

p
osed

on
b

oth
its

m
em

b
ersh

ip
an

d
con

n
ectiv

ity
m

atrix
.

T
o

see
th

is,
let

u
s

recall
th

e
m

atrix
rep

resen
-

tation
of

th
e

u
su

al
S
B

M
w

ith
K

b
lo

ck
s,

w
h
ere

on
e

h
as

th
e

con
n
ectiv

ity
m

a
trix

Ψ
∈

[0,1] K
×
K

an
d

b
in

ary
m

em
b

ersh
ip

m
atrix

Z
∈
{
0
,1}

N
×
K

.
S
u
ch

m
o
d
el

can
b

e
com

p
actly

rep
resen

ted
as

E
[A|Z

]
=
Z

Ψ
Z
T

.
N

ow
,

con
sid

er
m

o
d
el

(4),
an

d
let

Z
r

=
(z
r
i )
∈
{
0
,1}

N
r ×
K

for
r

=
1
,2.

W
e

ex
p
ress

th
e

m
o
d
el

com
p
actly

as

E
(

0
A

A
T

0 )

︸
︷︷

︸
Ã

=

(
Z

1
0

0
Z

2 )

︸
︷︷

︸
Z̃

(
0

Ψ
Ψ
T

0 )

︸
︷︷

︸
Ψ̃

(
Z
T1

0
0

Z
T2 )

.
(5)

given
Z

1 ,Z
2 .

L
ettin

g
N

:=
N

1
+
N

2
an

d
d
efi

n
in

g
th

e
m

atrices
Ã
∈
{0,1}

N
×
N

,
Z̃
∈
{0,1}

N
×

2
K

an
d

Ψ̃
∈

[0,1] 2
K
×

2
K

as
in

(5),
it

is
clear

th
at

m
o
d
el

(4)
is

eq
u
ivalen

t
to

E
[Ã|Z̃

]
=
Z̃

Ψ̃
Z̃
T

.
T

h
is

is
a

S
B

M
w

ith
restriction

s
on

b
oth

Z̃
an

d
Ψ̃

:
N

o
d
es

1,...,N
1

can
on

ly
b

elon
g

to
com

m
u
n
ities

1,...,K
an

d
n
o
d
es
N

1
+

1,...,N
1

+
N

2
can

on
ly

b
elon

g
to

com
m

u
n
ities

K
+

1,...,2K
.

A
s

for
Ψ̃

,
th

e
restriction

im
p

oses
zero

con
n
ectiv

ity
am

on
g

com
m

u
n
ities

1
,...,K

an
d

am
on

g
th

ose
of
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M
A
T
C
H
E
D

B
IP

A
R
T
IT

E
B
L
O
C
K

M
O
D
E
L

W
IT

H
C
O
V
A
R
IA

T
E
S

K
+

1
,.
..
,2
K

.
W

it
h

th
es

e
re

st
ri

ct
io

n
s

in
p
la

ce
,

w
e

h
av

e
a

n
at

u
ra

l
b
ip

ar
ti

te
m

at
ch

in
g

b
et

w
ee

n
co

m
m

u
n
it

ie
s:
`
↔
K

+
`

fo
r
`
∈

[K
].

2
.4

.
D

e
g
re

e
-c

o
rr

e
c
te

d
V

e
rs

io
n

A
li
m

it
at

io
n

of
th

e
S
B

M
is

th
at

n
o
d
es

in
th

e
sa

m
e

co
m

m
u
n
it

y
h
av

e
th

e
sa

m
e

ex
p

ec
te

d
d
e-

gr
ee

.
T

o
al

lo
w

fo
r

d
eg

re
e

h
et

er
og

en
ei

ty
w

it
h
in

co
m

m
u
n
it

ie
s,

b
ri

n
gi

n
g

th
e

m
o
d
el

cl
os

er
to

re
al

n
et

w
or

k
s,

a
co

m
m

on
ap

p
ro

ac
h

is
to

u
se

th
e

D
C

-S
B

M
(D

as
gu

p
ta

et
al

.,
20

04
;

K
ar

re
r

an
d

N
ew

-
m

an
,

20
11

).
It

is
fa

ir
ly

st
ra

ig
h
tf

or
w

ar
d

to
in

tr
o
d
u
ce

d
eg

re
e-

co
rr

ec
ti

o
n

in
ou

r
se

tu
p
.

C
o
n
si

d
er

th
e

fo
rm

of
th

e
m

at
ch

ed
S
B

M
in

tr
o
d
u
ce

d
in

(4
).

T
o

ea
ch

n
o
d
e
i

in
gr

ou
p
r,

w
e

as
so

ci
at

e
a

p
ro

p
en

si
ty

p
ar

am
et

er
θ r
i
>

0.
T

h
u
s,

w
e

h
av

e
ad

d
it

io
n
al

p
ar

am
et

er
s
θ r

:=
(θ
r
i,
i
∈

[N
r
])

fo
r

r
=

1,
2.

T
h
e

d
eg

re
e-

co
rr

ec
te

d
(D

C
)

ve
rs

io
n

of
th

e
m

o
d
el

re
p
la

ce
s

(4
)

w
it

h

A
ij
|Z

in
d ∼

P
oi

(θ
1
iθ

2
j
Ψ
z 1
i
,z

2
j
)
i
∈

[N
1
],
j
∈

[N
2
].

(6
)

R
ep

la
ci

n
g

th
e

B
er

n
ou

ll
i

w
it

h
P

oi
ss

on
is

fo
r

co
n
ve

n
ie

n
ce

in
la

te
r

d
er

iv
at

io
n
s,

an
d

is
co

m
m

o
n

in
d
ea

li
n
g

w
it

h
D

C
-S

B
M

(K
ar

re
r

an
d

N
ew

m
an

,
20

11
).

In
or

d
er

fo
r

th
e

p
ar

am
et

er
s

(θ
1
,θ

2
,Ψ

)
to

b
e

id
en

ti
fi
ab

le
,

w
e

n
ee

d
to

ag
re

e
on

a
n
or

m
al

iz
at

io
n

of
θ r
i

p
er

ea
ch

co
m

m
u
n
it

y.
H

er
e,

w
e

ad
op

t
th

e
fo

ll
ow

in
g:

1

|C
r
k
|
∑

i
∈
C
r
k

θ r
i

=
1
⇐
⇒

N
r

∑ i=
1

(θ
r
i
−

1)
z r
ik

=
0,

k
∈

[K
],
r

=
1,

2
.

(7
)

W
it

h
th

is
n
or

m
al

iz
at

io
n
,

w
e

re
co

ve
r

th
e

or
ig

in
al

m
o
d
el

w
h
en

θ r
i

=
1

fo
r

al
l
i

a
n
d
r.

O
u
r

n
or

m
al

iz
at

io
n

is
si

m
il
ar

to
th

e
on

e
co

n
si

d
er

ed
in

G
a
o

et
al

.
(2

01
6)

.

R
e
m

a
rk

2
.

A
n
or

m
al

iz
at

io
n

of
th

e
fo

rm
(7

)
is

of
te

n
a
ss

u
m

ed
w

h
en

on
e

co
n
si

d
er

s
b

ot
h

θ
=

(θ
1
,θ

2
)

an
d
Z

to
b

e
d
et

er
m

in
is

ti
c

u
n
k
n
ow

n
p
ar

a
m

et
er

s,
or

al
te

rn
at

iv
el

y
w

h
en

w
or

k
in

g
co

n
d
it

io
n
ed

on
θ

an
d
Z

.
T

h
ro

u
gh

ou
t,

w
e

as
su

m
e
θ

to
b

e
an

u
n
k
n
ow

n
p
ar

am
et

er
.

H
ow

ev
er

,
to

b
e

p
ed

an
ti

c,
(7

)
is

in
co

n
si

st
en

t
w

it
h

i.
i.
d
.

ra
n
d
om

ge
n
er

a
ti

on
of
z r
i

fr
om

a
M

u
lt

(1
,π
r
)

as
in

(2
).

O
n
e

w
ay

to
ge

t
ar

ou
n
d

th
is

is
to

as
su

m
e

th
at

th
e

la
b

el
s

ar
e

ge
n
er

at
ed

a
p
ri

o
ri

fr
om

th
e

p
ro

d
u
ct

m
u
lt

in
om

ia
l

d
is

tr
ib

u
ti

on
d
es

cr
ib

ed
in

(2
)

co
n

d
it

io
n

ed
on

th
e

se
t

of
la

b
el

s
sa

ti
sf

y
in

g
(7

).
W

e
w

il
l

ig
n
or

e
th

e
ch

an
ge

in
th

e
la

b
el

p
ri

or
th

is
co

n
d
it

io
n
in

g
m

ak
es

in
d
er

iv
in

g
th

e
al

go
ri

th
m

s.
In

th
e

en
d
,

w
e

en
fo

rc
e

(7
)

in
an

“a
ve

ra
ge

d
”

se
n
se

,
re

p
la

ci
n
g
z r
ik

w
it

h
th

e
co

rr
es

p
on

d
in

g
(a

p
-

p
ro

x
im

at
e)

p
os

te
ri

or
τ r
ik

,
as

d
et

ai
le

d
in

su
b
se

ct
io

n
A

.3
.

V
ie

w
ed

as
a

se
t

o
f

co
n
st

ra
in

ts
o
n

th
e

co
ll
ec

ti
on

of
so

ft
-l

ab
el

s
(τ
r
ik

),
(7

)
is

n
ot

th
at

re
st

ri
ct

iv
e.

2
.5

.
C

o
v
a
ri

a
te

C
o
rr

e
la

ti
o
n

o
n

M
a
tc

h
e
d

C
lu

st
e
rs

O
n
e

d
es

ir
ab

le
fe

at
u
re

in
m

o
d
el

in
g

co
va

ri
at

es
,

in
th

e
co

n
te

x
t

of
a

m
at

ch
ed

b
ip

ar
ti

te
n
et

w
or

k
,

is
th

e
ab

il
it

y
to

ga
in

so
m

e
in

fo
rm

at
io

n
ab

o
u
t

w
h
et

h
er

a
p
ai

r
(i
,j

)
∈

[N
1
]
×

[N
2
]

b
el

on
gs

to
a

m
at

ch
ed

cl
u
st

er
,

b
y

ju
st

lo
ok

in
g

at
th

ei
r

re
sp

ec
ti

v
e

co
va

ri
at

es
x

1
i

an
d
x

2
j
.

A
ss

u
m

e
fo

r
th

e
m

om
en

t
th

at
th

er
e

is
n
o

m
ea

su
re

m
en

t
n
oi

se
,

i.
e.

,
σ

2 r
=

0
,
r

=
1
,2

.
T

h
en

,
th

e
q
u
es

ti
on

b
oi

ls
d
ow

n
to

w
h
et

h
er

w
e

ca
n

te
ll

(v
1
k
,v

2
k
′ )

fo
r
k
6=
k
′

ap
ar

t
fr

om
(v

1
k
,v

2
k
).

A
cc

o
rd

in
g

to
th

e
m

o
d
el

,
(v

1
k
,v

2
k
)

an
d

(v
1
k
′ ,
v 2
k
′ )

ar
e

in
d
ep

en
d
en

t
G

au
ss

ia
n

ve
ct

or
s,

h
en

ce
(v

1
k
,v

2
k
,v

1
k
′ ,
v 2
k
′ )

is
G

au
ss

ia
n

w
it

h
m

ea
n

(µ
,µ

)
=

(µ
1
,µ

2
,µ

1
,µ

2
)

an
d

co
va

ri
a
n
ce

(
Σ

0
0

Σ
).

R
ec

al
li
n
g

th
e

d
ec

om
p

os
it

io
n

of
Σ

,
it

fo
ll
ow

s
th

at
(v

1
k
,v

2
k
′ )
∼
N

(µ
,(

Σ
1
1

0
0

Σ
2
2
))

fo
r
k
6=
k
′ w

h
er

ea
s

(v
1
k
,v

2
k
)
∼
N

(µ
,(

Σ
1
1

Σ
1
2

Σ
2
1

Σ
2
2
))

.
A

s
lo

n
g

as
Σ

1
2
6=

0,
th

es
e

tw
o

d
is

tr
ib

u
ti

o
n
s

ar
e

d
iff

er
en

t,
h
en

ce
th

e
m

o
d
el

is
ab

le
to

d
is

ti
n
gu

is
h
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R
a
z
a
e
e
,
A
m
in
i,
L
i

(a
)

(b
)

(c
)

(d
)

F
ig

u
re

2
:

P
os

si
b
le

re
la

ti
on

s
b

et
w

ee
n

co
m

m
u
n
it

ie
s

o
f

th
e

tw
o

si
d
es

,
in

a
b
ip

ar
ti

te
n
et

w
or

k
.

(a
)

a
n
d

(b
)

ar
e

h
ar

d
to

in
te

rp
re

t.
S
tr

u
ct

u
re

s
li
ke

(c
),

i.
e.

,
co

ll
ec

ti
o
n
s

of
d
is

jo
in

t
st

ar
s,

ar
e

in
te

rp
re

ta
b
le

an
d

(d
)

is
th

e
si

m
p
le

st
w

it
h
in

th
is

cl
as

s.

b
et

w
ee

n
th

e
tw

o
ca

se
s.

In
ot

h
er

w
or

d
s,

th
er

e
is

in
fo

rm
at

io
n

in
th

e
co

va
ri

at
es

ab
o
u
t

th
e

m
a
tc

h
in

g
of

th
e

cl
u
st

er
s

in
th

e
tw

o
gr

ou
p
s.

H
ow

ev
er

,
th

is
in

fo
rm

at
io

n
(i

n
it

se
lf

)
is

q
u
it

e
w

ea
k

si
n
ce

it
am

ou
n
ts

to
d
is

ti
n
gu

is
h
in

g
b

et
w

ee
n

tw
o

m
u
lt

iv
ar

ia
te

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
s,

b
a
se

d
o
n
ly

o
n

a
si

n
gl

e
d
ra

w
fr

om
ea

ch
.

F
or

tu
n
at

el
y,

th
e

m
o
d
el

al
so

ca
rr

ie
s

in
fo

rm
at

io
n

ab
ou

t
th

e
m

a
tc

h
in

g
in

th
e

ad
ja

ce
n
cy

m
at

ri
x
A

.

2
.6

.
In

te
rp

re
ta

b
il

it
y

a
n

d
Id

e
n
ti

fi
a
b

il
it

y

W
e

al
lu

d
ed

ea
rl

ie
r

to
th

e
m

er
it

s
of

h
av

in
g

a
1-

1
m

at
ch

in
g

b
et

w
ee

n
th

e
co

m
m

u
n
it

ie
s

o
f

th
e

tw
o

si
d
es

b
u
il
t

in
to

th
e

m
o
d
el

.
O

u
r

m
ai

n
ar

gu
m

en
t

fo
r

th
e

ad
va

n
ta

ge
of

a
1
-1

m
a
tc

h
in

g
is

in
te

rp
re

ta
b
il
it

y.
F

ig
u
re

2
sh

ow
s

so
m

e
p

os
si

b
le

re
la

ti
on

s
th

at
co

u
ld

ex
is

t
b

et
w

ee
n

co
m

m
u
n
it

ie
s

of
th

e
tw

o
si

d
e

(e
ac

h
ci

rc
le

re
p
re

se
n
ts

a
co

m
m

u
n
it

y
).

T
h
e

cl
os

er
th

is
re

la
ti

on
is

to
a

co
m

p
le

te
b
ip

ar
ti

te
gr

ap
h
,

th
e

h
ar

d
er

it
is

to
in

te
rp

re
t;

F
ig

u
re

2(
a)

is
p

er
h
ap

s
th

e
le

a
st

in
fo

rm
a
ti

ve
re

la
ti

on
am

on
g

th
e

fo
u
r.

In
F

ig
u
re

(b
),

th
e

re
la

ti
on

is
m

u
ch

sp
ar

se
r.

H
ow

ev
er

,
it

is
st

il
l

h
a
rd

to
in

te
rp

re
t:

al
l

co
m

m
u
n
it

ie
s

se
em

to
b

e
re

la
te

d
,

al
b

ei
t

in
d
ir

ec
tl

y.
W

e
w

ou
ld

li
ke

to
a
rg

u
e

th
at

st
ru

ct
u
re

s
li
ke

(c
)

w
h
er

e
th

e
gr

ap
h

is
a

co
ll
ec

ti
on

o
f

d
is

jo
in

t
st

a
rs

is
in

te
rp

re
ta

b
le

.
O

n
e

w
o
u
ld

li
ke

to
fi
t

su
ch

m
o
d
el

s,
th

ou
gh

in
fu

ll
ge

n
er

al
it

y,
th

is
se

em
s

to
b

e
a

d
iffi

cu
lt

ta
sk

.
O

n
e

h
a
s

to
so

m
eh

ow
co

n
tr

ol
th

e
b
ra

n
ch

in
g

n
u
m

b
er

s
of

th
e

st
ar

s,
w

h
ic

h
in

d
ir

ec
tl

y
co

n
tr

o
l

th
e

n
u
m

b
er

of
co

m
m

u
n
it

ie
s

on
ei

th
er

si
d
e.

T
h
u
s,

th
e

p
ro

b
le

m
is

at
le

as
t

as
h
ar

d
as

d
ec

id
in

g
th

e
n
u
m

b
er

of
co

m
m

u
n
it

ie
s

in
th

e
u
su

al
S
B

M
.

O
u
r

1-
1

m
at

ch
in

g
re

la
ti

on
,

F
ig

u
re

2(
d
),

is
th

e
si

m
p
le

st
st

ru
ct

u
re

of
th

e
ty

p
e

d
ep

ic
te

d
in

(c
).

It
is

in
a

se
n
se

a
fi
rs

t-
or

d
er

ap
p
ro

x
im

at
io

n
o
f

th
e

m
o
d
el

s
in

th
is

cl
as

s.
It

is
ea

si
es

t
to

fi
t

an
d

is
th

e
m

os
t

in
te

rp
re

ta
b
le

.

3
.
M

o
d
e
l
F
it
ti
n
g

In
or

d
er

to
fi
t

th
e

m
o
d
el

,
w

e
d
er

iv
e

al
go

ri
th

m
s

b
as

ed
on

va
ri

at
io

n
al

in
fe

re
n
ce

id
ea

s.
T

h
e

al
go

ri
th

m
st

ar
ts

fr
om

so
m

e
in

it
ia

l
gu

es
s

of
th

e
la

b
el

s
an

d
p
ar

am
et

er
s

an
d

p
ro

ce
ed

s
to

im
p
ro

ve
th

e
li
ke

li
h
o
o
d

v
ia

si
m

p
le

it
er

at
iv

e
u
p

d
at

es
to

th
e

p
ar

am
et

er
s

an
d

a
n

ap
p
ro

x
im

a
te

p
o
st

er
io

r
on

th
e

la
b

el
s.

W
e

fi
rs

t
d
is

cu
ss

th
e

ca
se

w
it

h
n
o

d
eg

re
e

co
rr

ec
ti

on
.

T
h
e

ex
te

n
si

o
n

to
th

e
d
eg

re
e-

co
rr

ec
te

d
m

o
d
el

is
d
is

cu
ss

ed
in

su
b
se

ct
io

n
A

.3
.
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M
A
T
C
H
E
D

B
IP

A
R
T
IT

E
B
L
O
C
K

M
O
D
E
L

W
IT

H
C
O
V
A
R
IA

T
E
S

3
.1

.
T

h
e

L
ik

e
lih

o
o
d

L
et

u
s

in
tro

d
u
ce

som
e

n
otation

.
W

e
w

rite
v∗
k

=
(v
r
k ,r

=
1,2)∈

R
d
1
+
d
2

an
d
v
r∗

=
(v
r
k ,k
∈

[K
])∈

R
K
d
r,

a
n
d
V

=
(v
r
k ,
r

=
1
,2,

k
∈

[K
])∈

R
K

(d
1
+
d
2
).

S
im

ila
rly,

Z
=

(z
r
i ,
i∈

[N
r ],

r
=

1,2
)

a
n
d
X

=
(x
r
i ,
i
∈

[N
r ],

r
=

1
,2).

(In
th

is
section

,
th

e
p
articu

lar
m

atrix
form

of
Z

a
n
d
X

a
re

n
o
t

o
f

in
terest.

Z
an

d
X

are
sim

p
ly

p
laceh

old
ers

for
th

e
collection

s
of

la
b

els
an

d
cova

ria
tes.)

L
et

y
ij

:=
1{
z

1
i

=
z

2
j }
,

z
r
ik

:=
1{z

r
i

=
k}.

T
h
e

jo
in

t
d
istrib

u
tion

of
all

th
e

variab
les

in
th

e
m

o
d
el

factorizes
as

follow
s:

p
(A
,X
,Z
,V

)
=
p
(A|Z

)
p
(X
|Z
,V

)
p
(Z

)
p
(V

)

=

N
1
∏i=

1

N
2
∏j=

1

p
(A

ij |z
1
i ,z

2
j )

2
∏r
=

1

N
r
∏i=

1 {
p
(x
r
i |z

r
i ,v

r∗ )p
(z
r
i ) }

K∏k
=

1

p
(v∗

k ).

W
e

h
ave

p
(x
r
i |z

r
i ,v

r∗ )
=
∏
Kk
=

1 [f
r (x

r
i ;v

r
k )] z

r
ik

w
h
ere

f
r (x

r
i ;v

r
k )

:=
N

(x
r
i ;v

r
k ,σ

2r I
d
r ).

In

a
d
d
itio

n
,
p
(z
r
i )

=
∏
Kk
=

1
π
r
k
z
r
ik.

F
or

th
e

n
etw

ork
p
art,

w
e

in
gen

era
l

h
ave

`
1 (Ψ

)
=

:
log

p
(A|Z

)
=
∑

ij

∑k
`

z
1
ik z

2
j`
g
(Ψ

k
` ,A

ij )
(8)

w
h
ere

g
is

eith
er

th
e

log-likelih
o
o
d

of
th

e
B

ern
ou

lli,
g

b
er (p

,α
)

=
α

log
p

1−
p

+
log

(1
−
p
),

or
P

o
isso

n
,
g

p
o
i (p
,α

)
=
α

log
p−

p
.

In
th

e
sp

ecia
l

p
lan

ted
p
artition

case,
log

p
(A|Z

)
greatly

sim
p
lifi

es:
B

y
b
reak

in
g

u
p

over
k

=
`

a
n
d
k
6=
`,

w
e

ob
tain

`
1 (Ψ

)
=

log
p
(A|Z

)
=
∑

ij

[∑

k

z
1
ik z

2
jk
g
(p
,A

ij )
+
∑k6=

`

z
1
ik z

2
j`
g
(q,A

ij ) ]

=
∑

ij

y
ij g

(p
,A

ij )
+

(1−
y
ij )g

(q,A
ij ).

(9)

w
h
ere

w
e

h
ave

u
sed

∑
k
`
z

1
ik z

2
j`

=
1.

T
h
e

com
p
lete

log-lik
eh

o
o
d

of
th

e
m

o
d
el,

i.e.,
assu

m
in

g
w

e
o
b
serve

th
e

laten
t

variab
les

(Z
,V

),
is

th
en

`(µ
,Σ
,σ
,π
,Ψ

)
=
`
1 (Ψ

)
+
`
2 (µ

,Σ
,σ
,π

)

w
h
ere

`
1 (Ψ

)
is

a
s

d
efi

n
ed

in
(8)

an
d

`
2 (µ

,Σ
,σ
,π

)
=

2
∑r
=

1

N
r

∑i=
1 ∑

k

z
r
ik

log [π
r
k
f
r (x

r
i ;v

r
k ) ]

+
∑

k

log
p
(v∗

k |µ
,Σ

).

3
.2

.
M

e
a
n

-F
ie

ld
A

p
p

ro
x
im

a
tio

n

V
a
ria

tio
n
a
l

in
feren

ce
is

often
regard

ed
as

th
e

ap
p
rox

im
ation

of
a

p
osterior

d
istrib

u
tion

b
y

so
lv

in
g

a
n

o
p
tim

ization
p
rob

lem
(W

ain
w

righ
t

an
d

J
ord

an
,

2008;
B

lei
et

al.,
2017).

T
h
e

id
ea

is
to

p
ick

a
n

a
p
p
rox

im
ation

q
from

som
e

tractab
le

fam
ily

of
d
istrib

u
tion

s
ov

er
th

e
laten

t
va

riab
les

(Z
,V

)
a
n
d

try
to

m
ake

th
is

ap
p
rox

im
a
tion

as
close

as
p

ossib
le

in
K

L
d
ivergen

ce
to

th
e

tru
e
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R
a
z
a
e
e
,
A
m
in
i,
L
i

p
osterior.

W
e

p
refer

to
th

in
k

of
th

e
ap

p
roach

as
a

gen
eralization

of
th

e
E

M
algorith

m
,

i.e.,
a

gen
eral

ap
p
roach

to
m

ax
im

ize
th

e
in

com
p
lete

likelih
o
o
d

b
y

m
ax

im
izin

g
a

low
er

b
ou

n
d

on
it.

T
h
is

low
er

b
ou

n
d
,

w
h
ich

w
e

call
variation

al
likelih

o
o
d
,

also
k
n
ow

n
as

th
e

ev
id

en
ce

low
er

b
ou

n
d

(E
L

B
O

)
(J

ord
an

et
al.,

1999),
in

v
olv

es
b

oth
th

e
likelih

o
o
d

p
aram

eters
an

d
a

d
istrib

u
tion

q,
n
am

ely,

J
:=

E
q [`(µ

,Σ
,σ
,π
,Ψ

)−
log

q(Z
,V

)].
(10)

H
ere

th
e

ex
p

ectation
is

taken
,

assu
m

in
g

(Z
,V

)∼
q.

O
n
e

m
ax

im
izes

J
b
y

altern
atin

g
b

etw
een

m
ax

im
izin

g
over

likelih
o
o
d

p
aram

eters
(µ
,Σ
,σ
,π
,Ψ

)
an

d
th

e
variation

al
p

osterio
r
q.

W
ith

ou
t

ad
d
ition

al
con

strain
ts,

th
e

op
tim

ization
ov

er
q

lead
s

to
th

e
p

osterior
d
istrib

u
tion

of
(Z
,V

)
given

(X
,A

),
resu

ltin
g

in
th

e
E

M
algorith

m
.

A
g
en

u
in

e
va

riation
al

in
feren

ce
p
ro

ced
u
re,

h
ow

ever,
im

p
oses

som
e

sim
p
lify

in
g

con
strain

ts
on

q.
In

p
articu

lar,
w

e
im

p
ose

th
e

follow
in

g
factorized

form
,

often
referred

to
as

th
e

m
ea

n
-fi

eld
a
p
p
ro

xim
a
tio

n
:

q(Z
,V

)
=
q
V

(V
)q
Z

(Z
),

q
Z

(Z
)

=
∏
r,i q

r
i (z

r
i ),

q
V

(V
)

=
∏
Kk
=

1
N

(v∗
k ;µ̃

k ,Σ̃
k )

(11)

w
h
ere

q
r
i (z

r
i )

=
∏
Kk
=

1
τ
z
r
ik

r
ik

is
a

m
u
ltin

om
ial

d
istrib

u
tion

.
In

keep
in

g
u
p

w
ith

ou
r

n
otation

w
e

w
rite

τ
r
i

=
(τ
r
ik ,

k
∈

[K
]).

N
ote

th
at
τ

=
(τ
r
i )

collects
th

e
a
p
p
rox

im
ate

p
osteriors

on
n
o
d
e

lab
els.

T
h
ey

are
th

e
key

p
aram

eters
in

o
u
r

in
feren

ce.
T

h
e

p
articu

lar
form

assu
m

ed
for

q
V

in
(11)

is
m

otivated
b
y

lo
ok

in
g

at
th

e
(tru

e)
p

osterior
of
V

given
Z

.
W

e
cou

ld
h
av

e
assu

m
ed

a
factorized

form
q(Z

,V
)

=
q
Z

(Z
)p

(V
|Z

)
w

h
ere

p
(V
|Z

)
is

th
e

th
e

tru
e

p
osterior

of
V

given
Z

.
H

ow
ever,

th
e

p
aram

eters
of
p
(V
|Z

)
h
ave

a
com

p
licated

d
ep

en
d
en

ce
on

Z
.

W
e

h
av

e
kep

t
th

e
form

of
p
(V
|Z

)
w

h
ile

freein
g

th
e

p
aram

eters,
lettin

g
th

em
b

e
op

tim
ized

b
y

th
e

algorith
m

.

T
o

sim
p
lify

n
otation

,
let

u
s

d
efi

n
e

Γ̃
:=

((Σ̃
k ,µ̃

k ),k
=

1,...,K
),

collectin
g

th
e

p
aram

eters
for

th
e

variation
al

p
osterior

q
V

.
P

lu
ggin

g
in

th
e

variation
al

d
istrib

u
tion

(11)
in

to
th

e
variation

al
likelih

o
o
d

(10)
u
sin

g
ex

p
ression

(9)
for

`
1 (Ψ

),
after

som
e

algeb
ra

d
etailed

in
A

p
p

en
d
ix

B
.2,

w
e

get

J
=
∑i,j

[γ
ij (τ

)g
(p

;A
ij )

+
(1−

γ
ij (τ

))g
(q;A

ij ) ]
+
∑r,i,k

τ
r
ik [β

r
ik (Γ̃

,σ
2)

+
lo

g
π
r
k

τ
r
ik ]

−
12

∑

r

d
r N

r
log

σ
2r −

K2

{
log|Σ|

+
tr[Σ

−
1S

(Γ̃
,µ

)] }
+

12

∑

k

log|Σ̃
k |+

con
st.

(12)

w
h
ere

γ
ij (τ

)
:=

E
q
Z

(y
ij )

=
K
∑k

=
1

τ
1
ik τ

2
jk ,

β
r
ik (Γ̃

,σ
2)

:=
−

1

2
σ

2r [
tr ((Σ̃

k )
r
r )

+
‖x

r
i −

µ̃
r
k ‖

2 ],
(13)

(Σ̃
k )
r
r ,r

=
1,2

refers
to

th
e

tw
o

d
iagon

al
b
lo

ck
s

of
Σ̃
k

of
sizes

d
r ×

d
r ,

an
d

S
(Γ̃
,µ

)
:=

1K

K
∑k

=
1 [Σ̃

k
+

(µ̃
k −

µ
)(µ̃

k −
µ

)
T ].

(14)
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p
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T
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u
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at

e
is

th
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b
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d
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u
ti

on
s
τ
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w
h
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h
w

e
d
es
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e
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d
et
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b
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T
h
e

ot
h
er

u
p

d
at

es
ar

e
m

or
e

or
le

ss
st

an
d
a
rd

an
d

d
et

ai
le

d
in

A
p
p

en
d
ix

B
.4

.

U
p

d
a
ti

n
g

n
o
d

e
la

b
e
ls

(τ
).

T
o

op
ti

m
iz

e
τ
,

w
e

u
se

b
lo

ck
co

or
d
in

at
e

as
ce

n
t,

b
y

fi
x
in

g
τ 2

:=
(τ

2
j
,j
∈

[N
2
])

an
d

op
ti

m
iz

in
g

ov
er
τ 1

:=
(τ

1
j
,j
∈

[N
1
])

an
d

v
ic

e
v
er

sa
.

H
er

e
w

e
on

ly
co

n
si

d
er

op
ti

m
iz

at
io

n
ov

er
τ 1

gi
ve

n
τ 2

.
T

o
si

m
p
li
fy

n
ot

a
ti

on
,

le
t
h

(p
,q

;α
)

:=
g
(p

;α
)
−
g
(q

;α
).

C
on

si
d
er

in
g

on
ly

th
e

te
rm

s
in
J

th
at

d
ep

en
d

on
τ
,

w
e

h
av

e

J
=
∑ ij

γ
ij

(τ
)
h

(p
,q

;A
ij

)
+
∑ r,
i,
k

τ r
ik

[ β
r
ik

(Γ̃
,σ

2
)

+
lo

g
π
r
k

τ r
ik

] +
co

n
st

.

w
h
er

e
co

n
st

.
co

ll
ec

ts
te

rm
s

th
at

d
o

n
ot

d
ep

en
d

on
τ
.

L
et
ξ r
ik

:=
β
r
ik

(Γ̃
,σ

2
)

+
lo

g
π
r
k
.

U
si

n
g

th
e

d
efi

n
it

io
n

of
γ
ij

(τ
)

=
∑

K k
=

1
τ 1
ik
τ 2
jk

,

J
=
∑ ij

( ∑

k

τ 1
ik
τ 2
jk

) h
(p
,q

;A
ij

)
+
∑ r,
i,
k

τ r
ik

[ ξ
r
ik
−

lo
g
τ r
ik

] +
co

n
st

.

N
ow

,
as

su
m

e
fu

rt
h
er

th
at
τ 2

is
co

n
st

an
t.

T
h
en

,

J
=
∑ i

∑ k

τ 1
ik

( ∑

j

τ 2
jk
h

(p
,q

;A
ij

))
+
∑ i,
k

τ 1
ik

[ ξ
1
ik
−

lo
g
τ 1
ik

] +
co

n
st

.

=
∑ i

∑ k

τ 1
ik

( ∑

j

τ 2
jk
h

(p
,q

;A
ij

)
+
ξ 1
ik
−

lo
g
τ 1
ik

)
+

co
n
st

.
(1

5)

w
h
er

e
co

n
st

.
in

cl
u
d
es

te
rm

s
al

so
d
ep

en
d
en

t
on

τ 2
,

b
u
t

n
ot

on
τ 1

.
T

h
e

co
st

fu
n
ct

io
n

ab
ov

e
is

se
p
ar

ab
le

ov
er
i,

an
d

fo
r

ea
ch

i
w

e
h
av

e
an

in
st

an
ce

of
th

e
p
ro

b
le

m
gi

ve
n

in
th

e
fo

ll
ow

in
g

le
m

m
a.

R
ec

al
l

th
at
P K

is
th

e
se

t
of

p
ro

b
ab

il
it

y
ve

ct
or

s
in

R
K

.

L
e
m

m
a

1
.

F
o
r

a
n

y
n

o
n

n
eg

a
ti

ve
ve

ct
o
r

(a
1
,.
..
,a
K

),
le

t
f a

:
P K
→

R
be

d
efi

n
ed

by
f a

(p
)

:=
∑

K k
=

1
p
k
(a
k
−

lo
g
p
k
).

T
h
en

th
e

m
a
xi

m
iz

er
o
f
f a

o
ve

r
P K

is
gi

ve
n

by
th

e
so

ft
m

a
x

o
pe

ra
ti

o
n

:

ar
gm

ax
p
∈P

k

f a
(p

)
=

so
ft

m
ax

(a
)

:=
ea
k

∑
`
ea
`
.

(1
6)

W
e

w
ri

te
th

e
so

lu
ti

on
of

L
em

m
a

1
si

m
p
ly

as
p
k
∝
k
ea
k

w
h
er

e
∝
k

m
ea

n
s

p
ro

p
or

ti
on

a
l

as
a

fu
n
ct

io
n

of
k
.

T
h
en

,
τ 1

u
p

d
at

e
is
τ 1
ik
∝
k

ex
p
[ ∑

j
τ 2
jk
h

(p
,q

;A
ij

)
+
ξ 1
ik

] ,
or

af
te

r
u
n
p
ac

k
in

g
ξ 1
ik

,

τ 1
ik
∝
k
π

1
k

ex
p
[ ∑

j

τ 2
jk
h

(p
,q

;A
ij

)
+
β

1
ik

(Γ̃
,σ

2
)]

i
=

1,
..
.,
N

1
.

(1
7)

T
h
e

u
p

d
at

e
fo

r
τ 2

is
si

m
il
ar

.
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e
,
A
m
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i,
L
i

U
p

d
a
ti

n
g

Σ̃
a
n

d
µ̃
.

L
et

u
s

d
efi

n
e
τ̄ r
k

:=
∑

N
r

i=
1
τ r
ik

an
d
D
−

1
k

:=
d
ia

g
( τ̄

1
k

σ
2 1
I d

1
,
τ̄ 2
k

σ
2 2
I d

2

)
T

h
en

,
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a

fu
n
ct

io
n

of
Σ̃

,
J

ca
n

b
e

w
ri

tt
en

as
(s

ee
A

p
p

en
d
ix

B
.3

)

J
(Σ̃

)
. =
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1 2

∑ k

tr
[ (D

−
1

k
+

Σ
−

1
)Σ̃

k

] −
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g
|Σ̃
k
|.

(1
8
)

T
h
is

is
se

p
ar
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le

ov
er
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,

w
it
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n
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e
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a
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w
it

h
co
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p
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T
h
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m
ax
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er
s
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e
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si
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=
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−

1
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+
Σ
−
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)−

1
fo

r
k
∈
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T
o

d
er

iv
e

th
e

u
p

d
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es
fo

r
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,
le

t
x̄
r
k

:=
∑

N
r

i=
1
τ r
ik
x
r
i

an
d
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r
k

:=
x̄
r
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/
τ̄ r
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T
h
en

,
a
s

a
fu

n
ct

io
n

of
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,
J

ca
n

b
e

w
ri

tt
en

as
(s

ee
A

p
p

en
d
ix

B
.3
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J
(µ̃

)
. =
−

1 2

∑ k

(µ̃
k
−
m
k
)T

(D
−

1
k

+
Σ
−

1
)(
µ̃
k
−
m
k
)

(1
9)

w
h
er

e
m
k

=
(D
−

1
k

+
Σ
−

1
)−

1
(D
−

1
k
µ̄
k

+
Σ
−

1
µ
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It

is
cl

ea
r

th
at

th
e
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ti

m
al

va
lu

e
o
f
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k

is
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u
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m
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w
h
ic
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u
si

n
g

th
e
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m
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lu

e
of
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k
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ca
n

b
e

w
ri

tt
en
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k

=
Σ̃
k
(D
−

1
k
µ̄
k
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Σ
−

1
µ
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U
p

d
a
ti

n
g

Σ
,
µ

a
n
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σ
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A
s

a
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n
ct

io
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Σ

,
w

e
h
av

e
J

(Σ
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. =
−
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|Σ
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(Γ̃
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w
h
ic

h
is
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e
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an

d
ar

d
G
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ia
n
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ke

li
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o
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v
in

g
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e
op
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e

Σ
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S

(Γ̃
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S
im

il
a
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y,
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a
fu

n
ct

io
n

of
µ
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J

(µ
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. =
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K 2

[ tr
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−

1
S

(Γ̃
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1 2

∑
k
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−
µ

)T
Σ
−
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g
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m
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=
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∑
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h
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=
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b
e
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b
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ee

A
p
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en
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B
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N
r
d
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[ ∑
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τ̄ r
k
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k
) r
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∑ i,
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τ r
ik
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r
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µ̃
r
k
‖2
] ,

r
=

1,
2.

(2
0
)

U
p

d
a
ti

n
g
π

a
n

d
Ψ
≡

(p
,q

).
U

p
d
at

in
g

th
es

e
p
a
ra

m
et

er
s

is
st

an
d
ar

d
(S

ee
A

p
p

en
d
ix

B
.4

):

π
r

=
(τ̄
r
1
,.
..
,τ̄
r
K

)
∑

k
τ̄ r
k

,
r

=
1,

2
,

p
=

∑
ij
γ
ij

(τ
)A

ij
∑

ij
γ
ij

(τ
)
,

q
=

∑
ij

( 1
−
γ
ij

(τ
))
A
ij

∑
ij

( 1
−
γ
ij

(τ
))

.
(2

1)

3
.4

.
E

x
te

n
si

o
n

s

V
ar

io
u
s

ex
te

n
si

on
s

an
d

im
p
ro

ve
m

en
ts

of
th

e
b
as

ic
al

go
ri

th
m

d
is

cu
ss

ed
in

S
ec

ti
o
n

3
.3

a
re

p
re

-
se

n
te

d
in

A
p
p

en
d
ix

A
.

A
d
et

ai
le

d
d
er

iv
at

io
n

of
an

al
go

ri
th

m
fo

r
fi
tt

in
g

th
e

d
eg

re
e-

co
rr

ec
te

d
m

o
d
el

is
gi

v
en

in
A

p
p

en
d
ix

A
.3

.
T

h
e

al
go

ri
th

m
em

p
lo

y
s

a
n
ov

el
a
p
p
li
ca

ti
on

o
f

th
e

D
o
u
g
la

s–
R

ac
h
fo

rd
sp

li
tt

in
g

al
go

ri
th

m
fo

r
op

ti
m

iz
at

io
n

ov
er

th
e

d
eg

re
e

in
h
om

og
en

ei
ty

p
a
ra

m
et

er
θ.

W
e

al
so

p
ro

v
id

e
in

A
p
p

en
d
ix

A
.2

an
ex

te
n
si

on
of

th
e

al
go

ri
th

m
to

th
e

ge
n
er

a
l

m
a
tc

h
ed

S
B

M
m

o
d
el

(4
).

Im
p
ro

ve
m

en
t

to
th

e
sp

ee
d

fo
r

th
e

b
as

ic
al

go
ri

th
m

of
S
ec

ti
on

3.
3

is
d
is

cu
ss

ed
in

A
p
-

p
en

d
ix

A
.1

.1
as

w
el

l
as

th
e

p
os

si
b
il
it

y
of

ad
d
in

g
a

d
ia

go
n
al

re
st

ri
ct

io
n

on
co

va
ri

a
te

co
va

ri
a
n
ce

m
at

ri
ce

s
(A

p
p

en
d
ix

A
.1

.2
).

O
ve

ra
ll

th
e

al
go

ri
th

m
h
as

16
va

ri
at

io
n
s

b
as

ed
on

fo
u
r

op
ti

on
s:

(1
)

P
oi

ss
on

ve
rs

u
s

b
in

o
m

ia
l

li
ke

li
h
o
o
d
,

(2
)

p
la

n
te

d
p
ar

ti
ti

on
ve

rs
u
s

ge
n
er

al
ed

ge
p
ro

b
ab

il
it

y
m

at
ri

x
,

(3
)

fu
ll

ve
rs

u
s

d
ia

g
on

a
l

co
va

ri
an

ce
s,

(4
)

w
it

h
or

w
it

h
ou

t
d
eg

re
e

co
rr

ec
ti

on
.

In
th

e
fo

ll
ow

in
g

w
e

w
il
l

fo
cu

s
o
n

th
e

fo
ll
ow

-
in

g
d
ef

au
lt

s
fo

r
th

e
fi
rs

t
th

re
e

op
ti

on
s:

A
P

oi
ss

on
li
ke

li
h
o
o
d

w
it

h
p
la

n
te

d
p
ar

ti
ti

o
n

co
n
n
ec

ti
v
it

y
an

d
fu

ll
co

va
ri

an
ce

s.
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M
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D
E
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W
IT

H
C
O
V
A
R
IA

T
E
S

A
lg

o
rith

m
1

V
a
riation

al
b
lo

ck
co

ord
in

ate
ascen

t
for

fi
ttin

g
m
b
i
S
B
M

1
:

In
itia

lize
τ
r

u
sin

g
b
i
S
C
,

an
d
θ
r

=
1
N
r

for
r

=
1,2.

P
ick

toleran
ce
ε∈

(0,1].

2
:

In
itia

lize
Σ
,Σ̃

k
w

ith
I
d
1
+
d
2

an
d
µ
,µ̃

k
w

ith
0,

for
k
∈

[K
],

an
d
σ

2r
=

1
for

r
=

1,2.

3
:

w
h

ile
n
o
t
C
O
N
V
E
R
G
E
D
,

n
or

m
ax

im
u
m

iteration
s

reach
ed

d
o

4
:

U
p

d
a
te

(p
,q)

u
sin

g
(26)

an
d
π
r ,r

=
1,2

u
sin

g
(21).

5
:

U
p

d
a
te

(φ
0 ,φ

1 )←
(q−

p
,

log
(p
/q)).

6
:

if
D

C
-version

th
e
n

7
:

U
p

d
a
te
θ
r

b
y

rep
eatin

g
(36)

till
con

vergen
ce.

8
:

e
n

d
if

9
:

U
p

d
a
te
β
r ,r

=
1,2

u
sin

g
(13).

1
0
:

τ
o
ld
r
←
τ
r ,
r

=
1,2.

1
1
:

U
p

d
a
te
τ

1
b
y

rep
eatin

g
(34)

till
con

vergen
ce.

1
2
:

U
p

d
a
te
τ

2
b
y

rep
eatin

g
(34),

w
ith

su
b
scrip

ts
1

an
d

2
sw

itch
ed

an
d
A

rep
laced

w
ith

A
T

,
till

co
n
v
erg

en
ce.

1
3
:

U
p

d
a
te

th
e

follow
in

g
for

for
r

=
1,2

an
d
k
∈

[K
]:

.
U

p
d
ate

p
aram

eters

1
4
:

τ̄
r
k ←

∑
N
r

i=
1
τ
r
ik ,

an
d
D
−

1
k
←

d
iag (τ̄

1
k I
d
1 /σ

21 ,τ̄
2
k I
d
2 /σ

22 ),

1
5
:

x̄
r
k ←

∑
N
r

i=
1
τ
r
ik x

r
i ,

an
d
µ̄
r
k ←

x̄
r
k /
τ̄
r
k .

1
6
:

U
p

d
a
te

Σ̃
k ←

(D
−

1
k

+
Σ
−

1) −
1

an
d
µ̃
k ←

Σ̃
k (D

−
1

k
µ̄
k

+
Σ
−

1µ
).

1
7
:

U
p

d
a
te
µ
←

1K

∑
k
µ̃
k

an
d

Σ
←

1K

∑
Kk
=

1 [Σ̃
k

+
(µ̃
k −

µ
)(µ̃

k −
µ

)
T ].

1
8
:

U
p

d
a
te
σ

2r ,r
=

1,2
u
sin

g
(27).

1
9
:

C
O
N
V
E
R
G
E
D
←
[

m
ax{

δ
1 ,δ

2 }
<
ε/
K
],

w
h
ere

δ
r

:=
|||τ
r −

τ
o
ld
r
|||∞

,r
=

1,2

2
0
:

e
n

d
w

h
ile

3
.5

.
S

u
m

m
a
ry

o
f

th
e

A
lg

o
rith

m
s

A
lg

o
rith

m
1

su
m

m
arizes

th
e

u
p

d
ates

for
fi
ttin

g
th

e
p
rop

osed
m

atch
ed

b
ip

artite
S
B

M
m

o
d
el,

to
w

h
ich

w
e

refer
as

m
b
i
S
B
M
.

W
e

h
ave

stated
th

e
gen

eral
form

of
th

e
algorith

m
w

ith
d
egree

co
rrectio

n
(D

C
)

an
d

covariates.
N

ote
for

ex
am

p
le

th
at

if
n
o

d
egree-correctio

n
is

d
esired

,
θ
r

rem
a
in

s
eq

u
al

to
1
N
r

an
d

th
e

iteration
s

(34)
in

step
s

11
an

d
12,

for
u
p

d
atin

g
th

e
lab

el
d
istri-

b
u
tio

n
s

(τ
r ),

a
u
to

m
atically

red
u
ce

to
th

e
sim

p
le

u
p

d
ate

(25)
(th

at
is,

th
e

iteration
s

con
verge

in
o
n
e

step
.).

T
h
ere

are
oth

er
variation

s
availab

le.
F

or
ex

am
p
le,

if
d
esired

,
step

5
can

b
e

rep
laced

w
ith

(φ
0 ,φ

1 )←
(log

1−
p

1−
q ,log

p
(1−

q
)

q
(1−

p
) )

to
u
se

valu
es

b
ased

on
a

B
ern

ou
lli

likelih
o
o
d

in
stead

of
a

P
o
isson

.
E

m
p
irically,

w
e

h
ave

n
ot

fou
n
d

m
u
ch

d
iff

eren
ce

b
etw

een
th

e
tw

o.
W

ith
m

in
or

m
o
d
-

ifi
ca

tio
n
s,

th
e

a
lg

orith
m

can
b

e
u
sed

w
h
en

on
ly

on
e

sid
e

h
as

covariates
or

w
ith

o
u
t

covariates
fo

r
eith

er
sid

e.
T

h
e

co
d
e

is
availab

le
on

G
i
t
h
u
b

(R
azaee

et
al.).

3
.5
.1
.
In

it
ia
l
iz
a
t
io
n
o
f
t
h
e
A
l
g
o
r
it
h
m
s

It
is

k
n
ow

n
th

at
variation

al
in

feren
ce

is
sen

sitive
to

in
itialization

(B
lei

et
al.,

2017).
T

h
e

m
ain

co
m

p
o
n
en

t
o
f

th
e

algorith
m

th
at

n
eed

s
carefu

l
in

itialization
is

th
e

m
atrix

o
f

(ap
p
rox

im
ate)

p
o
sterio

r
n
o
d
e

la
b

els
τ

=
[τ

1 ;τ
2 ].

W
e

p
rop

ose
to

in
itialize

τ
u
sin

g
a

b
ip

artite
sp

ectra
l
clu

sterin
g

a
lg

o
rith

m
,
b
i
S
C

for
sh

ort,
w

h
ich

is
a

varian
t

of
th

e
ap

p
roach

of
D

h
illon

(2001).
T

h
e

d
iff

eren
ce
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R
a
z
a
e
e
,
A
m
in
i,
L
i

A
lg

o
rith

m
2

B
ip

a
rtite

S
p

ectral
C

lu
sterin

g
(b
i
S
C
)

1
:

In
p
u
t:

b
i-ad

jacen
cy

m
atrix

A
∈
{0
,1}

N
1 ×
N

2.

2
:

L
et
D

1
=

d
iag

( ∑
j
A
ij ,i

=
1,...,N

1 )
an

d
D

2
=

d
iag

( ∑
i A

ij ,j
=

1,...,N
2 ).

3
:

F
orm

L
=
D
−

1
/
2

1
A
D
−

1
/
2

2
.

4
:

L
et
L

=
U
S
V
T

b
e

th
e

S
V

D
of
L

tru
n
cated

to
K

largest
sin

gu
lar

valu
es

(U
∈
R
N

1 ×
K

an
d

V
∈
R
N

2 ×
K

).

5
:

N
orm

alize
each

row
of
U

an
d
V

to
u
n
it
`
2

n
orm

to
get

Ũ
an

d
Ṽ

,
resp

.,
th

en
form

Z
=

[
D
−

1
/
2

1
Ũ

D
−

1
/
2

2
Ṽ

]
.

6
:

R
u
n
k
-m

ean
s

w
ith

K
clu

sters
on

th
e

row
s

of
Z

.

b
etw

een
ou

r
v
ersion

an
d

th
at

of
D

h
illon

(2001)
is

th
at

D
h
illon

(2001)
d
o
es

n
ot

n
orm

alize
th

e
row

s
of

th
e

sin
gu

lar
v
ectors

an
d

keep
s

top
dlog

2
K
e

sin
gu

lar
v
ectors,

a
s

op
p

osed
to
K

.
W

e
h
ave

fou
n
d

th
at

row
n
orm

alization
greatly

im
p
rov

es
th

e
p

erform
an

ce,
an

d
it

is
fairly

stan
d
ard

in
u
su

al
(n

on
-b

ip
artite)

L
ap

lacian
-b

ased
sp

ectral
clu

sterin
g.

A
lgorith

m
2

su
m

m
arizes

ou
r

version
.

In
sim

u
lation

stu
d
ies,

w
e

also
con

sid
er

a
cou

p
le

of
com

p
etin

g
in

itialization
s.

O
n
e

in
terestin

g
ch

oice
is

to
u
se

th
e

u
su

al
L

ap
lacian

-b
ased

sp
ectral

clu
sterin

g,
w

h
ich

is
ob

liv
iou

s
to

th
e

b
ip

a
rtite

n
atu

re
of

th
e

p
rob

lem
.

F
or

th
is

ch
oice,

w
e

u
se

th
e

regu
larized

version
d
escrib

ed
in

A
m

in
i

et
al.

(2013)
as

S
C
P
.

N
ote

th
at

S
C
P

w
ill

b
e

ap
p
lied

to
th

e
(sy

m
m

etric)
ad

jacen
cy

m
atrix

Ã
;

see
(5).

It
is

also
p

ossib
le

to
regu

larize
b
i
S
C

u
sin

g
sim

ilar
id

eas,
th

ou
gh

su
rp

risin
gly,

w
e

fo
u
n
d

th
e

sim
p
le

u
n
regu

larized
version

of
b
i
S
C

is
q
u
ite

rob
u
st,

an
d

w
e

h
ave

u
sed

th
is

sim
p
le

version
w

h
en

rep
ortin

g
resu

lts.
W

h
en

w
ork

in
g

w
ith

sim
u
lated

d
ata,

sin
ce

w
e

h
ave

access
to

th
e

tru
e

lab
els,

w
e

w
ill

also
con

sid
er

a
p

ertu
rb

ed
version

of
tru

th
as

an
in

itialization
.

S
p

ecifi
cally,

w
e

gen
era

te
from

a
m

ix
tu

re
of

th
e

tru
e

lab
el

d
istrib

u
tion

an
d

D
irich

let
n
oise,

i.e.
τ
r
i

=
ω
z
r
i

+
(1−

ω
)ε
r
i

w
h
ere

ε
r
i ∼

D
ir(.5

1
K

).
H

ere,
w

e
treat

z
r
i ,

th
e

tru
e

lab
el

o
f

n
o
d
e
i

in
grou

p
r,

as
a

d
istrib

u
tion

on
th

e
K

lab
els.

P
aram

eter
ω
∈

[0,1]
m

easu
res

th
e

d
egree

of
in

itial
p

ertu
rb

ation
tow

ard
s

n
oise.

F
or

ex
am

p
le,

w
ith

ω
=

0.1,
ab

ou
t

10%
of

th
e

in
itial

la
b

els
are

correct.
W

e
w

ill
refer

to
th

is
in

itialization
as
∼
r
n
d
,

for
ap

p
rox

im
ately

ran
d
o
m

.
T

h
is

in
itialization

w
ill

act
as

a
p
rox

y
for

a
“go

o
d

en
ou

gh
”

in
itialization

an
d

allow
s

u
s

to
stu

d
y

th
e

b
eh

av
ior

of
ou

r
variation

al
in

feren
ce

p
ro

ced
u
re

d
ecou

p
led

from
sp

ecifi
c

in
itialization

s
p
ro

d
u
ced

b
y

sp
ectral

clu
sterin

g
(or

oth
er

m
eth

o
d
s).

L
et

u
s

say
a

few
w

ord
s

ab
ou

t
th

e
in

itialization
of

oth
er

p
aram

eters.
T

h
e

algorith
m

is
m

o
d
erately

sen
sitiv

e
to

th
e

in
itialization

of
p
,
q

an
d
π
r ,r

=
1
,2.

W
h
en

th
e

q
u
ality

of
th

e
in

itial
lab

els
(τ

1
an

d
τ

2 )
is

go
o
d
,

on
e

can
in

itialize
th

ese
p
aram

eters,
b
ased

on
(τ
r ),

b
y

ru
n
n
in

g
th

e
corresp

on
d
in

g
u
p

d
ates

fi
rst,

as
is

d
on

e
in

A
lgorith

m
1,

lin
es

4–5.
T

h
is

is
th

e
form

w
e

su
ggest

in
p
ractice

w
h
en

u
sin

g
th

e
b
i
S
C

in
itialization

,
an

d
is

u
sed

in
th

e
real

d
ata

ap
p
lication

(S
ection

5).
H

ow
ever,

w
h
en

th
e

q
u
ality

of
th

e
in

itia
l
lab

els
is

n
ot

g
o
o
d
,
for

ex
am

p
le,

w
h
en

u
sin

g
S
C
P

in
th

e
sim

u
latio

n
s,
p

an
d
q

ob
tain

ed
b
ased

on
in

itial
(τ
r )

can
b

ecom
e

q
u
ite

close
lead

in
g

to
n
u
m

erical
in

stab
ility.

W
e

h
ave

fou
n
d

in
th

o
se

ca
ses

th
at

in
itializin

g
th

ese
p
aram

eters
w

ith
fi
x
ed

valu
es,

say
(p
,q)

=
(0
.1
,0
.01)

an
d
π
r

set
to

u
n
iform

d
istrib

u
tion

of
[K

],
greatly

im
p
roves

th
e

stab
ility

of
th

e
algorith

m
.

(T
h
is

is
sin

ce
even

on
e

iteration
of

th
e

algorith
m

cou
ld

sign
ifi

can
tly

16
JM

L
R

 20(34):1-44, 2019



M
A
T
C
H
E
D

B
IP

A
R
T
IT

E
B
L
O
C
K

M
O
D
E
L

W
IT

H
C
O
V
A
R
IA

T
E
S

im
p
ro

ve
u
p

on
in

it
ia

l
la

b
el

s.
)

T
h
is

fi
x
ed

in
it

ia
li
za

ti
on

of
(p
,q
,π
r
),

in
d
ep

en
d
en

t
o
f
τ r

is
w

h
at

w
e

h
av

e
u
se

d
in

M
on

te
C

ar
lo

si
m

u
la

ti
on

s
on

sy
n
th

et
ic

d
at

a,
w

h
en

co
m

p
ar

in
g

d
iff

er
en

t
la

b
el

in
it

ia
li
za

ti
on

s
(S

ec
ti

on
4)

.

4
.
S
im

u
la
ti
o
n
s

In
th

is
se

ct
io

n
,

w
e

sh
ow

th
at

eff
ec

ti
ve

n
es

s
of

ou
r

p
ro

p
os

ed
al

go
ri

th
m

in
re

co
ve

ri
n
g

th
e

tr
u
e

la
b

el
s

in
sy

n
th

et
ic

b
ip

ar
ti

te
n
et

w
or

k
s.

F
or

th
e

m
os

t
p
ar

t,
w

e
ge

n
er

at
e

d
at

a
fr

o
m

ou
r

p
ro

p
os

ed
m

o
d
el

(2
)–

(3
).

In
th

e
p
lo

ts
in

ve
st

ig
at

in
g

th
e

d
eg

re
e-

co
rr

ec
te

d
ve

rs
io

n
of

th
e

al
go

ri
th

m
,

w
e

ge
n
er

at
e

fr
om

th
e

d
eg

re
e-

co
rr

ec
te

d
v
er

si
o
n

of
th

e
n
et

w
or

k
d
es

cr
ib

ed
in

su
b
se

ct
io

n
2.

4.

4
.1

.
D

a
ta

g
e
n

e
ra

ti
o
n

K
ey

p
ar

am
et

er
s

re
ga

rd
in

g
co

va
ri

at
e

ge
n
er

at
io

n
in

(2
)

ar
e

(µ
,Σ

)
fo

r
ge

n
er

at
in

g
v ∗
k
.

W
e

ta
ke

µ
=

0
an

d
Σ

=
ν
I d

1
+
d
2

th
ro

u
gh

ou
t.

V
ar

y
in

g
ν

(o
r

d
im

en
si

on
s
d
r
)

ch
an

g
es

th
e

in
fo

rm
at

io
n

p
ro

v
id

ed
b
y

th
e

co
va

ri
at

es
(A

p
p

en
d
ix

E
).

L
ar

ge
r
ν

ca
u
se

s
v ∗
k

to
b

e
fu

rt
h
er

ap
ar

t,
h
en

ce
co

va
ri

at
es

ar
e

m
or

e
in

fo
rm

at
iv

e.
ν

=
0

co
rr

es
p

on
d
s

to
ze

ro
co

va
ri

at
e

in
fo

rm
at

io
n
.

W
e

al
so

fi
x

co
va

ri
at

e
n
oi

se
le

ve
ls

at
σ
r

=
0.

5
fo

r
r

=
1,

2,
an

d
th

e
n
et

w
or

k
si

ze
at
N

=
(N

1
,N

2
)

=
(2

00
,8

00
).

K
ey

p
ar

am
et

er
s

re
ga

rd
in

g
n
et

w
or

k
ge

n
er

at
io

n
in

(3
)

a
re
p

an
d
q.

W
e

re
p
a
ra

m
et

ri
ze

ou
r

p
la

n
te

d
p
ar

ti
ti

on
m

o
d
el

in
te

rm
s

of
ex

p
ec

te
d

av
er

ag
e

d
eg

re
e

λ
=

2N
1
N

2

N
1

+
N

2

[ q
+

(p
−
q)
∑ k

π
1
k
π

2
k

]
(2

2)

(s
ee

A
p
p

en
d
ix

D
)

an
d

th
e

ou
t-

in
-r

at
io
α

=
q/
p
∈

[0
,1

).
E

st
im

at
io

n
b

ec
om

es
h
ar

d
er

w
h
en

λ
d
ec

re
as

es
(f

ew
ed

ge
s)

or
w

h
en

α
in

cr
ea

se
s

(c
om

m
u
n
it

ie
s

ar
e

n
ot

w
el

l
se

p
ar

at
ed

).
W

e
fi
x

α
=

1/
7

an
d

va
ry
λ

in
th

e
su

b
se

q
u
en

t
si

m
u
la

ti
on

s.
W

h
en

ge
n
er

at
in

g
fr

om
th

e
d
eg

re
e-

co
rr

ec
te

d
ve

rs
io

n
,

w
e

d
ra

w
(θ
i,
i
∈
C
r
k
)

fr
om

a
P

a
re

to
(i

.e
.,

p
ow

er
-l

aw
)

d
is

tr
ib

u
ti

on
,

fo
r

ea
ch

k
∈

[K
]

an
d
r

=
1
,2

.
R

ea
l

n
et

w
o
rk

s
ar

e
fr

eq
u
en

tl
y

re
p

or
te

d
to

h
av

e
p

ow
er

-l
aw

d
eg

re
e

d
is

tr
ib

u
ti

on
s

B
ar

ab
ás

i
an

d
A

lb
er

t
(1

99
9)

.
T

h
e

P
ar

et
o(
a
,R

)
in

ge
n
er

al
h
as

d
en

si
ty
θ
7→

(a
R
a
)θ
−
a
−

1
1{
θ
>
a
},

w
it

h
m

ea
n
a
R
/(
a
−

1)
fo

r
a
>

1
an

d
va

ri
an

ce
R

2
a
/[

(a
−

1)
2
(a
−

2)
]

fo
r
a
>

2.
S
in

ce
|C
r
k
|−

1
∑

i∈
C
r
k
θ i

w
il
l

b
e

ap
p
ro

x
im

at
el

y
eq

u
al

to
th

e
m

ea
n

of
th

e
P

ar
et

o,
an

d
w

e
w

an
t

th
is

av
er

ag
e

to
b

e
1,

w
e

h
av

e
to

ch
o
os

e
R

=
(a
−

1)
/a

,
th

at
is

,

w
e

ge
n
er

at
e
θ i

ii
d ∼

P
ar

et
o(
a
,(
a
−

1)
/a

)
fo

r
i
∈
C
r
k
.

(T
o

co
m

p
ly

w
it

h
ou

r
m

o
d
el

sp
ec

ifi
ca

ti
on

,
w

e
fu

rt
h
er

n
or

m
al

iz
e
θ i

fo
r

th
ei

r
w

it
h
in

-c
om

m
u
n
it

y
av

er
ag

es
to

b
e

ex
ac

tl
y

on
e;

th
is

w
il
l

h
av

e
li
tt

le
eff

ec
t

si
n
ce

th
e

av
er

ag
e

is
al

re
ad

y
cl

os
e

to
1.

)
T

h
e

va
ri

an
ce

in
th

is
ca

se
is

[a
(a
−

2)
]−

1
w

h
ic

h
is

d
ec

re
as

in
g

in
a

ov
er

(2
,∞

).
In

or
d
er

to
ge

t
m

ax
im

u
m

d
eg

re
e

h
et

er
og

en
ei

ty
(i

.e
.,

th
e

w
or

se
ca

se
in

te
rm

s
of

th
e

d
iffi

cu
lt

y
of

fi
tt

in
g)

,
w

e
ta

ke
a

=
2,

co
rr

es
p

on
d
in

g
to

in
fi
n
it

e
va

ri
an

ce
.

W
e

n
ot

e
th

at
ex

p
re

ss
io

n
(2

2)
re

m
ai

n
s

va
li
d

fo
r

th
e

d
eg

re
e-

co
rr

ec
te

d
ca

se
w

it
h
o
u
t

m
o
d
ifi

ca
ti

on
,

as
su

m
in

g
n
or

m
al

iz
at

io
n

(7
);

se
e

A
p
p

en
d
ix

D
.

4
.2

.
M

a
tc

h
e
d

N
M

I
fo

r
e
v
a
lu

a
ti

o
n

In
ge

n
er

al
,

w
e

m
ea

su
re

th
e

ac
cu

ra
cy

of
th

e
al

go
ri

th
m

s
b
y

th
e

n
or

m
al

iz
ed

m
u
tu

al
in

fo
rm

at
io

n
(N

M
I)

b
et

w
ee

n
th

e
in

fe
rr

ed
an

d
co

rr
ec

t
co

m
m

u
n
it

ie
s

w
h
ic

h
is

d
efi

n
ed

as
th

e
m

u
tu

al
in

fo
r-

m
at

io
n

of
th

e
(e

m
p
ir

ic
al

)
jo

in
t

d
is

tr
ib

u
ti

on
of

th
e

tw
o

la
b

el
as

si
gn

m
en

ts
d
iv

id
ed

b
y

th
e

jo
in

t
en

tr
op

y
(M

al
ve

st
u
to

,
19

86
).

N
M

I
h
as

a
m

ax
im

u
m

va
lu

e
of

1
fo

r
p

er
fe

ct
ag

re
em

en
t

an
d

a
m

in
-

im
u
m

of
0

fo
r

n
o

ag
re

em
en

t.
O

n
e

co
u
ld

m
ea

su
re

N
M

I
in

d
iv

id
u
al

ly
b

et
w

ee
n
Z
r
∈
{0
,1
}N

r
×
K

1
7

JM
L

R
 2

0(
34

):
1-

44
, 2

01
9

R
a
z
a
e
e
,
A
m
in
i,
L
i

nz
 =

 1
55

1
0

10
0

20
0

30
0

40
0

50
0

60
0

70
0

80
0

0

50

10
0

15
0

20
0

1
2

10
0

20
0

30
0

40
0

50
0

60
0

70
0

80
0

90
0

10
00

1
2

3
4

5

10
0

20
0

30
0

40
0

50
0

60
0

70
0

80
0

90
0

1
2

3
4

5

10
0

20
0

30
0

40
0

50
0

60
0

70
0

80
0

90
0

1
2

3
4

5

10
0

20
0

30
0

40
0

50
0

60
0

70
0

80
0

90
0

(a
)

(b
)

(c
)

(d
)

F
ig

u
re

3:
T

y
p
ic

al
ou

tp
u
t

of
th

e
al

go
ri

th
m

.
T

op
ro

w
:

b
i-

ad
ja

ce
n
cy

m
at

ri
x
.

B
ot

to
m

ro
w

:
(a

)
C

o
n
-

ca
te

n
at

ed
co

va
ri

at
e

m
at

ri
x

[X
1
;X

2
].

(b
)

C
on

ca
te

n
a
te

d
tr

u
e

la
b

el
s

[Z
1
;Z

2
].

(c
)

In
it

ia
l

la
b

el
s

fo
r

th
e

al
go

ri
th

m
,

D
ir

ic
h
le

t-
p

er
tu

rb
ed

tr
u
th

0.
1
[Z

1
;Z

2
]+

0
.9

D
ir

(0
.5

1
K

).
(d

)
C

o
n
ca

te
n
a
te

d
o
u
tp

u
t

of
th

e
al

g
o-

ri
th

m
[τ

1
;τ

2
].

(t
h
e

tr
u
e

la
b

el
m

at
ri

x
)

an
d
τ r
∈

[0
,1

]N
r
×
K

(t
h
e

es
ti

m
at

ed
so

ft
-l

ab
el

m
at

ri
x
)

fo
r

ea
ch

r
=

1
,2

.
H

ow
ev

er
,

on
e

ca
n

al
so

m
ea

su
re

a
m

a
tc

h
ed

N
M

I
b
y

co
n
ca

te
n
at

in
g

th
e

la
b

el
s

o
f

tw
o

si
d
es

v
er

-
ti

ca
ll
y,

i.
e.

,
fo

rm
in

g
[Z

1
;Z

2
]

an
d

[τ
1
;τ

2
]

an
d

m
ea

su
ri

n
g

a
si

n
gl

e
N

M
I

b
et

w
ee

n
th

e
re

su
lt

in
g

(N
1

+
N

2
)
×
K

m
at

ri
ce

s.
S
om

e
th

ou
gh

t
sh

ou
ld

co
n
v
in

ce
th

e
re

ad
er

th
at

th
is

th
e

n
a
tu

ra
l

w
ay

to
al

so
m

ea
su

re
th

e
eff

ec
ti

ve
n
es

s
of

th
e

m
at

ch
in

g
b

et
w

ee
n

th
e

co
m

m
u
n
it

ie
s

o
f

th
e

tw
o

si
d
es

:
W

e
h
av

e
a

m
at

ch
ed

N
M

I
of

1,
if

th
e

tr
u
e

an
d

es
ti

m
at

ed
cl

u
st

er
s

on
ea

ch
si

d
e

a
re

in
p

er
fe

ct
ag

re
em

en
t,

an
d

th
e

m
at

ch
in

g
b

et
w

ee
n

th
em

is
p

er
fe

ct
ly

re
co

v
er

ed
.

4
.3

.
T

y
p

ic
a
l

o
u

tp
u

t

F
ig

u
re

3
sh

ow
s

th
e

ty
p
ic

al
ou

tp
u
t

of
th

e
al

go
ri

th
m

on
th

e
d
at

a
ge

n
er

at
ed

fr
o
m

th
e

m
o
d
el

w
it

h
ou

t
d
eg

re
e

co
rr

ec
ti

on
(D

C
),

i.
e.

,
a

=
∞

.
H

er
e

th
e

em
p
ir

ic
al

av
er

ag
e

d
eg

re
e

is
λ̂

=
3
.1

,
K

=
5,
ν

=
10

an
d
d

=
(2
,2

),
th

e
d
im

en
si

on
s

of
th

e
co

va
ri

at
es

.
C

on
ca

te
n
at

ed
m

a
tr

ic
es

o
f

th
e

tr
u
e

la
b

el
s

an
d

th
e

in
it

ia
l
an

d
fi
n
al

la
b

el
s

ar
e

sh
ow

n
.

V
er

ti
ca

l
co

n
ca

te
n
at

io
n

is
u
se

d
a
s

d
is

cu
ss

ed
ea

rl
ie

r,
gi

v
in

g
m

at
ri

ce
s

of
d
im

en
si

on
(N

1
+
N

2
)
×
K

.
In

it
ia

l
la

b
el

s
ar

e
th

e
D

ir
ic

h
le

t-
p

er
tu

rb
ed

tr
u
th

w
it

h
ρ

=
0.

1,
i.
e.

90
%

n
oi

se
,

as
d
is

cu
ss

ed
in

S
ec

ti
on

3.
5.

1.
It

is
in

te
re

st
in

g
to

n
o
te

th
at

th
e

ou
tp

u
t

of
th

e
al

go
ri

th
m

h
as

re
co

ve
re

d
th

e
co

m
m

u
n
it

ie
s

w
it

h
a

n
on

tr
iv

ia
l

p
er

m
u
ta

ti
o
n

o
f

th
e

co
m

m
u
n
it

y
la

b
el

s.
In

ot
h
er

w
or

d
s,

th
e

p
er

tu
rb

at
io

n
of

th
e

in
it

ia
l

la
b

el
s

is
h
ig

h
en

ou
gh

th
at

th
e

co
n
v
er

g
en

ce
o
f

th
e

al
go

ri
th

m
ca

n
n
ot

si
m

p
ly

b
e

ex
p
la

in
ed

b
y

a
lo

ca
l

p
er

tu
rb

at
io

n
an

al
y
si

s:
th

e
a
lg

o
ri

th
m

h
a
s

n
ot

co
n
ve

rg
ed

to
th

e
or

ig
in

al
la

b
el

s,
b
u
t

to
a

p
er

fe
ct

ly
va

li
d

p
er

m
u
te

d
ve

rs
io

n
o
f

th
e

o
ri

g
in

al
la

b
el

s.
T

h
at

is
,
τ r
≈
Z
r
Q
r

fo
r
r

=
1,

2
w

h
er

e
Q

1
an

d
Q

2
ar

e
K
×
K

p
er

m
u
ta

ti
o
n

m
a
tr

ic
es

.
T

h
e

m
at

ch
ed

N
M

I
an

d
m

is
cl

as
si

fi
ca

ti
on

ra
te

fo
r

th
e

al
go

ri
th

m
ar

e
0
.9

8
an

d
0.

30
%

in
th

is
ca

se
.

If

18
JM

L
R

 2
0(

34
):

1-
44

, 2
01

9



M
A
T
C
H
E
D

B
IP

A
R
T
IT

E
B
L
O
C
K

M
O
D
E
L

W
IT

H
C
O
V
A
R
IA

T
E
S

A
v
e
ra

g
e
 d

e
g
re

e

5
1
0

1
5

2
0

2
5

3
0

3
5

Matched NMI

0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9 1

~
rn

d

b
iS

C

S
C

P

m
b
iS

B
M

 (~
rn

d
)

m
b
iS

B
M

 (b
iS

C
)

m
b
iS

B
M

 (S
C

P
)

ν
=

0
.0

α
=

0
.14

K
=

10
d
=

(2
,2)

A
v
e
ra

g
e
 d

e
g
re

e

5
1
0

1
5

2
0

2
5

3
0

3
5

Matched NMI

0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9 1

~
rn

d

b
iS

C

S
C

P

m
b
iS

B
M

 (~
rn

d
)

m
b
iS

B
M

 (b
iS

C
)

m
b
iS

B
M

 (S
C

P
)

ν
=

10
.0

α
=

0
.14

K
=

10
d
=

(2
,2)

F
igu

re
4:

E
ff

ect
o
f

d
iff

eren
t

in
itia

lization
m

eth
o
d
s

o
n

m
b
iS

B
M

w
ith

(left)
ν

=
0

an
d

(righ
t)
ν

=
10.

T
h
e

case
ν

=
0

co
rresp

o
n
d
s

to
n
o

covariate
in

form
ation

w
h
ereas

ν
>

0
giv

es
so

m
e

covariates
in

form
atio

n
.

o
n
e

ru
n
s
k
-m

ea
n
s

on
th

e
con

caten
ated

m
atrix

of
covariates

[X
1 ;X

2 ],
d
isrega

rd
in

g
th

e
n
etw

ork
in

fo
rm

a
tio

n
,

on
e

gets
m

atch
ed

N
M

I
an

d
m

isclassifi
cation

rate,
0
.44

an
d

38.50%
.

T
h
at

is,
th

e
cova

ria
tes

th
em

selves
are

n
ot

as
in

form
ative

alon
e

as
in

com
b
in

ation
w

ith
th

e
n
etw

ork
.

4
.4

.
A

v
e
ra

g
e

b
e
h

a
v
io

r

F
ig

u
re

4
sh

ow
s

th
e

m
ath

ch
ed

N
M

I
versu

s
av

erage
ex

p
ected

d
egree

λ
for

vario
u
s

m
eth

o
d
s.

T
h
e

resu
lts

a
re

av
era

g
ed

ov
er

50
M

on
te

C
arlo

rep
lication

s.
N

aive
(regu

larized
)

sp
ectral

clu
sterin

g,
d
en

o
ted

as
S
C
P
,

is
sh

ow
n

in
ad

d
ition

to
b
i
S
C

as
d
iscu

ssed
in

S
ection

3.5.1.
M

oreover,
th

e
p
lo

ts
sh

ow
o
u
r

a
lgorith

m
m
b
i
S
B
M
,

in
itialized

w
ith

b
oth

sp
ectral

m
eth

o
d
s

a
n
d

w
ith

D
irich

let-
p

ertu
rb

ed
tru

th
(ρ

=
0.1)

d
en

oted
as
∼
r
n
d
.

T
h
e

tw
o

p
lots

corresp
on

d
to

th
e

case
w

ith
n
o

cova
ria

te
in

form
a
tion

,
ν

=
0,

an
d

th
e

case
w

ith
covariate

in
form

ation
ν

=
10.

In
b

oth
cases,

cova
ria

te
d
im

en
sion

s
are

d
=

(2,2),
n
u
m

b
er

of
com

m
u
n
ities

K
=

10
an

d
ou

t-in
-ratio

is
α

=
1/

7.
T

h
ere

is
n
o

d
eg

ree-correction
in

th
e

m
o
d
el

or
m
b
i
S
B
M

alg
orith

m
.

A
s

ca
n

b
e

seen
,
b
i
S
C

ou
tp

erform
s

S
C

P
sign

ifi
can

tly.
W

ith
ou

t
covariates,

m
b
i
S
B
M

started
w

ith
b
i
S
C

slig
h
tly

im
p
roves

u
p

on
b
i
S
C
;

in
itializin

g
w

ith
≈

10%
tru

th
(m
b
i
S
B
M
(∼

r
n
d
)
)

h
as

sim
ila

r
p

erfo
rm

a
n
ce

for
su

ffi
cien

tly
large

λ
,

sh
ow

in
g

th
at

m
b
i
S
B
M

b
eh

aves
w

ell
w

ith
an

y
su

f-
fi
cien

tly
g
o
o
d

in
itialization

.
N

ote
also

th
at

m
b
i
S
B
M

in
itialized

w
ith

S
C

P
,

im
p
roves

u
p

on
S
C

P
fo

r
la

rg
e
λ

.
W

ith
covariate

in
form

ation
(ν

=
10),

m
b
i
S
B
M

sign
ifi

can
tly

ou
tp

erform
s
b
i
S
C

w
h
ich

d
o
es

n
o
t

in
co

rp
o
rate

th
e

covariates.

4
.5

.
E

ff
e
c
t

o
f

d
e
g
re

e
c
o
rre

c
tio

n

F
ig

u
re

5
in

vestig
a
tes

th
e

eff
ect

of
em

p
loy

in
g

d
egree-correction

in
th

e
algorith

m
.

In
b

oth
p
lots

of
th

e
fi
g
u
re,

w
e

a
re

gen
eratin

g
from

th
e

sam
e

D
C

-version
of

th
e

m
o
d
el

u
sin

g
w

ith
in

-co
m

m
u
n
ity

P
a
reto

d
eg

ree
d
istrib

u
tion

w
ith

p
aram

eter
a

=
2

as
d
escrib

ed
earlier,

d
=

(2
,2),

K
=

10,
α

=
1/7

,
a
n
d
ν

=
2.

T
h
e

d
iff

eren
ce

b
etw

een
th

e
tw

o
p
lots

is
h
ow

w
e

in
itialize

m
b
i
S
B
M

algorith
m

.
T

h
e

left
p
a
n
el

co
rresp

on
d
s

to
“D

irich
let-p

ertu
rb

ed
tru

th
”

in
itialization

(ρ
=

0.1)
d
en

oted
as

∼
r
n
d
,
w

h
erea

s
th

e
righ

t
p
an

el
corresp

on
d
s

to
com

p
letely

ran
d
om

in
itialization

,
d
en

oted
as

r
n
d
.

F
ou

r
v
ersio

n
s

o
f

th
e

algorith
m

are
con

sid
ered

,
w

ith
or

w
ith

ou
t

covaria
te

(X
)

in
corp

oration
,

a
n
d

w
ith

o
r

w
ith

ou
t

d
egree-correction

(D
C

).

19
JM

L
R

 20(34):1-44, 2019

R
a
z
a
e
e
,
A
m
in
i,
L
i

A
v
e
ra

g
e
 d

e
g
re

e

5
1
0

1
5

2
0

2
5

3
0

3
5

Matched NMI

0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9 1

~
rn

d

D
C

n
o
 d

c

D
C

, n
o
 X

n
o
 D

C
, n

o
 X

ν
=

2
.0

α
=

0
.14

K
=

10
d
=

(2
,2)

A
v
e
ra

g
e
 d

e
g
re

e

5
1
0

1
5

2
0

2
5

3
0

3
5

Matched NMI

0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9 1

rn
d

D
C

n
o
 d

c

D
C

, n
o
 X

n
o
 D

C
, n

o
 X

ν
=

2
.0

α
=

0
.14

K
=

10
d
=

(2
,2)

(a)
(b

)

F
igu

re
5:

E
ff

ect
of

th
e

d
egree

correctio
n

step
s

6
–8

in
th

e
algo

rith
m

,
fo

r
a

p
ow

er-law
n
etw

ork
.

D
a
ta

is
gen

erated
from

D
C

versio
n

of
th

e
m

o
d
el

(su
b
section

2.4)
w

ith
P

areto
d
istrib

u
tion

p
(θ)∝

θ −
3,
θ
>

2
for

d
egree

p
aram

eters
w

ith
in

each
com

m
u
n
ity.

(L
eft)

sh
ow

s
th

e
resu

lts
for

a
go

o
d

in
itializa

tion
,

th
e

D
irich

let
p

ertu
rb

ed
tru

th
,

d
en

oted
a
s∼

r
n
d

(w
ith
≈

1
0%

tru
e

lab
els)

an
d

th
e

(righ
t)

sh
ow

s
th

e
resu

lts
for

a
com

p
letely

ran
d
o
m

in
itia

liza
tion

,
d
en

oted
as

r
n
d
.

● ●● ● ●

● ●

●● ● ●●

●●● ●● ●●●
● ● ●● ●●

● ●●● ● ●●

●●● ●● ● ●
● ●● ●● ●● ●●

●

●

●

●

●

●●

●●

●

●

0.00

0.25

0.50

0.75

1.00

2
5

9
12

16
19

23
26

30
33

37
40

A
verage degree

Matched NMI

D
C

no D
C

F
igu

re
6:

E
ff

ect
o
f

d
egree

correction
step

s
o
n

va
ria

b
ility,

for
a

p
ow

er-law
n
etw

ork
.

S
u
rp

risin
gly,

as
th

e
left

p
an

el
sh

ow
s,

w
ith

su
ffi

cien
tly

go
o
d

in
itialization

(∼
r
n
d
),

d
egree-

correction
step

of
th

e
algorith

m
p
rov

id
es

on
ly

a
sligh

t
im

p
rovem

en
t.

H
ow

ever,
th

e
im

p
rovem

en
t

of
d
egree-correction

is
q
u
ite

sign
ifi

can
t

w
h
en

startin
g

from
a

p
o
or

in
itialization

(r
n
d
).

In
gen

eral,
it

is
ad

v
isab

le
to

u
se

th
e

D
C

v
ersion

sin
ce

its
solu

tion
h
as

less
varian

ce.
F

igu
re

6,
illu

strates
th

e
algorith

m
w

ith
D

C
correction

an
d

w
ith

o
u
t,

in
th

e
sam

e
setu

p
of

th
e

left
p
an

el
of

F
igu

re
5,

th
at

is,
b

oth
cases

in
itialized

w
ith
∼
r
n
d

(an
d

b
oth

in
corp

oratin
g

covariates).
T

h
ou

gh
F

igu
re

5(a)
sh

ow
s

th
at

m
ean

b
eh

av
iors

a
re

close,
F

igu
re

6
sh

ow
s

th
at

th
e

d
istrib

u
tion

s
of

th
e

ou
tp

u
ts

are
q
u
ite

d
iff

eren
t,

w
ith

th
e

solu
tion

of
D

C
version

h
av

in
g

less
variab

ility.
T

h
is

is
ex

p
ected

as
th

e
D

C
version

is
solv

in
g

an
o
p
tim

ization
p
rob

lem
w

ith
m

u
ch

restricted
feasib

le
region

.

2
0

JM
L

R
 20(34):1-44, 2019



M
A
T
C
H
E
D

B
IP

A
R
T
IT

E
B
L
O
C
K

M
O
D
E
L

W
IT

H
C
O
V
A
R
IA

T
E
S

#
 o

f 
n
o
d
e
s
 p

e
r 

c
o
m

m
u
n
it
y

1
0

2
1
0

3
1
0

4

NMI (Overall)

0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.91

s
p

e
c
tr

a
l

m
b

is
b

m
 (

s
p

e
c
tr

a
l)

m
b

is
b

m
 (

rn
d

)

m
b

is
b

m
 (

g
e

n
) 

(r
n

d
)

#
 o

f 
n
o
d
e
s
 p

e
r 

c
o
m

m
u
n
it
y

1
0

2
1
0

3
1
0

4

NMI (Overall)

0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.91

s
p

e
c
tr

a
l

m
b

is
b

m
 (

s
p

e
c
tr

a
l)

m
b

is
b

m
 (

rn
d

)

m
b

is
b

m
 (

g
e

n
) 

(r
n

d
)

#
 o

f 
n

o
d

e
s
 p

e
r 

c
o

m
m

u
n

it
y

1
0

2
1
0

3
1
0

4

mean time (seconds)

1
0

-1

1
0

0

1
0

1

1
0

2

s
p

e
c
tr

a
l

m
b

is
b

m
 (

s
p

e
c
tr

a
l)

m
b

is
b

m
 (

rn
d

)

m
b

is
b

m
 (

g
e

n
) 

(r
n

d
)

#
 o

f 
n

o
d

e
s
 p

e
r 

c
o

m
m

u
n

it
y

1
0

2
1
0

3
1
0

4

mean time (seconds)

1
0

-1

1
0

0

1
0

1

1
0

2

s
p

e
c
tr

a
l

m
b

is
b

m
 (

s
p

e
c
tr

a
l)

m
b

is
b

m
 (

rn
d

)

m
b

is
b

m
 (

g
e

n
) 

(r
n

d
)

F
ig

u
re

7
:

S
ca

li
n
g

b
eh

av
io

r.
B

ot
h

th
e

av
er

ag
e

N
M

I
(t

op
)

a
n
d

th
e

m
ea

n
ex

ec
u
ti

on
ti

m
e

(t
im

e)
ar

e
sh

ow
n

as
a

fu
n
ct

io
n

o
f

th
e

n
u
m

b
er

of
cl

u
st

er
s

p
er

co
m

m
u
n
it

y
fo

r
th

re
e-

co
m

m
u
n
it

y
(K

=
3
)

n
et

w
o
rk

s.
T

h
e

tw
o

co
lu

m
n
s

sh
ow

tw
o

b
lo

ck
m

o
d
el

s
ge

n
er

a
te

d
ac

co
rd

in
g

to
m

o
d
el

(2
3)

:
(L

ef
t)
B

(1
)

0
a
n
d

(R
ig

h
t)
B

(2
)

0

as
d
efi

n
ed

in
(2

4
).

4
.6

.
S

c
a
li
n

g
b

e
h

a
v
io

r

F
ig

u
re

7
il
lu

st
ra

te
s

h
ow

th
e

al
go

ri
th

m
sc

al
es

to
la

rg
e

n
et

w
or

k
s

co
m

p
ar

ed
to

th
e

sp
ec

tr
al

ap
-

p
ro

ac
h
.

T
h
e

si
m

u
la

ti
on

se
tu

p
fo

r
th

is
fi
gu

re
is

as
fo

ll
ow

s:
W

e
co

n
si

d
er

a
b
as

e
co

n
n
ec

ti
v
it

y
m

at
ri

x
B

0
∈
R
K
×
K

+
an

d
le

t
th

e
ed

ge
p
ro

b
ab

il
it

y
m

at
ri

x
b

e

B
=

lo
g
(N

1
N

2
)

√
N

1
N

2
B

0
,

N
1

=
n

0
K
,
N

2
=

[0
.7

5n
0
K

]
(2

3)

w
h
er

e
n

0
is

th
e

n
u
m

b
er

of
n
o
d
es

p
er

co
m

m
u
n
it

y
;

th
at

is
,

w
e

as
su

m
e

th
at

co
m

m
u
n
it

ie
s

of
b

ot
h

si
d
es

ar
e

b
al

an
ce

d
an

d
ea

ch
co

n
ta

in
s
n

0
n
o
d
es

.
W

e
th

en
le

t
n

0
va

ry
fr

om
10

0
to

35
00

0,
w

h
il
e

K
=

3
is

fi
x
ed

,
to

st
u
d
y

th
e

la
rg

e-
sc

al
e

b
eh

av
io

r
of

th
e

n
et

w
or

k
.

T
h
is

si
m

u
la

ti
on

se
tu

p
h
as

re
ce

n
tl

y
b

ee
n

co
n
si

d
er

ed
in

Z
h
ou

an
d

A
m

in
i
(2

01
8)

an
d

is
su

it
ab

le
fo

r
st

u
d
y
in

g
th

e
se

m
i-

sp
ar

se
as

y
m

p
to

ti
c

re
gi

m
e.

N
ot

e
th

at
th

e
av

er
a
ge

d
eg

re
e

of
th

e
n
et

w
o
rk

w
il
l

b
e
∼

lo
g
(n

0
)

as
n

0
→
∞

re
su

lt
in

g
in

fa
ir

ly
sp

ar
se

la
rg

e
n
et

w
or

k
s.

W
e

co
n
si

d
er

tw
o

v
er

si
on

s
of
B

0
,

co
rr

es
p

on
d
in

g
to

th
e

2
1

JM
L

R
 2

0(
34

):
1-

44
, 2

01
9

R
a
z
a
e
e
,
A
m
in
i,
L
i

0.
00

0.
25

0.
50

0.
75

1.
00

10
0

32
3

10
41

33
61

10
84

6
35

00
0

# 
of

 n
od

es
 p

er
 c

om
m

un
ity

NMI (Overall)

sp
ec

m
bi

sb
m

 (
sp

ec
)

m
bi

sb
m

 (
rn

d)
m

bi
sb

m
 (

ge
n)

 (
rn

d)

0.
00

0.
25

0.
50

0.
75

1.
00

10
0

32
3

10
41

33
61

10
84

6
35

00
0

# 
of

 n
od

es
 p

er
 c

om
m

un
ity

NMI (Overall)

sp
ec

m
bi

sb
m

 (
sp

ec
)

m
bi

sb
m

 (
rn

d)
m

bi
sb

m
 (

ge
n)

 (
rn

d)

F
ig

u
re

8:
B

ox
p
lo

t
o
f

th
e

N
M

I
co

rr
es

p
on

d
in

g
to

F
ig

u
re

7
.

tw
o

co
lu

m
n
s

in
F

ig
u
re

7:

B
(1

)
0

=
1 2

 2
1

1
1

2
1

1
1

2 
,

B
(2

)
0

=
1 3

 1
2

3
3

2
1

2
1

3 
.

(2
4)

N
ot

e
th

at
B

(1
)

0
gi

ve
s

a
p
la

n
te

d
p
ar

ti
ti

on
m

o
d
el

w
h
er

ea
s
B

(2
)

0
co

rr
es

p
on

d
s

to
th

e
m

o
re

g
en

er
a
l

cl
as

s
of

S
B

M
gi

ve
n

b
y

(4
),

i.
e.

,
it

co
n
ta

in
s

b
ot

h
as

so
rt

at
iv

e
an

d
d
is

so
rt

at
iv

e
re

la
ti

o
n
s.

W
e

a
ls

o

n
ot

e
th

at
fo

r
B

(2
)

0
,

th
e

w
it

h
in

-c
om

m
u
n
it

y
co

n
n
ec

ti
v
it

ie
s

ar
e

va
ri

a
b
le

(i
.e

.,
B

(2
)

0
h
a
s

u
n
eq

u
al

d
ia

go
n
al

el
em

en
ts

).
B

ot
h

m
o
d
el

s
ar

e
q
u
it

e
h
ar

d
as

th
e

so
-c

al
le

d
ou

t-
in

-r
at

io
is

q
u
it

e
h
ig

h
;

in

th
e

p
la

n
te

d
p
ar

ti
ti

on
ca

se
B

(1
)

0
,

fo
r

w
h
ic

h
th

e
ra

ti
o

d
ir

ec
tl

y
ch

ar
ac

te
ri

ze
s

h
a
rd

n
es

s,
w

e
h
av

e
q/
p

=
0.

5.
T

h
e

co
va

ri
at

es
ar

e
ge

n
er

at
ed

si
m

il
ar

to
S
ec

ti
on

4.
4

w
it

h
ν

=
10

an
d
d

=
(5
,5

).
T

h
e

re
su

lt
s

ar
e

av
er

ag
ed

ov
er

50
re

p
li
ca

ti
on

s.
T

h
e

h
ar

d
n
es

s
of

th
e

tw
o

p
ro

b
le

m
s

ar
e

re
fl
ec

te
d

in
th

e
N

M
I

p
lo

ts
of

F
ig

u
re

7
w

h
er

e
th

e
sp

ec
-

tr
al

m
et

h
o
d

(s
p
e
c
t
r
a
l
)

is
b
ar

el
y

ab
ov

e
th

e
ra

n
d
om

as
si

gn
m

en
t.

In
ad

d
it

io
n

to
th

e
sp

ec
tr

a
l

m
et

h
o
d
,
th

re
e

v
er

si
on

s
of

m
b
i
S
B
M

h
av

e
b

ee
n

sh
ow

n
:

(1
)

A
lg

or
it

h
m

1
w

it
h

sp
ec

tr
a
l
in

it
ia

li
za

ti
on

,
m
b
i
S
B
M
(
s
p
e
c
t
r
a
l
),

(2
)

A
lg

or
it

h
m

1
w

it
h

ra
n
d
om

in
it

ia
li
za

ti
on

,
m
b
i
S
B
M
(
r
n
d
),

(3
)

m
o
d
ifi

ca
-

ti
on

of
A

lg
or

it
h
m

1
to

al
lo

w
fo

r
a

ge
n
er

al
co

n
n
ec

ti
v
it

y
m

at
ri

x
(S

ec
ti

on
A

.2
),

w
it

h
ra

n
d
o
m

in
it

ia
li
za

ti
on

,
m
b
i
S
B
M
(
g
e
n
)
(
r
n
d
).

A
ll

th
e

th
re

e
ve

rs
io

n
s

p
er

fo
rm

re
as

on
ab

ly
an

d
co

m
p
ar

ab
ly

ex
ce

p
t

fo
r

th
e
m
b
i
S
B
M

w
it

h
s
p
e
c
t
r
a
l

in
it

ia
li
za

ti
on

w
h
ic

h
si

gn
ifi

ca
n
tl

y
ou

tp
er

fo
rm

s
ot

h
er

v
er

si
on

s
on

th
e

p
la

n
te

d
p
a
rt

it
io

n

m
o
d
el
B

(1
)

0
.

It
is

al
so

w
or

th
n
ot

h
in

g
th

at
th

e
p

er
fo

rm
an

ce
of

m
b
i
S
B
M

w
it

h
ge

n
er

a
l

co
n
n
ec

ti
v
it

y
m

at
ri

x
is

n
ot

m
u
ch

b
et

te
r

th
an

th
e

p
la

n
te

d
p
ar

ti
ti

on
ve

rs
io

n
(i

.e
.,

th
e

d
ef

au
lt

A
lg

o
ri

th
m

1
),

ev
en

on
B

(2
)

0
w

h
ic

h
is

fa
r

fr
om

sa
ti

sf
y
in

g
th

e
si

m
p
li
fy

in
g

p
la

n
te

d
p
ar

ti
ti

on
a
ss

u
m

p
ti

o
n
.

W
e

n
ot

e
th

at
th

e
sp

ec
tr

al
ap

p
ro

ac
h

al
on

e
p

er
fo

rm
s

ve
ry

p
o
or

ly
in

b
ot

h
ca

se
s.

(W
e

a
ls

o
ex

p
er

i-
m

en
te

d
w

it
h

m
o
d
er

at
e

p
er

tu
rb

at
io

n
s

fo
r

th
e

sp
ec

tr
al

a
p
p
ro

ac
h

w
h
ic

h
d
id

n
ot

re
su

lt
in

n
o
ti

ce
-

ab
le

im
p
ro

ve
m

en
t.

)
F

ig
u
re

8
sh

ow
s

th
e

b
ox

p
lo

ts
co

rr
es

p
on

d
in

g
to

th
e

N
M

I
p
lo

ts
in

F
ig

u
re

7
,

il
lu

st
ra

ti
n
g

th
e

va
ri

ab
il
it

y
of

th
e

re
su

lt
s.

It
is

w
or

th
n
ot

in
g

th
at

fo
r

p
la

n
te

d
p
a
rt

it
io

n
m

o
d
el

,
m
b
i
S
B
M
(
s
p
e
c
t
r
a
l
)

ac
h
ie

ve
s

a
N

M
I

of
1

fo
r

m
os

t
re

p
li
ca

ti
on

s.
T

h
e

b
ot

to
m

ro
w

in
F

ig
u
re

7
il
lu

st
ra

te
s

th
e

av
er

ag
e

ru
n

ti
m

e
of

th
e

a
lg

o
ri

th
m

s.
F

o
r

m
b
i
S
B
M
(
s
p
e
c
t
r
a
l
)

on
ly

th
e

ov
er

h
ea

d
re

la
ti

ve
th

e
sp

ec
tr

al
in

it
ia

li
za

ti
on

is
co

n
si

d
er

ed
.

It
is

cl
ea

r
th

e
fa

m
il
y

of
m
b
i
S
B
M

al
go

ri
th

m
s

ar
e

a
b

ou
t

an
or

d
er

of
m

a
gn

it
u
d
e

fa
st

er
th

a
n

th
e

2
2

JM
L

R
 2

0(
34

):
1-

44
, 2

01
9



M
A
T
C
H
E
D

B
IP

A
R
T
IT

E
B
L
O
C
K

M
O
D
E
L

W
IT

H
C
O
V
A
R
IA

T
E
S

s
p
e
c
t
r
a
l

a
p
p
ro

a
ch

.
W

e
con

clu
d
e

th
at

w
h
en

th
e

sign
al

is
h
igh

,
m
b
i
S
B
M

w
ith

ran
d
om

in
itial-

iza
tio

n
is

o
u
tp

erform
s

in
b

oth
sp

eed
an

d
accu

racy.
W

h
en

th
e

sign
al

is
low

,
w

e
can

in
itialize

w
ith

th
e

sp
ectral

ap
p
roach

an
d

th
en

b
o
ost

th
e

p
erform

an
ce

b
y

com
p
u
tation

ally
ch

eap
m
b
i
S
B
M

itera
tio

n
s.

5
.
A
p
p
lica

tio
n
to

R
e
a
l
D
a
ta

5
.1

.
W

ik
ip

e
d

ia
n

e
tw

o
rk

s

W
e

h
ave

a
p
p
lied

th
e

algorith
m

to
tw

o
w

ik
ip

ed
ia

p
age–u

ser
n
etw

ork
s,

w
h
ich

w
e

w
ill

call
T
o
p
A
r
-

t
ic
l
e
s

a
n
d
C
it
ie
s.

E
ach

is
a

b
ip

artite
n
etw

ork
b

etw
een

a
collection

of
W

ik
ip

ed
ia

p
a
ges

an
d

th
e

u
sers

w
h
o

ed
ited

th
em

:
A

n
ed

ge
is

p
laced

b
etw

een
a

u
ser

an
d

a
p
age

if
th

e
u
ser

h
as

ed
ited

th
a
t

p
ag

e
(a

t
lea

st
on

ce).
In

th
e
T
o
p
A
r
t
ic
l
e
s,

th
e

p
ages

are
selected

from
th

e
top

articles
(b

a
sed

o
n

m
o
n
th

ly
con

trib
u
tion

s)
from

C
h
in

ese
(C

N
),

K
o
rean

(K
R

)
an

d
J
ap

an
ese

(J
P

)
lan

-
g
u
a
g
e

W
ik

ip
ed

ia
,

corresp
on

d
in

g
to

th
e

p
erio

d
from

J
an

u
ary

to
O

ctob
er

2016.
In

th
e
C
it
ie
s

n
etw

o
rk

,
th

e
p
a
g
es

corresp
on

d
to

city
n
am

es
in

E
n
glish

lan
gu

age
W

ik
ip

ed
ia;

th
e

cities
w

ere
ch

o
sen

fro
m

fi
ve

cou
n
tries:

U
n
ites

S
ta

tes
(U

S
),

U
n
ited

K
in

gd
om

(G
B

),
A

u
stralia

(A
U

),
In

d
ia

(IN
),

J
a
p
a
n

(J
P

).
In

b
oth

cases,
on

th
e

u
ser

sid
e,

on
ly

th
ose

w
ith

IP
ad

d
resses

w
ere

retain
ed

.
A

lth
o
u
g
h
,

n
o
t

p
erfect,

IP
ad

d
resses

w
ere

th
e

on
ly

m
ean

s
b
y

w
h
ich

w
e

cou
ld

ob
tain

ad
d
ition

al
in

fo
rm

a
tio

n
a
b

o
u
t

each
u
ser,

esp
.

geo-lo
cation

d
ata.

W
ik

ip
ed

ia
u
sage

statistics
w

ere
scrap

ed
fro

m
W

ik
im

ed
ia

S
tatistics

u
sin

g
co

d
e

in
sp

ired
b
y

K
eegan

(201
4).

F
or

geo-d
ata

w
e

u
sed

b
oth

th
e
g
g
m
a
p

R
p
a
ckage

b
y

K
ah

le
an

d
W

ick
h
am

(2013)
an

d
th

e
A

P
I

p
rov

id
ed

b
y

ip
a
p
i.

In
T
o
p
A
r
t
ic
l
e
s,

th
e

tru
e

lab
els

are
th

e
lan

gu
age

assign
ed

to
each

p
age

an
d

ea
ch

u
ser,

th
at

is,
m

a
tch

ed
co

m
m

u
n
ities

are
sp

ecifi
ed

b
y

com
m

on
lan

gu
age.

T
h
e

u
ser

lan
g
u
age

w
as

assign
ed

b
a
sed

o
n

th
e

d
o
m

in
an

t
lan

gu
age

of
th

e
cou

n
try

fro
m

w
h
ich

th
e

IP
ad

d
ress

orig
in

ates.
In

C
it
ie
s

n
etw

o
rk

,
th

e
tru

e
lab

els
are

th
e

cou
n
try

n
am

es
assign

ed
to

each
u
ser

b
ased

o
n

u
ser’s

IP
ad

d
ress

a
n
d

a
ssig

n
ed

to
each

city
p
age

b
ased

on
its

geo-lo
cation

tag.
T

h
e

IP
s

w
ere

also
u
sed

to
ob

ta
in

latitu
d
e

a
n
d

lon
gitu

d
e

co
ord

in
ates

on
each

u
ser,

p
rov

id
in

g
u
s

w
ith

u
ser

covariate
m

atrix
X

2 ∈
R
N

2 ×
2,

F
o
r
T
o
p
A
r
t
ic
l
e
s,

w
e

d
o

n
ot

h
ave

a
n
y

p
age

covariate.
F

or
C
it
ie
s,

w
e

u
se

th
e

g
eo-lo

cation
d
a
ta

o
f

th
e

city
(latitu

d
e

an
d

lon
gitu

d
e)

to
giv

e
u
s

th
e

p
age

covariate
m

atrix
X

1 ∈
R
N

1 ×
2.

F
ig

u
re

9
sh

ow
s

th
e

tw
o

n
etw

ork
s

alon
g

w
ith

th
e

tru
e

com
m

u
n
ities.

N
ote

th
at

C
it
ie
s

is
sp

ecia
lly

h
a
rd

to
clu

ster
b
ased

on
ly

on
n
etw

ork
d
ata

d
u
e

to
th

e
p
resen

ce
o
f

n
o
d
es

of
d
iff

eren
t

co
m

m
u
n
ities

a
m

o
n
g

each
com

m
u
n
ity

(as
p

osition
ed

b
y

th
e

lay
ou

t
algorith

m
).

T
ab

les
1

an
d

2
sh

ow
th

e
b
rea

k
-d

ow
n

of
p
ages/u

sers
b
a
sed

o
n

com
m

u
n
ity

for
th

e
tw

o
n
etw

ork
s.

A
lso

sh
ow

n
are

th
e

avera
g
e

d
eg

rees
of

each
sid

e
of

th
e

n
etw

ork
,

as
w

ell
as

th
e

overall
average

d
egree.

F
or

each
o
f

th
e

tw
o

n
etw

o
rk

s,
w

e
fi
rst

ob
tain

ed
a

2-core,
restricted

to
th

e
gian

t
com

p
o
n
en

t,
th

en
rem

oved
u
sers

fro
m

co
u
n
tries

n
ot

u
n
d
er

con
sid

eration
.

(If
th

e
last

step
created

d
isjoin

t
com

p
on

en
ts

w
e

restricted
ag

a
in

to
th

e
gian

t
com

p
on

en
t.

T
h
is

on
ly

h
ap

p
en

ed
for

C
it
ie
s

a
n
d

on
ly

rem
oved

5
n
o
d
es.)

R
e
su

lts
o
n

W
ik

ip
e
d

ia
n

e
tw

o
rk

s.
T

ab
le

3
illu

strates
th

e
resu

lt
of

th
e

ap
p
licatio

n
of

b
i
S
C
,

a
n
d

th
e
m
b
i
S
B
M

(b
i
S
C
)

algorith
m

w
ith

variou
s

com
b
in

atio
n

of
covariates.

In
all

ca
ses

th
e

d
egree-co

rrected
(D

C
)

version
of

m
b
i
S
B
M

is
u
sed

.
F

or
T
o
p
A
r
t
ic
l
e
s,

w
ith

ou
t

u
sin

g
covariates,

th
ere

is
n
o

im
p
rov

em
en

t
on

b
i
S
C

w
h
ile

u
sin

g
X

2
gives

sign
ifi

can
t

b
o
ost

to
m
b
i
S
B
M
.

F
or

C
it
ie
s,

b
i
S
C

o
u
tp

erfo
rm

s
m
b
i
S
B
M

w
ith

n
o

covariates.
O

n
e

th
e

oth
er

h
an

d
,

ad
d
in

g
X

2
or

b
oth

X
1

an
d

X
2

sig
n
ifi

ca
n
tly

im
p
roves

th
e

resu
lt

o
f
m
b
i
S
B
M
.2
3
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L

R
 20(34):1-44, 2019

R
a
z
a
e
e
,
A
m
in
i,
L
i

C
N

J
P

K
R

T
otal

A
v
g.

d
eg.

C
ovariates

P
ages

139
143

171
453

14.2
N

/A
U

sers
579

695
828

2102
3.1

X
2

=
u
ser

(lat.,lon
.)

T
otal

718
838

999
2555

5

T
a
b
le

1:
T
o
p
A
r
t
ic
l
e
s

p
a
ge–

u
ser

n
etw

ork

U
S

IN
A

U
J
P

G
B

T
otal

A
v
g.

d
eg.

C
ovariates

P
ages

267
235

182
113

5
9

856
10

.2
X

1
=

city
(lat.,lon

.)
U

sers
1054

1029
705

101
201

3090
2.8

X
2

=
u
ser

(lat.,lon
.)

T
otal

1321
1264

887
214

260
3946

4.4

T
ab

le
2:

C
it
ie
s

p
age–u

ser
n
etw

ork

T
o

get
a

m
ore

refi
n
ed

u
n
d
erstan

d
in

g
of

th
e

relativ
e

stan
d
in

g
of

b
i
S
C

an
d
m
b
i
S
B
M

(b
i
S
C
),

w
e

h
ave

ru
n

tw
o

M
on

te
C

arlo
an

aly
ses

b
ased

on
th

ese
real

n
etw

ork
s,

on
e

u
sin

g
su

bsa
m

p
lin

g
an

d
th

e
oth

er
b
y

ad
d
in

g
E

rd
ös–R

én
y
i

n
oise.

F
igu

re
10

sh
ow

s
th

e
resu

lts
w

h
en

w
e

su
b
sam

p
le

th
e

n
etw

ork
to

retain
a

fraction
of

th
e

n
o
d
es

on
each

sid
e

(from
95%

d
ow

n
to

1
0%

).
T

h
e

x
-ax

is
sh

ow
s

th
e

resu
ltin

g
overall

average
d
egree

of
th

e
n
etw

ork
at

each
su

b
sam

p
lin

g
level.

T
h
e

resu
lts

are
averaged

over
50

rep
lication

s
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ca

n
re

st
ri

ct
th

e
co

va
ri

an
ce

m
at

ri
x

Σ
to

b
e

d
ia

g
o
n
al

,
w

h
ic

h
gr

ea
tl

y
im

p
ro

ve
s

th
e

sp
ee

d
of

th
e

al
go

ri
th

m
.

T
h
is

ch
oi

ce
is

al
so

re
as

on
a
b
le

fr
o
m

a
st

a
-

ti
st

ic
al

p
er

sp
ec

ti
ve

si
n
ce

in
h
ig

h
-d

im
en

si
on

s,
w

it
h
ou

t
ad

d
it

io
n
al

re
st

ri
ct

io
n
s

(s
u
ch

a
s

sp
a
rs

it
y
),

es
ti

m
at

es
of

a
fu

ll
-d

im
en

si
on

al
co

va
ri

an
ce

m
at

ri
x

ar
e

u
n
re

li
ab

le
.

U
n
d
er

th
e

d
ia

g
o
n
a
l
re

st
ri

ct
io

n
,

on
e

on
ly

n
ee

d
s

to
m

ak
e

a
m

in
or

m
o
d
ifi

ca
ti

on
to

th
e

al
go

ri
th

m
:

R
ec

al
li
n
g

th
e

va
ri

a
ti

o
n
a
l

li
ke

li
-

h
o
o
d
J

(Σ
)
. =
−
K 2

[ lo
g
|Σ
|+

tr
(Σ
−

1
S

(Γ̃
))
] ,

th
e

m
ax

im
iz

er
ov

er
Σ

u
n
d
er

th
e

d
ia

g
o
n
a
l

co
n
st

ra
in

t

is
Σ
ii

=
[S

(Γ̃
))

] i
i

an
d

Σ
ij

=
0

fo
r
i
6=
j,

or
co

m
p
ac

tl
y

Σ
=

d
d
ia

g(
S

(Γ̃
))
,

w
h
er

e
A
7→

d
d
ia

g(
A

)
is

an
op

er
at

or
th

at
ta

ke
a

sq
u
ar

e
m

at
ri

x
A

an
d

ou
tp

u
ts

a
d
ia

g
o
n
a
l

m
at

ri
x

w
it

h
th

e
sa

m
e

d
ia

go
n
al

as
A

.
W

e
n
ot

e
th

at
th

e
u
p

d
at

e
fo

r
Σ̃
k

go
es

a
s

b
ef

o
re

:
Σ̃
k

=
(D
−

1
k

+
Σ
−

1
)−

1
fo

r
k
∈

[K
].

S
in

ce
b

ot
h
D

an
d

Σ
ar

e
d
ia

go
n
al

,
Σ̃
k

w
il
l
b

e
d
ia

go
n
a
l
a
s

w
el

l.
T

h
u
s,

al
l

th
e

co
va

ri
an

ce
m

at
ri

ce
s

th
ro

u
gh

ou
t

th
e

al
go

ri
th

m
w

il
l

re
m

ai
n

d
ia

go
n
al

w
h
ic

h
im

p
ro

ve
s

th
e

sp
ee

d
an

d
sc

al
ab

il
it

y.

A
.2

.
E

x
te

n
si

o
n

to
g
e
n

e
ra

l
S

B
M

L
et

u
s

n
ow

b
ri

efl
y

d
is

cu
ss

th
e

ch
an

ge
s

n
ee

d
ed

fo
r

fi
tt

in
g

th
e

ge
n
er

al
S
B

M
m

o
d
el

(4
).

W
e

o
n
ly

co
n
si

d
er

th
e

ca
se

w
it

h
n
o

d
eg

re
e

co
rr

ec
ti

on
.

L
et

u
s

d
er

iv
e

th
e

la
b

el
u
p

d
at

es
fi
rs

t.
U

si
n
g

th
e

ge
n
er

al
fo

rm
of

th
e

n
et

w
or

k
li
ke

li
h
o
o
d

(8
),

th
e

va
ri

a
ti

on
al

li
ke

li
h
o
o
d

in
(1

5)
is

re
p
la

ce
d

w
it

h

J
=
∑ i

∑ k

τ 1
ik

( ∑

j

∑ `

τ 2
j`
g
(Ψ

k
`,
A
ij

)
+
ξ 1
ik
−

lo
g
τ 1
ik

)
+

co
n
st

.
(2

8
)

w
h
ic

h
b
y

th
e

sa
m

e
ar

gu
m

en
t

u
se

d
fo

r
(1

7)
,

gi
ve

s
th

e
fo

ll
ow

in
g
τ 1
ik

u
p

d
at

e

τ 1
ik
∝
k
π

1
k

ex
p
[ ∑

j

∑ `

τ 2
j`
g
(Ψ

k
`,
A
ij

)
+
β

1
ik

(Γ̃
,σ

2
)]

i
=

1,
..
.,
N

1
.

(2
9
)
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T
E
S

T
h
e

u
p

d
a
te

fo
r
τ

2
follow

s
sim

ilarly.
T

h
e

on
ly

oth
er

m
o
d
ifi

cation
to

th
e

alg
orith

m
is

th
e

u
p

d
ate

fo
r

th
e

ed
g
e

p
rob

ab
ilities

Ψ
,

rep
lacin

g
th

e
(p
,q)

u
p

d
ates.

F
or

Ψ
u
p

d
ates,

w
e

n
eed

to
m

ax
im

ize

E
q [`

1 (Ψ
)]

=
∑

ij

∑k
`

τ
1
ik τ

2
j`
g
(Ψ

k
` ,A

ij )

over
Ψ

.
A

ssu
m

e
th

at
g
(p
,α

)
=
α
φ

1 (p
)

+
φ

0 (p
).

F
or

an
y

fi
x
ed

(k
,`),

w
e

n
eed

to
m

ax
im

ize

(∑

ij

τ
1
ik τ

2
j` A

ij )
φ

1 (Ψ
k
` )

+
τ̄

1
k τ̄

2
`
φ

0 (Ψ
k
` )

w
h
ere

w
e

h
ave

u
sed

τ̄
r
k

:=
∑

i τ
r
ik .

T
h
e

p
rob

lem
red

u
ces

to
m

ax
im

izin
g
p
7→

a
φ

1 (p
)

+
bφ

0 (p
)

fo
r

so
m

e
p

o
sitive

a
,b∈

R
.

It
is

n
ot

h
ard

to
see

th
at

th
e

m
ax

im
izer

is
th

e
sam

e
for

b
oth

th
e

B
ern

o
u
lli

likelih
o
o
d

(φ
1 (p

)
=

log
[p
/
(1−

p
)],
φ

0 p
)

=
log

(1−
p
))

an
d

th
e

P
oisson

(φ
1 (p

)
=

log
p
,

φ
0 (p

)
=
−
p
),

a
n
d

is
eq

u
al

to
p ∗

=
a
/b.

T
h
is

give
th

e
follow

in
g

Ψ
-u

p
d
ate

Ψ
k
`

=
1

τ̄
1
k τ̄

2
` ∑

ij

τ
1
ik τ

2
j` A

ij .
(30)

S
peed

in
g

u
p

th
e

u
pd

a
tes.

U
sin

g
th

e
n
otation

in
tro

d
u
ced

for
g
,

w
e

h
ave

∑

j

∑

`

τ
2
j`
g
(Ψ

k
` ,A

ij )
=
∑

`

(∑

j

τ
2
j` A

ij )
φ

1 (Ψ
k
` )

+
∑

`

τ̄
2
`
φ

0 (Ψ
k
` ).

L
et

Φ
1 ,Φ

0 ∈
R
K
×
K

b
e

m
atrices

w
ith

en
tries

[Φ
s ]k

`
=
φ
s (Ψ

k
` )

for
s

=
0,1.

T
h
en

,
τ

1
u
p

d
ate

is

τ
1
ik
∝
k
π

1
k

ex
p (

[A
τ

2 Φ
T1

]ik
+

[Φ
0 τ̄

2 ]k
+
β

1
ik (Γ̃

,σ
2) )

i
=

1,...,N
1

o
r

in
m

atrix
fo

rm
(sim

ilar
to

(25))

τ
1

=
r
o
w
-
s
o
f
t
m
a
x (A

τ
2 Φ

T1
+

1
N

1 [Φ
0 τ̄

2
+

log
π

1 ] T
+
β

1 ).
(31)

H
ere

τ̄
2

=
(τ̄

2
` )∈

R
K

is
v
iew

ed
as

a
colu

m
n

vector.

A
.3

.
E

x
te

n
sio

n
to

th
e

D
e
g
re

e
-C

o
rre

c
te

d
C

a
se

In
th

is
ca

se
th

e
n
etw

ork
-d

ep
en

d
en

t
p
art

of
th

e
likelih

o
o
d

is
rep

la
ced

w
ith

`
1 (Ψ

,θ)
=
∑

ij

∑k
`

z
1
ik z

2
j`
g
(θ

1
i θ

2
j Ψ

k
` ,A

ij ).

A
g
a
in

,
w

e
fo

cu
s

on
th

e
case

w
h
ere

Ψ
k
k

=
p

an
d

Ψ
k
`

=
q

for
k
6=
`.

R
ecallin

g
th

e
n
ota

tion
h

(p
,q,α

)
=
g
(p
,α

)−
g
(q,α

),
w

e
h
ave

`
1 (Ψ

,θ)
=
∑

ij

[y
ij
h (p

θ
1
i θ

2
j ,
qθ

1
i θ

2
j ,
A
ij )

+
g (θ

1
i θ

2
j q,A

ij )].
(32)

W
e

a
ssu

m
e

a
P

o
isson

log-likelih
o
o
d

w
ith

g
(p
,α

)
=
α

log
p−

p
for

w
h
ich

h
(p
,q,α

)
=
α

log
(p
/q)+

q−
p
.

W
e

a
lso

recall
th

e
n
orm

alization
assu

m
p
tion

(7), ∑
i θ
r
i z
r
ik

=
∑

i z
r
ik ,

w
h
ich

im
p
lies
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R
a
z
a
e
e
,
A
m
in
i,
L
i

∑
ij
y
ij θ

1
i θ

2
j

=
∑

ij
y
ij

an
d
∑

ij
θ

1
i θ

2
j

=
N

1 N
2 .

U
sin

g
th

ese
tw

o
im

p
licatio

n
s,

th
e

fi
rst

term
in

(32)
sim

p
lifi

es
to

∑

ij

y
ij [(q−

p
)θ

1
i θ

2
j

+
A
ij

log
(p
/q) ]

+
∑

ij

[−
θ

1
i θ

2
j q

+
A
ij

log
(θ

1
i θ

2
j q) ]

=
∑

ij

y
ij [(q−

p
)

+
A
ij

log
(p
/q) ]−

qN
1 N

2
+
∑

ij

A
ij

log
(θ

1
i θ

2
j q)

L
et
φ

0
=
q−

p
an

d
φ

1
=

log
(p
/q).

τ
-u

p
d

a
te

.
L

et
u
s

fi
x
θ

an
d

ob
tain

u
p

d
ates

for
th

e
lab

el
p

osteriors
τ
.

T
a
k
in

g
ex

p
ectation

s
of

th
e

ob
jective

an
d

th
e

con
strain

ts,
th

e
τ
-p

ortion
of

th
e

u
p

d
ate

is
eq

u
ivalen

t
to

m
ax

im
izin

g

∑

ij

γ
ij (τ

) [φ
0

+
A
ij φ

1 ]
+
∑r
ik

τ
r
ik [β

r
ik (Γ̃

,σ
2)

+
log

π
r
k

τ
r
ik ]

su
b

ject
to

con
strain

ts ∑
i τ
r
ik (θ

r
i −

1)
=

0
for

all
k
.

N
ote

th
at

th
ese

con
strain

ts
follow

b
y

tak
in

g
ex

p
ectation

s
of

th
e

n
orm

alization
con

strain
ts

(7)
u
n
d
er
Z
∼
q.

F
o
cu

sin
g

on
u
p

d
atin

g
τ

1
k ,

w
e

h
ave

th
e

follow
in

g
o
p
tim

ization
p
rob

lem
:

m
ax
τ
1

∑
i,k
τ

1
ik (∑

j
τ

2
jk [φ

0
+
A
ij φ

1 ]
+
ξ

1
ik −

log
τ

1
ik )

su
b

ject
to

∑
i τ

1
ik (θ

1
i −

1)
=

0,
∑

k
τ

1
ik

=
1,

τ
1
ik ≥

0
(33)

w
h
ere

ξ
1
ik

=
β

1
ik

+
log

π
1
k

as
b

efore.
In

A
p
p

en
d
ix

C
.1,

w
e

d
erive

a
d
u
al

ascen
t

algorith
m

for
solv

in
g

th
is

p
rob

lem
w

ith
th

e
follow

in
g

u
p

d
ates:

τ
1 (λ

)
=

r
o
w
-
s
o
f
t
m
a
x [φ

1 A
τ

2
+
φ

0 1
N

1 (τ̄
2

+
log

π
1 )
T

+
β

1
+

(θ
1 −

1
)λ
T ],

λ
+

=
λ
−
µ

[τ
1 (λ

)] T
(θ

1 −
1

).
(34)

H
ere,

λ
∈
R
K

is
th

e
d
u
al

variab
le,

λ
+

is
its

u
p

d
a
te,

θ
1

=
(θ

1
i )∈

R
n
,

an
d
µ

is
a

p
rop

er
step

-
size.

T
h
ese

tw
o

iteration
s

are
rep

eated
till

con
vergen

ce,
b

efore
u
p

d
atin

g
oth

er
p
aram

eters.
N

ote
th

at
w

h
en

θ
1

=
1

,
th

e
d
u
al

ascen
t

algorith
m

red
u
ces

to
th

e
sin

gle
step

of
(25)

ob
tain

ed
for

th
e

case
w

ith
ou

t
d
egree

correction
.

θ-u
p

d
a
te

.
L

et
u
s

n
ow

fi
x
τ

an
d

th
e

rest
of

th
e

p
aram

eters
an

d
op

tim
ize

over
θ.

T
h
e

relevan
t

p
ortion

of
th

e
ob

jective
fu

n
ction

is

∑

ij

γ
ij (τ

) [q−
p

+
A
ij

log
(p
/q) ]−

qN
1 N

2
+
∑

ij

A
ij

log
(θ

1
i θ

2
j q).

C
on

sid
er

op
tim

izin
g

over
(θ

1
i ),

w
h
ich

is
eq

u
ivalen

t
to

m
ax

im
izin

g
∑

i d
1
i log

θ
1
i ,

su
b

ject
to

∑
i τ

1
ik (θ

1
i −

1)
=

0
for

all
k
,

an
d
θ

1
i ≥

0
for

all
i.

T
h
is

p
rob

lem
is

su
itab

le
for

an
ap

p
lication

of
th

e
D

ou
glas–R

ach
ford

(D
R

)
sp

littin
g

algorith
m

(D
ou

glas
an

d
R

ach
ford

,
1956;

O
’C

on
n
or

an
d

V
an

d
en

b
ergh

e,
2014).

L
et
f
t (·;d

)
:R

n+
→

R
n+

w
ith

d
∈
R
n+

an
d
t
>

0,
b

e
d
efi

n
ed

b
y

[f
t (x

;d
)]i

:=
12 [x

i
+
√
x

2i
+

4
td
i ].

(35)
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T
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A
ls

o,
le

t
H

1
:=

τ 1
(τ
T 1
τ 1

)−
1
τ
T 1

b
e

th
e

p
ro

je
ct

io
n

op
er

at
or

on
to

th
e

sp
an

of
τ 1
∈

R
N

1
×
K

.
T

h
e

al
go

ri
th

m
p

er
fo

rm
s

th
e

fo
ll
ow

in
g

it
er

at
io

n
s

fo
r

u
p

d
at

in
g

(ξ
1
,θ

1
)

to
(ξ

+ 1
,θ

+ 1
):

θ+ 1
=
f t

(ξ
1
;d

1
)

ξ+ 1
=
θ+ 1
−
H

1
(2
θ+ 1
−
ξ 1
−

1
)

(3
6)

w
h
er

e
ξ 1
∈

R
N

1
is

an
au

x
il
ia

ry
va

ri
ab

le
,
d

1
=

(d
1
i)
∈

R
N

1
co

ll
ec

ts
th

e
d
eg

re
es

of
si

d
e

1,
an

d
t
>

0
is

th
e

fi
x
ed

p
ar

am
et

er
of

D
R

al
go

ri
th

m
(o

ft
en

se
t

to
1)

.
T

h
e

d
et

ai
ls

fo
r

th
e

d
er

iv
at

io
n

of
th

is
al

go
ri

th
m

ca
n

b
e

fo
u
n
d

in
A

p
p

en
d
ix

C
.2

.
T

h
e

sa
m

e
u
p

d
at

es
ap

p
ly

to
θ 2

,
re

p
la

ci
n
g

su
b
sc

ri
p
t

1
w

it
h

2.

R
e
m

a
rk

3
.

N
ot

e
th

at
if
τ 1

=
(τ

1
ik

)
w

as
a

h
ar

d
la

b
el

as
si

gn
m

en
t,

th
en

th
e

op
ti

m
iz

at
io

n
fo

r
(θ

1
i)

w
ou

ld
h
av

e
a

si
m

p
le

so
lu

ti
on

.
T

o
se

e
th

is
,

le
t
C
k
(τ

1
)

b
e

th
e
k
th

cl
u
st

er
of

h
ar

d
la

b
el
τ 1

.
T

h
en

,
th

e
op

ti
m

al
va

lu
e

of
θ 1

is
gi

v
en

b
y

θ 1
i

=
d

1
i

∑
i′
∈C

k
(τ

1
)
d

1
i′
,

fo
r
i
∈
C

1
k
(τ

1
).

T
h
is

is
in

fa
ct

,
th

e
ch

oi
ce

in
p
ro

fi
le

-l
ik

el
ih

o
o
d

ap
p
ro

ac
h
es

to
fi
tt

in
g

D
C

-S
B

M
,
w

h
er

e
on

e
re

p
la

ce
d

θ 1
w

it
h

th
is

op
ti

m
al

va
lu

e,
in

ad
d
it

io
n

to
op

ti
m

al
va

lu
es

of
ed

ge
p
ro

b
ab

il
it

ie
s

an
d

cl
as

s
p
ri

or
s,

al
l

in
te

rm
s

of
{C

1
k
(τ

1
)}

,
an

d
th

en
op

ti
m

iz
e

th
e

re
su

lt
in

g
p
ro

fi
le

li
ke

li
h
o
o
d

ov
er
{C

1
k
(τ

1
)}

.
S
ee

fo
r

ex
am

p
le

(K
ar

re
r

an
d

N
ew

m
an

,
2
01

1)
.

O
u
r

ap
p
ro

ac
h

h
er

e,
al

lo
w

s
u
s

to
k
ee

p
a

so
ft

-l
ab

el
as

si
gn

m
en

t
τ 1

th
ro

u
gh

ou
t

th
e

al
go

ri
th

m
,

v
ie

w
in

g
op

ti
m

iz
at

io
n

ov
er
θ 1

as
an

ot
h
er

p
h
as

e
of

b
lo

ck
-c

o
or

d
in

at
e

as
ce

n
t

fo
r

th
e

ov
er

al
l

co
n
st

ra
in

ed
op

ti
m

iz
at

io
n

p
ro

b
le

m
.

(p
,q

)-
u

p
d

a
te

.
T

o
op

ti
m

iz
e

ov
er
p

an
d
q

w
e

n
ot

e
th

at
b

ec
au

se
of

th
e

P
oi

ss
on

m
o
d
el

,
p

an
d

q
ar

e
n
ot

ti
ed

to
ge

th
er

an
d

th
e

on
ly

co
n
st

ra
in

t
w

e
h
av

e
is
p
,q
≥

0.
O

p
ti

m
iz

in
g

ov
er
p

is
eq

u
iv

al
en

t
to

m
ax

im
iz

in
g
−
p
∑

ij
γ
ij

+
lo

g
p
∑

ij
γ
ij
A
ij

an
d

op
ti

m
iz

in
g

ov
er
q,

is
eq

u
iv

al
en

t
to

m
ax

im
iz

in
g

ov
er
−
q
∑

ij
(1
−
γ
ij

)
+

lo
g
q
∑

ij
(1
−
γ
ij

)A
ij

,
b

ot
h

g
iv

in
g

th
e

sa
m

e
u
p

d
a
te

s
as

th
os

e
in

(2
1)

.

A
p
p
e
n
d
ix

B
.
D
e
ta
il
s
o
f
S
e
ct
io
n
3

B
.1

.
P

ro
o
f

o
f

L
e
m

m
a

1

W
e

h
av

e
f a

(p
)

=
−
∑

k
p
k

lo
g
(p
k
/e
a
k
).

If
∑

k
ea
k

=
1,

th
en
−
f a

(p
)

is
th

e
K

L
-d

iv
er

ge
n
ce

b
et

w
ee

n
(p
k
)

an
d

(e
a
k
)

an
d

th
e

re
su

lt
fo

ll
ow

s.
O

th
er

w
is

e,
n
or

m
al

iz
in

g
on

ly
ad

d
s

a
co

n
st

an
t

to
f a

,
th

at
is

,
w

it
h
C

=
1/
∑

k
ea
k

an
d
q k

=
C
ea
k
,

w
e

h
av

e
f a

(p
)

=
−
∑

k
p
k

lo
g
(p
k
/q
k
)
−

lo
g
C

an
d

th
e

re
su

lt
fo

ll
ow

s.

B
.2

.
D

e
ri

v
a
ti

o
n

o
f

(1
2)

W
e

w
ri

te
E q

fo
r

ex
p

ec
ta

ti
on

w
.r

.t
.

th
e

ab
ov

e
jo

in
t

d
is

tr
ib

u
ti

on
on

(Z
,V

).
S
im

il
ar

ly
,

w
e

w
ri

te
E q

Z
an

d
E q

V
fo

r
th

e
ex

p
ec

ta
ti

on
(o

r
in

te
gr

at
io

n
)

w
.r

.t
.

to
ea

ch
of
q Z

an
d
q V

.
N

ot
e

th
at

E q
[·

]
=

E q
V
E q

Z
[·

].
P

lu
gg

in
g

in
th

e
va

ri
at

io
n
al

d
is

tr
ib

u
ti

on
(1

1)
in

to
th

e
va

ri
at

io
n
al

li
ke

li
h
o
o
d

(1
0)

.
w

e
h
av

e

J
=

E q
[ `(
µ
,Σ
,σ
,Q

)]
−

lo
g
q(
Z
,V

)] =
T

1
+
T

2
+
T

3
−
T

4
−
T

5
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R
a
z
a
e
e
,
A
m
in
i,
L
i

w
h
er

e

T
1

=
E q

Z

[ ∑

i,
j

ψ
(A

ij
,y
ij

)] ,
T

2
=

E q
V
E q

Z

[ ∑ r,
i,
k

z r
ik

[ lo
g
f r

(x
r
i;
v r
k
)

+
lo

g
π
r
k

]]

T
3

=
E q

V

[ ∑

k

lo
g
p
(v
∗k
|µ
,Σ

)] ,
T

4
=

E q
Z

lo
g
q(
Z

),
T

5
=

E q
V

lo
g
q(
V

)

L
et
γ
ij

(τ
)

:=
E q

Z
(y
ij

)
=
∑

K k
=

1
τ 1
ik
τ 2
jk

,
so

th
at

T
1

=
∑ i,
j

[ γ
ij

(τ
)

lo
g
(p
A
ij

(1
−
p
)1
−
A
ij

)
+

(1
−
γ
ij

(τ
))

lo
g
(q
A
ij

(1
−
q)

1
−
A
ij

)]
(3

7
)

W
e

fr
eq

u
en

tl
y

u
se

th
e

fo
ll
ow

in
g

el
em

en
ta

ry
re

su
lt

in
th

e
se

q
u
el

.
L

et
x
7→

N
(x

;µ
,Σ

)
b

e
th

e
P

D
F

of
th

e
m

u
lt

iv
ar

ia
te

n
or

m
al

d
is

tr
ib

u
ti

on
w

it
h

m
ea

n
µ

an
d

co
va

ri
an

ce
Σ

.

L
e
m

m
a

2
.

L
et
ε

be
a

ra
n

d
o
m

ve
ct

o
r

w
it

h
m

ea
n
µ̃

a
n

d
co

va
ri

a
n

ce
Σ̃

,
a
n

d
x

a
n

o
n

ra
n

d
o
m

ve
ct

o
r.

T
h
en

,

E[
εT

Λ
ε]

=
tr

[Λ
Σ̃

]+
µ̃
T

Λ
µ̃
,

(3
8
)

E[
lo

g
N

(x
;ε
,Σ

)]
=

E[
lo

g
N

(ε
;x
,Σ

)]
=
−

1 2

{
lo

g
|Σ
|+

(x
−
µ̃

)T
Σ
−

1
(x
−
µ̃

)
+

tr
(Σ
−

1
Σ̃

)}

=
−

1 2

{
lo

g
|Σ
|+

tr
(Σ
−

1
Ψ

)} ,
(3

9)

w
h
er

e
Ψ

=
Σ̃

+
(x
−
µ̃

)(
x
−
µ̃

)T
.

P
ro

o
f

L
et

u
s

p
ro

ve
(3

9)
.

W
e

h
av

e
lo

g
N

(x
;ε
,Σ

)
=
−

1 2
lo

g
|Σ
|−

1 2
(x
−
ε)
T

Σ
−

1
(x
−
ε)

.
N

o
ti

n
g

th
at
x
−
ε

h
as

m
ea

n
x
−
µ̃

an
d

co
va

ri
an

ce
Σ̃

an
d

ap
p
ly

in
g

(3
8)

gi
ve

s
th

e
d
es

ir
ed

re
su

lt
.

R
ec

al
l

th
at
f r

(x
r
i;
v r
k
)

=
N

(x
r
i;
v r
k
,σ

2 r
I d
r
),

an
d

n
ot

e
th

at
u
n
d
er
q V

,
v r
k

h
a
s

m
ea

n
µ̃
r
k

a
n
d

co
va

ri
an

ce
(Σ̃

k
) r
r
.

N
ot

e
th

at
w

e
ar

e
p
ar

ti
ti

on
in

g
Σ̃
k

in
to

fo
u
r

b
lo

ck
s

of
si

ze
s
{d

1
,d

2
}×
{d

1
,d

2
}

an
d

(Σ̃
k
) r
r
,r

=
1,

2
co

rr
es

p
on

d
to

th
e

tw
o

d
ia

go
n
al

b
lo

ck
s

in
th

is
p
a
rt

it
io

n
.

U
si

n
g

L
em

m
a

2
,

w
e

h
av

e

T
2

=
E q

V

{
∑ r,
i,
k

τ r
ik

[ lo
g
N

(x
r
i;
v r
k
,σ

2 r
I d
r
)

+
lo

g
π
r
k

]}

=
∑ r,
i,
k

τ r
ik

[ −
d
r 2

lo
g
σ

2 r
−

tr
( (Σ̃

k
) r
r

) +
‖x

r
i
−
µ̃
r
k
‖2

2
σ

2 r

+
lo

g
π
r
k

] .

R
ec

al
l

th
at

Γ̃
:=

((
Σ̃
k
,µ̃

k
),
k

=
1,
..
.,
K

)
an

d
S

(Γ̃
)

:=
1 K

∑
K k
=

1

[ Σ̃
k

+
(µ̃
k
−
µ

)(
µ̃
k
−
µ

)T
] .

A
n
ot

h
er

ap
p
li
ca

ti
on

of
L

em
m

a
2

gi
v
es

T
3

=
E q

V

[ ∑

k

lo
g
N

(v
∗k

;µ
,Σ

)] =
−

1 2

∑ k

[ lo
g
|Σ
|+

tr
(Σ
−

1
Σ̃
k
)

+
(µ̃
k
−
µ

)T
Σ
−

1
(µ
k
−
µ

)]

=
−

1 2

∑ k

[ lo
g
|Σ
|+

tr
(Σ
−

1
Ψ
k
(Γ̃

))
]

=
−
K 2

[ lo
g
|Σ
|+

tr
(Σ
−

1
S

(Γ̃
))
] .
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IT

E
B
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M
O
D
E
L

W
IT

H
C
O
V
A
R
IA

T
E
S

U
sin

g
L

em
m

a
2

on
ce

m
ore,

w
e

h
ave

T
5

=
E
q
V

lo
g
q(V

)
=
∑

k

E
q
V

log
N

(v∗
k ;µ̃

k ,Σ̃
k )

=
∑

k

−
12 [

log|Σ̃
k |+

tr(I
d
1
+
d
2 ) ]

=
−

12
K

(d
1

+
d

2 )−
12

∑

k

log|Σ̃
k |

F
in

a
lly,

w
e

h
ave

T
4

=
E
q
Z

log
q(Z

)
=

E
q
Z ∑r,i,k

z
r
ik

log
τ
r
ik

=
∑r,i,k

τ
r
ik

log
τ
r
ik .

(40)

P
u
ttin

g
th

e
p
ieces

togeth
er

w
e

get
ex

p
ression

(12).

B
.3

.
U

p
d

a
te

s
o
f

Σ̃
a
n

d
µ̃

F
ro

m
(1

2
),

th
e

relevan
t

p
ortion

of
J

w
h
ich

is
a

fu
n
ction

of
Γ̃

=
(µ̃
,Σ̃

)
is

given
b
y

J
(µ̃
,Σ̃

)
.=
∑r,i,k

τ
r
ik β

r
ik (Γ̃

,σ
2)−

K2
tr[Σ

−
1S

(Γ̃
,µ

)]+
12

∑

k

log|Σ̃
k |

S
u
b
stitu

tin
g
β
r
ik (Γ̃

,σ
2)

:=
−

1
2
σ
2r [tr ((Σ̃

k )
r
r )

+
‖x

r
i −
µ̃
r
k ‖

2],
an

d
S

(Γ̃
,µ

)
:=

1K

∑
Kk
=

1 [Σ̃
k
+

(µ̃
k −

µ
)(µ̃

k −
µ

)
T ]

fro
m

th
eir

d
efi

n
ition

s,
an

d
lo

ok
in

g
at

th
e

resu
lt

on
ly

as
a

fu
n
ctio

n
of

Σ̃
,

w
e

ob
tain

J
(Σ̃

)
.=
−

12

∑

k

[∑r,i

τ
r
ik

tr ((Σ̃
k )
r
r )

σ
2r

+
tr[Σ

−
1Σ̃

k ]−
log|Σ̃

k | ]
(41)

R
eca

llin
g
τ̄
r
k

:=
∑

N
r

i=
1
τ
r
ik

an
d
D
−

1
k

:=
d
iag (

τ̄
1
k

σ
21
I
d
1 ,
τ̄
2
k

σ
22
I
d
2 ),

w
e

h
ave

∑r,i

τ
r
ik

tr ((Σ̃
k )
r
r )

σ
2r

=
∑

r

τ̄
r
k

tr ((Σ̃
k )
r
r )

σ
2r

=
tr [∑

r

τ̄
r
k

σ
2r

(Σ̃
k )
r
r ]

=
tr(D

−
1

k
Σ̃
k ).

H
en

ce,
w

e
o
b
ta

in
J

(Σ̃
)
.=
−

12 ∑
k

tr[(Σ
−

1
+
D
−

1
k

)Σ̃
k ]−

log|Σ̃
k |

w
h
ich

is
th

e
d
esired

resu
lt.

S
im

ila
rly,

b
y

su
b
stitu

tin
g
β
r
ik (Γ̃

,σ
2)

an
d
S

(Γ̃
,µ

)
an

d
lo

ok
in

g
at

th
e

resu
lt

as
a

fu
n
ction

o
n
ly

o
f
µ̃

,
w

e
o
b
tain

J
(µ̃

)
=
−

12

∑

k

[∑r,i

τ
r
ik ‖x

r
i −

µ̃
r
k ‖

2

σ
2r

+
(µ̃
k −

µ
)
T

Σ
−

1(µ̃
k −

µ
) ].

L
et

u
s

sim
p
lify

th
e

su
m

over
r

an
d
i.

U
p

to
con

stan
ts

as
fu

n
ction

of
µ̃

,
w

e
h
ave

∑

i

τ
r
ik ‖
x
r
i −

µ̃
r
k ‖

2
.=
∑

i

τ
r
ik (‖

µ̃
r
k ‖

2−
2〈x

r
i ,µ̃

r
k 〉 )

=
τ̄
r
k ‖
µ̃
r
k ‖

2−
2〈x̄

r
k ,µ̃

r
k 〉

=
τ̄
r
k (‖

µ̃
r
k ‖

2−
2〈µ̄

r
k ,µ̃

r
k 〉 )

.=
τ̄
r
k ‖
µ̃
r
k −

µ̄
r
k ‖

2
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R
a
z
a
e
e
,
A
m
in
i,
L
i

w
h
ere

th
e

secon
d

to
last

eq
u
ality

is
b
y

d
efi

n
ition

of
µ̄
r
k

:=
x̄
r
k /
τ̄
r
k .

R
ecallin

g
th

e
d
efi

n
ition

s
of
τ̄
r
k

an
d
x̄
r
k

:=
∑

N
r

i=
1
τ
r
ik x

r
i .

H
en

ce,

∑r,i

τ
r
ik ‖

x
r
i −

µ̃
r
k ‖

2

σ
2r

.=
∑

r

τ̄
r
k

σ
2r ‖µ̃

r
k −

µ̄
r
k ‖

2
=

(µ̃
k −

µ̄
k )
T
D
−

1
k

(µ̃
k −

µ̄
k )

T
h
u
s,

w
e

ob
tain

J
(µ̃

)
.=
−

12

∑

k

[(µ̃
k −

µ̄
k )
T
D
−

1
k

(µ̃
k −

µ̄
k )

+
(µ̃
k −

µ
)
T

Σ
−

1(µ̃
k −

µ
) ].

D
esired

ex
p
ression

(19)
follow

s
b
y

ap
p
ly

in
g

th
e

follow
in

g
lem

m
a.

L
e
m

m
a

3
(S

u
m

of
q
u
ad

ratic
form

s).
F

o
r

sym
m

etric
m

a
trices

Q
1 ,Q

2 ,...,

∑

r

(x
−
m
r )
T
Q
−

1
r

(x
−
m
r )

=
(x
−
m

)
T
Q
−

1(x
−
m

)
+

co
n

st.,
∀
x

w
h
ere

Q
=

( ∑
r
Q
−

1
r

) −
1

a
n

d
m

=
∑

r
Q
Q
−

1
r
m
r .

P
ro

o
f

S
in

ce
th

e
tw

o
sid

es
a
re

qu
a
d
ra

tic
fu

n
ctio

n
s,

th
ey

a
re

equ
a
l

u
p

to
co

n
sta

n
ts

if
th

eir
d
eriva

-
tives

u
p

to
seco

n
d
-o

rd
er

m
a
tch

.
E

qu
a
tin

g
th

e
H

essia
n

s
gives

∑
r
Q
−

1
r

=
Q
−

1.
T

h
en

,
equ

a
tin

g
th

e
gra

d
ien

ts
gives ∑

r
Q
−

1
r

(x−
m
r )

=
Q
−

1(x−
m

),
w

h
ich

sim
p
lifi

es
to
∑

r
Q
−

1
r
m
r

=
Q
−

1m
in

ligh
t

o
f

th
e

H
essia

n
equ

a
lity.

B
.4

.
U

p
d

a
te

s
o
f
σ

2,
π
,
p

a
n

d
q

T
h
e

relevan
t

p
ortion

of
J

as
a

fu
n
ction

(σ
2r )

is

J
((σ

2r ))
=
−

12

∑

r

[
1σ
2r ∑i,k

τ
r
ik [

tr ((Σ̃
k )
r
r )

+
‖x

r
i −

µ̃
r
k ‖

2 ]
+
d
r N

r
log

σ
2r ].

(42)

T
h
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in
g

M
ar

k
ov

ia
n

tr
an

si
ti

on
s:

z t
+

1
|z t
,v
t,
a
t,
u
t
∼
N

(Ā
z t

+
B̄
u
t,
Ā

2
v t

+
Σ
Z
−

Φ
a
t
(v
t)

)

v t
+

1
|z t
,v
t,
a
t,
u
t

=
Φ
a
t
(v
t)

}
fo

r
t
∈
Z +

(2
)

w
h
er

e
Φ
a

:
R

+
→

R
+

fo
r
a
∈
{0
,1
}

is
th

e
M

öb
iu

s
tr

an
sf

or
m

at
io

n

Φ
a
(v

)
:=

(Ā
2
v

+
Σ
Z

)
×

Σ
Y

(a
)

(Ā
2
v

+
Σ
Z

)
+

Σ
Y

(a
).

(3
)

T
h
e

ab
ov

e
m

o
d
el

ex
cl

u
d
es

th
e

re
la

ti
ve

ly
-s

im
p
le

ca
se

of
le

ar
n
in

g
a

st
a
ti

o
n

a
ry

p
a
ra

m
et

er
Z
t,

si
n
ce

w
e

as
su

m
e

th
at

Σ
Z
>

0.
U

n
d
er

th
is

as
su

m
p
ti

on
,

to
fa

ci
li
ta

te
an

a
ly

si
s,

w
e

sh
a
ll

sc
al

e
th

e
u
n
it

s
of

va
ri

an
ce

su
ch

th
at

Σ
Z

=
1.

S
p

ec
ifi

ca
ll
y,

w
e

co
n
si

d
er

th
e

(r
el

a
ti

ve
)

va
ri

a
n
ce

st
at

e
at

ti
m

e
t

gi
ve

n
b
y
x
t

:=
v t
/Σ

Z
an

d
th

e
(r

el
at

iv
e)

p
re

ci
si

on
of

th
e

ob
se

rv
a
ti

o
n
s

g
iv

en
b
y
θ a

:=
Σ
Z
/Σ

Y
(a

)
fo

r
a
∈
{0
,1
}.

W
e

al
so

d
efi

n
e

th
e

p
ar

am
et

er
r

:=
∣ ∣ Ā
∣ ∣ ,

n
o
ti

n
g

th
a
t
Ā

ca
n

b
e

n
eg

at
iv

e.
A

ft
er

th
is

ch
an

ge
of

co
or

d
in

at
es

,
th

e
va

ri
an

ce
tr

an
si

ti
on

s
a
re

n
ow

g
iv

en
b
y

th
e

M
öb

iu
s

tr
an

sf
or

m
at

io
n

φ
a
(x

)
:=

Φ
a
(Σ

Z
x

)

Σ
Z

=
(r

2
Σ
Z
x

+
Σ
Z

)Σ
Y

(a
)

Σ
Z

(r
2
Σ
Z
x

+
Σ
Z

+
Σ
Y

(a
))

=
r2
x

+
1

θ a
(r

2
x

+
1)

+
1
.

(4
)
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O
p
t
im

a
l
P
o
l
ic
ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

T
h
e

a
b

ove
m

o
d
el

also
ex

clu
d
es

to
ta

lly
in

fo
rm

a
tive

ob
servation

s,
sin

ce
w

e
assu

m
e

th
at

Σ
Y

(1
)
>

0
.

S
u
ch

m
o
d
els

are
n
everth

eless
p
artly

-ad
d
ressed

in
th

e
lim

it
as

th
e

p
recision

θ
1
→
∞

in
P

rop
osition

31,
w

h
ere

it
is

p
ossib

le
to

fi
n
d

closed
-form

form
u
lae

relatin
g

to
o
p
tim

a
l

p
o
licies

for
th

e
th

ree
p
rob

lem
s

d
iscu

ssed
in

th
e

rest
of

th
is

in
tro

d
u
ction

.
T

h
e

ra
tio

n
a
le

fo
r

ex
clu

d
in

g
su

ch
cases

from
ou

r
an

aly
sis

is
th

at
ou

r
ch

aracterisation
of

th
e

b
eh

av
io

u
r

of
m

ap
s-w

ith
-gap

s
(T

h
eorem

12)
n
o

lon
ger

ap
p
lies.

1
.2

.
O

p
tim

a
l

P
o
lic

ie
s

fo
r

O
b

se
rv

in
g

a
S

in
g
le

T
im

e
S

e
rie

s

T
h
e

sim
p
lest

p
rob

lem
ad

d
ressed

h
ere

in
v
olves

an
u
n
certain

ty
cost

C
(x

),
w

h
ere

x
is

th
e

(rela
tive

varia
n
ce)

state
in

tro
d
u
ced

ju
st

ab
ove,

an
d

a
p
rice

λ
∈

R
to

b
e

p
aid

every
tim

e
q
u
ery

a
ctio

n
a

=
1

is
taken

.
P

rice
λ

m
igh

t
refl

ect
costs

of
en

erg
y,

lab
ou

r,
com

m
u
n
ica

tion
,

co
m

p
u
ta

tion
al

p
ro

cessin
g,

h
ard

w
are

or
risk

s
asso

ciated
w

ith
each

m
easu

rem
en

t.
R

ecall
th

at
a

p
o
licy

is
n

o
n

-a
n

ticipa
tive

if
it

selects
action

s
at

tim
e
t

b
ased

on
ly

on
in

form
ation

availab
le

u
p
-to

a
n
d

in
clu

d
in

g
tim

e
t.

T
h
e

ob
jective

is
to

fi
n
d

a
n
on

-an
ticip

ative
p

olicy
π

th
at

selects
q
u
ery

a
ctio

n
s

so
as

to
m

in
im

ise
th

e
β

-d
iscou

n
ted

p
erform

an
ce

fu
n
ction

al,
for

d
iscou

n
t

fa
ctor

β
∈

[0,1
),

fo
r

a
ll

in
itial

states
x

,E
πx [

∞∑t=
0

β
t(λ
A
t
+
C

(X
t )) ]

(5)

w
h
ere

E
πx

d
en

o
tes

th
e

ex
p

ectation
over

seq
u
en

ces
(X

t ,A
t ) ∞t=

0
of

states
X
t

an
d

action
s
A
t

w
ith

in
itia

l
sta

te
X

0
=
x

,
w

h
ere

action
s
A
t

are
taken

accord
in

g
to

p
olicy

π
an

d
tran

sitio
n
s

a
re

a
cco

rd
in

g
to

(2).
N

ote
th

at
th

is
p

erform
an

ce
fu

n
ction

al
d
ep

en
d
s

n
eith

er
on

th
e

con
trol

o
r

ex
o
g
en

o
u
s

in
p
u
t
u
t

n
or

on
th

e
p

osterior
m

ean
z

0
sin

ce
th

ese
ap

p
ear

n
eith

er
in

th
e

co
sts

n
or

in
th

e
tran

sition
s

of
th

e
p

osterior
varian

ce,
w

h
ich

are
giv

en
b
y

th
e

d
eterm

in
istic

m
a
p
p
in

g
(4

).
S
o,

w
h
ile

in
som

e
settin

gs,
su

ch
as

th
at

co
n
sid

ered
in

S
ection

1.3,
it

is
n
atu

ral
to

req
u
ire

p
o
licies

π
to

also
select

th
e

con
trol

u
t ,

in
th

e
settin

g
con

sid
ered

h
ere

it
d
o
es

n
o
t

m
a
tter

w
h
ich

valu
e

for
u
t

is
ch

osen
an

d
w

e
o
n
ly

req
u
ire

th
e

p
o
licy

to
select

th
e

q
u
ery

a
ctio

n
a
t .

T
h
u
s,

th
is

p
rob

lem
corresp

on
d
s

to
th

e
follow

in
g

d
eterm

in
istic

d
y
n
a
m

ic
p
rog

ram
fo

r
va

lu
e

fu
n
ction

V
:R

+
+
→

R
,

V
(x

)
=

m
in

a∈{
0
,1} {

λ
a

+
C

(x
)

+
β
V

(φ
a (x

)) }
.

(6)

T
h
e

fi
rst

q
u
estion

ad
d
ressed

in
th

is
p
ap

er
is:

fo
r

w
h
a
t

co
st

fu
n

ctio
n

s
is

a
th

resh
o
ld

po
licy

o
p
tim

a
l

fo
r

th
is

p
ro

blem
?

F
or

in
stan

ce,
on

e
m

ay
in

tu
itively

gu
ess

th
at

op
tim

al
p

olicies
for

va
ria

n
ce

m
in

im
isation

w
ith

C
(x
t )

=
x
t ,

for
en

trop
y

m
in

im
isation

w
ith

C
(x
t )

=
log

(x
t ),

or
fo

r
p
recisio

n
m

ax
im

isation
w

ith
C

(x
t )

=
−

1
/x

t ,
m

igh
t

in
volv

e
m

ak
in

g
ex

p
en

sive
ob

serva-
tio

n
s

a
t

tim
e
t

w
h
en

th
e

varian
ce

state
x
t

ex
ceed

s
a

th
resh

old
.

T
h
e

fo
llow

in
g

assu
m

p
tio

n
o
n

th
e

m
o
d
el

covers
th

ese
ex

am
p
les.

A
ssu

m
p

tio
n

A
1

(i)
T

h
e

sta
te

spa
ce
I

is
eith

er
[0,∞

)
o
r

(0,∞
).
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D
a
n
c
e
a
n
d

S
il
a
n
d
e
r

(ii)
T

h
e

d
isco

u
n

t
fa

cto
r
β

is
in

[0,1).

(iii)
T

h
e

tra
n

sitio
n

fu
n

ctio
n

s
φ
a

:R
+
→

R
+

fo
r
a
∈
{0
,1}

a
re

o
f

th
e

fo
rm

φ
a (x

)
=

r
2x

+
1

θ
a (r

2x
+

1)
+

1

fo
r

so
m

e
0
≤
θ

0
<
θ

1
<
∞

a
n

d
so

m
e
r∈

(0,1].

(iv)
T

h
e

u
n

certa
in

ty
co

st
fu

n
ctio

n
C

:I
→

R
is

o
f

th
e

fo
rm

C
(x

)
=
∑

n
C
i=

1
C
i (x

)
fo

r
so

m
e

n
C
∈

Z
+

+
,

w
h
ere

ea
ch

o
f

th
e

fu
n

ctio
n

s
C
i

:I
→

R
sa

tisfi
es

o
n

e
o
f

th
e

fo
llo

w
in

g
co

n
d
itio

n
s:

C
1
.

F
o
r
x
∈
I

,
th

e
d
eriva

tives
C
′i (x

)
:=

ddx
C
i (x

)
a
n

d
C
′′i (x

)
:=

d
2

d
x
2 C

i (x
)

exist
a
n

d

•
th

e
fu

n
ctio

n
C
i (x

)
is

co
n

ca
ve,

•
th

e
fu

n
ctio

n
1x
3 C
′′i (

1x )
is

n
o
n

-d
ecrea

sin
g,

•
a
n

d
th

e
fu

n
ctio

n
1x
2 C
′i (

1x )
is

n
o
n

-in
crea

sin
g

a
n

d
co

n
vex.

C
2
.

F
o
r
x
∈
I

,
th

e
fu

n
ctio

n
C
i (x

)
is

n
o
n

-d
ecrea

sin
g,

co
n

vex
a
n

d
d
iff

eren
tia

ble.

(v)
T

h
ere

exists
a

m
ea

su
ra

ble
fu

n
ctio

n
w

:I
→

[1,∞
)

a
n

d
co

n
sta

n
ts
M

>
0

a
n

d
γ
∈

[β
,1)

su
ch

th
a
t

fo
r

every
sta

te
x
∈
I

:

(a
)
|C

(x
)|≤

M
w

(x
);

a
n

d

(b)
β

m
ax

a∈{
0
,1}
w

(φ
a (x

))≤
γ
w

(x
).

R
egard

in
g

p
art

(i)
of

th
e

ab
ove

assu
m

p
tion

,
n
ote

th
at

w
e

m
ay

w
ork

w
ith

th
e

in
terval

I
=

(0
,∞

)
in

cases
w

h
ere

th
e

cost
fu

n
ctio

n
C

(x
)

is
n
ot

a
real

n
u
m

b
er

for
x

=
0,

in
ord

er
to

in
clu

d
e

cases
lik

e
log

(x
)

an
d
−

1
/x

,
b
u
t

th
e

resu
lts

of
th

e
p
ap

er
con

tin
u
e

to
h
old

in
cases

w
h
ere

C
(0)

is
d
efi

n
ed

.
In

fact,
th

e
m

ain
resu

lts
of

th
e

p
ap

er
also

ap
p
ly

to
sm

aller
in

tervals
I

,
as

lon
g

as
th

e
in

itial
state

is
con

tain
ed

in
th

e
in

tervalI
an

d
th

e
op

en
in

terval
(y

1 ,y
0 )

is
in
I

,
w

h
ere

y
a

is
th

e
u
n
iq

u
e

solu
tion

to
φ
a (y

a )
=
y
a

(see
S
ection

2
for

fu
rth

er
d
iscu

ssion
of

su
ch

fi
x
ed

p
oin

ts.)
In

p
art

(iii)
of

th
e

ab
ove

assu
m

p
tio

n
,

th
e

in
eq

u
ality

θ
0
<
θ

1
is

taken
to

b
e

strict
as

oth
erw

ise
th

e
p
rob

lem
is

triv
ial.

S
p

ecifi
cally,

if
θ

0
=
θ

1
th

en
th

e
state

seq
u
en

ce
d
o
es

n
ot

d
ep

en
d

on
th

e
p

olicy,
so

th
e

p
olicy

th
at

alw
ay

s
tak

es
action

0
is

op
tim

al
if
λ
>

0,
w

h
ereas

th
e

p
olicy

th
at

alw
ay

s
tak

es
action

1
is

op
tim

al
if
λ
<

0.
P

art
(iv

)
of

th
e

ab
ove

assu
m

p
tion

is
at

th
e

h
eart

of
ou

r
an

sw
er

to
ou

r
fi
rst

q
u
estion

:
it

rep
resen

ts
th

e
m

ost
gen

eral
class

of
cost

fu
n
ction

s
C

(·)
th

at
ou

r
ap

p
roach

to
p
rov

in
g

op
tim

ality
of

th
resh

old
p

olicies
n
atu

rally
allow

s
for.

D
elv

in
g

in
to

th
e

p
ro

of,
th

e
sp

ecifi
c

form
of

p
art

(iv
)

resu
lts

from
a

req
u
irem

en
t

th
at

certain
m

a
jo

risa
tio

n
in

eq
u
alities

(M
a
rsh

all
et

al.,
2010)

h
old

in
L

em
m

a
25.

U
n
certain

ty
cost

fu
n
ction

s
C

(·)
satisfy

in
g

p
art

(iv
)

m
ay

b
e

n
eith

er
con

v
ex

n
or

con
cave.

F
or

in
stan

ce
in

th
e

case
C

(x
)

=
(x

3−
1)/x

,
w

e
can

w
rite

C
(x

)
=
∑

n
C
i=

1
C
i (x

)
for

n
C

=
2

w
ith

C
1 (x

)
=
x

2,
a

con
vex

fu
n
ction

satisfy
in

g
p
art

C
1,

an
d

w
ith

C
2 (x

)
=
−

1/x
,

a
con

cave
fu

n
ction

satisfy
in

g
p
art

C
2.

In
th

is
in

stan
ce,

th
e

cost
C

(x
)

=
(x

3−
1)/x

is
u

n
bo

u
n

d
ed

from
b

oth
b

elow
an

d
ab

ov
e

(th
at

is,
lim

x↓
0
C

(x
)

=
−
∞

an
d

lim
x↑∞

C
(x

)
=
∞

).
H

ow
ever,

4
JM

L
R

 20(35):1-93, 2019



O
p
t
im

a
l
P
o
l
ic
ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

it
is

p
os

si
b
le

th
at

th
e

co
st

is
bo

u
n

d
ed

b
ot

h
b

el
ow

an
d

ab
ov

e,
fo

r
in

st
an

ce
in

th
e

ca
se

C
(x

)
=
x
/
(x

+
1)

.
In

ge
n
er

al
p
ar

t
(i

v
)

of
th

e
ab

ov
e

as
su

m
p
ti

on
ca

n
al

w
ay

s
b

e
sa

ti
sfi

ed
w

it
h
n
C

=
2

te
rm

s.
T

h
is

is
b

ec
au

se
fi
n
it

e
su

m
s

of
fu

n
ct

io
n
s

sa
ti

sf
y
in

g
p
ar

t
C

1
al

so
sa

ti
sf

y
p
ar

t
C

1,
si

n
ce

fi
n
it

e
su

m
s

of
fu

n
ct

io
n
s

sa
ti

sf
y
in

g
p
ar

t
C

2
al

so
sa

ti
sf

y
p
ar

t
C

2,
an

d
si

n
ce

th
e

ze
ro

-f
u
n
ct

io
n

(C
(x

)
=

0
fo

r
al

l
x

)
sa

ti
sfi

es
b

ot
h

ca
se

s.
A

ls
o

p
ar

t
(i

v
)

of
th

e
ab

ov
e

as
su

m
p
ti

on
re

q
u
ir

es
th

at
fu

n
ct

io
n
s
C
i

sa
ti

sf
y
in

g
C

2
h
av

e
a

d
er

iv
at

iv
e
C
′ i.

T
h
is

is
si

m
p
ly

fo
r

co
n
ve

n
ie

n
ce

in
th

e
p
ro

of
s

of
S
ec

ti
on

3.
3.

A
s

su
ch

fu
n
ct

io
n
s

ar
e

re
al

-v
al

u
ed

co
n
ve
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ed
li
n
k
s

to
gr

ou
n
d

st
at

io
n
s

(K
u
sh

n
er

,
19

64
;

M
ei

er
et

al
.,

19
67

).
M

o
re

re
ce

n
tl

y,
co

n
ti

n
u
ed

re
se

ar
ch

h
as

b
ee

n
m

ot
iv

at
ed

b
y

ap
p
li
ca

ti
on

s
to

n
et

w
or

ke
d

co
n
tr

o
l

sy
st

em
s

fo
r

u
n
m

an
n
ed

ae
ri

al
v
eh

ic
le

s
(S

ei
le

r,
20

01
),

ve
h
ic

le
co

n
tr

ol
(D

a
ou

d
et

a
l.
,

20
06

)
a
n
d

te
le

o
p

er
a-

ti
on

(H
ir

ch
e

et
al

.,
20

07
).

A
n

im
m

ed
ia

te
co

ro
ll
ar

y
of

T
h
eo

re
m

1
is

th
e

fo
ll
ow

in
g

an
sw

er
to

th
e

ab
ov

e
q
u
es

ti
o
n
.
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O
p
t
im

a
l
P
o
l
ic
ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

C
o
ro

lla
ry

2
S

u
p
po

se
Ā
∈

[−
1,1],

B̄
∈

R\{0}
,
D
∈

R
+

+
,
F
∈

R
+

,
β
∈

(0,1),
Σ
Y

(a
)
∈

[0,∞
]

fo
r
a
∈
{0
,1}

w
ith

Σ
Y

(0)≥
Σ
Y

(1),
a
n

d
th

a
t
λ
∈

R
.

T
h
en

,
th

ere
exists

a
th

resh
o
ld

s∈
R

su
ch

th
a
t

a
n

o
p
tim

a
l

po
licy

fo
r

th
e

p
ro

blem
o
f

lin
ea

r-qu
a
d
ra

tic-G
a
u

ssia
n

co
n

tro
l

w
ith

co
stly

o
bserva

tio
n

s
is

to
set

a
t

=

{
1

if
v
t ≥

s

0
if
v
t
<
s

a
n

d
u
t

=
−
(

Ā

B̄
+

F
β
B̄
R

)
z
t

w
h
a
tever

th
e

in
itia

l
sta

te,
w

h
ere

R
is

th
e

u
n

iqu
e

po
sitive

roo
t

o
f

th
e

qu
a
d
ra

tic
equ

a
tio

n

−
β
B̄

2R
2

+
(β
B̄

2D
+
β
Ā

2F
−
F

)R
+
D
F

=
0.

A
p
ro

of
o
f

C
o
ro

llary
2

is
p
resen

ted
in

S
ection

3.6.

1
.4

.
M

u
lti-T

a
rg

e
t

T
ra

ck
in

g
a
n

d
R

e
stle

ss
B

a
n

d
its

T
h
is

p
a
p

er
a
lso

ad
d
resses

th
e

p
rob

lem
of

m
on

itorin
g

m
u

ltip
le

tim
e

series
so

as
to

m
ain

tain
a

p
recise

b
elief

w
h
ile

im
p

osin
g

a
co

n
stra

in
t

on
th

e
n
u
m

b
er

of
tim

e
series

th
at

m
ay

b
e

sen
sed

a
t

each
tim

e.
T

h
is

p
rob

lem
is

often
called

th
e

m
u

lti-ta
rget

tra
ckin

g
p
rob

lem
.

M
u
ltip

le
h
eu

ristics
h
ave

b
een

p
rop

osed
for

th
is

p
rob

lem
.

T
h
e

sim
p
lest

h
eu

ristics
in

clu
d
e

rou
n
d
-rob

in
sch

ed
u
les,

a
n
d

greed
y

or
m

yop
ic

sch
ed

u
les

(O
sh

m
an

,
1994).

M
ore

sop
h
isticated

h
eu

ristics
ex

p
lo

it
p
rob

a
b
ilistic

sen
sor

allo
cation

s
b
ased

on
“
stea

d
y
-state”

covarian
ce

m
atrices

in
con

-
tin

u
o
u
s

tim
e

(M
ou

rik
is

an
d

R
ou

m
eliotis,

2006;
L

e
N

y
et

al.,
2011)

or
in

d
iscrete

tim
e

(G
u
p
ta

et
a
l.,

2
0
0
6
).

A
lso,

W
h
ittle

(1988)
p
rop

osed
a

restless
ba

n
d
it

h
eu

ristic,
an

d
on

e
of

th
e

ap
-

p
lica

tio
n
s

of
th

at
h
eu

ristic
is

to
th

e
m

u
lti-target

track
in

g
p
rob

lem
.

A
s

th
at

h
eu

ristic
is

a
m

a
jo

r
fo

cu
s

o
f

th
e

cu
rren

t
p
ap

er,
w

e
rev

iew
th

e
literatu

re
on

th
e

restless
b
an

d
it

ap
p
roach

es
to

m
u
lti-ta

rg
et

track
in

g
straigh

t
after

ex
p
lain

in
g

w
h
a
t

restless
b
an

d
its

are
b

elow
.

O
n
e

ex
a
m

p
le

of
a

real-w
orld

ap
p
lication

of
th

e
d
iscrete-tim

e
p
rob

lem
,

w
h
ich

w
as

ou
r

o
rigin

a
l

m
o
tiva

tion
for

stu
d
y
in

g
th

e
p
rob

lem
s

in
th

is
p
ap

er,
is

th
e

m
easu

rem
en

t
of

on
-street

p
a
rk

in
g

o
ccu

p
a
n
cy

(D
ey,

2014),
in

a
settin

g
w

h
ere

ch
eap

-b
u
t-low

-q
u
ality

o
b
servation

s
are

availa
b
le

th
ro

u
gh

p
ay

m
en

t
d
ata

(at
p
ark

in
g

m
eters

or
th

rou
gh

m
ob

ile
p
h
on

es),
ex

p
en

sive-
b
u
t-h

ig
h
-q

u
a
lity

ob
servation

s
are

availab
le

th
rou

gh
p

ortab
le

cam
eras,

w
h
ich

are
m

oved
d
aily

o
r

w
eek

ly
(an

d
th

u
s

in
d
iscrete

tim
e),

an
d

th
ere

a
re

a
lim

ited
n
u
m

b
er

of
p

ortab
le

cam
eras

w
ith

w
h
ich

to
o
b
serve

m
an

y
streets.

T
o

fo
rm

u
la

te
th

e
p
rob

lem
,

su
p
p

ose
th

ere
are

n
∈

Z
+

+
in

d
ep

en
d
en

t
tim

e
series

of
th

e
fo

rm
(1

),
in

d
ex

ed
b
y
i∈
{1,2,...,n},

an
d

tim
e

series
i

h
as

state
Z
t,i

at
tim

e
t∈

Z
+

.
E

ach
tim

e
series

m
ay

h
ave

its
ow

n
p
aram

eters
z
i,0 ,v

i,0 ,Ā
i ,B̄

i ,Σ
Z
i ,

an
d

its
ow

n
in

p
u
t
u
i,t .

A
s

in
S
ectio

n
1
.1

,
w

e
scale

th
e

p
osterior

varian
ce

of
each

tim
e

series
to

get
a

varian
ce

state
x
i,t

o
n

a
state

sp
ace
I
i .

A
s

in
S
ection

1.2
,

each
tim

e
series

h
as

its
ow

n
u
n
certain

ty
cost

C
i

:I
i →

R
.

C
orresp

on
d
in

g
to

th
ese

tim
e

series
th

ere
are

n
q
u
ery

actio
n
s
a
i,t ∈

{
0,1}

a
t

ea
ch

tim
e
t

w
h
ich

sp
ecify

th
e

n
atu

re
of

th
e

ob
servation

Y
i,t

of
tim

e
series

i.
T

h
ese

o
b
serva

tio
n
s

h
ave

th
eir

ow
n

p
aram

eters
Σ
Y
i

:{
0,1}

→
(0,∞

].
H

ow
ev

er,
th

ese
action

s
are

su
b

ject
to

th
e

con
strain

t
th

at
on

ly
m
∈

Z
+

+
w

ith
m
<
n

ex
p

en
sive

ob
servatio

n
s

can
b

e
m

a
d
e

a
t

ea
ch

tim
e.

A
s

in
S
ection

1.1,
th

e
tran

sitio
n
s

of
th

e
p

osterior
varian

ce
are

given
b
y

th
e

M
ö
b
iu

s
tra

n
sform

ation
(4),

w
h
ich

d
o
es

n
ot

in
volve

th
e

ex
ogen

ou
s

in
p
u
ts
u
i,t ,

an
d

w
h
ich

is
d
eterm

in
istic.

7
JM

L
R

 20(35):1-93, 2019

D
a
n
c
e
a
n
d

S
il
a
n
d
e
r

T
h
e

p
rob

lem
is

th
en

to
fi
n
d

a
h
istory

-d
ep

en
d
en

t
ran

d
om

ised
p

olicy
π

th
at

m
in

im
ises

th
e

total
β

-d
iscou

n
ted

u
n
certain

ty
cost

E
πx [

n
∑i=

1

∞∑t=
0

β
tC

i (X
t,i ) ]

for
an

y
in

itial
state

x
∈
I

1 ×
···×

I
n
,

su
b

ject
to

th
e

con
strain

t
th

at
p

olicy
π

m
akes

m
ob

servation
s

at
each

tim
e,

so
th

atn
∑i=

1

A
t,i

=
m

fo
r
t∈

Z
+
,

w
h
ere

E
πx

d
en

otes
th

e
ex

p
ectation

over
seq

u
en

ces
(X

t ,A
t ) ∞t=

0
w

ith
in

itial
state

X
0
,1

=
x

1 ,...,X
0
,n

=
x
n
,

w
h
ere

action
s

are
taken

accord
in

g
to

th
e

p
oten

tially
n
on

-d
eterm

in
istic

p
olicy

π
an

d
tran

sition
s

are
accord

in
g

to
(4).

It
is

eq
u
ally

p
ossib

le
to

w
ork

w
ith

th
e

con
-

strain
t ∑

ni=
1
A
t,i ≤

m
as

d
iscu

ssed
b

elow
.

R
e
stle

ss
B

a
n

d
its.

T
h
e

m
u
lti-target

track
in

g
p
rob

lem
is

an
in

stan
ce

of
a

restless
ba

n
d
it

p
ro

blem
(W

h
ittle,

1988).
T

y
p
ically,

su
ch

p
rob

lem
s

are
d
efi

n
ed

in
term

s
of

a
set

of
n
∈
Z

+
+

tw
o-action

M
arkov

d
ecision

p
ro

cesses
(M

D
P

s),
alth

ou
gh

gen
eralisation

s
to

a
tim

e-vary
in

g
n
u
m

b
er

of
M

D
P

s
(V

erlo
op

,
2016)

an
d

to
m

ore
th

an
tw

o
action

s
p

er
M

D
P

(G
lazeb

ro
ok

et
al.,

2011)
h
ave

b
een

ex
p
lored

.
T

h
e

tw
o

action
s

are
u
su

a
lly

referred
to

as
a
ctive

or
p
la

y
versu

s
in

a
ctive

or
pa

ssive
an

d
each

of
th

e
M

D
P

s
is

referred
to

as
an

p
ro

ject
or

a
rm

.
In

a
restless

b
an

d
it

p
rob

lem
,

th
ese

n
M

D
P

s
are

cou
p
led

in
to

a
sin

gle
M

D
P

as
follow

s.
T

h
e

state
sp

ace
is

th
e

C
artesian

p
ro

d
u
ct

of
th

e
state

sp
a
ces

of
th

e
p
ro

jects,
an

d
th

e
state

of
each

p
ro

ject
tran

sition
s

in
d
ep

en
d
en

tly
of

th
e

oth
er

p
ro

jects
given

th
e

action
s

taken
on

th
at

p
ro

ject.
T

h
u
s

th
e

tran
sition

s
of

a
p
ro

ject
d
ep

en
d

on
ly

o
n

th
e

action
s

taken
on

th
at

p
ro

ject
an

d
on

th
at

p
ro

ject’s
cu

rren
t

state.
T

h
e

ob
jective

is
to

fi
n
d

a
n
on

-an
ticip

ative
p

olicy
th

at
m

in
im

ises
th

e
su

m
of

th
e

p
ro

jects’
in

d
iv

id
u
al

p
erform

an
ce

fu
n
ction

als
if

th
ose

fu
n
ction

als
all

rep
resen

t
costs

(or
th

at
m

ax
im

ises
th

e
su

m
of

th
e

p
ro

jects’
in

d
iv

id
u
al

p
erform

an
ce

fu
n
ction

als
if

th
ose

fu
n
ction

als
all

rep
resen

t
rew

ard
s),

for
all

in
itial

states.
T

h
e

p
recise

n
otion

of
th

e
p

erform
an

ce
fu

n
ction

al
for

an
in

d
iv

id
u
al

p
ro

ject
d
ep

en
d
s

on
th

e
settin

g:
in

fi
n
ite

h
orizon

av
erage

cost
an

d
in

fi
n
ite

h
orizon

d
isco

u
n
ted

cost
settin

gs
are

b
oth

com
m

on
ly

con
sid

ered
.

H
ow

ever,
th

e
a
ction

sp
ace

is
on

ly
a

su
b
set

of
th

e
C

a
rtesian

p
ro

d
u
ct

of
th

e
action

sp
aces

of
th

e
p
ro

jects,
as

th
ere

is
a

con
strain

t
on

th
e

n
u
m

b
er
m

of
p
ro

jects
th

at
are

sim
u
ltan

eou
sly

active
at

each
tim

e,
w

h
ere

m
∈
Z

+
+

w
ith

m
<
n

.
T

y
p
ically,

th
e

con
strain

t
is

th
at

exa
ctly

m
p
ro

jects
are

active
at

each
tim

e,
b
u
t

th
is

is
read

ily
relax

ed
to

a
con

strain
t

th
at

a
t

m
o
st

m
p
ro

jects
are

active
b
y

in
clu

d
in

g
“d

u
m

m
y

p
ro

jects”,
w

h
ose

cost
is

alw
ay

s
zero,

in
th

e
p

op
u
lation

of
n

p
ro

jects.
M

ore
gen

eral
con

strain
ts

h
ave

b
een

ex
p
lored

(N
iñ

o-M
ora,

20
15),

in
w

h
ich

each
p
ro

ject
con

su
m

es
resou

rces
as

a
fu

n
ctio

n
of

b
oth

its
state

an
d

th
e

action
taken

,
an

d
th

e
total

cost
of

th
e

resou
rces

con
su

m
ed

at
each

tim
e

is
con

strain
ed

.
In

th
e

ab
sen

ce
of

an
y

su
ch

action
con

strain
t,

th
e

p
ro

b
lem

w
ou

ld
b

e
solved

b
y

ap
p
ly

in
g

an
op

tim
a
l

p
olicy

for
each

p
ro

ject
in

d
ep

en
d
en

tly.
M

oreover,
it

tu
rn

s
ou

t
th

at
if

th
e

con
strain

t
w

ere
o
n
ly

on
th

e
(d

iscou
n
ted

)
tim

e-average
n
u
m

b
er

of
p
ro

jects
th

at
a
re

sim
u
ltan

eou
sly

active,
rath

er
th

an
a

con
strain

t
at

each
tim

e,
th

e
p
rob

lem
cou

ld
again

b
e

sep
arated

in
to
n

sm
aller

p
rob

lem
s
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O
p
t
im

a
l
P
o
l
ic
ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

af
te

r
in

tr
o
d
u
ci

n
g

a
L

ag
ra

n
ge

m
u
lt

ip
li
er

.
In

d
ee

d
,

th
is

ob
se

rv
at

io
n

w
as

on
e

m
ot

iv
at

io
n

fo
r

th
e

W
h
it

tl
e-

in
d
ex

ap
p
ro

ac
h

fi
rs

t
p
ro

p
os

ed
in

W
h
it

tl
e

(1
98

8)
,

as
d
is

cu
ss

ed
b

el
ow

.
L

et
u
s

re
la

te
th

e
ab

ov
e

d
efi

n
it

io
n

to
th

e
ty

p
ic

al
u
sa

ge
of

th
e

te
rm

ba
n

d
it

in
th

e
m

ac
h
in

e-
le

ar
n
in

g
li
te

ra
tu

re
.

In
th

at
co

n
te

x
t,

m
u
lt

i-
ar

m
ed

b
an

d
it

s
ar

e
re

in
fo

rc
em

en
t-

le
ar

n
in

g
p
ro

b
-

le
m

s
in

vo
lv

in
g

a
se

t
of

p
ro

je
ct

s
w

h
os

e
re

w
ar

d
d
is

tr
ib

u
ti

on
s

ar
e

u
n
k
n
ow

n
.

A
t

ea
ch

ti
m

e,
th

e
le

ar
n
er

m
u
st

se
le

ct
w

h
ic

h
p
ro

je
ct

to
p
la

y.
S
u
ch

b
an

d
it

s
in

vo
lv

e
a

tr
ad

e-
off

b
et

w
ee

n
ex

p
lo

ri
n
g

p
ro

je
ct

s
to

ac
q
u
ir

e
in

fo
rm

at
io

n
ab

ou
t

th
ei

r
ex

p
ec

te
d

p
ay

off
s

an
d

ex
p
lo

it
in

g
p
ro

je
ct

s
w

it
h

th
e

h
ig

h
es

t
ex

p
ec

te
d

p
ay

off
s.

In
th

e
si

m
p
le

st
v
er

si
on

s
of

su
ch

p
ro

b
le

m
s,

w
h
er

e
th

e
p
ri

or
on

th
e

re
w

ar
d

d
is

tr
ib

u
ti

on
s

is
in

d
ep

en
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va

n
ta

ge
th

at
th

e
W

h
it

tl
e

in
d
ex

,
an

d
h
en

ce
th

e
W

h
it

tl
e

in
d
ex

p
ol

ic
y,

ex
is

t
fo

r
a

w
id

er
ra

n
ge

of
p
ro

je
ct

s.
O

n
th

e
ot

h
er

h
an

d
,

if
w

e
k
n
ow

p
ro

je
ct
i

is
in

d
ex

ab
le

,
th

e
d
efi

n
it

io
n

u
se

d
in

th
is

p
ap

er
h
as

th
e

ad
va

n
ta

ge
th

at
w

e
k
n
ow

w
e

h
av

e
fo

u
n
d

th
e

W
h
it

tl
e

in
d
ex

w
h
en

w
e

fi
n
d

a
p
ri

ce
λ
∈
R

fo
r

w
h
ic

h
ac

ti
on

s
a
i

=
0

an
d
a
i

=
1

a
re

b
o
th

op
ti

m
al

in
st

at
e
x
i

of
th

e
λ

-p
ri

ce
p
ro

b
le

m
.
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O
p
t
im

a
l
P
o
l
ic
ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

A
lth

o
u
g
h

W
h
ittle’s

p
olicy

is
n
ot

an
op

tim
al

p
olicy

for
gen

eral
restless

b
an

d
its,

u
n
d
er

certa
in

su
ffi

cien
t

con
d
ition

s
an

d
for

a
certain

lim
it,

it
is

an
a
sym

p
to

tica
lly

op
tim

al
p

olicy.
S
p

ecifi
ca

lly,
in

th
e

lim
it

as
th

e
n
u
m

b
er

of
p
ro

jects
n

ten
d
s

to
in

fi
n
ity,

w
h
ile

th
e

n
u
m

b
er

of
p
ro

jects
th

a
t

ca
n

b
e

sim
u
ltan

eou
sly

active
m

varies
in

su
ch

a
w

ay
th

at
m
/n

is
as

con
stan

t
a
s

p
o
ssib

le,
th

e
ratio

of
th

e
cost-rate

of
W

h
ittle’s

p
olicy

to
th

e
cost-rate

of
an

op
tim

al
p

o
licy

for
th

e
g
iven

n
,m

ten
d
s

to
on

e.
A

ssu
m

in
g

an
average-co

st
settin

g,
for

collection
s

o
f

id
en

tica
l

p
ro

jects
w

h
ose

size
n

d
o
es

n
ot

vary
w

ith
tim

e,
w

h
ere

each
p
ro

ject
h
a
s

a
fi
n
ite

sta
te

sp
a
ce,

W
h
ittle

(1988)
origin

ally
con

jectu
red

th
at

it
w

as
su

ffi
cien

t
th

at
th

e
id

en
tical

p
ro

ject
w

a
s

in
d
ex

ab
le

for
su

ch
an

asy
m

p
totic

op
tim

ality
resu

lt
to

h
old

.
H

ow
ever,

W
eb

er
an

d
W

eiss
(1

9
9
0)

fo
u
n
d

cou
n
terex

am
p
les

to
th

is
con

jectu
re.

N
everth

eless,
W

eb
er

an
d

W
eiss

also
fo

u
n
d

su
ffi

cien
t

con
d
ition

s
for

asy
m

p
totic

op
tim

ality
to

h
old

,
an

d
th

ose
su

ffi
cien

t
con

d
ition

s
im

p
ly

th
a
t

th
e

p
ro

jects
are

in
d
ex

ab
le

(L
em

m
a

2
of

th
at

p
ap

er).
U

n
d
er

sim
ilar

su
ffi

cien
t

co
n
d
itio

n
s,

th
is

asy
m

p
totic

op
tim

ality
resu

lt
h
as

recen
tly

b
een

gen
eralised

b
y

V
erlo

op
(2

016)
to

restless
b
a
n
d
its

w
ith

d
y
n
am

ic
p

op
u
lation

s
of

n
on

-id
en

tical
p
ro

jects.
B

oth
th

e
resu

lts
of

W
eb

er
a
n
d

W
eiss

an
d

th
e

resu
lts

of
V

erlo
op

assu
m

e
an

av
erage-cost

settin
g

an
d

p
ro

jects
w

ith
fi
n
ite

state
sp

aces.
S
o

n
ew

th
eoretical

w
o
rk

m
ay

b
e

req
u
ired

to
u
n
d
erstan

d
asy

m
p
totic

o
p
tim

a
lity

fo
r

p
ro

jects
w

ith
u
n
cou

n
tab

le
state

sp
aces,

as
stu

d
ied

h
ere.

T
h
e

W
h
ittle

in
d
ex

for
a

p
ro

ject
is

often
w

ritten
as

th
e

ratio
of

a
m

a
rgin

a
l

rew
a
rd

m
etric

to
a

m
a
rgin

a
l

reso
u

rce
m

etric,
w

h
ere:

•
T

h
e

m
a
rgin

a
l

rew
a
rd

is
th

e
(d

iscou
n
ted

)
rew

ard
-to-go

b
y

ta
k
in

g
th

e
a
ctiv

e
action

(a
=

1
)

th
en

follow
in

g
an

op
tim

al
p

olicy
m

in
u
s

th
e

(d
iscou

n
ted

)
rew

ard
-to-go

b
y

ta
k
in

g
th

e
p
assive

action
(a

=
0)

th
en

follow
in

g
an

o
p
tim

al
p

olicy
;

•
a
n
d

th
e

m
a
rgin

a
l

reso
u

rce
is

th
e

(d
iscou

n
ted

)
resou

rce-to
-go

b
y

tak
in

g
th

e
active

a
ction

(a
=

1)
th

en
follow

in
g

an
op

tim
al

p
olicy

m
in

u
s

th
e

(d
iscou

n
ted

)
resou

rce-to-go
b
y

ta
k
in

g
th

e
p
assive

action
(a

=
0)

th
en

follow
in

g
an

o
p
tim

al
p

olicy
;

•
w

ith
th

e
a
d
d
ition

al
com

p
lex

ity
th

at
o
p
tim

a
l

po
licy

h
ere

m
ean

s
o
p
tim

al
for

th
e
λ

-p
rice

p
ro

b
lem

w
h
ere

λ
eq

u
als

th
e

W
h
ittle

in
d
ex

in
state

x
.

F
o
r

ex
a
m

p
les

o
f

su
ch

ex
p
ression

s,
see

for
in

stan
ce:

N
iñ

o-M
ora

(2002,
eq

u
atio

n
(4.14

),
T

h
e-

o
rem

4
.7

a
n
d

S
ection

6),
N

iñ
o-M

ora
(2006,

eq
u
ation

19),
N

iñ
o-M

ora
(2007,

eq
u
ation

6),
G

ittin
s

et
al.

(2
011,

T
h
eorem

6.4)
an

d
L

arrañ
aga

et
al.

(2016,
P

rop
osition

2).
In

p
articu

lar,
N

iñ
o
-M

o
ra

(2
0
02)

ap
p

ears
to

h
ave

b
een

th
e

fi
rst

ever
p
ap

er
to

u
se

su
ch

m
argin

al
m

etrics
to

stu
d
y

q
u
estion

s
of

in
d
ex

ab
ility,

it
also

in
tro

d
u
ced

resou
rce

m
etrics

th
at

are
m

ore
gen

eral
th

a
n

th
o
se

co
n
sid

ered
b
y

W
h
ittle

(1988)
an

d
it

estab
lish

ed
in

d
ex

ab
ility

of
a

gen
eral

b
irth

-
d
ea

th
m

o
d
el.

T
h
e

in
tu

ition
b

eh
in

d
th

is
ex

p
ression

is
as

follow
s.

B
y

d
efi

n
itio

n
,

th
e

W
h
ittle

in
d
ex

fo
r

state
x

corresp
on

d
s

to
a

p
rice

λ
th

at
m

akes
b

oth
a
ction

0
an

d
action

1
op

tim
al

w
h
en

in
sta

te
x

in
th

e
λ

-p
rice

p
rob

lem
.

N
ow

,
if

b
oth

of
th

ese
action

s
are

o
p
tim

al,
th

en
th

ey
a
re

equ
a
lly

good
.

L
et

th
e

rew
ard

-to-go
b
y

follow
in

g
p

olicy
π

for
a

p
ro

jectP
=
〈X
,c,r,Q

,β〉
b

e
d
en

o
ted

b
y

F
(x
,π

)
:=

E
πx [

∞∑t=
0

β
tr(X

t ,A
t ) ]

,
(7)
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D
a
n
c
e
a
n
d

S
il
a
n
d
e
r

let
th

e
resou

rce-to-go
b

e
d
en

oted
b
y

G
(x
,π

)
:=

E
πx [

∞∑t=
0

β
tc(X

t ,A
t ) ]

,

let〈a
,π〉

b
e

th
e

p
olicy

th
at

fi
rst

takes
action

a
th

en
follow

s
p

olicy
π

at
su

b
seq

u
en

t
tim

es
an

d
let

π
∗λ

d
en

ote
an

op
tim

al
p

olicy
for

th
e
λ

-p
rice

p
rob

lem
for

p
ro

jectP
.

T
h
en

th
e

con
d
ition

th
at

th
e

p
rice

λ
m

akes
action

s
0

an
d

1
equ

a
lly

good
in

state
x

read
s

F
(x
,〈0

,π
∗λ 〉)−

λ
G

(x
,〈0,π

∗λ 〉)
=
F

(x
,〈1

,π
∗λ 〉)−

λ
G

(x
,〈1,π

∗λ 〉).

T
h
is

rearran
ges

to
give

λ
=
F

(x
,〈1

,π
∗λ 〉)−

F
(x
,〈0,π

∗λ 〉)
G

(x
,〈1

,π
∗λ 〉)−

G
(x
,〈0

,π
∗λ 〉)

(8)

w
h
ich

is
th

e
ratio

of
a

m
argin

al
rew

ard
to

a
m

argin
al

resou
rce,

as
claim

ed
.

U
n
fortu

n
ately,

th
is

ex
p
ression

is
u
su

ally
on

ly
an

im
p
licit

ex
p
ression

for
λ

,
sin

ce
th

e
righ

t-h
an

d
sid

e
in

volves
π
∗λ .

H
ow

ever,
for

p
ro

jects
of

th
e

m
u
lti-target

track
in

g
p
rob

lem
,

th
is

tu
rn

s
ou

t
to

b
e

an
ex

p
licit

ex
p
ression

,
as

w
e

sh
all

see
b

elow
.

L
ite

ra
tu

re
o
n

R
e
stle

ss
B

a
n

d
it

A
p

p
ro

a
ch

to
M

u
lti-T

a
rg

e
t

T
ra

ck
in

g
.

W
h
ittle

(1988)
m

en
tion

ed
th

e
p
rob

lem
of
m

aircraft
track

in
g
n
>
m

su
b
m

arin
es

as
an

ex
am

p
le

of
a

restless
b
an

d
it

p
rob

lem
.

T
h
at

p
rob

lem
seem

s
rath

er
an

in
terestin

g
ch

allen
ge

as
it

seem
s

to
cou

-
p
le

m
u
lti-target

track
in

g
w

ith
a

p
u
rsu

it-evasion
gam

e.
N

everth
eless,

th
e

id
ea

of
tak

in
g

a
restless-b

an
d
it

ap
p
roach

to
m

u
lti-target

track
in

g
w

as
d
iscu

ssed
m

an
y

tim
es

b
efore

an
yon

e
even

ex
p

erim
en

ted
w

ith
su

ch
an

ap
p
roach

,
at

least
in

th
e

p
u
b
lic

literatu
re.

F
or

in
stan

ce,
L

a
S
cala

an
d

M
oran

(2006)
p

oin
ted

ou
t

th
e

p
oten

tial
in

terest
of

a
restless

m
u
lti-arm

ed
b
an

d
it

ap
p
roach

to
th

e
m

u
lti-target

track
in

g
p
rob

lem
,

b
u
t

th
ey

d
id

n
ot

p
u
rsu

e
th

e
W

h
it-

tle
in

d
ex

ap
p
roach

,
rath

er
fo

cu
ssin

g
on

try
in

g
to

fi
n
d

con
d
ition

s
u
n
d
er

w
h
ich

a
on

e-step
greed

y
p

olicy
is

op
tim

al
w

h
en

track
in

g
a

p
air

of
targets

w
ith

a
sin

gle
sen

sor.
A

lso,
W

ash
b
u
rn

(2008)
rev

iew
ed

ap
p
lication

s
of

m
u
lti-a

rm
ed

b
an

d
it

ap
p
roach

es
to

p
artially

-o
b
served

sen
sor-

m
an

agem
en

t
p
rob

lem
s,

ex
p
ressin

g
d
ou

b
ts

as
to

w
h
eth

er
W

h
ittle’s

in
d
ex

ab
ility

con
d
ition

s
ty

p
ically

h
old

for
su

ch
p
rob

lem
s.

In
con

trast
to

su
ch

d
ou

b
ts,

L
e

N
y

et
al.

(2011)
claim

ed
to

h
ave

fou
n
d

con
d
ition

s
u
n
d
er

w
h
ich

th
e

con
tin

u
ou

s-tim
e

version
o
f

th
e

p
rob

lem
is

in
d
ex

ab
le,

at
least

for
a

scalar
state,

in
th

e
average-cost

case,
an

d
w

ith
p

osterior
varian

ce
as

th
e

cost
fu

n
ction

.
A

closer
rea

d
in

g
of

th
at

p
ap

er
reveals

th
at

th
ose

au
th

ors
p
resen

t
an

in
com

p
lete

arg
u
m

en
t

lead
in

g
to

h
y
p

oth
et-

ical
valu

es
for

op
tim

al
th

resh
old

s
u
n
d
er

th
e

assu
m

p
tion

th
at

th
resh

old
p

olicies
are

op
tim

al.
In

p
articu

lar,
a

key
step

of
th

at
argu

m
en

t
is

th
ose

au
th

ors’
T

h
eorem

1,
w

h
ich

is
P

rop
o
si-

tion
8

of
W

h
ittle

(1988).
T

h
is

resu
lt

gives
an

ex
p
ression

for
th

e
W

h
ittle

in
d
ex

,
w

h
ich

th
e

au
th

ors
th

en
in

vert
to

fi
n
d

a
cu

b
ic

eq
u
ation

for
an

op
tim

al
th

resh
old

.
N

ow
,

as
rem

arked
b
y

W
h
ittle

(1988,
p
.

295),
“

th
a
t

a
rgu

m
en

t
is

fo
rm

a
l,

a
n

d
co

n
d
itio

n
s

a
re

certa
in

ly
requ

ired
fo

r
th

e
ca

lcu
la

tio
n

s
to

m
a
ke

sen
se”

.
H

ow
ev

er,
L

e
N

y
et

al.
(2011

)
d
o

n
ot

try
to

fi
n
d

a
su

it-
ab

le
set

of
su

ch
con

d
ition

s.
F

u
rth

er,
th

ose
au

th
ors

a
ssu

m
e

th
e

form
of

th
e

op
tim

al
p

olicy
h
op

in
g

th
at

it
can

b
e

verifi
ed

a
p

osteriori
b
y

su
b
stitu

tin
g

th
eir

ex
p
ression

s
for

an
op

tim
al

th
resh

old
in

to
th

e
d
y
n
am

ic
p
rogram

m
in

g
eq

u
ation

.
H

ow
ever,

th
ey

m
ake

n
o

attem
p
t

to
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O
p
t
im

a
l
P
o
l
ic
ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

p
er

fo
rm

su
ch

a
su

b
st

it
u
ti

on
an

d
in

fa
ct

su
ch

a
ve

ri
fi
ca

ti
on

m
ay

p
ro

ve
ch

al
le

n
g
in

g
si

n
ce

th
e

th
re

sh
ol

d
s

ar
e

gi
v
en

b
y

a
cu

b
ic

eq
u
at

io
n
,

an
d

b
ec

au
se

th
e

d
y
n
am

ic
p
ro

gr
am

m
in

g
eq

u
at

io
n

in
vo

lv
es

th
e

tr
a

je
ct

or
y

of
th

e
p

os
te

ri
or

va
ri

an
ce

w
h
ic

h
is

th
e

so
lu

ti
on

of
a

R
ic

at
ti

d
iff

er
en

ti
al

eq
u
at

io
n
.

In
su

m
m

ar
y,

th
e

ar
gu

m
en

ts
p
re

se
n
te

d
in

L
e

N
y

et
al

.
(2

01
1)

ar
e

in
co

m
p
le

te
an

d
d
o

n
ot

co
n
v
in

ci
n
gl

y
d
em

on
st

ra
te

th
e

op
ti

m
al

it
y

of
th

re
sh

ol
d

p
ol

ic
ie

s
an

d
th

e
in

d
ex

ab
il
it

y
fo

r
co

n
ti

n
u
ou

s-
ti

m
e

sy
st

em
s.

M
ea

n
w

h
il
e,

d
is

cr
et

e-
ti

m
e

v
er

si
on

s
of

th
e

p
ro

b
le

m
h
av

e
p
ro

ve
d

to
b

e
fa

r
m

o
re

ch
a
ll
en

g-
in

g.
N

iñ
o-

M
or

a
an

d
V

il
la

r
(2

00
9)

m
ad

e
th

e
fi
rs

t
em

p
ir

ic
al

ev
al

u
at

io
n

o
f

W
h
it

tl
e’

s
in

d
ex

p
ol

ic
y

ap
p
li
ed

to
th

e
m

u
lt

i-
ta

rg
et

tr
ac

k
in

g
p
ro

b
le

m
w

it
h

a
sc

al
ar

st
at

e
in

d
is

cr
et

e
ti

m
e.

T
h
at

p
ap

er
cl

ai
m

s
th

at
th

e
p
ro

b
le

m
is

in
d
ex

ab
le

an
d

su
gg

es
ts

an
ap

p
ro

ac
h

to
st

u
d
y
in

g
it

s
in

d
ex

ab
il
it

y
b
as

ed
on

p
ar

ti
al

co
n
se

rv
at

io
n

la
w

s,
w

h
ic

h
is

th
e

ap
p
ro

ac
h

th
at

w
e

ta
k
e

in
S
ec

-
ti

on
3

of
th

is
p
ap

er
.

H
ow

ev
er

,
it

p
ro

v
id

es
n
o

p
ro

of
or

ar
gu

m
en

t
to

su
b
st

a
n
ti

at
e

th
is

cl
ai

m
.

T
h
e

d
is

se
rt

at
io

n
of

V
il
la

r
(2

01
2)

b
eg

an
a

th
eo

re
ti

ca
l

in
ve

st
ig

at
io

n
of

th
e

p
ro

b
le

m
,

w
it

h
ou

t
es

ta
b
li
sh

in
g

in
d
ex

ab
il
it

y
of

th
e

m
o
d
el

of
co

n
ce

rn
.

M
or

e
re

ce
n
tl

y,
D

an
ce

an
d

S
il
an

d
er

(2
01

5)
p
ro

ve
d

th
at

th
e

in
d
ex

fu
n
ct

io
n

is
a

m
on

ot
on

e
fu

n
ct

io
n

of
th

e
va

ri
an

ce
st

at
e,

b
u
t

th
ey

d
id

so
u
n
d
er

th
e

as
su

m
p
ti

on
th

at
th

re
sh

ol
d

p
ol

ic
ie

s
ar

e
o
p
ti

m
al

.
A

n
u
m

b
er

of
cl

os
el

y
-r

el
at

ed
p
ro

b
le

m
s

h
av

e
al

so
b

ee
n

ex
p
lo

re
d
.

F
or

in
st

an
ce

,
L

e
N

y
et

al
.

(2
00

8)
an

d
L

iu
an

d
Z

h
ao

(2
01

0)
b

ot
h

es
ta

b
li
sh

in
d
ex

ab
il
it

y
re

su
lt

s
ab

ou
t

th
e

tr
ac

k
in

g
of
n

ta
rg

et
s

w
it

h
bi

n
a
ry

st
at

e-
sp

ac
es

gi
ve

n
m
<
n

se
n
so

rs
.

M
ea

n
w

h
il
e,

N
iñ

o-
M

or
a

(2
01

6)
em

p
ir

-
ic

al
ly

ex
p
lo

re
d

a
W

h
it

tl
e’

s
in

d
ex

ap
p
ro

ac
h

to
a

g
en

er
al

is
at

io
n

o
f

th
e

m
u
lt

i-
ta

rg
et

tr
ac

k
in

g
p
ro

b
le

m
in

w
h
ic

h
m

ea
su

re
m

en
ts

ar
e

ra
n
d
om

ly
ja

m
m

ed
.

W
h

it
tl

e
In

d
e
x

fo
r

th
e

M
u

lt
i-

T
a
rg

e
t

T
ra

ck
in

g
P

ro
b

le
m

.
T

h
e

ab
ov

e
d
is

cu
ss

io
n

p
ro

m
p
ts

th
e

th
ir

d
q
u
es

ti
on

ad
d
re

ss
ed

in
th

is
p
ap

er
:

is
ea

ch
p
ro

je
ct

o
f

th
e

m
u

lt
i-

ta
rg

et
tr

a
ck

in
g

p
ro

bl
em

in
d
ex

a
bl

e,
a
n

d
if

so
,

w
h
a
t

is
a

co
m

p
u

ta
ti

o
n

a
ll

y-
co

n
ve

n
ie

n
t

ex
p
re

ss
io

n
fo

r
th

e
W

h
it

tl
e

in
d
ex

o
f

a
p
ro

je
ct

?
T

o
st

at
e

th
e

fi
rs

t
p
ar

t
of

th
is

q
u
es

ti
on

ex
p
li
ci

tl
y,

co
n
si

d
er

a
si

n
gl

e
p
ro

je
ct

of
th

e
m

u
lt

i-
ta

rg
et

tr
ac

k
in

g
p
ro

b
le

m
,

co
rr

es
p

on
d
in

g
to

on
e

of
n

ti
m

e
se

ri
es

to
b

e
tr

ac
ke

d
w

it
h
m
<
n

se
n
so

rs
.

F
or

ea
ch

λ
∈
R

an
d

in
it

ia
l

st
at

e
x
∈
I,

th
e

co
rr

es
p

on
d
in

g
λ

-p
ri

ce
p
ro

b
le

m
th

en
to

m
in

im
is

e
th

e
p

er
fo

rm
an

ce
fu

n
ct

io
n
al

Eπ x

[
∞ ∑ t=

0

β
t
(λ
A
t
+
C

(X
t)

)]
(9

)

w
it

h
re

sp
ec

t
to

th
e

p
ol

ic
y
π

fo
r

ta
k
in

g
ac

ti
on

s
A
t

w
h
er

e
th

e
st

at
e-

se
q
u
en

ce
is

gi
v
en

in
te

rm
s

of
th

e
va

ri
an

ce
u
p

d
at

es
of

(4
)

as

X
0

=
x
,

X
t+

1
=
φ
A
t
(X

t)
,

fo
r
t

=
0,

1
,.
..

.
T

h
e

q
u
es

ti
on

is
th

en
w

h
et

h
er

th
er

e
ex

is
ts

a
si

m
p
le

-t
o-

co
m

p
u
te

fu
n
ct

io
n

λ
∗

:
I
→

R
,

fo
r

w
h
ic

h
ac

ti
on

A
t

=
1

is
op

ti
m

al
if

an
d

on
ly

if
λ
≤
λ
∗ (
X
t)

,
w

h
il
e

ac
ti

on
A
t

=
0

is
op

ti
m

al
if

an
d

on
ly

if
λ
≥
λ
∗ (
X
t)

,
fo

r
al

l
t
∈
Z +

.
A

s
su

gg
es

te
d

b
y

T
h
eo

re
m

1
(E

x
ce

rp
t)

,
to

st
at

e
a

co
n
ve

n
ie

n
t

ex
p
re

ss
io

n
fo

r
th

e
W

h
it

tl
e

in
d
ex

,
so

m
e

d
efi

n
it

io
n
s

co
n
ce

rn
in

g
th

re
sh

ol
d

p
ol

ic
ie

s
sh

ou
ld

b
e

u
se

fu
l.

S
o,

fo
r

an
y

th
re

sh
ol

d
s
∈

R
,

le
t

th
e
s-

th
re

sh
o
ld

po
li

cy
b

e
th

e
p

ol
ic

y
th

at
ta

ke
s

th
e

ac
ti

on
1

if
th

e
st

at
e

ex
ce

ed
s

th
e

th
re

sh
ol

d
s

an
d

ta
ke

s
ac

ti
on

0
ot

h
er

w
is

e.
A

ls
o,

le
t
X
t(
x
,a

;s
)

d
en

ot
e

th
e

st
at

e
at

ti
m

e
t

=
0,

1,
..
.

if
th

e
sy

st
em

st
ar

ts
in

st
at

e
x
∈
I

at
ti

m
e
t

=
0,

th
en

ac
ti

on
a
∈
{0
,1
}

is
ta

k
en
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D
a
n
c
e
a
n
d

S
il
a
n
d
e
r

an
d

th
e
s-

th
re

sh
ol

d
p

ol
ic

y
is

fo
ll
ow

ed
th

er
ea

ft
er

,
so

th
at
A
t(
x
,a

;s
)

:=
1
X
t
(x
,a

;s
)>
s

fo
r
t
>

0
.

T
h
e

an
sw

er
to

ou
r

th
ir

d
q
u
es

ti
on

is
th

en
g
iv

en
b
y

th
e

fo
ll
ow

in
g

th
eo

re
m

,
w

h
o
se

p
ro

o
f

is
gi

ve
n

in
S
ec

ti
on

3.

T
h

e
o
re

m
1

S
u

p
po

se
A

1
h
o
ld

s.
T

h
en

th
e

fa
m

il
y

o
f
λ

-p
ri

ce
p
ro

bl
em

s,
gi

ve
n

by
eq

u
a
ti

o
n

(9
),

is
in

d
ex

a
bl

e
a
n

d
fo

r
ea

ch
x
∈
I

th
e

W
h
it

tl
e

in
d
ex

is

λ
∗ (
x

)
:=

∑
∞ t=

0
β
t (
C

(X
t(
x
,0

;x
))
−
C

(X
t(
x
,1

;x
))

)
∑
∞ t=

0
β
t (
A
t(
x
,1

;x
)
−
A
t(
x
,0

;x
))

.

F
u

rt
h
er

m
o
re

,

1
.

If
λ
∗ (
s)

=
λ

fo
r

so
m

e
s
∈
I

th
en

bo
th

o
f

th
e

fo
ll

o
w

in
g

th
re

sh
o
ld

po
li

ci
es

a
re

o
p
ti

m
a
l:

A
t

=
1
X
t
>
s
,

A
t

=
1
X
t
≥
s
;

2
.

If
λ
∗ (
s)
>
λ

fo
r

a
ll
s
∈
I

th
en

th
e

a
lw

a
ys

-a
ct

iv
e

po
li

cy
is

th
e

u
n

iq
u

e
o
p
ti

m
a
l

po
li

cy
;

3
.

If
λ
∗ (
s)
<
λ

fo
r

a
ll
s
∈
I

th
en

th
e

a
lw

a
ys

-p
a
ss

iv
e

po
li

cy
is

th
e

u
n

iq
u

e
o
p
ti

m
a
l

po
li

cy
.

T
h
is

p
ap

er
th

u
s

ge
n
er

al
is

es
th

e
w

or
k

of
D

an
ce

an
d

S
il
an

d
er

(2
01

5)
b
y

d
em

o
n
st

ra
ti

n
g

th
at

th
re

sh
ol

d
p

ol
ic

ie
s

ar
e

in
fa

ct
op

ti
m

al
fo

r
th

e
si

n
gl

e
p
ro

je
ct

p
ro

b
le

m
,

w
h
ic

h
w

a
s

A
s-

su
m

p
ti

on
A

1
of

(D
an

ce
an

d
S
il
an

d
er

,
20

15
).

It
al

so
ge

n
er

al
is

es
b
y

co
n
si

d
er

in
g

th
e

ca
se

o
f

m
u
lt

ip
li
er

s
Ā
<

1
ra

th
er

th
an

on
ly

co
n
si

d
er

in
g
Ā

=
1,

w
h
er

e
Ā

is
as

in
eq

u
a
ti

o
n

(1
),

a
n
d

b
y

co
n
si

d
er

in
g

co
st

fu
n
ct

io
n
s
C

(x
)
6=
x

ot
h
er

th
an

th
e

(s
ca

le
d
)

p
os

te
ri

or
va

ri
a
n
ce

.

1
.5

.
In

tu
it

iv
e

G
u

id
e

to
th

e
P

a
p

e
r

A
s

w
it

h
ot

h
er

w
or

k
on

M
ar

ko
v

d
ec

is
io

n
p
ro

ce
ss

es
,

w
e

w
or

k
w

it
h

th
e

co
st

-t
o
-g

o
Q

(x
,a

)
w

h
en

st
ar

ti
n
g

in
in

it
ia

l
st

at
e
x

an
d

ta
k
in

g
in

it
ia

l
a
ct

io
n
a
,

b
u
t

th
en

fo
ll
ow

in
g

a
n

o
p
ti

m
a
l

p
ol

ic
y.

A
co

m
m

on
w

ay
to

p
ro

ve
th

at
th

re
sh

ol
d

p
ol

ic
ie

s
ar

e
op

ti
m

al
w

h
en

th
e

st
a
te
x

is
re

al
-v

al
u
ed

,
is

to
sh

ow
th

at
th

e
d
iff

er
en

ce
Q

(x
,1

)
−
Q

(x
,0

)
is

a
n
on

-i
n
cr

ea
si

n
g

fu
n
ct

io
n

o
f

x
.

S
u
ch

ap
p
ro

ac
h
es

h
av

e
b

ee
n

st
u
d
ie

d
b
y

S
er

fo
zo

(1
97

6)
,

A
lt

m
an

an
d

S
ti

d
h
a
m

J
r.

(1
9
95

)
an

d
A

lt
m

an
et

al
.

(2
00

0)
.

U
n
fo

rt
u
n
at

el
y,

as
sh

ow
n

in
F

ig
u
re

1,
su

ch
an

ap
p
ro

a
ch

fa
il
s

fo
r

th
e

p
ro

ce
ss

co
n
si

d
er

ed
in

th
is

p
ap

er
,

ev
en

w
h
en

th
e

co
st

eq
u
al

s
th

e
va

ri
an

ce
.

In
st

ea
d
,

th
is

p
ap

er
p
ro

ve
s

th
e

op
ti

m
al

it
y

of
th

re
sh

o
ld

p
ol

ic
ie

s
u
si

n
g

a
n
ew

ve
ri

fi
ca

ti
o
n

th
eo

re
m

b
y

N
iñ

o-
M

or
a

(N
iñ

o-
M

or
a,

20
15

,
20

19
).

T
h
is

th
eo

re
m

ap
p
li
es

to
M

a
rk

ov
d
ec

is
io

n
p
ro

ce
ss

es
th

at
sa

ti
sf

y
th

e
so

-c
al

le
d

pa
rt

ia
l

co
n

se
rv

a
ti

o
n

la
w

in
d
ex

a
bi

li
ty

(P
C

L
I)

co
n
d
it

io
n
s

(S
ec

ti
on

3)
.

T
h
e

ce
n
tr

al
co

n
ce

p
t

u
n
d
er

ly
in

g
th

e
ve

ri
fi
ca

ti
on

th
eo

re
m

is
th

e
m

a
rg

in
a
l

p
ro

-
d
u

ct
iv

it
y

in
d
ex

w
h
ic

h
tu

rn
s

ou
t

to
b

e
eq

u
al

to
th

e
ra

ti
o
λ
∗ (
·)

gi
v
en

in
T

h
eo

re
m

1
.

O
n
e

of
th

e
P

C
L

I
co

n
d
it

io
n
s

re
q
u
ir

es
th

at
th

e
m

ar
gi

n
al

p
ro

d
u
ct

iv
it

y
in

d
ex

is
a

n
o
n
-

d
ec

re
as

in
g

an
d

co
n
ti

n
u
ou

s
fu

n
ct

io
n

of
th

e
st

a
te
x

an
d

th
at

it
is

b
ou

n
d
ed

fr
o
m

b
el

ow
.

T
h
is

is
th

e
m

os
t

ch
al

le
n
gi

n
g

of
th

e
co

n
d
it

io
n
s

to
v
er

if
y.

A
s

a
q
u
ic

k
ch

ec
k
,

w
e

p
lo

t
λ
∗ (
x

)
in

F
ig

u
re

2.
A

lt
h
ou

gh
λ
∗ (
x

)
is

in
cr

ea
si

n
g,

th
e

n
u
m

er
at

or
an

d
d
en

om
in

at
or

h
av

e
a

fr
a
ct

a
l

st
ru

ct
u
re

,
so

it
is

su
rp

ri
si

n
g

th
at

th
e

in
d
ex

is
co

n
ti

n
u
ou

s.
F

u
rt

h
er

m
or

e,
if

w
e

su
b
tr

a
ct

a
cu

b
ic

fi
t

to
λ
∗ (
x

),
th

e
re

si
d
u
al

h
as

a
co

m
p
li
ca

te
d

se
q
u
en

ce
of

cu
sp

s.
T

h
er

ef
o
re

th
e

p
a
p

er
th

en
fo

cu
ss

es
on

ch
ar

ac
te

ri
si

n
g

th
e

se
q
u
en

ce
of

ac
ti

on
s
A
t(
x
,a

;x
)

re
su

lt
in

g
fr

o
m

a
p
p
ly

in
g
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O
p
t
im

a
l
P
o
l
ic
ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

x
0

1.1
2

63 64 65 66 67 68
Q

(x
;1

)

Q
(x

;0
)

x
0.1

0.15
0.2

0.25
0.444

0.446

0.448

0.45

0.452
Q

(x
;1

)
!

Q
(x

;0
)

F
ig

u
re

1
:

C
o
u
n
terex

am
p
le

to
m

on
oton

icity
of

th
e

d
iff

eren
ce

in
Q

-fu
n
ction

s.
T

h
e

fu
n
ction

s
Q

(x
,0)

an
d
Q

(x
,1)

cross
on

ly
a

sin
gle

tim
e

at
x

=
1.1

(left
p
lo

t).
H

ow
ever,

th
e

d
iff

eren
ce
Q

(x
,1)−

Q
(x
,0)

is
in

creasin
g

for
so

m
e
x

(righ
t

p
lo

t,
for

x
in

th
e

left
p
lo

t’s
grey

b
ox

).
T

h
e

m
o
d
el

h
as
β

=
0.95,

C
(x

)
=
x
,
φ

0 (x
)

=
x

+
1
,
φ

1 (x
)

=
1/

(θ
1

+
1
/(x

+
1))

w
ith

θ
1

=
0.1

an
d
ν

=
0.7647.

x
7

8
9

10
0

0.5 1

1.5

N
u
m

erator(x
)

x
7

8
9

10
0

0.2

0.4

D
en

om
in

ator(x
)

x
7

8
9

10
2 4 6 8

In
d
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öb
iu

s
tran

sform
ation

s
is

h
om

om
orp

h
ic

to
m

atrix
m

u
ltip

lication
,

so
th

at

µ
B

(µ
D

(x
))

=
µ
B
D

(x
)

for
an

y
B
,D
∈

R
2×

2.
F

u
rth

er,
if

d
et(B

)
=

1
th

en
th

e
d
erivativ

e
of

th
e

corresp
on

d
in

g
M

öb
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b
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p
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p
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th
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p
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con
d
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h
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iñ
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iñ
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h
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iñ
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c
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b
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→
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a
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∈
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p
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p
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p
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∈
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∈
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iñ
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p
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p
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p
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∈
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∞
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∈
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d
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∈
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ra
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∈
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∈
X

a
n

d
a
ct

io
n
a
∈
{0
,1
},

(a
)

m
ax
{|
C

(x
,a

)|,
|c(
x
,a

)|}
≤
M
w

(x
);

a
n

d

(b
)
β
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p
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∞
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′ ∈
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r
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p
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e
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d
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e
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p
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d
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=
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h
o
ld

:

1
.

F
o
r

a
n

y
n
∈
Z +

+
,

w
e

h
a
ve
|a

1
:n
| 1
≥
|b 1

:n
| 1.

2
.

F
o
r

a
n

y
β
∈

(0
,1

),
th

e
m

a
rg

in
a
l

re
so

u
rc

e
m

et
ri

c
g
(x
,s

)
is

po
si

ti
ve

.

P
ro

o
f

W
e

p
ro

ve
st

at
em

en
t

1
b
y

in
d
u
ct

io
n
.

In
th

e
b
as

e
ca

se
|a

1
| 1

=
1
≥

0
=
|b 1
| 1.

F
or

th
e

in
d
u
ct

iv
e

st
ep

,
su

p
p

os
e
|a

1
:k
| 1
≥
|b 1

:k
| 1

fo
r

al
l
k
≤
m

fo
r

so
m

e
m
∈

Z +
+

.
T

h
is

in
d
u
ct

io
n

h
y
p

ot
h
es

is
sh

ow
s

th
at

ei
th

er
|a

1
:m
| 1
>
|b 1

:m
| 1

or
|a

1
:m
| 1

=
|b 1

:m
| 1.

In
th

e
fi
rs

t
ca

se
,
∣ ∣ a

1
:(
m

+
1
)∣ ∣ 1
≥
∣ ∣ b 1

:(
m

+
1
)∣ ∣ 1

as
w

e
a
re

on
ly

ad
d
in

g
on

e
le

tt
er

to
a

1
:m

a
n
d
b 1

:m
.

In
th

e
se

co
n
d

ca
se

,
th

e
in

d
u
ct

io
n

h
y
p

ot
h
es

is
sh

ow
s

th
at

th
e

w
or

d
s
a

1
:m

an
d
b 1

:m
sa

ti
sf

y
th

e
as

su
m

p
ti

on
s

of
L

em
m

a
17

,
so

th
er

e
is

a
se

q
u
en

ce
of

sw
ap

s
th

at
tr

an
sf

or
m

s
a

1
:m

in
to
b 1

:m
.

C
on

si
d
er

an
y

sw
ap

p
10
q

to
p
01
q

in
th

is
se

q
u
en

ce
.

T
h
en

h
y
p

ot
h
es

is
(i

i)
gi

v
es
φ

1
0
(φ
p
(x

))
>
φ

0
1
(φ
p
(x

))
an

d
h
y
p

ot
h
es

is
(i

)
im

p
li
es

th
at
φ
q
(·)

is
in

cr
ea

si
n
g,

so

φ
p
1
0
q
(x

)
>
φ
p
0
1
q
(x

).

R
ep

ea
ti

n
g

th
is

ar
gu

m
en

t
ov

er
th

e
se

q
u
en

ce
of

sw
ap

s
gi

v
es

φ
a
1
:m

(x
)
>
φ
b 1

:m
(x

).

T
h
u
s,

it
fo

ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

of
it

in
er

ar
ie

s
th

at
th

e
la

st
le

tt
er

s
of
a

1
:(
m

+
1
),
b 1

:(
m

+
1
)

h
av

e
a
m

+
1
b m

+
1
∈
{0

0,
10
,1

1}
.

H
en

ce
∣ ∣ a

1
:(
m

+
1
)∣ ∣ 1
≥
∣ ∣ b 1

:(
m

+
1
)∣ ∣ 1

.
T

h
is

p
ro

ve
s

st
at

em
en

t
1.

T
o

p
ro

ve
st

at
em

en
t

2,
n
ot

e
th

at
th

e
d
efi

n
it

io
n

of
g
(x
,s

)
gi

v
es

g
(x
,s

)
=

∞ ∑ k
=

1

β
k
−

1
(a
k
−
b k

)
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D
a
n
c
e
a
n
d

S
il
a
n
d
e
r

=
∞ ∑ k
=

1

β
k
−

1
(|a

1
:k
| 1
−
∣ ∣ a

1
:(
k
−

1
)∣ ∣ 1
−
|b 1

:k
| 1

+
∣ ∣ b 1

:(
k
−

1
)∣ ∣ 1

)

=
(1
−
β

)
∞ ∑ k
=

1

β
k
−

1
(|a

1
:k
| 1
−
|b 1

:k
| 1)

≥
1
−
β

w
h
er

e
th

e
se

co
n
d

li
n
e

fo
ll
ow

s
as
a
k

=
|a

1
:k
| 1
−
∣ ∣ a

1
:(
k
−

1
)∣ ∣ 1

an
d

si
m

il
ar

ly
fo

r
b k

,
th

e
th

ir
d

li
n
e

h
ol

d
s

b
ec

au
se
|a

1
:0
| 1

=
|b 1

:0
| 1

=
0,

a
n
d

th
e

la
st

li
n
e

fo
ll
ow

s
fr

om
st

at
em

en
t

1
a
n
d

th
e

fa
ct

th
at
a

1
=

1,
b 1

=
0.

A
s
β
<

1,
th

is
co

m
p
le

te
s

th
e

p
ro

of
.

3
.3

.
B

e
h

a
v
io

u
r

o
f

th
e

M
a
rg

in
a
l

P
ro

d
u

c
ti

v
it

y
In

d
e
x

(P
C

L
I2

)

C
on

d
it

io
n

P
C

L
I2

re
q
u
ir

es
th

at
th

e
m

ar
gi

n
a
l

p
ro

d
u
ct

iv
it

y
in

d
ex

m
∗ (
x

)
=
f

(x
,x

)/
g
(x
,x

)
is

co
n
ti

n
u
ou

s,
n
on

-d
ec

re
as

in
g

an
d

b
ou

n
d
ed

fr
om

b
el

ow
fo

r
x
∈
I.

W
e

b
eg

in
b
y

sh
ow

in
g

th
at

th
is

in
d
ex

is
L

ip
sc

h
it

z
co

n
ti

n
u
ou

s
on

an
y

fi
n
it

e
in

te
rv

al
of
I

in
P

ro
p

o
si

ti
o
n

2
1
.

T
o

sh
ow

th
e

in
d
ex

is
n
on

-d
ec

re
as

in
g,

w
e

co
u
p
le

L
ip

sc
h
it

z
co

n
ti

n
u
it

y
w

it
h

a
p
ie

ce
w

is
e

a
n
a
ly

si
s

of
th

e
in

d
ex

,
d
ri

ve
n

b
y

T
h
eo

re
m

12
,

w
h
ic

h
sh

ow
s

th
at

th
e

in
te

rv
al
I

ca
n

b
e

d
iv

id
ed

u
p

in
to

in
te

rv
al

s
co

rr
es

p
on

d
in

g
to

C
h
ri

st
off

el
w

or
d
s

an
d

p
oi

n
ts

co
rr

es
p

on
d
in

g
to

S
tu

rm
ia

n
M

-w
or

d
s.

T
h
e

ce
n
tr

al
re

su
lt

of
th

is
an

al
y
si

s
is

L
em

m
a

25
,

w
h
ic

h
sh

ow
s

th
a
t

th
e

m
a
rg

in
a
l

re
w

ar
d

w
it

h
th

re
sh

ol
d

eq
u
al

to
in

it
ia

l
st

at
e
x
7→
f

(x
,x

)
is

n
on

-d
ec

re
as

in
g

fo
r
x

in
th

e
in

te
rv

a
l

co
rr

es
p

on
d
in

g
to

an
y

gi
ve

n
C

h
ri

st
off

el
w

or
d

of
th

e
fo

rm
0p

1.
S
in

ce
th

e
m

a
rg

in
a
l

re
so

u
rc

e
m

et
ri

c
g
(x
,x

)
eq

u
al

s
a

p
os

it
iv

e
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n
st

an
t

on
su

ch
in

te
rv

al
s,

gi
ve

n
b
y

(1
2)

,
th

is
im

p
li
es

th
at

m
∗ (
x

)
is

n
on

-d
ec

re
as

in
g

on
su

ch
in

te
rv

al
s.

S
in

ce
m
∗ (
·)

is
al

so
L

ip
sc

h
it

z
co

n
ti

n
u
o
u
s

o
n

a
n
y

fi
n
it

e
in

te
rv

al
,

P
ro

p
os

it
io

n
27

co
n
cl

u
d
es

th
at
m
∗ (
·)

is
n
on

-d
ec

re
as

in
g

on
I.

W
e

n
o
te

th
a
t

P
ro

p
os

it
io

n
27

w
ou

ld
n
ot

fo
ll
ow

if
w

e
w

er
e

on
ly

to
h
av

e
sh

ow
n

th
a
t
m
∗ (
·)

is
co

n
ti

n
u
o
u
s

(r
at

h
er

th
an

L
ip

sc
h
it

z
co

n
ti

n
u
ou

s)
.

In
d
ee

d
,

th
er

e
ar

e
fu

n
ct

io
n
s

th
at

ar
e

co
n
ti

n
u
o
u
s

a
n
d

h
av

e
a

p
os

it
iv

e
d
er

iv
at

iv
e

al
m

os
t

ev
er

y
w

h
er

e,
b
u
t

ar
e

n
ot

n
on

-d
ec

re
as

in
g.

O
n
e

ex
a
m

p
le

is
th

e
fu

n
ct

io
n
x
7→
x
−

C
an

to
r(
x

)
w

h
er

e
C

an
to

r(
·)

is
th

e
C

an
to

r-
L

eb
es

gu
e

fu
n
ct

io
n

(R
oy

d
en

an
d

F
it

zp
at

ri
ck

,
20

10
,

p
ag

e
50

).
F

in
al

ly
,

P
ro

p
o
si

ti
on

28
sh

ow
s

th
at

th
e

in
d
ex

is
b

o
u
n
d
ed

b
el

ow
,

so
P

C
L

I2
is

sa
ti

sfi
ed

.
A

re
la

te
d

p
ro

of
w

as
gi

ve
n

b
y

D
an

ce
an

d
S
il
an

d
er

(2
01

5)
.

H
ow

ev
er

,
th

at
p
ro

o
f
o
n
ly

co
ve

rs
sy

st
em

s
fo

r
w

h
ic

h
th

e
m

u
lt

ip
li
er
r

in
A

ss
u
m

p
ti

on
A

1
is
r

=
1,

ra
th

er
th

a
n

m
u
lt

ip
li
er

s
r
∈

(0
,1

]
as

ad
d
re

ss
ed

h
er

e.
F

or
r

=
0,

w
e

h
av

e
φ

0
(x

)
=
φ

1
(x

)
=

1
fo

r
a
ll
x
∈
I,

so
th

e
su

m
in

L
em

m
a

25
va

n
is

h
es

,
an

d
th

e
an

al
y
si

s
p
re

se
n
te

d
h
er

e
is

u
n
n
ec

es
sa

ry
.

A
ls

o
,

th
e

p
ro

of
of

D
an

ce
an

d
S
il
an

d
er

(2
01

5)
on

ly
ad

d
re

ss
ed

th
e

co
st

fu
n
ct

io
n
C

(x
)

=
x

,
w

h
er

ea
s

h
er

e
w

e
ge

n
er

al
is

e
to

an
y

co
st

fu
n
ct

io
n

sa
ti

sf
y
in

g
A

ss
u
m

p
ti

on
A

1,
w

h
ic

h
in

cl
u
d
es

a
n
y

co
st

fu
n
ct

io
n

of
th

e
fo

rm
x
q
/q

fo
r
q
∈

[−
1,
∞

).
A

co
u
n
te

re
x
am

p
le

in
F

ig
u
re

7,
sh

ow
s

th
a
t

th
e

m
ar

gi
n
al

re
w

ar
d

is
n
ot

n
ec

es
sa

ri
ly

in
cr

ea
si

n
g

on
in

te
rv

al
s

co
rr

es
p

on
d
in

g
to

C
h
ri

st
o
ff

el
w

o
rd

s
fo

r
C

(x
)

=
x
q
/q

w
it

h
q
<
−

1.
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e
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3
.3
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.
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h
e
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a
r
g
in
a
l
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r
o
d
u
c
t
iv
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y
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d
e
x
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C
o
n
t
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u
o
u
s

W
e

d
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o
n
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P
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osition

21
w

h
ich

sh
ow

s
th
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e
m
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p
ro

d
u
ctiv
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in

d
ex

m
∗
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s
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in
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ssu

m
p
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A
1
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L
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u
o
u
s
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an

y
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n
ite
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W
e

b
egin

b
y

sh
ow

in
g
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a
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m
∗
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tin
u
ou

s.

L
e
m

m
a

1
9
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A

1
h
o
ld

s
th
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e
m

a
rgin

a
l

p
rod

u
ctivity
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d
ex
m
∗(·)

is
co

n
tin

u
o
u

s
o
n
I

.

P
ro

o
f

C
on

sid
er

th
e

itin
eraries

h
a (x

)
:=

a
σ

(φ
a (x

)|x
)

for
a
∈
{0,1}

an
d
x
∈
I

.
In

term
s

of
th

ese
itin

era
ries

th
e

m
argin

al
p
ro

d
u
ctiv

ity
in

d
ex

is

m
∗(x

)
=

∑
∞n

=
1
β
n−

1 (C
(φ

[h
0
(x

)]1
:n

(x
))−

C
(φ

[h
1
(x

)]1
:n

(x
)) )

∑
∞n

=
1
β
n−

1
([h

1 (x
)]n −

[h
0 (x

)]n
)

.

S
in

ce
A

1
h
o
ld

s,
th

is
is

a
con

tin
u
ou

s
fu

n
ction

of
x

at
an

y
p

oin
t

w
h
ere

h
a (x
−

)
=
h
a (x

)
=

h
a (x

+
).

B
y

fo
llow

in
g

p
ath

s
in

th
e

C
h
ristoff

el
tree

to
fi
n
d

th
e

lim
itin

g
w

ord
ju

st
lex

ico
grap

h
-

ica
lly

h
ig

h
er

o
r

low
er

th
an

a
given

C
h
ristoff

el
w

ord
,

an
d

u
sin

g
C

orollary
13,

w
e

ob
tain

th
e

fo
llow

in
g

lim
its:

•
h

0 (x
−

)
=

01
p
(10p

) ∞
if

0p
1
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a

C
h
ristoff

el
w

ord
a
n
d
x

=
y

0
1
p ;
h
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−

)
=

010 ∞
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x
=
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a
n
d
h
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=
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)
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erw

ise.

•
h
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=

1 ∞
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−
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=
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) ∞
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1
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a
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h
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w
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d
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1
0
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a
n
d
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−

)
=
h

1 (x
)

oth
erw
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•
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=
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a (x
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x
∈
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a
∈
{0,1}

.
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o
f

th
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lim
its,

it
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ain
s

to
sh

ow
th

at
m
∗(x
−
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=
m
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)
w

h
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=
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C
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) ∞
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) ∞
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) ∞
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=
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) ∞
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∞∑n
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) ∞
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) ∞
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∞∑n
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) ∞
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) ∞
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) ∞
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0
k
−
1
(x

))
≥

0.

T
h
e

in
eq

u
al

it
y

is
ju
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ifi

ed
as

fo
ll
ow

s.
A

s
a
≤
b

in
th

e
d
efi

n
it

io
n

of
F
,G

,
w

e
h
av

e
φ

0
(x

)
≥

φ
1
(x

).
A

s
φ

0
k
−
1
(·)

is
an

in
cr

ea
si

n
g

fu
n
ct

io
n
,

it
fo

ll
ow

s
th

at
φ

0
k
(x

)
≥
φ

1
0
k
−
1
(x

).
A

s
C

is
co

n
ve

x
,

it
fo

ll
ow

s
th

at
C
′ (
φ

0
k
(x

))
≥
C
′ (
φ

1
0
k
−
1
(x

))
.

F
u
rt

h
er

m
or

e,
c k

(x
)
≤
d
k
(x

),
b
y

(3
3
).

T
h
u
s,

if
C

sa
ti

sfi
es

A
ss

u
m

p
ti

on
A

1,
th

e
su

m

∞ ∑ k
=

1

β
k

(C
(φ

0
k
(x

))
−
C

(φ
1
0
k
−
1
(x

))
)
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th

e
su

m
of

n
on

-d
ec

re
as

in
g

fu
n
ct

io
n
s.

T
h
er

ef
or

e
th
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su

m
is

n
on

-d
ec

re
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g
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T
h
e

p
ro
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r
th

e
se

co
n
d

su
m
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m
il
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T

h
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m

p
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e

p
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ro

p
o
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n
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7
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u

p
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se
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u

m
p
ti
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n

A
1
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ld
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T

h
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e

m
a
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a
l

p
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d
u
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d
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∗
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n
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re
a
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n
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in
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ow
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if

a
fu

n
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L

ip
sch
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u
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en
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th
at
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terva

l
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an
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F
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a
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P

rop
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.
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A
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tely
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tin
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ou
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fu

n
ction
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tiv
e
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w
h
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L

eb
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in
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an
d

w
h
ich
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(P
u
gh
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2
0
0
2
,

T
h
eo

rem
38,

p
.

399)

m
∗(b)

=
m
∗(a

)
+

∫
b

a
m
∗′(t)

d
t.

(34)

N
ow

,
fo

r
a
n
y

C
h
ristoff

el
w

ord
0p

1
an

d
for

t
in

th
e

in
terval

[y
0
1
p ,y

1
0
p ],

th
e

d
erivative

m
∗′(t)
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n
o
n
-n

eg
a
tive,

sin
ce

m
∗(t)

=
f

(t,t)/g
(t,t),

in
w

h
ich

f
′(t)
≥

0
b
y

L
em

m
a

25,
an

d
in

w
h
ich

g
(t,t)
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a

p
ositive
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stan

t
d
ep

en
d
in

g
on

0p
1.

S
im

ilarly,
L

em
m

a
26

sh
ow

s
th

at
th

e
m

a
rg

in
a
l

p
ro

d
u
ctiv

ity
in

d
ex

is
n
on

-d
ecreasin

g
on
I\(y

1 ,y
0 ).

T
h
erefore,

m
∗(a

)
≤
m
∗(b).

T
h
is

co
m

p
letes

th
e

p
ro

of.

R
e
m

a
rk

.
H

av
in

g
p
roved

th
at

th
e

m
argin

al
p
ro

d
u
ctiv

ity
in

d
ex

is
n
on

-d
ecreasin

g,
on

e
m

ig
h
t

w
o
n
d
er

if
it

is
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ally
alw

ay
s

strictly
in

creasin
g.

It
is

n
ot.

In
p
articu

lar,
A

s-
su

m
p
tio

n
A

1
a
llow

s
th

e
cost

fu
n
ction

C
(·)

to
b

e
a

con
stan

t,
in

w
h
ich
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th

e
m
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al

p
ro

d
u
ctiv

ity
in

d
ex

is
a
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stan

t.
In

oth
er

cases,
th

e
m

argin
al

p
ro

d
u
ctiv

ity
in

d
ex

is
n
ot

a
co

n
sta

n
t,

yet
it

is
con

stan
t

over
a

fi
n
ite

in
terval

of
th

e
state

sp
ace
I

.
F

or
in

stan
ce,

th
is

is
th

e
ca

se
fo

r
su

ffi
cien

tly
large

p
recision

p
aram

eter
θ

1
th

at
y

1
<

1,
an

d
for

th
e

cost
fu

n
ction

C
(x

)
=

{
0

x
<

1

(x
−

1)
2

x
≥

1,

w
h
ich

sa
tisfi

es
A

1.

3
.3
.3
.
T
h
e
M
a
r
g
in
a
l
P
r
o
d
u
c
t
iv
it
y
In

d
e
x
is

B
o
u
n
d
e
d

B
e
l
o
w

P
ro

p
o
sitio

n
2
8

S
u

p
po

se
A

ssu
m

p
tio

n
A

1
h
o
ld

s.
T

h
en

th
e

m
a
rgin

a
l

p
rod

u
ctivity

in
d
ex
m
∗

is
bo

u
n

d
ed

fro
m

belo
w

.

P
ro

o
f

L
et

[l,u
]

:=
I

.
B

y
P

rop
osition

27,
m
∗

is
n
on

-d
ecreasin

g,
so

in
f

x∈
[l,u

] m
∗(x

)
=
f

(l,l)/g
(l,l).

N
ow

l≤
y

1
so
σ

(l|l)
=

01 ∞
an

d
σ

(l|l −
)

=
1 ∞

.
T

h
u
s
g
(l,l)

=
1−

β
an

d

f
(l,l)

=
∞∑t=

0

β
t (C

(φ
(0

1 ∞
)
1
:t (l))−

C
(φ

1 ∞1
:t (l)) )≥

C
(l)−

C
(y

1 )

1−
β

w
h
ere

th
e

in
eq

u
ality

follow
s

as
φ

(0
1 ∞

)
1
:t (l)

≥
l

an
d
φ

(1 ∞
)
1
:t (l)

≤
y

1
for

all
t,

an
d

as
C

is
in

crea
sin

g
.

A
s
C

(l)
>
−
∞

,
C

(y
1 )
<
∞

an
d
β
<

1,
it

follow
s

th
at
m
∗(x

)
>
−
∞

for
x
∈
I

.
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c
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n
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.
R
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d
y
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o
n

d
itio
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C
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I3
)

W
e

d
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on
strate

th
at

P
C

L
I3

h
old

s.
T

h
e

argu
m

en
t

is
b
ased

on
th

e
fact

th
at

th
e

rew
ard

m
etric

F
(x
,π
s )

an
d

resou
rce

m
etric

G
(x
,π
s )

for
th

resh
old

p
olicies

a
re

ju
m

p
fu

n
ctio

n
s

w
h
en

v
iew

ed
as

a
fu

n
ction

of
th

e
th
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old
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b
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e

n
u
m

b
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u
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1
:n
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n
d
ed
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y

a
p
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n
o
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n
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of
n

b
y

T
h
eo

rem
14.

F
irst

w
e
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w

h
at

a
ju

m
p

fu
n
ction

is.

D
e
fi

n
itio

n
2
9

(K
o
lm

o
g
o
ro

v
a
n

d
F
o
m

in
,

1
9
7
5
,

p
.

3
4
1
)

A
fu

n
ctio

n
h

:
R
→

R
is

a
ju

m
p

fu
n

c
tio

n
if
h

(x
)

=
h

0
+
∑
∞n

=
1
h
n
1
x
n
<
x

+
∑
∞n

=
1
h
′n
1
x
′n ≤

x
fo

r
so

m
e

rea
l-va

lu
ed

sequ
en

ces
(h
i ) ∞i=

0 ,
(h
′i ) ∞i=

1 ,
(x
i ) ∞i=

1
a
n

d
(x
′i ) ∞i=

1
sa

tisfyin
g
∑
∞i=

1 |h
i |
<
∞

a
n

d
∑
∞i=

1 |h
′i |
<
∞

.

P
ro

p
o
sitio

n
3
0

S
u

p
po

se
〈I
,C
,φ

0 ,φ
1 ,β〉

sa
tisfy

A
ssu

m
p
tio

n
A

1
.

T
h
en

P
C

L
I3

h
o
ld

s.

P
ro

o
f

T
h
rou

gh
ou

t
th

e
p
ro

of,
let

u
s

con
sid

er
a

fi
x
ed

in
itia

l
state

x
∈
I

.
R

ecall
th

e
n
otation

for
th

e
state

X
t (x

;s)
an

d
action

A
t (x

;s)
from

in
itial

state
x

u
n
d
er

th
e
s-th

resh
old

p
olicy

d
iscu

ssed
in

th
e
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ark

on
p
age

30.
A

lso
recall

a
lso

th
at

a
fu

n
ction

h
:R
→

R
is

cà
d

là
g

if
b

oth
lim

its
h

(s −
)

an
d
h

(s
+

)
ex

ist
an

d
h

(s)
=
h

(s
+

)
for

all
s∈

R
.

F
irst

w
e

u
se

in
d
u
ction

to
sh

ow
th

at
A
t (x

;s)
is

a
càd

làg
fu

n
ction

of
s

for
an

y
t∈

Z
+

.
In

th
e

b
ase

case,
w

e
h
av

e
X

0 (x
;s)

=
x

an
d
A

0 (x
;s)

=
1
x
>
s ,

w
h
ich

are
cà

d
làg

in
s.

N
ow

say
t≥

0
an

d
X
t (x

;s)
an

d
A
t (x

;s)
are

càd
làg

in
s.

T
h
en

,
φ
a (X

t (x
;s))

is
càd

làg
in
s

for
a
∈
{0
,1}

as
it

is
th

e
com

p
osition

of
a

co
n
tin

u
ou

s
fu

n
ction

an
d

a
càd

làg
fu

n
ction

.
T

h
u
s

X
t+

1 (x
;s)

=
A
t (x

;s)φ
1 (X

t (x
;s))

+
(1−

A
t (x

;s))φ
0 (X

t (x
;s))

is
càd

làg
in
s,

sin
ce
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m

s
an

d
p
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d
u
cts

of
càd

làg
fu

n
ction

s
are

càd
làg.

H
en

ce
s−

X
t+

1 (x
;s)

is
càd

làg
in
s.

N
otin

g
th

at
z
7→

1
z
<

0
is

càd
làg,

it
follow

s
th

at
th

e
com

p
osition

A
t+

1 (x
;s)

=
1
s−
X
t+

1
(x

;s)<
0

is
càd

làg
in
s,

com
p
letin

g
th

e
in

d
u
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.
A

lso,
n
ote

th
at
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s→
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∞
A
t (x

;s)
=

1,
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ce
u
n
d
er

A
ssu

m
p
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A
1,

th
e
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n
ever

less
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an
y
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<
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th

e
s-th
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p
olicy
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F
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t∈

Z
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let
D
t (x
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b

e
a
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u
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g

o
f

all
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e
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w

h
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A
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d
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u
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A
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A
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a
càd

làg
fu

n
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g
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,
w

ith
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s→
−
∞
A
t (x
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=

1,
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follow
s
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e
d
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n
ition

ofD
t (x

)
th

at

A
t (x

;s)
=

1
+

∑d∈D
t (x

) (A
t (x

;d
)−

A
t (x

;d −
))1

d≤
s ,

n
otin

g
th

at
th

is
su

m
is

fi
n
ite
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card

(D
t (x

))≤
p
(t)

for
som

e
p

oly
n
om

ial
p
(t)

b
y

T
h
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14.
N

ow
let

d
1 ,d
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b

e
th

e
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u
en

ce
gen
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b
y

fi
rst

con
caten

atin
g
D

0 (x
)

th
en
D

1 (x
)

th
en

D
2 (x

)
an

d
so

forth
,

th
en

d
ed

u
p
licatin

g
th

at
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u
en

ce
b
y
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clu

d
in

g
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e
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o
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d
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en
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S
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ce
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e
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u
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d
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k
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e
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n
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an
d

b
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A
t (x
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A
t (x
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0
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y
d
i
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e
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u
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w

h
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n
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t
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t (x
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s
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A
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=

1
+
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t (x
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A
t (x
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d
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.
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≤
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b
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p
in

g
s
7→
G

(x
,π
s
)

is
a

cà
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∞
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≥
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≥
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)
ju

st
d
er

iv
ed

gi
ve

s

G
(x
,π
s
)
−
G

(x
,π
s−
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−
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)

u
si

n
g

d
efi

n
it

io
n

of
th

e
m

ar
gi

n
al

re
so

u
rc

e
m

et
ri

c
g
(·,
·).

A
si

m
il
ar

ar
gu

m
en

t
sh

ow
s

th
at

th
e

m
ap

p
in

g
s
7→
F

(x
,π
s
)

fo
r

th
e

re
w

ar
d

m
et

ri
c

is
al

so
a

cà
d
là

g
ju

m
p

fu
n
ct

io
n

w
h
ic

h
ca

n
b

e
d
es

cr
ib

ed
in

te
rm

s
of

th
e

sa
m

e
se

q
u
en

ce
of

d
is

co
n
ti

n
u
it

ie
s

d
1
,d

2
,.
..

as
G

(x
,π
s
).

F
u
rt

h
er

m
or

e,
it

is
re

la
te

d
to

th
e

m
ar

gi
n
al

re
w

ar
d
f

(s
,s

)
th

ro
u
gh

F
(x
,π
s
)
−
F

(x
,π
s−

)
=
−

β
τ 1

1
−
β
τ
f

(s
,s

).

R
ec

al
li
n
g

th
at
m
∗ (
s)

=
f

(s
,s

)/
g
(s
,s

)
gi

v
es

F
(x
,π
s
)
−
F

(x
,π
s−

)
=
m
∗ (
s)

(G
(x
,π
s
)
−
G

(x
,π
s−

))
.
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D
a
n
c
e
a
n
d

S
il
a
n
d
e
r

A
s
F

(x
,π
s
),
G

(x
,π
s
)

ar
e

cà
d
là

g
ju

m
p

fu
n
ct

io
n
s

of
s,

th
e

L
eb

es
gu

e-
S
ti

el
tj

es
in

te
g
ra

l
o
f

th
is

ex
p
re

ss
io

n
ov

er
an

y
in

te
rv

al
(s

1
,s

2
]

of
R

is

F
(x
,π
s 2

)
−
F

(x
,π
s 1

)
=

∫ (s
1
,s

2
]
m
∗ (
s)
d
G

(x
,π
d
s
).

T
h
er

ef
or

e
P

C
L

I3
h
ol

d
s.

In
th

e
ab

ov
e

p
ro

of
,

th
e

ex
p
re

ss
io

n
s

fo
r

th
e

ju
m

p
s
G

(x
,π
s
)
−
G

(x
,π
s−

)
a
n
d
F

(x
,π
s
)
−

F
(x
,π
s−

)
fi
t

w
it

h
a

ge
n
er

al
p
at

te
rn

fo
r

su
ch

ju
m

p
s

gi
ve

n
in

L
em

m
a

7.
5

o
f

N
iñ

o
-M

o
ra

(2
01

5)
.

A
ls

o,
S
ec

ti
on

7.
1

of
th

at
p
ap

er
sh

ow
s

th
at

th
e

m
et

ri
cs
F

(x
,π
s
)

an
d
G

(x
,π
s
)

ar
e

cà
d
là

g
fu

n
ct

io
n
s

of
th

e
th

re
sh

ol
d
s.

H
ow

ev
er

,
w

h
il
e

A
p
p

en
d
ix

B
of

th
at

p
ap

er
a
ls

o
p
re

se
n
ts

su
ffi

ci
en

t
co

n
d
it

io
n
s

fo
r

P
C

L
I3

to
h
ol

d
,

w
e

w
er

e
u
n
ab

le
to

ap
p
ly

th
os

e
co

n
d
it

io
n
s

to
th

e
m

o
d
el

at
h
an

d
.

3
.5

.
P

ro
o
f

o
f

T
h

e
o
re

m
1

P
ro

o
f

F
ir

st
w

e
sh

ow
th

at
th

e
sy

st
em

co
n
si

d
er

ed
in

T
h
eo

re
m

1
ca

n
b

e
se

en
a
s

a
p
ro

je
ct

in
th

e
se

n
se

of
T

h
eo

re
m

15
,

ex
ce

p
t

th
at

th
e

fo
rm

er
sy

st
em

m
ay

h
av

e
a

st
at

e
sp

a
ce

o
f

th
e

fo
rm

(0
,∞

)
w

h
ic

h
is

n
ot

ex
p
li
ci

tl
y

ad
d
re

ss
ed

b
y

th
e

ve
ri

fi
ca

ti
on

th
eo

re
m

(S
te

p
1
).

S
o
,

w
e

th
en

d
em

on
st

ra
te

th
at

th
is

ch
oi

ce
of

in
te

rv
al

is
in

fa
ct

im
p
li
ci

tl
y

ad
d
re

ss
ed

b
y

th
e

v
er

ifi
ca

ti
o
n

th
eo

re
m

(S
te

p
2)

.
F

in
al

ly
,

w
e

re
ca

ll
th

at
th

e
P

C
L

I
co

n
d
it

io
n
s

an
d

A
3

h
ol

d
(S

te
p

3
)

a
n
d

ex
p
la

in
th

e
ch

ar
ac

te
ri

sa
ti

on
of

th
e

op
ti

m
al

th
re

sh
ol

d
s

(S
te

p
4)

.

S
te

p
1
.

T
h
e

sy
st

em
gi

ve
n

b
y
I,
C

(·)
,φ

0
(·)
,φ

1
(·)

an
d

fa
ct

or
β

th
at

is
ad

d
re

ss
ed

in
T

h
e-

or
em

1
is

a
p
ro

je
ct
P

=
〈X
,r
,c
,Q

,β
〉

w
it

h
th

e
sa

m
e

d
is

co
u
n
t

fa
ct

or
β

,
w

it
h
X

=
I,

r(
x
,a

)
=
−
C

(x
),
c(
x
,a

)
=
a

an
d

a
tr

an
si

ti
on

la
w

co
rr

es
p

on
d
in

g
to

d
et

er
m

in
is

ti
c

tr
a
n
si

ti
o
n
s

Q
(B
|x
,a

)
=

1
φ
a
(x

)∈
B

fo
r

ea
ch

B
or

el
su

b
se

t
B

of
X

,
fo

r
al

l
x
∈
X

an
d
a
∈
{0
,1
}.

S
te

p
2
.

A
ss

u
m

p
ti

on
A

1
al

lo
w

s
th

e
in

te
rv

al
I

=
[0
,∞

),
w

h
ic

h
ex

p
li
ci

tl
y

m
a
tc

h
es

th
e

a
s-

su
m

p
ti

on
s

of
T

h
eo

re
m

15
.

T
h
e

in
te

rv
al
I

=
(0
,∞

)
is

al
so

al
lo

w
ed

b
y

A
1.

If
A

ss
u
m

p
ti

o
n

A
3

an
d

th
e

P
C

L
I

co
n
d
it

io
n
s

ar
e

sa
ti

sfi
ed

fo
r

a
p
ro

je
ct
P

=
〈X
,r
,c
,Q

,β
〉

w
it

h
st

a
te

sp
a
ce

X
=

(0
,∞

)
th

en
th

ey
ar

e
al

so
sa

ti
sfi

ed
b
y

th
e

eq
u
iv

al
en

t
p
ro

je
ct
P̃

=
〈X̃
,r̃
,c̃
,Q̃

,β
〉a

ft
er

th
e

ch
an

ge
of

co
or

d
in

at
es
x̃

:=
lo

g
(x

).
N

ow
p
ro

je
ct
P̃

h
as

st
at

e
sp

ac
e
X̃

:=
(−
∞
,∞

),
so

th
e

co
n
cl

u
si

on
s

of
T

h
eo

re
m

15
ap

p
ly

to
p
ro

je
ct
P̃

an
d

th
er

ef
or

e
to

p
ro

je
ct
P

.
(T

o
se

e
th

is
,

n
ot

e
th

at
co

n
ti

n
u
it

y
of

r̃(
x̃
,a

)
=

r(
ex

p
(x̃

),
a
),
c̃(
x̃
,a

)
=

c(
ex

p
(x̃

),
a
)

fo
ll
ow

s
fr

om
co

n
ti

n
u
it

y
of

ex
p
(·)
,r

(·,
a
)

an
d
c(
·,a

).
A

ls
o,

fo
r

an
y

B
or

el
se

t
B̃

w
e

h
av

e
Q̃

(B̃
|x̃
,a

)
=

Q
({

ex
p
(ỹ

)
:
ỹ
∈
B̃}
|e

x
p
(x̃

),
a
)

an
d

th
is

is
a

va
li
d

tr
an

si
ti

on
la

w
si

n
ce

th
e

m
ap

p
in

g
x
7→

lo
g
(x

)
is

on
e-

to
-o

n
e.

F
u
rt

h
er

,
if

th
e

w
ei

gh
t

fu
n
ct

io
n
w

(·)
sa

ti
sfi

es
A

3
fo

r
P

th
en

w̃
(x̃

)
:=

w
(e

x
p
(x̃

))
sa

ti
sfi

es
A

3
fo

r
P̃

.
F

in
al

ly
,

fo
r

a
th

re
sh

ol
d

p
o
li
cy

π
s
(x

)
=

1 x
>
s

co
n
si

d
er

th
e

th
re

sh
ol

d
p

ol
ic

y
π̃
s̃
(x̃

)
:=

1
x̃
>
s̃

w
h
er

e
s̃

:=
lo

g
(s

).
T

h
en

th
e

m
et

ri
cs

F̃
(·,
·),
G̃

(·,
·),
f̃

(·,
·),
g̃
(·,
·)

fo
r
P̃

an
d
F

(·,
·),
G

(·,
·),
f

(·,
·),
g
(·,
·)

fo
r
P

sa
ti

sf
y

F̃
(x̃
,〈
a
,π̃
s̃
〉)

=
F

(e
x
p
(x̃

),
〈a
,π
s
〉)
,

G̃
(x̃
,〈
a
,π̃
s̃
〉)

=
G

(e
x
p
(x̃

),
〈a
,π
s
〉)
,

f̃
(x̃
,s̃

)
=
f

(e
x
p
(x̃

),
ex

p
(s̃

))
,

g̃
(x̃
,s̃

)
=
g
(e

x
p
(x̃

),
ex

p
(s̃

))
.

A
s

ex
p
(·)

is
in

cr
ea

si
n
g

an
d

co
n
ti

n
u
ou

s,
an

d
as

th
e

P
C

L
I

co
n
d
it

io
n
s

h
ol

d
fo

r
P

,
it

fo
ll
ow

s
th

at
th

e
P

C
L

I
co

n
d
it

io
n
s

h
ol

d
fo

r
P̃

.)
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O
p
t
im

a
l
P
o
l
ic
ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

S
te

p
3
.

C
lea

rly
th

e
assu

m
p
tion

s
ab

ou
t
C

an
d
w

in
A

1
im

p
ly

th
at

A
3

h
old

s.
F

u
rth

erm
ore,

th
e

P
C

L
I

co
n
d
ition

s
h
old

b
y

P
rop

osition
s

1
8,

21,
27,

28
an

d
30.

T
h
u
s

it
follow

s
from

T
h
eo

rem
1
5

th
at

th
e

fam
ily

of
λ

-p
rice

p
rob

lem
s

in
eq

u
ation

(9)
is

in
d
ex

ab
le,

th
at

th
e

W
h
ittle

in
d
ex

h
as

th
e

form
claim

ed
an

d
th

at
a

th
resh

old
p

olicy
is

op
tim

al.

S
te

p
4
.

S
ay

λ
∗(s)

=
λ

.
If
x
<
s

th
en

λ
∗(x

)≤
λ

,
as
λ
∗(·)

is
n
on

-d
ecreasin

g
b
y

P
C

L
I2.

Y
et

if
λ
∗(x

)≤
λ

th
en

action
0

is
op

tim
al,

b
y

th
e

d
efi

n
ition

of
in

d
ex

ab
ility

(D
efi

n
ition

3
).

A
sim

ila
r

a
rg

u
m

en
t

sh
ow

s
th

at
action

1
is

op
tim

al
for

x
>
s.

A
lso,

in
d
ex

ab
ility

sh
ow

s
th

at
b

o
th

a
ctio

n
s

0
a
n
d

1
are

op
tim

al
at
s.

T
h
erefore

p
o
licies

1
X
t >
s

an
d

1
X
t ≥
s

are
b

oth
op

tim
al.

If
λ
∗(s)

>
λ

for
all

s
∈
I

th
en

action
0

is
n
ever

op
tim

al,
b
y

d
efi

n
itio

n
of

in
d
ex

ab
ility.

T
h
erefo

re
th

e
alw

ay
s-active

p
olicy

is
th

e
u
n
iq

u
e

op
tim

al
p

olicy.
T

h
e

argu
m

en
t

w
h
en
λ
∗(s)

<
λ

fo
r

a
ll
s∈
I

is
sim

ilar.
T

h
is

co
m

p
letes

th
e

p
ro

of.

3
.6

.
P

ro
o
f

o
f

C
o
ro

lla
ry

2

P
ro

o
f

A
s
E

[Z
2t |H

t ]
=
z

2t
+
v
t ,

it
is

n
ot

h
ard

to
see

th
at

th
e

p
rob

lem
co

rresp
on

d
s

to
th

e
d
y
n
a
m

ic
p
ro

g
ra

m

V
(z
t ,v

t )
=

m
in

u
t ∈

R
,a
t ∈{

0
,1} {

D
z

2t
+
D
v
t
+
F
u

2t
+
λ
a
t
+
βE

[V
(z
t+

1 ,v
t+

1 )|z
t ,v

t ,a
t ,u

t ] }
(35)

w
h
ere

th
e

ex
p

ectation
is

over
th

e
follow

in
g

M
arkov

ian
tran

sition
s

of
th

e
in

form
a
tion

state:

z
t+

1 |z
t ,v

t ,a
t ,u

t ∼
N

(Ā
z
t
+
B̄
u
t ,Ā

2v
t
+

Σ
Z
−

Φ
a
t (v

t ))

v
t+

1 |z
t ,v

t ,a
t ,u

t
=

Φ
a
t (v

t ).

F
o
r

tria
l

so
lu

tio
n
s

of
th

e
form

V
(z
,v

)
=
R
z

2
+
R
v

+
g
(v

),
w

h
ere

R
∈
R

an
d
g

:R
+
→

R
are

to
b

e
d
eterm

in
ed

,
th

e
ex

p
ectation

in
(35)

is

E
[V

(z
t+

1 ,v
t+

1 )|z
t ,v

t ,a
t ,u

t ]

=
R

((Ā
z
t+

1
+
B̄
u
t )

2
+
Ā

2v
t
+

Σ
Z
−

Φ
a
t (v

t )
+

Φ
a
t (v

t ))
+
g
(Φ

a
t (v

t )).

T
h
u
s

(3
5
)

is
solved

if

R
z

2t
+
R
v
t
+
g
(v
t )

=
m

in
u
t ∈

R {
D
z

2t
+
F
u

2t
+
β
R

(Ā
z
t+

1
+
B̄
u
t )

2 }

+
m

in
a
t ∈{

0
,1} {

λ
a
t
+
β
R

Σ
Z

+
(D

+
β
R
Ā

2)v
t
+
β
g
(Φ

a
t (v

t )) }
.

(3
6)

N
ow

th
e

m
in

im
u
m

w
ith

resp
ect

to
u
t

is
ach

ieved
if

th
e

co
effi

cien
t

(F
+
β
B̄

2R
)

of
u

2t
is

p
o
sitive,

in
w

h
ich

case
th

e
m

in
im

iser
is

u
t

=
−

β
Ā
B̄
R

F
+
β
B̄

2R
z
t .

47
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L
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D
a
n
c
e
a
n
d

S
il
a
n
d
e
r

S
o

(36)
is

solved
if
R

satisfi
es

R
=
D

+
F

(
β
Ā
B̄
R

F
+
β
B̄

2R

)
2

+
β
R

(
Ā
−
B̄

β
Ā
B̄
R

F
+
β
B̄

2R

)
2

an
d

if
g
(·)

satisfi
es

th
e

d
y
n
am

ic
p
rogram

g
(v

)
=

m
in

a∈{
0
,1} {

λ
a

+
β
R

Σ
Z

+
α
v

+
β
g
(Φ

a (v
)) }

(37)

w
h
ere

α
:=

D
−

(1−
β
Ā

2)R
.

A
fter

sim
p
le

algeb
ra,

th
e

con
d
ition

on
R

is
eq

u
ivalen

t
to

th
e

q
u
ad

ratic
eq

u
ation

−
β
B̄

2R
2

+
(β
B̄

2D
+
β
Ā

2F
−
F

)R
+
D
F

=
0.

U
sin

g
D

escartes’
ru

le
of

sign
s

an
d

con
sid

erin
g

th
e

cases
F

=
0

an
d
F
>

0
sep

arately,
w

e
see

th
at

th
is

eq
u
a
tion

h
as

a
u
n
iq

u
e

p
ositive

ro
ot

for
β
B̄

2
>

0
an

d
D
>

0.
T

o
ap

p
ly

T
h
eorem

1
to

th
e

d
y
n
am

ic
p
rogram

for
g
(·)

w
e

m
u
st

en
su

re
th

at
A

ssu
m

p
-

tion
A

1
h
old

s,
w

h
ich

is
n
ot

h
ard

to
see

p
rov

id
ed

th
at
α
≥

0.
N

otin
g

th
at
m

:=
1−
β
Ā

2
>

0
b
y

th
e

h
y
p

oth
eses

ab
ou

t
Ā
,β

,
w

e
see

th
at
α
≥

0
if
R
≤
D
/m

.
B

u
t,

su
b
stitu
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p
re

ss
io

n
in

T
h
eo

re
m

1
fo

r
th

e
in

d
ex

λ
∗ (
x

)
co

rr
es

p
on

d
to

a
C

h
ri

st
off

el
w

or
d

of
le

n
gt

h
n

.
B

y
(1

2)
th

e
d
en

om
in

at
or

of
th

e
in

d
ex

is

li
m

β
→

1

1
−
β

1
−
β
n

=
1 n
.

L
et
X
a
,∞
t

:=
li
m
k
→
∞
X
k
n

+
t(
x
,a

;x
).

N
ow

,
as
C

(·)
is

co
n
ti

n
u
ou

s
b
y

A
ss

u
m

p
ti

o
n

A
1
,

w
e

h
av

e

li
m

k
→
∞
C

(X
k
n

+
t(
x
,a

;x
))

=
C

(
li
m

k
→
∞
C

(X
k
n

+
t(
x
,a

;x
))

=
C

(X
a
,∞
t

).
(3

9
)

T
h
u
s,

p
u
tt

in
g

∆
t

:=
C

(X
1
,∞
t

)
−
C

(X
0
,∞
t

),
th

e
n
u
m

er
at

or
of

in
d
ex

h
as

th
e

li
m

it

li
m

β
→

1

∞ ∑ t=
0

β
t
(C

(X
t(
x
,0

;x
))
−
C

(X
t(
x
,1

;x
))

)
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p
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l
P
o
l
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ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

=
∞∑t=

0

(C
(X

t (x
,0;x

))−
C

(X
t (x
,1;x

))
+

∆
t ))

︸
︷︷

︸
=

:T
1

−
lim
β→

1

∞∑k
=

0

β
k
n
n−

1
∑t=

0

β
t∆

t

=
T

1 −
lim
β→

1 ∑
n−

1
t=

0
β
t∆

t

1−
β
n

=
T

1
+

1n

n−
1

∑t=
0

t∆
t

h
av

in
g

a
p
p
lied

L
’H

ôp
ital’s

ru
le.

N
ow

(39)
sh

ow
s

th
at

th
e

seq
u
en

ces
C

(X
t (x
,a

;x
))−

C
(X

a
,∞
t

)
a
p
p

earin
g

in
su

m
T

1
con

verge
to

zero.
T

h
is

su
ggests

th
e

ap
p
rox

im
ation

X
a
,∞
k
n

+
t ≈

X
T
n−

n
+
t (x
,a

;x
)

(a
∈
{0,1}

,k
∈
Z

+
,t

=
0,1,...,n

−
1)

fo
r

a
su

ita
b
ly

large
p

ositive
in

teger
T

.
T

h
is

also
su

ggests
ap

p
rox

im
atin

g
th

e
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rst

su
m

b
y

tru
n
ca

tin
g

it
after

T
n

term
s.

W
h
ile
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e
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erary

for
x

m
igh

t
h
av

e
a

very
large

an
d

p
os-

sib
ly

in
fi
n
ite

p
erio

d
n

,
w

e
d
id

n
ot

en
cou

n
ter

su
ch

situ
ation

s
w

h
en

tab
u
latin

g
th

e
in

d
ex

.
If

th
is

w
ere

a
n

issu
e,

it
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p
ossib

le
to

fi
n
d

a
go

o
d

ration
al

ap
p
rox

im
ation

to
th

e
rate

of
th

e
x

-th
resh

o
ld

itin
erary

from
in

itial
state

x
,

fo
r

in
stan

ce
as

in
D

an
ce

an
d

S
ilan

d
er

(2015).
T

o
su

m
m

a
rise,

g
iven

an
ap

p
rop

riate
ch

oice
of
n

an
d
T

,
th

e
d
iscu

ssion
ab

ove
su

ggests
ap

p
rox

i-
m

a
tin

g
th

e
in

d
ex

b
y

λ̂
(x

)
:=

n
T−

1
∑k

=
0

n−
1

∑t=
0 (
C̃

0kn
+
t −

C̃
0T
n−

n
+
t −

C̃
1kn

+
t
+
C̃

1T
n−

n
+
t )

+
n−

1
∑t=

0

t (
C̃

1T
n−

n
+
t −

C̃
0T
n−

n
+
t )

w
h
ere

C̃
ak

:=
C

(X
t (x
,a

;x
))

for
k
∈
Z

+
an

d
a
∈
{0
,1}.

4
.3

.
C

lo
se

d
F
o
rm

E
x
p

re
ssio

n
s

a
n

d
G

ra
p

h
s

W
e

a
n
a
ly

se
th

e
b

eh
av

iou
r

of
th

e
in

d
ex

as
th

e
cost

fu
n
ction

C
(·)

an
d

p
aram

eters
β
,r,θ

0 ,θ
1

vary.G
iven

n
o
ise

free
ob

servation
s

for
action

a
=

1
an

d
totally

u
n
in

form
a
tive

ob
servation

s
fo

r
a
ctio

n
a

=
0
,

it
is

easy
to

fi
n
d

a
closed

form
for

th
e

in
d
ex

.

P
ro

p
o
sitio

n
3
1

S
u

p
po

se
th

e
co

st
fu

n
ctio

n
is
C

(x
)

=
x

a
n

d
th

e
p
recisio

n
θ

0
=

0.
T

h
en

lim
θ
1 →
∞
λ
∗(x

)
=

1−
β
n

+
1

1−
β

(
rx

+
1−

β

1−
β
n

+
1 (

1−
(β
r)
n

1−
β
r
−
β
n

1−
r
n

1−
r

))
,

fo
r

a
ll
β
∈

[0,1),
r∈

[0,1)
a
n

d
x
∈

[0,1/
(1−

r)),
w

h
ere

n
:=
⌈

lo
g
(1−

(1−
r
)x

)
lo

g
r

⌉
.

T
h
u

s

lim
β→

1
lim
r→

1
lim
θ
1 →
∞
λ
∗(x

)
=
dx

+
1e (

x
+

1−
dxe2

)
=

∫
x

+
1

0
due

d
u
,

fo
r

a
ll
x
∈
R

+
.
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B
eh

av
iou

r
of

th
e

in
d
ex

.
T

h
e

in
d
ex

as
a

fu
n
ction

of
th

e
d
iscou

n
t

factor
β

(to
p
-left)

an
d

th
e

resid
u
al

after
fi
ttin

g
a

cu
b
ic

to
th

is
cu

rve
in

th
e

case
β

=
1

(to
p
-righ

t).
T

h
e

in
d
ex

,
n
orm

alised
b
y
λ
∗(50),

as
th

e
cost

fu
n
ction

C
(x

),
th

e
m

u
ltip

lier
r

an
d

th
e

ob
servation

p
recision

s
θ

0
an

d
θ

1
are

varied
(o

th
er

p
lo

ts).
In

all
p
lots,

all
p
aram

eters
(or

fu
n
ction

)
oth

er
th

an
th

at
varied

are
set

to
β

=
0.99,

C
(x

)
=

x
,
φ

0 (x
)

=
1
/
(θ

0 +
1/

(rx
+

1))
an

d
φ

1 (x
)

=
1/

(θ
1 +

1/
(rx

+
1)),

w
ith

θ
0

=
0,
θ

1
=

1
an

d
r

=
1.
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P
ro

o
f

A
s

li
m
θ 1
→
∞
φ

1
(x

)
=

0,
th

e
or

b
it

s
in

vo
lv

e
th

e
se

q
u
en

ce
0,

1
,r

+
1,
r2

+
r
+

1,
..
.,
rn
−

1
+

··
·+

r
+

1,
w

h
er

e
n

is
th

e
le

as
t

in
te

ge
r

fo
r

w
h
ic

h
rn
−

1
+
··
·+

r
+

1
≥
x

.
T

h
e

re
su

lt
th

en
fo

ll
ow

s
fr

om
th

e
d
efi

n
it

io
n

of
th

e
in

d
ex

,
u
si

n
g

w
el

l-
k
n
ow

n
su

m
m

at
io

n
fo

rm
u
la

e.

O
th

er
cl

os
ed

fo
rm

s
ex

is
t,

fo
r

in
st

an
ce

in
th

e
li
m

it
β
→

0,
or

w
h
en

ev
er

th
e

co
st

is
a

p
ol

y
n
om

ia
l

fu
n
ct

io
n

of
x

or
w

h
en

ev
er

th
e

p
ro

ce
ss

te
n
d
s

to
th

e
co

n
ti

n
u
ou

s-
ti

m
e

p
ro

ce
ss

an
al

y
se

d
in

L
e

N
y

et
al

.
(2

01
1)

.
H

ow
ev

er
,

th
e

u
se

fu
ln

es
s

of
th

e
ab

ov
e

p
ro

p
os

it
io

n
to

p
ro

v
id

e
p
ra

ct
ic

al
ap

p
ro

x
im

at
io

n
s

in
ci

rc
u
m

st
a
n
ce

s
w

h
er

e
ob

se
rv

at
io

n
s

ar
e

n
ot

p
er

fe
ct

ly
p
re

ci
se

,
so

th
at
θ 1
<
∞

,
is

li
m

it
ed

.
F

or
in

st
an

ce
,

if
C

(x
)

=
x
,β
→

1,
r

=
1,
θ 0

=
0

an
d
θ 1

=
4,

th
en

w
e

h
av

e

λ
∗ (

0.
2)

=
1
.0

1
··
·,

∫
1
.2

0
du
e
d
u

=
1.

4

w
h
ic

h
co

rr
es

p
on

d
s

to
a

re
la

ti
ve

er
ro

r
of

ov
er

38
%

.
T

h
er

ef
or

e,
F

ig
u
re

7
gr

ap
h
s

th
e

in
d
ex

u
si

n
g

th
e

al
go

ri
th

m
s

of
th

e
p
re

v
io

u
s

su
b
se

ct
io

n
.

L
o
ok

in
g

at
th

es
e

gr
ap

h
s,

on
e

n
ot

ic
es

th
at

th
e

in
d
ex

is
in

cr
ea

si
n
g

in
al

l-
b
u
t-

on
e

of
th

e
ca

se
s

sh
ow

n
:

in
d
ee

d
C

(x
)

=
−
x
−

3
/
2

is
n

o
t

co
ve

re
d

b
y

A
ss

u
m

p
ti

on
A

1.
A

ls
o,

th
e

in
d
ex

h
as

cu
sp

s
at

th
e

fi
x
ed

p
oi

n
t
x

=
φ

0
(x

)
w

h
ic

h
ar

e
cl

ea
rl

y
v
is

ib
le

as
θ 0

an
d
r

va
ry

.
F

in
al

ly
,

th
e

in
d
ex

b
ec

om
es

in
cr

ea
si

n
gl

y
se

rr
at

ed
as
β
→

1
an

d
θ 1
→

0.
O

n
e

w
ou

ld
an

ti
ci

p
at

e
su

ch
se

rr
a
ti

on
s

on
th

e
b
as

is
of

th
e

ab
ov

e
p
ro

p
os

it
io

n
as

∫
x

+
1

0
du
e
d
u
−

1 2
(x

+
1)

(x
+

2)
=

1 2
(d
x
e−

x
)(
x
−
bx
c)

an
d

th
ey

ar
e

v
is

ib
le

in
th

e
p
lo

t
of

th
e

re
si

d
u
al

af
te

r
su

b
tr

ac
ti

n
g

a
cu

b
ic

fi
t,

fo
r
θ 1

=
1

an
d

β
→

1.
H

ow
ev

er
,

in
ge

n
er

al
,

th
e

se
rr

at
io

n
s

h
av

e
a

co
m

p
le

x
n
on

-p
er

io
d
ic

p
at

te
rn

a
n
d

gi
ve

a
sl

ig
h
tl

y
ra

gg
ed

ap
p

ea
ra

n
ce

to
th

e
p
lo

t
w

it
h
θ 1

=
0.

01
.

4
.4

.
P

e
rf

o
rm

a
n
c
e

R
e
la

ti
v
e

to
H

e
u

ri
st

ic
P

o
li
c
ie

s

T
w

o
h
eu

ri
st

ic
p
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ie
s

h
av

e
b

ee
n

co
m

m
on

ly
u
se

d
fo

r
th

e
p
ro

b
le

m
of

m
u
lt

i-
se

n
so

r
sc

h
ed

u
li
n
g.

T
h
e

m
yo

p
ic

p
ol

ic
y

ob
se

rv
es

th
e
m

ti
m

e
se

ri
es

w
it

h
th

e
h
ig

h
es

t
cu

rr
en

t
co

st
C
i(
x
i,
t)

an
d

h
as

b
ee

n
u
se

d
in

ra
d
ar

sy
st

em
s

(M
o
ra

n
et

al
.,

20
08

).
M

ea
n
w

h
il
e,

th
e

ro
u

n
d

ro
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n
p

ol
ic

y
ch

o
os

es
an

or
d
er

in
g

of
th

e
n

p
ro

je
ct

s
an

d
ob

se
rv
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th

e
n
ex

t
m

p
ro

je
ct

s,
ac

co
rd

in
g

to
th

is
or

d
er

in
g,

at
ea

ch
ti

m
e.
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8
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m
p
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th

e
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st
s

in
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rr
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b
y
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e
h
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ri
st
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s

in
a
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m

p
le

sc
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in
w

h
ic

h
u
n
ce
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n
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ab
ou

t
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e
of

th
e

p
ro

je
ct

s
is

m
or

e
ex

p
en

si
v
e

th
an

fo
r

th
e

ot
h
er

p
ro

je
ct

s.
In

d
et

ai
l,

th
er

e
ar

e
n

=
10

p
ro

je
ct

s,
th

e
n
u
m

b
er

of
ob

se
rv

at
io

n
s

p
er

ro
u
n
d

is
m

=
1,

th
e

co
st

at
ti

m
e
t

is
40
x

1
,t

+
∑

n i=
2
x
i,
t,

an
d

th
e

in
it

ia
l

va
ri

a
n
ce

is
x
i,

0
=

4
fo

r
al

l
p
ro

je
ct

s.
T

h
e

d
is

co
u
n
t
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ct

or
is
β

=
0
.9

9
an

d
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e
“t

ot
al

co
st

”
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r
a
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n
m
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h
o
d
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m
p
u
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d
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∑
1
9
9

t=
0
β
t (

40
x

1
,t

+
∑

n i=
2
x
i,
t)

.
T

h
e

p
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s
h
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e
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e
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m
e

m
ap

-w
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h
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-g
ap
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n
b
y
φ

0
(x

)
=

x
+

1
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d
φ

1
(x

)
=

1/
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.1

+
1/

(x
+

1)
).
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p
ic

p
ol

ic
y

is
ov
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p
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1
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so
a
t

th
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p
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d
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b
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b
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=
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m

et
ri

c
ar

gu
m

en
t

h
ol

d
s

if
x
∈

(y
1
,y

0
].

T
h
is

co
m

p
le

te
s

th
e

p
ro

o
f.

L
e
m

m
a

5
9

S
u

p
po

se
φ

0
,φ

1
sa

ti
sf

y
A

2
,

th
a
t
z
∈

(y
1
,y

0
)

a
n

d
le

t
f

(x
)

:=
φ
1
x
≥
z
(x

)
fo

r
x
∈
I.

T
h
en

f
is

a
lo

ca
ll

y-
gr

o
w

in
g

re
la

xa
ti

o
n

fu
n

ct
io

n
w

it
h

th
re

sh
o
ld
z
.

P
ro

o
f

B
y

d
efi

n
it

io
n
f

(z
−

)
=
φ

0
(z
−

)
=
φ

0
(z

),
as

φ
0

is
co

n
ti

n
u
ou

s
b
y

L
em

m
a

3
2.

A
ls

o
f

(z
)

=
φ

1
(z

),
f

(f
(z
−

))
=

φ
0
1
(z

)
an

d
f

(f
(z

))
=

φ
1
0
(z

).
S
o

th
e

co
n
d
it

io
n
s

d
efi

n
in

g
a

lo
ca

ll
y
-g

ro
w

in
g

re
la

x
at

io
n

fu
n
ct

io
n

re
ad

as
fo

ll
ow

s:

1.
φ

1
(z

)
<
z
<
φ

0
(z

)
<
∞

,
w

h
ic

h
is

tr
u
e

fo
r
z
∈

(y
1
,y

0
)

b
y

L
em

m
a

3
3

2.
φ

0
1
(z

)
<
φ

1
0
(z

),
w

h
ic

h
is

th
e

re
su

lt
of

L
em

m
a

58

3.
φ

0
(x

)
is

in
cr

ea
si

n
g

fo
r
x
∈

[φ
1
(z

),
z
),

w
h
ic

h
h
ol

d
s

b
y

A
2

4.
φ

1
(x

)
is

in
cr

ea
si

n
g

fo
r
x
∈

[z
,φ

0
(z

))
,

w
h
ic

h
h
o
ld

s
b
y

A
2.

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
.

T
h
e

fo
ll
ow

in
g

d
efi

n
it

io
n

is
d
u
e

to
M

or
se

an
d

H
ed

lu
n
d

(1
94

0)
.

D
e
fi

n
it

io
n

6
0

A
n

w
o
rd
w

is
1
-b

a
la

n
ce

d
if

||
u
| 1
−
|v
| 1|
≤

1

fo
r

a
ll

fa
ct

o
rs
u
,v

o
f
w

w
it

h
|u
|=
|v
|.

T
h
e

n
ex

t
tw

o
L

em
m

as
u
se

an
ar

gu
m

en
t

fr
o
m

K
oz

ya
k
in

(2
00

3)
to

sh
ow

th
at

th
e

it
in

er
ar

ie
s

of
a

lo
ca

ll
y
-g

ro
w

in
g

re
la

x
at

io
n

fu
n
ct

io
n

ar
e

1
-b

al
an

ce
d
.

W
e

d
en

ot
e

th
e

fr
ac

ti
on

a
l

p
ar

t
of

a
re

al
n
u
m

b
er
x

b
y
{x
}

:=
x
−
bx
c.
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D
a
n
c
e
a
n
d

S
il
a
n
d
e
r

L
e
m

m
a

6
1

S
u

p
po

se
f

is
a

lo
ca

ll
y-

gr
o
w

in
g

re
la

xa
ti

o
n

fu
n

ct
io

n
w

it
h

th
re

sh
o
ld
z
.

L
et

F
(x

)
:=

f
(t
{x
}−

t1
{x
}∈

[α
,1

)
+
z
)
−
z

t
+
bx
c+

1
fo

r
x
∈
R

w
h
er

e
t

:=
f

(z
−

)
−
f

(z
)

a
n

d
α

:=
(f

(z
−

)
−
z
)/
t.

T
h
en

F
1
.
F

(0
)
∈

[0
,1

)

F
2
.
F

(x
+

1)
=
F

(x
)

+
1

fo
r

a
ll
x
∈
R

F
3
.
F

is
in

cr
ea

si
n

g

F
4
.

T
h
e

it
in

er
a
ri

es
o
f
f

a
n

d
F

a
gr

ee
in

th
e

se
n

se
th

a
t

f
(n
−

1
) (x

)
≥
z
⇔

{ F
(n
−

1
)

(
x
−
z

t

)}
∈

[0
,F

(0
))

fo
r

a
ll
n
∈
Z +

+
a
n

d
a
ll
x
∈

[f
(z

),
f

(z
−

))
.

P
ro

o
f

F
ir

st
,

n
ot

e
th

at
th

e
fu

n
ct

io
n
F

is
w

el
l-

d
efi

n
ed

as
f

(z
)
∈
R

an
d
f

(z
)
<
z
<
f

(z
−

)
<

∞
so

th
at
t
∈
R

+
+

an
d

α
=

f
(z
−

)
−
z

f
(z
−

)
−
f

(z
)
∈

(0
,1

).
(4

3
)

It
is

ea
sy

to
se

e
th

at
F

1
an

d
F

2
h
ol

d
.

In
d
ee

d

F
(0

)
=
f

(z
)
−
z

t
+

1
=
f

(z
)
−
z

+
f

(z
−

)
−
f

(z
)

f
(z
−

)
−
f

(z
)

=
α
∈

(0
,1

)

an
d

as
th

e
ra

ti
o

in
th

e
d
efi

n
it

io
n

of
F

(x
)

on
ly

d
ep

en
d
s

on
{x
},

w
e

h
av

e

F
(x

+
1)
−
F

(x
)

=
bx

+
1
c−
bx
c=

1
fo

r
x
∈
R

.
(4

4)

N
ow

w
e

sh
ow

th
at

F
3

h
ol

d
s.

•
If
x
∈

[0
,α

)
th

en
tx

+
z
∈

[z
,f

(z
))

.
B

u
t
f

(·)
is

in
cr

ea
si

n
g

on
[z
,f

(z
))

a
n
d
t
∈
R

+
+

.
It

fo
ll
ow

s
th

at
F

(x
)

=
(f

(t
x

+
z
)
−
z
)/
t

is
in

cr
ea

si
n
g

fo
r
x
∈

[0
,α

).

•
A

s
f

(f
(z
−

))
≤
f

(f
(z

))
an

d
f

is
in

cr
ea

si
n
g

on
[z
,f

(z
−

))
,

it
fo

ll
ow

s
th

a
t

F
(α
−

)
=

li
m
x
↑f

(x
−

)
f

(u
)
−
z

t
+

1
≤
f

(f
(z
−

))
−
z

t
+

1
≤
f

(f
(z

))
−
z

t
+

1
=
F

(α
).

•
If
x
∈

[α
,1

)
th

en
tx
−
t

+
z
∈

[f
(z
−

),
z
).

B
u
t
f

(·)
is

in
cr

ea
si

n
g

on
[f

(z
−

),
z
)

a
n
d

t
∈
R

+
+

.
It

fo
ll
ow

s
th

at
F

(x
)

=
(f

(t
x
−
t

+
z
)
−
z
)/
t

is
in

cr
ea

si
n
g

fo
r
x
∈

[α
,1

).

•
T

h
e

d
efi

n
it

io
n

of
F

gi
ve

s

F
(1
−

)
=
f

(z
−

)
−
z

t
+

1
=
α

+
1

=
F

(1
).
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O
p
t
im

a
l
P
o
l
ic
ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

In
su

m
m

ary,
F

(x
)

is
in

creasin
g

for
x
∈

[0,1].
B

u
t

as
F

(x
+

1)
=
F

(x
)

+
1

for
x
∈

R
w

e
co

n
clu

d
e

th
a
t
F

is
in

creasin
g

for
x
∈
R

.
T

h
erefo

re
F

3
h
old

s.
N

ow
,

w
e

n
o
te

th
at

for
an

y
m
∈
Z

+
an

d
an

y
x
∈

[α
−

1,α
)

w
e

h
ave

f
(m

)(tx
+
z
)−

z

t
∈

[α
−

1
,α

).
(45)

In
d
eed

,
fo

r
m

=
0

w
e

h
ave

(f
(m

)(tx
+
z
)−

z
)/t

=
x
∈

[α
−

1,α
).

A
lso

if
y
∈

[f
(z

),f
(z −

))
th

en
th

e
a
ssu

m
p
tion

s
ab

ou
t
f

sh
ow

th
at
f

(y
)∈

[f
(z

),f
(z −

)),
w

h
ile

if
x
∈

[α−
1,α

)
th

en
th

e
d
efi

n
itio

n
s

o
f
t

a
n
d
α

sh
ow

th
at
tx

+
z
∈

[f
(z

),f
(z −

)).
T

h
u
s

(f
(m

)(tx
+
z
)−

z
)/t∈

[α−
1
,α

).
N

ow
,

w
e

sh
ow

b
y

in
d
u
ction

th
at

for
an

y
for

an
y
x
∈

[α
−

1,α
)

an
d
n
∈
Z

+
w

e
h
ave

F
(n

)({
x})−

f
(n

)(tx
+
z
)−

z

t
∈
Z
.

(46)

In
th

e
b
a
se

ca
se
n

=
0

w
e

h
ave

F
(0

)({
x})−

(f
(0

)(tx
+
z
)−

z
)/t

=
{
x}−

((tx
+
z
)−

z
)/t∈

Z
.

F
o
r

th
e

in
d
u
ctive

step
,

let
p

:=
F

(n
)({
x}

)
an

d
q

:=
(f

(n
)(tx

+
z
)−

z
)/
t

an
d

su
p
p

ose
th

at
p−

q∈
Z

.
T

h
en

w
e

h
ave

F
(n

+
1
)({x}

)
=
F

(p
)

=
F

(q)
+
p−

q

a
s
F

satisfi
es

F
2

an
d

b
y

th
e

assu
m

p
tion

th
at
p−

q∈
Z

.
F

u
rth

erm
ore,

q∈
[α−

1
,α

),
b
y

(45)
so

th
a
t

fo
r

so
m

e
k
∈
Z

,

F
(n

+
1
)({x}

)
=
p−

q
+



f
(tq

+
z
)−

z

t
+

1
if
q∈

[0,α
)

f
(t(q

+
1)−

t
+
z
)−

z

t
if
q∈

[α
−

1
,0)

=
f

(tq
+
z
)−

z

t
+
k

=
f

(t
f
(n

)(tx
+
z
)−
z

t
−
z
)

t
+
k

=
f

(n
+

1
)(tx

+
z
)−

z

t
+
k
.

T
h
erefo

re
(4

6)
is

tru
e.

F
ro

m
(4

5
)

a
n
d

(46)
it

follow
s

th
at

fo
r

an
y
x
∈

[α
−

1
,α

)
an

d
n
∈
Z

+
w

e
h
ave

{F
(n−

1
)({
x})}

∈
[0,α

)⇔
{
f

(n−
1
)(tx

+
z
)−

z

t

}
∈

[0,α
)

⇔
f

(n−
1
)(tx

+
z
)−

z

t
∈

[0,α
)

⇔
f

(n−
1
)(tx

+
z
)≥

z
.

(47)

T
h
erefo

re
F

4
h
old

s.
T

h
is

com
p
letes

th
e

p
ro

of.
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D
a
n
c
e
a
n
d

S
il
a
n
d
e
r

L
e
m

m
a

6
2

S
u

p
po

se
F

:R
→

R
sa

tisfi
es

C
la

im
s

F
1
-F

3
o
f

L
em

m
a

6
1
.

L
et
α

:=
F

(0)
a
n

d
fo

r
x
∈
R

let
s(x

)
d
en

o
te

th
e

in
fi

n
ite

w
o
rd

w
ith

letters

s
n
(x

)
:=

{
1

if{
F

(n−
1
)(x

)}
∈

[0,α
)

0
if{

F
(n−

1
)(x

)}
∈

[α
,1)

fo
r
n
∈
Z

+
+

.
T

h
en

s(x
)

is
1
-ba

la
n

ced
.

P
ro

o
f

F
or

an
y
n
∈
Z

+
+

an
d

an
y
x
∈

[0,1)
w

e
h
ave

bF
(n

)(x
)−

αc−
bF

(n−
1
)(x

)−
αc

=
bF

(r
+
z
)−

αc−
br

+
z−

αc
for

r
:=
{
F

(n−
1
)(x

)},z
:=
bF

(n−
1
)(x

)c
=
bF

(r)
+
z−

αc−
br

+
z−

αc
a
s
F

(u
)

+
1

=
F

(u
)

for
u
∈
R

=
bF

(r)−
αc−

br−
αc

asbr
+
zc

=
brc

+
z

sin
ce
z
∈
Z

=
−
br−

αc
as
α

=
F

(0)≤
F

(r)
<
F

(1)
=
α

+
1

sin
ce
F

(·)
is

in
crea

sin
g

an
d
r∈

[0,1)

=
dα
−
re

=

{
1

if
r∈

[0,α
)

0
if
r∈

[α
,1)

=
s
n
(x

).

T
h
erefore,

for
an

y
m
∈
Z

+
,

m
∑k

=
1

s
k (x

)
=

m
∑k

=
1 (bF

(k
)(x

)−
αc−

bF
(k−

1
)(x

)−
αc )

=
bF

(m
)(x

)−
αc−

bx
−
αc.

(48)

N
ow

w
e

sh
ow

b
y

in
d
u
ction

th
at

for
an

y
m
∈
Z

+
,

F
(m

)(z
)−

F
(m

)(y
)∈

[0,1)
for

an
y
y
,z
∈
R

w
ith

z−
y
∈

[0,1).
(49)

T
h
e

b
ase

case
w

ith
m

=
0

read
s
z
−
y
∈

[0,1)
w

h
ich

is
tru

e.
F

or
th

e
in

d
u
ctive

step
,

let
z ′

:=
F

(m
−

1
)(z

)
a
n
d
y ′

:=
F

(m
−

1
)(y

)
for

m
−

1
∈

Z
+

an
d

assu
m

e
th

at
z ′−

y ′∈
[0,1).

T
h
en

F
(y ′)≤

F
(z ′)

as
y ′≤

z ′
an

d
F

is
in

creasin
g.

A
lso

F
(z ′)

<
F

(y ′
+

1)
=
F

(y ′)
+

1
as
z ′−

y ′
<

1
,

as
F

is
in

creasin
g

an
d

as
F

(u
+

1)
=
F

(u
)

+
1

for
an

y
u
∈

R
.

T
h
erefore

F
(m

)(z
)−

F
(m

)(y
)

=
F

(z ′)−
F

(y ′)∈
[0,1

).
F

or
an

y
ch

oice
of
m
∈
Z

+
an

d
x
,y
∈

[0,1),
w

e
w

ish
to

p
rove

th
at|∆

|≤
1

for

∆
:=
|s

1 (x
)s

2 (x
)
...s

m
(x

)|1 −
|s

1 (y
)s

2 (y
)
...s

m
(y

)|1

=
m
∑k

=
1 (s

k (x
)−

s
k (y

))
=
(bF

(m
)(x

)−
αc−

bF
(m

)(y
)−

αc )

︸
︷︷

︸
=

:A

−
(bx
−
αc−

by−
αc)

︸
︷︷

︸
=

:B

u
sin

g
eq

u
ation

(48).
B

u
t

if
x
≥
y

th
en

x
−
y
∈

[0,1)
so

(49)
sh

ow
s

th
at
A

an
d
B

are
b

oth
of

th
e

form
bac−

bbc
for

som
e
a−

b∈
[0,1)

an
d

it
follow

s
th

at
b

oth
A

an
d
B

are
in
{
0,1}

.
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O
p
t
im

a
l
P
o
l
ic
ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

W
h
er

ea
s

if
x
≤
y

th
en

y
−
x
∈

[0
,1

)
so

b
ot

h
A

an
d
B

ar
e

in
{−

1,
0}

.
W

e
co

n
cl

u
d
e

th
at

|∆
|=
|A
−
B
|≤
|1
−

0
|=

1.

T
h
e

fo
ll
ow

in
g

is
T

h
eo

re
m

3.
1

of
D

u
lu

cq
an

d
G

ou
yo

u
-B

ea
u
ch

am
p
s

(1
99

0)
an

d
p
ro

v
id

es
th

e
m

is
si

n
g

li
n
k

b
et

w
ee

n
1-

b
al

an
ce

d
w

or
d
s

an
d

m
ec

h
an

ic
al

w
or

d
s.

L
e
m

m
a

6
3

S
u

p
po

se
w

is
a

w
o
rd

o
f

le
n

gt
h
n
∈

Z +
+

w
it

h
|w
| 0|
w
| 1
>

0
.

T
h
en

w
is

1
-

ba
la

n
ce

d
if

a
n

d
o
n

ly
if
w
k

=
⌊ p

k
+
r

q

⌋
−
⌊ p

(k
−

1
)+
r

q

⌋
fo

r
k

=
1
,2
,.
..
,n

,
w

h
er

e
p
,q
,r
∈

Z
sa

ti
sf

y
0
<
p
<
q
≤
n

,
0
≤
r
<
q
≤
n

a
n

d
gc

d
(p
,q

)
=

1.

N
ow

w
e

ar
e

re
ad

y
to

d
es

cr
ib

e
th

e
it

in
er

ar
ie

s
of

m
ap

s-
w

it
h
-g

ap
s,

fo
r

ar
b
it

ra
ry

in
it

ia
l

st
at

es
an

d
th

re
sh

ol
d
s.

L
e
m

m
a

6
4

S
u

p
po

se
φ

0
,φ

1
sa

ti
sf

y
A

2
a
n

d
th

a
t
n
∈

Z +
+

,
x
∈
I,

s
∈

R
a
n

d
a
∈
{0
,1
}.

T
h
en

σ
(x
|s−

) 1
:n

=
lm
w

fo
r

so
m

e
l
∈
{0
,1
},

so
m

e
m
∈
{0
,1
,.
..
,n
},

a
n

d
so

m
e

fa
ct

o
r
w

o
f

a
lo

w
er

m
ec

h
a
n

ic
a
l

w
o
rd

.
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o
f

F
ir

st
,

n
ot

e
th

at
if
a
,b
∈
I,

th
en

L
em

m
a

35
sh

ow
s

th
at

b
>
y 1
⇒
φ

1
m

(a
)
<
b

fo
r

so
m

e
m
∈
Z +

+
(5

0)

b
≤
y 0
⇒
φ

0
m

(a
)
≥
b

fo
r

so
m

e
m
∈
Z +

+
.

(5
1)

W
e

co
n
si

d
er

se
v
en

ca
se

s.

1.
S
ay

s
≤
y 1

an
d
x
≥
s.

T
h
en

σ
(x
|s−

)
=

1σ
(φ

1
(x

)|s
−

).
B

u
t

if
x
>
y 1

th
en

L
em

m
a

33
gi

ve
s
φ

1
(x

)
>

y 1
≥

s,
w

h
er

ea
s

if
x
≤

y 1
th

en
φ

1
(x

)
≥

x
≥

s.
In

b
ot

h
ca

se
s,

σ
(φ

1
(x

)|s
−

)
=

1σ
(φ

1
1
(x

)|s
−

).
R

ep
ea

ti
n
g

th
is

ar
gu

m
en

t
gi

ve
s
σ

(x
|s−

)
=

1∞
,

so
th

e
cl

ai
m

is
tr

u
e.

2.
S
ay

s
≤
y 1

an
d
x
<
s.

T
h
en

σ
(x
|s−

)
b

eg
in

s
w

it
h

0,
an

d
as
s
<
y 0

it
fo

ll
ow

s
fr

om
(5

1)
th

at
th

er
e

is
a

le
as

t
m
∈
Z +

+
w

it
h
φ

0
m

(x
)
≥
s.

T
h
u
s
σ

(x
|s−

)
=

0
m
σ

(φ
0
m

(x
)|s
−

)
=

0m
1
∞

b
y

C
as

e
1,

so
th

e
cl

ai
m

is
tr

u
e.

3.
S
ay
s
∈

(y
0
,y

1
)

an
d
x
∈

[φ
1
(s

),
φ

0
(x

))
.

A
s
φ

0
,φ

1
sa

ti
sf

y
A

2,
L

em
m

as
59

,
6
1

an
d

62
to

-
ge

th
er

sh
ow

th
at
σ

(x
|s−

)
is

a
1-

b
al

an
ce

d
w

or
d
.

T
h
u
s

L
em

m
a

63
sh

ow
s

th
at
σ

(x
|s−

) 1
:n

=
w

fo
r

so
m

e
fa

ct
or
w

of
a

lo
w

er
m

ec
h
an

ic
al

w
or

d
,

so
th

e
cl

a
im

is
tr

u
e.

4.
S
ay

s
∈

(y
0
,y

1
)

an
d
x
<
φ

1
(s

).
T

h
en

L
em

m
a

33
sh

ow
s

th
at
φ

1
(s

)
<
s.

T
h
u
s
x
<
s,

so
σ

(x
|s−

)
b

eg
in

s
w

it
h

0,
an

d
φ

1
(s

)
<
y 0

,
so

(5
1)

sh
ow

s
th

at
th

er
e

is
a

le
as

t
m
∈
Z +

+

w
it

h
φ

0
m

(x
)
≥
φ

1
(s

).
T

h
u
s
σ

(x
|s−

)
=

0
m
σ

(φ
0
m

(x
)|s
−

)
w

h
er

e
σ

(φ
0
m

(x
)|s
−

) 1
:n

=
w

fo
r

so
m

e
fa

ct
or
w

of
a

lo
w

er
m

ec
h
an

ic
al

w
or

d
,

b
y

C
as

e
3,

so
th

e
cl

ai
m

is
tr

u
e.

5.
S
ay
s
∈

(y
0
,y

1
)

an
d
x
≥
φ

0
(s

).
T

h
en

ar
gu

in
g

as
in

C
as

e
4,

b
u
t

u
si

n
g

(5
0
),

sh
ow

s
th

at
σ

(x
|s−

) 1
:n

=
1m
w

fo
r

so
m

e
m
∈
Z +

+
an

d
so

m
e

fa
ct

or
w

of
a

lo
w

er
m

ec
h
an

ic
al

w
or

d
.
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D
a
n
c
e
a
n
d

S
il
a
n
d
e
r

6.
S
ay

s
≥
y 0

an
d
x
<
s.

T
h
en

ar
gu

in
g

as
in

C
as

e
1

sh
ow

s
th

at
σ

(x
|s−

)
=

0∞
.

7.
S
ay

s
≥
y 0

an
d
x
≥
s.

T
h
en

ar
gu

in
g

as
in

C
as

e
2

sh
ow

s
th

at
σ

(x
|s−

)
=

1
m

0
∞

fo
r

so
m

e
m
∈
Z +

+
.

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
.

T
h
e

fo
ll
ow

in
g

is
an

an
al

og
u
e

of
L

em
m

a
52

in
w

h
ic

h
on

ly
th

e
th

re
sh

ol
d

va
ri

es
.

L
e
m

m
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6
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S
u

p
po

se
φ

0
,φ

1
sa

ti
sf

y
A

2
a
n

d
x
∈
I.

T
h
en

σ
(x
|s−

)
is

a
le

xi
co

gr
a
p
h
ic

a
ll

y
n

o
n

-i
n

cr
ea

si
n

g
fu

n
ct

io
n

o
f
s
∈
R

.

P
ro

o
f

If
s,
t
∈
R

an
d
σ

(x
|s−

)
�
σ

(x
|t−

),
th

en
fo

r
so

m
e

fi
n
it

e
w

or
d
u

an
d

w
o
rd

s
v
,w
,

σ
(x
|s−

)
=
u

1v
,

σ
(x
|t−

)
=
u

0
w
.

S
o

th
e

d
efi

n
it

io
n

of
th

e
it

in
er

ar
y

gi
ve

s
t
>
φ
u
(x

)
≥
s.

T
h
is

co
m

p
le

te
s

th
e

p
ro

o
f.

T
h
e

fo
ll
ow

in
g

is
T

h
eo

re
m

17
an

d
p
ar

t
of

C
or

ol
la

ry
18

of
M

ig
n
os

i
(1

99
1)

.

L
e
m

m
a

6
6

L
et
A
n

be
th

e
se

t
o
f

fa
ct

o
rs

o
f

le
n

gt
h
n
∈

Z +
+

o
f

lo
w

er
m

ec
h
a
n

ic
a
l

w
o
rd

s.
T

h
en

ca
rd

(A
n
)

=
1

+
n ∑ i=

1

(n
−
i

+
1)

E
u
le

rT
ot

ie
n
t(
i)

=
2
n

3

`2
+
O

(n
2

lo
g
n

).

N
ow

w
e

ar
e

re
ad

y
to

b
ou

n
d

th
e

n
u
m

b
er

of
d
is

co
n
ti

n
u
it

ie
s

of
th

e
it

in
er

a
ry

o
f

a
m

ap
-

w
it

h
-a

-g
ap

as
a

fu
n
ct

io
n

of
it

s
th

re
sh

ol
d
.

L
e
m

m
a

6
7

S
u

p
po

se
φ

0
,φ

1
sa

ti
sf

y
A

2
,

th
a
t
t
∈

Z +
,
x
∈
I

a
n

d
a
∈
{0
,1
}.

T
h
en

th
e

m
a
p
p
in

g
s
7→
A

1
:t
(x
,a

;s
)

fo
r
s
∈
R

h
a
s

a
t

m
o
st

a
po

ly
n

o
m

ia
l

n
u

m
be

r
p
(t

)
o
f

d
is

co
n

ti
n

u
it

ie
s.

P
ro

o
f

L
et
A
n

b
e

th
e

se
t

of
al

l
fa

ct
or

s
of

le
n
gt

h
n

of
lo

w
er

m
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h
an

ic
al

w
o
rd

s.
L

et
F t

b
e

th
e

se
t

of
al

l
w

or
d
s

of
th

e
fo

rm
lm
w

fo
r

so
m

e
l
∈
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,1
},

so
m

e
m
∈
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,1
,.
..
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}

a
n
d

so
m

e
fa
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or
w

of
a
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w

er
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w
or
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L
em

m
a
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w
o
rd

A
1
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)
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in
F t

.
A
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L
em

m
a
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,

sh
ow

s
th

at
th

e
m

ap
p
in

g
s
7→

A
1
:t
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;s
)

is
le

x
ic

og
ra

p
h
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al
ly

n
o
n
-i

n
cr
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n
g
.

T
h
u
s,

th
e

n
u
m

b
er

of
d
is

co
n
ti

n
u
it

ie
s

of
th

is
m

ap
p
in

g
is

at
m

os
t

ca
rd

(F
t)

=
ca

rd
({
lm
w

:
l
∈
{0
,1
},
m
∈
Z +

,m
≤
t,
w
∈
A
t−
m
})

=
2

t ∑ m
=

0

ca
rd

(A
t−
m

).

F
in

al
ly

,
L

em
m

a
66

sh
ow

s
th

e
ri

gh
t-

h
an

d
si

d
e

is
O

(t
4
).

T
h
is

co
m

p
le

te
s

th
e

p
ro

o
f.

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m
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T
h
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th
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re
m
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p
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u
p
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s
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O
p
t
im

a
l
P
o
l
ic
ie
s
f
o
r
O
b
se

r
v
in
g

T
im

e
S
e
r
ie
s

A
p
p
e
n
d
ix

B
.
P
ro

o
f
o
f
L
e
m
m
a
2
2

D
em

o
n
stra

tin
g

L
em

m
a

22
b
y

com
b
in

in
g

resu
lts

in
M

arsh
all

et
al.

(2010)
req

u
ires

as
m

u
ch

tex
t

a
s

a
d
irect

p
ro

of.

P
ro

o
f

L
etX

b
e

th
e

set
of

seq
u
en

ces
X

w
ith

com
p

on
en

ts
X
k

=
∑

ki=
1
x
i

for
k

=
1,2

,...,n
w

h
ere

x
1 ,x

2 ,...,x
n

is
a

n
on

-d
ecreasin

g
seq

u
en

ce
on

R
+

+
.

L
et
g

:X
→

R
b

e
th

e
fu

n
ction

g
(X

)
:=

f
1 (X

1 )
+

n
∑i=

2

f
i (X

i −
X
i−

1 ).

L
et
f
′i (·)

d
en

o
te

th
e

(su
b
)grad

ien
t

of
f
i (·).

F
or
i

=
1,2

,...,n−
1,

th
e

(su
b
)grad

ien
ts

of
g
(·)

a
re

∂
g
(X

)

∂
X
i

=
f
′i (x

i )−
f
′i+

1 (x
i+

1 )≤
f
′i+

1 (x
i )−

f
′i+

1 (x
i+

1 )≤
0

w
h
ere

th
e

fi
rst

in
eq

u
ality

h
old

s
as
f
′i (x

)≤
f
′i+

1 (x
)

for
x
∈
R

+
+

(b
y

H
y
p

oth
esis

4)
an

d
th

e
seco

n
d

h
o
ld

s
a
s
x
i ≤

x
i+

1
an

d
f
i+

1 (·)
is

con
vex

(b
y

H
y
p

o
th

esis
3).

A
lso,

∂
g
(X

)

∂
X
n

=
f
′n (x

n
)≤

0

a
s
f
n
(·)

is
n
o
n
-in

creasin
g

(b
y

H
y
p

oth
esis

3).
T

h
erefore

g
(·)

is
n
on

-in
creasin

g
in

all
of

its
a
rg

u
m

en
ts.

A
s

th
e

seq
u
en

ces
A
,B

w
ith

com
p

on
en

ts
A
k

:=
∑

ki=
1
a
i ,B

k
:=
∑

ki=
1
b
k

are
in

X
(b

y
H

y
p

oth
esis

1)
an

d
A
k
≤
B
k

for
k

=
1,2

,...,n
(b

y
H

y
p

oth
esis

2),
it

follow
s

th
at

g
(A

)≥
g
(B

).
S
o

th
e

d
efi

n
ition

of
g
(·)

giv
es

n
∑i=

1

f
(a
i )

=
g
(A

)≥
g
(B

)
=

n
∑i=

1

f
(b
i )

a
s

cla
im

ed
.

A
p
p
e
n
d
ix

C
.
P
ro

o
f
o
f
L
e
m
m
a
2
4

W
e

sta
rt

b
y

recallin
g

th
e

d
efi

n
ition

of
th

e
m

atrix
M

(w
)

corresp
on

d
in

g
to

a
given

fi
n
ite

w
o
rd

w
,

w
h
ich

corresp
on

d
s

to
th

e
com

p
ositio

n
of

K
alm

an
-F

ilter
varian

ce
u
p

d
ates,

an
d

in
tro

d
u
cin

g
so

m
e

related
m

atrices
K
,S

(w
)

an
d
X

.
W

e
th

en
p
rove

C
laim

s
1

to
5

of
L

em
m

a
24

in
tu

rn
.

D
e
fi

n
itio

n
6
8

L
et
I

be
th

e
2
-by-2

id
en

tity
m

a
trix.

F
o
r
r∈

(0,1]
a
n

d
0
≤
a
≤
b,

let

F
:=

(
r

1/r
a
r

(a
+

1)/r )
,

G
:=

(
r

1/r
br

(b
+

1)/r )
,

K
:=

(
r

1/r
r−

r
3
−
r )

.

L
et
M

(ε)
=
I
,M

(0)
=
F
,M

(1)
=
G

a
n

d
fo

r
a
n

y
fi

n
ite

w
o
rd
w

let

M
(w

)
=
M

(w
|w
| )···M

(w
2 )M

(w
1 ),

S
(w

)
=

|w
|

∑i=
0

M
(w

1
:i ).
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D
a
n
c
e
a
n
d

S
il
a
n
d
e
r

L
et

X
:=

(−
r/(1−

r
2)

0
0

1/r )
.

R
e
m

a
rk

6
9

W
e

u
se

th
e

th
e

fo
llo

w
in

g
fa

cts
repea

ted
ly

w
ith

o
u

t
m

en
tio

n
.

C
lea

rly
d
et(F

)
=

d
et(G

)
=

1,
so

th
a
t

d
et(M

(w
))

=
1

fo
r

a
n

y
w

o
rd

w
.

A
lso

,
K
F

=
F
−

1K
,K

G
=
G
−

1K
a
n

d
K

2
=
I

.
T

h
u

s
fo

r
A
∈
{K

F
,K

G
,K
}

w
e

h
a
ve

A
2

=
I

,
so

A
is

a
n

in
vo

lu
to

ry
m

a
trix.

T
h
u

s
K
M

(w
) −

1K
=
M

(w
R

),
w

h
ere

w
R

d
en

o
tes

th
e

reverse
w
n
...w

2 w
1

o
f

a
w

o
rd

w
=

w
1 w

2
...w

n
.

N
o
ta

tio
n

.
F
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a

v
ector
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∈
R
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w
h
ere
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∈
Z
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e
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>
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=
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an

d
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≥
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i ≥
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.
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∈
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h
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∈
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e
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≥
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.
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∈
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en
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N
iñ
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n
ot

co
m

p
le

te
ly

d
is

tr
ib

u
te

d
.

M
in

-S
u
m

al
go

ri
th

m
.

T
h
e

af
or

em
en

ti
on

ed
li
m

it
at

io
n
s

p
ro

m
p
te

d
u
s

to
in

v
es

ti
g
a
te

th
e

b
e-

h
av

io
r

of
th

e
M

in
-S

u
m

al
go

ri
th

m
to

so
lv

e
b

ot
h

th
e

vo
lt

ag
e

an
d

th
e

fl
ow

p
ro

b
le

m
.

M
in

-S
u
m

is
a

d
is

tr
ib

u
te

d
,

d
et

er
m

in
is

ti
c

(i
.e

.,
n
ot

ra
n
d
om

iz
ed

),
ge

n
er

al
-p

u
rp

os
e

m
es

sa
g
e

p
a
ss

in
g

a
l-

go
ri

th
m

th
at

is
u
se

d
to

op
ti

m
iz

e
ob

je
ct

iv
e

fu
n
ct

io
n
s

th
at

ar
e

su
m

s
o
f

co
m

p
o
n
en

t
fu

n
ct

io
n
s

su
p
p

or
te

d
on

a
gi

ve
n

gr
ap

h
.

M
in

-S
u
m

h
as

em
er

ge
d

as
a

ca
n
on

ic
al

p
ro

ce
d
u
re

to
a
d
d
re

ss
la

rg
e

sc
al

e
p
ro

b
le

m
s

in
a

va
ri

et
y

of
d
om

ai
n
s.

It
s

su
cc

es
s

co
m

es
fr

om
th

e
fa

ct
th

at
th

e
a
lg

o
ri

th
m

is
si

m
p
le

an
d

ea
sy

to
im

p
le

m
en

t,
re

q
u
ir

e
m

in
im

al
d
at

a
st

ru
ct

u
re

s
an

d
lo

w
co

m
m

u
n
ic

a
ti

o
n

p
er

it
er

at
io

n
,

an
d

in
m

an
y

ap
p
li
ca

ti
on

s
it

h
as

b
ee

n
sh

ow
n

to
co

n
ve

rg
e

to
th

e
p
ro

b
le

m
so

lu
ti

o
n
.

In
te

re
st

in
M

in
-S

u
m

h
as

b
ee

n
tr

ig
ge

re
d

b
y

it
s

su
cc

es
s

in
so

lv
in

g
ce

rt
ai

n
cl

as
se

s
o
f
ch

a
ll
en

g
in

g
co

m
b
in

at
or

ia
l

op
ti

m
iz

at
io

n
p
ro

b
le

m
s,

su
ch

as
d
ec

o
d
in

g
lo

w
-d

en
si

ty
p
ar

it
y
-c

h
ec

k
co

d
es

,
se

e
B

er
ro

u
et

al
.

(1
99

3)
;

R
ic

h
ar

d
so

n
an

d
U

rb
an

ke
(2

00
1)

fo
r

in
st

an
ce

,
an

d
so

lv
in

g
ce

rt
a
in

ty
p

e
of

sa
ti

sfi
ab

il
it

y
p
ro

b
le

m
s,

se
e

M
ez

ar
d

et
al

.
(2

00
2)

;
B

ra
u
n
st

ei
n

et
al

.
(2

00
5)

,
fo

r
in

st
a
n
ce

.

D
es

p
it

e
it

s
su

cc
es

se
s,

th
e

co
n
ve

rg
en

ce
an

al
y
si

s
of

th
e

M
in

-S
u
m

al
go

ri
th

m
re

m
a
in

s
li
m

-
it

ed
.

F
or

q
u
ad

ra
ti

c
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

an
d
,

m
or

e
ge

n
er

al
ly

,
co

n
ve

x
o
p
ti

m
iz

a
ti

o
n

p
ro

b
-

2
JM

L
R

 2
0(

36
):

1-
37

, 2
01
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A
N
e
w

A
p
p
r
o
a
c
h
t
o

L
a
p
l
a
c
ia
n
S
o
lv

e
r
s
a
n
d

F
l
o
w

P
r
o
b
l
e
m
s

lem
s,

th
e

M
in

-S
u
m

algorith
m

h
as

b
een

sh
ow

n
to

con
verge

to
th

e
p
rob

lem
solu

tion
for

a
n

y
g
ra

p
h

top
ology

u
n
d
er

th
e

assu
m

p
tion

th
at

th
e

ob
jectiv

e
fu

n
ction

is
w

alk
-su

m
m

a
b
le

(M
a
lio

u
tov

et
al.,

2006),
or,

eq
u
ivalen

tly,
scaled

d
iagon

al
d
om

in
an

t
(M

oallem
i
an

d
V

an
R

oy
,

2
0
1
0
).

T
h
ese

co
n
d
ition

s
allow

th
e

u
se

of
con

traction
argu

m
en

ts
to

estab
lish

ex
p

on
en

tial
con

-
verg

en
ce

ra
tes.

T
h
ese

con
d
ition

s
d
o

n
ot

ap
p
ly

to
q
u
ad

ratic
ob

jective
fu

n
ction

s
in

L
ap

lacian
m

atrices,
h
en

ce
to

th
e

voltage
p
rob

lem
,

an
d

th
ey

d
o

n
ot

a
p
p
ly

to
con

strain
ed

op
tim

iza
tion

p
ro

b
lem

s,
h
en

ce
to

th
e

fl
ow

p
rob

lem
.

A
t

th
e

sam
e

tim
e,

on
th

e
on

e
h
an

d
q
u
ad

ratic
ap

p
rox

-
im

a
tio

n
s

o
f

th
e

M
in

-S
u
m

algorith
m

lead
in

g
to

th
e

A
p
p
rox

im
ate

M
essage

P
assin

g
(A

M
P

)
a
lg

o
rith

m
a
re

b
ecom

in
g

in
creasin

gly
p

op
u
lar

in
h
igh

-d
im

en
sio

n
a
l

sta
tistics

an
d

m
ach

in
e

lea
rn

in
g

(D
o
n
o
h
o

et
al.,

2009;
M

on
tan

ari,
2012;

B
arb

ier
et

al.,
2018).

T
h
e

A
M

P
algorith

m
is

ty
p
ica

lly
an

aly
sed

from
an

asy
m

p
totica

l
p

oin
t

of
v
iew

an
d

th
is

an
aly

sis
is

n
o
t

b
ased

on
co

n
tra

ction
a
rg

u
m

en
ts.

T
h
e

recen
t

su
ccess

of
th

e
A

M
P

algo
rith

m
p
rom

p
ts

for
im

p
rov

in
g

th
e

u
n
d
ersta

n
d
in

g
of

th
e

con
vergen

ce
an

d
correctn

ess
of

th
e

M
in

-S
u
m

algorith
m

d
irectly

a
p
p
lied

to
q
u
a
d
ratic

m
o
d
els,

w
h
ere

p
rev

iou
sly

-con
sid

ered
con

traction
-b

ased
assu

m
p
tion

s
d
o

n
o
t

h
o
ld

.
O

n
th

e
oth

er
h
an

d
,

w
h
ile

som
e

w
ork

h
as

b
een

d
on

e
to

stu
d
y

th
e

b
eh

av
ior

of
M

in
-

S
u
m

in
co

n
stra

in
ed

settin
gs,

th
is

w
ork

seem
s

to
h
av

e
fo

cu
sed

on
lin

ear
ob

jectiv
e

fu
n
ctio

n
s

a
n
d

a
g
en

era
l

th
eory

is
m

issin
g.

S
ee

G
am

arn
ik

et
al.

(2012)
an

d
referen

ces
th

erein
.

R
esu

lts.
T

h
is

p
ap

er
in

vestigates
th

e
con

vergen
ce

b
eh

av
ior

of
th

e
M

in
-S

u
m

algorith
m

a
p
p
lied

to
th

e
voltage

an
d

fl
ow

p
rob

lem
s

an
d

estab
lish

es
a

gen
eral

fram
ew

ork
for

th
e

a
n
a
ly

sis
of

m
essage-p

assin
g

algorith
m

s
th

at
can

accom
m

o
d
ate

for
n
on

con
traction

-b
ased

a
ssu

m
p
tio

n
s

a
n
d

for
con

strain
ed

-b
a
sed

op
tim

ization
p
rob

lem
s.

T
h
e

algorith
m

s
th

at
w

e
a
n
a
ly

ze—
A

lg
o
rith

m
3

for
th

e
voltage

p
rob

lem
an

d
A

lgorith
m

5
for

th
e

fl
ow

p
rob

lem
—

are
ea

sy
to

im
p
lem

en
t,

w
ith

a
p
seu

d
o-co

d
e

th
at

fi
ts

tw
o

lin
es.

W
e

in
vestigate

th
e

b
eh

av
ior

of
th

ese
a
lg

o
rith

m
s

on
gen

eral
w

eigh
ted

grap
h
s,

an
d

w
e

sh
ow

th
at

th
e

error
th

ey
in

cu
r

can
b

e
ch

a
ra

cterized
in

term
s

of
h
ittin

g
tim

es
of

ord
in

ary
d
iff

u
sion

ran
d
om

w
alk

s
d
efi

n
ed

on
th

e
co

m
p
u
ta

tio
n

trees
th

at
are

ob
tain

ed
b
y

u
n
ravelin

g
th

e
o
p

eration
s

of
th

e
algo

rith
m

s
w

ith
tim

e
(W

eiss
an

d
F

reem
an

,
2001).

W
e

sp
ecialize

th
e

an
aly

sis
to

th
e

ca
se

of
d
-regu

lar
grap

h
s.

W
h
en
d

=
2,

w
e

sh
ow

th
at

th
e

fl
ow

algorith
m

con
v
erges

to
th

e
tru

e
solu

tion
in

th
e
`∞

n
o
rm

w
ith

ra
te
O

(1/
t),

w
h
ere

t
is

th
e

iteration
tim

e,
in

d
ep

en
d
en

tly
of

th
e

grap
h

d
im

en
sion

s
n

an
d

m
,

y
ield

in
g

a
ε-ap

p
rox

im
ate

solu
tion

w
ith

a
ru

n
n
in

g
tim

e
O

(m
/ε),

lin
ear

in
m

(C
orolla

ry
1
6
).

O
n

th
e

oth
er

h
an

d
,

w
h
en
d

=
2,

w
e

sh
ow

th
at

th
e

voltage
algorith

m
d
o
es

n
o
t

con
verge,

a
s

it
k
eep

s
o
scillatin

g
(C

orollary
10).

F
or

grap
h
s

w
ith

eq
u
al

w
eigh

ts,
w

h
en

d
≥

3,
w

e
sh

ow
th

a
t

th
e

erro
r

b
oth

algorith
m

s
com

m
it

is
ch

a
racterized

b
y

q
u
an

tities
in

volv
in

g
th

e
d
iff

eren
ce

o
f

n
o
n
-b

a
ck

tra
ck

in
g

ran
d
om

w
alk

s
on

th
e

origin
al

gra
p
h

th
at

origin
ate

from
n
eigh

b
or

n
o
d
es

(L
em

m
a

9).
W

e
sh

ow
th

at
th

e
con

vergen
ce

rate
of

th
e

algorith
m

s
(w

ith
resp

ect
to

variou
s

n
o
rm

s)
ca

n
b

e
con

trolled
b
y

u
n
iform

b
ou

n
d
s

on
th

e
total

variation
d
istan

ce
b

etw
een

th
e

d
istrib

u
tio

n
s

o
f

th
ese

w
alk

s.
F

or
grap

h
s

w
h
ere

th
ese

b
ou

n
d
s

d
ecay

ex
p

on
en

tially
O

(e −
t)

(su
ch

a
s

co
m

p
lete

grap
h
s,

as
w

e
sh

ow
n
u
m

erically
)

or
p

o
ly

n
om

ially
O

(1/t β
)

w
ith

β
>

0
(su

ch
a
s

cy
cles

an
d

tori,
w

h
ere

β
=

1/
2

as
w

e
sh

ow
n
u
m

erically
),

p
ossib

ly
u
n
d
er

ad
d
ition

al
a
ssu

m
p
tio

n
s

o
n

th
e

p
rob

lem
in

stan
ce

(d
ep

en
d
in

g
on

th
e

n
orm

ch
osen

for
th

e
an

aly
sis),

th
e

M
in

-S
u
m

alg
o
rith

m
y
ield

ε-ap
p
rox

im
ate

solu
tion

s
for

b
oth

voltage
an

d
fl
ow

p
rob

lem
w

ith
tim

e
O

(m
lo

g
1/ε)

or
O

(m
/ε

1
/
β
),

resp
ectively,

lin
ear

in
m

(T
h
eorem

15
for

voltages,
an

d
T

h
eorem

1
8

fo
r

fl
ow

s).

N
ovelty

in
th

e
an

aly
sis

of
m

essage
p
assin

g.O
u
r

an
aly

sis
o
f
th

e
M

in
-S

u
m

algorith
m

p
resen

ts
tw

o
key

con
trib

u
tion

s
th

at
go

b
eyon

d
th

e
sp

ecifi
cs

of
th

e
p
rob

lem
s

h
ere

a
d
d
ressed

.
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R
e
b
e
sc

h
in
i
a
n
d

T
a
t
ik
o
n
d
a

1.
B

eyon
d

con
traction

argu
m

en
ts.

T
y
p
ically,

th
e

con
v
ergen

ce
an

aly
sis

of
th

e
M

in
-S

u
m

sch
em

e
ex

p
loits

a
d
ecay

of
correlation

p
rop

erty
in

th
e

com
p
u
tation

tree
esta

b
lish

ed
u
p

on
im

p
osin

g
loca

l
assu

m
p
tion

s
on

th
e

origin
al

p
rob

lem
,

su
ch

as
th

e
assu

m
p
tion

of
scaled

d
iagon

al
d
om

in
an

ce.
T

h
ese

con
d
ition

s
essen

tially
y
ield

a
b

ou
n
d

on
th

e
lo

cal
in

teraction
s

in
th

e
com

p
u
tation

tree
b
y

a
q
u
an

tity
strictly

less
th

an
on

e.
In

th
is

case,
a

con
traction

argu
m

en
t

can
b

e
p

erform
ed

at
each

level
of

th
e

tree
to

estab
lish

an
expo

-
n

en
tia

l
d
ecay

of
correlation

from
ro

ot
to

leaves,
w

h
ich

tran
slates

in
to

an
ex

p
on

en
tial

con
vergen

ce
for

th
e

algorith
m

.
O

n
th

e
oth

er
h
an

d
,

th
e

an
aly

sis
of

m
essage

p
assin

g
th

at
w

e
p
resen

t
in

th
is

p
ap

er
is

b
ased

on
a

glo
ba

l
a
n
aly

sis
of

th
e

p
ro

b
lem

su
p
p

orted
on

th
e

com
p
u
tation

tree,
v
ia

th
e

an
alogy

w
ith

electric
circu

its
an

d
th

e
ch

aracterization
w

ith
h
ittin

g
tim

es
of

ran
d
om

w
alk

s,
w

h
ich

is
n
ot

cap
tu

red
b
y

con
traction

argu
m

en
ts

b
ased

on
w

orst-case
b

ou
n
d
s

fo
r

lo
cal

in
teraction

s.
In

fact,
as

m
en

tion
ed

ab
ove,

for
som

e
grap

h
s

th
is

an
aly

sis
y
ield

s
a

con
vergen

ce
po

lyn
o
m

ia
l

in
tim

e,
n
ot

ex
p

on
en

tial.

2.
B

eyon
d

u
n
con

strain
ed

op
tim

ization
.

T
y
p
ically,

th
e

con
vergen

ce
an

aly
sis

of
th

e
M

in
-

S
u
m

algorith
m

relies
on

fi
n
d
in

g
th

e
fi
x

p
oin

t(s)
of

th
e

m
essage

u
p

d
ates.

F
or

u
n
con

-
strain

ed
op

tim
ization

p
rob

lem
s,

th
e

key
in

sigh
t

to
fi
n
d

fi
x

p
oin

t(s)
is

th
at

th
e

fi
rst

ord
er

op
tim

ality
con

d
ition

s
for

th
e

origin
al

p
rob

lem
are

resp
ected

b
y

th
e

p
rob

lem
su

p
-

p
orted

on
th

e
com

p
u
tation

tree,
for

ev
ery

n
o
d
e

th
at

is
n
ot

a
leaf

(W
eiss

a
n
d

F
reem

an
,

2001;
M

oallem
i
an

d
V

an
R

oy
,
2010).

T
h
e

con
vergen

ce
an

aly
sis

th
at

w
e

p
resen

t
for

th
e

fl
ow

p
rob

lem
—

a
con

strain
ed

p
rob

lem
—

is
b
ased

on
th

e
ob

servation
th

at
th

e
K

aru
sh

-
K

u
h
n
-T

u
cker

(K
K

T
)

op
tim

ality
con

d
ition

s
for

con
strain

ed
p
rob

lem
s

are
resp

ected
on

th
e

com
p
u
tation

tree,
for

every
n
on

-leaf
n
o
d
e.

T
h
is

in
sigh

t
allow

s
to

ex
ten

d
th

e
an

al-
y
sis

of
th

e
M

in
-S

u
m

algorith
m

to
m

ore
gen

eral
con

strain
ed

op
tim

ization
p
rob

lem
s.

S
tru

ctu
re

of
th

e
p
ap

er.
T

h
e

stru
ctu

re
of

th
e

p
ap

er
is

as
follow

s.
In

S
ection

2
w

e
d
e-

fi
n
e

th
e

voltage
an

d
fl
ow

p
rob

lem
s

as
op

tim
ization

rou
tin

es.
In

S
ection

3
w

e
in

tro
d
u
ce

th
e

gen
eral-p

u
rp

ose
M

in
-S

u
m

algorith
m

,
an

d
w

e
sp

ecialize
it

to
th

e
voltage

an
d

fl
ow

p
rob

lem
,

resp
ectively.

In
S
ection

4
w

e
p
resen

t
th

e
error

ch
a
racterization

for
th

e
M

in
-S

u
m

algorith
m

s
for

d
-regu

lar
grap

h
s,

an
d

w
e

p
resen

t
th

e
m

ain
resu

lts
on

th
eir

con
vergen

ce.
In

S
ection

5
w

e
d
evelop

th
e

gen
eral

fram
ew

ork
to

in
vestigate

th
e

M
in

-S
u
m

algorith
m

,
y
ield

in
g

th
e

ch
arac-

terization
of

th
e

error
in

term
s

of
h
ittin

g
tim

es
of

ran
d
om

w
alk

s
on

th
e

com
p
u
tation

trees,
an

d
w

e
p
resen

t
th

e
p
ro

ofs
of

th
e

resu
lts

given
in

th
e

p
rev

iou
s

section
.

In
A

p
p

en
d
ix

A
w

e
estab

lish
a

gen
eral

con
n
ection

b
etw

een
th

e
in

verse
of

restricted
L

ap
lacian

m
a
trices

an
d

h
it-

tin
g

tim
es

of
ord

in
ary

d
iff

u
sion

ran
d
om

w
alk

s
on

grap
h
s—

w
h
ich

is
th

e
m

ain
com

p
u
ta

tion
al

to
ol

u
sed

in
ou

r
an

aly
sis.

T
ech

n
ical

resu
lts

are
in

A
p
p

en
d
ix

B
.

R
e
m

a
rk

1
(N

o
ta

tio
n

)
G

iven
a

m
a
trix

M
,

w
e

d
en

o
te

by
M

T
its

tra
n

spo
se,

by
M
−

1
its

in
verse,

a
n

d
by

M
+

its
M

oo
re-P

en
ro

se
p
seu

d
o
in

verse.
G

iven
a

setI
a
n

d
i∈
I

,
w

e
d
en

o
te

by
i

bo
th

th
e

elem
en

t
i∈
I

a
n

d
th

e
su

bset{i}
⊆
I

(e.g.,
w

e
w

riteI\
i

to
m

ea
n
I\{i}

).
G

iven
a

fu
n

ctio
n
f

:
R
I
→

R
,
i∈
I

,
w

e
w

rite
f

(x
I\
i ·)

to
m

ea
n

th
e

fu
n

ctio
n
z
∈
R
→

f
(x
I\
i z

).
W

e
a
d
o
p
t

th
e

fo
llo

w
in

g
ta

xo
n

o
m

y
o
f

n
o
ta

tio
n

:

•
th

e
a
rro

w
n

o
ta

tio
n
~·

is
u

sed
to

eith
er

refer
to

qu
a
n

tities
rela

ted
to

d
irected

gra
p
h
s

o
r

to
refer

to
p
ro

ba
bility

d
istribu

tio
n

s
rela

ted
to

n
o
n

-ba
cktra

ckin
g

ra
n

d
o
m

w
a
lks;

•
th

e
h
a
t

n
o
ta

tio
n
·̂

is
u

sed
to

refer
to

th
e

o
u

tp
u

t
o
f

a
lgo

rith
m

s;

•
th

e
ba

r
n

o
ta

tio
n
·̄

is
fo

r
qu

a
n

tities
rela

ted
to

gra
p
h
s

w
h
ere

a
n

od
e

h
a
s

been
rem

o
ved

;

•
th

e
d
o
u

ble-stru
ck

n
o
ta

tio
n

is
fo

r
qu

a
n

tities
rela

ted
to

co
m

p
u

ta
tio

n
trees,

cf.
S

ectio
n

5
.
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A
N
e
w

A
p
p
r
o
a
c
h
t
o

L
a
p
l
a
c
ia
n
S
o
lv

e
r
s
a
n
d

F
l
o
w

P
r
o
b
l
e
m
s

2
.
V
o
lt
a
g
e
a
n
d
F
lo
w

P
ro

b
le
m
s

T
h
ro

u
gh

ou
t,

le
t

u
s

co
n
si

d
er

a
si

m
p
le

(i
.e

.,
n
o

se
lf

-l
o
op

s,
an

d
n
o

m
u
lt

ip
le

ed
ge

s)
,

u
n
d
ir

ec
te

d
,

w
ei

gh
te

d
gr

ap
h
G

gi
ve

n
b
y

th
e

tr
ip

le
(V
,E
,W

),
w

h
er

e
V

is
a

se
t

of
n

ve
rt

ic
es

,
E

is
a

se
t

of
m

ed
ge

s,
an

d
W
∈
R
V
×
V

is
a

sy
m

m
et

ri
c

m
at

ri
x

th
at

as
si

gn
s

a
p

os
it

iv
e

w
ei

g
h
t

to
ev

er
y

ed
ge

,
n
am

el
y,
W
v
w
>

0
if
{v
,w
}
∈
E

,
an

d
W
v
w

=
0

if
{v
,w
}
6∈
E

.
T

h
e

m
at

ri
x
W

is
ca

ll
ed

th
e

w
ei

gh
te

d
a
d
ja

ce
n

cy
m

a
tr

ix
of

th
e

w
ei

gh
ed

gr
ap

h
G

.
D

efi
n
e

th
e

w
ei

gh
te

d
d
eg

re
e

of
a

v
er

te
x

v
b
y
d
v

:=
∑

w
∈V

W
v
w

,
an

d
le

t
D
∈
R
V
×
V

b
e

th
e

d
ia

go
n
al

m
at

ri
x

d
efi

n
ed

b
y
D
v
v

:=
d
v
.

T
h
e

L
ap

la
ci

an
L

of
th

e
gr

ap
h
G

is
th

e
m

a
tr

ix
d
efi

n
ed

as
L

:=
D
−
W

.
W

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y,
in

w
h
at

fo
ll
ow

s
w

e
as

su
m

e
th

at
th

e
gr

ap
h
G

is
co

n
n
ec

te
d
,

ot
h
er

w
is

e
w

e
ca

n
tr

ea
t

ea
ch

co
n
n
ec

te
d

co
m

p
on

en
t

on
it

s
ow

n
.

It
ca

n
b

e
ve

ri
fi
ed

th
at

in
th

is
ca

se
th

e
n
u
ll

sp
ac

e
of

th
e

L
ap

la
ci

an
m

at
ri

x
L

is
sp

an
n
ed

b
y

th
e

al
l-

on
es

ve
ct

or
1
∈
R
V

,
so

th
a
t

th
e

ra
n
ge

of
L

is
sp

an
n
ed

b
y

th
e

ve
ct

or
s

or
th

og
on

al
to

1.

V
ol

ta
ge

p
ro

b
le

m
.

W
e

ar
e

in
te

re
st

ed
in

so
lv

in
g

li
n
ea

r
eq

u
at

io
n
s

in
th

e
L

ap
la

ci
an

m
at

ri
x

L
.

T
h
at

is
,

gi
ve

n
b

in
th

e
ra

n
ge

of
L

,
i.
e.

,
1T
b

=
0,

ou
r

go
al

is
to

fi
n
d
ν

th
at

sa
ti

sfi
es

L
ν

=
b.

(1
)

A
s

it
ca

n
im

m
ed

ia
te

ly
b

e
ch

ec
ke

d
fr

om
fi
rs

t
o
rd

er
op

ti
m

al
it

y
co

n
d
it

io
n
s,

th
e

se
t

of
so

lu
ti

on
s

to
(1

)
co

in
ci

d
es

w
it

h
th

e
se

t
of

so
lu

ti
on

s
to

th
e

“v
ol

ta
ge

p
ro

b
le

m
,”

n
am

el
y
:

m
ax

im
iz

e
−

1 2
ν
T
L
ν

+
bT
ν
.

(2
)

W
e

ar
e

in
te

re
st

ed
in

th
e

u
n
iq

u
e

so
lu

ti
on

th
at

is
or

th
og

on
al

to
th

e
al

l
on

e
v
ec

to
r,

n
am

el
y,

ν
?

=
L

+
b,

w
h
er

e
L

+
is

th
e

M
o
or

e-
P

en
ro

se
p
se

u
d
oi

n
ve

rs
e

of
L

.
G

iv
en

an
ac

cu
ra

cy
p
ar

am
et

er
ε
>

0,
th

e
fa

st
so

lv
er

s
m

en
ti

on
ed

in
th

e
in

tr
o
d
u
ct

io
n

ac
h
ie

ve
a

q
u
as

i-
li
n
ea

r
ru

n
n
in

g
ti

m
e

Õ
(m

lo
g
c
n

lo
g

1/
ε)

to
re

tu
rn

an
es

ti
m

at
e
ν̂

th
at

sa
ti

sfi
es
‖ν

?
−
ν̂
‖ L
≤
ε‖
ν
?
‖ L
,
w

h
er

e
‖ν
‖ L

:=
√
ν
T
L
ν

is
th

e
L

ap
la

ci
an

-m
o
d
ifi

ed
` 2

n
o
rm

,
al

so
k
n
ow

n
as
L

-n
or

m
.

It
ca

n
b

e
se

en
th

at
‖·
‖ L

is
a

p
se

u
d
o-

n
or

m
,

as
‖ν
‖ L

=
0

fo
r

an
y

ve
ct

or
ν

or
th

og
on

al
to

th
e

al
l

on
e

v
ec

to
r.

In
m

an
y

ap
p
li
ca

ti
on

s
w

h
er

e
L

ap
la

ci
an

so
lv

er
s

ar
e

n
ee

d
ed

,
th

e
L

-n
or

m
is

th
e

n
at

u
ra

l
n
or

m
to

ru
n

th
e

an
al

y
si

s.
S
ee

V
is

h
n
oi

(2
01

3)
,

fo
r

in
st

an
ce

.
T

h
e
L

-n
or

m
is

re
la

te
d

to
th

e
E

u
cl

id
ea

n
n
or

m
as

fo
ll
ow

:
‖ν
‖ L
≤
κ
‖ν
‖ 2

an
d
‖ν
‖ 2
≤
κ
‖ν
‖ L

,
w

h
er

e
κ

is
th

e
ra

ti
o

b
et

w
ee

n
th

e
th

e
m

a
x
im

u
m

an
d

m
in

im
u
m

n
on

-z
er

o
ei

ge
n
va

lu
es

of
L

.

F
lo

w
p
ro

b
le

m
.

T
o

in
tr

o
d
u
ce

th
e

fl
ow

p
ro

b
le

m
,

le
t

u
s

fi
x

an
a
rb

it
ra

ry
o
ri

en
ta

ti
on

of
th

e

ed
ge

s
in
E

.
D

en
ot

e
th

is
se

t
of

d
ir

ec
te

d
ed

ge
s

b
y
~ E

,
an

d
le

t
~ G

=
(V
,
~ E

)
b

e
th

e
co

rr
es

p
on

d
in

g

d
ir

ec
te

d
gr

ap
h
.

L
et
A
∈
R
V
×
~ E

b
e

th
e

si
gn

ed
ve

rt
ex

-e
d
ge

in
ci

d
en

ce
m

at
ri

x
of

th
e

gr
a
p
h
~ G

,
d
efi

n
ed

as
A
v
e

:=
1

if
ed

ge
e

le
av

es
n
o
d
e
v
,
A
v
e

:=
−

1
if

ed
ge

e
en

te
rs

n
o
d
e
v
,
A
v
e

:=
0

ot
h
er

w
is

e.
T

o
ea

ch
d
ir

ec
te

d
ed

ge
e

=
(v
,w

)
le

t
R
∈
R
~ E
×
~ E

b
e

th
e

d
ia

g
on

al
m

at
ri

x
d
efi

n
ed

b
y
R
ee

:=
1
/W

v
w

.
It

is
ea

sy
to

ve
ri

fy
th

at
th

e
L

ap
la

ci
an

L
of

th
e

u
n
d
ir

ec
te

d
g
ra

p
h
G

ca
n

b
e

ex
p
re

ss
ed

as
L

=
A
R
−

1
A
T

.
N

ot
e

th
at

w
h
il
e
A

d
ep

en
d
s

on
th

e
ch

oi
ce

o
f

th
e

d
ir

ec
ti

on
of

th
e

ed
ge

s
in

~ E
,
L

d
o
es

n
ot

.
T

h
e

“fl
ow

p
ro

b
le

m
”

is
d
efi

n
ed

as
fo

ll
ow

s:

m
in

im
iz

e
1 2
x
T
R
x

su
b

je
ct

to
A
x

=
b.

(3
)
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R
e
b
e
sc

h
in
i
a
n
d

T
a
t
ik
o
n
d
a

T
h
is

p
ro

b
le

m
ca

n
b

e
in

te
rp

re
te

d
as

a
m

in
im

al
-e

n
er

gy
el

ec
tr

ic
al

n
et

w
or

k
p
ro

b
le

m
.

T
o

ea
ch

d
ir

ec
te

d
ed

ge
e
∈
~ E

is
as

so
ci

at
ed

a
re

si
st

or
of

va
lu

e
R
ee

(a
n
al

og
ou

sl
y,

a
co

n
d
u
ct

o
r

o
f

va
lu

e
1
/R

ee
)

th
ro

u
gh

w
h
ic

h
a

cu
rr

en
t
x
e

fl
ow

s,
w

it
h

th
e

co
n
ve

n
ti

on
th

at
x
e
>

0
if

th
e

cu
rr

en
t

is
in

th
e

d
ir

ec
ti

on
of

th
e

ed
ge

,
x
e
<

0
if

th
e

cu
rr

en
t

is
in

th
e

d
ir

ec
ti

on
op

p
o
si

te
th

e
ed

g
e.

T
h
e

en
er

gy
of

h
av

in
g

cu
rr

en
t
x
e

on
ed

ge
e

is
gi

ve
n

b
y

th
e

1 2
R
ee
x

2 e
.

F
or

ea
ch

n
o
d
e
v
∈
V

,
b v

re
p
re

se
n
ts

a
gi

ve
n

ex
te

rn
al

cu
rr

en
t:
b v
>

0
re

p
re

se
n
ts

a
so

u
rc

e
w

h
er

e
th

e
cu

rr
en

t
en

te
rs

n
o
d
e
v
,

w
h
er

ea
s
b v
<

0
re

p
re

se
n
ts

a
si

n
k

w
h
er

e
th

e
cu

rr
en

t
ex

it
s

n
o
d
e
v
.

T
h
e

co
n
st

ra
in

t
eq

u
at

io
n
s
A
x

=
b

em
b

o
d
y

K
ir

ch
h
off

’s
co

n
se

rv
at

io
n

la
w

,
b
y

w
h
ic

h
at

ea
ch

ve
rt

ex
th

e
n
et

su
m

of
th

e
in

co
m

in
g

an
d

ou
tg

oi
n
g

in
te

rn
al

fl
ow

s
eq

u
al

s
th

e
ex

te
rn

al
fl
ow

.
C

on
n
ec

ti
on

b
et

w
ee

n
vo

lt
ag

e
an

d
fl
ow

p
ro

b
le

m
s.

F
ro

m
th

e
K

K
T

op
ti

m
al

it
y

co
n
d
it

io
n
s

it
ca

n
b

e
sh

ow
n

(s
ee

P
ro

p
os

it
io

n
31

in
A

p
p

en
d
ix

B
)

th
at

th
e

u
n
iq

u
e

so
lu

ti
on

o
f

p
ro

b
le

m
(3

)
re

ad
s
x
?

=
R
−

1
A
T
L

+
b

=
R
−

1
A
T
ν
?
.

T
h
at

is
,

if
e

=
(v
,w

)
∈
~ E

,
w

e
h
av

e
x
? e

=
W
v
w

(ν
? v
−
ν
? w

)
w

h
ic

h
re

p
re

se
n
ts

O
h
m

’s
la

w
.

F
in

al
ly

,
n
ot

ic
e

th
at

p
ro

b
le

m
(2

)
is

th
e

d
u
al

of
(3

).
R

ec
a
ll

th
a
t

th
e

L
ag

ra
n
gi

an
of

(3
)

is
th

e
fu

n
ct

io
n
L

fr
om

R
~ E
×
R
V

to
R

d
efi

n
ed

as

L(
x
,ν

)
:=

1 2
x
T
R
x

+
ν
T

(b
−
A
x

).
(4

)

T
h
e

d
u
al

fu
n
ct

io
n

is
q(
ν

)
=

m
in
x
∈R

~ E
L(
x
,ν

)
=
−

1 2
ν
T
L
ν

+
bT
ν
,

an
d

th
e

d
u
al

p
ro

b
le

m
re

a
d
s

m
ax

ν
∈R

V
q(
ν

),
w

h
ic

h
is

p
ro

b
le

m
(2

).

3
.
M

in
-S
u
m

A
lg
o
ri
th

m

T
h
e

M
in

-S
u
m

al
go

ri
th

m
is

a
d
is

tr
ib

u
te

d
ro

u
ti

n
e

to
op

ti
m

iz
e

a
co

st
fu

n
ct

io
n

th
a
t

h
a
s

a
g
ra

p
h

st
ru

ct
u
re

.
L

et
V

an
d
F

b
e

tw
o

fi
n
it

e
se

ts
,

w
h
os

e
el

em
en

ts
ar

e
re

sp
ec

ti
ve

ly
re

fe
rr

ed
to

a
s

va
ri

a
bl

es
an

d
fa

ct
o
rs

,
to

b
e

in
te

rp
re

te
d

as
tw

o
gr

ou
p
s

of
ve

rt
ic

es
in

a
ce

rt
a
in

u
n
d
ir

ec
te

d
b
ip

ar
ti

te
gr

ap
h

w
it

h
ed

ge
se

t
E,

w
h
er

e
ea

ch
ed

ge
in
E

co
n
n
ec

ts
an

el
em

en
t

o
f
V

w
it

h
a
n

el
em

en
t

of
F

.
F

or
an

y
va

ri
ab

le
n
o
d
e
i
∈
V,

w
e

u
se

th
e

n
ot

at
io

n
∂
i

to
d
en

o
te

th
e

se
t

o
f

n
ei

gh
b

or
s

of
ve

rt
ex

i
in

th
e

fa
ct

or
gr

ap
h
.

A
n
al

og
ou

sl
y,

fo
r

an
y

fa
ct

or
n
o
d
e
a
∈
F

,
w

e
u
se

th
e

n
ot

at
io

n
∂
a

to
d
en

ot
e

th
e

se
t

of
n
ei

gh
b

or
s

of
ve

rt
ex
a

in
th

e
fa

ct
or

gr
ap

h
.

C
o
n
si

d
er

th
e

fo
ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
ov

er
x
∈
R
V

:

m
in

im
iz

e
g
(x

)
:=
∑ i∈
V
g i

(x
i)

+
∑ a
∈F

g a
(x
∂
a
),

(5
)

fo
r

a
gi

ve
n

se
t

of
fu

n
ct

io
n
s
g i

:
R
→

R
∪
{∞
},

fo
r

ea
ch

i
∈
V,

a
n
d
g a

:
R
∂
a
→

R
∪
{∞
},

fo
r

ea
ch

a
∈
F

.
T

h
e

M
in

-S
u
m

al
go

ri
th

m
is

an
it

er
at

iv
e

al
go

ri
th

m
th

at
p
ro

ce
ed

s
b
y

u
p

d
a
ti

n
g

a
se

t
of

m
es

sa
ge

s
as

so
ci

at
ed

to
ea

ch
ed

ge
in

th
e

u
n
d
er

ly
in

g
fa

ct
or

gr
ap

h
.

M
es

sa
g
es

a
re

fu
n
ct

io
n
s

of
th

e
op

ti
m

iz
at

io
n

va
ri

ab
le

s
x
i,

fo
r
i
∈
V,

an
d

ea
ch

ed
ge

in
th

e
fa

ct
o
r

g
ra

p
h

is
as

so
ci

at
ed

w
it

h
tw

o
m

es
sa

ge
s

at
an

y
gi

ve
n

it
er

at
io

n
of

th
e

al
go

ri
th

m
.

F
or

a
n
y

ti
m

e
s
≥

0
,

an
d
i
∈
V,
a
∈
F

so
th

at
{i
,a
}
∈
E,
µ
s i→

a
:
R
→

R
∪
{∞
}

re
p
re

se
n
ts

a
m

es
sa

ge
fr

o
m

va
ri

a
b
le

to
fa

ct
or

,
an

d
µ
s a
→
i

:
R
→

R
∪
{∞
}

re
p
re

se
n
ts

a
m

es
sa

ge
fr

o
m

fa
ct

or
to

va
ri

a
b
le

.
In

th
is

w
or

k
w

e
co

n
si

d
er

th
e

sy
n

ch
ro

n
o
u

s
im

p
le

m
en

ta
ti

on
of

th
e

M
in

-S
u
m

a
lg

o
ri

th
m

,
w

h
er

e
at

ea
ch

it
er

at
io

n
al

l
m

es
sa

ge
s

ar
e

u
p

d
at

ed
.

F
or

a
gi

ve
n

it
er

at
io

n
st

ep
t
≥

1
,

th
e

al
go

ri
th

m
re

ad
s

as
in

A
lg

or
it

h
m

1.
T

h
e

it
er

at
io

n
s

of
th

e
M

in
-S

u
m

al
go

ri
th

m
co

rr
es

p
on

d
to

th
e

d
y
n
am

ic
p
ro

g
ra

m
m

in
g

it
er

-
at

io
n
s

to
so

lv
e

(5
)

w
h
en

th
e

u
n
d
er

ly
in

g
gr

ap
h

is
a

tr
ee

.
In

ge
n
er

al
,

th
e

M
in

-S
u
m

a
lg

o
ri

th
m

6
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A
N
e
w

A
p
p
r
o
a
c
h
t
o

L
a
p
l
a
c
ia
n
S
o
lv

e
r
s
a
n
d

F
l
o
w

P
r
o
b
l
e
m
s

A
lg

o
rith

m
1
:

M
in

-S
u
m

In
p

u
t:

In
itial

m
essages{µ

0a→
i }

,
for

each
{i,a}

∈
E

;
fo

r
s∈
{1,...,t}

d
o

C
o
m

p
u
te,

for
each

{
i,a}

∈
E

,
µ
si→

a
=
g
i
+
∑

b∈
∂
i\
a
µ
s−

1
b→

i ,
µ
sa→

i
=

m
in
x∈

R
V {g

a (x
∂
a\
i ·)

+
∑

j∈
∂
a\
i µ

sj→
a (x

j )}
;

C
o
m

p
u
te
µ
ti

=
g
i
+
∑

a∈
∂
i µ

ta→
i ,

for
each

i∈
V

;
O

u
tp

u
t:
x̂
ti

:=
arg

m
in
z∈

R
µ
ti (z

),
for

each
i∈
V

.

is
n
o
t

g
u
a
ra

n
teed

to
con

verge,
an

d
ev

en
w

h
en

it
con

v
erges

it
is

n
ot

gu
aran

teed
th

at
it

con
-

verg
es

to
a
n

o
p
tim

al
p

oin
t

of
p
rob

lem
(5).

T
h
e

M
in

-S
u
m

algorith
m

is
su

ited
for

co
op

erative
d
istrib

u
ted

m
u
lti-agen

ts
op

tim
ization

.
In

th
is

fram
ew

ork
,

to
each

variab
le
i∈
V

is
asso

ci-
a
ted

an
ag

en
t

w
h
o

h
as

access
on

ly
to

th
e

lo
cal

ob
jective

fu
n
ction

s
g
i

an
d
g
a ,

for
each

a
∈
∂
i.

A
t

ea
ch

tim
e

step
,

each
agen

t
can

on
ly

ex
ch

an
ge

in
form

ation
w

ith
h
is

n
ear-n

eigh
b

ors
in

th
e

fa
cto

r
g
ra

p
h
,

i.e.,
th

e
agen

ts
w

h
o

sh
are

at
least

on
e

factor
w

ith
h
im

.
A

gen
ts’

g
oal

is
to

co
o
p

era
te

over
tim

e
to

solve
p
rob

lem
(5).

T
h
e

M
in

-S
u
m

algorith
m

is
a

m
ean

to
ach

ieve
th

is
g
oa

l:
itera

tively,
each

agen
t
i

u
p

d
ates

a
set

of
m

essag
es{

µ
si→

a },a
∈
∂
i,

u
sin

g
th

e
m

essages
th

a
t

h
e

h
a
s

receiv
ed

from
h
is

n
eigh

b
o
rs

at
th

e
p
rev

iou
s

tim
e

step
,

i.e.,{
µ
s−

1
j→

a },a
∈
∂
j,

for
ea

ch
n
eig

h
b

o
r
j

of
i,

an
d

u
sin

g
th

e
lo

cally
k
n
ow

n
fu

n
ction

s
g
i

an
d
g
a ,

for
each

a
∈
∂
i.

R
e
m

a
rk

2
(B

e
lie

f
P

ro
p

a
g
a
tio

n
)

T
h
e

M
in

-S
u

m
a
lgo

rith
m

a
ltern

a
tes

m
in

im
iza

tio
n

s
a
n

d
su

m
m

a
tio

n
s

to
co

m
p
u

te
th

e
m

in
im

u
m

o
f

a
su

m
o
f

fu
n

ctio
n

s
o
f

th
e

fo
rm

in
(5).

T
h
e

m
a
in

p
ro

perty
th

a
t

is
u

sed
to

d
erive

th
e

loca
l

u
pd

a
tes

o
f

th
is

a
lgo

rith
m

(o
n

a
tree,

w
h
ere

th
e

a
lgo

rith
m

co
m

p
u

tes
th

e
co

rrect
so

lu
tio

n
)

is
th

e
fa

ct
th

a
t

th
e

m
in

im
u

m
d
istribu

tes
o
ver

th
e

su
m

m
a
tio

n
.

C
lo

sely
rela

ted
to

th
e

M
in

-S
u

m
a
lgo

rith
m

is
th

e
S

u
m

-P
rod

u
ct

a
lgo

rith
m

,
w

h
ere

th
e

goa
l

is
to

co
m

p
u

te
th

e
su

m
(o

r
in

tegra
l)

o
f

a
p
rod

u
ct

o
f

fu
n

ctio
n

s
o
f

th
e

fo
llo

w
in

g
fo

rm
:

∏i∈V
g
i (x

i ) ∏a∈F
g
a (x

∂
a ).

(6)

A
s

th
e

su
m

(o
r

in
tegra

l)
d
istribu

tes
o
ver

th
e

p
rod

u
ct,

th
e

S
u

m
-P

rod
u

ct
a
lgo

rith
m

ta
kes

th
e

exa
ct

sa
m

e
fo

rm
a
s

A
lgo

rith
m

1
w

ith
m

in
im

a
rep

la
ced

by
su

m
s

a
n

d
su

m
s

rep
la

ced
by

p
rod

-
u

cts.
In

th
e

m
a
ch

in
e

lea
rn

in
g

co
m

m
u

n
ity,

th
e

S
u

m
-P

rod
u

ct
a
lgo

rith
m

is
u

su
a
lly

referred
to

a
s

B
elief

P
ro

pa
ga

tio
n

,
a
n

d
a

cla
ssica

l
a
p
p
lica

tio
n

in
vo

lves
th

e
co

m
p
u

ta
tio

n
o
f

th
e

n
o
rm

a
liza

-
tio

n
fu

n
ctio

n
o
f

gra
p
h
ica

l
m

od
els,

w
h
ere

ra
n

d
o
m

va
ria

bles{X
v }
v∈
V

h
a
ve

a
jo

in
t

d
en

sity
th

a
t

fa
cto

rizes
a
s

in
(6).

W
h
ile

M
in

-S
u

m
a
n

d
S

u
m

-P
rod

u
ct

a
re

fo
rm

a
lly

rela
ted

,
th

ey
a
re

kn
o
w

n
to

p
rod

u
ce

resu
lts

th
a
t

a
re

qu
a
lita

tively
d
iff

eren
t.

In
pa

rticu
la

r,
w

h
ile

th
ere

a
re

su
ffi

cien
t

co
n

d
itio

n
s

th
a
t

gu
a
ra

n
tee

th
e

co
n

vergen
ce

a
n

d
co

rrectn
ess

o
f

M
in

-S
u

m
in

gra
p
h
s

o
f

a
rbi-

tra
ry

to
po

logy,
th

e
S

u
m

-P
rod

u
ct

a
lgo

rith
m

is
kn

o
w

n
to

yield
co

rrect
resu

lts
o
n

ly
o
n

loca
lly

tree-like
gra

p
h
s

(W
eiss

a
n

d
F

reem
a
n

,
2
0
0
1
).

W
e

n
ow

sp
ecialize

th
e

M
in

-S
u
m

algo
rith

m
to

th
e

voltage
an

d
fl
ow

p
rob

lem
,

resp
ectively.

3
.1

.
M

in
-S

u
m

fo
r

th
e

V
o
lta

g
e

P
ro

b
le

m

In
o
rd

er
to

a
p
p
ly

th
e

M
in

-S
u
m

algorith
m

to
solve

th
e

voltage
p
rob

lem
(2),

th
rou

gh
o
u
t

th
e

rest
o
f

th
is

p
a
p

er
w

e
con

sid
er

th
e

eq
u
ivalen

t
m

in
im

ization
form

:
m

in
im

ize
12 ν

T
L
ν−

b
T
ν
.
W

e

7
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R
e
b
e
sc

h
in
i
a
n
d

T
a
t
ik
o
n
d
a

rew
rite

th
is

p
rob

lem
in

th
e

form
(5). 1

T
o

th
is

en
d
,
let

u
s

id
en

tifyV
↔
V

an
d
F
↔
E

.
In

th
is

con
tex

t,
th

e
n
otation

∂
v

in
d
icates

th
e

set
of

ed
ges

in
E

are
con

n
ected

to
v
∈
V

;
an

alogou
sly,

th
e

n
otation

∂
e

in
d
icates

th
e

p
air

of
vertices

th
at

are
con

n
ected

b
y

ed
ge
e.

F
or

ea
ch
v
∈
V

,
d
efi

n
e

th
e

fu
n
ction

g
v (ν

v )
=
−
b
v ν
v ,

an
d

for
each

e
∈
E

d
efi

n
e

th
e

fu
n
ction

g
e (ν

∂
e )

:=
12 W

v
w

(ν
v −

ν
w

)
2,

w
h
ere

∂
e

=
{
v
,w}

.
R

ecallin
g

th
at

ν
T
L
ν

=
∑
{
v
,w
}∈
E
W
v
w

(ν
v −

ν
w

)
2,

th
e

p
rob

lem
ab

ove
is

eq
u
ivalen

t
to

th
e

p
rob

lem
of

m
in

im
izin

g
th

e
fu

n
ction

∑
v∈
V
g
v (ν

v )
+

∑
e∈
E
g
e (ν

∂
e ),

w
h
ich

is
of

th
e

form
(5).

A
s

in
th

e
factor

grap
h

in
terp

retation
each

factor
n
o
d
e

(i.e.,
ed

ge
in
E

)
is

ad
jacen

t
to

ex
actly

tw
o

variab
le

n
o
d
es

(i.e.,
vertices

in
V

),
it

is
con

ven
ien

t
to

rew
rite

th
e

M
in

-S
u
m

algorith
m

in
term

s
of

u
p

d
ates

of
m

essages
from

factors
to

variab
les

on
ly.

A
t

each
tim

e
step

t
≥

1,
to

each
ed

ge
e

=
{
v
,w}

∈
E

are
asso

ciated
tw

o
m

essages:
µ
te→

v
an

d
µ
te→

w
.

It
is

easy
to

verify
th

at
in

th
e

p
resen

t
settin

g
A

lgorith
m

1
b

ecom
es

A
lgorith

m
2.

A
lg

o
rith

m
2
:

M
in

-S
u
m

,
voltage

p
rob

lem

In
p

u
t:

In
itial

m
essages{µ

0e→
v },

for
e∈

E
,v
∈
∂
e;

fo
r
s∈
{1,...,t}

d
o

C
om

p
u
te,

for
each

e∈
E

,
v
∈
∂
e,

w
ith

w
=
∂
e\

v
µ
se→

v
=

m
in
ν
w ∈

R {
g
w

(ν
w

)
+
g
e (ν

w
·)

+
∑

f∈
∂
w
\
e
µ
s−

1
f→

w
(ν
w

)};
C

om
p
u
te
µ
tv

=
g
v

+
∑

e∈
∂
v
µ
te→

v ,
for

each
v
∈
V

;
O

u
tp

u
t:
ν̂
tv

:=
arg

m
in
z∈

R
µ
tv (z

),
for

each
v
∈
V

.

A
lgorith

m
2

ap
p
lies

for
an

y
ch

oice
of

th
e

in
itial

m
essages

{
µ

0e→
v }

,
for

e
∈
E
,v
∈
∂
e.

If
w

e
ch

o
ose

in
itia

l
m

essages
th

at
are

q
u
ad

ratic
fu

n
ction

s,
th

en
th

e
m

essages
com

p
u
ted

b
y

th
e

algorith
m

rem
ain

q
u
ad

ratic.
T

h
e

follow
in

g
P

ro
p

osition
p
resen

ts
th

e
q
u
ad

ratic
u
p

d
ates,

w
ith

ou
t

statin
g

form
u
las

for
th

e
con

stan
t

term
s

as
th

ese
term

s
d
o

n
ot

in
fl
u
en

ce
th

e
ou

tp
u
t

of
th

e
M

in
-S

u
m

algorith
m

,
as

w
e

w
ill

sh
ow

n
ex

t.

P
ro

p
o
sitio

n
3

F
o
r

a
given

s
≥

1
,

fo
r

ea
ch

e
∈
E

,
v
∈
∂
e

let
µ
s−

1
e→

v (z
)

=
12 W

s−
1

e→
v z

2
+

w
s−

1
e→

v z
+
c
s−

1
e→

v .
T

h
en

,
fo

r
ea

ch
e∈

E
,
v
∈
∂
e,

w
e

h
a
ve
µ
se→

v (z
)

=
12 W

se→
v z

2
+
w
se→

v z
+
c
se→

v ,
w

h
ere
{c
se→

v }
is

a
certa

in
set

o
f

co
n

sta
n

ts,
a
n

d
(h

ere
w

=
∂
e\

v
)

W
se→
v

=
W
v
w

∑
f∈
∂
w
\
e
W

s−
1

f→
w

W
v
w

+
∑

f∈
∂
w
\
e
W

s−
1

f→
w

,
w
se→

v
=
W
v
w

∑
f∈
∂
w
\
e
w
s−

1
f→

w
−
b
w

W
v
w

+
∑

f∈
∂
w
\
e
W

s−
1

f→
w

.

P
ro

o
f

F
ix
s
≥

1,
e
∈
E

,
v
∈
∂
e,

an
d

let
w

=
∂
e\

v
.

T
h
e

M
in

-S
u
m

u
p

d
ate

ru
le

read
s

µ
se→

v (ν
v )

=
m

in
z∈

R {−
b
w
z

+
12 W

v
w

(ν
v
−
z
)
2

+
12 z

2 ∑
f∈
∂
w
\
e
W

s−
1

f→
w
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∑
f
∈∂
w
\e

1
/R

s−
1

f
→
w

.

P
ro

o
f

F
ix
s
≥

1,
e
∈
~ E

,
v
∈
∂
e,

an
d

le
t
w
∈
∂
e
\v

.
A

s
w

e
as

su
m

e
th

a
t

th
e

g
ra

p
h
G

h
as

n
o

le
av

es
,

th
en

∂
w
\
e
6=

∅
an

d
th

e
M

in
-S

u
m

u
p

d
at

e
ru

le
re

ad
s
µ
s e→

v
(z

)
=
g e

(z
)

+
m

in
x
∈R

∂
w
\e

:Ã
x

=
b w
−
A
w
e
z

∑
f
∈∂
w
\e
µ
s−

1
f
→
w

(x
f
),

w
h
er

e
Ã

:=
A
w
,∂
w
\e

is
th

e
su

b
m

a
tr

ix
o
f
A

g
iv

en
b
y

th
e
w

-t
h

ro
w

an
d

th
e

co
lu

m
n
s

in
d
ex

ed
b
y

th
e

el
em

en
ts

in
∂
w
\e

.
T

h
e

m
in

im
iz

a
ti

o
n

in
th

e
d
efi

n
it

io
n

of
µ
s e→

v
ca

n
b

e
w

ri
tt

en
as

m
in

im
iz

e
1 2
x
T
R̃
x

+
r̃T
x

+
1
T
c̃

su
b

je
ct

to
Ã
x

=
b w
−
A
w
e
z

(7
)

2
.

F
o
r

co
n
v
en

ie
n

ce
o
f

n
o
ta

ti
o
n

,
w

e
p

re
se

n
t

A
lg

o
ri

th
m

4
w

it
h

in
it

ia
l

m
es

sa
g
es

in
d

ex
ed

b
y

ti
m

e
0
.

M
es

sa
g
es

a
re

in
d

ex
ed

b
y

a
ti

m
e

p
a
ra

m
et

er
th

a
t

is
sh

if
te

d
b
y

o
n

e
u

n
it

co
m

p
a
re

d
to

A
lg

o
ri

th
m

1
.
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A
N
e
w

A
p
p
r
o
a
c
h
t
o

L
a
p
l
a
c
ia
n
S
o
lv

e
r
s
a
n
d

F
l
o
w

P
r
o
b
l
e
m
s

over
x
∈

R
∂
w
\
e,

w
ith

R̃
∈

R
(∂
w
\
e)×

(∂
w
\
e)

d
iagon

al
w

ith
R̃
f
f

:=
R
s−

1
f→

w
,
r̃
∈

R
∂
w
\
e

w
ith

r̃
f

:=
r
s−

1
f→

w
,

an
d
c̃
∈
R
∂
w
\
e

w
ith

c̃
f

:=
c
s−

1
f→

w
.

B
y

P
rop

osition
31

in
A

p
p

en
d
ix

B
th

e
solu

-

tio
n

o
f

(7
)

rea
d
s
x
?

=
h
−
A
w
e z
y
,

w
ith

h
:=

b
w
y
−

(I
−
y
Ã

)R̃
−

1r̃,
y

:=
R̃
−

1Ã
T
L̃
−

1,
an

d
L̃

:=
Ã
R̃
−

1Ã
T
∈

R
.

S
u
b
stitu

tin
g
x
?

in
(7)

w
e

get
µ
se→

v (z
)

=
12 R

se→
v z

2
+
r
se→

v z
+
c
se→

v ,

w
ith

R
se→

v
:=

R
ee

+
y
T
R̃
y
,

an
d
r
se→

v
:=
−
A
w
e (y

T
R̃
h

+
r̃
T
y
).

T
h
e

p
ro

o
f

follow
s

as
L̃

=
∑

f∈
∂
w
\
e

1
/
R
s−

1
f→

w
,
y
T
R̃
y

=
L̃
−

1,
y
T
R̃
h

=
L̃
−

1b
w
,
r̃
T
y

=
L̃
−

1 ∑
f∈
∂
w
\
e
A
w
f r
s−

1
f→

w
/R

s−
1

f→
w
.

F
ro

m
P

ro
p

o
sition

5
it

follow
s

th
at

if
w

e
in

itialize
A

lg
orith

m
4

w
ith

q
u
ad

ratic
m

essages
µ

0e→
v (z

)
=

12 R
0e→

v z
2

+
r

0e→
v z
,

th
en

,
m

o
d
u
lo

th
e

con
stan

t
term

s,
w

e
can

track
th

e
evolu

tion
o
f

th
e

q
u
a
d
ra

tic
m

essages
com

p
u
ted

b
y

th
e

algorith
m

b
y

evalu
atin

g
recu

rsiv
ely

th
e

set
of

p
a
ra

m
eters{R

se→
v },{r

se→
v }

as
p
rescrib

ed
b
y

P
rop

o
sition

5.
T

h
e

b
elief

fu
n
ctio

n
asso

ciated
to

ed
g
e
e

at
tim

e
t

th
en

read
s
µ
te (z

)
=

12 (R
te→

v
+
R
te→

w −
R
ee )z

2
+

(r
te→

v
+
r
te→

w
)z

+
c
te ,

for
a

certa
in

co
n
stan

t
c
te ,

so
th

at
x̂
te

=
arg

m
in
z∈

R
µ
te (z

)
=
−

(r
te→

v
+
r
te→

w
)/(R

te→
v

+
R
te→

w −
R
ee ),

in
d
ep

en
d
en

t
o
f
c
te .

T
h
e

fi
n
al

p
ro

ced
u
re

so
ob

tain
ed

,
in

th
e

case
of

q
u
ad

ratic
in

itial
m

essages,
fo

r
a

g
ra

p
h
G

w
ith

n
o

leaves,
is

given
in

A
lgorith

m
5.

A
lg

o
rith

m
5
:

M
in

-S
u
m

,
fl
ow

p
rob

lem
,

q
u
ad

ratic
m

essages,
n
o

leav
es

In
p

u
t:

In
itial

m
essages{R

0e→
v },{r

0e→
v }

,
e∈

~E
,v
∈
∂
e;

fo
r
s∈
{1,...,t}

d
o

C
o
m

p
u
te,

for
each

e∈
~E

,
v
∈
∂
e,

w
ith

w
=
∂
e\

v

R
se→

v
=
R
ee

+
1

∑
f∈
∂
w
\
e

1
/
R
s−

1
f→

w

,
r
se→

v
=
−
A
w
e ∑

f∈
∂
w
\
e
A
w
f
r
s−

1
f→

w
/
R
s−

1
f→

w
+
b
w

∑
f∈
∂
w
\
e

1
/
R
s−

1
f→

w

;

O
u

tp
u

t:
x̂
te

=
−

r
te→

v
+
r
te→

w
R
te→

v
+
R
te→

w −
R
e
e ,

for
e

=
(v
,w

)∈
~E

.

A
lg

o
rith

m
5,

w
ith

th
e

ch
oice

of
in

itial
con

d
ition

s
R

0e→
v

=
R
ee ,

r
0e→

v
=

0,
for

each
e∈

~E
,v
∈
∂
e,

w
ill

b
e

th
e

fo
cu

s
of

ou
r

in
v
estiga

tion
for

th
e

fl
ow

p
rob

lem
.

T
h
e

con
vergen

ce
a
n
a
ly

sis
w

ill
rely

on
th

e
gen

eral
form

u
lation

of
A

lgorith
m

4.

4
.
R
e
su

lts
fo
r
d
-R

e
g
u
la
r
G
ra

p
h
s

A
d
-reg

u
la

r
grap

h
is

a
grap

h
w

h
ere

each
n
o
d
e

h
as

d
n
eigh

b
ors.

In
th

is
sectio

n
,

w
e

fi
rst

ch
a
ra

cterize
th

e
error

com
m

itted
b
y

th
e

M
in

-S
u
m

algorith
m

to
solve

th
e

v
oltage

an
d

fl
ow

p
ro

b
lem

s
o
n

co
n
n
ected

d
-regu

lar
grap

h
s

in
term

s
of

th
e

solu
tion

ν
?

=
L

+
b

of
th

e
voltage

p
ro

b
lem

.
T

h
en

,
w

e
d
evelop

con
vergen

ce
resu

lts
w

ith
resp

ect
to

variou
s

n
orm

s.

T
h
e

p
ro

o
fs

of
th

e
m

ain
resu

lts
h
ere

p
resen

ted
—

L
em

m
a

6
an

d
L

em
m

a
9—

are
given

in
S
ectio

n
5
,

w
h
ere

w
e

d
ev

elop
th

e
gen

eral
m

ach
in

ery
to

a
n
aly

ze
th

e
b

eh
av

ior
of

th
e

M
in

-S
u
m

sch
em

e
to

so
lv

e
con

strain
ed

op
tim

ization
p
rob

lem
s,

an
d

w
e

p
resen

t
th

e
ch

aracteriza
tion

of
th

e
erro

r
co

m
m

itted
b
y

th
e

voltage
an

d
fl
ow

algorith
m

s
on

gen
eral

w
eigh

ted
g
rap

h
s

in
term

s
o
f

h
ittin

g
tim

es
of

ran
d
om

w
alk

s
on

th
e

com
p
u
tation

tree
(for

th
e

sa
ke

of
sim

p
licity,

w
e

p
o
stp

o
n
e

th
e

resu
lts

on
gen

eral
grap

h
s

to
S
ection

5,
as

th
ese

resu
lts

req
u
ire

th
e

n
otio

n
of

co
m

p
u
ta

tio
n

tree).
T

h
e

p
ro

ofs
of

th
e

tech
n
ical

resu
lts

u
sed

h
ere

are
given

in
A

p
p

en
d
ix

B
.

H
en

cefo
rth

,
let

ν̂
t

b
e

th
e

ou
tcom

e
of

A
lgorith

m
3

at
tim

e
t

w
ith

th
e

ch
oice

of
in

itial
co

n
d
itio

n
s
W

0e→
v

=
W
v
w

an
d
w

0e→
v

=
0,

for
each

e
=
{
v
,w}
∈
E
,v
∈
∂
e.

A
n
alogou

sly,
let

x̂
t

11
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R
e
b
e
sc

h
in
i
a
n
d

T
a
t
ik
o
n
d
a

b
e

th
e

ou
tcom

e
of

A
lgorith

m
5

at
tim

e
t

w
ith

th
e

ch
oice

of
in

itial
con

d
ition

s
R

0e→
v

=
R
ee ,

r
0e→

v
=

0,
for

each
e
∈
~E
,v
∈
∂
e.

T
h
rou

gh
ou

t,
given

a
w

eigh
ted

d
irected

grap
h
~G

=
(V
,
~E
,W

)
w

ith
n
o

b
i-d

irected
ed

ges
(i.e.,

eith
er

(v
,w

)∈
~E

or
(w
,v

)∈
~E

),
let

G
=

(V
,E
,W

)
b

e
th

e
w

eigh
ted

u
n
d
irected

grap
h

n
atu

rally
asso

ciated
to

~G
,

i.e.,
ed

ges
in
E

are
ob

tain
ed

b
y

rem
ov

in
g

th
e

orien
tation

of
th

e
ed

ges
in

~E
.

L
et
n

:=
|V
|

an
d
m

:=
|E
|

b
e

th
e

n
u
m

b
er

of
n
o
d
es

an
d

ed
ges,

resp
ectively.

4
.1

.
E

rro
r

C
h

a
ra

c
te

riz
a
tio

n

W
e

ch
aracterize

th
e

error
com

m
itted

b
y

th
e

M
in

-S
u
m

algorith
m

as
a

fu
n
ction

of
tim

e
an

d
as

a
fu

n
ction

of
th

e
v
oltage

solu
tion

ν
?

=
L

+
b.

T
h
e

case
d

=
2,

i.e.,
a

cy
cle

grap
h
,

allow
s

a
ch

aracterization
for

gen
eral

w
eigh

ted
grap

h
s.

L
e
m

m
a

6
(R

e
g
u

la
r

g
ra

p
h

s,
d

=
2)

L
et

~G
=

(V
=
{
0,...,n

−
1}
,
~E
,W

)
be

a
w

eigh
ted

d
irected

cycle,
a
n

d
let

G
=

(V
,E
,W

)
be

th
e

co
rrespo

n
d
in

g
u

n
d
irected

gra
p
h
.

D
efi

n
e

th
e

fu
n

ctio
n
i∈

N
→
ρ
(i)

:=
i

m
o
d
n

.
F

o
r
v
∈
V

,
e

=
{
ρ
(v

),ρ
(v

+
1)}
∈
E

,
t≥

2,
w

e
h
a
ve

ν
?v −

ν̂
tv

=
α
v
,t ν

?ρ(v−
t−

1
)

+
(1−

α
v
,t )
ν
?ρ(v

+
t+

1
) ,

α
v
,t

:=

∑
v
+
t

k
=
v

1
/
W
ρ
(k

)ρ
(k

+
1
)

∑
v
+
t

k
=
v−
t−

1
1/W

ρ
(k

)ρ
(k

+
1
) ,

x
?e −

x̂
te

=
A
v
e
β
e,t (ν

?ρ(v−
t) −

ν
?ρ(v

+
t+

1
) ),

β
e,t

:=
1

∑
v
+
t

k
=
v−
t 1/W

ρ
(k

)ρ
(k

+
1
) .

If
ea

ch
ed

ge
h
a
s

th
e

sa
m

e
w

eigh
t
ω

,
th

en
α
v
,t

=
1/2

a
n

d
β
e,t

=
ω
/(2t

+
1).

In
th

e
case

of
con

stan
t

w
eigh

ts,
th

is
resu

lt
sh

ow
s

th
at

M
in

-S
u
m

d
isp

lay
s

a
n
on

-con
vergen

t
(oscillatory

)
b

eh
av

ior
in

th
e

voltage
settin

g
(as

α
v
,t

d
o
es

n
ot

d
ecay

w
ith

tim
e),

w
h
ile

M
in

-
S
u
m

d
isp

lay
s

a
con

vergen
t

b
eh

av
ior

in
th

e
fl
ow

settin
g

(as
β
v
,t

d
ecay

s
w

ith
tim

e).
W

e
w

ill
d
iscu

ss
th

is
b

eh
av

ior
m

ore
ex

ten
siv

ely
in

th
e

follow
in

g
section

s.

R
e
m

a
rk

7
T

h
e

fa
ct

th
a
t

th
e

M
in

-S
u

m
a
lgo

rith
m

d
oes

n
o
t

co
n

verge
is

n
o
t

su
rp

risin
g.

G
a
u

s-
sia

n
B

P
,

see
R

em
a
rk

4
,

is
kn

o
w

n
to

su
ff

er
fro

m
d
ivergen

t
beh

a
vio

rs
even

in
th

e
a
bsen

ce
o
f

d
egen

era
cy,

i.e.,
even

w
h
en

th
e

qu
a
d
ra

tic
fo

rm
o
f

in
terest

is
d
efi

n
ed

by
a

po
sitive

d
efi

n
ite

m
a
trix,

a
s

o
bserved

n
u

m
erica

lly
in

R
u

sm
evich

ien
to

n
g

a
n

d
R

o
y

(2
0
0
1
).

F
or
d
≥

3
w

e
can

p
rov

id
e

a
ch

aracterization
of

th
e

error
in

th
e

case
of

grap
h
s

w
ith

eq
u
al

w
eigh

ts.
W

e
b

egin
b
y

d
efi

n
in

g
an

d
b

ou
n
d
in

g
som

e
q
u
an

tities
of

in
terest

th
at

w
e

w
ill

n
eed

to
state

ou
r

resu
lts.

T
h
e

p
ro

of
of

th
e

follow
in

g
p
rop

o
sition

is
given

in
A

p
p

en
d
ix

B
.

P
ro

p
o
sitio

n
8

F
ix
d
≥

3.
F

o
r
s≥

1
let

h
s

:=
1

(d−
1
)
s−

1 ,
a
n

d
let

δ
0

:=
1d
,
δ

1
:=

1
d−

1
+
d−

1
,

a
n

d
δ
s

:=
1
d−

1 (2
+

(d−
2
)
2

d−
1

(1
+
h
s+

2 ))δ
s−

1 −
1

(d−
1
)
2 δ
s−

2
fo

r
s≥

2
.

F
o
r

a
n

y
t≥

3
d
efi

n
e

b
d
,t

:=
1

(d−
1)

2 (
1

+
(d−

2)(1
+
h
t+

1 ) )
δ
t−

2 −
(d−

2)(1
+
h
t+

1 )

(d−
1)

3
δ
t−

3 ,

c
d
,t

:=
1

d−
1 (

1
+

1

(d−
2)(1

+
h
t ) )

δ
t−

2 −
1

(d−
1)

2
δ
t−

3 .

T
h
en

w
e

h
a
ve

12
≤

d−
2

d−
1
≤
b
d
,t ≤

c
d
,t ≤

1
+
ε
d
<

4
a
n

d
c
d
,t ≥

1
,

w
h
ere

ε
d

is
a

po
sitive

d
ecrea

sin
g

fu
n

ctio
n

o
f
d
≥

3
so

th
a
t
ε
d →

0
a
s
d
→
∞

a
n

d
ε

3
<

3
.
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A
N
e
w

A
p
p
r
o
a
c
h
t
o

L
a
p
l
a
c
ia
n
S
o
lv

e
r
s
a
n
d

F
l
o
w

P
r
o
b
l
e
m
s

F
or

ea
ch
v
∈
V

,
le

t
~ P
v

b
e

th
e

la
w

of
a

ti
m

e-
h
om

og
en

eo
u
s

n
o
n

-b
a
ck

tr
a
ck

in
g

ra
n
d
o
m

w
al

k
Y

0
,Y

1
,Y

2
,.
..

on
th

e
n
o
d
es

of
G

w
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e
o
re

m
1
8

(M
in

-S
u

m
fl

o
w

,
ru

n
n

in
g

ti
m

e
,
` ∞

n
o
rm

)
S

et
ti

n
g

o
f

L
em

m
a

9
.

L
et
α
>

0
,β

>
0,

a
n

d
ω

be
in

d
ep

en
d
en

t
o
f
n

a
n

d
m

.

4
.

It
is

ea
sy

to
se

e
th

a
t
γ̃

(1
)

=
0

fo
r

co
m

p
le

te
g
ra

p
h

s,
w

h
ic

h
ex

p
la

in
s

th
e

p
o
in

ts
a
t
t

=
1

in
F

ig
u

re
1

(r
ig

h
t)

.

1
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A
N
e
w

A
p
p
r
o
a
c
h
t
o

L
a
p
l
a
c
ia
n
S
o
lv

e
r
s
a
n
d

F
l
o
w

P
r
o
b
l
e
m
s

1
.

If
γ̃

(t)≤
α

ex
p
(−
β
t)

fo
r
t≥

0,
th

en
th

e
M

in
-S

u
m

a
lgo

rith
m

yield
s

a
n

estim
a
te
x̂

su
ch

th
a
t‖x

?−
x̂‖∞

≤
ε‖
ν
?‖∞

w
ith

ru
n

n
in

g
tim

e
O

(m
log

1/ε).

2
.

If
γ̃

(t)≤
α
/t β

fo
r
t≥

0,
th

en
th

e
M

in
-S

u
m

a
lgo

rith
m

yield
s

a
n

estim
a
te
x̂

su
ch

th
a
t

‖x
?−

x̂‖∞
≤
ε‖
ν
?‖∞

w
ith

ru
n

n
in

g
tim

e
O

(m
/ε

1
/
β
).

P
ro

o
f

It
follow

s
from

C
orollary

17,
an

alogou
sly

to
th

e
p
ro

of
of

T
h
eorem

15.

T
h
eo

rem
1
8

sh
ow

s
th

at
for

certa
in

classes
of
d
-regu

lar
grap

h
s,

as
ch

aracterized
b
y

th
e

d
ecay

in
g

p
ro

p
erties

of
γ̃

(t),
th

e
M

in
-S

u
m

alg
orith

m
y
ield

s
lin

ear
tim

e
solvers

fo
r

th
e

fl
ow

p
ro

b
lem

,
w

ith
resp

ect
to

th
e
`∞

n
orm

.
T

h
e

follow
in

g
rem

ark
sh

ow
s

th
at

an
an

alogou
s

resu
lt

to
T

h
eo

rem
1
8

can
b

e
d
erived

w
ith

resp
ect

to
th

e
`
2

n
orm

,
w

ith
an

ad
d
ition

al
assu

m
p
tion

in
th

e
sp

irit
of

th
e

on
e

u
sed

in
T

h
eorem

15
for

th
e

voltage
case.

R
e
m

a
rk

1
9

(A
n

a
ly

sis
in

`
2

n
o
rm

)
F

o
r
d

-regu
la

r
gra

p
h
s

w
ith

d
≥

3
,

th
e

a
n

a
lysis

in
th

e
`
2

n
o
rm

fo
r

th
e

fl
o
w

p
ro

blem
fo

llo
w

s
th

e
sa

m
e

step
s

a
s

th
e

a
n

a
lysis

in
th

e
L

-n
o
rm

fo
r

th
e

vo
lta

ge
p
ro

blem
.

In
fa

ct,
if

o
n

e
d
efi

n
es

th
e

m
a
trices

∆
(t)

a
n

d
∆̃

(t)
∈

R
~E×

V
respec-

tively
a
s

∆
(t)
ez

:=
P

(t)
v
z
−
P

(t)
w
z

a
n

d
∆̃

(t)
ez

:=
P

(t,w
)

v
z
−
P

(t,v
)

w
z

,
fo

r
a
n

y
e

=
(v
,w

)
∈
~E
,z
∈
V

,
th

en
‖x

?−
x̂
t‖

2
=

ωcd
,t

d−
1
d
‖
∆̃

(t)ν
?‖

2 ,
w

h
ile
‖
ν
?−

ν̂
t‖
L

=
1
b
d
,t ‖∆

(t)ν
?‖

2 .
In

a
n

a
logy

w
ith

T
h
eo

rem
1
5
,

th
e

resu
lts

o
f

T
h

eo
rem

1
8

h
o
ld

w
h
en

rep
la

cin
g
‖
x
?−

x̂‖∞
≤
ε‖ν

?‖∞
w

ith
‖
x
?−

x̂‖
2
≤
ε‖
ν
?‖
L

,
u

po
n

a
ssu

m
in

g
th

a
t

th
ere

exists
δ
>

1
in

d
epen

d
en

t
o
f
n

a
n

d
m

su
ch

th
a
t
∑
{
v
,w
}∈
E
W
v
w (

(P
(t,w

)ν
)
v −

(P
(t,v

)ν
)
w

‖
P

(t,w
)

v
−
P

(t,v
)

w
‖
T
V

)
2
≤
δ

2‖
ν
?‖

2L
,

fo
r
t
≥

0
,

w
h
ich

co
rrespo

n
d
s

to
th

e

a
ssu

m
p
tio

n
‖
ν
?‖
L
,P

(t) ≤
δ‖ν

?‖
L

in
T

h
eo

rem
1
5
.

5
.
R
e
su

lts
fo
r
G
e
n
e
ra

l
W

e
ig
h
te
d
G
ra

p
h
s

T
h
is

sectio
n

d
ev

elop
s

th
e

ch
aracterization

of
th

e
error

com
m

itted
b
y

th
e

voltage
an

d
fl
ow

a
lg

o
rith

m
s

o
n

g
en

eral
w

eigh
ted

grap
h
s

in
term

s
of

h
ittin

g
tim

es
of

ord
in

ary
d
iff

u
sion

ran
d
om

w
a
lk

s
d
efi

n
ed

o
n

th
e

com
p
u
tation

trees
th

at
a
re

ob
tain

ed
b
y

u
n
ravelin

g
th

e
op

eration
s

of
th

e
a
lg

o
rith

m
s

w
ith

tim
e

(T
h
eorem

2
3

an
d

L
em

m
a

24
for

th
e

fl
ow

case,
an

d
T

h
eorem

28
fo

r
th

e
volta

ge
case).

A
s

ap
p
licatio

n
s,

w
e

sp
ecialize

th
e

gen
eral

resu
lts

h
ere

d
evelop

ed
to

p
rove

th
e

erro
r

ch
aracterization

lem
m

as
giv

en
in

S
ection

4,
i.e.,

L
em

m
a

6
an

d
L

em
m

a
9.

W
h
ile

th
e

m
ain

arch
itectu

re
of

th
e

resu
lts

for
th

e
v
oltage

p
rob

lem
(A

lg
orith

m
3)

an
d

th
e

fl
ow

p
ro

b
lem

(A
lgorith

m
5)

is
sim

ilar,
th

ere
are

som
e

key
d
iff

eren
ces

th
at

n
eed

to
b

e
ta

ken
in

to
a
ccou

n
t.

F
irst,

as
th

e
voltage

algorith
m

u
p

d
ates

fu
n
ction

s
(i.e.,

m
essages)

on
th

e
vertices

w
h
ile

th
e

fl
ow

algorith
m

u
p

d
ates

fu
n
ction

s
on

th
e

ed
g
es,

th
e

tw
o

alg
orith

m
s

giv
e

rise
to

d
iff

eren
t

top
ologies

for
th

e
com

p
u
tation

tree.
S
econ

d
,

as
th

e
v
olta

ge
p
rob

lem
is

an
u
n
co

n
strain

ed
o
p
tim

ization
p
rob

lem
w

h
ile

th
e

fl
ow

p
rob

lem
is

an
op

tim
ization

p
rob

lem
w

ith
co

n
stra

in
ts,

a
d
iff

eren
t

m
ech

an
ism

to
fi
n
d

th
e

fi
x

p
oin

t(s)
of

th
e

a
lgorith

m
is

n
eed

ed
.

A
s

in
th

e
litera

tu
re,

to
th

e
b

est
of

ou
r

k
n
ow

led
ge,

p
rev

iou
s

a
n
aly

ses
of

th
e

M
in

-S
u
m

algorith
m

for
q
u
a
d
ra

tic
a
n
d
,

m
ore

gen
erally,

con
v
ex

p
rob

lem
s

on
ly

fo
cu

sed
on

th
e

u
n
con

strain
ed

case,
w

e
fi
rst

p
resen

t
th

e
fu

ll
d
etails

of
th

e
resu

lts
for

th
e

fl
ow

p
rob

lem
.

T
h
en

,
w

e
giv

e
an

overv
iew

o
f

th
e

resu
lts

fo
r

th
e

voltage
p
rob

lem
,

ou
tlin

in
g

in
d
etails

on
ly

th
e

p
arts

w
h
ere

th
e

an
a
ly

sis
d
iff

ers
sig

n
ifi

ca
n
tly

from
th

e
on

e
d
on

e
for

th
e

fl
ow

p
rob

lem
.
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R
e
b
e
sc

h
in
i
a
n
d

T
a
t
ik
o
n
d
a

5
.1

.
F

lo
w

P
ro

b
le

m
,

A
lg

o
rith

m
3

O
u
r

fram
ew

ork
b
u
ild

s
on

th
e

gen
eral

sch
em

e
p
resen

ted
in

M
oallem

i
an

d
V

an
R

oy
(2010)

for
u
n
con

strain
ed

op
tim

ization
p
rob

lem
s,

as
w

e
in

vestigate
th

e
evolu

tion
of

th
e

M
in

-S
u
m

algorith
m

u
n
d
er

a
set

of
lin

ear
p

ertu
rb

ation
s.

H
en

ceforth
,

w
e

con
sid

er
A

lg
orith

m
5

w
h
en

th
e

in
itial

m
essag

es
are

p
aram

etrized
b
y
{
R

0e→
v

=
R
ee }
,{
r

0e→
v

=
p
e→

v }
,

for
a

certain
set

of
real

n
u
m

b
ers

p
=
{
p
e→

v }.
A

s
far

as
th

e
an

a
ly

sis
is

con
cern

ed
,

it
is

con
ven

ien
t

(an
d

m
ore

am
en

ab
le

to
gen

eralization
s)

to
con

sid
er

th
e

form
of

A
lgorith

m
4.

F
or

a
giv

en
ch

oice
of

p
ertu

rb
ation

p
aram

eters
p

=
{p
e→

v }
,

d
efi

n
e

th
e

in
itial

m
essages

as
µ

0e→
v (·,p

)
:
z
∈

R
−→

µ
0e→

v (z
,p

)
=

12 R
ee z

2
+
p
e→

v z
,

an
d

d
en

ote
b
y
{µ

se→
v (·,p

)},
s≥

1,
th

e
corresp

on
d
in

g
seq

u
en

ce
of

m
essages

gen
erated

b
y

th
e

M
in

-S
u
m

algorith
m

.
D

en
ote

th
e

estim
ates

at
tim

e
t

as
x̂
t(p

)
e

:=
arg

m
in
z∈

R
µ
te (z

,p
),

w
h
ere

µ
te (·,p

)
is

th
e

corresp
on

d
in

g
b

elief
fu

n
ction

.
W

e
u
se

th
e

n
otation

N
(v

)
:=
{w
∈
V

:{v
,w}
∈
E
}

to
d
en

ote
th

e
n
eigh

b
orh

o
o
d

of
vertex

v
in
G

.

5
.1
.1
.
C
o
m
p
u
t
a
t
io
n
T
r
e
e
(F

l
o
w

P
r
o
b
l
e
m
)

T
o

in
vestigate

th
e

con
vergen

ce
b

eh
av

ior
of

th
e

M
in

-S
u
m

algorith
m

,
w

e
recall

th
e

con
cep

t
of

th
e

com
p
u
tation

tree,
w

h
ich

is
th

e
grap

h
ob

tain
ed

b
y

u
n
ravelin

g
th

e
op

eration
s

of
th

e
algo-

rith
m

w
ith

tim
e

(G
allager,

1963;
W

eiss
an

d
F

reem
an

,
2001;

T
atikon

d
a

an
d

J
ord

an
,

2002).
G

iven
an

ed
ge
ẽ

=
(ṽ
,w̃

)∈
~E

,
th

e
com

p
u
tation

tree
ro

oted
at
ẽ

of
d
ep

th
t

su
p
p

orts
th

e
op

ti-
m

ization
p
rob

lem
th

at
is

ob
tain

ed
b
y

u
n
fold

in
g

th
e

com
p
u
tation

s
in

v
olved

in
th

e
M

in
-S

u
m

estim
ate

x̂
t(p

)
ẽ .

F
orm

ally,
th

e
com

p
u
ta

tion
tree

is
a

d
irected

tree
~T

=
(V
, ~E

)
(th

rou
gh

ou
t,

w
e

u
se

th
e

d
ou

b
le-stru

ck
n
otation

to
refer

to
q
u
an

tities
related

to
th

e
com

p
u
tatio

n
tree)

w
h
ere

each
vertex

in
V

is
m

ap
p

ed
to

a
vertex

in
V

th
rou

gh
a

m
ap

σ
:V
→
V

th
at

p
reserves

th
e

ed
ge

stru
ctu

re,
n
am

ely,
if
e

=
(v,w

)∈
~E

th
en

(σ
(v),σ

(w
))∈

~E
.

H
en

ceforth
,

w
e

u
se

th
e

n
otation

σ
(e)

:=
(σ

(v),σ
(w

)).
T

h
e

tree
~T

is
d
efi

n
ed

iteratively.
In

itially,
at

level
0,

th
e

tree
corresp

on
d
s

to
a

sin
gle

ro
ot

ed
ge

ẽ
=

(ṽ,w̃
)∈

~E
corresp

o
n
d
in

g
to
ẽ,

i.e.,
σ

(ẽ)
=
ẽ.

A
t

th
is

stage,
ṽ

an
d
w̃

are
th

e
leav

es
of

th
e

tree.
F

or
th

e
rem

ain
in

g
t

levels,
th

e
follow

in
g

p
ro

ced
u
re

is
rep

eated
.

T
h
e

leav
es

in
th

e
tree

are
ex

am
in

ed
.

G
iven

a
leaf

v
w

ith
σ

(v)
=
v

th
at

is
con

n
ected

to
a

vertex
w

w
ith

σ
(w

)
=
w

,
for

an
y
z
∈
N

(v
)\
w

,
a

vertex
z

w
ith

σ
(z)

=
z

an
d

a
d
irected

ed
ge

(v,z)
(resp

.
(z,v))

are
ad

d
ed

to
th

e
n
ex

t
level

of
th

e
tree

if
(v
,z

)∈
~E

(resp
.

(z
,v

)∈
~E

).
F

igu
re

4
giv

es
an

ex
am

p
le.

W
e

d
en

ote
th

e
set

of
vertices

an
d

ed
ges

in
th

e
k
-th

level
of

th
e

tree
resp

ectively
b
y
V
k
⊂

V
a
n
d
E
k
⊂

E
.

In
w

h
at

fo
llow

s
w

e
also

ex
ten

d
th

e
u
su

al
n
eigh

b
orh

o
o
d

n
otation

to
v
ertices

an
d

ed
ges

in
th

e
grap

h
T

,
n
am

ely,
∂
v

is
th

e
set

of
ed

ges
in

T
th

at
are

con
n
ected

to
n
o
d
e
v,

an
d
∂
e

is
th

e
set

of
vertices

in
T

th
at

a
re

con
n
ected

to
ed

ge
e.

T
h
e
t-th

(last)
level

of
th

e
tree

~T
is

of
p
articu

lar
relevan

ce,
a
s

it
su

p
p

orts
th

e
in

itial

con
d
ition

s
of

th
e

M
in

-S
u
m

algorith
m

,
as

w
e

are
n
ow

ab
ou

t
to

d
escrib

e.
L

et
R
∈
R
~E×

~E
b

e
th

e
d
iagon

al
m

atrix
d
efi

n
ed

b
y
R

ee
:=

R
σ

(e
)σ

(e
) .

F
or

a
giv

en
ch

oice
of

th
e

p
ertu

rb
ation

p
aram

eters
p

=
{p
e→

v }
,

d
efi

n
e
p

(p
)∈

R
~E

b
y
p

(p
)e

:=
p
σ

(e
)→

σ
(v

)
if
e
∈
~E
t,v

=
∂
e∩

V
t−

1,
an

d
eq

u
als

to
0

oth
erw

ise.
L

et
V̄

:=
V
\
V
t

(th
rou

gh
ou

t,
w

e
u
se

th
e

b
ar

n
otation

to
d
en

ote

q
u
an

tities
related

to
a

grap
h

in
w

h
ich

a
n
o
d
e

h
as

b
een

rem
oved

).
D

efi
n
e

th
e

m
atrix

Ā
∈
R

V̄×
~E

as
Ā

ve
:=

A
σ

(v
)σ

(e
)

if
e∈

∂
v

an
d
Ā

ve
:=

0
oth

erw
ise.

D
efi

n
e

th
e

vector
b̄
∈
R

V̄
as

b̄
v

:=
b
σ

(v
) .

2
0
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A
N
e
w

A
p
p
r
o
a
c
h
t
o

L
a
p
l
a
c
ia
n
S
o
lv

e
r
s
a
n
d

F
l
o
w

P
r
o
b
l
e
m
s

1
2 3

4

1

3

2 1

4 1

4 3

1
2

2 3

1

2
4

4

1

F
ig

u
re

4:
G

ra
p
h
~ G

=
(V

=
{1
,2
,3
,4
},
~ E

)
(l

ef
t)

an
d

co
m

p
u
ta

ti
on

tr
ee
~ T

=
(V
,~ E

)
of

d
ep

th
t

=
3

w
it

h
ro

ot
ed

ge
co

rr
es

p
on

d
in

g
to

(1
,

2)
∈
~ E

(r
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h
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.
V

er
ti

ce
s

in
~ T
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re

la
b

el
ed

b
y

th
e

co
rr

es
p

on
d
in

g
ve

rt
ic

es
in

~ G
.

C
on

si
d
er

th
e

fo
ll
ow

in
g

p
ro

b
le

m
su

p
p

or
te

d
on

th
e

tr
ee
~ T

,
ov

er
x
∈
R
~ E
:

m
in

im
iz

e
1 2
xT

R
x

+
p

(p
)T
x

su
b

je
ct

to
Ā
x

=
b̄
.

(9
)

L
et

x?
(p

)
d
en

ot
e

th
e

u
n
iq

u
e

op
ti

m
al

so
lu

ti
on

of
th

is
p
ro

b
le

m
,
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a

fu
n
ct

io
n

of
th

e
p

er
tu

rb
at

io
n
p
.

T
h
e

re
la

ti
on

sh
ip

b
et

w
ee

n
th

e
M

in
-S

u
m

al
go

ri
th

m
an

d
th

e
co

m
p
u
ta

ti
on

tr
ee

is
m

ad
e

ex
p
li
ci

t
b
y

th
e

fo
ll
ow

in
g

le
m

m
a,

w
h
ic

h
ca

n
b

e
ea

si
ly

es
ta

b
li
sh

ed
b
y

in
d
u
ct

iv
el

y
ex

am
in

in
g

th
e

op
er

at
io

n
s

of
A

lg
or

it
h
m

4.

L
e
m

m
a

2
0

G
iv

en
th

e
se

tt
in

g
o
f

th
is

se
ct

io
n

,
x̂
t (
p
) ẽ

=
x?

(p
) ẽ

.

W
e

n
ow

in
tr

o
d
u
ce

a
fe

w
q
u
an

ti
ti

es
re

la
te

d
to

th
e

co
m

p
u
ta

ti
on

tr
ee
~ T

an
d

th
e

p
ro

b
le

m
(9

)

th
at

w
il
l

p
la

y
a

ke
y

ro
le

in
ou

r
an

al
y
si

s.
T

h
e

si
gn

ed
ve

rt
ex

-e
d
ge

in
ci

d
en

ce
m

at
ri

x
A
∈
R

V
×
~ E

as
so

ci
at

ed
to

th
e

d
ir

ec
te

d
gr

ap
h
~ T

is
d
efi

n
ed

fo
r

ea
ch

v
∈

V
,
e
∈
~ E

as
A

ve
:=

1
if

ed
g
e

e
le
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n
o
d
e
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A
ve

:=
−

1
if

ed
ge

e
en
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n
o
d
e
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an
d
A

ve
:=

0
ot

h
er

w
is

e.
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th
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Ā
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th

e
su

b
m
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x
of

A
th

at
co

rr
es

p
on

d
s

to
th

e
ro

w
s
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so

ci
at

ed
to

V̄
.

L
et

W
∈
R

V
×

V
b

e
a

sy
m

m
et

ri
c

m
at

ri
x

th
at
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si

gn
s

a
p

o
si

ti
ve

w
ei

gh
t

to
ev

er
y

ed
ge

in
~ E

,
d
efi

n
ed
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W

vw
:=

W
σ
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)σ

(w
)

if
ei

th
er
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)
∈
~ E

or
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,v

)
∈
~ E
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an

d
W

vw
:=

0
ot

h
er

w
is

e.
H

en
ce
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rt
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,

w
e

th
in

k
of
~ T

=
(V
,~ E
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)
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th
e

co
rr

es
p
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d
in
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w
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gh
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d
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an
d
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e
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n
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ir

ec
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gr

ap
h

n
at
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y
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so

ci
at

ed
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w

h
er

e
th
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ed
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t
E

is
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ed
b
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g
th

e
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ie
n
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ti
on
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e
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ge

s
in
~ E
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A

s
T
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te
d

b
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m
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it
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sy
to
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e

ra
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ed

b
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th
e
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s
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e

al
l-

on
es

ve
ct

o
r.
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e
m
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x
Ā

h
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ra
n
k
.

D
efi

n
e

th
e

w
ei

gh
te

d
d
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e
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ex
v

b
y
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w
∈V

W
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d
le

t
D
∈

R
V
×

V
b

e
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e
d
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n
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m
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x

d
efi
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ed

b
y
D
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.

T
h
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L
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L
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h
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∈
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p
on

d
s

to
th
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n
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N
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.
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−

1
A
T
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W

e
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d
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d
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n
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P
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b
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=
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p
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p
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b
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m
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p
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ra
n
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b
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b
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ra
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efi
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e
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Ψ
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−
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m
al

so
lu

ti
on

of
p
ro

b
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e
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ra
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L
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∈
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ee
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T
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~ E
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∈
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iv
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d
efi
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m
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∂
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∂
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d
d
efi
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e
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A
w
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T
h
en

,
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r
a
n
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∈
~ E
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h
a
ve
x̂
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=
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o
f

F
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ẽ
∈
~ E
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C

on
si

d
er
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e
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tt
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on
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an

d
le

t
~ T

b
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p
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of
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ep
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t

ro
ot
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b
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p
on

d
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e
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e
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th

e
fu

n
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n
L
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R
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×
R
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R
d
efi
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ed

b
y
L
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R
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(b̄
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Ā
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er

e
ν

=
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L

et
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~ E
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R
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R
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×
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e
d
efi

n
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Ψ
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(∇
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Ā
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(R
x
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Ā
T
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Ā
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b̄
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T

h
e

L
ag

ra
n
gi

an
m

u
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ip
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er

th
eo
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m
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y
s

fo
r

th
e

u
n
iq

u
e

m
in
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iz

er
x?
≡

x?
(p
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∈
R
~ E
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)
th

er
e

ex
is
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ν?
∈
R

V̄
so

th
at

Ψ
(x
?
,ν
?
)

=
0
,

n
a
m

el
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R
ee
x? e
−

(Ā
T
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) e
=

0,
e
∈
~ E
\~ E

t ,

R
ee
x? e

+
p
? σ
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)→

σ
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(Ā
T
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=
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∈
~ E
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∂
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V
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∑
e∈
~ E
Ā
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x? e

=
b̄

v
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∈
V̄
.

U
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n
g

(1
0)

it
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ea
sy
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ch

ec
k

th
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th
e
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x? e

=
x
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d
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=
ν
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)
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e
a
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e
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n
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h
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n
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u
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b
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L
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r
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C
h
a
r
a
c
t
e
r
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a
t
io
n
(F

l
o
w

P
r
o
b
l
e
m
)

T
h
e

n
ex

t
le

m
m

a
ch

ar
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te
ri
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s

th
e

se
n
si

ti
v
it

y
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e
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m
p

on
en

t
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ot

ed
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o
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~ T
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o
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e
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m
al
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e
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p
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b
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w

it
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t
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p
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a
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o
n
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o
f

th
e

p
ar
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p
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v
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,
w

h
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h
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e
su

p
p
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d
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~ E
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L
e
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m
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C
o
n
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e
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o
n

5
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F
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ẽ

=
(ṽ
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∈
~ E
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t
≥

1,
a
n

d
le

t
~ T

be
th

e
co

m
p
u

ta
ti

o
n

tr
ee

o
f

d
ep

th
t

ro
o
te

d
a
t
ẽ,

w
it

h
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o
t

ed
ge

ẽ
=

(ṽ
,w̃

)
∈
~ E

.
F

o
r

a
n

y
p

=
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e→

v
},
e
∈
~ E

a
n

d
v
∈
∂
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w
e

h
a
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∂

∂
p
e→

v
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) ẽ

=
1

R
ẽẽ

∑
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V
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1
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−

1
ṽv
−
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−

1
w̃

v
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→
v
) v
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w
h
er

e
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→
v
∈
R

V
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1
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d
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n
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,
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r
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v
∈
V
t−

1
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a
s
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v
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:=
A
v
e

R
e
e
1
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(∂
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~ E
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w
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er

e
1
S

is
th

e
in

d
ic

a
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r
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d
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in
A

p
p

en
d
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B
,

th
e

solu
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p
rob
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(9

)
read

s
x
?(p

)
=

R
−

1Ā
T
L̄
−

1b̄
+

(R
−

1Ā
T
L̄
−

1Ā
−
I
)R
−
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),
w

h
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I
∈
R
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th
e
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en
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A
s
p
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is
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p
p

o
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o
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to
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an
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is
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ot
ed

ge,
w

e
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∂
∂
p
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=
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−

1Ā
T
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−

1Ā
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−
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∂
p
e→
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ẽ ∑
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∂
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b
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d
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=
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=
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)∈

~E
.

W
e

h
a
ve

x
?ẽ −
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tẽ

=
W
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∑v∈
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ω

ω
ω

ω
ω

C
0

C
1C
s−
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.
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b
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u
ce
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et
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or
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e
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F
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s
∈
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b
et

w
ee
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n
o
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n
o
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e
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er
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n
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n
d
u
ct

or
C
s
,
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b
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n
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th
e

su
b
tr

ee
h
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in
g

ro
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t
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ex
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in
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e
or

ig
in

al
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ap
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.
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th
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0

=
ω
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−
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,

C
s

=
ω
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−
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d
−

1
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+
h
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1
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∈
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,.
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,t
−
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C
t

=
ω
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−

2
)(

1
+
h
t)
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w
it

h
h
s
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−

1
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−

1
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et
p
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:=

ω
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+
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0
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0
:=

1
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p
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p
s

=
q s
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s

fo
r
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∈
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,t
−

1}
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p
t

:=
C
t

ω
+
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t
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t

:=
1
−
p
t.
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y

th
e
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ar
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v

p
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p
er
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w

e
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e

f s
=
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−

1
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+
1
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∈
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..
,t
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=
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eq
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io
n
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o
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e
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b
le
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R

u
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b
le
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h
er

e
st

at
es
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d
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1
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e

th
e

fi
n
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st
a
te

s,
a
n
d

ea
ch

in
te

rm
ed

ia
te

st
at

e
s

h
as

a
p
ro

b
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il
it
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:=
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−
p
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−
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st
at
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u
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p
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p
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p
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b
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u
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re
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u
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n
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or
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W
it

h
ou

t
lo
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ge
n
er

al
it
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w

e
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t
r t

=
0.

W
e

ca
n
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si
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w

ri
te

th
e

so
lu

ti
on

o
f

th
is

sy
st

em
of

eq
u
at

io
n
s
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a
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m

p
ac

t
fo

rm
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D
efi

n
e
α

1
=
α

2
:=

1,
α
s

:=
α
s−

1
−
p
s−

2
q s
−

1
α
s−

2
fo

r
s
≥

3
.

D
efi

n
e
β

1
=
β

2
:=

1,
β
s

:=
β
s−

1
−
p
s−

1
q s
β
s−

2
fo

r
s
≥

3.
T

h
en

,
as

a
fu

n
ct

io
n

o
f
f 1

,
w

e
ca

n
w

ri
te

th
e

so
lu

ti
on

of
(1

2)
as
f s

=
1

p
1
···
p
s
−
1
(α

s
f 1
−
β
s−

1
q 1
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fo

r
s
∈
{2
,.
..
,t

+
1
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In

fa
ct

,
it

is
ea

sy
to

ve
ri

fy
th

at
th

is
ex

p
re

ss
io

n
sa

ti
sfi

es
sy

st
em

(1
2)

.
U

si
n
g
f t

+
1

=
0

w
e

fi
n
d

f 1
=
q 1
β
t/
α
t+

1
an

d
f s

=
p
0
q 1

p
0
···
p
s
−
1
(
α
s
β
t

α
t+

1
−
β
s−

1
)

fo
r
s
∈
{1
,.
..
,t

+
1
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w
it

h
β

0
:=

0
.

L
em

m
a
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y
ie

ld
s

th
e

fo
ll
ow

in
g,

u
si

n
g

th
at

d v
=
ω
d
,

L̄
−

1
ṽv

=
f t
−

1

(1
−
f 1
p

0
)d

v
=

1 ω
d

q 1
p

1
··
·p
t−

2
(α

t+
1
−
p

0
q 1
β
t)

(α
t−

1
β
t
−
α
t+

1
β
t−

2
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L̄
−

1
w̃

v
=

f t
(1
−
f 1
p

0
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v
=

1 ω
d

q 1
p

1
··
·p
t−

2
(α

t+
1
−
p

0
q 1
β
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1

p
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1
(α

tβ
t
−
α
t+

1
β
t−

1
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U
si

n
g

th
e

re
cu
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iv

e
fo

rm
u
la

s
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r
α
t+

1
an

d
β
t,

an
d

th
e

fa
ct

th
at

p
t

+
q t

=
1
,

w
e

g
et

L̄
−

1
ṽv
−

L̄
−

1
w̃

v
=

1 ω
d

q 1
p
1
···
p
t−

2
(α
t+

1
−
p
0
q 1
β
t
)
p
t
(α

t−
1
β
t−

1
−
α
tβ
t−

2
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w
h
ic
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α
s
β
s
−
α
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1
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s−

1
=

p
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1
q s
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1
β
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1
−
α
s
β
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b
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om
es
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−

1
ṽv
−
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−
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=
p
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−

1
w̃

v
=
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−
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−

1
,

(1
3)

26
JM

L
R

 2
0(

36
):

1-
37

, 2
01

9



A
N
e
w

A
p
p
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c
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1
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1
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1
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1
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t+
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p
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1
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1
p
t
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p
s
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s
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2 ξ
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∈
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p
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=
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p
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d
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n
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d
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∈
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c
d
,t ≡

ξ
t−

1 .
B

y
sy

m
m

etry,
it

is
clear

th
at

L̄
−

1
ṽv
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=
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h
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at
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con
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ṽ.
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∈
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−
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∑v∈
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) ∑w∈
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,ṽ ),

w
h
ere

#
tṽ→
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=
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−
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=
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b
le

m
,

A
lg

o
rith

m
5

W
e

n
ow

g
ive

a
n

overv
iew

of
th

e
resu
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m
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p
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d
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=
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b
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b
y

th
e

M
in

-S
u
m

a
lg

o
rith

m
.

D
en

ote
th

e
estim

ates
at

tim
e
t

as
ν̂
tv

=
arg

m
in
z∈

R
µ
tv (z

,p
),

w
h
ere

µ
tv (·,p

)
is

th
e

corresp
on

d
in

g
b

elief
fu

n
ction

.

5
.2
.1
.
C
o
m
p
u
t
a
t
io
n
T
r
e
e
(V

o
lt
a
g
e
P
r
o
b
l
e
m
)

T
h
e

co
m

p
u
tation

tree
for

th
e

voltage
p
rob

lem
d
iff

ers
from

th
e

on
e

in
th

e
fl
ow

p
rob

lem
d
u
e

to
th

e
fa

ct
th

a
t

th
e

M
in

-S
u
m

algorith
m

s
for

th
e

v
oltage

p
rob

lem
p
rop

agates
m

essages
th

at
a
re

su
p
p

o
rted

o
n

vertices,
n
ot

on
ed

ges.
F

or
th

is
reaso

n
,

th
e

com
p
u
tation

tree
th

at
w

e
w

ill
n
ow

d
efi

n
e

is
ro

oted
at

a
vertex

,
n
ot

at
an

ed
ge

as
th

e
on

e
d
efi

n
ed

in
S
ection

5.1.1.

G
iven

a
vertex

ṽ
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e
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b
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th
at

is
ob

tain
ed

b
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u
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e
M
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u
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a
te
ν̂
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e
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p
u
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p
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g
e
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=
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∈
E

th
en

σ
(e)

:=
{
σ

(v),σ
(w

)}
∈
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R
e
b
e
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h
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i
a
n
d

T
a
t
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o
n
d
a
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d
efi

n
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iterativ
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at
level−

1,
th
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m
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e

b
y

a
sin

gle
ro
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vertex

ṽ
∈
V
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d
in

g
to
ṽ
,

i.e.,
σ

(ṽ)
=
ṽ
.

C
on

secu
tively,

for
an

y
z
∈
N

(ṽ
),
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z
w

ith
σ

(z)
=
z

an
d

an
ed

ge
{ṽ,z}
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d
ed

to
th

e
level
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o
f
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e
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F
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th

e
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g
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e
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in
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u
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h
e
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th
e
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a
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w
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σ

(v)
=
v

th
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w
w
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σ
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)
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w
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y
z
∈
N
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w
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σ
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z
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d
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ed
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e
n
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p
le.

W
e
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=
−
∑

v∈
V
t−

1

L̄
−

1
ṽv
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ṽ1

=
1
/
W
t+

1
+
···

+
1
/
W

2
t+

1

W
0
(1
/
W

0
+
···

+
1
/
W

2
t+

1
)
,

an
d
,

b
y

sy
m

m
et

ry
,
L̄
−

1
ṽ,
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ĉ d
,t
≤
ᾱ
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ca

lcu
la

ted
from

th
e

sin
gu

lar
valu

e
d
ecom

p
osition

of
th

e
d
ata

m
atrix

X
=

[x
1 ,...,x

N
].

T
h
is

p
ro

b
lem

a
lso

h
as

a
n
ice

en
ergy

lan
d
scap

e.
In

d
eed

,
if

th
e
d
th

sin
gu

lar
valu

e
of
X

is
la

rg
er

th
a
n

th
e

(d
+

1)st
sin

gu
lar

valu
e,

th
en

th
e

glob
al

m
in

im
u
m

is
u
n
iq

u
e,

an
d

th
ere

are
n
o

o
th

er
lo

ca
l

m
in

im
a;

oth
erw

ise,
if

th
e
d
th

sin
gu

lar
valu

e
is

eq
u
al

to
th

e
(d

+
1)st,

th
en

all
lo

ca
l

m
in

im
a

are
glob

ally
op

tim
al.

S
ad

d
le

p
oin

ts
are

also
g
u
aran

teed
to

b
e

su
ffi

cien
tly

far
fro

m
th

e
g
lo

b
a
l

m
in

im
u
m

,
an

d
th

ey
h
av

e
ex

p
licit

ex
p
ression

s.
W

e
d
iscu

ss
th

e
P

C
A

en
ergy

la
n
d
sca

p
e

fu
rth

er
in

A
p
p

en
d
ix

A
.

T
h
ese

n
ice

p
rop

erties
of

th
e

P
C

A
su

b
sp

ace
op

tim
ization

a
re

n
o
t

sh
a
red

b
y

th
e

algorith
m

s
for

R
S
R

th
at

w
e

d
iscu

ss
n
ex

t.
E

x
a
m

p
les

of
w

ork
s

on
R

S
R

in
clu

d
e

M
aron

n
a

(2005);
M

aron
n
a

et
al.

(200
6);

D
in

g
et

al.
(2

0
0
6
);

Z
h
a
n
g

et
al.

(2009);
L

erm
an

an
d

Z
h
an

g
(2011);

M
cC

oy
an

d
T

rop
p

(2011);
X

u
et

al.
(2

0
1
2
);

C
o
u
d
ro

n
an

d
L

erm
an

(2012);
H

ard
t

an
d

M
oitra

(2013);
Z

h
an

g
an

d
L

erm
an

(2014);
G

o
es

et
a
l.

(2
0
14);

L
erm

an
an

d
Z

h
an

g
(2014);

L
erm

an
et

al.
(2015);

Z
h
an

g
(20

16);
L

erm
an

a
n
d

M
a
u
n
u

(20
18a);

C
h
erap

an
am

jeri
et

al.
(2017).

A
com

p
reh

en
sive

overv
iew

of
th

is
top

ic
is

g
iv

en
in

L
erm

an
an

d
M

au
n
u

(2018b
).

W
e

n
o
te

th
a
t

th
is

p
rob

lem
is

d
istin

ct
from

w
h
at

is
ty

p
ically

called
rob

u
st

P
C

A
(R

P
C

A
)

(C
a
n
d
ès

et
a
l.,

2011;
Z

h
ou

et
al.,

2010),
w

h
ere

th
e

corru
p
tion

s
o
ccu

r
elem

en
t-w

ise
th

rou
gh

-
o
u
t

th
e

w
h
o
le

d
ata

m
atrix

rath
er

th
an

som
e

sam
p
les

b
ein

g
w

h
olly

corru
p
ted

.
A

lgo
rith

m
s

fo
r

R
P

C
A

ty
p
ically

d
o

n
ot

p
erform

w
ell

in
th

e
R

S
R

settin
g
,

an
d

algo
rith

m
s

for
R

S
R

d
o

n
ot

p
erfo

rm
w

ell
in

th
e

R
P

C
A

settin
g.

R
S
R

is
in

h
eren

tly
n
on

-con
vex

d
u
e

to
th

e
n
on

-con
vex

ity
of
G

(D
,d

).
R

ob
u
st

version
s

o
f

th
e

P
C

A
en

ergy
m

ay
h
ave

m
ore

com
p
licated

lan
d
scap

es
in

gen
eral.

O
n
e

w
ay

of
m

ak
-

in
g

P
C

A
ro

b
u
st

is
to

sim
p
ly

p
ro

ject
th

e
d
a
ta

to
th

e
u
n
it

sp
h
ere,

S
D
−

1,
b

efore
ru

n
n
in

g
P

C
A

(L
o
can

to
re

et
al.,

1999;
M

aron
n
a,

2005;
M

aron
n
a

et
al.,

2006).
T

h
is

d
eals

w
ith

P
C

A
’s

sen
sitiv

ity
to

th
e

scalin
g

of
th

e
d
ata

an
d

m
akes

it
easier

to
fi
n
d

d
irectio

n
s

th
a
t

rob
u
stly

ca
p
tu

re
va

ria
n
ce.

H
ow

ever,
it

is
still

n
ot

ab
le

to
d
eal

w
ith

correlated
ou

tlier
d
irection

s
an

d
d
o
es

n
o
t

h
ave

go
o
d

asy
m

p
totic

gu
aran

tees
even

for
sim

p
le

m
o
d
els

(L
erm

a
n

a
n
d

M
au

n
u
,

2
0
1
8
a
).

A
s

m
en

tion
ed

,
an

oth
er

w
ay

to
m

ak
e

P
C

A
rob

u
st

is
to

con
sid

er
least

ab
solu

te
d
ev

ia-
tio

n
s

(D
in

g
et

a
l.,

2006;
M

cC
oy

an
d

T
rop

p
,

201
1;

X
u

et
al.,

2012;
Z

h
an

g
an

d
L

erm
an

,
201

4;
L

erm
a
n

a
n
d

Z
h
an

g,
2014;

L
erm

an
et

al.,
2
015;

L
erm

an
an

d
M

au
n
u
,

2018
a).

T
h
e

fi
rst

u
se

o
f

lea
st

ab
so

lu
te

d
ev

iation
s

in
su

b
sp

ace
m

o
d
elin

g
w

as
th

e
w

ork
on

orth
ogon

al
regression

b
y

O
sb

o
rn

e
a
n
d

W
atson

(1985).
T

h
is

w
as

n
ot

ex
ten

d
ed

to
gen

eral
su

b
sp

a
ce

m
o
d
elin

g
u
n
til

m
u
ch

la
ter

(W
a
tson

,
2001;

D
in

g
et

al.,
2006).

P
rev

iou
s

w
ork

s
h
ave

con
sid

ered
con

vex
re-

la
x
a
tio

n
o
f

th
is

en
ergy

(M
cC

oy
an

d
T

rop
p
,

2011;
X

u
et

al.,
2012

;
Z

h
an

g
a
n
d

L
erm

an
,

20
14;

L
erm

a
n

et
a
l.,

2015).
H

ow
ev

er,
su

ch
con

vex
rela

x
ation

s
are

gen
erally

slow
an

d
m

ay
n
ot

a
p
p
rox

im
a
te

th
e

u
n
d
erly

in
g

p
rob

lem
w

ell.
In

d
eed

,
m

ost
eith

er
h
ave

com
p
lex

ity
O

(N
D

2)
or

O
(D

3).
T

h
e

w
o
rk

s
o
f

L
erm

an
an

d
Z

h
an

g
(2011,

201
4)

estab
lish

ed
u
n
d
er

a
certa

in
m

o
d
el

th
at

an
u
n
d
erly

in
g

su
b
sp

ace
is

recoverab
le

b
y

th
e

m
in

im
izer

of
(2).

H
ow

ev
er,

th
ey

d
id

n
ot

p
rov

id
e

a
g
u
a
ra

n
teed

a
lgo

rith
m

for
m

in
im

izin
g

th
is

en
ergy.

T
h
e

estim
ates

of
th

ese
w

ork
s

d
o

n
ot

h
old

fo
r

sm
a
ll

sa
m

p
le

sizes:
th

ey
on

ly
h
old

for
large

N
.

L
erm

an
an

d
M

au
n
u

(2018a)
d
evelo

p
ed

th
e

F
M

S
a
lg

orith
m

,
w

h
ich

em
p
loy

s
iteratively

rew
eigh

ted
least

sq
u
ares

to
op

tim
ize

(2).
H

ow
ever,

th
e

F
M

S
algorith

m
d
o
es

n
o
t

h
av

e
d
eterm

in
istic

gu
aran

tees
of

fast
con

v
ergen

ce
o
r

d
eterm

in
istic

resu
lts

on
recovery

of
th

e
u
n
d
erly

in
g

su
b
sp

ace.
T

h
e

F
M

S
algo

rith
m

d
o
es
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M
a
u
n
u
,
Z
h
a
n
g

a
n
d

L
e
r
m
a
n

h
ave

th
eoretical

gu
aran

tees
of

ap
p
rox

im
ate

recovery
for

a
very

sp
ecial

m
o
d
el

o
f

d
a
ta,

w
ith

relatively
large

sam
p
les.

In
con

trast,
w

e
d
irectly

m
in

im
ize

(2
)

b
y

grad
ien

t
d
escen

t,
an

d
w

e
p
rov

id
e

d
eterm

in
istic

gu
aran

tees
of

fast
con

vergen
ce

an
d

su
b
sp

ace
recovery.

A
n
oth

er
recen

t
w

ork
on

R
S
R

w
as

given
b
y

C
h
erap

an
am

jeri
et

al.
(2

017),
w

h
ere

th
ey

p
rop

ose
T

h
resh

old
in

g
b
ased

O
u
tlier

R
ob

u
st

P
C

A
(T

O
R

P
).

T
O

R
P

h
as

an
aly

sis
for

arb
itrary

ou
tliers

an
d

n
oise,

as
lon

g
as

th
e

p
ercen

tage
of

o
u
tliers

is
k
n
ow

n
in

ad
van

ce.
W

h
ile

th
e

toleran
ce

to
v
ery

low
p

ercen
tages

of
arb

itrary
ou

tliers
is

n
ot

th
at

im
p
ressive,

th
e

n
oise

an
aly

sis
is

som
ew

h
at

n
ovel.

U
n
d
er

G
au

ssian
n
oise,

th
e

au
th

ors
are

ab
le

to
sh

ow
sim

ilar
sam

p
le

com
p
lex

ity
as

th
at

of
P

C
A

.
O

n
e

d
ow

n
sid

e
of

th
is

alg
orith

m
is

th
at

on
e

m
u
st

k
n
ow

th
e

p
ercen

tage
of

ou
tliers

as
an

in
p
u
t.

F
u
rth

er,
sin

ce
th

e
gu

aran
tees

are
on

ly
for

ad
versarial

m
o
d
els

of
ou

tliers,
th

ere
is

n
o

d
iscu

ssion
of

im
p
rov

ed
estim

ates
w

h
en

th
e

ou
tliers

are
n
ot

ad
versarial

b
u
t

in
stead

ob
ey

a
sp

ecifi
c

statistical
m

o
d
el.

In
th

e
ex

istin
g

literatu
re,

on
ly

a
few

m
eth

o
d
s

ach
ieve

th
e

com
p
lex

ity
b

ou
n
d

of
O

(T
N
D
d
),

w
h
ere

T
is

iteration
cou

n
t.

T
h
ese

in
clu

d
e

S
P

C
A

(M
aron

n
a,

2005),
R

A
N

S
A

C
an

d
R

an
-

d
om

ized
F

in
d

(H
ard

t
an

d
M

oitra,
2013;

A
rias-C

astro
an

d
W

an
g,

2017),
F

M
S

(L
erm

an
an

d
M

au
n
u
,

2018a),
a
n
d

T
O

R
P

(C
h
erap

an
am

jeri
et

al.,
2017).

A
m

on
g

th
ese,

th
e

algorith
m

s
eith

er
d
o

n
ot

h
ave

su
ffi

cien
tly

satisfy
in

g
gu

aran
tees

for
recovery,

or
th

ey
d
o

n
ot

h
ave

a
go

o
d

b
ou

n
d

on
T

,
or

th
ey

req
u
ire

ad
d
ition

al
p
aram

eters.
S
P

C
A

is
th

e
fastest

ou
t

of
th

ese
algo-

rith
m

s
sin

ce
it

h
as
T

=
1.

H
ere,

w
e

are
sligh

tly
ab

u
sin

g
th

e
com

p
lex

ities
an

d
assu

m
in

g
th

e
cost

of
ru

n
n
in

g
P

C
A

is
O

(N
D
d
),

d
esp

ite
th

e
fact

th
at

P
C

A
is

also
an

iterative
algorith

m
.

W
e

ch
o
ose

th
is

con
v
en

tion
d
u
e

to
th

e
fact

th
at

m
an

y
m

eth
o
d
s

u
se

P
C

A
as

a
su

b
-rou

tin
e.

W
h
ile

S
P

C
A

is
som

ew
h
at

rob
u
st

to
arb

itrary
ou

tliers,
it

can
n
ot

ex
actly

recover
su

b
sp

aces
in

th
e

p
resen

ce
of

ou
tliers.

H
ow

ev
er,

S
P

C
A

is
n
ice

sin
ce

it
is

q
u
ite

gen
eral

an
d

lack
s

th
e

sp
ecialized

assu
m

p
tion

s
of

m
an

y
m

eth
o
d
s.

R
A

N
S
A

C
req

u
ires

a
u
ser

to
in

p
u
t

sp
ecialized

p
aram

eters,
su

ch
as

th
e

con
sen

su
s

n
u
m

b
er

an
d

a
con

sen
su

s
th

resh
old

.
R

A
N

S
A

C
can

also
on

ly
b

ou
n
d
T

in
p
rob

ab
ility

u
n
d
er

certain
con

d
ition

s.
T

h
is

also
g
o
es

for
th

e
an

aly
sis

of
R

an
d
om

ized
F

in
d

given
b
y

A
rias-C

astro
an

d
W

an
g

(2017),
alo

n
g

w
ith

th
eir

u
p

d
ated

algo-
rith

m
th

at
h
as

co
m

p
lex

ity
O

(T
D
d
).

In
m

an
y

cases,
th

ou
gh

,
th

is
T

can
b

e
v
ery

large.
F

or
b

oth
th

e
R

A
N

S
A

C
an

d
R

an
d
om

ized
F

in
d

m
eth

o
d
s,

recov
ery

gu
aran

tees
ex

ist
in

th
e

n
oiseless

R
S
R

settin
g

u
n
d
er

sp
ecialized

assu
m

p
tion

s,
b
u
t

th
ere

are
n
o

satisfy
in

g
ex

ten
sion

s
of

eith
er

m
eth

o
d

to
n
oise.

O
n

th
e

oth
er

h
an

d
,

T
O

R
P

(C
h
erap

an
am

jeri
et

al.,
2017)

req
u
ires

a
u
ser

to
in

p
u
t

th
e

p
ercen

tage
of

ou
tliers

th
at

is
n
ot

k
n
ow

n
in

gen
eral.

T
O

R
P

h
as

a
g
u
aran

tee
of

lin
ear

con
v
ergen

ce
u
n
d
er

certain
con

d
ition

s,
b
u
t,

as
w

e
m

en
tion

ed
earlier,

it
d
o
es

n
ot

h
ave

satisfy
in

g
gu

aran
tees

for
su

b
sp

ace
recov

ery.
F

M
S

(L
erm

an
an

d
M

au
n
u
,

2018a)
on

ly
h
as

gu
aran

tees
for

rate
of

con
vergen

ce
an

d
recovery

for
very

sp
ecial

m
o
d
els

of
d
ata.

O
n
e

w
ay

to
com

p
are

th
e

th
eoretical

gu
aran

tees
of

variou
s

m
eth

o
d
s

is
to

assu
m

e
a

sta-
tistical

m
o
d
el

of
d
ata

an
d

th
en

d
eterm

in
e

w
h
ich

algorith
m

p
erform

s
b

est
in

th
is

m
o
d
el.

F
or

ex
am

p
le,

on
e

com
m

on
ch

oice
of

m
o
d
el

in
p
ast

w
ork

s
w

as
th

e
H

ay
stack

M
o
d
el,

w
h
ich

can
b

e
seen

in
L

erm
an

et
al.

(2015).
A

n
oth

er
m

o
d
el

w
as

to
assu

m
e

sp
h
erically

sy
m

m
etric

ou
tliers,

an
d

in
liers

sp
h
erically

sy
m

m
etric

on
an

u
n
d
erly

in
g

su
b
sp

ace
(L

erm
an

an
d

Z
h
an

g,
2
014;

L
erm

an
an

d
M

au
n
u
,

2018a).
O

th
ers

h
ave

ex
am

in
ed

m
o
d
els

w
ith

arb
itrary

ou
tliers

(X
u

et
al.,

2012;
C

h
erap

an
am

jeri
et

al.,
2017).

In
th

is
w

ork
,

after
giv

in
g

ou
r

gen
eral

th
eoretical

gu
aran

tees,
w

e
w

ill
sh

ow
h
ow

th
ey

can
b

e
ap

p
lied

to
a

variety
of

statistical
m

o
d
els

of
d
ata.

T
h
is

p
ap

er
also

fi
ts

in
to

th
e

su
rge

of
recen

t
w

ork
th

at
h
as

fo
cu

sed
on

n
on

-con
v
ex

op
tim

ization
for

m
an

y
stru

ctu
red

d
ata

p
rob

lem
s

(D
au

p
h
in

et
al.,

2014;
H

ard
t,

2014;
J
ain

8
JM

L
R

 20(37):1-59, 2019



A
W

e
l
l
-T

e
m
p
e
r
e
d

L
a
n
d
sc

a
p
e
f
o
r
N
o
n
-c
o
n
v
e
x
R
o
b
u
st

S
u
b
sp
a
c
e
R
e
c
o
v
e
r
y

et
al

.,
20

14
;

G
e

et
al

.,
20

15
;

L
ee

et
al

.,
20

16
;

A
ro

ra
et

al
.,

2
01

5;
M

ei
et

al
.,

20
18

;
G

e
et

al
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p
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b
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,
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C

h
er
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an

am
je

ri
et
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.,

20
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b
u
t,

as
w

e
h
av

e
d
is

cu
ss

ed
,

th
es

e
m

et
h
o
d
s

ea
ch

h
av

e
th

ei
r

ow
n

sh
or

tc
om

in
g
s.

T
h
is

w
or

k
is

p
ar

ti
al

ly
b
u
il
t

on
op

ti
m

iz
at

io
n

on
m

an
if

ol
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s,

an
d

in
p
ar

ti
cu

la
r

th
er

e
ar

e
im

p
or

ta
n
t

re
su

lt
s

on
op

ti
m

iz
at

io
n

ov
er

th
e

G
ra

ss
m

an
n
ia

n
m

an
if

ol
d

(E
d
el

m
an

et
al

.,
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99
;

A
b
si

l
et

al
.,

20
04

).
E

d
el

m
an

et
al

.
(1

99
9)

d
ev

el
op

gr
ad

ie
n
t

d
es

ce
n
t

on
th

e
G

ra
ss

m
an

n
ia

n
an

d
gi

v
e

fo
rm

u
la

ti
on

s
fo

r
N

ew
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n
’s
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et

h
o
d

an
d
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ju

ga
te

gr
ad

ie
n
t

fo
r

th
e

G
ra

ss
m

an
n
ia

n
.

W
e

d
is

cu
ss

op
ti

m
iz

at
io

n
on

th
e

G
ra

ss
m

an
n
ia

n
in

m
or

e
d
et

ai
l

in
th

e
n
ex

t
se

ct
io

n
.

M
an

y
ot

h
er

re
ce

n
t

w
or

k
s

h
av

e
al

so
fo

cu
se

d
on

u
si

n
g

o
p
ti

m
iz

at
io

n
on

th
e

G
ra

ss
m

a
n
n
ia

n
to

so
lv

e
va

ri
ou

s
p
ro

b
le

m
s

(Z
h
an

g
et

al
.,

20
09

;
G

o
es

et
al

.,
20

14
;

S
t.

T
h
om
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et

al
.,

20
14

;
Z

h
an

g
an

d
B

al
za

n
o,

20
16

;
Y

e
an

d
L

im
,

20
16

;
L

im
et

al
.,

20
16

).
T

h
e

w
or

k
of

Z
h
an

g
an

d
B

al
za

n
o

(2
01

6)
ex

am
in

es
a

ra
n
k

on
e

ge
o
d
es

ic
gr

ad
ie

n
t

sc
h
em

e
fo

r
so

lv
in

g
on

li
n
e

P
C

A
.

T
h
ei

r
se

tt
in

g
is

d
is

ti
n
ct

ly
d
iff

er
en

t
fr

om
ou

rs
si

n
ce

th
ey

at
te

m
p
t

to
so

lv
e

th
e

P
C

A
p
ro

b
le

m
ra

th
er

th
an

R
S
R

.
T

h
ey

al
so

on
ly

p
ro

v
e

re
co

v
er

y
of

th
e

P
C

A
so

lu
ti

on
fo

r
a

sp
ec

ifi
c

m
o
d
el

of
G

au
ss

ia
n

n
oi

se
,

an
d

n
o

d
et

er
m

in
is

ti
c

co
n
d
it

io
n

fo
r

gl
ob

al
re

co
ve

ry
is

gi
ve

n
.

F
u
rt

h
er

,
w

h
il
e

w
e

as
su

m
e

ce
n
te

re
d

d
at

a
in

th
is

p
ap

er
,

S
t.

T
h
om

as
et

al
.

(2
01

4)
a
n
d

L
im

et
al

.
(2

01
6)

co
n
si

d
er

es
ti

m
at

io
n

on
th

e
affi

n
e

G
ra

ss
m

an
n
ia

n
.

2
.2

.
R

e
v
ie

w
o
f

O
p

ti
m

iz
a
ti

o
n

o
v
e
r
G

(D
,d

)

T
h
e

m
in

im
iz

at
io

n
in

(2
)

in
vo

lv
es

op
ti

m
iz

at
io

n
ov

er
th

e
G

ra
ss

m
an

n
ia

n
m

an
if

ol
d
.

T
o

u
n
-

d
er

st
an

d
th

e
en

er
gy

la
n
d
sc

ap
e,

on
e

m
u
st

h
av

e
a

b
as

ic
u
n
d
er

st
an

d
in

g
of

th
e

ge
om

et
ry

of
G

(D
,d

)
an

d
h
ow

to
ca

lc
u
la

te
d
er

iv
at

iv
es

ov
er

it
.

W
e

ca
n

w
ri

te
th

e
en

er
gy

fu
n
ct

io
n

in
(2

)
in

tw
o

eq
u
iv

al
en

t
w

ay
s.

F
ir

st
,

as
a

fu
n
ct

io
n

ov
er
G

(D
,d

),
w

e
w

ri
te

F
(L

;X
)

=
∑ X
‖Q

L
x
i‖
.

(3
)

O
n

th
e

ot
h
er

h
an

d
,

w
e

ca
n

re
p
re

se
n
t

p
oi

n
ts

in
G

(D
,d

)
b
y

eq
u
iv

al
en
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cl
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se

s
of

p
oi

n
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,d
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F

or
an
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∈
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n
b
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b
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∈
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∈
O
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th
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en
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(3
)
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u
iv

al
en

t
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F
(V
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)

=
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1

‖(
I
−
V
V
T

)x
i‖
.
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W
h
il
e

b
ot
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u
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u
iv

al
en
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u
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at
e

re
p
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b
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b
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p
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d
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r
in

S
ec

ti
on

4.
O

n
e

ca
n

m
ea

su
re

th
e

d
is

ta
n
ce

b
et

w
ee

n
su

b
sp

ac
es

in
G

(D
,d

)
u
si

n
g

th
e

p
ri

n
ci

p
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p
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p
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b
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d
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d
efi

n
e

a
b
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b
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′ ∈
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b
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=
L

0
a
n
d

L
(1

)
=
L

1
,

w
h
er
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p
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n
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d
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w
e
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b
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er

iv
at

iv
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(3

)
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L

0
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e

d
ir
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ti
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L

1
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d d
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X

)∣ ∣ ∣ t=
0

=
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∑
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0
x
i
‖>

0

∑
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1
θ j
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T j
x
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‖Q
L
0
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)

A
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d
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)
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∂ ∂
V
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∑

‖Q
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i‖
.

(6
)
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n
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n
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b
d
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d
iff

er
en

ti
al
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e
u
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o
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d
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d
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p
ts

,
se

e,
fo

r
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p
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C
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e
(1
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)

a
n
d

L
ed
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ev

an
d

Z
h
u

(2
00

7)
.

In
b

ot
h

of
th

e
d
er

iv
at

iv
es

(5
)

an
d

(6
),

th
e

su
m

is
ta

ke
n

ov
er

a
ll

p
o
in
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th

at
d
o

n
ot

li
e

in
S
p
(V

).
T

h
is

re
st

ri
ct

io
n

is
w

h
at

m
a
ke

s
th
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b

ot
h

su
b

d
er

iv
a
ti

v
es

.
F

or
an

y
ge

n
er

al
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n
ct

io
n
f

(x
),

a
su

b
d
er

iv
at

iv
e
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f
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x

0
is

an
y

n
u
m

b
er

in
th

e
su

b
d
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er
en

ti
a
l

∂
f

(x
0
).

In
tu

rn
,
th

e
su

b
d
iff

er
en

ti
al

of
f

at
x

0
is

th
e

se
t

of
al

l
n
u
m

b
er

s
b

et
w

ee
n

th
e

o
n
e-

si
d
ed

d
er

iv
at

iv
es
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f

at
x

0
.

F
or

(5
),

th
e

su
b

d
iff

er
en

ti
al

is
d
efi

n
ed

to
b

e
th

e
se

t
o
f

a
ll

n
u
m

b
er

s
b

et
w

ee
n

a
=

li
m

t→
0
−

F
(L

(t
);
X

)
−
F

(L
(0

);
X

)

t
an

d
b

=
li
m

t→
0
+

F
(L

(t
);
X

)
−
F

(L
(0

);
X

)

t
.

In
ot

h
er

w
or

d
s,

th
e

su
b

d
iff

er
en

ti
al

is
[m

in
(a
,b

),
m

ax
(a
,b

)]
,

w
h
ic

h
is

th
e

se
t

o
f

a
ll

in
st

a
n
ta

-
n
eo

u
s

ta
n
ge

n
t

sl
op

es
at
L

(0
).

F
or

th
e

ot
h
er

ca
se

of
(6

),
fo

r
an

y
en

tr
y

of
V

,
V
ij

,
le

t
∆

b
e

th
e

m
at

ri
x

of
al

l
ze

ro
s

ex
ce

p
t

∆
ij

=
1.

T
h
en

,
th

e
su

b
d
iff

er
en

ti
al

of
F

(V
;X

)
fo

r
V
ij

is
a
ll

n
u
m

b
er

s
b

et
w

ee
n

a
ij

=
li
m

t→
0
−

F
(V

+
t∆

;X
)
−
F

(V
;X

)

t
an

d
b i
j

=
li
m

t→
0
+

F
(V

+
t∆

;X
)
−
F

(V
;X

)

t
.

T
h
is

ca
n

b
e

ge
n
er

al
iz

ed
to

an
y

d
ir

ec
ti

on
∆

w
it

h
‖∆
‖ F

=
1,

w
h
er

e
th

e
su

b
d
iff

er
en

ti
a
l

is
th

e
co

n
ve

x
h
u
ll

of
th

e
on

e
si

d
ed

d
er

iv
at

iv
es

.
W

e
sa

y
th

at
th

e
su

b
d
iff

er
en

ti
a
l

is
le

ss
th

a
n

a
n
u
m

b
er

if
al

l
of

it
s

el
em

en
ts

ar
e

b
ou

n
d
ed

ab
ov

e
b
y

th
at

n
u
m

b
er

,
th

at
is

,

∂
F

(L
(t

);
X

)| t
=

0
<
M
⇐
⇒

a
<
M
∀
a
∈
∂
F

(L
(t

);
X

)| t
=

0
.
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)
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p
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p
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o
n
stration

of
th

e
d
erivative

an
d

su
b

d
iff

eren
tial

of
th

e
en

ergy
in

(2).
W

e
a
ssu

m
e

th
at
d

=
1,
D

=
2

an
d

id
en

tify
G

(2,1)
w

ith
th

e
u
n
it

circle.
T

h
e

en
ergy

fu
n
ction

in
(2)

is
th

u
s

p
aram

eterized
b
y

an
gle

an
d

its
grap

h
is

sim
ilar

to
th

e
o
n
e

in
th

e
top

left
su

b
-fi

gu
re

of
F

igu
re

1.
In

b
oth

im
a
ges,

th
e

slop
e

of
th

e
red

tw
o
-sid

ed
arrow

rep
resen

ts
th

e
m

agn
itu

d
e

of
th

e
d
irectio

n
al

geo
d
esic

d
erivative

o
r

su
b

d
erivative

over
G

(2,1),
w

h
ich

is
th

e
sa

m
e

as
d
eriva

tive
or

su
b

d
erivative

w
ith

resp
ect

to
th

e
rep

resen
tin

g
a
n
gle.

T
h
e

fi
rst

im
age

sh
ow

s
a

d
iff

eren
tiab

le
en

erg
y

fu
n
ction

on
th

e
given

d
om

ain
.

In
th

e
secon

d
im

age,
th

ere
is

a
valu

e
w

h
ere

th
e

en
ergy

fu
n
ction

is
n
ot

d
iff

eren
tiab

le.
In

th
is

case,
w

e
u
se

th
e

su
b

d
iff

eren
tial,

w
h
ich

is
th

e
set

of
slop

es
of

all
lin

es
b

etw
een

th
e

acu
te

an
gles

form
ed

b
y

th
e

tw
o

red
tw

o-sid
ed

arrow
s.

N
ote

th
a
t

th
is

su
b

d
iff

eren
tial

is
b

o
u
n
d
ed

ab
ove

b
y

a
n
eg

ative
n
u
m

b
er.

W
e

later
p
rov

e
th

at
th

is
p
rop

erty
gen

erally
h
old

s
for

th
e

en
ergy

fu
n
ction

of
(2)

u
n
d
er

certain
con

d
ition

s.

T
o

g
a
in

a
n

in
tu

ition
for

th
ese

con
cep

ts,
w

e
d
isp

lay
a

v
isu

alization
of

th
e

d
erivativ

e
a
n
d

su
b

d
iff

eren
tial

for
a

sim
u
lated

en
ergy

lan
d
scap

e
in

F
igu

re
2.

T
h
e

d
erivative

follow
s

th
e

stan
d
ard

d
efi

n
ition

from
calcu

lu
s

on
m

an
ifold

s
an

d
is

ju
st

th
e

slop
e

of
th

e
tan

gen
t

lin
e

d
isp

lay
ed

o
n

th
e

left
in

F
igu

re
2.

O
n

th
e

oth
er

h
an

d
,

at
p

oin
ts

w
h
ere

th
e

fu
n
ction

F
(L

(t);X
)

is
n
on

-sm
o
oth

at
t

=
0,

w
e

u
se

th
e

su
b

d
iff

eren
tial

in
stead

.
T

h
e

ex
trem

e
slop

es
fo

r
th

e
su

b
d
iff

eren
tial

are
d
isp

layed
on

th
e

righ
t

in
F

igu
re

2.
In

fu
tu

re
section

s,
to

save
sp

ace,
w

e
w

ill
w

rite
th

e
su

m
s

in
(5)

an
d

(6
)

as ∑
X

an
d

leave
th

e
co

n
d
itio

n
‖Q

V
x
i ‖
>

0
as

im
p
lied

.
F

ollow
in

g
S
ection

2.5.3
of

E
d
elm

an
et

al.
(1999),

to
resp

ect
th

e
geo

m
etry

of
th

e
G

rassm
an

n
ia

n
,

th
e

(su
b
)grad

ien
t

of
(4)

is
d
efi

n
ed

as

∇
F

(V
;X

)
=
Q

V

∂∂
V
F

(V
;X

).
(8)

3
.

A
W

e
ll-T

e
m

p
e
re

d
L

a
n
d
sca

p
e

fo
r

L
e
a
st

A
b
so

lu
te

D
e
v
ia

tio
n
s

W
e

a
ssu

m
e

a
d
ataset

X
=
{x

1 ,...,x
N }
⊂

R
D

th
at

can
b

e
p
artitio

n
ed

in
to

corru
p
ted

(o
u
tlier)

a
n
d

u
n
corru

p
ted

(in
lier)

p
arts.

W
e

refer
to
X

as
an

in
lier-ou

tlier
d
a
taset,

w
h
ere

in
th

e
co

m
in

g
section

s,
w

e
w

ill
m

ore
rigorou

sly
d
efi

n
e

th
is

n
otion

in
th

e
n
oiseless

an
d

n
o
isy

R
S
R

settin
gs.

W
e

d
en

ote
th

e
su

b
sets

of
in

liers
an

d
ou

tliers
in
X

as
X

in
an

d
X

o
u

t ,

1
1
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M
a
u
n
u
,
Z
h
a
n
g

a
n
d

L
e
r
m
a
n

resp
ectively.

T
h
e

corresp
on

d
in

g
d
ata

m
atrices

forX
in

an
d
X

o
u

t
are

X
in

an
d
X

o
u

t ,
w

h
ere

colu
m

n
s

rep
resen

t
d
ata

p
oin

ts.
A

s
stated

p
rev

iou
sly,

th
e

b
asic

p
rob

lem
of

R
S
R

is
to

recover
th

e
su

b
sp

ace
L
∗

from
an

in
lier-ou

tlier
d
ataset.

In
th

e
n
oiseless

settin
g

on
e

can
try

to
ex

actly
recover

th
is

su
b
sp

ace,
an

d
in

th
e

n
oisy

settin
g

on
e

m
ay

try
to

ap
p
rox

im
ately

recov
er

it.
In

th
e

latter
case,

th
is

m
ean

s
th

at
w

e
w

ish
to

estim
ate

it
u
p

to
a

sp
ecifi

ed
ap

p
rox

im
ation

error,
w

h
ich

m
ay

d
ep

en
d

on
th

e
level

of
n
oise

in
th

e
in

liers.
In

ord
er

fo
r

th
is

p
rob

lem
to

b
e

w
ell-d

efi
n
ed

,
b
asic

assu
m

p
tion

s
m

u
st

b
e

m
ad

e.
In

d
eed

,
if

all
in

liers
lie

at
th

e
origin

,
th

en
an

y
su

b
sp

ace
w

ou
ld

b
e

a
solu

tion
to

th
e

R
S
R

p
rob

lem
.

T
h
is

issu
e,

am
on

g
oth

ers,
w

as
ex

ten
sively

d
iscu

ssed
in

§III-A
of

L
erm

an
an

d
M

au
n
u

(2018b
).

O
u
r

th
eoretical

resu
lts

for
recov

ery
w

ill
d
ep

en
d

on
a

con
d
ition

form
u
lated

later
in

th
is

section
th

at
en

su
res

th
e

p
rob

lem
is

w
ell-d

efi
n
ed

.
F

irst,
S
ection

3.1
d
iscu

sses
som

e
statistics

th
at

p
lay

a
fu

n
d
am

en
tal

role
in

o
u
r

an
aly

sis.
N

ex
t,

S
ection

3.2
u
ses

th
ese

statistics
to

d
evelo

p
th

e
d
eterm

in
istic

con
d
ition

s
th

at
en

su
re

th
e

en
ergy

lan
d
scap

e
of

(2)
b

eh
aves

n
icely

arou
n
d

an
u
n
d
erly

in
g

su
b
sp

ace
in

b
oth

th
e

n
oiseless

an
d

n
oisy

R
S
R

settin
gs.

3
.1

.
L

a
n

d
sc

a
p

e
S

ta
tistic

s

E
q
u
ip

p
ed

w
ith

th
e

n
otion

s
laid

ou
t

in
S
ection

2.2,
w

e
are

read
y

to
d
efi

n
e

som
e

im
p

ortan
t

statistics
for

th
e

lan
d
scap

e
of

(2).
T

h
ese

statistics
are

in
sp

ired
b
y

th
ose

origin
ally

d
iscu

ssed
in

L
erm

an
et

al.
(2015),

an
d

th
ey

are
later

u
sed

for
ou

r
stab

ility
resu

lts
in

T
h
eorem

s
1

an
d

2.
W

e
fi
rst

d
iscu

ss
th

e
n
oiseless

R
S
R

settin
g

in
S
ection

3.1.1
an

d
th

en
th

e
n
oisy

R
S
R

settin
g

in
S
ection

3.1.2.

3
.1
.1
.
T
h
e
N
o
ise

l
e
ss

R
S
R

S
e
t
t
in
g

F
or

th
e

n
oiseless

settin
g,

w
e

assu
m

e
th

at
th

e
in

liers,X
in
⊂
X

,
lie

on
a

low
-d

im
en

sion
al

lin
ear

su
b
sp

ace
L
∗∈

G
(D
,d

),
an

d
th

e
rest

of
th

e
p

o
in

ts,X
o
u

t
=
X
\X

in ,
are

in
R
D
\{
L
∗}

.
W

e
callX

d
efi

n
ed

in
th

is
w

ay
a

n
oiseless

in
lier-ou

tlier
d
a
taset.

T
h
e

p
erm

ean
ce

of
th

e
in

liers
in

a
n
oiseless

in
lier-ou

tlier
d
ataset

is
d
efi

n
ed

as

P
(X

in )
=
λ
d 

∑x∈X
in

x
i x
Ti

‖x
i ‖ 

.
(9)

H
ere,

λ
d (·)

d
en

otes
th

e
d
th

eigen
valu

e
of

a
m

atrix
.

N
otice

th
at

larg
e

valu
es

ofP
en

su
re

th
at

th
e

in
liers

are
w

ell-d
istrib

u
ted

.
In

oth
er

w
ord

s,
th

ey
p

erm
ea

te
th

rou
gh

ou
t
L
∗ .

W
e

also
d
efi

n
e

an
align

m
en

t
statistic

for
th

e
n
oiseless

in
lier-ou

tlier
d
ataset

X
.

W
ith

som
e

ab
u
se

of
n
otation

,
w

e
w

rite
∇
F

(L
;X

)
to

refer
to

th
e

grad
ien

t
w

ith
resp

ect
to

som
e

b
asis

of
L

,
w

h
ere

th
e

ch
oice

of
b
asis

d
o
es

n
ot

m
atter.

T
h
e

align
m

en
t

sta
tistic

of
a

set
of

ou
tliers

w
ith

resp
ect

to
a

su
b
sp

ace
is

A
(X

o
u

t ,L
)

=
‖∇

F
(L

;X
o
u

t )‖
2
.

(10)

It
is

n
ot

h
ard

to
sh

ow
th

at
(10)

is
in

varian
t

w
ith

resp
ect

to
ch

oice
of

b
asis

for
L

.
In

eff
ect,

if
th

is
term

is
alw

ay
s

sm
all,

th
en

th
e

ou
tliers

are
n
ot

con
cen

trated
in

an
y

low
-d

im
en

sio
n
al

sp
ace.

In
oth

er
w

ord
s,

th
ey

are
n
ot

align
ed

.
In

ou
r

later
an

a
ly

sis,
w

e
u
se

a
sim

p
le

an
d

1
2
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A
W

e
l
l
-T

e
m
p
e
r
e
d

L
a
n
d
sc

a
p
e
f
o
r
N
o
n
-c
o
n
v
e
x
R
o
b
u
st

S
u
b
sp
a
c
e
R
e
c
o
v
e
r
y

il
lu

m
in

at
in

g
b

ou
n
d

fo
r
A

:

A
(X

o
u

t,
L

)
≤
√
N

o
u

t‖
X

o
u

t‖
2
.

(1
1)

T
h
e

d
er

iv
at

io
n

fo
r

th
is

b
ou

n
d

is
le

ft
to

A
p
p

en
d
ix

C
.

W
e

n
ot

e
th

at
th

is
b

ou
n
d

m
ay

b
e

ti
gh

t,
b
u
t

in
m

os
t

ca
se

s
it

is
n
ot

.
W

e
w

il
l
d
efi

n
e

a
st

ab
il
it

y
st

at
is

ti
c

fo
r

a
n
ei

gh
b

or
h
o
o
d

of
L
∗,
B

(L
∗,
γ

).
T

h
is

n
ei

gh
b

or
h
o
o
d

d
ep

en
d
s

on
a

p
ar

am
et

er
γ

,
w

h
ic

h
fi
x
es

th
e

m
ax

im
u
m

p
ri

n
ci

p
al

an
g
le

of
su

b
sp

ac
es

in
th

is
n
ei

gh
b

or
h
o
o
d

w
it

h
L
∗.

U
si

n
g

th
e

p
er

m
ea

n
ce

an
d

al
ig

n
m

en
t

d
efi

n
ed

in
(9

)
a
n
d

(1
0)

,
th

e
st

ab
il
it

y
st

at
is

ti
c

of
a

n
oi

se
le

ss
in

li
er

-o
u
tl

ie
r

d
at

as
et

is

S(
X
,L
∗,
γ

)
=

co
s(
γ

)P
(X

in
)
−

su
p

L
∈B

(L
∗,
γ

)
A

(X
o
u

t,
L

).
(1

2)

T
h
e

si
m

p
le

co
n
d
it

io
n

re
q
u
ir

ed
in

m
os

t
of

ou
r

th
eo

re
ti

ca
l

an
al

y
si

s
is
S(
X
,L
∗,
γ

)
>

0.
T

h
is

es
se

n
ti

al
ly

m
ea

n
s

th
at

th
e

am
ou

n
t

th
at

th
e

in
li
er

s
p

er
m

ea
te

th
e

u
n
d
er

ly
in

g
su

b
sp

ac
e

m
u
st

b
e

ab
le

to
b

ea
t

th
e

al
ig

n
m

en
t

of
th

e
ou

tl
ie

rs
w

it
h

re
sp

ec
t

to
an

y
su

b
sp

ac
e.

N
ot

e
th

at
S(
X
,L
∗,

0)
=
P

(X
in

)
−
A

(X
o
u

t,
L
∗)

is
a

ti
gh

te
r

st
ab

il
it

y
co

n
d
it

io
n

th
an

th
e

on
e

in
(2

.4
)

of
L

er
m

an
et

al
.
(2

01
5)

.
In

d
ee

d
,
th

e
st

ab
il
it

y
ex

p
re

ss
io

n
of

L
er

m
an

et
al

.
(2

0
15

),
ta

ke
s

th
e

fo
rm

S R
E

A
P

(X
,L
∗)

=
1

4
√
d
P R

E
A

P
(X

in
)
−
A

R
E

A
P

(X
o
u

t,
L
∗)
.

(1
3)

H
er

e,
P R

E
A

P
an

d
A

R
E

A
P

ar
e

ac
tu

al
ly

lo
w

er
an

d
u
p
p

er
b

ou
n
d
s

on
th

e
p

er
m

ea
n
ce

an
d

al
ig

n
-

m
en

t
d
efi

n
ed

in
(9

)
an

d
(1

0)
,

re
sp

ec
ti

v
el

y.
T

h
is

,
to

ge
th

er
w

it
h

th
e

ex
tr

a
fa

ct
or

of
1/

(4
√
d
),

m
ea

n
s
S R

E
A

P
(X
,L
∗)

is
n
ot

as
ti

gh
t

as
S(
X
,L
∗,
γ

)
fo

r
γ

=
0

.
T

h
e

u
p
si

d
e

is
th

at
th

e
R

E
A

P
E

R
al

ig
n
m

en
t

on
ly

n
ee

d
s

to
b

e
ex

am
in

ed
at

a
si

n
gl

e
p

oi
n
t
L
∗,

w
h
er

ea
s
S(
X
,L
∗,
γ

)
b

ec
om

es
h
ar

d
to

es
ti

m
at

e
as
γ

in
cr

ea
se

s.
It

is
n
ot

cl
ea

r
in

ge
n
er

al
w

h
ic

h
st

at
is

ti
c

is
ti

gh
te

r
w

h
en

γ
>

0.

3
.1
.2
.
T
h
e
N
o
is
y
R
S
R

S
e
t
t
in
g

T
h
e

n
oi

sy
se

tt
in

g
o
cc

u
rs

w
h
en

th
e

in
li
er

s
li
e

n
ea

r
th

e
lo

w
-d

im
en

si
on

al
su

b
sp

ac
e

ra
th

er
th

an
ex

ac
tl

y
on

it
.

In
th

is
ca

se
,

w
e

n
ee

d
to

b
e

m
or

e
ca

re
fu

l
w

it
h

th
e

st
at

is
ti

cs
of

ou
r

in
li
er

p
o
in

ts
.

F
or

ea
ch

in
li
er

p
oi

n
t,

w
e

w
ri

te
x
i

=
P
L
∗
x
i
+
ε i

,
w

h
er

e
P
L
∗
x
i
∈
L
∗

an
d
ε i
∈
L
⊥ ∗

is
ad

d
ed

n
oi

se
.

T
h
en

,
X

d
n

s
=

(P
L
∗
X i

n
)
∪
X o

u
t

is
th

e
co

rr
es

p
on

d
in

g
n
oi

se
le

ss
in

li
er

-o
u
tl

ie
r

d
at

as
et

(h
er

e,
th

e
·dn

s
su

p
er

sc
ri

p
t

st
an

d
s

fo
r

“d
e-

n
oi

se
d
”
).

W
e

as
su

m
e

th
at

th
e

n
oi

se
in

ou
r

d
at

a
is

u
n
if

or
m

ly
b

ou
n
d
ed

b
y
ε,

th
at

is
,
‖x

i
−
P
L
∗
x
i‖
<
ε

fo
r

al
l
x
i
∈
X i

n
.

S
om

e
sm

al
l

te
ch

n
ic

al
is

su
es

co
m

e
u
p

w
it

h
n
oi

sy
R

S
R

d
at

as
et

s
th

a
t

m
a
ke

th
e

co
n
d
it

io
n
s

h
ar

d
er

to
in

te
rp

re
t.

H
ow

ev
er

,
th

e
fo

ll
ow

in
g

d
is

cu
ss

io
n

is
ju

st
a

ge
n
er

al
iz

at
io

n
of

th
e

p
re

v
io

u
s

se
ct

io
n

on
th

e
n
oi

se
le

ss
ca

se
af

te
r

d
ea

li
n
g

w
it

h
th

es
e

te
ch

n
ic

al
it

ie
s.

T
o

w
ri

te
th

e
st

ab
il
it

y
st

at
is

ti
c

in
th

e
n
oi

sy
R

S
R

se
tt

in
g,

w
e

m
u
st

d
efi

n
e

th
e

fo
ll
ow

in
g

se
t-

va
lu

ed
fu

n
ct

io
n
s

of
X i

n
.

T
h
es

e
ar

e
d
efi

n
ed

fo
r

a
u
n
it

ve
ct

or
w
∈
L
∗
∩
S
D
−

1
an

d
sm

al
l-

p
ro

je
ct

io
n

cu
to

ff
δ.

T
h
ey

ar
e

m
ea

n
t

to
d
is

ti
n
gu

is
h

b
et

w
ee

n
in

li
er

s
w

h
o

h
av

e
a

p
ro

je
ct

io
n

on
to
w

w
it

h
le

n
gt

h
b
ig

ge
r

th
an

δ,
an

d
in

li
er

s
w

h
o

h
av

e
a

p
ro

je
ct

io
n

on
to
w

w
it

h
le

n
gt

h
le

ss
th

an
or

eq
u
al

to
δ.

T
h
es

e
fu

n
ct

io
n
s

ar
e

d
efi

n
ed

as

F 0
(X

in
,w

,δ
)

=
{x
∈
X i

n
:
|w

T
x
|≤

δ}
,

(1
4)

F 1
(X

in
,w

,δ
)

=
{x
∈
X i

n
:
|w

T
x
|>

δ}
.

(1
5)
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M
a
u
n
u
,
Z
h
a
n
g

a
n
d

L
e
r
m
a
n

In
li
er

s
in

th
e

fi
rs

t
se

t
ar

e
co

in
ed

“s
m

al
l-

p
ro

je
ct

io
n

in
li
er

s”
,

an
d

in
li
er

s
in

th
e

la
tt

er
se

t
a
re

co
in

ed
“l

ar
ge

-p
ro

je
ct

io
n

in
li
er

s”
.

W
it

h
th

es
e

se
ts

,
ou

r
n
oi

sy
in

li
er

-o
u
tl

ie
r

st
ab

il
it

y
st

a
ti

st
ic

is

S n
(X
,L
∗,
ε,
δ,
γ

)
=

co
s(
γ
−

2
ar

ct
an

(ε
/δ

))

2
m

in
w
∈L
∗∩
S
D
−
1

 
∑

x
i
∈F

1
(X

in
,w
,δ

)

w
T
P
L
∗
x
ix
T i
P
L
∗
w

‖P
L
∗
x
‖+
√
ε2

+
δ2

 

−
√
δ2

+
ε2

m
ax

w
∈L
∗∩
S
D
−
1
#

(F
0
(X

in
,w

,δ
))
−

su
p

B
(L
∗,
γ

)
A

(X
o
u

t,
L

).
(1

6
)

T
h
is

st
at

is
ti

c
is

so
m

ew
h
at

si
m

il
ar

to
w

h
at

w
e

h
ad

in
th

e
n
oi

se
le

ss
R

S
R

se
tt

in
g
,

a
lt

h
o
u
g
h

n
ow

w
e

h
av

e
se

p
a
ra

te
d

ou
r

in
li
er

te
rm

s
in

to
tw

o
p
ar

ts
.

T
h
e

fi
rs

t
te

rm
b

eh
av

es
li
ke

th
e

p
er

m
ea

n
ce

fr
om

th
e

n
oi

se
le

ss
R

S
R

se
tt

in
g,

w
it

h
th

e
ad

d
it

io
n

th
at

sm
al

l-
p
ro

je
ct

io
n

in
li
er

s
ar

e
tr

im
m

ed
.

T
h
e

la
st

te
rm

is
ag

ai
n

th
e

al
ig

n
m

en
t

of
th

e
ou

tl
ie

rs
.

T
h
e

m
id

d
le

te
rm

is
q
u
it

e
te

ch
n
ic

al
,

an
d

it
is

m
ea

n
t

to
ca

p
tu

re
ca

se
s

w
h
en

in
li
er

s
m

ay
h
av

e
la

rg
e

an
g
le

w
it

h
a

fi
x
ed

d
ir

ec
ti

on
of
L
∗.

If
w

e
ta

ke
δ
→

0
an

d
ε/
δ
→

0,
th

en
th

e
st

ab
il
it

y
al

m
os

t
b

ec
om

es
o
u
r

o
ri

g
in

a
l

st
ab

il
it

y,
w

it
h

th
e

ad
d
ed

fa
ct

or
of

1/
2

on
th

e
p

er
m

ea
n
ce

te
rm

.
If
S n

(X
,L
∗,
ε,
δ,
γ

)
>

0
,

th
en

w
e

w
il
l

d
em

on
st

ra
te

la
te

r
th

at
re

co
ve

ry
is

p
os

si
b
le

u
p

to
ac

cu
ra

cy
η

=
2

ar
ct

a
n
(ε
/
δ)

.
A

n
il
lu

st
ra

ti
on

of
th

e
sm

al
l-

p
ro

je
ct

io
n

cu
to

ff
δ,

th
e

n
oi

se
b

o
u
n
d
ε,

an
d

th
e

a
cc

u
ra

cy
η

fo
r

n
oi

sy
in

li
er

s
is

gi
ve

n
in

F
ig

u
re

3
to

h
el

p
ea

se
u
n
d
er

st
an

d
in

g
of

ou
r

st
at

is
ti

c.
F

o
r

si
m

p
li
ci

ty
,

w
e

sh
ow

th
e

ca
se

of
a

on
e-

d
im

en
si

on
al

su
b
sp

ac
e

in
R

2
.

H
er

e,
th

e
ve

ct
or

s
w
∈
L
∗
∩
S
D
−

1

ar
e

(1
,0

)T
or

(−
1,

0)
T

.
S
in

ce
th

es
e

tw
o

v
ec

to
rs

ar
e

eq
u
iv

al
en

t
fo

r
th

e
tw

o
fu

n
ct

io
n
s

in
(1

4
)

an
d

(1
5)

,
th

e
la

rg
e-

p
ro

je
ct

io
n

in
li
er

s
an

d
sm

al
l-

p
ro

je
ct

io
n

in
li
er

s
ar

e
on

ly
d
et

er
m

in
ed

b
y

th
e

m
ag

n
it

u
d
e

of
δ.

T
h
u
s,

th
e

cu
to

ff
d
efi

n
ed

b
y

a
ce

rt
ai

n
ch

oi
ce

of
δ

in
(1

4
)

a
n
d

(1
5)

co
rr

es
p

on
d
s

to
se

p
ar

at
in

g
sm

al
l

an
d

la
rg

e
in

li
er

s
b
y

th
ei

r
x

-v
al

u
e.

W
e

n
ot

e
th

at
th

e
st

at
is

ti
c

is
b
y

n
o

m
ea

n
s

ti
gh

t
an

d
fu

tu
re

w
or

k
sh

ou
ld

a
n
a
ly

ze
h
ow

ac
cu

ra
te

th
es

e
m

et
h
o
d
s

ca
n

b
e

w
it

h
n
oi

se
.

A
s

w
e

w
il
l

d
is

cu
ss

in
S
ec

ti
on

7
,

o
n
e

co
u
ld

a
ls

o
st

u
d
y

R
S
R

in
se

tt
in

gs
w

it
h

h
ig

h
n
oi

se
,

su
ch

as
h
ea

v
y

ta
il
ed

n
oi

se
or

u
n
d
er

th
e

sp
ik

ed
m

o
d
el

.
T

h
e

m
ai

n
p

oi
n
t

of
th

e
n
oi

sy
st

at
is

ti
c

is
to

sh
ow

th
at

ou
r

re
su

lt
s

y
ie

ld
ε/
δ-

a
p
p
ro

x
im

at
e

re
co

ve
ry

w
h
en

th
e

n
oi

se
is

u
n
if

or
m

ly
b

o
u
n
d
ed

b
y
ε.

H
er

e,
δ

is
co

n
st

ra
in

ed
in

th
a
t

th
e

st
ab

il
it

y
co

n
d
it

io
n
,
S n

(X
,L
∗,
ε,
δ,
γ

)
>

0,
m

u
st

h
ol

d
.

3
.2

.
T

h
e

L
o
c
a
l

L
a
n

d
sc

a
p

e
u

n
d

e
r

S
ta

b
il
it

y

In
th

is
se

ct
io

n
,

w
e

w
il
l

gi
ve

re
su

lt
s

th
at

p
ro

ve
th

e
lo

ca
l

st
ab

il
it

y
of

th
e

en
er

g
y

la
n
d
sc

a
p

e
of

(2
).

W
e

b
eg

in
w

it
h

th
e

th
eo

re
m

fo
r

th
e

n
oi

se
le

ss
R

S
R

se
tt

in
g

in
S
ec

ti
on

3
.2

.1
,

a
n
d

th
en

p
ro

ve
an

an
al

og
ou

s
re

su
lt

fo
r

th
e

n
oi

sy
R

S
R

se
tt

in
g

in
S
ec

ti
on

3.
2.

2.

3
.2
.1
.
S
t
a
b
il
it
y
in

t
h
e
N
o
is
e
l
e
ss

C
a
se

W
e

sh
ow

th
at

p
os

it
iv

it
y

of
th

e
st

ab
il
it

y
st

at
is

ti
c

gi
v
en

in
(1

2)
w

it
h

0
<
γ
<
π
/
2

im
p
li
es

st
ab

il
it

y
of
L
∗

as
a

m
in

im
iz

er
in

th
e

n
ei

gh
b

or
h
o
o
d
B

(L
∗,
γ

).
S
ta

b
il
it

y
of
L
∗

m
ea

n
s

th
a
t

it
is

th
e

on
ly

cr
it

ic
al

p
oi

n
t

an
d

m
in

im
iz

er
in

B
(L
∗,
γ

),
an

d
,

at
al

l
ot

h
er

p
o
in

ts
in

th
is

n
ei

gh
b

or
h
o
o
d
,

th
er

e
ex

is
ts

a
d
ir

ec
ti

on
in
G

(D
,d

)
su

ch
th

at
th

e
en

er
gy

la
n
d
sc

a
p

e
lo

o
k
s

li
ke

on
e

of
th

e
tw

o
ca

se
s

d
is

p
la

y
ed

in
F

ig
u
re

2;
in

ot
h
er

w
or

d
s,

th
er

e
is

a
d
ir

ec
ti

o
n

o
f

d
ec

re
a
se

.

T
h

e
o
re

m
1

(S
ta

b
il
it

y
o
f
L
∗)

S
u

p
po

se
th

a
t

a
n

o
is

el
es

s
in

li
er

-o
u

tl
ie

r
d
a
ta

se
t

w
it

h
a
n

u
n

-
d
er

ly
in

g
su

bs
pa

ce
L
∗

sa
ti

sfi
es
S(
X
,L
∗,
γ

)
>

0,
fo

r
so

m
e

0
<
γ
<
π
/
2
.

T
h
en

,
a
ll

po
in

ts
in
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A
W

e
l
l
-T

e
m
p
e
r
e
d

L
a
n
d
sc

a
p
e
f
o
r
N
o
n
-c
o
n
v
e
x
R
o
b
u
st

S
u
b
spa

c
e
R
e
c
o
v
e
r
y

-2
-1

0
1

2

-2 -1 0 1 2

/

0
2

L
arge Inliers

Sm
all Inliers

O
utliers

F
ig

u
re

3
:

D
em

o
n
stration

of
a

n
oisy

in
lier-ou

tlier
d
ata

set,
w

h
ere

d
=

1
a
n
d
D

=
2.

T
h
e

fo
llow

in
g

p
aram

eters
u
sed

in
ou

r
an

aly
sis

are
also

d
isp

layed
:

th
e

sm
all-p

ro
jection

cu
toff

δ,
th

e
n
oise

b
ou

n
d
ε,

an
d

th
e

accu
racy

η
.

N
ote

th
at,

in
th

is
ex

a
m

p
le,

in
liers

w
ith

in
a
δ-n

eigh
b

orh
o
o
d

of
th

e
origin

are
rem

oved
from

th
e

p
erm

ean
ce

ca
lcu

lation
,
an

d
ε

th
e

m
ax

im
u
m

d
istan

ce
of

th
e

in
liers

to
th

e
X

-ax
is.

O
u
r

an
aly

sis
g
u
a
ra

n
tees

recovery
u
p

to
th

e
accu

racy
η
,

w
h
ich

m
ean

s
th

a
t

w
e

w
ou

ld
recover

th
e
x

-ax
is

w
ith

in
th

e
acu

te
an

gle
form

ed
b
y

th
e

d
otted

lin
es.

B
(L
∗ ,γ

)\{L
∗ }

h
a
ve

a
su

bd
iff

eren
tia

l
a
lo

n
g

a
geod

esic
strictly

less
th

a
n
−
S

(X
,L
∗ ,γ

),
th

a
t

is,
it

is
a

d
irectio

n
o
f

d
ecrea

sin
g

en
ergy.

T
h
is

im
p
lies

th
a
t
L
∗

is
th

e
o
n

ly
critica

l
po

in
t

a
n

d
loca

l
m

in
im

izer
in
B

(L
∗ ,γ

).

P
ro

o
f

[P
ro

o
f

o
f

T
h
eorem

1]
T

h
e

m
ain

p
oin

t
b

eh
in

d
th

e
p
ro

of
is

th
e

follow
in

g
statem

en
t.

W
e

sh
ow

th
at,

for
an

y
L
∈
B

(L
∗ ,γ

)\{
L
∗ }

,
th

ere
is

a
geo

d
esic

L
(t)

w
ith

L
(0)

=
L

,
a
n
d

an
o
p

en
in

terva
l

a
rou

n
d

0,I
=

(θ
1 (L

,L
∗ )−

γ
,δ(L

)),
for

som
e
δ(L

)
>

0,
su

ch
th

at

F
or
t∈
I
,
θ

1 (L
(t),L

∗ )
is

a
strictly

d
ecreasin

g
fu

n
ction

;
(17)

F
or
t∈
I
,
F

(L
(t);X

)
is

a
strictly

d
ecreasin

g
fu

n
ction

.
(18)

In
sim

p
le

w
o
rd

s,
th

e
fu

n
ction

F
(L

(t);X
)

is
d
ecrea

sin
g

as
L

(t)
m

oves
closer

to
L
∗ .

T
h
is

im
p
lies

th
a
t
L
∗

is
th

e
on

ly
critical

p
oin

t
an

d
m

in
im

izer
in

B
(L
∗ ,γ

)
b
y

a
p

ertu
rb

ation
a
rg

u
m

en
t,

w
h
ich

w
e

w
ill

ex
p
licitly

state
at

th
e

en
d

of
th

e
p
ro

of.
F

ix
a

su
b
sp

ace
L
∈
B

(L
∗ ,γ

)\{
L
∗ },

an
d

let
th

e
p
rin

cip
al

an
gles

b
etw

een
L

an
d
L
∗

b
e

θ
1 ,...,θ

d .
A

lso
,

ch
o
ose

a
set

of
corresp

on
d
in

g
p
rin

cip
a
l

vectors
v

1 ,...,v
d

an
d
y

1 ,...,y
d

fo
r
L

a
n
d
L
∗ ,

resp
ectively,

an
d

let
l≥

1
b

e
th

e
m

ax
im

u
m

in
d
ex

su
ch

th
at
θ

1
=
···

=
θ
l .

W
e

let
u

1 ,...,u
l

b
e

com
p
lem

en
tary

orth
ogon

al
vectors

for
v

1 ,...,v
l

an
d
y

1 ,...,y
l .

F
or

t∈
[0,1

],
w

e
fo

rm
th

e
geo

d
esic

L
(t)

=
S
p
(v

1
cos(t)

+
u

1
sin

(t),...,v
l cos(t)

+
u
l sin

(t),v
l+

1 ,...,v
d ).

(19)

N
o
tice

th
at

th
is

geo
d
esic

is
p
aram

eterized
b
y

arclen
gth

in
term

s
of

th
e

m
etric

d
efi

n
ed

in
S
ectio

n
2
.2

.
T

h
is

geo
d
esic

m
oves

on
ly

th
e
l

fu
rth

est
d
irection

s
of
L

(0)
tow

ard
s
L
∗

an
d

fi
x
es

th
o
se

d
irection

s
th

at
are

closer
th

an
θ

1 .
T

h
is

geo
d
esic

certain
ly

satisfi
es

(17).
W

e

1
5
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M
a
u
n
u
,
Z
h
a
n
g

a
n
d

L
e
r
m
a
n

h
ave

also
rem

oved
d
ep

en
d
en

ce
on

θ
1 ,

sin
ce

th
is

u
n
n
ecessarily

im
p
acts

th
e

m
agn

itu
d
e

of
th

e
geo

d
esic

su
b

d
erivativ

e
(5).

F
ollow

in
g

(5)
w

ith
n
o

d
ep

en
d
en

ce
on

θ
1 ,...,θ

l
an

d
th

en
u
sin

g
(6)

an
d

(8),
w

e
h
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t F

(L
(t);X

) ∣∣∣t=
0

=
−

l
∑j=

1 ∑X

v
Tj
x
i x
Ti
u
j

‖
Q
L
x
i ‖

(20)

=
−

l
∑j=

1 
∑X
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v
Tj
x
i x
Ti
u
j

‖
Q
L
x
i ‖

+
∑X
o
u
t

v
Tj
x
i x
Ti
u
j

‖Q
L
x
i ‖



≤
−

l
∑j=

1 
cos(θ

1 )
sin

(θ
1 )
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(θ

1 )

∑X
in

y
Tj
x
i x
Ti
y
j

‖x
i ‖

−
su

p
V
∈
B
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∗
,γ

) ‖∇
F
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o
u
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≤
−
lS
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,L
∗ ,γ
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−
S
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∗ ,γ
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<

0
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T
h
e

th
ird

lin
e
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b
y

n
otin

g
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e
in
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an

d
th

e
vectors

y
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1
≤
j
≤
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tain
ed
L
∗ ,

th
e

vectors
v
j ,

1
≤
j≤

l,
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n
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L

,
an

d
θ

1
=
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=
θ
l .

T
h
erefore,
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1
≤
j≤

l
an

d
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x
i ,
v
Tj
x
i x
Ti
u
j ≥

cos(θ
1 )
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(θ

1 )(y
Tj
x
i )

2.
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e
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lin
e

w
e
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(6)
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(8)
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m
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B
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T

h
u
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p
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h
e
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b
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im
p
lies
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d
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b
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b
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−
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O

n
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b
d
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e
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erefore
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e
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F
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)
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d
ecreasin
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.
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n
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e
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(0)∩
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n
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p
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S
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X
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n
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n
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b
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o
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ω
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0
<
ω
<
π
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L

(t)
h
as
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p
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X
\
L
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at
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{
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∈
X

:
x
∈
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(21)
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otice

th
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th
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gin
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(19)
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a
g
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d
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g
G
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w
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e
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d
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s
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L
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S
p
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h
u
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d
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F

(L
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)
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G
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)
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u
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d
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F
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v
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1
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G
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,l),

w
h
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(t)

=
S
p
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1
cos(t)

+
u

1
sin
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+
u
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H

ere,
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v
l+

1
,...,v

d
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e

p
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on

to
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e
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al
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p
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en
t
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S
p
(v
l+

1 ,...,v
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w
h
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p
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o
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.
B

y
(21),
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d
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G

(D
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X
=
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∀
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).

C
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u
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F

(L̃
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v
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1
,...,v
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)
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u
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d
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ω
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(0
,ω

)
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a
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n
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G

(D
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d
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is
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p
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t
th
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e
b

o
u
n
d
s
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(20)
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h
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for
all

of
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d
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P
u
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g
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b
y
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e
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tin

u
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e
d
erivatives
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F
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v
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1
,...,v
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for
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ω
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e
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b

d
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eren
tial
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F

(L
(t);X

)
at
t

=
0

is
b
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n
d
ed
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ove

b
y
−
S

(X
,L
∗ ,γ
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w

h
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rn
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p
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th
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(18)
h
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s.
F

in
ally,

th
ere
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n
o

oth
er

critical
p

oin
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L
∗
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B

(L
∗ ,γ

),
b

ecau
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every
p

oin
t

h
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a
d
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d
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o
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an

d
(18)
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p
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a
t
L
∗
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a
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m
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-
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a
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e-d
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al
p

ertu
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L
∗ ,
L
′.
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er
w
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s,
θ

1 (L
∗ ,L

′)
>

0
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p
e
r
e
d

L
a
n
d
sc

a
p
e
f
o
r
N
o
n
-c
o
n
v
e
x
R
o
b
u
st

S
u
b
sp
a
c
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R
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(L
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=
0.

T
h
en

,
(1

7)
an

d
(1

8)
im

p
ly
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)
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e
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es
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et
w

ee
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re
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r
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∈
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1
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).
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e
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e
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at
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t.
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d
ee
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e
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se
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p
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at
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s.

3
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.2
.
S
t
a
b
il
it
y
w
it
h
S
m
a
l
l
N
o
is
e

T
h
e

fo
ll
ow

in
g

th
eo

re
m

ge
n
er

al
iz

es
T

h
eo

re
m

1
fo

r
th

e
ca

se
of

a
n
oi

sy
in

li
er

-o
u
tl

ie
r

d
at
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et

.
T

h
e

p
ro

of
of

th
is

th
eo

re
m

is
le

ft
to

A
p
p

en
d
ix

D
.1

,
an

d
it

es
se

n
ti

al
ly

fo
ll
ow

s
th

at
of

th
e

n
oi

se
le

ss
R

S
R

se
tt

in
g

w
it

h
th

e
al

te
re

d
st

ab
il
it

y
st

at
is

ti
c.

H
er

e,
w

e
on

ly
gu

ar
an

te
e

th
at

th
er

e
is

a
la

rg
e

re
gi

on
w

it
h

n
o

cr
it

ic
al

p
oi

n
ts

u
p

to
a

p
re

ci
si

on
of
η

=
2

ar
ct

an
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),
w

h
ic

h
is

d
et

er
m

in
ed

b
y

th
e

n
oi

se
le

ve
l

an
d

in
li
er

p
er

m
ea

n
ce

.

T
h

e
o
re

m
2

(S
ta

b
il
it

y
o
f
B

(L
∗,
η
)

w
it

h
N

o
is

e
)

A
ss

u
m

e
a

n
o
is

y
in

li
er

-o
u

tl
ie

r
d
a
ta

se
t,

w
it

h
a
n

u
n

d
er

ly
in

g
su
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ce
L
∗

a
n

d
n

o
is

e
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ra
m

et
er
ε
>

0,
th

a
t

sa
ti

sfi
es

fo
r

so
m

e
δ
>
ε
>

0
th

e
st

a
bi

li
ty

co
n

d
it

io
n
S n

(X
,L
∗,
ε,
δ,
γ

)
>

0.
L

et
η

=
2

ar
ct

an
(ε
/δ

)
a
n

d
a
ss

u
m

e
fu

rt
h
er

th
a
t

η
<
γ

.
T

h
en

,
a
ll

po
in

ts
in
B

(L
∗,
γ

)
\B

(L
∗,
η
)

h
a
ve

a
su

bd
iff

er
en

ti
a
l

a
lo

n
g

a
ge

od
es

ic
st

ri
ct

ly
le

ss
th

a
n
−
S n

(X
,L
∗,
ε,
δ,
γ

),
th

a
t
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,

it
is

a
d
ir

ec
ti

o
n

o
f

d
ec

re
a
si

n
g

en
er

gy
.

T
h
is

im
p
li

es
th

a
t

th
e

o
n

ly
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l

m
in

im
iz

er
s

a
n

d
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d
d
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in
ts

in
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)
a
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in
B
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η
).
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ra
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s
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d
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n
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ce
n
t
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h
o
d
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r

m
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im
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g
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).

F
ir
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S
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ti
on

4.
1
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ve

s
th

e
d
et
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of
ou

r
al

go
ri

th
m
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ft
er
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y
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t
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e
al

go
ri

th
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d
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u
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d
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n
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S
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2.

T
h
en
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S
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-
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3
sh

ow
s

th
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A
d
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p
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d
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a
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o
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b
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G
e
o
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c
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ra
d
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n
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D
e
sc

e
n
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ie
n
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).
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os
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T
h
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d
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et
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e
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∇
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p
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b
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a
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n
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w
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d
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b
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c
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d
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re
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m
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b
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h
st

ar
ts

w
it

h
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at
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b
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b
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ra
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:
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it

ia
l

st
ep

-s
iz

e
s,

to
le

ra
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∈
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b
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s

=
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∇
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+
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Σ
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:
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:
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p
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p
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p
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e

align
m

en
t

of
ou

tliers
u
n
d
er

th
e

ab
ove

ou
tlier

m
o
d
els.

T
h
en

,
in

S
ectio

n
5.2

,
w

e
b

ou
n
d

th
e

p
erm

ean
ce

of
in

liers
u
n
d
er

th
e

ab
ove

in
lier

m
o
d
els.

T
h
e

goal
o
f

th
ese

fi
rst

tw
o

su
b
section

s
is

to
u
n
d
erstan

d
h
ow

each
p
art

ofS
(X
,L
∗ ,γ

)
b

eh
aves

on
its

ow
n
.

A
fter

th
is,

in
S
ection

5.3
w

e
p
rov

e
th

atS
(X
,L
∗ ,γ

)
>

0
u
n
d
er

certain
con

d
itio

n
s

on
th

ese
m

o
d
els

o
f

in
liers

an
d

ou
tliers.

N
ex

t,
w

e
sh

ow
in

S
ection

5.4
th

at
P

C
A

can
in

itialize
in
B

(L
∗ ,γ

)
in

a
w

id
e

ran
ge

of
cases.

T
h
en

,
S
ection

5.5
giv

es
an

in
d
ep

th
d
iscu

ssion
of

th
e

H
ay

sta
ck

M
o
d
el,

w
h
ere

w
e

sh
ow

th
at

G
G

D
w

ith
step

-size
s/ √

k
h
as

alm
ost

state-o
f-th

e-art
g
u
a
ra

n
tees.

T
h
e

d
iscu

ssion
con

sid
ers

th
e

p
rev

iou
sly

m
en

tion
ed

th
ree

regim
es

of
sam

p
le

size.
F

in
a
lly,

S
ectio

n
5.6

gives
an

id
ea

o
f

h
ow

statistical
m

o
d
els

can
also

en
su

re
th

at
th

e
stron

g
g
ra

d
ien

t
co

n
d
ition

in
T

h
eorem

4
h
old

s,
w

h
ich

gives
m

ore
ev

id
en

ce
th

at
th

e
m

eth
o
d

m
ay

co
n
verg

e
lin

ea
rly

in
p
ractice.

5
.1

.
O

u
tlie

r
D

istrib
u

tio
n

s
w

ith
R

e
stric

te
d

A
lig

n
m

e
n
t

W
e

ex
p
la

in
th

e
tw

o
assu

m
p
tion

s
on

o
u
tliers

listed
ab

ove,
w

h
ich

lead
to

b
ou

n
d
s

on
th

e
a
lig

n
m

en
t.

W
e

fi
rst

d
iscu

ss
b

ou
n
d
ed

d
istrib

u
tion

s
in

S
ection

5.1.1
an

d
th

en
d
iscu

ss
su

b
-

G
a
u
ssia

n
d
istrib

u
tion

s
in

S
ection

5.1.2.

5
.1
.1
.
B
o
u
n
d
e
d

S
u
p
p
o
r
t
D
ist

r
ib
u
t
io
n
s

W
e

co
n
sid

er
th

e
case

of
ou

tliers
d
raw

n
from

a
d
istrib

u
tion

w
ith

b
ou

n
d
ed

su
p
p

o
rt.

T
h
is

a
ssu

m
p
tion

is
n
eed

ed
b

ecau
se

ou
r

b
ou

n
d

on
th

e
align

m
en

t
scales

like
th

e
sp

ectral
n
orm

of
X

o
u

t ,
w

h
ich

can
b

e
v
ery

large
for

even
a

sin
gle

large
ou

tlier.
A

n
ou

tlier
d
istrib

u
tion

of
th

is
ty

p
e

h
a
s

th
e

fo
rm

X
o
u

t ∼
µ
,
µ

(R
D
\
B

(0
,M

))
=

0,
(34)

w
h
ere

µ
rep

resen
ts

th
e

p
rob

ab
ility

m
easu

re
an

d
M

is
a

u
n
iform

b
ou

n
d

on
th

e
m

a
gn

itu
d
e

o
f

th
e

o
u
tliers.

In
th

is
case,

w
e

h
ave

th
e

w
orst-case

b
ou

n
d

‖X
o
u

t ‖
2
<
M
√
N

o
u

t .
(35)

In
th

e
sp

ecia
l

case
w

h
ere
X

o
u

t
∼

U
n
if(B

(0
,M

)),
th

e
follow

in
g

b
ou

n
d

w
as

p
rov

id
ed

in
L

em
m

a
8
.4

of
L

erm
an

et
al.

(2015):

‖X
o
u

t ‖
2 ≤

M

(
√

N
o
u

t

D
−

0.5
+
√

2
+

t
√
D
−

0
.5 )

,
w

.p
.

at
least

1−
1
.5
e −

t
2.

(36)

W
e

rem
a
rk

th
a
t

(35)
h
old

s
u
n
d
er

an
y

sam
p
lin

g
from

a
b

o
u
n
d
ed

d
istrib

u
tion

an
d

(36)
h
old

s
u
n
d
er

i.i.d
.

sa
m

p
lin

g
of

a
sp

ecial
d
istrib

u
tion

.
F

rom
th

ese
b

ou
n
d
s

an
d

(11),
w

e
get

a
sen

se
of

h
ow

th
e

align
m

en
t

scales
for

d
iff

eren
t

ty
p

es
o
f

ou
tliers.

W
h
en

ou
tliers

are
m

ore
ad

versarial
b
u
t

still
b

ou
n
d
ed

,
th

e
align

m
en

t
scales

like
O

(N
o
u

t ).
O

n
th

e
oth

er
h
an

d
,
w

h
en

ou
tliers

h
ave

th
e

sp
ecial

d
istrib

u
tion

U
n
if(B

(0
,M

)),
w

e
ca

n
b

o
u
n
d

th
e

align
m

en
t

b
y
N

o
u

t / √
D

.
L

a
ter,

in
T

h
eorem

17,
w

e
sh

ow
h
ow

to
im

p
rov

e
th

is
to
O

(N
o
u

t / √
D

(D
−
d
)),

d
u
e

to
th

e
fact

th
at

th
e

b
ou

n
d

in
(11)

is
n
ot

tigh
t.
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M
a
u
n
u
,
Z
h
a
n
g

a
n
d

L
e
r
m
a
n

5
.1
.2
.
S
u
b
-G

a
u
ssia

n
D
ist

r
ib
u
t
io
n
s

R
ath

er
th

an
assu

m
e

th
at

th
e

ou
tliers

are
b

ou
n
d
ed

,
w

e
can

in
stead

assu
m

e
th

ey
com

e
from

a
su

b
-G

au
ssian

d
istrib

u
tion

.
In

th
is

case,
w

e
h
ave

th
e

follow
in

g
lem

m
a.

L
e
m

m
a

1
0

S
u

p
po

se
th

a
t

th
e

o
u

tliers
fo

llo
w

a
su

b-G
a
u

ssia
n

d
istribu

tio
n

w
ith

co
va

ria
n

ce
Σ

o
u

t /D
o
u

t ,
w

h
ich

h
a
s

ra
n

k
D

o
u

t .
T

h
en

,

‖
X

o
u

t ‖
2 ≤

∥∥∥
Σ

1
/
2

o
u

t ∥∥∥
2 (

2 √
N

o
u

t
√
D

o
u

t
+
C

)
,

(37)

w
ith

p
ro

ba
bility

a
t

lea
st

1−
e −

cN
o
u
t.

H
ere,

c
a
n

d
C

d
epen

d
o
n

th
e

su
b-G

a
u

ssia
n

n
o
rm

o
f

Σ
−

1
/
2

o
u

t
x

,
w

h
ere

x
fo

llo
w

s
th

e
o
u

tlier
d
istribu

tio
n

.

P
ro

o
f

N
ote

th
at

th
e

tran
sform

ed
d
ata,

Σ
−

1
/
2

o
u

t
X

o
u

t ,
is

isom
etric.

T
h
erefore,

w
e

b
ou

n
d

th
e

sp
ectral

n
orm

of
th

e
ou

tliers
b
y

‖X
o
u

t ‖
2

=
‖
Σ

1
/
2

o
u

t Σ
−

1
/
2

o
u

t
X

o
u

t ‖
2 ≤
‖Σ

1
/
2

o
u

t ‖
2 ‖Σ

−
1
/
2

o
u

t
X

o
u

t ‖
2 .

W
e

can
ap

p
ly

T
h
eorem

5.39
of

V
ersh

y
n
in

(2012b
)

to
th

e
last

term
in

th
is

in
eq

u
ality.

T
h
is

y
ield

s
th

e
b

ou
n
d

in
(37).

5
.2

.
P

e
rm

e
a
tin

g
In

lie
r

D
istrib

u
tio

n
s

W
e

w
ill

lo
ok

at
tw

o
assu

m
p
tion

s
th

at
y
ield

p
erm

ean
ce

of
in

liers.
F

irst,
S
ection

5.2.1
ex

am
-

in
es

con
tin

u
ou

s
d
istrib

u
tion

in
liers,

an
d

th
en

S
ection

5.2.2
lo

ok
s

at
su

b
-G

au
ssian

in
liers.

5
.2
.1
.
B
o
u
n
d
e
d

C
o
n
t
in
u
o
u
s
In

l
ie
r
D
ist

r
ib
u
t
io
n
s

A
n

i.i.d
.

sam
p
le

from
a

d
istrib

u
tion

w
ith

a
con

tin
u
ou

s
d
en

sity
lies

in
gen

eral
p

osition
w

ith
p
rob

ab
ility

1.
In

th
e

case
of

a
con

tin
u
ou

s
d
istrib

u
tion

o
n

a
su

b
sp

ace
L
∗ ,

th
is

m
ean

s
th

at
n
o

d
-su

b
set

of
th

em
lies

on
a
d−

1-d
im

en
sion

al
su

b
sp

ace.
S
om

e
sligh

tly
stron

ger
assu

m
p
tion

s
are

also
n
eed

ed
to

easily
p
rove

th
at

th
e

in
lier

p
erm

ea
n
ce

h
as

a
n
on

triv
ial

low
er

b
ou

n
d
,

w
h
ich

in
clu

d
es

th
e

d
istrib

u
tion

h
av

in
g

b
ou

n
d
ed

su
p
p

o
rt,

alth
ou

gh
oth

er
assu

m
p
tion

s
cou

ld
b

e
u
sed

.
W

e
w

ill
refer

to
th

ese
d
istrib

u
tion

s
as

b
ou

n
d
ed

con
tin

u
ou

s
d
istrib

u
tion

s.
T

h
e

p
ro

of
of

th
is

p
rop

osition
is

given
in

A
p
p

en
d
ix

D
.4.1.

P
ro

p
o
sitio

n
1
1

S
u

p
po

se
th

a
t

th
e

in
liers

a
re

sa
m

p
led

fro
m

a
d
istribu

tio
n

th
a
t

h
a
s

a
co

n
-

tin
u

o
u

s
d
en

sity
w

ith
respect

to
th

e
u

n
ifo

rm
m

ea
su

re
o
n
L
∗ .

S
u

p
po

se
fu

rth
er

th
a
t

th
is

d
is-

tribu
tio

n
h
a
s

m
ea

n
zero

a
n

d
h
a
s

su
p
po

rt
co

n
ta

in
ed

in
B

(0
,M

)∩
L
∗ ,

fo
r

so
m

e
co

n
sta

n
t
M

.
T

h
en

,

P
(X

in )&
N

in

M
m

in
v∈
L
∗ ∩
S
D
−
1
V

ar(v
T
x

),
w

.h
.p

.
(38)

H
ere,

th
e

p
rob

ab
ility

go
es

to
1

an
d

th
e

p
erm

ean
ce

go
es

to
∞

as
N

in →
∞

.
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p
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S
u
b
-G

a
u
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n
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l
ie
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D
is
t
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W
e

sh
ow

h
ow

th
e
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su

m
p
ti

on
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a
su

b
-G
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ss

ia
n

d
is

tr
ib

u
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p
ro

v
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es
a

lo
w

er
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ou
n
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r

th
e

p
er

m
ea

n
ce

of
in

li
er

s.
T

h
e

p
ro

of
of

th
is

th
eo

re
m

is
gi

ve
n

in
A

p
p

en
d
ix

D
.4

.2
.

P
ro

p
o
si

ti
o
n

1
2

S
u

p
po

se
th

a
t

in
li

er
s

a
re

sa
m

p
le

d
i.

i.
d
.

fr
o
m

a
su

b-
G

a
u

ss
ia

n
d
is

tr
ib

u
ti

o
n

w
it

h
co

va
ri

a
n

ce
Σ

in
/d

,
w

h
ic

h
h
a
s

ra
n

k
d

.
T

h
en

,
fo

r
0
<
a
<

1
sa

ti
sf

yi
n

g
(1
−
a
)2
N

in
>
C

2 1
d

,

P
(X

in
)
≥

λ
d
(Σ

in
)

λ
1
(Σ

in
)1
/
2
(1
−
a
)2
N

in d
+
O

(
√
N

in d

)
,

w
.p

.
a
t

le
a
st

1
−

4e
−
c 1
a
2
N

in
.

(3
9)

H
er

e,
c 1

a
n

d
C

1
a
re

co
n

st
a
n

ts
th

a
t

d
ep

en
d

o
n

th
e

su
b-

G
a
u

ss
ia

n
n

o
rm

s
o
f

Σ
−

1
/
2

in
x

a
n

d

Σ̃
−

1
/
2

in
x

,
w

h
er

e
x

is
a

ra
n

d
o
m

ve
ct

o
r

th
a
t

fo
ll

o
w

s
th

e
in

li
er

d
is

tr
ib

u
ti

o
n

.

N
ot

ic
e

th
at

th
e

ch
oi

ce
of
a

h
er

e
aff

ec
ts

b
ot

h
th

e
b

o
u
n
d

an
d

th
e

p
ro

b
ab

il
it

y.
O

n
e

co
u
ld

,
in

p
ri

n
ci

p
al

,
ch

o
os

e
a

=
N
−

1
/
2
+
ε

fo
r

so
m

e
co

n
st

an
t
ε
>

0
an

d
st

il
l

ac
h
ie

ve
an

ov
er

w
h
el

m
in

g
p
ro

b
ab

il
it

y
b

ou
n
d
.

5
.3

.
C

o
m

b
in

in
g

S
ta

ti
st

ic
a
l

M
o
d

e
ls

to
E

n
fo

rc
e
S(
X
,L
∗,
γ

)
>

0

In
th

is
se

ct
io

n
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w
e

ex
p
li
ci

tl
y
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m

p
ar

e
th

e
p

er
m
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n
ce

an
d
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ig

n
m

en
t

b
ou

n
d
s
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r

th
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ti
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o
d
el

s
of

d
at

a
to

se
e

w
h
en

w
e

ca
n

ex
p

ec
t

to
h
av

e
S(
X
,L
∗,
γ

)
>

0,
w

h
ic

h
is

th
e

es
se

n
ti

al
as

su
m

p
ti

on
in

T
h
eo

re
m

s
1

an
d

3.
T

og
et

h
er

w
it

h
th

e
re

su
lt

of
th

e
n
ex

t
se

ct
io

n
on

P
C

A
in
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on

,
th
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p
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G
G

D
ex
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y
re
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rs
L
∗

p
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S
N

R
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p
ro

p
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at
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y
b
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n
d
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fr
om

b
el

ow
in
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e
m

o
d
el

s.
F

ir
st

,
S
ec

ti
on

5.
3.

1
w

il
l
lo

ok
at

th
e

ca
se

of
b

ou
n
d
ed

ou
tl

ie
rs

an
d

b
ou

n
d
ed

co
n
ti

n
u
ou

s
in

li
er

s.
T

h
en

,
S
ec

ti
on

5.
3
.2

w
il
l

d
is

cu
ss

th
e

ca
se

of
su

b
-G

au
ss

ia
n

in
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er

s
an

d
ou

tl
ie

rs
in

w
h
at

w
e

ca
ll

th
e

G
en

er
al
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ed

H
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k
M

o
d
el

.

5
.3
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.
B
o
u
n
d
e
d

O
u
t
l
ie
r
s
a
n
d

B
o
u
n
d
e
d

C
o
n
t
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u
o
u
s
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ie
r
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U
n
d
er
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e
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m
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of

b
ou
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ed
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b
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d
ed
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n
ti

n
u
ou

s
in

li
er

s,
w

e
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n
gu
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an

te
e

S(
X
,L
∗,
γ

)
>

0
fo

r
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e

en
ou

gh
S
N

R
an

d
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m
p
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ze

s.
T

h
is
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in
th

e
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ll
ow
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g

p
ro

p
os

it
io

n
.
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b
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o
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n
d
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p
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d
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=
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u
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u
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u
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d
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u
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d
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d
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u
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p
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n
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E

A
P

E
R

algorith
m

of
L

erm
a
n

et
al.

(2015)
for

a
n
on

-con
vex

algorith
m

.
W

e
even

m
a
n
a
g
e

to
p
rov

id
e

b
etter

estim
ates

in
large

sam
p
le

regim
es.

In
d
eed

,
th

e
sta

b
ility

an
a
ly

sis
o
f

th
is

w
o
rk

is
in

sp
ired

b
y

th
e

stab
ility

an
aly

sis
of

th
e

R
E

A
P

E
R

algorith
m

,
w

h
ich

is
d
on

e
w

ith
resp

ect
to

a
con

vex
relax

ation
of

th
e

en
ergy

fu
n
ction

con
sid

ered
h
ere.

S
in

ce
w

e
d
o

n
o
t

rela
x

th
e

n
on

-con
vex

p
rob

lem
,

ou
r

stab
ility

is
tigh

ter
th

an
th

e
R

E
A

P
E

R
stab

ility
w

h
en

co
n
sid

erin
g

su
ffi

cien
tly

sm
all

n
eigh

b
orh

o
o
d
s.

H
ow

ever,
for

large
en

o
u
gh

n
eigh

b
orh

o
o
d
s,

th
e

R
E

A
P

E
R

sta
b
ility

m
igh

t
b

e
tigh

ter
th

an
ou

rs.
F

or
ex

am
p
le,

a
d
iff

eren
ce

sh
ow

s
u
p

in
sm

all
sa

m
p
le

reg
im

es
of

th
e

H
ay

stack
M

o
d
el:

th
e

d
ep

en
d
en

ce
on

a
n
eigh

b
orh

o
o
d

m
akes

ou
r

resu
lt

w
eaker

in
term

s
of

th
e

S
N

R
regim

es
w

e
can

tolerate.
N

everth
eless,

as
far

as
w

e
k
n
ow

,
th

ere
is

n
o

n
o
n
-co

n
vex

R
S
R

com
p

etitor
for

th
e

ty
p

es
of

estim
ates

w
e

h
ave

d
evelo

p
ed

in
th

is
p
ap

er
a
n
d

n
o

o
th

er
com

p
etitor

w
ith

com
p
u
tation

al
com

p
lex

ity
of

ord
er
O

(N
D
d
).

F
u
rth

erm
ore,

in
la

rg
er

sa
m

p
le

regim
es

w
e

ob
tain

a
stron

ger
resu

lt
th

an
R

E
A

P
E

R
’s.

W
h
ile

th
ere

are
m

an
y

d
irection

s
th

at
fu

tu
re

w
ork

can
take,

w
e

on
ly

sp
ecify

a
cou

p
le

h
ere.

O
n
e

aven
u
e

for
fu

tu
re

w
ork

is
to

ex
ten

d
th

is
resu

lt
to

oth
er

d
ata

m
o
d
els.

F
or

ex
am

p
le,

o
n
e

m
ay

co
n
sid

er
m

ore
ad

versarial
m

o
d
els

of
corru

p
tion

.
T

h
is

is
p
u
rsu

ed
in

a
forth

com
in

g
w

o
rk

(M
a
u
n
u

a
n
d

L
erm

an
).

A
n
o
th

er
d
irection

for
fu

tu
re

w
ork

in
v
olves

stu
d
y

of
su

b
sp

ace
recovery

in
th

e
p
resen

ce
o
f

h
eav

ier
n
o
ise.

T
h
e

on
ly

w
ork

s
th

at
con

sid
er

R
S
R

in
really

n
oisy

settin
gs

a
re

C
ou

d
ron

a
n
d

L
erm

a
n

(2012),
M

in
sker

(2015),
an

d
C

h
erap

an
am

jeri
et

al.
(2017),

alth
ou

gh
th

e
area

rem
a
in

s
la

rg
ely

u
n
ex

p
lored

.
T

h
e

n
oise

con
sid

ered
in

ou
r

w
ork

in
v
olves

sm
all

p
ertu

rb
ation

s
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M
a
u
n
u
,
Z
h
a
n
g

a
n
d

L
e
r
m
a
n

from
th

e
u
n
d
erly

in
g

su
b
sp

ace.
H

ow
ever,

in
gen

eral,
m

ore
m

o
d
ern

w
ork

in
d
ata

scien
ce

h
as

fo
cu

sed
on

settin
gs

w
ith

h
eav

ier
n
oise.

F
or

ex
a
m

p
le,

som
e

h
ave

con
sid

ered
n
oise

d
raw

n
from

d
istrib

u
tion

s
w

ith
h
eav

y
tails

(M
in

sk
er,

2015),
w

h
ile

oth
ers

h
ave

con
sid

ered
P

C
A

in
th

e
sp

ik
ed

m
o
d
el

(J
oh

n
ston

e,
2001;

B
aik

et
al.,

2005).
In

th
e

latter
case,

w
h
en

th
e

d
im

en
sion

is
very

large,
th

e
n
oisy

in
liers

w
ou

ld
m

ost
likely

b
e

very
far

from
th

e
u
n
d
erly

in
g

su
b
sp

ace.
It

is
an

in
terestin

g
d
irection

for
fu

tu
re

w
ork

to
stu

d
y

R
S
R

in
b

oth
of

th
ese

settin
gs.

F
u
tu

re
w

ork
m

ay
also

con
sid

er
p
ro

of
of

con
vergen

ce
for

oth
er

m
eth

o
d
s,

su
ch

as
N

ew
ton

’s
m

eth
o
d

an
d

con
ju

gate
grad

ien
t

(E
d
elm

an
et

al.,
1999),

or
IR

L
S

(L
erm

an
an

d
M

au
n
u
,

2018a),
u
sin

g
th

e
gu

aran
tees

on
th

e
en

ergy
lan

d
scap

e
of

th
is

p
ap

er.
O

n
e

cou
ld

also
con

sid
er

u
sin

g
d
iff

eren
t

fram
ew

ork
s

for
op

tim
ization

ov
er
G

(D
,d

),
su

ch
a
s

a
retraction

b
ased

m
eth

o
d

like
th

at
sp

ecifi
ed

in
A

b
sil

et
al.

(20
09).

A
q
u
ick

h
eu

ristic
argu

m
en

t
in

d
icates

th
at

th
e

retraction
form

u
lation

sh
ou

ld
agree

w
ith

G
G

D
u
p

to
fi
rst

ord
er,

b
u
t

w
e

leav
e

rigorou
s

ex
am

in
ation

of
th

is
to

fu
tu

re
w

ork
.

F
in

ally,
on

e
m

ay
also

d
irectly

follow
th

e
id

eas
of

L
im

et
al.

(2016,
2018)

an
d

con
sid

er
ex

ten
sion

s
to

th
e

affi
n
e

G
rassm

an
n
ian

,
sin

ce
in

p
ractice

w
e

can
n
ot

assu
m

e
th

at
th

e
d
ata

is
p
rop

erly
cen

tered
.

A
su

p
p
lem

en
tary

w
eb

p
age

w
ith

co
d
e

w
ill

b
e

m
ad

e
availab

le
a
t
h
t
t
p
s
:
/
/
t
w
m
a
u
n
u
.

g
i
t
h
u
b
.
i
o
/
W
T
L
/
.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h
is

w
ork

w
as

su
p
p

orted
b
y

N
S
F

aw
ard

s
D

M
S
-14-183

86
an

d
D

M
S
-18-21266,

a
U

M
II

M
n
-

D
R

IV
E

grad
u
ate

assistan
tsh

ip
,

an
d

a
U

M
N

D
o
ctoral

D
issertation

F
ellow

sh
ip

.
T

h
e

au
th

ors
w

ou
ld

like
to

th
an

k
C

h
ao

G
ao,

N
ati

S
reb

ro,
an

d
an

on
y
m

ou
s

rev
iew

ers
for

h
elp

fu
l
com

m
en

ts,
an

d
M

oritz
H

ard
t

for
th

e
p
rofession

al
h
an

d
lin

g
of

th
is

m
an

u
scrip

t.

A
p
p

e
n
d
ix

A
.

L
a
n
d
sca

p
e

o
f

th
e

P
C

A
e
n
e
rg

y

In
th

is
ap

p
en

d
ix

,
w

e
d
iscu

ss
th

e
lan

d
scap

e
of

th
e

en
ergy

fu
n
ction

d
escrib

ed
in

(1).
L

et
X
∈
R
D
×
N

b
e

a
m

atrix
w

ith
colu

m
n
s

given
b
y
x

1 ,x
2 ,...,x

N
,

an
d

assu
m

e
th

at
its

sin
gu

lar
valu

es
an

d
left

sin
gu

lar
vectors

are
σ

1 ≥
σ

2 ≥
···≥

σ
D

an
d
v

1 ,...,v
D
∈
R
D

,
resp

ectiv
ely.

U
n
d
er

a
gen

eric
scen

ario
w

h
en

σ
d
>
σ
d
+

1
a
n
d
σ
D
−
d
>
σ
D
−
d
+

1 ,
th

e
lan

d
sca

p
e

of
th

e
en

ergy
in

(1)
h
as

th
e

follow
in

g
p
rop

erties:

•
T

h
ere

ex
ists

a
u
n
iq

u
e

lo
cal

m
in

im
u
m

giv
en

b
y
L

=
sp

an
(v

1 ,...,v
d ),

w
h
ich

is
also

th
e

glob
al

m
in

im
izer;

an
d

a
u
n
iq

u
e

lo
cal

m
ax

im
u
m

given
b
y
L

=
sp

an
(v
D
−
d
+

1 ,...,v
D

),
w

h
ich

is
also

th
e

glob
al

m
ax

im
izer.

•
T

h
e

set
of

sad
d
le

p
oin

ts
are

giv
en

b
y

th
e

set
of
L

su
ch

th
at
L

=
sp

an
(v
i1 ,...,v

id )
for

an
y
d

d
istin

ct
in

tegers
(i1 ,...,id )

b
etw

een
1

an
d
D

,
an

d
(i1 ,...,id )

can
n
ot

b
e

(1,...,d
)

or
(D
−
d
+

1
,...,D

)
(w

h
ich

corresp
on

d
to

th
e

m
in

im
izer

an
d

th
e

m
ax

im
izer).

T
h
ese

p
rop

erties
can

b
e

d
erived

b
y

castin
g

th
e

P
C

A
p
rob

lem
as

a
con

strain
ed

op
tim

ization
p
rob

lem
an

d
th

en
ex

am
in

in
g

th
e

corresp
on

d
in

g
L

agran
gian

.
S
in

ce
th

e
n
u
m

b
er

of
sad

d
le

p
oin

ts
is

fi
n
ite

an
d

all
sad

d
le

p
oin

ts
are

orth
ogon

al
to

th
e

m
in

im
izer,

th
ere

ex
ists

a
lo

cal
n
eigh

b
orh

o
o
d

arou
n
d

th
e

m
in

im
izer

su
ch

th
at

th
e

m
in

im
izer

is
th

e
u
n
iq

u
e

critical
p

oin
t

3
6
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A
W

e
l
l
-T

e
m
p
e
r
e
d

L
a
n
d
sc

a
p
e
f
o
r
N
o
n
-c
o
n
v
e
x
R
o
b
u
st

S
u
b
sp
a
c
e
R
e
c
o
v
e
r
y

in
si

d
e

th
is

n
ei

gh
b

or
h
o
o
d
,

w
h
ic

h
is

a
p
ro

p
er

ty
si

m
il
ar

to
T

h
eo

re
m

1.
U

si
n
g

a
st

ra
te

gy
si

m
il
ar

to
th

is
w

or
k
,

if
an

in
it

ia
li
za

ti
on

is
ch

os
en

ap
p
ro

p
ri

at
el

y
su

ch
th

at
th

e
in

it
ia

li
za

ti
on

li
es

in
a

n
ei

gh
b

or
h
o
o
d

ar
ou

n
d

th
e

gl
ob

al
m

in
im

iz
er

,
a

gr
ad

ie
n
t

d
es

ce
n
t

al
go

ri
th

m
w

ou
ld

co
n
ve

rg
e

to
th

e
gl

ob
al

m
in

im
iz

er
of

(1
).

O
n
e

ot
h
er

ca
se

of
in

te
re

st
in

vo
lv

es
σ
d

=
σ
d
+

1
=
··
·=

σ
k
,
fo

r
d
<
k
≤
D

.
In

th
is

ca
se

,
th

e
si

n
gu

la
r

ve
ct

or
s

co
rr

es
p

on
d
in

g
to
σ
d
,.
..
,σ

k
w

ou
ld

sp
an

a
su

b
sp

ac
e,

an
d

an
y

or
th

on
or

m
al

b
as

is
fo

r
S
p
(v
d
,.
..
,v

k
)

w
ou

ld
re

su
lt

in
a

va
li
d

se
t

of
si

n
gu

la
r

ve
ct

or
s

co
rr

es
p

on
d
in

g
to

th
e

si
n
gu

la
r

va
lu

es
σ
d
,.
..
,σ

k
.

A
s

an
ex

am
p
le

of
w

h
at

h
ap

p
en

s
in

th
is

ca
se

,
if
σ

1
>
σ

2
>
··
·>

σ
d

=
··
·=

σ
k

th
en

th
e
d
-s

u
b
sp

ac
e

sp
an

n
ed

b
y
v

1
,.
..
,v

d
−

1
,
v
i
∈

S
p
(v
d
,.
..
,v

k
)
∩
S
D
−

1

ar
e

m
in

im
iz

er
s.

O
n
e

ca
n

co
n
st

ru
ct

ot
h
er

so
rt

s
of

co
n
ti

n
u
u
m

s
b
y

al
so

co
n
si

d
er

in
g

eq
u
al

it
y

of
si

n
gu

la
r

va
lu

es
b

et
w

ee
n
σ

1
an

d
σ
d
.

A
ll

ca
se

s
co

n
st

ru
ct

ed
in

th
es

e
w

ay
s

w
ou

ld
y
ie

ld
a

co
n
ti

n
u
u
m

of
m

in
im

iz
er

s
fo

r
th

e
P

C
A
d
-s

u
b
sp

ac
e

en
er

gy
,

w
h
ic

h
al

l
ac

h
ie

v
e

th
e

sa
m

e
en

er
gy

.
A

n
al

og
ou

sl
y,

on
e

ca
n

co
n
si

d
er

th
e

ca
se

s
w

h
er

e
σ
k

=
..
..

=
σ
D
−
d
+

1
fo

r
1
≤
k
<
D
−
d

+
1,

an
d

sh
ow

a
co

n
ti

n
u
u
m

of
m

ax
im

iz
er

s.
O

r,
on

e
ca

n
a
ls

o
co

n
si

d
er

th
e

ca
se

s
w

h
er

e
σ
k

=
..
..

=
σ
l

w
h
er

e
d
<
k
<
l
<
D
−
d

+
1,

an
d

sh
ow

a
co

n
ti

n
u
u
m

of
sa

d
d
le

p
oi

n
ts

.
In

ad
d
it

io
n
,

w
h
il
e

it
is

u
n
re

la
te

d
to

th
e

fo
cu

s
of

th
is

w
or

k
,

w
e

re
m

ar
k

th
at

th
e

la
n
d
sc

ap
e

of
P

C
A

al
so

h
as

th
e

“s
tr

ic
t

sa
d
d
le

p
oi

n
t

p
ro

p
er

ty
”

d
is

cu
ss

ed
in

G
e

et
al

.
(2

01
5)

:
th

e
H

es
si

an
of

ev
er

y
sa

d
d
le

p
oi

n
t

h
as

a
n
eg

at
iv

e
ei

ge
n
va

lu
e.

G
e

et
al

.
(2

01
5)

p
ro

p
os

e
al

go
ri

th
m

s
w

it
h

th
eo

re
ti

ca
l

gu
ar

an
te

es
to

m
in

im
iz

e
su

ch
en

er
gy

fu
n
ct

io
n
s.

T
h
is

p
ro

p
er

ty
ca

n
b

e
se

en
b
y

ag
ai

n
ex

am
in

in
g

th
e

L
ag

ra
n
gi

an
fo

rm
u
la

ti
on

of
th

e
P

C
A

p
ro

b
le

m
.

A
p
p

e
n
d
ix

B
.

G
ra

ss
m

a
n
n
ia

n
G

e
o
d
e
si

cs

In
th

is
ap

p
en

d
ix

,
w

e
d
es

cr
ib

e
so

m
e

b
as

ic
ge

om
et

ri
c

n
ot

io
n
s

on
th

e
G

ra
ss

m
an

n
ia

n
m

an
if

ol
d
,

G
(D
,d

).
G

iv
en

tw
o

su
b
sp

ac
es

L
1
,L

2
∈
G

(D
,d

),
th

e
p
ri

n
ci

p
al

an
gl

es
b

et
w

ee
n

th
e

tw
o

su
b
sp

ac
es

ar
e

d
efi

n
ed

se
q
u
en

ti
al

ly
.

T
h
e

sm
al

le
st

an
gl

e,
θ d

,
is

gi
ve

n
b
y

θ d
=

m
in

v
∈L

1
,y
∈L

2

‖v
‖=
‖y
‖=

1

ar
cc

os
(|v

T
y
|).

(5
7)

T
h
e

ve
ct

or
s
v
d

an
d
y
d

w
h
ic

h
ac

h
ie

ve
th

e
m

in
im

u
m

ar
e

th
e

p
ri

n
ci

p
al

ve
ct

or
s

co
rr

es
p

on
d
in

g
to
θ d

.
T

h
e
d

p
ri

n
ci

p
al

an
gl

es
ar

e
d
efi

n
ed

se
q
u
en

ti
al

ly
b
y

θ k
=

m
in

v
∈L

1
,‖
v
‖=

1
,v
⊥
v
k
+
1
,.
..
,v
d

y
∈L

2
,‖
y
‖=

1
,y
⊥
y
d
+
1
,.
..
,y
d

ar
cc

os
(|v

T
y
|),

(5
8)

an
d
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p
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d
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p
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p
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p
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p
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p
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p
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p
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p
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∈
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∈
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p
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p
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b
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p
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b
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p
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p
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p
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p
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b
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>
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ra
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∩
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p
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∈
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⊥
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p
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=
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u
e

ge
o
d
es

ic
on

G
(D
,d

)
w

it
h
L

(0
)

=
L

1
a
n
d
L

(1
)

=
L

2

ca
n

b
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=
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+
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+
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a
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b
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b
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=

S
p
( v

1
co

s(
t)

+
u

1
si

n
(t

),
v

2
co

s

(
θ 2 θ 1
t)

+
u
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+
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+
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p
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b
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c
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b
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∑
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√
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p
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p
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p
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p
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eo

re
m

s,
p
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p
ap

er
.

D
.1

.
P

ro
o
f

o
f

T
h
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p
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p
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∈
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p
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b
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n
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w
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1
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u
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th
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rem
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en
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m
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e
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W

e
w
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fi
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e
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∂
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S
n
(X
,L
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U
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g
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e

d
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u
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a
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b
d
erivativ

e
of
F
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)
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=
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b
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‖
Q
L
x
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>
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v
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x
i x
Ti
u
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‖
Q
L
x
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=
−

l
∑j=
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∑

x
i ∈F

1
(X

in
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‖
Q
L
x
i ‖
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0

v
Tj
x
i x
Ti
u
j

‖Q
L
x
i ‖
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x
i ∈F

0
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x
i x
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u
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‖Q
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u
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x
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i ‖


.

W
e

ex
a
m
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e
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e
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(64)
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e

b
y
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e.

U
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g
(6)

an
d
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w
e

can
b
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n
d

th
e
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tlier
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−
∑x
i ∈X

o
u
t

‖
Q
L
x
i ‖
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0

v
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x
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u
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‖Q
L
x
i ‖
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o
u
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(65)

W
e

k
n
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a
t
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u
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‖
Q
L
x
i ‖
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i
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u
j
∈

S
p
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L
).

W
e
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k
n
ow
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θ
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η
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Tj
x
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x
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√
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2
+
ε
2
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x
i ∈
F
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v
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x
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u
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x
i ‖
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√
δ
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+
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m
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w
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D
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(66)

T
h
u
s,

w
e
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n
a
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u
st

d
eal

w
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e
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lier

term
.

W
e

h
ave
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e

in
eq

u
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v
j x

i x
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u
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)
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L
x
i ‖
≤
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P
L
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i ‖
+
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Q
L
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i ‖
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Ti
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j

‖
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L
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i ‖
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L
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i ‖
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0
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Ti
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i ‖
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∑
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Ti
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i ‖
+
√
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.
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n
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b
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+
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σ
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=
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+
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σ
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∈
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m
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b
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∈
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∗ ∩
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σ
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σ
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b
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=
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p
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al
an

d
ve

ry
ge

n
er

al
.

T
h
ey

ap
p
ly

to
a

b
ro

a
d

cl
a
ss

o
f

lo
ss

fu
n
ct

io
n
s

an
d

p
en

al
ty

fu
n
ct

io
n
s

th
at

ar
e

co
m

m
on

ly
u
se

d
.

3
.1

.
A

ss
u

m
p

ti
o
n

O
n

T
h

e
S

p
a
rs

e
P

e
n

a
lt

y

T
h
ro

u
gh

ou
t

th
is

p
ap

er
,

w
e

m
ak

e
th

e
fo

ll
ow

in
g

as
su

m
p
ti

on
re

ga
rd

in
g

th
e

sp
a
rs

e
p

en
a
lt

y
fu

n
ct

io
n
p
(·)

.

A
ss

u
m

p
ti

o
n

1
T

h
e

pe
n

a
lt

y
fu

n
ct

io
n
p
(·)

sa
ti

sfi
es

th
e

fo
ll

o
w

in
g

co
n

d
it

io
n

s:

(i
)

(M
o
n

o
to

n
ic

it
y)
p
(·)

is
n

o
n

-d
ec

re
a
si

n
g

o
n

[0
,+
∞

).

(i
i)

(C
o
n

ca
vi

ty
)

T
h
er

e
ex

is
ts
τ
>

0
su

ch
th

a
t
p
(·)

is
co

n
ca

ve
bu

t
n

o
t

li
n

ea
r

o
n

[0
,τ

].

In
w

or
d
s,

co
n
d
it

io
n

(i
i)

m
ea

n
s

th
a
t

th
e

co
n
ca

v
e

p
en

al
ty
p
(·)

is
n
on

li
n
ea

r.
A

ss
u
m

p
ti

o
n

1
is

th
e

m
os

t
ge

n
er

al
co

n
d
it

io
n

on
p

en
al

ty
fu

n
ct

io
n
s

in
th

e
ex

is
ti

n
g

li
te

ra
tu

re
o
f

sp
a
rs

e
op

ti
m

iz
at

io
n
.

B
el

ow
w

e
p
re

se
n
t

a
fe

w
su

ch
ex

am
p
le

s.

1.
In

va
ri

ab
le

se
le

ct
io

n
p
ro

b
le

m
s,

th
e
L

0
p

en
al

iz
at

io
n
p
(t

)
=
I {
t6=

0
}

ar
is

es
n
a
tu

ra
ll
y

a
s

a
p

en
al

ty
fo

r
th

e
n
u
m

b
er

of
fa

ct
or

s
se

le
ct

ed
.

2.
A

n
at

u
ra

l
ge

n
er

al
iz

at
io

n
of

th
e
L

0
p

en
al

iz
at

io
n

is
th

e
L
p

p
en

al
iz

at
io

n
p
(t

)
=
tp

w
h
er

e
(0
<
p
<

1)
.

T
h
e

co
rr

es
p

on
d
in

g
m

in
im

iz
at

io
n

p
ro

b
le

m
is

ca
ll
ed

th
e

b
ri

d
g
e

re
g
re

ss
io

n
p
ro

b
le

m
(F

ra
n
k

an
d

F
ri

ed
m

an
,

19
93

).

3.
T

o
ob

ta
in

a
h
ar

d
-t

h
re

sh
ol

d
in

g
es

ti
m

at
or

,
A

n
to

n
ia

d
is

an
d

F
an

(2
00

1)
u
se

th
e

p
en

a
lt

y
fu

n
ct

io
n
s
p
γ
(t

)
=
γ

2
−

((
γ
−
t)

+
)2

w
it

h
γ
>

0
,

w
h
er

e
(x

)+
:=

m
ax
{x
,0
}

d
en

o
te

s
th

e
p

os
it

iv
e

p
ar

t
of
x

.

4.
A

n
y

p
en

al
ty

fu
n
ct

io
n

th
at

b
el

on
g
s

to
th

e
fo

ld
ed

co
n
ca

ve
p

en
al

ty
fa

m
il
y

(F
a
n

et
a
l.
,

20
14

)
sa

ti
sfi

es
th

e
co

n
d
it

io
n
s

in
A

ss
u
m

p
ti

on
1.

E
x
am

p
le

s
in

cl
u
d
e

th
e

S
C

A
D

(F
a
n

a
n
d

L
i,

20
01

)
an

d
th

e
M

C
P

(Z
h
an

g,
20

10
a)

,
w

h
os

e
d
er

iv
at

iv
es

on
(0
,+
∞

)
a
re
p
′ γ(
t)

=

γ
I {
t≤
γ
}

+
(a
γ
−
t)

+

a
−

1
I {
t>
γ
}

an
d

p
′ γ(
t)

=
(γ
−

t b
)+
,

re
sp

ec
ti

ve
ly

,
w

h
er

e
γ
>

0
,
a
>

2
a
n
d

b
>

1.

5.
T

h
e

co
n
d
it

io
n
s

in
A

ss
u
m

p
ti

on
1

ar
e

al
so

sa
ti

sfi
ed

b
y

th
e

cl
ip

p
ed

L
1

p
en

a
lt

y
fu

n
ct

io
n

(A
n
to

n
ia

d
is

an
d

F
an

,
20

01
;

Z
h
an

g,
20

10
b
)
p
γ
(t

)
=
γ
·m

in
(t
,γ

)
w

it
h
γ
>

0
.

T
h
is

is
a

sp
ec

ia
l

ca
se

of
th

e
p
ie

ce
w

is
e

li
n
ea

r
p

en
al

ty
fu

n
ct

io
n
:

p
(t

)
=

{
k

1
t

if
0
≤
t
≤
a

k
2
t

+
(k

1
−
k

2
)a

if
t
>
a

w
h
er

e
0
≤
k

2
<
k

1
an

d
a
>

0.

6.
A

n
ot

h
er

fa
m

il
y

of
p

en
al

ty
fu

n
ct

io
n
s

w
h
ic

h
b
ri

d
ge

s
th

e
L

0
an

d
L

1
p

en
a
lt

ie
s

a
re

th
e

fr
ac

ti
on

p
en

al
ty

fu
n
ct

io
n
s
p
γ
(t

)
=

(γ
+

1)
t

γ
+
t

w
it

h
γ
>

0
(L

v
an

d
F

an
,

20
0
9
).
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H
a
r
d
n
e
ss

f
o
r
S
pa

r
se

O
p
t
im

iz
a
t
io
n

7
.

T
h
e

fam
ily

of
log-p

en
alty

fu
n
ction

s:

p
γ (t)

=
1

log
(1

+
γ

)
log

(1
+
γ
t)

w
ith

γ
>

0,
also

b
rid

ges
th

e
L

0
an

d
L

1
p

en
alties

(C
an

d
es

et
al.,

2008).

3
.2

.
A

ssu
m

p
tio

n
O

n
T

h
e

L
o
ss

F
u

n
c
tio

n

W
e

sta
te

o
u
r

a
ssu

m
p
tion

ab
ou

t
th

e
loss

fu
n
ction

`.

A
ssu

m
p

tio
n

2
L

et
M

be
a
n

a
rbitra

ry
co

n
sta

n
t.

F
o
r

a
n

y
in

terva
l

[τ
1 ,τ

2 ]
w

h
ere

0
<
τ

1
<

τ
2
<
M

,
th

ere
exists

k
∈

Z
+

a
n

d
b∈

Q
k

su
ch

th
a
t
h

(y
)

:=
∑

ki=
1
`(y

,b
i )

h
a
s

th
e

fo
llo

w
in

g
p
ro

perties:

(i)
h

(y
)

is
co

n
vex

a
n

d
L

ip
sch

itz
co

n
tin

u
o
u

s
o
n

[τ
1 ,τ

2 ].

(ii)
h

(y
)

h
a
s

a
u

n
iqu

e
m

in
im

izer
y ∗

in
(τ

1 ,τ
2 ).

(iii)
T

h
ere

exists
N
∈
Z

+
,δ̄∈

Q
+

a
n

d
C
∈
Q

+
su

ch
th

a
t

w
h
en

δ∈
(0,δ̄),

w
e

h
a
ve

h
(y ∗±

δ)−
h

(y ∗)
δ
N

≥
C
.

(iv)
h

(y ∗),{b
i }
ki=

1
ca

n
be

rep
resen

ted
in
O

(log
1

τ
2 −
τ
1 )

bits.

A
ssu

m
p
tio

n
2

is
a

critical,
b
u
t

very
gen

eral,
assu

m
p
tion

regard
in

g
th

e
loss

fu
n
ction

`(y
,b).

C
o
n
d
ition

(i)
req

u
ires

con
vex

ity
an

d
L

ip
sch

itz
con

tin
u
ity

w
ith

in
a

n
eigh

b
orh

o
o
d
.

C
o
n
d
itio

n
s

(ii),
(iii)

essen
tially

req
u
ire

th
at,

given
an

in
terval

[τ
1 ,τ

2 ],
on

e
can

a
rtifi

cially
p
ick

b
1 ,...,b

k
to

con
stru

ct
a

fu
n
ction

h
(y

)
:=
∑

ki=
1
`(y

,b
i )

su
ch

th
at

h
h
as

its
u
n
iq

u
e

m
in

im
izer

in
[τ

1 ,τ
2 ]

an
d

h
as

en
ou

gh
cu

rvatu
re

n
ear

th
e

m
in

im
izer.

T
h
is

p
rop

erty
en

su
res

th
a
t

a
b

o
u
n
d

o
n

th
e

m
in

im
al

valu
e

of
h

(y
)

can
b

e
tra

n
slated

to
a

m
ean

in
gfu

l
b

ou
n
d

on
th

e
d
ista

n
ce

to
th

e
m

in
im

izer
y ∗.

T
h
e

con
d
ition

s
(i),

(ii),
(iii)

are
ty

p
ica

l
p
rop

erties
th

at
a

lo
ss

fu
n
ctio

n
u
su

ally
satisfi

es.
C

on
d
ition

(iv
)

is
a

tech
n
ical

con
d
ition

th
at

is
u
sed

to
avoid

d
ea

lin
g

w
ith

in
fi
n
itely

-lon
g

irration
al

n
u
m

b
ers.

It
can

b
e

easily
v
erifi

ed
for

a
lm

ost
all

co
m

m
o
n

loss
fu

n
ction

s.

W
e

w
ill

sh
ow

th
at

A
ssu

m
p
tion

s
2

is
satisfi

ed
b
y

a
variety

of
loss

fu
n
ctio

n
s.

A
n

(in
com

-
p
lete)

list
is

g
iven

b
elow

.

1
.

In
th

e
lea

st
sq

u
ares

regression
,

th
e

loss
fu

n
ction

h
a
s

th
e

form

n
∑i=

1 (a
Ti
x
−
b
i )

2
.

U
sin

g
o
u
r

n
otation

,
th

e
corresp

on
d
in

g
loss

fu
n
ction

is
`(y

,b)
=

(y−
b)

2.
F

or
all

τ
1 ,τ

2 ,
w

e
ch

o
o
se

an
arb

itrary
b ′∈

[τ
1 ,τ

2 ].
W

e
can

verify
th

at
h

(y
)

=
`(y

,b ′)
sa

tisfi
es

all
th

e
co

n
d
itio

n
s

in
A

ssu
m

p
tion

2.

7
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C
h
e
n
,
Y
e
,
a
n
d

W
a
n
g

2.
In

th
e

lin
ear

m
o
d
el

w
ith

L
ap

lacian
n
oise,

th
e

n
egative

log-likelih
o
o
d

fu
n
ction

is

n
∑i=

1 ∣∣a
Ti
x
−
b
i ∣∣
.

S
o

th
e

loss
fu

n
ction

is
`(y

,b)
=
|y−

b|.
A

s
in

th
e

case
o
f

least
sq

u
ares

reg
ression

,
th

e
loss

fu
n
ction

satisfy
A

ssu
m

p
tion

2.
S
im

ilar
argu

m
en

t
also

h
old

s
w

h
en

w
e

con
sid

er
th

e
L
q

loss|·| q
w

ith
q≥

1.

3.
In

rob
u
st

regression
,

w
e

con
sid

er
th

e
H

u
b

er
loss

(H
u
b

er,
1964)

w
h
ich

is
a

m
ix

tu
re

of
L

1
an

d
L

2
n
orm

s.
T

h
e

loss
fu

n
ction

tak
es

th
e

form

L
δ (y

,b)
=

{
12 |y−

b| 2
for|y−

b|≤
δ,

δ(|y−
b|−

12 δ)
oth

erw
ise.

for
som

e
δ
>

0
w

h
ere

y
=
a
T
x

.
W

e
th

en
verify

th
at

A
ssu

m
p
tion

2
is

satisfi
ed

.
F

or
an

y
in

terval
[τ

1 ,τ
2 ],

w
e

p
ick

an
arb

itrary
b
∈

[τ
1 ,τ

2 ]
an

d
let

h
(y

)
=
`(y

,b).
W

e
can

see
th

at
h

(y
)

satisfi
es

all
th

e
con

d
ition

s
in

A
ssu

m
p
tion

2.

4.
In

P
oisson

regression
(C

am
eron

an
d

T
rived

i,
2013),

th
e

n
ega

tive
log-likelih

o
o
d

m
in

i-
m

ization
is

m
in

x∈
R
d −

log
L

(x
;A
,b)

=
m

in
x∈

R
d

n
∑i=

1 (ex
p
(a
Ti
x

)−
b
i ·
a
Ti
x

).

W
e

n
ow

sh
ow

th
at
`(y

,b)
=
e
y−

b·y
satisfi

es
A

ssu
m

p
tion

2.
F

or
an

y
in

terval
[τ

1 ,τ
2 ],

w
e

ch
o
ose

q
an

d
r

su
ch

th
at
q/r∈

[e
τ
1,e

τ
2].

N
ote

th
at
e
τ
2−

e
τ
1

=
e
τ
1
+
τ
2 −
τ
1−

e
τ
1≥

τ
2 −

τ
1 .

A
lso,

e
τ
2

is
b

ou
n
d
ed

b
y
e
M

.
T

h
u
s,
q,r

can
b

e
ch

osen
to

b
e

p
oly

n
om

ial
in
d1
/(τ

2 −
τ

1 )e
b
y

lettin
g
r

=
d1
/(τ

2 −
τ

1 )e
an

d
q

b
e

som
e

n
u
m

b
er

less
th

an
r·e

M
.

T
h
en

,
w

e
ch

o
ose

k
=
r

an
d
b
∈

Z
k

su
ch

th
at

h
(y

)
=
∑

ki=
1
`(y

,b
i )

=
r
·
e
y−

q
·
y
.

L
et

u
s

v
erify

A
ssu

m
p
tion

2.
(i),

(iv
)

are
straigh

tforw
ard

b
y

o
u
r

con
stru

ction
.

F
or

(ii),
n
ote

th
at

h
(y

)
take

its
m

in
im

u
m

at
ln

(q/r)
w

h
ich

is
in

sid
e

[τ
1 ,τ

2 ]
b
y

ou
r

con
stru

ction
.

T
o

verify
(iii),

con
sid

er
th

e
secon

d
ord

er
T

ay
lor

ex
p
an

sion
of
h

(y
)

at
ln

(q/r),

h
(y

+
δ)−

h
(y

)
=
r·e

y

2
·
δ

2
+
o(δ

2)≥
δ

22
+
o(δ

2),

W
e

can
see

th
at

(iii)
is

satisfi
ed

.
T

h
erefore,

A
ssu

m
p
tion

2
is

satisfi
ed

.

5.
In

logistic
regression

,
th

e
n
egativ

e
log-likelih

o
o
d

fu
n
ction

m
in

im
ization

is

m
in

x∈
R
d

n
∑i=

1

log
(1

+
ex

p
(a
Ti
x

))−
n
∑i=

1

b
i ·
a
Ti
x
.

W
e

claim
th

at
th

e
loss

fu
n
ction

`(y
,b)

=
log

(1
+

ex
p
(y

))−
b·
y

satisfi
es

A
ssu

m
p
tion

2.
B

y
a

sim
ilar

argu
m

en
t

as
th

e
on

e
in

P
oisson

regression
,

w
e

can
verify

th
at
h

(y
)

=
∑

ri=
1
`(y

,b
i )

=
r

log
(1

+
ex

p
(y

))−
qy

w
h
ere

q/r∈
[
e
τ
1

1
+
e
τ
1
,

e
τ
2

1
+
e
τ
2
]
an

d
q,r

are
p

oly
n
om

ial
in
d1/

(τ
2 −
τ

1 )e
satisfi

es
all

th
e

con
d
ition

s
in

A
ssu

m
p
tion

2.
F

or
(ii),

ob
serve

th
at
`(y

,b)
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H
a
r
d
n
e
ss

f
o
r
S
pa

r
se

O
p
t
im

iz
a
t
io
n

ta
ke

it
s

m
in

im
u
m

at
y

=
ln

q
/
r

1
−
q
/
r
.

T
o

v
er

if
y

(i
ii
),

w
e

co
n
si

d
er

th
e

se
co

n
d

or
d
er

T
ay

lo
r

ex
p
an

si
on

at
y

=
ln

q
/
r

1
−
q
/
r
,

w
h
ic

h
is

h
(y

+
δ)
−
h

(y
)

=
q

2(
1

+
ey

)δ
2

+
o(
δ2

)

w
h
er

e
y
∈

[τ
1
,τ

2
].

N
ot

e
th

at
ey

is
b

ou
n
d
ed

b
y
eM

,
w

h
ic

h
ca

n
b

e
co

m
p
u
te

d
b

ef
or

eh
an

d
.

A
s

a
re

su
lt

,
(i

ii
)

h
ol

d
s

as
w

el
l.

6.
In

th
e

m
ea

n
es

ti
m

at
io

n
of

in
v
er

se
G

au
ss

ia
n

m
o
d
el

s
(M

cC
u
ll
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h
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p
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p
le

x
it

y
of

th
e

sp
ar

si
ty

-c
on

st
ra

in
ed

P
ro

b
le

m
2.

W
e

d
en

o
te

b
y

` n
(x

)
th

e
n
or

m
al

iz
ed

lo
ss

fu
n
ct

io
n
:

` n
(x

)
=

1 n

n ∑ i=
1

`
( a
T i
x
,b
i)
,

an
d

d
en

ot
e

b
y
x
∗ K

th
e

b
es

t
K

-s
p
ar

se
so

lu
ti

on
:

x
∗ K
∈

ar
gm

in

  
` n

(x
)∣ ∣ ∣ ∣ ∣

d ∑ j=
1

p
(|x

j
|)
≤
K

  
.

W
e

ob
ta

in
th

e
fo

ll
ow

in
g

re
su

lt
.

T
h

e
o
re

m
2

(S
tr

o
n

g
N

P
-H

a
rd

n
e
ss

o
f

P
ro

b
le

m
2
)

L
et

A
ss

u
m

p
ti

o
n

s
1

a
n

d
2

h
o
ld

,
a
n

d
le

t
c 1
,c

2
∈

[0
,1

)
be

a
rb

it
ra

ry
su

ch
th

a
t
c 1

+
c 2
<

1.
L

et
x̂
K

be
th

e
a
p
p
ro

xi
m

a
te

so
lu

ti
o
n

to
P

ro
bl

em
2

w
it

h
sp

a
rs

it
y

pa
ra

m
et

er
K

.
T

h
en

th
er

e
d
oe

s
n

o
t

ex
is

t
a

p
se

u
d
o

po
ly

n
o
m

ia
l-

ti
m

e
a
lg

o
ri

th
m

th
a
t

ta
ke

s
th

e
in

p
u

t
o
f

P
ro

bl
em

2
a
n

d
o
u

tp
u

ts
a

se
qu

en
ce

o
f

a
p
p
ro

xi
m

a
te

so
lu

ti
o
n

s
sa

ti
sf

yi
n

g

` n
(x̂
K

+
κ
n
c
1
d
c
2
)
≤
` n

(x
∗ K

),

fo
r

a
ll
K

=
0,
κ
n
c 1
d
c 2
,2
κ
n
c 1
d
c 2
,.
..

,
u

n
le

ss
P

=
N

P
,

w
h
er

e
κ

=
m

in
t∈

[τ
/
2
,τ

]{
2
p
(t
/
2
)−
p
(t

)
t

}.

L
et

u
s

in
te

rp
re

t
th

e
re

su
lt

s
of

T
h
eo

re
m

2
in

a
p
ra

ct
ic

al
se

tt
in

g.
S
u
p
p

os
e

th
a
t

w
e

w
a
n
t

to
so

lv
e

a
se

q
u
en

ce
of

sp
ar

si
ty

-c
on

st
ra

in
ed

p
ro

b
le

m
s

w
it

h
d
iff

er
en

t
va

lu
es

o
f

th
e

sp
a
rs

it
y

p
ar

am
et

er
K

.
T

h
e

ai
m

is
to

co
m

p
ar

e
th

e
co

rr
es

p
on

d
in

g
em

p
ir

ic
al

lo
ss

es
{`
n
(x
∗ K

)}
a
n
d

tu
n
e

th
e

p
ar

am
et

er
K

.

T
h
eo

re
m

2
su

gg
es

ts
th

at
w

e
ca

n
n
ot

d
ec

id
e

w
h
et

h
er

an
d

h
ow

m
u
ch

th
e

o
b

je
ct

iv
e

va
lu

e
w

il
l

ch
an

ge
b
y

in
cr

ea
si

n
g

th
e

sp
ar

si
ty

le
ve

l
fr

om
K

to
K

+
κ
n
c 1
d
c 2

.
E

ve
n

if
` n

(x
∗ K

)
is

k
n
ow

n
as

a
b

en
ch

m
ar

k
,

w
e

ca
n

n
ot

fi
n
d

a
b

et
te

r
ap

p
ro

x
im

at
io

n
of
` n

(x
∗ K

+
κ
n
c
1
d
c
2
)

in
p

o
ly

n
o
m

ia
l

ti
m

e.
In

sh
or

t,
T

h
eo

re
m

2
te

ll
s

u
s

th
at

it
is

co
m

p
u
ta

ti
on

a
ll
y

in
tr

ac
ta

b
le

to
d
iff

er
en

ti
a
te

th
e

m
in

im
al

em
p
ir

ic
al

lo
ss

es
th

at
co

rr
es

p
on

d
to

d
iff

er
en

t
va

lu
es

of
K

,
u
n
le

ss
P

=
N

P
.

T
h
is

im
p
li
es

th
at

tu
n
in

g
th

e
p
ar

am
et

er
K

is
co

m
p
u
ta

ti
on

al
ly

in
tr

ac
ta

b
le

.

O
u
r

la
st

re
su

lt
co

n
ce

rn
s

th
e

er
ro

r-
co

n
st

ra
in

ed
P

ro
b
le

m
3.

1
0

JM
L

R
 2

0(
38

):
1-

27
, 2

01
9



H
a
r
d
n
e
ss

f
o
r
S
pa

r
se

O
p
t
im

iz
a
t
io
n

T
h

e
o
re

m
3

L
et

A
ssu

m
p
tio

n
s

1
a
n

d
2

h
o
ld

,
a
n

d
let

c
∈

[0,1)
be

a
rbitra

ry.
L

et
x̂
η

be
th

e
a
p
p
ro

xim
a
te

so
lu

tio
n

to
P

ro
blem

3
w

ith
erro

r
to

lera
n

ce
η

a
n

d
let

x
∗η

be
th

e
co

rrespo
n

d
in

g
o
p
tim

a
l

so
lu

tio
n

.
T

h
ere

d
oes

n
o
t

exist
a

p
seu

d
o

po
lyn

o
m

ia
l-tim

e
a
lgo

rith
m

th
a
t

ta
kes

th
e

in
p
u

t
o
f

P
ro

blem
3

a
n

d
o
u

tp
u

ts
a

sequ
en

ce
o
f

a
p
p
ro

xim
a
te

so
lu

tio
n

s
sa

tisfyin
g

d
∑j=

1

p (
(x̂
η
+
κ
n
c
1
d
c
2 )
j )
≤

d
∑j=

1

p (
(x
∗η )
j )
,

fo
r

a
ll
η

=
0,κ

n
c
1d
c
2,2κ

n
c
1d
c
2,...,

u
n

less
P

=
N

P
.

H
ere,

(x
)
j

is
th

e
j-th

co
m

po
n

en
t

o
f

vecto
r

x
a
n

d
κ

=
m

in
t∈

[τ
/
2
,τ

] {
2
p
(t/

2
)−
p
(t)

t
}
.

T
h
eorem

s
1
,

2
an

d
3

are
closely

related
to

on
e

an
oth

er.
R

ecall
th

at
th

e
goal

of
sp

arse
o
p
tim

iza
tio

n
is

to
m

ak
e

b
oth

th
e

loss
fu

n
ction

an
d

sp
arsity

level
sm

all.
T

h
eorem

2
an

d
T

h
eo

rem
3

su
g
gest

th
at

it
is

n
ot

p
ossib

le
to

ap
p
rox

im
ate

th
e

solu
tion

p
ath

,
w

h
ere

eith
er

th
e

lo
ss

to
leran

ce
or

th
e

sp
arsity

level
varies,

in
p

oly
n
om

ial
tim

e.
In

con
trast,

T
h
eorem

1
p
roves

th
e

a
p
p
rox

im
ation

h
ard

n
ess

for
th

e
su

m
b

etw
een

th
e

loss
toleran

ce
an

d
th

e
sp

arsity
level,

w
h
en

a
fi
x
ed

λ
is

u
sed

.
T

h
eo

rem
s

1,
2

an
d

3
valid

ate
th

e
lo

n
g-lastin

g
b

elief
th

at
op

tim
ization

in
volv

in
g

n
on

con
-

vex
p

en
a
lty

is
h
ard

.
T

h
ey

p
rov

id
e

w
orst-case

low
er

b
ou

n
d
s

for
th

e
op

tim
ization

error
th

at
ca

n
b

e
a
ch

iev
ed

b
y

an
y

p
oly

n
om

ial-tim
e

algorith
m

.
T

h
is

is
on

e
of

th
e

stron
gest

form
s

of
h
a
rd

n
ess

resu
lt

for
con

tin
u
ou

s
op

tim
ization

.

5
.
Im

p
lica

tio
n
s
o
f
T
h
e
H
a
rd

n
e
ss

R
e
su

lts

In
th

is
sectio

n
,

w
e

in
terp

ret
th

e
stron

g
N

P
-h

ard
n
ess

resu
lts

in
th

e
con

tex
ts

of
lin

ear
re-

g
ressio

n
w

ith
S
C

A
D

p
en

alty
(w

h
ich

is
a

sp
ecial

case
of

P
rob

lem
1)

an
d

sp
arsity

p
aram

eter
tu

n
in

g
(w

h
ich

is
related

to
P

rob
lem

2
).

W
e

giv
e

a
few

rem
ark

s
on

th
e

im
p
lication

of
ou

r
h
a
rd

n
ess

resu
lts.

5
.1

.
H

a
rd

n
e
ss

o
f

R
e
g
re

ssio
n

w
ith

S
C

A
D

P
e
n

a
lty

L
et

u
s

try
to

u
n
d
erstan

d
h
ow

sign
ifi

can
t

is
th

e
n
on

-ap
p
rox

im
ab

le
error

of
P

rob
lem

1.
W

e
co

n
sid

er
th

e
sp

ecial
case

of
lin

ear
m

o
d
els

w
ith

S
C

A
D

p
en

alty.
L

et
th

e
in

p
u
t

d
ata

(A
,b)

b
e

g
en

era
ted

b
y

th
e

lin
ear

m
o
d
el
A
x̄

+
ε

=
b,

w
h
ere

x̄
is

th
e

u
n
k
n
ow

n
tru

e
sp

arse
co

effi
cien

ts
a
n
d
ε

is
a

zero
-m

ean
m

u
ltivariate

su
b
gau

ssian
n
oise.

G
iven

th
e

d
ata

size
n

an
d

variab
le

d
im

en
sio

n
d
,

w
e

follow
th

e
w

ork
b
y

F
an

an
d

L
i

(2001)
an

d
ob

ta
in

a
sp

ecial
case

of
P

rob
lem

1
,

g
iven

b
y

m
inx

12 ‖A
x
−
b‖

22
+
n

d
∑j=

1

p
γ (|x

j |),
(1)

w
h
ere

γ
=
√

lo
g
d
/n

.
F

an
an

d
L

i
(2001)

sh
ow

ed
th

at
th

e
op

tim
al

solu
tion

x
∗

of
p
rob

lem
(1)

h
a
s

a
sm

a
ll

sta
tistical

error,
i.e.,‖

x̄
−
x
∗‖

22
=
O
(n
−

1
/
2

+
a
n )
,

w
h
ere

a
n

=
m

ax{
p ′λ (|x

∗j |)
:

x
∗j
6=

0}.
F

a
n

et
al.

(2015)
fu

rth
er

sh
ow

ed
th

at
w

e
on

ly
n
eed

to
fi
n
d

a
√
n

log
d
-op

tim
al

so
lu

tio
n

to
(1

)
to

ach
iev

e
su

ch
a

sm
all

estim
ation

error.
H

ow
ever,

T
h
eorem

2
tells

u
s

th
at

it
is

n
ot

p
ossib

le
to

com
p
u
te

an
ε
d
,n

-op
tim

al
so

lu
tion

fo
r

p
ro

b
lem

(1
)

in
p

oly
n
om

ial
tim

e,
w

h
ere

ε
d
,n

=
λ
κ
n

1
/
2d

1
/
3

(b
y

lettin
g
c

1
=

1/
2,c

2
=

1/
3).
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C
h
e
n
,
Y
e
,
a
n
d

W
a
n
g

In
th

e
sp

ecial
case

of
p
rob

lem
(1),

w
e

ca
n

v
erify

th
at
λ

=
n

an
d
κ

=
Ω

(γ
2)

=
Ω

(log
d
/n

).
A

s
a

resu
lt,

w
e

see
th

at
ε
d
,n

=
Ω

(n
1
/
2d

1
/
3)�

√
n

log
d
,

for
h
igh

valu
es

of
th

e
d
im

en
sion

d
.

A
ccord

in
g

to
T

h
eorem

2,
it

is
stro

n
gly

N
P

-h
ard

to
ap

p
rox

im
ately

solve
p
rob

lem
(1)

w
ith

in
th

e
req

u
ired

statistical
p
recision

√
n

log
d
,

w
h
ere

th
ere

is
n
o

d
istrib

u
tion

al
assu

m
p
tion

o
n

th
e

d
ata.

T
h
is

gap
is

d
u
e

to
th

at
th

e
p

ositive
sta

tistical
p
rop

erties
of

S
C

A
D

rely
on

stron
g

d
istri-

b
u
tion

al
assu

m
p
tion

s,
w

h
ile

ou
r

h
ard

n
ess

resu
lt

d
o
es

n
ot.

T
h
is

illu
strates

a
sh

arp
con

trast
b

etw
een

th
e

d
esirab

le
statistical

p
rop

erties
of

sp
arse

op
tim

ization
u
n
d
er

d
istrib

u
tion

al
as-

su
m

p
tion

s
an

d
th

e
w

orst-case
com

p
u
tation

al
co

m
p
lex

ity.
In

sh
ort,

th
ere

d
o
es

n
ot

ex
ist

a
gen

eral-p
u
rp

ose
p

oly
n
om

ial
algorith

m
.

5
.2

.
H

a
rd

n
e
ss

o
f

T
u

n
in

g
th

e
S

p
a
rsity

L
e
v
e
l

w
ith

L
0

P
e
n

a
lty

S
u
p
p

ose
th

at
w

e
are

given
th

e
in

p
u
t

d
ata

set
(A
,b)

w
ith

d
variab

les/featu
res

an
d
n

sam
p
les.

N
ow

w
e

w
an

t
to

fi
n
d

a
sp

arse
solu

tion
x

th
at

a
p
p
rox

im
ately

m
in

im
ize

th
e

em
p
irical

loss
L
n
(x

)
=

1n ∑
ni=

1
`(a

Ti
x
,b
i ).

A
p
ractical

p
rob

lem
is

to
fi
n
d

th
e

righ
t

sp
arsity

level
for

th
e

ap
p
rox

im
ate

solu
tion

.
T

h
is

is
essen

tially
a

m
o
d
el

selection
p
rob

lem
.

F
in

d
in

g
th

e
sp

arsity
level

req
u
ires

com
p
u
tin

g
th

e
K

-sp
arse

solu
tion

s

x
∗K
∈

argm
in{

L
n
(x

)|‖x‖
0 ≤

K
}
,

for
a

ran
ge

of
valu

es
of
K

.
T

h
is

can
b

e
tran

sla
ted

in
to

solv
in

g
a

seq
u
en

ce
of
L

0
con

strain
ed

p
rob

lem
s

(of
th

e
form

P
rob

lem
2)

w
ith

K
ran

gin
g

from
1

to
d
.

R
egard

less
of

th
e

sp
ecifi

c
m

o
d
el

selection
p
ro

ced
u
re,

it
is

in
ev

itab
le

to
com

p
u
te
x
∗K

for
m

an
y

valu
es

of
K

’s,
an

d
to

com
p
are

th
eir

em
p
irical

losses
su

ch
as
L
n
(x
∗K

)
an

d
L
n
(x
∗K

+
1 ).

N
ow

let
u
s

in
terp

ret
th

e
resu

lts
of

T
h
eorem

3
in

th
e

settin
g

of
tu

n
in

g
p
ara

m
eter

K
.

T
h
eorem

3
can

b
e

tran
slated

as
follow

s.
T

h
ere

ex
ists

som
e

sp
arsity

level
K

su
ch

th
at:

even
if

th
e

ex
act

K
-sp

arse
solu

tion
x
∗K

is
k
n
ow

n
,

th
e

n
on

-ap
p
rox

im
ab

le
op

tim
ization

error
for

th
e

(K
+

1)-sp
arse

p
rob

lem
is

at
least

L
n
(x
∗K

)−
L
n
(x
∗K

+
1 )
>

0
.

T
h
e

m
in

im
al

em
p
irical

loss
u
sin

g
K

featu
res

is
th

e
b

est
p

ossib
le

ap
p
rox

im
ation

to
th

e
m

in
im

al
loss

u
sin

g
K

+
1

featu
res.

In
oth

er
w

ord
s,

w
e

can
n
ot

d
ecid

e
w

h
eth

er
an

d
h
ow

m
u
ch

th
e

ob
jective

valu
e

w
ill

ch
an

ge
b
y

in
creasin

g
th

e
sp

arsity
lev

el
from

K
to
K

+
1.

E
ven

if
L
n
(x
∗K

)
is

k
n
ow

n
as

a
b

en
ch

m
ark

,
w

e
can

n
ot

fi
n
d

a
b

etter
ap

p
rox

im
ation

of
L
n
(x
∗K

+
1 )

in
p

oly
n
om

ial-tim
e.

In
su

m
m

ary,
T

h
eorem

2
tells

u
s

th
at

it
is

com
p
u
tation

ally
in

tractab
le

to
d
iff

eren
tiate

b
etw

een
th

e
sp

arsity
levels

K
an

d
K

+
1,

u
n
less

P
=

N
P

.
T

h
is

im
p
lies

th
at

selection
of

th
e

sp
arsity

level
is

com
p
u
ta

tion
ally

in
tractab

le.

5
.3

.
R

e
m

a
rk

s
o
n

th
e

N
P

-H
a
rd

n
e
ss

R
e
su

lts

A
s

illu
strated

b
y

th
e

p
reced

in
g

an
aly

sis,
th

e
n
on

-ap
p
rox

im
ib

ility
of

P
ro

b
lem

s
1,

2
an

d
3

su
ggests

th
at

com
p
u
tin

g
th

e
sp

arse
estim

a
tor

an
d

tu
n
in

g
th

e
sp

arsity
p
aram

eter
are

h
a
rd

in
th

e
w

o
rst

ca
se.

A
lth

ou
gh

th
e

resu
lts

seem
n
egative,

th
ey

sh
ou

ld
n
ot

d
iscou

rage
research

ers
from

stu
d
y
in

g
com

p
u
tation

al
p

ersp
ectives

of
sp

arse
op

tim
ization

.
W

e
m

ake
th

e
follow

in
g

rem
ark

s:
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H
a
r
d
n
e
ss

f
o
r
S
pa

r
se

O
p
t
im

iz
a
t
io
n

1.
T

h
eo

re
m

s
1,

2
an

d
3

ar
e

w
o
rs

t-
ca

se
co

m
p
le

x
it

y
re

su
lt

s.
T

h
ey

su
gg

es
t

th
at

on
e

ca
n
n
ot

fi
n
d

a
tr

ac
ta

b
le

so
lu

ti
on

to
th

e
sp

ar
se

op
ti

m
iz

at
io

n
p
ro

b
le

m
s,

w
it

h
ou

t
m

a
k
in

g
an

y
ad

d
it

io
n
al

as
su

m
p
ti

on
to

ru
le

ou
t

th
e

w
or

st
-c

as
e

in
st

an
ce

s.
It

is
p

os
si

b
le

th
at

th
e

w
or

st
-c

as
e

in
st

an
ce

s
ar

e
h
ig

h
ly

u
n
li
ke

ly
to

o
cc

u
r

in
p
ra

ct
ic

al
si

tu
at

io
n
s.

2.
O

u
r

re
su

lt
s

d
o

n
ot

ex
cl

u
d
e

th
e

p
os

si
b
il
it

y
th

at
,

u
n
d
er

m
or

e
st

ri
n
ge

n
t

m
o
d
el

in
g

an
d

d
is

tr
ib

u
ti

on
al

as
su

m
p
ti

on
s,

th
e

p
ro

b
le

m
w

ou
ld

b
e

tr
ac

ta
b
le

w
it

h
h
ig

h
p
ro

b
ab

il
it

y
or

on
av

er
ag

e.

In
sh

or
t,

th
e

sp
ar

se
op

ti
m

iz
at

io
n

P
ro

b
le

m
s

1,
2

an
d

3
ar

e
fu

n
d
am

en
ta

ll
y

h
ar

d
fr

om
a

p
u
re

ly
co

m
p
u
ta

ti
on

al
p

er
sp

ec
ti

ve
.

T
h
is

p
ap

er
to

ge
th

er
w

it
h

th
e

p
ri

or
re

la
te

d
w

or
k
s

p
ro

v
id

e
a

co
m

p
le

te
an

sw
er

to
th

e
co

m
p
u
ta

ti
on

al
co

m
p
le

x
it

y
of

sp
ar

se
op

ti
m

iz
at

io
n
.

6
.
T
e
ch

n
ic
a
l
P
ro

o
fs

In
th

is
se

ct
io

n
,

w
e

p
ro

ve
th

e
h
ar

d
n
es

s
of

ap
p
ro

x
im

at
io

n
o
f

P
ro

b
le

m
1,

2
an

d
3

fo
r

ge
n
er

al
lo

ss
fu

n
ct

io
n
`

an
d

p
en

al
ty

fu
n
ct

io
n
p
.

W
e

d
ev

el
op

th
e

re
d
u
ct

io
n

p
ro

of
th

ro
u
gh

a
se

ri
es

of
p
re

li
m

in
ar

y
le

m
m

as
.

6
.1

.
P

re
li

m
in

a
ry

L
e
m

m
a
s

O
u
r

fi
rs

t
le

m
m

a
gi

ve
s

u
s

a
ke

y
fa

ct
ab

ou
t

th
e

n
on

co
n
v
ex

p
en

al
ty

fu
n
ct

io
n
p
.

W
e

u
se
B

(θ
,δ

)
to

d
en

ot
e

th
e

in
te

rv
al

(θ
−
δ,
θ

+
δ)

.

L
e
m

m
a

4
F

o
r

a
n

y
pe

n
a
lt

y
fu

n
ct

io
n
p

th
a
t

sa
ti

sfi
es

A
ss

u
m

p
ti

o
n

1
,

w
e

h
a
ve

(i
)
p
(t

)
is

co
n

ti
n

u
o
u

s
o
n

(0
,τ

].

(i
i)

F
o
r

a
n

y
t 1
,.
..
,t
l
≥

0,
if
∑

n i=
1
t i
≤
τ

,
th

en
∑

l i=
1
p
(t
i)
≥
p
(∑

l i=
1
t i

).

(i
ii

)
T

h
er

e
ex

is
ts
a
∈

[1
/2
,1

)
su

ch
th

a
t

w
h
en
∑

l i=
1
t i
∈

[a
τ,
τ
],

th
e

a
bo

ve
in

eq
u

a
li

ty
h
o
ld

s
a
s

eq
u

a
li

ty
if

a
n

d
o
n

ly
if
t i

=
t∗

fo
r

so
m

e
i

w
h
il

e
t j

=
0

fo
r
j
6=
i.

(i
v)

D
en

o
te
κ

=
m

in
t∈

[a
τ
,τ

]{
2
p
(t
/
2
)−
p
(t

)
t

}.
F

o
r

th
e

co
n

st
a
n

t
a

gi
ve

n
in

(i
ii

),
w

e
h
a
ve

th
a
t

∀δ
>

0,
t 1
,·
··
,t
l
∈

R
,∀
ε
≤
κ
δ

:
if
∑

l i=
1
t i

=
t∗
∈

[a
τ,
τ
]

a
n

d
p
(∑

l i=
1
t i

)
+
ε
≥

∑
l i=

1
p
(t
i)

,
th

en
th

er
e

is
a
t

m
o
st

o
n

e
i

su
ch

th
a
t
t i
6∈
B

(0
,δ

).

P
ro

o
f

A
s

(i
),

(i
i)

an
d

(i
ii
)

ar
e

p
ro

v
ed

b
y

G
e

et
al

.
(2

0
15

),
w

e
p
ro

ve
(i

v
)

h
er

e.
W

e
fi
rs

t
p
ro

v
e

th
e

le
m

m
a

w
h
en

t 1
,·
··
,t
l
≥

0.
W

e
st

ar
t

b
y

p
ro

v
in

g
th

e
ca

se
w

h
en

l
=

2.
B

y
(i

ii
),

th
er

e
ex

is
ts
a

su
ch

th
at

w
h
en

t∗
∈

[a
τ,
τ
]

an
d
p
(t
∗ )
≥
p
(t

1
)

+
p
(t

2
),

w
e

h
av

e
t 1

=
0

or
t 2

=
0.

It
fo

ll
ow

th
at

w
h
en

t 1
6=

0,
t 2
6=

0
an

d
t∗
∈

[a
τ,
τ
],

w
e

h
av

e
p
(t

1
+
t 2

)
<
p
(t

1
)

+
p
(t

2
).

W
it

h
ou

t
lo

ss
of

ge
n
ea

rl
it

y,
w

e
as

su
m

e
th

at
t 1
≤
t 2

.
T

h
en

,
w

e
h
av

e

p
(t
∗ )
−
p
(t
∗
−
t 1

)

t 1
<
p
(t

1
)

t 1
.

N
ot

ic
e

th
at

th
e

ri
gh

t
te

rm
is

n
on

-i
n
cr

ea
si

n
g

w
it

h
th

e
in

cr
em

en
t

of
t 1

a
s
p

is
a

co
n
ca

v
e

fu
n
ct

io
n

an
d

th
e

le
ft

te
rm

is
n
on

-d
ec

re
as

in
g

w
it

h
th

e
in

cr
em

en
t

of
t 1

w
h
en

t∗
is

fi
x
ed

.
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C
h
e
n
,
Y
e
,
a
n
d

W
a
n
g

t 1
≤
t∗
/2

,
w

e
h
av

e
p
(t

1
)

t 1
≥
k

1
(t
∗ )

: =
p
(t
∗ /

2
)

t∗
/
2

an
d

p
(t
∗ )
−
p
(t
∗ −
t 1

)
t 1

≤
k

2
(t
∗ )

: =
p
(t
∗ )
−
p
(t
∗ /

2
)

t∗
/
2

.
A

s
p

is
n
ot

li
n
ea

r
on

[0
,t
∗ ]

,
w

e
h
av

e
k

1
(t
∗ )
>
k

2
(t
∗ )

.
O

n
th

e
ot

h
er

h
an

d
,

w
e

ca
n

se
e

th
at

w
h
en

p
(t

1
+
t 2

)
+
ε
≥
p
(t

1
)

+
p
(t

2
),

p
(t

1
+
t 2

)
−
p
(t

2
)

t 1
+

ε t 1
≥
p
(t

1
)

t 1
.

A
ss

u
m

e
t 1
<
t 2

,
w

e
h
av

e
k

2
(t
∗ )

+
ε/
t 1
≥
k

1
(t
∗ )

1
.

A
s

a
re

su
lt
t 1
≤

ε
k
1
(t
∗ )
−
k
2
(t
∗ )

.
N

o
te

th
a
t

k
1

an
d
k

2
ar

e
d
efi

n
ed

on
a

cl
os

ed
in

te
rv

al
[a
τ,
τ
]

b
y

(i
ii
),

gi
v
in

g
u
s

th
at

m
in
t∈

[a
τ
,τ

](
k

1
(t

)
−

k
2
(t

))
>

0.
T

h
er

ef
or

e,
∃a
∈

(0
,1

),
∀δ

>
0,
∃ε

0
=

m
in
t∈

[a
τ
,τ

](
k

1
(t

)
−
k

2
(t

))
·δ
,∀
ε
<
ε 0

,
if

t 1
+
t 2

=
t∗
∈

[a
τ,
τ
]

an
d
p
(t

1
+
t 2

)
+
ε
≥
p
(t

1
)
+
p
(t

2
),

th
en
t 1
≤

ε
k
1
(t
∗ )
−
k
2
(t
∗ )
≤
δ.

T
h
er

ef
o
re

,

th
er

e
is

at
m

os
t

on
e
i

su
ch

th
at
t i
6∈
B

(0
,δ

).
N

ow
co

n
si

d
er

th
e

ca
se

w
h
en

l
>

2
an

d
t 1
,.
..
,t
l
≥

0.
If

th
er

e
ar

e
m

or
e

th
a
n

o
n
e
i

su
ch

th
at
t i
6∈
B

(0
,δ

),
as

su
m

e
t 1

an
d
t 2

ar
e

tw
o

of
th

em
.

B
y

(i
i)

,
w

e
h
av

e

l ∑ i=
1

p
(t
i)
≥
p
(t

1
)

+
p

(
l ∑ i=
2

t i

)
.

If
t 1

+
∑

n i=
2
t i
∈

[a
τ,
τ
]

an
d
p
(t

1
+
∑

l i=
2
t i

)
+
ε
≥
∑

l i=
1
p
(t
i)
≥
p
(t

1
)

+
p
(∑

l i=
2
t i

),
ei

th
er
t 1

or
∑

n i=
2
t i

sh
ou

ld
b

e
in

si
d
e
B

(0
,δ

).
T

h
is

is
co

n
tr

ad
ic

to
ry

to
ou

r
as

su
m

p
ti

o
n

th
a
t

b
o
th

t 1
an

d
t 2

ar
e

ou
ts

id
e
B

(0
,δ

).
T

o
th

is
p

oi
n
t,

w
e

p
ro

ve
(i

v
)

w
h
en

t 1
,·
··
,t
l
≥

0.
N

ex
t,

w
e

p
ro

ve
th

e
le

m
m

a
w

h
en

t 1
,·
··
,t
l

co
u
ld

b
e

sm
al

le
r

th
an

0.
S
u
p
p

o
se

t∗
=

∑
l i=

1
t i
∈

[a
τ,
τ
]

an
d
p
(t
∗ )

+
ε
≥
∑

l i=
1
p
(t
i)

.
W

e
co

n
si

d
er

tw
o

ca
se

s
se

p
ar

at
el

y.
In

th
e

fi
rs

t
ca

se
,

as
su

m
e

th
at

th
er

e
is

on
e
t i
≤
−
δ.

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
th

a
t
t∗
>

0.
T

h
en

w
e

ca
n

ch
o
os

e
α

=
δ,
β

=
t∗
−
α

an
d

ge
t

p
(α

+
β

)
+
ε

=
p
(t
∗ )

+
ε
≥

∑

i∈
{j

:t
j
<

0
}p

(t
i)

+
∑

i∈
{j

:t
j
>

0
}p

(t
i)
≥
p
(α

)
+
p
(β

),

w
h
ic

h
is

a
co

n
tr

ad
ic

ti
on

to
th

e
p
re

v
io

u
s

p
ro

of
th

at
on

ly
on

e
of
α
,β

co
u
ld

b
e

o
u
ts

id
e

o
f

B
(0
,δ

)
as
δ

is
sm

al
le

r
th

an
t∗
/2

b
y

ou
r

ch
oi

ce
an

d
∑

i∈
{j

:t
j
>

0
}
t i
>
t∗
>
t∗
−
α

.
W

e
th

en
p
ro

ce
ed

to
th

e
ca

se
w

h
en

th
er

e
is

on
e
t i
≥
δ

an
d

on
e
t j
≥
δ.

S
u
p
p

os
e

th
at
α

=
t i
≥
t j

=
β

.
If
α

+
β
>
t∗

,
w

e
se

t
α
′ =

δ
+

t∗
−

2
δ

α
+
β
−

2
δ
·(
α
−
δ)

an
d
β
′ =

δ
+

t∗
−

2
δ

α
+
β
−

2
δ
·(
β
−
δ)

.
It

is
ea

sy
to

ve
ri

fy
th

at

p
(α
′ +

β
′ )

+
ε

=
p
(t
∗ )

+
ε
≥

l ∑ i=
1

p
(t
i)
≥
p
(α

)
+
p
(β

)
≥
p
(α
′ )

+
p
(β
′ )
,

w
h
ic

h
is

a
co

n
tr

ad
ic

ti
on

.
If
α

+
β
<
t∗

,
w

e
ca

n
ve

ri
fy

th
at

p
(α

+
β

+
t∗
−
α
−
β

)
+
ε

=
p
(t
∗ )

+
ε
≥

l ∑ i=
1

p
(t
i)
≥
p
(α

)
+
p
(β

)
+
p
(t
∗
−
α
−
β

),

w
h
ic

h
is

al
so

a
co

n
tr

ad
ic

ti
on

.
T

o
th

is
p

oi
n
t,

w
e

p
ro

v
e

th
e

ca
se

th
at

t 1
,·
··
,t
l

co
u
ld

b
e

sm
al

le
r

th
an

0,
w

h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
of

th
e

le
m

m
a.

1
.

F
o
r
th
e
ca
se

w
h
en

t 1
=

0
,
(i
v
)
h
o
ld
s
tr
iv
ia
ll
y.
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H
a
r
d
n
e
ss

f
o
r
S
pa

r
se

O
p
t
im

iz
a
t
io
n

R
em

a
rk.

In
th

e
p
ro

of
of

(iv
),

ou
r

ch
oice

of
ε

is
lin

ear
to

δ
given

δ.
H

ow
ev

er,
in

th
e

ca
se

o
f
L

0 ,
ε

co
u
ld

b
e

an
y

con
stan

t
sm

a
ller

th
an

1
n
o

m
atter

w
h
at
δ

is.
T

h
is

p
rop

erty
of

L
0

h
a
s

w
id

e
a
p
p
lication

s
in

statistical
p
rob

lem
s.

A
ctu

a
lly,

su
p
p

ose
th

at
p

en
alty

fu
n
ction

is
in

d
ex

ed
b
y
δ

a
n
d
p
δ

satisfi
es

p
δ (δ)−

p
δ (a

τ
)

+
p
δ (a

τ−
δ)≥

C

fo
r

so
m

e
co

n
sta

n
t
C

,
th

en
∀
δ
>

0
an

d
ε≤

C
,

th
e

p
rop

osition
stated

in
(iv

)
h
old

s.
T

o
p
rove

th
is,

ju
st

n
o
te

th
at

if
p
(t1

+
t2 )−

p
(t2 )+

ε
>
p
(t1 )

an
d
t1
>
δ,

th
en
p
(t1 )−

p
(t1

+
t2 )+

p
(t2 )

>
p
(δ)−

p
(a
τ
)
+
p
(a
τ−

δ)≥
C

w
h
ich

is
a

con
trad

iction
to

th
at
ε

sh
ou

ld
b

e
sm

aller
th

an
C

.

L
em

m
a

4
states

th
e

key
p
rop

erties
of

th
e

p
en

alty
fu

n
ction

p
.

P
rop

erty
(iv

)
is

of
sp

ecial
in

terest.
It

in
d
icates

th
at

if
w

e
can

m
an

ip
u
late

th
e

su
m

of
n
on

-n
egative

variab
les

to
let

it
lie

w
ith

in
[a
τ,τ

]
w

h
ile

m
in

im
izin

g
th

e
p

en
alty

fu
n
ction

,
w

e
can

b
e

su
re

th
at

on
ly

on
e

va
riab

le
h
a
s

la
rg

e
a
b
so

lu
te

valu
e.

O
u
r

seco
n
d

lem
m

a
ex

p
lores

th
e

relation
sh

ip
b

etw
een

th
e

p
en

alty
fu

n
ction

p
an

d
th

e
loss

fu
n
ctio

n
`.

L
e
m

m
a

5
L

et
A

ssu
m

p
tio

n
1

h
o
ld

.
L

et
f

(·)
be

a
co

n
vex

fu
n

ctio
n

w
ith

a
u

n
iqu

e
m

in
im

izer

τ̂
∈

(a
τ,τ

)
a
n

d
f

(τ̂±
x

)−
f

(τ̂
)

x
N

≥
C

(0
<
x
<
δ̄)

fo
r

so
m

e
N
∈
Z

+
,δ̄∈

R
+
,C
∈
R

+
.

D
efi

n
e

g
µ
(t)

=
p
(|t|)

+
µ
·f

(t),

w
h
ere

µ
>

0.
L

et
h

(µ
)

be
th

e
m

in
im

u
m

va
lu

e
o
f
g
µ
(·).

W
e

h
a
ve
∀
δ
<
δ̄,µ

δ
>

p
(|τ̂|)2

N

C
δ
N

,∃
ε
0

=

µ
δ ·C

· (
δ2 )
N
−
p
(|τ̂|):

if
t

sa
tisfi

es
h

(µ
δ )

+
ε
0 ≥

g
µ
δ (t)≥

h
(µ
δ ),

th
en

t∈
[τ̂−

δ/2
,τ̂

+
δ/2].

P
ro

o
f

F
irst,

w
e

can
see

th
at

w
h
en

t
>
τ̂

+
δ/2,

w
e

h
ave

g
µ
δ (t)≥

p
(|τ̂|)

+
µ
δ ·
f

(t)
>
p
(|τ̂|)

+
µ
δ ·f

(τ̂
+
δ/2)≥

p
(|τ̂|)

+
µ
δ ·f

(τ̂
)

+
µ
δ ·C

· (
δ2 )

N

=
g
µ
δ (τ̂

)
+
µ
δ ·C

· (
δ2 )

N

≥
h

(µ
δ )

+
µ
δ ·C

· (
δ2 )

N

≥
h

(µ
δ )

+
ε
0 ,

b
y

th
e

d
efi

n
itio

n
of
f

(·).
W

h
en

t
<
τ̂−

δ/2,
w

e
h
ave

g
µ
δ (t)≥

µ
δ ·f

(t)
>
µ
δ ·f

(τ̂−
δ/2)≥

µ
δ ·f

(τ̂
)

+
µ
δ ·
C
· (

δ2 )
N

=
µ
δ ·f

(τ̂
)

+
p
(|τ̂|)2

N

C
δ
N
·C
· (

δ2 )
N

+

(
µ
δ −

p
(|τ̂|)2

N

C
δ
N

)
·
C
· (

δ2 )
N

≥
h

(µ
δ )

+
µ
δ ·C

· (
δ2 )

N

−
p
(|τ̂|).

T
h
erefo

re,
w

h
en

w
e

ch
o
ose

ε
0

=
µ
δ ·C
· (
δ2 )
N
−
p
(|τ̂|),

p
oin

t
t

satisfy
in

g
h

(µ
δ )+

ε
0 ≥

g
µ
δ (t)≥

h
(µ
δ )

m
u
st

lie
in

[τ̂−
δ/2

,τ̂
+
δ/2].
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C
h
e
n
,
Y
e
,
a
n
d

W
a
n
g

L
e
m

m
a

6
L

et
A

ssu
m

p
tio

n
1

h
o
ld

a
n

d
let

f
(·)

be
a

co
n

vex
fu

n
ctio

n
w

ith
a

u
n

iqu
e

m
in

im
izer

τ̂
∈

(a
τ,τ

)
a
n

d
f

(τ̂±
x

)−
f

(τ̂
)

x
N

≥
C

1 (0
<
x
<
δ̄)

fo
r

so
m

e
N
∈
Z

+
,δ̄
∈
R

+
,C

1 ∈
R

+
.

L
et
h

(µ
)

be
th

e
m

in
im

u
m

va
lu

e
o
f
g
µ
(x

)
=
p
(|x|)

+
µ
·f

(x
),

th
en

w
e

h
a
ve

(i)
∀
µ
∈
Z

+
,t1 ,...,tn

∈
R

: ∑
nj=

1
p
(|tj |)

+
µ
·
f (∑

nj=
1
tj )
≥
h

(µ
).

(ii)
∃
κ

=
m

in
t∈

[a
τ
,τ

] {
2
p
(t/

2
)−
p
(t)

t
},∀

δ
≤

m
in{

δ̄,4τ
−

4
τ̂
,4τ̂
−

4
a
τ}
,∃
µ

=
p
(|τ̂|)4

N
+
1

C
1
δ
N

,ε
0

=

κ
·
δn
,∀
θ
∈

[τ̂−
δ/4,τ̂

+
δ/4]

:
if
t1 ,...,tn

∈
R

sa
tisfy

h
(µ

)
+
ε
0 ≥

n
∑j=

1

p
(|tj |)

+
µ
·f 

n
∑j=

1

tj 
≥
h

(µ
),

(2)

th
en

ti ∈
B

(θ,δ)
fo

r
o
n

e
i

a
n

d
tj ∈

B
(0,δ)

fo
r

a
ll
j6=

i.

P
ro

o
f

W
e

fi
rst

p
rove

(i).
W

e
con

sid
er

tw
o

cases
sep

arately.
In

th
e

fi
rst

case,
w

e
su

p
p

ose
th

at
| ∑

nj=
1
tj |

>
τ
.

T
h
en

w
e

h
ave

n
∑j=

1

p
(|tj |)≥

n
∑j=

1

p (
τ

∑
nk
=

1 |tk | ·|tj | )
≥
p 

n
∑j=

1

τ
∑

nk
=

1 |tk | ·|tj | 
≥
p
(τ

),

w
h
ere

th
e

fi
rst

in
eq

u
ality

is
in

ferred
b
y

th
e

m
on

oton
icity

of
p

an
d

th
e

secon
d

in
eq

u
ality

is
d
u
e

to
(ii)

of
L

em
m

a
4.

T
h
u
s,

w
e

h
av

e

n
∑j=

1

p
(|tj |)

+
µ
·
f 

n
∑j=

1

tj 
>

m
in{p

(τ
)

+
µ
·
f

(τ
),p

(τ
)

+
µ
·
f

(−
τ
)}
≥
h

(µ
).

A
s

a
resu

lt,
w

e
can

see
th

at
(i)

h
old

s
w

h
en
| ∑

nj=
1
tj |

>
τ
.

In
th

e
secon

d
case,

w
e

su
p
p

ose
| ∑

nj=
1
tj |≤

τ
an

d
ob

tain

n
∑j=

1

p
(|tj |)≥

n
∑j=

1

p (
| ∑

nk
=

1
tk |

∑
nk
=

1 |tk | |tj | )
≥
p 

n
∑j=

1 | ∑
nk
=

1
tk |

∑
nk
=

1 |tk | |tj | 
≥
p 
∣∣∣∣∣∣

n
∑j=

1

tj ∣∣∣∣∣∣ 
,

w
h
ere

th
e

secon
d

in
eq

u
ality

is
d
u
e

to
(ii)

of
L

em
m

a
4.

It
follow

s
th

at

n
∑j=

1

p
(|tj |)

+
µ
·
f 

n
∑j=

1

tj 
≥
p 
∣∣∣∣∣∣

n
∑j=

1

tj ∣∣∣∣∣∣ 
+
µ
·
f 

n
∑j=

1

tj 
=
g
µ 

n
∑j=

1

tj 
≥
h

(µ
).

(3)

w
h
ich

com
p
letes

ou
r

p
ro

of
of

(i).
W

e
th

en
p
rove

(ii).
A

ssu
m

e
eq

u
atio

n
(2)

h
old

s.
If ∑

nj=
1
tj
>
τ
,

w
e

can
see

th
at

b
y

ch
o
osin

g
ε
0 ≤

g
µ
(τ

)−
g
µ
(τ̂

),
w

e
h
ave

n
∑j=

1

p
(|tj |)

+
µ
·
f 

n
∑j=

1

tj 
>
g
µ
(τ

)
=
g
µ
(τ̂

)
+
g
µ
(τ

)−
g
µ
(τ̂

)≥
h

(µ
)

+
ε
0 .
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H
a
r
d
n
e
ss

f
o
r
S
pa

r
se

O
p
t
im

iz
a
t
io
n

W
e

w
il
l

sh
ow

la
te

r
th

at
ou

r
ch

oi
ce

of
ε 0

is
in

d
ee

d
sm

al
le

r
th

an
g µ

(τ
)
−
g µ

(τ̂
).

W
e

w
il
l

al
so

sh
ow

la
te

r
th

at
eq

u
at

io
n

(2
)

ca
n
n
ot

h
ol

d
w

h
en
∑

n j=
1
t j
<
−
τ

u
n
d
er

ou
r

ch
oi

ce
of

p
ar

am
et

er
s.

T
h
u
s,

if
eq

u
at

io
n

(2
)

h
ol

d
s,

th
en
|∑

n j=
1
t j
|≤

τ
,

w
h
ic

h
im

p
li
es

th
at

p

 
∣ ∣ ∣ ∣ ∣ ∣

n ∑ j=
1

t j

∣ ∣ ∣ ∣ ∣ ∣ 
+
µ
·f

 
n ∑ j=

1

t j

 
≤
h

(µ
)

+
ε 0
,

(4
)

b
y

eq
u
at

io
n

(2
)

an
d

th
e

fi
rs

t
in

eq
u
al

it
y

of
(3

),
an

d

n ∑ j=
1

p
(|t

j
|)
≤
p

 
∣ ∣ ∣ ∣ ∣ ∣

n ∑ j=
1

t j

∣ ∣ ∣ ∣ ∣ ∣ 
+
ε 0
,

(5
)

d
u
e

to
eq

u
at

io
n

(2
)

an
d

eq
u
at

io
n

(3
).

N
ot

e
th

at
w

e
ju

st
n
ee

d
to

p
ro

ve
th

e
ca

se
w

h
en

δ
is

su
ffi

ci
en

tl
y

sm
al

l.
T

h
u
s,

w
e

as
su

m
e

in
th

e
fo

ll
ow

in
g

p
ap

er
th

at
δ

is
sm

al
le

r
th

an
δ̄,

4τ
−

4
τ̂
,4
τ̂
−

4a
τ
.

C
on

si
d
er

th
e

ca
se

w
h
en

eq
u
at

io
n

(4
)

h
ol

d
s.

B
y

L
em

m
a

6,
if

w
e

ch
o
os

e
µ

=
p
(|τ̂
|)4

N
+
1

C
δ
N

an
d

ε 1
=

3p
(|τ̂
|),

th
en

al
l
of

th
e

p
oi

n
ts
t

su
ch

th
at
h

(µ
)+
ε 1
≥
g µ

(t
)
≥
h

(µ
)

li
e

in
[τ̂
−
δ/

4,
τ̂

+
δ/

4]
.

T
h
u
s,

w
e

h
av

e
∑

n j=
1
t j
∈

[a
τ,
τ
]

an
d
∑

n j=
1
t j
∈
B

(θ
,
δ 2
)

fo
r

al
l
θ
∈

[τ̂
−
δ/

4,
τ̂

+
δ/

4]
.

N
ot

e
th

at
g µ

(t
)

is
n
on

-i
n
cr

ea
si

n
g

w
h
en

t
<

0,
m

ea
n
in

g
th

at
eq

u
at

io
n

(2
)

ca
n
n
ot

h
ol

d
u
n
d
er

ou
r

ch
oi

ce
of
ε 1

w
h
en
∑

n j=
1
t j
≤
−
τ
.

O
n

th
e

ot
h
er

h
an

d
,
if

eq
u
at

io
n

(2
)

h
ol

d
s,

eq
u
at

io
n

(5
)

sh
ou

ld
al

so
h
ol

d
.

B
y

(i
v
)

o
f
L

em
m

a
4,

fo
r

th
e

sa
m

e
δ,
∃ε

2
=

m
in
t∈

[a
τ
,τ

](
k

1
(t

)
−
k

2
(t

))
·

δ
2
n
−

2
,

th
er

e
is

at
m

os
t

on
e
i

su
ch

th
at

t i
6∈
B

(0
,

δ
2
n
−

2
).

A
s
∑

n j=
1
t j
∈
B

(θ
,
δ 2
),

w
e

h
av

e
t i
∈
B

(θ
,δ

)
fo

r
al

l
i

=
1,
··
·,
n

.
O

b
se

rv
e

th
at
g µ

(τ
)
−
g µ

(τ̂
)

is
al

w
ay

s
la

rg
er

th
an

ε 1
.

A
ls

o,
ε 1
>
ε 2

if
δ

is
su

ffi
ci

en
tl

y
sm

a
ll
.

T
h
er

e-

fo
re

,
∃κ

=
m

in
t∈

[a
τ
,τ

](
k

1
(t

)
−
k

2
(t

))
/
2,
∀δ
≤

m
in
{δ̄
,4
τ
−

4τ̂
,4
τ̂
−

4a
τ
},
∃µ

=
p
(|τ̂
|)4

N
+
1

C
δ
N

,ε
=

κ
·δ n
,∀
θ
∈

[τ̂
−
δ/

4
,τ̂

+
δ/

4]
:

if
h

(µ
)

+
ε
≥
g µ

(∑
n j=

1
t i

),
th

en
t i
∈
B

(θ
,δ

)
fo

r
so

m
e
i

w
h
il
e

t j
∈
B

(0
,δ

)
fo

r
al

l
j
6=
i.

6
.2

.
P

ro
o
f

o
f

T
h

e
o
re

m
1

N
ow

w
e

ar
e

re
ad

y
to

p
ro

ve
T

h
eo

re
m

1.
P

ro
o
f

S
u
p
p

os
e

th
at

w
e

ar
e

gi
ve

n
th

e
in

p
u
t

to
th

e
3-

p
ar

ti
ti

on
p
ro

b
le

m
,

i.
e.

,
3m

p
os

it
iv

e
in

te
ge

rs
s 1
,.
..
,s

3
m

.
A

ss
u
m

e
w

it
h
o
u

t
lo

ss
o
f

ge
n

er
a
li

ty
th

at
al

l
s i

’s
ar

e
u
p
p

er
b

o
u
n
d
ed

b
y

so
m

e
p

ol
y
n
om

ia
l

fu
n
ct

io
n
M

(m
).

T
h
is

re
st

ri
ct

io
n

on
th

e
in

p
u
t

sp
ac

e
d
o
es

n
ot

w
ea

ke
n

ou
r

re
su

lt
,

b
ec

au
se

th
e

3-
p
ar

ti
ti

on
p
ro

b
le

m
is

st
ro

n
gl

y
N

P
-h

ar
d
.

In
w

h
at

fo
ll
ow

s,
w

e
co

n
st

ru
ct

a
re

d
u
ct

io
n

fr
om

th
e

3-
p
ar

ti
ti

on
p
ro

b
le

m
to

P
ro

b
le

m
1.

W
e

as
su

m
e

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y
th

at
1 4
m

∑
3
m
j=

1
s j
<
s i
<

1 2
m

∑
3
m
j=

1
s j

fo
r

al
l
i

=
1
,.
..
,n

.
S
u
ch

co
n
d
it

io
n

ca
n

al
w

ay
s

b
e

sa
ti

sfi
ed

b
y

ad
d
in

g
a

su
ffi

ci
en

tl
y

la
rg

e
in

te
g
er

to
al

l
s i

’s
.

S
te

p
1
:

T
h
e

R
ed

u
ct

io
n

.
T

h
e

re
d
u
ct

io
n

is
d
ev

el
op

ed
th

ro
u
gh

th
e

fo
ll
ow

in
g

st
ep

s.

1.
F

or
th

e
in

te
rv

al
[a
τ,
τ
],

w
e

ch
o
os

e
{b

1
i}
k
1
i=

1
su

ch
th

at
` 1

(y
)

=
1 λ

∑
k
1
i=

1
`(
y
,b

1
i)

sa
ti

sfi
es

A
ss

u
m

p
ti

on
1

w
it

h
co

n
st

an
ts
C
,N
,δ̄

an
d

h
as

a
u
n
iq

u
e

m
in

im
iz

er
τ̂

in
si

d
e

th
e

in
te

rv
al

(a
τ,
τ
).

L
et
κ

=
m

in
t∈

[a
τ
,τ

]{
2
p
(t
/
2
)−
p
(t

)
t

}.
L

et
δ
≤
{

a
τ

9
m
·M

(m
)
,δ̄
,4
τ
−

4
τ̂
,4
τ̂
−

4
a
τ
},

17
JM

L
R

 2
0(

38
):

1-
27

, 2
01

9

C
h
e
n
,
Y
e
,
a
n
d

W
a
n
g

µ
≥

p
(|τ̂
|)4

N
+
1

C
1
δ
N

an
d
ε

=
κ
·
δ 3
m

su
ch

th
at

L
em

m
a

6
is

sa
ti

sfi
ed

.
N

ot
e

th
a
t
ε
≥

C
3

m
2
·M

(m
)

fo
r

so
m

e
co

n
st

an
t
C

3
b
y

ou
r

co
n
st

ru
ct

io
n
.

2.
F

or
th

e
µ

an
d
ε

ch
os

en
in

th
e

p
re

v
io

u
s

st
ep

,
al

l
th

e
m

in
im

iz
er

s
of
g µ

(x
)

=
p
(|x
|)

+
µ
·

` 1
(x

)
li
e

in
[τ̂
−
δ/

4,
τ̂

+
δ/

4]
b
y

L
em

m
a

6.
B

y
th

e
L

ip
sc

h
it

z
co

n
ti

n
u
it

y
of
p
(|x
|),
f

(x
)

a
n
d

th
u
s
g µ

(x
)

on
[a
τ,
τ
],

th
er

e
ex

is
ts
δ ε

=
ε

6
m
K

(K
is

th
e

L
ip

sc
h
it

z
co

n
st

an
t)

su
ch

th
a
t

w
e

ca
n

fi
n
d

in
p

ol
y
n
om

ia
l

ti
m

e
an

in
te

rv
al

[θ
1
,θ

2
]

w
h
er

e
θ 2
−
θ 1

=
δ ε

an
d
g µ

(x
)
−
g µ

(t
∗ )
<

ε
6
m

fo
r
x
∈

[θ
1
,θ

2
].

T
h
is

in
te

rv
al

ca
n

b
e

fi
n
d

in
p

ol
y
n
om

ia
l

ti
m

e
as
g µ

(x
)

is
L

ip
sc

h
it

z
co

n
ti

n
u
ou

s.

3.
B

y
A

ss
u
m

p
ti

on
2,

fo
r

th
e

in
te

rv
al

[θ
1
,θ

2
],

w
e

ch
o
os

e
{b

2
i}
k
2
i=

1
to

co
n
st

ru
ct

a
lo

ss
fu

n
ct

io
n
` 2

:
R
7→

R
in

p
ol

y
n
om

ia
l

ti
m

e
w

it
h

re
ga

rd
to

1/
δ ε

su
ch

th
a
t
` 2

(y
)

=
1 λ

∑
k
2
i=

1
`(
y
,b

2
i)

h
as

a
u
n
iq

u
e

m
in

im
iz

er
at
t̃
∈

[θ
1
,θ

2
].

W
e

ch
o
os

e

ν
=
⌈ ε
/

m
ax
( `

2
(t̃

+
2
δm

)
−
` 2

(t̃
),
` 2

(t̃
−

2δ
m

)
−
` 2

(t̃
))
⌉ +

1
,

an
d

co
n
st

ru
ct

fu
n
ct

io
n
f

:
R

3
m
×
m
7→

R
w

h
er

e

f
(x

)
=
λ
·3

m ∑ i=
1

m ∑ j=
1

p
(|x

ij
|)

+
λ
µ
·3

m ∑ i=
1

` 1

 
m ∑ j=

1

x
ij

 
+
λ
ν
·
m ∑ j=

1

` 2

(
3
m ∑ i

s i
∑

3
m
i′

=
1
s i
′ /
m
x
ij

)
.

(6
)

N
ot

e
th

at
b
y

(i
ii
)

of
A

ss
u
m

p
ti

on
2,
ν

is
p

ol
y
n
om

ia
l

in
m

ax
(d

1 δ ε
e,
dθ

2
e)

.
In

th
e

re
st

of
th

e
p
ap

er
,

w
e

ig
n
or

e
th

e
dθ

2
e

te
rm

in
th

e
b

ou
n
d

as
it

ca
n

b
e

u
p
p

er
b

o
u
n
d
ed

b
y
τ
,

w
h
ic

h
ca

n
b

e
ta

ke
n

as
a

co
n
st

an
t

in
th

e
re

d
u
ct

io
n
.

4.
L

et
Φ

1
=

3m
·p

(|t̃
|)

+
µ
·3
m
·`

1
(t̃

)
−

ε 2
an

d
Φ

2
=
ν
·m
·`

2
(t̃

).
W

e
cl

ai
m

th
a
t

(i
)

If
th

er
e

ex
is

ts
z

su
ch

th
at Φ
1

+
Φ

2
+
ε
≥

1 λ
f

(z
)
≥

Φ
1

+
Φ

2
,

th
en

w
e

ob
ta

in
a

fe
as

ib
le

as
si

gn
m

en
t

fo
r

th
e

3-
p
ar

ti
ti

on
p
ro

b
le

m
a
s

fo
ll
ow

s:
If

z i
j
∈
B

(t̃
,δ

),
w

e
as

si
gn

n
u
m

b
er
i

to
su

b
se

t
j.

(i
i)

If
th

e
3-

p
ar

ti
ti

on
p
ro

b
le

m
h
as

a
so

lu
ti

on
,

w
e

h
av

e
1 λ

m
in
x
f

(x
)
≤

Φ
1

+
Φ

2
+

ε 2
.

5.
C

h
o
os

e
r

=

⌈ (
2
(3
m
·λ
·µ
·k

1
+
m
·λ
·ν
·k

2
)c

1
(3
m

2
)c

2

ε/
κ

) 1
/
(1
−
c 1
−
c 2

)⌉
w

h
er

e
c 1

an
d
c 2

a
re

tw
o

a
rb

i-

tr
ar

y
co

n
st

an
ts

th
at
c 1

+
c 2
<

1.
C

on
st

ru
ct

th
e

fo
ll
ow

in
g

in
st

an
ce

of
P

ro
b
le

m
1
:

m
in

x
(1

)
,··
·,x

(r
)
∈R

3
m
×
m

r ∑ q
=

1

f
(x

(q
) )

=
m

in
x
(1

)
,··
·,x

(r
)
∈R

3
m
×
m
λ
·

r ∑ q
=

1

3
m ∑ i=
1

m ∑ j=
1

p
(|x

(q
)

ij
|)+

λ
µ

r ∑ q
=

1

3
m ∑ i=
1

k
1 ∑ t=
1

`

 
m ∑ j=

1

x
(q

)
ij
,b

1
t 

+
λ
ν

r ∑ q
=

1

m ∑ j=
1

k
2 ∑ t=
1

`

(
3
m ∑ i=
1

s i
∑

3
m
i′

=
1
s i
′ /
m
x

(q
)

ij
,b

2
t)
,

(7
)
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H
a
r
d
n
e
ss

f
o
r
S
pa

r
se

O
p
t
im

iz
a
t
io
n

w
h
ere

th
e

in
p
u
t

d
ata

are
co

effi
cien

ts
of
x

an
d

th
e

valu
es
b
1
1 ,...,b

1
t ,b

2
1 ,...,b

2
t .

T
h
e

varia
b
le

d
im

en
sion

d
is
r·3m

2
an

d
th

e
sam

p
le

size
n

is
λ·µ·r·3m

·k
1

+
λ·ν·r·m

·k
2 .

T
h
e

in
p
u
t

size
is

p
oly

n
om

ial
w

ith
resp

ect
to
m

.
O

u
r

ch
oice

of
r

is
th

e
solu

tion
to

εr
=

2κ
n
c
1d
c
2

w
h
ere

κ
=

m
in
t∈

[a
τ
,τ

] {
2
p
(t/

2
)−
p
(t)

t
}
.

T
h
e

p
a
ram

eters
µ
,ν
,δ,r,d

are
b

ou
n
d
ed

b
y

p
oly

n
om

ial
fu

n
ction

s
of
m

.
C

om
p
u
tin

g
th

eir
va

lu
es

also
takes

p
oly

n
om

ial
tim

e.
T

h
e

p
aram

eter
k

1
an

d
k

2
is

a
con

stan
t

d
eterm

in
ed

b
y

th
e

loss
fu

n
ction

`
an

d
is

n
ot

rela
ted

to
m

.
A

s
a

resu
lt,

th
e

red
u
ction

is
p

o
ly

n
o
m

ial.

6.
L

et
z

(1
),···z

(r
)∈

R
3
m
×
m

b
e

a
λ·κ·n

c
1d
c
2-op

tim
al

solu
tion

to
p
rob

lem
(13)

su
ch

th
at

∑
ri=

1
f

(z
(i))≤

m
in
x
(1

),···,x
(r

) ∑
ri=

1
f

(x
(i))

+
λ
·κ
·n

c
1d
c
2.

W
e

claim
th

at

(iii)
If

th
e

ap
p
rox

im
ate

solu
tion

z
(1

),···z
(r

)
satisfi

es

1λ

r
∑i=

1

f
(z

(i))≤
rΦ

1
+
rΦ

2
+

2
κ
n
c
1d
c
2,

(8)

w
e

can
ch

o
ose

on
e
z

(i)
su

ch
th

at
Φ

1
+

Φ
2

+
ε≥

1λ
f

(z
(i))≥

Φ
1

+
Φ

2
an

d
o
b
tain

a
feasib

le
assign

m
en

t:
If
z

(i)
ij
∈
B

(t̃,δ),
w

e
a
ssign

n
u
m

b
er
i

to
su

b
set

j.
If

th
e

λ
·
κ
·
n
c
1d
c
2-op

tim
al

solu
tion

z
(1

),···z
(r

)
d
o
es

n
ot

satisfy
(8),

th
e

3-p
artition

p
ro

b
lem

h
as

n
o

feasib
le

solu
tion

.

W
e

h
ave

co
n
stru

cted
a

p
oly

n
om

ial
red

u
ction

from
th

e
3-p

artition
p
rob

lem
to

fi
n
d
in

g
an

λ·κ·n
c
1d
c
2-o

p
tim

al
solu

tion
to

p
rob

lem
(13).

In
w

h
at

follow
s,

w
e

p
rove

th
at

th
e

red
u
ction

w
o
rk

s.
S

tep
2
:

P
roo

f
o
f

C
la

im
(i).

W
e

b
egin

w
ith

th
e

p
ro

of
(i).

B
y

ou
r

ch
oice

of
µ

an
d

L
em

m
a

6
(i),

w
e

can
see

th
at

for
all

x
∈
R

3
m
×
m

,

3
m
∑i=

1

m
∑j=

1

p
(|x

ij |)
+
µ
·

3
m
∑i=

1

`
1 

m
∑j=

1

x
ij 
≥

3
m
·
p
(|t ∗|)

+
µ
·
3m
·`

1 (t ∗)≥
Φ

1 ,

w
h
ere

th
e

la
st

in
eq

u
ality

is
d
u
e

to
th

at
g
µ
(t̃)−

g
µ
(t ∗)

<
ε

6
m

.
B

y
th

e
fact

t̃
=

argm
in
t `

2 (t),
w

e
h
ave

fo
r

a
ll
x
∈
R

3
m
×
m

th
at

ν
·
m
∑j=

1

h (
3
m
∑i=

1

s
i

∑
3
m
i ′=

1
s
i ′/m

x
ij )
≥
ν
·m
·`

2 (t̃)
=

Φ
2 .

T
h
u
s

w
e

a
lw

ay
s

h
av

e
m

in
z

1λ
f

(z
)≥

Φ
1

+
Φ

2 .
N

ow
if

th
ere

ex
ists

z
su

ch
th

at
Φ

1
+

Φ
2

+
ε≥

1λ
f

(z
)≥

Φ
1

+
Φ

2 ,
w

e
m

u
st

h
ave

Φ
1

+
ε≥

3
m
∑i=

1

m
∑j=

1

p
(|z

ij |)
+
µ
·

3
m
∑i=

1

h 
m
∑j=

1

z
ij 
≥

Φ
1 ,

(9)

a
n
d

Φ
2

+
ε≥

ν
·
m
∑j=

1

h (
3
m
∑i=

1

s
i

∑
3
m
i ′=

1
s
i ′/
m
z
ij )
≥

Φ
2 .

(10)
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C
h
e
n
,
Y
e
,
a
n
d

W
a
n
g

In
ord

er
for

eq
u
ation

(9)
to

h
old

,
w

e
h
ave

th
at

for
all

i,

p
(|t̃|)

+
µ
·
`
1 (t̃)

+
ε2
≥

m
∑j=

1

p
(|z

ij |)
+
µ
·
`
1 

m
∑j=

1

z
ij 
≥
p
(|t ∗|)

+
µ
·
`
1 (t ∗).

C
on

sid
er

an
arb

itrary
i.

B
y

L
em

m
a

6(ii)
an

d
g
µ
(t̃)−

g
µ
(t ∗)

<
ε

6
m

,
w

e
h
ave

z
ij
∈
B

(t̃,δ)
for

on
e
j

w
h
ile

z
ik

=
0

for
all

k
6=
j.

If
z
ij
∈
B

(t̃,δ),
w

e
assign

n
u
m

b
er
i

to
su

b
set

j.
A

s
δ
<
a
τ
/
2
≤
t̃/

2,
B

(t̃,δ)
an

d
B

(0,δ)
are

n
ot

ov
erlap

p
in

g.
T

h
u
s

each
n
u
m

b
er

in
d
ex

i
is

assign
ed

to
ex

actly
on

e
su

b
set

in
d
ex

j.
T

h
erefore

th
e

assign
m

en
t

is
feasib

le.
W

e
claim

th
at

every
su

b
set

su
m

m
u
st

eq
u
al

to
∑

3
m
i=

1
s
i /m

.
A

ssu
m

e
th

at
th

e
jth

su
b
set

su
m

is
greater

th
an

or
eq

u
al

to
∑

3
m
i=

1
s
i /m

+
1.

L
et

I
j

=
{i
|
z
ij
∈
B

(t̃,δ)}.
T

h
u
s,

∑
i∈
I
j
s
i ≥

∑
3
m
i=

1
s
i /m

+
1.

A
s

a
resu

lt,
w

e
h
av

e

3
m
∑i=

1

s
i

∑
3
m
i ′=

1
s
i ′/m

z
ij ≥

∑i∈
I
1

s
i

∑
3
m
i ′=

1
s
i ′/m

(t̃−
δ)

+
∑i∈
I
2

s
i

∑
3
m
i ′=

1
s
i ′/m

(−
δ)

≥
∑

3
m
i=

1
s
i /m

+
1

∑
3
m
i=

1
s
i /m

t̃−
δm

=
t̃

+
t̃

∑
3
m
i=

1
s
i /m

−
δm

.

B
ecau

se
s
i ≤

M
(m

)
for

all
i

an
d
δ

=
a
τ

9
m
·M

(m
) ,

w
e

h
ave

t̃
∑

3
m
i=

1
s
i /m

−
δm
≥

a
τ

3
m
·
M

(n
) m
−
δm

=
2δm

>
0
.

S
in

ce
h

is
a

con
vex

fu
n
ction

w
ith

m
in

im
izer

y ∗,
w

e
ap

p
ly

th
e

p
reced

in
g

in
eq

u
alities

an
d

fu
rth

er
ob

tain

`
2 (

3
m
∑i=

1

s
i

∑
3
m
i ′=

1
s
i ′/m

z
ij )
≥
`
2 (t̃

+
2
δm

).

B
y

ou
r

con
stru

ction
of
ν

an
d

A
ssu

m
p
tion

1(iii),
w

e
fu

rth
er

h
ave

ν
· (
`
2 (

3
m
∑i=

1

s
i

∑
3
m
i ′=

1
s
i ′/m

z
ij )
−
`
2 (t̃) )

≥
ν
· (`

2 (t̃
+

2
δm

)−
`
2 (t̃) )

>
ε.

(11)

H
ow

ever,
in

ord
er

for
eq

u
ation

(10)
to

h
old

,
w

e
h
ave

th
at

for
all

j,

ν
·
`
2 (t̃)

+
ε≥

ν
·`

2 (
3
m
∑i=

1

s
i

∑
3
m
i ′=

1
s
i ′/m

z
ij )
≥
ν
·
`
2 (t̃),

y
ield

in
g

a
con

trad
iction

to
(11).

W
e

cou
ld

p
rove

sim
ilarly

th
at

it
is

n
ot

p
ossib

le
for

an
y

su
b
set

su
m

to
b

e
strictly

sm
aller

th
an

1m

∑
3
m
i=

1
s
i .

T
h
erefore,

th
e

su
m

of
every

su
b
set

eq
u
als

to
∑

3
m
i=

1
s
i /m

.
F

in
ally,

u
sin

g
th

e
assu

m
p
tion

th
at

14
m

∑
3
m
i=

1
s
i
<
s
i
<

12
m

∑
3
m
i=

1
s
i ,

each
su

b
set

h
as

ex
actly

th
ree

com
p

on
en

ts.
T

h
erefore

th
e

assign
m

en
t

is
in

d
eed

a
solu

tion
to

th
e

3-p
artition

p
rob

lem
.

S
tep

3
:

P
roo

f
o
f

C
la

im
(ii).

S
u
p
p

ose
w

e
h
ave

a
solu

tion
to

th
e

3-p
artition

p
rob

lem
.

N
ow

w
e

con
stru

ct
z

to
th

e
op

tim
iza

tion
p
rob

lem
su

ch
th

at
f

(z
)
≤

Φ
1

+
Φ

2
+

ε2 .
F

o
r

all

2
0
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H
a
r
d
n
e
ss

f
o
r
S
pa

r
se

O
p
t
im

iz
a
t
io
n

1
≤
i
≤

3
m

,
if

n
u
m

b
er
i

is
as

si
gn

ed
to

su
b
se

t
j,

le
t
z i
j

=
t̃

an
d
z i
k

=
0

fo
r

al
l
k
6=
j.

W
e

ca
n

ea
si

ly
ve

ri
fy

th
at

3
m ∑ i=
1

m ∑ j=
1

p
(|z

ij
|)

+
µ
·3

m ∑ i=
1

` 1

 
m ∑ j=

1

z i
j

 
=

3m
·(
p
(t̃

)
+
µ
·`

1
(t̃

))
=

Φ
1

+
ε 2
,

A
ls

o,
w

e
h
av

e

ν
·
m ∑ j=

1

` 2

(
3
m ∑ i=
1

s i
∑

3
m
i′

=
1
s i
′ /
m
z i
j

)
=
ν
·m
·`

2
(t̃

)
=

Φ
2
.

T
h
er

ef
or

e,
1 λ
f

(z
)
≤

Φ
1

+
Φ

2
+
ε 2
.

(1
2)

w
h
ic

h
co

m
p
le

te
s

th
e

p
ro

of
of

(i
i)

.

S
te

p
4
:

P
ro

o
f

o
f

C
la

im
(i

ii
).

S
u
p
p

os
e

th
at

th
e
λ
·κ
·n
c 1
d
c 2

-o
p
ti

m
al

so
lu

ti
o
n

sa
ti

sfi
es

(8
),

i.
e.

,
1 λ

∑
r i=

1
f

(z
(i

) )
≤
rΦ

1
+
rΦ

2
+

2κ
n
c 1
d
c 2

.
It

fo
ll
ow

s
th

at
th

er
e

ex
is

ts
at

le
as

t
on

e
te

rm

z
(i

)
su

ch
th

at
1 λ
f

(z
(i

) )
≤

Φ
1

+
Φ

2
+

2κ
n
c 1
d
c 2

r
≤

Φ
1

+
Φ

2
+
ε.

w
h
er

e
th

e
se

co
n
d

in
eq

u
al

it
y

eq
u
al

it
y

u
se

s
εr

=
2κ
n
c 1
d
c 2

.
T

h
er

ef
or

e,
b
y

cl
ai

m
(i

i)
,

w
e

ca
n

fi
n
d

a
so

lu
ti

on
to

th
e

3-
p
ar

ti
ti

on
p
ro

b
le

m
.

S
u
p
p

os
e

th
at

th
e

3-
p
ar

ti
ti

on
p
ro

b
le

m
h
as

a
so

lu
ti

on
.

B
y

cl
ai

m
(i

i)
,

th
er

e
ex

is
ts
z

su
ch

th
at

1 λ
f

(z
)
≤

Φ
1

+
Φ

2
+

ε 2
.

T
h
u
s

w
e

h
av

e

m
in

x
(1

)
,··
·,x

(r
)

1 λ

r ∑ i=
1

f
(x

(i
) )
≤
r λ
f

(z
)
≤
rΦ

1
+
rΦ

2
+
κ
n
c 1
d
c 2
.

T
h
u
s

if
z

(1
) ,
··
·z

(r
)

is
a
λ
·κ
·n

c 1
d
c 2

-o
p
ti

m
al

so
lu

ti
on

to
(1

3)
,

w
e

h
av

e

1 λ

r ∑ i=
1

f
(z

(i
) )
≤

m
in

x
(1

)
,··
·,x

(r
)

1 λ

r ∑ i=
1

f
(x

(i
) )

+
κ
n
c 1
d
c 2
≤
rΦ

1
+
rΦ

2
+

2
κ
n
c 1
d
c 2

im
p
ly

in
g

th
at

th
e

re
la

ti
on

(8
)

m
u
st

h
ol

d
.

If
(8

)
is

n
ot

sa
ti

sfi
ed

,
th

e
3-

p
ar

ti
ti

on
p
ro

b
le

m
h
as

n
o

so
lu

ti
on

.

R
em

a
rk

.
W

h
en

th
e

lo
ss

fu
n
ct

io
n

is
L

2
lo

ss
,

w
e

ca
n

m
ov

e
λ
µ

an
d
λ
ν

of
eq

u
at

io
n

(1
3)

in
to

th
e

lo
ss

.
S
p

ec
ifi

ca
ll
y,

w
e

h
av

e

m
in

x
(1

)
,··
·,x

(r
)
∈R

3
m
×
m

r ∑ q
=

1

f
(x

(q
) )

=
m

in
x
(1

)
,··
·,x

(r
)
∈R

3
m
×
m
λ
·

r ∑ q
=

1

3
m ∑ i=
1

m ∑ j=
1

p
(|x

(q
)

ij
|)+

r ∑ q
=

1

3
m ∑ i=
1

 
m ∑ j=

1

√
λ
µ
x

(q
)

ij
−
√
λ
µ
b 1

 
2

+
r ∑ q
=

1

m ∑ j=
1

(
3
m ∑ i=
1

√
λ
ν
s i

∑
3
m
i′

=
1
s i
′ /
m
x

(q
)

ij
−
√
λ
ν
b 2

)
2

,

(1
3)
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C
h
e
n
,
Y
e
,
a
n
d

W
a
n
g

w
h
er

e
µ
,ν

is
ch

os
en

su
ch

th
at
√
λ
µ
,√
λ
ν

ar
e

ra
ti

on
al

n
u
m

b
er

s.
In

th
is

ca
se

,
th

e
va

ri
a
b
le

d
im

en
si

on
is
r
·3
m

2
an

d
th

e
sa

m
p
le

si
ze

n
is

4r
·m

.
O

u
r

ch
oi

ce
of
r

is
th

e
so

lu
ti

o
n

to

εr
=

2κ
n
c 1
d
c 2

w
h
ic

h
is
r

=

⌈ (
2
(4
m

)c
1
(3
m

2
)c

2

ε/
κ

) 1
/
(1
−
c 1
−
c 2

)⌉
.

T
h
e

va
lu

e
of
r

d
o
es

n
’t

d
ep

en
d

o
n

λ
an

d
p
,

w
h
ic

h
m

ea
n
s

th
at

w
e

ca
n

p
lu

g
in

an
y
λ
,p

an
d

th
e

re
d
u
ct

io
n

is
st

il
l

p
o
ly

n
o
m

ia
l

in
m

.
It

m
ea

n
s

th
at

fo
r

an
y

ch
oi

ce
of
λ

an
d
p
,
it

is
st

ro
n
gl

y
N

P
h
ar

d
to

fi
n
d

a
λ
κ
n
c 1
d
c 2

-o
p
ti

m
al

so
lu

ti
on

.

6
.3

.
P

ro
o
f

o
f

T
h

e
o
re

m
2

N
ex

t
w

e
st

u
d
y

th
e

co
m

p
le

x
it

y
of

P
ro

b
le

m
2.

T
h
e

p
ro

of
u
se

s
a

b
as

ic
d
u
al

it
y

b
et

w
ee

n
P

ro
b
le

m
1

an
d

P
ro

b
le

m
2.

P
ro

o
f

W
e

w
il
l

u
se

a
re

d
u
ct

io
n

fr
om

th
e

3-
p
ar

ti
ti

o
n

p
ro

b
le

m
to

p
ro

ve
th

e
th

eo
re

m
.

T
h
e

re
d
u
ct

io
n

is
d
ev

el
op

ed
th

ro
u
gh

th
e

fo
ll
ow

in
g

st
ep

s.
W

e
fi
rs

t
co

n
st

ru
ct

ed
a

p
o
ly

n
o
m

ia
l

re
d
u
ct

io
n

fr
om

th
e

3-
p
ar

ti
ti

on
p
ro

b
le

m
to

fi
n
d
in

g
an

ap
p
ro

x
im

at
e

so
lu

ti
on

to
P

ro
b
le

m
2
.

W
e

th
en

p
ro

v
e

th
at

th
e

re
d
u
ct

io
n

w
or

k
s.

1.
G

iv
en

th
e

in
p
u
t

to
th

e
3-

p
ar

ti
ti

on
p
ro

b
le

m
,

w
e

co
n
d
u
ct

th
e

fi
rs

t
th

re
e

st
ep

s
o
f

th
e

re
d
u
ct

io
n

in
T

h
eo

re
m

1
to

co
m

p
u
te
µ
,ν
,t̃

an
d
ε

w
it

h
λ

=
1.

T
h
e

n
u
a
n
ce

is
th

a
t

w
e

p
ic

k
δ ε

=
ε

1
2
m
K

in
st

ep
2

so
th

at
g µ

(t̃
)−
g µ

(t
∗ )
≤

ε
1
2
m

w
h
er

e
g µ

(x
)

=
p
(|x
|)+

µ
·` 1

(x
).

D
en

o
te

f
(x

)
=
µ
·∑

3
m
i=

1

∑
k
1
t=

1
`
( ∑

m j=
1
x
ij
,b

1
t)

+
ν
·∑

m j=
1

∑
k
2
t=

1
`

( ∑
3
m
i=

1
s i

∑
3
m
i′
=
1
s i
′/
m
x
ij
,b

2
t)

an
d
q(
x

)
=
∑

3
m
i=

1

∑
m j=

1
p

(|x
ij
|).

2.
C

h
o
os

e
r

=

⌈ (
4
(3
m
·µ
·k

1
+
m
·ν
·k

2
)c

1
(3
m

2
)c

2

ε/
κ

) 1
/
(1
−
c 1
−
c 2

)⌉
w

h
er

e
c 1

an
d
c 2

ar
e

tw
o

a
rb

it
ra

ry

co
n
st

an
ts

th
at
c 1

+
c 2
<

1.
N

ot
e

th
at
κ
n
c 1
d
c 2

=
εr 4

b
y

ou
r

ch
oi

ce
of
r.

C
o
n
st

ru
ct

th
e

fo
ll
ow

in
g

in
st

an
ce

of
P

ro
b
le

m
2:

m
in

x
(1

)
,x

(2
)
,.
..
,x

(r
)
∈R

3
m
×
m

r ∑ i=
1

f
(x

(i
) )

s.
t.

r ∑ i=
1

q(
x

(i
) )
≤
K̄
,

(1
4
)

w
h
er

e
K̄
∈

[3
m
·r
·p

(t̃
),

3
m
·r
·p

(t̃
)

+
εr
/4

).
T

h
e

co
d
in

g
si

ze
of
K̄

is
b

o
u
n
d
ed

b
y

a
p

ol
y
n
om

ia
l

fu
n
ct

io
n

of
m

b
ec

a
u
se
εr
/4

an
d

3
m
·r
·p

(t̃
)

ar
e

b
ot

h
b

o
u
n
d
ed

b
y

a
p

ol
y
n
om

ia
l

fu
n
ct

io
n
s

of
n

.
D

en
ot

e
th

e
m

in
im

iz
er

of
th

e
m

in
im

iz
at

io
n

p
ro

b
le

m
(1

4)

to
b

e
x

(1
)

K̄
,·
··
x

(r
)

K̄
.

3.
L

et
Φ

1
=

3
m
·p

(|t̃
|)

+
µ
·3
m
·`

1
(t̃

)
−

ε 4
an

d
Φ

2
=
ν
·m
·`

2
(t̃

).
W

e
cl

a
im

th
a
t

if
th

e
3-

p
ar

ti
ti

on
p
ro

b
le

m
h
as

a
so

lu
ti

on
,

th
en

(i
)
∑

r i=
1
f

(x
(i

)

K̄
)

+
∑

r i=
1
q(
x

(i
)

K̄
)
≤
rΦ

1
+
rΦ

2
+

εr 2
.

(i
i)
∑

r i=
1
q(
x

(i
)

K̄
)
≥

3
m
·r
·p

(t̃
)
−
εr
/4
.

4.
S
u
p
p

os
e

w
e

h
av

e
ap

p
ro

x
im

at
e

so
lu

ti
on

s
sa

ti
sf

y
in

g
∑

r i=
1
f

(x̂
(i

)

K̄
+
κ
n
c
1
d
c
2
)
≤
∑

r i=
1
f

(x
(i

)

K̄
),

w
e

cl
ai

m
th

at
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H
a
r
d
n
e
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f
o
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S
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r
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O
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t
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a
t
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(iii)
If

th
e

ap
p
rox

im
ate

solu
tio

n
s

satisfy

r
∑i=

1

f
(x̂

(i)

K̄
+
κ
n
c
1
d
c
2 )

+
r
∑i=

1

q(x̂
(i)

K̄
+
κ
n
c
1
d
c
2 )≤

rΦ
1

+
rΦ

2
+

4
κ
n
c
1d
c
2,

(15)

w
e

can
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o
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on
e
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d
ex

k
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ch
th

at
Φ

1
+

Φ
2

+
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f
(x̂
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K̄
+
κ
n
c
1
d
c
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Φ
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Φ

2
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d
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tain

a
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m
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)

K̄
+
κ
n
c
1
d
c
2 )

ij ∈
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th
e
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im
ate
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b
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w
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d
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b
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=
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e
con

strain
t

of
(14)

w
ith

sp
a
rsity

level
K̄

an
d
∑
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(t̃)

+
rΦ
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(t̃)−

ε

12m

)
+
rΦ

2
+
εr2

=
rΦ
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=
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∑
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∑
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∑
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=
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p
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secon
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∑
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u
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secon
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is
p

oin
t,

w
e

h
av

e
fi
n
ish

ed
th

e
p
ro

of
of

T
h
eo

rem
2
.

R
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w
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m
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b
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p
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∑
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b
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e
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h
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w
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p
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com

p
u
te
µ
,ν
,t̃

an
d
ε

w
ith

λ
=

1.
L

et
f

(x
)

=
µ· ∑
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∑
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∑
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=
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∈
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ial
fu

n
ction

s
o
f
n

.
C

om
p
u
tin

g
th

eir
valu

es
also

takes
p

oly
n
om
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e
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)
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e
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∑
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g ∑
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κ
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w
e
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e
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d
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k
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Φ

1
+

Φ
2

+
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(x̂
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η̄
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κ
n
c
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d
c
2 )≥

Φ
1

+
Φ
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a
r
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n
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r
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p
t
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a
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w
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b
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∈

R
3
m
×
m

as
fo

ll
ow

s.
If

n
u
m

b
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=
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w
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ra
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∑
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=
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∑
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(t̃
)−
εr
/4

,

w
e

w
ou

ld
h
av

e
∑
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∑
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∑
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b
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p
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=
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p
ly

th
e

p
ro

of
of

T
h
eo

re
m

1
to

ge
t

th
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p
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∑
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p
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p
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p
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Ã
:=

S
A

an
d

B̃
:=

S
B
,

(1
)

w
h
er

e
S
∈
R
t×
n

is
a

ra
n
d
om

“s
ke

tc
h
in

g
m

at
ri

x
”

sa
ti

sf
y
in

g
th

e
co

n
d
it

io
n

E[
S
T
S

]
=

I n
,

(2
)

w
it

h
I n

b
ei

n
g

th
e

id
en

ti
ty

m
at

ri
x
.

In
p
ar

ti
cu

la
r,

th
e

re
la

ti
on

(2
)

im
p
li
es

th
a
t

th
e

sk
et

ch
ed

p
ro

d
u
ct

is
an

u
n
b
ia

se
d

es
ti

m
at

e,
E[

Ã
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n
ot

re
ad

il
y

tr
an

sl
at

e
to

ou
r

co
n
te

x
t,

ei
th

er
b

ec
au

se
th

e
st

at
is

ti
cs

ar
e

su
b
st

an
ti

al
ly

d
iff

er
en

t
fr

om
th

e
` ∞

-n
or

m
(C

h
an

g
et

al
.,

20
16

),
or

b
ec

au
se

of
te

ch
n
ic

al
as

su
m

p
ti

on
s

(C
h
en

,
20

18
).

F
or

in
st

an
ce

,
if

th
e

re
su

lt
s

in
th

e
la

tt
er

w
or

k
a
re

ap
p
li
ed

to
a

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
of

th
e

fo
rm

1 n

∑
n i=

1
(x
i
−

x̄
)(

x
i
−

x̄
)>

,
w

h
er

e
x

1
,.
..
,x

n
∈

R
p

ar
e

m
ea

n
-z

er
o

i.
i.
d
.

ve
ct

or
s,

w
it

h
x

1
=

(X
1
1
,.
..
,X

1
p
),

th
en

it
is

n
ec

es
sa

ry
to

m
ak

e
as

su
m

p
ti

on
s

su
ch

as
m

in
j,
k
va
r(
X

1
j
X

1
k
)
≥
c,

fo
r

so
m

e
co

n
st

an
t
c
>

0.
A

s
th

is
re

la
te

s
to

th
e

sk
et

ch
in

g
co

n
te

x
t,

n
ot

e
th

at
th

e
sk

et
ch

ed
p
ro

d
u
ct

m
ay

b
e

w
ri

tt
en

as
Ã
T
B̃

=
1 t

∑
t i=

1
A
T
s i

sT i
B

,
w

h
er

e
s 1
,.
..
,s
n
∈
R
t

ar
e

th
e

ro
w

s
of
√
tS

.
It

fo
ll
ow

s
th

at
an

al
og

ou
s

va
ri

an
ce

as
su

m
p
ti

on
s

w
ou

ld
le

ad
to

co
n
d
it

io
n
s

on
th

e
m

at
ri

ce
s

A
an

d
B

th
at

co
u
ld

b
e

v
io

la
te

d
if

an
y

co
lu

m
n

of
A

o
r

B
h
as

m
an

y
sm

al
l

en
tr

ie
s,

or
is

sp
ar

se
.

B
y

co
n
tr

as
t,

o
u
r

re
su

lt
s

d
o

n
ot

re
ly

on
su

ch
va

ri
an

ce
as

su
m

p
ti

on
s,

an
d

w
e

al
lo

w
th

e
m

at
ri

ce
s

A
an

d
B

to
b

e
u
n
re

st
ri

ct
ed

.
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L
o
p
e
s,

W
a
n
g
,
a
n
d

M
a
h
o
n
e
y

A
t

a
m

or
e

te
ch

n
ic

al
le

ve
l,

th
e

ab
il
it

y
to

av
oi

d
re

st
ri

ct
io

n
s

o
n

A
an

d
B

co
m

es
fr

o
m

o
u
r

u
se

of
th

e
L

év
y
-P

ro
h
or

ov
m

et
ri

c
fo

r
d
is

tr
ib

u
ti

on
al

ap
p
ro

x
im

at
io

n
s

—
w

h
ic

h
d
iff

er
s

fr
o
m

th
e

K
ol

m
og

or
ov

m
et

ri
c

th
at

h
as

b
ee

n
p
re

d
om

in
an

tl
y

u
se

d
in

p
re

v
io

u
s

w
or

k
s

o
n

m
u
lt

ip
li
er

b
o
ot

st
ra

p
m

et
h
o
d
s.

M
or

e
sp

ec
ifi

ca
ll
y,

an
al

y
se

s
b
as

ed
on

th
e

K
o
lm

og
or

ov
m

et
ri

c
ty

p
ic

a
ll
y

re
ly

on
“a

n
ti

-c
on

ce
n
tr

at
io

n
in

eq
u
al

it
ie

s”
(C

h
er

n
oz

h
u
ko

v
et

al
.,

20
13

,
20

15
),

w
h
ic

h
u
lt

im
a
te

ly
le

ad
to

th
e

m
en

ti
on

ed
va

ri
an

ce
as

su
m

p
ti

on
s.

O
n

th
e

ot
h
er

h
an

d
,

ou
r

ap
p
ro

ac
h

b
a
se

d
o
n

th
e

L
év

y
-P

ro
h
or

ov
m

et
ri

c
d
o
es

n
ot

re
q
u
ir

e
th

e
u
se

o
f

an
ti

-c
on

ce
n
tr

at
io

n
in

eq
u
a
li
ti

es
.

F
in

a
ll
y

it
sh

ou
ld

b
e

m
en

ti
on

ed
th

at
th

e
te

ch
n
iq

u
es

u
se

d
to

co
n
tr

ol
th

e
L

P
m

et
ri

c
a
re

re
la

te
d

to
th

os
e

th
at

h
av

e
b

ee
n

d
ev

el
op

ed
fo

r
b

o
ot

st
ra

p
ap

p
ro

x
im

at
io

n
s

v
ia

co
u
p
li
n
g

in
eq

u
a
li
ti

es
as

in
C

h
er

n
oz

h
u
k
ov

et
al

.
(2

01
6)

.

O
u

tl
in

e
.

T
h
is

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
S
ec

ti
on

2
in

tr
o
d
u
ce

s
so

m
e

te
ch

n
ic

a
l

b
ac

k
gr

ou
n
d
.

S
ec

ti
on

3
d
es

cr
ib

es
th

e
p
ro

p
os

ed
b

o
o
ts

tr
ap

al
go

ri
th

m
.

S
ec

ti
o
n

4
es

ta
b
li
sh

es
th

e
m

ai
n

th
eo

re
ti

ca
l

re
su

lt
s,

an
d

th
en

n
u
m

er
ic

al
p

er
fo

rm
an

ce
is

il
lu

st
ra

te
d

in
S
ec

ti
o
n

5
.

L
as

tl
y,

co
n
cl

u
si

on
s

an
d

ex
te

n
si

on
s

of
th

e
m

et
h
o
d

ar
e

p
re

se
n
te

d
in

S
ec

ti
on

6,
a
n
d

a
ll

p
ro

o
fs

ar
e

gi
v
en

in
th

e
ap

p
en

d
ic

es
.

2
.
P
re
li
m
in
a
ri
e
s

N
o
ta

ti
o
n

a
n

d
te

rm
in

o
lo

g
y
.

T
h
e

se
t
{1
,.
..
,n
}

is
d
en

ot
ed

as
[n

].
T

h
e
it

h
st

a
n
d
a
rd

b
as

is
ve

ct
or

is
d
en

ot
ed

as
e
i.

If
C

=
[c
ij

]
is

a
re

al
m

at
ri

x
,

th
en
‖C
‖ F

=
(∑

i,
j
c2 i
j
)1
/
2

is
th

e
F

ro
b

en
iu

s
n
or

m
,

an
d
‖C
‖ 2

is
th

e
sp

ec
tr

al
n
or

m
(m

a
x
im

u
m

si
n
gu

la
r

va
lu

e)
.

If
X

is
a

ra
n
d
om

va
ri

ab
le

an
d
p
≥

1,
w

e
w

ri
te
‖X
‖ p

=
(E

[|X
|p ]

)1
/
p

fo
r

th
e

u
su

a
l
L
p

n
o
rm

.
If

ψ
:

[0
,∞

)
→

[0
,∞

)
is

a
n
on

-d
ec

re
as

in
g

co
n
ve

x
fu

n
ct

io
n

w
it

h
ψ

(0
)

=
0,

th
en

th
e
ψ

-O
rl

ic
z

n
or

m
of
X

is
d
efi

n
ed

as
‖X
‖ ψ

:=
in

f{
r
>

0
|
E[
ψ

(|X
|/
r)

]
≤

1
}.

In
p
ar

ti
cu

la
r,

w
e

d
efi

n
e

ψ
p
(x

)
:=

ex
p
(x
p
)
−

1
fo

r
p
≥

1,
an

d
w

e
sa

y
th

at
X

is
su

b
-G

au
ss

ia
n

w
h
en
‖X
‖ ψ

2
<
∞

,
o
r

su
b
-e

x
p

on
en

ti
al

w
h
en
‖X
‖ ψ

1
<
∞

.
In

A
p
p

en
d
ix

F
,

L
em

m
a

9
su

m
m

ar
iz

es
th

e
fa

ct
s

a
b

o
u
t

O
rl

ic
z

n
or

m
s

th
at

w
il
l

b
e

u
se

d
.

W
e

w
il
l

u
se
c

to
d
en

ot
e

a
p

os
it

iv
e

ab
so

lu
te

co
n
st

an
t

th
at

m
ay

ch
an

ge
fr

o
m

li
n
e

to
li
n
e.

T
h
e

m
at

ri
ce

s
A

,
B

,
an

d
S

ar
e

v
ie

w
ed

as
ly

in
g

in
a

se
q
u
en

ce
of

m
at

ri
ce

s
in

d
ex

ed
b
y

th
e

tu
p
le

(d
,d
′ ,
t,
n

).
F

or
a

p
ai

r
of

ge
n
er

ic
fu

n
ct

io
n
s
f

an
d
g
,

w
e

w
ri

te
f

(d
,d
′ ,
t,
n

)
.
g
(d
,d
′ ,
t,
n

)
w

h
en

th
er

e
is

a
p

os
it

iv
e

ab
so

lu
te

co
n
st

an
t
c

so
th

at
f

(d
,d
′ ,
t,
n

)
≤
c
g
(d
,d
′ ,
t,
n

)
h
o
ld

s
fo

r
a
ll

la
rg

e
va

lu
es

of
d
,d
′ ,
t,

an
d
n

.
F

u
rt

h
er

m
or

e,
if
a

an
d
b

a
re

tw
o

q
u
an

ti
ti

es
th

a
t

sa
ti

sf
y

b
o
th

a
.
b

an
d
b
.
a
,

th
en

w
e

w
ri

te
a
�
b.

L
as

tl
y,

w
e

d
o

n
ot

u
se

th
e

sy
m

b
o
ls
.

o
r
�

w
h
en

re
la

ti
n
g

ra
n
d
om

va
ri

ab
le

s.

E
x
a
m

p
le

s
o
f

sk
e
tc

h
in

g
m

a
tr

ic
e
s.

O
u
r

th
eo

re
ti

ca
l

re
su

lt
s

w
il
l

d
ea

l
w

it
h

th
re

e
co

m
m

o
n

ty
p

es
of

sk
et

ch
in

g
m

at
ri

ce
s,

re
v
ie

w
ed

b
el

ow
.

•
R

o
w

sa
m

p
li

n
g.

If
(p

1
,.
..
,p
n
)

is
a

p
ro

b
ab

il
it

y
v
ec

to
r,

th
en

S
∈
R
t×
n

ca
n

b
e

co
n
st

ru
ct

ed
b
y

sa
m

p
li
n
g

it
s

ro
w

s
i.
i.
d
.

fr
o
m

th
e

se
t
{

1
√
tp

1
e

1
,.
..
,

1
√
tp
n
e
n
}
⊂

R
n
,

w
h
er

e
th

e
ve

ct
or

1
√
tp
i
e
i

is
se

le
ct

ed
w

it
h

p
ro

b
a
b
il
it

y
p
i.

S
om

e
of

th
e

m
os

t
w

el
l

k
n
ow

n
ch

o
ic

es
fo

r
th

e

sa
m

p
li
n
g

p
ro

b
ab

il
it

ie
s

in
cl

u
d
e

u
n

if
o
rm

sa
m

p
li

n
g,

w
it

h
p
i
≡

1
/n

,
le

n
gt

h
sa

m
p
li

n
g

(D
ri

n
ea

s
et

al
.,

20
06

a;
M

ag
en

a
n
d

Z
ou

zi
as

,
20

11
),

w
it

h

p
i

=
‖e

T i
A
‖ 2
‖e

T i
B
‖ 2

∑
n j=

1
‖e

T j
A
‖ 2
‖e

T j
B
‖ 2
,

(5
)
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A
B
o
o
t
st

r
a
p
M
e
t
h
o
d

f
o
r
E
r
r
o
r
E
st

im
a
t
io
n
in

R
a
n
d
o
m
iz
e
d

M
a
t
r
ix

M
u
lt

ip
l
ic
a
t
io
n

a
n
d

levera
ge

sco
re

sa
m

p
lin

g,
for

w
h
ich

fu
rth

er
b
ack

grou
n
d

m
ay

b
e

fou
n
d

in
th

e
p
a
p

ers
(D

rin
ea

s
et

al.,
2006b

,
2008,

2012).

•
S

u
b-G

a
u

ssia
n

p
ro

jectio
n

.
G

au
ssian

p
ro

jection
is

th
e

m
ost

w
ell-k

n
ow

n
ran

d
om

p
ro

jectio
n

m
eth

o
d
,

an
d

is
som

etim
es

referred
to

as
th

e
J
oh

n
son

-L
in

d
en

stra
u
ss

(J
L

)
tra

n
sfo

rm
(J

oh
n
son

an
d

L
in

d
en

strau
ss,

1984).
In

d
etail,

if
G
∈

R
t×
n

is
a

stan
d
ard

G
a
u
ssia

n
m

atrix
,

w
ith

en
tries

th
at

are
i.i.d

.
sam

p
les

from
N

(0,1),
th

en
S

=
1√
t G

is
a

G
a
u
ssia

n
p
ro

jection
m

atrix
.

M
ore

gen
erally,

th
e

en
tries

of
G

can
b

e
d
raw

n
i.i.d

.
from

a
zero

-m
ean

su
b
-G

au
ssian

d
istrib

u
tion

,
w

h
ich

often
lead

s
to

sim
ilar

p
erform

an
ce

ch
a
ra

cteristics
in

R
N

L
A

ap
p
lication

s.

•
S

u
bsa

m
p
led

ra
n

d
o
m

ized
H

a
d
a
m

a
rd

tra
n

sfo
rm

(S
R

H
T

).
L

et
n

b
e

a
p

ow
er

of
2,

an
d

d
efi

n
e

th
e

W
alsh

-H
ad

am
ard

m
atrix

H
n

recu
rsively ∗

H
n

:=

(
H
n
/
2

H
n
/
2

H
n
/
2
−

H
n
/
2

)
w

ith
H

2
:=

(
1

1
1
−

1

)
.

N
ex

t,
let

D
◦n
∈
R
n×

n
b

e
ran

d
om

d
ia

gon
al

m
atrix

w
ith

in
d
ep

en
d
en

t±
1

R
ad

em
ach

er
va

ria
b
les

alon
g

th
e

d
iagon

al,
a
n
d

let
P
∈

R
t×
n

h
ave

row
s

u
n
iform

ly
sam

p
led

from
{

1
√
t/
n
e

1 ,...,
1
√
t/
n
e
n }.

T
h
en

,
th

e
t×

n
m

atrix

S
=

P
(

1√n
H
n
)D
◦n

(6)

is
ca

lled
a
n

S
R

H
T

m
atrix

.
T

h
is

ty
p

e
of

sketch
in

g
m

atrix
w

as
in

tro
d
u
ced

in
th

e
sem

in
al

p
a
p

er
(A

ilon
an

d
C

h
azelle,

2006),
an

d
ad

d
ition

al
d
etails

regard
in

g
im

p
lem

en
tation

m
ay

b
e

fou
n
d

in
th

e
p
ap

ers
(D

rin
eas

et
al.,

2011;
W

an
g,

2015).
(T

h
e

factor
1√n

is
u
sed

so
th

a
t

1√n
H
n

is
an

orth
ogon

al
m

atrix
.)

A
n

im
p

ortan
t

p
rop

erty
of

S
R

H
T

m
atrices

is

th
a
t

th
ey

can
b

e
m

u
ltip

lied
w

ith
an

y
n
×
d

m
atrix

in
O

(n
·
d·

log
t)

tim
e

(A
ilon

an
d

L
ib

erty
,

2
009),

w
h
ich

is
faster

th
an

th
e
O

(n
·
d·
t)

tim
e

u
su

ally
req

u
ired

for
a

d
en

se
sketch

in
g

m
atrix

.

3
.
M

e
th

o
d
o
lo
g
y

B
efo

re
p
resen

tin
g

ou
r

m
eth

o
d

in
algorith

m
ic

form
,

w
e

fi
rst

ex
p
lain

th
e

u
n
d
erly

in
g

in
tu

ition
.

3
.1

.
In

tu
itio

n
fo

r
m

u
ltip

lie
r

b
o
o
tstra

p
m

e
th

o
d

If
th

e
row

vectors
of
√
tS

are
d
en

oted
s

1 ,...,s
t
∈

R
n
,

th
en

S
T
S

m
ay

b
e

con
v
en

ien
tly

ex
p
ressed

a
s

a
sam

p
le

average
S
T
S

=
1t ∑

ti=
1
s
i s
Ti
.

(7)

F
o
r

row
sa

m
p
lin

g,
G

au
ssian

p
ro

jection
,

an
d

S
R

H
T

,
th

ese
row

vectors
satisfy

E
[s
i s
Ti

]
=

I
n
.

C
o
n
seq

u
en

tly,
if

w
e

d
efi

n
e

th
e

ran
d
o
m
d×

d ′
ran

k
-1

(d
yad

)
m

atrix

D
i

=
A
T
s
i s
Ti
B
,

(8)

∗T
h

e
restrictio

n
th

a
t
n

is
a

p
ow

er
o
f
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Ã
an

d
B̃

(rath
er

th
an

th
e

fu
ll

m
atrices

A
an

d
B

).
A

lth
ou

gh
th

e
form

u
la

for
gen

eratin
g

sam
p
les

of
ε
?t

given
b

elow
m

ay
ap

p
ear

d
iff

eren
t

from
eq

u
ation

(11
),

it
is

straigh
tforw

ard
to

ch
eck

th
at

th
ese

are
eq

u
ivalen

t.
L

astly,
th

e
ch

oice
of

th
e

n
u
m

b
er

of
b

o
otstrap

sam
p
les

B
w

ill
b

e
d
iscu

ssed
at

th
e

en
d

of
su

b
section

3.3
.

†It
is

a
lso

p
o
ssib

le
to

sh
ow

th
a
t

th
e
jo
in
t

d
istrib

u
tio

n
o
f

th
e

en
tries

in
th

e
m

a
trix

(1
0
)

m
im

ics
th

a
t

o
f

A
T
S
T
S
B
−

A
T
B

,
b

u
t

w
e

o
m

it
su

ch
d

eta
ils

to
sim

p
lify

th
e

d
iscu

ssio
n

.

8
JM

L
R

 20(39):1-40, 2019



A
B
o
o
t
st

r
a
p
M
e
t
h
o
d

f
o
r
E
r
r
o
r
E
st

im
a
t
io
n
in

R
a
n
d
o
m
iz
e
d

M
a
t
r
ix

M
u
lt

ip
l
ic
a
t
io
n

A
lg

o
ri

th
m

1
(M

u
lt

ip
li
e
r

b
o
o
ts

tr
a
p

fo
r
ε t

).
In

p
u

t:
th

e
n

u
m

be
r

o
f

bo
o
ts

tr
a
p

sa
m

p
le

s
B

,
a
n

d
th

e
sk

et
ch

es
Ã
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2
+
n
·d
·l

og
(t

))
.

M
ea

n
w

h
il
e,

th
e

co
st

of
ru

n
n
in

g
A

lg
or

it
h
m

1
w

it
h

th
e

ex
tr

ap
ol

at
io

n
sp

ee
d
u
p

b
as

ed
on

an
in

it
ia

l
sk

et
ch

si
ze
t 0

is
O

(B
·t

0
·d

2
).

C
on

se
q
u
en

tl
y,

th
e

ex
tr

a
co

st
of

th
e

b
o
ot

st
ra

p
d
o
es

n
ot

ex
ce

ed
th

e
st

a
te

d
co

st
of

sk
et

ch
in

g
w

h
en

th
e

n
u
m

b
er

of
b

o
ot

st
ra

p
sa

m
p
le

s
sa

ti
sfi

es

B
=
O

(
t t 0

+
n

lo
g
(t

)
d
t 0

),
(1

4
)

an
d

in
fa

ct
,

th
is

co
u
ld

b
e

im
p
ro

ve
d

fu
rt

h
er

if
p
ar

al
le

li
za

ti
o
n

of
A

lg
or

it
h
m

1
is

ta
ke

n
in

to
ac

co
u
n
t.

It
is

al
so

im
p

or
ta

n
t

to
n
ot

e
th

at
ra

th
er

sm
al

l
va

lu
es

o
f
B

ar
e

sh
ow

n
to

w
o
rk

w
el

l
in

ou
r

ex
p

er
im

en
ts

,
su

ch
as
B

=
20

.
H

en
ce

,
as

lo
n
g
t 0

re
m

ai
n
s

fa
ir

ly
sm

al
l

co
m

p
a
re

d
to
t,

th
en

th
e

co
n
d
it

io
n

(1
4)

m
ay

b
e

ex
p

ec
te

d
to

h
ol

d
,

a
n
d

th
is

is
b

or
n
e

ou
t

in
ou

r
ex

p
er

im
en

ts
.

T
h
e

sa
m

e
re

as
on

in
g

al
so

ap
p
li
es

w
h
en

n
lo

g
(t

)
�

d
·t

0
,

w
h
ic

h
co

n
fo

rm
s

w
it

h
th

e
fa

ct
th

a
t

sk
et

ch
in

g
m

et
h
o
d
s

ar
e

in
te

n
d
ed

to
h
an

d
le

si
tu

at
io

n
s

w
h
er

e
n

is
v
er

y
la

rg
e.

3
.4

.
R

e
la

ti
o
n

w
it

h
th

e
n

o
n

-p
a
ra

m
e
tr

ic
b

o
o
ts

tr
a
p

F
or

re
ad

er
s

w
h
o

ar
e

m
or

e
fa

m
il
ia

r
w

it
h

th
e

“n
on

-p
ar

am
et

ri
c

b
o
ot

st
ra

p
”

(b
as

ed
o
n

sa
m

p
li
n
g

w
it

h
re

p
la

ce
m

en
t)

,
th

e
p
u
rp

os
e

of
th

is
sh

or
t

su
b
se

ct
io

n
is

to
ex

p
la

in
th

e
re

la
ti

o
n
sh

ip
w

it
h

th
e

m
u
lt

ip
li
er

b
o
ot

st
ra

p
in

A
lg

or
it

h
m

1.
In

d
ee

d
,

an
u
n
d
er

st
an

d
in

g
of

th
is

re
la

ti
o
n
sh

ip
m

ay
b

e
h
el

p
fu

l,
si

n
ce

th
e

n
on

-p
ar

am
et

ri
c

b
o
ot

st
ra

p
m

ig
h
t

b
e

v
ie

w
ed

as
m

o
re

in
tu

it
iv

e,
an

d
p

er
h
ap

s
ea

si
er

to
ge

n
er

al
iz

e
to

m
or

e
co

m
p
le

x
si

tu
at

io
n
s.

H
ow

ev
er

,
it

tu
rn

s
o
u
t

th
at

A
lg

or
it

h
m

1
is

te
ch

n
ic

al
ly

m
or

e
co

n
ve

n
ie

n
t

to
an

al
y
ze

,
an

d
th

at
is

w
h
y

th
e

p
a
p

er
fo

cu
se

s
p
ri

m
ar

il
y

on
A

lg
or

it
h
m

1.
M

ea
n
w

h
il
e,

fr
om

a
p
ra

ct
ic

al
p

oi
n
t

of
v
ie

w
,
th

er
e

is
li
tt

le
d
iff

er
en

ce
b

et
w

ee
n

th
e

tw
o

ap
p
ro

ac
h
es

,
si

n
ce

b
ot

h
h
av

e
th

e
sa

m
e

or
d
er

of
co

m
p
u
ta

ti
on

a
l

co
st

,
a
n
d

in
ou

r
ex

p
er

ie
n
ce

,
w

e
h
av

e
ob

se
rv

ed
es

se
n
ti

al
ly

th
e

sa
m

e
p

er
fo

rm
an

ce
in

si
m

u
la

ti
o
n
s.

A
ls

o
,

th
e

ex
tr

ap
ol

at
io

n
te

ch
n
iq

u
e

ca
n

b
e

ap
p
li
ed

to
b

ot
h

al
go

ri
th

m
s

in
th

e
sa

m
e

w
ay

.
T

o
sp

el
l

ou
t

th
e

co
n
n
ec

ti
on

,
th

e
on

ly
p
la

ce
w

h
er

e
A

lg
or

it
h
m

1
n
ee

d
s

to
b

e
ch

a
n
g
ed

is
in

st
ep

1.
R

at
h
er

th
an

ch
o
os

in
g

th
e

m
u
lt

ip
li
er

va
ri

ab
le

s
ξ 1
,.
..
,ξ
t

to
b

e
i.
i.
d
.
N

(0
,1

)
as

in
A

lg
or

it
h
m

1,
th

e
n
on

-p
ar

am
et

ri
c

b
o
ot

st
ra

p
ch

o
os

es
ξ i

=
ζ i
−

1,
w

h
er

e
(ζ

1
,.
..
,ζ
t)

is
a

sa
m

p
le

fr
om

a
m

u
lt

in
om

ia
l

d
is

tr
ib

u
ti

o
n
,

b
as

ed
on

to
ss

in
g
t

b
al

ls
in

to
t

eq
u
a
ll
y

li
ke

ly
b
in

s,
w

h
er

e
ζ i

is
th

e
n
u
m

b
er

of
b
al

ls
in

b
in
i.

H
en

ce
,

th
e

m
ea

n
an

d
va

ri
an

ce
of

ea
ch
ξ i

a
re

n
ea

rl
y

th
e

sa
m

e
as

b
ef

or
e,

w
it

h
E[
ξ i

]
=

0
an

d
va
r(
ξ i

)
=

1
−

1
/t

,
b
u
t

th
e

va
ri

ab
le

s
ξ 1
,.
..
,ξ
t

a
re

n
o

lo
n
ge

r
in

d
ep

en
d
en

t.
F

ro
m

a
m

or
e

al
go

ri
th

m
ic

v
ie

w
p

oi
n
t,

it
is

si
m

p
le

to
ch

ec
k

th
at

th
e

ch
oi

ce
o
f
ξ 1
,.
..
,ξ
t

b
as

ed
on

th
e

m
u
lt

in
om

ia
l

d
is

tr
ib

u
ti

on
is

eq
u
iv

al
en

t
to

sa
m

p
li
n
g

w
it

h
re

p
la

ce
m

en
t

fr
o
m

th
e

ro
w

s
of

Ã
an

d
B̃

.
T

h
e

u
n
d
er

ly
in

g
in

tu
it

io
n

fo
r

th
is

ap
p
ro

ac
h

is
b
a
se

d
on

th
e

fa
ct

th
a
t

fo
r

m
an

y
ty

p
es

of
sk

et
ch

in
g

m
at

ri
ce

s,
th

e
ro

w
s

of
S

ar
e

i.
i.
d
.,

w
h
ic

h
m

ak
es

th
e

ro
w

s
o
f
Ã

i.
i.
d
.,
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A
B
o
o
t
st

r
a
p
M
e
t
h
o
d

f
o
r
E
r
r
o
r
E
st

im
a
t
io
n
in

R
a
n
d
o
m
iz
e
d

M
a
t
r
ix

M
u
lt

ip
l
ic
a
t
io
n

a
n
d

likew
ise

fo
r

B̃
.

H
en

ce,
if

S
is

con
d
ition

ed
u
p

on
,

th
en

sam
p
lin

g
w

ith
rep

lacem
en

t
from

th
e

row
s

o
f
Ã

a
n
d

B̃
im

itates
th

e
ran

d
om

m
ech

an
ism

th
at

origin
ally

gen
erated

Ã
an

d
B̃

.

A
lg

o
rith

m
2

(N
o
n
-p

a
ra

m
e
tric

b
o
o
tstra

p
fo

r
ε
t ).

In
p

u
t:

th
e

n
u

m
ber

o
f

sa
m

p
les

B
,

a
n

d
th

e
sketch

es
Ã

a
n

d
B̃

.

F
o
r
b

=
1,...,B

d
o

1
.

D
ra

w
a

vecto
r

(i1 ,...,it )
by

sa
m

p
lin

g
t

n
u

m
bers

w
ith

rep
la

cem
en

t
fro

m
{
1,...,t}.

2
.

F
o
rm

m
a
trices

Ã
∗
∈

R
t×
d

a
n

d
B̃
∗
∈

R
t×
d ′

by
selectin

g
(respectively)

th
e

ro
w

s
fro

m
Ã

a
n

d
B̃

th
a
t

a
re

in
d
exed

by
(i1 ,...,it ).

3
.

C
o
m

p
u

te
th

e
boo

tstra
p

sa
m

p
le
ε ∗t,b

:=
∥∥
(Ã
∗)
T

(B̃
∗)−

Ã
T
B̃
∥∥∞

.

R
e
tu

rn
:
q̂

1−
α
(t)←

−
th

e
(1−

α
)-qu

a
n

tile
o
f

th
e

va
lu

es
ε ∗t,1 ,...,ε ∗t,B

.

4
.
M

a
in

re
su

lts

O
u
r

m
a
in

resu
lts

q
u
an

tify
h
ow

w
ell

th
e

estim
ate

q̂
1−
α
(t)

from
A

lgorith
m

1
ap

p
rox

im
ates

th
e

tru
e

va
lu

e
q

1−
α
(t),

an
d

th
is

w
ill

b
e

d
on

e
b
y

an
aly

zin
g

h
ow

w
ell

th
e

d
istrib

u
tion

of
a

b
o
o
tstra

p
sa

m
p
le
ε
?t,1

ap
p
rox

im
ates

th
e

d
istrib

u
tion

of
ε
t .

F
or

th
e

p
u
rp

oses
of

com
p
arin

g
d
istrib

u
tio

n
s,

w
e

w
ill

u
se

th
e

L
év

y
-P

roh
orov

m
etric,

d
efi

n
ed

b
elow

.

L
é
v
y
-P

ro
h

o
ro

v
(L

P
)

m
e
tric

.
L

et
L

(U
)

d
en

ote
th

e
d
istrib

u
tion

of
a

ran
d
om

variab
le

U
,

a
n
d

let
B

d
en

ote
th

e
collection

of
B

orel
su

b
sets

of
R

.
F

or
an

y
A
∈

B
,

an
d
δ
>

0,
d
efi

n
e

th
e
δ-n

eigh
b

orh
o
o
d
A
δ

:=
{
x
∈
R
∣∣

in
f
y∈
A
|x
−
y|≤

δ }
.

T
h
en

,
fo

r
an

y
tw

o
ran

d
om

va
ria

b
les

U
a
n
d
V

,
th

e
d

L
P

m
etric

b
etw

een
th

eir
d
istrib

u
tion

s
is

given
b
y

d
L

P
(L

(U
),L

(V
))

:=
in

f {
δ
>

0 ∣∣∣ P
(U
∈
A

)≤
P

(V
∈
A
δ)

+
δ

for
all

A
∈

B
}
.

T
h
e
d

L
P

m
etric

is
a

stan
d
ard

to
ol

for
com

p
arin

g
d
istrib

u
tion

s,
d
u
e

to
th

e
fact

th
at

co
n
verg

en
ce

w
ith

resp
ect

to
d

L
P

is
eq

u
ivalen

t
to

con
v
ergen

ce
in

d
istrib

u
tion

(H
u
b

er
an

d
R

o
n
ch

etti,
2
0
0
9
,

T
h
eorem

2.9).

A
p

p
ro

x
im

a
tin

g
q
u

a
n
tile

s.
A

n
im

p
ortan

t
p
rop

erty
of

th
e
d

L
P

m
etric

is
th

at
if

tw
o

d
istrib

u
tio

n
s

a
re

close
in

th
is

m
etric,

th
en

th
eir

q
u
an

tiles
are

close
in

th
e

follow
in

g
sen

se.
R

eca
ll

th
a
t

if
F
U

is
th

e
d
istrib

u
tion

fu
n
ction

of
a

ran
d
om

variab
le
U

,
th

en
th

e
(1−

α
)-q

u
an

tile
o
f
U

is
th

e
sam

e
as

th
e

gen
eralized

in
verse

F
−

1
U

(1−
α

)
:=

in
f{q∈

[0,∞
)|F

U
(q)≥

1−
α}

.
N

ex
t,

su
p
p

o
se

th
at

tw
o

ran
d
om

variab
les

U
an

d
V

satisfy

d
L

P (L
(U

),L
(V

) )
≤

ε,

fo
r

so
m

e
ε∈

(0,α
)

w
ith

α
∈

(0,1/
2).

T
h
en

,
th

e
q
u
an

tiles
of
U

an
d
V

are
clo

se
in

th
e

sen
se

th
a
t

∣∣F
−

1
U

(1−
α

)−
F
−

1
V

(1−
α

) ∣∣
≤

ψ
α
(ε),

(15)

w
h
ere

th
e

fu
n
ction

ψ
α
(ε)

:=
F
−

1
U

(1−
α

+
ε)−

F
−

1
U

(1−
α
−
ε)

+
ε

is
strictly

m
on

o
ton

e,
a
n
d

sa
tisfi

es
ψ
α
(0

)
=

0.
(F

or
a

p
ro

of,
see

L
em

m
a

15
of

A
p
p

en
d
ix

F
.)

In
lig

h
t

of
th

is
fact,

it
w

ill
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L
o
p
e
s,

W
a
n
g
,
a
n
d

M
a
h
o
n
e
y

b
e

m
ore

con
ven

ien
t

to
ex

p
ress

ou
r

resu
lts

for
ap

p
rox

im
atin

g
q

1−
α
(t)

in
term

s
of

th
e
d

L
P

m
etric.

4
.1

.
S

ta
te

m
e
n
ts

o
f

re
su

lts

O
u
r

m
ain

assu
m

p
tion

in
v
olves

th
ree

sep
arate

cases,
corresp

on
d
in

g
to

d
iff

eren
t

ch
oices

of
th

e
sk

etch
in

g
m

atrix
S

.

A
ssu

m
p

tio
n

1
T

h
e

d
im

en
sio

n
s
d

a
n

d
d ′

sa
tisfy

d
�
d ′.

A
lso

,
th

ere
is

a
po

sitive
a
bso

lu
te

co
n

sta
n

t
κ
≥

1
su

ch
th

a
t
d

1
/
κ
.

t
.

d
κ,

w
h
ich

is
to

sa
y

th
a
t

n
eith

er
d

n
o
r
t

gro
w

s
expo

n
en

tia
lly

w
ith

th
e

o
th

er.
In

a
d
d
itio

n
,

o
n

e
o
f

th
e

fo
llo

w
in

g
sets

o
f

co
n

d
itio

n
s

h
o
ld

s,
in

vo
lvin

g
th

e
pa

ra
m

eter
ν

(A
,B

)
:=
√
‖A

T
A
‖∞
‖
B
T
B
‖∞

.

(a
)

(S
u

b-G
a
u

ssia
n

ca
se).

T
h
e

en
tries

o
f

th
e

m
a
trix

S
=

[S
i,j ]

a
re

zero
-m

ea
n

i.i.d
.

su
b-

G
a
u

ssia
n

ra
n

d
o
m

va
ria

bles,
w

ith
E

[S
2i,j ]

=
1t ,

a
n

d
m

ax
i,j ‖ √

tS
i,j ‖

ψ
2 .

1.
F

u
rth

erm
o
re,

t
&

ν
(A
,B

)
2
/
3(log

d
)
5.

(b)
(L

en
gth

sa
m

p
lin

g
ca

se).
T

h
e

m
a
trix

S
is

gen
era

ted
by

len
gth

sa
m

p
lin

g,
w

ith
th

e
p
ro

ba
bilities

in
equ

a
tio

n
(5),

a
n

d
a
lso

,
t
&

(‖A
‖
F ‖

B
‖
F

)
2
/
3(log

d
)
5.

(c)
(S

R
H

T
ca

se).
T

h
e

m
a

trix
S

is
a
n

S
R

H
T

m
a
trix

a
s

d
efi

n
ed

in
equ

a
tio

n
(6),

a
n

d
a
lso

,
t&

ν
(A
,B

)
2
/
3(log

n
)
2(log

d
)
5.

C
la

rifi
c
a
tio

n
s

o
n

b
o
o
tstra

p
a
p

p
ro

x
im

a
tio

n
.

B
efore

statin
g

ou
r

m
ain

resu
lts

b
elow

,
it

is
w

orth
clarify

in
g

a
few

tech
n
ical

item
s.

F
irst,

sin
ce

ou
r

an
aly

sis
in

volv
es

cen
tral

lim
it

ty
p

e
ap

p
rox

im
atio

n
s

of
Ã
T
B̃
−

A
T
B

as
a

su
m

of
t

in
d
ep

en
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u
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u
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p
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p
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t0

th
at

are
m

u
ch

sm
aller

th
an

w
h
at

w
ou

ld
b

e
ex

p
ected

from
th

e
rates

in
T

h
eorem

s
1

an
d

2.

§N
o
te

th
a
t

sin
ce

1
9
/
2
0

=
0
.9

5
a
n

d
2
0
/
2
0

=
1
,

th
e

0
.9

9
q
u

a
n
tile

w
a
s

o
b
ta

in
ed

b
y

a
n

in
terp

o
la

tio
n

ru
le.

16
JM

L
R

 20(39):1-40, 2019



A
B
o
o
t
st

r
a
p
M
e
t
h
o
d

f
o
r
E
r
r
o
r
E
st

im
a
t
io
n
in

R
a
n
d
o
m
iz
e
d

M
a
t
r
ix

M
u
lt

ip
l
ic
a
t
io
n

(a
)

L
ow

st
ab

le
ra

n
k

d
at

a.

(b
)

H
ig

h
st

ab
le

ra
n
k

d
at

a.

F
ig

u
re

1:
E

x
tr

a-
D

1k
.

.

2

F
ig

u
re

2:
R

e
su

lt
s

fo
r

sy
n
th

e
ti

c
m

a
tr

ic
e
s.

T
h
e

b
la

ck
li
n
e

re
p
re

se
n
ts
q 0
.9

9
(t

)
as

a
fu

n
ct

io
n

of
t.

T
h
e

b
lu

e
st

ar
is

th
e

av
er

ag
e

b
o
ot

st
ra

p
es

ti
m

at
e

a
t

th
e

in
it

ia
l

sk
et

ch
si

ze
t 0

=
d
/
2

=
50

0,
an

d
th

e
b
lu

e
li
n
e

re
p
re

se
n
ts

th
e

av
er

a
ge

ex
tr

a
p

ol
at

ed
es

ti
m

at
e

E[
q̂

ex
t

0
.9

9
(t

)]
d
er

iv
ed

fr
om

th
e

st
ar

ti
n
g

va
lu

e
t 0

.
T

o
d
is

p
la

y
th

e
va

ri
ab

il
it

y
of

th
e

es
ti

m
at

es
,

th
e

gr
ee

n
an

d
ye

ll
ow

cu
rv

es
co

rr
es

p
on

d
to

th
e

10
0t

h
an

d
90

0t
h

la
rg

es
t

am
on

g
th

e
1,

00
0

re
al

iz
at

io
n
s

of
q̂

ex
t

0
.9

9
(t

)
at

ea
ch

t.

6
.
C
o
n
cl
u
si
o
n
s
a
n
d
e
x
te
n
si
o
n
s

In
th

is
p
ap

er
,

w
e

h
av

e
fo

cu
se

d
on

es
ti

m
at

in
g

th
e

q
u
an

ti
le
q 1
−
α
(t

)
as

a
w

ay
of

ad
d
re

ss
in

g
tw

o
fu

n
d
am

en
ta

l
is

su
es

in
ra

n
d
om

iz
ed

m
at

ri
x

m
u
lt

ip
li
ca

ti
on

:
(1

)
k
n
ow

in
g

h
ow

ac
cu

ra
te

a
gi

ve
n

sk
et

ch
ed

p
ro

d
u
ct

is
,

an
d

(2
)

k
n
ow

in
g

h
ow

m
u
ch

co
m

p
u
ta

ti
on

is
n
ee

d
ed

to
ac

h
ie

ve
a

sp
ec

ifi
ed

d
eg

re
e

of
ac

cu
ra

cy
.

W
it

h
re

ga
rd

to
m

et
h
o
d
ol

og
y,

ou
r

ap
p
ro

ac
h

is
re

la
ti

ve
ly

n
ov

el
in

th
at

it
u
se

s
th

e
st

at
is

ti
ca

l
te

ch
n
iq

u
e

of
b

o
ot

st
ra

p
p
in

g
to

se
rv

e
a

co
m

p
u
ta

ti
on

al
p
u
rp

os
e

—
b
y

q
u
an

ti
fy

in
g

th
e

er
ro

r
of

a
ra

n
d
om

iz
ed

sk
et

ch
in

g
al

go
ri

th
m

.
A

se
co

n
d

im
p

or
ta

n
t

co
m

p
on

en
t

of
ou

r
m

et
h
o
d

is
th

e
ex

tr
ap

ol
at

io
n

te
ch

n
iq

u
e,

w
h
ic

h
en

su
re

s
th

at
th

e
co

st
of

es
ti

m
at

in
g
q 1
−
α
(t

)
d
o
es

n
ot

su
b
st

an
ti

al
ly

in
cr

ea
se

th
e

ov
er

a
ll

co
st

of
st

an
d
ar

d
sk

et
ch

in
g

m
et

h
o
d
s.

F
u
rt

h
er

m
or

e,
ou

r
n
u
m

er
ic

al
re

su
lt

s
sh

ow
th

at
th

e
ex

tr
ap

ol
at

ed
es

ti
m

at
e

is
q
u
it

e
ac

cu
ra

te
in

a
va

ri
et

y
of

d
iff

er
en

t
si

tu
at

io
n
s,

su
gg

es
ti

n
g

th
at

ou
r

m
et

h
o
d

m
ay

off
er

a
ge

n
er

al
w

ay
to

en
h
an

ce
sk

et
ch

in
g

al
go

ri
th

m
s

in
p
ra

ct
ic

e.

E
x
te

n
si

o
n

s.
M

or
e

ge
n
er

al
ly

,
th

e
p
ro

b
le

m
s

w
e

h
av

e
a
d
d
re

ss
ed

fo
r

ra
n
d
om

iz
ed

m
at

ri
x

m
u
lt

ip
li
ca

ti
on

ar
is

e
fo

r
m

an
y

ot
h
er

la
rg

e-
sc

al
e

m
at

ri
x

co
m

p
u
ta

ti
on

s.
H

en
ce

,
it

is
n
at

u
ra

l
to

co
n
si

d
er

ex
te

n
si

on
s

of
ou

r
ap

p
ro

ac
h

to
m

or
e

co
m

p
le

x
se

tt
in

gs
,

an
d

in
th

e
re

m
ai

n
d
er

of
th

is
se

ct
io

n
,

w
e

b
ri

efl
y

m
en

ti
on

a
fe

w
p

os
si

b
il
it

ie
s

fo
r

fu
tu

re
st

u
d
y.
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9

L
o
p
e
s,

W
a
n
g
,
a
n
d

M
a
h
o
n
e
y

(a
)

C
o
n
n
ec

t
(n

=
6
7
,5
5
7

an
d

d
=

1
2
6
).

(b
)

D
N

A
(n

=
2
,0
0
0

an
d

d
=

1
8
0
).

(c
)

M
N

IS
T

(n
=

6
0
,0
0
0

an
d

d
=

7
8
0
).

(d
)

M
u
sh

ro
o
m

s
(n

=
8
,1
2
4

an
d

d
=

1
1
2
).

(e
)

P
ro

te
in

(n
=

1
7
,7
6
6

an
d

d
=

3
5
6
).

F
ig

u
re

4:
R

ea
l-
ex

tr
a.
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F
ig

u
re

3:
R

e
su

lt
s

fo
r

n
a
tu

ra
l

m
a
tr

ic
e
s.

T
h
e

re
su

lt
s

fo
r

th
e

n
at

u
ra

l
m

at
ri

ce
s

a
re

p
lo

tt
ed

in
th

e
sa

m
e

w
ay

as
d
es

cr
ib

ed
in

th
e

ca
p
ti

on
fo

r
th

e
re

su
lt

s
on

th
e

sy
n
th

et
ic

m
at

ri
ce

s.

18
JM

L
R

 2
0(

39
):

1-
40

, 2
01

9



A
B
o
o
t
st

r
a
p
M
e
t
h
o
d

f
o
r
E
r
r
o
r
E
st

im
a
t
io
n
in

R
a
n
d
o
m
iz
e
d

M
a
t
r
ix

M
u
lt

ip
l
ic
a
t
io
n

A
t

a
h
ig

h
level,

each
of

th
e

ap
p
lication

s
b

elow
d
eals

w
ith

an
ob

ject,
say

Θ
,

th
a
t

is
d
iffi

cu
lt

to
co

m
p
u
te,

as
w

ell
as

a
ran

d
om

ized
ap

p
rox

im
ation

,
say

Θ̃
,

th
at

is
b
u
ilt

from
a

sketch
in

g
m

a
trix

S
w

ith
t

row
s.

N
ex

t,
if

w
e

co
n
sid

er
th

e
ran

d
om

error
variab

le

ε
t

=
‖
Θ̃
−

Θ
‖,

fo
r

a
n

u
n
sp

ecifi
ed

n
orm

‖
·‖,

th
en

th
e

p
rob

lem
of

estim
atin

g
th

e
relatio

n
sh

ip
b

etw
een

a
ccu

ra
cy

an
d

com
p
u
tation

can
again

b
e

v
iew

ed
as

th
e

p
rob

lem
of

estim
atin

g
th

e
q
u
an

tile
fu

n
ctio

n
q

1−
α
(t)

asso
ciated

w
ith

ε
t .

In
tu

rn
,

th
is

lead
s

to
th

e
q
u
estion

of
h
ow

to
d
ev

elop
a

n
ew

b
o
o
tstra

p
p
ro

ced
u
re

th
at

can
gen

erate
ap

p
rox

im
ate

sam
p
les

of
ε
t ,

y
ield

in
g

an
estim

ate
q̂

1−
α
(t).

H
ow

ever,
in

stead
of

startin
g

from
th

e
m

u
ltip

lier
b

o
otstrap

(A
lgorith

m
1)

as
b

efore,
it

m
ay

b
e

co
n
cep

tu
ally

easier
to

ex
ten

d
th

e
n
on

-p
aram

etric
b

o
otstrap

(A
lgorith

m
2)

—
b

eca
u
se

th
e

la
tter

b
o
otstrap

can
v
iew

ed
as

a
“p

lu
g-in

”
p
ro

ced
u
re

th
at

rep
la

ces
A
T
B

w
ith

Ã
T
B̃

,
a
n
d

rep
laces

Ã
T
B̃

w
ith

(Ã
∗)
T

(B̃
∗).

•
L

in
ea

r
regressio

n
.

C
on

sid
er

a
m

u
lti-resp

on
se

lin
ear

regression
p
rob

lem
,
w

h
ere

th
e

row
s

o
f
B
∈
R
n×

d ′
are

resp
on

se
vectors,

an
d

th
e

row
s

of
A
∈
R
n×

d
are

in
p
u
t

ob
servation

s.
T

h
e

o
p
tim

al
solu

tion
to
`
2 -regression

is
given

b
y

W
o
p

t
=

argm
in

W
∈
R
d×
d ′ ∥∥

A
W
−

B
∥∥

2F
=

(A
T
A

) †A
T
B
,

w
h
ich

h
a
s
O

(n
d

2
+
n
d
d ′)

cost.
In

th
e

case
w

h
ere

m
ax{d

,d ′}
�

n
,

th
e

m
atrix

m
u
ltip

lica
tion

s
are

a
com

p
u
tation

al
b

ottlen
eck

,
an

d
an

ap
p
rox

im
ate

solu
tion

can
b

e
o
b
ta

in
ed

v
ia

W̃
o
p

t
=

(Ã
T
Ã

) †(Ã
T
B̃

),

w
h
ich

h
a
s

a
cost

O
(td

2
+
td
d ′)

+
C

sk
etch ,

w
h
ere

C
sk

etch
is

cost
of

m
atrix

sketch
-

in
g

(D
rin

eas
et

al.,
2006b

,
2011,

2012;
C

lark
son

an
d

W
o
o
d
ru

ff
,

2013).
In

ord
er

to

estim
ate

th
e

q
u
an

tile
fu

n
ction

asso
ciated

w
ith

th
e

error
variab

le
ε
t

=
‖
W̃

o
p

t −
W

o
p

t ‖
,

w
e

co
u
ld

con
sid

er
gen

eratin
g

b
o
o
tstrap

sam
p
les

of
th

e
form

ε ∗t
=
‖
W̃
∗o
p

t −
W̃

o
p

t ‖
,

w
h
ere

W̃
∗o
p

t
=

((Ã
∗)
T

(Ã
∗)) †(Ã

∗)
T

(B̃
∗).

F
or

recen
t

resu
lts

in
th

e
case

w
h
ere

W
is

a
vector,

w
e

refer
to

th
e

p
ap

er
(L

op
es

et
al.,

2018b
).

•
F

u
n

ctio
n

s
o
f

co
va

ria
n

ce
m

a
trices.

If
th

e
row

s
of

th
e

m
atrix

A
are

v
iew

ed
a
s

a
sam

p
le

o
f

o
b
serva

tion
s,

th
en

in
feren

ces
o
n

th
e

p
op

u
lation

covaria
n
ce

stru
ctu

re
are

often
b
ased

o
n

fu
n
ction

s
of

th
e

form
ψ

(A
T
A

).
F

or
in

stan
ce,

th
e

fu
n
ction

ψ
(A

T
A

)
cou

ld
b

e
th

e
to

p
eig

en
vector,

a
set

of
eigen

valu
es,

th
e

con
d
ition

n
u
m

b
er,

or
a

test
sta

tistic.
In

an
y

o
f

th
ese

cases,
if
ψ

(Ã
T
Ã

)
is

u
sed

as
a

fast
ap

p
rox

im
ation

(D
asara

th
y

et
a
l.,

2015),
th

en
th

e
sk

etch
in

g
error

ε
t

=
‖ψ

(Ã
T
Ã

)−
ψ

(A
T
A

)‖
m

igh
t

b
e

b
o
otstrap

p
ed

u
sin

g
ε ∗t

=
‖ψ

((Ã
∗)
T

(Ã
∗))−

ψ
(Ã

T
Ã

)‖.

•
A

p
p
ro

xim
a
te

N
ew

to
n

m
eth

od
s.

In
larg

e-scale
ap

p
lication

s,
N

ew
ton

’s
m

eth
o
d

is
often

im
p
ra

ctical,
sin

ce
it

in
v
olves

th
e

costly
p
ro

cessin
g

of
a

H
essian

m
atrix

.
A

s
an

ex
am

p
le,

co
n
sid

er
a
n

op
tim

ization
p
rob

lem
arisin

g
in

b
in

ary
classifi

cation
,

w
h
ere

th
e

row
s

of
X
∈

R
n×

d
are

ob
servation

s
x

1 ,...,x
n
∈

R
d,

an
d
y

1 ,...,y
n
∈
{
0
,1}

are
lab

els.
If

a
n
`
2 -reg

u
larized

logistic
classifi

er
is

u
sed

,
th

is
lead

s
to

m
in

im
izin

g
th

e
ob

jective
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L
o
p
e
s,

W
a
n
g
,
a
n
d

M
a
h
o
n
e
y

fu
n
ction

f
(w

)
=
∑

ni=
1

log (1
+
e −

y
i w

T
x
i )

+
γ2 ‖

w
‖

22
over

co
effi

cien
t

vectors
w

in
R
d.

T
h
e

asso
ciated

N
ew

ton
step

,
w

ith
step

size
κ

,
is

w
←

w
−
κ

H
−

1∇
f
,

in
volv

in
g

th
e

H
essian

H
=

A
T
A

+
γ
I
d ,

w
h
ere

A
=

d
iag (1

+
e
y
1
w
T
x
1,...,1

+
e
y
n
w
T
x
n )−

1X
.

If
d
�

n
,

th
e

cost
of

N
ew

ton
’s

m
eth

o
d

is
d
om

in
ated

b
y

th
e

form
ation

of
H

at
each

iteration
,

an
d

th
e

H
essian

m
atrix

can
b

e
ap

p
rox

im
ated

b
y

th
e

sketch
ed

version
H̃

=
Ã
T
Ã

+
γ
I
d ,

w
h
ich

red
u
ces

th
e

p
er-iteration

cost
from

O
(n
d

2)
to

O
(td

2
+
n
d
)

+
C

sk
etch

(P
ilan

ci
an

d
W

ain
w

righ
t,

2017;
R

o
osta-K

h
orasan

i
an

d
M

a-
h
on

ey
,

2016
;

X
u

et
al.,

2016).
In

th
is

con
tex

t,
th

e
q
u
ality

of
th

e
ap

p
rox

im
ate

N
ew

ton
step

cou
ld

b
e

assessed
in

term
s

of
th

e
error

ε
t

=
‖H̃
−

1∇
f
−

H
−

1∇
f‖,

an
d

in
tu

rn
,

th
is

m
igh

t
b

e
b

o
otstrap

p
ed

u
sin

g
ε ∗t

=
‖(H̃

∗) −
1∇
f
−

H̃
−

1∇
f‖,

w
h
ere

H̃
∗

=
(Ã
∗)
T

(Ã
∗)

+
γ
I
d .

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

th
an

k
th

e
an

on
y
m

ou
s

rev
iew

ers
for

th
eir

h
elp

fu
l

su
ggestion

s.
M

E
L

th
an

k
s

th
e

N
ation

al
S
cien

ce
F

ou
n
d
ation

for
p
artial

su
p
p

ort
u
n
d
er

gran
t

D
M

S
-1

613218.
M

W
M

w
ou

ld
like

to
th

an
k

th
e

N
ation

al
S
cien

ce
F

ou
n
d
ation

,
th

e
A

rm
y

R
esearch

O
ffi

ce,
an

d
th

e
D

efen
se

A
d
van

ced
R

esearch
P

ro
jects

A
gen

cy
for

p
rov

id
in

g
p
artial

su
p
p

ort
of

th
is

w
ork

.

A
p
p
e
n
d
ice

s

O
u

tlin
e

o
f

a
p

p
e
n

d
ic

e
s.

A
p
p

en
d
ix

A
ex

p
lain

s
th

e
m

ain
con

cep
tu

al
id

eas
u
n
d
erly

in
g

th
e

p
ro

ofs
of

T
h
eorem

s
1

an
d

2.
In

p
articu

lar,
th

e
p
ro

ofs
of

th
ese

th
eo

rem
s

w
ill

b
e

d
ecom

p
osed

in
to

tw
o

m
ain

resu
lts:

P
rop

osition
s

3
an

d
4,

w
h
ich

are
given

in
A

p
p

en
d
ix

A
.

A
p
p

en
d
ix

B
w

ill
p
rove

th
e

su
b
-G

au
ssia

n
case

of
P

rop
osition

3,
an

d
A

p
p

en
d
ix

C
w

ill
p
rove

th
e

su
b
-G

au
ssian

case
of

P
rop

osition
4.

L
ater

o
n
,

A
p
p

en
d
ices

D
an

d
E

,
w

ill
ex

p
lain

h
ow

th
e

argu
m

en
ts

can
b

e
ch

an
ged

to
h
an

d
le

th
e

len
gth

-sam
p
lin

g
an

d
S
R

H
T

cases.

C
o
n
v
e
n
tio

n
s

u
se

d
in

p
ro

o
fs.

If
eith

er
of

th
e

m
atrices

A
or

B
are

0
,

th
en

ε
t

h
as

a
triv

ial
p

oin
t-m

ass
d
istrib

u
tion

at
0.

In
th

is
d
egen

erate
case,

it
is

sim
p
le

to
ch

eck
th

a
t

th
e

b
o
otstrap

p
ro

d
u
ces

an
ex

act
ap

p
rox

im
ation

.
S
o,

w
ith

ou
t

loss
of

gen
erality,

all
p
ro

ofs
are

w
ritten

u
n
d
er

th
e

assu
m

p
tion

th
at

A
an

d
B

are
n
on

-zero.
N

ex
t,

sin
ce

A
ssu

m
p
tion

1
is

form
u
lated

u
sin

g
th

e
.

n
otation

,
th

ere
is

n
o

loss
of

gen
erality

in
carry

in
g

ou
t

calcu
lation

s
u
n
d
er

th
e

assu
m

p
tion

th
at

all
th

e
n
u
m

b
ers

t,n
,d
,d ′

are
at

least
8,

w
h
ich

w
ill

en
su

re
th

at
q
u
an

tities
su

ch
as

log
(d

)
are

greater
th

an
2.

L
astly,

if
a

n
u
m

b
ered

lem
m

a
is

in
vo
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p
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d
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at
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−
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b
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R
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d
efi

n
e

th
e

co
rr

es
p

on
d
in

g
b

o
ot

st
ra

p
p
ro

ce
ss

G
? t
(f

)
:=

1 √
t

t ∑ i=
1

ξ i
·(
f

(D
i)
−
f
( A

T
S
T
S

B
))
,

w
h
er

e
ξ 1
,.
..
,ξ
t

ar
e

i.
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d
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∈
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∈
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∈
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∈
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∈
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∈
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∈
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p
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b
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b
e

th
e

co
ll
ec

ti
on

of
al

l
th

e
tr

ip
le

s
j,

an
d

d
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d
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d
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∈F

G
? t
(f

j)
.

A
.2

.
S

ta
te

m
e
n
ts

o
f

th
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p
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b
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b
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p
ar

is
o
n

w
it

h
th
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p
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→
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p
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=
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T
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p
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∈
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d
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d
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al

iz
at

io
n

of
D
◦ n)

to
h
av

e
it

s
co

va
ri

a
n
ce

st
ru

ct
u
re

gi
ve

n
b
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m
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m
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p
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at
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p
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p
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p
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p
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p
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p
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p
ti

o
n

1
(a

)
h
o
ld

s,
th

en
th

e
fo

ll
o
w

-
in

g
bo

u
n

d
h
o
ld

s
w

it
h

p
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1 d
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√
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p
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p
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1 d
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√
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p
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p
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1 d
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δ √
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δ √
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b
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√
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b
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p
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rem
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o
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‖
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‖
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‖
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‖
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j
1 ·e

Tj
2 B

T
B

e
j
2 )

3
/
2

≤
c
ν

(A
,B

)
3,

(33)

w
h
ich

p
roves

th
e

claim
ed

b
ou

n
d

in
lin

e
(28

).

N
ex

t,
regard

in
g
K
t (δ),

let
u
s

con
sid

er
th

e
ran

d
om

variab
le

η
:=

m
ax

f
j ∈

F
|f

j (M
1 )|.

It
follow

s
from

L
em

m
a

9
(p

art
4)

an
d

L
em

m
a

13
in

A
p
p

en
d
ix

F
th

at
K
t (δ)

can
b

e
b

ou
n
d
ed

in
term

s
of

th
e

O
rlicz

n
orm

‖
η‖

ψ
1 ,

K
t (δ)≤

c (
δ √

t
lo

g
(card

(F
))

+
‖η‖

ψ
1 )

3·ex
p
(−

δ √
t

‖
η‖
ψ
1

lo
g
(card

(F
) ).

T
o

h
an

d
le
‖
η‖

ψ
1 ,

it
follow

s
from

L
em

m
a

9
(p

art
3),

th
at

‖η‖
ψ
1 ≤

c
log

(card
(F

))·
m

ax
f
j ∈

F
‖
f
j (M

1 )‖
ψ
1 .

(34)

F
u
rth

erm
ore,

d
u
e

to
th

e
earlier

calcu
lation

startin
g

at
lin

e
(32)

ab
ove,

‖f
j (M

1 )‖
ψ
1 ≤

c
ν

(A
,B

).
(35)

C
om

b
in

in
g

th
e

last
few

step
s,

w
e

con
clu

d
e

th
at

K
t (δ)≤

c (
δ √

t
lo

g
(ca

rd
(F

))
+

log
(card

(F
))ν

(A
,B

) )
3·

ex
p (
−

δ √
t

cν
(A
,B

)
lo

g
2
(ca

rd
(F

)) )
.

(36)

L
astly,

w
e

tu
rn

to
b

ou
n
d
in

g
J
t (δ).

F
o
rtu

n
ately,

m
u
ch

of
th

e
argu

m
en

t
for

b
ou

n
d
in

g
K
t (δ)

can
b

e
carried

over.
S
p

ecifi
cally,

con
sid

er
th

e
ra

n
d
om

variab
le

ζ
:=

m
ax

f
j ∈

F
|G

(f
j )|.

¶
In

th
is

step
,

w
e

u
se

th
e

a
ssu

m
p

tio
n

th
a
t‖ √

tS
i,j ‖

ψ
2 ≤

c
fo

r
a
ll
i

a
n

d
j.
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A
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st

r
a
p
M
e
t
h
o
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f
o
r
E
r
r
o
r
E
st

im
a
t
io
n
in

R
a
n
d
o
m
iz
e
d

M
a
t
r
ix

M
u
lt

ip
l
ic
a
t
io
n

L
em

m
a

13
in

A
p
p

en
d
ix

F
sh

ow
s

th
at
J
t(
δ)

ca
n

b
e

b
ou

n
d
ed

in
te

rm
s

of
‖ζ
‖ ψ

1
,

J
t(
δ)
≤
c(

δ
√
t

lo
g
(c

a
rd

(F
))

+
‖ζ
‖ ψ

1

) 3
·e

x
p
(
−

δ
√
t

‖ζ
‖ ψ

1
lo

g
(c

a
rd

(F
))

) .

P
ro

ce
ed

in
g

in
a

w
ay

th
at

is
si

m
il
ar

to
th

e
b

ou
n
d

fo
r
K
t(
δ)

,
it

fo
ll
ow

s
fr

om
p
ar

t
(3

)
of

L
em

m
a

9
th

at

‖ζ
‖ ψ

1
≤
c

lo
g
(c
ar
d
(F

))
·m

ax
f
j
∈F
‖G

(f
j)
‖ ψ

1
.

F
u
rt

h
er

m
or

e,
fo

r
ev

er
y
f j
∈

F
,

th
e

fa
ct

s
in

L
em

m
a

9
im

p
ly

‖G
(f

j)
‖ ψ

1
≤

c
‖G

(f
j)
‖ ψ

2

≤
c√

va
r(
G

(f
j)

)

=
c√

va
r(
f j

(D
1
))

(b
y

d
efi

n
it

io
n

of
G

)

≤
c‖
f j

(D
1
)‖

2

≤
c‖
f j

(D
1
)‖
ψ
1

(3
7)

≤
c
‖f

j(
D

1
)
−

E[
f j

(D
1
)‖
ψ
1

+
c
|E

[f
j(

D
1
)]
|

=
c‖
f j

(M
1
)‖
ψ
1

+
c
|tr

(B
C
T j
A

)|

≤
c
ν

(A
,B

),
(3

8)

w
h
er

e
th

e
la

st
st

ep
fo

ll
ow

s
fr

om
th

e
b

ou
n
d
s

(3
2)

th
ro

u
gh

(3
3)

,
an

d
th

e
fa

ct
th

at
|tr

(B
C
T j
A

)|
≤
ν

(A
,B

).
C

on
se

q
u
en

tl
y,

u
p

to
a

co
n
st

an
t

fa
ct

or
,
J
t(
δ)

sa
ti

sfi
es

th
e

sa
m

e
b

ou
n
d

as
K
t(
δ)

gi
v
en

in
li
n
e

(3
6)

,
an

d
th

is
p
ro

v
es

th
e

cl
ai

m
in

li
n
e

(2
9)

.

A
p
p
e
n
d
ix

C
.
P
ro

o
f
o
f
P
ro

p
o
si
ti
o
n
4
,
p
a
rt

(a
)

W
e

w
il
l

sh
ow

th
er

e
is

a
se

t
of

“g
o
o
d
”

sk
et

ch
in

g
m

at
ri

ce
s

S
⊂

R
t×
n

w
it

h
th

e
fo

ll
ow

in
g

tw
o

p
ro

p
er

ti
es

.
F

ir
st

,
a

ra
n
d
om

ly
d
ra

w
n

sk
et

ch
in

g
m

at
ri

x
S

is
li
k
el

y
to

fa
ll

in
S

.
N

am
el

y,

P(
S
∈

S
)
≥

1
−

1 t
.

(3
9)

S
ec

on
d
,

w
h
en

ev
er

th
e

ev
en

t
{S
∈

S
}

o
cc

u
rs

,
w

e
h
av

e
th

e
fo

ll
ow

in
g

b
ou

n
d

fo
r

an
y
δ
>

0
an

d
an

y
B

or
el

se
t
A
⊂

R
,

P(
m

ax
f
j
∈F

G
? t
(f

j)
∈
A
∣ ∣ ∣S
)
≤

P(
m

ax
f
j
∈F

G
(f

j)
∈
A
δ
)

+
c
ν
(A
,B

)·
lo

g
(c
ar
d
(F

))

δ
t1
/
4

.
(4

0)

If
w

e
se

t
δ

to
th

e
p
ar

ti
cu

la
r

ch
oi

ce
δ 0

:=
t−

1
/
8
√
ν

(A
,B

)
·l

og
(c
ar
d
(F

))
,

th
en

δ 0
so

lv
es

th
e

eq
u
at

io
n

δ 0
=

ν
(A
,B

)·
lo

g
(c
ar
d
(F

))

δ 0
t1
/
4

.
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L
o
p
e
s,

W
a
n
g
,
a
n
d

M
a
h
o
n
e
y

C
on

se
q
u
en

tl
y,

b
y

th
e

d
efi

n
it

io
n

of
th

e
d

L
P

m
et

ri
c,

th
is

im
p
li
es

th
at

w
h
en

ev
er

th
e

ev
en

t
{S
∈

S
}

o
cc

u
rs

,
w

e
h
av

e

d
L

P

( L
(Z

? t
|S

)
,
L(
Z

))
≤

c
t−

1
/
8
√
ν

(A
,B

)
·l

og
(c
ar
d
(F

))
,

(4
1
)

an
d

th
is

im
p
li
es

th
e

st
at

em
en

t
of

P
ro

p
os

it
io

n
4.

T
o

p
ro

ce
ed

w
it

h
th

e
m

ai
n

ar
gu

m
en

t
of

co
n
st

ru
ct

in
g

S
an

d
d
em

o
n
st

ra
ti

n
g

th
e

tw
o

p
ro

p
er

ti
es

(3
9)

an
d

(4
0)

,
it

is
h
el

p
fu

l
to

th
in

k
of

G
? t

(c
on

d
it

io
n
al

ly
on

S
)

an
d
G

a
s

G
a
u
ss

ia
n

ve
ct

or
s

of
d
im

en
si

on
ca
rd

(F
)

=
2
d
d
′ .

F
ro

m
th

is
p

oi
n
t

of
v
ie

w
,

w
e

ca
n

co
m

p
a
re

th
e

m
a
x
im

a
of

th
es

e
ve

ct
or

s
u
si

n
g

a
re

su
lt

d
u
e

to
C

h
er

n
oz

h
u
k
ov

et
al

.
(2

01
6,

T
h
eo

re
m

3
.2

).
U

n
d
er

o
u
r

as
su

m
p
ti

on
s,

th
is

re
su

lt
im

p
li
es

th
a
t

fo
r

an
y

re
al

iz
at

io
n

of
S

,
an

y
n
u
m

b
er
δ
>

0
,

a
n
d

a
n
y

B
or

el
se

t
A
⊂

R
,

w
e

h
av

e

P(
m

ax
f
j
∈F

G
? t
(f

j)
∈
A
∣ ∣ ∣S
)
≤

P(
m

ax
f
j
∈F

G
(f

j)
∈
A
δ
)

+
c√

∆
t
(S

)
lo

g
(c
ar
d
(F

))

δ
,

w
h
er

e
w

e
d
efi

n
e

th
e

fo
ll
ow

in
g

fu
n
ct

io
n

of
S

,

∆
t(

S
)

:=
m

ax
(f

j
,f

k
)∈

F
×

F

∣ ∣ ∣ ∣E
[ G

? t
(f

j)
G
? t
(f

k
)∣ ∣ S
] −

E[
G

(f
j)
G

(f
k
)]
∣ ∣ ∣ ∣.

(4
2
)

W
h
en

re
fe

re
n
ci

n
g

T
h
eo

re
m

3.
2

fr
om

th
e

p
ap

er
C

h
er

n
oz

h
u
k
ov

et
al

.
(2

01
6
),

n
o
te

th
a
t

E[
G

(f
j)

]
=

0
an

d
E[
G
? t
(f

j)
|S

]
=

0
fo

r
al

l
f j
∈

F
.

T
o

in
te

rp
re

t
∆
t(

S
),

it
m

ay
b

e
v
ie

w
ed

a
s

th
e
` ∞

-d
is

ta
n
ce

b
et

w
ee

n
th

e
co

va
ri

an
ce

m
at

ri
ce

s
as

so
ci

at
ed

w
it

h
G
? t

(c
on

d
it

io
n
a
ll
y

o
n

S
)

an
d
G

.
U

si
n
g

th
e

ab
ov

e
n
ot

at
io

n
,

w
e

d
efi

n
e

th
e

se
t

of
sk

et
ch

in
g

m
at

ri
ce

s
S
⊂

R
n
×
t

a
cc

o
rd

in
g

to
S
∈

S
if

an
d

on
ly

if
∆
t(

S
)
≤

c √
t
·ν

(A
,B

)2
·l

og
(c
ar
d
(F

))
.

(4
3
)

B
as

ed
on

th
is

d
efi

n
it

io
n
,

it
is

si
m

p
le

to
ch

ec
k

th
at

th
e

p
ro

o
f

is
re

d
u
ce

d
to

sh
ow

in
g

th
a
t

th
e

ev
en

t
{S
∈

S
}

o
cc

u
rs

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−

1 t
−

1 d
d
′.

T
h
is

is
gu

a
ra

n
te

ed
b
y

th
e

le
m

m
a

b
el

ow
.

L
e
m

m
a

5
S

u
p
po

se
A

ss
u

m
p
ti

o
n

1
(a

)
h
o
ld

s.
T

h
en

,
th

e
ev

en
t

∆
t(

S
)
≤

c √
t
·ν

(A
,B

)2
·l

og
( c
ar
d
(F

))

oc
cu

rs
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

1 t
−

1 d
d
′.

P
ro

o
f

W
e

b
eg

in
b
y

b
ou

n
d
in

g
∆
t(

S
)

w
it

h
tw

o
ot

h
er

q
u
an

ti
ti

es
(t

o
b

e
d
en

o
te

d
∆
′ t(

S
),

∆
′′ t(

S
))

th
at

ar
e

ea
si

er
to

b
ou

n
d
.

U
si

n
g

th
e

fa
ct

th
at

1 t

∑
t i=

1
D
i

=
A
T
S
T
S

B
it

ca
n

b
e

ch
ec

ke
d

th
at

E[
G
? t
(f

j)
G
? t
(f

k
)∣ ∣ S
]

=
( 1 t

∑
t i=

1
f j

(D
i)
f k

(D
i)
)
−
( 1 t

∑
t i=

1
f j

(D
i)
)
·(

1 t

∑
t i=

1
f k

(D
i)
) .

S
im

il
ar

ly
,

re
ca

ll
fr

om
li
n
e

(2
2)

th
at

E[
G

(f
j)
G

(f
k
)]

=
E[
f j

(D
1
)f

k
(D

1
)] −

E[
f j

(D
1
)]
·E

[f
k
(D

1
)]
.

26
JM

L
R

 2
0(

39
):

1-
40

, 2
01

9



A
B
o
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r
a
p
M
e
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E
r
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r
E
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n
in

R
a
n
d
o
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iz
e
d

M
a
t
r
ix

M
u
lt

ip
l
ic
a
t
io
n

F
ro

m
lo

o
k
in

g
a
t

th
e

last
tw

o
lin

es,
it

is
n
atu

ral
to

d
efi

n
e

th
e

follow
in

g
zero

-m
ea

n
ran

d
om

varia
b
les

fo
r

a
n
y

trip
le
i,j,k

, ‖

Q
i,j,k

:=
f
j (D

i )f
k
(D

i )−
E [f

j (D
i )f

k
(D

i ) ],

a
n
d

R
t,j

:=
1t ∑

ti=
1 (f

j (D
i )−

E
[f

j (D
i )] ).

T
h
en

,
so

m
e

alg
eb

ra
sh

ow
s

th
at

E [G
?t (f

j )G
?t (f

k
) ∣∣S ]−

E [G
(f

j )G
(f

k
) ]

=
(

1t ∑
ti=

1
Q
i,j,k )

−
R
t,j ·R

t,k

−
E [f

j (D
1 ) ]·

R
t,k −

E [f
k
(D

1 ) ]·
R
t,j .

S
o
,

if
w

e
d
efi

n
e

th
e

q
u
an

tities∆
′t (S

)
:=

m
ax

(j,k
)∈

J
×

J

∣∣∣∣
1t

t
∑i=

1

Q
i,j,k ∣∣∣∣ ,

∆
′′t (S

)
:=

m
ax

j∈
J

∣∣R
t,j ∣∣,

th
en

∆
t (S

)
≤

∆
′t (S

)
+

∆
′′t (S

)
2

+
2
ν

(A
,B

)·∆
′′t (S

),

w
h
ere

w
e

h
av

e
m

ad
e

u
se

of
th

e
sim

p
le

b
ou

n
d
|E

[f
j (D

1 )]|≤
‖A

T
B
‖∞
≤
ν

(A
,B

).
T

h
e

fo
llow

in
g

lem
m

a
estab

lish
es

tail
b

ou
n
d
s

for
∆
′t (S

)
an

d
∆
′′t (S

),
w

h
ich

lead
to

th
e

statem
en

t
o
f

P
ro

p
o
sitio

n
4.

L
e
m

m
a

6
S

u
p
po

se
A

ssu
m

p
tio

n
1

(a
)

h
o
ld

s.
T

h
en

,
th

e
even

t

∆
′t (S

)
≤

c√t ·
ν

(A
,B

)
2·log (card

(F
) )

(i)

occu
rs

w
ith

p
ro

ba
bility

a
t

lea
st

1−
1t ,

a
n

d
th

e
even

t

∆
′′t (S

)
≤

c√t ·ν
(A
,B

)· √
log (card

(F
) )

(ii)

occu
rs

w
ith

p
ro

ba
bility

a
t

lea
st

1−
1d
d ′ .

‖N
o
te

th
a
t
Q
i,j,k

is
a

m
u

ltiva
ria

te
p

o
ly

n
o
m

ia
l

o
f

d
eg

ree-4
in

th
e

va
ria

b
les

S
i,j ,

a
n
d

so
tech

n
iq

u
es

b
a
sed

o
n

m
o
m

en
t

g
en

era
tin

g
fu

n
ctio

n
s,

lik
e

C
h

ern
o
ff

b
o
u

n
d

s,
a
re

n
o
t

g
en

era
lly

a
p

p
lica

b
le

to
co

n
tro

llin
g
Q
i,j,k

.
F

o
r

in
sta

n
ce,

if
X
∼
N

(0
,1

),
th

en
th

e
va

ria
b

le
X

4
d

o
es

n
o
t

h
av

e
a

m
o
m

en
t

g
en

era
tin

g
fu

n
ctio

n
.

H
a
n

d
lin

g
th

is
o
b

sta
cle

is
a

n
o
ta

b
le

a
sp

ect
o
f

o
u

r
a
n

a
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L
o
p
e
s,

W
a
n
g
,
a
n
d

M
a
h
o
n
e
y

P
ro

o
f

o
f

L
e
m

m
a

6
(i).

L
et
p
>

2.
D

u
e

to
p
art

(3)
of

L
em

m
a

9
in

A
p
p

en
d
ix

F
,

w
e

h
av

e

‖∆
′t (S

)‖
p
≤
(card

(F
)
2 )

1
/
p·

m
ax

(j,k
)∈

J
×

J

∥∥∥∥
1t ∑

ti=
1
Q
i,j,k ∥∥∥∥

p .
(44)

N
ote

th
at

each
variab

le
Q
i,j,k

h
as

m
om

en
ts

of
all

ord
ers,

an
d

w
h
en

j
an

d
k

are
h
eld

fi
x
ed

,
th

e
seq

u
en

ce{
Q
i,j,k }

1≤
i≤
t

is
i.i.d

.
F

or
th

is
reason

,
it

is
n
atu

ral
to

u
se

R
osen

th
al’s

in
eq

u
ality

to
b

ou
n
d

th
e
L
p

n
orm

of
th

e
righ

t
sid

e
of

th
e

p
rev

iou
s

lin
e.

S
p

ecifi
cally,

th
e

v
ersion

of
R

osen
th

al’s
in

eq
u
ality ∗∗

stated
in

L
em

m
a

10
in

A
p
p

en
d
ix

F
lead

s
to

∥∥∥
1t ∑

ti=
1
Q
i,j,k ∥∥∥

p ≤
c·

p
/

lo
g
(p

)
t
·
m

ax {∥∥∥ ∑
ti=

1
Q
i,j,k ∥∥∥

2
, (∑

ti=
1 ‖
Q
i,j,k ‖

pp )
1
/
p }
.

(45)

T
h
e
L

2
n
orm

on
th

e
righ

t
sid

e
of

R
osen

th
al’s

in
eq

u
ality

(45)
satisfi

es
th

e
b

ou
n
d

∥∥∥ ∑
ti=

1
Q
i,j,k ∥∥∥

2
=

√
var( ∑

ti=
1
Q
i,j,k

)

=
√
t √

var(Q
1
,j,k

)

=
√
t √

var (f
j (D

1 )
f
k
(D

1 ) )

≤
√
t ∥∥∥
f
j (D

1 )
f
k
(D

1 ) ∥∥∥
2

≤
√
t ∥∥
f
j (D

1 ) ∥∥
4 · ∥∥

f
k
(D

1 ) ∥∥
4

(C
au

ch
y
-S

ch
w

arz)

≤
c √
t ∥∥
f
j (D

1 ) ∥∥
ψ
1 · ∥∥

f
k
(D

1 ) ∥∥
ψ
1

(L
em

m
a

9)

≤
c √

tν
(A
,B

)
2,

w
h
ere

th
e

last
step

follow
s

from
th

e
fact

‖f
j (D

1 )‖
ψ
1 ≤

c
ν

(A
,B

),
(46)

ob
tain

ed
in

th
e

b
ou

n
d
s

(32)
th

rou
gh

(3
3).

N
ex

t,
to

h
an

d
le

th
e
L
p

n
orm

s
in

th
e

b
ou

n
d

(45),
ob

serve
th

a
t

‖
Q

1
,j,k ‖

p
≤

∥∥
f
j (D

1 )f
k
(D

1 ) ∥∥
p

+
∣∣E [f

j (D
1 )f

k
(D

1 ) ] ∣∣

≤
2 ∥∥
f
j (D

1 ) ∥∥
2
p · ∥∥

f
k
(D

1 ) ∥∥
2
p

(C
au

ch
y
-S

ch
w

arz)

≤
c
p

2 ∥∥
f
j (D

1 ) ∥∥
ψ
1 · ∥∥

f
k
(D

1 ) ∥∥
ψ
1

(L
em

m
a

9
in

A
p
p

en
d
ix

F
)

≤
c
p

2
ν

(A
,B

)
2

(in
eq

u
ality

(46)).

H
en

ce,
th

e
secon

d
term

in
th

e
R

osen
th

al
b

ou
n
d

(45)
satisfi

es

(∑
ti=

1 ‖
Q
i,j,k ‖

pp )
1
/
p
≤

c·
p

2·t 1
/
p·
ν

(A
,B

)
2,

∗∗H
ere

w
e

a
re

u
sin

g
th

e
v
ersio

n
o
f

R
o
sen

th
a
l’s

in
eq

u
a
lity

w
ith

th
e

o
p

tim
a
l

d
ep

en
d

en
ce

o
n
p
.

It
is

a
n

o
ta

b
le

a
sp

ect
o
f

o
u

r
a
rg

u
m

en
t

th
a
t

it
m

a
k
es

essen
tia

l
u

se
o
f

th
is

sca
lin

g
in
p
.
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A
B
o
o
t
st

r
a
p
M
e
t
h
o
d

f
o
r
E
r
r
o
r
E
st

im
a
t
io
n
in

R
a
n
d
o
m
iz
e
d

M
a
t
r
ix

M
u
lt

ip
l
ic
a
t
io
n

an
d

as
lo

n
g

as
th

e
fi
rs

t
te

rm
in

th
e

R
os

en
th

a
l

b
ou

n
d

d
om

in
at

es
††

,
i.
e.

p
2
t1
/
p
.
t1
/
2

(4
7)

th
en

w
e

co
n
cl

u
d
e

th
at

fo
r

an
y

j
an

d
k

,

∥ ∥ ∥1 t

∑
t i=

1
Q
i,
j,
k

∥ ∥ ∥ p
≤

c·(
p
/

lo
g
(p

))
·ν

(A
,B

)2
√
t

.

S
in

ce
th

e
p
re

v
io

u
s

b
ou

n
d

d
o
es

n
o
t

d
ep

en
d

on
j

or
k

,
co

m
b
in

in
g

it
w

it
h

th
e

fi
rs

t
st

ep
in

li
n
e

(4
4)

le
ad

s
to

∥ ∥ ∆
′ t(

S
)∥ ∥
p
≤

c
·(
p
/

lo
g
(p

))
·c
ar
d
(F

)2
/
p
·ν

(A
,B

)2
√
t

.

N
ex

t,
w

e
co

n
ve

rt
th

is
n
or

m
b

ou
n
d

in
to

a
ta

il
b

ou
n
d
.

S
p

ec
ifi

ca
ll
y,

if
w

e
co

n
si

d
er

th
e

va
lu

e

x
p

:=
c
·(
p
/

lo
g
(p

))
·c
ar
d
(F

)2
/
p
·ν

(A
,B

)2
√
t
·t

1
/
p

th
en

M
ar

ko
v
’s

in
eq

u
al

it
y

gi
v
es P(

∆
′ t(

S
)
≥
x
p

)
≤
‖∆
′ t(
S

)‖
p p

x
p p
≤

1 t
.

C
on

si
d
er

in
g

th
e

ch
oi

ce
of
p

gi
ve

n
b
y

p
=

lo
g
(c
ar
d
(F

))
,

an
d

n
ot

in
g

th
at

ca
rd

(F
)1
/
p

=
e,

it
fo

ll
ow

s
th

at
u
n
d
er

th
is

ch
oi

ce
of
p
,

x
p
≤
( c
·ν

(A
,B

)2
·lo

g
(c
ar
d
(F

))
√
t

)
·(

t1
/
p

lo
g
(p

)

) .

M
or

eo
ve

r,
as

lo
n
g

as
t
.

ca
rd

(F
)κ

fo
r

so
m

e
ab

so
lu

te
co

n
st

an
t
κ
≥

1
(w

h
ic

h
h
ol

d
s

u
n
d
er

A
ss

u
m

p
ti

on
1)

,
th

en
th

e
la

st
fa

ct
or

on
th

e
ri

gh
t

sa
ti

sfi
es

(
t1
/
p

lo
g
(p

)

) ≤
(c
ar
d
(F

)1
/
p
)κ

lo
g
(p

)
=

eκ

lo
g
(l

o
g
(c
ar
d
(F

))
.

1.

S
o,

co
m

b
in

in
g

th
e

la
st

fe
w

st
ep

s,
th

er
e

is
an

ab
so

lu
te

co
n
st

an
t
c

su
ch

th
at

P(
∆
′ t(

S
)
≥

c·ν
(A
,B

)2
·lo

g
(c
ar
d
(F

))
√
t

)
≤

1 t
,

as
n
ee

d
ed

.

††
U

n
d

er
th

e
ch

o
ic

e
o
f
p

=
lo

g
(c
ar
d
(F

))
=

lo
g
(2
d
d
′ )

th
a
t

w
il

l
b

e
m

a
d

e
a
t

th
e

en
d

o
f

th
is

a
rg

u
m

en
t,

it
is

st
ra

ig
h
tf

o
rw

a
rd

to
ch

ec
k

th
a
t

th
e

co
n

d
it

io
n

(4
7
)

h
o
ld

s
u

n
d

er
A

ss
u

m
p

ti
o
n

1
.
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L
o
p
e
s,

W
a
n
g
,
a
n
d

M
a
h
o
n
e
y

P
ro

o
f

o
f

L
e
m

m
a

6
(i

i)
.

N
ot

e
th

a
t

fo
r

ea
ch

i
∈

[t
]

an
d

j
∈

J
,

w
e

h
av

e

f j
(D

i)
−

E[
f j

(D
i)

]
=

f j
(M

i)
=

sT i
(B

C
T j
A
T

)s
i
−

tr
(B

C
T j
A
T

),
(4

8
)

w
h
ic

h
is

a
ce

n
te

re
d

su
b
-G

au
ss

ia
n

q
u
ad

ra
ti

c
fo

rm
.

D
u
e

to
th

e
b

ou
n
d

(3
5)

,
w

e
h
av

e

∥ ∥ ∥f
j(

D
i)
−

E[
f j

(D
i)

]∥ ∥ ∥ ψ
1

≤
c
ν

(A
,B

).
(4

9
)

F
u
rt

h
er

m
or

e,
th

is
ca

n
b

e
co

m
b
in

ed
w

it
h

a
st

an
d
ar

d
co

n
ce

n
tr

at
io

n
b

ou
n
d

fo
r

su
m

s
o
f

in
d
ep

en
d
en

t
su

b
-e

x
p

on
en

ti
al

ra
n
d
om

va
ri

ab
le

s
(L

em
m

a
12

)
to

sh
ow

th
at

fo
r

a
n
y
r
≥

0,

P( ∣ ∣ ∣
1 t

∑
t i=

1
f j

(D
i)
−

E[
f j

(D
i)

]∣ ∣ ∣
≥

r
ν

(A
,B

))
≤

2
ex

p
(
−
c
·t
·m

in
(r

2
,r

)) .
(5

0
)

H
en

ce
,

ta
k
in

g
a

u
n
io

n
b

ou
n
d

ov
er

al
l
j

gi
ve

s

P(
∆
′′ t(

S
)
≥

r
ν

(A
,B

))
≤

2
ex

p
( lo

g
(c
ar
d
(F

))
−
c
·t
·m

in
(r

2
,r

)) .
(5

1
)

R
eg

ar
d
in

g
th

e
ch

oi
ce

of
r,

n
ot

e
th

at
b
y

A
ss

u
m

p
ti

on
1,

w
e

h
av

e
1 √
t

√
lo

g
(c
ar
d
(F

))
.

1
.

It

fo
ll
ow

s
th

at
th

er
e

is
a

su
ffi

ci
en

tl
y

la
rg

e
ab

so
lu

te
co

n
st

an
t
c 1
>

0
su

ch
th

at
if

w
e

p
u
t

r
=

c 1 √
t

√
lo

g
(c
ar
d
(F

))
,

th
en

c
t

m
in

(r
2
,r

)
≥

2
lo

g
(c
ar
d
(F

))
,

w
h
er

e
c

is
th

e
sa

m
e

as
in

th
e

b
ou

n
d

(5
1)

.
In

tu
rn

,
th

is
im

p
li
es

P(
∆
′′ t(

S
)
≥

c 1 √
t

√
lo

g
(c
ar
d
(F

))
·ν

(A
,B

))
≤

2
ex

p
(−

lo
g
(c
ar
d
(F

))
=

1 d
d
′,

(5
2
)

as
d
es

ir
ed

.

A
p
p
e
n
d
ix

D
.
P
ro

o
f
o
f
P
ro

p
o
si
ti
o
n
s
3
a
n
d
4
in

ca
se

(b
)
(l
e
n
g
th

sa
m
p
li
n
g
)

In
or

d
er

to
ca

rr
y

ou
t

th
e

p
ro

of
P

ro
p

os
it

io
n
s

3
an

d
4

in
th

e
ca

se
of

le
n
g
th

sa
m

p
li
n
g

(A
ss

u
m

p
ti

on
1

(b
))

,
th

er
e

ar
e

on
ly

tw
o

b
ou

n
d
s

th
at

n
ee

d
to

b
e

u
p

d
at

ed
.

N
a
m

el
y,

w
e

m
u
st

d
er

iv
e

n
ew

b
ou

n
d
s

on
‖f

j(
D

1
)
−
E[
f j

(D
1
)]
‖ ψ

1
an

d
‖f

j(
D

1
)‖
ψ
1

in
or

d
er

to
a
cc

o
u
n
t

fo
r

th
e

n
ew

d
is

tr
ib

u
ti

on
al

as
su

m
p
ti

on
s

in
ca

se
(b

).
B

ot
h

of
th

e
n
ew

b
ou

n
d
s

w
il
l

tu
rn

o
u
t

to
b

e
of

or
d
er
‖A
‖ F
‖B
‖ F

,
an

d
co

n
se

q
u
en

tl
y,

th
e

re
su

lt
of

th
e

p
ro

p
os

it
io

n
s

in
ca

se
(b

)
w

il
l

h
av

e
th

e
sa

m
e

fo
rm

as
in

ca
se

(a
),

b
u
t

w
it

h
‖A
‖ F
‖B
‖ F

re
p
la

ci
n
g
ν

(A
,B

).
T

o
d
er

iv
e

th
e

b
ou

n
d

on
‖f

j(
D

1
)
−

E[
f j

(D
1
)]
‖ ψ

1
,

fi
rs

t
n
ot

e
th

at

|E
[f

j(
D

1
)]
|=
|tr

(C
T j
A
T
B

)|

≤
‖A
‖ F
‖B
‖ F
.
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A
B
o
o
t
st

r
a
p
M
e
t
h
o
d

f
o
r
E
r
r
o
r
E
st

im
a
t
io
n
in

R
a
n
d
o
m
iz
e
d

M
a
t
r
ix

M
u
lt

ip
l
ic
a
t
io
n

C
o
n
seq

u
en

tly,

‖f
j (D

1 )−
E

[f
j (D

1 )]‖
ψ
1 ≤
‖f

j (D
1 )‖

ψ
1

+
‖E

[f
j (D

1 )]‖
ψ
1

≤
‖f

j (D
1 )‖

ψ
1

+
c‖

A
‖
F ‖

B
‖
F
.

(53)

H
en

ce,
it

rem
a
in

s
to

sh
ow

th
at‖f

j (D
1 )‖

ψ
1 ≤

c‖
A
‖
F ‖

B
‖
F

,
w

h
ich

is
th

e
con

ten
t

of
L

em
m

a
7

b
elow

.

L
e
m

m
a

7
If

S
is

gen
era

ted
by

len
gth

sa
m

p
lin

g
w

ith
th

e
p
ro

ba
bilities

in
lin

e
(5),

th
en

fo
r

a
n

y
j∈

J
,

w
e

h
a
ve

th
e

bo
u

n
d

∥∥
f
j (D

1 ) ∥∥
ψ
1 ≤

2‖A
‖
F ‖

B
‖
F
.

(54)

P
ro

o
f

B
y

th
e

d
efi

n
ition

of
th

e
ψ

1 -O
rlicz

n
orm

,
it

su
ffi

ces
to

fi
n
d

a
valu

e
of
r
>

0
so

th
at

E [
ex

p (|f
j (D

1 )|/r )]
is

at
m

ost
2.

D
u
e

to
th

e
C

au
ch

y
-S

ch
w

arz
in

eq
u
ality,

th
e

n
o
n
-zero

len
g
th

-sa
m

p
lin

g
p
rob

ab
ilities

p
l

satisfy

1p
l ≤

√
∑

nj=
1 ‖e

Tj
A
‖

22 √
∑

nj=
1 ‖e

Tj
B
‖

22

‖e
Tl
A
‖

2 ‖
e
Tl
B
‖

2
=

‖
A
‖
F ‖B
‖
F

‖
e
Tl
A
‖

2 ‖e
Tl
B
‖

2
.

C
o
n
seq

u
en

tly,
for

each
r
>

0
w

e
h
ave

E [
ex

p (
|f

j (D
1
)|

r

)]
=

∑

l∈
[n

]:
p
l >

0

p
l ·ex

p (
1r ∣∣f

j (
1p
l A

T
e
l e
Tl
B

) ∣∣ )

≤
m

ax
l∈

[n
]:
p
l >

0
ex

p (
1r

1p
l ∣∣f

j (A
T
e
l e
Tl
B

) ∣∣ )

≤
m

ax
l∈

[n
]

ex
p (

1r ‖
A
‖
F ‖

B
‖
F ∣∣

e
Tl
B

‖
e
Tl
B
‖
2 C

Tj
A
T
e
l

‖
A
T
e
l ‖

2 ∣∣ )

≤
ex

p (
1r ‖A
‖
F ‖

B
‖
F
‖
C

j ‖
2 )

=
ex

p (
1r ‖A
‖
F ‖

B
‖
F )
.

H
en

ce,
if

w
e

ta
ke
r

=
2‖

A
‖
F ‖B
‖
F

,
th

en
th

e
righ

t
h
an

d
sid

e
is

at
m

ost
e

1
/
2≤

2.

A
p
p
e
n
d
ix

E
.
P
ro

o
f
o
f
P
ro

p
o
sitio

n
s
3
a
n
d
4
in

ca
se

(c)
(S

R
H
T
)

T
h
e

step
s

n
eed

ed
to

ex
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A
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e
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at
he
m
at
ic
al

fo
un

da
ti
on

s
of

th
e
st
oc
ha

st
ic

m
od

ifi
ed

eq
ua

ti
on

s
(S
M
E
)

fr
am

ew
or
k
fo
r
an

al
yz
in
g
th
e
dy

na
m
ic
s
of

st
oc
ha

st
ic

gr
ad

ie
nt

al
go
ri
th
m
s,

w
he
re

th
e
la
tt
er

is
ap

pr
ox
im

at
ed

by
a
cl
as
s
of

st
oc
ha

st
ic

di
ffe

re
nt
ia
l
eq
ua

ti
on

s
w
it
h

sm
al
l
no

is
e
pa

ra
m
-

et
er
s.

W
e
pr
ov
e
th
at

th
is

ap
pr
ox
im

at
io
n
ca
n
be

un
de
rs
to
od

m
at
he
m
at
ic
al
ly

as
an

w
ea
k

ap
pr
ox
im

at
io
n,

w
hi
ch

le
ad

s
to

a
nu

m
be

r
of

pr
ec
is
e
an

d
us
ef
ul

re
su
lt
s
on

th
e
ap

pr
ox
im

at
io
ns

of
st
oc
ha

st
ic

gr
ad

ie
nt

de
sc
en
t
(S
G
D
),

m
om

en
tu
m

SG
D

an
d
st
oc
ha

st
ic

N
es
te
ro
v’
s
ac
ce
le
r-

at
ed

gr
ad

ie
nt

m
et
ho

d
in

th
e
ge
ne
ra
ls

et
ti
ng

of
st
oc
ha

st
ic

ob
je
ct
iv
es
.
W
e
al
so

de
m
on

st
ra
te

th
ro
ug

h
ex
pl
ic
it

ca
lc
ul
at
io
ns

th
at

th
is

co
nt
in
uo

us
-t
im

e
ap

pr
oa
ch

ca
n
un

co
ve
r
im

po
rt
an

t
an

al
yt
ic
al

in
si
gh

ts
in
to

th
e
st
oc
ha

st
ic

gr
ad

ie
nt

al
go
ri
th
m
s
un

de
r
co
ns
id
er
at
io
n
th
at

m
ay

no
t
be

ea
sy

to
ob

ta
in
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a
pu

re
ly

di
sc
re
te
-t
im

e
se
tt
in
g.

K
ey

w
or

d
s:

st
oc
ha

st
ic

gr
ad

ie
nt

al
go
ri
th
m
s,

m
od

ifi
ed

eq
ua

ti
on

s,
st
oc
ha

st
ic

di
ffe

re
nt
ia
l

eq
ua

ti
on

s,
m
om

en
tu
m
,N

es
te
ro
v’
s
ac
ce
le
ra
te
d
gr
ad

ie
nt

1.
In
tr
od

u
ct
io
n

St
oc
ha

st
ic

gr
ad

ie
nt

al
go

ri
th
m
s
ar
e
of
te
n
us
ed

to
so
lv
e
op

ti
m
iz
at
io
n
pr
ob

le
m
s
of

th
e
fo
rm

m
in

x
∈R

d
f

(x
)

:=
Ef

γ
(x

)
(1
.1
)

w
he

re
{f
r

:
r
∈

Γ
}i

s
a
fa
m
ily

of
fu
nc

ti
on

s
fr
om

R
d
to

R
an

d
γ
is
a

Γ
-v
al
ue

d
ra
nd

om
va
ri
ab

le
,

w
it
h
re
sp
ec
t
to

w
hi
ch

th
e
ex
pe

ct
at
io
n
is

ta
ke
n
(t
he

se
no

ti
on

s
w
ill

be
m
ad

e
pr
ec
is
e
in

th
e

fo
llo

w
in
g
se
ct
io
ns
).

Fo
r
em

pi
ri
ca
l
lo
ss

m
in
im

iz
at
io
n
in
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rv
is
ed

le
ar
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ng

ap
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ic
at
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ns
,
γ

is
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ua

lly
a
un

ifo
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ra
nd

om
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ri
ab

le
ta
ki
ng

va
lu
es

in
Γ

=
{1
,2
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..
,n
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In
th
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ca
se
,
f
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th
e
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le
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s
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∈

Γ
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e
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L
i,

T
a
i
a
n
d

E

sa
m
pl
e.

In
th
is
pa

pe
r,
w
e
sh
al
lc

on
si
de

r
th
e
ge
ne

ra
ls
it
ua

ti
on

of
a
ex
pe

ct
at
io
n
ov
er

ar
bi
tr
ar
y

in
de

x
se
ts

an
d
di
st
ri
bu

ti
on

s.
So

lv
in
g
(1
.1
)
us
in
g
th
e
st
an

da
rd

gr
ad

ie
nt

de
sc
en
t
(G

D
)
on

x
gi
ve
s
th
e
it
er
at
io
n
sc
he

m
e

x
k
+

1
=
x
k
−
η
∇
Ef

γ
(x
k
),

(1
.2
)

fo
rk
≥

0
an

d
η
is
a
sm

al
lp

os
it
iv
e
st
ep

-s
iz
e
kn

ow
n
as

th
e
le
ar
ni
ng

ra
te
.
N
ot
e
th
at

th
is
re
qu

ir
es

th
e
ev
al
ua

ti
on

of
th
e
gr
ad

ie
nt

of
an

ex
pe

ct
at
io
n,

w
hi
ch

ca
n
be

co
st
ly

(i
n
th
is

em
pi
ri
ca
lr
is
k

m
in
im

iz
at
io
n
ca
se
,t
hi
sh

ap
pe

ns
w
he

n
n
is
la
rg
e)
.
In

it
ss

im
pl
es
tf
or
m
,t
he

st
oc
ha

st
ic
gr
ad

ie
nt

de
sc
en
t
(S
G
D
)
al
go

ri
th
m

re
pl
ac
es

th
e
ex
pe

ct
at
io
n
of

th
e
gr
ad

ie
nt

w
it
h
a
sa
m
pl
ed

gr
ad

ie
nt
,

i.e
.

x
k
+

1
=
x
k
−
η
∇
f γ
k
(x
k
),

(1
.3
)

w
he

re
ea
ch
γ
k
is
an

in
de

pe
nd

en
t
an

d
id
en
ti
ca
lly

di
st
ri
bu

te
d
(i
.i.
d.
)
ra
nd

om
va
ri
ab

le
w
it
h
th
e

sa
m
e
di
st
ri
bu

ti
on

as
γ
.
U
nd

er
m
ild

co
nd

it
io
ns
,
w
e
th
en

ha
ve

E[
∇
f γ
k
(x
k
)|x

k
]

=
∇
Ef

(x
k
).

In
ot
he

r
w
or
ds
,(

1.
3)

is
a
sa
m
pl
ed

ve
rs
io
n
of

(1
.2
).

In
th
e
lit
er
at
ur
e,
m
an

y
co
nv

er
ge
nc

e
re
su
lt
s
ar
e
av
ai
la
bl
e
fo
rS

G
D

an
d
it
s
va
ri
an

ts
(S
ha

m
ir

an
d
Zh

an
g,

20
13

;
M
ou

lin
es

an
d
B
ac
h,

20
11

;
N
ee
de

ll
et

al
.,
20
14
;
X
ia
o
an

d
Zh

an
g,

20
14

;
Sh

al
ev
-S
hw

ar
tz

an
d

Zh
an

g,
20

14
;
B
ac
h

an
d

M
ou

lin
es
,
20

13
;
D
éf
os
se
z
an

d
B
ac
h,

20
15

).
H
ow

ev
er
,
it

is
of
te
n

th
e
ca
se

th
at

di
ffe

re
nt

an
al
ys
is

te
ch
ni
qu

es
m
us
t
be

ad
op

te
d

fo
r
di
f-

fe
re
nt

va
ri
an

ts
of

th
e
al
go

ri
th
m
s
an

d
th
er
e
ge
ne

ra
lly

la
ck
ed

a
sy
st
em

at
ic

ap
pr
oa

ch
to

st
ud

y
th
ei
r
pr
ec
is
e
dy

na
m
ic
al

pr
op

er
ti
es
.
In

Li
et

al
.
(2
01

5)
,
a
ge
ne

ra
l
ap

pr
oa

ch
w
as

in
tr
od

uc
ed

to
ad

dr
es
s
th
is

pr
ob

le
m
,
in

w
hi
ch

di
sc
re
te
-t
im

e
st
oc
ha

st
ic

gr
ad

ie
nt

al
go

ri
th
m
s
ar
e
ap

pr
ox

-
im

at
ed

by
co
nt
in
uo

us
-t
im

e
st
oc
ha

st
ic

di
ffe

re
nt
ia
l
eq
ua

ti
on

s
w
it
h
th
e
no

is
e
te
rm

de
pe

nd
in
g

on
a
sm

al
l
pa

ra
m
et
er

(t
he

le
ar
ni
ng

ra
te
).

T
hi
s
ca
n
be

vi
ew

ed
as

a
ge
ne

ra
liz

at
io
n
of

th
e

m
et
ho

d
of

m
od

ifi
ed

eq
ua

ti
on

s
(H

ir
t,
19

68
;N

oh
an

d
P
ro
tt
er
,1

96
0;

D
al
y,

19
63

;W
ar
m
in
g
an

d
H
ye
tt
,1

97
4)

to
th
e
st
oc
ha

st
ic

se
tt
in
g,

an
d
al
lo
w
s
on

e
to

em
pl
oy

to
ol
s
fr
om

st
oc
ha

st
ic

ca
lc
u-

lu
s
to

sy
st
em

at
ic
al
ly

an
al
yz
e
th
e
dy

na
m
ic
s
of

st
oc
ha

st
ic

gr
ad

ie
nt

al
go

ri
th
m
s.

T
he

st
oc
ha

st
ic

m
od

ifi
ed

eq
ua

ti
on

s
(S
M
E
)
ap

pr
oa

ch
w
as

fu
rt
he

r
de

ve
lo
pe

d
in

Li
et

al
.(
20

17
),
w
he

re
a
w
ea
k

ap
pr
ox
im

at
io
n
re
su
lt

fo
r
th
e
SG

D
w
as

pr
ov
ed

in
a
fin

it
e-
su
m
-o
bj
ec
ti
ve

se
tt
in
g.

T
he

pr
es
en
t
se
ri
es

of
pa

pe
rs

bu
ild

s
on

th
e
ea
rl
ie
r
w
or
k
of

Li
et

al
.
(2
01

5,
20

17
)
an

d
ai
m
s
to

es
ta
bl
is
h
th
e
fr
am

ew
or
k
of

st
oc
ha

st
ic

m
od

ifi
ed

eq
ua

ti
on

s
an

d
th
ei
r
ap

pl
ic
at
io
ns

in
gr
ea
te
r
ge
ne

ra
lit
y
an

d
de

pt
h,

an
d
hi
gh

lig
ht

th
e
ad

va
nt
ag

es
of

th
is

sy
st
em

at
ic

fr
am

ew
or
k

fo
r
st
ud

yi
ng

st
oc
ha

st
ic

gr
ad

ie
nt

al
go

ri
th
m
s
us
in
g
co
nt
in
uo

us
-t
im

e
m
et
ho

ds
.
A
s
th
e
fir
st

in
th
e
se
ri
es
,
th
is

pa
pe

r
w
ill

fo
cu

s
on

m
at
he

m
at
ic
al

as
pe

ct
s,

na
m
el
y
th
e
m
ai
n
ap

pr
ox

im
at
io
n

th
eo
re
m
s
re
la
ti
ng

st
oc
ha

st
ic
gr
ad

ie
nt

al
go

ri
th
m
s
to

st
oc
ha

st
ic
m
od

ifi
ed

eq
ua

ti
on

s
in

th
e
fo
rm

of
w
ea
k
ap

pr
ox
im

at
io
ns
.
T
he
se

ge
ne

ra
liz

e
th
e
ap

pr
ox

im
at
io
n
re
su
lt
s
in

Li
et

al
.
(2
01
7)

in
va
ri
ou

s
as
pe

ct
s.

In
a
su
bs
eq
ue

nt
pa

pe
r
in

th
e
se
ri
es
,w

e
w
ill

di
sc
us
s
th
e
ap

pl
ic
at
io
n
of

th
is

fo
rm

al
is
m

to
ad

ap
ti
ve

st
oc
ha

st
ic

gr
ad

ie
nt

al
go

ri
th
m
s
an

d
re
la
te
d
pr
ob

le
m
s.

T
he

or
ga

ni
za
ti
on

of
th
is

pa
pe

r
is

as
fo
llo

w
s.

W
e
fir
st

di
sc
us
s
re
la
te
d
w
or
k
in

Se
c.

2,
es
pe

ci
al
ly

in
th
e
co
nt
ex
t
of

co
nt
in
uo

us
-t
im

e
ap

pr
ox
im

at
io
ns
.
N
ex
t,

w
e
m
ot
iv
at
e
th
e
SM

E
ap

pr
oa

ch
an

d
se
t
up

th
e
pr
ec
is
e
m
at
he

m
at
ic
al

fr
am

ew
or
k
in

Se
c.
3.
2.

W
e
th
en

pr
ov
e
in

Se
c.
4

a
ce
nt
ra
lr

es
ul
t
re
la
ti
ng

di
sc
re
te

st
oc
ha

st
ic

al
go

ri
th
m
s
an

d
co
nt
in
uo

us
st
oc
ha

st
ic

pr
oc
es
se
s,

w
hi
ch

al
lo
w
s
us

to
de

ri
ve

SM
E
s
fo
r
st
oc
ha

st
ic

gr
ad

ie
nt

de
sc
en
t
an

d
va
ri
an

ts
.
In

Se
c.

5,
th
e

SM
E

ap
pr
oa

ch
is

us
ed

to
an

al
yz
e
th
e
dy

na
m
ic
s
of

st
oc
ha

st
ic

gr
ad

ie
nt

al
go

ri
th
m
s
w
he

n
ap

-
pl
ie
d
to

op
ti
m
iz
e
a
si
m
pl
e
ye
t
no

n-
tr
iv
ia
lo

bj
ec
ti
ve
.
La
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w
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h
so
m
e
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S
to

ch
a
stic

M
o
d
ified

E
q
u
atio

n
s

I:
M

ath
em

atica
l

F
o
u
n
d
atio

n
s

ofour
results

in
Sec.6.

T
he

longer
proofs

ofthe
results

used
in

the
paper

are
organized

in
the

appendix.
T
hese

are
essentially

self-contained,
but

basic
know

ledge
of

stochastic
calculus

and
probability

theory
are

assum
ed.

U
nfam

iliar
readers

m
ay

refer
to

standard
introductory

texts,such
as

D
urrett

(2010)
and

O
ksendal(2013).

1.1.
N
otation

In
this

paper,
w
e
adhere

w
herever

possible
to

the
follow

ing
notation.

D
im

ensional
indices

are
w
ritten

as
subscripts

w
ith

a
bracket

to
avoid

confusion
w
ith

other
sequential

indices
(e.g.tim

e,iteration
num

ber),w
hich

do
not

have
brackets.

W
hen

m
ore

than
one

indices
are

present,
w
e
separate

them
w
ith

a
com

m
a,

e.g.
x
k
,(i)

is
the

i-th
coordinate

of
the

vector
x
k ,

the
k

th
m
em

ber
of

a
sequence.

W
e
adopt

the
E
instein’s

sum
m
ation

convention,
w
here

repeated
(spatial)

indices
are

sum
m
ed,

i.e.
x

(i) x
(i)

:=
∑

di=
1
x

(i) x
(i) .

For
a
m
atrix

A
,
w
e

denote
by

λ
(A

)
=
{
λ

1 (A
),λ

2 (A
),...}

the
set

of
eigenvalues

of
A
.
If
A

is
H
erm

itian,
then

the
eigenvalues

are
ordered

so
that

λ
1 (A

)
denotes

a
m
axim

um
eigenvalue.

W
e
denote

the
usualE

uclidean
norm

by
|·|and

for
higher

rank
tensors,w

e
use

the
sam

e
notation

to
denote

the
flattened

vector
norm

s
(e.g.for

m
atrices

it
w
illbe

the
Frobenius

norm
).

T
he∧

sym
bols

denotes
the

m
inim

um
operator,i.e.

a∧
b

:=
m

in
(a
,b).

For
a
probability

space
(or

generally,a
m
easure

space)
(Ω
,F
,P

),the
sym

bolL
(Ω
,F
,P

),
p
∈

(1,∞
)
denotes

the
usualLebesgue

spaces,i.e.
u
∈
L
p(Ω

,F
,P

)
if

‖
u‖

pL
p
(Ω
,F
,P

)
:=

∫

Ω |u
(ω

)| pdP
(ω

)≡
E|u| p

<
∞
.

W
hen

the
underlying

probability
space

is
obvious,w

e
use

the
shorthand

L
p(Ω

)≡
L

(Ω
,F
,P

).
In

addition,
w
hen

Ω
=

R
d,

w
e
also

w
rite

the
localL

p
spaces

asL
ploc (R

d),
w
hich

contains
u

for
w
hich

|u| p
is

integrable
on

com
pact

subsets
ofR

d.
F
inally,

w
e
note

that
in

the
proofs

of
various

results,
w
e
typically

use
the

letter
C

(w
hose

value
m
ay

change
across

results)
to

denote
a
generic

positive
constant.

T
his

is
usually

independent
of

the
learning

rate
η,

but
if

not
explicitly

stated
otherw

ise,
it

m
ay

depend
on

e.g.Lipschitz
constants,am

bient
dim

ensions,etc.

2.
R
elated

w
ork

In
this

section,w
e
discuss

severalrelated
w
orks

on
analyzing

discrete-tim
e
algorithm

s
using

continuous-tim
e
approaches.

T
he

idea
ofapproxim

ating
discrete-tim

e
stochastic

algorithm
s

by
continuous

equations
dates

back
to

the
large

body
ofw

ork
know

n
as

stochastic
approxi-

m
ation

theory
(K

ushner
and

Y
in,2003;Ljung

et
al.,2012).

T
hese

typically
establish

law
of

large
num

bers
type

results
w
here

the
lim

iting
equation

is
an

O
D
E
,w

hich
can

then
be

used
to

prove
pow

erfulconvergence
results

for
the

stochastic
algorithm

s
under

consideration.
A

notion
of

convergence
in

distribution,
sim

ilar
to

a
central

lim
it

theorem
,
w
as

also
studied

for
the

purpose
of

estim
ating

the
rate

of
convergence

of
the

O
D
E

m
ethods

(K
ushner,1978;

K
ushner

and
Shw

artz,1984;K
ushner

and
C
lark,2012),w

here
connections

betw
een

leading
order

perturbations
and

O
rnstein-U

hlenbeck
(O

U
)
processes

are
established.

H
ow

ever,these
estim

ates
are

not
used

to
system

atically
study

the
dynam

ics
of

stochastic
gradient

descent
and

their
variants,beyond

convergence
analysis

for
the

discrete-tim
e
algorithm

s.
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L
i,

T
a
i
a
n
d

E

A
s
far

as
the

authors
are

aw
are,the

first
w
ork

on
using

stochastic
differentialequations

to
study

the
precise

dynam
icalproperties

ofstochastic
gradient

descent
are

the
independent

w
orks

ofLiet
al.(2015)

and
M
andt

et
al.(2015).

In
Liet

al.(2015),a
system

atic
fram

ew
ork

of
SD

E
approxim

ation
ofSG

D
and

SG
D

w
ith

m
om

entum
are

derived
and

applied
to

study
dynam

ical
properties

of
the

stochastic
algorithm

s
as

w
ell

as
adaptive

param
eter

tuning
schem

es.
T
hese

go
beyond

O
U

process
approxim

ations
and

this
distinction

is
im

portant
since

the
O
U

process
is

not
alw

ays
the

appropriate
stochastic

approxim
ation

in
general

settings
(See

Sec.4.2
ofthis

paper).
In

M
andt

et
al.(2015),a

sim
ilar

procedure
is
em

ployed
to

derive
a
SD

E
approxim

ation
forthe

SG
D
,from

w
hich

issuessuch
aschoice

oflearning
rates

are
studied.

A
lthough

the
concrete

analysis
in

M
andt

et
al.(2015)

is
on

the
restricted

case
of

constantdiffusion
m
atricesleading

to
O
U
processes,the

essentialideason
the

generalleading
order

approxim
ation

are
also

discussed.
W
e
also

m
ention

the
w
ork

ofR
aginsky

and
B
ouvrie

(2012)
and

M
ertikopoulos

and
Staudigl(2017),w

here
the

authors
considered

a
continuous-

tim
e
variant

of
m
irror

descent
in

the
form

of
a
coupled

SD
E

and
studied

its
convergence

properties.
In

K
richene

and
B
artlett

(2017),
a
SD

E
approxim

ation
of

a
general

class
of

accelerated
m
irror

descent
algorithm

s
is
introduced.

U
nder

appropriate
choices

ofthe
m
irror

m
ap,

the
approxim

ations
considered

there
can

be
linked

w
ith

the
order-1

approxim
ations

derived
in

this
paper.

In
contrast

w
ith

the
present

paper
w
hich

studies
the

precise
sense

in
w
hich

these
approxim

ations
hold,these

w
orks

are
prim

arily
concerned

w
ith

investigating
the

convergence
of

the
optim

ization
algorithm

s
them

selves
using

the
approxim

ate
continuous-

tim
e
equations.

It
is
im

portant
to

note
that

the
approxim

ation
argum

ents
in

the
aforem

entioned
w
orks,

including
both

Liet
al.(2015)

and
M
andt

et
al.(2015),are

heuristic
from

a
m
athem

atical
point

ofview
.
In

Liet
al.(2017),the

SM
E
approxim

ation
is
rigorously

proved
in

the
finite-

sum
-objective

case
w
ith

strong
regularity

conditions,
and

further
asym

ptotic
analysis

and
tuning

algorithm
s
are

studied.
T
he

SM
E

approach
has

subsequently
been

utilized
to

study
variants

of
stochastic

gradient
algorithm

s,
including

those
in

the
distributed

optim
ization

setting
(A

n
et

al.,
2018).

T
he

w
ork

of
M
andt

et
al.

(2015)
is

further
developed

in
M
andt

et
al.(2016,2017),w

ith
applications

such
as

the
developm

ent
scalable

M
C
M
C

algorithm
s.

T
he

present
paper

builds
on

the
earlier

w
ork

of
Li

et
al.

(2015,
2017),

but
focuses

on
extending

and
solidifying

the
m
athem

atical
aspects.

In
particular,

w
e
present

an
entirely

rigorous
and

self-contained
m
athem

aticalform
ulation

ofthe
SM

E
fram

ew
ork

that
applies

to
m
ore

general
algorithm

s
(including

m
om

entum
SG

D
and

stochastic
N
esterov’s

accelerated
gradient

m
ethod)

and
m
ore

generalobjectives
(expectation

over
random

functions,instead
of

just
a
finite-sum

).
M
oreover,

various
regularity

conditions
in

Li
et

al.
(2017)

have
been

relaxed.
T
he

m
ain

approxim
ation

procedure
is

inspired
by

the
sem

inal
w
orks

of
M
ilstein

(1986,
1975)

in
num

erical
analysis

of
stochastic

differential
equations,

but
low

er
regularity

conditions
are

required
in

our
case

due
to

the
presence

of
the

sm
allnoise

param
eter,w

hich
allow

s
for

better
truncation

of
Itô-T

aylor
expansions.

T
he

m
athem

atical
analysis

of
the

SM
E
-type

approxim
ation

for
the

SG
D

w
as

also
perform

ed
in

Feng
et

al.
(2017);

H
u
et

al.
(2017)

using
sem

i-group
approaches,although

the
sm

oothness
requirem

ents
presented

there
are

greater
than

those
established

using
the

current
m
ethods.

Lastly,the
N
esterov’s

accel-
erated

gradient
SM

E
w
e
derive

in
Sec.

4.4
can

be
view

ed
as

a
generalization

of
the

O
D
E

approach
in

Su
et

al.(2014)
to

stochastic
gradients,and

w
e
show

that
the

presence
ofnoise

gives
additional

features
to

the
dynam

ics.
F
inally,

w
e
note

that
continuous-tim

e
approx-

4
JM

L
R

 20(40):1-47, 2019



S
to

ch
a
st

ic
M

o
d
if

ie
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E
q
u
at

io
n
s

I:
M

at
h
em

at
ic

a
l

F
o
u
n
d
at

io
n
s

im
at
io
ns

th
at

es
ta
bl
is
h
lin

ks
be

tw
ee
n
op

ti
m
iz
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io
n,

ca
lc
ul
us

of
va
ri
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io
ns

an
d
sy
m
pl
ec
ti
c

in
te
gr
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io
n
ha

s
be

en
st
ud

ie
d
in

W
ib
is
on

o
et

al
.(
20

16
);
B
et
an

co
ur
t
et

al
.(
20

18
).

3.
S
to
ch
as
ti
c
m
od

ifi
ed

eq
u
at
io
n
s

W
e
no

w
in
tr
od

uc
e
th
e
st
oc
ha

st
ic

m
od

ifi
ed

eq
ua

ti
on

s
fr
am

ew
or
k.

T
he

st
ar
ti
ng

m
ot
iv
at
io
n

is
th
e
ob

se
rv
at
io
n

th
at

G
D

it
er
at
io
ns

is
a
(E

ul
er
)
di
sc
re
ti
za
ti
on

of
th
e
co
nt
in
uo

us
-t
im

e,
or
di
na

ry
di
ffe

re
nt
ia
le

qu
at
io
n

d
x d
t

=
−
∇
f

(x
),

(3
.1
)

an
d

st
ud

yi
ng

(3
.1
)
ca
n

gi
ve

us
im

po
rt
an

t
in
si
gh

ts
to

th
e
dy

na
m
ic
s
of

th
e
di
sc
re
te
-t
im

e
al
go

ri
th
m

fo
r
sm

al
l
en

ou
gh

le
ar
ni
ng

ra
te
s.

T
he

na
tu
ra
l
qu

es
ti
on

w
he

n
ex
te
nd

in
g
th
is

to
SG

D
is
,w

ha
t
is
th
e
ri
gh

t
co
nt
in
uo

us
-t
im

e
eq
ua

ti
on

to
co
ns
id
er
?
B
el
ow

,w
e
be

gi
n
w
it
h
so
m
e

he
ur
is
ti
c
co
ns
id
er
at
io
ns
.

3.
1.

H
eu

ri
st
ic

m
ot
iv
at
io
n
s

w
e
re
w
ri
te

th
e
SG

D
it
er
at
io
n
(1
.3
)
as

x
k
+

1
=
x
k
−
η
∇
f

(x
k
)

+
√
η
V
k
(x
k
,γ
k
),

(3
.2
)

w
he

re
V
k
(x
k
,γ
k
)

=
√
η
(∇
f

(x
k
)
−
∇
f γ
k
(x
k
))

is
a
d
-d
im

en
si
on

al
ra
nd

om
ve
ct
or
.
A

st
ra
ig
ht
-

fo
rw

ar
d
ca
lc
ul
at
io
n
sh
ow

s
th
at

E[
V
k
|x
k
]

=
0

co
v[
V
k
,V

k
|x
k
]

=
η
Σ

(x
k
),

Σ
(x
k
)

:=
E[

(∇
f γ
k
(x
k
)
−
∇
f

(x
k
))

(f
γ
k
(x
k
)
−
∇
f

(x
k
))
T
|x
k
],

(3
.3
)

i.e
.c
on

di
ti
on

al
on

x
k
,
V
k
(x
k
)
ha

s
0
m
ea
n
an

d
co
va
ri
an

ce
η
Σ

(x
k
).

H
er
e,

Σ
is

si
m
pl
y
th
e

co
nd

it
io
na

lc
ov
ar
ia
nc

e
of

th
e
st
oc
ha

st
ic

gr
ad

ie
nt

ap
pr
ox
im

at
io
n
∇
f γ

of
∇
f
.

N
ow

,c
on

si
de

r
a
ti
m
e-
ho

m
og

en
eo
us

It
ô
st
oc
ha

st
ic
di
ffe

re
nt
ia
le
qu

at
io
n
(S
D
E
)
of

th
e
fo
rm

d
X
t

=
b(
X
t)
d
t

+
√
η
σ

(X
t)
d
W
t,

(3
.4
)

w
he

re
X
t
∈
R
d
fo
r
t
≥

0
an

d
W
t
is

a
st
an

da
rd
d
-d
im

en
si
on

al
W

ie
ne

r
pr
oc
es
s.

T
he

fu
nc

ti
on

b
:
R
d
→

R
d
is
kn

ow
n
as

th
e
dr
ift

an
d
σ

:
R
d
→

R
d
×
d
is
th
e
di
ffu

si
on

m
at
ri
x.

T
he

ke
y
ob

se
r-

va
ti
on

is
th
at

if
w
e
ap

pl
y
th
e
E
ul
er

di
sc
re
ti
za
ti
on

w
it
h
st
ep

-s
iz
e
η
to

(3
.4
),

ap
pr
ox
im

at
in
g

X
k
η
by

X̂
k
,w

e
ob

ta
in

th
e
fo
llo

w
in
g
di
sc
re
te

it
er
at
io
n
fo
r
th
e
la
tt
er
:

X̂
k
+

1
=
X̂
k

+
η
b(
X̂
k
)

+
η
σ

(X̂
k
)Z

k
,

(3
.5
)

w
he

re
Z
k

:=
W

(k
+

1
)η
−
W
k
η
ar
e
d
-d
im

en
si
on

al
i.i
.d
.s
ta
nd

ar
d

no
rm

al
ra
nd

om
va
ri
ab

le
s.

C
om

pa
ri
ng

w
it
h
(3
.2
),
if
w
e
se
tb

=
−
∇
f
,σ

(x
)

=
Σ

(x
)1 /

2
an

d
id
en
ti
fy
t
w
it
h
k
η
,w

e
th
en

ha
ve

m
at
ch
in
g
fir
st

an
d
se
co
nd

co
nd

it
io
na

l
m
om

en
ts
.
H
en

ce
,
th
is

m
ot
iv
at
es

th
e
ap

pr
ox
im

at
in
g

eq
ua

ti
on

d
X
t

=
−
∇
f

(X
t)
d
t

+
(η

Σ
(X

t)
)1
/
2
d
W
t.

(3
.6
)
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L
i,

T
a
i
a
n
d

E

N
ot
e
th
at

as
th
is

he
ur
is
ti
c
ar
gu

m
en
t
sh
ow

s,
th
e
pr
es
en

ce
of

th
e
sm

al
l
pa

ra
m
et
er
√
η
on

th
e
di
ffu

si
on

te
rm

is
ne

ce
ss
ar
y
to

m
od

el
th
e
fa
ct

th
at

w
he

n
le
ar
ni
ng

ra
te

de
cr
ea
se
s,

th
e

flu
ct
ua

ti
on

s
to

th
e
SG

A
it
er
at
es

m
us
t
al
so

de
cr
ea
se
.

T
he

im
m
ed

ia
te

m
at
he

m
at
ic
al

qu
es
ti
on

is
th
en

:
in

w
ha

t
se
ns
e
is

an
SD

E
lik

e
(3
.6
)
an

ap
pr
ox
im

at
io
n
of

(1
.3
)?

Le
t
us

no
w

es
ta
bl
is
h
th
e
pr
ec
is
e
m
at
he

m
at
ic
al

fr
am

ew
or
k
in

w
hi
ch

w
e
ca
n
an

sw
er

th
is

qu
es
ti
on

.

3.
2.

T
h
e
m
at
h
em

at
ic
al

fr
am

ew
or
k

Le
t

(Ω
,F
,P

)
be

a
su
ffi
ci
en
tl
y
ri
ch

pr
ob

ab
ili
ty

sp
ac
e
an

d
(Γ
,F

Γ
)
be

a
m
ea
su
re

sp
ac
e
re
pr
e-

se
nt
in
g
th
e
in
de

x
sp
ac
e
fo
r
ou

r
ra
nd

om
ob

je
ct
iv
es
.
Le

t
γ

:
Ω
→

Γ
be

a
ra
nd

om
va
ri
ab

le
an

d
(r
,x

)
7→

f r
(x

)
a
m
ea
su
ra
bl
e
m
ap

pi
ng

fr
om

Γ
×

R
d
to

R
.
H
en

ce
,
fo
r
ea
ch

x
,
f γ

(x
)
is

a
ra
nd

om
va
ri
ab

le
.
T
hr
ou

gh
ou

t
th
is

pa
pe

r,
w
e
as
su
m
e
th
e
fo
llo

w
fa
ct
s
ab

ou
t
f γ

(x
):

A
ss
u
m
p
ti
on

3.
1

T
he

ra
nd

om
va
ri
ab
le
f γ

(x
)
sa
ti
sfi
es

(i
)
f γ

(x
)
∈
L1

(Ω
)
fo
r
al
lx
∈
R
d

(i
i)
f γ

(x
)
is

co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e
in
x
al
m
os
t
su
re
ly

an
d
fo
r
ea
ch

R
>

0
,
th
er
e
ex
-

is
ts

a
ra
nd

om
va
ri
ab
le
M
R
,γ

su
ch

th
at

m
ax
|x
|≤
R
|∇
f γ

(x
)|
≤
M
R
,γ

al
m
os
t
su
re
ly
,
w
it
h

E|
M
R
,γ
|<
∞

(i
ii)
∇
f γ

(x
)
∈
L2

(Ω
)
fo
r
al
lx
∈
R
d

N
ot
e
th
at

in
th
e
em

pi
ri
ca
l
ri
sk

m
in
im

iz
at
io
n
ca
se

w
he

re
Γ

is
fin

it
e,

th
e
co
nd

it
io
ns

ab
ov
e

ar
e
of
te
n
tr
iv
ia
lly

sa
ti
sfi
ed

.
C
on

di
ti
on

(i
)
in

A
ss
um

pt
io
n
3.
1
al
lo
w
s
us

to
de
fin

e
th
e
to
ta
l

ob
je
ct
iv
e
fu
nc

ti
on

w
e
w
ou

ld
lik

e
to

m
in
im

iz
e
as

th
e
ex
pe

ct
at
io
n

f
(x

)
:=

Ef
γ
(x

)
≡
∫ Ω

f γ
(ω

)(
x

)d
P(
ω

).
(3
.7
)

M
or
eo
ve
r,
A
ss
um

pt
io
n
3.
1
(i
i)
im

pl
ie
s
vi
a
th
e
do

m
in
at
ed

co
nv

er
ge
nc
e
th
eo
re
m

th
at

E∇
f γ

=
∇
Ef

γ
≡
∇
f
.
N
ow

,l
et
{γ

k
:
k

=
0
,1
,.
..
}
be

a
se
qu

en
ce

of
i.i
.d
.Γ

-v
al
ue

d
ra
nd

om
va
ri
ab

le
s

w
it
h
th
e
sa
m
e
di
st
ri
bu

ti
on

as
γ
.
Le

t
x

0
∈
R
d
be

fix
ed

an
d
de
fin

e
th
e
ge
ne

ra
liz

ed
st
oc
ha

st
ic

gr
ad

ie
nt

it
er
at
io
n
as

th
e
st
oc
ha

st
ic

pr
oc
es
s

x
k
+

1
=
x
k

+
η
h

(x
k
,γ
k
,η

)
(3
.8
)

fo
r
k
≥

0
,
w
he
re
h

:
R
d
×

Γ
×

R
→

R
d
is

a
m
ea
su
ra
bl
e
fu
nc

ti
on

an
d
η
>

0
is

th
e
le
ar
ni
ng

ra
te
.
In

th
e
si
m
pl
e
ca
se

of
SG

D
,
w
e
ha

ve
h

(x
,r
,η

)
=
−
∇
f r

(x
),

bu
t
w
e
sh
al
l
co
ns
id
er

th
e

ge
ne

ra
liz

ed
ve
rs
io
n
ab

ov
e
so

th
at

m
od

ifi
ed

eq
ua

ti
on

s
fo
r
SG

D
va
ri
an

ts
ca
n
al
so

be
de
ri
ve
d

fr
om

ou
r
ap

pr
ox
im

at
io
n
th
eo
re
m
s.

N
ex
t,

le
t
us

de
fin

e
th
e
cl
as
s
of

ap
pr
ox

im
at
in
g
co
nt
in
uo

us
st
oc
ha

st
ic

pr
oc
es
se
s,

w
hi
ch

w
e
ca
ll
st
oc
ha

st
ic

m
od

ifi
ed

eq
ua

ti
on

s.
C
on

si
de

r
th
e
ti
m
e-
ho

m
og
en

eo
us

It
ô
di
ffu

si
on

pr
oc
es
s

{X
t

:
t
≥

0
}
re
pr
es
en
te
d
by

th
e
fo
llo

w
in
g
st
oc
ha

st
ic

di
ffe

re
nt
ia
le

qu
at
io
n
(S
D
E
)

d
X
t

=
b(
X
t,
η
)d
t

+
√
η
σ

(X
t,
η
)d
W
t,

X
0

=
x

0
(3
.9
)

w
he

re
{W

t
:
t
≥

0
}
is

a
st
an

da
rd

d
-d
im

en
si
on

al
W

ie
ne

r
pr
oc
es
s
in
de
pe

nd
en
t
of
{γ

k
},
b

:
R
d
×
R
→

R
d
is
th
e
ap

pr
ox
im

at
in
g
dr
ift

ve
ct
or

an
d
σ

:
R
d
×
R
→

R
d
×
d
is
th
e
ap

pr
ox
im

at
in
g
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S
to

ch
a
stic

M
o
d
ified

E
q
u
atio

n
s

I:
M

ath
em

atica
l

F
o
u
n
d
atio

n
s

diffusion
m
atrix.

In
the

follow
ing,

w
e
w
ill

need
to

pick
b,σ

appropriately
so

that
(3.8)

is
approxim

ated
by

(3.9),the
sense

of
w
hich

w
e
now

describe.
F
irst,

notice
that

the
stochastic

process
{
x
k }

induces
a

probability
m
easure

on
the

product
space

R
d×

R
d×
···,w

hereas{
X
t }

induces
a
probability

m
easure

on
C

0([0,∞
),R

d).
T
o
com

pare
them

,one
can

form
a
piece-w

ise
linearinterpolation

ofthe
form

er.
A
lternatively,

as
w
e
do

in
this

w
ork,

w
e
sam

ple
a
discrete

num
ber

of
points

from
the

latter.
Second,

the
process

{
x
k }

is
adapted

to
the

filtration
generated

by
{γ

k }
(e.g.in

the
case

of
SG

D
,

this
is

the
random

sam
pling

of
functions

in
{f
r }),

w
hereas

the
process

{
X
t }

is
adapted

to
an

independent,
W

iener
filtration.

H
ence,

it
is

not
appropriate

to
com

pare
individual

sam
ple

paths.
R
ather,

w
e
define

below
a
sense

of
w
eak

approxim
ations

by
com

paring
the

distributions
of

the
tw

o
processes.

D
efi

n
ition

1
Let

G
denote

the
set

of
continuous

functions
R
d→

R
of

at
m
ost

polynom
ial

grow
th,

i.e.g
∈
G

if
there

exists
positive

integers
κ

1 ,κ
2
>

0
such

that

|g
(x

)|≤
κ

1 (1
+
|x| 2

κ
2),

for
all

x
∈
R
d.

M
oreover,

for
each

integer
α
≥

1
w
e
denote

by
G
α
the

set
of
α
-tim

es
contin-

uously
differentiable

functions
R
d→

R
w
hich,

together
w
ith

its
partialderivatives

up
to

and
including

order
α
,
belong

to
G
.
N
ote

that
each

G
α
is

a
subspace

ofC
α,

the
usual

space
of

α
-tim

es
continuously

differentiable
functions.

M
oreover,

if
g
depends

on
additionalparam

e-
ters,

w
e
say

g
∈
G
α
if
the

constants
κ

1 ,κ
2
are

independent
of

these
param

eters,
i.e.g

∈
G
α

uniform
ly.

F
inally,

the
definition

generalizes
to

vector-valued
functions

coordinate-w
ise

in
the

co-dom
ain.

D
efi

n
ition

2
Let

T
>

0,
η
∈

(0,1∧
T

),
and

α
≥

1
be

an
integer.

Set
N

=
bT
/ηc.

W
e
say

that
a
continuous-tim

e
stochastic

process{X
t

:
t∈

[0,T
]}

is
an

order
α
w
eak

approxim
ation

of
a
discrete

stochastic
process

{x
k

:
k

=
0,...,N

}
if

for
every

g
∈
G
α

+
1,

there
exists

a
positive

constant
C
,
independent

of
η,

such
that

m
ax

k
=

0
,...,N
|E
g
(x
k )−

E
g
(X

k
η )|≤

C
η
α
.

(3.10)

Let
us

discuss
briefly

the
notion

of
w
eak

approxim
ation

as
introduced

above.
T
hese

are
approxim

ations
ofthe

distribution
ofsam

ple
paths,instead

ofthe
sam

ple
paths

them
selves.

T
his

is
enforced

by
requiring

that
the

expectations
ofthe

tw
o
processes{

X
t }

and
{
x
k }

over
a
suffi

ciently
large

class
oftest

functions
to

be
close.

In
our

definition,the
test

function
class

G
α

+
1
is
quite

large,and
in

particular
it
includes

allpolynom
ials.

T
hus,E

q.(3.10)
im

plies
in

particular
that

allm
om

ents
of

the
tw

o
processes

becom
e
close

at
the

rate
of
η
α,and

hence
so

m
ust

their
distributions.

T
he

notion
ofw

eak
approxim

ation
m
ust

be
contrasted

w
ith

that
of

strong
approxim

ations,w
here

one
w
ould

for
exam

ple
require

(in
the

case
of

m
ean-square

approxim
ations)

[E|x
k −

X
k
η | 2]

1/
2≤

C
η
α
.

T
he

above
forces

the
actualsam

ple-paths
ofthe

tw
o
processes

to
be

close,per
realization

of
the

random
process,w

hich
severely

lim
itsitsapplication.

In
fact,one

im
portantadvantage

of

7
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L
i,

T
a
i
a
n
d

E

w
eak

approxim
ations

is
that

the
continuous-tim

e
process

X
t can

in
fact

approxim
ate

discrete
stochastic

processes
w
hose

step-w
ise

driving
noise

is
not

G
aussian,

as
long

as
appropriate

m
om

ents
are

m
atched

(see
e.g.the

content
ofT

heorem
3).

T
his

additionalflexibility
is
useful

as
it
allow

s
the

treatm
ent

of
m
ore

generalclasses
of

stochastic
gradient

iterations.

4.
T
h
e
ap

p
roxim

ation
th
eorem

s

W
e
now

present
the

m
ain

approxim
ation

theorem
s.

T
he

derivation
is
based

on
the

follow
ing

tw
o-step

process:

1.
W
e
establish

a
connection

betw
een

one-step
approxim

ation
and

approxim
ation

on
a

finite
tim

e
interval.

2.
W
e
construct

a
one-step

approxim
ation

that
is
oforder

α
+

1,and
so

the
approxim

ation
on

a
finite

intervalis
of

order
α
.

4.1.
R
elatin

g
on

e-step
to

N
-step

ap
p
roxim

ation
s

Let
us

consider
generally

the
question

of
the

relationship
betw

een
one-step

approxim
ations

and
approxim

ations
on

a
finite

interval.
Let

T
>

0,
η
∈

(0,1∧
T

)
and

N
=
bT
/ηc

and
recall

the
generalSG

A
iterations

x
k
+

1
=
x
k

+
η
h

(x
k ,γ

k ,η
),

x
0 ∈

R
d,

k
=

0,...,N
.

(4.1)

and
the

generalcandidate
fam

ily
of

approxim
ating

SD
E
s

d
X
η
,ε
t

=
b(X

η
,ε
t
,η
,ε)d

t
+
√
η
σ

(X
η
,ε
t
,η
,ε)d

W
t ,

X
0

=
x

0 ,
t∈

[0,T
],

(4.2)

w
here

ε
∈

(0,1)
is

a
m
ollification

param
eter,

w
hose

role
w
ill

becom
e
apparent

later.
T
o

reduce
notationalclutter

and
im

prove
readability,unless

som
e
lim

iting
procedure

is
consid-

ered,
w
e
shall

not
explicitly

w
rite

the
dependence

of
X
η
,ε
t

on
η
,ε

and
sim

ply
denote

by
X
t

the
solution

of
the

above
SD

E
.Let

us
also

denote
for

convenience
X̃
k

:=
X
k
η .

Further,let
{
X
x
,s

t
:
t≥

s}
denote

the
stochastic

process
obeying

the
sam

e
equation

(4.2),but
w
ith

the
initialcondition

X
x
,s

s
=
x.

W
e
sim

ilarly
w
rite

X̃
x
,l

k
:=

X
x
,lη

k
η

and
denote

by
{x

x
,l
k

:
k
≥
l}

the
stochastic

process
satisfying

(4.1)
but

w
ith

x
l

=
x.

T
hroughout

this
section,w

e
assum

e
the

follow
ing

conditions:

A
ssu

m
p
tion

4.1
T
he

functions
b

:R
d×

(0,1∧
T

)×
(0,1)→

R
d
and

σ
:R

d×
(0,1∧

T
)×

(0,1)→
R
d×
d
satisfy:

1.
U
niform

linear
grow

th
condition

|b(x
,η
,ε)| 2

+
|σ

(x
,η
,ε)| 2≤

L
2(1

+
|x| 2)

for
all

x
,y
∈
R
d,
η
∈

(0,1∧
T

),
ε∈

(0,1).

2.
U
niform

Lipschitz
condition

|b(x
,η
,ε)−

b(y
,η
,ε)|

+
|σ

(x
,η
,ε)−

σ
(y
,η
,ε)|≤

L|x
−
y|

for
all

x
,y
∈
R
d,
η
∈

(0,1∧
T

),
ε∈

(0,1).
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S
to

ch
a
st

ic
M

o
d
if

ie
d

E
q
u
at

io
n
s

I:
M

at
h
em

at
ic

a
l

F
o
u
n
d
at

io
n
s

N
ot
e
th
at

2
im

pl
ie
s
1
if
th
er
e
is
at

le
as
t
on

e
x
w
he

re
th
e
su
pr
em

um
of
b,
σ
ov
er
η
,ε

is
fin

it
e.

In
pa

rt
ic
ul
ar
,
th
es
e
co
nd

it
io
ns

im
pl
y
vi
a
T
hm

.
18

th
at

th
er
e
ex
is
ts

a
un

iq
ue

so
lu
ti
on

to
E
q.

4.
2.

N
ow

,l
et

us
de

no
te

th
e
on

e-
st
ep

ch
an

ge
s

∆
(x

)
:=

x
x
,0

1
−
x
,

∆̃
(x

)
:=

X̃
x
,0

1
−
x
.

(4
.3
)

W
e
pr
ov
e
th
e
fo
llo

w
in
g
re
su
lt

w
hi
ch

re
la
te
s
on

e-
st
ep

ap
pr
ox
im

at
io
ns

w
it
h
ap

pr
ox
im

at
io
ns

on
a
fin

it
e
ti
m
e
in
te
rv
al
.

T
h
eo
re
m

3
Le

t
T
>

0,
η
∈

(0
,1
∧
T

),
ε
∈

(0
,1

)
an

d
N

=
bT
/η
c.

Le
t
α
≥

1
be

an
in
te
ge
r.

Su
pp
os
e
fu
rt
he
r
th
at

th
e
fo
llo

w
in
g
co
nd

it
io
ns

ho
ld
:

(i
)
T
he
re

ex
is
ts

a
fu
nc
ti
on

ρ
:

(0
,1

)
→

R
+
an

d
K

1
∈
G

in
de
pe
nd

en
t
of
η
,ε

su
ch

th
at

∣ ∣ ∣ ∣ ∣ ∣E
s ∏ j=

1

∆
(i
j
)(
x

)
−

E
s ∏ j=

1

∆̃
(i
j
)(
x

)∣ ∣ ∣ ∣ ∣ ∣≤
K

1
(x

)(
η
ρ
(ε

)
+
η
α

+
1
),

fo
r
s

=
1,

2
,.
..
,α

an
d

E
α

+
1

∏ j=
1

∣ ∣ ∣∆
(i
j
)(
x

)∣ ∣ ∣≤
K

1
(x

)η
α

+
1
,

fo
r
al
li
j
∈
{1
,.
..
,d
}.

(i
i)

Fo
r
ea
ch
m
≥

1
,
th
e

2m
-m

om
en
t
of
x
x
,0
k

is
un

ifo
rm

ly
bo
un

de
d
w
it
h
re
sp
ec
t
to
k
an

d
η
,

i.e
.t
he
re

ex
is
ts

a
K

2
∈
G
,
in
de
pe
nd

en
t
of
η
,k
,
su
ch

th
at

E|
x
x
,0
k
|2m
≤
K

2
(x

),

fo
r
al
lk

=
0,
..
.,
N
≡
bT
/η
c.

T
he
n,

fo
r
ea
ch

g
∈
G
α

+
1
,
th
er
e
ex
is
ts

a
co
ns
ta
nt
C
>

0
,
in
de
pe
nd

en
t
of
η
,ε
,
su
ch

th
at

m
ax

k
=

0
,.
..
,N
|E
g
(x
k
)
−

Eg
(X

k
η
)|
≤
C

(η
α

+
ρ
(ε

))

T
he

pr
oo

f
of

T
hm

.
3
re
qu

ir
es

a
nu

m
be

r
of

te
ch
ni
ca
l
re
su
lt
s
th
at

w
e
de

fe
r
to

th
e
ap

pe
nd

ix
.

B
el
ow

,
w
e
de

m
on

st
ra
te

th
e
m
ai
n
in
gr
ed

ie
nt
s
of

th
e
pr
oo

f
an

d
re
fe
r
to

th
e
ap

pe
nd

ix
w
he

re
th
e
pr
oo

fs
of

th
e
au

xi
lia

ry
re
su
lt
s
ar
e
fu
lly

pr
es
en
te
d.

P
ro
of

In
th
is

pr
oo

f,
si
nc

e
th
er
e
ar
e
m
an

y
co
nd

it
io
ni
ng

on
th
e
in
it
ia
lc

on
di
ti
on

,t
o
pr
ev
en
t

ne
st
ed

su
pe

rs
cr
ip
ts

w
e
sh
al
li
nt
ro
du

ce
th
e
al
te
rn
at
iv
e
no

ta
ti
on
X
t(
x
,s

)
≡
X
x
,s

t
,a

nd
si
m
ila

rl
y

fo
r
X̃
k
an

d
x
k
.
F
ix
g
∈
G
α

+
1
an

d
1
≤
k
≤
N
.
W
e
ha

ve

Eg
(X

k
η
)

=
Eg

(X̃
k
)

=
Eg

(X̃
k
(X̃

1
,1

))
−

Eg
(X̃

k
(x

1
,1

))
+

Eg
(X̃

k
(x

1
,1

))
.

If
k
>

1
,b

y
no

ti
ng

th
at
X̃
k
(x

1
,1

)
=
X̃
k
(X̃

2
(x

1
,1

),
2)
,w

e
ge
t

Eg
(X̃

k
(x

1
,1

))
=

Eg
(X̃

k
(X̃

2
(x

1
,1

),
2)

)
−

Eg
(X̃

k
(x

2
,2

))
+

Eg
(X̃

k
(x

2
,2

))
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L
i,

T
a
i
a
n
d

E

C
on

ti
nu

in
g
th
is

pr
oc
es
s,

w
e
th
en

ha
ve

Eg
(X̃

k
)

=
k
−

1
∑ l=

1

Eg
(X̃

k
(X̃

l(
x
l−

1
,l
−

1)
,l

))
−

Eg
(X̃

k
(x
l,
l)

)

+
Eg

(X̃
k
(x
k
−

1
,k
−

1)
)

an
d
he

nc
e
by

su
bt
ra
ct
in
g
Eg

(x
k
)
≡

Eg
(x
k
(x
k
−

1
,k
−

1)
)
w
e
ge
t

Eg
(X̃

k
)
−

Eg
(x
k
)

=
k
−

1
∑ l=

1

Eg
(X̃

k
(X̃

l(
x
l−

1
,l
−

1)
,l

))
−

Eg
(X̃

k
(x
l,
l)

)

+
Eg

(X̃
k
(x
k
−

1
,k
−

1)
)
−

Eg
(x
k
(x
k
−

1
,k
−

1)
)

an
d
so

Eg
(X̃

k
)
−

Eg
(x
k
)

=
k
−

1
∑ l=

1

EE
[ g

(X̃
k
(X̃

l(
x
l−

1
,l
−

1)
,l

))
∣ ∣ ∣X̃

l(
x
l−

1
,l
−

1)
] −

EE
[ g

(X̃
k
(x
l,
l)

)∣ ∣ ∣x
l]

+
Eg

(X̃
k
(x
k
−

1
,k
−

1)
)
−

Eg
(x
k
(x
k
−

1
,k
−

1)
),

N
ow

,l
et
u

(x
,s

)
=

Eg
(X

k
η
(x
,s

))
.
T
he

n,
w
e
ha

ve

|E
g
(X̃

k
)
−

Eg
(x
k
)|
≤

k
−

1
∑ l=

1

|E
u

(X̃
l(
x
l−

1
,l
−

1)
,l
η
)
−

Eu
(x
l(
x
l−

1
,l
−

1)
,l
η
)|

+
|E
g
(X̃

k
(x
k
−

1
,k
−

1)
)
−

Eg
(x
k
(x
k
−

1
,k
−

1)
)|

≤
k
−

1
∑ l=

1

E|
E[
u

(X̃
l(
x
l−

1
,l
−

1)
,l
η
)|x

l−
1
]−

E[
u

(x
l(
x
l−

1
,l
−

1
),
lη

)|x
l−

1
]|

+
E|
E[
g
(X̃

k
(x
k
−

1
,k
−

1)
)|x

k
−

1
]−

E[
g
(x
k
(x
k
−

1
,k
−

1)
)|x

k
−

1
]|.

U
si
ng

P
ro
p.

25
,
u

(·,
s)
∈
G
α

+
1
un

ifo
rm

ly
in
s,
t,
η
an

d
ε.

T
hu

s,
by

A
ss
um

pt
io
n
(i
)
an

d
Le

m
.2

7,

|E
g
(x
k
)
−

Eg
(X̃

k
)|
≤

(η
ρ
(ε

)
+
η
α

+
1
)

(
k
−

1
∑ l=

1

EK
l−

1
(x
l−

1
)

+
EK

k
−

1
(x
k
−

1
))

≤
(η
ρ
(ε

)
+
η
α

+
1
)
N ∑ l=

0

κ
l,

1
(1

+
E|
x
l|2
κ
l,

2
),

w
he

re
in

th
e
la
st

lin
e
w
e
us
ed

m
om

en
t
es
ti
m
at
es

fr
om

T
hm

.1
9.

F
in
al
ly
,u

si
ng

A
ss
um

pt
io
n

(i
i)
an

d
th
e
fa
ct

th
at
N
≤
T
/η

,w
e
ha

ve

|E
g
(x
k
)
−

Eg
(X

k
η
)|

=
|E
g
(x
k
)
−

Eg
(X̃

k
)|
≤
C

(ρ
(ε

)
+
η
α
).
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S
to

ch
a
stic

M
o
d
ified

E
q
u
atio

n
s

I:
M

ath
em

atica
l

F
o
u
n
d
atio

n
s

4.2.
S
M
E
for

stoch
astic

grad
ient

d
escent

T
hm

.3
allow

s
us

to
prove

the
m
ain

approxim
ation

results
for

the
current

paper.
In

partic-
ular,

in
this

section
w
e
derive

a
second-order

accurate
w
eak

approxim
ation

for
the

sim
ple

SG
D

iterations
(1.3),from

w
hich

a
sim

pler,first-order
accurate

approxim
ation

also
follow

s.
A
s
seen

in
T
hm

.
3,

w
e
need

only
verify

the
conditions

(i)-(ii)
in

order
to

prove
the

w
eak

approxim
ation

result.
T
hese

conditions
m
ostly

involve
m
om

ent
estim

ates,
w
hich

w
e
now

perform
.

T
o
sim

plify
presentation,

w
e
introduce

the
follow

ing
shorthand.

W
henever

w
e

w
rite

ψ
(x

)
=
ψ

0 (x
)

+
η
ψ

1 (x
)

+
O

(r(η
,ε)),

for
som

e
rem

ainder
term

r(η
,ε),w

e
m
ean:

there
exists

K
∈
G

independent
of
η
,ε

such
that

|ψ
(x

)−
ψ

0 (x
)−

η
ψ

1 (x
)|≤

K
(x

)r(η
,ε).

N
ow

,let
us

set
in

(4.2)

b(x
,η
,ε)

=
b
0 (x

,ε)
+
η
b
1 (x

,ε)

σ
(x
,η
,ε)

=
σ

0 (x
,ε),

w
here

b
0 ,b

1 ,σ
0
are

functions
to

be
determ

ined.
W
e
have

the
follow

ing
m
om

ent
estim

ate.

L
em

m
a
4

Let
∆̃

(x
)
be

defined
as

in
(4.3).

Suppose
further

that
w
ith

b
0 ,b

1 ,σ
0 ∈

G
3.

T
hen

w
e
have

(i)
E

∆̃
(i) (x

)
=
b
0 (x

,ε)
(i) η

+
[
12 b

0 (x
,ε)

(j) ∂
(j) b

0 (x
,ε)

(i)
+
b
1 (x

,ε)
(i) ]η

2
+
O

(η
3),

(ii)
E

∆̃
(i) (x

)∆̃
(j) (x

)
=

[b
0 (x

,ε)
(i) b

0 (x
,ε)

(j)
+
σ

0 (x
,ε)

(i,k
) σ

0 (x
,ε)

(j,k
) ]η

2
+
O

(η
3),

(iii)
E
∏

3j=
1 |∆̃

(ij ) (x
)|

=
O

(η
3).

P
roof

T
o
obtain

(i)-(iii),
w
e
sim

ply
apply

Lem
.
28

w
ith

ψ
(z

)
=
∏
sj=

1 (z
(ij ) −

x
(ij ) )

for
s

=
1,2,3

respectively.

N
ext,w

e
estim

ate
the

m
om

ents
of

the
SG

A
iterations

below
.

L
em

m
a
5

Let
∆

(x
)
be

defined
as

in
(4.3)

w
ith

the
SG

D
iterations,i.e.h

(x
,r,η

)
=
−
∇
f
r (x

).
Suppose

that
for

each
x
∈
R
d,
f
∈
G

1.
T
hen,

(i)
E

∆
(i) (x

)
=
−
∂

(i) f
(x

)η,

(ii)
E

∆
(i) (x

)∆
(j) (x

)
=
∂

(i) f
(x

)∂
(j) f

(x
)η

2
+

Σ
(x

)
(i,j) η

2,

(iii)
E
∏

3j=
1 |∆

(ij ) (x
)|

=
O

(η
3),

w
here

Σ
(x

)
:=

E
(∇
f
γ (x

)−
∇
f

(x
))(∇

f
γ (x

)−
∇
f

(x
))
T.
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L
i,

T
a
i
a
n
d

E

P
roof

W
e
have

∆
(x

)
=
−
η∇

f
γ

0 (x
).

T
aking

expectations,the
results

then
follow

.

W
e
now

prove
the

m
ain

approxim
ation

theorem
forthe

sim
ple

SG
D
.B

efore
presenting

the
statem

ent
and

proof,w
e
shallnote

a
few

technicalissues
that

prevents
the

direct
application

of
T
hm

.
3
w
ith

the
m
om

ent
estim

ates
in

Lem
.4

and
5.

T
he

latter
suggest

ignoring
ε
and

setting

b
0 (x

,ε)
=
−
∇
f

(x
),

b
1 (x

,ε)
=
−
−

14 ∇
|∇
f

(x
)| 2,

σ
0 (x

,ε)
=

Σ
(x

)
12
.

T
hen,w

e
w
ould

see
from

Lem
.4

and
5
thatthe

SG
D

and
the

SD
E
have

m
atching

m
om

entsup
toO

(η
3).

T
he

first
issue

w
ith

this
approach

is
that

even
if

Σ
(x

)
is
suffi

ciently
sm

ooth
(w

hich
m
ay

follow
from

the
regularity

of∇
f
γ ),

the
sm

oothness
of

Σ
(x

)
1/

2
cannot

be
guaranteed

unless
Σ

(x
)
is

positive-definite,
w
hich

is
often

too
strong

an
assum

ption
in

practice
and

excludes
interesting

cases
w
here

Σ
(x

)
is

a
singular

diffusion
m
atrix.

H
ow

ever,
the

results
in

Sec.
4.1

require
sm

oothness.
Second,

w
e
w
ould

like
to

consider
functions

f
γ
that

m
ay

not
have

higher
strong

derivatives
required

by
the

Lem
m
as,beyond

those
required

to
define

the
m
odified

equation
itself.

T
o
fix

both
of

these
issues,

w
e
w
ill

use
a
sim

ple
m
ollifying

technique.
T
his

is
the

reason
for

the
inclusion

of
the

ε
param

eter
in

the
results

in
Sec.4.1.

D
efi

n
ition

6
Let

us
denote

by
ν

:R
d→

R
,
ν
∈
C
∞c

(R
d)

the
standard

m
ollifier

ν
(x

)
:=

{
C

ex
p
(−

1
1−
|x| 2 )

|x|
<

1

0
|x|≥

1
,

w
here

C
:=

( ∫R
d
ν

(y
)d
y
) −

1
is

chosen
so

that
the

integralof
ν
is

1.
Further,

define
ν
ε(x

)
=

ε −
dν

(x
/ε).

Let
ψ
∈
L

1loc (R
d)

be
locally

integrable,
then

w
e
m
ay

define
its

m
ollification

by

ψ
ε(x

)
:=

(ν
ε∗

ψ
)(x

)
=

∫

R
d

ν
ε(x
−
y
)ψ

(y
)d
y

=

∫B
(0
,ε)
ν
ε(y

)ψ
(x
−
y
)d
y
,

w
here

B
(z
,ε)

is
the

d-dim
ensionalballof

radius
ε
centered

at
z.

T
he

m
ollification

of
vector

(or
m
atrix)

valued
functions

are
defined

elem
ent-w

ise.

T
he

m
ollifier

has
very

useful
properties.

In
particular,

w
e
w
ill

use
the

follow
ing

w
ell-

know
n
facts

(see
e.g.E

vans
(2010)

for
proof)

(i)
If
ψ
∈
L

1loc (R
d),then

ψ
ε∈
C
∞

(R
d)

(ii)
ψ
ε(x

)→
ψ

(x
)
as
ε→

0
for

alm
ost

every
x
∈
R
d
(w

ith
respect

to
the

Lebesgue
m
easure)

(iii)
If
ψ

is
continuous,then

ψ
ε(x

)→
ψ

(x
)
as
ε→

0
uniform

ly
on

com
pact

subsets
ofR

d

N
ext,w

e
m
ake

use
of

the
idea

of
w
eak

derivatives.

D
efi

n
ition

7
Let

Ψ
∈
L

1loc (R
d)

and
J

be
a
m
ulti-index

of
order

|J|.
Suppose

that
there

exists
a
ψ
∈
L

1loc (R
d)

such
that

∫

R
d

Ψ
(x

)∇
J
φ

(x
)d
x

=
(−

1) |J| ∫

R
d

ψ
(x

)φ
(x

)d
x
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S
to

ch
a
st

ic
M

o
d
if

ie
d

E
q
u
at

io
n
s

I:
M

at
h
em

at
ic

a
l

F
o
u
n
d
at

io
n
s

fo
r
al
lφ
∈
C∞ c

.
T
he
n,

w
e
ca
ll
ψ
th
e
or
de
r
J
w
ea
k
de
ri
va
ti
ve

of
Ψ

an
d
w
ri
te
D
J
Ψ

=
ψ
.
N
ot
e

th
at

w
he
n
it
ex
is
ts
,t
he

w
ea
k
de
ri
va
ti
ve

is
un

iq
ue

al
m
os
te

ve
ry
w
he
re

an
d
if

Ψ
is
di
ffe

re
nt
ia
bl
e,

∇
J
Ψ

=
D
J
Ψ

al
m
os
t
ev
er
yw

he
re

(E
va
ns
,
20
10
).

T
he

in
tr
od

uc
ti
on

of
w
ea
k
de

ri
va
ti
ve
s
m
ot
iv
at
es

th
e
de

fin
it
io
n
of

th
e
w
ea
k
ve
rs
io
n
of

th
e

fu
nc

ti
on

sp
ac
es
G
α
.

D
efi

n
it
io
n
8

Fo
r
α
≥

1
,
w
e
de
fin

e
th
e
sp
ac
e
G
α w
to

be
th
e
su
bs
pa
ce

of
L1 lo

c(
R
d
)
su
ch

th
at

if
g
∈
G
α w
,
th
en

g
ha
s
w
ea
k
de
ri
va
ti
ve
s
up

to
or
de
r
α
an

d
fo
r
ea
ch

m
ul
ti
-i
nd

ex
J
w
it
h
|J
|≤

α
,

th
er
e
ex
is
ts

po
si
ti
ve

in
te
ge
rs
κ

1
,κ

2
su
ch

th
at

|D
J
g
(x

)|
≤
κ

1
(1

+
|x
|2κ

2
)
fo
r
a.
e.
x
∈
R
d
.

A
s
in

D
ef
.
1,

if
g
de
pe
nd

s
on

ad
di
ti
on

al
pa
ra
m
et
er
s,

w
e
sa
y
th
at

g
∈
G
α w

if
th
e
ab
ov
e

co
ns
ta
nt
s
do

no
t
de
pe
nd

on
th
e
ad
di
ti
on

al
pa
ra
m
et
er
s.

A
ls
o,

ve
ct
or
-v
al
ue
d
g
ar
e
de
fin

ed
as

ab
ov
e
el
em

en
t-
w
is
e
in

th
e
co
-d
om

ai
n.

N
ot
e
th
at
G
α w
is

a
su
bs
pa
ce

of
th
e
So

bo
le
v
sp
ac
e
W

α
,1

lo
c
.

T
h
eo
re
m

9
Le

t,
T
>

0
,
η
∈

(0
,1
∧
T

)
an

d
se
t
N

=
bT
/η
c.

Le
t
{x

k
:
k
≥

0
}
be

th
e
SG

D
it
er
at
io
ns

de
fin

ed
in

(1
.3
).

Su
pp
os
e
th
e
fo
llo

w
in
g
co
nd

it
io
ns

ar
e
m
et
:

(i
)
f
≡

Ef
γ
is

tw
ic
e
co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e,
∇
|∇
f
|2

is
Li
ps
ch
it
z,

an
d
f
∈
G

4 w
.

(i
i)
∇
f γ

sa
ti
sfi
es

a
Li
ps
ch
it
z
co
nd

it
io
n:

|∇
f γ

(x
)
−
∇
f γ

(y
)|
≤
L
γ
|x
−
y
|
a
.s
.

fo
r
al
l
x
,y
∈
R
d
,
w
he
re
L
γ
is

a
ra
nd

om
va
ri
ab
le

w
hi
ch

is
po
si
ti
ve

a.
s.
an

d
EL

m γ
<
∞

fo
r
ea
ch

m
≥

1.

D
efi

ne
{X

t
:
t
∈

[0
,T

]}
as

th
e
st
oc
ha
st
ic

pr
oc
es
s
sa
ti
sf
yi
ng

th
e
SD

E

d
X
t

=
−
∇

(f
(X

t)
+

1 4
η
|∇
f

(X
t)
|2 )d

t
+
√
η
Σ

(X
t)

1 /
2
d
W
t

X
0

=
x

0
,

(4
.4
)

w
it
h

Σ
(x

)
=

E(
∇
f γ

(x
)
−
∇
f

(x
))

(∇
f γ

(x
)
−
∇
f

(x
))
T
.
T
he
n,
{X

t
:
t
∈

[0
,T

]}
is

an
or
de
r-

2
w
ea
k
ap
pr
ox
im

at
io
n

of
th
e
SG

D
,
i.e

.f
or

ea
ch

g
∈
G

3
,
th
er
e
ex
is
ts

a
co
ns
ta
nt

C
>

0
in
de
pe
nd

en
t
of
η
su
ch

th
at

m
ax

k
=

0
,.
..
,N
|E
g
(x
k
)
−

Eg
(X

k
η
)|
≤
C
η

2
.

P
ro
of

F
ir
st
,w

e
ch
ec
k
th
at

E
q.

(4
.4
)
ad

m
it
s
a
un

iq
ue

so
lu
ti
on

,w
hi
ch

am
ou

nt
s
to

ch
ec
ki
ng

th
e
co
nd

it
io
ns

in
T
hm

.1
8.

N
ot
e
th
at

th
e
Li
ps
ch
it
z
co
nd

it
io
n
(i
i)
im

pl
ie
s
∇
f
is
Li
ps
ch
it
z
w
it
h

co
ns
ta
nt

EL
γ
.
T
o
se
e
th
at

Σ
(x

)1 /
2
is

al
so

Li
ps
ch
it
z,

ob
se
rv
e
th
at
u

(x
)

:=
∇
f γ

(x
)
−
∇
f

(x
)

is
Li
ps
ch
it
z
(i
n
th
e
se
ns
e
of

(i
i)
,w

it
h
co
ns
ta
nt

at
m
os
t
L
γ

+
EL

γ
),
an

d

|Σ
(x

)1 /
2
−

Σ
(y

)1 /
2
|=
∣ ∣ ∣‖

[u
(x

)u
(x

)T
]1 /

2
‖ L

2
(Ω

)
−
‖[
u

(y
)u

(y
)T

]1 /
2
‖ L

2
(Ω

)∣ ∣ ∣

≤
‖[
u

(x
)u

(x
)T

]1 /
2
−

[u
(y

)u
(y

)T
]1 /

2
‖ L

2
(Ω

).
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L
i,

T
a
i
a
n
d

E

M
or
eo
ve
r,
ob

se
rv
e
th
at

fo
r
ve
ct
or
s
u
∈
R
d
th
e
m
ap

pi
ng

u
7→

(u
u
T

)1 /
2

=
u
u
T
/|
u
|i
s
Li
ps
ch
it
z,

w
hi
ch

im
pl
ie
s

|Σ
(x

)1 /
2
−

Σ
(y

)1 /
2
|≤

L
′ ‖u

(x
)
−
u

(y
)‖
L2

(Ω
)
≤
L
′′ |x
−
y
|.

T
he

Li
ps
ch
it
z
co
nd

it
io
ns

on
th
e
dr
ift

an
d
th
e
di
ffu

si
on

m
at
ri
x
im

pl
y
un

ifo
rm

lin
ea
r
gr
ow

th
,

so
by

T
hm

.1
8,

E
q.

(4
.4
)
ad

m
it
s
a
un

iq
ue

so
lu
ti
on

.
Fo

r
ea
ch
ε
∈

(0
,1

),
de

fin
e
th
e
m
ol
lifi

ed
fu
nc

ti
on

s

b 0
(x
,ε

)
=
−
ν
ε
∗∇

f
(x

),
b 1

(x
,ε

)
=
−

1 4
ν
ε
∗(
∇
|∇
f

(x
)|2

),
σ

0
(x
,ε

)
=
ν
ε
∗Σ

(x
)1 /

2
.

O
bs
er
ve

th
at
b 0

+
η
b 1
,σ

0
sa
ti
sfi
es

a
Li
ps
ch
it
z
co
nd

it
io
n
in
x
un

ifo
rm

ly
in
η
,ε
.
T
o
se
e
th
is
,

no
te

th
at

fo
r
an

y
Li
ps
ch
it
z
fu
nc

ti
on

ψ
w
it
h
co
ns
ta
nt
L
,w

e
ha

ve

|ν
ε
∗ψ

(x
)
−
ν
ε
∗ψ

(y
)|
≤
∫ B(

0
,ε

)
ν
ε (
z
)|ψ

(x
−
z
)
−
ψ

(y
−
z
)|d
z
≤
L
|x
−
y
|,

w
hi
ch

pr
ov
es
b 0

+
η
b 1

an
d
σ

0
ar
e
un

ifo
rm

ly
Li
ps
ch
it
z.

Si
m
ila

rl
y,

th
e
lin

ea
r
gr
ow

th
co
nd

it
io
n

fo
llo

w
s.

H
en

ce
,w

e
m
ay

de
fin

e
a
fa
m
ily

of
st
oc
ha

st
ic

pr
oc
es
se
s
{X

ε t
:
ε
∈

(0
,1

)}
sa
ti
sf
yi
ng

d
X
ε t

=
b 0

(X
ε t
,ε

)
+
η
b 1

(X
ε t
,ε

)
+
√
η
σ

0
(X

ε t
,ε

)d
W
t

X
ε 0

=
x

0
,

w
hi
ch

ea
ch

ad
m
it
sa

un
iq
ue

so
lu
ti
on

by
T
hm

.1
8.

N
ow

,w
e
cl
ai
m

th
at
b 0

(·,
ε)
,b

1
(·,
ε)
,σ

0
(·,
ε)
∈

G
3
un

ifo
rm

ly
in
ε.

T
o
se
e
th
is
,s
im

pl
y
ob

se
rv
e
th
at

m
ol
lifi

ca
ti
on

s
ar
e
sm

oo
th
,a

nd
m
or
eo
ve
r,

th
e
po

ly
no

m
ia
lg

ro
w
th

is
sa
ti
sfi
ed

si
nc

e
ν
ε
∗D

J
ψ

=
∇
J
(ν
ε
∗ψ

)
an

d
fu
rt
he
rm

or
e,

if
ψ
∈
G
,

th
en

w
e
ha

ve

|ψ
ε (
x

)|
≤
∫ B(

0
,ε

)
ν
ε (
y
)|ψ

(x
−
y
)|d
y

≤
κ

1

(
1

+
2

2
κ

2
−

1
|x
|2κ

2
+

2
2
κ

2
−

1
1 εd

∫ B(
0
,ε

)
|y
|2κ

2
d
y

)

B
ut
∫ B

(0
,ε

)
|y
|2κ

2
d
y
≤

V
ol

(B
(0
,ε

))
=
C
εd
,
w
he
re
C

is
in
de

pe
nd

en
t
of
ε.

T
hi
s
sh
ow

s
th
at

ψ
ε
∈
G

un
ifo

rm
ly

in
ε.

T
hi
s
im

m
ed

ia
te
ly

im
pl
ie
s
th
at
b 0

(·,
ε)
,b

1
(·,
ε)
,σ

0
(·,
ε)
∈
G

3
.

N
ow

,
si
nc

e
b 0

(x
,ε

)
→

b 0
(x
,0

)
(a
nd

si
m
ila

rl
y
fo
r
b 1
,σ

0
),

an
d
th
e
lim

it
s
ar
e
co
nt
in
uo

us
,

by
Le

m
.4

,5
,2

9,
30

„
al
lc

on
di
ti
on

s
of

T
hm

.3
ar
e
sa
ti
sfi
ed

,a
nd

he
nc

e
w
e
co
nc
lu
de

th
at

fo
r

ea
ch
g
∈
G

3
,w

e
ha

ve
,

m
ax

k
=

0
,.
..
,N
|E
g
(X

ε k
η
)
−

Eg
(x
k
)|
≤
C

(η
2

+
ρ
(ε

))
,

w
he

re
C

is
in
de

pe
nd

en
t
of
η
an

d
ε
an

d
ρ
(ε

)
→

0
as
ε
→

0
.
M
or
eo
ve
r,
si
nc
e
b 0

(x
,ε

)
→
b 0

(x
,0

)
(a
nd

si
m
ila

rl
y
fo
r
b 1
,σ

0
)
un

ifo
rm

ly
on

co
m
pa

ct
se
ts
,w

e
m
ay

ap
pl
y
T
hm

.2
0
to

co
nc

lu
de

th
at

su
p

t∈
[0
,T

]
E|
X
ε t
−
X
t|2
→

0
as
ε
→

0.
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S
to

ch
a
stic

M
o
d
ified

E
q
u
atio

n
s

I:
M

ath
em

atica
l

F
o
u
n
d
atio

n
s

T
hus,w

e
have

|E
g
(X

k
η )−

E
g
(x
k )|

≤
|E
g
(X

εkη )−
E
g
(x
k )|

+
|E
g
(X

εkη )−
E
g
(X

k
η )|

≤
C

(η
2

+
ρ
(ε))

+
(E|X

εkη −
X
k
η | 2 )

1/
2

×
(∫

1

0
E|∇

2g
(λ
X
εkη

+
(1−

λ
)X

k
η )| 2d

λ )
1/

2

U
sing

T
hm

.19
and

assum
ption

that∇
2g
∈
G
,the

last
expectation

is
finite

and
hence

taking
the

lim
it
ε→

0
yields

our
result.

B
y
going

for
a
low

er
order

approxim
ation,w

e
of

course
have

the
follow

ing:

C
orollary

10
A
ssum

e
the

sam
e
conditions

as
in

T
hm

.
9,

except
that

w
e
replace

(i)
w
ith

(i)’
f
≡

E
f
γ
is

continuously
differentiable,

and
f
∈
G

3w .

D
efine

{
X
t

:
t∈

[0,T
]}

as
the

stochastic
process

satisfying
the

SD
E

d
X
t

=
−
∇
f

(X
t )d
t

+
√
η
Σ

(X
t )

1/
2d
W
t

X
0

=
x

0 ,
(4.5)

w
ith

Σ
(x

)
=

E
(∇
f
γ (x

)−
∇
f

(x
))(∇

f
γ (x

)−
∇
f

(x
))
T.

T
hen,{

X
t

:
t∈

[0,T
]}

is
an

order-
1
w
eak

approxim
ation

of
the

SG
D
,
i.e.for

each
g
∈
G

2,
there

exists
a
constant

C
>

0
independent

of
η
such

that

m
ax

k
=

0
,...,N
|E
g
(X

k
η )−

E
g
(x
k )|≤

C
η
.

R
em

ark
11

In
the

above
results,

the
m
ost

restrictive
condition

is
probably

the
Lipschitz

condition
on
∇
f
γ .

Such
Lipschitz

conditions
are

im
portant

to
ensure

that
the

SM
E
s
adm

it
unique

strong
solutions

and
the

SG
A
having

uniform
ly
bounded

m
om

ents.
N
ote

thatfollow
ing

sim
ilar

techniques
in

SD
E
analysis

(e.g.K
loeden

and
P
laten

(2011)),these
globalconditions

m
ay

be
relaxed

to
their

respective
local

versions
if

w
e
assum

e
in

addition
a
uniform

global
linear

grow
th

condition
on
∇
f
γ .

F
inally,

for
applications,

typicalloss
functions

have
inw

ard
pointing

gradients
for

allsuffi
ciently

large
x,m

eaning
thatthe

SG
D

iterates
w
illbe

uniform
ly

bounded
alm

ost
surely.

T
hus,

w
e
m
ay

sim
ply

m
odify

the
loss

functions
for

large
x
(w

ithout
affecting

the
SG

A
iterates)

to
satisfy

the
conditions

above.

R
em

ark
12

T
he

constant
C

does
not

depend
on

η,
but

as
evidenced

in
the

proof
of

the
theorem

,
it
generally

depends
on

g,
T
,
d
and

the
various

Lipschitz
constants.

For
the

fairly
generalsituation

w
e
are

consider,
w
e
do

not
derive

tight
estim

ates
of

these
dependencies.

4.3.
S
M
E
for

stoch
astic

grad
ient

d
escent

w
ith

m
om

entu
m

Letus
discuss

the
corresponding

SM
E
fora

popularvariantofthe
SG

D
called

the
m
om

entum
SG

D
(M

SG
D
).T

he
m
om

entum
SG

D
augm

ents
the

usualSG
D

iterations
w
ith

a
“m

em
ory”

term
.
In

the
usualform

,w
e
have

the
iterations

v̂
k
+

1
=
µ̂
v̂
k −

η̂∇
f
γ
k (x

k )

x
k
+

1
=
x
k

+
v̂
k
+

1
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L
i,

T
a
i
a
n
d

E

w
here

µ̂
∈

(0,1)
(typically

close
to

1)
is

called
the

m
om

entum
param

eter
and

η̂
is

the
learning

rate.
Let

us
consider

a
rescaled

version
of

the
above

that
is

easier
to

analyze
via

continuous-tim
e
approxim

ations.
W
e
redefine

η
:=
√
η̂
,

v
k

:=
v̂
k / √

η̂
,

µ
:=

(1−
µ̂

)/ √
η̂

(4.6)

to
obtain

v
k
+

1
=
v
k −

µ
η
v
k −

η∇
f
γ
k (x

k )

x
k
+

1
=
x
k

+
η
v
k
+

1 .
(4.7)

In
view

of
the

rescaling,
the

range
of

m
om

entum
param

eters
w
e
consider

becom
es

µ
∈

(0,η −
1
/
2),w

hich
w
e
m
ay

replace
by

(0,∞
)
for

sim
plicity.

Let
us

now
derive

the
SM

E
satisfied

by
the

iterations
(4.7).

O
bserve

that
this

is
again

a
specialcase

of
(4.1)

w
ith

x
now

replaced
by

(v
,x

)
and

h
(v
,x
,γ
,η

)
=

(−
µ
v−
∇
f
γ (x

),v−
η
µ
v−

η∇
f
γ (x

))

In
view

ofT
hm

.14
and

the
results

in
Sec.4.2,in

order
to

derive
the

SM
E
s
w
e
sim

ply
m
atch

m
om

ents
up

to
order

3.
A
s
in

Sec.4.2,let
us

define
the

one
step

difference

∆
(v
,x

)
:=

(v
v
,x
,0

1
−
v
,x

v
,x
,0

1
−
x

).
(4.8)

T
he

follow
ing

m
om

ent
expansions

are
im

m
ediate.

L
em

m
a
13

Let
∆

(x
,v

)
be

defined
as

in
(4.8).

W
e
have

(i)
E

∆
(i) (v

,x
)

=
η
(−
µ
v

(i) −
∂

(i) f
(x

),v
)

+
η

2(0,−
µ
v

(i) −
∂

(i) f
(x

)),

(ii)
E

∆
(i) (v

,x
)∆

(j) (v
,x

)
=

η
2 

µ
2v

(i) v
(j)

+
µ
v

(i) ∂
(j) f

(x
)

+
µ
v

(j) ∂
(i) f

(x
)

+
Σ

(x
)
(i,j)

+
∂

(i) ∂
(j) f

(x
)

−
µ
v

(i) v
(j) −

v
(i) ∂

(j) f
(x

)

−
µ
v

(i) v
(j) −

v
(j) ∂

(i) f
(x

)
v

(i) v
(j)



+
O

(η
3),

(iii)
E
∏

3j=
1 |∆

(ij ) (v
,x

)|
=
O

(η
3),

w
here

Σ
(x

)
:=

E
(∇
f
γ (x

)−
∇
f

(x
))(∇

f
γ (x

)−
∇
f

(x
))
T.

P
roof

T
he

proof
follow

s
from

direct
calculation

of
the

m
om

ents.

H
ence,proceeding

exactly
as

in
Sec.4.2

and
using

Lem
.4,13,w

e
see

that
w
e
m
ay

set

b
0 (v

,x
)

=
(−
µ
v−
∇
f

(x
),v

)

b
1 (v

,x
)

=
−

12 (µ
[µ
v

+
∇
f

(x
)]−
∇

2f
(x

)v
,µ
v

+
∇
f

(x
) )

σ
0 (v

,x
)

=

(
Σ

(x
)

1/
2

0
0

0 )

in
order

to
m
atch

the
m
om

ents.
B
y

sim
ilar

m
ollification

and
lim

iting
argum

ents
as

in
T
hm

.9,w
e
arrive

at
the

follow
ing

approxim
ation

theorem
,w

here
w
e
can

see
that

the
SM

E
for

M
SG

D
takes

the
form

of
a
Langevin

equation.
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S
to

ch
a
st

ic
M

o
d
if

ie
d

E
q
u
at

io
n
s

I:
M

at
h
em

at
ic

a
l

F
o
u
n
d
at

io
n
s

T
h
eo
re
m

14
A
ss
um

e
th
e
sa
m
e
co
nd

it
io
ns

as
in

T
hm

.
9
an

d
th
at

th
e
dr
ift

te
rm

s
in

th
e

fo
llo

w
in
g
SD

E
ar
e
Li
ps
ch
it
z.

Le
t
µ
>

0
be

fix
ed

an
d
de
fin

e
{V

t,
X
t

:
t
∈

[0
,T

]}
as

th
e

st
oc
ha
st
ic

pr
oc
es
s
sa
ti
sf
yi
ng

th
e
SD

E

d
V
t

=
−

[(
µ
I

+
1 2
η
[µ

2
I
−
∇

2
f

(X
t)

])
V
t
+

(1
+

1 2
η
µ

)∇
f

(X
t)

]d
t

+
√
η
Σ

(X
t)

1 /
2
d
W
t

V
0

=
v 0
,

d
X
t

=
[(

1
−

1 2
η
µ

)V
t
−

1 2
η
∇
f

(X
t)

]d
t

X
0

=
x

0
,

(4
.9
)

w
it
h

Σ
(x

)
as

de
fin

ed
in

T
hm

.
9.

T
he
n,
{(
V
t,
X
t)

:
t
∈

[0
,T

]}
is

an
or
de
r-
2
w
ea
k
ap
pr
ox
im

a-
ti
on

of
th
e
M
SG

D
.

M
or
eo
ve
r,
if
w
e
re
la
x
th
e
as
su
m
pt
io
ns

to
C
or
.1

0,
w
e
ha
ve

th
e
or
de
r-
1
w
ea
k
ap
pr
ox
im

at
io
n

d
V
t

=
−

[µ
V
t
+
∇
f

(X
t)

]d
t

+
√
η
Σ

(X
t)

1 /
2
d
W
t

V
0

=
v 0
,

d
X
t

=
V
td
t

X
0

=
x

0
.

(4
.1
0)

N
ot
e
th
at

by
in
ve
rt
in
g
th
e
sc
al
in
g
(4
.6
),

th
e
or
de

r-
1
SM

E
(4
.1
0)

is
th
e
fo
rm

al
eq
ua

ti
on

de
ri
ve
d

in
Li

et
al
.
(2
01

5)
.

A
s
di
sc
us
se
d

in
R
em

ar
k

11
,
us
in
g
st
an

da
rd

te
ch
ni
qu

es
th
e

re
st
ri
ct
iv
e
gl
ob

al
Li
ps
ch
it
z
co
nd

it
io
ns

ca
n
be

re
la
xe
d
to

a
lo
ca
lL

ip
sc
hi
tz

co
nd

it
io
n
to
ge
th
er

w
it
h
a
lin

ea
r
gr
ow

th
co
nd

it
io
n.

4.
4.

S
M
E
fo
r
a
m
om

en
tu
m

va
ri
an

t:
N
es
te
ro
v
ac
ce
le
ra
te
d
gr
ad

ie
nt

It
fo
llo

w
s
fr
om

th
e
ca
lc
ul
at
io
n
ab

ov
e
th
at

w
e
ca
n
al
so

ob
ta
in

th
e
SM

E
fo
r
th
e
st
oc
ha

st
ic

gr
ad

ie
nt

ve
rs
io
n
of

th
e
N
es
te
ro
v
ac
ce
le
ra
te
d
gr
ad

ie
nt

(N
A
G
)
m
et
ho

d
(N

es
te
ro
v,

19
83

),
w
hi
ch

w
e
re
fe
r
to

as
SN

A
G
.I
n
th
e
no

n-
st
oc
ha

st
ic

ca
se
,t
he

N
A
G

m
et
ho

d
ha

s
be

en
an

al
yz
ed

us
in
g

th
e
O
D
E
ap

pr
oa

ch
(S
u
et

al
.,
20
14

).
T
he

re
fo
re
,t
he

de
ri
va
ti
on

s
in

th
is
se
ct
io
n
ca
n
be

vi
ew

ed
as

a
st
oc
ha

st
ic

pa
ra
lle

l.
T
he

N
A
G

m
et
ho

d
is
so
m
et
im

es
us
ed

w
it
h
st
oc
ha

st
ic

gr
ad

ie
nt
s,
an

d
he

nc
e
it

is
us
ef
ul

to
an

al
yz
e
it
s
pr
op

er
ti
es

in
th
is

se
tt
in
g
an

d
co
m
pa

re
it
to

M
SG

D
.

T
he

un
sc
al
ed

N
A
G

it
er
at
io
ns

ar
e

v̂ k
+

1
=
µ̂
k
v̂ k
−
η̂
∇
f γ
k
(x
k

+
µ̂
k
v̂ k

)

x
k
+

1
=
x
k

+
v̂ k

+
1

w
it
h
v̂ 0

=
0,

w
hi
ch

di
ffe

rs
fr
om

th
e
m
om

en
tu
m

it
er
at
io
ns

as
th
e
gr
ad

ie
nt

is
no

w
ev
al
ua

te
d

at
a
“p
re
di
ct
ed

”
po

si
ti
on

x
k

+
µ̂
k
v̂ k
,
in
st
ea
d

of
th
e
or
ig
in
al

po
si
ti
on

x
k
.

M
or
eo
ve
r,

th
e

m
om

en
tu
m

pa
ra
m
et
er
µ̂
k
is
no

w
al
lo
w
ed

to
va
ry

as
k
in
cr
ea
se
s,
an

d
in

fa
ct
,t
he

us
ua

lc
ho

ic
e

of

µ̂
k

=
k
−

1
k
+

2
(4
.1
1)

th
is

ha
s
im

po
rt
an

t
lin

ks
to

st
ab

ili
ty

an
d
ac
ce
le
ra
ti
on

in
th
e
de

te
rm

in
is
ti
c
ca
se

(N
es
te
ro
v,

19
83

;S
u
et

al
.,
20

14
).

In
pa

rt
ic
ul
ar
,i
t
ac
hi
ev
es
O

(1
/k

2
)
co
nv

er
ge
nc
e
ra
te

fo
r
ge
ne

ra
lc

on
ve
x

fu
nc

ti
on

s.
O
n
th
e
ot
he

r
ha

nd
,a

co
ns
ta
nt
µ̂
k
is
su
gg

es
te
d
fo
r
st
ro
ng

ly
co
nv

ex
fu
nc

ti
on

s
(N

es
-

te
ro
v,

20
13

).
In

th
e
fo
llo

w
in
g,

w
e
sh
al
l
fir
st

co
ns
id
er

th
e
ca
se

of
co
ns
ta
nt

m
om

en
tu
m

pa
-

ra
m
et
er

w
it
h
µ̂
k
≡
µ̂
,a

nd
th
en

th
e
ch
oi
ce

(4
.1
1)

su
bs
eq
ue

nt
ly
.
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L
i,

T
a
i
a
n
d

E

C
on

st
an

t
m
om

en
tu
m
.

U
si
ng

th
e
sa
m
e
re
sc
al
in
g
in

(4
.6
),
w
e
ha

ve

v k
+

1
=
v k
−
µ
η
v k
−
η
∇
f γ
k
(x
k

+
η
(1
−
µ
η
)v
k
)

x
k
+

1
=
x
k

+
η
v k

+
1
.

(4
.1
2)

w
hi
ch

is
ag

ai
n
(4
.1
)
w
it
h

h
(v
,x
,γ
,η

)
=

(−
µ
v
−
∇
f γ

(x
+
η
(1
−
µ
η
)v

),
v
−
η
µ
v
−
η
∇
f γ

(x
+
η
(1
−
µ
η
)v

))

H
en

ce
,w

e
ha

ve
th
e
fo
llo

w
in
g
m
om

en
t
ex
pa

ns
io
n.

L
em

m
a
15

Le
t

∆
(x
,v

)
:=

(v
v
,x
,0

1
−
v
,x

v
,x
,0

1
−
x

).
W
e
ha
ve

(i
)
E∆

(i
)(
v
,x

)
=
η
(−
µ
v (
i)
−
∂

(i
)f

(x
),
v
)

+
η

2
(∂

(i
)∂

(j
)f

(x
)v

(j
),
−
µ
v (
i)
−
∂

(i
)f

(x
+
v
))

+
O

(η
3
),

(i
i)

E∆
(i

)(
v
,x

)∆
(j

)(
v
,x

)
=

η
2

   

µ
2
v (
i)
v (
j)

+
µ
v (
i)
∂

(j
)f

(x
+
v
)

+
µ
v (
j)
∂

(i
)f

(x
+
v
)

+
Σ

(x
+
v
) (
i,
j)

+
∂

(i
)∂

(j
)f

(x
+
v
)

−
µ
v (
i)
v (
j)
−
v (
i)
∂

(j
)f

(x
+
v
)

−
µ
v (
i)
v (
j)
−
v (
j)
∂

(i
)f

(x
+
v
)

v (
i)
v (
j)

   

+
O

(η
3
),

(i
ii)

E
∏

3 j=
1
|∆

(i
j
)(
v
,x

)|
=
O

(η
3
),

w
he
re

Σ
(x

)
:=

E(
∇
f γ

(x
)
−
∇
f

(x
))

(∇
f γ

(x
)
−
∇
f

(x
))
T
.

P
ro
of

T
he

pr
oo

ff
ol
lo
w
s
fr
om

di
re
ct

ca
lc
ul
at
io
n
of

th
e
m
om

en
ts

an
d
T
ay
lo
r’
s
ex
pa

ns
io
n.

H
en

ce
,w

e
m
ay

m
at
ch

m
om

en
ts

by
se
tt
in
g

b 0
(v
,x

)
=

(−
µ
v
−
∇
f

(x
),
v
)

b 1
(v
,x

)
=
−

1 2

( µ
[µ
v

+
∇
f

(x
)]

+
∇

2
f

(x
)v
,µ
v

+
∇
f

(x
))

σ
0
(v
,x

)
=

(
Σ

(x
)1 2

0
0

0)

fr
om

w
hi
ch

w
e
ob

ta
in

th
e
fo
llo

w
in
g
ap

pr
ox

im
at
io
n
th
eo
re
m

fo
r
SN

A
G
.

T
h
eo
re
m

16
A
ss
um

e
th
e
sa
m
e
co
nd

it
io
ns

as
in

T
hm

.
14
.
D
efi

ne
{V

t,
X
t

:
t
∈

[0
,T

]}
as

th
e
st
oc
ha
st
ic

pr
oc
es
s
sa
ti
sf
yi
ng

th
e
SD

E

d
V
t

=
−

[(
µ
I

+
1 2
η
[µ

2
I

+
∇

2
f

(X
t)

])
V
t
+

(1
+

1 2
η
µ

)∇
f

(X
t)

]d
t

+
√
η
Σ

(X
t)

1 /
2
d
W
t

V
0

=
v 0
,

d
X
t

=
[(

1
−

1 2
η
µ

)V
t
−

1 2
η
∇
f

(X
t)

]d
t

X
0

=
x

0
,

(4
.1
3)

w
it
h

Σ
as

de
fin

ed
in

T
hm

.1
4.

T
he
n,
{(
V
t,
X
t)

:
t
∈

[0
,T

]}
is
an

or
de
r-
2
w
ea
k
ap
pr
ox
im

at
io
n

of
SN

A
G
.
M
or
eo
ve
r,

th
e
sa
m
e
or
de
r-
1
w
ea
k
ap
pr
ox
im

at
io
n
of

M
SG

D
in

(4
.1
0)

ho
ld
s
fo
r
th
e

SN
A
G
.

T
he

re
su
lt
ab

ov
e
sh
ow

s
th
at

fo
r
co
ns
ta
nt

m
om

en
tu
m

pa
ra
m
et
er
s,
th
e
m
od

ifi
ed

eq
ua

ti
on

s
fo
r

M
SG

D
an

d
th
e
SN

A
G

ar
e
eq
ui
va
le
nt

at
le
ad

in
g
or
de
r,
bu

td
iff
er

w
he
n
w
e
co
ns
id
er

th
e
se
co
nd

or
de

r
m
od

ifi
ed

eq
ua

ti
on

.
Le

t
us

no
w

di
sc
us
s
th
e
ca
se

w
he
re

th
e
m
om

en
tu
m

pa
ra
m
et
er

is
al
lo
w
ed

to
va
ry
.
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S
to

ch
a
stic

M
o
d
ified

E
q
u
atio

n
s

I:
M

ath
em

atica
l

F
o
u
n
d
atio

n
s

V
aryin

g
m
om

entu
m
.

N
ow

let
us

take
µ̂

as
in

(4.11).
T
hen,

using
the

sam
e
rescaling

argum
ents,w

e
arrive

atv
k
+

1
=
v
k −

µ
k η
v
k −

η∇
f
γ
k (x

k
+
η
(1−

µ
k η

)v
k )

x
k
+

1
=
x
k

+
η
v
k
+

1 .
(4.14)

w
ith

µ
k

=
3/(2η

+
k
η
).

N
ow

,in
order

to
apply

our
theoreticalresults

to
deduce

the
SM

E
,

sim
ply

notice
that

w
e
m
ay

introduce
an

auxiliary
scalar

variable

z
k
+

1
=
z
k

+
η
,

z
0

=
0.

T
hen,

µ
k

=
3/(2η

+
z
k ),and

hence
allterm

s
are

now
not

explicitly
k-independent,thus

w
e

m
ay

proceed
form

ally
as

in
the

previous
sections

to
arrive

at
the

order-1
SM

E
for

SN
A
G

w
ith

varying
m
om

entum

d
V
t

=
−

[
3t V

t
+
∇
f

(X
t )]d

t
+
√
η
Σ

(X
t )

1/
2d
W
t

V
0

=
0,

d
X
t

=
V
t d
t

X
0

=
x

0 .
(4.15)

T
his

result
is

form
albecause

the
term

3/t
does

not
satisfy

our
globalLipschitz

conditions,
unless

w
e
restrict

our
interval

to
som

e
[t0 ,T

]
w
ith

t0
>

0,
in

w
hich

case
the

above
result

becom
es

rigorous.
A
lternatively,som

e
lim

iting
argum

ents
have

to
be

used
to

establish
w
ell-

posedness
ofthe

equation
on

[0,T
]individually.

W
e
shallom

it
these

analyses
in

the
current

paper,
and

only
consider

(4.15)
on

som
e
interval

[t0 ,T
],
w
here

initial
conditions

are
then

replaced
by

(v
t
0 ,x

t
0 ).

A
s
a
point

of
com

parison,
(4.15)

reduces
to

the
O
D
E

derived
in

Su
et

al.(2014)
if

Σ
(x

)≡
0
(i.e.

the
gradients

are
non-stochastic).

5.
A
p
p
lication

s
of

th
e
S
M
E
s
to

th
e
an

alysis
of

S
G
A

In
this

section,w
e
apply

the
SM

E
fram

ew
ork

developed
to

analyze
the

dynam
ics

ofthe
three

stochastic
gradient

algorithm
variants

discussed
above,nam

ely
SG

D
,M

SG
D

and
SN

A
G
.W

e
shallfocus

on
sim

ple
but

non-trivialm
odels

w
here

to
a
large

extent,analyticalcom
putations

using
SM

E
are

tractable,
giving

us
key

insights
into

the
algorithm

s
that

are
otherw

ise
diffi

cult
to

obtain
w
ithout

appealing
to

the
continuous

form
alism

presented
in

this
paper.

W
e
consider

prim
arily

the
follow

ing
m
odel:

M
od

el:
Let

H
∈
R
d×
d
be

a
sym

m
etric,positive

definite
m
atrix.

D
efine

the
sam

ple
objec-

tive

f
γ (x

)
:=

12 (x
−
γ

)
T
H

(x
−
γ

)−
12 T

r(H
)

γ
∼
N

(0,I
)

(5.1)

w
hich

gives
the

totalobjective
f

(x
)≡

E
f
γ (x

)
=

12 x
T
H
x.

5.1.
S
M
E
an

alysis
of

S
G
D

W
e
first

derive
the

SM
E

associated
w
ith

(5.1).
For

sim
plicity,

w
e
w
ill

only
consider

the
order-1

SM
E

(4.5).
A

direct
com

putation
show

s
that

Σ
(x

)
=
H

2
and

so
the

SM
E

for
SG

D
applied

to
m
odel(5.1)

is

d
X
t

=
−
H
X
t d
t

+
√
η
H
d
W
t ,

19
JM

L
R

 20(40):1-47, 2019

L
i,

T
a
i
a
n
d

E

T
his

is
a
m
ulti-dim

ensionalO
rnstein-U

hlenbeck
(O

U
)
process

and
adm

its
the

explicit
solu-

tion

X
t

=
e −

tH

(
x

0
+
√
η ∫

t

0
e
sH
H
d
W
s )

.

O
bserve

that
for

each
t≥

0,
the

distribution
of
X
t
is

G
aussian.

U
sing

Itô’s
isom

etry,
w
e

then
deduce

the
dynam

ics
of

the
objective

function

E
f

(X
t )

=
12 x

T0
H
e −

2
tH
x

0
+

12 η ∫
t

0
T

r(H
3e −

2
(t−

s)H
)d
s

=
12 x

T0
H
e −

2
tH
x

0
+

14 η

n
∑i=

1

λ
2i (H

)(1−
e −

2
tλ
i (H

)).
(5.2)

T
he

first
term

decays
linearly

w
ith

asym
ptotic

rate
2
λ
d (H

),and
the

second
term

is
induced

by
noise,

and
its

asym
ptotic

value
is

proportional
to

the
learning

rate
η.

T
his

is
the

w
ell-

know
n
tw

o-phase
behavior

of
SG

D
under

constant
learning

rates:
an

initial
descent

phase
induced

by
the

determ
inistic

gradient
flow

and
an

eventualfluctuation
phase

dom
inated

by
the

variance
of

the
stochastic

gradients.
In

this
sense,

the
SM

E
m
akes

the
sam

e
predic-

tions,
and

in
fact

w
e
can

see
that

it
approxim

ates
the

SG
D

iterations
w
ell

as
η
decreases

(F
ig.5.1(a)),according

to
the

rates
w
e
derived

in
T
hm

.9
and

C
or.10.

10
2

10
1

10
0

10
5

10
4

10
3

10
2

10
1

| f(XT) f(x T/ )|

Order 1
Slope=1

Order 1
Slope=2

(a)

10
1

10
2

10
3

(H)

10
3

10
2

10
1

rate

SGD
Slope = -1

(b)

F
igure

5.1:
SM

E
prediction

vs
SG

D
dynam

ics.
(a)

SM
E

as
a
w
eak

approxim
ation

of
the

SG
D
.W

e
com

pute
the

w
eak

error
w
ith

test
function

g
equalto

f
(see

T
hm

.9).
A
s
predicted

by
our

analysis,
the

order-2
SM

E
(4.4)

(order-1
SM

E
(4.5))

should
give

a
slope

=
2
(1)

decrease
in

error
as

η
decreases

(note
that

the
x-axis

is
flipped).

T
he

SM
E

solution
is

com
puted

using
an

exact
form

ula
derived

by
the

application
of

Itô
isom

etry
and

the
SG

D
expectation

is
averaged

over
1e6

runs.
W
e
took

T
=

2
.0.

W
e
see

that
the

predictions
of

T
hm

.9
and

C
or.10

hold.
(b)D

escentrate
vscondition

num
ber.

H
isgenerated

w
ith

different
condition

num
bers,

and
the

resulting
descent

rate
of

SG
D

is
approxim

ately
∝
κ

(H
) −

1,
as

predicted
by

the
SM

E
.

M
oreover,

notice
that

by
the

identification
t

=
k
η
(k

is
the

SG
D

iteration
num

ber),
the

SM
E

analysis
tells

us
that

the
asym

ptotic
linear

convergence
rate

(in
k,

i.e.rate
∼
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S
to

ch
a
st

ic
M

o
d
if

ie
d

E
q
u
at

io
n
s

I:
M

at
h
em

at
ic

a
l

F
o
u
n
d
at

io
n
s

−
lo

g
[E
f

(x
k
)]
/k

)
in

th
e
de

sc
en
t
ph

as
e
of

th
e
SG

D
is

2λ
d
(H

)η
.
Fo

r
nu

m
er
ic
al

st
ab

ili
ty

(e
ve
n

in
th
e
no

n-
st
oc
ha

st
ic

ca
se
),
w
e
us
ua

lly
re
qu

ir
e
η
∝

1
/λ

1
(H

),
th
us

th
e
m
ax

im
al

de
sc
en
t
ra
te

is
in
ve
rs
el
y
pr
op

or
ti
on

al
to

th
e
co
nd

it
io
n
nu

m
be

r
κ

(H
)

=
λ

1
(H

)/
λ
d
(H

).
W
e
va
lid

at
e
th
is

ob
se
rv
at
io
n
by

ge
ne

ra
ti
ng

a
co
lle

ct
io
n
of
H
’s

w
it
h
va
ry
in
g
co
nd

it
io
n
nu

m
be

rs
an

d
ap

pl
yi
ng

SG
D

w
it
h
η
∝

1/
λ

1
(H

).
In

F
ig

5.
1(
b)
,w

e
pl
ot

th
e
in
it
ia
ld

es
ce
nt

ra
te
s
ve
rs
us

th
e
co
nd

it
io
n

nu
m
be

r
of
H

an
d
w
e
ob

se
rv
e
th
at

w
e
in
de

ed
ha

ve
ra
te
∝
κ

(H
)−

1
.

A
lt
er
n
at
e
m
od

el
.

N
ow

,w
e
co
ns
id
er

a
sl
ig
ht

va
ri
at
io
n
of

th
e
m
od

el
(5
.1
).

T
he

go
al

is
sh
ow

th
at

th
e
dy

na
m
ic
s
of

SG
D

(a
nd

th
e
co
rr
es
po

nd
in
g
SM

E
)
is

no
t
al
w
ay
s
G
au

ss
ia
n-
lik

e
an

d
th
us

us
in
g
th
e
O
U

pr
oc
es
s
to

m
od

el
th
e
SG

D
is

no
t
al
w
ay
s
va
lid

.
G
iv
en

th
e
sa
m
e
po

si
ti
ve
-

de
fin

it
e
m
at
ri
x
H
,
w
e
di
ag

on
al
iz
e
it

in
th
e
fo
rm

H
=
Q
D
Q
T

w
he

re
Q

is
an

or
th
og

on
al

m
at
ri
x
an

d
D

is
a
di
ag

on
al

m
at
ri
x
of

ei
ge
nv
al
ue

s.
W
e
th
en

de
fin

e
th
e
sa
m
pl
e
ob

je
ct
iv
e

f γ
(x

)
:=

1 2
(Q

T
x

)T
[D

+
d
ia

g
(γ

)]
(Q

T
x

)

γ
∼
N

(0
,I

)
(5
.3
)

w
hi
ch

gi
ve
s
th
e
sa
m
e
to
ta
lo

bj
ec
ti
ve
f

(x
)
≡

Ef
γ
(x

)
=

1 2
x
T
H
x
.
H
ow

ev
er
,w

e
ha

ve
a
di
ffe

re
nt

ex
pr
es
si
on

fo
r

Σ
(x

)

Σ
(x

)
=
Q

d
ia

g
(Q
x

)2
Q
T
,

w
hi
ch

gi
ve
s
th
e
SM

E d
X
t

=
−
H
X
td
t

+
√
η
Q
|d

ia
g
(Q

T
X
t)
|Q

T
d
W
t

in
di

st
ri

bu
ti

on
=

−
H
X
td
t

+
√
η
Q

d
ia

g
(Q

T
x

)Q
T
d
W
t.

W
e
ca
n
re
w
ri
te

th
e
ab

ov
e
as d
X
t

=
−
H
X
td
t

+
√
η

d ∑ l=
1

Q
(l

) X
td
W

(l
),
t,

w
he

re
Q

(l
)

=
Q

d
ia

g
(Q

(l
,·)

)Q
T
an

d
Q

(l
,·)

de
no

te
s
th
e
lt

h
ro
w

of
Q
.
B
y
ob

se
rv
in
g
th
at

ev
er
y

pa
ir
of
{H

,Q
(1

) ,
..
.,
Q

(d
) }

co
m
m
ut
e,

w
e
ha

ve
th
e
ex
pl
ic
it
so
lu
ti
on

X
t

=
e−

1 2
η
t+
√
η
∑
d l=

1
Q

(l
)
W

(l
),
t
e−

H
t x

0
.

w
hi
ch

is
a
m
ul
ti
-d
im

en
si
on

al
B
la
ck
-S
ch
ol
es

(B
la
ck

an
d

Sc
ho

le
s,

19
73

)
ty
pe

of
st
oc
ha

st
ic

pr
oc
es
s.

In
pa

rt
ic
ul
ar
,t

he
di
st
ri
bu

ti
on

is
no

t
G
au

ss
ia
n
of

an
y
t
>

0.
N
ev
er
th
el
es
s,

w
e
m
ay

ta
ke

ex
pe

ct
at
io
n
to

ob
ta
in

Ef
(X

t)
=

1 2
eη
t x
T 0
H
e−

2
H
t x

0
.

T
hi
s
im

m
ed

ia
te
ly

im
pl
ie
s
th
e
fo
llo

w
in
g
in
te
re
st
in
g
be

ha
vi
or
:
if
η
<

2
λ
d
(H

),
th
en

2
H
−
η
I

is
po

si
ti
ve

de
fin

it
e
an

d
so

Ef
(X

t)
→

0
ex
po

ne
nt
ia
lly

at
co
ns
ta
nt
,
no

n-
ze
ro
η
;
O
th
er
w
is
e,

de
pe

nd
in
g
on

in
it
ia
l
co
nd

it
io
n
x

0
,
th
e
ob

je
ct
iv
e
m
ay

no
t
co
nv

er
ge

to
0.

In
pa

rt
ic
ul
ar
,
if

η
>

2
λ
d
(H

)
(w

hi
ch

ha
pp

en
s
qu

it
e
of
te
n

if
th
e
co
nd

it
io
n

nu
m
be

r
of
H

is
la
rg
e)

an
d
x

0
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L
i,

T
a
i
a
n
d

E

is
in

ge
ne

ra
lp

os
it
io
n,

th
en

w
e
ha

ve
as
ym

pt
ot
ic

ex
po

ne
nt
ia
ld

iv
er
ge
nc
e.

T
hi
s
is

a
va
ri
an

ce
-

in
du

ce
d
di
ve
rg
en

ce
ty
pi
ca
lly

ob
se
rv
ed

in
B
la
ck
-S
ch
ol
es

an
d
ge
om

et
ri
c
B
ro
w
ni
an

m
ot
io
n
ty
pe

of
st
oc
ha

st
ic

pr
oc
es
se
s.

T
he

te
rm

“v
ar
ia
nc

e-
in
du

ce
d”

is
im

po
rt
an

t
he

re
si
nc

e
th
e
de

te
rm

in
is
-

ti
c
pa

rt
of

th
e
ev
ol
ut
io
n
eq
ua

ti
on

is
m
ea
n-
re
ve
rt
in
g
an

d
in

fa
ct

is
id
en
ti
ca
lt
o
th
e
st
ab

le
O
U

pr
oc
es
s
st
ud

ie
d
ea
rl
ie
r.

In
F
ig
.5

.2
(a
),
(b
),
w
e
sh
ow

th
e
co
rr
es
po

nd
en

ce
of

th
e
SM

E
fin

di
ng

s
w
it
h
th
e
ac
tu
al

dy
na

m
ic
s
of

th
e
SG

D
it
er
at
io
ns
.
In

pa
rt
ic
ul
ar
,w

e
se
e
in

F
ig
.5

.2
(c
)
th
at

fo
r

sm
al
l
η
,
w
e
ha

ve
ex
po

ne
nt
ia
l
co
nv

er
ge
nc

e
of

th
e
SG

D
at

co
ns
ta
nt

le
ar
ni
ng

ra
te
s,

w
he

re
as

fo
r
η
>

2
λ
d
(H

),
th
e
SG

D
it
er
at
es

st
ar
t
to

os
ci
lla

te
w
ild

ly
an

d
it
s
m
ea
n
va
lu
e
is

do
m
in
at
ed

by
fe
w

la
rg
e
va
lu
es

an
d
di
ve
rg
es

ap
pr
ox
im

at
el
y
at

th
e
ra
te

pr
ed

ic
te
d
by

th
e
SM

E
.N

ot
e
th
at

th
is

di
ve
rg
en

ce
is

pr
ed

ic
te
d
to

be
at

a
fin

it
e
η
,
an

d
fr
om

th
e
th
eo
ry

de
ve
lo
pe

d
so

fa
r
w
e

ca
nn

ot
co
nc

lu
de

th
at

th
e
SM

E
ap

pr
ox
im

at
io
n
al
w
ay

s
ho

ld
s
ac
cu

ra
te
ly

at
th
is

re
gi
m
e
(b
ut

th
e
ap

pr
ox
im

at
io
n
is

gu
ar
an

te
ed

fo
r
η
su
ffi
ci
en
tl
y
sm

al
l)
.
N
ev
er
th
el
es
s,

w
e
ob

se
rv
e
at

le
as
t

in
th
is
m
od

el
th
at

th
e
va
ri
an

ce
-in

du
ce
d
di
ve
rg
en
ce

of
th
e
SG

D
ha

pp
en

s
as

pr
ed

ic
te
d
by

th
e

SM
E
.

5.
2.

S
M
E
an

al
ys
is

of
M
S
G
D

Le
t
us

no
w

us
e
th
e
SM

E
to

an
al
yz
e
M
SG

D
ap

pl
ie
d
to

m
od

el
(5
.1
).

W
e
ha

ve
sh
ow

n
ea
rl
ie
r

th
at

Σ
(x

)
=
H
.
T
hu

s,
ac
co
rd
in
g
to

T
hm

.1
4,

th
e
or
de

r-
1
SM

E
fo
r
M
SG

D
is

d
V
t

=
−

[µ
V
t
+
H
X
t]
d
t

+
√
η
H
d
W
t,

d
X
t

=
V
td
t,

(5
.4
)

w
it
h
X

0
=
x

0
an

d
V

0
=

0
.
If

w
e
se
t
Y
t

:=
(V
t,
X
t)
∈

R
2
d
,
U
t
a

2
d
-d
im

en
si
on

al
B
ro
w
ni
an

m
ot
io
n
w
it
h
fir
st
d
co
or
di
na

te
s
eq
ua

lt
o
W
t,
an

d
de

fin
e
bl
oc
k
m
at
ri
ce
s

A
:=

(
µ
I

H
−
I

0

)
,

B
:=

( H
0

0
0

)
,

(5
.5
)

w
e
ca
n
th
en

w
ri
te

(5
.4
)
as d
Y
t

=
−
A
Y
t
+
√
η
B
d
U
t,

Y
0

=
(0
,x

0
),

w
hi
ch

ad
m
it
s
th
e
ex
pl
ic
it

so
lu
ti
on

Y
t

=
e−

A
t

( Y
0

+
√
η

∫
t

0
eA

s
B
d
U
s
.)
.

B
y
It
ô’
s
is
om

et
ry
,w

e
ha

ve

Ef
(X

t)
=

1 2

[ |
d
ia

g
(0
,H

)1 /
2
e−

A
t Y

0
|2

+
η

∫
t

0
|d

ia
g
(0
,H

)1 /
2
e−

(t
−
s)
A
B
|2 d
s] ,

(5
.6
)

O
ne

ca
n
se
e
im

m
ed

ia
te
ly

th
at

a
si
m
ila

r
tw

o-
ph

as
e
be

ha
vi
or

is
pr
es
en
t,

bu
t
th
e
pr
op

er
ty

of
th
e
de

sc
en
t
ph

as
e
no

w
hi
ng

es
on

th
e
sp
ec
tr
al

pr
op

er
ti
es

of
th
e
m
at
ri
x
A

(i
ns
te
ad

of
H
).

B
ef
or
e
pr
oc
ee
di
ng

,w
e
fir
st

ob
se
rv
e
th
at

th
e
ei
ge
nv
al
ue

s
of
A

ca
n
be

w
ri
tt
en

as

λ
(A

)
:=
{Λ

+
,Λ
−
},

Λ
±
,i

=
1 2

( µ
±
√
µ

2
−

4
λ
i(
H

)) ,
i

=
1,

2,
..
.,
d
.

(5
.7
)

In
pa

rt
ic
ul
ar
,<
λ
i(
A

)
>

0
fo
r
al
li

as
lo
ng

as
µ
>

0
.
W
e
al
so

ne
ed

th
e
fo
llo

w
in
g
si
m
pl
e
re
su
lt

co
nc

er
ni
ng

th
e
de

ca
y
of

th
e
no

rm
of
e−

tA
if
al
le

ig
en
va
lu
es

of
A

ha
ve

po
si
ti
ve

re
al

pa
rt
.
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S
to

ch
a
stic

M
o
d
ified

E
q
u
atio

n
s

I:
M

ath
em

atica
l

F
o
u
n
d
atio

n
s

10
2

10
1

10
0

10
5

10
4

10
3

10
2

10
1

| f(XT) f(x T/ )|
Order 1
Slope=1

Order 1
Slope=2

(a)

0
5

10
15

20
t

(k
)

10
3

10
1

10
1

10
3

10
5

f

SM
E (

=
0.25)

SGD (
=

0.25)
SM

E (
=

0.10)
SGD (

=
0.10)

SM
E (

=
0.01)

SGD (
=

0.01)

(b)

0
5

10
15

20
t

(k
)

10
2

10
1

10
0

f

SM
E (

=
0.001)

SGD (
=

0.001)
SM

E (
=

0.100)
SGD (

=
0.100)

(c)

F
igure

5.2:
SM

E
prediction

vs
SG

D
dynam

ics
for

the
m
odel

variant
(5.3).

(a)
O
rder

of
convergence

of
the

SM
E

to
the

SG
D
.
W
e
use

the
sam

e
setup

as
in

F
ig.

5.1(a).
O
bserve

that
our

analysis
again

predicts
the

correct
rate

of
w
eak

error
decay

as
η
decreases.

(b)
SG

D
paths

vs
order-1

SM
E

prediction.
Solid

lines
are

SM
E

exact
solutions

and
dotted

lines
are

m
eans

of
SG

D
paths

over
500

runs,
and

the
25-75

percentiles
are

shaded.
W
e

observe
convergence

of
E
f
at

constant
η,

and
that

the
sam

ple
m
ean

is
dom

inated
by

few
large

values,
as

observed
by

the
deviation

of
the

percentiles
from

the
m
ean.

(b)
V
ariance-

induced
explosion.

A
s
predicted

by
the

SM
E

analysis,if
η
>

2λ
d (H

)
(H

ere,
λ
d (H

)
=

0.01),
variance-induced

instability
sets

in.

L
em

m
a
17

Let
A

be
a
realsquare

m
atrix

such
that

alleigenvalues
have

positive
realpart.

T
hen,

(i)
For

each
ε
>

0,
there

exists
a
constant

C
ε
>

0
independent

of
t
but

depends
on

ε,
such

that

|e −
tA|≤

C
ε e −

t(m
in
i <
λ
i (A

)−
ε)
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L
i,

T
a
i
a
n
d

E

(ii)
If

in
addition

A
is

diagonalizable,
then

there
exists

a
constant

C
>

0
independent

of
t

such
that

|e −
tA|≤

C
e −

t
m

in
i <
λ
i (A

)

P
roof

See
A
ppendix

E
.

W
ith

the
above

results,
w
e
can

now
characterize

the
decay

of
the

objective
under

m
o-

m
entum

SG
D
.From

expression
(5.7),

w
e
see

that
as

long
as
µ

26=
4
λ
i
for

any
i

=
1
,...,d,

A
has

2d
distinct

eigenvalues
and

is
hence

diagonalizable.
W
e
shall

hereafter
assum

e
that

µ
is

in
general

position
such

that
this

is
the

case.
U
sing

Lem
.
17

and
expression

(5.6),
w
e

arrive
at

the
estim

ate

E
f

(X
t )≤

12 C
2|x

0 | 2λ
1 (H

)e −
2
t
m

in
i <
λ
i (A

)
+

12
η
C

2
λ

1
(H

)
3

m
in
i <
λ
i (A

) (1−
e −

2
t
m

in
i <
λ
i (A

)).
(5.8)

T
his

result
tells

us
that

the
convergence

rate
of

the
descent

phase
is

now
controlled

by
the

m
inim

um
real

part
of

the
eigenvalues

of
A
,
instead

of
the

m
inim

um
eigenvalue

of
H
.
In

particular,w
e
achieve

the
best

linear
convergence

rate
by

m
axim

izing
the

sm
allest

realpart
of

the
eigenvalues

of
A
.
T
his

leads
to

the
follow

ing
optim

ization
problem

for
the

optim
al

convergence
rate:

su
p

µ∈
(0
,∞

)
m

in
i=

1
,...,d

m
in

s∈{
+

1
,−

1} {<
[µ

+
s √

µ
2−

4
λ
i (H

) ]}

Since
H

is
positive

definite,the
suprem

um
is

attained
at
µ
∗

=
2 √

λ
d (H

)
w
ith

the
rate

also
equalto

2 √
λ
d (H

).
H
ow

ever,
note

that
if
w
e
take

µ
=
µ
∗
exactly,

one
can

check
that

A
is

no
longer

diagonalizable
and

by
Lem

.17,the
rate

is
slightly

dim
inished,thus

technically
w
e

can
take

µ
as

close
to
µ
∗
as

w
e
like

(i.e.the
rate

is
as

close
to

2 √
λ
d (H

)
as

w
e
like),but

exact
equality

is
not

technically
deducible

from
current

results.
In

F
ig.

5.3(c),
w
e
dem

onstrate
the

optim
alchoice

of
µ
and

its
effect

on
the

convergence
rate.

M
oreover,observe

that
as
µ

increases,
the

num
ber

of
com

plex
eigenvalues

start
to

decrease,
and

the
m
agnitudes

of
the

im
aginary

parts
of

the
com

plex
eigenvalues

also
decrease.

T
his

signifies
that

increasing
µ

causes
oscillations

to
decreases

in
m
agnitude

and
frequency.

T
his

is
again

corroborated
by

num
ericalexperim

ents
(F

ig.5.3(c)).
A
nother

interesting
observation

is
that

by
the

identification
t

=
η
k,

the
descent

rate
(in

term
s
of
k)

is
2 √

λ
d (H

)η.
A
s
before,

if
w
e
choose

the
m
axim

al
stable

learning
rate

w
e

w
ould

have
η̂
∝

1
/λ

1 (H
)
(η̂

=
η

2
according

to
the

scaling
introduced

in
(4.6)).

T
hus,

for
the

M
SG

D
iterates

w
e
have

its
descent

rate∝
κ

(H
) −

1
/
2,w

hich
is
a
huge

im
provem

ent
over

SG
D
,
w
hose

rate
is∝

κ
(H

) −
1,

especially
for

badly
conditioned

m
atrices

w
here

κ
(H

)�
1.

In
F
ig.5.3(d),w

e
plot

the
M
SG

D
initialdescent

rates
for

varying
condition

num
bers

of
H
.

A
gain,

w
e
observe

that
the

SM
E

analysis
gives

the
correct

characterization
of

the
precise

dynam
ics

and
recovers

the
square-root

relationship
w
ith

condition
num

ber.
F
inally,let

us
discuss

the
effect

ofadding
m
om

entum
to

the
asym

ptotic
fluctuations

due
to

noisy
gradients.

N
ote

thatitis
notcorrectto

conclude,using
E
q.(5.8),thattaking

µ
≈
µ
∗

also
gives

the
low

est
fluctuations.

T
his

is
because

the
constant

C
depends

on
µ
as

w
ell,as

is
evidenced

in
the

proof
of

Lem
.17,w

hich
show

s
that

C
depends

on
the

conditioning
of

the
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S
to

ch
a
st

ic
M

o
d
if

ie
d

E
q
u
at

io
n
s

I:
M

at
h
em

at
ic

a
l

F
o
u
n
d
at

io
n
s

10
2

10
1

10
0

10
4

10
3

10
2

10
1

|f(XT)f(xT/)|
Or

de
r 1

Sl
op

e=
1

Or
de

r 1
Sl

op
e=

2

(a
)

0
50

10
0

15
0

t
(k

)

10
1

10
0

10
1

10
2

10
3

10
4

f

SM
E 

(
=

0.
50

)
M

SG
D 

(
=

0.
50

)
SM

E 
(

=
0.

10
)

M
SG

D 
(

=
0.

10
)

SM
E 

(
=

0.
01

)
M

SG
D 

(
=

0.
01

)

(b
)

0
50

10
0

15
0

t
(k

)

10
1

10
1

10
3

f

SM
E 

(
=

0.
48

)
M

SG
D 

(
=

0.
48

)
SM

E 
(

=
0.

95
)

M
SG

D 
(

=
0.

95
)

SM
E 

(
=

1.
91

)
M

SG
D 

(
=

1.
91

)

(c
)

10
1

10
2

10
3

(H
)

10
1

rate

SG
D

Sl
op

e 
= 

1 2

(d
)

F
ig
ur
e
5.
3:

SM
E

pr
ed

ic
ti
on

vs
M
SG

D
dy

na
m
ic
s.

(a
)
an

d
(b
)
SM

E
vs

M
SG

D
dy

na
m
ic
s

at
µ

=
0
.1

fo
r
di
ffe

re
nt

le
ar
ni
ng

ra
te
s
η
.
A
s
be

fo
re
,
th
e
SM

E
pr
ed

ic
ti
on

ge
ts

be
tt
er

as
η

de
cr
ea
se
s
ac
co
rd
in
g
to

th
e
pr
ed

ic
te
d

or
de

r.
N
ot
ic
e
al
so

th
e
pr
es
en

ce
of

os
ci
lla

ti
on

s,
du

e
to

th
e
co
m
pl
ex

ei
ge
nv
al
ue

s
of
A
.
(c
)
O
pt
im

al
de

sc
en
t
ra
te

of
th
e
SG

D
is

ac
hi
ev
ed

by
th
e

SM
E

pr
ed

ic
ti
on

µ
=
µ
∗ ,

w
hi
ch

is
0
.9

5
in

th
is

ca
se
.
N
ot
ic
e
th
at

ex
ac
tl
y
as

pr
ed

ic
te
d
by

th
e

SM
E
,i
nc

re
as
in
g
µ
de

cr
ea
se
s
th
e
os
ci
lla

ti
on

fr
eq
ue
nc

y
an

d
m
ag
ni
tu
de

(d
ue

to
ha

vi
ng

fe
w
er

co
m
pl
ex

ei
ge
nv
al
ue

s
an

d
sm

al
le
r
im

ag
in
ar
y
pa

rt
s)
,
as

w
el
l
as

th
e
as
ym

pt
ot
ic

flu
ct
ua

ti
on

s
(d
ue

to
fo
rm

ul
a
(5
.9
))
.
(d
)
D
es
ce
nt

ra
te

vs
co
nd

it
io
n
nu

m
be

r.
H

is
ge
ne

ra
te
d
w
it
h
di
ffe

re
nt

co
nd

it
io
n
nu

m
be

rs
,a

nd
th
e
de

sc
en
t
ra
te

of
M
SG

D
is
∝
κ

(H
)−

1
/
2
,a

s
pr
ed
ic
te
d
by

th
e
SM

E
,

w
hi
ch

fo
r
ba

dl
y
co
nd

it
io
ne

d
H

gi
ve
s
a
la
rg
e
im

pr
ov
em

en
t.

ei
ge
nv

ec
to
r
m
at
ri
x
of
A
.
T
o
pr
oc
ee
d,

w
e
do

no
t
us
e
th
e
bo

un
ds

(5
.8
).

In
st
ea
d,

w
e
ex
pl
ic
it
ly

di
ag

on
al
iz
e
A

an
d
af
te
r
so
m
e
co
m
pu

ta
ti
on

s,
w
e
ar
ri
ve

at
th
e
ex
ac
t
ex
pr
es
si
on

fo
r
Ef

(X
t)

Ef
(X

t)
=

1 2
|d

ia
g
(0
,H

)1 /
2
e−

A
t Y

0
|2

(5
.9
)

+
1 2
η

d ∑ i=
1

λ
3 i

|µ
2
−

4
λ
i
|[ 1
−
e−

2
t<

Λ
+
,i

2
<Λ

+
,i

+
1
−
e−

2
t<

Λ
−
,i

2
<Λ
−
,i
−

2R
(t
,µ
,λ

i(
H

))
]

(5
.1
0)
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L
i,

T
a
i
a
n
d

E

w
he

re

R
(t
,µ
,λ

)
=

{
1
−
e−
tµ

µ
µ
≥

2
√
λ

µ
+
√

4
λ
−
µ

2
e−
µ
t

si
n

(t
√

4
λ
−
µ

2
)−
µ
e−
µ
t

co
s(
t√

4
λ
−
µ

2
)

4
λ

µ
<

2
√
λ
.

(5
.1
1)

In
pa

rt
ic
ul
ar
,t

he
as
ym

pt
ot
ic

lo
ss

va
lu
e
in
du

ce
d
by

no
is
e
is

li
m

t→
∞
Ef

(X
t)

=
1 2
η

d ∑ i=
1

λ
i
(H

)3

|µ
2
−

4
λ
i
(H

)|

[
1

2
<Λ

+
,i

+
1

2
<Λ
−
,i
−

2
m

in
{

µ
4
λ
i
(H

)
,

1 µ

}]
(5
.1
2)

O
bs
er
ve

th
at

th
is
fu
nc

ti
on

(i
n
fa
ct
,e

ac
h
te
rm

in
th
e
su
m
)
is
m
on

ot
on

e-
de

cr
ea
si
ng

in
µ
,a

nd
fo
r
µ
�

1
it
sc
al
es

lik
e
µ
−

1
,a

nd
fo
r
µ
�

1
it
sc
al
es

lik
e
µ
−

3
.
T
hu

s,
in
cr
ea
si
ng

th
e
m
om

en
tu
m

pa
ra
m
et
er

de
cr
ea
se
s
th
e
as
ym

pt
ot
ic

no
is
e
in

th
e
it
er
at
es
,i
.e
.
de

cr
ea
se
s
th
e
as
ym

pt
ot
ic

va
lu
e

of
Ef

,w
hi
ch

sh
ou

ld
be

0
in

th
e
ab

se
nc
e
of

no
is
e.

T
hi
s
ag

ai
n
ag
re
es

w
it
h
th
e
ac
tu
al

M
SG

D
dy

na
m
ic
s
(F

ig
.
5.
3(
b)
).

C
on

se
qu

en
tl
y,

to
ob

ta
in

“o
pt
im

al
”
tr
ad

eo
ff

be
tw

ee
n

de
sc
en
t
an

d
no

is
e,

w
e
w
ou

ld
lik

e
a
m
om

en
tu
m

sc
he

du
le

th
at

eq
ua

ls
µ
∗
in

th
e
de
sc
en
t
ph

as
e
an

d
in
cr
ea
se
s

to
in
fin

it
y
(i
n
th
e
or
ig
in
al

sc
al
in
g
th
is

co
rr
es
po

nd
s
to
µ̂
→

0)
as

w
e
ap

pr
oa

ch
th
e
op

ti
m
um

.
F
in
di
ng

th
is

op
ti
m
al

sc
he

du
le

ca
n
be

ca
st

as
an

op
ti
m
al

co
nt
ro
l
pr
ob

le
m

(L
i
et

al
.,
20

17
),

an
d
a
ri
go

ro
us

in
ve
st
ig
at
io
n
of

th
es
e
ap

pr
oa

ch
es

w
ill

be
co
ns
id
er
ed

in
su
bs
eq
ue
nt

w
or
k.

5.
3.

S
M
E
an

al
ys
is

of
S
N
A
G

F
in
al
ly
,l
et

us
se
e
w
ha

t
w
e
ca
n
sa
y,

us
in
g
th
e
SM

E
ap

pr
oa
ch
,a

bo
ut

th
e
di
ffe

re
nc

e
be

tw
ee
n

M
SG

D
an

d
SN

A
G

in
th
is

st
oc
ha

st
ic

se
tt
in
g.

Le
t
us

fir
st

co
ns
id
er

th
e
ca
se

of
co
ns
ta
nt

m
om

en
tu
m
.

Fr
om

T
hm

.
16

,
w
e
kn

ow
th
at

th
e
or
de

r-
1
SM

E
s
ar
e
id
en
ti
ca
l,

so
w
e
m
us
t

co
ns
id
er

hi
gh

er
or
de

r
SM

E
s.

A
st
ra
ig
ht
fo
rw

ar
d
co
m
pu

ta
ti
on

yi
el
ds

th
e
fo
llo

w
in
g
or
de

r-
2

SM
E
s
fo
r
M
SG

D
an

d
SN

A
G

(a
ga

in
w
e
le
t
Y
t

=
(V
t,
X
t)
)

M
SG

D
:

d
Y
t

=
−
A

1
Y
t
+
√
η
B
d
U
t,

Y
0

=
(0
,x

0
),

SN
A
G
:

d
Y
t

=
−
A

2
Y
t
+
√
η
B
d
U
t,

Y
0

=
(0
,x

0
),

w
he

re
A
i

=
A

+
1 2
η
E
i
w
it
h
A
,B

as
de

fin
ed

in
(5
.5
)
an

d

E
1

:=

( µ
2
I
−
H

µ
H

µ
I

H

)
,

E
2

:=

( µ
2
I

+
H

µ
H

µ
I

H

)
.

Fr
om

th
e
an

al
ys
is
in

Se
c.

4.
3,

th
e
de

sc
en
t
ra
te

is
do

m
in
at
ed

by
th
e
m
in
im

al
re
al

pa
rt
s
of

th
e

ei
ge
nv
al
ue

s
of
A
i,
w
hi
ch

ar
e
re
sp
ec
ti
ve
ly

λ
(A

1
)

=

{
1 4

( µ
(η
µ

+
2)
±
√
µ

2
(η
µ

+
2)

2
+

4
η

2
λ
i(
H

)2
−

8
λ
i(
H

)(
η
µ

+
2)

)
,

i
=

1,
..
.,
d

}

λ
(A

2
)

=
{

1 4

( µ
(η
µ

+
2)

+
2η
λ
i(
H

)
±
√
η
µ

+
2
√
µ

2
(η
µ

+
2)

+
4λ

i(
H

)(
η
µ
−

2
)) ,

i
=

1,
..
.,
d
}

W
e
ob

se
rv
e
th
at

fo
r
sm

al
l
µ
(i
.e
.µ̂
≈

1
in

th
e
us
ua

l
M
SG

D
sc
al
in
g)
,
th
e
te
rm

s
in

sq
ua

re
-

ro
ot
s
ar
e
ne

ga
ti
ve

an
d
he

nc
e
fo
r
th
e
sa
m
e
sm

al
lµ

,t
he

co
nv

er
ge
nc
e
ra
te

of
SN

A
G

(i
n
te
rm

s
of

in
it
ia
l
de

sc
en
t
ra
te
)
is

1 2
η
λ
d
(H

)
la
rg
er

th
an

th
at

of
M
SG

D
.
T
hi
s
sa
ys

in
pa

rt
ic
ul
ar

th
at
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S
to

ch
a
stic

M
o
d
ified

E
q
u
atio

n
s

I:
M

ath
em

atica
l

F
o
u
n
d
atio

n
s

for
H

w
ith

larger
λ
d (H

),
the

acceleration
is

m
ore

pronounced.
M
oreover,

recall
that

the
asym

ptotic
fluctuations

is
given

by

η
lim
t→
∞

∫
t

0
|d

iag
(0,H

)
1/

2e −
(t−

s)(A
+

12
η
E
i )B
| 2d
s.

W
ithout

perform
ing

tedious
com

putations,w
e
can

see
that

since
E

2 −
E

1
is
positive

definite,
the

exponentialfor
the

SN
A
G

case
decays

m
ore

rapidly,and
hence

the
eventualfluctuations

are
expected

to
be

low
er.

T
hese

observations
from

the
SM

E
are

again
consistent

w
ith

the
behavior

of
their

SG
A

counter-parts,
as

show
n
in

F
ig.

5.4(a).
O
n
the

other
hand,

if
w
e

pick
µ

for
each

case
by

separately
m
axim

izing
the

sm
allest

real
part

of
the

eigenvalues
(as

in
Sec.

4.3),
w
e
obtain

sim
ilar

convergence
rates

up
to
η

2.
In

other
w
ords,

if
w
e
tune

µ
w
ell,

there
w
ould

be
no

difference
betw

een
M
SG

D
and

SN
A
G

in
term

s
of

descent
rate

(F
ig.5.4(b)).

0
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F
igure

5.4:
M
SG

D
vs

SN
A
G

(w
ith

constant
m
om

entum
)
dynam

ics
for

η
=

0.1
and

different
λ
d (H

).
(a)

D
ynam

ics
at

fixed
µ

=
0.2.

W
e
observe

that
as

predicted
by

the
SM

E
analysis,

SN
A
G

enjoys
a
faster

linear
convergence

rate
in

the
descent

phase,as
w
ellas

low
er

asym
p-

totic
fluctuations.

T
he

acceleration
is
indeed

m
ore

pronounced
for

larger
λ
d (H

).
(b)

W
hen,

µ
for

each
case

is
chosen

optim
ally

for
the

descent
(by

m
axim

izing
the

m
inim

alrealpart
of

the
eigenvalues

of
A

1 ,A
2
respectively),the

dynam
ics

becom
es

sim
ilar.

N
ow

,
let

us
discuss

the
varying

m
om

entum
case.

A
ccording

to
(4.15),

for
som

e
sm

all
t0
>

0
w
e
have

the
order-1

SM
E

for
t∈

[t0 ,T
]

d
Y
t

=
−
A
t Y
t
+
√
η
B
d
U
t ,

Y
t
0

=
(v
t
0 ,x

t
0 )

A
t

:=

(
3t I

H
−
I

0 )
,
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L
i,

T
a
i
a
n
d

E

and
B

is
defined

as
in

(5.5).
T
his

adm
its

the
explicit

solution

Y
t

=
e −

(t−
t
0
)Ã
t (
Y
t
0

+
√
η ∫

t

t
0

e
sÃ

sB
d
U
s . )

,
Ã
t

:=

(
3

lo
g
(t/
t
0
)

t−
t
0
I

H

−
I

0 )
.

T
he

eigenvalues
of
Ã
t
are

λ
(Ã

t )
=

{
12 (

3
lo

g
(t/
t
0
)

t−
t
0
±
√

9[
lo

g
(t/
t
0
)

t−
t
0

] 2−
4
λ
i (H

) )
,

i
=

1,...,d }
.

Since
there

is
no

low
er-bound

on
the

m
inim

al
real

part,
the

descent
rate

before
the

onset
of

fluctuations
is

sub-linear.
T
his

is
expected

because
the
O

(1/t)
m
om

entum
schedule

is
suited

for
non-strongly-convex

functions,w
hereas

constant
m
om

entum
is

m
ore

appropriate
for

strong-convex
functions

(N
esterov,

2013).
Furtherm

ore,
w
e
observe

that
since

the
real

parts
of

alleigenvalues
of
Ã
t
converge

to
0
as
t→
∞

,according
to

the
analysis

in
Sec.4.3,

the
asym

ptotic
fluctuations

due
to

noise
should

be
large.

F
ig.5.5

confirm
s
these

observations
and

furthersuggeststhatin
the

case
ofstochastic

gradientm
ethods,m

ore
carefulm

om
entum

schedules
m
ust

be
derived

in
order

to
balance

descent
and

fluctuations,e.g.using
the

optim
al

controlfram
ew

ork
presented

in
Liet

al.(2017).
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F
igure

5.5:
M
SG

D
vs

SN
A
G

(w
ith

dynam
ic

m
om

entum
according

to
N
esterov’s

choice
(4.11))

dynam
ics

for
η

=
0.1

and
different

λ
d (H

).
W
e
see

that
the

convergence
is

indeed
sub-linear,

and
m
oreover,

the
asym

ptotic
fluctuations

are
large

com
pared

w
ith

M
SG

D
,in

w
hich

case
µ
here

is
picked

to
achieve

optim
aldescent

rate.

6.
C
on

clu
sion

In
this

paper,w
e
developed

the
generalm

athem
aticalfoundation

ofthe
stochastic

m
odified

equations
fram

ew
ork

for
analyzing

stochastic
gradient

algorithm
s.

In
particular,w

e
dem

on-
strate

that
this

approach
is

(1)
rigorous,

(2)
flexible

and
(3)

useful.
Indeed,

the
technique

of
w
eak

approxim
ations

provides
a
precise

m
athem

aticalfram
ew

ork
for

analyzing
the

rela-
tionship

betw
een

stochastic
gradient

algorithm
s
and

stochastic
differentialequations.

T
his

should
be

contrasted
w
ith

strong
approxim

ations
in

the
num

ericalanalysis
of

SD
E
s,w

here
approxim

ations
are

required
to

hold
path-w

ise,say
in

the
m
ean-square

sense
(K

loeden
and

P
laten,2011).

T
he

w
eak

form
ulation

greatly
increases

the
flexibility

of
m
odelling

different
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S
to

ch
a
st

ic
M

o
d
if

ie
d

E
q
u
at

io
n
s

I:
M

at
h
em

at
ic

a
l

F
o
u
n
d
at

io
n
s

ty
pe

of
st
oc
ha

st
ic

gr
ad

ie
nt

al
go

ri
th
m
s,
as

w
e
ha

ve
de

m
on

st
ra
te
d
in

Se
c.

4.
In

fa
ct
,t
he

m
ai
n

re
su
lt

re
la
ti
ng

di
sc
re
te
-t
im

e
al
go

ri
th
m
s
an

d
co
nt
in
uo

us
-t
im

e
SD

E
s
(T

hm
.3

)
is

pr
ov
ed

in
a

fa
ir
ly

ge
ne

ra
ls

et
ti
ng

th
at

al
lo
w
s
on

e
to

de
ri
ve

a
va
ri
et
y
of

SM
E
s
fo
r
di
ffe

re
nt

va
ri
at
io
ns

of
th
e
SG

A
s
(S
ec
.4

).
F
in
al
ly
,i
n
Se

c.
5,

w
e
de

m
on

st
ra
te
d
th
e
us
ef
ul
ne

ss
of

th
e
SM

E
ap

pr
oa
ch

th
ro
ug

h
ex
pl
ic
it

ca
lc
ul
at
io
ns
.
T
hi
s
is

en
ab

le
d
by

th
e
pr
ec
is
e
ap

pr
ox
im

at
io
n
na

tu
re

of
th
e

SM
E
s
an

d
th
e
ap

pl
ic
at
io
n
of

st
oc
ha

st
ic

ca
lc
ul
us

to
ol
s.

In
pa

rt
ic
ul
ar
,
w
e
un

co
ve
re
d
in
te
r-

es
ti
ng

be
ha

vi
or
s
of

SG
A
s
w
he

n
ap

pl
ie
d
to

a
si
m
pl
e
ye
t
no

n-
tr
iv
ia
l
se
tt
in
g,

in
cl
ud

in
g
th
e

tr
ad

eo
ff
of

de
sc
en
t
an

d
flu

ct
ua

ti
on

s,
th
e
re
la
ti
on

sh
ip

w
it
h
co
nd

it
io
n
nu

m
be

rs
an

d
th
e
su
bt
le

di
ffe

re
nc

es
of

M
SG

D
an

d
SN

A
G

in
th
e
st
oc
ha

st
ic

se
tt
in
g.

In
th
e
su
bs
eq
ue

nt
w
or
k
in

th
e

se
ri
es
,w

e
w
ill

fo
cu

s
on

ap
pl
ic
at
io
ns
,w

he
re

w
e
ex
te
nd

th
e
SM

E
fo
rm

al
is
m

to
st
ud

y
ad

ap
ti
ve

al
go

ri
th
m
s
an

d
re
la
te
d
to
pi
cs
.

A
ck
n
ow

le
d
ge
m
en
ts

Q
L
is
su
pp

os
ed

by
th
e
A
ge
nc

y
fo
r
Sc
ie
nc

e,
T
ec
hn

ol
og

y
an

d
R
es
ea
rc
h
(A

*S
T
A
R
),
Si
ng

ap
or
e.

W
E

is
su
pp

or
te
d
by

th
e
O
ffi
ce

of
N
av
al

R
es
ea
rc
h,

U
SA

,O
N
R

N
00
01

4-
13

-1
-0
33

8.
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L
i,

T
a
i
a
n
d

E

A
p
p
en

d
ix

A
.
G
en

er
al

ex
is
te
n
ce
,
u
n
iq
u
en

es
s
an

d
m
om

en
t
es
ti
m
at
es

fo
r

S
D
E
s

In
th
is

se
ct
io
n,

w
e
es
ta
bl
is
h
ge
ne

ra
l
ex
is
te
nc

e,
un

iq
ue

ne
ss

an
d
m
om

en
t
es
ti
m
at
es

fo
r
th
e

st
oc
ha

st
ic

di
ffe

re
nt
ia
l
eq
ua

ti
on

s
th
at

w
e
en

co
un

te
r
in

th
is

pa
pe

r.
T
he

re
su
lt
s
he
re

w
ill

be
us
ed

th
ro
ug

ho
ut

th
e
su
bs
eq
ue

nt
pr
oo

fs
.
W
e
no

te
th
at

al
th
ou

gh
si
m
ila

rw
el
l-p

os
ed

ne
ss

re
su
lt
s

ar
e
w
el
l-k

no
w
n,

he
re

w
e
re
qu

ir
e
a
sl
ig
ht
ly

m
or
e
ge
ne

ra
lv

er
si
on

(w
he

re
th
e
dr
ift

an
d
di
ffu

si
on

te
rm

s
ar
e
th
em

se
lv
es

ra
nd

om
fu
nc

ti
on

s)
in

or
de

r
to

de
al

w
it
h
th
e
an

al
ys
is

in
A
pp

en
di
x
B
.

M
or
eo
ve
r,
w
e
ne

ed
un

ifo
rm

es
ti
m
at
es

w
it
h
re
sp
ec
t
to

pa
ra
m
et
er
s
(η
,ε
),
w
hi
ch

w
ar
ra
nt
s
th
e

fo
llo

w
in
g
st
an

da
rd

bu
t
ne

ce
ss
ar
y
an

al
ys
is
.

Le
t
T
>

0
an

d
Q

be
a
su
bs
et

of
a
E
uc
lid

ea
n
sp
ac
e.

Fo
r

(x
,t
,q

)
∈

R
d
×

[0
,T

]
×
Q
,
le
t

B
(x
,t
,q

)
be

a
d
-d
im

en
si
on

al
ra
nd

om
ve
ct
or

an
d
S

(x
,t
,q

)
be

a
d
×
d
-d
im

en
si
on

al
ra
nd

om
m
at
ri
x.

T
hr
ou

gh
ou

t
th
is

se
ct
io
n
w
e
as
su
m
e:

A
ss
u
m
p
ti
on

A
.1

T
he

ra
nd

om
fu
nc
ti
on

s
B
,S

sa
ti
sf
y
th
e
fo
llo

w
in
g:

(i
)
B
,S

ar
e
W
t-
ad
ap
te
d
an

d
co
nt
in
uo

us
in

(x
,t

)
∈
R
d
×

[0
,T

]
al
m
os
t
su
re
ly

(i
i)
B
,S

sa
ti
sf
y
a
un

ifo
rm

lin
ea
r
gr
ow

th
co
nd

it
io
n,

i.e
.t
he
re

ex
is
ts

a
no

n-
ra
nd

om
co
ns
ta
nt

L
>

0
su
ch

th
at

|B
(x
,t
,q

)|2
+
|S

(x
,t
,q

)|2
≤
L

2
(1

+
|x
|2 )

a
.s
.

fo
r
al
lx
,y
∈
R
d
,
t
∈

[s
,T

],
q
∈
Q
.

(i
ii)

B
,S

sa
ti
sf
y
a
un

ifo
rm

Li
ps
ch
it
z
co
nd

it
io
n
in
x
,
i.e

.

|B
(x
,t
,q

)
−
B

(y
,t
,q

)|
+
|S

(x
,t
,q

)
−
S

(y
,t
,q

)|
≤
L
|x
−
y
|
a
.s
.

fo
r
al
lt
∈

[s
,T

],
q
∈
Q
.

T
h
eo
re
m

18
Le

t
s
∈

[0
,T

)
an

d
fo
r
ea
ch

q
∈
Q
,
le
t
{φ

q t
:
t
∈

[s
,T

]}
be

a
R
d
-v
al
ue
d,

W
t-
ad
ap
te
d
ra
nd

om
pr
oc
es
s
th
at

is
co
nt
in
uo

us
in
t
∈

[s
,T

]
al
m
os
t
su
re
ly
,
w
it
h

su
p

q
∈Q

E
su

p
t∈

[s
,T

]
|φ
q t
|2
<
∞
.

(A
.1
)

T
he
n,

fo
r
ea
ch

q
∈
Q

th
e
st
oc
ha
st
ic

di
ffe

re
nt
ia
le

qu
at
io
n

ξq t
=
φ
q t

+

∫
t

s
B

(ξ
q v
,v
,q

)d
v

+

∫
t

s
S

(ξ
q v
,v
,q

)d
W
v

(A
.2
)

ad
m
it
s
a
un

iq
ue

so
lu
ti
on
{ξ
q t

:
t
∈

[s
,T

]}
w
hi
ch

is
co
nt
in
uo

us
fo
r
t
∈

[s
,T

]
a.
s.
an

d
sa
ti
sfi
es

su
p

q
∈Q

E
su

p
t∈

[s
,T

]
|ξq t
|2
≤
C

(
1

+
su

p
q
∈Q

E
su

p
t∈

[s
,T

]
|φ
q t
|2)

(A
.3
)

fo
r
so
m
e
co
ns
ta
nt
C
>

0
th
at

de
pe
nd

s
on

ly
on

L
,T

.
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S
to

ch
a
stic

M
o
d
ified

E
q
u
atio

n
s
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M

ath
em

atica
l

F
o
u
n
d
atio

n
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P
roof

For
each

q∈
Q
,let

us
define

the
recursion

ξ
q
,0
t

=
φ
qt

ξ
q
,m

+
1

t
=
φ
qt

+

∫
t

s
B

(ξ
q
,m
v

,v
,η

)d
v

+

∫
t

s
S

(ξ
q
,m
v

,v
,η

)d
W
v ,

m
≥

0
.

N
ote

that
A
ssum

ption
A
.1

im
plies

each
ξ
q
,m
t

is
w
ell-defined.

N
ow

,
let

m
≥

1.
B
y
Itô’s

isom
etry,w

e
have

|ξ
q
,m

+
1

t
−
ξ
q
,m
t
| 2≤

2 ∣∣∣∣ ∫
t

s
B

(ξ
q
,m
v

,v
,q)−

B
(ξ
q
,m
−

1
v

,v
,q)d

v ∣∣∣∣ 2

(A
.4)

+
2 ∣∣∣∣ ∫

t

s
S

(ξ
q
,m
v

,v
,q)−

S
(ξ
q
,m
−

1
v

,v
,q)d

W
v ∣∣∣∣ 2

(A
.5)

≤
2T

∫
t

s
|B

(ξ
q
,m
v

,v
,q)−

B
(ξ
q
,m
−

1
v

,v
,q)| 2d

v
(A

.6)

+
2 ∫

t

s
|S

(ξ
q
,m
v

,v
,q)−

S
(ξ
q
,m
−

1
v

,v
,q)| 2d

v
.

(A
.7)

T
hus,applying

the
Lipschitz

assum
ption

A
.1

(iii)
and

taking
expectations,w

e
get

E|ξ
q
,m

+
1

t
−
ξ
q
,m
t
| 2≤

2
L

2(1
+
T

) ∫
t

s
E|ξ

q
,m
v
−
ξ
q
,m
−

1
v

| 2d
v
.

(A
.8)

N
ow

,for
m

=
0,A

ssum
ption

A
.1

(ii)
together

w
ith

(A
.1)

gives

E|ξ
q
,1
t
−
ξ
q
,0
t
| 2≤

C

∫
t

s

(
1

+
su

p
q∈
Q
E|φ

qv | 2 )
d
v
≤
C
′(t−

s).
(A

.9)

C
om

bining
(A

.8)
and

(A
.9),w

e
have

E|ξ
q
,m

+
1

t
−
ξ
q
,m
t
| 2≤

[C
(t−

s)] m
+

1

(m
+

1
)!

,
m
≥

0
(A

.10)

for
som

e
C
>

0
that

only
depends

on
T
,
L

and
C
φ

:=
su

p
q∈
Q
E

su
p
t∈

[s,T
] |φ

qt | 2.
M
oreover,

E
q.(A

.4)
im

plies

E
su

p
t∈

[s,T
] |ξ

q
,m

+
1

t
−
ξ
q
,m
t
| 2≤

2L
2T

∫
T

s
E|ξ

q
,m
t
−
ξ
q
,m
−

1
t

| 2d
t

+
2E

su
p

t∈
[s,T

] ∣∣∣∣ ∫
t

s
S

(ξ
q
,m
v

,v
,q)−

S
(ξ
q
,m
−

1
v

,v
,q)d

W
v ∣∣∣∣ 2.

E
stim

ate
(A

.10)
im

plies
the

last
stochastic

integralis
a
m
artingale,and

hence
using

D
oob’s

m
axim

alinequality
and

Itô’s
isom

etry,w
e
have

E
su

p
t∈

[s,T
] |ξ

q
,m

+
1

t
−
ξ
q
,m
t
| 2≤

2L
2T

∫
T

s
E|ξ

q
,m
t
−
ξ
q
,m
−

1
t

| 2d
t

+
8
L

2 ∫
T

s
E|ξ

q
,m
t
−
ξ
q
,m
−

1
t

| 2d
t

≤
2L

2(T
+

4)
C
m
T
m

+
1

(m
+

1
)!

=
2L

2(T
+

4)
C
m
T
m

+
1

(m
+

1
)!
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L
i,

T
a
i
a
n
d

E

A
pplying

M
arkov’s

inequality,

∑m
≥

0 P

[
su

p
t∈

[s,T
] |ξ

q
,m

+
1

t
−
ξ
q
,m
t
|
>

2 −
m ]
≤

2L
2(T

+
4) ∑m

≥
0

2
2
m
C
m
T
m

+
1

(m
+

1
)!

<
∞
.

T
hus,by

the
B
orel-C

antellilem
m
a,

P

[
su

p
t∈

[s,T
] |ξ

q
,m

+
1

t
−
ξ
q
,m
t
|
>

2 −
m

infinitely
often ]

=
0,

w
hich

im
m
ediately

im
plies

ξ
q
,k
t

=
ξ
q
,0
t

+
k−

1
∑m

=
0 (ξ

q
,m

+
1

t
−
ξ
q
,m
t

)→
ξ
qt

a
.s.

uniform
ly

in
t∈

[s,T
],
for

som
e
lim

iting
process

ξ
qt
w
hich

is
necessarily

continuous
alm

ost
surely

and
W
t -adapted.

M
oreover,

w
e
also

have
convergence

in
L

2(Ω
)
uniform

ly
in
t.

T
o

see
this,for

each
k
>
l
w
e
observe

that

su
p

t∈
[s,T

] (E|ξ
kt −

ξ
lt | 2)

1/
2≤

su
p

t∈
[s,T

]

k−
1

∑m
=
l (E|ξ

q
,m

+
1

t
−
ξ
q
,m
t
| 2)

1/
2

≤
∞∑m
=
l √

2L
2(T

+
4
)
C
m
T
m

+
1

(m
+

1
)!

l→
∞
−→

0
.

A
nd

hence
ξ
q
,k
t

converges
uniform

ly
in
L

2(Ω
)
to
ξ
qt
as
k
→
∞

(the
lim

it
is

the
sam

e
as

the
a.s.lim

it
since

a
sub-sequence

of
it

m
ust

converge
a.s.).

T
his

im
m
ediately

im
plies

via
the

Lipschitz
condition

and
Itô’s

isom
etry

that

E
∣∣∣∣ ∫

T

s
B

(ξ
q
,k
t
,t,η

)−
B

(ξ
qt ,t,η

)d
t ∣∣∣∣ 2≤

T
2L

2
su

p
t∈

[s,T
] E
∣∣∣ ξ
q
,k
t
−
ξ
qt ∣∣∣ 2→

0
,

E
∣∣∣∣ ∫

T

s
S

(ξ
q
,k
t
,t,η

)−
S

(ξ
qt ,t,η

)d
W
t ∣∣∣∣ 2≤

T
L

2
su

p
t∈

[s,T
] ∣∣∣ ξ

q
,k
t
−
ξ
qt ∣∣∣ 2→

0
.

T
hus,

ξ
qt
satisfies

(A
.2).

W
e
now

show
the

estim
ate

(A
.3).

From
E
q.(A

.2),w
e
have

by
Itô’s

isom
etry,

E|ξ
qt | 2≤

3E|φ
qt | 2

+
3E
∣∣∣∣ ∫

T

s
B

(ξ
qv ,v

,q)d
v ∣∣∣∣ 2

+
3E
∣∣∣∣ ∫

t

s
S

(ξ
qv ,v

,q)d
W
v ∣∣∣∣ 2

≤
3
C
φ

+
3
T

2L
2 ∫

T

s
E

(1
+
|ξ
qv | 2)d

v
+

3
T
L

2 ∫
T

s
E

(1
+
|ξ
qv | 2)d

v

T
hus,by

G
ronw

all’s
lem

m
a,w

e
haveE|ξ

qt | 2≤
C

(1
+
C
φ
)

(A
.11)
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S
to

ch
a
st

ic
M

o
d
if

ie
d

E
q
u
at

io
n
s

I:
M

at
h
em

at
ic

a
l

F
o
u
n
d
at

io
n
s

fo
r
so
m
e
C
>

0
de

pe
nd

in
g
on

ly
on

T
,L

.
C
on

se
qu

en
tl
y,

w
e
ha

ve

E
su

p
t∈

[s
,T

]
|ξq t
|2
≤

3C
φ

+
3
T

2
L

2
E
∫
T

s
1

+
|ξq s
|2 d
t

(A
.1
2)

+
3
E

su
p

t∈
[s
,T

]

∣ ∣ ∣ ∣∫
t

s
S

(ξ
q t
,t
,q

)d
W
t∣ ∣ ∣ ∣2

.
(A

.1
3)

A
ss
um

pt
io
n
A
.1

(i
i)

an
d
(A

.1
1)

im
pl
ie
s
th
e
la
st

st
oc
ha

st
ic

in
te
gr
al

is
a
m
ar
ti
ng

al
e,

an
d
so

by
D
oo

b’
s
m
ax

im
al

in
eq
ua

lit
y,

(
E

su
p

t∈
[s
,T

]

∣ ∣ ∣ ∣∫
t

s
S

(ξ
t,
t,
η
)d
W
t∣ ∣ ∣ ∣)

2

≤
∫
T

s
4L

2
(1

+
E|
ξ t
|2 )d

t.
(A

.1
4)

C
om

bi
ni
ng

(A
.1
2)

an
d
(A

.1
4)
,w

e
ar
ri
ve

at
(A

.3
).

F
in
al
ly
,
w
e
sh
ow

un
iq
ue

ne
ss
.
Su

pp
os
e
th
at
ξ t
,ξ
′ t
ar
e
tw

o
so
lu
ti
on

s
to

(A
.2
).

T
he

sa
m
e

ca
lc
ul
at
io
n
as

be
fo
re

sh
ow

s
th
at

E|
ξ t
−
ξ′ t
|2
≤

2L
2
T

(1
+
T

)

∫
t

s
E|
ξ v
−
ξ′ v
|2 d
v
.

an
d
G
ro
nw

al
l’s

le
m
m
a
im

pl
ie
s

E|
ξ t
−
ξ′ t
|2
≤
e2
L

2
T

(1
+
T

) E
|ξ s
−
ξ′ s
|2

=
0.

T
h
eo
re
m

19
Le

t
us

as
su
m
e
th
e
sa
m
e
co
nd

it
io
ns

as
in

T
hm

.
18

an
d
fo
r
ea
ch

q
∈
Q
,
le
t

ξq t
be

th
e
un

iq
ue

so
lu
ti
on

of
(A

.2
).

Le
t
m
≥

1
an

d
su
pp
os
e

su
p
q
∈Q

E
su

p
t∈

[s
,T

]
|φ
q t
|2m

<
∞
.

T
he
n,

th
er
e
ex
is
ts

a
co
ns
ta
nt
C
>

0
de
pe
nd

in
g
on

ly
on

L
,T
,m

su
ch

th
at

su
p

q
∈Q

E
su

p
t∈

[s
,T

]
|ξq t
|2m
≤
C

(
1

+
su

p
q
∈Q

E
su

p
t∈

[s
,T

]
|φ
q t
|2m
)
.

P
ro
of

W
e
ha

ve

|ξq t
|2m
≤

3
2
m
−

1
|φ
q t
|2m

+
(3

(t
−
s)

)2
m
−

1
∫
t

s
|B

(ξ
q v
,v
,q

)|2
m
d
v

+
3

2
m
−

1

∣ ∣ ∣ ∣∫
t

s
S

(ξ
q v
,v
,q

)d
W
v

∣ ∣ ∣ ∣2
m

T
ak

in
g
ex
pe

ct
at
io
ns
,u

si
ng

It
ô’
s
is
om

et
ry

(i
ne

qu
al
it
y
ve
rs
io
n)

an
d
G
ro
nw

al
l’s

in
eq
ua

lit
y,

w
e

ob
ta
in

E|
ξq t
|2m
≤

3
2
m
−

1
su

p
q
∈Q

E
su

p
t∈

[s
,T

]
|φ
q t
|2m

+
(3

(t
−
s)

)2
m
−

1
L

2
m

∫
t

s
(1

+
E|
ξq v
|2m

)d
v

+
3

2
m
−

1
(m

(2
m
−

1)
)m

(t
−
s)
m
−

1
L

2
m

∫
t

s
(1

+
E|
ξq v
|2m

)d
v

≤
C

(
1

+
su

p
q
∈Q

E
su

p
t∈

[s
,T

]
|φ
q t
|2m
)
<
∞
,
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L
i,

T
a
i
a
n
d

E

w
it
h
C

de
pe

nd
in
g
on

ly
on

L
,T
,m

.
N
ex
t,

E
su

p
t∈

[s
,T

]
|ξq t
|2m
≤

3
2
m
−

1
su

p
q
∈Q

E
su

p
t∈

[s
,T

]
|φ
q t
|2m

+
3
T

2
m
−

1
E
∫
T

s
|B

(ξ
q v
,v
,q

)|2
m
d
v

+
3

2
m
−

1
E

su
p

t∈
[s
,T

]

∣ ∣ ∣ ∣∫
t

s
S

(ξ
q v
,v
,q

)d
W
v

∣ ∣ ∣ ∣2
m

N
ow

,i
n
th
e
la
st

te
rm

,t
he

st
oc
ha

st
ic

in
te
gr
al

is
a
lo
ca
lm

ar
ti
ng

al
e
an

d
so

it
s
ab

so
lu
te

va
lu
e

is
a
su
bm

ar
ti
ng

al
e,

an
d
he
nc

e
th
e
la
st

te
rm

is
bo

un
de

d
by

E
su

p
t∈

[s
,T

]

∣ ∣ ∣ ∣∫
t

s
S

(ξ
q v
,v
,q

)d
W
v

∣ ∣ ∣ ∣2
m

≤
∣ ∣ ∣ ∣∫

T

s
S

(ξ
q v
,v
,q

)d
W
v

∣ ∣ ∣ ∣2
m

≤
C

∫
T

s
|S

(ξ
q v
,v
,q

)|2
m
d
v
.

T
hu

s,
us
in
g
T
hm

.1
9
an

d
th
e
lin

ea
r
gr
ow

th
co
nd

it
io
n,

w
e
co
nc
lu
de

th
at

su
p

q
∈Q

E
su

p
t∈

[s
,T

]
|ξq t
|2m
≤
C

(
1

+
su

p
q
∈Q

E
su

p
t∈

[s
,T

]
|φ
q t
|2m
)

F
in
al
ly
,w

e
ex
am

in
e
so
m
e
lim

it
in
g
be

ha
vi
or

of
so
lu
ti
on

s
ξq t

as
q
→
q∗

fo
r
so
m
e
q∗
∈
Q
.

T
h
eo
re
m

20
Le

t
us

as
su
m
e
th
e
sa
m
e
co
nd

it
io
ns

as
in

T
hm

.
18

an
d
le
t
q∗
∈
Q

be
fix

ed
.

Su
pp
os
e
fu
rt
he
r
th
at

th
e
fo
llo

w
in
g
ho
ld
s
fo
r
an

y
t
∈

[s
,T

],
R
>

0
an

d
ε
>

0:

(i
)

li
m
q
→
q
∗
P
[ su

p
|x
|≤
R
|B

(x
,t
,q

)
−
B

(x
,t
,q
∗ )
|>

ε]
=

0

(i
i)

li
m
q
→
q
∗
P
[ su

p
|x
|≤
R
|S

(x
,t
,q

)
−
S

(x
,t
,q
∗ )
|>

ε]
=

0

(i
ii)

li
m
q
→
q
∗

su
p
t∈

[s
,T

]
E|
φ
q t
−
φ
q
∗
t
|2

=
0

T
he
n,

th
e
so
lu
ti
on

s
ξq t

of
(A

.2
)
sa
ti
sf
y

li
m

q
→
q
∗

su
p

t∈
[s
,T

]
E|
ξq t
−
ξq
∗
t
|2

=
0,

i.e
.
ξq t
→
ξq
∗
t

in
L2

(Ω
)
un

ifo
rm

ly
in
t
∈

[s
,T

].

P
ro
of

W
e
ha

ve

ξq t
−
ξq
∗
t

=
ζ
q t

+

∫
t

s
B

(ξ
q v
,v
,q

)
−
B

(ξ
q
∗
v
,v
,q

)d
v

+

∫
t

s
S

(ξ
q v
,v
,q

)
−
S

(ξ
q
∗
v
,v
,q

)d
W
v
,
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S
to

ch
a
stic

M
o
d
ified

E
q
u
atio

n
s

I:
M

ath
em

atica
l

F
o
u
n
d
atio

n
s

w
here

ζ
qt

:=
φ
qt −

φ
q ∗t

+

∫
t

s
B

(ξ
q ∗v
,v
,q)−

B
(ξ
q ∗v
,v
,q ∗)d

v

+

∫
t

s
S

(ξ
q ∗v
,v
,q)−

S
(ξ
q ∗v
,v
,q ∗)d

W
v .

U
sing

the
Lipschitz

conditions,

E|ξ
qt −

ξ
q ∗t
| 2≤

3E|ζ
qt | 2

+
6
L

2 ∫
t

s
E|ξ

qv −
ξ
q ∗v
| 2d
v
,

w
hich

by
G
ronw

all’s
lem

m
a
im

plies

su
p

t∈
[s,T

] E|ξ
qt −

ξ
q ∗t
| 2≤

3
e

6
L

2
T

su
p

t∈
[s,T

] E|ζ
qt | 2.

T
hus,it

rem
ains

to
show

that
su

p
t∈

[s,T
] E|ζ

qt | 2→
0
as
h
→

0.
N
ow

,

su
p

t∈
[s,T

] E|ζ
qt | 2≤

3
su

p
t∈

[s,T
] E|φ

qt −
φ
q ∗t
| 2

+
3
T

∫
T

s
E|B

(ξ
q ∗v
,v
,q)−

B
(ξ
q ∗v
,v
,q ∗)| 2d

v

+
3 ∫

T

s
E|S

(ξ
q ∗v
,v
,q)−

S
(ξ
q ∗v
,v
,q ∗)| 2d

v
.

For
each

v
∈

[s,T
],

the
assum

ption
(i)

together
w
ith

the
a.s.continuity

of
B

im
plies

B
(ξ
q ∗v
,v
,q)
→

B
(ξ
q ∗v
,v
,q ∗)

in
probability.

M
oreover,

by
A
ssum

ption
A
.1

(ii)
the

last
in-

tegrand
is
bounded

by
2L

2(1
+

su
p
v∈

[s,T
] |ξ

q ∗v
| 2),w

hich
is
integrable.

B
y
the

dom
inated

con-
vergence

theorem
,the

integralvanishes
in

the
lim

it
h
→

0.
A

sim
ilar

calculation
show

s
the

last
integralalso

vanishes
in

the
sam

e
lim

it.
T
ogether

w
ith

(iii),w
e
arrive

at
our

assertion.

A
p
p
en

d
ix

B
.
D
erivatives

w
ith

resp
ect

to
in
itial

con
d
ition

Let
us

denote
by
{
X
x
,s,q

t
:
t≥

0}
the

stochastic
process

defined
by

the
SD

E

d
X
x
,s,q

t
=
b(X

x
,s,q

t
,q)d

t
+
σ

(X
x
,s,q

t
,q)d

W
t ,

t∈
[s,T

],

X
x
,s,q

s
=
x
.

(B
.1)

A
s
in

the
previous

section,
q
∈
Q

w
here

Q
is

a
subset

of
a
E
uclidean

space.
T
hroughout

this
section,w

e
assum

e
the

follow
ing:

A
ssu

m
p
tion

B
.1

T
he

(non-random
)
functions

b,σ
satisfy

1.
U
niform

linear
grow

th
condition

|b(x
,q)| 2

+
|σ

(x
,q)| 2≤

L
2(1

+
|x| 2)

for
all

x
∈
R
d,
q∈

Q
.
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L
i,

T
a
i
a
n
d

E

2.
U
niform

Lipschitz
condition

|b(x
,q)−

b(y
,q)|

+
|σ

(x
,q)−

σ
(y
,q)|≤

L|x
−
y|

for
all

x
,y
∈
R
d,
q∈

Q
.

W
ith

the
above

assum
ptions,by

T
hm

.18
the

SD
E
(B

.1)
adm

its
a
unique

solution.
T
he

focus
of

this
section

is
to

derive
the

SD
E
s
that

characterize
the

derivatives
of
X
x
,s,q

t
w
ith

respect
to
x,the

initialcondition.
In

doing
so,w

e
w
illm

ake
use

the
results

proved
in

Sec.A
.

D
efi

n
ition

21
Let

Ψ
:R

d→
R

and
ψ

:R
d→

R
d
be

random
functions

and
suppose

for
each

i
=

1,...,d,

lim
h→

0 E
∣∣

1h
[Ψ

(x
(1

) ,...,x
(i−

1
) ,x

(i)
+
h
,x

(i+
1
) ,...,x

(d
) )−

ψ
i (x

(1
) ,...,x

(d
) )]−

ψ
(i) (x

) ∣∣ 2
=

0.

T
hen,w

e
call

ψ
the

derivative
(in

theL
2(Ω

)
sense)

of
Ψ

and
w
rite

∂
(i) Ψ

=
ψ

(i) ,or∇
Ψ

=
ψ
.

For
m
ultidim

ensional
Ψ
,
w
e
sim

ilarly
define

the
derivative

elem
ent-w

ise.
N
ote

that
the

derivative
is

alm
ost

surely
unique,

if
it
exists.

L
em

m
a
22

Let
s
∈

[0,T
),
q
∈
Q

and
suppose

that
b
and

σ
are

continuously
differentiable

w
ith

respect
to
x.

T
hen,∇

X
x
,s,q

t
exists

and
if
w
e
w
rite

ξ
x
,s,q

(i,j),t
:=

∂
(j) X

x
,s,q

(i),t
,
then

it
satisfies

the
linear

random
-coeffi

cient
stochastic

differentialequation

ξ
x
,s,q

(i,j),t
=
δ

(i,j)
+

∫
t

s
ξ
x
,s,q

(k
,j),v ∂

(k
) b(X

x
,s,q

v
,v
,q)

(i) d
v

+

∫
t

s
ξ
x
,s,q

(k
,j),v ∂

(k
) σ

(X
x
,s,q

v
,v
,q)

(i,l) d
W

(l),v ,

(B
.2)

w
here

δ
is

the
usualK

ronecker
delta.

M
oreover,

w
e
have

su
p

q∈
Q
E

su
p

t∈
[s,T

] |ξ
x
,s,q
t
| 2
m
<
∞

for
all

m
≥

1.

P
roof

Let
j
be

fixed
and

h
j
be

a
d-dim

ensional
vector

of
0’s

except
the

j
th

coordinate
w
here

it
is

equal
h
j(j)

=
h
6=

0.
T
hen,w

e
have

1h
(X

x
+
h
j,s,q

(i),t
−
X
x
,s,q

(i),t
)

=
δ

(i,j)
+

1h ∫
t

s
b(X

x
+
h
j,s,q

v
,q)

(i) −
b(X

x
,s,q

v
,q)

(i) d
v

+
1h ∫

t

s
σ

(X
x

+
h
j,s,q

v
,q)

(i,l) −
σ

(X
x
,s,q

v
,q)

(i,l) d
W

(l),v .

B
ut,

1h ∫
t

s
b(X

x
+
h
j,(i),s

v
,q)

(i) −
b(X

x
,s,q

v
,q)

(i) d
v

=

∫
1

0

∫
t

s

1h
(X

x
+
h
j,s,q

(k
),v

−
X
x
,s,q

(k
),v )∂

(k
) b(λ

X
x

+
h
j,s,q

v
+

(1−
λ

)X
x
,s,q

v
)
(i) d

v
d
λ
,
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S
to

ch
a
st

ic
M

o
d
if

ie
d

E
q
u
at

io
n
s

I:
M

at
h
em

at
ic

a
l

F
o
u
n
d
at

io
n
s

an
d
si
m
ila

rl
y,

1 h

∫
t

s
σ

(X
x

+
h
j
,s
,q

v
,q

) (
i,
l)
−
σ

(X
x
,s
,q

v
,q

) (
i,
l)
d
W

(l
),
v

=

∫
1

0

∫
t

s

1 h
(X

x
+
h
j
,s
,q

(k
),
v

−
X
x
,s
,q

(k
),
v
)∂

(k
)σ

(λ
X
x

+
h
j
,s
,q

v
+

(1
−
λ

)X
x
,s
,q

v
) (
i,
l)
d
W

(l
),
v
d
λ
.

T
he

re
fo
re
,
ξx
,s
,q
,h

t
:=

1 h
(X

x
+
h
j
,s
,q

t
−
X
x
,s
,q

t
)
sa
ti
sfi
es

(A
.2
)
w
it
h
Q
×

[0
,1

]
in

pl
ac
e
of
Q
,

φ
q
,h
t,

(i
,j

)
=
δ (
i,
j)

an
d

B
(z
,t
,q
,h

) (
i)

=
z (
k
)

∫
1

0

∫
t

s
∂

(k
)b

(λ
X
x

+
h
j
,s
,q

v
+

(1
−
λ

)X
x

+
h
j
,s
,q

v
,q

) (
i)
d
v
d
λ
,

S
(z
,t
,q
,h

) (
i)

=
z (
k
)

∫
1

0

∫
t

s
∂

(k
)σ

(λ
X
x

+
h
j
,s
,q

v
+

(1
−
λ

)X
x

+
h
j
,s
,q

v
,q

) (
i,
l)
d
W

(l
),
v
d
λ
,

if
h
>

0
.
If
h
<

0
w
e
si
m
pl
y
co
ns
id
er
−
h
on

th
e
le
ft

ha
nd

si
de

in
st
ea
d
an

d
th
e
pr
oo

f
is

id
en
ti
ca
l.
Fu

rt
he

rm
or
e,

th
e
un

ifo
rm

Li
ps
ch
it
z
co
nd

it
io
ns

on
b,
σ
im

pl
ie
s
bo

un
de

d
de
ri
va
ti
ve
s

an
d
so

w
e
m
ay

ap
pl
y
T
hm

.1
8
to

co
nc

lu
de

th
at

th
er
e
is

a
pr
oc
es
s
ξ0
,q
t

sa
ti
sf
yi
ng

(A
.2
)
w
it
h

h
=

0,
i.e
.
sa
ti
sfi
es

(B
.2
).

It
re
m
ai
ns

to
sh
ow

ξq
,h
t
→

ξq
,0
t

in
L2

(Ω
)
un

ifo
rm

ly
in
t
∈

[s
,T

],
w
hi
ch

am
ou

nt
s
to

ch
ec
ki
ng

co
nd

it
io
ns

(i
)-
(i
ii)

in
T
hm

.2
0,

w
it
h
q∗

=
(q
,0

).
T
he

la
st

co
nd

it
io
n
(i
ii)

is
tr
iv
ia
lly

sa
ti
sfi
ed

.
A
s
fo
r
th
e
fir
st

tw
o,

it
is

en
ou

gh
to

sh
ow

th
at

X
x

+
h
j
,s
,q

t
→

X
x
,s
,q

t
in
L2

(Ω
)
as

h
→

0
,u

ni
fo
rm

ly
in
x
,w

hi
ch

fo
llo

w
s
fr
om

th
e
st
ra
ig
ht
fo
rw

ar
d
es
ti
m
at
e

E|
X
x
,s
,q

t
−
X
x

+
h
j
,s
,q

t
|2
≤

3h
2

+
C

∫
t

s
E|
X
x
,s
,q

v
−
X
x

+
h
j
,s
,q

v
|2 d
v

≤
C
′ h

2
.

N
ow

,w
e
m
ay

ap
pl
y
T
hm

.2
0
to

de
du

ce
th
e
sa
ti
sf
ac
ti
on

of
th
e
SD

E
.F

in
al
ly
,t
he

la
st

m
om

en
t

es
ti
m
at
e
fo
llo

w
s
fr
om

T
hm

.1
9.

Le
t
us

no
w

ex
te
nd

th
e
ab

ov
e
re
su
lt
to

hi
gh

er
or
de

r
de

ri
va
ti
ve
s.

A
s
be

fo
re
,w

e
de

no
te

th
e

or
de

r
α
pa

rt
ia
ld

er
iv
at
iv
e
of

Ψ
in

th
e
L2

(Ω
)
se
ns
e
by

∂
α (J

)Ψ
≡
∂
α (j

1
,.
..
,j
α

)Ψ

w
he

re
J
is

an
or
de

r
α
m
ul
ti
-in

de
x.

L
em

m
a
23

Su
pp
os
e
th
at
b,
σ
∈
G

2
.

T
he
n,

fo
r
ea
ch

i,
j 1
,j

2
∈
{1
,.
..
,d
},

th
e
de
ri
va
ti
ve

ξ2
,x
,s
,q

(i
,j

1
,j

2
),
t

:=
∂

2 (j
1
,j

2
)X

x
,s
,q

(i
),
t

ex
is
ts

an
d
is

th
e
un

iq
ue

so
lu
ti
on

of
th
e
lin

ea
r
ra
nd

om
-c
oe
ffi
ci
en
t
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L
i,

T
a
i
a
n
d

E

st
oc
ha
st
ic

di
ffe

re
nt
ia
le

qu
at
io
n

ξ2
,x
,s
,q

(i
,j

1
,j

2
),
t

=

∫
t

s
∂

2 (k
1
,k

2
)b

(X
x
,s
,q

v
,q

) (
i)
ξ1
,x
,s
,q

(k
1
,j

1
),
v
ξ1
,x
,s
,q

(k
2
,j

2
),
v
d
v

(B
.3
)

+

∫
t

s
∂

2 (k
1
,k

2
)σ

(X
x
,s
,q

v
,q

) (
i,
l)
ξ1
,x
,s
,q

(k
1
,j

1
),
v
ξ1
,x
,s
,q

(k
2
,j

2
),
v
d
W

(l
),
v

(B
.4
)

+

∫
t

s
∂

(k
)b

(X
x
,s
,q

v
,q

) (
i)
ξ2
,x
,s
,q

(k
,j

1
,j

2
),
v
d
v

(B
.5
)

+

∫
t

s
∂

(k
)σ

(X
x
,s
,q

v
,q

) (
i,
l)
ξ2
,x
,s
,q

(k
,j

1
,j

2
),
v
d
W

(l
),
v

(B
.6
)

w
he
re

ξ1
,x
,s
,q

(i
,j

),
t

:=
∂

(j
)X

x
,s
,q

(i
),
t

is
th
e
fir
st

de
ri
va
ti
ve
.

M
or
eo
ve
r,

fo
r
ea
ch

m
≥

1
,
w
e
ha
ve

E
su

p
t∈

[s
,T

]
|ξ2

,x
,s
,q

t
|2m
∈
G
,
i.e

.

su
p

q
∈Q

,s
∈[

0
,T

]
E

su
p

t∈
[s
,T

]
|ξ2

,x
,s
,q

t
|2m
≤
κ

1
(1

+
|x
|2κ

2
)

(B
.7
)

P
ro
of

Le
t
us

de
no

te

φ
x
,s
,q

(i
,j

1
,j

2
),
t

=

∫
t

s
∂

2 (k
1
,k

2
)b

(X
x
,s
,q

v
,q

) (
i)
ξ1
,x
,s
,q

(k
1
,j

1
),
v
ξ1
,x
,s
,q

(k
2
,j

2
),
v
d
v

+

∫
t

s
∂

2 (k
1
,k

2
)σ

(X
x
,s
,q

v
,q

) (
i,
l)
ξ1
,x
,s
,q

(k
1
,j

1
),
v
ξ1
,x
,s
,q

(k
2
,j

2
),
v
d
W

(l
),
v
.

N
ot
e
th
at

by
Le

m
.
22

,
E

su
p
t∈

[s
,T

]
|ξ1

,x
,s
,q

t
|2m

is
fin

it
e
fo
r
an

y
m
≥

1
.
T
he
n,

pr
oc
ee
di
ng

as
in

th
e
pr
oo

f
of

Le
m
.2

2,
w
e
ha

ve

E
su

p
t∈

[s
,T

]
|φ
x
,s
,q

t
|2

≤
C
E

su
p

t∈
[s
,T

]

( |∇
2
b(
X
x
,s
,q

t
,q

)|2
+
|∇

2
σ

(X
x
,s
,q

t
,q

)|2
) |
ξ1
,x
,s
,q

t
|4

≤
C

[ E
su

p
t∈

[s
,T

]

( |∇
2
b(
X
x
,s
,q

t
,q

)|2
+
|∇

2
σ

(X
x
,s
,q

t
,q

)|2
) 2
] 1
/
2

[E
su

p
t∈

[s
,T

]
|ξ1

,x
,s
,q

t
|8 ]1 /

2

H
er
e,
C

is
in
de

pe
nd

en
t
of
q
an

d
s.

Fr
om

th
e
ab

ov
e,

us
in
g
th
e
as
su
m
pt
io
n
th
at
b,
σ
∈
G

2
,

an
d
th
e
m
om

en
t
es
ti
m
at
e
in

T
hm

.1
9
on

X
x
,s
,q

t
,w

e
co
nc

lu
de

th
at

su
p

q
∈Q

,s
∈[

0
,T

]
E

su
p

t∈
[s
,T

]
|φ
x
,s
,q

t
|2
≤
κ

1
(1

+
|x
|2κ

)

th
us

(B
.3
)
ad

m
it
s
a
un

iq
ue

so
lu
ti
on

by
T
hm

.1
8,

an
d
th
e
so
lu
ti
on

ξ2
,x
,s
,q

t
sa
ti
sfi
es

th
e
sa
m
e

es
ti
m
at
e.

M
or
eo
ve
r,

th
e
es
ti
m
at
e
ab

ov
e
ho

ld
s
fo
r
an

y
2m

po
w
er

fo
r
m
≥

1
by

a
si
m
ila

r
ca
lc
ul
at
io
n,

w
hi
ch

sh
ow

s
th
at

E
su

p
t∈

[s
,T

]
|ξ2

,x
,s
,q

t
|2m
∈
G
.

F
in
al
ly
,
T
o
sh
ow

th
at

ξ2
,x
,s
,q

t
is

th
e
se
co
nd

de
ri
va
ti
ve

of
X
x
,s
,q

t
w
it
h
re
sp
ec
t
to

x
,
w
e

pr
oc
ee
d
an

al
og

ou
sl
y
as

in
th
e
pr
oo

f
of

22
,t

ha
nk

s
to

es
ti
m
at
e
(B

.7
)
an

d
po

ly
no

m
ia
lg

ro
w
th
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S
to

ch
a
stic

M
o
d
ified

E
q
u
atio

n
s

I:
M

ath
em

atica
l

F
o
u
n
d
atio

n
s

conditions,allthe
estim

ates
required

for
interchanging

the
derivative

and
the

integralsigns
are

satisfied,
so

the
equation

for
ξ

2
,x
,s,q

t
is

obtained
by

form
ally

differentiating
under

the
integralsign

w
ith

respect
to
x,w

hich
is

precisely
(B

.3).

L
em

m
a
24

For
each

α
≥

1,
suppose

that
b,σ
∈
G
α

+
1,

then,
the

derivative
∇
α

+
1X

x
,s,q

t

exists
and

is
the

unique
a.s.continuous

solution
of

the
linear

random
-coeffi

cient
SD

E

ξ
α

+
1
,x
,s,q

(i,J
),t

=
φ
x
,s,q

(i,J
),t

+

∫
t

s
∂

(k
) b(X

x
,s,q

v
,q)

(i) ξ
α

+
1
,x
,s,q

(k
,J

),t
d
v

(B
.8)

+

∫
t

s
∂

(k
) σ

(X
x
,s,q

v
,q)

(i,l) ξ
α

+
1
,x
,s,q

(k
,J

),t
d
W

(l),v ,
(B

.9)

w
here

J
is
a
m
ulti-index

oforder
α

+
1
and

φ
x
,s,q
t

is
an

a.s.continuous
stochastic

process
satis-

fying
E

su
p
t∈

[s,T
] |φ

x
,s,q
t
| 2
m
∈
G

for
all

m
≥

1.
In

fact,(B
.8)

is
obtained

by
form

ally
differen-

tiating
(B

.2)
under

the
integralsign

α
tim

es.
M
oreover,

w
e
have

E
su

p
t∈

[s,T
] |ξ

α
+

1
,x
,s,q

t
| 2
m
∈

G
for

all
m
≥

1.

P
roof

T
he

proofis
identicalto

the
α

=
1
case

in
Lem

.23.
W
e
om

it
w
riting

out
the

w
hole

proof
here.

W
e
now

prove
the

follow
ing

useful
result,

w
hich

im
parts

polynom
ial

grow
th

conditions
onto

expectations
functionals.

P
rop

osition
25

Let
s∈

[0,T
]
and

g
∈
G
α

+
1
for

som
e
α
≥

1.
For

t∈
[s,T

],
define

u
(x
,s,q,t)

:=
E
g
(X

x
,s,q

t
)

T
hen,

u
(·,s,q,t)∈

G
α

+
1
uniform

ly
in
s,q,t.

P
roof

C
onsider

first
the

case
α

=
1.

W
e
shalluse

the
results

in
Lem

.22-24
to

show
that

∂
(i) u

(x
,s,q,t)

=
E
∂

(k
) g

(X
x
,s,q

t
)∂

(i) X
x
,s,q

(k
),t

and
that

∂
(i) u

(x
,s,q,t)∈

G
.
Let

h
j
be

defined
as

in
the

proof
of

22,w
e
have

u
(x

+
h
j,s,q

,t)−
u

(x
,s,q

,t)
h

=
E
∫

1

0

1h
ddλ
g
(λ
X
x

+
h
j,s,q

t
+

(1−
λ

)X
x
,s,q

t
)d
λ

=
E
∫

1

0
∂

(k
) g

(λ
X
x

+
h
j,s,q

t
+

(1−
λ

)X
x
,s,q

t
)d
λ
X
x
+
h
j
,s
,q

(k
),t

−
X
x
,s
,q

(k
),t

h
.

N
ow

,
1h
(X

x
+
h
j,s

t
−
X
x
,s,q

t
)→

∂
(j) X

x
,s,q

t
in
L

2(Ω
).

M
oreover,set

I
h

:=

∫
1

0
∂

(k
) g

(λ
X
x

+
h
j,s,q

t
+

(1−
λ

)X
x
,s,q

t
)d
λ
.
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L
i,

T
a
i
a
n
d

E

Since∇
g
is

continuous,|I
h −

∂
(k

) g
(X

x
,s,q

t
)| 2→

0
in

probability.
M
oreover,

E|I
h −

∂
(k

) g
(X

x
,s,q

t
)| 4

<
∞

by
the

assum
ption

that
g
∈
G

1.
T
hus,{|I

h
−
∂

(k
) g

(X
x
,s,q

t
)| 2

:
h
∈

[0,1]}
is

uniform
ly

integrable
and

so
I
h →

∂
(k

) g
(X

x
,s,q

t
)
in
L

2(Ω
).

W
e
have

thus
arrived

at

∂
(i) u

(x
,s,q,t)

=
E
∂

(k
) g

(X
x
,s,q

t
)∂

(i) X
x
,s,q

(k
),t ,

and
in

particular,

|∇
u

(x
,s,q,t)| 2≤

E|∇
g
(X

x
,s,q

t
)| 2E|∇

X
x
,s,q

t
| 2∈

G
,

w
here

w
e
have

used
T
hm

.19
and

22.
T
he

proof
for

higher
order

derivatives
follow

accord-
ingly

by
the

above
procedure,using

Lem
.24.

A
p
p
en

d
ix

C
.
A
u
xiliary

resu
lts

for
th
e
p
roof

of
T
h
m
.
3

L
em

m
a
26

Let
α
≥

1
and

suppose
b,σ

satisfy
A
ssum

ption
B
.1.

T
hen,there

exists
a
K
∈
G
,

independent
of
η
and

ε,
such

thatE
α

+
1

∏j=
1 ∣∣∣ ∆̃

(ij ) ∣∣∣ ≤
K

(x
)η
α

+
1.

w
here

ij ∈
{1,...,d}

and
C
>

0
is

independent
of
η.

P
roof

W
e
have

E|∆̃
(x

)| α
+

1≤
2
αE
∣∣∣∣ ∫

η

0
b(X

x
,0

s
,η
,ε)d

s ∣∣∣∣ α
+

1

+
2
α
η
α

+
1

2
E
∣∣∣∣ ∫

η

0
σ

(X
x
,0

s
,η
,ε)d

W
s ∣∣∣∣ α

+
1

≤
2
α
η
α ∫

η

0
E|b(X

x
,0

s
,η
,ε)| α

+
1d
s

+
2
α
η
α

+
1

2

∣∣∣∣ ∫
η

0
σ

(X
x
,0

s
,η
,ε)d

W
s ∣∣∣∣ α

+
1

U
sing

C
auchy-Schw

arz
inequality,Itô’s

isom
etry,w

e
get

E
∣∣∣∣ ∫

η

0
σ

(X
x
,0

s
,η
,ε)d

W
s ∣∣∣∣ α

+
1≤
(
E
∣∣∣∣ ∫

η

0
σ

(X
x
,0

s
,η
,ε)d

W
s ∣∣∣∣ 2

α
+

2 )
1/

2

≤
C
η
α/

2 (∫
η

0
E|σ

(X
x
,0

s
,η
,ε)| 2

α
+

2d
s )

1/
2

w
here

C
depends

only
on

α
.
N
ow

,using
the

linear
grow

th
condition

(B
.1

(i))
and

the
m
o-

m
ent

estim
ates

in
T
hm

.19,w
e
obtain

the
result.
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S
to

ch
a
st

ic
M

o
d
if

ie
d

E
q
u
at

io
n
s

I:
M

at
h
em

at
ic

a
l

F
o
u
n
d
at

io
n
s

L
em

m
a
27

Su
pp
os
e
u
∈
G

(α
+

1
)
fo
r
so
m
e
α
≥

1
.
Le

t
as
su
m
pt
io
n
(i
)
in

T
hm

.3
ho
ld
.
T
he
n,

th
er
e
ex
is
ts

so
m
e
K
∈
G
,
in
de
pe
nd

en
t
of
η
,ε
,
su
ch

th
at

∣ ∣ ∣E
u

(x
x
,0

1
)
−

Eu
(X̃

x
,0

1
)∣ ∣ ∣≤

K
(x

)(
η
ρ
(ε

)
+
η
α

+
1
)

P
ro
of

U
si
ng

T
ay
lo
r’
s
th
eo
re
m

w
it
h
th
e
La

gr
an

ge
fo
rm

of
th
e
re
m
ai
nd

er
,w

e
ha

ve

u
(x
x
,0

1
)
−
u

(X̃
x
,0

1
)

=
α ∑ s=

1

1 s!

d ∑

i 1
,.
..
,i
j
=

1

s ∏ j=
1

[∆
(i
j
)(
x

)
−

∆̃
(i
j
)(
x

)]
∂
s
u

∂
x

(i
1
)
,.
..
x

(i
j
)
(x

)

+
1

(α
+

1
)!

d ∑

i 1
,.
..
,i
j
=

1

α
+

1
∏ j=

1

[∆
(i
j
)(
x

)
−

∆̃
(i
j
)(
x

)]

×
[

∂
(α

+
1
)
u

∂
x

(i
1
)
,.
..
x

(i
j
)
(x

+
a
∆

(x
))
−

∂
(α

+
1
)
u

∂
x

(i
1
)
,.
..
x

(i
j
)
(x

+
ã
∆̃

(x
))

] ,

w
he

re
a
,ã
∈

[0
,1

].
T
ak

in
g
ex
pe

ct
at
io
ns
,u

si
ng

as
su
m
pt
io
n
(i
)
of

T
hm

.4
.1

an
d
Le

m
.2

6,
w
e

ge
t

|E
u

(x
x
,0

1
)
−

Eu
(X̃

x
,0

1
)|
≤
K

(x
)(
η
ρ
(ε

)
+
η
α

+
1
).

A
p
p
en

d
ix

D
.
A
u
xi
li
ar
y
re
su
lt
s
fo
r
th
e
p
ro
of

of
T
h
m
.
9

Se
t
in

(4
.2
)

b(
x
,η
,ε

)
=
b 0

(x
,ε

)
+
η
b 1

(x
,ε

)

σ
(x
,η
,ε

)
=
σ

0
(x
,ε

),

W
e
pr
ov
e
th
e
fo
llo

w
in
g
It
ô-
T
ay
lo
r
ex
pa

ns
io
n.

L
em

m
a
28

Le
t
ψ

:
R
d
→

R
be

a
su
ffi
ci
en
tly

sm
oo
th

fu
nc
ti
on

an
d
de
fin

e
th
e
op
er
at
or
s

A
ε,

0
ψ

(x
)

:=
b 0

(x
,ε

) (
i)
∂

(i
)ψ

(x
)

A
ε,

1
ψ

(x
)

:=
b 1

(x
,ε

) (
i)
∂

(i
)ψ

(x
)

+
1 2
σ

0
(x
,ε

) (
i,
k
)σ

0
(x
,ε

) (
j,
k
)∂

2 (i
,j

)ψ
(x

)

[Λ
ε,

0
g
(x

)]
(l

)
:=
σ

0
(x
,ε

) (
i,
l)
∂

(i
)ψ

(x
),

l
=

1,
..
.,
d
.

Su
pp
os
e
fu
rt
he
r
th
at
b 0
,b

1
,σ

0
∈
G

3
.
T
he
n,

w
e
ha
ve

Eψ
(X

x
,0

η
)

=
ψ

(x
)

+
η
A
ε,

0
ψ

(x
)

+
η

2
(1 2
A

2 ε,
0

+
A
ε,

1
)ψ

(x
)

+
O

(η
3
).

P
ro
of

U
si
ng

It
ô’
s
fo
rm

ul
a,

w
e
ha

ve

ψ
(X

x
,0

η
)

=
ψ

(x
)

+

∫
η

0
A
ε,

0
ψ

(X
x
,0

s
)d
s

+
η

∫
η

0
A
ε,

1
ψ

(X
x
,0

s
)d
s

+
√
η

∫
η

0
Λ
ε,

0
ψ

(X
x
,0

s
)d
W
s
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L
i,

T
a
i
a
n
d

E

B
y
fu
rt
he

r
ap

pl
ic
at
io
n
of

th
e
ab

ov
e
fo
rm

ul
a
to
A
ε,

0
ψ

an
d
A
ε,

1
ψ
,w

e
ha

ve

ψ
(X

x
,0

η
)

=
ψ

(x
)

+
η
A
ε,

0
ψ

(x
)

+
η

2
(1 2
A

2 ε,
0

+
A
ε,

1
)ψ

(x
)

+
η

∫
η

0

∫
s

0
(A

ε,
1
A
ε,

0
+
A
ε,

0
A
ε,

1
)ψ

(X
x
,0

v
)d
v
d
s

+

∫
η

0

∫
s

0

∫
v

0
A

3 ε,
0
ψ

(X
x
,0

r
)d
rd
v
d
s

+
η

2

∫
η

0

∫
s

0
A

2 ε,
1
ψ

(X
x
,0

v
)d
v
d
s

+
η

∫
η

0

∫
s

0

∫
v

0
A
ε,

1
A

2 ε,
0
ψ

(X
x
,0

r
)d
rd
v
d
s

+
√
η

∫
η

0
Λ
ε,

0
ψ

(X
x
,0

s
)d
W
s

+
√
η

∫
η

0

∫
s

0
Λ
ε,

0
A
ε,

0
ψ

(X
x
,0

v
)d
W
v
d
s

+
√
η

∫
η

0

∫
s

0

∫
v

0
Λ
ε,

0
A

2 ε,
0
ψ

(X
x
,0

r
)d
W
r
d
v
d
s

+
η

3 /
2

∫
η

0

∫
s

0
Λ
ε,

0
A
ε,

1
ψ

(X
x
,0

v
)d
W
v
d
s

T
ak

in
g
ex
pe

ct
at
io
ns

of
th
e
ab

ov
e,
it
re
m
ai
ns

to
sh
ow

th
at

ea
ch

of
th
e
te
rm

s
in

th
e
in
te
gr
al

ei
-

th
er

va
ni
sh
es
,o

r
is
O

(η
3
).

T
hi
s
fo
llo

w
s
im

m
ed

ia
te
ly

fr
om

th
e
as
su
m
pt
io
n
th
at
b 0
,b

1
,σ

0
∈
G

3

an
d
ψ
∈
G

4
.
In
de

ed
,o

bs
er
ve

th
at

al
lt

he
in
te
gr
an

ds
ha

ve
at

m
os
t
3
de

ri
va
ti
ve
s
in
b 0
,b

1
,σ

0

an
d
4
de

ri
va
ti
ve
s
in
ψ
,w

hi
ch

by
ou

r
as
su
m
pt
io
ns

al
lb

el
on

g
to
G
.
T
hu

s,
th
e
ex
pe

ct
at
io
n
of

ea
ch

in
te
gr
an

d
is
bo

un
de

d
by

κ
1
(1

+
su

p
t∈

[0
,η

]
E|
X
x
,0

t
|2κ

2
)
fo
r
so
m
e
κ

1
,κ

2
,w

hi
ch

by
T
hm

.1
9

m
us
t
be

fin
it
e.

T
hu

s,
th
e
la
st

3
st
oc
ha

st
ic

in
te
gr
al
s
ar
e
m
ar
ti
ng

al
es

an
d
th
ei
r
ex
pe

ct
at
io
n

va
ni
sh
,
an

d
th
e
ex
pe

ct
at
io
ns

of
th
e
ot
he

r
in
te
gr
al
s
ar
e
O

(η
3
)
by

th
e
po

ly
no

m
ia
l
gr
ow

th
as
su
m
pt
io
n
an

d
m
om

en
t
es
ti
m
at
es

in
T
hm

.1
9.

W
e
al
so

pr
ov
e
a
ge
ne

ra
lm

om
en
t
es
ti
m
at
e
fo
r
th
e
ge
ne

ra
liz

ed
SG

A
it
er
at
io
ns

4.
1.

L
em

m
a
29

Le
t
{x

k
:
k
≥

0}
be

th
e
ge
ne
ra
liz
ed

SG
A

it
er
at
io
ns

de
fin

ed
in

4.
1.

Su
pp
os
e

|h
(x
,γ
,η

)|
≤
L
γ
(1

+
|x
|)

fo
r
so
m
e
ra
nd

om
va
ri
ab
le
L
γ
>

0
a.
s.
an

d
EL

γ
m
<
∞

fo
r
al
lm
≥

1.
T
he
n,

fo
r
fix

ed
T
>

0
an

d
an

y
m
≥

1
,
E|
x
k
|m

ex
is
ts

an
d
is

un
ifo

rm
ly

bo
un

de
d
in
η
an

d
k

=
0,
..
.,
N
≡
bT
/
η
c.

P
ro
of

Fo
r
ea
ch
k
≥

0
,w

e
ha

ve

|x
k
+

1
|m
≤
|x
k
|l

+
m ∑ l=

1

( m
l

) |
x
k
|m
−
l η
l |h

(x
k
,γ
k
,η

)|m
−
l

N
ow

,f
or

1
≤
l
≤
m
, E|
x
k
|m
−
l |h

(x
k
,γ
k
,η

)|l
=
E|
x
k
|m
−
l E

(|h
(x
k
,γ
k
,η

)|l
∣ ∣ x
k
)

≤
E(
L
l γ
)E
|x
k
|m
−
l (

1
+
|x
k
|l )

≤
2
E(
L
l γ
)(

1
+

E|
x
k
|m

).
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S
to

ch
a
stic

M
o
d
ified

E
q
u
atio

n
s

I:
M

ath
em

atica
l

F
o
u
n
d
atio

n
s

H
ence,if

w
e
let

a
k

:=
E|x

k | m
,w

e
have

a
k
+

1 ≤
(1

+
C
η
)a
k

+
C
′η

w
here

C
,C
′
>

0
are

independent
of
η
and

k,w
hich

im
m
ediately

im
plies

a
k ≤

(a
0

+
C
′/C

)(1
+
C
η
)
k−

C
′/C

≤
(|x

0 | m
+
C
′/C

)e
(T
/
η
)

lo
g
(1

+
C
η
)−

C
′/C

≤
(|x

0 | m
+
C
′/C

)e
C
T
−
C
′/C

.

W
e
also

need
the

follow
ing

result
concerning

m
ollified

functions.

L
em

m
a
30

Let
ε
∈

(0,1)
and

ψ
be

continuous
w
ith

its
w
eak

derivative
D
ψ

belonging
to

G
w .

D
enote

by
ψ
ε

=
ν
ε∗

ψ
the

m
ollification

of
ψ
.
T
hen,

there
exists

a
K
∈
G

independent
of
ε
such

that

|ψ
ε(x

)−
ψ

(x
)|≤

εK
(x

)

P
roof

W
e
have

for
alm

ost
every

x,

|ψ
ε(x

)−
ψ

(x
)|≤

∫B
(0
,ε)
ν
ε(y

)|ψ
(x
−
y
)−

ψ
(x

)|d
y

=

∫B
(0
,ε)
ν
ε(y

) ∣∣∣∣ ∫
1

0
D
ψ

(x
−
λ
y
)·y

d
λ ∣∣∣∣ d

y

≤
ε ∫B

(0
,ε) ∫

1

0
ν
ε(y

)|D
ψ

(x
−
λ
y
)|d
λ
d
y

≤
ε ∫B

(0
,ε)
ν
ε(y

)κ
1 [1

+
κ

2 (|x|+
|y|)]d

y

≤
εK

(x
).

Since
ψ

is
continuous,the

above
equality

holds
for

all
x
∈
R
d.

A
p
p
en

d
ix

E
.
A
u
xiliary

resu
lts

for
com

p
u
tation

s
in

S
ec.

5

L
em

m
a
31

Let
A

be
a
realsquare

m
atrix

such
that

alleigenvalues
have

positive
realpart.

T
hen,

(i)
For

each
ε
>
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ls

o
b

ee
n

re
fe

rr
ed

to
a
s

th
e

“
su

p
er

se
t

le
a
rn

in
g

p
ro

b
le

m
”

o
r

th
e

“
m

u
lt

ip
le

la
b

el
p

ro
b

le
m

”
(L

iu
a
n

d
D

ie
tt

er
ic

h
,

2
0
1
4
).

2
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L
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D
e
c
o
n
t
a
m
in
a
t
io
n
o
f
M
u
t
u
a
l
C
o
n
t
a
m
in
a
t
io
n
M
o
d
e
l
s

la
b

els.
F

o
r

ex
a
m

p
le,

con
sid

er
th

e
task

of
face

reco
gn

ition
.

O
n

th
e

in
tern

et,
th

ere
are

m
an

y
im

a
g
es

w
ith

cap
tion

s
th

at
in

d
icate

w
h
o

is
in

th
e

p
ictu

re
b
u
t

d
o

n
ot

in
d
icate

w
h
ich

fa
ce

b
elo

n
g
s

to
w

h
ich

p
erson

.
A

p
artial

lab
el

cou
ld

b
e

form
ed

b
y

asso
cia

tin
g

each
face

w
ith

th
e

n
a
m

es
o
f

th
e

in
d
iv

id
u
als

ap
p

earin
g

in
th

e
sam

e
im

ag
e

(C
ou

r
et

al.,
20

11).

A
lth

o
u
g
h

ou
r

w
ork

em
p
h
asizes

recovery
of
P

,
it

is
also

p
ossib

le
to

th
in

k
of

d
econ

tam
i-

n
a
tio

n
o
f

m
u
tu

al
con

tam
in

ation
m

o
d
els

as
con

cern
ed

w
ith

estim
ation

of
th

e
m

ix
in

g
m

atrix
Π

.
T

h
is

estim
a
te

of
Π

cou
ld

b
e

u
sed

as
a

p
lu

g-in
for

recen
tly

d
evelop

ed
d
eb

iased
losses

for
m

u
lticla

ss
cla

ssifi
cation

w
ith

lab
el

n
oise

an
d

classifi
cation

w
ith

p
artial

lab
els,

w
h
ich

req
u
ire

k
n
ow

led
ge

o
f
Π

(C
id

-S
u
eiro,

2012;
M

en
on

et
al.,

2015b
;

van
R

o
oyen

an
d

W
illiam

son
,

2015;
P

a
trin

i
et

a
l.,

2
017).

In
th

is
p
a
p

er,
w

e
m

ak
e

th
e

follow
in

g
con

trib
u
tion

s:
(i)

W
e

give
su

ffi
cien

t
con

d
ition

s
on

P
,
Π

,
a
n
d

Π
`

for
id

en
tifi

ab
ility

of
th

e
th

ree
p
rob

lem
s.

(ii)
W

e
estab

lish
n
ecessary

co
n
d
ition

s
th

a
t

in
so

m
e

ca
ses

m
atch

or
are

sim
ilar

to
th

e
su

ffi
cien

t
con

d
ition

s.
(iii)

W
e

in
tro

d
u
ce

n
ov

el
a
lg

o
rith

m
s

fo
r

th
e

in
fi
n
ite

an
d

fi
n
ite

sam
p
le

settin
gs.

T
h
ese

algorith
m

s
are

n
on

p
aram

etric
in

th
e

sen
se

th
a
t

th
ey

d
o

n
ot

m
o
d
el
P
i

as
a

p
rob

ab
ility

vector
or

oth
er

p
aram

etric
m

o
d
el.

O
u
r

a
lg

orith
m

ic
con

trib
u
tion

s
sh

ow
th

at
w

h
ile

all
th

ree
p
rob

lem
s

can
b

e
d
escrib

ed
in

a
u
n
ifi

ed
w

ay,
th

e
sp

ecial
stru

ctu
re

of
m

u
lticlass

classifi
cation

w
ith

lab
el

n
oise

allow
s

for
a

su
b
sta

n
tia

lly
sim

p
ler

algorith
m

.
(iv

)
W

e
d
evelop

n
ovel

estim
ators

for
d
istrib

u
tion

s
ob

tain
ed

b
y

itera
tively

a
p
p
ly

in
g

th
e
κ ˚

op
erator

(d
efi

n
ed

b
elow

).
(v

)
F

in
ally,

ou
r

fram
ew

ork
gives

rise
to

severa
l

n
ovel

geom
etric

in
sigh

ts
ab

ou
t

each
of

th
ese

th
ree

p
rob

lem
s

a
n
d

lev
erages

co
n
cep

ts
fro

m
a
ffi

n
e

geom
etry,

m
u
ltilin

ear
algeb

ra,
an

d
p
rob

ab
ility.

1
.1

.
N

o
ta

tio
n

L
et

Z `
d
en

ote
th

e
p

ositive
in

tegers.
F

or
n
P
Z `

,
letrns“

t1
,...,nu.

If
x
P
R
K

,
let

x
i

d
en

o
te

th
e
ith

en
try

of
x

.
If
x
j P

R
K

,
th

en
x
j,i

d
en

otes
th

e
ith

en
try

of
x
j .

L
et
e
i

d
en

ote
th

e
len

g
th

L
vector

w
ith

1
in

th
e
ith

p
osition

an
d

zeros
elsew

h
ere.

L
et
π
i P

∆
L
Ă

R
L

b
e

th
e

tra
n
sp

o
se

of
th

e
ith

row
of

Π
w

h
ere

∆
L

d
en

otes
th

epL
´

1q-d
im

en
sion

al
sim

p
lex

,
i.e.,

∆
L
“
tµ
“
pµ

1 ,...,µ
L q
T
P
R
L| ř

Li“
1
µ
i “

1
a
n
d@

i
:
µ
i ě

0u.
L

et
∆
ML

d
en

ote
th

e
p
ro

d
u
ct

o
f
M
pL´

1q-d
im

en
sion

al
sim

p
lices,

v
iew

ed
as

th
e

sp
ace

of
M
ˆ
L

row
-sto

ch
astic

m
a
trices.

L
etP

d
en

ote
th

e
sp

ace
of

p
rob

ab
ility

d
istrib

u
tion

s
on

a
m

easu
rab

le
sp

acepX
,Cq.

L
et

su
p
ppFq

d
en

ote
th

e
su

p
p

ort
of

a
d
istrib

u
tion

F
on

a
B

orel
sp

ace.

2
.

R
e
la

te
d

W
o
rk

O
u
r

w
o
rk

m
a
kes

variou
s

con
trib

u
tion

s
to

th
e

statistical
u
n
d
erstan

d
in

g
o
f

m
u
lticlass

cla
s-

sifi
ca

tio
n

w
ith

lab
el

n
oise,

d
em

ix
in

g
of

m
ix

ed
m

em
b

ersh
ip

m
o
d
els,

an
d

classifi
cation

w
ith

p
a
rtia

l
la

b
els.

In
th

e
follow

in
g

su
b
section

s,
w

e
d
iscu

ss
h
ow

ou
r

resu
lts

im
p
rove

u
p

on
an

d
rela

te
to

p
rev

io
u
s

resu
lts

in
th

e
literatu

re.

2
.1

.
M

u
ltic

la
ss

C
la

ssifi
c
a
tio

n
w

ith
L

a
b

e
l

N
o
ise

T
h
ere

h
a
s

n
o
t

b
een

m
u
ch

w
ork

on
classifi

cation
w

ith
m

u
lticlass

lab
el

n
oise.

B
y

con
trast,

la
b

el
n
o
ise

in
th

e
b
in

ary
settin

g
h
as

receiv
ed

a
fair

am
ou

n
t

of
atten

tion
.

F
or

a
rev

iew
of

w
o
rk

p
rio

r
to

2
0
13,

see
S
cott

et
al.

(2013).
M

ore
recen

tly,
N

atara
jan

et
a
l.

(2013)
co

n
sid

ered
th

e
b
in

a
ry

la
b

el
n
oise

case
w

h
ere

th
e

lab
el

n
oise

rates
are

k
n
ow

n
(in

ou
r

ca
se,

th
e

lab
el

n
oise

3
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L
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K
a
t
z
-S
a
m
u
e
l
s,

B
l
a
n
c
h
a
r
d
,
a
n
d

S
c
o
t
t

rates
are

u
n
k
n
ow

n
).

van
R

o
oyen

an
d

W
illiam

son
(2015)

gen
eralized

th
e

w
ork

of
N

atara
jan

et
al.

(2013)
to

th
e

m
u
lticlass

case,
b
u
t

again
assu

m
ed

th
at

th
e

m
ix

in
g

p
rop

ortion
s

are
k
n
ow

n
.

R
ecen

t
w

ork
h
as

p
rop

osed
variou

s
algorith

m
s

for
th

e
b
in

ary
settin

g
w

h
ere

th
e

lab
el

n
oise

rates
are

u
n
k
n
ow

n
(S

cott,
201

5;
van

R
o
oyen

et
al.,

20
15;

M
en

on
et

al.,
2015a),

b
u
t

th
ese

algorith
m

s
h
ave

n
ot

b
een

gen
eralized

to
th

e
m

u
lticlass

case.
M

en
on

et
al.

(2016)
con

sid
er

th
e

b
in

ary
settin

g
w

ith
in

stan
ce-d

ep
en

d
en

t
corru

p
tion

,
b
u
t

th
ey

assu
m

e
th

at
th

e
class

p
rob

ab
ility

fu
n
ction

s
take

th
e

form
of

a
sin

gle-in
d
ex

m
o
d
el,

w
h
ereas

w
e

m
ake

n
o

p
aram

etric
assu

m
p
tion

s
on

th
e
P
i s.

G
h
osh

et
a
l.

(2017)
co

n
sid

er
m

u
lticlass

lab
el

n
oise,

b
u
t

th
ey

m
ake

tw
o

restrictive
assu

m
p
tion

s:
(i)

in
th

e
in

fi
n
ite

sam
p
le

settin
g,

th
ey

assu
m

e
th

at
th

ere
ex

ists
som

e
fu

n
ction

b
elon

gin
g

to
th

e
ch

osen
h
y
p

oth
esis

class
th

at
a
ttain

s
0

risk
an

d
(ii)

in
th

e
fi
n
ite

sam
p
le

settin
g,

th
ey

assu
m

e
th

at
th

e
lab

el
n
oise

is
sy

m
m

etric,
i.e.,

th
ere

ex
ists

a
con

stan
t
cP

p0
,1q

su
ch

th
at

π
i,j “

c
L´

1
for

all
i‰

j.
P

atrin
i

et
al.

(2017)
also

stu
d
y

th
e

m
u
lticlass

settin
g,

b
u
t

th
ey

assu
m

e
th

at
if

th
eir

n
eu

ral
n
etw

ork
h
as

access
to

su
ffi

cien
tly

m
an

y
sam

p
les,

it
can

p
erfectly

m
o
d
el

P
rpỸ

“
k|xq

w
h
ere

x
is

a
given

featu
re

vector
an

d
Ỹ

is
a

corru
p
ted

lab
el.

U
n
like

m
ost

p
rev

iou
s

w
ork

th
at

aim
s

to
learn

a
classifi

er,
ou

r
fo

cu
s

is
on

estim
atin

g
th

e
b
ase

d
istrib

u
tion

s.
G

iven
th

ese
estim

ates,
on

e
cou

ld
th

en
d
esign

a
classifi

er
to

op
tim

ize
som

e
p

erform
an

ce
m

easu
re.

S
ee,

for
ex

am
p
le,

S
ection

4.3
of

ou
r

in
itial

w
ork

on
th

is
su

b
ject

(B
lan

ch
a
rd

an
d

S
cott,

2014
).

A
n
oth

er
ap

p
roach

for
m

o
d
elin

g
ran

d
om

lab
el

n
oise,

in
ad

d
ition

to
th

e
m

u
tu

al
con

tam
-

in
ation

m
o
d
el,

is
th

e
lab

el
fl
ip

p
in

g
m

o
d
el.

In
d
eed

,
several

of
th

e
ab

ov
e-cited

p
ap

ers
ad

op
t

th
is

settin
g.

In
th

is
m

o
d
el,

th
e

lab
el
Y

of
a

d
ata

p
oin

t
is

fl
ip

p
ed

in
d
ep

en
d
en

tly
of

its
featu

res
X

an
d

µ
l,k

–
P

rpỸ
“
k|Y

“
lq

gives
th

e
p
rob

ab
ility

th
at

a
d
ata

p
oin

t
w

ith
tru

e
la

b
el
Y
“
l

is
corru

p
ted

to
h
ave

an
ob

served
lab

el
Ỹ
“
k
.

U
n
d
er

th
e

assu
m

p
tion

th
at
Y

an
d
X

are
jo

in
tly

d
istrib

u
ted

,
th

e
µ
l,k s

can
b

e
related

to
th

e
π
i,j s

v
ia

B
ay

es’
ru

le.
W

e
ch

o
ose

to
stu

d
y

th
e

m
u
tu

al
con

tam
in

ation
m

o
d
el

b
ecau

se
w

e
fi
n
d

it
m

ore
con

ven
ien

t
to

stu
d
y

th
e

q
u
estion

of
id

en
tifi

ab
ility.

In
th

is
p
ap

er,
w

e
ex

ten
d

S
cott

et
al.

(20
13),

w
h
ich

ex
am

in
ed

b
in

ary
classifi

cation
w

ith
lab

el
n
oise

(th
e

case
w

h
ere

M
“
L
“

2).
T

h
e

m
u
lticlass

settin
g

is
sign

ifi
can

tly
m

ore
ch

allen
gin

g
an

d
,

as
su

ch
,

req
u
ires

n
ovel

su
ffi

cien
t

co
n
d
ition

s
an

d
m

ath
em

atical
n
otion

s.
In

p
articu

lar,
S
cott

et
al.

(2013)
u
se

th
e

n
otion

of
irred

u
cibility

of
d
istrib

u
tion

s
as

on
e

of
th

eir
su

ffi
cien

t
con

d
ition

s.

D
e
fi

n
itio

n
1

F
o
r

d
istribu

tio
n

s
G

a
n

d
H

,
w

e
sa

y
th

a
t
G

is
irred

u
cib

le
w

ith
respect

to
H

if
it

is
n

o
t

po
ssible

to
w

rite
G
“
γ
H
`
p1´

γqF
w

h
ere

F
is

a
d
istribu

tio
n

a
n

d
0ă

γď
1.

D
e
fi

n
itio

n
2

F
o
r

d
istribu

tio
n

s
G

a
n

d
H

,
w

e
sa

y
th

a
t
G

a
n

d
H

a
re

m
u
tu

ally
irred

u
cib

le
if

G
is

irred
u

cible
w

ith
respect

to
H

a
n

d
H

is
irred

u
cible

w
ith

respect
to
G

.
W

e
d
en

o
te

IR
“
tpG

,Hq
:
G

a
n

d
H

a
re

m
u

tu
a
lly

irred
u

cible
d
istribu

tio
n

su.
S
cott

et
al.

(2013)
req

u
ire

th
at
P

1
a
n
d
P

2
are

m
u
tu

ally
irred

u
cib

le.
T

o
treat

th
e

m
u
lticlass

settin
g,

w
e

in
tro

d
u
ce

a
gen

eralization
of

m
u
tu

al
irred

u
cib

ility,
n
am

ely
jo

in
t

irred
u

cibility.
T

h
e

w
ork

p
resen

ted
b

elow
on

m
u
lticlass

lab
el

n
oise

origin
ally

a
p
p

eared
in

a
con

feren
ce

p
ap

er
(B

lan
ch

ard
an

d
S
cott,

2014).
T

h
e

p
u
rp

ose
of

th
e

p
resen

t
p
a
p

er
is

to
d
em

on
strate

th
at
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D
e
c
o
n
t
a
m
in
a
t
io
n
o
f
M
u
t
u
a
l
C
o
n
t
a
m
in
a
t
io
n
M
o
d
e
l
s

th
e

fr
am

ew
or

k
d
ev

el
op

ed
in

th
at

p
ap

er
ca

n
b

e
ex

te
n
d
ed

to
th

e
ot

h
er

tw
o

d
ec

on
ta

m
in

at
io

n
p
ro

b
le

m
s,

an
d

to
p
ro

v
id

e
a

u
n
ifi

ed
p
re

se
n
ta

ti
on

of
th

e
th

re
e

se
tt

in
gs

.
In

p
a
rt

ic
u
la

r,
th

e
jo

in
t

ir
re

d
u
ci

b
il
it

y
as

su
m

p
ti

on
p
la

y
s

a
p
iv

ot
al

ro
le

in
al

l
th

re
e

se
tt

in
gs

,
as

d
o
es

th
e

ta
sk

of
m

ix
tu

re
p
ro

p
or

ti
on

es
ti

m
at

io
n
.

H
ow

ev
er

,
th

e
d
ec

on
ta

m
in

a
ti

on
p
ro

ce
d
u
re

s
fo

r
th

e
la

tt
er

tw
o

p
ro

b
le

m
s

ar
e

su
b
st

an
ti

al
ly

m
or

e
co

m
p
li
ca

te
d

th
an

fo
r

m
u
lt

ic
la

ss
cl

as
si

fi
ca

ti
on

w
it

h
la

b
el

n
oi

se
.

2
.2

.
D

e
m

ix
in

g
M

ix
e
d

M
e
m

b
e
rs

h
ip

M
o
d

e
ls

M
ix

ed
m

em
b

er
sh

ip
m

o
d
el

s
h
av

e
b

ec
om

e
a

p
ow

er
fu

l
m

o
d
el

in
g

to
ol

fo
r

d
at

a
w

h
er

e
d
at

a
p

oi
n
ts

ar
e

as
so

ci
at

ed
w

it
h

m
u
lt

ip
le

d
is

tr
ib

u
ti

on
s.

A
p
p
li
ca

ti
on

s
h
av

e
ap

p
ea

re
d

in
a

w
id
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on

)
is

co
n
si

d
er

ab
ly

w
ea

ke
r.

F
or

ex
am

p
le

,
it

p
er

m
it

s
th

e
ca

se
w

h
er

e
th

er
e

ar
e

tw
o

la
b

el
s
l
‰
l1

su
ch

th
at

w
h
en

ev
er
l

o
cc

u
rs

in
a

p
ar

ti
a
l

la
b

el
,
l1

a
ls

o
o
cc

u
rs

.

T
h
e

se
co

n
d

su
ffi

ci
en

t
co

n
d
it

io
n

of
L

iu
an

d
D

ie
tt

er
ic

h
(2

01
4)

is
b
as

ed
on

th
e

cl
a
ss

d
is

-
tr

ib
u
ti

on
s,

p
ar

ti
al

la
b

el
d
is

tr
ib

u
ti

on
s

a
n

d
th

e
h
y
p

ot
h
es

is
cl

as
s

of
ch

oi
ce

.
It

re
q
u
ir

es
th

a
t

ev
er

y
h
y
p

ot
h
es

is
th

at
at

ta
in

s
ze

ro
p
ar

ti
al

la
b

el
er

ro
r

al
so

at
ta

in
s

ze
ro

tr
u
e

er
ro

r.
W

h
il
e

th
is

co
n
d
it

io
n

m
ay

b
e

u
se

fu
l

fo
r

th
e

se
le

ct
io

n
of

a
su

it
ab

le
h
y
p

o
th

es
is

cl
as

s
fo

r
a
n

E
R

M
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D
e
c
o
n
t
a
m
in
a
t
io
n
o
f
M
u
t
u
a
l
C
o
n
t
a
m
in
a
t
io
n
M
o
d
e
l
s

a
p
p
ro

a
ch

,
it

is
im

p
ortan

t
to

d
ev

elop
in

terp
retab

le
su

ffi
cien

t
con

d
ition

s
th

at
on

ly
d
ep

en
d

on
th

e
ch

a
ra

cteristics
of

a
p
artial

lab
el

p
rob

lem
.

O
u
r

w
ork

p
rov

id
es

su
ch

con
d
ition

s.

W
e

a
lso

n
o
te

th
at

L
iu

an
d

D
ietterich

(2014)
con

sid
er

th
e

realizab
le

case,
th

at
is,

th
e

case
w

h
ere

th
e

su
p
p

orts
of
P

1 ,...,P
L

d
o

n
ot

overlap
.

B
y

con
trast,

w
e

m
ake

th
e

sign
ifi

can
tly

w
ea

ker
assu

m
p
tion

th
at
P

1 ,...,P
L

are
join

tly
irred

u
cib

le,
w

h
ich

allow
s
P

1 ,...,P
L

to
h
ave

th
e

sa
m

e
su

p
p

o
rt.

T
h
u
s,

ou
r

w
ork

ad
d
resses

th
e

agn
ostic

case
in

classifi
cation

w
ith

p
artial

la
b

els.

3
.

S
u
ffi

cie
n
t

C
o
n
d
itio

n
s

fo
r

Id
e
n
tifi

a
b
ility

W
e

can
th

in
k

o
f

each
p
rob

lem
as

req
u
irin

g
a

sp
ecifi

c
factorizatio

n
of
P̃

in
term

s
of
P

an
d

Π
.

W
e

say
P̃

is
fa

cto
riza

ble
if

th
ere

ex
istspΠ

,PqP
∆
ML
ˆ
P
L

su
ch

th
at
P̃
“

Π
P

;
w

e
ca

llpΠ
,Pq

a
fa

cto
riza

tio
n

of
P̃

.
M

u
lticlass

classifi
cation

w
ith

lab
el

n
oise

req
u
ires

a
sp

ecifi
c

o
rd

erin
g

o
f

th
e

elem
en

ts
of
P

;
classifi

cation
w

ith
p
artial

lab
els

req
u
ires

th
at

Π
is

con
sisten

t
w

ith
Π
`

a
n
d

a
sp

ecifi
c

ord
erin

g
of

th
e

elem
en

ts
of
P

.

A
fa

cto
riza

tion
is

n
ot

gu
aran

teed
to

ex
ist.

F
or

ex
am

p
le,

th
ere

is
n
o

factorization
in

th
e

ca
se

w
h
ere

M
“

3,
L
“

2,
an

d
P̃

1 ,P̃
2 ,P̃

3
are

lin
early

in
d
ep

en
d
en

t.
W

h
en

a
factorization

ex
-

ists,
in

gen
era

l
it

is
n
ot

u
n
iq

u
e.

F
or

in
stan

ce,
con

sid
er

th
e

case
w

h
ere

L
“
M

,pΠ
,Pq

solves
(2

),
a
n
d

Π
is

n
ot

a
p

erm
u
tation

m
atrix

.
T

h
en

,
an

oth
er

solu
tion

is
P̃
“
I
P̃

.
F

u
rth

erm
ore,

th
ere

a
re

in
fi
n
itely

m
an

y
solu

tion
s

in
th

e
follow

in
g

gen
eral

case.

P
ro

p
o
sitio

n
1

S
u

p
po

se
th

a
t
P̃

h
a
s

a
t

lea
st

tw
o

d
istin

ct
P̃
j s

a
n

d
h
a
s

a
fa

cto
riza

tio
npΠ

,Pq.
If

th
ere

is
so

m
e
P̃
i

in
th

e
in

terio
r

o
f

con
vpP

1 ,...,P
L q,

th
en

th
ere

a
re

in
fi

n
itely

m
a
n

y
d
istin

ct
n

o
n

-trivia
l

fa
cto

riza
tio

n
s

o
f
P̃

.

P
ro

o
f

W
ith

o
u
t

loss
of

gen
erality,

su
p
p

ose
th

at
i“

1
an

d
P̃

1 ‰
P̃

2 .
T

h
en

,
sin

ce
P̃

1
is

in
th

e
in

terio
r

of
con

vpP
1 ,...,P

L q,
th

ere
is

som
e
δą

0
su

ch
th

at
for

an
y
α
P
p1,1`

δq,
Q
α “

α
P̃

1 `p1´
αqP̃

2
is

a
d
istrib

u
tion

.
T

h
en

,
con

vpP̃
1 ,...,P̃

L qĎ
con

vpQ
α
,P̃

2 ,...,P̃
L q

an
d
,

co
n
seq

u
en

tly,
th

ere
is

som
e

Π
1P

∆
LL

su
ch

th
atpΠ

1,pQ
α
,P̃

2 ,...,P̃
L q
Tq

solves
(2).

C
learly,

b
y

va
ry

in
g
α

,
th

ere
are

in
fi
n
itely

m
an

y
solu

tion
s

to
(2).

Id
en

tifi
a
b
ility

of
each

p
rob

lem
is

eq
u
ivalen

t
to

th
e

ex
isten

ce
of

a
u
n
iq

u
e

factorization
fo

r
th

a
t

p
ro

b
lem

.
T

h
erefore,

to
estab

lish
id

en
tifi

ab
ility

for
th

e
th

ree
p
ro

b
lem

s,
w

e
m

u
st

im
p

o
se

co
n
d
itio

n
s

onpΠ
,Pq

an
d

Π
`

.
T

o
th

is
en

d
,

w
e

u
se

th
e

n
otion

of
join

t
irred

u
cib

ility
o
f

d
istrib

u
tio

n
s.

D
e
fi

n
itio

n
3

T
h
e

d
istribu

tio
n

stP
i u

1ď
iď
L

a
re

jo
in

tly
irred

u
cib

le
iff

th
e

fo
llo

w
in

g
equ

iva
len

t
co

n
d
itio

n
s

h
o
ld

(a
)

F
o
r

a
ll
IĂ

rLs
su

ch
th

a
t

1ď
|I|ă

L
,

a
n

d
ε
i

su
ch

th
a
t
ε
i ě

0
a
n

d ř
iP
I
ε
i “

ř
iR
I
ε
i “

1
,

p ÿiP
I

ε
i P
i , ÿiR

I

ε
i P
i qP

IR
.

(b)
ř
Li“

1
γ
i P
i

is
a

d
istribu

tio
n

im
p
lies

th
a
t
γ
i ě

0@
i.
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K
a
t
z
-S
a
m
u
e
l
s,

B
l
a
n
c
h
a
r
d
,
a
n
d

S
c
o
t
t

C
on

d
ition

s
(a

)
an

d
(b),

w
h
ose

eq
u
ivalen

ce
w

as
estab

lish
ed

b
y

B
lan

ch
ard

an
d

S
cott

(2014),
give

tw
o

w
ay

s
to

th
in

k
ab

ou
t

join
t

irred
u
cib

ility.
C

on
d
ition

(a
)

say
s

th
a
t

every
con

vex
com

b
in

ation
of

a
su

b
set

of
th

e
P
i s

is
irred

u
cib

le
(see

S
ection

2.1)
w

ith
resp

ect
to

every
con

vex
com

b
in

ation
of

th
e

oth
er
P
i s.

C
on

d
ition

(b)
say

s
th

at
if

a
d
istrib

u
tion

is
in

th
e

sp
an

of
P

1 ,...,P
L

,
it

is
in

th
eir

con
vex

h
u
ll.

J
oin

t
irred

u
cib

ility
h
o
ld

s
w

h
en

ea
ch
P
i

h
as

a
region

of
p

ositive
p
rob

ab
ility

th
at

d
o
es

n
ot

b
elon

g
to

th
e

su
p
p

ort
of

an
y

of
th

e
oth

er
P
i s;

th
u
s,

sep
arab

ility
(see

S
ection

2.2)
of

th
e
P
i s

en
tails

join
t

irred
u
cib

ility
of
P

1 ,...,P
L

.
H

ow
ever,

th
e

con
verse

is
n
ot

tru
e:

th
e
P
i s

can
h
ave

th
e

sam
e

su
p
p

ort
an

d
still

b
e

join
tly

irred
u
cib

le
(e.g.,

P
i s

G
au

ssian
w

ith
a

com
m

on
varian

ce
an

d
d
istin

ct
m

ean
s

(S
cott

et
al.,

2
013)).

F
or

all
th

ree
p
rob

lem
s,

w
e

assu
m

e
th

at

(A
)
P

1 ,...,P
L

are
join

tly
irred

u
cib

le.

H
en

ceforth
,

u
n
less

w
e

say
oth

erw
ise,

P
1 ,...,P

L
are

assu
m

ed
to

b
e

join
tly

irred
u
cib

le.
In

A
p
p

en
d
ix

G
,

w
e

p
rov

id
e

ex
p

erim
en

ts
on

real-w
orld

d
atasets

th
at

su
ggest

th
at

th
is

assu
m

p
-

tion
is

reason
ab

le.
W

e
m

ak
e

d
iff

eren
t

assu
m

p
tion

s
on

Π
for

each
of

th
e

th
ree

p
rob

lem
s.

F
or

m
u
lticlass

classifi
cation

w
ith

lab
el

n
oise,

w
e

assu
m

e
th

at

(B
1
)

Π
is

in
vertib

le
an

d
Π
´

1
is

a
m

atrix
w

ith
strictly

p
ositiv

e
d
iagon

al
en

tries
an

d
n
on

-
p

ositive
off

-d
iagon

al
en

tries.

A
ccord

in
g

to
L

em
m

a
1

b
elow

,
th

is
assu

m
p
tion

essen
tially

say
s

th
at

th
e

p
rob

lem
h
as

low
n
oise

in
th

e
sen

se
th

at
for

each
i,
P̃
i

m
ostly

com
es

from
P
i .

In
p
articu

lar,
each

P
i

can
b

e
recovered

b
y

su
b
tractin

g
sm

all
m

u
ltip

les
of
P̃
j ,
j‰

i
from

P̃
i .

F
or

ex
am

p
le,

con
sid

er
th

e
follow

in
g

case
w

h
ere

Π
satisfi

es
(B

1
).

S
u
p
p

ose
th

at
th

ere
is

a
“com

m
on

b
ack

grou
n
d

n
oise”

cP
∆
L

th
at

ap
p

ears
in

d
iff

eren
t

p
rop

ortion
s

in
each

of
th

e
d
istrib

u
tion

s;
form

ally,
w

e
h
av

e
π
i “

γ
i c`

p1´
γ
i qe

i
w

ith
γ
i Pr0,1q.

In
oth

er
w

ord
s,

w
e

sh
ift

each
of

th
e

vertices
e
i

tow
ard

s
a

com
m

on
p

oin
t
c

(see
p
an

el
(iii)

of
F

igu
re

1).
S
ee

B
lan

ch
ard

an
d

S
cott

(2
014)

for
a

p
ro

of
th

at
th

is
setu

p
satisfi

es
(B

1
).

In
th

e
b
in

ary
case

w
h
ere

M
“
L
“

2,
(B

1
)

is
eq

u
ivalen

t
to

th
e

sim
p
le

con
d
ition

th
at
π

1
,1 `

π
2
,2 ă

1.
T

h
is

assu
m

p
tion

rou
gh

ly
say

s
th

at
in

ex
p

ectation
th

e
m

a
jority

of
lab

els
are

correct.
In

S
ection

4.3,
w

e
p
resen

t
L

em
m

a
1,

w
h
ich

gives
a

geom
etric

in
terp

retation
of

(B
1
).

F
or

th
e

d
em

ix
in

g
p
rob

lem
,

w
e

assu
m

e
th

at

(B
2
)

Π
h
as

fu
ll

colu
m

n
ran

k
.

W
e

n
ote

th
at

(B
2
)

is
con

sid
erab

ly
w

eak
er

th
an

(B
1
),

e.g.,
it

a
llow

s
M
ą
L

.
O

f
cou

rse,
it

is
n
atu

ral
to

d
em

an
d

a
w

eak
er

su
ffi

cien
t

con
d
ition

for
d
em

ix
in

g
th

e
m

ix
ed

m
em

b
ersh

ip
p
rob

lem
th

an
m

u
liticlass

classifi
catio

n
w

ith
lab

el
n
oise

b
ecau

se
th

e
goal

of
th

e
form

er
p
rob

-
lem

is
to

recover
an

y
p

erm
u
tation

of
P

w
h
ile

th
e

goal
of

th
e

latter
is

to
recover

P
ex

actly.
N

everth
eless,

th
e

id
en

tifi
ab

ility
an

aly
sis

to
estab

lish
(B

2
)

a
s

a
su

ffi
cien

t
co

n
d
ition

is
also

sign
ifi

can
tly

m
ore

in
volved

th
an

th
e

an
aly

sis
of

(B
1
).

F
or

classifi
cation

w
ith

p
artial

lab
els,

w
e

assu
m

e
th

at

(B
3
)

Π
h
as

fu
ll

colu
m

n
ran

k
an

d
th

e
co

lu
m

n
s

of
Π
`

are
u
n
iq

u
e.

T
h
e

assu
m

p
tion

th
at

th
e

colu
m

n
s

of
Π
`

are
u
n
iq

u
e

say
s

th
at

th
ere

are
n
o

tw
o

classes
th

at
alw

ay
s

ap
p

ear
togeth

er
in

th
e

p
artial

lab
els.

In
A

p
p

en
d
ix

C
,

w
e

argu
e

th
at

several
of

th
e

ab
ove

con
d
ition

s
are

also
n
ecessary,

or
are

n
ot

m
u
ch

stron
ger

th
an

w
h
at

is
n
ecessary.
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D
e
c
o
n
t
a
m
in
a
t
io
n
o
f
M
u
t
u
a
l
C
o
n
t
a
m
in
a
t
io
n
M
o
d
e
l
s

4
.

A
lg

o
ri

th
m

s
fo

r
th

e
P

o
p
u
la

ti
o
n

C
a
se

In
th

is
se

ct
io

n
,

to
es

ta
b
li
sh

th
at

th
e

ab
ov

e
co

n
d
it

io
n
s

ar
e

in
d
ee

d
su

ffi
ci

en
t

fo
r

id
en

ti
fi
ab

il
it

y,
w

e
gi

ve
a

p
op

u
la

ti
on

ca
se

an
al

y
si

s
of

th
e

th
re

e
p
ro

b
le

m
s.

T
h
e

re
su

lt
s

on
m

u
lt

ic
la

ss
cl

as
si

-
fi
ca

ti
on

w
it

h
la

b
el

n
oi

se
ap

p
ea

re
d

in
a

co
n
fe

re
n
ce

p
ap

er
(B

la
n
ch

ar
d

an
d

S
co

tt
,

20
14

);
w

e
re

fe
r

th
e

re
ad

er
to

th
at

p
ap

er
fo

r
th

e
p
ro

of
s.

4
.1

.
B

a
ck

g
ro

u
n

d

T
h
is

p
ap

er
re

li
es

on
th

e
fo

ll
ow

in
g

q
u
an

ti
ty

fr
om

B
la

n
ch

a
rd

et
al

.
(2

01
0)

.

D
e
fi

n
it

io
n

4
G

iv
en

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

s
F

0
,F

1
,

d
efi

n
e

κ
˚ pF

0
|F

1
q“

m
ax
tκ
Pr

0,
1s|
Da

d
is

tr
ib

u
ti

o
n
G

s.
t.
F

0
“
p1
´
κ
qG
`
κ
F

1
u.

T
h
e

fo
ll
ow

in
g

P
ro

p
os

it
io

n
fr

om
B

la
n
ch

ar
d

et
al

.
(2

01
0)

es
ta

b
li
sh

es
so

m
e

u
se

fu
l

p
ro

p
er

ti
es

of
κ
˚ .

P
ro

p
o
si

ti
o
n

2
G

iv
en

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

s
F

0
,F

1
o
n

a
m

ea
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˚ pF
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m
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d
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.
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˚ pF
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1
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˚ pF
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b
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˚ pF
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m
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b
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˚ pF
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d
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is

n
on

-n
eg
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F
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1
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W
e

re
fe

r
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κ
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e
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m
p
le
κ
˚
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er

at
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o
ob

ta
in

th
e
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d
u
e

of
F

0
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rt
F
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,
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e

co
m

p
u
te

s
R
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u
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F
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1
)
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ee

A
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or
it

h
m
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;
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w

el
l-

d
efi

n
ed

u
n
d
er
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ro
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n
2

w
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F
0
‰
F

1
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or

d
er

to
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in
in
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it
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n
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t
κ
˚ ,

w
e

b
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efl
y

d
is

cu
ss

h
ow

it
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n
b

e
u
se
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to
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ve
r

Π
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in
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e
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se
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U

n
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er
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n
d
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io
n
s

d
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e
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˚ pP̃

1
|P̃

2
qa

n
d
κ

2
“
κ
˚ pP̃
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re
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g
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n
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Π
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ˆ
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˙
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ge
n
er

al
iz

at
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p
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˚
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d
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ď
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u
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˚ pF
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b
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e
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w
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em
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a
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w
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s
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e

ou
te

r
m

ax
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u
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is
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w
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ta
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at
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µ
P∆
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˚
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d
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ed

.
A

lt
h
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gh
th

er
e

is
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w
ay

s
a
G
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h
ie

v
in

g
th

e
m

ax
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u
n
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u
e.

A
n
y
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at
ta

in
in
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th

e
m

ax
im

u
m
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ll
ed
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m
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er
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˚ pF

0
|F
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T
h
e

a
lg

o
ri

th
m

M
u
lt
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id
u
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F

0
|tF

1
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re
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rn
s
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e
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th
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e
G
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ee

A
lg

or
it

h
m
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.

If
G

is
u
n
iq

u
e,

w
e

ca
ll
G

th
e

m
u

lt
i-

sa
m

p
le

re
si

d
u

e
o
f
F

0
w

it
h

re
sp

ec
t

to
tF

1
,.
..
,F

K
u.

U
n
d
er

o
u
r

p
ro

p
o
se

d
su

ffi
ci

en
t

co
n
d
it

io
n
s,

ce
rt
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n

re
si

d
u
es
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e

sh
ow

n
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ex
is

t,
an

d
ou

r
d
ec

on
ta

m
in

a
ti

o
n

m
et

h
o
d
s

co
m

p
u
te

su
ch

re
si

d
u
es

v
ia

A
lg

or
it

h
m

2.
In

S
ec

ti
on

4.
3,

w
e

d
is

cu
ss

L
em

m
a

1
,

w
h
ic

h
es

ta
b
-

li
sh

es
u
se

fu
l

co
n
d
it

io
n
s

u
n
d
er

w
h
ic

h
a

m
u
lt

i-
sa

m
p
le

re
si

d
u
e

ex
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d
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eq
u
a
l
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n
e

o
f

th
e

ve
rt
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∆
L
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In
ge

n
er

al
,

on
e

ca
n
n
ot

ex
p
re
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th

e
m

u
lt
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sa

m
p
le

ve
rs

io
n
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κ
˚

in
te
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of
th

e
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p
le
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ev
er
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it

is
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si

b
le
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so

m
e
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l
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F
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p
le
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e

h
a
d

a
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fe
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K
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at
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in
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e
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m

u
m
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(3

),
th

en
it

h
o
ld

s
th

a
t
κ
˚ pF

0
|F

1
,.
..
,F

K
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κ
˚ pF

0
|ř

K i“
1
ν
i
F
i

ř
K i“

1
ν
i
q.

F
u
rt

h
er

,
it

is
p
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si

b
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ce
th

e
m

u
lt

i-
sa

m
p
le
κ
˚

w
it
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se

ve
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l
ca

ll
s

of
th

e
tw

o-
sa

m
p
le
κ
˚

w
h
en

K
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L
´
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F
i
“
P
i
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r
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l
i
‰
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an
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F
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“
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1
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h
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W
e

re
m
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k

th
at

in
p
re
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u
s

w
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th
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P
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e
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il
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d
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tr
ib

u
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e
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m

p
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u
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d
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ce
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n
tr
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in
ou
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se

tt
in
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f
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b
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it
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e
u
se
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to
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m
p
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e
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en
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d
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ib

u
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ro
p
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n
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R
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al
l

th
at

w
e
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e
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L
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e
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d
u
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b
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R
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n
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η
T
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e
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tu
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of
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b
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L
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,

jo
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b
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r
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u
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ra
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∆
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d
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∆
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∆
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b
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b
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D
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u
t
u
a
l
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o
n
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a
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n
M
o
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e
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s

A
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o
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m
3

M
u
lticlass(P̃

1 ,...,P̃
L

)

1
:

fo
r
i“

1
,...,L

d
o

2
:

Q
i ÐÝ

M
u
ltiR

esid
u
epP̃

i |tP̃
j

:
j‰

iuq
3
:

e
n

d
fo

r
4
:

re
tu

rn
pQ
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L q
T

say
th

a
t

th
e

d
istrib

u
tion

s
Q

1
an

d
Q

2
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th
e

m
ix

tu
re

p
rop

ortion
s
η

1
an
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η
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n

th
e
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m

e
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ce
o
f

th
e

sim
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lex

∆
L
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ch

th
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η
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2 P

con
vpte

k
:
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T

h
e
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o
f

ou
r
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p
roach
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th
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u
n
d
er
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t

irred
u
cib

ility,
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e
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an
ge
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b
u
tio

n
s
Q

1 ,...,Q
K
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d

th
eir

m
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tu
re

p
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ortion

s
η

1 ,...,η
K

,
a
s
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d
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b
y

th
e
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in

g
P

ro
p

o
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.

W
e

n
ote

th
at
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to
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a
p
p
ly

th
e
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1 ,...,η
K

sin
ce

th
ey

ca
n

b
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P

ro
p

o
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n
3

L
et
Q
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η
Ti
P
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r
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a
n

d
η
i P

∆
L

.
S

u
p
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se
η

1 ,...,η
L

a
re

lin
ea

rly
in

d
epen

d
en

t
a
n

d
P

1 ,...,P
L

a
re

jo
in

tly
irred

u
cible.

T
h
en

,

1
.

fo
r

a
n

y
iPrLs

a
n

d
A
Ď
rLsztiu,

κ ˚pQ
i |tQ

j
:
jP

Auq“
κ ˚pη

i |tη
j

:
jP

Auqă
1,

2
.

fo
r

a
n

y
iPrLs

a
n

d
A
Ď
rLsztiu,

a
m

a
xim

izer
o
f
κ ˚pQ

i |tQ
j

:
jP

Auq
exists,

a
n

d

3
.
γ
P

∆
L

is
a

m
a
xim

izer
to
κ ˚pη

i |tη
j

:
jP

Auq
if

a
n

d
o
n

ly
if
G
“
γ
T
P

is
a

m
a
xim

izer
to
κ ˚pQ

i |tQ
j

:
jP

Auq.
In

w
o
rd

s,
th

is
p
rop

osition
say

s
th

at
th

e
op

tim
izatio

n
p
rob

lem
given

b
y
κ ˚pQ

i |tQ
j

:
jP

Auq
is

eq
u
iva

len
t

to
th

e
op

tim
ization

p
rob

lem
given

b
y
κ ˚pη
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jP

Auq.
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cibility
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f
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d
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f
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a
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f
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f
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e
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p
ro
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a
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p
ro

blem
w

h
ere

th
e

goa
l
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to
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e
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o
f

a
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p
lex

by
a
p
p
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g
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to
po

in
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th

e
m

ixtu
re

p
ro
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n
s)

in
th

e
sim

p
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h
is

m
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th

e
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gen
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d
istrib

u
tion
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(see

F
igu
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2,
3,

a
n
d

4
).
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.
M

u
ltic
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C
la

ssifi
c
a
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n
w
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a
b

e
l
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o
ise

O
u
r
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o
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m
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u
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b
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is
b
y

far
th

e
sim

p
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of
th

e
th

ree.
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sim
p
ly
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m

p
u
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m
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im

izer
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κ ˚pP̃

i |tP̃
j
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j‰
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ev
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T

h
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m
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L
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P
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L
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in
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irred

u
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n

d
Π
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tisfy
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T
h
en
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M

u
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u
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p
ler

th
an

th
e

geom
etry

o
f

th
e

m
u
lti-sam
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p
ractical

algorith
m

s
for

estim
atin

g
th

e
tw

o-sam
p
le
κ ˚

h
ave

b
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p
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P̃
i

co
m

e
fr

om
P
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a
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Π
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∑ i∈
B̄

∇
f i

(y
t−

1
),
w

〉

+

〈
η b

∑ i∈
B
t

∇
f i

(y
t−

1
)

+
η
ṽ
−
η b

∑ i∈
B
t

∇
f i

(w̃
s−

1
),
w

〉
+
λ̄ 2
‖w
−
y t
−

1
‖2
,

(4
)

O
p

ti
o
n

-I
I

:
f̃ t

(w
)

:=
1 2

(w
−
y t
−

1
)>

 
1 b

∑ i∈
B̄

∇
2
f i

(y
t−

1
) 

(w
−
y t
−

1
)

+

〈
η b

∑ i∈
B
t

∇
f i

(y
t−

1
)

+
η
ṽ
−
η b

∑ i∈
B
t

∇
f i

(w̃
s−

1
),
w

〉
+
λ̄ 2
‖w
−
y t
−

1
‖2
.

(5
)

U
p

d
a
te

:
y t

=
w
t
+
ν

(w
t
−
w
t−

1
).

e
n

d
fo

r
U

p
d

a
te

w̃
s

=
w
m

.
e
n

d
fo

r
R

e
tu

rn
w̃
s

If
w

e
p
lu

g
th

e
se

co
n
d
-o

rd
er

a
p
p
ro

x
im

a
ti

on
(7

)
in

to
(6

),
w

e
ge

t
th

e
u
p

d
at

e
ru

le
as

w
t
≈

ar
g

m
in w

1 2
(w
−
w
t−

1
)>

 
1 b

∑ i∈
B̄

∇
2
f i

(w
t−

1
) 

(w
−
w
t−

1
)

+
λ̄ 2
‖w
−
w
t−

1
‖2

+

〈
η b

∑ i∈
B
t

∇
f i

(w
t−

1
)

+
η
∇
f

(w̃
)
−
η b

∑ i∈
B
t

∇
f i

(w̃
),
w

〉
(8

)

=
w
t−

1
−
η

 
1 b

∑ i∈
B̄

∇
2
f i

(w
t−

1
)

+
λ̄
I

 
−

1
(

1 b

∑ i∈
B
t

∇
f i

(w
t−

1
)

+
∇
f

(w̃
)
−

1 b

∑ i∈
B
t

∇
f i

(w̃
))

,

(9
)
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M
in
ib
a
t
c
h
S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

P
r
o
x
im

a
l
It
e
r
a
t
io
n
s

w
h
ich

ca
n

b
e

treated
a
s

a
va

rian
t

of
su

b
-sa

m
p
led

N
ew

to
n

m
eth

o
d
,

com
b
in

ed
w

ith
th

e
m

in
ib

a
tch

sto
ch

astic
grad

ien
t

w
ith

varia
n
ce

red
u
ctio

n
.

M
oreover,

w
h
en
f
i (w

)
is

a
q
u
ad

ra
tic

fu
n
ctio

n
of
w

,
th

e
ap

p
rox

im
atio

n
(7

)
is

ex
a
ct

(th
u
s

O
p
tio

n
-I

an
d

O
p
tio

n
-II

in
A

lgo
rith

m
1

are
co

in
cid

en
t).

T
h
erefore

th
e

u
p

d
ate

ru
le

(6
)

ca
n

b
e

trea
ted

a
s

a
p
reco

n
d
ition

ed
m

in
ib

atch

S
V

R
G

u
p

d
ate

ru
le,

w
ith

(
1b ∑

i∈
B̄
∇

2f
i (w

t−
1 )

+
λ̄
I )−

1
as

a
p
recon

d
ition

m
atrix

.
T

h
is

is
form

alized
in

th
e

p
ro

p
ositio

n
b

elow
.

P
ro

p
o
sitio

n
2

W
h
en

f
i (w

),∀
i

is
a

qu
a
d
ra

tic
fu

n
ctio

n
o
f
w

,
th

en
th

e
u

pd
a
te

ru
le

o
f

(4)
a
n

d
(5)

is
equ

iva
len

t
to

th
e

fo
llo

w
in

g
p
reco

n
d
itio

n
ed

m
in

iba
tch

S
V

R
G

u
pd

a
te

ru
le:

w
t ←

w
t−

1 −
η (H̄

+
λ̄
I )−

1 (
1b

∑i∈
B
t ∇

f
i (w

t−
1 )

+
∇
f

(w̃
)−

1b

∑i∈
B
t ∇

f
i (w̃

) )
,

w
h
ere

H̄
=

1b ∑i∈
B̄

∇
2f
i (w

)

is
th

e
su

b-sa
m

p
led

H
essia

n
m

a
trix.

2
.1
.2

C
o
n
n
e
c
t
io
n
t
o

E
x
ist

in
g

M
e
t
h
o
d
s

D
ep

en
d
in

g
o
n

th
e

ch
o
ice

of
th

ese
p
a
ram

eters,
w

e
o
b
serve

th
a
t

th
e

u
p

d
a
te

ru
le

of
(6

)
can

b
e

v
iew

ed
a
s

a
gen

era
liza

tion
of

several
u
p

d
a
te

ru
les

p
rop

o
sed

recen
tly

:

•
W

h
en

b
=

1,
λ̄
→
∞

an
d
η

=
λ̄L

,
th

e
term

1b ∑
i∈
B̄
f
i (w

)−
〈

1b ∑
i∈
B̄
∇
f
i (w

t−
1 ),w 〉

is
n
egligib

le,
th

u
s

(6)
red

u
ced

to
stan

d
ard

S
V

R
G

u
p

d
a
te

(J
oh

n
so

n
a
n
d

Z
h
an

g,
2
013):

w
t ←

w
t−

1 −
1L

(
∇
f
i (w

t−
1 )

+
1n

n
∑i=

1 ∇
f
i (w̃

)−
∇
f
i (w̃

) )
.

•
W

h
en

b
>

1,
λ̄
,η
→
∞

,
th

en
th

e
term

1b ∑
i∈
B̄
f
i (w

)−
〈

1b ∑
i∈
B̄
∇
f
i (w

t−
1 ),w 〉

in
(6)

is
n
egligib

le
a
s

w
ell,

(6)
red

u
ces

to
th

e
follow

in
g

u
p

d
ate:

w
t ←

w
t−

1 −
ηλ̄

(
1b

∑i∈
B
t ∇

f
i (w

t−
1 )

+
1n

n
∑i=

1 ∇
f
i (w̃

)−
1b

∑i∈
B
t ∇

f
i (w̃

) )
,

w
h
ich

recovers
th

e
u
p

d
a
te

ru
le

of
m

in
ib

atch
sem

i-sto
ch

astic
g
rad

ien
t

m
eth

o
d
s

(a.k
.a

m
in

ib
atch

S
V

R
G

)
(K

o
n
ečn

ỳ
et

a
l.,

2
01

6
).

•
W

h
en

B̄
=
B
t ,
b

=
1
,
η

=
1,

(6
)

red
u
ced

to
sto

ch
a
stic

varia
n
ce

red
u
ced

p
rox

im
al

iteration
s.

M
o
re

sp
ecifi

cally,
(6

)
w

ill
b

e
red

u
ced

to:

w
t

=
a
rg

m
in
w
f
i (w

)
+

〈
1n

n
∑i=

1 ∇
f
i (w̃

)−
∇
f
i (w̃

),w 〉
+
λ̄2
‖w
−
w
t−

1 ‖
2
,

(10)

b
y

ch
eck

in
g

th
e

fi
rst

ord
er

op
tim

a
lity

con
d
ition

it
is

easy
to

verify
th

a
t

(10)
is

p
er-

form
in

g
th

e
fo

llow
in

g
u
p

d
ate:

w
t ←

w
t−

1 −
1λ̄

(
∇
f
i (w

t )
+

1n

n
∑i=

1 ∇
f
i (w̃

)−
∇
f
i (w̃

) )
,
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W
a
n
g

a
n
d

Z
h
a
n
g

com
p
ared

w
ith

sta
n
d
ard

S
V

R
G

u
p

d
a
te

w
ith

step
size

1λ̄
,

w
e

see
th

e
o
n
ly

d
iff

eren
ce

is
th

e
grad

ien
t

evalu
ation

on
f
i

is
b
a
sed

o
n

“
fu

tu
re”

itera
te
w
t

rath
er

th
an

th
e

cu
rren

t
iterate

w
t−

1
in

S
V

R
G

.
S
to

ch
a
stic

p
rox

im
al

itera
tion

s
b
ased

o
n

S
A

G
A

m
eth

o
d

h
a
s

b
een

p
rop

osed
an

d
an

aly
zed

in
(D

efazio
,

2
0
16

)
recen

tly.

•
W

h
en

B
t

=
B̄

,
b
>

1,
η

=
1,

a
n
d
w̃

=
w
t−

1 ,
(6

)
w

ill
b

e
red

u
ced

to
:

w
t

=
arg

m
in
w

1b ∑i∈
B̄

f
i (w

)
+

〈
1n

n
∑i=

1 ∇
f
i (w

t−
1 )−

1b ∑i∈
B̄

∇
f
i (w

t−
1 ),w 〉

+
λ̄2
‖w
−
w
t−

1 ‖
2
,

(1
1
)

(11)
covers

th
e

u
p

d
ate

ru
le

of
D

A
N

E
a
lgo

rith
m

(S
h
am

ir
et

a
l.,

20
1
4),

w
h
ich

is
a

com
m

u
n
icatio

n
-effi

cien
t

d
istrib

u
ted

op
tim

iza
tion

a
lgorith

m
.

D
A

N
E

u
ses

th
e

d
a
ta

o
n

lo
cal

m
ach

in
e

to
form

th
e

m
in

ib
a
tch

B̄
a
n
d

every
rou

n
d

m
ach

in
es

co
m

m
u
n
ica

te
th

e
grad

ien
t

vecto
r

b
a
sed

o
n

th
eir

lo
cal

d
a
ta.

A
s

sh
ow

n
in

(S
h
am

ir
et

al.,
20

1
4),

D
A

N
E

is
p
rovab

ly
com

m
u
n
icatio

n
m

ore
effi

cien
t

th
a
n

th
e

fi
rst-o

rd
er

m
eth

o
d
s

in
certain

sce-
n
arios.

•
W

h
en

B̄
=
B
t ,

a
n
d

w
e

ig
n
ore

th
e

lin
ea

r
term

−
〈

1b ∑
i∈
B̄
∇
f
i (w

t−
1 ),w 〉

+
〈
ηb ∑

i∈
B
t ∇

f
i (w

t−
1 )

+
η∇

f
(w̃

)−
ηb ∑

i∈
B
t ∇

f
i (w̃

),w 〉,
th

en
(6

)
red

u
ces

to
th

e
m

in
i-

b
atch

p
rox

im
a
l

iteratio
n
s

(L
i

et
a
l.,

2
01

4;
W

a
n
g

et
a
l.,

20
1
7a):

w
t

=
a
rg

m
in
w

1b

∑i∈
B
t f
i (w

)
+
λ̄2
‖w
−
w
t−

1 ‖
2
.

S
u
ch

an
u
p

d
a
te

allow
s

larg
er

m
in

ib
atch

size
th

a
n

stan
d
ard

m
in

ib
a
tch

S
G

D
,

b
u
t

w
ith

-
ou

t
th

e
lin

ear
correction

term
a
s

w
e

co
n
sid

ered
in

(6).
F

or
su

ch
m

eth
o
d
s

o
n
ly

su
b
lin

ear
con

vergen
ce

can
b

e
estab

lish
ed

for
fi
n
ite-su

m
p
rob

lem
s.

2
.1
.3

L
a
r
g
e
M
in
ib
a
t
c
h
S
iz
e
v
ia

A
c
c
e
l
e
r
a
t
io
n
w
it
h
In

e
x
a
c
t
M
in
im

iz
a
t
io
n

U
sin

g
(6)

as
th

e
b
u
ild

in
g

b
lo

ck
,

w
e

p
rop

o
se

th
e

M
B

-S
V

R
P

(m
in

ib
a
tch

sto
ch

astic
va

rian
ce

red
u
ced

p
rox

im
al

iteration
s)

m
eth

o
d
,

w
h
ich

is
d
eta

iled
in

A
lgorith

m
1
.

A
t

th
e

b
eg

in
n
in

g
of

th
e

a
lgorith

m
,

w
e

form
a

m
in

ib
a
tch

B̄
b
y

sa
m

p
lin

g
fro

m
1,...,n

an
d

fi
x

it
fo

r
th

e
w

h
o
le

op
tim

ization
p
ro

cess
1.

T
h
en

fo
llow

in
g

th
e

S
V

R
G

m
eth

o
d

(J
o
h
n
son

an
d

Z
h
an

g,
2
01

3
),

th
e

algorith
m

is
d
iv

id
ed

to
m

u
ltip

le
sta

ges,
in

d
ex

ed
b
y
s.

A
t

each
sta

ge,
w

e
itera

tively
so

lv
e

a
m

in
im

ization
p
rob

lem
o
f

th
e

form
(4)

(O
p
tio

n
I)

or
(5)

(O
p
tio

n
II)

b
a
sed

on
th

e
ra

n
d
o
m

ly
sam

p
led

m
in

ib
atch

B
t .

C
om

p
ared

w
ith

th
e

sim
p
le

u
p

d
ate

ru
le

in
(6),

th
e

m
a

jor
d
iff

eren
ce

in
A

lg
orith

m
1

is
th

a
t

w
e

con
sid

er
a

m
o
m

en
tu

m
sch

em
e

b
y

m
ain

ta
in

in
g

tw
o

seq
u
en

ces
{
w
t ,y

t }
,

w
h
ich

is
in

sp
ired

b
y

N
esterov

’s
accelera

tion
tech

n
iq

u
e

(N
esterov

,
2
0
04)

a
n
d

its
recen

t
S
V

R
G

varia
n
t

(N
itan

d
a,

2014).
T

h
e

m
ain

th
eoretical

a
d
va

n
tag

e
over

m
in

ib
atch

S
V

R
G

w
ith

ou
t

m
o
m

en
tu

m
(K

on
ečn

ỳ
et

al.,
2016

)
is

th
at

su
ch

an
accelera

tion
allow

s
u
s

to
u
se

a
m

u
ch

larg
er

m
in

ib
a
tch

1
.

W
e

ca
n

a
lso

co
n
sid

er
th

e
va

ry
in

g
B̄

o
p
tio

n
b
y

sim
p
ly

settin
g
B̄

=
B
t ,

w
h
ich

m
a
k
es

th
e

a
lg

o
rith

m
sim

p
ler

to
im

p
lem

en
t.

In
p
ra

ctice,
w

e
o
b
serv

e
n
o

sig
n
ifi

ca
n
t

d
iff

eren
ce

b
etw

een
th

is
o
p
tio

n
a
n
d

th
e

p
re-fi

x
ed

B̄
.

H
ere

w
e

co
n
sid

er
fi
x
ed

B̄
m

a
in

ly
fo

r
th

e
sa

k
e

o
f

sim
p
licity

in
o
u
r

th
eo

retica
l

a
n
a
ly

sis.
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M
in
ib
a
t
c
h
S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

P
r
o
x
im

a
l
It
e
r
a
t
io
n
s

si
ze

(u
p

to
a

si
ze

of
O

(√
n

))
w

it
h
o
u
t

sl
ow

in
g

d
ow

n
th

e
co

n
ve

rg
en

ce
.

In
co

m
p
ar

is
on

th
e

it
er

at
io

n
co

m
p
le

x
it

y
of

st
a
n
d
ar

d
m

in
ib

at
ch

S
V

R
G

w
il
l

b
ec

om
e

w
or

se
w

h
en

th
e

m
in

ib
at

ch
si

ze
(K

o
n
eč

n
ỳ

et
a
l.
,

2
01

6)
in

cr
ea

se
s.

T
h
e

a
d
va

n
ta

g
e

o
f

a
ll
ow

in
g

la
rg

er
m

in
ib

at
ch

si
ze

u
si

n
g

a
cc

el
er

at
io

n
in

S
V

R
G

ty
p

e
al

g
or

it
h
m

s
is

in
a
n
a
lo

gy
to

th
e

si
tu

a
ti

o
n

o
f

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

(w
it

h
ou

t
va

ri
an

ce
re

d
u
ct

io
n
)

ty
p

e
a
lg

or
it

h
m

s
(D

ek
el

et
al

.,
2
0
12

;
C

ot
te

r
et

al
.,

20
11

;
L

a
n
,

2
01

2
).

S
in

ce
it

is
o
ft

en
ex

p
en

si
ve

to
fi
n
d

th
e

ex
a
ct

m
in

im
iz

er
of

(4
),

w
e

co
n
si

d
er

an
ap

p
ro

x
im

at
e

m
in

im
iz

er
w

it
h

ob
je

ct
iv

e
su

b
o
p
ti

m
a
li
ty
ε.

W
h
en

w
e

ch
o
os

e
th

e
ap

p
ro

p
ri

a
te
λ̄

fo
r
f̃ t

(w
)

to
o
b
ta

in
en

o
u
gh

st
ro

n
g

co
n
v
ex

it
y,

th
e

su
b
p
ro

b
le

m
s

d
efi

n
ed

in
O

p
ti

o
n
-I

an
d

O
p
ti

on
-I

I
ca

n
b

e
b

ot
h

b
e

so
lv

ed
to

h
ig

h
ac

cu
ra

cy
effi

ci
en

tl
y.

F
o
r

ex
a
m

p
le

,
u
si

n
g

S
V

R
G

-t
y
p

e
al

go
ri

th
m

s
(J

oh
n
so

n
an

d
Z

h
an

g
,
20

1
3)

to
so

lv
e

(4
)

o
r

(5
)

a
ll
ow

s
u
s

to
fi
n
d

a
n

ap
p
ro

x
im

at
e

so
lu

ti
on

w
it

h
a

sm
a
ll

su
b

op
ti

m
a
li
ty
ε

w
it

h
a

co
n
st

a
n
t

n
u
m

b
er

o
f

p
a
ss

es
ov

er
th

e
d
a
ta

in
th

e
m

in
ib

at
ch

B̄
∪
B
t,

if
λ̄

is
se

t
a
p
p
ro

p
ri

at
el

y
(d

is
cu

ss
ed

in
d
et

a
il
s

in
o
u
r

th
eo

re
ti

ca
l

an
al

y
si

s)
.

T
h
is

ap
p
ro

a
ch

av
o
id

s
H

es
si

an
m

at
ri

x
co

n
st

ru
ct

io
n

a
n
d

in
v
er

si
on

op
er

a
ti

on
s,

w
h
ic

h
ar

e
of

te
n

co
m

p
u
ta

ti
on

a
ll
y

ex
p

en
si

ve
fo

r
la

rg
e-

sc
a
le

p
ro

b
le

m
s.

A
ll
ow

in
g

er
ro

r
in

gr
ad

ie
n
t

or
ac

le
h
as

b
ee

n
an

a
ly

ze
d

in
se

ve
ra

l
fi
rs

t-
o
rd

er
m

et
h
o
d
s

(S
ch

m
id

t
et

al
.,

2
0
11

;
D

ev
ol

d
er

et
al

.,
20

14
)

in
th

e
b
a
tc

h
se

tt
in

g,
b
u
t

h
as

b
ee

n
la

rg
el

y
u
n
ex

p
lo

re
d

in
st

o
ch

a
st

ic
gr

a
d
ie

n
t

m
et

h
o
d
s.

T
h
e

re
ce

n
t

w
or

k
of

(W
a
n
g

et
al

.,
20

17
a
)

an
a
ly

ze
d

in
ex

ac
t

m
in

ib
a
tc

h
p
ro

x
im

a
l

u
p

d
at

es
,

w
h
ic

h
ca

n
b

e
tr

ea
te

d
as

an
im

p
li
ci

t
m

in
ib

a
tc

h
st

o
ch

a
st

ic
g
ra

d
ie

n
t

w
it

h
er

ro
rs

.
In

S
ec

ti
on

4,
w

e
es

ta
b
li
sh

co
n
v
er

ge
n
ce

ra
te

of
in

ex
a
ct

,
m

in
ib

a
tc

h
ed

,
a
cc

el
er

a
te

d
S
V

R
G

m
et

h
o
d
,

w
h
ic

h
m

ig
h
t

b
e

of
in

d
ep

en
d
en

t
in

te
re

st
.

2
.2

E
x
te

n
si

o
n

to
C

o
m

p
o
si

te
M

in
im

iz
a
ti

o
n

F
o
r

m
a
n
y

m
et

h
o
d
s

th
at

tr
y

to
in

co
rp

or
at

e
se

co
n
d
-o

rd
er

in
fo

rm
at

io
n

su
ch

a
s

su
b
-s

am
p
le

d
N

ew
to

n
an

d
L

-B
F

G
S

ty
p

e
a
lg

o
ri

th
m

s,
it

is
n
o
t

cl
ea

r
h
ow

to
ex

te
n
d

th
em

to
so

lv
in

g
n
on

-
sm

o
o
th

co
m

p
o
si

te
p
ro

b
le

m
s.

In
co

n
tr

a
st

,
th

e
p
ro

p
os

ed
ap

p
ro

a
ch

ca
n

b
e

ea
si

ly
ex

te
n
d
ed

to
h
an

d
le

n
o
n
-s

m
o
ot

h
co

m
p

o
si

te
m

in
im

iz
at

io
n

p
ro

b
le

m
s.

C
on

si
d
er

th
e

m
in

im
iz

at
io

n
o
f:

F
(w

)
:=

1 n

n ∑ i=
1

f i
(w

)
+
g
(w

),
(1

2)

w
h
er

e
th

e
co

m
p

on
en

t
fu

n
ct

io
n
s
f i

(w
),
∀i
∈

[n
]

ar
e

sm
o
ot

h
an

d
st

ro
n
gl

y
co

n
ve

x
,

an
d
g
(w

)
is

a
n
o
n
-s

m
o
ot

h
re

g
u
la

ri
ze

r.
F

o
r

ex
am

p
le

w
h
en

g
(w

)
=
µ
‖w
‖ 1

a
n
d
f i

(w
)

=
1 2
(b
i
−
w
>
x
i)

2
,

w
e

ge
t

th
e

L
a
ss

o
ob

je
ct

iv
e

(T
ib

sh
ir

a
n
i,

19
9
6)

;
w

h
en

g
(w

)
=
µ
‖w
‖ 1

+
λ 2
‖w
‖2

an
d
f i

(w
)

=
lo

g
(1

+
ex

p
(−
b i
w
>
x
i)

),
w

e
ge

t
th

e
el

as
ti

c
n
et

re
gu

la
ri

ze
d

lo
g
is

ti
c

re
gr

es
si

on
(Z

ou
an

d
H

as
ti

e,
2
00

5
). W
e

ca
n

ea
si

ly
m

o
d
if

y
A

lg
o
ri

th
m

1
to

so
lv

e
(1

2
).

T
h
e

id
ea

is
ra

th
er

st
ra

ig
h
tf

or
w

ar
d
:

at
ea

ch
in

n
er

it
er

at
io

n
,

ra
th

er
th

an
(4

),
w

e
si

m
p
ly

so
lv

e
th

e
fo

ll
ow

in
g

m
in

ib
at

ch
co

m
p

os
it

e
m

in
im

iz
at

io
n

p
ro

b
le

m
:

w
t
≈

a
rg

m
in w
F̃
t(
w

)
:=

1 η
b

∑ i∈
B̄

f i
(w

)
−
〈

1 η
b

∑ i∈
B̄

∇
f i

(y
t−

1
),
w

〉

+

〈
1 b

∑ i∈
B
t

∇
f i

(y
t−

1
)

+
ṽ
−

1 b

∑ i∈
B
t

∇
f i

(w̃
s−

1
),
w

〉
+

λ̄ 2η
‖w
−
y t
−

1
‖2

+
g
(w

).
(1

3)
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W
a
n
g

a
n
d

Z
h
a
n
g

W
e

sl
ig

h
tl

y
re

-s
ca

le
th

e
ap

p
ro

x
im

a
te

d
lo

ss
te

rm
to

m
a
ke

su
re

th
a
t

th
e

re
la

ti
ve

w
ei

gh
t

b
e-

tw
ee

n
th

e
ap

p
ro

x
im

a
te

d
lo

ss
a
n
d

th
e

re
g
u
la

ri
za

ti
on

te
rm

is
co

rr
ec

t.
S
in

ce
(1

3
)

is
a

st
a
n
d
ar

d
fi
n
it

e-
su

m
co

m
p

os
it

e
m

in
im

iz
a
ti

on
p
ro

b
le

m
,

w
e

co
u
ld

ap
p
ly

p
ro

x
-S

V
R

G
o
r

p
ro

x
-S

A
G

A
to

so
lv

e
(1

3)
effi

ci
en

tl
y

w
h
en

th
e

te
rm

λ̄ 2
η
‖w
−
y t
−

1
‖2

h
as

su
ffi

ci
en

t
st

ro
n
g

co
n
v
ex

it
y.

3
.
C
o
n
v
e
rg

e
n
ce

A
n
a
ly
si
s

In
th

is
se

ct
io

n
w

e
p
re

se
n
t

th
eo

re
ti

ca
l

re
su

lt
s

fo
r

th
e

p
ro

p
o
se

d
a
p
p
ro

ac
h
.

A
s

d
ec

la
re

d
in

th
e

in
tr

o
d
u
ct

io
n
,

w
e

fo
cu

s
on

es
ta

b
li
sh

in
g

co
n
ve

rg
en

ce
an

al
y
si

s
on

li
n
ea

r
m

o
d
el

em
p
ir

ic
al

ri
sk

m
in

im
iz

at
io

n
p
ro

b
le

m
s

b
ec

a
u
se

th
e

H
es

si
a
n

st
ru

ct
u
re

is
ea

si
er

to
in

te
rp

re
t.

H
ow

ev
er

,
th

e
al

go
ri

th
m

s
it

se
lf

ca
n

b
e

im
p
le

m
en

te
d

fo
r

so
lv

in
g

ge
n
er

a
l

fi
n
it

e-
su

m
p
ro

b
le

m
s,

an
d

th
e

th
eo

ry
ca

n
al

so
b

e
ex

te
n
d
ed

to
h
an

d
le

su
ch

ca
se

.
F

or
n
o
n
-q

u
d
ra

ti
c

co
n
ve

x
ob

je
ct

iv
es

,
ou

r
co

n
ve

rg
en

ce
an

al
y
si

s
is

lo
ca

l,
i.
e.

w
e

as
su

m
e

th
e

in
it

ia
l
an

d
su

b
se

q
u
en

t
so

lu
ti

on
s

ar
e

w
it

h
in

a
b

ou
n
d
ed

re
gi

on
n
ea

r
th

e
op

ti
m

u
m

,
w

h
ic

h
is

co
m

m
on

in
th

e
a
n
a
ly

si
s

o
f
se

co
n
d
-o

rd
er

m
et

h
o
d
s

in
op

ti
m

iz
at

io
n

(N
es

te
ro

v
,

20
04

;
B

oy
d

a
n
d

V
a
n
d
en

b
er

gh
e,

2
00

4
).

A
s

w
il
l

b
e

d
is

cu
ss

ed
in

th
e

se
q
u
el

,
th

e
si

ze
of

th
e

re
g
io

n
d
ep

en
d
s

o
n

th
e

co
n
d
it

io
n

n
u
m

b
er

o
f

th
e

p
ro

b
le

m
,

as
w

el
l

as
th

e
L

ip
sc

h
it

z
p
ar

a
m

et
er

o
f

th
e

H
es

si
a
n
.

F
or

q
u
ad

ra
ti

c
o
b

je
ct

iv
es

,
th

e
ra

d
iu

s
of

th
e

re
g
io

n
ca

n
b

e
in

fi
n
it

e,
w

h
ic

h
im

p
li
es

gl
ob

al
fa

st
co

n
ve

rg
en

ce
.

In
th

is
se

ct
io

n
,

fo
r

si
m

p
li
ci

ty
,

w
e

fo
cu

s
o
n

th
e

a
n
al

y
si

s
o
f

O
p
ti

on
-I

I
in

A
lg

or
it

h
m

1
w

h
ic

h
u
se

s
se

co
n
d
-o

rd
er

ap
p
ro

x
im

at
io

n
to

co
n
st

ru
ct

ea
ch

su
b
-p

ro
b
le

m
(5

).
S
im

il
a
r

re
su

lt
s

h
ol

d
fo

r
O

p
ti

on
-I

b
ec

au
se

lo
ca

ll
y

ar
ou

n
d

th
e

op
ti

m
al

so
lu

ti
o
n
,

th
e

tw
o

m
et

h
o
d
s

a
re

eq
u
iv

a
le

n
t.

N
ot

e
th

at
fo

r
li
n
ea

r
p
re

d
ic

to
rs
f i

(w
)

a
d
m

it
s

th
e

fo
rm

f i
(w

)
=
`(
w
>
x
i;
b i

)
+

λ 2
‖w
‖,

w
h
er

e
th

e
H

es
si

an
ca

n
b

e
co

m
p
u
te

d
a
s
∇

2
f i

(y
t−

1
)

=
`′
′ (
y
> t−

1
x
i;
b i

)x
ix
> i

+
λ
I
.

M
or

eo
ve

r,
w

e
d
o

n
ot

n
ee

d
to

ex
p
li
ci

tl
y

m
ai

n
ta

in
th

e
H

es
si

an
m

a
tr

ix
:

w
h
en

ca
lc

u
la

ti
n
g

th
e

st
o
ch

as
ti

c
gr

a
d
ie

n
t

of
eq

u
at

io
n

(5
),

es
p

ec
ia

ll
y

th
e

gr
a
d
ie

n
t

of
(1
/
2)

(w
−
y t
−

1
)>
∇

2
f i

(y
t−

1
)(
w
−
y t
−

1
),

w
e

g
et

∇
2
f i

(y
t−

1
)(
w
−
y t
−

1
)

=
`′
′ (
y
> t−

1
x
i;
b i

)(
x
> i

(w
−
y t
−

1
))
x
i

+
λ

(w
−
y t
−

1
),

w
h
ic

h
ca

n
b

e
co

m
-

p
u
te

d
in

ti
m

e
O

(d
).

T
h
u
s

ap
p
ro

x
im

at
el

y
so

lv
in

g
o
b

je
ct

iv
e

eq
u
at

io
n

(5
)

w
ou

ld
o
n
ly

re
q
u
ir

es
a

fe
w

st
o
ch

as
ti

c
gr

ad
ie

n
ts

ca
lc

u
la

ti
o
n

(o
r

eq
u
iv

al
en

t
o
p

er
at

io
n
s

in
O

(d
))

,
w

e
co

u
n
t

to
ta

l
n
u
m

b
er

of
su

ch
gr

a
d
ie

n
t

co
m

p
u
ta

ti
o
n

o
p

er
at

io
n
s

as
a

m
ea

su
re

of
A

lg
o
ri

th
m

s
1
’s

effi
ci

en
cy

in
o
p
ti

m
iz

at
io

n
.

B
es

id
es

th
e

st
ro

n
g

co
n
ve

x
it

y
a
n
d

sm
o
o
th

n
es

s,
w

e
a
ls

o
n
ee

d
th

e
fo

ll
ow

in
g

H
es

si
an

L
ip

s-
ch

it
z

co
n
d
it

io
n
.

C
o
n

d
it

io
n

1
F

o
r

ea
ch

lo
ss

fu
n

ct
io

n
`(
w
>
x
i;
b i

),
∀i
∈

[n
],

it
s

se
co

n
d

d
er

iv
a
ti

ve
is
M̄

-
L

ip
sc

h
it

z,
i.

e. |`′
′ (w
> 1
x
i;
b i

)
−
`′
′ (w
> 2
x
i;
b i

)|
≤
M̄
‖w

1
−
w

2
‖,
∀w

1
,w

2
∈
R
d
,∀
i
∈

[n
].

C
o
n
d
it

io
n
s

of
L

ip
sc

h
it

z
H

es
si

a
n
s

a
re

ty
p
ic

a
ll
y

n
ot

re
q
u
ir

ed
fo

r
fi
rs

t-
or

d
er

m
et

h
o
d
s

su
ch

as
S
V

R
G

an
d

S
A

G
A

,
b
u
t

ar
e

ty
p
ic

al
ly

re
q
u
ir

ed
fo

r
se

co
n
d
-o

rd
er

m
et

h
o
d
s,

su
ch

a
s

N
ew

to
n

m
et

h
o
d
s

an
d

su
b
-s

a
m

p
le

d
N

ew
to

n
m

et
h
o
d
s.

M
or

eo
ve

r,
L

ip
sc

h
it

z
H

es
si

an
s

co
n
d
it

io
n

is
of

te
n

sa
ti

sfi
ed

fo
r

p
op

u
la

r
lo

ss
fu

n
ct

io
n
s

u
se

d
in

m
ac

h
in

e
le

ar
n
in

g
su

ch
as

lo
gi

st
ic

lo
ss

a
n
d

sq
u
ar

e
lo

ss
.

W
e

co
n
si

d
er

th
e

co
m

p
on

en
t

fu
n
ct

io
n

in
fo

rm
of

co
n
v
ex

lo
ss

fu
n
ct

io
n

of
li
n
ea

r
p
re

d
ic

to
r:
f i

(w
)

=
`(
w
>
x
i;
b i

)
+

λ 2
‖w
‖2 2

.
B

y
C

o
n
d
it

io
n

1
,

co
m

b
in

ed
w

it
h

th
e

co
n
d
it

io
n

th
at
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M
in
ib
a
t
c
h
S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

P
r
o
x
im

a
l
It
e
r
a
t
io
n
s

m
ax

im
u
m

n
o
rm

o
f

d
a
ta

p
o
in

ts
are

b
ou

n
d
ed

:
m

a
x
i ‖
x
i ‖

2≤
D

,
w

e
k
n
ow

H
essian

m
atrix

of
each

co
m

p
on

en
t

lo
ss

fu
n
ctio

n
f
i (w

)
is
M

=
M̄
D

+
λ

-L
ip

sch
itz,

i.e.

∥∥∇
2f
i (w

1 )−
∇

2f
i (w

2 ) ∥∥
≤
M
‖w

1 −
w

2 ‖
,∀
w

1 ,w
2 ∈

R
d,∀

i∈
[n

].

F
o
r
f

(w
)

=
(1
/
n

) ∑
i f
i (w

),
w

e
h
ave

th
e

follow
in

g
fo

rm
u
la

o
f

H
essia

n
m

atrix
:

H
λ (w

)
=

1n

n
∑i=

1 ∇
2f
i (w

)
=

1n

n
∑i=

1

` ′′(w
>
x
i ;b

i )x
i x
>i

+
λ
I
.

L
et
H
λ (w

t−
1 )

b
e

th
e

H
essian

m
a
trix

at
w
t−

1 ,
a
n
d

su
p
p

o
se

w
e

h
ave

an
ap

p
rox

im
a
ted

H
essian

H̄
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ix
E
[ x
> i
x
i]

+
λ̃
I

in
(H

su
et

al
.,

2
0
14

).
W

h
en

th
e

sa
m

p
le

si
ze
n

is
la

rg
e,

th
e

d
iff

er
en

ce
s

in
th

es
e

tw
o

d
efi

n
it

io
n
s

ar
e

m
in

o
r.

A
s

ar
g
u
ed

in
(H

su
et

a
l.
,

20
14

),
w

h
en
x
i

is
i.
i.
d
.

ra
n
d
om

ly
d
ra

w
n

fr
om

su
b
-G

a
u
ss

ia
n

d
is

tr
ib

u
ti

o
n
s,
( E
[ x
> i
x
i])
−

1
/
2
x
i

is
is

ot
ro

p
ic

.
In

th
is

ca
se

th
e

st
at

is
ti

ca
l

le
ve

ra
ge

o
n
ly

g
ro

w
s

lo
g
ar

it
h
m

ic
a
ll
y

w
it

h
d
im

en
si

o
n
.

F
or

th
e

em
p
ir

ic
al

st
a
ti

st
ic

a
l

le
ve

ra
g
e

co
n
si

d
er

ed
in

(1
7)

,
if

w
e

co
n
si

d
er

th
e

u
n
-r

eg
u
la

ri
ze

d
fo

rm
(w

h
en

λ̃
=

0)
,

th
en

D
efi

n
it

io
n

8
is

cl
o
se

ly
re

la
te

d
to

th
e

le
ve

ra
g
e

sc
o
re

u
se

d
in

(M
a-

h
on

ey
et

al
.,

20
11

;
D

ri
n
ea

s
an

d
M

a
h
on

ey
,

20
1
7)

,
w

h
er

e
th

e
le

ve
ra

ge
sc

o
re

fo
r
x
i

is
d
efi

n
ed

as
x
> i
( (1

/n
)
∑

j=
1
x
j
x
> j
) −

1
x
i,

an
d

th
u
s

st
at

is
ti

ca
l

le
ve

ra
g
e

is
ju

st
th

e
ra

ti
o

b
et

w
ee

n
“m

ax
-

im
u
m

le
ve

ra
ge

sc
or

e”
an

d
“a

ve
ra

g
e

le
ve

ra
g
e

sc
or

e”
.

T
h
ou

g
h

th
e

in
w

or
se

ca
se
ρ
λ̃

ca
n

b
e

as
la

rg
e

as
√
n

,
in

m
an

y
si

tu
a
ti

o
n
s

it
is

sm
a
ll
.

F
o
r

in
st

a
n
ce

,
if

th
e

d
a
ta

is
ge

n
er

a
te

d
b
y

ra
n
-

d
om

G
au

ss
ia

n
d
is

tr
ib

u
ti

o
n
s,

o
r

w
h
en

w
e

a
p
p
ly

ce
rt

ai
n

ra
n
d
om

p
ro

je
ct

io
n
s

o
n

th
e

d
a
ta

,
th

e
(p

ro
je

ct
ed

)
d
at

a
m

a
tr

ix
is

k
n
ow

n
to

h
av

e
a
lm

o
st

u
n
if

or
m

le
ve

ra
g
e

sc
o
re

s
(i

.e
.

th
e

st
at

is
ti

ca
l

le
ve

ra
ge

p
ar

am
et

er
in

(1
7)

ca
n

b
e

u
p
p

er
b

o
u
n
d
ed

b
y
O

(l
o
g
d
),

se
e

L
em

m
a

7
0

in
(D

ri
n
ea

s
an

d
M

ah
on

ey
,

20
17

)
fo

r
ex

am
p
le

).
O

u
r

th
eo

re
ti

ca
l
an

al
y
si

s
re

li
es

on
th

e
co

n
d
it

io
n

th
a
t

th
e

tw
o

q
u
a
n
ti

ti
es

d
efi

n
ed

ab
ov

e
ar

e
n
ot

to
o

la
rg

e.
T

h
is

co
n
d
it

io
n

of
te

n
h
o
ld

s
in

p
ra

ct
ic

e,
as

sh
ow

n
in

F
ig

u
re

1,
w

h
ic

h
p
lo

ts
th

e
eff

ec
ti

ve
d
im

en
si

on
an

d
th

e
st

at
is

ti
ca

l
le

ve
ra

g
e

fo
r

se
ve

ra
l

re
a
l

w
or

ld
d
a
ta

se
ts

w
it

h
va

ry
in

g
re

gu
la

ri
za

ti
on

p
ar

am
et

er
s.

T
h
e

co
n
v
er

ge
n
ce

of
st

o
ch

a
st

ic
g
ra

d
ie

n
t

b
a
se

d
al

g
or

it
h
m

s
fo

r
m

in
im

iz
in

g
th

e
o
b

je
ct

iv
e

(1
6)

d
ep

en
d
s

on
tw

o
im

p
or

ta
n
t

q
u
a
n
ti

ti
es

:
st

ro
n
g

co
n
ve

x
it

y
a
n
d

sm
o
o
th

n
es

s.
T

h
e

st
ro

n
g

co
n
ve

x
it

y
fo

r
p
ro

b
le

m
(1

6)
(w

it
h

re
sp

ec
t

to
z
)

is

m
in z
λ

m
in

(
H̄
−

1
/
2

λ̃
(w
∗ )

(
1 n

n ∑ i=
1

`′
′ (z
>
H̄
−

1
/
2

λ̃
(w
∗ )
x
i;
b i

)x
ix
> i

+
λ
I

)
H̄
−

1
/
2

λ̃
(w
∗ )

)
,

(1
8)

w
h
ic

h
is

a
p
ro

p
er

ty
of

th
e

ov
er

al
l
ob

je
ct

iv
e

fu
n
ct

io
n

ra
th

er
th

an
in

d
iv

id
u
al

co
m

p
on

en
t.

H
ow

-

ev
er

,
w

e
m

u
st

co
n
si

d
er

th
e

sm
o
o
th

n
es

s
p
a
ra

m
et

er
fo

r
in

d
iv

id
u
a
l

fu
n
ct

io
n
f i

(H̄
−

1
/
2

λ̃
(w
∗ )
z
)

(w
it

h
re

sp
ec

t
to
z
),

w
h
ic

h
in

o
u
r

co
n
te

x
t,

is

m
ax i

m
ax z
λ

m
a
x

( H̄
−

1
/
2

λ̃
(w
∗ )
( `′
′ (z
>
H̄
−

1
/
2

λ̃
(w
∗ )
x
i;
b i

)x
ix
> i

+
λ
I
) H̄

−
1
/
2

λ̃
(w
∗ )
) .

(1
9)

B
y

th
e

va
ri

ab
le

tr
an

sf
or

m
a
ti

on
w

=
H̄
−

1
/
2

λ̃
(w
∗ )
z
,
w

e
ge

t
`′
′ (z
>
H̄
−

1
/
2

λ̃
(w
∗ )
x
i;
b i

)
=
`′
′ (w
>
x
i;
b i

).
M

or
eo

ve
r,

w
e

co
n
si

d
er

a
lo

ca
l

re
gi

o
n

w
h
er

e
w

is
cl

o
se

to
w
∗

m
ea

su
re

d
b
y

d
ia

m
et

er
R

:
‖w
−
w
∗ ‖
≤
R

,
an

d
st

u
d
y

th
e

lo
ca

l
st

ro
n
g

co
n
ve

x
it

y
a
n
d

sm
o
o
th

n
es

s
q
u
an

ti
ti

es
((

18
)

a
n
d

(1
9)

). B
ot

h
of

th
es

e
q
u
an

ti
ti

es
ar

e
re

la
te

d
to

h
ow

cl
os

e
is

th
e

co
n
st

ru
ct

ed
H

es
si

a
n

a
p
p
ro

x
im

a
-

ti
on

H̄
λ̃
(w
∗ )

to
th

e
tr

u
e

H
es

si
a
n
H
λ̃
(w
∗ )

in
sp

ec
tr

a
l

n
o
rm

.
T

h
e

fo
ll
ow

in
g

le
m

m
a

b
o
u
n
d

th
is

q
u
an

ti
ty

u
si

n
g

m
at

ri
x

co
n
ce

n
tr

a
ti

o
n
.

L
e
m

m
a

9
If
B̄

is
fo

rm
ed

by
u

n
if

o
rm

sa
m

p
li

n
g

w
it

h
re

p
la

ce
m

en
t

fr
o
m

[n
],

th
en

w
e

h
a
ve

th
e

fo
ll

o
w

in
g

co
n

ce
n

tr
a
ti

o
n

bo
u

n
d
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ,

∥ ∥ ∥ ∥ ∥ ∥H
−

1

λ̃
(w
∗ )

 
1 b

∑ i∈
B̄

`′
′ (w
∗>
x
i;
b i

)x
ix
> i
−

1 n

n ∑ i=
1

`′
′ (w
∗>
x
i;
b i

)x
ix
> i

 
∥ ∥ ∥ ∥ ∥ ∥ 2

≤
2

lo
g

(
d δ

)
·√

ρ
2 λ̃
d
λ̃

b
.
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M
in
ib
a
t
c
h
S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

P
r
o
x
im

a
l
It
e
r
a
t
io
n
s

3
.1
.1

S
t
r
o
n
g

C
o
n
v
e
x
it
y

B
ased

on
a
b

ove
lem

m
a
,

w
e

h
ave

th
e

fo
llow

in
g

low
er

b
ou

n
d

o
f

th
e

stro
n
g

con
vex

ity
for

(16),
sp

ecifi
ed

in
th

e
follow

in
g

lem
m

a.

L
e
m

m
a

1
0

If
w

e
set

λ̃
su

ch
th

a
t
λ̃
≥
λ

,
th

en
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ

o
ver

th
e

ra
n

d
o
m

ch
o
ice

o
f
B̄

to
fo

rm
H̄
λ̃ ,

w
e

h
a
ve

m
in

‖
w
−
w
∗‖≤

R
λ

m
in (

H̄
−

1
/
2

λ̃
(w
∗)H

λ (w
)H̄
−

1
/
2

λ̃
(w
∗) )
≥
λλ̃

1

1
+

2
lo

g
(d
/
δ) √

(ρ
2λ̃ d

λ̃ )/b(1
+
M
R
/λ̃

)
+
M
R
/λ̃
.

3
.1
.2

S
m
o
o
t
h
n
e
ss

N
ex

t
w

e
ex

p
lo

re
th

e
lo

cal
sm

o
o
th

n
ess

p
a
ra

m
eter

o
f

(1
6
).

U
sin

g
th

e
varia

b
le

tran
sform

w
=
H̄
−

1
/
2

λ̃
(w
∗)z

,
if

w
e

co
n
sid

er
th

e
in

d
iv

id
u
al

sm
o
oth

n
ess

p
aram

eter
(w

ith
resp

ect
to
z
)

aro
u
n
d

th
e

n
eig

h
b

o
rh

o
o
d

of
w
∗

w
ith

d
ia

m
eter

R
,

it
ca

n
b

e
u
p
p

er
b

ou
n
d
ed

b
y

m
ax

i∈
[n

]
m

ax
‖
w
−
w
∗‖≤

R
λ

m
a
x (
H̄
−

1
/
2

λ̃
(w
∗) (

` ′′(w
>
x
i ;b

i )x
i x
>i

+
λ
I )
H̄
−

1
/
2

λ̃
(w
∗) )

.

S
in

ce

λ
m

a
x (
H̄
−

1
/
2

λ̃
(w
∗) (

` ′′(w
>
x
i ;b

i )x
i x
>i

+
λ
I )
H̄
−

1
/
2

λ̃
(w
∗) )

≤
λ

m
a
x (
H̄
−

1
/
2

λ̃
(w
∗) (

` ′′(w
>
x
i ;b

i )x
i x
>i )

H̄
−

1
/
2

λ̃
(w
∗) )

+
λ

m
a
x (
λ
H̄
−

1

λ̃
(w
∗) )

≤
` ′′(w

>
x
i ;b

i )x
>i
H̄
−

1

λ̃
(w
∗)x

i
+
λλ̃

(20)

T
h
e

m
o
st

straigh
tforw

ard
w

ay
to

u
p
p

er
b

ou
n
d
` ′′(w

>
x
i ;b

i )x
>i
H̄
−

1

λ̃
(w
∗)x

i
is

m
ax

i∈
[n

]
m

ax
‖
w
−
w
∗‖≤

R
` ′′(w

>
x
i ;b

i )x
>i
H̄
−

1

λ̃
(w
∗)x

i

≤
m

a
x

i∈
[n

]
m

ax
‖
w
−
w
∗‖≤

R
` ′′(w

>
x
i ;b

i )‖x
i ‖

2
λ

m
in (H̄

−
1

λ̃
(w
∗))

=
m

a
x

i∈
[n

]
m

ax
‖
w
−
w
∗‖≤

R

` ′′(w
>
x
i ;b

i )‖
x
i ‖

2

λ̃
=
Lλ̃
.

In
th

is
w

ay,
th

e
co

n
d
ition

n
u
m

b
er

after
p
recon

d
ition

in
g

b
ecom

es

O
(

4
λ̃λ
·
Lλ̃ )

=
O
(
Lλ )

,

w
h
ich

d
id

n
’t

sh
ow

an
y

ad
va

n
tag

e
of

u
sin

g
p
reco

n
d
itio

n
in

g
.

T
h
is

is
n
ot

su
rp

risin
g

b
eca

u
se

it
is

k
n
ow

n
th

at
for

h
igh

d
im

en
sion

a
l

p
ro

b
lem

s,
th

e
w

o
rse

ca
se

b
eh

av
ior

o
f

secon
d

ord
er

m
eth

o
d
s

is
n
o

b
etter

th
an

th
at

of
th

e
fi
rst

ord
er

m
eth

o
d
s.

In
th

e
lem

m
a

b
elow

,
w

e
p
rov

id
e

an
im

p
roved

a
n
aly

sis
o
f

sm
o
oth

n
ess

w
h
ich

is
b
ased

on
th

e
n
otion

of
eff

ective
d
im

en
sio

n
(D

efi
n
ition

6)
an

d
sta

tistica
l

leverage
(D

efi
n
ition

8).
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W
a
n
g

a
n
d

Z
h
a
n
g

L
e
m

m
a

1
1

If
w

e
ch

oo
se

λ̃
≥
λ

a
n

d
b
≥

16ρ
2λ̃ d

λ̃
log

2(d
/δ),

th
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ

o
ver

th
e

ra
n

d
o
m

ch
o
ice

o
f
B̄

to
fo

rm
H̄
λ̃ (w

∗),
w

e
h
a
ve

m
ax

i∈
[n

]
m

ax
‖
w
−
w
∗‖≤

R
` ′′(w

>
x
i ;b

i )x
>i
H̄
−

1

λ̃
(w
∗)x

i ≤
2
ρ

2λ̃ d
λ̃

+
M
Rλ̃
.

B
ased

o
n

ab
ove

an
aly

sis,
w

e
h
ave

th
e

follow
in

g
coro

llary
sta

tes
th

e
lo

cal
in

d
iv

id
u
a
l

sm
o
oth

-
n
ess

p
a
ram

eter
of

(16
).

C
o
ro

lla
ry

1
2

If
w

e
ch

oo
se

λ̃
≥
λ

a
n

d
b
≥

1
6ρ

2λ̃ d
λ̃

log
2(d

/
δ),

a
n

d
R
≤

λ̃M
.

T
h
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ

o
ver

th
e

ra
n

d
o
m

ch
o
ice

o
f
B̄

to
fo

rm
H̄
λ̃ (w

∗),
w

e
h
a
ve

th
e

fo
llo

w
in

g
u

p
per

bo
u

n
d

h
o
ld

fo
r

th
e

loca
l

sm
oo

th
n

ess
pa

ra
m

eter

m
a
x

i∈
[n

]
m

ax
‖
w
−
w
∗‖≤

R
λ

m
a
x (
H̄
−

1
/
2

λ̃
(w
∗) (

` ′′(w
>
x
i ;b

i )x
i x
>i

+
λ
I )
H̄
−

1
/
2

λ̃
(w
∗) )
≤

2ρ
2λ̃ d

λ̃
+

2
.

P
ro

o
f

C
om

b
in

in
g

(20
)

an
d

L
em

m
a

1
1,

as
w

ell
a
s

th
e

co
n
d
ition

s
of
λ̃

a
n
d
R

stated
in

th
e

corollary
w

e
get

th
e

d
esired

resu
lts.

C
om

b
in

in
g

L
em

m
a

10
an

d
C

oro
llary

12
w

e
get

th
e

follow
in

g
resu

lt
ab

ou
t

th
e

con
d
ition

n
u
m

b
er

for
(16).

If
w

e
ch

o
ose

λ̃
an

d
b

th
a
t

sa
tisfy

λ̃
≥

m
ax {

λ
,
Lb }

,
b≥

16ρ
2λ̃ d

λ̃
log

2 (
dδ )

,
R
≤

m
in {

1

4
M
L
,
λ̃4
M

}
,

th
en

w
ith

p
rob

ab
ility

at
least

1−
δ,

th
e

co
n
d
ition

n
u
m

b
er

fo
r

sto
ch

astic
gra

d
ien

t
alg

o
rith

m
s

after
p
recon

d
ition

in
g

scales
as

4
ρ
2λ̃
d
λ̃
λ̃

λ
,

m
o
re

sp
ecifi

ca
lly

w
h
en

λ̃
=

m
ax {

λ
,
Lb }

,
th

en
th

e
con

d
ition

n
u
m

b
er

of
(16)

can
b

e
u
p
p

er
b

o
u
n
d
ed

b
y
:

ρ
2λ̃ d

λ̃
m

ax {
4
,
4Lλ
b }

,

w
h
ich

im
p
roves

th
e

o
rig

in
a
l

con
d
itio

n
n
u
m

b
er
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b
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∥∥∥
H
−

1

λ̃
(w
∗)(H

λ̃ (w
∗)−

H̄
λ̃ (w

∗)) ∥∥∥
2

≤
1

1−
1
/2
≤

2
.

35
JM

L
R

 20(42):1-56, 2019

W
a
n
g

a
n
d

Z
h
a
n
g

T
h
en

w
e

b
ou

n
d

m
ax

i∈
[n

] ` ′′(w
∗ >
x
i ;b

i )x
>i
H̄
−

1

λ̃
(w
∗)x

i
th

rou
g
h

m
a
x
i∈

[n
] ` ′′(w

∗ >
x
i ;b

i )x
>i
H
−

1

λ̃
(w
∗)x

i ,
b

ecau
se

x
>i
H̄
−

1

λ̃
(w
∗)x

i
=
x
>i
H
−

1

λ̃
(w
∗)x

i
+
x
>i
(
H̄
−

1

λ̃
(w
∗)−

H
−

1

λ̃
(w
∗) )

x
i

=
x
>i
H
−

1

λ̃
(w
∗)x

i
+
x
>i
H
−

1
/
2

λ̃
(w
∗) (

H
1
/
2

λ̃
(w
∗)H̄

−
1

λ̃
(w
∗)H

1
/
2

λ̃
(w
∗)−

I )
H
−

1
/
2

λ̃
(w
∗)x

i

≤
x
>i
H
−

1

λ̃
(w
∗)x

i
+
λ

m
a
x (
H

1
/
2

λ̃
(w
∗)H̄

−
1

λ̃
(w
∗)H

1
/
2

λ̃
(w
∗)−

I )
x
>i
H
−

1

λ̃
(w
∗)x

i

1≤
2x
>i
H
−

1

λ̃
(w
∗)x

i ,

w
h
ere

in
step

1
w

e
u
sed

th
e

fact
th

a
t

λ
m

a
x (
H

1
/
2

λ̃
(w
∗)H̄

−
1

λ̃
(w
∗)H

1
/
2

λ̃
(w
∗)−

I )

≤
m

ax {|λ
m

a
x (H

1
/
2

λ̃
(w
∗)H̄

−
1

λ̃
(w
∗)H

1
/
2

λ̃
(w
∗))−

1|,|λ
m

in (H
1
/
2

λ̃
(w
∗)H̄

−
1

λ̃
(w
∗)H

1
/
2

λ̃
(w
∗))−

1| }

=
m

ax {|λ
m

a
x (H̄

−
1

λ̃
(w
∗)H

λ̃ (w
∗))−

1|,|λ
m

in (H̄
−

1

λ̃
(w
∗)H

λ̃ (w
∗))−

1| }
≤

1.

B
ased

on
th

e
d
efi

n
itio

n
of

eff
ective

d
im

en
sio

n
(D

efi
n
itio

n
6)

a
n
d

co
n
d
itio

n
of

b
o
u
n
d
ed

statistical
lev

erage
(A

ssu
m

p
tio

n
8),

w
e

ca
n

b
o
u
n
d

th
e

sm
o
oth

n
ess

a
s

m
a
x

i∈
[n

]
m

ax
‖
w
−
w
∗‖≤

R
` ′′(w

>
x
i ;b

i )x
>i
H̄
−

1

λ̃
(w
∗)x

i ≤
2

m
a
x

i∈
[n

] ` ′′(w
∗ >
x
i ;b

i )x
>i
H
−

1

λ̃
(w
∗)x

i
+
M
Rλ̃

≤
2ρ

2λ̃ (
1n

n
∑i=

1

` ′′(w
∗ >
x
i ;b

i )x
>i
H
−

1

λ̃
(w
∗)x

i )
+
M
Rλ̃

1=
2ρ

2λ̃ (
1n

n
∑i=

1

tr(` ′′(w
∗ >
x
i ;b

i )x
i x
>i
H
−

1

λ̃
(w
∗)) )

+
M
Rλ̃
,

w
h
ere

in
step

1
w

e
h
av

e
u
sed

th
e

fa
ct

th
a
t

tr(A
B
C

)
=

tr(C
A
B

)
for

an
y
A
,B
,C

.
F

u
rth

er-
m

ore
w

e
h
ave

2
ρ

2λ̃ (
1n

n
∑i=

1

tr(` ′′(w
∗ >
x
i ;b

i )x
i x
>i
H
−

1

λ̃
(w
∗)) )

=
2ρ

2λ̃ (
tr (

1n

∑

i

` ′′(w
∗ >
x
i ;b

i )x
i x
>i
H
−

1

λ̃
(w
∗) )

)

=
2ρ

2λ̃ (
tr (

(
1n

∑

i

` ′′(w
∗ >
x
i ;b

i )x
i x
>i )

H
−

1

λ̃
(w
∗) )

)

=
2ρ

2λ̃

d
∑j=

1

λ
j

λ
j

+
λ̃

=
2ρ

2λ̃ d
λ̃ .

C
om

b
in

in
g

ab
ov

e
an

aly
sis,

w
e

g
et

m
ax

i∈
[n

]
m

ax
‖
w
−
w
∗‖≤

R
` ′′(w

>
x
i ;b

i )x
>i
H̄
−

1

λ̃
(w
∗)x

i ≤
2
ρ

2λ̃ d
λ̃

+
M
Rλ̃
,

w
h
ich

con
clu

d
es

th
e

p
ro

o
f.

36
JM

L
R

 20(42):1-56, 2019



M
in
ib
a
t
c
h
S
t
o
c
h
a
st

ic
V
a
r
ia
n
c
e
R
e
d
u
c
e
d

P
r
o
x
im

a
l
It
e
r
a
t
io
n
s

A
.7

P
ro

o
f

o
f

T
h

e
o
re

m
1
3

P
ro

o
f

S
in

ce
w

e
ch

o
os

e
λ̃

at
th

e
sc

a
le

o
f
λ̃

=
m

ax
{ λ
,
L b

} ,
th

en
w

e
ca

n
ap

p
ly

L
em

m
a

10
a
n
d

L
em

m
a

1
1

to
v
er

if
y

th
at

th
e

n
ew

co
n
d
it

io
n

n
u
m

b
er

a
ft

er
“p

re
co

n
d
it

io
n
in

g”
w

il
l

b
e

m
ax

{
4ρ

2 λ̃
d
λ̃
,
4
L
ρ

2 λ̃
d
λ̃

λ
b

}
,

a
p
p
ly

in
g

C
or

o
ll
a
ry

26
w

e
k
n
ow

as
lo

n
g

as
th

e
in

ex
a
ct

n
es

s
co

n
d
it

io
n

(2
5)

is
sa

ti
sfi

ed
,

w
e

re
q
u
ir

es
O
( lo

g
( 1 ε

))
fu

ll
gr

ad
ie

n
t

ev
a
lu

a
ti

on
s

an
d

m
ax
{C

sb
,C

lb
}·

1
0 9

lo
g
(3

6
)
lo

g

(
1 ε

)
(3

4)

to
ta

l
ca

ll
s

of
ap

p
ro

x
im

at
e

m
in

im
iz

at
io

n
o
f

(8
)

to
en

su
re

Ef
(w̃

s
)
−
f

(w
∗ )
≤
ε,

w
h
er

e
th

e
fa

ct
or

s
C

sb
,C

lb
a
re

C
sb

=
O
( m

ax

{
2
40 b
,
2
4
0
L

λ
b2

}
·ρ

2 λ̃
d
λ̃

)
,

C
lb

=
O
(

m
a
x

{
2√

6
,2
√

6√
L λ
b

}
·√

ρ
2 λ̃
d
λ̃

)
,

w
h
ic

h
re

p
re

se
n
t

th
e

ca
se

s
of

sm
al

l
an

d
la

rg
e

m
in

ib
a
tc

h
si

ze
s,

re
sp

ec
ti

ve
ly

.
S
in

ce
λ̃
≥

L b
,

th
en

th
e

co
n
d
it

io
n

n
u
m

b
er

of
(8

)
is

n
ev

er
la

rg
er

th
a
n
L λ̃
≤
L
·b L

=
b,

w
e

k
n
ow

fr
om

L
em

m
a

36
,

w
h
en

a
p
p
ly

in
g

S
V

R
G

to
so

lv
e

(8
),

to
re

a
ch

so
m

e
p

o
in

t
of

w
h
ic

h
o
b

je
ct

iv
e

th
e

su
b

op
ti

m
al

it
y

o
f

(8
)
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−

m
in w
f̃ t
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)
≤

1 10
5
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λ L

) 7
ε,
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th
e

fo
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ow

in
g

n
u
m

b
er

of
g
ra

d
ie

n
t
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s

su
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en
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(
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(
1 ε

)
,

(3
6)
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O
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d
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b
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p
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g
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a
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d
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w
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th
e
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n
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r
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b
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·
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b
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e

to
ta

l
n
u
m

b
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+
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b
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.
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at
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p
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b
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m
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,

w
e
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ow

th
e

te
rm

m
a
x
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sb
,C
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}·
b

is
o
f

or
d
er O

 
m

ax

  
ρ

2 λ̃
d
λ̃
,
ρ

2 λ̃
d
λ̃
L

λ
b

,√
ρ

2 λ̃
d
λ̃
L
b

λ

  

 
,

w
h
en

n
&
ρ

2 λ̃
d
λ̃

( L λ
) 1
/
3
,

w
e

ca
n

ch
o
o
se
b
�
ρ

2 λ̃
d
λ̃

( L λ
) 1
/
3
,

th
en

m
a
x
{C

sb
,C

lb
}·
b

is
o
f

o
rd
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O
(

m
ax

{
ρ

2 λ̃
d
λ̃
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L λ

) 2
/
3

,ρ
2 λ̃
d
λ̃

(
L λ

) 2
/
3
}
)

=
O
(
ρ

2 λ̃
d
λ̃

(
L λ

) 2
/
3
)
,

(3
8)

w
h
en

n
.
ρ

2 λ̃
d
λ̃

( L λ
) 1
/
3
,

w
e

ca
n

ch
o
os

e
b
�
n

,
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w
h
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h
ca

se
m

ax
{C

sb
,C

lb
}·
b

ca
n

b
e

u
p
p

er
b

ou
n
d
ed

b
y

O

 
m

ax

  
ρ

2 λ̃
d
λ̃
L

λ
n

,√
ρ

2 λ̃
d
λ̃
L
n

λ

  

 
=
O
(
ρ

2 λ̃
d
λ̃
L

λ
n

)
,

(3
9)

C
om

b
in

in
g

(3
7)

,
(3

8
)

an
d

(3
9)

,
w

e
k
n
ow

th
e

to
ta

l
n
u
m

b
er

o
f

in
d
iv

id
u
a
l

fu
n
ct

io
n

g
ra

d
ie

n
t

ca
ll
s

to
re

ac
h
ε-

su
b

op
ti

m
a
li
ty
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O
( κ̃
·l

o
g

(
L λ

)
·l

og
2

(
1 ε

)
+
n
·l

o
g

(
1 ε

))
,

w
h
er

e

κ̃
=

m
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{
ρ

2 λ̃
d
λ̃

(
L λ

) 2
/
3

,
ρ

2 λ̃
d
λ̃
L

λ
n

}
,

w
h
ic

h
fi
n
is

h
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e

p
ro
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.

A
.8

P
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f

T
h

e
o
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m
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P
ro

o
f

A
p
p
ly
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g

th
e

th
eo

ry
o
f
ca

ta
ly

st
a
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el
er

a
ti

on
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em
m

a
37

)
w

e
k
n
ow
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ly
O
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√

λ
+
γ

λ

)
lo

g
( 1 ε

))
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ll
s
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M

B
-S

V
R

P
is

su
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t
to

re
a
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ε-

o
b
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iv
e
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b
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ti

m
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,
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lo
n
g
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ch
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er
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e
w
r

sa
ti

sfi
es

f
(w

r
)

+
γ 2
‖w

r
−
z r
−

1
‖2
≤

m
in w
f

(w
)

+
γ 2
‖w
−
z r
−

1
‖2

+
λ
ε

36
00

(λ
+
γ

)

(
1
−

9 1
0

√
λ

λ
+
γ

)
.

M
o
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,
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g
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T

h
eo
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m
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,
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e
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er

at
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n
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m
p
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x
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y
of

so
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in
g

a
λ

+
γ
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ro

n
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y
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n
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x
p
ro

b
le

m
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is Õ
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n

+
m

ax

{
ρ
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λ̃

(
L
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+
γ
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/
3

,
ρ
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L
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}
)
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io
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s
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in
g
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lts

w
e

k
n
ow
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e

tota
l

iteratio
n

co
m

p
lex

ity
o
f

A
lgorith

m
2

can
b

e
u
p
p

er
b

o
u
n
d
ed

b
y

Õ


(
√
λ

+
γ

λ

)

n

+
m

ax 

(
ρ

2λ̃ d
λ̃ L

(λ
+
γ

) )
2
/
3

,
ρ

2λ̃ d
λ̃ L

(λ
+
γ

)n 



,

W
h
en

ρ
2λ̃
d
λ̃
L

λ
≥
n

3
/
2,

if
w

e
ch

o
o
se

γ
=
ρ

2λ̃ d
λ̃ L

n
3
/
2
−
λ
,

w
e

o
b
tain

th
e

iteration
com

p
lex

ity
can

b
e

u
p
p

er
b

ou
n
d
ed

b
y

Õ



√
ρ

2λ̃ d
λ̃ L

n
3
/
2λ


·n 

=
Õ
(
√
ρ

2λ̃ d
λ̃ ·n

1
/
4 (

Lλ )
1
/
2 )

,

w
h
ich

con
clu

d
es

th
e

p
ro

of.

A
p
p
e
n
d
ix

B
.
P
ro

o
fs

fo
r
S
e
ctio

n
4

In
th

is
a
p
p

en
d
ix

,
w

e
d
escrib

e
th

e
sto

ch
astic

estim
atio

n
seq

u
en

ce
a
p
p
ro

ach
fo

r
in

ex
act

ac-
celerated

m
in

ib
a
tch

S
V

R
G

in
S
ectio

n
4,

a
n
d

p
rov

id
e

th
e

d
etailed

a
n
aly

sis.

B
.1

S
to

ch
a
stic

E
stim

a
tio

n
S

e
q
u

e
n

c
e
s

W
e

in
tro

d
u
ce

th
e

fo
llow

in
g

d
efi

n
itio

n
.

D
e
fi

n
itio

n
2
7

(S
to

c
h
a
stic

e
stim

a
tio

n
seq

u
e
n

ce
)

A
sequ

en
ce

o
f

pa
irs
{V

t (w
),θ

t }
t≥

0
is

ca
lled

a
n

estim
a
tio

n
sequ

en
ce

o
f

th
e

fu
n

ctio
n
f

(w
)

if
θ
t
>

0
a
n

d
fo

r
a
n

y
w
∈
R
d,t≥

0
w

e
h
a
ve

V
t (w

)≤
(1−

θ
t )f

(w
)

+
θ
t V

0 (w
),

(40)

if{V
t (w

)}
t≥

0
is

a
sequ

en
ce

o
f

ra
n

d
o
m

fu
n

ctio
n

s,
w

e
ca

ll
th

e
sequ

en
ce

o
f

pa
irs{

V
t (w

),θ
t }
t≥

0

a
stoch

a
stic

estim
a
tio

n
sequ

en
ce

if
(4

0)
h
o
ld

s
in

expecta
tio

n
,

i.e.

E
[V
t (w

)]≤
(1−

θ
t )f

(w
)

+
θ
t V

0 (w
).

T
h
e

follow
in

g
lem

m
a
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a

gen
era

lized
versio

n
of

L
em

m
a

1
in

(L
in

et
a
l.,

2
014),

w
h
ich

sh
ow

s
if

w
e

ca
n

con
stru

ct
u
p
p

er
b

o
u
n
d
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E

[f
(w

t )]
u
sin

g
E

[V
t (w

)],
th

en
w

e
get

con
vergen

ce
of

E
[f

(w
t )].

L
e
m

m
a

2
8

S
u

p
po

se{V
t (w

),θ
t }
t≥

0
is

a
stoch

a
stic

estim
a
tio

n
sequ

en
ce

o
f

th
e

fu
n

ctio
n
f

(w
).

L
et
w
∗

be
th

e
m

in
im

izer
o
f
f

(w
).
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th

ere
a
re

sequ
en

ces
o
f

ra
n

d
o
m

va
ria

bles
{
w
t }
t≥

0
a
n

d
{
ε
t }
t≥

0
in

R
d,{δ

t }
t≥

0
in

R
su

ch
th

a
t

E
[f

(w
t )]≤

m
in
w
{E

[V
t (w

)]}
+

E
[δ
t ]

(41)
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+
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t ].
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h
e
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g
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m
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con
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n
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ch
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stic
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u
en

ce.

L
e
m

m
a

2
9

A
ssu

m
e
f

(w
)

=
1n ∑
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1
f
i (w

),
w

h
ere

ea
ch

f
i (w

)
is
λ

-stro
n

gly
co

n
vex

a
n

d
L

-
sm

oo
th

.
S

u
p
po

se
th

a
t

•
V

0 (w
)
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a
n

a
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ry
d
eterm

in
istic

fu
n

ctio
n

o
n
R
d;

•
{α

t }
t≥

0
is

a
sequ

en
ce

th
a
t

sa
tisfi

es
α
t ∈

(0,1
),∀

t≥
0,

a
n

d
∑
∞t=

0
α
t

=
∞

.

•
{y
t } ∞t=

0
is

a
n

a
rbitra

ry
sequ

en
ce

in
R
d;

•
D

efi
n

e
{
v
t }
t≥

1
a
s:

v
t

=
1b

∑i∈
B
t ∇

f
i (y

t−
1 )−

1b

∑i∈
B
t ∇

f
i (w̃

s−
1 )

+
1n

n
∑i=

1 ∇
f
i (w̃
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D
efi

n
e

th
e

sequ
en

ce
{
w
t }
t≥

0
a
n

d
{V

t (w
)}
t≥

0
a
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w
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L
et
y

0
=
w

0
a
n

d
w
t

be
a
rbitra

ry
vecto

r
in

R
d

su
ch

th
a
t

w
t

=
y
t−

1 −
η
v
t
+
ξ
t ,

w
h
ere

th
e

step
size

η
sa

tisfi
es

0
<
η
≤

1L
.

L
et

V
t (w

)
=

(1−
α
t−

1 )V
t−

1 (w
)

+
α
t−

1 (
1b

∑i∈
B
t f
i (y

t−
1 )

+

〈
v
t −

ξ
tη
,w
−
y
t−

1 〉
+
λ4
‖w
−
y
t−

1 ‖
2−
‖
ξ
t ‖

2

λ
η

2

)
,

(42
)

let
θ

0
=

1,
a
n

d
θ
t

=
(1−

α
t−

1 )θ
t−

1 ,∀
t≥

1
.

T
h
en

th
e

sequ
en

ce
{
V
t (w

),θ
t }
t≥

0
is

a
stoch

a
stic

estim
a
tio

n
sequ

en
ce

o
f
f

(w
).

B
y
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ov

e
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,
w

e
k
n
ow

V
t (w

)
is

a
q
u
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ra
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fu
n
ction

,
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m
in

im
izer

a
n
d

m
in
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u
m

valu
e

h
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e
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form

:

L
e
m

m
a

3
0

D
efi

n
e
∀
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0
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V
t (w
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w

e
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th
e

fu
n

ctio
n
V

0 (w
)

in
L

em
m

a
2
9

a
s

V
0 (w

)
=
V
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+
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‖w
−
z

0 ‖
2
,

w
ith

V
∗0

=
f

(z
0 ),ε

0
=

0
a
n

d
δ

0
=

0
fo

r
z

0
=
w

0 .
T

h
en

th
e

sequ
en

ce
{V

t (w
)}
t≥

0
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efi

n
ed
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4
2
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n

be
w

ritten
a
s

V
t (w

)
=
V
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+
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‖w
−
z
t ‖

2
,

(43
)
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=
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−
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+
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〉.
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T
h
e

fo
ll
ow

in
g

le
m

m
a

es
ta

b
li
sh

es
a

co
n
n
ec

ti
o
n

b
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z t
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n
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t
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o
ri
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.

L
e
m

m
a

3
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se

d
o
n
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e

u
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,
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w

e
ch
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se
α
t
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t
≥

0
,

w
e

h
a
ve

th
e

fo
ll

o
w

in
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in
eq
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a
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h
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ld

fo
r
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t
≥
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T
h
e
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ow
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et
e

ex
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o
f
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ch
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r

th
e
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V
R
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e
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n
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it

io
n
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p
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≥
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√
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,

a
n

d
th

e
st

ep
si

ze
η

sa
ti

sf
yi

n
g
η
≤

1 8
L

,
w

e
h
a
ve
∀t
≥

0

E
[f

(w
t)

]
≤

E
[V
∗ t
]+

E
[δ
t]
,

w
h
er

e
δ 0

=
0

a
n

d
∀t
≥

1:

δ t
=

(
1
−
√
λ
η 2

)
δ t
−

1
+

(
η
‖v
t
−
∇
f

(y
t−

1
)‖

2
−

(1
−
√
λ
η
/2

)λ
√

2
λ
η

‖y
t−

1
−
w
t−

1
‖2

+
1

4
λ

2
η

3
‖ξ
t‖

2

)
.

T
h
e

le
m

m
a

b
el

ow
b

o
u
n
d
s
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e
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E
[ η
‖v
t
−
∇
f

(y
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1
)‖

2
−

(1
−
√
λ
η
/
2
)λ

√
2
λ
η

‖y
t−

1
−
w
t−

1
‖2
] .

L
e
m
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3
3

S
u

p
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se
B
t
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n
st

ru
ct
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n
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o
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m

p
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n
g

w
it
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o
r

w
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h
o
u

t
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p
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ce
m

en
t,

w
e

h
a
ve

th
e

fo
ll

o
w

in
g
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eq

u
a
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h
o
ld
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E

[ η
‖v
t
−
∇
f

(y
t−

1
)‖

2
−

(1
−
√
λ
η
/2

)λ
√

2
λ
η

‖y
t−

1
−
w
t−

1
‖2
]

≤
8η
L b

(f
(w

t−
1
)
−
f

(w
∗ )

+
f

(w̃
s−

1
)
−
f

(w
∗ )

)
+

(
2η
L

2

b
−

(1
−
√
λ
η
/2

)λ
√

2λ
η

)
‖y
t−

1
−
w
t−

1
‖2
.
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et
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e
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ll
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g
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a
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is
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p
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n
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ti
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n
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m

p
le

x
it
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r
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B
A
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R
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L
e
m

m
a

3
4

If
w

e
ch

oo
se

th
e

st
ep

si
ze

sa
ti

sf
yi

n
g

η
≤

m
in

{
b2
λ

64
00
L

2
,

1 8
L

}

th
en

th
e

fo
ll

o
w

in
g

in
eq

u
a
li

ty
h
o
ld

s
∀t
≥

0
:

Ef
(w

t)
−
f

(w
∗ )
≤
(

1
−
√
λ
η 2

)
t

(V
0
(w
∗ )
−
f

(w
∗ )

)

+
E

 
t ∑ k
=

1

(
1
−
√
λ
η 2

)
t−
k
(

1

4
λ

2
η

3
‖ξ
k
‖2

+
8η
L b

(f
(w

k
−

1
)

+
f

(w̃
s−

1
)
−

2
f

(w
∗ )

)) 
,

B
.2

P
ro

o
f

o
f

L
e
m

m
a

2
8

P
ro

o
f

S
in

ce

E
[f

(w
t)

]
≤

m
in w
{E

[V
t(
w

)]
}+

E
[δ
t]

≤
E

[V
t(
w
∗ )

]+
E

[δ
t]

≤
(1
−
θ t

)f
(w
∗ )

+
θ t
V

0
(w
∗ )

+
E

[δ
t]
,

su
b
tr

ac
ti

n
g

b
ot

h
si

d
es

b
y
f

(w
∗ )

fi
n
is

h
es

th
e

p
ro

o
f.

B
.3

P
ro

o
f

o
f

L
e
m

m
a

2
9

P
ro

o
f

W
e

p
ro

ce
ed

th
e

p
ro

of
b
y

in
d
u
ct

io
n
.

W
h
en

t
=

0
,

w
e

h
av

e

V
0
(w

)
=

(1
−
θ 0

)f
(w

)
+
θ 0
V

0
(w

)
=
V

0
(w

),

su
p
p

os
e

E
[V
t−

1
(w

)]
≤

(1
−
θ t
−

1
)f

(w
)

+
θ t
−

1
V

0
(w

)
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r
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s

is
tru
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for

som
e
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1
,

th
en

for
E

[V
t (w

)],
sin

ce
E

[v
t ]

=
∇
f

(y
t−

1 ),w
e

h
ave

E
[V
t (w

)]
=

(1−
α
t−

1 )E
[V
t−

1 (w
)]

+
α
t−

1 E

[(
1b

∑i∈
B
t f
i (y

t−
1 )

+

〈
v
t −

ξ
tη
,w
−
y
t−

1 〉
+
λ4
‖
w
−
y
t−

1 ‖
2−
‖
ξ
t ‖

2

λ
η

2

)
]

=
(1−

α
t−

1 )E
[V
t−

1 (w
)]

+
α
t−

1 (
f

(y
t−

1 )
+
〈∇
f

(y
t−

1 ),w
−
y
t−

1 〉
+
λ4
‖w
−
y
t−

1 ‖
2−

〈
ξ
tη
,w
−
y
t−

1 〉
−
‖ξ
t ‖

2

λ
η

2

)

1≤
(1−

α
t−

1 )E
[V
t−

1 (w
)]+

α
t−

1 (
f

(y
t−

1 )
+
〈∇
f

(y
t−

1 ),w
−
y
t−

1 〉
+
λ2
‖
w
−
y
t−

1 ‖
2 )

2≤
(1−

α
t−

1 )(1−
θ
t−

1 )f
(w

)
+

(1−
α
t−

1 )θ
t−

1 V
0 (w

)
+
α
t−

1 f
(w

)

=
(1−

(1−
α
t−

1 )θ
t−

1 )f
(w

)
+

(1−
α
t−

1 )θ
t−

1 V
0 (w

)

=
(1−

θ
t )f

(w
)

+
θ
t V

0 (w
),

w
h
ich

con
clu

d
es

th
e

p
ro

o
f,

w
h
ere

at
step

1
w

e
u
sed

th
e

in
eq

u
a
lity
−
〈v

1 ,v
2 〉−
‖v

2 ‖
2≤

‖
v
1 ‖

2

4
,at

step
2

w
e

u
sed

th
e

in
d
u
ctive

h
y
p

o
th

esis
an

d
th

e
fa

ct
th

at
f

(w
)

is
λ

-stron
gly

con
v
ex

.

B
.4

P
ro

o
f

o
f

L
e
m

m
a

3
0

P
ro

o
f

W
e

p
ro

ceed
th

e
p
ro

of
b
y

in
d
u
ction

,
w

h
en
t

=
0

th
is

is
tru

e
b
y

con
stru

ction
.

S
u
p
p

ose
fo

r
so

m
e
t≥

1
th

e
follow

in
g

h
old

s:

V
t−

1 (w
)

=
V
∗t−

1
+
λ4
‖w
−
z
t−

1 ‖
2
,

th
en

a
t

tim
e
t,

w
e

h
ave

V
t (w

)
=

(1−
α
t−

1 )V
t−

1 (w
)

+
α
t−

1 (
1b

∑i∈
B
t f
i (y

t−
1 )

+

〈
v
t −

ξ
tη
,w
−
y
t−

1 〉
+
λ4
‖
w
−
y
t−

1 ‖
2−
‖ξ
t ‖

2

λ
η

2

)

=
(1−

α
t−

1 )V
∗t−

1
+

(1−
α
t−

1 )λ

4
‖
w
−
z
t−

1 ‖
2

+
α
t−

1 λ

4
‖w
−
y
t−

1 ‖
2

+
α
t−

1 〈
v
t −

ξ
tη
,w 〉

+
α
t−

1

b

∑i∈
B
t f
i (y

t−
1 )−

α
t−

1 〈
v
t −

ξ
tη
,y
t−

1 〉
−
α
t−

1 ‖
ξ
t ‖

2

λ
η

2
,

b
y

fi
rst

ord
er

op
tim

a
lity

con
d
itio

n
,

it
is

clear
th

a
t

th
e

m
in

im
izer

of
V
t (w

):
z
t

satisfi
es

th
e

fo
llow

in
g:

(1−
α
t−

1 )λ
(z
t −

z
t−

1 )
+
α
t−

1 λ
(z
t −

y
t−

1 )
+

2
α
t−

1 (
v
t −

ξ
tη )

=
0,
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P
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(44)
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(4
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)

w
e

g
et

V
∗t

=
V
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t )
=

(1−
α
t−

1 )V
∗t−

1
+

(1−
α
t−

1 )λ

4
‖z
t −

z
t−

1 ‖
2

+
α
t−

1 λ

4
‖
z
t −

y
t−

1 ‖
2

+
α
t−

1 〈
v
t −

ξ
tη
,z
t 〉

+
α
t−

1

b

∑i∈
B
t f
i (y

t−
1 )−

α
t−

1 〈
v
t −

ξ
tη
,y
t−

1 〉
−
α
t−

1 ‖
ξ
t ‖

2

λ
η

2

=
(1−

α
t−

1 )V
∗t−

1
+

(1−
α
t−

1 )λ

4

∥∥∥∥
α
t−

1 (y
t−

1 −
z
t−

1 )−
2
α
t−

1

λ

(
v
t −

ξ
tη ) ∥∥∥∥

2

+
α
t−

1

b

∑i∈
B
t f
i (y

t−
1 )

+
α
t−

1 λ

4

∥∥∥∥
(1−

α
t−

1 )(z
t−

1 −
y
t−

1 )−
2α

t−
1

λ

(
v
t −

ξ
tη ) ∥∥∥∥

2−
α
t−

1 ‖ξ
t ‖

2

λ
η

2

+
α
t−

1 〈
v
t −

ξ
tη
,(1−

α
t−

1 )(z
t−

1 −
y
t−

1 )−
2
α
t−

1

λ

(
v
t −

ξ
tη )〉

=
(1−

α
t−

1 )V
∗t−

1
+
α
t−

1 (1−
α
t−

1 )λ

4
‖
z
t−

1 −
y
t−

1 ‖
2

+
α
t−

1 (1−
α
t−

1 ) 〈
v
t −

ξ
tη
,z
t−

1 −
y
t−

1 〉

−
α

2t−
1

λ
‖
v
t ‖

2
+
α
t−

1

b

∑i∈
B
t f
i (y

t−
1 )−

(α
t−

1
+
α

2t−
1 )‖

ξ
t ‖

2

λ
η

2
+

2
α

2t−
1

λ
η
〈ξ
t ,v

t 〉,

w
h
ich

verifi
ed

(45).
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P
ro

o
f

o
f

L
e
m
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a

3
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P
ro

o
f

W
e

p
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e
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u
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w
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=

0
it

is
o
b
v
io

u
sly

tru
e,

su
p
p

ose
it

is
tru

e
for

t−
1,∀

t≥
1,

i.e.

z
t−

1 −
y
t−

1
=

1α
(y
t−

1 −
w
t−

1 ),

for
iteration

t,
b
ased

o
n

(4
4)

w
e

h
ave

z
t −

y
t

=
(1−

α
)z
t−

1
+
α
y
t−

1 −
2αλ

(
v
t −

ξ
tη )
−
y
t

=
(1−

α
)(z

t−
1 −

y
t−

1 )
+
y
t−

1 −
2
αλ

(
v
t −

ξ
tη )
−
y
t

1=
1−

α

α
(y
t−

1 −
w
t−

1 )
+
y
t−

1 −
2αλ

(
v
t −

ξ
tη )
−
y
t

=
1α

(
y
t−

1 −
2
α

2

λ

(
v
t −

ξ
tη ))

−
1−

α

α
w
t−

1 −
y
t

2=
1α
w
t −

1−
α

α
w
t−

1 −
y
t

3=
1α

(
w
t
+

1−
α

1
+
α

(w
t −

w
t−

1 )−
w
t )

4=
1α

(y
t −

w
t ),
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er
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u
se

d
th

e
in
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ct

iv
e

h
y
p

o
th

es
is

,
st

ep
2

u
se

d
th

e
u
p

d
a
te

ru
le

of
w
t

in
A

lg
o
ri

th
m

3,
st

ep
3

a
n
d

4
u
se

d
th

e
u
p
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at

e
ru

le
o
f
y t

in
A

lg
or
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m
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B
.6

P
ro

o
f

o
f

L
e
m

m
a

3
2

P
ro

o
f

W
e

p
ro

ve
b
y

in
d
u
ct

io
n
,

w
h
en

t
=

0
,

it
is

tr
u
e

th
a
t

f
(w

0
)
≤
V
∗ 0

=
f

(z
0
)

=
f

(w
0
),

su
p
p

os
e

E
[f

(w
t−

1
)]
≤

E
[ V
∗ t−

1

] +
E

[δ
t−

1
],

(4
6)

fo
r

so
m

e
t
≥

1
,

th
en

b
a
se

d
o
n

sm
o
ot

h
n
es

s,
w

e
k
n
ow

f
(w

t)
≤
f

(y
t−

1
)

+
〈∇
f

(y
t−

1
),
w
t
−
y t
−

1
〉+

L 2
‖w

t
−
y t
−

1
‖2
,

th
u
s

V
∗ t

=
(1
−
α
t−

1
)V
∗ t−

1
+
α
t−

1
(1
−
α
t−

1
)λ

4
‖z
t−

1
−
y t
−

1
‖2

+
α
t−

1
(1
−
α
t−

1
)

〈 v t
−
ξ t η
,z
t−

1
−
y t
−

1

〉

−
α

2 t−
1

λ
‖v
t‖

2
+
α
t−

1

b

∑ i∈
B
t

f i
(y
t−

1
)
−

(α
t−

1
+
α

2 t−
1
)
‖ξ
t‖

2

λ
η

2
+

2
α

2 t−
1

λ
η
〈ξ
t,
v t
〉.

H
en

ce
w

e
h
av

e

E
[f

(w
t)
−
V
∗ t
]
≤

E
[ f

(y
t−

1
)

+
〈∇
f

(y
t−

1
),
w
t
−
y t
−

1
〉+

L 2
‖w

t
−
y t
−

1
‖2
]

−
E
[ (1
−
α

)V
∗ t−

1
−
α

(1
−
α

)λ

4
‖z
t−

1
−
y t
−

1
‖2
−
α

(1
−
α

)

〈 v t
−
ξ t η
,z
t−

1
−
y t
−

1

〉]

+
E
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2 λ
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−
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B
t

f i
(y
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1
)

+
(α

+
α

2
)
‖ξ
t‖

2

λ
η

2
−

2α
2

λ
η
〈ξ
t,
v t
〉]

1 =
E
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−
α

)(
f

(y
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1
)
−
V
∗ t−

1
+
〈v
t,
w
t−

1
−
y t
−

1
〉)
−
〈∇
f

(y
t−

1
),
η
v t
−
ξ t
〉+

η 2
‖v
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2
]

+
E

[ L 2
‖η
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−
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−
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−
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)λ
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‖y
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−
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+
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+
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2
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2
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+
E
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2
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〈ξ
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〉−

(1
−
α
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,w
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−
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−
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〉]

2 ≤
E
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−
α
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f
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1
)
−
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+
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−
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−
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−
〈∇
f
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1
),
η
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−
ξ t
〉+
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2

]

+
E
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‖η
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−
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‖2

+
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η

2
+

1
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4

λ
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η

3
+

(1
−
α
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2
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η

2

)
‖ξ
t‖

2

]

+
E
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−
α
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−
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−
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−
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−
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]
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L

em
m

a
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a
n
d

E
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∑
i∈
B
t
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(y
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1
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f

(y
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1
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d
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st

ep
2

w
e
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se

d
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e
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g
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o
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u
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s:
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−
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d
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−
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∇
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+
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+
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+
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+
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+
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≤
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∇
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∇
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‖∇
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∇
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∇
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‖
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‖
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‖
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∇
f

(y
t−

1 )‖
2−

(1− √
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1 ‖
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p
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√
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∇
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t ‖
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√
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t ‖
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√
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√
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1 ‖
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≥
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√
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√
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√
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+
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−
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p
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√
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−
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(w̃
s−
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−
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p
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.
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≤
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D
SCOV

R:Random
ized

Prim
al-D

ual
A

lgorithm
s

for
A

synchronous
D

istributed
O

ptim
ization

O
ne

effective
approach

forreducing
synchronization

costis
to

exploitm
odelparallelism

(here
“m

odel”
refers

to
w
∈

R
d,including

alloptim
ization

variables).
The

idea
is

to
allow

different
m
achines

w
ork

in
parallelw

ith
differentversions

ofthe
fullm

odelordifferentparts
ofa

com
m
on

m
odel,w

ith
little

orno
synchronization.The

m
odelpartitioning

approach
can

be
very

effective
for

solving
problem

s
w
ith

large
m
odels

(large
dim

ension
d).

D
edicated

param
eter

servers
can

be
set

up
to

store
and

m
aintain

differentsubsets
ofthe

m
odelparam

eters,such
as

the
w
k ’s

in
(2),and

be
responsible

forcoordinating
theirupdates

atdifferentw
orkers

(Lietal.,2014;X
ing

etal.,2015).
Thisrequiresflexible

point-to-pointcom
m
unication.

In
thispaper,w

e
develop

a
fam

ily
ofrandom

ized
algorithm

sthatexploitsim
ultaneousdata

and
m
odelparallelism

.
Correspondingly,w

e
adopta

centralized
com

m
unication

m
odelthatsupport

both
synchronous

collective
com

m
unication

and
asynchronous

point-to-pointcom
m
unication.

In
particular,itallow

s
any

pairofm
achines

to
send/receive

a
m
essage

in
a
single

step,and
m
ultiple

point-to-pointcom
m
unications

m
ay

happen
in

parallelin
an

event-driven,asynchronous
m
anner.

Such
a
com

m
unication

m
odelisw

ellsupported
by

the
M
PIstandard.

To
evaluate

the
perform

ance
ofdistributed

algorithm
sin

thissetting,w
e
considerthe

follow
ing

three
m
easures.

•
Com

putation
com

plexity:
totalam

ountof
com

putation,m
easured

by
the

num
ber

of
passes

overalldatasets
X
i fori

=
1,...,m

,w
hich

can
happen

in
parallelon

differentm
achines.

•
Com

m
unication

com
plexity:

the
totalam

ountofcom
m
unication

required,m
easured

by
the

equivalentnum
berofvectorsin

R
d
sentorreceived

acrossallm
achines.

•
Synchronous

com
m
unication:

m
easured

by
the

totalnum
ber

ofvectors
in

R
d
thatrequires

synchronous
collective

com
m
unication

involving
allm

m
achines.

W
e
single

itoutfrom
the

overallcom
m
unication

com
plexity

asa
(partial)m

easure
ofthe

synchronization
cost.

In
Section

2,w
e
introduce

the
fram

ew
ork

of
our

random
ized

algorithm
s,D

oubly
Stochastic

C
oordinate

O
ptim

ization
w
ith

V
ariance

R
eduction

(D
SCOV

R),
and

sum
m
arize

our
theoretical

results
on

the
three

m
easures

achieved
by

D
SCOV

R.Com
pared

w
ith

otherfirst-orderm
ethods

for
distributed

optim
ization,w

e
show

thatD
SCOV

R
m
ay

require
less

am
ountofoverallcom

putation
and

com
m
unication,and

lessorno
synchronization.Then

w
epresentthedetailsofseveralD

SCOV
R

variantsand
theirconvergence

analysisin
Sections3-6.W

e
discussthe

im
plem

entation
ofdifferent

D
SCOV

R
algorithm

sin
Section

7,and
presentresultsofournum

ericalexperim
entsin

Section
8.

2.TheDSCOVR
Fram

ework
and

M
ain

Results
First,w

e
derive

a
saddle-pointform

ulation
ofthe

convex
optim

ization
problem

(1).
Let

f ∗i
be

the
convex

conjugate
of

fi ,i.e.,
f ∗i (α

i )
=

sup
u
i ∈R

N
i {α

Ti u
i −

fi (u
i ) },and

define

L
(w
,α

)
≡

1m

m
∑i=1

α
Ti

X
i w
−

1m

m
∑i=1

f ∗i (α
i )
+
g(w

),
(5)

w
here

α
=

[α
1 ;...;α

m ]∈
R

N
.
Since

both
the

fi ’s
and

g
are

convex,L
(w
,α

)is
convex

in
w
and

concave
in
α.W

e
also

define
a
pairofprim

aland
dualfunctions:

P
(w

)
=

m
ax

α∈R
N

L
(w
,α

)
=

1m

m
∑i=1

fi (X
i w

)
+
g(w

),
(6)

D
(α

)
=

m
in

w
∈R

d
L

(w
,α

)
=
−

1m

m
∑i=1

f ∗i (α
i )−

g ∗ (−
1m

m
∑i=1 (X

i ) T
α
i )
,

(7)
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X
iao,Y

u,Lin
and

Chen

............

.

w
1

w
k

w
n

α
1

α
i

α
m

X
i
k

X
i
:

X
:k

Figure
1:Partition

ofprim
alvariable

w
,dualvariable

α,and
the

data
m
atrix

X
.

w
here

P
(w

)isexactly
the

objectivefunction
in

(1)
1and

g ∗istheconvex
conjugate

of
g.W

e
assum

e
thatL

hasa
saddle

point(w
?,α

?),thatis,

L
(w

?,α
)≤

L
(w

?,α
?)≤

L
(w
,α

?),
∀

(w
,α

)∈
R

d×
R

N
.

In
thiscase,w

e
have

w
?
=

argm
in

P
(w

)and
α
?
=

argm
in

D
(α

),and
P

(w
?)
=

D
(α
?).

The
D
SCOV

R
fram

ew
ork

isbased
on

solving
the

convex-concave
saddle-pointproblem

m
in

w
∈R

d
m

ax
α∈R

N
L

(w
,α

).
(8)

Since
w
e
assum

e
that

g
hasa

separable
structure

asin
(2),w

e
rew

rite
the

saddle-pointproblem
as

m
in

w
∈R

d
m

ax
α∈R

N

{
1m

m
∑i=1

n
∑k
=1
α
Ti

X
ik w

k −
1m

m
∑i=1

f ∗i (α
i )
+

n
∑k
=1

g
k (w

k ) }
,

(9)

w
here

X
ik
∈

R
N

i ×
d
k
for

k
=

1,...,n
are

colum
n
partitions

of
X
i .

For
convenience,w

e
define

the
follow

ing
notations.

First,
let

X
=

[X
1 ;...;X

m ]
∈

R
N×

d
be

the
overall

data
m
atrix,

by
stacking

the
X
i ’s

vertically.
Conform

ing
to

the
separation

of
g,

w
e
also

partition
X

into
block

colum
ns

X
:k ∈

R
N×

d
k
for

k
=

1,...,n,w
here

each
X

:k
=

[X
1
k ;...;X

m
k ](stacked

vertically).
For

consistency,w
e
also

use
X
i: to

denote
X
i from

now
on.See

Figure
1
foran

illustration.
W
e
exploit

the
doubly

separable
structure

in
(9)

by
a
doubly

stochastic
coordinate

update
algorithm

outlined
in

A
lgorithm

1.
Let

p
=
{p1 ,...,p

m }and
q
=
{q1 ,...,q

n }be
tw
o
probability

distributions.D
uring

each
iteration

t,w
erandom

ly
pick

an
index

j∈{1,...,m}w
ith

probability
p
j ,

and
independently

pick
an

index
l∈
{1,...,n}w

ith
probability

q
l .

Then
w
e
com

pute
tw
o
vectors

u
(t+1)
j

∈
R

N
j
and

v
(t+1)
l

∈
R

d
l
(details

to
be

discussed
later),and

use
them

to
update

the
block

coordinates
α
j
and

w
l
w
hile

leaving
other

block
coordinates

unchanged.
The

update
form

ulas
in

(10)and
(11)use

the
proxim

alm
appings

ofthe
(scaled)functions

f ∗j
and

g
l respectively.

W
e

1.
M
ore

technically,w
e
need

to
assum

e
thateach

fi is
convex

and
low

ersem
i-continuous

so
that

f ∗∗i
=

fi (see,e.g.,
Rockafellar,1970,Section

12).Itautom
atically

holdsif
fi isconvex

and
differentiable,w

hich
w
e
w
illassum

e
later.
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D
SC

OV
R:

Ra
nd

om
iz

ed
Pr

im
al

-D
ua

l
A

lg
or

it
hm

s
fo

r
A

sy
nc

hr
on

ou
s

D
is

tr
ib

ut
ed

O
pt

im
iz

at
io

n

Al
go

rit
hm

1
D
SC

OV
R
fra

m
ew

or
k

in
pu

t:
in
iti
al
po

in
ts
w

(0
) ,
α

(0
) ,
an
d
ste

p
siz

es
σ
i
fo
ri
=

1,
..
.,

m
an
d
τ k

fo
rk
=

1,
..
.,

n.
1:

fo
rt
=

0,
1,

2,
..
.,
do

2:
pi
ck

j
∈{

1,
..
.,

m
}a

nd
l
∈{

1,
..
.,

n}
ra
nd

om
ly

w
ith

di
str

ib
ut
io
ns

p
an
d

q
re
sp
ec
tiv

el
y.

3:
co
m
pu

te
va
ria

nc
e-
re
du

ce
d
sto

ch
as
tic

gr
ad
ie
nt
su

(t
+

1)
j

an
d
v

(t
+

1)
l

.
4:

up
da
te
pr
im

al
an
d
du

al
bl
oc
k
co
or
di
na
te
s:

α
(t
+

1)
i

=
    pr

ox
σ

j
f
∗ j

( α
(t

)
j
+
σ

ju
(t
+

1)
j

)
if

i=
j,

α
(t

)
i
,

if
i,

j,
(1
0)

w
(t
+

1)
k

=
    pr

ox
τ
l
g
l

( w
(t

)
l
−
τ l
v

(t
+

1)
l

)
if

k
=

l,
w

(t
)

k
,

if
k
,

l.
(1
1)

5:
en

d
fo
r

re
ca
ll
th
at
th
e
pr
ox
im

al
m
ap
pi
ng

fo
ra

ny
co
nv
ex

fu
nc
tio

n
φ

:R
d
→

R
∪
{∞
}i
sd

efi
ne
d
as

pr
ox
φ

(v
)
4 =

ar
gm

in
u
∈R

d

{ φ
(u

)+
1 2‖

u
−
v
‖2

}
.

Th
er
ea

re
se
ve
ra
ld
iff
er
en
tw

ay
st
o
co
m
pu

te
th
ev

ec
to
rs

u(t
+

1)
j

an
d
v

(t
+

1)
l

in
St
ep

3
of

A
lg
or
ith

m
1.

Th
ey

sh
ou

ld
be

th
e
pa
rti
al
gr
ad
ie
nt
so

rs
to
ch
as
tic

gr
ad
ie
nt
so

ft
he

bi
lin

ea
rc

ou
pl
in
g
te
rm

in
L

(w
,α

)
w
ith

re
sp
ec
tt
o
α
j
an
d
w
l
re
sp
ec
tiv

el
y.

Le
t

K
(w
,α

)
=
α
T

X
w
=

m ∑ i=
1

n ∑ k
=

1
α
T i

X
ik
w
k
,

w
hi
ch

is
th
e
bi
lin

ea
r
te
rm

in
L

(w
,α

)
w
ith

ou
tt
he

fa
ct
or

1/
m
.
W
e
ca
n
us
e
th
e
fo
llo

w
in
g
pa
rti
al

gr
ad
ie
nt
si
n
St
ep

3:

ū(t
+

1)
j
=
∂

K
(w

(t
) ,
α

(t
) )

∂
α
j

=

n ∑ k
=

1
X
jk
w

(t
)

k
,

v̄
(t
+

1)
l

=
1 m
∂

K
(w

(t
) ,
α

(t
) )

∂
w
l

=
1 m

m ∑ i=
1

(X
il

)T
α

(t
)

i
.

(1
2)

W
e
no

te
th
at
th
e
fa
ct
or

1/
m
do

es
no

ta
pp

ea
ri
n
th
e
fir
st
eq
ua
tio

n
be
ca
us
e
it
m
ul
tip

lie
sb

ot
h

K
(w
,α

)
an
d

f∗ j
(α

j)
in

(9
)a

nd
he
nc
e
do

es
no

ta
pp

ea
ri
n
up

da
tin

g
α
j.
A
no

th
er

ch
oi
ce

is
to

us
e

u(t
+

1)
j
=

1 q l
X
jl
w

(t
)

l
,

v
(t
+

1)
l

=
1 p j

1 m
(X

jl
)T
α

(t
)

j
,

(1
3)

w
hi
ch

ar
e
un

bi
as
ed

sto
ch
as
tic

pa
rti
al
gr
ad
ie
nt
s,
be
ca
us
e

E l
[ u(t
+

1)
j

] =
n ∑ k
=

1
q k

1 q k
X
jk
w

(t
)

k
=

n ∑ k
=

1
X
jk
w

(t
)

k
=

ū(t
+

1)
j

,

E
j
[ v

(t
+

1)
l

] =
m ∑ i=

1
p i

1 p i

1 m
(X

il
)T
α

(t
)

i
=

1 m

m ∑ i=
1

(X
il

)T
α

(t
)

i
=
v̄

(t
+

1)
l

,
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X
ia

o,
Y

u,
Li

n
an

d
Ch

en

w
1

w
1

w
n

w
n

α
1

α
m

Fi
gu

re
2:

Si
m
ul
ta
ne
ou

s
da
ta

an
d
m
od

el
pa
ra
lle

lis
m
.

A
t
an
y
gi
ve
n
tim

e,
ea
ch

m
ac
hi
ne

is
bu

sy
up

da
tin

g
on

e
pa
ra
m
et
er

bl
oc
k
an
d
its

ow
n
du

al
va
ria

bl
e.

W
he
ne
ve
r
so
m
e
m
ac
hi
ne

is
do

ne
,i
ti
sa

ss
ig
ne
d
to

w
or
k
on

a
ra
nd

om
bl
oc
k
th
at
is
no

tb
ei
ng

up
da
te
d.

w
he
re

E
j
an
d

E l
ar
e
ex
pe
ct
at
io
ns

w
ith

re
sp
ec
tt
o
th
e
ra
nd

om
in
di
ce
s

j
an
d

lr
es
pe
ct
iv
el
y.

It
ca
n
be

sh
ow

n
th
at
,A

lg
or
ith

m
1
co
nv
er
ge
st
o
a
sa
dd

le
po

in
to

fL
(w
,α

)
w
ith

ei
th
er

ch
oi
ce

(1
2)

or
(1
3)

in
St
ep

3,
an
d
w
ith

su
ita

bl
e
ste

p
siz

es
σ
i
an
d
τ k
.
It
is

ex
pe
ct
ed

th
at

us
in
g
th
e
sto

ch
as
tic

gr
ad
ie
nt
si
n
(1
3)

le
ad
st
o
a
slo

w
er

co
nv
er
ge
nc
e
ra
te
th
an

ap
pl
yi
ng

(1
2)
.H

ow
ev
er
,u
sin

g
(1
3)

ha
st
he

ad
va
nt
ag
e
of

m
uc
h
le
ss

co
m
pu

ta
tio

n
du

rin
g
ea
ch

ite
ra
tio

n.
Sp

ec
ifi
ca
lly
,i
te

m
pl
oy
s
on

ly
on

e
bl
oc
k

m
at
rix

-v
ec
to
rm

ul
tip

lic
at
io
n
fo
rb

ot
h
up

da
te
s,
in
ste

ad
of

n
an
d

m
bl
oc
k
m
ul
tip

lic
at
io
ns

do
ne

in
(1
2)
.

M
or
e
im

po
rta

nt
ly
,t
he

ch
oi
ce

in
(1
3)

is
su
ita

bl
e
fo
rp

ar
al
le
la

nd
di
str

ib
ut
ed

co
m
pu

tin
g.

To
se
e

th
is,

le
t(

j(t
) ,

l(t
) )
de
no

te
th
e
pa
ir
of

ra
nd

om
in
di
ce
sd

ra
w
n
at
ite

ra
tio

n
t(
w
e
om

it
th
e
su
pe
rs
cr
ip
t(

t)
to

sim
pl
ify

no
ta
tio

n
w
he
ne
ve
r
th
er
e
is

no
co
nf
us
io
n
fro

m
th
e
co
nt
ex
t).

Su
pp

os
e
fo
r
a
se
qu
en
ce

of
co
ns
ec
ut
iv
e
ite

ra
tio

ns
t,
..
.,

t+
s,
th
er
e
is
no

co
m
m
on

in
de
x
am

on
g

j(t
) ,
..
.,

j(t
+
s
) ,
no

ra
m
on

g
l(t

) ,
..
.,

l(t
+
s
) ,
th
en

th
es
e

s
+

1
ite

ra
tio

ns
ca
n
be

do
ne

in
pa
ra
lle

la
nd

th
ey

pr
od

uc
e
th
e
sa
m
e
up

da
te
s

as
be
in
g
do

ne
se
qu
en
tia

lly
.S

up
po

se
th
er
e
ar
e

s
+

1
pr
oc
es
so
rs
or

m
ac
hi
ne
s,
th
en

ea
ch

ca
n
ca
rr
y
ou

t
on

e
ite

ra
tio

n,
w
hi
ch

in
cl
ud

es
th
e
up

da
te
s
in

(1
3)

as
w
el
la

s
(1
0)

an
d
(1
1)
.
Th

es
e

s
+

1
ite

ra
tio

ns
ar
e
in
de
pe
nd

en
to

fe
ac
h
ot
he
r,
an
d
in

fa
ct

ca
n
be

do
ne

in
an
y
or
de
r,
be
ca
us
e
ea
ch

on
ly

in
vo
lv
e
on

e
pr
im

al
bl
oc
k
w
l(
t
)
an
d
on

e
du

al
bl
oc
k
α
j(
t
),
fo
rb

ot
h
in
pu

ta
nd

ou
tp
ut

(v
ar
ia
bl
es

on
th
e
rig

ht
an
d
le
ft

sid
es

of
th
e
as
sig

nm
en
ts
re
sp
ec
tiv

el
y)
.
In

co
nt
ra
st,

th
e
in
pu

tf
or

th
e
up

da
te
s
in

(1
2)

de
pe
nd

on
al
l

pr
im

al
an
d
du

al
bl
oc
ks

at
th
e
pr
ev
io
us

ite
ra
tio

n,
th
us

ca
nn

ot
be

do
ne

in
pa
ra
lle

l.
In

pr
ac
tic

e,
su
pp

os
ew

eh
av
e

m
m
ac
hi
ne
sf
or

so
lv
in
g
pr
ob

le
m
(9
),
an
d
ea
ch

ho
ld
st
he

da
ta
m
at
rix

X
i:
in

m
em

or
y
an
d
m
ai
nt
ai
ns

th
e
du

al
bl
oc
k
α
i,
fo
ri
=

1,
..
.,

m
.
W
e
as
su
m
e
th
at

th
e
nu

m
be
ro

f
m
od

el
pa
rti
tio

ns
n
is
la
rg
er

th
an

m
,a
nd

th
e

n
m
od

el
bl
oc
ks
{w

1,
..
.,
w
n
}a

re
sto

re
d
at
on

e
or

m
or
e

pa
ra
m
et
er

se
rv
er
s.

In
th
e
be
gi
nn

in
g,

w
e
ca
n
ra
nd

om
ly

pi
ck

m
m
od

el
bl
oc
ks

(s
am

pl
in
g
w
ith

ou
t

re
pl
ac
em

en
t)
fro

m
{w

1,
..
.,
w
n
},
an
d
as
sig

n
ea
ch

m
ac
hi
ne

to
up

da
te

on
e
of

th
em

.
If
m
ac
hi
ne

i
is

as
sig

ne
d
to

up
da
te
bl
oc
k

k,
th
en

bo
th
α
i
an
d
w
k
ar
eu

pd
at
ed
,u
sin

g
on

ly
th
em

at
rix

X
ik
;m

or
eo
ve
r,
it

ne
ed
st
o
co
m
m
un

ic
at
e
on

ly
th
e
bl
oc
k
w
k
w
ith

th
e
pa
ra
m
et
er

se
rv
er

th
at
ar
e
re
sp
on

sib
le
to

m
ai
nt
ai
n

it.
W
he
ne
ve
r
on

e
m
ac
hi
ne

fin
ish

es
its

up
da
te
,a

sc
he
du

le
r
ca
n
ra
nd

om
ly

pi
ck

an
ot
he
r
pa
ra
m
et
er

bl
oc
k
th
at
is
no

tc
ur
re
nt
ly

up
da
te
d
by

ot
he
rm

ac
hi
ne
s,
an
d
as
sig

n
it
to

th
e
fre

e
m
ac
hi
ne
.
Th

er
ef
or
e

al
l
m
ac
hi
ne
s
ca
n
w
or
k
in

pa
ra
lle

l,
in

an
as
yn

ch
ro
no

us
,
ev
en
t-d

riv
en

m
an
ne
r.

H
er
e
an

ev
en
t
is

th
e
co
m
pl
et
io
n
of

a
bl
oc
k
up

da
te

at
an
y
m
ac
hi
ne
,a

s
ill
us
tra

te
d
in

Fi
gu

re
2.

W
e
w
ill

di
sc
us
s
th
e

im
pl
em

en
ta
tio

n
de
ta
ils

in
Se

ct
io
n
7.
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D
SCOV

R:Random
ized

Prim
al-D

ual
A

lgorithm
s

for
A

synchronous
D

istributed
O

ptim
ization

The
idea

of
using

doubly
stochastic

updates
for

distributed
optim

ization
in

notnew.
Ithas

been
studied

by
Yun

etal.(2014)forsolving
the

m
atrix

com
pletion

problem
,and

by
M
atsushim

a
et

al.(2014)
for

solving
the

saddle-point
form

ulation
of

the
ERM

problem
.

D
espite

their
nice

featuresforparallelization,these
algorithm

sinheritthe
O

(1
/ √

t)(orO
(1
/t)w

ith
strong

convexity)
sublinear

convergence
rate

of
the

classicalstochastic
gradientm

ethod.
They

translate
into

high
com

m
unication

and
com

putation
costfordistributed

optim
ization.

In
this

paper,w
e
propose

new
variants

of
doubly

stochastic
update

algorithm
s
by

using
variance-reduced

stochastic
gradients

(Step
3
ofA

lgorithm
1).M

orespecifically,w
eborrow

thevariance-reduction
techniquesfrom

SV
RG

(Johnson
and

Zhang,2013)and
SAG

A
(D

efazio
etal.,2014)to

develop
the

D
SCOV

R
algorithm

s,
w
hich

enjoy
fastlinearratesofconvergence.In

therestofthissection,w
esum

m
arizeourtheoretical

results
characterizing

the
three

m
easures

for
D
SCOV

R:com
putation

com
plexity,com

m
unication

com
plexity,and

synchronization
cost.

W
e
com

pare
them

w
ith

distributed
im

plem
entation

ofbatch
first-orderalgorithm

s.

2.1.Sum
m
ary

ofM
ain

Results
Throughoutthispaper,w

e
use‖·‖

to
denote

thestandard
Euclidean

norm
forvectors.Form

atrices,
‖·‖

denotes
the

operator
(spectral)

norm
and
‖·‖

F
denotes

the
Frobenius

norm
.
W
e
m
ake

the
follow

ing
assum

ption
regarding

the
optim

ization
problem

(1).

Assum
ption

1
Each

fi isconvexand
differentiable,and

itsgradientis
(1
/γ

i )-Lipschitzcontinuous,
i.e.,

‖∇
fi (u)−∇

fi (v)‖≤
1γ
i ‖u−

v‖,
∀

u,v∈
R

N
i,

i
=

1,...,m
.

(14)

In
addition,the

regularization
function

g
is
λ-strongly

convex,i.e.,

g(w
′)≥

g(w
)
+
ξ
T

(w
′−

w
)
+
λ2 ‖w

′−
w‖ 2,

∀
ξ∈

∂
g(w

),
w
′,w
∈

R
d
.

U
nderA

ssum
ption

1,each
f ∗i

is
γ
i -strongly

convex
(see,e.g.,H

iriart-U
rruty

and
Lem

aréchal,2001,
Theorem

4.2.2),and
L

(w
,α

)defined
in

(5)hasa
unique

saddle
point(w

?,α
?).

The
condition

(14)isoften
referred

to
as

fi being
1
/γ

i -sm
ooth.To

sim
plify

discussion,here
w
e

assum
e
γ
i
=
γ
fori

=
1,...,m

.
U
nderthese

assum
ptions,each

com
posite

function
fi (X

i w
)has

a
sm

oothnessparam
eter‖X

i ‖ 2/γ
(upperbound

on
thelargesteigenvalueofitsH

essian).Theiraverage
(1
/m

) ∑
mi=1

fi (X
i w

)
has

a
sm

ooth
param

eter‖X‖ 2/(m
γ),w

hich
no

largerthan
the

average
ofthe

individualsm
ooth

param
eters

(1
/m

) ∑
mi=1 ‖X

i ‖ 2/γ.
W
e
define

a
condition

num
berforproblem

(1)
asthe

ratio
betw

een
thissm

ooth
param

eterand
the

convexity
param

eter
λ
of

g:

κbat
=
‖X‖ 2
m
λ
γ
≤

1m

m
∑i=1 ‖X

i: ‖ 2
λ
γ
≤
‖X‖ 2m

ax
λ
γ

,
(15)

w
here

‖X‖m
ax
=

m
ax

i {‖X
i: ‖}.

This
condition

num
ber

is
a
key

factor
to

characterize
the

iter-
ation

com
plexity

of
batch

first-order
m
ethods

for
solving

problem
(1),

i.e.,
m
inim

izing
P

(w
).

Specifically,
to

find
a
w

such
that

P
(w

)−
P

(w
?)
≤
ε,

the
proxim

al
gradient

m
ethod

requires
O

((1
+
κbat )log(1

/ε) )
iterations,and

their
accelerated

variants
require

O
((1
+ √

κbat )log(1
/ε) )

iterations
(e.g.,N

esterov,2004;Beck
and

Teboulle,2009;N
esterov,2013).

Prim
al-dualfirstorder

m
ethodsforsolving

the
saddle-pointproblem

(8)share
the

sam
e
com

plexity
(Cham

bolle
and

Pock,
2011,2015).
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X
iao,Y

u,Lin
and

Chen

A
lgorithm

s
Com

putation
com

plexity
Com

m
unication

com
plexity

(num
berofpassesoverdata)

(num
berofvectorsin

R
d)

batch
first-orderm

ethods
(1
+
κbat )log(1

/ε)
m

(1
+
κbat )log(1

/ε)

D
SCOV

R
(1
+
κrand /m

)log(1
/ε)

(m
+
κrand )log(1

/ε)

accelerated
batch

first-orderm
ethods

(1
+ √

κbat )log(1
/ε)

m
(1
+ √

κbat )log(1
/ε)

accelerated
D
SCOV

R
(1
+ √

κrand /m
)log(1

/ε)
(m
+ √

m·κrand )log(1
/ε)

Table
1:

Com
putation

and
com

m
unication

com
plexitiesofbatch

first-orderm
ethodsand

D
SCOV

R
(forboth

SV
RG

and
SAG

A
variants).W

e
om

itthe
O

(·)notation
in

allentriesand
an

extra
log(1

+
κrand /m

)factorforaccelerated
D
SCOV

R
algorithm

s.

A
fundam

entalbaseline
forevaluating

any
distributed

optim
ization

algorithm
sisthe

distributed
im

plem
entation

ofbatch
first-orderm

ethods.Let’sconsidersolving
problem

(1)using
the

proxim
al

gradientm
ethod.

D
uring

every
iteration

t,each
m
achine

receives
a
copy

of
w

(t)∈
R

d
from

a
m
asterm

achine
(through

Broadcast),and
com

putesthe
localgradientz

(t)
i
=

X
Ti ∇

fi (X
i w

(t))∈
R

d.
Then

a
collective

com
m
unication

isinvoked
to

com
pute

the
batch

gradientz
(t)
=

(1
/m

) ∑
mi=1

z
(t)
i

at
the

m
aster(Reduce).

The
m
asterthen

takes
a
proxim

algradientstep,using
z

(t)and
the

proxim
al

m
apping

of
g,to

com
pute

the
nextiterate

w
(t+1)

and
broadcastitto

every
m
achine

for
the

next
iteration.

W
e
can

also
use

the
A
llReduce

operation
in

M
PIto

obtain
z

(t)ateach
m
achine

w
ithout

a
m
aster.

In
eithercase,the

totalnum
berofpasses

overthe
data

is
tw

ice
the

num
berofiterations

(due
to

m
atrix-vector

m
ultiplications

using
both

X
i
and

X
Ti ),

and
the

num
ber

of
vectors

in
R

d

sent/received
acrossallm

achinesis2m
tim

esthe
num

berofiterations(see
Table

1).M
oreover,all

com
m
unicationsare

collective
and

synchronous.
Since

D
SCOV

R
isa

fam
ily

ofrandom
ized

algorithm
sforsolving

the
saddle-pointproblem

(8),
w
e
w
ould

like
to

find
(w
,α

)such
that‖w

(t)−
w
?‖ 2
+

(1
/m

)‖α
(t)−

α
?‖ 2≤

ε
holdsin

expectation
and

w
ith

high
probability.W

elistthecom
m
unication

and
com

putation
com

plexitiesofD
SCOV

R
in

Table
1,com

paring
them

w
ith

batch
first-orderm

ethods.Sim
ilarguaranteesalso

hold
forreducing

the
duality

gap
P

(w
(t))−

D
(α

(t)),w
here

P
and

D
are

defined
in

(6)and
(7)respectively.

The
key

quantity
characterizing

the
com

plexities
of

D
SCOV

R
is

the
condition

num
ber

κrand ,
w
hich

can
be

defined
in

severaldifferentw
ays.

Ifw
e
pick

the
data

block
iand

m
odelblock

k
w
ith

uniform
distribution,i.e.,p

i
=

1
/m

fori
=

1,...,m
and

q
k
=

1
/n

for
k
=

1,...,n,then

κrand
=

n‖X‖ 2m×
n

λ
γ

,
w
here

‖X‖
m×

n
=

m
ax
i,k
‖X

ik ‖.
(16)

Com
paring

the
definition

of
κbat in

(15),w
e
have

κbat ≤
κrand because

1m
‖X‖ 2≤

1m

m
∑i=1 ‖X

i ‖ 2≤
1m

m
∑i=1

n
∑k
=1 ‖X

ik ‖ 2≤
n‖X‖ 2m×

n .

W
ith

X
i:
=

[X
i1 ···X

im ]∈
R

N
i ×

d
and

X
:k
=

[X
1
k ;...;X

m
k ]∈

R
N×

d
k,w

e
can

also
define

κ ′rand
=
‖X‖ 2m

ax,F

λ
γ

,
w
here

‖X‖m
ax,F
=

m
ax
i,k

{‖X
i: ‖

F
,‖X

:k ‖
F }.

(17)
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ed

al
go

rit
hm

s
an
d
ob

ta
in

im
pr
ov
ed

co
m
m
un

ic
at
io
n
an
d
co
m
pu

ta
tio

n
co
m
pl
ex
ity
.

M
os
tw

or
k
on

as
yn

ch
ro
no

us
di
str

ib
ut
ed

al
go

rit
hm

se
xp

lo
it
m
od

el
pa
ra
lle

lis
m

in
or
de
rt
o
re
du

ce
th
e
sy
nc
hr
on

iz
at
io
n
co
st,

es
pe
ci
al
ly

in
th
e
se
tti
ng

w
ith

pa
ra
m
et
er

se
rv
er
s(
e.
g.
,L

ie
ta
l.,

20
14

;X
in
g

et
al
.,
20

15
;A

yt
ek
in
et
al
.,
20

16
).
Be

sid
es
,d
el
ay

ca
us
ed

by
th
ea

sy
nc
hr
on
y
ca
n
be

in
co
rp
or
at
ed

to
th
e

ste
p
siz

e
to

ga
in

pr
ac
tic

al
im

pr
ov
em

en
to

n
co
nv
er
ge
nc
e
(e
.g
.,
A
ga
rw

al
an
d
D
uc
hi
,2

01
1;

M
cM

ah
an

an
d
St
re
et
er
,2

01
4;

Sr
a
et

al
.,
20

16
),
th
ou

gh
th
e
th
eo
re
tic

al
su
bl
in
ea
rr
at
es

re
m
ai
n.

Th
er
e
ar
e
al
so

m
an
y
re
ce
nt

w
or
k
on

as
yn

ch
ro
no

us
pa
ra
lle

ls
to
ch
as
tic

gr
ad
ie
nt

an
d
co
or
di
na
te
-d
es
ce
nt

al
go

rit
hm

s
fo
r
co
nv
ex

op
tim

iz
at
io
n
(e
.g
.,
Re

ch
te

ta
l.,

20
11

;L
iu

et
al
.,
20

14
;S

hi
et

al
.,
20

15
;R

ed
di

et
al
.,

20
15

;R
ic
ht
ár
ik

an
d
Ta
ká
č,
20

16
;P

en
g
et

al
.,
20

16
).

W
he
n
th
e
w
or
kl
oa
ds

or
co
m
pu

tin
g
po
w
er

of
di
ffe

re
nt

m
ac
hi
ne
so

rp
ro
ce
ss
or
sa

re
no

nu
ni
fo
rm

,t
he
y
m
ay

sig
ni
fic

an
tly

in
cr
ea
se

ite
ra
tio

n
effi

ci
en
cy

(n
um

be
ro

fi
te
ra
tio

ns
do

ne
in

un
it
tim

e)
,b

ut
of
te
n
at
th
e
co
st
of

re
qu
iri
ng

m
or
e
ite

ra
tio

ns
th
an

th
ei
r

sy
nc
hr
on

ou
s
co
un

te
rp
ar
ts
(d
ue

to
de
la
ys

an
d
sta

le
up

da
te
s)
.
So

th
er
e
is
a
su
bt
le

ba
la
nc
e
be
tw
ee
n

ite
ra
tio

n
effi

ci
en
cy

an
d
ite

ra
tio

n
co
m
pl
ex
ity

(e
.g
.,
H
an
na
h
an
d
Y
in
,2

01
7)
.

O
ur

di
sc
us
sio

ns
in

Se
ct
io
n
2.
1
sh
ow

th
at
D
SC

OV
R
is
ca
pa
bl
e
of

im
pr
ov
in
g
bo

th
as
pe
ct
s.

Fo
rs

ol
vi
ng

bi
lin

ea
rs

ad
dl
e-
po

in
tp

ro
bl
em

s
w
ith

a
fin

ite
-s
um

str
uc
tu
re
,Z

ha
ng

an
d
X
ia
o
(2
01

7)
pr
op

os
ed

ar
an
do

m
iz
ed

al
go

rit
hm

th
at
w
or
ks

w
ith

du
al
co
or
di
na
te
up

da
te
bu

tf
ul
lp
rim

al
up

da
te
.Y

u
et
al
.(
20

15
)p

ro
po

se
d
ad

ou
bl
y
sto

ch
as
tic

al
go

rit
hm

th
at
w
or
ks

w
ith

bo
th
pr
im

al
an
d
du

al
co
or
di
na
te

up
da
te
s
ba
se
d
on

eq
ua
tio

n
(1
2)
.
Bo

th
of

th
em

ac
hi
ev
ed

ac
ce
le
ra
te
d
lin

ea
rc

on
ve
rg
en
ce

ra
te
s,
bu

t
ne
ith

er
ca
n
be

re
ad
ily

ap
pl
ie
d
to

di
str

ib
ut
ed

co
m
pu

tin
g.

In
ad
di
tio

n,
Ba

la
m
ur
ug
an

an
d
Ba

ch
(2
01

6)
pr
op

os
ed

sto
ch
as
tic

va
ria

nc
e-
re
du

ct
io
n
m
et
ho

ds
(a
lso

ba
se
d
on

SV
RG

an
d
SA

G
A
)f
or

so
lv
in
g
m
or
e

ge
ne
ra
lc

on
ve
x-
co
nc
av
e
sa
dd

le
po

in
tp

ro
bl
em

s.
Fo

r
th
e
sp
ec
ia
lc

as
e
w
ith

bi
lin

ea
r
co
up

lin
g,

th
ey

ob
ta
in
ed

sim
ila

rc
om

pu
ta
tio

n
co
m
pl
ex
ity

as
D
SC

OV
R.

H
ow

ev
er
,t
he
ir
m
et
ho

ds
re
qu
ire

fu
ll
m
od

el
up

da
te
sa

te
ac
h
ite

ra
tio

n
(e
ve
n
th
ou

gh
w
or
ki
ng

w
ith

on
ly
on

es
ub

-b
lo
ck

of
da
ta
),
th
us

ar
en

ot
su
ita

bl
e

fo
rd

ist
rib

ut
ed

co
m
pu

tin
g.

W
ith

ad
di
tio

na
la
ss
um

pt
io
ns

an
d
str

uc
tu
re
,s
uc
h
as

sim
ila

rit
y
be
tw
ee
n
th
el
oc
al
co
st
fu
nc
tio

ns
at

di
ffe

re
nt

m
ac
hi
ne
so

ru
sin

g
se
co
nd

-o
rd
er

in
fo
rm

at
io
n,

it
is
po

ss
ib
le
to

ob
ta
in

be
tte

rc
om

m
un

ic
at
io
n

co
m
pl
ex
ity

fo
r
di
str

ib
ut
ed

op
tim

iz
at
io
n;

se
e,

e.
g.
,S

ha
m
ir
et

al
.(
20

14
);
Zh

an
g
an
d
X
ia
o
(2
01

5)
;

Re
dd

ie
ta
l.
(2
01

6)
.H

ow
ev
er
,t
he
se

al
go

rit
hm

sr
el
y
on

m
uc
h
m
or
e
co
m
pu

ta
tio

n
at
ea
ch

m
ac
hi
ne

fo
r

so
lv
in
g
a
lo
ca
ls
ub

-p
ro
bl
em

at
ea
ch

ite
ra
tio

n.
W
ith

ad
di
tio

na
lm

em
or
y
an
d
pr
ep
ro
ce
ss
in
g
at

ea
ch

m
ac
hi
ne
,L

ee
et
al
.(
20

17
b)

sh
ow

ed
th
at
SV

RG
ca
n
be

ad
ap
te
d
fo
rd

ist
rib

ut
ed

op
tim

iz
at
io
n
to

ob
ta
in

lo
w
co
m
m
un

ic
at
io
n
co
m
pl
ex
ity
.
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D
SCOV

R:Random
ized

Prim
al-D

ual
A

lgorithm
s

for
A

synchronous
D

istributed
O

ptim
ization

Algorithm
2
D
SCOV

R-SV
RG

input:
initialpoints

w̄
(0),

ᾱ
(0),num

berofstages
S
and

num
berofiterationsperstage

M
.

1:for
s
=

0,1,2,...,S−
1
do

2:
ū

(s)
=

X
w̄

(s)and
v̄

(s)
=

1m
X
T
ᾱ

(s)

3:
w

(0)
=
w̄

(s)and
α

(0)
=
ᾱ

(s)

4:
for

t
=

0,1,2,...,M
−

1
do

5:
pick

j∈{1,...,m}and
l∈{1,...,n}random

ly
w
ith

distributions
p
and

q
respectively.

6:
com

pute
variance-reduced

stochastic
gradients:

u
(t+1)
j

=
ū

(s)
j
+

1q
l X

jl (w
(t)
l
−
w̄

(s)
l

),
(19)

v
(t+1)
l

=
v̄

(s)
l
+

1p
j 1m

(X
jl ) T (α

(t)
j
−
ᾱ

(s)
j

).
(20)

7:
update

prim
aland

dualblock
coordinates:

α
(t+1)
i

=


prox
σ

j
f ∗j (α

(t)
j
+
σ

j u
(t+1)
j

)
ifi
=

j,

α
(t)
i
,

ifi
,

j,

w
(t+1)
k

=


prox
τ
l g

l (w
(t)
l
−
τ
l v

(t+1)
l

)
if

k
=

l,
w

(t)
k
,

if
k
,

l.

8:
end

for
9:

w̄
(s
+1)
=
w

(M
)and

ᾱ
(s
+1)
=
α

(M
).

10:end
for

output:
w̄

(S
)and

ᾱ
(S

).

3.TheDSCOVR-SVRG
Algorithm

From
thissection

to
Section

6,w
e
presentseveralrealizationsofD

SCOV
R
using

differentvariance
reduction

techniques
and

acceleration
schem

es,and
analyze

their
convergence

properties.
These

algorithm
s
are

presented
and

analyzed
as

sequentialrandom
ized

algorithm
s.

W
e
w
illdiscuss

how
to

im
plem

entthem
forasynchronousdistributed

com
puting

in
Section

7.
A
lgorithm

2
is

a
D
SCOV

R
algorithm

thatuses
the

technique
of

SV
RG

(Johnson
and

Zhang,
2013)forvariance

reduction.The
iterationsare

divided
into

stagesand
each

stage
hasa

innerloop.
Each

stage
is

initialized
by

a
pairofvectors

w̄
(s)∈

R
d
and

ᾱ
(s)∈

R
N
,w

hich
com

e
from

either
initialization

(if
s
=

0)orthe
lastiterate

ofthe
previous

stage
(if

s
>

0).
A
tthe

beginning
ofeach

stage,w
e
com

pute
the

batch
gradients

ū
(s)
=

∂

∂
ᾱ

(s) ((ᾱ
(s)) T

X
w̄

(s) )
=

X
w̄

(s),
v̄

(s)
=

∂

∂
w̄

(s) (1m
(ᾱ

(s)) T
X
w̄

(s) )
=

1m
X
T
ᾱ

(s).

The
vectors

ū
(s)and

v̄
(s)share

the
sam

e
partitionsas

α
(t)and

w
(t),respectively.Inside

each
stage

s,
thevariance-reduced

stochasticgradientsarecom
puted

in
(19)and

(20).Itiseasy
to
check

thatthey

11
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X
iao,Y

u,Lin
and

Chen

areunbiased.M
orespecifically,taking

expectation
ofu

(t+1)
j

w
ith

respectto
therandom

index
lgives

E
l [u

(t+1)
j

]
=

ū
(s)
j
+

n
∑k
=1 q

k
1q
k

X
jk (w

(t)
k
−
w̄

(s)
k

)
=

ū
(s)
j
+

X
j: w

(t)−
X
j: w̄

(s)
=

X
j: w

(t),

and
taking

expectation
of

v
(t+1)
l

w
ith

respectto
the

random
index

jgives

E
j [v

(t+1)
l

]
=
v̄

(s)
l
+

m
∑i=1

p
i 1p

i 1m
(X

il ) T (α
(t)
i
−
ᾱ

(s)
i

)
=
v̄

(s)
l
+

1m
(X

:l ) T
(α

(t)−
ᾱ

(s) )
=

1m
(X

:l ) T
α

(t).

In
orderto

m
easure

the
distance

ofany
pairofprim

aland
dualvariablesto

the
saddle

point,w
e

defineaw
eighted

squared
Euclidean

norm
onR

d
+
N
.Specifically,forany

pair(w
,α

)w
here

w
∈

R
d

and
α
=

[α
1 ,...,α

m ]∈
R

N
w
ith

α
i ∈

R
N

i,w
e
define

Ω
(w
,α

)
=
λ‖w‖ 2

+
1m

m
∑i=1

γ
i ‖α

i ‖ 2.
(21)

If
γ
i
=
γ
foralli

=
1,...,m

,then
Ω

(w
,α

)
=
λ‖w‖ 2

+
γm ‖α‖ 2.

W
e
have

the
follow

ing
theorem

concerning
the

convergence
rate

ofA
lgorithm

2.

Theorem
1

Suppose
Assum

ption
1
holds,and

let
(w

?,α
?)be

the
unique

saddle
pointof

L
(w
,α

).
Let
Γ
be

a
constantthatsatisfies

Γ
≥

m
ax
i,k

{
1p
i (1
+

9‖X
ik ‖ 2

2q
k
λ
γ
i )
,

1q
k

(1
+

9n‖X
ik ‖ 2

2m
p
i λ
γ
i )}

.
(22)

In
Algorithm

2,ifwe
choose

the
step

sizesas

σ
i
=

1
2
γ
i (p

i Γ−
1) ,

i
=

1,...,m
,

(23)

τ
k
=

1
2
λ

(q
k
Γ−

1) ,
k
=

1,...,n,
(24)

and
the

num
berofiterationsduring

each
stage

satisfies
M
≥

log(3)Γ,then
forany

s
>

0,

E [Ω
(w̄

(s)−
w
?,ᾱ

(s)−
α
? ) ]≤

(23 )
s

Ω
(w̄

(0)−
w
?,ᾱ

(0)−
α
? ).

(25)

TheproofofTheorem
1
isgiven

in
A
ppendix

A
.H

erew
ediscusshow

to
choosetheparam

eter
Γ

to
satisfy

(22).Forsim
plicity,w

e
assum

e
γ
i
=
γ
foralli

=
1,...,m

.

•
Ifw

e
let‖X‖

m×
n
=

m
ax

i,k {‖X
ik ‖}and

sam
ple

w
ith

the
uniform

distribution
acrossboth

row
s

and
colum

ns,i.e.,p
i
=

1
/m

fori
=

1,...,m
and

q
k
=

1
/n

for
k
=

1,...,n,then
w
e
can

set

Γ
=

m
ax{m

,n} (1
+

9n‖X‖ 2m×
n

2
λ
γ

)
=

m
ax{m

,n} (1
+

92
κrand )

,

w
here

κrand
=

n‖X‖ 2m×
n /(λ

γ)asdefined
in

(16).
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D
SC

OV
R:

Ra
nd

om
iz

ed
Pr

im
al

-D
ua

l
A

lg
or

it
hm

s
fo

r
A

sy
nc

hr
on

ou
s

D
is

tr
ib

ut
ed

O
pt

im
iz

at
io

n

•
A
n
al
te
rn
at
iv
e
co
nd

iti
on

fo
rΓ

to
sa
tis
fy

is
(s
ho
w
n
in

Se
ct
io
n
A
.1

in
th
e
A
pp

en
di
x)

Γ
≥

m
ax
i,
k

    1 p i
* ,1
+

9‖
X

:k
‖2 F

2q
k
m
λ
γ
i

+ -,
1 q k

* ,1
+

9‖
X
i:
‖2 F

2p
im
λ
γ
i

+ -    .
(2
6)

A
ga
in

us
in
g
un

ifo
rm

sa
m
pl
in
g,

w
e
ca
n
se
t

Γ
=

m
ax
{m
,n
}* ,1
+

9‖
X
‖2 m

ax
,F

2λ
γ

+ -=
m

ax
{m
,n
}( 1
+

9 2κ
′ ra

nd

) ,

w
he
re
‖X
‖ m

ax
,F
=

m
ax

i,
k
{‖

X
i:
‖ F
,‖

X
:k
‖ F
}a

nd
κ
′ ra

nd
=
‖X
‖2 m

ax
,F

/ (λ
γ

)
as

de
fin

ed
in

(1
7)
.

•
U
sin

g
th
e
co
nd

iti
on

(2
6)
,i
f
w
e
ch
oo

se
th
e
pr
ob

ab
ili
tie

s
to

be
pr
op

or
tio

na
lt
o
th
e
sq
ua
re
d

Fr
ob

en
iu
sn

or
m
so

ft
he

da
ta
pa
rti
tio

ns
,i
.e
.,

p i
=
‖X

i:
‖2 F

‖X
‖2 F

,
q k
=
‖X

:k
‖2 F

‖X
‖2 F

,
(2
7)

th
en

w
e
ca
n
ch
oo

se

Γ
=

1
m

in
i,
k
{p

i,
q k
}* ,1
+

9‖
X
‖2 F

2m
λ
γ

+ -=
1

m
in

i,
k
{p

i,
q k
}( 1
+

9 2κ
′′ ra

nd

) ,

w
he
re
κ
′′ ra

nd
=
‖X
‖2 F

/ (m
λ
γ

).
M
or
eo
ve
r,
w
e
ca
n
se
tt
he

ste
p
siz

es
as

(s
ee

A
pp

en
di
x
A
.1
)

σ
i
=

m
λ

9‖
X
‖2 F

,
τ k
=

m
γ
i

9‖
X
‖2 F

.

•
Fo

rt
he

ER
M

pr
ob

le
m

(3
),
w
e
as
su
m
e
th
at

ea
ch

lo
ss

fu
nc
tio

n
φ
j,
fo
r

j
=

1,
..
.,

N
,i
s

1/
ν
-

sm
oo

th
.
A
cc
or
di
ng

to
(4
),
th
e
sm

oo
th

pa
ra
m
et
er

fo
re

ac
h

f i
is
γ
i
=
γ
=

(N
/m

)ν
.
Le

tR
be

th
e
la
rg
es
tE

uc
lid

ea
n
no

rm
am

on
g
al
lr
ow

s
of

X
(o
rw

e
ca
n
no

rm
al
iz
e
ea
ch

ro
w

to
ha
ve

th
e

sa
m
e
no

rm
R
),
th
en

w
e
ha
ve
‖X
‖2 F
≤

N
R

2
an
d

κ
′′ ra

nd
=
‖X
‖2 F

m
λ
γ
≤

N
R

2

m
λ
γ
=

R
2

λ
ν
.

(2
8)

Th
e
up

pe
rb

ou
nd

R
2 /

(λ
ν

)
is
a
co
nd

iti
on

nu
m
be
ru

se
d
fo
rc

ha
ra
ct
er
iz
in
g
th
e
ite

ra
tio

n
co
m
-

pl
ex
ity

of
m
an
y
ra
nd

om
iz
ed

al
go

rit
hm

sf
or

ER
M

(e
.g
.,
Sh

al
ev
-S
hw

ar
tz
an
d
Zh

an
g,

20
13

;L
e

Ro
ux

et
al
.,
20

12
;J
oh

ns
on

an
d
Zh

an
g,
20

13
;D

ef
az
io

et
al
.,
20

14
;Z

ha
ng

an
d
X
ia
o,
20

17
).
In

th
is
ca
se
,u

sin
g
th
e
no

n-
un

ifo
rm

sa
m
pl
in
g
in

(2
7)
,w

e
ca
n
se
tt
he

ste
p
siz

es
to

be

σ
i
=

λ 9R
2

m N
,

τ k
=

γ 9R
2

m N
=

ν 9R
2
.

(2
9)

N
ex
tw

e
es
tim

at
e
th
e
ov
er
al
lc

om
pu

ta
tio

n
co
m
pl
ex
ity

of
D
SC

OV
R-
SV

RG
in

or
de
rt
o
ac
hi
ev
e

E
[ Ω

(w̄
(s

) −
w
?
,ᾱ

(s
) −
α
?

)] ≤
ε.

Fr
om

(2
5)
,t
he

nu
m
be
ro

fs
ta
ge
sr
eq
ui
re
d
is

lo
g( Ω

(0
) /
ε
)/

lo
g(

3/
2)
,

w
he
re
Ω

(0
)
=
Ω

(w̄
(0

)
−
w
?
,ᾱ

(0
)
−
α
?

).
Th

e
nu

m
be
r
of

in
ne
r
ite

ra
tio

ns
w
ith

in
ea
ch

sta
ge

is
M
=

lo
g(

3)
Γ
.

A
t
th
e
be
gi
nn

in
g
of

of
ea
ch

sta
ge
,
co
m
pu

tin
g
th
e
ba
tc
h
gr
ad
ie
nt
s

ū(s
)
an
d
v̄

(s
)
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X
ia

o,
Y

u,
Li

n
an

d
Ch

en

re
qu
ire

sg
oi
ng

th
ro
ug

h
th
e
w
ho

le
da
ta
se
tX

,w
ho

se
co
m
pu

ta
tio

na
lc
os
ti
se

qu
iv
al
en
tt
o

m
×n

in
ne
r

ite
ra
tio

ns
.
Th

er
ef
or
e,

th
e
ov
er
al
lc

om
pl
ex
ity

of
A
lg
or
ith

m
2,

m
ea
su
re
d
by

to
ta
ln

um
be
r
of

in
ne
r

ite
ra
tio

ns
,i
s

O
( ( m

n
+
Γ
) lo

g
( Ω

(0
)

ε

))
.

To
sim

pl
ify

di
sc
us
sio

n,
w
e
fu
rth

er
as
su
m
e

m
≤

n,
w
hi
ch

is
al
w
ay
s
th
e
ca
se

fo
rd

ist
rib

ut
ed

im
pl
e-

m
en
ta
tio

n
(s
ee

Fi
gu

re
2
an
d
Se

ct
io
n
7)
.
In

th
is
ca
se
,w

e
ca
n
le
tΓ
=

n(
1
+

(9
/2

)κ
ra

nd
).

Th
us

th
e

ab
ov
e
ite

ra
tio

n
co
m
pl
ex
ity

be
co
m
es O

( n(
1
+

m
+
κ r

an
d)

lo
g(

1/
ε

)) .
(3
0)

Si
nc
e
th
e
ite

ra
tio

n
co
m
pl
ex
ity

in
(3
0)

co
un

ts
th
e
nu

m
be
ro

fb
lo
ck
s

X
ik
be
in
g
pr
oc
es
se
d,
th
e
nu

m
be
r

of
pa
ss
es

ov
er

th
e
w
ho

le
da
ta
se
tX

ca
n
be

ob
ta
in
ed

by
di
vi
di
ng

it
by

m
n,

i.e
.,

O
((

1
+
κ r

an
d

m

) lo
g(

1/
ε

)) .
(3
1)

Th
is
is
th
e
co
m
pu

ta
tio

n
co
m
pl
ex
ity

of
D
SC

OV
R
lis
te
d
in

Ta
bl
e
1.

W
e
ca
n
re
pl
ac
e
κ r

an
d
by

κ
′ ra

nd
or

κ
′′ ra

nd
de
pe
nd

in
g
on

di
ffe

re
nt

pr
oo

ft
ec
hn

iq
ue
s
an
d
sa
m
pl
in
g
pr
ob

ab
ili
tie

s
as

di
sc
us
se
d
ab
ov
e.

W
e

w
ill

ad
dr
es
st
he

co
m
m
un

ic
at
io
n
co
m
pl
ex
ity

fo
rD

SC
OV

R-
SV

RG
,i
nc
lu
di
ng

its
de
co
m
po

sit
io
n
in
to

sy
nc
hr
on

ou
sa

nd
as
yn

ch
ro
no

us
on

es
,a
fte

rd
es
cr
ib
in
g
its

im
pl
em

en
ta
tio

n
de
ta
ils

in
Se

ct
io
n
7.

In
ad
di
tio

n
to

co
nv
er
ge
nc
e
to

th
e
sa
dd

le
po

in
t,

ou
r
ne
xt

re
su
lt

sh
ow

s
th
at

th
e
pr
im

al
-d
ua
l

op
tim

al
ity

ga
p
al
so

en
jo
ys

th
e
sa
m
e
co
nv
er
ge
nc
e
ra
te
,u

nd
er

sli
gh

tly
di
ffe

re
nt

co
nd

iti
on

s.

Th
eo
re
m

2
Su

pp
os
e
As

su
m
pt
io
n
1
ho

ld
s,
an

d
le
tP

(w
)
an

d
D

(α
)
be

th
e
pr
im

al
an

d
du

al
fu
nc
tio

ns
de
fin

ed
in

(6
)a

nd
(7
),
re
sp
ec
tiv
el
y.

Le
tΛ

an
d
Γ
be

tw
o
co
ns
ta
nt
st
ha

ts
at
isf
y

Λ
≥
‖X

ik
‖2 F
,

i=
1,
..
.,

m
,

k
=

1,
..
.,

n,

an
d

Γ
≥

m
ax
i,
k

{
1 p i

( 1
+

18
Λ

q k
λ
γ
i

) ,
1 q k

( 1
+

18
nΛ

p i
m
λ
γ
i

)}
.

In
Al
go

rit
hm

2,
if
we

ch
oo

se
th
e
ste

p
siz

es
as

σ
i
=

1
γ
i(

p i
Γ
−1

),
i=

1,
..
.,

m
,

(3
2)

τ k
=

1
λ

(q
k
Γ
−1

),
k
=

1,
..
.,

n,
(3
3)

an
d
th
e
nu

m
be
ro

fi
te
ra
tio

ns
du

rin
g
ea
ch

sta
ge

sa
tis
fie
s

M
≥

lo
g(

3)
Γ
,t
he
n

E
[ P

(w̄
(s

) )−
D

(ᾱ
(s

) )] ≤
( 2 3) s

2Γ
( P

(w̄
(0

) )−
D

(ᾱ
(0

) )) .
(3
4)

Th
ep

ro
of

of
Th

eo
re
m
2
is
gi
ve
n
in
A
pp

en
di
x
B.

In
te
rm

so
fi
te
ra
tio

n
co
m
pl
ex
ity

or
to
ta
ln
um

be
r

of
pa
ss
es

to
re
ac
h

E
[ P

(w̄
(s

) )−
D

(ᾱ
(s

) )] ≤
ε,
w
en

ee
d
to
ad
d
an

ex
tra

fa
ct
or

of
lo

g(
1+

κ r
an

d)
to
(3
0)

or
(3
1)
,d

ue
to

th
e
fa
ct
or
Γ
on

th
e
rig

ht
-h
an
d
sid

e
of

(3
4)
.
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D
SCOV

R:Random
ized

Prim
al-D

ual
A

lgorithm
s

for
A

synchronous
D

istributed
O

ptim
ization

Algorithm
3
D
SCOV

R-SAG
A

input:
initialpoints

w
(0),α

(0),and
num

berofiterations
M
.

1:
ū

(0)
=

X
w

(0)and
v̄

(0)
=

1m
X
T
α

(0)

2:
U

(0)
ik
=

X
ik w

(0)
k

,V
(0)
ik
=

1m
(α

(0)
i

) T
X
ik ,foralli

=
1,...,m

and
k
=

1,...,K
.

3:for
t
=

0,1,2,...,M
−

1
do

4:
pick

j∈{1,...,m}and
l∈{1,...,n}random

ly
w
ith

distributions
p
and

q
respectively.

5:
com

pute
variance-reduced

stochastic
gradients:

u
(t+1)
j

=
ū

(t)
j
−

1q
l U

(t)
jl
+

1q
l X

jl w
(t)
l
,

(35)

v
(t+1)
l

=
v̄

(t)
l
−

1p
j (V

(t)
jl

) T
+

1p
j 1m

(X
jl ) T

α
(t)
j
.

(36)

6:
update

prim
aland

dualblock
coordinates:

α
(t+1)
i

=

{
prox

σ
j Φ
∗j (α

(t)
j
+
σ

j u
(t+1)
j

)
ifi
=

j.

α
(t)
i
,

ifi
,

j,

w
(t+1)
k

=

{
prox

τ
l g

l (w
(t)
l
−
τ
l v

(t+1)
l

)
if

k
=

l,
w

(t)
k
,

ifi
,

j.

7:
update

averaged
stochastic

gradients:

ū
(t+1)
i

=

{
ū

(t)
j
−

U
(t)
jl
+

X
jl w

(t)
l

ifi
=

j,
ū

(t)
i

ifi
,

j,

v̄
(t+1)
k

=

{
v̄

(t)
l
−

(V
(t)
jl

) T
+

1m
(X

jl ) T
α

(t)
j

if
k
=

l,
v̄

(t)
k

if
k
,

l,

8:
update

the
table

ofhistoricalstochastic
gradients:

U
(t+1)
ik

=

{
X
jl w

(t)
l

ifi
=

jand
k
=

l,
U

(t)
ik

otherw
ise.

V
(t+1)
ik

=

{
1m

((X
jl ) T

α
(t)
j

)
T

ifi
=

jand
k
=

l,
V

(t)
ik

otherw
ise.

9:end
for

output:
w

(M
)and

α
(M

).

4.TheDSCOVR-SAG
A
Algorithm

A
lgorithm

3
is
a
D
SCOV

R
algorithm

thatuses
the

techniques
ofSAG

A
(D

efazio
etal.,2014)for

variancereduction.Thisisasinglestagealgorithm
w
ith

iterationsindexed
by

t.In
orderto

com
pute

thevariance-reduced
stochasticgradientsu

(t+1)
j

and
v

(t+1)
l

ateach
iteration,w

ealso
need

to
m
aintain

and
update

tw
o
vectors

ū
(t)∈

R
N
and

v̄
(t)∈

R
d,and

tw
o
m
atrices

U
(t)∈

R
N×

n
and

V
(t)∈

R
m×

d.
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X
iao,Y

u,Lin
and

Chen

The
vectorū

(t)sharesthe
sam

e
partition

as
α

(t)into
m
blocks,and

v̄
(t)share

the
sam

e
partitionsas

w
(t)into

n
blocks.The

m
atrix

U
(t)ispartitioned

into
m
×

n
blocks,w

ith
each

block
U

(t)
ik
∈

R
N

i ×1.
The

m
atrix

V
(t)isalso

partitioned
into

m
×

n
blocks,w

ith
each

block
V

(t)
ik
∈

R
1×

d
k.

A
ccording

to
the

updatesin
Steps7

and
8
ofA

lgorithm
3,w

e
have

ū
(t)
i
=

n
∑k
=1 U

(t)
ik
,

i
=

1,...,m
,

(37)

v̄
(t)
k
=

m
∑i=1 (V

(t)
ik

)
T
,

k
=

1,...,n
.

(38)

Based
on

the
above

constructions,w
e
can

show
that

u
(t+1)
j

is
an

unbiased
stochastic

gradientof
(α

(t)) T
X
w

(t)w
ithrespectto

α
j ,and

v
(t+1)
l

isanunbiasedstochasticgradientof(1
/m

) ((α
(t)) T

X
w

(t) )

w
ith

respectto
w
l .M

ore
specifically,according

to
(35),w

e
have

E
l [u

(t+1)
j

]
=

ū
(t)
j
−

n
∑k
=1 q

k (
1q
k U

(t)
jk )
+

n
∑k
=1 q

k (
1q
k

X
jk w

(t)
k

)

=
ū

(t)
j
−

n
∑k
=1 U

(t)
jk
+

n
∑k
=1

X
jk w

(t)
k

=
ū

(t)
j
−

ū
(t)
j
+

X
j: w

(t)

=
X
j: w

(t)
=

∂

∂
α
j ((α

(t) )
T

X
w

(t) )
,

(39)

w
here

the
third

equality
isdue

to
(37).Sim

ilarly,according
to

(36),w
e
have

E
j [v

(t+1)
l

]
=

v̄
(t)
l
−

m
∑i=1

p
i (

1p
i (V

(t)
il

) T )
+

m
∑i=1

p
i (

1p
i m

(X
il ) T

α
(t)
i

)

=
v̄

(t)
l
−

m
∑i=1

V
(t)
il
+

1m

m
∑i=1 (X

il ) T
α

(t)
i

=
v̄

(t)
l
−
v̄

(t)
l
+

1m
(X

:l ) T
α

(t)

=
1m

(X
:l ) T

α
(t)
=

∂

∂
w
l (1m

(α
(t) )

T
X
w

(t) )
,

(40)

w
here

the
third

equality
isdue

to
(38).The

follow
ing

theorem
isproved

in
A
ppendix

C.

Theorem
3

Suppose
Assum

ption
1
holds,and

let
(w

?,α
?)be

the
unique

saddle
pointof

L
(w
,α

).
Let
Γ
be

a
constantthatsatisfies

Γ
≥

m
ax
i,k

{
1p
i (1
+

9‖X
ik ‖ 2

2q
k
λ
γ
i )
,

1q
k

(1
+

9n‖X
ik ‖ 2

2p
i m
λ
γ
i )
,

1p
i q

k }
.

(41)

Ifwe
choose

the
step

sizesas

σ
i
=

1
2
γ
i (p

i Γ−
1) ,

i
=

1,...,m
,

(42)

τ
k
=

1
2
λ

(q
k
Γ−

1) ,
k
=

1,...,n,
(43)

16
JM

L
R

 20(43):1-58, 2019



D
SC

OV
R:

Ra
nd

om
iz

ed
Pr

im
al

-D
ua

l
A

lg
or

it
hm

s
fo

r
A

sy
nc

hr
on

ou
s

D
is

tr
ib

ut
ed

O
pt

im
iz

at
io

n

Al
go

rit
hm

4
A
cc
el
er
at
ed

D
SC

OV
R

in
pu

t:
in
iti
al
po

in
ts
w̃

(0
) ,
α̃

(0
) ,
an
d
pa
ra
m
et
er
δ
>

0.
1:

fo
rr
=

0,
1,

2,
..
.,
do

2:
fin

d
an

ap
pr
ox
im

at
e
sa
dd

le
po

in
to

f(
46

)u
sin

g
on

e
of

th
e
fo
llo

w
in
g
tw
o
op

tio
ns
:

•
op
tio

n
1:

ru
n
A
lg
or
ith

m
2
w
ith

S
=

2l
og

(2
(1
+
δ

))
lo

g(
3/

2)
an
d

M
=

lo
g(

3)
Γ
δ
to

ob
ta
in

(w̃
(r
+

1)
,α̃

(r
+

1)
)
=
D
SC

OV
R-
SV

RG
(w̃

(r
) ,
α̃

(r
) ,

S,
M

).

•
op
tio

n
2:

ru
n
A
lg
or
ith

m
3
w
ith

M
=

6l
og

( 8(
1+
δ

)
3

) Γ
δ
to

ob
ta
in

(w̃
(r
+

1)
,α̃

(r
+

1)
)
=
D
SC

OV
R-
SA

G
A

(w̃
(r

) ,
α̃

(r
) ,

M
).

3:
en

d
fo
r

Th
en

th
e
ite
ra
tio

ns
of

Al
go

rit
hm

3
sa
tis
fy
,f
or

t
=

1,
2,
..
.,

E
[ Ω(

w
(t

)
−
w
?
,α

(t
)
−
α
?
)]
≤

( 1
−

1 3Γ

) t
4 3Ω

( w
(0

)
−
w
?
,α

(0
)
−
α
?
) .

(4
4)

Th
e
co
nd

iti
on

on
Γ
in

(4
1)

is
ve
ry

sim
ila

r
to

th
e
on

e
in

(2
2)
,
ex
ce
pt

th
at

he
re

w
e
ha
ve

an
ad
di
tio

na
lt
er
m

1/
(p

iq
k
)
w
he
n
ta
ki
ng

th
e
m
ax
im

um
ov
er

ia
nd

k.
Th

is
re
su
lts

in
an

ex
tra

m
n
te
rm

in
es
tim

at
in
g
Γ
un

de
ru

ni
fo
rm

sa
m
pl
in
g.

A
ss
um

in
g

m
≤

n
(tr
ue

fo
rd

ist
rib

ut
ed

im
pl
em

en
ta
tio

n)
,w

e
ca
n
le
t

Γ
=

n
( 1
+

9 2κ
ra

nd

) +
m

n.

A
cc
or
di
ng

to
(4
4)
,i
n
or
de
r
to

ac
hi
ev
e

E
[ Ω

(w
(t

)
−
w
?
,α

(t
)
−
α
?

)]
≤
ε,

D
SC

OV
R-
SA

G
A

ne
ed
s

O
( Γ

lo
g(

1/
ε

)) i
te
ra
tio

ns
.U

sin
g
th
e
ab
ov
e
ex
pr
es
sio

n
fo
rΓ

,t
he

ite
ra
tio

n
co
m
pl
ex
ity

is

O
( n(

1
+

m
+
κ r

an
d)

lo
g(

1/
ε

)) ,
(4
5)

w
hi
ch

is
th
es

am
ea

s(
30

)f
or

D
SC

OV
R-
SV

RG
.T

hi
sa

lso
le
ad
st
o
th
es

am
ec

om
pu

ta
tio

na
lc
om

pl
ex
ity

m
ea
su
re
d
by

th
e
nu

m
be
ro

fp
as
se
s
ov
er

th
e
w
ho

le
da
ta
se
t,
w
hi
ch

is
gi
ve
n
in

(3
1)
.
A
ga
in

w
e
ca
n

re
pl
ac
e
κ r

an
d
by

κ
′ ra

nd
or

κ
′′ ra

nd
as

di
sc
us
se
d
in

Se
ct
io
n
3.

W
e
w
ill

di
sc
us
s
th
e
co
m
m
un

ic
at
io
n

co
m
pl
ex
ity

of
D
SC

OV
R-
SA

G
A
in

Se
ct
io
n
7,

af
te
rd

es
cr
ib
in
g
its

im
pl
em

en
ta
tio

n
de
ta
ils
.

5.
Ac

ce
ler

at
ed

DS
CO

VR
Al
go
rit

hm
s

In
th
is
se
ct
io
n,

w
e
de
ve
lo
p
an

ac
ce
le
ra
te
d
D
SC

OV
R
al
go

rit
hm

by
fo
llo

w
in
g
th
e
“c
at
al
ys
t”

fra
m
e-

w
or
k
(L
in

et
al
.,
20

15
;F

ro
sti
g
et

al
.,
20

15
).

M
or
e
sp
ec
ifi
ca
lly
,w

e
ad
op

tt
he

sa
m
e
pr
oc
ed
ur
e
by

Ba
la
m
ur
ug
an

an
d
Ba

ch
(2
01

6)
fo
rs
ol
vi
ng

co
nv
ex
-c
on

ca
ve

sa
dd

le
-p
oi
nt

pr
ob

le
m
s.

A
lg
or
ith

m
4
pr
oc
ee
ds

in
ro
un

ds
in
de
xe
d
by

r
=

0,
1,

2,
..
..

G
iv
en

th
e
in
iti
al

po
in
ts
w̃

(0
)
∈

R
d

an
d
α̃

(0
)
∈R

N
,e
ac
h
ro
un

d
r
co
m
pu

te
st
w
o
ne
w
ve
ct
or
sw̃

(r
+

1)
an
d
α̃

(r
+

1)
us
in
g
ei
th
er
th
eD

SC
OV

R-
SV

RG
or

D
SC

OV
R-
SA

G
A

al
go

rit
hm

fo
rs

ol
vi
ng

a
re
gu

la
te
d
sa
dd

le
-p
oi
nt

pr
ob

le
m
,s
im

ila
rt
o
th
e

cl
as
sic

al
pr
ox
im

al
po

in
ta
lg
or
ith

m
(R
oc
ka
fe
lla

r,
19

76
).
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X
ia

o,
Y

u,
Li

n
an

d
Ch

en

Le
t
δ
>

0
be

a
pa
ra
m
et
er

w
hi
ch

w
e
w
ill

de
te
rm

in
e
la
te
r.

Co
ns
id
er

th
e
fo
llo

w
in
g
pe
rtu

rb
ed

sa
dd

le
-p
oi
nt

fu
nc
tio

n
fo
rr
ou

nd
r:

L
(r

)
δ

(w
,a

)
=

L
(w
,α

)+
δ
λ 2
‖w
−
w̃

(r
) ‖2
−

δ 2m

m ∑ i=
1
γ
i
‖α

i
−
α̃

(r
)

i
‖2
.

(4
6)

U
nd

er
A
ss
um

pt
io
n
1,

th
e
fu
nc
tio

n
L

(r
)

δ
(w
,a

)
is

(1
+
δ

)λ
-s
tro

ng
ly

co
nv
ex

in
w

an
d

(1
+
δ

)γ
i/

m
-

str
on

gl
y
co
nc
av
e
in
α
i.
Le

tΓ
δ
be

a
co
ns
ta
nt

th
at
sa
tis
fie

s

Γ
δ
≥

m
ax
i,
k

{
1 p i

( 1
+

9‖
X
ik
‖2

2q
k
λ
γ
i(

1
+
δ

)2

) ,
1 q k

( 1
+

9n
‖X

ik
‖2

2p
im
λ
γ
i(

1
+
δ

)2

) ,
1

p i
q k

} ,

w
he
re

th
e
rig

ht
-h
an
d
sid

e
is
ob

ta
in
ed

fro
m

(4
1)

by
re
pl
ac
in
g
λ
an
d
γ
i
w
ith

(1
+
δ

)λ
an
d

(1
+
δ

)γ
i

re
sp
ec
tiv

el
y.

Th
e
co
ns
ta
nt
Γ
δ
is
us
ed

in
A
lg
or
ith

m
4
to

de
te
rm

in
e
th
e
nu

m
be
ro

fi
nn

er
ite

ra
tio

ns
to

ru
n
w
ith

ea
ch

ro
un

d,
as

w
el
la

s
fo
rs

et
tin

g
th
e
ste

p
siz

es
.
Th

e
fo
llo

w
in
g
th
eo
re
m

is
pr
ov
ed

in
A
pp

en
di
x
D
.

Th
eo
re
m

4
Su

pp
os
e
As

su
m
pt
io
n
1
ho

ld
s,
an

d
le
t(

w
?
,α

?
)
be

th
e
sa
dd

le
-p
oi
nt

of
L

(w
,α

).
W
ith

ei
th
er

op
tio

ns
in

Al
go

rit
hm

4,
if
we

ch
oo

se
th
e
ste

p
siz

es
(in

sid
e
Al
go

rit
hm

2
or

Al
go

rit
hm

3)
as

σ
i
=

1
2(

1
+
δ

)γ
i(

p i
Γ
δ
−1

),
i=

1,
..
.,

m
,

(4
7)

τ k
=

1
2(

1
+
δ

)λ
(q

k
Γ
δ
−1

),
k
=

1,
..
.,

n.
(4
8)

Th
en

fo
ra

ll
r
≥

1,

E
[ Ω(

w̃
(r

)
−
w
?
,α̃

(r
)
−
α
?
)]
≤

( 1
−

1
2(

1
+
δ

)) 2
r

Ω
( w̃

(0
)
−
w
?
,α̃

(0
)
−
α
?
) .

A
cc
or
di
ng

to
Th

eo
re
m

4,
in

or
de
rt
o
ha
ve

E
[ Ω

( w̃
(r

)
−w

?
,α̃

(r
)
−α

?
)]
≤
ε,
w
e
ne
ed

th
e
nu

m
be
r

of
ro
un

ds
r
to

sa
tis
fy

r
≥

(1
+
δ

)l
og

( Ω
( w̃

(0
)
−
w
?
,α̃

(0
)
−
α
?
)

ε

) .

Fo
llo

w
in
g
th
e
di
sc
us
sio

ns
in

Se
ct
io
ns

3
an
d
4,

w
he
n
us
in
g
un

ifo
rm

sa
m
pl
in
g
an
d
as
su
m
in
g

m
≤

n,
w
e
ca
n
ha
ve

Γ
δ
=

n
( 1
+

9κ
ra

nd

2(
1
+
δ

)2

) +
m

n.
(4
9)

Th
en

th
e
to
ta
ln

um
be
ro

fb
lo
ck

co
or
di
na
te
up

da
te
si
n
A
lg
or
ith

m
4
is

O
( (1
+
δ

)Γ
δ

lo
g(

1
+
δ

)l
og

(1
/ε

)) ,

w
he
re
th
el

og
(1
+
δ

)f
ac
to
rc
om

es
fro

m
th
en

um
be
ro

fs
ta
ge
sS

in
op

tio
n
1
an
d
nu

m
be
ro

fs
te
ps

M
in

op
tio

n
2.

W
e
hi
de

th
e

lo
g(

1
+
δ

)
fa
ct
or

w
ith

th
e

Õ
no

ta
tio

n
an
d
pl
ug

(4
9)

in
to

th
e
ex
pr
es
sio

n
ab
ov
e

to
ob

ta
in

Õ
( n

( (1
+
δ

)(
1
+

m
)+

κ r
an

d
(1
+
δ

)) lo
g
( 1 ε

))
.

N
ow

w
e
ca
n
ch
oo

se
δ
de
pe
nd

in
g
on

th
e
re
la
tiv

e
siz

e
of
κ r

an
d
an
d

m
:
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D
SCOV

R:Random
ized

Prim
al-D

ual
A

lgorithm
s

for
A

synchronous
D

istributed
O

ptim
ization

•
If
κrand

>
1
+

m
,w

e
can

m
inim

izing
the

above
expression

by
choosing

δ
=

√
κrand
1
+
m
−

1,so
that

the
overalliteration

com
plexity

becom
es

Õ
(n √

m
κrand log(1

/ε) ).

•
If
κrand ≤

m
+

1,then
no

acceleration
isnecessary

and
w
e
can

choose
δ
=

0
to

proceed
w
ith

a
single

round.In
thiscase,the

iteration
com

plexity
is

O
(m

n)asseen
from

(49).

Therefore,in
eithercase,the

totalnum
berofblock

iterationsby
A
lgorithm

4
can

be
w
ritten

as

Õ
(m

n
+

n √
m
κrand log(1

/ε) )
.

(50)

A
sdiscussed

before,thetotalnum
berofpassesoverthew

holedatasetisobtained
by

dividing
by

m
n:

Õ
(1
+

√
κrand /m

log(1
/ε) )

.

Thisisthe
com

putationalcom
plexity

ofaccelerated
D
SCOV

R
listed

in
Table

1.

5.1.Proxim
alM

apping
forAccelerated

DSCOVR
W
hen

applying
A
lgorithm

2
or3

to
approxim

ate
the

saddle-pointof
(46),w

e
need

to
replace

the
proxim

alm
appingsof

g
k (·)and

f ∗i (·)by
those

of
g
k (·)
+

(δ
λ
/2)‖·−

w̃
(r)
k
‖ 2and

f ∗i (·)
+

(δ
γ
i /2)‖·

−
α̃

(r)
i
‖ 2,respectively.M

ore
precisely,w

e
replace

w
(t+1)
k

=
prox

τ
k
g
k (w

(t)
k
−
τ
k v

(t+1)
k

)
by

w
(t+1)
k

=
argm

in
w

k ∈R
d
k {

g
k (w

k )
+
δ
λ2  w

k −
w̃

(r)
k  2

+
12
τ
k  w

k −
(w

(t)
k
−
τ
k v

(t+1)
k

) 2 }

=
prox

τ
k

1
+
τ
k
δ
λ
g
k (

1
1
+
τ
k δ
λ

(w
(t)
k
−
τ
k v

(t+1)
k

)
+

τ
k δ
λ

1
+
τ
k δ
λ
w̃

(r)
k

)
,

(51)

and
replace

α
(t+1)
i

=
prox

σ
i
f ∗i (α

(t)
i
+
σ
i u

(t+1)
i

)
by

α
(t+1)
i

=
argm

in
α
i ∈R

N
i {

f ∗i (α
i )
+
δ
γ
i

2  α
i −

α̃
(r)
i  2

+
12
σ
i  α

i −
(α

(t)
i
+
σ
i u

(t+1)
i

) 2 }

=
prox

σ
i

1
+
σ
i
δ
γ
i
f ∗i

(
1

1
+
σ
i δ
γ
i (α

(t)
i
+
σ
i u

(t+1)
i

)
+

σ
i δ
γ
i

1
+
σ
i δ
γ
i α̃

(r)
i

)
.

(52)

W
e
also

exam
ine

the
num

berofinneriterationsdeterm
ined

by
Γ
δ
and

how
to

setthe
step

sizes.
Ifw

e
choose

δ
=

√
κrand
1
+
m
−

1,then
Γ
δ
in

(49)becom
es

Γ
δ
=

n
(1
+

9
κrand

2(1
+
δ) 2 )

+
m

n
=

n
(1
+

9
κrand

2
κrand /(m

+
1) )
+

m
n
=

5
.5(m

+
1)n

.

Therefore
a
sm

allconstantnum
ber

of
passes

is
suffi

cientw
ithin

each
round.

U
sing

the
uniform

sam
pling,the

step
sizescan

be
estim

ated
asfollow

s:

σ
i
=

1
2(1
+
δ)γ

i (p
i Γ
δ −

1) ≈
1

2 √
κrand /m

γ
i (5
.5n−

1) ≈
1

11
γ
i n √

κrand /m
,

(53)

τ
k
=

1
2(1
+
δ)λ

(q
k
Γ
δ −

1) ≈
1

2 √
κrand /m

λ
(5
.5m
−

1) ≈
1

11
λ √

m
·
κrand

.
(54)

A
sshow

n
by

ournum
ericalexperim

entsin
Section

8,thestep
sizescan

besetm
uch

largerin
practice.
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6.Conjugate-FreeDSCOVR
Algorithm

s
A

m
ajor

disadvantage
of

prim
al-dual

algorithm
s
for

solving
problem

(1)
is

the
requirem

ent
of

com
puting

the
proxim

alm
apping

ofthe
conjugate

function
f ∗i ,w

hich
m
ay

notadm
itclosed-form

ed
solution

oreffi
cientcom

putation.Thisisespecially
the

case
forlogistic

regression,one
ofthe

m
ost

popularlossfunctionsused
in

classification.
Lan

and
Zhou

(2018)developed
“conjugate-free”

variantsofprim
al-dualalgorithm

sthatavoid
com

puting
the

proxim
al

m
apping

of
the

conjugate
functions.

The
m
ain

idea
is

to
replace

the
Euclidean

distance
in

the
dual

proxim
al

m
apping

w
ith

a
Bregm

an
divergence

defined
over

the
conjugatefunction

itself.Thistechniquehasbeen
used

by
W
ang

and
X
iao

(2017)to
solvestructured

ERM
problem

sw
ith

prim
al-dualfirstorderm

ethods.H
erew

eusethisapproach
to
deriveconjugate-

free
D
SCOV

R
algorithm

s.In
particular,w

e
replace

the
proxim

alm
apping

forthe
dualupdate

α
(t+1)
i

=
prox

σ
i
f ∗i (α

(t)
i
+
σ
i u

(t+1)
i

)
=

argm
in

α
i ∈R

n
i {

f ∗i (α
i )−

〈α
i ,u

(t+1)
i

〉
+

12
σ
i  α

i −
α

(t)
i  2 },

by

α
(t+1)
i

=
argm

in
α
i ∈R

n
i

{
f ∗i (α

i )−
〈α

i ,u
(t+1)
i

〉
+

1σ
i B

i (α
i ,α

(t)
i

) }
,

(55)

w
hereB

i (α
i ,α

(t)
i

)
=

f ∗i (α
i )−

〈∇
f ∗i (α

(t)
i

),
α
i −

α
(t)
i

〉.The
solution

to
(55)isgiven

by

α
(t+1)
i

=
∇

fi (
β

(t+1)
i

),

w
here

β
(t+1)
i

can
be

com
puted

recursively
by

β
(t+1)
i

=
β

(t)
i
+
σ
i u

(t+1)
i

1
+
σ
i

,
t≥

0,

w
ith

initialcondition
β

(0)
i
=
∇

f ∗i (α
(0)
i

)
(see

Lan
and

Zhou,2018,Lem
m
a
1).

Therefore,in
order

to
update

the
dualvariables

α
i ,w

e
do

notneed
to

com
pute

the
proxim

alm
apping

forthe
conjugate

function
f ∗i ;instead,taking

the
gradientof

fi atsom
e
easy-to-com

pute
points

is
suffi

cient.
This

conjugate-free
update

can
be

applied
in

A
lgorithm

s1,2
and

3.
Forthe

accelerated
D
SCOV

R
algorithm

s,w
e
replace

(52)by

α
(t+1)
i

=
argm

in
α
i ∈R

n
i

{
f ∗i (α

i )−
〈α

i ,u
(t+1)
i

〉
+

1σ
i B

i (α
i ,α

(t)
i

)
+
δ
γB

i (α
i ,α̃

(t+1)
i

) }
.

The
solution

to
the

above
m
inim

ization
problem

can
also

be
w
ritten

as

α
(t+1)
i

=
∇

fi (
β

(t+1)
i

),

w
here

β
(t+1)
i

can
be

com
puted

recursively
as

β
(t+1)
i

=
β

(t)
t
+
σ
i u

(t+1)
i
+
σ
i δ
γ
β̃
i

1
+
σ
i
+
σ
i δ
γ

,
t≥

0,

w
ith

the
initialization

β
(0)
i
=
∇

f ∗i (α
(0)
i

)
and

β̃
i
=
∇

f ∗i (α̃
(r)
i

).
The

convergence
rates

and
com

putationalcom
plexities

of
the

conjugate-free
D
SCOV

R
algo-

rithm
sare

very
sim

ilarto
the

onesgiven
in

Sections3–5.W
e
om

itdetailshere,butreferthe
readers

to
Lan

and
Zhou

(2018)and
W
ang

and
X
iao

(2017)forrelated
results.
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se
rv

er
1

se
rv

er
j

se
rv

er
h

w
o
rk

er
1

w
o
rk

er
i

w
o
rk

er
m

1 1

2 2

3
3

w̄
(s
)

•
re

se
ts
S

fr
ee
=
{1
,
.
.
.
,
n
}

•
se

n
d
s

“s
y
n
c”

m
es

sa
g
e

to

al
l
se

rv
er

s
an

d
w

o
rk

er
s

at

b
eg

in
n
in

g
o
f

ea
ch

st
ag

e

w
(t
)

k
,

k
∈
S

1
w
(t
)

k
,

k
∈
S
j

w
(t
)

k
,

k
∈
S
h

X
1
:,

ū
(s
)

1

ᾱ
(s
)

1
,
α
(t
)

1

w̄
(s
) ,
v̄
(s
)

X
i:
,
ū
(s
)

i

ᾱ
(s
)

i
,
α
(t
)

i

w̄
(s
) ,
v̄
(s
)

X
m

:,
ū
(s
)

m

ᾱ
(s
)

m
,
α
(t
)

m

w̄
(s
) ,
v̄
(s
)

Fi
gu

re
3:

A
di
str

ib
ut
ed

sy
ste

m
fo
r
im

pl
em

en
tin

g
D
SC

OV
R

co
ns
ist
s
of

m
w
or
ke
rs
,

h
pa
ra
m
et
er

se
rv
er
s,

an
d
on

e
sc
he
du

le
r.

Th
e
ar
ro
w
s
la
be
le
d
w
ith

th
e
nu

m
be
rs

1,
2
an
d
3
re
pr
es
en
t

th
re
e
co
lle

ct
iv
e
co
m
m
un

ic
at
io
ns

at
th
e
be
gi
nn

in
g
of

ea
ch

sta
ge

in
D
SC

OV
R-
SV

RG
.

7.
As

yn
ch
ro
no

us
Di
str

ib
ut
ed

Im
pl
em

en
ta
tio

n
In

th
is
se
ct
io
n,

w
e
sh
ow

ho
w

to
im

pl
em

en
tt
he

D
SC

OV
R
al
go

rit
hm

s
pr
es
en
te
d
in

Se
ct
io
ns

3–
6
in

a
di
str

ib
ut
ed

co
m
pu

tin
g
sy
ste

m
.
W
e
as
su
m
e
th
at

th
e
sy
ste

m
pr
ov
id
e
bo

th
sy
nc
hr
on

ou
s
co
lle

ct
iv
e

co
m
m
un

ic
at
io
n
an
d
as
yn

ch
ro
no

us
po

in
t-t
o-
po

in
tc

om
m
un

ic
at
io
n,

w
hi
ch

ar
e
al
ls

up
po

rte
d
by

th
e

M
PI

sta
nd

ar
d
(M

PI
Fo

ru
m
,2

01
2)
.T

hr
ou

gh
ou

tt
hi
ss

ec
tio

n,
w
e
as
su
m
e

m
<

n
(s
ee

Fi
gu

re
2)
.

7.
1.

Im
pl
em

en
ta
tio

n
of

DS
CO

VR
-S
VR

G

In
or
de
rt
o
im

pl
em

en
tA

lg
or
ith

m
2,

th
e
di
str

ib
ut
ed

sy
ste

m
ne
ed

to
ha
ve

th
e
fo
llo

w
in
g
co
m
po

ne
nt
s

(s
ee

Fi
gu

re
3)
:

•
m
wo

rk
er
s.
Ea

ch
w
or
ke
ri
,f
or

i=
1,
..
.,

m
,s
to
re
st
he

fo
llo

w
in
g
lo
ca
ld

at
a
an
d
va
ria

bl
es

:

–
da
ta
m
at
rix

X
i:
∈R

N
i
×d
.

–
ve
ct
or
si
n

R
N

i
:ū

(s
)

i
,α

(t
)

i
,ᾱ

(s
)

i
.

–
ve
ct
or
si
n

R
d
:w̄

(s
) ,
v̄

(s
) .

–
ex
tra

bu
ffe

rs
fo
rc

om
pu

ta
tio

n
an
d
co
m
m
un

ic
at
io
n:

u(t
+

1)
j

,v
(t
+

1)
l

,w
(t
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+

1)
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:
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re
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at
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re
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=
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at
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e
nu

m
be
r
of

ve
ct
or
s
in

R
d
se
nt

an
d
re
ce
iv
ed

du
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at
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at
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e
sc
he
du

le
ru

pd
at
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re
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d
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k
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Figure
4:

Com
m
unication

and
com

putation
processes

for
one

inner
iteration

of
D
SCOV

R-SV
RG

(A
lgorithm

2).
The

blue
texts

in
the

parentheses
are

the
additionalvectors

required
by

D
SCOV

R-SAG
A

(A
lgorithm

3).
There

are
alw

ays
m

iterations
taking

place
in

parallel
asynchronously,each

evolving
around

onew
orker.A

serverm
ay

supportm
ultiple(orzero)

iterationsifm
ore

than
one

(ornone)ofitsstored
param

eterblocksare
being

updated.

N
ow

w
e
are

ready
to

quantify
the

com
m
unication

com
plexity

of
D
SCOV

R-SV
RG

to
find

an
ε-optim

alsolution.
O
urdiscussionsabove

show
thateach

stage
requirescollective

com
m
unication

of
2m

vectors
in

R
d
and

asynchronous
point-to-pointcom

m
unication

of
equivalently

κrand
such

vectors.Since
there

are
totalO

(log(1
/ε))stages,the

totalcom
m
unication

com
plexity

is

O
((m
+
κrand )log(1

/ε) )
.

Thisgivesthe
com

m
unication

com
plexity

show
n
in

Table
1,asw

ellasitsdecom
position

in
Table

2.

7.2.Im
plem

entation
ofDSCOVR-SAG

A
W
e
can

im
plem

entA
lgorithm

3
using

thesam
e
distributed

system
show

n
in

Figure3,butw
ith

som
e

m
odificationsdescribed

below.First,the
storage

atdifferentcom
ponentsare

different:

•
m
workers.Each

w
orkeri,fori

=
1,...,m

,storesthe
follow

ing
data

and
variables:

–
data

m
atrix

X
i: ∈

R
N

i ×
d

–
vectorsin

R
N

i:
α

(t)
i
,u

(t)
i
,ū

(t)
i
,and

U
(t)
ik

for
k
=

1,...,n.
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X
iao,Y

u,Lin
and

Chen

–
vectorin

R
d:

V
(t)
i:
=

[V
(t)
i1
···V

(t)
in

]
T
(w

hich
isthe

ith
row

ofV
(t),w

ith
V

(t)
ik
∈

R
1×

d
k).

–
buffersforcom

m
unication

and
update

of
w

(t)
k

and
v̄

(t)
k

(both
stored

atsom
e
server).

•
h
servers.Each

server
jstoresa

subsetofblocks {w
(t)
k
,
v̄

(t)
k
∈

R
d
k

:k∈S
j },for

j
=

1,...,n.
•
one

scheduler.Itm
aintainsthe

setofindicesS
free ⊆

{1,...,n},sam
e
asin

D
SCOV

R-SV
RG

.

U
nlike

D
SCOV

R-SV
RG

,there
isno

stage-w
ise

“sync”
m
essages.

A
llw

orkersand
serversw

ork
in

parallelasynchronously
allthe

tim
e,follow

ing
the

four-step
loopsillustrated

in
Figure

4
(including

blue
colored

texts
in

the
parentheses).

W
ithin

each
iteration,the

m
ain

difference
from

D
SCOV

R-
SV

RG
is
that,the

serverand
w
orkerneed

to
exchange

tw
o
vectors

oflength
d
k :

w
(t)
k

and
v

(t)
k

and
theirupdates.

This
doubles

the
am

ountofpoint-to-pointcom
m
unication,and

the
average

am
ount

ofcom
m
unication

periteration
is

4
/n

vectors
oflength

d.
U
sing

the
iteration

com
plexity

in
(45),

the
totalam

ountofcom
m
unication

required
(m

easured
by

num
berofvectorsoflength

d)is

O
((m
+
κrand )log(1

/ε) )
,

w
hich

isthe
sam

e
asforD

SCOV
R-SV

RG
.H

ow
ever,itsdecom

position
into

synchronousand
asyn-

chronouscom
m
unication

isdifferent,asshow
n
in
Table2.Iftheinitialvectors

w
(0)
,

0
or
α

(0)
,

0,
then

one
round

of
collective

com
m
unication

is
required

to
propagate

the
initialconditions

to
all

serversand
w
orkers,w

hich
reflectthe

O
(m

)synchronouscom
m
unication

in
Table

2.

7.3.Im
plem

entation
ofAccelerated

DSCOVR
Im

plem
entation

ofthe
accelerated

D
SCOV

R
algorithm

isvery
sim

ilarto
the

non-accelerated
ones.

The
m
ain

differences
lie

in
the

tw
o
proxim

alm
appings

presented
in

Section
5.1.

In
particular,the

prim
alupdate

in
(51)needs

the
extra

variable
w̃

(r)
k

,w
hich

should
be

stored
ata

param
eterserver

togetherw
ith

w
(t)
k
.W

e
m
odify

the
four-step

loopsshow
n
in

Figures4
asfollow

s:

•
Each

param
eterserver

j
stores

the
extra

block
param

eters
{w̃

(r)
k
,k
∈
S
j }.

D
uring

step
(3),

w̃
(r)
k

issend
togetherw

ith
w

(t)
k

(forSV
RG

)or
(w

(t)
k
,v

(t)
k

)(forSAG
A
)to

a
w
orker.

•
In

step
(4),no

update
of

w̃
(r)
k

issentback
to

the
server.

Instead,w
heneversw

itching
rounds,

the
schedulerw

illinform
each

serverto
update

their
w̃

(r)
k

to
the

m
ostrecent

w
(t)
k
.

Forthedualproxim
alm

apping
in
(52),each

w
orkerineedsto

storean
extravector

α̃
(r)
i

,and
resetitto

them
ostrecent

α
(t)
i

w
hen

m
oving

to
thenextround.Thereisno

need
foradditionalsynchronization

orcollectivecom
m
unicationw

hensw
itchingroundsinA

lgorithm
4.Thecom

m
unicationcom

plexity
(m

easured
by

the
num

berofvectors
oflength

d
sentorreceived)can

be
obtained

by
dividing

the
iteration

com
plexity

in
(50)by

n,i.e.,O
((m
+ √

m
κrand )log(1

/ε) ),asshow
n
in

Table
1.

Finally,in
orderto

im
plem

entthe
conjugate-free

D
SCOV

R
algorithm

s
described

in
Section

6,
each

w
orkerisim

ply
need

to
m
aintain

and
update

an
extra

vector
β

(t)
i

locally.

8.Experim
ents

Inthissection,w
epresentnum

ericalexperim
entsonanindustrialdistributedcom

putingsystem
.This

system
hashundredsofcom

putersconnected
by

high
speed

Ethernetin
a
data

center.The
hardw

are
and

softw
are

configurationsforeach
m
achine

are
listed

in
Table

3.
W
e
im

plem
ented

allD
SCOV

R
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φ
j (t)
=

log(1
+

exp(−
y
j t))

w
here

y
j ∈
{±1}.

The
logistic

loss
is

1
/4-sm

ooth,so
w
e
have

ν
=

4.
Since

the
proxim

alm
apping

of
its

conjugate
φ ∗j

does
nothave

a
closed-form

solution,w
e
used

the
conjugate-free

D
SCOV

R
algorithm

s
described

in
Section

6.
Figures

7
and

8
show

s
the

reduction
of

prim
alobjective

gap
by

differentalgorithm
s,for

λ
=

10 −4
and

λ
=

10 −6
respectively.

H
ere

the
starting

pointis
no

longerthe
all-zero

vectors.
Instead,each

m
achine

ifirstcom
putes

a
localsolution

by
m
inim

izing
fi (X

i w
)
+
g(w

),and
then

com
pute

their
average

using
an

A
llReduce

operation.
Each

algorithm
startsfrom

thisaverage
point.Thisaveraging

schem
e
hasbeen

proven
to

be
very

effective
to

w
arm

startdistributed
algorithm

s
forERM

(Zhang
etal.,2013).

In
addition,itcan

be
show

n
thatw

hen
starting

from
the

zero
initialpoint,the

firststep
of

CoCoA
+
com

putes
exactly

such
an

averaged
point.
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Figure
7:
w
e
b
s
p
a
m:logistic

regression,
λ
=

10 −4,random
ly

shuffl
ed,m

=
20,n

=
50,h

=
10.
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Figure
8:
w
e
b
s
p
a
m:logistic

regression,
λ
=

10 −6,random
ly

shuffl
ed,m

=
20,n

=
50,h

=
10.

From
Figures7

and
8,w

eagain
observethatCoCoA

+
hasvery

fastconvergencein
thebeginning

but
converges

very
slow

ly
tow

ards
higher

precision.
The

D
SCOV

R
algorithm

s,
especially

the
accelerated

variants,arevery
com

petitivein
term

sofboth
num

berofiterationsand
w
all-clock

tim
e.

In
order

to
investigate

the
fastinitialconvergence

of
CoCoA

+
and

A
D
M
M
,w

e
repeated

the
experim

ents
on
w
e
b
s
p
a
m
w
ithoutrandom

shuffl
ing.

M
ore

specifically,w
e
sorted

the
N

exam
ples

by
theirlabels,and

then
partitioned

them
into

m
subsetssequentially.Thatis,m

ostofthe
m
achines

have
data

w
ith

only
+1

or−1
labels,and

only
one

m
achine

hasm
ixed±1

exam
ples.The

resultsare
show

n
in

Figures9
and

10.N
ow

the
fastinitialconvergence

ofCoCoA
+
and

A
D
M
M

disappeared.
In

particular,CoCoA
+
convergesw

ith
very

slow
linearrate.Thisshow

sthatstatisticalpropertiesof
random

shuffl
ing

ofthedatasetisthem
ain

reason
forthefastinitialconvergenceofm

odel-averaging
based

algorithm
ssuch

asCoCoA
+
and

A
D
M
M

(see,e.g.,Zhang
etal.,2013).

O
n
the

otherhand,this
should

nothave
any

im
pacton

PG
D

and
A
PG

,because
theiriterations

are
com

puted
overthe

w
hole

dataset,w
hich

is
the

sam
e
regardless

ofrandom
shuffl

ing
orsorting.

The
differencesbetw

een
the

plotsforPG
D
and

A
PG

in
Figures7

and
9
(also

forFigures8
and

10)
are

due
to

differentinitialpoints
com

puted
through

averaging
localsolutions,w

hich
does

depends
on

the
distribution

ofdata
atdifferentm

achines.28
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A
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e

ex
pe
rim
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in
g
of

th
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p
siz

e
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m
s

in
cl
ud

in
g
A
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h
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m
m
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at
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n
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d
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m
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tio

n
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m
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Se
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n
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1)
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n
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er
ha
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,t
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re
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o
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do
ne
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o
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fu
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ac
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e.
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w
e
pl
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d
X
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p
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e
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m
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n
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m
at
ic
al
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Appendix
A.ProofofTheorem

1
W
e
first

prove
tw
o
lem

m
as

concerning
the

prim
al

and
dual

proxim
al

updates
in

A
lgorithm

2.
Throughoutthisappendix,E

t [·]denotestheconditionalexpectation
taken

w
ith

respectto
therandom

indices
jand

lgenerated
during

the
tth

inneriteration
in

A
lgorithm

2,conditioned
on

allquantities
available

atthe
beginning

ofthe
tth

iteration,including
w

(t)and
α

(t).W
henevernecessary,w

e
also

use
the

notation
j (t)and

l (t)to
denote

the
random

indicesgenerated
in

the
tth

iteration.

Lem
m
a
5

Foreach
i
=

1,...,m
,letu

(t+1)
i

∈
R

N
ibe

a
random

variable
and

define

α̃
(t+1)
i

=
prox

σ
i
f ∗i (α

(t)
i
+
σ
i u

(t+1)
i

).
(58)

W
e
choose

an
index

jrandom
ly
from

{1,...,m}with
probability

distribution
{p

j }
mj=1 and

let

α
(t+1)
i

=

{
α̃

(t+1)
i

ifi
=

j,
α

(t)
i

otherwise.

Ifeach
u

(t+1)
i

isindependentof
jand

satisfiesE
t [u

(t+1)
i

]
=

X
i: w

(t)for
i
=

1,...,m
,then

we
have

m
∑i=1 (

1p
i (

12
σ
i
+
γ
i )−

γ
i )‖α

(t)
i
−
α
?i ‖ 2

≥
m
∑i=1

1p
i (

12
σ
i
+
γ
i )E

t [‖α
(t+1)
i

−
α
?i ‖ 2]

+

m
∑i=1

1p
i (

12
σ
i −

1a
i )E

t [‖α
(t+1)
i

−
α

(t)
i
‖ 2]

−
m
∑i=1

a
i

4
E
t [‖u

(t+1)
i

−
X
i: w

(t)‖ 2 ]
+

〈w
(t)−

w
?,

X
T

(α
?−

α
(t)) 〉

−
m
∑i=1

1p
i E

t [〈α
(t+1)
i

−
α

(t)
i
,

X
i: (w

(t)−
w
?) 〉]

,
(59)

where
(w

?,α
?)isthe

saddle
pointofL

(w
,α

)in
(5),and

the
a
i ’sare

arbitrary
positive

num
bers.

Proof
First,considera

fixed
index

i∈{1,...,m}.The
definition

of
α̃

(t+1)
i

in
(58)isequivalentto

α̃
(t+1)
i

=
argm

in
β∈R

N
i 

f ∗i (β)−
〈
β
,u

(t+1)
i

〉
+
‖
β−

α
(t)
i
‖ 2

2
σ
i


.

(60)

By
assum

ption,
f ∗i (β)and

12
σ
i ‖
β−

α
(t)
i
‖ 2are

strongly
convex

w
ith

convexity
param

eters
γ
i and

1σ
i

respectively.Therefore,the
objective

function
in

(60)is
(

1σ
i
+
γ
i )-strongly

convex,w
hich

im
plies

‖α
?i −

α
(t)
i
‖ 2

2
σ
i

−
〈α

?i ,u
(t+1)
i

〉
+

f ∗i (α
?i )

≥
‖α̃

(t+1)
i

−
α

(t)
i
‖ 2

2
σ
i

−
〈α̃

(t+1)
i

,u
(t+1)
i

〉
+

f ∗i (α̃
(t+1)
i

)
+

(
1σ
i
+
γ
i )‖α̃

(t+1)
i

−
α
?i ‖ 2

2
.

(61)
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In
addition,

since
(w

?,α
?)

is
the

saddle-point
of

L
(w
,α

),
the

function
f ∗i (α

i )−
〈α

i ,X
i: w

?〉
is

γ
i -strongly

convex
in
α
i and

attainsitsm
inim

um
at
α
?i .Thusw

e
have

f ∗i (α̃
(t+1)
i

)−
〈α̃

(t+1)
i

,
X
i: w

? 〉≥
f ∗i (α

?i )−
〈α

?i ,
X
i: w

? 〉
+
γ
i

2 ‖α̃
(t+1)
i

−
α
?i ‖ 2.

Sum
m
ing

up
the

above
tw
o
inequalitiesgives

‖α
?i −

α
(t)
i
‖ 2

2
σ
i

≥
‖α̃

(t+1)
i

−
α

(t)
i
‖ 2

2
σ
i

+
(

12
σ
i
+
γ
i )‖α̃

(t+1)
i

−
α
?i ‖ 2
+

〈α
?i −

α̃
(t+1)
i

,u
(t+1)
i

−
X
i: w

? 〉

=
‖α̃

(t+1)
i

−
α

(t)
i
‖ 2

2
σ
i

+
(

12
σ
i
+
γ
i )‖α̃

(t+1)
i

−
α
?i ‖ 2
+

〈α
?i −

α̃
(t+1)
i

,
X
i: (w

(t)−
w
?) 〉

+
〈α

?i −
α

(t)
i
,u

(t+1)
i

−
X
i: w

(t) 〉
+

〈α
(t)
i
−
α̃

(t+1)
i

,u
(t+1)
i

−
X
i: w

(t) 〉

≥
‖α̃

(t+1)
i

−
α

(t)
i
‖ 2

2
σ
i

+
(

12
σ
i
+
γ
i )‖α̃

(t+1)
i

−
α
?i ‖ 2
+

〈α
?i −

α̃
(t+1)
i

,
X
i: (w

(t)−
w
?) 〉

+
〈α

?i −
α

(t)
i
,u

(t+1)
i

−
X
i: w

(t) 〉−
‖α

(t)
i
−
α̃

(t+1)
i
‖ 2

a
i

−
a
i ‖u

(t+1)
i

−
X
i: w

(t)‖ 2
4

,

w
here

in
the

last
step

w
e
used

Young’s
inequality

w
ith

a
i
being

an
arbitrary

positive
num

ber.
Taking

conditionalexpectation
E
t on

both
sides

ofthe
above

inequality,and
using

the
assum

ption
E
t [u

(t+1)
i

]
=

X
i: w

(t),w
e
have

‖α
?i −
α

(t)
i
‖ 2

2
σ
i

≥
E
t [‖α̃

(t+1)
i
−
α

(t)
i
‖ 2 ]

2
σ
i

+
(

12
σ
i
+
γ
i )E

t [‖α̃
(t+1)
i
−
α
?i ‖ 2]

+
E
t [〈α

?i −
α̃

(t+1)
i

,X
i: (w

(t)−
w
?) 〉]

−
E
t [‖α

(t)
i
−
α̃

(t+1)
i
‖ 2]

a
i

−
a
i E

t [‖u
(t+1)
i

−
X
i: w

(t)‖ 2]
4

.
(62)

N
otice

thateach
α̃

(t+1)
i

dependson
the

random
variable

u
(t+1)
i

and
isindependentofthe

random
index

j.But
α

(t+1)
i

dependson
both

u
(t+1)
i

and
j.U

sing
the

law
oftotalexpectation,

E
t [·]

=
P

(j
=

i)E
t [·|j

=
i]
+

P
(j
,

i)E
t [·|j

,
i],

w
e
obtain

E
t [α

(t+1)
i

]
=

p
i E

t [α̃
(t+1)
i

]
+

(1−
p
i )α

(t)
i
,

(63)

E
t [‖α

(t+1)
i

−
α

(t)
i
‖ 2]

=
p
i E

t [‖α̃
(t+1)
i

−
α

(t)
i
‖ 2],

(64)

E
t [‖α

(t+1)
i

−
α
?i ‖ 2]

=
p
i E

t [‖α̃
(t+1)
i

−
α
?i ‖ 2]

+
(1−

p
i )E

t [‖α
(t)
i
−
α
?i ‖ 2].

(65)
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D
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Ra
nd

om
iz

ed
Pr

im
al

-D
ua

l
A

lg
or

it
hm

s
fo

r
A

sy
nc

hr
on

ou
s

D
is

tr
ib

ut
ed

O
pt

im
iz

at
io

n

N
ex
t,
us
in
g
th
ee

qu
al
iti
es

(6
3)
,(
64

)a
nd

(6
5)
,w

ec
an

re
pl
ac
ee

ac
h
te
rm

in
(6
2)

co
nt
ai
ni
ng
α̃

(t
+

1)
i

w
ith

te
rm

st
ha
tc
on

ta
in

on
ly
α

(t
)

i
an
d
α

(t
+

1)
i

.B
y
do

in
g
so

an
d
re
ar
ra
ng

in
g
te
rm

sa
fte

rw
ar
ds
,w

e
ob

ta
in

( 1 p i

(
1 2σ
i
+
γ
i) −

γ
i) ‖α

(t
)

i
−
α
? i
‖2

≥
1 p i

(
1 2σ
i
+
γ
i) E t

[‖α
(t
+

1)
i

−
α
? i
‖2
+

1 p i

(
1 2σ
i
−

1 a i

) E t
[‖α

(t
+

1)
i

−
α

(t
)

i
‖2

−
a i

E t
[‖u

(t
+

1)
i

−
X
i:
w

(t
) ‖2

]
4

+
〈 α

? i
−
α

(t
)

i
,

X
i:

(w
(t

)
−
w
?

)〉

−E
t

[〈 1 p i
(α

(t
+

1)
i

−
α

(t
)

i
),

X
i:

(w
(t

)
−
w
?

)〉] .

Su
m
m
in
g
up

th
e
ab
ov
e
in
eq
ua
lit
y
fo
ri
=

1,
..
.,

m
gi
ve
st
he

de
sir

ed
re
su
lt
in

(5
9)
.

Le
m
m
a
6

Fo
re

ac
h

k
=

1,
..
.,

n,
le
tv

(t
+

1)
k

∈R
d
i
be

a
ra
nd

om
va
ria

bl
e
an

d
de
fin

e

w̃
(t
+

1)
k

=
pr

ox
τ
k
g
k

( w
(t

)
k
−
τ k
v

(t
+

1)
k

) .

W
e
ch
oo

se
an

in
de
x

lr
an

do
m
ly
fro

m
{1,

..
.,

n}
wi
th

pr
ob

ab
ili
ty
di
str

ib
ut
io
n

{ q l
} n l=

1
an

d
le
t

w
(t
+

1)
k

=

{
w̃

(t
+

1)
k

if
k
=

l,
w

(t
)

k
ot
he
rw

ise
.

If
ea
ch

v
(t
+

1)
k

is
in
de
pe
nd

en
to

fl
an

d
sa
tis
fie
sE

t
[ v

(t
+

1)
k

] =
1 m

(X
:k

)T
α

(t
) ,
th
en

we
ha

ve

n ∑ k
=

1

( 1 q k

(
1 2τ
k
+
λ

) −
λ

) ‖w
(t

)
k
−
w
? k
‖2

≥
n ∑ k
=

1

1 q k

(
1 2τ
k
+
λ

) E t
[‖w

(t
+

1)
k

−
w
? k
‖2 ]+

n ∑ k
=

1

1 q k

(
1 2τ
k
−

1 b k

) E t
[‖w

(t
+

1)
k

−
w

(t
)

k
‖2 ]

−
n ∑ k
=

1

b k 4
E t

[   v(t
+

1)
k

−
1 m

(X
:k

)T
α

(t
)  2] +

1 m

〈 X
(w

(t
)
−
w
?

),
α

(t
)
−
α
?
〉

+

n ∑ k
=

1

1 q k
E t

[〈 w
(t
+

1)
k

−
w

(t
)

k
,

1 m
(X

:k
)T

(α
(t

)
−
α
?

)〉] ,
(6
6)

wh
er
e

(w
?
,α

?
)
is

th
e
sa
dd

le
po

in
to

f
L

(w
,α

)
de
fin

ed
in

(5
),
an

d
th
e

b i
’s

ar
e
ar
bi
tra

ry
po

sit
iv
e

nu
m
be
rs
.

Le
m
m
a
6
is
sim

ila
rt
o
Le

m
m
a
5
an
d
ca
n
be

pr
ov
ed

us
in
g
th
e
sa
m
e
te
ch
ni
qu
es
.
Ba

se
d
on

th
es
e

tw
o
le
m
m
as
,w

e
ca
n
pr
ov
e
th
e
fo
llo

w
in
g
pr
op

os
iti
on

.
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X
ia

o,
Y

u,
Li

n
an

d
Ch

en

Pr
op
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7
Th

e
t-
th

ite
ra
tio

n
wi
th
in

th
e

s-
th

sta
ge

of
Al
go

rit
hm

2
gu

ar
an

te
es

m ∑ i=
1

1 m

     1 p i

(
1 2σ
i
+
γ
i) −

γ
i
+

n ∑ k
=

1

3τ
k
‖X

ik
‖2

m
p i

     ‖α
(t

)
i
−
α
? i
‖2
+

m ∑ i=
1

n ∑ k
=

1

2τ
k
‖X

ik
‖2

m
2 p

i
‖ᾱ

(s
)

i
−
α
? i
‖2

+

n ∑ k
=

1

     1 q k

(
1 2τ
k
+
λ

) −
λ
+

m ∑ i=
1

3σ
i
‖X

ik
‖2

m
q k

     ‖w
(t

)
k
−
w
? k
‖2
+

m ∑ i=
1

n ∑ k
=

1

2σ
i
‖X

ik
‖2

m
q k

‖w̄
(s

)
k
−
w
? k
‖2

≥
m ∑ i=

1

1 m
p i

(
1 2σ
i
+
γ
i) E t

[ ‖
α

(t
+

1)
i

−
α
? i
‖2

] +
n ∑ k
=

1

1 q k

(
1 2τ
k
+
λ

) E t
[ ‖
w

(t
+

1)
k

−
w
? k
‖2

] .
(6
7)

Pr
oo

f
M
ul
tip

ly
in
g
bo

th
sid

es
of

th
e
in
eq
ua
lit
y
(5
9)

by
1 m
an
d
ad
di
ng

to
th
e
in
eq
ua
lit
y
(6
6)

gi
ve
s

m ∑ i=
1

1 m

( 1 p i

(
1 2σ
i
+
γ
i) −

γ
i) ‖α

(t
)

i
−
α
? i
‖2
+

n ∑ k
=

1

( 1 q k

(
1 2τ
k
+
λ

) −
λ

) ‖w
(t

)
k
−
w
? k
‖2

≥
m ∑ i=

1

1 m
p i

(
1 2σ
i
+
γ
i) E t

[‖α
(t
+

1)
i

−
α
? i
‖2 ]+

n ∑ k
=

1

1 q k

(
1 2τ
k
+
λ

) E t
[‖w

(t
+

1)
k

−
w
? k
‖2 ]

+

m ∑ i=
1

1 m
p i

(
1 2σ
i
−

1 a i

) E t
[‖α

(t
+

1)
i

−
α

(t
)

i
‖2 ]+

n ∑ k
=

1

1 q k

(
1 2τ
k
−

1 b k

) E t
[‖w

(t
+

1)
k

−
w

(t
)

k
‖2 ]

−
n ∑ k
=

1

b k 4
E t

[   v(t
+

1)
k

−
1 m

(X
:k

)T
α

(t
)  2] +

n ∑ k
=

1

1 q k
E t

[〈 w
(t
+

1)
k

−
w

(t
)

k
,

1 m
(X

:k
)T

(α
(t

)
−
α
?

)〉]

−
m ∑ i=

1

a i 4m
E t

[‖u
(t
+

1)
i

−
X
i:
w

(t
) ‖2

]−
m ∑ i=

1

1 m
p i

E t
[〈 α

(t
+

1)
i

−
α

(t
)

i
,

X
i:

(w
(t

)
−
w
?

)〉] .
(6
8)

W
e
no

tic
e
th
at
th
e
te
rm

sc
on

ta
in
in
g

1 m

〈 X
(w

(t
)
−
w
?

),
α

(t
)
−
α
?
〉 fro

m
(5
9)

an
d
(6
6)

ca
nc
el
ed

ea
ch

ot
he
r.
N
ex
tw

e
bo

un
d
th
e
la
st
fo
ur

te
rm

so
n
th
e
rig

ht
-h
an
d
sid

e
of

(6
8)
.

A
si
n
A
lg
or
ith

m
2,

fo
re

ac
h

i=
1,
..
.,

m
,w

e
de
fin

e
a
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nd

om
va
ria

bl
e

u(t
+

1)
i

=
ū(s

)
i
−

1 q l
X
il
w̄

(s
)

l
+

1 q l
X
il
w

(t
)

l
,

w
hi
ch

de
pe
nd

so
n
th
e
ra
nd

om
in
de
x

l
∈{

1,
..
.,

n}
.T

ak
in
g
ex
pe
ct
at
io
n
w
ith

re
sp
ec
tt
o

ly
ie
ld
s

E t
[u

(t
+

1)
i

]=
n ∑ k
=

1
q k

( ū(s
)

i
−

1 q k
X
ik
w̄

(s
)

k
+

1 q k
X
ik
w

(t
)

k

) =
X
i:
w

(t
) ,

i=
1,

2,
..
.,

m
.

Th
er
ef
or
e

u(t
+

1)
i

sa
tis
fie

st
he

as
su
m
pt
io
n
in

Le
m
m
a
5.

In
or
de
rt
o
bo

un
d
its

va
ria

nc
e,
w
e
no

tic
e
th
at

n ∑ k
=

1
q k

( 1 q k
X
ik
w̄

(s
)

k
−

1 q k
X
ik
w

(t
)

k

) =
X
i:
w̄

(s
)
−

X
i:
w

(t
)
=

ū(s
)

i
−

X
i:
w

(t
) .
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D
SCOV

R:Random
ized

Prim
al-D

ual
A

lgorithm
s

for
A

synchronous
D

istributed
O

ptim
ization

U
sing

the
relation

betw
een

variance
and

the
second

m
om

ent,w
e
have

E
t [‖u

(t+1)
i

−
X
i: w

(t)‖ 2 ]
=

n
∑k
=1 q

k  ū
(s)
i
−

1q
k

X
ik w̄

(s)
k
+

1q
k

X
ik w

(t)
k
−

X
i: w

(t)  2

=

n
∑k
=1

1q
k  X

ik w̄
(s)
k
−

X
ik w

(t)
k  2−

‖ū
(s)
i
−

X
i: w

(t)‖ 2

≤
n

∑k
=1

1q
k  X

ik (w̄
(s)
k
−
w

(t)
k

)  2

≤
n

∑k
=1

2‖X
ik ‖ 2

q
k

(‖w̄
(s)
k
−
w
?k ‖ 2
+
‖w

(t)
k
−
w
?k ‖ 2 )

.
(69)

Sim
ilarly,for

k
=

1,...,n,w
e
have

E
t [v

(t+1)
k

]
=

m
∑i=1

p
i (v̄

(s)
k
−

1p
i 1m

(X
ik ) T

ᾱ
(s)
i
+

1p
i 1m

(X
ik ) T

α
(t)
i

)
=

1m
(X

:k ) T
α

(t).

Therefore
v

(t+1)
k

satisfiesthe
assum

ption
in

Lem
m
a
6.Furtherm

ore,w
e
have

E
t [ v

(t+1)
k

−
1m

(X
:k ) T

α
(t)  2 ]

=

m
∑i=1

p
i  v̄

(s)
k
−

1p
i 1m

(X
ik ) T

ᾱ
(s)
i
+

1p
i 1m

(X
ik ) T

α
(t)
i
−

1m
(X

:k ) T
α

(t)  2

=

m
∑i=1

1p
i 

1m
(X

ik ) T
ᾱ

(s)
i
−

1m
(X

ik ) T
α

(t)
i  2−  v̄

(s)
k
−

1m
(X

:k ) T
α

(t)  2

≤
m
∑i=1

1p
i 

1m
(X

ik ) T
(ᾱ

(s)
i
−
α

(t)
i

) 2

≤
m
∑i=1

2‖X
ik ‖ 2

p
i m

2

(‖ᾱ
(s)
i
−
α
?i ‖ 2
+
‖α

(t)
i
−
α
?i ‖ 2 )

.
(70)

N
ow

w
e
consider

the
tw
o
term

s
containing

inner
products

in
(68).

U
sing

the
conditional

expectation
relation

(63),w
e
have

E
t [−

〈α
(t+1)
i

−
α

(t)
i
,

X
i: (w

(t)−
w
?) 〉]

=
p
i E

t [−
〈α̃

(t+1)
i

−
α

(t)
i
,

X
i: (w

(t)−
w
?) 〉]

≥
p
i E

t [−
1c
i ‖α̃

(t+1)
i

−
α

(t)
i
‖ 2−

c
i4 ‖X

i: (w
(t)−

w
?)‖ 2 ]

=
−

p
i

c
i E

t [‖α̃
(t+1)
i

−
α

(t)
i
‖ 2 ]−

c
i p

i

4
‖X

i: (w
(t)−

w
?)‖ 2

=
−

1c
i E

t [‖α
(t+1)
i

−
α

(t)
i
‖ 2 ]−

c
i p

i

4
‖X

i: (w
(t)−

w
?)‖ 2,

(71)

w
here

w
e
used

Young’sinequality
w
ith

c
i being

an
arbitrary

positive
num

ber,and
the

lastequality
used

(64).W
e
note

thatforany
n
vectors

z1 ,...,z
n ∈

R
N

i,itholdsthat


n

∑k
=1

z
k  2≤

n
∑k
=1

1q
k ‖z

k ‖ 2.
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X
iao,Y

u,Lin
and

Chen

To
see

this,w
e
letz

k
,j denote

the
jth

com
ponentof

z
k
and

use
the

Cauchy-Schw
arz

inequality:


n

∑k
=1

z
k  2

=

N
i

∑j=1 *,
n

∑k
=1

z
k
,j +- 2

=

N
i

∑j=1 *,
n

∑k
=1

z
k
,j
√

q
k √

q
k +- 2

≤
N

i
∑j=1 *,

n
∑k
=1 (

z
k
,j
√

q
k )2+- *,

n
∑k
=1 (√

q
k )2+-

=

N
i

∑j=1 *,
n

∑k
=1

z 2k
,j

q
k +-
=

n
∑k
=1

1q
k

N
i

∑j=1
z 2k
,j
=

n
∑k
=1

1q
k ‖z

k ‖ 2.

A
pplying

thisinequality
to

the
vector

X
i: (w

(t)−
w
?)
=

∑
nk
=1

X
ik (w

(t)
k
−
w
?k ),w

e
get

‖X
i: (w

(t)−
w
?)‖ 2≤

n
∑k
=1

1q
k ‖X

ik (w
(t)
k
−
w
?k )‖ 2.

Therefore
w
e
can

continue
the

inequality
(71),foreach

i
=

1,...,m
,as

E
t [−

〈α
(t+1)
i

−
α

(t)
i
,

X
i: (w

(t)−
w
?) 〉]

≥
−

1c
i E

t [‖α
(t+1)
i

−
α

(t)
i
‖ 2 ]−

c
i p

i

4

n
∑k
=1

1q
k ‖X

ik (w
(t)
k
−
w
?k )‖ 2

≥
−

1c
i E

t [‖α
(t+1)
i

−
α

(t)
i
‖ 2 ]−

c
i p

i

4

n
∑k
=1

1q
k ‖X

ik ‖ 2‖w
(t)
k
−
w
?k ‖ 2.

(72)

U
sing

sim
ilarly

argum
ents,w

e
can

obtain,foreach
k
=

1,...,n
and

arbitrary
h
k
>

0,

E
t [〈w

(t+1)
k

−
w

(t)
k
,

1m
(X

:k ) T
(α

(t)−
α
?) 〉]

≥
−

1h
k E

t [‖w
(t+1)
k

−
w

(t)
k
‖ 2 ]−

h
k q

k

4m
2

m
∑i=1

1p
i ‖X

ik ‖ 2‖α
(t)
i
−
α
?i ‖ 2.

(73)

A
pplying

the
boundsin

(69),(70),(72)and
(73)to

(68)and
rearranging

term
s,w

e
have

m
∑i=1

1m  1p
i (

12
σ
i
+
γ
i )−

γ
i
+

n
∑k
=1

b
k ‖X

ik ‖ 2
2m

p
i
+

n
∑k
=1

h
k ‖X

ik ‖ 2
4m

p
i  ‖α

(t)
i
−
α
?i ‖ 2

+

n
∑k
=1 

1q
k

(
12
τ
k
+
λ )−

λ
+

m
∑i=1

a
i ‖X

ik ‖ 2
2m

q
k
+

m
∑i=1

c
i ‖X

ik ‖ 2
4m

q
k  ‖w

(t)
k
−
w
?k ‖ 2

+

m
∑i=1

n
∑k
=1

b
k ‖X

ik ‖ 2
2m

2p
i
‖ᾱ

(s)
i
−
α
?i ‖ 2
+

m
∑i=1

n
∑k
=1

a
i ‖X

ik ‖ 2
2m

q
k
‖w̄

(s)
k
−
w
?k ‖ 2

≥
m
∑i=1

1m
p
i (

12
σ
i
+
γ
i )E

t [‖α
(t+1)
i

−
α
?i ‖ 2]

+

n
∑k
=1

1q
k

(
12
τ
k
+
λ )E

t [‖w
(t+1)
k

−
w
?k ‖ 2]

+

m
∑i=1

1m
p
i (

12
σ
i −

1a
i −

1c
i )E

t [‖α
(t+1)
i

−
α

(t)
i
‖ 2]

+

n
∑k
=1

1q
k

(
12
τ
k −

1b
k −

1h
k )E

t [‖w
(t+1)
k

−
w

(t)
k
‖ 2].
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D
SC

OV
R:

Ra
nd

om
iz

ed
Pr

im
al

-D
ua

l
A

lg
or

it
hm

s
fo

r
A

sy
nc

hr
on

ou
s

D
is

tr
ib

ut
ed

O
pt

im
iz

at
io

n

Th
e
de
sir

ed
re
su
lt
(6
7)

is
ob

ta
in
ed

by
ch
oo

sin
g

a i
=

c i
=

4σ
i
an
d

b k
=

h k
=

4τ
k
.

Fi
na
lly
,w

e
ar
e
re
ad
y
to

pr
ov
e
Th

eo
re
m

1.
Le

tθ
∈

(0
,1

)
be

a
pa
ra
m
et
er

to
be

de
te
rm

in
ed

la
te
r,

an
d
le
tΓ

an
d
η
be

tw
o
co
ns
ta
nt
ss

uc
h
th
at

Γ
≥

m
ax
i,
k

{
1 p i

( 1
+

3‖
X
ik
‖2

2θ
q k
λ
γ
i

) ,
1 q k

( 1
+

3n
‖X

ik
‖2

2θ
m

p i
λ
γ
i

)}
,

(7
4)

η
=

1
−

1
−
θ

Γ
.

(7
5)

It
is
ea
sy

to
ch
ec
k
th
at
Γ
>

1
an
d
η
∈

(0
,1

).
By

th
ec

ho
ic
es

of
σ
i
an
d
τ k

in
(2
3)

an
d
(2
4)

re
sp
ec
tiv

el
y,

w
e
ha
ve

1 p i

( 1
+

1
2σ

iγ
i

) =
1 q k

( 1
+

1
2τ

k
λ

) =
Γ
,

(7
6)

fo
ra

ll
i=

1,
..
.,

m
an
d

k
=

1,
..
.,

n.
Co

m
pa
rin

g
th
e
ab
ov
e
eq
ua
lit
y
w
ith

th
e
de
fin

iti
on

of
Γ
in

(7
4)
,

w
e
ha
ve

3‖
X
ik
‖2

2θ
q k
λ
γ
i
≤

1
2σ

iγ
i

an
d

3n
‖X

ik
‖2

2θ
m

p i
λ
γ
i
≤

1
2τ

k
λ
,

w
hi
ch

im
pl
ie
s

3σ
i
‖X

ik
‖2

q k
≤
θ
λ

an
d

3n
τ k
‖X

ik
‖2

m
p i

≤
θ
γ
i,

fo
ra

ll
i=

1,
..
.,

m
an
d

k
=

1,
..
.,

n.
Th

er
ef
or
e,
w
e
ha
ve

n ∑ k
=

1

3τ
k
‖X

ik
‖2

m
p i

=
1 n

n ∑ k
=

1

3n
τ k
‖X

ik
‖2

m
p i

≤
1 n

n ∑ k
=

1
θ
γ
i
=
θ
γ
i,

i=
1,
..
.,

m
,

(7
7)

m ∑ i=
1

3σ
i
‖X

ik
‖2

m
q k

=
1 m

m ∑ i=
1

3σ
i
‖X

ik
‖2

q k
≤

1 m

m ∑ i=
1
θ
λ
=
θ
λ
,

k
=

1,
..
.,

n.
(7
8)

N
ow

w
e
co
ns
id
er

th
e
in
eq
ua
lit
y
(6
7)
,a
nd

ex
am

in
e
th
e
ra
tio

be
tw
ee
n
th
e
co
effi

ci
en
ts
of
‖α

(t
)

i
−α

? i
‖2

an
d

E t
[‖α

(t
+

1)
i

−
α
? i
‖2 ].

U
sin

g
(7
7)

an
d
(7
6)
,w

e
ha
ve

1 p
i

(
1 2σ
i
+
γ
i) −

γ
i
+

∑
n k
=

1
3τ

k
‖X

ik
‖2

m
p
i

1 p
i

(
1 2σ
i
+
γ
i)

≤
1
−

(1
−
θ

)γ
i

1 p
i

(
1 2σ
i
+
γ
i)
=

1
−

1
−
θ

Γ
=
η
.

(7
9)

Si
m
ila

rly
,t
he

ra
tio

be
tw
ee
n
th
ec

oe
ffi
ci
en
ts
of
‖w

(t
)

k
−w

? k
‖2

an
d

E t
[‖w

(t
+

1)
k
−w

? k
‖2 ]c

an
be

bo
un

de
d

us
in
g
(7
8)

an
d
(7
6)
:

1 q
k

(
1 2τ
k
+
λ
) −

λ
+

∑
m i=

1
3σ

i
‖X

ik
‖2

m
q
k

1 q
k

(
1 2τ
k
+
λ
)

≤
1
−

(1
−
θ

)λ
1 q
k

(
1 2τ
k
+
λ
)
=

1
−

1
−
θ

Γ
=
η
.

(8
0)
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X
ia

o,
Y

u,
Li

n
an

d
Ch

en

In
ad
di
tio

n,
th
e
ra
tio

be
tw
ee
n
th
e
co
effi

ci
en
ts
of
‖ᾱ

(s
)

i
−
α
? i
‖2

an
d

E t
[‖α

(t
+

1)
i

−
α
? i
‖2 ]a

nd
th
at

of
‖w̄

(s
)

k
−
w
? k
‖2

an
d

E t
[‖w

(t
+

1)
k

−
w
? k
‖2 ]c

an
be

bo
un

de
d
as

∑
k k
=

1
2τ

k
‖X

ik
‖2

m
p
i

1 p
i

(
1 2σ
i
+
γ
i)
≤

(2
/3

)θ
γ
i

1 p
i

(
1 2σ
i
+
γ
i)
=

(2
/3

)θ
Γ

=
2θ

(1
−η

)
3(

1
−
θ

)
,

(8
1)

∑
m i=

1
3σ

i
‖X

ik
‖2

m
q
k

1 q
k

(
1 2τ
k
+
λ
)
≤

(2
/3

)θ
λ

1 q
k

(
1 2τ
k
+
λ
)
=

(2
/3

)θ
Γ

=
2θ

(1
−η

)
3(

1
−
θ

)
.

(8
2)

U
sin

g
(7
6)

an
d
th
e
fo
ur

in
eq
ua
lit
ie
s
(7
9)
,(
80

),
(8
1)

an
d
(8
2)
,w

e
co
nc
lu
de

th
at

th
e
in
eq
ua
lit
y
(6
7)

im
pl
ie
s

η

m ∑ i=
1

Γ
γ
i

m
‖α

(t
)

i
−
α
? i
‖2
+

2θ
(1
−η

)
3(

1
−
θ

)

m ∑ i=
1

Γ
γ
i

m
‖ᾱ

(s
)

i
−
α
? i
‖2

+
η

n ∑ k
=

1
Γ
λ
‖w

(t
)

k
−
w
? k
‖2
+

2θ
(1
−η

)
3(

1
−
θ

)

n ∑ k
=

1
Γ
λ
‖w̄

(s
)

k
−
w
? k
‖2

≥
m ∑ i=

1

Γ
γ
i

m
E t

[‖α
(t
+

1)
i

−
α
? i
‖2 ]+

n ∑ k
=

1
Γ
λ

E t
[‖w

(t
+

1)
k

−
w
? k
‖2 ].

U
sin

g
th
e
de
fin

ite
of
Ω

(·)
in

(2
1)
,t
he

in
eq
ua
lit
y
ab
ov
e
is
eq
ui
va
le
nt

to

η
Ω

( w
(t

)
−
w
?
,α

(t
)
−
α
?
) +

2θ
(1
−η

)
3(

1
−
θ

)
Ω

( w̄
(s

)
−
w
?
,ᾱ

(s
)
−
α
?
)

≥
E t

[ Ω(
w

(t
+

1)
−
w
?
,α

(t
+

1)
−
α
?
)] .

(8
3)

To
sim

pl
ify

fu
rth

er
de
riv

at
io
n,

w
e
de
fin

e

∆
(t

)
=

E
[ Ω(

w
(t

)
−
w
?
,α

(t
)
−
α
?
)] ,

∆̄
(s

)
=

E
[ Ω(

w̄
(s

)
−
w
?
,ᾱ

(s
)
−
α
?
)] ,

w
he
re

th
e
ex
pe
ct
at
io
n
is
ta
ke
n
w
ith

re
sp
ec
tt
o
al
lr
an
do

m
ne
ss

in
th
e

st
h
sta

ge
,t
ha
ti
s,
th
e
ra
nd

om
va
ria

bl
es
{(j

(0
) ,

l(0
) ),

(j
(1

) ,
l(1

) ),
..
.,

(j
(M
−1

) ,
l(M

−1
) )}.

Th
en

th
e
in
eq
ua
lit
y
(8
3)

im
pl
ie
s

2θ
(1
−η

)
3(

1
−
θ

)
∆̄

(s
)
+
η
∆

(t
)
≥
∆

(t
+

1)
.

D
iv
id
in
g
bo

th
sid

es
of

th
e
ab
ov
e
in
eq
ua
lit
y
by
η
t+

1
gi
ve
s

2θ
(1
−η

)
3(

1
−
θ

)
∆̄

(s
)

η
t+

1
+
∆

(t
)

η
t
≥
∆

(t
+

1)

η
t+

1
.

Su
m
m
in
g
fo
rt
=

0,
1,
,.
..
,M
−1

gi
ve
s

( 1 η
+

1 η
2
+
··
·+

1 η
M

) 2θ
(1
−η

)
3(

1
−
θ

)
∆̄

(s
)
+
∆

(0
)
≥
∆

(T
)

η
M
,
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D
SCOV

R:Random
ized

Prim
al-D

ual
A

lgorithm
s

for
A

synchronous
D

istributed
O

ptim
ization

w
hich

furtherleadsto
(1−

η
M

)
2
θ

3(1−
θ)
∆̄

(s)
+
η
M
∆

(0)≥
∆

(M
).

N
ow

choosing
θ
=

1
/3

and
using

the
relation

∆̄
(s)
=
∆

(0)foreach
stage,w

e
obtain

(13
+

23
η
M

)
∆

(0)≥
∆

(M
).

Therefore
ifw

e
choose

M
large

enough
such

that
η
M
≤

12 ,then

∆
(M

)≤
23
∆

(0),
orequivalently,

∆̄
(s
+1)≤

23
∆̄

(s).

The
condition

η
M
≤

12
isequivalentto

M
≥

log(2)
log(1

/η
) ,w

hich
can

be
guaranteed

by

M
≥

log(2)
1−

η
=

log(2)
1−

θ
Γ
=

3log(2)
2
Γ
=

log( √
8)Γ

.

To
further

sim
plify,itsuffi

ces
to

have
M
≥

log(3)Γ.
Finally,w

e
notice

that
∆̄

(s
+1)≤

(2
/3)∆̄

(s)

im
plies

∆̄
(s)≤

(2
/3)

s
∆̄

(0),w
hich

isthe
desired

resultin
Theorem

1.

A.1.Alternativeboundsand
step

sizes

A
lternatively,w

e
can

let
Γ
to

satisfy

Γ
≥

m
ax
i,k 

1p
i *, 1
+

3‖X
:k ‖ 2F

2
θm

q
k
λ
γ
i +-
,

1q
k *, 1
+

3‖X
i: ‖ 2F

2
θm

p
i λ
γ
i +- 

,
(84)

w
here‖·‖

F
denotesthe

Frobeniusnorm
ofa

m
atrix.Then

by
choosing

σ
i and

τ
k
thatsatisfy

(76),
w
e
have

3
σ
i ‖X

:k ‖ 2F

m
q
k

≤
θ
λ

and
3
τ
k ‖X

i: ‖ 2F

m
p
i

≤
θ
γ
i ,

W
e
can

bound
the

left-hand
sidesin

(77)and
(78)using

H
ölder’sinequality,w

hich
resultsin

n
∑k
=1

3
τ
k ‖X

ik ‖ 2
m

p
i

≤
n

∑k
=1

3
τ
k ‖X

ik ‖ 2F

m
p
i

≤
3m

ax
k {τ

k }‖X
i: ‖ 2F

m
p
i

≤
θ
γ
i ,

i
=

1,...,m
,

(85)

m
∑i=1

3
σ
i ‖X

ik ‖ 2
m

q
k

≤
m
∑i=1

3
σ
i ‖X

ik ‖ 2F

m
q
k

≤
3m

ax
i {σ

i }‖X
:k ‖ 2F

m
q
k

≤
θ
λ
,

k
=

1,...,n
.

(86)

The
restofthe

proofhold
w
ithoutany

change.Setting
θ
=

1
/3

givesthe
condition

on
Γ
in

(26).
In

Theorem
1
and

the
proofabove,w

e
choose

Γ
as

a
uniform

bound
overallcom

binations
of

(i,k)in
orderto

obtain
a
uniform

convergence
rates

on
allblocks

ofthe
prim

aland
dualvariables

w
(t)
k

and
α

(t)
i
,so

w
e
have

a
sim

ple
conclusion

asin
(25).In

practice,w
e
can

use
differentboundson

differentblocksand
choose

step
sizesto

allow
them

to
converge

atdifferentrates.
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X
iao,Y

u,Lin
and

Chen

Forexam
ple,w

e
can

choose
the

step
sizes

σ
i and

τ
k
such

that

1p
i (1
+

1
2
σ
i γ

i )
=

m
axk 

1p
i *, 1
+

3‖X
:k ‖ 2F

2
θm

q
k
λ
γ
i +- 

,
i
=

1,...,m
,

1q
k

(1
+

1
2
τ
k
λ )

=
m

axi 
1q
k *, 1
+

3‖X
i: ‖ 2F

2
θm

p
i λ
γ
i +- 

,
k
=

1,...,n
.

Then
theinequalities(85)and

(86)stillhold,and
w
ecan

stillshow
linearconvergencew

ith
asim

ilar
rate.In

thiscase,the
step

sizesare
chosen

as

σ
i
=

m
ink 

θm
q
k
λ

3‖X
:k ‖ 2F 

,
i
=

1,...,m
,

τ
k
=

m
ini 

θm
p
i γ

i

3‖X
i: ‖ 2F 

,
k
=

1,...,n
.

Ifw
e
choose

the
probabilitiesto

be
proportionalto

the
norm

softhe
data

blocks,i.e.,

p
i
=
‖X

i: ‖ 2F

‖X‖ 2F

,
q
k
=
‖X

:k ‖ 2F

‖X‖ 2F

,

then
w
e
have

σ
i
=

θm
λ

3‖X‖ 2F

,
τ
k
=

θm
γ
i

3‖X‖ 2F

.

Ifw
e
furthernorm

alize
the

row
sof

X
,and

letR
be

the
norm

ofeach
row,then

(w
ith

θ
=

1
/3)

σ
i
=

θ
λ

3R
2

mN
=

λ

9R
2

mN
,

τ
k
=
θ
γ
i

3R
2

mN
=

γ
i

9R
2

mN
.

Fordistributed
ERM

,w
e
have

γ
i
=

Nm
γ,thus

τ
k
=

γ

9
R

2
asin

(29).

Appendix
B.ProofofTheorem

2
Considerthe

follow
ing

saddle-pointproblem
w
ith

doubly
separable

structure:

m
in

w
∈R

D
m

ax
α∈R

N

{L
(w
,α

)
≡

1m

m
∑i=1

n
∑k
=1
α
Ti

X
ik w

k −
1m

m
∑i=1

f ∗i (α
i )
+

n
∑k
=1

g
k (w

k ) }
.

(87)

U
nderA

ssum
ption

1,L
hasa

unique
saddle

point(w
?,α

?).W
e
define

P̃
k (w

k )
≡

1m
(α
?) T

X
:k w

k
+
g
k (w

k )−
1m

(α
?) T

X
:k w

?k −
g
k (w

?k ),
k
=

1,...,n,
(88)

D̃
i (α

i )
≡

1m

(α
Ti

X
i: w

?−
f ∗i (α

i )−
(α
?i ) T

X
i: w

?
+

f ∗i (α
?i ) )

,
i
=

1,...,m
.

(89)

W
e
note

that
w
?k
is

the
m
inim

izer
of

P̃
k
w
ith

P̃
k (w

?k )
=

0
and

α
?i
is

the
m
axim

izer
of

D̃
i
w
ith

D̃
i (α

?i )
=

0.M
oreover,by

the
assum

ed
strong

convexity,

P̃
k (w

k )
≥

λ2 ‖w
k −

w
?k ‖ 2,

D̃
i (α

i )
≤
−
γ
i

2m
‖α

i −
α
?i ‖ 2.

(90)
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D
SC

OV
R:

Ra
nd

om
iz

ed
Pr

im
al

-D
ua

l
A

lg
or

it
hm

s
fo

r
A

sy
nc

hr
on

ou
s

D
is

tr
ib

ut
ed

O
pt

im
iz

at
io

n

M
or
eo
ve
r,
w
e
ha
ve

th
e
fo
llo

w
in
g
lo
w
er

bo
un

d
fo
rt
he

du
al
ity

ga
p

P
(w

)−
D

(α
):

n ∑ k
=

1
P̃ k

(w
k
)−

m ∑ i=
1

D̃
i(
α
i)
=

L
(w
,α

?
)−

L
(w

?
,α

)
≤

P
(w

)−
D

(α
).

(9
1)

W
e
ca
n
al
so

us
e
th
em

to
de
riv

e
an

up
pe
rb

ou
nd

fo
rt
he

du
al
ity

ga
p,

as
in

th
e
fo
llo

w
in
g
le
m
m
a.

Le
m
m
a
8

Su
pp

os
e
As

su
m
pt
io
n
1
ho

ld
s.

Le
t(
w
?
,α

?
)
be

th
e
sa
dd

le
-p
oi
nt

of
L

(w
,α

)
an

d
de
fin

e

P
(w

)
=

su
p
α

L
(w
,α

),
D

(α
)
=

in
f

w
L

(w
,α

).
Th

en
we

ha
ve

P
(w

)−
D

(α
)
≤

L
(w
,α

?
)−

L
(w

?
,α

)+
( 1 m

m ∑ i=
1

‖X
i:
‖2

2γ
i

) ‖
w
−
w
?
‖2
+
‖X
‖2

2m
2 λ
‖α
−
α
?
‖2
.

Pr
oo

f
By

de
fin

iti
on

,t
he

pr
im

al
fu
nc
tio

n
ca
n
be

w
rit
te
n
as

P
(w

)
=

F
(w

)+
g

(w
),
w
he
re

F
(w

)
=

1 m

m ∑ i=
1

f i
(X

i:
w

)
=

1 m
m

ax α

{ α
T

X
w
−

m ∑ i=
1

f∗ i
(α

i)
} .

Fr
om

th
e
op

tim
al
ity

co
nd

iti
on

ss
at
isfi

ed
by

th
e
sa
dd

le
po

in
t(
w
?
,α

?
),
w
e
ha
ve

∇F
(w

?
)
=

1 m
X
T
α
?
.

By
as
su
m
pt
io
n,
∇F

(w
)
is
Li
ps
ch
itz

co
nt
in
uo

us
w
ith

sm
oo

th
co
ns
ta
nt

1 m

∑
m i=

1
‖X

i:
‖2

γ
i

,w
hi
ch

im
pl
ie
s

F
(w

)
≤

F
(w

?
)+
〈∇

F
(w

?
),
w
−
w
?
〉+

( 1 m

m ∑ i=
1

‖X
i:
‖2

2γ
i

) ‖
w
−
w
?
‖2

=
1 m

( (α
?

)T
X
w
?
−

m ∑ i=
1

f∗ i
(α
? i

)) +
1 m

(α
?

)T
X

(w
−
w
?

)+
( 1 m

m ∑ i=
1

‖X
i:
‖2

2γ
i

) ‖
w
−
w
?
‖2

=
1 m

( (α
?

)T
X
w
−

m ∑ i=
1

f∗ i
(α
? i

)) +
( 1 m

m ∑ i=
1

‖X
i:
‖2

2γ
i

) ‖
w
−
w
?
‖2
.

Th
er
ef
or
e,

P
(w

)
=

F
(w

)+
g

(w
)

≤
1 m

(α
?

)T
X
w
−

1 m

m ∑ i=
1

f∗ i
(α
? i

)+
g

(w
)+

( 1 m

m ∑ i=
1

‖X
i:
‖2

2γ
i

) ‖
w
−
w
?
‖2

=
L

(w
,α

?
)+

( 1 m

m ∑ i=
1

‖X
i:
‖2

2γ
i

) ‖
w
−
w
?
‖2
.

U
sin

g
sim

ila
ra

rg
um

en
ts,

es
pe
ci
al
ly

th
at
∇g
∗ (
α

)
ha
sL

ip
sc
hi
tz
co
ns
ta
nt
‖X
‖

m
2 λ
,w

e
ca
n
sh
ow

th
at

D
(α

)
≥

L
(w

?
,α

)−
‖X
‖2

2m
2 λ
‖α
−
α
?
‖2
.

Co
m
bi
ni
ng

th
e
la
st
tw
o
in
eq
ua
lit
ie
sg

iv
es

th
e
de
sir

ed
re
su
lt.

Th
e
re
st
of

th
e
pr
oo

ff
ol
lo
w

sim
ila

rs
te
ps

as
in

th
e
pr
oo

fo
fT

he
or
em

1.
Th

e
ne
xt

tw
o
le
m
m
as

ar
e
va
ria

nt
so

fL
em

m
as

5
an
d
6.
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X
ia

o,
Y

u,
Li

n
an

d
Ch

en

Le
m
m
a
9

U
nd

er
th
e
sa
m
e
as
su
m
pt
io
ns

an
d
se
tu
p
in

Le
m
m
a
5,

we
ha

ve
m ∑ i=

1

( 1 p i

(
1 2σ
i
+
γ
i 2

) −
γ
i 2

) ‖α
(t

)
i
−
α
? i
‖2
−

m ∑ i=
1

( 1 p i
−1

) m
D̃
i(
α

(t
)

i
)

≥
m ∑ i=

1

1 p i

(
1 2σ
i
+
γ
i 2

) E t
[‖α

(t
+

1)
i
−
α
? i
‖2 ]+

m ∑ i=
1

1
2p

iσ
i
E t

[‖α
(t
+

1)
i
−
α

(t
)

i
‖2 ]−

m ∑ i=
1

m p i
E t

[ D̃
i(
α

(t
+

1)
i

)]

+
〈 w

(t
)
−
w
?
,

X
T

(α
?
−
α

(t
) )〉 −

m ∑ i=
1

1 p i
E t

[〈 α
(t
+

1)
i

−
α

(t
)

i
,

u(t
+

1)
i

−
X
i:
w
?
〉] .

(9
2)

Pr
oo

f
W
e
sta

rt
by

ta
ki
ng

co
nd

iti
on

al
ex
pe
ct
at
io
n

E t
on

bo
th

sid
es

of
th
e
in
eq
ua
lit
y
(6
1)
,a
nd

w
ou

ld
lik

e
to

re
pl
ac
e
ev
er
y
te
rm

co
nt
ai
ni
ng

α̃
(t
+

1)
i

w
ith

te
rm

st
ha
tc
on

ta
in

on
ly
α

(t
)

i
an
d
α

(t
+

1)
i

.I
n
ad
di
tio

n
to

th
e
re
la
tio

ns
in

(6
3)
,(
64

)a
nd

(6
5)
,w

e
al
so

ne
ed

E t
[ f∗ i

(α
(t
+

1)
i

)]
=

p i
f∗ i

(α̃
(t
+

1)
i

)+
(1
−

p i
)f
∗ i
(α

(t
)

i
).

A
fte

rt
he

su
bs
tit
ut
io
ns

an
d
re
ar
ra
ng

in
g
te
rm

s,
w
e
ha
ve

( 1 p i

(
1 2σ
i
+
γ
i 2

) −
γ
i 2

) ‖α
(t

)
i
−
α
? i
‖2
+

( 1 p i
−1

) ( f∗ i
(α

(t
)

i
)−

f∗ i
(α
? i

))

≥
1 p i

(
1 2σ
i
+
γ
i 2

) E t
[‖α

(t
+

1)
i
−
α
? i
‖2 ]+

1
2p

iσ
i
E t

[‖α
(t
+

1)
i
−
α

(t
)

i
‖2 ]+

1 p i
E t

[(
f∗ i

(α
(t
+

1)
i

)−
f∗ i

(α
? i

))]

E t
[ 〈α

? i
−
α

(t
)

i
,

u(t
+

1)
i
〉]
−

1 p i
E t

[〈 α
(t
+

1)
i

−
α

(t
)

i
,

u(t
+

1)
i

〉] .

N
ex
t,
w
e
us
e
th
e
as
su
m
pt
io
n

E t
[ u(t
+

1)
i

] =
X
i:
w

(t
)
an
d
th
e
de
fin

iti
on

of
D̃
i(
·)
in

(8
9)

to
ob

ta
in

( 1 p i

(
1 2σ
i
+
γ
i 2

) −
γ
i 2

) ‖α
(t

)
i
−
α
? i
‖2
−

( 1 p i
−1

) m
D̃
i(
α

(t
)

i
)

≥
1 p i

(
1 2σ
i
+
γ
i 2

) E t
[‖α

(t
+

1)
i

−
α
? i
‖2 ]+

1
2p

iσ
i
E t

[‖α
(t
+

1)
i

−
α

(t
)

i
‖2 ]−

m p i
E t

[ D̃
i(
α

(t
+

1)
i

)]

+
〈 α

? i
−
α

(t
)

i
,

X
i:
( w

(t
)
−
w
?
)〉
−

1 p i
E t

[〈 α
(t
+

1)
i

−
α

(t
)

i
,

u(t
+

1)
i

−
X
i:
w
?
〉] .

Su
m
m
in
g
up

th
e
ab
ov
e
in
eq
ua
lit
y
fo
ri
=

1,
..
.,

m
gi
ve
st
he

de
sir

ed
re
su
lt
(9
2)
.

Le
m
m
a
10

U
nd

er
th
e
sa
m
e
as
su
m
pt
io
ns

an
d
se
tu
p
in

Le
m
m
a
6,

we
ha

ve

K ∑ k
=

1

( 1 q k

(
1 2τ
k
+
λ 2

) −
λ 2

) ‖w
(t

)
k
−
w
? k
‖2
+

n ∑ k
=

1

( 1 q k
−1

) P̃ k
(w

(t
)

k
)

≥
n ∑ k
=

1

1 q k

(
1 2τ
k
+
λ 2

) E t
[‖w

(t
+

1)
k
−
w
? k
‖2 ]+

n ∑ k
=

1

1
2q

k
τ k

E t
[‖w

(t
+

1)
k
−
w

(t
)

k
‖2 ]+

n ∑ k
=

1

1 q k
E t

[ P̃ k
(w

(t
+

1)
k

)]

+
1 m

〈 X
(w

(t
)
−
w
?

),
α

(t
)
−
α
?
〉 +

n ∑ k
=

1

1 q k
E t

[〈 w
(t
+

1)
k

−
w

(t
)

k
,
v

(t
+

1)
k

−
1 m

(X
:k

)T
α
?

〉] .
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D

istributed
O
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ization

Based
on

Lem
m
a
9
and

Lem
m
a
10,w

e
can

prove
the

follow
ing

proposition.
The

proofisvery
sim

ilarto
thatofProposition

7,thusw
e
om

itthe
detailshere.

Proposition
11

The
t-th

iteration
within

the
s-th

stage
ofAlgorithm

2
guarantees

n
∑k
=1 (

1q
k −

1 )
P̃
k (w

(t)
k

)−
m
∑i=1 (

1p
i −

1 )
D̃
i (α

(t)
i

)

+

m
∑i=1

1m  1p
i (

12
σ
i
+
γ
i

2

)−
γ
i

2
+

n
∑k
=1

3
τ
k ‖X

ik ‖ 2
m

p
i

 ‖α
(t)
i −

α
?i ‖ 2
+

m
∑i=1

n
∑k
=1

2
τ
k ‖X

ik ‖ 2
m

2p
i
‖ᾱ

(s)
i
−
α
?i ‖ 2

+

n
∑k
=1 

1q
k

(
12
τ
k
+
λ2 )−

λ2
+

m
∑i=1

3
σ
i ‖X

ik ‖ 2
m

q
k

 ‖w
(t)
k
−
w
?k ‖ 2
+

m
∑i=1

n
∑k
=1

2
σ
i ‖X

ik ‖ 2
m

q
k
‖w̄

(s)
k
−
w
?k ‖ 2

≥
n

∑k
=1

1q
k E

t [P̃
k (w

(t+1)
k

) ]−
m
∑i=1

1p
i E

t [D̃
i (α

(t+1)
i

) ]

+

m
∑i=1

1m
p
i (

12
σ
i
+
γ
i

2

)E
t [‖α

(t+1)
i

−
α
?i ‖ 2 ]

+

n
∑k
=1

1q
k

(
12
τ
k
+
λ2 )E

t [‖w
(t+1)
k

−
w
?k ‖ 2 ].

(93)

N
ow

w
e
proceed

to
prove

Theorem
2.Let

θ∈
(0,1)be

a
param

eterto
be

determ
ined

later,and
let
Γ
and

η
be

tw
o
constantssuch

that

Γ
≥

m
ax
i,k

{
1p
i (1
+

6
Λ

θq
k
λ
γ
i )
,

1q
k

(1
+

6n
Λ

θp
i m
λ
γ
i )}

,
(94)

η
=

1−
1−

θ

Γ
.

(95)

Itiseasy
to

check
that
Γ
>

1
and

η∈
(0,1).The

choicesof
σ
i and

τ
k
in

(32)and
(33)satisfy

1p
i (12

+
1

2
σ
i γ

i )
=
Γ2
,

i
=

1,...,m
,

(96)

1q
k

(12
+

1
2
τ
k
λ )

=
Γ2
,

k
=

1,...,n
.

(97)

Com
paring

them
w
ith

the
definition

of
Γ
in

(94),and
using

the
assum

ption
Λ
≥
‖X

ik ‖ 2F
≥
‖X

ik ‖ 2,
w
e
get

6‖X
ik ‖ 2

θq
k
λ
γ
i
≤

6
Λ

θq
k
λ
γ
i ≤

1σ
i γ

i
and

6n‖X
ik ‖ 2

θp
i m
λ
γ
i
≤

6n
Λ

θp
i m
λ
γ
i ≤

1τ
k
λ
,

w
hich

im
plies

3
σ
i ‖X

ik ‖ 2
q
k

≤
θ
λ2

and
3n
τ
k ‖X

ik ‖ 2
m

p
i

≤
θ
γ
i

2
,

foralli
=

1,...,m
and

k
=

1,...,n.Therefore,w
e
have

n
∑k
=1

3
τ
k ‖X

ik ‖ 2
m

p
i

=
1n

n
∑k
=1

3n
τ
k ‖X

ik ‖ 2
m

p
i

≤
θ
γ
i

2
,

i
=

1,...,m
,

(98)

m
∑i=1

3
σ
i ‖X

ik ‖ 2
m

q
k

=
1m

m
∑i=1

3
σ
i ‖X

ik ‖ 2
q
k

≤
θ
λ2
,

k
=

1,...,n
.

(99)
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N
ow

w
e
considerthe

inequality
(93),and

exam
ine

the
ratio

betw
een

the
coeffi

cientsof‖α
(t)
i
−

α
?i ‖ 2and

E
t [‖α

(t+1)
i

−
α
?i ‖ 2].U

sing
(98)and

(96),w
e
have

1p
i (

12
σ
i
+
γ
i2 )−

γ
i2
+

∑
nk
=1

3τ
k ‖

X
ik ‖ 2

m
p
i

1p
i (

12
σ
i
+
γ
i2 )

≤
1−

(1−
θ)
γ
i2

1p
i (

12
σ
i
+
γ
i2 )
=

1−
1−

θ

Γ
=
η
.

(100)

Sim
ilarly,theratio

betw
een

thecoeffi
cientsof‖w

(t)
k
−
w
?k ‖ 2andE

t [‖w
(t+1)
k
−
w
?k ‖ 2]can

bebounded
using

(99)and
(97):

1q
k

(
12τ
k
+
λ2 )−

λ2
+

∑
mi=1

3
σ
i ‖
X
ik ‖ 2

m
q
k

1q
k

(
12τ
k
+
λ2 )

≤
1−

(1−
θ)

λ2
1q
k

(
12τ
k
+
λ2 )
=

1−
1−

θ

Γ
=
η
.

(101)

In
addition,the

ratio
betw

een
the

coeffi
cients

of‖ᾱ
(s)
i
−
α
?i ‖ 2

and
E
t [‖α

(t+1)
i

−
α
?i ‖ 2]and

thatof
‖w̄

(s)
k
−
w
?k ‖ 2and

E
t [‖w

(t+1)
k

−
w
?k ‖ 2]can

be
bounded

as

∑
nk
=1

2τ
k ‖

X
ik ‖ 2

m
p
i

1p
i (

12
σ
i
+
γ
i2 )
≤

(2
/3)θ

γ
i2

1p
i (

12
σ
i
+
γ
i2 )
=

(2
/3)θ
Γ

=
2
θ(1−

η)
3(1−

θ)
,

(102)

∑
mi=1

2
σ
i ‖
X
ik ‖ 2

m
q
k

1q
k

(
12τ
k
+
λ2 )
≤

(2
/3)θ

λ2
1q
k

(
12τ
k
+
λ2 )
=

(2
/3)θ
Γ

=
2
θ(1−

η)
3(1−

θ)
.

(103)

A
lso,

the
ratios

betw
een

the
coeffi

cients
of

P̃
k (w

(t)
k

)
and

E
t [P̃

k (w
(t+1)
k

) ]
is

1−
q
k ,

and
that

of
D̃

k (α
(t)
i

)and
E
t [D̃

i (α
(t+1)
i

) ]
is1−

p
i .From

the
definition

of
Γ
and

η
in

(94)and
(95),w

e
have

1−
p
i ≤

η
for

i
=

1,...,m
,

and
1−

q
k ≤

η
for

k
=

1,...,n
.

(104)

U
sing

the
relations

in
(96)and

(97)and
the

inequalities
(100),(101),(102),(103)and

(104),w
e

conclude
thatthe

inequality
(93)im

plies

η *,
n

∑k
=1

1q
k

P̃
k (w

(t)
k

)−
m
∑i=1

1p
i D̃

i (α
(t)
i

) +-
+
η *,

m
∑i=1

Γ
γ
i

2m
‖α

(t)
i
−
α
?i ‖ 2
+

n
∑k
=1

Γ
λ2
‖w

(t)
k
−
w
?k ‖ 2+-

+
2
θ(1−

η)
3(1−

θ) *,
m
∑i=1

Γ
γ
i

2m
‖ᾱ

(s)
i
−
α
?i ‖ 2

n
∑k
=1

Γ
λ2
‖w̄

(s)
k
−
w
?k ‖ 2+-

≥
n

∑k
=1

1q
k E

t [P̃
k (w

(t+1)
k

) ]−
m
∑i=1

1p
i E

t [D̃
i (α

(t+1)
i

) ]

+

m
∑i=1

Γ
γ
i

2m
E
t [‖α

(t+1)
i

−
α
?i ‖ 2]

+

n
∑k
=1

Γ
λ2

E
t [‖w

(t+1)
k

−
w
?k ‖ 2],
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D
SC

OV
R:

Ra
nd

om
iz

ed
Pr

im
al

-D
ua

l
A

lg
or

it
hm

s
fo

r
A

sy
nc

hr
on

ou
s

D
is

tr
ib

ut
ed

O
pt

im
iz

at
io

n

w
hi
ch

is
eq
ui
va
le
nt

to

η
* ,n ∑ k
=

1

1 q k
P̃ k

(w
(t

)
k

)−
m ∑ i=

1

1 p i
D̃
i(
α

(t
)

i
)+
Γ
λ 2
‖w

(t
)
−
w
?
‖2
+

1 m

m ∑ i=
1

Γ
γ
i 2
‖α

(t
)

i
−
α
? i
‖2 + -

+
2θ

(1
−η

)
3(

1
−
θ

)
* ,Γ
λ 2
‖w̄

(s
)
−
w
?
‖2
+

1 m

m ∑ i=
1

Γ
γ
i 2
‖ᾱ

(s
)

i
−
α
? i
‖2 + -

(1
05

)

≥
E t

[ n ∑ k
=

1

1 q k
P̃ k

(w
(t
+

1)
k

)−
m ∑ i=

1

1 p i
D̃
i(
α

(t
+

1)
i

)+
Γ
λ 2
‖w

(t
+

1)
−
w
?
‖2
+

1 m

m ∑ i=
1

Γ
γ
i 2
‖α

(t
+

1)
i
−
α
? i
‖2

] .

To
sim

pl
ify

fu
rth

er
de
riv

at
io
n,

w
e
de
fin

e

∆
(t

)
=

n ∑ k
=

1

1 q k
P̃ k

(w
(t

)
k

)−
m ∑ i=

1

1 p i
D̃
i(
α

(t
)

i
)+
Γ
λ 2
‖w

(t
)
−
w
?
‖2
+

1 m

m ∑ i=
1

Γ
γ
i 2
‖α

(t
)

i
−
α
? i
‖2 ,

∆̄
(s

)
=

n ∑ k
=

1

1 q k
P̃ k

(w̄
(s

)
k

)−
m ∑ i=

1

1 p i
D̃
i(
ᾱ

(s
)

i
)+
Γ
λ 2
‖w̄

(s
)
−
w
?
‖2
+

1 m

m ∑ i=
1

Γ
γ
i 2
‖ᾱ

(s
)

i
−
α
? i
‖2
.

U
sin

g
th
e
fa
ct
st
ha
tP̃

k
(w̄

(s
)

k
)
≥

0
an
d
−D̃

i(
ᾱ

(s
)

i
)
≥

0,
th
e
in
eq
ua
lit
y
(1
05

)i
m
pl
ie
s

2θ
(1
−η

)
3(

1
−
θ

)
∆̄

(s
)
+
η
E
[ ∆

(t
)]
≥

E
[ ∆

(t
+

1)
] ,

w
he
re

th
e
ex
pe
ct
at
io
n
is
ta
ke
n
w
ith

re
sp
ec
tt
o
al
lr
an
do

m
ne
ss

in
th
e

s-
th

sta
ge
,t
ha
ti
s,
th
e
ra
nd

om
va
ria

bl
es
{(j

(0
) ,

l(0
) ),

(j
(1

) ,
l(1

) ),
..
.,

(j
(M
−1

) ,
l(M

−1
) )}.

N
ex
tw

ec
ho

os
e
θ
=

1/
3
an
d
fo
llo

w
th
es

am
e

ar
gu

m
en
ts
as

in
th
e
pr
oo

ff
or

Th
eo
re
m

1
to

ob
ta
in

E
[ ∆

(M
)]
≤

2 3∆
(0

) ,
pr
ov
id
ed

M
≥

lo
g(

3)
Γ
.T

hi
s

fu
rth

er
im

pl
ie
s

E
[ ∆̄

(s
)]
≤

( 2 3) s
∆̄

(0
) .

(1
06

)

By
de
fin

iti
on

of
Γ
in
(9
4)
,w

eh
av
e

1 q
k
<
Γ
fo
rk
=

1,
..
.,

n
an
d

1 p
i
<
Γ
fo
ri
=

1,
..
.,

m
.T

he
re
fo
re
,

∆̄
(0

)
≤
Γ

* ,n ∑ k
=

1
P̃ k

(w̄
(0

)
k

)−
m ∑ i=

1
D̃
i(
ᾱ

(0
)

i
)+

λ 2
‖w̄

(0
)
−
w
?
‖2
+

1 m

m ∑ i=
1

γ
i 2
‖ᾱ

(0
)

i
−
α
? i
‖2 + -

≤
2Γ

* ,n ∑ k
=

1
P̃ k

(w̄
(0

)
k

)−
m ∑ i=

1
D̃
i(
ᾱ

(0
)

i
)+ -

≤
2Γ

( P
(w̄

(0
) )−

D
(ᾱ

(0
) )) ,

(1
07

)

w
he
re

th
e
se
co
nd

in
eq
ua
lit
y
us
ed

(9
0)

an
d
th
e
la
st
in
eq
ua
lit
y
us
ed

(9
1)
.O

n
th
e
ot
he
rh

an
d,

w
e
ca
n

al
so

lo
w
er

bo
un

d
∆̄

(s
)
us
in
g

P
(w̄

(s
) )−

D
(ᾱ

(s
) ).

To
th
is
en
d,

w
e
no

tic
e
th
at
w
ith

θ
=

1/
3,

Γ
≥

m
ax
i,
k

{
1 p i

( 1
+

18
Λ

q k
λ
γ
i

) ,
1 q k

( 1
+

18
nΛ

p i
m
λ
γ
i

)}
≥

m
ax
i,
k

{
18
Λ

p i
q k
λ
γ
i
,

18
nΛ

p i
q k

m
λ
γ
i

}
.

N
ot
ic
in
g
th
at

m
ax

k
{1/

q k
}≥

n
an
d

nΛ
≥
‖X

i:
‖2 F

fo
ra

ll
i=

1,
..
.,

m
,w

e
ha
ve

Γ
≥

m
ax
i,
k

{
18
Λ

q k
λ
γ
i

}
≥

m
ax i

{ 18
nΛ
λ
γ
i

}
≥

18 m
λ

m ∑ i=
1

nΛ γ
i
≥

18 m
λ

m ∑ i=
1

‖X
i:
‖2 F

γ
i
≥

18 m
λ

m ∑ i=
1

‖X
i:
‖2

γ
i

.
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X
ia

o,
Y

u,
Li

n
an

d
Ch

en

M
or
eo
ve
r,
sin

ce
Γ
≥

m
ax

k

{ 18
Λ

p
i
q
k
λ
γ
i

} ≥
18

n
Λ

p
i
λ
γ
i
fo
ra

ll
ia

nd
m

nΛ
≥
‖X
‖2 F

,w
e
ha
ve

1 m

m ∑ i=
1
Γ
γ
i
‖ᾱ

(s
)

i
−
α
? i
‖2
≥

1 m

m ∑ i=
1

18
nΛ

p i
λ
γ
i
γ
i
‖ᾱ

(s
)

i
−
α
? i
‖2
=

18
m

nΛ
m

2 λ

m ∑ i=
1

‖ᾱ
(s

)
i
−
α
? i
‖2

p i

≥
18
‖X
‖2 F

m
2 λ

(
m ∑ i=

1
‖ᾱ

(s
)

i
−
α
? i
‖) 2

≥
18
‖X
‖2

m
2 λ

m ∑ i=
1
‖ᾱ

(s
)

i
−
α
? i
‖2
=

18
‖X
‖2

m
2 λ
‖ᾱ

(s
)
−
α
?
‖2
.

Th
er
ef
or
e,
fro

m
th
e
de
fin

iti
on

of
∆̄

(s
) ,

∆̄
(s

)
=

n ∑ k
=

1

1 q k
P̃ k

(w̄
(s

)
k

)−
m ∑ i=

1

1 p i
D̃
i(
ᾱ

(s
)

i
)+
Γ
λ 2
‖w̄

(s
)
−
w
?
‖2
+

1 m

m ∑ i=
1

Γ
γ
i 2
‖ᾱ

(s
)

i
−
α
? i
‖2

≥
n ∑ k
=

1
P̃ k

(w̄
(s

)
k

)−
m ∑ i=

1
D̃
i(
ᾱ

(s
)

i
)+

( 18 m

m ∑ i=
1

‖X
i:
‖2

γ
i

) ‖
w̄

(s
)
−
w
?
‖2
+

18
‖X
‖2

m
2 λ
‖ᾱ

(s
)
−
α
?
‖2

=
L

(w̄
(s

) ,
α
?

)−
L

(w
?
,ᾱ

(s
) )+

( 18 m

m ∑ i=
1

‖X
i:
‖2

γ
i

) ‖
w̄

(s
)
−
w
?
‖2
+

18
‖X
‖2

m
2 λ
‖ᾱ

(s
)
−
α
?
‖2

≥
P

(w̄
(s

) )−
D

(ᾱ
(s

) ),
(1
08

)

w
he
re

th
e
la
st
in
eq
ua
lit
y
is
du

e
to

Le
m
m
a
8.

Co
m
bi
ni
ng

(1
06

),
(1
07

)a
nd

(1
08

)g
iv
es

th
e
re
su
lt:

E
[ P

(w̄
(s

) )−
D

(ᾱ
(s

) )] ≤
( 2 3) s

2Γ
( P

(w̄
(0

) )−
D

(ᾱ
(0

) )) .

Ap
pe
nd

ix
C.

Pr
oo
fo

fT
he
or
em

3
To

fa
ci
lit
at
e
th
e
an
al
ys
is
of

D
SC

OV
R-
SA

G
A

in
A
lg
or
ith

m
3,

w
e
de
fin

e
tw
o
se
qu
en
ce
s
of

m
at
ric

es
re
cu
rs
iv
el
y.

Th
efi

rs
ti
s{

W
(t

) } t
≥0
,w

he
re
ea
ch

W
(t

)
∈R

m
×d
.T

he
y
ar
ep

ar
tit
io
ne
d
in
to

m
×n

bl
oc
ks
,

an
d
w
e
de
no

te
ea
ch

bl
oc
k
as

W
(t

)
ik
∈R

1×
d
k
.T

he
re
cu
rs
iv
e
up

da
te
sf
or

W
(t

)
ar
e
as

fo
llo

w
s:

W
(0

)
=

1 m
⊗

( w
(0

)) T
,

W
(t
+

1)
ik

=
    ( w

(t
)

l

) T
if

i=
j
an
d

k
=

l,

W
(t

)
ik

ot
he
rw

ise
,

t
=

0,
1,

2,
..
.,

(1
09

)

w
he
re

1 m
de
no

te
st
he

ve
ct
or

of
al
lo
ne
si
n

R
m
,a
nd
⊗d

en
ot
es

th
eK

ro
ne
ck
er
pr
od

uc
to
ft
w
o
m
at
ric

es
.

Th
e
se
co
nd

se
qu
en
ce

is
{A

(t
) } t
≥0
,w

he
re

ea
ch

A
(t

)
∈R

N
×n
.T

he
y
ar
e
pa
rti
tio

ne
d
in
to

m
×n

bl
oc
ks
,

an
d
w
e
de
no

te
ea
ch

bl
oc
k
as

A
(t

)
ik
∈R

N
i
×1
.T

he
re
cu
rs
iv
e
up

da
te
sf
or

A
(t

)
ar
e
as

fo
llo

w
s:

A
(0

)
=

α
(0

)
⊗

1T n
,

A
(t
+

1)
ik

=
    α

(t
)

j
if

i=
j
an
d

k
=

l,

A
(t

)
ik

ot
he
rw

ise
,

t
=

0,
1,

2,
..
..

(1
10

)

Th
e
m
at
ric

es
W

(t
)
an
d

A
(t

)
co
ns
ist

of
m
os
tr
ec
en
tv

al
ue
so

ft
he

pr
im

al
an
d
du

al
bl
oc
k
co
or
di
na
te
s,

up
da
te
d
at
di
ffe

re
nt

tim
es
,u

p
to

tim
e

t.
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Prim
al-D
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A

lgorithm
s

for
A

synchronous
D

istributed
O

ptim
ization

N
oticethatin

A
lgorithm

3,them
atricesU

(t)∈
R

N×
nfollow

thesam
epartitioning

asthem
atrices

A
(t),and

the
m
atrices

V
(t)∈

R
m×

d
follow

the
sam

e
partitioning

asthe
m
atrices

W
(t).A

ccording
to

the
updatesofU

(t),V
(t),ū

(t)and
v̄

(t)in
A
lgorithm

3,w
e
have

foreach
t≥

0,

U
(t)
ik
=

X
ik (W

(t)
ik

)
T
,

i
=

1,...,m
,

k
=

1,...,n,

V
(t)
ik

=
1m

(A
(t)
ik )

T
X
ik ,

i
=

1,...,m
,

k
=

1,...,n
.

Proposition
12

Suppose
Assum

ption
1
holds.The

t-th
iteration

ofAlgorithm
3
guarantees

m
∑i=1

1m  1p
i (

12
σ
i
+
γ
i )−

γ
i
+

n
∑k
=1

3
τ
k ‖X

ik ‖ 2
m

p
i

 ‖α
(t)
i
−
α
?i ‖ 2
+

m
∑i=1

n
∑k
=1

2
τ
k ‖X

ik ‖ 2
m

2p
i
‖A

(t)
ik −

α
?i ‖ 2

+

n
∑k
=1 

1q
k

(
12
τ
k
+
λ )−

λ
+

m
∑i=1

3
σ
i ‖X

ik ‖ 2
m

q
k

 ‖w
(t)
k
−
w
?k ‖ 2
+

m
∑i=1

n
∑k
=1

2
σ
i ‖X

ik ‖ 2
m

q
k
‖ (W

(t)
ik

)
T−

w
?k ‖ 2

≥
m
∑i=1

1m
p
i (

12
σ
i
+
γ
i )E

t [‖α
(t+1)
i

−
α
?i ‖ 2 ]

+

n
∑k
=1

1q
k

(
12
τ
k
+
λ )E

t [‖w
(t+1)
k

−
w
?k ‖ 2 ]

(111)

Proof
The

m
ain

differencesbetw
een

A
lgorithm

2
and

A
lgorithm

3
are

the
definitionsofu

(t+1)
j

and
v

(t+1)
l

.W
e
startw

ith
the

inequality
(68)and

revisitthe
boundsforthe

follow
ing

tw
o
quantities:

E
t [‖u

(t+1)
i

−
X
i: w

(t)‖ 2 ]
and

E
t [ v

(t+1)
k

−
1m

(X
:k ) T

α
(t)  2 ]

.

ForA
lgorithm

3,w
e
have

u
(t+1)
i

=
ū

(t)
i
−

1q
l U

(t)
il
+

1q
l X

il w
(t)
l
,

i
=

1,...,m
,

v
(t+1)
k

=
v̄

(t)
k
−

1p
j (V

(t)
jk

) T
+

1p
j 1m

(X
jk ) T

α
(t)
j
,

k
=

1,...,n
.

W
e
can

apply
the

reasoning
in

(39)and
(40)to

every
block

coordinate
and

obtain

E
t [u

(t+1)
i

]
=

X
i: w

(t),
i
=

1,...,m
,

E
t [v

(t+1)
k

]
=

1m
(X

:k ) T
α

(t),
k
=

1,...,n
.

Thereforethey
satisfy

theassum
ptionsin

Lem
m
a5

and
Lem

m
a6,respectively.M

oreover,follow
ing

sim
ilarargum

entsasin
(69)and

(70),w
e
have

E
t [‖u

(t+1)
i

−
X
i: w

(t)‖ 2 ]
≤

n
∑k
=1

2‖X
ik ‖ 2

q
k

( (W
(t)
ik

)
T−

w
?k  2
+
‖w

(t)
k
−
w
?k ‖ 2 )

,

E
t [ v

(t+1)
k

−
1m

(X
:k ) T

α
(t)  2 ]

≤
m
∑i=1

2‖X
ik ‖ 2

m
2p

i

( (A
(t)
ik )

T−
α
?i  2
+
‖α

(t)
i
−
α
?i ‖ 2 )

.

The
restofthe

proofare
the

sam
e
asin

the
proofofProposition

7.
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X
iao,Y

u,Lin
and

Chen

N
ow

w
e
are

ready
to

prove
Theorem

3.By
definition

ofW
(t)in

(109)and
A

(t)in
(110),w

e
have

E
t [ (W

(t+1)
ik

) T−
w
?k  2 ]

=
p
i q

k  w
(t)
k
−
w
?k  2
+

(1−
p
i q

k )  (W
(t)
ik

)
T−

w
?k  2,

(112)

E
t [ A

(t+1)
ik

−
α
?i  2 ]

=
p
i q

k  α
(t)
i
−
α
?i  2
+

(1−
p
i q

k )  A
(t)
ik −

α
?i  2.

(113)

Foralli
=

1,...,m
and

k
=

1,...,n,let

ξ
ik
=

3
σ
i ‖X

ik ‖ 2
m

p
i q

2k

and
ζ
ik
=

3
τ
k ‖X

ik ‖ 2
m

2p
2i q

k

.
(114)

W
e
m
ultiply

(112)by
ξ
ik
and

(113)by
ζ
ik
and

add
them

to
(111)to

obtain
m
∑i=1

1m  1p
i (

12
σ
i
+
γ
i )−

γ
i
+

n
∑k
=1

6
τ
k ‖X

ik ‖ 2
m

p
i

 ‖α
(t)
i
−
α
?i ‖ 2

+

n
∑k
=1 

1q
k

(
12
τ
k
+
λ )−

λ
+

m
∑i=1

6
σ
i ‖X

ik ‖ 2
m

q
k

 ‖w
(t)
k
−
w
?k ‖ 2

+

m
∑i=1

n
∑k
=1 (1−

13
p
i q

k )
ζ
ik  A

(t)
ik −

α
?i  2
+

m
∑i=1

n
∑k
=1 (1−

13
p
i q

k )
ξ
ik  (W

(t)
ik

)
T−

w
?k  2

≥
m
∑i=1

1m
p
i (

12
σ
i
+
γ
i )E

t [‖α
(t+1)
i

−
α
?i ‖ 2 ]

+

n
∑k
=1

1q
k

(
12
τ
k
+
λ )E

t [‖w
(t+1)
k

−
w
?k ‖ 2 ]

+

m
∑i=1

n
∑k
=1
ζ
ik E

t [ A
(t+1)
ik

−
α
?i  2 ]

+

m
∑i=1

n
∑k
=1
ξ
ik E

t [ (W
(t+1)
ik

)
T−

w
?k  2 ].

(115)

Let
θ∈

(0,1)be
a
param

eterto
be

determ
ined

later,and
Γ
be

a
constantsuch

that

Γ
≥

m
ax
i,k

{
1p
i (1
+

3‖X
ik ‖ 2

2
θq

k
λ
γ
i )
,

1q
k

(1
+

3n‖X
ik ‖ 2

2
θp

i m
λ
γ
i )
,

1p
i q

k }
.

(116)

The
choicesof

σ
i in

(42)and
τ
k
in

(43)satisfy
1p
i (1
+

1
2
σ
i γ

i )
=

1q
k

(1
+

1
2
τ
k
λ )
=
Γ
.

(117)

Com
paring

the
above

equality
w
ith

the
definition

of
Γ
in

(116),w
e
have

3‖X
ik ‖ 2

2
θq

k
λ
γ
i ≤

1
2
σ
i γ

i
and

3n‖X
ik ‖ 2

2
θp

i m
λ
γ
i ≤

1
2
τ
k
λ
,

w
hich

im
pliesthat

6
σ
i ‖X

ik ‖ 2
q
k

≤
2
θ
λ

and
6n
τ
k ‖X

ik ‖ 2
m

p
i

≤
2
θ
γ
i

(118)

hold
foralli

=
1,...,m

and
k
=

1,...,n.Therefore,w
e
have

n
∑k
=1

6
τ
k ‖X

ik ‖ 2
m

p
i

=
1n

n
∑k
=1

6n
τ
k ‖X

ik ‖ 2
m

p
i

≤
2
θ
γ
i ,

i
=

1,...,m
,

(119)

m
∑i=1

6
σ
i ‖X

ik ‖ 2
m

q
k

=
1m

m
∑i=1

6
σ
i ‖X

ik ‖ 2
q
k

≤
2
θ
λ
,

k
=

1,...,n
.

(120)

48
JM

L
R

 20(43):1-58, 2019



D
SC

OV
R:

Ra
nd

om
iz

ed
Pr

im
al

-D
ua

l
A

lg
or

it
hm

s
fo

r
A

sy
nc

hr
on

ou
s

D
is

tr
ib

ut
ed

O
pt

im
iz

at
io

n

N
ow

w
ec

on
sid

er
th
ei
ne
qu
al
ity

(1
15

),
an
d
ex
am

in
et
he

ra
tio

be
tw
ee
n
th
ec

oe
ffi
ci
en
ts
of
‖α

(t
)

i
−α

? i
‖2

an
d

E t
[‖α

(t
+

1)
i

−
α
? i
‖2 ].

U
sin

g
(1
19

)a
nd

(1
17

),
w
e
ha
ve

1 p
i

(
1 2σ
i
+
γ
i) −

γ
i
+

∑
n k
=

1
6τ

k
‖X

ik
‖2

m
p
i

1 p
i

(
1 2σ
i
+
γ
i)

≤
1
−

(1
−2

θ
)γ

i

1 p
i

(
1 2σ
i
+
γ
i)
=

1
−

1
−2

θ

Γ
.

(1
21

)

Si
m
ila

rly
,t
he

ra
tio

be
tw
ee
n
th
ec

oe
ffi
ci
en
ts
of
‖w

(t
)

k
−w

? k
‖2

an
d

E t
[‖w

(t
+

1)
k
−w

? k
‖2 ]c

an
be

bo
un

de
d

us
in
g
(1
20

)a
nd

(1
17

):

1 q
k

(
1 2τ
k
+
λ
) −

λ
+

∑
m i=

1
6σ

i
‖X

ik
‖2

m
q
k

1 q
k

(
1 2τ
k
+
λ
)

≤
1
−

(1
−2

θ
)λ

1 q
k

(
1 2τ
k
+
λ
)
=

1
−

1
−2

θ

Γ
.

(1
22

)

W
en

ot
ic
et
ha
ti
n(
11

5)
,t
he

ra
tio

sb
et
w
ee
nt
he

co
effi

ci
en
ts
of
ζ i
k

 A(t
)

ik
−α

? i
 2
an
d
ζ i
k
E t

[  A(t
+

1)
ik

−
α
? i

 2] ,
as

w
el
la

s
an
d
th
at

of
ξ i
k

 ( W
(t

)
ik

) T
−
w
? k

 2
an
d
ξ i
k
E t

[  ( W
(t
+

1)
ik

) T
−
w
? k

 2]
,a

re
al
l1
−

1 3
p i

q k
.
By

de
fin

iti
on

of
Γ
in

(1
16

),
w
e
ha
ve

1
−

1 3p i
q k
≤

1
−

1 3Γ
,

i=
1,
..
.,

m
,

k
=

1,
..
.,

n.
(1
23

)

W
e
ch
oo

se
θ
=

1/
3
so

th
at
th
e
ra
tio

si
n
(1
21

)a
nd

(1
22

)h
av
e
th
e
sa
m
e
bo

un
d

1
−

1 3Γ
.
Th

er
ef
or
e,
it

fo
llo

w
sf
ro
m

in
eq
ua
lit
y
(1
15

)t
ha
t

m ∑ i=
1

Γ
γ
i

m
E t

[ ‖
α

(t
+

1)
i

−
α
? i
‖2

] +
n ∑ k
=

1
Γ
λ

E t
[ ‖w

(t
+

1)
k

−
w
? k
‖2

]

+

m ∑ i=
1

n ∑ k
=

1
ζ i
k
E t

[  A(t
+

1)
ik

−
α
? i

 2]
+

m ∑ i=
1

n ∑ k
=

1
ξ i
k
E t

[  ( W
(t
+

1)
ik

) T
−
w
? k

 2]
.

≤
( 1
−

1 3Γ

)(
m ∑ i=

1

Γ
γ
i

m
‖α

(t
)

i
−
α
? i
‖2
+

n ∑ k
=

1
Γ
λ
‖w

(t
)

k
−
w
? k
‖2

+

m ∑ i=
1

n ∑ k
=

1
ζ i
k

 A(t
)

ik
−
α
? i

 2
+

m ∑ i=
1

n ∑ k
=

1
ξ i
k

 ( W
(t

)
ik

) T
−
w
? k

 2) .
(1
24

)

Le
t’s

de
fin

e

∆
(t

)
=
λ
‖w

(t
) −

w
?
‖2
+

1 m

m ∑ i=
1
γ
i
‖α

(t
)

i
−α

? i
‖2
+

m ∑ i=
1

n ∑ k
=

1

ζ i
k Γ

 A(t
)

ik
−α

? i
 2
+

m ∑ i=
1

n ∑ k
=

1

ξ i
k Γ

 ( W
(t

)
ik

) T
−w

? k
 2 .

Th
en

(1
24

)i
m
pl
ie
s

E
[ ∆(t

)] ≤
( 1
−

1 3Γ

) t
∆

(0
) ,

(1
25

)

w
he
re

th
e
ex
pe
ct
at
io
n
is
ta
ke
n
w
ith

re
sp
ec
tt
o
al
lr
an
do

m
va
ria

bl
es

ge
ne
ra
te
d
by

A
lg
or
ith

m
3
up

to
ite

ra
tio

n
t.

By
th
e
de
fin

iti
on

of
ξ i
k
in

(1
14

),
w
e
ha
ve

ξ i
k Γ
=

3σ
i
‖X

ik
‖2

m
p i

q2 k

1 Γ
≤

θ
λ

m
p i

q k

1 Γ
≤
θ
λ m
=

λ 3m
,
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X
ia

o,
Y

u,
Li

n
an

d
Ch

en

w
he
re

th
e
fir
st
in
eq
ua
lit
y
is
du

e
to

(1
18

)a
nd

th
e
se
co
nd

in
eq
ua
lit
y
is
du

e
to

th
e
re
la
tio

n
Γ
≥

1
p
i
q
k

fro
m

th
e
de
fin

iti
on

of
Γ
in

(1
16

).
Si
m
ila

rly
,w

e
ha
ve

ζ i
k Γ
=

3τ
k
‖X

ik
‖2

m
2 p

2 i
q k

1 Γ
≤

θ
γ
i

m
np

iq
k

1 Γ
≤

θ
γ
i

3m
n
=

γ
i

3m
n
.

M
or
eo
ve
r,
by

th
e
co
ns
tru

ct
io
n
in

(1
09

)a
nd

(1
10

),
w
e
ha
ve

fo
rt
=

0,

A
(0

)
ik
=

α
(0

)
i
,

fo
r

k
=

1,
..
.,

n
an
d

i=
1,
..
.,

m
,

( W
(0

)
ik

) T
=

w
(0

)
k
,

fo
r

i=
1,
..
.,

m
an
d

k
=

1,
..
.,

n.

Th
er
ef
or
e,
th
e
la
st
tw
o
te
rm

si
n
th
e
de
fin

iti
on

of
∆

(0
)
ca
n
be

bo
un

de
d
as

m ∑ i=
1

n ∑ k
=

1

ζ i
k Γ

 A(0
)

ik
−
α
? i

 2
+

m ∑ i=
1

n ∑ k
=

1

ξ i
k Γ

 ( W
(0

)
ik

) T
−
w
? k

 2

≤
m ∑ i=

1

n ∑ k
=

1

γ
i

3m
n

 α(0
)

i
−
α
? i

 2
+

m ∑ i=
1

n ∑ k
=

1

λ 3m
 w(0

)
k
−
w
? k

 2

=
1 3m

m ∑ i=
1
γ
i α(0

)
i
−
α
? i

 2
+
λ 3

 w(0
)
−
w
?

 2 ,

w
hi
ch

im
pl
ie
s

∆
(0

)
≤

4 3
* ,λ

 w(0
)
−
w
?

 2
+

1 m

m ∑ i=
1
γ
i α(0

)
i
−
α
? i

 2 + -.

Fi
na
lly
,c
om

bi
ni
ng

w
ith

(1
25

),
w
e
ha
ve

E
[ ∆(t

)] ≤
( 1
−

1 3Γ

) t
4 3

( λ
 w(0

)
−
w
?

 2
+

1 m

m ∑ i=
1
γ
i α(0

)
i
−
α
? i

 2) ,

w
hi
ch

fu
rth

er
im

pl
ie
st
he

de
sir

ed
re
su
lt.

Ap
pe
nd

ix
D.

Pr
oo
fo

fT
he
or
em

4
To

sim
pl
ify

th
e
pr
es
en
ta
tio

n,
w
e
pr
es
en
tt
he

pr
oo

f
fo
r
th
e
ca
se
γ
i
=
γ
fo
r
al
li
=

1,
..
.,

m
.
It
is

str
ai
gh

tfo
rw

ar
d
to

ge
ne
ra
liz

e
to

th
e
ca
se

w
he
re

th
e
γ
i’s

ar
e
di
ffe

re
nt
.

Le
m
m
a
13

Le
tg

:R
D
→

R
be

λ
-s
tro

ng
ly
co
nv
ex
,a

nd
f∗ i

:R
N

i
→

R
∪
{∞
}b

e
γ
-s
tro

ng
ly
co
nv
ex

ov
er

its
do

m
ai
n.

G
iv
en

an
y
w̃
∈R

d
an

d
α̃
∈R

N
,w

e
de
fin

e
th
e
fo
llo

wi
ng

tw
o
fu
nc
tio

ns
:

L
(w
,α

)
=

g
(w

)+
1 m
α
T

X
w
−

1 m

m ∑ i=
1

f i
∗(
α
i)
,

(1
26

)

L
δ

(w
,α

)
=

L
(w
,α

)+
δ
λ 2
‖w
−
w̃
‖2
−
δ
γ 2m
‖α
−
α̃
‖2
.

(1
27

)

Le
t(
w
?
,α

?
)a

nd
(w̃

?
,α̃

?
)b

et
he

(u
ni
qu
e)
sa
dd

le
po

in
ts
of

L
(w
,α

)a
nd

L
δ

(w
,α

),
re
sp
ec
tiv
el
y.

Th
en

we
ha

ve

λ
‖w̃
−
w̃
?
‖2
+
γ m
‖α̃
−
α̃
?
‖2
≤

λ
‖w̃
−
w
?
‖2
+
γ m
‖α̃
−
α
?
‖2 ,

(1
28

)
( λ
‖w̃

?
−
w
?
‖2
+
γ m
‖α̃

?
−
α
?
‖2

) 1
/2
≤

δ

1
+
δ

( λ
‖w̃
−
w
?
‖2
+
γ m
‖α̃
−
α
?
‖2

) 1
/2
.

(1
29

)
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Proof
Thislem

m
a
can

be
proved

using
the

theory
ofm

onotone
operators(e.g.,Rockafellar,1976;

Ryu
and

Boyd,2016),asdoneby
Balam

urugan
and

Bach
(2016).H

erew
egivean

elem
entary

proof
based

on
first-orderoptim

ality
conditions.

By
assum

ption,w
e
have

(w
?,α

?)
=

arg
m

inw
m

axα
L

(w
,α

),

(w̃
?,α̃

?)
=

arg
m

inw
m

axα
L
δ (w

,α
).

O
ptim

ality
conditionsfor

(w̃
?,α̃

?)asa
saddle

pointof
L
δ :

−
1m

X
T
α̃
?−

δ
λ

(w̃
?−

w̃ )
∈

∂
g(w̃

?),
(130)

X
w̃
?−

δ
γ

(α̃
?−

α̃ )
∈

∂

m
∑i=1

f ∗i (α̃
?).

(131)

Forany
ξ∈

∂
g(w̃

?),itholdsthat
ξ
+

1m
X
T
α
?∈

∂
w

L
(w̃

?,α
?).Therefore

using
(130)w

e
have

1m
X
T

(α
?−

α̃
?)−

δ
λ

(w̃
?−

w̃ )
∈
∂
w

L
(w̃

?,α
?).

Since
L

(w
,α

?)isstrongly
convex

in
w
w
ith

convexity
param

eter
λ,w

e
have

L
(w̃

?,α
?)
+

(1m
X
T

(α
?−

α̃
?)−

δ
λ

(w̃
?−

w̃ ) )
T

(w
?−

w̃
?)
+
λ2 ‖w̃

?−
w
?‖ 2≤

L
(w

?,α
?).

(132)

Sim
ilarly,w

e
have

1m
X
T

(w̃
?−

w
?)−

δ
γm

(α̃
?−

α̃ )
∈
∂
α

(−
L

(w
?,α̃

?) )
,

and
since−

L
(w

?,α
)isstrongly

convex
in
α
w
ith

convexity
param

eter
γm
,w

e
have

−
L

(w
?,α̃

?)
+

(1m
X
T

(w̃
?−

w
?)−

δ
γm

(α̃
?−

α̃ ) )
T

(α
?−

α̃
?)
+

γ2m
‖α̃

?−
α
?‖ 2≤

−
L

(w
?,α

?).

(133)
A
dding

inequalities(132)and
(133)togethergives

L
(w̃

?,α
?)−

L
(w

?,α̃
?)

+
δ
λ

(w̃
?−

w̃
) T

(w̃
?−

w
?)
+
δ
γm

(α̃
?−

α̃
) T

(α̃
?−

α
?)
+
λ2 ‖w̃

?−
w
?‖ 2
+

γ2m
‖α̃

?−
α
?‖ 2≤

0
.

Com
bining

w
ith

the
inequality

L
(w̃

?,α
?)−

L
(w

?,α̃
?)≥

λ2 ‖w̃
?−

w
?‖ 2
+

γ2m
‖α̃

?−
α
?‖ 2,

w
e
obtain

λ‖w̃
?−

w
?‖ 2
+
γm
‖α̃

?−
α
?‖ 2
+
δ
λ

(w̃
?−

w̃
) T

(w̃
?−

w
?)
+
δ
γm

(α̃
?−

α̃
) T

(α̃
?−

α
?)≤

0
.
(134)

51
JM

L
R

 20(43):1-58, 2019

X
iao,Y

u,Lin
and

Chen

Proofofthe
firstclaim

.
W
e
can

drop
the

nonnegative
term

s
on

the
left-hand

side
of

(134)to
obtain

λ
(w̃

?−
w̃

) T
(w̃

?−
w
?)
+
γm

(α̃
?−

α̃
) T

(α̃
?−

α
?)≤

0
.

Thetw
o
innerproductterm

son
theleft-hand

sideoftheinequality
abovecan

beexpanded
asfollow

s:

(w̃
?−

w̃
) T

(w̃
?−

w
?)
=

(w̃
?−

w̃
) T

(w̃
?−

w̃
+
w̃
−
w
?)
=
‖w̃

?−
w̃‖ 2
+

(w̃
?−

w̃
) T

(w̃
−
w
?),

(α̃
?−

α̃
) T

(α̃
?−

α
?)
=

(α̃
?−

α̃
) T

(α̃
?−

α̃
+
α̃−

α
?)
=
‖α̃

?−
α̃‖ 2
+

(α̃
?−

α̃
) T

(α̃−
α
?).

Com
bining

them
w
ith

the
lastinequality,w

e
have

λ‖w̃
?−

w̃‖ 2
+
γm
‖α̃

?−
α̃‖ 2

≤
−
λ

(w̃
?−

w̃
) T

(w̃
−
w
?)−

γm
(α̃
?−

α̃
) T

(α̃−
α
?)

≤
λ2

(‖w̃
?−

w̃‖ 2
+
‖w̃
−
w
?‖ 2 )

+
γ2m

(‖α̃
?−

α̃‖ 2
+
‖α̃−

α
?‖ 2 )

,

w
hich

im
plies

λ2 ‖w̃
?−

w̃‖ 2
+

γ2m
‖α̃

?−
α̃‖ 2

≤
λ2 ‖w̃

−
w
?‖ 2
+

γ2m
‖α̃−

α
?‖ 2.

Proofofthe
second

claim
.W

e
expand

the
tw
o
innerproductterm

sin
(134)asfollow

s:

(w̃
?−

w̃
) T

(w̃
?−

w
?)
=

(w̃
?−

w
?
+
w
?−

w̃
) T

(w̃
?−

w
?)
=
‖w̃

?−
w
?‖ 2
+

(w
?−

w̃
) T

(w̃
?−

w
?),

(α̃
?−

α̃
) T

(α̃
?−

α
?)
=

(α̃
?−

α
?
+
α
?−

α̃
) T

(α̃
?−

α
?)
=
‖α̃

?−
α
?‖ 2
+

(α
?−

α̃
) T

(α̃
?−

α
?).

Then
(134)becom

es

(1
+
δ)λ‖w̃

?−
w
?‖ 2
+

(1
+
δ)
Γm
‖w̃

?−
w
?‖ 2

≤
δ
λ

(w̃
−
w
?) T

(w̃
?−

w
?)
+
δ
γm

(α̃−
α
?) T

(α̃
?−

α
?)

≤
δ (λ‖w̃

−
w
?‖ 2
+
γm
‖α̃−

α
?‖ 2 )1

/2 (λ‖w̃
?−

w
?‖ 2
+
γm
‖α̃

?−
α
?‖ 2 )1

/2
,

w
here

in
the

second
inequality

w
e
used

the
Cauchy-Schw

arz
inequality.Therefore

w
e
have

(λ‖w̃
?−

w
?‖ 2
+
γm
‖α̃

?−
α
?‖ 2 )1

/2
≤

δ

1
+
δ

(λ‖w̃
−
w
?‖ 2
+
γm
‖α̃−

α
?‖ 2 )1

/2
,

w
hich

isthe
desired

result.

To
sim

plify
notationsin

the
restofthe

proof,w
e
letz

=
(w
,α

)and
define

‖z‖
=

(λ‖w‖ 2
+
γm
‖α‖ 2 )1

/2
.

The
resultsofLem

m
a
13

can
be

w
ritten

as

‖z̃−
z̃
?‖

≤
‖z̃−

z
?‖,

(135)

‖z̃
?−

z
?‖

≤
δ

1
+
δ ‖z̃−

z
?‖.

(136)
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−
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+
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[ ‖

z̃(r
)
−

z?
‖2

])
1/

2

=

     ( 2 3) S
/2
+
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er
ef
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S
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(2
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+
δ
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lo

g(
3/
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,w

e
ha
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( 2 3) S
/2
+

δ

1
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1
2(

1
+
δ
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+

δ
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+
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=
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+

2δ
2(

1
+
δ
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=
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−

1
2(
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+
δ
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hi
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ie
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E
[ ‖
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−
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]
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[ ‖
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+
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[ ‖
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+
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[ ‖
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(1
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[ ‖
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+
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[ ‖
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+
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+
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=
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+
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=
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s

(W
oo

dr
uf

f,
20

14
)s

uc
h

as
G

au
ss

ia
n

ra
nd

om
pr

oj
ec

tio
ns

(J
oh

ns
on

an
d

L
in

de
ns

tr
au

ss
,1

98
4;

Sa
rl

os
,2

00
6)

,f
as

t
Jo

hn
so

n-
L

in
de

ns
tr

au
ss

tr
an

sf
or

m
s

(A
ilo

n
an

d
C

ha
ze

lle
,2

00
6;

A
ilo

n
an

d
L

ib
er

ty
,2

00
9,

20
13

;K
an

e
an

d
N

el
so

n,
20

14
)a

nd
sp

ar
se

ra
nd

om
pr

oj
ec

tio
ns

(C
la

rk
so

n
an

d
W

oo
dr

uf
f,

20
13

;N
el

so
n

an
d

N
gu

yê
n,

20
13

).
T

he
fr

eq
ue

nt
di

re
ct

io
ns

(G
ha

sh
am

ie
ta

l.,
20

16
;L

ib
er

ty
,2

01
3)

is
a

de
te

rm
in

is
tic

sk
et

ch
in

g
al

go
ri

th
m

an
d

ac
hi

ev
es

op
tim

al
tr

ad
eo

ff
be

tw
ee

n
ap

pr
ox

im
at

io
n

er
ro

ra
nd

sp
ac

e.
In

th
is

pa
pe

rw
e

ar
e

es
pe

ci
al

ly
co

nc
er

ne
d

w
ith

th
e

FD
sk

et
ch

in
g

(D
es

ai
et

al
.,

20
16

;G
ha

sh
am

i
et

al
.,

20
16

;
L

ib
er

ty
,2

01
3)

,
be

ca
us

e
it

is
a

st
ab

le
on

lin
e

sk
et

ch
in

g
ap

pr
oa

ch
.

FD
co

ns
id

er
s

th
e

m
at

ri
x

ap
pr

ox
im

at
io

n
in

th
e

st
re

am
in

g
se

tti
ng

.
In

th
is

ca
se

,t
he

da
ta

is
av

ai
la

bl
e

in
a

se
qu

en
tia

l
or

de
ra

nd
sh

ou
ld

be
pr

oc
es

se
d

im
m

ed
ia

te
ly

.T
yp

ic
al

ly
,s

tr
ea

m
in

g
al

go
ri

th
m

s
ca

n
on

ly
us

e
lim

ite
d

m
em

or
y

at
an

y
tim

e.
T

he
FD

al
go

ri
th

m
ex

te
nd

s
th

e
m

et
ho

d
of

fr
eq

ue
nt

ite
m

s
(M

is
ra

an
d

G
ri

es
,

19
82

)t
o

m
at

ri
x

ap
pr

ox
im

at
io

n
an

d
ha

s
tig

ht
ap

pr
ox

im
at

io
n

er
ro

rb
ou

nd
.H

ow
ev

er
,F

D
us

ua
lly

le
ad

s
to

a
ra

nk
de

fic
ie

nt
ap

pr
ox

im
at

io
n,

w
hi

ch
in

tu
rn

m
ak

es
its

ap
pl

ic
at

io
ns

le
ss

ro
bu

st
.

Fo
r

ex
am

pl
e,

N
ew

to
n-

ty
pe

al
go

ri
th

m
s

re
qu

ir
e

a
no

n-
si

ng
ul

ar
an

d
w

el
l-

co
nd

iti
on

ed
ap

pr
ox

im
at

ed
H

es
si

an
m

at
ri

x
bu

tF
D

sk
et

ch
in

g
us

ua
lly

ge
ne

ra
te

s
lo

w
-r

an
k

m
at

ri
ce

s.
A

n
in

tu
iti

ve
an

d
si

m
pl

e
w

ay
to

co
nq

ue
rt

hi
s

ga
p

is
to

in
tr

od
uc

e
a

re
gu

la
ri

za
tio

n
te

rm
to

en
fo

rc
e

th
e

m
at

ri
x

to
be

in
ve

rt
ib

le
(L

uo
et

al
.,

20
16

;
R

oo
st

a-
K

ho
ra

sa
ni

an
d

M
ah

on
ey

,2
01

6a
,b

).
Ty

pi
ca

lly
,t

he
re

gu
la

ri
za

tio
n

pa
ra

m
et

er
is

re
ga

rd
ed

as
a

hy
pe

rp
ar

am
et

er
an

d
its

ch
oi

ce
is

se
pa

ra
bl

e
fr

om
th

e
sk

et
ch

in
g

pr
oc

ed
ur

e.
Si

nc
e

th
e

re
gu

la
ri

za
tio

n
pa

ra
m

et
er

af
fe

ct
s

th
e

th
e

pe
rf

or
m

an
ce

he
av

ily
in

pr
ac

tic
e,

it
sh

ou
ld

be
ch

os
en

ca
re

fu
lly

.
To

ov
er

co
m

e
th

e
w

ea
kn

es
so

ft
he

FD
al

go
rit

hm
,w

e
pr

op
os

e
a

ne
w

sk
et

ch
in

g
ap

pr
oa

ch
th

at
w

e
ca

ll
ro

bu
st

fr
eq

ue
nt

di
re

ct
io

ns
(R

FD
).

U
nl

ik
e

co
nv

en
tio

na
ls

ke
tc

hi
ng

m
et

ho
ds

w
hi

ch
on

ly
ap

pr
ox

im
at

e
th

e
m

at
rix

w
ith

a
lo

w
-r

an
k

st
ru

ct
ur

e,
R

FD
co

ns
tru

ct
s

th
e

lo
w

-r
an

k
pa

rt
an

d
up

da
te

s
th

e
re

gu
la

riz
at

io
n

te
rm

si
m

ul
ta

ne
ou

sl
y.

In
pa

rt
ic

ul
ar

,t
he

up
da

te
pr

oc
ed

ur
e

of
R

FD
ca

n
be

re
ga

rd
ed

as
so

lv
in

g
an

op
tim

iz
at

io
n

pr
ob

le
m

(s
ee

Th
eo

re
m

2)
.T

hi
s

m
et

ho
d

is
di

ff
er

en
tf

ro
m

th
e

st
an

da
rd

FD
,g

iv
in

g
ris

e
to

a
tig

ht
er

er
ro

rb
ou

nd
.

N
ot

e
th

at
Z

ha
ng

(2
01

4)
pr

op
os

ed
m

at
ri

x
ri

dg
e

ap
pr

ox
im

at
io

n
(M

R
A

)t
o

ap
pr

ox
im

at
e

a
po

si
tiv

e
se

m
i-d

efi
ni

te
m

at
rix

us
in

g
an

id
ea

si
m

ila
rt

o
R

FD
.T

he
re

ar
e

tw
o

m
ai

n
di

ff
er

en
ce

s
be

tw
ee

n
R

FD
an

d
M

R
A

.F
irs

t,
R

FD
is

de
si

gn
ed

fo
rt

he
ca

se
th

at
da

ta
sa

m
pl

es
co

m
e

se
qu

en
tia

lly
an

d
m

em
or

y
is

lim
ite

d,
w

hi
le

M
R

A
ha

st
o

ac
ce

ss
th

e
w

ho
le

da
ta

se
t.

Se
co

nd
,M

R
A

ai
m

st
o

m
in

im
iz

e
th

e
ap

pr
ox

im
at

io
n

er
ro

r
w

ith
re

sp
ec

tt
o

th
e

Fr
ob

en
iu

s
no

rm
w

hi
le

R
FD

tr
ie

s
to

m
in

im
iz

e
th

e
sp

ec
tr

al
-n

or
m

ap
pr

ox
im

at
io

n
er

ro
r.

In
ge

ne
ra

l,
th

e
sp

ec
tr

al
no

rm
er

ro
rb

ou
nd

is
m

or
e

m
ea

ni
ng

fu
lt

ha
n

th
e

Fr
ob

en
iu

s
no

rm
er

ro
r

bo
un

d
(T

ro
pp

,2
01

5)
.
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In
a

recentstudy,Luo
etal.(2016)proposed

a
FD

-based
sketched

online
N

ew
ton

(SO
N

)algorithm
(FD

-SO
N

)to
accelerate

the
standard

online
N

ew
ton

algorithm
s.O

w
ing

to
the

shortcom
ing

ofFD
,the

perform
ance

ofFD
-SO

N
is

significantly
affected

by
the

choice
ofthe

hyperparam
eter.N

aturally,w
e

can
leverage

R
FD

to
im

prove
online

N
ew

ton
algorithm

s.A
ccordingly,w

e
propose

a
sketched

online
N

ew
ton

step
based

on
R

FD
(R

FD
-SO

N
).D

ifferentfrom
conventionalsketched

N
ew

ton
algorithm

s,
R

FD
-SO

N
ishyperparam

eter-free.Setting
the

regularization
param

eterto
be

zero
initially,R

FD
-SO

N
w

illadaptively
increase

the
regularization

term
.The

approxim
ation

H
essian

w
illbe

w
ell-conditioned

after
a

few
iterations.

M
oreover,w

e
prove

that
R

FD
-SO

N
has

a
m

ore
robust

regret
bound

than
FD

-SO
N

,and
the

experim
entalresults

also
validate

betterperform
ance

ofR
FD

-SO
N

.
T

he
rem

ainder
of

the
paper

is
organized

as
follow

s.
In

Section
2

w
e

present
notation

and
prelim

inaries.
In

Section
3

w
e

review
the

background
of

second
order

online
learning

and
its

sketched
variants.In

Sections
4

and
5

w
e

propose
ourrobustfrequentdirections

(R
FD

)m
ethod

and
the

applicationsin
online

learning,w
ith

som
e

related
theoreticalanalysis.In

Section
6

w
e

dem
onstrate

em
piricalcom

parisons
w

ith
baselines

on
servalreal-w

orld
data

sets
to

show
the

superiority
ofour

algorithm
s.Finally,w

e
conclude

ourw
ork

in
Section

7.

2.N
otation

and
Prelim

inaries

W
e

let
I
d

denote
the

d×
d

identity
m

atrix.
For

a
m

atrix
A

=
[A

ij ]
∈

R
n×

d
of

rank
r

w
here

r
≤

m
in

(n
,d

),w
e

letthe
condensed

singular
value

decom
position

(SV
D

)
of

A
be

A
=

U
Σ

V
>

w
here

U
∈

R
n×

r
and

V
∈

R
d×
r

are
colum

n
orthogonal

and
Σ

=
d
ia

g
(σ

1 ,σ
2 ,...,σ

r )
w

ith
σ

1 ≥
σ

2 ≥
...,≥

σ
r
>

0
places

the
nonzero

singularvalues
on

its
diagonalentries.

W
e

use
σ

m
a
x (A

)to
denote

the
largestsingularvalue

and
σ

m
in (A

)to
denote

the
sm

allestnon-zero
singularvalue.T

hus,the
condition

num
berof

A
is
κ

(A
)

=
σ
m
a
x
(A

)
σ
m
in

(A
) .T

he
m

atrix
pseudoinverse

of
A

is
defined

by
A
†

=
V

Σ
−

1U
>
∈
R
d×
n.

A
dditionally,w

e
let‖

A
‖
F

=
√
∑

i,j
A

2ij
=
√
∑

ri=
1
σ

2i
be

the
Frobenius

norm
and
‖
A
‖

2
=

σ
m

a
x (A

)
be

the
spectralnorm

.A
m

atrix
norm

|||·|||is
said

to
be

unitarily
invariantif|||P

A
Q
|||

=
|||A
|||

forany
unitary

m
atrices

P
∈
R
n×

n
and

Q
∈
R
d×
d.Itis

easy
to

verify
thatboth

the
Frobenius

norm
and

spectralnorm
are

unitarily
invariant.W

e
define

[A
]k

=
U
k Σ

k V
>k

for
k
≤
r,w

here
U
k ∈

R
n×

k

and
V
k ∈

R
d×
k

are
the

first
k

colum
ns

of
U

and
V

,and
Σ
k

=
d
ia

g
(σ

1 ,σ
2 ,...,σ

k )∈
R
k×

k.Then
[A

]k
is

the
bestrank-k

approxim
ation

to
A

in
both

the
Frobenius

and
spectralnorm

s,thatis,

[A
]k

=
argm

in
ra

n
k
(Â

)≤
k ‖A

−
Â
‖
F

=
argm

in
ra

n
k
(Â

)≤
k ‖A

−
Â
‖

2 .

G
iven

a
positive

sem
idefinite

m
atrix

H
∈

R
d×
d,the

notation
‖
x‖

H
is

called
H

-norm
of

vector
x
∈
R
d,thatis,‖x‖

H
=
√

x
>

H
x

.Ifm
atrices

A
and

B
have

the
sam

e
size,w

e
let〈A

,B
〉

denote
∑

i,j
A
ij B

ij .

2.1.FrequentD
irections

W
e

give
a

briefreview
offrequentdirections

(FD
)(G

hasham
ietal.,2016;Liberty,2013),because

it
is

closely
related

to
ourproposed

m
ethod.FD

is
a

determ
inistic

m
atrix

sketching
in

the
row

-updates
m

odel.Forany
inputm

atrix
A
∈
R
T×

d
w

hose
row

s
com

e
sequentially,itm

aintains
a

sketch
m

atrix
B
∈
R

(m
−

1
)×
d

w
ith

m
�
T

to
approxim

ate
A
>

A
by

B
>

B
.
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L
U

O
,C

H
E

N
,Z

H
A

N
G

,L
I

A
N

D
Z

H
A

N
G

W
e

present
the

detailed
im

plem
entation

of
FD

in
A

lgorithm
1.

T
he

intuition
behind

FD
is

sim
ilarto

thatoffrequentitem
s.FD

periodically
shrinks

orthogonalvectors
by

roughly
the

sam
e

am
ount(Line

5
ofA

lgorithm
1).The

shrinking
step

reduces
the

square
Frobenius

norm
ofthe

sketch
reasonable

and
guarantees

thatno
direction

is
reduced

too
m

uch.

A
lgorithm

1
FrequentD

irections

1:
Input:

A
=

[a
(1

),...,a
(T

)] >
∈
R
T×

d,B
(m
−

1
)

=
[a

(1
),...,a

(m
−

1
)] >

2:
for

t
=
m
,...,T

do

3:
B̂

(t−
1
)

=

[
B

(t−
1
)

(a
(t)) > ]

4:
C

om
pute

SV
D

:
B̂

(t−
1
)

=
U

(t−
1
)Σ

(t−
1
)(V

(t−
1
)) >

5:
B

(t)
=

√
(Σ

(t−
1
)

m
−

1 )
2−

(σ
(t−

1
)

m

)
2I
m
−

1 · (V
(t−

1
)

m
−

1 )>

6:
end

for

7:
O

utput:
B

=
B

(T
)

FD
has

the
follow

ing
errorbound

forany
k
<
m

,

‖A
>

A
−

B
>

B
‖

2 ≤
1

m
−
k ‖

A
−

[A
]k ‖

2F
.

(1)

T
he

above
resultm

eans
thatthe

space
com

plexity
ofFD

is
optim

alregardless
ofstream

ing
issues

because
any

algorithm
satisfying

‖A
>

A
−

B
>

B
‖

2
≤
‖
A
−

[A
]k ‖

2F
/
(m
−
k
)

requiresO
(m
d
)

space
to

representm
atrix

B
(G

hasham
ietal.,2016).T

he
dom

inated
com

putation
ofthe

algorithm
is

com
putating

the
SV

D
of

B̂
(t−

1
),

w
hich

costsO
(m

2d
)

by
the

standard
SV

D
im

plem
entation.

H
ow

ever,the
totalcostcan

be
reduced

from
O

(T
m

2d
)toO

(T
m
d
)by

doubling
the

space
(A

lgorithm
4

in
A

ppendix
A

)orusing
the

G
u-E

isenstatprocedure
(G

u
and

E
isenstat,1993).

D
esaietal.(2016)proposed

som
e

extensions
ofFD

.M
ore

specifically,Param
eterized

FD
(PFD

)
uses

an
extra

hyperparam
eterto

describe
the

proportion
ofsingularvalues

shrunk
in

each
iteration.

PFD
im

proves
the

perform
ance

em
pirically,

but
has

w
orse

error
bound

than
FD

by
a

constant.
C

om
pensative

FD
(C

FD
)m

odifies
the

outputofFD
by

increasing
the

singularvalues
and

keeps
the

sam
e

errorguarantees
as

FD
.

3.O
nline

N
ew

ton
M

ethods

For
ease

of
dem

onstrating
our

w
ork,w

e
w

ould
like

to
introduce

sketching
techniques

in
online

learning
scenarios.

Firstof
all,w

e
introduce

the
background

of
convex

online
learning

including
online

N
ew

ton
step

algorithm
s.Then

w
e

discussthe
connection

betw
een

online
learning

and
sketched

second
orderm

ethods,w
hich

m
otivates

us
to

propose
a

m
ore

robustsketching
algorithm

.

3.1.C
onvex

O
nline

L
earning

O
nline

learning
is

perform
ed

in
a

sequence
of

consecutive
rounds

(Shalev-Shw
artz,2011).

W
e

considerthe
problem

ofconvex
online

optim
ization

as
follow

s.Fora
sequence

ofexam
ples{x

(t)∈
R
d},and

convex
sm

ooth
loss

functions{f
t

:K
t →

R}
w

here
f
t (w

),
`
t (w

>
x

(t))
and
K
t ⊂

R
d
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ar
e

co
nv

ex
co

m
pa

ct
se

ts
,t

he
le

ar
ne

ro
ut

pu
ts

a
pr

ed
ic

to
rw

(t
)

an
d

su
ff

er
s

th
e

lo
ss
f t

(w
(t

) )
at

th
e
t-

th
ro

un
d.

T
he

cu
m

ul
at

iv
e

re
gr

et
at

ro
un

d
T

is
de

fin
ed

as
:

R
T

(w
∗ )

=
T ∑ t=

1

f t
(w

(t
) )
−

T ∑ t=
1

f t
(w
∗ )
,

w
he

re
w
∗

=
ar

gm
in

w
∈K
∑

T t=
1
f t

(w
)

an
d
K

=
⋂
T t=

1
K t

.
W

e
m

ak
e

th
e

fo
llo

w
in

g
as

su
m

pt
io

ns
on

th
e

lo
ss

fu
nc

tio
ns

.

A
ss

um
pt

io
n

1
Th

e
lo

ss
fu

nc
tio

ns
` t

sa
tis

fy
|`′ t

(z
)|
≤
L

w
he

ne
ve

r
|z
|≤

C
,w

he
re
L

an
d
C

ar
e

po
si

tiv
e

co
ns

ta
nt

s.

A
ss

um
pt

io
n

2
Th

er
e

ex
is

ts
a
µ
t
≤

0
su

ch
th

at
fo

r
al

lu
,w
∈
K

,w
e

ha
ve

f t
(w

)
≥
f t

(u
)

+
∇
f t

(u
)>

(w
−

u
)

+
µ
t 2

( ∇
f t

(u
)>

(w
−

u
))

2
.

N
ot

e
th

at
fo

ra
lo

ss
fu

nc
tio

n
f t

w
ho

se
do

m
ai

n
an

d
gr

ad
ie

nt
ha

ve
bo

un
de

d
di

am
et

er
,h

ol
di

ng
A

ss
um

p-
tio

n
2

on
ly

re
qu

ir
es

th
e

ex
p-

co
nc

av
e

pr
op

er
ty

,w
hi

ch
is

m
or

e
ge

ne
ra

lt
ha

n
st

ro
ng

co
nv

ex
ity

(H
az

an
,

20
16

).
Fo

re
xa

m
pl

e,
th

e
sq

ua
re

lo
ss

fu
nc

tio
n
f t

(w
)

=
(w
>

x
t
−
y t

)2
sa

tis
fie

s
A

ss
um

pt
io

n
2

w
ith

µ
t

=
1

8
C

2
if

th
e

fu
nc

tio
n

is
su

bj
ec

tt
o

co
ns

tr
ai

nt
s
|w
>

x
t|
≤
C

an
d
y t
≤
C

(L
uo

et
al

.,
20

16
),

bu
ti

t
is

no
ts

tr
on

gl
y

co
nv

ex
.

O
ne

ty
pi

ca
lo

nl
in

e
le

ar
ni

ng
al

go
ri

th
m

is
on

lin
e

gr
ad

ie
nt

de
sc

en
t(

O
G

D
)

(H
az

an
et

al
.,

20
07

;
Z

in
ke

vi
ch

,2
00

3)
.A

tt
he

(t
+

1)
-t

h
ro

un
d,

O
G

D
ex

pl
oi

ts
th

e
fo

llo
w

in
g

up
da

te
ru

le
s:

u
(t

+
1
)

=
w

(t
)
−
β
tg

(t
) ,

w
(t

+
1
)

=
ar

gm
in

w
∈K

t+
1

‖w
−

u
(t

+
1
) ‖
,

w
he

re
g

(t
)

=
∇
f t

(w
(t

) )
an

d
β
t

is
th

e
le

ar
ni

ng
ra

te
.T

he
al

go
ri

th
m

ha
s

lin
ea

rc
om

pu
ta

tio
n

co
st

an
d

ac
hi

ev
es
O

(L
2

H
lo

g
T

)
re

gr
et

bo
un

d
fo

rt
he
H

-s
tr

on
gl

y
co

nv
ex

lo
ss

.
In

th
is

pa
pe

r,
w

e
ar

e
m

or
e

in
te

re
st

ed
in

on
lin

e
N

ew
to

n
st

ep
al

go
ri

th
m

s
(H

az
an

et
al

.,
20

07
;

L
uo

et
al

.,
20

16
).

T
he

st
an

da
rd

on
lin

e
N

ew
to

n
st

ep
ke

ep
s

th
e

cu
rv

at
ur

e
in

fo
rm

at
io

n
in

th
e

m
at

ri
x

H
(t

)
∈
R
d
×
d

se
qu

en
tia

lly
an

d
ite

ra
te

s
as

fo
llo

w
s:

u
(t

+
1
)

=
w

(t
)
−
β
t(

H
(t

) )−
1
g

(t
) ,

w
(t

+
1
)

=
a
rg

m
in

w
∈K

t+
1

‖w
−

u
(t

+
1
) ‖

H
(t
)
.

(2
)

T
he

m
at

ri
x

H
(t

)
is

co
ns

tr
uc

te
d

by
th

e
ou

te
rp

ro
du

ct
of

hi
st

or
ic

al
gr

ad
ie

nt
s

(D
uc

hi
et

al
.,

20
11

;L
uo

et
al

.,
20

16
),

su
ch

as

H
(t

)
=

t ∑ i=
1

g
(i

) (g
(i

) )>
+
α

0
I d
,

(3
)

or
H

(t
)

=
t ∑ i=
1

(µ
t
+
η t

)g
(i

) (g
(i

) )>
+
α

0
I d
,

(4
)
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L
U

O
,C

H
E

N
,Z

H
A

N
G

,L
I

A
N

D
Z

H
A

N
G

w
he

re
α

0
≥

0
is

a
fix

ed
re

gu
la

ri
za

tio
n

pa
ra

m
et

er
,µ

t
is

th
e

co
ns

ta
nt

in
A

ss
um

pt
io

n
2,

an
d
η t

is
ty

pi
ca

lly
ch

os
en

as
O

(1
/t

).
T

he
se

co
nd

or
de

ra
lg

or
ith

m
s

en
jo

y
lo

ga
ri

th
m

ic
al

re
gr

et
bo

un
d

w
ith

ou
t

th
e

st
ro

ng
ly

co
nv

ex
as

su
m

pt
io

n
bu

tr
eq

ui
re

qu
ad

ra
tic

al
sp

ac
e

an
d

co
m

pu
ta

tio
n

co
st

.S
om

e
va

ri
an

ts
of

on
lin

e
N

ew
to

n
al

go
ri

th
m

s
ha

ve
be

en
ap

pl
ie

d
to

op
tim

iz
e

ne
ur

al
ne

tw
or

ks
(M

ar
te

ns
an

d
G

ro
ss

e,
20

15
;G

ro
ss

e
an

d
M

ar
te

ns
,2

01
6;

B
a

et
al

.,
20

17
),

bu
tt

he
y

do
no

tp
ro

vi
de

th
eo

re
tic

al
gu

ar
an

te
e

on
no

nc
on

ve
x

ca
se

s.

3.
2.

E
ffi

ci
en

tA
lg

or
ith

m
sb

y
Sk

et
ch

in
g

To
m

ak
e

th
e

on
lin

e
N

ew
to

n
st

ep
sc

al
ab

le
,i

ti
s

na
tu

ra
lt

o
us

e
sk

et
ch

in
g

te
ch

ni
qu

es
(W

oo
dr

uf
f,

20
14

).
T

he
m

at
ri

x
H

(t
)

in
on

lin
e

le
ar

ni
ng

ha
s

th
e

fo
rm

H
(t

)
=

(A
(t

) )
>

A
(t

)
+
α

0
I d

,w
he

re
A

(t
)
∈
R
t×
d

is
th

e
co

rr
es

po
nd

in
g

te
rm

of
(3

)o
r(

4)
su

ch
as

A
(t

)
=

[g
(1

) ,
..
.,

g
(t

) ]>
,

or
A

(t
)

=
[√
µ

1
+
η 1

g
(1

) ,
..
.,
√
µ
t
+
η t

g
(t

) ]>
.

Th
e

sk
et

ch
in

g
al

go
rit

hm
em

pl
oy

sa
n

ap
pr

ox
im

at
io

n
of

(A
(t

) )
>

A
(t

)
by

(B
(t

) )
>

B
(t

) ,w
he

re
th

e
sk

et
ch

m
at

ri
x

B
(t

)
∈
R
m
×
d

is
m

uc
h

sm
al

le
rt

ha
n

A
(t

)
an

d
m
�
d

.T
he

n
w

e
ca

n
us

e
(B

(t
) )
>

B
(t

)
+
α

0
I d

to
re

pl
ac

e
H

(t
)

in
up

da
te

(2
)(

Lu
o

et
al

.,
20

16
).

B
y

th
e

W
oo

db
ur

y
id

en
tit

y
fo

rm
ul

a,
w

e
ca

n
re

du
ce

th
e

co
m

pu
ta

tio
n

of
th

e
up

da
te

fr
om
O

(d
2
)

to
O

(m
2
d
)

or
O

(m
d
).

Th
er

e
ar

e
se

ve
ra

lc
ho

ic
es

of
sk

et
ch

in
g

te
ch

ni
qu

es
,s

uc
h

as
ra

nd
om

pr
oj

ec
tio

n
(A

ch
lio

pt
as

,2
00

3;
In

dy
k

an
d

M
ot

w
an

i,
19

98
;

K
an

e
an

d
N

el
so

n,
20

14
),

fr
eq

ue
nt

di
re

ct
io

ns
(G

ha
sh

am
ie

ta
l.,

20
16

;L
ib

er
ty

,2
01

3)
an

d
O

ja
’s

al
go

ri
th

m
(O

ja
,

19
82

;O
ja

an
d

K
ar

hu
ne

n,
19

85
).

H
ow

ev
er

,a
ll

ab
ov

e
m

et
ho

ds
tr

ea
tα

0
as

a
gi

ve
n

hy
pe

rp
ar

am
et

er
w

hi
ch

is
in

de
pe

nd
en

to
f

th
e

sk
et

ch
m

at
ri

x
B

(t
) .

In
pr

ac
tic

e,
th

e
pe

rf
or

m
an

ce
of

sk
et

ch
ed

on
lin

e
N

ew
to

n
m

et
ho

ds
is

se
ns

iti
ve

to
th

e
ch

oi
ce

of
th

e
hy

pe
rp

ar
am

te
rα

0
.

4.
R

ob
us

tF
re

qu
en

tD
ir

ec
tio

ns

In
m

an
y

m
ac

hi
ne

le
ar

ni
ng

ap
pl

ic
at

io
ns

su
ch

as
on

lin
e

le
ar

ni
ng

(H
az

an
an

d
A

ro
ra

,2
00

6;
H

az
an

et
al

.,
20

07
;H

az
an

,2
01

6;
L

uo
et

al
.,

20
16

),
G

au
ss

ia
n

pr
oc

es
s

re
gr

es
si

on
(R

as
m

us
se

n
an

d
W

ill
ia

m
s,

20
06

)a
nd

ke
rn

el
ri

dg
e

re
gr

es
si

on
(D

ri
ne

as
an

d
M

ah
on

ey
,2

00
5)

,w
e

us
ua

lly
re

qu
ir

e
an

ad
di

tio
na

l
re

gu
la

riz
at

io
n

te
rm

to
m

ak
e

th
e

m
at

rix
in

ve
rti

bl
e

an
d

w
el

l-c
on

di
tio

ne
d,

w
hi

le
co

nv
en

tio
na

ls
ke

tc
hi

ng
m

et
ho

ds
on

ly
fo

cu
s

on
th

e
lo

w
-r

an
k

ap
pr

ox
im

at
io

n.
O

n
th

e
ot

he
r

ha
nd

,
th

e
up

da
te

of
fr

eq
ue

nt
di

re
ct

io
ns

is
no

to
pt

im
al

in
th

e
vi

ew
of

m
in

im
iz

in
g

th
e

ap
pr

ox
im

at
io

n
er

ro
ri

n
ea

ch
ite

ra
tio

n.
B

ot
h

of
th

em
m

ot
iv

at
e

us
to

pr
op

os
e

ro
bu

st
fr

eq
ue

nt
di

re
ct

io
ns

(R
FD

)t
ha

ti
nc

or
po

ra
te

s
th

e
up

da
te

of
sk

et
ch

m
at

ri
x

an
d

th
e

re
gu

la
ri

za
tio

n
te

rm
in

to
on

e
fr

am
ew

or
k.

4.
1.

T
he

A
lg

or
ith

m

Th
e

R
FD

ap
pr

ox
im

at
es

A
>

A
by

B
>

B
+
α

I d
w

ith
α
>

0.
W

e
de

m
on

st
ra

te
th

e
de

ta
ile

d
im

pl
em

en
ta

-
tio

n
of

R
FD

in
A

lg
or

ith
m

2.
T

he
m

ai
n

di
ff

er
en

ce
be

tw
ee

n
R

FD
an

d
co

nv
en

tio
na

ls
ke

tc
hi

ng
al

go
ri

th
m

s
is

th
e

ad
di

tio
na

lt
er

m
α

I d
.

W
e

ca
n

di
re

ct
ly

us
e

A
lg

or
ith

m
2

to
ap

pr
ox

im
at

e
A
>

A
w

ith
α

(m
−

1
)

=
α

0
>

0
if

th
e

ta
rg

et
m

at
ri

x
is

A
>

A
+
α

0
I d

.
C

om
pa

re
d

w
ith

th
e

st
an

da
rd

FD
,R

FD
on

ly
ne

ed
s

to
m

ai
nt

ai
n

on
e

ex
tr

a
va

ri
ab

le
α

(t
)

by
sc

al
ar

op
er

at
io

ns
in

ea
ch

ite
ra

tio
n,

he
nc

e
th

e
co

st
of

R
FD

is
al

m
os

tt
he

sa
m

e
as

FD
.

B
ec

au
se

th
e

va
lu

e
of
α

(t
)

is
ty

pi
ca

lly
in

cr
ea

si
ng

fr
om

th
e

(m
+

1)
-th

ro
un

d
in

pr
ac

tic
e,

th
e

re
su

lti
ng

B
>

B
+
α

I d
is

po
si

tiv
e

de
fin

ite
ev

en
th

e
in

iti
al
α

(0
)

is
ze

ro
.

A
ls

o,
w

e
ca

n
fu

rt
he

r
ac

ce
le

ra
te

th
e

al
go

ri
th

m
by

do
ub

lin
g

th
e

sp
ac

e.
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R
F

D
W

IT
H

A
P

P
L

IC
A

T
IO

N
IN

O
N

L
IN

E
L

E
A

R
N

IN
G

A
lgorithm

2
R

obustFrequentD
irections

1:
Input:

A
=

[a
(1

),...,a
(T

)] >
∈
R
T×

d,B
(m
−

1
)

=
[a

(1
),...,a

(m
−

1
)] >

,α
(m
−

1
)

=
0

2:
for

t
=
m
,...,T

do

3:
B̂

(t−
1
)

=

[
B

(t−
1
)

(a
(t)) > ]

4:
C

om
pute

SV
D

:
B̂

(t−
1
)

=
U

(t−
1
)Σ

(t−
1
)(V

(t−
1
)) >

5:
B

(t)
=

√
(Σ

(t−
1
)

m
−

1 )
2−

(σ
(t−

1
)

m

)
2I
m
−

1 · (V
(t−

1
)

m
−

1 )>

6:
α

(t)
=
α

(t−
1
)

+
(σ

(t−
1
)

m

)
2/2

7:
end

for
8:

O
utput:

B
=

B
(T

)and
α

=
α

(T
).

4.2.T
heoreticalA

nalysis

B
efore

dem
onstrating

the
theoreticalresults

of
R

FD
,w

e
review

FD
from

the
aspectof

low
-rank

approxim
ation

w
hich

provides
a

m
otivation

to
the

design
ofouralgorithm

.A
tthe

t-th
round

iteration
ofFD

(A
lgorithm

1),w
e

have
the

m
atrix

B
(t−

1
)w

hich
is

used
to

approxim
ate

(A
(t−

1
)) >

A
(t−

1
)by

(B
(t−

1
)) >

B
(t−

1
)

and
w

e
aim

to
constructa

new
approxim

ation
w

hich
includes

the
new

data
a

(t),
thatis,

(B
(t)) >

B
(t)≈

(B
(t−

1
)) >

B
(t−

1
)

+
a

(t)(a
(t)) >

=
(B̂

(t−
1
)) >

B̂
(t−

1
).

(5)

T
he

straightforw
ard

w
ay

to
find

B
(t)

is
to

m
inim

ize
the

approxim
ation

error
of

(5)
based

on
the

spectralnorm
w

ith
low

-rank
constraint:

B
′(t)

=
argm

in
ra

n
k
(C

)=
m
−

1 ∥∥
(B̂

(t−
1
)) >

B̂
(t−

1
)−

C
>

C
∥∥

2 .
(6)

B
y

the
SV

D
of

B̂
(t−

1
),w

e
have

the
solution

B
′(t)

=
Σ

(t−
1
)

m
−

1 (V
(t−

1
)

m
−

1 )>
.In

this
view

,the
update

of
FD

B
(t)

=

√
(Σ

(t−
1
)

m
−

1 )
2−

(σ
(t−

1
)

m

)
2I
m
−

1 · (V
(t−

1
)

m
−

1 )>
(7)

looks
im

perfect,
because

it
is

not
an

optim
al

low
-rank

approxim
ation.

H
ow

ever,
the

shrinkage
operation

in
(7)is

necessary.Ifw
e

take
a

greedy
strategy

(B
rand,2002;H

alletal.,1998;L
evey

and
L

indenbaum
,2000;R

oss
etal.,2008)w

hich
directly

replaces
B

(t)w
ith

B
′(t)in

FD
,itw

illperform
w

orse
in

som
e

specific
cases 1

and
also

has
no

valid
globalerrorbound

like
(1).

H
ence,the

question
is:

can
w

e
devise

a
m

ethod
w

hich
enjoys

the
optim

ality
in

each
step

and
m

aintains
globaltightererrorbound

in
the

sam
e

tim
e?

Fortunately,R
FD

is
justsuch

an
algorithm

holding
both

the
properties.

W
e

now
explain

the
update

rule
of

R
FD

form
ally,and

provide
the

approxim
ation

errorbound.W
e

firstgive
the

follow
ing

theorem
w

hich
plays

an
im

portantrole
in

our
analysis.

1.W
e

provide
an

exam
ple

in
A

ppendix
F.
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L
U

O
,C

H
E

N
,Z

H
A

N
G

,L
I

A
N

D
Z

H
A

N
G

T
heorem

1
G

iven
a

positive
sem

i-definite
m

atrix
M
∈

R
d×
d

and
a

positive
integer

k
<
d,

let
M

=
U

Σ
U
>

be
the

SV
D

of
M

.Let
U
k

denote
the

m
atrix

ofthe
first

k
colum

ns
of

U
and

σ
k

be
the

k-th
singular

value
of

M
.Then

the
pair

(Ĉ
,δ̂),defined

as

Ĉ
=

U
k (Σ

k −
ξI
k )

1
/
2Q

a
n
d

δ̂
=

(σ
k
+

1
+
σ
d )/2

w
here

ξ∈
[σ
d ,σ

k
+

1 ]and
Q

is
an

arbitrary
k×

k
orthonorm

alm
atrix,is

the
globalm

inim
izer

of

m
in

C
∈
R
d×
k
,δ∈

R ‖
M
−

(C
C
>

+
δI
d )‖

2 .
(8)

A
dditionally,w

e
have

‖
M
−

(Ĉ
Ĉ
>

+
δ̂I
d )‖

2 ≤
‖M
−

U
k Σ

k U
>k ‖

2 ,

and
the

equality
holds

ifand
only

if
ran

k
(M

)≤
k.

T
heorem

1
provides

the
optim

al
solution

w
ith

the
closed

form
for

m
atrix

approxim
ation

w
ith

a
regularization

term
.

In
the

case
of

ran
k
(M

)
>
k,the

approxim
ation

Ĉ
Ĉ
>

+
δ̂I
d

is
fullrank

and
has

strictly
low

erspectralnorm
errorthan

the
rank-k

truncated
SV

D
.N

ote
thatZ

hang
(2014)has

established
the

Frobenius
norm

based
resultaboutthe

optim
alanalysis 2.

R
ecall

that
in

the
stream

ing
case,

our
goal

is
to

approxim
ate

the
concentration

of
historical

approxim
ation

and
currentdata

atthe
t-th

round.T
he

follow
ing

theorem
show

s
thatthe

update
of

R
FD

is
optim

alw
ith

respectto
the

spectralnorm
foreach

step.

T
heorem

2
B

ased
on

the
updates

in
A

lgorithm
2,w

e
have

(B
(t),α

(t))
=

argm
in

B
∈
R
d×

(m
−
1
),α∈

R ∥∥
(B̂

(t−
1
)) >

B̂
(t−

1
)

+
α

(t−
1
)I
d −

(B
>

B
+
α

I
d ) ∥∥

2 .
(9)

T
heorem

2
explains

R
FD

from
an

optim
ization

view
point.

It
show

s
that

each
step

of
R

FD
is

optim
alforcurrentinform

ation.B
ased

on
this

theorem
,the

update
ofthe

standard
FD

corresponds
(B
,α

)
=

(B
(t),0),w

hich
is

notthe
optim

alsolution
of(9).Intuitively,the

regularization
term

of
R

FD
com

pensates
each

direction
forthe

overreduction
from

the
shrinkage

operation
ofFD

.Theorem
2

also
im

pliesR
FD

isan
online

extension
to

the
approxim

ation
ofTheorem

1.W
e

can
prove

Theorem
2

by
using

T
heorem

1
w

ith
M

=
(B̂

(t−
1
)) >

B̂
(t−

1
)

+
α

(t−
1
)I
d .W

e
deferthe

details
to

A
ppendix

C
.

R
FD

also
enjoys

a
tighterapproxim

ation
errorthan

FD
as

the
follow

ing
theorem

show
s.

T
heorem

3
For

any
k
<
m

and
using

the
notation

ofA
lgorithm

2,w
e

have

∥∥
A
>

A
−

(B
>

B
+
α

I
d ) ∥∥

2 ≤
1

2(m
−
k
) ‖

A
−

[A
]k ‖

2F
,

(10)

w
here

[A
]k

is
the

bestrank-k
approxim

ation
to

A
in

both
the

Frobenius
and

spectralnorm
s.

T
he

right-hand
side

of
inequality

(10)
is

the
half

of
the

one
in

(1),w
hich

m
eans

R
FD

reduces
the

approxim
ation

errorsignificantly
w

ith
only

one
extra

scalar.
T

he
realapplications

usually
consider

the
m

atrix
w

ith
a

regularization
term

.
H

ence
w

e
also

considerapproxim
ating

the
m

atrix
M

=
A
>

A
+
α

0 I
d

w
here

α
0
>

0
and

the
row

sof
A

are
available

2.W
e

also
give

a
concise

proofforthe
resultofZ

hang
(2014)in

A
ppendix

B
.
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≤
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pr
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=
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e

ge
ne

ra
lc

as
e

th
at
α

0
≥
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=
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=
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∈
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T ∑ t=

1

η t
+

m

2
(µ

+
η T

)
ln
( t

r(
(B

(T
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+
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+
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pr
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6
B

y
the

condition
ofTheorem

5,µ
′
=

m
ax

T
′

t=
1 {µ

t }
and

letting
α

0
=

0,σ
∗

be
the

sm
allest

nonzero
singular

values
of ∑

T
′

t=
1
g

(t)(g
(t)) >

and
T
′satisfy

(12),w
e

have
thatthe

first
T
′iterations

ofA
lgorithm

3
has

the
follow

ing
regret

R
1
:T
′(w

)≤
2(C

L
)
2
T
′

∑t=
1

η
t
+

m
−

1

2(η
1

+
µ
′)

+
m

(m
−

1)

2(η
1

+
µ
′)

ln (
1

+
2 ∑

T
′

t=
1 ‖

g
(t)‖

22

(1
+
r)rσ

∗

)
.

(13)

C
om

bining
above

results,w
e

can
conclude

the
regretbound

forthe
hyperparam

eter-free
algorithm

in
T

heorem
7.

In
practice,w

e
often

set
m

to
be

m
uch

sm
aller

than
d

and
T

,w
hich

im
plies

T
′is

m
uch

sm
allerthan

T
.H

ence,the
regretbound

ofTheorem
7

is
sim

ilarto
the

one
ofTheorem

5
w

hen
α

0
is

close
to

0.W
e

can
use

R
FD

-SO
N

w
ith

α
0

=
0

and
η
t

=
1/t

to
obtain

a
hyperparam

eter-free
sketched

online
N

ew
ton

algorithm
.L

uo
etal.(2016)have

proposed
a

hyperparam
eter-free

online
N

ew
ton

algorithm
w

ithoutsketching
and

theirregretcontains
a

term
w

ith
coefficient

d.

T
heorem

7
C

onsider
A

lgorithm
3

w
ith

α
0

=
0,

let
T
′

satisfy
(12),µ

=
m

in
Tt=

1 {
µ
t },

µ
′

=
m

ax
T
′

t=
1 {µ

t },K
=
⋂
Tt=

1 K
t ,
σ
∗

has
the

sam
e

definition
ofTheorem

6
and

α
′0

=
d
et(H

(T
′)).

Then
under

A
ssum

ptions
1

and
2

for
any

w
∈
K

,w
e

have
that

R
T

(w
)≤

2(C
L

)
2

T
∑t=

1

η
t
+

m
−

1

2(η
1

+
µ
′)

+
m

(m
−

1)

2(η
1

+
µ
′)

ln (
1

+
2 ∑

T
′

t=
1 ‖

g
(t)‖

22

(1
+
r)rσ

∗

)

+
12 ‖w

(T
′)‖

2H
(T
′)

+
m

2(µ
+
η
T

)
ln (

tr ((B
(T

)) >
B

(T
) )

m
α

(T
′)

+
α

(T
)

α
′0

)
+

Ω
′R

F
D

(14)

w
here

Ω
′R

F
D

=
d−

m

2(µ
+
η
T

)
ln
α

(T
)

α
′0

+
m

4(µ
+
η
T

)

T
∑t=
T
′+

1

(σ
(t)
m

)
2

α
(t)

+
C

2
T
∑t=
T
′+

1 (σ
(t−

1
)

m
)
2.

6.E
xperim

ents

In
this

section,w
e

evaluate
the

perform
ance

ofrobustfrequentdirections
(R

FD
)and

online
N

ew
ton

step
by

R
FD

(R
FD

-SO
N

)on
six

real-w
orld

data
sets

“a9a,”
“gisette,”

“sido0,”
“farm

-ads,”
“rcv1”

and
“real-sim

,”
w

hose
details

are
listed

in
Table

1.The
data

sets
“sido0”

and
“farm

-ads”can
be

found

11
JM

L
R

 20(45):1-41, 2019

L
U

O
,C

H
E

N
,Z

H
A

N
G

,L
I

A
N

D
Z

H
A

N
G

on
C

ausality
W

orkbench
3,and

U
C

IM
achine

L
earning

R
epository

4.T
he

others
can

be
dow

nloaded
from

L
IB

SV
M

repository
5.T

he
experim

ents
are

conducted
in

M
atlab

and
run

on
a

serverw
ith

Intel
(R

)C
ore

(T
M

)i7-3770
C

PU
3.40G

H
z×

2,8G
B

R
A

M
and

64-bitW
indow

s
Server2012

system
.

data
sets

n
d

source
a9a

32,561
123

(Platt,1999)
gisette

6,000
5,000

(G
uyon

etal.,2004)
sido0

12,678
4,932

(G
uyon

etal.,2008)
farm

-ads
4,143

54,877
(M

esterharm
and

Pazzani,2011)
rcv1

20,242
47,236

(L
ew

is
etal.,2004)

real-sim
72,309

20,958
(M

cC
allum

)

Table
1:Sum

m
ary

ofdata
sets

used
in

ourexperim
ents

6.1.M
atrix

A
pproxim

ation

W
e

evaluate
the

approxim
ation

errors
ofthe

determ
inistic

sketching
algorithm

s
including

frequent
directions

(FD
)

(L
iberty,2013;G

hasham
ietal.,2016),param

eterized
frequentdirections

(PFD
),

com
pensative

frequentdirections
(C

FD
)(D

esaietal.,2016)and
robustfrequentdirections

(R
FD

).
Fora

given
data

set
A
∈
R
n×

d
of
n

sam
ples

w
ith
d

features,w
e

use
the

accelerated
algorithm

s
(see

details
in

A
ppendix

A
)

to
approxim

ate
the

covariance
m

atrix
A
>

A
by

B
>

B
for

FD
,PFD

,C
FD

and
by

B
>

B
+
α

I
d

forR
FD

,respectively.W
e

m
easure

the
perform

ance
according

to
the

relative
spectralnorm

error.W
e

reportthe
relative

spectralnorm
errorby

varying
the

sketch
size

m
.

Figure
1

show
s

the
perform

ance
of

FD
,C

FD
and

R
FD

.T
hese

three
m

ethods
have

no
extra

hyperparam
eterand

theiroutputs
only

rely
on

the
sketch

size.T
he

relative
errorofR

FD
is

alw
ays

sm
allerthan

thatofFD
and

C
FD

.T
he

errorofR
FD

is
nearly

halfofthe
errorofFD

in
m

ostcases,
w

hich
m

atches
ourtheoreticalanalysis

in
T

heorem
3

very
w

ell.
Figure

2
com

paresthe
perform

ance
ofR

FD
and

PFD
w

ith
differentchoicesofthe

hyperparam
eter.

W
e

use
PFD

-β
to

refer
the

PFD
algorithm

w
here

bβ
m
c

singular
values

w
ill

get
affected

by
the

shrinkage
steps.The

extra
hyperparam

eter
β

is
tuned

from
{0
.2
,0
.4,0.6,0.8}.The

resultshow
s

that
R

FD
is

betterthan
PFD

in
m

ostcases.PFD
som

etim
es

can
achieve

low
erapproxim

ation
errorw

ith
a

good
choice

of
β

.H
ow

ever,selecting
the

hyperparam
eterrequires

additionalcom
putation.

6.2.O
nline

L
earning

W
e

now
evaluate

the
perform

ance
ofR

FD
-SO

N
.W

e
use

the
leastsquares

loss
f
t (w

)
=

(w
>

x
(t)−

y
(t))

2,and
setK

t
=
{
w

:|w
>

x
(t)|≤

1}.
In

the
experim

ents,w
e

use
the

doubling
space

strategy
(A

lgorithm
5

in
A

ppendix
A

).W
e

use
70%

of
the

data
setfor

training
and

the
restfor

test.
T

he
algorithm

s
in

the
experim

ents
include

A
D

A
G

R
A

D
,the

standard
online

N
ew

ton
step

w
ith

the
full

H
essian

(D
uchietal.,2011)(FU

L
L

-O
N

),the
sketched

online
N

ew
ton

step
w

ith
frequentdirections

(FD
-SO

N
),the

param
eterized

frequentdirections
(PFD

-SO
N

),the
random

projections
(R

P-SO
N

),
O

ja’s
algorithm

s
(O

ja-SO
N

)(L
uo

etal.,2016;D
esaietal.,2016),and

ourproposed
sketched

online
N

ew
ton

step
w

ith
R

FD
(R

FD
-SO

N
).

3.https://w
w

w
.causality.inf.ethz.ch/data/SID

O
.htm

l
4.https://archive.ics.uci.edu/m

l/datasets/Farm
+A

ds
5.https://w

w
w

.csie.ntu.edu.tw
/cjlin/libsvm

tools/datasets/12
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L
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=
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+
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(t)) >
+

23
JM

L
R

 20(45):1-41, 2019

L
U

O
,C

H
E

N
,Z

H
A

N
G

,L
I

A
N

D
Z

H
A

N
G

A
lgorithm

4
FastFrequentD

irections

1:
Input:

A
=
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9:
B

(t)
=

B̂
(t−

1
)

10:
α

(t)
=
α

(t−
1
)

11:
end

if
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e
pr

ov
e

T
he

or
em

1.
T

he
pr

oo
f

of
L

em
m

a
1

an
d

2
ca

n
be

fo
un

d
in

th
e

bo
ok

an
d

w
e

gi
ve

th
e

pr
oo

fo
fL

em
m

a
3

he
re

.

L
em

m
a

1
(T

he
or

em
3.

4.
5

of
(H

or
n

an
d

Jo
hn

so
n,

19
91

))
Le

t
A
,B
∈

R
m
×
n

be
gi

ve
n,

an
d

su
p-

po
se

A
,

B
an

d
A
−

B
ha

ve
de

cr
ea

si
ng

ly
or

de
re

d
si

ng
ul

ar
va

lu
es

,
σ

1
(A

)
≥
··
·
≥

σ
q
(A

),
σ

1
(B

)
≥
··
·
≥
σ
q
(B

),
an

d
σ

1
(A
−

B
)
≥
··
·
≥
σ
q
(A
−

B
),

w
he

re
q

=
m

in
{m

,n
}.

D
e-

fin
e
s i

(A
,B

)
≡
|σ
i(

A
)
−
σ
i(

B
)|,
i

=
1
,.
..
,q

an
d

le
ts

[1
](

A
,B

)
≥
··
·≥

s [
i]
(A
,B

)
de

no
te

a
de

cr
ea

si
ng

ly
or

de
re

d
re

ar
ra

ng
em

en
to

ft
he

va
lu

es
s i

(A
,B

).
Th

en

k ∑ i=
1

s [
i]
(A
,B

)
≤

k ∑ i=
1

σ
i(

A
−

B
)

fo
r
k

=
1,
..
.,
q.
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L
U

O
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H
E

N
,Z

H
A

N
G

,L
I

A
N

D
Z

H
A

N
G

A
lg

or
ith

m
6

Fa
st

R
FD

fo
rO

nl
in

e
N

ew
to

n
St

ep

1:
In

pu
t:
α

(0
)

=
α

0
,m

<
d

,η
t

=
O

(1
/t

)
an

d
B

(0
)

=
0
m
×
d
.

2:
fo

r
t

=
1,
..
.,
T

do

3:
R

ec
ei

ve
ex

am
pl

e
x

(t
) ,

an
d

lo
ss

fu
nc

tio
n
f t

(w
)

4:
Pr

ed
ic

tt
he

ou
tp

ut
of

x
(t

)
by

w
(t

)
an

d
su

ff
er

lo
ss
f t

(w
(t

) )

5:
g

(t
)

=
∇
f t

(w
(t

) )

6:
B̂

(t
−

1
)

=

[
B

(t
−

1
)

(√
µ
t
+
η t

g
(t

) )
>

]

7:
if

B̂
(t
−

1
)

ha
s

2m
ro

w
s

8:
C

om
pu

te
SV

D
:B̂

(t
−

1
)

=
U

(t
−

1
) Σ

(t
−

1
) (

V
(t
−

1
) )
>

9:
B

(t
)

=

√
( Σ

(t
−

1
)

m
−

1

) 2
−
( σ

(t
−

1
)

m

) 2
I m
−

1
·(

V
(t
−

1
)

m
−

1
)>

10
:

α
(t

)
=
α

(t
−

1
)

+
( σ

(t
−

1
)

m

) 2
/2

11
:

el
se

12
:

B
(t

)
=

B̂
(t
−

1
)

13
:

α
(t

)
=
α

(t
−

1
)

14
:

en
d

if

15
:

H
(t

)
=

(B
(t

) )
>

B
(t

)
+
α

(t
) I
d

16
:

u
(t

+
1
)

=
w

(t
)
−

(H
(t

) )
† g

(t
)

17
:

w
(t

+
1
)

=
ar

gm
in

w
∈K

t
‖w
−

u
(t

+
1
) ‖

H
(t
)

18
:

en
d

fo
r

L
em

m
a

2
(C

or
ol

la
ry

3.
5.

9
of

(H
or

n
an

d
Jo

hn
so

n,
19

91
))

Le
t
A
,B
∈

R
m
×
n

be
gi

ve
n,

an
d

le
t

q
=

m
in
{m

,n
}.

Th
e

fo
llo

w
in

g
ar

e
eq

ui
va

le
nt

1.
|||A
|||
≤
|||B
|||f

or
ev

er
y

un
ita

ri
ly

in
va

ri
an

tn
or

m
|||·
|||o

n
R
m
×
n

.

2.
N
k
(A

)
≤
N
k
(B

)
fo

r
k

=
1,
..
.,
q

w
he

re
N
k
(X

)
≡
∑

k i=
1
σ
k
(X

)
de

no
te

s
K

y
Fa

n
k

-n
or

m
.

L
em

m
a

3
(P

ag
e

21
5

of
(H

or
n

an
d

Jo
hn

so
n,

19
91

))
Le

t
A
,B
∈

R
m
×
n

be
gi

ve
n,

an
d

le
t
q

=
m

in
{m

,n
}.

D
efi

ne
th

e
di

ag
on

al
m

at
ri

x
Σ

(A
)

=
[σ
ij

]
∈
R
m
×
n

by
σ
ii

=
σ
i(

A
),

al
lo

th
er
σ
ij

=
0,

w
he

re
σ

1
(A

)
≥
,.
..
,≥

σ
q
(A

)
ar

e
th

e
de

cr
ea

si
ng

ly
or

de
re

d
si

ng
ul

ar
va

lu
es

of
A

.W
e

de
fin

e
Σ

(B
)

si
m

ila
rl

y.
Th

en
w

e
ha

ve
|||A
−

B
|||
≥
|||Σ

(A
)
−

Σ
(B

)|||
fo

r
ev

er
y

un
ita

ri
ly

in
va

ri
an

tn
or

m
|||·
|||.

Pr
oo

f
U

si
ng

th
e

no
ta

tio
n

of
Le

m
m

a
1

an
d

2,
m

at
ric

es
A
−

B
an

d
Σ

(A
)−

Σ
(B

)
ha

ve
th

e
de

cr
ea

si
ng

ly
or

de
re

d
si

ng
ul

ar
va

lu
es
σ

1
(A
−

B
)
≥
··
·≥

σ
q
(A
−

B
)

an
d
s [

1
](

A
,B

)
≥
··
·≥

s [
q
](

A
,B

).
T

he
n

w
e

ha
ve

N
k
(A
−

B
)

=
k ∑ i=

1

σ
i(

A
−

B
)
≥

k ∑ i=
1

s [
i]
(A
,B

)
=
N
k
(Σ

(A
)
−

Σ
(B

))
,

(1
5)
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w
here

the
inequality

is
obtained

by
Lem

m
a

1.The
Lem

m
a

2
im

plies
(15)is

equivalentto|||A
−

B
|||≥

|||Σ
(A

)−
Σ

(B
)|||forevery

unitarily
invariantnorm

|||·|||.
T

hen
w

e
give

the
proofofT

heorem
1

as
follow

s:
Proof

U
sing

the
notation

in
above

lem
m

as,w
e

can
bound

the
objective

function
as

follow
s

∥∥
M
−

C
C
>
−
δI
d ∥∥

2 ≥
∥∥
Σ

(M
)−

Σ
(C

C
>

+
δI
d ) ∥∥

2

=
m

ax
i∈{

1
,...,d} ∣∣σ

i (M
)−

σ
i (C

C
>

)−
δ ∣∣

≥
m

ax
i∈{

k
+

1
,...,d} ∣∣σ

i (M
)−

σ
i (C

C
>

)−
δ ∣∣

=
m

ax
i∈{

k
+

1
,...,d} ∣∣σ

i (M
)−

δ ∣∣

≥
m

ax
i∈{

k
+

1
,...,d} ∣∣σ

i (M
)−

δ̂ ∣∣.

T
he

firstinequality
is

obtained
by

L
em

m
a

3
since

the
spectralnorm

is
unitarily

invariant,and
the

second
inequality

is
the

property
ofm

axim
ization

operator.T
he

lastinequality
can

be
checked

easily
by

the
property

ofm
ax

operation
and

the
equivalence

ofSV
D

and
eigenvectordecom

position
forpositive

sem
i-definite

m
atrix.T

he
firstequality

is
based

on
the

definition
ofspectralnorm

.T
he

second
equality

holds
due

to
the

fact
ran

k
(C

C
>

)≤
k

w
hich

leads
σ
i (C

C
>

)
=

0
for

any
i
>
k.

N
ote

thatallabove
equalities

occur
for

C
=

Ĉ
=

U
k (Σ

k −
ξI
k )

1
/
2Q

,
δ

=
δ̂

and
ξ
∈

[σ
d ,σ

k
+

1 ].
H

ence
w

e
prove

the
optim

ality
of

(Ĉ
,δ̂).

T
he

approxim
ation

error
of

rank-k
SV

D
corresponds

to
the

objective
of

(8)
by

taking
C

=
U
k (Σ

k )
1
/
2

and
δ

=
0,w

hich
is

im
possible

to
be

sm
allerthan

the
m

inim
um

.Itis
easy

to
verify

w
e

have
Ĉ

=
U
k (Σ

k )
1
/
2

and
δ̂

=
0

ifand
only

of
ran

k
(M

)≤
k.

Theorem
1

m
eansthe

choice
of
ξ

in
the

solution
ofproblem

(9)isnotunique,buttaking
ξ

=
σ
k
+

1

m
inim

izes
the

condition
num

berof
Ĉ

Ĉ
>

+
δ̂I
d .H

ence,w
e

use
ξ

=
σ
k
+

1
in

the
derivation

ofR
FD

.
W

e
also

dem
onstrate

sim
ilar

resultw
ith

respectto
Frobenius

norm
in

C
orollary

1.
T

his
analysis

includes
the

globaloptim
ality

ofthe
problem

,w
hile

Zhang
(2014)’s

analysis
only

prove
the

solution
is

locally
optim

al.

C
orollary

1
U

sing
the

sam
e

notation
in

Theorem
1,the

pair
(C̃
,δ̃)

defined
as

C̃
=

U
k (Σ

k −
δ̃I
k )

1
/
2V

and
δ̃

=
1

d−
k

d
∑i=
j+

1

σ
i

is
the

globalm
inim

izer
of

m
in

C
∈
R
d×
k
,δ∈

R ‖
M
−

C
C
>
−
δI
d ‖

2F
,

w
here

V
is

an
arbitrary

k×
k

orthogonalm
atrix.27

JM
L

R
 20(45):1-41, 2019

L
U

O
,C

H
E

N
,Z

H
A

N
G

,L
I

A
N

D
Z

H
A

N
G

Proof
W

e
have

the
resultsim

ilarto
T

heorem
1.

‖M
−

C
C
>
−
δI
d ‖

2F
≥
‖Σ

(M
)−

Σ
(C

C
>

+
δI
d )‖

2F

=
d
∑i=

1 (σ
i (M

)−
σ
i (C

C
>

)−
δ)

2

≥
d
∑i=
k
+

1 (σ
i (M

)−
σ
i (C

C
>

)−
δ)

2

=
d
∑i=
k
+

1 (σ
i (M

)−
δ)

2

≥
d
∑i=
k
+

1 (σ
i (M

)−
δ̃)

2

T
he

firstfoursteps
are

sim
ilarto

the
ones

ofT
heorem

1,butreplace
the

spectralnorm
and

absolute
operator

w
ith

Frobenius
norm

and
square

function.
T

he
laststep

com
es

from
the

property
of

the
m

ean
value.

W
e

can
check

thatallabove
equalities

occurfor
C

=
C̃

and
δ

=
δ̃,w

hich
com

pletes
the

proof.

A
ppendix

C
.T

he
ProofofT

heorem
2

Proof
T

he
A

lgorithm
2

im
plies

the
singularvalues

of
(B̂

(t−
1
)) >

B̂
(t−

1
)

+
α

(t−
1
)I

are

(σ
(t−

1
)

1
)
2

+
α

(t−
1
)≥
···≥

(σ
(t−

1
)

m
)
2

+
α

(t−
1
)≥

α
(t−

1
)

=
···

=
α

(t−
1
).

T
hen

w
e

can
use

T
heorem

1
by

taking

M
=

(B̂
(t−

1
)) >

B̂
(t−

1
)

+
α

(t−
1
)I,

k
=
m
−

1
,

ξ
=
σ
k
+

1
=

(σ
(t−

1
)

m
)
2

+
α

(t−
1
)

Ĉ
=

V
(t−

1
)

m
−

1 √
(Σ

(t−
1
)

m
−

1 )
2−

(σ
(t−

1
)

m

)
2I
m
−

1
=

(B
(t)) >

,

δ̂
=

[(σ
(t−

1
)

m
)
2

+
α

(t−
1
)

+
α

(t−
1
)]/2

=
α

(t),

w
hich

justm
eans

that
(B

(t),α
(t))

is
the

m
inim

izerofthe
problem

in
this

theorem
.

A
ppendix

D
.T

he
ProofofT

heorem
3

T
he

algorithm
s

ofFD
and

R
FD

share
the

sam
e

B
(t)and

w
e

have
L

em
m

a
4

(G
hasham

ietal.,2016)
as

follow
s.
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L
em

m
a

4
Fo

r
an

y
k
<
m

an
d

us
in

g
th

e
no

ta
tio

n
of

A
lg

or
ith

m
1

or
A

lg
or

ith
m

2,
w

e
ha

ve

A
>

A
−

B
>

B
�

0
,

(1
6)

T
−

1
∑ t=

1

(σ
(t

)
m

)2
≤

1

m
−
k
‖A
−

[A
] k
‖2 F
.

(1
7)

T
he

n
w

e
pr

ov
e

th
e

T
he

or
em

3
ba

se
d

on
L

em
m

a
4.

Pr
oo

f
D

efi
ne

(B
(0

) )
>

B
(0

)
=

0
d
×
d
,t

he
n

w
e

ca
n

de
riv

e
th

e
er

ro
rb

ou
nd

as
fo

llo
w

s
∥ ∥ A
>

A
−

(B
>

B
+
α

I d
)∥ ∥

2

=

∥ ∥ ∥ ∥ ∥
T ∑ t=

1

[ (a
(t

) )>
a

(t
)
−

(B
(t

) )>
B

(t
)

+
(B

(t
−

1
) )>

B
(t
−

1
)
−

1 2
(σ

(t
−

1
)

m
)2

I d

]∥ ∥ ∥ ∥ ∥
2

≤
T ∑ t=

1

∥ ∥ ∥(
a

(t
) )>

a
(t

)
−

(B
(t

) )>
B

(t
)

+
(B

(t
−

1
) )>

B
(t
−

1
)
−

1 2
(σ

(t
−

1
)

m
)2

I d

∥ ∥ ∥ 2

=
T ∑ t=

1

∥ ∥ ∥V
(t
−

1
)

m
−

1
(Σ

(t
−

1
)

m
−

1
)2

(V
(t
−

1
)

m
−

1
)>
−

V
(t
−

1
)

m
−

1
[(

Σ
(t
−

1
)

m
−

1
)2
−

(σ
(t
−

1
)

m
)2

I d
](

V
(t
−

1
)

m
−

1
)>
−

1 2
(σ

(t
−

1
)

m
)2

I d

∥ ∥ ∥ 2

=
T ∑ t=

1

∥ ∥ ∥(
σ

(t
−

1
)

m
)2

V
(t
−

1
)

m
(V

(t
−

1
)

m
)>
−

1 2
(σ

(t
−

1
)

m
)2

I d

∥ ∥ ∥ 2

=
1 2

T
−

1
∑ t=

1

(σ
(t

)
m

)2

≤
1

2(
m
−
k
)‖

A
−

[A
] k
‖2 F
.

T
he

fir
st

th
re

e
eq

ua
lit

ie
s

ar
e

di
re

ct
fr

om
th

e
pr

oc
ed

ur
e

of
th

e
al

go
ri

th
m

,a
nd

th
e

la
st

on
e

is
ba

se
d

on
th

e
fa

ct
th

at
V

(t
−

1
)

is
co

lu
m

n
or

th
on

or
m

al
.T

he
fir

st
in

eq
ua

lit
y

co
m

es
fr

om
th

e
tri

an
gl

e
in

eq
ua

lit
y

of
sp

ec
tr

al
no

rm
.T

he
la

st
on

e
ca

n
be

ob
ta

in
ed

by
th

e
re

su
lt

(1
7)

of
L

em
m

a
4.

W
e

al
so

ha
ve

si
m

ila
re

rr
or

bo
un

d
fo

rf
as

tR
FD

w
ith

do
ub

lin
g

sp
ac

e.
W

e
fir

st
re

w
rit

e
A

lg
or

ith
m

5
as

th
e

bl
oc

k
fo

rm
ul

at
io

n.
C

on
si

de
rt

he
pr

oc
ed

ur
e

of
A

lg
or

ith
m

5,
w

e
su

pp
os

e
th

at
m

at
rix

B̂
(t
−

1
)

ha
s

2
m

ro
w

s
at

ro
un

d
t

=
p

1
,p

2
,.
..
,p
T
′ −

1
,w

he
re

1
<
p

1
<
p

2
<
··
·<

p
T
′ −

1
≤
T

.
L

et
tin

g
p

0
=

0
an

d
p
T
′

=
T

,w
e

ca
n

pa
rt

iti
on

m
at

ri
x

A
in

to
T
′ b

lo
ck

s

A
=
[ A

(1
) ,

A
(2

) ,
··
·,

A
(T
′ )
] >
,

(1
8)

w
he

re

A
(t
′ )

=
[ a

(p
t′
−
1
+

1
) ,

a
(p
t′
−
1
+

2
) ,
··
·,

a
(p
t′

)] >
fo

rt
′ =

1,
2
,.
..
,T
′ .

(1
9)

B
as

ed
on

th
e

no
ta

tio
n

of
(1

8)
an

d
(1

9)
,w

e
ca

n
re

w
rit

e
A

lg
or

ith
m

5
as

A
lg

or
ith

m
7.

It
is

ob
vi

ou
s

th
at

tw
o

al
go

rit
hm

s
ha

ve
th

e
sa

m
e

ou
tp

ut
re

su
lts

.W
e

pr
es

en
tL

em
m

a
5

w
hi

ch
ex

te
nd

s
Le

m
m

a
4

to
bl

oc
k

ve
rs

io
n

an
d

es
ta

bl
is

he
s

th
e

er
ro

rb
ou

nd
fo

rA
lg

or
ith

m
7

in
C

or
ol

la
ry

2.
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H
A
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A
lg

or
ith

m
7

Fa
st

R
ob

us
tF

re
qu

en
tD

ir
ec

tio
ns

(B
lo

ck
Fo

rm
ul

at
io

n)

1:
In

pu
t:

A
=

[A
(1

) ,
..
.,

A
(T
′ )

]>
∈
R
T
×
d
,B

(1
)

=
(A

(1
) )
>

,α
(1

)
=

0

2:
fo

r
t′

=
2,
..
.,
T
′ d

o

3:
B̂

(t
−

1
)

=

[ B
(t
′ −

1
)

(A
(t
′ )

)>

]

4:
C

om
pu

te
SV

D
:B̂

(t
′ −

1
)

=
U

(t
′ −

1
) Σ

(t
′ −

1
) (

V
(t
′ −

1
) )
>

5:
B

(t
′ )

=

√
( Σ

(t
′ −

1
)

m
−

1

) 2
−
( σ

(t
′ −

1
)

m

) 2
I m
−

1
·(

V
(t
′ −

1
)

m
−

1

) >

6:
α

(t
′ )

=
α

(t
′ −

1
)

+
( σ

(t
′ −

1
)

m

) 2
/2

7:
en

d
fo

r

8:
O

ut
pu

t:
B

=
B

(T
′ )

an
d
α

=
α

(T
′ )

L
em

m
a

5
Fo

r
an

y
k
<
m

an
d

us
in

g
th

e
no

ta
tio

n
of

A
lg

or
ith

m
7,

w
e

ha
ve

T
′ −

1
∑ t′

=
1

(σ
(t
′ )

m
)2
≤

1

m
−
k
‖A
−

[A
] k
‖2 F
.

Pr
oo

f
W

e
le

tσ
(T
′ )

m
=

0.
Fo

ra
ny

un
it

ve
ct

or
x
∈
R
d
,t

he
pr

oc
ed

ur
e

of
A

lg
or

ith
m

7
im

pl
ie

s

‖A
x
‖2
−
‖B

x
‖2

=
T
′

∑ t′
=

1

( ‖
A

(t
′ )
x
‖2

+
‖B

(t
′ −

1
) x
‖2
−
‖B

(t
′ )
x
‖2
)

=
T
′

∑ t′
=

1

x
>
( (A

(t
′ )

)>
A

(t
′ )

+
(B

(t
′ −

1
) )>

(B
(t
′ −

1
) )
−

(B
(t
′ )

)>
B

(t
′ )
) x

=
T
′

∑ t′
=

1

x
>
( (B̂

(t
′ )

)>
B̂

(t
′ )
−

(B
(t
′ )

)>
B

(t
′ )
) x

≤
T
′

∑ t′
=

1

( σ
(t
′ )

m

) 2
.

(2
0)

U
si

ng
th

e
pr

op
er

ty
of

Fr
ob

en
iu

s
no

rm
,w

e
ha

ve

‖B̂
(t
′ −

1
) ‖

2 F
=
‖Σ

(t
′ −

1
) ‖

2 F

≥
∥ ∥ ∥√
( Σ

(t
′ −

1
)

m

) 2
−
( σ

(t
′ −

1
)

m

) 2
I m

∥ ∥ ∥2 F
+
m

(σ
(t
′ −

1
)

m
)2

=
‖B

(t
′ )
‖2 F

+
m

(σ
(t
′ −

1
)

m
)2
.

(2
1)

T
he

te
rm
‖A
‖2 F

sa
tis

fie
s ‖A
‖2 F

=
T
′

∑ t′
=

1

‖A
(t
′ )
‖2 F
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R
F

D
W

IT
H

A
P

P
L

IC
A

T
IO

N
IN

O
N

L
IN

E
L

E
A

R
N

IN
G

=

T
′

∑t ′=
1 (‖

B̂
(t ′−

1
)‖

2F
−
‖
B

(t ′−
1
)‖

2F )

≥
T
′

∑t ′=
1 (‖

B
(t ′)‖

2F
+
m

(σ
(t ′−

1
)

m
)
2−
‖
B

(t ′−
1
)‖

2F )

=
‖B
‖

2F
+
m

T
′

∑t ′=
1 (σ

(t ′)
m

)
2,

(22)

w
here

the
inequality

is
due

to
(21).

L
et

y
i be

the
singularvectors

of
A

w
ith

respectto
σ
i (A

).T
hen

w
e

have

m
T
′

∑t ′=
1 (σ

(t ′−
1
)

m
)
2≤
‖A
‖

2F
−
‖
B
‖

2F

=
k
∑i=

1 ‖A
y
i ‖

2F
+

d
∑i=
k
+

1 ‖A
y
i ‖

2F
−
‖
B
‖

2F

=
k
∑i=

1 ‖A
y
i ‖

2F
+
‖A
−

[A
]k ‖

2F
−
‖
B
‖

2F

≤
‖A
−

[A
]k ‖

2F
+

k
∑i=

1 (‖A
y
i ‖

2F
−
‖
B

y
i ‖

2F )

≤
‖A
−

[A
]k ‖

2F
+
k

T
′

∑t ′=
1 (σ

(t ′)
m

)
2,

(23)

w
here

the
firstinequality

com
esfrom

(22),the
second

inequality
isbased

on
the

fact ∑
ki=

1 ‖B
y
i ‖

2≤
‖
B
‖

2F
,and

the
lastone

com
es

from
(20).W

e
can

obtain
the

resultofthis
lem

m
a

by
(23)directly.

C
orollary

2
For

any
k
<
m

and
using

the
notation

ofA
lgorithm

7,w
e

have

∥∥
A
>

A
−

(B
>

B
+
α

I
d ) ∥∥

2 ≤
1

2(m
−
k
) ‖

A
−

[A
]k ‖

2F
,

w
here

[A
]k

is
the

bestrank-k
approxim

ation
to

A
in

both
the

Frobenius
and

spectralnorm
s.

Proof
D

efine
(B

(0
)) >

B
(0

)
=

0
d×
d,then

w
e

can
derive

the
errorbound

as
follow

s
∥∥
A
>

A
−

(B
>

B
+
α

I
d ) ∥∥

2

=

∥∥∥∥∥
T

′
∑t ′=

1 [(A
(t ′)) >

A
(t ′)−

(B
(t ′)) >

B
(t ′)

+
(B

(t ′−
1
)) >

B
(t ′−

1
)−

12
(σ

(t ′−
1
)

m
)
2I

d ] ∥∥∥∥∥
2

≤
T

′
∑t ′=

1 ∥∥∥
(A

(t ′)) >
A

(t ′)−
(B

(t ′)) >
B

(t ′)
+

(B
(t ′−

1
)) >

B
(t ′−

1
)−

12
(σ

(t ′−
1
)

m
)
2I

d ∥∥∥
2
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L
U

O
,C

H
E

N
,Z

H
A

N
G

,L
I

A
N

D
Z

H
A

N
G

=
T

′
∑t ′=

1 ∥∥∥
V

(t ′−
1
)

m
−
1

(Σ
(t ′−

1
)

m
−
1

)
2(V

(t ′−
1
)

m
−
1

) >
−

V
(t ′−

1
)

m
−
1

[(Σ
(t ′−

1
)

m
−
1

)
2−

(σ
(t ′−

1
)

m
)
2I

d ](V
(t ′−

1
)

m
−
1

) >
−

12
(σ

(t ′−
1
)

m
)
2I

d ∥∥∥
2

=
T

′
∑t ′=

1 ∥∥∥
(σ

(t ′−
1
)

m
)
2V

(t ′−
1
)

m
(V

(t ′−
1
)

m
) >
−

12
(σ

(t ′−
1
)

m
)
2I

d ∥∥∥
2

=
12

T
′−

1
∑t ′=

1

(σ
(t ′)
m

)
2

≤
1

2
(m
−
k
) ‖A

−
[A

]k ‖
2F
.

T
he

lastinequality
is

based
on

L
em

m
a

5
and

othersteps
are

sim
ilarto

the
proofofT

heorem
3.

A
ppendix

E
.T

he
ProofofT

heorem
4

Proof
W

e
can

com
pare

κ
(M

R
F

D
)

and
κ

(M
F

D
)

by
the

fact
α
≥
α

(0
)as

follow
s

κ
(M

R
F

D
)

=
σ

m
a
x (B

>
B

)
+
α

α

≤
σ

m
a
x (B

>
B

)
+
α

0

α
0

=
κ

(M
F

D
).

T
he

otherinequality
can

be
derived

as

κ
(M

R
F

D
)

=
σ

m
a
x (B

>
B

)
+
α

α

≤
σ

m
a
x (A

>
A

)
+
α

α

≤
σ

m
a
x (A

>
A

)
+
α

0

α
0

=
κ

(M
),

w
here

the
firstinequality

com
es

from
(16)ofL

em
m

a
4

and
the

others
are

easy
to

obtain.

A
ppendix

F.T
he

G
reedy

L
ow

-rank
A

pproxim
ation

W
e

presentthe
greedy

low
-rank

approxim
ation

(B
rand,2002;H

alletal.,1998;L
evey

and
L

inden-
baum

,2000;R
oss

etal.,2008)
as

A
lgorithm

8.
T

he
algorithm

does
notw

ork
in

generalalthough
(B
′(t)) >

B
′(t)is

the
bestlow

-rank
approxim

ation
to

(B̂
(t)) >

B̂
(t).

W
e

provide
an

exam
ple

to
show

the
failure

of
this

m
ethod.

W
e

define
Ã

=
[Ã
>1
,Ã
>2

] >
∈

R
(m
−
s+

1
)×
d,w

here
Ã

1 ∈
R

(m
−

1
)×
d,

Ã
2 ∈

R
s×
d

and
m
�
s.

Suppose
thatthe

sm
allestsingular

value
of

Ã
1

is
λ,and

each
row

of
Ã

2
is

a
∈
R
d

thatsatisfies‖
a‖

=
λ
−
ε

and
Ã
>1

a
=

0,w
here

ε
is

a
very

sm
allpositive

num
ber.Since

s
is

m
uch

largerthan
m

,a
good

approxim
ation

to
Ã
>

Ã
is
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G
re

ed
y

L
ow

-r
an

k
A

pp
ro

xi
m

at
io

n

1:
In

pu
t:

A
=

[a
(1

) ,
..
.,

a
(T

) ]
>
∈
R
T
×
d
,B
′(m
−

1
)

=
[a

(1
) ,
..
.,

a
(m
−

1
) ]
>

2:
fo

r
t

=
m
,.
..
,T

do

3:
B̂

(t
−

1
)

=

[ B
′(t
−

1
)

(a
(t

) )
>

]

4:
C

om
pu

te
SV

D
:B̂

(t
−

1
)

=
U

(t
−

1
) Σ

(t
−

1
) (

V
(t
−

1
) )
>

5:
B
′(t

)
=

Σ
(t
−

1
)

m
−

1

( V
(t
−

1
)

m
−

1

) >

6:
en

d
fo

r
7:

O
ut

pu
t:

B
′ =

B
′(T

)

do
m

in
at

ed
by

Ã
> 2

Ã
2
.I

fw
e

us
e

A
lg

or
ith

m
8

w
ith

A
=

Ã
,a

ny
ro

w
of

Ã
2

w
ill

be
ne

gl
ec

te
d

be
ca

us
e

th
e
m

-th
si

ng
ul

ar
va

lu
e

of
B̂

(t
−

1
)

is
‖a
‖

=
λ
−
ε
<
λ

,w
hi

ch
le

ad
s

to
th

e
fa

ct
th

at
ou

tp
ut

is
B
′ =

Ã
1
.

A
pp

ar
en

tly
,Ã
> 1

Ã
1

is
no

ta
go

od
ap

pr
ox

im
at

io
n

to
A
>

A
.

H
en

ce
th

e
sh

ri
nk

in
g

of
FD

or
R

FD
is

ne
ce

ss
ar

y.
In

th
is

ex
am

pl
e,

it
re

du
ce

s
th

e
im

pa
ct

of
Ã

1
an

d
le

tÃ
2

be
in

vo
lv

ed
in

fin
al

re
su

lt.
B

es
id

es
ab

ov
e

di
sc

us
si

on
,D

es
ai

et
al

.(
20

16
)h

as
sh

ow
n

th
at

th
e

gr
ee

dy
al

go
rit

hm
is

m
uc

h
w

or
se

th
an

FD
ba

se
d

m
et

ho
ds

on
da

ta
se

ts
“A

dv
er

sa
ri

al
”

an
d

“C
on

ne
ct

U
S”

.

A
pp

en
di

x
G

.T
he

Pr
oo

fo
fT

he
or

em
5

L
em

m
a

6
sh

ow
s

th
e

ge
ne

ra
lr

eg
re

tb
ou

nd
fo

ra
ny

ch
oi

ce
of

H
(t

)
�

0
in

up
da

te
(2

)

u
(t

+
1
)

=
w

(t
)
−
β
t(

H
(t

) )−
1
g

(t
) ,

w
(t

+
1
)

=
ar

gm
in

w
∈K

t+
1

‖w
−

u
(t

+
1
) ‖

H
(t
)
.

L
em

m
a

6
(P

ro
po

si
tio

n
1

of
L

uo
et

al
.(

20
16

))
Fo

r
an

y
se

qu
en

ce
of

po
si

tiv
e

de
fin

ite
m

at
ri

ce
s
H

(t
)

an
d

se
qu

en
ce

s
of

lo
ss

es
sa

tis
fy

in
g

A
ss

um
pt

io
n

1
an

d
2,

re
gr

et
of

up
da

te
s

(2
)s

at
is

fie
s

2
R
T

(w
)
≤
‖w
‖2 H

(0
)

+
R
G

+
R
D
,

w
he

re

R
G

=
T ∑ t=

1

(g
(t

) )>
(H

(t
) )−

1
g

(t
) ,

R
D

=
T ∑ t=

1

(w
(t

)
−

w
)>

(H
(t

)
−

H
(t
−

1
)
−
µ

(t
) g

(t
) (g

(t
) )>

)(
w

(t
)
−

w
).

T
he

n
w

e
pr

ov
e

th
e

re
gr

et
bo

un
d

fo
rR

FD
-S

O
N

ba
se

d
on

L
em

m
a

6
an

d
pr

op
er

ty
of

R
FD

.
Pr

oo
f

L
et

V
(t

)
⊥

be
th

e
or

th
og

on
al

co
m

pl
em

en
to

fV
(t

)
m
−

1
’s

co
lu

m
n

sp
ac

e,
th

at
is

V
(t

)
m
−

1
(V

(t
)

m
−

1
)>

+

V
(t

)
⊥

(V
(t

)
⊥

)>
=

I d
,t

he
n

w
e

ha
ve

H
(t

)
−

H
(t
−

1
)
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L
U

O
,C

H
E

N
,Z

H
A

N
G

,L
I

A
N

D
Z

H
A

N
G

=
α

(t
) I

+
(B

(t
) )>

B
(t

)
−
α

(t
−

1
) I
−

(B
(t
−

1
) )>

B
(t
−

1
)

=
1 2

(σ
(t
−

1
)

m
)2

I
−

(σ
(t
−

1
)

m
)2

V
(t
−

1
)

m
−

1
(V

(t
−

1
)

m
−

1
)>

+
(µ
t
+
η t

)g
(t

) (g
(t

) )>

=
1 2

(σ
(t
−

1
)

m
)2
[ V

(t
−

1
)

⊥
(V

(t
−

1
)

⊥
)>
−

V
(t
−

1
)

m
−

1
(V

(t
−

1
)

m
−

1
)>
] +

(µ
t
+
η t

)g
(t

) (g
(t

) )>
.

(2
4)

Si
nc

e
H

(t
)

is
po

si
tiv

e
se

m
id

efi
ni

te
fo

ra
ny
t,

w
e

ha
ve

(H
(t

) )
†

=
(H

(t
) )
−

1
.C

om
bi

ni
ng

w
ith

L
em

m
a

6,
w

e
ha

ve

2
R
T

(w
)
≤
α

0
‖w
‖2

+
R
G

+
R
D
,

w
he

re

R
G

=
T ∑ t=

1

(g
(t

) )>
(H

(t
) )−

1
g

(t
) ,

an
d

R
D

=
T ∑ t=

1

(w
(t

)
−

w
)>

[H
(t

)
−

H
(t
−

1
)
−
µ
tg

(t
) (g

(t
) )>

](
w

(t
)
−

w
).

W
e

ca
n

bo
un

d
R
G

as
fo

llo
w

s

T ∑ t=
1

(g
(t

) )>
(H

(t
) )−

1
g

(t
)

=
T ∑ t=

1

〈 (H
(t

) )−
1
,g

(t
) (g

(t
) )>
〉

=
T ∑ t=

1

1

µ
t
+
η t

〈 (H
(t

) )−
1
,H

(t
)
−

H
(t
−

1
)

+
1 2

(σ
(t
−

1
)

m
)2

[V
(t
−

1
)

⊥
(V

(t
−

1
)

⊥
)>
−

V
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−

1
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−

1
) )>
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(t

) )−
1
,H

(t
)
−

H
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−
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−
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−
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−
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∑
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H
(t
−

1
) 〉
≤
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d
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∏
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0
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∑
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+
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α

(T
)

α
0

=
m
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(T
)) >

B
(T

) )
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α

0
+
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(T
)

α
0

)
+

(d−
m

)
ln
α

(T
)

α
0
.

T
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firstinequality
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by

the
concavity

ofthe
log

determ
inantfunction

(B
oyd

and
V

anden-
berghe,2004),the

second
inequality

com
es

from
the

Jensen’s
inequality

and
the

othersteps
are

based
on

the
procedure

ofthe
algorithm

.
T
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12 ∑
Tt=
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(t)
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2tr (V

(t)(H
(t)) −

1(V
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can
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T
∑t=
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(t)
m

)
2tr (V

(t)(H
(t)) −

1(V
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12

T
∑t=

1
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(t)
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)
2
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(t)(V
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+
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)
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D
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1
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2.

R
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=
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(t)−
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(t−
1
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2I−
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)) > ](w
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≤
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∑t=

1
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w
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(t)(g
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+
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T
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)
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)
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(t)−
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2
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(t−

1
)
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)
2.

(27)

Finally,w
e

obtain
the

resultby
com

bining
(26)and

(27).

A
dditionally,the

term
∑

Tt=
1

(σ
(t)
m

)
2

α
(t)

in
Ω

R
F

D
can

be
bounded

by
O

(ln
T

)
if
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e

further
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(t)
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are
bounded

by
positive

constants.
E

xactly,suppose
that

0
<
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(t)
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≤
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T
he

lastinequality
is

due
to

the
property

ofharm
onic

series.

A
ppendix

H
.T

he
ProofofT

heorem
6

C
onsidering

the
update

w
ithoutpositive

sem
idefinite

assum
ption

on
H

(t)

u
(t+

1
)

=
w

(t)−
β
t (H

(t)) †g
(t),

w
(t+

1
)

=
argm

in
w
∈K

t+
1 ‖w

−
u

(t+
1
)‖

H
(t) ,

(28)

w
e

have
the

results
as

follow
s.
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a

7
(A

ppendix
D
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uo

etal.(2016))
Let

Ĥ
(t)

=
∑
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1
g

(t)(g
(t)) >

w
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k
(Ĥ

(T
))
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singular
values
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Ĥ
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2
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T
∑t=

1 (g
(t)) >
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(29)
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∑t=

1
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(Ĥ
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t ≤
m
−

1
+
m

(m
−

1)

2
ln (

1
+

2 ∑
Tt=

1 ‖g
(t)‖

22

m
(m
−

1)σ
∗

)
(30)
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hen

w
e

can
derive

T
heorem

6.
Proof

Forany
t≤

T
′,R

FD
-SO

N
w

ith
α

(0
)

=
0
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ran

k
(B̂

(t))≤
m
−

1.H
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w
e
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H
(t)

=
(B

(t)) >
B
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∑s=

1

1

η
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�
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1

+
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∑s=
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(t)) >

=
1

η
1

+
µ
′ Ĥ
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(31)
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b
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p
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p
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secon
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m
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b
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w
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ra
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d
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d
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p
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p
in

g
ru

le
ca

n
im

p
rove

th
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m
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d
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p
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b
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b
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p
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con
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b
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d
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∈
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b
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b
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∞
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b
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p
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p
tion

s
on

th
e

d
ecay

of
th

e
ou

tp
u
ts,

reg
u
la

rity
of

th
e

regression
fu

n
ction

an
d

cap
acity

ofH
K

are
n
eed

ed
.

T
o

b
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∞

an
d

th
e

follow
in

g
ou

tp
u
t

d
ecay

con
d
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∀
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d
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p
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h
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=
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con
d
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b
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d
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≤
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b
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=

T
r(L

K
)
≤
κ

2.
F

or
0
<
s
<

1,
it

w
as

sh
ow

n
in

G
u
o

et
al.

(2017,
P

a
ge

7
)

th
at

(6)
is

slig
h
tly

m
ore

g
en

eral
th

an
th

e
eigen

valu
e

d
ecay

in
g

assu
m

p
tion

in
th

e
literatu

re
(C

ap
on

n
etto

an
d

D
e

V
ito,

2007)
an

d
h
as

b
een

ex
ten

sively
em

p
loyed

to
d
erive

fast
lea

rn
in

g
rates

for
som

e
algorith

m
s

(C
ap

on
n
etto

an
d

D
e

V
ito,

2007;
B

lan
ch

ard
an

d
K

räm
er,

2016;
G

u
o

et
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p
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p
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d
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d
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p
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b
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n
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.
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p
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con
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R
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w
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e
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ra
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re
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r.

T
h
ro

u
gh

o
u

t
th
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∈
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d
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ra
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c
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p
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n
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b
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p
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m

al
e

an
d

Z
h
o
u
,

20
04

)
d
efi

n
ed

b
y

S
D
f

:=
(f

(x
))

(x
,y

)∈
D
.

It
s

sc
al

ed
ad

jo
in

t
S
T D

:
R
|D
| →
H
K

(o
r
R
|D
| →

L
2 ρ
X

)
is

gi
ve

n
b
y

S
T D

c
:=

1 |D
||D

|
∑ i=

1

c i
K
x
i
,

c
:=

(c
1
,c

2
,.
..
,c
|D
|)
T
∈
R
|D
| .

D
efi

n
e

a
d
is

cr
et

iz
at

io
n

of
th

e
in

te
gr

al
op

er
at

or
L
K

b
y

L
K
,D
f

:=
S
T D
S
D
f

=
1 |D
|
∑

(x
,y

)∈
D

f
(x

)K
x
.

O
u
r

b
ia

s-
va

ri
an

ce
tr

ad
e-

off
w

il
l
b

e
st

at
ed

in
te

rm
s

of
so

m
e

q
u
an

ti
ti

es
in

vo
lv

in
g

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

co
m

p
ac

t
an

d
p

os
it

iv
e

op
er

at
or

s
L
K

an
d
L
K
,D

gi
ve

n
b
y

Q
D
,λ

:=
‖(
L
K
,D

+
λ
I
)−

1
/
2
(L

K
+
λ
I
)1
/
2
‖,

R
D

:=
‖L

K
,D
−
L
K
‖ H

S
(8

)

an
d

th
e

d
iff

er
en

ce
b

et
w

ee
n
S
T D
y D

an
d
L
K
,D
f ρ

gi
ve

n
b
y

P D
,λ

:=
∥ ∥ ∥(
L
K

+
λ
I
)−

1
/
2
(L

K
,D
f ρ
−
S
T D
y D

)∥ ∥ ∥ K
,

(9
)

w
h
er

e
‖A
‖ H

S
d
en

ot
es

th
e

H
il
b

er
t-

S
ch

m
id

t
n
or

m
of

a
H

il
b

er
t-

S
ch

m
id

t
op

er
at

o
r
A

,
‖
·‖

d
en

ot
es

th
e

op
er

at
or

n
or

m
,
y D

:=
(y

1
,.
..
,y
|D
|)
T

an
d
I

is
th

e
id

en
ti

ty
op

er
at

or
.

W
e

re
fe

r
th

e
re

ad
er

s
to

A
p
p

en
d
ix

B
fo

r
so

m
e

b
as

ic
d
efi

n
it

io
n
s

of
li
n
ea

r
op

er
at

or
s.

L
et
{(
σ
x i
,φ

x i
)}

b
e

a
se

t
of

n
or

m
al

iz
ed

ei
ge

n
p
ai

rs
of
L
K
,D

w
it

h
th

e
ei

ge
n
fu

n
ct

io
n
s
{φ

x i
} i

fo
rm

in
g

an
or

th
on

or
m

al
b
as

is
of
H
K

an
d

th
e

ei
ge

n
va

lu
e

se
q
u
en

ce
{σ

x i
}

n
on

-i
n
cr

ea
si

n
g.

S
in

ce
L
K
,D

is
a

p
os

it
iv

e

5
JM

L
R

 2
0(

46
):

1-
36

, 2
01

9

L
in
,
L
e
i
a
n
d

Z
h
o
u

op
er

at
or

of
ra

n
k

at
m

os
t
|D
|,

w
e

h
av

e
σ
x k

=
0

fo
r
k
≥
|D
|+

1.
D

en
ot

e
b
y
σ
x m
in

th
e

m
in

im
u
m

p
os

it
iv

e
ei

ge
n
va

lu
e

of
L
K
,D

.
D

en
ot

e
b
y
‖f
‖2 D

:=
1 |D
|∑
|D
|

i=
1
f

2
(x
i)

.
T

h
e

fo
ll
ow

in
g

th
eo

re
m

sh
ow

s
a

tr
ad

e-
off

b
et

w
ee

n
th

e
b
ia

s
an

d
va

ri
an

ce
of

B
K

R
R

u
n
d
er

th
e
‖·
‖ D

se
m

i-
n
o
rm

.

T
h

e
o
re

m
3

L
et
k
≥

1.
T

h
en

,
u

n
d
er

co
n

d
it

io
n

(5
)

w
it

h
r
≥

1
/
2,

th
er

e
h
o
ld

s

∥ ∥ ∥f
(k

)
D
,λ
−
f ρ

∥ ∥ ∥ D
≤

(r
−

1
/2

)κ
2
r
−

3
‖h

ρ
‖ ρ

√
k

λ
1
/
2
R
D

+
Q
D
,λ
P D

,λ
(1

0
)

+
Q
D
,λ
P D

,λ

k
−

1
∑ j=

1

(
λ

σ
x m
in

+
λ

) j
−

1
/
2

+
4(
Q

2 D
,λ

+
1)
λ
k
‖h

ρ
‖ ρ
{

(σ
x m
in

+
λ

)r
−
k
,

if
k
>
r,

κ
2
r
−

2
k

+
λ
r
−
k
,

if
k
≤
r.

T
h
e

d
om

in
an

t
te

rm
s

on
th

e
ri

gh
t-

h
an

d
si

d
e

of
(1

0)
a
re

th
e

th
ir

d
an

d
fo

u
rt

h
te

rm
s

a
n
d

w
e

ca
ll

th
em

th
e

va
ri

an
ce

an
d

b
ia

s
fo

r
B

K
R

R
,

re
sp

ec
ti

ve
ly

.
F

or
0
<
λ
≤

1,
it

fo
ll
ow

s
fr

o
m

T
h
e-

or
em

3
th

at
th

e
b
ia

s
of

B
K

R
R

d
ec

re
as

es
ex

p
on

en
ti

al
ly

fa
st

w
h
il
e

th
e

va
ri

an
ce

in
cr

ea
se

s
w

it
h

ex
p

on
en

ti
al

ly
d
im

in
is

h
in

g
te

rm
s

as
k

in
cr

ea
se

s,
sh

ow
in

g
th

e
ex

p
on

en
ti

al
b
ia

s-
va

ri
a
n
ce

tr
a
d
e-

off
.

B
ou

n
d

(1
0)

a
ls

o
ex

h
ib

it
s

a
su

d
d
en

ch
an

ge
of

th
e

ra
te

of
b
ia

s
d
ec

ay
w

h
en

k
is

a
ro

u
n
d

th
e

re
gu

la
ri

ty
le

ve
l
r

of
f ρ

.
It

s
ra

te
d
ro

p
s

fr
om

λ
k

to
λ
k
(σ

x m
in

+
λ

)r
−
k

=
λ
r
(

λ
σ
x m
in

+
λ

) k
−
r
.

S
in

ce
P

ro
p

os
it

io
n

17
b

el
ow

sh
ow

s
th

at
th

e
va

ri
an

ce
o
f

K
R

R
ca

n
b

e
b

ou
n
d
ed

b
y
Q
D
,λ
P D

,λ
,

th
e

ad
d
it

io
n
al

te
rm

in
th

e
va

ri
an

ce
of

B
K

R
R

,
Q
D
,λ
P D

,λ
∑

k
−

1
j=

1

(
λ

σ
x m
in

+
λ

) j
−

1
/
2
,

im
p
li
es

th
a
t

B
K

R
R

d
eg

ra
d
es

th
e

le
ar

n
in

g
p

er
fo

rm
an

ce
of

K
R

R
if

th
ei

r
re

gu
la

ri
za

ti
on

p
a
ra

m
et

er
s

a
re

id
en

ti
ca

l.
T

h
is

co
in

ci
d
es

w
it

h
th

e
co

n
se

n
su

s
th

at
b

o
os

ti
n
g

is
n
ot

w
or

th
w

h
il
e

if
th

e
le

a
rn

er
is

al
re

ad
y

co
m

p
le

x
.

H
en

ce
,

in
B

K
R

R
,

a
la

rg
e
λ

sh
ou

ld
b

e
ch

os
en

to
gu

ar
an

te
e

u
n
d
er

-fi
tt

in
g

of
th

e
or

ig
in

al
K

R
R

,
i.
e.

,
la

rg
e

b
ia

s
an

d
sm

al
l

va
ri

an
ce

.
T

h
e

tr
ad

e-
off

ca
n

b
e

a
ch

ie
ve

d
v
ia

an
ap

p
ro

p
ri

at
el

y
tu

n
ed

k
su

ch
th

at
th

e
b
ia

s
an

d
va

ri
an

ce
ar

e
cl

os
e.

T
h
eo

re
m

3
p
re

se
n
ts

an
er

ro
r

es
ti

m
at

e
fo

r
B

K
R

R
in

te
rm

s
of

th
e

em
p
ir

ic
a
l

se
m

i-
n
o
rm

‖·
‖ D

.
In

th
e

fo
ll
ow

in
g

th
eo

re
m

,
w

e
p
re

se
n
t

er
ro

r
an

al
y
si

s
fo

r
B

K
R

R
in

te
rm

s
o
f

th
e
‖·
‖ ρ

n
or

m
.

T
h

e
o
re

m
4

L
et
k
≥

1.
A

ss
u

m
e

co
n

d
it

io
n

(5
)

w
it

h
r
>

3
/2

.
T

h
en

th
er

e
h
o
ld

s

‖f
(k

)
D
,λ
−
f ρ
‖ ρ
≤

2
Q
D
,λ

(r
−

1
/2

)κ
2
r
−

3
‖h

ρ
‖ ρ
λ

1
/
2
R
D

+
2
k
Q

2 D
,λ
P D

,λ

+
Q
D
,λ
λ
k
‖h

ρ
‖ ρ
{
λ
r
−
k

+
κ

2
r
−

2
k
−

1
(κ

+
λ

1 2
),

if
k
≤
r,

2(
σ
x m
in

+
λ

)r
−
k
,

if
k
>
r.

(1
1
)

D
iff

er
en

t
fr

om
th

e
ex

p
on

en
ti

al
b
ia

s-
va

ri
an

ce
tr

ad
e-

off
of

th
e

er
ro

r
es

ti
m

a
te

in
te

rm
s

o
f

th
e
‖·
‖ D

se
m

i-
n
o
rm

sh
ow

n
in

T
h
eo

re
m

3,
th

er
e

ex
h
ib

it
s

a
se

m
i-

ex
p

o
n
en

ti
a
l

b
ia

s-
va

ri
a
n
ce

tr
ad

e-
off

fo
r

th
e

er
ro

r
es

ti
m

at
e

in
te

rm
s

of
th

e
‖·
‖ ρ

n
or

m
.

T
o

b
e

d
et

ai
le

d
,

th
e

b
ia

s
d
ec

re
a
se

s
ex

p
on

en
ti

al
ly

,
w

h
il
e

th
e

va
ri

an
ce

in
cr

ea
se

s
p

ol
y
n
om

ia
ll
y

as
k

in
cr

ea
se

s.
B

a
se

d
o
n

T
h
eo

re
m

3
an

d
T

h
eo

re
m

4,
w

e
ca

n
d
er

iv
e

th
e

fo
ll
ow

in
g

co
ro

ll
ar

y.

C
o
ro

ll
a
ry

5
U

n
d
er

co
n

d
it

io
n

(5
)

w
it

h
r
≥

1
/2

,
‖L

K
,D
f

(k
)

D
,λ
−
S
T D
y D
‖ K

d
ec

re
a
se

s
w

it
h

re
sp

ec
t

to
k

.
M

o
re

o
ve

r,

li
m

k
→
∞
‖L

K
,D
f

(k
)

D
,λ
−
S
T D
y D
‖ K
≤
λ

1 2
P D

,λ
Q
D
,λ

(1
2
)
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B
o
o
st

e
d

K
e
r
n
e
l
R
id
g
e
R
e
g
r
e
ssio

n
:
O
p
t
im

a
l
L
e
a
r
n
in
g

R
a
t
e
s
a
n
d

E
a
r
ly

S
t
o
p
p
in
g

a
n

d

lim
k→
∞

∥∥∥
f

(k
)

D
,λ −

f
ρ ∥∥∥
D
≤
(

1
+

(σ
xm
in

+
λ

)
1
/
2λ

1
/
2

σ
xm
in

)
P
D
,λ Q

D
,λ .

(13)

C
o
ro

lla
ry

5
ex

h
ib

its
an

alm
ost

over-fi
ttin

g
resistan

ce
p
h
en

om
en

on
of

B
K

R
R

(n
eglectin

g
th

e
co

n
stan

t)
for

som
e

kern
els,

sin
ce

th
e

sam
p
le

error
of

K
R

R
is

b
ou

n
d
ed

b
y
Q
D
,λ P

D
,λ

(see
P

rop
o
sitio

n
17

b
elow

).
T

h
e

b
eh

av
ior

of
th

e
b

o
ostin

g
iteration

in
(13)

is
d
iff

eren
t

from
th

a
t

o
f

th
e

kern
el-b

ased
(con

ju
gate)

grad
ien

t
d
escen

t
(B

lan
ch

ard
an

d
K

räm
er,

2016;
L

in
a
n
d

Z
h
o
u
,

2
01

8
a),

w
h
ere

th
e

gen
eralization

error
b

ecom
es∞

for
an

arb
itrary

kern
el,

as
th

e
itera

tio
n

n
u
m

b
er

ten
d
s

to
in

fi
n
ity.

2
.3

.
A

d
a
p

tiv
e

S
to

p
p

in
g

R
u

le

W
e

p
resen

t
in

th
is

su
b
section

an
ad

ap
tive

stop
p
in

g
ru

le
for

B
K

R
R

to
gu

aran
tee

its
op

tim
al

lea
rn

in
g

rates.
T

o
in

tro
d
u
ce

th
e

stop
p
in

g
ru

le,
a

u
ser-frien

d
ly

m
easu

rem
en

t
o
f

th
e

cap
acity,

em
p
irica

l
eff

ectiv
e

d
im

en
sion

(L
u

et
al.,

2018;
M

ü
cke,

2018),
d
efi

n
ed

b
y

N
D

(λ
)

=
T

r[(L
K
,D

+
λ
I
) −

1L
K
,D

]
=

T
r[(λ|D

|I
+

K
) −

1K
]

(14)

is
n
eed

ed
.

D
en

ote

W
D
,λ

=
1
6 √

2
(κ

2
+
κ

+
1
)(κ

M
+
γ

)
√
|D
|

(
( √
|D
|λ

+
9
) √

m
a
x{N

D
(λ

),1}
|D
|λ

+
1 )

( √
|D
|λ

+
9
) √

m
a
x{N

D
(λ

),1}
√
|D
|λ

.(15)

If
δ
∈

(0,1
)

is
th

e
p
aram

eter
corresp

on
d
in

g
to

th
e

con
fi
d
en

ce
lev

el,
th

e
b

o
ostin

g
iteration

w
ill

sto
p

a
t

th
e

fi
rst

p
ositive

in
teger

k̂
:=

k̂
D
,λ
,δ,K

satisfy
in

g

‖
L
K
,D
f

(k̂
)

D
,λ −

S
TD
y
D ‖

K
≤
λ

12W
D
,λ

log
4

1
6δ
.

(16)

S
in

ce

L
K
,D
f

(k̂
)

D
,λ −

S
TD
y
D

=
1|D
|

|D
|

∑i=
1 (f

(k̂
)

D
,λ (x

i )−
y
i )K

x
i ,

w
e

h
ave

‖L
K
,D
f

(k̂
)

D
,λ −

S
TD
y
D ‖

2K
=

1

|D
| 2

(f
(k̂

)
D
,λ (x

)−
y

)
TK

(f
(k̂

)
D
,λ (x

)−
y

),

w
h
ere

f
(k̂

)
D
,λ (x

)−
y

is
th

e
vector (

f
(k̂

)
D
,λ (x

i )−
y
i )
|D
|

i=
1 .

T
h
is

togeth
er

w
ith

(1
4)

sh
ow

s
th

at
th

e

sto
p
p
in

g
ru

le
in

(16)
is

im
p
lem

en
tab

le.
M

o
reover,

L
em

m
a

2
3

in
A

p
p

en
d
ix

A
sh

ow
s

th
at

Q
D
,λ P

D
,λ
≤

12 W
D
,λ

lo
g

4
16δ

(17)

h
o
ld

s
w

ith
con

fi
d
en

ce
1−

δ.
T

h
en

C
orollary

5
verifi

es
th

e
ex

isten
ce

of
k̂

w
ith

h
igh

p
ro

b
ab

ility
sin

ce
(1

6)
is

sa
tisfi

ed
for

su
ffi

cien
tly

large
k̂

w
ith

h
igh

p
rob

ab
ility.

W
e

a
re

n
ow

in
a

p
osition

to
p
resen

t
o
u
r

secon
d

m
ain

resu
lt

in
th

e
follow

in
g

th
eorem

.
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L
in
,
L
e
i
a
n
d

Z
h
o
u

T
h

e
o
re

m
6

L
et
δ
∈

(0,1).
U

n
d
er

co
n

d
itio

n
s

(4
),

(6
)

w
ith

0
<
s
≤

1
a
n

d
co

n
d
itio

n
(5

)

w
ith

r
≥

1/
2,

if
λ

=
(c/|D

|)
1
/
(2
r
+
s)

fo
r

so
m

e
c≥

1,
a
n

d
k̂

is
th

e
sm

a
llest

po
sitive

in
teger

sa
tisfyin

g
(1

6
),

th
en

w
ith

co
n

fi
d
en

ce
a
t

lea
st

1−
δ,

th
ere

h
o
ld

s

‖
f

(k̂
)

D
,λ −

f
ρ ‖
ρ ≤

C
|D
| −

r
2
r
+
s

log
1
0

16δ
,

(18)

w
h
ere

C
is

a
co

n
sta

n
t

in
d
epen

d
en

t
o
f
δ

o
r
|D
|.

T
h
eorem

6
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s
(G

er
fo

et
al

.,
20

08
).

3
.2

.
It

e
ra

te
d

T
ik

h
o
n

o
v

R
e
g
u

la
ri

z
a
ti

o
n

F
ro

m
L

em
m

a
12

b
el

ow
,

w
e

fi
n
d

th
at

fo
r

a
fi
x
ed
k
,

B
K

R
R

ca
n

b
e

re
ga

rd
ed

as
a

sp
ec

ia
l

sp
ec

-
tr

al
al

go
ri

th
m

,
th

e
it

er
at

ed
T

ik
h
on

ov
re

gu
la

ri
za

ti
on

(G
er

fo
et

al
.,

20
08

).
In

th
is

fr
a
m

ew
o
rk

,
th

e
le

ar
n
in

g
ra

te
of

B
K

R
R

w
it

h
a

fi
x
ed

k
m

ay
b

e
d
er

iv
ed

d
ir

ec
tl

y
fr

om
ge

n
er

a
l

re
su

lt
s

fo
r

sp
ec

tr
al

al
go

ri
th

m
s

(B
au

er
et

al
.,

20
07

;
C

ap
on

n
et

to
an

d
Y

ao
,

20
10

;
G

u
o

et
a
l.
,

2
0
1
7
,b

).

D
iff

er
en

t
fr

om
th

e
it

er
at

ed
T

ik
h
on

ov
re

gu
la

ri
za

ti
o
n
,

B
K

R
R

fo
cu

se
s

on
fi
x
ed

b
u
t

re
la

-
ti

ve
ly

la
rg

e
λ

an
d

p
ar

am
et

er
iz

es
th

e
n
u
m

b
er

of
it

er
at

io
n
s,

th
ou

gh
th

ey
p

o
ss

es
s

th
e

sa
m

e
sp

ec
tr

al
re

p
re

se
n
ta

ti
on

(s
ee

(2
7)

b
el

ow
).

It
fo

ll
ow

s
fr

om
T

h
eo

re
m

3
th

at
B

K
R

R
h
a
s

a
n

ev
en

tu
al

ly
st

ab
le

re
la

ti
on

sh
ip

b
et

w
ee

n
th

e
ge

n
er

al
iz

at
io

n
er

ro
r

an
d

b
o
os

ti
n
g

it
er

a
ti

o
n

in
th

e
se

n
se

th
at

th
e

ge
n
er

al
iz

at
io

n
er

ro
r

d
o
es

n
ot

in
cr

ea
se

m
u
ch

w
it

h
th

e
b

o
o
st

in
g

it
er

a
ti

o
n

af
te

r
so

m
e
k
.

T
h
eo

re
m

6
sh

ow
s

th
at

B
K

R
R

w
it

h
ad

ap
ti

ve
st

op
p
in

g
ru

le
(1

6)
ca

n
ov

er
co

m
e

th
e

sa
tu

ra
ti

on
of

K
R

R
,

ju
st

as
it

er
at

ed
T

ik
h
on

ov
re

gu
la

ri
za

ti
on

d
o
es

b
u
t

w
it

h
a
n

a
p
ri

o
ri

k
n
ow

le
d
ge

-d
ep

en
d
en

t
se

le
ct

ed
an

d
fi
x
ed

k
.

In
a

re
ce

n
t

p
ap

er
(W

u
,

20
17

),
a

b
ia

s
co

rr
ec

ti
on

al
go

ri
th

m
w

as
p
ro

p
os

ed
fo

r
ri

d
g
e

re
-

gr
es

si
on

an
d

d
et

ai
le

d
an

al
y
si

s
w

as
p
ro

v
id

ed
fo

r
th

e
ch

an
ge

s
of

b
ia

s
an

d
va

ri
a
n
ce

.
It

w
a
s

fo
u
n
d

th
at

on
e-

st
ep

it
er

at
io

n
ca

n
re

d
u
ce

th
e

b
ia

s
w

it
h
ou

t
in

cr
ea

si
n
g

th
e

va
ri

a
n
ce

m
u
ch

.
T

h
e

an
al

y
si

s
in

W
u

(2
01

7)
is

ca
rr

ie
d

ou
t

in
a

m
or

e
ge

n
er

al
fr

am
ew

or
k

th
a
n

th
a
t

in
th

is
p
ap

er
.

It
sh

ou
ld

b
e

p
oi

n
te

d
ou

t
th

at
w

it
h

th
e

sa
m

e
se

tt
in

g
in

th
is

p
ap

er
,

th
e

a
lg

o
ri

th
m

in
(W

u
,

20
17

)
p

os
se

ss
es

th
e

sp
ec

tr
al

re
p
re

se
n
ta

ti
on

(2
7)

b
el

ow
w

it
h
k

=
1.

It
er

at
ed

T
ik

h
on

ov
re

gu
la

ri
za

ti
on

is
cl

os
el

y
re

la
te

d
to

B
K

R
R

a
n
d

w
id

el
y

u
se

d
in

th
e

co
m

m
u
n
it

y
of

in
ve

rs
e

p
ro

b
le

m
s.

A
n
al

y
si

s
of

it
er

at
ed

T
ik

h
on

ov
re

gu
la

ri
za

ti
o
n

in
so

lv
in

g
il
l-

p
os

ed
in

ve
rs

e
p
ro

b
le

m
s

ca
n

b
e

d
at

ed
b
ac

k
to

th
e

19
70

’s
(e

.g
.

K
in

g
an

d
C

h
il
li
n
g
w

o
rt

h
(1

97
9)

).
T

h
e

op
ti

m
al

co
n
v
er

ge
n
ce

ra
te

s
a
n
d

p
ar

am
et

er
se

le
ct

io
n

of
it

er
at

ed
T

ik
h
o
n
ov

re
g
u
-

la
ri

za
ti

on
ar

e
im

p
or

ta
n
t

to
p
ic

s
in

in
ve

rs
e

p
ro

b
le

m
s

(E
n
gl

,
19

87
;

J
in

an
d

H
ou

,
1
9
9
7
;

H
a
n
k
e

an
d

G
ro

et
sc

h
,

19
98

;
J
in

an
d

S
ta

ls
,

20
12

).
In

p
ar

ti
cu

la
r,

ou
r

st
op

p
in

g
ru

le
(1

6
)

is
m

o
ti

va
te

d
b
y

th
e

d
is

cr
ep

an
cy

p
ri

n
ci

p
le

p
ro

v
id

ed
in

H
an

ke
an

d
G

ro
et

sc
h

(1
99

8)
.

3
.3

.
It

e
ra

ti
o
n
-b

a
se

d
L

e
a
rn

in
g

S
ch

e
m

e
s

a
n

d
S

to
p

p
in

g
R

u
le

s

S
at

u
ra

ti
on

is
a

w
el

l
k
n
ow

n
d
es

ig
n
-fl

aw
of

K
R

R
(G

er
fo

et
al

.,
20

08
)

an
d

li
m

it
s

it
s

u
sa

g
e.

D
u
e

to
th

is
p
h
en

om
en

on
,

re
se

ar
ch

er
s

tu
rn

to
o
th

er
it

er
at

io
n
-b

as
ed

le
ar

n
in

g
sc

h
em

es
su

ch
a
s

th
e

ke
rn

el
-b

as
ed

gr
ad

ie
n
t

d
es

ce
n
t

(Y
ao

et
al

.,
20

07
),

ke
rn

el
-b

as
ed

co
n
ju

ga
te

gr
a
d
ie

n
t

d
es

ce
n
t

(B
la

n
ch

ar
d

an
d

K
rä

m
er

,
20

16
)

an
d

ke
rn

el
-b

as
ed

p
ar

ti
al

le
as

t
sq

u
ar

es
(L

in
an

d
Z

h
o
u
,
2
0
1
8
b
).

T
h
e

th
eo

re
ti

ca
l

re
su

lt
s

in
B

la
n
ch

ar
d

an
d

K
rä

m
er

(2
01

6
);

L
in

a
n
d

Z
h
ou

(2
0
1
8
a
,b

)
sh

ow
ed

th
at

th
es

e
st

ra
te

gi
es

ca
n

re
ac

h
th

e
op

ti
m

al
le

ar
n
in

g
ra

te
s

w
it

h
ou

t
sa

tu
ra

ti
on

.

A
s

an
it

er
at

io
n
-b

as
ed

al
go

ri
th

m
,

th
e

b
ia

s
an

d
va

ri
an

ce
of

th
e

ke
rn

el
-b

as
ed

g
ra

d
ie

n
t

d
e-

sc
en

t
al

go
ri

th
m

w
er

e
an

al
y
ze

d
in

L
in

an
d

Z
h
ou

(2
01

8a
)

an
d

a
p

ol
y
n
om

ia
l

b
ia

s-
va

ri
a
n
ce

tr
ad

e-
off

w
as

ex
h
ib

it
ed

.
In

p
ar

ti
cu

la
r,

as
th

e
it

er
at

io
n

go
es

on
,

it
s

b
ia

s
d
ec

re
a
se

s
as

O
(k
−
r
)

an
d

it
s

va
ri

an
ce

in
cr

ea
se

s
as

a
p

ol
y
n
om

ia
l

of
k
.

S
im

il
ar

re
su

lt
s

o
n

p
o
ly

n
o
m

ia
l
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B
o
o
st

e
d

K
e
r
n
e
l
R
id
g
e
R
e
g
r
e
ssio

n
:
O
p
t
im

a
l
L
e
a
r
n
in
g

R
a
t
e
s
a
n
d

E
a
r
ly

S
t
o
p
p
in
g

b
ia

s-va
rian

ce
trad

e-off
of

th
e

kern
el-b

ased
con

ju
gate

gra
d
ien

t
d
escen

t
an

d
kern

el-b
ased

p
ar-

tia
l

lea
st

sq
u
a
res

w
ere

d
erived

in
B

lan
ch

ard
an

d
K

räm
er

(2016)
an

d
L

in
an

d
Z

h
ou

(2018b
),

resp
ectively.

D
iff

eren
t

from
th

ese
iteration

-b
ased

algorith
m

s,
B

K
R

R
sh

ow
s

an
ex

p
on

en
tial

b
ia

s-va
rian

ce
trad

e-off
,

red
u
cin

g
th

e
d
iffi

cu
lty

of
m

o
d
el

selection
.

S
to

p
p
in

g
ru

les
p
lay

an
im

p
ortan

t
role

in
iteration

-b
ased

learn
in

g
sch

em
es.

L
ea

rn
in

g
ra

tes
o
f

itera
tio

n
-b

ased
algorith

m
s

w
ere

b
u
ilt

in
B

au
er

et
al.

(20
07);

Y
ao

et
al.

(2007);
G

u
o

et
a
l.

(2
0
17

);
B

lan
ch

ard
an

d
K

räm
er

(20
16)

u
p

on
p
rior

k
n
ow

led
ge-b

a
sed

sto
p
p
in

g
ru

les.
In

C
a
p

o
n
n
etto

an
d

Y
ao

(2010);
L

in
an

d
Z

h
o
u

(2018b
),

cross-valid
ation

b
ased

stop
p
in

g
ru

les
w

ere
p
resen

ted
for

gen
eral

sp
ectral

algorith
m

s
an

d
k
ern

el-b
ased

p
artial

least
sq

u
ares.

In
R

a
sk

u
tti

et
a
l.

(2014),
an

ad
ap

tiv
e

stop
p
in

g
ru

le
w

a
s

d
ed

u
ced

for
th

e
kern

el-b
ased

grad
ien

t
d
escen

t
alg

o
rith

m
u
n
d
er

th
e

regu
larity

con
d
ition

(5)
w

ith
r

=
1/2.

M
ore

recen
tly,

an
oth

er
a
d
a
p
tive

sto
p
p
in

g
ru

le
b
ased

on
a

b
alan

cin
g

p
rin

cip
le

fo
r

gen
eral

sp
ectral

algo
rith

m
s

w
as

p
resen

ted
in

L
u

et
al.

(2018).
D

iff
eren

t
from

th
ese

resu
lts,

ou
r

stop
p
in

g
ru

le
p
resen

ted
in

(1
6
)

req
u
ires

n
eith

er
d
iv

id
in

g
th

e
sam

p
le

set
(com

p
ared

w
ith

th
e

cross-valid
a
tion

),
n
or

co
m

p
u
tin

g
estim

ators
w

ith
variou

s
λ

(com
p
ared

w
ith

th
e

b
alan

cin
g

p
rin

cip
le).

C
om

p
ared

w
ith

R
a
sk

u
tti

et
al.

(2014),
ou

r
resu

lts
h
old

u
n
d
er

con
d
ition

(5)
w

ith
all

r
≥

1
/2,

i.e.,
w

e
a
d
a
p
tively

select
r

rath
er

th
an

fi
x
in

g
it

to
b

e
1
/
2.

A
t

fi
rst

glan
ce,

th
e

d
ep

en
d
en

ce
o
f

th
e

co
n
fi
d
en

ce
lev

el
in

(16)
m

ay
m

ake
th

e
stop

p
in

g
ru

le
n
ot

so
stab

le.
H

ow
ev

er,
th

e
(sem

i-)
ex

p
o
n
en

tia
l

b
ia

s-varian
ce

trad
e-off

of
B

K
R

R
com

p
en

sates
th

is
in

stab
ility

b
y

sh
ow

in
g

th
at

th
e

lea
rn

in
g

p
erform

an
ce

rem
ain

s
stab

le
for

a
la

rge
ran

ge
of
k
.

It
w

ou
ld

b
e

in
terestin

g
to

d
erive

a
co

n
fi
d
en

ce-in
d
ep

en
d
en

t
stop

p
in

g
ru

le
for

B
K

R
R

.

4
.
O
p
e
ra

to
r
R
e
p
re
se
n
ta
tio

n
s
a
n
d
E
rro

r
E
stim

a
te
s

W
e

a
n
a
ly

ze
th

e
learn

in
g

p
erform

an
ce

of
B

K
R

R
b
y

u
sin

g
th

e
in

tegral
op

erator
ap

p
roach

(S
m

a
le

an
d

Z
h
ou

,
2007;

L
in

et
al.,

2017;
G

u
o

et
al.,

2017).
T

h
e

n
ovelties

of
ou

r
p
ro

of
are

sp
ecia

l
o
p

era
to

r
rep

resen
tation

s
of

B
K

R
R

,
sp

ecial
sp

ectral
p
rop

erties
of

B
K

R
R

an
d

a
tigh

t
b

o
u
n
d

for
k̂

d
efi

n
ed

b
y

(16).
In

S
u
b
section

s
4.1

an
d

4.2,
w

e
p
rov

id
e

d
etailed

sp
ectral

an
aly

sis
for

B
K

R
R

,
w

h
ich

is
cru

cial
for

d
eriv

in
g

th
e

b
ias

an
d

varian
ce

estim
ates

in
S
u
b
section

s
4.3

an
d

4
.4

.
In

S
u
b
section

4.5,
w

e
p
rov

id
e

a
tigh

t
b

ou
n
d

on
th

e
n
u
m

b
er

of
b

o
ostin

g
iteration

d
efi

n
ed

b
y

(1
6
)

b
y

u
tilizin

g
th

e
sp

ecial
sp

ectral
p
rop

erties
of

B
K

R
R

.

4
.1

.
S

p
e
c
ia

l
O

p
e
ra

to
r

R
e
p

re
se

n
ta

tio
n

s
o
f

B
K

R
R

D
efi

n
e

th
e

n
o
ise-free

version
of
f

(k
)

D
,λ

b
y

f
(1
,∗

)
D
,λ

:=
arg

m
in

f∈H
K


1|D
|
∑(x
,y

)∈
D

(f
(x

)−
f
ρ (x

))
2

+
λ‖
f‖

2K 
(20)

a
n
d

f
(k
,∗

)
D
,λ

:=
f

(k−
1
,∗

)
D
,λ

+
f

(k
,∗

)�
D
,λ

,
k
>

1,
(21)
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L
in
,
L
e
i
a
n
d

Z
h
o
u

w
h
ere

f
(k
,∗

)�
D
,λ

:=
arg

m
in

f∈H
K


1|D
|
∑(x
,y

)∈
D

[f
(x

)−
(f
ρ (x

)−
f

(k−
1
, ∗

)
D
,λ

(x
))] 2

+
λ‖
f‖

2K 
,

k
>

1.(22)
F

or
K

R
R

,
th

e
classical

resu
lt

in
S
m

a
le

an
d

Z
h
ou

(2007)
sh

ow
s

f
(1

)
D
,λ

=
(L

K
,D

+
λ
I
) −

1
S
TD
y
D
,

an
d

f
(1
,∗

)
D
,λ

=
(L

K
,D

+
λ
I
) −

1
L
K
,D
f
ρ .

(23)

S
im

ilar
to

(23),
th

e
follow

in
g

L
em

m
a

10
p
resen

ts
op

erator
rep

resen
tation

s
for

f
(k

)
D
,λ

an
d

f
(k
,∗

)
D
,λ

.

L
e
m

m
a

1
0

L
et
k
≥

2.
W

e
h
a
ve

f
(k

)
D
,λ

=
[I−

(L
K
,D

+
λ
I
) −

1L
K
,D

]f
(k−

1
)

D
,λ

+
f

(1
)

D
,λ ,

(24)

L
K
,D
f

(k
)

D
,λ

=
S
TD
y
D
−

[I−
(L

K
,D

+
λ
I
) −

1L
K
,D

] kS
TD
y
D

(25)

a
n

d

f
(k
,∗

)
D
,λ

=
[I−

(L
K
,D

+
λ
I
) −

1L
K
,D

]f
(k−

1
,∗

)
D
,λ

+
f

(1
,∗

)
D
,λ

=
f
ρ −

[I−
(L

K
,D

+
λ
I
) −

1L
K
,D

] kf
ρ .
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=
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ti
on

st
ep

,
an

d
(c

)
th

e
k
-m

ea
n
s

st
ep

.
B

y
u
si

n
g

va
ri

at
io

n
s

in
ea

ch
st

ep
o
n
e

o
b
ta

in
s

d
iff

er
en

t
sp

ec
tr

al
al

go
ri

th
m

s,
w

h
ic

h
is

th
en

re
fl
ec

te
d

in
th

e
va

ri
at

io
n
s

in
th

e
co

n
si

st
en

cy
re

su
lt

s.

T
h
e

re
gu

la
ri

za
ti

on
st

ep
is

fa
ir

ly
re

ce
n
t

an
d

is
m

ot
iv

at
ed

b
y

th
e

ob
se

rv
at

io
n

th
a
t

p
ro

p
er

re
gu

la
ri

za
ti

on
si

gn
ifi

ca
n
tl

y
im

p
ro

ve
s

th
e

p
er

fo
rm

an
ce

of
sp

ec
tr

al
m

et
h
o
d
s

in
sp

a
rs

e
n
et

-
w

or
k
s

(C
h
au

d
h
u
ri

et
al

.,
20

12
;

A
m

in
i

et
al

.,
20

13
;

J
os

ep
h

an
d

Y
u
,

20
13

;
L

e
et

a
l.
,

2
0
1
5;

C
h
in

et
al

.,
20

15
).

In
p
ar

ti
cu

la
r,

re
gu

la
ri

za
ti

on
re

st
or

es
th

e
co

n
ce

n
tr

at
io

n
of

th
e

a
d
ja

ce
n
cy

m
at

ri
x

(o
r

th
e

L
ap

la
ci

an
)

ar
ou

n
d

it
s

ex
p

ec
ta

ti
on

in
th

e
sp

a
rs

e
re

gi
m

e,
w

h
er

e
th

e
av

er
a
ge

d
eg

re
e

of
th

e
n
et

w
or

k
is

co
n
st

an
t

or
gr

ow
s

ve
ry

sl
ow

ly
w

it
h

th
e

n
u
m

b
er

of
n
o
d
es

.
In

th
is

p
ap

er
,

b
u
il
d
in

g
on

th
es

e
re

ce
n
t

ad
va

n
ce

s,
w

e
in

tr
o
d
u
ce

a
n
ov

el
re

gu
la

ri
za

ti
on

sc
h
em

e
fo

r
th

e
ad

ja
ce

n
cy

m
at

ri
x

th
at

is
fu

ll
y

d
at

a-
d
ri

ve
n

an
d

av
oi

d
s

re
ly

in
g

on
u
n
k
n
ow

n
q
u
a
n
ti

ti
es

su
ch

as
m

ax
im

u
m

ex
p

ec
te

d
d
eg

re
es

(f
or

ro
w

s
an

d
co

lu
m

n
s)

of
th

e
n
et

w
or

k
.

T
h
is

re
g
u
la

ri
za

ti
o
n

sc
h
em

e
is

in
tr

o
d
u
ce

d
as

A
lg

or
it

h
m

1
in

S
ec

ti
on

4
an

d
w

e
sh

ow
th

at
u
n
d
er

a
g
en

er
a
l

S
B

M
it

ac
h
ie

ve
s

th
e

sa
m

e
co

n
ce

n
tr

at
io

n
b

ou
n
d

(T
h
eo

re
m

3)
as

it
s

or
ac

le
co

u
n
te

rp
a
rt

.

F
or

th
e

sp
ec

tr
al

tr
u
n
ca

ti
on

st
ep

,
w

e
w

il
l

co
n
si

d
er

th
re

e
va

ri
at

io
n
s,

on
e

o
f

w
h
ic

h
(A

l-
go

ri
th

m
2)

is
th

e
co

m
m

on
ap

p
ro

ac
h

of
ke

ep
in

g
th

e
to

p
k

le
ad

in
g

ei
ge

n
v
ec

to
rs

a
s

co
lu

m
n
s

of
th

e
m

at
ri

x
p
as

se
d

to
th

e
k
-m

ea
n
s

st
ep

.
In

th
is

tr
ad

it
io

n
a
l

ap
p
ro

ac
h
,

th
e

sp
ec

tr
a
l

tr
u
n
-

ca
ti

on
ca

n
b

e
v
ie

w
ed

as
ob

ta
in

in
g

a
lo

w
-d

im
en

si
on

al
re

p
re

se
n
ta

ti
on

of
th

e
d
a
ta

,
su

it
a
b
le

fo
r

an
ap

p
li
ca

ti
on

of
si

m
p
le
k
-m

ea
n
s

ty
p

e
al

go
ri

th
m

s.
W

e
al

so
co

n
si

d
er

a
re

ce
n
t

va
ri

a
n
t

(A
lg

or
it

h
m

3)
p
ro

p
os

ed
in

Y
u
n

an
d

P
ro

u
ti

er
e

(2
01

4b
)

an
d

G
ao

et
al

.
(2

01
7
),

in
w

h
ic

h
th

e
sp

ec
tr

al
tr

u
n
ca

ti
on

st
ep

ac
ts

m
or

e
as

a
d
en

oi
si

n
g

st
ep

.
W

e
th

en
p
ro

p
os

e
a

th
ir

d
a
lt

er
n
a
ti

ve
(A

lg
or

it
h
m

4
in

S
ec

ti
on

5)
w

h
ic

h
co

m
b
in

es
th

e
b

en
efi

ts
of

b
ot

h
ap

p
ro

ac
h
es

w
h
il
e

im
p
ro

v
-

in
g

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y.
O

n
e

of
ou

r
n
ov

el
co

n
tr

ib
u
ti

on
s

is
to

d
er

iv
e

co
n
si

st
en

cy
re

su
lt

s
fo

r
A

lg
or

it
h
m

s
3

an
d

4,
u
n
d
er

a
ge

n
er

al
S
B

M
,

sh
ow

in
g

th
at

th
e

b
eh

av
io

r
o
f

th
e

tw
o

al
go

ri
th

m
s

is
th

e
sa

m
e

(b
u
t

d
iff

er
en

t
th

an
A

lg
or

it
h
m

2)
as

su
m

in
g

th
at

th
e
k
-m

ea
n
s

st
ep

sa
ti

sfi
es

a
p
ro

p
er

ty
w

e
re

fe
r

to
as

is
o
m

et
ry

in
va

ri
a
n

ce
(T

h
eo

re
m

s
5

a
n
d

6)
.

In
th

e
fi
n
al

st
ep

of
sp

ec
tr

al
cl

u
st

er
in

g,
on

e
ru

n
s

a
k
-m

ea
n
s

ty
p

e
al

go
ri

th
m

o
n

th
e

o
u
tp

u
t

of
th

e
tr

u
n
ca

ti
on

st
ep

.
W

e
d
is

cu
ss

th
is

st
ep

in
so

m
e

d
et

ai
l

si
n
ce

it
is

of
te

n
m

en
ti

o
n
ed

2
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L
R
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0(

47
):

1-
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01

9



S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ipa

r
t
it
e
S
e
t
t
in
g

b
riefl

y
in

th
e

a
n
aly

ses
of

sp
ectral

clu
sterin

g,
w

ith
th

e
ex

cep
tion

of
a

few
recen

t
w

ork
s

(L
ei

et
a
l.,

2
0
1
5
;

G
a
o

et
al.,

2017,
2018).

B
y

th
e
k
-m

ean
s

step
,

w
e

d
o

n
ot

n
ecessarily

m
ean

th
e

so
lu

tio
n

of
th

e
w

ell-k
n
ow

n
k
-m

ean
s

p
rob

lem
,

alth
ou

gh
,

th
is

step
is

u
su

ally
im

p
lem

en
ted

b
y

an
a
lgo

rith
m

th
at

ap
p
rox

im
ately

m
in

im
izes

th
e
k
-m

ean
s

ob
jectiv

e.
W

e
w

ill
con

sid
er

th
e
k
-m

ea
n
s

step
in

som
e

gen
erality,

b
y

in
tro

d
u
cin

g
th

e
n
otation

of
a
k

-m
ea

n
s

m
a
trix

(cf.
S
ectio

n
3.3

).
T

h
e

goal
of

th
e

fi
n
al

step
of

sp
ectral

clu
sterin

g
is

to
ob

tain
a
k
-m

ean
s

m
atrix

w
h
ich

is
close

to
th

e
ou

tp
u
t

of
th

e
tru

n
cation

step
.

W
e

ch
aracterize

su
ffi

cien
t

con
d
ition

s
o
n

th
is

a
p
p
rox

im
ation

so
th

at
th

e
overall

algorith
m

p
ro

d
u
ces

con
sisten

t
clu

sterin
g.

A
n
y

a
p
p
ro

a
ch

th
a
t

satisfi
es

th
ese

con
d
ition

s
can

b
e

u
sed

in
th

e
k
-m

ean
s

step
,

even
if

it
is

n
ot

a
n

a
p
p
rox

im
a
te
k
-m

ean
s

solv
er.

M
o
st

o
f

th
e

ab
ove

id
eas

ex
ten

d
b

eyon
d

S
B

M
s

an
d
,

in
S
ection

6,
w

e
con

sid
er

variou
s

ex
ten

sio
n
s.

W
e

fi
rst

con
sid

er
som

e
u
n
iq

u
e

asp
ects

of
th

e
b
ip

artite
settin

g,
for

ex
am

p
le,

th
e

p
o
ssib

ility
o
f

h
av

in
g

clu
sters

on
ly

on
on

e
sid

e
of

th
e

n
etw

ork
,

or
h
av

in
g

m
ore

clu
sters

on
on

e
sid

e
th

a
n

th
e

ra
n
k

of
th

e
ex

p
ected

ad
jacen

cy
m

atrix
.

W
e

th
en

sh
ow

h
ow

th
e

resu
lts

ex
ten

d
to

g
en

era
l

su
b
-G

a
u
ssian

b
iclu

sterin
g

(S
ection

6.3)
an

d
gen

eral
in

h
om

ogen
eou

s
ran

d
om

grap
h
s

w
ith

a
p
p
rox

im
a
te

clu
sters

(S
ection

6.4
).

T
h
e

o
rg

a
n
ization

of
th

e
rest

of
th

e
p
ap

er
is

as
follow

s:
A

fter
in

tro
d
u
cin

g
som

e
n
otation

in
S
ectio

n
1
.1,

w
e

d
iscu

ss
th

e
gen

eral
(b

ip
artite)

S
B

M
in

S
ection

2.
A

n
ou

tlin
e

of
th

e
a
n
aly

sis
is

g
iven

in
S
ectio

n
3,

w
h
ich

also
p
rov

id
es

th
e

h
igh

-lev
el

in
tu

ition
of

w
h
y

th
e

sp
ectra

l
clu

sterin
g

w
o
rk

s
in

S
B

M
s

an
d

w
h
at

each
step

w
ill

ach
ieve

in
term

s
of

gu
a
ran

tees
on

its
ou

tp
u
t.

T
h
is

sectio
n

p
rov

id
es

a
ty

p
ical

b
lu

ep
rin

t
th

eorem
on

con
sisten

cy
(T

h
eorem

1
in

S
ection

3.1)
w

h
ich

serves
a
s

a
p
relu

d
e

to
later

con
sisten

cy
resu

lts.
T

h
e

rest
of

S
ectio

n
3

p
rov

id
es

th
e

d
eta

ils
o
f

th
e

la
st

tw
o

step
s

of
th

e
an

aly
sis

sketch
ed

in
S
ection

3.1.
T

h
e

regu
larization

an
d

co
n
cen

tra
tio

n
(th

e
fi
rst

step
)

is
d
etailed

in
S
ectio

n
4

w
h
ere

w
e

also
in

tro
d
u
ce

ou
r

d
a
ta-

d
riven

reg
u
la

rization
.

W
e

th
en

give
ex

p
licit

algorith
m

s
an

d
th

eir
corresp

on
d
in

g
con

sisten
cy

resu
lts

in
S
ection

5.
E

x
ten

sion
s

of
th

e
resu

lts
are

d
iscu

ssed
in

S
ection

6.
S
om

e
sim

u
lation

s
sh

ow
in

g
th

e
eff

ectiven
ess

of
th

e
regu

larization
are

p
rov

id
ed

in
S
ection

7.

R
e
la

te
d

w
o
rk

.
T

h
ere

are
n
u
m

erou
s

p
a
p

ers
d
iscu

ssin
g

asp
ect

o
f
sp

ectral
clu

sterin
g

an
d

its
a
n
a
ly

sis.
O

u
r

p
ap

er
is

m
ostly

in
sp

ired
b
y

recen
t

d
evelop

m
en

ts
in

th
e

fi
eld

,
esp

ecially
b
y

th
e

co
n
sisten

cy
resu

lts
of

L
ei

et
al.

(2015),
Y

u
n

an
d

P
rou

tiere
(2

014a),
C

h
in

et
al.

(2015),
G

ao
et

a
l.

(2
0
17

)
a
n
d

con
cen

tration
resu

lts
for

th
e

regu
larized

ad
jacen

cy
(an

d
L

ap
lacian

)
m

a-
trices

su
ch

a
s

L
e

et
al.

(2015)
an

d
B

an
d
eira

et
al.

(2016).
T

h
eorem

4
on

th
e

co
n
sisten

cy
o
f

th
e

ty
p
ical

a
d
jacen

cy
-b

ased
sp

ectral
clu

sterin
g

algorith
m

—
w

h
ich

w
e

w
ill

call
S
C
-1

—
is

g
en

era
lly

k
n
ow

n
(L

ei
et

al.,
2015;

G
ao

et
al.,

2017),
th

ou
gh

ou
r

version
is

sligh
tly

m
ore

g
en

era
l;

see
R

em
ark

5.
T

h
e

sp
ectral

algorith
m

S
C
-R

R
is

p
rop

osed
an

d
an

aly
zed

in
Y

u
n

a
n
d

P
ro

u
tiere

(2014b
),

G
ao

et
al.

(2017)
an

d
G

ao
et

al.
(2018)

for
sp

ecial
cases

of
th

e
S
B

M
(a

n
d

its
d
eg

ree-corrected
version

);
th

e
n
ew

con
sisten

cy
resu

lt
w

e
g
iv

e
for

S
C
-R

R
is

fo
r

th
e

g
en

era
l

S
B

M
an

d
reveals

th
e

con
trast

w
ith

S
C
-1

.
P

rev
iou

s
an

aly
ses

d
id

n
ot

reveal
th

is
d
iff

eren
ce

d
u
e

to
fo

cu
sin

g
on

th
e

sp
ecial

case;
see

E
x
am

p
les

1
an

d
2

in
S
ection

5
for

d
etails.

W
e

a
lso

p
rop

o
se

th
e

n
ew

S
C
-R

R
E

w
h
ich

h
as

th
e

sam
e

p
erform

an
ce

as
S
C
-R

R
(assu

m
in

g
a

p
ro

p
er
k
-m

ea
n
s

step
)

b
u
t

is
m

u
ch

m
ore

co
m

p
u
tation

ally
effi

cien
t.

T
h
e

resu
lts

th
at

w
e

p
rove

fo
r
S
C
-R

R
an

d
S
C
-R

R
E

can
b

e
recast

in
term

s
of

th
e

m
ea

n
pa

ra
m

eters
of

th
e

S
B

M
(in

co
n
tra

st
to

S
C
-1

),
as

d
em

on
strated

in
C

orolla
ry

4
of

S
ection

5.3
.

F
or

a
n

ap
p
lication

of

3
JM

L
R

 20(47):1-47, 2019

Z
h
o
u
a
n
d

A
m
in
i

th
is

resu
lt,

w
e

refer
to

ou
r

w
ork

on
op

tim
al

b
ip

artite
n
etw

ork
clu

sterin
g

(Z
h
ou

an
d

A
m

in
i,

2018).

1
.1

.
N

o
ta

tio
n

O
rth

o
g
o
n

a
l

m
a
tric

e
s.

W
e

w
rite

O
n×

k
for

th
e

set
of
n
×
k

m
atrices

w
ith

orth
on

orm
al

colu
m

n
s.

T
h
e

con
d
ition

k
≤
n

is
im

p
licit

in
d
efi

n
in

g
O
n×

k.
T

h
e

case
O
n×

n
is

th
e

set
of

orth
ogon

al
m

atrices,
th

ou
gh

w
ith

som
e

ab
u
se

of
term

in
ology

w
e

also
refer

to
m

atrices
in

O
n×

k
as

orth
ogon

al
even

if
k
<
n

.
T

h
u
s,
Z
∈

O
n×

k
iff
Z
T
Z

=
I
k .

W
e

also
n
ote

th
at

Z
∈
O
n×

k
1

an
d
U
∈
O
k
1 ×
k

im
p
lies

Z
U
∈
O
n×

k.
T

h
e

follow
in

g
h
old

s:

‖U
x‖

2
=
‖
x‖

2 ,
∀
x
∈
R
k,
U
∈
O
k
1 ×
k,

(1)

for
an

y
k

1 ≥
k
.

O
n

th
e

oth
er

h
an

d
,

‖
U
T
x‖

2 ≤
‖x‖

2 ,
∀
x
∈
R
k
1,
U
∈
O
k
1 ×
k,

(2)

w
h
ere

eq
u
ality

h
old

s
for

all
x
∈

R
k
1,

iff
k

1
=
k
.

T
o

see
(2),

let
u

1 ,...,u
k
∈

R
k
1

b
e

th
e

colu
m

n
s

of
U

,
con

stitu
tin

g
an

orth
on

orm
al

seq
u
en

ce
w

h
ich

can
b

e
com

p
leted

to
an

orth
on

or-
m

al
b
asis

b
y

ad
d
in

g
say

u
k
+

1 ,...,u
k
1 .

T
h
en

,‖
U
T
x‖

22
=
∑

kj=
1 〈u

j ,x〉
2
≤
∑

k
1
j=

1 〈u
j ,x〉

2
=

‖
x‖

22 .

M
e
m

b
e
rsh

ip
m

a
tric

e
s

a
n

d
m

isc
la

ssifi
c
a
tio

n
.

W
e

let
H
n×

k
d
en

ote
th

e
set

o
f

h
a
rd

clu
ster

lab
els:{

0,1}
-valu

ed
n×

k
m

a
trices

w
h
ere

each
row

h
as

ex
actly

a
sin

gle
1.

A
m

atrix
Z
∈
H
n×

k
is

also
called

a
m

em
b

ersh
ip

m
atrix

,
w

h
ere

row
i

is
in

terp
reted

as
th

e
m

em
b

ersh
ip

of
n
o
d
e
i

to
on

e
of
k

clu
sters

(or
co

m
m

u
n
ities).

H
ere

w
e

im
p
licitly

assu
m

e
th

at
w

e
h
ave

a
n
etw

ork
on

n
o
d
es

in
[n

]
=
{
1,...,n}

,
an

d
th

ere
is

a
la

ten
t

p
artition

of
[n

]
in

to
k

clu
sters.

In
th

is
sen

se,
Z
ik

=
1

iff
n
o
d
e
i

b
elon

gs
to

clu
ster

k
.

G
iven

,
tw

o
m

em
b

ersh
ip

m
atrices

Z
,Z
′∈

H
n×

k,
w

e
can

con
sid

er
th

e
average

m
isclassifi

cation
rate

b
etw

een
th

em
,

w
h
ich

w
e

d
en

ote
as

M
is(Z

,Z
′):

L
ettin

g
z
Ti

an
d

(z ′i )
T

d
en

ote
th

e
ith

row
of
Z

an
d
Z
′

resp
ectively,

w
e

h
ave

M
is(Z

,Z
′)

:=
m

in
Q

1n

n
∑i=

1

1{z
i 6=

Q
z ′i }

(3)

w
h
ere

th
e

m
in

im
u
m

is
taken

over
k×

k
p

erm
u
tation

s
m

atrices
Q

.
W

e
also

let
M

is
r (Z

,Z
′)

b
e

th
e

m
isclassifi

cation
rate

b
etw

een
th

e
tw

o,
over

th
e
rth

clu
ster

of
Z

,
th

at
is,

M
is
r (Z

,Z
′)

=
1n
r ∑

i:
z
i =
r

1{
z
i 6=

Q
∗z ′i }

w
h
ere

n
r

=
∑

ni=
1

1{
z
i

=
r}

is
th

e
size

of
th

e
rth

clu
ster

of
Z

,
an

d

Q
∗

is
th

e
op

tim
al

p
erm

u
tation

in
(3).

N
ote

th
at

in
con

trast
to

M
is,

M
is
r

is
n
ot

sy
m

m
etric

in
its

tw
o

argu
m

en
ts.

W
e

also
w

rite
M

is∞
:=

m
ax

r
M

is
r .

T
h
ese

d
efi

n
ition

s
can

b
e

ex
ten

d
ed

to
m

isclassifi
catio

n
rates

b
etw

een
k
-m

ean
s

m
a
trices

in
tro

d
u
ced

in
S
ectio

n
3.3.

2
.
S
to

ch
a
stic

B
lo
ck

M
o
d
e
l

W
e

con
sid

er
th

e
gen

eral,
n
ot

n
ecessarily

sy
m

m
etric,

S
to

ch
astic

B
lo

ck
M

o
d
el

(S
B

M
)

w
ith

b
i-ad

jacen
cy

m
atrix

A
∈
{0
,1}

n
1 ×
n
2.

W
e

assu
m

e
th

rou
gh

ou
t

th
at
n

2 ≥
n

1 ,
w

ith
ou

t
loss

of
gen

erality.
W

e
h
ave

m
em

b
ersh

ip
m

atrices
Z
r ∈

H
n
r ×
k
r

for
each

of
th

e
tw

o
sid

es
r

=
1
,2,
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ip
a
r
t
it
e
S
e
t
t
in
g

w
h
er

e
k
r
≤
n
r

d
en

ot
es

th
e

n
u
m

b
er

of
co

m
m

u
n
it

ie
s

on
si

d
e
r.

E
ac

h
el

em
en

t
of
A

is
an

in
d
ep

en
d
en

t
d
ra

w
fr

om
a

B
er

n
ou

ll
i

va
ri

ab
le

,
an

d

P
:=

E[
A

]
=
Z

1
B
Z
T 2
,

B
=

Ψ
√
n

1
n

2
(4

)

w
h
er

e
B
∈

[0
,1

]k
1
×
k
2

is
th

e
co

n
n
ec

ti
v
it

y
—

or
th

e
ed

ge
p
ro

b
ab

il
it

y
—

m
a
tr

ix
,

an
d

Ψ
is

a
re

sc
al

ed
v
er

si
on

.
W

e
al

so
u
se

th
e

n
ot

at
io

n

A
∼

B
er

(P
)
⇐
⇒

A
ij
∼

B
er

(P
ij

),
in

d
ep

en
d
en

t
ac

ro
ss

(i
,j

)
∈

[n
1
]×

[n
2
].

(5
)

C
la

ss
ic

al
S
B

M
w

h
ic

h
w

e
re

fe
r

to
as

sy
m

m
et

ri
c

S
B

M
co

rr
es

p
o
n
d
s

to
th

e
fo

ll
ow

in
g

m
o
d
ifi

ca
-

ti
on

s:

(a
)
A

is
as

su
m

ed
to

b
e

sy
m

m
et

ri
c:

O
n
ly

th
e

u
p
p

er
d
ia

go
n
al

el
em

en
ts

ar
e

d
ra

w
n

in
d
e-

p
en

d
en

tl
y

an
d

th
e

b
ot

to
m

h
al

f
is

fi
ll
ed

sy
m

m
et

ri
ca

ll
y.

F
or

si
m

p
li
ci

ty
,

w
e

al
lo

w
fo

r
se

lf
-l

o
op

s,
i.
e.

,
d
ra

w
th

e
d
ia

go
n
al

el
em

en
ts

fr
om

th
e

sa
m

e
m

o
d
el

.
T

h
is

w
il
l

h
av

e
a

n
eg

li
gi

b
le

eff
ec

t
in

th
e

ar
gu

m
en

ts
.

(b
)
n

1
=
n

2
=
n
,
k

1
=
k

2
=
k
,
Z

1
=
Z

2
=
Z

.

(c
)
B

is
as

su
m

ed
sy

m
m

et
ri

c.

W
e

n
ot

e
th

at
(4

)
st

il
l

h
ol

d
s

ov
er

al
l

th
e

el
em

en
ts

.
D

ir
ec

te
d

S
B

M
is

al
so

a
sp

ec
ia

l
ca

se
,

w
h
er

e
(b

)
is

as
su

m
ed

b
u
t

n
ot

(a
)

or
(c

).
T

h
at

is
,
A

is
n
ot

as
su

m
ed

to
b

e
sy

m
m

et
ri

c
an

d
al

l
th

e
en

tr
ie

s
ar

e
in

d
ep

en
d
en

tl
y

d
ra

w
n
,

w
h
il
e
B

m
ay

or
m

ay
n
ot

b
e

sy
m

m
et

ri
c.

W
e

re
fe

r
to
P

as
th

e
m

ea
n

m
a
tr

ix
an

d
n
ot

e
th

at
it

is
of

ra
n
k

at
m

os
t
k

:=
m

in
{k

1
,k

2
}.

O
ft

en
k
�
n

1
,n

2
,

th
at

is
P

is
a

lo
w

-r
an

k
m

at
ri

x
w

h
ic

h
is

th
e

ke
y

in
w

h
y

sp
ec

tr
al

cl
u
st

er
in

g
w

or
k
s

w
el

l
fo

r
S
B

M
s.

H
ow

ev
er

,
th

e
ca

se
w

h
er

e
ei

th
er
k

1
&
n

1
or
k

2
&
n

2
is

al
lo

w
ed

.
(H

er
e,

k
1
&
n

1
m

ea
n
s
k

1
≥
cn

1
fo

r
so

m
e

u
n
iv

er
sa

l
co

n
st

an
t
c
>

0.
)

A
n

ex
tr

em
e

ex
am

p
le

of
su

ch
se

tu
p

ca
n

b
e

fo
u
n
d

in
S
ec

ti
on

6.
1.

W
e

le
t
N
r

=
d
ia

g
(n
r
1
,.
..
,n

r
k
r
)

fo
r
r

=
1
,2

w
h
er

e
n
r
j

is
th

e
si

ze
of

th
e
jt

h
cl

u
st

er
of

Z
r
;

th
at

is
,
N
r

is
a

d
ia

go
n
al

m
at

ri
x

w
h
os

e
d
ia

go
n
al

el
em

en
ts

ar
e

th
e

si
ze

s
of

th
e

cl
u
st

er
s

on
si

d
e
r.

W
e

al
so

co
n
si

d
er

th
e

n
or

m
al

iz
ed

ve
rs

io
n

of
N
r
,

N̄
r

:=
N
r
/n

r
=

d
ia

g
(π
r
1
,.
..
,π
r
k
r
),

(6
)

co
ll
ec

ti
n
g

th
e

cl
u
st

er
p
ro

p
or

ti
on

s
π
r
j

:=
n
r
j
/n

r
.

L
et

u
s

d
efi

n
e

B̄
:=

N
1
/
2

1
B
N

1
/
2

2
=
N̄

1
/
2

1
Ψ
N̄

1
/
2

2
.

F
or

sp
ar

se
gr

ap
h
s,

w
e

ex
p

ec
t
N̄
r

an
d

Ψ
to

re
m

ai
n

st
ab

le
as

n
r
→
∞

,
h
en

ce
B̄

re
m

ai
n
s

st
ab

le
;

in
co

n
tr

as
t,

th
e

en
tr

ie
s

of
B

it
se

lf
va

n
is

h
u
n
d
er

sc
al

in
g

(4
).

S
ee

R
em

ar
k

2
b

el
ow

fo
r

d
et

ai
ls

.
T

h
ro

u
gh

ou
t

th
e

p
ap

er
,

b
ar

re
d

p
ar

am
et

er
s

re
fe

r
to

q
u
an

ti
ti

es
th

a
t

re
m

ai
n

st
ab

le
or

sl
ow

ly
va

ry
w

it
h
n
r
→
∞

.
T

h
e

fo
ll
ow

in
g

le
m

m
a

is
k
ey

in
u
n
d
er

st
an

d
in

g
sp

ec
tr

al
cl

u
st

er
in

g
fo

r
S
B
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Z
h
o
u
a
n
d

A
m
in
i

L
e
m

m
a

1
A

ss
u

m
e

th
a
t
B̄

=
U
ψ

Σ
V
T ψ

is
th

e
re

d
u

ce
d

S
V

D
o
f
B̄

,
w

h
er

e
U
ψ
∈

O
k
1
×
k
,V

ψ
∈

O
k
2
×
k
,

Σ
=

d
ia

g
(σ

1
,.
..
,σ

k
),

a
n

d
k

=
m

in
{k

1
,k

2
}.

T
h
en

,

P
=

(Z̄
1
U
ψ

)
Σ

(Z̄
2
V
ψ

)T
(7

)

is
th

e
re

d
u

ce
d

S
V

D
o
f
P

w
h
er

e
Z̄
r

:=
Z
r
N
−

1
/
2

r
is

it
se

lf
a
n

o
rt

h
og

o
n

a
l

m
a
tr

ix
,
Z̄
T r
Z̄
r

=
I k
r
.

P
ro

o
f

W
e

fi
rs

t
sh

ow
th

at
Z
T r
Z
r

=
N
r

w
h
ic

h
th

en
im

p
li
es

th
at
Z̄
r

is
or

th
o
g
o
n
a
l.

L
et
z
T r
i

b
e

th
e
it

h
ro

w
of
Z
r

an
d

n
ot

e
th

at
Z
T r
Z
r

=
∑

n i=
1
z r
iz
T r
i.

S
in

ce
z r
i
∈

H
1
×
k
r
,

ea
ch

z r
iz
T r
i

is
a

d
ia

go
n
al

m
at

ri
x

w
it

h
a

si
n
gl

e
1

on
th

e
d
ia

go
n
al

at
th

e
p

os
it

io
n

d
et

er
m

in
ed

b
y

th
e

cl
u
s-

te
r

as
si

gn
m

en
t

of
n
o
d
e
i

on
si

d
e
r.

N
ow

,
a

li
tt

le
al

ge
b
ra

on
(4

)
sh

ow
s

th
at
P

=
Z̄

1
B̄
Z̄
T 2

,
h
en

ce
(7

)
h
ol

d
s.

S
in

ce
Z̄
r
∈

O
n
r
×
k
r
,

w
e

h
av

e
Z̄

1
U
ψ
∈

O
n
1
×
k

an
d
Z̄

2
V
ψ
∈

O
n
2
×
k

sh
ow

in
g

th
at

(7
)

is
in

fa
ct

a
(r

ed
u
ce

d
)

S
V

D
of
P

.

W
h
en

d
ea

li
n
g

w
it

h
th

e
sy

m
m

et
ri

c
S
B

M
,
w

e
w

il
l
d
ro

p
th

e
su

b
sc

ri
p
t
r

fr
om

a
ll

th
e

re
le

va
n
t

q
u
an

ti
ti

es
;

fo
r

ex
am

p
le

,
w

e
w

ri
te
N

=
N

1
=
N

2
,
Z̄

=
Z̄

1
=
Z̄

2
,
π
j

=
π

1
j

=
π

2
j
,

a
n
d

so
o
n
.

R
e
m

a
rk

1
(R

e
d

u
c
e
d

v
e
rs

u
s

tr
u

n
c
a
te

d
)

T
h
e

te
rm

re
d
u
ce

d
S
V

D
in

L
em

m
a

1
(a

ls
o

kn
o
w

n
a
s

co
m

pa
ct

S
V

D
)

m
ea

n
s

th
a
t

w
e

re
d
u

ce
th

e
o
rt

h
og

o
n

a
l

m
a
tr

ic
es

in
a

fu
ll

S
V

D
by

re
m

o
vi

n
g

th
e

co
lu

m
n

s
co

rr
es

po
n

d
in

g
to

ze
ro

si
n

gu
la

r
va

lu
es

.
T

h
e

n
u

m
be

r
o
f

co
lu

m
n

s
o
f

th
e

re
su

lt
in

g
m

a
tr

ic
es

w
il

l
be

eq
u

a
l

to
th

e
ra

n
k

o
f

th
e

u
n

d
er

ly
in

g
m

a
tr

ix
(i

.e
.,

bo
th
Z̄

1
U
ψ

a
n

d
Z̄

2
V
ψ

w
il

l
h
a
ve
k

=
m

in
{k

1
,k

2
}

co
lu

m
n

s
in

th
e

ca
se

o
f
P

).
H

en
ce

,
a

re
d
u

ce
d

S
V

D
is

st
il

l
a
n

ex
a
ct

S
V

D
.

L
a
te

r,
w

e
w

il
l

u
se

th
e

te
rm

tr
u
n
ca

te
d

S
V

D
to

re
fe

r
to

a
n

“
a
p
p
ro

xi
m

a
ti

o
n”

o
f

th
e

o
ri

gi
n

a
l

m
a
tr

ix
by

a
lo

w
er

ra
n

k
m

a
tr

ix
o
bt

a
in

ed
by

fu
rt

h
er

re
m

o
vi

n
g

co
lu

m
n

s
co

rr
es

po
n

d
in

g
to

sm
a
ll

n
o
n

ze
ro

si
n

gu
la

r
va

lu
es

(s
ta

rt
in

g
fr

o
m

a
re

d
u

ce
d

S
V

D
).

H
en

ce
,

a
tr

u
n

ca
te

d
S

V
D

is
o
n

ly
a
n

a
p
p
ro

xi
m

a
ti

o
n

o
f

th
e

o
ri

gi
n

a
l

m
a
tr

ix
.

R
e
m

a
rk

2
(S

c
a
li
n

g
a
n

d
sp

a
rs

it
y
)

A
s

ca
n

be
se

en
fr

o
m

th
e

a
bo

ve
d
is

cu
ss

io
n

,
th

e
n

o
r-

m
a
li

za
ti

o
n

in
(4

)
is

n
a
tu

ra
l

fo
r

st
u

d
yi

n
g

sp
ec

tr
a
l
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u

st
er

in
g.

In
th

e
sy

m
m

et
ri

c
ca

se
,

w
h
er

e
n

1
=
n

2
=
n

,
th

e
n

o
rm

a
li
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ti

o
n
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d
u

ce
s
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B

=
Ψ
/n

,
w

h
ic

h
is

o
ft

en
a
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u
m
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h
en
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u

d
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n
g
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a
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e
S

B
M

s
by
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ir
in

g
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a
t
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th

er
‖Ψ
‖ ∞
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O

(1
)

o
r
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o
w

s
sl

o
w
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w
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h
n

.
T

o
se

e
w

h
y

th
is
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p
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a
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a
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e
n

et
w

o
rk

,
n

o
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th
a
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th
e

ex
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ct
ed

a
ve

ra
ge

d
eg

re
e

o
f

th
e

sy
m

m
et

ri
c

S
B

M
(u

n
d
er

th
is

sc
a
li

n
g)

is

1 n
1
T
P

1
=

1 n
1
T
N
B
N

1
=

1T
N̄

Ψ
N̄

1
=

k ∑ i,
j=

1

π
iπ
j
Ψ
ij

=
:
d
a
v

u
si

n
g

1
T n
Z

=
1
T k
N

.
(H

er
e

a
n

d
el

se
w

h
er

e,
1

is
th

e
ve

ct
o
r

o
f

a
ll

o
n

es
o
f

a
n

a
p
p
ro

p
ri

a
te

d
im

en
si

o
n

;
w

e
w

ri
te

1
n

if
w

e
w

a
n

t
to

em
p
h
a
si

ze
th

e
d
im

en
si

o
n
n

.)
T

h
u

s,
th

e
gr

o
w

th
o
f

th
e

a
ve

ra
ge

ex
pe

ct
ed

d
eg

re
e,
d
a
v
,

is
th

e
sa

m
e

a
s

Ψ
,

a
n

d
a
s

lo
n

g
a
s

Ψ
is
O

(1
)

o
r

gr
o
w

s
ve

ry
sl

o
w

ly
w

it
h
n

,
th

e
n

et
w

o
rk

is
sp

a
rs

e.
A

lt
er

n
a
ti

ve
ly

,
w

e
ca

n
vi

ew
th

e
ex

pe
ct

ed
d
en

si
ty

o
f

th
e

n
et

w
o
rk

(t
h
e

ex
pe

ct
ed

n
u

m
be

r
o
f

ed
ge

s
d
iv

id
ed

by
th

e
to

ta
l

n
u

m
be

r
o
f

po
ss

ib
le

ed
ge

s)
a
s

a
m

ea
su

re
o
f

sp
a
rs

it
y.

F
o
r

th
e

sy
m

m
et

ri
c

ca
se

,
th

e
ex

pe
ct

ed
d
en

si
ty

is
(1 2

1T
P

1
)/
( n 2

) ∼
d
a
v
/
n

a
n

d
is
O

(n
−

1
)

if
d
a
v

=
O

(1
).

S
im

il
a
r

o
bs

er
va

ti
o
n

s
h
o
ld

in
th

e
ge

n
er

a
l

bi
pa

rt
it

e
ca

se
if

w
e
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ipa

r
t
it
e
S
e
t
t
in
g

let
n

=
√
n

1 n
2 ,

th
e

geo
m

etric
m

ea
n

o
f

th
e

d
im

en
sio

n
s.

T
h
e

expected
d
en

sity
o
f

th
e

bipa
rtite

n
etw

o
rk

u
n

d
er

th
e

sca
lin

g
o
f

(4)
is

1
T
P

1

n
2

=
1n
2
1
T
N

1 B
N

2 1
=

1n
1
T
N̄

1 Ψ
N̄

2 1
=
d
a
v

n
,

(n
=
√
n

1 n
2 )

w
h
ere

d
a
v

:=
1
T
N̄

1 Ψ
N̄

2 1
=
∑

i,j
π

1
i π

2
j Ψ

ij
ca

n
be

th
o
u

gh
t

o
f

a
s

th
e

a
n

a
log

o
f

th
e

expected
a
vera

ge
d
egree

in
th

e
bipa

rtite
ca

se.
A

s
lo

n
g

a
s‖

Ψ
‖∞

gro
w

s
slo

w
ly

rela
tive

to
n

=
√
n

1 n
2 ,

th
e

bipa
rtite

n
etw

o
rk

is
spa

rse.

3
.
A
n
a
ly
sis

ste
p
s

T
h
ro

u
g
h
o
u
t,

w
e

fo
cu

s
on

recoverin
g

th
e

row
clu

sters.
E

very
th

in
g

th
at

w
e

d
iscu

ss
go

es
th

ro
u
g
h
,

w
ith

ob
v
iou

s
m

o
d
ifi

cation
s,

for
recoverin

g
th

e
colu

m
n

clu
sters.

R
ecallin

g
th

e
d
eco

m
p

o
sitio

n
(7),

th
e

id
ea

of
sp

ectral
clu

sterin
g

in
th

e
con

tex
t

of
S
B

M
s

is
th

at
Z̄

1 U
ψ

h
as

en
o
u
g
h

in
fo

rm
a
tion

for
recoverin

g
th

e
clu

sters
an

d
can

b
e

ob
tain

ed
b
y

com
p
u
tin

g
a

red
u
ced

S
V

D
o
f
P

.
In

p
articu

lar,
ap

p
ly

in
g

a
k
-m

ean
s

ty
p

e
clu

sterin
g

on
th

e
row

s
o
f
Z̄

1 U
ψ

sh
ou

ld
recover

th
e

clu
ster

lab
els.

O
n

th
e

oth
er

h
a
n
d
,

th
e

actu
al

ran
d
om

ad
jacen

cy
m

atrix
,
A

,
is

co
n
cen

tra
ted

a
rou

n
d

th
e

m
ean

m
atrix

P
,

after
p
rop

er
regu

larization
if

n
eed

b
e.

W
e

d
en

ote
th

is
p

o
ten

tia
lly

regu
la

rized
versio

n
a
s
A

re .
T

h
en

,
b
y

th
e

sp
ectral

p
ertu

rb
ation

th
eory,

if
w

e
co

m
p
u
te

a
red

u
ced

S
V

D
of
A

re
=
Ẑ

1 Σ̂
Ẑ
T2

w
h
ere

Ẑ
r
∈

O
n
r ×
k,
r

=
1,2

an
d

Σ̂
is

d
iagon

al,
w

e
ca

n
co

n
clu

d
e

th
at
Ẑ

1
con

cen
trates

arou
n
d
Z̄

1 U
ψ

.
H

en
ce,

ap
p
ly

in
g

a
co

n
tin

u
ou

s
k
-m

ean
s

a
lg

o
rith

m
o
n
Ẑ

1
sh

ou
ld

b
e

ab
le

to
recover

th
e

lab
els

w
ith

a
sm

all
error.

3
.1

.
A

n
a
ly

sis
sk

e
tch

L
et

u
s

sketch
th

e
argu

m
en

t
ab

ove
in

m
ore

d
etails.

A
ty

p
ical

ap
p
roach

in
p
rov

in
g

con
sisten

cy
o
f

sp
ectra

l
clu

sterin
g

con
sists

of
th

e
follow

in
g

step
s:

1
.

W
e

rep
la

ce
A

w
ith

a
p
rop

erly
regu

larized
version

A
re .

W
e

p
rov

id
e

th
e

d
etails

for
on

e
su

ch
reg

u
la

riza
tion

in
T

h
eorem

2
(S

ection
4).

H
ow

ever,
th

e
on

ly
p
rop

erty
w

e
req

u
ire

of
th

e
reg

u
la

rized
version

is
th

at
it

con
cen

trates,
w

ith
h
igh

p
rob

ab
ility,

arou
n
d

th
e

m
ean

of
A

,
at

th
e

fo
llow

in
g

ra
te

(assu
m

in
g
n

2 ≥
n

1 ):

|||A
re −

E
[A

]|||o
p ≤

C
√
d
,

w
h
ere

d
=

√
n

2

n
1 ‖

Ψ
‖∞

.
(8)

H
ere

a
n
d

th
ro

u
gh

ou
t|||·|||o

p
is

th
e
`
2 →

`
2

op
erator

n
orm

an
d
‖Ψ
‖∞

=
m

a
x
ij

Ψ
ij .

2
.

W
e

p
a
ss

from
A

re
an

d
P

=
E

[A
]

to
th

eir
(sy

m
m

etrically
)

d
ila

ted
version

s
A
†re

an
d

P
†.

T
h
e

sy
m

m
etric

d
ilation

op
erator

w
ill

b
e

giv
en

in
(13)

(S
ection

3.2)
an

d
allow

s
u
s

to
u
se

sp
ectra

l
p

ertu
rb

ation
b

ou
n
d
s

for
sy

m
m

etric
m

atrices.
A

ty
p
ical

fi
n
al

resu
lt

o
f

th
is

step
is

|||Ẑ
1 −

Z̄
1 U

ψ
Q
|||F
≤
C

2

σ
k √

k
d
,

w
.h

.p
.

(9)

fo
r

so
m

e
Q
∈
O
k×

k.
W

e
recall

th
at|||·|||F

is
th

e
F

rob
en

iu
s

n
orm

.
H

ere,
σ
k

is
th

e
sm

allest
n
o
n
zero

sin
g
u
la

r
valu

e
of
B̄

as
d
efi

n
ed

in
L

em
m

a
1.

T
h
e

form
of

(9)
w

ill
b

e
d
iff

eren
t

7
JM

L
R

 20(47):1-47, 2019

Z
h
o
u
a
n
d

A
m
in
i

if
in

stead
of
Ẑ

1
on

e
con

sid
ers

oth
er

ob
jects

as
th

e
en

d
resu

lt
of

th
is

step
;

see
S
ection

5
(e.g.,

(34))
for

in
stan

ces
of

su
ch

variation
s.

T
h
e

ap
p

earan
ce

o
f
Q

is
in

ev
itab

le
an

d
is

a
con

seq
u
en

ce
of

th
e

n
ecessity

of
p
ro

perly
a
lign

in
g

th
e

b
ases

of
sp

ectral
su

b
sp

aces,
b

efore
th

ey
can

b
e

com
p
ared

in
F

rob
en

iu
s

n
orm

(cf.
L

em
m

a
3).

N
ev

erth
eless,

th
e

grow
in

g
stack

of
orth

ogon
al

m
atrices

on
th

e
R

H
S

of
Z̄

1
h
as

little
eff

ect
on

th
e

p
erform

an
ce

of
row

-w
ise

k
-m

ean
s,

as
w

e
d
iscu

ss
sh

ortly.

3
.

T
h
e

fi
n
al

step
is

to
an

aly
ze

th
e

eff
ect

of
ap

p
ly

in
g

a
k
-m

ean
s

algorith
m

to
Ẑ

1 .
H

ere,
w

e
in

tro
d
u
ce

th
e

con
cep

t
of

a
k

-m
ea

n
s

m
a
trix,

on
e

w
h
o
se

row
s

take
at

m
ost

k
d
istin

ct
valu

es.
(S

ee
S
ection

3.3
for

d
etails).

A
k
-m

ean
s

algorith
m

K
takes

a
m

atrix
X̂
∈

R
n×

m

an
d

ou
tp

u
ts

a
k
-m

ean
s

m
atrix

K
(X̂

)∈
R
n×

m
.

O
u
r

fo
cu

s
w

ill
b

e
on

k
-m

ean
s

algorith
m

s
w

ith
th

e
follow

in
g

p
rop

erty
:

If
X
∗
∈

R
n×

m
is

a
k
-m

ea
n
s

m
atrix

,
th

en
for

som
e

con
stan

t
c
>

0,

|||X̂
−
X
∗||| 2F
≤
ε

2
=⇒

M
is(K

(X̂
),X

∗)≤
c
ε

2/(n
δ

2).
(10)

w
h
ere

δ
2

=
δ

2(X
∗)

is
th

e
m

in
im

u
m

cen
ter

sep
aration

of
X
∗

(cf.
D

efi
n
ition

2),
an

d
M

is
is

th
e

average
m

isclassifi
cation

rate
b

etw
een

tw
o
k
-m

ean
s

m
atrices.

F
or

fu
tu

re
referen

ce,
w

e
refer

to
p
rop

erty
(10)

as
th

e
loca

l
qu

a
d
ra

tic
co

n
tin

u
ity

(L
Q

C
)

of
algorith

m
K

;
see

R
em

ark
6

for
th

e
ration

ale
b

eh
in

d
th

e
n
am

in
g.

A
s

w
ill

b
ecom

e
clear

in
S
ection

3.3,
k
-m

ean
s

m
atrices

en
co

d
e

b
oth

th
e

clu
ster

lab
el

in
form

ation
an

d
clu

ster
cen

ter
in

form
ation

,
an

d
th

ese
tw

o
p
ieces

can
b

e
recovered

from
th

em
in

a
lossless

fa
sh

ion
.

T
h
u
s,

it
m

akes
sen

se
to

talk
ab

ou
t

m
isclassifi

cation
rate

b
etw

een
k
-m

ean
s

m
atrices,

b
y

in
terp

retin
g

it
as

a
statem

en
t

ab
ou

t
th

eir
u
n
d
erly

in
g

lab
el

in
form

ation
.

In
S
ection

3
.3,

w
e

w
ill

d
iscu

ss
k
-m

ean
s

algo
rith

m
s

th
at

satisfy
(10).

T
h
e

p
reced

in
g

th
ree

step
s

of
th

e
an

aly
sis

follow
th

e
th

ree
step

s
of

a
gen

eral
sp

ectral
clu

sterin
g

algorith
m

,
w

h
ich

w
e

refer
to

as
regu

la
riza

tio
n

,
spectra

l
tru

n
ca

tio
n

an
d
k

-m
ea

n
s

step
s,

resp
ectively.

R
ecallin

g
th

e
d
efi

n
ition

of
clu

ster
p
rop

ortion
s,

let
u
s

assu
m

e
for

som
e

β
r ≥

1,

m
ax

(t,s):
t6=
s

2

π
−

1
r
t

+
π
−

1
r
s
≤

β
r

k
r
,

r
=

1,2.
(A

1)

T
h
e

L
H

S
is

th
e

m
ax

im
u
m

h
a
rm

o
n

ic
m

ea
n

of
p
airs

of
d
istin

ct
clu

ster
p
rop

ortion
s.

F
or

b
alan

ced
clu

sters,
w

e
h
av

e
π
r
t

=
1
/k

r
for

all
t∈

[k
r ]

an
d

w
e

can
ta

ke
β
r

=
1.

In
gen

eral,
β
r

m
easu

res
th

e
d
ev

iation
of

th
e

clu
sters

(on
sid

e
r)

from
b
alan

ced
n
ess.

T
h
e

follow
in

g
is

a
p
rototy

p
ical

con
sisten

cy
th

eorem
for

a
sp

ectral
clu

sterin
g

algorith
m

:

T
h

e
o
re

m
1

(P
ro

to
ty

p
e

S
C

c
o
n

siste
n

c
y
)

C
o
n

sid
er

a
spectra

l
a
lgo

rith
m

w
ith

a
k

-m
ea

n
s

step
sa

tisfyin
g

(10),
a
n

d
th

e
“

u
su

a
l”

spectra
l

tru
n

ca
tio

n
step

,
a
p
p
lied

to
a

regu
la

rized
bi-

a
d
ja

cen
cy

m
a
trix

A
re

sa
tisfyin

g
co

n
cen

tra
tio

n
bo

u
n

d
(8

).
L

et
K

(Ẑ
1 )

be
th

e
resu

ltin
g

esti-
m

a
te

fo
r

m
em

bersh
ip

m
a
trix

Z
1 ,

a
n

d
a
ssu

m
e
k

1
=
k

=
:

m
in{

k
1 ,k

2 }.
T

h
en

,
u

n
d
er

th
e

S
B

M
m

od
el

o
f

S
ectio

n
2

a
n

d
a
ssu

m
in

g
(A

1),
w

.h
.p

.,

M
is(K

(Ẑ
1 ),Z̄

1 )
.
β

1 (
dσ
2k )
.
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ip
a
r
t
it
e
S
e
t
t
in
g

H
er

e,
an

d
in

th
e

se
q
u
el

,
“w

it
h

h
ig

h
p
ro

b
ab

il
it

y
”,

ab
b
re

v
ia

te
d

w
.h

.p
.,

m
ea

n
s

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
n
−
c 1

fo
r

so
m

e
u
n
iv

er
sa

l
co

n
st

an
t
c 1
>

0.
T

h
e

n
ot

at
io

n
f
.
g

m
ea

n
s
f
≤
c 2
g

w
h
er

e
c 2
>

0
is

a
u
n
iv

er
sa

l
co

n
st

an
t.

In
ad

d
it

io
n
,
f
�
g

m
ea

n
s
f
.
g

an
d
g
.
f

.
P

ro
o
f

B
y

as
su

m
p
ti

on
,

co
n
ce

n
tr

at
io

n
b

ou
n
d

(8
)

h
ol

d
s.

B
y

L
em

m
a

3
in

S
ec

ti
on

3.
2,

(8
)

im
p
li
es

(9
)

fo
r

th
e

u
su

al
tr

u
n
ca

ti
on

st
ep

.
L

et
O

:=
U
ψ
Q

an
d
ε2

=
C

2 2
k
d
/σ

2 k
so

th
at

(9
)

re
ad

s
|||Ẑ

1
−
Z̄

1
O
||| F
≤
ε2
.

T
h
e
k
-m

ea
n
s

st
ep

sa
ti

sfi
es

(1
0)

b
y

as
su

m
p
ti

on
.

A
p
p
ly

in
g

(1
0)

w
it

h
X̂

=
Ẑ

1
,
X
∗

=
Z̄

1
O

an
d
ε2

d
efi

n
ed

ea
rl

ie
r

le
ad

s
to

M
is

(K
(Ẑ

1
),
Z̄

1
)

=
M

is
(K

(Ẑ
1
),
Z̄

1
O

)
.

ε2

n
1
δ2
.

(1
1)

It
re

m
ai

n
s

to
ca

lc
u
la

te
th

e
m

in
im

u
m

ce
n
te

r
se

p
a
ra

ti
on

of
X
∗

=
Z̄

1
O
∈

R
n
1
×
k
,

w
h
er

e
Z̄

1
∈
O
n
1
×
k
1

an
d
O

:=
U
ψ
Q
∈
O
k
1
×
k
.

W
e

h
av

e

δ2
=
δ2

(Z̄
1
O

)
=
δ2

(Z̄
1
)

=
m

in
t6=
s
‖n
−

1
/
2

1
t

e t
−
n
−

1
/
2

1
s

e s
‖2 2

=
m

in
t6=
s

(n
−

1
1
t

+
n
−

1
1
s

)

w
h
er

e
e s
∈
R
k
1

is
th

e
st

h
st

an
d
ar

d
b
as

is
v
ec

to
r.

T
h
e

se
co

n
d

eq
u
al

it
y

u
se

s
in

va
ri

an
ce

of
δ2

to
ri

gh
t-

m
u
lt

ip
li
ca

ti
on

b
y

a
sq

u
ar

e
or

th
og

on
al

m
at

ri
x
.

T
h
is

is
a

co
n
se

q
u
en

ce
of
‖u

T
O
−

v
T
O
‖ 2

=
‖u
−
v
‖ 2

fo
r
u
,v
∈
R
k
1

an
d
O
∈
O
k
1
×
k

w
h
en

k
1

=
k
;

se
e

(1
).

T
h
e

th
ir

d
eq

u
al

it
y

is
fr

om
th

e
d
efi

n
it

io
n
Z̄

1
=
Z

1
N
−

1
/
2

1
.

U
si

n
g

(A
1)

,

(n
1
δ2

)−
1
≤

m
ax

t6=
s

(π
−

1
1
t

+
π
−

1
1
s

)−
1
≤

β
1

2k
1
.

T
h
u
s,

ε2

n
1
δ
2
.
β

1
k k
1

d σ
2 k

w
h
ic

h
gi

ve
s

th
e

re
su

lt
in

li
gh

t
of

(1
1)

an
d

as
su

m
p
ti

on
k

1
=
k
.

T
h
e

ca
se
k

1
>
k

w
il
l

b
e

d
is

cu
ss

ed
in

S
ec

ti
on

6
.2

.
F

or
(1

0)
to

h
ol

d
fo

r
a
k
-m

ea
n
s

a
lg

or
it

h
m

,
on

e
u
su

al
ly

re
q
u
ir

es
so

m
e

ad
d
it

io
n
al

co
n
st

ra
in

ts
on

ε2
/
(n
δ2

),
en

su
ri

n
g

th
at

th
is

q
u
an

ti
ty

is
sm

al
l.

W
e

w
il
l

re
st

at
e

T
h
eo

re
m

1
w

it
h

su
ch

co
n
d
it

io
n
s

ex
p
li
ci

tl
y

on
ce

w
e

co
n
si

d
er

th
e

d
et

ai
ls

of
so

m
e
k
-m

ea
n
s

al
go

ri
th

m
s.

F
or

n
ow

,
T

h
eo

re
m

1
sh

ou
ld

b
e

th
o
u
gh

t
of

as
a

ge
n
-

er
al

b
lu

ep
ri

n
t,

w
it

h
sp

ec
ifi

c
va

ri
at

io
n
s

ob
ta

in
ed

in
S
ec

ti
on

5
fo

r
va

ri
ou

s
sp

ec
tr

al
cl

u
st

er
in

g
al

go
ri

th
m

s.

R
e
m

a
rk

3
T

o
se

e
th

a
t

T
h
eo

re
m

1
is

a
co

n
si

st
en

cy
re

su
lt

,
co

n
si

d
er

th
e

ty
p
ic

a
l

ca
se

w
h
er

e
β

1
�

1
,

a
n

d
σ
k
�
d

,
so

th
a

t
M

is
(K

(Ẑ
1
),
Z̄

1
)

=
O

(d
−

1
).

T
h
en

,
a
s

lo
n

g
a
s
d
→
∞

,
i.

e.
,

th
e

a
ve

ra
ge

d
eg

re
e

o
f

th
e

n
et

w
o
rk

gr
o
w

s
w

it
h
n

,
a
ss

u
m

in
g
n

1
�
n

2
�
n

(f
o
r

so
m

e
n

),
w

e
h
a
ve

M
is

(K
(Ẑ

1
),
Z̄

1
)

=
o(

1)
,

i.
e.

,
th

e
a
ve

ra
ge

m
is

cl
a
ss

ifi
ca

ti
o
n

ra
te

va
n

is
h
es

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

.
O

n
e

m
ig

h
t

a
sk

w
h
y
σ
k
�
d

is
re

a
so

n
a
bl

e.
C

o
n

si
d
er

th
e

ty
p
ic

a
l

ca
se

w
h
er

e
Ψ

=
ρ
n
Ψ
′

fo
r

so
m

e
co

n
st

a
n

t
m

a
tr

ix
Ψ
′

a
n

d
a

sc
a
la

r
pa

ra
m

et
er
ρ
n

th
a
t

ca
p
tu

re
s

th
e

d
ep

en
d
en

ce
o
n
n

.
T

h
is

se
tu

p
is

co
m

m
o
n

in
n

et
w

o
rk

m
od

el
in

g
(B

ic
ke

l
a
n

d
C

h
en

,
2
0
0
9
).

T
h

en
,
d
�

‖Ψ
‖ ∞

=
ρ
n
‖Ψ
′ ‖ ∞

a
n

d
σ
k

=
ρ
n
σ
′ k

w
h
er

e
σ
′ k

is
d
efi

n
ed

ba
se

d
o
n

Ψ
′

a
n

d
h
en

ce
co

n
st

a
n

t.
It

fo
ll

o
w

s
th

a
t
d
�
ρ
n
�
σ
k

a
n

d
M

is
(K

(Ẑ
1
),
Z̄

1
)

=
o(
ρ
−

1
n

).
N

o
te

th
a
t,

in
ge

n
er

a
l,
ρ
n

ca
n

gr
o
w

a
s

fa
st

a
s
n

(c
f.

(4
))

.
M

o
re

sp
ec

ifi
c

ex
a
m

p
le

s
a
re

gi
ve

n
in

S
ec

ti
o
n

5
.

R
e
m

a
rk

4
W

e
n

o
te

th
a
t

bo
u

n
d
s

si
m

il
a
r

to
(9

)
a
p
pe

a
r

in
th

e
re

ce
n

t
li

te
ra

tu
re

(A
bb

e
et

a
l.

,
2
0
1
7
;

C
a
pe

et
a
l.

,
2
0
1
8
)

bu
t

fo
r

th
e

2
→
∞

o
pe

ra
to

r
n

o
rm

,
a
s

o
p
po

se
d

to
th

e
F

ro
be

n
iu

s
n

o
rm

,

9
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L
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Z
h
o
u
a
n
d

A
m
in
i

a
ss

u
m

in
g

th
a
t

th
e

n
et

w
o
rk

is
d
en

se
en

o
u

gh
.

T
h
es

e
bo

u
n

d
s

ca
n

be
u

se
d

to
sh

o
w

th
a
t

sp
ec

tr
a
l

cl
u

st
er

in
g

a
ch

ie
ve

s
ex

a
ct

re
co

ve
ry

w
h
en

th
e

d
eg

re
e

gr
o
w

s
a
s

lo
g
n

fo
r

th
e

tw
o
-c

o
m

m
u

n
it

y
ca

se
(A

bb
e

et
a
l.

,
2
0
1
7
).

A
si

m
il

a
r

ex
a
ct

re
co

ve
ry

re
su

lt
fo

r
ge

n
er

a
l
K

is
o
bt

a
in

ed
in

(S
u

et
a
l.

,
2
0
1
7
)

a
ss

u
m

in
g

a
d
eg

re
e

gr
o
w

th
o
f

(l
og
n

)a
fo

r
su

ffi
ci

en
tl

y
la

rg
e
a

.
W

h
et

h
er

th
e

2
→
∞

bo
u

n
d
s

ca
n

be
u

se
d

to
sh

a
rp

en
th

e
m

is
cl

a
ss

ifi
ca

ti
o
n

ra
te

o
f

sp
ec

tr
a
l

cl
u

st
er

in
g

be
lo

w
th

e
lo

g
n

re
gi

m
e

is
o
pe

n
.

R
e
m

a
rk

5
C

o
n

d
it

io
n

(A
1)

is
m

o
re

re
la

xe
d

th
a
t

w
h
a
t

is
co

m
m

o
n

ly
a
ss

u
m

ed
in

th
e

li
te

ra
tu

re
(t

h
o
u

gh
th

e
p
ro

o
f

is
th

e
sa

m
e)

.
S

ta
ti

n
g

th
e

co
n

d
it

io
n

a
s

a
h
a
rm

o
n

ic
m

ea
n

a
ll

o
w

s
o
n

e
to

h
a
ve

si
m

il
a
r

re
su

lt
s

a
s

th
e

ba
la

n
ce

d
ca

se
w

h
en

o
n

e
cl

u
st

er
is

la
rg

e,
w

h
il

e
o
th

er
s

re
m

a
in

m
o
re

o
r

le
ss

ba
la

n
ce

d
.

F
o
r

ex
a
m

p
le

,
le

t
π
r
1

=
1
−
c

fo
r

so
m

e
co

n
st

a
n

t
c
∈

(0
,1

),
sa

y
c

=
0.

4,
a
n

d
le

t
π
r
t

=
c/

(k
r
−

1
)

fo
r
t
6=

1.
T

h
en

,
w

e
h
a
ve

fo
r
s
6=
t

2

π
−

1
r
t

+
π
−

1
r
s
≤

2
m

in
{π

r
t,
π
r
s
}

=
2
c

k
r
−

1
≤

4 k
r

a
ss

u
m

in
g
k
r
≥

2.
H

en
ce

(A
1)

h
o
ld

s
w

it
h
β
r

=
4.

N
o
te

th
a
t

a
s
k
r

is
in

cr
ea

se
d
,

a
ll

bu
t

o
n

e
cl

u
st

er
ge

t
sm

a
ll

er
.

R
e
m

a
rk

6
(L

Q
C

n
a
m

in
g
)

T
h
e

ra
ti

o
n

a
le

be
h
in

d
th

e
n

a
m

in
g

o
f

(1
0)

is
a
s

fo
ll

o
w

s:
L

et
∆

(X
,Y

)
:=

1 √
n
|||X
−
Y
||| F

be
th

e
m

et
ri

c
in

d
u

ce
d

by
th

e
n

o
rm

a
li

ze
d

F
ro

be
n

iu
s

n
o
rm

o
n

th
e

sp
a
ce

o
f
n
×
m

m
a
tr

ic
es

.
A

ss
u

m
e

th
a
t
X
∗

is
a
k

-m
ea

n
s

m
a
tr

ix
a
n

d
th

a
t
k

-m
ea

n
s

m
a
tr

ic
es

a
re

fi
xe

d
po

in
ts

o
f

a
lg

o
ri

th
m

K
,

h
en

ce
X
∗

=
K

(X
∗ )

.
T

h
en

,
by

ta
ki

n
g

th
e

in
fi

m
u

m
o
ve

r
ε2

,
(1

0)
ca

n
be

w
ri

tt
en

a
s

M
is
( K

(X̂
),

K
(X
∗ )
) ≤

ω
( ∆

(X̂
,X
∗ )
)

(1
2
)

w
h
er

e
ω

(t
)

=
ct

2
/δ

2
(X
∗ )

,
sh

o
w

in
g

th
a
t

K
is

co
n

ti
n

u
o
u

s
w

.r
.t

.
th

e
tw

o
(p

se
u

d
o
)-

m
et

ri
cs

,
lo

ca
ll

y
a
t
X
∗ ,

w
it

h
a

qu
a
d
ra

ti
c

m
od

u
lu

s
o
f

co
n

ti
n

u
it

y.
N

o
te

th
a
t

th
is

co
n

ti
n

u
it

y
is

o
n

ly
re

qu
ir

ed
to

h
o
ld

a
ro

u
n

d
a
k

-m
ea

n
s

m
a
tr

ix
X
∗

(a
n

d
n

o
t

in
ge

n
er

a
l)

.
A

n
o
th

er
re

a
so

n
fo

r
th

e
“

lo
ca

li
ty

”
is

th
a
t

su
ch

st
a
te

m
en

ts
o
ft

en
o
n

ly
h
o
ld

fo
r

su
ffi

ci
en

tl
y

sm
a
ll

∆
(X̂
,X
∗ )

.

In
th

is
re

st
of

th
is

se
ct

io
n
,

w
e

fi
ll

in
so

m
e

d
et

ai
ls

of
th

e
la

st
tw

o
st

ep
s

of
th

e
p
la

n
sk

et
ch

ed
ab

ov
e,

d
ef

er
ri

n
g

S
te

p
1

to
S
ec

ti
on

4.

3
.2

.
S

V
tr

u
n

c
a
ti

o
n

(S
te

p
2
)

W
e

n
ow

sh
ow

h
ow

th
e

co
n
ce

n
tr

at
io

n
b

ou
n
d

(8
)

im
p
li
es

th
e

d
ev

ia
ti

on
b

ou
n
d

(9
)

fo
r

th
e

u
su

al
sp

ec
tr

al
tr

u
n
ca

ti
o
n

st
ep

.
C

on
si

d
er

th
e

sy
m

m
et

ri
c

d
il

a
ti

o
n

op
er

at
o
r

:
R
n
1
×
n
2
→

Sn
1
+
n
2
,

gi
ve

n
b
y

P
†

:=

(
0

P
P
T

0

)
,

(1
3
)

w
h
er

e
Sn

is
th

e
se

t
of

sy
m

m
et

ri
c
n
×
n

m
at

ri
ce

s.
T

h
is

op
er

at
or

w
il
l

b
e

ve
ry

u
se

fu
l

in
tr

an
sl

at
in

g
th

e
re

su
lt

s
b

et
w

ee
n

th
e

sy
m

m
et

ri
c

a
n
d

n
o
n
-s

y
m

m
et

ri
c

ca
se

s.
L

et
u
s
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ll
ec

t
so

m
e

of
it

s
p
ro

p
er

ti
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:

1
0
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ipa

r
t
it
e
S
e
t
t
in
g

L
e
m

m
a

2
(S

y
m

m
e
tric

D
ila

tio
n

)
L

et
P
∈

R
n
1 ×
n
2

h
a
ve

a
red

u
ced

S
V

D
given

by
P

=
U

Σ
V
T

w
h
ere

Σ
=

d
iag

(σ
1 ,...,σ

k )
is

a
k×

k
n

o
n

n
ega

tive
d
ia

go
n

a
l

m
a
trix

.
T

h
en

,

(a
)
P
†

h
a
s

a
red

u
ced

E
V

D
given

by

P
†

=
W

(
Σ

0
0
−

Σ )
W

T
,

W
=

1√2

(
U

U
V
−
V

)
∈
O

(n
1
+
n
2
)×

2
k.

(b)
P
7→
P
†

is
a

lin
ea

r
o
pera

to
r

w
ith
|||P
†|||

=
|||P
|||

a
n

d
|||P
†|||F

=
√

2|||P
|||F
.

(c)
T

h
e

ga
p

betw
een

k
to

p
(sign

ed
)

eigen
va

lu
es

o
f
P
†

a
n

d
th

e
rest

o
f

its
spectru

m
is

2σ
k .

P
ro

o
f

P
a
rt

(a
)

can
b

e
verifi

ed
d
irectly

(e.g.
W

T
W

=
I

2
k

follow
s

from
U
T
U

=
V
T
V

=
I
k )

a
n
d

p
a
rt

(c)
fo

llow
s

b
y

n
otin

g
th

at
σ
j
≥

0
for

all
j.

P
art

(b
)

also
follow

s
d
irectly

from
p
art

(a
),

u
sin

g
u
n
itary

-in
varian

ce
of

th
e

tw
o

n
orm

s.

In
a
d
d
itio

n
,

let
u
s

d
efi

n
e

a
sin

gu
lar

valu
e

(S
V

)
tru

n
cation

op
erator

T
k

:
R
n
1 ×
n
2
→

R
n
1 ×
n
2

th
a
t

ta
kes

a
m

atrix
A

w
ith

S
V

D
A

=
∑

i σ
i u
i v
Ti

to
th

e
m

atrix

A
(k

)
:=

T
k (A

)
:=

k
∑i=

1

σ
i u
i v
Ti
.

(14)

In
o
th

er
w

o
rd

s,
T
k

keep
s

th
e

largest
k

sin
gu

lar
valu

es
(an

d
th

e
corresp

on
d
in

g
sin

gu
lar

vecto
rs)

a
n
d

zeros
ou

t
th

e
rest.

R
ecall

th
at

w
e

ord
er

sin
gu

lar
valu

es
in

n
on

in
creasin

g
fash

ion
σ

1 ≥
σ

2 ≥
···

.
W

e
also

refer
to

(14)
as

th
e
k

-tru
n

ca
ted

S
V

D
of
A

.
U

sin
g

th
e

d
ilation

an
d

th
e

D
av

is–
K

a
h
an

(D
K

)
th

eorem
for

sy
m

m
etric

m
atrices

(B
h
atia,

2013,
T

h
eorem

V
II.3

.1),
w

e
h
ave:

L
e
m

m
a

3
L

et
A

(k
)

re
=
Ẑ

1 Σ̂
Ẑ
T2

be
th

e
k

-tru
n

ca
ted

S
V

D
o
f
A

re
a
n

d
a
ssu

m
e

th
a
t

th
e

co
n

cen
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d
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d
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=
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P
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=

d
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=

d
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a
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Λ
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ca
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p
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b
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e

o
th

er
h
a
n

d
,

o
n

e
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p
p
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d
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n
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a
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atrices

w
h
ere

each
row

h
as

ex
actly

a
sin

gle
1.

T
ake

Z
∈

H
n×

k.
A

rela
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∈
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R
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e
ord

erin
g

of
th

e
clu

ster
lab

els.
W

e
d
efi

n
e

th
e

class
of
k

-m
ea

n
s

m
a
trices

as
fo

llow
s:

M
kn
,m

:=
{
X
∈
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d
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∈
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secon
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∈
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∈
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h
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p
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u
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p
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d
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∈
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∈
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u
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con
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u
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s
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2 ∈
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b
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p
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con
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∈
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b
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b
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∈
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r
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d
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m
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b
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p
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p
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∈
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d
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p
ro

xi
m

a
te

so
lu

ti
o
n

s
X̃

.

A
n

eq
u
iv

al
en

t
re

st
at

em
en

t
of
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∈
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p
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∈
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b
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d
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∈
M
k n
,m

is
sm

al
l,

th
en

th
ei

r
re

la
ti

ve
m

is
cl

as
si

fi
ca

ti
on

ra
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.
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∈
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∈
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p
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p
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b
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p
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at
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e
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re
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b
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b
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ra
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∈

[k
]}

,
a
n

d
le

t

δ r
(X

)
=
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δ ∧
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d
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d
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n
ot

e
th

at
d
efi

n
it

io
n

of
δ r

=
δ r

(X
)

in
(2

2)
im

p
li
es

d
(q
`(
X

),
q r

(X
))
≥

m
ax
{δ
`,
δ r
},
∀(
r,
`)

:
r
6=
`.

(2
3
)

W
e

ar
e

n
ow

re
ad

y
to

sh
ow

th
at

th
at

an
y

al
go

ri
th

m
th

at
co

m
p
u
te

s
a
κ

-a
p
p
ro

x
im

a
te

so
lu

-
ti

on
to

th
e
k
-m

ea
n
s

p
ro

b
le

m
(1

7)
(w

h
er

e
κ

is
so

m
e

co
n
st

a
n
t)

sa
ti

sfi
es

th
e

L
Q

C
p
ro

p
er

ty
(1

0)
n
ee

d
ed

in
th

e
la

st
st

ep
of

th
e

an
al

y
si

s
sk

et
ch

ed
in

S
ec

ti
on

3.
1
.

R
ec

al
l

th
at

M
is
r
(X

;X̃
)

is
th

e
m

is
cl

as
si

fi
ca

ti
on

ra
te

ov
er

th
e
rt

h
cl

u
st

er
of
X

(S
ec

ti
on

1.
1)

.

P
ro

p
o
si

ti
o
n

1
L

et
X
,X̃
∈
M
k n
,m

be
tw

o
k

-m
ea

n
s

m
a
tr

ic
es

,
a
n

d
w

ri
te
n
r

=
n
r
(X

),
n
∧

=

n
∧(
X

)
a
n

d
δ r

=
δ r

(X
).

A
ss

u
m

e
th

a
t
d
F

(X
,X̃

)
≤
ε

a
n

d

(a
)
X

h
a
s

ex
a
ct

ly
k

n
o
n

em
p
ty

cl
u

st
er

s,
a
n

d

(b
)
c−

2
r
ε2
/
(δ

2 r
n
r
)
<

1
fo

r
r
∈

[k
],

a
n

d
co

n
st

a
n

ts
c r
>

0
su

ch
th

a
t
c r

+
c `
≤

1,
r
6=
`.

T
h
en

,
X̃

h
a
s

ex
a
ct

ly
k

cl
u

st
er

s
a
n

d

M
is
r
(X

;X̃
)
≤
c−

2
r
ε2

n
r
δ2 r
,
∀r
∈

[k
].

(2
4
)

In
p
ar

ti
cu

la
r,

u
n
d
er

th
e

co
n
d
it

io
n
s

of
P

ro
p

os
it

io
n

1
w

it
h
c r

=
1/

2,
w

e
h
av

e

M
is
∞

(X
,X̃

)
≤

4
ε2

m
in
r
n
r
δ2 r
≤

4
ε2

n
∧δ

2 ∧
,

M
is

(X
,X̃

)
≤

4
ε2

n
δ2 ∧
.

w
h
er

e
th

e
se

co
n
d

on
e

fo
ll
ow

s
fr

om
th

e
id

en
ti

ty
M

is
(X
,X̃

)
=
∑

k r
=

1
(n
r
/n

)
M

is
r
(X
,X̃

).
C

o
m

-
b
in

in
g

P
ro

p
os

it
io

n
1

w
it

h
(2

1)
,

w
e

ob
ta

in
th

e
fo

ll
ow

in
g

co
ro

ll
ar

y
:

C
o
ro

ll
a
ry

1
L

et
X
∗
∈
M
k n
,m

be
a
k

-m
ea

n
s

m
a
tr

ix
,

a
n

d
w

ri
te
n
r

=
n
r
(X
∗ )

,
n
∧

=
n
∧(
X
∗ )

a
n

d
δ r

=
δ r

(X
∗ )

.
A

ss
u

m
e

th
a
t
X̂
∈
R
n
×
m

is
su

ch
th

a
t
d
F

(X
∗ ,
X̂

)
≤
ε

a
n

d

(a
)
X
∗

h
a
s

ex
a
ct

ly
k

n
o
n

em
p
ty

cl
u

st
er

s,
a
n

d

(b
)
c−

2
r

(1
+
κ

)2
ε2
/(
δ2 r
n
r
)
<

1
fo

r
r
∈

[k
],

a
n

d
co

n
st

a
n

ts
c r
>

0
su

ch
th

a
t
c r

+
c `
≤

1,
r
6=
`.

T
h
en

,
a
n

y
X̃
∈
P κ

(X̂
)

h
a
s

ex
a
ct

ly
k

cl
u

st
er

s
a
n

d

M
is
r
(X
∗ ;
P κ

(X̂
))
≤
c−

2
r

(1
+
κ

)2
ε2

n
r
δ2 r

,
∀r
∈

[k
].

(2
5
)

A
s

b
ef

or
e,

M
is
r
(X
∗ ,
P κ

(X̂
))

sh
ou

ld
b

e
in

te
rp

re
te

d
as

m
ax

X̃
∈P

κ
(X̂

)
M

is
r
(X
∗ ,
X̃

),
th

a
t

is
,

th
e

re
su

lt
h
ol

d
fo

r
an

y
κ

-a
p
p
ro

x
im

at
e
k
-m

ea
n
s

so
lu

ti
on

fo
r
X̂

.
In

p
ar

ti
cu

la
r,

u
n
d
er

th
e

co
n
d
it

io
n
s

of
C

or
ol

la
ry

1
w

it
h
c r

=
1/

2,
w

e
h
av

e

M
is

(X
∗ ,
P κ

(X̂
))
≤

4
(1

+
κ

)2
ε2 n
δ2 ∧
.

(2
6
)

A
si

m
il
ar

b
ou

n
d

h
ol

d
s

fo
r

M
is
∞

.
N

ot
e

th
a
t

(2
6)

is
of

th
e

d
es

ir
ed

fo
rm

n
ee

d
ed

in
(1

0
).
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ipa

r
t
it
e
S
e
t
t
in
g

R
e
m

a
rk

8
C

o
ro

lla
ry

1
sh

o
w

s
th

a
t

a
n

y
co

n
sta

n
t-fa

cto
r

a
p
p
ro

xim
a
tio

n
to

th
e
k

-m
ea

n
s

p
ro

b-
lem

(1
7
)

sa
tisfi

es
th

e
L

C
Q

p
ro

perty
(10).

S
u

ch
a
p
p
ro

xim
a
tio

n
s

ca
n

be
co

m
p
u

ted
in

po
lyn

o
-

m
ia

l
tim

e;
see

fo
r

exa
m

p
le

K
u

m
a
r

et
a
l.

(2
0
0
4
).

O
n

e
ca

n
a
lso

u
se

L
lo

yd
’s

a
lgo

rith
m

w
ith

k
m
e
a
n
s
+
+

in
itia

liza
tio

n
to

get
a
κ
.

log
k

a
p
p
ro

xim
a
tio

n
(A

rth
u

r
a
n

d
V

a
ssilvitskii,

2
0
0
7
).

B
o
th

K
u

m
a
r

et
a
l.

(2
0
0
4
)

a
n

d
A

rth
u

r
a
n

d
V

a
ssilvitskii

(2
0
0
7
)

give
co

n
sta

n
t

p
ro

ba
bility

a
p
-

p
ro

xim
a
tio

n
s,

h
en

ce
if

su
ch

a
lgo

rith
m

s
a
re

u
sed

in
o
u

r
su

bsequ
en

t
resu

lts,
“

w
.h

.p
.”

sh
o
u

ld
be

in
terp

reted
a
s

w
ith

h
igh

co
n

sta
n

t
p
ro

ba
bility

(ra
th

er
th

a
n

1
−
o(1)).

R
ecen

tly
L

u
a
n

d
Z

h
o
u

(2
0
1
6
)

h
a
s

sh
o
w

n
th

a
t

L
lo

yd
’s

a
lgo

rith
m

w
ith

ra
n

d
o
m

in
itia

liza
tio

n
ca

n
a
ch

ieve
n

ea
r

o
p
tim

a
l

m
iscla

ssifi
ca

tio
n

ra
te

in
certa

in
ra

n
d
o
m

m
od

els.
T

h
eir

a
n

a
lysis

is
co

m
p
lem

en
ta

ry
to

o
u

rs
in

th
a
t

w
e

esta
blish

a
n

d
u

se
th

e
L

Q
C

p
ro

perty
(10)

w
h
ich

u
n

ifo
rm

ly
h

o
ld

s
fo

r
a
n

y
in

p
u

t
m

a
trix

X̂
a
n

d
w

e
d
o

n
o
t

co
n

sid
er

specifi
c

a
lgo

rith
m

s.
T

h
e

co
re

id
ea

s
o
f

o
u

r
a
n

a
ly-

sis
in

th
is

sectio
n

a
re

bo
rro

w
ed

fro
m

L
ei

et
a
l.

(2
0
1
5
)

a
n

d
J

in
(2

0
1
5
).

It
is

w
o
rth

n
o
tin

g
th

a
t

th
ere

a
re

o
th

er
a
lgo

rith
m

s
th

a
t

tu
rn

a
gen

era
l

m
a
trix

in
to

a
k

-m
ea

n
s

m
a
trix,

w
ith

o
u

t
tryin

g
to

a
p
p
ro

xim
a
te

th
e
k

-m
ea

n
s

p
ro

blem
(17),

a
n

d
still

sa
tisfy

th
e

L
Q

C
.

W
e

w
ill

give
o
n

e
su

ch
exa

m
p
le,

A
lgo

rith
m

6
,

in
A

p
pen

d
ix

B
.

In
terestin

gly,
in

co
n

tra
st

to
th

e
k

-m
ea

n
s

a
p
p
ro

xim
a
tio

n
a
lgo

rith
m

s,
th

e
L

Q
C

gu
a
ra

n
tee

fo
r

A
lgo

rith
m

6
is

n
o
t

p
ro

ba
bilistic.

4
.
R
e
g
u
la
riza

tio
n
a
n
d
co

n
ce

n
tra

tio
n

H
ere,

w
e

p
rov

id
e

th
e

d
etails

of
S
tep

1,
n
am

ely,
th

e
con

cen
tration

of
th

e
regu

larized
ad

ja
cen

cy
m

a
trix

.
W

e
sta

rt
b
y

a
sligh

t
gen

eralization
of

th
e

resu
lts

of
L

e
et

al.
(2017)

to
th

e
rectan

gu
lar

ca
se:

T
h

e
o
re

m
2

A
ssu

m
e
n

1 ≤
n

2
a
n

d
let

A
∈
{0,1}

n
1 ×
n
2

h
a
ve

in
d
epen

d
en

t
B

ern
o
u

lli
en

tries
w

ith
m

ea
n
E

[A
ij ]

=
p
ij .

T
a
ke

d
≥

m
ax

ij
n

2
p
ij .

P
ick

a
n

y
su

bsets
I

1
⊂

[n
1 ]

a
n

d
I

2
⊂

[n
2 ]

su
ch

th
a
t

|I
1 |≤

10n
2 /d

,
a
n

d
|I

2 |≤
10
n

2 /d
(27)

a
n

d
fi

x
so

m
e
d ′
>

0.
D

efi
n

e
a

regu
la

rized
a
d
ja

cen
cy

m
a
trix

A
re

a
s

fo
llo

w
s:

(a
)

S
et

[A
re ]ij

=
A
ij

fo
r

a
ll

(i,j)∈
I
c1 ×
I
c2 .

(b)
S

et
[A

re ]ij
a
rbitra

rily
w

h
en

i∈
I

1
o
r
j∈
I

2 ,
bu

t
su

bject
to

th
e

co
n

stra
in

ts‖
[A

re ]i∗ ‖
1 ≤

d ′
a
n

d
‖[A

re ]∗
j ‖

1 ≤
d ′

fo
r

a
ll
i∈
I

1
a
n

d
j∈
I

2 .

T
h
en

,
fo

r
a
n

y
r≥

1,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
n
−
r

2
,

th
e

n
ew

a
d
ja

cen
cy

m
a
trix

A
re

sa
tisfi

es

|||A
re −

E
[A

]|||o
p ≤

C
2
r

3
/
2( √

d
+
√
d ′).

(28)

T
h
e

sa
m

e
resu

lt
h
o
ld

s
if

in
step

(b)
o
n

e
u

ses
`
2

n
o
rm

in
stea

d
o
f
`
1 .

T
h
eo

rem
2

follow
s

d
irectly

from
th

e
n
on

-sy
m

m
etric

(i.e.,
d
irected

)
version

of
(L

e
et

al.,
2
0
1
7
,

T
h
eo

rem
2.1),

b
y

p
ad

d
in

g
A

w
ith

row
s

of
zero

s
to

get
a

sq
u
are

n
2 ×

n
2

m
atrix

.
T

h
e

resu
lt

th
en

follow
s

b
y

th
e

sam
e

argu
m

en
t

as
in

(L
e

et
al.,

2017,
T

h
eorem

2.1).
T

h
e

term
“
a
rb

itra
ry

”
in

th
e

statem
en

t
of

th
e

th
eorem

in
clu

d
es

an
y

red
u
ction

even
if

th
e

sch
em

e
is

sto
ch

a
stic

a
n
d

d
ep

en
d
s

on
A

itself.
T

h
is

featu
re

w
ill

b
e

key
in

d
evelop

in
g

d
ata-d

riven
sch

em
es.
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Z
h
o
u
a
n
d

A
m
in
i

T
o

ap
p
ly

T
h
eorem

2,
tak

e
I

1
=
{
i∈

[n
1 ]

: ∑
j
A
ij
>

2d}
an

d
I

2
=
{
j∈

[n
2 ]

: ∑
i A

ij
>

2
d},

i.e.,
th

e
set

of
row

s
an

d
colu

m
n
s

w
ith

d
egrees

larger
th

an
2
d
.

It
is

n
ot

h
ard

to
see

th
at

if
d

is
an

y
u
p
p

er
b

ou
n
d

on
th

e
ex

p
ected

row
an

d
colu

m
n

d
egrees,

th
en

th
e

sizes
of

th
ese

sets
satisfy

(27)
w

ith
h
igh

p
rob

ab
ility.

T
h
is

follow
s,

for
ex

am
p
le,

from
th

e
sam

e
argu

m
en

t
as

th
at

lead
in

g
to

(64)
in

A
p
p

en
d
ix

A
.2.

R
ecallin

g
th

e
scalin

g
of

th
e

con
n
ectiv

ity
m

atrix
in

(4),
tak

in
g
d

=
n

2 ‖P
‖∞

gives
an

u
p
p

er
b

ou
n
d

on
th

e
ex

p
ected

row
an

d
colu

m
n

d
egrees,

assu
m

in
g
n

2 ≥
n

1 .
T

h
u
s,

w
e

can
ap

p
ly

T
h
eorem

2
w

ith
d ′

=
d

=
√
n

2 /n
1 ‖

Ψ
‖∞

=
n

2 ‖
P
‖∞

,
to

ob
tain

th
e

d
esired

con
cen

tration
b

ou
n
d

(8).
N

ote
th

at
th

is
con

cen
tration

resu
lt

d
o
es

n
ot

req
u
ire

d
=
n

2 ‖P
‖∞

to
satisfy

an
y

low
er

b
ou

n
d

(su
ch

as
d

=
Ω

(log
n

2 )).
S
ee

R
em

ark
s

9
an

d
10

for
th

e
sig

n
ifi

can
ce

of
th

is
fact.

A
d
isad

van
tage

of
th

e
regu

larization
sch

em
e

d
escrib

ed
in

T
h
eorem

2
is

th
e

req
u
ired

k
n
ow

led
ge

of
a

go
o
d

u
p
p

er
b

ou
n
d

on
d

=
n

2 ‖
P
‖∞

.
In

th
e

n
ex

t
section

,
u
n
d
er

a
S
B

M
w

ith
som

e
m

ild
regu

larity
assu

m
p
tion

s,
w

e
d
evelop

a
fu

lly
d
ata-d

riven
sch

em
e

w
ith

th
e

sam
e

gu
aran

tees
as

th
ose

of
T

h
eorem

2.

4
.1

.
D

a
ta

-d
riv

e
n

re
g
u

la
riz

a
tio

n

W
e

n
ow

d
escrib

e
a

regu
larization

sch
em

e
th

at
is

d
ata-d

riven
an

d
d
o
es

n
ot

req
u
ire

th
e

k
n
ow

led
ge

of
d

as
in

T
h
eorem

2.
L

et
u
s

w
rite

D
i

=
∑

n
2
j=

1
A
ij

for
th

e
d
egree

of
n
o
d
e
i

on

sid
e

1
an

d
D

=
1n
1 ∑

n
1
i=

1
D
i

for
th

e
average

d
egree

on
sid

e
1.

C
on

sid
er

th
e

follow
in

g
ord

er
statistics

for
th

e
d
egree

seq
u
en

ce:D
(1

) ≥
D

(2
) ≥
···≥

D
(n

1
) .

(29)

T
h
e

id
ea

is
th

at
u
n
d
er

a
b
lo

ck
m

o
d
el,

w
e

can
ach

ieve
co

n
cen

tration
(8)

b
y

red
u
cin

g
th

e
row

d
egrees

th
at

are
rou

gh
ly

ab
ove

D
(α

)
for

α
=
bn

1 /D
c

(an
d

sim
ilarly

fo
r

th
e

colu
m

n
s).

T
h
e

overall
sch

em
e

is
d
escrib

ed
in

A
lg

orith
m

1.
T

h
e

algorith
m

h
a
s

a
tu

n
in

g
p
aram

eter
τ
;

h
ow

ev
er,

w
e

w
ill

sh
ow

th
at

tak
in

g
τ

=
3

is
en

ou
gh

.
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re
su

lt
s

W
e

n
ow

st
at

e
ou

r
va

ri
ou

s
co

n
si

st
en

cy
re

su
lt

s.
T

h
e

p
ro

of
s

ar
e

d
ef

er
re

d
to

A
p
p

en
d
ix

A
.4

.
W

e
st

ar
t

w
it

h
a

re
fi
n
em

en
t

of
T

h
eo

re
m

1
fo

r
th

e
sp

ec
ifi

c
al

go
ri

th
m

S
C
-1

gi
ve

n
in

A
lg

o
ri

th
m

2
.

T
h

e
o
re

m
4

C
o
n

si
d
er

th
e

sp
ec

tr
a
l

a
lg

o
ri

th
m

S
C
-1

gi
ve

n
in

A
lg

o
ri

th
m

2
.

A
ss

u
m

e
k

1
=

k
=

:
m

in
{k

1
,k

2
},

a
n

d
fo

r
a

su
ffi

ci
en

tl
y

sm
a
ll
C
>

0,

k
d
σ
−

2
k
≤
C

(1
+
κ

)−
2
.

T
h
en

,
u

n
d
er

th
e

S
B

M
m

od
el

sa
ti

sf
yi

n
g

(A
2
),

w
.h

.p
.,

M
is

(P
κ
(Ẑ

1
),
Z̄

1
)
.

(1
+
κ

)2
β

1

(
d σ
2 k

) .

18
JM

L
R

 2
0(

47
):

1-
47

, 2
01

9



S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ipa

r
t
it
e
S
e
t
t
in
g

A
lg

o
rith

m
2
S
C
-1

1
:

A
p
p
ly

reg
u
larization

A
lgorith

m
1

to
A

to
ob

tain
A

re .

2
:

O
b
ta

in
th

e
k
-tru

n
cated

S
V

D
of
A

re
as
A

(k
)

re
=
Ẑ

1 Σ̂
Ẑ
T2

.
S
ee

(14).

3
:

O
u
tp

u
t

an
elem

en
t

ofP
κ (Ẑ

1 ),
i.e.,

a
κ

-ap
p
rox

im
ate

k
-m

ean
s

solu
tion

fo
r

in
p
u
t
Ẑ

1 .

A
lg

o
rith

m
3
S
C
-R

R

1
:

A
p
p
ly

reg
u
larization

A
lgorith

m
1

to
A

to
ob

tain
A

re .

2
:

O
b
ta

in
th

e
b

est
ran

k
k

ap
p
rox

im
ation

of
A

re ,
th

at
is,
A

(k
)

re
=

T
k (A

re ).
S
ee

(14
).

3
:

O
u
tp

u
t

a
n

elem
en

t
ofP

κ (A
(k

)
re

),
i.e.,

a
κ

-ap
p
rox

im
ate

k
-m

ean
s

solu
tion

for
in

p
u
t
A

(k
)

re
.

w
h
ere

β
1

is
given

in
(A

1)
a
n

d
d

is
d
efi

n
ed

in
(8).

O
n
e

ca
n

ta
ke

κ
to

b
e

a
fi
x
ed

sm
all

con
stan

t
say

1.5,
sin

ce
th

ere
are

κ
-ap

p
rox

im
ate

k
-

m
ean

s
a
lg

o
rith

m
s

for
an

y
κ
>

1.
In

th
at

case,
(1

+
κ

)
2

ca
n

b
e

ab
sorb

ed
in

to
oth

er
con

sta
n
ts,

a
n
d

th
e

b
o
u
n
d

in
T

h
eorem

4
is

q
u
alitatively

sim
ilar

to
T

h
eorem

1.

5
.1

.
R

e
d

u
c
e
d

-ra
n

k
S

C

T
h
eo

rem
4

im
p
licitly

assu
m

es
σ
k
>

0,
oth

erw
ise

th
e

b
ou

n
d

is
vacu

ou
s.

T
h
is

a
ssu

m
p
tion

is
clea

rly
v
io

la
ted

if
B

is
ran

k
d
efi

cien
t

(or
eq

u
ivalen

tly,
P

h
as

ran
k

less
th

an
k
).

A
varian

t
o
f

S
C

su
g
g
ested

in
Y

u
n

an
d

P
rou

tiere
(2014a)

an
d

G
ao

et
al.

(2018
)

can
resolve

th
is

issu
e.

T
h
e

id
ea

is
to

u
se

th
e

en
tire

ran
k
k

ap
p
rox

im
ation

of
A

re ,
an

d
n
ot

ju
st

th
e

sin
gu

lar
v
ector

m
a
trix

Ẑ
1 ,

a
s

th
e

in
p
u
t

to
th

e
k
-m

ean
s

step
.

T
h
is

ap
p
roach

,
w

h
ich

w
e

call
red

u
ced

-ran
k

S
C

,
o
r
S
C
-R

R
,

is
d
etailed

in
A

lgorith
m

3.
R

ecall
th

e
S
V

tru
n
cation

op
erator

T
k

given
in

(1
4
).

It
is

w
ell-k

n
ow

n
th

at
T
k

m
ap

s
every

m
atrix

to
its

b
est

ran
k
-k

ap
p
rox

im
ation

in
F

ro
b

en
iu

s
n
o
rm

,
i.e.,

T
k (A

re )
=

m
in {|||R

−
A

re |||F
:

ran
k
(R

)≤
k }

w
ith

th
e

a
p
p
rox

im
ation

error
satisfy

in
g

|||T
k (A

re )−
A

re |||o
p

=
σ
k
+

1 (A
re ).

(33)

S
C
-R

R
u
ses

th
is

b
est

ran
k
-k

ap
p
rox

im
ation

as
a

d
en

oised
version

of
A

re
an

d
ru

n
s

a
k
-

m
ea

n
s

a
lg

o
rith

m
on

its
row

s.
T

o
a
n
aly

ze
S
C
-R

R
,

w
e

n
eed

to
rep

la
ce

b
ou

n
d

(9)
in

S
tep

2
w

ith
a
n

a
p
p
ro

p
riate

m
o
d
ifi

cation
.

T
h
e

follow
in

g
lem

m
a

rep
laces

L
em

m
a

3
an

d
p
rov

id
es

th
e

n
ecessa

ry
b

o
u
n
d

in
th

is
case.

L
e
m

m
a

6
L

et
A

(k
)

re
=

T
k (A

re )
be

th
e
k

-tru
n

ca
ted

S
V

D
o
f
A

re
a
n

d
a
ssu

m
e

th
a
t

th
e

co
n

cen
-

tra
tio

n
bo

u
n

d
(8)

h
o
ld

s.
T

h
en

,

|||A
(k

)
re
−
P
|||F
≤
C
√

8
k
d
.

(34)

C
o
m

p
a
rin

g
w

ith
(9),

w
e

ob
serv

e
th

at
(34)

p
rov

id
es

an
im

p
rovem

en
t

b
y

rem
ov

in
g

th
e

d
ep

en
d
en

ce
o
n

th
e

sin
gu

lar
valu

e
gap

σ
k .

H
ow

ever,
w

e
n
ote

th
at

in
term

s
of

th
e

relative
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Z
h
o
u
a
n
d

A
m
in
i

error,
i.e.,|||A

(k
)

re
−
P
|||F
/|||P
|||F

th
is

m
ay

or
m

ay
n
ot

b
e

an
im

p
rov

em
en

t.
T

h
ere

are
cases

w
h
ere|||P

|||F
≈
√
k
σ
k ,

in
w

h
ich

case
th

e
relative

error
p
red

icted
b
y

(34)
is
O

( √
d
/σ

k ),
sim

ilar
to

th
e

relative
error

b
ou

n
d

b
ased

on
(9)

(sin
ce
‖
Z̄

1 U
ψ
Q
‖
F

=
√
k
);

see
E

x
am

p
le

1
b

elow
.

F
ollow

in
g

th
rou

gh
th

e
th

ree-step
an

aly
sis

of
S
ection

3.1,
w

ith
(9)

rep
laced

w
ith

(34),
w

e
ob

tain
a

q
u
alitatively

d
iff

eren
t

b
ou

n
d

on
th

e
m

isclassifi
cation

error
of

A
lgorith

m
3.

T
h
e

key
is

th
at

cen
ter

sep
aration

of
P

treated
as

a
k
-m

ean
s

m
atrix

is
d
iff

eren
t

from
th

at
of

Z̄
1 U

ψ
Q

.
N

ote
th

at
P

is
in

d
eed

a
valid

k
-m

ean
s

m
atrix

accord
in

g
to

D
efi

n
ition

(15);
in

fact,
P
∈
M
k
1
n
1
,n

2 .
S
im

ilarly,
P
T
∈
M
k
2
n
2
,n

1 .
L

et
u
s

d
efi

n
e

Ψ
21
,∧

:=
m

in
(s,t):s6=

t

k
2
∑`=

1

π
2
` (Ψ

s` −
Ψ
t` )

2,
(35)

Ψ̃
21
,∧

:=
m

in
(s,t):s6=

t [π
1
t

k
2
∑`=

1

π
2
` (Ψ

s` −
Ψ
t` )

2 ].
(36)

T
h

e
o
re

m
5

C
o
n

sid
er

th
e

spectra
l

a
lgo

rith
m

S
C
-R

R
given

in
A

lgo
rith

m
3
.

A
ssu

m
e

th
a
t

fo
r

a
su

ffi
cien

tly
sm

a
ll
C

1
>

0
,

k
d

Ψ̃
−

2
1
,∧
≤
C

1 (1
+
κ

) −
2.

(37)

T
h
en

,
u

n
d
er

th
e

S
B

M
m

od
el

sa
tisfyin

g
(A

2
),

w
ith

d
a
s

d
efi

n
ed

in
(8),

w
.h

.p
.,

M
is(P

κ (A
(k

)
re

),P
)
≤

C
−

1
1

(1
+
κ

)
2 (

k
d

Ψ
21
,∧ )

.

A
s

is
clear

from
th

e
p
ro

of,
on

e
can

take
C

1
=

1/
(32

C
2)

w
h
ere

C
is

th
e

con
stan

t
in

con
cen

tration
b

ou
n
d

(8).
C

on
d
ition

(37)
can

b
e

rep
laced

w
ith

th
e

stron
ger

assu
m

p
tion

k
d

(π
1
,∧

Ψ
21
,∧

) −
1≤

C
1 (1

+
κ

) −
2

(38)

a
w

h
ere

π
1
,∧

:=
m

in
t∈

[k
1
] π

1
t ,

sin
ce

Ψ̃
21
,∧
≥
π

1
,∧

Ψ
21
,∧

.
A

lth
ou

gh
th

e
b

ou
n
d
s

of
T

h
eorem

s
4

an
d

5
are

d
iff

eren
t,

su
rp

risin
gly,

in
th

e
case

of
th

e
p
lan

ted
p
artition

m
o
d
el,

th
ey

give
th

e
sam

e
resu

lt
as

th
e

n
ex

t
ex

am
p
le

sh
ow

s.

E
x
a
m

p
le

1
(P

la
n
te

d
p

a
rtitio

n
m

o
d

e
l,

sy
m

m
e
tric

c
a
se

)
L

et
u

s
co

n
sid

er
th

e
sim

p
lest

sym
m

etric
S

B
M

,
th

e
sym

m
etric

ba
la

n
ced

p
la

n
ted

pa
rtitio

n
(S

B
P

P
)

m
od

el,
a
n

d
co

n
sid

er
th

e
co

n
sequ

en
ces

o
f

T
h
eo

rem
s

4
a
n

d
5

in
th

is
ca

se.
R

eca
ll

th
a
t

in
th

e
sym

m
etric

ca
se

w
e

d
ro

p
in

d
ex

r
fro

m
k
r ,
n
r ,
n
r
j ,
N̄
r ,
β
r ,

Ψ
r,∧

a
n

d
so

o
n

.
S

B
P

P
is

ch
a
ra

cterized
by

th
e

fo
llo

w
in

g
a
ssu

m
p
tio

n
s:

Ψ
=
bE

k
+

(a−
b)I

k ,
a
≥
b,

π
j

=
n
j /n

=
1k
,∀
j∈

[k
].

H
ere,

E
k ∈

R
k×

k
is

th
e

a
ll

o
n

es
m

a
trix

a
n

d
b
a
lan

ced
refers

to
a
ll

th
e

co
m

m
u

n
ities

bein
g

o
f

equ
a
l

size,
lea

d
in

g
to

clu
ster

p
ro

po
rtio

n
s
π
j

=
1/k

.
In

pa
rticu

la
r,
β

=
1,

a
s

d
efi

n
ed

in
(A

1).
W

e
h
a
ve

B̄
=
N̄

1
/
2Ψ
N̄

1
/
2

=
Ψ
/k

,
reca

llin
g
N̄

=
d
iag

(π
j ).

H
en

ce,
th

e
sm

a
llest

sin
gu

la
r

va
lu

e
o
f
B̄

is
σ
k

=
(a−

b)/k
.

T
h
eo

rem
4

gives
th

e
fo

llo
w

in
g

resu
lt:
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S
p
e
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t
r
a
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C
l
u
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e
r
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o
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S
C

-1
S

C
-R

R
(E

)

F
ig

u
re

1:
A

n
ex

am
p
le

o
f

th
e

p
er

fo
rm

an
ce

b
o
o
st

o
f
S
C
-R

R
(o

r
S
C
-R

R
E

)
re

la
ti

ve
to

S
C
-1

.
T

h
e

d
at

a
is

ge
n
er

a
te

d
fr

o
m

th
e

b
ip

ar
ti

te
v
er

si
on

of
E

x
am

p
le

2
w

it
h
n
2

=
2
n
1

=
10

00
,
k
1

=
k
2

=
4
,

π
r
`

=
n
r
/k

r
fo

r
a
ll
`
∈

[k
r
],
r

=
1
,2

,
an

d
Ψ

=
2b
E

4
+

d
ia

g
(1

6
,1

6
,1

6
,2

)
si

m
il
ar

to
(3

9)
.

T
h
e

ke
y

is
th

e
si

gn
ifi

ca
n
t

d
iff

er
en

ce
in

th
e

tw
o

sm
a
ll
es

t
d
ia

go
n
al

el
em

en
ts

o
f

Ψ
.

T
h
e

p
lo

t
sh

ow
s

th
e

n
o
rm

al
iz

ed
m

u
tu

al
in

fo
rm

a
ti

on
(a

m
ea

su
re

o
f

cl
u
st

er
q
u
al

it
y
)

b
et

w
ee

n
th

e
o
u
tp

u
t

o
f

th
e

tw
o

sp
ec

tr
al

cl
u
st

er
in

g
a
lg

or
it

h
m

s
an

d
th

e
tr

u
e

cl
u
st

er
s,

as
b

va
ri

es
.

O
n
ly

ro
w

cl
u
st

er
s

ar
e

co
n
si

d
er

ed
.

T
h
e

p
lo

t
sh

ow
s

a
si

gn
ifi

ca
n
t

im
p
ro

ve
m

en
t

fo
r
S
C
-R

R
(E

)
re

la
ti

ve
to

S
C
-1

ov
er

a
ra

n
g
e

o
f
b.

A
s
b

in
cr

ea
se

s,
th

e
re

la
ti

ve
d
iff

er
en

ce
b

et
w

ee
n

Ψ
3
3

an
d

Ψ
4
4

re
d
u
ce

s
an

d
th

e
m

o
d
el

a
p
p
ro

ac
h
es

th
at

o
f

E
x
a
m

p
le

1,
le

a
d
in

g
to

si
m

il
a
r

p
er

fo
rm

a
n
ce

s
fo

r
b

ot
h

al
go

ri
th

m
s

as
ex

p
ec

te
d
.

It
is

in
te

re
st

in
g

to
n
o
te

th
a
t

th
e

m
o
n
o
to

n
e

n
a
tu

re
of

th
e

p
er

fo
rm

a
n
ce

of
S
C
-R

R
(E

)
a
s

a
fu

n
ct

io
n

o
f
b

an
d

th
e

n
o
n
-m

on
ot

on
e

n
a
tu

re
of

th
at

o
f

S
C
-1

is
re

fl
ec

te
d

in
th

e
u
p
p

er
b

o
u
n
d
s

(4
0)

an
d

(4
1
).

C
o
ro

ll
a
ry

2
U

n
d
er

th
e

S
B

P
P

m
od

el
,

a
s

lo
n

g
a
s
k

3
a
/(
a
−
b)

2
is

su
ffi

ci
en

tl
y

sm
a
ll

,
S
C
-1

h
a
s

a
ve

ra
ge

m
is

cl
a
ss

ifi
ca

ti
o
n

er
ro

r
o
f
O

(k
2
a
/(
a
−
b)

2
)

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

.

N
o
w

co
n

si
d
er

S
C
-R

R
.

U
si

n
g

d
efi

n
it

io
n

s
(3

5)
,

w
e

h
a

ve
k
Ψ̃

2 ∧
=

Ψ
2 ∧

=
2(
a
−
b)

2
/k

.
T

h
en

,
T

h
eo

re
m

5
gi

ve
s

th
e

ex
a
ct

sa
m

e
re

su
lt

fo
r
S
C
-R

R
:

C
o
ro
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a
ry

3
C

o
ro

ll
a
ry

2
h
o
ld

s
w

it
h
S
C
-1

re
p
la

ce
d

w
it

h
S
C
-R

R
.

R
es

u
lt

s
o
f

C
o
ro

ll
a
ry

2
a
n

d
3

a
re

co
n

si
st

en
cy

re
su

lt
s

a
s

lo
n

g
a
s
k

2
a
/(
a
−
b)

2
=
o(

1)
.

A
ty

p
ic

a
l

ex
a
m

p
le

is
w

h
en

k
=
O

(1
),
a

=
a

0
f n

,
b

=
b 0
f n

,
a

0
�

1
a
n

d
b 0
�

1
fo

r
so

m
e
f n
→
∞

a
s

n
→
∞

.
T

h
en

,
S
C
-1

a
n

d
S
C
-R

R
a
re
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n

si
st

en
t

a
t

a
ra

te
O
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−

1
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L
et

u
s
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ow

gi
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ex
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p
le

w
h
er

e
S
C
-1

an
d
S
C
-R

R
b
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e
d
iff

er
en

tl
y.

E
x
a
m

p
le

2
C

o
n

si
d
er

th
e

sy
m

m
et

ri
c

ba
la

n
ce

d
S

B
M

,
w

it
h

Ψ
=
bE

k
+

d
ia

g
(α

1
,.
..
,α

k
),

π
j

=
n
j
/n

=
1 k
,
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∈
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].
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9)

A
s
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E

xa
m

p
le

1
,

w
e

h
a
ve

d
ro

p
pe

d
th

e
in

d
ex

r
d
et

er
m

in
in

g
th

e
si

d
e

o
f

n
et

w
o
rk

in
th

e
bi

pa
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e
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.
L

et
u

s
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m

e
th
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α

1
≥
α
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≥
··
·≥

α
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≥

0.
W

e
h
a
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2 ∧
=
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Ψ
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−
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m
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d
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ρ
:=

k
2

α
1

+
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α
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−
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R
h
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ra
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p
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S
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e
n

ee
d
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e
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ll
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o
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Ψ
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in
ce

Ψ
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d
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va
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Ψ
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∑
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e
ta
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∑
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−
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e
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e
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u
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a
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n
tl

y
it

s
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a
ll

es
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si
n

gu
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r
va

lu
e,
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k
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−

1
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n

d
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n
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m
a
d
e

a
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it
ra

ri
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cl
o
se
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α
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by
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tt
in

g
b
→

0.
L

et
ti

n
g
α
k

+
ε k
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)
d
en

o
te

th
is

sm
a
ll

es
t

si
n

gu
la

r
va

lu
e,

w
e

h
a
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≤
ε k

(α
;b
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→

0
a
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→

0.
It

fo
ll

o
w

s
th

a
t
σ
k

=
σ
k
(B̄

)
=
k
−

1
(α
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+
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(α
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.

T
h
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re
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4
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ve
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th
e

fo
ll

o
w

in
g:

W
it

h
ρ

d
efi

n
ed

a
s

ρ
:=

k
2

α
1

+
b

(α
k

+
ε k

(α
;b

))
2
,

(4
1
)

a
s

lo
n

g
a
s
k
ρ

is
su

ffi
ci

en
tl

y
sm

a
ll

,
S
C
-1

h
a
s

a
ve

ra
ge

m
is

cl
a
ss

ifi
ca

ti
o
n

er
ro

r
O

(ρ
)

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

.
C

o
m

pa
ri

n
g

(4
1)

w
it

h
(4

0)
,

th
e

ra
ti

o
o
f

th
e

tw
o

bo
u

n
d
s

is
(α

2 k
−

1
+
α

2 k
)/

(α
k

+
ε k

(α
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))
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→

1
+

(α
k
−

1
/α

k
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a
s
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→

0.
T

h
is

ra
ti

o
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u
ld

be
a
rb

it
ra

ri
ly
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e
d
ep

en
d
in

g
o
n

th
e

re
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ti
ve

si
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o
f
α
k

a
n

d
α
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−

1
.

T
h
u

s,
w
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en

th
e

bo
u

n
d
s

gi
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n

a
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u
ra

te
es

ti
m
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te

o
f

th
e

m
is

cl
a
ss

ifi
-

ca
ti

o
n

ra
te

s
o
f
S
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-1

a
n

d
S
C
-R

R
,

w
e

o
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er
ve

th
a
t
S
C
-R

R
h
a
s

a
cl

ea
r

a
d
va

n
ta

ge
.

T
h
is

is
em

p
ir

ic
a
ll

y
ve

ri
fi

ed
in

F
ig

u
re

1
,

fo
r

m
od

er
a
te

ly
d
en

se
ca

se
s.

(I
n

th
e

ve
ry

sp
a
rs

e
ca

se
,

th
e

d
iff

er
en

ce
is

n
o
t

ve
ry

m
u

ch
em

p
ir

ic
a
ll

y.
)

In
ge

n
er

a
l,

w
e

ex
pe

ct
S
C
-R

R
to

pe
rf

o
rm

be
tt

er
w

h
en

th
er

e
is

a
la

rg
e

ga
p

be
tw

ee
n
σ
k

a
n

d
σ
k
−

1
,

th
e

tw
o

sm
a
ll

es
t

n
o
n

ze
ro

si
n

gu
la

r
va

lu
es

o
f

B̄
.

E
x
a
m

p
le

3
(R

a
n

k
-d

e
fi

c
ie

n
t

c
o
n

n
e
c
ti

v
it

y
)

C
o
n

si
d
er

a
n

ex
tr

em
e

ca
se

w
h
er

e
Ψ

is
ra

n
k

o
n

e:
Ψ

=
u
v
T

fo
r

so
m

e
u
,v
∈

R
k +

,
w

h
er

e
a
ga

in
fo

r
si

m
p
li

ci
ty

w
e

h
a
ve

a
ss

u
m

ed
k

1
=

k
2

=
k
>

1.
A

ls
o

a
ss

u
m

e
n

1
�
n

2
=
n

a
n

d
π
r
j

=
1
/k

fo
r
j
∈

[k
]

a
n

d
r

=
1
,2

,
i.

e.
,

th
e

cl
u

st
er

s
a
re

ba
la

n
ce

d
.

In
th

is
ca

se
,
B̄

=
Ψ
/k

a
n

d
σ
k

=
0,

h
en

ce
T

h
eo

re
m

4
d
oe

s
n

o
t

p
ro

vi
d
e

a
n

y
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a
ra

n
te

es
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r
S
C
-1

.
H

o
w

ev
er

,
T

h
eo

re
m

3
is

st
il

l
va

li
d
.

W
e

h
a
ve

k
Ψ̃

2 1
,∧

=
Ψ

2 1
,∧

=

k
−

1
‖v
‖2 2

m
in
s6=
t(
u
s
−
u
t)

2
a
n

d
d
.
‖Ψ
‖ ∞
≤
‖u
‖ ∞
‖v
‖ ∞

.
It

fo
ll

o
w

s
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o
m

T
h
eo

re
m

3
th

a
t

S
C
-R

R
h
a
s

a
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ra
ge

m
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a
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o
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ra
te
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O
(

k
2
‖u
‖ ∞
‖v
‖ ∞

‖v
‖2 2

m
in
s6=
t(
u
s
−
u
t)

2

)

w
h
en

ev
er
k

ti
m
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th

e
a
bo

ve
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su
ffi

ci
en

tl
y
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a
ll

.
T

h
is
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a

co
n

si
st

en
cy

re
su

lt
a
ss

u
m
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g

th
a
t

th
e

co
o
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a
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s
o
f
u

a
re

d
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e
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en
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o
f
u
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d
v

a
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o
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in
g

a
t

th
e
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m

e
ra

te
a
n

d
k

=
O
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).
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S
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u
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r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
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:
B
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r
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S
e
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g

A
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o
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C
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R
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1
:

A
p
p
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d
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larization
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b
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Ẑ
T2

,
th

e
k
-tru

n
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(Ẑ

1 Σ̂
)

w
h
ere

K
is

an
isom

etry
-in
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c
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c
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algorith

m
th

at
h
as

th
e

sam
e

p
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m
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a
s

effi
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S
C
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h
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p
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w
h
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w
e
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effi
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t
red

u
ced
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k
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S
C
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R
E

,
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d
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A
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m

4.
T

h
e

effi
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co

m
es
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ru

n
n
in

g
th

e
k
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s

step
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v
ectors

in
R
k
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u
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a
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R
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in
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p
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F

o
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e
k
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ean
s
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S
C
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R
E

,
w

e
n
eed

a
k
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s
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p

e)
algorith

m
K
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e
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a
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e
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m
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D
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n
itio

n
3

A
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ea
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a
lgo
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m

K
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m

etry-in
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n
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r
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n

y
tw

o
m
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X
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)∈
R
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d
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1
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w
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e
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m

e
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d
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n
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a
m
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n

g
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d
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)

i
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)

j
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d
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i
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)

j
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r

a
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d
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w
h
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(x
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)
i

)
T

is
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e
ith
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f
X
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o
n

e
h
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s

M
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A
lth
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u
g
h
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d
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eir
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b
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e
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a
fam
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E
u
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R
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T
h
is
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sly
tru

e
for
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=

‖
x
−
y‖

2 .
If
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m

K
is

ran
d
om

ized
,

w
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p
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e

a
sso

rta
tive

ca
se

w
h
ere

th
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d
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Ẑ
T 2

,
th

e
k
-t

ru
n
ca

te
d

S
V

D
of
A

.

2
:

O
u
tp

u
t

K
(Ẑ
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re
st

in
g

to
n

o
te

th
a
t

in
co

n
tr

a
st

to
S
C
-1

,
th

e
co

n
si

st
en

cy
re

su
lt

s
fo

r
S
C
-R

R
(E

)
d
o

n
o
t

n
ee

d
a
n

y
m

od
ifi

ca
ti

o
n

fo
r

th
e

ca
se

w
h
er

e
th

e
n

u
m

be
r

o
f

cl
u

st
er

s
is

la
rg

er
th

a
n

th
e

ra
n

k.
In

o
th

er
w

o
rd

s,
th

e
sa

m
e

T
h
eo

re
m

s
5

a
n

d
6

h
o
ld

re
ga

rd
le

ss
o
f

w
h
et

h
er
k

1
=
k

o
r
k

1
>
k

,
th

o
u

gh
th

e
d
iffi

cu
lt

y
o
f

th
e

la
tt

er
ca

se
w

il
l

be
re

fl
ec

te
d

im
p
li

ci
tl

y
vi

a
a

re
d
u

ct
io

n
in

Ψ
2 1
,∧

a
n

d
Ψ̃

2 1
,∧

.

6
.3

.
G

e
n

e
ra

l
su

b
-G

a
u

ss
ia

n
c
a
se

T
h
e

an
al

y
si

s
p
re

se
n
te

d
so

fa
r

fo
r

n
et

w
or

k
cl

u
st

er
in

g
p
ro

b
le

m
s

ca
n

b
e

ex
te

n
d
ed

to
g
en

er
al

su
b
-G

au
ss

ia
n

si
m

il
ar

it
y

m
at

ri
ce

s.
C

on
si

d
er

a
ra

n
d
om

m
at

ri
x
A

w
it

h
b
lo

ck
co

n
st

a
n
t

m
ea

n

P
:=

E[
A

]
=
Z

1
B
Z
T 2
,

(4
6)

as
d
efi

n
ed

in
(4

),
an

d
w

h
er

e
Z
r
,r

=
1
,2

ar
e

ag
ai

n
m

em
b

er
sh

ip
m

at
ri

ce
s.

H
ow

ev
er

,
h
er

e
A

is
n
ot

n
ec

es
sa

ri
ly

an
ad

ja
ce

n
cy

m
at

ri
x
.

W
e

as
su

m
e

th
at
A
ij

ar
e

su
b
-G

a
u
ss

ia
n

ra
n
d
o
m

va
ri

ab
le

s
in

d
ep

en
d
en

t
ac

ro
ss

(i
,j

)
∈

[n
1
]
×

[n
2
]

an
d

le
t
σ

:=
m

ax
i,
j
‖A

ij
−

EA
ij
‖ ψ

2
.

W
e

re
ca

ll
th

at
a

u
n
iv

ar
ia

te
ra

n
d
om

va
ri

ab
le
X

is
ca

ll
ed

su
b
-G

au
ss

ia
n

if
it

s
su

b
-G

a
u
ss

ia
n

n
o
rm

is
fi
n
it

e
(V

er
sh

y
n
in

,
20

18
):

‖X
‖ ψ

2
:=

in
f{
t
>

0
:
E

ex
p
(X

2
/t

2
)
≤

2}
<
∞

(4
7
)

N
ot

e
th

at
w

e
d
o

n
ot

as
su

m
e
A
ij

an
d
A
i′
j′

to
h
av

e
th

e
sa

m
e

d
is

tr
ib

u
ti

on
or

th
e

sa
m

e
su

b
-

G
au

ss
ia

n
n
or

m
ev

en
if
Z

1
i

=
Z

1
i′

an
d
Z

2
j

=
Z

2
j′

.

A
d
ap

ti
n
g

A
lg

or
it

h
m

4
to

th
e

ge
n
er

al
su

b
-G

au
ss

ia
n

ca
se

,
w

e
h
av

e
A

lg
or

it
h
m

5
w

it
h

th
e

fo
ll
ow

in
g

p
er

fo
rm

an
ce

gu
ar

an
te

e:
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ipa

r
t
it
e
S
e
t
t
in
g

T
h

e
o
re

m
8

L
et
B

1
,∧

a
n

d
B̃

1
,∧

be
d
efi

n
ed

a
s

in
(35)

w
ith

Ψ
rep

la
ced

w
ith

B
a
n

d
let

n̄
:=

(n
−

1
1

+
n
−

1
2

) −
1.

C
o
n

sid
er

th
e

spectra
l

a
lgo

rith
m

fo
r

su
b-G

a
u

ssia
n

n
o
ise

given
in

A
lgo

rith
m

5
.

A
ssu

m
e

th
a
t

fo
r

a
su

ffi
cien

tly
sm

a
ll
C

1
>

0
,

σ
2

n̄
k
B̃
−

2
1
,∧
≤
C

1 (1
+
κ

) −
2.

(48)

T
h
en

,
u

n
d
er

th
e

m
od

el
d
efi

n
ed

in
th

is
sectio

n
,

M
is(K

(Ẑ
1 Σ̂

),P
)
≤

C
−

1
1

(1
+
κ

)
2 (
σ

2

n̄

k

B
21
,∧ )

.

w
ith

p
ro

ba
bility

a
t

lea
st

1−
2e −

(n
1
+
n
2
).

S
ee

A
p
p

en
d
ix

A
.6

for
th

e
p
ro

of.
C

on
sid

er
th

e
ty

p
ical

case
w

h
ere

th
e

n
u
m

b
er

of
clu

sters
k

a
n
d

th
e

sep
a
ration

b
etw

een
th

em
,
B

21
,∧

,
rem

ain
s

fi
x
ed

as
n̄
→
∞

.
T

h
en

,
σ

2/
n̄

p
lay

s
th

e

ro
le

o
f

th
e

sig
n
a
l-to-n

oise
ratio

(S
N

R
)

for
th

e
clu

sterin
g

p
rob

lem
an

d
as

lon
g

as
σ

2/
n̄

=
o(1),

A
lg

o
rith

m
5

is
con

sisten
t

in
recoverin

g
th

e
clu

sters.
O

f
cou

rse,
th

ere
are

oth
er

con
d
ition

s
u
n
d
er

w
h
ich

w
e

h
ave

con
sisten

cy,
e.g.,

clu
ster

sep
aration

q
u
an

tity
B

21
,∧

cou
ld

go
to

zero,
an

d

k
co

u
ld

g
row

a
s

w
ell

(as
n̄
→
∞

)
an

d
as

lon
g

as
σ

2/n̄
=
o(B

21
,∧
/k

)
th

e
a
lgo

rith
m

rem
ain

s
co

n
sisten

t.

6
.4

.
In

h
o
m

o
g
e
n

e
o
u

s
ra

n
d

o
m

g
ra

p
h

s

U
p

to
n
ow

,
w

e
h
ave

stated
con

sisten
cy

resu
lts

for
th

e
S
B

M
of

S
ection

2.
S
B

M
is

often
crit-

icized
fo

r
h
av

in
g

con
stan

t
ex

p
ected

d
egree

for
n
o
d
es

in
th

e
sam

e
com

m
u
n
ity,

in
con

trast
to

d
eg

ree
varia

tio
n

ob
served

in
real

n
etw

ork
s.

(A
lth

ou
gh

,
S
B

M
in

th
e

sp
arse

regim
e
d

=
O

(1)
ca

n
still

ex
h
ib

it
d
egree

variation
w

ith
in

a
com

m
u
n
ity,

sin
ce

th
e

n
o
d
e

d
egrees

w
ill

b
e

rou
gh

ly
P

o
i(d

)
d
istrib

u
ted

,
sh

ow
in

g
little

co
n
cen

tration
arou

n
d

th
eir

ex
p

ectation
s

u
n
less

d
→
∞

.)
T

h
e

p
o
p
u
la

r
rem

ed
y

is
to

lo
ok

at
th

e
d
egree-corrected

b
lo

ck
m

o
d
el

(D
C

-S
B

M
)

(K
arrer

an
d

N
ew

m
a
n
,

2
0
11

;
Z

h
ao

et
al.,

2012;
G

ao
et

al.,
20

18).
In

stead
,

w
e

con
sid

er
th

e
m

ore
gen

-
era

l
in

h
o
m

o
gen

eou
s

ran
d
om

grap
h

m
o
d
el

(IR
G

M
)

(S
öd

erb
erg,

2002;
B

ollob
ás

et
al.,

2007)
w

h
ich

m
ig

h
t

b
e

m
ore

n
atu

ral
in

p
ractice,

sin
ce

it
d
o
es

n
ot

im
p

ose
th

e
som

ew
h
at

p
aram

etric
restrictio

n
s

of
D

C
-S

B
M

on
th

e
m

ean
m

atrix
.

W
e

a
rg

u
e

th
at

con
sisten

cy
resu

lts
for

th
e

sp
ectral

clu
sterin

g
can

b
e

ex
ten

d
ed

to
a

gen
eral

in
h
o
m

o
g
en

eou
s

ran
d
om

grap
h

(IR
G

M
)

m
o
d
el
A
∼

B
er(P

),
assu

m
in

g
th

at
th

e
m

ean
m

atrix
ca

n
b

e
w

ell-a
p
p
rox

im
ated

b
y

a
b
lo

ck
stru

ctu
re.

L
et

u
s

con
sid

er
a

scalin
g

as
b

efore:

P
:=

P
0

√
n

1 n
2
,

an
d

take
d

=

√
n

2

n
1 ‖
P

0‖∞
.

(49)

N
o
te

th
a
t
P
∈

[0,1] n
1 ×
n
2

is
a

n
ot

assu
m

ed
to

h
ave

an
y

b
lo

ck
stru

ctu
re.

H
ow

ev
er,

w
e

a
ssu

m
e

th
a
t

th
ere

are
m

em
b

ersh
ip

m
atrices

Z
r
∈

H
n
r
,k
r ,
r

=
1,2

su
ch

th
at

P
over

th
e

b
lo

ck
s

d
efi

n
ed

b
y
Z

1
an

d
Z

2
is

ap
p
rox

im
ately

con
stan

t.
L

et

B̃
st

:=
1

n
1
s n

2
t ∑

ij

P
ij (Z

1 )
is (Z

2 )
jt ,

s∈
[k

1 ],
t∈

[k
2 ]

(50)
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Z
h
o
u
a
n
d

A
m
in
i

b
e

th
e

m
ean

(or
average)

of
P

over
th

ese
b
lo

ck
s,

an
d

let
B̃

=
(B̃

st )∈
[0,1] k

1 ×
k
2.

C
o
m

p
actly,

B̃
=
N
−

1
1
Z
T1
P
Z

2 N
−

1
2

,
in

th
e

n
otation

estab
lish

ed
in

S
ection

2.
W

e
can

d
efi

n
e

th
e

S
B

M
ap

p
rox

im
ation

of
P

as

P̃
:=

Z
1 B̃
Z
T2

=
Z̄

1 Z̄
T1
P
Z̄

2 Z̄
T2

=
Π

1 P
Π

2 ,
(51)

recallin
g
Z̄
r

=
Z
r N
−

1
/
2

r
an

d
in

tro
d
u
cin

g
th

e
n
otation

Π
r

=
Z̄
r Z̄

Tr
.

N
ote

th
at

Π
r

is
a

ran
k

k
r

p
ro

jection
m

atrix
.

A
ccord

in
g

to
(51),

th
e

m
ap

P
7→

Π
1 P

Π
2

takes
a

(m
ean

)
m

atrix
to

its
S
B

M
ap

p
rox

im
ation

relativ
e

to
Z

1
an

d
Z

2 .
W

e
can

th
u
s

d
efi

n
e

a
sim

ilar
ap

p
rox

im
ation

to
P

0,

P̃
0

:=
Π

1 P
0Π

2 ,
n
otin

g
th

at
P̃

=
P̃

0

√
n

1 n
2
.

In
ord

er
to

retain
th

e
q
u
alitative

n
atu

re
of

th
e

con
sisten

cy
resu

lts,
th

e
d
ev

ia
tion

of
each

en
try

P
0ij

from
its

b
lo

ck
m

ean
(P̃

0)
ij

sh
ou

ld
n
ot

b
e

m
u
ch

larger
th

an
(P̃

0)
1
/
2

ij
.

In
fact,

w
e

allow
for

a
p

oten
tially

larger
d
ev

iation
,

assu
m

in
g

th
at:

1
√
n

1 n
2 |||P

0−
P̃

0|||F
≤
C

0 √
d
,

(52)

for
som

e
con

stan
t
C

0
>

0
an

d
a

satisfy
in

g
(49).

T
h
e

key
is

th
e

follow
in

g
con

cen
tration

resu
lt:

P
ro

p
o
sitio

n
2

A
ssu

m
e

th
a
t
A
∼

B
er(P

)
a
s

in
(5),

w
ith

n
1 ≤

n
2 ,

a
n

d
let

A
re

be
o
bta

in
ed

fro
m
A

by
th

e
regu

la
riza

tio
n

p
roced

u
re

in
T

h
eo

rem
2
,

w
ith

d ′
=
d

a
s

given
in

(4
9).

L
et
P̃

be
a
s

d
efi

n
ed

in
(51),

a
n

d
a
ssu

m
e

th
a
t

it
sa

tisfi
es

(52).
T

h
en

,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
n
−
c

2
,

|||A
re −

P̃
|||o

p ≤
c

2 √
d
.

(53)

P
rop

osition
2

p
rov

id
es

th
e

n
ecessary

con
cen

tration
b

ou
n
d

req
u
ired

in
S
tep

1
o
f

th
e

an
aly

sis
ou

tlin
ed

in
S
ection

3.1.
In

oth
er

w
ord

s,
b

ou
n
d

(53)
rep

laces
(8)

b
y

gu
ara

n
teein

g
a

sim
ilar

ord
er

of
d
ev

iation
for

A
re

arou
n
d
P̃

in
stead

of
P

.
T

h
u
s,

all
th

e
resu

lts
of

th
e

p
a
p

er
follow

u
n
d
er

an
IR

G
M

w
ith

a
m

ean
m

atrix
satisfy

in
g

(52),
w

ith
th

e
m

o
d
ifi

cation
th

at
th

e
con

n
ectiv

ity
m

atrix
an

d
all

th
e

related
q
u
an

tities
(su

ch
as
σ
k ,Ψ

21
,∧

an
d

so
on

)
are

n
ow

b
ased

on
B̃

,
th

e
con

n
ectiv

ity
m

atrix
of

th
e

corresp
on

d
in

g
ap

p
rox

im
ate

S
B

M
,

as
given

in
(50

).

6
.4
.1
.
G
r
a
p
h
o
n
c
l
u
st

e
r
in
g

A
s

a
con

crete
ex

am
p
le

of
th

e
ap

p
lication

of
P

rop
osition

2,
let

u
s

con
sid

er
a

p
rob

lem
w

h
ich

w
e

refer
to

as
gra

p
h
o
n

clu
sterin

g.
F

or
sim

p
licity,

con
sid

er
th

e
ca

se
n

1
=
n

2
=
n

.
L

et
ρ

0
:

[0,1] 2→
R

+
b

e
a

b
ou

n
d
ed

m
easu

rab
le

fu
n
ction

,
an

d
let

X
1 ,...,X

n
,Y

1 ,...,Y
n
∼

U
n
if([0,1])

b
e

an
i.i.d

.
sam

p
le.

A
ssu

m
e

th
at

A
ij |{X

i ′},{Y
j ′}
∼

B
ern (

ρ
0 (X

i ,Y
j )/n ),

(54)

in
d
ep

en
d
en

tly
ov

er
i,j

=
1,...,n

.
C

on
sid

er
tw

o
p
artitio

n
s

of
th

e
u
n
it

in
terval: ⊎

k
1
s=

1
I
s

=
⊎
k
2
t=

1
J
t

=
[0,1]

w
h
ere

I
s

an
d
J
t

are
(u

n
k
n
ow

n
)

m
easu

rab
le

sets.
L

et
Ψ
∈

[0,1] k
1 ×
k
2

an
d
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ip
a
r
t
it
e
S
e
t
t
in
g

co
n
si

d
er

th
e

b
lo

ck
-c

on
st

an
t

fu
n
ct

io
n
ρ̃

0
on

[0
,1

]2
d
efi

n
ed

b
y

ρ̃
0

:=

k
1 ∑ s=
1

k
2 ∑ t=
1

Ψ
st

1 I
s
×
J
t
,

(5
5)

w
h
er

e
1 I
s
×
J
t
(x
,y

)
=

1 I
s
(x

)1
J
t
(y

)
is

th
e

in
d
ic

at
or

of
th

e
se

t
I s
×
J
t.

W
h
en

ev
er
ρ

0
h
as

a
b
lo

ck
co

n
st

an
t

ap
p
ro

x
im

at
io

n
su

ch
as

ρ̃
0
,

w
e

ca
n

co
n
si

d
er
I s

an
d
J
t

as
d
efi

n
in

g
im

p
li
ci

t
(t

ru
e)

cl
u
st

er
s

ov
er

n
o
d
es

.
M

or
e

p
re

ci
se

ly
,

ro
w

n
o
d
e
i

b
el

on
gs

to
co

m
m

u
n
it

y
s

if
1
{X

i
∈
I s
}

an
d

si
m

il
ar

ly
fo

r
th

e
co

lu
m

n
la

b
el

s.
N

ot
e

th
at

n
on

e
of
{X

i}
,
{Y

j
},
{I
s
}

an
d
{J

t}
ar

e
ob

se
rv

ed
.

O
n
e

ca
n

as
k

w
h
et

h
er

w
e

ca
n

st
il
l

re
co

ve
r

th
es

e
im

p
li
ci

t
cl

u
st

er
s

gi
v
en

an
in

st
an

ce
of
A

.

P
ro

p
o
si

ti
o
n

3
A

ss
u

m
e

th
a
t

th
er

e
ex

is
ts

a
fu

n
ct

io
n
ρ̃

0
o
f

th
e

fo
rm

(5
5)

,
su

ch
th

a
t

‖ρ̃
0
−
ρ

0
‖ L

4
=
o(
√
d
)

(5
6)

C
o
n

si
d
er

n
o
rm

a
li

ze
d

m
ea

n
m

a
tr

ic
es
P

0
a
n

d
P̃

0
w

it
h

en
tr

ie
s,
P

0 ij
=
ρ

0
(X

i,
Y
j
)

a
n

d
P̃

0 ij
=

ρ̃
0
(X

i,
Y
j
).

T
h
en

,
w

it
h

h
ig

h
p
ro

ba
bi

li
ty
|||P

0
−
P̃

0
||| F
≤
n
√
d

.

P
ro

p
os

it
io

n
3

sh
ow

s
th

at
a

fo
u
rt

h
m

om
en

t
b

ou
n
d

of
th

e
fo

rm
(5

6)
is

en
ou

gh
to

gu
ar

an
-

te
e

(5
2)

an
d

as
a

co
n
se

q
u
en

ce
th

e
re

su
lt

of
P

ro
p

os
it

io
n

2.
In

or
d
er

to
ap

p
ly

th
e

re
su

lt
s

of
th

e
p
ap

er
,

w
e

re
q
u
ir

e
th

at
(5

6)
h
ol

d
s

w
it

h
d

=
‖ρ

0
‖ ∞

.
T

h
en

,
al

l
th

e
co

n
si

st
en

cy
re

su
lt

s
of

th
e

p
ap

er
fo

ll
ow

w
it

h
Ψ

re
p
la

ce
d

b
y

th
at

fr
o
m

(5
5)

,
an

d
re

gu
la

ri
za

ti
on

A
lg

or
it

h
m

1
re

p
la

ce
d

w
it

h
th

at
of

T
h
eo

re
m

2.

F
or

ex
am

p
le

,
w

it
h
σ
k

as
d
efi

n
ed

in
S
ec

ti
on

2
(u

si
n
g

Ψ
fr

om
(5

5)
in

fo
rm

in
g
B̄

),
T

h
eo

re
m

4
gi

ve
s

a
m

is
cl

as
si

fi
ca

ti
on

ra
te

at
m

os
t
O

(d
/σ

2 k
)

fo
r

re
co

ve
ri

n
g

th
e

la
b

el
s

1{
X
i
∈
I s
}

b
y

th
e

S
C
-1

al
go

ri
th

m
.

In
ty

p
ic

al
ca

se
s,

it
is

p
la

u
si

b
le

to
h
av

e
σ

2 k
�
d

2
(c

f.
R

em
ar

k
3)

,
h
en

ce
a

m
is

cl
as

si
fi
ca

ti
on

ra
te

of
O

(1
/d

)
=
o(

1)
a
s
d
→
∞

.
P

ro
p

os
it

io
n

3
is

an
il
lu

st
ra

ti
ve

ex
am

p
le

,
an

d
on

e
ca

n
ob

ta
in

ot
h
er

co
n
d
it

io
n
s

b
y

as
su

m
in

g
m

or
e

ab
ou

t
th

e
d
ev

ia
ti

on
ρ̃

0
−
ρ

0
,

su
ch

as
b

ou
n
d
ed

n
es

s.

R
e
m

a
rk

1
2

W
e

n
o
te

th
a
t

gr
a
p
h
o
n

cl
u

st
er

in
g

p
ro

bl
em

co
n

si
d
er

ed
a
bo

ve
is

d
iff

er
en

t
fr

o
m

w
h
a
t

is
ty

p
ic

a
ll

y
ca

ll
ed

gr
a
p
h
o
n

es
ti

m
a
ti

o
n

.
In

th
e

la
tt

er
p
ro

bl
em

,
u

n
d
er

a
m

od
el

o
f

th
e

fo
rm

(5
4)

,
o
n

e
is

in
te

re
st

ed
in

re
co

ve
ri

n
g

th
e

m
ea

n
m

a
tr

ix
E[
A

]
o
r
ρ

0
in

th
e

M
S

E
se

n
se

.
T

h
is

p
ro

bl
em

h
a
s

be
en

st
u

d
ie

d
ex

te
n

si
ve

ly
in

re
ce

n
t

ye
a
rs

,
o
ft

en
u

n
d
er

th
e

a
ss

u
m

p
ti

o
n

o
f

sm
oo

th
n

es
s

o
f
ρ

0
,

fo
r

m
a
xi

m
u

m
li

ke
li

h
oo

d
S

B
M

a
p
p
ro

xi
m

a
ti

o
n

(A
ir

o
ld

i
et

a
l.

,
2
0
1
3
;

O
lh

ed
e

a
n

d
W

o
lf

e,
2
0
1
4
;

G
a
o

et
a
l.

,
2
0
1
5
;

K
lo

p
p

et
a
l.

,
2
0
1
7
)

a
n

d
sp

ec
tr

a
l

tr
u

n
ca

ti
o
n

(X
u

,
2
0
1
7
).

T
h
e

gr
a
p
h
o
n

cl
u

st
er

in
g

p
ro

bl
em

,
a
s

fa
r

a
s

w
e

kn
o
w

,
h
a
s

n
o
t

be
en

co
n

si
d
er

ed
be

fo
re

a
n

d
is

co
n

ce
rn

ed
w

it
h

re
co

ve
ri

n
g

th
e

u
n

d
er

ly
in

g
cl

u
st

er
s,

a
ss

u
m

in
g

th
a
t

su
ch

tr
u
e

cl
u
st

er
s

ex
is

t.
W

e
o
n

ly
n

ee
d

th
e

ex
is

te
n

ce
o
f

a
bl

oc
k

co
n

st
a
n

t
a
p
p
ro

xi
m

a
ti

o
n
ρ̃

0
,

o
ve

r
th

e
tr

u
e

cl
u

st
er

s
(o

f
th

e
fo

rm
(5

5)
)

th
a
t

sa
ti

sfi
es
‖ρ̃

0
−
ρ

0
‖ L

4
=
o(
√
d
)

fo
r
d

=
‖ρ̃

0
‖ ∞

.
T

h
en

o
u

r
re

su
lt

s
im

p
li

ci
tl

y
im

p
ly

th
a
t

th
e

u
n

d
er

ly
in

g
cl

u
st

er
s

a
re

id
en

ti
fi

a
bl

e
a
n

d
co

n
si

st
en

tl
y

re
co

ve
re

d
by

sp
ec

tr
a
l

a
p
p
ro

a
ch

es
.

N
o
te

th
a
t

w
e

d
o

n
o
t

im
po

se
a
n

y
ex

p
li

ci
t

sm
oo

th
n

es
s

a
ss

u
m

p
ti

o
n

o
n
ρ

a
n

d
th

er
e

is
n

o
lo

w
er

bo
u

n
d

re
qu

ir
em

en
t

o
n
d

(s
u

ch
a
s
d

=
Ω

(l
og
n

)
in

X
u

(2
0
1

7
))

.

29
JM

L
R

 2
0(

47
):

1-
47

, 2
01

9

Z
h
o
u
a
n
d

A
m
in
i

#
 o

f 
n

o
d

e
s
 p

e
r 

c
lu

s
te

r
×

1
0

4

0
.5

1
1
.5

2
2
.5

3
3
.5

4

overall NMI

0
.3

4

0
.3

6

0
.3

8

0
.4

0
.4

2

0
.4

4

1
.0

0

1
.2

0

1
.4

0

In
f

R
eg
u
la
ri
za
ti
on

th
re
sh
ol
d
(τ
)

1
0

-1
1

0
0

1
0

1

Relative operator norm error

0
.5

0
.6

0
.7

0
.8

0
.91

1
.1

C
 =

 1
.0

0
, 

α
 =

 0
.5

0

N
o
 r

e
g
.

d
a
ta

-d
ri
v
. 
R

e
g
.

d
m

a
x
 R

e
g
.

(a
)

(b
)

F
ig

u
re

2:
(a

)
N

M
I

p
lo

ts
fo

r
S
C
-R

R
E

al
g
or

it
h
m

w
it

h
d
eg

re
e

re
g
u
la

ri
za

ti
on

A
lg

or
it

h
m

1
fo

r
va

ri
ou

s
va

lu
es

of
τ

=
1,

1
.2
,1
.4

an
d
∞

.
(b

)
R

el
at

iv
e

o
p

er
a
to

r
n
o
rm

er
ro

r
b

et
w

ee
n

th
e

ad
ja

ce
n
cy

m
at

ri
x

a
n
d

it
s

ex
p

ec
ta

ti
on

,
w

it
h

d
at

a
-d

ri
ve

n
an

d
or

ac
le

(d
m
a
x
)

re
g
u
la

ri
za

ti
on

as
w

el
l

a
s

n
o

re
g
u
la

ri
za

ti
on

.

7
.
S
im

u
la
ti
o
n
s

W
e

n
ow

p
re

se
n
t

so
m

e
si

m
u
la

ti
on

re
su

lt
s

sh
ow

in
g

th
e

p
er

fo
rm

an
ce

of
th

e
d
a
ta

-d
ri

v
en

re
g
-

u
la

ri
za

ti
on

of
S
ec

ti
on

4.
1.

W
e

sa
m

p
le

fr
om

th
e

b
ip

ar
ti

te
S
B

M
m

o
d
el

w
it

h
co

n
n
ec

ti
v
it

y
m

at
ri

x

B
=

√
lo

g
(n

1
n

2
)

n
1
n

2
B

0
,

w
h
er

e
B

0
=

1 2

 6
1

1
1

1
6

1
1

1
1

6
1 

,
(5

7
)

fo
r

w
h
ic

h
Ψ

=
√

lo
g
(n

1
n

2
)B

0
as

in
(4

).
W

e
le

t
n

1
=
n

0
k

1
an

d
n

2
=
n

0
k

2
,

a
n
d

w
e

va
ry

n
0
.

N
ot

e
th

at
k

1
=

3
an

d
k

2
=

4.
W

e
m

ea
su

re
th

e
p

er
fo

rm
an

ce
u
si

n
g

th
e

n
o
rm

a
li
ze

d
m

u
tu

al
in

fo
rm

at
io

n
(N

M
I)

b
et

w
ee

n
th

e
tr

u
e

a
n
d

es
ti

m
at

ed
cl

u
st

er
s.

T
h
e

N
M

I
b

el
o
n
g
s

to
th

e
in

te
rv

al
[0
,1

]
an

d
is

m
on

ot
on

ic
al

ly
in

cr
ea

si
n
g

w
it

h
cl

u
st

er
in

g
ac

cu
ra

cy
.

W
e

co
n
si

d
er

A
lg

or
it

h
m

1
w

it
h

re
gu

la
ri

za
ti

on
p
ar

am
et

er
τ

=
1,

1.
2,

1.
4

an
d
∞

,
w

h
er

e
τ

=
∞

co
rr

es
p

o
n
d
s

to
n
o

re
gu

la
ri

za
ti

on
.

A
lt

h
ou

gh
w

e
h
av

e
es

ta
b
li
sh

ed
th

eo
re

ti
ca

l
gu

ar
an

te
es

fo
r
τ

=
3
,

th
is

co
n
st

an
t

is
n
ot

op
ti

m
al

an
d

an
y

sc
al

ar
�

1
m

ig
h
t

p
er

fo
rm

w
el

l.

In
th

is
m

o
d
el

,
th

e
ke

y
p
ar

am
et

er
d

=
√
n

2
/n

1
‖Ψ
‖ ∞
∼
√

lo
g
n

0
as
n

0
→
∞

.
In

o
th

er
w

or
d
s,

th
e

m
ax

im
u
m

ex
p

ec
te

d
d
eg

re
e

of
th

e
n
et

w
or

k
sc

al
es

as
√

lo
g
n

0
w

h
ic

h
is

en
o
u
g
h

fo
r

th
e

co
n
si

st
en

cy
of

sp
ec

tr
al

cl
u
st

er
in

g;
in

fa
ct

,
re

su
lt

s
in

S
ec

ti
on

5
p
re

d
ic

t
a

m
is

cl
a
ss

ifi
ca

ti
o
n

ra
te

of
O

(d
−

1
)

=
O
( (l

og
n

0
)−

1
/
2
)

fo
r

va
ri

ou
s

sp
ec

tr
al

al
go

ri
th

m
s

d
is

cu
ss

ed
in

th
is

p
a
p

er
.

F
ig

u
re

2(
a)

sh
ow

s
th

e
N

M
I

p
lo

ts
as

a
fu

n
ct

io
n

of
n

0
fo

r
th

e
S
C
-R

R
E

a
lg

o
ri

th
m

w
it

h
th

e
re

gu
la

ri
za

ti
on

sc
h
em

e
of

A
lg

or
it

h
m

1.
In

th
e
k
-m

ea
n
s

st
ep

,
w

e
h
av

e
u
se

d
k
m
e
a
n
s
+
+

w
h
ic

h
as

d
es

cr
ib

ed
in

R
em

ar
k

8
sa

ti
sfi

es
th

e
ap

p
ro

x
im

at
io

n
p
ro

p
er

ty
of

S
ec

ti
o
n

3
.3

w
it

h
κ

=
O

(l
og

(k
1
∧
k

2
))

=
O

(1
)

in
th

is
ca

se
.

T
h
e

re
su

lt
s

ar
e

av
er

ag
ed

ov
er

15
re

p
li
ca

te
s.

T
h
e

3
0

JM
L

R
 2

0(
47

):
1-

47
, 2

01
9



S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ipa

r
t
it
e
S
e
t
t
in
g

p
lo

ts
clea

rly
sh

ow
th

at
th

e
regu

larization
con

sid
erab

ly
b

o
osts

th
e

p
erform

a
n
ce

of
sp

ectral
clu

sterin
g

fo
r

m
o
d
el

(57).
F

ig
u
re

2
(b

)
sh

ow
s

th
e

relative
o
p

erator
n
orm

error
b

etw
een

th
e

(regu
larized

)
ad

jacen
cy

m
atrix

a
n
d

its
ex

p
ectation

,
i.e.,

|||A
re −

E
A|||o

p /|||E
A|||o

p
w

ith
an

d
w

ith
o
u
t

regu
larization

(A
re

=
A

).
T

h
e

p
lots

corresp
on

d
to

th
e

sam
e

S
B

M
m

o
d
el

w
ith

n
0

=
5
00

(an
d

th
e

resu
lts

a
re

av
era

g
ed

over
3

rep
licates).

F
or

th
e

regu
larization

,
w

e
con

sid
er

b
oth

th
e

oracle
w

h
ere

th
e

d
eg

rees
a
re

tru
n
cated

to
τ
d

m
a
x

an
d
τ
d ′m

a
x

for
th

e
row

s
an

d
colu

m
n
s

(see
S
ection

4.1
fo

r
th

e
d
efi

n
ition

s
of

th
ese

q
u
an

tities)
as

w
ell

as
th

e
d
ata-d

riven
on

e
th

a
t

tru
n
cates

as
in

A
lg

o
rith

m
1
.

T
h
e

p
lots

sh
ow

th
e

relative
error

as
a

fu
n
ction

of
τ

an
d

w
e

see
th

a
t

th
e

reg
u
la

riza
tio

n
clearly

im
p
roves

th
e

con
cen

tration
.

W
e

also
n
ote

th
at

th
e

b
eh

av
ior

of
th

e
d
a
ta

-d
riven

tru
n
cation

closely
follow

s
th

at
of

th
e

ora
cle

as
p
red

icted
b
y

T
h
eo

rem
3.

T
h
e

co
d
e

is
availab

le
at

(Z
h
ou

an
d

A
m

in
i,

2018).

A
ck

n
o
w
le
d
g
e
m
e
n
t

W
e

th
a
n
k

Z
a
h
ra

S
.

R
azaee,

J
iay

in
G

u
o

an
d

Y
u
n
fen

g
Z

h
an

g
for

h
elp

fu
l

d
iscu

ssion
s.

W
e

are
a
lso

g
ra

tefu
l

to
th

e
referees

for
th

eir
con

stru
ctive

su
ggestion

s.

A
p
p
e
n
d
ix

A
.
P
ro

o
fs

A
.1

.
P

ro
o
fs

o
f

S
e
c
tio

n
3
.2

P
ro

o
f

[P
ro

o
f

of
L

em
m

a
3]

L
et

W̄
an

d
Ŵ
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=
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Ŵ
1 −

Π
W̄

1 |||F
(B

y
L

em
m

a
8

in
A

p
p

en
d
ix

C
)

≤
√

2
k|||Π
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√
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∑
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∑
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c
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p
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=
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>
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≥
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.
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∀
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∀
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=
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p
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=
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=
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p
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≥
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/
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−
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−
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=
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∑
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−
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=
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≥
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≥
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/
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∑
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p
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=
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=
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≤
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≥

1
/1

0
an

d
d
≥
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p
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=
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≥
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≤
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=
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=
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≥
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−
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−
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≥
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≤
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=
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≤
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≥
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o
f

o
f

C
orollary

1]
U

sin
g

(21),
w

e
h
ave

d
F

(X
∗,X̃

)≤
(1

+
κ

)ε
for

an
y
X̃
∈
P
κ (X̂

).
W

e
n
ow

a
p
p
ly

P
rop

osition
1

to
X
∗

an
d
X̃

,
b

oth
k
-m

ean
s

m
atrices,

w
ith

(1
+
κ

)ε
in

p
lace

o
f
ε.

P
ro

o
f

[P
ro

of
o
f
P

rop
osition

1]T
h
e

p
ro

of
follow

s
th

e
argu

m
en

t
in

(L
ei

et
al.,20

15,
L

em
m

a
5.3)

w
h
ich

is
fu

rth
er

attrib
u
ted

to
J
in

(2015).
L

etC
r

d
en

ote
th

e
rth

clu
ster

of
X

,
h
av

in
g

cen
ter

q
r

=
q
r (X

).
W

e
h
ave
|C
r |

=
n
r .

L
et
x
Ti

a
n
d
x̃
Ti

b
e

th
e
ith

row
of
X

an
d
X̃

,
resp

ectiv
ely,

a
n
d

let

T
r

:=
{
i∈
C
r

:
d
(x̃
i ,q

r )
<
c
r δ
r }

=
{i∈

C
r

:
d
(x̃
i ,x

i )
<
c
r δ
r }

u
sin

g
x
i

=
q
r

fo
r

all
i∈
C
r

w
h
ich

h
old

s
b
y

d
efi

n
ition

.
L

et
S
r

=
C
r \

T
r .

T
h
en

,

|S
r |c

2r δ
2r
≤
∑i∈
S
r

d
(x̃
i ,x

i )
2≤

ε
2

=⇒
|S
r |
|C
r | ≤

c −
2

r
ε

2

n
r δ

2r

<
1
.

(66)

w
h
ere

w
e

h
ave

u
sed

assu
m

p
tion

(b
).

It
follow

s
th

at
S
r

is
a

p
rop

er
su

b
set

ofC
r ,

th
at

is,
T
r

is
n
o
n
em

p
ty

fo
r

all
r∈

[k
].

N
ex

t,
w

e
a
rgu

e
th

at
if

tw
o

elem
en

ts
b

elon
g

to
d
iff

eren
t
T
r ,r
∈

[k
],

th
ey

h
ave

d
iff

eren
t

la
b

els
a
cco

rd
in

g
to
X̃

.
T

h
at

is,
i∈

T
r ,
j∈

T
`

for
r6=

`
im

p
lies

x̃
i 6=

x̃
j .

A
ssu

m
e

oth
erw

ise,
th

a
t

is,
x̃
i

=
x̃
j .

T
h
en

,
b
y

trian
gle

in
eq

u
ality

a
n
d
c
r

+
c
` ≤

1,

d
(q
k ,q

` )≤
d
(q
k ,x̃

i )
+
d
(q
` ,x̃

j )
<
c
r δ
r

+
c
` δ
` ≤

m
ax{δ

r ,δ
` }

co
n
tra

d
ictin

g
(23).

T
h
is

sh
ow

s
th

at
X̃

h
as

at
lea

st
k

lab
els,

sin
ce

all
T
r

are
n
on

em
p
ty,

h
en

ce
ex

a
ctly

k
lab

els,
sin

ce
X̃
∈
M
kn
,m

b
y

assu
m

p
tion

.
F

in
a
lly,

w
e

argu
e

th
at

if
tw

o
elem

en
ts

b
elon

g
to

th
e

sam
e
T
r ,

th
ey

h
ave

th
e

sam
e

lab
el

a
cco

rd
in

g
to
X̃

.
T

h
is

im
m

ed
iately

follow
s

from
th

e
p
rev

io
u
s

step
sin

ce
oth

erw
ise

th
ere

w
ill
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Z
h
o
u
a
n
d

A
m
in
i

b
e

at
least

k
+

1
lab

els.
T

h
u
s,

w
e

h
ave

sh
ow

n
th

at,
for

all
r∈

[k
],

th
e

lab
els

in
each

T
r

are
in

th
e

sam
e

clu
ster

accord
in

g
to

b
o
th
X

an
d
X̃

,
th

at
is,

th
ey

are
correctly

classifi
ed

.
T

h
e

m
isclassifi

cation
rate

ov
er

clu
sterC

r
is

th
en
≤
|S
r |/|C

r |
w

h
ich

estab
lish

es
th

e
resu

lt
in

v
iew

of
(66).

A
.4

.
P

ro
o
fs

o
f

S
e
c
tio

n
5

P
ro

o
f

[P
ro

of
of

T
h
eorem

4]
G

oin
g

th
rou

gh
th

e
th

ree-step
p
lan

of
an

aly
sis

in
S
ection

3,
w

e
ob

serve
th

at
(8)

h
old

s
for

A
re

b
y

T
h
eorem

2
,

a
n
d

(9)
h
old

s
b
y

L
em

m
a

3.
W

e
on

ly
n
eed

to
verify

con
d
ition

s
of

C
orollary

1,
so

th
at

κ
-a

p
p
rox

im
ate

k
-m

ean
s

op
erator

P
κ

satisfi
es

b
ou

n
d

(10)
of

th
e
k
-m

ean
s

step
.

A
s

in
th

e
p
ro

of
of

T
h
eorem

1,
X
∗

=
Z̄

1 O
∈
R
n
1 ×
k,

w
h
ere

Z̄
1
∈

O
n
1 ×
k
1

an
d
O

:=
U
ψ
Q
∈

O
k
1 ×
k.

C
learly,

X
∗

h
as

ex
actly

k
d
istin

ct
row

s
(recallin

g
k

=
k

1 ).
F

u
rth

erm
ore,

u
sin

g
th

e
calcu

lation
in

th
e

p
ro

o
f

of
T

h
eorem

1,

n
1
t δ

2t
=
n

1
t

m
in

s:
s6=
t (n
−

1
1
t

+
n
−

1
1
s

)
=

m
in

s:
s6=
t (1

+
n

1
t

n
1
s
)≥

1.

R
ecallin

g
th

at
ε

2
=
C

22
k
d
/σ

2k ,
as

lon
g

as

4(1
+
κ

)
2ε

2
=

4C
22
(1

+
κ

)
2
k
d
/σ

2k
<

1
≤
n

1
t δ

2t

con
d
ition

(b
)

of
C

orollary
1

h
old

s
an

d
P
κ

satisfi
es

(10)
w

ith
c

=
4(1

+
κ

)
2

as
in

(26).
T

h
e

rest
of

th
e

p
ro

of
follow

s
as

in
T

h
eorem

1.

P
ro

o
f

[P
ro

of
of

L
em

m
a

6]
T

h
rou

gh
ou

t
th

e
p
ro

of,
let|||·|||

=
|||·|||o

p
b

e
th

e
o
p

erator
n
orm

.
R

ecall
th

at
P

=
E
A

is
th

e
m

ean
m

atrix
itself,

an
d

let
∆

re
:=

A
re −

P
.

B
y

W
ey

l’s
th

eorem
on

th
e

p
ertu

rb
ation

of
sin

gu
lar

valu
es,|σ

i (A
re )−

σ
i (P

)|≤
|||∆

re |||
for

all
i.

S
in

ce
σ
k
+

1 (P
)

=
0

(see
(7)),

w
e

h
ave

σ
k
+

1 (A
re )≤

|||∆
re |||,

h
en

ce

|||A
(k

)
re
−
P
|||≤
|||A

(k
)

re
−
A

re |||+
|||∆

re |||
(trian

g
le

in
eq

u
ality

)

=
σ
k
+

1 (A
re )

+
|||∆

re |||
(b

y
(33))

≤
2|||∆

re |||
(W

ey
l’s

th
eorem

).

T
h
u
s,

in
term

s
of

th
e

op
erator

n
orm

,
w

e
lose

at
m

ost
a

con
stan

t
in

goin
g

from
A

re
to

A
(k

)
re

.
H

ow
ever,

w
e

gain
a

lot
in

F
rob

en
iou

s
n
orm

d
ev

iation
.

S
in

ce
A

re
is

fu
ll-ran

k
in

gen
eral,

th
e

b
est

b
ou

n
d

on
∆

re
b
ased

on
its

op
erator

n
orm

is|||∆
re |||F

≤
√
n
∧ |||∆

re |||
w

h
ere

n
∧

=
m

in{
n

1 ,n
2 }.

O
n

th
e

oth
er

h
an

d
,

sin
ce
A

(k
)

re
−
P

is
of

ran
k
≤

2k
,

w
e

get

|||A
(k

)
re
−
P
|||F
≤
√

2k|||A
(k

)
re
−
P
|||≤

2 √
2k|||∆

re |||.

C
om

b
in

in
g

w
ith

(8),
th

at
is,|||∆

re |||≤
C
√
d
,

w
e

h
ave

th
e

resu
lt.

P
ro

o
f

[P
ro

of
of

T
h
eorem

5]
W

e
on

ly
n
eed

to
calcu

late
δ(P

)
=
δ∧

(P
)

th
e

m
in

im
u
m

cen
ter

sep
aration

of
P

v
iew

ed
as

an
elem

en
t

ofM
k
1
n
1
,n

2 .
R

ecall
th

at

P
=
Z̄

1 B̄
Z̄
T2

=
Z

1 N
−

1
/
2

1
(N̄

1
/
2

1
Ψ
N̄

1
/
2

1
)Z̄

T2
=
n
−

1
/
2

1
Z

1 Ψ
N̄

1
/
2

1
Z̄
T2
.
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ip
a
r
t
it
e
S
e
t
t
in
g

L
et
e s

b
e

th
e
st

h
st

an
d
ar

d
b
as

is
ve

ct
or

of
R
k
1
.

U
n
iq

u
e

ro
w

s
of
P

ar
e
qT s

:=
n
−

1
/
2

1
eT s

(Ψ
N̄

1
/
2

2
)Z̄

T 2

fo
r
s
∈

[k
1
].

W
e

h
av

e

‖q
s
−
q t
‖2 2

=
n
−

1
1
‖Z̄

2
N̄

1
/
2

2
Ψ
T

(e
s
−
e t

)‖
2 2

=
n
−

1
1
‖N̄

1
/
2

2
Ψ
T

(e
s
−
e t

)‖
2 2

=
n
−

1
1

k
2 ∑ `=
1

π
2
`(

Ψ
s`
−

Ψ
t`

)2
.

It
fo

ll
ow

s
th

at
δ2

(P
)

=
m

in
t6=
s
‖q
s
−
q t
‖2 2

=
n
−

1
1

Ψ
2 1
,∧

.
W

e
ap

p
ly

C
or

ol
la

ry
1,

w
it

h
X
∗

=
P

an
d
X̂

=
A

(k
)

re
,

ta
k
in

g
ε2

=
8C

2
k
d

ac
co

rd
in

g
to

L
em

m
a

6.
C

on
d
it

io
n

(b
)

of
th

e
co

ro
ll
ar

y
h
ol

d
s

if

32
C

2
(1

+
κ

)2
k
d

=
4(

1
+
κ

)2
ε2
<
n

1
t
δ2 t

(P
)

=
π

1
t

m
in

s:
s6=
t

k
2 ∑ `=
1

π
2
`(

Ψ
s`
−

Ψ
t`

)2

fo
r

al
l
t
∈

[k
1
],

w
h
ic

h
is

sa
ti

sfi
ed

u
n
d
er

as
su

m
p
ti

on
(3

7)
.

C
or

ol
la

ry
1,

a
n
d

sp
ec

ifi
ca

ll
y

(2
6)

gi
ve

s
th

e
d
es

ir
ed

b
ou

n
d

on
m

is
cl

as
si

fi
ca

ti
on

ra
te
≤

4(
1

+
κ

)2
ε2
/(
n

1
δ2

(P
))

.

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

6]
R

ec
al

l
th

a
t
A

(k
)

re
=
Ẑ

1
Σ̂
Ẑ
T 2

is
th

e
k
-t

ru
n
ca

te
d

S
V

D
of
A

re
.

L
et

X
(1

)
=
Ẑ

1
Σ̂

an
d
X

(2
)

=
A

(k
)

re
,

an
d

le
t

(x
(1

)
i

)T
an

d
(x

(2
)

i
)T

b
e

th
ei

r
it

h
ro

w
s,

re
sp

ec
ti

ve
ly

.
T

h
en

,

‖x
(i

)
2
−
x

(j
)

2
‖

=
‖Ẑ

2
(x

(i
)

1
−
x

(j
)

1
)‖

2
=
‖x

(i
)

1
−
x

(j
)

1
‖ 2
,
∀i
6=
j,

u
si

n
g
Ẑ

2
∈
O
n
2
×
k

an
d

(1
).

Is
om

et
ry

-i
n
va

ri
an

ce
of

K
im

p
li
es

M
is

(K
(Ẑ

1
Σ̂

),
K

(A
(k

)
re

))
=

0.
S
in

ce
M

is
is

a
p
se

u
d
o-

m
et

ri
c

on
k
-m

ea
n
s

m
at

ri
ce

s,
u
si

n
g

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y,

w
e

ge
t

M
is
( K

(Ẑ
1
Σ̂

),
P
) ≤

M
is
( K

(Ẑ
1
Σ̂

),
K

(A
(k

)
re

))
+

M
is
( K

(A
(k

)
re

),
P
)

=
M

is
( K

(A
(k

)
re

),
P
) .

(I
n

fa
ct

,
u
si

n
g

th
e

tr
ia

n
gl

e
in

eq
u
al

it
y

in
th

e
ot

h
er

d
ir

ec
ti

on
,

w
e

co
n
cl

u
d
e

th
a
t

th
e

tw
o

si
d
es

ar
e

eq
u
al

.)
T

h
e

re
su

lt
n
ow

fo
ll
ow

s
fr

om
T

h
eo

re
m

5.

P
ro

o
f

[P
ro

of
of

C
or

ol
la

ry
4]

W
e

h
av

e

‖Λ
s∗
−

Λ
t∗
‖2

=

k
2 ∑ `=
1

n
2 2
`(
B
s`
−
B
t`

)2
=

k
2 ∑ `=
1

n
2 2
`

n
1
n

2
(Ψ

s`
−

Ψ
t`

)2
=
α

k
2 ∑ `=
1

π
2 2
`(

Ψ
s`
−

Ψ
t`

)2

w
h
er

e
w

e
h
av

e
u
se

d
α

:=
n

2
/n

1
.

R
ec

al
l
fr

om
(4

2)
th

at
Λ

2 ∧
:=

m
in
t6=
s
‖Λ

s∗
−

Λ
t∗
‖2

.
It

fo
ll
ow

s

th
at
α
−

1
Λ

2 ∧
≤

Ψ
2 1
,∧

,
u
si

n
g
π

2
,`
≤

1.
W

e
al

so
h
av

e
Ψ̃

2 1
,∧
≥
π

1
,∧

Ψ
2 1
,∧
≥
π

1
,∧
α
−

1
Λ

2 ∧.
R

ec
a
ll
in

g
th

e
d
efi

n
it

io
n

of
a

fr
om

(8
),

an
d

u
si

n
g

Ψ
s`

=
(√
n

1
n

2
/n

2
`)

Λ
s`

,
w

e
h
av

e

d
=

√
n

2

n
1
‖Ψ
‖ ∞
≤
√
n

2

n
1

√
n

1
n

2

n
2
,∧
‖Λ
‖ ∞

=
1

π
2
,∧
‖Λ
‖ ∞
≤
β

2
k

2
‖Λ
‖ ∞

.
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Z
h
o
u
a
n
d

A
m
in
i

H
en

ce
,
k
d
Ψ
−

2
1
,∧
≤
k
β

2
k

2
‖Λ
‖ ∞

(α
−

1
Λ

2 ∧)
−

1
=
β

2
k
k

2
α
‖Λ
‖ ∞

Λ
−

2
∧

w
h
ic

h
is

th
e

d
es

ir
ed

b
o
u
n
d
.

W
e

al
so

n
ot

e
th

at

k
d
Ψ̃
−

2
1
,∧
≤
k
d
π
−

1
1
,∧

Ψ
−

2
1
,∧
≤

(β
1
k

1
)
k
d
Ψ
−

2
1
,∧

w
h
ic

h
co

m
b
in

ed
w

it
h

th
e

p
re

v
io

u
s

b
ou

n
d

sh
ow

s
th

at
th

e
re

q
u
ir

ed
co

n
d
it

io
n

(4
3
)

in
th

e
st

at
em

en
t

is
en

ou
gh

to
sa

ti
sf

y
(3

7)
.

A
.5

.
P

ro
o
f

o
f

T
h

e
o
re

m
7

A
s

in
th

e
p
ro

of
of

T
h
eo

re
m

4,
w

e
on

ly
n
ee

d
to

ve
ri

fy
co

n
d
it

io
n
s

o
f

C
or

o
ll
a
ry

1
,

w
it

h
X
∗

=
Z̄

1
U
ψ
Q
∈
R
n
1
×
k
,

so
th

at
κ

-a
p
p
ro

x
im

a
te
k
-m

ea
n
s

op
er

at
or
P κ

sa
ti

sfi
es

b
o
u
n
d

(1
0
)

of
th

e
k
-m

ea
n
s

st
ep

.
R

ec
al

l
th

at
Z̄

1
∈

O
n
1
×
k
1
,
U
ψ
∈

O
k
1
×
k

an
d
Q
∈

O
k
×
k
.

C
le

a
rl

y,
X
∗

h
a
s

ex
ac

tl
y
k

1
d
is

ti
n
ct

ro
w

s,
u
T s
Q
,
s
∈

[k
1
].

F
u
rt

h
er

m
o
re

,

δ2
:=

δ2 ∧
(Z̄

1
U
ψ
Q

)
=
δ2 ∧

(Z̄
1
U
ψ

)
=

m
in

(t
,s

):
t6=
s
‖n
−

1
/
2

1
t

u
t
−
n
−

1
/
2

1
s

u
s
‖2 2

w
h
er

e
th

e
se

co
n
d

eq
u
al

it
y

is
b
y

(1
).

L
et

ti
n
g
‖·
‖

=
‖·
‖ 2

,
an

d
x

=
π
−

1
/
2

1
t

an
d
y

=
π
−

1
/
2

1
s

fo
r

si
m

p
li
ci

ty
,

an
d
z

=
(x
,−
y
)
∈
R

2
,

w
e

h
av

e

n
1
‖n
−

1
/
2

1
t

u
t
−
n
−

1
/
2

1
s

u
s
‖2

=
‖π
−

1
/
2

1
t

u
t
−
π
−

1
/
2

1
s

u
s
‖2

=
‖(
u
t
u
s

)(
x −
y

)
‖2

=
z
T

(U
ψ
U
T ψ

) I
z
,

(w
h
er

e
I

=
{t
,s
})

,

=
‖z
‖2
−
z
T

(I
k
1
−
U
ψ
U
T ψ

) I
z
T
.

S
in

ce
I k

1
−
U
ψ
U
T ψ

is
p

os
it

iv
e

se
m

id
efi

n
it

e,
u
si

n
g

(4
4)

,
w

e
h
av

e

0
≤
z
T

(I
k
1
−
U
ψ
U
T ψ

) I
z
T
≤

(1
−
ρ

1
)‖
z
‖2
,

h
en

ce
,
n

1
‖n
−

1
/
2

1
t

u
t
−
n
−

1
/
2

1
s

u
s
‖2
≥
ρ

1
‖z
‖2

=
ρ

1
(π
−

1
1
t

+
π
−

1
1
s

).
It

fo
ll
ow

s
b
y

(A
1
),

(n
1
δ2

)−
1
≤

1 ρ
1

m
ax

t6=
s

(π
−

1
1
t

+
π
−

1
1
s

)−
1
≤

1 ρ
1

(
β

1

2
k

1

) .

W
e

al
so

h
av

e

n
1
t
δ2 t

=
n

1
t

m
in

s:
s6=
t
‖n
−

1
/
2

1
t

u
t
−
n
−

1
/
2

1
s

u
s
‖2 2
≥

ρ
1

( 1
+
π

1
t

π
1
s

)
≥

ρ
1
.

W
e

ob
ta

in
,

w
it

h
ε2

=
C

2 2
k
d
/σ

2 k
an

d
O

=
U
ψ
Q

,

M
is

(K
(Ẑ

1
),
Z̄

1
)

=
M

is
(K

(Ẑ
1
),
Z̄

1
O

)
.

ε2

n
1
δ2
.

β
1

ρ
1

k k
1

d σ
2 k

as
lo

n
g

as
4(

1
+
κ

)2
(n

1
t
δ2 t

)−
1
ε2

=
4C

2 2
(1

+
κ

)2
ρ
−

1
1
k
d
/σ

2 k
<

1,
to

gu
ar

an
te

e
th

a
t

co
n
d
it

io
n

(b
)

of
C

or
ol

la
ry

1
h
ol

d
s,

so
th

at
P κ

sa
ti

sfi
es

(1
0)

w
it

h
c

=
4(

1
+
κ

)2
as

in
(2

6)
.

T
h
e

p
ro

o
f

is
co

m
p
le

te
.
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ipa

r
t
it
e
S
e
t
t
in
g

A
.6

.
P

ro
o
f

o
f

T
h

e
o
re

m
8

T
h
e

fo
llow

in
g

con
cen

tration
resu

lt
for

su
b
-G

au
ssian

ran
d
om

m
atrices

is
w

ell-k
n
ow

n
(V

er-
sh

y
n
in

,
2
0
1
8
):

L
e
m

m
a

7
L

et
A
∈
R
n
1 ×
n
2

h
a
ve

in
d
epen

d
en

t
su

b-G
a
u

ssia
n

en
tries,

a
n

d
σ

=
m

ax
i,j ‖A

ij −
E
A
ij ‖

ψ
2 .

T
h
en

fo
r

a
n

y
t
>

0
,

w
e

h
a
ve

|||A
−

E
A|||o

p ≤
C
σ

( √
n

1
+
√
n

2
+
t),

(67)

w
ith

p
ro

ba
bility

a
t

lea
st

1−
2

ex
p
(−
t 2).

L
et
t

=
√
n

1
+
√
n

2
in

L
em

m
a

7,
th

en
|||A
−
E
A|||o

p ≤
2
C
σ

( √
n

1
+
√
n

2 )
w

ith
p
rob

ab
ility

a
t

lea
st

1−
2e −

(n
1
+
n
2
).

W
e

th
u
s

h
ave

th
e

con
cen

tration
b

ou
n
d

(8)
w

ith
√
d

=
2
σ

( √
n

1
+

√
n

2 ).
T

h
e

p
ro

of
of

T
h
eorem

5
go

es
th

rou
gh

an
d

th
e

resu
lt

follow
s

b
y

rep
lacin

g
d

w
ith

th
e

u
p
p

er
b

o
u
n
d
d
≤

4
σ

2(n
1

+
n

2 ),
an

d
rep

lacin
g

Ψ
21
,∧

an
d

Ψ̃
21
,∧

w
ith

n
1 n

2 B
21
,∧

an
d
n

1 n
2 B̃

21
,∧

,
resp

ectively.

A
.7

.
P

ro
o
fs

o
f

S
e
c
tio

n
6
.4

P
ro

o
f

[P
ro

o
f

o
f

P
rop

osition
2]

W
e

h
ave

w
ith

th
e

given
p
rob

ab
ility,

|||A
re −

P̃
|||o

p ≤
|||A

re −
P
|||o

p
+
|||P
−
P̃
|||o

p

≤
C
√
d

+
1

√
n

1 n
2 |||P

0−
P̃

0|||o
p

≤
C
√
d

+
1

√
n

1 n
2 |||P

0−
P̃

0|||F
≤

(C
0

+
C

) √
d

w
h
ere

w
e

h
ave

u
sed

T
h
eorem

2
to

b
ou

n
d

th
e

fi
rst

term
u
sin

g
d ′

=
d

=
√
n

2 /n
1 ‖P

0‖∞
=

n
2 ‖
P
‖∞

.
T

h
e

last
in

eq
u
ality

u
ses

assu
m

p
tion

(52).
T

h
e

p
ro

of
is

com
p
lete.

P
ro

o
f

[P
ro

o
f

o
f

P
rop

osition
3]

L
ettin

g
f

(x
,y

)
:=

[ρ
0 (x

,y
)−

ρ̃
0 (x

,y
)] 2,

‖P
0−

P̃
0‖

2F
=

n
∑i=

1

n
∑j=

1

f
(X

i ,Y
j )

=
∑j∈
Z
n

∑i∈
Z
n

f
(X

i ,Y
i+
j ),

w
h
ere

Z
n

=
Z
/nZ

is{
1,...,n}

v
iew

ed
as

a
cy

clic
grou

p
of

ord
er
n

.
W

e
h
ave

E
[f

(X
1 ,Y

1 )
2]

=
‖f‖

2L
2

=
‖ρ

0 −
ρ̃

0 ‖
4L
4

=
o(d

2)

a
n
d

E
[f

(X
1 ,Y

1 )]
=
‖
f‖

L
1
≤
‖
f‖

L
2

=
o(d

).
N

ote
th

at
{
f

(X
i ,Y

j )
:
i,j
∈

Z
n }

are
n
ot

in
d
ep

en
d
en

t,
h
ow

ev
er,

for
each

j
∈

Z
n
,
{f

(X
i ,Y

i+
j )

:
i
∈

Z
n }

are
i.i.d

..
L

et
Z
j

:=
∑

i∈
Z
n
f

(X
i ,Y

i+
j ).

B
y

in
d
ep

en
d
en

ce,

var(Z
j )

=
n

var(f
(X

1 ,Y
1 ))≤

n‖f‖
2L
2 .
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Z
h
o
u
a
n
d

A
m
in
i

S
in

ce
E
Z
j

=
n‖
f‖

L
1 ,

b
y

th
e

C
h
eb

y
sh

ev
in

eq
u
a
lity,

for
an

y
j∈

Z
n
,

P
(Z

j ≥
n
d
)

=
P (Z

j −
E
Z
j ≥

n
d−

n‖
f‖

L
1 )

≤
n‖f‖

2L
2

(n
a−

n‖
f‖

L
1 )

2
=

1n

o(d
2)

(d−
o(d

))
2

=
o (

1n )
.

It
follow

s
th

at
P (|||P

0−
P̃

0||| 2F
≥
n

2d )≤
∑

j∈
Z
n
P (Z

j ≥
n
d )≤

n
o (n
−

1 )
=
o(1).

A
p
p
e
n
d
ix

B
.
A
lte

rn
a
tiv

e
a
lg
o
rith

m
fo
r
th

e
k
-m

e
a
n
s
ste

p

In
th

is
ap

p
en

d
ix

,
w

e
p
resen

t
a

sim
p
le

gen
eral

algorith
m

th
at

can
b

e
u
sed

in
th

e
k
-m

ea
n
s

step
,

rep
lacin

g
th

e
κ

-ap
p
rox

im
ate

k
-m

ean
s

solver
u
sed

th
rou

gh
ou

t
th

e
tex

t.
T

h
e

algorith
m

is
b
ased

on
th

e
id

eas
in

G
ao

et
al.

(2017)
a
n
d

Y
u
n

an
d

P
rou

tiere
(2014b

),
an

d
th

e
v
ersion

th
at

w
e

p
resen

t
h
ere

ach
eives

th
e

m
isclassifi

cation
b

o
u
n
d
ε

2/
(n
δ

2)
n
eed

ed
in

S
tep

3
of

th
e

an
aly

sis
(S

ection
3.1)

w
ith

ou
t

n
ecessarily

op
tim

izin
g

th
e
k
-m

ean
s

ob
jectiv

e
fu

n
ction

.
W

e
p
resen

t
th

e
resu

lts
u
sin

g
th

e
term

in
o
logy

o
f

th
e
k
-m

ean
s

m
atrices

(w
ith

row
s

in
R
d)

in
tro

d
u
ced

in
S
ection

3.3,
alth

ou
gh

th
e

algorith
m

a
n
d

th
e

resu
ltin

g
b

ou
n
d

w
ork

for
d
ata

p
oin

ts
in

an
y

m
etric

sp
ace.

L
et
X
∈
M
kn
,m

b
e

a
k
-m

ean
s

m
atrix

an
d

let
u
s

d
en

ote
its

cen
ters,

i.e.
d
istin

ct
row

s,
as

{
q
r (X

),r
∈

[k
]}.

A
s

in
D

efi
n
ition

2,
w

e
w

rite
δ
r (X

)
an

d
n
r (X

)
for

th
e
rth

clu
ster

cen
ter

sep
aration

an
d

size,
resp

ectiv
ely,

an
d
δ∧

(X
)

=
m

in
r
δ
r (X

)
an

d
n
∧

=
m

in
r
n
r (X

).
A

ssu
m

e
th

at
w

e
h
ave

an
estim

ate
X̂
∈
R
n×

d
o
f
X

,
an

d
let

u
s

w
rite

d
(i,j)

:=
d
(x̂
i ,x̂

j ),
i,j∈

[n
]

for
th

e
p
airw

ise
d
istan

ces
b

etw
een

th
e

row
s

of
X̂

.

A
lgorith

m
6

w
h
ich

is
a

varian
t

of
th

e
on

e
p
resen

ted
in

G
ao

et
al.

(201
7),

takes
th

ese
p
airw

ise
d
istan

ces
an

d
ou

tp
u
ts

clu
ster

estim
ates

Ĉ
1 ,...,Ĉ

k
⊂

[n
],

after
k

recu
rsive

p
asses

th
rou

gh
th

e
d
ata.

A
som

ew
h
at

m
ore

sop
h
isticated

version
of

th
is

algorith
m

ap
p

ears
in

Y
u
n

an
d

P
rou

tiere
(2014b

),
w

h
ere

on
e

also
rep

eats
th

e
p
ro

cess
for

i
=

1
,...,log

n
an

d
rad

ii

R
i

=
iR

1
in

an
ou

ter
lo

op
,

p
ro

d
u
cin

g
clu

stersĈ
(i)
r
,r∈

[k
];

on
e

th
en

p
ick

s,
am

on
g

th
ese

log
n

p
ossib

le
clu

sterin
g
s,

th
e

on
e

th
at

m
in

im
izes

th
e
k
-m

ean
s

ob
jective.

T
h
e

varian
t

in
Y

u
n

an
d

P
rou

tiere
(2014b

)
also

leaves
n
o

u
n
lab

eled
n
o
d
es

b
y

assign
in

g
th

e
u
n
lab

eled
to

th
e

clu
ster

w
h
ose

estim
ated

cen
ter

is
closest.

In
th

e
rest

of
th

is
section

,
w

e
w

ill
fo

cu
s

on
th

e
sim

p
le

version
p
resen

ted
in

A
lgorith

m
6

as
th

is
is

en
ou

gh
to

estab
lish

ou
r

d
esired

b
ou

n
d
.

T
h
e

follow
in

g
th

eorem
p
rov

id
es

th
e

n
ecessary

g
u
aran

tee:

T
h

e
o
re

m
9

C
o
n

sid
er

th
e

clu
ster

m
od

el
a
bo

ve
a
n

d
let

n
r

=
n
r (X

),
n
∧

=
n
∧

(X
)

a
n

d
δ∧

=
δ∧

(X
).

A
ssu

m
e

th
a
t

w
e

h
a
ve

a
p
p
ro

xim
a
te

d
a
ta
x̂

1 ,...,x̂
n

su
ch

th
a
t ∑

ni=
1
d
(x
i ,x̂

i )
2
≤
ε

2.
In

a
d
d
itio

n
,

a
ssu

m
e

th
a
t

fo
r

so
m

e
γ
∈

(0,1)
a
n

d
β
≥

1
:

(i)
n
r ≤

β
n
∧

fo
r

a
ll
r∈

[k
]

(C
lu

sters
a
re
β

-ba
la

n
ced

.),

(ii)
2
ε

√
γ
n
∧
<
δ∧3

(ε
2

sm
a
ll

en
o
u

gh
co

m
pa

red
to
n
∧
δ

2∧
.),

(iii)
ξβ

+
γ
<

1−
γ

w
h
ere

ξ
:=

γ
/(1−

γ
).

(G
a
m

m
a

sm
a
ll

en
o
u

gh
rela

tive
to
β

.)
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ip
a
r
t
it
e
S
e
t
t
in
g

A
lg

o
ri

th
m

6
k
-m

ea
n
s

re
p
la

ce
m

en
t

In
p

u
t:

P
ai

rw
is

e
d
is

ta
n
ce
d
(i
,j

),
i,
j
∈

[n
]

an
d

ra
d
iu

s
ρ
.

1
:
S
←

[n
]

2
:

fo
r
r

=
1,
..
.,
k

d
o

3
:

F
or

ev
er

y
i
∈
S

,
le

t
B
d
(i

;ρ
)

:=
{j
∈
S

:
d
(i
,j

)
≤
ρ
}.

4
:

P
ic

k
i 0
∈
S

th
at

m
ax

im
iz

es
i
7→
|B

d
(i

;ρ
)|.

5
:

L
et
Ĉ r

=
B
d
(i

0
;ρ

).
6
:

S
←
S
\Ĉ

r
.

7
:

e
n

d
fo

r
O

u
tp

u
t:

R
et

u
rn

cl
u
st

er
s
Ĉ r

:
1,
..
.,
k

an
d

ou
tp

u
t

re
m

ai
n
in

g
S

as
u
n
la

b
el

ed
.

L
et
M
n
(ρ

)
be

th
e

(a
ve

ra
ge

)
m

is
cl

a
ss

ifi
ca

ti
o
n

ra
te

o
f

A
lg

o
ri

th
m

6
w

it
h

in
p
u

t
ra

d
iu

s
ρ

.
T

h
en

,

M
n
(ρ

)
≤

8ε
2

n
ρ

2
,
∀ρ
∈
[

2
ε

√
γ
n
∧
,
δ ∧ 3

) .

A
p
p
ly

in
g

th
e

al
go

ri
th

m
w

it
h
ρ
≥
α
δ ∧

fo
r
α
<

1/
3

w
e

ob
ta

in
th

e
m

is
cl

as
si

ca
ti

on
b

o
u
n
d

c α
ε2
/(
n
δ2 ∧

)
w

h
er

e
c α

=
8
/α

2
.

T
h
u
s,

A
lg

or
it

h
m

6
w

it
h

a
p
ro

p
er

ch
oi

ce
of

th
e

ra
d
iu

s
ρ

sa
ti

sfi
es

th
e

d
es

ir
ed

b
ou

n
d

(1
0)

of
th

e
k
-m

ea
n
s

st
ep

.
P

ro
o
f

[P
ro

of
of

T
h
eo

re
m

9]
T

h
e

p
ro

of
fo

ll
ow

s
th

e
ar

g
u
m

en
t

in
G

ao
et

al
.

(2
01

7)
.

A
s

in
th

e
p
ro

of
of

P
ro

p
os

it
io

n
1,

le
t
C r

d
en

ot
e

th
e
rt

h
cl

u
st

er
of
X

,
h
av

in
g

ce
n
te

r
q r

=
q r

(X
).

W
e

h
av

e
|C
r
|=

n
r
.

L
et
x
i

an
d
x̂
i

b
e

th
e
it

h
ro

w
of
X

an
d
X̂

,
re

sp
ec

ti
ve

ly
,

an
d

le
t

T
r

:=
{i
∈
C r

:
d
(x̂
i,
q r

)
<
ρ
/2
}

=
{i
∈
C r

:
d
(x̂
i,
x
i)
<
ρ
/2
}

u
si

n
g
x
i

=
q r

fo
r

al
l
i
∈
C r

w
h
ic

h
h
ol

d
s

b
y

d
efi

n
it

io
n
.
{T

r
}

ar
e

d
is

jo
in

t
an

d
cl

ea
rl

y
T
r
⊂
C r

.
L

et
T

:=
⊎
r
T
r
,

a
d
is

jo
in

t
u
n
io

n
,

an
d
T
c

=
[n

]
\T

.
W

e
h
av

e

|T
c
|ρ

2
/4
≤

∑ i
∈
T
c

d
(x̂
i,
x
i)

2
≤
ε2

=
⇒
|T
c
|≤

4ε
2
/ρ

2
.

(6
8)

A
s

a
co

n
se

q
u
en

ce
of

as
su

m
p
ti

on
(i

i)
an

d
ou

r
ch

oi
ce

of
ρ
,

w
e

h
av

e
4ε

2
/
(n
∧ρ

2
)
≤
γ

,
h
en

ce

|T
r
|=
|C
r
|−
|C
r
\T

r
|
≥
|C
r
|−
|T
c
|
≥

n
∧( 1
−

4ε
2

n
∧ρ

2

)
≥
n
∧(

1
−
γ

)
(6

9)

fo
r

al
l
r
∈

[k
].

O
n

th
e

ot
h
er

h
an

d
,
|T
c
|≤

γ
n
∧.

In
p
ar

ti
cu

la
r,

co
m

b
in

in
g

th
e

tw
o

es
ti

m
at

es

|T
c
|≤

ξ
|T
r
|,
∀r
∈

[k
]

(7
0)

w
h
er

e
ξ

=
γ
/(

1
−
γ

).
T

h
es

e
si

ze
es

ti
m

at
es

w
il
l

b
e

u
se

d
fr

eq
u
en

tl
y

in
th

e
co

u
rs

e
of

th
e

p
ro

of
.

R
ec

al
l
th

at
d
(i
,j

)
:=

d
(x̂
i,
x̂
j
),
i,
j
∈

[n
],

th
e

co
ll
ec

ti
on

of
p
ai

rw
is

e
d
is

ta
n
ce

s
b

et
w

ee
n

th
e

d
at

a
p

oi
n
ts
x̂

1
,.
..
,x̂

n
.

T
h
u
s,

w
it

h
so

m
e

ab
u
se

of
n
ot

at
io

n
,

(i
,j

)
7→
d
(i
,j

)
d
efi

n
es

a
p
se

u
d
o-

m
et

ri
c

on
[n

]
(a

n
d

a
p
ro

p
er

m
et

ri
c

if
{x̂

i}
ar

e
d
is

ti
n
ct

).
F

or
an

y
tw

o
su

b
se

ts
A
,B
⊂

[n
]

w
e

w
ri

te
d
(A
,B

)
=

in
f{
d
(i
,j

)
:
i
∈
A
,
j
∈
B
}.

F
or

an
y
i
∈

[n
],

le
t
d
(i
,A

)
=
d
({
i}
,A

).

W
e

sa
y

th
at

n
o
d
e
i 0

is
n
ea

r
T

if
d
(i

0
,T

)
≤
ρ
,

i.
e.

,
i 0

b
el

on
gs

to
th

e
ρ
-e

n
la

rg
em

en
t

of
T

.
S
im

il
ar

ly
,

w
e

sa
y

th
at
i 0

is
n
ea

r
T
r

if
d
(i

0
,T

r
)
≤
ρ

an
d

fa
r

fr
om

T
r

ot
h
er

w
is

e.
N

ot
e

th
at
i 0
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Z
h
o
u
a
n
d

A
m
in
i

ca
n

b
e

n
ea

r
at

m
os

t
on

e
of
T
r
,r
∈

[k
].

T
h
is

is
si

n
ce
d
(T
r
,T

`)
≥
δ ∧
−
ρ

fo
r
r
6=
`,

a
n
d

w
e

a
re

as
su

m
in

g
δ ∧
>

3ρ
.

In
fa

ct
,
i 0

is
n

ea
r
T

iff
i 0

is
n

ea
r

ex
a
ct

ly
o
n

e
o
f
T
r
,r
∈

[k
].

T
o

u
n
d
er

st
an

d
A

lg
or

it
h
m

6,
le

t
u
s

as
su

m
e

th
at

w
e

ar
e

at
so

m
e

it
er

at
io

n
o
f

th
e

a
lg

o
ri

th
m

an
d

w
e

ar
e

p
ic

k
in

g
th

e
ce

n
te

r
i 0

an
d

th
e

co
rr

es
p

on
d
in

g
cl

u
st

er
Ĉ

:=
{j

:
d
(j
,i

0
)
≤
ρ
}.

O
n
e

of
th

e
fo

ll
ow

in
g

h
ap

p
en

s:

(a
)

W
e

p
ic

k
th

e
n
ew

ce
n
te

r
i 0
∈
T
r

fo
r

so
m

e
r,

in
w

h
ic

h
ca

se
Ĉ

w
il
l

in
cl

u
d
e

th
e

en
ti

re
T
r
,

n
on

e
of
T
`,
`
6=
r,

an
d

p
er

h
ap

s
so

m
e

of
T
c
.

T
h
at

is
,
Ĉ
⊃
T
r

an
d
Ĉ
∩
T
`

=
∅

fo
r
`
6=
r.

(b
)

W
e

p
ic

k
i 0

n
ea

r
T
r

fo
r

so
m

e
r.

In
th

is
ca

se
,
|Ĉ
|≥
|T
r
|,

ot
h
er

w
is

e
an

y
m

em
b

er
o
f
T
r

w
ou

ld
h
av

e
cr

ea
te

d
a

b
ig

ge
r

cl
u
st

er
b
y

p
ar

t
(a

)
ab

ov
e.

N
ow

,
Ĉ

ca
n
n
o
t

co
n
ta

in
a
n
y

of
T
`,
`
6=
r,

b
ec

au
se
i 0

is
fa

r
fr

om
th

os
e

if
it

is
n
ea

r
T
r
.

H
en

ce
,
Ĉ
⊂
T
r
∪
T
c
.

S
in

ce
|T
c
|≤

ξ|T
r
|b

y
(7

0)
,

an
d
|Ĉ
|≥
|T
r
|,

w
e

h
av

e
|Ĉ
∩
T
r
|≥

(1
−
ξ)
|T
r
|.

T
h
a
t

is
,
Ĉ

co
n
ta

in
s

a
la

rg
e

fr
ac

ti
on

of
T
r
.

If
ei

th
er

of
th

e
tw

o
ca

se
s

ab
ov

e
h
ap

p
en

,
w

e
sa

y
th

at
T
r

is
d
ep

le
te

d
,

ot
h
er

w
is

e
it

is
in

ta
ct

.
If

T
r

is
d
ep

le
te

d
,

it
w

il
l

n
ot

b
e

re
v
is

it
ed

in
fu

tu
re

it
er

at
io

n
s,

as
lo

n
g

as
ot

h
er

in
ta

ct
T
`,
`
6=
r

ex
is

t.
T

o
se

e
th

is
,

fi
rs

t
n
ot

e
th

at
|T
r
∩
Ĉc
|≤

ξ|T
r
|≤

ξβ
n
∧,

u
si

n
g

as
su

m
p
ti

on
(i

).
T

a
k
in

g
i 0

on
or

n
ea

r
T
r

in
a

fu
tu

re
it

er
at

io
n

w
il
l
gi

ve
u
s

a
cl

u
st

er
of

si
ze

at
m

os
t

(ξ
β

+
γ

)n
∧
<

(1
−
γ

)n
∧

(b
y

as
su

m
p
ti

on
(i

ii
))

w
h
ic

h
is

le
ss

th
at
|T
`|

fo
r

an
in

ta
ct

cl
u
st

er
.

T
o

si
m

p
li
fy

n
ot

at
io

n
,

if
ei

th
er

of
(a

)
an

d
(b

)
h
ap

p
en

,
i.
e.

,
w

e
p
ic

k
cl

u
st

er
ce

n
te

r
i 0

n
ea

r
T
r

fo
r

so
m

e
r,

w
e

n
am

e
th

e
co

rr
es

p
on

d
in

g
cl

u
st

er
Ĉ r

.
T

h
is

is
to

av
oi

d
ca

rr
y
in

g
a
ro

u
n
d

a
p

er
m

u
ta

ti
on

of
cl

u
st

er
la

b
el

s
d
iff

er
en

t
th

an
th

e
or

ig
in

al
on

e,
an

d
is

va
li
d

si
n
ce

ea
ch

T
r

is
v
is

it
ed

at
m

os
t

on
ce

b
y

th
e

ab
ov

e
ar

gu
m

en
t.

(I
n

fa
ct

,
ea

ch
is

v
is

it
ed

ex
ac

tl
y

o
n
ce

,
a
s

w
e

ar
gu

e
b

el
ow

.)
T

h
at

la
st

p
os

si
b
il
it

y
is

(c
)

W
e

p
ic

k
i 0

fa
r

fr
om

an
y
T
r
,

th
at

is
d
(i

0
,T

)
>
ρ
.

T
h
is

gi
ve

s
Ĉ
⊂
T
c
,

h
en

ce
|Ĉ
|≤
|T
c
|≤

γ
n
∧
<

(1
−
γ

)n
∧
≤
|T
`|

fo
r

an
y

in
ta

ct
T
`.

T
h
u
s

as
al

on
g

as
th

er
e

ar
e

in
ta

ct
T
`,

th
is

ca
se

d
o
es

n
ot

h
ap

p
en

.

T
h
e

ab
ov

e
ar

g
u
m

en
t

gi
ve

s
th

e
fo

ll
ow

in
g

p
ic

tu
re

of
th

e
ev

ol
u
ti

o
n

of
th

e
a
lg

o
ri

th
m

:
A

t
ea

ch
st

ep
t

=
1,
..
.,
k
,
w

e
p
ic

k
i 0

n
ea

r
T
r

fo
r

so
m

e
p
re

v
io

u
sl

y
u
n
v
is

it
ed
r,

m
ak

in
g

it
d
ep

le
te

d
,

cr
ea

ti
n
g

es
ti

m
at

ed
cl

u
st

er
Ĉ r

an
d

p
ro

ce
ed

in
g

to
th

e
n
ex

t
it

er
at

io
n
.

A
ft

er
th

e
k
-t

h
it

er
a
ti

o
n

al
l
T
`,
`
∈

[k
]

w
il
l

b
e

d
ep

le
te

d
.

W
e

h
av

e
|Ĉ
r
|≥
|T
r
|,

an
d
Ĉ r
⊂
T
r
∩
T
c

fo
r

al
l
r
∈

[k
].

B
y

co
n
st

ru
ct

io
n
{Ĉ

`}
ar

e
d
is

jo
in

t.
L

et
Ĉ

:=
⊎
`∈

[k
]
Ĉ `

,
an

d
n
ot

e
th

at
|Ĉ
|≥
|T
|h

en
ce

|Ĉ
c
|≤
|T
c
|.

S
in

ce
Ĉ `
∩
T
r

=
∅

fo
r
`
6=
r,

w
e

h
av

e
T
r
⊂
⋂
`6=
r
Ĉc `

,
h
en

ce
T
r
∩
Ĉc r
⊂
Ĉc

.
A

ll
th

e
m

is
cl

as
si

fi
ed

or
u
n
cl

as
si

fi
ed

n
o
d
es

p
ro

d
u
ce

d
b
y

th
e

al
go

ri
th

m
ar

e
co

n
ta

in
ed

in
[⋃

r
(T
r
∩

Ĉc r
)]
∪
T
c

w
h
ic

h
it

se
lf

is
co

n
ta

in
ed

in
Ĉc
∪
T
c
.

H
en

ce
,

th
e

m
is

cl
as

si
fi
ca

ti
on

ra
te

is
b

o
u
n
d
ed

ab
ov

e
b
y

1 n
|Ĉ
c
∪
T
c
|≤

1 n
(|Ĉ

c
|+
|T
c
|)
≤

2 n
|T
c
|≤

8ε
2

n
ρ

2
.

w
h
er

e
w

e
h
av

e
u
se

d
(6

8)
.

T
h
e

p
ro

of
is

co
m

p
le

te
.
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S
p
e
c
t
r
a
l
C
l
u
st

e
r
in
g

f
o
r
C
o
m
m
u
n
it
y
D
e
t
e
c
t
io
n
:
B
ipa

r
t
it
e
S
e
t
t
in
g

R
e
m

a
rk

1
3

T
h
e

la
st

pa
rt

o
f

th
e

a
rgu

m
en

t
ca

n
be

m
a
d
e

m
o
re

tra
n

spa
ren

t
a
s

fo
llo

w
s:

E
a
ch

Ĉ
r

co
n

sists
o
f

tw
o

d
isjo

in
t

pa
rt,Ĉ

r ∩
T
r

a
n

d
Ĉ
r ∩

T
c.

W
e

h
a
ve|Ĉ

r ∩
T
c|≥
|T
r \Ĉ

r |
(equ

iva
len

t
to
|Ĉ
r |≥

|T
r |).

T
h
en

,

∑

k

|T
r \Ĉ

r |≤
∑

r

|Ĉ
r ∩

T
c|

=
|Ĉ
∩
T
c|≤
|T
c|

a
n

d
to

ta
l

m
iscla

ssifi
ca

tio
n

s
a
re

bo
u

n
d
ed

by
∑

k |T
r \Ĉ

r |+
|T
c|.

A
p
p
e
n
d
ix

C
.
A
u
x
ilia

ry
le
m
m
a
s

L
e
m

m
a

8
L

et
Z
,Y
∈

O
n×

k
a
n

d
let

Π
Z

=
Z
Z
T

a
n

d
Π
Y

=
Y
Y
T

be
th

e
co

rrespo
n

d
in

g
p
ro

jectio
n

o
pera

to
rs.

W
e

h
a
vem

in
Q
∈
O
k×

k |||Z
−
Y
Q
|||F
≤
|||Π

Z
−

Π
Y |||F

.

P
ro

o
f

W
e

fi
rst

n
ote

th
at|||Π

Z ||| 2F
=

tr(Π
2Z

)
=

tr(Π
Z

)
=
k

(sin
ce

p
ro

jection
s

are
id

em
p

oten
t),

a
n
d
|||Z||| 2F

=
tr(Z

T
Z

)
=

tr(Π
Z

)
=
k
.

L
et
Z
T
Y

=
U

Σ
V
T

b
e

th
e

S
V

D
of
Z
T
Y

w
h
ere

U
,V
∈
O
k×

k
a
n
d

Σ
=

d
iag

(σ
1 ,...,σ

k )�
0.

T
h
en

,
u
sin

g
th

e
ch

an
ge

of
variab

le
O

=
V
T
Q
U

,

12
m

in
Q
|||Z
−
Y
Q
||| 2F

=
k−

m
ax
Q

tr(Z
T
Y
Q

)

=
k−

m
ax

O
∈

O
k×

k
tr(Σ

O
)

=
k−
|||Σ|||∗ ,

w
h
ere|||Σ|||∗

=
∑

i σ
i
is

th
e

n
u
clear

n
orm

of
Σ

.
T

o
see

th
e

last
eq

u
ality,

w
e

n
ote

th
at

sin
ce
O

is
o
rth

o
g
o
n
a
l,

w
e

h
ave|O

ii |≤
1

for
all

i,
h
en

ce
m

ax
O

tr(Σ
O

)≤
m

ax∀
i,|O

ii |≤
1 ∑

i σ
i O

ii
=
∑

i σ
i

b
y

th
e

d
u
a
lity

o
f
`
1

an
d
`∞

n
orm

s
an

d
σ
i ≥

0.
T

h
e

eq
u
ality

is
ach

iev
ed

b
y
O

=
I
k .

O
n

th
e

o
th

er
h
a
n
d

12 |||Π
Z
−

Π
Y ||| 2F

=
k−

tr(Π
Z

Π
Y

)
=
k−
|||Z

T
Y
||| 2F

=
k−
|||Σ||| 2F

.

S
in

ce
|||Σ|||o

p
=
|||Z

T
Y
|||o

p
=
|||Z|||o

p |||Y
|||o

p
≤

1,
w

e
h
ave

σ
i
≤

1
for

a
ll
i.

It
follow

s
th

at
|||Σ||| 2F

≤
|||Σ|||∗

com
p
letin

g
th

e
p
ro

of.
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g
F
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K
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W
an

g,
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d
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iq
iao

Z
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E

n
try

w
ise
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n
a
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o
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n
d
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m
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S
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ap
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im
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o
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a
g
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T
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Z
h
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A
m
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A
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A
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m
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h
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eter
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E
lizav

eta
L

ev
in

a,
et

al.
P

seu
d
o-likelih

o
o
d

m
eth

o
d
s

for
com

m
u
n
ity

d
etection

in
large

sp
arse

n
etw

ork
s.

T
h
e

A
n

n
a
ls

o
f

S
ta

tistics,
41

(4):2097–2122,
2013.

D
av

id
A

rth
u
r

an
d

S
ergei

V
assilv

itsk
ii.

k
-m

ean
s+

+
:

T
h
e

ad
van

tages
of

carefu
l

seed
in

g.
In

P
roceed

in
gs

o
f

th
e

eigh
teen

th
a
n

n
u

a
l

A
C

M
-S

IA
M

sym
po

siu
m

o
n

D
iscrete

a
lgo

rith
m

s,
p
ages

1027–1035.
S
o
ciety

for
In

d
u
strial

an
d

A
p
p
lied

M
ath

em
atics,

2007
.

S
ivaram

an
B

alak
rish

n
an

,
M

in
X

u
,

A
k
sh

ay
K

rish
n
am

u
rth

y,
an

d
A

arti
S
in

gh
.

N
oise

th
resh

-
old

s
for

sp
ectral

clu
sterin

g.
In

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
p
ages

954–962,
2011.

A
fon

so
S

B
an

d
eira,

R
am

on
V

an
H

an
d
el,

et
al.

S
h
arp

n
on

asy
m

p
to

tic
b

ou
n
d
s

on
th

e
n
orm

of
ran

d
om

m
atrices

w
ith

in
d
ep

en
d
en

t
en

tries.
T

h
e

A
n

n
a
ls

o
f

P
ro

ba
bility,

44(4):2479–2506,
2016.

R
a

jen
d
ra

B
h
atia.

M
a
trix

a
n

a
lysis,

volu
m

e
169

.
S
p
rin

ger
S
cien

ce
&

B
u
sin

ess
M

ed
ia,

2013.

P
eter

J
B

ick
el

an
d

A
iy

ou
C

h
en

.
A

n
on

p
aram

etric
v
iew

o
f

n
etw

ork
m

o
d
els

an
d

n
ew

m
an

–
girvan

an
d

oth
er

m
o
d
u
larities.

P
roceed

in
gs

o
f

th
e

N
a
tio

n
a
l

A
ca

d
em

y
o
f

S
cien

ces,
p
ages

p
n
as–0907096106,

2009.

N
orb

ert
B

in
k
iew

icz,
J
osh

u
a

T
.

V
ogelstein

,
an

d
K

a
rl

R
oh

e.
C

ovariate-assisted
sp

ectral
clu

s-
terin

g.
p
ages

1–48,
n
ov

2014.
U

R
L
h
t
t
p
:
/
/
a
r
x
i
v
.
o
r
g
/
a
b
s
/
1
4
1
1
.
2
1
5
8
.

B
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b
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d
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d
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a
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tcom

e
regression

m
o
d
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In
p
articu

la
r,

m
ak

in
g

u
se

o
f

sam
p
le

sp
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con
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p
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Z
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b
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a
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con
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d
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b
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e
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e
th

eoretical
p
rop

erties
of

estim
a
tors

w
ith

in
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p
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d
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con
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b
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d
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re
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n
in

d
ep

en
d
en

t,
id

en
tica

lly
d
istrib

u
ted

cop
ies

of
(X

,A
,Y

),
w

h
ere:

X
∈
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b
aselin

e
su

b
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∈
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∈
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b
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recom

m
en

d
ed

treatm
en

t
d
(x

).
L

etD
d
en

ote
a

class
of

IT
R

s
of

in
terest.

T
o

d
efi

n
e

th
e

op
tim

a
l

IT
R

,
d
en

oted
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u
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b
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∈
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∑

a∈{−
1
,1}
Y

(a
)I{a

=
d
(X

)}
to

b
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con
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∈
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p
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p
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b
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=
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r
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p
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d
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p
ly

a
co

m
p
le

x
cl

as
s

of
ru

le
s
D

.
H

ow
ev

er
,

th
e

cl
as

s
of

m
o
d
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b
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d
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d
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e
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p
ro

p
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=
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p
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re
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p
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b
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b
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=
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p
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p
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b
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b
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w
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p
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p
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b
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d
en

ot
e

an
es

ti
m

at
or

of
Q

(x
,a

).
T

h
e

au
gm

en
te

d
in

ve
rs

e
p
ro

b
ab

il
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=
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=
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p
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b
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h
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.

If
Q̂

(x
,a

)
≡

0
th

en
V̂

A
IP

W
E

(d
)

=
V̂

IP
W

E
(d

)
fo

r
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p
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p
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b
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b
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p
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h
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re
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p
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∈
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.
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p
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P
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=
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=
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−
π
m
{d

(X
);
X
}

π
m
{d

(X
);
X
}

Q
m
{X

,d
(X

)}
] .
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Z
h
a
o
,
L
a
b
e
r
,
N
in
g
,
S
a
h
a
,
S
a
n
d
s

T
h
e

p
re

ce
d
in

g
re

su
lt

sh
ow

s
th

at
V̂
A
I
P
W
E

(d
)

is
d
ou

b
ly

-r
ob

u
st

in
th

e
se

n
se

th
a
t

if
ei

th
er

th
e

p
ro

p
en

si
ty

m
o
d
el

or
th

e
m

o
d
el

ed
Q

-f
u
n
ct

io
n

is
co

n
si

st
en

t,
b
u
t

n
ot

n
ec

es
sa

ri
ly

b
o
th

,
th

en
V̂
A
I
P
W
E

(d
)

is
co

n
si

st
en

t
fo

r
V

(d
).

T
h
u
s,

th
e

m
ax

im
iz

er
of
V̂
A
I
P
W
E

(d
)

ov
er
d
∈
D

is
te

rm
ed

a
d
ou

b
ly

-r
ob

u
st

es
ti

m
at

or
of

th
e

op
ti

m
al

tr
ea

tm
en

t
ru

le
(Z

h
an

g
et

al
.,

20
12

a
,

2
0
1
2
b
,

2
0
1
3
).

H
ow

ev
er

,
b

ec
au

se
V̂
A
I
P
W
E

(d
)

is
n
ot

co
n
ti

n
u
ou

s,
co

m
p
u
ti

n
g

th
is

d
ou

b
ly

-r
o
b
u
st

es
ti

m
a
to

r
ca

n
b

e
co

m
p
u
ta

ti
on

al
ly

in
fe

as
ib

le
ev

en
in

m
o
d
er

at
e

p
ro

b
le

m
s

(Z
h
an

g
et

al
.,

20
1
2
a
).

In
st

ea
d
,

w
e

fo
rm

an
es

ti
m

at
or

b
y

m
ax

im
iz

in
g

a
co

n
ca

ve
re

la
x
at

io
n

of
V̂
A
I
P
W
E

(d
).

M
a
x
im

iz
in

g
th

is
co

n
ca

ve
re

la
x
at

io
n

is
co

m
p
u
ta

ti
on

al
ly

effi
ci

en
t

ev
en

in
ve

ry
h
ig

h
-d

im
en

si
on

a
l

p
ro

b
le

m
s.

W
e

sh
ow

th
at

th
e

m
ax

im
iz

er
of

th
is

re
la

x
ed

cr
it

er
ia

re
m

ai
n
s

d
ou

b
ly

-r
ob

u
st

.
F

u
rt

h
er

m
o
re

,
w

e
sh

ow
th

at
th

e
ra

te
s

of
co

n
ve

rg
en

ce
of

th
e

p
ro

p
os

ed
es

ti
m

at
or

s
d
ep

en
d

on
th

e
ch

o
se

n
co

n
ca

ve
re

la
x
at

io
n
,

th
e

ch
os

en
p
ro

p
en

si
ty

m
o
d
el

,
an

d
th

e
ch

os
en

m
o
d
el

fo
r

th
e
Q

-f
u
n
ct

io
n
.

T
h
e

re
la

ti
on

sh
ip

s
am

on
g

th
es

e
ch

oi
ce

s
p
ro

v
id

es
n
ew

k
n
ow

le
d
ge

ab
ou

t
d
ir

ec
t

se
a
rc

h
es

ti
m

a
to

rs
b
as

ed
on

co
n
ca

ve
su

rr
og

at
es

(Z
h
an

g
et

al
.,

20
12

;
Z

h
ao

et
al

.,
20

12
,

20
15

a,
20

1
5
b
).

2
.3

.
E

ffi
c
ie

n
t

a
u

g
m

e
n
ta

ti
o
n

a
n

d
re

la
x
a
ti

o
n

le
a
rn

in
g

(E
A

R
L

)

L
et
M

b
e

th
e

cl
a
ss

of
m

ea
su

ra
b
le

fu
n
ct

io
n
s

fr
om

R
p

in
to

R
.

A
n
y

d
ec

is
io

n
ru

le
d
(x

)
ca

n
b

e
w

ri
tt

en
as

d
(x

)
=

sg
n
{f

(x
)}

fo
r

so
m

e
fu

n
ct

io
n
f
∈
M

,
w

h
er

e
w

e
d
efi

n
e

sg
n
(0

)
=

1.
F

or
d
(x

)
=

sg
n
{f

(x
)}

,
I
{a

=
d
(x

)}
=
I
{a
f

(x
)
≥

0
}.

D
efi

n
e
V

(f
),
V

IP
W

E
,m

(f
),

an
d
V

A
IP

W
E
,m

(f
)

b
y

su
b
st

it
u
ti

n
g
I
{A
f

(X
)
≥

0
}

fo
r
I
{A

=
d
(X

)}
in

th
ei

r
re

sp
ec

ti
v
e

d
efi

n
it

io
n
s.

D
efi

n
e

W
m a

=
W
a
(Y
,X

,A
,π

m
,Q

m
)

=
Y
I
(A

=
a
)

π
m

(a
;X

)
−
I
(A

=
a
)
−
π
m

(a
;X

)

π
m

(a
;X

)
Q
m

(X
,a

),
a
∈
{−

1,
1}
.

T
h
e

fo
ll
ow

in
g

re
su

lt
sh

ow
s

th
at

m
ax

im
iz

in
g
V̂

A
IP

W
E

(f
)

is
eq

u
iv

al
en

t
to

m
in

im
iz

in
g

a
su

m
of

w
ei

gh
te

d
m

is
cl

as
si

fi
ca

ti
on

ra
te

s;
a

p
ro

of
is

gi
v
en

in
W

eb
A

p
p

en
d
ix

B
.

L
e
m

m
a

2
.2

A
ss

u
m

e
th

a
t
P
{f

(X
)

=
0}

=
0.

D
efi

n
e
f̂ n

=
ar

g
su

p
f
∈M

V̂
A

IP
W

E
(f

),
th

en

f̂ n
=

ar
g

in
f

f
∈M

P n
[ |Ŵ

1
|I
{ sg

n
(Ŵ

1
)f

(X
)
<

0}
+
|Ŵ
−

1
|I
{ −

sg
n
(Ŵ
−

1
)f

(X
)
<

0
}]

,

w
h
er

e
Ŵ
a

=
W
a
(Y
,X

,A
,π̂
,Q̂

),
a

=
∈
{−

1,
1}

.

L
em

m
a

2.
2

sh
ow

s
th

at
th

e
es

ti
m

at
or

,
f̂ n

,
w

h
ic

h
m

ax
im

iz
es
V̂

A
IP

W
E

(f
)

ov
er
f
∈
M

,
ca

n
b

e
v
ie

w
ed

as
m

in
im

iz
in

g
a

su
m

of
w

ei
gh

te
d

0-
1

lo
ss

es
.

In
th

is
v
ie

w
,

th
e

cl
a
ss

la
b

el
s

ar
e

sg
n
(Ŵ

a
)
·a

an
d

th
e

m
is

cl
as

si
fi
ca

ti
on

w
ei

gh
ts

ar
e
|Ŵ

a
|,
a

=
∈
{−

1,
1}

(s
ee

Z
h
a
n
g

et
a
l.
,

20
12

b
,

20
13

).
D

ir
ec

tl
y

m
in

im
iz

in
g

th
e

co
m

b
in

ed
w

ei
g
h
te

d
0-

1
lo

ss
is

a
d
iffi

cu
lt

n
o
n
-c

o
n
ve

x
op

ti
m

iz
at

io
n

p
ro

b
le

m
(L

ab
er

an
d

M
u
rp

h
y
,

20
11

).
O

n
e

st
ra

te
gy

to
re

d
u
ce

co
m

p
u
ta

ti
o
n
al

co
m

p
le

x
it

y
is

to
re

p
la

ce
th

e
in

d
ic

at
or

fu
n
ct

io
n

w
it

h
a

co
n
ve

x
su

rr
og

at
e

an
d

to
m

in
im

iz
e

th
e

re
su

lt
in

g
re

la
x
ed

ob
je

ct
iv

e
fu

n
ct

io
n

(F
re

u
n
d

an
d

S
ch

ap
ir

e,
19

99
;

B
ar

tl
et

t
et

a
l.
,

2
0
0
6;

H
as

ti
e

et
al

.,
20

09
).

T
h
is

st
ra

te
gy

h
as

p
ro

ve
d

su
cc

es
sf

u
l

em
p
ir

ic
al

ly
an

d
th

eo
re

ti
ca

ll
y

in
cl

as
si

fi
ca

ti
on

an
d

es
ti

m
at

io
n

of
op

ti
m

al
tr

ea
tm

en
t

ru
le

s
(Z

h
ao

et
al

.,
20

12
).

H
ow

ev
er

,
u
n
li
ke

p
re

v
io

u
s

ap
p
li
ca

ti
on

s
of

co
n
ve

x
re

la
x
at

io
n
s

to
th

e
es

ti
m

at
io

n
of

op
ti

m
al

tr
ea

tm
en

t
ru

le
s,

w
e

es
ta

b
li
sh

ra
te

s
of

co
n
ve

rg
en

ce
as

a
fu

n
ct

io
n

of
th

e:
(i

)
ch

oi
ce

of
co

n
v
ex

su
rr

o
g
a
te

;
(i

i)
co

n
ve

rg
en

ce
ra

te
of

th
e

p
os

tu
la

te
d

p
ro

p
en

si
ty

sc
or

e
es

ti
m

at
or

;
an

d
(i

ii
)

co
n
ve

rg
en

ce
ra

te
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E
f
f
ic
ie
n
t
a
u
g
m
e
n
t
a
t
io
n
a
n
d

r
e
l
a
x
a
t
io
n
l
e
a
r
n
in
g

th
e

p
ostu

la
ted

Q
-fu

n
ction

estim
ato

r.
W

e
ch

aracterize
th

e
relatio

n
sh

ip
am

on
g

th
ese

th
ree

co
m

p
o
n
en

ts
in

S
ection

3.

T
h
e

fu
n
ctio

n
f

is
con

cep
tu

alized
as

b
ein

g
a

sm
o
oth

fu
n
ction

of
x

th
at

is
m

ore
easily

co
n
stra

in
ed

to
p

ossess
certain

d
esired

stru
ctu

re,
e.g.,

sp
arsity,

lin
earity,

etc.
T

h
u
s,

w
e

w
ill

fo
cu

s
on

estim
a
tion

of
f

w
ith

in
a

class
of

fu
n
ction

sF
called

th
e

ap
p
rox

im
ation

sp
ace;

w
e

a
ssu

m
e

th
a
tF

is
a

H
ilb

ert
sp

ace
w

ith
n
orm

‖·‖.
L

et
φ

:R
→

R
d
en

ote
a

con
vex

fu
n
ction

a
n
d

d
efi

n
e

E
A

R
L

estim
ators

as
th

ose
tak

in
g

th
e

form

f̃
λ
n

n
=

a
rg

in
f

f∈F
P
n [|Ŵ

1 |φ {
sgn

(Ŵ
1 )f

(X
) }

+
|Ŵ
−

1 |φ {−
sgn

(Ŵ
−

1 )f
(X

) }]
+
λ
n ‖f‖

2,
(4)

w
h
ere

λ
n ‖
f‖

2
is

in
clu

d
ed

to
red

u
ce

overfi
ttin

g
an

d
λ
n
≥

0
is

a
(p

ossib
ly

d
ata-d

ep
en

d
en

t)
tu

n
in

g
p
a
ra

m
eter.

T
h
rou

gh
ou

t,
w

e
assu

m
e

th
at

φ
(t)

is
o
n
e

of
th

e
follow

in
g:

h
in

ge
loss,

φ
(t)

=
m

a
x
(1
−
t,0);

ex
p

on
en

tial
loss,

φ
(t)

=
e −

t;
lo

gistic
loss,

φ
(t)

=
log

(1
+
e −

t);
or

sq
u
a
red

h
in

g
e

loss,
φ

(t)
=
{
m

ax
(1
−
t,0)}

2.
H

ow
ever,

oth
er

con
vex

loss
fu

n
ction

s
are

p
o
ssib

le
p
rov

id
ed

th
at

th
ey

are
d
iff

eren
tiab

le,
m

on
oton

e,
strictly

con
vex

,
a
n
d

satisfy
φ

(0)
=

1
(B

a
rtlett

et
a
l.,

2006).
A

s
n
oted

p
rev

iou
sly,

Z
h
ao

et
al.

(2012)
p
rop

osed
a

sp
ecial

case
o
f

E
A

R
L

ca
lled

ou
tcom

e
w

eigh
ted

learn
in

g,
w

h
ich

set
φ

(t)
=

m
ax

(0
,1−

t),
Q̂

(x
,a

)
≡

0,
a
n
d

a
ssu

m
ed

th
at

th
e

p
rop

en
sity

score
w

as
k
n
ow

n
.

T
h
u
s,

as
n
oted

p
rev

iou
sly,

E
A

R
L

is
co

n
sid

erab
ly

m
ore

gen
eral

th
an

O
W

L
an

d
,

as
sh

ow
n

in
S
ection

4,
th

e
ch

oice
of

a
n
on

-n
u
ll

m
o
d
el

for
th

e
Q

-fu
n
ction

an
d

altern
ative

su
rrogate

loss
fu

n
ction

s
can

lea
d

to
d
ram

atically
im

p
roved

fi
n
ite

sam
p
le

p
erform

an
ce.

2
.4

.
E

A
R

L
v
ia

sa
m

p
le

sp
littin

g

T
o

fa
cilita

te
th

e
an

aly
sis

of
th

e
statistica

l
p
ro

p
erties

of
E

A
R

L
,

w
e

con
sid

er
th

e
follow

in
g

a
ltern

a
tive

estim
ator

b
ased

on
th

e
sa

m
p
le

sp
littin

g.
L

et
I

1 ,I
2 ,...,I

K
d
en

ote
a

ran
d
om

p
a
rtitio

n
of

th
e

in
d
ices{1

,2
,...,n}

w
ith

I
j ∩

I
k

=
∅

for
a
n
y
j6=

k
an

d
∪
Kk
=

1 I
k

=
{
1,2,...,n}

.
W

e
a
ssu

m
e

th
e

size
of

th
e

p
artition

s
is

com
p
arab

le,
th

at
is,
n
k

=
|I
k |

w
ith

n
1 �

n
2 �

...�
n
K

.
In

p
ra

ctice,
K

is
taken

as
a

sm
all

in
teger

(e.g
.,

2,
or

5)
an

d
is

assu
m

ed
fi
x
ed

.
R

ecall
th

a
t

th
e

E
A

R
L

estim
ator

b
ased

on
th

e
fu

ll
sam

p
le

is
d
efi

n
ed

in
(4).

In
p
articu

lar,
th

e
sam

e
sa

m
p
les

a
re

u
sed

to
estim

ate
th

e
n
u
isa

n
ce

fu
n
ction

s
π̂
,Q̂

an
d

con
stru

ct
th

e
estim

ator
f̃
λ
n

n

in
(4

).
T

h
is

creates
th

e
d
elicate

d
ep

en
d
en

ce
b

etw
een

th
e

estim
ators

π̂
,Q̂

an
d

th
e

sam
p
les

u
sed

in
th

e
em

p
irical

risk
m

in
im

iza
tion

in
(4).

T
o

rem
ove

th
is

d
ep

en
d
en

ce,
w

e
n
ow

m
o
d
ify

th
e

p
ro

ced
u
re

v
ia

sam
p
le

sp
littin

g.
F

irst,
for

1
≤
k
≤
K

,
w

e
con

stru
ct

estim
ators

π̂
k ,Q̂

k

b
a
sed

o
n

th
e

sa
m

p
les

in
I
k ,

i.e.,{(X
i ,A

i ,Y
i );i∈

I
k }

.
D

en
ote

I
(−
k
)

=
{1
,...,n}\I

k .
T

h
en

,
w

e
u
se

th
e

rem
ain

in
g

sam
p
les

I
(−
k
)

for
th

e
E

A
R

L
estim

ator

f̂
λ
n
k

n
,k

=
a
rg

in
f

f∈F
P
n

(−
k
) [|Ŵ

1
k |φ {

sgn
(Ŵ

1
k )f

(X
) }

+
|Ŵ
−

1
k |φ {−

sgn
(Ŵ
−

1
k )f

(X
) }]+

λ
n
k ‖f‖

2,

(5)

w
h
ere

Ŵ
a
k

=
W
a (Y

,X
,A
,π̂
k ,Q̂

k ),a
=
∈
{−

1
,1}

an
d
P
n

(−
k
)f

=
1

|I
(−
k
) | ∑

i∈
I
(−
k
)
f

(X
i ).

W
e

n
o
te

th
a
t

in
d
ep

en
d
en

t
sam

p
les

are
u
sed

for
estim

atin
g

th
e

n
u
isan

ce
fu

n
ction

s
π
,Q

a
n
d

th
e

d
ecisio

n
ru

le
f

.
T

h
u
s,

th
e

d
ep

en
d
en

ce
b

etw
een

th
e

estim
ators

π̂
,Q̂

an
d

th
e

sam
p
les

u
se

in
(4

)
is

rem
oved

.
F

in
ally,

to
ob

tain
a

m
ore

stab
le

estim
ator,

w
e

can
ag

gregate
th

e
estim

ators

7
JM

L
R

 20(48):1-23, 2019

Z
h
a
o
,
L
a
b
e
r
,
N
in
g
,
S
a
h
a
,
S
a
n
d
s

f̂
λ
n

n
=

1K

K
∑k

=
1

f̂
λ
n
k

n
,k
,

(6)

w
h
ich

is
th

e
fi
n
al

estim
ator

b
ased

on
sam

p
le

sp
littin

g.
W

h
ile

th
e

estim
ator

f̂
λ
n

n
req

u
ires

m
ore

com
p
u
tation

al
cost,

it
h
as

im
p

ortan
t

ad
van

tages
over

th
e

origin
al

E
A

R
L

estim
ator

f̃
λ
n

n
in

(4).
F

rom
a

th
eoretical

p
ersp

ective,
on

e
can

still
an

aly
ze

th
e

E
A

R
L

estim
ator

f̃
λ
n

n

b
ased

on
th

e
em

p
irical

p
ro

cess
th

eory.
T

h
is

ty
p
ically

req
u
ires

th
e

en
trop

y
con

d
ition

s
on

th
e

fu
n
ction

classes
of
π

an
d
Q

.
In

com
p
arison

,
w

e
sh

ow
in

th
e

follow
in

g
section

th
at

th
e

sam
p
le

sp
littin

g
estim

ator
f̂
λ
n

n
d
o
es

n
o
t

req
u
ire

th
is

con
d
ition

.
T

o
th

e
b

est
of

ou
r

k
n
ow

led
ge,

sim
ilar

sam
p
le

sp
littin

g
tech

n
iq

u
e

w
a
s

fi
rst

ap
p
lied

b
y

B
ick

el
(19

82)
in

gen
eral

sem
ip

aram
etric

estim
ation

p
rob

lem
s;

see
also

S
ch

ick
(1986).

R
ecen

tly,
th

is
ap

p
roach

h
as

received
atten

tion
in

cau
sal

in
feren

ce
p
ro

b
lem

s
as

a
m

ea
n
s

of
relax

in
g

tech
n
ical

con
d
ition

s.
W

e
refer

to
Z

h
en

g
an

d
van

d
er

L
aan

(2011);
C

h
ern

ozh
u
kov

et
al.

(201
6);

R
ob

in
s

et
al.

(2017)
for

fu
rth

er
d
iscu

ssion
.

3
.

T
h
e
o
re

tica
l

p
ro

p
e
rtie

s

L
et
f
∗
∈
M

b
e

su
ch

th
at
d ∗(x

)
=

sgn{
f
∗(x

)}
,

an
d
V
∗
,

su
p
f∈M

V
(f

)
=
V

(f
∗).

D
efi

n
e

th
e

p
op

u
lation

risk
of

fu
n
ction

f
as

R
(f

)
=
E

(Y
I
[A
6=

sgn{
f

(X
)}

]/π
(A

;X
)),

an
d
R
∗,

in
f
f∈M

R
(f

).
W

e
d
efi

n
e

th
e

risk
in

th
is

w
ay

to
b

e
con

sisten
t

w
ith

th
e

con
ven

tion
th

at
h
igh

er
risk

is
less

d
esirab

le;
h
ow

ev
er,

in
sp

ection
sh

ow
s

th
at

th
e

risk
eq

u
als

K
−
V

(f
)

w
h
ere

K
is

a
con

stan
t

th
at

d
o
es

n
ot

d
ep

en
d

on
f

.
T

h
u
s,

m
in

im
izin

g
risk

is
eq

u
ivalen

t
to

m
ax

im
izin

g
valu

e,
an

d
V
∗−

V
(f

)
=
R

(f
)−
R
∗.

A
ccord

in
gly,

for
a

con
vex

fu
n
ction

φ
,

w
e

d
efi

n
e

th
e
φ

-risk

R
mφ

(f
)

=
E

[|W
m1
|φ{

sgn
(W

m1
)f

(X
)}

+
|W

m−
1 |φ {−

sgn
(W

m−
1 )f

(X
) }

].

B
y

con
stru

ction
,R

mφ
(f

)
is

con
vex

;
w

e
assu

m
e

th
at

it
h
a
s

a
u
n
iq

u
e

m
in

im
izer

an
d

th
at

R
m
∗

φ
,

in
f
f∈M

R
mφ

(f
).

T
h
e

follow
in

g
resu

lt
is

p
roved

in
W

eb
A

p
p

en
d
ix

C
.

P
ro

p
o
sitio

n
3
.1

A
ssu

m
e

th
a
t

eith
er

π
m

(a
;x

)
=
π

(a
;x

)
o
r
Q
m

(x
,a

)
=
Q

(x
,a

).
D

efi
n

e
f̃

=
a
rgm

in
f∈M

R
mφ

(f
)

a
n

d
c
m

(x
)

=
E
{|W

1 (Y
,x
,A
,π

m
,Q

m
)|

+
|W
−

1 (Y
,x
,A
,π

m
,Q

m
)|}.

T
h
en

:

(a
)
d ∗(x

)
=

sgn{f̃
(x

)};

(b)
a
n

d

ψ

{
V
∗−

V
(f

)

su
p
x∈

R
p
c
m

(x
) }
≤
R
mφ

(f
)−
R
m
∗

φ

in
f
x∈

R
p
c
m

(x
)
,

w
h
ere

ψ
(θ)

=
|θ|

fo
r

h
in

ge
lo

ss,
ψ

(θ)
=

1
−
√

1−
θ

2
fo

r
expo

n
en

tia
l

lo
ss,

ψ
(θ)

=
(1

+
θ)

log
(1

+
θ)/

2
+

(1−
θ)

log
(1−

θ)/
2

fo
r

logistic
lo

ss,
a
n

d
ψ

(θ)
=
θ

2
fo

r
squ

a
red

h
in

ge
lo

ss.
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E
f
f
ic
ie
n
t
a
u
g
m
e
n
t
a
t
io
n
a
n
d

r
e
l
a
x
a
t
io
n
l
e
a
r
n
in
g

P
ar

t
(a

)
of

th
e

p
re

ce
d
in

g
p
ro

p
os

it
io

n
st

at
es

th
at

if
ei

th
er

th
e

m
o
d
el

fo
r

th
e

p
ro

p
en

si
ty

sc
or

e
or

fo
r

th
e
Q

-f
u
n
ct

io
n

is
co

rr
ec

tl
y

sp
ec

ifi
ed

,
th

en
th

e
E

A
R

L
p
ro

ce
d
u
re

,
o
p
ti

m
iz

ed
ov

er
th

e
sp

ac
e

of
m

ea
su

ra
b
le

fu
n
ct

io
n
s,

is
F

is
h
er

co
n
si

st
en

t
fo

r
th

e
op

ti
m

a
l

ru
le

.
P

a
rt

(b
)

b
ou

n
d
s

th
e

d
iff

er
en

ce
b

et
w

ee
n
V

(f
)

an
d
V
∗

th
ro

u
gh

th
e

su
rr

og
at

e
ri

sk
d
iff

er
en

ce
R
m φ

(f
)
−
R
m
∗

φ
.

T
h
e

d
iff

er
en

t
fo

rm
s

of
ψ

(·)
ar

e
d
u
e

to
th

e
fa

ct
th

at
d
iff

er
en

t
lo

ss
fu

n
ct

io
n
s

in
d
u
ce

d
iff

er
en

t
d
is

ta
n
ce

m
ea

su
re

s
of

cl
os

en
es

s
of
f

(x
)

to
th

e
tr

u
e
f
∗ (
x

).
W

e
u
se

th
es

e
ri

sk
b

ou
n
d
s

to
d
er

iv
e

b
ou

n
d
s

on
th

e
co

n
ve

rg
en

ce
ra

te
s

of
th

e
va

lu
e

of
E

A
R

L
es

ti
m

at
or

s
co

n
st

ru
ct

d
u
si

n
g

sa
m

p
le

sp
li
tt

in
g.

L
et

Π
d
en

ot
e

th
e

fu
n
ct

io
n

sp
ac

es
to

w
h
ic

h
th

e
p

os
tu

la
te

d
m

o
d
el

s
fo

r
π

(a
;x

)
b

el
on

g;
th

at
is

,
th

e
es

ti
m

at
or
π̂

(a
;x

)
b

el
on

gs
to

Π
.

S
im

il
ar

ly
,

le
t
Q

d
en

ot
e

a
p

os
tu

la
te

d
cl

as
s

of
m

o
d
el

s
fo

r
Q

(x
,a

).
In

th
is

se
ct

io
n
,

w
e

al
lo

w
th

e
ap

p
ro

x
im

at
io

n
sp

ac
e,
F

,
to

b
e

ar
b
it

ra
ry

su
b

je
ct

to
co

m
p
le

x
it

y
co

n
st

ra
in

ts
;

ou
r

re
su

lt
s

al
lo

w
b

ot
h

p
ar

a
m

et
ri

c
or

n
on

-p
ar

am
et

ri
c

cl
as

se
s

of
m

o
d
el

s.
O

u
r

p
ri

m
ar

y
re

su
lt

is
a

b
ou

n
d

on
th

e
ra

te
of

co
n
ve

rg
en

ce
of
V
∗
−
V

(f̂
λ
n

n
)

in
te

rm
s

of
th

e
φ

-r
is

k
d
iff

er
en

ce
R
m φ

(f̂
λ
n

n
)
−
R
m
∗

φ
.

F
or

an
y
ε
>

0
an

d
m

ea
su

re
P

,
le

t
N
{ε
,F
,L

2
(P

)}
d
en

ot
e

th
e

co
ve

ri
n
g

n
u
m

b
er

of
th

e
sp

ac
e
F

,
th

at
is

,
N
{ε
,F
,L

2
(P

)}
is

th
e

m
in

im
al

n
u
m

b
er

of
cl

os
ed

L
2
(P

)-
b
a
ll
s

o
f

ra
d
iu

s
ε

re
q
u
ir

ed
to

co
ve

r
F

(K
os

or
ok

,
20

08
).

D
en

ot
e
‖f
‖2 P
,2

=
E
f

2
(X

).
W

e
m

ak
e

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
s.

A
ss

u
m

p
ti

o
n

2
T

h
er

e
ex

is
ts
M
Q
>

0
su

ch
th

a
t
|Y
|≤

M
Q

a
n

d
|Q

(x
,a

)|
≤
M
Q

fo
r

a
ll

(x
,a

)
∈
R
p
×
{−

1,
1}

a
n

d
Q
∈
Q

;
th

er
e

ex
is

ts
0
<
L

Π
<
M

Π
<

1
su

ch
th

a
t
L

Π
≤
π

(a
;x

)
≤

M
Π

fo
r

a
ll

(x
,a

)
∈
R
p
×
{−

1
,1
}

a
n

d
π
∈

Π
.

A
ss

u
m

p
ti

o
n

3
T

h
er

e
ex

is
t

co
n

st
a
n

ts
0
<
v
<

2
a
n

d
c
<
∞

su
ch

th
a
t

fo
r

a
ll

0
<
ε
≤

1
:

su
p
P

lo
g
N
{ε
,F
,L

2
(P

)}
≤

cε
−
v
,

w
h
er

e
th

e
su

p
re

m
u

m
is

ta
ke

n
o
ve

r
a
ll

fi
n

it
el

y
d
is

cr
et

e
p
ro

ba
bi

li
ty

m
ea

su
re

s
P

.

A
ss

u
m

p
ti

o
n

4
F

o
r

so
m

e
α

,
β
>

0,
E
‖π̂

k
(a

;x
)−

π
(a

;x
)‖

2 P
,2

=
O

(n
−

2
α
)

a
n

d
E
‖Q̂

k
(x
,a

)−
Q

(x
,a

)‖
2 P
,2

=
O

(n
−

2
β
)

fo
r
a

=
±

1
a
n

d
1
≤
k
≤
K

.

A
ss

u
m

p
ti

on
2

as
su

m
es

ou
tc

om
es

ar
e

b
ou

n
d
ed

,
w

h
ic

h
of

te
n

h
ol

d
s

in
p
ra

ct
ic

e.
O

th
er

w
is

e,
w

e
ca

n
al

w
ay

s
u
se

a
la

rg
e

co
n
st

an
t

to
b

ou
n
d

th
e

ou
tc

om
e.

W
e

al
so

as
su

m
e

p
ro

p
en

si
ty

sc
or

es
ar

e
b

ou
n
d
ed

aw
ay

fr
om

0
an

d
1,

w
h
ic

h
is

a
st

an
d
ar

d
co

n
d
it

io
n

fo
r

th
e

id
en

ti
fi
ca

ti
on

of
th

e
tr

ea
tm

en
t

eff
ec

t
in

ca
u
sa

l
in

fe
re

n
ce

.
A

ss
u
m

p
ti

o
n

3
co

n
tr

ol
s

th
e

co
m

p
le

x
it

y
of

th
e

fu
n
ct

io
n

sp
ac

es
fo

r
es

ti
m

at
in

g
an

op
ti

m
al

IT
R

.
F

o
r

ex
am

p
le

,
if
F

is
co

m
p

os
ed

of
li
n
ea

r
co

m
b
in

at
io

n
s

of
el

em
en

ts
in

a
fi
x
ed

b
as

e
cl

as
s,
H

,
w

h
er

e
H

h
as

fi
n
it

e
V

ap
n
ik

-C
h
er

vo
n
en

k
is

(V
C

)
d
im

en
si

on
v
c,

th
en

th
er

e
ex

is
ts

a
co

n
st

an
t
c v
c
,

d
ep

en
d
in

g
on

v
c,

so
th

at
su

p
P

lo
g
N
{ε
,F
,L

2
(P

)}
≤

c v
c
ε−

2
v
c/

(v
c+

2
)

(T
h
eo

re
m

9.
4,

K
os

or
ok

(2
00

8)
).

W
e

n
ot

e
th

at
th

e
en

tr
op

y
co

n
d
it

io
n
s

on
Q

an
d

Π
ar

e
n
ot

n
ee

d
ed

b
y

u
si

n
g

th
e

sa
m

p
le

sp
li
tt

in
g

te
ch

n
iq

u
e,

d
u
e

to
th

e
in

d
ep

en
d
en

ce
b

et
w

ee
n

es
ti

m
at

in
g
π
,Q

an
d

es
ti

m
at

in
g
f

.
A

ss
u
m

p
ti

on
4

sp
ec

ifi
es

th
e

ra
te

of
co

n
ve

rg
en

ce
of

th
e

es
ti

m
at

or
s
π̂

an
d
Q̂

in
te

rm
s

of
th

e
‖·
‖ P
,2

n
or

m
.

It
is

w
el

l
k
n
ow

n
th

at
th

e
L

2
ra

te
of

co
n
ve

rg
en

ce
is

re
la

te
d

to
th

e
sm

o
ot

h
n
es

s
of

th
e

fu
n
ct

io
n

cl
as

se
s
Q

an
d

Π
an

d
th

e
d
im

en
si

on
of
X

.
F

or
in

st
an

ce
,

if
Q

co
rr

es
p

on
d
s

to
th

e
H

ol
d
er

cl
as

s
w

it
h

sm
o
ot

h
n
es

s
p
ar

am
et

er
s

on
th

e
d
om

ai
n

[0
,1

]p
,

th
en

T
h
eo

re
m

7
of

N
ew

ey
(1

99
7)

im
p
li
es
E
‖Q̂

(x
,a

)
−
Q

(x
,a

)‖
2 P
,2

=
O
p
(K
/n

+
K
−

2
s/
p
),

w
h
er

e
Q̂

(x
,a

)
is

th
e

re
gr

es
si

on
sp

li
n
e

es
ti

m
at

or
an

d
K

is
th

e
n
u
m

b
er

of
b
as

is
fu

n
ct

io
n
s.
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 2
0(

48
):

1-
23

, 2
01

9

Z
h
a
o
,
L
a
b
e
r
,
N
in
g
,
S
a
h
a
,
S
a
n
d
s

D
efi

n
e

th
e

ap
p
ro

x
im

at
io

n
er

ro
r

in
cu

rr
ed

b
y

op
ti

m
iz

in
g

ov
er
F

as

A
(λ
n
)

=
in

f
f
∈F

( λ
n
‖f
‖2

+
∑ a
=
±

1

E
[W

m a
φ
{a
·f

(X
)}

])
−

in
f

f
∈M

∑ a
=
±

1

E
[W

m a
φ
{a
·f

(X
)}

].
(7

)

T
h
e

fo
ll
ow

in
g

re
su

lt
on

th
e

ri
sk

b
ou

n
d

is
th

e
m

ai
n

re
su

lt
in

th
is

se
ct

io
n

an
d

is
p
ro

v
ed

in
th

e
W

eb
A

p
p

en
d
ix

D
.

T
h

e
o
re

m
3
.1

S
u

p
po

se
th

a
t

a
ss

u
m

p
ti

o
n

s
1
-4

h
o
ld

,
λ
n
→

0
.

D
efi

n
e
c m

(x
)

=
E
{|
W

m 1
||X

=
x
,A

=
1
}+

E
{|
W

m −
1
||X

=
x
,A

=
−

1
}.

If
Q
m

(x
,a

)
=
Q

(x
,a

)
a
n

d
π
m

(a
;x

)
=
π

(a
;x

),
th

en

ψ

{
V
∗
−
V

(f̂
λ
n

n
)

su
p
x
∈R

p
c m

(x
)}
.

1

in
f x
∈R

p
c m

(x
)
·[
A

(λ
n
)

+
n
−

2
v
+
2
λ
−

v
v
+
2

n
+
n
−

1
λ
−

1
n

+
λ
−

1
/
2

n
n
−

(α
+
β

)
+
λ
−

1
/
2

n
(n
−

(1
/
2
+
α

)
+
n
−

(1
/
2
+
β

) )] .

In
al

l
ca

se
s

co
n
si

d
er

ed
,

th
e

fu
n
ct

io
n
ψ

is
in

ve
rt

ib
le

on
[0
,1

],
an

d
it

s
in

ve
rs

e
is

m
o
n
o
to

n
e

n
on

-d
ec

re
as

in
g.

T
h
u
s,

fo
r

su
ffi

ci
en

tl
y

la
rg

e
n

(m
ak

in
g

th
e

ri
gh

t-
h
an

d
-s

id
e

o
f

th
e

eq
u
a
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o
n

su
ffi

ci
en

tl
y
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th

e
in

eq
u
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it
y

ca
n

b
e

re
-a

rr
an

ge
d

to
y
ie

ld
a

b
ou

n
d

on
V
∗
−
V

(f̂
λ
n

n
).

T
h
e

fo
rm

of
ψ
−

1
d
ic

ta
te

s
th

e
ti

gh
tn

es
s

of
th

e
b

ou
n
d

as
a

fu
n
ct

io
n

of
th

e
φ

-r
is

k
.

A
cc

o
rd

in
g

to
L

em
m

a
3

in
B

ar
tl

et
t

et
al

(2
00

6)
,

a
fl
at

te
r

lo
ss

fu
n
ct

io
n

le
ad

s
to

b
et

te
r

b
o
u
n
d

o
n
ψ

fu
n
ct

io
n
.

In
ot

h
er

w
or

d
s,

a
fl
at

te
r

lo
ss

fu
n
ct

io
n

gi
ve

s
b

et
te

r
b

ou
n
d
s

on
V
∗
−
V

(f
)

in
te

rm
s

of
R
m φ

(f
)
−
R
m
∗

φ
.

In
th

is
re

sp
ec

t,
h
in

ge
-l

os
s

ca
n

b
e

se
en

to
p
ro

v
id

e
th

e
ti

g
h
te

st
b

o
u
n
d
;

h
ow

ev
er

,
th

e
φ

-r
is

k
is

n
ot

d
ir

ec
tl

y
co

m
p
ar

ab
le
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ro

ss
d
iff

er
en

t
lo

ss
fu

n
ct

io
n
s
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s

th
ey
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re

n
ot

on
th

e
sa

m
e

sc
al

e.
T

h
e

ri
gh

t
h
an

d
si

d
e

of
th

e
b

ou
n
d

in
T

h
eo

re
m

3.
1

co
n
si

st
s

of
th

re
e

p
ar

ts
:

th
e

a
p
p
ro

x
i-

m
at

io
n

er
ro

r
A

(λ
n
)

d
u
e

to
th

e
si

ze
of

th
e

ap
p
ro

x
im

at
io

n
sp

ac
e
F

,
th

e
er

ro
r
n
−

2
v
+
2
λ
−

v
v
+
2

n
+

n
−

1
λ
−

1
n

d
u
e

to
th

e
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ti
m

at
io

n
in

th
e

fu
n
ct

io
n
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ac

e
F
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d
th

e
er

ro
r
λ
−

1
/
2

n
n
−

(α
+
β

)
+

λ
−

1
/
2

n
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−

(1
/
2
+
α

)
+
n
−
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/
2
+
β

) )
in
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ed
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om
p
lu

gg
in

g
th

e
es

ti
m

at
or

s
π̂
k

an
d
Q̂
k
.

A
s

ex
p

ec
te

d
,

th
e

ap
p
ro

x
im

at
io

n
er

ro
r

d
ec

re
as

es
as

th
e

co
m

p
le

x
it

y
of

th
e

cl
as

s
F

in
cr

ea
se

s,
w

h
er

ea
s

th
e

es
ti

m
at

io
n

er
ro

r
in

cr
ea

se
s

w
it

h
th

e
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m
p
le

x
it

y
of

th
e

cl
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s
F

an
d

d
ec

re
as

es
a
s

th
e

sa
m

p
le

si
ze

in
cr

ea
se

s.
F

or
th

e
er

ro
r

in
cu

rr
ed

fr
om

p
lu

gg
in

g
th

e
es

ti
m

at
or

s
π̂
k

an
d
Q̂
k
,
th

e
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m
p

on
en

t
λ
−

1
/
2

n
(n
−

(1
/
2
+
α
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n
−

(1
/
2
+
β
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n
ve
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0
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er
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an
λ
−

1
/
2

n
n
−
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+
β

)
in
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gu

la
r

st
at

is
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ca
l

m
o
d
el

s
(i

.e
.,
α
,β
≤

1
/2

).
T

h
u
s,

it
su

ffi
ce

s
to

on
ly

lo
ok

at
th

e
te

rm
λ
−

1
/
2

n
n
−

(α
+
β

) .
T

h
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te
rm

ca
n

sh
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n
k

to
0
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ffi

ci
en

tl
y

fa
st
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lo

n
g
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e
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th
e

es
ti

m
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s
π̂
k

an
d
Q̂
k

h
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a
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te
,

d
u
e

to
th

e
m

u
lt

ip
li
ca

ti
ve

fo
rm

of
th

e
es

ti
m

at
io

n
er

ro
r.

F
or

ex
am

p
le
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α

=
β

=
1/

4,
th

e
er

ro
r

fr
o
m

p
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gg
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g
th

e
es

ti
m

at
or

s
π̂

an
d
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n
−

1
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λ
−

1
/
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n
.
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en
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,

th
e

ra
te

o
f

th
e

p
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se

d
m

et
h
o
d
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st
er
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p
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w
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h
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E
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m
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e
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T
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en
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b
e
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a
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p
ar
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c
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n
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e
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b
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ro
b
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er
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F
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et
a
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,
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16

;
B

en
ke

se
r

et
al

.,
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17
,

fo
r

ad
d
it

io
n
al

d
is

cu
ss

io
n
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C
om

p
ar

ed
w

it
h
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e

re
su
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in
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ey

an
d

W
ag

er
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,
w
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r
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e

su
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at

e
lo
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p
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e
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1
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b
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b
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b
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E
f
f
ic
ie
n
t
a
u
g
m
e
n
t
a
t
io
n
a
n
d

r
e
l
a
x
a
t
io
n
l
e
a
r
n
in
g

R
e
m

a
rk

1
If
α

=
β

a
n

d

n
2
α−

1λ
−

1
/
2

n
→
∞
,

o
r
n

2
α

(v
+

2
)−

2λ
1−
v
/
2

n
→
∞
,

(8)

th
en

ψ

{
V
∗−

V
(f̂
λ
n

n
)

su
p
x∈

R
p
c
m

(x
) }
.

1

in
f
x∈

R
p
c
m

(x
) · [A

(λ
n
)

+
n
−

2
v
+
2λ
−

v
v
+
2

n
+
n
−

1λ
−

1
n

],
(9)

w
h
ere

th
e

u
p
per

bo
u

n
d

is
o
f

th
e

sa
m

e
o
rd

er
a
s

th
a
t

o
bta

in
ed

if
th

e
co

n
d
itio

n
a
l

m
ea

n
Q

(x
,a

)
a
n

d
p
ro

pen
sity

sco
re
π

(a
;x

)
a
re

kn
o
w

n
.

W
e

n
o
te

th
a
t

th
e

a
d
d
itio

n
a
l

co
n

stra
in
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o
n
α

a
n

d
v

in
(8

)
a
re
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ecessa
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to

o
bta

in
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e
fa

st
ra

te
o
f

co
n

vergen
ce

(9
).

F
o
r

in
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n
ce,

if
th

e
fu

n
ctio

n
cla

ssesQ
a
n

d
Π

a
re

in
d
exed

by
fi

n
ite

d
im

en
sio

n
a
l

pa
ra

m
eters,

w
e

ca
n

o
bta

in
α

=
β

=
1/2

u
n

d
er

m
ild

co
n

d
itio

n
s.

A
s

a
resu

lt,
th

e
fi

rst
co

n
d
itio

n
in

(8
)

h
o
ld

s
a
n

d
th

e
fa

st
ra

te
o
f

co
n

vergen
ce

(9
)

is
a
p
p
lied

.
O

n
th

e
o
th

er
h
a
n

d
,

ifF
is

a
sim

p
le

cla
ss

bu
t‖π̂

−
π‖

P
,2

a
n

d

‖Q̂
−
Q
‖
P
,2

co
n

verge
a
t

slo
w

er
ra

tes,
th

e
ra

te
fo

r
V
∗−

V
(f̂
λ
n

n
)

w
ill

be
d
riven

by
λ
−

1
/
2

n
n
−

(α
+
β

).

T
o

estim
a
te

th
e

valu
e

of
th

e
op

tim
al

treatm
en

t
ru

le
V
∗,

on
e

can
a
ggregate

th
e

em
-

p
irica

l
va

lu
e

o
f

th
e

sam
p
le

sp
littin

g
estim

ator
f̂
λ
n
,k

n
,k

in
each

su
b
sam

p
les

I
(−
k
) ,

th
at

is,

V̄
=

1K

∑
Kk
=

1
V̂

(−
k
) (f̂

λ
n
,k

n
,k

),
w

h
ere

V̂
(−
k
) (f

)
=

P
n

(−
k
) [|Ŵ

1
k |φ {

sgn
(Ŵ

1
k )f

(X
) }

+
|Ŵ
−

1
k |φ {−

sgn
(Ŵ
−

1
k )f

(X
) }]

,

T
h
e

fo
llow

in
g

corollary,
p
rov

id
es

a
co

rresp
on

d
in

g
b

ou
n
d

on
th

e
rate

for
V
∗−

V̄
.

T
h
e

p
ro

of
is

g
iv

en
in

W
eb

A
p
p

en
d
ix

D
.

C
o
ro

lla
ry

3
.1

S
u

p
po

se
th

a
t

a
ssu

m
p
tio

n
s

1
-4

h
o
ld

,
a
n

d
λ
n
→

0
.

If
Q
m

(x
,a

)
=
Q

(x
,a

)
a
n

d
π
m

(a
;x

)
=
π

(a
;x

),
th

en

V
∗−

V̄
.

1K

K
∑k

=
1 [V
∗−

V
(f̂
λ
n
,k

n
,k

)]+
n
−

1
/
2

+
λ
−

1
/
2

n
n
−

(α
+
β

)
+
λ
−

1
/
2

n
(n
−

(1
/
2
+
α

)
+
n
−

(1
/
2
+
β

)),

w
h
ere

1K

K
∑k

=
1 [V
∗−

V
(f̂
λ
n
,k

n
,k

)].
su

p
x∈

R
p
c
m

(x
)ψ
−

1 [
1

in
f
x∈

R
p
c
m

(x
) · {A

(λ
n
)

+
n
−

2
v
+
2λ
−

v
v
+
2

n
+
n
−

1λ
−

1
n

+
λ
−

1
/
2

n
n
−

(α
+
β

)
+
λ
−

1
/
2

n
(n
−

(1
/
2
+
α

)
+
n
−

(1
/
2
+
β

)) }].

R
e
m

a
rk

2
A

th
ey

a
n

d
W

a
ger

(2
0
1
7
)

a
n

d
K

ita
ga

w
a

a
n

d
T

eten
o
v

(2
0
1
7
)

in
vestiga

ted
th

e
bin

a
ry-a

ctio
n

po
licy

lea
rn

in
g

p
ro

blem
,

a
n

d
esta

blish
ed

a
risk

bo
u

n
d

o
f
n
−

1
/
2

fo
r

bo
th

kn
o
w

n
p
ro

pen
sities

(K
ita

ga
w

a
a
n

d
T

eten
o
v,

2
0
1
7
)

a
n

d
u

n
kn

o
w

n
p
ro

pen
sities

(A
th

ey
a
n

d
W

a
ger,

2
0
1
7
).

H
o
w

ever,
th

ey
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n
sid

ered
a

restricted
cla

ss
o
f

d
ecisio

n
ru

les
a
n

d
su

bsequ
en

t
risk

bo
u

n
d

w
ere

esta
blish

ed
w

ith
respect

to
th

e
o
p
tim

a
l

ru
le

w
ith

in
th

is
restricted

cla
ss.

H
en

ce,
th

ere
w

a
s

n
o
t

co
n

sid
era

tio
n

o
f

th
e

a
p
p
ro

xim
a
tio

n
erro

r.
In

co
n
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st,

w
e
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n

sid
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th
e

o
p
tim

a
l

ru
le

w
ith
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th

e
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n
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g
o
f

a
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fu
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p
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e
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Z
h
a
o
,
L
a
b
e
r
,
N
in
g
,
S
a
h
a
,
S
a
n
d
s

spa
ce)

to
{−

1
,1}

(th
e

trea
tm

en
t

spa
ce).

W
e

u
sed

a
sm

a
ller

spa
ce,

fo
r

exa
m

p
le,

a
rep

rod
u

cin
g

kern
el

H
ilbert

spa
ce,

to
a
p
p
ro

xim
a
te

th
e

po
licy

spa
ce

a
n

d
to

a
vo

id
o
verfi

ttin
g.

T
h
is

led
to

a
tra

d
eo

ff
betw

een
a
p
p

ro
xim

a
tio

n
a
n

d
estim

a
tio

n
erro

r,
a
n

d
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n

w
a
s

a
tu

n
in

g
pa

ra
m
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n
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l
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s-va
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n

ce
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d
eo

ff
.

C
o
n
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en
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e
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ch
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co

n
vergen

ce
ra

tes
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re

d
iff

eren
t.

4
.

S
im

u
la

tio
n

e
x
p

e
rim

e
n
ts

W
e

com
p
are

E
A

R
L

estim
ators

w
ith

:
Q

-learn
in

g
fi
t

u
sin

g
ord

in
ary

least
sq

u
ares

(Q
L

,
Q

ian
an

d
M

u
rp

h
y
,
2011);

estim
atin

g
th

e
op

tim
al

ru
le

w
ith

in
a

restricted
class

b
ased

on
an

A
IP

W
estim

ator
(A

IP
W

E
,

Z
h
an

g
et

al.,
2012b

);
an

d
ou

tcom
e

w
eigh

ted
learn

in
g

(O
W

L
,

Z
h
ao

et
al.,

2012).
C

om
p
arison

s
are

m
ad

e
in

term
s

of
th

e
av

erage
valu

e
of

th
e

ru
le

estim
a
ted

b
y

each
m

eth
o
d
.

F
or
Q

-learn
in

g,
w

e
fi
t

a
lin

ear
m

o
d
el

for
th

e
Q

-fu
n
ction

th
at

in
clu

d
es

all
tw

o-w
ay

in
teraction

s
b

etw
een

p
red

ictors
an

d
p
airw

ise
in
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n
s

b
etw

een
th
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term

s
an

d
treatm

en
t.

In
th

e
A

IP
W

E
m

eth
o
d
,
an

A
IP

W
estim

ator
for

th
e

valu
e

fu
n
ction
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cted

an
d

th
en

th
e
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tim

al
lin

ear
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le
th

at
m
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im

izes
th

e
A

IP
W

estim
ator
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en
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ed
v
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a
gen

etic
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m
.

S
im
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to

E
A

R
L

,
b
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a

p
rop

en
sity

score
m

o
d
el

an
d

a
regression

m
o
d
el

n
eed

to
b

e
fi
tted

in
A

IP
W

E
.

W
e

w
ill

u
se

th
e
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e

set
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m
o
d
els

in
E

A
R

L
an

d
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e
A

IP
W

E
,

w
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are
d
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.

F
or

O
W

L
,

w
e

u
se

a
lin

ear
d
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ru
le;
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O

W
L
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E
A

R
L

w
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,a

)
≡

0,
φ

(t)
=

m
ax
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an

d
a

k
n
ow
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rop
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score.
A
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estim
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o
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u
n
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er

con
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u
ire

p
en
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w
e
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n
t
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p
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alization

u
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g
10-fold

cross-valid
ation

of
th

e
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e.
W

ith
in

th
e
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of

E
A

R
L

estim
ators,

w
e

con
sid
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h
in

ge,
sq

u
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-h
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ge,
logistic,

an
d
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(x xx

)∼
GP

(µ
(x xx

),k
(x xx
i ,x xx

j ))

T
h
e

p
rior

m
ea

n
fu

n
ction

µ
(·)

is
set

to
0

w
h
en

n
o

d
om

ain
-sp

ecifi
c

k
n
ow

led
ge

is
p
rov

id
ed

.
T

h
e

kern
el

fu
n
ction

k
(·,·)

en
co

d
es

sim
ila

rity
b

etw
een

in
p
u
ts.

If
k
(x xx
i ,x xx

j )
is

large
for

in
p
u
ts

x xx
i ,x xx

j ,
th

en
f

(x xx
i )

stron
gly

in
fl
u
en

ces
f

(x xx
j ).

O
n
e

of
th

e
m

ost
w

id
ely

u
sed

kern
el

fu
n
ctio

n
s

is
th

e
S
q
u
a
red

E
x
p

on
en

tial
(S

E
):

k
S
E

(x xx
i ,x xx

j )
=
σ

2k
ex

p (−
12 (x xx

i −
x xx
j )
T

d
iag

(`̀̀) −
2(x xx

i −
x xx
j ) ),

w
h
ere

σ
2k ,
`̀̀

a
re

sign
al

varian
ce

an
d

a
vector

of
len

gth
scales

resp
ectively.

σ
2k ,
`̀̀

are
referred

to
a
s

‘h
y
p

erp
a
ram

eters’
in

th
e

literatu
re.

T
h
e

S
E

kern
el

b
elon

gs
to

a
b
road

er
class

of
M

atérn
kern

els,
w

h
ich

in
gen

eral
h
ave

m
ore

free
p
a
ra

m
eters.

In
som

e
cases,

carefu
lly

ch
o
osin

g
kern

el
p
aram

eters
im

p
roves

p
erform

a
n
ce

o
f

B
O

(S
n
o
ek

et
al.,

2012).
H

ow
ev

er,
d
om

ain
-in

form
ed

k
ern

els
can

easily
ou

t-p
erform

even
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R
a
i,
A
n
t
o
n
o
v
a
,
M
e
ie
r
,
A
t
k
e
so

n

w
ell-tu

n
ed

M
atérn

kern
els

(C
u
lly

et
al.,

2015).
S
E

an
d

M
atérn

kern
els

are
sta

tion
ary

:
k
(x xx
i ,x xx

j )
d
ep

en
d

on
ly

on
r

=
x xx
i −
x xx
j
∀
x xx
i,j .

W
e

aim
to

rem
ove

th
is

lim
itation

in
a

m
an

n
er

in
form

ed
b
y

sim
u
lation

.
In

fu
tu

re
w

ork
,

in
corp

oratin
g

oth
er

ap
p
roach

es
th

at
relax

station
-

arity
(e.g.

M
artin

ez-C
an

tin
(2018))

cou
ld

fu
rth

er
im

p
rove

B
O

.

2
.2

.
O

p
tim

iz
in

g
L

o
c
o
m

o
tio

n
C

o
n
tro

lle
rs

P
aram

etric
lo

com
otion

con
trollers

can
b

e
rep

resen
ted

as
u uu

=
π
x xx (s ss),

w
h
ere

π
is

a
p

o
licy

stru
ctu

re
th

at
d
ep

en
d
s

on
p
aram

eters
x xx

.
F

or
ex

am
p
le,

π
can

b
e

p
aram

eterized
b
y

feed
b
ack

gain
s

on
th

e
cen

ter
of

m
ass

(C
oM

),
referen

ce
join

t
tra

jectories,
etc.

V
ector

s ss
is

th
e

state
of

th
e

rob
ot,

su
ch

as
join

t
an

gles
an

d
velo

cities,
u
sed

in
closed

-lo
op

co
n
trollers.

V
ector

u uu
rep

resen
ts

th
e

d
esired

con
trol

action
,
for

ex
am

p
le:

torq
u
es,

an
gu

lar
velo

cities
or

p
osition

s
for

each
join

t
on

th
e

rob
ot.

T
h
e

seq
u
en

ce
of

con
trol

action
s

y
ield

s
a

seq
u
en

ce
of

state
tran

sition
s,

w
h
ich

form
th

e
ov

erall
‘tra

jectory
’

[s ss
0 ,u uu

1 ,s ss
1 ,u uu

2 ,s ss
2 ,...].

T
h
is

tra
jectory

is
u
sed

in
th

e
cost

fu
n
ction

to
ju

d
ge

th
e

q
u
ality

of
th

e
con

troller
x xx

.
In

ou
r

w
ork

,
w

e
u
se

stru
ctu

red
con

trollers
d
esign

ed
b
y

ex
p

erts.
S
tate

of
th

e
a
rt

research
on

w
alk

in
g

rob
ots

featu
rin

g
su

ch
con

trollers
in

clu
d
es

F
en

g
et

al.
(2015)

an
d

K
u
in

d
ersm

a
et

al.
(20

16).
T

h
e

overall
op

tim
ization

th
en

in
clu

d
es

m
an

u
ally

tu
n
in

g
th

e
p
aram

eters
x xx

.
A

n
altern

ative
to

m
an

u
al

tu
n
in

g
is

to
u
se

evolu
tion

ary
ap

p
roach

es,
like

C
M

A
-E

S
,
as

in
S
on

g
an

d
G

eyer
(2015).

H
ow

ever,
th

ese
req

u
ire

a
large

n
u
m

b
er

of
sam

p
les

an
d

can
u
su

ally
b

e
con

d
u
cted

on
ly

in
sim

u
lation

.
O

p
tim

ization
in

sim
u
lation

can
p
ro

d
u
ce

con
trollers

th
at

p
erform

w
ell

in
sim

u
lation

,
b
u
t

n
ot

on
h
ard

w
are.

In
com

p
arison

,
B

O
is

a
sam

p
le-effi

cien
t

tech
n
iq

u
e

w
h
ich

h
as

b
ecom

e
p

op
u
lar

for
d
irect

op
tim

ization
on

h
ard

w
are.

R
ecen

t
su

ccesses
in

clu
d
e

m
an

ip
u
lation

(E
n
glert

an
d

T
ou

ssa
in

t,
2016)

an
d

lo
com

otion
(C

alan
d
ra

et
al.,

2016
b
).

B
O

for
lo

com
otion

h
as

b
een

p
rev

iou
sly

ex
p
lored

for
sev

eral
ty

p
es

o
f

m
ob

ile
rob

ots.
T

h
ese

in
clu

d
e:

sn
ake

rob
ots

(T
esch

et
al.,

2011),
A

IB
O

q
u
ad

ru
p

ed
s

(L
izotte

et
al.,

2007),
an

d
h
ex

ap
o
d
s

(C
u
lly

et
al.,

2015).
T

esch
et

al.
(2011)

op
tim

ize
a

3-d
im

en
sion

al
con

troller
for

a
sn

ake
rob

ot
in

10-40
trials

(for
sp

eed
s

u
p

to
0.13m

/s).
L

izotte
et

al.
(2007)

u
se

B
O

to
op

tim
ize

gait
p
aram

eters
for

a
A

IB
O

rob
ot

in
100-150

tria
ls.

C
u
lly

et
al.

(2015)
learn

36
con

troller
p
aram

eters
for

a
h
ex

ap
o
d
.

E
ven

w
ith

h
ard

w
are

d
a
m

age,
th

ey
can

ob
tain

su
ccessfu

l
con

trollers
for

sp
eed

s
u
p

to
0
.4m

/s
in

12-15
trials.

H
ex

ap
o
d
s,

q
u
ad

ru
p

ed
s

an
d

sn
ak

es
sp

en
d

a
larg

e
p

ortion
o
f
th

eir
gaits

w
ith

th
eir

cen
ter

of
m

ass
w

ith
in

th
eir

su
p
p

ort
p

oly
gon

(con
vex

h
u
ll

of
th

e
feet

on
th

e
grou

n
d
).

Ign
orin

g
v
elo

city,
th

is
is

statically
stab

le.
In

con
trast,

b
ip

ed
al

w
alk

in
g

can
b

e
h
igh

ly
d
y
n
am

ic,
esp

ecially
for

p
oin

t-feet
rob

ots
like

A
T

R
IA

S
.

A
T

R
IA

S
,

like
m

ost
b
ip

ed
s,

sp
en

d
s

a
sign

ifi
can

t
tim

e
of

its
gait

b
ein

g
“u

n
stab

le”,
or

d
y
n
am

ically
stab

le.
In

ou
r

ex
p

erim
en

ts
on

h
a
rd

w
a
re,

A
T

R
IA

S
go

es
u
p

to
sp

eed
s

of
1m

/s.
A

ll
of

th
is

lead
s

to
a

ch
allen

gin
g

op
tim

ization
settin

g
an

d
d
iscon

tin
u
ou

s
cost

fu
n
ction

lan
d
scap

e.
C

alan
d
ra

et
al.

(2016b
)

u
se

B
O

for
op

tim
izin

g
gaits

of
a

d
y
n
am

ic
b
ip

ed
on

a
b

o
om

,
n
eed

in
g

30-40
sam

p
les

for
fi
n
d
in

g
w

alk
in

g
gaits

for
a

4-
d
im

en
sion

al
con

troller.
W

h
ile

th
is

is
p
rom

isin
g,

op
tim

izin
g

a
h
igh

er-d
im

en
sion

al
con

troller
n
eed

ed
for

com
p
lex

rob
ots

w
ou

ld
b

e
even

m
ore

ch
allen

gin
g.

If
sig

n
ifi

can
t

n
u
m

b
er

of
sam

p
les

lead
to

u
n
stab

le
gaits

an
d

falls,
th

ey
co

u
ld

d
am

age
th

e
rob

ot.
H

en
ce,

it
is

im
p

ortan
t

to
d
evelop

m
eth

o
d
s

th
at

can
learn

com
p
lex

con
trollers

fast,
w

ith
ou

t
d
am

agin
g

th
e

rob
ot.
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Im
p
r
o
v
in
g

B
a
y
e
si
a
n
O
p
t
im

iz
a
t
io
n
f
o
r
B
ip
e
d
a
l
R
o
b
o
t
s

2
.3

.
In

c
o
rp

o
ra

ti
n

g
S

im
u

la
ti

o
n

In
fo

rm
a
ti

o
n

in
to

B
a
y
e
si

a
n

O
p

ti
m

iz
a
ti

o
n

T
h
e

id
ea

of
u
si

n
g

si
m

u
la

ti
on

to
sp

ee
d

u
p

B
O

on
h
ar

d
w

ar
e

h
as

b
ee

n
ex

p
lo

re
d

b
ef

or
e.

In
fo

r-
m

at
io

n
fr

om
si

m
u
la

ti
on

ca
n

b
e

ad
d
ed

as
a

p
ri

or
to

th
e

G
P

u
se

d
in

B
O

,
su

ch
a
s

in
C

u
ll
y

et
al

.
(2

01
5)

.
W

h
il
e

su
ch

m
et

h
o
d
s

ca
n

b
e

su
cc

es
sf

u
l,

on
e

n
ee

d
s

to
ca

re
fu

ll
y

tu
n
e

th
e

in
fl
u
en

ce
of

si
m

u
la

ti
on

p
oi

n
ts

ov
er

h
ar

d
w

ar
e

p
o
in

ts
,

es
p

ec
ia

ll
y

w
h
en

si
m

u
la

ti
on

is
si

gn
ifi

ca
n
tl

y
d
iff

er
en

t
fr

om
h
ar

d
w

ar
e.

M
or

e
ge

n
er

al
ly

,
ap

p
ro

ac
h
es

su
ch

as
K

a
n
d
as

am
y

et
al

.
(2

01
7)

an
d

M
ar

co
et

al
.

(2
01

7)
ad

d
re

ss
tr

ad
in

g
off

co
m

p
u
ta

ti
on

v
s

si
m

u
la

ti
on

ac
cu

ra
cy

w
h
en

se
le

ct
in

g
th

e
so

u
rc

e
fo

r
th

e
n
ex

t
tr

ia
l/

ev
al

u
at

io
n

(w
it

h
re

al
w

or
ld

v
ie

w
ed

as
th

e
m

o
st

ex
p

en
si

ve
so

u
rc

e)
.

In
st

ea
d
,

w
e

co
n
si

d
er

a
se

tt
in

g
w

it
h

am
p
le

co
m

p
u
te

re
so

u
rc

es
fo

r
si

m
u
la

ti
on

,
b
u
t

an
ex

tr
em

el
y

sm
al

l
n
u
m

b
er

of
ex

p
er

im
en

ts
on

a
re

al
ro

b
ot

.
T

h
is

is
ap

p
ro

p
ri

at
e

fo
r

b
ip

ed
al

lo
co

m
ot

io
n

w
it

h
fu

ll
-s

ca
le

ro
b

ot
s,

si
n
ce

th
es

e
ca

n
b

e
ex

p
en

si
ve

to
ru

n
.

H
en

ce
,

ou
r

w
or

k
d
o
es

n
o
t

fa
ll

in
to

th
e

‘m
u
lt

i-
fi
d
el

it
y
’

B
O

p
ar

ad
ig

m
,

an
d

w
e

in
st

ea
d

ta
k
e

a
tw

o
st

ep
ap

p
ro

ac
h
:

p
re

-c
om

p
u
ti

n
g

in
fo

rm
at

io
n

n
ee

d
ed

fo
r

ke
rn

el
tr

an
sf

or
m

s
in

th
e

fi
rs

t
st

ag
e,

th
en

ru
n
n
in

g
an

u
lt

ra
-s

am
p
le

effi
ci

en
t

ve
rs

io
n

of
B

O
in

th
e

se
co

n
d

st
ag

e
on

a
re

al
ro

b
ot

.

R
ec

en
tl

y,
se

ve
ra

l
ap

p
ro

ac
h
es

p
ro

p
os

ed
in

co
rp

or
at

in
g

N
eu

ra
l

N
et

w
or

k
s

(N
N

s)
in

to
th

e
G

au
ss

ia
n

p
ro

ce
ss

(G
P

)
ke

rn
el

s
(W

il
so

n
et

al
.
(2

01
6)

,
C

al
an

d
ra

et
al

.
(2

01
6a

))
.

T
h
e

st
re

n
gt

h
of

th
es

e
ap

p
ro

ac
h
es

is
th

at
th

ey
ca

n
jo

in
tl

y
u
p

d
at

e
th

e
G

P
an

d
th

e
N

N
.

C
al

an
d
ra

et
al

.
(2

01
6a

)
d
em

on
st

ra
te

d
h
ow

th
is

ad
d
ed

fl
ex

ib
il
it

y
ca

n
h
an

d
le

d
is

co
n
ti

n
u
it

ie
s

in
th

e
co

st
fu

n
c-

ti
on

la
n
d
sc

ap
e.

H
ow

ev
er

,
th

es
e

ap
p
ro

ac
h
es

d
o

n
ot

d
ir

ec
tl

y
ad

d
re

ss
th

e
p
ro

b
le

m
of

in
co

rp
o-

ra
ti

n
g

a
la

rg
e

am
ou

n
t

of
d
at

a
fr

om
si

m
u
la

ti
on

in
h
ar

d
w

ar
e

B
O

ex
p

er
im

en
ts

.

W
il
so

n
et

al
.

(2
01

4)
ex

p
lo

re
d

en
h
an

ci
n
g

G
P

k
er

n
el

w
it

h
tr

a
je

ct
or

ie
s.

T
h
ei

r
B

eh
av

io
r

B
as

ed
K

er
n
el

(B
B

K
)

co
m

p
u
te

s
an

es
ti

m
at

e
of

a
sy

m
m

et
ri

c
va

ri
an

t
of

th
e

K
L

d
iv

er
ge

n
ce

b
et

w
ee

n
tr

a
je

ct
or

ie
s

in
d
u
ce

d
b
y

tw
o

co
n
tr

ol
le

rs
,
an

d
u
se

s
th

is
as

a
d
is

ta
n
ce

m
et

ri
c

in
th

e
ke

r-
n
el

.
H

ow
ev

er
,

ge
tt

in
g

an
es

ti
m

at
e

w
ou

ld
re

q
u
ir

e
sa

m
p
le

s
fo

r
ea

ch
co

n
tr

o
ll
er
xx x
i,
xx x
j

w
h
en

ev
er
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(xx x
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xx x
j
)

is
n
ee

d
ed

.
T

h
is

ca
n

b
e

im
p
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ct
ic

al
,

as
it

in
vo

lv
es

an
ev

al
u
at

io
n

o
f

ev
er

y
co

n
tr

o
ll
er

co
n
si

d
er

ed
.

T
o

ov
er

co
m

e
th

is
,

th
e

au
th

or
s

su
gg

es
t

co
m

b
in

in
g

B
B

K
w

it
h

a
m

o
d
el

-b
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ed
ap
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p
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ac
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B
u
t

b
u
il
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cu
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d
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fr
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e
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a
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ig
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b
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an
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v
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.

C
u
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y

et
al

.
(2

01
5)

u
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la
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b
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d
efi

n
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b
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.
T

h
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id
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B
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to
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h
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p
en
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e
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T
h
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b
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,
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d
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to
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el

ec
te

d
“s

u
cc

es
sf

u
l”

p
oi

n
ts

fr
om

si
m

u
la

ti
on

.
T

h
is

h
el

p
s

m
ak

e
th

ei
r

se
ar

ch
fa

st
er

an
d

sa
fe

r
on

h
ar

d
w

ar
e.

H
ow

ev
er

,
if

an
op

ti
m

al
p

oi
n
t

w
as

n
ot

p
re

-s
el

ec
te

d
,

B
O

ca
n
n
ot

sa
m

p
le

it
d
u
ri

n
g

op
ti

m
iz

at
io

n
.

In
ou

r
w

or
k
,

w
e

u
ti

li
ze

tr
a
je

ct
or

ie
s

fr
om

si
m

u
la

ti
on

to
b
u
il
d

fe
at

u
re

tr
an

sf
or

m
s

th
at

ca
n

b
e

in
co

rp
or

at
ed

in
th

e
G

P
k
er

n
el

u
se

d
fo

r
B

O
.

O
u
r

ap
p
ro

ac
h
es

in
co

rp
or

at
e

tr
a

je
c-

to
ry

/b
eh

av
io

r
in

fo
rm

at
io

n
,

b
u
t

en
su

re
th

at
k
(xx x
i,
xx x
j
)

is
co

m
p
u
te

d
effi

ci
en

tl
y

d
u
ri

n
g

B
O

.
O

u
r

w
or

k
is

re
la

te
d
,

in
p
ar

t,
to

in
p
u
t

sp
ac

e
w

ar
p
in

g,
as

d
es

cr
ib

ed
in

S
n
o
ek

et
al

.
(2

01
4)

,
b
u
t

w
e

co
n
st

ru
ct

ou
r

tr
an

sf
or

m
s

fr
om

si
m

u
la

te
d

d
at

a.
O

u
r

si
m

u
la

ti
on

-i
n
fo

rm
ed

ke
rn

el
s

b
ia

s
th

e
se

ar
ch

to
w

ar
d
s

re
gi

on
s

th
at

lo
ok

p
ro

m
is

in
g,

b
u
t

ar
e

ab
le

to
‘r

ec
ov

er
’

an
d

se
ar

ch
in

ot
h
er

p
ar

ts
of

th
e

sp
ac

e
if

si
m

u
la

ti
on

-h
ar

d
w

ar
e

m
is

m
at

ch
b

ec
om

es
ap

p
ar

en
t.
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R
a
i,
A
n
t
o
n
o
v
a
,
M
e
ie
r
,
A
t
k
e
so

n

F
ig

u
re

2:
O

v
er

v
ie

w
of

ou
r

p
ro

p
os

ed
ap

p
ro

ac
h
.

H
er

e,
π
xx x
(ss s

)
is

th
e

p
ol

ic
y

(S
ec

ti
on

2
.2

);
xx x

is
a

v
ec

to
r

o
f

co
n
tr

o
ll
er

p
ar

am
et

er
s;
ss s

is
th

e
st

at
e

of
th

e
ro

b
o
t;
ξ(
xx x

)
is

a
tr

a
je

ct
or

y
ob

se
rv

ed
in

si
m

u
la

ti
o
n

fo
r

xx x
;
φ

(·)
is

th
e

tr
an

sf
or

m
b
u
il
t

u
si

n
g
ξ(
·);
f

(xx x
)

is
th

e
co

st
o
f
xx x

ev
a
lu

at
ed

on
h
a
rd

w
ar

e.
B

O
u
se

s
φ

(xx x
)

an
d

ev
al

u
at

ed
co

st
s
f

(xx x
)

to
p
ro

p
os

e
n
ex

t
p
ro

m
is

in
g

co
n
tr

ol
le

r
x
n
e
x
t
.

3
.

P
ro

p
o
se

d
A

p
p
ro

a
ch

:
B

a
y
e
si

a
n

O
p
ti

m
iz

a
ti

o
n

w
it

h
In

fo
rm

e
d

K
e
rn

e
ls

In
th

is
se

ct
io

n
,

w
e

off
er

in
-d

ep
th

ex
p
la

n
at

io
n

of
ap

p
ro

ac
h
es

fr
om

ou
r

w
or

k
in

A
n
to

n
ov

a
,

R
ai

,
an

d
A

tk
es

on
(2

01
6)

,
A

n
to

n
ov

a
et

al
.
(2

01
7)

,
an

d
R

ai
et

al
.

(2
01

8)
.

T
h
is

w
o
rk

p
ro

p
o
se

s
in

co
rp

or
at

in
g

d
om

ai
n

k
n
ow

le
d
ge

in
to

B
O

w
it

h
th

e
h
el

p
of

si
m

u
la

ti
on

.
W

e
ev

a
lu

a
te

lo
co

-
m

ot
io

n
co

n
tr

ol
le

rs
in

si
m

u
la

ti
on

,
an

d
co

ll
ec

t
th

ei
r

in
d
u
ce

d
tr

a
je

ct
or

ie
s,

w
h
ic

h
a
re

th
en

u
se

d
to

b
u
il
d

an
in

fo
rm

ed
tr

an
sf

or
m

.
T

h
is

ca
n

b
e

ac
h
ie

v
ed

b
y

u
si

n
g

a
d
om

ai
n
-s

p
ec

ifi
c

fe
a
tu

re
tr

an
sf

or
m

(S
ec

ti
on

3.
1.

1)
or

b
y

le
ar

n
in

g
to

re
co

n
st

ru
ct

sh
or

t
tr

a
je

ct
or

y
su

m
m

a
ri

es
(S

ec
-

ti
on

3.
1.

2)
.

T
h
is

fe
at

u
re

tr
an

sf
or

m
is

u
se

d
to

co
n
st

ru
ct

a
n

in
fo

rm
ed

d
is

ta
n
ce

m
et

ri
c

fo
r

B
O

,
an

d
h
el

p
s

B
O

d
is

co
ve

r
p
ro

m
is

in
g

re
gi

on
s

fa
st

er
.

F
ig

u
re

2
gi

ve
s

an
ov

er
v
ie

w
.

In
S
ec

ti
o
n

3
.2

w
e

d
is

cu
ss

h
ow

to
in

co
rp

or
at

e
si

m
u
la

ti
on

-h
ar

d
w

ar
e

m
is

m
at

ch
in

to
th

e
tr

an
sf

o
rm

,
en

su
ri

n
g

th
at

B
O

ca
n

b
en

efi
t

fr
om

in
ac

cu
ra

te
si

m
u
la

ti
on

s
a
s

w
el

l.

3
.1

.
C

o
n

st
ru

c
ti

n
g

F
le

x
ib

le
K

e
rn

e
ls

u
si

n
g

S
im

u
la

ti
o
n

-b
a
se

d
T

ra
n

sf
o
rm

s

H
ig

h
d
im

en
si

on
al

p
ro

b
le

m
s

w
it

h
d
is

co
n
ti

n
u
ou

s
co

st
fu

n
ct

io
n
s

ar
e

ve
ry

co
m

m
o
n

w
it

h
le

g
g
ed

ro
b

ot
s,

w
h
er

e
sl

ig
h
t

ch
an

ge
s

to
so

m
e

p
ar

am
et

er
s

ca
n

m
ak

e
th

e
ro

b
ot

u
n
st

a
b
le

.
B

o
th

o
f

th
es

e
fa

ct
or

s
ca

n
ad

ve
rs

el
y

aff
ec

t
B

O
’s

p
er

fo
rm

a
n
ce

,
b
u
t

in
fo

rm
ed

fe
at

u
re

tr
a
n
sf

o
rm

s
ca

n
h
el

p
B

O
sa

m
p
le

h
ig

h
-p

er
fo

rm
in

g
co

n
tr

ol
le

rs
ev

en
in

su
ch

sc
en

ar
io

s.

In
th

is
se

ct
io

n
,

w
e

d
em

on
st

ra
te

h
ow

to
co

n
st

ru
ct

su
ch

tr
an

sf
or

m
s
φ

(xx x
)

u
ti

li
zi

n
g

si
m

u
la

-
ti

on
s

fo
r

a
gi

v
en

co
n
tr

ol
le

r
xx x

.
W

e
th

en
u
se
φ

to
cr

ea
te

an
in

fo
rm

ed
ke

rn
el
k
φ
(xx x
i,
xx x
j
)

fo
r

B
O

on
h
ar

d
w

ar
e:

tt t i
j
=
φ

(xx x
i)
−
φ

(xx x
j
)

k
φ
(xx x
i,
xx x
j
)

=
σ

2 k
ex

p
(
−

1 2
tt tT i
j

d
ia

g
(`̀̀

)−
2
tt t i
j

)
(1

)

N
ot

e
th

at
th

e
fu

n
ct

io
n
al

fo
rm

ab
ov

e
is

th
e

sa
m

e
as

th
at

of
S
q
u
ar

ed
E

x
p

o
n
en

ti
a
l

ke
rn

el
,

if
co

n
si

d
er

ed
fr

om
th

e
p

oi
n
t

of
v
ie

w
of

th
e

tr
an

sf
or

m
ed

sp
ac

e,
w

it
h
φ

(xx x
)

a
s

in
p
u
t.

U
si

n
g

a
lo

w
-d

im
en

si
on

al
φ

co
u
ld

im
p
ro

v
e

sa
m

p
le

effi
ci

en
cy

b
y

re
d
u
ci

n
g

d
im

en
si

o
n
a
li
ty

.
M

o
re

n
ot

ab
ly

,
cr

u
ci

al
ga

in
s

ar
is

e
w

h
en

φ
b
ri

n
gs

co
n
tr

ol
le

rs
th

at
p

er
fo

rm
si

m
il
ar

in
si

m
u
la

ti
o
n

cl
os

er
to

ge
th

er
,

as
co

m
p
ar

ed
to

th
e

or
ig

in
al

p
ar

am
et

er
sp

ac
e.

F
or

lo
co

m
ot

io
n
,

th
is

co
u
ld

b
ri

n
g

fa
il
in

g
co

n
tr

ol
le

rs
cl

os
e

to
ge

th
er

to
o
cc

u
p
y

on
ly

a
sm

al
l

p
or

ti
on

of
th

e
tr

a
n
sf

o
rm

ed
sp

ac
e,

as
il
lu

st
ra

te
d

in
R

ai
et

al
.

(2
01

8)
.

In
es

se
n
ce

,
th

is
m

ea
n
s

th
at

th
e

re
su

lt
a
n
t

ke
rn

el
,

th
ou

gh
st

at
io

n
ar

y
in
φ

,
is

n
on

-s
ta

ti
on

ar
y

in
xx x

. 6
JM

L
R

 2
0(

49
):

1-
24

, 2
01

9



Im
p
r
o
v
in
g

B
a
y
e
sia

n
O
p
t
im

iz
a
t
io
n
f
o
r
B
ip
e
d
a
l
R
o
b
o
t
s

3
.1
.1
.
T
h
e
D
e
t
e
r
m
in
a
n
t
s
o
f
G
a
it

T
r
a
n
sf
o
r
m

W
e

p
ro

p
o
se

a
featu

re
tran

sform
for

b
ip

ed
al

lo
com

otion
d
erived

from
p
h
y
sio

logical
featu

res
o
f

h
u
m

a
n

w
alk

in
g

called
D

eterm
in

an
ts

of
G

aits
(D

oG
)

(In
m

an
et

al.,
1953).

φ
D
o
G

w
as

orig-
in

a
lly

d
evelop

ed
for

h
u
m

an
-like

rob
ots

a
n
d

con
trollers

(A
n
ton

ova,
R

ai,
an

d
A

tk
eson

,
2016),

a
n
d

th
en

g
en

eralized
to

b
e

ap
p
licab

le
to

a
w

id
er

ran
ge

o
f

b
ip

ed
al

lo
com

otion
con

trollers
a
n
d

ro
b

o
t

m
o
rp

h
ologies

(R
ai

et
al.,

2018).
It

is
b
ased

on
th

e
featu

res
in

T
ab

le
1.

M
1

(S
w

in
g

leg
retra

ction
)

–
If

th
e

m
ax

im
u
m

gro
u
n
d

clearan
ce

of
th

e
sw

in
g

fo
ot

x
f

is
m

ore
th

an
a

th
resh

o
ld

,
M

1
=

1
(0

oth
erw

ise);
en

su
res

sw
in

g
leg

retraction
.

M
2

(C
en

ter
of

m
a
ss

h
eig

h
t)

–
If

C
oM

h
eig

h
t
z

stay
s

ab
ou

t
th

e
sam

e
at

th
e

sta
rt

an
d

en
d

of
a

step
,
M

2
=

1
(0

o
th

erw
ise);

ch
eck

s
th

at
th

e
rob

ot
is

n
ot

fallin
g.

M
3

(T
ru

n
k

lea
n
)

–
If

th
e

avera
ge

tru
n
k

lea
n
θ

is
th

e
sam

e
at

th
e

start
an

d
en

d
of

a
step

,
M

3
=

1
(0

oth
erw

ise);
en

su
res

th
at

th
e

tru
n
k

is
n
ot

ch
an

gin
g

orien
tation

.

M
4

(A
vera

ge
w

a
lk

in
g

sp
eed

)
–

A
vera

ge
forw

a
rd

sp
eed

v
of

a
con

troller
p

er
step

,
M

4
=
v
a
v
g ;
M

4
h
elp

s
d
istin

gu
ish

co
n
trollers

th
at

p
erform

sim
ilar

on
M

1−
3 .

T
a
b
le

1
:

Illu
stration

of
th

e
featu

res
u
sed

to
con

stru
ct

D
oG

tran
sform

.

φ
D
o
G

co
m

b
in

es
featu

res
M

1−
4

p
er

step
an

d
scales

th
em

b
y

th
e

n
orm

alized
sim

u
lation

tim
e

to
ob

ta
in

th
e

D
oG

score
of

con
troller

x xx
:

score
D
o
G

=
tsim
tm

a
x
·
N
∑s=

1

4
∑k

=
1

M
k
s

(2)

H
ere,

su
b
scrip

t
k

id
en

tifi
es

th
e

featu
re

m
etric,

s
is

th
e

step
n
u
m

b
er,

N
is

th
e

total
n
u
m

b
er

o
f

step
s

ta
ken

in
sim

u
lation

,
tsim

is
tim

e
at

w
h
ich

sim
u
lation

term
in

a
ted

(p
ossib

ly
d
u
e

to
a

fa
ll),

tm
a
x

is
to

tal
tim

e
allotted

for
sim

u
latio

n
.

S
in

ce
la

rger
n
u
m

b
er

of
step

s
lea

d
to

h
igh

er
D

o
G

,
so

m
e

co
n
trollers

th
at

ch
atter

(step
very

fast
b

efore
fallin

g)
cou

ld
get

m
islead

in
gly

h
igh

sco
res;

w
e

sca
le

th
e

scores
b
y
t
s
im

t
m
a
x

to
p
reven

t
th

at.
φ
D
o
G

(x xx
)

for
con

troller
p
aram

eters
x xx

n
ow

b
eco

m
es

th
e

co
m

p
u
ted

score
D
o
G

of
th

e
resu

ltin
g

tra
jectories

w
h
en

x xx
is

sim
u
lated

.
φ
D
o
G

essen
tia

lly
a
id

s
in

(soft)
clu

sterin
g

of
con

trollers
b
ased

on
th

eir
b

eh
av

iou
r

in
sim

u
la

tion
.

H
ig

h
sco

rin
g

co
n
trollers

are
m

ore
likely

to
w

alk
th

an
low

scorin
g

on
es.

S
in

ce
M

1−
4

are
b
a
sed

o
n

in
tu

itiv
e

gait
featu

res,
th

ey
are

m
ore

likely
to

tran
sfer

b
etw

een
sim

u
lation

an
d

h
a
rd

w
a
re,

a
s

com
p
ared

to
d
irect

cost.
T

h
e

th
resh

old
s

in
M

1−
3

are
ch

osen
accord

in
g

to
valu

es
o
b
served

in
n
om

in
al

h
u
m

an
w

alk
in

g
from

W
in

ter
an

d
Y

ack
(1987).

3
.1
.2
.
L
e
a
r
n
in
g

a
F
e
a
t
u
r
e
T
r
a
n
sf
o
r
m

w
it
h
a
N
e
u
r
a
l
N
e
t
w
o
r
k

W
h
ile

d
o
m

a
in

-sp
ecifi

c
featu

re
tran

sform
s

can
b

e
ex

trem
ely

u
sefu

l
an

d
rob

u
st,

th
ey

m
igh

t
b

e
d
iffi

cu
lt

to
g
en

erate
w

h
en

a
d
om

ain
ex

p
ert

is
n
o
t

p
resen

t.
T

h
is

m
otivates

d
irectly

learn
in

g
su

ch
fea

tu
re

tran
sform

s
from

tra
jectory

d
ata.

In
th

is
section

w
e

d
escrib

e
ou

r
ap

p
roach

to
tra

in
n
eu

ra
l

n
etw

ork
s

to
recon

stru
ct

tra
jectory

su
m

m
aries

(A
n
ton

ova
et

al.,
2
017)

th
at

a
ch

ieves
th

is
g
o
al

of
m

in
im

izin
g

ex
p

ert
in

volv
em

en
t.

T
ra

jecto
ry

su
m

m
aries

are
a

con
ven

ien
t

ch
oice

for
rep

aram
etrizin

g
co

n
trollers

in
to

an
ea

sy
to

o
p
tim

ize
sp

ace.
F

or
ex

am
p
le,

con
trollers

th
a
t

fall
w

ou
ld

au
tom

atically
b

e
far

aw
ay

fro
m

co
n
tro

llers
th

at
w

alk
.

If
th

ese
tra

jectories
ca

n
b

e
ex

tracted
fro

m
a

h
igh

-fi
d
elity

sim
-
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R
a
i,
A
n
t
o
n
o
v
a
,
M
e
ie
r
,
A
t
k
e
so

n

u
lator,

w
e

w
ou

ld
n
ot

h
av

e
to

evalu
ate

each
con

troller
on

h
ard

w
are.

H
ow

ever,
con

v
en

tion
al

im
p
lem

en
tation

s
of

B
O

evalu
ate

th
e

kern
el

fu
n
ction

for
a

large
n
u
m

b
er

of
p

oin
ts

p
er

iter-
ation

,
req

u
irin

g
th

ou
san

d
s

of
sim

u
lation

s
each

iteration
.

T
o

avoid
th

is,
a

N
eu

ral
N

etw
ork

(N
N

)
can

b
e

train
ed

to
recon

stru
ct

tra
jecto

ry
su

m
m

aries
from

a
large

set
of

p
re-sam

p
led

d
ata

p
oin

ts.
N

N
p
rov

id
es

fl
ex

ib
le

in
terp

olation
,

as
w

ell
as

fa
st

evalu
ation

(con
troller→

tra-
jectory

su
m

m
ary

).
F

u
rth

erm
ore,

tra
jectories

are
agn

ostic
to

th
e

sp
ecifi

c
cost

u
sed

d
u
rin

g
B

O
.

T
h
u
s

th
e

d
ata

collection
can

b
e

d
on

e
offl

in
e,

an
d

th
ere

is
n
o

n
eed

to
re-ru

n
sim

u
lation

s
in

case
th

e
d
efi

n
ition

of
th

e
cost

is
m

o
d
ifi

ed
.

W
e

u
se

th
e

term
‘tra

jectory
’

in
a

gen
eral

sen
se,

referrin
g

to
several

sen
sory

states
record

ed
d
u
rin

g
a

sim
u
lation

.
T

o
create

tra
jectory

su
m

m
aries

for
th

e
case

of
lo

com
otion

,
w

e
in

clu
d
e

m
easu

rem
en

ts
of:

w
alk

in
g

tim
e

(tim
e

b
efore

fallin
g),

en
ergy

u
sed

d
u
rin

g
w

alk
in

g,
p

osition
of

th
e

cen
ter

of
m

ass
an

d
an

gle
o
f

th
e

torso.
W

ith
th

is,
w

e
con

stru
ct

a
d
ataset

for
N

N
to

fi
t:

a
S
ob

ol
grid

of
con

troller
p
aram

eters
(x xx

1
:N

,
N
≈

0.5
m

illion
)

alon
g

w
ith

tra
jectory

su
m

m
aries

ξ
x xx
i

from
sim

u
lation

.
N

N
is

train
ed

u
sin

g
m

ean
sq

u
ared

loss:

N
N

in
p
u
t:
x xx

–
a

set
of

con
tro

ller
p
aram

eters

N
N

ou
tp

u
t:
φ
tra

jN
N

(x xx
)

=
ξ̂
x xx

–
recon

stru
cted

tra
jectory

su
m

m
ary

N
N

loss:
12 ∑

Ni=
1 ||ξ̂

x xx
i −

ξ
x xx
i || 2

T
h
e

ou
tp

u
ts
φ
tra

jN
N

(x xx
)

are
th

en
u
sed

in
th

e
kern

el
for

B
O

:

k
tra

jN
N

(x xx
i ,x xx

j )
=
σ

2k
ex

p (−
12 t tt Tij

d
iag

(`̀̀) −
2t ttij ),

t ttij
=
φ
tra

jN
N

(x xx
i )−

φ
tra

jN
N

(x xx
j )

(3)

A
p
p

en
d
ix

A
d
escrib

es
ou

r
d
ata

collection
an

d
train

in
g.

W
e

d
id

n
ot

ca
refu

lly
select

th
e

sen
sory

traces
u
sed

in
th

e
tra

jectory
su

m
m

aries.
In

stead
,

w
e

u
sed

th
e

m
ost

ob
v
iou

s
states,

aim
in

g
for

an
ap

p
roach

th
at

cou
ld

b
e

easily
ad

ap
ted

to
oth

er
d
om

ain
s.

T
o

ap
p
ly

th
is

ap
p
roach

to
a

n
ew

settin
g,

on
e

cou
ld

sim
p
ly

in
clu

d
e

in
form

ation
th

at
is

cu
stom

arily
tracked

,
or

u
sed

in
costs.

F
or

ex
am

p
le,

for
a

m
an

ip
u
lator,

th
e

co
ord

in
ates

of
th

e
en

d
eff

ector(s)
cou

ld
b

e
record

ed
at

relevan
t

p
oin

ts.
F

orce-torq
u
e

m
easu

rem
en

ts
co

u
ld

b
e

in
clu

d
ed

,
if

availa
b
le.

3
.2

.
K

e
rn

e
l

A
d

ju
stm

e
n
t

fo
r

H
a
n

d
lin

g
S

im
u

la
tio

n
-H

a
rd

w
a
re

M
ism

a
tch

A
p
p
roach

es
d
escrib

ed
in

p
rev

iou
s

section
s

cou
ld

p
rov

id
e

im
p
rovem

en
t

for
B

O
w

h
en

a
h
igh

-
fi
d
elity

sim
u
lator

is
u
sed

in
kern

el
con

stru
ction

.
In

R
ai

et
al.

(2018)
w

e
p
resen

ted
p
rom

isin
g

resu
lts

of
ex

p
erim

en
tal

evalu
ation

on
h
a
rd

w
a
re.

H
ow

ever,
it

is
u
n
clear

h
ow

th
e

p
erform

an
ce

ch
an

ges
w

h
en

sim
u
lation

-h
ard

w
are

m
ism

atch
b

ecom
es

ap
p
aren

t.

In
R

ai
et

al.
(2

018),
w

e
also

p
rop

osed
a

w
ay

to
in

corp
orate

in
form

atio
n

ab
ou

t
sim

u
la

tion
-

h
ard

w
are

m
ism

atch
in

to
th

e
kern

el
from

th
e

sam
p
les

evalu
ated

so
far.

W
e

au
gm

en
t

th
e

sim
u
lation

-b
ased

kern
el

to
in

clu
d
e

th
is

a
d
d
ition

al
in

form
ation

ab
ou

t
m

ism
atch

,
b
y

ex
p
an

d
-

in
g

th
e

origin
al

kern
el

b
y

an
ex

tra
d
im

en
sion

th
at

con
tain

s
th

e
p
red

icted
m

ism
atch

for
each

con
troller

x xx
.

A
sep

arate
G

au
ssian

p
ro

cess
is

u
sed

to
m

o
d
el

th
e

m
ism

atch
ex

p
erien

ced
on

h
ard

w
are,

startin
g

from
an

in
itial

p
rior

m
ism

atch
o
f

0:
g
(x xx

)∼
GP

(0,k
S
E

(x xx
i ,x xx

j )).
F

or
a
n
y

evalu
ated

con
troller

x xx
i ,

w
e

can
com

p
u
te

th
e

d
iff

eren
ce

b
etw

een
φ

(x xx
i )

in
sim

u
lation

an
d

on
h
ard

w
are:

d
x xx
i

=
φ
sim

(x xx
i )−

φ
h
w

(x xx
i ).

W
e

can
n
ow

u
se

m
ism

atch
d
ata
{d
x xx
i |i

=
1
...n}

to
con

stru
ct

a
m

o
d
el

for
th

e
ex

p
ected

m
ism

atch
:
ḡ
(x xx

).
In

th
e

case
of

u
sin

g
a

G
P

-b
ased

m
o
d
el,

ḡ
(·)

w
ou

ld
d
en

ote
th

e
p

osterior
m

ean
.

W
ith

th
is,

w
e

can
p
red

ict
sim

u
lation

-h
ard

w
are

m
ism

atch
in

th
e

origin
al

sp
ace

of
con

troller
p
aram

eters
for

u
n
evalu

ated
con

trollers.
C

om
b
in

in
g

th
is

w
ith

8
JM

L
R

 20(49):1-24, 2019



Im
p
r
o
v
in
g

B
a
y
e
si
a
n
O
p
t
im

iz
a
t
io
n
f
o
r
B
ip
e
d
a
l
R
o
b
o
t
s

ke
rn

el
k
φ

w
e

ob
ta

in
an

ad
ju

st
ed

k
er

n
el

:

φφ φ
a
dj
xx x

=

[ φ
si
m

(xx x
)

ḡ
(xx x

)

] ,
tt ta
dj
ij

=
φφ φ
a
dj
xx x
i
−
φφ φ
a
dj
xx x
j

k
φ
a
d
j
(xx x
i,
xx x
j
)

=
σ

2 k
ex

p
(
−

1 2
(tt t
a
dj
ij

)T
d
ia

g
([
` 1` 1` 1 ` 2` 2` 2

] )
−2
tt ta
dj
ij

)
(4

)

T
h
e

si
m

il
ar

it
y

b
et

w
ee

n
p

oi
n
ts
xx x
i,
xx x
j

is
n
ow

d
ic

ta
te

d
b
y

tw
o

co
m

p
on

en
ts

:
re

p
re

se
n
ta

ti
on

in
φ

sp
ac

e
an

d
ex

p
ec

te
d

m
is

m
at

ch
.

T
h
is

co
n
st

ru
ct

io
n

h
as

an
in

tu
it

iv
e

ex
p
la

n
a
ti

on
:

S
u
p
p

os
e

co
n
tr

ol
le

r
x
i
x
i
x
i

re
su

lt
s

in
w

al
k
in

g
w

h
en

si
m

u
la

te
d
,

b
u
t

fa
ll
s

d
u
ri

n
g

h
ar

d
w

ar
e

ev
al

u
at

io
n
.
k
φ
a
d
j

w
ou

ld
re

gi
st

er
a

h
ig

h
m

is
m

at
ch

fo
r
xx x
i.

C
on

tr
ol

le
rs

w
ou

ld
b

e
d
ee

m
ed

si
m

il
ar

to
xx x
i

on
ly

if
th

ey
h
av

e
b

ot
h

si
m

il
ar

si
m

u
la

ti
on

-b
as

ed
φ

(·)
an

d
si

m
il
ar

es
ti

m
at

ed
m

is
m

a
tc

h
.

P
oi

n
ts

w
it

h
si

m
il
ar

si
m

u
la

ti
on

-b
as

ed
φ

(·)
an

d
lo

w
p
re

d
ic

te
d

m
is

m
at

ch
w

ou
ld

st
il
l

b
e

‘f
ar

aw
ay

’
fr

om
th

e
fa

il
ed
xx x
i.

T
h
is

w
ou

ld
h
el

p
B

O
sa

m
p
le

p
oi

n
ts

th
at

st
il
l

h
av

e
h
ig

h
ch

an
ce

s
of

w
al

k
in

g
in

si
m

u
la

ti
on

,
b
u
t

ar
e

in
a

d
iff

er
en

t
re

gi
on

of
th

e
or

ig
in

al
p
ar

am
et

er
sp

ac
e.

In
th

e
n
ex

t
se

ct
io

n
,

w
e

p
re

se
n
t

a
m

or
e

m
at

h
em

at
ic

al
ly

ri
go

ro
u
s

in
te

rp
re

ta
ti

on
fo

r
k
φ
a
d
j
.

3
.2
.1
.
In

t
e
r
p
r
e
t
a
t
io
n
o
f
K
e
r
n
e
l
w
it
h
M
is
m
a
t
c
h
M
o
d
e
l
in
g

L
et

u
s

co
n
si

d
er

a
co

n
tr

ol
le

r
xx x
i

ev
al

u
at

ed
o
n

h
ar

d
w

a
re

.
T

h
e

d
iff

er
en

ce
b

et
w

ee
n

si
m

u
la

ti
on

-
b
as

ed
an

d
h
ar

d
w

ar
e-

b
as

ed
fe

at
u
re

tr
an

sf
or

m
fo

r
xx x
i

is
d x
x x
i

=
φ
si
m

(xx x
i)
−
φ
h
w

(xx x
i)

.
T

h
e

‘t
ru

e’
h
ar

d
w

ar
e

fe
at

u
re

tr
an

sf
or

m
fo

r
x
i
x
i
x
i

is
φ
h
w

(x
i
x
i
x
i)

=
φ
si
m

(x
i
x
i
x
i)
−
d x

i
x
i
x
i
.

A
ft

er
n

ev
al

u
at

io
n
s

on
h
ar

d
w

ar
e,
{d
xx x
i
|i

=
1.
..
n
}

ca
n

se
rv

e
as

d
at

a
fo

r
m

o
d
el

in
g

si
m

u
la

ti
on

-h
ar

d
w

ar
e

m
is

m
at

ch
.

In
p
ri

n
ci

p
le

,
an

y
d
at

a-
effi

ci
en

t
m

o
d
el
g
(·)

ca
n

b
e

u
se

d
,

su
ch

as
G

P
(a

m
u
lt

i-
o
u
tp

u
t

G
P

in
ca

se
φ

(·)
>

1
D

).
W

it
h

th
is

,
w

e
ca

n
ob

ta
in

an
ad

ju
st

ed
tr

an
sf

or
m

:
φ̂
h
w

(xx x
)

=
φ
si
m

(xx x
)
−
ḡ
(xx x

),
w

h
er

e
ḡ
(·)

is
th

e
ou

tp
u
t

of
th

e
m

o
d
el

fi
tt

ed
u
si

n
g
{d
xx x
i
|i

=
1,
..
.n
}.

S
u
p
p

os
e
xx x
n
ew

h
as

n
ot

b
ee

n
ev

al
u
at

ed
on

h
ar

d
w

ar
e.

W
e

ca
n

u
se
φ̂
h
w

(xx x
n
ew

)
=
φ
si
m

(xx x
n
ew

)−
ḡ
(xx x
n
ew

)
as

th
e

ad
ju

st
ed

es
ti

m
at

e
of

w
h
at

th
e

ou
tp

u
t

of
φ

sh
ou

ld
b

e,
ta

k
in

g
in

to
ac

co
u
n
t

w
h
at

w
e

h
av

e
le

ar
n
ed

so
fa

r
ab

ou
t

si
m

u
la

ti
on

-h
ar

d
w

ar
e

m
is

m
at

ch
.

L
et

’s
co

n
st

ru
ct

ke
rn

el
k
v
2
φ
a
d
j
(xx x
i,
xx x
j
)

th
at

u
se

s
th

es
e

h
ar

d
w

ar
e-

ad
ju

st
ed

es
ti

m
at

es
d
ir

ec
tl

y
:

qq q
a
dj
ij

=
φ̂
h
w

(xx x
i)
−
φ̂
h
w

(xx x
j
)

=
(φ
si
m

(xx x
i)
−
ḡ
(xx x
i)

)
−

(φ
si
m

(xx x
j
)
−
ḡ
(xx x
j
))

=
(φ
si
m

(xx x
i)
−
φ
si
m

(xx x
j
))

︸
︷︷

︸
vv v
φ

−
(ḡ

(xx x
i)
−
ḡ
(xx x
j
))

︸
︷︷

︸
vv v
g

k
v
2
φ
a
d
j
(xx x
i,
xx x
j
)

=
σ

2 k
v
0

ex
p
(
−

1 2
(qq q
a
dj
ij

)T
d
ia

g
(`̀̀

)−
2
qq q
a
dj
ij

)

=
σ

2
ex

p
(
−

1 2

[ (vv v
φ
−
vv v
g
)T

d
ia

g
(`̀̀

)−
2
(vv v
φ
−
vv v
g
)]
)

=
σ

2
ex

p
(
−

1 2

[ vv v
T φ

d
ia

g
(`̀̀

)−
2
vv v
φ

+
vv v
T g

d
ia

g
(`̀̀

)−
2
vv v
g
−
p
ro
d
ij

])

w
h
er

e
p
ro
d
ij

=
2vv v

T φ
d
ia

g
(`̀̀

)−
2
vv v
g

U
si

n
g

ex
p
(a

+
b

+
c)

=
ex

p
(c

)
·e

x
p
(a

+
b)

,
w

e
h
av

e:

k
v
2
φ
a
d
j
(xx x
i,
xx x
j
)

=
σ

2
ex

p
(p
ro
d
ij

)
ex

p
(
−

1 2

[ vv v
T φ

d
ia

g
(`̀̀

)−
2
vv v
φ

+
vv v
T g

d
ia

g
(`̀̀

)−
2
vv v
g

])
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 2
0(

49
):

1-
24

, 2
01

9

R
a
i,
A
n
t
o
n
o
v
a
,
M
e
ie
r
,
A
t
k
e
so

n

W
h
ic

h
ca

n
b

e
w

ri
tt

en
as

:

k
v
2
φ
a
d
j
(xx x
i,
xx x
j
)

=
σ

2
ex

p
(p
ro
d
ij

)
ex

p
(
−

1 2
(tt t
a
dj
ij

)T
d
ia

g
([
`̀̀ `̀̀] )

−2
tt ta
dj
ij

)

tt ta
dj
ij

=

[ vv v
φ

vv v
g

]
=

[ φ
si
m

(xx x
i)
−
φ
si
m

(xx x
j
)

ḡ
(xx x
i)
−
ḡ
(xx x
j
)

]

C
om

p
ar

e
th

is
to
k
φ
a
d
j

fr
om

E
q
u
at

io
n

4:

k
φ
a
d
j
(xx x
i,
xx x
j
)

=
σ

2 k
ex

p
(
−

1 2
(tt t
a
dj
ij

)T
d
ia

g
([
` 1` 1` 1 ` 2` 2` 2

] )
−2
tt ta
dj
ij

)
(5

)

N
ow

w
e

se
e

th
at
k
v
2
φ
a
d
j

an
d
k
φ
a
d
j

h
av

e
a

si
m

il
ar

fo
rm

.
H

y
p

er
p
ar

a
m

et
er

s
` 1` 1` 1
,`

2` 2` 2
p
ro

v
id

e
fl
ex

ib
il
-

it
y

in
k
φ
a
d
j

as
co

m
p
ar

ed
to

h
av

in
g

on
ly

ve
ct

or
`̀̀

in
k
v
2
φ
a
d
j
.

T
h
ey

ca
n

b
e

ad
ju

st
ed

m
a
n
u
a
ll
y

o
r

w
it

h
A

u
to

m
at

ic
R

el
ev

an
ce

D
et

er
m

in
at

io
n
.

F
or
k
v
2
φ
a
d
j
,

th
e

ro
le

of
si

gn
al

va
ri

an
ce

is
ca

p
tu

re
d

b
y
σ

2
ex

p
(−
p
ro
d
ij

).
T

h
is

m
ak

es
th

e
ke

rn
el

n
on

st
at

io
n
ar

y
in

th
e

tr
a
n
sf

or
m

ed
φ

sp
a
ce

.
S
in

ce
k
φ
a
d
j

is
al

re
ad

y
n
on

-s
ta

ti
on

ar
y

in
xx x

,
it

is
u
n
cl

ea
r

w
h
et

h
er

n
on

-s
ta

ti
on

ar
it

y
o
f
k
v
2
φ
a
d
j

in
th

e

tr
an

sf
or

m
ed

φ
sp

ac
e

h
as

an
y

ad
va

n
ta

ge
s.

T
h
e

ab
ov

e
d
is

cu
ss

io
n

sh
ow

s
th

at
k
φ
a
d
j

p
ro

p
os

ed
in

R
ai

et
al

.
(2

01
8)

is
m

o
ti

va
te

d
b

o
th

in
tu

it
iv

el
y

an
d

m
at

h
em

at
ic

al
ly

.
It

ai
m

s
to

u
se

a
tr

a
n
sf

o
rm

th
a
t

ac
co

u
n
ts

fo
r

th
e

h
a
rd

w
a
re

m
is

m
at

ch
,
w

it
h
ou

t
ad

d
in

g
ex

tr
a

n
on

-s
ta

ti
o
n
ar

it
y

in
th

e
tr

an
sf

or
m

ed
sp

ac
e.

W
h
il
e

th
e

a
b

ov
e

an
al

y
si

s
sh

ow
s

th
e

co
n
n
ec

ti
on

b
et

w
ee

n
k
φ
a
d
j

an
d
k
v
2
φ
a
d
j
,

a
m

or
e

sy
st

em
at

ic
em

p
ir

ic
a
l

a
n
a
ly

si
s

w
ou

ld
b

e
b

en
efi

ci
al

as
p
ar

t
of

fu
tu

re
w

or
k
.

4
.

R
o
b

o
ts

,
S
im

u
la

to
rs

a
n
d

C
o
n
tr

o
ll
e
rs

U
se

d

In
th

is
se

ct
io

n
w

e
gi

ve
a

co
n
ci

se
d
es

cr
ip

ti
on

of
th

e
ro

b
ot

s,
co

n
tr

ol
le

rs
an

d
si

m
u
la

to
rs

u
se

d
in

ex
p

er
im

en
ts

w
it

h
B

O
fo

r
b
ip

ed
al

lo
co

m
ot

io
n
.

O
u
r

ap
p
ro

ac
h

is
ap

p
li
ca

b
le

to
a

w
id

e
ra

n
ge

of
b
ip

ed
al

ro
b

ot
s

an
d

co
n
tr

ol
le

rs
,

in
cl

u
d
in

g
st

at
e-

of
-t

h
e-

ar
t

co
n
tr

ol
le

rs
(F

en
g

et
a
l.
,

20
15

).
W

e
w

or
k

w
it

h
tw

o
d
iff

er
en

t
ty

p
es

of
co

n
tr

ol
le

rs
–

a
re

ac
ti

ve
ly

st
ep

p
in

g
co

n
tr

o
ll
er

an
d

a
h
u
m

an
-i

n
sp

ir
ed

n
eu

ro
m

u
sc

u
la

r
co

n
tr

ol
le

r
(N

M
C

).
T

h
e

re
ac

ti
v
el

y
st

ep
p
in

g
co

n
tr

o
ll
er

is
m

o
d
el

-b
as

ed
:

it
u
se

s
in

v
er

se
-d

y
n
am

ic
s

m
o
d
el

s
of

th
e

ro
b

ot
to

co
m

p
u
te

d
es

ir
ed

m
o
to

r
to

rq
u
es

.
In

co
n
tr

as
t,

N
M

C
is

m
o
d
el

-f
re

e:
it

co
m

p
u
te

s
d
es

ir
ed

to
rq

u
es

u
si

n
g

h
a
n
d
-d

es
ig

n
ed

p
ol

ic
ie

s,
cr

ea
te

d
w

it
h

b
ip

ed
lo

co
m

ot
io

n
d
y
n
am

ic
s

in
m

in
d
.

T
h
es

e
co

n
tr

ol
le

rs
ex

em
p
li
fy

tw
o

d
iff

er
en

t
an

d
w

id
el

y
u
se

d
w

ay
s

of
co

n
tr

ol
li
n
g

b
ip

ed
al

ro
b

ot
s.

In
ad

d
it

io
n

to
th

is
,

w
e

sh
ow

re
su

lt
s

on
tw

o
d
iff

er
en

t
ro

b
ot

m
or

p
h
ol

og
ie

s
–

a
p
ar

al
le

l
b
ip

ed
al

ro
b

ot
A

T
R

IA
S
,

a
n
d

a
se

ri
al

7-
li
n
k

b
ip

ed
m

o
d
el

.
O

u
r

h
ar

d
w

ar
e

ex
p

er
im

en
ts

ar
e

co
n
d
u
ct

ed
on

A
T

R
IA

S
;

th
e

7
-l

in
k

b
ip

ed
is

on
ly

u
se

d
in

si
m

u
la

ti
on

.
O

u
r

su
cc

es
s

on
b

ot
h

ro
b

o
ts

sh
ow

s
th

at
th

e
ap

p
ro

a
ch

es
d
ev

el
o
p

ed
in

th
is

p
ap

er
ar

e
w

id
el

y
ap

p
li
ca

b
le

to
a

ra
n
g
e

of
b
ip

ed
al

ro
b

ot
s

an
d

co
n
tr

ol
le

rs
.

4
.1

.
A

T
R

IA
S

R
o
b

o
t

O
u
r

h
ar

d
w

ar
e

p
la

tf
or

m
is

an
A

T
R

IA
S

ro
b

ot
(F

ig
u
re

1)
.

A
T

R
IA

S
is

a
p
ar

al
le

l
b
ip

ed
a
l
ro

b
ot

,
w

ei
gh

in
g
≈

64
k
g
.

T
h
e

le
gs

ar
e

4-
se

gm
en

t
li
n
ka

ge
s

ac
tu

at
ed

b
y

2
S
er

ie
s

E
la

st
ic

A
ct

u
a
to

rs
(S

E
A

s)
in

th
e

sa
gi

tt
al

p
la

n
e

an
d

a
D

C
m

ot
or

in
th

e
la

te
ra

l
p
la

n
e.

D
et

ai
ls

ca
n

b
e

fo
u
n
d

in
H

u
b
ic

k
i

et
al

.
(2

01
6)

.
In

th
is

w
or

k
w

e
fo

cu
s

on
p
la

n
ar

m
ot

io
n

ar
ou

n
d

a
b

o
o
m

.
A

T
R

IA
S

is
a

h
ig

h
ly

d
y
n
am

ic
sy

st
em

d
u
e

to
it

s
p

oi
n
t

fe
et

,
w

it
h

st
a
ti

c
st

ab
il
it

y
on

ly
in

d
o
u
b
le

st
a
n
ce

o
n

th
e

b
o
om

.

1
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Im
p
r
o
v
in
g

B
a
y
e
sia

n
O
p
t
im

iz
a
t
io
n
f
o
r
B
ip
e
d
a
l
R
o
b
o
t
s

4
.2

.
P

la
n

a
r

7
-lin

k
B

ip
e
d

T
h
e

secon
d

ro
b

ot
u
sed

in
ou

r
ex

p
erim

en
ts

is
a

7-lin
k

b
ip

ed
(T

h
atte

an
d

G
eyer,

2016).
It

h
a
s

a
tru

n
k

a
n
d

segm
en

ted
legs

w
ith

an
k
les,

w
ith

actu
a
tors

in
th

e
h
ip

,
k
n
ees

an
d

an
k
les.

T
h
e

in
ertia

l
p
rop

erties
of

its
lin

k
s

are
sim

ilar
to

an
average

h
u
m

an
(W

in
ter

a
n
d

Y
ack

,
1
9
8
7
).

T
h
is

7
-lin

k
m

o
d
el

is
a

can
on

ical
sim

u
lator

for
testin

g
b
ip

ed
al

w
alk

in
g

algorith
m

s,
for

ex
a
m

p
le

in
S
o
n
g

an
d

G
eyer

(2015).
It

is
a

sim
p
lifi

ed
tw

o-d
im

en
sion

al
sim

u
lator

for
a

la
rge

ra
n
g
e

o
f

h
u
m

an
oid

rob
ots,

like
A

tlas
(F

en
g

et
al.,

2015).
W

e
u
se

th
is

sim
u
lator

to
stu

d
y

th
e

g
en

era
liza

b
ility

of
ou

r
p
rop

osed
ap

p
roach

es
to

sy
stem

s
d
iff

eren
t

from
A

T
R

IA
S
.

4
.3

.
F
e
e
d

b
a
ck

B
a
se

d
R

e
a
c
tiv

e
S

te
p

p
in

g
P

o
lic

y

W
e

d
esig

n
a

p
aram

etric
con

troller
for

con
trollin

g
th

e
C

oM
h
eigh

t,
torso

a
n
gle

an
d

th
e

sw
in

g
leg

b
y

co
m

m
a
n
d
in

g
d
esired

grou
n
d

reaction
forces

an
d

sw
in

g
fo

ot
lan

d
in

g
lo

cation
.

F
x

=
K
p
t (θ

d
es −

θ)−
K
d
t θ̇

F
z

=
K
p
z (z

d
es −

z
)−

K
d
z ż

x
p

=
k
(v−

v
tg
t )

+
C
d

+
0
.5
v
T

H
ere,

F
x

is
th

e
d
esired

h
orizon

tal
grou

n
d

reaction
force

(G
R

F
),
K
p
t

an
d
K
d
t

are
th

e
p
ro

p
o
rtio

n
a
l

a
n
d

d
erivative

feed
b
ack

gain
s

on
th

e
torso

an
gle

θ
an

d
velo

city
θ̇.

F
z

is
th

e
d
esired

vertica
l

G
R

F
,
K
p
z

an
d
K
d
z

are
th

e
p
rop

ortion
al

an
d

d
erivative

g
ain

s
on

th
e

C
oM

h
eig

h
t
z

a
n
d

vertical
velo

city
ż
.
z
d
es

an
d
θ
d
es

a
re

th
e

d
esired

C
oM

h
eig

h
t

an
d

torso
lean

.
x
p

is
th

e
d
esired

fo
ot

lan
d
in

g
lo

cation
for

th
e

en
d

of
sw

in
g;
v

is
th

e
h
orizon

tal
C

oM
velo

city,
k

is
th

e
feed

b
a
ck

gain
th

at
regu

lates
v

tow
ard

s
th

e
target

velo
city

v
tg
t .
C

is
a

con
stan

t
a
n
d

d
is

th
e

d
ista

n
ce

b
etw

een
th

e
stan

ce
leg

an
d

th
e

C
oM

;
T

is
th

e
sw

in
g

tim
e.

T
h
e

d
esired

G
R

F
s

are
sen

t
to

A
T

R
IA

S
in

v
erse

d
y
n
am

ics
m

o
d
el

th
at

gen
erates

d
esired

m
o
to

r
to

rq
u
es
τ
f ,τ

b .
D

etails
can

b
e

fou
n
d

in
R

ai
et

al.
(20

18).
T

h
is

con
troller

assu
m

es
n
o

d
o
u
b
le-su

p
p

o
rt,

an
d

th
e

sw
in

g
leg

takes
off

as
so

on
as

stan
ce

is
d
etected

.
T

h
is

lead
s

to
a

h
ig

h
ly

d
y
n
a
m

ic
gait,

p
osin

g
a

ch
allen

gin
g

op
tim

ization
p
rob

lem
.

T
o

in
v
estig

a
te

th
e

eff
ects

of
in

creasin
g

d
im

en
sion

ality
on

ou
r

op
tim

ization
,

w
e

con
stru

ct
tw

o
co

n
tro

llers
w

ith
d
iff

eren
t

n
u
m

b
er

of
free

p
aram

eters:

•
5
-d

im
en

sio
n

a
l

co
n

tro
ller

:
op

tim
izin

g
5

p
aram

eters
[K

p
t ,K

d
t ,k

,C
,T

]
(z
d
es ,

θ
d
es

an
d

th
e

feed
b
ack

on
z

are
h
an

d
tu

n
ed

)

•
9
-d

im
en

sio
n

a
l

co
n

tro
ller

:
op

tim
izin

g
all

9
p
aram

eters
of

th
e

h
igh

-level
p

olicy
[K

p
t ,K

d
t ,θ

d
es ,K

p
z ,K

d
z ,z

d
es ,k

,C
,T

]

4
.4

.
1
6
-d

im
e
n

sio
n
a
l

N
e
u

ro
m

u
sc

u
la

r
C

o
n
tro

lle
r

W
e

u
se

n
eu

ro
m

u
scu

lar
m

o
d
el

p
olicies,

as
in

tro
d
u
ced

in
G

eyer
an

d
H

err
(2010),

as
ou

r
co

n
tro

ller
fo

r
th

e
7-lin

k
p
lan

ar
h
u
m

an
-like

b
ip

ed
m

o
d
el.

T
h
ese

p
o
licies

u
se

ap
p
rox

im
ate

m
o
d
els

o
f

m
u
scle

d
y
n
am

ics
an

d
h
u
m

an
-in

sp
ired

refl
ex

p
ath

w
ay

s
to

gen
erate

join
t

torq
u
es,

p
ro

d
u
cin

g
g
a
its

th
at

are
sim

ilar
to

h
u
m

an
w

alk
in

g.

E
a
ch

leg
is

actu
ated

b
y

7
m

u
scles,

w
h
ich

togeth
er

p
ro

d
u
ce

torq
u
es

ab
ou

t
th

e
h
ip

,
k
n
ee

a
n
d

a
n
k
le.

M
o
st

of
th

e
m

u
scle

refl
ex

es
are

len
gth

or
force

feed
b
ack

s
on

th
e

m
u
scle

state
a
im

ed
a
t

g
en

eratin
g

a
com

p
lian

t
leg,

k
eep

in
g

k
n
ee

from
h
y
p

erex
ten

d
in

g
an

d
m

ain
tain

in
g

to
rso

o
rien

ta
tio

n
in

stan
ce.

T
h
e

sw
in

g
con

trol
h
as

th
ree

m
ain

com
p

on
en

ts
–

ta
rget

leg
an

gle,
leg

cleara
n
ce

an
d

h
ip

con
trol

d
u
e

to
reaction

to
rq

u
es.

T
ogeth

er
w

ith
th

e
stan

ce
co

n
trol,

th
is

lea
d
s

to
a

to
tal

of
16

con
troller

p
ara

m
eters,

d
escrib

ed
in

d
etails

in
A

n
ton

ova
et

al.
(2016).

1
1
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L

R
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R
a
i,
A
n
t
o
n
o
v
a
,
M
e
ie
r
,
A
t
k
e
so

n

T
h
ou

gh
origin

ally
d
evelop

ed
for

ex
p
lain

in
g

h
u
m

an
n
eu

ral
con

trol
p
ath

w
ay

s,
th

is
con

-
troller

h
as

recen
tly

b
een

ap
p
lied

to
p
rosth

etics
an

d
b
ip

ed
s,

for
ex

am
p
le

T
h
atte

an
d

G
eyer

(2016)
an

d
V

an
d
er

N
o
ot

et
al.

(2015).
T

h
is

con
troller

is
cap

ab
le

of
gen

era
tin

g
a

variety
of

lo
com

otion
b

eh
av

iou
rs

for
a

h
u
m

an
oid

m
o
d
el

–
w

alk
in

g
on

rou
gh

grou
n
d
,

tu
rn

in
g,

ru
n
-

n
in

g,
an

d
w

alk
in

g
u
p
stairs,

m
ak

in
g

it
a

very
v
ersatile

con
troller

(S
on

g
an

d
G

eyer,
2015).

T
h
is

is
a

m
o
d
el-free

con
troller

as
com

p
ared

to
th

e
reactive-step

p
in

g
con

troller,
w

h
ich

w
as

m
o
d
el-b

ased
.

4
.5

.
5
0
-d

im
e
n

sio
n
a
l

V
irtu

a
l

N
e
u

ro
m

u
sc

u
la

r
C

o
n
tro

lle
r

A
n
oth

er
m

o
d
el-free

con
troller

w
e

u
se

on
A

T
R

IA
S

is
a

m
o
d
ifi

ed
versio

n
of

B
atts

et
al.

(2015).
V

N
M

C
m

ap
s

a
n
eu

rom
u
scu

lar
m

o
d
el,

sim
ilar

to
th

e
on

e
d
escrib

ed
in

S
ection

4.4
to

th
e

A
T

R
IA

S
rob

ot’s
top

ology
an

d
em

u
lates

it
to

g
en

era
te

d
esired

m
otor

torq
u
es.

W
e

ad
ap

t
V

N
M

C
b
y

rem
ov

in
g

som
e

b
iological

com
p

on
en

ts
w

h
ile

p
reserv

in
g

its
b
asic

fu
n
ction

alities.
T

h
e

fi
n
al

version
of

th
e

con
troller

con
sists

of
50

p
aram

eters
in

clu
d
in

g
low

-level
con

trol
p
aram

eters,
su

ch
as

feed
b
ack

gain
s,

as
w

ell
as

h
igh

lev
el

p
aram

eters,
su

ch
as

d
esired

step
len

gth
an

d
d
esired

torso
lean

.
D

etails
can

b
e

fou
n
d

in
R

ai
et

al.
(2018).

W
h
en

op
tim

ized
u
sin

g
C

M
A

-E
S
,

it
can

con
trol

A
T

R
IA

S
to

w
a
lk

on
rou

gh
terrain

s
w

ith
h
eigh

t
ch

an
ges

of
±

20
cm

in
p
lan

ar
sim

u
lation

(B
atts

et
al.,

2015).

4
.6

.
In

c
re

a
sin

g
ly

In
a
c
c
u

ra
te

S
im

u
la

to
rs

T
o

com
p
are

th
e

p
erform

an
ce

of
d
iff

eren
t

m
eth

o
d
s

th
at

can
b

e
u
sed

to
tran

sfer
in

form
ation

from
sim

u
lation

to
h
ard

w
are,

w
e

create
a

series
of

in
creasin

g
ly

ap
p
rox

im
ate

sim
u
lato

rs.
T

h
ese

sim
u
lators

em
u
late

in
creasin

g
m

ism
atch

b
etw

een
sim

u
lation

a
n
d

h
ard

w
are

an
d

its
ef-

fect
on

th
e

in
form

ation
tran

sfer.
In

th
is

settin
g,

th
e

h
igh

-fi
d
elity

A
T

R
IA

S
sim

u
lator

(M
artin

et
al.,

2015),
w

h
ich

w
as

u
sed

in
all

th
e

p
rev

iou
s

sim
u
lation

ex
p

erim
en

ts
b

ecom
es

th
e

“
h
a
rd

-
w

a
re”

.
N

ex
t

w
e

m
ake

d
y
n
am

ics
ap

p
rox

im
ation

s
to

th
e

origin
al

sim
u
lator,

w
h
ich

are
u
sed

com
m

on
ly

in
sim

u
lators

to
d
ecrease

fi
d
elity

an
d

in
crease

sim
u
lation

sp
eed

.
F

or
ex

a
m

p
le,

th
e

com
p
lex

d
y
n
am

ics
of

h
arm

on
ic

d
rives

are
ap

p
rox

im
ated

as
a

torq
u
e

m
u
ltip

lication
,

an
d

th
e

b
o
om

is
rem

oved
from

th
e

sim
u
lation

,
lead

in
g

to
a

tw
o-d

im
en

sion
al

sim
u
la

tor.
T

h
ese

ap
p
rox

im
ate

sim
u
lators

n
ow

b
ecom

e
th

e
“

sim
u

la
to

rs”
.

A
s

th
e

ap
p
rox

im
ation

s
in

th
ese

sim
-

u
lators

are
in

creased
,

w
e

ex
p

ect
th

e
p

erform
an

ce
of

m
eth

o
d
s

th
at

u
tilize

sim
u
lation

for
op

tim
ization

on
h
ard

w
are

to
d
eteriorate.

T
h
e

d
etails

of
th

e
ap

p
rox

im
ate

sim
u
lators

are
d
escrib

ed
in

th
e

tw
o

p
aragrap

h
s

b
elow

:

1
.

S
im

u
la

tio
n

w
ith

sim
p

lifi
e
d

g
e
a
r

d
y
n

a
m

ic
s

:
W

e
rep

lace
th

e
origin

al
h
igh

-fi
d
elity

gear
m

o
d
el

w
ith

a
com

m
on

ly
u
sed

ap
p
rox

im
ation

for
g
eared

sy
stem

s
–

m
u
ltip

ly
in

g
th

e
rotor

torq
u
e

b
y

th
e

gear
ratio.

T
h
is

red
u
ces

th
e

sim
u
latio

n
tim

e
to

ab
ou

t
a

th
ird

of
th

e
origin

al
sim

u
lator,

b
u
t

lead
s

to
an

ap
p
rox

im
ate

gear
d
y
n
am

ics
m

o
d
el.

2
.

S
im

u
la

tio
n

w
ith

n
o

b
o
o
m

a
n

d
sim

p
lifi

e
d

g
e
a
r

d
y
n

a
m

ic
s

:
T

h
e

A
T

R
IA

S
rob

ot
w

alk
s

on
a

b
o
om

in
ou

r
h
ard

w
are

ex
p

erim
en

ts.
In

ou
r

secon
d

ap
p
rox

im
ation

,
w

e
rem

ov
e

th
e

b
o
om

from
th

e
origin

al
sim

u
lator

an
d

con
strain

t
th

e
m

otion
of

th
e

ro
b

o
t

to
a

2
-d

im
en

sion
al

p
lan

e.
T

h
is

is
a

com
m

on
ap

p
rox

im
atio

n
for

tw
o-d

im
en

sion
al

rob
o
ts.

H
ow

ev
er,

th
e

b
o
om

lead
s

to
lateral

forces
on

th
e

rob
ot,

w
h
ich

h
ave

vertical
force

com
p

on
en

ts
th

at
a
re

n
ot

m
o
d
elled

an
y
m

ore.

1
2
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Im
p
r
o
v
in
g

B
a
y
e
si
a
n
O
p
t
im

iz
a
t
io
n
f
o
r
B
ip
e
d
a
l
R
o
b
o
t
s

F
ig

u
re

3
:

A
T

R
IA

S
d
u
ri

n
g

B
O

w
it

h
D

oG
-b

a
se

d
ke

rn
el

(v
id

eo
:
h
t
t
p
s
:
/
/
y
o
u
t
u
.
b
e
/
h
p
X
N
F
R
E
g
a
R
A
)

T
h
e

ad
va

n
ta

ge
of

su
ch

an
ar

ra
n
ge

m
en

t
is

th
at

w
e

ca
n

te
st

th
e

eff
ec

t
of

u
n
-m

o
d
el

le
d

an
d

w
ro

n
gl

y
m

o
d
el

le
d

d
y
n
am

ic
s

on
in

fo
rm

at
io

n
tr

an
sf

er
b

et
w

ee
n

si
m

u
la

ti
on

an
d

h
ar

d
w

ar
e.

E
ve

n
in

ou
r

h
ig

h
-fi

d
el

it
y

or
ig

in
al

si
m

u
la

to
r,

th
er

e
ar

e
se

v
er

al
u
n
-m

o
d
el

le
d

co
m

p
on

en
ts

of
th

e
ac

tu
al

h
ar

d
w

ar
e.

F
or

ex
am

p
le

,
th

e
n
on

-r
ig

id
n
es

s
of

th
e

ro
b

ot
p
ar

ts
,

m
is

al
ig

n
ed

m
ot

or
s

an
d

re
la

ti
ve

p
la

y
b

et
w

ee
n

jo
in

ts
.

In
ou

r
ex

p
er

im
en

ts
,

w
e

fi
n
d

th
at

th
e

50
-d

im
en

si
on

al
V

N
M

C
is

a
se

n
si

ti
v
e

co
n
tr

ol
le

r,
w

it
h

li
tt

le
h
op

e
of

d
ir

ec
tl

y
tr

an
sf

er
ri

n
g

fr
om

si
m

u
la

ti
on

to
h
ar

d
w

ar
e.

A
n
ti

ci
p
at

in
g

th
is

,
w

e
ca

n
n
ow

te
st

se
ve

ra
l
m

et
h
o
d
s

of
co

m
p

en
sa

ti
n
g

fo
r

th
is

m
is

m
at

ch
u
si

n
g

ou
r

in
cr

ea
si

n
gl

y
ap

p
ro

x
im

at
e

si
m

u
la

to
rs

.

5
.

E
x
p

e
ri

m
e
n
ts

W
e

w
il
l

n
ow

p
re

se
n
t

ou
r

ex
p

er
im

en
ts

on
op

ti
m

iz
in

g
co

n
tr

ol
le

rs
th

at
ar

e
5,

9,
16

an
d

50
d
im

en
si

on
al

.
W

e
sp

li
t

ou
r

ex
p

er
im

en
ts

in
to

th
re

e
ca

te
go

ri
es

:
h
ar

d
w

ar
e

ex
p

er
im

en
ts

on
th

e
A

T
R

IA
S

ro
b

ot
,

si
m

u
la

ti
on

ex
p

er
im

en
ts

o
n

th
e

7-
li
n
k

b
ip

ed
an

d
ex

p
er

im
en

ts
u
si

n
g

si
m

u
la

to
rs

w
it

h
d
iff

er
en

t
le

ve
ls

of
m

is
m

at
ch

.
W

e
d
em

on
st

ra
te

th
at

ou
r

p
ro

p
os

ed
ap

p
ro

ac
h

is
ab

le
to

ge
n
er

al
iz

e
to

d
iff

er
en

t
co

n
tr

ol
le

rs
an

d
ro

b
ot

st
ru

ct
u
re

s
an

d
is

al
so

ro
b
u
st

to
si

m
u
la

ti
on

in
ac

cu
ra

ci
es

.
T

h
e

se
ct

io
n
s

b
el

ow
p
re

se
n
t

ex
p

er
im

en
ta

l
re

su
lt

s,
w

h
il
e

A
p
p

en
d
ix

A
gi

ve
s

fu
rt

h
er

d
et

ai
ls

on
d
at

a
co

ll
ec

ti
on

,
B

O
im

p
le

m
en

ta
ti

on
an

d
ke

rn
el

g
en

er
at

io
n
.

5
.1

.
H

a
rd

w
a
re

E
x
p

e
ri

m
e
n
ts

o
n

th
e

A
T

R
IA

S
R

o
b

o
t

In
th

is
se

ct
io

n
w

e
d
es

cr
ib

e
ex

p
er

im
en

ts
co

n
d
u
ct

ed
on

th
e

A
T

R
IA

S
ro

b
o
t

(h
ar

d
w

ar
e

fr
om

S
ec

ti
on

4.
1)

.
T

h
es

e
ex

p
er

im
en

ts
w

er
e

co
n
d
u
ct

ed
ar

ou
n
d

a
b

o
om

.
T

h
e

co
st

fu
n
ct

io
n

u
se

d
in

ou
r

ex
p

er
im

en
ts

is
a

sl
ig

h
t

m
o
d
ifi

ca
ti

on
of

th
e

co
st

u
se

d
in

S
on

g
an

d
G

ey
er

(2
0
15

):

co
st

=

{
10

0
−
x
f
a
ll
,i

f
fa

ll

||v
a
v
g
−
v t
g
t||
,i

f
w

a
lk

(6
)

w
h
er

e
x
f
a
ll

is
d
is

ta
n
ce

co
ve

re
d

b
ef

or
e

fa
ll
in

g,
v a
v
g

is
av

er
ag

e
sp

ee
d

p
er

st
ep

an
d
v t
g
t

co
n
ta

in
s

ta
rg

et
ve

lo
ci

ty
p
ro

fi
le

,
w

h
ic

h
ca

n
b

e
va

ri
ab

le
.

T
h
is

co
st

fu
n
ct

io
n

h
ea

v
il
y

p
en

al
iz

es
fa

ll
s,

an
d

en
co

u
ra

ge
s

w
al

k
in

g
co

n
tr

ol
le

rs
to

tr
ac

k
ta

rg
et

ve
lo

ci
ty

.

W
e

d
o

m
u
lt

ip
le

ru
n
s

of
ea

ch
al

go
ri

th
m

on
th

e
ro

b
ot

.
E

a
ch

ru
n

ty
p
ic

al
ly

co
n
si

st
s

of
10

ex
p

er
im

en
ts

on
th

e
ro

b
ot

.
A

ll
B

O
ru

n
s

st
ar

t
fr

om
sc

ra
tc

h
,

w
it

h
an

u
n
in

fo
rm

ed
G

P
p
ri

or
.

A
t

th
e

en
d

of
th

e
ru

n
,

th
e

G
P

p
os

te
ri

or
h
as

10
d
at

a
p

oi
n
ts

,
d
ep

en
d
in

g
on

th
e

ex
p

er
im

en
t.

E
ac

h
ro

b
ot

tr
ia

l
is

d
es

ig
n
ed

to
b

e
b

et
w

ee
n

30
s

to
60
s

lo
n
g

an
d

th
e

ro
b

ot
is

re
se

t
to

it
s

“h
om

e”
p

os
it

io
n

b
et

w
ee

n
tr

ia
ls

.

W
e

w
il
l

p
re

se
n
t

tw
o

se
ts

of
h
ar

d
w

ar
e

ex
p

er
im

en
ts

in
th

e
fo

ll
ow

in
g

su
b
se

ct
io

n
s.

F
ir

st
w

e
d
es

cr
ib

e
ex

p
er

im
en

ts
w

it
h

th
e

D
oG

-b
as

ed
ke

rn
el

on
th

e
5

an
d

9
d
im

en
si

o
n
al

co
n
tr

ol
le

rs

1
3

JM
L

R
 2

0(
49

):
1-

24
, 2

01
9

R
a
i,
A
n
t
o
n
o
v
a
,
M
e
ie
r
,
A
t
k
e
so

n

(a
)

B
O

fo
r

5D
co

n
tr

o
ll
er

.
B

O
w

it
h

S
E

fi
n
d
s

w
al

k
in

g
p

oi
n
ts

in
4/

5
ru

n
s

w
it

h
in

20
tr

ia
ls

.
B

O
w

it
h

D
oG

-b
as

ed
ke

rn
el

fi
n
d
s

w
al

k
in

g
p

oi
n
ts

in
5/

5
ru

n
s

w
it

h
in

3
tr

ia
ls

.

(b
)

B
O

fo
r

9
D

co
n
tr

ol
le

r.
B

O
w

it
h

S
E

d
o
es

n
’t

fi
n
d

w
al

k
in

g
p

oi
n
ts

in
3

ru
n
s.

B
O

w
it

h
D

oG
-

b
as

ed
k
er

n
el

fi
n
d
s

w
al

k
in

g
p

oi
n
ts

in
3/

3
ru

n
s

w
it

h
in

5
tr

ia
ls

.

F
ig

u
re

4:
B

O
fo

r
5D

a
n
d

9D
co

n
tr

ol
le

r
o
n

A
T

R
IA

S
ro

b
ot

h
ar

d
w

a
re

.
P

lo
ts

sh
ow

m
ea

n
b

es
t

co
st

so
fa

r.
S
h
ad

ed
re

gi
on

sh
ow

s
±

o
n
e

st
an

d
a
rd

d
ev

ia
ti

on
.

F
ro

m
R

ai
et

al
.

(2
01

8
).

(fi
rs

t
re

p
or

te
d

in
R

ai
et

al
.

(2
01

8)
).

T
h
e

se
co

n
d

se
t

d
es

cr
ib

es
a

n
ew

se
t

of
ex

p
er

im
en

ts
fo

r
op

ti
m

iz
in

g
a

9-
d
im

en
si

on
al

co
n
tr

ol
le

r
u
si

n
g

a
N

eu
ra

l
N

et
w

or
k

b
as

ed
k
er

n
el

o
n

h
a
rd

w
a
re

.

5
.1
.1
.
E
x
p
e
r
im

e
n
t
s
w
it
h
a
5
-d

im
e
n
si
o
n
a
l
c
o
n
t
r
o
l
l
e
r
a
n
d

D
o
G
-b
a
se

d
k
e
r
n
e
l

In
ou

r
fi
rs

t
se

t
of

ex
p

er
im

en
ts

on
th

e
ro

b
ot

,
w

e
in

v
es

ti
ga

te
d

op
ti

m
iz

in
g

th
e

5
-d

im
en

si
o
n
a
l

co
n
tr

ol
le

r
fr

om
S
ec

ti
on

4.
3.

F
or

th
es

e
ex

p
er

im
en

ts
w

e
p
ic

ke
d

a
ch

al
le

n
gi

n
g

va
ri

a
b
le

ta
rg

et
sp

ee
d

p
ro

fi
le

:
0
.4
m
/s

(1
5

st
ep

s)
-

1
.0
m
/s

(1
5

st
ep

s)
-

0
.2
m
/s

(1
5

st
ep

s)
-

0m
/
s

(5
st

ep
s)

.
T

h
e

co
n
tr

ol
le

r
w

as
st

op
p

ed
af

te
r

th
e

ro
b

ot
to

ok
50

st
ep

s.
T

o
ev

al
u
at

e
th

e
d
iffi

cu
lt

y
of

th
is

se
tt

in
g,

w
e

sa
m

p
le

d
10

0
ra

n
d
om

p
oi

n
ts

o
n

h
a
rd

w
a
re

.
10

%
of

th
es

e
ra

n
d
om

ly
sa

m
p
le

d
co

n
tr

ol
le

rs
co

u
ld

w
al

k
.

In
co

n
tr

as
t,

in
si

m
u
la

ti
o
n

th
e

su
cc

es
s

ra
te

of
ra

n
d
om

sa
m

p
li
n
g

w
as
≈

27
.5

%
.

T
h
is

in
d
ic

a
te

s
th

at
th

e
si

m
u
la

ti
on

w
a
s

ea
si

er
,

w
h
ic

h
co

u
ld

b
e

p
ot

en
ti

al
ly

d
et

ri
m

en
ta

l
to

al
go

ri
th

m
s

th
at

re
ly

h
ea

v
il
y

on
si

m
u
la

ti
o
n
,

b
ec

a
u
se

a
la

rg
e

p
or

ti
on

of
co

n
tr

ol
le

rs
th

at
w

al
k

in
si

m
u
la

ti
on

fa
ll

on
h
ar

d
w

ar
e.

N
ev

er
th

el
es

s,
u
si

n
g

a
D

oG
-b

as
ed

k
er

n
el

off
er

ed
si

gn
ifi

ca
n
t

im
p
ro

ve
m

en
ts

ov
er

a
st

an
d
ar

d
S
E

k
er

n
el

(F
ig

u
re

4
a
).

W
e

co
n
d
u
ct

ed
5

ru
n
s

of
B

O
w

it
h

D
oG

-b
as

ed
ke

rn
el

an
d

5
ru

n
s

of
B

O
w

it
h

S
E

,
1
0

tr
ia

ls
fo

r
D

oG
-b

as
ed

ke
rn

el
p

er
ru

n
,

an
d

20
fo

r
S
E

k
er

n
el

.
In

to
ta

l,
th

is
le

d
to

15
0

ex
p

er
im

en
ts

o
n

th
e

ro
b

ot
(e

x
cl

u
d
in

g
th

e
10

0
ra

n
d
om

sa
m

p
le

s,
w

h
ic

h
w

er
e

n
ot

u
se

d
d
u
ri

n
g

B
O

).
B

O
w

it
h

D
oG

-b
as

ed
ke

rn
el

fo
u
n
d

w
al

k
in

g
p

oi
n
ts

in
10

0%
of

ru
n
s

w
it

h
in

3
tr

ia
ls

.
In

co
m

p
a
ri

so
n
,

B
O

w
it

h
S
E

fo
u
n
d

w
al

k
in

g
p

oi
n
ts

in
10

tr
ia

ls
in

6
0%

ru
n
s,

an
d

in
80

%
ru

n
s

in
20

tr
ia

ls
(F

ig
u
re

4a
).

A
lt

h
ou

gh
B

O
co

u
ld

fi
n
d

w
al

k
in

g
co

n
tr

ol
le

rs
as

ea
rl

y
as

th
e

se
co

n
d

tr
ia

l
(w

it
h

n
o

p
ri

or
h
ar

d
w

ar
e

in
fo

rm
at

io
n
),

it
is

w
or

th
n
ot

in
g

th
at

th
e

op
ti

m
iz

at
io

n
d
id

n
ot

co
n
ve

rg
e

a
ft

er
o
n
ly

a
fe

w
tr

ia
ls

.
S
am

p
li
n
g

m
or

e
co

u
ld

p
os

si
b
ly

le
ad

to
b

et
te

r
w

al
k
in

g
co

n
tr

o
ll
er

s,
b
u
t

o
u
r

g
o
a
l

w
as

to
fi
n
d

th
e

b
es

t
co

n
tr

ol
le

r
w

it
h

a
b
u
d
ge

t
of

on
ly

10
to

20
tr

ia
ls

.

5
.1
.2
.
E
x
p
e
r
im

e
n
t
s
w
it
h
a
9
-d

im
e
n
si
o
n
a
l
c
o
n
t
r
o
l
l
e
r
a
n
d

D
o
G
-b
a
se

d
k
e
r
n
e
l

O
u
r

n
ex

t
se

t
of

ex
p

er
im

en
ts

op
ti

m
iz

ed
th

e
9-

d
im

en
si

on
al

co
n
tr

ol
le

r
fr

om
S
ec

ti
o
n

4
.3

.
F

ir
st

,
w

e
sa

m
p
le

d
10

0
ra

n
d
om

p
oi

n
ts

fo
r

th
e

va
ri

ab
le

sp
ee

d
p
ro

fi
le

d
es

cr
ib

ed
ab

ov
e,

b
u
t

th
is

le
d
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Im
p
r
o
v
in
g

B
a
y
e
sia

n
O
p
t
im

iz
a
t
io
n
f
o
r
B
ip
e
d
a
l
R
o
b
o
t
s

to
n
o

w
alk

in
g

p
oin

ts.
T

o
en

su
re

th
at

w
e

h
ave

a
reason

ab
le

b
aselin

e
w

e
d
ecid

ed
to

sim
p
lify

th
e

sp
eed

p
ro

fi
le

for
th

is
settin

g:
0
.4
m
/s

for
30

step
s.

W
e

evalu
ated

100
ran

d
om

p
o
in

ts
o
n

h
a
rd

w
a
re,

a
n
d

3
w

alked
for

th
e

easier
sp

eed
p
rofi

le.
In

com
p
arison

,
th

e
su

ccess
rate

in
sim

u
la

tio
n

w
a
s

8%
for

th
e

tou
gh

er
variab

le-sp
eed

p
rofi

le,
im

p
ly

in
g

an
even

greater
m

ism
atch

b
etw

een
h
a
rd

w
are

an
d

sim
u
lation

th
an

th
e

5-d
im

en
sion

al
co

n
troller.

F
or

ex
p

erim
en

ts
in

S
ectio

n
s

5
.1

.1
a
n
d

5.1.2
th

e
in

ertial
m

easu
rem

en
t

u
n
it

(IM
U

)
of

th
e

rob
ot

w
a
s

b
roken

,
an

d
w

e
rep

la
ced

its
fu

n
ction

ality
w

ith
ex

tern
al

b
o
om

sen
sors.

T
h
ese

w
ere

low
er

resolu
tion

th
an

th
e

IM
U

,
lea

d
in

g
to

n
oisier

read
in

gs
an

d
larger

tim
e

d
elay

s.
A

s
a

resu
lt,

th
e

sy
stem

d
id

n
o
t

h
ave

a
g
o
o
d

estim
ation

of
v
ertical

h
eigh

t
of

th
e

C
oM

,
lead

in
g

to
p

o
or

con
trol

a
u
th

ority.
H

ow
ever,

th
e

IM
U

on
A

T
R

IA
S

is
a

very
ex

p
en

sive
fi
b

er-op
tic

IM
U

th
at

is
n
ot

com
m

on
ly

u
sed

o
n

h
u
m

a
n
oid

rob
ots,

an
d

m
ost

rob
ots

u
se

sim
p
le

state
estim

ation
m

eth
o
d
s.

S
o,

th
is

is
a

co
m

m
o
n

settin
g

for
h
u
m

an
oid

rob
ots,

even
if

it
p
resen

ts
a

ch
allen

ge
for

th
e

op
tim

ization
m

eth
o
d
s.

W
e

co
n
d
u
cted

3
ru

n
s

of
B

O
w

ith
D

oG
-b

ased
k
ern

el
an

d
B

O
w

ith
S
E

,
10

trials
for

D
oG

-
b
a
sed

k
ern

el
p

er
ru

n
,

an
d

10
for

S
E

.
In

total,
th

is
led

to
60

ex
p

erim
en

ts
on

th
e

h
ard

w
are

(ex
clu

d
in

g
th

e
ran

d
om

sam
p
les,

w
h
ich

w
ere

n
ot

u
sed

for
B

O
).

B
O

w
ith

D
oG

-b
ased

kern
el

fo
u
n
d

w
a
lk

in
g

p
oin

ts
in

5
trials

in
3/3

ru
n
s.

B
O

w
ith

S
E

d
id

n
ot

fi
n
d

an
y

w
alk

in
g

p
oin

ts
in

1
0

tria
ls

in
a
ll

3
ru

n
s.

T
h
ese

resu
lts

are
sh

ow
n

in
F

igu
re

4b
.

B
a
sed

o
n

th
ese

resu
lts,

w
e

con
clu

d
ed

th
at

B
O

w
ith

D
oG

-b
ased

kern
el

w
as

in
d
eed

ab
le

to
ex

tra
ct

u
sefu

l
in

form
ation

from
sim

u
lation

an
d

sp
eed

u
p

learn
in

g
on

h
ard

w
are,

even
w

h
en

th
ere

w
a
s

m
ism

atch
b

etw
een

sim
u
lation

an
d

h
ard

w
are.

5
.1
.3
.
E
x
p
e
r
im

e
n
t
s
w
it
h
a
9
-d

im
e
n
sio

n
a
l
c
o
n
t
r
o
l
l
e
r
a
n
d

N
N
-b
a
se

d
k
e
r
n
e
l

F
igu

re
5:

B
O

for
9D

con
troller

o
n

A
T

R
IA

S
rob

ot
h
a
rd

w
are.

In
th

e
n
ex

t
set

of
ex

p
erim

en
ts,

w
e

evalu
ated

p
er-

fo
rm

a
n
ce

o
f

th
e

N
N

-b
ased

kern
el

d
escrib

ed
in

S
ec-

tio
n

3
.1.2

.
W

e
op

tim
ize

th
e

9-d
im

en
sion

al
con

troller
fro

m
S
ectio

n
4
.3.

T
h
e

ta
rg

et
of

h
ard

w
are

ex
p

erim
en

ts
w

as
to

w
alk

fo
r

3
0

step
s

at
0
.4m

/s,
sim

ilar
to

S
ection

5.1.2.

F
o
r

th
ese

ex
p

erim
en

ts
th

e
IM

U
w

as
rep

aired
,

lea
d
in

g
to

b
etter

state
estim

ation
on

th
e

rob
ot.

F
or

a
fa

ir
co

m
p
arison

,
w

e
re-ran

ex
p

erim
en

ts
w

ith
th

e
b
a
selin

e
fo

r
th

is
settin

g
an

d
th

e
b
aselin

e
p

erform
ed

slig
h
tly

b
etter

th
an

th
e

b
aselin

e
of

earlier
ex

p
eri-

m
en

ts
(b

eca
u
se

of
im

p
roved

sen
sin

g).

F
ig

u
re

5
sh

ow
s

com
p
arison

of
B

O
w

ith
N

N
-b

ased
k
ern

el
an

d
S
E

kern
els.

W
e

con
d
u
cted

5
ru

n
s

o
f

b
o
th

a
lg

orith
m

s
w

ith
10

trials
in

each
ru

n
,

lead
in

g
to

a
total

of
1
00

rob
ot

trials.
B

O
w

ith
th

e
N

N
-b

ased
kern

el
fou

n
d

w
alk

in
g

p
oin

ts
in

all
5

ru
n
s

w
ith

in
6

trials,
w

h
ile

B
O

w
ith

S
E

kern
el

o
n
ly

fou
n
d

w
alk

in
g

p
oin

ts
in

2
of

5
ru

n
s

in
1
0

trials.
H

en
ce,

even
w

ith
ou

t
ex

p
licit

h
a
n
d
-d

esig
n
ed

d
om

ain
k
n
ow

led
ge,

like
th

e
D

o
G

-b
ased

kern
el,

th
e

N
N

-b
a
sed

kern
el

is
ab

le
to

ex
tra

ct
u
sefu

l
in

form
ation

from
sim

u
lation

an
d

su
ccessfu

lly
gu

id
e

h
ard

w
a
re

ex
p

erim
en

ts.
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R
a
i,
A
n
t
o
n
o
v
a
,
M
e
ie
r
,
A
t
k
e
so

n

(a)
U

sin
g

sm
o
o
th

co
st

fro
m

E
q
u
a
tion

7.
(b

)
U

sin
g

n
o
n
-sm

o
o
th

cost
from

E
q
u
a
tion

8
.

F
igu

re
6:

B
O

for
th

e
N

eu
rom

u
scu

lar
co

n
troller.

tra
jN

N
an

d
D

o
G

kern
els

w
ere

con
stru

cted
w

ith
u
n
d
istu

rb
ed

m
o
d
el

o
n

fl
a
t

g
rou

n
d
.

B
O

is
ru

n
w

ith
m

ass/
in

ertia
d
istu

rb
an

ces
o
n

d
iff

eren
t

rou
gh

grou
n
d

p
rofi

les.
P

lots
sh

ow
m

ea
n
s

over
5
0

ru
n
s,

9
5%

C
Is.

F
rom

A
n
to

n
ova

et
al.

(2
0
17).

5
.2

.
S

im
u

la
tio

n
E

x
p

e
rim

e
n
ts

o
n

a
7
-lin

k
B

ip
e
d

T
h
is

section
d
escrib

es
sim

u
lation

ex
p

erim
en

ts
w

ith
a

1
6-d

im
en

sion
al

N
eu

rom
u
scu

lar
con

-
troller

(S
ection

4.4)
on

a
7-lin

k
b
ip

ed
m

o
d
el.

T
h
ese

ex
p

erim
en

ts,
from

A
n
ton

ova
et

al.
(2017),

h
igh

ligh
t

th
e

cost-agn
ostic

n
atu

re
of

ou
r

ap
p
roa

ch
b
y

o
p
tim

izin
g

tw
o

very
d
iff

eren
t

costs.

F
igu

re
6

sh
ow

s
B

O
w

ith
D

oG
-b

ased
kern

el,
N

N
-b

ased
kern

el
an

d
S
E

kern
el

for
tw

o
d
iff

eren
t

costs
from

p
rior

literatu
re.

T
h
e

fi
rst

cost
p
rom

otes
w

alk
in

g
fu

rth
er

an
d

lon
ger

b
efore

fallin
g,

w
h
ile

p
en

alizin
g

d
ev

iation
s

from
th

e
target

sp
eed

(A
n
ton

ova
et

al.,
2016):

costsm
o
o
th

=
1/

(1
+
t)

+
0
.3
/(1

+
d
)

+
0
.01(s−

s
tg
t ),

(7)

w
h
ere

t
is

secon
d
s

w
alk

ed
,
d

is
th

e
fi
n
al

C
oM

p
osition

,
s

is
sp

eed
an

d
s
tg
t

is
th

e
d
esired

w
alk

in
g

sp
eed

(1
.3
m
/s

in
ou

r
case).

T
h
e

secon
d

cost
fu

n
ction

is
sim

ilar
to

th
e

cost
u
sed

in
S
ection

5.
It

p
en

alizes
falls

ex
p
licitly,

an
d

en
cou

rages
w

alk
in

g
at

d
esired

sp
eed

an
d

w
ith

low
er

cost
of

tran
sp

ort:

costn
o
n

-sm
o
o
th

=

{
300−

x
f
a
ll ,if

fall

100||v
a
v
g −

v
tg
t ||+

c
tr ,if

w
a
lk

(8)

w
h
ere

x
f
a
ll

is
th

e
d
istan

ce
covered

b
efore

fallin
g,
v
a
v
g

is
th

e
average

sp
eed

of
w

alk
in

g,
v
tg
t

is
th

e
target

velo
city,

an
d
c
tr

cap
tu

res
th

e
cost

of
tran

sp
ort.

T
h
e

ch
an

ged
con

stan
ts

is
to

accou
n
t

for
a

lon
ger

sim
u
lation

tim
e.

F
igu

re
6a

sh
ow

s
th

at
th

e
N

N
-b

ased
kern

el
an

d
th

e
D

oG
-b

ased
kern

el
off

er
a

sign
ifi

can
t

im
p
rovem

en
t

over
B

O
w

ith
th

e
S
E

kern
el

in
sam

p
le

effi
cien

cy
w

h
en

u
sin

g
th

e
costsm

o
o
th ,

w
ith

m
ore

th
an

90%
of

ru
n
s

ach
iev

in
g

w
alk

in
g

after
25

trials.
B

O
w

ith
th

e
S
E

kern
el

takes
90

trials
to

get
90%

su
ccess

rate.
F

igu
re

6b
sh

ow
s

th
at

sim
ilar

p
erform

an
ce

b
y

th
e

tw
o

p
rop

osed
ap

p
roach

es
is

ob
serv

ed
on

th
e

n
on

-sm
o
oth

cost.
W

ith
th

e
N

N
-b

ased
kern

el,
70%

of
th

e
ru

n
s

fi
n
d

w
alk

in
g

solu
tion

s
after

100
trials,

sim
ilar

to
th

e
D

oG
-b

ased
kern

el.
H

ow
ever,

o
p
tim

izin
g

n
on

-sm
o
oth

cost
is

very
ch

a
llen

gin
g

for
B

O
w

ith
th

e
S
E

kern
el:

a
w

alk
in

g
solu

tion
is

fou
n
d

on
ly

in
1

ou
t

of
50

ru
n
s

after
1
00

trials.

W
e

attrib
u
te

th
e

d
iff

eren
ce

in
p

erform
an

ce
of

th
e

S
E

kern
el

on
th

e
tw

o
costs

to
th

e
n
atu

re
of

th
e

costs.
If

a
p

oin
t

w
alk

s
som

e
d
istan

ce
d
,

E
q
u
a
tion

7
red

u
ces

in
term

s
of

1d
an

d
E

q
u
ation

8
red

u
ces

b
y
−
d
.

A
sh

arp
er

fall
in

th
e

fi
rst

co
st

en
cou

rag
es

B
O

to
ex

p
loit

arou
n
d

p
oin

ts
th

at
w

alk
som

e
d
istan

ce,
q
u
ick

ly
fi
n
d
in

g
p

oin
ts

th
at

w
alk

forever.
B

O
w

ith
th

e
secon

d
cost

con
tin

u
es

to
ex

p
lore,

as
th

e
sign

al
is

to
o

w
eak

.
H

ow
ever

th
e

su
ccess

of
b

oth

1
6
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Im
p
r
o
v
in
g

B
a
y
e
si
a
n
O
p
t
im

iz
a
t
io
n
f
o
r
B
ip
e
d
a
l
R
o
b
o
t
s

(a
)

In
fo

rm
ed

ke
rn

el
s

ge
n
er

a
te

d
u
si

n
g

si
m

u
la

to
r

w
it

h
si

m
p
li
fi
ed

ge
a
r

d
y
n
am

ic
s.

(b
)

In
fo

rm
ed

ke
rn

el
s

ge
n
er

a
te

d
u
si

n
g

si
m

p
li
fi
ed

g
ea

r
d
y
n
am

ic
s,

w
it

h
ou

t
b

o
om

m
o
d
el

.

F
ig

u
re

7:
B

O
is

ru
n

o
n

th
e

or
ig

in
al

si
m

u
la

to
r.

In
fo

rm
ed

ke
rn

el
s

p
er

fo
rm

w
el

l
d
es

p
it

e
si

gn
ifi

ca
n
t

m
is

m
at

ch
,

w
h
en

ke
rn

el
s

ar
e

ge
n
er

a
te

d
u
si

n
g

si
m

u
la

to
r

w
it

h
si

m
p
li
fi
ed

ge
a
r

d
y
n
am

ic
s

(l
ef

t)
.

In
th

e
ca

se
o
f

se
ve

re
m

is
m

at
ch

,
w

h
en

th
e

b
o
om

m
o
d
el

is
al

so
re

m
ov

ed
,

in
fo

rm
ed

ke
rn

el
s

st
il
l

im
p
ro

ve
ov

er
b
as

el
in

e
S
E

(r
ig

h
t)

.
P

lo
ts

sh
ow

b
es

t
co

st
fo

r
m

ea
n

ov
er

5
0

ru
n
s

fo
r

ea
ch

a
lg

o
ri

th
m

,
95

%
C

Is
.

N
N

-b
as

ed
an

d
D

oG
-b

as
ed

ke
rn

el
s

on
b

ot
h

co
st

s
sh

ow
s

th
at

th
e

sa
m

e
ke

rn
el

ca
n

in
d
ee

d
b

e
u
se

d
fo

r
op

ti
m

iz
in

g
m

u
lt

ip
le

co
st

s
ro

b
u
st

ly
,

w
it

h
ou

t
an

y
fu

rt
h
er

tu
n
in

g
n
ee

d
ed

.

5
.3

.
E

x
p

e
ri

m
e
n
ts

w
it

h
In

c
re

a
si

n
g

S
im

u
la

ti
o
n

-H
a
rd

w
a
re

M
is

m
a
tc

h

In
th

is
se

ct
io

n
,

w
e

d
es

cr
ib

e
ou

r
ex

p
er

im
en

ts
w

it
h

in
cr

ea
si

n
g

si
m

u
la

ti
on

-h
ar

d
w

ar
e

m
is

m
at

ch
an

d
it

s
eff

ec
t

on
ap

p
ro

ac
h
es

th
at

u
se

in
fo

rm
at

io
n

fr
om

si
m

u
la

ti
on

d
u
ri

n
g

h
ar

d
w

ar
e

op
ti

-
m

iz
at

io
n
.

T
h
e

q
u
al

it
y

of
in

fo
rm

at
io

n
tr

an
sf

er
b

et
w

ee
n

si
m

u
la

ti
on

an
d

h
a
rd

w
a
re

d
ep

en
d
s

n
ot

on
ly

on
th

e
m

is
m

at
ch

b
et

w
ee

n
th

e
tw

o,
b
u
t

al
so

on
th

e
co

n
tr

ol
le

r
u
se

d
.

F
or

a
ro

b
u
st

co
n
tr

ol
le

r,
sm

al
l
d
y
n
am

ic
s

er
ro

rs
w

ou
ld

n
ot

ca
u
se

a
si

gn
ifi

ca
n
t

d
et

er
io

ra
ti

on
in

p
er

fo
rm

an
ce

,
w

h
il
e

fo
r

a
se

n
si

ti
ve

co
n
tr

ol
le

r
th

is
m

ig
h
t

b
e

m
u
ch

m
or

e
d
et

ri
m

en
ta

l.

In
th

e
re

st
of

th
is

se
ct

io
n
,

w
e

p
ro

v
id

e
ex

p
er

im
en

ta
l

an
al

y
se

s
of

se
tt

in
gs

w
it

h
in

cr
ea

si
n
g

si
m

u
la

te
d

m
is

m
at

ch
an

d
th

ei
r

eff
ec

t
on

op
ti

m
iz

at
io

n
o
f

th
e

50
-d

im
en

si
on

a
l

V
N

M
C

fr
om

S
ec

ti
on

4.
5.

W
e

co
m

p
ar

e
se

ve
ra

l
ap

p
ro

ac
h
es

th
at

im
p
ro

ve
sa

m
p
le

-e
ffi

ci
en

cy
of

B
O

an
d

in
ve

st
ig

at
e

if
th

e
im

p
ro

ve
m

en
t

th
ey

off
er

is
ro

b
u
st

to
m

is
m

at
ch

b
et

w
ee

n
th

e
si

m
u
la

te
d

se
tt

in
g

u
se

d
fo

r
co

n
st

ru
ct

in
g

ke
rn

el
/p

ri
or

an
d

th
e

se
tt

in
g

on
w

h
ic

h
B

O
is

ru
n
.

F
ir

st
,

w
e

ex
am

in
e

th
e

p
er

fo
rm

an
ce

of
ou

r
p
ro

p
os

ed
ap

p
ro

ac
h
es

w
it

h
in

fo
rm

ed
ke

rn
el

s:
k
D
o
G

,
k

tr
a

jN
N

an
d
k
D
o
G
a
d
j
.

F
ig

u
re

7a
sh

ow
s

th
e

ca
se

w
h
en

in
fo

rm
ed

ke
rn

el
s

ar
e

g
en

er
at

ed
u
si

n
g

th
e

si
m

u
la

to
r

w
it

h
si

m
p
li
fi
ed

ge
ar

d
y
n
am

ic
s

w
h
il
e

B
O

is
ru

n
on

th
e

or
ig

in
al

si
m

u
la

to
r.

A
ft

er
50

tr
ia

ls
,

al
l

ru
n
s

w
it

h
in

fo
rm

ed
ke

rn
el

s
fi
n
d

w
al

k
in

g
so

lu
ti

on
s,

w
h
il
e

fo
r

S
E

on
ly

70
%

h
av

e
w

al
k
in

g
so

lu
ti

on
s.

N
ex

t,
F

ig
u
re

7b
sh

ow
s

p
er

fo
rm

an
ce

o
f
k
D
o
G

,
k

tr
a

jN
N

an
d
k
D
o
G
a
d
j

w
h
en

th
e

ke
rn

el
s

ar
e

co
n
st

ru
ct

ed
u
si

n
g

a
si

m
u
la

to
r

w
it

h
si

m
p
li
fi
ed

d
y
n
am

ic
s

an
d

w
it

h
ou

t
a

th
e

b
o
om

.
In

th
is

ca
se

th
e

m
is

m
at

ch
w

it
h

th
e

or
ig

in
al

si
m

u
la

to
r

is
la

rg
er

th
an

b
ef

or
e

an
d

w
e

se
e

th
e

ad
va

n
ta

ge
of

u
si

n
g

ad
ju

st
m

en
t

fo
r

D
oG

-b
as

ed
ke

rn
el

:
k
D
o
G
a
d
j

fi
n
d
s

w
a
lk

in
g

p
oi

n
ts

in
al

l
ru

n
s

af
te

r
35

tr
ia

ls
.
k

tr
a

jN
N

al
so

ac
h
ie

ve
s

th
is

,
b
u
t

af
te

r
50

tr
ia

ls
.
k
D
o
G

fi
n
d
s

w
al

k
in

g
p

oi
n
ts

in
≈

90
%
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9

R
a
i,
A
n
t
o
n
o
v
a
,
M
e
ie
r
,
A
t
k
e
so

n

(a
)

B
O

w
it

h
co

st
p
ri

or
:

st
ra

ig
h
tf

o
rw

ar
d

a
p
-

p
ro

ac
h

u
se

fu
l
fo

r
lo

w
-t

o-
m

ed
iu

m
m

is
m

a
tc

h
;
b
u
t

n
o

im
p
ro

v
em

en
t

if
m

is
m

at
ch

is
se

ve
re

.

(b
)

P
er

fo
rm

an
ce

of
IT

&
E

al
go

ri
th

m
(o

u
r

im
-

p
le

m
en

ta
ti

on
o
f

C
u
ll
y

et
al

.
(2

01
5
),

ad
ap

te
d

to
b
ip

ed
al

lo
co

m
ot

io
n
).

F
ig

u
re

8:
B

O
u
si

n
g

p
ri

or
-b

a
se

d
ap

p
ro

ac
h
es

.
M

ea
n

ov
er

50
ru

n
s

fo
r

ea
ch

al
go

ri
th

m
,

95
%

C
Is

.

of
th

e
ru

n
s

af
te

r
50

tr
ia

ls
.

T
h
e

p
er

fo
rm

an
ce

of
S
E

st
ay

s
th

e
sa

m
e,

as
it

u
se

s
n
o

p
ri

o
r

in
fo

rm
at

io
n

fr
om

an
y

si
m

u
la

to
r.

T
h
is

il
lu

st
ra

te
s

th
at

w
h
il
e

th
e

or
ig

in
al

D
oG

-b
as

ed
k
er

n
el

ca
n

re
co

v
er

fr
om

sl
ig

h
t

si
m

u
la

ti
on

-
h
ar

d
w

ar
e

m
is

m
at

ch
,
th

e
ad

ju
st

ed
D

o
G

-k
er

n
el

is
re

q
u
ir

ed
fo

r
h
ig

h
er

m
is

m
at

ch
.
k

tr
a

jN
N

se
em

s
to

re
co

ve
r

fr
om

th
e

m
is

m
at

ch
,

b
u
t

m
ig

h
t

b
en

efi
t

fr
om

an
ad

ju
st

ed
ve

rs
io

n
.

W
e

le
av

e
th

is
to

fu
tu

re
w

or
k
.

5
.3
.1
.
C
o
m
pa

r
is
o
n
s
o
f
P
r
io
r
-b
a
se

d
a
n
d

K
e
r
n
e
l
-b
a
se

d
A
p
p
r
o
a
c
h
e
s

In
th

is
se

ct
io

n
,
w

e
cl

as
si

fy
ap

p
ro

ac
h
es

th
at

u
se

si
m

u
la

ti
on

in
fo

rm
at

io
n

in
h
ar

d
w

a
re

o
p
ti

m
iz

a
-

ti
on

as
p
ri

or
-b

as
ed

or
ke

rn
el

-b
as

ed
.

P
ri

or
-b

as
ed

ap
p
ro

a
ch

es
u
se

co
st

s
fr

om
th

e
si

m
u
la

ti
o
n

in
th

e
p
ri

or
of

th
e

G
P

u
se

d
in

th
e

B
O

.
T

h
is

ca
n

h
el

p
B

O
a

lo
t

if
th

e
co

st
s

a
re

si
m

il
a
r

b
et

w
ee

n
si

m
u
la

ti
on

an
d

h
ar

d
w

ar
e,

an
d

th
e

co
st

fu
n
ct

io
n

is
fi
x
ed

.
H

ow
ev

er
,

in
th

e
p
re

s-
en

ce
of

la
rg

e
m

is
m

at
ch

,
co

n
tr

ol
le

rs
th

at
p

er
fo

rm
w

el
l

in
si

m
u
la

ti
on

m
ig

h
t

fa
il

o
n

h
a
rd

w
a
re

.
A

p
ri

or
-b

as
ed

m
et

h
o
d

ca
n

b
e

b
ia

se
d

to
w

ar
d
s

sa
m

p
li
n
g

p
ro

m
is

in
g

p
oi

n
ts

fr
o
m

si
m

u
la

ti
on

,
re

su
lt

in
g

in
w

or
se

p
er

fo
rm

an
ce

th
an

u
n
in

fo
rm

ed
B

O
.

K
er

n
el

-b
as

ed
ap

p
ro

a
ch

es
co

n
si

st
o
f

m
et

h
o
d
s

th
at

in
co

rp
or

at
e

in
fo

rm
at

io
n

fr
o
m

si
m

u
la

ti
on

in
to

th
e

ke
rn

el
of

th
e

G
P

.
T

h
es

e
ca

n
b

e
le

ss
sa

m
p
le

-e
ffi

ci
en

t
as

co
m

p
ar

ed
to

p
ri

or
-b

a
se

d
m

et
h
o
d
,

b
u
t

n
ot

as
li
ke

ly
to

b
e

b
ia

se
d

to
w

ar
d
s

u
n
p
ro

m
is

in
g

re
gi

on
s

in
th

e
p
re

se
n
ce

of
m

is
m

at
ch

.
T

h
ey

al
so

ea
si

ly
g
en

er
a
li
ze

to
m

u
lt

ip
le

co
st

s,
so

th
at

th
er

e
is

n
o

n
ee

d
to

re
-r

u
n

si
m

u
la

ti
on

s
fo

r
d
at

a
co

ll
ec

ti
o
n

if
th

e
co

st
is

ch
an

ge
d
.

T
h
is

is
im

p
or

ta
n
t

b
ec

au
se

a
lo

t
of

th
es

e
ap

p
ro

ac
h
es

ca
n

ta
ke

se
v
er

a
l

d
ay

s
o
f

co
m

p
u
ta

ti
on

to
ge

n
er

at
e

a
co

st
p
ri

or
or

in
fo

rm
ed

ke
rn

el
.

F
or

ex
am

p
le

,
C

u
ll
y

et
a
l.

(2
0
1
5
)

re
p

or
t

ta
k
in

g
2

w
ee

k
s

on
a

16
-c

or
e

co
m

p
u
te

r
to

ge
n
er

at
e

th
ei

r
m

ap
.

It
is

p
os

si
b
le

to
al

so
co

m
b
in

e
b

ot
h

p
ri

or
-b

as
ed

an
d

ke
rn

el
-b

as
ed

m
et

h
o
d
s,

a
s

in
C

u
ll
y

et
al

.
(2

01
5)

.
W

e
cl

as
si

fy
th

es
e

as
‘p

ri
o
r-

b
as

ed
’

m
et

h
o
d
s,

si
n
ce

in
ou

r
ex

p
er

im
en

ts
p
ri

o
r

ou
tw

ei
gh

s
th

e
ke

rn
el

eff
ec

ts
fo

r
su

ch
ca

se
s.

In
o
u
r

co
m

p
ar

is
on

w
it

h
C

u
ll
y

et
a
l.

(2
0
1
5
),

w
e

im
p
le

m
en

t
a

ve
rs

io
n

w
it

h
an

d
w

it
h
ou

t
th

e
p
ri

or
p

oi
n
ts

.
W

e
d
o

n
ot

ad
d

a
co

st
p
ri

o
r

to
B

O
u
si

n
g

D
oG

-b
as

ed
ke

rn
el

,
as

th
is

w
ou

ld
li
m

it
u
s

to
a

p
ar

ti
cu

la
r

co
st

an
d

h
ig

h
-fi

d
el

it
y

si
m

u
la

to
rs

,
an

d
b

ot
h

of
th

es
e

ca
n

b
e

m
a

jo
r

ob
st

ac
le

s
in

re
al

ro
b

ot
ex

p
er

im
en

ts
.
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Im
p
r
o
v
in
g

B
a
y
e
sia

n
O
p
t
im

iz
a
t
io
n
f
o
r
B
ip
e
d
a
l
R
o
b
o
t
s

F
ig

u
re

8
a

sh
ow

s
th

e
p

erform
an

ce
w

h
en

u
sin

g
sim

u
lation

cost
in

th
e

p
rio

r
d
u
rin

g
B

O
.

B
O

w
ith

a
co

st
p
rior

created
u
sin

g
th

e
origin

al
version

of
th

e
sim

u
lator

illu
strates

w
h
at

w
o
u
ld

h
a
p
p

en
in

th
e

b
est

case
scen

ario.
W

h
en

th
e

sim
u
lator

w
ith

sim
p
lifi

ed
gear

d
y
n
am

ics
is

u
sed

fo
r

co
n
stru

ctin
g

th
e

p
rior,

w
e

ob
serve

sign
ifi

can
t

im
p
rovem

en
ts

over
u
n
in

form
ed

B
O

p
rio

r.
H

ow
ever,

w
h
en

th
e

p
rior

is
con

stru
cted

from
sim

p
lifi

ed
gear

d
y
n
am

ics
an

d
n
o

b
o
om

settin
g
,

th
e

a
p
p
roach

p
erform

s
sligh

tly
w

orse
th

an
u
n
in

form
ed

B
O

.
T

h
is

sh
ow

s
th

at
w

h
ile

a
n

in
fo

rm
ed

p
rior

can
b

e
very

h
elp

fu
l

w
h
en

created
from

a
sim

u
la

tor
close

to
h
ard

w
are,

it
ca

n
h
u
rt

p
erfo

rm
an

ce
if

sim
u
lator

is
sign

ifi
can

tly
d
iff

eren
t

from
h
ard

w
are.

N
ex

t,
w

e
d
iscu

ss
ex

p
erim

en
ts

w
ith

ou
r

im
p
lem

en
tation

of
In

telligen
t

T
rial

an
d

E
rror

(IT
&

E
)

a
lgo

rith
m

from
C

u
lly

et
al.

(2015).
T

h
is

algorith
m

com
b
in

es
ad

d
in

g
a

cost
p
rior

fro
m

sim
u
la

ted
evalu

ation
s

w
ith

ad
d
in

g
sim

u
lation

in
form

ation
in

to
th

e
kern

el.
IT

&
E

d
e-

fi
n
es

a
b

eh
av

ior
m

etric
an

d
tab

u
lates

b
est

p
erform

in
g

p
oin

ts
from

sim
u
lation

on
th

eir
cor-

resp
o
n
d
in

g
b

eh
av

ior
score.

T
h
e

b
eh

av
ior

m
etric

u
sed

in
ou

r
ex

p
erim

en
ts

is
d
u
ty

-factor
of

ea
ch

leg
,

w
h
ich

can
go

from
0

to
1.0.

W
e

d
iscretize

th
e

d
u
ty

factor
in

to
21

cells
of

0.05
in

crem
en

ts,
lea

d
in

g
to

a
21×

21
grid

.
W

e
collect

th
e

5
h
igh

est
p

erform
in

g
con

trollers
for

ea
ch

sq
u
a
re

in
th

e
b

eh
av

ior
grid

,
creatin

g
a

21×
21×

5
grid

.
N

ex
t,

w
e

gen
erate

50
ran

d
om

co
m

b
in

a
tio

n
s

of
a

21×
21

grid
,

selectin
g

1
ou

t
of

th
e

5
b

est
con

trollers
p

er
grid

cell.
C

are
w

a
s

ta
k
en

to
en

su
re

th
at

all
5

con
trollers

h
ad

com
p
arab

le
costs

in
th

e
sim

u
lator

u
sed

for
creatin

g
th

e
m

a
p
.

C
ost

of
each

selected
con

troller
is

ad
d
ed

to
th

e
p
rior

a
n
d

B
O

is
p

erform
ed

in
th

e
b

eh
av

io
r

sp
ace,

like
in

C
u
lly

et
a
l.

(2015).

F
ig
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a
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an
ac

q
u
si

ti
on

fu
n
ct

io
n

th
a
t

m
ea

-
su

re
s

in
fo

rm
at

iv
en

es
s

ab
ou

t
th

e
op

ti
m

u
m

.
C

la
ss

ic
al

ac
q
u
is

it
io

n
fu

n
ct

io
n
s

a
re

th
e

ex
pe

ct
ed

im
p
ro

ve
m

en
t

ov
er

th
e

b
es

t
k
n
ow

n
fu

n
ct

io
n

va
lu

e
en

co
u
n
te

re
d

so
fa

r
gi

v
en

th
e

G
P

d
is

tr
ib

u
-

ti
on

(M
o
ck

u
s

et
al

.,
19

78
)

an
d

th
e

U
p
pe

r
C

o
n

fi
d
en

ce
B

o
u

n
d

al
go

ri
th

m
,
G
P
-U

C
B

,
w

h
ic

h
ap

p
li
es

th
e

‘o
p
ti

m
is

m
in

th
e

fa
ce

of
u
n
ce

rt
a
in

ty
’

p
ri

n
ci

p
le

.
T

h
e

la
tt

er
is

sh
ow

n
to

p
ro

va
b
ly

co
n
ve

rg
e

b
y

S
ri

n
iv

as
et

al
.

(2
01

2)
.

D
u
ra

n
d

et
al

.
(2

01
8)

ex
te

n
d

th
is

fr
am

ew
o
rk

to
th

e
ca

se
of

u
n
k
n
ow

n
m

ea
su

re
m

en
t

n
oi

se
.

A
re

la
te

d
m

et
h
o
d

is
tr

u
n

ca
te

d
va

ri
a
n

ce
re

d
u

ct
io

n
b
y

B
o
-

gu
n
ov

ic
et

al
.

(2
01

6)
,

w
h
ic

h
co

n
si

d
er

s
th

e
re

d
u
ct

io
n

in
u
n
ce

rt
ai

n
ty

at
ca

n
d
id

a
te

lo
ca

ti
o
n
s

fo
r

th
e

op
ti

m
u
m

.
H

en
n
ig

an
d

S
ch

u
le

r
(2

01
2)

p
ro

p
os

e
en

tr
o
p
y

se
a
rc

h
,

w
h
ic

h
a
p
p
ro

x
im

a
te

s
th

e
d
is

tr
ib

u
ti

on
of

th
e

op
ti

m
u
m

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

an
d

u
se

s
th

e
re

d
u
ct

io
n

o
f

th
e

en
tr

op
y

in
th

is
d
is

tr
ib

u
ti

on
as

an
ac

q
u
is

it
io

n
fu

n
ct

io
n
.

A
lt

er
n
at

iv
e

in
fo

rm
a
ti

o
n
-t

h
eo

re
ti

c
m

et
h
o
d
s

ar
e

p
ro

p
os

ed
b
y

H
er

n
án

d
ez

-L
ob

at
o

et
al

.
(2

01
4)

;
W

an
g

an
d

J
eg

el
ka

(2
0
1
7
);

R
u

et
al

.
(2

01
8)

.
O

th
er

al
te

rn
at

iv
es

ar
e

th
e

kn
o
w

le
d
ge

gr
a
d
ie

n
t

(F
ra

zi
er

et
al

.,
2
0
0
9
),

w
h
ic

h
is

on
e-

st
ep

B
ay

es
op

ti
m

al
,

an
d

in
fo

rm
a
ti

o
n

d
ir

ec
te

d
sa

m
p
li

n
g

b
y

R
u
ss

o
an

d
V

a
n

R
oy

(2
0
1
4
),

w
h
ic

h
co

n
si

d
er

s
a

tr
ad

eo
ff

b
et

w
ee

n
re

gr
et

an
d

in
fo

rm
at

io
n

g
ai

n
ed

w
h
en

ev
al

u
a
ti

n
g

a
n

in
p
u
t.

K
ir

sc
h
n
er

an
d

K
ra

u
se

(2
01

8)
ex

te
n
d

th
e

la
tt

er
fr

am
ew

or
k

to
h
et

er
os

ce
d
as

ti
c

n
o
is

e.

T
h
es

e
B

O
m

et
h
o
d
s

h
av

e
al

so
b

ee
n

su
cc

es
sf

u
l

em
p
ir

ic
al

ly
.

In
m

ac
h
in

e
le

a
rn

in
g
,

th
ey

a
re

u
se

d
to

op
ti

m
iz

e
th

e
p

er
fo

rm
an

ce
of

le
ar

n
in

g
m

et
h
o
d
s

(B
ro

ch
u

et
al

.,
20

10
;

S
n
o
ek

et
a
l.
,

20
12

).
B

O
is

al
so

ap
p
li
ca

b
le

m
or

e
b
ro

ad
ly

;
fo

r
ex

am
p
le

,
in

re
in

fo
rc

em
en

t
le

a
rn

in
g

to
o
p
ti

-
m

iz
e

a
p
ar

am
et

ri
c

p
ol

ic
y

fo
r

a
ro

b
ot

(C
al

an
d
ra

et
al

.,
20

14
;
L

iz
ot

te
et

al
.,

20
0
7
;
B

er
ke

n
ka

m
p

et
al

.,
20

16
)

or
in

co
n
tr

ol
to

op
ti

m
iz

e
th

e
en

er
gy

ou
tp

u
t

of
a

p
ow

er
p
la

n
t

(A
b

d
el

ra
h
m

an
et

al
.,

20
16

).
It

al
so

fo
rm

s
th

e
b
ac

k
b

on
e

of
G

o
og

le
v
iz

ie
r,

a
se

rv
ic

e
fo

r
tu

n
in

g
b
la

ck
-b

ox
fu

n
ct

io
n
s

(G
ol

ov
in

et
al

.,
20

17
).

S
om

e
of

th
e

p
re

v
io

u
s

B
O

al
go

ri
th

m
s

p
ro

v
id

e
th

eo
re

ti
ca

l
gu

ar
an

te
es

ab
ou

t
co

n
ve

rg
en

ce
to

th
e

op
ti

m
u
m

.
T

h
es

e
th

eo
re

ti
ca

l
gu

ar
a
n
te

es
on

ly
h
ol

d
w

h
en

th
e

ke
rn

el
h
y
p

er
p
a
ra

m
et

er
s

ar
e

k
n
ow

n
a

p
ri

o
ri

.
W

h
en

th
is

is
n
ot

th
e

ca
se

,
h
y
p

er
p
ar

am
et

er
s

ar
e

of
te

n
in

fe
rr

ed
u
si

n
g

ei
th

er
m

a
xi

m
u

m
a

po
st

er
io

ri
es

ti
m

at
es

or
sa

m
p
li
n
g-

b
as

ed
in

fe
re

n
ce

(S
n
o
ek

et
a
l.
,

2
0
1
2
).

U
n
fo

rt
u
n
at

el
y,

m
et

h
o
d
s

th
at

es
ti

m
at

e
th

e
h
y
p

er
p
ar

am
et

er
s

on
li
n
e

ar
e

k
n
ow

n
to

g
et

st
u
ck

in
lo

ca
l

op
ti

m
a

(B
u
ll
,

20
11

).
In

st
ea

d
,

w
e

p
ro

p
os

e
to

ad
ap

t
th

e
h
y
p

er
p
ar

am
et

er
s

o
n
li
n
e

in
or

d
er

to
en

la
rg

e
th

e
fu

n
ct

io
n

sp
ac

e
ov

er
ti

m
e,

w
h
ic

h
al

lo
w

s
u
s

to
p
ro

v
id

e
gu

ar
a
n
te

es
in

te
rm

s
of

co
n
ve

rg
en

ce
to

th
e

gl
ob

al
op

ti
m

u
m

w
it

h
ou

t
k
n
ow

in
g

th
e

h
y
p

er
p
ar

am
et

er
s.

W
a
n
g

a
n
d

d
e
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U
n
k
n
o
w
n
H
y
p
e
r
pa

r
a
m
e
t
e
r
s

F
reita

s
(2

01
4
)

a
n
aly

ze
th

is
settin

g
w

h
en

a
low

er
b

o
u
n
d

on
th

e
kern

el
len

gth
scales

is
k
n
ow

n
a

p
rio

ri.
T

h
ey

d
ecrease

th
e

len
gth

scales
ov

er
tim

e
an

d
b

o
u
n
d

th
e

regret
in

term
s

of
th

e
k
n
ow

n
low

er-b
o
u
n
d

on
th

e
len

gth
scales.

E
m

p
irically,

sim
ilar

h
eu

ristics
are

u
sed

b
y

W
an

g
et

a
l.

(2
0
1
6
);

W
ab

ersich
an

d
T

ou
ssain

t
(2016).

In
con

trast,
th

is
p
ap

er
con

sid
ers

th
e

case
w

h
ere

th
e

h
y
p

erp
aram

eters
are

n
o
t

kn
o
w

n
.

M
oreover,

th
e

sca
lin

g
of

th
e

h
y
p

erp
aram

eters
in

th
e

p
rev

io
u
s

tw
o

p
ap

ers
d
id

n
ot

d
ep

en
d

on
th

e
d
im

en
sion

ality
of

th
e

p
rob

lem
,

w
h
ich

can
ca

u
se

th
e

fu
n
ction

sp
ace

to
in

crease
to

o
q
u
ick

ly.
C

o
n
sid

erin
g

larger
fu

n
ction

classes
as

m
o
re

d
ata

b
ecom

es
availab

le
is

th
e

core
id

ea
b

eh
in

d
stru

ctu
ral

risk
m

in
im

ization
(V

ap
n
ik

,
1992)

in
sta

tistical
learn

in
g

th
eory.

H
ow

ever,
th

ere
d
a
ta

is
a
ssu

m
ed

to
b

e
sam

p
led

in
d
ep

en
d
en

tly
an

d
id

en
tically

d
istrib

u
ted

.
T

h
is

is
n
ot

th
e

ca
se

in
B

O
,

w
h
ere

n
ew

d
ata

is
gen

erated
actively

b
ased

on
p
ast

in
form

ation
.

O
u

r
c
o
n
trib

u
tio

n
In

th
is

p
ap

er,
w

e
p
resen

t
A

d
ap

tiv
e
G
P
-U

C
B

(A
-G

P
-U

C
B

),
th

e
fi
rst

a
lg

o
rith

m
th

a
t

p
rovab

ly
con

verges
to

th
e

glob
ally

op
tim

al
in

p
u
ts

w
h
en

B
O

h
y
p

erp
aram

eters
a
re

u
n

kn
o
w

n
.

O
u
r

m
eth

o
d

ex
p
an

d
s

th
e

fu
n
ction

class
en

co
d
ed

in
th

e
m

o
d
el

over
tim

e,
b
u
t

d
o
es

so
slow

ly
en

ou
gh

to
en

su
re

su
b
lin

ear
regret

an
d

con
vergen

ce
to

th
e

op
tim

u
m

.
B

ased
o
n

th
e

th
eo

retical
in

sigh
ts,

w
e

p
rop

ose
p
ractical

varian
ts

o
f

th
e

algorith
m

w
ith

gu
aran

teed
co

n
verg

en
ce.

S
in

ce
ou

r
m

eth
o
d

can
b

e
u
sed

as
an

ad
d
-on

m
o
d
u
le

to
ex

istin
g

algorith
m

s
w

ith
h
y
p

erp
a
ram

eter
estim

ation
,

it
ach

ieves
sim

ilar
p

erform
an

ce
em

p
irically,

b
u
t

av
oid

s
lo

ca
l

o
p
tim

a
w

h
en

h
y
p

erp
aram

eters
are

m
issp

ecifi
ed

.
In

su
m

m
ary,

w
e:

•
P

rov
id

e
th

eoretical
con

vergen
ce

gu
a
ran

tees
for

B
O

w
ith

u
n
k
n
ow

n
h
y
p

erp
aram

eters;

•
P

ro
p

o
se

several
p
ractical

algorith
m

s
b
ased

on
th

e
th

eoretical
in

sigh
ts;

•
E

va
lu

a
te

th
e

p
erform

an
ce

in
p
ractice

an
d

sh
ow

th
at

ou
r

m
eth

o
d

reta
in

s
th

e
em

p
irical

p
erfo

rm
a
n
ce

of
h
eu

ristic
m

eth
o
d
s

b
ased

on
on

lin
e

h
y
p

erp
a
ram

eter
estim

ation
,

b
u
t

lea
d
s

to
sign

ifi
can

tly
im

p
roved

p
erform

an
ce

w
h
en

th
e

m
o
d
el

is
m

issp
ecifi

ed
in

itially.

T
h
e

rem
a
in

d
er

of
th

e
p
ap

er
is

stru
ctu

red
as

follow
s.

W
e

state
th

e
p
rob

lem
in

S
ec.

2
a
n
d

p
rov

id
e

relevan
t

b
ack

grou
n
d

m
aterial

in
S
ec.

3.
W

e
d
erive

ou
r

m
ain

th
eoretical

resu
lt

in
S
ec.

4
a
n
d

u
se

in
sigh

ts
gain

ed
from

th
e

th
eory

to
p
rop

ose
p
ractical

algorith
m

s.
W

e
eva

lu
a
te

th
ese

algorith
m

s
ex

p
erim

en
tally

in
S
ec.

5
an

d
d
raw

co
n
clu

sion
s

in
S
ec.

6.
T

h
e

tech
n
ica

l
d
eta

ils
of

th
e

p
ro

ofs
are

given
in

th
e

ap
p

en
d
ix

.

2
.
P
ro

b
le
m

S
ta
te
m
e
n
t

In
g
en

era
l,

B
O

con
sid

ers
glob

al
op

tim
ization

p
rob

lem
s

of
th

e
form

x
∗

=
argm

ax
x∈D

f
(x

),
(1)

w
h
ereD

⊂
R
d

is
a

com
p
act

d
om

ain
ov

er
w

h
ich

w
e

w
an

t
to

op
tim

ize
in

p
u
ts

x
,
an

d
f

:D
→

R
is

a
n

o
b

jective
fu

n
ction

th
at

evalu
ates

th
e

rew
ard

f
(x

)
asso

ciated
w

ith
a

g
iven

in
p
u
t

con
fi
g-

u
ra

tio
n

x
.

F
o
r

ex
am

p
le,

in
a

m
ach

in
e

learn
in

g
ap

p
lication

,
f

(x
)

m
ay

b
e

th
e

valid
atio

n
loss

a
n
d

x
m

ay
b

e
th

e
tu

n
in

g
in

p
u
ts

(e.g
.,

regu
larization

p
aram

eters)
of

th
e

train
in

g
algorith

m
.

W
e

d
o

n
o
t

h
ave

an
y

sign
ifi

can
t

p
rio

r
k
n
ow

led
ge

ab
o
u
t

th
e

stru
ctu

re
of
f

.
S
p

ecifi
cally,

w
e

ca
n
n
o
t

a
ssu

m
e

con
vex

ity
or

th
at

w
e

h
ave

a
ccess

to
grad

ien
t

in
form

a
tion

.
M

oreover,
eval-

u
a
tio

n
s

o
f
f

a
re

corru
p
ted

b
y
σ

-su
b
-G

au
ssian

n
oise,

a
gen

eral
class

of
n
oise

m
o
d
els

th
at

in
clu

d
es,

fo
r

ex
am

p
le,

b
ou

n
d
ed

or
G

au
ssian

n
oise.

3
JM

L
R

 20(50):1-24, 2019

B
e
r
k
e
n
k
a
m
p
,
S
c
h
o
e
l
l
ig

a
n
d

K
r
a
u
se

R
e
g
re

t
W

e
aim

to
con

stru
ct

a
seq

u
en

ce
of

in
p
u
t

evalu
atio

n
s
x
t ,

th
at

even
tu

a
lly

m
ax

im
izes

th
e

fu
n
ction

valu
e
f

(x
t ).

O
n
e

n
atu

ral
w

ay
to

p
rove

th
is

con
verg

en
ce

is
to

sh
ow

th
at

an
algorith

m
h
as

su
b
lin

ear
regret.

T
h
e

in
stan

tan
eou

s
regret

at
iteration

t
is

d
efi

n
ed

as
r
t

=
m

ax
x∈D

f
(x

)−
f

(x
t )≥

0,
w

h
ich

is
th

e
loss

in
cu

rred
b
y

evalu
atin

g
th

e
fu

n
ction

at
x
t

in
stead

of
at

th
e

a
p
rio

ri
u

n
kn

o
w

n
op

tim
al

in
p
u
ts.

T
h
e

cu
m

u
lativ

e
regret

is
d
efi

n
ed

as
R
T

=
∑

0
<
t≤
T
r
t ,

th
e

su
m

of
regrets

in
cu

rred
ov

er
T

step
s.

If
w

e
can

sh
ow

th
at

th
e

cu
m

u
lativ

e
regret

is
su

b
lin

ear
for

a
given

algorith
m

,
th

at
is,

lim
t→
∞
R
t /
t

=
0,

th
en

even
tu

ally
th

e
algorith

m
evalu

ates
th

e
fu

n
ction

at
in

p
u
ts

th
at

lead
to

close-to-op
tim

al
fu

n
ction

valu
es

m
ost

of
th

e
tim

e.
W

e
say

th
at

su
ch

an
algorith

m
h
as

n
o
-regret.

In
tu

itively,
if

th
e

average
regret

ap
p
roach

es
zero

th
en

,
on

average,
th

e
in

stan
tan

eo
u
s

regret
m

u
st

ap
p
roa

ch
zero

to
o,

sin
ce
r
t

is
strictly

p
ositive.

T
h
is

im
p
lies

th
at

th
ere

ex
ists

a
t
>

0
su

ch
th

at
f

(x
t )

is
arb

itrarily
close

to
f

(x
∗)

an
d

th
e

algorith
m

con
v
erges.

T
h
u
s,

w
e

aim
to

d
esign

a
n

op
tim

ization
algorith

m
th

at
h
as

su
b
lin

ear
regret.

R
e
g
u

la
rity

a
ssu

m
p

tio
n

s
W

ith
ou

t
fu

rth
er

assu
m

p
tion

s,
it

is
im

p
ossib

le
to

ach
ieve

su
b
-

lin
ear

regret
on

(1).
In

th
e

w
orst

case,
f

cou
ld

b
e

d
iscon

tin
u
ou

s
at

every
in

p
u
t

in
D

.
T

o
m

ake
th

e
op

tim
ization

p
rob

lem
in

(1)
tractab

le,
w

e
m

a
ke

regu
larity

assu
m

p
tion

s
ab

ou
t
f

.
In

p
articu

lar,
w

e
assu

m
e

th
at

th
e

fu
n
ction

f
h
as

low
com

p
lex

ity,
as

m
easu

red
b
y

th
e

n
orm

in
a

rep
ro

d
u
cin

g
kern

el
H

ilb
ert

sp
ace

(R
K

H
S
,

C
h
ristm

an
n

an
d

S
tein

w
art

(2008)).
A

n
R

K
H

S
H
k

con
tain

s
w

ell-b
eh

aved
fu

n
ction

s
of

th
e

form
f

(x
)

=
∑

i≥
0
α
i k

(x
,x

i ),
for

given

rep
resen

ter
p

oin
ts

x
i ∈

R
d

an
d

w
eigh

ts
α
i ∈

R
th

a
t

d
ecay

su
ffi

cien
tly

q
u
ick

ly.
T

h
e

ker-
n
el
k
(·,·)

d
eterm

in
es

th
e

rou
gh

n
ess

an
d

size
o
f

th
e

fu
n
ction

sp
ace

an
d

th
e

in
d
u
ced

R
K

H
S

n
orm

‖
f‖

k
=
√
〈f
,
f〉

m
easu

res
th

e
com

p
lex

ity
of

a
fu

n
ction

f
∈
H
k

w
ith

resp
ect

to
th

e
kern

el.

In
th

e
follow

in
g,

w
e

assu
m

e
th

at
f

in
(1)

h
as

b
ou

n
d
ed

R
K

H
S

n
orm

‖
f‖

k
θ
≤
B

w
ith

resp
ect

to
a

kern
el
k
θ

th
at

is
p
ara

m
eterized

b
y

h
y
p

erp
aram

eters
θ.

W
e

w
rite
H
θ

for
th

e
corresp

on
d
in

g
R

K
H

S
,H

k
θ .

F
or

k
n
ow

n
B

an
d
θ,

n
o-regret

B
O

algorith
m

s
for

(1
)

are
k
n
ow

n
,

e.g.,
G
P
-U

C
B

(S
rin

ivas
et

al.,
2012).

In
p
ractice,

th
ese

h
y
p

erp
aram

eters
n
eed

to
b

e
tu

n
ed

.
In

th
is

p
ap

er,
w

e
con

sid
er

th
e

case
w

h
ere

θ
an

d
B

are
u
n
k
n
ow

n
.

W
e

fo
cu

s
on

station
a
ry

kern
els,

w
h
ich

m
easu

re
sim

ilarity
b
ased

on
th

e
d
istan

ce
of

in
p
u
ts,

k
(x
,x
′)

=
k
(x−

x
′).

T
h
e

m
ost

com
m

on
ly

u
sed

h
y
p

erp
aram

eters
for

th
ese

kern
els

are
th

e
len

gth
scales

θ
∈
R
d,

w
h
ich

scale
th

e
in

p
u
ts

to
th

e
kern

el
in

ord
er

to
accou

n
t

for
d
iff

eren
t

m
agn

itu
d
es

in
th

e
d
iff

eren
t

com
p

on
en

ts
of

x
an

d
eff

ects
on

th
e

ou
tp

u
t

valu
e.

T
h
at

is,
w

e
scale

th
e

d
iff

eren
ce

x
−

x
′

b
y

th
e

len
gth

scales
θ,

k
θ (x

,x
′)

=
k (

[x
]1 −

[x
′]1

[θ]1
,
...,

[x
]d −

[x
′]d

[θ]d

)
,

(2)

w
h
ere

[x
]i

d
en

otes
th

e
ith

elem
en

t
of

x
.

T
y
p
ically,

th
ese

kern
els

assign
larger

sim
ilarity

scores
to

in
p
u
ts

w
h
en

th
e

scaled
d
istan

ce
b

etw
een

th
ese

tw
o

in
p
u
ts

is
sm

all.
A

n
oth

er
com

m
on

h
y
p

erp
aram

eter
is

th
e

p
rio

r
varian

ce
of

th
e

kern
el,

a
m

u
ltip

licative
con

stan
t

th
at

d
eterm

in
es

th
e

m
agn

itu
d
e

of
th

e
kern

el.
W

e
assu

m
e
k
(x
,x

)
=

1
for

all
x
∈
D

w
ith

ou
t

loss
of

gen
erality,

as
an

y
m

u
ltip

licativ
e

scalin
g

can
b

e
ab

sorb
ed

b
y

th
e

n
orm

b
ou

n
d
B

.

In
su

m
m

ary,
ou

r
goal

is
to

effi
cien

tly
solve

(1)
v
ia

a
B

O
algorith

m
w

ith
su

b
lin

ear
re-

gret,
w

h
ere

f
lies

in
som

e
R

K
H

S
H
θ ,

b
u
t

n
eith

er
th

e
h
y
p

erp
aram

eters
θ

n
or

th
e

n
orm

-
b

ou
n
d
‖
f‖

k
θ

are
k
n
ow

n
.
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U
n
k
n
o
w
n
H
y
p
e
r
pa

r
a
m
e
t
e
r
s

3
.
B
a
ck

g
ro

u
n
d

In
th

is
se

ct
io

n
,

w
e

re
v
ie

w
G

au
ss

ia
n

p
ro

ce
ss

es
(G

P
s)

an
d

B
ay

es
ia

n
op

ti
m

iz
at

io
n

(B
O

).

3
.1

.
G

a
u

ss
ia

n
p

ro
c
e
ss

e
s

(G
P

)

B
as

ed
on

th
e

as
su

m
p
ti

on
s

in
S
ec

.
2,

w
e

ca
n

u
se

G
P

s
to

in
fe

r
co

n
fi
d
en

ce
in

te
rv

al
s

on
f

.
T

h
e

go
al

of
G

P
in

fe
re

n
ce

is
to

in
fe

r
a

p
os

te
ri

or
d
is

tr
ib

u
ti

on
ov

er
th

e
n
on

li
n
ea

r
m

a
p
f

(x
)

:
D
→

R
fr

om
an

in
p
u
t

ve
ct

or
x
∈
D

to
th

e
fu

n
ct

io
n

va
lu

e
f

(x
).

T
h
is

is
ac

co
m

p
li
sh

ed
b
y

as
su

m
in

g
th

at
th

e
fu

n
ct

io
n

va
lu

es
f

(x
),

as
so

ci
at

ed
w

it
h

d
iff

er
en

t
va

lu
es

of
x

,
ar

e
ra

n
d
om

va
ri

ab
le

s
an

d
th

at
an

y
fi
n
it

e
n
u
m

b
er

of
th

es
e

ra
n
d
om

va
ri

ab
le

s
h
av

e
a

jo
in

t
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
(R

as
-

m
u
ss

en
an

d
W

il
li
am

s,
20

06
).

A
G

P
d
is

tr
ib

u
ti

on
is

p
ar

am
et

er
iz

ed
b
y

a
p
ri

or
m

ea
n

fu
n
ct

io
n

an
d

a
co

va
ri

an
ce

fu
n
ct

io
n

or
ke

rn
el
k
(x
,x
′ )

,
w

h
ic

h
d
efi

n
es

th
e

co
va

ri
an

ce
of

an
y

tw
o

fu
n
c-

ti
on

va
lu

es
f

(x
)

an
d
f

(x
′ )

fo
r

x
,x
′ ∈

D
.

In
th

is
w

or
k
,

th
e

m
ea

n
is

as
su

m
ed

to
b

e
ze

ro
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y.
T

h
e

ch
oi

ce
of

ke
rn

el
fu

n
ct

io
n

is
p
ro

b
le

m
-d

ep
en

d
en

t
an

d
en

co
d
es

as
su

m
p
ti

on
s

ab
ou

t
th

e
u
n
k
n
ow

n
fu

n
ct

io
n
.

W
e

ca
n

co
n
d
it

io
n

a
G
P

(0
,k

(x
,x
′ )

)
on

a
se

t
of
t

p
as

t
ob

se
rv

at
io

n
s

y
t

=
(y

1
,.
..
,y
t)

at
in

p
u
ts
A
t

=
{x

1
,.
..
,x

t}
in

or
d
er

to
ob

ta
in

a
p

os
te

ri
or

d
is

tr
ib

u
ti

on
on

f
(x

)
fo

r
an

y
in

p
u
t

x
∈
D

.
T

h
e

G
P

m
o
d
el

as
su

m
es

th
at

ob
se

rv
at

io
n
s

ar
e

n
o
is

y
m

ea
su

re
m

en
ts

of
th

e
tr

u
e

fu
n
ct

io
n

va
lu

e,
y t

=
f

(x
t)

+
ω
t,

w
h
er

e
ω
t
∼
N

(0
,σ

2
).

T
h
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
is

ag
ai

n
a

G
P

(µ
t(

x
),
k
t(

x
,x
′ )

)
w

it
h

m
ea

n
µ
t,

co
va

ri
an

ce
k
t,

an
d

va
ri

an
ce
σ
t,

w
h
er

e

µ
t(

x
)

=
k
t(

x
)(

K
t
+

Iσ
2
)−

1
y
t,

(3
)

k
t(

x
,x
′ )

=
k
(x
,x
′ )
−

k
t(

x
)(

K
t
+

Iσ
2
)−

1
k

T t
(x
′ )
,

(4
)

σ
2 t
(x

)
=
k
t(

x
,x

).
(5

)

T
h
e

co
va

ri
an

ce
m

at
ri

x
K
t
∈
R
t×
t

h
a
s

en
tr

ie
s

[K
t]

(i
,j

)
=
k
(x
i,

x
j
),
i,
j
∈
{1
,.
..
,t
},

an
d

th
e

ve
ct

or
k
t(

x
)

=
[ k

(x
,x

1
),
..
.,
k
(x
,x

t)
] co

n
ta

in
s

th
e

co
va

ri
an

ce
s

b
et

w
ee

n
th

e
in

p
u
t

x
an

d
th

e
ob

se
rv

ed
d
at

a
p

oi
n
ts

in
A
t.

T
h
e

id
en

ti
ty

m
at

ri
x

is
d
en

ot
ed

b
y

I t
∈
R
t×
t .

3
.2

.
L

e
a
rn

in
g

R
K

H
S

fu
n

c
ti

o
n

s
w

it
h

G
P

s

T
h
e

G
P

fr
am

ew
or

k
u
se

s
a

st
at

is
ti

ca
l

m
o
d
el

th
at

m
ak

es
d
iff

er
en

t
as

su
m

p
ti

o
n
s

fr
om

th
e

on
es

m
ad

e
ab

ou
t
f

in
S
ec

.
2.

In
p
ar

ti
cu

la
r,

w
e

as
su

m
e

a
d
iff

er
en

t
n
oi

se
m

o
d
el

,
an

d
sa

m
p
le

s
fr

om
a

G
P

(0
,k

(x
,x
′ )

)
ar

e
ro

u
gh

er
th

an
R

K
H

S
fu

n
ti

on
s

an
d

ar
e

n
ot

co
n
ta

in
ed

in
H
k
.

H
ow

ev
er

,
G

P
s

an
d

R
K

H
S

fu
n
ct

io
n
s

ar
e

cl
os

el
y

re
la

te
d

(K
an

ag
aw

a
et

al
.,

20
18

)
an

d
it

is
p

os
si

b
le

to
u
se

G
P

m
o
d
el

s
to

in
fe

r
re

li
ab

le
co

n
fi
d
en

ce
in

te
rv

al
s

on
f

in
(1

).

L
e
m

m
a

1
(A

b
b

a
si

-Y
a
d

k
o
ri

(2
0
1
2
);

C
h

o
w

d
h
u

ry
a
n

d
G

o
p
a
la

n
(2

0
1
7
))

A
ss

u
m

e
th

a
t

f
h
a
s

bo
u

n
d
ed

R
K

H
S

n
o
rm
‖f
‖ k
≤
B

a
n

d
th

a
t

m
ea

su
re

m
en

ts
a
re

co
rr

u
p
te

d
by

σ
-s

u
b-

G
a
u

ss
ia

n
n

o
is

e.
If
β

1
/
2

t
=
B

+
4
σ
√
I
(y
t;
f

)
+

1
+

ln
(1
/δ

),
th

en
fo

r
a
ll

x
∈
D

a
n

d
t
≥

0
it

h
o
ld

s
jo

in
tl

y
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

th
a
t
|f

(x
)
−
µ
t(

x
)
|≤

β
1
/
2

t
σ
t(

x
).

L
em

m
a

1
im

p
li
es

th
at

,
w

it
h

h
ig

h
p
ro

b
a
b
il
it

y,
th

e
tr

u
e

fu
n
ct

io
n
f

is
co

n
ta

in
ed

in
th

e
co

n
fi
-

d
en

ce
in

te
rv

al
s

in
d
u
ce

d
b
y

th
e

p
os

te
ri

or
G

P
d
is

tr
ib

u
ti

on
th

at
u
se

s
th

e
ke

rn
el
k

fr
om

L
em

m
a

1
as

a
co

va
ri

an
ce

fu
n
ct

io
n
,

sc
al

ed
b
y

an
ap

p
ro

p
ri

at
e

fa
ct

or
β
t.

H
er

e,
I
(y
t;
f

)
d
en

ot
es

th
e

m
u
-

tu
al

in
fo

rm
at

io
n

b
et

w
ee

n
th

e
G

P
p
ri

or
on

f
an

d
th

e
t

m
ea

su
re

m
en

ts
y
t.

In
tr

ig
u
in

gl
y,

fo
r
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B
e
r
k
e
n
k
a
m
p
,
S
c
h
o
e
l
l
ig

a
n
d

K
r
a
u
se

G
P

m
o
d
el

s
th

is
q
u
an

ti
ty

on
ly

d
ep

en
d
s

on
th

e
in

p
u
ts

x
t

an
d

n
ot

th
e

co
rr

es
p

o
n
d
in

g
m

ea
-

su
re

m
en

t
y t

.
S
p

ec
ifi

ca
ll
y,

fo
r

a
gi

ve
n

se
t

of
m

ea
su

re
m

en
ts

y
A

at
in

p
u
ts

x
∈
A

,
th

e
m

u
tu

al
in

fo
rm

at
io

n
is

gi
v
en

b
y

I
(y
A

;f
)

=
0
.5

lo
g
|I

+
σ
−

2
K
A
|,

(6
)

w
h
er

e
K
A

is
th

e
ke

rn
el

m
at

ri
x

[k
(x
,x
′ )

] x
,x
′ ∈
A

an
d
|·
|i

s
th

e
d
et

er
m

in
an

t.
In

tu
it

iv
el

y,
th

e
m

u
tu

al
in

fo
rm

at
io

n
m

ea
su

re
s

h
ow

in
fo

rm
at

iv
e

th
e

co
ll
ec

te
d

sa
m

p
le

s
y
A

a
re

a
b

o
u
t

th
e

fu
n
ct

io
n
f

.
If

th
e

fu
n
ct

io
n

va
lu

es
ar

e
in

d
ep

en
d
en

t
of

ea
ch

o
th

er
u
n
d
er

th
e

G
P

p
ri

o
r,

th
ey

w
il
l
p
ro

v
id

e
la

rg
e

am
ou

n
ts

of
n
ew

in
fo

rm
at

io
n
.

H
ow

ev
er

,
if

m
ea

su
re

m
en

ts
ar

e
ta

ke
n

cl
o
se

to
ea

ch
ot

h
er

as
m

ea
su

re
d

b
y

th
e

ke
rn

el
,

th
ey

ar
e

co
rr

el
at

ed
u
n
d
er

th
e

G
P

p
ri

o
r

a
n
d

p
ro

v
id

e
le

ss
in

fo
rm

at
io

n
.

3
.3

.
B

a
y
e
si

a
n

O
p

ti
m

iz
a
ti

o
n

(B
O

)

B
O

ai
m

s
to

fi
n
d

th
e

gl
ob

al
m

ax
im

u
m

of
an

u
n
k
n
ow

n
fu

n
ct

io
n

(M
o
ck

u
s,

20
1
2
).

T
h
e

fr
a
m

e-
w

or
k

as
su

m
es

th
at

ev
al

u
at

in
g

th
e

fu
n
ct

io
n

is
ex

p
en

si
ve

in
te

rm
s

of
ti

m
e

re
q
u
ir

ed
o
r

m
o
n
et

a
ry

co
st

s,
w

h
il
e

ot
h
er

co
m

p
u
ta

ti
on

al
re

so
u
rc

es
ar

e
co

m
p
ar

at
iv

el
y

in
ex

p
en

si
ve

.
In

g
en

er
a
l,

B
O

m
et

h
o
d
s

m
o
d
el

th
e

ob
je

ct
iv

e
fu

n
ct

io
n
f

w
it

h
a

st
at

is
ti

ca
l

m
o
d
el

an
d

u
se

it
to

d
et

er
m

in
e

in
fo

rm
at

iv
e

sa
m

p
le

lo
ca

ti
on

s.
A

p
op

u
la

r
ap

p
ro

ac
h

is
to

m
o
d
el

th
e

u
n
d
er

ly
in

g
fu

n
ct

io
n

w
it

h
a

G
P

,
se

e
S
ec

.
3.

1.
G

P
-b

as
ed

B
O

m
et

h
o
d
s

u
se

th
e

p
os

te
ri

or
m

ea
n

an
d

va
ri

a
n
ce

p
re

d
ic

ti
o
n
s

in
(3

)
an

d
(5

)
to

co
m

p
u
te

th
e

n
ex

t
sa

m
p
le

lo
ca

ti
on

.
O

n
e

co
m

m
on

ly
u
se

d
al

go
ri

th
m

is
th

e
G
P
-U

C
B

al
go

ri
th

m
b
y

S
ri

n
iv

as
et

a
l.

(2
0
1
2
).

It
u
se

s
co

n
fi
d
en

ce
in

te
rv

al
s

on
th

e
fu

n
ct

io
n
f

,
e.

g.
,

fr
om

L
em

m
a

1,
in

or
d
er

to
se

le
ct

a
s

n
ex

t
in

p
u
t

th
e

p
oi

n
t

w
it

h
th

e
la

rg
es

t
p
la

su
b
le

fu
n
ct

io
n

va
lu

e
ac

co
rd

in
g

to
th

e
m

o
d
el

,

x
t+

1
=

ar
gm

ax
x
∈D

µ
t(

x
)

+
β

1
/
2

t
σ
t(

x
).

(7
)

In
tu

it
iv

el
y,

(7
)

se
le

ct
s

n
ew

ev
al

u
at

io
n

p
oi

n
ts

at
lo

ca
ti

on
s

w
h
er

e
th

e
u
p
p

er
b

o
u
n
d

o
f

th
e

co
n
fi
d
en

ce
in

te
rv

al
of

th
e

G
P

es
ti

m
at

e
is

m
ax

im
al

.
R

ep
ea

te
d
ly

ev
a
lu

at
in

g
th

e
fu

n
ct

io
n
f

at
in

p
u
ts

x
t+

1
gi

ve
n

b
y

(7
)

im
p
ro

ve
s

th
e

m
ea

n
es

ti
m

at
e

of
th

e
u
n
d
er

ly
in

g
fu

n
ct

io
n

a
n
d

d
ec

re
as

es
th

e
u
n
ce

rt
ai

n
ty

at
ca

n
d
id

at
e

lo
ca

ti
on

s
fo

r
th

e
m

ax
im

u
m

,
so

th
at

th
e

g
lo

b
a
l

m
a
x
-

im
u
m

is
p
ro

va
b
ly

fo
u
n
d

ev
en

tu
al

ly
(S

ri
n
iv

as
et

al
.,

20
12

).
W

h
il
e

(7
)

is
al

so
a
n

o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
,

it
on

ly
d
ep

en
d
s

on
th

e
G

P
m

o
d
el

of
f

an
d

so
lv

in
g

it
th

er
ef

or
e

d
o
es

n
o
t

re
q
u
ir

e
an

y
ex

p
en

si
ve

ev
al

u
at

io
n
s

of
f

.

R
e
g
re

t
b

o
u

n
d

s
S
ri

n
iv

as
et

al
.

(2
01

2)
sh

ow
th

at
th

e
G
P
-U

C
B

al
go

ri
th

m
h
a
s

cu
m

u
la

ti
v
e

re
gr

et
R
t

=
O

(√
tβ
tγ
t)

fo
r

al
l
t
≥

1
w

it
h

th
e

sa
m

e
(1
−
δ)

p
ro

b
ab

il
it

y
as

th
e

co
n
fi
d
en

ce
in

te
rv

al
s,

e.
g.

,
in

L
em

m
a

1,
h
ol

d
.

H
er

e
γ
t

is
th

e
la

rg
es

t
am

ou
n
t

of
m

u
tu

al
in

fo
rm

a
ti

o
n

th
a
t

co
u
ld

b
e

ob
ta

in
ed

b
y

an
y

al
go

ri
th

m
fr

om
at

m
os

t
t

m
ea

su
re

m
en

ts
,

γ
t

=
m

ax
A
⊂
D
,|A
|≤
t
I
(y
A

;f
).

(8
)

W
e

re
fe

r
to

γ
t

as
th

e
in

fo
rm

a
ti

o
n

ca
pa

ci
ty

,
si

n
ce

it
ca

n
b

e
in

te
rp

re
te

d
as

a
m

ea
su

re
of

co
m

p
le

x
it

y
of

th
e

fu
n
ct

io
n

cl
as

s
as

so
ci

at
ed

w
it

h
a

G
P

p
ri

or
.

It
w

as
sh

ow
n

b
y

S
ri

n
iv

a
s

et
a
l.

(2
01

2)
th

at
γ
t

h
as

a
su

b
li
n
ea

r
d
ep

en
d
en

ce
on

t
fo

r
m

an
y

co
m

m
on

ly
u
se

d
ke

rn
el

s
su

ch
a
s

th
e

G
au

ss
ia

n
ke

rn
el

.
A

s
a

re
su

lt
,
R
t

h
as

a
su

b
li
n
ea

r
d
ep

en
d
en

ce
on

t
so

th
at
R
t/
t
→

0
a
n
d

th
er

ef
or

e
G
P
-U

C
B

co
n
ve

rg
es

to
fu

n
ct

io
n

ev
al

u
at

io
n
s

cl
os

e
to
f

(x
∗ )

.
T

h
es

e
re

g
re

t
b

o
u
n
d
s
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U
n
k
n
o
w
n
H
y
p
e
r
pa

r
a
m
e
t
e
r
s

−
1

0
1

Param
etersx

−
1 0 1(a)

S
am

p
le

from
G

P
p
rior.

−
1

0
1

Param
etersx

−
1 0 1

true
f(x)

(b
)

G
P

estim
ate

(R
K

H
S
).

0
1

2
L

engthscale
θ

0
.0

0
.5

1
.0

p(θ |At ,yt)

Prior
Posterior
sam

ples

θ
M

A
P

True
θ

(c)
L

en
g
th

scale
d
istrib

u
tion

.

F
ig

u
re

1
:

A
sa

m
p
le

from
th

e
G

P
p
rior

in
F

ig.
1a

ty
p
ically

varies
at

a
con

sisten
t

rate
over

th
e

in
p
u
t

sp
a
ce.

H
ow

ever,
R

K
H

S
fu

n
ction

s
w

ith
th

e
sam

e
k
ern

el
m

ay
b

e
less

con
sisten

t
a
n
d

ca
n

h
ave

b
u
m

p
s,

as
in

F
ig.

1b
(gray

).
A

s
a

resu
lt,

in
ferrin

g
th

e
p

osterior
len

gth
scales

b
a
sed

o
n

m
easu

rem
en

ts
(b

lu
e

crosses
in

F
ig.

1b
)

can
lead

to
erron

eou
s

resu
lts.

In
F

ig.
1c,

m
ost

o
f

th
e

p
rob

ab
ility

m
ass

of
th

e
p

osterior
len

gth
scales

h
as

con
cen

trated
arou

n
d

large
len

g
th

scales
th

a
t

en
co

d
e

sm
o
oth

fu
n
ction

s.
C

on
seq

u
en

tly,
th

e
G

P
’s

2
σ

con
fi
d
en

ce
in

tervals
in

F
ig.

1
b

(b
lu

e
sh

ad
ed

)
b
ased

on
th

e
p

osterior
sam

p
les

d
o

n
ot

con
tain

th
e

tru
e

fu
n
ction

.

w
ere

ex
ten

d
ed

to
T

h
om

p
son

sam
p
lin

g,
a
n

algorith
m

th
at

u
ses

sam
p
les

from
th

e
p

osterior
G

P
a
s

th
e

a
cq

u
isition

fu
n
ction

,
b
y

C
h
ow

d
h
u
ry

an
d

G
op

ala
n

(20
17).

O
n

lin
e

h
y
p

e
rp

a
ra

m
e
te

r
e
stim

a
tio

n
In

th
e

p
rev

iou
s

sectio
n
,
w

e
h
ave

seen
th

at
th

e
G
P
-

U
C
B

alg
o
rith

m
p
rovab

ly
con

v
erges.

H
ow

ever,
it

req
u
ires

access
to

a
R

K
H

S
n
orm

b
ou

n
d

‖
f‖

θ ≤
B

u
n
d
er

th
e

correct
kern

el
h
y
p

erp
aram

eters
θ

in
ord

er
to

con
stru

ct
reliab

le
con

fi
-

d
en

ce
in

terva
ls

u
sin

g
L

em
m

a
1.

In
p
ractice,

th
ese

are
u
n
k
n
ow

n
an

d
h
ave

to
b

e
estim

ated
o
n
lin

e,
e.g

.,
b
a
sed

on
a

p
rior

d
istrib

u
tion

p
laced

on
θ.

U
n
fortu

n
ately,

it
is

w
ell-k

n
ow

n
th

a
t

o
n
lin

e
estim

ation
of

th
e

in
p
u
ts,

b
e

it
v
ia

m
ax

im
u
m

a
p

osteriori
(M

A
P

)
or

sam
p
lin

g
m

eth
o
d
s,

d
o
es

n
ot

alw
ay

s
con

verge
to

th
e

op
tim

u
m

(B
u
ll,

2011).
T

h
e

p
rob

lem
d
o
es

n
ot

p
rim

a
rily

lie
w

ith
th

e
in

feren
ce

sch
em

e,
b
u
t

rath
er

w
ith

th
e

assu
m

p
tion

s
m

ad
e

b
y

th
e

G
P

.
In

p
a
rticu

la
r,

ty
p
ical

sam
p
les

d
raw

n
from

a
G

P
w

ith
a

station
ary

kern
el

ten
d

to
h
ave

a
sim

ila
r

ra
te

o
f

ch
an

ge
th

rou
gh

ou
t

th
e

in
p
u
t

sp
ace,

see
F

ig.
1a.

In
con

trast,
th

e
fu

n
ction

s
in

sid
e

th
e

R
K

H
S
,

as
sp

ecifi
ed

in
S
ec.

2,
can

h
ave

d
iff

eren
t

rates
of

ch
an

ge
an

d
are

th
u
s

im
-

p
ro

b
ab

le
u
n
d
er

th
e

G
P

p
rior.

F
or

ex
am

p
le,

th
e

grey
fu

n
ction

in
F

ig.
1b

is
alm

ost
lin

ear
b
u
t

h
a
s

o
n
e

b
u
m

p
th

at
d
efi

n
es

th
e

glob
al

m
ax

im
u
m

,
w

h
ich

m
akes

th
is

fu
n
ction

an
im

p
rob

ab
le

sa
m

p
le

u
n
d
er

th
e

G
P

p
rior

even
th

ou
gh

it
b

elon
gs

to
th

e
R

K
H

S
in

d
u
ced

b
y

th
e

sam
e

kern
el.

T
h
is

p
ro

p
erty

of
G

P
s

w
ith

station
ary

kern
els

m
ean

s
th

at,
for

in
feren

ce,
it

is
su

ffi
cien

t
to

estim
a
te

th
e

len
gth

scales
in

a
sm

all
p
art

of
th

e
state-sp

ace
in

ord
er

to
m

ake
statem

en
ts

a
b

o
u
t

th
e

fu
n
ction

sp
ace

glob
ally.

T
h
is

is
illu

strated
in

F
ig.

1c,
w

h
ere

w
e

sh
ow

sam
p
les

fro
m

th
e

p
o
sterior

d
istrib

u
tion

over
th

e
len

gth
scales

b
ased

on
th

e
m

easu
rem

en
ts

ob
tain

ed
fro

m
th

e
G
P
-U

C
B

algorith
m

in
F

ig.
1b

(b
lu

e
crosses).

E
ven

th
ou

gh
th

e
p
rior

d
istrib

u
tion

on
th

e
len

g
th

scales
θ

is
su

ggestive
of

sh
ort

len
gth

scales,
m

ost
of

th
e

p
osterior

p
rob

ab
ility

m
a
ss

is
co

n
cen

trated
arou

n
d

len
gth

scales
th

at
are

sign
ifi

can
tly

larg
er

th
an

th
e

tru
e

o
n
es.

A
s

a
resu

lt,
even

u
n
d
er

m
o
d
el

av
erag

in
g

over
th

e
sam

p
les

from
th

e
p

osterior
d
istrib

u
tion

of
th

e
len

g
th

sca
les,

th
e

G
P

con
fi
d
en

ce
in

tervals
d
o

n
ot

con
tain

th
e

tru
e

fu
n
ction

in
F

ig.
1b

.
T

h
is

is
n
ot

a
p
rob

lem
of

th
e

in
feren

ce
m

eth
o
d

ap
p
lied

,
b
u
t

rath
er

a
d
irect

con
seq

u
en

ce
of

7
JM

L
R

 20(50):1-24, 2019

B
e
r
k
e
n
k
a
m
p
,
S
c
h
o
e
l
l
ig

a
n
d

K
r
a
u
se

Param
etersx

nextevaluation

true
f(x)

(a)
S
tu

ck
in

lo
cal

op
tim

u
m

.

Param
etersx

(b
)

E
x
p
a
n
d
in

g
th

e
fu

n
ction

cla
ss.

Param
etersx

(c)
G

lob
a
l

op
tim

u
m

fo
u
n
d
.

F
igu

re
2:

B
O

algorith
m

s
get

stu
ck

in
lo

cal
op

tim
a

w
h
en

th
e

h
y
p

erp
araram

eters
of

th
e

m
o
d
el

are
m

issp
ecifi

ed
.

In
F

ig.
2a,

th
e

tru
e

fu
n
ction

is
n
ot

con
ta

in
ed

w
ith

in
th

e
G

P
’s

con
fi
d
en

ce
in

tervals
(b

lu
e

sh
ad

ed
),

so
th

at
G
P
-U

C
B

on
ly

collects
d
ata

at
th

e
lo

cal
op

tim
u
m

on
th

e
righ

t
(green

arrow
),

see
also

F
ig.

1.
O

u
r

m
eth

o
d

ex
p
an

d
s

th
e

fu
n
ction

class
over

tim
e

b
y

scalin
g

th
e

h
y
p

erp
aram

eters,
w

h
ich

en
cou

rages
ad

d
ition

al
ex

p
loration

in
F

ig.
2b

.
T

h
e

fu
n
ction

class
grow

s
slow

ly
en

ou
gh

,
so

th
at

th
e

glob
al

op
tim

u
m

is
p
rovab

ly
fou

n
d

in
F

ig.
2c.

th
e

p
rob

ab
ilistic

m
o
d
el

th
at

w
e

h
ave

sp
ecifi

ed
b
ased

on
th

e
station

ary
kern

el,
w

h
ich

d
o
es

n
ot

con
sid

er
fu

n
ction

s
w

ith
d
iff

eren
t

rates
of

ch
a
n
ge

to
b

e
likely.

4
.
T
h
e
A
d
a
p
tiv

e
G
P
-U

C
B

A
lg
o
rith

m

In
th

is
section

,
w

e
ex

ten
d

th
e
G
P
-U

C
B

algorith
m

to
th

e
case

w
h
ere

n
eith

er
th

e
n
o
rm

b
ou

n
d
B

n
or

th
e

len
gth

scales
θ

are
k
n
ow

n
.

In
th

is
case,

it
is

alw
ay

s
p

ossib
le

th
at

th
e

lo
cal

op
tim

u
m

is
d
efi

n
ed

b
y

a
lo

cal
b
u
m

p
b
ased

on
a

k
ern

el
w

ith
sm

all
len

gth
scales,

w
h
ich

h
as

n
ot

b
een

en
cou

n
tered

b
y

th
e

d
ata

p
oin

ts
as

in
F

ig.
1b

.
T

h
e

on
ly

solu
tion

to
avoid

th
is

p
rob

lem
is

to
keep

ex
p
lorin

g
to

even
tu

ally
cover

th
e

in
p
u
t

sp
aceD

(B
u
ll,

2011).
W

e
con

sid
er

ex
p
an

d
in

g
th

e
fu

n
ction

sp
ace

asso
ciated

w
ith

th
e

h
y
p

erp
aram

eters
slow

ly
over

tim
e,

so
th

at
w

e
ob

tain
su

b
lin

ear
regret

on
ce

th
e

tru
e

fu
n
ctio

n
class

h
as

b
een

id
en

tifi
ed

.
In

tu
itiv

ely,
th

is
can

h
elp

B
O

algorith
m

s
av

oid
p
rem

atu
re

con
vergen

ce
to

lo
cal

op
tim

a
cau

sed
b
y

m
issp

ecifi
ed

h
y
p

erp
aram

eters
θ

an
d
B

.
F

or
ex

am
p
le,

in
F

ig.
2a,

th
e
G
P
-U

C
B

algorith
m

h
as

con
verged

to
a

lo
cal

m
ax

im
u
m

.
B

y
d
ecreasin

g
th

e
len

gth
scales,

w
e

in
crease

th
e

u
n
d
erly

in
g

fu
n
ctio

n
class,

w
h
ich

m
ean

s
th

at
th

e
G

P
con

fi
d
en

ce
in

tervals
on

th
e

fu
n
ction

in
crease.

T
h
is

en
ab

les
G
P
-U

C
B

to
ex

p
lore

fu
rth

er
so

th
at

th
e

glob
al

op
tim

u
m

is
fou

n
d
,

as
sh

ow
n

in
F

ig.
2
c.

S
p

ecifi
cally,

w
e

start
w

ith
an

in
itial

gu
ess

θ
0

an
d
B

0
for

th
e

len
gth

scales
an

d
n
orm

b
ou

n
d

on
f

,
resp

ectively.
O

ver
th

e
iteration

s,
w

e
scale

d
ow

n
th

e
len

gth
scales

an
d

scale
u
p

th
e

n
orm

b
ou

n
d
,

θ
t

=
1

g
(t)

θ
0 ,

B
t

=
b(t)g

(t)
d
B

0 ,
(9)

w
h
ere

g
:N
→

R
>

0
an

d
b
:N
→

R
>

0
w

ith
b(0)

=
g
(0)

=
1

are
fu

n
ction

s
th

at
can

ad
d
i-

tion
ally

d
ep

en
d

on
th

e
d
ata

collected
u
p

to
iteration

t,A
t

an
d

y
t .

A
s
g
(t)

in
creases,

th
e

len
gth

scales
θ
t

of
th

e
k
ern

el
b

ecom
e

sh
orter,

w
h
ich

en
larges

th
e

u
n
d
erly

in
g

fu
n
ction
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U
n
k
n
o
w
n
H
y
p
e
r
pa

r
a
m
e
t
e
r
s

(a
)

S
ca

li
n
g

of
th

e
n
or

m
b

o
u
n
d
.

(b
)

C
u
m

u
la

ti
v
e

re
gr

et
w

it
h

sc
al

in
g.

F
ig

u
re

3:
T

h
e

fu
n
ct

io
n
f

in
F

ig
.

3a
h
as

R
K

H
S

n
or

m
‖f
‖ θ

0
>
B

0
.

T
o

ac
co

u
n
t

fo
r

th
is

,
w

e
ex

p
an

d
th

e
n
or

m
b
al

l
b
y
b(
t)

ov
er

ti
m

e.
W

h
en

w
e

sc
al

e
d
ow

n
th

e
le

n
gt

h
sc

al
es

b
y
g
(t

),
th

e
n
or

m
of
f

in
th

e
re

su
lt

in
g

R
K

H
S

is
la

rg
er

,
se

e
L

em
m

a
2.

W
e

ac
co

u
n
t

fo
r

th
is

w
h
en

d
efi

n
in

g
th

e
n
or

m
b
al

l
B
t

in
(9

).
In

F
ig

.
3b

,
th

e
G
P
-U

C
B

al
go

ri
th

m
b
as

ed
o
n

th
e

m
is

sp
ec

ifi
ed

h
y
p

er
p
ar

am
et

er
s
B

0
an

d
θ 0

d
o
es

n
ot

co
n
ve

rg
e

(c
on

st
an

t
re

gr
et

).
O

u
r

m
et

h
o
d

sc
al

es
th

e
le

n
gt

h
sc

al
es

an
d

n
or

m
b

ou
n
d

b
y
g
(t

)
an

d
b(
t)

,
so

th
at

w
e

ev
en

tu
al

ly
ca

p
tu

re
th

e
tr

u
e

m
o
d
el

.
S
ca

li
n
g

th
e

h
y
p

er
p
ar

am
et

er
s

b
ey

on
d

th
e

tr
u
e

on
es

le
ad

s
to

ad
d
it

io
n
al

ex
p
lo

ra
ti

on
an

d
th

u
s

la
rg

er
cu

m
u
la

ti
v
e

re
gr

et
th

an
G
P
-U

C
B

w
it

h
th

e
tr

u
e,

u
n
k
n
ow

n
h
y
p

er
p
ar

am
et

er
s
θ

an
d

B
.

H
ow

ev
er

,
as

lo
n
g

as
th

e
cu

m
u
la

ti
ve

re
gr

et
is

u
p
p

er
b

ou
n
d
ed

b
y

a
su

b
li
n
ea

r
fu

n
ct

io
n
p
,

u
lt

im
at

el
y

th
e
A
-G

P
-U

C
B

al
go

ri
th

m
co

n
v
er

ge
s

to
th

e
gl

ob
al

op
ti

m
u
m

.

L
e
m

m
a

2
(B

u
ll

,
2
0
1
1
,

L
em

m
a

4
)

If
f
∈
H
θ
,

th
en

f
∈
H
θ
′

fo
r

a
ll

0
<
θ′
≤
θ,

a
n

d

‖f
‖2 H

θ
′
≤
(

d ∏ i=
1

[θ
] i

[θ
′ ] i

)
‖f
‖2 H

θ
.

(1
0)

L
em

m
a

2
st

at
es

th
at

w
h
en

d
ec

re
as

in
g

th
e

le
n
gt

h
sc

al
es
θ,

th
e

re
su

lt
in

g
fu

n
ct

io
n

sp
a
ce

co
n
-

ta
in

s
th

e
p
re

v
io

u
s

on
e.

T
h
u
s,

as
g
(t

)
in

cr
ea

se
s

w
e

co
n
si

d
er

la
rg

er
R

K
H

S
sp

ac
es

as
ca

n
d
id

at
e

sp
ac

es
fo

r
th

e
fu

n
ct

io
n
f

.
In

ad
d
it

io
n
,

as
w

e
in

cr
ea

se
b(
t)

,
w

e
co

n
si

d
er

la
rg

er
n
or

m
b
al

ls
w

it
h
in

th
e

fu
n
ct

io
n

sp
ac

e
H
θ t

,
w

h
ic

h
co

rr
es

p
on

d
s

to
m

or
e

co
m

p
le

x
fu

n
ct

io
n
s.

H
ow

ev
er

,
it

fo
ll
ow

s
fr

om
(1

0)
th

at
,

as
w

e
in

cr
ea

se
g
(t

),
w

e
al

so
in

cr
ea

se
th

e
n
or

m
of

a
n
y

ex
is

ti
n
g

fu
n
ct

io
n

in
H
θ 0

b
y

at
m

os
t

a
fa

ct
or

of
g
(t

)d
.

T
h
is

is
il
lu

st
ra

te
d

in
F

ig
.

3a
:

as
w

e
sc

al
e

u
p

th
e

n
or

m
b
al

l
to
b(
t)
B

0
,

w
e

ca
p
tu

re
f

u
n
d
er

th
e

in
it

ia
l

le
n
gt

h
sc

al
es
θ 0

.
H

ow
ev

er
,

b
y

sh
or

te
n
in

g
th

e
le

n
gt

h
sc

al
es

b
y
g
(t

),
th

e
fu

n
ct

io
n
f

h
as

a
la

rg
er

n
or

m
in

th
e

n
ew

fu
n
ct

io
n

sp
ac

e
H
θ t

=
H
θ 0
/
g
(t

).
W

e
ac

co
u
n
t

fo
r

th
is

th
ro

u
gh

th
e

ad
d
it

io
n
al

sc
al

in
g

fa
ct

or
g
(t

)d
in

th
e

n
or

m
b

ou
n
d
B
t

in
(9

).

T
h

e
o
re

ti
c
a
l

a
n

a
ly

si
s

B
as

ed
on

th
e

p
re

v
io

u
s

d
er

iv
at

io
n
s

to
ge

th
er

w
it

h
L

em
m

a
2,

it
is

cl
ea

r
th

at
,
if
g
(t

)
an

d
b(
t)

ar
e

m
on

ot
on

ic
al

ly
in

cr
ea

si
n
g

fu
n
ct

io
n
s

an
d
f
∈
H
θ t
∗

w
it

h
‖f
‖ θ
t∗
≤

B
t∗

fo
r

so
m

e
t∗
>

0,
th

en
f
∈
H
θ t

an
d
‖f
‖ θ
t
≤
B
t

fo
r

al
l
t
≥
t∗

.
T

h
at

is
,

on
ce

th
e

fu
n
ct

io
n
f

is
co

n
ta

in
ed

w
it

h
in

th
e

n
or

m
b
al

l
of
B
t∗

fo
r

th
e

le
n
gt

h
sc

al
es
θ t
∗
,
th

en
,
fo

r
an

y
fu

rt
h
er

in
cr

ea
se

in
b(
t)

or
g
(t

),
th

e
fu

n
ct

io
n
f

is
st

il
l

co
n
ta

in
ed

in
th

e
ca

n
d
id

a
te

sp
ac

e
{f
∈
H
θ t
|f
≤
B
t}

.
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B
e
r
k
e
n
k
a
m
p
,
S
c
h
o
e
l
l
ig

a
n
d

K
r
a
u
se

B
as

ed
on

th
is

in
si

gh
t,

w
e

p
ro

p
os

e
A
-G

P
-U

C
B

in
A

lg
or

it
h
m

1.
A

t
it

er
at

io
n
t,
A
-G

P
-U

C
B

se
ts

th
e

G
P

le
n
gt

h
sc

al
es

to
θ t

an
d

se
le

ct
s

n
ew

in
p
u
ts

x
t+

1
si

m
il
ar

to
th

e
G
P
-U

C
B

a
lg

o
ri

th
m

,
b
u
t

b
as

ed
on

th
e

n
or

m
b

ou
n
d
B
t.

W
e

ex
te

n
d

th
e

an
a
ly

si
s

of
G
P
-U

C
B

an
d

L
em

m
a

1
to

ob
ta

in
ou

r
m

ai
n

re
su

lt
.

T
h

e
o
re

m
1

A
ss

u
m

e
th

a
t
f

h
a
s

bo
u

n
d
ed

R
K

H
S

n
o
rm
‖f
‖2 k

θ
≤

B
in

a
R

K
H

S
th

a
t

is
pa

ra
m

et
ri

ze
d

by
a

st
a
ti

o
n

a
ry

ke
rn

el
k
θ
(x
,x
′ )

w
it

h
u

n
kn

o
w

n
le

n
gt

h
sc

a
le

s
θ.

B
a
se

d
o
n

a
n

in
it

ia
l

gu
es

s,
θ 0

a
n

d
B

0
,

d
efi

n
e

m
o
n

o
to

n
ic

a
ll

y
in

cr
ea

si
n

g
fu

n
ct

io
n

s
g
(t

)
>

0
a
n

d
b(
t)
>

0

a
n

d
ru

n
A
-G

P
-U

C
B

w
it

h
β

1
/
2

t
=
b(
t)
g
(t

)d
B

0
+

4σ
√
I θ
t
(y
t;
f

)
+

1
+

ln
(1
/
δ)

a
n

d
G

P
le

n
gt

h
-

sc
a
le

s
θ t

=
θ 0
/g

(t
).

T
h
en

,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

(1
−
δ)

,
w

e
o
bt

a
in

a
re

gr
et

bo
u

n
d

o
f

R
t
≤

2B
m

ax

( g
−

1

( m
ax i

[θ
0
] i

[θ
] i

)
,
b−

1

(
B B

0

))
+
√
C

1
tβ
tI
θ t

(y
t;
f

),
(1

1
)

w
h
er

e
I θ
t

is
th

e
m

u
tu

a
l

in
fo

rm
a
ti

o
n

in
(6

)
ba

se
d

o
n

th
e

G
P

m
od

el
w

it
h

le
n

gt
h
sc

a
le

s
θ t

a
n

d
C

1
=

8/
lo

g
(1

+
σ
−

2
).

T
h
e

p
ro

of
is

gi
ve

n
in

th
e

ap
p

en
d
ix

.
In

tu
it

iv
el

y,
th

e
re

gr
et

b
ou

n
d

in
(1

1)
sp

li
ts

th
e

ru
n

of
th

e
al

go
ri

th
m

in
to

tw
o

d
is

ti
n
ct

p
h
as

es
.

In
th

e
fi
rs

t
on

e,
ei

th
er

th
e

R
K

H
S

sp
a
ce
H
θ t

(D
)

or
th

e
n
or

m
b

ou
n
d
B
t

ar
e

to
o

sm
al

l
to

co
n
ta

in
th

e
tr

u
e

fu
n
ct

io
n
f

.
T

h
u
s,

th
e

G
P

co
n
fi
d
en

ce

in
te

rv
al

s
sc

al
ed

b
y
β

1
/
2

t
d
o

n
ot

n
ec

es
sa

ri
ly

co
n
ta

in
th

e
tr

u
e

fu
n
ct

io
n
f

,
as

in
F

ig
.

1
b
.

In
th

es
e

it
er

at
io

n
s,

w
e

ob
ta

in
co

n
st

an
t

re
gr

et
th

at
is

b
ou

n
d
ed

b
y

2B
,

si
n
ce
‖f
‖ ∞
≤
‖f
‖ θ
≤

B
.

A
ft

er
b

ot
h
g

an
d
b

h
av

e
gr

ow
n

su
ffi

ci
en

tl
y

in
or

d
er

fo
r

th
e

co
n
si

d
er

ed
fu

n
ct

io
n

sp
a
ce

to
co

n
ta

in
th

e
tr

u
e

fu
n
ct

io
n
,

th
e

co
n
fi
d
en

ce
b

ou
n
d
s

ar
e

re
li
ab

le
an

d
w

e
ca

n
a
p
p
ly

th
e

th
eo

re
ti

ca
l

re
su

lt
s

of
th

e
G
P
-U

C
B

al
go

ri
th

m
.

T
h
is

is
il
lu

st
ra

te
d

in
F

ig
.

3b
:

If
th

e
in

it
ia

l
h
y
p

er
p
ar

am
et

er
s
θ 0

an
d
B

0
ar

e
m

is
sp

ec
ifi

ed
,

th
e

co
n
fi
d
en

ce
in

te
rv

al
s

d
o

n
ot

co
n
ta

in
f

a
n
d

G
P
-U

C
B

d
o
es

n
ot

co
n
ve

rg
e.

W
e

av
oi

d
th

is
p
ro

b
le

m
b
y

in
cr

ea
si

n
g
b(
t)

an
d
g
(t

)
ov

er
ti

m
e,

so
th

at
w

e
ev

en
tu

al
ly

co
n
ta

in
f

in
ou

r
fu

n
ct

io
n

cl
a
ss

.
H

ow
ev

er
,

in
cr

ea
si

n
g

th
e

n
o
rm

b
a
ll

an
d

d
ec

re
as

in
g

th
e

le
n
gt

h
sc

al
es

b
ey

on
d

th
e

tr
u
e

on
es

ca
u
se

s
ad

d
it

io
n
al

ex
p
lo

ra
ti

o
n

a
n
d

th
u
s

ad
d
it

io
n
al

cu
m

u
la

ti
v
e

re
gr

et
re

la
ti

v
e

to
G
P
-U

C
B

w
it

h
th

e
tr

u
e,

u
n
k
n
ow

n
h
y
p

er
p
a
ra

m
et

er
s.

T
h
is

ad
d
it

io
n
al

re
gr

et
re

p
re

se
n
ts

th
e

co
st

of
n
ot

k
n
ow

in
g

th
e

h
y
p

er
p
ar

am
et

er
s

in
a
d
va

n
ce

.
A

s
lo

n
g

as
th

e
ov

er
al

l
re

gr
et

re
m

ai
n
s

b
ou

n
d
ed

b
y

a
su

b
li
n
ea

r
fu

n
ct

io
n
p
(t

),
o
u
r

m
et

h
o
d

ev
en

tu
al

ly
co

n
ve

rg
es

to
th

e
gl

ob
al

op
ti

m
u
m

.
T

h
e

re
gr

et
b

ou
n
d

in
(1

1)
d
ep

en
d
s

o
n

th
e

tr
u
e

h
y
p

er
p
ar

am
et

er
s
θ

an
d
B

.
H

ow
ev

er
,

th
e

al
g
or

it
h
m

d
o
es

n
ot

d
ep

en
d

on
th

em
.

T
h
eo

re
m

1
p
ro

v
id

es
an

in
st

an
ce

-s
p

ec
ifi

c
b

ou
n
d
,

si
n
ce

th
e

m
u
tu

al
in

fo
rm

at
io

n
d
ep

en
d
s

o
n

th
e

in
p
u
ts

in
A
t.

O
n
e

ca
n

ob
ta

in
a

w
or

st
-c

as
e

u
p
p

er
b

o
u
n
d

b
y

b
ou

n
d
in

g
I θ
t
(y
t;
f

)
≤
γ
t(
θ t

),
w

h
ic

h
is

th
e

w
or

st
-c

as
e

m
u
tu

al
in

fo
rm

at
io

n
as

in
(8

),
b
u
t

b
as

ed
on

th
e

G
P

m
o
d
el

w
it

h
le

n
g
th

sc
a
le

s
θ t

.
W

h
il
e

T
h
eo

re
m

1
as

su
m

es
th

at
th

e
n
oi

se
p
ro

p
er

ti
es

ar
e

k
n
ow

n
,

th
e

re
su

lt
s

ca
n

b
e

ex
te

n
d
ed

to
es

ti
m

at
e

th
e

n
oi

se
si

m
il
ar

to
D

u
ra

n
d

et
al

.
(2

01
8)

.
F

or
ar

b
it

ra
ry

fu
n
ct

io
n
s
g
(t

)
an

d
b(
t)

,
th

e
ca

n
d
id

at
e

fu
n
ct

io
n

sp
ac

e
{f
∈
H
θ t
|f
≤
B
t}

ca
n

gr
ow

at
a

fa
st

er
ra

te
th

an
it

co
n
tr

ac
ts

b
y

se
le

ct
in

g
in

fo
rm

at
iv

e
m

ea
su

re
m

en
ts
y t

a
cc

o
rd

in
g

to
(7

).
In

p
ar

ti
cu

la
r,

in
th

e
re

gr
et

te
rm
√
C

1
tβ
tγ
t

b
o
th

β
t

an
d
γ
t

d
ep

en
d

o
n

th
e

sc
a
li
n
g

fa
ct

or
s
g
(t

)
an

d
b(
t)

.
If

th
es

e
fa

ct
or

s
gr

ow
at

a
fa

st
er

ra
te

th
an
√
t,

th
e

re
su

lt
in

g
a
lg

o
ri

th
m

d
o
es

n
ot

en
jo

y
su

b
li
n
ea

r
re

gr
et

.
W

e
h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
th

at
ex

p
li
ci

tl
y

st
a
te

s
th

e
d
ep

en
d
en

ce
of
γ
t

on
th

e
sc

al
in

g
fa

ct
or
g
(t

).

P
ro

p
o
si

ti
o
n

2
L

et
k
θ

be
a

st
a
ti

o
n

a
ry

ke
rn

el
pa

ra
m

et
er

iz
ed

by
le

n
gt

h
sc

a
le

s
θ

a
s

in
(2

)
a
n

d
d
efi

n
e
γ
t(
θ)

fo
r

le
n

gt
h
sc

a
le

s
θ

a
s

in
(8

).
D

efi
n

e
th

e
le

n
gt

h
sc

a
le

s
a
s
θ t

=
θ 0
/g

(t
)

a
s

in
(9

).
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U
n
k
n
o
w
n
H
y
p
e
r
pa

r
a
m
e
t
e
r
s

A
lg

o
rith

m
1

A
d
ap

tive
G
P
-U

C
B

(A
-G

P
-U

C
B

)

1
:

In
p

u
t:

In
p
u
t

sp
ace
D

,
G
P

(0,k
(x
,x
′)),

fu
n
ction

s
g
(t)

an
d
b(t)

2
:

S
et
B

0
=

1
an

d
θ

0
=

d
iam

(D
)

3
:

fo
r

a
ll
t

=
0,1

,2
,...

d
o

4
:

S
et

th
e

G
P

kern
el

len
gth

scsales
to
θ
t

=
θ

0 /g
(t)

5
:

β
1
/
2

t
←
B

(t)
+

4
σ √

I
θ
t (y

t ;f
)

+
1

+
ln

(1/δ)
w

ith
B

(t)
=
b(t)g

(t)
dB

0

6
:

C
h
o
o
se

x
t+

1
=

argm
ax

x∈D
µ
t (x

)
+
β

1
/
2

t
σ
t (x

)
7
:

E
va

lu
a
te
y
t+

1
=
f

(x
t+

1 )
+
ε
t+

1

8
:

P
erfo

rm
B

ayesian
u
p

d
ate

to
ob

tain
µ
t+

1
an

d
σ
t+

1

•
If
k
(x
,x
′)

=
ex

p
(−

12 ‖
x
−

x
′‖

22 )
is

th
e

squ
a
red

expo
n

en
tia

l
(G

a
u

ssia
n

)
kern

el,
th

en

γ
t (θ

t )
=
O
(
g
(t)

d(log
t)
d
+

1 )
(12)

•
If
k
(x
,x
′)

=
(2

1−
ν/

Γ
(ν

))
r
νB

ν (r)
is

th
e

M
a
térn

kern
el,

w
h
ere

r
=
√

2
ν‖

x
−

x
′‖

2 ,
B
ν

is
th

e
m

od
ifi

ed
B

essel
fu

n
ctio

n
w

ith
ν
>

1
,

a
n

d
Γ

is
th

e
ga

m
m

a
fu

n
ctio

n
.

T
h
en

γ
t (θ

t )
=
O
(
g
(t)

2
ν
+
dt

d
(d

+
1
)

2
ν
+
d
(d

+
1
)

lo
g
t )

(13)

P
ro

p
o
sitio

n
2

ex
p
licitly

states
th

e
relation

sh
ip

b
etw

een
γ
t

an
d
g
(t).

F
or

th
e

G
au

ssian
kern

el,
if

w
e

sca
le

d
ow

n
th

e
len

gth
scales

b
y

a
factor

of
tw

o,
th

e
am

ou
n
t

of
m

u
tu

al
in

form
ation

th
at

w
e

ca
n

g
a
th

er
in

th
e

w
orst

case,
γ
t ,

grow
s

b
y

2
d.

G
iven

th
e

d
ep

en
d
en

ce
of
γ
t

on
g
(t),

w
e

ca
n

refi
n
e

T
h
eo

rem
1

to
ob

tain
con

crete
regret

b
ou

n
d
s

for
tw

o
com

m
on

ly
u
sed

k
ern

els.

C
o
ro

lla
ry

3
If,

u
n

d
er

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
1
,
g
(t)

a
n

d
b(t)

gro
w

u
n

bo
u

n
d
ed

,
th

en
w

e
o
bta

in
th

e
fo

llo
w

in
g,

h
igh

-p
ro

ba
bility

regret
bo

u
n

d
s

fo
r

A
lgo

rith
m

1
:

•
S

qu
a
red

expo
n

en
tia

l
kern

el:
R
t ≤
O
(
b(t) √

tg
(t)

3
dγ
t (θ

0 )
+
g
(t)

dγ
t (θ

0 ) √
t )

;

•
M

a
térn

kern
el:

R
t ≤
O
(
b(t) √

tg
(t)

2
ν
+

3
dγ
t (θ

0 )
+
g
(t)

ν
+
dγ
t (θ

0 ) √
t )

.

If
b(t)

a
n
d
g
(t)

grow
u
n
b

ou
n
d
ed

,
th

e
fi
rst

term
of

th
e

cu
m

u
lative

regret
in

(11)
can

b
e

u
p
p

er
b

o
u
n
d
ed

b
y

a
con

stan
t.

T
h
e

rem
ain

in
g

resu
lt

is
ob

tain
ed

b
y

p
lu

ggin
g

in
β
t

an
d

th
e

b
o
u
n
d
s

from
(8).

T
h
u
s,

an
y

fu
n
ction

s
g
(t)

an
d
b(t)

th
at

ren
d
er

th
e

regret
b

ou
n
d
s

in
C

o
ro

lla
ry

3
su

b
lin

ear
allow

th
e

algorith
m

to
con

verge,
even

th
ou

gh
th

e
tru

e
len

gth
scales

a
n
d

n
o
rm

b
o
u
n
d

are
u
n
k
n
ow

n
.

T
h
e

sp
ecifi

c
ch

oices
of
b(t)

an
d
g
(t)

m
atter

for
th

e
regret

b
ou

n
d

in
T

h
eo

rem
1

in
p
rac-

tice.
C

o
n
sid

er
th

e
on

e-d
im

en
sion

al
case

d
=

1
fo

r
th

e
G

au
ssian

kern
el.

G
iven

th
e

tru
e

h
y
p

erp
a
ra

m
eters

B
an

d
θ,

if
w

e
set

g
(t)

=
θ

0 /θ
an

d
b(t)

=
B
/B

0
to

b
e

con
stan

t,
w

e
recover

th
e

n
o
n
-ad

a
p
tiv

e
regret

b
ou

n
d
s

of
G
P
-U

C
B

w
ith

k
n
ow

n
h
y
p

erp
aram

eters.
If
g
(t)

d
ep

en
d
s

o
n
t

a
n
d

grow
s

slow
ly,

th
en

th
e

algorith
m

in
cu

rs
con

stan
t

regret
d
u
rin

g
th

e
in

itial
rou

n
d
s

w
h
en

th
e

m
o
d
el

is
m

issp
ecifi

ed
,

w
h
ile

fu
n
ction

s
g

th
at

grow
to

valu
es

larger
th

an
th

e
op

-
tim

a
l

o
n
es

lea
d

to
ad

d
ition

al
ex

p
loration

an
d

in
cu

r
an

ad
d
ition

alO
(b(t)g

(t)
3
d
/
2
))

factor
in

th
e

cu
m

u
la

tive
regret

in
later

rou
n
d
s,

as
in

C
orollary

3.
In

th
e

follow
in

g
section

,
w

e
d
iscu

ss
a
p
p
ro

p
ria

te
ch

o
ices

for
th

ese
fu

n
ction

s
in

p
ractice.
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B
e
r
k
e
n
k
a
m
p
,
S
c
h
o
e
l
l
ig

a
n
d

K
r
a
u
se

4
.1

.
C

h
o
o
sin

g
th

e
sc

a
lin

g
fu

n
c
tio

n
s
g
(t)

a
n

d
b(t)

It
follow

s
from

T
h
eorem

1
th

at
A
-G

P
-U

C
B

ach
ieves

n
o-regret

for
an

y
fu

n
ction

s
g
(t)

an
d
b(t)

th
at

in
crease

w
ith

ou
t

b
ou

n
d

an
d

ren
d
er

(1
1)

su
b
lin

ear
in
t.

T
h
u
s,

th
e

corresp
on

d
-

in
g

B
O

rou
tin

e
co

n
verges

to
th

e
op

tim
al

valu
e

even
tu

ally.
F

or
ex

am
p
le,
b(t)

=
g
(t)

=
log

(t)
satisfy

th
is

con
d
ition

.
H

ow
ever,

th
e

con
vergen

ce
gu

aran
tees

in
T

h
eorem

1
are

on
ly

m
ean

-
in

gfu
l

on
ce
t

h
as

grow
n

su
ffi

cien
tly

so
th

at
th

e
tru

e
fu

n
ction

is
con

tain
ed

in
th

e
con

fi
d
en

ce
in

tervals.
In

p
ractice,

B
O

is
often

u
sed

w
ith

ob
jectiv

e
fu

n
ction

s
f

th
at

are
ex

p
en

sive
to

evalu
ate,

w
h
ich

im
p

oses
a

h
ard

con
strain

t
on

th
e

n
u
m

b
er

of
evalu

ation
s.

F
or

th
e

regret
b

ou
n
d
s

to
b

e
m

ean
in

gfu
l

in
th

is
settin

g,
w

e
m

u
st

ch
o
ose

fu
n
ction

s
g

an
d
b

th
at

grow
fast

en
ou

gh
to

en
su

re
th

at
th

e
con

stan
t

regret
p

erio
d

in
(11)

is
sm

all,
yet

slow
en

ou
gh

th
at

th
e

eff
ect

of
th

e
su

b
lin

ear
regret

is
v
isib

le
for

sm
all

en
ou

gh
t.

In
th

e
follow

in
g,

w
e

p
rop

ose
tw

o
m

eth
o
d
s

to
ch

o
ose

g
(t)

an
d
b(t)

a
d
a
p
tively,

b
ased

on
th

e
ob

servation
s

seen
so

far.

F
or

con
ven

ien
ce,

w
e

fi
x

th
e

relativ
e

m
agn

itu
d
e

of
g
(t)

an
d
b(t).

In
p
articu

lar,
w

e
d
efi

n
e

b(t)
=

1
+
ε
b (t)

an
d
g
(t)

d
=

1
+
ε
g (t)

togeth
er

w
ith

a
w

eigh
tin

g
factor

λ
=
ε
b (t)/ε

g (t)
th

at
en

co
d
es

w
h
eth

er
w

e
p
refer

to
scale

u
p

th
e

n
orm

b
ou

n
d

u
sin

g
b(t)

or
d
ecrease

th
e

len
gth

scales
u
sin

g
g
(t).

T
h
is

allow
s

u
s

to
reason

ab
ou

t
th

e
overall

m
agn

itu
d
e

of
th

e
scalin

g
h

(t)
=

(1
+
ε
g (t))(1

+
ε
b (t))

≥
1,

w
h
ich

can
b

e
u
n
iq

u
ely

d
ecom

p
osed

in
to
g
(t)

an
d
b(t)

given
λ

.
F

or
λ

=
0

w
e

h
ave

g
(t)

=
h

(t),
b(t)

=
1

an
d

th
e

algorith
m

p
refers

to
attrib

u
te

an
in

crease
in
h

(t)
to
g
(t)

an
d

sh
orten

th
e

len
gth

scales,
w

h
ile

for
λ
→
∞

th
e

algorith
m

p
refers

to
scale

u
p

th
e

R
K

H
S

n
orm

.
T

h
e

assu
m

p
tion

s
in

C
orollary

3
h
old

for
an

y
λ
∈

(0,∞
)

if
h

(t)
grow

s
u
n
b

ou
n
d
ed

.
M

oreov
er,

w
e

h
ave

th
at
g
(t)

d≤
h

(t)
an

d
b(t)≤

h
(t).

R
e
fe

re
n

c
e

re
g
re

t
W

h
ile

an
y

fu
n
ction

h
(t)

th
at

grow
s

u
n
b

ou
n
d
ed

an
d

ren
d
ers

th
e

cu
-

m
u
lative

regret
in

T
h
eorem

1
su

b
lin

ear
m

akes
ou

r
m

eth
o
d

to
con

v
erge

to
th

e
op

tim
u
m

even
tu

ally,
w

e
w

an
t

to
en

su
re

th
at

ou
r

m
eth

o
d

p
erform

s
w

ell
in

fi
n
ite

tim
e

to
o.

F
or

fi
x
ed

h
y
p

erp
aram

eters
w

ith
h

(t)
=

1,
w

h
ich

im
p
lies

g
(t)

=
b(t)

=
1,

ou
r

algorith
m

red
u
ces

to
G
P
-U

C
B

w
ith

h
y
p

erp
aram

eters
θ

0
an

d
B

0
an

d
th

e
regret

b
ou

n
d

term
√
C

1 β
t γ
t (θ

0 )
is

su
b
lin

ear,
w

h
ich

is
illu

strated
b
y

th
e

b
ottom

cu
rve

in
F

ig.
3b

.
H

ow
ever,

th
is

d
o
es

n
ot

im
p
ly

n
o-regret

if
h
y
p

erp
aram

eters
are

m
issp

ecifi
ed

as
in

F
ig.

2a
,

sin
ce

th
e

fi
rst

term
in

T
h
eorem

1
is

u
n
b

ou
n
d
ed

in
th

is
case.

T
o

avoid
th

is,
w

e
m

u
st

in
crease

th
e

scalin
g

factor
h

(t)
to

con
sid

er
larger

fu
n
ction

cla
sses.

W
e

p
rop

ose
to

d
efi

n
e

a
su

b
lin

ear
referen

ce
regret

p
(t),

see
F

ig.
3b

,
an

d
to

scale
h

(t)
to

m
atch

an
estim

ate
of

th
e

regret
w

ith
resp

ect
to

th
e

cu
rren

t
h
y
p

erp
aram

eters
to

th
is

referen
ce.

A
s
G
P
-U

C
B

con
verges,

th
e

regret
estim

ate
w

ith
resp

ect
to

th
e

cu
rren

t
h
y
p

er-
p
aram

eters
levels

off
an

d
d
rop

s
b

elow
th

e
referen

ce
p
(t).

In
th

ese
cases,

w
e

in
crease

h
(t)

to
con

sid
er

larger
fu

n
ction

classes
an

d
ex

p
lore

fu
rth

er.
T

h
e

ch
oice

of
p
(t)

th
u
s

d
irectly

sp
ecifi

es
th

e
am

ou
n
t

of
ad

d
ition

al
regret

on
e

is
w

illin
g

to
in

cu
r

for
ex

p
loration

.
S
p

ecifi
cally,

giv
en

a
regret

estim
ate

R̄
t (h

)
th

at
d
ep

en
d
s

on
th

e
d
ata

collected
so

fa
r

an
d

th
e

selected
scalin

g
h

,
w

e
ob

tain
h

(t)
from

m
atch

in
g

th
e

referen
ce,

R̄
t (h

)
=
p
(t),

as

h
∗(t)

=
R̄
−

1
t

(p
(t)),

h
(t)

=
m

ax
(h
∗(t),

h
(t−

1)).
(14)

H
ere

w
e

ex
p
licitly

en
force

th
at
h

(t)
m

u
st

b
e

an
in

creasin
g

fu
n
ction

.
In

th
e

follow
in

g,
w

e
con

sid
er

estim
ators

R̄
t
th

at
are

in
creasin

g
fu

n
ction

s
of
h

,
so

th
at

(14)
ca

n
b

e
solved

effi
cien

tly
v
ia

a
lin

e
search

.
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U
n
k
n
o
w
n
H
y
p
e
r
pa

r
a
m
e
t
e
r
s

W
h
et

h
er

ch
o
os

in
g
h

(t
)

ac
co

rd
in

g
to

(1
4)

le
ad

s
to

a
su

b
li
n
ea

r
fu

n
ct

io
n

d
ep

en
d
s

on
th

e
re

gr
et

es
ti

m
at

or
R̄
t.

H
ow

ev
er

,
it

is
al

w
ay

s
p

os
si

b
le

to
u
p
p

er
b

ou
n
d

th
e
h

(t
)

ob
ta

in
ed

fr
om

(1
4)

b
y

a
fi
x
ed

su
b
li
n
ea

r
fu

n
ct

io
n
.

T
h
is

gu
ar

an
te

es
su

b
li
n
ea

r
re

gr
et

ev
en

tu
al

ly
.

In
th

e
fo

ll
ow

in
g,

w
e

co
n
si

d
er

tw
o

es
ti

m
at

or
s

th
at

u
p
p

er
b

ou
n
d

th
e

cu
m

u
la

ti
ve

re
gr

et
ex

p
er

ie
n
ce

d
so

fa
r

w
it

h
re

sp
ec

t
to

th
e

h
y
p

er
p
ar

am
et

er
s

su
gg

es
te

d
b
y
h

(t
).

R
e
g
re

t
b

o
u

n
d

A
s

a
fi
rs

t
es

ti
m

at
or

fo
r

th
e

cu
m

u
la

ti
ve

re
g
re

t,
w

e
co

n
si

d
er

th
e

re
gr

et
b

ou
n
d

on
R
t

in
(1

1)
.

W
e

fo
cu

s
on

th
e

G
au

ss
ia

n
ke

rn
el

,
b
u
t

th
e

ar
gu

m
en

ts
tr

an
sf

er
d
ir

ec
tl

y
to

th
e

ca
se

of
th

e
M

at
ér

n
ke

rn
el

.
T

h
e

te
rm

√
C

1
t
β
t
I θ
t
(y
t;
f

)
b

ou
n
d
s

th
e

re
g
re

t
w

it
h

re
sp

ec
t

to
th

e
cu

rr
en

t
fu

n
ct

io
n

cl
as

s
sp

ec
ifi

ed
b
y
θ t

.
In

a
d
d
it

io
n

to
th

e
d
ir

ec
t

d
ep

en
d
en

ce
on

b(
t)
g
(t

)d
in
β
t,

th
e

re
gr

et
b

ou
n
d

al
so

d
ep

en
d
s

on
g
(t

)
im

p
li
ci

tl
y

th
ro

u
gh

th
e

m
u
tu

al
in

fo
rm

at
io

n
I θ
t
(y
t;
f

),
w

h
er

e
θ t

=
θ 0
/g

(t
).

T
o

m
ak

e
th

e
d
ep

en
d
en

ce
on

g
(t

)
m

or
e

ex
p
li
ci

t,
w

e
u
se

T
h
eo

re
m

2
an

d
re

w
ri

te
th

e
m

u
tu

al
in

fo
rm

at
io

n
as

(g
(t

)/
g
(t
−

1)
)d
I θ
t−

1
(y
t;
f

)
in

st
ea

d
.

N
ot

e
th

at
th

e
sc

al
in

g
fa

ct
or

w
as

d
er

iv
ed

fo
r
γ
t,

b
u
t

re
m

ai
n
s

a
go

o
d

in
d
ic

at
or

of
in

cr
ea

se
in

m
u
tu

al
in

fo
rm

at
io

n
in

p
ra

ct
ic

e.
W

it
h

th
is

re
p
la

ce
m

en
t

w
e

u
se

R̄
t(
h

)
=
√
C

1
t
β
t
(b

(t
),
g
(t

))
g
(t

)d
I θ
t−

1
(y
t;
f

)
(1

5)

to
es

ti
m

at
e

th
e

re
gr

et
,

w
h
er

e
th

e
te

rm
β
t(
b,
g
)

is
as

in
T

h
eo

re
m

1
,

b
u
t

w
it

h
th

e
m

u
tu

al
in

fo
rm

at
io

n
si

m
il
ar

ly
re

p
la

ce
d

w
it

h
th

e
ex

p
li
ci

t
d
ep

en
d
en

ce
on

g
(t

).
S
ol

v
in

g
(1

4)
to

ge
th

er
w

it
h

(1
5)

is
co

m
p
u
ta

ti
on

al
ly

effi
ci

en
t,

si
n
ce

co
m

p
u
ti

n
g
R̄
t

d
o
es

n
ot

re
q
u
ir

e
in

ve
rt

in
g

th
e

ke
rn

el
m

at
ri

x
.

O
n

e
st

e
p

p
re

d
ic

ti
o
n

s
W

h
il
e

(1
5)

is
fa

st
to

co
m

p
u
te

,
it

re
q
u
ir

es
u
s

to
k
n
ow

th
e

d
ep

en
-

d
en

ce
of
γ
t(
θ t

)
on

h
(t

).
D

er
iv

in
g

an
al

y
ti

c
b

ou
n
d
s

ca
n

b
e

in
fe

as
ib

le
fo

r
m

a
n
y

k
er

n
el

s.
A

s
an

al
te

rn
at

iv
e,

w
e

es
ti

m
at

e
th

e
re

gr
et

on
e-

st
ep

ah
ea

d
d
ir

ec
tl

y.
In

p
ar

ti
cu

la
r,

if
th

e
co

n
si

d
er

ed
fu

n
ct

io
n

cl
as

s
is

su
ffi

ci
en

tl
y

la
rg

e
an

d
ou

r
co

n
fi
d
en

ce
in

te
rv

al
s

h
ol

d
at

al
l

ti
m

e
st

ep
s
t
>

0,
th

en
th

e
on

e-
st

ep
ah

ea
d

cu
m

u
la

ti
ve

re
gr

et
R
t+

1
fo

r
ou

r
al

go
ri

th
m

at
it

er
at

io
n
t

is
b

ou
n
d
ed

fr
om

ab
ov

e
b
y

R̄
t

=
2

t ∑ j=
1

β
1
/
2

j
σ
j
(x
j+

1
),

(1
6)

w
h
er

e
ea

ch
β
t

an
d
σ
t

is
b
as

ed
on

th
e

co
rr

es
p

on
d
in

g
h
y
p

er
p
ar

am
et

er
s
θ t

.
In

T
h
eo

re
m

1,
R
t+

1

is
fu

rt
h
er

u
p
p

er
-b

ou
n
d
ed

b
y

(1
1)

.
T

h
e

re
gr

et
es

ti
m

at
e

in
(1

6)
d
ep

en
d
s

on
x
t+

1
,

w
h
ic

h
is

th
e

n
ex

t
in

p
u
t

th
at

w
ou

ld
b

e
ev

al
u
at

ed
b
as

ed
on

th
e

U
C

B
cr

it
er

io
n

w
it

h
G

P
h
y
p

er
p
ar

am
et

er
s

sc
al

ed
ac

co
rd

in
g

to
h

(t
).

A
s

th
e

h
y
p

er
p
ar

am
et

er
s

fo
r

p
re

v
io

u
s

it
er

at
io

n
s

ar
e

fi
x
ed

,
th

e
on

ly
te

rm
th

at
d
ep

en
d
s

on
h

(t
)

is
th

e
b

ou
n
d

on
th

e
in

st
an

ta
n
eo

u
s

re
gr

et
,
r t
≤

2β
tσ
t(

x
t+

1
).

U
n
li
ke

(1
5)

,
(1

6)
is

n
ot

ab
le

to
ex

p
lo

it
th

e
k
n
ow

n
d
ep

en
d
en

ce
of
γ
t

on
h

(t
),

so
th

at
it

ca
n
n
ot

re
as

on
ab

ou
t

th
e

lo
n
g-

te
rm

eff
ec

ts
of

ch
an

gi
n
g
h

(t
).

T
h
is

m
ea

n
s

th
at

,
em

p
ir

ic
a
ll
y,

th
e

cu
m

u
la

ti
v
e

re
gr

et
m

ay
ov

er
sh

o
ot

th
e

re
fe

re
n
ce

re
gr

et
,

on
ly

to
se

tt
le

b
el

ow
it

la
te

r.

S
ca

li
n
g
h

(t
)

ac
co

rd
in

g
to

(1
6)

p
ro

v
id

es
an

in
te

re
st

in
g

p
er

sp
ec

ti
ve

on
th

e
m

et
h
o
d

b
y

W
an

g
an

d
d
e

F
re

it
as

(2
01

4)
.

T
h
ey

d
ec

re
as

e
th

e
k
er

n
el

le
n
gt

h
sc

al
es

w
h
en

ev
er
σ
t(

x
t+

1
)
≤
κ

.
In

ou
r

fr
am

ew
or

k
,

th
is

co
rr

es
p

on
d
s

to
p
(t

)
=
∑

t j=
1

2β
j

m
ax

(κ
,σ

j
(x
j+

1
))
≥
κ
t,

w
h
ic

h
is

n
ot

su
b
li
n
ea

r.
A

s
a

co
n
se

q
u
en

ce
,

w
h
il
e

th
ey

u
lt

im
at

el
y

b
ou

n
d

th
e

cu
m

u
la

ti
ve

re
gr

et
u
si

n
g

th
e

sm
al

le
st

p
os

si
b
le

le
n
gt

h
sc

al
e,

th
e

ch
oi

ce
fo

r
p
(t

)
fo

rc
es

to
o

m
u
ch

ex
p
lo

ra
ti

on
to

ac
h
ie

ve
su

b
-

li
n
ea

r
re

gr
et

b
ef

or
e

th
e

lo
w

er
b

ou
n
d

is
re

ac
h
ed

.
In

co
n
tr

as
t,

if
w

e
ch

o
os

e
p
(t

)
to

b
e

su
b
li
n
ea

r,
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9

B
e
r
k
e
n
k
a
m
p
,
S
c
h
o
e
l
l
ig

a
n
d

K
r
a
u
se

th
en

th
e

fu
n
ct

io
n

cl
as

s
gr

ow
s

sl
ow

ly
en

ou
gh

to
en

su
re

m
or

e
ca

re
fu

l
ex

p
lo

ra
ti

o
n
.

T
h
is

a
ll
ow

s
u
s

to
ac

h
ie

ve
su

b
li
n
ea

r
re

gr
et

in
th

e
ca

se
w

h
en

a
lo

w
er

b
ou

n
d

on
th

e
h
y
p

er
p
a
ra

m
et

er
s

it
n
ot

k
n
ow

n
.

4
.2

.
P

ra
c
ti

c
a
l

C
o
n

si
d

e
ra

ti
o
n

s
a
n

d
D

is
c
u

ss
io

n

In
th

is
se

ct
io

n
,

w
e

d
is

cu
ss

ad
d
it

io
n
al

p
ra

ct
ic

al
co

n
si

d
er

at
io

n
s

an
d

sh
ow

h
ow

to
co

m
b
in

e
th

e
th

eo
re

ti
ca

l
re

su
lt

s
w

it
h

on
li
n
e

in
fe

re
n
ce

of
th

e
h
y
p

er
p
ar

am
et

er
s.

O
n

li
n

e
in

fe
re

n
c
e

a
n

d
e
x
p

lo
ra

ti
o
n

st
ra

te
g
ie

s
T

h
e

th
eo

re
ti

ca
l

re
su

lt
s

p
re

se
n
te

d
in

th
e

p
re

v
io

u
s

se
ct

io
n
s

ex
te

n
d

to
th

e
ca

se
w

h
er

e
th

e
in

it
ia

l
gu

es
s
θ 0

of
th

e
G

P
’s

le
n
g
th

sc
a
le

is
im

p
ro

ve
d

on
li
n
e

u
si

n
g

an
y

es
ti

m
at

or
,

e.
g.

,
w

it
h

M
A

P
es

ti
m

at
io

n
to

ob
ta

in
θM

A
P

t
.

T
h
eo

re
t-

ic
al

ly
,

as
lo

n
g

as
th

e
ch

an
ge

in
θ 0

is
b

ou
n
d
ed

,
th

e
cu

m
u
la

ti
ve

re
gr

et
in

cr
ea

se
s

b
y

a
t

m
o
st

a
co

n
st

an
t

fa
ct

or
.

In
p
ra

ct
ic

e,
th

is
b

ou
n
d

ca
n

al
w

ay
s

b
e

en
fo

rc
ed

b
y

tr
u
n
ca

ti
n
g

th
e

es
ti

m
a
te

d
h
y
p

er
p
ar

am
et

er
s.

M
or

eo
ve

r,
th

e
sc

al
in

g
in

d
u
ce

d
b
y

on
li
n
e

in
fe

re
n
ce

ca
n

b
e

co
n
si

d
er

ed
to

b
e

p
ar

t
of
g
(t

)
ac

co
rd

in
g

to
L

em
m

a
2,

in
w

h
ic

h
ca

se
th

e
n
or

m
b

ou
n
d

ca
n

b
e

ad
a
p
te

d
a
cc

o
rd

-
in

gl
y.

In
p
ra

ct
ic

e,
on

li
n
e

in
fe

re
n
ce

im
p
ro

ve
s

p
er

fo
rm

an
ce

d
ra

st
ic

a
ll
y,

a
s

it
is

o
ft

en
d
iffi

cu
lt

to
sp

ec
if

y
an

ap
p
ro

p
ri

at
e

re
la

ti
ve

in
it

ia
l

sc
al

in
g

of
th

e
le

n
gt

h
sc

al
es
θ 0

.
In

m
or

e
th

an
on

e
d
im

en
si

on
,
d
>

1,
th

er
e

a
re

m
u
lt

ip
le

w
ay

s
th

at
M

A
P

es
ti

m
a
ti

o
n

ca
n

b
e

co
m

b
in

ed
w

it
h

th
e

th
eo

re
ti

ca
l

re
su

lt
s

of
th

e
p
ap

er
.

T
h
e

si
m

p
le

st
on

e
is

to
en

fo
rc

e
a
n

u
p
p

er
b

ou
n
d

on
th

e
le

n
gt

h
sc

al
es

b
as

ed
on

g
(t

),

θ t
=

m
in

(θ
M

A
P

t
,
θ 0
/
g
(t

))
,

(1
7
)

w
h
er

e
th

e
m

in
is

ta
ke

n
el

em
en

tw
is

e.
T

h
is

ch
oi

ce
is

si
m

il
ar

to
th

e
on

e
b
y

W
a
n
g

et
a
l.

(2
01

6)
.

If
al

l
en

tr
ie

s
of
θ 0

h
av

e
th

e
sa

m
e

m
a
gn

it
u
d
e,

th
is

sc
al

in
g

ca
n

b
e

u
n
d
er

st
o
o
d

a
s

en
co

u
ra

gi
n
g

ad
d
it

io
n
al

ex
p
lo

ra
ti

on
in

th
e

sm
o
ot

h
es

t
d
ir

ec
ti

on
of

th
e

in
p
u
t

sp
a
ce

fi
rs

t.
T

h
is

of
te

n
m

ak
es

se
n
se

,
si

n
ce

M
A

P
es

ti
m

at
es

te
n
d

to
as

su
m

e
fu

n
ct

io
n
s

th
at

ar
e

to
o

sm
o
o
th

,
se

e
F

ig
.

1.
H

ow
ev

er
,

it
ca

n
b

e
u
n
d
es

ir
ab

le
in

th
e

ca
se

w
h
en

th
e

tr
u
e

fu
n
ct

io
n

o
n
ly

d
ep

en
d
s

on
a

su
b
se

t
of

th
e

in
p
u
ts

.
In

th
es

e
ca

se
s,

th
e

M
A

P
es

ti
m

at
e

w
ou

ld
co

rr
ec

tl
y

el
im

in
a
te

th
es

e
in

p
u
ts

fr
om

th
e

in
p
u
t

sp
ac

e
b
y

as
si

gn
in

g
lo

n
g

le
n
gt

h
sc

al
es

,
b
u
t

th
e

sc
al

in
g

in
(1

7
)

w
o
u
ld

en
co

u
ra

ge
ad

d
it

io
n
al

ex
p
lo

ra
ti

on
in

th
es

e
d
ir

ec
ti

on
s

fi
rs

t.
N

ot
e

th
at

ev
en

tu
a
ll
y

ex
p
lo

ri
n
g

th
e

en
ti

re
in

p
u
t

sp
ac

e
is

u
n
av

oi
d
ab

le
to

av
oi

d
ge

tt
in

g
st

u
ck

in
lo

ca
l

op
ti

m
a

(B
u
ll
,

2
0
1
1
).

A
n

al
te

rn
at

iv
e

ap
p
ro

ac
h

is
to

in
st

ea
d

sc
al

e
d
ow

n
th

e
M

A
P

es
ti

m
at

e
d
ir

ec
tl

y,

θ t
=
θM

A
P

t
/

m
ax

(g
(t

),
1)
.

(1
8
)

T
h
is

sc
al

in
g

ca
n

b
e

u
n
d
er

st
o
o
d

as
ev

en
ly

en
co

u
ra

gi
n
g

ad
d
it

io
n
al

ex
p
lo

ra
ti

on
in

a
ll

d
ir

ec
ti

o
n
s.

W
h
il
e

(1
8)

al
so

ex
p
lo

re
s

in
d
ir

ec
ti

on
s

th
at

h
av

e
b

ee
n

el
im

in
at

ed
b
y

th
e

M
A

P
es

ti
m

a
te

,
u
n
li
ke

(1
7)

it
si

m
u
lt

an
eo

u
sl

y
ex

p
lo

re
s

al
l

d
ir

ec
ti

on
s

re
la

ti
ve

to
th

e
M

A
P

es
ti

m
a
te

.
F

ro
m

a
th

eo
re

ti
ca

l
p

oi
n
t

of
v
ie

w
,

th
e

ch
oi

ce
of

ex
p
lo

ra
ti

on
st

ra
te

gy
d
o
es

n
ot

m
at

te
r,

a
s

in
th

e
li
m

it
as
t
→
∞

al
l

le
n
gt

h
sc

al
es

ap
p
ro

ac
h

ze
ro

.
In

th
e

on
e-

d
im

en
si

on
al

ca
se

,
th

e
tw

o
st

ra
te

g
ie

s
ar

e
eq

u
iv

al
en

t.
B

ot
h

st
ra

te
gi

es
u
se

th
e

M
A

P
le

n
gt

h
sc

al
es

fo
r

B
O

in
th

e
n
o
m

in
a
l

ca
se

,
b
u
t

th
e
g
(t

)
fa

ct
or

ev
en

tu
al

ly
sc

al
es

d
ow

n
th

e
le

n
gt

h
sc

al
es

fu
rt

h
er

.
T

h
is

en
su

re
s

th
a
t

o
u
r

m
et

h
o
d

on
ly

im
p
ro

v
es

on
th

e
em

p
ir

ic
al

p
er

fo
rm

an
ce

of
B

O
w

it
h

M
A

P
es

ti
m

a
ti

o
n
.

In
p
ra

ct
ic

e,
m

ax
im

u
m

li
ke

li
h
o
o
d

es
ti

m
at

es
fo

r
th

e
in

p
u
ts

ar
e

of
te

n
go

o
d

en
o
u
g
h

w
h
en

th
e

u
n
d
er

ly
in

g
fu

n
ct

io
n

re
se

m
b
le

s
a

sa
m

p
le

fr
o
m

a
G

P
.

T
h
u
s,

th
e

ap
p
ro

ac
h

p
re

se
n
te

d
in
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U
n
k
n
o
w
n
H
y
p
e
r
pa

r
a
m
e
t
e
r
s

th
is

p
a
p

er
is

m
ost

relevan
t

w
h
en

th
e

u
n
d
erly

in
g

fu
n
ction

h
as

som
e

‘n
on

station
arity

’.
In

th
e

litera
tu

re,
oth

er
ap

p
roach

es
to

d
eal

w
ith

n
on

station
arity

h
ave

b
een

p
rop

osed
.

F
or

ex
a
m

p
le,

S
n
o
ek

et
al.

(2013)
scale

th
e

in
p
u
t

in
p
u
ts

th
rou

gh
a

b
eta

fu
n
ction

an
d

in
fer

its
h
y
p

erp
a
ra

m
eters

on
lin

e.
O

u
r

ap
p
roach

can
easily

b
e

com
b
in

ed
w

ith
an

y
su

ch
m

eth
o
d
,

as
it

w
o
rk

s
o
n

to
p

of
an

y
estim

ate
p
rov

id
ed

b
y

th
e

u
n
d
erly

in
g

in
feren

ce
sch

em
e.

M
oreov

er,
in

h
ig

h
-d

im
en

sion
al

sp
aces

on
e

can
com

b
in

e
ou

r
algorith

m
w

ith
m

eth
o
d
s

to
a
u
tom

atically
id

en
tify

a
low

-d
im

en
sion

al
su

b
sp

ace
ofD

(D
jolon

ga
et

al.,
2013;

W
an

g
et

al.,
2016).

In
th

is
p
a
p

er,
w

e
h
ave

con
sid

ered
th

e
kern

el
to

b
e

fi
x
ed

,
an

d
on

ly
a
d
ap

ted
th

e
len

gth
-

sca
les

a
n
d

n
o
rm

b
ou

n
d
.

H
ow

ever,
o
ften

th
e

kern
el

stru
ctu

re
itself

is
a

critical
h
y
p

erp
aram

-
eter

(D
u
ven

a
u
d

et
al.,

2011).
T

h
e

strategy
p
resen

ted
in

th
is

p
ap

er
cou

ld
b

e
u
sed

to
ad

d
ro

u
g
h
er

kern
els

over
tim

e
or,

for
ex

am
p
le,

to
ad

ap
t

th
e
ν

in
p
u
t

of
th

e
M

atérn
k
ern

el,
w

h
ich

d
eterm

in
es

its
rou

gh
n
ess.

C
o
n

fi
d

e
n

c
e

in
te

rv
a
ls

E
m

p
irically,

β
t

is
often

set
to

a
con

stan
t

rath
er

th
an

u
sin

g
th

e
th

eo
retica

l
b

o
u
n
d
s

in
L

em
m

a
1,

w
h
ich

lead
s

to
(p

oin
t-w

ise)
con

fi
d
en

ce
in

tervals
w

h
en

f
is

sa
m

p
led

from
a

G
P

m
o
d
el.

In
p
articu

lar,
ty

p
ically

m
easu

rem
en

t
d
ata

is
stan

d
ard

ized
to

b
e

zero
m

ea
n

a
n
d

u
n
it

varian
ce

an
d
β
t

is
set

to
tw

o
or

th
ree.

T
h
is

often
w

ork
s

w
ell

in
p
ra

ctice,
b
u
t

d
o
es

n
ot

p
rov

id
e

an
y

gu
aran

tees.
H

ow
ever,

if
on

e
w

ere
to

b
elieve

th
e

resu
ltin

g
co

n
fi
d
en

ce
b

o
u
n
d
s,

ou
r

m
eth

o
d

can
b

e
u
sed

to
av

oid
gettin

g
stu

ck
in

lo
cal

op
tim

a,
to

o.
In

th
is

ca
se

o
n

ca
n

set
h

(t)
=
g
(t)

an
d

ap
p
ly

ou
r

m
eth

o
d

as
b

efore.

G
e
n

e
ra

l
d

isc
u

ssio
n

K
n
ow

in
g

h
ow

th
e

sam
p
le

com
p
lex

ity
of

th
e

u
n
d
erly

in
g

B
O

algorith
m

d
ep

en
d
s

o
n

th
e

len
gth

scales
also

h
as

im
p
lication

s
in

p
ractice.

F
or

ex
a
m

p
le,

W
an

g
et

al.
(2

0
1
6
)

a
n
d

W
a
b

ersich
an

d
T

ou
ssain

t
(2016

)
su

ggest
to

scale
d
ow

n
th

e
len

gth
scales

b
y

a
fa

cto
r

o
f

2
a
n
d

rou
gh

ly
1.1,

resp
ectively,

alth
ou

gh
n
ot

at
every

itera
tion

.
A

s
sh

ow
n

in
S
ec.

4,
th

is
sca

les
th

e
regret

b
ou

n
d

b
y

a
factor

of
g
d,

w
h
ich

q
u
ick

ly
grow

s
w

ith
th

e
n
u
m

b
er

of
d
im

en
sio

n
s.

E
x
p

on
en

tiatin
g

th
eir

factors
w

ith
1
/d

is
likely

to
m

ake
th

eir
ap

p
roach

es
m

ore
ro

b
u
st

w
h
en

B
O

is
u
sed

in
h
igh

-d
im

en
sion

al
in

p
u
t

sp
acesD

.

L
a
stly,

in
a

com
p
arison

of
m

u
ltip

le
B

O
algorith

m
s

(acq
u
isition

fu
n
ction

s)
on

a
rob

otic
p
la

tfo
rm

,
C

a
lan

d
ra

et
al.

(2014)
con

clu
d
e

th
at

th
e
G
P
-U

C
B

algorith
m

sh
ow

s
th

e
b

est
em

p
irica

l
p

erfo
rm

an
ce

for
th

eir
p
rob

lem
.

T
h
ey

u
se

th
e

th
eoretical

version
of

th
e

algorith
m

b
y

S
rin

iva
s

et
a
l.

(2012),
in

w
h
ich

β
t

grow
s

w
ith

a
n

ad
d
ition

al
factor

ofO
( √

log
(t 2))

relativ
e

to
L

em
m

a
1
.

In
ou

r
fram

ew
ork

w
ith

th
e

b
ou

n
d
s

in
L

em
m

a
1,

th
is

is
eq

u
ivalen

t
to

scalin
g

u
p

th
e

in
itia

l
g
u
ess

for
th

e
R

K
H

S
n
orm

b
ou

n
d

for
f

b
y

th
e

sam
e

fa
ctor

at
every

iteratio
n
,

w
h
ich

in
creases

th
e

fu
n
ction

class
con

sid
ered

b
y

th
e

algorith
m

over
tim

e.
W

e
con

jectu
re

th
a
t

th
is

in
crea

se
of

th
e

fu
n
ction

class
over

tim
e

is
p
rob

ab
ly

resp
on

sib
le

for
p
u
sh

in
g

th
e

M
A

P
estim

a
te

of
th

e
len

gth
scales

ou
t

of
th

e
lo

cal
m

in
im

a,
w

h
ich

in
tu

rn
led

to
b

etter
em

p
irica

l
p

erfo
rm

an
ce.

5
.
E
x
p
e
rim

e
n
ts

In
th

is
sectio

n
,

w
e

evalu
ate

ou
r

p
rop

osed
m

eth
o
d

on
several

b
en

ch
m

ark
p
rob

lem
s.

A
s

b
a
selin

es,
w

e
con

sid
er

algorith
m

s
b
ased

on
th

e
U
C
B

acq
u
isition

fu
n
ctio

n
.

W
e

sp
ecify

a
stro

n
g

g
a
m

m
a

p
rior

th
at

en
cou

rages
sh

ort
len

gth
scales,

an
d

con
sid

er
b

oth
m

ax
im

u
m

a
p

o
sterio

ri
(M

A
P

)
p

oin
t-estim

ates
of

th
e

h
y
p

erp
aram

eters
an

d
a

H
am

ilton
ian

M
on

te
C

arlo
(H

M
C

)
a
p
p
ro

a
ch

th
at

sam
p
les

from
th

e
p

osterior
d
istrib

u
tion

of
th

e
h
y
p

erp
aram

eters
an

d
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B
e
r
k
e
n
k
a
m
p
,
S
c
h
o
e
l
l
ig

a
n
d

K
r
a
u
se

0
50

100
150

200
iteration

0.0

0.5

1.0

1.5

Simple regret

(18),
m

in
(κ
,σ

t )

(16),
t 0.9

(18),
t 0.9

optG
P-U

C
B

hm
c

(a)
S
im

p
le

reg
ret.

0
50

100
150

200
iteration

0 20 40 60 80

100

Cumulative regret

(b
)

C
u
m

u
lativ

e
regret.

0
50

100
150

200
iteration

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Scaling g(t)

(c)
S
calin

g
g
(t).

F
igu

re
4:

M
ean

an
d

stan
d
ard

d
ev

iation
of

th
e

em
p
irical

sim
p
le

an
d

cu
m

u
lative

regret
over

ten
d
iff

eren
t

ran
d
om

in
itialization

s
for

th
e

fu
n
ction

in
F

ig.
2.

T
h
e

H
M

C
b
aselin

e
(red

)
gets

stu
ck

in
a

lo
cal

op
tim

u
m

an
d

ob
tain

s
con

stan
t

regret
in

F
ig.

4a.
G
P
-U

C
B

w
ith

th
e

tru
e

h
y
p

erp
aram

eters
(gray

d
ash

ed
)

ob
ta

in
s

th
e

low
est

cu
m

u
lative

regret
in

F
ig.

4b
.

H
ow

ev
er,

ou
r

m
eth

o
d
s

(oran
ge/b

lu
e)

in
crease

th
e

fu
n
ction

class
over

tim
e,

see
F

ig.
4c,

an
d

th
u
s

ob
tain

su
b
lin

ear
regret

w
ith

ou
t

k
n
ow

in
g

th
e

tru
e

h
y
p

erp
aram

eters.

m
argin

alizes
th

em
ou

t.
U

n
less

oth
erw

ise
sp

ecifi
ed

,
th

e
in

itial
len

gth
scales

are
set

to
θ

0
=

1
,

th
e

in
itial

n
orm

b
ou

n
d

is
B

0
=

2,
th

e
con

fi
d
en

ce
b

ou
n
d
s

h
old

w
ith

p
rob

ab
ility

at
least

δ
=

0
.9,

an
d

th
e

trad
eoff

factor
b

etw
een

b(t)
an

d
g
(t)

is
λ

=
0.1.

W
e

follow
sev

eral
b

est-p
ractices

in
B

O
to

en
su

re
a

fair
com

p
arison

w
ith

th
e

b
aselin

es.
W

e
rescale

th
e

in
p
u
t

sp
ace
D

to
th

e
u
n
it

h
y
p

ercu
b

e
in

ord
er

to
en

su
re

th
at

b
oth

th
e

in
itial

len
gth

scales
an

d
th

e
p
rior

over
len

gth
scales

are
reason

ab
le

for
d
iff

eren
t

p
rob

lem
s.

A
s

is
com

m
on

in
p
ractice,

th
e

com
p
arison

b
aselin

es
u
se

th
e

em
p
irical

con
fi
d
en

ce
in

tervals
su

ggested
in

S
ec.

4.2,
in

stead
of

th
e

th
eoretical

b
ou

n
d
s

in
L

em
m

a
1

th
at

are
u
sed

for
ou

r
m

eth
o
d
.

L
astly,

w
e

in
itialize

all
G

P
s

w
ith

2
d

m
easu

rem
en

ts
th

at
are

collected
u
n
iform

ly
at

ran
d
om

w
ith

in
th

e
d
om

ain
D

.
T

o
m

easu
re

p
erform

an
ce,

w
e

u
se

th
e

cu
m

u
lative

regret
th

at
h
as

b
een

th
e

m
ain

fo
cu

s
of

th
is

p
ap

er.
In

a
d
d
ition

,
w

e
evalu

ate
th

e
d
iff

eren
t

m
eth

o
d
s

in
term

s
of

sim
p
le

regret,
w

h
ich

is
th

e
regret

of
th

e
b

est
in

p
u
ts

evalu
ated

so
far,

m
ax

x∈D
f

(x
)−

m
ax

t ′<
=
t f

(x
t ′).

T
h
is

m
etric

is
relevan

t
w

h
en

costs
d
u
rin

g
ex

p
erim

en
ts

d
o

n
ot

m
atter

an
d

B
O

is
on

ly
u
sed

to
d
eterm

in
e

h
igh

-q
u
ality

in
p
u
ts

b
y

th
e

en
d

of
th

e
op

tim
ization

p
ro

ced
u
re.

5
.1

.
S

y
n
th

e
tic

E
x
p

e
rim

e
n
ts

E
x
a
m

p
le

fu
n

c
tio

n
W

e
fi
rst

evalu
ate

all
p
rop

osed
m

eth
o
d
s

on
th

e
ex

am
p
le

fu
n
ction

in
F

ig.
2,

w
h
ich

lives
in

sid
e

th
e

R
K

H
S

asso
ciated

w
ith

a
G

au
ssian

kern
el

w
ith

θ
=

0
.1

an
d

h
as

n
orm

‖
f‖

k
θ

=
2.

W
e

evalu
ate

o
u
r

p
rop

osed
m

eth
o
d

for
th

e
su

b
lin

ear
referen

ce
fu

n
ction

p
(t)

=
t 0
.9

togeth
er

w
ith

m
ax

im
u
m

a
p

osteriori
h
y
p

erp
aram

eter
estim

ation
.

W
e

com
p
are

again
st

b
oth

G
P
-U

C
B

w
ith

th
e

fi
x
ed

,
correct

h
y
p

erp
aram

eters
an

d
H

M
C

h
y
p

er-
p
aram

eter
estim

ation
.

A
d
d
ition

ally,
w

e
con

sid
er

a
m

o
d
ifi

ed
varian

t
of

th
e

m
eth

o
d

su
ggested

b
y

W
an

g
an

d
d
e

F
reitas

(2014),
see

S
ec.

4.1.
R

a
th

er
th

an
scalin

g
th

e
len

gth
scales

b
y

a
fi
x
ed

con
stan

t,
w

e
con

d
u
ct

a
lin

e
search

to
fi
n
d

th
e

sm
allest

p
ossib

le
scalin

g
factor

th
at

ren
-
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U
n
k
n
o
w
n
H
y
p
e
r
pa

r
a
m
e
t
e
r
s

0
50

10
0

15
0

20
0

ite
ra

tio
n

0.
0

0.
5

1.
0

1.
5

Simpleregret

(1
6)

,B
0

=
0.

25
,

θ 0
=

1.
0,

t0.
9

(1
8)

,B
0

=
0.

25
,

θ 0
=

1.
0,

t0.
9

B
=

0.
25

,θ
=

0.
1

op
t-

B
=

4.
0,

θ
=

0.
1

(a
)

S
im

p
le

re
g
re

t.

0
50

10
0

15
0

20
0

ite
ra

tio
n

02040608010
0

Cumulativeregret

(b
)

C
u
m

u
la

ti
v
e

re
gr

et
.

F
ig

u
re

5:
S
im

p
le

an
d

cu
m

u
la

ti
ve

re
gr

et
ov

er
10

ra
n
d
om

se
ed

s
fo

r
sa

m
p
le

s
fr

om
a

G
P

w
it

h
b

ou
n
d
ed

R
K

H
S

n
or

m
.

T
h
e
G
P
-U

C
B

al
go

ri
th

m
w

it
h

m
is

sp
ec

ifi
ed

h
y
p

er
p
ar

am
et

er
s

(m
ag

en
ta

)
fa

il
s

to
co

n
v
er

ge
gi

ve
n

on
ly

a
w

ro
n
g

ch
oi

ce
of
B

0
.

In
co

n
tr

as
t,

ou
r

m
et

h
o
d
s

(b
lu

e/
or

an
ge

)
co

n
v
er

ge
ev

en
th

ou
gh

θ 0
is

m
is

sp
ec

ifi
ed

in
ad

d
it

io
n
.

d
er

s
σ
t(

x
t+

1
)
≥
κ

=
0.

1.
T

h
is

is
th

e
m

os
t

co
n
se

rv
at

iv
e

va
ri

an
t

of
th

e
al

go
ri

th
m

.
N

ot
e

th
at

w
e

d
o

n
ot

k
n
ow

a
lo

w
er

b
ou

n
d

on
th

e
h
y
p

er
p
ar

am
et

er
s

an
d

th
er

ef
or

e
d
o

n
ot

en
fo

rc
e

it
.

T
h
e

re
su

lt
s

of
th

e
ex

p
er

im
en

ts
ar

e
sh

ow
n

in
F

ig
.

4.
T

h
e

si
m

p
le

re
gr

et
p
lo

t
in

F
ig

.
4a

sh
ow

s
th

at
al

l
m

et
h
o
d
s

b
as

ed
on

h
y
p

er
p
ar

am
et

er
ad

ap
ta

ti
on

ev
al

u
at

e
cl

os
e-

to
-o

p
ti

m
al

in
-

p
u
ts

ev
en

tu
al

ly
,
an

d
d
o

so
al

m
os

t
as

q
u
ic

k
ly

as
G
P
-U

C
B

b
as

ed
on

th
e

tr
u
e

h
y
p

er
p
ar

am
et

er
s

(b
la

ck
,
d
as

h
ed

).
H

ow
ev

er
,
th

e
m

et
h
o
d

b
as

ed
on

H
M

C
h
y
p

er
p
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ré

S
ey

farth
,

J
an

P
eters,

an
d

M
arc

P
eter

D
eisen

roth
.

A
n

ex
p

er-
im

en
tal

com
p
arison

of
B

ayesian
op

tim
ization

for
b
ip

ed
al

lo
com

otion
.

In
2
0
1
4

IE
E

E
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

R
o
bo

tics
a
n

d
A

u
to

m
a
tio

n
(IC

R
A

),
p
ages

1951–1958,
2014.

S
ayak

R
ay

C
h
ow

d
h
u
ry

an
d

A
d
itya

G
op

ala
n
.

O
n

k
ern

elized
m

u
lti-arm

ed
b
an

d
its.

In
P

roceed
-

in
gs

o
f

th
e

3
4
th

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
volu

m
e

70
of

P
roceed

in
gs

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
p
ages

844–853
.

P
M

L
R

,
20

17.

A
n
d
reas

C
h
ristm

an
n

an
d

In
go

S
tein

w
art.

S
u

p
po

rt
V

ecto
r

M
a
ch

in
es.

In
form

ation
S
cien

ce
an

d
S
tatistics.

S
p
rin

ger,
N

ew
Y

ork
,

N
Y

,
2008.

J
osip

D
jolon

ga,
A

n
d
reas

K
rau

se,
an

d
V

olkan
C

ev
h
er.

H
igh

-d
im

en
sion

al
G

au
ssian

p
ro

cess
b
an

d
its.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
2
6
,

p
ages

1025–1033,
2013.

A
u
d
rey

D
u
ran

d
,

O
d
alric-A

m
b
ry

m
M

aillard
,

an
d

J
o
elle

P
in

eau
.

S
tream

in
g

kern
el

regression
w

ith
p
rovab

ly
ad

ap
tive

m
ean

,
varian

ce,
an

d
regu

larization
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
19(17):1–34,

2018.

D
av

id
K

.
D

u
ven

au
d
,

H
an

n
es

N
ick

isch
,

an
d

C
arl

E
d
w

ard
R

asm
u
ssen

.
A

d
d
itiv

e
G

au
ssian

p
ro

cesses.
In

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
2
4
,

p
ages

226–234,
2011.

P
eter

F
razier,

W
arren

P
ow

ell,
an

d
S
avas

D
ayan

ik
.

T
h
e

k
n
ow

led
ge-grad

ien
t

p
olicy

for
cor-

related
n
orm

al
b

eliefs.
IN

F
O

R
M

S
J

o
u

rn
a
l

o
n

C
o
m

p
u

tin
g,

21(4):599–613,
2009.

D
an

iel
G

olov
in

,
B

en
jam

in
S
oln

ik
,

S
u
b
h
o
d
eep

M
oitra,

G
reg

K
o
ch

an
sk

i,
J
oh

n
K

arro,
a
n
d

D
.

S
cu

lley.
G

o
o
gle

v
izier:

a
serv

ice
for

b
lack

-b
ox

op
tim

ization
.

In
P

roc.
o
f

th
e

2
3
rd

A
C

M
S

IG
K

D
D

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

K
n

o
w

led
ge

D
isco

very
a
n

d
D

a
ta

M
in

in
g,

K
D

D
’17,

p
ages

1487–1495,
N

ew
Y

ork
,

N
Y

,
U

S
A

,
2017.

A
C

M
.

I.
S
.

G
rad

sh
tĕın
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o
n

,
20

13
.

N
ir

an
ja

n
S
ri

n
iv

as
,

A
n
d
re

as
K

ra
u
se

,
S
h
am

M
.

K
a
ka

d
e,

an
d

M
at

th
ia

s
S
ee

g
er

.
G

a
u
ss

ia
n

p
ro

ce
ss

op
ti

m
iz

at
io

n
in

th
e

b
an

d
it

se
tt

in
g:

n
o

re
gr

et
an

d
ex

p
er

im
en

ta
l

d
es

ig
n
.

IE
E

E
T

ra
n

sa
ct

io
n

s
o
n

In
fo

rm
a
ti

o
n

T
h
eo

ry
,

58
(5

):
32

50
–3

26
5,

20
12

.

V
.
V

ap
n
ik

.
P

ri
n
ci

p
le

s
of

ri
sk

m
in

im
iz

at
io

n
fo

r
le

ar
n
in

g
th

eo
ry

.
In

J
.
E

.
M

o
o
d
y,

S
.
J
.
H

a
n
so

n
,

an
d

R
.
P

.
L

ip
p
m

an
n
,
ed

it
or

s,
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
4
,
p
a
g
es

83
1–

83
8.

M
or

ga
n
-K

au
fm

an
n
,

19
92

.

K
im

P
et

er
W

ab
er

si
ch

an
d

M
ar

c
T

ou
ss

a
in

t.
A

d
va

n
ci

n
g

B
ay

es
ia

n
op

ti
m

iz
at

io
n
:

th
e

m
ix

ed
-

gl
ob

al
-l

o
ca

l
(m

gl
)

k
er

n
el

an
d

le
n
gt

h
-s

ca
le

co
ol

d
ow

n
.

a
rX

iv
:1

6
1
2
.0

3
1
1
7

[c
s,

st
a
t]

,
2
0
1
6
.

Z
i
W

an
g

an
d

S
te

fa
n
ie

J
eg

el
ka

.
M

ax
-v

al
u
e

en
tr

op
y

se
ar

ch
fo

r
effi

ci
en

t
B

ay
es

ia
n

o
p
ti

m
iz

a
ti

o
n
.

In
P

ro
ce

ed
in

gs
o
f

th
e

3
4
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
vo

lu
m

e
7
0

o
f

P
ro

ce
ed

in
gs

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

p
ag

es
36

27
–3

63
5.

P
M

L
R

,
20

17
.

Z
iy

u
W

an
g

an
d

N
an

d
o

d
e

F
re

it
as

.
T

h
eo

re
ti

ca
l

an
al

y
si

s
of

B
ay

es
ia

n
op

ti
m

is
a
ti

o
n

w
it

h
u
n
-

k
n
ow

n
G

au
ss

ia
n

p
ro

ce
ss

h
y
p

er
-p

ar
am

et
er

s.
a
rX

iv
:1

4
0
6
.7

7
5
8

[c
s,

st
a
t]

,
20

1
4
.

Z
iy

u
W

an
g,

F
ra

n
k

H
u
tt

er
,
M

as
ro

u
r

Z
og

h
i,

D
av

id
M

at
h
es

on
,
an

d
N

an
d
o

d
e

F
re

it
a
s.

B
ay

es
ia

n
op

ti
m

iz
at

io
n

in
a

b
il
li
on

d
im

en
si

on
s

v
ia

ra
n
d
om

em
b

ed
d
in

gs
.

J
o
u

rn
a
l

o
f

A
rt

ifi
ci

a
l

In
te

l-
li

ge
n

ce
R

es
ea

rc
h
,

55
:3

61
–3

87
,

20
16

.

A
p
p
e
n
d
ix

A
.
P
ro

o
f
o
f
M

a
in

T
h
e
o
re
m

L
e
m

m
a

3
L

et
f
∈
H
θ t
∗

w
it

h
‖f
‖ θ
t∗
≤
B
t∗

.
T

h
en

,
fo

r
a
n

y
m

o
n

o
to

n
ic

a
ll

y
in

cr
ea

si
n

g
fu

n
c-

ti
o
n

s
g
(t

)
≥

1
a
n

d
b(
t)
≥

1
a
n

d
fo

r
a
ll
t
≥
t∗

:
f
∈
H
θ t

w
it

h
‖f
‖ θ
t
≤
B
t

P
ro

o
f

L
em

m
a

2
to

ge
th

er
w

it
h

m
on

ot
o
n
ic

it
y

of
g

y
ie

ld
s
H
θ t
⊇
H
θ t
∗

so
th

at
f
∈
H
θ t

a
n
d

‖f
‖ θ
t
≤
∏

1
≤
i≤
d

[θ
t∗

] i
[θ
t]
i
‖f
‖ θ
t∗
≤

g
(t

)d

g
(t
∗ )
d
B
t∗

=
g
(t

)d

g
(t
∗ )
d
g
(t
∗ )
d
b(
t∗

)B
0

=
g
(t

)d
b(
t∗

)B
0
≤
B
t

L
e
m

m
a

4
U

n
d
er

th
e

a
ss

u
m

p
ti

o
n

s
o
f

L
em

m
a

1
,

le
t
θ t

be
a

p
re

d
ic

ta
bl

e
se

qu
en

ce
o
f

ke
rn

el
h
yp

er
pa

ra
m

et
er

s
su

ch
th

a
t
‖f
‖ k

θ
t
≤
B
t

a
n

d
le

t
th

e
G

P
p
re

d
ic

ti
o
n

s
µ
t

a
n

d
σ
t

u
se

th
e

p
ri

o
r

co
va

ri
a
n

ce
k
θ t

.
If
β

1
/
2

t
=
B
t
+

4
σ
√
I θ
t
(y
t;
f

)
+

1
+

ln
(1
/δ

),
th

en
|f

(x
)
−
µ
t(

x
)
|≤

β
1
/
2

t
σ
t(

x
)

h
o
ld

s
fo

r
a
ll

x
∈
D

a
n

d
it

er
a
ti

o
n

s
t
≥

0
jo

in
tl

y
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ.

P
ro

o
f

T
h
e

p
ro

of
is

th
e

sa
m

e
as

th
e

on
e

b
y

A
b
b
as

i-
Y

ad
ko

ri
(2

01
2)

;
C

h
ow

d
h
u
ry

a
n
d

G
o
p
a
la

n
(2

01
7)

,
ex

ce
p
t

th
at

th
e

ke
rn

el
is

ti
m

e-
d
ep

en
d
en

t.

2
2
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U
n
k
n
o
w
n
H
y
p
e
r
pa

r
a
m
e
t
e
r
s

W
e

a
re

n
ow

rea
d
y

to
p
rove

th
e

m
ain

resu
lt:

P
ro

o
f

[T
h
eorem

1]
W

e
sp

lit
th

e
regret

b
ou

n
d

in
to

tw
o

term
s,
R
t

=
t0
r
c

+
r
s (t).

In
th

e
in

i-
tia

l
ro

u
n
d
s,

w
h
ere

eith
er
B
t ≤

g
(t)

dB
0

or
m

ax
i [θ]i /

[θ]0
>

1,
th

e
regret

is
triv

ially
b

ou
n
d
ed

b
y
r
t ≤

2‖
f‖∞

≤
2‖f‖

θ
≤
B

.
T

h
u
s
r
c ≤

2
B

.
L

et
t0
∈

(0,∞
]

b
e

th
e

fi
rst

itera
tion

su
ch

th
a
t
f
∈
H
θ
t0

w
ith
‖
f‖

θ
t0
≤
B
t
0 .

F
rom

L
em

m
a

3,
w

e
h
ave

th
at
f
∈
H
θ
t

w
ith
‖
f‖

θ
t ≤

B
t

fo
r

a
ll
t≥

t0 .
T

h
u
s

w
e

can
u
se

L
em

m
a

4
to

con
clu

d
e
|f
−
µ
t (x

)|≤
β

1
/
2

t
σ
t (x

)
for

all
x
∈
D

a
n
d
t≥

t0
jo

in
tly

w
ith

p
rob

ab
ility

at
least

(1−
δ).

W
e

u
se

L
em

m
as

5.2-5.4
in

S
rin

ivas
et

al.
(2

01
2
)

to
co

n
clu

d
e

th
at

th
e

secon
d

stage
h
as

a
regret

b
ou

n
d

of
r

2s (t)≤
C

1 β
t I

(y
t ;f

),
w

h
ich

co
n
clu

d
es

th
e

p
ro

of.

A
p
p
e
n
d
ix

B
.
B
o
u
n
d
o
n
th

e
in
fo
rm

a
tio

n
ca

p
a
city

γ
t

T
h

e
o
re

m
4

(T
h

e
o
re

m
8

in
S

rin
iv

a
s

e
t

a
l.

(2
0
1
2
))

S
u

p
po

se
th

a
t
D
⊂

R
d

is
co

m
pa

ct,
a
n

d
k
(x
,x
′)

is
a

co
va

ria
n

ce
fu

n
ctio

n
fo

r
w

h
ich

th
e

a
d
d
itio

n
a
l

a
ssu

m
p
tio

n
o
f

T
h
eo

rem
2

in
S

rin
iva

s
et

a
l.

(2
0
1
2
)

h
o
ld

.
M

o
reo

ver,
let

B
k (T
∗ )

=
∑

s>
T
∗
λ
s ,

w
h
ere
{λ

s }
is

th
e

o
p
-

era
to

r
spectru

m
o
f
k

w
ith

respect
to

th
e

u
n

ifo
rm

d
istribu

tio
n

o
ver

D
.

P
ick

τ
>

0
,

a
n

d
let

n
T

=
C

4 T
τ(log

T
)

w
ith

C
4

=
2V

(D
)(2
τ

+
1).

T
h
en

,
th

e
fo

llo
w

in
g

bo
u

n
d

h
o
ld

s
tru

e:

γ
T
≤

1
/2

1−
e −

1
m

ax
r∈{

1
,...,T}

T
∗

log (
rn

T

σ
2

)
+
C

4 σ
−

2(1−
rT

)(B
k (T
∗ )T

τ
+

1
+

1)
lo

g
T

+
O

(T
1−

τd
).

(19)

T
h
eorem

4
allow

s
u
s

to
b

ou
n
d
γ
t

th
rou

gh
th

e
op

erator
sp

ectru
m

o
f

th
e

k
ern

el
w

ith
resp

ect
to

th
e

u
n
iform

d
istrib

u
tion

.
W

e
n
ow

con
sid

er
th

is
q
u
an

tity
for

tw
o

sp
ecifi

c
kern

els.

B
.1

.
B

o
u

n
d

s
fo

r
th

e
S

q
u

a
re

d
E

x
p

o
n

e
n
tia

l
K

e
rn

e
l

L
e
m

m
a

5
F

o
r

a
ll
x
∈

[0,x
2m

a
x ]

it
h
o
ld

s
th

a
t

log
(1

+
x

2)≥
lo

g
(1

+
x
2m
a
x
)

x
2m
a
x

x
2

In
th

is
section

,
w

e
u
se

T
h
eorem

4
to

ob
tain

con
crete

b
ou

n
d
s

for
th

e
G

au
ssian

k
ern

el.
F

ro
m

S
eeg

er
et

al.
(2008),

w
e

ob
tain

a
b

ou
n
d

on
th

e
eigen

sp
ectru

m
th

at
is

given
b
y

λ
s ≤

cB
s
1
/
d,

w
h
ere

c
=

√
2
aA
,

b
=

12θ
2t

,
B

=
bA
,

an
d

A
=
a

+
b

+
√
a

2
+

2
a
b.

T
h
e

co
n
sta

n
t
a
>

0
p
aram

eterizes
th

e
d
istrib

u
tion

µ
(x

)∼
N

(0
,(4a

) −
1I
d ).

A
s

a
con

seq
u
en

ce
o
f
θ
t
>

0
,

w
e

h
av

e
th

at
b≥

0,
0
<
B
<

1,
c
>

0,
an

d
A
>

0.
In

th
e

follow
in

g,
w

e
b

ou
n
d

th
e

eig
en

sp
ectru

m
.

T
h
e

step
s

follow
th

e
ou

tlin
e

of
S
eeger

et
al.

(2008),
b
u
t

w
e

p
rov

id
e

m
ore

d
eta

ils
a
n
d

th
e

d
ep

en
d
en

ce
on

th
e

len
gtscales

θ
t

is
m

ad
e

ex
p
licit:

B
k (T
∗ )

=
∑s>
T
∗

λ
s ≤

c
∑s≥
T
∗
+

1

B
s
1
/
d

=
c
∑s≥
T
∗
+

1

ex
p

log
(B

s
1
/
d)

=
c
∑s≥
T
∗
+

1

ex
p
(s

1
/
d

log
B

),

=
c
∑s≥
T
∗
+

1

ex
p
(−
s

1
/
dα

)≤
c ∫

∞T
∗

ex
p
(−
α
s

1
/
d)

d
s,

2
3
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B
e
r
k
e
n
k
a
m
p
,
S
c
h
o
e
l
l
ig

a
n
d

K
r
a
u
se

w
h
ere

α
=
−

log
B

.
N

ow
su

b
stitu

te
s

=
φ

(t)
=

(t/α
)
d.

T
h
en

d
s

=
d
t
d−

1

α
d
t

an
d

B
k (T
∗ )≤

c ∫
∞α
T

1
/
d

∗
ex

p
(−
t) d

t d−
1

α
d
t

=
cd
α
−
dΓ

(d
,α
T

1
/
d

∗
),

w
h
ere

Γ
(d
,β

)
=
∫
∞β
e −

tt d−
1
d
t

=
(d−

1)!e −
β ∑

d−
1

k
=

0
β
k/k

!
for

d
∈
N

as
in

G
rad

sh
tĕın

et
al.

(2007,
(8.352.4)).

T
h
en

,
w

ith
β

=
α
T

1
/
d

∗
,

B
k (T
∗ )≤

cd
α
−
d(d−

1)!e −
β
d−

1
∑k

=
0

β
k/k

!
=
c(d

!)α
−
de −

β
d−

1
∑k

=
0 (k

!) −
1β

k.

B
efore

w
e

b
ou

n
d

th
e

in
form

ation
gain

,
let

u
s

d
eterm

in
e

h
ow

α
−
d

an
d
c

d
ep

en
d

on
th

e
len

gth
scales.

In
p
articu

lar,
w

e
w

an
t

to
q
u
an

tify
th

eir
u
p
p

er
b

o
u
n
d
s

in
term

s
o
f
g
(t).

α
−
d

=
log −

d(1/B
)

=
log −

d (2
θ

2t A )
=

log −
d (

1
+

2
θ

2t a
+

2
θ
t √

a
2

+
aθ
2t )

(20)

≤
log −

d (1
+

2
θ

2t a )≤
(

log
(1

+
2
θ

20 a
)

2
θ

20 a
2
θ

2t a )
−
d

b
y

L
em

m
a

5
(21)

=
O
(
θ −

2
d

t

)
=
O
(
g

2
d(t) )

,
(22)

w
h
ere

(21)
follow

s
from

L
em

m
a

5,
sin

ce
g
(t)≥

1
for

all
t
>

0.
S
im

ila
rly,

c
=


2
a

a
+

1
2
θ
2t

+
√
a

2
+

aθ
2t 

d
/
2≤

(
2
a1

2
θ
2t )

=
(4a

θ
2t )
d
/
2

=
O

(g
(t) −

d).
(23)

A
s

in
S
rin

ivas
et

al.
(2012),

w
e

ch
o
ose

T
∗

=
(log

(T
n
T

)/α
)
d,

so
th

at
β

=
log

(T
n
T

)
a
n
d

th
erefore

d
o
es

n
ot

d
ep

en
d

on
g
t .

P
lu

ggin
g

in
to

(19),
th

e
fi
rst

term
of

(19)
d
om

in
ates

an
d

γ
T

=
O
([log

(T
d
+

1(log
T

)) ]
d
+

1
cα
−
d )

d
/
2

=
O
(

(log
T

)
d
+

1g
(t)

d )
.

(24)

B
.2

.
M

a
té

rn
k
e
rn

e
l

F
ollow

in
g

th
e

p
ro

of
for

T
h
eorem

2
in

th
e

ad
d
en

d
u
m

to
S
eeger

et
al.

(2008),
w

e
h
ave

th
at

λ
(T

)
s
≤
C

(1
+
δ)s −

(2
ν
+
d
)/
d
∀
s≥

s
0 ,

(25)

F
or

th
e

lead
in

g
con

stan
t

w
e

h
ave

C
=
C

(2
ν
+
d
)/
d

3
w

ith
α

=
2
π
θ
t

√
2
ν

.
H

id
in

g
term

s
th

at
d
o

n
ot

d
ep

en
d

on
α

an
d

th
erefore

g
(t),

w
e

h
ave

C
t (α

,ν
)

=
Γ

(ν
+
d
/2)

π
d
/
2Γ

(ν
)
α
d

=
O

(g
(t) −

d)
c

1
=

1

(2π
)
dC

t (α
,ν

)
=
O

(g
(t)

d)

C
2

=
α
−
d

2
dπ

d
/
2Γ

(d
/
2)

=
O

(g
(t)

d)
C

3
=
C

2
2
C̃d
c
−
d

2
ν
+
d

1
=
O

(g
(t)

dg
(t)

−
d
2

2
ν
+
d
)

=
O

(g
(t)

d),

so
th

at
C

=
O

(g
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q
u
id

es
an

d
D

e
M

án
ta

ra
s

(2
00

5)
h
av

e
sh

ow
n
.

L
ac

os
te

et
al

.
(2

01
4)

p
ro

p
os

ed
th

e
ag

n
os

ti
c

B
ay

es
ia

n
le

ar
n
in

g
of

en
se

m
b
le

s,
w

h
er

e
th

ey
p
ro

d
u
ce

d
en

se
m

b
le

s
of

p
re

d
ic

to
rs

b
as

ed
on

h
ol

d
ou

t
es

ti
m

at
io

n
s

of
th

ei
r

ge
n
er

a
li
za

ti
o
n

p
er

-
fo

rm
an

ce
s.

T
h
ei

r
id

ea
s

ar
e

b
as

ed
on

th
e

in
d
u
ct

iv
e

le
ar

n
in

g
p
ar

ad
ig

m
an

d
th

ey
u
se

B
ay

es
ia

n
tr

ea
tm

en
t

to
fi
n
d

th
e

p
os

te
ri

or
p
ro

b
ab

il
it

y
of

ea
ch

h
y
p

o
th

es
is

b
ei

n
g

th
e

b
es

t.
T

h
ey

d
efi

n
ed

th
e

ri
sk

of
ea

ch
h
y
p

ot
h
es

is
as

it
s

ex
p

ec
te

d
lo

ss
an

d
ex

am
in

ed
va

ri
ou

s
p
ri

or
s

ov
er

th
e

jo
in

t
ri

sk
.

T
h
e

in
p
u
ts

to
th

e
m

o
d
el

ca
n

b
e

p
ro

b
a
b
il
is

ti
c

an
d

th
ey

ac
co

u
n
t

fo
r

co
rr

el
a
ti

o
n
s

b
et

w
ee

n
in

p
u
ts

.
A

gn
os

ti
c

B
ay

es
d
iff

er
s

fr
om

IB
C

C
,
it

s
ex

te
n
si

on
s,

an
d

su
p
ra

-B
ay

es
ia

n
m

et
h
o
d
s,

a
s

it
fo

cu
se

s
on

fi
n
d
in

g
th

e
b

es
t

p
er

fo
rm

in
g

m
o
d
el

s
an

d
w

ei
gh

ti
n
g

th
em

ac
co

rd
in

g
ly

,
a
s

o
p
p

o
se

d
to

re
ly

in
g

on
fi
n
d
in

g
a

la
te

n
t

st
ru

ct
u
re

of
th

e
p
re

d
ic

ti
on

s.
W

e
p
ro

p
os

e
a

n
ew

m
o
d
el

b
as

ed
on

th
e

IB
C

C
th

at
is

ab
le

to
co

m
b
in

e
p
ro

b
a
b
il
is

ti
c

p
re

d
ic

-
ti

on
s

b
y

le
ar

n
in

g
th

e
la

te
n
t

st
ru

ct
u
re

o
f

th
e

so
u
rc

es
.

W
e

ex
te

n
d

th
e

IB
C

C
to

p
ro

b
a
b
il
is

ti
c

p
re

d
ic

ti
on

s
w

it
h

a
ch

an
ge

of
th

e
m

o
d
el

’s
d
is

tr
ib

u
ti

on
fo

r
th

e
p
re

d
ic

ti
on

s.
F

ir
st

w
e

tr
a
n
s-

fo
rm

th
e

p
re

d
ic

ti
on

s
w

it
h

th
e

in
ve

rs
e

of
th

e
ad

d
it

iv
e

lo
gi

st
ic

tr
an

sf
or

m
at

io
n

a
n
d

th
en

m
o
d
el

th
em

w
it

h
M

V
N

m
ix

tu
re

s
to

ac
co

u
n
t

fo
r

co
rr

el
at

io
n

ex
p
li
ci

tl
y.

T
h
e

co
rr

el
a
ti

o
n

m
a
tr

ic
es

gr
ow

q
u
ad

ra
ti

ca
ll
y

in
th

e
n
u
m

b
er

of
cl

as
si

fi
er

s
an

d
th

e
n
u
m

b
er

of
cl

as
se

s.
W

e
co

n
st
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B
a
y
e
sia

n
C

o
m

b
in

a
t
io

n
o
f

P
r
o
b
a
b
il

ist
ic

C
l
a
ssif

ie
r
s

th
e

m
o
d
el

w
ith

a
fu

lly
B

ay
esian

fram
ew

ork
an

d
u
se

G
ib

b
s

sam
p
lin

g
(C

a
sella

a
n
d

G
eorge,

1
9
9
2
)

fo
r

p
a
ra

m
eter

in
feren

ce.
S
in

ce
th

e
com

p
lex

ity
of

th
e

m
o
d
el

grow
s

w
ith

th
e

n
u
m

b
er

o
f

cla
ssifi

ers,
w

e
im

p
lem

en
t

a
regu

larization
m

eth
o
d
,

w
h
ich

m
akes

th
e

m
o
d
el

m
o
re

rob
u
st.

O
u
r

m
eth

o
d

ca
n

also
b

e
v
iew

ed
as

an
ex

ten
sion

of
th

e
su

p
ra-B

ayesian
m

eth
o
d
,

w
h
ere

w
e

u
se

m
ix

tu
res

o
f

n
orm

als
as

th
e

likelih
o
o
d

an
d

con
d
ition

th
e

m
ean

s
an

d
covarian

ce
m

atrices
o
n

th
e

tru
e

la
b

el—
in

creasin
g

th
e

m
eth

o
d
’s

fl
ex

ib
ility.

W
e

em
p
irica

lly
evalu

ated
ou

r
m

eth
o
d

on
sev

eral
toy

an
d

real-w
orld

d
a
ta

sets,
an

d
com

-
p
a
red

it
to

rela
ted

m
eth

o
d
s.

T
h
e

resu
lts

on
toy

d
ata

sets
h
igh

ligh
t

th
at

n
on

e
of

th
e

en
-

sem
b
les

w
ork

s
w

ell
for

all
d
ata

sets.
O

verall,
ou

r
m

eth
o
d

com
p
ares

favo
u
rab

ly
to

related
m

eth
o
d
s.

A
d
d
ition

ally,
w

e
p
rov

id
e

a
case

stu
d
y

on
com

b
in

in
g

p
red

iction
s

of
air-p

ollu
tan

t
co

n
cen

tra
tio

n
in

S
loven

ia,
w

h
ere

w
e

sh
ow

th
at

ou
r

m
eth

o
d

is
w

ell
su

ited
fo

r
com

b
in

in
g

m
ach

in
e

lea
rn

in
g

m
o
d
els

w
ith

h
u
m

an
ex

p
ert

p
red

iction
s.

T
h
e

p
a
p

er
is

organ
ized

as
follow

s.
In

S
ection

2
w

e
form

u
late

th
e

p
rob

lem
,

p
resen

t
ou

r
m

ain
m

eth
o
d
o
logical

con
trib

u
tion

,
a
n
d

p
rov

id
e

a
d
escrip

tion
of

related
w

ork
.

W
e

p
resen

t
th

e
d
a
ta

sets,
em

p
irical

resu
lts,

an
d

a
case

stu
d
y

in
S
ection

3.
W

e
d
iscu

ss
th

e
resu

lts
an

d
p
rov

id
e

d
irectio

n
s

for
fu

tu
re

w
ork

in
S
ection

4.

2
.

M
e
th

o
d
s

L
et
{ti }

ni=
1

b
e

ou
r

d
ata

set
of

n
ob

servation
s

th
at

can
take

on
e

of
m

d
iff

eren
t

valu
es

ti
∈
{1,...,m

}.
A

d
d
ition

ally,
w

e
h
ave

r
sou

rces
of

p
rob

ab
ilistic

p
red

iction
s

an
d
,

for

ea
ch

so
u
rce,

a
p
rob

ab
ilistic

p
red

ictio
n

for
each

ob
servation

{
p

(1
)

i
,...,p

(r
)

i
}
ni=

1 ,
w

h
ere

p
(k

)
i

=
[p

(k
)

i1
···

p
(k

)
im

]
T

is
th

e
k−

th
sou

rce’s
p
red

iction
for

th
e
i−

th
ob

servation
.

T
h
e

ta
sk

is
to

learn
h
ow

to
com

b
in

e
in

d
iv

id
u
al

sou
rces

in
to

m
ore

accu
rate

p
rob

ab
ilistic

p
red

iction
s,

so
th

at
w

e
are

ab
le

to
p
ro

d
u
ce

p
rob

ab
ilistic

p
red

iction
s{
p̂
i }
n

+
n
∗

i=
1

for
n

ob
served

a
n
d
n
∗

fu
tu

re/
u
n
ob

served
d
ata,

rep
resen

ted
w

ith
categorical

ran
d
om

variab
les{T

i }
n

+
n
∗

i=
n

+
1 ,

fo
r

w
h
ich

o
n
ly

th
e

sou
rces’

p
red

iction
s{p

(1
)

i
,...,p

(r
)

i
}
n

+
n
∗

i=
n

+
1

are
k
n
ow

n
.

2
.1

.
M

V
N

M
ix

tu
re

C
o
n

d
itio

n
a
l

L
ik

e
lih

o
o
d

M
o
d

e
l

(M
M

)

A
itch

iso
n

(1
9
8
2
)

p
rop

osed
th

e
m

o
d
elin

g
of

correlated
d
a
ta

on
a

sim
p
lex

w
ith

th
e

logit-
n
o
rm

a
l

d
istrib

u
tion

.
T

h
e

d
ata

on
a

sim
p
lex

are
con

sid
ered

as
d
ata

d
raw

n
from

a
M

V
N

d
is-

trib
u
tio

n
,

tra
n
sform

ed
b
y

th
e

ad
d
itive

logistic
tran

sform
ation

.
T

h
is

tran
sform

ation
tran

s-
fo

rm
s

a
vecto

r
x
∈
R
z

in
to

a
v
ector

f
(x

)∈
S
z
+

1,
w

h
ere

S
z
+

1
rep

resen
ts

a
(z

+
1)-d

im
en

sio
n
al

sim
p
lex

.
T

o
m

o
d
el

th
e

correlation
s

b
etw

een
p
rob

ab
ilistic

p
red

ictio
n
s

w
e

fi
rst

tran
sfo

rm
ea

ch
so

u
rce’s

p
red

iction
w

ith
th

e
in

v
erse

of
th

e
ad

d
itive

logistic
tran

sform
ation

.
A

p
p
ly

in
g

it
to

{
p

(1
)

i
,...,p

(r
)

i
}
n

+
n
∗

i=
1

,
w

e
get
{u

(1
)

i
,...,u

(r
)

i
}
n

+
n
∗

i=
1

,
w

h
ere

u
(k

)
i

=
[u

(k
)

i1
···

u
(k

)
i(m
−

1
) ]
T

.
L

et

u
i

=
[u

(1
)T

i
···

u
(r

)T
i

],
b

e
th

e
con

caten
ated

vector
of
u

(k
)

i
s,

w
h
ere

k
=

1
,...,r.

T
h
e

d
i-

m
en

sio
n

o
f
u
i

is
th

en
r(m
−

1),
th

e
n
u
m

b
er

of
sou

rces
tim

es
th

e
n
u
m

b
er

o
f

classes
m

in
u
s

o
n
e.

T
h
en

th
e

vectors
u
i ,

can
b

e
m

o
d
eled

b
y

a
M

V
N

d
istrib

u
tion

,
as

d
escrib

ed
ab

ove.
H

ow
ever,

th
e

tran
sform

ation
d
o
es

n
ot

gu
aran

tee
a

M
V

N
d
istrib

u
tion

o
f
u
i

an
d

in
p
ractice

m
u
lti-m

o
d
a
l

d
istrib

u
tion

s
can

often
arise.

T
h
erefore

w
e

m
o
d
el

th
e

tran
sform

ed
d
ata

w
ith

M
V

N
m

ix
tu

res
of

d
im

en
sion

r(m
−

1).
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P
ir

š
a
n
d

Š
t
r
u
m

b
e
l
j

O
u
r

gen
erative

m
o
d
el

can
b

e
d
escrib

ed
as

follow
s.

T
h
e

p
rob

ab
ilistic

p
red

iction
s
p

(k
)

i
=

[p
(k

)
i1
···

p
(k

)
im

]
T

are
gen

erated
b
y

ap
p
ly

in
g

th
e

ad
d
itive

logistic
tran

sform
ation

to
realiza-

tion
s

of
M

V
N

m
ix

tu
res,

w
h
ose

p
aram

eters
d
ep

en
d

on
th

e
tru

e
lab

el.
T

h
e

p
rob

ab
ility

for
a

n
ew

ob
servation

to
b

e
in

tru
e

lab
el
j

is
th

en
p
rop

ortion
al

to
th

e
d
en

sity
of

th
e

corresp
on

d
-

in
g

M
V

N
m

ix
tu

re.
T

h
e

tru
e

lab
els
{ti }

ni=
1

an
d
{
T
i }
n

+
n
∗

i=
n

+
1

are
assu

m
ed

to
b

e
gen

erated
b
y

a
categorical

d
istrib

u
tion

w
ith

p
aram

eter
ρ
,

an
d

w
e

set
a

D
irich

let
p
rior

on
ρ
,

sa
m

e
as

N
azáb

al
et

al.
(2016).

T
h
e

m
ix

tu
re

m
em

b
ersh

ip
s
g
i

are
assu

m
ed

to
b

e
gen

erated
b
y

a
categorical

d
istrib

u
tion

of
d
im

en
sion

d
.

F
or

th
e

p
aram

eters
of

M
V

N
d
istrib

u
tion

s
w

e
set

sem
i-con

ju
gate

M
V

N
an

d
in

v
erse-W

ish
art

p
riors.

W
e

w
rite

th
e

likelih
o
o
d

a
n
d

th
e

p
riors

as

u
i |ti

=
j,g

i
=
h
,µ
,Σ
∼
N
r
(m
−

1
) (µ

jh ,Σ
jh ),

(1)

ti |ρ
∼

C
at(ρ

),
(2)

ρ|γ
0 ∼

D
ir(γ

0 ),
(3)

g
i ∼

C
at(τ

0 ),
(4)

µ
jh ∼

N
r
(m
−

1
) (µ

0 ,Σ
0 ),

(5)

Σ
jh ∼

in
v
-W

ish
art(ν

0 ,S
−

1
0

),
(6)

w
h
ere

µ
=
{µ

jh
:
j

=
1,...,m

∧
h

=
1,...,d}

,
Σ

=
{Σ

jh
:
j

=
1,...,m

∧
h

=
1,...,d}

.
F

igu
re

1

sh
ow

s
th

e
p
rop

osed
m

o
d
el

in
p
late

n
otation

.
L

et
vectors

u
i

=
[u

(1
)T

i
···

u
(r

)T
i

]
form

th
e

row
s

of
m

atrix
U

.
O

u
r

goal
is

to
sam

p
le

fro
m

∫
p
(T
,ρ
,g
,µ
,Σ|U

,t)d
ρ

=
p
(T
,g
,µ
,Σ|U

,t).
(7)

T
o

sim
p
lify

th
e

sam
p
lin

g
w

e
m

argin
alize

ov
er
ρ
.

T
h
erefore,

w
e

n
eed

to
sam

p
le
T

,
µ

,
Σ

,
an

d
g
.

In
th

e
rem

ain
d
er

of
th

e
section

w
e

d
erive

fu
ll-con

d
ition

al
d
istrib

u
tion

s
for

th
ese

variab
les

an
d

con
stru

ct
a

G
ib

b
s

sam
p
ler.

W
e

in
fer

th
e

p
aram

eters
µ

,
Σ

,
an

d
g

on
ly

on
th

e
d
ata

w
h
ere

th
e

tru
e

lab
el

is
k
n
ow

n
,

h
ow

ev
er,

th
e

m
eth

o
d

w
ou

ld
also

allow
in

feren
ce

over
u
n
lab

elled
d
ata.

F
irst

w
e

ob
serv

e
th

at
fu

ll-con
d
ition

al
d
istrib

u
tion

s
of
µ

an
d

Σ
are

con
d
itio

n
ally

in
d
e-

p
en

d
en

t
of
ρ

an
d

p
rop

ortion
al

to
th

e
p
ro

d
u
ct

of
likelih

o
o
d

an
d

th
e

resp
ective

p
rior.

L
et

U
(jh

)
b

e
th

e
m

atrix
of

ob
servation

s
w

h
ere

th
e

tru
e

lab
el

is
j

an
d

th
at

b
elon

g
to

th
e
h−

th
m

ix
tu

re.
U

sin
g

th
e

stan
d
ard

form
u
las

for
sem

i-con
ju

ga
te

p
riors

an
d

u
sin

g
E

q
.

(1),
(5),

an
d

(6),
w

e
get

th
e

follow
in

g
fu

ll-con
d
itio

n
als

4
JM

L
R

 20(51):1-18, 2019



B
a
y
e
si

a
n

C
o
m

b
in

a
t
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n
o
f

P
r
o
b
a
b
il

is
t
ic

C
l
a
ss

if
ie

r
s

u
i

t i
g i

i
∈
{1
,.
..
,n

}

Σ
j
h

µ
j
h

j
∈
{1
,.
..
,m

},
h
∈
{1
,.
..
,d
}

ρ

F
ig

u
re

1:
B

ay
es

ia
n

p
la

te
n
ot

at
io

n
fo

r
th

e
p
ro

p
os

ed
m

o
d
el

.
T

h
e

tr
an

sf
or

m
ed

p
re

d
ic

ti
on

s
u
i

fo
r

th
e
i−

th
ob

se
rv

at
io

n
ar

e
as

su
m

ed
to

b
e

ge
n
er

at
ed

co
n
d
it

io
n
al

on
th

e
tr

u
e

la
b

el
t i

=
j

fr
om

th
e

co
rr

es
p

on
d
in

g
M

V
N

d
is

tr
ib

u
ti

on
w

it
h

p
ar

am
et

er
s
µ
jh

an
d

Σ
jh

,
w

h
ic

h
al

so
d
ep

en
d

on
th

e
la

te
n
t

gr
ou

p
g i

=
h

.
T

h
e

tr
u
e

la
b

el
is

d
is

tr
ib

u
te

d
ca

te
go

ri
ca

ll
y

w
it

h
p
ar

am
et

er
ρ
.

P
ri

or
s

ar
e

om
it

te
d

fo
r

b
re

v
it

y.

µ
jh
|U
,t
,ρ
,g
,Σ
∼
N
r
(m
−

1
)(
µ
∗ ,

Σ
∗ )
,

(8
)

Σ
jh
|U
,t
,ρ
,g
,µ
∼

in
v
-W

is
h
ar

t(
ν
∗ ,
S
∗−

1
),

(9
)

µ
∗

=
Σ
∗ (

Σ
−

1
0
µ

0
+
n
jh

Σ
−

1
jh
ū

(j
h

) ),

Σ
∗

=
(Σ
−

1
0

+
n
jh

Σ
−

1
jh

)−
1
,

ν
∗

=
ν 0

+
n
jh
,

S
∗

=
S

0
+

n
j
h

∑ l=
1

(u
(j
h

)
l
−
µ
jh

)(
u

(j
h

)
l
−
µ
jh

)T
,

w
h
er

e
n
jh

is
th

e
n
u
m

b
er

of
tr

u
e

la
b

el
s

eq
u
al

to
j

in
gr

ou
p
h

a
n
d
ū

(j
h

)
ar

e
th

e
co

lu
m

n
m

ea
n
s

of
U

(j
h

) .
T

h
e

m
ix

tu
re

m
em

b
er

sh
ip

va
ri

ab
le
g

is
al

so
co

n
d
it

io
n
al

ly
in

d
ep

en
d
en

t
of
ρ
.

U
si

n
g

E
q
.

(1
)

an
d

(4
),

th
e

fu
ll
-c

on
d
it

io
n
al

of
g

is

p
(g
|U
,t
,ρ
,µ
,Σ

)
∝
p
(U
|g
,t
,ρ
,µ
,Σ

)p
(g
,t
,ρ
,µ
,Σ

)

∝
(

n ∏ i=
1

p
(u
i|g

i,
t i
,ρ
,µ
,Σ

)) p
(g

)

∝
n ∏ i=

1

p
(u
i|g

i,
t i
,µ
,Σ

)p
(g
i)
.

(1
0)

F
or

th
e

p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

on
of

a
n
ew

ob
se

rv
at

io
n
T
i,

w
e

d
o

n
ot

h
av

e
sa

m
p
le

s
o
f
g i

.
T

h
er

ef
or

e
w

e
n
ee

d
to

m
ar

gi
n
al

iz
e

ov
er
g i

.
U

si
n
g

E
q
.

(1
),

(2
),

an
d

(3
),

th
e

fu
ll
-c

on
d
it

io
n
al

fo
r
T

is
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P
ir

š
a
n
d

Š
t
r
u
m

b
e
l
j

p
(T
i

=
j|U

,t
,ρ
,g
,µ
,Σ

)
∝
∫

d ∑ l=
1

p
(T
i

=
j,
g i

=
l,
U
,t
,ρ
,g
,µ
,Σ

)d
ρ

∝
∫

d ∑ l=
1

p
(u
i|T

i
=
j,
g i

=
l,
t,
ρ
,g
,µ
,Σ

)p
(T
i

=
j,
g i

=
l,
t,
ρ
,g
,µ
,Σ

)d
ρ

∝
∫

d ∑ l=
1

p
(u
i|µ

jl
,Σ

jl
)p

(g
i

=
l|T

i
=
j,
g
)p

(T
i

=
j,
t,
ρ
)d
ρ

∝
d ∑ l=
1

p
(u
i|µ

jl
,Σ

jl
)p

(g
i

=
l|T

i
=
j,
g
)

∫
p
(T
i

=
j,
ρ
)p

(t
|ρ

)p
(ρ

)d
ρ
, (1

1
)

w
h
er

e
w

e
in

te
gr

at
e

ov
er

al
l
ρ
∈
S
m

.
T

h
e

in
te

gr
al

in
E

q
.

(1
1)

ca
n

b
e

so
lv

ed
b
y

o
b
se

rv
in

g
th

at
th

e
ex

p
re

ss
io

n
is

th
e

m
u
lt

iv
ar

ia
te

b
et

a
fu

n
ct

io
n
.

S
om

e
al

ge
b
ra

w
it

h
ga

m
m

a
fu

n
ct

io
n
s

le
ad

s
to

(γ
0
j

+
n
j
),

w
h
er

e
n
j

=
∑

n l=
1

I(
t l

=
j)

.
A

d
d
it

io
n
al

ly
le

t
n
g
j
l

=
p
(g
i

=
l|T

i
=
j,
g
)

=
|{
g s

=
l
∧
t s

=
j

:
s

=
1,
..
.,
n
}|
/
|{
t s

=
j

:
s

=
1,
..
.,
n
}|

,
w

h
ic

h
re

p
re

se
n
ts

th
e

p
ro

b
a
b
il
it

y
of

th
e

n
ew

ob
se

rv
at

io
n

b
ei

n
g

in
a

sp
ec

ifi
c

m
ix

tu
re

.
In

se
rt

in
g

th
is

in
to

E
q
.

(1
1
)

a
n
d

u
si

n
g

E
q
.

(8
),

(9
),

an
d

(1
0)

w
e

co
n
st

ru
ct

a
G

ib
b
s

sa
m

p
le

r
fo

r
E

q
.

(7
)

µ
jh
|U
,t
,ρ
,g
,Σ
∼
N
r
(m
−

1
)(
µ
∗ ,

Σ
∗ )
,

Σ
jh
|U
,t
,ρ
,g
,µ
∼

in
v
-W

is
h
ar

t(
ν
∗ ,
S
∗−

1
),

p
(g
i

=
h
|U
,t
i

=
j,
ρ
,µ
,Σ

)
∝
p
(u
i|µ

jh
,Σ

jh
)τ

0
h
,

p
(T
i

=
j|U

,t
,ρ
,g
,µ
,Σ

)
∝

d ∑ l=
1

n
g
j
l
p
(u
i|µ

jl
,Σ

jl
)(
γ

0
j

+
n
j
),

w
h
er

e
w

e
u
se

th
e

co
n
d
it

io
n
al

in
d
ep

en
d
en

ce
of

gr
ou

p
m

em
b

er
sh

ip
s

in
E

q
.

(1
0
)

a
n
d

sa
m

p
le

ea
ch

g i
se

p
ar

at
el

y.
D

u
e

to
an

effi
ci

en
t

gr
ou

p
co

ll
ap

si
n
g

p
ro

p
er

ty
,

th
e

n
u
m

b
er

o
f

m
ix

tu
re

gr
ou

p
s
d

ca
n

b
e

se
t

to
so

m
e

ar
b
it

ra
ry

h
ig

h
n
u
m

b
er

an
d

th
e

m
o
d
el

fi
n
d
s

th
e

su
it

a
b
le

n
u
m

b
er

au
to

m
at

ic
al

ly
.

S
om

e
gr

ou
p
s

te
n
d

to
b

e
cl

os
er

to
ge

th
er

at
th

e
b

eg
in

n
in

g
.

T
h
is

ca
u
se

s
th

e
d
at

a
p

oi
n
ts

to
in

te
rc

h
an

ge
b

et
w

ee
n

gr
ou

p
s

an
d

p
ai

rs
of

gr
ou

p
s

of
te

n
m

er
g
e

in
to

o
n
e,

re
su

lt
in

g
in

fe
w

er
m

ix
tu

re
co

m
p

on
en

ts
.

If
w

e
co

n
st

ra
in

th
e

co
va

ri
an

ce
m

at
ri

ce
s

Σ
to

b
e

d
ia

go
n
al

,
th

e
m

o
d
el

is
st

il
l

a
b
le

to
fi
n
d

m
ix

tu
re

-c
om

p
on

en
ts

w
h
er

e
th

e
co

rr
el

at
io

n
s

ar
e

re
la

ti
ve

ly
lo

w
.

T
h
is

w
ay

th
e

co
rr

el
a
ti

o
n
s

a
re

st
il
l

m
o
d
el

le
d
,

w
h
il
e

th
e

m
et

h
o
d

b
ec

om
es

le
ss

co
m

p
le

x
.

T
h
er

ef
o
re

,
w

e
ca

n
ex

ch
a
n
g
e

so
m

e
fl
ex

ib
il
it

y
fo

r
si

m
p
li
ci

ty
,

w
h
ic

h
re

su
lt

s
in

fa
st

er
in

fe
re

n
ce

(i
n
ve

rs
e

of
th

e
co

va
ri

a
n
ce

m
a
tr

ic
es

b
ec

om
es

tr
iv

ia
l)

,
w

h
il
e

st
il
l
re

m
ai

n
in

g
fl
ex

ib
le

en
ou

gh
to

m
o
d
el

th
e

co
rr

el
at

io
n
s

w
el

l
in

m
o
st

si
tu

at
io

n
s.

W
e

in
cl

u
d
ed

th
is

m
et

h
o
d

in
th

e
em

p
ir

ic
al

ev
al

u
at

io
n

(M
M

-d
ia

g)
.

2
.1

.1
.

R
e
g

u
l
a
r
iz

a
t
io

n

T
o

m
ak

e
th

e
m

et
h
o
d

m
or

e
ro

b
u
st

,
w

e
im

p
le

m
en

te
d

re
gu

la
ri

za
ti

on
b
y

d
is

co
u
n
ti

n
g

in
d
iv

id
u
al

d
im

en
si

on
s

in
tr

an
sf

or
m

ed
ob

se
rv

at
io

n
sp

ac
e
U

.
L

et
λ
∗

b
e

a
ve

ct
or

of
le

n
g
th
r(
m
−

1
)

a
n
d
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B
a
y
e
sia

n
C

o
m

b
in

a
t
io

n
o
f

P
r
o
b
a
b
il

ist
ic

C
l
a
ssif

ie
r
s

λ
∗i ≥

0
.

W
e

m
o
d
ify

E
q
.

(11)
b
y

ch
an

gin
g
p
(u
i |µ

jl ,Σ
jl )

to
p
(u
i |µ

jl ,Σ
jl

+
d
ia

g(λ
∗)).

A
d
d
in

g
a

p
o
sitive

n
u
m

b
er

to
an

elem
en

t
on

th
e

d
iagon

al
in

creases
th

e
varian

ce
of

th
e

d
en

sity,
red

u
cin

g
th

e
va

rian
ce

of
th

e
d
ata

in
th

at
d
im

en
sion

(an
d

th
eir

covarian
ce

w
ith

all
oth

er
d
im

en
sio

n
s).

T
h
is

eff
ectiv

ely
d
ecreases

th
e

d
iff

eren
ces

in
d
en

sity
(b

etw
een

ob
servation

s)
in

th
a
t

d
im

en
sio

n
.

T
h
at

is,
it

red
u
ces

th
e

in
fl
u
en

ce
of

th
a
t

d
im

en
sion

on
th

e
d
istrib

u
tion

of
T
i .

F
o
r

each
G

ib
b
s

iteration
,

th
e
λ
∗

for
th

at
iteration

is
d
eterm

in
ed

b
efore

p
red

ictin
g

for
th

e
u
n
o
b
served

d
ata

T
u
sin

g

p
(λ|U

,t,ρ
,g
,µ
,Σ

)∝
p
(ti

=
j
i |U
,t,ρ

,g
,µ
,Σ
,λ

)p
(λ

),

w
h
ere

j
i

is
th

e
tru

e
class

lab
el

for
ex

am
p
le
i.

In
gen

era
l,

w
e

cou
ld

m
ake

ou
r

p
red

iction
s

b
y

in
teg

ratin
g

over
λ

.
H

ow
ever,

th
e

p
osterior

d
is-

trib
u
tio

n
fo

r
λ

is
in

tractab
le

an
d

in
p
ractice

ty
p
ically

very
d
iffi

cu
lt

to
sam

p
le

from
effi

cien
tly.

F
o
r

th
e

p
u
rp

o
ses

of
th

is
w

ork
,

w
e

u
se

on
ly

th
e

M
A

P
estim

ate

λ
∗

=
arg

m
ax

λ
log

p
(λ

)
+

n
∑i=

1

log
p
(ti

=
j
i |U
,t,ρ

,g
,µ
,Σ
,λ

).

2
.2

.
R

e
la

te
d

W
o
rk

T
o

em
p
irica

lly
evalu

ate
ou

r
m

eth
o
d
,

w
e

also
im

p
lem

en
ted

fou
r

B
ayesian

a
p
p
roach

es
to

co
m

b
in

in
g

cla
ssifi

ers
an

d
th

e
classica

l
lin

ear
op

in
ion

p
o
ol.

2
.2

.1
.

S
u
p
r
a
-B

a
y
e
sia

n

L
in

d
ley

(1
9
8
5
)

p
resen

ted
th

e
su

p
ra-B

ayesian
m

eth
o
d

for
com

b
in

in
g

p
rob

ab
ilistic

p
red

iction
s

o
f

a
ca

teg
orica

l
variab

le
of
r

ex
p

erts.
T

h
e

m
eth

o
d

relies
on

B
ayes’

th
eorem

to
calcu

late
th

e
p

o
sterior

d
istrib

u
tion

of
p
red

iction
s

of
th

e
d
ecision

m
aker,

given
th

e
p
red

iction
s

of
th

e
ex

p
erts.

L
et
A

1 ,A
2 ,...,A

m
b

e
th

e
p

ossib
le

ou
tcom

es
of

th
e

categorical
variab

le
an

d
let

S
1 ,S

2 ,...,S
r

b
e

classifi
ers.

L
et
H

b
e

th
e

d
ecision

m
aker’s

p
rior

p
rob

ab
ility

for
th

e
resp

on
se

a
n
d
q
ij

=
lo

g
(P

r
i (A

j ))
th

e
log-p

rob
ab

ility
assign

ed
to

tru
e

lab
el
A
j

b
y

th
e
i−

th
classifi

er.
T

h
en

th
e

d
ecision

m
aker

u
p

d
ates

h
is

p
rob

ab
ilities

v
ia

th
e

B
ayes’

th
eorem

p
(A

j |Q
,H

)∝
p
(Q
|A

j ,H
)p

(A
j |H

).
(12)

T
o

m
o
d
el

th
e

correlation
s

b
etw

een
given

p
red

iction
s,

L
in

d
ley

p
rop

o
ses

a
M

V
N

d
is-

trib
u
tio

n
for

p
(Q
|A
,H

).
A

d
d
ition

ally,
L

in
d
ley

argu
es

th
at

th
e

classifi
ers’

b
elief

in
th

eir
p
red

ictio
n

is
in

d
ep

en
d
en

t
of

th
e

lab
el

of
th

eir
p
red

iction
,

th
erefore

th
e

M
V

N
d
istrib

u
tion

s
sh

a
re

a
co

m
m

o
n

covarian
ce

m
atrix

b
etw

een
p
red

iction
s

for
d
iff

eren
t

lab
els.

T
h
e

au
th

or
also

p
ro

p
o
ses

th
e

m
o
d
elin

g
of

log-o
d
d
s

in
stead

of
log-p

rob
ab

ilities,
a
s

log-o
d
d
s

are
ex

p
ected

to
b

e
d
istrib

u
ted

n
orm

ally.
W

e
im

p
lem

en
ted

a
M

L
estim

ation
of

th
e

m
u
ltiva

riate
p
aram

eters
fo

r
E

q
.

(1
2),

w
h
ere

th
e

m
atrix

Q
rep

resen
ted

log-o
d
d
s.

N
o
te

th
a
t

th
e

d
escrib

ed
m

eth
o
d

is
th

e
on

e
p
rop

osed
b
y

L
in

d
ley

(1985
)

an
d

th
at

su
p
ra-

B
ayesia

n
m

eth
o
d
s

are
a

very
gen

eral
term

for
com

b
in

ation
m

eth
o
d
s

th
at

rely
o
n

th
e

B
ay

es’
th

eo
rem

.
B

y
selectin

g
th

e
ap

p
rop

riate
likelih

o
o
d
s

w
e

arrive
at

IB
C

C
an

d
(u

n
regu

larized
)

M
M

a
s

sp
ecia

l
cases.
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P
ir

š
a
n
d

Š
t
r
u
m

b
e
l
j

2
.2

.2
.

IB
C

C

IB
C

C
(K

im
an

d
G

h
ah

ram
an

i,
2012)

a
ssu

m
es

th
at

th
e

tru
e

lab
els

t
are

gen
erated

b
y

a

categorical
d
istrib

u
tion

w
ith

p
aram

eter
κ

.
T

h
e

p
red

iction
c

(k
)

i
of

in
d
iv

id
u
al

classifi
er
k

is

also
gen

erated
b
y

a
categorical

d
istrib

u
tion

w
ith

p
aram

eters
π

(k
)

j
for

each
p

ossib
le

va
lu

e
j

of
th

e
tru

e
lab

el.
L

et
ν

b
e

th
e

p
rior

fo
r
κ

an
d
α

(k
)

0
,j

p
rior

for
π

(k
)

j
.

K
im

an
d

G
h
a
h
ram

an
i

ad
d
ition

ally
p
u
t

an
ex

p
on

en
tial

p
rior

on
α

(k
)

0
,j ,

b
u
t

S
im

p
son

(2014)
ob

served
th

at
th

e
m

o
d
el

w
ith

ou
t

th
is

ad
d
ition

al
fl
ex

ib
ility

p
erform

s
com

p
arab

ly
w

ell
an

d
d
erived

th
e

G
ib

b
s

sam
p
ler

for
κ

,
Π

,
an

d
th

e
tru

e
lab

els

p
(κ|t,ν

0 )
=

1

B
(ν

)

m∏j=
1

κ
ν
j

j
,

p
(π

(k
)

j
|t,c,α

(k
)

0
,j )

=
1

B
(α

(k
)

t
i

)

m∏l=
1 (
π

(k
)

j,l )
α
(k

)
j
,l
,

p
(ti

=
j|Π

,κ
,c)∝

κ
j

r
∏k
=

1

π
(k

)

j,c
(k

)
i

,

w
h
ere

ν
j

=
ν

0
,j

+
∑

n
+
n
∗

i=
1
δ(ti −

j)
an

d
α

(k
)

j,l
=
α

(k
)

0
,j,l

+
∑

n
+
n
∗

i=
1
δ(ti −

j)δ(c
(k

)
i
−
l).

2
.2

.3
.

IB
C

C
Q

P
I

T
h
e

IB
C

C
m

eth
o
d

can
b

e
ex

ten
d
ed

to
allow

for
q
u
asi-p

rob
ab

ilistic
in

p
u
ts

(Q
P

I).
P

rob
a-

b
ilistic

classifi
ers

p
rov

id
e

u
s

w
ith

p
rob

ab
ilities

of
each

o
u
tcom

e
p

(k
)

i
=
[p

(k
)

i1
···

p
(k

)
im

]
T

.

F
or

th
e

IB
C

C
to

ex
p
loit

p
rob

ab
ilistic

p
red

iction
s,

w
e

can
fi
rst

take
a

sam
p
le

from
a

categor-

ical
d
istrib

u
tion

w
ith

p
aram

eter
p

(k
)

i
for

each
sou

rce
k
.

T
h
e

categorical
sam

p
les

can
th

en
b

e
rep

resen
ted

as
b
in

ary
vectors,

w
h
ich

are
of

ap
p
rop

riate
form

for
th

e
in

p
u
ts

of
IB

C
C

.
W

e
th

en
take

n
tsa

m
p

su
ch

sam
p
les

an
d

u
se

th
em

to
create

a
n
ew

train
in

g
set

of
size

n
×
n

tsa
m

p .
F

or
p
red

iction
,

w
e

u
se

th
e

sam
e

p
ro

ced
u
re.

W
e

sam
p
le

accord
in

g
to

th
e

sou
rces’

p
rob

a-
b
ilistic

p
red

iction
s.

W
e

retriev
e

th
e

fi
n
al

p
red

iction
as

th
e

average
p
rob

a
b
ilistic

p
red

iction
over

all
sam

p
les.

T
h
is

allow
s

th
e

IB
C

C
to

take
ad

van
tage

of
p
rob

ab
ilistic

p
red

iction
s,

in
stead

of
sim

p
ly

u
sin

g
th

e
class

w
ith

th
e

h
igh

est
p
rob

ab
ility,

as
th

e
sou

rces’
p
red

iction
s.

2
.2

.4
.

A
g

n
o
st

ic
B

a
y
e
s

T
h
e

agn
ostic

B
ayes

ap
p
roach

(L
acoste

et
al.,

201
4)

com
b
in

es
sou

rces
b
ased

on
th

e
p
rob

ab
il-

ity
of

b
ein

g
th

e
best

sou
rce,

w
h
ere

b
est

is
d
efi

n
ed

in
term

s
of

som
e

task
-d

ep
en

d
en

t
m

easu
re.

T
h
e

com
b
in

ed
p
red

iction
is

d
efi

n
ed

as

p̂
i

=
r
∑k

=
1

P
(k
?

=
k|p

,t)p
(k

)
i
,

w
h
ere

P
(k
?

=
k|p

,t)
is

th
e

p
rob

ab
ility

of
sou

rce
k

b
ein

g
th

e
b

est
sou

rce,
given

th
e

availab
le

d
ata

(all
p
red

iction
s
p

an
d

ob
served

valu
es
t).

In
ou

r
case

of
categorical

target
variab

les
an

d
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B
a
y
e
si

a
n

C
o
m

b
in

a
t
io

n
o
f

P
r
o
b
a
b
il

is
t
ic

C
l
a
ss

if
ie

r
s

lo
g-

sc
or

e
p

er
fo

rm
an

ce
m

ea
su

re
,

w
e

ca
n

si
m

p
li
fy
P

(k
?

=
k
|p
,t

)
=
P

(∀
k
′
∈

1.
.r

:
E

[l
(k

) ]
≥

E
[l

(k
′ )

]|l
)

=
P

(k
|l)

,
w

h
er

e
E

[l
(k

) ]
is

th
e
k
−

th
so

u
rc

e’
s

ex
p

ec
te

d
lo

g-
sc

or
e

an
d
l

al
l

th
e

ob
se

rv
ed

lo
g-

sc
or

es
(f

or
th

is
m

o
d
el

,
a

su
ffi

ci
en

t
st

a
ti

st
ic

fo
r
p

a
n
d
t)

.
W

e
d
ra

w
sa

m
p
le

s
fr

om
P

(k
|l)

w
it

h
b

o
ot

st
ra

p
in

fe
re

n
ce

(t
h
is

w
as

sh
ow

n
to

b
e

ve
ry

eff
ec

ti
ve

in
L

ac
os

te
et

al
.

20
14

,
at

le
as

t
as

eff
ec

ti
ve

as
p
la

ci
n
g

p
ri

or
s

ov
er

jo
in

t
ri

sk
an

d
p

er
fo

rm
in

g
B

ay
es

ia
n

in
fe

re
n
ce

).
T

h
at

is
,

w
e

d
ra

w
a

re
p
la

ce
m

en
t

se
t

of
ob

se
rv

at
io

n
s

an
d

co
m

p
u
te

th
e

av
er

ag
e

lo
g-

sc
or

e.
T

h
is

gi
ve

s
u
s

th
e

b
es

t
so

u
rc

e
on

th
is

re
p
la

ce
m

en
t

se
t—

on
e

sa
m

p
le

fr
om

P
(k
|l)

.
T

h
e

p
ro

ce
ss

is
re

p
ea

te
d

fo
r

se
ve

ra
l

it
er

at
io

n
s

to
o
b
ta

in
a

se
t

of
sa

m
p
le

s
th

at
ap

p
ro

x
im

at
e
P

(k
|l)

.

2
.2

.5
.

L
in

e
a
r

O
p
in

io
n

P
o
o
l

(L
O

P
)

T
h
e

li
n
ea

r
op

in
io

n
p

o
ol

(C
o
ok

e
et

al
.,

19
91

)
is

th
e

cl
as

si
ca

l
a
p
p
ro

ac
h

to
co

m
b
in

in
g

p
re

-
d
ic

ti
on

s.
T

h
e

co
m

b
in

ed
p
re

d
ic

ti
on

p̂
i

is
ex

p
re

ss
ed

as
a

li
n
ea

r
co

m
b
in

at
io

n
of

in
d
iv

id
u
al

so
u
rc

es

p̂
i

=
X
iβ
,

w
h
er

e
X
i

=

  p
(r

)
i

p
(r
−

1
)

i
··
·
p

(1
)

i
p

(0
) ·

 
an

d
β

=
[ β
r

β
r
−

1
··
·
β

1
β

0

] T
.

T
h
e

p
ar

am
et

er
s
β
i

an
d
p

(0
) ·

w
er

e
fi
t

b
y

m
ax

im
iz

in
g

th
e

li
ke

li
h
o
o
d
,

su
b

je
ct

to
0
≤
β
i
≤

1,
∑

r i=
0
β
i

=
1,

0
≤
p

(0
)

ij
≤

1,
an

d
∑

m j=
1
p

(0
) ·j

=
1.

W
e

al
so

in
cl

u
d
ed

a
co

m
b
in

at
io

n
of

L
O

P
an

d
M

M
,

w
h
er

e
th

e
p
ro

b
ab

il
is

ti
c

p
re

d
ic

ti
on

s
ob

ta
in

ed
b
y

M
M

ar
e

ad
d
ed

to
th

e
so

u
rc

es
b

ef
or

e
L

O
P

is
ap

p
li
ed

(L
O

P
+

M
M

).

2
.2

.6
.

D
is

c
u
ss

io
n

o
f

R
e
l
a
t
e
d

W
o
r
k

W
e

ca
n

d
iv

id
e

th
e

m
et

h
o
d
s

fo
r

cl
as

si
fi
er

co
m

b
in

at
io

n
in

to
tw

o
gr

ou
p
s.

M
et

h
o
d
s

th
at

ai
m

to
es

ti
m

at
e

th
e

p
er

fo
rm

an
ce

of
ea

ch
cl

as
si

fi
er

an
d

th
en

w
ei

gh
th

ei
r

p
re

d
ic

ti
on

s
b
y

th
ei

r
p

er
-

fo
rm

an
ce

(L
O

P
,

ag
n
os

ti
c-

B
ay

es
,

et
c.

).
A

n
d

m
et

h
o
d
s

th
at

ai
m

to
le

ar
n

th
e

la
te

n
t

st
ru

ct
u
re

of
th

e
cl

as
si

fi
ca

ti
on

s
an

d
th

en
p
ro

v
id

e
p
ro

b
ab

il
is

ti
c

cl
as

si
fi
ca

ti
on

s
(I

B
C

C
an

d
ex

te
n
si

o
n
s,

su
p
ra

-B
ay

es
ia

n
,

et
c.

).
T

h
e

fo
rm

er
ar

e
ex

p
ec

te
d

to
p

er
fo

rm
p

o
or

ly
w

h
en

th
er

e
is

a
la

te
n
t

st
ru

ct
u
re

to
le

ar
n
,

fo
r

ex
am

p
le

,
b
ia

se
d

cl
as

si
fi
er

s
or

sy
st

em
at

ic
er

ro
rs

in
cl

as
si

fi
er

s.
O

n
th

e
ot

h
er

h
an

d
,

th
es

e
m

et
h
o
d
s

h
av

e
an

ad
va

n
ta

ge
th

at
th

ey
ar

e
n
ot

ex
p

ec
te

d
to

p
er

fo
rm

d
is

ce
rn

ib
ly

w
or

se
th

a
n

th
e

b
es

t
so

u
rc

e.
T

h
e

la
tt

er
ar

e
th

e
ex

ac
t

op
p

os
it

e—
th

ey
ca

n
le

ar
n

co
m

p
le

x
la

te
n
t

st
ru

ct
u
re

an
d

p
er

fo
rm

b
et

te
r

th
an

th
e

fi
rs

t
gr

ou
p
,

b
u
t

ca
n

al
so

p
er

fo
rm

ex
tr

em
el

y
p

o
or

ly
,

d
is

ce
rn

ib
ly

w
or

se
th

an
th

e
b

es
t

so
u
rc

e.
In

S
ec

ti
on

3
w

e
p
re

se
n
t

5
to

y
d
at

a
se

ts
,

w
h
ic

h
se

rv
e

to
sh

ow
th

e
d
iff

er
en

ce
s

in
p

er
fo

rm
an

ce
of

th
es

e
gr

ou
p
s,

d
ep

en
d
in

g
on

th
e

st
ru

ct
u
re

of
th

e
d
at

a.
T

h
e

m
ai

n
d
iff

er
en

ce
b

et
w

ee
n

IB
C

C
an

d
ou

r
m

et
h
o
d

(M
M

)
li
es

in
th

e
co

n
d
it

io
n
al

li
ke

li
-

h
o
o
d

fo
r

th
e

tr
u
e

la
b

el
.

IB
C

C
m

o
d
el

s
so

u
rc

es
’

p
re

d
ic

ti
on

s
w

it
h

a
m

u
lt

in
om

ia
l

d
is

tr
ib

u
ti

on
,

w
h
il
e

M
M

as
su

m
es

a
la

te
n
t

sp
ac

e
of

tr
an

sf
or

m
ed

p
re

d
ic

ti
on

s
an

d
m

o
d
el

s
it

w
it

h
m

u
lt

iv
ar

ia
te

n
or

m
al

m
ix

tu
re

s.
T

h
e

ad
va

n
ta

ge
of

th
is

is
th

at
it

al
lo

w
s

u
s

to
m

o
d
el

b
ot

h
p
ro

b
a
b
il
is

ti
c

p
re

-
d
ic

ti
on

s
an

d
co

rr
el

at
io

n
s

b
et

w
ee

n
so

u
rc

es
,

w
h
il
e

th
e

co
m

p
u
ta

ti
on

al
co

m
p
le

x
it

y
is

q
u
ad

ra
ti

c
in

th
e

n
u
m

b
er

of
so

u
rc

es
an

d
ou

tc
om

es
(a

s
o
p
p

os
ed

to
D

B
C

C
,

w
h
er

e
it

is
ex

p
o
n
en

ti
al

).
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 2
0(

51
):

1-
18

, 2
01

9

P
ir

š
a
n
d

Š
t
r
u
m

b
e
l
j

IB
C

C
Q

P
I

is
si

m
il
ar

to
M

M
in

th
a
t

it
is

ab
le

to
ex

p
lo

it
p
ro

b
ab

il
is

ti
c

n
at

u
re

o
f

p
re

d
ic

ti
o
n
s,

h
ow

ev
er

it
d
o
es

n
ot

m
o
d
el

co
rr

el
at

io
n
s.

N
az

áb
al

et
al

.
(2

01
6)

u
se

d
a

D
ir

ic
h
le

t
d
is

tr
ib

u
ti

on
to

m
o
d
el

p
ro

b
ab

il
is

ti
c

o
u
tp

u
ts

o
f

th
e

so
u
rc

es
.

A
si

m
il
ar

(b
u
t

n
ot

eq
u
iv

al
en

t)
m

o
d
el

w
ou

ld
re

su
lt

if
w

e
u
se

d
d
ia

go
n
a
l

co
va

ri
a
n
ce

s
w

it
h
ou

t
m

ix
tu

re
s

in
th

e
p
ro

p
os

ed
M

M
.

T
h
er

ef
or

e
th

e
p
ro

p
os

ed
M

M
im

p
ro

ve
s

o
n

th
e

d
ra

w
-

b
ac

k
s

of
N

az
áb

al
et

al
.

as
it

al
lo

w
s

fo
r

th
e

m
o
d
el

in
g

of
co

rr
el

at
io

n
s

b
et

w
ee

n
so

u
rc

es
,

a
n
d

ad
d
it

io
n
al

ly
ad

d
s

fl
ex

ib
il
it

y
th

ro
u
gh

th
e

u
se

of
m

ix
tu

re
s.

M
M

co
u
ld

al
so

b
e

in
te

rp
re

te
d

as
a

re
gu

la
ri

ze
d

su
p
ra

-B
ay

es
ia

n
m

et
h
o
d

w
it

h
M

V
N

-
m

ix
tu

re
li
ke

li
h
o
o
d
.

T
h
e

m
o
d
el

in
g

of
lo

g-
o
d
d
s

d
es

cr
ib

ed
b
y

L
in

d
le

y
(1

98
5
)

is
eq

u
iv

a
le

n
t

to
th

e
m

o
d
el

in
g

of
th

e
tr

an
sf

or
m

ed
cl

a
ss

ifi
er

s
b
y

M
M

.
A

m
a
jo

r
d
iff

er
en

ce
b

et
w

ee
n

th
e

m
et

h
o
d
s

is
th

at
M

M
d
o
es

n
ot

as
su

m
e

th
e

sa
m

e
co

va
ri

an
ce

s
ov

er
al

l
tr

u
e

la
b

el
s.

F
u
rt

h
er

-
m

or
e,

ea
ch

m
ix

tu
re

co
m

p
on

en
t

h
as

it
s

ow
n

co
va

ri
an

ce
m

at
ri

x
,

w
h
ic

h
fu

rt
h
er

im
p
ro

ve
s

th
e

fl
ex

ib
il
it

y
of

ou
r

m
et

h
o
d
.

3
.

E
m

p
ir

ic
a
l

E
v
a
lu

a
ti

o
n

W
e

em
p
ir

ic
al

ly
ev

al
u
at

ed
an

d
co

m
p
ar

ed
th

e
m

et
h
o
d
s

on
se

ve
ra

l
to

y
an

d
re

a
l-

w
o
rl

d
d
a
ta

se
ts

.
W

e
es

ti
m

at
ed

ou
t-

of
-s

am
p
le

lo
g-

sc
or

e
u
si

n
g

tr
ai

n
-t

es
t

sp
li
ts

.
T

o
co

m
p
a
re

th
e

b
es

t-
p

er
fo

rm
in

g
m

et
h
o
d

w
it

h
th

e
re

st
,

w
e

u
se

d
th

e
d
iff

er
en

ce
s

b
et

w
ee

n
lo

g-
sc

or
es

.
L

et
a

b
e

th
e

ve
ct

or
of

le
n
gt

h
n
t

of
lo

g-
sc

or
es

of
th

e
b

es
t

p
er

fo
rm

in
g

m
et

h
o
d
,
b

th
e

ve
ct

or
o
f

lo
g
-s

co
re

s
of

an
ot

h
er

m
et

h
o
d
,

an
d
d

=
a
−
b.

If ∣ ∣ ∣ ∣1 n
t

n
t

∑ i=
1

d
i∣ ∣ ∣ ∣>

2√
V

A
R

[d
]

n
t

,

w
e

ar
gu

e
th

at
th

er
e

is
a

d
is

ce
rn

ib
le

d
iff

er
en

ce
in

p
er

fo
rm

an
ce

.
D

et
ai

ls
on

h
ow

th
e

d
a
ta

w
er

e
ge

n
er

at
ed

an
d

sp
li
t

ar
e

p
ro

v
id

ed
b

el
ow

.
F

or
IB
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š
a
n
d

Š
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tp
er

fo
rm

ed
b
y

H
ie

ra
rc

h
ic

a
l

S
to

ch
as

ti
c

S
ea

rc
h
in

g
on

th
e

L
in

e
(H

S
S
L

)
(Y

az
id

i
et

al
.,

20
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a)
in

h
ig

h
ly

vo
la

ti
le

n
o
n
-

st
at

io
n
ar

y
en

v
ir

on
m

en
ts

(T
ao

et
al

.,
20

13
).

O
p
ti

m
al

C
om

p
u
ti

n
g

B
u
d
g
et

A
ll
o
ca

ti
o
n

(O
C

B
A

)
h
as

al
so

b
ee

n
ap

p
li
ed

to
S
P

L
(Z

h
an

g
et

al
.,

20
15

)
an

d
p
ro

v
id

es
st

ab
le

so
lu

ti
o
n
s

w
h
il
e

co
n
-

ve
rg

in
g

sl
ig

h
tl

y
sl

ow
er

th
an

A
S
S
.

U
n
fo

rt
u
n
at

el
y,

th
es

e
st

at
e-

of
-t

h
e-

ar
t

sc
h
em

es
fa

il
w

h
en

n
oi

se
in

cr
ea

se
s

b
ey

on
d

a
ce

rt
ai

n
d
eg

re
e,

w
h
ic

h
h
ap

p
en

s
w

h
en

th
e

m
a
jo

ri
ty

of
o
b
ta

in
ed

d
ir

ec
-

ti
on

s
m

is
le

ad
ra

th
er

th
an

gu
id

e.
In

d
ee

d
,

b
y

n
ai

ve
ly

fo
ll
ow

in
g

th
e

d
ir

ec
ti

on
s

p
ro

v
id

ed
u
n
d
er

su
ch

ci
rc

u
m

st
an

ce
s,

on
e

is
sy

st
em

at
ic

al
ly

le
d

aw
ay

fr
om

th
e

op
ti

m
al

p
oi

n
t.

W
e

re
fe

r
to

th
es

e
k
in

d
s

of
p
ro

b
le

m
en

v
ir

on
m

en
ts

as
d
ec

ep
ti

ve
en

v
ir

on
m

en
ts

,
as

op
p

os
ed

to
in

fo
rm

a
ti

ve
on

es
,

w
h
ic

h
ar

e
ex

p
la

in
ed

in
m

or
e

d
et

ai
l

b
el

ow
.

T
o

th
e

b
es

t
of

th
e

au
th

or
s’

k
n
ow

le
d
ge

,
th

e
p
io

n
ee

ri
n
g

C
P

L
-A

d
S

(O
om

m
en

et
a
l.
,

2
0
0
3
)

sc
h
em

e
w

as
th

e
fi
rs

t
k
n
ow

n
ap

p
ro

ac
h

h
an

d
li
n
g

d
ec

ep
ti

ve
S
P

L
en

v
ir

on
m

en
ts

.
C

P
L

-A
d
S

re
li
es

on
tw

o
co

n
se

cu
ti

ve
p
h
as

es
.

In
th

e
fi
rs

t
p
h
as

e,
a

se
q
u
en

ce
of

in
te

ll
ig

en
tl

y
se

le
ct

ed
q
u
es

ti
o
n
s

is
u
se

d
to

cl
as

si
fy

th
e

en
v
ir

on
m

en
t

as
ei

th
er

in
fo

rm
at

iv
e

or
d
ec

ep
ti

ve
.

B
y

sp
en

d
in

g
a

su
ffi

ci
en

t
am

ou
n
t

of
ti

m
e

in
th

is
p
h
as

e,
th

e
cl

as
si

fi
ca

ti
on

ca
n

b
e

m
ad

e
ar

b
it

ra
ri

ly
ac

cu
ra

te
.

In
th

e
se

co
n
d

p
h
as

e,
a

re
gu

la
r

S
P

L
sc

h
em

e
is

ap
p
li
ed

,
ex

ce
p
t

th
at

th
e

d
ir

ec
ti

on
s

o
b
ta

in
ed

a
re

re
ve

rs
ed

if
th

e
p
ro

b
le

m
en

v
ir

on
m

en
t

w
as

cl
as

si
fi
ed

as
d
ec

ep
ti

ve
in

th
e

fi
rs

t
p
h
a
se

.
T

h
is

m
ea

n
s

th
at

th
e

sc
h
em

e
m

ay
h
av

e
to

re
m

ai
n

in
th

e
fi
rs

t
p
h
as

e
fo

r
an

ex
te

n
si

v
e

a
m

o
u
n
t

o
f

ti
m

e
to

en
su

re
th

at
th

e
p
ro

b
le

m
en

v
ir

on
m

en
t

is
co

rr
ec

tl
y

cl
as

si
fi
ed

,
ot

h
er

w
is

e,
o
n
e

ri
sk

s
b

ei
n
g

sy
st

em
at

ic
al

ly
m

is
le

d
in

th
e

se
co

n
d

p
h
as

e.
T

h
es

e
p
ro

p
er

ti
es

la
rg

el
y

re
n
d
er

C
P

L
-A

d
S

in
ap

p
ro

p
ri

at
e

fo
r

on
li
n
e

or
an

y
ti

m
e

p
ro

b
le

m
so

lv
in

g.

R
ec

en
tl

y,
H

S
S
L

h
as

b
ee

n
ex

te
n
d
ed

b
y

Z
h
an

g
et

al
.

to
co

v
er

b
ot

h
in

fo
rm

a
ti

ve
a
n
d

d
e-

ce
p
ti

ve
en

v
ir

on
m

en
ts

,
u
si

n
g

a
S
y
m

m
et

ri
c

H
S
S
L

(S
H

S
S
L

)
sc

h
em

e
(Z

h
an

g
et

a
l.
,

2
0
1
6
).

T
h
is

sc
h
em

e
es

se
n
ti

al
ly

ru
n
s

tw
o

H
S
S
L

sc
h
em

es
in

co
n
ju

n
ct

io
n
:

on
e

re
gu

la
r,

w
h
ic

h
h
a
n
d
le

s
in

-
fo

rm
at

iv
e

en
v
ir

on
m

en
ts

,
an

d
on

e
th

at
in

ve
rt

s
al

l
fe

ed
b
ac

k
fr

om
th

e
en

v
ir

on
m

en
t,

to
h
a
n
d
le

d
ec

ep
ti

ve
en

v
ir

on
m

en
ts

.
T

h
e

h
ie

ra
rc

h
y

n
av

ig
at

io
n

ca
p
ab

il
it

ie
s

of
H

S
S
L

ar
e

th
en

ex
p
lo

it
ed

to
al

lo
w

S
H

S
S
L

to
sw

it
ch

b
et

w
ee

n
th

e
tw

o
H

S
S
L

s,
d
ep

en
d
in

g
on

th
e

n
at

u
re

o
f

th
e

en
v
ir

o
n
-

m
en

t.
H

ow
ev

er
,

a
si

gn
ifi

ca
n
t

li
m

it
at

io
n

of
H

S
S
L

,
n
am

el
y,

th
at
π

m
u
st

b
e

la
rg

er
th

a
n

th
e

co
n
ju

ga
te

of
th

e
g
ol

d
en

ra
ti

o,
ca

rr
ie

s
ov

er
to

S
H

S
S
L

.
In

d
ee

d
,

S
H

S
S
L

fa
il
s

to
co

n
ve

rg
e

fo
r

π
∈

[0
.3

82
,0
.6

82
],

w
h
ic

h
am

ou
n
ts

to
ap

p
ro

x
im

at
el

y
30

%
of

th
e

fe
as

ib
le

va
lu

es
fo

r
π

.
T

h
is

is
in

co
n
tr

as
t

to
th

e
ap

p
ro

ac
h

w
e

p
ro

p
os

e
in

th
is

p
ap

er
,

as
w

el
l

as
to

C
P

L
-A

d
S
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o
m

m
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T
h
o
m
p
so

n
S
a
m
p
l
in
g

G
u
id
e
d

S
t
o
c
h
a
st

ic
S
e
a
r
c
h
in
g

o
n
t
h
e
L
in
e

et
a
l.,

2
0
0
3
),

sin
ce

b
oth

of
th

ese
sch

em
es

op
erate

alon
g

th
e

w
h
o
le

ra
n
ge

of
π

(a
p
art

from
π

=
0.5

).

T
o

ca
st

fu
rth

er
ligh

t
on

th
e

ch
allen

ges
lin

ed
ou

t
ab

ov
e,

w
e

h
ere

in
tro

d
u
ce

th
e

N
-D

oo
r

P
u

zzle
a
s

a
fra

m
ew

ork
for

m
o
d
elin

g
d
ecep

tion
.

W
e

also
p
rop

ose
an

accom
p
an

y
in

g
n
ovel

so
lu

tio
n

sch
em

e
—

T
h
o
m

p
so

n
S

a
m

p
lin

g
gu

id
ed

S
toch

a
stic

P
o
in

t
L

oca
tio

n
(T

S
-S

P
L

).
T

h
e

T
S
-S

P
L

sch
em

e
h
an

d
les

b
oth

S
P

L
an

d
S
R

F
p
rob

lem
s,

an
d

is
cap

ab
le

of
sim

u
lta

n
eo

u
sly

so
lv

in
g

th
e

p
ro

b
lem

as
w

ell
as

d
eterm

in
in

g
w

h
eth

er
w

e
are

d
ealin

g
w

ith
an

in
form

ative
or

a
d
ecep

tive
en

v
iron

m
en

t.
A

s
w

e
sh

all
see,

n
ot

on
ly

d
o
es

th
is

sch
em

e
h
an

d
le

an
arb

itra
ry

level
o
f

n
o
ise,

b
u
t

it
also

ou
tp

erform
s

cu
rren

t
state-of-th

e-art
tech

n
iq

u
es

in
b

oth
in

form
ative

an
d

d
ecep

tive
en

v
iron

m
en

ts.

T
h

e
N

-D
o
o
r

P
u

z
z
le

.
In

th
e

b
o
ok

”T
o

M
o
ck

a
M

o
ck

in
gb

ird
”

(S
m

u
llyan

,
1988)

th
e

fo
llow

in
g

p
u
zzle

is
form

u
lated

:
”

S
o
m

eo
n

e
w

a
s

sen
ten

ced
to

d
ea

th
,

bu
t

sin
ce

th
e

kin
g

lo
ves

rid
d

les,
h
e

th
rew

th
is

gu
y

in
to

a
roo

m
w

ith
tw

o
d
oo

rs.
O

n
e

lea
d
in

g
to

d
ea

th
,

o
n

e
lea

d
in

g
to

freed
o
m

.
T

h
ere

a
re

tw
o

gu
a
rd

s,
ea

ch
o
n

e
gu

a
rd

in
g

o
n

e
d
oo

r.
O

n
e

o
f

th
e

gu
a
rd

s
is

a
perfect

lia
r,

th
e

o
th

er
o
n

e
w

ill
a
lw

a
ys

tell
th

e
tru

th
.

T
h
e

m
a
n

is
a
llo

w
ed

to
a
sk

o
n

e
gu

a
rd

a
sin

gle
yes-n

o
qu

estio
n

a
n

d
th

en
h
a
s

to
d
ecid

e,
w

h
ich

d
oo

r
to

ta
ke.

W
h
a
t

sin
gle

qu
estio

n
ca

n
h
e

a
sk

to
gu

a
ra

n
tee

h
is

freed
o
m

?
”

T
o

avoid
sp

oilin
g

th
e

p
u
zzle

for
th

e
read

er,
w

e
om

it
th

e
so

lu
tio

n
h
ere

an
d

n
ote

th
at

ask
in

g
a

d
ou

b
le

n
egative

q
u
estion

w
ill

often
b

e
th

e
correct

co
u
rse

o
f

actio
n

for
th

ese
ty

p
es

of
p
u
zzles.

T
h
e

a
b

ov
e

p
u
zzle

can
b

e
gen

eralized
b
y

in
creasin

g
th

e
n
u
m

b
er

of
d
o
ors.

In
stead

of
d
ecid

in
g

b
etw

een
m

erely
tw

o
d
o
ors,

th
e

p
rison

er
n
ow

faces
N

d
o
ors,

w
ith

a
gu

ard
p

osted
b

etw
een

each
p
air

of
d
o
ors.

O
n
ly

a
sin

gle
d
o
or

lead
s

to
freed

om
,

th
e

rem
ain

in
g

d
o
ors

lead
to

d
ea

th
.

E
very

d
ay

at
su

n
rise,

th
e

p
rison

er
is

a
llow

ed
to

ask
on

e
of

th
e

gu
ard

s
w

h
eth

er
th

e
d
o
or

lea
d
in

g
to

freed
om

is
to

th
e

left
or

to
th

e
rig

h
t

of
th

e
gu

ard
.

H
ow

ev
er,

on
ly

a
fi
x
ed

p
ro

p
o
rtio

n
of

th
e

gu
ard

s
an

sw
ers

tru
th

fu
lly,

th
e

rest
are

com
p
u
lsive

lia
rs.

F
u
rth

er,
th

e
g
u
a
rd

s
a
re

ran
d
om

ly
assign

ed
a

p
osition

a
t

each
su

n
rise,

an
d

th
u
s,

k
n
ow

in
g

w
h
o

lies
a
n
d

w
h
o

tells
th

e
tru

th
is

im
p

ossib
le.

A
s

an
a
d
d
ition

al
com

p
lication

,
d
ep

en
d
in

g
on

th
e

m
o
o
d

o
f

th
e

k
in

g,
th

e
p
rison

er
m

ay
b

e
ord

ered
to

w
alk

th
rou

gh
a

d
o
or

o
f

h
is

ch
oice

at
an

a
rb

itra
ry

d
ay.

T
h
erefore,

to
save

h
is

life,
it

is
im

p
erative

th
at

th
e

p
rison

er
d
eterm

in
es

as
q
u
ick

ly
a
s

p
o
ssib

le
w

h
ich

d
o
or

lead
s

to
freed

om
.

S
p

ecifi
ca

lly,
let

π
=

#
tru

th
fu

l
gu

ard
s

#
gu

ard
s

b
e

th
e

fraction
of

tru
th

fu
l

gu
a
rd

s.
S
in

ce
th

e

g
u
a
rd

s
a
re

ra
n
d
om

ly
assign

ed
a

p
osition

each
d
ay,

th
e

p
rob

ab
ility

of
ob

ta
in

in
g

a
tru

th
fu

l
a
n
sw

er
is

g
overn

ed
b
y
π

.
If
π
<

0
.5

th
en

th
e

m
a

jority
of

th
e

gu
ard

s
are

com
p
u
lsiv

e
liars,

a
n
d

th
e

g
u
a
rd

s
as

an
en

tity
can

b
e

ch
aracterized

as
b

ein
g

d
ecep

tive.
C

on
versely,

if
π
>

0.5
th

en
th

e
m

a
jo

rity
of

th
e

gu
ard

s
are

tru
th

fu
l

an
d

th
e

gu
a
rd

s
can

b
e

seen
as

in
fo

rm
a
tive.

F
o
r

co
m

p
leten

ess,
w

e
m

en
tion

th
at

th
e

p
u
zzle

is
u
n
solvab

le
for

th
e

case
w

h
ere

π
is

ex
actly

eq
u
a
l

to
12 ,

sin
ce

it
is

th
en

im
p

ossib
le

to
ob

tain
an

y
in

form
ation

on
n
eith

er
th

e
n
atu

re
of

th
e

d
o
o
rs

n
o
r

th
e

gu
ard

s.

T
h

o
m

p
so

n
S

a
m

p
lin

g
.

T
h
e

T
h
om

p
son

S
am

p
lin

g
(T

S
)

p
rin

cip
le

w
as

in
tro

d
u
ced

b
y

T
h
o
m

p
so

n
a
lread

y
in

1933
(T

h
om

p
son

,
1933)

an
d

n
ow

form
s

th
e

b
asis

for
several

state-of-
th

e-a
rt

a
p
p
ro

a
ch

es
to

th
e

M
u
lti-A

rm
ed

B
an

d
it

(M
A

B
)

p
rob

lem
—

a
fu

n
d
am

en
tal

seq
u
en

tial
reso

u
rce

a
llo

ca
tion

p
rob

lem
th

at
h
as

ch
allen

ged
research

ers
for

d
ecad

es.
A

t
each

tim
e

step
in

th
e

M
A

B
p
ro

b
lem

,
on

e
is

off
ered

to
p
u
ll

on
e

ou
t

of
N

b
an

d
it

arm
s,

w
h
ich

in
tu

rn
triggers

a
sto

ch
a
stic

rew
ard

.
E

ach
arm

h
as

an
u
n
d
erly

in
g

p
rob

ab
ility

of
p
rov

id
in

g
a

rew
ard

,
h
ow

ever,
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G
l
im

sd
a
l
a
n
d

G
r
a
n
m
o

th
ese

p
rob

ab
ilities

are
u
n
k
n
ow

n
to

th
e

d
ecision

m
aker.

T
h
e

ch
allen

ge
is

th
u
s

to
d
ecid

e
w

h
ich

of
th

e
arm

s
to

p
u
ll

at
each

tim
e

step
,

to
m

ax
im

ize
th

e
ex

p
ected

total
n
u
m

b
er

of
rew

ard
s

ob
tain

ed
(B

u
b

eck
an

d
C

esa-B
ian

ch
i,

2012).

In
all

b
rev

ity,
T

S
seek

s
to

ach
iev

e
th

e
ab

ove
goal

b
y

q
u
ick

ly
sh

iftin
g

from
ex

p
lo

rin
g

rew
ard

p
rob

ab
ilities

to
m

ax
im

izin
g

th
e

n
u
m

b
er

of
rew

ard
s

ob
tain

ed
.

T
h
is

is
ach

ieved
b
y

recu
rsively

estim
atin

g
th

e
u
n
d
erly

in
g

rew
ard

p
rob

ab
ility

of
each

arm
,

u
sin

g
B

ayesian
fi
lter-

in
g

of
th

e
rew

ard
s

ob
tain

ed
so

far.
T

S
th

en
sim

p
ly

selects
th

e
n
ex

t
arm

to
p
u
ll

b
ased

on
th

e
B

ayesian
estim

ates
of

th
e

rew
ard

p
rob

ab
ilities

(on
e

rew
ard

p
rob

ab
ility

d
en

sity
fu

n
ction

p
er

arm
).

T
h
e

arm
selection

strategy
of

T
S

is
rath

er
straigh

tforw
ard

,
y
et

su
rp

risin
gly

effi
cien

t.
T

o
d
eterm

in
e

w
h
ich

arm
to

p
u
ll,

a
sin

gle
can

d
id

ate
rew

ard
p
rob

ab
ility

is
sam

p
led

from
th

e
p
rob

ab
ility

d
en

sity
fu

n
ction

of
each

arm
.

T
h
e

a
rm

w
ith

th
e

h
igh

est
sa

m
p
le

va
lu

e
is

th
e

o
n

e
p
u

lled
n

ext.
T

h
e

ou
tcom

e
of

p
u
llin

g
th

is
arm

is
in

tu
rn

u
sed

to
p

erform
th

e
n
ex

t
B

ayesian
u
p

d
ate

of
th

e
arm

’s
rew

ard
p
rob

ab
ility

estim
ate.

It
is

th
is

sim
p
le

sch
em

e
th

at
m

akes
T

S
select

arm
s

w
ith

freq
u
en

cy
p
rop

ortion
al

to
th

e
p

osterior
p
rob

ab
ility

of
b

ein
g

op
tim

al,
lead

in
g

to
q
u
ick

con
vergen

ce
tow

ard
s

alw
ay

s
selectin

g
th

e
op

tim
al

arm
.

T
S

h
as

tu
rn

ed
ou

t
to

b
e

am
on

g
th

e
top

p
erform

ers
for

trad
ition

al
M

A
B

p
rob

lem
s

(G
ran

m
o,

2010;
C

h
ap

elle
an

d
L

i,
2011),

su
p
p

orted
b
y

th
eoretical

regret
b

ou
n
d
s

(A
graw

al
an

d
G

oy
al,

2012,
2013a;

D
on

g
an

d
V

an
R

oy
,

2018).
It

h
as

also
b

een
su

ccessfu
lly

ap
p
lied

to
con

tex
tu

al
M

A
B

p
rob

lem
s

(A
graw

al
an

d
G

oyal,
2013

b
),

con
strain

ed
G

au
ssian

p
ro

cess
op

tim
ization

(G
lim

sd
al

an
d

G
ran

m
o,

2
013),

d
istrib

u
ted

q
u
ality

of
serv

ice
con

trol
in

w
ireless

n
etw

ork
s

(G
ran

m
o

an
d

G
lim

sd
al,

2013),
cogn

itive
rad

io
op

tim
ization

(J
iao

et
al.,

2016),
as

w
ell

as
a

fou
n
d
ation

for
solv

in
g

th
e

m
ax

im
u
m

a
p

osteriori
estim

ation
p
rob

lem
(T

olp
in

an
d

W
o
o
d
,

2015).

P
u

re
E

x
p

lo
ra

tio
n

B
a
n

d
its.

T
h
rou

gh
ou

t
th

is
p
ap

er
w

e
a
ssu

m
e

th
at

each
S
P

L
p
rob

-
lem

p
oten

tially
takes

p
art

in
a

larger
sy

stem
con

sistin
g

of
m

u
ltip

le
S
P

L
p
rob

lem
s,

an
d

n
ot

n
ecessarily

op
eratin

g
in

isolation
.

F
rom

ex
istin

g
ap

p
lication

s
in

th
e

literatu
re,

su
ch

as
w

eb
craw

ler
load

b
alan

cin
g

(G
ran

m
o

et
al.,

2007),
it

is
clear

th
at

th
e

valu
e

of
an

S
P

L
sch

em
e

d
o
es

h
in

ge
u
p

on
its

ab
ility

to
co

op
erate

an
d

in
teract

w
ith

oth
er

d
ecision

m
ak

ers.
S
u
ch

co
op

eration
d
em

an
d
s

p
red

ictab
le

b
eh

av
iou

r
from

th
e

in
d
iv

id
u
al

d
ecision

m
akers,

as
w

ell
as

co
ord

in
ated

b
alan

cin
g

of
ex

p
lorin

g
n
ew

solu
tion

can
d
id

ates
again

st
m

ain
tain

in
g

go
o
d

solu
tion

can
d
id

ates.
W

ith
ou

t
su

ch
an

ab
ility,

th
e

sy
stem

as
a

w
h
ole

w
ill

n
ot

b
e

ab
le

to
sy

s-
tem

atically
m

ov
e

tow
ard

s
th

e
m

ore
p
rom

isin
g

areas
of

th
e

search
sp

ace,
grad

u
ally

fo
cu

sin
g

in
on

an
op

tim
al

con
fi
gu

ration
.

T
h
erefore,

in
th

is
p
ap

er
w

e
om

it
a

d
irect

co
m

p
arison

w
ith

sch
em

es
th

at
rely

on
a

”fi
x
ed

sam
p
lin

g
th

en
d
ecid

e”
a
p
p
roach

,
su

ch
as

u
n
im

o
d
al

b
an

d
its

(J
ia

an
d

M
an

n
or,

2011).
F

or
th

e
sam

e
reason

,
w

e
w

ill
n
ot

in
vestigate

p
u
rely

ex
p
loitative

b
an

d
its

(E
ven

-D
ar

et
al.,

2006;
J
am

ieson
et

a
l.,

201
4;

A
u
d
ib

ert
an

d
B

u
b

eck
,

2010;
G

ab
illon

et
al.,

2011;
K

arn
in

et
al.,

2013),
b
an

d
its

th
at

h
ave

a
p
red

efi
n
ed

fi
n
ite

tim
e

h
o
rizon

an
d

w
h
ose

p
erform

an
ce

is
on

ly
m

easu
red

at
th

e
en

d
o
f

th
at

h
orizon

.
S
u
ch

algorith
m

s
are

free
to

ex
p
lore

w
ith

ou
t

an
y

n
egative

im
p
act,

an
d

th
is

allow
s

th
em

to
ou

tp
erform

tra
d
ition

al
ex

p
loitation

-ex
p
loration

b
an

d
its

su
ch

as
T

S
an

d
U

C
B

in
scen

a
rios

w
h
ere

ex
p
loitation

is
n
ot

req
u
ired

. 1

1
.
T
h
ere

a
lso

ex
ists

a
w
id
e
sp

ectru
m

o
f
tech

n
iq
u
es

a
n
d
sch

em
es

in
th
e
litera

tu
re

o
n
th
e
to
p
ic

o
f
sea

rch
in
g

w
ith

n
o
ise.

S
ee

fo
r
in
sta

n
ce

(P
elc,

2
0
0
2
)
fo
r
a

co
m
p
reh

en
siv

e
su
rv
ey.

T
h
ese

a
re

u
n
a
b
le

to
h
a
n
d
le

u
n
k
n
ow

n
a
n
d
d
ecep

tiv
e
en
v
iro

n
m
en

ts,
w
ith

sto
ch
a
stic

d
irectio

n
a
l
feed

b
a
ck
,
a
n
d
a
re

th
erefo

re
n
o
t
d
irectly
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T
h
o
m
p
so

n
S
a
m
p
l
in
g

G
u
id
e
d

S
t
o
c
h
a
st

ic
S
e
a
r
c
h
in
g

o
n
t
h
e
L
in
e

P
a
p

e
r

C
o
n
tr

ib
u

ti
o
n

s.
In

th
is

p
ap

er
,

w
e

in
tr

o
d
u
ce

a
n
ov

el
sc

h
em

e
fo

r
so

lv
in

g
th

e
S
P

L
p
ro

b
le

m
,

n
am

el
y,

T
S
-S

P
L

.
A

t
th

e
co

re
of

T
S
-S

P
L

,
w

e
fi
n
d

a
co

m
p
ac

t
a
n
d

sc
al

ab
le

B
ay

es
ia

n
re

p
re

se
n
ta

ti
on

of
th

e
S
P

L
so

lu
ti

on
sp

ac
e.

T
h
is

B
ay

es
ia

n
re

p
re

se
n
ta

ti
on

si
m

u
lt

an
eo

u
sl

y
ca

p
-

tu
re

s
b

ot
h

th
e

lo
ca

ti
on

of
th

e
op

ti
m

al
p

oi
n
t

(b
an

d
it

ar
m

)
as

w
el

l
as

th
e

p
ro

b
ab

il
it

y
of

re
ce

iv
in

g
co

rr
ec

t
fe

ed
b
ac

k
.

W
e

fu
rt

h
er

in
tr

o
d
u
ce

an
ac

co
m

p
an

y
in

g
sc

h
em

e
fo

r
b
al

an
ci

n
g

ex
p
lo

ra
ti

on
ag

ai
n
st

ex
p
lo

it
at

io
n
,

b
as

ed
on

T
S
.

B
y

le
ar

n
in

g
π

,
T

S
-S

P
L

al
so

su
p
p

or
ts

d
e-

ce
p
ti

ve
en

v
ir

on
m

en
ts

th
at

ar
e

ly
in

g
ab

ou
t

th
e

d
ir

ec
ti

on
of

th
e

op
ti

m
al

ar
m

.
T

h
is

,
in

tu
rn

,
al

lo
w

s
u
s

to
so

lv
e

th
e

fu
n
d
am

en
ta

l
S
R

F
p
ro

b
le

m
.

M
or

e
sp

ec
ifi

ca
ll
y,

th
e

co
n
tr

ib
u
ti

on
s

of
th

e
p
ap

er
ca

n
b

e
su

m
m

ar
iz

ed
as

fo
ll
ow

s:

1.
W

e
in

tr
o
d
u
ce

a
n
ov

el
T

S
-S

P
L

sc
h
em

e
th

at
re

p
re

se
n
ts

th
e

so
lu

ti
on

sp
ac

e
of

N
-D

o
or

P
u
zz

le
s,

an
d

th
u
s

S
P

L
p
ro

b
le

m
s,

in
te

rm
s

o
f
a

B
ay

es
ia

n
m

o
d
el

.
A

s
op

p
os

ed
to

co
m

p
et

-
in

g
so

lu
ti

on
s

th
at

m
er

el
y

m
ai

n
ta

in
an

d
re

fi
n
e

a
si

n
gl

e
ca

n
d
id

at
e

so
lu

ti
on

,
ou

r
B

ay
es

ia
n

m
o
d
el

en
co

m
p
as

se
s

th
e

co
m

p
le

te
sp

ac
e

of
ca

n
d
id

at
e

so
lu

ti
o
n
s

at
ev

er
y

ti
m

e
in

st
an

t.

2.
W

e
fo

rm
u
la

te
a

co
m

p
ac

t
an

d
sc

al
ab

le
B

ay
es

ia
n

re
p
re

se
n
ta

ti
on

of
th

e
so

lu
ti

on
sp

ac
e

th
at

si
m

u
lt

an
eo

u
sl

y
ca

p
tu

re
s

b
ot

h
th

e
lo

ca
ti

on
of

th
e

op
ti

m
al

p
oi

n
t

(a
rm

),
as

w
el

l
as

th
e

p
ro

b
ab

il
it

y
of

re
ce

iv
in

g
co

rr
ec

t
fe

ed
b
ac

k
.

T
h
is

B
ay

es
ia

n
re

p
re

se
n
ta

ti
on

of
th

e
p
ro

b
le

m
op

en
s

u
p

fo
r

effi
ci

en
t

ex
p
lo

ra
ti

on
an

d
ex

p
lo

it
at

io
n

of
th

e
so

lu
ti

on
sp

ac
e

w
it

h
T

S
.

3.
W

e
li
n
k

T
S
-S

P
L

to
so

-c
al

le
d

st
o
ch

as
ti

c
b
is

ec
ti

on
se

ar
ch

;
an

d
u
n
if

y
ac

co
m

p
an

y
in

g
m

et
h
o
d
s

u
n
d
er

th
e

u
m

b
re

ll
a

of
T

S
.

4.
S
im

il
ar

ly
,
w

e
en

h
an

ce
th

e
S
of

t
G

en
er

al
iz

ed
B

in
ar

y
S
ea

rc
h

(S
G

B
S
),

P
ro

b
ab

il
is

ti
c

B
is

ec
-

ti
on

S
ea

rc
h

(P
B

S
)

an
d

B
u
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h
ev

-Z
ig

an
gi
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v

A
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or
it

h
m
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Z

)
b
y

in
tr

o
d
u
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n
g

n
ov

el
p
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et

er
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so
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on
s

th
at
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ke

ad
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n
ta

ge
of

ou
r

B
ay

es
ia

n
m

o
d
el

of
th

e
N

-d
o
or

p
u
zz

le
an

d
th

e
S
P

L
p
ro

b
le

m
.

T
h
is

ap
p
ro

ac
h

el
im

in
at

es
p
re

v
io

u
s

re
li
an

ce
on

k
n
ow

in
g

th
e

ex
ac

t
d
eg

re
e

of
n
oi

se
aff

ec
ti

n
g

th
e

sy
st

em
to

b
e

op
ti

m
iz

ed
.

5.
W

e
p
ro

v
id

e
th

e
fi
rs

t
u
n
ifi

ed
em

p
ir

ic
al

co
m

p
ar

is
on

of
th

e
ke

y
st

at
e-

of
-t

h
e-

ar
t

S
P

L
-

an
d

S
R

F
so

lv
er

s.

6.
W

e
fi
n
al

ly
d
em

on
st

ra
te

th
e

em
p
ir

ic
al

p
er

fo
rm

an
ce

of
T

S
-S

P
L

fo
r

b
ot

h
S
P

L
an

d
S
R

F
p
ro

b
le

m
s.

T
S
-S

P
L

ou
tp

er
fo

rm
s

th
e

st
at

e-
of

-t
h
e-

ar
t

al
go

ri
th

m
s

in
b

ot
h

in
fo

rm
at

iv
e

an
d

d
ec

ep
ti

v
e

en
v
ir

on
m

en
ts

,
ex

ce
p
t

fo
r

th
e

S
G

B
S

an
d

B
Z

sc
h
em

es
w

it
h

co
rr

ec
tl

y
sp

ec
ifi

ed
ob

se
rv

at
io

n
n
oi

se
.

P
a
p

e
r

O
u

tl
in

e
.

T
h
e

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
In

S
ec

ti
on

2
,

w
e

p
re

se
n
t

ou
r

sc
h
em

e
fo

r
T

S
gu

id
ed

S
P

L
(T

S
-S

P
L

).
W

e
fi
rs

t
in

tr
o
d
u
ce

th
e

B
ay

es
ia

n
m

o
d
el

of
th

e
N

-d
o
or

p
u
zz

le
.

B
as

ed
on

th
e

B
ay

es
ia

n
m

o
d
el

,
w

e
th

en
fo

rm
u
la

te
ou

r
T

S
-b

as
ed

sc
h
em

e
th

at
b
al

an
ce

s
so

lu
ti

on
sp

ac
e

ex
p
lo

ra
ti

on
ag

ai
n
st

re
w

ar
d

m
a
x
im

iz
at

io
n
.

W
e

fu
rt

h
er

ex
te

n
d

se
le

ct
ed

st
at

e-
of

-t
h
e-

ar
t

so
lu

ti
on

sc
h
em

es
w

it
h

ou
r

B
ay

es
ia

n
N

-d
o
or

p
u
zz

le
m

o
d
el

.
T

h
is

ex
te

n
si

on
re

m
ov

es
th

e
n
ee

d
fo

r
k
n
ow

in
g

th
e

ob
se

rv
at

io
n

n
oi

se
b

ef
or

eh
an

d
.

In
S
ec

ti
on

3,
w

e
p
ro

v
id

e
ex

te
n
si

ve
em

p
ir

ic
al

re
su

lt
s

co
m

p
ar

in
g

T
S
-S

P
L

w
it

h
st

at
e-

of
-t

h
e-

ar
t

sc
h
em

es
fo

r
b

ot
h

S
P

L
an

d
S
R

F
.

W
e

co
n
cl

u
d
e

in
S
ec

ti
on

4
an

d
p

oi
n
t

to
p
ro

m
is

in
g

d
ir

ec
ti

on
s

fo
r

fu
rt

h
er

w
o
rk

.

co
m
p
a
ra
b
le

to
S
P
L

so
lu
ti
o
n

sc
h
em

es
.

W
e
h
av
e
th
er
ef
o
re

n
o
t
in
cl
u
d
ed

th
is

cl
a
ss

o
f
te
ch
n
iq
u
es

in
th
e

p
re
se
n
t
p
a
p
er
.
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G
l
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a
l
a
n
d

G
r
a
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m
o

2
.
T
h
o
m
p
so

n
S
a
m
p
li
n
g
G
u
id
e
d
S
to

ch
a
st
ic

P
o
in
t
L
o
ca

ti
o
n

In
th

is
se

ct
io

n
,
w

e
in

tr
o
d
u
ce

th
e

T
S
-S

P
L

sc
h
em

e.
T

h
e

sc
h
em

e
ca

n
b

e
su

m
m

ar
iz

ed
a
s

fo
ll
ow

s.
A

t
th

e
co

re
of

T
S
-S

P
L

w
e

fi
n
d

a
B

ay
es

ia
n

m
o
d
el

of
th

e
N

-D
o
or

P
u
zz

le
.

F
or

m
a
ll
y,

w
e

re
p
re

-
se

n
t

an
in

st
an

ce
of

th
e

N
-d

o
or

p
u
zz

le
as

a
tu

p
le

(λ
∗ ,
π
∗ )
∈
D
×
T

,
w

h
er

e
D

=
{d

1
,.
..
,d
N
}

is
th

e
se

t
of

d
o
or

s
an

d
T
∈

[0
,1

]
is

th
e

tr
u
th

fu
ln

es
s

of
th

e
g
u
ar

d
s.

L
et

(λ
∗ ,
π
∗ )

b
e

th
e

p
a
rt

ic
-

u
la

r
N

-d
o
or

p
u
zz

le
fa

ce
d
.

A
n
ov

el
as

p
ec

t
of

T
S
-S

P
L

is
th

at
in

st
ea

d
of

m
ai

n
ta

in
in

g
a

si
n
g
le

or
a

li
m

it
ed

se
t

of
ca

n
d
id

at
e

so
lu

ti
o
n
s,

w
e

in
st

ea
d

m
ai

n
ta

in
a

p
os

te
ri

or
d
is

tr
ib

u
ti

o
n

ov
er

th
e

w
h
ol

e
so

lu
ti

on
sp

ac
e,

(λ
,π

)
∈
D
×
T

.
T

h
is

d
is

tr
ib

u
ti

on
is

co
n
d
it

io
n
ed

o
n

th
e

fe
ed

b
a
ck

al
re

ad
y

ob
ta

in
ed

u
p

to
ti

m
e

st
ep

n
,

al
lo

w
in

g
u
s

to
si

n
gl

e
in

on
(λ
∗ ,
π
∗ )

as
th

e
n
u
m

b
er

o
f

ti
m

e
st

ep
s

in
cr

ea
se

s,
u
lt

im
at

el
y

co
n
ve

rg
in

g
to

(λ
∗ ,
π
∗ )

.

A
ss

u
m

in
g

n
o

p
ri

or
in

fo
rm

at
io

n
,

w
e

as
si

gn
a

u
n
if

or
m

d
is

tr
ib

u
ti

on
ov

er
D
×
T

,
i.
e.

,
a
ll

p
u
zz

le
in

st
an

ce
s

ar
e

eq
u
al

ly
p
ro

b
ab

le
.

B
y

gr
ad

u
al

ly
re

fi
n
in

g
th

e
p

os
te

ri
or

d
is

tr
ib

u
ti

o
n

ov
er

D
×
T

,
w

e
ca

n
se

le
ct

gu
ar

d
s

to
q
u
es

ti
on

in
a

go
al

-o
ri

en
te

d
m

an
n
er

.
In

al
l

b
re

v
it

y,
w

e
sa

m
p
le

a
so

lu
ti

on
ca

n
d
id

at
e

(λ
c
,π

c
)

fr
om

D
×
T

,
se

le
ct

in
g

th
e

gu
ar

d
to

th
e

le
ft

or
to

ri
g
h
t

o
f
λ
c
.

T
h
e

an
sw

er
of

th
e

se
le

ct
ed

gu
ar

d
is

th
en

u
se

d
to

u
p

d
at

e
ou

r
p

os
te

ri
or

d
is

tr
ib

u
ti

o
n
.

B
y

re
p

ea
ti

n
g

th
is

p
ro

ce
d
u
re

,
th

e
ex

p
ec

te
d

p
ro

b
a
b
il
it

y
of

th
e

u
n
d
er

ly
in

g
N

-d
o
or

p
u
zz

le
in

st
a
n
ce

(λ
∗ ,
π
∗ )

in
cr

ea
se

s
m

on
ot

on
ic

al
ly

,
re

d
u
ci

n
g

th
e

p
ro

b
ab

il
it

y
of

ot
h
er

p
u
zz

le
in

st
a
n
ce

s.
In

eff
ec

t,
gi

ve
n

en
ou

gh
it

er
at

io
n
s,

T
S
-S

P
L

w
il
l

co
rr

ec
tl

y
id

en
ti

fy
th

e
d
o
or

le
ad

in
g

to
fr

ee
d
o
m

as
th

e
p

os
te

ri
or

p
ro

b
ab

il
it

y
of

(λ
∗ ,
π
∗ )

ap
p
ro

ac
h
es

u
n
it

y.

2
.1

B
a
y
e
si

a
n

M
o
d

e
l

o
f

th
e

N
-D

o
o
r

P
u

z
z
le

T
h
e

m
ai

n
p
u
rp

os
e

of
th

e
B

ay
es

ia
n

m
o
d
el

is
to

fa
ci

li
ta

te
th

e
effi

ci
en

t
ca

lc
u
la

ti
o
n

o
f
a

p
o
st

er
io

r
d
is

tr
ib

u
ti

on
ov

er
th

e
p

os
si

b
le

N
-d

o
or

p
u
zz

le
in

st
an

ce
s,
D
×
T

.
S
in

ce
th

e
p
ri

so
n
er

d
o
es

n
o
t

in
it

ia
ll
y

k
n
ow

w
h
ic

h
p
ro

b
le

m
in

st
an

ce
h
e

is
fa

ci
n
g,

an
d

si
n
ce

th
e

ob
se

rv
at

io
n
s

a
re

st
o
ch

a
st

ic
,

w
e

ca
st
D

an
d
T

as
tw

o
ra

n
d
om

va
ri

ab
le

s.
W

e
fu

rt
h
er

as
su

m
e

th
at
D

a
n
d
T

a
re

in
d
ep

en
d
en

t
of

ea
ch

ot
h
er

.
F

u
rt

h
er

m
or

e,
th

e
in

fo
rm

at
io

n
w

e
ob

ta
in

fr
om

q
u
es

ti
on

in
g

th
e

g
u
a
rd

s
is

re
p
re

se
n
te

d
as

a
se

t
of

ra
n
d
om

va
ri

ab
le

s
Q

=
{Q

1
,.
..
,Q

n
},

w
it

h
ea

ch
ra

n
d
o
m

va
ri

a
b
le

Q
k

re
p
re

se
n
ti

n
g

th
e

an
sw

er
fr

om
q
u
es

ti
on

k
.

F
in

al
ly

,
w

e
as

su
m

e
th

a
t

th
e

o
u
tc

o
m

es
o
f

th
e

in
d
iv

id
u
al

q
u
es

ti
on

s
Q
k
∈
Q

ar
e

in
d
ep

en
d
en

t
w

h
en

co
n
d
it

io
n
ed

on
D

an
d
P

.
F

o
r

ea
ch

q
u
es

ti
on

Q
k
,

w
e

ca
n

th
en

co
m

p
u
te

th
e

p
ro

b
ab

il
it

y
of

th
e

an
sw

er
(”

le
ft

”
or

”r
ig

h
t”

)
th

a
t

w
e

re
ce

iv
ed

fr
om

th
e

gu
ar

d
,

as
su

m
m

ar
iz

ed
in

T
ab

le
1.

G
u
ar

d
to

th
e

le
ft

of
d
o
or

to
fr

ee
d
om

P
(l

ef
t
|g

u
ar

d
,

d
o
or

,
t)

=
t

P
(r

ig
h
t
|g

u
ar

d
,

d
o
or

,
t)

=
1
−
t

G
u
ar

d
to

th
e

ri
gh

t
of

d
o
or

to
fr

ee
d
om

:
P

(l
ef

t
|g

u
ar

d
,

d
o
or

,
t)

=
1
−
t

P
(r

ig
h
t
|g

u
ar

d
,

d
o
or

,
t)

=
t

T
ab

le
1:

C
on

d
it

io
n
al

d
o
or

p
ro

b
ab

il
it

ie
s

A
s

an
ex

am
p
le

,
le

t
u
s

as
su

m
e

th
at

th
e

tr
u
th

fu
ln

es
s

of
th

e
gu

ar
d
s

is
t

=
0
.7

5
.

If
fo

r
in

st
an

ce
th

e
gu

ar
d

to
th

e
le

ft
of

d
o
or
d

4
re

p
li
es

th
at

th
e

d
o
or

le
ad

in
g

to
fr

ee
d
o
m

li
es

to
h
is

le
ft

,
w

e
ca

n
in

fe
r

th
at

al
l

d
o
or

s
to

th
e

le
ft

h
av

e
th

e
li
ke

li
h
o
o
d

of
t

=
0.

7
5

o
f

le
a
d
in

g
to

fr
ee

d
om

,
an

d
al

l
th

e
d
o
or

s
to

th
e

ri
gh

t
h
av

e
th

e
li
ke

li
h
o
o
d

1
−
t

=
0.

25
o
f

le
a
d
in

g
to

fr
ee

d
om

.
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T
h
o
m
p
so

n
S
a
m
p
l
in
g

G
u
id
e
d

S
t
o
c
h
a
st

ic
S
e
a
r
c
h
in
g

o
n
t
h
e
L
in
e

A
p
p
ly

in
g

B
ayes

T
h
eorem

to
P

(Q
|d
,t),

d
efi

n
ed

in
T

ab
le

1,
w

e
are

ab
le

to
d
eriv

e
closed

-
fo

rm
ex

p
ressio

n
s

for
th

e
p

osterior
d
istrib

u
tion

s
of

b
oth

D
an

d
T

.
T

h
e

d
erivation

of
P

(d|Q
),

d
∈
D

,
follow

s
[th

e
d
erivation

of
P

(t|Q
),
t∈

T
,

is
an

alog
ou

s,
an

d
is

left
ou

t
h
ere

for
th

e
sa

ke
o
f

b
rev

ity
]:

P
(d|Q

)
=
∑t∈
T

P
(d
,t|Q

)
(1)

∝
∑t∈
T

P
(Q
|d
,t)P

(d
,t)

(2)

=
∑t∈
T

P
(Q
|d
,t)P

(d
)P

(t)
(3)

=
∑t∈
T

Q̂
Q

+
P

(d
)P

(t)
(4)

A
b

ove,
Q̂

=
∏
n−

1
k
=

1
P

(Q
k |d
,t)

an
d
Q

+
=
P

(Q
n |d

,t).
F

u
rth

er,
(2)

follow
s

d
irectly

from
B

ayes
T

h
eo

rem
.

W
e

ob
tain

(3)
as

a
resu

lt
of

th
e

in
d
ep

en
d
en

ce
of
D

an
d
T

,
an

d
(4)

from
th

e
in

d
ep

en
d
en

ce
b

etw
een

th
e

q
u
estion

s
in
Q

.
T

h
is

lead
s

to
th

e
follow

in
g

tw
o

eq
u
ation

s
for

u
p

d
a
tin

g
o
u
r

k
n
ow

led
ge

ab
ou

t
b

oth
th

e
d
o
or

p
rob

ab
ilities

(5)
an

d
th

e
tru

th
fu

ln
ess

of
th

e
g
u
a
rd

s
(6

).

P
(d|Q

)∝
∑t∈
T

Q̂
Q

+
P

(d
)P

(t)
(5)

P
(t|Q

)∝
∑d∈
D

Q̂
Q

+
P

(d
)P

(t)
(6)

2
.2

G
u

a
rd

S
e
le

c
tio

n

W
e

h
ave

n
ow

form
ally

d
eterm

in
ed

h
ow

w
e

can
tran

sform
in

form
ation

from
th

e
gu

ard
s

in
to

a
p
ro

b
ab

ility
d
istrib

u
tion

over
w

h
ich

d
o
or

lead
s

to
freed

om
.

H
ow

ever,
as

m
en

tion
ed

p
rev

io
u
sly,

w
e

a
lso

face
a

trad
e-off

b
etw

een
ex

p
lorin

g
d
iff

eren
t

d
o
ors

an
d

zeroin
g

in
o
n

th
e

b
est

d
o
or

fo
u
n
d

so
far.

T
o

h
an

d
le

th
is

trad
e-off

,
w

e
m

o
d
el

th
e

d
o
or

selection
as

a
so-called

G
lo

b
a
l

In
fo

rm
a
tion

M
A

B
(G

I-M
A

B
)

(A
tan

et
al.,

2015).

T
o

d
ecid

e
w

h
ich

d
o
or

sh
ou

ld
b

e
selected

at
each

iteration
,

w
e

solve
th

e
G

I-M
A

B
b
y

u
tilizin

g
th

e
p
rin

cip
le

of
T

S
.

H
ere,

th
e

selection
p
ro

cess
is

sim
p
ly

to
select

a
ran

d
om

d
o
or

p
ro

p
o
rtio

n
a
l

to
th

e
p
rob

ab
ility

th
at

th
is

d
o
or

is
th

e
on

e
th

at
lead

s
to

freed
om

.
O

n
ce

th
e

d
o
o
r

h
a
s

b
een

selected
,

w
e

n
eed

to
d
ecid

e
w

h
ich

of
th

e
gu

ard
s

to
q
u
ery

:
th

e
gu

a
rd

to
th

e
left

o
r

to
th

e
rig

h
t

of
th

e
d
o
or

selected
.

W
e

d
o

th
is

b
y

ran
d
om

ly
selectin

g
o
n
e

of
th

e
gu

ard
s,

a
g
a
in

p
ro

p
o
rtion

al
to

th
e

su
m

of
th

e
p
rob

ab
ilities

of
th

e
d
o
ors

n
ex

t
to

each
gu

ard
.

L
et

u
s

a
ssu

m
e

fo
r

in
stan

ce
th

at
w

e
h
ave

th
ree

d
o
ors

d
k ,1
≤
k
≤

3
w

ith
th

e
p
rob

ab
ilities

of
lead

in
g

to
freed

o
m

:
P

(d
1 )

=
0
.1
,P

(d
2 )

=
0
.2
,P

(d
3 )

=
0
.7

.
T

h
en

,
accord

in
g

to
th

e
T

S
p
rin

cip
le,

th
ese

a
re

a
lso

th
e

p
rob

ab
ilities

w
e

u
se

to
sam

p
le

a
p
articu

lar
d
o
or.

N
ote

th
at

sin
ce

th
e

a
n
sw

er
o
b
ta

in
ed

from
each

gu
ard

a
ff

ects
th

e
com

p
lete

p
rob

ab
ility

d
istrib

u
tio

n
over

D
(th

e
p
ro

b
a
b
ility

asso
ciated

w
ith

every
d
o
or

is
u
p

d
ated

),
w

e
h
ave

a
G

I-M
A

B
as

op
p

osed
to

a
tra

d
itio

n
a
l

M
A

B
.
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G
l
im

sd
a
l
a
n
d

G
r
a
n
m
o

2
.3

Im
p

ro
v
in

g
S
ta

te
-o

f-th
e
-A

rt
S

ch
e
m

e
s

w
ith

th
e

B
a
y
e
sia

n
M

o
d

e
l

o
f

th
e

N
-D

o
o
r

P
u

z
z
le

A
m

ain
ad

van
tage

of
T

S
-S

P
L

com
p
ared

to
sim

ilar
sch

em
es

is
th

e
u
tilization

of
th

e
B

ayesian
m

o
d
el

th
at

en
ab

les
T

S
-S

P
L

to
op

erate
w

ith
ou

t
k
n
ow

in
g

th
e

p
rob

lem
p
aram

eters
in

ad
van

ce.
D

u
e

to
T

S
-S

P
L

’s
close

con
n
ection

to
th

e
P

rob
ab

ilistic
B

isection
S
ea

rch
(P

B
S
)

(H
orstein

,
1963),

N
oisy

G
en

eralized
B

in
ary

S
earch

(N
G

B
S
)

(N
ow

ak
,

2008)
an

d
th

e
B

Z
algorith

m
(B

u
rn

ash
ev

an
d

Z
igan

girov
,

1974),
w

e
w

ill
h
ere

u
se

ou
r

B
ayesian

T
S
-S

P
L

m
o
d
el

to
also

m
ake

th
ese

oth
er

sch
em

es
p
aram

eter
free.

P
r
o
b
a
b
il
ist

ic
B
ise

c
t
io
n
S
e
a
r
c
h

T
h
e

goal
of

P
B

S
2

(W
aeb

er
et

al.,
2013;

N
ow

ak
,

2008)
is

to
lo

cate
an

u
n
k
n
ow

n
p

oin
t
X
∗∈

[0,1].
T

o
acq

u
ire

in
telligen

ce
on

th
e

lo
cation

of
X
∗,

on
e

q
u
eries

an
oracle

o
f

th
e

relation
b

etw
een

a
p

oin
t
x

an
d
X
∗.

T
h
e

oracle
resp

on
d
s

b
y

in
form

in
g

w
h
eth

er
x

is
o
n

th
e

left
or

th
e

righ
t

sid
e

of
X
∗.

If
w

e
assu

m
e

th
at

th
e

oracle
is

a
lw

ay
s

tellin
g

th
e

tru
th

,
th

en
th

e
w

ell-
k
n
ow

n
d
eterm

in
istic

b
isection

search
,

w
h
ich

h
alves

th
e

search
sp

ace
w

ith
each

q
u
ery,

ca
n

b
e

em
p
loyed

to
effi

cien
tly

fi
n
d
X
∗.

H
ow

ever,
in

P
B

S
w

e
assu

m
e

th
at

th
e

O
racle

p
rov

id
es

correct
an

sw
ers

w
ith

p
rob

ab
ility

p
∈

(0.5
,1
.0]

an
d

erron
eou

s
on

es
w

ith
p
rob

ab
ility

1−
p
.

T
h
e

P
B

S
can

b
e

traced
b
ack

to
H

orstein
(H

orstein
,
1963).

In
P

B
S

a
p
rob

ab
ility

d
istrib

u
-

tion
is

m
ap

p
ed

over
th

e
search

sp
ace

an
d

is
grad

u
ally

u
p

d
ated

u
sin

g
a

B
ayesian

m
eth

o
d
ology

u
n
d
er

th
e

assu
m

p
tion

th
at

th
e
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p
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h
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p
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m
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h
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p
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p
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p
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p
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p
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d
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m
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d

(6
).

W
e

d
en

o
te

th
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h
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p
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a
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b
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p
l
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h
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d
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p
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p
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b
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e
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d
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b
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p
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roach

—
w

e
can

tailor
th

e
th

e
p
rio

r
d
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ab
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r
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ab
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b
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w
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p
ly

a
fi
x
ed

set
of

p
aram

eter
valu

es
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p
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p
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b
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w
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m
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w
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=
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d
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b
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d
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P
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th

e
follow

in
g

su
b
section

s
in

vestigate
(1)

th
e

eff
ect

of
d
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b
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b
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at
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p
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d
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P
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d
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p
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d
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p
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b
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b
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0
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b
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p
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b
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con
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con
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b
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d
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p
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p
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n
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0.01},
T

=
{0
.8},

an
d
π

=
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p
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p
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p
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d
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b
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con
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p
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ab
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h
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con
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=
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b
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P
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p
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h
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r
T
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P
L
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in
g
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N
-D

o
or
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d
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p
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p
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P
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p
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h
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d
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P
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d
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b
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p
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P
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p
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P
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h
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p
er

fo
rm

cl
os

es
t

to
it

s
ex

p
ec

te
d

re
gr

et
fo

r
ev

er
y

tr
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h
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P
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d
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P
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éb

as
ti

en
B

u
b

ec
k
.

li
l’
u
cb

:
A

n
o
p
ti

-
m

al
ex

p
lo

ra
ti

on
al

go
ri

th
m

fo
r

m
u
lt

i-
ar

m
ed

b
an

d
it

s.
In

C
o
n

fe
re

n
ce

o
n

L
ea

rn
in

g
T

h
eo

ry
,

vo
lu

m
e

35
,

p
ag

es
42

3–
43

9,
20

14
.

Y
Y

u
J
ia

an
d

S
h
ie

M
an

n
or

.
U

n
im

o
d
al

b
an

d
it

s.
In

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p
ag

es
41

–4
8,

20
11

.

L
ei

J
ia

o,
X

u
an

Z
h
an

g,
B

.
J
oh

n
O

om
m

en
,

an
d

O
le

-C
h
ri

st
o
ff

er
G

ra
n
m

o.
O

p
ti

m
iz

in
g

ch
a
n
n
el

se
le

ct
io

n
fo

r
co

gn
it

iv
e

ra
d
io

n
et

w
or

k
s

u
si

n
g

a
d
is

tr
ib

u
te

d
b
ay

es
ia

n
le

ar
n
in

g
a
u
to

m
a
ta

-
b
as

ed
ap

p
ro

ac
h
.

A
p
p
li

ed
In

te
ll

ig
en

ce
,

44
(2

):
30

7–
32

1,
20

16
.

IS
S
N

15
7
3-

74
9
7
.

Z
oh

ar
S
h
ay

K
ar

n
in

,
T

om
er

K
or

en
,

an
d

O
re

n
S
om

ek
h
.

A
lm

os
t

op
ti

m
al

ex
p
lo

ra
ti

o
n

in
m

u
lt

i-
ar

m
ed

b
an

d
it

s.
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
28

:1
23

8–
1
2
4
6
,

2
0
1
3
.

J
ac

k
K

ie
fe

r
an

d
J
ac

ob
W

ol
fo

w
it

z.
S
to

ch
as

ti
c

es
ti

m
at

io
n

of
th

e
m

ax
im

u
m

o
f

a
re

g
re

ss
io

n
fu

n
ct

io
n
.

T
h
e

A
n

n
a
ls

o
f

M
a
th

em
a
ti

ca
l

S
ta

ti
st

ic
s,

23
(3

):
46

2–
46

6
,

19
52

.

H
J

K
u
sh

n
er

an
d

G
Y

in
.

S
to

ch
as

ti
c

ap
p
ro

x
im

at
io

n
a
lg

or
it

h
m

s
fo

r
p
ar

al
le

l
a
n
d

d
is

tr
ib

u
te

d
p
ro

ce
ss

in
g.

S
to

ch
a
st

ic
s:

A
n

In
te

rn
a
ti

o
n

a
l

J
o
u

rn
a
l

o
f

P
ro

ba
bi

li
ty

a
n

d
S

to
ch

a
st

ic
P

ro
ce

ss
es

,
22

(3
-4

):
21

9–
25

0,
19

87
.

T
ze

L
eu

n
g

L
ai

.
S
to

ch
as

ti
c

ap
p
ro

x
im

at
io

n
.

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

p
ag

es
39

1
–4

0
6
,

2
0
0
3
.

2
2

JM
L

R
 2

0(
52

):
1-

24
, 2

01
9



T
h
o
m
p
so

n
S
a
m
p
l
in
g

G
u
id
e
d

S
t
o
c
h
a
st

ic
S
e
a
r
c
h
in
g

o
n
t
h
e
L
in
e

T
o
r

L
a
ttim

o
re.

O
p
tim

ally
con

fi
d
en

t
u
cb

:
Im

p
roved

regret
for

fi
n
ite-arm

ed
b
a
n
d
its.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
5
0
7
.0

7
8
8
0
,

2015.

R
o
b

ert
N

ow
a
k
.

G
en

eralized
b
in

ary
search

.
In

C
o
m

m
u

n
ica

tio
n

,
C

o
n

tro
l,

a
n

d
C

o
m

p
u

tin
g,

2
0
0
8

4
6
th

A
n

n
u

a
l

A
llerto

n
C

o
n

feren
ce

o
n

,
p
ages

568–574.
IE

E
E

,
2008.

R
o
b

ert
D

N
ow

a
k
.

T
h
e

geom
etry

of
gen

eralized
b
in

ary
search

.
In

fo
rm

a
tio

n
T

h
eo

ry,
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

,
57(12):7893–7906,

2011.

B
J
o
h
n

O
o
m

m
en

.
S
to

ch
astic

S
earch

in
g

on
th

e
L

in
e

an
d

its
A

p
p
lication

s
to

P
aram

eter
L

earn
-

in
g

in
N

on
lin

ear
O

p
tim

ization
.

IE
E

E
T

ra
n

sa
ctio

n
s

o
n

S
ystem

s,
M

a
n

,
a
n

d
C

ybern
etics,

P
a
rt

B
,

2
7
(4

):733–739,
1997.

B
J
o
h
n

O
o
m

m
en

,
G

ov
in

d
ach

ari
R

agh
u
n
ath

,
an

d
B

en
jam

in
K

u
ip

ers.
O

n
h
ow

to
learn

from
a

sto
ch

a
stic

teach
er

or
a

sto
ch

astic
com

p
u
lsive

liar
of

u
n
k
n
ow

n
id

en
tity.

In
A

I
2
0
0
3
:

A
d
va

n
ces

in
A

rtifi
cia

l
In

telligen
ce,

p
ages

24–40.
S
p
rin

ger,
2003.

B
J
o
h
n

O
o
m

m
en

,
S
u
d
ip

M
isra,

an
d

O
le-C

h
ristoff

er
G

ran
m

o.
R

ou
tin

g
b
an

d
w

id
th

-
g
u
a
ra

n
teed

p
ath

s
in

m
p
ls

traffi
c

en
gin

eerin
g:

A
m

u
ltip

le
race

track
learn

in
g

ap
p
roach

.
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

C
o
m

p
u

ters,
56(7):959–976,

2007.

B
J
oh

n
O

o
m

m
en

,
O

le-C
h
ristoff

er
G

ran
m

o,
an

d
Z

u
oy

u
an

L
ian

g.
A

n
ovel

m
u
ltid

im
en

sion
al

sca
lin

g
tech

n
iq

u
e

for
m

ap
p
in

g
w

ord
-of-m

ou
th

d
iscu

ssion
s.

In
O

p
po

rtu
n

ities
a
n

d
C

h
a
l-

len
ges

fo
r

N
ext-G

en
era

tio
n

A
p
p
lied

In
telligen

ce,
p
ages

317–322.
S
p
rin

g
er,

2
009.

S
tep

h
en

P
a
llo

n
e,

P
eter

I
F

razier,
an

d
S
h
an

e
G

H
en

d
erson

.
M

u
ltisectio

n
:

P
arallelized

b
isec-

tio
n
.

In
S

im
u

la
tio

n
C

o
n

feren
ce,

W
in

ter,
p
ages

3773–3784.
IE

E
E

,
2014.

R
ag

h
u

P
asu

p
a
th

y
an

d
S
u
jin

K
im

.
T

h
e

sto
ch

astic
ro

ot-fi
n
d
in

g
p
rob

lem
:

O
verv

iew
,
solu

tion
s,

a
n
d

o
p

en
q
u
estion

s.
A

C
M

T
ra

n
sa

ctio
n

s
o
n

M
od

elin
g

a
n

d
C

o
m

p
u

ter
S

im
u

la
tio

n
,

21(3):
1
9
,

2
0
1
1
.

R
a
g
h
u

P
a
su

p
a
th

y
an

d
B

ru
ce

W
S
ch

m
eiser.

R
o
ot

fi
n
d
in

g
v
ia

d
arts

–
d
y
n
am

ic
a
d
ap

tive
ran

-
d
o
m

ta
rg

et
sh

o
otin

g.
In

S
im

u
la

tio
n

C
o
n

feren
ce

(W
S

C
),

P
roceed

in
gs

o
f

th
e

2
0
1
0

W
in

ter,
p
a
g
es

1
25

5
–
1
262.

IE
E

E
,

2010.

A
n
d
rzej

P
elc.

S
earch

in
g

gam
es

w
ith

errors
–

fi
fty

years
of

co
p
in

g
w

ith
liars.

T
h
eo

retica
l

C
o
m

p
u

ter
S

cien
ce,

270(1):71–109,
2002

.

H
erb

ert
R

o
b
b
in

s
an

d
S
u
tton

M
on

ro.
A

sto
ch

astic
ap

p
rox

im
ation

m
eth

o
d
.

T
h
e

a
n

n
a
ls

o
f

m
a
th

em
a
tica

l
sta

tistics,
p
ages

400–407
,

1951.

A
a
rti

S
in

g
h
,
R

o
b

ert
N

ow
ak

,
an

d
P

arm
esh

R
am

an
ath

an
.

A
ctive

learn
in

g
for

a
d
ap

tive
m

ob
ile

sen
sin

g
n
etw

ork
s.

In
In

P
roceed

in
gs

o
f

th
e

5
th

in
tern

a
tio

n
a
l

co
n

feren
ce

o
n

In
fo

rm
a
tio

n
p
rocessin

g
in

sen
so

r
n

etw
o
rks,

p
ages

60–68.
A

C
M

,
2006.

R
ay

m
o
n
d

S
m

u
llyan

.
T

o
M

ock
a

M
ockin

gbird
a
n

d
O

th
er

L
ogic

P
u

zzles:
In

clu
d
in

g
a
n

A
m

a
zin

g
A

d
ven

tu
re

in
C

o
m

bin
a
to

ry
L

ogic.
K

n
op

f,
1988.

IS
B

N
0-19-280142-2.

23
JM

L
R

 20(52):1-24, 2019

G
l
im

sd
a
l
a
n
d

G
r
a
n
m
o

T
on

gton
g

T
ao,

H
ao

G
e,

G
u
ix

ian
C

ai,
an

d
S
h
en

gh
on

g
L

i.
A

d
ap

tive
step

search
in

g
for

solv
in

g
sto

ch
astic

p
oin

t
lo

cation
p
rob

lem
.

In
In

telligen
t

C
o
m

p
u

tin
g

T
h
eo

ries,
p
ages

19
2–198.

S
p
rin

ger,
2013.

W
illiam

R
T

h
om

p
son

.
O

n
th

e
lik

elih
o
o
d

th
at

on
e

u
n
k
n
ow

n
p
rob

ab
ility

ex
ceed

s
an

oth
er

in
v
iew

of
th

e
ev

id
en

ce
of

tw
o

sam
p
les.

B
io

m
etrika

,
25(3/4):28

5–294,
1933.

D
av

id
T

olp
in

an
d

F
ran

k
W

o
o
d
.

M
ax

im
u
m

a
p

osteriori
estim

ation
b
y

search
in

p
rob

ab
ilistic

p
rogram

s.
In

P
roceed

in
gs

o
f

th
e

8
th

A
n

n
u

a
l

S
ym

po
siu

m
o
n

C
o
m

bin
a
to

ria
l

S
ea

rch
,

2015.

R
olf

W
aeb

er,
P

eter
F

razier,
an

d
S
h
an

e
G

H
en

d
erson

.
A

b
ayesian

ap
p
roach

to
sto

ch
astic

ro
ot

fi
n
d
in

g.
In

P
roceed

in
gs

o
f

th
e

2
0
1
1

W
in

ter
S

im
u

la
tio

n
C

o
n

feren
ce,

p
ages

4033–4045.
IE

E
E

,
2011.

R
olf

W
aeb

er,
P

eter
I

F
razier,

an
d

S
h
an

e
G

H
en

d
erson

.
B

isection
sea

rch
w

ith
n
oisy

resp
on

ses.
S

IA
M

J
o
u

rn
a
l

o
n

C
o
n

tro
l

a
n

d
O

p
tim

iza
tio

n
,

51(3):226
1–2279,

2013
.

A
n
is

Y
azid

i,
O

le-C
h
ristoff

er
G

ran
m

o,
B

J
oh

n
O

om
m

en
,

an
d

M
orten

G
o
o
d
w

in
.

A
h
ierar-

ch
ical

learn
in

g
sch

em
e

for
solv

in
g

th
e

sto
ch

astic
p

oin
t

lo
ca

tion
p
rob

lem
.

In
A

d
va

n
ced

R
esea

rch
in

A
p
p
lied

A
rtifi

cia
l

In
telligen

ce,
p
ages

774–783.
S
p
rin

g
er,

2012a.

A
n
is

Y
azid

i,
B

J
oh

n
O

om
m

en
,

an
d

O
le-C

h
ristoff

er
G

ran
m

o.
A

n
ovel

sto
ch

astic
d
iscretized

w
eak

estim
ator

op
eratin

g
in

n
on

-station
ary

en
v
iron

m
en

ts.
In

P
roceed

in
gs

o
f

th
e

In
ter-

n
a
tio

n
a
l

C
o
n

feren
ce

o
n

C
o
m

p
u

tin
g,

N
etw

o
rkin

g
a
n

d
C

o
m

m
u

n
ica

tio
n

s,
p
ages

364–370.
IE

E
E

,
2012b

.

J
u
n
q
i

Z
h
an

g,
L

ian
g

Z
h
an

g,
an

d
M

en
g
ch

u
Z

h
ou

.
S
olv

in
g

station
ary

an
d

sto
ch

astic
p

oin
t

lo
cation

p
rob

lem
w

ith
op

tim
al

com
p
u
tin

g
b
u
d
get

allo
cation

.
In

P
roceed

in
gs

o
f

th
e

2
0
1
5

IE
E

E
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

S
ystem

s,
M

a
n

,
a
n

d
C

ybern
etics,

p
ages

1
45–150,

O
ct

2015.
d
oi:

10.1109/S
M

C
.2015.38.

J
u
n
q
i

Z
h
an

g,
Y

u
h
en

g
W

an
g,

C
h
en

g
W

an
g,

an
d

M
en

gch
u

Z
h
ou

.
S
y
m

m
etrical

h
ierarch

ical
sto

ch
astic

search
in

g
on

th
e

lin
e

in
in

form
ative

an
d

d
ecep

tive
en

v
iron

m
en

ts.
IE

E
E

T
ra

n
s-

a
ctio

n
s

o
n

C
ybern

etics,
P

P
(99):1–

10,
2016.

IS
S
N

2168-2267.
d
oi:

10.11
09/T

C
Y

B
.2016.

2521859.

2
4

JM
L

R
 20(52):1-24, 2019



Jo
ur

na
l
of

M
ac

hi
ne

L
ea

rn
in

g
R

es
ea

rc
h

20
(2

01
9)

1-
32

Su
bm

it
te

d
7/

18
;
R

ev
is

ed
2/

19
;
P

ub
lis

he
d

3/
19

T
un

ab
ili

ty
:

Im
p
or

ta
nc

e
of

H
yp

er
pa

ra
m

et
er

s
of

M
ac

hi
ne

L
ea

rn
in

g
A

lg
or

it
hm

s

P
h
il
ip
p
P
ro
b
st

pr
o
bs

t@
ib

e.
m
ed

.u
n
i-
m
u
en

ch
en

.d
e

In
st

it
ut

e
fo

r
M

ed
ic

al
In

fo
rm

at
io

n
P
ro

ce
ss

in
g,

B
io

m
et

ry
an

d
E
pi

de
m

io
lo

gy
,
L
M

U
M

un
ic

h
M

ar
ch

io
ni

ni
st

r.
15

,
81

37
7

M
ün

ch
en

,
G

er
m

an
y

A
n
n
e-
L
au

re
B
ou

le
st
ei
x

bo
u
le

st
ei

x
@

ib
e.

m
ed

.u
n
i-
m
u
en

ch
en

.d
e

In
st

it
ut

e
fo

r
M

ed
ic

al
In

fo
rm

at
io

n
P
ro

ce
ss

in
g,

B
io

m
et

ry
an

d
E
pi

de
m

io
lo

gy
,
L
M

U
M

un
ic

h
M

ar
ch

io
ni

ni
st

r.
15

,
81

37
7

M
ün

ch
en

,
G

er
m

an
y

B
er
n
d
B
is
ch
l

be
r
n
d
.b

is
ch

l@
st

at
.u

n
i-
m
u
en

ch
en

.d
e

D
ep

ar
tm

en
t
of

St
at

is
ti
cs

,
L
M

U
M

un
ic

h
L
ud

w
ig

st
ra

ße
33

,
80

53
9

M
ün

ch
en

,
G

er
m

an
y

E
d
it

or
:
R
ya
n
A
da

m
s

A
b
st

ra
ct

M
od

er
n
su
pe

rv
is
ed

m
ac
hi
ne

le
ar
ni
ng

al
go
ri
th
m
s
in
vo
lv
e
hy

pe
rp
ar
am

et
er
s
th
at

ha
ve

to
be

se
t
be

fo
re

ru
nn

in
g
th
em

.
O
pt
io
ns

fo
r
se
tt
in
g
hy

pe
rp
ar
am

et
er
s
ar
e
de
fa
ul
t
va
lu
es

fr
om

th
e
so
ft
w
ar
e
pa

ck
ag
e,

m
an

ua
l
co
nfi

gu
ra
ti
on

by
th
e
us
er

or
co
nfi

gu
ri
ng

th
em

fo
r
op

ti
m
al

pr
ed
ic
ti
ve

pe
rf
or
m
an

ce
by

a
tu
ni
ng

pr
oc
ed
ur
e.

T
he

go
al

of
th
is

pa
pe

r
is

tw
o-
fo
ld
.
F
ir
st
ly
,

w
e
fo
rm

al
iz
e
th
e
pr
ob

le
m

of
tu
ni
ng

fr
om

a
st
at
is
ti
ca
l
po

in
t
of

vi
ew

,
de
fin

e
da

ta
-b
as
ed

de
fa
ul
ts

an
d

su
gg
es
t
ge
ne
ra
l
m
ea
su
re
s
qu

an
ti
fy
in
g
th
e
tu
na

bi
lit
y
of

hy
pe

rp
ar
am

et
er
s
of

al
go
ri
th
m
s.

Se
co
nd

ly
,
w
e
co
nd

uc
t
a
la
rg
e-
sc
al
e
be

nc
hm

ar
ki
ng

st
ud

y
ba

se
d
on

38
da

ta
se
ts

fr
om

th
e
O
pe

nM
L
pl
at
fo
rm

an
d
si
x
co
m
m
on

m
ac
hi
ne

le
ar
ni
ng

al
go
ri
th
m
s.

W
e
ap

pl
y
ou

r
m
ea
su
re
s
to

as
se
ss

th
e
tu
na

bi
lit
y
of

th
ei
r
pa

ra
m
et
er
s.

O
ur

re
su
lt
s
yi
el
d
de
fa
ul
t
va
lu
es

fo
r

hy
pe

rp
ar
am

et
er
s
an

d
en
ab

le
us
er
s
to

de
ci
de

w
he
th
er

it
is
w
or
th

co
nd

uc
ti
ng

a
po

ss
ib
ly

ti
m
e

co
ns
um

in
g
tu
ni
ng

st
ra
te
gy
,t
o
fo
cu
s
on

th
e
m
os
t
im

po
rt
an

t
hy

pe
rp
ar
am

et
er
s
an

d
to

ch
oo

se
ad

eq
ua

te
hy

pe
rp
ar
am

et
er

sp
ac
es

fo
r
tu
ni
ng

.
K

ey
w

or
d
s:

m
ac
hi
ne

le
ar
ni
ng

,
su
pe

rv
is
ed

le
ar
ni
ng

,
cl
as
si
fic
at
io
n,

hy
pe

rp
ar
am

et
er
s,

tu
n-

in
g,

m
et
a-
le
ar
ni
ng

1.
In

tr
od

u
ct

io
n

M
ac
hi
ne

le
ar
ni
ng

(M
L)

al
go

ri
th
m
s
su
ch

as
gr
ad

ie
nt

bo
os
ti
ng

,r
an

do
m

fo
re
st

an
d
ne

ur
al

ne
t-

w
or
ks

fo
r
re
gr
es
si
on

an
d
cl
as
si
fic

at
io
n
in
vo
lv
e
a
nu

m
be

r
of

hy
pe
rp
ar
am

et
er
s
th
at

ha
ve

to
be

se
t
be

fo
re

ru
nn

in
g
th
em

.
In

co
nt
ra
st

to
di
re
ct
,
fir
st
-le

ve
l
m
od

el
pa

ra
m
et
er
s,

w
hi
ch

ar
e

de
te
rm

in
ed

du
ri
ng

tr
ai
ni
ng

,t
he

se
se
co
nd

-le
ve
lt
un

in
g
pa
ra
m
et
er
s
of
te
n
ha

ve
to

be
ca
re
fu
lly

op
ti
m
iz
ed

to
ac
hi
ev
e
m
ax

im
al

pe
rf
or
m
an

ce
.
A

re
la
te
d
pr
ob

le
m

ex
is
ts

in
m
an

y
ot
he

r
al
go

-
ri
th
m
ic

ar
ea
s,

e.
g.
,c

on
tr
ol

pa
ra
m
et
er
s
in

ev
ol
ut
io
na

ry
al
go

ri
th
m
s
(E

ib
en

an
d
Sm

it
,2

01
1)
.

In
or
de

r
to

se
le
ct

an
ap

pr
op

ri
at
e
hy

pe
rp
ar
am

et
er

co
nfi

gu
ra
ti
on

fo
r
a
sp
ec
ifi
c
da

ta
se
t

at
ha

nd
,
us
er
s
of

M
L

al
go

ri
th
m
s
ca
n
re
so
rt

to
de

fa
ul
t
va
lu
es

of
hy

pe
rp
ar
am

et
er
s
th
at

ar
e

sp
ec
ifi
ed

in
im

pl
em

en
ti
ng

so
ft
w
ar
e
pa

ck
ag
es

or
m
an

ua
lly

co
nfi

gu
re

th
em

,f
or

ex
am

pl
e,

ba
se
d

on
re
co
m
m
en

da
ti
on

s
fr
om

th
e
lit
er
at
ur
e,

ex
pe

ri
en

ce
or

tr
ia
l-a

nd
-e
rr
or
.

c ©
20

19
P

hi
lip

p
P

ro
bs

t,
A

nn
e-

L
au

re
B

ou
le

st
ei

x
an

d
B

er
nd

B
is

ch
l.

L
ic

en
se

:
C

C
-B

Y
4.

0,
se

e
ht

tp
s:

//
cr

ea
ti

ve
co

mm
on

s.
or

g/
li

ce
ns

es
/b

y/
4.

0/
.

A
tt

ri
bu

ti
on

re
qu

ir
em

en
ts

ar
e

pr
ov

id
ed

at
ht

tp
:/

/j
ml

r.
or

g/
pa

pe
rs

/v
20

/1
8-

44
4.

ht
ml

.

JM
L

R
 2

0(
53

):
1-

32
, 2

01
9

P
ro

bs
t,

B
o
u
le

st
ei

x
a
n
d

B
is

ch
l

A
lt
er
na

ti
ve
ly
,o

ne
ca
n
us
e
hy

pe
rp
ar
am

et
er

tu
ni
ng

st
ra
te
gi
es
,w

hi
ch

ar
e
da

ta
-d
ep

en
de
nt
,

se
co
nd

-le
ve
l
op

ti
m
iz
at
io
n
pr
oc
ed

ur
es

(G
uy

on
et

al
.,
20

10
),

w
hi
ch

tr
y
to

m
in
im

iz
e
th
e
ex
-

pe
ct
ed

ge
ne

ra
liz
at
io
n
er
ro
r
of

th
e
in
du

ci
ng

al
go

ri
th
m

ov
er

a
hy

pe
rp
ar
am

et
er

se
ar
ch

sp
ac
e

of
co
ns
id
er
ed

ca
nd

id
at
e
co
nfi

gu
ra
ti
on

s,
us
ua

lly
by

ev
al
ua

ti
ng

pr
ed

ic
ti
on

s
on

an
in
de

pe
nd

en
t

te
st

se
t,
or

by
ru
nn

in
g
a
re
sa
m
pl
in
g
sc
he

m
e
su
ch

as
cr
os
s-
va
lid

at
io
n
(B

is
ch
le
t
al
.,
20

12
).

Fo
r

a
re
ce
nt

ov
er
vi
ew

of
tu
ni
ng

st
ra
te
gi
es
,
se
e,

e.
g.
,
Lu

o
(2
01

6)
.
T
he

se
se
ar
ch

st
ra
te
gi
es

ra
ng

e
fr
om

si
m
pl
e
gr
id

or
ra
nd

om
se
ar
ch

(B
er
gs
tr
a
an

d
B
en
gi
o,

20
12

)
to

m
or
e
co
m
pl
ex
,i
te
ra
ti
ve

pr
oc
ed

ur
es

su
ch

as
B
ay
es
ia
n
op

ti
m
iz
at
io
n
(H

ut
te
r
et

al
.,
20

11
;
Sn

oe
k
et

al
.,
20

12
;
B
is
ch
l

et
al
.,
20

17
b)

or
it
er
at
ed

F
-r
ac
in
g
(B

ir
at
ta
ri
et

al
.,
20

10
;L

an
g
et

al
.,
20

17
).

In
ad

di
ti
on

to
se
le
ct
in
g
an

effi
ci
en
t
tu
ni
ng

st
ra
te
gy
,t

he
se
t
of

tu
na

bl
e
hy

pe
rp
ar
am

et
er
s

an
d
th
ei
r
co
rr
es
po

nd
in
g
ra
ng

es
,s
ca
le
s
an

d
po

te
nt
ia
lp

ri
or

di
st
ri
bu

ti
on

s
fo
r
su
bs
eq
ue

nt
sa
m
-

pl
in
g
ha

ve
to

be
de

te
rm

in
ed

by
th
e
us
er
.

So
m
e
hy

pe
rp
ar
am

et
er
s
m
ig
ht

be
sa
fe
ly

se
t
to

de
fa
ul
t
va
lu
es
,
if
th
ey

w
or
k
w
el
l
ac
ro
ss

m
an

y
di
ffe

re
nt

sc
en

ar
io
s.

W
ro
ng

de
ci
si
on

s
in

th
es
e

ar
ea
s
ca
n
in
hi
bi
t
ei
th
er

th
e
qu

al
it
y
of

th
e
re
su
lt
in
g
m
od

el
or

at
th
e
ve
ry

le
as
t
th
e
effi

ci
en

cy
an

d
fa
st

co
nv

er
ge
nc

e
of

th
e
tu
ni
ng

pr
oc
ed
ur
e.

T
hi
s
cr
ea
te
s
a
bu

rd
en

fo
r:

1.
M
L
us
er
s—

W
hi
ch

hy
pe

rp
ar
am

et
er
s
sh
ou

ld
be

tu
ne

d
an

d
in

w
hi
ch

ra
ng

es
?

2.
D
es
ig
ne

rs
of

M
L
al
go

ri
th
m
s—

H
ow

do
I
de

fin
e
ro
bu

st
de

fa
ul
ts
?

W
e
ar
gu

e
th
at

m
an

y
us
er
s,

es
pe

ci
al
ly

if
th
ey

do
no

t
ha

ve
ye
ar
s
of

pr
ac
ti
ca
l
ex
pe

ri
en
ce

in
th
e
fie

ld
,
he

re
of
te
n
re
ly

on
he

ur
is
ti
cs

or
sp
ur
io
us

kn
ow

le
dg

e.
It

sh
ou

ld
al
so

be
no

te
d
th
at

de
si
gn

er
s
of

fu
lly

au
to
m
at
ed

tu
ni
ng

fr
am

ew
or
ks

fa
ce

at
le
as
t
ve
ry

si
m
ila

r
pr
ob

le
m
s.

It
is

no
t
cl
ea
r
ho

w
th
es
e
qu

es
ti
on

s
sh
ou

ld
be

ad
dr
es
se
d
in

a
da

ta
-d
ep

en
de

nt
,a

ut
om

at
ed

,o
pt
im

al
an

d
ob

je
ct
iv
e
m
an

ne
r.

In
ot
he
r
w
or
ds
,t
he

sc
ie
nt
ifi
c
co
m
m
un

it
y
no

t
on

ly
m
is
se
s
an

sw
er
s
to

th
es
e
qu

es
ti
on

s
fo
r
m
an

y
al
go

ri
th
m
s
bu

t
al
so

a
sy
st
em

at
ic

fr
am

ew
or
k,

m
et
ho

ds
an

d
cr
it
er
ia
,

w
hi
ch

ar
e
re
qu

ir
ed

to
an

sw
er

th
es
e
qu

es
ti
on

s.
W

it
h
th
e
pr
es
en
t
pa

pe
r
w
e
ai
m

at
fil
lin

g
th
is
ga

p
an

d
fo
rm

al
iz
e
th
e
pr
ob

le
m

of
pa

ra
m
et
er

tu
ni
ng

fr
om

a
st
at
is
ti
ca
l
po

in
t
of

vi
ew

,
in

or
de
r
to

si
m
pl
ify

th
e
tu
ni
ng

pr
oc
es
s
fo
r
le
ss

ex
pe

ri
en

ce
d
us
er
s
an

d
to

op
ti
m
iz
e
de

ci
si
on

m
ak

in
g
fo
r
m
or
e
ad

va
nc

ed
pr
oc
es
se
s.

A
ft
er

pr
es
en
ti
ng

re
la
te
d
lit
er
at
ur
e
in

Se
ct
io
n
2,

w
e
de

fin
e
th
eo
re
ti
ca
lm

ea
su
re
s
fo
r
as
se
ss
-

in
g
th
e
im

pa
ct

of
tu
ni
ng

in
Se

ct
io
n
3.

Fo
r
th
is

pu
rp
os
e
w
e
(i
)
de

fin
e
th
e
co
nc

ep
t
of

de
fa
ul
t

hy
pe
rp
ar
am

et
er
s,
(i
i)
su
gg

es
t
m
ea
su
re
s
fo
r
qu

an
ti
fiy

in
g
th
e
tu
na

bi
lit
y
of

th
e
w
ho

le
al
go

ri
th
m

an
d
sp
ec
ifi
c
hy

pe
rp
ar
am

et
er
s
ba

se
d
on

th
e
di
ffe

re
nc
es

be
tw

ee
n
th
e
pe

rf
or
m
an

ce
of

de
fa
ul
t

hy
pe

rp
ar
am

et
er
s
an

d
th
e
pe

rf
or
m
an

ce
of

th
e
hy

pe
rp
ar
am

et
er
s
w
he
n
th
is
hy

pe
rp
ar
am

et
er

is
se
t
to

an
op

ti
m
al

va
lu
e.

T
he

n
w
e
(i
ii)

ad
dr
es
s
th
e
tu
na

bi
lit
y
of

hy
pe

rp
ar
am

et
er

co
m
bi
na

ti
on

s
an

d
jo
in
t
ga

in
s,
(i
v)

pr
ov

id
e
th
eo
re
ti
ca
ld

efi
ni
ti
on

s
fo
r
an

ap
pr
op

ri
at
e
hy

pe
rp
ar
am

et
er

sp
ac
e

on
w
hi
ch

tu
ni
ng

sh
ou

ld
be

ex
ec
ut
ed

an
d
(v
)
pr
op

os
e
pr
oc
ed

ur
es

to
es
ti
m
at
e
th
es
e
qu

an
ti
ti
es

ba
se
d
on

th
e
re
su
lt
s
of

a
be

nc
hm

ar
k
st
ud

y
w
it
h
ra
nd

om
hy

pe
rp
ar
am

et
er

co
nfi

gu
ra
ti
on

s
w
it
h

th
e
he

lp
of

su
rr
og

at
e
m
od

el
s.

In
se
ct
io
ns

4
an

d
5
w
e
ill
us
tr
at
e
th
es
e
co
nc

ep
ts

an
d
m
et
ho

ds
th
ro
ug

h
an

ap
pl
ic
at
io
n.

Fo
r
th
is

pu
rp
os
e
w
e
us
e
be

nc
hm

ar
k
re
su
lt
s
of

si
x
m
ac
hi
ne

le
ar
ni
ng

al
go

ri
th
m
s
w
it
h
di
ffe

re
nt

hy
pe

rp
ar
am

et
er
s
w
hi
ch

w
er
e
ev
al
ua

te
d
on

38
da

ta
se
ts

fr
om

th
e

O
pe

nM
L
pl
at
fo
rm

.
F
in
al
ly
,i
n
th
e
la
st

Se
ct
io
n
6
w
e
co
nc

lu
de

an
d
di
sc
us
s
th
e
re
su
lt
s.
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T
u
n
a
bility

:
Im

po
rta

n
ce

o
f

H
y
per

pa
r
a
m
eter

s
o
f

M
ach

in
e

L
ea

r
n
in

g
A

lg
o
r
ith

m
s

2.
R

elated
L
iteratu

re

T
o
the

best
of

our
know

ledge,
only

a
lim

ited
am

ount
of

articles
address

the
problem

of
tunability

and
generation

oftuning
search

spaces.
B
ergstra

and
B
engio

(2012)
com

pute
the

relevance
ofthe

hyperparam
eters

ofneuralnetw
orks

and
conclude

that
som

e
are

im
portant

on
all

datasets,
w
hile

others
are

only
im

portant
on

som
e
datasets.

T
heir

conclusion
is

prim
arily

visual
and

used
as

an
argum

ent
for

w
hy

random
search

w
orks

better
than

grid
search

w
hen

tuning
neuralnetw

orks.

A
specific

study
for

decision
trees

w
as

conducted
by

M
antovani

et
al.

(2016)
w
ho

ap-
ply

standard
tuning

techniques
to

decision
trees

on
102

datasets
and

calculate
differences

of
accuracy

betw
een

the
tuned

algorithm
and

the
algorithm

w
ith

default
hyperparam

eter
settings.

A
different

approach
is

proposed
by

H
utter

et
al.(2013),

w
hich

aim
s
at

identifying
the

m
ost

im
portant

hyperparam
eters

via
forw

ard
selection.

In
the

sam
e
vein,Faw

cett
and

H
oos

(2016)presentan
ablation

analysis
technique,w

hich
aim

satidentifying
the

hyperparam
eters

that
contribute

the
m
ost

to
im

proved
perform

ance
after

tuning.
For

each
of

the
considered

hyperparam
eters,

they
com

pute
the

perform
ance

gain
that

can
be

achieved
by

changing
its

value
from

the
initial

value
to

the
value

specified
in

the
target

configuration
w
hich

w
as

determ
ined

by
the

tuning
strategy.

T
his

procedure
is

iterated
in

a
greedy

forw
ard

search.

A
m
ore

general
fram

ew
ork

for
m
easuring

the
im

portance
of

single
hyperparam

eters
is

presented
by

H
utter

et
al.

(2014).
A
fter

having
used

a
tuning

strategy
such

as
sequen-

tial
m
odel-based

optim
ization,

a
functional

A
N
O
V
A

approach
is

used
for

m
easuring

the
im

portance
of

hyperparam
eters.

T
hese

w
orks

concentrate
on

the
im

portance
of

hyperparam
eters

on
single

datasets,
m
ainly

to
retrospectively

explain
w
hat

happened
during

an
already

concluded
tuning

pro-
cess.

O
ur

m
ain

focus
is

the
generalization

across
m
ultiple

datasets
in

order
to

facilitate
better

general
understanding

of
hyperparam

eter
effects

and
better

decision
m
aking

for
fu-

ture
experim

ents.
In

a
recent

paper
van

R
ijn

and
H
utter

(2017)
pose

very
sim

ilar
questions

to
ours

to
assess

the
im

portance
of

hyperparam
eters

across
datasets.

W
e
com

pare
it
to

our
approach

in
Section

6.

O
ur

fram
ew

ork
is

based
on

using
surrogate

m
odels,

also
som

etim
es

called
em

pirical
perform

ance
m
odels,

w
hich

allow
estim

ating
the

perform
ance

of
arbitrary

hyperparam
eter

configurations
based

on
a
lim

ited
num

ber
ofprior

experim
ents.

T
he

idea
ofsurrogate

m
odels

isfarfrom
new

(A
udetetal.,2000),asitconstitutesthe

centralidea
ofB

ayesian
optim

ization
for

hyperparam
eter

search
but

is
also

used,
for

exam
ple,

in
B
iedenkapp

et
al.

(2017)
for

increasing
the

speed
of

an
ablation

analysis
and

by
E
ggensperger

et
al.(2018)

for
speeding

up
the

benchm
arking

of
tuning

strategies.

3.
M

eth
od

s
for

E
stim

ation
of

D
efau

lts,
T
u
n
ab

ility
an

d
R

an
ges

In
this

section
w
e
introduce

theoreticaldefinitions
for

defaults,tunability
and

tuning
ranges,

then
describe

how
to

estim
ate

them
and

finally
discuss

the
topic

of
reparam

etrization.
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P
ro

bst,
B

o
u
lesteix

a
n
d

B
isch

l

3.1.
G
en

eral
N
otation

C
onsider

a
target

variable
Y
,
a
feature

vector
X
,
and

an
unknow

n
joint

distribution
P

on
(X
,Y

),from
w
hich

w
e
have

sam
pled

a
datasetT

of
n
observations.

A
m
achine

learning
(M

L)
algorithm

now
learns

the
functionalrelationship

betw
een

X
and

Y
by

producing
a
prediction

m
odel

f̂
(X
,θ),controlled

by
the

k-dim
ensionalhyperparam

eter
configuration

θ
=

(θ
1 ,...,θ

k )
from

the
hyperparam

eter
search

space
Θ

=
Θ

1 ×
...×

Θ
k .

In
order

to
m
easure

prediction
perform

ance
pointw

ise
betw

een
the

true
label

Y
and

its
prediction

f̂
(X
,θ),w

e
define

a
loss

function
L

(Y
,f̂

(X
,θ)).

W
e
are

naturally
interested

in
estim

ating
the

expected
risk

of
the

inducing
algorithm

,w
.r.t.

θ
on

new
data,also

sam
pled

from
P
:
R

(θ)
=
E

(L
(Y
,f̂

(X
,θ))|P

).
T
his

m
apping

encodes,given
a
certain

data
distribution,a

certain
learning

algorithm
and

a
certain

perform
ance

m
easure,the

num
ericalquality

for
any

hyperparam
eter

configuration
θ.

G
iven

m
different

datasets
(or

data
distributions)P

1 ,...,P
m
,w

e
arrive

at
m

hyperparam
eter

risk
m
appings

R
(j)(θ)

:=
E

(L
(Y
,f̂

(X
,θ))|P

j ),
j

=
1,...,m

.
(1)

For
now

,w
e
assum

e
all

R
(j)(θ)

to
be

know
n,and

show
how

to
estim

ate
them

in
Section

3.7.

3.2.
O
p
tim

al
C
on

fi
gu

ration
p
er

D
ataset

an
d
O
p
tim

al
D
efau

lts

W
e
first

define
the

best
hyperparam

eter
configuration

for
dataset

j
as

θ
(j)?

:=
arg

m
in

θ∈
Θ

R
(j)(θ).

(2)

D
efaultssettingsare

supposed
to

w
ork

w
ellacrossm

any
differentdatasetsand

are
usually

provided
by

softw
are

packages,in
an

often
ad

hoc
or

heuristic
m
anner.

W
e
propose

to
define

an
optim

aldefault
configuration,based

on
an

extensive
num

ber
ofem

piricalexperim
ents

on
m

different
benchm

ark
datasets,by

θ
?

:=
arg

m
in

θ∈
Θ

g
(R

(1
)(θ),...,R

(m
)(θ)).

(3)

H
ere,

g
is

a
sum

m
ary

function
that

has
to

be
specified.

Selecting
the

m
ean

(or
m
edian

as
a
m
ore

robust
candidate)

w
ould

im
ply

m
inim

izing
the

average
(or

m
edian)

risk
over

all
datasets.

T
he

m
easures

R
(j)(θ)

could
potentially

be
scaled

appropriately
beforehand

in
order

to
m
ake

them
m
ore

com
m
ensurable

betw
een

datasets,e.g.,one
could

scale
all

R
(j)(θ)

to
[0,1]

by
subtracting

the
result

of
a
very

sim
ple

baseline
like

a
featureless

dum
m
y
predictor

and
dividing

this
difference

by
the

absolute
difference

betw
een

the
risk

of
the

best
possible

result
(as

an
approxim

ation
of

the
B
ayes

error)
and

the
result

of
the

very
sim

ple
baseline

predictor.
O
r
one

could
produce

a
statisticalz-score

by
subtracting

the
m
ean

and
dividing

by
the

standard
deviation

from
allexperim

entalresults
on

the
sam

e
dataset

(Feurer
et

al.,
2018).

T
he

appropriateness
of

the
scaling

highly
depends

on
the

perform
ance

m
easure

that
is

used.
O
ne

could,for
exam

ple,argue
that

the
A
U
C

does
not

have
to

be
scaled

by
using

the
probabilistic

interpretation
ofthe

A
U
C
.G

iven
a
random

ly
chosen

observation
x
belonging

to
class1,and

a
random

ly
chosen

observation
x
′belonging

to
class0,the

A
U
C
isthe

probability
that

the
evaluated

classification
algorithm

w
illassign

a
higher

score
to
x
than

to
x
′.
T
hus,
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T
u
n
a
bi

li
ty

:
Im

po
rt

a
n
ce

o
f

H
y
pe

r
pa

r
a
m
et

er
s

o
f

M
ac

h
in

e
L
ea

r
n
in

g
A

lg
o
r
it

h
m
s

an
im

pr
ov
em

en
t
fr
om

0.
5
to

0.
6
on

on
e
da

ta
se
t
co
ul
d
be

se
en

as
eq
ua

lly
im

po
rt
an

t
to

an
im

pr
ov
em

en
t
fr
om

0.
8
to

0.
9
on

an
ot
he

r
da

ta
se
t.

O
n
th
e
ot
he

r
ha

nd
,
av
er
ag

in
g
th
e
m
ea
n

sq
ua

re
d
er
ro
r
on

se
ve
ra
ld

at
as
et
s
do

es
no

t
m
ak

e
a
lo
t
of

se
ns
e,

as
th
e
sc
al
e
of

th
e
ou

tc
om

e
of

di
ffe

re
nt

re
gr
es
si
on

pr
ob

le
m
s
ca
n
be

ve
ry

di
ffe

re
nt
.
T
he

n
sc
al
in
g
or

us
in
g
an

ot
he

r
m
ea
su
re

su
ch

as
th
e
R

2
is

re
as
on

ab
le
.
A
s
ou

r
m
ai
n
ri
sk

m
ea
su
re

is
th
e
A
U
C
,
w
e
do

no
t
us
e
an

y
sc
al
in
g.

1

3.
3.

M
ea
su
ri
n
g
O
ve
ra
ll
T
u
n
ab

il
it
y
of

a
M
L
A
lg
or
it
h
m

A
ge
ne

ra
l
m
ea
su
re

of
th
e
tu
na

bi
lit
y
of

an
al
go

ri
th
m

pe
r
da

ta
se
t
ca
n

th
en

be
co
m
pu

te
d

ba
se
d
on

th
e
di
ffe

re
nc

e
be

tw
ee
n
th
e
ri
sk

of
an

ov
er
al
lr
ef
er
en

ce
co
nfi

gu
ra
ti
on

(e
.g
.,
ei
th
er

th
e

so
ft
w
ar
e
de

fa
ul
ts

or
de
fin

it
io
n
(3
))

an
d
th
e
ri
sk

of
th
e
be

st
po

ss
ib
le

co
nfi

gu
ra
ti
on

on
th
at

da
ta
se
t:

d
(j

)
:=

R
(j

) (θ
?
)
−
R

(j
) (θ

(j
)?

),
fo
r
j

=
1,
..
.,
m
.

(4
)

Fo
r
ea
ch

al
go

ri
th
m
,t
hi
s
gi
ve
s
ri
se

to
an

em
pi
ri
ca
ld

is
tr
ib
ut
io
n
of

pe
rf
or
m
an

ce
di
ffe

re
nc

es
ov
er

da
ta
se
ts
,w

hi
ch

m
ig
ht

be
di
re
ct
ly

vi
su
al
iz
ed

or
su
m
m
ar
iz
ed

to
an

ag
gr
eg
at
ed

tu
na

bi
lit
y

m
ea
su
re
d
by

us
in
g
m
ea
n,

m
ed

ia
n
or

qu
an

ti
le
s.

3.
4.

M
ea
su
ri
n
g
T
u
n
ab

il
it
y
of

a
S
p
ec
ifi
c
H
yp

er
p
ar
am

et
er

T
he

be
st

hy
pe

rp
ar
am

et
er

va
lu
e
fo
r
on

e
pa

ra
m
et
er
i
on

da
ta
se
t
j,

w
he

n
al
lo

th
er

pa
ra
m
et
er
s

ar
e
se
t
to

de
fa
ul
ts

fr
om

θ?
:=

(θ
? 1
,.
..
,θ
? k
),

is
de

no
te
d
by

θ(j
)?

i
:=

ar
g

m
in

θ
∈Θ

,θ
l=
θ
? l
∀l
6=
i
R

(j
) (θ

).
(5
)

A
na

tu
ra
lm

ea
su
re

fo
r
tu
na

bi
lit
y
of

th
e
i-
th

pa
ra
m
et
er

on
da

ta
se
t
j
is
th
en

th
e
di
ffe

re
nc

e
in

ri
sk

be
tw

ee
n
th
e
ab

ov
e
an

d
ou

r
de

fa
ul
t
re
fe
re
nc

e
co
nfi

gu
ra
ti
on

:

d
(j

)
i

:=
R

(j
) (θ

?
)
−
R

(j
) (θ

(j
)?

i
),

fo
r
j

=
1,
..
.,
m
,i

=
1,
..
.,
k
.

(6
)

Fu
rt
he

rm
or
e,

w
e
de

fin
e
d

(j
),

re
l

i
=

d
(j

)
i

d
(j

)
as

th
e
fr
ac
ti
on

of
pe

rf
or
m
an

ce
ga

in
,w

he
n
w
e
on

ly
tu
ne

pa
ra
m
et
er
i
co
m
pa

re
d
to

tu
ni
ng

th
e
co
m
pl
et
e
al
go

ri
th
m
,o

n
da

ta
se
t
j.

A
ga

in
,o

ne
ca
n

ca
lc
ul
at
e
th
e
m
ea
n,

th
e
m
ed

ia
n
or

qu
an

ti
le
s
of

th
es
e
tw

o
di
ffe

re
nc

es
ov
er

th
e
n
da

ta
se
ts
,t
o

ge
t
a
no

ti
on

of
th
e
ov
er
al
lt
un

ab
ili
ty
d
i
of

th
is

pa
ra
m
et
er
.

3.
5.

T
u
n
ab

il
it
y
of

H
yp

er
p
ar
am

at
er

C
om

b
in
at
io
n
s
an

d
Jo

in
t
G
ai
n
s

Le
t
us

no
w

co
ns
id
er

tw
o
hy

pe
rp
ar
am

et
er
s
in
de

xe
d
as
i 1

an
d
i 2
.
T
o
m
ea
su
re

th
e
tu
na

bi
lit
y

w
it
h
re
sp
ec
t
to

th
es
e
tw

o
pa

ra
m
et
er
s,

w
e
de

fin
e

θ(j
)?

i 1
,i
2

:=
ar

g
m

in
θ
∈Θ

,θ
l=
θ
? l
∀l
6∈{
i 1
,i
2
}
R

(j
) (θ

),
(7
)

1.
W
e
al
so

tr
ie
d
ou

t
no

rm
al
iz
at
io
n
(z
-s
co
re
)
an

d
go
t
qu

al
it
at
iv
el
y
si
m
ila

r
re
su
lt
s
to

th
e
no

n-
no

rm
al
iz
ed

re
su
lt
s
pr
es
en
te
d
in

Se
ct
io
n
5.
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P
ro

bs
t,

B
o
u
le

st
ei

x
a
n
d

B
is

ch
l

i.e
.,
th
e
θ-
ve
ct
or

co
nt
ai
ni
ng

th
e
de
fa
ul
t
va
lu
es

fo
r
al
lh

yp
er
pa

ra
m
et
er
s
ot
he

r
th
an

i 1
an

d
i 2
,

an
d
th
e
op

ti
m
al

co
m
bi
na

ti
on

of
va
lu
es

fo
r
th
e
i 1
-t
h
an

d
i 2
-t
h
co
m
po

ne
nt
s
of
θ.

A
na

lo
go

us
ly

to
th
e
pr
ev
io
us

se
ct
io
n,

w
e
ca
n
no

w
de

fin
e
th
e
tu
na

bi
lit
y
of

th
e
se
t

(i
1
,i

2
)

as
th
e
ga

in
ov
er

th
e
re
fe
re
nc

e
de

fa
ul
t
on

da
ta
se
t
j
as

d
(j

)
i 1
,i
2

:=
R

(j
) (θ
∗ )
−
R

(j
) (θ

(j
)?

i 1
,i
2
).

(8
)

T
he

jo
in
t
ga

in
w
hi
ch

ca
n
be

ex
pe

ct
ed

w
he

n
tu
ni
ng

no
t
on

ly
on

e
of

th
e
tw

o
hy

pe
rp
ar
am

-
et
er
s
in
di
vi
du

al
ly
,b

ut
bo

th
of

th
em

jo
in
tl
y,

on
a
da

ta
se
t
j,

ca
n
be

ex
pr
es
se
d
by

g
(j

)
i 1
,i
2

:=
m

in
{(
R

(j
) (θ

(j
)?

i 1
))
,(
R

(j
) (θ

(j
)?

i 2
))
}−

R
(j

) (θ
(j

)?
i 1
,i
2
).

(9
)

Fu
rt
he

rm
or
e,

on
e
co
ul
d
be

in
te
re
st
ed

in
w
he
th
er

th
is
jo
in
t
ga

in
co
ul
d
si
m
pl
y
be

re
ac
he

d
by

tu
ni
ng

bo
th

pa
ra
m
et
er
s
i 1

an
d
i 2

in
a
un

iv
ar
ia
te

fa
sh
io
n
se
qu

en
ti
al
ly
,e

it
he
r
in

th
e
or
de

r
i 1
→
i 2

or
i 2
→
i 1
,a

nd
w
ha

t
or
de

r
w
ou

ld
be

pr
ef
er
ab

le
.
Fo

r
th
is
pu

rp
os
e
on

e
co
ul
d
co
m
pa

re
th
e
ri
sk

of
th
e
hy

pe
rp
ar
am

et
er

va
lu
e
th
at

re
su
lt
s
w
he

n
tu
ni
ng

th
em

to
ge
th
er
R

(j
) (
θ(j

)?
i 1
,i
2
)
w
it
h

th
e
ri
sk
s
of

th
e
hy

pe
rp
ar
am

et
er

va
lu
es

th
at

ar
e
ob

ta
in
ed

w
he
n
tu
ni
ng

th
em

se
qu

en
ti
al
ly
,t
ha

t
m
ea
ns
R

(j
) (
θ(j

)?
i 1
→
i 2

)
or
R

(j
) (
θ(j

)?
i 2
→
i 1

),
w
hi
ch

is
do

ne
fo
r
ex
am

pl
e
in

W
al
dr
on

et
al
.(

20
11

).
A
ga

in
,
al
l
th
es
e
m
ea
su
re
s
sh
ou

ld
be

su
m
m
ar
iz
ed

ac
ro
ss

da
ta
se
ts
,
re
su
lt
in
g
in
d
i 1
,i
2
an

d
g i

1
,i
2
.
O
f
co
ur
se
,
th
es
e
ap

pr
oa

ch
es

ca
n
be

fu
rt
he

r
ge
ne

ra
liz

ed
by

co
ns
id
er
in
g
co
m
bi
na

ti
on

s
of

m
or
e
th
an

tw
o
pa

ra
m
et
er
s.

3.
6.

O
p
ti
m
al

H
yp

er
p
ar
am

et
er

R
an

ge
s
fo
r
T
u
n
in
g

A
re
as
on

ab
le

hy
pe

rp
ar
am

et
er

sp
ac
e

Θ
?
fo
r
tu
ni
ng

sh
ou

ld
in
cl
ud

e
th
e
op

ti
m
al

co
nfi

gu
ra
ti
on

θ(
j)
?
fo
r
da

ta
se
t
j
w
it
h
hi
gh

pr
ob

ab
ili
ty
.
W
e
de

no
te

th
e
p
-q
ua

nt
ile

of
th
e
di
st
ri
bu

ti
on

of
on

e
pa

ra
m
et
er

re
ga

rd
in
g
th
e
be

st
hy

pe
rp
ar
am

et
er
s
on

ea
ch

da
ta
se
t

(θ
(1

)?
) i
,.
..
,(
θ(
m

)?
) i

as
q i
,p
.

T
he

hy
pe

rp
ar
am

et
er

tu
ni
ng

sp
ac
e
ca
n
th
en

be
de

fin
ed

as

Θ
?

:=
{θ
∈

Θ
|∀
i
∈
{1
,.
..
,k
}

:
θ i
≥
q i
,p

1
∧
θ i
≤
q i
,p

2
},

(1
0)

w
it
h
p

1
an

d
p

2
be

in
g
qu

an
ti
le
s
w
hi
ch

ca
n
be

se
t
fo
r
ex
am

pl
e
to

th
e
5
%

qu
an

ti
le

an
d
th
e

95
%

qu
an

ti
le
.
T
hi
s
av
oi
ds

fo
cu

si
ng

to
o
m
uc
h
on

ou
tl
ie
r
da

ta
se
ts

an
d
m
ak
es

th
e
de

fin
it
io
n

of
th
e
sp
ac
e
in
de

pe
nd

en
t
fr
om

th
e
nu

m
be

r
of

da
ta
se
ts
.

T
he

de
fin

it
io
n
ab

ov
e
is

on
ly

va
lid

fo
r
nu

m
er
ic
al

hy
pe

rp
ar
am

et
er
s.

In
ca
se

of
ca
te
go
ri
ca
l

va
ri
ab

le
s
on

e
co
ul
d
us
e
si
m
ila

r
ru
le
s,
fo
r
ex
am

pl
e
on

ly
in
cl
ud

in
g
hy

pe
rp
ar
am

et
er

va
lu
es

th
at

w
er
e
at

le
as
t
on

ce
or

in
at

le
as
t
10

%
of

th
e
da

ta
se
ts

th
e
be

st
po

ss
ib
le

hy
pe

rp
ar
am

et
er

se
tt
in
g.

3.
7.

P
ra
ct
ic
al

E
st
im

at
io
n

In
or
de
r
to

pr
ac
ti
ca
lly

ap
pl
y
th
e
pr
ev
io
us
ly

de
fin

ed
co
nc

ep
ts
,t
w
o
re
m
ai
ni
ng

is
su
es

ne
ed

to
be

ad
dr
es
se
d:

a)
W
e
ne

ed
to

di
sc
us
s
ho

w
to

ob
ta
in
R

(j
) (
θ)
;a

nd
b)

in
(2
)
an

d
(3
)
a
m
ul
ti
va
ri
at
e

op
ti
m
iz
at
io
n
pr
ob

le
m

(t
he

m
in
im

iz
at
io
n)

ne
ed

s
to

be
so
lv
ed

.2

2.
A
ll
ot
he

r
pr
ev
io
us

op
ti
m
iz
at
io
n
pr
ob

le
m
s
ar
e
un

iv
ar
ia
te

or
tw

o-
di
m
en

si
on

al
an

d
ca
n
si
m
pl
y
be

ad
dr
es
se
d

by
si
m
pl
e
te
ch
ni
qu

es
su
ch

as
a
fin

e
gr
id

se
ar
ch
.
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T
u
n
a
bility

:
Im

po
rta

n
ce

o
f

H
y
per

pa
r
a
m
eter

s
o
f

M
ach

in
e

L
ea

r
n
in

g
A

lg
o
r
ith

m
s

For
a)

w
e
estim

ate
R

(j)(θ)
by

using
surrogate

m
odels

R̂
(j)(θ),

and
replace

the
original

quantity
by

its
estim

ator
in

allprevious
form

ulas.
Surrogate

m
odels

for
each

dataset
j
are

based
on

a
m
eta

dataset.
T
hisiscreated

by
evaluating

a
large

num
berofconfigurationsofthe

respective
M
L
m
ethod.

T
he

surrogate
regression

m
odelthen

learnsto
m
ap

a
hyperparam

eter
configuration

to
estim

ated
perform

ance.
For

b)
w
e
solve

the
optim

ization
problem

—
now

cheap
to

evaluate,because
of

the
surrogate

m
odels—

through
black-box

optim
ization.

3.8.
R
ep

aram
etrization

A
ll

tunability
m
easures

m
entioned

above
can

possibly
depend

on
and

be
influenced

by
a
reparam

etrization
of

hyperparam
eters.

For
exam

ple,
in

the
case

of
the

elastic
net

the
param

eters
λ
and

α
could

be
reparam

etrized
as
λ

1
=
α
λ
and

λ
2

=
(1−

α
)λ.

Form
ally,such

a
reparam

etrization
could

be
defined

as
a
(bijective)

function
φ

:
Θ
→

Θ̃
,
such

that
φ

(θ)
m
aps

an
originalconfiguration

θ
to

a
new

representation
θ̃

=
φ

(θ)
from

Θ̃
,in

a
one-to-one

m
anner.

T
hen

defaults
(calculated

by
the

approach
in

Section
3.2)

are
naturally

transform
ed

via
θ̃
?

=
φ

(θ
?)

into
the

new
space

Θ̃
,but

w
illstay

logically
the

sam
e.

M
oreover,the

general
tunability

ofthe
algorithm

does
(obviously)

not
change.

D
epending

on
the

param
eters

that
are

involved
in

the
reparam

etrization,
the

tunability
of

the
param

eters
can

change.
If,

for
exam

ple,
only

one
param

eter
is

involved,
all

tunabilities
rem

ain
the

sam
e.

If
tw

o
or

m
ore

param
eters

are
involved,

the
single

tunabilities
of

the
param

eters
could

change
but

the
tunability

of
the

set
of

the
transform

ed
param

eters
rem

ains
the

sam
e.

O
ne

m
ight

define
a
reparam

etrization
as

ideal
(in

the
sense

of
sim

plified
tuning)

if
the

tunability
is
concentrated

on
one

(or
only

few
)
hyperparam

eter(s),so
that

only
this

param
-

eter
has

to
be

optim
ized

and
all

rem
aining

hyperparam
eters

can
rem

ain
at

their
(optim

al)
default

values,reducing
a
m
ultivariate

optim
ization

problem
to

a
1-dim

ensionalor
at

least
low

er
dim

ensional
one.

U
sing

the
definition

above,
this

w
ould

im
ply

that
the

joint
gain

of
the

new
param

eter(s)
is
(close

to)
0.

For
exam

ple,im
agine

that
the

optim
alhyperparam

eter
values

per
dataset

of
tw

o
hyperparam

eters
θ

1
and

θ
2
lie

on
the

line
of

equation
θ

1
=
θ

2 .
A

useful
reparam

etrization
w
ould

then
be

θ̃
1

=
θ

1
+
θ

2
and

the
orthogonal

θ̃
2

=
θ

1 −
θ

2 .
It

w
ould

then
only

be
necessary

to
tune

θ̃
1 ,w

hile
θ̃

2
w
ould

be
set

to
the

default
value

0.
A

m
ore

general
form

ulation
is

possible
if

w
e
use

the
definition

of
3.4.

W
e
could,

for
exam

ple,search
for

a
bijective

and
invertible

function
φ
?(.),across

a
certain

param
eterized

function
space,such

that
the

m
ean

tunability
is
concentrated

on
and

therefore
m
axim

alfor
the

first
param

eter
and

m
inim

alfor
the

other
param

eters,i.e.:

φ
?

:=
arg

m
in

φ∈
Φ

1m

m
∑j=

1

m
in

θ̃∈
Θ̃
,θ̃
l =
θ̃
?l ∀
l6=

1
R

(j) (
φ
−

1 (
θ̃ ))

.
(11)

W
e
could

select
a
restricted

function
space

for
φ,

e.g.,
restrict

ourselves
to

the
space

of
all

linear
(invertible)

transform
ations

{
φ

:
R
k
→

R
k|φ

(x
)

=
A
x
,A
∈

R
k×

k,d
et(A

)
6=

0}.
If

concentrating
the

w
hole

tunability
on

only
one

param
eter

is
not

possible,
w
e
could

try
a

sim
ilar

approach
by

concentrating
it

on
a
com

bination
of

tw
o
hyperparam

eters.
N
ote

that
such

a
reparam

etrization
is

not
alw

ays
helpful.

For
exam

ple,
im

agine
w
e

have
tw

o
binary

param
eters

and
transform

them
such

that
(i)

one
ofthem

has
4
levels

that
correspond

to
allpossible

com
binations

ofthese
tw

o
param

eters
and

(ii)
the

other
param

eter
is

set
to

a
fixed

constant.
T
his

reparam
etrization

w
ould

not
be

useful:
all

the
tunability
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P
ro

bst,
B

o
u
lesteix

a
n
d

B
isch

l

is
contained

in
the

first
param

eter,
but

there
is

no
real

advantage,
as

still
four

evaluations
have

to
be

executed
in

the
tuning

process
to

get
the

best
hyperparam

eter
com

bination.
F
inally,

note
that

it
can

also
be

useful
to

reparam
etrize

a
single

hyperparam
eter

for
the

purpose
of

tuning.
Im

agine,
for

exam
ple,

that
m
ost

of
the

optim
al

param
eters

on
the

different
datasets

are
rather

sm
all

and
only

a
few

are
large.

A
transform

ation
of

this
param

eter
such

as
a
log-transform

ation
m
ay

then
be

useful.
T
his

is
very

sim
ilar

to
using

prior
probabilities

for
tuning

(based
on

results
on

previous
datasets)

w
hich

could
be

seen
as

a
useful

alternative
to

a
reparam

etrization
and

w
hich

is
already

proposed
in

van
R
ijn

and
H
utter

(2017).

4.
E
xp

erim
ental

S
etu

p

In
this

section
w
e
give

an
overview

about
the

experim
entalsetup

that
is

used
for

obtaining
surrogate

m
odels,tunability

m
easures

and
tuning

spaces.

4.1.
D
atasets

from
th
e
O
p
en

M
L
P
latform

R
ecently,the

O
penM

L
project

(V
anschoren

et
al.,2013)

has
been

created
as

a
flexible

online
platform

that
allow

s
M
L

scientists
to

share
their

data,
corresponding

tasks
and

results
of

different
M
L
algorithm

s.
W
e
use

a
specific

subset
ofcarefully

curated
classification

datasets
from

the
O
penM

L
platform

called
O
penM

L100
(B

ischlet
al.,2017a).

For
our

study
w
e
only

use
the

38
binary

classification
tasks

that
do

not
contain

any
m
issing

values.

4.2.
M
L
A
lgorith

m
s

T
he

algorithm
s
considered

in
this

paper
are

com
m
on

m
ethods

for
supervised

learning.
W
e

exam
ine

elastic
net

(glmnet
R

package),decision
tree

(rpart),k-nearest
neighbors

(kknn),
support

vector
m
achine

(svm),
random

forest
(ranger)

and
gradient

boosting
(xgboost).

For
m
ore

details
about

the
used

softw
are

packages
see

K
ühn

et
al.(2018b).

A
n
overview

of
their

considered
hyperparam

eters
is

displayed
in

T
able

1,
including

respective
data

types,
box-constraints

and
a
potentialtransform

ation
function.

In
the

case
of

xgboost,the
underlying

package
only

supports
num

ericalfeatures,so
w
e

opted
for

a
dum

m
y
feature

encoding
for

categoricalfeatures,w
hich

is
perform

ed
internally

by
the

underlying
packages

for
svm

and
glmnet.

Som
e
hyperparam

eters
ofthe

algorithm
s
are

dependent
on

others.
W
e
take

into
account

these
dependencies

and,for
exam

ple,only
sam

ple
a
value

for
gamma

for
the

support
vector

m
achine

if
the

radialkernelw
as

sam
pled

beforehand.

4.3.
P
erform

an
ce

estim
ation

Several
m
easures

are
regarded

throughout
this

paper,
either

for
evaluating

our
considered

classification
m
odels

that
should

be
tuned,or

for
evaluating

our
surrogate

regression
m
odels.

A
s
no

optim
al

m
easure

exists,
w
e
w
ill

com
pare

several
of

them
.
In

the
classification

case,
w
e
consider

A
U
C
,accuracy

and
B
rier

score.
In

the
case

ofsurrogate
regression,w

e
consider

R
2,w

hich
is
directly

proportionalto
the

regular
m
ean

squared
error

but
scaled

to
[0,1]and

explains
the

gain
over

a
constant

m
odelestim

ating
the

overallm
ean

of
alldata

points.
W
e

also
com

pute
K
endall’s

tau
as

a
ranking

based
m
easure

for
regression.
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T
u
n
a
bi

li
ty

:
Im

po
rt

a
n
ce

o
f

H
y
pe

r
pa

r
a
m
et

er
s

o
f

M
ac

h
in

e
L
ea

r
n
in

g
A

lg
o
r
it

h
m
s

A
lg
or
it
hm

H
yp

er
pa

ra
m
et
er

T
yp

e
Lo

w
er

U
pp

er
T
ra
fo

gl
m
ne

t
(E

la
st
ic

ne
t)

al
ph

a
nu

m
er
ic

0
1

-
la
m
bd

a
nu

m
er
ic

-1
0

10
2x

rp
ar
t

(D
ec
is
io
n
tr
ee
)

cp
nu

m
er
ic

0
1

-
m
ax

de
pt
h

in
te
ge
r

1
30

-
m
in
bu

ck
et

in
te
ge
r

1
60

-
m
in
sp
lit

in
te
ge
r

1
60

-
kk

nn
(k
-n
ea
re
st

ne
ig
hb

or
)

k
in
te
ge
r

1
30

-
sv
m

(S
up

po
rt

ve
ct
or

m
ac
hi
ne

)
ke
rn
el

di
sc
re
te

-
-

-
co
st

nu
m
er
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ra
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do

m
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st
)

nu
m
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re
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in
te
ge
r

1
20
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-

re
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ac
e
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gi
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l

-
-

-
sa
m
pl
e.
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ac
ti
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nu
m
er
ic

0.
1

1
-

m
tr
y

nu
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0
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x
·p
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t.
un

or
de

re
d.
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ct
or
s
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l
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e.
si
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ic

0
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n
x
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os
t

(G
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di
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t
bo

os
ti
ng

)
nr
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nd
s

in
te
ge
r

1
50

00
-

et
a

nu
m
er
ic

-1
0

0
2x

su
bs
am
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e

nu
m
er
ic

0.
1
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sc
re
te

-
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-
m
ax
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in
te
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r

1
15

-
m
in
_
ch
ild

_
w
ei
gh

t
nu

m
er
ic

0
7

2x

co
ls
am

pl
e_

by
tr
ee

nu
m
er
ic

0
1

-
co
ls
am

pl
e_

by
le
ve
l

nu
m
er
ic

0
1

-
la
m
bd

a
nu

m
er
ic

-1
0

10
2x

al
ph

a
nu

m
er
ic

-1
0

10
2x

T
ab

le
1:

H
yp

er
pa

ra
m
et
er
s
of

th
e
al
go
ri
th
m
s.

p
re
fe
rs

to
th
e
nu

m
be

r
of

va
ri
ab

le
s
an

d
n

to
th
e

nu
m
be

r
of

ob
se
rv
at
io
ns
.
T
he

co
lu
m
ns

Lo
w
er

an
d

U
pp

er
in
di
ca
te

th
e
re
gi
on

s
fr
om

w
hi
ch

sa
m
pl
es

of
th
es
e
hy

pe
rp
ar
am

et
er
s
ar
e
dr
aw

n.
T
he

tr
an

sf
or
m
at
io
n
fu
nc

ti
on

in
th
e
tr
af
o

co
lu
m
n,

if
an

y,
in
di
ca
te
s
ho

w
th
e
va
lu
es

ar
e
tr
an

sf
or
m
ed

ac
co
rd
in
g
to

th
is

fu
nc
ti
on

.
T
he

ex
po

ne
nt
ia
l
tr
an

sf
or
m
at
io
n

is
ap

pl
ie
d

to
ob

ta
in

m
or
e
ca
nd

id
at
e
va
lu
es

in
re
gi
on

s
w
it
h

sm
al
le
r
hy

pe
rp
ar
am

et
er
s
be

ca
us
e
fo
r
th
es
e
hy

pe
rp
ar
am

et
er
s
th
e
pe

rf
or
m
an

ce
di
ffe

re
nc
es

be
tw

ee
n
sm

al
le
r
va
lu
es

ar
e
po

te
nt
ia
lly

bi
gg
er

th
an

fo
r
bi
gg
er

va
lu
es
.
T
he

mt
ry

va
lu
e
in

ra
ng

er
th
at

is
dr
aw

n
fr
om

[0
,1

]
is

tr
an

sf
or
m
ed

fo
r
ea
ch

da
ta
se
t
se
pa

ra
te
ly
.
A
ft
er

ha
vi
ng

ch
os
en

th
e
da

ta
se
t,

th
e
va
lu
e
is

m
ul
ti
pl
ie
d

by
th
e
nu

m
be

r
of

va
ri
ab

le
s
an

d
af
te
rw

ar
ds

ro
un

de
d
up

.
Si
m
ila

rl
y,

fo
r
th
e
mi

n.
no

de
.s

iz
e
th
e
va
lu
e
x
is

tr
an

sf
or
m
ed

by
th
e
fo
rm

ul
a

[n
x
]
w
it
h
n
be

in
g
th
e
nu

m
be

r
of

ob
se
rv
at
io
ns

of
th
e
da

ta
se
t,

to
ob

ta
in

a
po

si
ti
ve

in
te
ge
r

va
lu
es

w
it
h
hi
gh

er
pr
ob

ab
ili
ty

fo
r
sm

al
le
r
va
lu
es

(t
he

va
lu
e
is

fin
al
ly

ro
un

de
d
to

ob
ta
in

in
te
ge
r
va
lu
es
).
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P
ro
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t,

B
o
u
le

st
ei

x
a
n
d

B
is

ch
l

T
he

pe
rf
or
m
an

ce
es
ti
m
at
io
n
fo
r
th
e
di
ffe

re
nt

hy
pe

rp
ar
am

et
er

ex
pe

ri
m
en
ts

is
co
m
pu

te
d

th
ro
ug

h
10

-f
ol
d
cr
os
s-
va
lid

at
io
n.

Fo
r
th
e
co
m
pa

ri
so
n
of

su
rr
og

at
e
m
od

el
s
10

ti
m
es

re
pe

at
ed

10
-f
ol
d
cr
os
s-
va
lid

at
io
n
is

us
ed

.

4.
4.

R
an

d
om

B
ot

sa
m
p
li
n
g
st
ra
te
gy

fo
r
m
et
a
d
at
a

T
o
re
lia

bl
y

es
ti
m
at
e
ou

r
su
rr
og

at
e
m
od

el
s
w
e
ne

ed
en
ou

gh
ev
al
ua

te
d

co
nfi

gu
ra
ti
on

s
pe

r
cl
as
si
fie

r
an

d
da

ta
se
t.

W
e
sa
m
pl
e
th
es
e
po

in
ts

fr
om

in
de

pe
nd

en
t
un

ifo
rm

di
st
ri
bu

ti
on

s
w
he

re
th
e
re
sp
ec
ti
ve

su
pp

or
t
fo
r
ea
ch

pa
ra
m
et
er

is
di
sp
la
ye
d
in

T
ab

le
1.

H
er
e,

un
ifo

rm
re
fe
rs

to
th
e
un

tr
an

sf
or
m
ed

sc
al
e,
so

w
e
sa
m
pl
e
un

ifo
rm

ly
fr
om

th
e
in
te
rv
al

[L
ow

er
,U

pp
er
]o

fT
ab

le
1.

In
or
de

r
to

pr
op

er
ly

fa
ci
lit
at
e
th
e
au

to
m
at
ic

co
m
pu

ta
ti
on

of
a
la
rg
e
da

ta
ba

se
of

hy
pe

r-
pa

ra
m
et
er

ex
pe

ri
m
en
ts
,
w
e
im

pl
em

en
te
d
a
so

ca
lle

d
O
pe

nM
L

bo
t.

In
an

em
ba

rr
as
si
ng

ly
pa

ra
lle

l
m
an

ne
r
it

ch
oo

se
s
in

ea
ch

it
er
at
io
n
a
ra
nd

om
da

ta
se
t,

a
ra
nd

om
cl
as
si
fic

at
io
n
al
-

go
ri
th
m
,
sa
m
pl
es

a
ra
nd

om
co
nfi

gu
ra
ti
on

an
d
ev
al
ua

te
s
it

vi
a
cr
os
s-
va
lid

at
io
n.

A
su
bs
et

of
50

00
00

ex
pe

ri
m
en
ts

fo
r
ea
ch

al
go

ri
th
m

an
d
al
l
da

ta
se
ts

ar
e
us
ed

fo
r
ou

r
an

al
ys
is

he
re
.3

M
or
e
te
ch
ni
ca
l
de

ta
ils

re
ga

rd
in
g
th
e
ra
nd

om
bo

t,
it
s
se
tu
p
an

d
re
su
lt
s
ca
n
be

ob
ta
in
ed

in
K
üh

n
et

al
.
(2
01

8b
),

fu
rt
he

rm
or
e,

fo
r
si
m
pl
e
an

d
pe

rm
an

en
t
ac
ce
ss

th
e
re
su
lt
s
of

th
e
bo

t
ar
e
st
or
ed

in
a
fig

sh
ar
e
re
po

si
to
ry

(K
üh

n
et

al
.,
20

18
a)
.

4.
5.

O
p
ti
m
iz
in
g
S
u
rr
og

at
es

to
O
b
ta
in

O
p
ti
m
al

D
ef
au

lt
s

R
an

do
m

se
ar
ch

is
al
so

us
ed

fo
r
ou

r
bl
ac
k-
bo

x
op

ti
m
iz
at
io
n
pr
ob

le
m
s
in

Se
ct
io
n
3.
7.

Fo
r

th
e
es
ti
m
at
io
n

of
th
e
de

fa
ul
ts

fo
r
ea
ch

al
go

ri
th
m

w
e
ra
nd

om
ly

sa
m
pl
e
10

00
00

po
in
ts

in
th
e
hy

pe
rp
ar
am

et
er

sp
ac
e
as

de
fin

ed
in

T
ab

le
1
an

d
de
te
rm

in
e
th
e
co
nfi

gu
ra
ti
on

w
it
h
th
e

m
in
im

al
av
er
ag

e
ri
sk
.

T
he

sa
m
e
st
ra
te
gy

w
it
h

10
00

00
ra
nd

om
po

in
ts

is
us
ed

to
ob

ta
in

th
e
be

st
hy

pe
rp
ar
am

et
er

se
tt
in
g
on

ea
ch

da
ta
se
t
th
at

is
ne
ed
ed

fo
r
th
e
es
ti
m
at
io
n
of

th
e

tu
na

bi
lit
y
of

an
al
go

ri
th
m
.
Fo

r
th
e
es
ti
m
at
io
n
of

th
e
tu
na

bi
lit
y
of

si
ng

le
hy

pe
rp
ar
am

et
er
s
w
e

al
so

us
e
10

00
00

ra
nd

om
po

in
ts

fo
r
ea
ch

pa
ra
m
et
er
,
w
hi
le

fo
r
th
e
tu
na

bi
lit
y
of

co
m
bi
na

ti
on

of
hy

pe
rp
ar
am

et
er
s
w
e
on

ly
us
e
10

00
0
ra
nd

om
po

in
ts

to
re
du

ce
ru
nt
im

e
as

th
is

sh
ou

ld
be

en
ou

gh
to

co
ve
r
2-
di
m
en

si
on

al
hy

pe
rp
ar
am

et
er

sp
ac
es
.

O
fc

ou
rs
e
on

e
ha

s
to

be
ca
re
fu
lw

it
h
ov
er
fit
ti
ng

he
re
,a

s
ou

r
op

ti
m
al

de
fa
ul
ts

ar
e
ch
os
en

w
it
h
th
e
he

lp
of

th
e
sa
m
e
da

ta
se
ts

th
at

ar
e
us
ed

to
de

te
rm

in
e
th
e
pe

rf
or
m
an

ce
.
T
he
re
fo
re
,

w
e
al
so

ev
al
ua

te
ou

r
ap

pr
oa

ch
vi
a
a
“1
0-
fo
ld

cr
os
s-
va
lid

at
io
n

ac
ro
ss

da
ta
se
ts
”.

H
er
e,

w
e

re
pe

at
ed

ly
ca
lc
ul
at
e
th
e
op

ti
m
al

de
fa
ul
ts

ba
se
d
on

90
%

“t
ra
in
in
g
da

ta
se
ts
”
an

d
ev
al
ua

te
th
e

pa
ck
ag

e
de

fa
ul
ts

an
d
ou

r
op

ti
m
al

de
fa
ul
ts
—
th
e
la
tt
er

in
du

ce
d
fr
om

th
e
tr
ai
ni
ng

da
ta
se
ts
—

on
th
e
su
rr
og

at
e
m
od

el
s
of

th
e
re
m
ai
ni
ng

10
%

“t
es
t
da

ta
se
ts
”,
an

d
co
m
pa

re
th
ei
r
di
ffe
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e
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pe
rf
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m
an

ce
.

4.
6.

T
h
e
P
ro
b
le
m

of
H
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p
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et
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D
ep

en
d
en

cy

So
m
e
pa

ra
m
et
er
s
ar
e
de

pe
nd

en
t
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ot
he

r
su
pe

ro
rd
in
at
e
hy

pe
rp
ar
am

et
er
s
an

d
ar
e
on

ly
re
le
-

va
nt

if
th
e
pa

ra
m
et
er

va
lu
e
of

th
is

su
pe

ro
rd
in
at
e
pa

ra
m
et
er

w
as

se
t
to

a
sp
ec
ifi
c
va
lu
e.

Fo
r

ex
am

pl
e
ga

mm
a
in

sv
m
on

ly
m
ak
es

se
ns
e
if
th
e
ke

rn
el

w
as

se
t
to

“r
ad

ia
l”

or
de

gr
ee

on
ly

m
ak
es

se
ns
e
if
th
e
ke
rn
el

w
as

se
t
to

“p
ol
yn

om
ia
l”.

So
m
e
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th
es
e
su
bo

rd
in
at
e
pa

ra
m
et
er
s

m
ig
ht

be
in
va
lid

/i
na

ct
iv
e
in

th
e
re
fe
re
nc

e
de

fa
ul
t
co
nfi

gu
ra
ti
on

,
re
nd

er
in
g
it

im
po

ss
ib
le

to

3.
O
nl
y
30

ex
pe

ri
m
en
ts

ar
e
us
ed

fo
r
ea
ch

da
ta
se
t
fo
r
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w
e
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e
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ra
m
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T
u
n
a
bility

:
Im

po
rta

n
ce

o
f

H
y
per

pa
r
a
m
eter

s
o
f

M
ach

in
e

L
ea

r
n
in

g
A

lg
o
r
ith

m
s

univariately
tune

them
in

order
to

com
pute

their
tunability

score.
In

such
a
case

w
e
set

the
superordinate

param
eter

to
a
value

w
hich

m
akes

the
subordinate

param
eter

active,com
pute

the
optim

aldefaults
for

the
rest

ofthe
param

eters
and

com
pute

the
tunability

score
for

the
subordinate

param
eter

w
ith

these
defaults.

4.7.
S
oftw

are
D
etails

A
ll
our

experim
ents

are
executed

in
R

and
are

run
through

a
com

bination
of

custom
code

from
our

random
bot

(K
ühn

et
al.,2018b),the

OpenML
R

package
(C

asalicchio
et

al.,2017),
mlr

(B
ischlet

al.,2016)
and

batchtools
(Lang

et
al.,2017)

for
parallelization.

A
llresults

are
uploaded

to
the

O
penM

L
platform

and
there

publicly
available

for
further

analysis.
mlr

is
also

used
to

com
pare

and
fit

allsurrogate
regression

m
odels.

T
he

fully
reproducible

R
code

for
all

com
putations

and
analyses

of
our

paper
can

be
found

on
the

github
page:

https://github.com/PhilippPro/tunability.
W
e
also

provide
an

interactive
shiny

app
under

https://philipppro.shinyapps.io/tunability/,
w
hich

displays
all

results
of

the
follow

ing
section

in
a
potentially

m
ore

convenient,interactive
fashion

and
w
hich

can
sim

ply
be

accessed
through

a
w
eb

brow
ser.

5.
R

esu
lts

an
d

D
iscu

ssion

W
e
calculate

allresults
for

A
U
C
,accuracy

and
B
rier

score
but

m
ainly

discuss
A
U
C

results
here.

T
ables

and
figures

for
the

other
m
easures

can
be

accessed
in

the
appendix

and
in

our
interactive

shiny
application.

5.1.
S
u
rrogate

M
od

els

W
e
com

pare
different

possible
regression

m
odels

as
candidates

for
our

surrogate
m
odels:

the
linear

m
odel

(lm),
a
sim

ple
decision

tree
(rpart),

k
nearest-neighbors

(kknn)
and

random
forest

(ranger) 4
A
ll
algorithm

s
are

run
w
ith

their
default

settings.
W
e
calculate

10
tim

es
repeated

10-fold
cross-validated

regression
perform

ance
m
easures

R
2
and

K
endall’s

tau
per

dataset,and
average

these
across

alldatasets. 5
R
esults

for
A
U
C

are
displayed

in
F
igure

1.
A

good
overall

perform
ance

is
achieved

by
ranger

w
ith

qualitatively
sim

ilar
results

for
other

classification
perform

ance
m
easures

(see
A
ppendix).

In
the

follow
ing

w
e
use

random
forest

as
surrogate

m
odelbecause

it
perform

s
reasonably

w
elland

is
already

an
established

algorithm
for

surrogate
m
odels

in
the

literature
(E

ggensperger
et

al.,
2014;

H
utter

et
al.,

2013).

5.2.
O
p
tim

al
D
efau

lts
an

d
T
u
n
ab

ility

T
able

2
displays

our
m
ean

tunability
results

for
the

algorithm
s
as

defined
in

form
ula

(4)
w
.r.t.

package
defaults

(Tun.P
colum

n)
and

our
optim

aldefaults
(Tun.O).T

he
distribution

of
the

tunability
values

of
the

optim
al

defaults
can

be
seen

in
F
igure

2
in

the
m
odified

4.
W
e
also

tried
cubist

(K
uhn

et
al.,

2016),
w
hich

provided
good

results
but

the
algorithm

had
som

e
technical

problem
s
for

som
e
com

binations
of

datasets
and

algorithm
s.

W
e
did

not
include

gaussian
process

w
hich

is
one

of
the

standard
algorithm

s
for

surrogate
m
odels

as
it

cannot
handle

categorical
variables.

5.
In

case
of

kknn
four

datasets
did

not
provide

results
for

one
of

the
surrogate

m
odels

and
w
ere

not
used.
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P
ro

bst,
B

o
u
lesteix

a
n
d

B
isch

l

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

lm
kknn

rpart
ranger

S
urrogate m

odel

R−squared

A
lgorithm

glm
net

rpart

kknn

svm

ranger

xgboost

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

lm
kknn

rpart
ranger

S
urrogate m

odel

Kendall's tau

A
lgorithm

glm
net

rpart

kknn

svm

ranger

xgboost

F
igure

1:
A
verage

perform
ances

over
the

datasets
of

different
surrogate

m
odels

(target:
A
U
C
)
for

different
algorithm

s
(that

w
ere

presented
in

4.2).
For

an
easier

com
par-

ison
ofthe

surrogate
m
odels

the
sam

e
graph

w
ith

exchanged
x-axis

and
legend

is
available

in
the

appendix
in

F
igure

5.
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scores
for

individual
hyperparam

eters.
T
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num
erical

scores
are

-
in

our
opinion

-
less

directly
interpretable,

but
they

do
not

rely
on

defaults
as

a
reference

point,
w
hich

one
m
ight

see
as

an
advantage.

T
hey

also
propose

a
m
ethod

for
calculating

hyperparam
eter

priors,com
bine

it
w
ith

the
tuning

procedure
hyperband,and

assess
the

perform
ance

ofthis
new

tuning
procedure.

In
contrast,w

e
define

and
calculate

ranges
for

allhyperparam
eters.

Setting
ranges

for
the

tuning
space

can
be

seen
as

a
specialcase

ofa
prior

distribution
-
the

uniform
distribution

on
the

specified
hyperparam

eter
space.
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the
experim

ental
setup,w

e
com

pute
m
ore

hyperparam
eter

runs
(around

2.5
m
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vs.
250000),but

consider
only

the
38

binary
classification

datasets
of

O
penM

L100
w
hile

van
R
ijn

and
H
utter

(2017)
use

allthe
100

datasets
w
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also
contain

m
ulticlass

datasets.
W
e
evaluate

the
perform

ance
of

different
surrogate

m
odels

by
10

tim
es

repeated
10-fold

cross-validation
to

choose
an

appropriate
m
odeland

to
assure

that
it
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s
reasonably

w
ell.

O
ur

study
has
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e
lim

itations
that

could
be

addressed
in

the
future:

a)
W
e
only

con-
sidered

binary
classification,

w
here

w
e
tried

to
include

a
w
ider

variety
of

datasets
from

different
dom

ains.
In

principle
this

is
not

a
restriction
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m
ethods

can
easily

be
applied
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m
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even
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not

from
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learning
w
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is
reliably

m
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not
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enough
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ensional
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arter
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be
in

order
here,see

B
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et
al.(2015)

for
an

potential
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of
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to
learn

optim
al
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appings

from
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to

algorithm
configurations.
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e
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are
learning

static
defaults,w
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depend
on

dataset
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num

ber
offeatures,or

further
statisticalm

easures).
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oing

so
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im
prove

perform
ance

results
of

optim
aldefaults

con-
siderably,

but
w
ould

require
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m
ore

com
plicated

approach.
A
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paper
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this
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w
as
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by

van
R
ijn

et
al.(2018).

d)
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ur

approach
stillneeds

initialranges
to

be
set,

in
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to
run

our
sam

pling
procedure.
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nly
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w
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e
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m
ore

precise,closer
ranges.
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m
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w
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m
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invari-

ant
representation

that
is
furtherm

ore
invariant

to
the

num
ber

ofagents
in

the
sw

arm
/
the

num
ber

of
perceived

neighbors.

M
ean

feature
em

beddings
have

so
far

been
used

m
ainly

for
kernel-based

feature
repre-

sentations
(G

retton
et

al.,2012),but
they

can
be

also
applied

to
histogram

s
or

radialbasis
function

(R
B
F
)
netw

orks.
T
he

resulting
m
odels

are
closely

related
to

the
“invariant

m
odel”

form
ulated

by
Zaheer

et
al.

(2017).
H
ow

ever,
com

pared
to

the
sum

m
ation

approach
de-

scribed
in

their
paper,the

averaging
of

feature
activations

proposed
in

our
approach

yields
the

desired
invariance

w
ith

respect
to

the
observed

agent
num

ber
m
entioned

above.
T
o
the

best
ofour

know
ledge,w

e
are

the
first

to
use

m
ean

em
beddings

inside
a
deep

reinforcem
ent

learning
fram

ew
ork

for
sw

arm
system

s
w
here

both
the

feature
space

ofthe
m
ean

em
bedding

as
w
ellas

the
policy

are
learned

end-to-end.

W
e
test

our
state

representation
on

various
rendezvous

and
pursuit

evasion
problem

s
using

T
rust

R
egion

P
olicy

O
ptim

ization
(T

R
P
O
)
(Schulm

an
et

al.,2015)
as

the
underlying

deep
R
L
algorithm

.
In

the
rendezvous

problem
,the

agents
need

to
find

a
collective

strategy
that

allow
s
them

to
m
eet

at
som

e
arbitrary

location.
In

the
pursuit

evasion
dom

ain,a
group

of
agents

collectively
tries

to
capture

one
or

m
ultiple

evaders.

P
olicies

are
learned

in
a
centralized-learning/

decentralized-execution
fashion

fashion,
m
eaning

that
during

learning
data

from
allagents

is
collected

centrally
and

used
to

optim
ize

the
param

eters
as

ifthere
w
as

only
one

agent.
N
onetheless,each

agent
only

has
access

to
its

ow
n
perception

ofthe
globalsystem

state
to

generate
actions

from
the

policy
function.

W
e

com
pare

our
representation

to
several

deep
R
L

baselines
as

w
ell

as
to

optim
ization-based

solutions,if
available.

H
erein,w

e
perform

our
experim

ents
both

in
settings

w
ith

globalob-
servability

(i.e.,allagents
are

neighbors)
and

in
settings

w
ith

localobservability
(i.e.,agents

are
only

locally
connected).

In
the

latter
setting,w

e
also

evaluate
different

com
m
unication

protocols
(H

üttenrauch
et

al.,
2018)

that
allow

the
agents

to
transm

it
additional

inform
a-

tion
about

their
local

graph
structure.

For
exam

ple,
an

agent
m
ight

transm
it

the
num

ber
ofneighbors

w
ithin

its
current

neighborhood.
P
reviously,such

additionalinform
ation

could
not

be
encoded

effi
ciently

due
to

the
poor

scalability
of

the
histogram

-based
approaches.

O
ur

results
show

that
agents

using
our

representation
can

learn
faster

and
obtain

poli-
cies

of
higher

quality,suggesting
that

the
representation

as
m
ean

em
bedding

is
an

effi
cient

encoding
of

the
global

state
configuration

for
sw

arm
-based

system
s.

M
oreover,

m
ean

em
-

beddings
are

sim
ple

to
im

plem
ent

inside
existing

neural
netw

ork
architectures

and
can

be
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H
ü
tten
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,
Š
o
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a
n
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N
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m
a
n
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applied
to

any
deep

R
L
algorithm

,
w
hich

m
akes

the
approach

applicable
in

a
w
ide

variety
of

scenarios.
T
he

source
code

to
reproduce

our
results

can
be

found
online. 1

2.
R
elated

W
ork

T
he

m
ain

contribution
of

this
w
ork

lies
in

the
developm

ent
of

a
com

pact
representation

of
state

inform
ation

in
sw

arm
system

s,
w
hich

can
easily

be
used

w
ithin

deep
m
ulti-agent

reinforcem
ent

learning
(M

A
R
L)

settings
that

contain
hom

ogeneous
agent

groups.
In

fact,
our

w
ork

is
m
ostly

orthogonalto
other

research
in

the
field

ofM
A
R
L
and

the
presented

ideas
can

be
incorporated

into
m
ost

existing
approaches.

T
o
provide

an
overview

,w
e
begin

w
ith

a
briefsurvey

ofalgorithm
s
used

in
(deep)

M
A
R
L,w

e
revisit

the
basics

ofm
ean

em
bedding

theory,and
w
e
sum

m
arize

som
e
classic

approaches
to

sw
arm

controlfor
the

rendezvous
and

pursuit
evasion

task.

2.1.
D

eep
R

L

R
ecently,

there
has

been
increasing

interest
in

deep
reinforcem

ent
learning

for
sw

arm
s
and

m
ulti-agent

system
s
in

general.
For

exam
ple,

Zheng
et

al.
(2017)

provide
a
m
any-agent

reinforcem
ent

learning
platform

based
on

a
m
ulti-channelim

age
state

representation,w
hich

uses
D
eep

Q
-N

etw
orks

(D
Q
N
)
(M

nih
et

al.,2015)
to

learn
decentralized

controlstrategies
in

large
grid

w
orlds

w
ith

discrete
actions.

G
upta

et
al.(2017)

show
a
com

parison
ofcentralized,

concurrent
and

param
eter

sharing
approaches

to
cooperative

deep
M
A
R
L,

using
T
R
P
O

(Schulm
an

et
al.,2015),D

D
P
G

(Lillicrap
et

al.,2015)
and

D
Q
N
.T

hey
evaluate

each
m
ethod

on
three

tasks,
one

of
w
hich

is
a
pursuit

task
in

a
grid

w
orld

using
bitm

ap-like
im

ages
as

state
representation.

A
variant

of
D
D
P
G

for
m
ultiple

agents
in

M
arkov

gam
es

using
a

centralized
action-value

function
is

provided
by

Low
e
et

al.
(2017).

T
he

authors
evaluate

the
m
ethod

on
tasks

like
cooperative

com
m
unication,navigation

and
others.

T
he

dow
nside

ofa
centralized

action-value
function

is
that

the
input

space
grow

s
linearly

w
ith

the
num

ber
of

agents,
and

hence,
their

approach
scales

poorly
to

large
system

sizes.
A

m
ore

scalable
approach

is
presented

by
Y
ang

et
al.(2018).

E
m
ploying

m
ean

field
theory,the

interactions
w
ithin

the
population

of
agents

are
approxim

ated
by

the
interaction

of
a
single

agent
w
ith

the
average

effect
from

the
overall

population,
w
hich

has
the

effect
that

the
action-value

function
input

space
stays

constant.
E
xperim

ents
are

conducted
on

a
G
aussian

squeeze
problem

,an
Ising

m
odel,and

a
m
ixed

cooperative-com
petitive

battle
gam

e.
Y
et,the

paper
does

not
address

the
state

representation
problem

for
sw

arm
system

s.
O
m
idshafiei

et
al.

(2017)
investigate

hysteretic
Q
-learning

(M
atignon

et
al.,

2007)
and

distillation
(R

usu
et

al.,2015).
T
hey

use
deep

recurrent
Q
-netw

orks
(H

ausknecht
and

Stone,
2015)

to
solve

single
and

m
ulti-task

D
ec-P

O
M
D
P

problem
s.

Follow
ing

this
w
ork,

P
alm

er
et

al.(2017)
add

leniency
(P

anait
et

al.,2006)
to

the
hysteretic

approach
to

prevent
“relative

overgeneralization”
ofagents.

T
he

approach
is
evaluated

on
a
coordinated

m
ulti-agentobject

transportation
problem

in
a
grid

w
orld

w
ith

stochastic
rew

ards.
Sunehag

et
al.(2017)

tackle
the

“lazy
agent”

problem
in

cooperative
M
A
R
L
w
ith

a
single

team
rew

ard
by

training
each

agentw
ith

a
learned

additive
decom

position
ofa

value
function

based
on

the
team

rew
ard.

E
xperim

ents
show

an
increase

in
perform

ance
on

cooperative

1.
https://github.com/LCAS/deep_rl_for_swarms4
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T
ru
st

R
eg
io
n
P
ol
ic
y
O
pt
im

iz
at
io
n
an

d
m
ea
n

em
be

dd
in
gs

of
di
st
ri
bu

ti
on

s.

3.
1.

T
ru

st
R

eg
io

n
P
ol

ic
y

O
p
ti

m
iz

at
io

n

T
ru
st

R
eg
io
n
P
ol
ic
y
O
pt
im

iz
at
io
n
is
an

al
go

ri
th
m

to
op

ti
m
iz
e
co
nt
ro
lp

ol
ic
ie
s
in

si
ng

le
-a
ge
nt

re
in
fo
rc
em

en
t
le
ar
ni
ng

pr
ob

le
m
s
(S
ch
ul
m
an

et
al
.,
20

15
).

T
he

se
pr
ob

le
m
s
ar
e
fo
rm

ul
at
ed

as
M
ar
ko
v
de
ci
si
on

pr
oc
es
se
s
(M

D
P
s)
,w

hi
ch

ca
n
be

co
m
pa

ct
ly

w
ri
tt
en

as
a
tu
pl
e
〈S
,A
,P
,R
〉.

In
an

M
D
P,

an
ag

en
t
ch
oo

se
s
an

ac
ti
on

a
∈
A

ac
co
rd
in
g
to

so
m
e
po

lic
y
π

(a
|s

)
ba

se
d
on

it
s

cu
rr
en
t
st
at
e
s
∈
S

an
d
pr
og

re
ss
es

to
st
at
e
s′
∈
S

ac
co
rd
in
g
to

th
e
tr
an

si
ti
on

dy
na

m
ic
s
P
,

i.e
.,
s′
∼
P

(s
′ |
s,
a
).

A
ft
er

ea
ch

st
ep
,
th
e
ag

en
t
re
ce
iv
es

a
re
w
ar
d
r

=
R

(s
,a

),
pr
ov
id
ed

by
th
e
re
w
ar
d
fu
nc

ti
on

R
,w

hi
ch

ju
dg

es
th
e
qu

al
it
y
of

it
s
de

ci
si
on

.
T
he

go
al

of
th
e
ag

en
t
is

to
fin

d
a
po

lic
y
th
at

m
ax

im
iz
es

th
e
cu

m
ul
at
iv
e
re
w
ar
d
ac
hi
ev
ed

ov
er

a
ce
rt
ai
n
pe

ri
od

of
ti
m
e.

In
T
R
P
O
,t
he

po
lic

y
is
pa

ra
m
et
ri
ze
d
by

a
pa

ra
m
et
er

ve
ct
or
θ
co
nt
ai
ni
ng

th
e
w
ei
gh

ts
an

d
bi
as
es

of
a
ne

ur
al

ne
tw

or
k.

In
th
e
fo
llo

w
in
g,

w
e
de

no
te

th
is
pa

ra
m
et
ri
ze
d
po

lic
y
as
π
θ
.
T
he

re
in
fo
rc
em

en
t
le
ar
ni
ng

ob
je
ct
iv
e
is

ex
pr
es
se
d
as

fin
di
ng

a
ne

w
po

lic
y
th
at

m
ax

im
iz
es

th
e

ex
pe

ct
ed

ad
va
nt
ag

e
fu
nc

ti
on

of
th
e
cu

rr
en
t
po

lic
y
π

ol
d
,
i.e

.,
J

T
R

P
O

=
E
[

π
θ

π
θ
ol

d
A
π
ol

d
(s
,a

)] ,

w
he

re
A
π
ol

d
(s
,a

)
=
Q
π
ol

d
(s
,a

)
−
V
π
ol

d
(s

).
H
er
ei
n,

th
e
st
at
e-
ac
ti
on

va
lu
e
fu
nc
ti
on

Q
π
ol

d
(s
,a

)
is

ty
pi
ca
lly

es
ti
m
at
ed

vi
a
tr
aj
ec
to
ry

ro
llo

ut
s,

w
hi
le

fo
r
th
e
va
lu
e
fu
nc

ti
on

V
π
ol

d
(s

)
lin

ea
r
or

ne
ur
al

ne
tw

or
k
ba

se
lin

es
ar
e
us
ed

th
at

ar
e
fit
te
d
to

th
e
M
on

te
-C

ar
lo

re
tu
rn
s,
re
su
lt
in
g
in

an
es
ti
m
at
e
Â

(s
,a

)
fo
r
th
e
ad

va
nt
ag

e
fu
nc

ti
on

.
T
he

ob
je
ct
iv
e
is

to
be

m
ax

im
iz
ed

su
bj
ec
t
to

a
fix

ed
co
ns
tr
ai
nt

on
th
e
K
ul
lb
ac
k-
Le

ib
le
r
(K

L)
di
ve
rg
en

ce
of

th
e
po

lic
y
be

fo
re

an
d
af
te
r
th
e

pa
ra
m
et
er

up
da

te
,w

hi
ch

en
su
re
s
th
at

th
e
up

da
te
s
to

th
e
po

lic
y
pa

ra
m
et
er
s
θ
ar
e
bo

un
de

d,
in

or
de

r
to

av
oi
d
di
ve
rg
en

ce
of

th
e
le
ar
ni
ng

pr
oc
es
s.

T
he

ov
er
al
l
op

ti
m
iz
at
io
n
pr
ob

le
m

is
su
m
m
ar
iz
ed

as

m
ax

im
iz
e

θ
E
[
π
θ

π
θ o

ld

Â
(s
,a

)]

su
bj
ec
t
to

E[
D

K
L
(π
θ o

ld
||π

θ
)]
≤
δ.

T
he

pr
ob

le
m

is
ap

pr
ox
im

at
el
y
so
lv
ed

us
in
g
co
nj
ug

at
e
gr
ad

ie
nt

op
ti
m
iz
at
io
n,

af
te
r
lin

ea
ri
zi
ng

th
e
ob

je
ct
iv
e
an

d
qu

ad
ra
ti
zi
ng

th
e
co
ns
tr
ai
nt
.

3.
2.

M
ea

n
E
m

b
ed

d
in

gs

O
ur

w
or
k
is
in
sp
ir
ed

by
th
e
id
ea

of
em

be
dd

in
g
di
st
ri
bu

ti
on

s
in
to

re
pr
od

uc
in
g
ke
rn
el

H
ilb

er
t

sp
ac
es

(S
m
ol
a
et

al
.,

20
07

)
fr
om

w
he

re
w
e
bo

rr
ow

th
e
co
nc

ep
t
of

m
ea
n

em
be

dd
in
gs
.

A
pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

P
(X

)
ca
n

be
re
pr
es
en
te
d

as
an

el
em

en
t
in

a
re
pr
od

uc
in
g
ke
rn
el
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D
eep

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
fo

r
S
w
a
r
m

S
y
stem

s

H
ilbert

space
by

its
expected

feature
m
ap

(i.e.,the
m
ean

em
bedding),

µ
X

=
E
X

[φ
(X

)],

w
here

φ
(x

)
is
a
(possibly

infinite
dim

ensional)
feature

m
apping.

G
iven

a
set

ofobservations
{
x

1 ,...,x
m },

draw
n
i.i.d.

from
P

(X
),

the
em

pirical
estim

ate
of

the
expected

feature
m
ap

is
given

by

µ̂
X

=
1m

m
∑i=

1

φ
(x
i ).

U
sing

characteristic
kernel

functions
k
(x
,x
′)

=
〈φ

(x
),
φ

(x
′)〉,

such
as

G
aussian

R
B
F

or
Laplace

kernels,
m
ean

em
beddings

can
be

used,
for

exam
ple,

in
tw

o-sam
ple

tests
(G

retton
et

al.,2012)
and

independence
tests

(G
retton

et
al.,2008).

A
characteristic

kernelis
required

to
uniquely

identify
a
distribution

based
on

its
m
ean

em
bedding.

H
ow

ever,this
assum

ption
can

be
relaxed

to
using

finite
feature

spaces
if
the

objective
is

m
erely

to
extract

relevant
inform

ation
from

a
distribution

such
as,

in
our

case,
the

inform
ation

needed
for

the
policy

of
the

agents.

4.
D
eep

R
ein

forcem
ent

L
earn

in
g
for

S
w
arm

s

T
he

reinforcem
ent

learning
algorithm

presented
in

the
last

section
has

been
originally

de-
signed

for
single-agent

learning.
In

order
to

apply
this

algorithm
to

the
sw

arm
setup,

w
e

sw
itch

to
a
different

problem
dom

ain
and

show
the

im
plications

on
the

learning
algorithm

.
P
oliciesin

thiscontextare
then

optim
ized

in
a
centralized–learning

/
decentralized–execution

fashion.

4.1.
P

rob
lem

D
om

ain

T
he

problem
dom

ain
for

our
sw

arm
system

is
best

described
as

a
sw

arm
M
D
P
environm

ent
(Šošić

et
al.,

2017).
T
he

sw
arm

M
D
P

can
be

regarded
as

a
special

case
of

a
decentralized

partially
observable

M
arkov

decision
process

(D
ec-P

O
M
D
P
)
(B

ernstein
et

al.,2002)
and

is
constructed

in
tw

o
steps.

F
irst,

an
agent

prototype
is

defined
as

a
tuple

A
=
〈S
,O
,A
,π〉,

determ
ining

the
local

properties
of

an
agent

in
the

system
.
H
erein,S

denotes
the

set
of

the
agent’s

local
states,O

is
the

set
of

possible
local

observations,A
is

the
set

of
actions

available
to

the
agent,and

π
:O
×
A
→

[0,1]is
the

agent’s
stochastic

controlpolicy.
B
ased

on
this

definition,the
sw

arm
M
D
P
is
constructed

as〈N
,A
,P
,O
,R〉,w

here
N

is
the

num
ber

of
agents

in
the

system
and

A
is

the
aforem

entioned
agent

prototype.
T
he

coupling
of

the
agentsisspecified

through
a
globalstate

transition
m
odel

P
:S

N×
S
N×
A
N
→

[0,∞
)and

an
observation

m
odel

O
:S

N
×
{
1
,...,N

}
→
O
,w

hich
determ

ines
the

localobservation
o
i∈
O

for
agent

i
at

a
given

sw
arm

state
s
∈
S
N
,i.e.,

o
i

=
O

(s
,i).

F
inally,

R
:S

N
×
A
N
→

R
is

the
globalrew

ard
function,w

hich
encodes

the
cooperative

task
for

the
sw

arm
by

providing
an

instantaneous
rew

ard
feedback

R
(s
,a

)
according

to
the

current
sw

arm
state

s
and

the
corresponding

joint
action

assignm
ent

a
∈
A
N

of
the

agents.
T
he

specific
state

dynam
ics

and
observation

m
odels

considered
in

this
paper

are
described

in
Section

5.
T
he

m
odel

encodes
tw

o
im

portant
properties

of
sw

arm
netw

orks:
F
irst,

all
agents

in
the

system
are

assum
ed

to
be

identical,
and

accordingly,
they

are
all

assigned
the

sam
e

7
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H
ü
tten

r
au

ch
,
Š
o
šić

a
n
d

N
eu

m
a
n
n

decentralized
policy

π.
T
his

is
an

im
m
ediate

consequence
of

the
tw

o-step
construction

of
the

m
odel,

w
hich

im
plies

that
all

agents
share

the
sam

e
internal

architecture.
Second,

the
agents

are
only

partially
inform

ed
about

the
global

system
state,

as
prescribed

by
the

observation
m
odel

O
.
N
ote

that
both

the
transition

m
odel

and
the

observation
m
odel

are
assum

ed
to

be
invariant

to
perm

utations
of

the
agents

in
order

to
ensure

the
hom

ogeneity
of

the
system

.
For

details,see
(Šošić

et
al.,2017).

4.2.
L
ocal

O
b
servation

M
od

els

T
he

localobservation
o
i
introduced

in
the

last
section

is
a
com

bination
ofobservations

o
iloc

an
agent

m
akes

about
localproperties

(like
the

agent’s
current

velocity
or

its
distance

to
a

w
all)

and
observations

O
i
of

other
agents.

In
order

to
describe

the
observation

m
odelused

for
the

agents,w
e
use

an
interaction

graph
representation

ofthe
sw

arm
.
T
his

graph
is
given

by
nodes

V
=
{v

1 ,v
2 ,...,v

N }
corresponding

to
the

agents
in

the
sw

arm
and

an
edge

set
E
⊂
V
×
V
,w

hich
w
e
assum

e
contains

unordered
pairs

of
the

form
{v
i ,v

j }
indicating

that
agents

i
and

j
are

neighbors.
T
he

interaction
graph

is
denoted

asG
=

(V
,E

).
If

both
the

set
of

nodes
and

the
set

of
edges

are
not

changing,
w
e
callG

a
static

interaction
graph;

if
either

of
the

set
undergoes

changes,w
e
instead

refer
to
G
as

a
dynam

ic
interaction

graph.
T
he

set
of

neighbors
of

agent
i
in

the
graph

G
is

given
by

N
G
(i)

=
{j|{v

i ,v
j }
∈
E
}.

W
ithin

this
neighborhood,agent

ican
sense

localinform
ation

about
other

agents,for
exam

-
ple

distance
or

bearing
to

each
neighbor.

W
e
denote

the
inform

ation
agent

i
receives

from
agent

j
as

o
i,j

=
f

(s
i,s

j),
w
hich

is
a
function

of
the

local
states

of
agent

i
and

agent
j.

T
he

observation
o
i,j

is
available

for
agent

i
only

if
j
∈
N
G
(i).

H
ence,

the
com

plete
state

inform
ation

agent
i
receives

from
allneighbors

is
given

by
the

set
O
i

=
{
o
i,j|j∈

N
G
(i) }.

A
s
the

observations
of

other
agents

are
sum

m
arized

in
form

of
sets{

O
i},w

e
require

an
effi

cient
encoding

that
can

be
used

as
input

to
a
neural

netw
ork

policy.
In

particular,
it

m
ust

m
eet

the
follow

ing
tw

o
properties:

•
T
he

encoding
needs

to
be

invariant
to

the
indexing

of
the

agents,
respecting

the
unorderedness

ofthe
elem

ents
in

the
observation

set.
O
nly

by
exploiting

the
system

’s
inherent

hom
ogeneity

w
e
can

escape
the

curse
of

dim
ensionality.

•
T
he

encoding
m
ust

be
applicable

to
varying

set
sizes

because
the

localgraph
structure

m
ight

change
dynam

ically.
E
ven

if
each

agent
can

observe
the

entire
system

at
all

tim
es,the

encoding
should

be
applicable

for
different

sw
arm

sizes.

4.3.
L
ocal

C
om

m
u
n
ication

M
od

els

In
addition

to
perceiving

localstate
inform

ation
of

neighboring
agents,the

agents
can

also
com

m
unicate

inform
ation

about
the

interaction
graph

G
(H

üttenrauch
et

al.,
2018).

For
exam

ple,agent
j
can

transm
it

the
num

ber
of

perceived
neighbors

to
agent

i.
Furtherm

ore,
the

agents
can

also
perform

m
ore

com
plex

operations
on

their
local

neighborhood
graph.

For
exam

ple,they
could

com
pute

the
shortest

distance
to

a
target

point
(such

as
an

evader)
that

is
perceived

by
at

least
one

agent
w
ithin

their
local

sub-graph.
H
ence,

by
using

local
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D
ee

p
R

ei
n
fo

rc
em

en
t

L
ea

r
n
in

g
fo

r
S
w
a
r
m

S
y
st

em
s

co
m
m
un

ic
at
io
n

pr
ot
oc
ol
s,

ob
se
rv
at
io
n
oi
,j

ca
n

co
nt
ai
n

in
fo
rm

at
io
n

ab
ou

t
bo

th
,
th
e
lo
ca
l

st
at
es
si

an
d
sj

as
w
el
la

s
th
e
gr
ap

h
G,

i.e
.,
oi
,j

=
f

(s
i ,
sj
,G

).

4.
4.

M
ea

n
E
m

b
ed

d
in

gs
as

S
ta

te
R

ep
re

se
nt

at
io

n
s

fo
r

S
w

ar
m

s

In
th
e
si
m
pl
es
t
ca
se
,
th
e
lo
ca
lo

bs
er
va
ti
on

oi
,j
th
at

ag
en
t
i
re
ce
iv
es

of
ag

en
t
j
is

co
m
po

se
d

of
th
e
di
st
an

ce
an

d
th
e
be

ar
in
g
an

gl
e
of

ag
en
t
i
to

ag
en
t
j.

H
ow

ev
er
,
oi
,j
ca
n
al
so

co
nt
ai
n

m
or
e
co
m
pl
ex

in
fo
rm

at
io
n,

su
ch

as
re
la
ti
ve

ve
lo
ci
ti
es

or
or
ie
nt
at
io
ns
.
A

st
ra
ig
ht
fo
rw

ar
d
w
ay

to
re
pr
es
en
t
th
e
in
fo
rm

at
io
n
se
t
O
i
is
to

co
nc

at
en

at
e
th
e
lo
ca
lq

ua
nt
it
ie
s
{o
i,
j
} j

in
to

a
si
ng

le
ob

se
rv
at
io
n
ve
ct
or
.
H
ow

ev
er
,a

s
m
en
ti
on

ed
be

fo
re
,t
hi
s
re
pr
es
en
ta
ti
on

ha
s
va
ri
ou

s
dr
aw

ba
ck
s

as
it
ig
no

re
s
th
e
pe

rm
ut
at
io
n
in
va
ri
an

ce
in
he

re
nt

to
a
ho

m
og

en
eo
us

ag
en
t
ne

tw
or
k.

Fu
rt
he

r-
m
or
e,

it
gr
ow

s
lin

ea
rl
y
w
it
h
th
e
nu

m
be

r
of

ag
en
ts

in
th
e
sw

ar
m

an
d
is
,t
he

re
fo
re
,l
im

it
ed

to
a
fix

ed
nu

m
be

r
of

ne
ig
hb

or
s
w
he

n
us
ed

in
co
m
bi
na

ti
on

w
it
h
ne

ur
al

ne
tw

or
k
po

lic
ie
s.

T
o
re
so
lv
e
th
es
e
is
su
es
,w

e
tr
ea
t
th
e
el
em

en
ts

in
th
e
in
fo
rm

at
io
n
se
t
O
i
as

sa
m
pl
es

fr
om

a
di
st
ri
bu

ti
on

th
at

ch
ar
ac
te
ri
ze
s
th
e
cu

rr
en
t
sw

ar
m

co
nfi

gu
ra
ti
on

,i
.e
.,
oi
,j
∼
p
i(
·|

s)
.
W
e
ca
n

no
w
us
e
an

em
pi
ri
ca
le
nc

od
in
g
of

th
is
di
st
ri
bu

ti
on

in
or
de

r
to

ac
hi
ev
e
pe

rm
ut
at
io
n
in
va
ri
an

ce
of

th
e
el
em

en
ts

of
O
i
as

w
el
la

s
fle

xi
bi
lit
y
to

th
e
si
ze

of
O
i .

A
s
hi
gh

lig
ht
ed

in
Se

ct
io
n
3.
2,

a
si
m
pl
e
w
ay

is
to

us
e
a
m
ea
n
fe
at
ur
e
em

be
dd

in
g,

i.e
.,

µ̂
O
i

=
1 |O
i |
∑

o
i,
j
∈O

i

φ
(o
i,
j
),

w
he

re
φ
de

fin
es

th
e
fe
at
ur
e
sp
ac
e
of

th
e
m
ea
n
em

be
dd

in
g.

T
he

in
pu

t
di
m
en

si
on

al
it
y
to

th
e

po
lic
y
is
gi
ve
n
by

th
e
di
m
en

si
on

al
it
y
of

th
e
fe
at
ur
e
sp
ac
e
of

th
e
m
ea
n
em

be
dd

in
g
an

d,
he

nc
e,

it
do

es
no

t
de

pe
nd

on
th
e
si
ze

of
th
e
in
fo
rm

at
io
n
se
t
O
i
an

y
m
or
e.

T
hi
s
al
lo
w
s
us

to
us
e

th
e
em

be
dd

in
g
µ̂
O
i
as

in
pu

t
to

a
ne

ur
al

ne
tw

or
k
us
ed

in
de

ep
R
L.

In
th
e
fo
llo

w
in
g
se
ct
io
ns
,

w
e
de

sc
ri
be

di
ffe

re
nt

fe
at
ur
e
sp
ac
es

th
at

ca
n
be

us
ed

fo
r
th
e
m
ea
n
em

be
dd

in
g.

F
ig
ur
e
1

ill
us
tr
at
es

th
e
re
su
lt
in
g
po

lic
y
ar
ch
it
ec
tu
re
s
w
it
h
fu
rt
he

r
de

ta
ils

gi
ve
n
in

A
pp

en
di
x
F
.

4.
4.

1.
N

eu
r
a
l

N
et

w
o
r
k

F
ea

t
u
r
e

E
m

be
d
d
in

g
s

In
lin

e
w
it
h
th
e
de

ep
R
L

pa
ra
di
gm

,
w
e
pr
op

os
e
to

us
e
a
ne

ur
al

ne
tw

or
k
as

fe
at
ur
e
m
ap

-
pi
ng

φ
N

N
w
ho

se
pa

ra
m
et
er
s
ar
e
de

te
rm

in
ed

by
th
e
re
in
fo
rc
em

en
t
le
ar
ni
ng

al
go

ri
th
m
.
U
si
ng

a
ne
ur
al

ne
tw

or
k
to

de
fin

e
th
e
fe
at
ur
e
sp
ac
e
al
lo
w
s
us

to
ha

nd
le

hi
gh

di
m
en

si
on

al
ob

se
r-

va
ti
on

s,
w
hi
ch

is
no

t
fe
as
ib
le

w
it
h
tr
ad

it
io
na

la
pp

ro
ac
he

s
su
ch

as
hi
st
og
ra
m
s
(H

üt
te
nr
au

ch
et

al
.,
20
18

).
In

ou
r
ex
pe

ri
m
en
ts
,
a
ra
th
er

sh
al
lo
w

ar
ch
it
ec
tu
re

w
it
h
on

e
la
ye
r
of

R
E
LU

un
it
s
al
re
ad

y
pe

rf
or
m
ed

ve
ry

w
el
l,
bu

t
de

ep
er

ar
ch
it
ec
tu
re
s
co
ul
d
be

us
ed

fo
r
m
or
e
co
m
pl
ex

ap
pl
ic
at
io
ns
.
T
o
th
e
be

st
of

ou
r
kn

ow
le
dg

e,
w
e
pr
es
en
t
th
e
fir
st

ap
pr
oa

ch
fo
r
us
in
g
ne

ur
al

ne
tw

or
ks

to
de
fin

e
th
e
fe
at
ur
e
sp
ac
e
of

a
m
ea
n
em

be
dd

in
g.

4.
4.

2.
H

is
t
o
g
r
a
m

s

A
n
al
te
rn
at
iv
e
fe
at
ur
e
sp
ac
e
ar
e
pr
ov
id
ed

by
hi
st
og

ra
m
s,

w
hi
ch

ca
n
be

re
la
te
d
to

im
ag

e-
lik

e
re
pr
es
en
ta
ti
on

s.
In

th
is

ap
pr
oa

ch
,
w
e
di
sc
re
ti
ze

th
e
sp
ac
e
of

ce
rt
ai
n
fe
at
ur
es
,
su
ch

as
th
e
di
st
an

ce
an

d
be

ar
in
g
to

ot
he

r
ag

en
ts
,
in
to

a
fix

ed
nu

m
be

r
of

bi
ns
.
T
hi
s
w
ay
,
w
e
ca
n

co
lle

ct
in
fo
rm

at
io
n
ab

ou
t
ne

ig
hb

or
in
g
ag

en
ts

in
th
e
fo
rm

of
a
fix

ed
-s
iz
e
m
ul
ti
-d
im

en
si
on

al
hi
st
og

ra
m
.

H
er
ei
n,

th
e
hi
st
og

ra
m

bi
ns

de
fin

e
a
fe
at
ur
e
m
ap

pi
ng

φ
H

IS
T

us
in
g
a
on

e-
ho

t-
co
di
ng

fo
r
ea
ch

ob
se
rv
ed

ag
en
t.

A
de

ta
ile

d
de

sc
ri
pt
io
n
of

th
is

ap
pr
oa

ch
ca
n
be

fo
un

d
in
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H
ü
tt

en
r
au

ch
,
Š
o
ši

ć
a
n
d

N
eu

m
a
n
n

n
eu

ra
l

n
et

w
or

k
em

b
ed

d
in

g

64oi
,1

64oi
,2

φ
N

N

O
i

64oi
,N

..
.

64

a
ct

io
n

oi lo
c

(a
)
ne
ur
al

ne
tw

or
k
em

be
dd

in
g
po

lic
y
ne
tw

or
k

64

φ
R

B
F
/φ

H
IS

T

64

ac
ti

on

oi lo
c

(b
)

R
B
F

an
d

hi
st
og
ra
m

em
-

be
dd

in
g
po

lic
y

64

co
n
ca
t(
O
i )

64

ac
ti

o
n

oi lo
c

(c
)

po
lic
y

ne
t-

w
or
k
fo
rc

on
ca
te
-

na
ti
on

F
ig
ur
e
1:

Il
lu
st
ra
ti
on

of
(a
)
th
e
ne

ur
al

ne
tw

or
k
m
ea
n
em

be
dd

in
g
po

lic
y,

(b
)
th
e
ne

tw
or
k
ar
-

ch
it
ec
tu
re

us
ed

fo
r
th
e
R
B
F
an

d
hi
st
og

ra
m

re
pr
es
en
ta
ti
on

,a
nd

(c
)
fo
r
th
e
si
m
pl
e

co
nc

at
en

at
io
n
of

ob
se
rv
at
io
ns
.
T
he

nu
m
be

rs
in
si
de

th
e
bo

xe
s
de
no

te
th
e
di
m
en
-

si
on

al
it
ie
s
of

th
e
hi
dd

en
la
ye
rs
.
T
he

co
lo
r
co
di
ng

in
(a
)
hi
gh

lig
ht
s
w
hi
ch

la
ye
rs

sh
ar
e
th
e
sa
m
e
w
ei
gh

ts
.
T
he

pl
us

si
gn

de
no

te
s
th
e
m
ea
n
of

th
e
fe
at
ur
e
ac
ti
va
ti
on

s.

ou
r
pr
ev
io
us

w
or
k
(H

üt
te
nr
au

ch
et

al
.,
20

18
).

W
hi
le

th
e
ap

pr
oa
ch

w
or
ks

w
el
l
in

di
sc
re
te

en
vi
ro
nm

en
ts

w
he

re
ea
ch

ce
ll
is
on

ly
oc
cu

pi
ed

by
a
si
ng

le
ag

en
t,
th
e
re
pr
es
en
ta
ti
on

ca
n
le
ad

to
bl
ur
ri
ng

eff
ec
ts

be
tw

ee
n
ag

en
ts

in
th
e
co
nt
in
uo

us
ca
se
.
M
or
eo
ve
r,
th
e
hi
st
og

ra
m

ap
pr
oa

ch
do

es
no

t
sc
al
e
w
el
lw

it
h
th
e
di
m
en

si
on

al
it
y
of

th
e
fe
at
ur
e
sp
ac
e.

4.
4.

3.
R

a
d
ia

l
B

a
si

s
F
u
n
c
t
io

n
s

A
sp
ec
ifi
c
pr
ob

le
m

of
th
e
hi
st
og

ra
m

ap
pr
oa

ch
is

th
e
ha

rd
as
si
gn

m
en
t
of

ag
en
ts

in
to

bi
ns
,

w
hi
ch

re
su
lt
s
in

ab
ru
pt

ch
an

ge
s
in

th
e
ob

se
rv
at
io
n
sp
ac
e
w
he

n
a
ne

ig
hb

or
in
g
ag

en
t
m
ov
es

fr
om

on
e
bi
n
to

an
ot
he

r.
A

m
or
e
fin

e-
gr
ai
ne

d
re
pr
es
en
ta
ti
on

ca
n
be

ac
hi
ev
ed

by
us
in
g
R
B
F

ne
tw

or
ks

w
it
h
a
fix

ed
nu

m
be

ro
fb

as
is
fu
nc
ti
on

se
ve
nl
y
di
st
ri
bu

te
d
ov
er

th
e
ob

se
rv
at
io
n
sp
ac
e.

T
he

re
su
lt
in
g
fe
at
ur
e
m
ap

pi
ng

φ
R

B
F
is
th
en

de
fin

ed
by

th
e
ac
ti
va
ti
on

s
of

ea
ch

ba
si
s
fu
nc

ti
on

an
d
ca
n
be

se
en

as
a
“s
of
t-
as
si
gn

ed
”
hi
st
og

ra
m
.
H
ow

ev
er
,
bo

th
re
pr
es
en
ta
ti
on

s
(h
is
to
gr
am

an
d
R
B
F
)
su
ffe

r
fr
om

th
e
cu

rs
e
of

di
m
en

si
on

al
it
y,

as
th
e
nu

m
be

r
of

re
qu

ir
ed

ba
si
s
fu
nc

ti
on

s
ty
pi
ca
lly

in
cr
ea
se
s
ex
po

ne
nt
ia
lly

w
it
h
th
e
nu

m
be

r
of

di
m
en

si
on

s
of

th
e
ob

se
rv
at
io
n
ve
ct
or
.

4.
5.

O
th

er
R

ep
re

se
nt

at
io

n
T
ec

h
n
iq

u
es

In
sp
ir
ed

by
th
e
w
or
k
of

M
or
da

tc
h
an

d
A
bb

ee
l(

20
18

),
w
e
al
so

in
ve
st
ig
at
e
a
po

lic
y
fu
nc

ti
on

th
at

us
es

a
so
ft
m
ax

po
ol
in
g
la
ye
r
in
st
ea
d

of
th
e
m
ea
n

em
be

dd
in
g.

T
he

el
em

en
ts

of
th
e

po
ol
in
g
la
ye
r
ψ

=
[ψ

1
,.
..
,ψ

K
]
ar
e
gi
ve
n
by

ψ
k

=

∑
o
i,
j
∈O

i
ex

p
( α
φ
k
(o
i,
j
))
φ
k
(o
i,
j
)

∑
o
i,
j
∈O

i
ex

p
(α
φ
k
(o
i,
j
))
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D
eep

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
fo

r
S
w
a
r
m

S
y
stem

s

for
each

feature
dim

ension
of
φ

=
[φ

1 ,...,φ
K

]w
ith

a
tem

perature
param

eter
α
.
N
ote

that
the

representation
becom

es
identicalto

our
m
ean

em
bedding

for
α

=
0,w

hile
setting

α
�

1
results

in
m
ax-pooling

and
α
�
−

1
corresponds

to
m
in-pooling.

In
our

experim
ents,

w
e

choose
α

=
1
as

a
trade-off

betw
een

a
m
ean

em
bedding

and
m
ax-pooling

and
additionally

study
the

perform
ance

of
m
ax-pooling

over
each

individualfeature
dim

ension.

4.6.
A

d
ap

tion
of

T
R

P
O

to
th

e
H

om
ogen

eou
s

S
w

arm
S
etu

p

G
upta

etal.(2017)presenta
param

eter-sharing
variantofT

R
P
O

thatcan
be

used
in

a
m
ulti-

agentsetup.
D
uring

the
learning

phase,the
algorithm

collectsexperiencesm
ade

by
allagents

and
uses

these
experiences

to
optim

ize
one

policy
w
ith

a
single

set
of

param
eters

θ.
Since,

in
the

sw
arm

setup,
w
e
assum

e
hom

ogeneous
agents

that
are

potentially
indistinguishable

to
each

other,w
e
om

it
the

agent
index

introduced
by

G
upta

et
al.(2017).

T
he

optim
ization

problem
is

expressed
using

advantage
values

based
on

all
agents’

observations.
D
uring

execution,how
ever,each

agenthas
only

access
to

its
ow

n
perception.

H
ence,the

term
inology

of
centralized–learning

/
decentralized–execution

is
chosen.

D
uring

the
trajectory

roll-outs,
w
e
use

a
sub-sam

pling
strategy

to
achieve

a
trade-off

betw
een

the
num

ber
ofsam

ples
and

the
variability

in
advantage

values
seen

by
the

learning
algorithm

.
O
ur

im
plem

entation
is

based
on

the
O
penA

I
baselines

version
of

T
R
P
O

w
ith

10
M
P
I
w
orkers,

w
here

each
w
orker

sam
ples

2048
tim

e
steps,

resulting
in

2048N
sam

ples.
Subsequently,

w
e
random

ly
choose

the
data

of
8
agents,

yielding
2048×

10×
8

=
163840

sam
ples

per
T
R
P
O

iteration.
T
he

chosen
num

ber
of

sam
ples

w
orked

w
ell

throughout
our

experim
ents

and
w
as

not
extensively

tuned.

5.
E
xp

erim
ental

R
esu

lts

O
ur

experim
ents

are
designed

to
study

the
use

ofm
ean

em
beddings

in
a
cooperative

sw
arm

setting.
T
he

three
m
ain

aspects
are:

1.
H
ow

do
the

different
m
ean

em
beddings

(neuralnetw
orks,histogram

s
and

R
B
F
repre-

sentation)
com

pare
w
hen

provided
w
ith

the
sam

e
state

inform
ation

content?

2.
H
ow

does
the

m
ean

em
bedding

using
neural

netw
orks

perform
w
hen

provided
w
ith

additional
state

inform
ation

w
hile

keeping
the

dim
ensionality

of
the

feature
space

constant?

3.
H
ow

does
the

m
ean

em
bedding

ofneuralnetw
ork

features
com

pare
against

other
pool-

ing
techniques?

In
this

section,
w
e
first

introduce
the

sw
arm

m
odel

used
for

our
experim

ents
and

present
the

results
of

different
evaluations

afterw
ards.

D
uring

a
policy

update,
a
fixed

num
ber

of
K

trajectories
are

sam
pled,

each
yielding

a
return

of
G
k

=
∑

Tt=
1
r(t).

T
he

results
are

presented
in

term
s
ofthe

average
return,denoted

as
Ḡ

=
1K

∑
Kk
=

1
G
k .

V
ideos

dem
onstrating

the
agents’behavior

in
the

different
tasks

can
be

found
online. 2

2.
http://computational-learning.net/deep_rl_for_swarms
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H
ü
tten

r
au

ch
,
Š
o
šić

a
n
d

N
eu

m
a
n
n

5.1.
S
w

arm
M

od
els

O
ur

agents
are

m
odeled

as
unicycles

(a
com

m
only

used
agent

m
odel

in
m
obile

robotics;
see,for

exam
ple,E

gerstedt
and

H
u,2001),w

here
the

controlparam
eters

either
m
anipulate

the
linear

and
angular

velocities
v
and

ω
(single

integrator
dynam

ics)
or

the
corresponding

accelerations
v̇
and

ω̇
(double

integrator
dynam

ics).
In

the
single

integrator
case,the

state
of

an
agent

is
defined

by
its

location
x

=
(x
,y

)
and

orientation
φ.

In
case

ofdouble
integrator

dynam
ics,

the
agent

is
additionally

characterized
by

its
current

velocities.
T
he

exact
state

definition
and

kinem
atic

m
odels

can
be

found
in

A
ppendix

A
.N

ote
that

these
agent

m
odels

are
m
ore

com
plex

than
w
hat

is
typically

considered
in

optim
ization-based

approaches,w
hich

m
ostly

assum
e
single

integrator
dynam

ics
directly

on
x
.
D
epending

on
the

task,
w
e
either

opt
for

a
closed

state
space

w
here

the
lim

its
act

as
w
alls,or

a
periodic

toroidalstate
space

w
here

agents
exceeding

the
boundaries

reappear
on

the
opposite

side
of

the
space.

E
ither

w
ay,the

state
is

bounded
by

x
m

ax
=
y
m

ax
=

100.
W
e
study

tw
o
different

observation
scenarios

for
the

agents,i.e.,globalobservability
and

localobservability.
In

the
case

of
globalobservability,allagents

are
neighbors,i.e.

N
G
(i)

=
{
j∈
{1,...,N

}|i6=
j},

w
hich

corresponds
to

a
fully

connected
static

interaction
graph.

For
the

local
observabil-

ity
case,

w
e
use

∆
-disk

proxim
ity

graphs,
w
here

edges
are

form
ed

if
the

distance
d
i,j

=
√

(x
i−

x
j)

2
+

(y
i−

y
j)

2
betw

een
agents

iand
j
is
less

than
a
pre-defined

cut-off
distance

d
c

for
com

m
unication,resulting

in
a
dynam

ic
interaction

graph.
T
he

neighborhood
set

of
the

graph
is

then
defined

asN
G
(i)

=
{
j∈
{1,...,N

}|i6=
j,
d
i,j≤

d
c }
.

For
a
detailed

description
of

all
observational

features
available

to
the

agents
in

the
tasks,

see
A
ppendices

B
and

C
.

5.2.
R

en
d
ezvou

s

In
the

rendezvous
problem

,
the

goal
is

to
m
inim

ize
the

distances
betw

een
all

agents.
T
he

reason
w
hy

w
e
choose

this
experim

ent
is
because

a
sim

ple
optim

ization-based
baseline

con-
troller

can
be

defined
by

the
consensus

protocol,

ẋ
i

=
−
∑j∈N

(i) (x
i−

x
j),

w
here

x
i

=
(x
i,y

i)
denotes

the
location

of
agent

i.
T
o
m
ake

the
solution

com
patible

to
the

double
integrator

agent
m
odel,w

e
m
ake

use
ofa

P
D
-controller

(see
A
ppendix

A
for

details).
T
he

rew
ard

function
for

the
problem

can
be

found
in

A
ppendix

E
.1.

W
e
evaluate

different
observation

vectors
o
i,j

w
hich

are
fed

into
the

policy.
T
o
com

pare
the

histogram
and

R
B
F
em

bedding
w
ith

the
proposed

neuralnetw
ork

approach,w
e
restrict

the
basic

observation
m
odel

(see
below

)
to

a
set

of
tw

o
features:

the
distance

d
i,j

betw
een

tw
o
agents

and
the

corresponding
bearing

φ
i,j.

T
his

restriction
allow

s
for

a
com

parison
to

the
optim

ization-based
consensus

protocol,w
hich

is
based

on
displacem

ents
(an

equivalent
form

ulation
of

distance
and

bearing).
T
o
show

that
the

neural
netw

ork
em

beddings
can
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D
ee

p
R

ei
n
fo

rc
em

en
t

L
ea

r
n
in

g
fo

r
S
w
a
r
m

S
y
st

em
s

ag
en

t
i

ag
en

t
j

∆
ν
i,
j

d
i,
j

ν
i

ν
j

φ
i,
j

θi
,j

F
ig
ur
e
2:

Il
lu
st
ra
ti
on

of
tw

o
ne

ig
hb

or
in
g
ag

en
ts

fa
ci
ng

th
e
di
re
ct
io
n
of

th
ei
r
ve
lo
ci
ty

ve
ct
or
s

ν
i
an

d
ν
j
,a

lo
ng

w
it
h
th
e
ob

se
rv
ed

qu
an

ti
ti
es
,s
ho

w
n
w
it
h
re
sp
ec
t
to

ag
en
t
i.

T
he

ob
se
rv
ed

qu
an

ti
ti
es

ar
e
th
e
be

ar
in
g
φ
i,
j
to

ag
en
tj

,a
ge
nt
j’
sr

el
at
iv
e
or
ie
nt
at
io
n
θi
,j

to
ag

en
t
i,
th
ei
r
di
st
an

ce
d
i,
j
an

d
a
re
la
ti
ve

ve
lo
ci
ty

ve
ct
or

∆
ν
i,
j

=
ν
i
−
ν
j
.
In

th
is

tr
iv
ia
le

xa
m
pl
e,

ag
en
t
i’s

ob
se
rv
ed

ne
ig
hb

or
ho

od
si
ze

as
w
el
la

s
th
e
ne

ig
hb

or
ho

od
si
ze

co
m
m
un

ic
at
ed

by
ag

en
t
j
ar
e
|N

(i
)|

=
|N

(j
)|

=
1.

be
us
ed

w
it
h
m
or
e
in
fo
rm

at
iv
e
ob

se
rv
at
io
ns
,
w
e
fu
rt
he

r
in
tr
od

uc
e
an

ex
te
nd

ed
se
t
an

d
a

co
m
m
un

ic
at
io
n

(c
om

m
)
se
t.

T
he

se
se
ts

m
ay

in
cl
ud

e
re
la
ti
ve

or
ie
nt
at
io
ns

θi
,j

or
re
la
ti
ve

ve
lo
ci
ti
es

∆
ν
i,
j
(d
ep

en
di
ng

on
th
e
ag

en
t
dy

na
m
ic
s)
,
as

w
el
l
as

th
e
ow

n
ne

ig
hb

or
ho

od
si
ze

an
d
th
os
e
of

th
e
ne

ig
hb

or
s.

A
n
ill
us
tr
at
io
n
of

th
es
e
qu

an
ti
ti
es

ca
n
be

fo
un

d
in

F
ig
ur
e
2.

5.
2.

1.
G

lo
ba

l
O

bs
er

va
bi

li
t
y

F
ir
st
,
w
e
st
ud

y
th
e
re
nd

ez
vo
us

pr
ob

le
m

w
it
h
20

ag
en
ts

in
th
e
gl
ob

al
ob

se
rv
ab

ili
ty

se
tt
in
g

w
it
h

do
ub

le
in
te
gr
at
or

dy
na

m
ic
s
to

ill
us
tr
at
e
th
e
al
go

ri
th
m
’s

ab
ili
ty

to
ha

nd
le

co
m
pl
ex

dy
na

m
ic
s.

T
o
th
is

en
d,

w
e
co
m
pa

re
th
e
pe

rf
or
m
an

ce
s
of

po
lic

ie
s
us
in
g
hi
st
og
ra
m
,
R
B
F

an
d

ne
ur
al

ne
tw

or
k
em

be
dd

in
gs

on
th
e
ba
si
c
se
t,

as
w
el
l
as

ne
ur
al

ne
tw

or
k
em

be
dd

in
gs

on
th
e
ex
te
nd

ed
se
t.

T
he

ob
se
rv
at
io
ns

oi
,j

in
th
e
ba
si
c
se
t
co
m
pr
is
e
th
e
di
st
an

ce
d
i,
j
an

d
be

ar
in
g
φ
i,
j
.
In

th
e
ex
te
nd

ed
se
t,

w
hi
ch

is
pr
oc
es
se
d
on

ly
vi
a
ne

ur
al

ne
tw

or
k
em

be
dd

in
gs
,

w
e
ad

di
ti
on

al
ly

ad
d
ne

ig
hb

or
in
g
ag

en
ts
’
re
la
ti
ve

or
ie
nt
at
io
ns
θi
,j
an

d
ve
lo
ci
ti
es

∆
ν
i,
j
.
T
he

lo
ca
l
pr
op

er
ti
es
oi lo

c
co
ns
is
t
of

a
sh
or
te
st

di
st
an

ce
an

d
or
ie
nt
at
io
n
to

th
e
cl
os
es
t
bo

un
da

ry
,

i.e
.,
d
i w

al
l
an

d
φ
i w

al
l.
T
he

se
ts

ar
e
su
m
m
ar
iz
ed

as
fo
llo

w
s:

B
as
ic

:
oi
,j

=
{d

i,
j
,
φ
i,
j
}

oi lo
c

=
{d

i w
al

l,
φ
i w

al
l}

E
xt
en
de
d

:
oi
,j

=
{d

i,
j
,
φ
i,
j
,
θi
,j
,

∆
ν
i,
j
}

oi lo
c

=
{d

i w
al

l,
φ
i w

al
l}.

T
he

re
su
lt
s
ar
e
sh
ow

n
in

F
ig
ur
e
3a

.
O
n
fir
st

si
gh

t,
th
ey

re
ve
al

th
at

al
ls
ho

w
n
m
et
ho

ds
ev
en

-
tu
al
ly

fin
d
a
su
cc
es
sf
ul

st
ra
te
gy
,
w
it
h
th
e
hi
st
og

ra
m

ap
pr
oa
ch

sh
ow

in
g
w
or
st

pe
rf
or
m
an

ce
.

U
po

n
a
cl
os
er

lo
ok

,i
t
ca
n
be

se
en

th
at

th
e
be

st
so
lu
ti
on

s
ar
e
fo
un

d
w
it
h
th
e
ne

ur
al

ne
tw

or
k

em
be

dd
in
g,

in
w
hi
ch

ca
se

th
e
le
ar
ni
ng

al
go

ri
th
m

al
so

co
nv

er
ge
s
fa
st
er
,
de

m
on

st
ra
ti
ng

th
at

th
is

fo
rm

of
em

be
dd

in
g
se
rv
es

as
a
su
it
ab

le
re
pr
es
en
ta
ti
on

fo
r
de

ep
R
L.

H
ow

ev
er
,t

he
re

ar
e

tw
o
im

po
rt
an

t
th
in
gs

to
no

te
:

•
T
he

di
ffe

re
nc

es
be

tw
ee
n
th
e
ap

pr
oa

ch
es

se
em

to
be

sm
al
l
du

e
to

th
e
w
id
e
ra
ng

e
of

ob
ta
in
ed

re
w
ar
d
va
lu
es
,b

ut
th
e
N
N
+

m
et
ho

d
br
in
gs

in
fa
ct

a
si
gn

ifi
ca
nt

pe
rf
or
m
an

ce
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H
ü
tt

en
r
au

ch
,
Š
o
ši

ć
a
n
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N
eu
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n
n

0
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2
0
0

3
0
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4
0
0

5
0
0
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0
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-1
0
0

-5
0

-1
0

T
R

P
O

it
er

a
ti

o
n
s

averagereturnḠ

N
N

+
N

N
R

B
F

H
IS

T
C

O
N

C
A

T
+

(a
)
20

ag
en
ts

w
it
h
gl
ob

al
ob

se
rv
ab

ili
ty

0
1
0
0

2
0
0

3
0
0

4
0
0

5
0
0

-1
0
0
0

-5
0
0

-1
0
0

-5
0

T
R

P
O

it
er

at
io

n
s

averagereturnḠ

N
N

+
+

N
N

+
R

B
F

(b
)
20

ag
en
ts

w
it
h
lo
ca
lo

bs
er
va
bi
lit
y

F
ig
ur
e
3:

Le
ar
ni
ng

cu
rv
es

fo
r
th
e
re
nd

ez
vo

us
ta
sk

w
it
h
di
ffe

re
nt

ob
se
rv
at
io
n
m
od

el
s.

T
he

cu
rv
es

sh
ow

th
e
m
ed

ia
n
of

th
e
av
er
ag

e
re
tu
rn
Ḡ

ba
se
d
on

th
e
to
p
fiv

e
tr
ia
ls

on
a

lo
g
sc
al
e.

L
eg

en
d
:
N
N
+
+
:
ne

ur
al

ne
tw

or
k
m
ea
n
em

be
dd

in
g
of

co
m
m

se
t,
N
N
+
:

ne
ur
al

ne
tw

or
k
m
ea
n
em

be
dd

in
g
of

ex
te
nd

ed
se
t,

N
N
:n

eu
ra
ln

et
w
or
k
em

be
dd

in
g

of
ba
si
c
se
t,

R
B
F
:r

ad
ia
lb

as
is

fu
nc

ti
on

em
be

dd
in
g
of

ba
si
c
se
t,

H
IS
T
:h

is
to
gr
am

em
be

dd
in
g
of

ba
si
c
se
t,
C
O
N
C
A
T
+
:
si
m
pl
e
co
nc

at
en

at
io
n
of

ex
te
nd

ed
se
t.

ga
in
.
C
om

pa
re
d
to

th
e
N
N

an
d
R
B
F
em

be
dd

in
g,

th
e
pe

rf
or
m
an

ce
of

th
e
le
ar
ne
d
N
N
+

po
lic
y
is
∼

10
%

be
tt
er

in
te
rm

s
of

th
e
av
er
ag

e
re
tu
rn

of
an

ep
is
od

e
(F

ig
ur
e
3a

)
an

d
al
m
os
t
tw

ic
e
as

go
od

(∼
4
×

10
−

2
ve
rs
us
∼

8
×

10
−

2
)
in

te
rm

s
of

th
e
m
ea
n
di
st
an

ce
be

tw
ee
n
ag
en
ts

at
th
e
st
ea
dy

st
at
e
so
lu
ti
on

af
te
r
ar
ou

nd
20
0
ti
m
e
st
ep

s
(F

ig
ur
e
5a

).
Fu

rt
he

rm
or
e,

th
e
N
N
+

em
be

dd
in
g
re
ac
he

s
th
e
m
ea
n

di
st
an

ce
ac
hi
ev
ed

by
th
e
N
N

an
d
R
B
F

em
be

dd
in
gs

ro
ug

hl
y
20

to
30

ti
m
e
st
ep

s
ea
rl
ie
r,

w
hi
ch

co
rr
es
po

nd
s
to

an
im

pr
ov
em

en
t
of
∼

25
%
.

•
A
lt
ho

ug
h
th
e
pe

rf
or
m
an

ce
ga

in
of

N
N
+

ca
n
be

pa
rt
ly

ex
pl
ai
ne
d
by

th
e
us
e
of

th
e

ex
te
nd

ed
fe
at
ur
e
se
t,
ex
pe

ri
m
en
ts

w
it
h
th
e
sa
m
e
fe
at
ur
e
se
t
us
in
g
th
e
hi
st
og

ra
m

/
R
B
F

ap
pr
oa

ch
di
d

no
t
su
cc
ee
d

to
fin

d
so
lu
ti
on

s
to

th
e
re
nd

ez
vo
us

pr
ob

le
m
;
he

nc
e,

th
e

co
rr
es
po

nd
in
g
re
su
lt
s
ar
e
om

it
te
d.

T
he

re
as
on

is
th
at

th
e
di
m
en

si
on

al
it
y
of

th
e
in
pu

t
sp
ac
e
sc
al
es

ex
po

ne
nt
ia
lly

fo
r
th
e
hi
st
og

ra
m
/
R
B
F
ap

pr
oa

ch
w
hi
le
on

ly
lin

ea
rl
y
fo
r
th
e

ne
ur
al

ne
tw

or
k
em

be
dd

in
g,

w
hi
ch

re
su
lt
si
n
a
m
or
e
co
m
pa

ct
fe
at
ur
e
re
pr
es
en
ta
ti
on

th
at

ke
ep

s
th
e
le
ar
ni
ng

pr
ob

le
m

tr
ac
ta
bl
e.

T
og

et
he

r,
th
es
e
tw

o
ob

se
rv
at
io
ns

su
gg

es
t
th
at

th
e
ne

ur
al

ne
tw

or
k
em

be
dd

in
g
pr
ov
id
es

a
su
it
ab

le
le
ar
ni
ng

ar
ch
it
ec
tu
re

fo
r
de

ep
R
L,

w
he
re
as

th
e
hi
st
og

ra
m

/
R
B
F

ap
pr
oa
ch

is
on

ly
su
it
ed

fo
r
lo
w
-d
im

en
si
on

al
sp
ac
es
.

F
ig
ur
e
4
sh
ow

s
a
vi
su
al
iz
at
io
n
of

a
po

lic
y
us
in
g
th
e
ne
ur
al

ne
tw

or
k
m
ea
n
em

be
dd

in
g
of

th
e
ex
te
nd

ed
se
t.

A
ft
er

ra
nd

om
in
it
ia
liz
at
io
n,

th
e
ag

en
ts
’
lo
ca
ti
on

s
qu

ic
kl
y
co
nv

er
ge

to
a

si
ng

le
po

in
t.

F
ig
ur
e
5
sh
ow

s
pe

rf
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m
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ce
ev
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s
of

th
e
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st
po
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s
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d
w
it
h
ea
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th
e
m
ea
n
em

be
dd

in
g
ap
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oa

ch
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.
W
e
pl
ot
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e
ev
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n
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e
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ea
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n
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l

ag
en
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ov
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is
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w
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h
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ua
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g
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nd

it
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W
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cl
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e
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e
P
D
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d
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A
pp

en
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x
A
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F
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5a
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d
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D
eep

R
ein

fo
rcem

en
t

L
ea

r
n
in
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r
S
w
a
r
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S
y
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s

t
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0
t

=
30

t
=

50
t

=
90

(a)
snapshots

(b)
fullepisode

F
igure

4:
V
isualization

ofa
learned

policy
for

the
pursuit

evasion
task.

T
he

policy
is
learned

and
executed

by
10

agents
using

a
neuralnetw

ork
m
ean

em
bedding

ofthe
extended

set.
P
ursuers

are
illustrated

in
blue,the

evader
is
highlighted

in
red.

V
isualization

of
a
learned

policy
for

the
rendezvous

task.
T
he

policy
is

learned
and

executed
by

20
agents

using
a
neuralnetw

ork
m
ean

em
bedding

of
the

extended
set.

the
best

steady-state
solutions

am
ong

alllearning
approaches.

W
hile

the
optim

ization-based
solution

(P
D
)
eventually

drives
the

m
ean

distance
to

zero,
a
sm

all
error

rem
ains

for
the

learning-based
approaches.

H
ow

ever,the
learned

policies
are

faster
in

reducing
the

distance
and

therefore
show

a
better

average
rew

ard.
A
lthough

the
optim

ization-based
policy

is
guaranteed

to
find

an
optim

alstationary
solution,the

approach
is
build

forsim
pler

dynam
ics

and
hence

perform
s
suboptim

ally
in

the
considered

scenario.
N
ote,that

the
controller

gains
for

this
approach

have
been

tuned
m
anually

to
m
axim

ize
perform

ance.
In

order
to

show
the

generalization
abilities

of
the

em
beddings,

w
e
finally

evaluate
the

obtained
policies

(except
for

the
concatenation)

w
ith

100
agents.

T
he

results
are

displayed
in

F
igure

5b.
A
gain,the

neuralnetw
ork

em
bedding

ofthe
extended

set
is
quickest

in
reducing

the
inter-agent

distances,resulting
in

the
best

overallperform
ance.

5.2.2.
L
o
c
a
l

O
bserva

bilit
y

T
he

localobservability
case

is
studied

w
ith

20
agents

and
a
com

m
unication

cut-off
distance

of
d
c

=
4
0.

D
ue

to
the

increased
diffi

culty
of

the
task,

w
e
resort

to
single

integrator
dynam

ics
for

this
experim

ent.
A
gain,

w
e
evaluate

the
basic

and
the

extended
set,

w
hich

in
this

case
contains

the
single

integrator
state

inform
ation.

A
ccordingly,

w
e
rem

ove
the

relative
velocities

from
the

inform
ation

sets.
M
oreover,

w
e
em

ploy
a
local

com
m
unication

strategy
that

transm
its

the
num

ber
of

observed
neighbors

as
additional

inform
ation.

N
ote

that
this

inform
ation

can
be

used
by

the
agents

to
estim

ate
in

w
hich

direction
the

center
of

m
ass

of
the

sw
arm

is
located.
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H
ü
tten

r
au

ch
,
Š
o
šić

a
n
d

N
eu

m
a
n
n

W
hile

the
received

neighborhood
sizes

{|N
(j)|}

j∈N
(i)

are
treated

as
part

of
agent

i’s
localobservation

ofthe
sw

arm
,the

ow
n
perceived

neighborhood
size|N

(i)|is
considered

as
part

of
the

local
features

o
iloc .

T
he

observation
m
odels

for
the

local
observability

case
are

thus
sum

m
arized

as:

B
asic

:
o
i,j

=
{d

i,j,
φ
i,j}

o
iloc

=
{
d
iw

all ,
φ
iw

all }
E
xtended

:
o
i,j

=
{d

i,j,
φ
i,j,

θ
i,j}

o
iloc

=
{
d
iw

all ,
φ
iw

all }
C
om

m
:

o
i,j

=
{d

i,j,
φ
i,j,

θ
i,j,
|N

(j)|}
o
iloc

=
{
d
iw

all ,
φ
iw

all ,
|N

(i)|}.
For

the
experim

ent,
w
e
lim

it
our

com
parison

to
R
B
F

em
beddings

(w
hich

show
ed

best
perform

ance
am

ong
all

non-neural-netw
ork

solutions)
of

the
basic

set
and

neural
netw

ork
em

beddings
ofthe

extended
set

and
the

com
m

set.
T
he

results
are

illustrated
in

F
igure

3b,
w
hich

show
s
that

the
neuralnetw

ork
em

beddings
lead

to
a
quicker

learning
progress.

Fur-
therm

ore,
by

introducing
the

com
m

m
odel,

a
higher

return
is

achieved.
C
om

pared
to

the
globalobservability

case,how
ever,the

learning
process

exhibits
an

increased
variance

caused
by

the
inform

ation
loss

in
the

rew
ard

signal(see
A
ppendix

E
).

F
igure

5c
illustrates

the
perform

ances
ofthe

learned
policies.

A
gain,the

neuralnetw
ork

em
bedding

is
quicker

in
reducing

the
inter-agent

distances
and

converges
to

better
steady-

state
solutions.

In
order

to
test

the
effi

cacy
of

the
com

m
unication

protocol,
w
e
further

evaluate
the

learned
policies

w
ith

10
agents.

T
he

results
are

displayed
in

F
igure

5d.
A
s

expected,the
perform

ance
decreases

due
to

the
low

er
chance

ofagents
seeing

each
other

but
w
e
stillnotice

a
benefit

caused
by

the
com

m
unication.

5.3.
P

u
rsu

it
E
vasion

w
ith

a
S
in

gle
E
vad

er

O
ur

im
plem

entation
of

the
pursuit

evasion
scenario

is
based

on
the

w
ork

by
Zhou

et
al.

(2016),from
w
hich

w
e
adopt

the
evader

strategy.
T
he

strategy
is
based

on
V
oronoiregions,

w
hich

the
pursuers

try
to

m
inim

ize
and

the
evader

tries
to

m
axim

ize.
W

hile
the

original
paper

considers
a
closed

w
orld,

w
e
change

the
w
orld

type
from

closed
to

periodic,
thereby

m
aking

it
im

possible
to

trap
the

evader
in

a
corner.

In
order

to
encourage

a
higher

level
of

coordination
betw

een
the

agents,
w
e
set

the
evader’s

m
axim

um
velocity

to
tw

ice
the

pursuers’m
axim

um
velocity.

A
n
episode

ends
once

the
evader

is
caught,i.e.,ifthe

distance
ofthe

closest
pursuer

is
below

a
certain

threshold.
In

allour
experim

ents,the
evader

policy
is

fixed
and

not
part

of
the

learning
process.

T
he

rew
ard

function
for

the
problem

is
based

on
the

shortest
distance

of
the

closest
pursuer

and
can

be
found

in
A
ppendix

E
.2.

5.3.1.
G

lo
ba

l
O

bserva
bilit

y

A
gain,w

e
study

the
globalobservability

case
w
ith

ten
agents.

Since
the

pursuit
ofan

evader
is
a
m
ore

challenging
task

already,w
e
reduce

the
m
ovem

ent
com

plexity
to

single
integrator

dynam
ics.

T
he

basic
and

extended
set

are
equal

to
those

in
the

rendezvous
experim

ent
w
ith

single
integrator

dynam
ics,

w
ith

additional
inform

ation
about

the
evader

in
the

local
properties

o
iloc .

In
here,w

e
add

the
distance

d
i,e

and
bearing

φ
i,e

ofagent
i
to

the
evader

e.
A
ccordingly,the

observation
sets

are
given

as:

B
asic

:
o
i,j

=
{
d
i,j,

φ
i,j}

o
iloc

=
{
d
iw

all ,
φ
iw

all ,
d
i,e,

φ
i,e}

E
xtended

:
o
i,j

=
{
d
i,j,

φ
i,j,

θ
i,j}

o
iloc

=
{
d
iw

all ,
φ
iw

all ,
d
i,e,

φ
i,e}

.
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F
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ur
e
5:

C
om

pa
ri
so
n
of

th
e
m
ea
n
di
st
an

ce
be

tw
ee
n
ag

en
ts

in
th
e
re
nd

ez
vo
us

ex
pe

ri
m
en
t

ac
hi
ev
ed

by
th
e
be

st
le
ar
ne

d
po

lic
ie
s
an

d
th
e
co
ns
en
su
s
pr
ot
oc
ol
.

In
(a
)
an

d
(b
),

th
e
po

lic
y
is

le
ar
ne

d
w
it
h

20
ag

en
ts

an
d

ex
ec
ut
ed

by
20

an
d

10
0
ag

en
ts
,

re
sp
ec
ti
ve
ly
.
In

(c
)
an

d
(d
),
th
e
po

lic
y
is

le
ar
ne

d
w
it
h
20

ag
en
ts

an
d
ex
ec
ut
ed

by
20

an
d
10

ag
en
ts
.
R
es
ul
ts

ar
e
av
er
ag

ed
ov
er

10
00

ep
is
od

es
w
it
h
id
en
ti
ca
ls
ta
rt
in
g

co
nd

it
io
ns
.

T
he

re
su
lt
s
in

F
ig
ur
e
6a

re
ve
al

th
at

su
cc
es
sf
ul

st
ra
te
gi
es

ca
n
be

ob
ta
in
ed

w
it
h
al
lm

et
h-

od
s.

H
ow

ev
er
,t
hi
s
ti
m
e,

a
cl
ea
r
ad

va
nt
ag

e
ca
n
be

se
en

fo
r
th
e
po

lic
ie
s
us
in
g
ne

ur
al

ne
tw

or
k

m
ea
n
em

be
dd

in
gs

of
th
e
ex
te
nd

ed
se
t,
bo

th
in

te
rm

s
of

be
ha

vi
or

qu
al
it
y
an

d
in

th
e
nu

m
be

r
of

sa
m
pl
es

ne
ce
ss
ar
y
to

fin
d
th
e
so
lu
ti
on

.
F
ig
ur
e
7
ill
us
tr
at
es

th
e
st
ra
te
gy

th
at

su
ch

a
po

lic
y
ex
er
ts
.
A
ft
er

ra
nd

om
in
it
ia
liz

at
io
n,

th
e

ag
en
ts

fir
st

sp
re
ad

in
a
w
ay

th
at

le
av
es

no
po

ss
ib
ili
ty

fo
r
th
e
ev
ad

er
to

in
cr
ea
se

it
s
V
or
on

oi
re
gi
on

,
th
er
eb
y
ke
ep

in
g
th
e
ev
ad

er
al
m
os
t
on

th
e
sa
m
e
sp
ot
.

O
nc

e
th
is

co
nfi

gu
ra
ti
on

is
re
ac
he

d,
th
ey

su
rr
ou

nd
th
e
ev
ad

er
in

a
ci
rc
ul
ar

pa
tt
er
n
an

d
st
ar
t
to

re
du

ce
th
e
di
st
an

ce
un

ti
lo

ne
pu

rs
ue

r
su
cc
es
sf
ul
ly

re
ac
he

s
th
e
di
st
an

ce
th
re
sh
ol
d.

T
o
in
ve
st
ig
at
e
th
e
pe

rf
or
m
an

ce
of

th
e
be

st
m
ea
n
em

be
dd

in
g
po

lic
ie
s
(l
ea
rn
ed

w
it
h
10

ag
en
ts
),
w
e
es
ti
m
at
e
th
e
co
rr
es
po

nd
in
g
pr
ob

ab
ili
ti
es

th
at

th
e
ev
ad

er
is
ca
ug

ht
w
it
hi
n
a
ce
r-

ta
in

ti
m
e
fr
am

e.
Fo

r
th
e
sa
ke

of
co
m
pl
et
en

es
s,
w
e
al
so

in
cl
ud

e
th
e
m
et
ho

d
pr
op

os
ed

by
Zh

ou
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T
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e
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n
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er
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e
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e
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p
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e
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g
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L
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d
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+
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:
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tw

or
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g
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m
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N
N
+
:
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k
m
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n
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in
g
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ex
te
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ed
se
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R
B
F
:r
ad

ia
lb
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fu
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em
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dd
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g
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ba
si
c
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t,

H
IS
T
:
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ra
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T
he
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y
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ar
ne

d
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d
ex
ec
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ag
en
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g
a
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ur
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ne
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or
k
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g
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th
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ex
te
nd
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P
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at
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re
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D
eep

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
fo

r
S
w
a
r
m

S
y
stem

s

et
al.

(2016),
w
hich

w
as

originally
not

designed
for

a
setup

w
ith

a
faster

evader,
though.

T
he

results
are

plotted
in

F
igure

8
as

the
fraction

ofepisodes
ending

at
the

respective
tim

e
instant,averaged

over
1000

episodes.
T
he

plot
in

F
igure

8b
reveals

that
the

evader
m
ay

be
caught

using
all

presented
m
ethods

if
the

policies
are

executed
for

long
tim

e
periods.

A
s

already
indicated

by
the

learning
curves,using

a
neuralnetw

ork
m
ean

em
bedding

represen-
tation

yields
the

quickest
capture

am
ong

all
m
ethods.

T
he

additional
inform

ation
in

the
extended

set
further

increases
perform

ance.
N
ext,w

e
exam

ine
the

generalization
abilitiesofthe

learned
policies,thistim

e
on

scenarios
w
ith

5,20
and

50
agents

(F
igures

8a,c,d).
Increasing

the
am

ount
ofagents

leads
to

a
quicker

capture
for

allm
ethods;how

ever,the
best

perform
ance

is
stillshow

n
by

the
agents

executing
a
neuralnetw

ork
policy

based
on

em
beddings

ofthe
extended

set.
Interestingly,w

hen
using

few
er

agents
than

in
the

original
setup

(F
igure

8a),
all

m
ethods

struggle
to

capture
the

evader.
A
fter

inspection
of

the
behavior,w

e
found

that
the

strategy
of

establishing
a
circle

around
the

evader
causes

too
large

gaps
betw

een
the

agents
through

w
hich

the
evader

can
escape.

5.3.2.
L
o
c
a
l

O
bserva

bilit
y

T
he

localobservability
case

isstudied
w
ith

20
agentsand

a
com

m
unication

cut-off
distance

of
d
c

=
4
0.

A
dditionally,w

e
introduce

an
observation

radius
d
o

=
20

w
ithin

w
hich

the
pursuers

can
observe

the
distance

and
bearing

to
the

evader.
W
e
reuse

the
basic

and
extended

set
from

last
section

and
m
odify

the
com

m
set

to
include

the
shortest

path
inform

ation
of

other
agents

in
the

neighborhood
of

agent
i
to

the
evader.

T
his

w
ay,

each
agent

i
can

com
pute

a
shortest

path
to

the
evader

over
a
graph

ofconnected
agents,such

that
the

path
P

=
(v

1,v
2,...,v

M
)
m
inim

izes
the

sum
d
i,e
m

in
=
∑

M
−

1
m

=
1
d
m
,m

+
1
w
here

v
1
represents

agent
i

and
v
M

is
the

evader.
T
he

observation
sets

are
given

as:

B
asic

:
o
i,j

=
{
d
i,j,

φ
i,j}

o
iloc

=
{
d
iw

all ,
φ
iw

all ,
d
i,e,

φ
i,e}

E
xtended

:
o
i,j

=
{
d
i,j,

φ
i,j,

θ
i,j}

o
iloc

=
{
d
iw

all ,
φ
iw

all ,
d
i,e,

φ
i,e}

C
om

m
:

o
i,j

=
{
d
i,j,

φ
i,j,

θ
i,j,

d
j,e
m

in }
o
iloc

=
{
d
iw

all ,
φ
iw

all ,
d
i,e,

φ
i,e,

d
i,e
m

in }
.

N
ote

that
in

this
case

the
distance

and
bearing

to
an

evader
are

only
available

if
d
i,e≤

d
o .

Furtherm
ore,

the
correct

shortest
path

is
only

available
if
an

agent
and

the
evader

are
in

the
sam

e
sub-graph,otherw

ise,a
pre-defined

value
is

fed
into

the
policy.

A
gain,

w
e
lim

it
the

com
parison

for
the

local
observability

case
to

the
m
ore

prom
ising

m
ethods

ofneuralnetw
ork

and
R
B
F
m
ean

em
beddings.

T
he

results
in

F
igure

6b
show

that
the

perform
ance

gain
ofthe

neuralnetw
ork

m
ean

em
beddings

is
even

m
ore

noticeable
than

in
the

globalobservability
case,w

ith
a
clear

advantage
in

the
presence

ofthe
localcom

m
u-

nication
protocols.

T
he

inspection
ofthe

term
ination

probabilities
in

F
igure

9
confirm

s
that

the
neuralnetw

ork
m
ean

em
bedding

results
in

a
significantly

im
proved

policy.

5.4.
P

u
rsu

it
E
vasion

w
ith

M
u
ltip

le
E
vad

ers

Lastly,w
e
study

a
pursuitevasion

scenario
w
ith

m
ultiple

evaders,i.e.,w
e
assum

e
thatagent

i
receives

observation
sam

ples{
o
i,e}

from
severalevaders,w

hich
are

processed
using

a
second

m
ean

em
bedding

to
account

for
the

variable
set

size.
W

here
in

the
previous

experim
ent
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(d)
50

agents

F
igure

8:
P
erform

ance
com

parison
of

the
best

learned
policies

and
the

optim
ization

ap-
proach

m
inim

izing
V
oronoi

regions
in

the
pursuit

evasion
task

w
ith

global
ob-

servability.
T
he

curves
show

the
probability

that
the

evader
is

caught
after

t
tim

e
steps.

A
ll
policies

are
learned

w
ith

10
agents

but
executed

w
ith

different
agent

num
bers,as

indicated
below

each
subfigure.

R
esults

are
averaged

over
1000

episodes
w
ith

identicalstarting
conditions.

the
agents

had
precise

inform
ation

about
the

evader
in

term
s
ofdistance

and
bearing,they

now
have

to
extract

this
inform

ation
from

the
respective

em
bedding.

A
n
additionallevelof

diffi
culty

results
from

the
fact

that
the

rew
ard

function
no

longer
provides

any
guidance

in
term

s
of

the
distances

to
the

evaders
since

it
only

counts
the

num
ber

of
evaders

caught
in

each
tim

e
step

(see
A
ppendix

E
.3

for
details).

W
e
study

a
scenario

w
ith

50
pursuers

and
5
evaders

using
the

globalobservability
setup

in
Section

5.3.1,
except

that
w
e
respaw

n
caught

evaders
to

a
new

random
location

instead
of

term
inating

the
episode.

T
he

observation
sets,

containing
the

sam
e
type

of
inform

ation
but

arranged
according

to
the

inputs
of

the
neuralnetw

orks,are
designed

as
follow

s:

B
asic

:
o
i,j

=
{
d
i,j,

φ
i,j}

o
i,e

=
{
d
i,e,

φ
i,e}

o
iloc

=
{
d
iw

all ,
φ
iw

all }
E
xtended

:
o
i,j

=
{
d
i,j,

φ
i,j,

θ
i,j}

o
i,e

=
{
d
i,e,

φ
i,e}

o
iloc

=
{d

iw
all ,

φ
iw

all }
.
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re
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W
it
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am
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of
ag

en
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th
e
di
m
en

si
on

al
it
y
of

th
e
co
nc

at
en
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io
n
ha
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cr
ea
se
d
to

a
po

in
t
w
he

re
le
ar
ni
ng

is
no

lo
ng

er
fe
as
ib
le
.

5.
5.

E
va

lu
at

io
n

of
P
oo

li
n
g

Fu
n
ct

io
n
s

F
ig
ur
e
11

sh
ow

s
le
ar
ni
ng

cu
rv
es

of
po

lic
ie
s
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se
d
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m
ea
n
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dd
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m
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re
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.

In
th
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re
nd
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vo
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ta
sk

(F
ig
ur
e
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a)
,a

ll
po

ol
in
g
te
ch
ni
qu

es
ev
en
tu
al
ly

m
an

ag
e
to

fin
d
a

go
od

so
lu
ti
on

.
P
ol
ic
ie
s
us
in
g
ne

ur
al

ne
tw

or
k
m
ea
n
em

be
dd

in
g,

ho
w
ev
er
,o

n
av
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e
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er
ge

m
or
e
qu

ic
kl
y
w
hi
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po
lic
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m
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m
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m
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t
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oa
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g
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se
d
ar
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it
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tu
re
s.

W
he

n
ex
am

in
in
g
th
e
re
su
lt
s
of

th
e
pu

rs
ui
t
ev
as
io
n
ta
sk

(F
ig
ur
e
11

b)
,
w
e
fin

d
th
at

th
e

al
go

ri
th
m

pr
od

uc
es

tw
o
di
st
in
ct

so
lu
ti
on

s.
A

su
b-
op

ti
m
al

on
e,

w
hi
ch

is
on

ly
ab

le
to

ci
rc
le

th
e
ev
ad

er
bu

t
is
un

ab
le

to
ca
tc
h
it
(a

ca
tc
h
is
re
al
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ed

if
th
e
di
st
an

ce
of

th
e
cl
os
es
t
pu

rs
ue

r
to

th
e
ev
ad

er
is

be
lo
w

a
ce
rt
ai
n
th
re
sh
ol
d)
,
an

d
a
so
lu
ti
on

w
hi
ch

ad
di
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al
ly

ca
tc
he

s
th
e

ev
ad

er
af
te
r
a
sh
or
t
pe

ri
od

of
ti
m
e.

T
he

re
fo
re
,w

e
no

t
on

ly
re
po

rt
th
e
pe

rf
or
m
an

ce
of

th
e
to
p

5
tr
ia
ls
ou

t
of

16
,b

ut
al
so

pr
ov
id
e
th
e
nu

m
be

r
of

ti
m
es

th
e
al
go

ri
th
m

w
as

ab
le
to

di
sc
ov
er

th
e

be
tt
er

of
th
e
tw

o
so
lu
ti
on

(T
ab

le
1)
.
O
nc

e
th
at

th
e
al
go

ri
th
m

fin
ds

a
go

od
so
lu
ti
on

,t
he

m
ea
n

em
be

dd
in
g
an

d
so
ft
m
ax

so
lu
ti
on

s
pe

rf
or
m

co
m
pa

ra
bl
y
w
el
l
bu

t
th
e
m
ax

-p
oo

lin
g
ap

pr
oa

ch
sh
ow

s
a
si
gn

ifi
ca
nt
ly

w
or
se

pe
rf
or
m
an

ce
.

M
or
e
im

po
rt
an

tl
y,

ho
w
ev
er
,
th
e
al
go

ri
th
m

w
as
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P
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at
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d
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P
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Ḡ

ba
se
d
on

th
e
to
p
fiv

e
tr
ia
ls
.
L
eg

en
d
:
N
N
+

2x
:

tw
o
ne

ur
al

ne
tw

or
k
m
ea
n
em

be
dd

in
gs

of
th
e
ex
te
nd

ed
se
t,

R
B
F

2x
:
tw

o
ra
di
al

ba
si
s
fu
nc

ti
on

m
ea
n
em

be
dd

in
gs

of
th
e
ba
si
c
se
t,
co
nc

at
:
si
m
pl
e
co
nc
at
en

at
io
n
of

ex
te
nd

ed
se
t.

M
SS

K
+
,M

SS
+
,M

S+
an

d
M
+
:
C
om

bi
na

ti
on

s
of

m
ea
n,

st
an

da
rd

de
vi
at
io
n,

sk
ew

an
d
ku

rt
os
is

of
th
e
fe
at
ur
es

in
th
e
ex
te
nd

ed
se
t.

0
5
0

1
0
0

1
5
0

2
0
0

2
5
0

-1
0
0

-5
0

T
R

P
O

it
er

a
ti

on
s

averagereturnḠ
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D
eep

R
ein

fo
rcem

en
t

L
ea

r
n
in

g
fo

r
S
w
a
r
m

S
y
stem

s

m
ean

sm
m
ax

10/16
6/16

4/16

T
able

1:
N
um

ber
of

tim
es

the
algorithm

discovered
policies

that
led

to
a
successfulcatch.

5.6.
C

om
p
arison

to
M

om
ent-B

ased
R

ep
resentation

s

F
inally,

w
e
com

pare
the

m
ean

em
bedding

of
neural

netw
ork

features
to

a
representation

using
statistics

of
the

input.
F
igure

10b
show

s
an

evaluation
on

the
pursuit

evasion
task

w
ith

50
agents

and
5
evaders.

H
ere,

w
e
use

com
binations

of
the

em
pirical

m
ean,

standard
deviation,

skew
and

kurtosis
of

each
feature

of
the

extended
set

as
the

input
to

a
policy

function.
T
he

plot
reveals

that
neuralnetw

ork
m
ean

em
beddings

can
capture

m
ore

relevant
inform

ation
about

the
characteristics

of
the

distribution
of

agents
than

sim
ple

statistics
of

the
elem

ents
in

the
extended

set.
Sim

ilar
results

w
ere

obtained
for

the
other

tasks
although

the
differences

in
perform

ance
w
ere

less
pronounced.

5.7.
C

om
p
u
tation

al
C

om
p
lexity

U
nlike

in
classical

optim
ization-based

control,
w
here

the
controller

is
derived

from
an

as-
sum

ed
dynam

ics
m
odel,

m
odel-free

reinforcem
ent

learning
m
ethods

like
T
R
P
O

find
their

controlpolicies
through

interaction
w
ith

the
environm

ent,w
ithout

requiring
explicit

know
l-

edge
of

the
underlying

system
dynam

ics.
W

hile
this

com
es

at
the

cost
of

an
additional

exploration
phase,

learning-based
approaches

typically
offer

an
increased

flexibility
in

that
the

sam
e
controlarchitecture

can
adapt

to
different

tasks
and

environm
ents,w

ithout
being

affected
by

potential
m
odel

m
ism

atches.
M
ore

im
portantly,

considering
the

final
learned

policy
from

a
com

putational
perspective,

the
synthesis

of
the

control
signal

involves
no

additionalconceptualsteps
com

pared
to

an
optim

ization-based
approach.

W
hile

a
typicalexperim

ent
w
ith

20
agents

in
our

setup
takes

betw
een

four
and

six
hours

of
training

on
a
m
achine

w
ith

ten
cores

(sam
pling

trajectories
in

parallel),
a
forw

ard
pass

through
the

trained
neuralnetw

ork
to

com
pute

the
instantaneous

controlsignaltakes
only

about
1

m
s,

w
hich

enables
an

execution
in

real
tim

e.
Furtherm

ore,
all

control
strategies

learned
through

our
fram

ew
ork

are
decentralized,

w
hich

allow
s
an

arbitrary
system

size
scaling

in
a
realsw

arm
netw

ork,w
here

the
required

com
putations

are
naturally

distributed
over

allagents.
W

hen
learning

new
policies,

the
m
em

ory
requirem

ents
scale

O
(N

(N
−

1))
w
ith

the
num

ber
of

agents
(assum

ing
global

observability)
since

w
e
need

to
store

the
local

view
sofallagents.

H
ow

ever,decentralized
execution

afterthe
policy

islearned
scaleslinearly

in
N

per
agent.

A
n
increm

entalonline
com

putation
of

the
m
ean

can
be

chosen
if
m
em

ory
restrictions

exist
(F

inch,2009).

For
com

parison,
the

com
plexity

of
calculating

V
oronoi

regions
for

the
pursuit

evasion
policy

scalesO
(N

log
N

)
w
ith

the
num

ber
ofagents

(A
urenham

m
er,1991).

C
oncerning

the
system

sizes
considered

in
our

experim
ents,

the
resulting

com
putation

tim
e
of

both
policy

types
is

in
the

sam
e
order

of
m
agnitude

during
task

execution.
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H
ü
tten

r
au

ch
,
Š
o
šić

a
n
d

N
eu

m
a
n
n

6.
C
on

clu
sion

In
this

paper,
w
e
proposed

the
use

of
m
ean

feature
em

beddings
as

state
representations

to
overcom

e
tw

o
m
ajor

problem
s
in

deep
reinforcem

ent
learning

for
sw

arm
s:

the
high

and
possibly

changing
dim

ensionality
of

inform
ation

perceived
by

each
agent.

W
e
introduced

three
different

approaches
to

realize
such

em
beddings—

tw
o
m
anually

designed
approaches

based
on

histogram
s/

radialbasis
functions

and
an

end-to-end
learned

neuralnetw
ork

fea-
ture

representation.
W
e
evaluated

the
approaches

on
different

variations
of

the
rendezvous

and
pursuit

evasion
problem

and
com

pared
their

perform
ances

to
that

of
a
naive

feature
concatenation

m
ethod

and
classical

approaches
found

in
the

literature.
O
ur

evaluation
re-

vealed
that

learning
em

beddings
end-to-end

using
neural

netw
ork

features
scales

w
ell

w
ith

increasing
agent

num
bers,leads

to
better

perform
ing

policies,and
often

results
in

faster
con-

vergence
com

pared
to

allother
approaches.

A
s
expected,the

naive
concatenation

approach
fails

for
larger

system
sizes.

A
ckn

ow
led

gm
ents

T
he

research
leading

to
these

results
has

received
funding

from
E
P
SR

C
under

grant
agree-

m
ent

E
P
/R

02572X
/1

(N
ationalC

enter
for

N
uclear

R
obotics).

C
alculations

for
this

research
w
ere

conducted
on

the
Lichtenberg

high
perform

ance
com

puter
of

the
T
U

D
arm

stadt.

A
p
p
en

d
ix

A
.
A
gent

K
in
em

atics

In
the

single
integrator

case,
the

state
of

an
agent

is
given

by
s
i

=
[x
i,y

i,φ
i]
∈
S

=
{
[x
,y
,φ

]∈
R

3
:

0
≤
x
≤
x

m
ax ,

0
≤
y
≤
y
m

ax ,
0
≤
φ
<

2π},
and

the
linear

velocity
v
and

angular
velocity

ω
can

be
directly

controlled
by

the
agent.

T
he

kinem
atic

m
odelis

given
by

ẋ
=
v

cos
φ

ẏ
=
v

sin
φ

φ̇
=
ω
.

In
the

double
integratorcase,the

state
isgiven

by
s
i

=
[x
i,y

i,φ
i,v

i,ω
i]∈
S

=
{[x

,y
,φ
,v
,ω

]∈
R

5
:

0
≤
x
≤
x

m
ax ,

0
≤
y
≤
y
m

ax ,
0
≤
φ
<

2
π
,|v|≤

v
m

ax ,|ω|≤
ω

m
ax }

and
the

agent
can

only
indirectly

change
its

velocity
by

acceleration.
W

ith
the

control
inputs

a
v
and

a
ω ,

the
m
odelis

then
given

by

v̇
=
a
v

ω̇
=
a
ω

ẋ
=
v

cos
φ

ẏ
=
v

sin
φ

φ̇
=
ω
.

For
the

experim
ents,w

e
use

finite
differences

to
m
odelthe

system
in

discrete
tim

e.
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=
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=
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∆
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Fu
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or
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s
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to
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w
in
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ro
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ie
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=

m
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x

m
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i
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m
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x
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di
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l
=
ϕ
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at
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ω
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ow
n
ve
lo
ci
ty
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he
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ϕ
i w

al
l
de
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s
th
e
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so
lu
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be
ar
in
g
of

ag
en
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i
to

th
e
cl
os
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t
w
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eg
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A
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p
en
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C
.
T
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k
S
p
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c
C
om

m
u
n
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at
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n
P
ro
to
co
ls

In
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e
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nd
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us
ta
sk
,a

ge
nt
i
ad

di
ti
on

al
ly

ca
n
se
ns
e
in
fo
rm

at
io
n
ab

ou
t
ne

ig
hb

or
ho

od
si
ze
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|N
(i

)|
ow

n
ne

ig
hb

or
ho

od
si
ze

|N
(j

)|
:
j
∈
N

(i
)

ne
ig
hb

or
ho

od
si
ze

of
ne

ig
hb

or
j

In
pu

rs
ui
t
ev
as
io
n,

w
e
ad

di
ti
on

al
ly

ha
ve

on
e
or

m
ul
ti
pl
e
ev
ad

er
s
w
it
h
st
at
es
se

=
[x
e
,y
e
]
∈
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x
,y

]
∈
R

2
:

0
≤
x
≤
x

m
ax
,

0
≤
y
≤
y m

ax
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A
ge
nt
s
ca
n
se
ns
e
th
e
di
st
an

ce
an

d
be

ar
in
g
to

an
ev
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er
,g

iv
en

th
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er
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w
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n
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io
n
di
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d
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d
i,
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=
√

(x
i
−
x
e
)2

+
(y
i
−
y
e
)2

if
d
i,
e
≤
d
o

di
st
an

ce
to

ev
ad

er

φ
i,
e

=
ar
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an

(
y
e
−
y
i

x
e
−
x
i
)
−
φ
i

if
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≤
d
o

be
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g
to

ev
ad

er

Fu
rt
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w
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e
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th
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1
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..
.,
v
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)
m
in
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e
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m

∑
M
−

1
m

=
1
d
m
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+
1
w
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re
v

1
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en
t
i
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d
v
M
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e
ev
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b
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at
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=
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‖ẋ
‖
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−
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m
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R
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=
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D
eep

R
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S
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0
1
0
0

2
0
0

3
0
0

4
0
0

5
0
0

−
1
8

−
1
6

−
1
4

−
1
2

T
R

P
O

iteration
s

average return Ḡ
relu
ta

n
h

lin
ear

(a)
A
ctivation

functions
evaluation.

0
1
0
0

2
0
0

3
0
0

4
0
0

−
1
8

−
1
6

−
1
4

−
1
2

T
R

P
O

iteration
s

average return Ḡ

[3
2]

[6
4]

[1
28

]

[3
2,32

]

[6
4,64

]

(b)
Layer

size
evaluation.

F
igure

12:
Learning

curves
for

20
agent

rendezvous
w
ith

(a)
different

activation
functions

for
the

m
ean

em
bedding

and
(b)

different
layer

num
bers

and
sizes

using
a
R
E
LU

activation
function.

T
he

curves
show

the
m
edian

of
the

average
return

Ḡ
based

on
the

top
five

trials.

w
here

E
is

the
num

ber
of

evaders
and

1
[a
,b] (x

)
=

{
1

if
x
∈

[a
,b]

0
else

is
the

indicator
function.

A
p
p
en

d
ix

F
.
P
olicy

A
rch

itectu
res

T
his

section
briefly

sum
m
arizes

the
chosen

policy
architectures.

Illustrations
can

be
found

in
F
igure

1.

F
.1.

N
eu

ral
N

etw
ork

E
m

b
ed

d
in

g
P
olicy

W
e
evaluated

different
layer

sizes
and

activation
functions

on
the

rendezvous
problem

and
show

the
results

in
F
igure

12.
In

all
other

experim
ents,

the
neural

netw
ork

m
ean

feature
em

bedding
for

agent
i,given

byφ
N

N
(O

i)
=

1

|O
i|
∑o
i,j∈

O
i φ

(o
i,j),

is
realized

as
the

em
piricalm

ean
ofthe

outputs
ofa

single
layer

feed-forw
ard

neuralnetw
ork,

φ
(o
i,j)

=
h

(W
o
i,j

+
b),

w
ith

64
neurons

and
a
R
E
LU

non-linearity
h.27
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H
ü
tten

r
au

ch
,
Š
o
šić

a
n
d

N
eu

m
a
n
n

F
.2.

H
istogram

E
m

b
ed

d
in

g
P
olicy

T
he

histogram
em

bedding
is

achieved
w
ith

a
tw

o-dim
ensional

histogram
over

the
distance

and
bearing

space
to

other
agents.

W
e
use

eightevenly
spaced

bins
for

each
feature,resulting

in
a
64

dim
ensionalfeature

vector.

F
.3.

R
B

F
E
m

b
ed

d
in

g
P
olicy

T
he

R
B
F
em

bedding
is
given

by
a
vector

φ
R

B
F
(O

i)
=
[ψ

1 (O
i),...,ψ

M
2 (O

i) ]
of
M

2
contri-

butions
from

M
=

8
radialbasis

functions
w
hose

center
points

are
evenly

distributed
in

the
distance

and
bearing

space.
W

ith
o
i,j

=
[d
i,j,φ

i,j],
µ
m

=
[µ
d
,m
,µ

φ
,m

],
and

σ
=

[σ
d ,σ

φ
]
its

com
ponents

are
given

by

ψ
m

(O
i)

=
∑o
i,j∈

O
i ρ
m

(o
i,j),

w
here

w
e
choose

ρ
m

(o
i,j)

=
ex

p (
−

12

[
(d
i,j−

µ
d
,m

)
2

σ
2d

+
(φ
i,j−

µ
φ
,m

)
2

σ
2φ

])
.

T
he

policy
netw

ork
structure

used
for

both,the
histogram

and
the

R
B
F
representations,is

illustrated
in

F
igure

1b.

F
.4.

C
on

caten
ation

P
olicy

For
the

concatenation
m
ethod,

w
e
first

concatenate
agent

i’s
neighborhood

observations
contained

in
the

set
O
i
and

process
them

w
ith

one
hidden

layer
of64

neurons
and

a
R
E
LU

non-linearity.
T
he

resulting
feature

vector
is
then

concatenated
w
ith

the
localproperties

o
iloc

and
fed

into
a
second

layer
of

sam
e
size.

F
inally,the

output
of

the
second

layer
is

m
apped

to
the

action.
T
he

corresponding
policy

netw
ork

structure
can

be
seen

in
F
igure

1c.

R
eferen

ces

M
aruan

A
l-Shedivat,T

rapit
B
ansal,Y

ura
B
urda,Ilya

Sutskever,Igor
M
ordatch,and

P
ieter

A
bbeel.

C
ontinuous

adaptation
via

m
eta-learning

in
nonstationary

and
com

petitive
envi-

ronm
ents.

In
InternationalC

onference
on

Learning
R
epresentations,2018.

Franz
A
urenham

m
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V
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a
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of
a
fundam
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A
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D
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R
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G
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N
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m
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and
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o
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T
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controlof

M
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decision
processes.

M
athem
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M
o
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hen,
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Zhou,

and
C
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d
va

st
co

m
p
u
ta

ti
on

al
re

so
u
rc

es
to

ac
h
ie

ve
th

is
re

su
lt

(8
0
0

G
P

U
s

fo
r

th
re

e
to

fo
u
r

w
ee

k
s)

,
af

te
r

th
ei

r
w

or
k
,

a
w

id
e

va
ri

et
y

of
m

et
h
o
d
s

h
av

e
b

ee
n

p
u
b
li
sh

ed
in

q
u
ic

k
su

cc
es

si
on

to
re

d
u
ce

th
e

co
m

p
u
ta

ti
on

al
co

st
s

an
d

ac
h
ie

ve
fu

rt
h
er

im
p
ro

v
em

en
ts

in
p

er
fo

rm
an

ce
.

T
o

fr
am

e
N

A
S

as
a

re
in

fo
rc

em
en

t
le

a
rn

in
g

(R
L

)
p
ro

b
le

m
(B

ak
er

et
al

.,
20

1
7
a
;

Z
o
p
h

a
n
d

L
e,

20
17

;
Z

h
on

g
et

al
.,

20
18

a;
Z

op
h

et
al

.,
20

18
),

th
e

ge
n
er

at
io

n
of

a
n
eu

ra
l

ar
ch

it
ec

tu
re

ca
n

b
e

co
n
si

d
er

ed
to

b
e

th
e

ag
en

t’
s

ac
ti

on
,

w
it

h
th

e
ac

ti
on

sp
ac

e
id

en
ti

ca
l

to
th

e
se

a
rc

h
sp

a
ce

.
T

h
e

ag
en

t’
s

re
w

ar
d

is
b
as

ed
on

an
es

ti
m

at
e

of
th

e
p

er
fo

rm
an

ce
of

th
e

tr
ai

n
ed

a
rc

h
it

ec
tu

re
on

u
n
se

en
d
at

a
(s

ee
S
ec

ti
on

4)
.

D
iff

er
en

t
R

L
ap

p
ro

ac
h
es

d
iff

er
in

h
ow

th
ey

re
p
re

se
n
t

th
e

ag
en

t’
s

p
ol

ic
y

an
d

h
ow

th
ey

op
ti

m
iz

e
it

:
Z

op
h

an
d

L
e

(2
01

7)
u
se

a
re

cu
rr

en
t

n
eu

ra
l

n
et

w
or

k
(R

N
N

)
p

ol
ic

y
to

se
q
u
en

ti
al

ly
sa

m
p
le

a
st

ri
n
g

th
at

in
tu

rn
en

co
d
es

th
e

n
eu

ra
l

ar
ch

it
ec

tu
re

.
T

h
ey

in
it

ia
ll
y

tr
ai

n
ed

th
is

n
et

w
or

k
w

it
h

th
e

R
E

IN
F

O
R

C
E

p
o
li
cy

g
ra

d
ie

n
t

al
go

ri
th

m
(W

il
li
am

s,
19

92
),

b
u
t

in
th

ei
r

fo
ll
ow

-u
p

w
or

k
(Z

op
h

et
al

.,
20

18
)

u
se

P
ro

x
im

a
l

P
ol

ic
y

O
p
ti

m
iz

at
io

n
(S

ch
u
lm

an
et

al
.,

20
17

)
in

st
ea

d
.

B
ak

er
et

a
l.

(2
01

7a
)

u
se

Q
-l

ea
rn

in
g

to
tr

ai
n

a
p

ol
ic

y
w

h
ic

h
se

q
u
en

ti
al

ly
ch

o
os

es
a

la
ye

r’
s

ty
p

e
an

d
co

rr
es

p
on

d
in

g
h
y
p

er
p
a
ra

m
et

er
s.

A
n

al
te

rn
at

iv
e

v
ie

w
of

th
es

e
ap

p
ro

ac
h
es

is
as

se
q
u
en

ti
al

d
ec

is
io

n
p
ro

ce
ss

es
in

w
h
ic

h
th

e
p

ol
ic

y
sa

m
p
le

s
ac

ti
on

s
to

ge
n
er

at
e

th
e

ar
ch

it
ec

tu
re

se
q
u
en

ti
al

ly
,

th
e

en
v
ir

on
m

en
t’

s
“
st

a
te

”
co

n
ta

in
s

a
su

m
m

ar
y

of
th

e
ac

ti
on

s
sa

m
p
le

d
so

fa
r,

an
d

th
e

(u
n
d
is

co
u
n
te

d
)

re
w

a
rd

is
o
b
ta

in
ed

on
ly

af
te

r
th

e
fi
n
al

ac
ti

on
.

H
ow

ev
er

,
si

n
ce

n
o

in
te

ra
ct

io
n

w
it

h
an

en
v
ir

on
m

en
t

o
cc

u
rs

d
u
ri

n
g

th
is

se
q
u
en

ti
al

p
ro

ce
ss

(n
o

ex
te

rn
al

st
at

e
is

o
b
se

rv
ed

,
an

d
th

er
e

ar
e

n
o

in
te

rm
ed

ia
te

re
w

a
rd

s)
,

w
e

fi
n
d

it
m

or
e

in
tu

it
iv

e
to

in
te

rp
re

t
th

e
ar

ch
it

ec
tu

re
sa

m
p
li
n
g

p
ro

ce
ss

as
th

e
se

q
u
en

ti
a
l

ge
n
er

at
io

n
of

a
si

n
gl

e
ac

ti
on

;
th

is
si

m
p
li
fi
es

th
e

R
L

p
ro

b
le

m
to

a
st

at
el

es
s

m
u
lt

i-
a
rm

ed
b
an

d
it

p
ro

b
le

m
.

A
re

la
te

d
ap

p
ro

ac
h

w
as

p
ro

p
os

ed
b
y

C
ai

et
al

.
(2

01
8a

),
w

h
o

fr
am

e
N

A
S

a
s

a
se

q
u
en

ti
a
l

d
ec

is
io

n
p
ro

ce
ss

:
in

th
ei

r
ap

p
ro

ac
h

th
e

st
at

e
is

th
e

cu
rr

en
t

(p
ar

ti
al

ly
tr

ai
n
ed

)
a
rc

h
it

ec
tu

re
,

th
e

re
w

ar
d

is
an

es
ti

m
at

e
of

th
e

ar
ch

it
ec

tu
re

’s
p

er
fo

rm
an

ce
,
an

d
th

e
ac

ti
on

co
rr

es
p

o
n
d
s

to
a
n

ap
p
li
ca

ti
on

of
fu

n
ct

io
n
-p

re
se

rv
in

g
m

u
ta

ti
on

s,
d
u
b
b

ed
n
et

w
or

k
m

or
p
h
is

m
s

(C
h
en

et
a
l.
,
2
0
1
6
;

W
ei

et
al

.,
20

17
),

se
e

al
so

S
ec

ti
on

4,
fo

ll
ow

ed
b
y

a
tr

ai
n
in

g
p
h
as

e
of

th
e

n
et

w
o
rk

.
In

o
rd

er
to

d
ea

l
w

it
h

va
ri

ab
le

-l
en

gt
h

n
et

w
or

k
ar

ch
it

ec
tu

re
s,

th
ey

u
se

a
b
i-

d
ir

ec
ti

on
al

L
S
T

M
to

en
co

d
e

ar
ch

it
ec

tu
re

s
in

to
a

fi
x
ed

-l
en

gt
h

re
p
re

se
n
ta

ti
on

.
B

as
ed

on
th

is
en

co
d
ed

re
p
re

se
n
ta

ti
o
n
,

ac
to

r
n
et

w
or

k
s

d
ec

id
e

on
th

e
sa

m
p
le

d
ac

ti
on

.
T

h
e

co
m

b
in

at
io

n
of

th
es

e
tw

o
co

m
p

o
n
en

ts
co

n
st

it
u
te

th
e

p
ol

ic
y,

w
h
ic

h
is

tr
ai

n
ed

en
d
-t

o-
en

d
w

it
h

th
e

R
E

IN
F

O
R

C
E

p
o
li
cy

g
ra

d
ie

n
t

al
go

ri
th

m
.

W
e

n
ot

e
th

at
th

is
ap

p
ro

ac
h

w
il
l

n
ot

v
is

it
th

e
sa

m
e

st
at

e
(a

rc
h
it

ec
tu

re
)

tw
ic

e.

A
n

al
te

rn
at

iv
e

to
u
si

n
g

R
L

ar
e

n
eu

ro
-e

vo
lu

ti
o
n

a
ry

ap
p
ro

ac
h
es

th
at

u
se

ev
o
lu

ti
o
n
a
ry

al
go

ri
th

m
s

fo
r

op
ti

m
iz

in
g

th
e

n
eu

ra
l

ar
ch

it
ec

tu
re

.
T

h
e

fi
rs

t
su

ch
ap

p
ro

ac
h

fo
r

d
es

ig
n
in

g
n
eu

ra
l

n
et

w
or

k
s

w
e

ar
e

aw
ar

e
of

d
at

es
b
ac

k
al

m
os

t
th

re
e

d
ec

ad
es

:
M

il
le

r
et

a
l.

(1
9
89

)
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u
se

g
en

etic
a
lg

o
rith

m
s

to
p
rop

ose
arch

itectu
res

an
d

u
se

b
ack

p
rop

agation
to

op
tim

ize
th

eir
w

eig
h
ts.

M
a
n
y

n
eu

ro-evolu
tion

ary
ap

p
roach

es
sin

ce
th

en
(A

n
gelin

e
et

al.,
1
994;

S
ta

n
ley

an
d

M
iik

k
u
la

in
en

,
2
002;

S
tan

ley
et

al.,
2009)

u
se

gen
etic

algorith
m

s
to

o
p
tim

ize
b

oth
th

e
n
eu

ral
a
rch

itectu
re

a
n
d

its
w

eigh
ts;

h
ow

ever,
w

h
en

scalin
g

to
con

tem
p

orary
n
eu

ral
arch

itectu
res

w
ith

m
illio

n
s

o
f
w

eigh
ts

for
su

p
erv

ised
learn

in
g

task
s,

S
G

D
-b

ased
w

eigh
t

op
tim

iza
tion

m
eth

-
o
d
s

cu
rren

tly
o
u
tp

erform
ev

olu
tion

ary
on

es. 2
M

ore
recen

t
n
eu

ro-evolu
tion

ary
ap

p
roach

es
(R

ea
l

et
al.,

2
0
17;

S
u
gan

u
m

a
et

al.,
2017;

L
iu

et
al.,

2018b
;

R
eal

et
al.,

20
19;

M
iik

k
u
lain

en
et

a
l.,

2
0
1
7
;

X
ie

an
d

Y
u
ille,

2017;
E

lsken
et

al.,
2019)

th
erefore

again
u
se

gra
d
ien

t-b
ased

m
eth

o
d
s

for
o
p
tim

izin
g

w
eigh

ts
an

d
solely

u
se

evolu
tion

ary
algorith

m
s

for
op

tim
izin

g
th

e
n
eu

ra
l

a
rch

itectu
re

itself.
E

volu
tion

ary
algorith

m
s

evo
lve

a
p

op
u
lation

of
m

o
d
els,

i.e.,
a

set
o
f

(p
o
ssib

ly
train

ed
)

n
etw

ork
s;

in
every

evolu
tion

step
,

at
least

o
n
e

m
o
d
el

from
th

e
p

o
p
u
la

tio
n

is
sa

m
p
led

an
d

serves
as

a
p
aren

t
to

gen
erate

off
sp

rin
gs

b
y

ap
p
ly

in
g

m
u
tation

s
to

it.
In

th
e

co
n
tex

t
of

N
A

S
,

m
u
tation

s
are

lo
cal

op
eration

s,
su

ch
as

ad
d
in

g
or

rem
ov

in
g

a
layer,

a
lterin

g
th

e
h
y
p

erp
aram

eters
of

a
layer,

ad
d
in

g
sk

ip
con

n
ection

s,
as

w
ell

as
alterin

g
tra

in
in

g
h
y
p

erp
aram

eters.
A

fter
train

in
g

th
e

off
sp

rin
gs,

th
eir

fi
tn

ess
(e.g.,

p
erform

a
n
ce

o
n

a
va

lid
a
tio

n
set)

is
evalu

ated
an

d
th

ey
are

ad
d
ed

to
th

e
p

op
u
lation

.

N
eu

ro
-evo

lu
tion

ary
m

eth
o
d
s

d
iff

er
in

h
ow

th
ey

sam
p
le

p
aren

ts,
u
p

d
ate

p
op

u
la

tion
s,

a
n
d

g
en

era
te

off
sp

rin
gs.

F
or

ex
am

p
le,

R
eal

et
al.

(2017),
R

eal
et

al.
(201

9),
an

d
L

iu
et

al.
(2

0
1
8
b
)

u
se

tou
rn

am
en

t
selection

(G
old

b
erg

an
d

D
eb

,
1991)

to
sam

p
le

p
aren

ts,
w

h
ereas

E
lsken

et
al.

(2019)
sam

p
le

p
aren

ts
from

a
m

u
lti-ob

jective
P

areto
fron

t
u
sin

g
an

in
verse

d
en

sity.
R

eal
et

al.
(2017)

rem
ove

th
e

w
orst

in
d
iv

id
u
al

from
a

p
o
p
u
lation

,
w

h
ile

R
eal

et
al.

(2
0
1
9
)

fo
u
n
d

it
b

en
efi

cial
to

rem
ov

e
th

e
old

est
in

d
iv

id
u
al

(w
h
ich

d
ecreases

greed
in

ess),
an

d
L

iu
et

a
l.

(2
0
1
8
b
)

d
o

n
ot

rem
ove

in
d
iv

id
u
als

at
all.

T
o

gen
erate

off
sp

rin
g,

m
ost

ap
p
roach

es
in

itia
lize

ch
ild

n
etw

ork
s

ran
d
om

ly,
w

h
ile

E
lsken

et
al.

(2019)
em

p
loy

L
am

arck
ian

in
h
eri-

ta
n
ce,

i.e,
k
n
ow

led
ge

(in
th

e
form

o
f

lea
rn

ed
w

eigh
ts)

is
p
assed

on
from

a
p
aren

t
n
etw

o
rk

to
its

ch
ild

ren
b
y

u
sin

g
n
etw

ork
m

orp
h
ism

s.
R

eal
et

al.
(201

7)
also

let
an

off
sp

rin
g

in
h
erit

a
ll

p
a
ra

m
eters

of
its

p
aren

t
th

at
are

n
ot

aff
ected

b
y

th
e

ap
p
lied

m
u
tation

;
w

h
ile

th
is

in
-

h
erita

n
ce

is
n
o
t

strictly
fu

n
ction

-p
reserv

in
g

it
m

igh
t

also
sp

eed
u
p

learn
in

g
com

p
ared

to
a

ra
n
d
o
m

in
itialization

.
M

oreover,
th

ey
also

allow
m

u
tatin

g
th

e
learn

in
g

rate
w

h
ich

can
b

e
seen

a
s

a
w

ay
for

op
tim

izin
g

th
e

learn
in

g
rate

sch
ed

u
le

d
u
rin

g
N

A
S
.

W
e

refer
to

S
tan

ley
et

a
l.

(2
0
1
9
)

for
a

recen
t

in
-d

ep
th

rev
iew

on
n
eu

ro-evolu
tion

ary
m

eth
o
d
s.

R
ea

l
et

a
l.

(2019)
con

d
u
ct

a
case

stu
d
y

com
p
arin

g
R

L
,

evolu
tion

,
an

d
ran

d
om

search
(R

S
),

co
n
clu

d
in

g
th

at
R

L
an

d
ev

olu
tion

p
erform

eq
u
ally

w
ell

in
term

s
of

fi
n
al

test
accu

racy,
w

ith
evolu

tio
n

h
av

in
g

b
etter

an
y
tim

e
p

erform
an

ce
an

d
fi
n
d
in

g
sm

aller
m

o
d
els.

B
oth

ap
-

p
ro

a
ch

es
co

n
sisten

tly
p

erform
b

etter
th

an
R

S
in

th
eir

ex
p

erim
en

ts,
b
u
t

w
ith

a
rath

er
sm

all
m

argin
:

R
S

ach
iev

ed
test

errors
of

ap
p
rox

im
ately

4%
on

C
IF

A
R

-10,
w

h
ile

R
L

an
d

evolu
tion

rea
ch

ed
a
p
p
rox

im
ately

3.5%
(after

“m
o
d
el

au
gm

en
tation

”
w

h
ere

d
ep

th
a
n
d

n
u
m

b
er

of
fi
l-

ters
w

a
s

in
crea

sed
;

th
e

d
iff

eren
ce

on
th

e
n
on

-au
gm

en
ted

sp
ace

actu
ally

u
sed

for
th

e
search

w
a
s

a
p
p
rox

.
2
%

).
T

h
e

d
iff

eren
ce

w
as

ev
en

sm
aller

for
L

iu
et

al.
(2018b

),
w

h
o

rep
orted

a
test

erro
r

o
f

3.9
%

on
C

IF
A

R
-10

an
d

a
top

-1
valid

ation
error

of
21
.0%

on
Im

a
geN

et
fo

r
R

S
,

co
m

p
a
red

to
3.75%

an
d

20.3%
for

th
eir

evolu
tion

-b
ased

m
eth

o
d
,

resp
ectiv

ely.

2
.
S
o
m
e
recen

t
w
o
rk

sh
ow

s
th
a
t
ev
o
lv
in
g
ev
en

m
illio

n
s
o
f
w
eig

h
ts

is
co
m
p
etitiv

e
to

g
ra
d
ien

t-b
a
sed

o
p
ti-

m
iza

tio
n
w
h
en

o
n
ly

h
ig
h
-va

ria
n
ce

estim
a
tes

o
f
th
e
g
ra
d
ien

t
a
re

ava
ila

b
le,

e.g
.,
fo
r
rein

fo
rcem

en
t
lea

rn
in
g

ta
sk
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ra
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d
ien

t-b
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b
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p
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b
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b
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b
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b
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al.

(2017)
p
rop

ose
a

sim
p
le

yet
w

ell
p

erform
in

g
h
ill

clim
bin

g
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b
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d
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b
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con
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d
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b
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d
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d
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p
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ra
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b
efo

re.
R
u
n
g
e
et

a
l.
(2
0
1
9
)
u
sed

th
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b
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m
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c
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h
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p
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h
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b
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b
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b
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d
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b
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b
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p
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p
or

t
re

su
lt

s
on

th
e

C
IF

A
R

-1
0

d
at

a
se

t,
ex

p
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h
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p
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to
rs

o
f
B

,
i.
e.
π
k B

(A
)

=
A
V
V
T

,
w

h
er

e
th

e
co

lu
m

n
s

o
f
V

a
re

th
e

to
p
-k

ri
gh

t
si

n
gu

la
r

ve
ct

or
s

of
B

.

D
e
fi

n
it

io
n

2
(P

ro
je

c
ti

o
n

E
rr

o
r)

T
h
e

p
ro

je
ct

io
n

er
ro

r
o
f
B

w
it

h
re

sp
ec

t
to
A

is
d
efi

n
ed

a
s
‖A
−
π
k B

(A
)‖

2 F
.

N
o
te
π
k B

(A
)

is
a

ra
n
k
-k

m
a
tr

ix
,

th
er

eb
y

th
e

p
ro

je
ct

io
n

er
ro

r
is

a
t

le
a
st
‖A
−

[A
] k
‖2 F

.
It

is
p
ro

ve
d

in
G

h
as

h
am

i
an

d
P

h
il
li
p
s

(2
01

4)
th

at
on

e
ca

n
ob

ta
in

re
la

ti
ve

p
ro

je
ct

io
n

er
ro

r
fr

om
sm

al
l

co
va

ri
an

ce
er

ro
r.

W
e

in
cl

u
d
e

a
p
ro

of
of

th
e

n
ex

t
le

m
m

a
in

A
p
p

en
d
ix

A
.1

.

L
e
m

m
a

3
(C

o
v
a
ri

a
n

c
e

E
rr

o
r

to
P

ro
je

c
ti

o
n

E
rr

o
r

(G
h

a
sh

a
m

i
a
n

d
P

h
il
li

p
s,

2
0
1
4
))

‖A
−
π
k B

(A
)‖

2 F
≤
‖A
−

[A
] k
‖2 F

+
2
k
·‖
A
T
A
−
B
T
B
‖ 2
.

T
h
er

ef
or

e,
an

y
(
ε 2
k
,k

)-
co
v-

sk
et

ch
B

h
as

p
ro

je
ct

io
n

er
ro

r

‖A
−
π
k B

(A
)‖

2 F
≤

(1
+
ε)
‖A
−

[A
] k
‖2 F
.

(2
)

W
e

w
il
l

of
te

n
re

fe
r

to
(
ε 2
k
,k

)-
co
v-

sk
et

ch
es

a
s

(ε
,k

)-
pr
oj

-s
ke

tc
h
es

.
(ε
,k

)-
pr
oj

-s
ke

tc
h
es

ac
tu

al
ly

sa
ti

sf
y

a
m

or
e

ge
n

er
al

p
ro

p
er

ty
,

ca
ll

ed
P

ro
je

ct
io

n
-C

o
st

P
re

-
se

rv
in

g
p
ro

p
er

ty
.

S
p

ec
ia

ll
y,

su
p
p

os
e
B

is
an

(ε
,k

)-
pr
oj

-s
ke

tc
h

of
a

m
at

ri
x
A

,
th

en

‖B
−
B
Q
Q
T
‖2 F

=
(1
±
ε)
‖A
−
A
Q
Q
T
‖2 F
,

1
.

fo
r
k

=
0
,

w
e

d
efi

n
e

[A
] 0

=
0

2
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N
e
a
r
O
p
t
im

a
l
F
r
e
q
u
e
n
t
D
ir
e
c
t
io
n
s
f
o
r
S
k
e
t
c
h
in
g

D
e
n
se

a
n
d

S
pa

r
se

M
a
t
r
ic
e
s

for
all

ran
k
-k

orth
on

orm
al

m
atrices

Q
(see

F
eld

m
an

et
al.

(2013);
C

oh
en

et
al.

(2015,
2017)

fo
r

m
o
re

d
eta

ils).
O

n
e

im
m

ed
ia

te
a
p
p
lica

tio
n

o
f

p
ro

jectio
n
-co

st
p
reserv

in
g

sk
etch

es
is

con
strain

ed
low

ran
k

ap
p
rox

im
ation

s,
w

h
ich

can
b

e
form

u
lated

as
th

e
follow

in
g

op
tim

ization
p
ro

b
lem

:

m
in

X
:ra

n
k
(X

)≤
k
,X
∈S ‖A

−
A
X
X
T‖

2F
,

w
h
ereS

is
som

e
con

strain
t;

sp
ecial

cases
in

clu
d
e

sp
arse

P
C

A
,
n
on

n
egative

P
C

A
,
an

d
k
-m

ean
s

clu
sterin

g
(F

eld
m

an
et

al.,
2013;

C
oh

en
et

al.,
2015).

G
iv

en
an

y
p
ro

jection
-cost

p
reserv

in
g

sketch
B

of
A

,
on

e
can

solve
th

e
ab

ove
op

tim
ization

p
rob

lem
w

ith
resp

ect
to
B

to
ob

tain
an

ap
p

rox
im

ate
solu

tion
,

w
h

ich
sign

ifi
can

tly
red

u
ces

th
e

com
p

u
tation

al
costs

w
h

en
B

is
m

u
ch

sm
a
ller

th
an

A
.

M
o
d
ern

d
ata

m
atrices

are
often

large
an

d
sp

arse,
so

w
e

w
ill

alw
ay

s
assu

m
e
n

an
d
d

are
very

large
an

d
n
n
z(A

)�
n
d
,

w
h
ere

n
n
z(A

)
in

th
e

n
u
m

b
er

of
n
on

zero
en

tries
in
A

.
M

oreover,
w

e
assu

m
e

th
at

each
en

try
of
A

is
rep

resen
tab

le
b
y
O

(log
(n
d
))

b
its.

T
o

sim
p
lify

th
e

an
aly

sis,
w

e
assu

m
e

th
e

en
tries

of
A

are
in

tegers
of

m
agn

itu
d
e

at
m

ost
p

oly
(n
d
);

th
e

gen
eral

case
can

b
e

red
u
ced

to
th

is,
see

e.g.,
B

ou
tsid

is
et

al.
(2016).

1
.2

.
P

re
v
io

u
s

R
e
su

lts

In
th

e
row

-w
ise

u
p

d
ate

stream
in

g
m

o
d
el,

L
ib

erty
’s

F
requ

en
t

D
irectio

n
s

(F
D

)
algorith

m
(L

ib
-

erty
,

2
0
1
3
),

w
ith

a
n

im
p
rov

ed
a
n
a
ly

sis
b
y

G
h
a
sh

a
m

i
a
n
d

P
h
illip

s
(2

0
1
4
),

m
a
in

ta
in

s
a
n

(α
,k

)-cov-sk
etch

B
∈
R
`×
d

a
t

a
n
y

tim
e,

w
h
ere

`
=
O

(k
+
α
−

1).
T

h
e

a
lg

o
rith

m
u
ses

O
(d
`)

sp
a
ce

a
n
d

ru
n
s

in
O

(n
d
`)

tim
e.

F
o
r

sp
a
rse

m
a
trices,

th
e

ru
n
n
in

g
tim

e
o
f
F
D

is
im

p
rov

ed
to
O

(n
n
z(A

)`
lo

g
d

+
n
n
z(A

)
log

n
+
n
`
2)

b
y

G
h
a
sh

a
m

i
et

a
l.

(2
0
1
6
).

S
ettin

g
α

=
ε/

2
k

(o
r

`
=
O

(k
/
ε))

an
d

b
y

L
em

m
a

3,
B

is
a

(ε,k
)-proj-sketch

.
N

ow
,
B

con
tain

s
O

(k
/ε)

row
s,

an
d

th
e

sp
ace

an
d

ru
n
n
in

g
tim

e
b

ecom
e
O

(d
k
/ε)

an
d
O

(n
n
z(A

)k
ε −

1·log
d

+
n
n
z(A

)
log

n
+
n
k

2ε −
2)

resp
ectiv

ely.
T

h
e

log
d

fa
cto

r
in

th
e

lea
d
in

g
term

w
a
s

rem
ov

ed
b
y

L
u
o

et
a
l.

(2
0
1
6
).

It
w

a
s

sh
ow

n
b
y

W
o
o
d

ru
ff

(W
o
o
d

ru
ff

,
2
0
1
4
a
)

th
a
t

th
e

sp
a
ce

u
sed

b
y
F
D

is
o
p

tim
a
l

fo
r

b
o
th

cova
ria

n
ce

erro
r

a
n
d

p
ro

jectio
n

erro
r.

A
n
a
tu

ra
l

q
u
estio

n
is

if
th

e
ru

n
n
in

g
tim

e
ca

n
b

e
im

p
roved

.
In

p
articu

lar,

•
Is

th
ere

a
n

in
p
u

t
spa

rsity
tim

e
a
lgo

rith
m

,
i.e.,

in
tim

e
O

(n
n
z(A

)+
(n

+
d
)·p

o
ly

(k
α
−

1)),
w

h
ich

a
ch

ieves
th

e
sa

m
e

gu
a
ra

n
tee

a
s
F
D

?

1
.3

.
O

u
r

C
o
n
trib

u
tio

n
s

T
h

is
p

a
p

er
a
lm

o
st

settles
th

e
a
b

ov
e

q
u
estio

n
.

O
u

r
m

a
in

co
n
trib

u
tio

n
s

a
re

su
m

m
a
rized

a
s

fo
llow

s.

1
.

W
e

g
iv

e
a

n
ew

sp
a
ce-o

p
tim

a
l

strea
m

in
g

a
lg

o
rith

m
w

ith
O

(n
d
k
)

+
Õ

(d
α
−

3)
ru

n
n
in

g
tim

e
to

com
p
u
te

(α
,k

)-cov-sketch
es

for
d
en

se
m

atrices,
w

h
ich

im
p
roves

th
e

origin
al

F
D

algorith
m

for
sm

all
α

.
T

h
e

ru
n
n
in

g
tim

e
is

op
tim

al
u
p

to
low

er
ord

er
term

s,
p
rov

id
ed

m
a
trix

m
u
ltip

lication
can

n
ot

b
e

im
p
roved

sign
ifi

can
tly.

2
.

B
a
sed

o
n

o
u
r

fa
st

a
lg

o
rith

m
fo

r
sk

etch
in

g
d
en

se
m

a
trices,

w
e

th
en

g
iv

e
a

n
ew

sp
a
ce-

o
p
tim

a
l

strea
m

in
g

a
lg

o
rith

m
w

ith
O

(n
n
z(A

)k
+
n
k

3)
+
Õ

(d
α
−

3)
ru

n
n
in

g
tim

e
to

co
m

p
u
te

(α
,k

)-cov-sk
etch

es
fo

r
sp

a
rse

m
a
trices.

W
e

sep
a
ra

te
th

e
d
ep

en
d
en

ce
o
f
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H
u
a
n
g

T
im

e
(α
,k

)-cov
(ε,k

)-proj

F
D

(L
ib

erty
,

2
01

3)
O

(n
d
k

+
n
d
/
α

)
O

(n
d
k
/ε)

F
F
D
d
en
se

(n
e
w

)
O

(n
d
k
)

O
(n
d
k
)

S
p
arse

F
D

(G
h
ash

a
m

i
et

al.,
20

16
)

O
(n
n
z(A

)k
lo

g
d

+
n
n
z(A

)
log

d
/α

)
O

(n
n
z(A

)k
lo

g
d
/ε)

F
F
D
sp
arse

(n
e
w

)
O

(n
n
z(A

)k
)

O
(n
n
z(A

)k
)

L
ow

er
b

ou
n
d
s

(n
e
w

)
Ω

(n
n
z(A

)k
)

Ω
(n
n
z(A

)k
)

T
ab

le
1:

R
u
n
n
in

g
tim

es
a
n
d

low
er

b
o
u
n
d
s

fo
r

strea
m

in
g

(α
,k

)-cov-sk
etch

a
n
d

(ε,k
)-proj-

sk
etch

a
lg

o
rith

m
s.

L
ow

er
o
rd

er
term

s
a
re

o
m

itted
a
n
d

th
e

low
er

b
o
u
n
d
s

a
re

con
d
ition

al.

1
/α

fro
m

n
n
z(A

),
w

h
ich

im
p
rov

es
th

e
resu

lts
o
f

G
h
a
sh

a
m

i
et

a
l.

(2
0
1
6
)

fo
r

sm
a
ll
α

.
T

h
erefore,

to
com

p
u
te

an
(ε,k

)-proj-sketch
,

ou
r

algorith
m

on
ly

n
eed

s
O

(n
n
z(A

)k
)

tim
e

(ig
n
o
rin

g
low

er
o
rd

er
term

s)
a
s

o
p
p

o
sed

to
O

(n
n
z(A

)k
ε −

1·
log

d
)

in
G

h
a
sh

a
m

i
et

a
l.

(2016)
(see

T
ab

le
1).

3.
W

e
sh

ow
th

a
t
o(n

n
z(A

)k
)

tim
e

is
lik

ely
v
ery

d
iffi

cu
lt

to
a
ch

iev
e,

a
s

it
w

ill
im

p
ly

a
b
rea

k
th

ro
u
g
h

in
fa

st
m

a
trix

m
u
ltip

lica
tio

n
.

S
p

ecifi
ca

lly,
w

e
p
rov

e
th

a
t,

u
n
d
er

m
ild

assu
m

p
tion

s,
th

e
tim

e
com

p
lex

ity
for

com
p
u
tin

g
an

(O
(1),k

)-cov-sketch
B
∈
R
O

(k
)×
d

of
A

in
th

e
stream

in
g

m
o
d
el

is
eq

u
ivalen

t
to

th
e

tim
e

com
p
lex

ity
of

left
m

u
ltip

ly
in

g
A

b
y

an
arb

itrary
m

atrix
C
∈
R
k×

n
.

1
.4

.
O

th
e
r

R
e
la

te
d

W
o
rk

T
h
e

p
rob

lem
of

com
p
u
tin

g
(α
,k

)-cov-sketch
es

w
as

also
stu

d
ied

in
th

e
slid

in
g

w
in

d
ow

stream
-

in
g

m
o
d

el
(W

ei
et

a
l.,

2
0
1
6
)

a
n
d

d
istrib

u
ted

m
o
d

els
(G

h
a
sh

a
m

i
et

a
l.,

2
0
1
4
;

H
u

a
n

g
et

a
l.,

2017;
Z

h
an

g
et

al.,
2017).

A
closely

related
p
rob

lem
,

n
am

ely
a
p
p
ro

xim
a
te

P
C

A
,

w
as

stu
d
ied

in
K

a
n
n
a
n

et
a
l.

(2
0
1
4
);

L
ia

n
g

et
a
l.

(2
0
1
4
);

B
o
u
tsid

is
et

a
l.

(2
0
1
6
);

Z
h
a
n
g

et
a
l.

(2
0
1
5
).

C
lark

son
an

d
W

o
o
d
ru

ff
(2009)

stu
d
ied

oth
er

stream
in

g
n
u
m

erical
lin

ear
algeb

ra
p
rob

lem
s.

1
.5

.
M

a
trix

P
re

lim
in

a
rie

s
a
n

d
N

o
ta

tio
n

s

W
e

alw
ay

s
u
se
n

for
th

e
n
u
m

b
er

row
s

an
d
d

for
th

e
d
im

en
sion

of
each

row
.

F
or

a
d
-d

im
en

sion
al

vector
x

,‖
x‖

is
th

e
`
2

n
orm

of
x

.
W

e
u
se
x
i

to
d
en

ote
th

e
ith

en
try

of
x

,
an

d
D
iag

(x
)∈

R
d×
d

is
a

d
ia

g
o
n
a
l

m
a
trix

su
ch

th
a
t

th
e
ith

d
ia

g
o
n
a
l

en
try

is
x
i .

F
o
r

a
m

a
trix

A
∈
R
n×

d
w

ith
n
>
d
,

w
e

u
se
A
i

to
d

en
o
te

th
e
ith

row
o
f
A

a
n

d
a
i,j

fo
r

th
e

(i,j)-th
en

try
o
f
A

.
n
n
z(A

)
is

th
e

n
u

m
b

er
of

n
on

-zero
en

tries
in
A

an
d
row

s(A
)

is
th

e
n
u

m
b

er
of

row
s

in
A

.
W

e
w

rite
th

e
(red

u
ced

)
sin

gu
lar

valu
e

d
ecom

p
osition

of
A

as
(U
,Σ
,V

)
=

S
V
D

(A
).

T
h
e

com
p
u
tation

tim
e

o
f

sta
n
d
a
rd

S
V
D

a
lg

o
rith

m
s

is
O

(n
d

2).
W

e
u
se
‖
A‖

2
o
r‖A‖

to
d
en

o
te

th
e

sp
ectra

l
n
o
rm

o
f
A

,
w

h
ich

is
th

e
la

rg
est

sin
g
u

la
r

va
lu

e
o
f
A

,
a
n

d
‖
A‖

F
fo

r
th

e
F

ro
ben

iu
s

N
o
rm

,
w

h
ich

is
√
∑

i,j
a

2i,j .
F

or
k
≤

ran
k(A

),
w

e
u
se

[A
]k

to
d
en

ote
th

e
b

est
ran

k
k

ap
p
rox

im
ation

of
A

.
W

e

d
efi

n
e

[A
]0

=
0

.
[A

;B
]

is
th

e
m

atrix
form

ed
b
y

con
caten

atin
g

th
e

row
s

of
A

an
d
B

.
W

e
u

se
Õ

()
to

h
id

e
p

oly
log

(n
d
k
)

factors.
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N
e
a
r
O
p
t
im

a
l
F
r
e
q
u
e
n
t
D
ir
e
c
t
io
n
s
f
o
r
S
k
e
t
c
h
in
g

D
e
n
se

a
n
d

S
pa

r
se

M
a
t
r
ic
e
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seS

h
rin

kR
op

eration
(lin

e
5).

L
et
C

(i)
=

Σ
(i)V

(i).
W

e
u

se
B
′(i)

to
d

en
ote

th
e

valu
e

of
B

righ
t

b
efore

th
e
ith

D
en
seS

h
rin

kR
op

eration
(or

th
e

in
p
u
t

of
th

e
ith

D
en
seS

h
rin

kR
op

eration
).

F
ro

m
A

lg
o
rith

m
2,

w
e

h
av

e
th

at

B
′(i)T

B
′(i)

=
B

(i)T
B

(i)
+
V

(i)T
Σ

(i)2V
(i)

=
B

(i)T
B

(i)
+
C

(i)T
C

(i).

L
et
A

(i)
b

e
th

e
row

s
of
A

arrived
b

etw
een

th
e

(i−
1)th

an
d

th
e
ith

D
en
seS

h
rin

kR
op

eration
,

w
h
ich

m
ea

n
s
B
′(i)

=
[B

(i−
1
);A

(i)],
an

d
th

u
s

B
′(i)T

B
′(i)

=
B

(i−
1
)T
B

(i−
1
)

+
A

(i)T
A

(i).

C
o
m

b
in

ed
w

ith
th

e
p
rev

iou
s

eq
u
ality,

w
e

get

A
(i)T

A
(i)

+
B

(i−
1
)T
B

(i−
1
)−

B
(i)T

B
(i)

=
C

(i)T
C

(i).

L
et
t

b
e

th
e

to
ta

l
n
u
m

b
er

o
f

itera
tio

n
s.

W
e

d
efi

n
e
B

(0
)

=
0
,

a
n
d
C

=
[C

(1
);···

;C
(t)].

S
u
m

m
in

g
th

e
ab

ove
eq

u
ality

over
i

=
1,···

,t,
w

e
h
ave

C
T
C

=
∑

i

C
(i)T

C
(i)

=
∑

i

(
A

(i)T
A

(i)
+
B

(i−
1
)T
B

(i−
1
)−

B
(i)T

B
(i) )

=
A
T
A
−
B
T
B
.
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H
u
a
n
g

It
follow

s
th

at

‖C
‖

2F
=

trace(C
T
C

)
=

trace(A
T
A

)−
trace(B

T
B

)
=
‖
A‖

2F
−
‖
B
‖

2F
.

N
ow

w
e

b
o
u
n
d
‖
A‖

2F
−
‖B
‖

2F
u
sin

g
sim

ila
r

id
ea

s
a
s

in
G

h
a
sh

a
m

i
a
n
d

P
h
illip

s
(2

0
1
4
).

L
et
w
j

b
e

th
e
jth

sin
gu

lar
vector

of
A

,
w

e
h
ave

‖C
‖

2F
=
‖
A‖

2F
−
‖
B
‖

2F

=
k
∑j=

1 ‖A
w
j ‖

2
+

d
∑j=
k
+

1 ‖
A
w
j ‖

2−
‖
B
‖

2F

≤
k
∑j=

1 ‖A
w
j ‖

2
+
‖
A
−

[A
]k ‖

2F
−

k
∑j=

1 ‖
B
w
j ‖

2
b

ecau
se

k
∑j=

1 ‖B
w
j ‖

2≤
‖B
‖

2F

≤
‖A
−

[A
]k ‖

2F
+
k·‖

A
−

[A
]k ‖

2F
/
2k

b
y

E
q

(3)

=
1.5‖

A
−

[A
]k ‖

2F
.

(4)

In
th

e
algorith

m
,

each
row

of
C

is
sam

p
led

w
ith

p
rob

ab
ility

‖
C
j ‖

2

α
2
F

,
w

h
ere

F
is

th
e

cu
rren

t
sq

u
ared

F
-n

orm
of
C

.
L

et
C
s

b
e

th
e

sam
p
led

row
s.

G
iven

E
q

(4),
w

e
can

p
rove

th
e

follow
in

g
u
sin

g
T

h
eorem

5

‖C
T
C
−
C
Ts
C
s ‖

2 ≤
α‖
A
−

[A
]k ‖

2F
,

an
d
‖C

s ‖
2F

=
O

(1)·‖
A
−

[A
]k ‖

2F
.

A
t

th
e

en
d

of
th

e
algorith

m
,
Q

=
F
D

(C
s ,α

,0),
th

en

‖C
Ts
C
s −

Q
T
Q
‖

2 ≤
α‖
C
s ‖

2F
≤
O

(α
)·‖

A
−

[A
]k ‖

2F
.

A
p
p
ly

in
g

trian
gle

in
eq

u
ality,

w
e

h
ave
‖
C
T
C
−
Q
T
Q
‖

2 ≤
O

(α
)·‖

A
−

[A
]k ‖

2F
,

an
d

th
u
s

‖
A
T
A
−
B
T
B
−
Q
T
Q
‖

2
=
‖
C
T
C
−
Q
T
Q
‖

2 ≤
O

(α
)·‖

A
−

[A
]k ‖

2F
,

w
h
ich

p
roves

th
e

correctn
ess.

S
p

a
c
e

a
n

d
ru

n
n

in
g

tim
e
.

T
h
e

sp
a
ce

is
d
o
m

in
a
ted

b
y

m
a
in

ta
in

in
g
B

=
F
D

(A
,1
/2
k
,k

)
an

d
Q

=
F
D

(C
s ,α

,0),
w

h
ich

is
O

(d
k

+
d
/α

)
in

total.

T
h
e

ru
n
n
in

g
tim

e
of

com
p
u
tin

g
B

is
O

(n
d
k

),
an

d
th

e
ru

n
n
in

g
tim

e
for

Q
is
O

(row
s(C

s )d
/α

).
T

o
b

o
u
n
d
row

s(C
s ),

w
e

d
iv

id
e

th
e

strea
m

in
to

ep
o
ch

s,
w

h
ere

F
ro

u
g
h
ly

d
o
u
b
les

in
ea

ch
ep

o
ch

.
T

h
is

m
ean

s
th

e
total

n
u

m
b

er
of

ep
o
ch

s
is

b
ou

n
d

ed
b
y
O

(log
(n
d
)),

sin
ce

w
e

assu
m

e
ea

ch
rea

l
n
u
m

b
er

in
th

e
in

p
u
t

ca
n

b
e

rep
resen

ted
b
y
O

(log
(n
d
))

b
its.

W
e

em
p
h
a
size

th
a
t

a
rig

o
ro

u
s

a
n
a
ly

sis
o
n

th
is

w
ill

b
e

m
o
re

su
b
tle;

see
d
iscu

ssio
n
s

in
th

e
p
ro

o
f

o
f

L
em

m
a

1
5

b
elow

.
A

p
p
ly

in
g

T
h
eorem

5
on

th
e

su
b
m

atrix
in

each
ep

o
ch

,
it

is
easy

to
ch

eck
th

e
ex

p
ected

n
u
m

b
er

of
row

s
sam

p
led

in
each

ep
o
ch

is
O

(1/α
2),

so
row

s(C
s )

=
O

(
lo

g
(n
d
)

α
2

).
T

h
u
s

th
e

total

ru
n

n
in

g
tim

e
is
O

(n
d
k

)
+
Õ

(d
α
−

3).
W

e
rem

ark
th

at
th

e
resid

u
al

retu
rn

b
y
D
en
seS

h
rin

kR
is

in
th

e
fo

rm
o
f
C

=
Σ
V
T

,
w

h
ere

Σ
is

d
ia

g
o
n

a
l

a
n

d
V

h
a
s

o
rth

o
n

o
rm

a
l

co
lu

m
n

s.
T

h
erefo

re,
th

e
row

n
orm

s
of
C

are
sim

p
ly

th
e

d
iagon

als
of

Σ
.
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N
e
a
r
O
p
t
im

a
l
F
r
e
q
u
e
n
t
D
ir
e
c
t
io
n
s
f
o
r
S
k
e
t
c
h
in
g

D
e
n
se

a
n
d

S
pa

r
se

M
a
t
r
ic
e
s

3
.
A
lg
o
ri
th

m
fo
r
S
p
a
rs
e
M

a
tr
ic
e
s

F
o
r

sk
et

ch
in

g
sp

a
rs

e
m

a
tr

ic
es

,
w

e
w

il
l

u
se

a
su

b
ro

u
ti

n
e

(s
ee

A
lg

o
ri

th
m

5
)

fo
r
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m

p
u
ti

n
g

w
ea

k
lo

w
ra

n
k

a
p
p
ro

x
im

a
ti

o
n
s

b
a
se

d
o
n
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st

su
b
sp

a
ce

em
b

ed
d
in

g
s.

In
th

is
su

b
ro

u
ti

n
e,

th
e

in
p

u
t

m
at

ri
x

is
an

`
×
d

m
at

ri
x
A

an
d

tw
o

ad
d

it
io

n
al

m
at

ri
ce

s
J

an
d
C

,
w

h
er

e
J

h
as
O

(k
)

ro
w

s
an

d
C

h
as
d

co
lu

m
n
s.

In
ou

r
ap

p
li
ca

ti
on

s,
J
,C

w
il
l

al
w

ay
s

b
e

th
e

su
b
sp

ac
e

em
b

ed
d
in

g
m

at
ri

ce
s

fr
om

T
h
eo

re
m

6.
T

h
e

al
go

ri
th

m
ou

tp
u
ts

an
O

(k
)
×
`

m
at

ri
x
Z

w
it

h
or

th
on

or
m

al
ro

w
s.

A
lg

o
ri

th
m

5
W

ea
k

L
ow

R
an

k
A

p
p
ro

x
im

at
io

n
(L
R
A

)

In
p

u
t:
A
∈
R
`×
d
,
J
∈
R
O

(k
)×
w

an
d
C
∈
R
w
×
d

1
:

C
om

p
u
te
S

=
A
C
T
J
T

2
:

C
om

p
u

te
Z
∈
R
O

(k
)×
`

w
h

os
e

ro
w

s
fo

rm
an

or
th

on
or

m
al

b
as

is
fo

r
th

e
co

lu
m

n
sp

ac
e

of
S

3
:

re
tu

rn
Z

T
h
e

fo
ll
ow

in
g

le
m

m
a

is
a

si
m

p
le

co
ro

ll
ar

y
of

T
h
eo

re
m

6.

L
e
m

m
a

8
If
J
,C

a
re

th
e

su
bs

pa
ce

em
be

d
d
in

g
m

a
tr

ic
es

fr
o
m

T
h
eo

re
m

6
w

it
h
w

=
m

in
(d
,O

(k
2
))

a
n

d
Z

is
th

e
o
u

tp
u

t
o
f

A
lg

o
ri

th
m

5
,

th
en

w
it

h
p

ro
ba

bi
li

ty
0.

99

‖A
−
Z
T
Z
A
‖2 F
≤
O

(1
)‖
A
−

[A
] k
‖2 F
.

M
o
re

o
ve

r,
Z

ca
n

be
co

m
p
u

te
d

in
O

(n
n
z(
A

)
+
`k

3
)

ti
m

e
a
n

d
O

(`
k

2
)

ex
tr

a
sp

a
ce

.

P
ro

o
f

F
ro

m
T

h
eo

re
m

6,
th

er
e

ex
is

ts
X

w
it

h
ra
n
k(
X

)
≤
k

su
ch

th
at

‖A
−
Z
T
X
‖2 F
≤
O

(1
)‖
A
−

[A
] k
‖2 F
.

H
en

ce
,

‖A
−
Z
T
Z
A
‖2 F
≤
‖A
−
Z
T
Z
A
‖2 F

+
‖Z

T
Z
A
−
Z
T
X
‖2 F

=
‖A
−
Z
T
X
‖2 F

P
y
th

ag
or

ea
n

th
eo

re
m

≤
O

(1
)‖
A
−

[A
] k
‖2 F
.

N
o
te

th
a
t
S

ca
n

b
e

co
m

p
u

te
d

in
ti

m
e
O

(n
n
z(
A

)
+
`k

3
)

a
n

d
Z

ca
n

b
e

co
m

p
u

te
d

fr
o
m
S

in
O

(`
k

2
)

ti
m

e.
T

h
e

sp
ac

e
u

sa
ge

is
d

om
in

at
ed

b
y

st
or

in
g

th
e

in
te

rm
ed

ia
te

re
su

lt
A
C
T

,
w

h
ic

h
is
O

(`
k

2
).

3
.1

.
O

v
e
rv

ie
w

o
f

O
u

r
A

lg
o
ri

th
m

O
u
r

ap
p
ro

ac
h

is
q
u
it

e
d
iff

er
en

t
fr

om
G

h
as

h
am

i
et

al
.

(2
01

6)
.

T
h
ei

r
m

ai
n

id
ea

is
to

u
se

fa
st

ap
p
ro

x
im

at
e

S
V

D
(M

u
sc

o
an

d
M

u
sc

o,
20

15
)

in
th

e
or

ig
in

al
F
D

,
w

h
ic

h
le

ad
s

to
su

b
op

ti
m

al
ti

m
e.

O
u
r

ap
p
ro

ac
h

is
su

m
m

ar
iz

ed
as

fo
ll
ow

s.

1.
D

ec
o
m

p
o
se
A
T
A

=
A
′T
A
′ +

R
T
R

,
su

ch
th

a
t
A
′

co
n
ta

in
s

sm
a
ll

n
u
m

b
er

o
f

ro
w

s
a
n
d

‖A
′ −

[A
′ ] k
‖2 F

=
O

(1
)
·‖
A
−

[A
] k
‖2 F

.
M

or
eo

ve
r,
‖R
‖2 F

=
O

(1
)
·‖
A
−

[A
] k
‖2 F

.
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2.
C

o
m

p
u
te

a
sk

et
ch

B
o
f
A
′

u
si

n
g

fa
st

F
D

a
lg

o
ri

th
m

fo
r

d
en

se
m

a
tr

ic
es

(T
h
eo

re
m

7
),

w
h
ic

h
sa

ti
sfi

es
th

at
‖A
′T
A
′ −

B
T
B
‖ 2
≤
α
‖A
′ −

[A
′ ] k
‖2 F
≤
α
‖A
−

[A
] k
‖2 F

.

3.
C

om
p

u
te

a
sk

et
ch

m
at

ri
x
C

of
R

su
ch

th
at
‖R

T
R
−
C
T
C
‖ 2
≤
α
‖R
‖2 F
≤
O

(α
)
·‖
A
−

[A
] k
‖2 F

,
w

h
ic

h
ca

n
b

e
d
on

e
v
ia

ra
n
d
om

sa
m

p
li
n
g

(T
h
eo

re
m

5)
co

m
b
in

ed
w

it
h
F
D

.

4.
T

h
e

fi
n
al

sk
et

ch
is
S

=
[B

;C
].

N
ot

e
th

at
S

=
[B

;C
]

ap
p
ro

x
im

at
e

[A
′ ;
R

]
in

th
e

se
n
se

th
at

‖A
′T
A
′ +

R
T
R
−
B
T
B
−
C
T
C
‖ 2
≤
‖A
′T
A
′ −

B
T
B
‖ 2

+
‖R

T
R
−
C
T
C
‖ 2

≤
O

(α
)
·‖
A
−

[A
] k
‖2 F
.

F
ro

m
st

ep
(1

),
w

e
h
av

e
A
T
A

=
A
′T
A
′ +

R
T
R

,
an

d
th

u
s

[B
;C

]
is

a
go

o
d

ap
p
ro

x
im

at
io

n
of
A

.
N

ex
t

w
e

b
ri

efl
y

d
es
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e
h
ow
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im

p
le

m
en

t
th

is
in

on
e

p
as

s
an

d
sm

al
l

sp
ac

e.

T
o

a
ch

ie
v
e

(1
),

w
e

u
se

th
e

fo
ll
ow

in
g

n
ew

id
ea

.
L

et
Z
∈

R
O

(k
)×
d

b
e

a
n

o
rt

h
o
n
o
rm

a
l

m
a
tr

ix
sa

ti
sf

y
in

g
‖A
−
Z
T
Z
A
‖2 F
≤
O

(1
)‖
A
−

[A
] k
‖2 F
.

L
et
A
′ =

Z
A

a
n
d
R

=
(I
−
Z
T
Z

)A
.

It
is

ea
sy

to
ch

ec
k

th
at
A
′

an
d
R

sa
ti

sf
y

th
e

re
q
u
ir

em
en

t
of

(1
).

In
th

e
st

re
am

in
g

m
o
d
el

,
w

e
d

iv
id

e
A

in
to

b
lo

ck
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ea
ch

of
w

h
ic

h
co

n
ta

in
s

ro
u

gh
ly
d
k

n
on

-z
er

o
en

tr
ie

s,
an

d
th

u
s

th
er

e
ar

e
at

m
os

t
t

=
n
n
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)
d
k

b
lo

ck
s.

W
e

u
se

th
e

ab
ov

e
id

ea
fo

r
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ch
of

th
e

b
lo

ck
s

an
d
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n
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te
n
at

e
th

e

re
su

lt
s

to
ge

th
er

.
M

or
e

p
re

ci
se

ly
,

fo
r

ea
ch

b
lo

ck
A

(i
)
∈
R
` i
×
d
,

w
e

u
se

an
in

p
u

t-
sp

ar
si

ty
ti

m
e

al
go

ri
th

m
(A

lg
or

it
h
m

5
an

d
L

em
m

a
8)

to
co

m
p
u
te

a
m

at
ri

x
Z

(i
)
∈
R
O

(k
)×
` i

su
ch

th
a
t

‖A
(i

)
−
Z

(i
)T
Z

(i
) A

(i
) ‖

2 F
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O

(1
)‖
A

(i
)
−

[A
(i
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‖2 F
.

L
et
A
′(i

)
=
Z

(i
) A

(i
) ,

a
n

d
R

(i
)

=
(I
−
Z

(i
)T
Z

(i
) )
A

(i
) .

W
e

th
en

se
t
A
′ =

[A
′(1

) ;
··
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A
′(t

) ]
a
n
d

R
=

[R
(1

) ;
··
·;
R

(t
) ]
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an

d
p

ro
ve

th
at
A
′

an
d
R
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ti

sf
y

th
e

re
q
u
ir

em
en

t
of

(1
),

w
h
er

e
A
′

on
ly

h
a
s
t
×
O

(k
)

=
O

(
n
n
z(
A

)
d

)
ro

w
s

(s
in

ce
ea

ch
b
lo

ck
o
f
A
′

h
a
s
O

(k
)

ro
w

s)
.

H
er

e
w

e
d
o

n
o
t

co
m

p
u
te
R

ex
p
li
ci

tl
y,

as
w

e
w

il
l

sa
m

p
le

a
su

b
se

t
of

th
e

ro
w

s
fr

om
R

.
N

ot
e

th
at

th
e

ru
n

n
in

g
ti

m
e

o
f

th
is

st
ep

is
d
o
m

in
a
te

d
b
y

co
m

p
u
ti

n
g
Z

(i
) A

(i
) ,

w
h
ic

h
is
O

(n
n
z(
A

(i
) )
k
),

a
n
d

th
u
s

O
(n
n
z(
A

)k
)

in
to

ta
l.

T
o

co
m

p
u
te
B

o
f

st
ep

(2
),

w
e

m
ay

u
se

th
e

st
a
n
d
a
rd

F
D

(A
′ ,
α
,k

)
(T

h
eo

re
m

4
).

S
in

ce

A
′

h
a
s

a
t

m
o
st
O

(n
n
z(
A

)
d

)
ro

w
s,
B

ca
n

b
e

co
m

p
u
te

d
in
O

(n
n
z(
A

)(
k

+
α
−

1
))

ti
m

e.
H

ow
ev

er
,

it
st

il
l

h
a
s

a
n
n
n
z(
A

)α
−

1
te

rm
.

S
o
,

w
e

a
p
p
ly

o
u
r

fa
st

er
F
D

a
lg

o
ri

th
m

fo
r

d
en

se
m

a
tr

ic
es

(T
h
eo

re
m

7)
on

A
′ ,

w
h
ic

h
on

ly
ta

ke
s
O

(n
n
z(
A

)k
)

+
Õ

(d
α
−

3
)

ti
m

e.

In
or

d
er

to
co

m
p
u
te

a
sk

et
ch
C

of
R

in
st

ep
(3

),
w

e
fi
rs

t
su

b
sa

m
p
le

th
e

ro
w

s
of
R

u
si

n
g

st
re

a
m

in
g

B
er

n
o
u
ll
i

sa
m

p
li
n
g
.

O
n
e

d
iffi

cu
lt

y
is

th
a
t
R

co
u
ld

b
e

d
en

se
,

a
n
d

it
m

ay
ta

k
e

n
d

ti
m

e
to

co
m

p
u
te

th
e

ro
w

n
o
rm

s.
F

o
rt

u
n
a
te

ly
,

ea
ch

R
(i

)
is

o
f

sp
ec

ia
l

fo
rm

,
a
n
d

w
e

a
re

a
b
le

to
d
es

ig
n

a
fa

st
a
lg

o
ri

th
m

to
co

m
p
u
te

it
s

ro
w

n
o
rm

s
(A

lg
o
ri

th
m

7
).

L
et
Q

b
e

th
e

sa
m

p
le

d
ro

w
s,

w
it

h
ro
w
s(
Q

)
=
Õ

(1
/α

2
),

a
n

d
n

o
te

th
a
t

ea
ch

ro
w

o
f
Q

ca
n

b
e

co
m

p
u

te
d

in
ti

m
e
O

(k
d
)

a
s
Z

(i
) A

(i
)

h
a
s

a
lr

ea
d
y

b
ee

n
co

m
p
u
te

d
in

st
ep

(1
).

W
e

fi
n
a
ll
y

u
se

F
D

(Q
,α
,0

)
to

co
m

p
u
te

a
sk

et
ch

m
a
tr

ix
C

o
f
Q

in
ti

m
e
Õ

(d
α
−

3
).

In
a
ll
,

th
e

ru
n
n
in

g
ti

m
e

is
ro

u
g
h
ly

O
(n
n
z(
A

)k
)

+
Õ

(d
α
−

3
+
d
k
α
−

2
).

3
.2

.
O

u
r

A
lg

o
ri

th
m
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N
e
a
r
O
p
t
im

a
l
F
r
e
q
u
e
n
t
D
ir
e
c
t
io
n
s
f
o
r
S
k
e
t
c
h
in
g

D
e
n
se

a
n
d

S
pa

r
se

M
a
t
r
ic
e
s

A
lg

o
rith

m
6
F
F
D
sp
arse

In
p

u
t:
A
∈
R
n×

d,
α
∈

(0,1),
an

d
in

tegers
k
≤
d
.

1
:
F

=
η
,
F
′
=

0,
B

=
0

,
Q

=
0

I
η

w
ill

b
e

d
eterm

in
ed

in
L

em
m

a
15

2
:

D
iv

id
e

th
e

row
s

o
f
A

in
to

co
n
tin

u
o
u
s

b
lo

ck
s
A

(1
),···

,A
(t):

w
e

w
ill

p
u
t

n
ew

row
s

in
to

th
e

cu
rren

t
b
lo

ck
u
n
til:

a)
th

e
n
u
m

b
er

of
n
on

-zero
en

tries
ex

ceed
s
d
k

,
or

b
)

th
e

n
u
m

b
er

o
f

row
s

is
dk
.

W
h
en

eith
er

a
)

o
r

b
)

h
a
p
p

en
s,

w
e

sta
rt

a
n
ew

b
lo

ck
.

N
o
te

th
a
t

th
e

to
ta

l

n
u
m

b
er

of
b
lo

ck
s
t≤

n
n
z(A

)
d
k

+
n
kd
.

3
:

C
h
o
ose

su
b
sp

ace
em

b
ed

d
in

g
m

atrices
J
,C

(T
h
eorem

6)
I
J
,C

are
fi
x
ed

for
a
ll

b
lo

ck
s

4
:

fo
r
i

=
1

to
t

d
o

5
:

C
o
m

p
u
te
Z

(i)
=

L
R
A

(A
(i),J

,C
)

(A
lgo

rith
m

5).
L

et
`
i

=
row

s(A
(i)).

6
:

C
o
m

p
u
te
A
′(i)

=
Z

(i)A
(i).

7
:

w
=

R
ow

N
orm

s(A
(i),Z

(i))
I
w

con
tain

s
th

e
row

n
orm

s
of
A

(i)−
Z

(i)T
Z

(i)A
(i)

(A
lg

o
rith

m
7)

8
:

F
′
=
F
′+
‖w‖

2,
an

d
if
F
′≥

2
F

,
F

=
F
′.

I
W

e
alw

ay
s

h
ave

F
=
O

(1)· ∑
i ‖(I−

Z
(i)T

Z
(i))A

(i)‖
2F

9
:

L
et
p
∈
R
`
i

su
ch

th
at
p
j

=
w

2i
α
2
F

for
j

=
1,···

,`
i .

L
et
x
∈
R
`
i

b
e

a
ran

d
om

vector
w

ith
in

d
ep

en
d
en

t
en

tries:
F

or
each

j,
x
j

=
1/p

j
w

.p
.
p
j ,

an
d
x
j

=
0

w
.p

.
1−

p
j .

1
0
:

L
et
R

(i)
=

(I
−
Z

(i)T
Z

(i))A
(i)

a
n
d
Q

(i)
=

D
iag

(x
)·
R

(i)
(n

o
n
eed

to
co

m
p
u
te
R

(i)

ex
p
licitly

).
1
1
:

B
=

F
F
D
d
en
se([B

;A
′(i)],α

,k
).
I

S
ketch

in
g
A
′
=

[A
′(1

);···
;A
′(t)]

u
sin

g
T

h
eorem

7
1
2
:

C
=

F
D

([C
;Q

(i)],α
,0).

I
S
ketch

in
g
Q

=
[Q

(1
);···

;Q
(t)]

u
sin

g
F

D
.

1
3
:

e
n

d
fo

r
1
4
:

re
tu

rn
[B

;C
]
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H
u
a
n
g

T
h

e
o
re

m
9

(F
F
D
sp
arse)

G
iven

a
n

y
m

a
trix

A
∈

R
n×

d,
0
<

α
<

1
a
n

d
0
≤

k
≤

d
,

F
F
D
sp
arse(A

,α
,k

)
(A

lgo
rith

m
6
)

m
a
in

ta
in

s
a

m
a
trix

S
in

a
strea

m
in

g
fa

sh
io

n
,

su
ch

th
a
t,

w
ith

p
ro

ba
bility

0
.9

,
‖A

T
A
−
S
T
S‖

2 ≤
α‖A

−
[A

]k ‖
2F
.

T
h
e

a
lgo

rith
m

u
ses

O
(d

(k
+
α
−

1))
spa

ce
a
n

d
O

(n
n
z(A

)k
+
n
k

3)
+
Õ

(d
α
−

3
+
d
k
α
−

2)
tim

e.

B
y

L
em

m
a

3,
w

e
also

h
ave

th
e

follow
in

g
resu

lt.

T
h

e
o
re

m
1
0

G
iven

a
n

y
m

a
trix

A
∈
R
n×

d,
0
<
ε
<

1
a
n

d
0
<
k
≤
d

,
th

ere
is

a
strea

m
in

g
a
lgo

rith
m

w
h
ich

m
a
in

ta
in

s
a

stro
n

g
(ε,k

)-proj-sketch
S
∈

R
O

(k
/
ε)×

d.
T

h
e

a
lgo

rith
m

u
ses

O
(d
k
/ε)

spa
ce

a
n

d
ru

n
s

in
O

(n
n
z(A

)k
+
n
k

3)
+
Õ

(d
k

3ε −
3))

tim
e.

3
.3

.
P

ro
o
f

o
f

T
h

e
o
re

m
9

T
h
e

d
eta

il
o
f

o
u
r

fa
st

a
lg

o
rith

m
fo

r
sp

a
rse

m
a
trix

is
d
escrib

ed
in

A
lg

o
rith

m
6
.

W
e

let
A
′
=

[A
′(1

);···
;A
′(t)],

R
=

[R
(1

);···
;R

(t)],
an

d
Q

=
[Q

(1
);···

;Q
(t)].

W
e

u
se
w

(i)
to

d
en

ote
th

e
v
ector

w
in
ith

iteration
.

W
e

n
eed

som
e

tech
n
ical

lem
m

as.

L
e
m

m
a

1
1

W
ith

p
ro

ba
bility

a
t

lea
st

0
.9

9
,

w
e

h
a
ve

(1
)
‖A
′−

[A
′]k ‖

2F
≤
‖
A
−

[A
]k ‖

2F
;

(2
)

‖
R‖

2F
≤
O

(1)·‖
A
−

[A
]k ‖

2F
.

P
ro

o
f

W
e

d
iv

id
e
A

an
d
A
′

in
to

b
lo

ck
s

as
d
efi

n
ed

in
A

lgorith
m

6,
i.e.

A
=

[A
(1

);···
;A

(t)]
a
n
d
A
′

=
[A
′(1

);···
;A

(t)].
F

o
r

ea
ch

i,
w

e
h
av

e
A
′(i)

=
Z

(i)A
(i)

fo
r

so
m

e
m

a
trix

Z
(i)

w
ith

O
(k

)
orth

on
orm

al
row

s.
L

et
P

b
e

th
e

p
ro

jectio
n

m
a
trix

o
n
to

th
e

su
b

sp
a
ce

sp
a
n

n
ed

b
y

th
e

to
p

-k
rig

h
t

sin
g
u

la
r

vectors
of
A

.
S
o

w
e

h
ave

‖A
′−

[A
′]k ‖

2F
≤
‖A
′−

A
′P
‖

2F
sin

ce
P

is
of

ran
k
k

=
t
∑i=

1 ‖A
′(i)−

A
′(i)P
‖

2F

=
t
∑i=

1 ‖Z
(i)A

(i)−
Z

(i)A
(i)P
‖

2F

≤
t
∑i=

1 ‖A
(i)−

A
(i)P
‖

2F
Z

(i)
is

a
orth

on
orm

al

=
‖
A
−
A
P
‖

2F
=
‖A
−

[A
]k ‖

2F
,

b
y

d
efi

n
ition

of
P

w
h
ich

p
roves

(1).
A

s
d
efi

n
ed

in
A

lgorith
m

6,
R

(i)
=

(I−
Z

(i)T
Z

(i))A
(i),

w
h
ere

Z
(i)

=
L
R
A

(A
(i),J

,C
).

S
in

ce
‖
A

(i)−
Z

(i)T
Z

(i)A
(i)‖

2F
≤
O

(1)·‖
A

(i)−
[A

(i)]k ‖
2F

for
each

i
(b

y
L

em
m

a
8),

on
e

gets

‖
R‖

2F
=

t
∑i=

1 ‖
R

(i)‖
2F

=
t
∑i=

1 ‖(I−
Z

(i)T
Z

(i))A
(i)‖

2F

≤
O

(1)·
t
∑i=

1 ‖
A

(i)−
[A

(i)]k ‖
2F

≤
O

(1)·‖
A
−

[A
]k ‖

2F
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N
e
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O
p
t
im

a
l
F
r
e
q
u
e
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t
D
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e
c
t
io
n
s
f
o
r
S
k
e
t
c
h
in
g

D
e
n
se

a
n
d

S
pa

r
se

M
a
t
r
ic
e
s

w
h
ic

h
p
ro

v
es

(2
).

O
n
e

ca
v
ea

t:
th

e
a
b

ov
e

a
rg

u
m

en
t

n
ee

d
s
‖A

(i
)
−
Z

(i
)T
Z

(i
) A

(i
) ‖

2 F
≤
O

(1
)
·

‖A
(i

)
−

[A
(i

) ]
k
‖2 F

to
h
o
ld

fo
r

a
ll
i

si
m

u
lt

a
n
eo

u
sl

y.
T

o
a
ch

ie
v
e

th
is

,
o
n
e

co
u
ld

u
se

a
si

m
il
a
r

id
ea

as
in

B
ou

ts
id

is
et

al
.

(2
01

6)
to

fi
rs

t
b

o
os

t
th

e
su

cc
es

s
p
ro

b
ab

il
it

y
in

L
em

m
a

8
an

d
th

en
ap

p
ly

a
u
n
io

n
b

ou
n
d
,

b
u
t

th
is

re
su

lt
s

in
an

ex
tr

a
lo

g
fa

ct
or

in
th

e
ti

m
e

co
m

p
le

x
it

y.
T

h
u
s,

w
e

u
se

a
d
iff

er
en

t
a
rg

u
m

en
t

to
b
y
p
a
ss

th
is

.
L

et
S

=
A
C
T
J
T

a
n
d

w
ri

te
S

in
th

e
b
lo

ck
fo

rm
as
S

=
[S

(1
) ;
··
·;
S

(t
) ]

.
N

o
te

th
a
t
S

(i
)

=
A

(i
) C

T
J
T

a
n
d

th
e

ro
w

s
o
f
Z

(i
)

fo
rm

a
n

o
rt

h
o
n
o
rm

a
l

b
a
si

s
fo

r
th

e
co

lu
m

n
sp

ac
e

of
S

(i
) ,

th
u
s

fo
r

ea
ch

i

m
in

X
:r
a
n
k
(X

)≤
k
‖A

(i
)
−
S

(i
) X
‖2 F

=
m

in
X

:r
a
n
k
(X

)≤
k
‖A

(i
)
−
Z

(i
)T
X
‖2 F

=
m

in
X

:r
a
n
k
(X

)≤
k
‖A

(i
)
−
Z

(i
)T
Z

(i
) A

(i
)

+
Z

(i
)T
Z

(i
) A

(i
)
−
Z

(i
)T
X
‖2 F

=
m

in
X

:r
a
n
k
(X

)≤
k

( ‖
A

(i
)
−
Z

(i
)T
Z

(i
) A

(i
) ‖

2 F
+
‖Z

(i
)T
Z

(i
) A

(i
)
−
Z

(i
)T
X
‖2 F
)

b
y

P
y
th

ag
or

ea
n

≥
‖A

(i
)
−
Z

(i
)T
Z

(i
) A

(i
) ‖

2 F

T
h
er

ef
or

e,
w

e
ge

t m
in

X
:r
a
n
k
(X

)≤
k
‖A
−
S
X
‖2 F

=
m

in
X

:r
a
n
k
(X

)≤
k

t ∑ i=
1

‖A
(i

)
−
S

(i
) X
‖2 F

≥
t ∑ i=
1

m
in

X
:r
a
n
k
(X

)≤
k
‖A

(i
)
−
S

(i
) X
‖2 F
.

≥
t ∑ i=
1

‖A
(i

)
−
Z

(i
)T
Z

(i
) A

(i
) ‖

2 F
(5

)

O
n
e

th
e

ot
h
er

h
an

d
,

b
y

T
h
eo

re
m

6,
w

it
h

p
ro

b
ab

il
it

y
0.

99

m
in

X
:r
a
n
k
(X

)≤
k
‖A
−
S
X
‖2 F
≤
O

(1
)‖
A
−

[A
] k
‖2 F
.

(6
)

C
om

b
in

in
g

(5
)
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Õ

(d
α
−

3
+
d
k
α
−

2).

F
a
ste

r
a
lg

o
rith

m
fo

r
c
o
m

p
u

tin
g

ro
w

n
o
rm

s.

L
e
m

m
a

1
6

G
iven

a
n

y
A
∈
R
n×

d
a
n

d
Z
∈
R
O

(k
)×
n

,
th

e
exa

ct
ro

w
n

o
rm

s
o
f
A
−
Z
T
Z
A

ca
n

be
co

m
p
u

ted
in

tim
e
O

(n
n
z(A

)k
+
d
k

2
+
n
k

2)
a
n

d
in

spa
ce
O

(n
k

+
d
k
).

P
ro

o
f

T
h

e
algorith

m
is

p
resen

ted
in

A
lgorith

m
7.

W
e

fi
rst

com
p

u
te
Z
A

in
n
n
z(A

)k
tim

e,

A
lg

o
rith

m
7
R
ow

N
orm

s

In
p

u
t:
A
∈
R
n×

d,
Z
∈
R
O

(k
)×
`

1
:

C
om

p
u
te
S

=
Z
A

2
:

C
om

p
u
te

[U
,Σ
,V

]
=

S
V
D

(S
)

3
:

C
om

p
u
te
L

=
Z
T
U

Σ
4
:

fo
r
i

=
1

to
n

d
o

5
:

C
om

p
u
te

a
(1

)
=
A
i V

6
:

C
om

p
u
te
w
i

=
∥∥
a

(1
)−

L
i ∥∥

2
+
‖A

i ‖
2−
‖
a

(1
)‖

2

7
:

e
n

d
fo

r
8
:

re
tu

rn
w

=
[w

1 ,···
,w

n
]

th
en

p
erform

S
V
D

on
Z
A

:
Z
A

=
U

Σ
V
T

.
S

in
ce
Z
A

is
a
O

(k
)×

d
m

atrix
,

th
is

takes
O

(d
k

2)
tim

e.
N

ex
t

com
p
u
te
L

=
Z
T
U

Σ
,

w
h
ich

takes
O

(row
s(A

)k
2)

tim
e.

L
et

a
b

e
th

e
ith

row
in
A

.
W

e
com

p
u

te
a

(1
)

=
a
V

(in
O

(n
n
z(a

)k
)

tim
e),

an
d

set
b

=
a
−

a
(1

)V
T

(w
e

d
on

’t
com

p
u

te
b

ex
p
licitly

).
T

h
en

d
ecom

p
ose

a
in

to
tw

o
orth

ogon
al

p
arts

as

a
=

a
(1

)V
T

+
b
.

T
h
e
ith

row
of
A
−
Z
T
Z
A

is

a
−
L
i V

T
=
(
a

(1
)−

L
i )
V
T

+
b
.

N
ote

th
at
V
T

an
d

b
are

orth
ogon

al,
an

d
th

u
s

‖
a
−
L
i V

T‖
2

=
‖ (

a
(1

)−
L
i )
V
T‖

2
+
‖
b‖

2
=
∥∥∥
a

(1
)−

L
i ∥∥∥

2
+
‖a‖

2−
‖
a

(1
)‖

2,

w
h
ich

can
b

e
com

p
u
ted

in
tim

e
O

(n
n
z(a

)
+
k

).
In

all,
th

e
total

tim
e

to
com

p
u
te

all
th

e
row

n
orm

s
in
A
−
Z
T
Z
A

is

n
n
z(A

)k
+
d
k

2
+

row
s(A

)k
2

+

row
s(A

)
∑i=

1

O
(n
n
z(A

i )
+
k
)

=
O

(n
n
z(A

)k
+
d
k

2
+

row
s(A

)k
2).

16
JM

L
R

 20(56):1-23, 2019



N
e
a
r
O
p
t
im

a
l
F
r
e
q
u
e
n
t
D
ir
e
c
t
io
n
s
f
o
r
S
k
e
t
c
h
in
g

D
e
n
se

a
n
d

S
pa

r
se

M
a
t
r
ic
e
s

T
h
er

ef
o
re

,
th

e
ti

m
e

to
co

m
p
u
te

a
ll

th
e

ro
w

n
o
rm

s
in

th
e
jt

h
b
lo

ck
A

(j
)
−
Z
T
Z
A

(j
)

is
O

(n
n
z(
A

(j
) )
k

+
d
k

2
+

ro
w
s(
A

(j
) )
k

2
),

an
d

th
e

to
ta

l
ti

m
e

ov
er

a
ll

b
lo

ck
is

th
u
s

t ∑ j=
1

O
(n
n
z(
A

(i
) )k

+
d
k

2
+

ro
w
s(
A

(i
) )k

2
)

=
O

(n
n
z(
A

)k
+
n
k

3
),

w
h
er

e
w

e
u
se

th
e

fa
ct

th
at
t

=
O

(n
n
z(
A

)
d
k

+
n
k d
).

S
p

a
c
e
.

F
o
r

sp
a
ce

,
w

e
n
ee

d
a

b
u
ff

er
to

st
o
re

a
n
ew

b
lo

ck
o
f
A

,
th

e
si

ze
o
f

w
h
ic

h
is

a
t

m
o
st

d
k

+
d
,

a
s
n
n
z(
A

(i
) )

is
a
t

m
o
st
d
k

+
d
.

W
h

en
u

si
n

g
A

lg
o
ri

th
m

5
,

th
e

in
p

u
t

m
a
tr

ix
a
lw

ay
s

h
a
s

a
t

m
o
st

d k
ro

w
s,

so
w

e
n
ee

d
O

(d
k
)

sp
a
ce

to
co

m
p
u
te

a
n
d

st
o
re

ea
ch

Z
(i

)
(L

em
m

a
8
).

A
′(i

)
is

of
d
im

en
si

on
O

(k
)
×
d
,

w
h
ic

h
n
ee

d
s
O

(d
k

)
sp

ac
e

to
co

m
p
u
te

an
d

st
or

e.
A

cc
or

d
in

g
to

L
em

m
a

16
,

th
e

sp
ac

e
n
ee

d
ed

to
co

m
p
u
te

th
e

ro
w

n
or

m
s

of
ea

ch
R

(i
)

is
O

(`
ik

+
d
k

)
=
O

(d
k

),
si

n
ce
` i
≤

d k
fo

r
al

l
i.

F
ro

m
T

h
eo

re
m

7,
th

e
sp

ac
e

u
se

d
b
y
F
F
D
d
en
se

(A
′ ,
α
,k

)
is
O

(d
(k

+
α
−

1
))

.

N
ot

e
th

at
,

in
li

n
e

12
of

A
lg

or
it

h
m

6,
th

e
ro

w
s

of
Q

(i
)

ca
n

b
e

co
m

p
u

te
d

on
e

b
y

on
e

an
d

fe
d

to
F
D

d
ir

ec
tl

y,
a
n

d
th

u
s

co
m

p
u

te
C

=
F
D

(Q
,α
,0

)
u

se
s
O

(d
/α

)
sp

a
ce

b
y

th
eo

re
m

4
.

In
a
ll

,
th

e
to

ta
l

sp
ac

e
u
sa

ge
is

b
ou

n
d
ed

b
y
O

(d
(k

+
α
−

1
))

.

4
.
O
n
th

e
E
q
u
iv
a
le
n
ce

B
e
tw

e
e
n
F
re
q
u
e
n
t
D
ir
e
ct
io
n
s
a
n
d
M

a
tr
ix

M
u
lt
ip
li
ca

ti
o
n

In
th

is
se

ct
io

n
,

w
e

sh
ow

th
a
t,

u
n
d
er

m
il
d

a
ss

u
m

p
ti

o
n
s,

th
e

ti
m

e
co

m
p
le

x
it

y
o
f

F
re

q
u
en

t
D

ir
ec

ti
on

s
is

es
se

n
ti

al
ly

eq
u
iv

al
en

t
to

th
at

of
m

at
ri

x
m

u
lt

ip
li
ca

ti
on

m
o
d
u
lo

lo
w

er
or

d
er

te
rm

s.
L

et
A

b
e

a
n

a
lg

o
ri

th
m

fo
r

m
u
lt

ip
ly

in
g

a
m

a
tr

ix
A
∈

R
n
×
d

w
it

h
a
n

a
rb

it
ra

ry
k

b
y
n

m
a
tr

ix
;

a
n
d
T

(n
n
z(
A

),
k
,n
,d

)
b

e
th

e
ru

n
n
in

g
ti

m
e.

In
th

is
se

ct
io

n
w

e
w

il
l

a
ss

u
m

e
T

is
n
on

-d
ec

re
as

in
g

in
th

e
fi
rs

t
p
ar

am
et

er
n
n
z(
A

).
M

or
eo

ve
r,
T

is
ad

d
it

iv
e

in
th

e
fi
rs

t
p
ar

am
et

er
,

i.
e.

,
T

(a
,k
,n
,d

)
+
T

(b
,k
,n
,d

)
=
T

(a
+
b,
k
,n
,d

)
fo

r
an

y
n
on

-n
eg

at
iv

e
a

an
d
b.

4
.1

.
F
a
st

e
r

M
a
tr

ix
M

u
lt

ip
li
c
a
ti

o
n

Im
p

li
e
s

F
a
st

e
r
F
D

T
h
is

d
ir

ec
ti

on
fo

ll
ow

s
fr

om
ou

r
F
F
D
sp
ar
se

al
go

ri
th

m
.

T
h

e
o
re

m
1
7

L
et
A

be
a
n

a
lg

o
ri

th
m

fo
r

m
u

lt
ip

ly
in

g
a

m
a
tr

ix
A
∈
R
n
×
d

w
it

h
a
n

a
rb

it
ra

ry
k

by
n

m
a
tr

ix
a
n

d
a
ss

u
m

e
it

s
ru

n
n

in
g

ti
m

e
is
T

(n
n
z(
A

),
k
,n
,d

).
If
T

is
a
d
d
it

iv
e

a
n

d
n

o
n

-d
ec

re
a
si

n
g

in
th

e
fi

rs
t

pa
ra

m
et

er
n
n
z(
A

),
th

en
A

lg
o
ri

th
m

6
ca

n
be

im
p
le

m
en

te
d

in
ti

m
e

T
(n
n
z(
A

),
O

(k
),
d k
,d

)
+
O

(n
k

3
)

+
Õ
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é
II

I,
20

07
;J

ia
ng

an
d

Z
ha

i,
20

07
),

se
nt

im
en

ta
na

ly
si

s
(B

lit
ze

re
ta

l.,
20

07
b;

Pa
n

et
al

.,
20

10
;S

ea
h

et
al

.,
20

11
;Z

ho
u

et
al

.,
20

14
,2

01
6a

),
ob

je
ct

ca
te

go
ri

za
tio

n
(D

ua
n

et
al

.,
20

09
;G

on
g

et
al

.,
20

12
;H

of
fm

an
et

al
.,

20
13

),
ob

je
ct

de
te

ct
io

n
(D

on
ah

ue
et

al
.,

20
13

;H
of

f-
m

an
et

al
.,

20
14

)a
nd

in
fo

rm
at

io
n

re
tr

ie
va

l(
Z

ho
u

et
al

.,
20

16
b,

20
18

).

M
os

te
xi

st
in

g
do

m
ai

n
ad

ap
ta

tio
n

w
or

ks
ar

e
ba

se
d

on
th

e
as

su
m

pt
io

n
th

at
di

ff
er

en
td

om
ai

n
da

ta
ca

n
be

re
pr

es
en

te
d

by
th

e
sa

m
e

fe
at

ur
e

sp
ac

e
of

th
e

sa
m

e
di

m
en

si
on

al
ity

(P
an

an
d

Y
an

g,
20

10
).

H
ow

ev
er

,
th

is
as

su
m

pt
io

n
m

ay
no

t
ho

ld
in

m
an

y
re

al
-w

or
ld

sc
en

ar
io

s.
Fo

r
in

st
an

ce
,

in
a

cr
os

s-
la

ng
ua

ge
(e

.g
.,

E
ng

lis
h/

Sp
an

is
h)

te
xt

cl
as

si
fic

at
io

n
ta

sk
(P

re
tte

nh
of

er
an

d
St

ei
n,

20
10

),
th

e
fe

at
ur

e
sp

ac
es

ar
e

re
fe

rr
ed

to
as

vo
ca

bu
la

ri
es

in
di

ff
er

en
t

la
ng

ua
ge

s,
an

d
th

e
fe

at
ur

es
ac

ro
ss

do
m

ai
ns

ar
e

ne
ith

er
in

th
e

sa
m

e
fe

at
ur

e
sp

ac
e

no
r

of
th

e
sa

m
e

di
m

en
si

on
al

ity
.

To
re

la
x

th
is

as
su

m
pt

io
n,

th
er

e
ha

s
be

en
an

in
cr

ea
se

d
fo

cu
s

on
do

m
ai

n
ad

ap
ta

tio
n

ac
ro

ss
he

te
ro

ge
ne

ou
s

fe
at

ur
e

sp
ac

es
,w

hi
ch

is
re

-
fe

rr
ed

to
as

H
et

er
og

en
eo

us
D

om
ai

n
A

da
pt

at
io

n
(H

D
A

)(
D

ai
et

al
.,

20
08

;Y
an

g
et

al
.,

20
09

).
B

es
id

es
cr

os
s-

la
ng

ua
ge

te
xt

cl
as

si
fic

at
io

n,
m

an
y

ot
he

rr
ea

l-
w

or
ld

ap
pl

ic
at

io
ns

ca
n

be
fo

rm
ul

at
ed

as
an

H
D

A
pr

ob
le

m
,

su
ch

as
an

im
ag

e
cl

as
si

fic
at

io
n

ta
sk

us
in

g
au

xi
lia

ry
te

xt
da

ta
(Z

hu
et

al
.,

20
11

),
w

he
re

th
e

he
te

ro
ge

ne
ou

s
fe

at
ur

es
ar

e
re

fe
rr

ed
to

as
pi

xe
ls

an
d

ba
gs

of
te

xt
ua

lw
or

ds
,r

es
pe

ct
iv

el
y,

im
ag

e
cl

as
si

fic
at

io
n

by
us

in
g

au
xi

lia
ry

im
ag

es
w

ith
di

ff
er

en
ts

et
s

of
fe

at
ur

es
(S

ae
nk

o
et

al
.,

20
10

;K
ul

is
et

al
.,

20
11

),
w

he
re

th
e

he
te

ro
ge

ne
ou

s
fe

at
ur

es
ar

e
re

fe
rr

ed
to

as
di

ff
er

en
tc

om
pu

te
rv

is
io

n
fe

at
ur

es
,

an
d

so
on

.

E
xi

st
in

g
H

D
A

ap
pr

oa
ch

es
ca

n
be

cl
as

si
fie

d
in

to
tw

o
m

ai
n

ca
te

go
ri

es
.

In
th

e
fir

st
ca

te
go

ry
,t

w
o

de
ns

e
fe

at
ur

e
m

ap
pi

ng
s
P

an
d

Q
ca

n
be

le
ar

ne
d

to
tr

an
sf

or
m

th
e

so
ur

ce
do

m
ai

n
da

ta
X
S

an
d

ta
rg

et
do

m
ai

n
da

ta
X
T

,r
es

pe
ct

iv
el

y,
to

a
ne

w
la

te
nt

co
m

m
on

fe
at

ur
e

sp
ac

e
su

ch
th

at
th

e
di

ff
er

en
ce

be
-

tw
ee

n
th

e
m

ap
pe

d
do

m
ai

n
da

ta
P

X
S

an
d

Q
X
T

is
re

du
ce

d
(S

hi
et

al
.,

20
10

;P
re

tte
nh

of
er

an
d

St
ei

n,
20

10
;

W
an

g
an

d
M

ah
ad

ev
an

,2
01

1;
D

ua
n

et
al

.,
20

12
).

Fo
r

ex
am

pl
e,

Sh
i

et
al

.(
20

10
)

pr
op

os
ed

a
he

te
ro

ge
ne

ou
s

sp
ec

tr
al

m
ap

pi
ng

(H
eM

ap
)

m
et

ho
d

to
le

ar
n

de
ns

e
or

th
og

on
al

m
ap

pi
ng

s
ba

se
d

on
sp

ec
tr

al
em

be
dd

in
g

w
ith

ou
tu

si
ng

an
y

la
be

li
nf

or
m

at
io

n.
T

he
re

su
lta

nt
op

tim
iz

at
io

n
pr

ob
le

m
is

a
st

an
da

rd
ei

ge
n-

de
co

m
po

si
tio

n
pr

ob
le

m
.

H
ow

ev
er

,t
hi

s
ap

pr
oa

ch
is

kn
ow

n
to

su
ff

er
fr

om
th

e
sc

al
a-

bi
lit

y
is

su
e.

W
an

g
an

d
M

ah
ad

ev
an

(2
01

1)
pr

op
os

ed
a

m
an

if
ol

d
al

ig
nm

en
tm

et
ho

d
kn

ow
n

as
D

A
M

A
to

al
ig

n
he

te
ro

ge
ne

ou
s

fe
at

ur
es

in
to

a
la

te
nt

sp
ac

e
ba

se
d

on
m

an
if

ol
d

re
gu

la
ri

za
tio

n.
U

nf
or

tu
na

te
ly

,
D

A
M

A
on

ly
w

or
ks

on
da

ta
th

at
ha

s
a

m
an

if
ol

d
st

ru
ct

ur
e.

T
hi

s
lim

its
its

tr
an

sf
er

ab
ili

ty
to

da
ta

on
w

hi
ch

th
e

m
an

if
ol

d
as

su
m

pt
io

n
is

sa
tis

fie
d.

Fu
rt

he
rm

or
e,

th
e

us
e

of
D

A
M

A
re

su
lts

in
a

ge
ne

ra
liz

ed
ei

ge
n-

de
co

m
po

si
tio

n
pr

ob
le

m
of

a
se

ri
es

of
m

at
ri

ce
s

w
ho

se
si

ze
s

de
pe

nd
on

th
e

di
m

en
si

on
al

ity
of

th
e

da
ta

.
D

ua
n

et
al

.(
20

12
)

pr
op

os
ed

a
H

et
er

og
en

eo
us

Fe
at

ur
e

A
ug

m
en

ta
tio

n
(H

FA
)

m
et

ho
d

to
au

gm
en

t
he

te
ro

ge
ne

ou
s

fe
at

ur
es

w
ith

ho
m

og
en

eo
us

co
m

m
on

fe
at

ur
es

le
ar

ne
d

us
in

g
a

m
ax

im
um

-

2
JM

L
R

 2
0(

57
):

1-
31

, 2
01

9



M
U

LT
I-C

L
A

S
S

H
E

T
E

R
O

G
E

N
E

O
U

S
D

O
M

A
IN

A
D

A
P

TA
T

IO
N

m
argin

approach
from

both
source

and
targetdom

ains.
H

ow
ever,the

proposed
m

odelresults
in

an
expensive

sem
idefinite

program
(SD

P)problem
.

In
the

second
category,a

dense
feature

m
apping

G
can

be
learned

to
transform

heterogeneous
data

from
one

dom
ain

to
the

other
dom

ain
directly

so
that

the
difference

betw
een

G
X
S

and
X
T

can
be

m
inim

ized
or

the
alignm

entbetw
een

G
X
S

and
X
T

can
be

m
axim

ized.
H

areland
M

annor
(2011)proposed

a
m

ethod
nam

ed
M

O
M

A
P

to
learn

dense
rotation

m
atrices

to
m

atch
data

distribu-
tions

betw
een

the
source

and
targetdom

ains.T
he

resultantoptim
ization

problem
is

solved
through

singularvalue
decom

position
(SV

D
)foreach

class
in

an
independentw

ay.
K

ulis
etal.(2011)pro-

posed
an

asym
m

etric
regularized

cross-dom
ain

transform
ation

(A
R

C
-t)m

ethod
to

learn
asym

m
etric

transform
ation

across
dom

ains
based

on
m

etric
learning.Sim

ilarto
D

A
M

A
,A

R
C

-talso
utilizes

the
labelinform

ation
to

constructthe
sim

ilarity
and

dissim
ilarity

constraintsbetw
een

instancesfrom
the

source
and

targetdom
ains,respectively.H

ow
ever,the

com
putationalcom

plexities
ofA

R
C

-tand
its

kernelized
version

depend
quadratically

on
the

feature
dim

ensions
and

the
data

size,respectively.
T

hough
m

ost
existing

H
D

A
m

ethods
have

show
n

prom
ising

results,they
still

suffer
from

the
follow

ing
three

m
ajorlim

itations.

1.
D

ense
Feature

M
appings.E

xisting
m

ethods
tend

to
recoverdense

feature
m

appings,w
hich

is
nottenable

w
ithoutsufficientconstraints.

A
s

w
e

w
illshow

,dense
feature

m
appings

m
ay

inevitably
lose

interpretability
and

contain
significantam

ountofnoise,w
hich

m
ay

affectthe
classification

perform
ance.

2.
M

ulti-class
problem

.
To

address
m

ulti-class
classification

problem
s,

m
ost

existing
H

D
A

m
ethods

(D
ai

et
al.,

2008;
W

ang
and

M
ahadevan,

2011;
D

uan
et

al.,
2012)

sim
ply

adopt
the

one-vs-allstrategy
to

learn
m

ultiple
binary

classifiers
independently.

U
nfortunately,this

strategy
fails

to
fully

explore
the

underlying
structure

am
ong

m
ultiple

classes.C
onsequently,

thisheuristic
schem

e
isunable

to
guarantee

good
perform

ance
form

ulti-classH
D

A
problem

s.

3.
H

igh
C

om
putationalC

ost.Since
the

size
ofthe

feature
m

apping
G

scales
w

ith
the

product
of

the
dim

ensionality
of

the
source

and
target

dom
ains,

the
com

putational
cost

to
estim

ate
the

m
apping

is
extrem

ely
high,especially

for
high-dim

ensionalsource
and

targetdata,e.g.
M

O
M

A
P,H

eM
ap,D

A
M

A
,A

R
C

-t.
To

address
this

com
putationalissue,D

uan
etal.(2012)

and
K

ulis
etal.(2011)

proposed
kernelized

versions
to

learn
the

feature
m

apping.
H

ow
ever,

the
kernelized

m
ethods

stillsufferfrom
high

com
putationalcoston

large-scale
data

in
term

s
ofthe

num
berofdata

instances.

2.M
otivationsand

C
ontributions

In
this

w
ork,w

e
propose

a
Sparse

H
eterogeneous

Feature
R

epresentation
(SH

FR
)

approach
to

address
the

above
issues

underfollow
ing

assum
ptions.

2.1
M

otivations

1.
Sparse

feature
representation:

T
he

feature
m

apping
G

betw
een

tw
o

dom
ains

is
row

-sparse,
i.e.,

each
target

dom
ain

feature
can

be
represented

by
a

sm
all

subset
of

the
source

dom
ain

features.

2.
C

lass-invariance
transform

ation:
Instances

belonging
to

different
classes

share
the

sam
e

feature
m

apping
G

.
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Figure
1:Illustration

ofthe
sparse

feature
representation

m
atrix.

T
he

above
tw

o
assum

ptions
are

com
m

on
in

real-w
orld

m
ultilingual

text
categorization

appli-
cations.

R
ecall

that
the

sparsity
assum

ption
of

the
feature

m
apping

across
dom

ains
im

plies
that

each
feature

in
one

dom
ain

can
only

be
represented

by
a

sm
all

subset
of

features
in

another
do-

m
ain.

H
ere,

w
e

still
use

the
m

ulti-language
(i.e.,

E
nglish/Spanish)

text
classification

problem
as

a
m

otivating
exam

ple.
Typically,the

w
ord

“Sano”
in

Spanish
has

a
sim

ilar
m

eaning
to

the
w

ords
“G

reat”,
“G

ood”,
“W

holesom
e”,

and
“healthy”

in
E

nglish,
but

not
to

all
E

nglish
w

ords.
T

here-
fore,

by
assum

ing
that

the
feature

m
apping

across
dom

ains
is

linear,
a

feature
or

w
ord

in
the

Spanish
dom

ain
can

be
represented

by
a

linear
com

bination
of

only
several

features
or

w
ords

in
the

E
nglish

dom
ain.

A
s

illustrated
in

Figure
2.1,

the
sparse

m
atrix

G
denotes

the
feature

m
apping

from
the

E
nglish

dom
ain

to
the

Spanish
dom

ain.
B

ased
on

the
sparse

m
atrix

G
,

the
w

ord
“Sano”

in
Spanish

can
be

represented
sparsely

by
only

four
w

ords
in

E
nglish

as
“Sano ′′

=
0
.5×

“G
reat ′′+

0
.3×

“G
ood ′′+

0
.1×

“W
holesom

e ′′+
0
.1×

“H
ealthy ′′.T

his
sparsity

characteristic,
w

hich
also

facilitates
a

significantreduction
in

com
putationalcoston

very
high-dim

ensionaldata,
has

notbeen
explored

in
existing

H
D

A
m

ethods.T
he

feature
m

apping
ofthe

w
ord

“Sano”
is

invari-
antfordifferentclasses,forexam

ple,“C
C

A
T

”
and

“C
15”.To

encode
the

class-invariance
property

into
the

feature
m

apping,w
e

propose
to

learn
a

com
m

on
G

underlying
all

the
classes

w
hich

has
a

sim
ilar

spiritto
m

ulti-task
feature

learning
(A

rgyriou
etal.,2007)

and
dom

ain-invariantfeature
learning

(G
ong

etal.,2013).
W

e
firstdecom

pose
a

m
ulti-class

classification
problem

into
m

ultiple
binary

classification
tasks,and

then
jointly

optim
ize

allthe
binary

classification
tasksand

the
feature

m
apping

G
,such

that
G
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ld
be

no
nn

eg
at

iv
e.

T
he

m
ot

iv
at

io
n

of
ad

di
ng

th
e

no
nn

eg
at

iv
e

co
ns

tr
ai

nt
on

th
e

fe
at

ur
e

m
ap

pi
ng

G
is

si
m

ila
r

to
th

at
of

ap
pl

yi
ng

no
nn

eg
at

iv
e

m
at

ri
x

fa
ct

or
iz

at
io

n
(N

M
F)

(L
ee

an
d

Se
un

g,

1.
M

ul
ti-

ta
sk

le
ar

ni
ng

ai
m

s
to

si
m

ul
ta

ne
ou

sl
y

le
ar

n
th

e
cl

as
si

fie
rs

fo
rm

ul
tip

le
ta

sk
s

by
sh

ar
in

g
pa

ra
m

et
er

s
be

tw
ee

n
al

l
th

e
ta

sk
s,

w
he

re
ea

ch
ta

sk
ha

s
on

ly
lim

ite
d

la
be

le
d

da
ta

.I
n

co
nt

ra
st

,t
he

go
al

of
H

D
A

is
to

le
ar

n
a

cl
as

si
fie

ro
nl

y
fo

r
a

ta
rg

et
do

m
ai

n
w

ith
lim

ite
d

ta
rg

et
la

be
ld

at
a

by
le

ve
ra

gi
ng

th
e

m
od

el
s

le
ar

ne
d

fr
om

th
e

so
ur

ce
do

m
ai

n.

6
JM

L
R

 2
0(

57
):

1-
31

, 2
01

9



M
U

LT
I-C

L
A

S
S

H
E

T
E

R
O

G
E

N
E

O
U

S
D

O
M

A
IN

A
D

A
P

TA
T

IO
N

2001)
to

textm
ining.

H
ere,w

e
aim

to
approxim

ate
“inputvectors”,i.e.,targetfeatures,by

a
non-

negative
linearcom

bination
ofa

setofnonnegative
“basis

vectors”,i.e.,source
features,through

the
m

apping
G

.
T

his
is

also
sim

ilar
to

m
ultiple

kernellearning
(M

K
L

)
(L

anckrietetal.,2004;G
önen

and
A

lpaydın,2011),w
here

the
targetkernelis

represented
by

the
nonnegative

linear
com

bination
ofbase

kernels.
In

the
contextofm

ulti-lingualtextclassification,the
nonnegative

entries
in

G
can

be
deem

ed
as

explicit“soft”
globalco-occurrences

betw
een

the
source

and
targetw

ordbooks,w
hile

w
ithoutthe

nonnegative
constrainton

G
,itis

difficultto
interpretthe

physicalorsem
antic

m
eaning

behind
G

.
L

et
G

=
[g

1 ,g
2 ,···

,g
d
T

] >
,by

im
posing

the
`
1 -regularization

and
the

nonnegative
constraint

on
g
i ,the

learning
of

G
can

be
form

ulated
as

the
follow

ing
nonnegative

L
A

SSO
problem

(Y
uan

and
L

in,2007;Slaw
skiand

H
ein,2011),

m
in
G

1n
c

n
c
∑t=

1 ‖w
tT
−

G
w
tS ‖

22
+

d
T
∑

i

λ
i ‖

g
i ‖

1 ,
(1)

s.t.
g
i �

0
,

w
here

λ
i
>

0
is

the
trade-offparam

eterforthe
regularization

term
on

each
g
i .In

(1),the
firstterm

in
the

objective
aim

s
to

m
inim

ize
the

difference
betw

een
w
tT

and
G

w
tS

over
allthe

n
c

tasks,the
second

term
in

the
objective

is
to

enforce
the

sparsity
on

each
row

of
G

,and
the

constraints
are

used
to

preserve
nonnegative

linearrelations
betw

een
the

source
and

targetpredictive
structures.

N
ote

thatin
practice,once

the
source

dom
ain

classifiers
in

term
s

ofthe
w

eightvectors{w
tS }

n
c
t=

1

are
learned

offline,the
source

dom
ain

training
data

can
be

discarded.Fora
new

dom
ain

ofinterest,
i.e.,the

targetdom
ain,the

w
eightvectors{w

tT }
n
c
t=

1
can

firstbe
learned

w
ith

a
few

labeled
training

data,and
then

G
can

be
learned

w
ith{

w
tS }

n
c
t=

1
instead

ofthe
originalsource

dom
ain

training
data,

w
hich

significantly
reduces

the
learning

com
plexity.

T
his

learning
schem

e
is

typically
different

from
m

ostofthe
existing

H
D

A
m

ethods
thatrequire

the
originalsource

dom
ain

training
data

to
be

available
to

learn
the

feature
m

apping
across

dom
ains.M

ore
discussion

on
the

com
plexity

issue
can

be
found

in
Section

5.1.A
s

G
is

learned
through

allthe
binary

classification
tasks,know

ledge
can

be
transferred

from
the

easy
tasks

to
the

difficultones.In
Section

4.2,w
e

theoretically
show

thatas
long

as
a

significantnum
berofbase

binary
tasks

are
notbadly

designed,the
generalization

errorof
the

targetclassification
m

odelis
guaranteed

to
be

sm
all.

To
solve

the
optim

ization
problem

(1),w
e

can
firstrew

rite
itin

the
follow

ing
equivalentform

,

m
in

g
i

1n
c

n
c
∑t=

1

d
T
∑i=

1 (w
tT
i −

w
t>S

g
i )

2
+

d
T
∑

i

λ
i ‖

g
i ‖

1 ,
(2)

s.t.
g
i �

0
,

w
here

w
tT
i

is
the

i-th
elem

entof
the

vector
w
tT .

If
w

e
exchange

the
sum

m
ation

sequences
in

the
firstterm

,the
above

optim
ization

problem
can

be
reform

ulated
as

the
follow

ing
C

S
problem

,

m
in

g
i

d
T
∑

i

(
1n
c ‖b

i −
D

g
i ‖

22
+
λ
i ‖g

i ‖
1 )

,
(3)

s.t.
g
i �

0
,
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Z
H

O
U

,T
S

A
N

G
,P

A
N

,
A

N
D

T
A

N

w
here

b
i

is
the

concatenated
row

vector
containing

{
w
tT
i }
n
c
t=

1 ,and
D

=
[w

1S
w

2S
···

w
n
c
S

] >
∈

R
n
c ×
d
S.

T
his

type
of

C
S

problem
has

been
w

ell
studied,

and
a

num
ber

of
algorithm

s
have

been
pro-

posed
to

solve
it,such

as
nonnegative

leastsquares
(N

N
L

S)
(C

antarella
and

Piatek,2004),accel-
erated

proxim
algradientalgorithm

(A
PG

)
(Toh

and
Y

un,2010),and
orthogonalm

atching
pursuit

(O
M

P)
(Z

hang,
2009).

In
this

w
ork,

w
e

propose
an

efficient
batch-m

ode
algorithm

to
solve

it,
w

hich
is

introduced
in

detailin
Section

5.
A

fter
the

sparse
transform

ation
G

has
been

learned,w
e

can
reuse

the
source

dom
ain

classifiersto
predictitslabelforany

unseen
testdata

x
∗T

from
the

target
dom

ain
via

y ∗T
=
F

({(G
w
tS
) >

x
∗T }

n
c
t=

1 ),

w
here

F
(·)

is
a

decision
function

thatcom
bines

the
predictive

results
ofallthe

n
c

source
classifiers

to
m

ake
a

finalprediction.

4.G
eneralization

E
rror

B
ound

for
H

D
A

In
the

pastdecade,theoreticalanalysis
fordom

ain
adaptation

has
been

w
idely

studied
(B

litzeretal.,
2007a;M

ansouretal.,2009;B
en-D

avid
etal.,2010),and

has
focused

on
understanding

conditions
and

assum
ptions

of
dom

ain
adaptation.

H
ow

ever,m
ostprevious

theoreticalw
orks

w
ere

restricted
by

the
assum

ption
that

the
data

from
the

source
and

target
dom

ains
are

represented
in

the
sam

e
feature

space
and

therefore
cannotbe

applied
directly

to
analyze

the
generalization

errorofourpro-
posed

m
ethod,SH

FR
,underthe

H
D

A
setting.

In
this

section,w
e

analyze
the

theoreticalguarantee
of

SH
FR

in
detail.

In
contrast

to
existing

generalization
error

analysis
for

hom
ogeneous

dom
ain

adaptation,
w

e
derive

the
generalization

error
bound

for
SH

FR
m

ainly
from

the
perspectives

of
E

C
O

C
and

com
pressed

sensing.

4.1
E

stim
ation

E
rror

B
ound

for
Sparse

Feature
M

apping

R
ecallthatthe

optim
ization

problem
(3)

is
com

posed
of
d
T

lasso
problem

s.
In

general,w
e

have
n
c
<

d
S

for
relatively

high-dim
ensional

data,
therefore

(3)
is

an
underdeterm

ined
linear

sys-
tem

(D
onoho,

2006).
H

ow
ever,

based
on

the
com

pressed
sensing

theory,
if

g
i

is
sparse,

it
is

possible
to

obtain
a

solution
w

ith
sufficient

m
easurem

ents
and

a
m

atrix
D

that
satisfies

certain
conditions

(D
onoho,

2006;
C

andès
et

al.,
2006).

In
particular,

one
such

condition
is

the
sparse

R
iesz

condition
orR

IP
condition,w

hich
requires

thatany
tw

o
colum

ns
of

D
should

be
as

perfectly
incoherentas

possible
(D

onoho,2006;Z
hang

and
H

uang,2008;C
andès

etal.,2006).
For

sim
plicity

in
presentation,

let
k
i

denote
the

num
ber

of
non-sparse

entries
of

g
i

(or
non-

sparsity
degree),and

ĝ
i denote

an
estim

atorof
g
i .A

ccording
to

T
heorem

3
and

R
em

ark
4

in
(Z

hang
and

H
uang,2008),under

som
e

restricted
conditions,the

estim
ation

error||g
i −

ĝ
i ||2

for
each

in-

dependentsubproblem
can

be
bounded

by
O
( √

k
i
lo

g
d
S

n
c

),w
here

d
S

denotes
the

dim
ensionality

of
the

source
dom

ain
data

and
n
c

is
the

num
beroftasks.H

ence,w
e

can
obtain

the
follow

ing
lem

m
a.

L
em

m
a

1
U

nder
the

sparse
R

iesz
condition,

the
estim

ation
error‖

∆
G
C
S ‖

F
=
‖
G
−

Ĝ
‖
F

in

(1)
is

bounded
by
O
(
d
T √

k
lo

g
d
S

n
c

)
,w

here
k,
d
S ,
d
T

,
n
c ,

Ĝ
denote

the
largest

row
non-sparsity

degree
of

G
,the

dim
ensionality

ofthe
source

and
targetdom

ain
data,the

num
ber

oftasks,and
the

estim
ator

of
G

,respectively.
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M
U

LT
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C
L

A
S

S
H

E
T

E
R

O
G

E
N

E
O

U
S

D
O

M
A

IN
A

D
A

P
TA

T
IO

N

N
ot

e
th

at
be

si
de

s
th

e
sp

ar
se

R
ie

sz
co

nd
iti

on
,L

em
m

a
1

al
so

ho
ld

s
un

de
rs

om
e

ot
he

rr
es

tr
ic

te
d

co
n-

di
tio

ns
,s

uc
h

as
th

e
R

IP
co

nd
iti

on
(Z

ha
ng

an
d

H
ua

ng
,2

00
8;

C
an

dè
s

et
al

.,
20

06
).

B
ot

h
th

e
sp

ar
se

R
ie

sz
co

nd
iti

on
an

d
th

e
R

IP
co

nd
iti

on
re

qu
ir

e
th

at
an

y
tw

o
co

lu
m

ns
of

D
sh

ou
ld

be
as

in
co

he
re

nt
as

po
ss

ib
le

(D
on

oh
o,

20
06

;Z
ha

ng
an

d
H

ua
ng

,2
00

8;
C

an
dè

s
et

al
.,

20
06

).
H

ow
ev

er
,a

lth
ou

gh
th

e
R

IP
co

nd
iti

on
fo

rr
an

do
m

ly
de

si
gn

ed
m

at
ri

ce
s

ha
s

be
en

th
or

ou
gh

ly
in

ve
st

ig
at

ed
(B

ar
an

iu
k

et
al

.,
20

08
),

it
is

m
or

e
di

ffi
cu

lt
to

in
ve

st
ig

at
e

it
fo

r
de

te
rm

in
is

tic
al

ly
de

si
gn

ed
m

at
ri

ce
s

in
ge

ne
ra

l.
In

co
nt

ra
st

,
th

e
sp

ar
se

R
ie

sz
co

nd
iti

on
fo

ra
de

te
rm

in
is

tic
al

ly
de

si
gn

ed
m

at
ri

x
ho

ld
s

w
ith

hi
gh

pr
ob

ab
ili

ty
if

th
e

fo
llo

w
in

g
co

nd
iti

on
is

sa
tis

fie
d

(s
ee

Pr
op

os
iti

on
1

in
(Z

ha
ng

an
d

H
ua

ng
,2

00
8)

):

m
ax

|A
|=
k

in
f

α
≥

1

  
∑ j∈
A

 
∑

i∈
A
,i
6=
j

|ρ
ji
|α
/
(α
−

1
) 

α
−

1
  

1
/
α

≤
δ
<

1,

w
he

re
k

de
no

te
s

th
e

no
n-

sp
ar

si
ty

de
gr

ee
an

d
ρ
ji

=
d
′ jd

i/
n
c
.

R
em

ar
k

2
N

ot
e

th
at
ρ
ji

ca
n

be
de

em
ed

as
th

e
co

rr
el

at
io

n
be

tw
ee

n
th

e
co

lu
m

ns
d
j

an
d

d
i.

Th
er

e-
fo

re
,

th
e

sp
ar

se
R

ie
sz

co
nd

iti
on

fo
r

a
de

te
rm

in
is

tic
al

ly
de

si
gn

ed
m

at
ri

x
ca

n
be

ev
al

ua
te

d
by

th
e

co
rr

el
at

io
ns

be
tw

ee
n

th
e

co
lu

m
ns

of
th

e
di

ct
io

na
ry

m
at

ri
x.

Th
e

sm
al

le
r

th
e

su
m

m
ar

y
of

co
rr

el
a-

tio
ns
∑
|ρ
ji
|(

or
δ)

is
,t

he
m

or
e

lik
el

y
it

is
th

at
th

e
sp

ar
se

R
ie

sz
co

nd
iti

on
fo

r
D

w
ill

ho
ld

.

A
cc

or
di

ng
to

L
em

m
a

1
an

d
R

em
ar

k
2,

to
re

du
ce

th
e

re
co

ns
tr

uc
tio

n
er

ro
r

of
th

e
fe

at
ur

e
m

ap
-

pi
ng

G
,

it
is

ne
ce

ss
ar

y
to

1)
co

ns
tr

uc
t

as
m

an
y

cl
as

si
fie

rs
as

po
ss

ib
le

to
in

cr
ea

se
th

e
nu

m
be

r
of

m
ea

su
re

m
en

ts
,i

.e
.,
n
c

ne
ed

s
to

be
la

rg
e

en
ou

gh
,a

nd
2)

en
su

re
th

e
co

lu
m

ns
of

D
co

ns
tr

uc
te

d
fr

om
th

e
cl

as
si

fie
rs

ar
e

in
co

he
re

nt
,

i.e
.,

D
is

in
co

he
re

nt
.

Fo
r

a
m

ul
ti-

cl
as

s
cl

as
si

fic
at

io
n

pr
ob

le
m

w
ith

la
be

ls
{1
,2
,·
··
,c
},
c

bi
na

ry
cl

as
si

fie
rs

ca
n

be
ge

ne
ra

te
d

us
in

g
th

e
on

e-
vs

-a
ll

st
ra

te
gy

(D
ie

tte
ri

ch
an

d
B

ak
ir

i,
19

95
).

H
ow

ev
er

,
w

he
n
c

is
sm

al
l,

th
is

st
ra

te
gy

is
no

t
ab

le
to

ge
ne

ra
te

su
ffi

ci
en

t
bi

-
na

ry
cl

as
si

fie
rs

.
A

lte
rn

at
iv

el
y,

th
e

on
e-

vs
-o

ne
st

ra
te

gy
m

ay
be

us
ed

to
ge

ne
ra

te
c(
c
−

1)
/
2

bi
na

ry
cl

as
si

fie
rs

.
T

he
cl

as
si

fie
rs

ge
ne

ra
te

d
in

th
is

w
ay

m
ay

ha
ve

la
rg

e
re

du
nd

an
cy

,h
ow

ev
er

,i
.e

.,
so

m
e

cl
as

si
fie

rs
m

ay
be

hi
gh

ly
co

rr
el

at
ed

to
ea

ch
ot

he
r.

To
ad

dr
es

s
th

is
is

su
e,

w
e

pr
op

os
e

to
us

e
th

e
E

rr
or

C
or

re
ct

in
g

O
ut

pu
t

C
od

es
(E

C
O

C
)

sc
he

m
e

(D
ie

tte
ri

ch
an

d
B

ak
ir

i,
19

95
;

Z
ho

u
et

al
.)

to
ge

ne
ra

te
su

ffi
ci

en
tb

in
ar

y
cl

as
si

fie
rs

fo
r

es
tim

at
in

g
th

e
fe

at
ur

e
m

ap
pi

ng
G

.
A

s
w

ill
be

sh
ow

n
em

pi
ri

ca
lly

in
Se

ct
io

n
6.

5,
gr

ea
te

ri
nc

oh
er

en
ce

fo
rD

ov
er

th
e

on
e-

vs
-a

ll
or

on
e-

vs
-o

ne
st

ra
te

gy
ca

n
be

gu
ar

an
te

ed
w

ith
a

pr
op

er
de

si
gn

of
th

e
E

C
O

C
co

di
ng

m
at

ri
x.

4.
2

G
en

er
al

iz
at

io
n

E
rr

or
A

na
ly

si
so

fH
D

A
B

as
ed

on
E

C
O

C

B
y

us
in

g
th

e
E

C
O

C
sc

he
m

e,
th

e
m
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ti-

cl
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s
hy

po
th

es
is
h

is
co

m
po

se
d

of
a

se
to

fb
in

ar
y

cl
as

si
fie

rs
{Ĝ

w
t S
}n

c
t=

1
.

H
ow

ev
er

,i
n

co
nt

ra
st

to
th

e
on

e-
vs

-a
ll

sc
he

m
e,

E
C

O
C

is
m

or
e

ge
ne

ra
la

nd
co

ns
is

ts
of

tw
o

st
ep

s:
en

co
di

ng
,i

.e
.,

to
de

si
gn

a
co

di
ng

m
at

ri
x
M

to
in

du
ce

bi
na

ry
cl

as
si

fie
rs

,a
nd

de
co

di
ng

,
i.e

.,
to

co
m

bi
ne

th
e

re
su

lts
of

al
l

th
e

bi
na

ry
cl

as
si

fie
rs

to
m

ak
e

pr
ed

ic
tio

ns
ba

se
d

on
th

e
co

di
ng

m
at

ri
x.

In
or

de
r

to
an

al
yz

e
th

e
ge

ne
ra

liz
at

io
n

er
ro

r
bo

un
d

of
SH

FR
fo

r
m

ul
ti-

cl
as

s
H

D
A

ba
se

d
on

E
C

O
C

,w
e

ne
ed

to
fir

st
an

al
yz

e
th

e
pr

in
ci

pl
es

of
E

C
O

C
fo

rm
ul

ti-
cl

as
s

cl
as

si
fic

at
io

n.
A

s
di

sc
us

se
d

in
D

ie
tte

ri
ch

an
d

B
ak

ir
i(

19
95

);
A

llw
ei

n
et

al
.(

20
01

),
th

e
pr

ed
ic

tio
n

pe
rf

or
m

an
ce

of
a

m
ul

ti-
cl

as
s

cl
as

si
fic

at
io

n
m

od
el

le
ar

ne
d

ba
se

d
on

th
e

E
C

O
C

sc
he

m
e

de
pe

nd
s

on
th

e
de

si
gn

of
th

e
co

di
ng

m
at

ri
x.

G
iv

en
a

co
di

ng
m

at
ri

x
M

=
{−

1
,0
,+

1
}c
×
n
c
,e

ac
h

cl
as

s
is

as
so

ci
at

ed
w

ith
a

ro
w

of
th

e
m

at
ri

x
M

,a
nd

ea
ch

bi
na

ry
cl

as
si

fie
r

is
as

so
ci

at
ed

w
ith

a
co

lu
m

n
of

th
e

m
at

ri
x
M

.
If
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Z
H

O
U

,T
S

A
N

G
,P

A
N

,A
N

D
TA

N

an
en

tr
y
M

(i
,j

)
=

+
1

,i
ti

m
pl

ie
s

th
at

in
th

e
cl

as
si

fie
r
f
j
,c

la
ss
i

is
co

ns
id

er
ed

as
a

po
si

tiv
e

cl
as

s,
w

hi
le

if
M

(i
,j

)
=
−

1,
it

im
pl

ie
s

th
at

in
th

e
cl

as
si

fie
r
f
j
,t

he
cl

as
s
i

is
co

ns
id

er
ed

as
a

ne
ga

tiv
e

cl
as

s,
ot

he
rw

is
e,

th
e

cl
as

s
i

is
no

t
ta

ke
n

in
to

ac
co

un
t

fo
r

tr
ai

ni
ng

an
d

te
st

in
g.

In
th

is
w

ay
,

ei
th

er
th

e
on

e-
vs

-a
ll

sc
he

m
e

or
th

e
on

e-
vs

-o
ne

sc
he

m
e

ca
n

be
co

ns
id

er
ed

as
a

sp
ec

ia
lc

as
e

of
th

e
E

C
O

C
sc

he
m

e.
A

s
po

in
te

d
ou

tb
y

D
ie

tte
ri

ch
an

d
B

ak
ir

i(
19

95
),

a
co

di
ng

m
at

ri
x

is
go

od
if

ea
ch

co
de

w
or

d,
i.e

.,
ea

ch
ro

w
,i

s
w

el
l-

se
pa

ra
te

d
in

th
e

H
am

m
in

g
di

st
an

ce
fr

om
ea

ch
of

th
e

ot
he

r
co

de
w

or
ds

,a
nd

ea
ch

bi
t-

po
si

tio
n

fu
nc

tio
n
f
k
,i

.e
.,

ea
ch

co
lu

m
n,

is
un

co
rr

el
at

ed
w

ith
th

e
fu

nc
tio

ns
to

be
le

ar
ne

d
fo

r
th

e
ot

he
r

bi
tp

os
iti

on
s
f
j
,j
6=
k

.
T

he
po

w
er

of
a

co
di

ng
m

at
ri

x
M

fo
r

m
ul

ti-
cl

as
s

cl
as

si
fic

at
io

n
ca

n
be

m
ea

su
re

d
by

th
e

m
in

im
um

H
am

m
in

g
di

st
an

ce
be

tw
ee

n
an

y
pa

ir
of

its
co

de
w

or
ds

(A
llw

ei
n

et
al

.,
20

01
),

de
no

te
d

by
∆
m
in

(M
).

Fo
r

in
st

an
ce

,
fo

r
th

e
on

e-
vs

-a
ll

co
de

,
∆
m
in

(M
)

=
2,

an
d

fo
r

th
e

on
e-

vs
-o

ne
co

de
,∆

m
in

(M
)

=
((

c 2

)
−

1) /
2

+
1.

Fo
ra

ra
nd

om
m

at
ri

x
w

ith
co

m
po

ne
nt

s
ch

os
en

ov
er
{−

1,
0,

1
},

th
e

ex
pe

ct
ed

va
lu

e
of

∆
m
in

(M
)

fo
ra

ny
di

st
in

ct
pa

ir
of

ro
w

s
is
n
c
/2

.
H

er
e,

w
e

fir
st

fo
llo

w
th

e
pr

oo
f

pr
oc

ed
ur

e
on

er
ro

r
an

al
ys

is
fo

r
m

ul
ti-

cl
as

s
cl

as
si

fic
at

io
n

de
-

sc
ri

be
d

in
A

llw
ei

n
et

al
.(

20
01

)
to

an
al

yz
e

th
e

co
nd

iti
on

of
a

te
st

in
g

er
ro

r
by

th
e

E
C

O
C

de
co

di
ng

.
A

ft
er

th
at

,w
e

de
riv

e
th

e
ge

ne
ra

liz
at

io
n

er
ro

rb
ou

nd
fo

rt
he

pr
op

os
ed

SH
FR

w
ith

th
e

E
C

O
C

sc
he

m
e.

G
iv

en
a

co
di

ng
m

at
ri

x
M
∈
{−

1,
0,

+
1}
c×
n
c
,e

ac
h

ro
w

co
rr

es
po

nd
s

to
a

cl
as

s
an

d
ea

ch
co

lu
m

n
co

rr
es

po
nd

s
to

a
bi

na
ry

ta
sk

.
Fo

r
so

m
e
t
∈
{1
,2
,·
··
,n

c
},

w
e

de
no

te
w
t S

an
d
h
t S

as
th

e
so

ur
ce

do
m

ai
n

w
ei

gh
tv

ec
to

r
an

d
th

e
hy

po
th

es
is

of
th

e
t-

th
ta

sk
de

fin
ed

by
th

e
co

di
ng

m
at

ri
x
M

,r
es

pe
c-

tiv
el

y.
W

e
de

no
te

Ĝ
w
t S

an
d
h
t T

as
th

e
es

tim
at

ed
ta

rg
et

do
m

ai
n

w
ei

gh
tv

ec
to

ra
nd

hy
po

th
es

is
of

th
e

t-
th

ta
sk

,r
es

pe
ct

iv
el

y.
W

e
al

so
de

fin
e

th
e

lo
ss

fu
nc

tio
n,

L
(z

)
=

(1
−
z
) +

=
m

ax
{1
−
z
,0
},

(4
)

in
te

rm
s

of
th

e
m

ar
gi

n
z

.
Fo

r
ex

am
pl

e,
gi

ve
n

a
ta

rg
et

do
m

ai
n

in
st

an
ce

x
T
i

w
ith

its
la

be
ly

T
i
,t

he
co

rr
es

po
nd

in
g

m
ar

gi
n
z
t T
i

fo
rt

-t
h

ta
sk

is
de

fin
ed

as

z
t T
i

=
M

(y
T
i
,t

)h
t T

(x
T
i
)

=
M

(y
T
i
,t

)(
(Ĝ

w
t S
)>

x
T
i
).

(5
)

Fo
r

in
st

an
ce

,S
V

M
se

ek
s

to
m

in
im

iz
e

th
e

m
ar

gi
n-

ba
se

d
lo

ss
un

de
r
L

2
no

rm
re

gu
la

ri
za

tio
n

as
fo

l-
lo

w
s,

m
in w

1 2
‖w
‖2 2

+
C

m ∑ i=
1

(1
−
y i

w
>

x
i)

+
,

(6
)

w
he

re
w

e
de

no
te

m
ar

gi
n
z

=
y i

w
>

x
i.

W
he

n
th

e
pr

ed
ic

tio
n

is
co

rr
ec

t
an

d
M

(y
T
i
,t

)
6=

0
fo

r
x
T
i
,t

he
n

th
e

m
ar

gi
n
z
t T
i
>

0
,w

hi
ch

re
su

lts
in

0
≤
L

(z
)
<

1
;

w
he

n
th

e
pr

ed
ic

tio
n

is
w

ro
ng

an
d

M
(y
T
i
,t

)
6=

0
fo

r
x
T
i
,t

he
n

th
e

m
ar

gi
n
z
t T
i
<

0
,w

hi
ch

re
su

lts
in
L

(z
)
>

1
;w

he
n
M

(y
T
i
,t

)
=

0,
th

en
th

e
m

ar
gi

n
z
t T
i

=
0

,
w

hi
ch

re
su

lts
in
L

(z
)

=
1.

W
e

de
fin

e
th

e
L

(z
)

lo
ss

-b
as

ed
de

co
di

ng
sc

he
m

e
fo

rp
re

di
ct

io
n

as
fo

llo
w

s:

d
L

(M
(r
,:

),
h

(x
T
i
))

=

n
c
∑ t=

1

L
(M

(r
,t

)h
t T

(x
T
i
))
.

(7
)

T
he

pr
ed

ic
te

d
la

be
lŷ
∈
{1
,2
,·
··
,c
}i

s
gi

ve
n

by
ŷ

=
ar

g
m

in
r
d
L

(M
(r

),
h

(x
T
i
))
.
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M
U

LT
I-C

L
A

S
S

H
E

T
E

R
O

G
E

N
E

O
U

S
D

O
M

A
IN

A
D

A
P

TA
T

IO
N

To
understand

the
error

correction
ability

of
E

C
O

C
,w

e
first

define
the

distance
betw

een
the

codes
in

any
distinctpairofrow

s,M
(r

1 ,:)
and

M
(r

2 ,:),in
the

coding
m

atrix
M

as

d
(M

(r
1 ,:),M

(r
2 ,:))

=

n
c
∑s=

1

d
(M

(r
1 ,s),M

(r
2 ,s)),

(8)

w
here

d
(M

(r
1 ,s),M

(r
2 ,s))

=
1−
sig

n
(M

(r
1
,s)M

(r
2
,s))

2
.

W
e

define
ρ

=
m

in
r
1 6=
r
2
d
(M

(r
1 ,:),M

(r
2 ,:))

as
the

m
inim

um
distance

betw
een

any
tw

o
row

s
in

the
coding

m
atrix

M
,w

hich
is

pre-calculated
before

the
training.

Proposition
3

G
iven

a
coding

m
atrix

M
∈
{−

1,0,+
1}
c×
n
c,a

setofhypothesisoutputs
h

1(x
),···

,h
n
c(x

)
on

a
testinstance

x
generated

by
n
c

base
classifiers,and

a
convex

loss
function

L
(z

)
in

term
s

of
the

m
argin

z,if
x

is
m

isclassified
by

the
loss-based

E
C

O
C

decoding,then
n
c
∑t=

1

L
(M

(y
,t)h

t(x
))≥

ρ
L

(0),
(9)

w
here

M
(y
,t)

denotes
the

corresponding
labelgenerated

by
the

coding
m

atrix
M

ofground
truth.

In
other

w
ords,the

loss
ofthe

vector
ofpredictions

f
(x

)
is

greater
than

ρ
L

(0).

Proof
Suppose

thatthe
loss-based

E
C

O
C

decoding
incorrectly

classifies
a

testinstance
x

w
ith

the
ground-truth

label
y.T

hen
should

then
exista

label
r6=

y
such

that

d
L

(M
(y
,:),h

(x
))≥

d
L

(M
(r,:),h

(x
)).

B
y

using
the

definitions
ofthe

loss
function

and
m

argin
introduced

in
(4)and

(5),w
e

denote

z
t

=
M

(y
,t)h

t(x
),

z ′ t
=
M

(r,t)h
t(x

),

B
y

using
the

definitions
of
d
L

in
(7),w

e
have

n
c
∑t=

1

L
(z
t)≥

n
c
∑t=

1

L
(z ′ t).

(10)

L
et
S

∆
=
{t

:
M

(r,t)6=
M

(y
,t)∧

M
(r,t)6=

0∧
M

(y
,t)6=

0}
be

the
setofcolum

ns
of
M

w
hose

r-th
and

y-th
row

entries
are

differentand
nonzero,and

let
S

0
=
{
t

:
M

(r,t)
=

0∨
M

(y
,t)

=
0}

be
the

setofcolum
ns

w
hose

r-th
or
y-th

row
entry

is
zero.

If
t
/∈
S

∆
∪
S

0 ,then
z
t

=
z ′ t,and

(10)im
plies

that
∑

t∈
S

∆
∪
S

0

L
(z
t)≥

∑

t∈
S

∆
∪
S

0

L
(z ′ t),

w
hich,in

turn,im
plies

that
n
c
∑t=

1

L
(z
t)≥

∑

t∈
S

∆
∪
S

0

L
(z
t)

≥
12

∑

t∈
S

∆
∪
S

0 (L
(z
t)

+
L

(z ′ t))

=
12

∑t∈
S

∆

(L
(z
t)

+
L

(z ′ t))
+

12

∑t∈
S

0 (L
(z
t)

+
L

(z ′ t)).
(11)
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Z
H

O
U

,T
S

A
N

G
,P

A
N

,
A

N
D

T
A

N

If
t∈

S
∆

,then
z ′ t

=
−
z
tand

(L
(−
z
t)

+
L

(z
t))/

2
≥
L

(0)
due

to
convexity.If

t∈
S

0 ,then
either

z
t

=
0

or
z ′ t

=
0.H

ence,w
e

obtain
that

L
(z ′ t)

+
L

(z
t)≥

L
(0),and

the
second

term
of(11)is

at
least

L
(0)|S

0 |/
2.T

herefore,
n
c
∑t=

1

L
(z
t)≥

12

∑t∈
S

∆

(L
(z
t)

+
L

(z ′ t))
+

12

∑t∈
S

0 (L
(z
t)

+
L

(z ′ t))

≥
L

(0) (|S
∆ |

+
|S

0 |2

)

=
L

(0)d
(M

(r,:),M
(y
,:))

(12)

≥
ρ
L

(0),

w
here

(12)is
obtained

from
the

factthat

d
(M

(r
1 ,s),M

(r
2 ,s))

=
1−

sig
n

(M
(r

1 ,s)M
(r

2 ,s))

2

=



0
if

M
(r,t)

=
M

(y
,t)∧

M
(r,t)6=

0∧
M

(y
,t)6=

0

12
if

M
(r,t)

=
0∨

M
(y
,t)

=
0

1
if

M
(r,t)6=

M
(y
,t)∧

M
(r,t)6=

0∧
M

(y
,t)6=

0.

T
his

com
pletes

the
proof.

R
em

ark
4

From
P

roposition
3,itcan

be
seen

thatm
isclassification

on
a

testinstance
(x
,y

)im
plies

that ∑
n
c
t=

1
L

(M
(y
,t)h

t(x
))≥

ρ
L

(0).
In

other
w

ords,the
prediction

codes
are

notrequired
to

be
exactly

the
sam

e
as

ground-truth
codes

for
allthe

base
classifications.A

s
long

as
the

loss
is

sm
aller

than
ρ
L

(0),E
C

O
C

can
rectify

the
error

com
m

itted
by

som
e

base
classifiers,and

is
stillable

to
m

ake
an

accurate
prediction.This

error-correcting
ability

is
very

im
portant,especially

w
hen

the
labeled

data
is

insufficientin
the

targetdom
ain.

This
proposition

holds
for

any
convex

m
argin-based

loss
function

L
(z

).In
this

paper,w
e

use
hinge

loss
defined

in
(4),then

L
(0)

=
1.

T
heorem

5
Let

ε
be

the
averaged

loss
ofthe

targetdom
ain

hypotheses
h

1T
,...,h

n
c
T

on
the

target
testdata{{

(x
T
i ,M

(y
T
i ,t))}

n
T
e

i=
n
T

+
1 }
n
c
t=

1
w

ith
respectto

the
coding

m
atrix

M
∈
{−

1,0,+
1}
c×
n
c,

w
here

c
isthe

cardinality
ofthe

labelset.Letthe
convex

lossfunction
be
L

(z
)

=
|1−

z|+
.The

m
ulti-

class
H

D
A

generalization
error

ofSH
F

R
using

sparse
random

encoding
and

loss-based
decoding

is
then

atm
ost

εn
c
ρ

.

Proof
A

ccording
to

Proposition
3,the

loss
forany

m
isclassified

testing
instance

x
T

satisfies

ρ
L

(0)≤
n
c
∑t=

1

L
(M

(y
T
,t)h

tT
(x
T

)).

L
et
a

be
the

num
ber

of
incorrectpredictions

for
a

testsam
ple

of
size

n
T
e ,then

w
e

can
obtain

the
follow

ing
inequality,

a
ρ
L

(0)≤
a

n
c
∑t=

1

L
(M

(y
T
,t)h

tT
(x
T

))≤
n
T
e

n
c
∑t=

1

L
(M

(y
T
,t)h

tT
(x
T

)).
(13)
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M
U

LT
I-

C
L

A
S

S
H

E
T

E
R

O
G

E
N

E
O

U
S

D
O

M
A

IN
A

D
A
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find
the

elem
ents

w
ith

the
B

largestvalue
in

D
>
ξ

rather
than

|D
>
ξ|.

B
atch-m

ode
M

PL
.

In
A

lgorithm
1,

solving
each

subproblem
has

a
com

plexity
of
O

(k
n
c ),

w
here

k
denotesthe

degree
ofthe

sparsity,nam
ely

k
=
|I
t |,w

hile
com

puting
D
>
ξ

hasa
com

plexity
of
O

(d
S
n
c ).

N
ote

thatproblem
(3)

has
d
T

sub-problem
s

as
in

(15).
T

herefore,com
puting

D
>
ξ

w
illdom

inate
the

w
hole

com
plexity

ofthe
decoding

ifboth
n
c

and
d
T

are
very

large.

To
address

the
above

com
putationalburden

im
posed

by
D
>
ξ,w

e
propose

a
batch-m

ode
M

PL
(B

M
PL

)
algorithm

.
N

ote
that

D
>
ξ

=
D
>

(b
−

D
g

)
=

D
>

b
−

D
>

D
g.

W
e

can
pre-com

pute
β

=
D
>

b
and

Q
=

D
>

D
,and

store
them

in
the

m
em

ory.
Since

g
I
ct

=
0

for
the

t-th
iteration,

w
e

have
D
>
ξ
t

=
D
>

b
−

[D
>

D
I
t ]g
I
t

=
β
−

Q
I
t g
I
t ,

w
here

Q
I
t

denotes
the

colum
ns

of
Q

indexed
byI

t .T
he

com
putation

costfor
D
>
ξ

is
thus

reduced
to
O

(k
n
c ),w

hich
saves

considerable
com

putation
costw

hen
k
�

d
S .

N
ote

that
β

and
Q

are
shared

by
allthe

L
A

SSO
tasks,thus

they
only

need
to

be
calculated

once.
W

ith
this

strategy,the
overallcom

putationalcostof
solving

(3)
w

hen
d
S

is
large

is
significantly

reduced
to
O

(d
T
n
c k

)
(Tan

etal.,2015a,b).

5.1
C

om
plexity

C
om

parison

W
e

use
linear

SV
M

s
to

build
the

base
classifiers

for
the

source
and

targetdom
ains,w

hich
are

ob-
tained

using
the

L
iblinearsolver(Fan

etal.,2008)and
pre-trained

offline.T
he

learning
of

G
is

not
related

to
the

num
ber

of
training

instances.
A

ccording
to

the
analysis

in
Section

5,the
com

puta-
tionalcostofSH

FR
is
O

(d
T
n
c k

),w
here

the
sparsity

degree
k
�
d
S .C

om
pared

to
state-of-the-art

H
D

A
m

ethods,ourproposed
m

ethod
is

m
uch

m
ore

efficient.
T

he
M

O
M

A
P

m
ethod

transform
s

the
problem

into
c

separate
singular

value
decom

position
(SV

D
)

problem
s

resulting
in

com
plexity

of
O

(4d
2S
d
T

+
8
d
S
d

2T
+

9
d

3T
).T

he
H

eM
ap

m
ethod

is
based

on
standard

eigen-decom
position,w

hose
com

plexity
is
O

(n
S

+
n
T

)
3.

T
he

A
R

C
-t

m
ethod

solves
an

optim
ization

problem
that

contains
n
S
n
T

constraints
by

applying
an

alternating
projection

m
ethod

(e.g.,B
regm

an’s
algorithm

(C
ensor

and
Z

enios,1997)),resulting
in

com
plexity

of
d
S
d
T
n
S
n
T

.
T

he
H

FA
m

ethod
adopts

an
alternating

projection
m

ethod
to

solve
a

sem
idefinite

program
(SD

P),w
here

the
transform

ation
m

atrix
to

be
learned

is
in

R
(n
S

+
n
T

)×
(n
S

+
n
T

),resulting
in

tim
e

com
plexity

bounded
by

O
(n
S

+
n
T

)
3.

T
here-

fore,
A

R
C

-t
and

H
FA

perform
inefficiently

w
hen

the
data

size
is

large.
D

A
M

A
first

constructs
a

series
of

com
binatorial

L
aplacian

m
atrices

in
R

(d
S

+
d
T

)×
(d
S

+
d
T

),and
then

solves
a

generalized
eigen-decom

position
problem

of
tim

e
com

plexity
bounded

by
O

(d
S

+
d
T

)
3.

D
A

M
A

is
therefore
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Z
H

O
U

,T
S

A
N

G
,P

A
N

,
A

N
D

T
A

N

Table
1:C

om
plexity

com
parison

ofH
D

A
m

ethods.
M

ethods
C

om
plexity

M
O

M
A

P
(H

areland
M

annor,2011)
O

(4d
2S
d
T

+
8
d
S
d

2T
+

9
d

3T
)

H
eM

ap
(Shietal.,2010)

O
(n
S

+
n
T

)
3

D
A

M
A

(W
ang

and
M

ahadevan,2011)
O

(d
S

+
d
T

)
3

A
R

C
-t(K

ulis
etal.,2011)

O
(d
S
d
T
n
S
n
T

)

H
FA

(D
uan

etal.,2012)
O

(n
S

+
n
T

)
3

SH
FR

(ourproposed
m

ethod)
O

(d
T
n
c k

)

com
putationally

very
expensive

w
hen

the
data

dim
ensionality

is
high.

T
he

com
parison

in
term

s
of

tim
e

com
plexity

betw
een

differentm
ethods

is
sum

m
arized

in
Table

1.

6.E
xperim

ents

In
this

section,w
e

conductexperim
ents

on
both

toy
and

real-w
orld

datasets
to

verify
the

effective-
ness

and
efficiency

of
our

proposed
m

ethod
SH

FR
for

m
ulti-class

H
D

A
.T

he
param

eter
settings

of
our

proposed
m

ethod
and

other
baseline

m
ethods

are
as

follow
s.

For
A

R
C

-tand
H

FA
,w

hich
re-

quire
the

use
ofkernelfunctions

to
m

easure
data

sim
ilarity,w

e
use

the
R

B
F

kernelforlearning
the

transform
ation.Param

etertuning
is

stillan
open

research
issue,as

cross-validation
is

notapplicable
to

H
D

A
problem

s
due

to
the

lim
ited

size
of

labeled
data

in
the

targetdom
ain.

W
e

therefore
tune

the
param

eters
ofthe

com
parison

m
ethods

on
a

predefined
range

and
reporttheirbestresults

on
the

testdata.
W

e
use

linear
SV

M
s

as
the

base
classifiers,the

regularization
param

eter
C

of
w

hich
is

cross-validated
from

the
range

of{
0.01,0

.1
,1
,10,100}

on
the

source
dom

ain
data,and

w
e

use
it

forallthe
com

parison
m

ethods.Forourproposed
m

ethod
SH

FR
,w

e
em

pirically
setthe

m
axim

um
num

ber
of

iterations
to

20,
λ

=
0
.01

and
B

=
2

in
the

B
G

M
P

algorithm
,and

generate
the

E
C

O
C

as
long

as
possible

foreach
dataset.

6.1
E

xperim
entson

Synthetic
D

atasets

W
e

first
com

pare
the

perform
ance

of
different

H
D

A
m

ethods
in

term
s

of
recovering

a
ground-

truth
feature

m
apping

G
on

a
20-class

toy
dataset.

To
generate

the
toy

dataset,w
e

firstrandom
ly

generate
150

instances
of

150
features

for
each

class
from

differentG
aussian

distributions
to

form
a

source
dom

ain
X
S
∈

R
1
5
0×

3
,0

0
0.

W
e

then
construct

the
ground-truth

sparse
feature

m
apping

G
∈

R
1
0
0×

1
5
0

using
the

follow
ing

m
ethod:

for
each

row
i,w

e
set

G
ij

=
1
/
5,w

here
j

=
i,i

+
1
,···

,i
+

5,and
G
ij

=
0

otherw
ise.T

his
generation

of
G

im
plies

thateach
targetdom

ain
feature

is
represented

by
five

source
dom

ain
features.

T
he

ground-truth
feature

m
apping

is
displayed

in
Figure

2(a),
w

here
the

dark
area

represents
the

zero
entries

and
the

bright
area

denotes
nonzero

values
of

G
.

L
astly,w

e
constructthe

targetdom
ain

data
X
T
∈
R

1
0
0×

3
,0

0
0

by
using

X
T

=
G

X
S .

W
hen

conducting
the

experim
ent,w

e
random

ly
selectfive

instancesperclassfrom
the

targetdom
ain

data
X
T

as
the

labeled
training

data,and
apply

differentH
D

A
m

ethods
on

them
together

w
ith

all
3,000

source
dom

ain
labeled

data
to

recoverthe
feature

m
apping

G
.

In
thisexperim

ent,the
H

D
A

m
ethods,D

A
M

A
and

A
R

C
-t,are

adopted
asthe

baselines.Forease
of

com
parison,w

e
presentthe

recovered
m

atrix
G

for
each

of
the

three
m

ethods
in

Figures
2(b)-

2(d).
From

Figure
2(b),w

e
observe

thatD
A

M
A

fails
to

recover
the

structure
of

G
,w

hile
A

R
C

-t
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M
U

LT
I-C

L
A

S
S

H
E

T
E

R
O

G
E

N
E

O
U

S
D

O
M

A
IN

A
D

A
P

TA
T

IO
N

Table
2:

M
ultilingual

R
euters

C
ollection:

com
parison

results
in

term
s

of
classification

acc
(%

).
R

esults
ofSH

FR
are

significantly
betterthan

the
otherbaselines,judged

by
the

t-testw
ith

a
significance

levelat0.05.

Source
SV

M
-T

SV
M

-T
SV

M
-T

D
A

M
A

A
R

C
-t

H
FA

SH
FR

SH
FR

D
om

ain
(1

vs
all)

(1
vs

1)
(E

C
O

C
)

(1vs1)
(E

C
O

C
)

E
nglish

65.40±
4.45

65.21±
7.85

68.01±
2.48

63.42±
2.62

66.72±
2.27

68.82±
1.68

69.45±
1.56

72.82±
1.08

French
65.12±

1.28
67.67±

2.05
68.14±

1.71
70.77±

1.57
74.01±

1.25
G

erm
an

66.98±
2.45

68.15±
1.72

68.42±
1.57

71.62±
1.69

74.15±
1.14

Italian
67.56±

2.23
67.47±

2.32
69.59±

2.51
70.75±

1.54
73.35±

1.31

Table
3:

B
B

C
C

ollection:
com

parison
results

in
term

s
of

classification
acc

(%
).

R
esults

of
SH

FR
are

significantly
better

than
the

other
baselines,

judged
by

the
t-test

w
ith

a
significance

levelat0.05.

Source
SV

M
-T

SV
M

-T
SV

M
-T

D
A

M
A

A
R

C
-t

H
FA

SH
FR

SH
FR

D
om

ain
(1

vs
all)

(1
vs

1)
(E

C
O

C
)

(1vs1)
(E

C
O

C
)

V
iew

1
73.35±

4.98
68.78±

11.7
76.45±

5.47
67.42±

2.25
75.78±

2.69
72.45±

10.65
89.81±

1.20
90.57±

1.49
V

iew
2

66.87±
1.73

74.53±
2.48

73.75±
8.06

88.92±
1.67

91.85±
0.96

Table
4:

C
ross-lingualSentim

entD
ataset:

com
parison

results
in

term
s

of
classification

acc.
(%

).
R

esults
ofSH

FR
are

significantly
betterthan

the
otherbaselines,judged

by
the

t-testw
ith

a
significance

levelat0.05.

Target
SV

M
-T

SV
M

-T
SV

M
-T

D
A

M
A

A
R

C
-t

H
FA

SH
FR

SH
FR

D
om

ain
(1

vs
all)

(1
vs

1)
(E

C
O

C
)

(1vs1)
(E

C
O

C
)

French
48.40±

3.45
58.30±

5.01
57.45±

3.17
55.18±

3.46
53.46±

5.18
56.46±

3.42
60.80±

3.08
62.12±

2.61
G

erm
an

49.78±
5.12

61.62±
6.31

62.18±
4.51

56.60±
3.72

57.29±
2.17

55.14±
3.15

63.85±
3.46

65.57±
2.32

Japanese
48.25±

6.34
56.13±

4.81
57.27±

2.61
53.56±

2.67
55.75±

3.02
55.02±

4.67
59.67±

3.75
62.58±

2.86

in
term

s
ofclassification

accuracy,com
pared

to
one-vs-one,using

the
E

C
O

C
schem

e.T
he

superior
perform

ance
benefits

from
both

the
globaltransform

ation
of

G
and

the
error

correcting
ability

of
E

C
O

C
.A

s
discussed

in
Section

4.1,the
recovered

feature
m

apping
G

tends
to

be
m

ore
accurate

w
ith

m
ore

constructed
binary

tasks.

6.3
Im

pacton
Training

Sam
ple

Size
ofthe

TargetD
om

ain

W
e

verify
the

im
pactofthe

size
oflabeled

training
sam

ple
in

the
targetdom

ain
to

the
overallH

D
A

perform
ance

in
term

s
of

classification
accuracy.

W
e

vary
the

num
ber

of
target

dom
ain

training
instances

from
five

to
20.

In
this

experim
ent,

w
e

only
report

the
results

on
the

R
euters

dataset,
w

here
w

e
use

E
nglish

as
the

source
dom

ain
and

Spanish
as

the
targetdom

ain.
T

he
experim

ental
results

are
show

n
in

Figure
3.

From
the

figure,
w

e
observe

that
SH

FR
consistently

outperform
s

the
baseline

m
ethods

under
differentnum

bers
of

labeled
training

instance
in

the
targetdom

ain.
In

particular,SH
FR

show
s

significantly
better

perform
ance

than
the

baseline
m

ethods
w

hen
the

size
ofthe

targetdom
ain

labeled
data

is
sm

allerthan
10.

B
ased

on
T

heorem
5,the

overallgeneralization
error

of
SH

FR
depends

on
the

accuracy
of

the
binary

classifiers
generated

based
on

E
C

O
C

.To
em

pirically
dem

onstrate
this

point,w
e

reportthe
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Z
H

O
U

,T
S

A
N

G
,P

A
N

,
A

N
D

T
A

N

N
um

ber of training data  points from
 target dom

ain
5

10
15

20

Accuracy(%)50 55 60 65 70 75 80

S
V

M
(1 vs all)

S
V

M
(1 vs 1)

S
V

M
(E

C
O

C
)

D
A

M
A

A
R

C
-t

H
F

A
S

H
F

R
(1 vs 1)

S
H

F
R

(E
C

O
C

)

Figure
3:C

om
parison

ofdifferentH
D

A
m

ethods
undervarying

size
oftargetlabeled

data.

5
10

15
20

66 68 70 72 74 76 78 80 82 84

Target binary SVMs accuracy (%)

N
um

ber of labeled target data points

(a)
A

veraged
binary

accuracy
v.s.targetdata

size.

65
70

75
80

85
60 62 64 66 68 70 72 74 76 78

Multi−class SHFR accuracy (%)

T
arget binary S

V
M

s accuracy (%
)

(b)
M

ulticlass
accuracy

v.s.averaged
binary

accuracy.

Figure
4:R

elationships
betw

een
binary

base
classifiers

and
m

ulti-class
SH

FR
(E

C
O

C
).

averaged
accuracy

of
allbinary

classifiers
generated

based
on

E
C

O
C

on
the

R
euters

datasetunder
varying

num
bers

of
labeled

training
instances

in
the

targetdom
ain

in
Figure

4(a).
W

e
also

report
the

overallm
ulti-class

prediction
accuracy

versus
the

averaged
accuracy

of
allbinary

classifiers
in

Figure
4(b).From

the
figures,w

e
see

thatm
ore

labeled
targetdata

leadsto
m

ore
precise

targetbinary
classifiers,and

thus
leads

to
im

provem
entin

m
ulti-class

H
D

A
classification

in
term

s
ofaccuracy.In

particular,w
e

observe
from

Figure
4(b)thatthe

m
ulti-class

classification
accuracy

is
proportionalto

the
averaged

binary
task

accuracy.T
he

reason
is

thatm
ore

precise
targetbinary

classifiers
generally

induce
betteralignm

entbetw
een

the
targetand

source
classifiers.

6.4
Im

pacton
D

im
ensionality

ofthe
TargetD

om
ain

In
this

experim
ent,w

e
aim

to
com

pare
the

perform
ance

of
differentH

D
A

m
ethods

under
varying

dim
ensionality

ofthe
targetdom

ain
data.H

ere,w
e

only
reportexperim

entalresults
on

the
E

nglish-
Spanish

H
D

A
task

on
the

R
euters

dataset.
W

e
first

select
5,000

of
the

m
ost-frequent

features
in

the
E

nglish
dom

ain
as

the
source

dom
ain.

W
e

vary
the

dim
ensionality

of
the

Spanish
dom

ain,i.e.,

20
JM

L
R

 20(57):1-31, 2019



M
U

LT
I-

C
L

A
S

S
H

E
T

E
R

O
G

E
N

E
O

U
S

D
O

M
A

IN
A

D
A

P
TA

T
IO

N

D
im

en
si

on
 o

f t
ar

ge
t d

om
ai

n
50

0
10

00
15

00
20

00
25

00
30

00
35

00
40

00
45

00
50

00

Accuracy(%) 55606570

S
V

M
(1

 v
s 

al
l)

S
V

M
(1

 v
s 

1)
S

V
M

(E
C

O
C

)
D

A
M

A
A

R
C

-t
H

F
A

S
H

F
R
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rv
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of
ta

rg
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le
d

da
ta

.
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e
5:

C
om

pa
ri

so
n

in
co

rr
el

at
io

n
∑

ji
|ρ
ji
|.

C
od

in
g

Sc
he

m
e

E
ng

lis
h

Fr
en

ch
G

er
m

an
It

al
ia

n
1

vs
al

l
0.

85
32
±

0.
13

58
0.

75
57
±

0.
12

89
0.

27
38
±

0.
02

45
0.

93
31
±

0.
57
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1

vs
1

0.
33
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0.
02
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is
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n.

T
he

re
su

lts
ar

e
sh

ow
n

in
th

e
Fi

gu
re

5,
fr

om
w

hi
ch

w
e

ob
se
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SH
FR
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ou
tp

er
fo

rm
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sp
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n
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.

6.
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ry

D
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In
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w

e
ad

op
tt

he
su

m
m

at
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∑
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at
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m
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d
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th
e

re
su

lts
ge
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d
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SV

M
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.
T

he
ex

pe
ri

m
en
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l

re
su

lts
in

Ta
bl

e
6

al
so

ve
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fy
w
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SH

FR
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tp
er

fo
rm

s
A

R
C

-t
in

th
e

ex
pe

ri
-

m
en

ts
sh

ow
n

in
Ta

bl
es

2-
4

an
d

Fi
gu

re
3.

A
R

C
-t

ai
m

s
to

al
ig

n
th

e
ta

rg
et

da
ta

w
ith

th
e

so
ur

ce
da

ta
vi

a
a

tr
an

sf
or

m
at

io
n

G
th

at
is

le
ar

ne
d

fr
om

si
m

ila
ri

ty
an

d
di

ss
im

ila
ri

ty
co

ns
tr

ai
nt

s.
T

he
co

ns
tr

ai
nt

s
ar

e
co

ns
tr
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te

d
fr

om
a

la
rg

e
nu

m
be

ro
fs

ou
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e
do

m
ai

n
la
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le

d
da

ta
an

d
a

fe
w

ta
rg

et
do

m
ai

n
la

be
le

d
da

ta
.

In
th

e
m

ul
ti-

cl
as

s
se

tti
ng

,
th

e
nu

m
be

r
of

si
m

ila
ri

ty
co

ns
tr

ai
nt

s
to

be
co

ns
tr

uc
te

d
w

he
n

th
e

nu
m

be
r
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cl
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se

s
is
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rg

e
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m
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h
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r
th
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e
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m
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r
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e

to
th

e
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d

nu
m

be
r
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rg
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do
m

ai
n
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be

le
d

da
ta
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In

co
nt

ra
st

to
A

R
C

-t
,S

H
FR

tr
ie

s
to
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ig

n
th

e
ta

rg
et
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rs
w

ith
th

e
so
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ce
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or

m
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n
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hi
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l
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e
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d

bi
na
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ta

sk
s
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cl
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si

fie
rs
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In

ot
he

r
w

or
ds

,
G

is
es

tim
at

ed
th
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ug

h
al

l
cl
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si

fie
rs
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rr
ow
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th
e
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at
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d
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at
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d

th
e
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fie
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a
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e
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d
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ra
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ra
te
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e
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rg
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at
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e
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Table
7:

Im
pactofN

onnegative
C

onstraints
and

L
1

N
orm

R
egularization:com

parison
betw

een
the

results
of

differentsolvers
in

term
s

of
classification

accuracy
(%

).
R

esults
of

SH
FR

are
significantly

betterthan
the

otherbaselines
exceptforthe

cases
denoted

w
ith

*,judged
by

the
t-testw

ith
a

significance
levelat0.05.

D
ataset

D
om

ain
SH

FR
-L

A
SSO

SH
FR

-N
N

L
S

SH
FR

R
euters

E
nglish

67.08±
1.63

71.47±
1.56

72.82±
1.08

French
67.17±

1.26
72.08±

1.19
74.01±

1.25
G

erm
an

69.56±
1.28

73.62±
1.75*

74.15±
1.14

Italian
68.19±

2.51
71.98±

1.78
73.35±

1.31

B
B

C
V

iew
1

84.72±
2.18

88.66±
1.29

90.57±
1.49

V
iew

2
87.06±

2.01
90.25±

1.43
91.85±

0.96

Sentim
ent

French
56.12±

2.30
60.17±

2.05
62.12±

2.61
G

erm
an

58.83±
2.24

63.47±
1.49

65.57±
2.32

Japanese
56.72±

1.81
61.51±

1.76*
62.58±

2.86

ter
and

m
ore

stable
perform

ance
in

term
s

of
classification

accuracy
w

ith
an

increasing
num

ber
of

dichotom
izers.

6.8
Im

pactsofN
onnegative

C
onstraintsand

`
1

N
orm

R
egularization

A
s

discussed
in

Section
4,

sim
ilar

to
the

m
otivation

of
N

M
F,

the
nonnegative

constraints
on

G
are

to
approxim

ate
the

“inputvectors”
(i.e.,targetfeatures)

by
nonnegative

linear
com

binations
of

nonnegative
“basis

vectors”
(i.e.,source

features).
T

he
idea

of
nonnegative

linear
relationship

can
also

be
found

in
m

ultiple
kernellearning,w

here
the

targetkernelisapproxim
ated

by
the

nonnegative
linearcom

bination
ofbase

kernels.To
verify

the
im

pactofthe
nonnegative

constraintson
G

,w
e

add
a

baseline
forcom

parison
by

m
oving

the
nonnegative

constraints
from

the
the

optim
ization

problem
of

SH
FR

,w
hich

is
denoted

by
SH

FR
-L

A
SSO

.In
this

case,the
m

odelis
reduced

to
a

typicallasso
problem

.
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Z
H

O
U

,T
S

A
N

G
,P

A
N

,
A

N
D

T
A

N

R
egarding

the
`
1

norm
regularization

term
in

SH
FR

,note
thatsom

e
studies

in
the

literature
have

show
n

thatN
on-N

egative
L

eastSquares
(N

N
L

S)
can

indeed
achieve

sparse
recovery

of
nonnega-

tive
signals

in
a

noiseless
setting

(B
ruckstein

et
al.,2008;

D
onoho

and
Tanner,2010;

W
ang

and
Tang,2009;W

ang
etal.,2011).

H
ow

ever,the
noiseless

assum
ption

does
nothold

in
practice.

A
s

m
entioned

by
Slaw

ski
et

al.(2013),
apart

from
sign

constraints,
N

N
L

S
only

consists
of

a
fitting

term
,and

thus
is

prone
to

overfitting,especially
w

hen
the

training
data

is
high-dim

ensional.
T

he
`
1 -norm

regularizer
is

therefore
necessary

to
preventover-adaptation

to
noisy

data
and

enforce
de-

sired
structuralproperties

ofthe
solution,w

hich
is

sim
ilarto

the
idea

ofadding
sparsity

to
the

vector
of

coefficients
of

a
predictive

m
odel(Slaw

skietal.,2013).
In

our
proposed

optim
ization

problem
(1),itis

insufficientto
achieve

desirable
solution

of
G

w
ithoutthe

`
1 -norm

term
in

the
objective

since
both

w
tS

and
w
tT

are
ofhigh

dim
ensionality,and

som
e

of{
w
tT }’s

are
notprecise.A

s
stated

in
T

heorem
1

in
Slaw

skiand
H

ein
(2011),exactsparsity,i.e.,

`
1 -norm

,is
notneeded

w
hen

the
m

atrix
satisfies

the
self-regularizing

property,w
hich

is
not

applicable
to

our
optim

ization
problem

as
G

does
nothave

this
property.U

sing
the

`
1 -norm

ensures
thata

m
ore

sparse
solution

can
be

achieved
by

using
nonnegative

constraints.
To

verify
the

im
pactof

the
`
1 -norm

on
G

,w
e

add
another

base-
line

for
com

parison
by

m
oving

the
`
1 -norm

from
the

the
optim

ization
problem

of
SH

FR
,w

hich
is

denoted
by

SH
FR

-N
N

L
S.In

this
case,the

m
odelis

reduced
to

an
N

N
L

S
problem

.In
this

paper,w
e

adoptthe
N

N
L

S
solverproposed

by
C

antarella
and

Piatek
(2004)to

solve
it. 5

T
he

results
on

the
three

m
ultilingualdatasets

are
sum

m
arized

in
Table

7.
W

e
observe

from
the

table
thatSH

FR
-L

A
SSO

perform
s

the
w

orstand
SH

FR
-N

N
L

S
enhances

its
perform

ances
through

the
nonnegative

constraint.
T

his
is

probably
because

the
feature

m
apping

G
is

learned
globally

and
the

features
are

naturally
nonnegative

for
textclassification.

A
s

SH
FR

explicitly
im

poses
both

nonnegativity
and

sparsity
in

learning
the

transform
ation

G
,itcan

furtherenhance
the

perform
ance

com
pared

to
SH

FR
-N

N
L

S
by

avoiding
overadapting

the
noise

in
the

high-dim
ensionaldata.

6.9
E

xperim
entson

R
em

oving
N

egative
A

lignm
ent

W
e

have
observed

from
Table

6
that

the
accuracy

of
SH

FR
for

som
e

constructed
binary

tasks
is

slightly
less

than
the

accuracy
ofSV

M
-T

afterlearning
and

using
the

transform
ation

G
,w

hich
can

be
referred

to
as

negative
transfer

(Pan
and

Y
ang,2010).T

he
problem

ofnegative
transferin

SH
FR

m
ainly

occurs
forthe

follow
ing

tw
o

reasons:

1.
N

egative
alignm

entbetw
een

the
source

and
targetclassifiers,w

hich
happens

w
hen

the
clas-

sification
accuracy

ofthe
corresponding

targetclassifieris
below

50%
.T

his
is

because
som

e
initialtargetclassifiers

are
less

accurate
due

to
the

lim
ited

num
ber

of
targetdom

ain
labeled

data.

2.
T

he
transform

ation
G

is
class-invariant,

therefore
G

is
enforced

to
generalize

w
ell

on
all

classifiers.In
this

case,G
m

ay
correctthe

bias
ofsom

e
w

eak
classifiers,butm

ay
also

sm
ooth

the
strength

ofgood
classifiers.

In
this

experim
ent,w

e
study

how
the

perform
ance

of
SH

FR
is

affected
by

rem
oving

negative
alignm

ents,and
how

SH
FR

perform
s

if
only

good
targetclassifiers

w
hose

accuracy
is

above
50%

5.In
practice,the

nonnegative
lasso

problem
has

been
w

ellstudied
and

applied
to

m
any

applications
such

as
dim

ension-
ality

reduction
(W

ang
and

Y
e,2014)and

index
tracking

(W
u

etal.,2014).N
evertheless,how

to
solve

the
nonnegative

lasso
problem

is
notthe

focus
ofourpaper.In

this
paper,w

e
address

itby
m

odifying
the

algorithm
proposed

by
Tan

etal.(2015a,b),w
hich

has
dem

onstrated
superiorperform

ance
overm

any
state-of-the-artsolvers.
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the
sparsity

and
class-invariance

properties
in

learning
the

feature
m

apping.
L

earning
feature

m
apping

can
be

castas
a

C
om

pressed
Sensing

(C
S)problem

forSH
FR

.B
ased

on
the

C
S

theory,w
e

show
thatthe

num
ber

of
binary

learning
tasks

affects
the

m
ulti-class

H
D

A
per-

form
ance.In

addition,the
proposed

m
ethod

has
superiorscalability

overotherm
ethods.E

xtensive
experim

ents
dem

onstrate
the

effectiveness,efficiency,and
stability

ofSH
FR

.
In

future,
w

e
w

ould
like

to
investigate

how
to

extend
the

proposed
m

ethod
by

exploring
the

nonlinearfeature
transform

ation
betw

een
im

age
and

textfeature
representations.
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n
u
m

b
er

of
d
at

a
ac

ce
ss

es
,

an
d

is
co

m
p

et
it

iv
e

in
te

rm
s

of
tr

ai
n
in

g
ti

m
e.

W
e

th
en

co
n
si

d
er

so
m

e
in

te
re

st
in

g
ex

te
n
si

on
s

in
S
ec

ti
on

7.
S
ec

ti
on

8
co

n
cl

u
d
es

th
e

p
a
p

er
.

P
ro

gr
am

s
u
se

d
fo

r
ex

p
er

im
en

ts
an

d
a

su
p
p
le

m
en

ta
ry

fi
le

in
cl

u
d
in

g
ad

d
it

io
n
a
l
re

su
lt

s
ca

n
b

e
fo

u
n
d

at
h
t
t
p
:
/
/
w
w
w
.
c
s
i
e
.
n
t
u
.
e
d
u
.
t
w
/
~
c
j
l
i
n
/
p
a
p
e
r
s
/
c
o
m
m
d
i
r
/
.

2
.
C
o
m
m
o
n
-d
ir
e
ct
io
n
s
M

e
th

o
d

B
ef

or
e

st
ar

ti
n
g

th
e

d
es

cr
ip

ti
on

of
ou

r
al

go
ri

th
m

,
w

e
fi
rs

t
sp

ec
if

y
th

e
ty

p
e

o
f

p
ro

b
le

m
s

w
e

co
n
si

d
er

.
F

or
al

l
ou

r
th

eo
re

ti
ca

l
re

su
lt

s
ex

ce
p
t

T
h
eo

re
m

6,
w

e
re

q
u
ir

e
th

at
f

(w
)

sa
ti

sfi
es

A
ss

u
m

p
ti

on
1.

A
ss

u
m

p
ti

o
n

1
T

h
e

o
bj

ec
ti

ve
fu

n
ct

io
n
f

(w
)

is
d
iff

er
en

ti
a
bl

e,
ρ

L
ip

sc
h
it

z
sm

oo
th

a
n

d
σ

st
ro

n
gl

y
co

n
ve

x
w

it
h

so
m

e
co

n
st

a
n

ts
ρ
≥
σ
>

0
.1

T
h
a
t

is
,

‖∇
f

(u
)
−
∇
f

(v
)‖
≤
ρ
‖u
−
v
‖,
∀u
,v
∈
R
n
,

(3
)

a
n

d

f
(u

)
−
f

(v
)
−
∇
f

(v
)>

(u
−
v

)
≥
σ 2
‖u
−
v
‖2
,
∀u
,v
∈
R
n
.

(4
)

F
or

so
m

e
th

eo
re

ti
ca

l
re

su
lt

s,
w

e
fu

rt
h
er

n
ee

d
th

at
f

(w
)

sa
ti

sfi
es

A
ss

u
m

p
ti

on
2
.

1
.

T
h

e
re

q
u

ir
em

en
t
ρ
≥
σ

co
m

es
fr

o
m

th
e

co
n

d
it

io
n

s
(3

)
a
n

d
(4

).
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T
h
e
C
o
m
m
o
n
-d

ir
e
c
t
io
n
s
M
e
t
h
o
d

f
o
r
R
e
g
u
l
a
r
iz
e
d

E
m
p
ir
ic
a
l
R
isk

M
in
im

iz
a
t
io
n

A
lg

o
rith

m
1
:

A
fram

ew
ork

for
th

e
com

m
o
n
-d

irection
s

m
eth

o
d

G
iven

w
0 ,

com
p
u
te
∇
f

(w
0 );

P
=

[∇
f

(w
0 )/‖∇

f
(w

0 )‖
];

fo
r

k=
0
,1

,...in
th

e
o
u

ter
loo

p
d

o
if
∇
f

(w
k )

=
0
,

or
som

e
stop

p
in

g
con

d
ition

is
satisfi

ed
th

e
n

sto
p
;

e
n

d

L
et
t
k

=
−

(P
>∇

2f
(w

k )P
) −

1P
>∇

f
(w

k );
B

a
ck

tra
ck

in
g

lin
e

search
on

f
(w

k
+
θP
t
k )

b
y

A
lg

orith
m

2
to

ob
ta

in
θ
k ;

w
k
+

1
=
w
k

+
θ
k P
t
k ;

C
om

p
u
te
∇
f

(w
k
+

1 );

L
et
p

=
∇
f

(w
k
+

1 )−
P

(P
>∇

f
(w

k
+

1 ));
if
p
6=

0
th

e
n

P
=

[P
,
p
/‖
p‖

];
e
n

d

e
n

d

A
lg

o
rith

m
2
:

B
ack

track
in

g
lin

e
search

G
iven

β
∈

(0,1),
λ
>

0,
th

e
cu

rren
t

iterate
w

,
a

d
escen

t
d
irection

P
t;

L
et
θ

:=
1
;

w
h

ile
f

(w
)−

f
(w

+
θP
t)
<

λ2
θ

2‖
P
t‖

2
d

o
θ

:=
β
θ;

e
n

d

A
ssu

m
p

tio
n

2
T

h
e

o
bjective

fu
n

ctio
n
f

(w
)

is
tw

ice-d
iff

eren
tia

ble,
a
n

d
th

e
H

essia
n

o
f

f
(w

)
is
M

L
ip

sch
itz

co
n

tin
u

o
u

s
w

ith
so

m
e

co
n

sta
n

t
M

>
0.

T
h
a
t

is,

‖∇
2f

(u
)−
∇

2f
(v

)‖
≤
M
‖u
−
v‖,

∀
u
,v
∈
R
n
.

W
h
en

m
in

im
izin

g
a

fu
n
ction

,
w

e
u
su

ally
on

ly
w

ork
on

d
erivatives

of
th

e
cu

rren
t

itera
te.

F
o
r

ex
a
m

p
le,

a
grad

ien
t

d
escen

t
step

can
b

e
d
eriv

ed
from

sea
rch

in
g

alon
g

th
e

n
eg

ative
g
ra

d
ien

t
d
irection

,
an

d
a

N
ew

ton
step

can
b

e
ex

p
ressed

b
y

th
e

cu
rren

t
grad

ien
t

an
d

H
essian

.
H

ow
ever,

a
fter

ob
tain

in
g

th
e

u
p

d
ate

d
irection

,
stale

d
erivatives

are
u
su

ally
d
iscard

ed
,

w
h
ich

ca
n

b
e

in
effi

cien
t.

A
sim

p
le

id
ea

is
to

store
all

p
rev

iou
s

d
irection

s
p
j

in
P

=
[p

1 ,...,p
m

]
a
n
d

co
n
sid

er
w

ork
in

g
on

th
e

lin
ear

sp
an

o
f
p
j .

If
p

ossib
le,

w
e

search
fo

r
th

e
b

est
lin

ear
co

m
b
in

a
tio

n
P
t

su
ch

th
at
f

(w
+
P
t)

is
th

e
sm

allest;
see

th
e

su
b
-p

rob
lem

(2).
H

ow
ever,

in
p
ra

ctice
(2)

m
ay

b
e

d
iffi

cu
lt

to
b

e
solv

ed
,

so
follow

in
g

p
ast

op
tim

ization
d
evelop

m
en

t,
w

e
co

n
sid

er
th

e
secon

d
-ord

er
T

ay
lor

ap
p
rox

im
ation

of
f

(w
)

as

f̃
(u
|
w

)≡
f

(w
)

+
∇
f

(w
) >

(u
−
w

)
+

12
(u
−
w

) >∇
2f

(w
)(u
−
w

),
(5)
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W
a
n
g
,
L
e
e
,
a
n
d

L
in

w
h
ere
∇

2f
(w

)
is

th
e

H
essian

at
w

.
T

h
en

,
a

d
escen

t
d
irection

d
=
P
t

can
b

e
fou

n
d

b
y

op
tim

izin
g
f̃

alon
g

all
th

e
d
irection

s
p
j

m
int

f̃
(w

+
m
∑j=

1

tj p
j |
w

)
=

(P
>∇

f
(w

)) >
t

+
12
t >

(P
>∇

2f
(w

)P
)t.

(6)

P
rob

lem
(6)

can
b

e
solved

b
y

th
e

follow
in

g
lin

ear
sy

stem
.

(P
>∇

2f
(w

)P
)t

=
−
P
>∇

f
(w

).

S
ay

w
e

h
ave

stored
m

p
rev

iou
s

d
irection

s
in
P
∈

R
m
×
n
,

w
h
ere

m
�

n
.

P
rob

lem
(6)

h
as

m
variab

les
b
u
t

if
in

stead
w

e
con

sid
er

th
e

N
ew

ton
d
irection

b
y

solv
in

g
th

e
p
rob

lem
in

(5),
th

e
n
u
m

b
er

of
variab

les
is
n

.
T

h
erefore,

solv
in

g
(6)

sh
ou

ld
b

e
easier

th
an

fi
n
d
in

g
a

N
ew

ton
d
irection

if
th

e
con

stru
ction

of
P
∇

2f
(w

)P
>

is
n
ot

to
o

ex
p

en
siv

e.
In

S
ection

3,
w

e
w

ill
sh

ow
th

at
w

h
en

th
e

H
essian

is
stru

ctu
red

,
th

e
su

b
p
rob

lem
(6)

can
b

e
solved

easily.
F

rom
th

e
ab

ov
e

con
cep

t,
w

e
p
rop

ose
th

e
com

m
on

-d
irection

s
m

eth
o
d
.

In
each

iteration
of

th
is

m
eth

o
d
,

given
th

e
orth

on
orm

al
b
asis

P
of

th
e

sp
an

o
f

th
e

p
ast

d
irectio

n
s,

w
e

solve
th

e
su

b
p
rob

lem
(6)

w
ith

resp
ect

to
t

to
ob

tain
th

e
u
p

d
ate

d
irection

P
t.

A
lin

e
search

alon
g

P
t

is
p

erform
ed

to
gu

aran
tee

th
e

strict
d
ecrease

of
th

e
fu

n
ction

valu
e.

A
fter

u
p

d
atin

g
th

e
iterate

w
,

a
n
ew

d
irection

−
∇
f

(w
)

is
th

en
taken

to
en

large
th

e
orth

on
orm

al
b
asis

P
b
y

G
ram

-S
ch

m
id

t
orth

ogon
alization

.
A

d
escrip

tion
of

th
e

co
m

m
on

-d
irection

s
m

eth
o
d

is
given

in
A

lgorith
m

1,
an

d
th

e
lin

e-search
su

b
-rou

tin
e

is
d
escrib

ed
in

A
lgorith

m
2.

N
ote

th
at

oth
er

ch
oices

of
th

e
d
irection

s
b

ein
g

ad
d
ed

to
P

are
also

p
ossib

le,
b
u
t

for
th

e
ease

of
d
escrip

tion
an

d
an

aly
sis,

w
e

con
fi
n
e

ou
r

ch
oice

to
th

e
cu

rren
t

steep
est

d
escen

t
d
irection

.
W

e
d
efi

n
e

th
e

follow
in

g
q
u
an

tities
b

efore
statin

g
an

d
p
rov

in
g

th
e

th
eorem

s.
W

e
d
en

o
te

th
e

con
d
ition

n
u
m

b
er

of
f

b
y

κ
≡
ρσ
,

an
d

d
efi

n
e

an
ε-accu

rate
solu

tion
of
f

to
b

e
a

p
oin

t
w

su
ch

th
at

f
(w

)−
f

(w
∗)≤

ε,

w
h
ere

w
∗

is
th

e
op

tim
al

solu
tion

o
f
f

.
N

ote
th

at
u
n
d
er

A
ssu

m
p
tion

1,
p
rob

lem
(1

)
p

os-
sesses

a
u
n
iq

u
e

op
tim

al
solu

tion
.

T
h
e

follow
in

g
th

eorem
s

p
resen

t
th

eoretical
con

vergen
ce

of
th

e
p
rop

osed
m

eth
o
d
.

In
p
articu

lar,
w

e
sh

ow
th

at
th

e
lin

e
search

su
b
-rou

tin
e

h
as

fi
-

n
ite

term
in

ation
,

an
d

ou
r

m
eth

o
d

is
glob

ally
lin

early
con

v
ergen

t
an

d
lo

cally
q
u
ad

ratically
con

vergen
t.

T
h

e
o
re

m
3

U
n

d
er

A
ssu

m
p
tio

n
1
,

every
tim

e
bein

g
ca

lled
by

A
lgo

rith
m

1
,

A
lgo

rith
m

2
term

in
a
tes

w
ith

in
dlog

β
(β
σ
/(ρ

+
λ

))e
step

s,
a
n

d
A

lgo
rith

m
1

co
n

verges
Q

-lin
ea

rly
w

ith
iter-

a
tio

n
co

m
p
lexity

O
(κ

3
log

(1/ε))
to

a
ch

ieve
a
n
ε-a

ccu
ra

te
so

lu
tio

n
.

F
u

rth
er,

if
A

lgo
rith

m
2

a
lw

a
ys

sto
p
s

a
t

step
size

1
,

th
e

itera
tio

n
co

m
p
lexity

beco
m

es
O

(κ
log

(1/ε)).

In
p
ractice,

w
e

ob
served

th
at

th
e

com
m

on
-d

irection
m

eth
o
d

u
su

ally
accep

ts
step

size
1.

T
h

e
o
re

m
4

U
n

d
er

A
ssu

m
p
tio

n
s

1
a
n

d
2
,

A
lgo

rith
m

1
co

n
verges

qu
a
d
ra

tica
lly

a
fter

certa
in

itera
tio

n
.

T
h
e

p
ro

ofs
are

p
resen

ted
in

A
p
p

en
d
ix

A
.
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T
h
e
C
o
m
m
o
n
-d

ir
e
c
t
io
n
s
M
e
t
h
o
d

f
o
r
R
e
g
u
l
a
r
iz
e
d

E
m
p
ir
ic
a
l
R
is
k

M
in
im

iz
a
t
io
n

3
.
A
p
p
li
ca

ti
o
n
o
n
R
e
g
u
la
ri
ze

d
E
m
p
ir
ic
a
l
R
is
k
M

in
im

iz
a
ti
o
n
P
ro

b
le
m
s

F
or

m
os

t
op

ti
m

iz
at

io
n

p
ro

b
le

m
s,

co
m

p
u
ti

n
g

th
e
n
×
n

H
es

si
an

m
a
tr

ix
,

or
it

s
in

ve
rs

e,
w

h
os

e
co

st
is
O

(n
3
),

is
m

u
ch

m
or

e
ex

p
en

si
ve

th
an

ob
ta

in
in

g
th

e
fu

n
ct

io
n

va
lu

e
an

d
th

e
n

-d
im

en
si

on
al

gr
ad

ie
n
t

ve
ct

or
.

T
o

ta
ck

le
th

is
p
ro

b
le

m
,

d
iff

er
en

t
ap

p
ro

ac
h
es

h
av

e
b

ee
n

co
n
-

si
d
er

ed
,

an
d

in
so

m
e

ca
se

s
th

e
p
ro

b
le

m
st

ru
ct

u
re

ca
n

b
e

u
ti

li
ze

d
to

re
d
u
ce

th
e

co
st

.
W

e
ar

e
in

te
re

st
ed

in
so

lv
in

g
m

ac
h
in

e
le

ar
n
in

g
p
ro

b
le

m
s,

an
d

th
u
s

w
e

w
il
l

fo
cu

s
ou

r
d
is

cu
ss

io
n

on
d
iff

er
en

ti
ab

le
re

gu
la

ri
ze

d
E

R
M

p
ro

b
le

m
s.

M
or

e
sp

ec
ifi

ca
ll
y,

g
iv

en
tr

ai
n
in

g
fe

at
u
re

-l
ab

el
p
ai

rs
(x

i,
y i

),
i

=
1
,.
..
,l
,

w
it

h
x
i
∈

R
n
,
y i
∈

R
,

an
d

a
p
ar

am
et

er
C
>

0,
w

e
co

n
si

d
er

L
2-

re
gu

la
ri

ze
d

E
R

M
p
ro

b
le

m
s

m
in

w
∈R

n
f

(w
),

w
h
er

e
f

(w
)
≡

1 2
w
>
w

+
C

l ∑ i=
1

ξ(
y i

;w
>
x
i)
,

(7
)

an
d
ξ

is
a

lo
ss

fu
n
ct

io
n

co
n
ve

x
in
w
>
x
i.

T
h
e

fi
rs

t
te

rm
in

(7
)

m
ak

es
f

b
e
σ

st
ro

n
gl

y
co

n
ve

x
w

it
h
σ
≥

1,
an

d
th

e
ch

oi
ce

of
lo

ss
fu

n
ct

io
n
s

en
su

re
s

th
at
∇
f

(w
)

is
L

ip
sc

h
it

z
co

n
ti

n
u
ou

s,
th

ou
gh

th
e

co
rr

es
p

on
d
in

g
co

n
st

an
t
ρ

m
ay

b
e

u
n
k
n
ow

n
.

T
h
er

ef
or

e,
A

ss
u
m

p
ti

on
1

is
sa

ti
sfi

ed
.

F
or

p
ro

b
le

m
(7

),
b
y

d
efi

n
in

g

X
≡

  
x
> 1 . . .
x
> l

  
,

w
e

ca
n

w
ri

te
th

e
gr

ad
ie

n
t

as

∇
f

(w
)

=
w

+
X
>
v
w
,

w
h
er

e
(v

w
) i

=
C
∂ ∂
z
ξ(
y i

;z
)
| z=

w
>
x
i
,i

=
1,
..
.,
l,

(8
)

an
d

if
f

(w
)

is
tw

ic
e-

d
iff

er
en

ti
ab

le
,

th
e

H
es

si
an

is

∇
2
f

(w
)
≡
I

+
X
>
D

w
X
,

(9
)

w
h
er

e
I

is
th

e
id

en
ti

ty
m

at
ri

x
an

d
D

w
is

a
d
ia

go
n
al

m
at

ri
x

w
it

h

(D
w

) i
i
≡
C
∂

2

∂
z

2
ξ(
y i

;z
)
| z=

w
>
x
i
,i

=
1,
..
.,
l.

(1
0)

T
h
e

st
ru

ct
u
re

of
(9

)
al

lo
w

s
effi

ci
en

t
co

m
p
u
ta

ti
on

s
to

u
se

th
e

H
es

si
an

in
va

ri
ou

s
w

ay
s.

O
u
r

m
et

h
o
d

u
ti

li
ze

s
it

to
in

co
rp

or
at

e
th

e
H

es
si

an
-v

ec
to

r
p
ro

d
u
ct

s
w

it
h

lo
w

co
st

as
d
is

cu
ss

ed
in

th
e

fo
ll
ow

in
g

se
ct

io
n
s.

S
om

e
p
ro

b
le

m
s

of
th

e
fo

rm
(7

),
su

ch
as

lo
gi

st
ic

re
gr

es
si

on
an

d
ri

d
ge

re
gr

es
si

on
,

al
so

sa
ti

sf
y

A
ss

u
m

p
ti

on
2.

T
h
e

lo
ss

of
ri

d
ge

re
gr

es
si

on
is

ξ(
y i

;w
>
x
i)

=
(y
i
−
w
>
x
i)

2
.

It
is

cl
ea

rl
y

tw
ic

e-
d
iff

er
en

ti
ab

le
w

it
h

th
e

d
ia

go
n
al

m
at

ri
x
D

w
d
efi

n
ed

in
(1

0)
b

ei
n
g

th
e

id
en

ti
ty

m
at

ri
x
.

C
le

ar
ly

,
th

is
lo

ss
sa

ti
sfi

es
A

ss
u
m

p
ti

on
2

w
it

h
an

y
M
≥

0
as

th
e

H
es

si
an

is
a

co
n
st

an
t.

T
h
e

lo
ss

of
lo

gi
st

ic
re

gr
es

si
on

is

ξ(
y i

;w
>
x
i)

=
lo

g
(1

+
ex

p
(−
y i
w
>
x
i)

),
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W
a
n
g
,
L
e
e
,
a
n
d

L
in

w
h
er

e
y i
∈
{−

1
,1
}.

B
ec

au
se

it
s

th
ir

d
d
er

iv
at

iv
e

is
u
p
p

er
-b

ou
n
d
ed

,
b
y

ap
p
ly

in
g

fi
rs

t-
o
rd

er
T

ay
lo

r
ex

p
an

si
on

on
th

e
H

es
si

an
,

on
e

ca
n

se
e

th
at

A
ss

u
m

p
ti

on
2

h
ol

d
s.

O
n

th
e

o
th

er
h
a
n
d
,

p
ro

b
le

m
s

th
at

sa
ti

sf
y

A
ss

u
m

p
ti

on
1

on
ly

,
li
ke

sq
u
ar

ed
-h

in
ge

lo
ss

su
p
p

or
t

ve
ct

o
r

cl
a
ss

ifi
-

ca
ti

on
/r

eg
re

ss
io

n
(B

os
er

et
al

.,
19

92
;

V
ap

n
ik

,
19

95
),

ca
n

al
so

b
e

so
lv

ed
b
y

o
u
r

a
lg

o
ri

th
m

,
al

th
ou

gh
in

th
is

ca
se

w
e

ca
n

on
ly

ex
p

ec
t

li
n
ea

r
co

n
ve

rg
en

ce
.2

3
.1

.
S

u
b

p
ro

b
le

m
o
f

C
o
m

m
o
n

D
ir

e
c
ti

o
n

s

A
t

th
e
k
-t

h
it

er
a
ti

on
,

gi
ve

n
th

e
m

at
ri

x
P
k

=
[p

1
,p

2
,.
..
,p

m
]
∈

R
n
×
m

w
it

h
o
rt

h
o
g
o
n
al

co
lu

m
n
s,

w
e

co
n
si

d
er

so
lv

in
g

(6
)

al
on

g
P
k
t

m
in

t∈
R
m

f̃
(w

k
+
P
k
t
|w

k
).

(1
1
)

T
h
e

gr
ad

ie
n
t

an
d

th
e

H
es

si
an

of
(1

1)
w

it
h

re
sp

ec
t

to
th

e
va

ri
ab

le
t

at
t

=
0

a
re

re
sp

ec
ti

ve
ly

∇
t
f̃

(w
k

+
P
k
t)
| t=

0
=
P
> k
∇
f

(w
k
)

(1
2
)

an
d ∇

2 t,
t
f̃

(w
k

+
P
k
t)
| t=

0
=
P
> k
∇

2
f

(w
k
)P

k
=
P
> k

(I
+
X
>
D

w
k
X

)P
k

=
I

+
P
> k
X
>
D

w
k
X
P
k
.

(1
3
)

O
b
se

rv
e

th
e

te
rm

X
P
k
.

T
h
e

tr
ic

k
to

m
ak

e
th

e
co

m
p
u
ta

ti
on

effi
ci

en
t

is
to

st
o
re

th
is

te
rm

in
m

em
or

y
to

av
oi

d
re

p
et

it
iv

e
co

m
p
u
ta

ti
on

s
of
X
p
j

fo
r

al
l

p
re

v
io

u
s

d
ir

ec
ti

o
n
s
p
j
.

If
X
P
k
,

∇
f

(w
k
),

an
d
D

w
k

ar
e

av
ai

la
b
le

,
th

e
co

n
st

ru
ct

io
n

of
(1

2)
-(

13
)

in
v
ol

ve
s

th
e

fo
ll
ow

in
g

co
st

.

•
P
> k
∇
f

(w
k
):
O

(m
n

),

•
(X
P
k
)>
D

w
k
(X
P
k
):
O

(l
m

2
).

T
h
e

op
ti

m
al

so
lu

ti
on
t

of
(1

1)
ca

n
b

e
ob

ta
in

ed
b
y

so
lv

in
g

th
e

fo
ll
ow

in
g

li
n
ea

r
sy

st
em

( I
+
P
> k
X
>
D

w
k
X
P
k

) t
=
−
P
> k
∇
f

(w
k
)

(1
4
)

in
O

(m
3
)

co
st

.
N

ot
e

th
at

th
e

H
es

si
an

w
it

h
re

sp
ec

t
to
t

is
al

w
ay

s
in

ve
rt

ib
le

b
ec

a
u
se

th
e

te
rm

I
in

(1
3)

en
su

re
s

it
s

p
os

it
iv

e
d
efi

n
it

en
es

s.
L

et
t k

b
e

th
e

so
lu

ti
on

of
(1

4)
.

W
e

sh
ow

th
at

to
ob

ta
in

n
ec

es
sa

ry
in

fo
rm

at
io

n
fo

r
th

e
n
ex

t
it

er
at

io
n
,

it
is

su
ffi

ci
en

t
to

m
ai

n
ta

in
X
P
k
+

1
an

d
X
w
k
+

1
.

T
o

h
av

e
th

e
n
ew

fu
n
ct

io
n

va
lu

e,
fr

om
(7

)
w

e
m

ai
n
ly

n
ee

d
to

co
m

p
u
te
X
w
k
+

1
.

If
X
w
k

is
av

ai
la

b
le

an
d

th
e

fu
ll

d
ir

ec
ti

on
(X
P
k
)t
k

is
ta

k
en

,
b
y

X
w
k
+

1
=
X
w
k

+
θ(
X
P
k
)t
k
,

(1
5)

w
it

h
θ

=
1,

in
O

(l
m

)
co

st
X
w
k
+

1
is

ob
ta

in
ed

.
In

p
ra

ct
ic

e,
a

st
ep

si
ze
θ

is
d
ec

id
ed

b
y

li
n
e

se
ar

ch
,

w
h
ic

h
in

vo
lv

es
so

m
e

m
in

or
co

st
as

sh
ow

n
in

S
ec

ti
on

3
.2

.
T

h
e

ve
ct

o
r
X
w
k
+

1
is

a
ls

o
u
se

d
to

co
n
st

ru
ct
v
w
k
+
1

n
ee

d
ed

fo
r

gr
ad

ie
n
t

ca
lc

u
la

ti
on

.
T

h
en

fr
om

(8
),

∇
f

(w
k
+

1
)

=
w
k
+

1
+
X
>
v
w
k
+
1

2
.

If
th

e
o
b

je
ct

iv
e

fu
n

ct
io

n
is

n
o
t

tw
ic

e
d

iff
er

en
ti

a
b

le
,

w
e

ca
n

u
se

th
e

g
en

er
a
li

ze
d

H
es

si
a
n

(M
a
n

g
a
sa

ri
a
n

,
2
0
0
2
)

to
re

p
la

ce
th

e
H

es
si

a
n

in
th

e
N

ew
to

n
st

ep
,

a
s

A
ss

u
m

p
ti

o
n

1
g
u

a
ra

n
te

es
th

e
ex

is
te

n
ce

o
f

g
en

er
a
li

ze
d

H
es

si
a
n

.
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T
h
e
C
o
m
m
o
n
-d

ir
e
c
t
io
n
s
M
e
t
h
o
d

f
o
r
R
e
g
u
l
a
r
iz
e
d

E
m
p
ir
ic
a
l
R
isk

M
in
im

iz
a
t
io
n

ta
kes

O
(#

n
n
z)

cost,
w

h
ere

#
n
n
z

is
th

e
n
u
m

b
er

of
n
o
n
-zero

elem
en

ts
in
X

.
W

e
th

en
ap

p
ly

th
e

G
ra

m
-S

ch
m

id
t

p
ro

ced
u
re

to
ch

eck
if

a
n
ew

colu
m

n
sh

ou
ld

b
e

ad
d
ed

to
P
k
+

1 .
In

p
ractice

th
is

p
ro

ced
u
re

is
com

p
u
ted

b
y

p
m

+
1

=
(I−

P
k P

Tk
)∇
f

(w
k
+

1 )
=
∇
f

(w
k
+

1 )−
P
k (P

>k ∇
f

(w
k
+

1 )).

T
h
e

co
st

is
O

(m
n

).
If
p
m

+
1 6=

0
,
to

m
ain

tain
X
P
m

+
1

after
p
m

+
1

is
ad

d
ed

,
w

e
m

u
st

com
p
u
te

X
p
m

+
1 ,

w
h
ich

costs
O

(#
n
n
z).

D
etails

o
f

th
e

algorith
m

is
sh

ow
n

in
A

lgorith
m

3.
In

su
m

m
a
ry,

th
e

cost
p

er
iteration

is

O
(lm

2
+
m
n

+
m

3
+

#
n
n
z).

(16)

B
eca

u
se

u
su

a
lly

w
e

h
ave

n
�

m
an

d
l�

m
from

th
e

fi
rst

iteration
till

reach
in

g
a

go
o
d

en
o
u
g
h

so
lu

tio
n
,

in
gen

eral
#

n
n
z

is
still

th
e

d
om

in
an

t
term

in
(16).

T
h
erefore,

each
of

ou
r

itera
tio

n
s

d
o
es

n
ot

cost
m

u
ch

m
ore

th
an

a
ty

p
ical

iteratio
n

in
an

op
tim

iza
tio

n
m

eth
o
d

th
at

o
ften

in
v
o
lves

th
e
O

(#
n
n
z)

cost.
F

u
rth

er,
fo

r
th

e
sam

e
set

of
d
irection

s
P
k ,

w
e

cou
ld

solve
th

e
su

b
p
rob

lem
(11)

a
n
d

u
p

d
ate

w
k

m
u
ltip

le
tim

es
in

ord
er

to
ap

p
rox

im
ately

solve
(2).

N
ote

th
at

th
e

u
p

d
ate

o
f
w
k

d
o
es

n
o
t

n
eed

to
g
o

th
rou

gh
th

e
d
ata

m
atrix

X
.

T
h
e

reaso
n

is
th

at
th

e
D

w
m

atrix
an

d
th

e
v
w

vecto
r

rely
o
n
w
k

on
ly

th
rou

gh
th

e
in

n
er

p
ro

d
u
cts

w
>k
x
i ,

an
d

th
is

is
a

lin
ear

com
b
in

ation
o
f
X
P
k ,

a
n
d

th
u
s

w
e

can
com

p
u
te

it
w

ith
ou

t
ad

d
ition

al
in

n
er

p
ro

d
u
ct

co
m

p
u
tation

s
w

ith
th

e
d
a
ta

m
a
trix

X
.

T
h
is

id
ea

of
solv

in
g

(11)
m

u
ltip

le
tim

es
w

ill
b

e
ex

p
lo

ited
in

S
ection

4
to

a
ch

ieve
th

e
o
p
tim

al
lin

ear
con

vergen
ce

rate
for

fi
rst-ord

er
m

eth
o
d
s.

3
.2

.
L

in
e

S
e
a
rch

o
n

C
o
m

m
o
n

D
ire

c
tio

n
s

O
n
ce

th
e

so
lu

tion
t

of
(14)

h
as

b
een

ob
tain

ed
,

in
O

(m
n

)
cost

w
e

get
th

e
d
escen

t
d
irection

d
=
P
k t.

(17)

N
ex

t,
w

e
co

n
d
u
ct

lin
e

search
in

A
lgorith

m
2

for
th

e
step

size
θ

in

f
(w

k
+
θd

)
=

12 ‖w
k

+
θd‖

2
+
C

l
∑i=

1

ξ(y
i ;w

>k
x
i
+
θd
>
x
i ).

T
h
e

su
ffi

cien
t

d
ecrease

con
d
ition

is

C
l
∑i=

1

ξ(y
i ;w

>k
x
i )−

θw
>k
d
−
θ

22
‖
d‖

2−
C

l
∑i=

1

ξ(y
i ;w

>k
x
i
+
θd
>
x
i )≥

λ2
θ

2‖d‖
2.

B
eca

u
se
X
P
k

is
m

ain
tain

ed
,

after
ob

tain
in

g
X
d

in
O

(lm
)

tim
e

b
y

X
d

=
(X
P
k )t,

(18)

a
n
d

ca
lcu

la
tin

g
w
>k
d

,
w
>k
w
k ,
d
>
d

in
O

(n
)

tim
e,

each
lin

e
search

step
w

ou
ld

on
ly

cost
O

(l)
b

eca
u
se
w
>k
x
i

is
alread

y
availab

le
in

ou
r

calcu
lation

for
th

e
grad

ien
t

an
d

th
e

H
essian

.
T

h
u
s,

w
e

co
u
ld

p
erfo

rm
lin

e
search

in

O
(lm

+
m
n

+
l×

#
(lin

e
sea

rch
step

s))
tim

e.
(19)

B
y

T
h
eo

rem
3
,

#
(lin

e
search

)
is

b
ou

n
d
ed

b
y

a
con

stan
t,

an
d

th
u
s

th
e

com
p
lex

ity
d
o
es

n
ot

g
row

in
fi
n
itely.

A
fter

fi
n
ish

in
g

th
e

lin
e

sea
rch

p
ro

ced
u
re,

w
e

alread
y

h
ave

w
>k
x
i +

θd
>
x
i

as
th

e
n
ex

t
w
>k
+

1 x
i

as
sh

ow
n

in
(15).
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W
a
n
g
,
L
e
e
,
a
n
d

L
in

A
lg

o
rith

m
3
:

T
h
e

com
m

on
-d

irection
s

m
eth

o
d

for
solv

in
g

th
e

E
R

M
p
rob

lem
(7)

G
iven

w
0 ,

com
p
u
te
z

=
X
w

0 ;
U

se
z

to
calcu

late
v
w

0
an

d
D

w
0

in
(8)

an
d

(10);

C
om

p
u
te
∇
f

(w
0 )

=
w

0
+
X
>
v
w

0
from

(8);
P

=
[∇
f

(w
0 )/‖∇

f
(w

0 )‖
],U

=
X
P

;
fo

r
k=

0
,1

,...in
th

e
o
u

te
loo

p
d

o
if
∇
f

(w
k )

=
0
,

or
som

e
stop

p
in

g
con

d
ition

is
satisfi

ed
th

e
n

stop
;

e
n

d

O
b
tain

t
b
y

solv
in

g
(14)

w
ith

t
=

[I
+
U
>
D

w
k U

] −
1[−

P
>∇

f
(w

k )];
C

om
p
u
te
ẑ

=
U
t;

B
ack

track
in

g
lin

e
search

on
f

(w
k

+
θP
t)

b
y

A
lgorith

m
2

to
ob

tain
θ

u
sin

g
th

e
valu

es
of
z

an
d
ẑ

to
com

p
u
te
ξ(y

i ;z
+
θẑ

);
w
k
+

1
=
w
k

+
θP
t;

z
=
z

+
θẑ

;
U

se
z

to
calcu

late
v
w
k
+
1

an
d
D

w
k
+
1 ;

C
om

p
u
te
∇
f

(w
k
+

1 )
=
w
k
+

1
+
X
>
v
w
k
+
1

from
(8

);

L
et
p

=
∇
f

(w
k
+

1 )−
P

(P
>∇

f
(w

k
+

1 ));
if
p
6=

0
th

e
n

P
=

[P
,
p
/‖
p‖

],U
=

[U
,
X
p
/‖
p‖

];
e
n

d

e
n

d

3
.3

.
T

o
ta

l
C

o
st

o
f

th
e

A
lg

o
rith

m

B
ased

on
th

e
an

aly
sis

in
S
ection
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+
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+
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ra
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con
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d
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+
P
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ra
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m
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P
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p
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p
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.
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at
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p
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d
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at
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at
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re
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at
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at
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il
e
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e
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ce
ss

as
an

in
n
er

it
er

at
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d
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p
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e
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p

ea
te

d
ly

m
in

im
iz

e
th

e
se
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m
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∆
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∆
t
|w

k
+
P
k
t)
.
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∆
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∇
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∇
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∆
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∆
t.

(P
> k
∇
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∇
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b
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b
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m
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P
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at
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b
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d
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h
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p
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p
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>
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b
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at
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p
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∇
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p
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p
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b
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is
op

ti
m

al
li
n
ea

r
co

n
ve

rg
en

ce
ra

te
ca

n
b
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p
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at
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at
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at
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p
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p
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p
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h
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p
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p
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h
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p
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b
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d
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b
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W
a
n
g
,
L
e
e
,
a
n
d

L
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A
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o
ri

th
m

4
:

C
om

m
on

-d
ir

ec
ti

on
s

m
et

h
o
d

w
it

h
m

u
lt

ip
le
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n
er

it
er

a
ti
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s

G
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en
w

0
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m

p
u
te
∇
f

(w
0
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P
=

[∇
f

(w
0
)/
‖∇

f
(w

0
)‖
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fo

r
k=

0
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,.
..

in
th

e
o
u

te
r

lo
o
p

d
o
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∇
f

(w
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)

=
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p
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∆
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∇
f

(w
);

B
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k
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k
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g
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∆
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2
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∆
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e
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w
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p
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∇
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k
+

1
)
−
P

(P
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∇
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0
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e
n

d
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n

d

4
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e
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b
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b
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b
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at
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at
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ra
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w
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w
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e
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so
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R
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b
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at
io

n
of

th
e

w
h
il
e-

lo
o
p
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p
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at
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p
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n
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∇
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∇
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ra
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p
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.
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at
io

n
s

an
d

a
ll

w
e

n
ee

d
is
P
> k
∇
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b
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+
P
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+
P
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e
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+
P
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+
P
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b
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b
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p
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a
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d
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b
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b
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b
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se
in

gen
eral

#
n
n
z

is
larger

th
an

(25),
an

in
n
er

itera
tio

n
h
ere

is
ch

eap
er

th
an

an
ou

ter
on

e
in

A
lgorith

m
3.

5
.
R
e
la
te
d
W

o
rk

s

W
e

co
m

p
a
re

o
u
r

algorith
m

w
ith

lin
ear

con
ju

gate
grad

ien
t

m
eth

o
d

for
solv

in
g

a
lin

ear
sy

stem
,

a
s

w
ell

a
s

p
o
p
u
lar

n
on

lin
ear

op
tim

ization
m

eth
o
d
s.

T
h
e

m
eth

o
d
s

b
ein

g
d
iscu

ssed
in

clu
d
e

th
o
se

co
n
sid

erin
g

a
lin

ear
com

b
in

ation
of

m
u
ltip

le
d
irection

s
to

form
th

e
u
p

d
ate

d
irectio

n
,

a
n
d

th
o
se

u
tilizin

g
th

e
H

essian
m

atrix
in

variou
s

w
ay

s.

5
.1

.
L

in
e
a
r

C
o
n

ju
g
a
te

G
ra

d
ie

n
t

M
e
th

o
d

L
in

ea
r

co
n
ju

g
a
te

grad
ien

t
(C

G
)

m
eth

o
d

iterativ
ely

solves
th

e
follow

in
g

lin
ear

sy
stem

.

A
x

=
b
,

(26)

w
h
ere

A
∈
R
n×

n
is

sy
m

m
etric

an
d

p
ositive-d

efi
n
ite,

an
d
b
∈
R
n
.

A
ltern

atively,
C

G
can

b
e

v
iew

ed
a
s

an
o
p
tim

ization
m

eth
o
d

for
th

e
follow

in
g

p
rob

lem
.

m
in
x

12
x
>
A
x
−
b >
x
.

(27)

T
h
e

id
ea

b
eh

in
d

lin
ear

C
G

is
th

at
at

each
iteration

,
w

e
gen

erate
a

n
ew

u
p

d
ate

d
irection

p
k

th
a
t

is
co

n
ju

g
a
te

to
th

e
ex

istin
g

on
es

su
ch

th
at

p
>i
A
p
j

=
0,
∀
i6=

j.

T
h
en

a
n

ex
a
ct

lin
e

search
is

con
d
u
cted

to
d
ecid

e
th

e
n
ex

t
iterate.

A
t

each
iteration

,
a

m
atrix

-vecto
r

p
ro

d
u
ct
A
v

for
som

e
v
ector

v
is

co
n
d
u
cted

to
gen

erate
th

e
d
esired

step
,

a
n
d

th
is

m
a
trix

-v
ector

p
ro

d
u
ct

is
th

e
com

p
u
tation

al
d
om

in
an

t
p
art

at
ea

ch
C

G
iteration

.
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W
a
n
g
,
L
e
e
,
a
n
d

L
in

A
lg

o
rith

m
5
:

C
om

m
on

-d
irection

s
m

eth
o
d

w
ith

m
u
ltip

le
in

n
er

iteration
s

for
th

e
E

R
M

p
rob

lem
(7)

G
iven

w
0 ,

com
p
u
te
z

=
X
w

0 ;
U

se
z

to
com

p
u
te
v
w

0
an

d
D

w
0

in
(8)

an
d

(10);

C
om

p
u
te
∇
f

(w
0 )

=
w

0
+
X
>
v
w

0
from

(8);
P

=
[∇
f

(w
0 )/‖∇

f
(w

0 )‖
],
U

=
X
P

;
fo

r
k=

0
,1

,...in
th

e
o
u

ter
loo

p
d

o
if
∇
f

(w
k )

=
0
,

or
som

e
stop

p
in

g
con

d
ition

is
satisfi

ed
th

e
n

stop
;

e
n

d
w

=
w
k ,v

w
=
v
w
k ,D

w
=
D

w
k ;

w
h

ile
an

in
n
er

stop
p
in

g
con

d
ition

is
n
ot

satisfi
ed

d
o

/
/

i
n
n
e
r

l
o
o
p

O
b
tain

∆
t

b
y

solv
in

g
(23)

w
ith

∆
t

=
(I

+
U
>
D

w
U

) −
1(−

P
>
w

+
U
>
v
w

);

C
om

p
u
te
ẑ

=
U

∆
t;

B
ack

track
in

g
lin

e
search

on
f

(w
+
θP

∆
t)

b
y

A
lgorith

m
2

to
ob

tain
θ,

u
sin

g
th

e
valu

es
of
z

an
d
ẑ

to
com

p
u
te
ξ(y

i ;z
+
θẑ

);
w

=
w

+
θP

∆
t;

z
=
z

+
θ(X

P
)∆
t;

U
se
z

to
com

p
u
te
v
w

an
d
D

w
in

(8)
an

d
(10);

e
n

d
w
k
+

1
=
w
,v

w
k
+
1

=
v
w
,D

w
k
+
1

=
D

w
;

C
om

p
u
te
∇
f

(w
k
+

1 )
=
w
k
+

1
+
X
>
v
w
k
+
1

from
(8);

p
=
∇
f

(w
k
+

1 )−
P

(P
>∇

f
(w

k
+

1 ));
if
p
6=

0
th

e
n

P
=

[P
k ,p

/‖
p‖],

U
=

[U
,X
p
/‖p‖];

e
n

d

e
n

d

T
h
erefore,

th
e

cost
p

er
iteration

of
C

G
is

sim
p
ly

th
e

cost
of

a
m

atrix
-v

ector
p
ro

d
u
ct

an
d

several
O

(n
)

op
eration

s
on

th
e

vectors.

T
h
ere

are
tw

o
n
ice

p
rop

erties
of

lin
ear

C
G

.
F

irst,
w

h
en

v
iew

ed
as

a
solv

er
for

(26),
it

ob
tain

s
th

e
ex

act
solu

tion
in
n

step
s.

S
econ

d
,

w
h
en

v
iew

ed
as

a
solver

for
(27),

its
iteration

com
p
lex

ity
for

an
ε-accu

rate
solu

tion
is
O

( √
κ

log
(1/ε)).

S
ee,

for
ex

a
m

p
le,

C
h
ap

ter
5.1

of
N

o
ced

al
an

d
W

righ
t

(2006).
B

ecau
se

th
e

m
eth

o
d

p
rop

osed
in

S
ection

4
p

ossesses
th

e
sam

e
tw

o
p
rop

erties
in

T
h
eorem

s
5

an
d

6,
it

can
b

e
v
iew

ed
as

a
n

ex
ten

sion
of

lin
ear

C
G

to
gen

eral
n
on

lin
ear

con
v
ex

op
tim

ization
.

5
.2

.
F

irst-o
rd

e
r

M
e
th

o
d

s
a
n

d
M

o
m

e
n
tu

m

F
or

n
on

lin
ear

con
vex

op
tim

ization
,

th
e

sim
p
lest

fi
rst-ord

er
m

eth
o
d

is
grad

ien
t

d
escen

t.
In

grad
ien

t
d
escen

t,
th

e
u
p

d
ate

d
irection

is
alw

ay
s

th
e

n
eg

ative
grad

ien
t−
∇
f

(w
).
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e
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p
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b
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an
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V

an
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b
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gh
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00
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N
o
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d
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an
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W
ri

gh
t
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00
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;

N
es

te
ro

v
(2

00
3)

th
a
t

w
it

h
a

p
ro

p
er

ch
oi

ce
o
f

th
e

st
ep

si
ze

,
to

ob
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in
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ε-
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te
so
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ve

n
ε
>

0,
gr
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n
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re
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v
io

u
s

gr
a
d
ie

n
ts

.
M

et
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d
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li
k
e

th
e

h
ea

v
y
-b

al
l

m
et

h
o
d

(P
ol

ya
k
,

19
64

)
an

d
n
on

li
n
ea

r
C

G
tr

y
to

im
p
ro

ve
th

e
co

n
v
er

ge
n
ce

b
y

u
si

n
g

th
e

“m
om

en
tu

m
.”

T
h
es

e
m

et
h
o
d
s

p
os

se
ss

u
p

d
at

e
ru

le
s

in
th

e
fo

rm
w
k
+

1
=
w
k
−
α
k
∇
f

(w
k
)

+
β
k
(w

k
−
w
k
−

1
),

(2
8)

w
h
er

e
α
k

an
d
β
k

va
ry

in
d
iff

er
en

t
m

et
h
o
d
s,

an
d

th
e

te
rm

w
k
−
w
k
−

1
is

th
e

so
-c

a
ll
ed

m
om

en
tu

m
.

B
y

in
d
u
ct

io
n

w
e

ca
n

ea
si

ly
se

e
th

at
w
k
−
w
k
−

1
in

(2
8)

is
a

li
n
ea

r
co

m
b
in

a
ti

on
of
∇
f

(w
0
),
∇
f

(w
1
),
..
.,
∇
f

(w
k
−

1
),

an
d

th
er

ef
or

e
th

es
e

m
et

h
o
d
s

fa
ll

in
th

e
ca

te
go

ry
of

p
ic

k
in

g
th

e
u
p

d
at

e
d
ir

ec
ti

on
fr

om
th

e
sp

an
of

th
e

p
re

v
io

u
s

gr
ad

ie
n
ts

.
N

on
li
n
ea

r
C

G
h
as

m
an

y
d
iff

er
en

t
va

ri
an

ts
th

at
co

n
si

d
er

d
iff

er
en

t
st

ra
te

gi
es

b
as

ed
on

w
k
,
w
k
−

1
,
∇
f

(w
k
),

∇
f

(w
k
−

1
)

an
d

ev
en
∇

2
f

(w
k
),

an
d

al
l
of

th
em

re
d
u
ce

to
li
n
ea

r
C

G
w

h
en

th
e

p
ro

b
le

m
is

(2
7)

.
In

te
re

st
ed

re
ad

er
s

ar
e

re
fe

rr
ed

to
H

ag
er

an
d

Z
h
an

g
(2

00
6)

an
d

th
e

re
fe

re
n
ce

s
th

er
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n
.

W
h
en

f
is

q
u
ad

ra
ti

c
an

d
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ro
n
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y
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n
v
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,
it

ca
n

b
e

sh
ow

n
th
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b

ot
h
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e

h
ea

v
y
-b

al
l

m
et

h
o
d

w
it

h
p
ro

p
er

p
ar

am
et

er
s

(L
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sa
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et
al

.,
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)

an
d

n
on

li
n
ea

r
C

G
m

et
h
o
d
s

ca
n

ac
h
ie

ve
th

e
op

ti
m

al
co

n
ve

rg
en

ce
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te
fo

r
fi
rs

t-
or

d
er

m
et

h
o
d
s,

3
b
u
t

fo
r

n
o
n
-q

u
ad

ra
ti

c
fu

n
ct

io
n
s,

th
e

si
tu

at
io

n
is

d
iff

er
en

t.
S
om

e
va

ri
an

ts
of

n
on

li
n
ea

r
C

G
ca

n
b

e
sh

ow
n

to
co

n
v
er

ge
as

y
m

p
to

ti
ca

ll
y,

b
u
t

th
e

ra
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is
u
n
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ea
r

(H
ag

er
an

d
Z

h
an

g,
20

06
,

T
h
eo

re
m

5.
1)

.
O

n
th

e
ot

h
er

h
an

d
,

G
h
ad

im
i

et
al

.
(2

01
4)

sh
ow

ed
th

at
fo

r
p
ro

b
le

m
s

sa
ti

sf
y
in

g
A

ss
u
m

p
ti
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1,

w
it

h
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p
er

ly
ch

os
en

p
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a
m

et
er
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e
h
ea

v
y
-b
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l
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h
o
d
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n
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R
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b
le
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d
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P
ol

ya
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98
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sh
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w
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e
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ra
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m
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ra

te
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fi
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or

d
er

m
et

h
o
d
s
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r

a
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ifi

c
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o
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e
of
α
k

an
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β
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N
es

te
ro

v
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ce

le
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te
d

gr
ad

ie
n
t

(N
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ro

v
,
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)

co
n
si

d
er

s
tw

o
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q
u
en

ce
s
{w

k
}a

n
d
{s

k
}

w
it

h
th

e
fo

ll
ow

in
g

u
p

d
at

e
ru

le
s.

w
k
+

1
≡
s
k
−

1 ρ
∇
f

(s
k
),

s
k
+

1
=

(1
+

√
κ
−

1
√
κ

+
1

)w
k
+

1
−
√
κ
−

1
√
κ

+
1
w
k
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te

re
st

in
gl

y,
th
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m

et
h
o
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u
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s
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p
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ie
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b
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at
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y
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er
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o
d
s
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r

p
ro

b
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m
s
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y
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g
A
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u
m

p
ti
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A
p
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b
le

m
in
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h
o
d

is
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at
w
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n
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d
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k
n
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d
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n
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m
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n
ot

b
e
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b
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b
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a
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N
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te
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v
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d
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ie
n
t
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p
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p
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N
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h
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at
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b
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m
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m
p
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d
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p
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b
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d
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p
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n
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0
0
6
)

su
g
g
es

ts
th
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ra
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ra
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w
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W
a
n
g
,
L
e
e
,
a
n
d

L
in

O
u
r

m
et

h
o
d

ca
n

b
e

v
ie

w
ed

as
a

ge
n
er

al
iz

at
io

n
of

th
es

e
ap

p
ro

ac
h
es

,
in

th
e

se
n
se

th
at

th
e

sa
m

e
se

ar
ch

sp
ac

e
fo

r
th

e
u
p

d
at

e
d
ir

ec
ti

on
is

co
n
si

d
er

ed
.

T
h
e

m
a
jo

r
d
iff

er
en

ce
is

th
at

th
es

e
m

om
en

tu
m

m
et

h
o
d
s

ar
e

re
st

ri
ct

ed
to

so
m

e
d
et

er
m

in
is

ti
c

or
p
re

-s
p

ec
ifi

ed
w

ay
s

of
co

m
b
in

at
io

n
,

w
h
il
e

ou
r

m
et

h
o
d

co
n
si

d
er

s
co

m
b
in

in
g

m
u
lt

ip
le

d
ir

ec
ti

on
s

w
it

h
a
d
a
p
ti

ve
w

ei
gh

ts
ac

co
rd

in
g

to
th

e
d
at

a
th

at
ca

n
an

d
w

il
l

ch
an

ge
ov

er
it

er
at

io
n
s.

A
n
o
th

er
d
iff

er
en

ce
is

th
at

w
e

u
ti

li
ze

h
ig

h
er

-o
rd

er
d
er

iv
at

iv
es

to
d
ec

id
e

th
e

co
m

b
in

at
io

n
co

effi
ci

en
t,

so
q
u
a
d
ra

ti
c

co
n
ve

rg
en

ce
in

T
h
eo

re
m

4
ca

n
b

e
ob

ta
in

ed
.

5
.3

.
M

e
th

o
d

s
U

ti
li
z
in

g
M

u
lt

ip
le

D
ir

e
c
ti

o
n

s

T
h
e

cu
tt

in
g

p
la

n
e

m
et

h
o
d

(K
el

le
y
,

19
60

)
an

d
th

e
b
u
n
d
le

m
et

h
o
d

(T
eo

et
a
l.
,

2
0
1
0
)

u
se

al
l

gr
ad

ie
n
ts

ob
ta

in
ed

fr
om

th
e

fi
rs

t
it

er
at

io
n

o
n
.

T
h
ey

d
iff

er
fr

om
ou

r
m

et
h
o
d

fr
o
m

u
si

n
g

th
e

p
re

v
io

u
s

gr
ad

ie
n
ts

to
co

n
st

ru
ct

a
p
ie

ce
w

is
e

li
n
ea

r
fu

n
ct

io
n

to
ap

p
ro

x
im

at
e

(t
h
e

h
a
rd

-t
o
-

co
m

p
u
te

p
ar

t
of

)
th

e
ac

tu
al

fu
n
ct

io
n
.4

T
h
er

ef
or

e,
th

e
p
u
rp

os
e

of
u
si

n
g

p
re

v
io

u
s

g
ra

d
ie

n
ts

in
th

es
e

m
et

h
o
d
s

an
d

th
at

of
ou

rs
ar

e
d
iff

er
en

t.
A

n
ad

va
n
ta

ge
of

th
e

cu
tt

in
g

p
la

n
e

m
et

h
o
d

a
n
d

th
e

b
u
n
d
le

m
et

h
o
d

is
th

e
ab

il
it

y
to

d
ea

l
w

it
h

n
on

sm
o
ot

h
p
ro

b
le

m
s

b
y

u
si

n
g

su
b
g
ra

d
ie

n
ts

.
W

h
en

b
ei

n
g

ap
p
li
ed

to
p
ro

b
le

m
s

sa
ti

sf
y
in

g
A

ss
u
m

p
ti

on
1,

th
e

b
u
n
d
le

m
et

h
o
d

co
n
ve

rg
es

li
n
ea

rl
y

(T
eo

et
al

.,
20

10
).

H
ow

ev
er

,
op

ti
m

iz
in

g
a

p
ie

ce
w

is
e

li
n
ea

r
fu

n
ct

io
n

w
it

h
a

g
ro

w
in

g
n
u
m

b
er

of
p
ie

ce
s

is
m

or
e

ex
p

en
si

ve
th

an
d
ea

li
n
g

w
it

h
on

e
sm

o
ot

h
fu

n
ct

io
n
.

O
u
r

m
et

h
o
d

co
n
si

d
er

s
ea

si
er

-t
o-

so
lv

e
su

b
p
ro

b
le

m
s

a
t

ea
ch

it
er

at
io

n
.

M
or

eo
ve

r,
ou

r
m

et
h
o
d

co
n
ve

rg
es

q
u
ad

ra
ti

ca
ll
y

w
h
il
e

th
e

b
u
n
d
le

m
et

h
o
d

an
d

th
e

cu
tt

in
g

p
la

n
e

m
et

h
o
d

d
o

n
o
t

h
av

e
th

is
p
ro

p
er

ty
.

Q
u
as

i-
N

ew
to

n
m

et
h
o
d
s

al
so

co
n
si

d
er

p
re

v
io

u
s

m
om

en
tu

m
s

an
d

gr
ad

ie
n
ts

,
b
u
t

th
e

p
u
r-

p
os

e
is

to
ap

p
ro

x
im

at
e

th
e

re
al

H
es

si
an

m
at

ri
x

v
ia

th
es

e
v
ec

to
rs

in
or

d
er

to
a
ch

ie
ve

su
-

p
er

li
n
ea

r
co

n
ve

rg
en

ce
.

A
m

on
g

d
iff

er
en

t
q
u
as

i-
N

ew
to

n
m

et
h
o
d
s,

th
e

B
F

G
S

m
et

h
o
d

(D
en

n
is

an
d

M
or

é,
19

77
)

an
d

it
s

li
m

it
ed

-m
em

or
y

va
ri

an
t,

L
-B

F
G

S
(L

iu
an

d
N

o
ce

d
a
l,

1
9
8
9
),

a
re

th
e

m
os

t
w

id
el

y
u
se

d
on

es
.

It
is

k
n
ow

n
th

at
th

e
B

F
G

S
m

et
h
o
d

ad
m

it
s

lo
ca

l
su

p
er

li
n
ea

r
co

n
ve

rg
en

ce
an

d
co

n
v
er

ge
s

gl
ob

al
ly

;
se

e,
fo

r
ex

am
p
le

,
(N

o
ce

d
al

an
d

W
ri

gh
t,

2
0
0
6
,

C
h
a
p
te

r
6)

.
B

y
ap

p
ly

in
g

a
p
ro

p
er

li
n
e

se
ar

ch
p
ro

ce
d
u
re

,
L

-B
F

G
S

h
as

gl
ob

al
li
n
ea

r
co

n
ve

rg
en

ce
fo

r
p
ro

b
le

m
s

sa
ti

sf
y
in

g
A

ss
u
m

p
ti

on
1.

5
N

ot
e

th
at

b
ec

au
se

ol
d
er

in
fo

rm
at

io
n

a
re

d
is

ca
rd

ed
,

L
-B

F
G

S
d
o
es

n
ot

h
av

e
su

p
er

li
n
ea

r
co

n
ve

rg
en

ce
,

b
u
t

it
h
as

th
e

ad
va

n
ta

ge
of

le
ss

sp
a
ti

a
l

co
st

an
d

is
m

or
e

su
it

ab
le

fo
r

la
rg

e-
sc

al
e

p
ro

b
le

m
s.

A
t

th
e
k
-t

h
it

er
at

io
n

fo
r

an
y
k
≥

1,
gi

ve
n

th
e

cu
rr

en
t

it
er

at
e
w
k
,

B
F

G
S

so
lv

es
th

e
fo

ll
ow

in
g

q
u
ad

ra
ti

c
p
ro

b
le

m
. m

in
p
k

∇
f

(w
k
)>
p
k

+
1 2

(p
k
)>
B
k
p
k
,

(2
9
)

w
h
er

e
B
k

is
a

p
os

it
iv

e
d
efi

n
it

e
sy

m
m

et
ri

c
ap

p
ro

x
im

at
io

n
of
∇

2
f

(w
k
)

su
ch

th
a
t

B
−

1
k

=
(I
−
µ
k
−

1
u
k
−

1
s
> k−

1
)>
B
−

1
k
−

1
(I
−
µ
k
−

1
u
k
−

1
s
> k−

1
)

+
µ
k
−

1
s
k
−

1
s
> k−

1
,

(3
0
)

4
.

It
is

k
n

ow
n

in
fu

n
ct

io
n

a
l

a
n

a
ly

si
s

th
a
t

a
n
y

co
n
v
ex

fu
n

ct
io

n
ca

n
b

e
a
p

p
ro

x
im

a
te

d
b
y

p
ie

ce
w

is
e

li
n

ea
r

fu
n

ct
io

n
s

to
a
n
y

p
re

ci
si

o
n

.
5
.

N
o
te

th
a
t

th
e

p
ro

o
f

th
a
t

L
-B

F
G

S
co

n
v
er

g
es

g
lo

b
a
ll

y
li

n
ea

rl
y

u
ti

li
ze

d
th

e
p

ro
p

er
ty

o
f

u
si

n
g

a
b

o
u

n
d

ed
n
u

m
b

er
o
f

h
is

to
ri

ca
l

v
ec

to
rs

a
n

d
th

u
s

d
o
es

n
o
t

a
p

p
ly

to
B

F
G

S
.
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T
h
e
C
o
m
m
o
n
-d

ir
e
c
t
io
n
s
M
e
t
h
o
d

f
o
r
R
e
g
u
l
a
r
iz
e
d

E
m
p
ir
ic
a
l
R
isk

M
in
im

iz
a
t
io
n

w
ith

µ
k−

1 ≡
1

u
>k−

1 s
k−

1
,
s
k−

1
=
w
k −

w
k−

1 ,
u
k−

1
=
∇
f

(w
k )−

∇
f

(w
k−

1 ).

N
o
te

th
a
t

a
lth

o
u
gh

B
0

can
b

e
d
ecid

ed
arb

itrarily,
th

e
m

ost
com

m
on

ch
oice

is

B
0

=
β
I

(31)

fo
r

so
m

e
β
>

0
.

T
h
e

solu
tion

of
(29

)
is

clearly

p
k

=
−
B
−

1
k
∇
f

(w
k ).

(32)

If
(3

1
)

is
u
sed

,
th

is
op

eration
can

b
e

con
d
u
cted

ch
eap

ly
w

ith
on

ly
O

(k
n

)
cost

b
y

a
seq

u
en

ce
o
f

vecto
r-vector

op
eration

s
ob

tain
ed

from
ex

p
an

d
in

g
(30). 6

A
fter

d
ecid

in
g
p
k ,

a
lin

e
sea

rch
p
ro

ced
u
re

is
co

n
d
u
cted

to
fi
n
d

a
su

itab
le

step
size

θ
k

to
en

su
re

th
at

th
e

seq
u
en

ce
{
w
k }

co
n
verg

es
to

th
e

op
tim

al
solu

tion
of
f

.
W

ith
th

e
ch

oice
of

(31),
b
y

in
d
u
ction

th
e

vector

s
k

=
α
k
+

1 p
k

(33)

is
a

lin
ea

r
co

m
b
in

ation
of∇

f
(w

0 ),...,∇
f

(w
k )

for
all

k
. 7

T
h
u
s,

w
e

can
see

th
at
p
k
∈

s
p
a
n{∇

f
(w

0 ),...,f
(w

k )}
an

d
th

u
s

th
e

B
F

G
S

algorith
m

on
ly

u
tilizes

th
e

p
rev

iou
s

grad
i-

en
ts,

b
u
t

is
a
b
le

to
ach

ieve
su

p
erlin

ear
con

vergen
ce.

In
terestin

gly,
ou

r
a
lgorith

m
u
tilizes

th
e

sa
m

e
in

form
ation

as
B

F
G

S
,

b
u
t

b
ecau

se
w

e
also

con
sid

er
th

e
H

essian
to

search
for

th
e

b
est

u
p

d
a
te

d
irection

in
s
p
a
n{∇

f
(w

0 ),...,∇
f

(w
k )},

ou
r

m
eth

o
d

is
b

etter
th

an
B

F
G

S
for

b
ein

g
a
b
le

to
a
ch

ieve
q
u
ad

ratic
con

vergen
ce.

A
m

a
jo

r
d
raw

b
ack

of
th

e
B

F
G

S
algorith

m
is

th
at

it
req

u
ires

storin
g

m
an

y
v
ectors

(or
a
n

O
(n

2)
d
en

se
m

atrix
)

in
m

em
ory.

T
h
e

m
em

ory
con

su
m

p
tion

can
b

e
p
roh

ib
itively

ex
p

en
sive

a
fter

itera
tio

n
s.

T
h
is

issu
e

also
h
ap

p
en

s
in

ou
r

m
eth

o
d
,

b
u
t

w
e

n
otice

th
at

in
p
ractice,

it
is

n
ot

severe.
O

n
e

reason
is

th
at

th
e

m
em

ory
cap

acity
is

large
en

ou
gh

to
store

th
e

req
u
ired

in
fo

rm
ation

u
n
less

th
e

n
u
m

b
er

of
iteration

s
is

h
igh

,
an

d
b

oth
ou

r
m

eth
o
d

an
d

B
F

G
S

co
n
verg

e
fast

en
ou

gh
su

ch
th

at
th

e
m

em
ory

ca
p
acity

is
n
o
t

reach
ed

.
F

or
ex

trem
ely

la
rg

e
d
a
ta,

th
e

m
em

ory
issu

e
m

ay
b

e
faced

,
b
u
t

th
is

issu
e

is
less

p
rob

lem
a
tic

in
ou

r
m

eth
o
d

th
a
n

in
B

F
G

S
.

T
h
e

reason
is

th
at

at
each

iteration
of

B
F

G
S
,

tw
o

n
ew

vectors
are

ad
d
ed

to
m

em
o
ry,

w
h
ile

in
ou

r
m

eth
o
d
,

at
m

ost
on

e
vector

is
a
d
d
ed

.
T

o
h
a
n
d
le

th
e

m
em

ory
con

su
m

p
tion

p
rob

lem
of

B
F

G
S
,

its
lim

ited
-m

em
ory

va
rian

t,
L

-B
F

G
S

(L
iu

a
n
d

N
o
ced

al,
1989),

is
p
rop

osed
.

L
-B

F
G

S
u
ses

a
d
iff

eren
t

settin
g

of
B
−

1
k

.
G

iven
a
n

in
teger

m
>

0,
at

th
e
k
-th

iteration
,

L
-B

F
G

S
on

ly
u
ses

s
i ,u

i ,i
=
k−

m
,k−

m
+

1,...,k−
1

a
n
d
∇
f

(w
k )

to
con

stru
ct

th
e

ap
p
rox

im
ate

H
essian

in
verse.

F
or

L
-B

F
G

S
,

in
th

e
recu

rsive
co

m
p
u
tation

of
(30),

th
e

m
atrix

B
−

1
k−

m
can

b
e

rep
laced

b
y

an
y

m
atrix

.
A

ccord
in

g

6
.

If
B

0
h

a
s

n
eith

er
sp

a
rsity

n
o
r

so
m

e
sp

ecia
l

stru
ctu

res,
th

e
co

st
o
f

co
m

p
u

tin
g

(3
2
)

a
t

ea
ch

itera
tio

n
is

O
(n

2)
b
y

d
irectly

m
a
in

ta
in

in
g

(3
0
),

a
n

d
it

d
o
es

n
o
t

fa
ll

in
th

e
ca

teg
o
ry

o
f

a
lg

o
rith

m
s

th
a
t

o
n

ly
u

se
g
ra

d
ien

ts
a
n
y
m

o
re

b
eca

u
se

th
e

v
ecto

r
B
−
1

0
∇
f

(w
)

is
co

n
sid

ered
.

7
.

B
y

co
n
tin

u
a
lly

ex
p

a
n

d
in

g
(3

2
)

u
sin

g
(3

1
)

a
n

d
(3

0
),

w
e

ca
n

see
th

a
t
p
k

is
a

lin
ea

r
co

m
b

in
a
tio

n
o
f
s
i ,u

i ,i
=

1
,...,k−

1
a
n

d
∇
f

(w
k
).

B
y

in
d

u
ctio

n
,

if
a
ll
s
i

a
re

lin
ea

r
co

m
b

in
a
tio

n
s

o
f

p
rev

io
u

s
g
ra

d
ien

ts,
th

en
w

ith
th

e
d

efi
n

itio
n

o
f
u
i ,

p
k

is
a
lso

a
lin

ea
r

co
m

b
in

a
tio

n
o
f

p
rev

io
u

s
g
ra

d
ien

ts.
T

h
e

in
d

u
ctio

n
is

fi
n

ish
ed

b
y

th
a
t
s
k

is
a

m
u

ltip
le

o
f
p
k

in
(3

3
).

1
5
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W
a
n
g
,
L
e
e
,
a
n
d

L
in

to
(N

o
ced

al
an

d
W

righ
t,

2006,
C

h
ap

ter
7),

a
ch

oice
th

at
h
as

b
een

sh
ow

n
to

b
e

p
ractically

eff
ective

is
s
Tk−

1 u
k−

1

‖u
k−

1 ‖
2
I
.

(34)

T
h
is

is
also

th
e

ch
oice

w
e

u
se

in
ou

r
im

p
lem

en
tation

for
em

p
irical

com
p
arison

s.
A

s
m

en
-

tion
ed
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lin
ear

b
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b
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m
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n
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m
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,
giv
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w
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e
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ob
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(w
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(35)

T
o

ob
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e
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of
(35),
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b
y
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∇
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)p
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∇
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p
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∇
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1∇
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p
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b
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d
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b
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b
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u
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p
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p
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.
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s
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retain
lo

cal
q
u
ad

ratic
con

vergen
ce

for
p
rob

lem
s

satisfy
in

g
A

ssu
m

p
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p
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b
er

of
tru

n
ca

ted
N

ew
ton

iteratio
n
s

go
es

to
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p
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(1999)
an

d
(N
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h
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d
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b
oth

sp
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p
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p
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M

p
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late
th

e
p
ro

d
u
ct

b
etw

een
H

essian
a
n
d

a
given

vector
v

b
y

∇
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X
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u
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p
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b
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e
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p
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at
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p
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th
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b
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p
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p
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b
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at
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p
er

N
ew

to
n

it
er

at
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p
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b
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b
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b
le

m
st

ru
ct

u
re

of
E

R
M

,
w

e
h
av

e
a

ch
ea

p
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at
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b
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re
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b
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b
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p
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g
tw

o
L

2-
re

gu
la

ri
ze

d
E

R
M

p
ro

b
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e
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in
w

h
ic

h
ξ(
·)
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(7

)
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d
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b
y
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y
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lo
g
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ex
p
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y
z
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se
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n
d
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e
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u
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p
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b
le

m
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y
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)
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m
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y
z
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b

ot
h
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∈
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p
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at
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at
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b
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b
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.
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x
p

e
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m
e
n
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S
e
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g
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W
e
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n
si

d
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e

d
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T
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w
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h
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d
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s
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p
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d
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b
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p
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b
li
cl

y
av

ai
la

b
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re
la

ti
ve

d
is

ta
n
ce

to
th

e
op
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je
ct
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h
ic

h
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d
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n
ed

b
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m
p
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e
d
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t
op

ti
m
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a
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p
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h
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.
∣ ∣ ∣ ∣f
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∗ )
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∣ ∣ ∣ ∣,

w
h
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e
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m
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b
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n
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n
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p
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m
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d
iff

er
en

t
cr

it
er

ia
fo

r
co

m
p
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h
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p
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b
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h
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b
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i
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.

9
.

F
o
r

th
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p
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h
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d
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d
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in

ed
b
y

a
C

h
ol

es
k
y

fa
ct

or
iz

at
io

n
w

it
h

p
ar

ti
al

p
iv

ot
in

g.
F

o
r

th
e

m
u
lt

ip
le

in
n
er

it
er

at
io

n
va

ri
an

t,
w

e
u
se

th
e

fo
ll
ow

in
g

h
eu

ri
st

ic
st

op
p
in

g
co

n
d
it

io
n

fo
r

th
e

in
n
er

lo
o
p

in
A

lg
or

it
h
m

4.

‖P
k
∇
f

(w
)‖
≤

m
in

(0
.1
‖∇

f
(w

k
)‖
,‖
∇
f

(w
k
)‖

2
).

W
e

ca
n

se
e

th
at

th
e

tw
o

ap
p
ro

ac
h
es

p
er

fo
rm

q
u
it

e
si

m
il
ar

ly
in

b
ot

h
cr

it
er

ia
,

w
h
il
e

th
e

si
n
gl

e
in

n
er

it
er

at
io

n
ap

p
ro

ac
h

is
sl

ig
h
tl

y
b

et
te

r
in

th
e

tr
ai

n
in

g
ti

m
e.

T
h
e

fi
g
u
re

s
o
f

d
at

a
p
as

se
s

in
d
ic

at
e

th
at

u
si

n
g

a
si

n
gl

e
in

n
er

it
er

at
io

n
h
as

si
m

il
ar

fu
n
ct

io
n

va
lu

e
d
ec

re
a
se

p
er

it
er

at
io

n
to

u
si

n
g

m
u
lt

ip
le

in
n
er

it
er

at
io

n
s,

so
th

e
ad

d
it

io
n
al

co
st

of
m

u
lt

ip
le

in
n
er

it
er

at
io

n
s

so
m

et
im

es
re

su
lt

s
in

sl
ig

h
tl

y
lo

n
ge

r
tr

ai
n
in

g
ti

m
e.

T
h
er

ef
or

e,
w

e
u
se

th
e

si
n
gl

e
it

er
at

io
n

va
ri

an
t

in
la

te
r

ex
p

er
im

en
ts

of
co

m
p
ar

in
g

w
it

h
ex

is
ti

n
g

al
go

ri
th

m
s.

6
.3

.
C

o
m

p
a
ri

so
n

B
e
tw

e
e
n

D
iff

e
re

n
t

M
e
th

o
d

s

W
e

co
m

p
ar

e
th

e
fo

ll
ow

in
g

d
iff

er
en

t
al

go
ri

th
m

s
fo

r
tr

ai
n
in

g
L

2-
re

gu
la

ri
ze

d
sm

o
o
th

em
p
ir

ic
al

ri
sk

m
in

im
iz

at
io

n
p
ro

b
le

m
s.

•
C
om

m
D
ir

:
ou

r
co

m
m

on
-d

ir
ec

ti
on

s
m

et
h
o
d

w
it

h
si

n
gl

e
in

n
er

it
er

at
io

n
.

1
8
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L
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0(
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49
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T
h
e
C
o
m
m
o
n
-d

ir
e
c
t
io
n
s
M
e
t
h
o
d

f
o
r
R
e
g
u
l
a
r
iz
e
d

E
m
p
ir
ic
a
l
R
isk

M
in
im

iz
a
t
io
n

•
L

in
e

sea
rch

tru
n
cated

N
ew

ton
m

eth
o
d

(N
E
W
T
O
N

):
at

each
N

ew
ton

iteration
,

(35)
is

a
p
p
rox

im
ately

solved
b
y

lin
ear

C
G

,
u
n
til

C
G

gen
erates

an
ap

p
rox

im
ate

solu
tion

p
of

(3
5
)

th
a
t

satisfi
es

‖∇
f

(w
)−
∇

2f
(w

)p‖
≤

0
.1‖∇

f
(w

)‖.
W

e
fo

llow
th

e
d
iscu

ssion
in

S
ection

5
to

effi
cien

tly
com

p
u
te

th
e

H
essian

-vector
p
ro

d
-

u
cts

in
O

(n
+

#
n
n
z)

tim
e.

T
h
e

im
p
lem

en
tation

is
m

o
d
ifi

ed
fro

m
th

at
in

L
IB
L
IN
E
A
R

(F
an

et
a
l.,

2008).

•
L
-B

F
G
S

:
W

e
im

p
lem

en
t

th
e

L
-B

F
G

S
algorith

m
b
y

con
sid

erin
g

d
iff

eren
t

n
u
m

b
ers

of
h
isto

ry
states

m
=

5,10
,15,20,30. 1

0
F

or
th

e
fi
rst

step
,
w

h
ere

n
o

h
istorical

in
form

ation
is

ava
ila

b
le,

w
e

follow
th

e
im

p
lem

en
tation

b
y

th
e

au
th

ors
of

L
iu

an
d

N
o
ced

al
(1989)

to
ta

ke
th

e
in

itial
step

size
for

th
e

grad
ien

t
d
irection

a
s

1/‖∇
f

(w
0 )‖

.
F

or
later

iteration
s,

w
e

ta
ke

th
e

m
atrix

d
efi

n
ed

in
(34)

as
B
−

1
k−

m
.

In
gen

eral
m

=
30

p
erform

s
th

e
b

est,
so

w
e

rep
o
rt

resu
lts

of
u
sin

g
th

is
n
u
m

b
er

of
states.

•
B
F
G
S

:
w

e
u
se

ou
r

L
-B

F
G

S
im

p
lem

en
tation

an
d

set
m

to
in

fi
n
ity

to
ob

tain
a

B
F

G
S

so
lver.

•
N

esterov
’s

accelerated
grad

ien
t

(A
G

):
w

e
con

sid
er

th
e

ap
p
roach

p
rop

osed
b
y

N
esterov

(2
0
1
3
)

th
at

ad
ap

tiv
ely

estim
ates

th
e

p
a
ram

eters
σ

an
d
ρ

b
y

a
p
ro

ced
u
re

sim
ila

r
to

b
ack

tra
ck

in
g

lin
e

search
.

W
e

take
th

e
in

itial
estim

ation
to

b
e
σ

=
1

an
d
ρ

=
1/C

l.

F
o
r
N
E
W
T
O
N

,
L
-B

F
G
S

an
d
B
F
G
S

th
a
t

req
u
ire

a
lin

e
sea

rch
p
ro

ced
u
re

to
en

su
re

th
e

con
-

verg
en

ce,
w

e
fo

llow
ou

r
m

eth
o
d

to
ap

p
ly

A
lgorith

m
2

w
ith

th
e

sam
e

p
aram

eters
β

=
0.4

a
n
d
λ

=
0.2

5
u
sed

in
S
ection

6.2.
W

e
ex

p
loit

th
e

trick
d
iscu

ssed
in

S
ection

3.2
to

effi
cien

tly
co

n
d
u
ct

th
is

lin
e

search
p
ro

ced
u
re.

N
ote

th
at

for
all

m
eth

o
d
s

ex
cep

t
A
G

,
evalu

atin
g
X
T
v
w

in
(8

)
fo

r
g
ra

d
ien

t
at

each
iteration

req
u
ires

o
n
e

d
ata

p
ass,

an
d

th
e

lin
e

search
p
ro

ced
u
re

req
u
ires

a
n
o
th

er
on

e
to

m
ain

tain
X
w

.
F

or
N
E
W
T
O
N

,
each

C
G

iteration
req

u
ires

on
e

d
ata

p
a
ss.

F
o
r
A
G

,
each

in
n
er

iteration
for

ad
ap

tiv
ely

estim
atin

g
σ

an
d
ρ

req
u
ires

tw
o

d
ata

p
a
sses

to
co

m
p
u
te

related
valu

es.
A

ll
algorith

m
s

are
im

p
lem

en
ted

in
C

+
+

.
T

h
e

resu
lts

on
logistic

regression
p
ro

b
lem

s
are

sh
ow

n
in

F
igu

res
7-9

for
ru

n
n
in

g
tim

e
a
n
d

F
ig

u
res

1
0
-12

for
n
u
m

b
er

of
d
ata

p
asses.

N
ote

th
at

th
e

resu
lt

of
K
D
D
2010-b

w
ith

C
=

1
0

3
is

n
ot

sh
ow

n
b

ecau
se

th
e

train
in

g
tim

e
is

to
o

lon
g.

W
e

can
see

th
at

ou
r

m
eth

o
d

h
a
s

th
e

few
est

d
ata

p
asses

in
all

settin
gs

an
d

all
d
ata

sets.
T

h
is

ob
servation

su
ggests

th
e

u
sefu

ln
ess

o
f

o
u
r

m
eth

o
d

in
th

e
scen

ario
th

at
th

e
d
ata

p
asses

are
ex

p
en

sive.
T

h
e

n
u
m

b
er

of
d
a
ta

p
a
sses

is
sign

ifi
can

tly
red

u
ced

b
ecau

se
w

e
u
se

th
e

id
eas

in
S
ection

3
to

store
th

e
in

n
er

p
ro

d
u
cts

X
P
k

to
avoid

red
u
n
d
an

t
d
ata

accesses.
In

term
s

of
train

in
g

tim
e,

ou
r

m
eth

o
d

is
a
m

on
g

th
e

fa
stest.

T
h
e

ex
cep

tion
s

are
a9a

an
d
rcv1t

w
h
ose

l
are

m
u
ch

la
rger

th
an

n
,

an
d

th
e

la
rg

est
d
a
ta

set
K
D
D
2010-b

,
w

h
ich

from
T

ab
le

1
is

h
igh

ly
sp

arse.
F

rom
th

e
resu

lt
of

d
a
ta

p
a
sses,

w
e

see
th

at
ou

r
m

eth
o
d

req
u
ires

few
er

itera
tion

s
th

an
oth

er
m

eth
o
d
s,

in
th

e
co

st
of

th
e
O

(lm
2

+
m
n

)
op

eration
s

p
er

iteration
in

ad
d
ition

to
th

e
O

(#
n
n
z)

cost
req

u
ired

b
y

a
ll

m
eth

o
d
s

to
con

d
u
ct

on
e

d
ata

p
ass;

see
(20).

W
h
en

O
(lm

2
+
m
n

)
�

O
(#

n
n
z),

th
is

a
d
d
itio

n
a
l

cost
is

n
egligib

le
an

d
h
en

ce
th

e
ad

van
tage

of
few

er
iteration

s
d
om

in
ates.

1
0
.

W
e

a
lso

tried
th

e
im

p
lem

en
ta

tio
n

b
y

th
e

a
u

th
o
rs

o
f

L
iu

a
n
d

N
o
ced

a
l

(1
9
8
9
)

a
t
h
t
t
p
:
/
/
u
s
e
r
s
.
i
e
m
s
.

n
o
r
t
h
w
e
s
t
e
r
n
.
e
d
u
/
~
n
o
c
e
d
a
l
/
l
b
f
g
s
.
h
t
m
l
,

b
u

t
fo

u
n

d
th

a
t

it
is

n
o
t

a
s

effi
cien

t
a
s

o
u

rs.
N

o
te

th
a
t

th
eir

im
p

lem
en

ta
tio

n
d

o
es

n
o
t

u
tilize

th
e

effi
cien

t
lin

e
sea

rch
p

ro
ced

u
re

d
iscu

ssed
in

S
ectio

n
3
.2

.
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W
a
n
g
,
L
e
e
,
a
n
d

L
in

H
ow

ever,
w

h
en
n

is
relatively

sm
all,

or
w

h
en

th
e

d
ata

set
is

h
igh

ly
sp

arse,
th

e
O

(lm
2

+
m
n

)
cost

is
sign

ifi
can

t
in

com
p
ared

w
ith

O
(#

n
n
z),

so
ou

r
m

eth
o
d

m
ay

b
e

slow
er

for
th

ese
d
ata

sets.W
e

th
en

sh
ow

resu
lts

on
sq

u
ared

-h
in

ge
loss

p
rob

lem
s

in
F

igu
res

13-15
for

ru
n
n
in

g
tim

e
an

d
in

F
igu

res
16-18

for
d
ata

p
asses.

S
im

ilar
tren

d
s

o
f

su
p

eriority
of

ou
r

m
eth

o
d

in
d
ata

p
asses

are
still

ob
served

in
sq

u
ared

-h
in

ge
loss

p
ro

b
lem

s,
b
u
t

in
gen

eral
th

e
sq

u
ared

-h
in

ge
loss

p
rob

lem
s

are
h
ard

er
to

op
tim

ize
for

all
m

eth
o
d
s.

A
p

ossib
le

reason
is

th
at

logistic
loss

is
in

fi
n
itely

con
tin

u
ou

sly
d
iff

eren
tiab

le
b
u
t

sq
u
a
red

-h
in

ge
loss

is
on

ly
on

ce
con

tin
u
ou

sly
d
iff

eren
tiab

le.
T

h
is

d
iffi

cu
lty

in
op

tim
ization

of
sq

u
ared

-h
in

ge
loss

p
rob

lem
s

is
refl

ected
in

ru
n
n
in

g
tim

e
as

w
ell.

S
in

ce
ou

r
com

m
on

-d
irection

s
m

eth
o
d

h
as

cost
th

at
grow

s
su

p
erlin

early
w

ith
th

e
n
u
m

b
er

of
iteration

s
p
assed

,
its

relativ
e

ru
n
n
in

g
tim

e
p

erform
an

ce
is

also
w

orse
on

sq
u
ared

-h
in

ge
loss

p
rob

lem
s

th
an

th
at

on
logistic

regression
p
rob

lem
s.

T
h
e

com
p
arison

h
ere

b
etw

een
N
E
W
T
O
N

an
d
L
-B

F
G
S

is
in

con
sisten

t
w

ith
th

at
in

L
in

et
al.

(2008).
A

fu
rth

er
in

vestigation
sh

ow
ed

th
at

th
e

m
a
jor

d
iff

eren
ce

is
from

th
e

ch
oice

of
m

.
In

L
in

et
al.

(2008),
m

=
5

is
u
sed

,
w

h
ile

w
e

ob
serve

th
at

settin
g

larger
m

like
30

h
ere

in
m

ost
cases

lead
s

to
faster

con
vergen

ce
in

term
s

of
tim

e,
as

lon
g

as
th

e
m

em
ory

cap
acity

is
n
ot

an
issu

e.
A

n
oth

er
m

in
or

d
iff

eren
ce

is
th

at
each

lin
e

search
iteration

of
L
-

B
F
G
S

in
th

e
ex

p
erim

en
ts

of
L

in
et

al.
(2008)

req
u
ires

on
e

d
ata

p
ass

w
h
ile

w
e

u
se

th
e

id
ea

of
cach

in
g

in
n
er

p
ro

d
u
cts

to
accelerate

th
e

lin
e

search
in

ou
r

ex
p

erim
en

ts.
M

oreover,
in

L
in

et
al.

(2008),
in

stead
of

lin
e

search
,

a
tru

st
region

ap
p
roach

is
co

n
sid

ered
for

th
e

tru
n
cated

N
ew

ton
m

eth
o
d
.

A
n

in
terestin

g
ob

servation
in

ou
r

ex
p

erim
en

tal
resu

lts
is

th
e

im
p
ressive

p
erform

an
ce

of
B

F
G

S
.
A

lth
ou

gh
B

F
G

S
h
as

b
etter

th
eoretical

con
vergen

ce
th

a
n

L
-B

F
G

S
,
in

p
ractice

p
eop

le
ten

d
to

u
se

L
-B

F
G

S
b

ecau
se

B
F

G
S

co
n
su

m
es

to
o

m
u
ch

m
em

ory.
O

u
r

ex
p

erim
en

ts
in

d
icate

th
at

w
ith

larger
m

em
ory

an
d

b
etter

com
p
u
tation

p
ow

er
n
ow

ad
ay

s,
B

F
G

S
b

ecom
es

feasib
le

an
d

can
ou

tp
erform

L
-B

F
G

S
in

som
e

cases.
H

ow
ever,

it
is

also
ob

served
th

at
w

h
en

b
oth

th
e

n
u
m

b
er

of
iteration

s
to

con
verge

an
d
n

are
large,

su
ch

as
th

e
cases

of
w
eb
sp
am

an
d
u
rl

w
ith

C
=

1000,
B

F
G

S
still

su
ff

ers
from

th
e

m
em

ory
p
rob

lem
.

7
.
D
iscu

ssio
n

A
s

sh
ow

n
in

ou
r

ex
p

erim
en

ts,
ou

r
m

eth
o
d

h
as

a
sm

aller
n
u
m

b
er

of
d
ata

p
asses

th
an

all
oth

er
m

eth
o
d
s.

T
h
is

p
rop

erty
im

p
lies

th
at

ou
r

m
eth

o
d

h
as

at
least

tw
o

p
oten

tial
ap

p
licatio

n
s

for
solv

in
g

ex
trem

ely
large-scale

E
R

M
p
rob

lem
s.

T
h
e

fi
rst

on
e

is
d
isk

-level
classifi

cation
w

h
en

th
e

d
ata

can
n
ot

fi
t

in
to

m
em

ory,
an

d
th

e
secon

d
on

e
is

d
istrib

u
ted

m
ach

in
e

learn
in

g.
In

b
oth

task
s,

each
d
ata

p
ass

in
volves

ex
p

en
sive

op
eration

s
like

in
ten

sive
d
isk

I/O
o
r

b
etw

een
-

m
ach

in
e

com
m

u
n
ication

.
W

ith
few

er
d
ata

p
asses,

ou
r

m
eth

o
d

is
su

itab
le

for
th

ese
task

s
to

tack
le

th
e

b
ottlen

eck
.

E
ach

d
ata

p
ass

in
d
isk

-level
classifi

cation
req

u
ires

ex
p

en
sive

d
isk

I/O
to
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to
ap

p
ly

ke
rn

el
m

et
h
o
d
s

to
la

rg
e-

sc
al

e
ta

sk
s,

th
er

e
h
av

e
b

ee
n

ve
ry

fe
w

p
u
b
li
sh

ed
at

te
m

p
ts

ap
p
ly

in
g

th
es

e
m

et
h
o
d
s

to
th

e
ch

al
le

n
g
in

g
la

rg
e-

sc
a
le

ta
sk

s
on

w
h
ic

h
d
ee

p
le

a
rn

in
g

te
ch

n
iq

u
es

h
av

e
tr

u
ly

sh
in

ed
.1

T
h
e

p
ri

m
ar

y
co

n
tr

ib
u
ti

on
of

th
is

p
ap

er
is

to
d
em

on
st

ra
te

,
in

a
la

rg
e-

sc
al

e
se

tt
in

g
w

h
er

e
d
ee

p
le

ar
n
in

g
te

ch
n
iq

u
es

h
av

e
b

ee
n

k
n
ow

n
to

d
om

in
at

e,
th

at
ke

rn
el

ap
p
ro

x
im

a
ti

o
n

m
et

h
o
d
s

ca
n

eff
ec

ti
v
el

y
co

m
p

et
e

w
it

h
fu

ll
y
-c

on
n
ec

te
d

D
N

N
s.

M
or

e
sp

ec
ifi

ca
ll
y
:

•
W

e
b

en
ch

m
ar

k
th

e
p

er
fo

rm
an

ce
of

k
er

n
el

ap
p
ro

x
im

at
io

n
m

et
h
o
d
s

(R
F

F
s)

re
la

ti
ve

to
fu

ll
y
-c

on
n
ec

te
d

D
N

N
s

on
th

e
ac

ou
st

ic
m

o
d
el

in
g

p
ro

b
le

m
fo

r
au

to
m

at
ic

sp
ee

ch
re

co
g
-

n
it

io
n
,

on
fo

u
r

d
at

a
se

ts
w

it
h

m
il
li
on

s
of

tr
ai

n
in

g
p

oi
n
ts

an
d

h
u
n
d
re

d
s/

th
o
u
sa

n
d
s

o
f

cl
as

se
s.

2

•
W

e
p
ro

p
os

e
th

re
e

m
et

h
o
d
s

fo
r

im
p
ro

v
in

g
th

e
p

er
fo

rm
an

ce
of

th
e

k
er

n
el

a
co

u
st

ic
m

o
d
-

el
s:

a
fe

at
u
re

se
le

ct
io

n
m

et
h
o
d
,

n
ew

ea
rl

y
st

op
p
in

g
cr

it
er

ia
fo

r
tr

ai
n
in

g,
a
n
d

th
e

u
se

o
f

a
li
n
ea

r
b

ot
tl

en
ec

k
la

ye
r

(S
ai

n
at

h
et

al
.,

20
13

a)
.

W
e

sh
ow

th
at

u
si

n
g

th
es

e
te

ch
n
iq

u
es

,
th

e
k
er

n
el

m
et

h
o
d
s

at
ta

in
to

ke
n

er
ro

r
ra

te
s

(T
E

R
)3

b
et

w
ee

n
0.

5%
b

et
te

r
a
n
d

0
.1

%
w

or
se

th
an

fu
ll
y
-c

on
n
ec

te
d

D
N

N
s

on
th

e
fo

u
r

d
at

a
se

ts
.

T
h
is

co
n
tr

ib
u
ti

on
is

im
p

or
ta

n
t

fo
r

b
ot

h
p
ra

ct
ic

al
an

d
th

eo
re

ti
ca

l
re

as
on

s.
F

ro
m

a
p
ra

c-
ti

ca
l

p
er

sp
ec

ti
ve

,
it

su
gg

es
ts

th
at

k
er

n
el

m
et

h
o
d
s

ca
n

b
e

co
m

p
et

it
iv

e
w

it
h

d
ee

p
le

a
rn

in
g

1
.

S
ee

re
la

te
d

w
o
rk

se
ct

io
n

fo
r

d
is

cu
ss

io
n

.
2
.

W
e

u
se

th
e

IA
R

P
A

B
a
b

el
P

ro
g
ra

m
C

a
n
to

n
es

e
(I

A
R

P
A

-b
a
b

el
1
0
1
-v

0
.4

c)
a
n

d
B

en
g
a
li

(I
A

R
P

A
-b

a
b

el
1
0
3
b

-
v
0
.4

b
)

li
m

it
ed

la
n

g
u

a
g
e

p
a
ck

s,
a

5
0
-h

o
u

r
su

b
se

t
o
f

B
ro

a
d

ca
st

N
ew

s
(B

N
-5

0
)

(K
in

g
sb

u
ry

,
2
0
0
9
),

a
n

d
T

IM
IT

(G
a
ro

fo
lo

et
a
l.

,
1
9
9
3
).

3
.

F
o
r

o
u

r
C

a
n
to

n
es

e
d

a
ta

se
t,

‘t
o
k
en

er
ro

r
ra

te
’

co
rr

es
p

o
n

d
s

to
‘c

h
a
ra

ct
er

er
ro

r
ra

te
.’

F
o
r

o
u

r
B

en
g
a
li

a
n

d
B

ro
a
d

ca
st

N
ew

s
d

a
ta

se
ts

,
it

co
rr

es
p

o
n

d
s

to
‘w

o
rd

er
ro

r
ra

te
.’

F
o
r

T
IM

IT
,

it
co

rr
es

p
o
n

d
s

to
‘p

h
o
n

e
er

ro
r

ra
te

.’

2
JM

L
R
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0(

59
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1-
36

, 2
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K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n
M
e
t
h
o
d
s
f
o
r
S
p
e
e
c
h
R
e
c
o
g
n
it
io
n

m
eth

o
d
s

o
n

la
rge-scale

task
s.

F
rom

a
th

eoretical
p

ersp
ective,

it
ad

d
s

to
ou

r
u
n
d
ersta

n
d
-

in
g

o
f

D
N

N
s

a
n
d

n
on

-lin
ear

classifi
cation

.
T

h
ere

is
a

large
op

en
q
u
estion

of
w

h
y

D
N

N
s

w
o
rk

,
w

h
ich

is
b

ein
g

actively
in

vestigated
from

variou
s

d
irection

s,
in

clu
d
in

g
op

tim
ization

(D
a
u
p
h
in

et
a
l.,

2014;
C

h
orom

an
ska

et
al.,

2015;
A

n
an

d
k
u
m

ar
an

d
G

e,
2016;

A
g
arw

a
l
et

al.,
2
0
1
7
;

X
ie

et
a
l.,

2017;
P

en
n
in

gton
an

d
B

ah
ri,

2017),
rep

resen
tation

al
p

ow
er

an
d

effi
cien

cy
(C

y
b

en
ko

,
19

8
9
;

H
orn

ik
et

al.,
1989;

B
en

gio
et

al.,
2007;

B
ian

ch
in

i
an

d
S
carselli,

2014;
M

o
n
tú

fa
r

et
a
l.,

2014;
B

a
an

d
C

aru
an

a,
2014),

an
d

gen
eralization

p
erform

an
ce

(B
artlett,

1
9
9
6
;

N
ey

sh
a
b
u
r

et
al.,

2015;
Z

h
an

g
et

al.,
2017;

A
rp

it
et

al.,
2017).

T
h
e

fact
th

at
kern

el
m

eth
o
d
s

ca
n

m
atch

D
N

N
s

on
a

task
th

is
large

an
d

ch
a
llen

gin
g

gives
an

im
p

ortan
t

n
ew

p
ersp

ective.

A
s

d
iscu

ssed
ab

ove,
w

e
p
rop

ose
th

ree
m

eth
o
d
s

to
im

p
rove

th
e

p
erform

an
ce

of
th

e
kern

el
a
co

u
stic

m
o
d
els.

F
irst,

w
e

p
rop

ose
a

sim
p
le

featu
re

selectio
n

algorith
m

,
w

h
ich

eff
ectively

red
u
ces

th
e

n
u
m

b
er

of
ran

d
om

featu
res

req
u
ired

to
attain

a
fi
x
ed

level
of

p
erfo

rm
an

ce.
W

e
itera

tively
select

featu
res

from
large

p
o
ols

of
ran

d
om

featu
res,

u
sin

g
learn

ed
w

eigh
ts

in
th

e
selectio

n
criterion

.
T

h
is

h
as

tw
o

clear
b

en
efi

ts:
(1)

th
e

su
b
seq

u
en

t
train

in
g

on
th

e
selected

fea
tu

res
is

con
sid

erab
ly

faster
th

an
train

in
g

on
th

e
en

tire
p

o
ol

of
ran

d
om

featu
res,

a
n
d

(2
)

th
e

resu
ltin

g
m

o
d
el

is
also

m
u
ch

sm
aller.

F
or

certain
kern

els,
th

is
featu

re
selection

a
p
p
ro

a
ch

—
w

h
ich

is
ap

p
lied

at
th

e
level

of
th

e
ran

d
om

featu
res—

can
b

e
regard

ed
as

a
n
o
n
-lin

ear
m

eth
o
d

for
featu

re
selection

at
th

e
lev

el
of

th
e

in
p
u
t

featu
res.

W
e

u
se

th
is

o
b
serva

tio
n

to
m

otivate
th

e
d
esign

of
a

n
ew

kern
el

fu
n
ctio

n
,

th
e

“sp
arse

G
au

ssian
kern

el,”
w

h
ich

p
erfo

rm
s

w
ell

in
con

ju
n
ction

w
ith

th
e

featu
re

selection
algorith

m
.

S
eco

n
d
,

w
e

p
resen

t
several

fram
e-level

m
etrics

w
h
ich

correlate
stron

gly
w

ith
th

e
T

E
R

.
W

e
sh

ow
th

a
t

w
e

can
attain

n
otab

le
gain

s
in

T
E

R
fo

r
b

oth
kern

els
an

d
D

N
N

s
b
y

m
on

itorin
g

th
ese

m
etrics

o
n

th
e

h
eld

ou
t

set
d
u
rin

g
train

in
g

to
d
eterm

in
e

w
h
en

to
stop

train
in

g.

L
a
stly,

w
e

d
em

on
strate

th
e

im
p

ortan
ce

of
u
sin

g
a

lin
ear

b
ottlen

eck
(S

ain
ath

et
al.,

2
0
1
3
a
)

in
th

e
p
aram

eter
m

atrix
of

ou
r

kern
el

m
o
d
els.

N
ot

on
ly

d
o
es

th
is

m
eth

o
d

im
p
rove

th
e

p
erfo

rm
a
n
ce

of
ou

r
kern

el
m

o
d
els

sign
ifi

can
tly,

it
also

m
a
kes

train
in

g
faster,

an
d

red
u
ces

th
e

size
of

th
e

m
o
d
els

learn
ed

.

In
th

is
p
a
p

er
w

e
u
n
ify

an
d

ex
ten

d
th

e
p
rev

iou
s

w
ork

s
of

L
u

et
al.

(2016)
an

d
M

ay
et

a
l.

(2
0
1
6
).

T
h
e

m
ost

sign
ifi

can
t

ad
d
ition

s
a
re

as
follow

s:
(1)

w
e

sh
ow

th
at

w
e

can
a
tta

in
im

p
roved

p
erform

an
ce

b
y

com
b
in

in
g

th
e

m
eth

o
d
s

from
b

oth
p
ap

ers;
(2)

w
e

p
resen

t
a

m
o
re

ex
ten

siv
e

set
of

ex
p

erim
en

ts,
in

clu
d
in

g
resu

lts
on

th
e

T
IM

IT
b

en
ch

m
ark

ta
sk

,
an

d
a

d
eta

iled
a
b
lation

stu
d
y

to
reveal

th
e

m
argin

al
im

p
rov

em
en

ts
from

each
m

eth
o
d
;

(3)
w

e
p
resen

t
a

la
rg

er
set

of
m

etrics
w

h
ich

correlate
stron

gly
w

ith
T

E
R

,
an

d
sh

ow
th

at
w

e
can

a
tta

in
im

p
roved

p
erform

an
ce

b
y

u
sin

g
th

ese
m

etrics
d
u
rin

g
train

in
g

to
d
ecid

e
w

h
en

to
d
ecay

th
e

lea
rn

in
g

ra
te

an
d

stop
train

in
g.

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
follow

s.
W

e
rev

iew
related

w
ork

in
S
ection

2.
W

e
p
rov

id
e

so
m

e
b
ack

grou
n
d

for
kern

el
ap

p
rox

im
ation

m
eth

o
d
s,

as
w

ell
as

for
acou

stic
m

o
d
elin

g
,

in
S
ection

3.
W

e
p
resen

t
ou

r
featu

re
selection

algo
rith

m
in

S
ection

4.
In

S
ection

5
,

w
e

p
resen

t
sev

eral
n
ovel

m
etrics

w
h
ich

correlate
stron

gly
w

ith
T

E
R

,
an

d
d
iscu

ss
h
ow

th
ey

ca
n

b
e

u
sed

d
u
rin

g
train

in
g

to
im

p
rove

T
E

R
p

erform
an

ce.
In

S
ectio

n
6,

w
e

rep
ort

ex
ten

sive
ex

p
erim

en
ts

com
p
arin

g
D

N
N

s
an

d
k
ern

el
m

eth
o
d
s,

in
clu

d
in

g
resu

lts
u
sin

g
th

e
m

eth
o
d
s

d
iscu

ssed
ab

ov
e.

W
e

con
clu

d
e

in
S
ection

7.

3
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M
a
y
,
B
a
g
h
e
r
i
G
a
r
a
k
a
n
i,
L
u
,
G
u
o
,
L
iu
,
B
e
l
l
e
t
,
F
a
n
,
C
o
l
l
in
s,

H
su

,
K
in
g
sb

u
r
y
,
P
ic
h
e
n
y
,
a
n
d
S
h
a

2
.
R
e
la
te
d
W

o
rk

S
calin

g
u
p

kern
el

m
eth

o
d
s

h
as

b
een

a
lon

g-stan
d
in

g
an

d
actively

stu
d
ied

p
rob

lem
(P

latt,
1998;

D
eC

oste
an

d
S
ch

ölkop
f,

2002;
T

san
g

et
al.,

2005;
B

ottou
et

al.,
20

07;
C

lark
son

,
2010).

A
p
p
rox

im
atin

g
kern

els
b
y

con
stru

ctin
g

ex
p
licit

fi
n
ite-d

im
en

sio
n
al

featu
re

rep
resen

tation
s,

w
h
ere

d
ot

p
ro

d
u
cts

b
etw

een
th

ese
rep

resen
tation

s
ap

p
rox

im
ate

th
e

kern
el

fu
n
ction

,
h
as

em
erged

as
a

p
ow

erfu
l
tech

n
iq

u
e

(e.g.,
W

illiam
s

an
d

S
eeger,

2000;
R

ah
im

i
an

d
R

ech
t,

2007).
T

h
e

N
y
ström

m
eth

o
d

con
stru

cts
th

ese
featu

re
m

ap
s,

for
a
rb

itrary
kern

els,
v
ia

a
low

-ran
k

d
ecom

p
osition

of
th

e
kern

el
m

atrix
(W

illiam
s

an
d

S
eeger,

2000
).

F
or

sh
ift-in

varian
t

k
ern

els,
th

e
R

F
F

tech
n
iq

u
e

of
R

ah
im

i
an

d
R

ech
t

(2007)
u
ses

ran
d
om

p
ro

jection
s

to
gen

erate
th

e
featu

res.
R

an
d
om

p
ro

jection
s

can
also

b
e

u
sed

to
ap

p
rox

im
ate

a
w

id
er

ran
ge

of
kern

els
(K

ar
an

d
K

arn
ick

,
2012;

V
ed

ald
i

an
d

Z
isserm

an
,

2012;
H

am
id

et
a
l.,

2
014;

P
en

n
in

gton
et

al.,
2015).

M
an

y
recen

t
w

ork
s

aim
to

m
ak

e
R

F
F

s
m

ore
com

p
u
tation

ally
effi

cien
t.

O
n
e

lin
e

of
w

ork
attem

p
ts

to
red

u
ce

th
e

tim
e

an
d

m
em

ory
n
eed

ed
to

com
p
u
te

th
e

R
F

F
s

b
y

im
p

osin
g

stru
ctu

re
on

th
e

ran
d
om

p
ro

jection
m

atrix
(L

e
et

al.,
2013;

Y
u

et
al.,

201
5).

It
is

also
p

ossib
le

to
u
se

d
ou

b
ly

-sto
ch

astic
m

eth
o
d
s

to
sp

eed
-u

p
sto

ch
astic

grad
ien

t
train

in
g

of
m

o
d
els

b
ased

on
th

e
ran

d
om

featu
res

(D
ai

et
al.,

2014).
F

or
kern

els
w

ith
sp

arse
featu

re
ex

p
an

sion
s,

S
on

n
en

b
u
rg

an
d

F
ran

c
(2

010)
sh

ow
h
ow

to
scale

k
ern

el
S
V

M
s

to
d
ata

sets
w

ith
u
p

to
50

m
illion

train
in

g
sam

p
les

b
y

u
sin

g
sp

arse
vector

op
eration

s
for

p
aram

eter
u
p

d
ates.

D
esp

ite
m

u
ch

p
rogress

in
k
ern

el
ap

p
rox

im
ation

,
th

ere
h
av

e
b

een
v
ery

few
ap

p
lication

s
of

th
ese

m
eth

o
d
s

to
ch

allen
gin

g
larg

e-scale
p
rob

lem
s,

or
com

p
arison

s
w

ith
D

N
N

s
on

th
ese

task
s.

N
otab

le
ex

cep
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s

u
p

on
a

R
eL

U
D

N
N

b
y

1.
6%

.

In
th

e
co

n
te

x
t

of
th

es
e

re
ce

n
t

ad
va

n
ce

s,
ou

r
re

su
lt

s
sh

ow
in

g
co

m
p

et
it

iv
e

p
er

fo
rm

a
n
ce

w
it

h
fu

ll
y
-c

on
n
ec

te
d

D
N

N
s

ar
e

si
gn

ifi
ca

n
t,

fo
r

a
n
u
m

b
er

of
re

as
on

s.
F

ir
st

o
f

a
ll
,

w
h
il
e

n
o

lo
n
ge

r
b

ei
n
g

st
at

e-
of

-t
h
e-

ar
t,

fu
ll
y
-c

o
n
n
ec

te
d

D
N

N
s

st
il
l

at
ta

in
st

ro
n
g

p
er

fo
rm

a
n
ce

o
n

th
e

ac
ou

st
ic

m
o
d
el

in
g

ta
sk

.
S
ec

on
d
,

fu
ll
y
-c

on
n
ec

te
d

D
N

N
s

re
m

ai
n

an
im

p
o
rt

a
n
t

cl
a
ss

o
f

m
o
d
el

s,
w

h
ic

h
ar

e
u
se

d
w

id
el

y
(e

.g
.,

A
n
d
or

et
al

.,
20

16
).

F
u
rt

h
er

m
or

e,
fu

ll
y
-c

o
n
n
ec

te
d

la
ye

rs
ar

e
an

im
p

or
ta

n
t

b
u
il
d
in

g
b
lo

ck
w

it
h
in

m
o
re

co
m

p
le

x
d
ee

p
le

ar
n
in

g
a
rc

h
it

ec
tu

re
s

(S
im

on
ya

n
an

d
Z

is
se

rm
an

,
20

15
;

H
e

et
a
l.
,

20
16

).
A

d
d
it

io
n
al

ly
,

w
e

b
el

ie
v
e

it
sh

o
u
ld

b
e

im
p

or
ta

n
t

to
th

e
re

se
ar

ch
co

m
m

u
n
it

y
to

d
is

co
ve

r
w

h
en

an
d

w
h
y

d
ee

p
ar

ch
it

ec
tu

re
s

a
re

n
ec

es
sa

ry
,

w
h
il
e

si
m

u
lt

an
eo

u
sl

y
w

or
k
in

g
to

ex
p
lo

re
w

h
ic

h
ot

h
er

fa
m

il
ie

s
of

m
o
d
el

s
m

ig
h
t

b
e

ab
le

to
co

m
p

et
e;

w
e

th
in

k
ke

rn
el

m
et

h
o
d
s

ar
e

an
im

p
or

ta
n
t

fa
m

il
y

of
m

o
d
el

s
to

co
n
si

d
er

,
as

th
ey

le
n
d

th
em

se
lv

es
to

si
m

p
le

r
in

te
rp

re
ta

ti
on

,
an

d
cl

ea
n
er

th
eo

re
ti

ca
l

an
a
ly

si
s,

re
la

ti
ve

to
D

N
N

s.
F

or
fu

tu
re

w
or

k
,

w
e

w
ou

ld
li
ke

to
d
ev

el
op

sp
ec

ia
li
ze

d
ke

rn
el

m
et

h
o
d
s

to
b

et
te

r
le

ve
ra

ge
th

e
st

ru
ct

u
re

in
th

e
sp

ee
ch

si
gn

al
,

in
a

m
an

n
er

si
m

il
ar

to
C

N
N

s
an

d
L

S
T

M
s.

T
h
is

w
or

k
al

so
co

n
tr

ib
u
te

s
to

th
e

d
eb

a
te

on
th

e
re

la
ti

ve
st

re
n
gt

h
s

of
d
ee

p
a
n
d

sh
a
ll
ow

m
o
d
el

s.
K

er
n
el

m
o
d
el

s
ca

n
ge

n
er

al
ly

b
e

se
en

a
s

sh
al

lo
w

m
o
d
el

s,
gi

ve
n

th
a
t

th
ey

in
v
o
lv

e
le

ar
n
in

g
a

li
n
ea

r
m

o
d
el

on
to

p
of

a
fi
x
ed

tr
an

sf
or

m
at

io
n

of
th

e
d
at

a.
F

u
rt

h
er

m
o
re

,
a
s

ex
p
la

in
ed

in
S
ec

ti
on

3.
3,

m
an

y
ty

p
es

of
ke

rn
el

s
(i

n
cl

u
d
in

g
p

op
u
la

r
ke

rn
el

s
li
ke

th
e

G
a
u
ss

ia
n

ke
rn

el
an

d
th

e
L

ap
la

ci
an

k
er

n
el

)
ca

n
ac

tu
al

ly
b

e
se

en
as

a
sp

ec
ia

l
ca

se
of

a
sh

a
ll
ow

n
eu

ra
l

n
et

w
or

k
.

C
on

ve
rs

el
y,

an
y

n
eu

ra
l

n
et

w
or

k
ca

n
b

e
u
n
d
er

st
o
o
d

as
a

ke
rn

el
m

o
d
el

,
in

w
h
ic

h
th

e
k
er

n
el

fu
n
ct

io
n

it
se

lf
is

le
ar

n
ed

.
C

la
ss

ic
re

su
lt

s
sh

ow
th

at
b

ot
h

d
ee

p
an

d
sh

a
ll
ow

n
eu

ra
l

n
et

w
or

k
s,

as
w

el
l

as
ke

rn
el

m
et

h
o
d
s,

ar
e

“u
n
iv

er
sa

l
ap

p
ro

x
im

at
or

s,
”

m
ea

n
in

g
th

a
t

th
ey

ca
n

ap
p
ro

x
im

at
e

an
y

re
al

-v
al

u
ed

co
n
ti

n
u
ou

s
fu

n
ct

io
n

w
it

h
b

ou
n
d
ed

su
p
p

or
t

to
a
n

a
rb

it
ra

ry
d
eg

re
e

of
p
re

ci
si

on
(C

y
b

en
ko

,
19

89
;

H
or

n
ik

et
al

.,
1
98

9;
M

ic
ch

el
li

et
al

.,
20

0
6
).

H
ow

ev
er

,
a

n
u
m

b
er

of
p
ap

er
s

h
av

e
ar

gu
ed

th
at

th
er

e
ex

is
t

fu
n
ct

io
n
s

w
h
ic

h
d
ee

p
n
eu

ra
l

n
et

w
o
rk

s
ca

n
ex

p
re

ss
w

it
h

ex
p

on
en

ti
al

ly
fe

w
er

p
ar

am
et

er
s

th
an

sh
al

lo
w

n
eu

ra
l

n
et

w
o
rk

s
(M

o
n
tú

fa
r

et
al

.,
20

14
;

B
ia

n
ch

in
i

an
d

S
ca

rs
el

li
,

20
14

).
O

th
er

p
ap

er
s

h
av

e
ar

gu
ed

th
at

k
er

n
el

m
et

h
o
d
s

m
ay

re
q
u
ir

e
a

n
u
m

b
er

of
tr

ai
n
in

g
sa

m
p
le

s
w

h
ic

h
is

ex
p

on
en

ti
al

in
th

e
in

tr
in

si
c

d
im

en
si

on
of

th
e

d
at

a
m

an
if

ol
d

to
ge

n
er

al
iz

e
w

el
l,

a
p
ro

b
le

m
k
n
ow

n
as

th
e

cu
rs

e
o
f

d
im

en
si

o
n

a
li

ty
(H

är
d
le

et
al

.,
20

04
;

B
en

gi
o

et
al

.,
20

07
).

In
B

a
an

d
C

ar
u
an

a
(2

01
4)

,
th

e
a
u
th

o
rs

sh
ow

th
at

th
e

p
er

fo
rm

a
n
ce

of
sh

al
lo

w
n
eu

ra
l

n
et

w
or

k
s

ca
n

b
e

im
p
ro

ve
d

co
n
si

d
er

a
b
ly

b
y

tr
a
in

in
g

th
em

to
m

at
ch

th
e

ou
tp

u
ts

of
d
ee

p
n
eu

ra
l

n
et

w
or

k
s.

In
sh

ow
in

g
th

at
ke

rn
el

m
et

h
o
d
s

ca
n

co
m

p
et

e
w

it
h

D
N

N
s

on
la

rg
e-

sc
al

e
sp

ee
ch

re
co

gn
it

io
n

ta
sk

s,
th

is
p
ap

er
a
d
d
s

cr
ed

en
ce

to
th

e
ar

gu
m

en
t

th
at

sh
al

lo
w

m
o
d
el

s
ca

n
co

m
p

et
e

w
it

h
d
ee

p
n
et

w
or

k
s.

3
.
B
a
ck

g
ro

u
n
d

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
b
ac

k
gr

ou
n
d

on
ke

rn
el

s
an

d
h
ow

to
ap

p
ro

x
im

a
te

th
em

w
it

h
ra

n
d
om

F
ou

ri
er

fe
at

u
re

s
(R

ah
im

i
an

d
R

ec
h
t,

20
07

),
on

ac
ou

st
ic

m
o
d
el

in
g

(u
si

n
g

n
eu

ra
l

n
et

w
or

k
s

an
d

ke
rn

el
s)

,
an

d
on

th
e

li
n
ea

r
b

ot
tl

en
ec

k
m

et
h
o
d

of
S
ai

n
at

h
et

al
.

(2
0
1
3
a
).
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K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n
M
e
t
h
o
d
s
f
o
r
S
p
e
e
c
h
R
e
c
o
g
n
it
io
n

3
.1

.
K

e
rn

e
l

M
e
th

o
d

s
a
n

d
R

a
n

d
o
m

F
o
u

rie
r

F
e
a
tu

re
s

K
ern

el
m

eth
o
d
s,

b
road

ly
sp

eak
in

g,
are

a
set

of
m

ach
in

e
learn

in
g

tech
n
iq

u
es

w
h
ich

eith
er

ex
p
licitly

o
r

im
p
licitly

m
ap

d
ata

from
th

e
in

p
u
t

sp
ace
X

to
som

e
fea

tu
re

sp
ace
H

,
in

w
h
ich

a
lin

ea
r

m
o
d
el

is
learn

ed
.

A
kern

el
fu

n
ction

K
:X
×
X
→

R
is

th
en

d
efi

n
ed

5
as

th
e

fu
n
ctio

n
w

h
ich

takes
as

in
p
u
t
x
,x
′∈
X

,
an

d
retu

rn
s

th
e

d
ot-p

ro
d
u
ct

of
th

e
co

rresp
on

d
in

g
p

o
in

ts
in
H

.
If

w
e

let
φ

:X
→
H

d
en

ote
th

e
m

ap
in

to
th

e
featu

re
sp

ace,
th

en
K

(x
,x
′)

=
〈φ

(x
),φ

(x
′)〉.

S
tan

d
ard

kern
el

m
eth

o
d
s

avoid
in

feren
ce

in
H

,
b

ecau
se

it
is

gen
erally

a
v
ery

h
ig

h
-d

im
en

sio
n
al,

or
ev

en
in

fi
n
ite-d

im
en

sion
al,

sp
ace.

In
stead

,
th

ey
solve

th
e

d
u
al

p
rob

lem
b
y

u
sin

g
th

e
N

-b
y
-N

kern
el

m
atrix

con
tain

in
g

th
e

valu
es

of
th

e
kern

el
fu

n
ction

ap
p
lied

to
a
ll

p
a
irs

of
N

train
in

g
p

oin
ts.

T
h
is

m
eth

o
d

o
f

w
ork

in
g

in
th

e
d
u
al

sp
ace

is
k
n
ow

n
as

th
e

“
kern

el
trick

,”
an

d
it

p
rov

id
es

a
n
ice

com
p
u
tation

al
ad

van
tage

w
h
en

d
im

(H
)

is
far

greater
th

a
n
N

.
H

ow
ev

er,
w

h
en
N

is
very

large,
th

e
Θ

(N
2)

size
of

th
e

kern
el

m
atrix

m
akes

train
in

g
im

p
ra

ctica
l.

R
a
h
im

i
a
n
d

R
ech

t
(2007)

ad
d
ress

th
is

p
rob

lem
b
y

leveragin
g

B
o
ch

n
er’s

T
h
eorem

,
a

cla
ssica

l
resu

lt
in

h
arm

on
ic

an
aly

sis,
to

p
rov

id
e

a
w

ay
to

a
p
p
rox

im
ate

an
y

p
ositive-d

efi
n
ite

sh
ift-in

va
ria

n
t

kern
el
K

w
ith

fi
n
ite-d

im
en

sion
al

featu
res,

k
n
ow

n
as

ran
d
om

F
ou

rier
fea

tu
res.

A
kern

el
fu

n
ction

K
is

sh
ift-in

varia
n
t

if
an

d
on

ly
if
K

(x
,x
′)

=
K̂

(x
−
x
′)∀

x
,x
′∈
X

for
so

m
e

fu
n
ctio

n
K̂

:R
d→

R
.

W
e

n
ow

p
resen

t
B

o
ch

n
er’s

T
h
eorem

:

T
h

e
o
re

m
1

(B
och

n
er’s

th
eo

rem
,

a
d
a
p
ted

fro
m

R
a
h
im

i
a
n

d
R

ech
t

(2
0
0
7
)):

A
co

n
tin

u
o
u

s
sh

ift-in
va

ria
n

t
kern

el
K

(x
,x
′)

=
K̂

(x
−
x
′)

o
n
R
d

is
po

sitive-d
efi

n
ite

if
a
n

d
o
n

ly
if
K̂

is
th

e
F

o
u

rier
tra

n
sfo

rm
o
f

a
n

o
n

-n
ega

tive
m

ea
su

re
µ

(ω
).

T
h
u
s,

fo
r

an
y

p
ositive-d

efi
n
ite

sh
ift-in

varian
t

kern
el
K̂

(δ
),

w
e

h
ave

th
at

K̂
(δ

)
=

∫

R
d

µ
(ω

)e −
jω

T
δ
d
ω
,

(1)

w
h
ere

µ
(ω

)
=

(2π
) −
d ∫

R
d

K̂
(δ

)e
jω

T
δ
d
δ

(2)

is
th

e
in

verse
F

ou
rier

tran
sform

6
of
K̂

(δ
),

an
d

w
h
ere

j
=
√
−

1.
B

y
B

o
ch

n
er’s

th
eorem

,
µ

(ω
)

is
a

n
o
n
-n

egative
m

easu
re.

A
s

a
resu

lt,
if

w
e

let
Z

=
∫R

d
µ

(ω
)d
ω

,
th

en
p
(ω

)
=

1Z
µ

(ω
)

is
a

p
ro

p
er

p
ro

b
ab

ility
d
istrib

u
tion

,
an

d
w

e
get

th
at

1Z
K̂

(δ
)

=

∫

R
d

p
(ω

)e −
jω

T
δ
d
ω
.

F
o
r

sim
p
licity,

w
e

w
ill

assu
m

e
th

at
K̂

is
p
rop

erly
-scaled

,
m

ea
n
in

g
th

at
Z

=
1
.

N
ow

,
th

e
a
b

ove
eq

u
a
tio

n
allow

s
u
s

to
rew

rite
th

is
in

tegral
as

an
ex

p
ectation

:

K̂
(δ

)
=
K̂

(x
−
x
′)

=

∫

R
d

p
(ω

)e
jω

T
(x−

x
′)
d
ω

=
E
ω

[e
jω

T
x
e −

jω
T
x
′ ]
.

(3)

5
.

It
is

a
lso

p
o
ssib

le
to

d
efi

n
e

th
e

k
ern

el
fu

n
ctio

n
p

rio
r

to
d

efi
n

in
g

th
e

fea
tu

re
m

a
p

;
th

en
,

fo
r

p
o
sitiv

e-
d

efi
n

ite
k
ern

el
fu

n
ctio

n
s,

M
ercer’s

th
eo

rem
g
u

a
ra

n
tees

th
a
t

a
co

rresp
o
n

d
in

g
fea

tu
re

m
a
p
φ

ex
ists

su
ch

th
a
t
K

(x
,x

′)
=

〈φ
(x

),φ
(x

′)〉.
6
.

T
h

ere
a
re

va
rio

u
s

w
ay

s
o
f

d
efi

n
in

g
th

e
F

o
u

rier
tra

n
sfo

rm
a
n

d
its

in
v
erse.

W
e

u
se

th
e

co
n
v
en

tio
n

sp
ecifi

ed
in

E
q
u

a
tio

n
s

(1
)

a
n

d
(2

),
w

h
ich

is
co

n
sisten

t
w

ith
R

a
h

im
i

a
n

d
R

ech
t

(2
0
0
7
).

7
JM

L
R

 20(59):1-36, 2019

M
a
y
,
B
a
g
h
e
r
i
G
a
r
a
k
a
n
i,
L
u
,
G
u
o
,
L
iu
,
B
e
l
l
e
t
,
F
a
n
,
C
o
l
l
in
s,

H
su

,
K
in
g
sb

u
r
y
,
P
ic
h
e
n
y
,
a
n
d
S
h
a

K
e
rn

e
l

n
a
m

e
K

(x
,y

)
p
(ω

)
D

e
n

sity
n
a
m

e

G
au

ssian
e −
‖
x−
x
′‖

22
/
2
σ
2

(2π
(1/σ

2)) −
d
/
2e −

‖
ω
‖
22

2
(1
/
σ
) 2

N
orm

a
l(0

d ,
1σ
2
1
d )

L
ap

lacian
e −

λ‖
x−
x
′‖

1
∏
di=

1
1

λ
π

(1
+

(ω
i /
λ

)
2
)

C
au

ch
y
(0
d ,λ

)

T
ab

le
1:

G
au

ssian
an

d
L

ap
lacian

K
ern

els,
togeth

er
w

ith
th

eir
sam

p
lin

g
d
istrib

u
tion

s
p
(ω

).

T
h
is

can
b

e
fu

rth
er

sim
p
lifi

ed
as

K̂
(x
−
x
′)

=
E
ω
,b [√

2
cos(ω

T
x

+
b)· √

2
cos(ω

T
x
′+

b) ]
,

w
h
ere

ω
is

d
raw

n
from

p
(ω

),
an

d
b

is
d
raw

n
u
n
iform

ly
from

[0
,2
π

].
S
ee

A
p
p

en
d
ix

B
for

d
etails

on
w

h
y

th
is

sp
ecifi

c
fu

n
ction

a
l

form
is

correct.
T

h
is

m
otivates

a
sam

p
lin

g-b
ased

ap
p
roach

for
a
p
p
rox

im
atin

g
th

e
kern

el
fu

n
ction

.
C

on
-

cretely,
w

e
d
raw
{ω

1 ,...,ω
D }

in
d
ep

en
d
en

tly
from

th
e

d
istrib

u
tion

p
(ω

),
an

d
{b

1 ,...,b
D }

in
d
ep

en
d
en

tly
from

th
e

u
n
iform

d
istrib

u
tion

on
[0,2π

].
W

e
th

en
u
se

th
ese

p
aram

eters
to

ap
p
rox

im
ate

th
e

kern
el

as
follow

s:

K
(x
,x
′)≈

1D

D
∑i=

1 √
2

cos(ω
Ti
x

+
b
i )· √

2
cos(ω

Ti
x
′+

b
i )

=
z
(x

)
T
z
(x
′),

w
h
ere

z
i (x

)
=
√

2D
cos(ω

Ti
x

+
b
i )

is
th

e
i th

elem
en

t
of

th
e
D

-d
im

en
sion

al
ran

d
om

vector

z
(x

).
In

T
ab

le
1,

w
e

list
tw

o
p

op
u
lar

(p
rop

erly
-scaled

)
p

ositive-d
efi

n
ite

kern
els

w
ith

th
eir

resp
ective

in
verse

F
ou

rier
tran

sform
s.

U
sin

g
th

ese
ran

d
om

featu
re

m
ap

s
in

con
ju

n
ction

w
ith

lin
ear

learn
in

g
algorith

m
s

can
y
ield

h
u
ge

gain
s

in
effi

cien
cy

relative
to

stan
d
ard

kern
el

m
eth

o
d
s

on
large

d
a
ta

sets.
L

earn
in

g
w

ith
a

rep
resen

tation
z
(·)∈

R
D

is
relatively

effi
cien

t
p
rov

id
ed

th
at
D

is
far

less
th

an
th

e
n
u
m

b
er

of
train

in
g

sam
p
les

N
.

F
or

ex
am

p
le,

in
ou

r
ex

p
erim

en
ts

(S
ection

6
),

w
e

h
ave

2
m

illion
to

16
m

illion
train

in
g

sam
p
les,

w
h
ile

D
≈

25,000
often

lead
s

to
go

o
d

p
erform

an
ce.

3
.2

.
N

e
u

ra
l

N
e
tw

o
rk

s
A

c
o
u

stic
M

o
d

e
ls

N
eu

ral
n
etw

ork
acou

stic
m

o
d
els

p
rov

id
e

a
con

d
ition

al
p
rob

ab
ility

d
istrib

u
tion

p
(y|x

)
over

C
p

ossib
le

acou
stic

states,
con

d
ition

ed
on

an
acou

stic
fram

e
x

en
co

d
ed

in
som

e
featu

re
rep

resen
tation

.
T

h
e

acou
stic

states
corresp

on
d

to
con

tex
t-d

ep
en

d
en

t
p
h
on

em
e

states
(D

ah
l

et
al.,

2012),
an

d
in

m
o
d
ern

sp
eech

recogn
ition

sy
stem

s,
th

e
n
u
m

b
er

of
su

ch
states

is
on

th
e

ord
er

of
10

3
to

10
4.

T
h
e

acou
stic

m
o
d
el

is
u
sed

w
ith

in
p
rob

ab
ilistic

sy
stem

s
for

d
eco

d
in

g
sp

eech
sign

als
in

to
w

ord
seq

u
en

ces.
T

y
p
ically,

th
e

p
rob

ab
ility

m
o
d
el

u
sed

is
a

h
id

d
en

M
arkov

m
o
d
el

(H
M

M
),

w
h
ere

th
e

m
o
d
el’s

em
ission

an
d

tran
sition

p
rob

ab
ilities

are
p
rov

id
ed

b
y

an
a
cou

stic
m

o
d
el

togeth
er

w
ith

a
lan

gu
age

m
o
d
el.

W
e

u
se

B
ayes’

ru
le

to
com

p
u
te

th
e

p
rob

ab
ility

p
(x|y

)
of

em
ittin

g
a

certa
in

acou
stic

featu
re

vector
x

from
state

y
,

given
th

e
ou

tp
u
t
p
(y|x

)
of

th
e

n
eu

ral
n
etw

ork
:

p
(x|y

)
=

p
(y|x

)p
(x

)

p
(y

)
.
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p
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n
M
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r
S
p
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R
e
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o
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n
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n

b
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s
 u

n
it

a
c

o
u

s
ti

c
 f

e
a

tu
r
e

s

︸
︷︷

︸s
ta

te
 l
a

b
e

ls

r
a

n
d

o
m

 n
u

m
b

e
r
s

c
o

s
in

e

tr
a

n
s
fe

r

F
ig

u
re

1:
K

er
n
el

ac
ou

st
ic

m
o
d
el

se
en

as
a

sh
al

lo
w

n
eu

ra
l

n
et

w
or

k
.

N
ot

e
th

at
p
(x

)
ca

n
b

e
ig

n
or

ed
at

in
fe

re
n
ce

ti
m

e
b

ec
a
u
se

it
d
o
es

n
’t

aff
ec

t
th

e
re

la
ti

v
e

sc
or

es
as

si
gn

ed
to

d
iff

er
en

t
w

or
d

se
q
u
en

ce
s,

an
d
p
(y

)
is

si
m

p
ly

th
e

p
ri

or
p
ro

b
ab

il
it

y
of

H
M

M
st

at
e

y
.

T
h
e

V
it

er
b
i

al
go

ri
th

m
ca

n
th

en
b

e
u
se

d
to

d
et

er
m

in
e

th
e

m
os

t
li
k
el

y
w

or
d

se
q
u
en

ce
(s

ee
G

al
es

an
d

Y
ou

n
g

(2
00

7)
fo

r
an

ov
er

v
ie

w
of

u
si

n
g

H
M

M
s

fo
r

sp
ee

ch
re

co
gn

it
io

n
).

3
.3

.
K

e
rn

e
l

A
c
o
u

st
ic

M
o
d

e
ls

T
o

tr
ai

n
ke

rn
el

ac
ou

st
ic

m
o
d
el

s,
w

e
u
se

ra
n
d
om

F
ou

ri
er

fe
at

u
re

s
an

d
si

m
p
ly

p
lu

g
th

e
ra

n
d
om

fe
at

u
re

ve
ct

or
z
(x

)
(f

or
an

ac
ou

st
ic

fr
am

e
x

)
in

to
a

m
u
lt

in
om

ia
l

lo
gi

st
ic

re
gr

es
si

on
m

o
d
el

:

p
(y
|x

)
=

ex
p
( 〈
θ
y
,
z
(x

)〉
)

∑
y
′
ex

p
(〈
θ
y
′ ,
z
(x

)〉
) .

(4
)

T
h
e

la
b

el
y

ca
n

ta
ke

an
y

va
lu

e
in
{1
,2
,.
..
,C
},

ea
ch

co
rr

es
p

on
d
in

g
to

a
co

n
te

x
t-

d
ep

en
d
en

t
p
h
on

et
ic

st
at

e
la

b
el

,
an

d
th

e
p
ar

am
et

er
m

at
ri

x
Θ

=
[θ

1
|.
..
|θ
C

]
is

le
ar

n
ed

.
N

ot
e

th
at

w
e

al
so

in
cl

u
d
e

a
b
ia

s
te

rm
in

ou
r

m
o
d
el

b
y

ap
p

en
d
in

g
a

1
to
z
(x

)
in

th
e

eq
u
at

io
n

ab
ov

e.

T
h
e

m
o
d
el

in
E

q
u
at

io
n

(4
)

ca
n

b
e

se
en

as
a

sh
al

lo
w

n
eu

ra
l

n
et

w
or

k
,

w
it

h
th

e
fo

ll
ow

in
g

p
ro

p
er

ti
es

:
(1

)
th

e
p
ar

am
et

er
s

fr
om

th
e

in
p
u
ts

(i
.e

.,
ac

ou
st

ic
fe

at
u
re

ve
ct

or
s)

to
th

e
h
id

d
en

u
n
it

s
ar

e
se

t
ra

n
d
om

ly
,

an
d

ar
e

n
ot

le
ar

n
ed

;
(2

)
th

e
h
id

d
en

u
n
it

s
u
se

co
s(
·)

as
th

ei
r

ac
ti

-
va

ti
on

fu
n
ct

io
n
;

(3
)

th
e

p
ar

am
et

er
s

fr
om

th
e

h
id

d
en

u
n
it

s
to

th
e

ou
tp

u
t

u
n
it

s
ar

e
le

ar
n
ed

(c
an

b
e

op
ti

m
iz

ed
w

it
h

co
n
v
ex

op
ti

m
iz

at
io

n
);

an
d

(4
)

th
e

so
ft

m
ax

fu
n
ct

io
n

is
u
se

d
to

n
or

-
m

al
iz

e
th

e
ou

tp
u
ts

of
th

e
n
et

w
or

k
.

S
ee

F
ig

u
re

1
fo

r
a

v
is

u
al

re
p
re

se
n
ta

ti
on

of
th

is
m

o
d
el

ar
ch

it
ec

tu
re

.
N

ot
e

th
at

al
th

ou
gh

u
si

n
g

si
n
u
so

id
al

ac
ti

va
ti

on
fu

n
ct

io
n
s

h
as

b
ee

n
p
ro

p
os

ed
p
re

v
io

u
sl

y
(G

o
o
d
fe

ll
ow

et
al

.,
20

16
),

th
ei

r
u
se

h
as

re
m

ai
n
ed

q
u
it

e
ra

re
in

th
e

d
ee

p
le

ar
n
in

g
co

n
te

x
t.

3
.4

.
L

in
e
a
r

B
o
tt

le
n

e
ck

W
h
en

th
e

n
u
m

b
er

of
ra

n
d
om

fe
at

u
re

s
D

an
d

th
e

n
u
m

b
er

o
f
p
h
on

et
ic

st
at

e
la

b
el

s
C

ar
e

la
rg

e,
th

e
D
×
C

si
ze

of
th

e
k
er

n
el

ac
ou

st
ic

m
o
d
el

p
ar

am
et

er
m

a
tr

ix
Θ

ca
n

le
ad

to
m

em
or

y
an

d
co

m
p
u
ta

ti
on

is
su

es
d
u
ri

n
g

tr
ai

n
in

g.
W

e
ca

n
si

gn
ifi

ca
n
tl

y
re

d
u
ce

th
e

n
u
m

b
er

of
p
ar

am
et

er
s

in
Θ

b
y

u
si

n
g

a
lo

w
-r

an
k

fa
ct

or
iz

at
io

n
Θ

=
U
V

;
th

is
is

ca
ll
ed

a
“l

in
ea

r
b

ot
tl

en
ec

k
”

(S
ai

n
a
th

et
al

.,
20

13
a)

.
T

h
is

st
ri

ct
ly

d
ec

re
as

es
th

e
ca

p
ac

it
y

of
th

e
re

su
lt

in
g

m
o
d
el

,
w

h
il
e

u
n
fo

rt
u
-

n
at

el
y

re
n
d
er

in
g

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
n
on

-c
on

ve
x
.

T
h
is

m
et

h
o
d

ca
n

b
e

u
n
d
er

st
o
o
d
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59
):

1-
36

, 2
01

9

M
a
y
,
B
a
g
h
e
r
i
G
a
r
a
k
a
n
i,
L
u
,
G
u
o
,
L
iu
,
B
e
l
l
e
t
,
F
a
n
,
C
o
l
l
in
s,

H
su

,
K
in
g
sb

u
r
y
,
P
ic
h
e
n
y
,
a
n
d
S
h
a

as
a

re
gu

la
ri

za
ti

on
te

ch
n
iq

u
e,

w
h
ic

h
ty

p
ic

al
ly

im
p
ro

ve
s

th
e

ge
n
er

al
iz

at
io

n
p

er
fo

rm
a
n
ce

o
f

a
tr

ai
n
ed

m
o
d
el

,
as

w
e

w
il
l

sh
ow

in
S
ec

ti
on

6.

It
is

im
p

or
ta

n
t

to
n
ot

e
th

at
on

e
ca

n
al

so
re

p
la

ce
a

p
ar

am
et

er
m

at
ri

x
w

it
h

a
lo

w
-r

a
n
k

d
ec

om
p

os
it

io
n

af
te

r
tr

ai
n
in

g
h
as

co
m

p
le

te
d
,
fo

r
ex

am
p
le

,
u
si

n
g

si
n
gu

la
r

va
lu

e
d
ec

o
m

p
o
si

ti
o
n

(X
u
e

et
al

.,
20

13
).

H
ow

ev
er

,
in

th
e

co
n
te

x
t

of
ou

r
w

or
k

it
is

n
ec

es
sa

ry
to

im
p

os
e

th
e

lo
w

-r
a
n
k

d
ec

om
p

os
it

io
n

d
u
ri

n
g

tr
ai

n
in

g,
gi

v
en

G
P

U
m

em
or

y
co

n
st

ra
in

ts
.

4
.
R
a
n
d
o
m

F
e
a
tu

re
S
e
le
ct
io
n

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
m

ot
iv

at
e

an
d

d
es

cr
ib

e
ou

r
p
ro

p
os

ed
fe

at
u
re

se
le

ct
io

n
a
lg

o
ri

th
m

.
W

e
th

en
in

tr
o
d
u
ce

a
n
ew

“s
p
ar

se
G

au
ss

ia
n

ke
rn

el
,”

w
h
ic

h
p

er
fo

rm
s

w
el

l
in

co
n
ju

n
ct

io
n

w
it

h
th

e
fe

at
u
re

se
le

ct
io

n
al

go
ri

th
m

.

4
.1

.
P

ro
p

o
se

d
F
e
a
tu

re
S

e
le

c
ti

o
n

A
lg

o
ri

th
m

O
u
r

p
ro

p
os

ed
ra

n
d
om

fe
at

u
re

se
le

ct
io

n
m

et
h
o
d
,

sh
ow

n
in

A
lg

or
it

h
m

1,
is

it
er

a
ti

ve
.

In
ea

ch
it

er
at

io
n
,

a
m

o
d
el

is
tr

ai
n
ed

on
a

se
t

of
fe

at
u
re

s
u
si

n
g

a
si

n
gl

e
p
as

s
of

st
o
ch

a
st

ic
g
ra

d
ie

n
t

d
es

ce
n
t

(S
G

D
)

on
a

su
b
se

t
of

th
e

tr
ai

n
in

g
d
at

a.
T

h
en

,
th

e
fe

at
u
re

s
w

h
os

e
co

rr
es

p
o
n
d
in

g
ro

w
s

in
th

e
p
ar

am
et

er
m

at
ri

x
h
av

e
th

e
sm

al
le

st
` 2

n
or

m
s

ar
e

d
is

ca
rd

ed
an

d
re

p
la

ce
d

w
it

h
a

n
ew

se
t

of
ra

n
d
om

fe
at

u
re

s.

T
h
is

fe
at

u
re

se
le

ct
io

n
m

et
h
o
d

h
as

th
e

fo
ll
ow

in
g

ad
va

n
ta

ge
s:

T
h
e

ov
er

al
l

co
m

p
u
ta

ti
o
n
al

co
st

is
m

il
d
,

as
it

re
q
u
ir

es
ju

st
T

p
as

se
s

of
S
G

D
th

ro
u
gh

su
b
se

ts
o
f

th
e

d
a
ta

o
f

si
ze

R
(e

q
u
iv

al
en

t
to
T
R
/N

fu
ll

S
G

D
ep

o
ch

s)
.

In
fa

ct
,

in
ou

r
ex

p
er

im
en

ts
,

w
e

fi
n
d

it
su

ffi
ci

en
t

to
u
se
R

=
O

(D
).

M
or

eo
ve

r,
th

e
m

et
h
o
d

is
ab

le
to

ex
p
lo

re
a

la
rg

e
n
u
m

b
er

o
f

n
o
n
-l

in
ea

r
fe

at
u
re

s,
w

h
il
e

m
ai

n
ta

in
in

g
a

co
m

p
ac

t
m

o
d
el

.
If

th
e

n
u
m

b
er

of
fe

at
u
re

s
s t

se
le

ct
ed

in
it

er
at

io
n
t

gr
ow

s
li
n
ea

rl
y

ea
ch

it
er

at
io

n
(s
t

=
D
t/
T

),
th

en
th

e
le

ar
n
in

g
al

go
ri

th
m

is
ex

p
o
se

d
to
D

(T
+

1)
/
2

ra
n
d
om

fe
at

u
re

s
th

ro
u
gh

ou
t

th
e

fe
at

u
re

se
le

ct
io

n
p
ro

ce
ss

;
th

is
s t

se
q
u
en

ce
is

th
e

se
le

ct
io

n
sc

h
ed

u
le

w
e

u
se

in
al

l
ou

r
ex

p
er

im
en

ts
.

W
e

sh
ow

in
S
ec

ti
on

6
th

a
t

th
e

a
co

u
st

ic
m

o
d
el

s
tr

ai
n
ed

on
th

e
se

le
ct

ed
fe

at
u
re

s
ge

n
er

al
ly

ou
tp

er
fo

rm
m

o
d
el

s
tr

ai
n
ed

o
n

ra
n
d
o
m

fe
at

u
re

s.

It
is

im
p

or
ta

n
t

to
n
ot

e
th

e
si

m
il
ar

it
ie

s
b

et
w

ee
n

th
is

m
et

h
o
d
,

an
d

th
e

F
O

B
O

S
m

et
h
o
d

w
it

h
` 1
/`

2
-r

eg
u
la

ri
za

ti
on

(D
u
ch

i
an

d
S
in

ge
r,

20
09

).
In

th
e

F
O

B
O

S
m

et
h
o
d
,

o
n
e

so
lv

es
th

e
` 1
/`

2
-r

eg
u
la

ri
ze

d
p
ro

b
le

m
in

a
st

o
ch

a
st

ic
fa

sh
io

n
b
y

al
te

rn
at

in
g

b
et

w
ee

n
ta

k
in

g
u
n
-

re
gu

la
ri

ze
d

st
o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

(S
G

D
)

st
ep

s,
an

d
th

en
“s

h
ri

n
k
in

g”
th

e
ro

w
s

o
f

th
e

p
ar

am
et

er
m

at
ri

x
;

ea
ch

ti
m

e
th

e
p
ar

am
et

er
s

ar
e

sh
ru

n
k
,

th
e

ro
w

s
w

h
os

e
` 2

-n
o
rm

s
a
re

b
el

ow
a

th
re

sh
ol

d
ar

e
se

t
to

0.
A

ft
er

tr
ai

n
in

g
co

m
p
le

te
s,

th
e

so
lu

ti
on

w
il
l

li
k
el

y
h
av

e
so

m
e

ro
w

s
w

h
ic

h
ar

e
al

l
ze

ro
,
at

w
h
ic

h
p

oi
n
t

th
e

fe
at

u
re

s
co

rr
es

p
on

d
in

g
to

th
os

e
ro

w
s

ca
n

b
e

d
is

ca
rd

ed
.

In
ou

r
m

et
h
o
d
,

on
th

e
ot

h
er

h
an

d
,

w
e

ta
ke

m
an

y
co

n
se

cu
ti

ve
u
n
re

gu
la

ri
ze

d
S
G

D
st

ep
s,

a
n
d

on
ly

th
er

ea
ft

er
d
o

w
e

ch
o
os

e
to

d
is

ca
rd

th
e

ro
w

s
w

h
os

e
` 2

-n
or

m
is

b
el

ow
a

th
re

sh
o
ld

.
A

s
m

en
ti

on
ed

in
th

e
re

la
te

d
w

or
k

se
ct

io
n
,

ou
r

at
te

m
p
ts

at
u
si

n
g

F
O

B
O

S
fo

r
fe

a
tu

re
se

le
ct

io
n

fa
il
ed

,
b

ec
au

se
th

e
m

ag
n
it

u
d
e

of
th

e
re

gu
la

ri
za

ti
on

p
ar

am
et

er
n
ee

d
ed

to
p
ro

d
u
ce

a
sp

a
rs

e
m

o
d
el

w
as

so
la

rg
e

th
at

it
d
om

in
at

ed
th

e
le

ar
n
in

g
p
ro

ce
ss

;
as

a
re

su
lt

,
th

e
le

a
rn

ed
m

o
d
el

s
p

er
fo

rm
ed

b
ad

ly
,

an
d

th
e

se
le

ct
ed

fe
a
tu

re
s

w
er

e
es

se
n
ti

al
ly

ra
n
d
om

.
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K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n
M
e
t
h
o
d
s
f
o
r
S
p
e
e
c
h
R
e
c
o
g
n
it
io
n

A
lg

o
rith

m
1

R
an

d
om

featu
re

selection

in
p

u
t

T
arg

et
n
u
m

b
er

of
ran

d
om

featu
res

D
,

d
ata

su
b
set

size
R

,
In

teg
ers

(s
1 ,...,s

T−
1 )

su
ch

th
at

0
<
s

1
<
···

<
s
T−

1
<
D

,
sp

ecify
in

g
selection

sch
ed

u
le.

1
:

in
itia

liz
e

set
of

selected
in

d
ices

S
:=
∅.

2
:

fo
r
t

=
1,2

,...,T
d

o
3
:

fo
r
i∈
{1,...,D

}\S
d

o
4
:

ω
i ∼

p
(ω

).
5
:

b
i ∼
U

(0,2
π

).
6
:

e
n

d
fo

r
7
:

if
t6=

T
th

e
n

8
:

In
itia

lize
p
aram

eter
m

atrix
Θ

. 7

9
:

L
ea

rn
w

eigh
ts

Θ
∈
R
D
×
C

u
sin

g
a

sin
gle

p
ass

of
S
G

D
over

R
ran

d
om

ly
selected

train
-

in
g

ex
a
m

p
les,

u
sin

g
th

e
p
ro

jection
vectors

(ω
1 ,...,ω

D
),

an
d

th
e

b
iases

(b
1 ,...,b

D
),

to
g
en

erate
th

e
ran

d
om

F
ou

rier
featu

res.
1
0
:

S
:=
{i|

Θ
i

is
am

on
gst

th
e
s
t

row
s

of
Θ

w
ith

h
igh

est
`
2

n
orm
}
. 8

1
1
:

e
n

d
if

1
2
:

e
n

d
fo

r
1
3
:

re
tu

rn
T

h
e

selected
p
ro

jection
vectors

(ω
1 ,...,ω

D
),

an
d

th
e

selected
b
iases

(b
1 ,...,b

D
).

O
n
e

d
isa

d
van

tage
of

th
is

m
eth

o
d

is
th

at
th

e
selection

criterion
m

ay
m

isrep
resen

t
th

e
fea

tu
res’

a
ctu

a
l

p
red

ictive
u
tilities.

F
or

in
stan

ce,
th

e
p
resen

ce
of

som
e

ran
d
om

featu
re

m
ay

in
crea

se
o
r

d
ecrease

th
e

w
eigh

ts
for

oth
er

ran
d
om

featu
res

relative
to

w
h
at

th
ey

w
ou

ld
b

e
if

th
a
t

fea
tu

re
w

ere
n
ot

p
resen

t.
A

n
altern

a
tive

w
ou

ld
b

e
to

con
sid

er
fea

tu
res

in
isola

tion
,

a
n
d

a
d
d

fea
tu

res
on

e
at

a
tim

e
(as

in
stagew

ise
regression

m
eth

o
d
s

an
d

b
o
ostin

g),
b
u
t

th
is

w
o
u
ld

b
e

sign
ifi

can
tly

m
ore

com
p
u
tatio

n
ally

ex
p

en
sive.

F
or

ex
am

p
le,

it
w

ou
ld

req
u
ire

O
(D

)
p
a
sses

th
rou

gh
th

e
d
ata,

relative
to

O
(T

)
p
asses,

w
h
ich

w
ou

ld
b

e
p
roh

ib
itiv

e
for

la
rg

e
D

va
lu

es.
W

e
fi
n
d

em
p
irically

th
at

th
e

in
fl
u
en

ce
of

th
e

ad
d
ition

al
ra

n
d
om

featu
res

in
th

e
selectio

n
criterion

is
tolerab

le,
an

d
it

is
still

p
ossib

le
to

select
u
sefu

l
featu

res
w

ith
th

is
m

eth
o
d
.

4
.2

.
A

S
p

a
rse

G
a
u

ssia
n

K
e
rn

e
l

In
S
ectio

n
6

w
e

w
ill

sh
ow

th
at

ou
r

p
rop

o
sed

featu
re

selection
algorith

m
im

p
roves

th
e

p
erfor-

m
a
n
ce

o
f

th
e

L
ap

lacian
kern

el
m

o
d
els

sign
ifi

can
tly

m
ore

th
an

th
e

G
au

ssia
n

kern
el

m
o
d
els.

In
th

is
sectio

n
,
w

e
leverage

th
is

in
sigh

t
in

ord
er

to
d
esign

a
n
ew

kern
el,

th
e

“sp
arse

G
au

ssian
kern

el,”
w

h
ich

w
e

w
ill

sh
ow

also
b

en
efi

ts
sign

ifi
can

tly
from

th
e

featu
re

selection
p
ro

cess.

R
eca

ll
fro

m
T

ab
le

1
th

at
for

th
e

L
ap

lacian
k
ern

el,
th

e
sam

p
lin

g
d
istrib

u
tio

n
u
sed

for
th

e
ra

n
d
o
m

F
o
u
rier

featu
res

is
th

e
m

u
ltivariate

C
au

ch
y

d
en

sity.
B

ecau
se

th
e

C
au

ch
y

d
is-

trib
u
tio

n
is

fa
t-tailed

,
a
d
-d

im
en

sion
a
l

C
au

ch
y

v
ector

w
ill

ty
p
ically

con
tain

som
e

en
tries

7
.

S
ee

S
ectio

n
6
.3

fo
r

d
eta

ils
o
n

h
ow

Θ
is

in
itia

lized
.

8
.

In
th

e
ca

se
w

h
ere

w
e

a
re

u
sin

g
a

lin
ea

r
b

o
ttlen

eck
to

d
eco

m
p

o
se

th
e

p
a
ra

m
eter

m
a
trix

Θ
in

to
U
V

,
w

e
p

erfo
rm

th
e

S
G

D
tra

in
in

g
u

sin
g

th
is

d
eco

m
p

o
sitio

n
.

A
fter

w
e

co
m

p
lete

th
e

tra
in

in
g

in
a

g
iv

en
itera

tio
n

,
w

e
co

m
p

u
te

Θ
=
U
V

,
a
n

d
th

en
select

fea
tu

res
b

a
sed

o
n

th
e
`
2

n
o
rm

s
o
f

th
e

row
s

o
f

Θ
.
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M
a
y
,
B
a
g
h
e
r
i
G
a
r
a
k
a
n
i,
L
u
,
G
u
o
,
L
iu
,
B
e
l
l
e
t
,
F
a
n
,
C
o
l
l
in
s,

H
su

,
K
in
g
sb

u
r
y
,
P
ic
h
e
n
y
,
a
n
d
S
h
a

m
u
ch

larger
th

an
th

e
rest.

T
h
is

p
rop

erty
of

th
e

sam
p
lin

g
d
istrib

u
tion

im
p
lies

th
at

m
an

y
of

th
e

ran
d
om

featu
res

gen
erated

v
ia

p
ro

jection
s

w
ith

ran
d
om

C
au

ch
y

vectors
w

ill
eff

ectively
con

cen
trate

on
on

ly
a

few
of

th
e

in
p
u
t

featu
res.

W
e

can
th

u
s

regard
su

ch
ran

d
o
m

featu
res

as
b

ein
g

n
on

-lin
ear

com
b
in

ation
s

of
a

sm
all

n
u
m

b
er

of
th

e
origin

al
in

p
u
t

featu
res.

T
h
u
s,

th
e

p
rop

osed
featu

re
selection

m
eth

o
d

eff
ectiv

ely
p
ick

s
ou

t
u
sefu

l
n
on

-lin
ear

in
teraction

s
b

etw
een

sm
all

sets
of

in
p
u
t

featu
res.

W
e

can
also

d
irectly

con
stru

ct
sp

arse
n
on

-lin
ear

com
b
in

ation
s

of
th

e
in

p
u
t

featu
res.

In
stead

of
rely

in
g

on
th

e
p
rop

erties
of

th
e

C
au

ch
y

d
istrib

u
tion

,
w

e
can

actu
ally

ch
o
ose

a
sm

all
n
u
m

b
er
k

of
co

ord
in

ates
F
⊆
{1,2,...,d},

say,
u
n
iform

ly
at

ran
d
om

,
an

d
th

en
ch

o
ose

th
e

ran
d
om

vector
so

th
at

it
is

alw
ay

s
zero

in
p

osition
s

ou
tsid

e
of
F

.
C

om
p
ared

to
th

e
ran

d
om

F
ou

rier
featu

re
ap

p
rox

im
ation

to
th

e
L

ap
la

cian
kern

el,
th

e
ran

d
om

vectors
ch

osen
in

th
is

w
ay

are
tru

ly
sp

arse.
F

rom
a

sy
stem

s
p

ersp
ective,

th
is

sp
arsity

can
red

u
ce

th
e

m
em

ory
req

u
ired

for
th

e
ran

d
om

p
ro

jection
m

atrix
,

an
d

m
ake

th
e

ran
d
om

featu
res

m
ore

effi
cien

t
to

com
p
u
te

(if
effi

cien
t

sp
arse

m
atrix

op
eration

s
are

u
sed

).

N
ote

th
at

ran
d
om

F
ou

rier
featu

res
w

ith
su

ch
sp

arse
sa

m
p
lin

g
d
istrib

u
tion

s
in

fact
cor-

resp
on

d
to

sh
ift-in

varian
t

k
ern

els
th

at
are

rath
er

d
iff

eren
t

from
th

e
L

ap
lacian

k
ern

el.
F

or
in

stan
ce,

if
th

e
n
on

-zero
en

tries
of
ω

are
d
raw

n
i.i.d

.
from

N
(0,σ

−
2),

th
en

th
e

corresp
on

d
in

g
kern

el
is

K
(x
,x
′)

=

(
dk )
−

1
∑

F
⊆
{
1
,...,d}

,
|F
|=
k

ex
p (−

‖x
F
−
x
′F ‖

22

2
σ

2

)
,

(5)

w
h
ere

x
F

is
a

vector
com

p
osed

of
th

e
elem

en
ts
x
i

for
i∈

F
.

W
e

call
th

is
kern

el
th

e
“sp

arse
G

au
ssian

kern
el.”

N
ote

th
at

th
is

kern
el

p
u
ts

eq
u
al

em
p
h
asis

on
all

in
p
u
t

featu
re

su
b
sets

F
of

size
k
.

H
ow

ever,
th

e
featu

re
selection

p
ro

cess
m

ay
eff

ectively
b
ias

th
e

d
istrib

u
tion

of
th

e
featu

re
su

b
sets

to
con

cen
trate

on
som

e
sm

all
fam

ily
F

of
in

p
u
t

featu
re

su
b
sets.

5
.
N
e
w

E
a
rly

S
to
p
p
in
g
C
rite

ria

A
ch

allen
ge

for
train

in
g

acou
stic

m
o
d
els

is
th

a
t

th
e

tra
in

in
g

criterion
(e.g.,

cross-en
trop

y
)

d
o
es

n
ot

p
erfectly

correlate
w

ith
th

e
tru

e
ob

jective
(T

E
R

).
T

o
p
a
rtially

ad
d
ress

th
is

p
rob

-
lem

,
in

th
is

section
w

e
p
resen

t
several

n
ew

m
etrics

w
h
ich

w
e

ob
serve

correlate
w

ith
T

E
R

sign
ifi

can
tly

b
etter

th
an

cross-en
trop

y
d
o
es.

In
S
ection

6
w

e
th

en
sh

ow
th

a
t

w
e

ca
n

attain
im

p
roved

T
E

R
p

erform
an

ce
b
y

m
on

itorin
g

th
ese

m
etrics

on
th

e
h
eld

ou
t

set
d
u
rin

g
train

in
g

to
d
ecid

e
w

h
en

to
d
ecay

th
e

learn
in

g
rate

an
d

stop
tra

in
in

g.
N

ote
th

at
th

e
reason

w
e

u
se

th
ese

m
etrics

as
p
rox

ies
for

th
e

T
E

R
,

in
stead

of
d
irectly

u
sin

g
th

e
T

E
R

,
is

th
at

it
is

v
ery

ex
p

en
sive

to
com

p
u
te

th
e

T
E

R
on

th
e

d
ev

elop
m

en
t

set.

T
h
e

com
m

on
th

read
w

h
ich

u
n
ites

a
ll

th
e

m
etrics

w
e

w
ill

p
resen

t
is

th
at

th
ey

d
o

n
ot

p
en

alize
very

in
correct

ex
am

p
les

(m
ean

in
g,

ex
am

p
les

for
w

h
ich

a
m

o
d
el

assign
s

a
p
rob

ab
ility

very
close

to
0

to
th

e
correct

lab
el)

as
stro

n
gly

as
cross-en

trop
y

d
o
es.

N
otice,

for
in

stan
ce,

th
at

th
e

cross-en
trop

y
loss

can
ap

p
roach

in
fi
n
ity

on
a

sin
gle

in
correct

ex
am

p
le.

O
u
r

m
etrics

are
m

ore
len

ien
t.

W
e

p
resen

t
th

em
n
ow

:

1
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K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n
M
e
t
h
o
d
s
f
o
r
S
p
e
e
c
h
R
e
c
o
g
n
it
io
n

1.
E

n
tr

o
p
y

R
e
g
u

la
ri

z
e
d

L
o
g

L
o
ss

(E
R

L
L

):
9

T
h
is

lo
ss

re
w

ar
d
s

m
o
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.
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ree

k
ern

els
(L

ap
lacia

n
,

G
au

ssian
,

sp
arse

G
a
u
ssia

n
)

a
n
d

w
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b
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d
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A

w
n
i

Y
.

H
an

n
u
n
,

B
il
ly

J
u
n
,

T
on

y
H

an
,

P
at

ri
ck

L
eG

re
sl

ey
,

X
ia

n
ga

n
g

L
i,

L
ib

b
y

L
in

,
S
h
a-

ra
n

N
ar

an
g,

A
n
d
re

w
Y

.
N

g,
S
h
er

ji
l

O
za

ir
,

R
y
an

P
re

n
ge

r,
S
h
en

g
Q

ia
n
,

J
on

a
th

a
n

R
a
im

a
n
,

S
an

je
ev

S
at

h
ee

sh
,

D
av

id
S
ee

ta
p
u
n
,

S
h
u
b
h
o

S
en

gu
p
ta

,
C

h
on

g
W

an
g,

Y
i

W
a
n
g
,

Z
h
iq

ia
n

W
an

g,
B

o
X

ia
o,

Y
an

X
ie

,
D

an
i

Y
og

at
am

a,
J
u
n

Z
h
an

,
an

d
Z

h
en

ya
o

Z
h
u
.

D
ee

p
S
p

ee
ch

2
:

E
n
d
-t

o-
en

d
sp

ee
ch

re
co

gn
it

io
n

in
E

n
gl

is
h

an
d

M
an

d
ar

in
.

In
IC

M
L

,
20

16
.

A
n
im

as
h
re

e
A

n
an

d
k
u
m

ar
an

d
R

on
g

G
e.

E
ffi

ci
en

t
ap

p
ro

ac
h
es

fo
r

es
ca

p
in

g
h
ig

h
er

o
rd

er
sa

d
d
le

p
oi

n
ts

in
n
on

-c
on

ve
x

op
ti

m
iz

at
io

n
.

In
C

O
L

T
,

20
16

.

D
an

ie
l

A
n
d
or

,
C

h
ri

s
A

lb
er

ti
,

D
av

id
W

ei
ss

,
A

li
ak

se
i

S
ev

er
y
n
,

A
le

ss
an

d
ro

P
re

st
a
,

K
u
zm

an
G

an
ch

ev
,

S
la

v
P

et
ro

v
,

an
d

M
ic

h
ae

l
C

ol
li
n
s.

G
lo

b
al

ly
n
or

m
al

iz
ed

tr
an

si
ti

o
n
-b

a
se

d
n
eu

ra
l

n
et

w
or

k
s.

In
A

C
L

,
20

16
.

D
ev

an
sh

A
rp

it
,
S
ta

n
is

la
w

K
.
J
as

tr
ze

b
sk

i,
N

ic
ol

as
B

al
la

s,
D

av
id

K
ru

eg
er

,
E

m
m

a
n
u
el

B
en

g
io

,
M

ax
in

d
er

S
.

K
an

w
al

,
T

eg
an

M
ah

ar
a

j,
A

sj
a

F
is

ch
er

,
A

ar
on

C
.

C
ou

rv
il
le

,
Y

o
sh

u
a

B
en

g
io

,
an

d
S
im

on
L

ac
os

te
-J

u
li
en

.
A

cl
os

er
lo

ok
at

m
em

or
iz

at
io

n
in

d
ee

p
n
et

w
o
rk

s.
In

IC
M

L
,

20
17

.

J
im

m
y

B
a

an
d

R
ic

h
C

ar
u
an

a.
D

o
d
ee

p
n
et

s
re

al
ly

n
ee

d
to

b
e

d
ee

p
?

In
N

IP
S

,
2
0
1
4
.

L
al

it
R

B
ah

l,
P

et
er

F
B

ro
w

n
,

P
et

er
V

D
e

S
ou

za
,

an
d

R
ob

er
t

L
M

er
ce

r.
M

a
x
im

u
m

m
u
tu

al
in

fo
rm

at
io

n
es

ti
m

at
io

n
of

h
id

d
en

M
ar

ko
v

m
o
d
el

p
ar

am
et

er
s

fo
r

sp
ee

ch
re

co
g
n
it

io
n
.

In
IC

A
S

S
P

,
19

86
.

P
et

er
L

.
B

ar
tl

et
t.

F
or

va
li
d

ge
n
er

al
iz

a
ti

on
th

e
si

ze
of

th
e

w
ei

gh
ts

is
m

or
e

im
p

o
rt

a
n
t

th
a
n

th
e

si
ze

of
th

e
n
et

w
or

k
.

In
N

IP
S

,
19

96
.

Y
os

h
u
a

B
en

gi
o,

Y
an

n
L

eC
u
n
,

et
al

.
S
ca

li
n
g

le
ar

n
in

g
a
lg

or
it

h
m

s
to

w
ar

d
s

A
I.

L
a
rg

e-
S

ca
le

K
er

n
el

M
a
ch

in
es

,
34

(5
):

1–
41

,
20

07
.

M
on

ic
a

B
ia

n
ch

in
i

an
d

F
ra

n
co

S
ca

rs
el

li
.

O
n

th
e

co
m

p
le

x
it

y
of

n
eu

ra
l

n
et

w
or

k
cl

a
ss

ifi
er

s:
A

co
m

p
ar

is
on

b
et

w
ee

n
sh

al
lo

w
an

d
d
ee

p
ar

ch
it

ec
tu

re
s.

IE
E

E
T

ra
n

s.
N

eu
ra

l
N

et
w

.
L

ea
rn

in
g

S
ys

t.
,

25
(8

):
15

53
–1

56
5,

20
14

.

L
éo

n
B

ot
to

u
,

O
li
v
ie

r
C

h
ap

el
le

,
D

en
n
is

D
eC

o
st

e,
an

d
J
as

on
W

es
to

n
.

L
a
rg

e-
S

ca
le

K
er

n
el

M
a
ch

in
es

.
M

IT
P

re
ss

,
20

07
.

W
il
li
am

C
h
an

,
N

av
d
ee

p
J
ai

tl
y,

Q
u
o
c

V
.

L
e,

an
d

O
ri

ol
V

in
y
al

s.
L

is
te

n
,

at
te

n
d

a
n
d

sp
el

l:
A

n
eu

ra
l

n
et

w
or

k
fo

r
la

rg
e

v
o
ca

b
u
la

ry
co

n
ve

rs
at

io
n
al

sp
ee

ch
re

co
gn

it
io

n
.

In
IC

A
S

S
P

,
p
a
g
es

49
60

–4
96

4.
IE

E
E

,
20

16
.

3
0

JM
L

R
 2

0(
59

):
1-

36
, 2

01
9



K
e
r
n
e
l
A
p
p
r
o
x
im

a
t
io
n
M
e
t
h
o
d
s
f
o
r
S
p
e
e
c
h
R
e
c
o
g
n
it
io
n

J
ie

C
h
en

,
L

in
g
fei

W
u
,

K
artik

A
u
d
h
k
h
asi,

B
rian

K
in

gsb
u
ry,

an
d

B
h
u
van

a
R

am
ab

h
ad

ran
.

E
ffi

cien
t

on
e-v

s-on
e

kern
el

rid
ge

regression
for

sp
eech

recogn
ition

.
In

IC
A

S
S

P
,

2016.

C
h
u
n
g
-C

h
en

g
C

h
iu

,
T

ara
N

.
S
ain

ath
,

Y
on

gh
u
i

W
u
,

R
oh

it
P

rab
h
avalkar,

P
atrick

N
gu

yen
,

Z
h
ifen

g
C

h
en

,
A

n
ju

li
K

an
n
an

,
R

on
J
.

W
eiss,

K
an

ish
ka

R
ao,

E
katerin

a
G

o
n
in

a,
N

av
d
eep

J
a
itly,

B
o

L
i,

J
an

C
h
orow

sk
i,

an
d

M
ich

iel
B

acch
ian

i.
S
tate-of-th

e-art
sp

eech
reco

gn
ition

w
ith

seq
u
en

ce-to-seq
u
en

ce
m

o
d
els.

In
IC

A
S

S
P

,
2018.

A
n
n
a

C
h
o
ro

m
a
n
ska,

M
ikael

H
en

aff
,

M
ich

aël
M

a
th

ieu
,

G
érard

B
en

A
rou

s,
an

d
Y

an
n

L
eC

u
n
.

T
h
e

lo
ss

su
rfaces

of
m

u
ltilayer

n
etw

ork
s.

In
A

IS
T

A
T

S
,

2015.

K
en

n
eth

L
.

C
la

rk
son

.
C

oresets,
sp

arse
greed

y
ap

p
rox

im
atio

n
,

an
d

th
e

F
ra

n
k
-W

olfe
algo-

rith
m

.
A

C
M

T
ra

n
s.

A
lgo

rith
m

s,
6
(4):63:1–63:30,

201
0.

G
eorge

C
y
b

en
ko.

A
p
p
rox

im
ation

b
y

su
p

erp
osition

s
of

a
sigm

oid
al

fu
n
ction

.
M

C
S

S
,

2
(4):

3
0
3
–
31

4
,

1
9
8
9.

G
eo

rg
e

E
.

D
ah

l,
D

on
g

Y
u
,

L
i

D
en

g,
an

d
A

lex
A

cero
.

C
on

tex
t-d

ep
en

d
en

t
p
re-train

ed
d
eep

n
eu

ra
l

n
etw

o
rk

s
for

large-vo
cab

u
lary

sp
eech

recogn
ition

.
IE

E
E

T
ra

n
s.

A
u

d
io

,
S

peech
&

L
a
n

gu
a
ge

P
rocessin

g,
20(1):30–42,

2012.

B
o

D
a
i,

B
o

X
ie,

N
iao

H
e,

Y
in

gy
u

L
ian

g,
A

n
an

t
R

a
j,

M
aria-F

lorin
a

B
alcan

,
an

d
L

e
S
on

g.
S
ca

la
b
le

k
ern

el
m

eth
o
d
s

v
ia

d
ou

b
ly

sto
ch

astic
grad

ien
ts.

In
N

IP
S

,
2014

.

Y
a
n
n

N
.
D

a
u
p
h
in

,
R

azvan
P

ascan
u
,
Ç

aglar
G

ü
lçeh

re,
K

y
u
n
gH

y
u
n

C
h
o,

S
u
rya

G
an

gu
li,

an
d

Y
o
sh

u
a

B
en

g
io.

Id
en

tify
in

g
an

d
attack

in
g

th
e

sad
d
le

p
oin

t
p
rob

lem
in

h
igh

-d
im

en
sion

al
n
o
n
-co

n
vex

o
p
tim

ization
.

In
N

IP
S

,
2014.

D
en

n
is

D
eC

o
ste

an
d

B
ern

h
ard

S
ch

ölko
p
f.

T
rain

in
g

in
varian

t
su

p
p

ort
v
ector

m
ach

in
es.

M
a
ch

in
e

L
ea

rn
in

g,
46(1-3):161–190,

20
02.

N
a

jim
D

eh
a
k
,

P
atrick

K
en

n
y,

R
éd

a
D

eh
ak

,
P

ierre
D

u
m

ou
ch

el,
an

d
P

ierre
O

u
ellet.

F
ron

t-
en

d
fa

cto
r

a
n
aly

sis
for

sp
eaker

verifi
cation

.
IE

E
E

T
ra

n
s.

A
u

d
io

,
S

peech
&

L
a
n

gu
a
ge

P
rocessin

g,
1
9(4):788–798,

2011.

J
o
h
n

C
.

D
u
ch

i
an

d
Y

oram
S
in

ger.
E

ffi
cien

t
on

lin
e

an
d

b
atch

learn
in

g
u
sin

g
forw

ard
b
a
ck

-
w

a
rd

sp
littin

g.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
10:2899–2934,

2
009.

J
o
n
a
th

a
n

F
iscu

s,
G

eorge
D

o
d
d
in

gton
,

A
u
d
rey

L
e,

G
reg

S
an

d
ers,

M
ark

P
rzy

b
o
ck

i,
an

d
D

av
id

P
a
llett.

2003
N

IS
T

R
ich

T
ran

scrip
tion

evalu
ation

d
ata.

L
in

gu
istic

D
a
ta

C
o
n

so
r-

tiu
m

,
2
0
0
3
.

U
R

L
h
t
t
p
s
:
/
/
c
a
t
a
l
o
g
.
l
d
c
.
u
p
e
n
n
.
e
d
u
/
L
D
C
2
0
0
7
S
1
0
.

M
a
rk

J
.
F

.
G

a
les.

M
ax

im
u
m

likelih
o
o
d

lin
ear

tran
sform

atio
n
s

for
H

M
M

-b
a
sed

sp
eech

recog-
n
itio

n
.

C
o
m

p
u

ter
S

peech
&

L
a
n

gu
a
ge,

12(2):75
–98,

1998.

M
a
rk

J
.

F
.

G
a
les

an
d

S
teve

J
.

Y
ou

n
g.

T
h
e

ap
p
lication

of
h
id

d
en

M
arkov

m
o
d
els

in
sp

eech
reco

g
n
ition

.
F

o
u

n
d
a
tio

n
s

a
n

d
T

ren
d
s

in
S

ign
a
l

P
rocessin

g,
1
(3):195–304

,
2007.

J
o
h
n

S
.

G
a
ro

folo,
L

ori
F

.
L

am
el,

W
illiam

M
.

F
ish

er,
J
on

ath
an

G
.

F
iscu

s,
D

av
id

S
.

P
allett,

N
a
n
cy

L
.

D
ah

lgren
,

an
d

V
ictor

Z
u
e.

T
IM

IT
acou

stic
p
h
on

etic
con

tin
u
ou

s
sp

eech
corp

u
s.

L
in

gu
istic

D
a
ta

C
o
n

so
rtiu

m
,

1993.
U

R
L
h
t
t
p
s
:
/
/
c
a
t
a
l
o
g
.
l
d
c
.
u
p
e
n
n
.
e
d
u
/
L
D
C
9
3
S
1
.

31
JM

L
R

 20(59):1-36, 2019

M
a
y
,
B
a
g
h
e
r
i
G
a
r
a
k
a
n
i,
L
u
,
G
u
o
,
L
iu
,
B
e
l
l
e
t
,
F
a
n
,
C
o
l
l
in
s,

H
su

,
K
in
g
sb

u
r
y
,
P
ic
h
e
n
y
,
a
n
d
S
h
a

M
atth

ew
G

ib
son

an
d

T
h
om

as
H

ain
.

H
y
p

o
th

esis
sp

aces
for

m
in

im
u
m

B
ayes

risk
train

in
g

in
large

v
o
cab

u
lary

sp
eech

recogn
ition

.
In

IN
T

E
R

S
P

E
E

C
H

,
2006.

X
av

ier
G

lorot
an

d
Y

osh
u
a

B
en

gio.
U

n
d
erstan

d
in

g
th

e
d
iffi

cu
lty

of
tra

in
in

g
d
eep

feed
forw

ard
n
eu

ral
n
etw

ork
s.

In
A

IS
T

A
T

S
,

2010.

Ian
J
.

G
o
o
d
fellow

,
Y

osh
u
a

B
en

gio,
an

d
A

aron
C

.
C

ou
rv

ille.
D

eep
L

ea
rn

in
g.

A
d
a
p
tive

com
p
u
tation

an
d

m
ach

in
e

learn
in

g.
M

IT
P

ress,
2016.

A
lex

G
raves,

S
an

tiago
F

ern
án

d
ez,

F
a
u
stin

o
J
.

G
om

ez,
an

d
J
ü
rgen

S
ch

m
id

h
u
b

er.
C

on
-

n
ection

ist
tem

p
oral

classifi
cation

:
L

ab
ellin

g
u
n
seg

m
en

ted
seq

u
en

ce
d
ata

w
ith

recu
rren

t
n
eu

ral
n
etw

ork
s.

In
IC

M
L

,
2006.

R
aff

ay
H

am
id

,
Y

in
g

X
iao,

A
lex

G
itten

s,
an

d
D

en
n
is

D
eC

oste.
C

om
p
act

ran
d
om

featu
re

m
ap

s.
In

IC
M

L
,

2014.

S
on

g
H

an
,

J
eff

P
o
ol,

J
oh

n
T

ran
,

an
d

W
illiam

J
.

D
ally.

L
earn

in
g

b
o
th

w
eigh

ts
an

d
con

n
ec-

tion
s

for
effi

cien
t

n
eu

ral
n
etw

ork
.

In
N

IP
S

,
201

5.

W
olfgan

g
K

arl
H

ärd
le,

M
arlen

e
M

ü
ller,

S
tefan

S
p

erlich
,

an
d

A
x
el

W
erw

atz.
N

o
n

pa
ra

m
etric

a
n

d
sem

ipa
ra

m
etric

m
od

els.
S
p
rin

ger
S
cien

ce
&

B
u
sin

ess
M

ed
ia,

2004.

K
aim

in
g

H
e,

X
ian

gy
u

Z
h
an

g,
S
h
ao

q
in

g
R

en
,
an

d
J
ian

S
u
n
.

D
eep

resid
u
al

learn
in

g
for

im
age

recogn
ition

.
In

C
V

P
R

,
2016.

G
eoff

rey
H

in
ton

,
L

i
D

en
g,

D
on

g
Y

u
,
G

eo
rge

D
ah

l,
A

b
d
el-rah

m
an

M
oh

am
ed

,
N

av
d
eep

J
aitly,

A
n
d
rew

S
en

ior,
V

in
cen

t
V

an
h
ou

cke,
P

a
trick

N
gu

yen
,
T

ara
S
ain

ath
,
an

d
B

rian
K

in
gsb

u
ry.

D
eep

n
eu

ral
n
etw

ork
s

for
acou

stic
m

o
d
elin

g
in

sp
eech

recogn
ition

:
T

h
e

sh
ared

v
iew

s
of

fou
r

research
grou

p
s.

IE
E
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m
.

S
p
arse

con
n
ection

an
d

p
ru

n
in

g
in

large
d
y
n
am

ic
artifi

cial
n
eu

ral
n
etw

ork
s.

In
E

U
R

O
S

P
E

E
C

H
,

1997.

M
a
rtin

S
u
n
d
erm

eyer,
R

alf
S
ch

lü
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d
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d
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e

righ
t

h
an

d
sid

e
of

(3),
th

e
fi
rst

term
con

tain
s

th
e

b
ia

s
in

form
ation

of
th

e
tru

e
d
eriva-

tive,
an

d
th

e
secon

d
term

con
tain

s
th

e
varian

ce
in

form
ation

.
B

y
W

an
g

an
d

L
in

(20
15),

th
e

fi
rst-ord

er
d
erivative

estim
ation

b
ased

on
th

e
th

ird
-ord

er
T

ay
lor

ex
p
an

sion
u
su

ally
ou

tp
er-

form
s

th
e

estim
ation

b
ased

on
th

e
fi
rst-ord

er
T

ay
lor

ex
p
a
n
sion

d
u
e

to
b
ias

correction
.

F
or

th
e

sam
e

reason
,

w
e

assu
m

e
th

at
m

(·)
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d
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=
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+
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w
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=
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+
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j −
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w
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+
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(1

)
ij
−
b i

1
d
j
−
b i

3
d

3 j

∣ ∣

w
it

h
b

=
(b
i1
,b
i3

)T
,

an
d

d
efi

n
e

th
e

L
ow

L
A

D
es

ti
m

at
or

of
m

(1
) (
x
i)

as

m̂
(1

)
L

o
w

L
A

D
(x
i)

=
β̂
i1
.

(7
)

T
h
e

fo
ll
ow

in
g

th
eo

re
m

st
at

es
th
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d
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m

e
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e

co
rr
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p
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d
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g
d
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a
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T

o
m
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e
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e
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n
g
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s
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a
b
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D
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R
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D
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e
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e
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n
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r
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si
on
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g
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o
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t
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.

3
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.
L

S
,

L
o
w

L
S

R
a
n

d
L

A
D

E
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a
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F
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d
G
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b
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e
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d
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d
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e
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ti
m
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ed

b
y
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e
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u
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s
m
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h
o
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(α̂
L

S
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S
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,α̂
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S
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S
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S
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=
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b
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E
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D
e
r
iv
a
t
iv
e
s

w
h
ere

α
=
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p
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e

L
S

esti-
m

a
to

r
in

(9
)

a
re,

respectively,

B
ia

s[α̂
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=
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2

8
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.
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con
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,

W
an
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L
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0
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)
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e
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ow

L
S
R

estim
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)
L
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w

L
S

R
(x
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L
S

R
i1
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(α̂
L

o
w
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S

R
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L
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S

R
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arg
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)
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.

C
o
ro
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ry

4
U

n
d
er
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ssu
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p
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s
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T
h
eo

rem
1
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th
e
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s
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n
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va

ria
n

ce
o
f
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L
S

R
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respectively,
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S

R
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=
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ial
least
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D
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L
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L
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D
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L
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L
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D
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b
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b
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p
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(0)

2

n
2

k
3

+
o (

n
2

k
3 )

.

T
h
ere

is
o
n
e

key
d
iff

eren
ce

b
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p
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,
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,
L
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,
a
n
d

T
o
n
g

3
.2

.
Q

u
a
n
tile

R
e
g
re

ssio
n

E
stim

a
to
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Q
u
an

tile
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(K
o
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an

d
B
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K
o
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e
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istrib

u
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e
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p
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estim
ation

effi
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p
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C
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estim
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C

Q
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estim
ator
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(1
)(x
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ed
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(1
)

C
Q

R
(x
i )

=
γ̂

C
Q

R
i1

,
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w
h
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γ̂

C
Q

R
i0
h

}
qh

=
1
,γ̂

C
Q

R
i1

,γ̂
C

Q
R

i2
,γ̂

C
Q

R
i3

,γ̂
C

Q
R

i4
)

=
arg

m
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q
∑h

=
1 

k
∑j=
−
k

ρ
τ
h (Y

i+
j −

γ
i0
h −

γ
i1 d

1j −
γ
i2 d

2j −
γ
i3 d

3j −
γ
i4 d

4j ) 
,

w
ith

γ
=
({γ

i0
h }
qh

=
1 ,γ

i1 ,γ
i2 ,γ

i3 ,γ
i4 )

T
,
ρ
τ (x

)
=
τ
x
−
x
I
(x
<

0)
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th
e

ch
eck

fu
n
ction

,
an

d
τ
h

=
h
/(q

+
1).

C
o
ro

lla
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d
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th
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p
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s
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f

T
h
eo

rem
1
,
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e
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n
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va
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e

C
Q

R
estim

a
to

r
in

(12)
a
re,

respectively,

B
ias[γ̂

C
Q

R
i1
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=
−
m

(5
)(x

i )

504

k
4

n
4

+
o (

k
4

n
4 )

,
V

a
r[γ̂

C
Q

R
i1

]
=

75R
1 (q)

8

n
2

k
3

+
o (

n
2

k
3 )

,

w
h
ere

R
1 (q)

=
∑

ql=
1 ∑

ql ′=
1
τ
ll ′/{ ∑

ql=
1
f

(c
l )}

2,
c
l

=
F
−

1(τ
l ),

a
n

d
τ
ll ′

=
m

in{
τ
l ,τ

l ′}−
τ
l τ
l ′.

A
s
q→

∞
,R

1 (q)→
1

12(E
[f

(ε)])
2

=
1

3g
(0)

2
,

V
ar[γ̂

C
Q

R
i1

]
=

75

24g
(0)

2

n
2

k
3

+
o (

n
2

k
3 )

.

Z
h
ao

an
d

X
iao

(2014)
p
rop

osed
th

e
w

eigh
ted

q
u
an

tile
average

(W
Q

A
)

estim
ator

for
th

e
regression

fu
n
ction

in
n
on

p
aram

etric
regression

,
a
n

id
ea

orig
in

ated
from

K
o
en

k
er

(1984).
W

e
n
ow

ex
ten

d
th

e
W

Q
A

m
eth

o
d

to
estim

ate
m

(1
)(x

i )
u
sin

g
th

e
lo

cal
p

oly
n
om

ial
q
u
an

tile
regression

.
S
p

ecifi
cally,

w
e

d
efi

n
em̂

(1
)

W
Q

A
(x
i )

=

q
∑h

=
1

w
h γ̂

W
Q

A
i1
h

,
(13)

w
h
ere

∑
qh

=
1
w
h

=
1,

an
d

(γ̂
W

Q
A

i0
h

,γ̂
W

Q
A

i1
h

,γ̂
W

Q
A

i2
h

,γ̂
W

Q
A

i3
h

,γ̂
W

Q
A

i4
h

)

=
arg

m
in
γ
h


k
∑j=
−
k

ρ
τ
h (Y

i+
j −

γ
i0
h −

γ
i1
h d

1j −
γ
i2
h d

2j −
γ
i3
h d

3j −
γ
i4
h d

4j ) 

w
ith

γ
h

=
(γ
i0
h ,γ

i1
h ,γ

i2
h ,γ

i3
h ,γ

i4
h )
T

.
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p
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ve
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m̂
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−
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[m̂
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=
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+
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=
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=
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{
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o
p
ti
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l

w
ei
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h
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=
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∞
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er

th
e

re
gu

la
ri

ty
a
ss

u
m

p
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[m̂
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=
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e
I
(f

)
is

th
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a
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σ
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σ
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f
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d
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S
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ow
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d
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p
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b
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d
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→
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b
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d
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.
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=
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<

1
>

ij
−
b i

0
−
b i

1
d
j

∣ ∣ ,
(1

4)

w
h
er

e
w
j

=
d
j
,
b

=
(b
i0
,b
i1

)T
,

an
d
Ỹ
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/
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=
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n
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m̂
(2
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i4 )

T
=

arg
m

ina

k
∑j=

1 ∣∣Y
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Ỹ
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b
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f

(·)
is

co
n

tin
u

o
u

s
a
n

d
sym

m
etric

a
bo

u
t

zero
.

T
h
en

a
s
k
→
∞
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∞−∞
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p
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−
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con
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b
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W
a
n
g
,
Y
u
,
L
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,
a
n
d

T
o
n
g

W
h
en

l
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o
d
d
,
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d

=
(l

+
1)/
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W

e
lin
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b
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e
m
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j )
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b
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d
∑h

=
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+
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i+
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+
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+
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(jd
+
h
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+
h
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=
m

(l)(x
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+
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w
h
ere

k
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a
p
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W
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2d

eq
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con
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∑
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=
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b
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con
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b
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∑
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2
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b
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b
y

th
e

L
ow

L
A

D
m

eth
o
d

an
d

d
ed

u
ce

th
eir

asy
m

p
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b
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p
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p
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secon
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istin

g
estim

ato
rs.

W
e

also
ap

p
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p
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b
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v
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√
x

(1
−
x

)
si

n
((

2.
1π

)/
(x

+
0
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∈
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∈
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=
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−
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−
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∈
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b
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m
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p
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s.

T
h
e

d
at

a
se

t
of

si
ze

30
0

is
ge

n
er

at
ed

fr
om

m
o
d
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h
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d
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p
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∈
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u
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p
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e
tr

u
e

fi
rs

t-
or

d
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u
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il
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p
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b
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b
in

in
g
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p
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F
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e
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d
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p
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t
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p
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ra
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b
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at
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d
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p
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p
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b
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ra
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≈
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(m̂
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p
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p
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m
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e

fi
n
it

e-
sa

m
p
le

p
er

fo
rm

a
n
ce

of
th

e
fi
rs

t-
or

d
er

d
er

iv
at

iv
e

es
ti

m
at

or
s

fo
r

th
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p
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h
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p
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∈
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p
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d
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=
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=
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Ỹ
|β )

:
b∈
B }

.

N
ote

th
at
F
n

is
E

u
clid

ean
(see,

e.g.,
D

efi
n
ition

2.7
of

P
akes

an
d

P
ollard

(1989)
for

th
e

d
efi

n
iton

of
an

E
u
clid

ean
-class

of
fu

n
ction

s)
b
y

ap
p
ly

in
g

L
em

m
a

2.13
of

P
ak

es
an

d
P

ollard
(1989),

w
h
ere

α
=

1,
f

(·,t0 )
=

0,
φ

(·)
=
‖X

j ‖
1h
1(0

<
d
j ≤

h
)

an
d

th
e

en
v
elop

e
fu

n
ction

is
F
n

(·)
=
M
φ

(·)
for

som
e

fi
n
ite

con
stan

t
M

.
S
in

ce
E

[F
n
]

=
E
[‖X

j ‖
1h
1(0

<
d
j ≤

h
) ]

=
O

(h
)
<
∞

,
L

em
m

a
2.8

of
P

akes
an

d
P

olla
rd

(1989)
im

p
lies

su
p

b∈B |S
n

(b)−
S
n

(β
)−

E
[S
n

(b)−
S
n

(β
)]|

p
−→

0
.

A
s

to
in

f
‖
H

(b−
β

)‖
>
δ E

[S
n

(b)−
S
n

(β
)],

b
y

P
rop

osition
1

of
W

an
g

an
d

S
cott

(1994),

E
[S
n

(b)−
S
n

(β
)]

.=
1n

∑

j

g
(0) [X

Tj
H
−

1H
(b−

β
) ]

2
1h

1(0
<
d
j ≤

h
)

−
1n

∑

j

2
g
(0) [

m
(d
i+
j )−

m
(d
i−
j )

2
−
X
Tj
β ][X

Tj
H
−

1H
(b−

β
) ]

1h
1(0

<
d
j ≤

h
)

&
δ

2−
h

5δ,

w
h
ere

.=
m

ean
s

th
at

th
e

h
igh

er-ord
er

term
s

are
om

itted
,

an
d
&

m
ean

s
th

e
left

sid
e

is
b

ou
n
d
ed

b
low

b
y

a
con

stan
t

tim
es

th
e

rig
h
t

sid
e.

W
e

th
en

d
erive

th
e

asy
m

p
totic

d
istrib

u
tion

of √
n
h
H
(
β̂
−
β )

b
y

ap
p
ly

in
g

th
e

em
p
irical

p
ro

cess
tech

n
iq

u
e.

F
irst,

th
e

fi
rst

ord
er

con
d
ition

s
can

b
e

w
ritten

a
s

1n

∑

j

sign (
Ỹ
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Ỹ

(1
)

ij
|β

)])
. =
−
√
n
h

2g
(0

)

n
h

∑ j

Z
j
Z
T j
H
( β̂
−
β
) ,

an
d

1 n
h

∑ j

si
gn
( Ỹ
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−
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.
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n
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d
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e
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an
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V
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[β̂
i1
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. =

1

4
g
(0
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[1
,0

] 
∑ j

X
j
X
T j
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1
[

1 0
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≈
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n

2
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.
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om

b
in

in
g

th
e
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u
ar
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b
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s
an

d
th

e
va

ri
an
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,

w
e

ob
ta

in
th

e
A

M
S
E

A
M

S
E

[β̂
i1

]
=
m

(5
) (
x
i)

2
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4

2

k
8

n
8

+
75

16
g
(0
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n

2
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.

(1
7
)

T
o

m
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e
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w
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h
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t

to
k
,

w
e
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th
e
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t-
or

d
er

d
er

iv
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iv
e

of
(1
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a
n
d

y
ie

ld
th

e
gr
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ie

n
t
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d
A

M
S
E

[β̂
i1

]

d
k

=
m
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) (
x
i)

2
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−

22
5
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g
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n

2
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.
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u
r

op
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m
iz

at
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n
p
ro

b
le

m
is

to
so

lv
e

d
A

M
S

E
[β̂
i1
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d
k
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0.
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o

w
e

ob
ta

in
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o
p
t

=

(
89

30
25

2
g
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)2
m
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) (
x
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2
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/
1
1

n
1
0
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1
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≈

3
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6
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1

g
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m
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) (
x
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2

) 1
/
1
1

n
1
0
/
1
1
,

an
d

A
M

S
E

[β̂
i1

]
≈

0.
19

(m
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6
/
g
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)1
6
)1
/
1
1
n
−

8
/
1
1
.

A
p
p

e
n
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ro

o
f

o
f

T
h
e
o
re

m
2

R
ew

ri
te

th
e

ob
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ct
iv

e
fu

n
ct

io
n

as
a

U
-p

ro
ce

ss
,

S
n

(b
)

=
∑ l<
j

f n
(Y
i+
j
,Y

i+
l|b

)
,

w
h
er

e

f n
(Y
i+
j
,Y

i+
l|b

)
=
∣ ∣ Y
i+
j
−
Y
i+
l
−
b 1

(d
j
−
d
l)
−
b i

2
(d

2 j
−
d

2 l
)
−
b 3

(d
3 j
−
d

3 l
)
−
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(d
4 j
−
d

4 l
)∣ ∣

·
1 h
2
1(
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<
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j
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h
)1
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<
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l|
≤
h

)

w
it

h
b
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(b
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d
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=
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D
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n
e
U
n

=
2

n
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−

1
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S
n
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),
H

=
d
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h
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2
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3
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}
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d
X
jl
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( d

j
−
d
l,
d
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−
d

2 l
,d
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−
d

3 l
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−
d
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) T
.
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e
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g
m

in b
S
n

(b
)

=
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m
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n
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)
=
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g

m
in b
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n
(b

)
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U
n
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)]

,
w

h
er

e
β

=
( m
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) (
x
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(2
) (
x
i)
/
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,m

(3
) (
x
i)
/
3!
,m

(4
) (
x
i)
/
4
!) T

.

W
e
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t
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th
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H
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−
β
)

=
o p
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w
h
er

e
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=
(β̂

R
L

o
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L
A

D
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,β̂
R
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D
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,β̂
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D
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,β̂
R
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o
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)T
.

W
e

u
se
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a

4
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r
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w
e

n
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d
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ow
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)
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p

b∈
B
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|
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R
o
b
u
st

E
st

im
a
t
io
n
o
f
D
e
r
iv
a
t
iv
e
s

(ii)
in

f
‖
H

(b−
β

)‖
>
δ E

[U
n

(b)−
U
n

(β
)]
>
ε

for
n

large
en

ou
gh

,
w

h
ereB

is
a

co
m

p
act

p
aram

eter

sp
a
ce

for
β

,
an

d
δ

an
d
ε

are
fi
x
ed

p
ositiv

e
sm

all
n
u
m

b
ers.

W
e

u
se

T
h
eorem

A
.2

of
G

h
osal

et
al.

(2000
)

to
sh

ow
(i),

w
h
ere

F
n

=
{
f
n

(Y
i+
j ,Y

i+
l |b)−

f
n

(Y
i+
j ,Y

i+
l |β

)
:
b∈
B}

.

N
o
te

th
a
tF

n
form

s
an

E
u
clid

ean
-class

of
fu

n
ction

s
b
y

ap
p
ly

in
g

L
em

m
a
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of

P
akes

an
d

P
o
lla

rd
(1

9
89
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w

h
ere

α
=

1,
f
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=

0,
φ

(·)
=
‖
X
jl ‖

1h
2 1(|d

j |≤
h
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h
)

a
n
d

th
e

en
velo

p
e

fu
n
ction
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F
n

(·)
=
M
φ

(·)
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e
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n
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con
stan

t
M

.
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s

th
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N
(
ε‖
F
n ‖

Q
,2
,F

n
,L

2
(Q

) )
.
ε −

C
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r

a
n
y

p
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a
b
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m
easu

re
Q

an
d

som
e

p
ositive
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stan

t
C

,
w

h
ere
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m
ea

n
s

th
e
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sid

e
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b
o
u
n
d
ed

b
y

a
con

stan
t

tim
es

th
e

righ
t

sid
e.

H
en

ce,

1n
E

[∫
∞0

log
N

(ε,F
n
,L

2
(U

n2
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d
ε ]
.

1n √
E

[F
2n ] ∫
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log

1ε
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ε
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(
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,

w
h
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U
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th

e
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d
om

d
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m
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p
u
ttin

g
m
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1

n
(n−

1
)
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e
p
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(Y
i+
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N
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b
y

L
em

m
a

A
.2

of
G
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e
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ro
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s

f
n
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i+
j |b)

=

∫
f
n
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i+
j ,Y

i+
l |b)

d
F
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i+
l (Y

i+
l )

sa
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su
p
Q
N
(
ε ∥∥
F
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Q
,2
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n
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2
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w
h
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F
n
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f
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d
F
n
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e
ofF

n
.

T
h
u
s

1√n
E
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∞0

log
N
(ε,F

n
,L

2
(P

n
) )
d
ε ]
.

1√n √
E
[F

2n ] ∫
∞0

log
1ε
d
ε
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(
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.

B
y
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h
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A
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d
M
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su
p
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n

(b)−
U
n

(β
)−

E
[U
n

(b)−
U
n

(β
)]|

p
−→

0.

A
s
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f
‖
H

(b−
β

)‖
>
δ E

[U
n

(b)−
U
n

(β
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b
y

P
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1
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W

an
g
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d

S
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(1
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E
[U
n

(b)−
U
n
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1) ∑l<
j
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2
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β
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2
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<
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h
)

−
2

n
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−
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j

g
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W
e

th
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d
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e
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m
p
totic

d
istrib

u
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of √
n
h
H
(
β̂
−
β )

.
F

irst,
b
y

T
h
eorem

A
.1

of
G

h
osal

et
al.

(2000),
w

e
ap

p
rox

im
ate

th
e

fi
rst

ord
er

con
d
ition

s
b
y

an
em

p
irical

p
ro

cess.

S
econ

d
,

w
e

d
erive

th
e
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m

p
totic

d
istrib

u
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of √
n
h
H
(
β̂
−
β )
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y

ap
p
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g
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e

em
p
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p
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irst,
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e
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rst
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er

con
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ition

s
can

b
e

w
ritten
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2

n
(n
−

1) ∑l<
j

sign (
Y
i+
j −

Y
i+
l −

Z
Tjl H

β̂ )
Z
jl √

h

h
2

1(0
<
|d
j |≤

h
)1(0

<
|d
l |≤

h
)

=
o
p

(1)
,

w
h
ich
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d
en

oted
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2

n
(n
−

1) ∑l<
j

f
′n (Y

i+
j ,Y

i+
l |β̂

),
2

n
(n
−

1) S
′n (
β̂ )

=
o
p

(1)
,

w
h
ere

Z
jl

=
H
−

1X
jl .

B
y

E
x
am

p
le

2.9
of

P
ak

es
an

d
P

ollard
(1989),F

′n
form

s
an

E
u
clid

ean
-

class
of

fu
n
ction

s
w

ith
en

v
elop

e
F
′n

=
‖
Z
jl ‖
√
h

h
2

1(|d
j |≤

h
)1(|d

l |≤
h

),
w

h
ere

F
′n

=
{
f
′n (Y

i+
j ,Y

i+
l |b)

:
b∈
B }

,

so

N
(
ε ∥∥
F
′n ∥∥
Q
,2
,F
′n ,L

2
(Q

) )
.
ε −

V

for
an

y
p
rob

ab
ility

m
easu

re
Q

an
d

som
e

p
ositive

con
stan

t
V

.
B

y
T

h
eorem

A
.1

an
d

th
e

d
iscu

ssion
follow

in
g

T
h
eorem

A
.1

an
d

A
.2

in
G

h
osal

et
al.

(2000),
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follow
s

th
at

n
E

[
su

p
f
′n ∈F

′n ∣∣U
n2
f
′n −

2P
n [E

2 [f
′n (Y

i+
j ,Y

i+
l |b) ]]−

E
[f
′n (Y

i+
j ,Y

i+
l |b) ] ∣∣ ]

.
E

[∫
∞0

log
N
(ε,F

′n ,L
2

(U
n2
) )
d
ε ]
.
∫

1

0
log (ε −

V )
d
ε √

E
[(F

′n )
2 ]
.
h
−

1
/
2,

w
h
ere

E
2

[·]
tak

es
ex

p
ectation

on
Y
i+
l

a
n
d

also
averages

over
d
l ,

an
d
E

[·]
ta
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ex

p
ectation

on
(Y
i+
j ,Y

i+
l )

an
d

also
averages

over
(d
j ,d

l ).
A

s
a
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lt,

√
n

su
p

f
′n ∈F

′n ∣∣U
n2
f
′n −

2P
n [E

2
[·] [f

′n (Y
i+
j ,Y

i+
l |b) ]]

+
E
[f
′n (Y

i+
j ,Y

i+
l |b) ] ∣∣

=
o
p (1),

w
h
ich

im
p
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n (
2
P
n [E

2 [f
′n (Y

i+
j ,Y

i+
l |β̂

) ]]−
E
[f
′n (Y

i+
j ,Y

i+
l |β̂

) ])
=
o
p (1),

w
h
ere

E
2 [f

′n (Y
i+
j ,Y

i+
l |b) ]

=

√
h

n
h

2 ∑

l

[2
F
ε (Y

i+
j −

m
(d
i+
l )−

Z
Tjl H
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1 ]
Z
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<
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j |≤

h
)1(0

<
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h
)
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o
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u
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E
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n
o
f
D
e
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a
t
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e
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w
it

h
F
ε
(·)

b
ei

n
g

th
e
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m

u
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ve

d
is

tr
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u
ti
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fu

n
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io
n
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ε.
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ot

h
er

w
or

d
s,

2
G
n

( E
2

[ f
′ n(
Y
i+
j
,Y

i+
l|β̂

)])
+
√
n
E
[ f
′ n(
Y
i+
j
,Y

i+
l|β̂

)] =
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).

B
y

L
em

m
a
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of
P

ak
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an
d

P
ol

la
rd
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F
′ 1
n
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{ E
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[f
′ n(
Y
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j
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i+
l|b
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:
b
∈
B}

is
E

u
-

cl
id

ea
n

w
it

h
en

ve
lo

p
e
F

1
n

=
√
h

n
h
2

∑ l
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jl
‖1
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<
|d
j
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h
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l|
≤
h
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b
y

L
em

m
a

2.
17
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an
d

P
ol

la
rd
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98
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an

d
H
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−
β
)

=
o p

(1
),

G
n

( E
2

[ f
′ n(
Y
i+
j
,Y

i+
l|β̂

)])
=

G
n

( E
2

[ f
′ n(
Y
i+
j
,Y

i+
l|β

)]
) +

o p
(1

).

A
s

a
re

su
lt

,

2G
n

( E
2

[ f
′ n(
Y
i+
j
,Y

i+
l|β

)]
) +
√
n
E
[ f
′ n(
Y
i+
j
,Y

i+
l|β̂

)]

=
2√

n
P
n

( E
2

[ f
′ n(
Y
i+
j
,Y

i+
l|β

)]
) −

2√
n
E
[ f
′ n(
Y
i+
j
,Y

i+
l|β

)]

+
√
n
( E
[ f
′ n(
Y
i+
j
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i+
l|β̂

)] −
E
[ f
′ n(
Y
i+
j
,Y

i+
l|β

)]
)

+
√
n
E
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′ n(
Y
i+
j
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i+
l|β

)]

=
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P
n
E
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Y
i+
j
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i+
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] +
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√
n
P
n

( E
2

[ f
′ n(
Y
i+
j
,Y

i+
l|β

)]
−
E

2

[ f
′ n(
Y
i+
j
,Y

i+
l)
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+
√
n
( E
[ f
′ n(
Y
i+
j
,Y

i+
l|β̂

)] −
E
[ f
′ n(
Y
i+
j
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i+
l|β

)]
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−
√
n
E
[ f
′ n(
Y
i+
j
,Y

i+
l|β

)]

=
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n
P
n
E

2

[ f
′ n(
Y
i+
j
,Y

i+
l)
] +
√
n
( E
[ f
′ n(
Y
i+
j
,Y

i+
l|β̂

)] −
E
[ f
′ n(
Y
i+
j
,Y

i+
l|β

)]
)

+
√
n
E
[ f
′ n(
Y
i+
j
,Y

i+
l|β

)]

=
o p

(1
),

w
h
er

e

E
2

[ f
′ n(
Y
i+
j
,Y

i+
l)
] =

√
h

n
h

2

∑ l

[2
F
ε
(ε
i+
j
)
−

1]
Z
jl
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<
|d
j
|≤

h
)1

(0
<
|d
l|
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h

)

sa
ti

sfi
es
E
[ E
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′ n(
Y
i+
j
,Y

i+
l)

]]
=
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an

d
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e
se
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n
d

to
la

st
eq

u
al

it
y

is
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√
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P
n
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j
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l|β

)]
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′ n(
Y
i+
j
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l)
])

. =
√
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E
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j
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l|β

)]
.

S
in

ce
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∑ l,
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Z
jl
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h
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+
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+
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+
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.
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=
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+
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ä
rd

le
a
n
d

T
.

G
asser.

R
ob

u
st

n
on

-p
aram

etric
fu

n
ction

fi
ttin

g.
J

o
u

rn
a
l

o
f

th
e

R
o
ya

l
S

ta
tistica

l
S

ociety,
S

eries
B

,
46(1):42–51,

1984.

W
.
H

ä
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ü
ller.

N
o
n

pa
ra

m
etric

R
egressio

n
A

n
a
lysis

o
f

L
o
n

gitu
d
in

a
l

D
a
ta

.
S
p
rin

ger,
N

ew
Y

ork
,

1
9
8
8
.

H
.G

.
M

ü
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W
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,
L
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T
o
n
g

LowLAD RLowLAD LowLSR LAD LowLAD RLowLAD LowLSR LAD

A f σ n = 100 n = 100 n = 100 n = 100 n = 500 n = 500 n = 500 n = 500

σ0 = 1

1 0.5 0.1 0.41(0.10) 0.34(0.10) 0.83(0.32) 0.37(0.10) 0.18(0.04) 0.15(0.04) 0.40(0.12) 0.17(0.05)
0.5 1.79(0.38) 1.49(0.43) 1.51(0.45) 1.76(0.46) 0.82(0.15) 0.67(0.19) 0.70(0.19) 0.81(0.22)

1 0.1 0.41(0.10) 0.34(0.10) 0.84(0.32) 0.37(0.10) 0.19(0.04) 0.15(0.04) 0.40(0.12) 0.17(0.05)
0.5 1.78(0.37) 1.49(0.41) 1.51(0.43) 1.74(0.45) 0.82(0.15) 0.68(0.18) 0.70(0.19) 0.81(0.21)

10 0.5 0.1 0.41(0.09) 0.35(0.10) 0.85(0.33) 0.38(0.10) 0.18(0.03) 0.15(0.04) 0.39(0.12) 0.17(0.04)
0.5 1.78(0.36) 1.47(0.40) 1.48(0.42) 1.75(0.45) 0.79(0.15) 0.64(0.18) 0.66(0.18) 0.75(0.21)

1 0.1 0.45(0.09) 0.38(0.10) 0.85(0.31) 0.41(0.10) 0.24(0.04) 0.22(0.04) 0.43(0.12) 0.23(0.05)
0.5 1.79(0.36) 1.50(0.40) 1.53(0.43) 1.76(0.45) 0.82(0.15) 0.67(0.18) 0.68(0.18) 0.80(0.21)

σ0 = 10

1 0.5 0.1 0.46(0.16) 0.39(0.14) 7.79(3.15) 0.39(0.11) 0.19(0.04) 0.15(0.04) 3.78(1.17) 0.17(0.04)
0.5 2.11(0.51) 1.76(0.53) 7.88(3.04) 1.89(0.50) 0.93(0.19) 0.76(0.22) 3.84(1.17) 0.85(0.22)

1 0.1 0.45(0.14) 0.38(0.14) 7.93(3.33) 0.39(0.11) 0.19(0.04) 0.15(0.04) 3.77(1.13) 0.17(0.04)
0.5 2.15(0.49) 1.81(0.53) 8.00(3.16) 1.93(0.50) 0.92(0.18) 0.75(0.21) 3.81(1.13) 0.83(0.22)

10 0.5 0.1 0.46(0.14) 0.38(0.13) 8.03(3.38) 0.39(0.11) 0.18(0.04) 0.15(0.05) 3.66(1.26) 0.17(0.04)
0.5 2,12(0.50) 1.77(0.52) 8.05(3.24) 1.89(0.50) 0.94(0.17) 0.77(0.20) 3.94(1.16) 0.85(0.23)

1 0.1 0.49(0.13) 0.42(0.13) 7.95(3.09) 0.42(0.10) 0.25(0.04) 0.22(0.04) 3.84(1.13) 0.23(0.04)
0.5 2.17(0.52) 1.82(0.54) 8.07(3.16) 1.92(0.51) 0.94(0.18) 0.77(0.22) 3.80(1.12) 0.86(0.23)

Table 3: Simulation comparison among LowLAD, RLowLAD, LowLSR and LAD.
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4 ),

th
en

all
p

oly
n
om

ial
tim

e
a
lg

orith
m

s
d
eliver

triv
ia

l
estim

a
tes

of
U
,V

,W
in

gen
eral.

O
n
e

fo
cu

s
o
f

th
is

article
is

on
estim

atin
g

th
e

lin
ear

form
s

of
ten

sor
sin

gu
lar

vectors
in

m
o
d
el

(1
).

M
ore

sp
ecifi

cally,
let

U
=
(u

1 ,...,u
r )
∈

R
d×
r

b
e

A
’s

sin
gu

lar
vectors

in
certa

in
m

o
d
e,

o
u
r

goal
is

to
estim

ate
〈u

j ,x〉
for

fi
x
ed

x
∈

R
d

an
d
j

=
1,...,r.

T
h
rou

gh
ch

o
o
sin

g
x

a
ll

over
th

e
can

on
ical

b
asis

v
ectors

in
R
d,

w
e

en
d

u
p

w
ith

an
estim

ate
of

u
j

w
h
o
se

co
m

p
o
n
en

t-w
ise

p
ertu

rb
ation

b
ou

n
d

can
b

e
attain

ed
.

U
n
like

th
e
`
2 -n

orm
p

ertu
rb

a-
tio

n
b

o
u
n
d
,

th
e
`∞

b
ou

n
d

can
ch

aracterize
th

e
en

try
-w

ise
sign

con
sisten

cy
an

d
en

try
-w

ise
sig

n
ifi

ca
n
ce

(i.e.
en

try
-w

ise
m

agn
itu

d
e)

of
sin

gu
lar

vectors.
T

h
e

com
p

on
en

t-w
ise

sign
s

of
sin

g
u
la

r
vectors

are
critical

in
n
u
m

erou
s

ap
p
lication

s
su

ch
as

com
m

u
n
ity

d
etection

(see
F

lo
rescu

a
n
d

P
erk

in
s

(2015),
N

ew
m

an
(2004),

M
itra

(2009)
an

d
J
in

(2015)).
T

h
e

en
try

-
w

ise
sig

n
ifi

ca
n
ce

is
ad

van
tageou

s
in

su
b
-m

atrix
lo

calization
s,

see
C

ai
et

a
l.

(2015),
M

a
an

d
W

u
(2

0
1
5)

a
n
d

referen
ces

th
erein

.
In

S
ection

4,
w

e
sh

ow
th

at
th

e
su

p
-n

o
rm

p
ertu

rb
ation

b
o
u
n
d
s

revea
l

u
n
con

ven
tion

al
p
h
ase

tran
sition

s
for

th
e

ex
act

clu
sterin

g
in

h
igh

d
im

en
sion

al
G

a
u
ssia

n
m

ix
tu

re
m

o
d
el.

P
u
t

it
sim

p
ly,

algorith
m

s
b
ased

on
th

e
su

p
-n

orm
b

ou
n
d
s

req
u
ire

w
ea

ker
S
N

R
co

n
d
ition

s
th

an
algorith

m
s

d
riven

b
y

th
e
`
2 -n

orm
b

ou
n
d
s

to
gu

a
ran

tee
ex

act
clu

sterin
g
.

F
u
rth

erm
ore,

it
en

ab
les

u
s

to
con

stru
ct

a
low

ran
k

d
en

oisin
g

estim
ator

of
A

so
th

a
t

en
try

-w
ise

d
en

oisin
g

is
fu

lfi
lled

.
T

o
th

e
b

est
of

ou
r

k
n
ow

led
ge,

ou
rs

is
th

e
fi
rst

resu
lt

co
n
cern

in
g

th
e

low
ran

k
ten

sor
d
en

oisin
g

w
ith

sh
arp

en
try

-w
ise

d
ev

iation
b

ou
n
d
s.

In
S
ec-

tio
n

4
,

w
e

sh
ow

th
at

a
sim

p
le

algorith
m

b
ased

on
th

e
`∞

b
ou

n
d
s

ca
n

ex
actly

recover
th

e
su

p
p

o
rts

fo
r

su
b
-ten

sor
lo

calization
s

(see
R

em
ark

13).
T

o
b

etter
h
igh

ligh
t

ou
r

con
trib

u
tion

s,
su

p
p

ose
th

at
A

is
an

orth
ogon

a
lly

d
ecom

p
o
sab

le
th

ird
ord

er
ten

sor
w

ith
(in

p
articu

lar,
th

e
C

P
d
ecom

p
osition

of
orth

ogon
ally

d
ecom

p
osab

le
ten

so
rs)

A
=

r
∑k

=
1

λ
k (u

k ⊗
v
k ⊗

w
k ),

λ
1 ≥

...≥
λ
r
>

0
(3)

w
h
ere

U
=

(u
1 ,...,u

r ),V
=

(v
1 ,...,v

r )
an

d
W

=
(w

1 ,...,w
r )

are
d
×
r

m
atrices

con
-

ta
in

in
g

orth
o
n
o
rm

al
colu

m
n
s.

T
h
e
k
-th

eigen
gap

is
w

ritten
as
ḡ
k (M

1 (A
) )

=
ḡ
k (M

2 (A
) )

=

3
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L
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X
ia

a
n
d

Z
h
o
u

ḡ
k (M

3 (A
) )

=
m

in (λ
k−

1 −
λ
k ,λ

k −
λ
k
+

1 )
w

h
ere
M

j (A
)

rep
resen

ts
th

e
m

atrices
from

u
n
-

fold
in

gs
of

A
(see

S
ection

2).
W

e
p
reset

λ
0

=
+
∞

an
d
λ
r
+

1
=

0
for

n
otation

al
con

sisten
cy.

W
e

sh
ow

th
at,

if
ḡ
k (M

1 (A
)M

>1
(A

) )
≥
D

1 (σ
λ

1 d
1
/
2

+
σ

2d
3
/
2 )

for
a

large
en

ou
gh

ab
solu

te
con

stan
t
D

1
>

0,
th

en
th

e
follow

in
g

b
ou

n
d

h
old

s
for

an
y

x
∈
R
d,

∣∣∣ 〈û
k ,x〉−

(1
+
b
k )

1
/
2〈u

k ,x〉 ∣∣∣
=
O
p (‖x‖

`
2

λ
1 σ

+
d
σ

2

ḡ
k (M

1 (A
)M

>1
(A

) ) )
=
O
p (
‖x‖

`
2

d
1
/
2

)
.

(4)

w
h
ere

b
k
∈

[−
1/

2,0]
is

a
con

stan
t

w
h
ich

d
o
es

n
ot

d
ep

en
d

on
x

.
T

h
e
d
×
r

m
atrix

Û
=

(û
1 ,···

,û
k )

rep
resen

t
th

e
em

p
irical

left
sin

gu
lar

v
ecto

rs
of

m
o
d
e-1

u
n
fold

in
g

of
Y

satisfy
in

g
m

o
d
el

(1).
In

th
e

sp
ecial

case
th

at
r

=
1

(ran
k

on
e

sp
iked

ten
sor

P
C

A
m

o
d
el,

see
R

ich
ard

an
d

M
on

tan
ari

(2014))
su

ch
th

at
Λ

(A
)

=
ḡ

1 (M
1 (A

) )
=
λ

1 ,
w

e
g
et

from
(4)

th
at

∣∣∣ 〈û
1 ,x〉−

(1
+
b
1 )

1
/
2〈u

1 ,x〉 ∣∣∣
=
O
p (

σ

Λ
(A

)
+

σ
2d

Λ
2(A

) )‖
x‖

`
2 .

(5)

B
y

tak
in

g
x

over
th

e
can

on
ical

b
asis

vectors
in

R
d,

th
e

b
ou

n
d
s

in
(5)

im
p
ly

th
at

∥∥
û

1 −
(1

+
b
1 )

1
/
2u

1 ∥∥
`∞

=
O
p ((

log
d

d

)
1
/
2 )

(6)

u
n
d
er

th
e

eigen
-gap

con
d
ition

Λ
(A

)
=
λ

1 �
σ
d

3
/
4.

It
is

th
e

stan
d
ard

req
u
irem

en
t

in
ten

sor
P

C
A

.
2

B
ased

on
(6),

w
e

p
rop

ose
a

low
ran

k
ten

so
r

estim
ato

r
(d

en
oted

b
y

Â
)

u
n
d
er

th
e

sam
e

S
N

R
req

u
irem

en
ts

su
ch

th
at

‖Â
−

A
‖
`∞

=
O
p ((

σ
2d

λ
1

+
σ )(‖u

1 ‖
`∞ ‖

v
1 ‖
`∞

+
‖u

1 ‖
`∞ ‖

w
1 ‖
`∞

+
‖v

1 ‖
`∞ ‖w

1 ‖
`∞ ) )

.
(7)

E
q
u
ation

(7)
sh

ow
s

th
at

th
e

en
try

-w
ise

d
en

oisin
g

b
ou

n
d

of
th

e
n
ov

el
estim

ator
Â

is
d
eter-

m
in

ed
b
y

th
e

coh
eren

ces
of

th
e

sin
gu

lar
vectors

u
1 ,v

1
an

d
w

1 .
In

p
articu

lar,
if

u
1 ,v

1 ,w
1

are
in

coh
eren

t
so

th
at

m
ax{‖u

1 ‖
`∞
,‖

v
1 ‖
`∞
,‖w

1 ‖∞
}

=
O
(

1√d ),
th

en
eq

u
ation

(7)
im

p
lies

th
at

‖
Â
−

A
‖
`∞

=
O
p (
σ

2

λ
1

+
σd )

.

O
u
r

m
ain

con
trib

u
tion

is
on

th
e

th
eoretical

fron
t.

T
h
e

H
O

S
V

D
is

essen
tially

th
e

stan
-

d
ard

S
V

D
com

p
u
ted

on
an

u
n
b
alan

ced
m

atrix
w

h
ere

th
e

colu
m

n
size

is
m

u
ch

la
rger

th
a
n

th
e

row
size.

T
h
e

p
ertu

rb
ation

to
ols,

su
ch

as
W

ed
in

’s
sin

Θ
th

eorem
(W

ed
in

(19
72)),

ch
ar-

acterize
th

e
`
2

b
ou

n
d
s

th
rou

gh
th

e
larger

d
im

en
sion

,
even

w
h
en

th
e

left
sin

gu
lar

sp
ace

lies
in

a
low

d
im

en
sion

al
sp

ace.
A

t
th

e
h
igh

lev
el,

th
e

H
O

S
V

D
is

con
n
ected

to
th

e
on

e-sid
ed

sp
ectral

an
aly

sis
(see,

e.g.,Z
h
en

g
an

d
T

om
ioka

(2015),
W

an
g

(2015),
C

ai
an

d
Z

h
an

g
(2016)

an
d

referen
ces

th
erein

)
w

h
ich

p
rov

id
e

sh
arp

p
ertu

rb
ation

b
ou

n
d
s

in
`
2 -n

orm
.

T
h
ere

are
recen

t
b

ou
n
d
s

(see
F

an
et

al.
(2016)

an
d

C
ap

e
et

al.
(2017))

in
`∞

-n
orm

d
evelo

p
ed

u
n
d
er

2
.

W
e

sh
a
ll

p
o
in

t
o
u

t
th

a
t

a
sim

ila
r

resu
lt

o
n

m
a
trix

S
V

D
h

a
s

a
p

p
ea

red
in

K
o
ltch

in
sk

ii
a
n

d
X

ia
(2

0
1
6
)

w
h

ich
is

su
b

-o
p

tim
a
l

fo
r

ten
so

rs
o
r

u
n
b

a
la

n
ced

m
a
trices.

In
d

eed
,

th
e

resu
lt

in
K

o
ltch

in
sk

ii
a
n

d
X

ia
(2

0
1
6
)

is
esta

b
lish

ed
u
n

d
er

th
e

eig
en

g
a
p

co
n

d
itio

n
λ
1 ≥

D
1 σ
d
.
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H
ig
h
e
r
O
r
d
e
r
S
in
g
u
l
a
r
V
a
l
u
e
D
e
c
o
m
p
o
si
t
io
n

ad
d
it

io
n
al

co
n
st

ra
in

t
(i

n
co

h
er

en
t

si
n
gu

la
r

su
b
sp

ac
es

)
an

d
st

ru
ct

u
ra

l
n
oi

se
(s

p
ar

se
n
oi

se
).

T
o

ob
ta

in
a

sh
ar

p
` ∞

-n
or

m
b

ou
n
d
,

w
e

b
or

ro
w

th
e

in
st

ru
m

en
ts

in
ve

n
te

d
b
y

K
ol

tc
h
in

sk
ii

an
d

L
ou

n
ic

i
(2

01
6)

an
d

ex
te

n
si

ve
ly

ap
p
li
ed

in
K

ol
tc

h
in

sk
ii

an
d

X
ia

(2
01

6)
.

O
u
r

fr
am

ew
or

k
st

ar
ts

fr
om

a
se

co
n
d

or
d
er

m
et

h
o
d

of
es

ti
m

at
in

g
th

e
si

n
gu

la
r

su
b
sp

ac
es

,
w

h
ic

h
im

p
ro

ve
s

th
e

ei
ge

n
ga

p
co

n
d
it

io
n

th
an

th
e

fi
rs

t
or

d
er

m
et

h
o
d
.

S
im

il
ar

te
ch

n
iq

u
es

h
av

e
b

ee
n

p
ro

p
os

ed
fo

r
te

n
so

r
co

m
p
le

ti
on

(X
ia

an
d

Y
u
an

(2
01

9)
)

an
d

te
n
so

r
P

C
A

(Z
h
en

g
an

d
T

o
m

io
ka

(2
01

5)
an

d
L

iu
et

al
.

(2
01

7)
).

T
h
e

su
cc

es
s

of
th

is
se

em
in

gl
y

n
at

u
ra

l
tr

ea
tm

en
t

h
in

ge
s

u
p

on
d
el

ic
at

e
d
ea

li
n
g

w
it

h
th

e
co

rr
el

at
io

n
s

am
on

g
h
ig

h
er

or
d
er

te
rm

s.
W

e
b

en
efi

t
fr

om
th

es
e
` ∞

-n
or

m
p

er
tu

rb
at

io
n

b
ou

n
d
s

b
y

p
ro

p
os

in
g

a
lo

w
ra

n
k

es
ti

m
at

or
fo

r
te

n
so

r
d
en

o
is

in
g

w
h
er

e
th

e
en

tr
y
-w

is
e

d
ev

ia
ti

on
er

ro
r

is
gu

ar
an

te
ed

b
y

th
e

te
n
so

r
in

co
h
er

en
ce

co
n
d
it

io
n
s.

W
e

or
ga

n
iz

e
ou

r
p
ap

er
as

fo
ll
ow

s.
T

en
so

r
n
ot

at
io

n
s

an
d

p
re

li
m

in
ar

ie
s

on
H

O
S
V

D
ar

e
ex

p
la

in
ed

in
S
ec

ti
on

2.
O

u
r

m
ai

n
th

eo
re

ti
ca

l
co

n
tr

ib
u
ti

on
s

ar
e

p
re

se
n
te

d
in

S
ec

ti
on

3
w

h
ic

h
in

cl
u
d
es

th
e
` ∞

-n
or

m
b

ou
n
d

of
th

e
si

n
g
u
la

r
su

b
sp

ac
e

p
er

tu
rb

at
io

n
a
n
d

th
e

en
tr

y
-w

is
e

ac
cu

ra
cy

of
a

lo
w

ra
n
k

te
n
so

r
d
en

oi
si

n
g

es
ti

m
at

or
.

In
S
ec

ti
o
n

4,
w

e
ap

p
ly

ou
r

th
eo

re
ti

ca
l

re
su

lt
s

on
ap

p
li
ca

ti
on

s
in

cl
u
d
in

g
h
ig

h
d
im

en
si

on
al

cl
u
st

er
in

g
an

d
su

b
-t

en
so

r
lo

ca
li
za

ti
on

s
to

m
an

if
es

t
th

e
ad

va
n
ta

ge
s

of
u
ti

li
zi

n
g
` ∞

b
ou

n
d
s,

w
h
er

e
al

go
ri

th
m

s
d
ri

ve
n

b
y

th
e
` ∞

-n
or

m
b

ou
n
d
s

ar
e

d
es

ig
n
ed

.
R

es
u
lt

s
of

n
u
m

er
ic

al
ex

p
er

im
en

ts
ar

e
d
is

p
la

ye
d

in
S
ec

ti
on

4.
3.

T
h
e

p
ro

of
s

ar
e

p
ro

v
id

ed
in

S
ec

ti
on

6.

2
.
P
re
li
m
in
a
ri
e
s
o
n
T
e
n
so

r
a
n
d
H
O
S
V
D

2
.1

.
N

o
ta

ti
o
n
s

W
e

fi
rs

t
re

v
ie

w
so

m
e

n
ot

at
io

n
s

th
at

w
il
l

b
e

u
se

d
th

ro
u
gh

th
e

p
ap

er
.

W
e

u
se

b
ol

d
fa

ce
d

u
p
p

er
-c

as
e

le
tt

er
s

to
d
en

ot
e

te
n
so

rs
or

m
at

ri
ce

s,
an

d
u
se

th
e

sa
m

e
le

tt
er

in
n
or

m
al

fo
n
t

w
it

h
in

d
ic

es
to

d
en

ot
e

it
s

en
tr

ie
s.

W
e

u
se

b
ol

d
fa

ce
d

lo
w

er
-c

as
e

le
tt

er
s

to
re

p
re

se
n
t

ve
ct

or
s,

an
d

th
e

sa
m

e
le

tt
er

in
n
or

m
al

fo
n
t

w
it

h
in

d
ic

es
to

re
p
re

se
n
t

it
s

en
tr

ie
s.

F
or

n
ot

at
io

n
al

ly
si

m
p
li
ci

ty
,

ou
r

m
ai

n
co

n
te

x
t

is
fo

cu
se

d
on

th
ir

d
-o

rd
er

te
n
so

rs
,

w
h
il
e

ou
r

re
su

lt
s

ca
n

b
e

ea
si

ly
ge

n
er

al
iz

ed
to

h
ig

h
er

or
d
er

te
n
so

rs
.

G
iv

en
a

th
ir

d
-o

rd
er

te
n
so

r
A
∈
R
d
1
×
d
2
×
d
3
,

d
efi

n
e

a
li
n
ea

r
m

ap
p
in

g
M

1
:
R
d
1
×
d
2
×
d
3
7→

R
d
1
×

(d
2
d
3
)

su
ch

th
at

M
1
(A

)(
i 1
,(
i 2
−

1)
d

3
+
i 3
) =

A
(i

1
,i

2
,i

3
),

i 1
∈

[d
1
],
i 2
∈

[d
3
],
i 3
∈

[d
3
]

w
h
ic

h
is

co
n
ve

n
ti

on
al

ly
ca

ll
ed

th
e

u
n
fo

ld
in

g
(o

r
m

at
ri

ci
za

ti
on

)
of

te
n
so

r
A

.
It

is
a
ls

o
ca

ll
ed

th
e

m
o
d
e-

1
u
n
fo

ld
in

g
of

A
.

T
h
e

co
lu

m
n
s

of
m

at
ri

x
M

1
(A

)
ar

e
ca

ll
ed

th
e

m
o
d
e-

1
fi
b

er
s

of
A

.
T

h
e

co
rr

es
p

on
d
in

g
m

at
ri

ci
za

ti
on

s
M

2
(A

)
an

d
M

3
(A

)
ca

n
b

e
d
efi

n
ed

in
a

si
m

il
ar

fa
sh

io
n
.

T
h
e

m
u
lt

il
in

ea
r

ra
n
k
s

of
A

ar
e

th
en

d
efi

n
ed

b
y
:

r 1
(A

)
:=

ra
n
k
( M

1
(A

))
,

r 2
(A

)
:=

ra
n
k
( M

2
(A

))
,

r 3
(A

)
:=

ra
n
k
( M

3
(A

))

N
ot

e
th

at
r 1

(A
),
r 2

(A
),
r 3

(A
)

ar
e

u
n
n
ec

es
sa

ri
ly

eq
u
al

w
it

h
ea

ch
ot

h
er

in
ge

n
er

al
.

W
e

w
ri

te
r(

A
)

:=
( r

1
(A

),
r 2

(A
),
r 3

(A
))

w
h
ic

h
ar

e
al

so
ca

ll
ed

th
e

T
u
ck

er
ra

n
k
s

of
A

.
T

h
e

m
ar

gi
n
al

p
ro

d
u
ct
×

1
:
R
r 1
×
r 2
×
r 3
×

R
d
1
×
r 1
7→

R
d
1
×
r 2
×
r 3

is
gi

ve
n

b
y

C
×

1
U

=

(
r 1 ∑ j 1
=

1

C
(j

1
,j

2
,j

3
)U

(i
1
,j

1
)) i 1

∈[
d
1
],
j 2
∈[
r 2

],
j 3
∈[
r 3

],
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X
ia

a
n
d

Z
h
o
u

an
d
×

2
an

d
×

3
ar

e
d
efi

n
ed

si
m

il
ar

ly
.

T
h
er

ef
or

e,
w

e
w

ri
te

th
e

m
u
lt

il
in

ea
r

p
ro

d
u
ct

o
f

te
n
so

rs
C
∈
R
r 1
×
r 2
×
r 3
,U
∈
R
d
1
×
r 1
,V
∈
R
d
2
×
r 2

an
d

W
∈
R
d
3
×
r 3

as

C
·(

U
,V

,W
)

=
C
×

1
U
×

2
V
×

3
W
∈
R
d
1
×
d
2
×
d
3
.

W
e

u
se
‖·
‖

to
d
en

ot
e

th
e

op
er

at
or

n
or

m
of

m
at

ri
ce

s
an

d
‖·
‖ `

2
an

d
‖·
‖ `
∞

to
d
en

o
te
` 2

a
n
d

` ∞
n
or

m
s

of
ve

ct
or

s,
or

ve
ct

or
iz

ed
m

at
ri

ce
s

an
d

te
n
so

rs
.

2
.2

.
H

O
S

V
D

a
n

d
E

ig
e
n

g
a
p

s

F
or

a
te

n
so

r
A
∈
R
d
1
×
d
2
×
d
3

w
it

h
m

u
lt

il
in

ea
r

ra
n
k
s

r(
A

)
=
( r

1
(A

),
r 2

(A
),
r 3

(A
))

,
le

t
U
∈

R
d
1
×
r 1

(A
) ,

V
∈
R
d
2
×
r 2

(A
)

an
d

W
∈
R
d
3
×
r 3

(A
)

b
e

th
e

le
ft

si
n
gu

la
r

ve
ct

or
s

of
M

1
(A

),
M

2
(A

)
an

d
M

3
(A

)
re

sp
ec

ti
ve

ly
,

w
h
ic

h
ca

n
b

e
co

m
p
u
te

d
effi

ci
en

tl
y

v
ia

m
at

ri
ci

za
ti

o
n

fo
ll
ow

ed
b
y

th
in

si
n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n
.

T
h
e

h
ig

h
er

or
d
er

si
n
gu

la
r

va
lu

e
d
ec

om
p

os
it

io
n

(H
O

S
V

D
)

re
fe

rs
to

th
e

d
ec

om
p

os
it

io
n

A
=

C
×

1
U
×

2
V
×

3
W

(8
)

w
h
er

e
th

e
r 1

(A
)×

r 2
(A

)×
r 3

(A
)

co
re

te
n
so

r
C

is
ob

ta
in

ed
b
y

C
:=

A
×

1
U
>
×

2
V
>
×

3
W
>
.

S
u
p
p

os
e

th
at

a
n
oi

sy
ve

rs
io

n
of

A
is

ob
se

rv
ed

a
s

in
m

o
d
el

(1
)

so
th

at

Y
=

A
+

Z

w
h
er

e
Z
∈

R
d
1
×
d
2
×
d
3

is
an

u
n
k
n
ow

n
n
oi

se
te

n
so

r
w

it
h

i.
i.
d
.

en
tr

ie
s

sa
ti

sf
y
in

g
Z

(i
,j
,k

)
∼

N
(0
,σ

2
).

B
y

ob
se

rv
in

g
Y

,
ou

r
go

al
is

to
es

ti
m

at
e

U
,V

an
d

W
.

A
n

im
m

ed
ia

te
a
p
p
ro

a
ch

is
to

co
m

p
u
te

H
O

S
V

D
of

Y
.

T
o

th
is

en
d
,

le
t

Û
∈

R
d
1
×
r 1
,V̂
∈

R
d
2
×
r 2
,Ŵ

∈
R
d
3
×
r 3

b
e

th
e

co
rr

es
p

on
d
in

g
to

p
si

n
gu

la
r

ve
ct

or
s

of
M

1
(Y

),
M

2
(Y

)
an

d
M

3
(Y

).
T

h
e

ke
y

fa
ct

o
r

ch
ar

ac
te

ri
zi

n
g

th
e

p
er

tu
rb

at
io

n
b

ou
n
d
s

of
Û
,V̂

an
d

Ŵ
is

th
e

so
-c

al
le

d
ei

ge
n
g
a
p
.

S
in

ce
th

e
co

m
p
u
ti

n
g

of
Û

is
es

se
n
ti

al
ly

v
ia

th
e

m
at

ri
x

S
V

D
on
M

1
(A

),
it

su
ffi

ce
s

to
co

n
si

d
er

th
e

ei
ge

n
ga

p
s

of
m

at
ri

ce
s.

G
iv

en
a

ra
n
k
r

m
a
tr

ix
M
∈
R
m

1
×
m

2
w

it
h

S
V

D
:

M
=

r ∑ k
=

1

λ
k

( g
k
⊗

h
k

)

w
h
er

e
M

’s
si

n
gu

la
r

va
lu

es
ar

e
λ

1
≥
λ

2
≥
..
.
≥
λ
r
>

0
an

d
{g

1
,.
..
,g

r
}

ar
e

th
e

co
rr

es
p

o
n
d
-

in
g

le
ft

si
n
gu

la
r

ve
ct

or
s

an
d
{h

1
,.
..
,h

r
}

ar
e

M
’s

co
rr

es
p

on
d
in

g
ri

gh
t

si
n
gu

la
r

ve
ct

o
rs

.
W

e
fu

rt
h
er

in
tr

o
d
u
ce
λ

0
=

+
∞

an
d
λ
r
+

1
=

0.
T

h
e
k
-t

h
ei

ge
n
ga

p
of

m
at

ri
x

M
is

th
en

d
efi

n
ed

b
y

ḡ k
(M

)
:=

m
in
( λ

k
−
λ
k
+

1
,λ

k
−

1
−
λ
k

) ,
∀

1
≤
k
≤
r.

R
ec

al
l

th
at

U
,Û
∈

R
d
1
×
r 1

ar
e

th
e

to
p
-r

1
le

ft
si

n
gu

la
r

v
ec

to
rs

of
M

1
(A

)
a
n
d
M

1
(Y

)
re

sp
ec

ti
ve

ly
.

B
y

D
av

is
-K

ah
an

T
h
eo

re
m

(D
av

is
an

d
K

ah
an

(1
97

0)
)

or
W

ed
in

’s
si

n
Θ

th
eo

re
m

(W
ed

in
(1

97
2)

),
w

e
ge

t ‖Û
Û
>
−

U
U
>
‖

=
O

(
‖M

1
(Z

)‖
ḡ r

1

( M
1
(A

)M
> 1

(A
))
) ,

(9
)

w
h
ic

h
is

ge
n
er

al
ly

su
b
-o

p
ti

m
al

es
p

ec
ia

ll
y

w
h
en
M

1
(Z

)
∈
R
d
1
×

(d
2
d
3
)

is
u
n
b
al

a
n
ce

d
su

ch
th

a
t

d
2
d

3
�
d

1
.

S
h
ar

p
er

b
ou

n
d
s

in
` 2

-n
or

m
co

n
ce

rn
in

g
on

e
si

d
ed

p
er

tu
rb

at
io

n
h
av

e
b

ee
n

d
er

iv
ed
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H
ig
h
e
r
O
r
d
e
r
S
in
g
u
l
a
r
V
a
l
u
e
D
e
c
o
m
p
o
sit

io
n

in
Z

h
en

g
a
n
d

T
om

ioka
(2015),

W
an

g
(2015)

an
d

C
ai

an
d

Z
h
an

g
(2016).

In
th

is
p
ap

er,
w

e
d
erive

sh
a
rp

p
ertu

rb
ation

b
ou

n
d
s

of
Û
,V̂

,Ŵ
in
`∞

-n
orm

w
h
ich

illu
strate

u
n
con

ven
tion

al
p
h
a
se

tra
n
sitio

n
s

for
variou

s
statistical

learn
in

g
ap

p
lication

s.
M

ore
gen

erally,
w

e
w

ill
in

v
es-

tig
a
te

th
e

p
ertu

rb
ation

b
ou

n
d
s

of
lin

ear
form

s〈û
k ,x〉

for
an

y
fi
x
ed

vector
x
∈
R
d
1.

S
im

ilar
resu

lts
ca

n
b

e
o
b
tain

ed
for

sin
gu

lar
v
ectors

V̂
an

d
Ŵ

.

3
.
M

a
in

R
e
su

lts

3
.1

.
S

e
c
o
n

d
O

rd
e
r

M
e
th

o
d

fo
r

O
n

e
-sid

e
d

S
p

e
c
tra

l
A

n
a
ly

sis

T
h
e
`∞

-n
orm

p
ertu

rb
ation

b
ou

n
d
s

for
sin

gu
lar

su
b
sp

aces
of

b
alan

ced
m

atrices
h
as

b
een

d
evelop

ed
in

K
oltch

in
sk

ii
an

d
X

ia
(2016

).
R

ecall
th

at
u
k

d
en

otes
th

e
k
-th

left
sin

gu
lar

vecto
r

o
fM

1 (A
)

an
d

û
k

d
en

otes
th

e
k
-th

left
sin

gu
lar

vector
ofM

1 (Y
)

w
h
ere
M

1 (A
)

is
of

size
d

1 ×
(d

2 d
3 ).

T
h
e

op
erator

n
orm

‖M
1 (Z

)‖
is

gen
erally

d
eterm

in
ed

b
y

th
e

larger
d
im

en
sio

n
(d

1 ∨
d

2 d
3 ),

see
S
ection

6.
It

tu
rn

s
ou

t
th

at
th

e
m

ach
in

ery
in

K
oltch

in
sk

ii
a
n
d

X
ia

(2
0
1
6
)

is
su

b
-o

p
tim

al
con

cern
in

g
th

e
S
N

R
req

u
irem

en
t.

In
d
eed

,
th

e
eigen

gap
req

u
irem

en
t

in
K

o
ltch

in
sk

ii
an

d
X

ia
(2016)

b
ecom

es
ḡ
k (M

1 (A
)M

>1
(A

) )�
σ (d

1 ∨
d

2 d
3 )

1
/
2,

w
h
ich

sh
all

is
u
n
n
ecessa

rily
stron

g
in

v
iew

of
th

e
recen

t
resu

lts
in

Z
h
en

g
a
n
d

T
om

io
ka

(2015),
C

ai
an

d
Z

h
a
n
g

(2
0
1
6
),

Z
h
an

g
an

d
X

ia
(2018)

an
d

L
iu

et
al.

(201
7).

T
o

b
rid

g
e

su
ch

gap
s,

w
e

con
d
u
ct

a
secon

d
ord

er
sp

ectral
an

aly
sis

for
Û

.
T

h
e

key
o
b
serva

tio
n

is
th

at
th

e
top

left
sin

gu
lar

v
ectors

of
M

1 (Y
)

are
also

th
e

top
eigen

vec-
to

rs
o
fM

1 (Y
)M

>1
(Y

).
T

h
e

secon
d

ord
er

m
eth

o
d

seek
s

th
e

eigen
sp

ace
p

ertu
rb

atio
n

on
M

1 (Y
)M

>1
(Y

)
in

stead
of

sin
gu

lar
sp

ace
p

ertu
rb

ation
on
M

1 (Y
).

C
learly,

w
e

h
ave

M
1 (Y

)M
>1

(Y
)

=
M

1 (A
)M

>1
(A

)
+

Γ
∈
R
d
1 ×
d
1

w
h
ere

Γ
=
M

1 (A
)M

>1
(Z

)
+
M

1 (Z
)M

>1
(A

)
+
M

1 (Z
)M

>1
(Z

).
N

ote
th

a
t

U
are

th
e

lead
-

in
g

eig
en

vecto
rs

ofM
1 (A

)M
>1

(A
)

an
d

Û
are

th
e

top
-r

1
eigen

vectors
ofM

1 (Y
)M

>1
(Y

).
M

o
reover,

th
e

follow
in

g
relation

on
eigen

gap
s

is
ob

v
iou

s:

ḡ
r
1 (M

1 (A
)M

>1
(A

) )
≥
ḡ

2r
1 (M

1 (A
) ).

T
h
e

a
d
va

n
tag

e
of

secon
d

ord
er

m
eth

o
d

com
es

from
th

e
ob

servation
th

a
t

even
th

ou
gh

E ∥∥M
1 (Z

)M
>1

(Z
) ∥∥

is
of

th
e

ord
er
σ

2(d
1 ∨

d
2 d

3 ),
th

e
sy

m
m

etric
m

atrix
M

1 (Z
)M

>1
(Z

)
is

co
n
cen

tra
ted

a
t
d

2 d
3 σ

2I
d
1

su
ch

th
at

(see
m

ore
d
etails

in
S
ection

6)

∥∥M
1 (Z

)M
>1

(Z
)−

σ
2d

2 d
3 I
d
1 ∥∥

=
O
p (
σ

2 (d
1 d

2 d
3 )

1
/
2 )
.

N
o
te

th
a
t

su
b
tractin

g
b
y

an
id

en
tity

m
atrix

d
o
es

n
o
t

aff
ect

th
e

eigen
-stru

ctu
re.

T
h
e

sec-
o
n
d

o
rd

er
m

eth
o
d

in
tro

d
u
ces

th
e

a
d
d
ition

al
term

M
1 (A

)M
>1

(Z
)

w
h
ose

op
erator

n
orm

is
b

o
u
n
d
ed

b
y
O
p (σ √

d
1 ∥∥M

1 (A
) ∥∥ ),

w
h
ich

creates
a

con
strain

t
on

th
e

con
d
ition

n
u
m

b
er

o
fM

1 (A
).

H
ow

ev
er,

in
ord

er
to

ch
aracterize

sh
arp

p
ertu

rb
ation

b
ou

n
d
s

of
lin

ear
form

s
〈û

k ,x〉,
w

e
n
eed

to
p
ay

m
ore

atten
tion

to
d
ealin

g
w

ith
correlation

s
am

on
g

th
e

h
igh

er
ord

er
term

s
th

a
n

th
e

fi
rst

ord
er

m
eth

o
d

in
K

oltch
in

sk
ii

an
d

X
ia

(2016).
W

e
n
ote

th
at

th
e

id
ea

o
f

secon
d

o
rd

er
m

eth
o
d

is
alread

y
ex

istin
g

in
th

e
literatu

re
(see,

e.g.,
Z

h
en

g
an

d
T

om
ioka

(2
0
1
5
)

for
th

e
`
2 -n

orm
p

ertu
rb

ation
b

ou
n
d
s).

T
h
e

secon
d

ord
er

m
om

en
t

m
eth

o
d

is
on

ly
th

e
sta

rtin
g

p
o
in

t
o
f

ou
r

tech
n
ical

an
aly

sis
w

h
ich

sig
n
ifi

can
tly

red
u
ces

th
e

S
N

R
req

u
irem

en
ts.
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X
ia

a
n
d

Z
h
o
u

O
u
r

m
ost

fu
n
d
am

en
tal

con
trib

u
tion

is
ab

o
u
t

th
e

su
p
-n

orm
ch

aracterization
of
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k ,u

k 〉
>

0.

T
h

e
o
re

m
1

L
et 3

M
:=
M

1 (A
)

a
n

d
δ(d

1 ,d
2 ,d

3 )
:=

σ
d

1
/
2

1
‖M
‖

+
σ

2(d
1 d

2 d
3 )

1
/
2

a
n

d
su

p
po

se
d

2 d
3 e −

d
1
/
2≤

1
.

T
h
ere

exist
a
bso

lu
te

co
n

sta
n

ts
D

1 ,D
2
>

0
su

ch
th

a
t

th
e

fo
llo

w
in

g
fa

ct
h
o
ld

s.
L

et
u
k

be
M

’s
k

-th
left

sin
gu

la
r

vecto
r

w
ith

m
u

ltip
licity

1.
If
ḡ
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û

1
.

It
m

ea
n

s
th

a
t,

a
ft

er
su

bt
ra

ct
in

g

th
e

bi
a
s,

th
e

d
ev

ia
ti

o
n

s
o
f

a
ll

û
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û
1
(j

)
h
a
s

th
e

sa
m

e
si

gn
a
s
u

1
(j

)
a
s

lo
n

g
a
s
λ
�

σ
d

3
/
4
.

T
h
is

si
gn

co
n

si
st

en
cy

is
cr

u
ci

a
l

fo
r

gu
a
ra

n
te

ei
n

g
th

e
ex

a
ct

cl
u

st
er

in
g

o
f

h
ig

h
d
im

en
si

o
n

a
l

m
ix

tu
re

m
od

el
,

se
e

m
o
re

d
et

a
il

s
in

S
ec

ti
o
n

4
.

T
h
e

b
ia

s
b k

is
u
su

al
ly

u
n
k
n
ow

n
an

d
w

e
b

or
ro

w
th

e
id

ea
in

K
ol

tc
h
in

sk
ii

an
d

X
ia

(2
01

6)
to

es
ti

m
at

e
b k

b
as

ed
on

tw
o

in
d
ep

en
d
en

t
sa

m
p
le

s.
It

h
ap

p
en

s
in

th
e

ap
p
li
ca

ti
on

of
te

n
-

so
r

d
ec

om
p

os
it

io
n

fo
r

ge
n
e

ex
p
re

ss
io

n
d
at

a
w

h
er

e
u
su

al
ly

m
u
lt

ip
le

in
d
ep

en
d
en

t
co

p
ie

s
ar

e
av

ai
la

b
le

,
se

e
m

or
e

d
et

ai
ls

in
H

or
e

et
al

.
(2

01
6)

.
S
u
p
p

os
e

th
at

tw
o

in
d
ep

en
d
en

t
n
oi

sy
ve

rs
io

n
of

A
∈
R
d
1
×
d
2
×
d
3

ar
e

o
b
se

rv
ed

w
it

h
Y

(1
)

=
A

+
Z

(1
)

an
d

Y
(2

)
=

A
+

Z
(2

)
w

h
er

e
Z

(1
)

an
d

Z
(2

)
h
av

e
i.
i.
d
.

ce
n
te

re
d

G
au

ss
ia

n
en

tr
ie

s
w

it
h

9
JM

L
R

 2
0(

61
):

1-
42

, 2
01

9

X
ia

a
n
d

Z
h
o
u

va
ri

an
ce
σ

2
as

in
(1

).
L

et
û
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‖ũ

k
−

u
k
‖ `
∞
≥
D

1

( l
og
d

d

) 1
/
2
)
≤

1 d
.

3
.3

.
L

o
w

R
a
n

k
T

e
n

so
r

D
e
n

o
is

in
g

a
n

d
E

n
tr

y
-w

is
e

D
e
v
ia

ti
o
n

B
o
u

n
d

In
th

is
se

ct
io

n
,

w
e

st
u
d
y

a
lo

w
ra

n
k

es
ti

m
at

e
of

A
th

ro
u
g
h

th
e

p
ro

je
ct

io
n

o
f

Y
.

L
et

Ũ
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Ã
−

A
∥∥
`∞

≤
D

2 σ
r

3 (
κ̃

(A
)σ

ḡ
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‖Ã
−

A
‖
`∞

=
O
p (
σd
ε

log
3
/
2
d )
.

It
w

o
rth

s
to

po
in

t
o
u

t
th

a
t

th
e

m
in

im
a
x

o
p
tim

a
l

bo
u

n
d

o
f

estim
a
tin

g
A

in
`
2 -n

o
rm

is
O
(σ
d

1
/
2 ),

see
Z

h
a
n

g
a
n

d
X

ia
(2

0
1
8
).

T
h
eo

rem
6

is
m

o
re

in
terestin

g
w

h
en

A
is

in
co

h
eren

t
su

ch
th

a
t
µ

U
,µ

V
,µ

W
=
O

(1)
w

h
ere

w
e

ca
n

co
n

clu
d
e

th
a
t

‖Ã
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Ã

(j
1 ,j

2 ,j
3 )

m
a
in

ta
in

s
th

e
sa

m
e

sign
a
s
A

(j
1 ,j

2 ,j
3 ).

In
S

ectio
n

4
a
n

d
R

em
a
rk

1
3
,

w
e

sh
o
w

th
a
t

th
e

su
p
-n

o
rm

bo
u

n
d

o
f

Ã
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û
−

(1
+
b
k )

1
/
2u ∥∥

`∞
≤
D

2 (
1

‖β‖
`
2

+
(p
/n

)
1
/
2

‖
β‖

2`
2

)(
1

‖β‖
2`
2

+

√
log

n

n

)
.

O
n

ev
en

tE
,

if‖β‖
`
2 ≥

D
1 (
n

1
/
6∨

p
1
/
8∨
(p

log
(n

)/n )
1
/
4 )

,
th

en
w

e
get

‖
û
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Ĉ

2
=
C

2
an

d
Ĉ
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û
k

) .

E
ve

n
th

ou
gh

T
h
eo

re
m

1
an

d
T

h
eo

re
m

4
ar

e
st

at
ed

w
h
en

th
e

si
n
gu

la
r

va
lu

e
λ
k

h
a
s

m
u
l-

ti
p
li
ci

ty
1,

w
e

p
re

se
n
t

m
or

e
ge

n
er

al
re

su
lt

s
in

th
is

se
ct

io
n
.

N
ot

e
th

at
w

h
en

th
er

e
a
re

re
p

ea
te

d
si

n
gu

la
r

va
lu

es
,

th
e

si
n
gu

la
r

ve
ct

or
s

ar
e

n
ot

u
n
iq

u
el

y
d
efi

n
ed

.
In

th
is

ca
se

,
le

t
µ

1
>

µ
2
>

..
.
>

µ
s
>

0
b

e
d
is

ti
n
ct

si
n
g
u
la

r
va

lu
es

of
A

w
it

h
s
≤

r 1
.

D
en

o
te

∆
k

:=
{j

:
λ
j

=
µ
k
}

fo
r

1
≤
k
≤
s

an
d
ν k

:=
C

ar
d
(∆

k
)

th
e

m
u
lt

ip
li
ci

ty
o
f
µ
k
.

L
et

µ
s+

1
=

0
w

h
ic

h
is

a
tr

iv
ia

l
ei

ge
n
va

lu
e

of
A

A
>

w
it

h
m

u
lt

ip
li
ci

ty
m

1
−
r 1

.
T

h
en

,
th

e
sp

ec
tr

a
l

d
ec

om
p

os
it

io
n

of
A

A
>

ca
n

b
e

re
p
re

se
n
te

d
as

A
A
>

=
s+

1
∑ k

=
1

µ
2 k
P
u
u
k

w
h
er

e
th

e
sp

ec
tr

a
l

p
ro

je
ct

or
P
u
u
k

:=
∑

j∈
∆
k
u
j
⊗

u
j

w
h
ic

h
is

u
n
iq

u
el

y
d
efi

n
ed

.
C

o
rr

es
p

o
n
d
-

in
gl

y,
d
efi

n
e

th
e

em
p
ir

ic
al

sp
ec

tr
al

p
ro

je
ct

or
b
a
se

d
on

ei
ge

n
-d

ec
om

p
os

it
io

n
o
f
Y

Y
>

,

P̂
u
u
k

:=
∑ j∈

∆
k

û
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e

d
ev

el
op

a
sh

ar
p

co
n
ce

n
tr

at
io

n
b

o
u
n
d

fo
r

b
il
in

ea
r

fo
rm

s
〈 P̂

u
u
k

x
,y
〉

fo
r

x
,y
∈

R
m

1
.

O
b
se

rv
e

th
at

Y
Y
>

h
as

an
id

en
ti

ca
l
ei

ge
n
-s

p
ac

e
as

Y
Y
>
−
m

2
σ

2
I m

1
.

L
et

Γ̂
:=

Γ
−
m

2
σ

2
I m

1

an
d

th
e

sp
ec

tr
al

a
n
al

y
si

s
sh

al
l

b
e

re
a
li
ze

d
on

A
A
>

+
Γ̂

.
S
ev

er
al

p
re

li
m

in
ar

y
fa

ct
s

ar
e

in
tr

o
d
u
ce

d
as

fo
ll
ow

s.
It

is
cl

ea
r

th
at

th
e
k
-t

h
ei

g
en

g
a
p

is
ḡ k
( A

A
>
) :=

m
in
( µ

2 k
−

1
−
µ

2 k
,µ

2 k
−
µ

2 k
+

1

)
fo

r
1
≤
k
≤
s,

w
h
er

e
w

e
se

t
µ

0
=

+
∞

.
T

h
e

p
ro

o
f

of
L

em
m

a
14

is
p
ro

v
id

ed
in

th
e

A
p
p

en
d
ix

.

L
e
m

m
a

1
4

F
o
r

a
n

y
d
et

er
m

in
is

ti
c

m
a
tr

ix
B
∈
R
m

3
×
m

2
,

th
e

fo
ll

o
w

in
g

bo
u

n
d
s

h
o
ld

E‖
B

Z
>
‖
.
σ
‖B
‖(
m

1
/
2

1
+
m

1
/
2

3
+

(m
1
m

3
)1
/
4
)

(2
2
)

∥ ∥ E
Z

Z
>
−
m

2
σ

2
I m

1

∥ ∥
.
σ

2
(m

1
m

2
)1
/
2
.
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H
ig
h
e
r
O
r
d
e
r
S
in
g
u
l
a
r
V
a
l
u
e
D
e
c
o
m
p
o
sit

io
n

F
o
r

a
n

y
t
>

0
,

th
e

fo
llo

w
in

g
in

equ
a
lities

h
o
ld

w
ith

p
ro

ba
bility

a
t

lea
st

1−
e −

t,

‖
B

Z
>‖
.
σ‖

B
‖ (
m

1
/
2

1
+
m

1
/
2

3
+

(m
1 m

3 )
1
/
4

+
t 1
/
2

+
(m

1 t)
1
/
4 )

(23)
∥∥
Z

Z
>
−
m

2 σ
2I
m

1 ∥∥
.
σ

2m
1
/
2

2

(m
1
/
2

1
+
t 1
/
2 ).

6
.1

.
P

ro
o
f

o
f

T
h

e
o
re

m
1

T
o

th
is

en
d
,

d
efi

n
e

C
u
u
k

:=
∑s6=
k

1

µ
2s −

µ
2k

P
u
u
s

a
n
d

P
h
h
k

:=
∑j∈

∆
k

h
j ⊗

h
j .

T
h
eo

rem
1

is
d
ecom

p
osed

in
to

tw
o

sep
arate

p
arts.

T
h
eorem

1
5

p
rov

id
es

th
e

con
cen

tration
b

o
u
n
d

fo
r
∣∣〈P

k x
,y〉−

E〈P
k x
,y〉 ∣∣

b
y

G
au

ssian
isop

erim
etric

in
eq

u
ality

an
d

th
e

p
ro

of
is

p
o
stp

o
n
ed

to
th

e
A

p
p

en
d
ix

.
In

T
h
eorem

17,
w

e
ch

aracterize
th

e
b
ias

E
P̂
u
u
k
−

P
u
u
k

.

T
h

e
o
re

m
1
5

L
et
δ(m

1 ,m
2 )

:=
µ

1 σ
m

1
/
2

1
+
σ

2(m
1 m

2 )
1
/
2

a
n

d
su

p
po

se
th

a
t
ḡ
k (A

A
> )
≥

D
1 δ(m

1 ,m
2 )

fo
r

a
la

rge
en

o
u

gh
co

n
sta

n
t
D

1
>

0.
T

h
en

,
fo

r
a
n

y
x
,y
∈

R
m

1,
th

ere
exists

a
n

a
bso

lu
te

co
n

sta
n

t
D

2
>

0
su

ch
th

a
t

fo
r

a
ll

log
8
≤
t.

m
1 ,

th
e

fo
llo

w
in

g
bo

u
n

d
h
o
ld

s
w

ith
p
ro

ba
bility

a
t

lea
st

1−
e −

t,

∣∣〈P̂
u
u
k

x
,y〉−

E〈P̂
u
u
k

x
,y〉 ∣∣≤

D
2 t 1

/
2 (
σ
µ

1
+
σ

2m
1
/
2

2

ḡ
k (A

A
> )

)‖
x‖

`
2 ‖y‖

`
2 .

T
h
e

fo
llow

in
g

sp
ectral

rep
resen

tation
form

u
la

is
n
eed

ed
w

h
ose

p
ro

of
can

b
e

fo
u
n
d

in
K

o
ltch

in
-

sk
ii

a
n
d

L
o
u
n
ici

(2016).

L
e
m

m
a

1
6

T
h
e

fo
llo

w
in

g
bo

u
n

d
h
o
ld

s

‖P̂
u
u
k
−

P
u
u
k
‖
≤

4‖Γ̂‖
ḡ
k (A

A
>

) .

M
o
reo

ver,
P̂
u
u
k

ca
n

be
rep

resen
ted

a
s

P̂
u
u
k
−

P
u
u
k

=
L
k (Γ̂

)
+

S
k (Γ̂

)

w
h
ere

L
k (Γ̂

)
=

P
u
u
k

Γ̂
C
u
u
k

+
C
u
u
k

Γ̂
P
u
u
k

a
n

d

‖
S
k (Γ̂

)‖
≤

14 (
‖
Γ̂‖

ḡ
k (A

A
>

) )
2.

T
h

e
o
re

m
1
7

L
et
δ(m

1 ,m
2 )

:=
µ

1 σ
m

1
/
2

1
+
σ

2(m
1 m

2 )
1
/
2

a
n

d
su

p
po

se
th

a
t
ḡ
k (A

A
> )
≥

D
1 δ(m

1 ,m
2 )

fo
r

a
la

rge
en

o
u

gh
co

n
sta

n
t
D

1
>

0
a
n

d
m

2 e −
m

1
/
2≤

1.
T

h
en

th
ere

exists
a
n

a
bso

lu
te

co
n

sta
n

t
D

2
>

0
su

ch
th

a
t

∥∥E
P̂
u
u
k
−

P
u
u
k
−

P
u
u
k

(E
P̂
u
u
k
−

P
u
u
k

)P
u
u
k

∥∥
≤
D

2 ν
k
σ

2m
1

+
σ

2m
1
/
2

2
+
σ
µ

1

ḡ
k (A

A
> )

(
δ(m

1 ,m
2 )

ḡ
k (A

A
> ) )

.
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X
ia

a
n
d

Z
h
o
u

P
ro

o
f

[P
ro

of
of

T
h
eorem

1]
C

om
b
in

in
g

T
h
eorem

15
an

d
T

h
eorem

17,
w

e
con

clu
d
e

th
at

for
an

y
x
,y
∈
R
m

1
w

ith
p
rob

ab
ility

at
least

1−
e −

t
for

all
log

8
≤
t≤

m
1 ,

∣∣ 〈P̂
u
u
k

x
,y 〉−

〈P
u
u
k

x
,y 〉−

〈P
u
u
k

(E
P̂
u
u
k
−

P
u
u
k

)P
u
u
k

x
,y 〉 ∣∣

.
(
t 1
/
2
σ
µ

1
+
σ

2m
1
/
2

2

ḡ
k (A

A
>

)
+
σ

2m
1 δ(m

1 ,m
2 )

ḡ
2k (A

A
>

)

)‖
x‖

`
2 ‖

y‖
`
2

w
h
ere

w
e

u
sed

th
e

fact
δ
(m

1
,m

2
)

ḡ
k
(A

A
>

) ≤
1

an
d
ν
k

=
1

(sin
ce
ḡ
k (M

M
>

)
>

0).
S
in

ce
ν
k

=
1

su
ch

th
at

P
u
u
k

=
u
k ⊗

u
k

an
d

P̂
u
u
k

=
û
k ⊗

û
k ,

w
e

can
w

rite

P
u
u
k

(E
P̂
u
u
k
−

P
u
u
k

)P
u
u
k

=
b
k P

u
u
k

w
h
ere

b
k

=
E〈û

k ,u
k 〉

2−
1
∈

[−
1
,0].

M
oreover,

a
sim

p
le

fact
is
b
k ≤

E‖
P̂
u
u
k
−

P
u
u
k
‖
.

δ
(m

1
,m

2
)

ḡ
k
(A

A
>

)
b
y

W
ed

in
’s

sin
Θ

th
eorem

(W
ed

in

(1972)).
If
ḡ
k (A

A
>

)
≥
D
δ(m

1 ,m
2 )

for
a

large
en

ou
gh

con
stan

t
D

>
0,

w
e

can
en

su
re

b
k ∈

[−
1
/2
,0].

T
h
en

,
w

ith
p
rob

ab
ility

at
least

1−
e −

t,

∣∣ 〈(P̂
u
u
k
−

(1
+
b
k )P

u
u
k

)x
,y 〉 ∣∣.

(
t 1
/
2
σ
µ

1
+
σ

2m
1
/
2

2

ḡ
k (A

A
>

)
+
σ

2m
1 δ(m

1 ,m
2 )

ḡ
2k (A

A
>

)

)‖x‖
`
2 ‖

y‖
`
2 .

B
y

ch
o
osin

g
x

=
y

=
u
k ,

w
e

ob
tain

for
all

log
8
≤
t≤

m
1 ,

P (∣∣〈û
k ,u

k 〉
2−

(1
+
b
k ) ∣∣&

t 1
/
2
σ
µ

1
+
σ

2m
1
/
2

2

ḡ
k (A

A
>

)
+
σ

2m
1 δ(m

1 ,m
2 )

ḡ
2k (A

A
>

)

)
≤
e −

t.

D
en

ote
th

is
even

t
b
y
E

1 .
O

b
serve

th
at

if
th

e
con

stan
t
D
>

0
is

large
en

ou
gh

an
d
m

1 �
m

2 ,
w

e
con

clu
d
e

th
at

on
even

tE
1 ,〈û

k ,u
k 〉

2≥
14 .

T
h
en

,
on

even
tE

1 ,

∣∣〈û
k ,x〉−

√
1

+
b
k 〈u

k ,x〉 ∣∣

≤
∣∣∣

1
+
b
k

〈û
k ,u

k 〉 −
√

1
+
b
k ∣∣∣ |〈u

k ,x〉|

+
1

|〈û
k ,u

k 〉| ∣∣∣ 〈û
k ,u

k 〉〈û
k ,x〉−

(1
+
b
k )〈u

k ,x〉 ∣∣∣

=

√
1

+
b
k ∣∣1

+
b
k −
〈û

k ,u
k 〉

2 ∣∣|〈u
k ,x〉|

|〈û
k ,u

k 〉| (√
1

+
b
k

+
〈û

k ,u
k 〉 )

+
1

|〈û
k ,u

k 〉| ∣∣ 〈(P̂
u
u
k
−

(1
+
b
k )P

u
u
k

)u
k ,x 〉 ∣∣

.
t 1
/
2
σ
µ

1
+
σ

2m
1
/
2

2

ḡ
k (A

A
>

)
‖x‖

`
2

+
σ

2m
1

ḡ
k (A

A
>

) (
δ(m

1 ,m
2 )

ḡ
k (A

A
>

) )‖
x‖

`
2 ,

w
h
ich

con
clu

d
es

th
e

p
ro

of
after

rep
lacin

g
A

w
ith
M

1 (A
)

an
d
µ

1
w

ith
‖M

1 (A
)‖

.

P
ro

o
f

[P
ro

of
of

T
h
eorem

17]
R

ecall
th

e
rep

resen
tation

form
u
la

of
P̂
u
u
k

in
L

em
m

a
1
6

th
a
t

E
P̂
u
u
k

=
P
u
u
k

+
E

S
k (Γ̂

)
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H
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h
e
r
O
r
d
e
r
S
in
g
u
l
a
r
V
a
l
u
e
D
e
c
o
m
p
o
si
t
io
n

w
h
er

e
Γ̂

:=
A

Z
>

+
Z

A
>

+
Z

Z
>
−
m

2
σ

2
I m

1
.

T
o

th
is

en
d
,

d
efi

n
e

Γ̃
:=

Γ̂
−
( Z

P
h
h
k

Z
>
−
ν k
σ

2
I m

1

)

su
ch

th
at

w
e

ca
n

w
ri

te
EP̂

u
u
k

=
P
u
u
k

+
ES

k
(Γ̃

)
+
( ES

k
(Γ̂

)
−
ES

k
(Γ̃

)) .
W

e
d
er

iv
e

an
u
p
p

er

b
ou

n
d

on
∥ ∥ E

S
k
(Γ̃

)
−

ES
k
(Γ̂

)∥ ∥
an

d
th

e
p
ro

of
ca

n
b

e
fo

u
n
d

in
th

e
A

p
p

en
d
ix

.
L

em
m

a
18

im
p
li
es

th
at

ou
r

an
al

y
si

s
ca

n
b

e
p
ro

ce
ed

ed
b
y

re
p
la

ci
n
g

Γ̂
w

it
h

Γ̃
.

L
e
m

m
a

1
8

T
h
er

e
ex

is
ts

a
u

n
iv

er
sa

l
co

n
st

a
n

t
D

1
>

0
su

ch
th

a
t

if
m

2
e−

m
1
/
2
≤

1
,

th
en

∥ ∥ E
S
k
(Γ̃

)
−

ES
k
(Γ̂

)∥ ∥
≤
D

1
σ
µ

1
+
σ

2
m

1

ḡ k
(A

A
>

)

(
δ(
m

1
,m

2
)

ḡ k
(A

A
>

)

) .

L
et
δ t

=
E‖

Γ̂
‖+

D
1
σ
µ

1
t1
/
2

+
D

2
σ

2
m

1
/
2

2
t1
/
2

fo
r

0
<
t
≤
m

1
to

b
e

d
et

er
m

in
ed

la
te

r
an

d
la

rg
e

en
ou

gh
co

n
st

an
ts
D

1
,D

2
>

0
su

ch
th

at
P(
‖Γ̂
‖
≥
δ t
) ≤

e−
t .

W
e

w
ri

te

EP̂
u
u
k
−

P
u
u
k
−

P
u
u
k
ES

k
(Γ̃

)P
u
u
k

=
ES

k
(Γ̂

)
−

ES
k
(Γ̃

)

+
E(

P
u
u
k

S
k
(Γ̃

)(
P
u
u
k

)⊥
+

(P
u
u
k

)⊥
S
k
(Γ̃

)P
u
u
k

+
(P

u
u
k

)⊥
S
k
(Γ̃

)(
P
u
u
k

)⊥
) 1
( ‖

Γ̃
‖
≤
δ t
)

+
E(

P
u
u
k

S
k
(Γ̃

)(
P
u
u
k

)⊥
+

(P
u
u
k

)⊥
S
k
(Γ̃

)P
u
u
k

+
(P

u
u
k

)⊥
S
k
(Γ̃

)(
P
u
u
k

)⊥
) 1
( ‖

Γ̃
‖
>
δ t
) .

(2
4)

W
e

p
ro

v
e

an
u
p
p

er
b

ou
n
d

fo
r
E〈

x
,(

P
u
u
k

)⊥
S
k
(Γ̃

)P
u
u
k

y
〉 1
( ‖

Γ̃
‖
≤
δ t
)

fo
r

x
,y
∈
R
m

1
.

S
im

il
ar

to
th

e
ap

p
ro

ac
h

in
K

ol
tc

h
in

sk
ii

an
d

X
ia

(2
01

6)
,

u
n
d
er

th
e

a
ss

u
m

p
ti

on
‖Γ̃
‖
≤
δ t

,
S
k
(Γ̃

)
is

re
p
re

se
n
te

d
in

th
e

fo
ll
ow

in
g

an
al

y
ti

c
fo

rm
,

S
k
(Γ̃

)
=
−

1 2
π
i

∮ γ
k

∑ r
≥

2

(−
1)
r
( R

A
A
>

(η
)Γ̃
) r

R
A

A
>

(η
)d
η

w
h
er

e
γ
k

is
a

ci
rc

le
on

th
e

co
m

p
le

x
p
la

n
e

w
it

h
ce

n
te

r
µ

2 k
a
n
d

ra
d
iu

s
ḡ
k
(A

A
>

)
2

,
an

d
R

A
A
>

(η
)

is
th

e
re

so
lv

en
t

of
th

e
op

er
at

or
A

A
>

w
it

h
R

A
A
>

(η
)

=
(A

A
>
−
η
I m

1
)−

1
w

h
ic

h
ca

n
b

e
ex

p
li
ci

tl
y

w
ri

tt
en

as

R
A

A
>

(η
)

:=
(A

A
>
−
η
I m

1
)−

1
=
∑ s

1

µ
2 s
−
η

P
u
u
s
.

W
e

al
so

d
en

ot
e

R̃
A

A
>

(η
)

:=
R

A
A
>

(η
)
−

1

µ
2 k
−
η

P
u
u
k

=
∑ s6=
k

1

µ
2 s
−
η

P
u
u
s
.
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to
ch

ec
k

th
at
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u
u
k

)⊥
( R

A
A
>

(η
)Γ̃
) r

R
A

A
>

(η
)P

u
u
k

=
(P

u
u
k

)⊥
( R

A
A
>

(η
)Γ̃
) r

1

µ
2 k
−
η

P
u
u
k

=
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1
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2 k
−
η
)2
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2

( R̃
A

A
>
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)Γ̃
) r
−
s
P
u
u
k

+
1

µ
2 k
−
η

( R̃
A

A
>

(η
)Γ̃
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) d
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‖
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=
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⊗
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Γ̃
)(

R
A

A
>

(η
)Γ̃
) r
−
s
P
u
u
k

y
〉

=
∑ j∈

∆
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⊗
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∆
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〉〈
( R̃
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‖Γ̃
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∆
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〉〈
( R̃

A
A
>

(η
)Γ̃
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.
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∆
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b
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∑
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P
u
u
t
2

)(P
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u
t
2

Γ̃
P
u
u
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P
u
u
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t
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u
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P
u
u
t
1

Γ̃
P
u
u
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P
u
u
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u
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u
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>
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=
1
,...,m

1 ;
Z

A
>

P
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∑
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k ′
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∑
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k ′
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i ⊗
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∀
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i ⊗
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∀
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k ′
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k ′
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con
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=
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∈
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=
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u
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b
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A
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A
A
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u
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µ
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∈
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d
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k ′
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p
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≤
δ
t )

=
σ
µ
k E

1
/
2 (

m
1
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Γ̃‖
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∣ ∣ ω
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〉∣ ∣
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) ‖

x
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) ‖
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〉∣ ∣
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) ‖
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( ‖
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‖
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at
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p
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b
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Γ̃
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−
U
) ∥∥
`
2 ≤

r
1
/
2 ∥∥

e >i (Ũ
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Ũ
−

P
U
,P

Ṽ
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Ũ
(Ũ
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Ũ
,P

Ṽ
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ḡ k
(A

A
>

)
‖x
‖ `

2
‖y
‖ `

2

)
≤
e−

t .

T
o

su
m

u
p
,

fo
r

al
l

0
≤
t
.
m

1
,

th
e

fo
ll
ow

in
g

b
ou

n
d

h
ol

d
s

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
e−

t ,

∣ ∣〈
x
,L

k
(Γ̂

)y
〉∣ ∣
.
t1
/
2

(
σ
µ

1
+
σ

2
m

1
/
2

2
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)y〉−

E〈x
,S

k (Γ̂
)y〉 ∣∣≤

D
γ t 1

/
2
σ
µ

1
+
σ

2m
1
/
2

2

ḡ
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=
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=
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b
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.
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=
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+
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d
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ḡ
k (A

A
>

)

(
δ(m

1 ,m
2 )

ḡ
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lly

tu
ne

th
e
ra
ng

e
fo
r
ea
ch

pr
od

uc
t
se
pa

ra
te
ly
.

O
ne

m
ig
ht

w
on

de
r
if
th
is
de

pe
nd

en
ce

on
h
is
un

av
oi
da

bl
e,

as
it
se
em

s
to

be
re
fle

ct
ed

by
th
e
ex
is
ti
ng

lo
w
er

bo
un

ds
fo
r
th
is
pr
ob

le
m

in
th
e
lit
er
at
ur
e
(l
ow

er
bo

un
ds

ar
e
di
sc
us
se
d
la
te
r

in
th
e
in
tr
od

uc
ti
on

w
it
h
m
or
e
de

ta
ils
).

In
te
re
st
in
gl
y,

in
al
l
of

th
es
e
lo
w
er
-b
ou

nd
in
st
an

ce
s

th
e
be

st
fix

ed
pr
ic
e
is

eq
ua

l
to
h
it
se
lf;

T
he

re
fo
re
,
it

is
no

t
cl
ea
r
w
he

th
er

th
is

de
pe

nd
en
cy

on
h
is

re
qu

ir
ed

fo
r
in
st
an

ce
s
w
he

re
h
is

on
ly

a
pe

ss
im

is
ti
c
up

pe
r-
bo

un
d
on

th
e
be

st
fix

ed
pr
ic
e.

W
e
no

w
as
k
th
e
fo
llo

w
in
g
qu

es
ti
on

:

Q
u
es
ti
on

:
do

on
lin

e
le
ar
ni
ng

al
go
ri
th
m
s
ex
is
tf
or

th
e
on

lin
e
po
st
ed

pr
ic
in
g
pr
ob
-

le
m
,
su
ch

th
at

th
ei
r
re
gr
et
s
ar
e
pr
op
or
ti
on

al
to

th
e
be
st

fix
ed

pr
ic
e
in
st
ea
d
of

th
e

hi
gh
es
t
va
lu
e?

1.
A
s
w
e
w
ill

se
e
la
te
r
in

th
e
pa

pe
r,

w
e
co
ns
id
er

de
si
gn

in
g
pr
ic
in
g
al
go
ri
th
m
s
th
at

ha
ve

va
ni
sh
in
g
re
ve
nu

e
re
gr
et

w
it
h
re
sp
ec
t
to

al
lp

ri
ce
s,

or
on

ly
pr
ic
es

w
it
h
a
gi
ve
n
m
in
im

um
m
ar
ke
t
sh
ar
e.
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M
u
lti-sca

le
O

n
lin

e
L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pplicatio

n
s
to

O
n
lin

e
A

u
ctio

n
s
a
n
d

P
r
icin

g

Standard
off-the-shelf

bounds,
e.g.,

those
obtained

by
using

classic
results

on
full

in-
form

ation
online

learning
(A

rora
et

al.,
2012)

or
bandit

inform
ation

online
learning

(A
uer

et
al.,1995;B

ubeck,2011),allow
regret

to
depend

on
the

loss
ofthe

best
arm

instead
ofthe

w
orst

case
loss.

H
ow

ever,even
such

bounds
stilldepend

linearly
on

the
m
axim

um
range

of
allthe

losses,and
thus

they
w
ould

not
allow

to
replace

h
by

the
best

fixed
price.

Fortunately,in
the

online
pricing

problem
the

rew
ard

function
ofthe

arm
s
is
w
ellstruc-

tured.
In

particular,as
a
neat

observation,the
rew

ard
of

the
arm

p
is

upper-bounded
by

p
(and

not
only

the
m
axim

um
value).

C
an

w
e
use

this
structure

in
our

favor
to

im
prove

the
standard

regretbounds?
W
e
answ

erthis
question

in
the

affi
rm

ative
by

the
m
eans

ofreducing
the

problem
to

a
pure

learning
problem

term
ed

as
m
utli-scale

online
learning.

N
otably,this

structuralobservation
is
the

sam
e
structuralobservation

that
enabled

the
im

proved
bounds

of
B
lum

and
H
artline

(2005)
over

the
prior

w
ork

at
the

tim
e.

1.1.
M
u
lti-scale

on
lin

e
learn

in
g

T
he

m
ain

technicalingredients
in

our
results

are
variants

ofthe
classicalproblem

s
oflearning

from
expert

advice
and

m
ulti-arm

ed
bandit.

W
e
introduce

the
m
ulti-scale

versions
of

these
problem

s,w
here

each
action

has
its

rew
ard

bounded
in

a
different

range.
W
e
assum

e
these

ranges
are

know
n
in

advance
by

any
online

algorithm
.
H
ere,w

e
seek

to
design

online
learning

algorithm
s
that

guarantee
m
ulti-scale

regret
bounds,

i.e.
their

regrets
w
ith

respect
to

each
certain

action
scales

w
ith

the
range

of
that

particular
action,

instead
of

the
m
axim

um
possible

range.
T
hese

guarantees
are

in
contrast

w
ith

the
regret

bounds
of

the
standard

versions,w
hich

scale
w
ith

the
m
axim

um
range.

M
ain

resu
lt
(in

form
al):

w
e
give

algorithm
s
for

the
fullinform

ation
and

bandit
inform

ation
versions

ofthe
m
ulti-scale

online
learning

problem
w
ith

inform
ation

theoretically
optim

al(or
alm

ost
optim

al)
m
ulti-scale

regret
guarantees.

W
hile

w
e
use

these
bounds

m
ostly

for
designing

online
auctions

and
pricing

m
echanism

s,
w
e
expect

such
bounds

to
be

of
independent

interest.
T
he

m
ain

idea
behind

our
algorithm

s
is

to
use

a
tailored

variant
of

online
(stochastic)

m
irror

descent
(O

SM
D
)
(B

ubeck,
2011).

In
this

tailored
version,

the
algorithm

uses
a

w
eighted

negative
entropy

as
the

Legendre
function

(also
know

n
as

the
m
irror

m
ap),w

here
the

w
eight

of
each

term
i
(corresponding

to
arm

i)
is

actually
equal

to
the

range
of

that
arm

.
M
ore

form
ally,

assum
ing

the
range

of
arm

i
is

equal
to
c
i
(i.e.,

rew
ard

of
arm

i
is

in
[0,c

i ]),our
m
irror

descent
algorithm

s
(A

lgorithm
1
for

fullinform
ation,and

A
lgorithm

3
for

the
bandit

inform
ation)

use
the

follow
ing

m
irror

m
ap:

F
(x

)
=
∑arm

s
i c
i ·x

i ln
(x
i )

Intuitively
speaking,

these
algorithm

s
take

into
account

different
ranges

for
different

arm
s
by

first
norm

alizing
the

rew
ard

ofeach
arm

by
its

range
(i.e.

divide
the

rew
ard

ofarm
i
by

its
corresponding

range
c
i ),

and
then

projecting
the

updated
w
eights

by
perform

ing
a

sm
ooth

m
ulti-scale

projection
into

the
sim

plex.
T
his

projection
is

an
instance

of
the

m
ore

generalB
regm

an
projection

(B
ubeck,2011)

for
the

specialcase
ofw

eighted
negative

entropy
as

the
m
irror

m
ap.

T
he

m
irror

descent
fram

ew
ork

then
gives

regret
bounds

in
term

s
of

a

3
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B
u
beck

,
D

eva
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

“local
norm

”
as

w
ell

as
an

“initial
divergence”,

w
hich

w
e
then

bound
differently

for
each

version
ofthe

problem
.
In

the
technicalsections

w
e
highlight

how
the

subtle
variations

arise
as

a
result

of
different

techniques
used

to
bound

these
tw

o
term

s.
W

hile
our

algorithm
s
have

the
style

ofthe
m
ultiplicative

w
eights

update
(up

to
a
norm

al-
ization

ofthe
rew

ards),the
sm

ooth
projection

step
at

each
iteration

m
akes

them
drastically

different.
T
o
shed

som
e
insight

on
this

projection
step,

w
hich

plays
an

im
portant

role
in

our
analysis,consider

a
very

specialcase
of

the
problem

w
here

the
rew

ard
of

each
arm

i
is

determ
inistically

equalto
c
i .

T
he

m
ultiplicative

w
eights

algorithm
picks

arm
i
w
ith

a
prob-

ability
proportionalto

ex
p

(c
i ).

H
ow

ever,as
it
is

clear
from

the
description

ofA
lgorithm

1,
our

algorithm
uniform

ly
scales

the
w
eight

ofeach
arm

first.
T
hen,in

the
projection

step
the

w
eight

of
each

arm
i
is

m
ultiplied

by
ex

p
(−

λ
∗c
i
)
for

som
e
param

eter
λ
∗.

H
ence,

arm
i
w
ill

be
sam

pled
w
ith

a
probability

proportionalto
ex

p
(−

λ
∗c
i
)
(w

hich
is
a
sm

ooth
approxim

ation
to
i ∗

=
argm

ax
c
i ,but

in
a
different

w
ay

com
pared

to
the

vanilla
m
ultiplicative

w
eights).

T
he

m
ulti-scale

versions
exhibit

subtle
variations

that
do

not
appear

in
the

standard
versions.

F
irstofall,ourapplicationsto

auctionsand
pricing

have
non-negative

rew
ards,and

this
actually

m
akes

a
difference.

For
both

the
expert

and
the

bandit
versions,the

m
inim

ax
regret

bounds
for

non-negative
rew

ards
are

provably
better

than
those

w
hen

rew
ards

could
be

negative.
Further,

for
the

bandit
version

w
ith

non-negative
rew

ards,
w
e
can

prove
a

better
bound

(in
term

s
of

the
dependency

on
tim

e
horizon

T
)
if
w
e
only

require
the

bound
to

hold
w
ith

respect
to

the
best

action,rather
than

all
actions

(w
hich

w
as

the
requirem

ent
of

the
vanilla

version
of

our
definition

for
a
m
ulti-scale

regret
bound).

T
he

various
regret

bounds
and

com
parison

to
standard

bounds
are

sum
m
arized

in
T
ables

1.

Standard
regret

bound
O

(·)
M
ulti-scale

bound
(this

paper)

U
pper

bound
O

(·)
Low

er
bound

Ω
(·)

E
xperts/non-negative

c
m
a
x √

T
log

(k
)
∗

c
i √

T
log

(k
T

)
c
i √

T
log

(k
)

B
andits/non-negative

c
m
a
x √

T
k
†

c
i T

23
(k

log
(k
T

))
13

c
i √
T
K

c
i ∗ √

T
k

lo
g
(k

),
i ∗

is
the

best
action

-

E
xperts/sym

m
etric

c
m
a
x √

T
log

(k
)
∗

c
i √

T
log

(k·
c
m

a
x

c
m

in
)

c
i √

T
log

(k
)

B
andits/sym

m
etric

c
m
a
x √

T
k
†

c
i √

T
k·

c
m

a
x

c
m

in
log

(k
T
·
c
m

a
x

c
m

in
)

c
i √

T
k·

c
m

a
x

c
m

in

∗
Freund

and
Schapire

(1995);
†
A
udibert

and
B
ubeck

(2009).

T
able

1:
P
ure-additive

regret
bounds

for
non-negative

rew
ards,

i.e.
w
hen

rew
ard

of
any

action
i
at

any
tim

e
is

in
[0,c

i ],
and

sym
m
etric

range
rew

ards,
i.e.

w
hen

rew
ard

of
any

action
i
at

any
tim

e
is

in
[−
c
i ,c

i ](suppose
T

is
the

tim
e
horizon,

A
is

the
action

set,and
k
is

the
num

ber
of

actions).

1.2.
T
h
e
im

p
lication

s
for

on
lin

e
au

ction
s
an

d
p
ricin

g

A
s
a
direct

application
ofour

m
ulti-scale

online
learning

fram
ew

ork,som
ew

hat
surprisingly,
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M
u
lt

i-
sc

a
le

O
n
li

n
e

L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pp

li
ca

ti
o
n
s
to

O
n
li

n
e

A
u
ct

io
n
s
a
n
d

P
r
ic

in
g

S
ec
on

d
co
nt
ri
b
u
ti
on

:
w
e
sh
ow

th
at

w
e
ca
n
ge
t
re
gr
et

pr
op
or
ti
on

al
to

th
e
be
st

fix
ed

pr
ic
e
in
st
ea
d
of

th
e
hi
gh
es
t
va
lu
e
fo
r
th
e
on

lin
e
po
st
ed

pr
ic
in
g
pr
ob
le
m
.

(i
.e
.,
w
e
ca
n
re
pl
ac
e
h
by

th
e
be

st
fix

ed
pr
ic
e,

w
hi
ch

is
us
ed

in
th
e
de

fin
it
io
n
of

th
e
be

nc
h-

m
ar
k)
.
In

pa
rt
ic
ul
ar
,
w
e
sh
ow

th
at

th
e
ad

di
ti
ve

bo
un

d
ca
n
be

m
ad

e
to

be
O

(ε
−

2
p
∗

lo
g
h

),
w
he

re
p
∗
is
th
e
be

st
fix

ed
pr
ic
e
in

hi
nd

si
gh

t.
T
hi
s
al
lo
w
s
us

to
us
e
a
ve
ry

ge
ne

ro
us

es
ti
m
at
e

fo
r
h
an

d
le
t
th
e
al
go

ri
th
m

ad
ap

t
to

th
e
ac
tu
al

ra
ng

e
of

pr
ic
es
;
w
e
on

ly
lo
se

a
lo

g
h
fa
ct
or
.

T
he

al
go

ri
th
m

ba
la
nc

es
ex
pl
or
at
io
n
pr
ob

ab
ili
ti
es

of
di
ffe

re
nt

pr
ic
es

ca
re
fu
lly

an
d
au

to
m
at
i-

ca
lly

zo
om

s
in

on
th
e
re
le
va
nt

pr
ic
e
ra
ng

e.
T
hi
s
do

es
no

t
vi
ol
at
e
kn

ow
n
lo
w
er

bo
un

ds
,s
in
ce

in
th
os
e
in
st
an

ce
s
p
∗
is

cl
os
e
to
h
.

B
ar
-Y
os
se
fe

t
al
.(
20
02

),
B
lu
m

et
al
.(
20

04
),
an

d
B
lu
m

an
d
H
ar
tl
in
e
(2
00

5)
al
so

co
ns
id
er

th
e
“f
ul
l
in
fo
rm

at
io
n”

ve
rs
io
n

of
th
e
pr
ob

le
m
,
or

w
ha

t
w
e
ca
ll

th
e
on

lin
e
(s
in
gl
e
bu
ye
r)

au
ct
io
n
pr
ob

le
m
,w

he
re

th
e
va
lu
at
io
ns

of
th
e
bu

ye
rs

ar
e
re
ve
al
ed

to
th
e
al
go

ri
th
m

af
te
r
th
e

bu
ye
r
ha

s
m
ad

e
a
de

ci
si
on

.
Su

ch
in
fo
rm

at
io
n
m
ay

be
av
ai
la
bl
e
in

a
co
nt
ex
t
w
he

re
th
e
bu

ye
rs

ha
ve

to
bi
d
fo
r
th
e
it
em

s,
an

d
ar
e
aw

ar
de

d
th
e
it
em

if
th
ei
r
bi
d
is

ab
ov
e
a
hi
dd

en
pr
ic
e.

In
th
is

ca
se
,
th
e
ad

di
ti
ve

te
rm

ca
n
be

im
pr
ov
ed

to
O

(ε
−

1
h

lo
g
(ε
−

1
))
,
w
hi
ch

is
ti
gh

t.
O
nc

e
ag

ai
n,

by
a
re
du

ct
io
n
to

m
ul
ti
-s
ca
le

on
lin

e
le
ar
ni
ng

,w
e
sh
ow

th
at
h
ca
n
be

re
pl
ac
ed

w
it
h
p
∗ ;

in
pa

rt
ic
ul
ar
,w

e
sh
ow

th
at

th
e
ad

di
ti
ve

te
rm

ca
n
be

m
ad

e
to

be
O

(ε
−

1
p
∗

lo
g
(h
ε−

1
))
.

1.
3.

P
u
re
ly

m
u
lt
ip
li
ca
ti
ve

b
ou

n
d
s
an

d
sa
m
p
le

co
m
p
le
xi
ty

T
he

re
gr
et

bo
un

ds
m
en
ti
on

ed
ab

ov
e
ca
n
be

tu
rn
ed

in
to

a
pu

re
ly

m
ul
ti
pl
ic
at
iv
e
fa
ct
or

in
th
e

fo
llo

w
in
g
w
ay
:
fo
r
an

y
ε
>

0,
th
e
al
go

ri
th
m

is
gu

ar
an

te
ed

to
ge
t
a

1
−
O

(ε
)
fr
ac
ti
on

of
th
e

be
st

fix
ed

pr
ic
e
re
ve
nu

e,
pr
ov
id
ed

th
e
nu

m
be

r
of

pe
ri
od

s
T
≥
E
/ε
,
w
he

re
E

is
th
e
ad

di
ti
ve

te
rm

in
th
e
re
gr
et

bo
un

ds
ab

ov
e.

T
hi
s
fo
llo

w
s
fr
om

th
e
ob

se
rv
at
io
n
th
at

a
re
ve
nu

e
of
T

is
a

lo
w
er

bo
un

d
on

th
e
be

st
fix

ed
pr
ic
e
re
ve
nu

e.
D
efi

ne
th
e
nu

m
be

r
of

pe
ri
od

s
re
qu

ir
ed

to
ge
t

a
1
−
ε
m
ul
ti
pl
ic
at
iv
e
ap

pr
ox
im

at
io
n
(a
s
a
fu
nc

ti
on

of
ε)

to
be

th
e
co
nv
er
ge
nc
e
ra
te

of
th
e

al
go

ri
th
m
.

A
1
−
ε
m
ul
ti
pl
ic
at
iv
e
fa
ct
or

is
al
so

th
e
ta
rg
et

in
th
e
re
ce
nt

lin
e
of

w
or
k,

on
th
e
sa
m
pl
e

co
m
pl
ex
it
y
of

au
ct
io
ns
,s
ta
rt
ed

by
B
al
ca
n
et

al
.(
20

08
);
E
lk
in
d
(2
00

7)
;D

ha
ng

w
at
no

ta
ie

t
al
.

(2
01

4)
;
C
ol
e
an

d
R
ou

gh
ga

rd
en

(2
01

4)
.
(W

e
gi
ve

a
m
or
e
co
m
pr
eh

en
si
ve

di
sc
us
si
on

of
th
is

lin
e
of

w
or
k
in

Se
ct
io
n
1.
4.
)

H
er
e,

i.i
.d
.
sa
m
pl
es

of
th
e
va
lu
at
io
ns

ar
e
gi
ve
n
fr
om

a
fix

ed
bu
t
un

kn
ow

n
di
st
ri
bu
ti
on

,a
nd

th
e
go
al

is
to

fin
d
a
pr
ic
e
su
ch

th
at

it
s
re
ve
nu

e
w
it
h
re
sp
ec
t

to
th
e
hi
dd

en
di
st
ri
bu

ti
on

is
a

1
−
ε
fr
ac
ti
on

of
th
e
op

ti
m
um

re
ve
nu

e
fo
r
th
is

di
st
ri
bu

ti
on

.
T
he

sa
m
pl
e
co
m
pl
ex
it
y
is

th
e
m
in
im

um
nu

m
be

r
of

sa
m
pl
es

ne
ed

ed
to

gu
ar
an

te
e
th
is

(a
s
a

fu
nc

ti
on

of
ε)
.

T
he

sa
m
pl
e
co
m
pl
ex
it
y
an

d
th
e
co
nv

er
ge
nc

e
ra
te

(f
or

th
e
fu
ll
in
fo
rm

at
io
n
se
tt
in
g)

ar
e

cl
os
el
y
re
la
te
d
to

ea
ch

ot
he

r.
T
he

sa
m
pl
e
co
m
pl
ex
it
y
is
al
w
ay

s
sm

al
le
r
th
an

th
e
co
nv

er
ge
nc

e
ra
te
:
th
e
pr
ob

le
m

is
ea
si
er

be
ca
us
e
of

th
e
fo
llo

w
in
g.

1.
T
he

va
lu
at
io
ns

ar
e
i.i
.d
.
in

th
e
ca
se

of
sa
m
pl
e
co
m
pl
ex
it
y,

w
he

re
as

th
ey

ca
n
be

ar
bi
-

tr
ar
y
(w

or
st

ca
se
)
in

th
e
ca
se

of
co
nv

er
ge
nc

e
ra
te
.

2.
Sa

m
pl
e
co
m
pl
ex
it
y
co
rr
es
po

nd
s
to

an
offl

in
e
pr
ob

le
m
:
yo

u
ge
t
al
lt
he

sa
m
pl
es

at
on

ce
.

C
on

ve
rg
en
ce

ra
te

co
rr
es
po

nd
s
to

an
on

lin
e
pr
ob

le
m
:
yo
u
ne

ed
to

de
ci
de

w
ha

t
to

do
on

a
gi
ve
n
va
lu
at
io
n
w
it
ho

ut
kn

ow
in
g
w
ha

t
va
lu
at
io
ns

ar
ri
ve

in
th
e
fu
tu
re
.
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B
u
be

ck
,
D

ev
a
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

T
hi
s
is

fo
rm

al
iz
ed

in
te
rm

s
of

an
on

lin
e
to

offl
in
e
re
du

ct
io
n

[fo
lk
lo
re
]
w
hi
ch

sh
ow

s
th
at

a
co
nv

er
ge
nc

e
ra
te

up
pe

r
bo

un
d
ca
n
be

au
to
m
at
ic
al
ly

tr
an

sl
at
ed

to
a
sa
m
pl
e
co
m
pl
ex
it
y

up
pe

r
bo

un
d.

T
hi
s
le
ts

us
co
nv

er
t
sa
m
pl
e
co
m
pl
ex
it
y
lo
w
er

bo
un

ds
in
to

lo
w
er

bo
un

ds
on

th
e
co
nv

er
ge
nc

e
ra
te
,a

nd
in

tu
rn

in
to

lo
w
er

bo
un

ds
on

th
e
ad

di
ti
ve

er
ro
r
E

in
an

ad
di
ti
ve

pl
us

m
ul
ti
pl
ic
at
iv
e
re
gr
et

bo
un

d.
Fo

r
ex
am

pl
e,

th
e
ad

di
ti
ve

er
ro
r
fo
r
th
e
on

lin
e
au

ct
io
n

pr
ob

le
m

(a
nd

he
nc
e
al
so

fo
r
th
e
po

st
ed

pr
ic
in
g
pr
ob

le
m

2 )
ca
nn

ot
be

o(
h
ε−

1
)
(H

ua
ng

et
al
.,

20
15

b)
.
M
or
eo
ve
r,
it
is
in
si
gh

tf
ul

to
co
m
pa

re
co
nv

er
ge
nc

e
ra
te
s
w
e
sh
ow

w
it
h
th
e
be
st

kn
ow

n
sa
m
pl
e
co
m
pl
ex
it
y
up

pe
r
bo
un

d;
pr
ov
in
g
be
tt
er

co
nv
er
ge
nc
e
ra
te
s
w
ou

ld
m
ea
n
im

pr
ov
in
g
th
es
e

bo
un

ds
as

w
el
l.

A
na

tu
ra
l
ta
rg
et

co
nv

er
ge
nc

e
ra
te

fo
r
a
pr
ob

le
m

is
th
er
ef
or
e
th
e
co
rr
es
po

nd
in
g
sa
m
pl
e

co
m
pl
ex
it
y,

bu
t
ac
hi
ev
in
g
th
is
is
no

t
al
w
ay
s
tr
iv
ia
l.
In

pa
rt
ic
ul
ar
,w

e
co
ns
id
er

an
in
te
re
st
in
g

ve
rs
io
n
of

th
e
sa
m
pl
e
co
m
pl
ex
it
y
bo

un
d
fo
r
au

ct
io
ns
,
fo
r
w
hi
ch

no
an

al
og

ou
s
co
nv

er
ge
nc

e
ra
te

bo
un

d
is

kn
ow

n
in

th
e
lit
er
at
ur
e.

T
hi
s
ve
rs
io
n
ta
ke
s
in
to

ac
co
un

t
bo
th

re
ve
nu

e
an

d
m
ar
ke
t
sh
ar
e,

an
d
ge
ts

sa
m
pl
e
co
m
pl
ex
it
y
bo

un
ds

th
at

ar
e
sc
al
e
fr
ee
;t
he
re

is
no

de
pe

nd
en

ce
on

h
,
w
hi
ch

m
ea
ns

it
w
or
ks

fo
r
un

bo
un

de
d
va
lu
at
io
ns
!
Fo

r
an

y
δ
∈

(0
,1

),
th
e
be

st
fix

ed
pr
ic
e
be

nc
hm

ar
k
is

re
la
xe
d
to

ig
no

re
th
os
e
pr
ic
es

w
ho

se
m
ar
ke
t
sh
ar
e
(w

hi
ch

is
eq
ui
va
le
nt

to
th
e
pr
ob

ab
ili
ty

of
sa
le
)
is
be

lo
w

a
δ
fr
ac
ti
on

;a
s
δ
in
cr
ea
se
s
th
e
be

nc
hm

ar
k
is
lo
w
er
.
T
hi
s

is
a
m
ea
ni
ng

fu
lb

en
ch
m
ar
k
si
nc

e
in

m
an

y
ca
se
s
re
ve
nu

e
is
no

t
th
e
on

ly
go

al
,e

ve
n
if
yo
u
ar
e

a
m
on

op
ol
is
t.

A
m
or
e
re
as
on

ab
le

go
al

is
to

m
ax

im
iz
e
re
ve
nu

e
su
bj
ec
t
to

th
e
co
ns
tr
ai
nt

th
at

th
e
m
ar
ke
t
sh
ar
e
is
ab

ov
e
a
ce
rt
ai
n
th
re
sh
ol
d.

W
ha

t
is
m
or
e,

th
is
gi
ve
s
a
sa
m
pl
e
co
m
pl
ex
it
y

of
O

(ε
−

2
δ−

1
lo

g
(δ
−

1
ε−

1
))

(H
ua

ng
et

al
.,
20

15
b)
.
In

fa
ct
δ
ca
n
be

se
t
to
h
−

1
w
it
ho

ut
lo
ss

of
ge
ne

ra
lit
y,

w
he

n
th
e
va
lu
es

ar
e
in

[1
,h

],3
an

d
th
e
ab

ov
e
bo

un
d
th
en

m
at
ch
es

th
e
sa
m
pl
e

co
m
pl
ex
it
y
w
it
h
re
sp
ec
t
to

th
e
be

st
fix

ed
pr
ic
e
re
ve
nu

e.
In

ad
di
ti
on

,
th
is

bo
un

d
gi
ve
s
a

pr
ec
is
e
in
te
rp
ol
at
io
n:

as
th
e
ta
rg
et

m
ar
ke
t
sh
ar
e
δ
in
cr
ea
se
,t

he
nu

m
be

r
of

sa
m
pl
es

ne
ed
ed

de
cr
ea
se
s
al
m
os
t
lin

ea
rl
y.

T
h
ir
d
co
nt
ri
b
u
ti
on

:
w
e
sh
ow

an
av
er
ag
e
re
ve
nu

e
co
nv
er
ge
nc
e
ra
te

th
at

al
m
os
t

m
at
ch
es

th
e
ab
ov
e
sa
m
pl
e
co
m
pl
ex
it
y,

fo
r
th
e
fu
ll
in
fo
rm

at
io
n
se
tt
in
g,

i.e
.
nu

m
be
r

of
ro
un

ds
re
qu
ir
ed

fo
r
th
is

co
nv
er
ge
nc
e
m
at
ch
es

th
e
nu

m
be
r
of

i.i
.d
.

sa
m
pl
es

re
qu
ir
ed

fo
r
an

offl
in
e
al
go
ri
th
m

to
at
ta
in

th
e
sa
m
e
ne
ar
-o
pt
im

al
it
y
gu
ar
an

te
e.

W
e
ha

ve
a
m
ild

de
pe

nd
en

ce
on

h
;t
he

ra
te

is
pr
op

or
ti
on

al
to

lo
g

lo
g
h
.
Fu

rt
he

r,
w
e
al
so

sh
ow

a
ne
ar

op
ti
m
al

co
nv

er
ge
nc

e
ra
te

fo
r
th
e
on

lin
e
po

st
ed

pr
ic
in
g
pr
ob

le
m
.4

M
u
lt
ip
le

b
u
ye
rs
:

A
ll
of

ou
r
re
su
lt
s
in

th
e
fu
ll
in
fo
rm

at
io
n
(o
nl
in
e
au

ct
io
n)

se
tt
in
g
ex
-

te
nd

to
th
e
m
ul
ti
pl
e
bu

ye
r
m
od

el
.
In

th
is
m
od

el
,i
n
ea
ch

ti
m
e
pe

ri
od

,a
ne

w
se
t
of
n
bu

ye
rs

co
m
pe

te
s
fo
r
a
si
ng

le
it
em

.
T
he

se
lle

r
ru
ns

a
tr
ut
hf
ul

au
ct
io
n
th
at

de
te
rm

in
es

th
e
w
in
ni
ng

bu
ye
r
an

d
hi
s
pa

ym
en
t.

T
he

be
nc
hm

ar
k
he

re
is

th
e
se
t
of

al
l
“M

ye
rs
on

-t
yp

e”
m
ec
ha

ni
sm

s.
T
he

se
ar
e
m
ec
ha

ni
sm

s
th
at

ar
e
op

ti
m
al

w
he

n
ea
ch

pe
ri
od

ha
s
n
bu

ye
rs

of
po

te
nt
ia
lly

di
f-

fe
re
nt

ty
pe

s,
an

d
th
e
va
lu
e
of

ea
ch

bu
ye
r
is

dr
aw

n
in
de
pe

nd
en
tl
y
fr
om

a
ty
pe

de
pe

nd
en
t

2.
W
e
co
nj
ec
tu
re

th
at

th
e
lo
w
er

bo
un

d
fo
r
th
e
po

st
ed

pr
ic
in
g
pr
ob

le
m

sh
ou

ld
be

w
or
se

by
a
fa
ct
or

of
ε−

1
,

si
nc
e
on

e
ne

ed
s
to

ex
pl
or
e
ab

ou
t
ε−

1
di
ffe

re
nt

pr
ic
es
.

3.
W

he
n
th
e
va
lu
es

ar
e
in

[1
,h

],
w
e
ca
n
gu

ar
an

te
e
a
re
ve
nu

e
of
T

by
po

st
in
g
a
pr
ic
e
of

1,
an

d
to

be
at

th
is
,

an
y
ot
he

r
pr
ic
e
(a
nd

in
pa

rt
ic
ul
ar

a
pr
ic
e
of
h
)
w
ou

ld
ha

ve
to

se
ll
at

le
as
t
T
/
h
ti
m
es
.

4.
U
nf
or
tu
na

te
ly
,
w
e
ca
nn

ot
ye
t
gu

ar
an

te
e
th
at

ou
r
on

lin
e
al
go
ri
th
m

it
se
lf

ge
ts

a
m
ar
ke
t
sh
ar
e
of
δ,

al
th
ou

gh
w
e
st
ro
ng

ly
be

lie
ve

th
at

it
do

es
.
Sh

ow
in
g
su
ch

bo
un

ds
on

th
e
m
ar
ke
t
sh
ar
e
of

th
e
al
go
ri
th
m

is
an

im
po

rt
an

t
av
en
ue

fo
r
fu
tu
re

re
se
ar
ch
.
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M
u
lti-sca

le
O

n
lin

e
L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pplicatio

n
s
to

O
n
lin

e
A

u
ctio

n
s
a
n
d

P
r
icin

g

distribution.
In

fact,
our

convergence
rates

also
im

ply
new

sam
ple

com
plexity

bounds
for

these
problem

s
(except

that
they

are
not

com
putationally

effi
cient).

T
he

various
bounds

and
com

parisons
to

previous
w
ork

are
sum

m
arized

in
T
ables

2
&

3.

Low
er

bound
U
pper

bound
B
est

know
n

(Sam
ple

com
plexity)

B
est

know
n

(C
onvergence

rate)
T
his

paper
(T

hm
.16)

O
nline

single
buyer

auction
Ω (

hε 2 )
∗

Õ
(
hε 2 )

†
Õ
(
hε 2 )

†
Õ
(
p
∗ε
2 )

O
nline

posted
pricing

Ω (
m

ax{
hε 2
,

1ε 3 } )
∗
§

-
Õ
(
hε 3 )

†
Õ
(
p
∗ε
3 )

O
nline

m
ultibuyer

auction
Ω

(
hε 2

)
∗

O
(
n
h
ε
3

)
‡

-
Õ
(
n
h
ε
3 )

∗
H
uang

et
al.(2015b);

†
B
lum

et
al.(2004);

‡
D
evanur

et
al.(2016);G

onczarow
skiand

N
isan

(2017);
E
lkind

(2007);
§

K
leinberg

and
L
eighton

(2003).

T
able

2:
N
um

ber
ofrounds/sam

ples
needed

to
get

a
1−

ε
approxim

ation
to

the
best

offl
ine

price/m
echanism

.
Sam

ple
com

plexity
is

for
the

offl
ine

case
w
ith

i.i.d.
sam

ples
from

an
unknow

n
distribution.

C
onvergence

rate
is

for
the

online
case

w
ith

a
w
orst

case
sequence.

Sam
ple

com
plexity

is
alw

ays
no

larger
than

the
convergence

rate.
Low

er
bounds

hold
for

sam
ple

com
plexity

too,
except

for
the

online
posted

pricing
problem

for
w
hich

there
is

no
sam

ple
com

plexity
version.

T
he

additive
plus

m
ultiplicative

regret
bounds

are
converted

to
convergence

rates
by

dividing
the

additive
error

by
ε.

In
the

last
row

,
n

is
the

num
ber

of
buyers.

In
the

last
colum

n,
p ∗

denotes
the

optim
alprice.

Low
er

bound
(Sam

ple
com

plexity)
U
pper

bound
B
est

know
n

(Sam
ple

com
plexity)

T
his

paper
(T

hm
.17)

O
nline

single
buyer

auction
Ω (

1
ε
2
δ )

∗
Õ
(

1
ε
2
δ )

∗
Õ
(

1
ε
2
δ )

O
nline

posted
pricing

Ω (
m

ax{
1
ε
2
δ
,

1ε 3 } )
∗†

-
Õ
(

1
ε
4
δ )

O
nline

m
ultibuyer

auction
Ω (

1
ε
2
δ )

∗
-

Õ
(
nε 3
δ )

∗
H
uang

et
al.(2015b);

†
K
leinberg

and
L
eighton

(2003).

T
able

3:
Sam

ple
com

plexity
&

convergence
rate

w
.r.t.the

opt
m
echanism

/price
w
ith

m
arket

share≥
δ.

1.4.
O
th
er

related
w
ork

T
he

online
pricing

problem
,
also

called
dynam

ic
pricing,

is
a
m
uch

studied
topic,

across
disciplines

such
as

operations
research

and
m
anagem

ent
science

(T
alluri

and
V
an

R
yzin,

2006),
econom

ics
(Segal,

2003),
m
arketing,

and
of

course
com

puter
science.

T
he

m
ulti-

arm
ed

bandit
approach

to
pricing

is
particularly

popular.
See

den
B
oer

(2015)
for

a
recent

survey
on

various
approaches

to
the

problem
.7
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K
leinberg

and
Leighton

(2003)considerthe
online

pricing
problem

,underthe
assum

ption
that

the
values

are
in

[0,1],
and

considered
purely

additive
factors.

T
hey

show
ed

that
the

m
inim

ax
additive

regret
is

Θ̃
(T

2
/
3),

w
here

T
is

the
num

ber
of

periods.
T
his

is
sim

ilar
in

spirit
to

regret
bounds

that
scale

w
ith

h,since
one

has
to

norm
alize

the
values

so
that

they
are

in
[0,1].

T
he

finer
distinction

about
the

m
agnitude

of
the

best
fixed

price
is

absent
in

this
w
ork.

R
ecently,

Syrgkanis
(2017)

also
consider

the
online

auction
problem

,
w
ith

an
em

phasis
on

a
notion

of
“oracle

based”
com

putational
effi

ciency.
H
e
assum

e
the

values
are

all
in

[0,1]
and

do
not

consider
the

scaling
issue

that
w
e
do;

this
m
akes

their
contribution

orthogonalto
ours.

Starting
w
ith

D
hangw

atnotai
et

al.
(2014);

E
lkind

(2007),
there

has
been

a
spate

of
recent

results
analyzing

the
sam

ple
com

plexity
of

pricing
and

auction
problem

s.
C
ole

and
R
oughgarden

(2014)
and

D
evanur

et
al.(2016)

consider
m
ultiple

buyer
auctions

w
ith

regular
distributions

(w
ith

unbounded
valuations)

and
give

sam
ple

com
plexity

bounds
that

are
polynom

ialin
n
and

ε −
1,w

here
n
is

the
num

ber
of

buyers.
M
orgenstern

and
R
oughgarden

(2015)
consider

arbitrary
distributions

w
ith

values
bounded

by
h,

and
gave

bounds
that

are
polynom

ial
in
n
,h
,
and

ε −
1.

R
oughgarden

and
Schrijvers

(2016);
H
uang

et
al.

(2015b)
give

further
im

provem
ents

on
the

single-and
m
ulti-buyer

versions
respectively;T

ables
2
and

3
give

a
com

parison
of

these
results

w
ith

our
bounds,

for
the

problem
s
w
e
consider.

T
he

dynam
ic

pricing
problem

has
also

been
studied

w
hen

there
are

a
given

num
ber

of
copies

of
the

item
to

sell
(lim

ited
supply)

(A
graw

al
and

D
evanur,

2014;
B
abaioff

et
al.,

2015;
B
adanidiyuru

et
al.,2013;B

esbes
and

Zeevi,2009).
T
here

are
also

variants
w
here

the
seller

interacts
w
ith

the
sam

e
buyer

repeatedly,and
the

buyer
can

strategize
to

influence
his

utility
in

the
future

periods
(A

m
in

et
al.,2013).

Foster
et

al.
(2017)

also
consider

the
m
ulti-scale

online
learning

problem
m
otivated

by
a
m
odelselection

problem
.
T
hey

consider
additive

bounds,for
the

sym
m
etric

case,for
full

inform
ation,

but
not

bandit
feedback.

T
heir

regret
bounds

are
not

com
parable

to
ours

in
general;

our
bounds

are
better

for
the

pricing/auction
applications

w
e
consider,

and
their

bounds
are

better
for

their
application.

O
rgan

ization
W
e
start

in
Section

2
by

show
ing

regret
upper

bounds
for

the
m
ulti-scale

experts
problem

w
ith

non-negative
rew

ards
(T

heorem
1).

T
he

corresponding
upper

bounds
forthe

banditversion
are

in
section

3
(T

heorem
12).

In
Section

4
w
e
show

how
the

m
ulti-scale

regret
bounds

(T
heorem

s
1
and

12)
im

ply
the

corresponding
bounds

for
the

auction/pricing
problem

s
(T

heorem
s
16

and
17).

F
inally,

the
regret

(upper
and

low
er)

bounds
for

the
sym

m
etric

range
are

discussed
in

Section
5
(T

heorem
s

18,20,21,and
23).

2.
Fu

ll
In

form
ation

M
u
lti-scale

O
n
lin

e
L
earn

in
g

W
e
consider

a
variety

of
online

algorithm
ic

problem
s
that

are
all

parts
of

the
m
ultiscale

online
learning

fram
ew

ork.
W
e
start

by
defining

this
fram

ew
ork,in

w
hich

different
actions

have
different

ranges.
W
e
exploit

this
structure

and
express

our
results

in
term

s
of

action-
specific

regret
bounds

for
this

generalproblem
.
T
o
obtain

these
results,w

e
use

a
variant

of
online

m
irror

descent
and

propose
a
m
ultiplicative-w

eight
update

style
learning

algorithm
for

our
problem

,term
ed

as
M
ulti-Scale

M
ultiplicative-W

eight
(M

SM
W
)
algorithm

.
N
ext,w

e
investigate

the
single

buyerauction
problem

(orequivalently
the

full-inform
ation

single
buyer

dynam
ic

pricing
problem

)
as

a
canonicalapplication,and

show
how

to
get

m
ul-

8
JM

L
R

 20(62):1-37, 2019



M
u
lt

i-
sc

a
le

O
n
li

n
e

L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pp

li
ca

ti
o
n
s
to

O
n
li

n
e

A
u
ct

io
n
s
a
n
d

P
r
ic

in
g

ti
pl
ic
at
iv
e
cu

m
ad

di
ti
ve

ap
pr
ox
im

at
io
ns

he
re

by
th
e
he

lp
of

th
e
m
ul
ti
-s
ca
le

on
lin

e
le
ar
ni
ng

fr
am

ew
or
k.

T
o
sh
ow

th
e
ti
gh

tn
es
s
of

ou
r
bo

un
ds
,
w
e
co
m
pa

re
th
e
co
nv

er
ge
nc

e
ra
te

of
ou

r
dy

na
m
ic

pr
ic
in
g
w
it
h
th
e
sa
m
pl
e
co
m
pl
ex
it
y
of

a
cl
os
el
y
re
la
te
d
offl

in
e
pr
ob

le
m
,
i.e

.
th
e

ne
ar

op
ti
m
al

B
ay
es
ia
n
re
ve
nu

e
m
ax

im
iz
at
io
n
fr
om

sa
m
pl
es

(C
ol
e
an

d
R
ou

gh
ga
rd
en

,2
01

4)
.

2.
1.

T
h
e
fr
am

ew
or
k

O
ur

fu
ll-
in
fo
rm

at
io
n
m
ul
ti
-s
ca
le

on
lin

e
le
ar
ni
ng

fr
am

ew
or
k
is
ba

si
ca
lly

th
e
cl
as
si
ca
ll
ea
rn
in
g

fr
om

ex
pe

rt
ad

vi
ce

pr
ob

le
m
.
T
he

m
ai
n
di
ffe

re
nc

e
is

th
at

th
e
ra
ng
e
of

re
w
ar
ds

of
di
ffe

re
nt

ex
pe

rt
s
co
ul
d
be

di
ffe

re
nt
.
M
or
e
fo
rm

al
ly
,
su
pp

os
e
th
er
e
is

a
se
t
of

ac
ti
on

s
A
.5

T
he

on
lin

e
pr
ob

le
m

pr
oc
ee
ds

in
T

ro
un

ds
,w

he
re

in
ea
ch

ro
un

d
t
∈

[T
]

:6

•
T
he

ad
ve
rs
ar
y
pi
ck
s
a
re
w
ar
d
fu
nc

ti
on

g
(t

),
w
he

re
g i

(t
)
is

th
e
re
w
ar
d
of

ac
ti
on

i.

•
T
he

al
go

ri
th
m

pi
ck
s
an

ac
ti
on

i t
∈
A

si
m
ul
ta
ne

ou
sl
y.

•
T
he

n
th
e
al
go

ri
th
m

ge
ts

th
e
re
w
ar
d
g i
t
(t

)
an

d
ob

se
rv
es

th
e
en
ti
re

re
w
ar
d
fu
nc

ti
on

g
(t

).

T
he

to
ta
lr

ew
ar
d
of

th
e
al
go

ri
th
m

is
de

no
te
d
by

G
a
lg

:=
∑

T t=
1
g i
t
(t

).

T
he

st
an

da
rd

“b
es
t
fix

ed
ac
ti
on

”
be

nc
hm

ar
k
is

G
m
a
x

:=
m

ax
i∈
A
∑

T t=
1
g i

(t
).

W
e
fu
rt
he
r
as
su
m
e
th
at

th
e
ac
ti
on

se
t
is
co
un

ta
bl
e,

ei
th
er

fin
it
e
or

in
fin

it
e
(w

ill
di
sc
us
s
th
is

la
te
r)
.
W

it
ho

ut
lo
ss

of
ge
ne

ra
lit
y,

if
th
e
ac
ti
on

se
t
is

of
si
ze
k
,
w
e
id
en
ti
fy
A

=
[k

].
T
he

re
w
ar
d

g
(t

)
is

su
ch

th
at

fo
r
al
li
∈
A
,g

i(
t)
∈

[0
,c
i]
,w

he
re
c i
∈
R

+
is

th
e
ra
ng
e
of

ac
ti
on

i.

2.
2.

M
u
lt
i-
sc
al
e
re
gr
et

b
ou

n
d
s

W
e
pr
ov
e
ac
ti
on

-s
pe

ci
fic

re
gr
et

bo
un

ds
,
w
hi
ch

w
e
ca
ll

al
so

m
ul
ti
-s
ca
le

re
gr
et

gu
ar
an

te
es
.

T
ow

ar
ds

th
is

en
d,

w
e
de

fin
e
th
e
fo
llo

w
in
g
qu

an
ti
ti
es
.

G
i

:=
∑

t∈
[T

]
g i

(t
)
,

(1
)

r
eg

r
et

i
:=

G
i
−
G

a
lg
.

(2
)

T
he

re
gr
et

bo
un

d
w
.r
.t
.

ac
ti
on

i,
i.e

.,
an

up
pe

r
bo

un
d

on
E

[r
eg

r
et

i]
,
de

pe
nd

s
on

th
e

ra
ng

e
c i
,a

s
w
el
la

s
an

y
pr
io
r
di
st
ri
bu

ti
on
π

ov
er

th
e
ac
ti
on

se
t
A
;t

hi
s
w
ay
,w

e
ca
n
ha

nd
le

co
un

ta
bl
y
m
an

y
ac
ti
on

s.
Le

t
c m

in
=

in
f i
∈A

c i
an

d
c m

a
x

=
su

p
i∈
A
c i

(i
f
ap

pl
ic
ab

le
)
be

th
e

m
in
im

um
an

d
th
e
m
ax

im
um

ra
ng

e.
W
e
fir
st

st
at
e
a
ve
rs
io
n
of

th
e
re
gr
et

bo
un

d
w
hi
ch

is
pa

ra
m
et
er
iz
ed

by
ε
>

0
;
su
ch

bo
un

ds
ar
e
st
ro
ng

er
th
an
√
T

ty
pe

bo
un

ds
w
hi
ch

ar
e
m
or
e

st
an

da
rd
.

5.
W
e
us
e
th
e
te
rm

s
ex
pe

rt
s,

ar
m
s
an

d
ac
ti
on

s
in
te
rc
ha

ng
ea
bl
y
in

th
is

pa
pe

r.
6.

W
e
us
e
th
e
no

ta
ti
on

[n
]
:=
{1
,2
,.
..
,n
},

fo
r
an

y
n
∈
N
.
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B
u
be

ck
,
D

ev
a
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

T
h
eo
re
m

1
(M

ai
n
R
es
u
lt
)
T
he
re

ex
is
ts

an
al
go
ri
th
m

fo
r
th
e
fu
ll-
in
fo
rm

at
io
n
m
ul
ti
-s
ca
le

on
lin

e
le
ar
ni
ng

pr
ob
le
m

th
at

ta
ke
s
as

in
pu

t
an

y
di
st
ri
bu
ti
on
π

ov
er
A
,t
he

ra
ng
es
c i
,
∀
i
∈
A

an
d
a
pa
ra
m
et
er

0
<
ε
≤

1
,
an

d
sa
ti
sfi
es
:

∀i
∈
A

:
E

[r
eg

r
et

i]
≤
ε
·G

i
+
O

(
1 ε

lo
g
(

1 επ
i

) ·
c i

)
(3
)

C
om

pa
re

th
is
to

w
ha

t
yo
u
ge
t
by

us
in
g
th
e
st
an

da
rd

an
al
ys
is
fo
r
th
e
ex
pe

rt
s
pr
ob

le
m

(A
ro
ra

et
al
.,
20

12
),

w
he
re

th
e
se
co
nd

te
rm

in
th
e
re
gr
et

bo
un

d
is
O
( 1 ε

lo
g
(k

)
·c

m
a
x

) .
C
ho

os
in
g
π

to
be

th
e
un

ifo
rm

di
st
ri
bu

ti
on

in
th
e
ab

ov
e
th
eo
re
m

gi
ve
s
O
( 1 ε

lo
g
( k ε
) ·
c i
) .

A
ls
o,

on
e
ca
n

co
m
pa

re
th
e
pu

re
-a
dd

it
iv
e
ve
rs
io
n
of

th
is
bo

un
d
w
it
h
th
e
cl
as
si
c
pu

re
-a
dd

it
iv
e
re
gr
et

bo
un

d

O
( c

m
a
x
·√

T
lo

g
(k

))
fo
r
th
e
ex
pe

rt
s
pr
ob

le
m

by
se
tt
in
g
ε

=

√
lo

g
(k
T

)
T

(C
or
ol
la
ry

2)
.

C
or
ol
la
ry

2
T
he
re

ex
is
ts

an
al
go
ri
th
m

fo
r
th
e
fu
ll-
in
fo
rm

at
io
n
m
ul
ti
-s
ca
le

on
lin

e
le
ar
ni
ng

pr
ob
le
m

th
at

ta
ke
s
as

in
pu

t
th
e
ra
ng
es
c i
,
∀
i
∈
A
,
an

d
sa
ti
sfi
es
:

∀i
∈
A

:
E

[r
eg

r
et

i]
≤
O
( c i
·√

T
lo

g
(k
T

))
(4
)

R
em

ar
k
3

W
e
sh
ou

ld
as
se
rt

th
at

in
a
m
ul
ti
-s
ca
le

re
gr
et

gu
ar
an

te
e,

w
e
pr
ov
id
e
a
se
pa
ra
te

re
gr
et

bo
un

d
fo
r
ea
ch

ac
ti
on

,
w
he
re

th
e
bo
un

d
on

th
e
re
gr
et

of
ac
ti
on

i
on

ly
sc
al
es

lin
ea
rl
y

w
it
h
c i
.
T
hi
s
ty
pe

of
gu
ar
an

te
e
sh
ou

ld
“n
ot
”
be

m
is
ta
ke
n
as

a
bo
un

d
on

th
e
w
or
st

ac
ti
on

.

H
er
e
is

th
e
m
ap

of
th
e
re
st

of
th
is

se
ct
io
n.

In
Se

ct
io
n
2.
3
w
e
pr
op

os
e
an

al
go

ri
th
m

th
at

ex
pl
oi
ts

th
e
re
w
ar
d
st
ru
ct
ur
e,

an
d
la
te
r
in

Se
ct
io
n
2.
4
w
e
sh
ow

ho
w

th
is

al
go

ri
th
m

is
an

on
lin

e
m
ir
ro
r
de

sc
en
t
w
it
h
w
ei
gh

te
d
ne

ga
ti
ve

en
tr
op

y
as

it
s
m
ir
ro
r
m
ap

.
Fo

r
re
w
ar
d-
on

ly
in
st
an

ce
s,

w
e
pr
ov
e
th
e
re
gr
et

bo
un

d
in

Se
ct
io
n
2.
5.

W
e
fin

al
ly

tu
rn

ou
r
at
te
nt
io
n
to

th
e

si
ng

le
bu

ye
r
on

lin
e
au

ct
io
n
pr
ob

le
m

in
Se
ct
io
n
2.
6.

2.
3.

M
u
lt
i-
S
ca
le

M
u
lt
ip
li
ca
ti
ve
-W

ei
gh

t
(M

S
M
W

)
al
go

ri
th
m

W
e
ac
hi
ev
e
ou

r
re
gr
et

bo
un

d
in

T
he

or
em

1
by

us
in
g
th
e
M
SM

W
al
go

ri
th
m

(A
lg
or
it
hm

1)
.

T
he

m
ai
n
id
ea

be
hi
nd

th
is

al
go

ri
th
m

is
to

ta
ke

in
to

ac
co
un

t
di
ffe

re
nt

ra
ng

es
fo
r
di
ffe

re
nt

ex
pe

rt
s,

an
d
th
er
ef
or
e:

1.
W
e
no

rm
al
iz
e
th
e
re
w
ar
d
of

ea
ch

ex
pe

rt
ac
co
rd
in
gl
y,

i.e
.
di
vi
de

th
e
re
w
ar
d
of

ex
pe

rt
i
by

it
s
co
rr
es
po

nd
in
g
ra
ng

e
c i
;

2.
W
e
pr
oj
ec
t
th
e
up

da
te
d
w
ei
gh

ts
by

pe
rf
or
m
in
g
a
sm

oo
th

m
ul
ti
-s
ca
le

pr
oj
ec
ti
on

in
to

th
e
si
m
pl
ex
:
th
e
al
go

ri
th
m

fin
ds

a
λ
∗
su
ch

th
at

m
ul
ti
pl
yi
ng

th
e
cu
rr
en
t
w
ei
gh

t
of

ea
ch

ex
pe

rt
i
by

ex
p

(−
λ
∗ c i
)
m
ak
es

a
pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

ov
er

th
e
ex
pe

rt
s.

It
th
en

us
es

th
is

re
su
lt
in
g
pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

fo
r
sa
m
pl
in
g
th
e
ne

xt
ex
pe

rt
.

2.
4.

E
qu

iv
al
en

ce
to

on
li
n
e
m
ir
ro
r
d
es
ce
nt

w
it
h
w
ei
gh

te
d
n
eg
at
iv
e
en
tr
op

y

W
hi
le

it
is

po
ss
ib
le

to
an

al
yz
e
th
e
re
gr
et

of
th
e
M
SM

W
al
go

ri
th
m

(A
lg
or
it
hm

1)
by

us
in
g

fir
st

pr
in
ci
pl
es
,
w
e
ta
ke

a
di
ffe

re
nt

ap
pr
oa

ch
(t
he

el
em

en
ta
ry

an
al
ys
is

ca
n

st
ill

be
fo
un

d
in

th
e
ap

pe
nd

ix
,
Se

ct
io
n
A
.2
).

W
e
sh
ow

ho
w

th
is

al
go

ri
th
m

is
in
de
ed

an
in
st
an

ce
of

th
e

O
nl
in
e
M
ir
ro
r
D
es
ce
nt

(O
M
D
)
al
go

ri
th
m

fo
r
a
pa

rt
ic
ul
ar

ch
oi
ce

of
th
e
Le
ge
nd

re
fu
nc
ti
on

(a
ls
o
kn

ow
n
as

th
e
m
ir
ro
r
m
ap

).
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M
u
lti-sca

le
O

n
lin

e
L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pplicatio

n
s
to

O
n
lin

e
A

u
ctio

n
s
a
n
d

P
r
icin

g

A
lgorith

m
1
M
SM

W
1:

in
p
u
t

initialdistribution
µ

over
A
,learning

rate
0
<
η
≤

1.
2:

in
itialize

p
(1)

such
that

p
i (1)

=
µ
i
for

all
i∈

A
.

3:
for

t
=

1,...,T
d
o

4:
R
andom

ly
pick

an
action

draw
n
from

p
(t),and

observe
g

(t).
5:

∀
i∈

A
:
w
i (t

+
1)←

p
i (t)·

ex
p
(η·

g
i (t)
c
i

).
6:

F
ind

λ
∗
(e.g.,binary

search)
s.t. ∑

i∈
A
w
i (t

+
1)·ex

p
(−

λ
∗c
i
)

=
1.

7:
∀
i∈

A
:
p
i (t

+
1)←

w
i (t

+
1)·ex

p
(−

λ
∗c
i
).

8:
en

d
for

2.4.1.
P
r
elim

in
a
r
ies

o
n

o
n
lin

e
m

ir
ro

r
d
esc

en
t
.

F
ix

an
open

convex
setD

and
its

closure
D̄
,w

hich
in

our
case

are
(0,+

∞
)
A
and

[0,+
∞

)
A

respectively,
and

a
closed-convex

action
set
A
⊂
D̄
,
w
hich

in
our

case
is

∆
A ,

i.e.
the

set
of

allprobability
distributions

over
experts

in
A
.
A
t
the

heart
of

an
O
M
D

algorithm
there

is
a
Legendre

function
F

:D̄
→

R
,
i.e.

a
strictly

convex
function

that
adm

its
continuous

first
order

partial
derivatives

on
D

and
lim

x→
D̄
\D ‖∇

F
(x

)‖
=

+
∞

,
w
here

∇
F

(.)
denotes

the
gradient

m
ap

of
F
.
O
ne

can
think

of
O
M
D

as
a
m
em

ber
of

projected
gradient

descent
algorithm

s,
w
here

the
gradient

update
happens

in
the

dual
space

∇
F

(D
)
rather

than
in

prim
alD

,and
the

projection
is
defined

by
using

the
B
regm

an
divergence

associated
w
ith

F
rather

than
`
2 -distance

(see
F
igure

2.4.1).

F
igure

1:
O
nline

M
irror

D
escent

(O
M
D
):m

oving
to

the
dualspace

by
gradient

m
ap

(blue),
gradient

update
in

the
dualspace

(red),applying
the

inverse
gradient

m
ap

(green),
and

finally
projecting

back
to

the
sim

plex
using

B
regm

an
projection

(purple).

D
efi

n
ition

4
(B

regm
an

D
ivergen

ce
(B

u
b
eck,

2011))
G
iven

a
Legendre

function
F

over
∆
A ,

the
B
regm

an
divergence

associated
w
ith

F
,
denoted

as
D
F

:
∆
A
×

∆
A
→

R
,
is

defined
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B
u
beck

,
D

eva
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

by
D
F

(x
,y

)
=
F

(x
)−

F
(y

)−
(x
−
y
)
T∇

F
(y

)

D
efi

n
ition

5
(O

n
lin

e
M
irror

D
escent

(B
u
b
eck,

2011))
Suppose

F
is
a
Legendre

func-
tion.

A
t
every

tim
e
t∈

[T
],
the

online
m
irror

descent
algorithm

w
ith

Legendre
function

F
selects

an
expertdraw

n
from

distribution
p

(t),and
then

updates
w

(t)
and

p
(t)

given
rew

ards
g

(t)
by:

G
radient

update:

∇
F

(w
(t

+
1))

=
∇
F

(p
(t))

+
η·

g
(t)⇒

w
(t

+
1)

=
(∇
F

) −
1

(∇
F

(p
(t))

+
η·g

(t))
(5)

B
regm

an
projection:

p
(t

+
1)

=
argm

in
p∈

∆
A

(D
F

(p
,w

(t
+

1)))
(6)

w
here

η
>

0
is

called
the

learning
rate

of
O
M
D
.

W
e
use

the
follow

ing
standard

regret
bound

of
O
M
D

(R
efer

to
B
ubeck

(2011)
for

a
thorough

discussion
on

O
M
D
.
For

com
pleteness,

a
proof

is
also

provided
in

the
appendix,

Section
A
.3).

R
oughly

speaking,this
lem

m
a
upper-bounds

the
regret

by
the

sum
m
ation

of
tw

o
separate

term
s:

“localnorm
”
(the

first
term

),w
hich

captures
the

totaldeviation
betw

een
p

(t)
and

w
(t

+
1),and

“initialdivergence”
(the

second
term

),w
hich

captures
how

m
uch

the
initialdistribution

is
far

from
the

target
distribution.

L
em

m
a
6

For
any

learning
rate

param
eter

0
<
η
≤

1
and

any
benchm

ark
distribution

q
over

A
,
the

O
M
D

algorithm
w
ith

Legendre
function

F
(.)

adm
its

the
follow

ing:
∑

t∈
[T

] g
(t)· (q

−
p

(t) )≤
1η ∑

t∈
[T

] D
F

(p
(t),w

(t
+

1))
+

1η
D
F

(q
,p

(1
))

(7)

2.4.2.
M

S
M

W
a
lg

o
r
it

h
m

a
s

a
n

O
M

D

For
our

application,w
e
focus

on
a
particular

choice
ofLegendre

function
that

captures
differ-

ent
learning

rates
proportionalto

c −
1

i
for

different
experts,as

w
e
saw

earlier
in

A
lgorithm

1.
W
e
start

by
defining

the
w
eighted

negative
entropy

function.

D
efi

n
ition

7
G
iven

expert-ranges{
c
i }
i∈
A ,

the
w
eighted

negative
entropy

is
defined

by

F
(x

)
=
∑

i∈
A
c
i ·
x
i ln

(x
i )

(8)

C
orollary

8
Itis

straightforw
ard

to
see

F
(x

)
=
∑

i∈
A
c
i ·x

i ln
(x
i )
is
a
non-negative

Legendre
function

over
R
A+
.
M
oreover,∇

F
(x

)
i

=
c
i (1

+
ln

(x
i ))

and
D
F

(x
,y

)
=
∑

i∈
A
c
i ·(x

i ln
(
x
i
y
i )−

x
i
+
y
i ).

W
e
now

have
the

follow
ing

lem
m
a
that

show
s
A
lgorithm

1
is

indeed
an

O
M
D

algorithm
.

L
em

m
a
9

T
he

M
SM

W
algorithm

,
i.e.

A
lgorithm

1,
is

equivalent
to

an
O
M
D

algorithm
associated

w
ith

the
w
eighted

negative
entropy

F
(x

)
=
∑

i∈
A
c
i ·
x
i ln

(x
i )

as
its

Legendre
function.
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M
u
lt

i-
sc

a
le

O
n
li

n
e

L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pp

li
ca

ti
o
n
s
to

O
n
li

n
e

A
u
ct

io
n
s
a
n
d

P
r
ic

in
g

P
ro
of

Lo
ok

at
th
e
gr
ad

ie
nt

up
da

te
st
ep

of
O
M
D
,a

si
n
E
qu

at
io
n
(5
),
w
it
h
Le

ge
nd

re
fu
nc

ti
on

F
(x

)
=
∑

i∈
A
c i
·x

i
ln

(x
i)
.
B
y
us
in
g
C
or
ol
la
ry

8
w
e
ha

ve

∇
F

(w
(t

+
1)

)
=
∇
F

(p
(t

))
+
η
·g

(t
)
⇒
c i

(1
+

ln
(w

i(
t

+
1)

))
=
c i

(1
+

ln
(p
i(
t)

))
+
η
·g
i(
t)
,

an
d
th
er
ef
or
e,
w
i(
t

+
1)

=
p
i(
t)
·e

x
p
(η
·g

i
(t

)
c i

).
M
or
eo
ve
r,

fo
r
th
e
B
re
gm

an
pr
oj
ec
ti
on

st
ep

w
e
ha

ve

p
(t

+
1)

=
ar
gm

in
p
∈∆

A

(D
F

(p
,w

(t
+

1)
))

=
ar
gm

in
p
∈∆

A

(
∑ i∈
A

c i
·(
p
i
ln

(
p
i

w
i(
t

+
1
))
−
p
i
+
w
i(
t

+
1)

)) (9
)

T
hi
si
sa

co
nv

ex
m
in
im

iz
at
io
n
ov
er

a
co
nv

ex
se
t.

T
o
fin

d
a
cl
os
ed

fo
rm

so
lu
ti
on

,w
e
lo
ok

at
th
e

La
gr
an

gi
an

du
al

fu
nc

ti
on
L(

p
,λ

)
,
∑

i∈
A
c i
·(
p
i
ln

(
p
i

w
i
(t

+
1
)
)
−
p
i
+
w
i(
t

+
1)

)
+
λ

(∑
i∈
A
p
i
−

1)
an

d
th
e
K
ar
us
h-
K
uh

n-
T
uc
ke
r
(K

K
T
)
co
nd

it
io
ns
∇
L(

p
∗ ,
λ
∗ )

=
0
.
W
e
ha

ve

c i
·l

n
(

p
∗ i

w
i(
t

+
1)

)
+
λ
∗

=
0
⇒
p
∗ i

=
w
i(
t

+
1)
·e

x
p
(−
λ
∗ c i
)

(1
0)

A
s
∑

i∈
A
p
∗ i

=
1,
λ
∗
sh
ou

ld
be

th
e
un

iq
ue

nu
m
be

r
s.
t.
∑

i∈
A
w
i(
t

+
1)
·e

x
p
(−

λ
∗ c i
)

=
1
,
an

d
th
en

p
i(
t

+
1)

=
w
i(
t

+
1)
·e

x
p
(−

λ
∗ c i
).

So
,A

lg
or
it
hm

1
is
eq
ui
va
le
nt

to
O
M
D

w
it
h
w
ei
gh

te
d

ne
ga

ti
ve

en
tr
op

y
as

it
s
Le

ge
nd

re
fu
nc

ti
on

.

B
y
co
m
bi
ni
ng

Le
m
m
a
6,

C
or
ol
la
ry

8
an

d
fin

al
ly

Le
m
m
a
9
w
e
pr
ov
e
th
e
fo
llo

w
in
g
re
gr
et

bo
un

d
fo
r
th
e
M
SM

W
al
go

ri
th
m
.
W
e
en

co
ur
ag

e
th
e
re
ad

er
to

al
so

lo
ok

at
th
e
ap

pe
nd

ix
,

Se
ct
io
n
A
.2
,f
or

an
ex
tr
a
pr
oo

f
us
in
g
fir
st

pr
in
ci
pl
es
.

P
ro
p
os
it
io
n
10

Fo
r
an

y
in
it
ia
l
di
st
ri
bu
ti
on

µ
ov
er

A
,
an

d
an

y
le
ar
ni
ng

ra
te

pa
ra
m
et
er

0
<
η
≤

1
,
an

d
an

y
be
nc
hm

ar
k
di
st
ri
bu
ti
on

q
ov
er
A
,
th
e
M
SM

W
al
go
ri
th
m

sa
ti
sfi
es
:

∑ i∈
A

q i
·G

i
−

E
[G

a
lg

]
≤
η
∑ t∈

[T
]

∑ i∈
A

p
i(
t)

(g
i(
t)

)2

c i
+

1 η
·∑ i∈

A

c i

( q i
ln
( q

i

µ
i

) −
q i

+
µ
i)

.

P
ro
of

W
e
ha

ve
:

∑ i∈
A

q i
·G

i
−

E
[G

a
lg

]
=
∑ t∈

[T
]

q
·g

(t
)
−
∑ t∈

[T
]

p
(t

)
·g

(t
)

=
∑ t∈

[T
]

g
(t

)
·(

q
−

p
(t

))
(1
1)

B
y
ap

pl
yi
ng

th
e
re
gr
et

bo
un

d
of

O
M
D

(L
em

m
a
6)

to
up

pe
r-
bo

un
d
th
e
R
H
S,

w
e
ha

ve
∑ i∈
A

q i
·G

i
−

E
[G

a
lg

]
≤

1 η

∑ t∈
[T

]

D
F

(p
(t

),
w

(t
+

1)
)

+
1 η
D
F

(q
,p

(1
))

(1
2)

T
o
bo

un
d
th
e
fir
st

te
rm

in
re
gr
et
,a

.k
.a

lo
ca
ln

or
m
,w

e
ha

ve
:

D
F

(p
(t

),
w

(t
+

1)
)

=
∑ i∈
A

c i
·(
p
i(
t)

ln
(

p
i(
t)

w
i(
t

+
1)

)
−
p
i(
t)

+
w
i(
t

+
1)

)

=
∑ i∈
A

c i
·p
i(
t)

(−
η
·g

i(
t)

c i
−

1
+
ex
p
(η
·g

i(
t)

c i
))

(1
3)
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9

B
u
be

ck
,
D

ev
a
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

N
ot
e
th
at
η
·g
i
(t

)
c i
∈

[−
1
,1

]
be

ca
us
e
g i

(t
)
∈

[−
c i
,c
i]
an

d
0
<
η
≤

1
.
B
y

ex
p
(x

)−
x
−

1
≤
x

2
fo
r

−
1
≤
x
≤

1
an

d
th
at
η
g i

(t
)
∈

[−
c i
,c
i]
,t

he
ab

ov
e
is

up
pe

r
bo

un
de
d
by

η
2
∑

i∈
A
p
i(
t)

(g
i
(t

))
2

c i
.

W
e
ca
n
al
so

re
w
ri
te

th
e
se
co
nd

te
rm

in
re
gr
et
.
In

fa
ct
,i
f
w
e
se
t

p
(1

)
=
µ
,t
he

n

1 η
·D

F
(q
,p

(1
))

=
1 η
·∑ i∈

A

c i

( q i
ln
( q

i

µ
i

) −
q i

+
µ
i)

B
y
su
m
m
in
g
th
e
up

pe
r-
bo

un
ds

η
2
∑

i∈
A
p
i(
t)

(g
i
(t

))
2

c i
on

ea
ch

te
rm

of
lo
ca
l
no

rm
in

(1
3)

fo
r

t
∈

[T
]
an

d
pu

tt
in
g
al
lt
he

pi
ec
es

to
ge
th
er
,w

e
ge
t
th
e
de

si
re
d
bo

un
d.

2.
5.

R
eg
re
t
an

al
ys
is

fo
r
n
on

-n
eg
at
iv
e
re
w
ar
d
s

T
h
eo
re
m

1
T
he
re

ex
is
ts

an
al
go
ri
th
m

fo
r
th
e
fu
ll-
in
fo
rm

at
io
n
m
ul
ti
-s
ca
le

on
lin

e
le
ar
ni
ng

pr
ob
le
m

th
at

ta
ke
s
as

in
pu

ta
ny

di
st
ri
bu
ti
on
π
ov
er
A
,t
he

ra
ng
es
c i
,
∀
i
∈
A

an
d
a
pa
ra
m
et
er

0
<
ε
≤

1
,
an

d
sa
ti
sfi
es
:

∀i
∈
A

:
E

[r
eg

r
et

i]
≤
ε
·G

i
+
O

(
1 ε

lo
g
(

1 επ
i

) ·
c i

)
(1
4)

P
ro
of

Su
pp

os
e
i m

in
is

an
ac
ti
on

w
it
h
th
e
m
in
im

um
c i
.
Le

t
µ

=
(1
−
η
)
·1

i m
in

+
η
·π

,a
nd

le
t

q
=

(1
−
η
)
·1

i
+
η
·π

in
P
ro
po

si
ti
on

10
.
If
i
6=
i m

in
,w

e
ge
t
th
at

(n
ot
e
th
at
µ
j

=
q j

fo
r

an
y
j
6=
i,
i m

in
):

(1
−
η
)
·G

i
+
η
·∑ j∈

A

π
j
·G

j
−

E
[G

a
lg

]
≤
η
·E

[G
a
lg

]+
1 η
·c
i
·( q i

ln
( q

i

µ
i

) −
q i

+
µ
i)

+
1 η
·c
i m

in
·( q i

m
in

ln
( q

i m
in

µ
i m

in

) −
q i

m
in

+
µ
i m

in

)

B
y

1
≥
q i
>
µ
i
≥
η
π
i,
th
e
se
co
nd

te
rm

on
th
e
R
H
S
is

up
pe

r
bo

un
de

d
as
:

1 η
·c
i
·( q i

ln
( q

i

µ
i

) −
q i

+
µ
i)
≤

1 η
·c
i
·l

n
(

1 η
π
i

)

Si
m
ila

rl
y,

by
1
≥
µ
i m

in
>
q i

m
in
≥

0
,t
he

th
ir
d
te
rm

on
th
e
R
H
S
is

up
pe

r
bo

un
de
d
as

1 η
·c
i m

in
·( q i

m
in

ln
( q

i m
in

µ
i m

in

) −
q i

m
in

+
µ
i m

in

)
≤

1 η
·c
i m

in
≤

1 η
·c
i

F
in
al
ly
,
no

te
th
at
G
j
≥

0
fo
r
al
l
j
∈
A

in
re
w
ar
d-
on

ly
in
st
an

ce
s.

So
th
e
LH

S
is

lo
w
er

bo
un

de
d
by

(1
−
η
)
·G

i
−

E
[G

a
lg

]
=

(1
−
η
)
·r

eg
r
et

i
−
η
·E

[G
a
lg

].

P
ut
ti
ng

al
lt

hi
s
to
ge
th
er
,w

e
ge
t
th
at

E
[r

eg
r
et

i]
≤

2η

1
−
η
·E

[G
a
lg

]+
O

(
1 η

ln
(

1 η
π
i

) ·
c i

)
≤

3η
·E

[G
a
lg

]+
O

(
1 η

ln
(

1 η
π
i

) ·
c i

)
.

T
he

th
eo
re
m

th
en

fo
llo

w
s
by

ch
oo

si
ng

η
=

ε 3
an

d
re
ar
ra
ng

in
g
te
rm

s.
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M
u
lti-sca

le
O

n
lin

e
L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pplicatio

n
s
to

O
n
lin

e
A

u
ctio

n
s
a
n
d

P
r
icin

g

2.6.
A

can
on

ical
ap

p
lication

:
on

lin
e
sin

gle
b
u
yer

au
ction

T
h
e
setu

p
.

T
he

sim
ple

auction
design

problem
that

w
e
consider

is
as

follow
s.

T
here

is
a
seller

w
ith

infinite
identical

copies
of

an
item

.
B
uyers

arrive
over

tim
e.

A
t
each

round,
the

seller
picks

a
price

and
the

arriving
buyer

reports
her

value.
Ifthe

value
is
no

less
than

the
price,the

trade
happens;m

oney
goes

to
the

seller
and

the
copy

of
the

item
goes

to
the

arriving
buyer.

T
he

goalis
to

m
axim

ize
the

revenue
of

the
seller.

Form
ally,w

e
look

at
this

problem
as

an
instance

ofthe
fullinform

ation
m
ulti-scale

online
learning

fram
ew

ork;T
he

action
set

is
A

=
[1,h

].
7
T
he

rew
ard

function
is
such

that
at

round
t
the

adversary
(i.e.

the
arriving

buyer)
picks

a
value

v
(t)∈

[1,h
]
and

for
any

price
p
∈
A

picked
by

the
seller

(i.e.
the

algorithm
),the

rew
ard

is
g
p (t)

:=
p·1

(v
(t)≥

p
).

T
his

is
a
full

inform
ation

setting,because
the

value
v
(t)

is
revealed

to
the

algorithm
after

each
round

t.

T
h
e
ad

d
itive/m

u
ltip

licative
ap

p
roxim

ation
.

In
orderto

obtain
a

(1−
ε)-approxim

ation
of

the
optim

al
revenue,

i.e.
the

revenue
of

the
best

fixed
price

p ∗
in

hindsight,
it

suffi
ces

to
consider

prices
of

the
form

(1
+
ε)
j
for

0
≤
j
≤
blog

1
+
ε
hc

=
O

(
lo

g
h
ε

).
A
s
a
result,

w
e

reduce
the

online
single

buyer
auction

problem
to

the
m
ulti-scale

online
learning

w
ith

full
inform

ation
and

finite
actions.

T
he

action
set

has
k

=
O

(
lo

g
h
ε

)
actions

w
hose

ranges
form

a
geom

etric
sequence

(1
+
ε)
j,

0
≤
j
<
k.

R
ecallthe

definition
of
G

m
a
x
in

Section
2.1,and

let
p ∗

be
the

bestfixed
price

in
hindsight,

w
hich

is
the

price
that

achieves
G

m
a
x .

W
e
now

show
how

to
get

a
m
ultiplicative

cum
additive

approxim
ation

for
this

problem
w
ith

G
m
a
x
as

the
benchm

ark,à
la

B
lum

et
al.(2004);B

lum
and

H
artline

(2005).
T
he

m
ain

im
provem

ent
over

these
results

is
that

the
additive

term
scales

w
ith

the
best

price
rather

than
h.

T
h
eorem

11
T
here

is
an

algorithm
for

the
online

single
buyer

auction
problem

that
takes

as
input

a
param

eter
ε
>

0,
and

satsify
G

a
lg
≥

(1−
ε)G

m
a
x −

O
(E

),
w
here:

E
=
p ∗

log
(log

h
/ε)

ε
.

A
lso,

even
if
h
is

not
know

n
up

front,
there

is
an

(slightly
m
odified)

algorithm
that

achieves
a
sim

ilar
approxim

ation
guarantee

for
online

single
buyer

auction
w
ith:

E
=
p ∗

log
(p ∗/ε)
ε

.

P
roof

[P
art

1:
know

n
h]

R
ecallthe

above
form

ulation
ofthe

problem
as

an
online

learning
prob-

lem
w
ith

fullinform
ation.

T
he

proofthen
follow

s
by

T
heorem

1,letting
π

to
be

the
uniform

distribution
over

the
k

=
O

(log
h
/ε)

actions,i.e.,discretized
prices.

[P
art2:

unknow
n
h]

W
hen

h
is
not

know
n
up

front,w
e
consider

a
variant

ofour
algorithm

(A
lgorithm

2)
that

picks
the

next
price

in
each

round
t
from

the
set

of
relevant

prices
(denoted

by
P
),updates

this
set

ifnecessary,and
then

updates
the

w
eights

ofprices
in

this
set

as
in

A
lgorithm

1.
T
he

m
ain

new
idea

here
is

to
update

the
set

of
pricesP

so
that

it
only

includes
prices

that
are

at
m
ost

the
highest

value
w
e
have

seen
so

far
(let

the
highest

7.
H
ere,w

e
allow

an
infinite

action
set.

L
ater,w

e
show

how
to

discretize
to

get
around

this
issue.
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B
u
beck

,
D

eva
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

seen
value

be
1
at

the
beginning).

N
ow

,
for

the
sake

of
analysis,

consider
a
hypothetical

algorithm
(called

ALG
H
)
that

considers
a
countably

infinite
action

space
com

prising
allprices

ofthe
form

(1
+
ε)
j,for

j≥
0.

W
e
first

show
this

hypotheticalalgorithm
ALG

H
satisfies

the
required

approxim
ation

guarantee
in

T
heorem

11.
W
e
then

show
the

expected
revenue

of
A
lgorithm

2
is
at

least
the

expected
revenue

of
ALG

H
(m

inus
a
constant

that
is
negligible

in
our

bound),and
hence

the
finalproof.

T
he

proofofthe
regret

bound
ofT

heorem
1
w
orks

w
hen

w
e
have

countably
m
any

actions
(although

w
e
cannot

im
plem

ent
such

algorithm
s
directly).

N
ow

,
consider

sim
ulating

ALG
H

and
let

the
prior

distribution
π

be
such

that
for

any
price

p
=

(1
+
ε)
j,
π
p

=
ε(ε

+
2)(1

+

ε) −
2
(j+

1
)

=
ε(ε+

2
)

(1
+
ε)

2 ·
1p
2
(this

choice
w
illbecom

e
m
ore

clear
later

in
the

proof;in
short

w
e
need

π
p
to

be
proportionalto

1p
2 ).

T
he

approxim
ation

guarantee
in

T
heorem

11
then

follow
s
by

T
heorem

1.
W
e
now

argue
the

follow
ings:

•
For

any
round

t,unless
the

value
in

that
round

is
a
new

highest
value,A

lgorithm
2
gets

w
eakly

higher
revenue

than
ALG

H
.
T
his

is
because

the
probability

that
A
lgorithm

2
plays

any
relevant

price
in
P

(that
has

a
non-zero

gain
in

this
round)

is
w
eakly

higher
than

that
in

ALG
H
.

•
For

any
price

p
=

(1
+
ε)
j,

consider
the

first
tim

e
a
value

at
least

p
show

s
up.

A
lgo-

rithm
2
suffers

a
loss

of
at

m
ost

p·
π
p
com

pared
to

ALG
H
,
due

to
ALG

H
’s

probability
of

playing
p
in

that
round,

w
here

π
p
is

the
probability

of
playing

p
in

the
initial

dis-
tribution.

T
his

is
because

the
probability

that
ALG

H
plays

p
in

this
round

is
at

m
ost

π
p
as
p
has

not
got

any
positive

gains
before

this
round.

•
T
hen,by

choosing
π
p
to

be
inversely

proportionalto
p

2,w
e
can

show
that

A
lgorithm

2

hasan
additive

lossof ∑
p
βp

=
ε+

2
ε+

1
=
O

(1)com
pared

toALG
H
,w

here
β

=
(∑

p
1p
2 )
−

1
=

ε(2
+
ε)

(1
+
ε)

2
isthe

norm
alization

constantofthe
initialdistribution

π ππ.
T
hisfinishesthe

proof.

A
lgorith

m
2
O
nline

single
buyer

auction
(for

unknow
n
h)

1:
in
p
u
t
learning

rate
0
<
η
≤

1,price
discretization

param
eter

0
<
ε≤

1.
2:

in
itialize

the
set

of
relevant

pricesP
=
{
1}.

Let
α

1 (1)
=

1.
3:

for
t

=
1,...,T

d
o

4:
R
andom

ly
pick

a
price

in
P

draw
n
from

α αα
(t),and

observe
g

(t).
5:

U
pdateP

to
be

allthe
prices

(1
+
ε)
j
that

are
at

m
ost

the
highest

value
untiltim

e
t.

6:
∀
p
∈
P

:
w
p (t

+
1)←

α
p (t)·ex

p
(η·

g
p
(t)
p

).
7:

F
ind

λ
∗
(e.g.,binary

search)
s.t. ∑

p∈P
w
p (t

+
1)·ex

p
(−

λ
∗p
)

=
1.

8:
∀
p
∈
P

:
α
p (t

+
1)←

w
p (t

+
1)·ex

p
(−

λ
∗p
).

9:
en

d
for

B
ounds

on
the

sam
ple

com
plexity

of
auctions

for
single

buyer
problem

(H
uang

et
al.,

2015a)
im

ply
that

the
first

bound
in

this
theorem

is
tight

up
to

log
factors:

the
low

er
bound
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M
u
lt

i-
sc

a
le

O
n
li

n
e

L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pp

li
ca

ti
o
n
s
to

O
n
li

n
e

A
u
ct

io
n
s
a
n
d

P
r
ic

in
g

is
h
ε−

1
in

an
in
st
an

ce
w
he

re
p
∗
is
ac
tu
al
ly

eq
ua

lt
o
h
.
A
ls
o,

th
e
be

st
up

pe
r
bo

un
d
kn

ow
n
is

by
B
lu
m

et
al
.(
20

04
);

B
lu
m

an
d
H
ar
tl
in
e
(2
00

5)
,w

hi
ch

is

E
=
h

lo
g
(1
/ε

)

ε
.

W
e
co
nc

lu
de

th
at

T
he

or
em

11
ge
ne

ra
liz

es
th
e
kn

ow
n
ti
gh

t
sa
m
pl
e
co
m
pl
ex
it
y
up

pe
r-
bo

un
d

fo
r
th
e
offl

in
e
si
ng

le
bu

ye
r
B
ay
es
ia
n
re
ve
nu

e
m
ax

im
iz
at
io
n
to

th
e
on

lin
e
ad

ve
rs
ar
ia
ls
et
ti
ng

.

3.
M

u
lt

i-
S
ca

le
O

n
li
n
e

L
ea

rn
in

g
w

it
h

B
an

d
it

Fe
ed

b
ac

k

In
th
is

se
ct
io
n,

w
e
lo
ok

at
th
e
ba

nd
it

fe
ed

ba
ck

ve
rs
io
n
of

m
ul
ti
-s
ca
le

on
lin

e
le
ar
ni
ng

fr
am

e-
w
or
k
pr
op

os
ed

in
Se

ct
io
n
2.
1.

E
ss
en
ti
al
ly
,t
he

on
ly

di
ffe

re
nc

e
he

re
is
th
at

af
te
r
th
e
al
go

ri
th
m

pi
ck
s
an

ar
m
i t

at
ti
m
e
t,
it
on

ly
ob

se
rv
es

th
e
ob

ta
in
ed

re
w
ar
d,

i.e
.
g i
t
(t

),
an

d
do
es

no
t
ob

-
se
rv
e
th
e
en
ti
re

re
w
ar
d
fu
nc

ti
on

g
(t

).
In
sp
ir
ed

by
th
e
on

lin
e
st
oc
ha

st
ic

m
ir
ro
r
de

sc
en
t
al
go

ri
th
m

(B
ub

ec
k,

20
11

)
w
e
in
tr
od

uc
e

B
an

di
t-
M
SM

W
al
go

ri
th
m
.
O
ur

al
go
ri
th
m

fo
llo

w
s
th
e
st
an

da
rd

ba
nd

it
ro
ut
e
of

us
in
g
un

bi
-

as
ed

es
ti
m
at
or
s
fo
r
th
e
re
w
ar
ds

in
a
fu
ll
in
fo
rm

at
io
n
st
ra
te
gy

(i
n
th
is
ca
se

M
SM

W
).
W
e
al
so

m
ix

th
e
M
SM

W
di
st
ri
bu

ti
on

w
it
h
an

ex
tr
a
un

ifo
rm

ex
pl
or
at
io
n,

an
d
us
e
a
ta
ilo

re
d
in
it
ia
l

di
st
ri
bu

ti
on

to
ob

ta
in

th
e
de

si
re
d
m
ut
li-
sc
al
e
re
gr
et

bo
un

ds
.

3.
1.

B
an

d
it

m
u
lt
i-
sc
al
e
re
gr
et

b
ou

n
d
s

Fo
r
th
e
ba

nd
it

ve
rs
io
n,

w
e
ca
n
ge
t
si
m
ila

r
re
gr
et

gu
ar
an

te
es

as
in

Se
ct
io
n
2.
2
fo
r
th
e
fu
ll-

in
fo
rm

at
io
n
va
ri
an

t,
bu

t
on

ly
fo
r
th
e
be
st

ac
ti
on

.
If
w
e
re
qu

ir
e
th
e
re
gr
et

bo
un

d
to

ho
ld

fo
r

al
la

ct
io
ns
,t
he

n
w
e
ca
n
on

ly
ge
t
a
w
ea
ke
r
bo

un
d,

w
he

re
th
e
se
co
nd

te
rm

ha
s
ε−

2
in
st
ea
d
of

ε−
1
.
T
he

di
ffe

re
nc

e
be

tw
ee
n
th
e
bo

un
ds

fo
r
th
e
ba

nd
it

an
d
th
e
fu
ll
in
fo
rm

at
io
n
se
tt
in
g
is

es
se
nt
ia
lly

a
fa
ct
or

of
k
,w

hi
ch

is
un

av
oi
da

bl
e.

T
h
eo
re
m

12
T
he
re

ex
is
ts

an
al
go
ri
th
m

fo
r
th
e
on

lin
e
m
ul
ti
-s
ca
le

pr
ob
le
m

w
it
h
ba
nd

it
fe
ed
-

ba
ck

th
at

ta
ke
s
as

in
pu

t
th
e
ra
ng
es
c i
,
∀
i
∈
A
,
an

d
a
pa
ra
m
et
er

0
<
ε
≤

1
,
an

d
sa
ti
sfi
es
,

•
fo
r
i∗

=
ar

g
m

ax
i∈
A
G
i, E
[r

eg
r
et

i∗
]
≤
ε
·G

i∗
+
O
( 1 ε
k

lo
g
( k ε
) ·
c i
∗
) .

(1
5)

•
fo
r
al
li
∈
A
,

E
[r

eg
r
et

i]
≤
ε
·G

i
+
O
( 1 ε2

k
lo

g
( k ε
) ·
c i
) .

(1
6)

A
ls
o,

on
e
ca
n

co
m
pu

te
th
e
pu

re
-a
dd

it
iv
e
ve
rs
io
ns

of
th
e
bo

un
ds

in
T
he

or
em

s
12

by

se
tt
in
g
ε

=

√
k

lo
g
(k
T

)
T

an
d
ε

=
(k

lo
g
(k
T

)
T

)1 3
re
se
pc

ti
ve
ly

(C
or
ol
la
ry

13
),

an
d
co
m
pa

re
w
it
h

th
e
pu

re
-a
dd

it
iv
e
re
gr
et

bo
un

d
O
( c

m
a
x
·√
T
k
) f

or
th
e
ad

ve
rs
ar
ia
lm

ul
ti
-a
rm

ed
ba

nd
it
pr
ob

-
le
m

(A
ud

ib
er
t
an

d
B
ub

ec
k,

20
09

;A
ue

r
et

al
.,
19

95
).

C
or
ol
la
ry

13
T
he
re

ex
is
t
al
go
ri
th
m
s
fo
r
th
e
on

lin
e
m
ul
ti
-s
ca
le

ba
nd

it
s
pr
ob
le
m

th
at

sa
ti
s-

fie
s,
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 2
0(
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1-
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, 2
01

9

B
u
be

ck
,
D

ev
a
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

•
Fo

r
i∗

=
ar

g
m

ax
i∈
A
G
i, E

[r
eg

r
et

i∗
]
≤
O
( c i
∗
·√

T
k

lo
g
(k
T

))
(1
7)

•
Fo

r
al
li
∈
A
,

E
[r

eg
r
et

i]
≤
O
( c i
·T

2 3
(k

lo
g
(k
T

))
1 3

)
(1
8)

H
er
e
is
a
m
ap

of
th
is
se
ct
io
n.

In
Se

ct
io
n
3.
2
w
e
pr
op

os
e
ou

r
ba

nd
it
al
go

ri
th
m

an
d
pr
ov
e

it
s
ge
ne

ra
lr

eg
re
t
gu

ar
an

te
e
fo
r
no

n-
ne
ga

ti
ve

re
w
ar
ds
.
T
he

n
in

Se
ct
io
n
3.
3
w
e
sh
ow

ho
w

to
ge
t
a
m
ul
ti
-s
ca
le

st
yl
e
re
gr
et

gu
ar
an

te
e
fo
r
th
e
be

st
ar
m
c i
∗
,a

nd
a
w
ea
ke
r
gu

ar
an

te
e
fo
r
al
l

ar
m
s
{c
i}
i∈
A
.

3.
2.

B
an

d
it

M
u
lt
i-
S
ca
le

M
u
lt
ip
li
ca
ti
ve

W
ei
gh

t
(B

an
d
it
-M

S
M
W

)
al
go

ri
th
m

W
e
pr
es
en
t
ou

r
B
an

di
t
al
go

ri
th
m

(A
lg
or
it
hm

3)
w
he

n
th
e
se
t
of

ac
ti
on

s
A

is
fin

it
e
(w

it
h

|A
|=

k
).

Le
t
η
be

th
e
le
ar
ni
ng

ra
te

an
d
γ
be

th
e
ex
pl
or
at
io
n
pr
ob

ab
ili
ty
.
W
e
sh
ow

th
e

fo
llo

w
in
g
re
gr
et

bo
un

d.

A
lg
or
it
h
m

3
B
an

di
t-
M
SM

W
1:

in
p
u
t

ex
pl
or
at
io
n
pa

ra
m
et
er
γ
>

0
,l
ea
rn
in
g
ra
te
η
>

0
.

2:
in
it
ia
li
ze

p
(1

)
=

(1
−
γ

)1
i m

in
+

γ k
1
,w

he
re
i m

in
is

th
e
ar
m

w
it
h
m
in
im

um
ra
ng

e
c i

m
in
.

3:
fo
r
t

=
1,
..
.,
T
d
o

4:
Le

t
p̃

(t
)

=
(1
−
γ

)p
(t

)
+

γ k
1
.

5:
R
an

do
m
ly

pi
ck

an
ex
pe

rt
i t

dr
aw

n
fr
om

p̃
(t

),
an

d
ob

se
rv
e
g i
t
(t

).
6:

Le
t

g̃
(t

)
be

su
ch

th
at

g̃ i
(t

)
=

  

g
i
(t

)
p̃
i
(t

)
if
i

=
i t

;

0
ot
he

rw
is
e.

7:
∀i
∈
A

:
w
i(
t

+
1)
←
p
i(
t)
·e

x
p
(
η c i
·g̃
i(
t)

).
8:

F
in
d
λ
∗
(e
.g
.,
bi
na

ry
se
ar
ch
)
s.
t.
∑

i∈
A
w
i(
t

+
1)
·e

x
p
(−

λ
∗ c i
)

=
1.

9:
∀i
∈
A

:
p
i(
t

+
1)
←
w
i(
t

+
1)
·e

x
p
(−

λ
∗ c i
).

10
:
en

d
fo
r

L
em

m
a
14

Fo
r
an

y
ex
pl
or
at
io
n
pr
ob
ab
ili
ty

0
<
γ
≤

1 2
an

d
an

y
le
ar
ni
ng

ra
te

pa
ra
m
et
er

0
<
η
≤

γ k
,
th
e
B
an

di
t-
M
SM

W
al
go
ri
th
m

ac
hi
ev
es

th
e
fo
llo

w
in
g
re
gr
et

bo
un

d
w
he
n
th
e
ga
in
s

ar
e
no

n-
ne
ga
ti
ve

:

∀i
∈
A

:
E

[r
eg

r
et

i]
≤
O
( 1 η

lo
g
( k γ
) ·
c i

+
η
∑

j∈
A
G
j

+
γ
·G

i)

P
ro
of

W
e
fu
rt
he
r
de
fin

e:

G̃
a
lg
,

∑
t∈

[T
]
g i
t
(t

)
=
∑

t∈
[T

]
p̃

(t
)
·g̃

(t
)
,

G̃
j
,

∑
t∈

[T
]
g̃ j

(t
)
.

In
ex
pe

ct
at
io
n
ov
er

th
e
ra
nd

om
ne

ss
of

th
e
al
go

ri
th
m
,w

e
ha

ve
:
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M
u
lti-sca

le
O

n
lin

e
L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pplicatio

n
s
to

O
n
lin

e
A

u
ctio

n
s
a
n
d

P
r
icin

g

1.
E

[G
a
lg

]
=

E
[G̃

a
lg ];and

2.
G
j

=
E
[G̃

j ]
for

any
j∈

A
.

H
ence,to

upperbound
E

[r
eg

r
et

i ]
=
G
i −

E
[G

a
lg

],itsuffi
cesto

upperbound
E
[G̃

i −
G̃

a
lg ].

B
y
the

definition
ofthe

probability
that

the
algorithm

picks
each

arm
,i.e.,

p̃
(t),w

e
have:

E
[G̃

a
lg ]≥

(1−
γ

) ∑
t∈

[T
] p

(t)·g̃
(t)

.

H
ence,w

e
have

for
any

initialdistribution
q
over

A
:

∑j∈
A

q
j ·E

[G̃
j ]−

E
[G̃

a
lg ]≤

E
[∑

j∈
A
q
j ·
G̃
j −

∑
t∈

[T
] p

(t)·
g̃

(t) ]
+

γ
1−
γ E
[G̃

a
lg ]

≤
E
[∑

j∈
A
q
j ·G̃

j −
∑

t∈
[T

] p
(t)·

g̃
(t) ]

+
2
γE
[G̃

a
lg ]

.
(19)

N
ext,

w
e
upper

bound
the

1st
term

on
the

R
H
S.

N
ote

that
p

(t)’s
are

the
probabilities

of
choosing

experts
by

M
SM

W
w
hen

the
experts

have
rew

ards
g̃

(t)’s.
B
y
P
roposition

10,
w
e
have

for
any

benchm
ark

distribution
q
over

S
,the

B
andit-M

SM
W

algorithm
satisfies:

∑j∈
A

q
j ·G̃

j −
∑t∈

[T
] p

(t)·g̃
(t)≤

η
∑t∈

[T
] ∑j∈

A

p
j (t)

c
j
· (g̃

j (t) )
2+

1η

∑j∈
A

c
j (

q
j

ln (
q
j

p
j (1) )−

q
j

+
p
j (1) )

.

(20)
For

any
t∈

[T
]and

any
j∈

A
,by

the
definition

of
g̃
j (t),it

equals
g
j (t)
p̃
j (t)

w
ith

probability
p̃
j (t),and

equals
0
otherw

ise.
T
hus,if

w
e
fix

the
random

coin
flips

in
the

first
t−

1
rounds

and,thus,fix
p̃

(t),and
take

expectation
over

the
random

ness
in

round
t,w

e
have:

E
[
p
j (t)

c
j
· (g̃

j (t) )
2 ]

=
p
j (t)

c
j
·
p̃
j (t)· (

g
j (t)

p̃
j (t) )

2

=
p
j (t)

p̃
j (t)

(g
j (t))

2

c
j

.

Further
note

that
since

p̃
j (t)≥

(1−
γ

)p
j (t),and

g
j (t)≤

c
j ,the

above
is
upper

bounded
by

1
1−
γ
g
j (t)≤

2
g
j (t).

B
y
putting

alltogether
w
ith

(20),w
e
have

for
any

0
<
η
≤

γn :

E

 ∑j∈
A

q
j ·G̃

j −
∑t∈

[T
] p

(t)·g̃
(t) 

≤
η
∑t∈

[T
] ∑j∈

A

2
g
j (t)

+
1η

∑j∈
A

c
j (

q
j

ln (
q
j

p
j (1

) )−
q
j

+
p
j (1) )

=
2
η ∑j∈

A

G
j

+
1η

∑j∈
A

c
j (

q
j

ln (
q
j

p
j (1) )−

q
j

+
p
j (1) )

C
om

bining
w
ith

(19),w
e
have:

∑j∈
A

q
j ·E

[G̃
j ]−

E
[G̃

a
lg ]≤

2
η ∑j∈

A

G
j

+
1η

∑j∈
A

c
j (

q
j

ln (
q
j

p
j (1) )−

q
j

+
p
j (1) )

+
2γE

[G̃
a
lg ]
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B
u
beck

,
D

eva
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

Let
q

=
(1−

γ
)1
i +

γk
1.

R
ecallthat

p
(1)

=
(1−

γ
)1
im

in
+

γk
1
(recall

im
in
is
the

arm
w
ith

m
inim

um
range

c
im

in ).
Sim

ilar
to

the
discussion

for
the

expert
problem

in
Section

2.5,
the

2nd
term

on
the

R
H
S
is

upper
bounded

by
O
(

1η
log (

kγ )·
c
i ).

H
ence,w

e
have:

∑j∈
A

q
j ·E

[G̃
j ]−

E
[G̃

a
lg ]≤

2η ∑j∈
A

G
j

+
O

(
1η

lo
g (
kγ )·

c
i )

+
2
γE
[G̃

a
lg ]

.
(21)

Further,the
LH

S
is

low
er

bounded
as:

(1−
γ

)E
[G̃

i ]
+
γk

∑j∈
A

E
[G̃

j ]−
E
[G̃

a
lg ]≥

(1−
γ

)E
[G̃

i ]−
E
[G̃

a
lg ]

.

T
he

lem
m
a
then

follow
s
by

putting
this

low
er-bound

ofLH
S
of

(21)
back

to
the

equation
and

rearranging
term

s.

3.3.
R
egret

b
ou

n
d
s
for

n
on

-n
egative

rew
ard

s
-
p
roof

of
T
h
eorem

12

Letting
γ

=
ε
and

η
=

γk
=

εk
in

Lem
m
a
14,w

e
get

that
the

expected
regret

w
.r.t.an

action
i∈

A
is

bounded
by:

O
(
ε·G

i
+

εk ∑
j∈
A
G
j

+
c
i ·

kε
ln (

kε ) )
.

W
hen

i
=
i ∗

(best
arm

),regret
is

bounded
by

O
(ε·

G
i ∗

+
c ∗i ·

kε
ln (

kε )),as
desired.

For
the

regret
w
.r.t.

an
arbitrary

action,
note

that
E

[G
a
lg

]≥
γk ∑

j∈
A
G
j .

T
hus,

the
regret

bound
w
.r.t.an

action
i∈

A
in

Lem
m
a
14

is
further

upper
bounded

by:

O
(

1η
log (

kγ )·c
i
+
(
η
kγ

+
γ )
·E
[G̃

a
lg ])

T
he

theorem
then

follow
s
by

letting
γ

=
ε
and

η
=

γ
2k

=
ε
2k
.

4.
M

ore
A

p
p
lication

s
of

M
u
lti-scale

L
earn

in
g

for
A

u
ction

s
an

d
P

ricin
g

In
this

section,
w
e
consider

applying
the

m
ulti-scale

online
learning

fram
ew

ork,
developed

in
Section

2
and

Section
3,to

design
severalother

online
auctions

and
pricings

be
the

single
buyer

auction
(discussed

in
Section

2.6).
B
esides

the
single

buyer
auction,

the
problem

s
that

w
e
consider

are
as

follow
s.

•
O
n
lin

e
p
osted

p
ricin

g:
T
he

sam
e
as

the
online

single
buyer

auction
of

Section
2.6,

butin
the

banditsetting.
T
he

algorithm
only

learns
the

indicatorfunction
1

(v
(t)≥

p
t )

w
here

p
t
is

the
price

it
picks

in
round

t.

•
O
n
lin

e
m
u
lti

b
u
yer

au
ction

:
T
he

action
set

is
the

set
of

all
“M

yerson-type”
m
ech-

anism
s
for

n
buyers,

for
som

e
n
∈

N
.

(See
D
efinition

15.)
T
he

adversary
picks

a
valuation

vector
v

(t)∈
[1,h

] n
and

the
rew

ard
of

a
m
echanism

M
is

its
revenue

w
hen

the
valuation

of
the

buyers
is

given
by

v
(t);

this
is

denoted
by

r
ev

M
(v

(t)).
T
he

algorithm
sees

the
fullvector

of
valuations

v
(t).
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M
u
lt

i-
sc

a
le

O
n
li

n
e

L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pp

li
ca

ti
o
n
s
to

O
n
li

n
e

A
u
ct

io
n
s
a
n
d

P
r
ic

in
g

4.
1.

A
u
ct
io
n
s
an

d
p
ri
ci
n
g
as

m
u
lt
i-
sc
al
e
on

li
n
e
le
ar
n
in
g
p
ro
b
le
m
s

W
e
no

w
sh
ow

ho
w
to

re
du

ce
th
e
ab

ov
e
pr
ob

le
m
st

o
sp
ec
ia
lc
as
es

of
m
ul
ti
-s
ca
le
on

lin
e
le
ar
ni
ng

.

O
n
li
n
e
m
u
lt
i
b
u
ye
r
au

ct
io
n

In
m
ul
ti

bu
ye
r
au

ct
io
ns
,
w
e
co
ns
id
er

th
e
se
t
of

al
l
di
s-

cr
et
iz
ed

M
ye
rs
on

-t
yp

e
au

ct
io
ns

as
th
e
ac
ti
on

sp
ac
e.

W
e
st
ar
t
by

de
fin

in
g
M
ye
rs
on

-t
yp

e
au

ct
io
ns
:

D
efi

n
it
io
n
15

(M
ye
rs
on

-t
yp

e
au

ct
io
n
s)

A
M
ye
rs
on

-t
yp

e
au

ct
io
n
is

de
fin

ed
by

n
no

n-
de
cr
ea
si
ng

vi
rt
ua

l
va
lu
e
m
ap
pi
ng
s
φ

1
,.
..
,φ

n
:

[1
,h

]
7→

[−
∞
,h

].
G
iv
en

a
va
lu
e
pr
ofi

le
v 1
,.
..
,v
n
,t
he

it
em

is
gi
ve
n
to

th
e
bi
dd
er
j
w
it
h
th
e
la
rg
es
tn

on
-n
eg
at
iv
e
vi
rt
ua

lv
al
ue
φ
j
(v
j
).

T
he
n,

bi
dd
er
j
pa
ys

th
e
m
in
im

um
va
lu
e
th
at

w
ou

ld
ke
ep

hi
m

as
th
e
th
e
w
in
ne
r.

M
ye
rs
on

(1
98

1)
sh
ow

st
ha

tw
he

n
th
e
bi
dd

er
s’
va
lu
es

ar
e
dr
aw

n
fr
om

in
de

pe
nd

en
t(

bu
tn

ot
ne

ce
ss
ar
ily

id
en
ti
ca
l)

di
st
ri
bu

ti
on

s,
th
e
re
ve
nu

e-
op

ti
m
al

au
ct
io
n
is

a
M
ye
rs
on

-t
yp

e
au

ct
io
n.

D
ev
an

ur
et

al
.
(2
01

6,
Le

m
m
a
5)

ob
se
rv
e
th
at

to
ob

ta
in

a
1
−
ε
ap

pr
ox
im

at
io
n,

it
su
ffi
ce
s

to
co
ns
id
er

th
e
se
t
of

di
sc
re
ti
ze
d
M
ye
rs
on

-t
yp

e
au

ct
io
ns

th
at

tr
ea
t
ea
ch

bi
dd

er
’s

va
lu
e
as

if
it

is
eq
ua

l
to

th
e
cl
os
es
t
po

w
er

of
1

+
ε
fr
om

be
lo
w
.
A
s
a
re
su
lt
,
it

su
ffi
ce
s
to

co
ns
id
er

th
e

se
t
of

di
sc
re
ti
ze
d
M
ye
rs
on

-t
yp

e
au

ct
io
ns
,
ea
ch

of
w
hi
ch

is
de

fin
ed

by
th
e
vi
rt
ua

l
va
lu
es

of
(1

+
ε)
j
’s
,i
.e
.,
by

O
(n

lo
g
h
/ε

)
re
al

nu
m
be

rs
φ
`(

(1
+
ε)
j
),
fo
r
`
∈

[n
],
an

d
0
≤
j
≤
blo

g
1
+
ε
h
c.

Fu
rt
he

rm
or
e,
fir
st

E
lk
in
d
(2
00

7)
an

d
la
te
r
on

D
ev
an

ur
et

al
.(
20

16
);
G
on

cz
ar
ow

sk
ia

nd
N
is
an

(2
01

7)
no

te
th
at

a
di
sc
re
ti
ze
d
M
ye
rs
on

-t
yp

e
au

ct
io
n
is

in
fa
ct

co
m
pl
et
el
y
ch
ar
ac
te
ri
ze
d
by

th
e
to
ta
l
or
de

ri
ng

of
φ
`(

(1
+
ε)
j
)’
s;

8
th
ei
r
ac
tu
al

va
lu
es

do
no

t
m
at
te
r.

In
de

ed
,
bo

th
th
e

al
lo
ca
ti
on

ru
le

an
d
th
e
pa

ym
en
t
ru
le

ar
e
de
te
rm

in
ed

by
th
e
or
de

ri
ng

of
vi
rt
ua

l
va
lu
es
.
A
s

a
re
su
lt
,
ou

r
ac
ti
on

sp
ac
e
is

a
fin

it
e
se
t
w
it
h
at

m
os
t
O

((
n

lo
g
h
/ε

)!
)
ac
ti
on

s.
T
he

ra
ng

e
of

an
ac
ti
on

,
i.e

.,
a
di
sc
re
ti
ze
d
M
ye
rs
on

-t
yp

e
au

ct
io
n,

is
th
e
la
rg
es
t
pr
ic
e
ev
er

ch
ar
ge
d
by

th
e
au

ct
io
n,

i.e
.,

th
e
la
rg
es
t
va
lu
e
v
of

th
e
fo
rm

(1
+
ε)
j
su
ch

th
at

th
er
e
ex
is
ts
`
∈

[n
],

φ
`(
v
)
>
φ
`(

(1
+
ε)
−

1
v
).

4.
2.

M
u
lt
ip
li
ca
ti
ve
/a
d
d
it
iv
e
ap

p
ro
xi
m
at
io
n
s

Si
m
ila

r
to

Se
ct
io
n
2.
6,

w
e
sh
ow

ho
w

to
ge
t
a
m
ul
ti
pl
ic
at
iv
e
cu

m
ad

di
ti
ve

ap
pr
ox

im
at
io
ns

fo
r

th
es
e
pr
ob

le
m
s
w
it
h
G

m
a
x
as

th
e
be

nc
hm

ar
k.

R
ec
al
l
th
e
de

fin
it
io
n
of
G

m
a
x
in

Se
ct
io
n
2.
1

an
d
le
t
p
∗
be

th
e
be

st
fix

ed
pr
ic
e
on

hi
nd

si
gh

t,
w
hi
ch

is
th
e
pr
ic
e
th
at

ac
hi
ev
es
G

m
a
x
.

T
h
eo
re
m

16
T
he
re

ar
e
al
go
ri
th
m
s
fo
r
th
e
on

lin
e
po
st
ed

pr
ic
in
g
an

d
th
e
on

lin
e
m
ul
ti
bu
ye
r

au
ct
io
n
pr
ob
le
m
s
th
at

ta
ke

as
in
pu

t
a
pa
ra
m
et
er
ε
>

0,
an

d
sa
ts
ify

G
a
lg
≥

(1
−
ε)
G

m
a
x
−

O
(E

),
w
he
re

re
sp
ec
ti
ve
ly

(f
or

th
e
tw
o
pr
ob
le
m
s
m
en
ti
on

ed
ab
ov
e)

E
=
p
∗

lo
g
h

lo
g
(l

og
h
/ε

)

ε2
,

an
d

h
n

lo
g
h

lo
g
(n

lo
g
h
/ε

)

ε2
.

E
ve
n
if
h
is

no
t
kn
ow

n
up

fr
on

t,
w
e
ca
n
st
ill

ge
t
th
e
si
m
ila

r
ap
pr
ox
im

at
io
n
gu
ar
an

te
e
fo
r
th
e

on
lin

e
m
ul
ti
bu
ye
r
au

ct
io
n
w
it
h: E

=
h
n

lo
g
h

lo
g
(n

lo
g
h
/ε

)

ε2
.

8.
C
ai

et
al
.(
20
12
)
al
so

ge
ne

ra
liz
es

th
is

ob
se
rv
at
io
n
to

m
ul
ti
-d
im

en
si
on

al
ty
pe

s.
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 2
0(

62
):

1-
37

, 2
01

9

B
u
be

ck
,
D

ev
a
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

W
e
co
nj
ec
tu
re

th
at

ou
r
bo

un
d

fo
r
th
e
on

lin
e
po

st
ed

pr
ic
in
g
pr
ob

le
m

is
ti
gh

t
up

to
lo
ga

ri
th
m
ic

fa
ct
or
s,

an
d

le
av
e
re
so
lv
in
g
th
is

as
an

op
en

pr
ob

le
m
.

T
he

se
co
nd

bo
un

d
is

no
t
co
m
pa

ra
bl
e
to

th
e
be

st
sa
m
pl
e
co
m
pl
ex
it
y

fo
r
th
e
m
ul
ti

bu
ye
r
au

ct
io
n

pr
ob

le
m

by
R
ou

gh
ga

rd
en

an
d
Sc
hr
ijv

er
s
(2
01

6)
;i
t
is

be
tt
er

th
an

th
ei
rs

fo
r
la
rg
e
ε
(w

he
n

1
/
ε
≤
o(
n
h

))
,

an
d

is
w
or
se

fo
r
sm

al
le
r
ε
(w

he
n

1
/ε
≥
ω

(n
h

))
.

A
ls
o,

co
m
pa

re
th
e
fir
st

bo
un

d
to

th
e

co
rr
es
po

nd
in
g
up

pe
r
bo

un
d
fo
r
th
e
pr
ic
in
g
pr
ob

le
m

by
B
lu
m

an
d
H
ar
tl
in
e
(2
00

5)
,w

hi
ch

is

m
in

{
h

lo
g
h

lo
g

lo
g
h

ε2
,
h

lo
g

lo
g
h

ε3

}
.

E
ss
en
ti
al
ly
,t
he

m
ai
n
im

pr
ov
em

en
t
ov
er

th
is

re
su
lt
is

th
at

th
e
ad

di
ti
ve

te
rm

sc
al
es

w
it
h
th
e

be
st

pr
ic
e
ra
th
er

th
an

h
.

P
ro
of

[o
f
T
h
eo
re
m

16
]

O
nl
in
e
po
st
ed

pr
ic
in
g.

R
ec
al
lt
he

fo
rm

ul
at
io
n
of

th
e
pr
ob

le
m

as
an

on
lin

e
le
ar
ni
ng

pr
ob

le
m

w
it
h

ba
nd

it
fe
ed

ba
ck

in
Se
ct
io
n

4.
1.

T
hi
s
pa

rt
th
en

fo
llo

w
s
by

T
he
or
em

12
w
it
h
k

=
O

(l
og
h
/ε

)
ac
ti
on

s.

O
nl
in
e
m
ul
ti
pl
e
bu
ye
r
au

ct
io
n.

R
ec
al
lt
he

fo
rm

ul
at
io
n
of

th
e
pr
ob

le
m

as
an

on
lin

e
le
ar
ni
ng

pr
ob

le
m

w
it
h
fu
ll
in
fo
rm

at
io
n
in

Se
ct
io
n
4.
1.

T
he

pr
oo

f
th
en

fo
llo

w
s
by

T
he
or
em

1,
w
he
re

w
e
le
t
π

be
th
e
un

ifo
rm

di
st
ri
bu

ti
on

ov
er

th
e
k

=
O

((
n

lo
g
h
/ε

)!
)
ac
ti
on

s,
i.e
.,
M
ye
rs
on

-t
yp

e
au

ct
io
ns
.

W
he

n
h

is
no

t
kn

ow
n

up
fr
on

t,
si
m
ila

r
to

th
e
pr
oo

f
of

T
he
or
em

11
,
w
e
co
ns
id
er

a
hy

po
th
et
ic
al

al
go
ri
th
m

w
it
h
co
un

ta
bl
y
in
fin

it
e
ac
ti
on

sp
ac
e
A
as

fo
llo

w
s.

Fo
ra

ny
p

=
(1

+
ε)
j
,

j
≥

0,
le
t
th
e
k
p

=
O

((
n

lo
g
p
/ε

)!
)
M
ye
rs
on

-t
yp

e
au

ct
io
ns

fo
r
va
lu
es

in
[1
,p

]
be

in
A
;
w
e

as
su
m
e
th
es
e
au

ct
io
ns

tr
ea
t
an

y
va
lu
es

gr
ea
te
r
th
an

p
as

if
th
ey

w
er
e
p
.
Fu

rt
he
r,
w
e
ch
oo

se
th
e
pr
io
r
di
st
ri
bu

ti
on
π

su
ch

th
at

th
e
pr
ob

ab
ili
ty

m
as
s
of

ea
ch

au
ct
io
n
fo
r
ra
ng

e
[1
,p

]
is

eq
ua

l
to

ε(
ε+

2
)

(1
+
ε)

2
·

1 p
2
·

1 k
p
.

T
he

ap
pr
ox
im

at
io
n

gu
ar
an

te
e
th
en

fo
llo

w
s
by

T
he

or
em

1.
T
o

im
pl
em

en
t
th
is

al
go

ri
th
m
,
w
e
us
e
th
e
sa
m
e
tr
ic
k
as

in
th
e
pr
oo

f
T
he

or
em

11
by

ru
nn

in
g
a

m
od

ifi
ed

al
go

ri
th
m

th
at

on
ly

co
ns
id
er
s
au

ct
io
ns

fo
r
al
lr
an

ge
s

[1
,p

]
w
he
re
p
is
no

la
rg
er

th
an

th
e
hi
gh

es
t
va
lu
e
se
en

so
fa
r
am

on
g
al
l
th
e
bu

ye
rs

(i
.e
.
a
m
ul
ti
-b
uy

er
au

ct
io
n
ve
rs
io
n
of

A
lg
or
it
hm

2)
.
T
he

re
st

of
th
e
pr
oo

ft
ha

t
sh
ow

s
th
e
re
ve
nu

e
lo
ss

of
th
is
al
go

ri
th
m

co
m
pa

re
d

to
th
e
hy

po
th
et
ic
al

al
go

ri
th
m

is
ne

gl
ig
ib
le

is
si
m
ila

r
to

th
e
pr
oo

fo
fT

he
or
em

11
(a
nd

he
nc

e
om

it
te
d
fo
r
br
ev
it
y)
.

4.
3.

C
om

p
et
in
g
w
it
h
δ-
gu

ar
d
ed

b
en

ch
m
ar
ks

Fo
r
th
e
si
ng

le
bu

ye
r
au

ct
io
n/

pr
ic
in
g
pr
ob

le
m
,
w
e
de
fin

e
a
δ-
gu

ar
de

d
be

nc
hm

ar
k,

fo
r
an

y
δ
∈

[0
,1

].
T
hi
s
be

nc
hm

ar
k
is

re
st
ri
ct
ed

to
on

ly
th
os
e
pr
ic
es

th
at

se
ll
th
e
it
em

in
at

le
as
t
a

δ
fr
ac
ti
on

of
th
e
ro
un

ds
.

G
m
a
x
(δ

)
:=

m
ax
{ ∑

T t=
1
g p

(t
)

:
p
∈
A
,∑

T t=
1
1

(v
t
≥
p
)
≥
δT
}
.

A
s
ob

se
rv
ed

in
Fo

ot
no

te
3,

on
e
ca
n
re
pl
ac
e
δ
w
it
h

1/
h
an

d
ge
t
th
e
co
rr
es
po

nd
in
g
gu

ar
an

te
es

fo
r
G

m
a
x
ra
th
er

th
an

G
m
a
x
(δ

).
H
ow

ev
er
,t
he

m
ai
n
po

in
t
of

th
es
e
re
su
lt
s
is
to

sh
ow

a
gr
ac
ef
ul

im
pr
ov
em

en
t
of

th
e
bo

un
ds

as
δ
is

ch
os
en

to
be

la
rg
er
.
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M
u
lti-sca

le
O

n
lin

e
L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pplicatio

n
s
to

O
n
lin

e
A

u
ctio

n
s
a
n
d

P
r
icin

g

M
u
ltip

le
b
u
yers:

For
the

m
ultibuyer

auction
problem

,w
e
define

the
δ-guarded

bench-
m
ark

as
follow

s.
For

any
sequence

of
value

vectors
v

(1),v
(2),...,v

(T
),

let
V̄

denote
the

largest
value

such
that

there
are

at
least

δT
distinct

t∈
[T

]w
ith

m
ax

i∈
[n

] v
i (t)≥

V̄
.
D
efine

the
δ-guarded

benchm
ark

to
be

G
m
a
x
(δ)

=
m

ax
M
∑

Tt=
1
R
ev
M

(
m

in
(V̄
~1
,v

(t))) )
,

w
here

the
“m

in”
is

taken
coordinate-w

ise,
and

the
“m

ax”
is

over
all

M
yerson-type

m
ech-

anism
s.

In
other

w
ords,

here
is

how
w
e
can

describe
the

δ-guarded
benchm

ark:
for

each
M
yerson-type

auction
M

,
after

identifying
the

value
cap

V̄
,
w
e
cut

all
the

values
that

are
above

V̄
by

this
quantity,and

then
run

M
.
T
he

benchm
ark

is
then

the
revenue

of
the

best
M
yerson-type

auction
under

these
m
odified

values.
W
e
focus

on
purely

m
ultiplicative

approxim
ation

factors
w
hen

com
peting

w
ith

G
m
a
x
(δ).

In
particular,for

any
given

ε
>

0,w
e
are

interested
in

a
1−

ε
approxim

ation.
W
e
state

our
results

in
term

s
of

the
convergence

rate.
W
e
say

that
T

(ε,δ)
is

the
convergence

rate
of

an
algorithm

iffor
alltim

e
horizon

T
≥
T

(ε,δ),w
e
are

guaranteed
that

G
a
lg
≥

(1−
ε)G

m
a
x
(δ).

O
ur

m
ain

results
are

as
follow

s.

T
h
eorem

17
T
here

are
algorithm

s
for

the
online

single
buyer

auction,
online

posted
pric-

ing,
and

the
online

m
ulti

buyer
auction

problem
s
w
ith

convergence
rates

respectively
of

O

(
lo

g
(lo

g
h
/
ε)

ε
2δ

)
,

O

(
log

h

ε
4δ

)
,

and
O

(
n

log
(1/εδ)

log
(n

log
(1/εδ)/ε)

ε
3δ

+
log

(log
h
/ε)

ε
2δ

)
.

E
ven

if
h
is

not
know

n
upfront,

w
e
can

still
get

the
follow

ing
sim

ilar
convergence

rates
for

online
single

buyer
auction

and
online

m
ulti

buyer
auction

respectively:

O

(
log

(p ∗/ε)
ε
2δ

)
,

and
O

(
n

log
(1
/εδ)

log
(n

log
(1/εδ)/ε)

ε
3δ

+
log

(h
/ε)

ε
2δ

)
.

O
nce

again,w
e
com

pare
to

the
sam

ple
com

pexity
bounds:

ourfirstis
w
ithin

a
log

log
h
factor

of
the

best
sam

ple
com

plexity
upper

bound
in

H
uang

et
al.

(2015b).
T
he

low
er

bound
for

the
online

single
buyer

auction
is

Ω
(δ −

1ε −
2),w

hich
is

also
the

best
low

er
bound

know
n
for

the
pricing

and
the

m
ulti-buyer

problem
. 9

For
the

online
posted

pricing
problem

,
w
e
conjecture

that
the

right
dependence

on
ε

should
be

ε −
3.

N
o
sam

ple
com

plexity
bounds

for
the

m
ulti-buyer

problem
w
ere

know
n

before;in
fact

w
e
introduce

the
definition

of
a
δ-guarded

benchm
ark

for
this

problem
.

P
roof

[of
T
h
eorem

17]
O
nline

single
buyer

auction.
B
y
T
heorem

1,
letting

π
be

the
uniform

distribution
over

the
k

=
O

(lo
g
h
/ε)

actions,
i.e.,

discretized
prices,

w
e
have

that
for

any
price

p
(recallthat

c
p

=
p):

G
a
lg
≥

(1−
ε)·G

p −
O
(

lo
g
(lo

g
h
/
ε)

ε
·
p )

.

For
the

δ-guarded
optim

al
price

p ∗
(i.e.,

subject
to

selling
in

at
least

δT
rounds),

w
e
have

G
p ∗
≥
δT
·
p ∗.

T
herefore,

w
hen

T
≥
O
(log

(log
h
/ε)/ε

2δ ),
the

additive
term

of
the

above
approxim

ation
guarantee

is
at

m
ost

ε·G
p ∗.

So
the

theorem
holds.

9.
C
ole

and
R
oughgarden

(2014)
show

that
at

least
a
linear

dependence
on

n
is
necessary

w
hen

the
values

are
draw

n
from

a
regular

distribution,
but

as
is,

their
low

er
bound

needs
unbounded

valuations.
T
he

low
er

bound
probably

holds
for

“large
enough

h”
but

it
is

not
clear

if
it

holds
for

all
h.
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B
u
beck

,
D

eva
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

T
he

treatm
ent

for
the

case
w
hen

h
is

not
know

n
up

front
is

essentially
the

sam
e
as

in
T
heorem

16
and

T
heorem

11.
A
s
a
hypotheticalalgorithm

usefulfor
analysis,

w
e
consider

an
algorithm

(sim
ilar

to
A
lgorithm

1)
w
ith

a
countably

infinite
action

space
com

prising
all

prices
ofthe

form
(1

+
ε)
j,for

j≥
0.

T
hen,let

the
prior

distribution
π

be
such

that
for

any
price

p
=

(1
+
ε)
j,
π
p

=
ε(ε

+
2)(1

+
ε) −

2
(j+

1
)

=
ε(ep

s+
2
))

(1
+
ε)

2
·

1p
2 .

T
he

rest
ofthe

proofand
how

to
im

plem
ent

is
the

sam
e
as

in
the

proof
of

T
heorem

11
(i.e.

A
lgorithm

2).

O
nline

posted
pricing.

R
ecallthe

above
form

ulation
ofthe

problem
as

an
online

learning
problem

w
ith

bandit
feedback.

B
y
T
heorem

12
w
ith

k
=
O

(log
h
/ε)

actions,
w
e
have

that
for

any
price

p:
G

a
lg
≥

(1−
ε)·

G
p −

O
(

lo
g
h

lo
g
(lo

g
h
/
ε)

ε
3

·p )
.

A
gain,for

the
δ-guarded

optim
alprice

p ∗
(i.e.,subject

to
selling

in
at

least
δT

rounds),w
e

have
G
p ∗
≥
δT
·
p ∗.

T
herefore,

w
hen

T
≥
O
(log

h
log (log

h
/ε )/ε

4δ ),
the

additive
term

of
the

above
approxim

ation
guarantee

is
at

m
ost

ε·G
p ∗.

So
the

theorem
holds.

O
nline

m
ulti

buyer
auction.

Suppose
i ∗

is
the

δ-guarded
best

M
yerson-type

auction.
R
ecall

that
V̄

is
the

largest
value

such
that

there
are

at
least

δT
distinct

v
(t)’s

w
ith

m
ax

`∈
[n

] v
` (t)
≥
V̄
.

So
w
e
m
ay

assum
e
w
ithout

loss
of

generality
that

i ∗
does

not
dis-

tinguish
values

greater
than

V̄
.
H
ence:

c
i ∗≤

V̄
.

(22)

Further,note
thatrunning

a
second-price

auction
w
ith

anonym
ousreserve

V̄
isa

M
yerson-

type
auction

(e.g.,m
apping

values
less

than
V̄

to
virtualvalue−

∞
and

values
greater

than
or

equalto
V̄

to
virtualvalue

V̄
),and

it
gets

revenue
at

least
δT
·
V̄
.
So

w
e
have

that:

G
p ∗≥

δT
·
V̄
.

(23)

F
inally,

the
above

im
plies

that
to

obtain
a

1−
ε
approxim

ation,
it

suffi
ces

to
consider

prices
that

are
at

least
εδV̄

.
H
ence,

it
suffi

ces
to

consider
M
yerson-type

auctions
that,

for
a
given

V̄
,
do

not
distinguish

am
ong

values
greater

than
V̄
,
and

do
not

distinguish
am

ong
values

sm
aller

than
εδV̄

.
T
here

are
O

(log
h
/ε)

different
values

of
V̄
.

Further,
given

V̄
,

there
are

only
O

(log
(1/εδ)/ε)

distinct
values

to
be

considered
and,thus,there

are
at

m
ost

O
((n

log
(1/εδ)/ε)!)

distinct
M
yerson-type

auctions
ofthis

kind.
H
ence,the

totalnum
ber

of
distinct

M
yerson-type

actions
that

w
e
need

to
consider

is
at

m
ost:

k
=
O

(
log

h

ε
· (

n
log

(1/εδ)

ε

)
! )

.

Letting
π

be
the

uniform
distribution

over
the

k
actions

in
T
heorem

1,
w
e
have

that
(recallE

qn.(22)):

G
a
lg
≥

(1−
ε)·G

i ∗−
O

(
n

log
(1
/εδ)

log
(n

log
(1/εδ)/ε)

ε
2

+
log

(log
h
/ε)

ε

)
·
V̄
.

W
hen

T
≥
O
(
n

lo
g

(1
/
εδ

)
lo

g
(n

lo
g
(1
/
εδ

)/
ε)

ε
3
δ

+
lo

g
(lo

g
h
/
ε)

ε
2
δ

),
the

additive
term

of
the

above
approxim

ation
guarantee

is
at

m
ost

ε·G
i ∗

due
to

E
qn.(23).

So
the

theorem
holds.
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M
u
lt

i-
sc

a
le

O
n
li

n
e

L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pp

li
ca

ti
o
n
s
to

O
n
li

n
e

A
u
ct

io
n
s
a
n
d

P
r
ic

in
g

A
ga

in
,
th
e
tr
ea
tm

en
t
fo
r
th
e
ca
se

w
he

n
h

is
no

t
kn

ow
n

up
fr
on

t
is

si
m
ila

r
to

th
at

in
T
he

or
em

16
.

W
he

n
h

is
no

t
kn

ow
n

up
fr
on

t,
w
e
co
ns
id
er

a
hy

po
th
et
ic
al

al
go

ri
th
m

w
it
h
a
co
un

ta
bl
y
in
fin

it
e
ac
ti
on

sp
ac
e
A

as
fo
llo

w
s.

Fo
r
an

y
V̄

=
(1

+
ε)
j
,
j
≥

0,
le
t
th
e

k
′ =

O
((
n

lo
g
(1
/ε
δ)
/ε

)!
)
M
ye
rs
on

-t
yp

e
au

ct
io
ns

th
at

do
no

td
is
ti
ng

ui
sh

am
on

g
va
lu
es

gr
ea
te
r

th
an

V̄
,a

nd
do

no
t
di
st
in
gu

is
h
am

on
g
va
lu
es

sm
al
le
r
th
an

εδ
V̄

be
in
A
.
Fu

rt
he

r,
w
e
ch
oo

se
th
e
pr
io
r
di
st
ri
bu

ti
on
π

su
ch

th
at

th
e
pr
ob

ab
ili
ty

m
as
s
of

ea
ch

M
ye
rs
on

-t
yp

e
au

ct
io
n
fo
r
a

gi
ve
n
V̄

is
eq
ua

lt
o

ε
1
+
ε
·1 V̄
·1 k
′.

T
he

ap
pr
ox
im

at
io
n
gu

ar
an

te
e
th
en

fo
llo

w
s
by

T
he

or
em

1
an

d
es
se
nt
ia
lly

th
e
sa
m
e
ar
gu

m
en
t
as

th
e
kn

ow
n
h
ca
se
.
Im

pl
em

en
ta
ti
on

is
si
m
ila

r
to

th
e
pr
oo

f
of

T
he

or
em

16
an

d
T
he

or
em

11
(i
.e
.
a
m
ul
ti
-b
uy

er
au

ct
io
n
ve
rs
io
n
of

A
lg
or
it
hm

2)
.
T
he

re
st

of
th
e
pr
oo

ft
ha

t
sh
ow

s
th
e
re
ve
nu

e
lo
ss

of
th
is
al
go

ri
th
m

co
m
pa

re
d
to

th
e
hy

po
th
et
ic
al

al
go

ri
th
m

is
ne

gl
ig
ib
le

is
si
m
ila

r
to

th
e
pr
oo

fo
fT

he
or
em

16
(a
nd

he
nc

e
om

it
te
d
fo
r
br
ev
it
y)
.

R
em

ar
k

D
ev
an

ur
et

al
.
(2
01

6)
sh
ow

th
at

w
he

n
th
e
va
lu
es

ar
e
dr
aw

n
fr
om

in
de

pe
nd

en
t

re
gu

la
r
di
st
ri
bu

ti
on

s,
th
e
ε-
gu

ar
de

d
op

ti
m
al

pr
ic
e
is
a

1
−
ε
ap

pr
ox
im

at
io
n
of

th
e
un

gu
ar
de

d
op

ti
m
al

pr
ic
e.

So
ou

r
co
nv

er
ge
nc

e
ra
te

fo
r
th
e
on

lin
e
m
ul
ti
bu

ye
r
au

ct
io
n
pr
ob

le
m

in
T
he

o-
re
m

1
im

pl
ie
sa

Õ
(n
ε−

4
)
sa
m
pl
e
co
m
pl
ex
it
y
m
od

ul
o
a
m
ild

lo
g

lo
g
h
de

pe
nd

en
cy

on
th
e
ra
ng

e,
al
m
os
t
m
at
ch
in
g
th
e
be

st
kn

ow
n
sa
m
pl
e
co
m
pl
ex
it
y
up

pe
r
bo

un
d
fo
r
re
gu

la
r
di
st
ri
bu

ti
on

s.

5.
M

u
lt

i-
sc

al
e

O
n
li
n
e

L
ea

rn
in

g
w

it
h

S
ym

m
et

ri
c

R
an

ge

In
th
is
se
ct
io
n,

w
e
co
ns
id
er

m
ul
ti
-s
ca
le

on
lin

e
le
ar
ni
ng

w
he
n
th
e
re
w
ar
ds

ar
e
in

a
sy
m
m
et
ri
c

ra
ng

e,
i.e

.
fo
r
al
l
i
∈
A

an
d
t
∈

[T
],
g i

(t
)
∈

[−
c i
,c
i]
.

T
he

st
an

da
rd

an
al
ys
is

fo
r
th
e

ex
pe

rt
s
an

d
th
e
ba

nd
it
pr
ob

le
m
s
ho

ld
s
ev
en

if
th
e
ra
ng

e
of
g i

(t
)
is

[−
c i
,c
i]
,
in
st
ea
d
of

[0
,c
i]
.

In
co
nt
ra
st
,
th
er
e
ar
e
su
bt
le

di
ffe

re
nc

es
on

th
e
be

st
ac
hi
ev
ab

le
m
ul
ti
-s
ca
le

re
gr
et

bo
un

ds
be

tw
ee
n
th
e
no

n-
ne

ga
ti
ve

an
d
th
e
sy
m
m
et
ri
c
ra
ng

e,
w
hi
ch

w
e
ex
pl
or
e
in

th
is

se
ct
io
n.

W
e

lo
ok

at
bo

th
th
e
fu
ll
in
fo
rm

at
io
n
an

d
ba

nd
it
se
tt
in
g,

an
d
pr
ov
e
ac
ti
on

-s
pe

ci
fic

re
gr
et

up
pe

r
bo

un
ds
.
W
e
th
en

pr
ov
e
a
ti
gh

t
lo
w
er
-b
ou

nd
in

Se
ct
io
n
5.
3
fo
r
th
e
fu
ll
in
fo
rm

at
io
n
ca
se
,a

nd
an

al
m
os
t
ti
gh

t
lo
w
er
-b
ou

nd
in

Se
ct
io
n
5.
5
fo
r
th
e
ba

nd
it

se
tt
in
g.

5.
1.

M
u
lt
i-
sc
al
e
re
gr
et

b
ou

n
d
s
fo
r
sy
m
m
et
ri
c
ra
n
ge
s

W
e
fir
st

sh
ow

th
e
fo
llo

w
in
g
up

pe
r
bo

un
d
fo
r
th
e
fu
ll
in
fo
rm

at
io
n
se
tt
in
g
w
he

n
th
e
ra
ng

e
is

sy
m
m
et
ri
c.

T
hi
s
bo

un
d

fo
llo

w
s
th
e
sa
m
e
st
yl
e
of

ac
ti
on

-s
pe

ci
fic

re
gr
et

bo
un

ds
as

in
T
he

or
em

1.
M
or
e
de
ta
ile

d
di
sc
us
si
on

on
ho

w
th
e
ch
oi
ce

of
in
it
ia
ld

is
tr
ib
ut
io
n
π

aff
ec
ts

th
e

bo
un

d
is

de
fe
rr
ed

to
th
e
ap

pe
nd

ix
,S

ec
ti
on

A
.1

(r
ec
al
lt

ha
t
th
e
in
it
ia
ld

is
tr
ib
ut
io
n
π

is
th
e

di
st
ri
bu

ti
on

ov
er

ac
ti
on

s
th
at

is
us
ed

in
th
e
fir
st

ro
un

d
of

A
lg
or
it
hm

1)
.

T
h
eo
re
m

18
T
he
re

ex
is
ts

an
al
go
ri
th
m

fo
r
th
e
m
ul
ti
-s
ca
le

ex
pe
rt
s
pr
ob
le
m

w
it
h
sy
m
m
et
ri
c

ra
ng
e
th
at

ta
ke
s
as

in
pu

t
an

y
di
st
ri
bu
ti
on
π

ov
er
A
,t
he

ra
ng
es
c i
,
∀
i
∈
A
,a

nd
a
pa
ra
m
et
er

0
<
ε
≤

1
,
an

d
sa
ti
sfi
es
:

∀i
∈
A

:
E

[r
eg

r
et

i]
≤
ε
·E
[ ∑

t∈
[T

]

∣ ∣ g
t(
i)
∣ ∣]

+
O

(
1 ε

lo
g
( 1 π

i
·

c i
c m

in

) ·
c i

) .
(2
4)

Si
m
ila

r
to

Se
ct
io
n
2.
1,

w
e
ca
n
co
m
pu

te
th
e
pu

re
-a
dd

it
iv
e
ve
rs
io
n
of

th
e
bo

un
d
in

T
he

o-

re
m

18
by

se
tt
in
g
ε

=

√
lo

g
(k
·c

m
a
x

c
m
in

)

T
,a

s
in

C
or
ol
la
ry

2.
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B
u
be

ck
,
D

ev
a
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

C
or
ol
la
ry

19
T
he
re

ex
is
ts

an
al
go
ri
th
m

fo
r
th
e
on

lin
e
m
ul
ti
-s
ca
le

ex
pe
rt
s
pr
ob
le
m

w
it
h

sy
m
m
et
ri
c
ra
ng
e
th
at

ta
ke
s
as

in
pu

t
th
e
ra
ng
es
c i
,
∀
i
∈
A
,
an

d
sa
ti
sfi
es
:

∀i
∈
A

:
E

[r
eg

r
et

i]
≤
O
( c i
·√

T
lo

g
(k
·c

m
a
x

c m
in

))
(2
5)

If
w
e
co
m
pa

re
th
e
ab

ov
e
re
gr
et

bo
un

d
w
it
h

th
e
st
an

da
rd

O
(c

m
a
x
√
T

lo
g
k
)
re
gr
et

bo
un

d
fo
r
th
e
ex
pe

rt
s
pr
ob

le
m
,
w
e
se
e
th
at

w
e
re
pl
ac
e
th
e
de

pe
nd

en
cy

on
c m

a
x
in

th
e
st
an

da
rd

bo
un

d
w
it
h
c i
√

lo
g
(c

m
a
x

c m
in

).
It

is
na

tu
ra
lt
o
as
k
w
he

th
er

w
e
co
ul
d
ge
t
ri
d
of

th
e
de
pe

nd
en

ce
on

lo
g
(c
i/
c m

in
)
an

d
sh
ow

a
re
gr
et

bo
un

d
of
O

(c
i√
T

lo
g
k
),
lik

e
w
e
di
d
fo
r
no

n-
ne

ga
ti
ve

re
w
ar
ds
.

H
ow

ev
er
,t
he

ne
xt

th
eo
re
m

sh
ow

s
th
at

th
is
de

pe
nd

en
ce

on
lo

g
(c
i/
c m

in
)
in

th
e
ab

ov
e
bo

un
d
is

ne
ce
ss
ar
y,

in
a
w
ea
k
se
ns
e:

w
he

re
th
e
co
ns
ta
nt

in
th
e
O

(·)
is
un

iv
er
sa
la

nd
do

es
no

t
de

pe
nd

on
th
e
ra
ng

es
c i
.
T
hi
s
is
be

ca
us
e
th
e
lo
w
er

bo
un

d
on

ly
ho

ld
s
fo
r
“s
m
al
l”
va
lu
es

of
th
e
ho

ri
zo
n

T
,w

hi
ch

no
ne

th
el
es
s
gr
ow

s
w
it
h
th
e
{c
i}
s.

10

T
h
eo
re
m

20
T
he
re

ex
is
ts

an
ac
ti
on

se
t
of

si
ze
k
,
an

d
ra
ng
es
c i
,∀
i
∈

[k
],
an

d
ti
m
e
ho
ri
zo
n

T
,
su
ch

th
at

fo
r
al
l
al
go
ri
th
m
s
fo
r
th
e
on

lin
e
m
ul
ti
-s
ca
le

ex
pe
rt
s
pr
ob
le
m

w
it
h
sy
m
m
et
ri
c

ra
ng
e,

th
er
e
is

a
se
qu
en
ce

of
T

ga
in

ve
ct
or
s
su
ch

th
at

∃i
∈
A

:
E

[r
eg

r
et

i]
>

c i 4
·√

T
lo

g
(k
·c

m
a
x

c m
in

)

W
e
th
en

sh
ow

th
e
fo
llo

w
in
g
up

pe
rb

ou
nd

fo
rt

he
ba

nd
it
se
tt
in
g
w
he
n
th
e
ra
ng

e
is
sy
m
m
et
-

ri
c.

T
hi
s
bo

un
d
al
so

fo
llo

w
s
th
e
sa
m
e
st
yl
e
of

ac
ti
on

-s
pe

ci
fic

re
gr
et

bo
un

ds
as

in
T
he

or
em

12
.

T
h
eo
re
m

21
T
he
re

ex
is
ts

an
al
go
ri
th
m

fo
r
th
e
m
ul
ti
-s
ca
le

ba
nd

it
s
pr
ob
le
m

w
it
h
sy
m
m
et
ri
c

ra
ng
e
th
at

ta
ke
s
as

in
pu

t
th
e
ra
ng
es
c i
,
∀
i
∈
A
,
an

d
a
pa
ra
m
et
er

0
<
ε
≤

1
/2
,
an

d
sa
ti
sfi
es
:

∀i
∈
A

:
E

[r
eg

r
et

i]
≤
O
( ε
T

+
k ε
c m

a
x

c m
in

lo
g
( k ε

c m
a
x

c m
in

))
·c
i.

(2
6)

A
ls
o,

si
m
ila

r
to

Se
ct
io
n
2.
1,

w
e
ca
n
co
m
pu

te
th
e
pu

re
-a
dd

it
iv
e
ve
rs
io
n
of

th
e
bo

un
d
in

T
he

or
em

21
by

se
tt
in
g
ε

=

√
k
c
m
a
x

c
m
in

lo
g
(k
T
·c

m
a
x

c
m
in

)

T
,a

s
in

C
or
ol
la
ry

2.
T
hi
s
bo

un
d
is
co
m
pa

ra
bl
e

to
th
e
st
an

da
rd

re
gr
et

bo
un

d
of
O

(c
m

a
x
√
k
T

lo
g
k
)
(A

ue
r
et

al
.,
19

95
)
fo
r
th
e
ad

ve
rs
ar
ia
l

m
ul
ti
-a
rm

ed
ba

nd
it
s
pr
ob

le
m
.

C
or
ol
la
ry

22
T
he
re

ex
is
ts

an
al
go
ri
th
m

fo
r
th
e
on

lin
e
m
ul
ti
-s
ca
le

ba
nd

it
s
pr
ob
le
m

w
it
h

sy
m
m
et
ri
c
ra
ng
e
th
at

sa
ti
sfi
es
:

∀i
∈
A

:
E

[r
eg

r
et

i]
≤
O
( c i
·√

T
k
·c

m
a
x

c m
in

lo
g
(k
T
·c

m
a
x

c m
in

)) .
(2
7)

O
nc

e
ag

ai
n,

fo
r
th
e
ba

nd
it
pr
ob

le
m
,t
he

fo
llo

w
in
g
th
eo
re
m

sh
ow

s
th
at

th
is
bo

un
d
ca
nn

ot
be

im
pr
ov
ed

be
yo
nd

lo
ga

ri
th
m
ic

fa
ct
or
s
(t
o
ge
t
a
gu

ar
an

te
e
lik

e
th
at

of
T
he

or
em

12
,
fo
r

in
st
an

ce
).

T
h
eo
re
m

23
T
he
re

ex
is
ts

an
ac
ti
on

se
t
of

si
ze
k
,
an

d
ra
ng
es
c i
,∀
i
∈

[k
],
su
ch

th
at

fo
r
al
l

al
go
ri
th
m
s
fo
r
th
e
on

lin
e
m
ul
ti
-s
ca
le
ba
nd

it
pr
ob
le
m

w
it
h
sy
m
m
et
ri
c
ra
ng
e,

fo
r
al
ls
uffi

ci
en
tly

la
rg
e
ti
m
e
ho
ri
zo
n
T
,
th
er
e
is

a
se
qu
en
ce

of
T

ga
in

ve
ct
or
s
su
ch

th
at

∃i
∈
A

:
E

[r
eg

r
et

i]
>

c i

8
√

2
·√

T
k
·c

m
a
x

c m
in
.

10
.
Fo

r
th
is

re
as
on

w
e
ch
os
e
no

t
to

in
cl
ud

e
th
is

bo
un

d
in

T
ab

le
1.
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M
u
lti-sca

le
O

n
lin

e
L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pplicatio

n
s
to

O
n
lin

e
A

u
ctio

n
s
a
n
d

P
r
icin

g

5.2.
U
p
p
er

b
ou

n
d
for

exp
erts

w
ith

sym
m
etric

ran
ge

-
P
roof

of
T
h
eorem

18

R
ecallthe

proofofP
roposition

10.
T
he

proofonly
requires

g
i (t)∈

[−
c
i ,c

i ]for
all

i∈
A
,t∈

[T
].

C
hoosing

q
to

be
1
i ,
a
vector

w
ith

a
1-entry

in
i th

coordinate
and

0-entries
elsew

here
for

an
action

i∈
A
,and

noting
that

∑
t∈

[T
] ∑

i∈
A
p
i (t)

(g
i (t))

2

c
i
≤
∑

t∈
[T

] ∑
i∈
A
p
i (t)· ∣∣g

i (t) ∣∣
,

w
e
get

the
follow

ing
regret

bound
as

a
corollary

of
P
roposition

10.

C
orollary

24
For

any
initial

distribution
µ
over

A
,
and

any
learning

rate
param

eter
0
<

η
≤

1,
the

M
SM

W
algorithm

achieves
the

follow
ing

regret
bound:

∀
i∈

A
:

E
[r

eg
r
et

i ]≤
η·E

[∑
t∈

[T
] ∣∣g

i (t) ∣∣ ]
+

1η
c
i ·

log (
1µ
i )

+
1η ∑

j∈
A
µ
j c
j

(28)

N
ow

,w
e
can

prove
the

m
ulti-scale

regret
upper-bound

in
T
heorem

18
using

C
orollary

24.
P
roof

[of
T
h
eorem

18]T
he

prooffollow
s
by

choosing
an

appropriate
initialdistribution

µ
in

C
orollary

24.
B
y
C
orollary

24,w
e
have:

E
[r

eg
r
et

i ]≤
η·E

[∑
t∈

[T
] ∣∣g

i (t) ∣∣ ]
+

1η
c
i ·

log
(

1µ
i )

+
1η ∑

j∈
A
µ
j c
j

Let
im

in
be

an
action

w
ith

the
m
inim

um
range

c
im

in
=
c

m
in .

C
onsider

an
initial

distri-
bution

µ
j

=
π
j
c
m
in
c
j

for
all

j
6=
im

in ,
and

µ
im

in
=

1−
∑

j6=
im

in
µ
j ,

i.e.,
putting

all
rem

aining
probability

m
ass

on
action

im
in .

T
hen,the

third
term

on
the

R
H
S
is

upper
bounded

by:
∑

j∈
A
µ
j c
j

=
∑

j6=
im

in
µ
j c
j

+
µ
im

in c
im

in
=
∑

j6=
im

in
π
j c

m
in

+
µ
im

in c
m

in ≤
2
c

m
in ≤

2
c
i
.

For
i6=

im
in ,by

the
definition

of
µ
i ,w

e
have:

E
[r

eg
r
et

i ]≤
η·E

[∑
t∈

[T
] ∣∣g

i (t) ∣∣ ]
+

1η
c
i ·log

(
1π
i ·

c
i

c
m
in

)
+

1η ·
2c

m
in

=
η·E

[∑
t∈

[T
] ∣∣g

i (t) ∣∣ ]
+
O

(
1η

log (
1π
i ·

c
i

c
m
in )·

c
i )

.

So
the

theorem
follow

s
by

choosing
η

=
ε.

For
i

=
im

in ,
note

that
µ
j ≤

π
j
for

all
j
6=
im

in

and,thus,
µ
im

in
=

1−
∑

j6=
im

in
µ
j ≥

1−
∑

j6=
im

in
π
j

=
π
im

in
=
π
im

in

c
m
in

c
im

in .
T
he

theorem
then

holds
follow

ing
the

sam
e
calculation

as
in

the
j6=

im
in

case.

5.3.
L
ow

er
b
ou

n
d
for

exp
erts

w
ith

sym
m
etric

ran
ge

-
p
roof

of
T
h
eorem

20

W
e
first

show
that

for
any

online
learning

algorithm
,and

any
suffi

ciently
large

h
>

1,there
is

an
instance

that
has

tw
o
experts

w
ith

c
1

=
1
and

c
2

=
h
w
ith

T
=

Θ
(log

h
)
rounds,such

that
eitherE

[r
eg

r
et

1 ]
>

12 T
+
√
h
,

or
E

[r
eg

r
et

2 ]
>

12 T
h

+
15 h

log
2
h
.

W
e
w
ill

construct
this

instance
w
ith

T
=

12
log

2
h
−

1
rounds

adaptively
that

alw
ays

has
gain

0
for

action
1
and

gain
either

h
or
−
h
for

action
2.

T
he

proof
of

the
theorem

then

27
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L
R

 20(62):1-37, 2019

B
u
beck

,
D

eva
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

follow
s
as
c

m
in

=
1,
c

m
a
x

=
h,
T

=
12

log
2
h
−

1,
and

k
=

2
in

this
instance.

Let
q
t
denote

the
probability

that
the

algorithm
picks

action
2
in

round
t
after

having
the

sam
e
rew

ards
1
and

h
for

the
tw

o
actions

respectively
in

the
first

t−
1
rounds.

W
e
w
illfirst

show
that

(1)
if
the

algorithm
has

sm
all

regret
w
ith

respect
to

action
1,

then
q
t
m
ust

be
upper

bounded
since

the
adversary

m
ay

let
action

2
have

cost−
h
in

any
round

t
in

w
hich

q
t
is

too
large.

T
hen,

w
e
w
ill

show
that

(2)
since

q
t
is

upper
bounded

for
any

1
≤
t≤

T
,
the

algorithm
m
ust

have
large

regret
w
ith

respect
to

action
2.

W
e
proceed

w
ith

the
upper

bounding
q
t ’s.

C
oncretely,w

e
w
illshow

the
follow

ing
lem

m
a.

L
em

m
a
25

Suppose
E

[r
eg

r
et

1 ]≤
12 T

+
√
h.

T
hen,

for
any

1
≤
t≤

T
,
w
e
have

q
t ≤

2
t
√
h .

P
roof

W
e
w
ill

prove
by

induction
on

t.
C
onsider

the
base

case
t

=
1.

Suppose
for

contradiction
that

q
1
>

2√h .
T
hen,consider

an
instance

in
w
hich

action
2
alw

ays
has

gain.
In

this
case,

the
expected

gain
of

the
algorithm

(even
if
it

alw
ays

correctly
picks

action
1

in
the

rem
aining

instance)
is

at
m
ost

q
1 ·

(−
h

)
<
−

2 √
h.

T
his

is
a
contradiction

to
the

assum
ption

that
E

[r
eg

r
et

1 ]≤
12 T

+
√
h
<

2 √
h.

N
ext,suppose

the
lem

m
a
holds

for
allrounds

prior
to

round
t.

T
hen,the

expected
gain

of
algorithm

in
the

first
t−

1
rounds

if
arm

2
has

gain
H

is

t−
1

∑`=
1

q
` ·
h
≤

t−
1

∑`=
1

2
` √
h

=
(2
t−

2 ) √
h
.

Suppose
for

contradiction
that

q
t
>

2
t
√
h .

T
hen,

consider
an

instance
in

w
hich

action
2
has

gain
H

in
the

first
t−

1
rounds

and
−
H

afterw
ards.

In
this

case,the
expected

gain
of

the
algorithm

(even
if
it

alw
ays

correctly
picks

action
1
after

round
t)

is
at

m
ost

(2
t−

2 ) √
h

+
q
t (−

h
)
<
(2
t−

2 ) √
h

+
2
t √
h
<
−

2 √
h
.

T
his

is
a
contradiction

to
the

assum
ption

that
E

[r
eg

r
et

1 ]≤
12 T

+
√
h
<

2 √
h.

C
onsider

an
instance

in
w
hich

action
2
alw

ays
has

gain
H
.
Suppose

that
E

[r
eg

r
et

1 ]≤
12 T

+
√
h.

A
s
an

im
m
ediate

im
plication

of
the

above
lem

m
a,

the
algorithm

is
that

the
expected

gain
of

the
algorithm

is
upper

bounded
by:

T
∑t=

1

q
t h
≤

T
∑t=

1

2
t √
h
<

2
T

+
1 √
h

=
h
.

N
ote

that
in

this
instance

E
[G

2 ]
=
T
·
h.

T
hus,

the
regret

w
.r.t.

action
2
is

at
least

(T
−

1)h,w
hich

is
greater

than
12 ·E

[G
2 ]+

15 h
log

2
h
for

suffi
ciently

large
h.

5.4.
U
p
p
er

b
ou

n
d
for

b
an

d
its

w
ith

sym
m
etric

ran
ge

-
P
roof

of
T
h
eorem

21

W
e
start

by
presenting

the
follow

ing
regret

bound,
w
hose

proof
is

an
alteration

of
that

for
Lem

m
a
14

under
sym

m
etric

range.
N
ext,w

e
prove

T
heorem

21.
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M
u
lt

i-
sc

a
le

O
n
li

n
e

L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pp

li
ca

ti
o
n
s
to

O
n
li

n
e

A
u
ct

io
n
s
a
n
d

P
r
ic

in
g

L
em

m
a
26

Fo
r
an

y
ex
pl
or
at
io
n
ra
te

0
<
γ
≤

m
in
{1 2
,
c m

in
c m

a
x
}
an

d
an

y
le
ar
ni
ng

ra
te

0
<
η
≤

γ k
,
th
e
B
an

di
t-
M
SM

W
al
go
ri
th
m

(A
lg
or
it
hm

3)
ac
hi
ev
es

th
e
fo
llo

w
in
g
re
gr
et

bo
un

d:

∀i
∈
A

:
E

[r
eg

r
et

i]
≤
O

(
1 η

lo
g
( k γ

) ·
c i

+
γ
T
·c

m
a
x

)

P
ro
of

W
e
fu
rt
he
r
de

fin
e:

G̃
a
lg
,

∑
t∈

[T
]
g i
t
(t

)
=
∑

t∈
[T

]
p̃

(t
)
·g̃

(t
)
,

G̃
j
,

∑
t∈

[T
]
g̃ j

(t
)
.

In
ex
pe

ct
at
io
n
ov
er

th
e
ra
nd

om
ne

ss
of

th
e
al
go

ri
th
m
,w

e
ha

ve
:

1.
E

[G
a
lg

]
=

E
[ G̃

a
lg

] ;a
nd

2.
G
j

=
E
[ G̃

j

]
fo
r
an

y
j
∈
A
.

H
en

ce
,t
o
up

pe
rb

ou
nd

E
[r

eg
r
et

i]
=
G
i−

E
[G

a
lg

],
it
su
ffi
ce
st

o
up

pe
rb

ou
nd

E
[ G̃

i
−
G̃

a
lg

] .
B
y
th
e
de

fin
it
io
n
of

th
e
pr
ob

ab
ili
ty

th
at

th
e
al
go

ri
th
m

pi
ck
s
ea
ch

ar
m
,
i.e

.,
p̃

(t
),

an
d

th
at

re
w
ar
d
of

ea
ch

ro
un

d
is

at
le
as
t
−
c m

a
x
,w

e
ha

ve
th
at
:

E
[ G̃

a
lg

] ≥
(1
−
γ

)
∑ t∈

[T
]

p
(t

)
·g̃

(t
)
−
γ
T
c m

a
x
.

H
en

ce
,f
or

an
y
be

nc
hm

ar
k
di
st
ri
bu

ti
on

q
ov
er
A
,w

e
ha

ve
th
at
:

∑
j∈
A
q j
·E
[ G̃

j

] −
E
[ G̃

a
lg

] ≤
E
[ ∑

j∈
A
q j
·G̃

j
−
∑

t∈
[T

]
p

(t
)
·g̃

(t
)] +

γ
1
−
γ
E
[ G̃

a
lg

] +
γ

1
−
γ
T
c m

a
x

≤
E
[ ∑

j∈
A
q j
·G̃

j
−
∑

t∈
[T

]
p

(t
)
·g̃

(t
)] +

2
γ
E
[ G̃

a
lg

] +
2
γ
T
c m

a
x

≤
E
[ ∑

j∈
A
q j
·G̃

j
−
∑

t∈
[T

]
p

(t
)
·g̃

(t
)] +

4
γ
T
c m

a
x
.

(2
9)

w
he

re
th
e
2n

d
in
eq
ua

lit
y
is
du

e
to
γ
≤

1 2
,a

nd
th
e
3r
d
in
eq
ua

lit
y
fo
llo

w
s
by

th
at
c m

a
x
is
th
e

la
rg
es
t
po

ss
ib
le

re
w
ar
d
pe

r
ro
un

d.
N
ex
t,
w
e
up

pe
rb

ou
nd

th
e
1s
tt

er
m

on
th
e
R
H
S
of

(2
9)
.
N
ot
e
th
at

p
(t

)’
sa

re
th
e
pr
ob

ab
il-

it
y
of

ch
oo

si
ng

ex
pe

rt
s
by

M
SM

W
w
he

n
th
e
ex
pe

rt
s
ha

ve
re
w
ar
ds

g̃
(t

)’
s.

B
y
P
ro
po

si
ti
on

10
,

w
e
ha

ve
th
at

fo
ra

ny
be

nc
hm

ar
k
di
st
ri
bu

ti
on

q
ov
er
S
,t
he

B
an

di
t-
M
SM

W
al
go

ri
th
m

sa
ti
sfi
es

th
at
:

∑ j∈
A

q j
·G̃

j
−
∑ t∈

[T
]

p
(t

)·g̃
(t

)
≤
η
∑ t∈

[T
]

∑ j∈
A

p
j
(t

)

c j
·( g̃

j
(t

))
2
+

1 η

∑ j∈
A

c j

( q j
ln
(
q j

p
j
(1

)) −
q j

+
p
j
(1

))
.

(3
0)

Fo
r
an

y
t
∈

[T
]
an

d
an

y
j
∈
A
,b

y
th
e
de

fin
it
io
n
of
g̃ j

(t
),
it
eq
ua

ls
g
j
(t

)
p̃
j
(t

)
w
it
h
pr
ob

ab
ili
ty

p̃
j
(t

),
an

d
eq
ua

ls
0
ot
he

rw
is
e.

T
hu

s,
if
w
e
fix

th
e
ra
nd

om
co
in

fli
ps

in
th
e
fir
st
t
−

1
ro
un

ds
an

d,
th
us
,fi

x
p̃

(t
),

an
d
ta
ke

ex
pe

ct
at
io
n
ov
er

th
e
ra
nd

om
ne

ss
in

ro
un

d
t,
w
e
ha

ve
th
at
:

E
[ p

j
(t

)

c j
·(
g̃ j

(t
))

2
]

=
p
j
(t

)

c j
·p̃
j
(t

)
·(

g j
(t

)

p̃
j
(t

)) 2
=
p
j
(t

)

p̃
j
(t

)

(g
j
(t

))
2

c j
.
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B
u
be

ck
,
D

ev
a
n
u
r
,
H

u
a
n
g

a
n
d

N
ia

za
d
eh

Fu
rt
he

r
no

te
th
at
p̃
j
(t

)
≥

(1
−
γ

)p
j
(t

),
an

d
|g j

(t
)|
≤
c j
,t

he
ab

ov
e
is

up
pe

r
bo

un
de

d
by

1
1
−
γ
|g j

(t
)|
≤

2|
g j

(t
)|
≤

2c
m

a
x
.
P
ut
ti
ng

to
ge
th
er

w
it
h
(3
0)
,w

e
ha

ve
th
at

fo
r
an

y
0
<
η
≤

γ n
:

E

 ∑ j∈
A

q j
·G̃

j
−
∑ t∈

[T
]

p
(t

)
·g̃

(t
) 
≤

η
∑ t∈

[T
]

∑ j∈
A

2
c m

a
x

+
1 η

∑ j∈
A

c j

( q j
ln
(
q j

p
j
(1

)) −
q j

+
p
j
(1

))

=
2
η
T
k
c m

a
x

+
1 η

∑ j∈
A

c j

( q j
ln
(
q j

p
j
(1

)) −
q j

+
p
j
(1

))

C
om

bi
ni
ng

w
it
h
(2
9)
,w

e
ha

ve
(r
ec
al
lt

ha
t
η
≤

γ k
):

∑ j∈
A

q j
·E
[ G̃

j

] −
E
[ G̃

a
lg

] ≤
2η
T
k
c m

a
x

+
1 η

∑ j∈
A

c j

( q j
ln
(
q j

p
j
(1

)) −
q j

+
p
j
(1

))
+

4
γ
T
c m

a
x

≤
1 η

∑ j∈
A

c j

( q j
ln
(
q j

p
j
(1

)) −
q j

+
p
j
(1

))
+

6
γ
T
c m

a
x

Le
t

q
=

(1
−
γ

)1
i
+

γ k
1
.
R
ec
al
lt
ha

t
p

(1
)

=
(1
−
γ

)1
i m

in
+

γ k
1
(r
ec
al
li

m
in
is
th
e
ar
m

w
it
h

m
in
im

um
ra
ng

e
c i

m
in
).

Si
m
ila

r
to

th
e
di
sc
us
si
on

fo
r
th
e
ex
pe

rt
pr
ob

le
m

in
Se
ct
io
n
2.
5,

th
e

1s
t
te
rm

on
th
e
R
H
S
is

up
pe

r
bo

un
de

d
by

O
( 1 η

lo
g
( k γ
) ·
c i

) .
H
en

ce
,w

e
ha

ve
:

∑ j∈
A

q j
·E
[ G̃

j

] −
E
[ G̃

a
lg

] ≤
O

(
1 η

lo
g
( k γ

) ·
c i

)
+

6
γ
T
c m

a
x
.

(3
1)

Fu
rt
he

r,
th
e
LH

S
is

lo
w
er

bo
un

de
d
as
:

(1
−
γ

)E
[ G̃

i] +
γ k

∑ j∈
A

E
[ G̃

j

] −
E
[ G̃

a
lg

] ≥
(1
−
γ

)E
[ G̃

i] −
γ
T
c m

a
x
−

E
[ G̃

a
lg

]
.

T
he

le
m
m
a
th
en

fo
llo

w
s
by

pu
tt
in
g
it

ba
ck

to
(3
1)

an
d
re
ar
ra
ng

in
g
te
rm

s.

P
ro
of

[o
f
T
h
eo
re
m

21
]
Le

t
γ

=
ε
c m

in
c m

a
x
an

d
η

=
γ k
in

Le
m
m
a
26
.
T
he

or
em

fo
llo

w
s
no

ti
ng

th
at
γ
c m

a
x

=
εc

m
in
≤
εc
i.

5.
5.

L
ow

er
-b
ou

n
d
fo
r
b
an

d
it
s
w
it
h
sy
m
m
et
ri
c
ra
n
ge

-
P
ro
of

of
T
h
eo
re
m

23

W
e
fir
st

sh
ow

th
at

fo
r
an

y
on

lin
e
m
ul
ti
-s
ca
le

ba
nd

it
s
al
go

ri
th
m

pr
ob

le
m
,
an

d
th
er
e
is

an
in
st
an

ce
th
at

ha
s
tw

o
ar
m
s
w
it
h
c 1

=
1
an

d
c 2

=
h
fo
r
so
m
e
su
ffi
ci
en
tl
y
la
rg
e
h
,a

su
ffi
ci
en
tl
y

la
rg
e
T
,a

nd
ε

=
√

h
2
5
6
T
,s

uc
h
th
at

ei
th
er

E
[r

eg
r
et

1
]
>
εT

+
1

2
5
6
ε
h
,

or
E

[r
eg

r
et

2
]
>
εT
h

+
1

2
5
6
ε
h

2

W
e
w
ill

pr
ov
e
th
e
ex
is
te
nc

e
of

th
is

in
st
an

ce
by

lo
ok

in
g
at

th
e
st
oc
ha

st
ic

se
tt
in
g,

i.e
.,
th
e

ga
in

ve
ct
or
s

g
(t

)’
s
ar
e
i.i
.d
.f
or

1
≤
t
≤
T
.
W
e
co
ns
id
er

tw
o
in
st
an

ce
s,

bo
th

of
w
hi
ch

ad
m
it
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M
u
lti-sca

le
O

n
lin

e
L
ea

r
n
in

g
:

T
h
eo

ry
a
n
d

A
pplicatio

n
s
to

O
n
lin

e
A

u
ctio

n
s
a
n
d

P
r
icin

g

a
fixed

gain
of

0
for

action
1.

In
the

first
instance,the

gain
ofaction

2
is
h
w
ith

probability
12 −

2
ε,and

−
h
otherw

ise.
H
ence,the

expected
gain

of
playing

action
2
is−

4εh
per

round
in

instance
1.

In
the

second
instance,the

gain
of

action
2
is
h
w
ith

probability
12

+
2ε,and

−
h
otherw

ise.
H
ence,the

expected
gain

of
playing

action
tw

o
is

4
εh

per
round

in
instance

2.
N
ote

this
proves

the
theorem

,as
c

m
in

=
1,
c

m
a
x

=
h,
k

=
2
and

and
T

=
h

2
5
6
ε
2 .

Suppose
for

contradiction
that

the
algorithm

satisfies:

E
[r

eg
r
et

1 ]≤
εT

+
1

2
5
6
ε h

=
1

1
2
8
ε h

,
E

[r
eg

r
et

2 ]≤
εh
T

+
1

2
5
6
ε h

2
=

1
1
2
8
ε h

2
.

Let
N

1
denote

the
expected

num
ber

oftim
es

that
the

algorithm
plays

action
2
in

instance
1.

T
hen,

the
expected

regret
w
ith

respect
to

action
1
in

instance
1
is
N

1 ·
4εh.

B
y
the

assum
ption

that
E

[r
eg

r
et

1 ]≤
1

1
2
8
ε h,w

e
have

N
1 ≤

1
5
1
2
ε
2 .

N
ext,by

standard
calculation,w

e
get

that
the

K
ullback-Leibler

(K
L)

divergence
of

the
observed

rew
ards

in
a
single

round
in

the
tw

o
instances

is
0
if
action

1
is

played
and

is
at

m
ost

6
4ε

2
(for

0
<
ε
<

0
.1)

if
action

2
is

played.
So

the
K
L

divergence
of

the
observed

rew
ard

sequences
in

the
tw

o
instances

is
at

m
ost

64ε
2·
N

1 ≤
18 .

T
hen,w

e
use

a
standard

inequality
about

K
L
divergences.

For
any

m
easurable

function
ψ

:
X
7→
{1
,2},w

e
have

P
r
X
∼
ρ
1 (ψ

(X
)

=
2 )

+
P

r
X
∼
ρ
2 (ψ

(X
)

=
1 )≥

12
ex

p (−
K
L

(ρ
1 ,ρ

2 ) ).
Forany

1
≤
t≤

T
,let

ρ
1
and

ρ
2
be

the
distribution

ofobserved
rew

ardsup
to

a
round

tin
the

tw
o
instances,and

let
ψ

(X
)
be

the
action

played
by

the
algorithm

.
B
y
this

inequality
and

the
above

bound
on

the
K
L
divergence

betw
een

the
observed

rew
ards

in
the

tw
o
instances,

w
e
get

that
in

each
round,

the
probability

that
the

algorithm
plays

action
2
in

instance
1,

plus
the

probability
thatthe

algorithm
plays

action
1
in

instance
2,is

atleast
12

ex
p

(−
18 )
>

25
in

any
round

t.
T
hus,

the
expected

num
ber

of
tim

es
that

the
algorithm

plays
action

1
in

instance
2
from

round
1
to
T
,denoted

as
N

2 ,is
at

least
N

2 ≥
25 ·T

−
N

1 ≥
13 ·T

,w
here

the
second

inequality
holds

for
suffi

ciently
large

h.
T
herefore,the

expected
regret

w
.r.t.action

2
in

instance
2
is

at
least:

4
εh
·

13
·
T

=
43 εh

T
>

1
1
2
8
ε h

2.
T
his

is
a
contradiction

to
our

assum
ption

that
E

[r
eg

r
et

2 ]≤
1

1
2
8
ε h

2.

6.
C

on
clu

sion

R
evenue

m
anagem

ent
has

em
erged

as
a
com

petitive
toolbox

of
strategies

for
increasing

the
profit

ofw
eb-based

m
arkets.

In
particular,dynam

ic
pricing,and

dynam
ic

auction
design

as
its

less
m
ature

relative,have
becom

e
prevalent

m
arket

m
echanism

s
in

nearly
allindustries.

In
this

paper,
w
e
studied

these
problem

s
from

the
perspective

of
online

learning.
For

the
online

auction
for

single
buyer,w

e
show

ed
regret

bounds
that

scale
w
ith

the
best

fixed
price,

ratherthan
the

range
ofthe

values(w
ith

a
generalization

to
learning

auctions).
M
oreover,w

e
dem

onstrated
a
connection

betw
een

the
optim

alregret
bounds

for
this

problem
and

offl
ine

sam
ple

com
plexity

low
er-bounds

of
approxim

ating
optim

al
revenue,

studied
in

C
ole

and
R
oughgarden

(2014);
H
uang

et
al.

(2015a).
U
sing

this
connection,

w
e
show

ed
our

regret
bounds

are
alm

ost
optim

al
as

they
m
atch

these
inform

ation
theoretic

low
er-bounds.

W
e

further
generalized

our
result

to
online

pricing
(bandit

feedback)
and

online
auction

w
ith

m
ultiple-buyers.
T
he

key
to

our
developm
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1η

∑i∈
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i · (

p
i (t)·log

(
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w
i (t

+
1) )

+
p
i (t

+
1)·log

( w
i (t

+
1)

p
i (t

+
1)

) )

+
1η

∑i∈
S

c
i ·q

i ·log (
p
i (t

+
1)

p
i (t)

)

T
he

2nd
part

is
a
telescopic

sum
w
hen

w
e
sum

over
t.

W
e
w
illupper

bound
the

1st
part

as
follow

s.
B
y

log
(x

)≤
(x
−

1),w
e
get

that:

∑i∈
A

c
i · (

p
i (t)·

log
(

p
i (t)

w
i (t

+
1) )

+
p
i (t

+
1)·log

( w
i (t

+
1)

p
i (t

+
1)

) )

≤
∑i∈
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c
i · (

p
i (t)·

log
(

p
i (t)

w
i (t

+
1) )−

p
i (t

+
1)

+
w
i (t

+
1) )
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∑i∈
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c
i · (p

i (t)−
p
i (t

+
1) )

+
∑i∈
A

c
i · (
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i (t)·log

(
p
i (t)

w
i (t

+
1) )−

p
i (t)

+
w
i (t

+
1) )

A
gain,the

1st
part

is
a
telescopic

sum
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hen

w
e
sum

over
t.

W
e
w
illfurther
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ork

on
the

2nd
part.

B
y
the

relation
betw

een
w
i (t

+
1)

and
p
i (t),w
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∑i∈
A

c
i · (

p
i (t)·log

(
p
i (t)

w
i (t

+
1) )−

p
i (t)

+
w
i (t

+
1) )

=
∑i∈
A

c
i ·p

i (t) (−
η·

g
i (t)

c
i
−

1
+

ex
p
(η·

g
i (t)

c
i

) )

N
ote

that
η
·
g
i (t)
c
i
∈

[−
1,1]

because
g
i (t)
∈

[−
c
i ,c

i ]
and

0
<
η
≤

1.
B
y

ex
p
(x

)−
x
−

1
≤
x

2
for
−

1
≤
x
≤

1
and

that
η
g
i (t)
∈

[−
c
i ,c

i ],
the

above
is

upper
bounded

by
η

2 ∑
i∈
A
p
i (t)

(g
i (t))

2

c
i

.
P
utting

together,w
e
get

that:

g
(t)· (q

−
p

(t) )≤
1η

∑i∈
S

c
i · (

q
i ·log (

p
i (t

+
1)

p
i (t)

)
+
p
i (t)−

p
i (t

+
1) )

+
η ∑i∈

A

p
i (t) (g

i (t))
2

c
i

Sum
m
ing

over
t,w

e
have:

g
(t)· (q−

p
(t) )≤

1η

∑i∈
S

c
i · (

q
i ·log (

p
i (T

+
1)

p
i (1)

)
+
p
i (1)−

p
i (T

+
1) )

+
η
∑t∈

[T
] ∑i∈

A

p
i (t) (g

i (t))
2

c
i

F
inally,

by
log

(x
)≤

(x
−

1),
w
e
get

that
q
i log (

p
i (T

+
1
)

q
i

)
≤
p
i (T

+
1)−

q
i .

H
ence,

w
e

have:g
(t)· (q

−
p

(t) )≤
1η

∑i∈
S

c
i · (

q
i ·

log (
q
i

p
i (1) )

+
p
i (1)−

q
i )

+
η
∑t∈

[T
] ∑i∈

A

p
i (t) (g

i (t))
2

c
i

T
he

proposition
then

follow
s
by

our
choice

of
the

initialdistribution.
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+
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+
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+
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+
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≥
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+
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p
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h
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d
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Π
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d
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b
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p
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p
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is

ts
(x

1
,.
..
,x

m
,y

1
,.
..
,y
m

)
∈
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∈
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⇒
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d
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∈
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P
d
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b
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ra
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d
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d
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h
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b
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ra
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p
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h
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p
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p
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ra
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p
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h
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b
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d
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p
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b
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re
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w
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r
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h
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e
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N
e
a
r
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ig
h
t
V
C
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e
n
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u
n
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o
r
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ie
c
e
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L
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e
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N
e
u
r
a
l
n
e
t
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o
r
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in
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2
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G
o
o
d
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,
B

en
gio,

an
d

C
ou
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ille,

2016).
T

h
e

R
eL

U
fu

n
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d
efi

n
ed
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σ
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a
x{
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p
iecew
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p
a
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n
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d
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V
C
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b
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th
e
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e
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n
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b
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u
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n
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w
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b
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d
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b
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h
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R
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n
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R
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R
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ra
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R
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p
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n
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w
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u
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h
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m
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n
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p
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h
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b
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b
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b
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b
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b
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b
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h
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u
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n
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h
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ra
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p
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p
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∈
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m
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p
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r

n
ex

t
m

ain
resu

lt
is

an
u
p
p
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n
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v
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b
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p
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r
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u

n
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n
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etw
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W
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p
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rra
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u
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m
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n
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a
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p
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o
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a
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fu
n
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s
w

ith
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p
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d
d
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n
o
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o
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th
a
n
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,
a
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d
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e
o
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tp
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t
u

n
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h
a
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e

id
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n
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n
a
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a
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=
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let
W
i

d
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o
te
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e

n
u

m
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o
f

pa
ra

m
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(w
eigh
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a
n

d
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ses)
a
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e
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p
u
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u
n
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W
i
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o
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l
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u
m
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o
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u
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u
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y
e
r
i
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D
efi

n
e

th
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d
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th
a
s
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1W

L
∑i=

1

W
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a
n

d
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L
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1

k
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+
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1)d
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U
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−
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1.
(1)

F
o
r
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e

cla
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F

o
f

a
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)
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n
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n
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p
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n
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d
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W
i
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)
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m
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av
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Ω

(2
L
1
/
3
)

u
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it
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p
h
en

o
m

en
o
n

h
o
ld
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ev
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r
re
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-v

al
u
ed

fu
n
ct

io
n
s.

E
ld

an
an

d
S
h
a
m

ir
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01
6)

sh
ow

an
an

al
og

o
u
s
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su

lt
fo

r
a

h
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h
-d

im
en
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al
3-

la
ye

r
n
et

w
or

k
th

at
ca

n
n
ot

b
e

ap
p
ro

x
im

at
ed

b
y

a
2-

la
ye

r
n
et

w
o
rk

ex
ce

p
t

w
it

h
an

ex
p

on
en

ti
al

b
lo

w
-u

p
in

th
e

n
u
m

b
er

of
n
o
d
es

.

V
er

y
re

ce
n
tl

y,
se

v
er

al
au

th
or

s
h
av

e
sh

ow
n

th
at

d
ee

p
n
eu
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l

n
et

w
or

k
s

a
re

ca
p
a
b
le

of
ap

p
ro

x
im

at
in

g
b
ro
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se

s
of

fu
n
ct

io
n
s.

S
af

ra
n

an
d

S
h
am

ir
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01
7)

sh
ow

th
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t
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su
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en
tl
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2
fu

n
ct

io
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n
b

e
ap

p
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x
im
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te
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w

it
h
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er
ro

r
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L
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eL
U
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w
or
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w

it
h
O
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y
lo

g
(1
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))
la

ye
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an
d

w
ei

g
h
ts

,
b
u
t

an
y

su
ch

ap
p
ro

x
im

a
ti

o
n

w
it

h
O

(1
)

la
ye

rs
re

q
u
ir

es
Ω

(1
/ε

)
w

ei
gh

ts
.

Y
ar

ot
sk

y
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01
7)

sh
ow

s
th

at
an

y
C
n
-f

u
n
ct

io
n

o
n
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,1

]d

ca
n

b
e

ap
p
ro

x
im

at
ed

w
it

h
ε

er
ro

r
in
L
∞

b
y

a
R

eL
U

n
et

w
or

k
w

it
h
O

(l
og

(1
/
ε)

)
la

y
er

s
a
n
d

O
((

1 ε
)d
/
n

lo
g
(1
/ε

))
w

ei
gh

ts
.

L
ia

n
g

an
d

S
ri

ka
n
t

(2
01

7)
sh

ow
th

at
a

su
ffi

ci
en

tl
y

sm
o
o
th

u
n
i-

va
ri

at
e

fu
n
ct

io
n

ca
n

b
e

ap
p
ro

x
im

at
ed

w
it

h
ε

er
ro

r
in
L
∞

b
y

a
n
et

w
or

k
w

it
h

R
eL

U
a
n
d

th
re

sh
ol

d
ga

te
s

w
it

h
Θ

(l
og

(1
/ε

))
la

ye
rs

an
d
O

(p
ol

y
lo

g
(1
/ε

))
w

ei
gh

ts
,

b
u
t

th
a
t

Ω
(p

o
ly

(1
/
ε)

)
w

ei
gh

ts
w

ou
ld

b
e

re
q
u
ir

ed
if

th
er

e
w

er
e

on
ly
o(

lo
g
(1
/ε

))
la

ye
rs

;
th

ey
al

so
p
ro

ve
a
n
a
lo

g
o
u
s

re
su

lt
s

fo
r

m
u
lt

iv
ar

ia
te

fu
n
ct

io
n
s.

L
as

tl
y,

C
oh

en
,

S
h
ar

ir
,

an
d

S
h
as

h
u
a

(2
01

6
)

d
ra

w
a

co
n
-

n
ec

ti
on

to
te

n
so

r
fa

ct
or

iz
at

io
n
s

to
sh

ow
th

at
,

fo
r

a
ce

rt
ai

n
fa

m
il
y

of
ar

it
h
m

et
ic

ci
rc

u
it

s
(i

n
p
ar

ti
cu

la
r,

w
it

h
ou

t
R

eL
U

n
on

-l
in

ea
ri

ti
es

),
th

e
se

t
of

fu
n
ct

io
n
s

co
m

p
u
ta

b
le

b
y

a
sh

a
ll
ow

n
et

w
or

k
h
av

e
m

ea
su

re
ze

ro
am

on
g

th
os

e
co

m
p
u
ta

b
le

b
y

a
d
ee

p
n
et

w
o
rk

s.
F

o
r

m
o
re

re
ce

n
t

re
su

lt
s

on
re

p
re

se
n
ta

ti
on

p
ow

er
of

n
eu

ra
l

n
et

w
or

k
s,

se
e

G
ro

h
s,

P
er

ek
re

st
en

ko
,

E
lb

rä
ch

te
r,

an
d

B
öl

cs
k
ei

(2
01

9)
an

d
th

e
re

fe
re

n
ce

s
th

er
ei

n
.

1
.3

.
N

o
ta

ti
o
n

A
n
eu

ra
l

n
et

w
or

k
is

d
efi

n
ed

b
y

an
a
ct

iv
a
ti

o
n

fu
n

ct
io

n
ψ

:
<
→
<,

a
d
ir

ec
te

d
a
cy

cl
ic

g
ra

p
h
,

an
d

a
se

t
of

p
ar

am
et

er
s:

a
w

ei
gh

t
fo

r
ea

ch
ed

ge
of

th
e

gr
ap

h
,

a
n
d

a
b
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s
fo

r
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ch
n
o
d
e

o
f
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N
e
a
r
ly

-T
ig
h
t
V
C
-d

im
e
n
sio

n
B
o
u
n
d
s
f
o
r
P
ie
c
e
w
ise

L
in
e
a
r
N
e
u
r
a
l
n
e
t
w
o
r
k
s

th
e

g
ra

p
h
.

L
et
W

d
en

ote
th

e
n
u
m

b
er

of
p
ara

m
eters

(w
eigh

ts
a
n
d

b
iases)

of
th

e
n
etw

ork
,

U
d
en

o
te

th
e

n
u
m

b
er

of
com

p
u
tation

u
n
its

(n
o
d
es),

an
d
L

d
en

ote
th

e
len

gth
of

th
e

lon
gest

p
a
th

in
th

e
g
ra

p
h
.

W
e

w
ill

say
th

at
th

e
n
eu

ral
n
etw

ork
h
as
L

layers.

L
ayer

0
co

n
sists

of
n
o
d
es

w
ith

in
-d

egree
0.

W
e

call
th

ese
n
o
d
es

in
p
u
t

n
o
d
es

an
d

th
ey

sim
p
ly

o
u
tp

u
t

th
e

real
valu

e
given

b
y

th
e

corresp
on

d
in

g
in

p
u
t

to
th

e
n
etw

ork
.

W
e

assu
m

e
th

at
th

e
g
ra

p
h

h
as

a
sin

gle
sin

k
n
o
d
e;

th
is

is
th

e
u
n
iq

u
e

n
o
d
e

in
layer

L
,

w
h
ich

w
e

call
th

e
o
u
tp

u
t

layer.
T

h
is

ou
tp

u
t

n
o
d
e

can
h
ave

p
red

ecessors
in

an
y

layer
`
<
L

.
F

or
1
≤
`
<
L

,
a

n
o
d
e

is
in

layer
`

if
it

h
as

a
p
red

ecessor
in

layer
`−

1
an

d
n
o

p
red

ecessor
in

an
y

layer
` ′≥

`.
(N

o
te

th
a
t

fo
r

ex
am

p
le

th
ere

cou
ld

b
e

an
ed

ge
con

n
ectin

g
a

n
o
d
e

in
layer

1
w

ith
a

n
o
d
e

in
layer

3
.)

In
th

e
jargon

of
n
eu

ral
n
etw

ork
s,

lay
ers

1
th

rou
gh

L
−

1
are

called
h
id

d
en

layers.

T
h
e

co
m

p
u
tation

of
a

n
eu

ral
n
etw

ork
p
ro

ceed
s

as
follow

s.
F

or
i

=
1
,...,L

,
th

e
in

p
u
t

in
to

a
co

m
p
u
ta

tion
u
n
it
u

at
layer

i
is
w
>
x

+
b,

w
h
ere

x
is

th
e

(real)
vector

corresp
on

d
in

g
to

th
e

o
u
tp

u
ts

of
th

e
com

p
u
tation

al
u
n
its

w
ith

a
d
irected

ed
ge

to
u

,
w

is
th

e
corresp

on
d
in

g
vecto

r
o
f

ed
g
e

w
eigh

ts,
an

d
b

is
th

e
b
ias

p
aram

eter
asso

ciated
w

ith
u

.
F

or
layers

1
,...,L−

1,
th

e
o
u
tp

u
t

of
u

is
ψ

(w
>
x

+
b).

F
or

th
e

ou
tp

u
t

layer,
w

e
rep

lace
ψ

w
ith

th
e

id
en

tity,
so

th
e

o
u
tp

u
t

is
sim

p
ly
w
>
x

+
b.

S
in

ce
w

e
con

sid
er

V
C

-d
im

en
sion

,
w

e
w

ill
alw

ay
s

tak
e

th
e

sig
n

of
th

e
o
u
tp

u
t

o
f

th
e

n
etw

ork
,

to
m

ake
th

e
ou

tp
u
t

lie
in
{
0,1}

for
b
in

ary
classifi

catio
n
.

A
p
iecew

ise
p

oly
n
om

ial
fu

n
ction

w
ith

p
p
ieces

is
a

fu
n
ction

f
for

w
h
ich

th
ere

ex
ists

a
p
a
rtitio

n
o
f<

in
to

d
isjoin

t
in

tervals
(p

ieces)
I

1 ,...,I
p

a
n
d

corresp
on

d
in

g
p

oly
n
om

ials
f

1 ,...,f
p

su
ch

th
at

if
x
∈
I
i

th
en

f
(x

)
=
f
i (x

).
A

p
iecew

ise
lin

ear
fu

n
ction

is
a

p
iecew

ise
p

o
ly

n
o
m

ial
fu

n
ction

in
w

h
ich

each
f
i

is
lin

ear.
T

h
e

m
ost

com
m

on
activation

fu
n
ctio

n
u
sed

in
p
ractice

is
th

e
rectifi

ed
lin

ea
r

u
n
it

(R
eL

U
)

w
h
ere

I
1

=
(−
∞
,0],

I
2

=
(0
,∞

)
an

d
f

1 (x
)

=
0,f

2 (x
)

=
x

.
W

e
d
en

ote
th

is
fu

n
ction

b
y
σ

(x
)

:=
m

ax{0
,x}

.
T

h
e

set{
1,2,...,n}

is
d
en

o
ted

[n
].

2
.
P
ro

o
f
o
f
T
h
e
o
re
m

3

T
h
e

p
ro

o
f

o
f

o
u
r

m
ain

low
er

b
ou

n
d

u
ses

th
e

“b
it

ex
traction

”
tech

n
iq

u
e

from
B

artlett
et

al.
(1

9
9
8
),

w
h
o

p
roved

an
Ω

(W
L

)
low

er
b

ou
n
d
.

W
e

refi
n
e

th
is

tech
n
iq

u
e

in
a

key
w

ay
—

w
e

p
a
rtitio

n
th

e
in

p
u
t

b
its

in
to

b
lo

ck
s

an
d

ex
tract

m
u
ltip

le
b
its

at
a

tim
e

in
stead

of
a

sin
gle

b
it

a
t

a
tim

e.
T

h
is

y
ield

s
a

m
ore

effi
cien

t
b
it

ex
traction

n
etw

ork
,

an
d

h
en

ce
a

stron
ger

V
C

-d
im

en
sio

n
low

er
b

ou
n
d
.

W
e

sh
ow

th
e

follow
in

g
resu

lt,
w

h
ich

im
m

ed
iately

im
p
lies

T
h
eorem

3.

T
h

e
o
re

m
1
1

L
et
r,m

,n
be

po
sitive

in
tegers,

a
n

d
let

k
=
dm

/re.
T

h
ere

exists
a

R
eL

U
n

etw
o
rk

w
ith

3
+

5k
la

yers,
2

+
n

+
4
m

+
k
((11

+
r)2

r
+

2r
+

2)
pa

ra
m

eters,
m

+
n

in
p
u

t
n

od
es

a
n

d
m

+
2

+
k
(5×

2
r

+
r

+
1)
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m

p
u

ta
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n
a
l

n
od

es
w
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V

C
-d

im
en

sio
n
≥
m
n

.

R
e
m

a
rk
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C
h
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g
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1
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a

n
etw

o
rk

w
ith

W
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+
n
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d
V

C
-

d
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en
sio

n
Ω
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=
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T
h
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e

u
p
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n
d
O

(W
U
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T

h
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-
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1
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o
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T
h
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3,
assu

m
e
W

,
L

,
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d
W
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=
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g
2 (W

/
L

)/
2
,
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an
d
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W
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5
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2
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T

h
eorem
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T

h
e

rest
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d
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o
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p
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g

T
h
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B
a
r
t
l
e
t
t
,
H
a
r
v
e
y
,
L
ia
w

a
n
d

M
e
h
r
a
b
ia
n

L
et
S
n
⊆
<
n

d
en

ote
th

e
stan

d
ard

b
a
sis.

W
e

sh
atter

th
e

set
S
n ×

S
m

.
G

iven
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arb
itrary

fu
n
ction

f
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S
n ×

S
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w
e

b
u
ild

a
R

eL
U

n
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n
etw

ork
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in

p
u
t
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2 )∈
S
n
×
S
m
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d

ou
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u
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D

efi
n
e
n

n
u
m

b
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a
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∈
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2
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2
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at
th
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d
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b
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b
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u
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∈
S
n
×
S
m

,
a
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m
e

th
at

x
1

=
e
j

an
d
x
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=
e
i .

T
h
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n
etw
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u
t

th
e
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b
it
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a
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T
h
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it

ex
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p
roach

”
w
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in
B
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al.
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T
h
eorem
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to

give
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Ω
(W
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)

low
er

b
ou

n
d

for
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e
V

C
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im
en
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W
e

u
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sim

ilar
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p
roach

b
u
t

w
e
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d
u
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a
n
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w
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b
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b
lo

ck
s
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d

ex
tract

r
b
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at
a

tim
e

in
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a

sin
gle

b
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tim
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n
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e

can
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w

h
eth

er
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p
roach
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b
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p
u
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rth
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O
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r

T
h
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6
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p
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e

b
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p
roach
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b
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n
d
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Ω
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L
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(see

R
em

ark
14).

T
h
e

fi
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e
n
etw

ork
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a
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an
d

th
e

rem
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in
g

layers
“ex

tract”
th

e
ith

b
it

of
a
j .

In
th

e
fi
rst

layer
w

e
h
ave

a
sin
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com

p
u
tation
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u
n
it

th
at

calcu
lates

a
j

=
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1 ,...,a
n
) >
x

1
=
σ
(

(a
1 ,...,a

n
) >
x

1 )
.

T
h
is

p
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u
ses

1
layer,

1
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p
u
tation

u
n
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an
d

1
+
n

p
aram

eters.

T
h
e

rest
of

th
e

n
etw

ork
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tracts
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b
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o
f
a
j

an
d

ou
tp

u
ts

th
e
ith

b
it.

T
h
e

ex
traction
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e
in
k

step
s,

w
h
ere
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step
w

e
ex

tract
th

e
r
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ost

sign
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b
its

an
d
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th
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ou

t.
W

e
w

ill
u
se

th
e
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in
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b
u
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in
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b
lo

ck
for
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tractin

g
r

b
its.
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3
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p
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p
ie

ce
w

is
e

li
n

ea
r

fu
n

ct
io

n
s,

th
is

gi
ve

s
m

=
O

(L
lo

g
(W

/L
))
.

P
ro

o
f

F
or

a
n
o
d
e
v

of
th

e
n
et

w
or

k
,

le
t
γ

(v
)

co
u
n
t

th
e

n
u
m

b
er

of
d
ir

ec
te

d
p
a
th

s
fr

o
m

th
e

in
p
u
t

n
o
d
e

to
v
.

A
p
p
ly

in
g

L
em

m
a

15
it

er
at

iv
el

y
gi

v
es

th
at

fo
r

a
n
o
d
e
v

a
t

la
ye

r
i
≥

1
,

th
e

n
u
m

b
er

of
b
re

ak
p

oi
n
ts

is
b

ou
n
d
ed

b
y

(6
p
)i
d
i(
i−

1
)/

2
γ

(v
)
−

1.
L

et
o

d
en

o
te

th
e

o
u
tp

u
t

n
o
d
e.

H
en

ce
,
o

h
as

at
m

os
t

(6
p
)L
d
L

(L
−

1
)/

2
γ

(o
)

p
ie

ce
s.

T
h
e

ou
tp

u
t

of
n
o
d
e
o

is
p
ie

ce
w

is
e

p
ol

y
n
om

ia
l

of
d
eg

re
e

at
m

os
t
d
L

.
O

n
th

e
ot

h
er

h
an

d
,

as
w

e
in

cr
ea

se
x

fr
om

0
to

2m
−

1
,

th
e

fu
n
ct

io
n
x

m
o
d

2
fl
ip

s
2m
−

1
m

an
y

ti
m

es
,

w
h
ic

h
im

p
li
es

th
e

ou
tp

u
t

of
o

b
ec

o
m

es
eq

u
a
l

to
1
/2

at
le

as
t

2
m
−

1
ti

m
es

,
th

u
s

w
e

ge
t

(6
p
)L
d
L

(L
−

1
)/

2
γ

(o
)
×
d
L
≥

2
m
−

1
.

(3
)
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N
e
a
r
ly

-T
ig
h
t
V
C
-d

im
e
n
sio

n
B
o
u
n
d
s
f
o
r
P
ie
c
e
w
ise

L
in
e
a
r
N
e
u
r
a
l
n
e
t
w
o
r
k
s

L
et

u
s

n
ow

rela
te
γ

(o)
w

ith
W

an
d
L

.
S
u
p
p

ose
th

at,
for

i∈
[L

],
th

ere
are

W
i

ed
ges

b
etw

een
layer

i
an

d
p
rev

iou
s

layers.
B

y
th

e
A

M
-G

M
in

eq
u
ality,

γ
(o)≤

∏

i

(1
+
W
i )≤

(
∑

i

1
+
W
i

L

)
L

≤
(2W

/L
)
L
.

(4)

C
o
m

b
in

in
g

E
q
s.

(3)
an

d
(4)

gives
th

e
th

eorem
.

T
elg

a
rsk

y
(2

016)
sh

ow
ed

h
ow

to
con

stru
ct

a
fu

n
ction

f
w

h
ich

satisfi
es
f

(x
)

=
(x

m
o
d

2)
fo

r
x
∈
{
0
,1
,...,2

m
−

1}
u
sin

g
a

n
eu

ral
n
etw

ork
w

ith
O

(m
)

layers
an

d
O

(m
)

p
aram

eters.
B

y
ch

o
o
sin

g
m

=
k

3,
T

elgarsk
y

sh
ow

ed
th

at
an

y
fu

n
ction

g
com

p
u
tab

le
b
y

a
n
eu

ral
n
etw

ork
w

ith
Θ

(k
)

layers
an

d
O

(2
k)

n
o
d
es

m
u
st

n
ecessarily

h
av

e
‖f
−
g‖

1
>
c

for
som

e
con

stan
t

c
>

0
.

O
u
r

th
eo

rem
ab

ove
im

p
lies

a
q
u
alitatively

sim
ilar

statem
en

t.
In

p
articu

lar,
if

w
e

ch
o
ose

m
=
k

1
+
ε,

th
en

for
an

y
fu

n
ction

g
com

p
u
tab

le
b
y

a
n
eu

ral
n
etw

ork
w

ith
Θ

(k
)

layers
an

d
O

(2
k
ε)

p
a
ra

m
eters,

th
ere

m
u
st

ex
ist

x
∈
{0
,1
,...,2

m
−

1}
su

ch
th

at|f
(x

)−
g
(x

)|
>

1
/2.

4
.
P
ro

o
f
o
f
T
h
e
o
re
m

7

T
h
e

p
ro

o
f

o
f

th
is

th
eorem

is
very

sim
ilar

to
th

e
p
ro

of
of

th
e

u
p
p

er
b

ou
n
d

for
p
iecew

ise
p

o
ly

n
o
m

ial
n
etw

ork
s

from
B

artlett
et

al.
(1

998,
T

h
eorem

1)
b
u
t

op
tim

ized
in

a
few

p
laces.

T
h
e

m
a
in

tech
n
ical

to
ol

in
th

e
p
ro

of
is

a
b

ou
n
d

on
th

e
grow

th
fu

n
ction

of
a

p
oly

n
om

ially
p
a
ra

m
etrized

fu
n
ction

class,
d
u
e

to
G

old
b

erg
a
n
d

J
erru

m
(1995).

It
u
ses

an
arg

u
m

en
t

in
vo

lv
in

g
co

u
n
tin

g
th

e
n
u
m

b
er

of
con

n
ected

com
p

on
en

ts
of

sem
i-algeb

raic
sets.

T
h
e

form
sta

ted
h
ere

is
B

artlett
et

al.
(1998,

L
em

m
a

1),
w

h
ich

is
a

sligh
t

im
p
rovem

en
t

of
a

resu
lt

of
W

a
rren

(1
9
6
8
)

(th
e

p
ro

of
can

b
e

fou
n
d

in
A

n
th

on
y

an
d

B
artlett

(1999,
T

h
eorem

8.3)).

L
e
m

m
a

1
7

S
u

p
po

se
W
≤
M

a
n

d
let

P
1 ,...,P

M
be

po
lyn

o
m

ia
ls

o
f

d
egree

a
t

m
o
st
D

in
W

va
ria

bles.
D

efi
n

e

K
:=
∣∣ {

(sgn
(P

1 (a
)),...,sgn

(P
M

(a
)))

:
a
∈
<
W
} ∣∣,

i.e.,
K

is
th

e
n

u
m

ber
o
f

po
ssible

sign
vecto

rs
a
tta

in
ed

by
th

e
po

lyn
o
m

ia
ls.

T
h
en

w
e

h
a
ve

K
≤

2
(2eM

D
/
W

)
W

.

P
ro

o
f

[o
f

T
h
eo

rem
7].

F
or

in
p
u
t
x
∈
X

an
d

p
aram

eter
vector

a
∈
<
W

,
let

f
(x
,a

)
d
en

o
te

th
e

o
u
tp

u
t

o
f

th
e

n
etw

ork
.

T
h
en
F

is
sim

p
ly

th
e

class
of

fu
n
ction

s{
x
7→
f

(x
,a

)
:
a
∈
<
W
}
.

F
ix
x

1 ,x
2 ,...,x

m
in
X

.
W

e
v
iew

th
e

p
aram

eters
of

th
e

n
etw

ork
,

d
en

oted
a
,

as
a

co
llection

o
f
W

real
variab

les.
W

e
w

ish
to

b
ou

n
d

K
:=
∣∣ {

(sgn
(f

(x
1 ,a

)),...,sgn
(f

(x
m
,a

)))
:
a
∈
<
W
} ∣∣.

In
o
th

er
w

o
rd

s,
K

is
th

e
n
u
m

b
er

of
sign

p
attern

s
th

at
th

e
n
eu

ral
n
etw

ork
can

ou
tp

u
t

for
th

e
seq

u
en

ce
o
f

in
p
u
ts

(x
1 ,...,x

m
).

W
e

w
ill

p
rov

e
geom

etric
u
p
p

er
b

ou
n
d
s

for
K

,
w

h
ich

w
ill

im
p
ly

u
p
p

er
b

ou
n
d
s

for
Π

sg
n

(F
) (m

).
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B
a
r
t
l
e
t
t
,
H
a
r
v
e
y
,
L
ia
w

a
n
d

M
e
h
r
a
b
ia
n

F
or

an
y

p
artition

S
=
{P

1 ,P
2 ,...,P

N }
o
f

th
e

p
aram

eter
d
om

ain
<
W

,
clearly

w
e

h
av

e

K
≤

N
∑i=

1 |{(sgn
(f

(x
1 ,a

)),...,sgn
(f

(x
m
,a

)))
:
a
∈
P
i }|.

(5)

W
e

ch
o
ose

th
e

p
artition

in
su

ch
a

w
ay

th
at

w
ith

in
each

region
P
i ,

th
e

fu
n
ction

s
f

(x
j ,·)

a
re

all
fi
x
ed

p
oly

n
om

ials
of

b
ou

n
d
ed

d
egree,

so
th

at
each

term
in

th
is

su
m

can
b

e
b

ou
n
d
ed

v
ia

L
em

m
a

17.
T

h
e

p
artition

is
con

stru
cted

iteratively
lay

er
b
y

lay
er,

th
rou

gh
a

seq
u
en

ceS
0 ,S

1 ,...,S
L−

1

of
su

ccessiv
e

refi
n
em

en
ts,

w
ith

th
e

follow
in

g
p
rop

erties:

1.
W

e
h
ave
|S

0 |
=

1
an

d
,

for
each

n
∈

[L
−

1],

|S
n |

|S
n−

1 | ≤
2 (

2em
k
n
p
(1

+
(n
−

1)d
n−

1)

W
n

)
W
n

.
(6)

2.
F

or
each

n
∈
{1,...,L},

each
elem

en
t
S

ofS
n−

1 ,
each

j
∈

[m
],

an
d

each
u
n
it
u

in
th

e
n

th
layer,

w
h
en

a
varies

in
S

,
th

e
n
et

in
p
u
t

to
u

is
a

fi
x
ed

p
oly

n
o
m

ial
fu

n
ction

in
W
n

variab
les

of
a
,

of
total

d
egree

n
o

m
ore

th
a
n

1
+

(n−
1
)d
n−

1
(th

is
p

oly
n
om

ial
m

ay
d
ep

en
d

on
S

,
j

an
d
u

).

W
e

m
ay

d
efi

n
e
S

0
=
{<

W
}
,

w
h
ich

satisfi
es

p
rop

erty
2

ab
ov

e,
sin

ce
th

e
in

p
u
t

to
an

y
n
o
d
e

in
layer

1
is

of
th

e
form

w
T
x
j

+
b,

w
h
ich

is
an

affi
n
e

fu
n
ction

of
w
,b.

N
ow

su
p
p

ose
th

atS
0 ,...,S

n−
1

h
ave

b
een

d
efi

n
ed

,
an

d
w

e
w

an
t

to
d
efi

n
e
S
n
.

F
or

an
y

h
∈

[k
n
],j∈

[m
],

an
d
S
∈
S
n−

1 ,
let

p
h
,x
j ,S

(a
)

d
en

ote
th

e
fu

n
ction

d
escrib

in
g

th
e

n
et

in
p
u
t

of
th

e
h

th
u
n
it

in
th

e
n

th
layer,

in
resp

on
se

to
x
j ,

w
h
en
a
∈
S

.
B

y
th

e
in

d
u
ctio

n
h
y
p

oth
esis

th
is

is
a

p
oly

n
om

ial
w

ith
total

d
egree

n
o

m
ore

th
an

1
+

(n
−

1)d
n−

1,
an

d
d
ep

en
d
s

on
at

m
ost

W
n

m
an

y
variab

les.
L

et{t1 ,...,tp }
d
en

ote
th

e
set

of
b
reak

p
oin

ts
of

th
e

activation
fu

n
ction

.
F

or
an

y
fi
x
ed

S
∈
S
n−

1 ,
b
y

L
em

m
a

17,
th

e
collection

of
p

oly
n
om

ials

{
p
h
,x
j ,S

(a
)−

ti
:
h
∈

[k
n
],j∈

[m
],i∈

[p
]}

attain
s

at
m

ost
Π

:=
2(2e(k

n
m
p
)(1

+
(n
−

1)d
n−

1)/W
n
)
W
n

d
istin

ct
sign

p
attern

s
w

h
en

a
∈
<
W

.
T

h
u
s,

on
e

can
p
artition

<
W

in
to

th
is

m
an

y
region

s,
su

ch
th

at
all

th
ese

p
oly

n
om

ials
h
ave

th
e

sam
e

sign
s

w
ith

in
each

region
.

W
e

in
tersect

all
th

ese
region

s
w

ith
S

to
ob

tain
a

p
artition

of
S

in
to

at
m

ost
Π

su
b
region

s.
P

erform
in

g
th

is
for

all
S
∈
S
n−

1
gives

ou
r

d
esired

p
artition

S
n
.

T
h
u
s,

th
e

req
u
ired

p
rop

erty
1

(in
eq

u
ality

(6))
is

clearly
satisfi

ed
.

F
ix

som
e
S
′∈
S
n
.

N
otice

th
at,

w
h
en

a
varies

in
S
′,

all
th

e
p

oly
n
om

ials

{
p
h
,x
j ,S

(a
)−

ti
:
h
∈

[k
n
],j∈

[m
],i∈

[p
]}

h
ave

th
e

sam
e

sign
,

h
en

ce
th

e
in

p
u

t
of

each
n

th
layer

u
n
it

lies
b

etw
een

tw
o

b
reak

p
oin

ts
of

th
e

activation
fu

n
ction

,
h
en

ce
th

e
o
u

tp
u

t
of

each
n

th
layer

u
n
it

in
resp

on
se

to
an

x
j
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N
e
a
r
ly

-T
ig
h
t
V
C
-d

im
e
n
si
o
n
B
o
u
n
d
s
f
o
r
P
ie
c
e
w
is
e
L
in
e
a
r
N
e
u
r
a
l
n
e
t
w
o
r
k
s

is
a

fi
x
ed

p
ol

y
n
om

ia
l

in
W
n

va
ri

ab
le

s
of

d
eg

re
e

n
o

m
or

e
th

an
d
(1

+
(n
−

1
)d
n
−

1
)
≤
n
d
n
.

T
h
is

im
p
li
es

th
at

th
e

in
p
u

t
of

ev
er

y
(n

+
1)

th
la

ye
r

u
n
it

in
re

sp
o
n
se

to
a
n
x
j

is
a

fi
x
ed

p
ol

y
n
om

ia
l

fu
n
ct

io
n

of
W
n

+
1

va
ri

a
b
le

s
of

d
eg

re
e

n
o

m
or

e
th

an
1

+
n
d
n
.

(W
h
en

d
=

0,
th

is
affi

n
e

fu
n
ct

io
n

d
ep

en
d
s

on
ly

on
th

e
W
n

+
1

p
ar

am
et

er
s

in
la

ye
r
n

+
1;

fo
r
d
>

0,
it

is
a

p
ol

y
n
om

ia
l

fu
n
ct

io
n

of
al

l
p
ar

am
et

er
s

u
p

to
la

ye
r
n

+
1.

)
P

ro
ce

ed
in

g
in

th
is

w
ay

w
e

ob
ta

in
a

p
ar

ti
ti

on
S L
−

1
of
<W

su
ch

th
at

fo
r

ea
ch

S
∈
S L
−

1
,

th
e

n
et

w
or

k
ou

tp
u
t

in
re

sp
on

se
to

an
y
x
j

is
a

fi
x
ed

p
ol

y
n
om

ia
l

of
a

of
d
eg

re
e

n
o

m
or

e
th

an
1

+
(L
−

1)
d
L
−

1
(r

ec
al

l
th

at
th

e
la

st
n
o
d
e

ju
st

ou
tp

u
ts

it
s

in
p
u
t)

,
an

d
h
en

ce
b
y

L
em

m
a

17
ag

ai
n
, |{

(s
gn

(f
(x

1
,a

))
,.
..
,s

gn
(f

(x
m
,a

))
)

:
a
∈
S
}|
≤

2

(
2e
m

(1
+

(L
−

1)
d
L
−

1
)

W
L

) W
L

.

O
n

th
e

ot
h
er

h
an

d
,

ap
p
ly

in
g

(6
)

it
er

at
iv

el
y

gi
ve

s

|S
L
−

1
|≤

L
−

1
∏ i=

1

2

(
2e
m
k
ip

(1
+

(i
−

1)
d
i−

1
)

W
i

) W
i

,

an
d

th
u
s

u
si

n
g

(5
),

an
d

si
n
ce

th
e

p
oi

n
ts
x

1
,.
..
,x

m
w

er
e

ch
os

en
ar

b
it

ra
ri

ly
,

w
e

ob
ta

in

Π
sg

n
(F

)(
m

)
≤

L ∏ i=
1

2

(
2
em

k
ip

(1
+

(i
−

1)
d
i−

1
)

W
i

) W
i

≤
2
L

(
2e
m
p
∑
k
i(

1
+

(i
−

1)
d
i−

1
)

∑
W
i

)∑
W
i

(w
ei

gh
te

d
A

M
-G

M
)

=
2L
(

2e
m
p
R

∑
W
i

)∑
W
i

(d
efi

n
it

io
n

of
R

in
(1

))
(7

)

F
or

th
e

b
ou

n
d

on
th

e
V

C
-d

im
en

si
on

,
fr

om
th

e
d
efi

n
it

io
n

of
V

C
-d

im
en

si
on

w
e

fi
n
d

2V
C

d
im

(F
)

=
Π

sg
n

(F
)(

V
C

d
im

(F
))
≤

2
L

(
2
ep
R
·V

C
d
im

(F
)

∑
W
i

)∑
W
i

N
ot

ic
e

th
at
U
>

2
im

p
li
es

2e
R
≥

16
,

h
en

ce
L

em
m

a
18

b
el

ow
gi

ve
s

V
C

d
im

(F
)
≤
L

+
(∑

W
i)

lo
g

2
(4
ep
R

lo
g

2
(2
ep
R

))
=
O

(L̄
W

lo
g
(p
U

)
+
L̄
L
W

lo
g
d
),

co
m

p
le

ti
n
g

th
e

p
ro

of
.

L
e
m

m
a

1
8

S
u

p
po

se
th

a
t

2m
≤

2t
(m
r/
w

)w
fo

r
so

m
e
r
≥

16
a
n

d
m
≥
w
≥
t
≥

0
.

T
h
en

,
m
≤
t

+
w

lo
g

2
(2
r

lo
g

2
r)

.

P
ro

o
f

W
e

w
ou

ld
li
ke

to
sh

ow
th

at
2x
>

2t
(x
r/
w

)w
fo

r
al

l
x
>
t

+
w

lo
g

2
(2
r

lo
g

2
r)

=
:
m

.
L

et
f

(x
)

: =
x
−
t
−
w

lo
g

2
(x
r/
w

).
T

o
sh

ow
th

at
f

(x
)
>

0
fo

r
al

l
x
>
m

,
w

e
n
ee

d
on

ly
sh

ow
th

at
f

(m
)
≥

0
an

d
f
′ (
x

)
>

0
fo

r
al

l
x
≥
m

.
F

ir
st

,
f

(m
)
≥

0
if

an
d

on
ly

if

w
lo

g
2
(2
r

lo
g

2
r)
−
w

lo
g

2
(m
r/
w

)
≥

0
,

13
JM

L
R

 2
0(

63
):

1-
17

, 2
01

9

B
a
r
t
l
e
t
t
,
H
a
r
v
e
y
,
L
ia
w

a
n
d

M
e
h
r
a
b
ia
n

if
an

d
on

ly
if

(2
r

lo
g

2
r)
−

(m
r/
w

)
≥

0
,

if
an

d
on

ly
if

2
lo

g
2
r
−

(t
+
w

lo
g

2
(2
r

lo
g

2
r)

)/
w
≥

0,

if
an

d
on

ly
if

2
lo

g
2
r
−
t/
w
−

lo
g

2
(2
r

lo
g

2
r)
≥

0,

if
an

d
on

ly
if

r2
/
2

lo
g

2
r
≥

2t
/
w
,

w
h
ic

h
h
ol

d
s

si
n
ce
r
≥

16
an

d
t/
w
≤

1.
F

in
al

ly
,

fo
r
x
≥
m

,
w

e
h
av

e
f
′ (
x

)
≥

0
if

a
n
d

o
n
ly

if

1
−
w
/(
x

ln
(2

))
≥

0

if
an

d
on

ly
if

x
≥
w
/

ln
2,

w
h
ic

h
h
ol

d
s

si
n
ce
r
≥

16
im

p
li
es
x
≥
m
≥
w

lo
g

2
(2
r

lo
g

2
r)
>
w
/

ln
2.

P
ro

o
f

[o
f

R
em

ar
k

9]
.

N
ot

e
th

at
∑
k
i
≤
∑
W
i

im
p
li
es
L
≤
∑
W
i,

h
en

ce
fr

om
(7

)
w

e
h
av

e

Π
sg

n
(F

)(
m

)
≤

2L
(

2
em

p
R

∑
W
i

)∑
W
i

≤
(

4e
m
p
(1

+
(L
−

1)
d
L
−

1
)
∑
k
i

∑
W
i

)∑
W
i

(L
≤
∑

W
i)

≤
( 4e

m
p
(1

+
(L
−

1)
d
L
−

1
))
∑
W
i

(∑
k
i
≤
∑

W
i)
.

5
.
P
ro

o
f
o
f
T
h
e
o
re
m

1
0

T
h
e

id
ea

of
th

e
p
ro

of
is

th
at

th
e

si
gn

of
th

e
ou

tp
u
t

of
a

n
eu

ra
l

n
et

w
or

k
ca

n
b

e
ex

p
re

ss
ed

a
s

a
B

o
ol

ea
n

fo
rm

u
la

w
h
er

e
ea

ch
p
re

d
ic

at
e

is
a

p
ol

y
n
om

ia
l

in
eq

u
al

it
y.

F
or

ex
a
m

p
le

,
co

n
si

d
er

th
e

fo
ll
ow

in
g

to
y

n
et

w
or

k
,

w
h
er

e
th

e
ac

ti
va

ti
on

fu
n
ct

io
n

of
th

e
h
id

d
en

u
n
it

s
is

a
R

eL
U

.

T
h
e

si
gn

of
th

e
ou

tp
u
t

of
th

e
n
et

w
or

k
is

sg
n
(y

)
=

sg
n
(w

3
σ

(w
1
x

)
+
w

4
σ

(w
2
x

))
.

D
efi

n
e

th
e

fo
ll
ow

in
g

B
o
ol

ea
n

p
re

d
ic

at
es

:
p

1
=

(w
1
x
>

0)
,
p

2
=

(w
2
x
>

0)
,
q 1

=
(w

3
w

1
x
>

0
),

q 2
=

(w
4
w

2
x
>

0)
,

an
d
q 3

=
(w

3
w

1
x

+
w

4
w

2
x
>

0)
.

T
h
en

,
w

e
ca

n
w

ri
te

sg
n
(y

)
=

(¬
p

1
∧
¬p

2
∧

0)
∨

(p
1
∧
¬p

2
∧
q 1

)
∨

(¬
p

1
∧
p

2
∧
q 2

)
∨

(p
1
∧
p

2
∧
q 3

).

1
4

JM
L

R
 2

0(
63

):
1-

17
, 2

01
9



N
e
a
r
ly

-T
ig
h
t
V
C
-d

im
e
n
sio

n
B
o
u
n
d
s
f
o
r
P
ie
c
e
w
ise

L
in
e
a
r
N
e
u
r
a
l
n
e
t
w
o
r
k
s

A
th

eo
rem

of
G

old
b

erg
an

d
J
erru

m
states

th
at

an
y

class
of

fu
n
ction

s
th

at
can

b
e

ex
-

p
ressed

u
sin

g
a

relatively
sm

all
n
u
m

b
er

of
d
istin

ct
p

oly
n
om

ial
in

eq
u
alities

h
as

sm
all

V
C

-
d
im

en
sio

n
.

T
h

e
o
re

m
1
9

(T
h

e
o
re

m
2
.2

o
f

G
o
ld

b
e
rg

a
n

d
J
e
rru

m
(1

9
9
5
))

L
et
k
,n

be
po

sitive
in

-
tegers

a
n

d
f

:<
n×
<
k
→
{
0
,1}

be
a

fu
n

ctio
n

th
a
t

ca
n

be
exp

ressed
a
s

a
B

oo
lea

n
fo

rm
u

la
co

n
ta

in
in

g
s

d
istin

ct
a
to

m
ic

p
red

ica
tes

w
h
ere

ea
ch

a
to

m
ic

p
red

ica
te

is
a

po
lyn

o
m

ia
l

in
equ

a
l-

ity
o
r

equ
a
lity

in
k

+
n

va
ria

bles
o
f

d
egree

a
t

m
o
st
d

.
L

etF
=
{f

(·,w
)

:
w
∈
<
k}.

T
h
en

V
C

D
im

(F
)≤

2k
log

2 (8ed
s).

P
ro

o
f

[o
f

T
h
eorem

10].
C

on
sid

er
a

n
eu

ral
n
etw

ork
w

ith
W

w
eigh

ts
an

d
U

com
p
u
ta

tion
u
n
its,

a
n
d

a
ssu

m
e

th
at

th
e

activation
fu

n
ction

ψ
is

p
iecew

ise
p

oly
n
om

ial
of

d
egree

a
t

m
ost

d
w

ith
p

p
ieces.

T
o

ap
p
ly

T
h
eorem

19,
w

e
w

ill
ex

p
ress

th
e

sign
of

th
e

ou
tp

u
t

of
th

e
n
etw

ork
a
s

a
B

o
o
lea

n
fu

n
ction

con
sistin

g
of

less
th

an
2(1

+
p
)
U

atom
ic

p
red

icates,
each

b
ein

g
a

p
o
ly

n
o
m

ia
l

in
eq

u
ality

of
d
egree

at
m

ost
m

ax{
U

+
1
,2
d
U}.

S
in

ce
th

e
n
eu

ral
n
etw

ork
grap

h
is

acy
clic,

it
can

b
e

top
ologically

sorted
.

F
or
i∈

[U
],

let
u
i

d
en

o
te

th
e
ith

com
p
u
tation

u
n
it

in
th

e
top

olo
gical

ord
erin

g.
T

h
e

in
p
u
t

to
each

co
m

p
u
ta

tion
u
n
it
u

lies
in

on
e

of
th

e
p

p
ieces

of
ψ

.
F

or
i∈

[U
]

an
d
j∈

[p
],

w
e

say
“
u
i

is
in

sta
te
j”

if
th

e
in

p
u
t

to
u
i

lies
in

th
e
jth

p
iece.

F
o
r
u

1
a
n
d

an
y
j,

th
e

p
red

icate
“
u

1
is

in
state

j”
is

a
sin

gle
atom

ic
p
red

icate
w

h
ich

is
th

e
q
u
ad

ra
tic

in
eq

u
ality

in
d
icatin

g
w

h
eth

er
its

in
p
u
t

lies
in

th
e

corresp
on

d
in

g
in

terval.
S
o
,

th
e

sta
te

o
f
u

1
can

b
e

ex
p
ressed

as
a

fu
n
ction

of
p

atom
ic

p
red

icates.
C

on
d
itio

n
ed

on
u

1
b

ein
g

in
a

certain
state,

th
e

state
of
u

2
can

b
e

d
eterm

in
ed

u
sin

g
p

atom
ic

p
red

icates,
w

h
ich

a
re

p
o
ly

n
om

ial
in

eq
u
alities

of
d
egree

at
m

ost
2
d

+
1.

C
on

seq
u
en

tly,
th

e
state

of
u

2
ca

n
b

e
d
eterm

in
ed

u
sin

g
p

+
p

2
a
tom

ic
p
red

icates,
each

of
w

h
ich

is
a

p
o
ly

n
om

ia
l

of
d
eg

ree
a
t

m
ost

2
d

+
1.

C
on

tin
u
in

g
sim

ilarly,
w

e
ob

tain
th

at
for

each
i,

th
e

state
of
u
i

ca
n

b
e

d
eterm

in
ed

u
sin

g
p
(1

+
p
)
i−

1
atom

ic
p
red

icates,
each

of
w

h
ich

is
a

p
oly

n
om

ial
of

d
eg

ree
a
t

m
o
st
d
i−

1
+
∑

i−
1

j=
0
d
j.

C
on

seq
u
en

tly,
th

e
sta

te
of

all
n
o
d
es

ca
n

b
e

d
eterm

in
ed

u
sin

g
less

th
a
n

(1
+
p
)
U

atom
ic

p
red

icates,
each

of
w

h
ich

is
a

p
o
ly

n
om

ial
o
f

d
egree

at
m

ost
d
U
−

1
+
∑

U
−

1
j=

0
d
j≤

m
ax{

U
+

1,2
d
U}

(th
e

ou
tp

u
t

u
n
it

is
lin

ear).
C

on
d
ition

ed
on

all
n
o
d
es

b
ein

g
in

certain
states,

th
e

sign
of

th
e

ou
tp

u
t

can
b

e
d
eterm

in
ed

u
sin

g
on

e
m

ore
atom

ic
p
red

ica
te,

w
h
ich

is
a

p
oly

n
om

ial
in

eq
u
ality

of
d
egree

at
m

ost
m

ax{U
+

1
,2
d
U}

.
In

to
ta

l,
w

e
h
ave

less
th

an
2(1

+
p
)
U

atom
ic

p
oly

n
om

ial-in
eq

u
ality

p
red

icates
an

d
each

p
o
ly

n
o
m

ia
l

h
a
s

d
egree

at
m

ost
m

ax{
U

+
1
,2d

U}
.

T
h
u
s,

b
y

T
h
eo

rem
1
9,

w
e

get
an

u
p
p

er
b

o
u
n
d

o
f

2W
lo

g
2 (16e·

m
ax{U

+
1
,2
d
U}·

(1
+
p
)
U

)
=
O

(W
U

log
((1

+
d
)p

))
for

th
e

V
C

-
d
im

en
sio

n
.

A
ck

n
o
w
le
d
g
m
e
n
ts

C
h
risto

p
h
er

L
iaw

is
su

p
p

orted
b
y

an
N

S
E

R
C

grad
u
ate

sch
olarsh

ip
.

A
b
b
as

M
eh

rab
ian

is
su

p
p

o
rted

b
y

a
n

N
S
E

R
C

P
ostd

o
ctoral

F
ellow

sh
ip

an
d

a
S
im

on
s-B

erkeley
R

esearch
F

el-
low

sh
ip

.
P

eter
B

artlett
gratefu

lly
ack

n
ow

led
ges

th
e

su
p
p

ort
of

th
e

N
S
F

th
ro

u
gh

gran
t

IIS
-1

6
1
93

6
2

an
d

of
th

e
A

u
stralian

R
esearch

C
ou

n
cil

th
rou

gh
an

A
u
stralian

L
au

rea
te

F
el-

low
sh

ip
(F

L
1
10

100281)
an

d
th

rou
gh

th
e

A
u
stralian

R
esearch

C
ou

n
cil

C
en

tre
of

E
x
cellen

ce

15
JM

L
R

 20(63):1-17, 2019

B
a
r
t
l
e
t
t
,
H
a
r
v
e
y
,
L
ia
w

a
n
d

M
e
h
r
a
b
ia
n

for
M

ath
em

atical
an

d
S
tatistical

F
ron

tiers
(A

C
E

M
S
).

P
art

of
th

is
w

ork
w

as
d
on

e
w

h
ile

P
eter

B
artlett

an
d

A
b
b
as

M
eh

rab
ian

w
ere

v
isitin

g
th

e
S
im

on
s

In
stitu

te
for

th
e

T
h
eory

of
C

om
p
u
tin

g
at

U
C

B
erkeley.

R
e
fe
re
n
ce

s

M
artin

A
n
th

on
y

an
d

P
eter

B
artlett.

N
eu

ra
l

n
etw

o
rk

lea
rn

in
g:

th
eo

retica
l

fo
u

n
d
a
tio

n
s.

C
am

-
b
rid

ge
U

n
iversity

P
ress,

1999.

P
eter

B
artlett,

V
italy

M
aiorov

,
an

d
R

on
M

eir.
A

lm
ost

lin
ear

V
C

-d
im

en
sion

b
o
u
n
d
s

for
p
iecew

ise
p

oly
n
om

ial
n
etw

ork
s.

N
eu

ra
l

C
o
m

p
u

ta
tio

n
,

10(8):2159–2173,
N

ov
1998.

E
ric

B
.

B
au

m
an

d
D

av
id

H
au

ssler.
W

h
at

size
n
et

giv
es

valid
gen

eralization
?

N
eu

ra
l

C
o
m

p
u

ta
tio

n
,

1(1):151–160,
1989.

A
n
selm

B
lu

m
er,

A
.

E
h
ren

feu
ch

t,
D

av
id

H
au

ssler,
an

d
M

an
fred

K
.

W
arm

u
th

.
L

earn
ab

il-
ity

an
d

th
e

V
ap

n
ik

-C
h
ervon

en
k
is

d
im

en
sion

.
J

.
A

C
M

,
36(4):929–965,

O
ctob

er
1989.

IS
S
N

0004-5411.
d
oi:

10.1145/76359.76371.
U

R
L
h
t
t
p
:
/
/
d
o
i
.
a
c
m
.
o
r
g
/
1
0
.
1
1
4
5
/
7
6
3
5
9
.

7
6
3
7
1
.

(C
on

feren
ce

version
in

S
T

O
C

’86
).

N
ad

av
C

oh
en

,
O

r
S
h
arir,

an
d

A
m

n
on

S
h
ash

u
a.

O
n

th
e

ex
p
ressiv

e
p

ow
er

of
d
eep

learn
in

g:
A

ten
sor

an
aly

sis.
In

V
italy

F
eld

m
an

,
A

lex
an

d
er

R
ak

h
lin

,
an

d
O

h
ad

S
h
am

ir,
ed

itors,
2
9
th

A
n

n
u

a
l

C
o
n

feren
ce

o
n

L
ea

rn
in

g
T

h
eo

ry,
v
olu

m
e

49
of

P
roceed

in
gs

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
p
ages

698–728,
C

olu
m

b
ia

U
n
iversity,

N
ew

Y
ork

,
N

ew
Y

ork
,

U
S
A

,
23–26

J
u
n

2016.
P

M
L

R
.

U
R

L
h
t
t
p
:
/
/
p
r
o
c
e
e
d
i
n
g
s
.
m
l
r
.
p
r
e
s
s
/
v
4
9
/
c
o
h
e
n
1
6
.
h
t
m
l
.

T
h
om

as
M

.
C

ov
er.

C
ap

acity
p
rob

lem
s

for
lin

ear
m

ach
in

es.
In

L
.

K
an

al,
ed

itor,
P

a
ttern

R
ecogn

itio
n

,
p
ages

283–289.
T

h
om

p
son

B
o
ok

C
o.,

1968.

R
on

en
E

ld
an

an
d

O
h
ad

S
h
am

ir.
T

h
e

p
ow

er
of

d
ep

th
for

feed
forw

a
rd

n
eu

ral
n
etw

ork
s.

In
V

italy
F

eld
m

an
,

A
lex

an
d
er

R
ak

h
lin

,
an

d
O

h
ad

S
h
am

ir,
ed

itors,
2
9
th

A
n

n
u

a
l

C
o
n

feren
ce

o
n

L
ea

rn
in

g
T

h
eo

ry,
volu

m
e

49
of

P
roceed

in
gs

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
p
ages

90
7–

940,
C

olu
m

b
ia

U
n
iversity,

N
ew

Y
ork

,
N

ew
Y

ork
,

U
S
A

,
23–26

J
u
n

2016.
P

M
L

R
.

U
R

L
h
t
t
p
:
/
/
p
r
o
c
e
e
d
i
n
g
s
.
m
l
r
.
p
r
e
s
s
/
v
4
9
/
e
l
d
a
n
1
6
.
h
t
m
l
.

P
au

l
W

.
G

old
b

erg
an

d
M

ark
R

.
J
erru

m
.

B
ou

n
d
in

g
th

e
V

ap
n
ik

-C
h
erv

on
en

k
is

d
im

en
sion

of
con

cep
t

classes
p
aram

eterized
b
y

real
n
u
m

b
ers.

M
a
ch

in
e

L
ea

rn
in

g,
1
8(2):131–148,

1995.
(C

on
feren

ce
v
ersion

in
C

O
L
T

’93).

Ian
G

o
o
d
fellow

,
Y

osh
u
a

B
en

gio,
an

d
A

aron
C

ou
rv

ille.
D

eep
L

ea
rn

in
g.

M
IT

P
ress,

2016.
h
t
t
p
:
/
/
w
w
w
.
d
e
e
p
l
e
a
r
n
i
n
g
b
o
o
k
.
o
r
g
.

P
h
ilip

p
G

roh
s,

D
m

y
tro

P
erek

resten
ko,

D
en

n
is

E
lb

räch
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.
B

u
t

w
h
il
e

m
os

t
of

th
es

e
m

et
h
o
d
s

al
lo

w
to

le
ar

n
a

su
it

ab
le

ke
rn

el
b
y

c ©
2
0
1
9

B
a
st

ia
n

B
o
h

n
,

M
ic

h
a
el

G
ri

eb
el

a
n

d
C

h
ri

st
ia

n
R

ie
g
er

.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
7
-
6
2
1
.
h
t
m
l
.

JM
L

R
 2

0(
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):
1-

32
, 2

01
9

B
o
h
n
,
G
r
ie
b
e
l
a
n
d

R
ie
g
e
r

si
m

p
ly

co
n
st

ru
ct

in
g

a
li
n
ea

r
or

co
n
v
ex

co
m

b
in

at
io

n
of

a
gi

ve
n

se
t

of
in

p
u
t

ke
rn

el
s,

th
ey

st
il
l

d
o

n
ot

ac
h
ie

ve
co

n
si

d
er

ab
ly

b
et

te
r

re
su

lt
s

th
an

st
an

d
ar

d
a-

p
ri

or
i

ke
rn

el
ch

o
ic

es
fo

r
m

a
n
y

ap
p
li
ca

ti
on

s,
se

e
G

ön
en

an
d

A
lp

ay
d
in

(2
01

1)
.

In
re

ce
n
t

ye
ar

s,
p
ro

m
is

in
g

n
ew

va
ri

an
ts

of
ke

rn
el

le
ar

n
in

g
m

et
h
o
d
s,

n
am

el
y

d
ee

p
ke

r-
n
el

le
ar

n
in

g
an

d
m

u
lt

i-
la

ye
r-

M
K

L
(M

L
M

K
L

)
al

go
ri

th
m

s
h
av

e
b

ee
n

d
ev

el
op

ed
.

T
h
ey

h
av

e
p
ro

ve
n

to
b

e
ve

ry
su

cc
es

sf
u
l
in

re
gr

es
si

on
an

d
cl

as
si

fi
ca

ti
on

ta
sk

s.
H

er
e,

m
ot

iv
a
te

d
b
y

m
u
lt

i-
la

ye
r

fe
ed

-f
or

w
ar

d
n
eu

ra
l

n
et

w
or

k
s,

a
ke

rn
el

fu
n
ct

io
n

is
co

n
ca

te
n
at

ed
w

it
h

on
e

o
r

m
o
re

n
o
n
-

li
n
ea

r
fu

n
ct

io
n
s

in
or

d
er

to
ac

h
ie

ve
a

h
ig

h
ly

fl
ex

ib
le

n
ew

ke
rn

el
fu

n
ct

io
n
,

se
e

e.
g
.

C
h
o

a
n
d

S
au

l
(2

00
9)

;
D

am
ia

n
ou

an
d

L
aw

re
n
ce

(2
01

3)
;

R
eb

ai
et

al
.

(2
01

6)
;

S
tr

ob
l

an
d

V
is

w
es

w
a
ra

n
(2

01
3)

;
W

il
so

n
et

al
.
(2

01
6)

;
Z

h
u
an

g
et

al
.
(2

01
1)

.
T

h
e

m
ai

n
id

ea
b

eh
in

d
th

is
a
p
p
ro

a
ch

is
to

co
m

b
in

e
th

e
fl
ex

ib
il
it

y
of

d
ee

p
n
eu

ra
l

n
et

w
or

k
s,

in
w

h
ic

h
th

e
fe

at
u
re

d
et

ec
ti

o
n

in
th

e
d
a
ta

se
t

is
d
on

e
co

m
p
le

te
ly

au
to

m
at

ic
al

ly
,

w
it

h
th

e
ap

p
ro

x
im

at
io

n
p

ow
er

of
ke

rn
el

m
et

h
o
d
s,

in
w

h
ic

h
a

fe
at

u
re

m
ap

is
d
et

er
m

in
ed

b
y

th
e

ch
os

en
k
er

n
el

.
T

h
is

w
ay

,
th

e
n
eu

ra
l
n
et

w
o
rk

a
rc

h
i-

te
ct

u
re

le
ar

n
s

th
e

op
ti

m
al

ke
rn

el
th

at
b

es
t

re
p
re

se
n
ts

im
p

or
ta

n
t

fe
at

u
re

s
of

th
e

d
a
ta

fo
r

th
e

ta
sk

at
h
an

d
.

W
h
il
e

fi
rs

t
st

ep
s

to
w

ar
d
s

cr
ea

ti
n
g

a
m

at
h
em

at
ic

al
fr

am
ew

or
k

to
a
n
a
ly

ze
d
ee

p
n
eu

ra
l

n
et

w
or

k
s—

es
p

ec
ia

ll
y

fo
r

im
ag

e
cl

as
si

fi
ca

ti
on

ta
sk

s—
h
av

e
b

ee
n

m
ad

e
in

e.
g
.

M
a
ll
a
t

(2
01

6)
;
M

h
as

ka
r

et
al

.
(2

01
7)

;
M

on
ta

vo
n

et
al

.
(2

01
7)

,
d
ee

p
a
p
p
ro

x
im

at
io

n
th

eo
ry

fo
r

ke
rn

el
b
as

ed
ap

p
ro

ac
h
es

is
st

il
l

m
is

si
n
g

at
la

rg
e.

M
or

eo
ve

r,
th

e
u
n
d
er

ly
in

g
n
on

li
n
ea

r
m

in
im

iz
a
ti

o
n

p
ro

b
le

m
is

u
su

al
ly

ta
ck

le
d

b
y

si
m

p
le

gr
ad

ie
n
t

d
es

ce
n
t

an
d

h
eu

ri
st

ic
b
ac

k
p
ro

p
a
g
a
ti

o
n

a
lg

o
-

ri
th

m
s

w
it

h
ou

t
a

th
or

ou
gh

th
eo

re
ti

ca
l

a
n
al

y
si

s
o
f

it
s

p
ro

p
er

ti
es

.
A

n
in

it
ia

l
co

rn
er

st
o
n
e

fo
r

th
e

an
al

y
si

s
of

ch
ai

n
ed

ke
rn

el
ap

p
ro

x
im

at
io

n
s

h
as

b
ee

n
p
ro

v
id

ed
b
y

D
in

u
zz

o
(2

0
1
1
),

w
h
er

e
tw

o-
la

ye
r

k
er

n
el

n
et

w
or

k
s

w
er

e
co

n
si

d
er

ed
an

d
th

ei
r

re
la

ti
o
n

to
M

K
L

w
as

es
ta

b
li
sh

ed
.

H
ow

-
ev

er
,

an
an

al
y
si

s
o
f

d
ee

p
er

ke
rn

el
n
et

w
or

k
s

an
d

th
ei

r
co

n
n
ec

ti
on

to
M

L
M

K
L

h
a
s

n
o
t

b
ee

n
co

n
si

d
er

ed
so

fa
r.

In
th

is
p
ap

er
,

w
e

co
n
si

d
er

th
e

p
ro

b
le

m
of

op
ti

m
al

co
n
ca

te
n
at

ed
ap

p
ro

x
im

a
ti

o
n

in
re

-
p
ro

d
u
ci

n
g

k
er

n
el

H
il
b

er
t

sp
ac

es
,

w
h
ic

h
w

il
l

d
ir

ec
tl

y
le

a
d

to
a

va
ri

an
t

of
m

u
lt

i-
la

ye
r

ke
rn

el
le

ar
n
in

g
p
ro

b
le

m
s

an
d

w
il
l

ex
te

n
d

th
e

re
su

lt
s

ac
h
ie

ve
d

in
D

in
u
zz

o
(2

01
1)

.
F

o
r

th
is

cl
a
ss

,
w

e
w

il
l

p
ro

ve
a

re
p
re

se
n
te

r
th

eo
re

m
,

w
h
ic

h
al

lo
w

s
u
s

to
re

d
u
ce

th
e

n
on

li
n
ea

r,
p

o
te

n
ti

a
ll
y

in
fi
n
it

e-
d
im

en
si

on
al

op
ti

m
iz

at
io

n
p
ro

b
le

m
to

a
fi
n
it

e-
d
im

en
si

on
al

on
e.

C
on

se
q
u
en

tl
y,

st
a
n
-

d
ar

d
n
on

li
n
ea

r
op

ti
m

iz
at

io
n

te
ch

n
iq

u
es

ca
n

b
e

u
se

d
to

ta
ck

le
th

is
p
ro

b
le

m
.

A
t

le
a
st

to
o
u
r

k
n
ow

le
d
ge

,
th

is
is

th
e

fi
rs

t
d
er

iv
at

io
n

of
a

re
p
re

se
n
te

r
th

eo
re

m
fo

r
co

n
ca

te
n
a
te

d
fu

n
ct

io
n

ap
p
ro

x
im

at
io

n
in

th
e

li
te

ra
tu

re
.

It
is

al
so

va
li
d

fo
r

ce
rt

ai
n

ty
p

es
of

h
id

d
en

la
ye

r
n
eu

ra
l

n
et

w
or

k
s

an
d

d
ee

p
S
V

M
s.

T
h
e

re
m

ai
n
d
er

of
th

is
p
ap

er
is

or
ga

n
iz

ed
as

fo
ll
ow

s:
In

S
ec

ti
on

2,
w

e
b
ri

efl
y

re
v
ie

w
th

e
in

te
rp

ol
at

io
n

an
d

th
e

re
gr

es
si

on
p
ro

b
le

m
in

an
(p

os
si

b
ly

in
fi
n
it

e-
d
im

en
si

on
a
l)

R
K

H
S

a
n
d

d
is

cu
ss

h
ow

th
e

cl
as

si
ca

l
re

p
re

se
n
te

r
th

eo
re

m
al

lo
w

s
to

re
ca

st
th

es
e

p
ro

b
le

m
s

in
to

fi
n
it

e-
d
im

en
si

on
al

li
n
ea

r
eq

u
at

io
n

sy
st

em
s.

In
S
ec

ti
on

3,
w

e
in

tr
o
d
u
ce

th
e

op
ti

m
a
l

co
n

ca
te

n
a
te

d
ap

p
ro

x
im

at
io

n
p
ro

b
le

m
fo

r
ar

b
it

ra
ry

lo
ss

fu
n
ct

io
n
s

an
d

re
gu

la
ri

ze
rs

.
W

e
d
er

iv
e

a
re

p
re

se
n
-

te
r

th
eo

re
m

fo
r

th
is

p
ro

b
le

m
in

th
e

m
u
lt

i-
la

ye
r

ca
se

an
d

d
is

cu
ss

it
s

re
la

ti
on

to
d
ee

p
le

a
rn

in
g

an
d

m
u
lt

i-
la

y
er

m
u
lt

ip
le

ke
rn

el
le

ar
n
in

g
m

et
h
o
d
s.

F
u
rt

h
er

m
or

e,
w

e
ex

em
p
la

ri
ly

d
er

iv
e

a
l-

go
ri

th
m

s
fo

r
in

te
rp

ol
at

io
n

an
d

le
as

t-
sq

u
ar

es
re

gr
es

si
on

in
th

e
tw

o-
la

ye
r

ca
se

fr
o
m

it
.

T
h
e

la
tt

er
w

il
l

b
e

a
n
at

u
ra

l
ge

n
er

al
iz

at
io

n
of

th
e

R
L

S
2

m
et

h
o
d

d
ev

el
op

ed
in

D
in

u
zz

o
(2

0
1
1
),

w
h
ic

h
on

ly
d
ea

ls
w

it
h

a
li
n
ea

r
ou

te
r

ke
rn

el
.

S
ec

ti
on

4
il
lu

st
ra

te
s

th
e

ap
p
li
ca

ti
o
n

o
f

o
u
r

co
n
ca

te
n
at

ed
in

te
rp

ol
at

io
n

an
d

re
gr

es
si

on
al

go
ri

th
m

s
to

tw
o

si
m

p
le

ex
a
m

p
le

s
a
n
d

se
rv

es
as

a
p
ro

of
of

co
n
ce

p
t.

F
in

al
ly

,
w

e
co

n
cl

u
d
e

w
it

h
a

su
m

m
ar

y
an

d
an

ou
tl

o
ok

in
S
ec

ti
o
n

5
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
K
e
r
n
e
l
L
e
a
r
n
in
g

2
.

In
te

rp
o
la

tio
n

a
n
d

re
g
re

ssio
n

in
re

p
ro

d
u
cin

g
k
e
rn

e
l

H
ilb

e
rt

sp
a
ce

s

In
th

is
section

w
e

sh
ortly

rev
iew

in
terp

olation
an

d
least-sq

u
ares

regression
p
ro

b
lem

s,
re-

sp
ectively,

in
a
n

R
K

H
S
.

T
o

th
is

en
d
,

w
e

con
sid

er
th

e
stan

d
ard

rep
resen

ter
th

eorem
an

d
sh

ow
h
ow

it
h
elp

s
to

fi
n
d

an
in

terp
olan

t/regressor.

2
.1

.
In

te
rp

o
la

tio
n

L
et

Ω
⊂

R
d

b
e

an
op

en
d
om

ain
an

d
let

th
e

p
airw

ise
d
isjoin

t
p

oin
ts
X

:=
{x

1 ,...,x
N }
⊂

Ω
a
n
d

th
e

va
lu

es
Y

:=
{
y

1 ,...,y
N }
⊂

R
b

e
given

.
L

et
fu

rth
erm

ore
H

:=
H

(Ω
,R

)
b

e
a

rep
ro-

d
u
cin

g
kern

el
H

ilb
ert

sp
ace

of
real-valu

ed
fu

n
ction

s
on

Ω
.

T
h
e

m
in

im
al

n
orm

in
terp

olan
t

is
f
∗X
,Y

:=
arg

m
in

f∈
H
‖
f‖

H
su

ch
th

at
f

(x
i )

=
y
i
∀
i

=
1,...,N

.
(1)

T
h
e

cla
ssical

rep
resen

ter
th

eorem
,

see
e.g.

S
ch

ölkop
f

an
d

S
m

ola
(2002);

S
tein

w
art

an
d

C
h
ristm

an
n

(2
0
08)

for
scalar-valu

ed
fu

n
ction

s
an

d
M

icch
elli

an
d

P
on

til
(2005)

for
v
ector-

valu
ed

fu
n
ctio

n
s,

n
ow

states
th

at
f
∗X
,Y

can
b

e
w

ritten
as

a
fi

n
ite

lin
ear

com
b
in

ation
of

kern
el

eva
lu

a
tio

n
s

in
th

e
d
ata,

n
am

ely

f
∗X
,Y

(x
)

=
N
∑i=

1

α
∗i K

(x
i ,x

),
(2)

w
h
ere

K
:

Ω
×

Ω
→

R
d
en

otes
th

e
rep

ro
d
u
cin

g
kern

el
of
H

an
d
α
∗i
∈

R
,i

=
1,...,N

,
a
re

th
e

co
rresp

on
d
in

g
co

effi
cien

ts.
F

or
d
etails

on
R

K
H

S
,

see
A

ron
sza

jn
(1950

).
T

h
erefore,

th
e

solu
tio

n
to

th
e

p
ossib

ly
in

fi
n
ite-d

im
en

sion
al

op
tim

ization
p
rob

lem
(1)

resid
es

in
th

e
N

-d
im

en
sio

n
a
l

sp
an

of
th

e
fu

n
ction

s
K

(x
i ,·),i

=
1,...,N

.
T

o
com

p
u
te

th
e

co
effi

cien
ts,

w
e

sim
p
ly

h
av

e
to

solv
e

th
e

sy
stem

M
X
,X
α
∗

=
y

(3)

o
f

lin
ea

r
eq

u
a
tion

s
w

ith

M
X
,X

:=


K

(x
1 ,x

1 )
...

K
(x

1 ,x
N

)
...

...
...

K
(x

N
,x

1 )
...

K
(x

N
,x

N
) 

,
α
∗

:=


α
∗1...

α
∗N 

an
d
y

:=


y

1...y
N 

.
(4)

N
o
te

th
a
t

th
is
N
×
N

sy
stem

ad
m

its
a

u
n
iq

u
e

solu
tion

if
th

e
kern

el
K

is
strictly

p
ositive

d
efi

n
ite.

F
o
r

ex
am

p
le,

for
S
ob

olev
k
ern

els
it

can
b

e
sh

ow
n

th
at

th
e

con
d
ition

n
u
m

b
er

of
th

e
sy

stem
m

a
trix

M
X
,X

on
ly

grow
s

m
o
d
erately

w
ith

th
e

size
N

p
rov

id
ed

th
at

th
e

d
a
ta

p
o
in

ts
a
re

q
u
a
si-u

n
iform

ly
d
istrib

u
ted

,
see

d
e

M
arch

i
an

d
S
ch

ab
ack

(2
01

0).
M

oreover,
fo

r
in

fi
n
itely

sm
o
oth

kern
el

fu
n
ction

s
(e.g.

G
au

ssian
kern

els
or

m
u
ltiq

u
ad

rics)
it

can
b

e
n
ecessa

ry
to

p
erform

an
ap

p
rop

riate
b
asis

ch
an

ge
b

efore
solv

in
g

th
e

ab
ove

eq
u
ation

sy
stem

,
see

e.g
.

W
en

d
la

n
d

(2005).

2
.2

.
L

e
a
st-sq

u
a
re

s
re

g
re

ssio
n

In
rea

l-w
orld

ap
p
lication

s,
th

e
valu

es
y
i ,i

=
1,...,N

are
u
su

ally
n
ot

ex
actly

given
,

b
u
t

are
p

ertu
rb

ed
b
y

som
e

n
oise

term
.

T
h
erefore,

a
d
irect

in
terp

olation
m

igh
t

n
o

lo
n
ger

b
e

ap
-

p
ro

p
ria

te.
In

th
is

case,
on

e
con

sid
ers

th
e

corresp
on

d
in

g
reg

u
larized

least-sq
u
ares

regression
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B
o
h
n
,
G
r
ie
b
e
l
a
n
d

R
ie
g
e
r

p
rob

lem

f
λX
,Y

:=
arg

m
in

f∈
H

λ‖
f‖

2H
+

N
∑j=

1 |f
(x

i )−
y
i | 2,

(5)

w
h
ere

th
e

sid
e

con
d
ition

in
(1)

is
su

b
stitu

ted
b
y

a
p

en
a
lty

term
.

H
ere,

th
e

L
agran

ge
m

u
l-

tip
lier

λ
w

eigh
ts

th
e

im
p

ortan
ce

of
th

e
n
orm

m
in

im
iza

tion
again

st
th

e
fu

n
ction

eva
lu

ation
error.

A
gain

,
th

e
rep

resen
ter

th
eorem

M
icch

elli
a
n
d

P
on

til
(2005);

S
ch

ölkop
f

an
d

S
m

ola
(2002);

S
tein

w
art

an
d

C
h
ristm

an
n

(2008)
tells

u
s

th
at
f
λX
,Y

is
of

th
e

form
(2),

i.e.

f
λX
,Y

(x
)

=
N
∑i=

1

α
λi K

(x
i ,x

).

T
h
is

tim
e

th
e

co
effi

cien
ts
α
λi ,i

=
1,...,N

,
are

d
eterm

in
ed

b
y

(M
X
,X

+
λ
I

)
α
λ

=
y
,

(6)

w
h
ere

I
d
en

otes
th

e
N
×
N

id
en

tity
m

atrix
.

T
h
e

size
of

th
e

L
agran

ge
p
aram

eter
λ
>

0
n
ow

also
in

fl
u
en

ces
th

e
con

d
ition

n
u
m

b
er

of
th

e
sy

stem
m

atrix
,

i.e.
th

e
larger

λ
is,

th
e

sm
aller

th
e

con
d
ition

n
u
m

b
er

b
ecom

es.

3
.

In
te

rp
o
la

tio
n

a
n
d

re
g
re

ssio
n

w
ith

co
m

p
o
sitio

n
s

o
f

re
p
ro

d
u
cin

g
k
e
rn

e
l

H
ilb

e
rt

sp
a
ce

s

A
s

alread
y

m
en

tion
ed

in
th

e
in

tro
d
u
ction

,
th

e
stan

d
ard

in
terp

olation
an

d
regression

algo-
rith

m
s

in
R

K
H

S
w

ork
w

ell
if

th
e

sam
p
les

y
i

are
(p

ertu
rb

ed
)

evalu
ation

s
of

a
fu

n
ction

g
∈
H

,
w

h
ere

th
e

rep
ro

d
u
cin

g
k
ern

el
sp

ace
H

is
k
n
ow

n
in

th
e

fi
rst

p
lace.

H
ow

ev
er,

if
th

e
ap

p
ro-

p
riate

R
K

H
S
H

is
u
n
k
n
ow

n
,

it
is

ad
v
isab

le
to

resort
to

m
u
ltip

le
k
ern

el
learn

in
g

m
eth

o
d
s

or
m

u
lti-layer

m
u
ltip

le
kern

el
learn

in
g

m
eth

o
d
s.

W
e

n
ow

ex
p
lain

th
is

asp
ect

in
m

ore
d
etail

a
n
d
,

to
th

is
en

d
,

m
otivate

a
fi
rst

tw
o-

d
im

en
sion

al,
tw

o-layer
ap

p
roach

w
ith

an
ex

am
p
le:

L
et

th
e

kern
el
K

of
H

b
e

a
ten

sor-
p
ro

d
u
ct

of
tw

o
u
n
ivariate

M
atérn

S
ob

olev
k
ern

els
of

ord
er

on
e

on
R

,
see

S
ection

4
for

a
d
efi

n
ition

of
th

is
kern

el.
T

h
e

corresp
on

d
in

g
fu

n
ction

sp
ace

H
is

often
also

called
S
ob

olev
sp

ace
of

“m
ix

ed
sm

o
oth

n
ess”

of
ord

er
o
n
e

an
d

it
is

of
sp

ecial
im

p
ortan

ce
for

e.g.
sp

arse
grid

d
iscretization

s,
see

B
u
n
gartz

an
d

G
rieb

el
(2004),

a
n
d

q
u
asi

M
on

te
C

arlo
q
u
ad

ratu
re,

see
H

in
rich

s
et

al.
(2016).

N
ow

,
let

u
s

con
sid

er
th

e
con

tin
u
ou

s
fu

n
ction

g
1 (x

,y
)

:=
(0
.1

+
|x|) −

1,
w

h
ich

h
as

a
k
in

k
th

at
is

p
erp

en
d
icu

lar
to

th
e
x

-ax
is.

It
can

easily
b

e
sh

ow
n

th
at
g

1
∈
H

an
d
,

th
erefore,

th
e

in
terp

olan
t

of
g

1
b
y

a
fu

n
ction

from
H

resem
b
les

a
g
o
o
d

ap
p
rox

im
ation

to
g

1 ,
see

F
igu

re
1(a).

If
w

e
n
ow

lo
ok

at
g

2 (x
,y

)
:=

(0.1
+
|x
−
y|) −

1,
w

h
ich

h
as

a
k
in

k
alon

g
th

e
d
iagon

al
w

ith
x

=
y
,

th
en

g
2
/∈
H

.
T

h
erefore,

th
e

in
terp

olan
t

of
g

2
b
y

a
fu

n
ction

in
H

is
a

rath
er

b
ad

ap
p
rox

im
ation

to
g

2 .
T

h
is

can
b

e
seen

in
F

igu
re

1
(b

).
H

ow
ev

er,
if

w
e

let
R
−

1
b

e
a

rotation
b
y

45 ◦,
th

en
g

2 ◦
R
−

1
∈
H

w
ou

ld
h
ave

an
ax

is-align
ed

k
in

k
like

g
1 .

T
o

u
se

th
is

fa
ct

w
h
en

in
terp

olatin
g
g

2 ,
w

e
can

sim
p
ly

lo
ok

for
th

e
b

est
in

terp
olan

t
in

{f
◦
R
|
f
∈
H
}

in
(1)

in
stead

of
f
∈
H

.
T

h
is

ex
am

p
le

is
illu

strated
in

F
igu

re
1(c).

A
s

w
e

can
see,

th
e

in
terp

olan
t

in
F

igu
re

1(c)
is

a
m

u
ch

b
etter

rep
resen

tative
for

g
2

th
an

th
e

on
e

in
F

igu
re

1(b
).

T
h
is

ex
am

p
le

illu
strates

th
at,

alread
y

in
th

e
very

sim
p
le

case
of

em
p
loy

in
g

a
con

caten
ation

w
ith

a
rotation

,
a

tw
o-lay

er
ap

p
roach

can
b

e
a

go
o
d

ch
oice

to
overcom

e
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r
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)
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∈
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ol
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va
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p
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n
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S
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of
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d
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sh
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d
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it
h

20
0

u
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sa
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p
le

s
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=
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0

(m
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b
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sh
ow

n
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e

d
om

ai
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1,

1]
2
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(a
)

d
ep
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ts
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e

so
lu
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on

f
∈
H

fo
r

va
lu

es
y i

sa
m

p
le

d
fr

om
g 1

,
w

h
er

ea
s

(b
)

sh
ow

s
th

e
op

ti
m

al
so

lu
ti

on
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r
y i

sa
m

p
le

d
fr

om
g 2

.
(c

)
p
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se
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th
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b
es

t
in

te
rp

ol
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e
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R

,
w

h
er

e
f
∈
H

an
d
R

is
a

ro
ta

ti
on

b
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45
◦

fo
r
y i

sa
m

p
le

d
fr

om
g 2

.
F

or
re
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on

s
of
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m

p
ar
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il
it

y,
w

e
re

st
ri
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ed

ou
r

re
p
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se
n
ta
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n

to
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1
,1
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h
er

e,
al

th
ou

gh
so

m
e

d
at

a
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w
er

e
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e
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b
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ap
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ro
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ke
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d
efi
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th

e
w

h
ol

e
R

2
.

th
e

re
st

ri
ct

io
n
s

of
a

st
an

d
ar

d
ke

rn
el

le
ar

n
in

g
al

go
ri

th
m

.
L

et
u
s

re
m

ar
k

th
at
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re

ad
y

th
is

m
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iv
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in
g

ex
am

p
le
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s

a
fu

n
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ta

ll
y

d
iff

er
en
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se

tt
in

g
fr

om
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e
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n
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n
si

d
er

ed
in

D
in

u
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(2

01
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b
ec

au
se

of
th

e
n
on

li
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ea

ri
ty

of
th

e
ou

te
r

ke
rn

el
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W
h
il
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th
e

R
L

S
2
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lg

or
it

h
m

in
tr

o
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d
th

er
e
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n

b
e

in
te
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an

M
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L
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t,
w

h
er

e
a

co
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ve

x
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m
b
in

at
io

n
of

gi
ve
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ke
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fu
n
ct
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n
s

is
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m
p
u
te

d
,

w
e

ar
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lo
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in
g

fo
r

an
in

n
er

fu
n
ct

io
n
,

w
h
ic

h
tr

an
sf

or
m

s
th

e
d
om

ai
n

in
su

ch
a

w
ay

th
at

it
is

op
ti

m
al

fo
r

th
e

(p
o
ss

ib
ly

n
o
n
li
n
ea

r)
o
u
te

r
ke

rn
el

.

N
ow

,
in

st
ea

d
of

ju
st

co
n
si

d
er

in
g

on
e

la
ye

r
of

si
m

p
le

ro
ta

ti
on

s
as

in
th

e
ab

ov
e

ex
a
m

p
le

,
w

e
al

lo
w

fo
r

a
fu

ll
y

fl
ex

ib
le

m
u
lt

i-
la

ye
r

ke
rn

el
le

ar
n
in

g
ap

p
ro

ac
h
,

w
h
er

e
w

e
em

p
lo

y
ar

b
it

ra
ry

fu
n
ct

io
n
s

fr
om

re
p
ro

d
u
ci

n
g

k
er

n
el

H
il
b

er
t

sp
ac

es
in

ea
ch

la
ye

r.
T

h
is

ap
p
ro

a
ch

ca
n

su
cc

es
s-

fu
ll
y

d
ea

l
w

it
h

a
m

u
ch

b
ro
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er
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s
of

in
te
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ol

at
io

n
an

d
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gr
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si
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p
ro

b
le

m
s,

se
e

al
so

R
eb

ai
et

al
.

(2
01

6)
;

Z
h
u
an

g
et

al
.

(2
01

1)
.

T
o

th
is

en
d
,

w
e

co
n
si

d
er

co
n

ca
te

n
a
te

d
m

ac
h
in

e
le

ar
n
in

g
p
ro

b
le

m
s.

W
e

in
tr

o
d
u
ce

a
n
ew
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p
re

se
n
te

r
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eo
re

m
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r
th

e
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u
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n
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n
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n
s
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fu

n
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n
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R
K

H
S
,
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h
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h
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s
u
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to
d
er

iv
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re
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n
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d
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a
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n
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p
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b
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in
g

In
th

is
se

ct
io

n
,

w
e

sh
ow

h
ow

a
co

n
ca

te
n

a
te

d
re

p
re

se
n

te
r

th
eo

re
m

ca
n

b
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b
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b
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b
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∈
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p
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re
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h
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Ṽ
l
⊂
H
l

fo
r

a
ll
l

=
1,
..
.,
L

w
it

h

Ṽ
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Ṽ
l

an
d

Π
⊥ Ṽ
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p
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=
1,
..
.,
L

.
F

ir
st

,
w

e
n
ot

e
th

at

f l
◦f

l+
1
◦.
..
◦f

L
(x

i)
=

d
l
∑ k

=
1

( Π
Ṽ
l
(f
l)

+
Π
Ṽ
⊥ l

(f
l)
,K

l
(f
l+

1
◦.
..
◦f

L
(x

i)
,·)
e
k

) H
l

·e
k

=

d
l
∑ k

=
1

( Π
Ṽ
l
(f
l)
,K

l
(f
l+

1
◦.
..
◦f

L
(x

i)
,·)
e
k

) H
l

·e
k

=

d
l
∑ k

=
1

( e
T k

Π
Ṽ
l
(f
l)

(f
l+

1
◦.
..
◦f

L
(x

i)
))
·e

k

=
Π
Ṽ
l
(f
l)

(f
l+

1
◦.
..
◦f

L
(x

i)
)

fo
r

al
l
i

=
1,
..
.,
N

an
d
l

=
1,
..
.,
L

.
S
in

ce
th

is
h
ol

d
s

fo
r

ea
ch

fu
n
ct

io
n

in
th

e
ch

a
in

,
w

e
ca

n
it

er
at

e
th

is
p
ro

ce
ss

to
ob

ta
in

f l
◦f

l+
1
◦.
..
◦f

L
(x

i)
=

Π
Ṽ
l
(f
l)
◦Π

Ṽ
l+

1
(f
l+

1
)
◦.
..
◦Π

Ṽ
L

(f
L

)
(x

i)
(8

)

fo
r

ea
ch

l
=

1,
..
.,
L

.
T

h
er

ef
or

e,
w

e
h
av

e

J
(f

1
,.
..
,f
L

)
=

N ∑ i=
1

L
( y i

,Π
Ṽ

1
(f

1
)
◦.
..
◦Π

Ṽ
L
(f
L

)(
x
i)
)

+
L ∑ l=

1

Θ
l

( ‖
Π
Ṽ
l
(f
l)
‖2 H

l
+
‖Π

Ṽ
⊥ l

(f
l)
‖2 H

l

)
≥
J

(Π
Ṽ

1
(f

1
),
..
.,

Π
Ṽ
L
(f
L

))

an
d

eq
u
al

it
y

on
ly

h
ol

d
s

if
f l
∈
Ṽ
l

fo
r

ea
ch
l

=
1,
..
.,
L

b
ec

au
se

of
th

e
st

ri
ct

m
o
n
o
to

n
ic

it
y

of
ea

ch
Θ
l.

T
h
is

co
m

p
le

te
s

th
e

p
ro

of
.

N
ot

e
th

at
th

eo
re

m
1

al
so

h
ol

d
s

fo
r

J
(f

1
,.
..
,f
L

)
:=
L

(y
1
,f

1
◦.
..
◦f

L
(x

1
),
..
.,
y N
,f

1
◦.
..
f L

(x
N

))
+

L ∑ l=
1

Θ
l

( ‖
f l
‖2 H

l

)

w
it

h
ar

b
it

ra
ry

lo
ss
L

:
( R

2
) N
→

[0
,∞

].
H

ow
ev

er
,

th
e

ve
rs

io
n

w
e

p
ro

ve
d

a
b

ov
e

is
m

o
re

co
n
si

st
en

t
w

it
h

th
e

re
m

ai
n
d
er

of
th

is
p
ap

er
.

F
u
rt

h
er

m
or

e,
b

ec
au

se
of

(8
),

w
e

co
u
ld

a
ls

o
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
K
e
r
n
e
l
L
e
a
r
n
in
g

sta
te

a
n

even
m

ore
gen

eral
version

of
T

h
eorem

1
w

h
ere

th
e

loss
fu

n
ction

L
n
ot

on
ly

d
ep

en
d
s

o
n

th
e

p
o
in

t
eva

lu
ation

s
f

1 ◦
...◦

f
L

(x
i )

for
i

=
1,...,N

,
b
u
t

also
on

th
e

in
term

ed
iate

valu
es

f
l ◦
...◦

f
L

(x
i )

for
an

y
l

=
2,...,L

.
H

ow
ever,

for
th

e
sake

of
read

a
b
ility,

w
e

p
ro

ceed
w

ith
(7

).
T

h
eo

rem
1

n
ow

states
th

at

(f
1 ,...,f

L
)

=
arg

m
in

f̄
l ∈H

l
l=

1
,...,L

J
(f̄

1 ,...,f̄
L

)
=

arg
m

in
f̄
l ∈
Ṽ
l

l=
1
,...,L

J
(f̄

1 ,...,f̄
L

)
(9)

w
ith

J
from

(7
).

T
h
is

m
ean

s
th

at
th

e
(p

ossib
ly

)
in

fi
n
ite-d

im
en

sion
al

o
p
tim

ization
p
rob

lem

arg
m

in
f̄
l ∈H

l
l=

1
,...,L

J
(f̄

1 ,...,f̄
L

)

ca
n

b
e

reca
st

in
to

th
e

fi
n
ite-d

im
en

sion
al

op
tim

ization
p
rob

lem

arg
m

in
f̄
l ∈
Ṽ
l

l=
1
,...,L

J
(f̄

1 ,...,f̄
L

).

In
th

is
w

ay,
o
u
r

rep
resen

ter
th

eorem
is

a
d
irect

ex
ten

sion
o
f
th

e
classical

rep
resen

ter
th

eo
rem

,
see

S
ectio

n
2

a
n
d

S
ch

ölkop
f

an
d

S
m

ola
(2002),

to
con

caten
ated

fu
n
ction

s.
W

e
ob

tain
th

at
th

e
so

lu
tio

n
to

(9)
is

given
b
y

a
lin

ear
com

b
in

ation
of

at
m

o
st
N

b
asis

fu
n
ction

s
in

each
layer.

T
h
erefo

re,
th

e
overall

n
u
m

b
er

of
d
egrees

of
freed

om
in

th
e

u
n
d
erly

in
g

op
tim

ization
p
ro

b
lem

(9
)

is
given

b
y

#
d
of

=
L
∑l=

1

d
im
(
Ṽ
l )

=
L
∑l=

1

N
·
d
l

=
N
· (

1
+

L
∑l=

2

d
l )
.

A
cco

rd
in

g
to

T
h
eorem

1,
w

e
can

w
rite

f
1

as

f
1 (·)

=
N
∑j=

1

α
j K

1
(f

2 ◦
...◦

f
L

(x
j ),·)

fo
r

so
m

e
co

effi
cien

ts
α
j ∈

R
.

T
h
erefore,

th
e

con
caten

a
ted

fu
n
ction

h
(·)

=
f

1 ◦
...◦

f
L

(·),
w

h
ich

w
e

a
re

in
terested

in
,

can
b

e
ex

p
ressed

as

h
(·)

=
N
∑j=

1

α
j K

L
(x

j ,·)

w
ith

th
e

d
eep

kern
elK

L
(x
,y

)
=
K

1
(f

2 ◦
...◦

f
L

(x
),f

2 ◦
...◦

f
L

(y
))
.

(10)

D
u
e

to
th

e
d
efi

n
ition

of
Ṽ
l

for
l

=
1
,...,L

,
th

e
corresp

on
d
in

g
f
l

is
d
efi

n
ed

recu
rsively.

In
g
en

era
l,

it
is

th
u
s

n
ot

p
ossib

le
to

sim
p
ly

w
rite

d
ow

n
a

closed
form

u
la

forK
L

fo
r

arb
itrary

7
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B
o
h
n
,
G
r
ie
b
e
l
a
n
d

R
ie
g
e
r

L
.

T
o

illu
strate

th
e

stru
ctu

re
of

th
e

k
ern

elK
L

,
w

e
th

erefore
con

sid
er

a
tw

o-layer
ex

am
-

p
le

w
ith

L
=

2
in

th
e

follow
in

g.
In

th
is

case,
w

e
o
b
ta

in
Ṽ

2
=

sp
an{

K
2 (x

i ,·)e
k

2
|
i

=
1,...,N

an
d
k

2
=

1,...,d
2 }

.
F

rom
T

h
eorem

1
,

w
e

k
n
ow

th
at

f
2 (·)

=
N
∑i=

1

d
2
∑k
2
=

1

c
i,k

2 K
2 (x

i ,·)e
k

2

for
certain

co
effi

cien
ts
c
i,k

2 ∈
R

.
F

u
rth

erm
ore,

w
e

h
ave

th
at
f

1 ∈
Ṽ

1
=

sp
an{

K
1 (f

2 (x
i ),·)|

i
=

1,...,N
}

an
d

th
u
s

f
1 (·)

=
N
∑j=

1

α
j K

1 
N
∑i=

1

d
2
∑k
2
=

1

c
i,k

2 K
2 (x

i ,x
j )e

k
2 ,· 

.

T
h
e

con
caten

ated
fu

n
ction

is
th

en
given

b
y
h

(·)
:=

f
1 ◦

f
2 (·)

=
∑

Nj=
1
α
j K

2(x
j ,·)

w
ith

th
e

com
p

osition
kern

el

K
2(x

,y
)

=
K

1 
N
∑i=

1

d
2
∑k
2
=

1

c
i,k

2 K
2 (x

i ,x
)e
k

2 ,
N
∑i=

1

d
2
∑k
2
=

1

c
i,k

2 K
2 (x

i ,y
)e
k

2 
.

(11)

T
h
erefore,

in
stead

of
con

sid
erin

g
th

e
in

fi
n
ite-d

im
en

sion
al

op
tim

ization
p
rob

lem
of

fi
n
d
in

g
f

1 ∈
H

1
an

d
f

2 ∈
H

2
th

at
m

in
im

ize

J
(f

1 ,f
2 )

=
N
∑i=

1 L
(y
i ,f

1 (f
2 (x

i )))
+

Θ
1 (‖f

1 ‖
2H

1 )
+

Θ
2 (‖

f
2 ‖

2H
2 )
,

w
e

can
restrict

ou
rselves

to
fi
n
d
in

g
th

e
N

+
N
·
d

2
co

effi
cien

ts
α
j ,c

i,k
2

for
i,j

=
1,...,N

an
d
k

2
=

1,...,d
2 .

N
ote

at
th

is
p

oin
t

th
at

th
e

p
rob

lem
of

fi
n
d
in

g
th

ese
co

effi
cien

ts
is

h
igh

ly
n
on

lin
ear

an
d

b
ecom

es
m

ore
com

p
licated

for
a

larger
n
u
m

b
er

of
layers

L
.

W
h
ile

th
e

corresp
on

d
in

g
p
rob

lem
of

op
tim

izin
g

th
e

ou
term

ost
co

effi
cien

ts,
i.e.

α
j

for
j

=
1,...,N

in
ou

r
ex

am
p
le,

is
still

con
vex

if
th

e
loss
L

an
d

th
e

p
en

alty
term

s
Θ

1 ,Θ
2

are
co

n
vex

,
th

e
op

tim
ization

of
th

e
in

n
er

co
effi

cien
ts,

i.e.
c
i,k

2
for

i
=

1,...,N
an

d
k

2
=

1,...,d
2 ,

is
u
su

ally
n
ot

co
n
vex

an
y
m

ore
an

d
can

h
ave

m
an

y
lo

cal
m

in
im

a.
H

ere,
fi
n
d
in

g
a

glob
al

m
in

im
u
m

is
an

issu
e

b
ecau

se
stan

d
ard

(iterativ
e)

op
tim

ization
m

eth
o
d
s

stron
gly

d
ep

en
d

on
th

e
ch

osen
in

itial
valu

e
an

d
u
su

ally
ju

st
d
eliv

er
som

e
lo

cal
m

in
im

u
m

.
If

th
e

op
tim

ization
fu

n
ction

al
J

is
sm

o
oth

,
on

e
can

rely
on

a
N

ew
ton

-ty
p

e
m

in
im

izer
su

ch
as

B
F

G
S

to
solve

th
e

u
n
d
erly

in
g

op
tim

ization
p
rob

lem
.

H
ow

ev
er,

if
on

e
d
eals

w
ith

n
on

sm
o
oth

loss
fu

n
ction

als
or

p
en

alty
term

s,
on

e
sh

ou
ld

resort
to

sp
ecifi

cally
d
esign

ed
sto

ch
astic

grad
ien

t
algorith

m
s

w
h
ich

fi
t

th
e

p
rob

lem
at

h
an

d
,

see
e.g.

R
ed

d
i

et
al.

(2016).
It

rem
ain

s
to

n
ote

th
at

ou
r

rep
resen

ter
th

eorem
covers

m
u
ch

m
ore

th
an

ju
st

in
terp

olation
or

least-sq
u
ares

regression
algorith

m
s.

In
th

e
sam

e
fa

sh
ion

as
th

e
stan

d
ard

rep
resen

ter
th

eorem
in

S
ch

ölkop
f

an
d

S
m

ola
(2002),

it
can

d
irectly

b
e

ap
p
lied

to
m

ore
in

volved
settin

gs
su

ch
as

regression
w

ith
a

con
caten

ation
of

su
p
p

ort
vector

m
ach

in
es

for
in

stan
ce.

T
o

th
is

en
d
,

ju
st

ch
o
ose
L

to
b

e
th

e
ε-in

sen
sitive

loss
fu

n
ction

an
d

Θ
1 (x

)
=
...

=
Θ
L

(x
)

=
x

.
F

u
rth

erm
ore,

th
e

ch
oice

of
th

e
ad

d
itive

p
en

alties
Θ

1 ,...,Θ
L

in
(7)

is
rath

er
arb

itrary
an

d
on

e
cou

ld
th

in
k

of
m

ore
com

p
lex

in
teraction

s
b

etw
een

th
e

p
en

alties
for

each
fu

n
ction

f
l ,l

=
1,...,L

,
as

lon
g

as
th

e
argu

m
en

ts
in

th
e

p
ro

of
of

T
h
eorem

1
rem

ain
valid

.
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
K
e
r
n
e
l
L
e
a
r
n
in
g

3
.2

.
A

n
in

fi
n

it
e
-s

a
m

p
le

re
p

re
se

n
te

r
th

e
o
re

m
fo

r
c
o
n

c
a
te

n
a
te

d
k
e
rn

e
l

le
a
rn

in
g

A
ft

er
d
er

iv
in

g
th

e
re

p
re

se
n
te

r
th

eo
re

m
1

fo
r

th
e

ca
se

of
m

u
lt

i-
la

ye
r

k
er

n
el

ap
p
ro

x
im

at
io

n
s,

w
e

n
ow

ex
te

n
d

ou
r

re
su

lt
s

to
th

e
ca

se
of

in
fi
n
it

el
y

m
an

y
sa

m
p
le

s.
T

h
is

h
as

to
b

e
u
n
d
er

st
o
o
d

in
an

al
og

y
to

th
e

re
su

lt
s

in
ch

ap
te

r
5

of
S
te

in
w

ar
t

an
d

C
h
ri

st
m

an
n

(2
00

8
),

w
h
er

e
su

ch
an

in
fi
n
it

e-
sa

m
p
le

re
p
re

se
n
te

r
th

eo
re

m
is

p
ro

v
id

ed
fo

r
th

e
si

n
gl

e-
la

y
er

ca
se

.
A

lt
h
o
u
gh

su
ch

a
re

su
lt

ca
n

u
su

al
ly

n
ot

d
ir

ec
tl

y
b

e
ap

p
li
ed

to
a

p
ra

ct
ic

al
p
ro

b
le

m
u
n
le

ss
th

e
d
is

tr
ib

u
ti

on
of

th
e

d
at

a
p

oi
n
ts

is
k
n
ow

n
,

it
ca

n
se

rv
e

as
a

co
rn

er
st

on
e

fo
r

th
e

an
al

y
si

s
of

ro
b
u
st

n
es

s
w

it
h

re
sp

ec
t

to
a

m
ea

su
re

ch
an

ge
an

d
ca

n
le

ad
to

a-
p
ri

or
i

co
n
ve

rg
en

ce
re

su
lt

s,
se

e
S
te

in
w

ar
t

an
d

C
h
ri

st
m

an
n

(2
00

8)
.

W
e

w
il
l
re

st
ri

ct
th

e
lo

ss
fu

n
ct

io
n

to
b

e
an

L
-t

im
es

d
iff

er
en

ti
ab

le
N

em
it

-
sk

i
lo

ss
fo

r
th

e
fo

ll
ow

in
g

th
eo

re
m

.
F

or
a

d
efi

n
it

io
n
,

w
e

re
fe

r
to

S
te

in
w

ar
t

an
d

C
h
ri

st
m

an
n

(2
00

8)
or

ou
r

ap
p

en
d
ix

,
w

h
er

e
w

e
d
efi

n
e

a
n

ev
en

m
or

e
ge

n
er

al
ty

p
e

o
f

N
em

it
sk

i
ve

ct
o
r

lo
ss

.
N

ot
e

th
at

,
w

h
en

w
e

re
fe

r
to

co
n
ve

x
it

y
or

d
iff

er
en

ti
a
b
il
it

y
of

N
em

it
sk

i
lo

ss
es

or
re

p
ro

d
u
ci

n
g

ke
rn

el
s,

th
is

sh
ou

ld
al

w
ay

s
b

e
u
n
d
er

st
o
o
d

w
it

h
re

sp
ec

t
to

th
e

se
co

n
d

ar
gu

m
en

t,
i.
e.

d
K

(x
,z

)
sh

ou
ld

b
e

u
n
d
er

st
o
o
d

as
∂ ∂
z
K

(x
,z

).
In

th
e

fo
ll
ow

in
g,

w
e

d
en

ot
e

b
y
B(
X
,Y

)
th

e
sp

ac
e

of
b

ou
n
d
ed

li
n
ea

r
op

er
at

or
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.
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r
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>
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∈
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d
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∈
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∫ Ω
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p
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e
m

a
rg

in
a
l

d
is

tr
ib

u
ti

o
n

o
f
P

w
.r

.t
.

th
e

se
co

n
d

va
ri

a
b

le
.

9
JM

L
R

 2
0(

64
):

1-
32

, 2
01

9

B
o
h
n
,
G
r
ie
b
e
l
a
n
d

R
ie
g
e
r

fu
n
ct

io
n
s,

se
e

al
so

d
efi

n
it

io
n

5.
L

et
g i
∈
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→
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=
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d
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=
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b
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h
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w
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w
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p
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d
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b
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1 ◦
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b
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b
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d
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b
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a
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d
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ke
rn

el
H

il
b

er
t

sp
ac

es
,

i.
e.

th
er

e
is

a
n

(o
u
te

r)
ke

rn
el
K

:=
K

1
:

Φ
×

Φ
→

R
fo

r
H

(Φ
,R

)
su

ch
th

at

K
(x
,·)
∈
H

(Φ
,R

)
fo

r
al

l
x
∈

Ω
,

f
(x

)
=

(f
,K

(x
,·)

) H
(Φ
,R

)
fo

r
al

l
x
∈

Ω
an

d
al

l
f
∈
H

(Φ
,R

)
.

T
h
e

fu
n
ct

io
n

sp
ac

e
H

(Ω
,Φ

)
is

as
su

m
ed

to
b

e
a

ve
ct

or
-v

al
u
ed

R
K

H
S
,
i.
e.

th
er

e
is

a
n

(i
n
n
er

)
ke

rn
el
K

:
Ω
×

Ω
→

R
D
×
D

su
ch

th
at

K
(x
,·)
c
∈
H

(Ω
,Φ

)
fo

r
al

l
x
∈

Ω
an

d
al

l
c
∈
R
D
,

c
T
g

(x
)

=
(g
,K

(x
,·)
c
) H

(Ω
,Φ

)
fo

r
al

l
x
∈

Ω
,

al
l
c
∈
R
D

an
d

al
l
g
∈
H

(Ω
,Φ

)
.

T
o

fo
rm

u
la

te
th

e
co

n
ca

te
n
at

ed
in

te
rp

ol
at

io
n

p
ro

b
le

m
in

th
e

sp
ir

it
of

(1
),

w
e

h
av

e
to

d
efi

n
e

an
ap

p
ro

p
ri

at
e

fu
n
ct

io
n
al

an
d

p
ro

p
os

e
an

ap
p
ro

p
ri

at
e

se
ar

ch
se

t
fo

r
th

e
m

in
im

iz
a
ti

o
n

ta
sk

.
T

o
th

is
en

d
,

w
e

co
n
si

d
er

th
e

fu
n
ct

io
n
al
J

:
H

(Φ
,R

)
×
H

(Ω
,Φ

)
→

R
g
iv

en
b
y

J
(f
,g

)
:=
‖f
‖2 H

(Φ
,R

)
+
‖g
‖2 H

(Ω
,Φ

)
,

w
h
ic

h
p

en
al

iz
es

th
e

n
or

m
s

of
b

ot
h

th
e

ou
te

r
an

d
th

e
in

n
er

fu
n
ct

io
n
,

an
d

th
e

a
d
m

is
si

b
le

se
t

A
X
,Y

:=
{(
f
,g

)
∈
H

(Φ
,R

)
×
H

(Ω
,Φ

)
|f
◦g

(x
j
)

=
y j

1
≤
j
≤
N
},

i.
e.

th
e

se
t

of
al

l
co

n
ca

te
n
at

io
n
s

of
fu

n
ct

io
n
s

fr
o
m
H

(Φ
,R

)
an

d
H

(Ω
,Φ

)
w

h
ic

h
in

te
rp

o
la

te
th

e
d
at

a.
W

it
h

th
is

n
ot

at
io

n
,

w
e

ca
n

d
efi

n
e

th
e

fo
ll
ow

in
g

va
ri

at
io

n
al

op
ti

m
iz

a
ti

o
n

p
ro

b
le

m

J
(f
,g

)
→

m
in

fo
r

(f
,g

)
∈
A
X
,Y

(P
)

A
s

ex
p
la

in
ed

in
S
ec

ti
on

2,
th

e
so

lu
ti

on
f
∗ X
,Y

to
th

e
st

an
d
ar

d
in

te
rp

ol
at

io
n

p
ro

b
le

m
(1

)
ca

n
b

e
co

m
p
u
te

d
b
y

so
lv

in
g

th
e

sy
st

em
(3

)
of

li
n
ea

r
eq

u
at

io
n
s

fo
r

a
gi

ve
n

se
t

o
f

fi
x
ed

a
n
d

p
ai

rw
is

e
d
is

jo
in

t
in

p
u
t

d
at

a
p

oi
n
ts
X

:=
{x

1
,.
..
,x

N
}.

T
h
er

ef
or

e,
if

w
e

a
ss

u
m

e
fo

r
a

m
o
-

m
en

t
th

e
in

n
er

fu
n
ct

io
n
g

in
(P

)
to

b
e

fi
x
ed

a
n
d
Z

:=
g

(X
)

=
{z

i
=
g

(x
i)
|i

=
1,
..
.,
N
},
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
K
e
r
n
e
l
L
e
a
r
n
in
g

th
en

w
e

o
b
tain

th
at

th
e

solu
tion

f
∗Z
,Y

to
(1)

w
ith

d
ata

p
oin

ts
Z

is
th

e
on

ly
ad

m
issib

le
m

in
im

izer
o
f

th
e

con
caten

ated
in

terp
olation

p
rob

lem
(P

),
i.e.

f
∗Z
,Y

=
arg

m
in

f∈{
h∈
H

(Φ
,R

)|(h
,g

)∈A
X
,Y
} ‖f‖

2H
(Φ
,R

) .

N
o
te

th
a
t

th
e

co
effi

cien
ts
α
∗∈

R
N

of
f
∗Z
,Y

=
∑

Ni=
1
α
∗i K

(z
i ,·)

can
b

e
com

p
u
ted

b
y

so
lv

in
g

th
e

sy
stem

M
Z
,Z
α
∗

=
y

a
n
d

th
e

va
lu

e
o
f

th
e

op
tim

al
en

ergy,
i.e.

th
e

sq
u
ared

n
orm

,
is

given
b
y

∥∥
f
∗Z
,Y ∥∥

2H
(Φ
,R

)
=
α
∗
T
M

Z
,Z
α
∗

=
y
T
M
−

1
Z
,Z
y
.

3
.4
.2
.
A
p
p
l
ic
a
t
io
n
o
f
t
h
e
r
e
p
r
e
se

n
t
e
r
t
h
e
o
r
e
m

In
o
rd

er
to

rew
rite

th
e

con
caten

ated
in

terp
olation

p
rob

lem
(P

)
in

to
an

u
n
con

strain
ed

m
in

-
im

iza
tio

n
p
ro

b
lem

b
y

ap
p
ly

in
g

th
e

ab
ove

resu
lt,

w
e

fi
rst

h
ave

to
d
iscu

ss
w

h
at

h
a
p
p

en
s

if
g

(x
j )

=
g

(x
k )

for
tw

o
in

d
ices

j
6=
k
.

If
eq

u
ality

h
old

s
also

for
th

e
corresp

o
n
d
in

g
valu

es
fro

m
Y

,
i.e.

y
j

=
y
k ,

w
e

can
sim

p
ly

rem
ov

e
th

e
p
air

(x
j ,y

j )∈
X
×
Y

from
th

e
in

p
u
t

d
ata

a
n
d

w
ith

it
also

th
e

corresp
on

d
in

g
con

d
ition

from
th

e
ad

m
issib

le
set.

H
ow

ever,
if
y
j 6=

y
k ,

th
ere

ca
n
n
o
t

b
e

an
f
∈
H

(Φ
,R

)
su

ch
th

at
(f
,g

)
∈
A
X
,Y

.
In

th
is

case,
w

e
sim

p
ly

set
J

(f
,g

)
=
∞

.
U

sin
g

th
is

con
v
en

tion
,

w
e

can
recast

(P
)

in
to

th
e

u
n
restricted

op
tim

ization
p
ro

b
lemJ

(
f
∗g
(X

),Y
,g )

=
y
T
M
−

1
g

(X
),g

(X
) y

+
‖
g‖

2H
(Ω
,Φ

) →
m

in
for

g
∈
H

(Ω
,Φ

)
.

(u
P

)

T
h
erefo

re,
w

e
o
n
ly

h
ave

to
con

sid
er

th
e

m
in

im
iza

tion
w

ith
resp

ect
to
g
∈
H

(Ω
,Φ

)
sin

ce
th

e
o
p
tim

a
l

o
u
ter

fu
n
ction

f
∗g
(X

),Y
is

com
p
letely

d
eterm

in
ed

b
y

th
e

in
n
er

fu
n
ction

valu
es

g
(X

)
a
n
d
Y

.
N

o
te

th
a
t

th
e

sid
e

con
d
ition

g
(x

j )6=
g

(x
k )

for
j6=

k
can

also
b

e
en

forced
b
y

ad
d
in

g
a

p
en

a
lty

term
o
f

ty
p

e ∑
i<
j
W
(‖g

(x
i )−

g
(x

j )‖
22 )

to
J

,
w

h
ere

W
is

a
sm

o
oth

fu
n
ction

w
ith

W
(0

)
=
∞

,
e.g

.
W

(x
)

=
coth

(x
).

T
h
is

ca
n

also
rem

ed
y

th
e

p
rob

lem
of

sm
all

con
d
ition

n
u
m

b
ers

o
f
M

g
(X

),g
(X

)
for

large
sam

p
le

sizes
sin

ce
it

m
ax

im
izes

d
istan

ces
b

etw
een

th
e

p
oin

t
eva

lu
a
tio

n
s

o
f
g

.
A

d
d
in

g
th

is
to

(u
P

),
w

e
ob

tain

J
γ (
f
∗g
(X

),Y
,g )

:=
J
(
f
∗g
(X

),Y
,g )

+
γ

∑

1≤
i<
j≤
N

coth (‖g
(x

i )−
g

(x
j )‖

22 )
(15)

→
m

in
for

g
∈
H

(Ω
,Φ

)
.

H
ow

ever,
sin

ce
u
sin

g
J

0
=
J

in
ou

r
ex

p
erim

en
ts

in
S
ection

4
w

ork
s

ou
t

alread
y

w
ell

an
d

th
e

sid
e

co
n
d
ition

d
o
es

n
ot

seem
to

aff
ect

th
e

resu
lts

for
m

o
d
erate

sam
p
le

sizes,
w

e
restrict

o
u
rselves

to
th

e
p
rob

lem
(u

P
)

in
th

e
follow

in
g.

A
lth

o
u
g
h

th
e

ab
ov

e
con

sid
eration

s
seem

to
sim

p
lify

th
e

con
caten

ated
in

terp
olation

p
rob

-
lem

,
w

e
still

h
ave

to
solv

e
a

h
igh

ly
n
on

lin
ear

op
tim

ization
p
rob

lem
over

th
e

(p
ossib

ly
)

in
fi
n
ite-d

im
en

sion
al

R
K

H
S
H

(Ω
,Φ

).
N

on
eth

eless,
b
y

ap
p
ly

in
g

T
h
eorem

1
to

th
e

u
n
re-

stricted
co

n
ca

ten
ated

in
terp

olation
p
rob

lem
(u

P
),

w
e

can
restrict

th
e

search
sp

ace
H

(Ω
,Φ

)
to

th
e

sp
a
n

o
f

th
e

kern
el

tran
slates

in
th

e
in

p
u
t

d
ata.
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B
o
h
n
,
G
r
ie
b
e
l
a
n
d

R
ie
g
e
r

C
o
ro

lla
ry

3
L

et
V
X

:=
sp

an{
K

(x
i ,·)e

j
|
i

=
1
,...,N

a
n

d
j

=
1
,...,D

}
,

w
h
ere

e
j

d
e-

n
o
tes

th
e
j-th

u
n

it
vecto

r
in

R
D

.
T

h
en

,
th

e
so

lu
tio

n
g
∗

to
th

e
u

n
co

n
stra

in
ed

co
n

ca
ten

a
ted

in
terpo

la
tio

n
p
ro

blem
(u

P
)

fu
lfi

lls
g
∗∈

V
X

.

P
ro

o
f

W
e

ap
p
ly

T
h
eorem

1
w

ith
L

=
2,

Θ
1 (x

)
=

Θ
2 (x

)
=
x

an
d

L
(y
i ,f
◦
g

(x
i ))

=

{
0

if
f
◦
g

(x
i )

=
y
i

∞
else,

w
h
ich

ex
actly

resem
b
les

th
e

in
terp

olation
p
rob

lem
(u

P
).

D
u
e

to
C

orollary
3
,

w
e

can
recast

th
e

u
n
restricted

con
caten

ated
in

terp
olation

p
rob

lem
(u

P
)

in
toJ
(
f
∗g
(X

),Y
,g )

=
y
T
M
−

1
g

(X
),g

(X
) y

+
‖
g‖

2H
(Ω
,Φ

) →
m

in
fo

r
g
∈
V
X
⊂
H

(Ω
,Φ

)
.

(u
P

-X
)

T
h
is

is
a

n
on

lin
ear,

fi
n
ite-d

im
en

sion
al

an
d

u
n
restricted

op
tim

ization
p
rob

lem
.

W
e

fi
x

th
e

b
asis{

K
(x

j ,·)
e
` |

(j,`)∈
I}

w
ith
I

:=
{

(j,`)
∈
N

2|
1
≤
j≤

N
,1
≤
`≤

D
}

to
solve

(u
P

-X
).

T
h
en

,
th

e
op

tim
al

solu
tion

can
b

e
w

ritten
as

g
∗(·)

=
∑(j,`)∈I

c ∗j,` K
(x

j ,·)
e
` .

(16)

In
ord

er
to

ex
p
ress

th
e

m
in

im
ization

p
rob

lem
(u

P
-X

)
w

ith
resp

ect
to

th
e

co
effi

cien
ts
c ∗

=
(
c ∗1
,1 ,...,c ∗N

,D )
T

,
w

e
in

tro
d
u
ce
Q
X
,X

(c
)

:=
M

g
(X

),g
(X

) ,
i.e.

Q
X
,X

(c
)

=


K


∑(j,`)∈

I

c
j,` K

(x
j ,x

n
)
e
` ,
∑(j,`)∈

I

c
j,` K

(x
j ,x

m
)
e
` 


1≤
n
,m
≤
N

(17)

an
d

th
e

corresp
on

d
in

g
q
u
ad

ratic
form

Q
:R

N
D
→

R
,
c
7→
y
T
Q
X
,X

(c
) −

1
y
.

F
u
rth

erm
ore,

to
ex

p
ress‖g

∗‖
2H

(Ω
,Φ

)
w

ith
resp

ect
to
c ∗,

w
e

n
eed

N
:R

N
D
→

R
,
c
7→

N
∑j,k

=
1 

c
j,1
...

c
j,D 

T

K
(x

j ,x
k ) 

c
k
,1
...

c
k
,D 

.
(18)

F
in

ally,
w

e
ob

tain
th

e
fi
n
ite-d

im
en

sion
al

op
tim

ization
p
rob

lem

c ∗
=

arg
m

in
c∈

R
N
D

Q
(c

)
︸︷︷︸

‖
f
∗g
(X

),Y
‖

2H
(Φ
,R

) +
N

(c
)

︸︷︷︸
‖
g‖

2H
(Ω
,Φ

) .
(In

t)
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
K
e
r
n
e
l
L
e
a
r
n
in
g

3
.4
.3
.
S
o
lv

in
g

t
h
e
m
in
im

iz
a
t
io
n
p
r
o
b
l
e
m

T
h
e

u
n
co

n
st

ra
in

ed
p
ro

b
le

m
(I

n
t)

is
h
ig

h
ly

n
on

li
n
ea

r
b

ec
au

se
th

e
co

effi
ci

en
ts
c j
,`

ar
e

tr
an

s-
fo

rm
ed

b
y

th
e

ou
te

r
ke

rn
el

fu
n
ct

io
n
K

.
It

ca
n

b
e

ta
ck

le
d

b
y

an
y

su
it

ab
le

it
er

at
iv

e
op

ti
-

m
iz

at
io

n
al

go
ri

th
m

.
If

th
e

ke
rn

el
s
K

an
d
K

ar
e

d
iff

er
en

ti
ab

le
,

a
q
u
as

i-
N

ew
to

n
ap

p
ro

ac
h

is
ap

p
ro

p
ri

at
e.

If
th

is
is

n
ot

th
e

ca
se

,
a

d
er

iv
at

iv
e-

fr
ee

op
ti

m
iz

er
sh

ou
ld

b
e

ch
os

en
.

N
ot

e
th

at
w

e
ca

n
re

st
ri

ct
th

e
m

in
im

iz
at

io
n

in
(I

n
t)

to
a

co
m

p
ac

t
su

b
se

t
o
f
R
N
D

w
it

h
-

ou
t

lo
ss

of
ge

n
er

al
it

y.
T

o
th

is
en

d
,

le
t
K
∈

R
N
D
×
N
D

b
e

th
e
N
×
N

m
at

ri
x

of
m

at
ri

ce
s

K
(x

i,
x
j
)
∈
R
D
×
D

an
d

n
ot

e
th

at

Q
(c

)
+
N

(c
)
≥

0
+
λ

m
in

(K
)
·‖
c
‖2 2
‖c
‖ 2
→
∞

−→
∞
,

w
h
er

e
λ

m
in

(K
)
>

0
d
en

ot
es

th
e

sm
al

le
st

ei
ge

n
va

lu
e

of
K

.
T

h
er

ef
or

e,
w

e
ca

n
re

st
ri

ct
ou

r
se

ar
ch

to
th

e
co

m
p
ac

t
se

t
A

:=
{ c
∈
R
N
D
|‖
c
‖ 2
≤
C
}

fo
r

a
la

rg
e

en
ou

gh
C
>

0.
U

n
fo

rt
u
n
at

el
y,

w
e

ca
n
n
ot

d
ir

ec
tl

y
ob

ta
in

th
e

ex
is

te
n
ce

o
f

a
m

in
im

iz
er

fr
o
m

th
is

si
n
ce

(I
n
t)

is
n
ot

co
n
ti

n
u
ou

s.
H

ow
ev

er
,

if
w

e
ad

d
a

sm
o
ot

h
te

rm

P
γ
(c

)
=
γ

∑

1
≤
m
<
n
≤
N

co
th
( ‖
g

(x
m

)
−
g

(x
n
)‖

2 2

)

=
γ

∑

1
≤
m
<
n
≤
N

co
th

 
∥ ∥ ∥ ∥ ∥ ∥
∑

(j
,`

)∈
I
c j
,`

(K
(x

j
,x

m
)
−
K

(x
j
,x

n
))
e
`∥ ∥ ∥ ∥ ∥ ∥2 2

 
,

w
h
ic

h
is

eq
u
iv

al
en

t
to

(1
5)

,
fo

r
γ
>

0,
w

e
ca

n
d
ed

u
ce

th
e

ex
is

te
n
ce

o
f

a
m

in
im

iz
er

w
it

h
th

e
d
ir

ec
t

m
et

h
o
d

fr
om

th
e

ca
lc

u
lu

s
of

va
ri

at
io

n
s.

T
o

th
is

en
d
,

n
ot

e
th

at
fo

r
a

m
in

im
iz

in
g

se
q
u
en

ce
(c
i)
∞ i=

1
of
Q

+
N

+
P
γ
,

th
er

e
n
ec

es
sa

ri
ly

ex
is

t
i 0
∈

N
an

d
C

0
>

0
su

ch
th

at
al

l
m

u
tu

al
sq

u
ar

ed
d
is

ta
n
ce

s
‖g

(x
m

)
−
g

(x
n
)‖

2 2
w

it
h

1
≤
m
<
n
≤
N

a
re

la
rg

er
th

an
C

0
fo

r
al

l
c
i

w
it

h
i
>
i 0

.
T

h
er

ef
or

e,
w

e
ca

n
re

st
ri

ct
th

e
m

in
im

iz
at

io
n

to
th

e
co

m
p
ac

t
su

b
d
om

ai
n

A
∩
{ c
∈
R
N
D
|‖
g

(x
m

)
−
g

(x
n
)‖

2 2
≥
C

0
fo

r
1
≤
m
<
n
≤
N
} ,

on
w

h
ic

h
Q

+
N

+
P
γ

is
co

n
ti

n
u
ou

s,
an

d
th

e
ex

is
te

n
ce

of
a

m
in

im
iz

er
fo

ll
ow

s.
N

ev
er

th
el

es
s,

as
w

e
ex

p
la

in
ed

ab
ov

e,
th

e
cr

it
ic

al
co

n
d
it

io
n
P
γ
(c

)
=
∞

is
p
ra

ct
ic

al
ly

n
ev

er
m

et
fo

r
m

o
d
er

at
e

d
at

a
se

t
si

ze
s

an
d
,

th
er

ef
or

e,
it

is
sa

fe
to

as
su

m
e

th
at

th
er

e
al

so
ex

is
ts

a
m

in
im

iz
er

fo
r

(I
n
t)

.
N

ot
e

h
ow

ev
er

th
at

,
d
ep

en
d
in

g
on

th
e

k
er

n
el

s
an

d
th

e
d
at

a
a
t

h
an

d
,
th

er
e

u
su

al
ly

m
ig

h
t

ex
is

t
m

an
y

m
in

im
iz

er
s

an
d

th
e

so
lu

ti
on

to
(I

n
t)

m
ig

h
t

n
ot

b
e

u
n
iq

u
e.

T
o

re
d
u
ce

th
e

ch
a
n
ce

of
ge

tt
in

g
st

u
ck

in
a

lo
ca

l
m

in
im

u
m

,
w

e
p
ro

p
os

e
to

re
st

ar
t

th
e

m
in

im
iz

at
io

n
p
ro

ce
d
u
re

se
ve

ra
l

ti
m

es
w

it
h

d
iff

er
en

t
st

ar
ti

n
g

va
lu

es
fo

r
c
∗ .

S
in

ce
w

e
w

il
l

b
e

d
ea

li
n
g

w
it

h
d
iff

er
en

ti
ab

le
ke

rn
el

fu
n
ct

io
n
s

in
S
ec

ti
on

4
an

d
si

n
ce

th
e

d
er

iv
at

iv
es

of
th

es
e

ke
rn

el
s

ca
n

b
e

co
m

p
u
te

d
ex

p
li
ci

tl
y,

w
e

p
ro

p
os

e
a

B
F

G
S

m
in

im
iz

at
io

n
al

go
ri

th
m

to
so

lv
e

(I
n
t)

.
T

o
th

is
en

d
,

n
ot

e
th

at
th

e
on

ly
d
er

iv
at

iv
es

w
e

n
ee

d
a
re

es
se

n
ti

al
ly

th
e

d
er

iv
at

iv
e

of
th

e
in

ve
rs

e
of
Q
X
,X

(c
),

i.
e.

∂

∂
c m

,n
Q
−

1
X
,X

(c
)

=
−
Q
−

1
X
,X

(c
)

∂

∂
c m

,n
Q
X
,X

(c
)Q
−

1
X
,X

(c
),
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B
o
h
n
,
G
r
ie
b
e
l
a
n
d

R
ie
g
e
r

an
d

th
e

d
er

iv
at

iv
e

of
Q
X
,X

(c
).

T
h
e

la
tt

er
co

n
si

st
s

of
th

e
d
er

iv
at

iv
e

of
th

e
o
u
te

r
ke

rn
el
K

,
w

h
ic

h
is

k
n
ow

n
an

al
y
ti

ca
ll
y

fo
r

al
l

ke
rn

el
ch

oi
ce

s
th

at
w

e
d
is

cu
ss

in
S
ec

ti
on

4
,

a
n
d

∂

∂
c m

,n
g

(x
)

=
∂

∂
c m

,n

∑

(j
,`

)∈
I
c j
,`
K

(x
j
,x

)
e
`

=
K

(x
m
,x

)
e
n

fo
r

ea
ch

(m
,n

)
∈
I.

T
h
e

ov
er

al
l

co
m

p
u
ta

ti
on

al
co

st
co

m
p
le

x
it

y
fo

r
on

e
B

F
G

S
st

ep
,

i.
e.

th
e

ev
al

u
at

io
n

of
Q
,N

an
d

th
ei

r
d
er

iv
at

iv
es

,
is

b
ou

n
d
ed

b
y
O
( N

3
D

+
(N
D

)2
) .

3
.5

.
T

w
o
-l

a
y
e
r

L
e
a
st

-s
q
u

a
re

s
re

g
re

ss
io

n

A
ft

er
th

e
d
is

cu
ss

io
n

of
th

e
tw

o-
la

ye
r

in
te

rp
ol

at
io

n
p
ro

b
le

m
in

th
e

la
st

se
ct

io
n
,

w
e

n
ow

co
n
si

d
er

th
e

re
gu

la
ri

ze
d

tw
o-

la
ye

r
le

as
t-

sq
u
ar

es
p
ro

b
le

m
in

m
or

e
d
et

ai
l.

T
h
is

is
a

n
a
tu

ra
l

ex
te

n
si

on
of

th
e

tw
o-

la
ye

r
le

as
t-

sq
u
ar

es
p
ro

b
le

m
R

L
S
2

co
n
si

d
er

ed
in

D
in

u
zz

o
(2

0
1
1
)

to
th

e
ca

se
of

n
on

li
n
ea

r
ou

te
r

ke
rn

el
s.

3
.5
.1
.
D
e
f
in
it
io
n
o
f
t
h
e
p
r
o
b
l
e
m

F
or

co
n
ca

te
n
at

ed
,

re
gu

la
ri

ze
d

le
as

t-
sq

u
ar

es
re

gr
es

si
on

,
th

e
m

in
im

iz
at

io
n

ta
sk

ch
a
n
g
es

to

J
λ
,µ

(f
,g

)
:=

N ∑ j=
1

|f
◦g

(x
j
)
−
y j
|2

+
λ
‖f
‖2 H

(Φ
,R

)
+
µ
‖g
‖2 H

(Ω
,Φ

)
(R

)

→
m

in
fo

r
f
∈
H

(Φ
,R

)
,g
∈
H

(Ω
,Φ

)

w
it

h
λ
,µ

>
0,

w
h
ic

h
is

in
th

e
sa

m
e

fa
sh

io
n

as
th

e
st

an
d
ar

d
le

as
t-

sq
u
ar

es
re

gr
es

si
o
n

p
ro

b
le

m
(5

).

A
n
al

og
ou

sl
y

to
ou

r
co

n
si

d
er

at
io

n
s

in
S
ec

ti
on

3.
4,

w
e

fi
n
d

th
at

,
fo

r
fi
x
ed

in
n
er

p
o
in

ts
Z

=
g

(X
)
⊂

Φ
,

th
e

fu
n
ct

io
n
f
λ Z
,Y

,
se

e
(5

),
is

th
e

so
lu

ti
on

of
th

e
p
ro

b
le

m

N ∑ j=
1

|f
(z
j
)
−
y j
|2

+
λ
‖f
‖2 H

(Φ
,R

)
→

m
in

fo
r
f
∈
H

(Φ
,R

)
.

T
h
e

co
rr

es
p

on
d
in

g
co

effi
ci

en
ts
α
λ
∈
R
N

w
it

h
re

sp
ec

t
to

th
e

b
as

is
{K

(z
j
,·)
|j

=
1,
..
.,
N
}

ar
e

co
m

p
u
te

d
b
y

so
lv

in
g

(M
Z
,Z

+
λ
I

)
α
λ

=
y
.

T
h
er

ef
or

e,
ea

ch
of

th
e

te
rm

s
of

th
e

op
ti

m
al

en
er

gy
ca

n
b

e
ex

p
re

ss
ed

a
s

∥ ∥ ∥f
λ Z
,Y

∥ ∥ ∥2 H
(Φ
,R

)
=

α
λ
T
M

Z
,Z
α
λ

=
y
T

(M
Z
,Z

+
λ
I

)−
1
M

Z
,Z

(M
Z
,Z

+
λ
I

)−
1
y
,

N ∑ j=
1

∣ ∣ ∣f
λ Z
,Y

(z
j
)
−
y j

∣ ∣ ∣2
=

∥ ∥ ∥M
Z
,Z
α
λ
−
y
∥ ∥ ∥2 2

=
∥ ∥ ∥(
I
−
M

Z
,Z

(M
Z
,Z

+
λ
I

)−
1
) y
∥ ∥ ∥2 2
.
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
K
e
r
n
e
l
L
e
a
r
n
in
g

3
.5
.2
.
A
p
p
l
ic
a
t
io
n
o
f
t
h
e
r
e
p
r
e
se

n
t
e
r
t
h
e
o
r
e
m

A
n
a
lo

g
o
u
sly

to
(u

P
),

w
e

can
u
se

J
λ
,µ (

f
λg
(X

),Y
,g )

=
λ
y
T
(M

g
(X

),g
(X

)
+
λ
I )−

1
M

g
(X

),g
(X

) (M
g

(X
),g

(X
)

+
λ
I )−

1
y

+
µ‖
g‖

2H
(Ω
,Φ

)
+
∥∥∥ (
I
−
M

g
(X

),g
(X

) (M
g

(X
),g

(X
)

+
λ
I )−

1 )
y ∥∥∥

22
(19)

to
refo

rm
u
la

te
(R

)
as

J
λ
,µ (

f
λg
(X

),Y
,g )
→

m
in

for
g
∈
H

(Ω
,Φ

)
.

(u
R

)

C
o
ro

lla
ry

4
T

h
e

so
lu

tio
n
g
λ
,µ

to
th

e
u

n
co

n
stra

in
ed

co
n

ca
ten

a
ted

regressio
n

p
ro

blem
(u

R
)

fu
lfi

lls
g
λ
,µ
∈
V
X

.

P
ro

o
f

W
e

a
p
p
ly

T
h
eorem

1
w

ith
L

=
2
,

Θ
1 (x

)
=
λ
·x

,
Θ

2 (x
)

=
µ
·
x

an
d

L
(y
i ,f
◦
g

(x
i ))

=
|f
◦
g

(x
i )−

y
i | 2
,

w
h
ich

resem
b
les

th
e

regression
p
rob

lem
(R

).

H
en

ce,
a
s

fo
r

in
terp

olation
,

w
e

ob
tain

a
rep

resen
ter

th
eorem

for
con

caten
ated

least-sq
u
ares

reg
ressio

n
,

w
h
ich

allow
s

u
s

to
rep

lace
th

e
in

fi
n
ite-d

im
en

sion
al

op
tim

ization
p
rob

lem
(R

)
w

ith
th

e
fi
n
ite-d

im
en

sion
al

p
rob

lem

J
λ
,µ (

f
λg
(X

),Y
,g )
→

m
in

for
g
∈
V
X
⊂
H

(Ω
,Φ

)
.

(u
R

-X
)

F
in

a
lly,

w
e

w
an

t
to

ex
p
ress

(u
R

-X
)

in
term

s
of

th
e

co
effi

cien
ts
c
λ
,µ

=
(
c
λ
,µ

1
,1
,...,c

λ
,µ
N
,D )

T

o
f
g
λ
,µ

w
ith

resp
ect

to
th

e
b
asis

{
K

(x
j ,·)

e
` |

(j,`)∈
I}.

T
o

th
is

en
d
,

w
e

set
A

:=
(Q

X
,X

(c
)

+
λ
I )−

1
an

d
d
efi

n
e

th
e

q
u
a
d
ra

tic
form

s

Q
λ

:R
N
D
→

R
,
c
7→
λ
·y

T
A
Q
X
,X

(c
)
A
y
,

N
µ

:R
N
D
→

R
,
c
7→
µ
·N

(c
)

an
d

C
λ

:R
N
D
→

R
,
c
7→
y
T
(I
−
Q
X
,X

(c
)
A
)
T
(I
−
Q
X
,X

(c
)
A
)
y

w
ith

th
e

h
elp

o
f

(17)
an

d
(18).

S
u
b
seq

u
en

tly,
w

e
arriv

e
at

th
e

op
tim

ization
p
rob

lem

c
λ
,µ

=
arg

m
in

c∈
R
N
D

Q
λ

(c
)

+
N
µ

(c
)

+
C
λ

(c
)
,

(R
eg

)

w
h
ich

is
th

e
eq

u
ivalen

t
to

(u
R

-X
).
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B
o
h
n
,
G
r
ie
b
e
l
a
n
d

R
ie
g
e
r

3
.5
.3
.
S
o
lv

in
g

t
h
e
m
in
im

iz
a
t
io
n
p
r
o
b
l
e
m

N
ote

th
at

th
e

ex
isten

ce
of

a
m

in
im

izer
follow

s
b
y

sim
ila

r
argu

m
en

ts
as

in
th

e
p
rev

iou
s

section
for

th
e

in
terp

olation
p
rob

lem
,

i.e.

Q
λ

(c
)

+
N
µ

(c
)

+
C
λ

(c
)≥

µ
·λ

m
in

(K
)·‖

c‖
22
‖
c‖

2 →
∞

−→
∞

an
d

w
e

can
th

u
s

restrict
th

e
search

for
a

m
in

im
izer

to
a

com
p
act

su
b
set

of
R
N
D

.
F

or
regression

w
e

n
eed

th
e

in
verse

of
Q
X
,X

(c
)

+
λ
I

to
com

p
u
te
Q
λ,

w
h
ich

is
p

ositive
d
efi

n
ite

for
ev

ery
λ
>

0
an

d
,

th
erefore,

th
ere

are
n
o

p
ath

ological
cases

a
s

in
th

e
in

terp
olation

settin
g.

T
h
u
s,

th
e

fu
n
ction

sQ
λ,N

µ
,C

λ
are

con
tin

u
ou

s
an

d
th

e
m

in
im

ization
of

(R
eg)

over
a

com
p
act

su
b
set

ofR
N
D

h
as

a
m

in
im

izer.
N

everth
eless,

also
in

th
is

case
th

e
m

in
im

izer
is

n
ot

n
ecessarily

u
n
iq

u
e.

W
h
ile

th
e

op
tim

ization
for

th
e

co
effi

cien
ts

in
th

e
R

L
S
2

algorith
m

p
rop

osed
in

D
in

u
zzo

(2011)
b

oils
d
ow

n
to

a
sim

p
lex

-con
strain

ed
lin

ear
least-sq

u
ares

p
rob

lem
,

w
e

h
ave

to
d
eal

w
ith

a
h
igh

d
egree

of
n
on

lin
earity

h
ere.

N
everth

eless,
if

th
e

kern
el

fu
n
ction

s
are

d
iff

eren
-

tiab
le,

w
e

can
again

—
as

in
th

e
in

terp
olation

case—
em

p
loy

a
B

F
G

S
algorith

m
w

ith
several

restarts
to

ap
p
rox

im
ately

fi
n
d

th
e

op
tim

al
co

effi
cien

ts
c
λ
,µ

.
T

o
th

is
en

d
,

n
ote

th
atQ

λ
an

d
N
µ

can
b

e
com

p
u
ted

sim
ilarly

asQ
an

d
N

in
th

e
in

terp
olation

case.
F

u
rth

erm
ore,

also
th

e
d
erivativ

e
ofC

λ
can

b
e

com
p
u
ted

w
ith

th
e

sam
e

tech
n
iq

u
es

sin
ce

w
e

essen
tially

on
ly

n
eed

th
e

d
erivatives

of
Q
X
,X

(c
)

an
d
(Q

X
,X

(c
)

+
λ
I )−

1.
W

h
ile

th
e

n
u
m

b
er

of
term

s
is

larger
th

an
in

th
e

in
terp

olation
case,

th
e

asy
m

p
totic

com
p
u
ta

tion
al

ru
n
tim

e
is

still
b

ou
n
d
ed

b
y

O
(N

3D
+

(N
D

)
2 ).

F
u
rth

erm
ore,

th
e

con
d
ition

n
u
m
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té

rn
,s

w
it

h
s

=
1

an
d

an
in

n
er

p
ol

y
n
om

ia
l

ke
rn

el
K
I

=
K

P
o
ly
,p

w
it

h
p

=
1

o
r

p
=

2.
In

F
ig

u
re

3
w

e
d
is

p
la

y
th

e
p

oi
n
tw

is
e

er
ro

rs
.

W
e

ob
se

rv
e

th
at

th
er

e
is

a
v
is

ib
le

im
p
ro

ve
m

en
t

in
th

e
er

ro
r

w
h
en

d
ea

li
n
g

w
it

h
tw

o-
la

ye
r

in
te

rp
ol

at
io

n
in

st
ea

d
o
f

si
n
g
le

-l
ay

er
in

te
rp

ol
at

io
n
.

W
h
il
e

th
e

b
en

efi
ts

of
tw

o-
la

ye
r

in
te

rp
ol

at
io

n
ar

e
al

re
ad

y
ob

se
rv

a
b
le

fo
r

th
e

te
st

fu
n
ct

io
n
h

2
,

th
ey

b
ec

om
e

ev
en

m
or

e
ob

v
io

u
s

fo
r
h

1
.

A
s

ex
p
la

in
ed

in
th

e
b

eg
in

n
in

g
o
f

S
ec

ti
on

3,
th

e
fa

ct
th

at
th

e
k
in

k
of
h

1
is

n
ot

p
ar

al
le

l
to

a
co

or
d
in

at
e

ax
is

p
o
se

s
a

p
ro

b
le

m
w

h
en

d
ea

li
n
g

w
it

h
th

e
te

n
so

r-
p
ro

d
u
ct

ke
rn

el
.

S
in

ce
a

li
n
ea

r
tr

an
sf

or
m

at
io

n
(r

o
ta

ti
o
n
)

w
o
u
ld

su
ffi

ce
to

re
m

ed
y

th
is

p
ro

b
le

m
,

th
e

p
ol

y
n
om

ia
l

ke
rn

el
of

d
eg

re
e
p

=
1

al
re

a
d
y

su
ffi

ce
s

to
ob

ta
in

a
b

et
te

r
er

ro
r

b
eh

av
io

r.
T

h
er

ef
or

e,
p

=
2

ca
n

al
re

a
d
y

le
ad

to
a

sm
a
ll

ov
er

fi
tt

in
g

eff
ec

t
as

w
e

ob
se

rv
e

in
F

ig
u
re

3.
N

ev
er

th
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p
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d
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n
er

m
ix

tu
re

k
ern

el
K

(x
,y

),

(2
)

O
u
ter

M
atérn

k
ern

el
K

=
K

T
en

so
rM

a
térn

,1
of

ord
er

1,
in

n
er

m
ix

tu
re

k
ern

el
K

(x
,y

).

23
JM

L
R

 20(64):1-32, 2019

B
o
h
n
,
G
r
ie
b
e
l
a
n
d

R
ie
g
e
r

−
1

0
1

−
1 0 1

x

y

−
1

0
1

−
1 0 1

x
−

1
0

1
−

1 0 1

x

−
1

0
1

−
1 0 1

x

y

−
1

0
1

−
1 0 1

x
−

1
0

1
−

1 0 1

x

(σ
=

0
.1)

(σ
=

0.1)◦
(p

=
1
)

(σ
=

0.1
)◦

(p
=

2)

F
igu

re
4:

T
h
e

p
oin

tw
ise

error
for

stan
d
ard

least-sq
u
ares

w
ith

w
=
f
λX
,Y

(left)
an

d
for

con
caten

ated
least-sq

u
ares

w
ith

ou
ter

k
ern

el
K

G
a
u

ss,0
.1

an
d

in
n
er

kern
el
K

P
o
ly
,1

(m
id

)
or

K
P

o
ly
,2

(righ
t),

resp
ectively.

W
e

p
lotted

b
oth

,
th

e
error

for
h

1
(to

p
)

an
d
h

2
(b

ottom
).

T
h
e

color
scale

ran
ges

from
b
lu

e
(0%

error)
to

red
(m

ore
th

an
10%

error),
w

h
ere

th
e

p
ercen

tage
h
as

to
b

e
u
n
d
ersto

o
d

w
ith

resp
ect

to
th

e
‖·‖

L
∞

n
orm

of
h

1
or
h

2 ,
resp

ectively.

F
or

th
e

in
n
er

m
ix

tu
re

k
ern

el,
w

e
d
ev

iate
from

(20)
an

d
from

D
=

2
h
ere.

T
o

th
is

en
d
,

w
e

set
D

=
5

an
d

u
se

a
d
iagon

al
kern

el
K

w
ith

d
iff

eren
t

scalar-valu
ed

kern
els

as
en

tries.
F

or
th

e
fi
ve

scalar-valu
ed

k
ern

els
w

e
ch

o
ose

th
ree

G
au

ssian
kern

els
K

G
a
u

ss,σ
w

ith
σ

=
0.1,1,10

an
d

tw
o

p
oly

n
om

ial
kern

els
K

P
o
ly
,p

w
ith

p
=

1,2.
S
ettin

g
(1)

serves
to

rep
resen

t
th

e
R

L
S
2

algorith
m

4,
w

h
ere

sim
ilar

ch
oices

for
th

e
in

n
er

kern
el

h
ave

b
een

m
ad

e,
see

D
in

u
zzo

(2011).
T

o
d
eterm

in
e

th
e

op
tim

al
p
aram

eters
λ
,µ
∈
{10 −

2
t+

1
|
t

=
1,...,6},

w
e

again
ru

n
a

5-
fold

crossvalid
ation

5.
T

h
e

resu
lts

can
b

e
fou

n
d

in
fi
g
u
re

5.
A

s
w

e
h
av

e
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d
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roach

w
ith

a
lin

ear
ou

ter
kern

el
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h
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w
it

h
th

e
k
in

k
al

on
g

th
e

d
ia

go
n
al

d
o
es

n
ot

re
si

d
e

in
th

e
te

n
so

r-
p
ro

d
u
ct

M
at

ér
n

sp
ac

e
of

or
d
er

1,
w

h
ic

h
co

rr
es

p
on

d
s

to
th

e
ou

te
r

ke
rn

el
in

th
is

ex
am

p
le

,
a

fu
n
ct

io
n

w
it

h
a

k
in

k
p
ar

al
le

l
to

on
e

of
th

e
co

or
d
in

at
e

ax
es

d
o
es

.
T

h
er

ef
or

e,
th

e
in

n
er

fu
n
ct

io
n
g

tr
an

sf
or

m
s

th
e

d
om

ai
n

in
su

ch
a

w
ay

th
at

th
e

re
su

lt
re

si
d
es

in
th

e
R

K
H

S
to

w
h
ic

h
th

e
ou

te
r

fu
n
ct

io
n

b
el

on
gs

.

C
on

si
d
er

in
g

th
e

te
st

fu
n
ct

io
n
h

2
,

w
e

se
e

th
at

a
li
n
ea

r
in

n
er

tr
a
n
sf

or
m

at
io

n
,

i.
e.
p

=
1,

es
se

n
ti

al
ly

ju
st

ro
ta

te
s

an
d

sh
ea

rs
th

e
d
o
m

ai
n

a
n
d

d
o
es

n
ot

ch
an

ge
th

e
al

ig
n
m

en
t

of
th

e
ju

m
p

ve
ry

m
u
ch

.
H

ow
ev

er
,

in
th

e
ca

se
p

=
2,

th
e

in
n
er

fu
n
ct

io
n
g

m
an

ag
es

to
tr

an
sf

or
m

th
e

d
om

ai
n

in
su

ch
a

w
ay

th
at

th
e

ju
m

p
is

n
ow

al
m

os
t

p
ar

al
le

l
to

th
e
y
-a

x
is

.
W

e
o
b
se

rv
e

th
at

th
e

p
oi

n
tw

is
e

er
ro

rs
in

F
ig

u
re

3
re

al
ly

b
en

efi
t

fr
om

th
is

tr
an

sf
or

m
at

io
n

an
d

th
e

ju
m

p
is

re
so

lv
ed

al
m

os
t

p
er

fe
ct

ly
.

O
ve

ra
ll
,

w
e

se
e

th
a
t

th
e

in
n
er

fu
n
ct

io
n
g

tr
ie

s
to

al
ig

n
th

e
fe

at
u
re

s
of

th
e

or
ig

in
al

te
st

fu
n
ct

io
n

in
su

ch
a

w
ay

th
at

th
ey

ca
n

b
e

ea
si

ly
re

so
lv

ed
b
y

th
e

ou
te

r
fu

n
ct

io
n
f

.
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B
o
h
n
,
G
r
ie
b
e
l
a
n
d

R
ie
g
e
r

F
ig

u
re

6:
T

h
e

tr
an

sf
or

m
at

io
n

of
th

e
is

ot
ro

p
ic

gr
id

p
o
in

ts
(l

ef
t)

b
y

th
e

in
n
er

fu
n
ct

io
n

w
it

h
p

=
1

(m
id

)
an

d
p

=
2

(r
ig

h
t)

.
T

h
e

u
n
d
er

ly
in

g
p
ro

b
le

m
is

in
te

rp
o
la

ti
on

of
h

1
(t

o
p
)

a
n
d
h

2

(b
ot

to
m

)
fo

r
th

e
ou

te
r

ke
rn

el
K

T
en

so
rM

a
té

rn
,1

an
d

th
e

in
n
er

ke
rn

el
K

P
o
ly
,p

.
T

h
e

co
lo

r
sc

a
le

re
p
re

se
n
ts

th
e

va
lu

es
of
h

1
or
h

2
,

re
sp

ec
ti

ve
ly

.

5
.

C
o
n
cl

u
si

o
n

In
th

is
p
ap

er
,
w

e
p
re

se
n
te

d
b

ot
h

a
fi
n
it

e-
an

d
an

in
fi
n
it

e-
sa

m
p
le

re
p
re

se
n
te

r
th

eo
re

m
fo

r
co

n
-

ca
te

n
at

ed
m

ac
h
in

e
le

ar
n
in

g
p
ro

b
le

m
s.

In
th

e
fi
n
it

e-
sa

m
p
le

ca
se

,
th

e
st

at
em

en
t

es
se

n
ti

a
ll
y

b
oi

ls
d
ow

n
to

th
e

fa
ct

th
at

th
e

a
p
ri

or
i
in

fi
n
it

e-
d
im

en
si

on
al

op
ti

m
iz

at
io

n
p
ro

b
le

m
,
w

h
ic

h
a
p
-

p
ea

rs
w

h
en

d
ea

li
n
g

w
it

h
fu

n
ct

io
n

co
m

p
os

it
io

n
s

fr
o
m

re
p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
a
ce

s,
ca

n
b

e
re

ca
st

in
to

a
fi
n
it

e-
d
im

en
si

on
al

op
ti

m
iz

at
io

n
p
ro

b
le

m
,

w
h
er

e
w

e
on

ly
h
av

e
to

d
ea

l
w

it
h

a
t

m
os

t
N

ke
rn

el
tr

an
sl

at
es

in
ea

ch
la

ye
r

of
th

e
co

m
p

os
it

io
n
.

H
er

e,
N

d
en

ot
es

th
e

n
u
m

b
er

of
in

p
u
t

d
at

a
p

oi
n
ts

.
In

th
e

in
fi
n
it

e-
sa

m
p
le

ca
se

,
w

e
d
er

iv
ed

an
an

al
og

ou
s

re
su

lt
st

a
ti

n
g

th
at

th
e

so
lu

ti
on

in
ea

ch
la

y
er

is
an

el
em

en
t

of
th

e
im

ag
e

sp
ac

e
o
f

th
e

in
te

gr
al

op
er

a
to

r
d
efi

n
ed

b
y

th
e

co
rr

es
p

on
d
in

g
ke

rn
el

ev
al

u
at

ed
at

th
e

in
n
er

m
o
st

fu
n
ct

io
n
s.

W
e

in
tr

o
d
u
ce

d
a

si
m

p
le

n
eu

-
ra

l
n
et

w
or

k
ar

ch
it

ec
tu

re
,

w
h
ic

h
re

p
re

se
n
ts

th
e

co
n
ca

te
n
at

ed
fu

n
ct

io
n
s

w
e

ar
e

d
ea

li
n
g

w
it

h
.

F
u
rt

h
er

m
or

e,
w

e
es

ta
b
li
sh

ed
a

co
n
n
ec

ti
on

b
et

w
ee

n
ou

r
re

p
re

se
n
te

r
th

eo
re

m
a
n
d

tw
o

ty
p

es
of

st
at

e-
of

-t
h
e-

ar
t

d
ee

p
le

ar
n
in

g
al

go
ri

th
m

s,
n
am

el
y

m
u
lt

i-
la

ye
r

m
u
lt

ip
le

ke
rn

el
le

a
rn

in
g

a
n
d

d
ee

p
ke

rn
el

n
et

w
or

k
s.

F
in

al
ly

,
w

e
p
re

se
n
te

d
a

d
et

a
il
ed

an
al

y
si

s
on

a
tw

o-
la

ye
r

in
te

rp
o
la

-
ti

on
an

d
a

tw
o-

la
ye

r
le

as
t-

sq
u
ar

es
re

gr
es

si
on

al
go

ri
th

m
,

w
h
ic

h
ca

n
d
ir

ec
tl

y
b

e
d
er

iv
ed

fr
o
m

ou
r

re
p
re

se
n
te

r
th

eo
re

m
.

W
e

il
lu

st
ra

te
d

th
e

op
er

at
in

g
p
ri

n
ci

p
le

s
of

th
es

e
a
lg

o
ri

th
m

s
w

it
h

th
e

h
el

p
of

tw
o

ar
ti

fi
ci

al
te

st
fu

n
ct

io
n
s

an
d

ex
p
la

in
ed

w
h
y

th
e

tw
o-

la
ye

r
ap

p
ro

a
ch

is
a
b
le

to
re

m
ed

y
th

e
sh

or
tc

om
in

gs
of

a
si

n
gl

e-
la

ye
r

va
ri

an
t.

F
u
rt

h
er

m
or

e,
w

e
h
ig

h
li
gh

te
d

th
a
t

th
e

u
se

of
a

n
on

li
n
ea

r
ou

te
r

k
er

n
el

,
in

st
ea

d
of

a
li
n
ea

r
on

e
as

in
D

in
u
zz

o
(2

01
1)

,
ca

n
b

e
in

ev
it

a
b
le

to
ob

ta
in

go
o
d

tw
o-

la
y
er

ap
p
ro

x
im

at
io

n
s.

N
ev

er
th

el
es

s,
th

e
n
on

li
n
ea

ri
ty

of
th

e
o
u
te

r
la

ye
r

m
ak

es
th

e
n
u
m

er
ic

al
tr

ea
tm

en
t

of
th

e
u
n
d
er

ly
in

g
op

ti
m

iz
at

io
n

p
ro

b
le

m
m

or
e

d
iffi

cu
lt

.

W
h
il
e

w
e

p
re

se
n
te

d
sp

ec
ifi

c
tw

o-
la

ye
r

(L
=

2)
al

go
ri

th
m

s
an

d
ap

p
li
ed

th
em

to
tw

o
-

d
im

en
si

on
al

(d
=

2)
to

y
p
ro

b
le

m
s

fo
r

il
lu

st
ra

ti
ve

re
as

on
s,

ou
r

re
p
re

se
n
te

r
th

eo
re

m
s

ca
n

al
so

b
e

ap
p
li
ed

in
th

e
h
ig

h
-d

im
en

si
on

al
ca

se
w

it
h

an
ar

b
it

ra
ry

n
u
m

b
er

o
f

la
ye

rs
.
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A
R
e
p
r
e
se

n
t
e
r
T
h
e
o
r
e
m

f
o
r
D
e
e
p
K
e
r
n
e
l
L
e
a
r
n
in
g

fu
rth

erm
o
re

th
at,

ap
art

from
in

terp
olation

an
d

least-sq
u
ares

regression
,

also
m

ore
gen

eral
ch

o
ices

o
f

th
e

lo
ss

fu
n
ction

L
an

d
th

e
regu

larizers
Θ
l

are
allow

ed
in

(7).
T

h
erefore,

on
e

can
a
lso

th
in

k
o
f

m
u
lti-layer

su
p
p

ort
vector

m
ach

in
es

for
in

stan
ce.

T
h
e

con
stru

ction
of

su
ch

effi
cien

t
d
eep

k
ern

el
learn

in
g

algorith
m

s
for

h
igh

-d
im

en
sion

al
p
rob

lem
s

an
d

a
th

orou
gh

a
n
a
ly

sis
o
f

th
e

in
terp

lay
b

etw
een

th
e

n
u
m

b
er

of
layers

L
an

d
th

e
d
im

en
sion

d
w

ill
b

e
fu

tu
re

w
o
rk

.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h
e

a
u
th

o
rs

w
a
n
t

to
th

an
k

th
e

an
on

y
m

ou
s

referees
for

th
eir

su
ggestion

s
an

d
rem

ark
s

an
d

esp
ecia

lly
fo

r
p

oin
tin

g
ou

t
th

e
relation

to
D

in
u
zzo

(20
11).

T
h
e

au
th

ors
w

ere
p
artially

su
p
-

p
o
rted

b
y

th
e

S
on

d
erforsch

u
n
gsb

ereich
1060

T
h
e

M
a
th

em
a
tics

o
f

E
m

ergen
t

E
ff

ects
fu

n
d
ed

b
y

th
e

D
eu

tsch
e

F
orsch

u
n
gsgem

ein
sch

aft.

A
p
p

e
n
d
ix

A
.

R
e
m

a
in

d
e
r

o
f

th
e

p
ro

o
f

o
f

th
e
o
re

m
2

T
o

co
n
tin

u
e

th
e

p
ro

of
of

th
eorem

2,
w

e
n
ote

th
at

w
e

a
lread

y
sh

ow
ed

th
at
f

1
h
as

th
e

d
esired

stru
ctu

re
(1

4
).

L
et

u
s

assu
m

e
w

e
h
ave

sh
ow

n
(14)

for
all

f
1 ,...,f

l−
1

for
an

l∈
{
2
,...,L}

.
T

o
o
b
ta

in
(1

4
)

for
f
l ,

w
e

p
ro

ceed
in

th
e

sam
e

fash
ion

as
in

th
e

fi
rst

p
art

of
th

e
p
ro

of
in

sectio
n

3
.2

.
T

o
th

is
en

d
,

w
e

n
ow

d
efi

n
e
J
g
l+

1
,...,g

L
:H

l →
[0,∞

)
b
y

J
g
l+

1
,...,g

L
(g
l )

:=

∫

R
l+

1 ×
R

1 L̃
l (y

,g
l (ξ

))
d
G
l,? (P

)(ξ
,y

)
+
λ
l ‖g

l ‖
2H
l ,

w
h
ereL̃

l (y
,z

)
:=
L

(y
,f

1 ◦
...◦

f
l−

1 (z
))

an
d
G
l,? (P

)
is

th
e

p
u
sh

forw
ard

ofP
on

to
R
l+

1 ×
R

1

d
efi

n
ed

b
y
G
l (x

,y
)

=
(g
l+

1 ◦
...◦

g
L

(x
),y

).
T

h
en

it
h
old

s

m
in

g
l ∈H

l ,...,g
L ∈H

L

J
(f

1 ,f
2 ,...,f

l−
1 ,g

l ,g
l+

1 ,...,g
L

)

=
m

in
g
l+

1 ∈H
l+

1
,...,g

L ∈H
L (

m
in

g
l ∈H

l J
g
l+

1
,...,g

l+
1 (g

l ) )
+

L
∑i=
l+

1

λ
i ‖g

i ‖
2H
i

a
n
d

w
e

n
eed

to
sh

ow
th

at
a

m
in

im
izer

of
J
g
l+

1
,...,g

L
ad

m
its

a
rep

resen
tation

of
ty

p
e

(14).
T

o
th

is
en

d
,

w
e

b
egin

b
y

d
efi

n
in

g
a

N
em

itsk
i

v
ector

loss
fu

n
ction

an
d

w
e

su
b
seq

u
en

tly
p
rov

e
th

a
t

th
ese

lo
ss

fu
n
ction

s
ad

m
it

th
e

rep
resen

tation
w

e
n
eed

.

D
e
fi

n
itio

n
5

L
et
L

:
R

1 ×
D
→

[0,∞
)

fo
r

so
m

e
d
o
m

a
in

D
⊂

R
d.

L
et

P
R

1
d
en

o
te

th
e

m
a
rgin

a
l

d
istribu

tio
n

o
f
P

w
.r.t.

th
e

seco
n

d
va

ria
ble.

W
e

ca
llL

a
P

-in
tegra

ble
N

em
itski

vecto
r

lo
ss,

if
th

ere
exist

b
:
R

1 →
[0,∞

)
w

ith
b∈

L
1
,P
R

1 (R
1 )

a
n

d
a

m
ea

su
ra

ble,
in

crea
sin

g
h

:
[0,∞

)→
[0,∞

)
su

ch
th

a
t

L
(y
,z

)≤
b(y

)
+
h

(‖z‖
)

fo
r

a
ll

(y
,z

)∈
R

1 ×
D
.

IfL
is
k

-tim
es

d
iff

eren
tia

ble
w

.r.t.
th

e
seco

n
d

va
ria

ble
fo

r
a

ll
y
∈
R

1 ,
w

e
ca

ll
it

a
k

-tim
es

d
iff

eren
tia

ble
N

em
itski

vecto
r

lo
ss.
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B
o
h
n
,
G
r
ie
b
e
l
a
n
d

R
ie
g
e
r

L
e
m

m
a

6
L

et
l∈
{2,...,L}

a
n

d
let

P
l

be
a

d
istribu

tio
n

6
o
n
R
l+

1 ×
R

1
a
n

d
letL

?
be

a
P
l-in

tegra
ble

a
n

d
1
-d

iff
eren

tia
ble

N
em

itski
vecto

r
lo

ss
o
n
R

1 ×
R
l

su
ch

th
a
t

th
e

d
eriva

tive
w

.r.t.
th

e
seco

n
d

a
rgu

m
en

t∇
2 L

fu
lfi

lls

‖∇
2 L

?(y
,z

)‖
≤
b
?(y

)
+
h
?(‖
z‖)

fo
r

a
ll

(y
,z

)∈
R

1 ×
R
l

fo
r

so
m

e
b
?
∈
L

1
,P
lR

1 (R
1 )

a
n

d
a

m
ea

su
ra

ble,
in

crea
sin

g
h
?

:
[0,∞

)
→

[0,∞
).

T
h
en

,
th

e

fu
n

ctio
n

a
lR

l,P
l

:H
l →

[0,∞
)

d
efi

n
ed

by

R
l,P

l (f
)

:=

∫

R
l+

1 ×
R

1 L
?(y

,f
(z

))
dP

l(z
,y

)

is
F

rech
et

d
iff

eren
tia

ble
a
n

d
th

e
d
eriva

tive
dR

l,P
l

:H
l →
B
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p
ti

o
n

(A
ss

u
m

p
ti

o
n

3)
,

th
e

a
lg

or
it

h
m

h
a
s

g
en

er
a
li
za

-
ti

on
er

ro
r
Õ
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Õ

(K
d
θ 1

lo
g
n

)
ex

am
p
le

s
(C

or
ol

la
ry

6,
T

h
eo

re
m

10
).

T
h
u
s

u
n
d
er

fa
vo

ra
b
le

co
n
d
it

io
n
s,

C
O

A
L

re
-

q
u
es

ts
ex

po
n

en
ti

a
ll

y
fe

w
er

la
b

el
s

th
an

p
as

si
v
e

le
ar

n
in

g.

W
e

al
so

d
er

iv
e

ge
n
er

al
iz

at
io

n
an

d
la

b
el

co
m

p
le

x
it

y
b

ou
n
d
s

u
n
d
er

a
m

il
d
er

T
sy

b
a
ko

v
-t

y
p

e
n
oi

se
co

n
d
it

io
n

(A
ss

u
m

p
ti

on
4)

.
E

x
is

ti
n
g

lo
w

er
b

ou
n
d
s

fr
om

b
in

ar
y

cl
as

si
fi
ca

ti
o
n

(H
a
n
n
ek

e,
20

14
)

su
gg

es
t

th
at

ou
r

re
su

lt
s

ar
e

op
ti

m
a
l

in
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b
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p
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d
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p
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u
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h
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u
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d
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at
are

sp
ecialized

to
lin

ear
rep

resen
tation

s
an

d
d
o

n
ot

n
atu

rally
gen

eralize
to

oth
er

h
y
p

oth
esis

classes.
S
u
p

erv
ised

lea
rn

in
g

oracles
th

at
solve

N
P

-h
ard

op
tim

ization
p
rob

lem
s

in
th

e
w

orst
case

h
ave

b
een

u
sed

in
oth

er
p
rob

lem
s

in
clu

d
in

g
con

tex
tu

al
b
an

d
its

(A
garw

al
et

al.,
2014;

S
y
rgka-

n
is

et
al.,

2016)
an

d
stru

ctu
red

p
red

iction
(D

au
m

é
III

et
al.,

2009).
T

h
u
s

w
e

h
op

e
th

at
ou

r
w

ork
can

in
sp

ire
n
ew

algorith
m

s
for

th
ese

settin
gs

as
w

ell.
L

astly,
w

e
m

en
tion

th
at

sq
u
are

loss
regression

h
as

b
een

u
sed

to
estim

ate
costs

for
p
assiv

e
C

S
M

C
(L

an
gford

an
d

B
ey

gelzim
er,

2005),
b
u
t,

to
ou

r
k
n
ow

led
ge,

u
sin

g
a

sq
u
are

loss
oracle

for
active

C
S
M

C
is

n
ew

.

A
d

v
a
n

c
e
s

o
v
e
r

K
rish

n
a
m

u
rth

y
e
t

a
l.

(2
0
1
7
).

A
ctive

learn
in

g
fo

r
C

S
M

C
w

as
in

tro-
d
u
ced

recen
tly

in
K

rish
n
am

u
rth

y
et

al.
(2017)

w
ith

an
algorith

m
th

at
also

u
ses

cost
ran

ges
to

d
ecid

e
w

h
ere

to
q
u
ery.

T
h
ey

com
p
u
te

cost
ran

ges
b
y

u
sin

g
th

e
regression

oracle
to

p
er-

form
a

b
in

ary
search

for
th

e
m

ax
im

u
m

an
d

m
in

im
u
m

costs,
b
u
t

th
is

com
p
u
tation

resu
lts

in
a

su
b
-op

tim
al

lab
el

com
p
lex

ity
b

ou
n
d
.

W
e

resolve
th

is
su

b
-op

tim
ality

w
ith

a
n
ov

el
cost

ran
ge

com
p
u
tation

th
at

is
in

sp
ired

b
y

th
e

m
u
ltip

licative
w

eigh
ts

tech
n
iq

u
e

for
solv

in
g

lin
ear

p
rogram

s.
T

h
is

algorith
m

ic
im

p
rov

em
en

t
also

req
u
ires

a
sign

ifi
can

tly
m

ore
sop

h
isticated

statistical
an

aly
sis

for
w

h
ich

w
e

d
erive

a
n
ovel

u
n
iform

F
reed

m
an

-ty
p

e
in

eq
u
ality

for
classes

w
ith

b
ou

n
d
ed

p
seu

d
o-d

im
en

sion
.

T
h
is

resu
lt

m
ay

b
e

of
in

d
ep

en
d
en

t
in

terest.
K

rish
n
am

u
rth

y
et

al.
(2017)

also
in

tro
d
u
ce

an
on

lin
e

a
p
p
rox

im
ation

for
ad

d
ition

a
l

scal-
ab

ility
an

d
u
se

th
is

algorith
m

for
th

eir
ex

p
erim

en
ts.

O
u
r

em
p
irical

resu
lts

u
se

th
is

sam
e

on
lin

e
ap

p
rox

im
ation

an
d

are
sligh

tly
m

ore
com

p
reh

en
sive.

F
in

ally,
w

e
also

d
erive

gen
eral-
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A
c
t
iv

e
L

e
a
r
n
in

g
f
o
r

C
o
st

-S
e
n
si

t
iv

e
C

l
a
ss

if
ic

a
t
io

n

iz
at

io
n

an
d

la
b

el
co

m
p
le

x
it

y
b

ou
n
d
s

fo
r

ou
r

al
go

ri
th

m
in

a
se

tt
in

g
in

sp
ir

ed
b
y

T
sy

b
ak

ov
’s

lo
w

n
oi

se
co

n
d
it

io
n

(M
am

m
en

an
d

T
sy

b
ak

ov
,

19
99

;
T

sy
b
ak

ov
,

20
04

).

C
o
m

p
a
ri

so
n

w
it

h
F
o
st

e
r

e
t

a
l.

(2
0
1
8
).

In
a

fo
ll
ow

-u
p

to
th

e
p
re

se
n
t

p
ap

er
,

F
os

te
r

et
al

.
(2

01
8)

b
u
il
d

on
ou

r
w

or
k

w
it

h
a

re
gr

es
si

on
-b

as
ed

ap
p
ro

ac
h

fo
r

co
n
te

x
tu

al
b
an

d
it

le
ar

n
in

g,
a

p
ro

b
le

m
th

at
b

ea
rs

so
m

e
si

m
il
ar

it
ie

s
to

a
ct

iv
e

le
ar

n
in

g
fo

r
C

S
M

C
.
T

h
e

re
su

lt
s

ar
e

in
co

m
p
ar

ab
le

d
u
e

to
th

e
d
iff

er
en

ce
s

in
se

tt
in

g,
b
u
t

it
is

w
or

th
d
is

cu
ss

in
g

th
ei

r
te

ch
n
iq

u
es

.
A

s
in

ou
r

p
ap

er
,
F

os
te

r
et

al
.

(2
01

8)
m

ai
n
ta

in
an

im
p
li
ci

t
ve

rs
io

n
sp

ac
e

an
d

co
m

p
u
te

m
ax

im
u
m

an
d

m
in

im
u
m

co
st

s
fo

r
ea

ch
la

b
el

,
w

h
ic

h
th

ey
u
se

to
m

ak
e

p
re

d
ic

ti
on

s.
T

h
ey

re
so

lv
e

th
e

su
b
-o

p
ti

m
al

it
y

in
K

ri
sh

n
am

u
rt

h
y

et
al

.
(2

01
7)

w
it

h
ep

o
ch

in
g,

w
h
ic

h
en

ab
le

s
a

si
m

p
le

r
co

st
ra

n
ge

co
m

p
u
ta

ti
on

th
an

ou
r

m
u
lt

ip
li
ca

ti
ve

w
ei

gh
ts

ap
p
ro

a
ch

.
H

ow
ev

er
,

ep
o
ch

in
g

in
cu

rs
an

ad
d
it

io
n
al

lo
g
(n

)
fa

ct
or

in
th

e
la

b
el

co
m

p
le

x
it

y,
an

d
u
n
d
er

lo
w

-n
oi

se
co

n
d
it

io
n
s

w
h
er

e
th

e
ov

er
al

l
b

ou
n
d

is
O

(p
ol

y
lo

g(
n

))
,

th
is

y
ie

ld
s

a
p

ol
y
n
om

ia
ll
y

w
or

se
gu

ar
an

te
e

th
an

o
u
rs

.

3
.

P
ro

b
le

m
S
e
tt

in
g

a
n
d

N
o
ta

ti
o
n

W
e

st
u
d
y

co
st

-s
en

si
ti

ve
m

u
lt

ic
la

ss
cl

as
si

fi
ca

ti
on

(C
S
M

C
)

p
ro

b
le

m
s

w
it

h
K

cl
as

se
s,

w
h
er

e
th

er
e

is
an

in
st

an
ce

sp
ac

e
X

,
a

la
b

el
sp

a
ce
Y

=
{1
,.
..
,K
},

an
d

a
d
is

tr
ib

u
ti

on
D

su
p
p

or
te

d
on
X
×

[0
,1

]K
.4

If
(x
,c

)
∼
D

,
w

e
re

fe
r

to
c

as
th

e
co

st
-v

ec
to

r,
w

h
er

e
c(
y
)

is
th

e
co

st
of

p
re

d
ic

ti
n
g
y
∈
Y.

A
cl

as
si

fi
er
h

:
X
→
Y

h
as

ex
p

ec
te

d
co

st
E (
x
,c

)∼
D

[c
(h

(x
))

]
an

d
w

e
ai

m
to

fi
n
d

a
cl

as
si

fi
er

w
it

h
m

in
im

al
ex

p
ec

te
d

co
st

.
L

et
G
,
{g

:
X
7→

[0
,1

]}
d
en

ot
e

a
se

t
of

b
as

e
re

gr
es

so
rs

an
d

le
t
F
,
GK

d
en

ot
e

a
se

t
of

ve
ct

or
re

gr
es

so
rs

w
h
er

e
th

e
y

th
co

or
d
in

at
e

of
f
∈
F

is
w

ri
tt

en
as
f

(·;
y
).

T
h
e

se
t

of
cl

as
si

fi
er

s
u
n
d
er

co
n
si

d
er

at
io

n
is
H
,
{h

f
|f
∈
F
}

w
h
er

e
ea

ch
f

d
efi

n
es

a
cl

as
si

fi
er
h
f

:
X
7→
Y

b
y

h
f
(x

)
,

ar
g
m

in
y

f
(x

;y
).

(1
)

W
h
en

u
si

n
g

a
se

t
of

re
gr

es
si

on
fu

n
ct

io
n
s

fo
r

a
cl

as
si

fi
ca

ti
on

ta
sk

,
it

is
n
at

u
ra

l
to

as
su

m
e

th
at

th
e

ex
p

ec
te

d
co

st
s

u
n
d
er
D

ca
n

b
e

p
re

d
ic

te
d

b
y

so
m

e
fu

n
ct

io
n

in
th

e
se

t.
T

h
is

m
ot

iv
at

es
th

e
fo

ll
ow

in
g

re
al

iz
ab

il
it

y
as

su
m

p
ti

on
.

A
ss

u
m

p
ti

o
n

1
(R

e
a
li
z
a
b

il
it

y
)

D
efi

n
e

th
e

B
a
ye

s-
o
p
ti

m
a
l

re
gr

es
so

r
f
?
,

w
h
ic

h
h
a
s
f
?
(x

;y
)
,

E c
[c

(y
)|x

],
∀x
∈
X

(w
it

h
D

(x
)
>

0)
,
y
∈
Y.

W
e

a
ss

u
m

e
th

a
t
f
?
∈
F

.

W
h
il
e
f
?

is
al

w
ay

s
w

el
l

d
efi

n
ed

,
n
ot

e
th

at
th

e
co

st
it

se
lf

m
ay

b
e

n
oi

sy
.

In
co

m
p
ar

is
on

w
it

h
ou

r
as

su
m

p
ti

on
,

th
e

ex
is

te
n
ce

of
a

ze
ro

-c
os

t
cl

as
si

fi
er

in
H

(w
h
ic

h
is

of
te

n
as

su
m

ed
in

ac
ti

ve
le

ar
n
in

g)
is

st
ro

n
ge

r,
w

h
il
e

th
e

ex
is

te
n
ce

of
h
f
?

in
H

is
w

ea
ke

r
b
u
t

h
as

n
ot

b
ee

n
le

ve
ra

ge
d

in
ac

ti
ve

le
ar

n
in

g.
W

e
al

so
re

q
u
ir

e
as

su
m

p
ti

on
s

on
th

e
co

m
p
le

x
it

y
of

th
e

cl
as

s
G

fo
r

ou
r

st
at

is
ti

ca
l

an
a
ly

si
s.

T
o

th
is

en
d
,

w
e

as
su

m
e

th
at
G

is
a

co
m

p
ac

t
co

n
ve

x
su

b
se

t
of
L
∞

(X
)

w
it

h
fi
n
it

e
p
se

u
d
o-

d
im

en
si

on
,

w
h
ic

h
is

a
n
at

u
ra

l
ex

te
n
si

on
of

V
C

-d
im

en
si

on
fo

r
re

al
-v

al
u
ed

p
re

d
ic

to
rs

.

D
e
fi

n
it

io
n

1
(P

se
u

d
o
-d

im
e
n

si
o
n

)
T

h
e

p
se

u
d
o
-d

im
en

si
o
n

P
d
im

(F
)

o
f

a
fu

n
ct

io
n

cl
a
ss

F
:
X
→

R
is

d
efi

n
ed

a
s

th
e

V
C

-d
im

en
si

o
n

o
f

th
e

se
t

o
f

th
re

sh
o
ld

fu
n

ct
io

n
s
H

+
,
{(
x
,ξ

)
7→

1
{f

(x
)
>
ξ}

:
f
∈
F
}
⊂
X
×

R
→
{0
,1
}.

4
.

In
g
en

er
a
l,

la
b

el
s

ju
st

se
rv

e
a
s

in
d

ic
es

fo
r

th
e

co
st

v
ec

to
r

in
C

S
M

C
,

a
n

d
th

e
d

a
ta

d
is

tr
ib

u
ti

o
n

is
ov

er
(x
,c

)
p

a
ir

s
in

st
ea

d
o
f

(x
,y

)
p

a
ir

s
a
s

in
b

in
a
ry

a
n

d
m

u
lt

ic
la

ss
cl

a
ss

ifi
ca

ti
o
n

.
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9

K
r
is

h
n
a
m

u
r
t
h
y
,

A
g

a
r
w

a
l
,

H
u
a
n
g

,
D

a
u
m

é
II

I,
L

a
n
g

f
o
r
d

A
ss

u
m

p
ti

o
n

2
W

e
a
ss

u
m

e
th

a
t
G

is
a

co
m

pa
ct

co
n

ve
x

se
t

w
it

h
P

d
im

(G
)

=
d
<
∞

.

A
s

an
ex

am
p
le

,
li
n
ea

r
fu

n
ct

io
n
s

in
so

m
e

b
as

is
re

p
re

se
n
ta

ti
on

,
e.

g.
,
g
(x

)
=
∑

d i=
1
w
iφ
i(
x

),
w

h
er

e
w

ei
gh

ts
w
i

ar
e

b
ou

n
d
ed

in
so

m
e

n
or

m
,

h
av

e
p
se

u
d
o
d
im

en
si

on
d
.

In
fa

ct
,

o
u
r

re
su

lt
ca

n
b

e
st

at
ed

en
ti

re
ly

in
te

rm
s

of
co

v
er

in
g

n
u
m

b
er

s,
an

d
w

e
tr

a
n
sl

at
e

to
p
se

u
d
o
-d

im
en

si
o
n

u
si

n
g

th
e

fa
ct

th
a
t

su
ch

cl
as

se
s

h
av

e
“p

ar
am

et
ri

c”
co

ve
ri

n
g

n
u
m

b
er

s
of

th
e

fo
rm

(1
/
ε)
d
.

T
h
u
s,

ou
r

re
su

lt
s

ex
te

n
d

to
cl

as
se

s
w

it
h

“n
on

p
ar

am
et

ri
c”

gr
ow

th
ra

te
s

as
w

el
l

(e
.g

.,
H

o
ld

er
-

sm
o
ot

h
fu

n
ct

io
n
s)

,
al

th
ou

gh
w

e
fo

cu
s

on
th

e
p
ar

am
et

ri
c

ca
se

fo
r

si
m

p
li
ci

ty
.

N
o
te

th
a
t

th
is

is
a

si
gn

ifi
ca

n
t

d
ep

ar
tu

re
fr

om
K

ri
sh

n
am

u
rt

h
y

et
al

.
(2

01
7)

,
w

h
ic

h
as

su
m

ed
th

a
t
G

w
a
s

fi
n
it

e.
O

u
r

as
su

m
p
ti

on
th

at
G

is
a

co
m

p
ac

t
co

n
ve

x
se

t
in

tr
o
d
u
ce

s
a

co
m

p
u
ta

ti
on

a
l

ch
a
ll
en

g
in

g
of

m
an

ag
in

g
th

is
in

fi
n
it

el
y

la
rg

e
se

t.
T

o
ad

d
re

ss
th

is
ch

al
le

n
ge

,
w

e
fo

ll
ow

th
e

tr
en

d
in

a
ct

iv
e

le
ar

n
in

g
of

le
ve

ra
gi

n
g

ex
is

ti
n
g

al
go

ri
th

m
ic

re
se

ar
ch

on
su

p
er

v
is

ed
le

ar
n
in

g
(D

a
sg

u
p
ta

et
a
l.
,

20
07

;
B

ey
ge

lz
im

er
et

al
.,

20
10

,
20

09
)

an
d

ac
ce

ss
G

ex
cl

u
si

ve
ly

th
ro

u
gh

a
re

gr
es

si
o
n

o
ra

cl
e.

G
iv

en
an

im
p

or
ta

n
ce

-w
ei

gh
te

d
d
at

as
et
D

=
{x

i,
c i
,w

i}
n i=

1
w

h
er

e
x
i
∈
X
,c
i
∈

R
,w

i
∈

R
+

,
th

e
re

gr
es

si
on

or
ac

le
co

m
p
u
te

s

O
r
a
c
l
e

(D
)
∈

a
rg

m
in

g
∈G

n ∑ i=
1

w
i(
g
(x
i)
−
c i

)2
.

(2
)

S
in

ce
w

e
as

su
m

e
th

at
G

is
a

co
m

p
ac

t
co

n
v
ex

se
t

it
is

am
en

ab
le

to
st

an
d
ar

d
co

n
ve

x
o
p
ti

m
iz

a-
ti

on
te

ch
n
iq

u
es

,
so

th
is

im
p

os
es

n
o

ad
d
it

io
n
al

re
st

ri
ct

io
n
.

H
ow

ev
er

,
in

th
e

sp
ec

ia
l

ca
se

o
f

li
n
ea

r
fu

n
ct

io
n
s,

th
is

op
ti

m
iz

at
io

n
is

ju
st

le
as

t
sq

u
ar

es
an

d
ca

n
b

e
co

m
p
u
te

d
in

cl
o
se

d
fo

rm
.

N
ot

e
th

at
th

is
is

fu
n
d
am

en
ta

ll
y

d
iff

er
en

t
fr

om
p
ri

or
w

or
k
s

th
at

u
se

a
0/

1-
lo

ss
m

in
im

iz
a
ti

on
or

ac
le

(D
as

gu
p
ta

et
al

.,
20

07
;

B
ey

ge
lz

im
er

et
al

.,
20

10
,

20
09

),
w

h
ic

h
in

vo
lv

es
a
n

N
P

-h
a
rd

op
ti

m
iz

at
io

n
in

m
os

t
ca

se
s

of
in

te
re

st
.

R
e
m

a
rk

2
O

u
r

a
ss

u
m

p
ti

o
n

th
a
t
G

is
co

n
ve

x
is

o
n

ly
fo

r
co

m
p
u

ta
ti

o
n

a
l

tr
a
ct

a
bi

li
ty

,
a
s

it
is

cr
u

ci
a
l

in
th

e
effi

ci
en

t
im

p
le

m
en

ta
ti

o
n

o
f

o
u

r
qu

er
y

st
ra

te
gy

,
bu

t
is

n
o
t

re
qu

ir
ed

fo
r

o
u

r
ge

n
er

a
li

za
ti

o
n

a
n

d
la

be
l

co
m

p
le

xi
ty

bo
u

n
d
s.

U
n

fo
rt

u
n

a
te

ly
re

ce
n

t
gu

a
ra

n
te

es
fo

r
le

a
rn

in
g

w
it

h
n

o
n

-c
o
n

ve
x

cl
a
ss

es
(L

ia
n

g
et

a
l.

,
2
0
1
5
;

R
a
kh

li
n

et
a
l.

,
2
0
1
7
)

d
o

n
o
t

im
m

ed
ia

te
ly

yi
el

d
effi

ci
en

t
a
ct

iv
e

le
a
rn

in
g

st
ra

te
gi

es
.

N
o
te

a
ls

o
th

a
t

K
ri

sh
n

a
m

u
rt

h
y

et
a
l.

(2
0
1
7
)

o
bt

a
in

a
n

effi
ci

en
t

a
lg

o
ri

th
m

w
it

h
o
u

t
co

n
ve

xi
ty

,
bu

t
th

is
yi

el
d
s

a
su

bo
p
ti

m
a
l

la
be

l
co

m
p
le

xi
ty

gu
a
ra

n
te

e.

G
iv

en
a

se
t

of
ex

am
p
le

s
an

d
q
u
er

ie
d

co
st

s,
w

e
of

te
n

re
st

ri
ct

at
te

n
ti

on
to

re
g
re

ss
io

n
fu

n
ct

io
n
s

th
at

p
re

d
ic

t
th

es
e

co
st

s
w

el
l

an
d

as
se

ss
th

e
u
n
ce

rt
ai

n
ty

in
th

ei
r

p
re

d
ic

ti
o
n
s

g
iv

en
a

n
ew

ex
am

p
le
x

.
F

or
a

su
b
se

t
of

re
gr

es
so

rs
G
⊂
G,

w
e

m
ea

su
re

u
n
ce

rt
ai

n
ty

ov
er

p
o
ss

ib
le

co
st

va
lu

es
fo

r
x

w
it

h

γ
(x
,G

)
,
c +

(x
,G

)
−
c −

(x
,G

),
c +

(x
,G

)
,

m
ax

g
∈G

g
(x

),
c −

(x
,G

)
,

m
in

g
∈G

g
(x

).
(3

)

F
or

v
ec

to
r

re
gr

es
so

rs
F
⊂
F

,
w

e
d
efi

n
e

th
e

co
st

ra
n

ge
fo

r
a

la
b

el
y

gi
ve

n
x

a
s
γ

(x
,y
,F

)
,

γ
(x
,G

F
(y

))
w

h
er

e
G
F

(y
)
,
{f

(·;
y
)
|f
∈
F
}

ar
e

th
e

b
as

e
re

gr
es

so
rs

in
d
u
ce

d
b
y
F

fo
r
y
.

N
ot

e
th

at
si

n
ce

w
e

ar
e

as
su

m
in

g
re

al
iz

a
b
il
it

y,
w

h
en

ev
er
f
?
∈
F

,
th

e
q
u
an

ti
ti

es
c +

(x
,G

F
(y

))
an

d
c −

(x
,G

F
(y

))
p
ro

v
id

e
va

li
d

u
p
p

er
an

d
lo

w
er

b
ou

n
d
s

on
E[
c(
y
)|x

].
T

o
m

ea
su

re
th

e
la

b
el

in
g

eff
or

t,
w

e
tr

ac
k

th
e

n
u
m

b
er

of
ex

am
p
le

s
fo

r
w

h
ic

h
ev

en
a

si
n
gl

e
co

st
is

q
u
er

ie
d

as
w

el
l

as
th

e
to

ta
l

n
u
m

b
er

of
q
u
er

ie
s.

T
h
is

b
o
ok

ke
ep

in
g

ca
p
tu

re
s

se
tt

in
gs
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A
c
t
iv

e
L

e
a
r
n
in

g
f
o
r

C
o
st

-S
e
n
sit

iv
e

C
l
a
ssif

ic
a
t
io

n

A
lg

o
rith

m
1

C
ost

O
v
erlap

p
ed

A
ctive

L
earn

in
g

(C
O

A
L

)

1
:

In
p
u
t:

R
eg

ressorsG
,

failu
re

p
rob

ab
ility

δ≤
1/e.

2
:

S
et
ψ
i

=
1/ √

i,
κ

=
3,
ν
n

=
324(d

log
(n

)
+

log
(8
K
e(d

+
1)n

2/δ)).
3
:

S
et

∆
i

=
κ

m
in{

ν
n

i−
1 ,1}.

4
:

fo
r
i

=
1,2

,...,n
d

o
5
:

g
i,y ←

a
rg

m
in
g∈G

R̂
i (g

;y
).

(S
ee

(5)).
6
:

D
efi

n
e
f
i ←
{g
i,y }

Ky
=

1 .

7
:

(Im
p
licitly

d
efi

n
e)G

i (y
)←
{g
∈
G
i−

1 (y
)|
R̂
i (g

;y
)≤

R̂
i (g

i,y ;y
)

+
∆
i }

.
8
:

R
eceive

n
ew

ex
am

p
le
x

.
Q
i (y

)←
0,∀

y
∈
Y

.
9
:

fo
r

every
y
∈
Y

d
o

1
0
:

ĉ
+

(y
)←

M
a
x
C

o
st

((x
,y

),ψ
i /4)

an
d
ĉ−

(y
)←

M
in

C
o
st

((x
,y

),ψ
i /

4).
1
1
:

e
n

d
fo

r
1
2
:

Y
′←
{y
∈
Y
|
ĉ−

(y
)≤

m
in
y ′ĉ

+
(y ′)}

.
1
3
:

if
|Y
′|
>

1
th

e
n

1
4
:

Q
i (y

)←
1

if
y
∈
Y
′

an
d
ĉ

+
(y

)−
ĉ−

(y
)
>
ψ
i .

1
5
:

e
n

d
if

1
6
:

Q
u
ery

costs
of

each
y

w
ith

Q
i (y

)
=

1.
1
7
:

e
n

d
fo

r

w
h
ere

th
e

ed
ito

rial
eff

ort
for

in
sp

ectin
g

an
ex

am
p
le

is
h
igh

b
u
t

each
cost

req
u
ires

m
in

im
al

fu
rth

er
eff

o
rt,

as
w

ell
as

th
ose

w
h
ere

each
cost

req
u
ires

su
b
stan

tial
eff

o
rt.

F
orm

a
lly,

w
e

d
efi

n
e
Q
i (y

)
∈
{
0,1}

to
b

e
th

e
in

d
icator

th
at

th
e

algorith
m

q
u
eries

lab
el
y

on
th

e
i th

ex
a
m

p
le

a
n
d

m
easu

re

L
1 ,

n
∑i=

1 ∨y

Q
i (y

),
an

d
L

2 ,
n
∑i=

1 ∑

y

Q
i (y

).
(4)

4
.

C
o
st

O
v
e
rla

p
p

e
d

A
ctiv

e
L

e
a
rn

in
g

T
h
e

p
seu

d
o
co

d
e

for
ou

r
algorith

m
,

C
ost

O
verlap

p
ed

A
ctiv

e
L

earn
in

g
(C

O
A

L
),

is
giv

en
in

A
lg

orith
m

1
.

G
iven

an
ex

am
p
le
x

,
C

O
A

L
q
u
eries

th
e

costs
of

som
e

of
th

e
lab

els
y

for
x

.
T

h
ese

co
sts

a
re

ch
osen

b
y

(1)
com

p
u
tin

g
a

set
of

go
o
d

regression
fu

n
ction

s
b
a
sed

on
th

e
p
a
st

d
a
ta

(i.e.,
th

e
version

sp
ace),

(2)
com

p
u
tin

g
th

e
ran

ge
o
f

p
red

iction
s

ach
ievab

le
b
y

th
ese

fu
n
ctio

n
s

for
each

y
,

an
d

(3)
q
u
ery

in
g

each
y

th
at

cou
ld

b
e

th
e

b
est

lab
el

a
n

d
h
as

su
b
sta

n
tial

u
n
certain

ty.
W

e
n
ow

d
etail

each
step

.
T

o
co

m
p
u
te

an
ap

p
rox

im
ate

v
ersion

sp
ace

w
e

fi
rst

fi
n
d

th
e

regression
fu

n
ctio

n
th

at
m

in
im

izes
th

e
em

p
irical

risk
for

each
lab

el
y
,

w
h
ich

at
rou

n
d
i

is:

R̂
i (g

;y
),

1

i−
1

i−
1

∑j=
1 (g

(x
j )−

c
j (y

))
2Q

j (y
).

(5)

R
eca

ll
th

a
t
Q
j (y

)
is

th
e

in
d
icator

th
at

w
e

q
u
ery

lab
el
y

on
th

e
j

th
ex

am
p
le.

C
om

p
u
tin

g
th

e
m

in
im

izer
req

u
ires

on
e

oracle
call.

W
e

im
p
licitly

con
stru

ct
th

e
version

sp
a
ceG

i (y
)

in
L

in
e

7
a
s

th
e

su
rv

iv
in

g
regressors

w
ith

low
sq

u
are

loss
regret

to
th

e
em

p
irical

risk
m

in
im

izer.
T

h
e
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K
r
ish

n
a
m

u
r
t
h
y
,

A
g

a
r
w

a
l
,

H
u
a
n
g

,
D

a
u
m

é
III,

L
a
n
g

f
o
r
d

toleran
ce

on
th

is
regret

is
∆
i

at
rou

n
d
i,

w
h
ich

scales
lik

eÕ
(d
/
i),

w
h
ere

recall
th

at
d

is
th

e
p
seu

d
o-d

im
en

sion
of

th
e

classG
.

C
O

A
L

th
en

com
p
u
tes

th
e

m
ax

im
u
m

an
d

m
in

im
u
m

costs
p
red

icted
b
y

th
e

version
sp

ace
G
i (y

)
on

th
e

n
ew

ex
am

p
le
x

.
S
in

ce
th

e
tru

e
ex

p
ected

cost
is
f
?(x

;y
)

an
d
,

as
w

e
w

ill
see,

f
?(·;y

)∈
G
i (y

),
th

ese
q
u
an

tities
serve

as
a

con
fi
d
en

ce
b

ou
n
d

for
th

is
valu

e.
T

h
e

com
p
u
tation

is
d
on

e
b
y

th
e

M
a
x
C

o
st

an
d

M
in

C
o
st

su
b
rou

tin
es

w
h
ich

p
ro

d
u
ce

ap
p
rox

im
ation

s
to

c
+

(x
,G

i (y
))

an
d
c−

(x
,G

i (y
))

resp
ectively

(S
ee

(3)).
F

in
ally,

u
sin

g
th

e
p
red

icted
costs,

C
O

A
L

issu
es

(p
ossib

ly
zero)

q
u
eries.

T
h
e

algorith
m

q
u
eries

an
y

n
o
n

-d
o
m

in
a
ted

lab
el

th
at

h
as

a
large

co
st

ra
n

ge,
w

h
ere

a
lab

el
is

n
on

-d
om

in
a
ted

if
its

estim
ated

m
in

im
u
m

cost
is

sm
aller

th
an

th
e

sm
allest

m
ax

im
u
m

cost
(am

on
g

all
oth

er
lab

els)
an

d
th

e
co

st
ran

ge
is

th
e

d
iff

eren
ce

b
etw

een
th

e
la

b
el’s

estim
ated

m
ax

im
u
m

an
d

m
in

im
u
m

costs.
In

tu
itively,

C
O

A
L

q
u
eries

th
e

cost
of

every
lab

el
w

h
ich

can
n
ot

b
e

ru
led

ou
t

as
h
av

in
g

th
e

sm
allest

cost
on

x
,

b
u
t

on
ly

if
th

ere
is

su
ffi

cien
t

am
b
igu

ity
ab

o
u
t

th
e

actu
al

valu
e

of
th

e
cost.

T
h
e

id
ea

is
th

at
lab

els
w

ith
little

d
isagreem

en
t

d
o

n
ot

p
rov

id
e

m
u
ch

in
form

ation
for

fu
rth

er
red

u
cin

g
th

e
v
ersion

sp
ace,

sin
ce

b
y

con
stru

ction
all

regressors
w

ou
ld

su
ff

er
sim

ilar
sq

u
are

loss.
M

oreover,
on

ly
th

e
lab

els
th

at
cou

ld
b

e
th

e
b

est
n
eed

to
b

e
q
u
eried

at
all,

sin
ce

th
e

cost-sen
sitive

p
erform

an
ce

of
a

h
y
p

oth
esis

h
f

d
ep

en
d
s

on
ly

on
th

e
lab

el
th

at
it

p
red

icts.
H

en
ce,

lab
els

th
at

are
d
om

in
ated

or
h
ave

sm
all

cost
ran

ge
n
eed

n
ot

b
e

q
u
eried

.
S
im

ilar
q
u
ery

strategies
h
av

e
b

een
u
sed

in
p
rior

w
ork

s
on

b
in

a
ry

an
d

m
u
lticlass

classifi
-

cation
(O

rab
on

a
an

d
C

esa-B
ian

ch
i,

2011
;
D

ekel
et

al.,
2010;

A
garw

al,
2013),

b
u
t

sp
ecialized

to
lin

ear
rep

resen
tation

s.
T

h
e

key
ad

van
tage

of
th

e
lin

ear
case

is
th

at
th

e
set
G
i (y

)
(for-

m
ally,

a
d
iff

eren
t

set
w

ith
sim

ilar
p
ro

p
erties)

alon
g

w
ith

th
e

m
ax

im
u
m

an
d

m
in

im
u
m

costs
h
ave

closed
form

ex
p
ression

s,
so

th
at

th
e

algorith
m

s
are

easily
im

p
lem

en
ted

.
H

ow
ev

er,
w

ith
a

gen
eral

setG
an

d
a

regression
oracle,

com
p
u
tin

g
th

ese
con

fi
d
en

ce
in

terva
ls

is
less

straigh
t-

forw
ard

.
W

e
u
se

th
e

M
a
x
C

o
st

an
d

M
in

C
o
st

su
b
rou

tin
es,

an
d

d
iscu

ss
th

is
asp

ect
of

ou
r

algorith
m

n
ex

t.

4
.1

.
E

ffi
c
ie

n
t

C
o
m

p
u

ta
tio

n
o
f

C
o
st

R
a
n

g
e

In
th

is
section

,
w

e
d
escrib

e
th

e
M

a
x
C

o
st

su
b
rou

tin
e

w
h
ich

u
ses

th
e

regression
oracle

to
ap

p
rox

im
ate

th
e

m
ax

im
u
m

cost
on

lab
el
y

realized
b
y
G
i (y

),
as

d
efi

n
ed

in
(3).

T
h
e

m
in

im
u
m

cost
com

p
u
tation

req
u
ires

on
ly

m
in

or
m

o
d
ifi

cation
s

th
at

w
e

d
iscu

ss
at

th
e

en
d

of
th

e
section

.
D

escrib
in

g
th

e
algorith

m
req

u
ires

som
e

ad
d
ition

al
n
otation

.
L

et
∆̃
j ,

∆
j

+
R̂
j (g

j,y ;y
)

b
e

th
e

righ
t

h
an

d
sid

e
of

th
e

con
strain

t
d
efi

n
in

g
th

e
version

sp
ace

at
rou

n
d
j,

w
h
ere

g
j,y

is

th
e

E
R

M
at

rou
n
d
j

for
lab

el
y
,
R̂
j (·;y

)
is

th
e

risk
fu

n
ction

al,
an

d
∆
j

is
th

e
rad

iu
s

u
sed

in
C

O
A

L
.

N
ote

th
at

th
is

q
u
an

tity
can

b
e

effi
cien

tly
com

p
u
ted

sin
ce
g
j,y

can
b

e
fou

n
d

w
ith

a
sin

gle
oracle

call.
D

u
e

to
th

e
req

u
irem

en
t

th
at

g
∈
G
i−

1 (y
)

in
th

e
d
efi

n
ition

ofG
i (y

),
an

eq
u
ivalen

t
rep

resen
tation

is
G
i (y

)
=
⋂
ij=

1 {
g

:
R̂
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b
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∈
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p
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∀
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:
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p
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p
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∆
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∆
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←
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∆
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√
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←
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←
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∈
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o
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←
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∆̃
j
−
R̂
j
(g
t;
y
)

∆
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←
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−
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−
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←
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1
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√
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b
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is

n
ot

d
iffi

cu
lt

to
se

e
th

a
t

th
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p
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p
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d
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.
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b
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b
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n
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at
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b
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∆̃
j
.

(8
)

T
h
e

ab
ov

e
re

w
ri

ti
n
g

is
eff

ec
ti

ve
ly

co
sm

et
ic

as
G

=
∆
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b
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ra
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at
io

n
va

ri
ab

le
P

.
T

h
u
s,

w
e

eff
ec

ti
ve

ly
w

is
h
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p
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p
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b
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b
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d
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ra
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∆
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u
r
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w
e

in
cr

ea
se

ou
r

gu
es

s,
an

d
ot

h
er

w
is

e
w

e
re

d
u
ce

th
e

g
u
es

s
a
n
d

p
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.
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b
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ra
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b
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b
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ra
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s
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(x
,c)

pa
irs

sa
tisfi

es
th

e
M

assart
n
oise

co
n
d
itio

n
w

ith
pa

ra
m

eter
τ
>

0
,

if
fo

r
a
ll
x

(w
ith
D

(x
)
>

0
),

f
?(x

;y
?(x

))≤
m

in
y6=
y
?
(x

) f
?(x

;y
)−

τ,

w
h
ere

y
?(x

),
a
rgm

in
y
f
?(x

;y
)

is
th

e
tru

e
best

la
bel

fo
r
x

.

T
h
e

M
a
ssa

rt
n
oise

con
d
ition

d
escrib

es
favorab

le
p
red

iction
p
rob

lem
s

th
at

lead
to

sh
arp

er
g
en

eraliza
tio

n
a
n
d

lab
el

com
p
lex

ity
b

ou
n
d
s

for
C

O
A

L
.

W
e

also
stu

d
y

a
m

ild
er

n
oise

as-
su

m
p
tio

n
,

in
sp

ired
b
y

th
e

T
sy

b
akov

con
d
ition

(M
am

m
en

an
d

T
sy

b
akov

,
199

9;
T

sy
b
akov

,
2
00

4
),

a
g
a
in

g
en

eralized
to

C
S
M

C
.

S
ee

also
A

garw
al

(2013).

A
ssu

m
p

tio
n

4
A

d
istribu

tio
n
D

su
p
po

rted
o
ver

(x
,c)

pa
irs

sa
tisfi

es
th

e
T

sb
yak

ov
n
oise

co
n
d
itio

n
w

ith
pa

ra
m

eters
(τ

0 ,α
,β

)
if

fo
r

a
ll

0
≤
τ
≤
τ

0 ,

P
x∼
D

[
m

in
y6=
y
?
(x

) f
?(x

;y
)−

f
?(x

;y
?(x

))≤
τ ]
≤
β
τ
α
,

w
h
ere

y
?(x

),
a
rgm

in
y
f
?(x

;y
).

O
b
serve

th
at

th
e

M
assart

n
oise

con
d
ition

in
A

ssu
m

p
tion

3
is

a
lim

itin
g

case
o
f

th
e

T
sy

b
akov

co
n
d
itio

n
,

w
ith

τ
=
τ

0
an

d
α
→
∞

.
T

h
e

T
sy

b
akov

con
d
ition

states
th

at
it

is
p

oly
n
om

ially
u
n
likely

fo
r

th
e

cost
of

th
e

b
est

lab
el

to
b

e
close

to
th

e
cost

o
f

th
e

oth
er

lab
els.

T
h
is

co
n
d
itio

n
h
a
s

b
een

u
sed

in
p
rev

iou
s

w
ork

on
cost-sen

sitiv
e

active
learn

in
g

(A
garw

al,
2013)

a
n
d

is
a
lso

rela
ted

to
th

e
con

d
ition

stu
d
ied

b
y

C
astro

an
d

N
ow

ak
(200

8)
w

ith
th

e
tra

n
slation

th
a
t
α

=
1

κ−
1 ,

w
h
ere

κ
∈

[0,1]
is

th
eir

n
oise

lev
el.

O
u
r

g
en

era
lization

b
ou

n
d

is
stated

in
term

s
of

th
e

n
oise

level
in

th
e

p
rob

lem
so

th
at

th
ey

ca
n

b
e

rea
d
ily

ad
ap

ted
to

th
e

favorab
le

assu
m

p
tion

s.
W

e
d
efi

n
e

th
e

n
oise

level
u
sin

g
th

e
fo

llow
in

g
q
u
an

tity,
given

an
y
ζ
>

0.

P
ζ ,

P
x∼
D

[
m

in
y6=
y
?
(x

) f
?(x

;y
)−

f
?(x

;y
?(x

))≤
ζ ]
.

(10)

P
ζ

d
escrib

es
th

e
p
rob

ab
ility

th
at

th
e

ex
p

ected
cost

of
th

e
b

est
lab

el
is

close
to

th
e

ex
p

ected
co

st
o
f

th
e

seco
n
d

b
est

lab
el.

W
h
en

P
ζ

is
sm

all
for

large
ζ

th
e

lab
els

are
w

ell-sep
arated

so
lea

rn
in

g
is

ea
sier.

F
or

in
stan

ce,
u
n
d
er

a
M

assart
con

d
ition

P
ζ

=
0

for
all

ζ
≤
τ
.

W
e

n
ow

sta
te

ou
r

gen
eralization

gu
aran

tee.

T
h

e
o
re

m
5

F
o
r

a
n

y
δ
<

1/e,
fo

r
a
ll
i∈

[n
],

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,

w
e

h
a
ve

E
x
,c [c(h

f
i+

1 (x
))−

c(h
f
?(x

))]≤
m

in
ζ
>

0 {
ζ
P
ζ

+
32K

ν
n

ζ
i

}
,

w
h
ere

ν
n

,
f
i

a
re

d
efi

n
ed

in
A

lgo
rith

m
1
,

a
n

d
h
f
i

is
d
efi

n
ed

in
(1).

11
JM

L
R

 20(65):1-50, 2019

K
r
ish

n
a
m

u
r
t
h
y
,

A
g

a
r
w

a
l
,

H
u
a
n
g

,
D

a
u
m

é
III,

L
a
n
g

f
o
r
d

In
th

e
w

orst
case,

w
e

b
ou

n
d
P
ζ

b
y

1
an

d
op

tim
ize

for
ζ

to
ob

tain
an
Õ

( √
K
d

log
(1/δ)/i)

b
ou

n
d

after
i

sam
p
les,

w
h
ere

recall
th

at
d

is
th

e
p
seu

d
o-d

im
en

sion
of
G

.
T

h
is

agrees
w

ith
th

e
stan

d
ard

gen
eralization

b
ou

n
d

of
O

( √
P

d
im

(F
)

log
(1
/δ)/i)

for
V

C
-ty

p
e

classes
b

ecau
seF

=
G
K

h
as
O

(K
d
)

statistical
com

p
lex

ity.
H

ow
ever,

sin
ce

th
e

b
ou

n
d

cap
tu

res
th

e
d
iffi

cu
lty

of
th

e
C

S
M

C
p
rob

lem
as

m
easu

red
b
y
P
ζ ,

w
e

can
ob

tain
sh

arp
er

resu
lts

u
n
d
er

A
ssu

m
p
tion

s
3

an
d

4
b
y

ap
p
rop

riately
settin

g
ζ
.

C
o
ro

lla
ry

6
U

n
d
er

A
ssu

m
p
tio

n
3
,

fo
r

a
n

y
δ
<

1/e,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ,

fo
r

a
ll

i∈
[n

],
w

e
h
a
ve

E
x
,c [c(h

f
i+

1 (x
))−

c(h
f
?(x

))]≤
32K

ν
n

iτ
.

C
o
ro

lla
ry

7
U

n
d
er

A
ssu

m
p
tio

n
4
,

fo
r

a
n

y
δ
<

1/e,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ,

fo
r

a
ll

3
2
K
ν
n

β
τ
α
+
2

0

≤
i≤

n
,

w
e

h
a
ve

E
x
,c [c(h

f
i+

1 (x
))−

c(h
f
?(x

))]≤
2
β

1
α
+
2 (

32K
ν
n

i

)
α
+
1

α
+
2

.

T
h
u
s,

M
assart

an
d

T
sy

b
akov

-ty
p

e
con

d
ition

s
lead

to
a

faster
con

v
ergen

ce
rate

ofÕ
(1/n

)

an
d
Õ

(n
−
α
+
1

α
+
2).

T
h
is

agrees
w

ith
th

e
literatu

re
o
n

active
learn

in
g

for
classifi

cation
(M

assart
an

d
N

éd
élec,

2006)
an

d
can

b
e

v
iew

ed
as

a
gen

eralization
to

C
S
M

C
.

B
oth

gen
eralization

b
ou

n
d
s

m
atch

th
e

op
tim

al
rates

for
b
in

ary
classifi

cation
u
n
d
er

th
e

an
alogou

s
low

-n
oise

assu
m

p
tion

s
(M

assart
an

d
N

éd
élec,

2006;
T

sy
b
ak

ov
,

2
004).

W
e

em
p
h
asize

th
at

C
O

A
L

ob
tain

s
th

ese
b

ou
n
d
s

as
is,

w
ith

ou
t

ch
an

gin
g

an
y

p
aram

eters,
an

d
h
en

ce
C

O
A

L
is

a
d
a
p
tive

to
fav

orab
le

n
oise

con
d
ition

s.

6
.

L
a
b

e
l

C
o
m

p
le

x
ity

A
n
a
ly

sis

W
ith

ou
t

d
istrib

u
tion

al
assu

m
p
tion

s,
th

e
lab

el
com

p
lex

ity
of

C
O

A
L

can
b

eO
(n

),
ju

st
as

in
th

e
b
in

ary
classifi

cation
case,

sin
ce

th
ere

m
ay

alw
ay

s
b

e
con

fu
sin

g
lab

els
th

at
fo

rce
q
u
ery

-
in

g.
In

lin
e

w
ith

p
rior

w
ork

,
w

e
in

tro
d
u
ce

tw
o

d
isa

greem
en

t
coeffi

cien
ts

th
at

ch
aracterize

favorab
le

d
istrib

u
tion

al
p
rop

erties.
W

e
fi
rst

d
efi

n
e

a
set

of
go

o
d

classifi
ers,

th
e

co
st-sen

sitive
regret

b
all:

F
csr (r),

{
f
∈
F
∣∣∣ E

[c(h
f (x

))−
c(h

f
?(x

))]≤
r }

.

W
e

also
recall

ou
r

earlier
n
otation

γ
(x
,y
,F

)
(see

(3)
an

d
th

e
su

b
seq

u
en

t
d
iscu

ssion
)

for
a

su
b
set

F
⊆
F

w
h
ich

in
d
icates

th
e

ran
ge

of
ex

p
ected

costs
for

(x
,y

)
as

p
red

icted
b
y

th
e

regressors
corresp

on
d
in

g
to

th
e

classifi
ers

in
F

.
W

e
n
ow

d
efi

n
e

th
e

d
isagreem

en
t

co
effi

cien
ts.

D
e
fi

n
itio

n
8

(D
isa

g
re

e
m

e
n
t

c
o
e
ffi

c
ie

n
ts)

D
efi

n
e

D
IS

(r,y
),

{
x
|∃
f
,f
′∈
F
csr (r),h

f (x
)

=
y
6=
h
f
′(x

) }
.
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A
c
t
iv

e
L

e
a
r
n
in

g
f
o
r

C
o
st

-S
e
n
si

t
iv

e
C

l
a
ss

if
ic

a
t
io

n

T
h
en

th
e

d
is

a
gr

ee
m

en
t

co
effi

ci
en

ts
a
re

d
efi

n
ed

a
s:

θ 1
,

su
p

ψ
,r
>

0

ψ r
P

(∃
y
|γ

(x
,y
,F

cs
r
(r

))
>
ψ
∧
x
∈

D
IS

(r
,y

))
,

θ 2
,

su
p

ψ
,r
>

0

ψ r

∑ y

P
(γ

(x
,y
,F

cs
r
(r

))
>
ψ
∧
x
∈

D
IS

(r
,y

))
.

In
tu

it
iv

el
y,

th
e

co
n
d
it

io
n
s

in
b

ot
h

co
effi

ci
en

ts
co

rr
es

p
on

d
to

th
e

ch
ec

k
s

o
n

th
e

d
o
m

in
a
ti

o
n

an
d

co
st

ra
n

ge
of

a
la

b
el

in
L

in
es

12
an

d
14

of
A

lg
or

it
h
m

1.
S
p

ec
ifi

ca
ll
y,

w
h
en
x
∈

D
IS

(r
,y

),
th

er
e

is
co

n
fu

si
on

ab
ou

t
w

h
et

h
er
y

is
th

e
op

ti
m

al
la

b
el

or
n
ot

,
a
n
d

h
en

ce
y

is
n
ot

d
om

in
at

ed
.

T
h
e

co
n
d
it

io
n

on
γ

(x
,y
,F

cs
r(
r)

)
ad

d
it

io
n
al

ly
ca

p
tu

re
s

th
e

fa
ct

th
at

a
sm

al
l

co
st

ra
n
g
e

p
ro

v
id

es
li
tt

le
in

fo
rm

at
io

n
,

ev
en

w
h
en

y
is

n
on

-d
om

in
at

ed
.

C
ol

le
ct

iv
el

y,
th

e
co

effi
ci

en
ts

ca
p
tu

re
th

e
p
ro

b
ab

il
it

y
of

an
ex

am
p
le
x

w
h
er

e
th

e
go

o
d

cl
as

si
fi
er

s
d
is

ag
re

e
on

x
in

b
o
th

p
re

d
ic

te
d

co
st

s
an

d
la

b
el

s.
Im

p
or

ta
n
tl

y,
th

e
n
ot

io
n

of
go

o
d

cl
as

si
fi
er

s
is

v
ia

th
e

al
go

ri
th

m
-

in
d
ep

en
d
en

t
se

t
F c

sr
(r

),
an

d
is

on
ly

a
p
ro

p
er

ty
of
F

an
d

th
e

d
at

a
d
is

tr
ib

u
ti

on
.

T
h
e

d
efi

n
it

io
n
s

ar
e

a
n
at

u
ra

l
ad

ap
ta

ti
on

fr
om

b
in

ar
y

cl
as

si
fi
ca

ti
on

(H
an

n
ek

e,
20

14
),

w
h
er

e
a

si
m

il
ar

d
is

ag
re

em
en

t
re

gi
on

to
D

IS
(r
,y

)
is

u
se

d
.

O
u
r

d
efi

n
it

io
n

as
k
s

fo
r

co
n
fu

si
on

ab
ou

t
th

e
op

ti
m

al
it

y
of

a
sp

ec
ifi

c
la

b
el
y
,

w
h
ic

h
p
ro

v
id

es
m

or
e

d
et

ai
le

d
in

fo
rm

at
io

n
ab

ou
t

th
e

co
st

-s
tr

u
ct

u
re

th
an

si
m

p
ly

as
k
in

g
fo

r
an

y
co

n
fu

si
on

am
on

g
th

e
go

o
d

cl
as

si
fi
er

s.
T

h
e

1
/r

sc
al

in
g

is
in

ag
re

em
en

t
w

it
h

p
re

v
io

u
s

re
la

te
d

d
efi

n
it

io
n
s

(H
an

n
ek

e,
20

14
),

an
d

w
e

al
so

sc
al

e
b
y

th
e

co
st

ra
n
ge

p
ar

am
et

er
ψ

,
so

th
at

th
e

fa
vo

ra
b
le

se
tt

in
gs

fo
r

ac
ti

ve
le

ar
n
in

g
ca

n
b

e
co

n
ci

se
ly

ex
p
re

ss
ed

as
h
av

in
g
θ 1
,θ

2
b

ou
n
d
ed

,
as

op
p

os
ed

to
a

co
m

p
le

x
fu

n
ct

io
n

of
ψ

.
T

h
e

n
ex

t
th

re
e

re
su

lt
s

b
ou

n
d

th
e

la
b

el
in

g
eff

or
t

(4
),

in
th

e
h
ig

h
n
oi

se
an

d
lo

w
n
oi

se
ca

se
s

re
sp

ec
ti

ve
ly

.
T

h
e

lo
w

n
oi

se
as

su
m

p
ti

on
s

en
ab

le
si

gn
ifi

ca
n
tl

y
sh

ar
p

er
b

ou
n
d
s.

B
ef

or
e

st
at

in
g

th
e

b
ou

n
d
s,

w
e

re
ca

ll
th

at
L

1
co

rr
es

p
on

d
s

to
th

e
n
u
m

b
er

of
ex

am
p
le

s
w

h
er

e
at

le
as

t
on

e
co

st
is

q
u
er

ie
d
,

w
h
il
e
L

2
is

th
e

to
ta

l
n
u
m

b
er

of
co

st
s

q
u
er

ie
d

ac
ro

ss
al

l
ex

a
m

p
le

s.

T
h

e
o
re

m
9

W
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ,

th
e

la
be

l
co

m
p
le

xi
ty

o
f

th
e

a
lg

o
ri

th
m

o
ve

r
n

ex
a
m

p
le

s
is

a
t

m
o
st

L
1

=
O
( n
θ 1
√
K
ν n

+
lo

g
(1
/δ

)) ,

L
2

=
O
( n
θ 2
√
K
ν n

+
K

lo
g
(1
/δ

)) .

T
h

e
o
re

m
1
0

A
ss

u
m

e
th

e
M

a
ss

a
rt

n
o
is

e
co

n
d
it

io
n

h
o
ld

s.
W

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

th
e

la
be

l
co

m
p
le

xi
ty

o
f

th
e

a
lg

o
ri

th
m

o
ve

r
n

ex
a
m

p
le

s
is

a
t

m
o
st

L
1

=
O
(
K

lo
g
(n

)ν
n

τ
2

θ 1
+

lo
g
(1
/δ

))
,

L
2

=
O

(K
L

1
)

T
h

e
o
re

m
1
1

A
ss

u
m

e
th

e
T

sy
ba

ko
v

n
o
is

e
co

n
d
it

io
n

h
o
ld

s.
W

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

th
e

la
be

l
co

m
p
le

xi
ty

o
f

th
e

a
lg

o
ri

th
m

o
ve

r
n

ex
a
m

p
le

s
is

a
t

m
o
st

L
1

=
O
( θ

α
α
+
1

1
(K

ν n
)

α
α
+
2
n

2
α
+
2

+
lo

g
(1
/δ

)) ,
L

2
=
O

(K
L

1
)

In
th

e
h
ig

h
-n

oi
se

ca
se

,
th

e
b

ou
n
d
s

sc
a
le

s
w

it
h
n
θ

fo
r

th
e

re
sp

ec
ti

ve
co

effi
ci

en
ts

.
In

co
m

p
ar

is
on

,
fo

r
b
in

ar
y

cl
as

si
fi
ca

ti
on

th
e

le
ad

in
g

te
rm

is
Õ

(n
θe

rr
or

(h
f
?
))

w
h
ic

h
in

vo
lv

es
a
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K
r
is

h
n
a
m

u
r
t
h
y
,

A
g

a
r
w

a
l
,

H
u
a
n
g

,
D

a
u
m

é
II

I,
L

a
n
g

f
o
r
d

d
iff

er
en

t
d
is

ag
re

em
en

t
co

effi
ci

en
t

an
d

w
h
ic

h
sc

a
le

s
w

it
h

th
e

er
ro

r
of

th
e

op
ti

m
a
l

cl
a
ss

ifi
er

h
f
?

(H
an

n
ek

e,
20

14
;

H
u
an

g
et

al
.,

20
15

).
Q

u
al

it
at

iv
el

y
th

e
b

ou
n
d
s

h
av

e
si

m
il
a
r

w
o
rs

t-
ca

se
b

eh
av

io
r,

d
em

on
st

ra
ti

n
g

m
in

im
al

im
p
ro

ve
m

en
t

ov
er

p
as

si
ve

le
ar

n
in

g,
b
u
t

b
y

sc
a
li
n
g

w
it

h
er

ro
r(
h
f
?
)

th
e

b
in

ar
y

cl
as

si
fi
ca

ti
on

b
ou

n
d

re
fl
ec

ts
im

p
ro

ve
m

en
ts

on
b

en
ig

n
in

st
a
n
ce

s.
F

or
th

e
sp

ec
ia

l
ca

se
of

m
u
lt

ic
la

ss
cl

as
si

fi
ca

ti
on

,
w

e
ar

e
ab

le
to

re
co

ve
r

th
e

d
ep

en
d
en

ce
o
n

er
ro

r(
h
f
?
)

an
d

th
e

st
an

d
ar

d
d
is

ag
re

em
en

t
co

effi
ci

en
t

w
it

h
a

si
m

p
le

m
o
d
ifi

ca
ti

o
n

to
o
u
r

p
ro

o
f,

w
h
ic

h
w

e
d
is

cu
ss

in
d
et

ai
l

in
th

e
n
ex

t
su

b
se

ct
io

n
.

O
n

th
e

ot
h
er

h
an

d
,

in
b

ot
h

lo
w

n
oi

se
ca

se
s

th
e

la
b

el
co

m
p
le

x
it

y
sc

al
es

su
b
li
n
ea

rl
y

w
it

h
n

.
W

it
h

b
ou

n
d
ed

d
is

ag
re

em
en

t
co

effi
ci

en
ts

,
th

is
im

p
ro

ve
s

ov
er

th
e

st
an

d
ar

d
p
a
ss

iv
e

le
a
rn

in
g

an
al

y
si

s
w

h
er

e
al

l
la

b
el

s
ar

e
q
u
er

ie
d

on
n

ex
am

p
le

s
to

ac
h
ie

ve
th

e
g
en

er
al

iz
at

io
n

g
u
a
ra

n
te

es
in

T
h
eo

re
m

5,
C

or
ol

la
ry

6,
an

d
C

or
ol

la
ry

7
re

sp
ec

ti
ve

ly
.

In
p
ar

ti
cu

la
r,

u
n
d
er

th
e

M
a
ss

a
rt

co
n
d
it

io
n
,

b
ot

h
L

1
an

d
L

2
b

ou
n
d
s

sc
al

e
w

it
h
θ

lo
g
(n

)
fo

r
th

e
re

sp
ec

ti
ve

d
is

ag
re

em
en

t
co

effi
-

ci
en

ts
,

w
h
ic

h
is

an
ex

po
n

en
ti

a
l

im
p
ro

ve
m

en
t

ov
er

th
e

p
as

si
ve

le
ar

n
in

g
an

al
y
si

s.
U

n
d
er

th
e

m
il
d
er

T
sy

b
ak

ov
co

n
d
it

io
n
,

th
e

b
ou

n
d
s

sc
al

e
w

it
h
θ

α
α
+
1
n

2
α
+
2
,

w
h
ic

h
im

p
ro

ve
s

p
o
ly

n
o
m

ia
ll
y

ov
er

p
as

si
v
e

le
ar

n
in

g.
T

h
es

e
la

b
el

co
m

p
le

x
it

y
b

ou
n
d
s

ag
re

e
w

it
h

an
al

og
ou

s
re

su
lt

s
fr

o
m

b
in

ar
y

cl
as

si
fi
ca

ti
o
n

(C
as

tr
o

an
d

N
ow

ak
,

20
08

;
H

an
n
ek

e,
20

14
;

H
an

n
ek

e
an

d
Y

a
n
g
,

2
0
1
5
)

in
th

ei
r

d
ep

en
d
en

ce
on

n
.

N
ot

e
th

at
θ 2
≤

K
θ 1

al
w

ay
s

an
d

it
ca

n
b

e
m

u
ch

sm
al

le
r,

as
d
em

on
st

ra
te

d
th

ro
u
g
h

an
ex

am
p
le

in
th

e
n
ex

t
se

ct
io

n
.

In
su

ch
ca

se
s,

on
ly

a
fe

w
la

b
el

s
ar

e
ev

er
q
u
er

ie
d

a
n
d

th
e
L

2
b

ou
n
d

in
th

e
h
ig

h
n
oi

se
ca

se
re

fl
ec

ts
th

is
ad

d
it

io
n
al

sa
v
in

gs
ov

er
p
a
ss

iv
e

le
a
rn

in
g
.

U
n
fo

rt
u
n
at

el
y,

in
lo

w
n
oi

se
co

n
d
it

io
n
s,

w
e

d
o

n
ot

b
en

efi
t

w
h
en

θ 2
�

K
θ 1

.
T

h
is

ca
n

b
e

re
so

lv
ed

b
y

le
tt

in
g
ψ
i

in
th

e
al

go
ri

th
m

d
ep

en
d

on
th

e
n
oi

se
le

v
el
τ
,

b
u
t

w
e

p
re

fe
r

to
u
se

th
e

m
or

e
ro

b
u
st

ch
oi

ce
ψ
i

=
1/
√
i

w
h
ic

h
st

il
l

al
lo

w
s

C
O

A
L

to
p
ar

ti
al

ly
ad

ap
t

to
lo

w
n
o
is

e
a
n
d

ac
h
ie

ve
lo

w
la

b
el

co
m

p
le

x
it

y.
T

h
e

m
ai

n
im

p
ro

ve
m

en
t

ov
er

K
ri

sh
n
a
m

u
rt

h
y

et
al

.
(2

01
7)

is
d
em

on
st

ra
te

d
in

th
e

la
b

el
co

m
p
le

x
it

y
b

ou
n
d
s

u
n
d
er

lo
w

n
oi

se
as

su
m

p
ti

on
s.

F
or

ex
am

p
le

,
u
n
d
er

M
as

sa
rt

n
o
is

e,
o
u
r

b
ou

n
d

h
as

th
e

op
ti

m
al

lo
g
(n

)/
τ

2
ra

te
,

w
h
il
e

th
e

b
ou

n
d

in
K

ri
sh

n
am

u
rt

h
y

et
a
l.

(2
0
17

)
is

ex
p

on
en

ti
al

ly
w

or
se

,
sc

al
in

g
w

it
h
n
β
/τ

2
fo

r
β
∈

(0
,1

).
T

h
is

im
p
ro

v
em

en
t

co
m

es
fr

o
m

ex
p
li
ci

tl
y

en
fo

rc
in

g
m

on
ot

on
ic

it
y

of
th

e
v
er

si
on

sp
a
ce

,
so

th
at

on
ce

a
re

gr
es

so
r

is
el

im
in

a
te

d
it

ca
n

n
ev

er
fo

rc
e

C
O

A
L

to
q
u
er

y
ag

ai
n
.

A
lg

or
it

h
m

ic
al

ly
,

co
m

p
u
ti

n
g

th
e

m
a
x
im

u
m

a
n
d

m
in

im
u
m

co
st

s
w

it
h

th
e

m
on

ot
on

ic
it

y
co

n
st

ra
in

t
is

m
u
ch

m
or

e
ch

al
le

n
gi

n
g

an
d

re
q
u
ir

es
th

e
n
ew

su
b
ro

u
ti

n
e

u
si

n
g

M
W

.

6
.1

.
R

e
c
o
v
e
ri

n
g

H
a
n

n
e
k
e
’s

D
is

a
g
re

e
m

e
n
t

C
o
e
ffi

c
ie

n
t

In
th

is
su

b
se

ct
io

n
w

e
sh

ow
th

at
in

m
an

y
ca

se
s

w
e

ca
n

ob
ta

in
gu

ar
an

te
es

in
te

rm
s

o
f

H
a
n
-

n
ek

e’
s

d
is

ag
re

em
en

t
co

effi
ci

en
t

(H
an

n
ek

e,
20

14
),

w
h
ic

h
h
as

b
ee

n
u
se

d
ex

te
n
si

ve
ly

in
a
ct

iv
e

le
ar

n
in

g
fo

r
b
in

ar
y

cl
as

si
fi
ca

ti
on

.
W

e
al

so
sh

ow
th

at
,

fo
r

m
u
lt

ic
la

ss
cl

as
si

fi
ca

ti
o
n
,

th
e

la
b

el
co

m
p
le

x
it

y
sc

al
es

w
it

h
th

e
er

ro
r

of
th

e
op

ti
m

al
cl

as
si

fi
er
h
?
,

a
re

fi
n
em

en
t

o
n

T
h
eo

re
m

9
.

T
h
e

gu
ar

an
te

es
re

q
u
ir

e
n
o

m
o
d
ifi

ca
ti

on
s

to
th

e
al

g
or

it
h
m

an
d

en
ab

le
a

p
re

ci
se

co
m

p
a
ri

so
n

w
it

h
p
ri

or
re

su
lt

s.
U

n
fo

rt
u
n
at

el
y,

th
ey

d
o

n
ot

ap
p
ly

to
th

e
ge

n
er

al
C

S
M

C
se

tt
in

g
,

so
th

ey
h
av

e
n
ot

b
ee

n
in

co
rp

or
at

ed
in

to
ou

r
m

ai
n

th
eo

re
m

s.
W

e
st

ar
t

w
it

h
d
efi

n
in

g
H

an
n
ek

e’
s

d
is

ag
re

em
en

t
co

effi
ci

en
t

(H
an

n
ek

e,
20

1
4
).

D
efi

n
e

th
e

d
is

a
gr

ee
m

en
t

ba
ll
F̃

(r
)
,
{f
∈
F

:
P[
h
f
(x

)
6=
h
f
?
(x

)]
≤
r}

an
d

th
e

d
is

ag
re

em
en

t
re

g
io

n
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A
c
t
iv

e
L

e
a
r
n
in

g
f
o
r

C
o
st

-S
e
n
sit

iv
e

C
l
a
ssif

ic
a
t
io

n

D̃
IS

(r),
{
x
|∃
f
,f
′∈
F̃

(r),h
f (x

)6=
h
f
′(x

)}
.

T
h
e

co
effi

cien
t

is
d
efi

n
ed

as

θ
0 ,

su
p

r
>

0

1r P
[x
∈

D̃
IS

(r) ]
.

(11)

T
h
is

co
effi

cien
t

is
k
n
ow

n
to

b
e
O

(1)
in

m
an

y
cases,

for
ex

am
p
le

w
h
en

th
e

h
y
p

oth
esis

cla
ss

co
n
sists

o
f

lin
ear

sep
arators

an
d

th
e

m
argin

al
d
istrib

u
tion

is
u
n
iform

over
th

e
u
n
it

sp
h
ere

(H
a
n
n
eke,

2014,
C

h
ap

ter
7).

In
com

p
arison

w
ith

D
efi

n
ition

8,
th

e
tw

o
d
iff

eren
ces

a
re

th
a
t
θ

1 ,θ
2

in
clu

d
e

th
e

cost-ran
ge

con
d
ition

an
d

in
volve

th
e

cost-sen
sitive

regret
b
all

F
csr (r)

ra
th

er
th

an
F̃

(r).
A

sF̃
(r)⊂

F
csr (r),

w
e

ex
p

ect
th

at
θ

1
an

d
θ

2
are

ty
p
ically

larger
th

an
θ

0 ,
so

b
o
u
n
d
s

in
term

s
of
θ

0
are

m
ore

d
esirab

le.
W

e
n
ow

sh
ow

th
at

su
ch

gu
aran

tees
a
re

p
o
ssib

le
in

m
an

y
cases.

T
h

e
lo

w
n

o
ise

c
a
se

.
F

or
gen

eral
C

S
M

C
,

low
n
oise

con
d
ition

s
ad

m
it

th
e

follow
in

g:

P
ro

p
o
sitio

n
1
2

U
n

d
er

M
a
ssa

rt
n

o
ise,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ

th
e

la
bel

co
m

p
lexity

o
f

th
e

a
lgo

rith
m

o
ver

n
exa

m
p
les

is
a
t

m
o
st
L

1
=
O
(

lo
g
(n

)ν
n

τ
2

θ
0

+
log

(1
/δ) )

.
U

n
d
er

T
syba

ko
v

n
o
ise,

th
e

la
bel

co
m

p
lexity

is
a
t

m
o
st
L

1
=
O
(
θ

0 n
2

α
+
2

(log
(n

)ν
n
)

α
α
+
2

+
lo

g
(1
/δ) )

.
In

bo
th

ca
ses

w
e

h
a
ve
L

2
=
O

(K
L

1 ).

T
h
a
t

is,
fo

r
an

y
low

n
oise

C
S
M

C
p
rob

lem
,
C

O
A

L
ob

tain
s

a
lab

el
com

p
lex

ity
b

ou
n
d

in
term

s
o
f

H
a
n
n
eke’s

d
isagreem

en
t

co
effi

cien
t
θ

0
d
irectly.

N
ote

th
at

th
is

ad
ap

tiv
ity

req
u
ires

n
o

ch
a
n
g
e

to
th

e
algorith

m
.

P
rop

osition
12

en
ab

les
a

p
recise

com
p
arison

w
ith

d
isagreem

en
t-

b
a
sed

a
ctive

lea
rn

in
g

for
b
in

ary
classifi

cation
.

In
p
articu

lar,
th

is
b

ou
n
d

m
atch

es
th

e
gu

ar-
a
n
tee

fo
r

C
A

L
(H

an
n
eke,

2014,
T

h
eorem

5.4)
w

ith
th

e
caveat

th
at

ou
r

m
ea

su
re

of
statistical

co
m

p
lex

ity
is

th
e

p
seu

d
o
d
im

en
sion

of
th

eF
in

stead
of

th
e

V
C

-d
im

en
sion

of
th

e
h
y
p

oth
esis

cla
ss.

A
s

a
co

n
seq

u
en

ce,
u
n
d
er

low
n
oise

assu
m

p
tion

s,
C

O
A

L
h
as

favorab
le

lab
el

com
p
lex

-
ity

in
a
ll

ex
a
m

p
les

w
h
ere

θ
0

is
sm

all.

T
h

e
h

ig
h

n
o
ise

c
a
se

.
O

u
tsid

e
of

th
e

low
n
oise

settin
g,

w
e

can
in

tro
d
u
ce

θ
0

in
to

ou
r

b
o
u
n
d
s,

b
u
t

o
n
ly

for
m

u
lticlass

classifi
cation

,
w

h
ere

w
e

alw
ay

s
h
ave

c
,

1
−
e
y

for
som

e
y
∈

[K
].

N
ote

th
at
f

(x
;y

)
is

n
ow

in
terp

reted
as

a
p
red

iction
for

1−
P

(y|x
),

so
th

a
t

th
e

lea
st

co
st

p
red

iction
y
?(x

)
corresp

on
d
s

to
th

e
m

ost
likely

lab
el.

W
e

also
ob

tain
a

fu
rth

er
refi

n
em

en
t

b
y

in
tro

d
u
cin

g
error(h

f
?),

E
(x
,c) [c(h

f
?(x

))].

P
ro

p
o
sitio

n
1
3

F
o
r

m
u

lticla
ss

cla
ssifi

ca
tio

n
,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,

th
e

la
bel

co
m

-
p
lexity

o
f

th
e

a
lgo

rith
m

o
ver

n
exa

m
p
les

is
a
t

m
o
st

L
1

=
4θ

0 n
·
erro

r(h
f
?)

+
O
(
θ

0 (√
K
n
ν
n ·erro

r(h
f
?)

+
K
κ
ν
n

log
(n

) )
+

log
(1
/δ) )

.

T
h
is

resu
lt

ex
p
loits

tw
o

p
rop

erties
of

th
e

m
u
lticlass

cost
stru

ctu
re.

F
irst

w
e

can
relate

F
csr (r)

to
th

e
d
isagreem

en
t

b
allF̃

(r),
w

h
ich

lets
u
s

in
tro

d
u
ce

H
an

n
eke’s

d
isagreem

en
t

co
effi

cien
t
θ

0 .
S
econ

d
,

w
e

can
b

ou
n
d
P
ζ

in
T

h
eorem

5
in

term
s

of
erro

r(h
f
?).

T
ogeth

er
th

e
b

o
u
n
d

is
co

m
p
a
rab

le
to

p
rior

resu
lts

for
activ

e
learn

in
g

in
b
in

ary
classifi

cation
(H

su
,

201
0;

H
a
n
n
eke

a
n
d

Y
an

g,
2012;

H
an

n
ek

e,
2014),

w
ith

a
sligh

t
gen

eralization
to

th
e

m
u
lticlass

settin
g
.

U
n
fo

rtu
n
ately,

b
oth

of
th

ese
refi

n
em

en
ts

d
o

n
ot

ap
p
ly

for
gen

eral
C

S
M

C
.
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K
r
ish

n
a
m

u
r
t
h
y
,

A
g

a
r
w

a
l
,

H
u
a
n
g

,
D

a
u
m

é
III,

L
a
n
g

f
o
r
d

S
u

m
m

a
ry

.
In

im
p

ortan
t

sp
ecial

cases,
C

O
A

L
ach

ieves
lab

el
co

m
p
lex

ity
b

ou
n
d
s

d
irectly

com
p
arab

le
w

ith
resu

lts
for

active
learn

in
g

in
b
in

ary
classifi

cation
,

scalin
g

w
ith

θ
0

an
d

error(h
f
?).

In
su

ch
cases,

w
h
en

ever
θ

0
is

b
ou

n
d
ed

—
for

w
h
ich

m
an

y
ex

am
p
les

are
k
n
ow

n
—

C
O

A
L

h
as

favorab
le

lab
el

com
p
lex

ity.
H

ow
ever,

in
gen

eral
C

S
M

C
w

ith
ou

t
low

-n
oise

assu
m

p
tion

s,
w

e
are

n
ot

ab
le

to
ob

tain
a

b
ou

n
d

in
term

s
of

th
ese

q
u
an

tities,
an

d
w

e
b

eliev
e

a
b

ou
n
d

in
volv

in
g
θ

0
d
o
es

n
ot

h
old

for
C

O
A

L
.

W
e

leave
u
n
d
erstan

d
in

g
n
atu

ral
settin

gs
w

h
ere

θ
1

an
d
θ

2
are

sm
all,

or
ob

tain
in

g
sh

arp
er

gu
aran

tees
as

in
trigu

in
g

fu
tu

re
d
irectio

n
s.

6
.2

.
T

h
re

e
E

x
a
m

p
le

s

W
e

n
ow

d
escrib

e
th

ree
ex

am
p
les

to
give

m
ore

in
tu

ition
for

C
O

A
L

an
d

ou
r

lab
el

com
p
lex

ity
b

ou
n
d
s.

E
ven

in
th

e
low

n
oise

case,
ou

r
lab

el
com

p
lex

ity
an

aly
sis

d
o
es

n
ot

d
em

on
stra

te
all

of
th

e
p

oten
tial

b
en

efi
ts

of
ou

r
q
u
ery

ru
le.

In
th

is
section

w
e

give
th

ree
ex

am
p
les

to
fu

rth
er

d
em

on
strate

th
ese

ad
van

tages.
O

u
r

fi
rst

ex
am

p
le

sh
ow

s
th

e
b

en
efi

ts
of

u
sin

g
th

e
d
om

in
ation

criterion
in

q
u
ery

in
g
,

in
ad

d
ition

to
th

e
cost

ran
ge

con
d
ition

.
C

on
sid

er
a

p
rob

lem
u
n
d
er

A
ssu

m
p
tion

3,
w

h
ere

th
e

op
tim

al
cost

is
p
red

icted
p

erfectly,
th

e
secon

d
b

est
cost

is
τ

w
orse

an
d

all
th

e
oth

er
costs

are
su

b
stan

tially
w

orse,
b
u
t

w
ith

variab
ility

in
th

e
p
red

iction
s.

S
in

ce
all

classifi
ers

p
red

ict
th

e
correct

lab
el,

w
e

get
θ

1
=
θ

2
=

0,
so

ou
r

lab
el

com
p
lex

ity
b

ou
n
d

isO
(1).

In
tu

itively,
sin

ce
every

regressor
is

certain
of

th
e

op
tim

al
lab

el
an

d
its

cost,
w

e
actu

ally
m

ake
zero

q
u
eries.

O
n

th
e

oth
er

h
an

d
,

all
of

th
e

su
b

op
tim

al
lab

els
h
ave

la
rge

cost
ran

ges,
so

q
u
ery

in
g

b
ased

solely
on

a
cost

ran
ge

criteria,
as

w
ou

ld
h
ap

p
en

w
ith

an
activ

e
regression

algorith
m

(C
astro

et
al.,

2005),
lead

s
to

a
large

lab
el

com
p
lex

ity.
A

related
ex

am
p
le

d
em

on
strates

th
e

im
p
rov

em
en

t
in

ou
r

q
u
ery

ru
le

over
m

ore
n
äıve

ap
p
roach

es
w

h
ere

w
e

q
u
ery

eith
er

n
o

lab
el

or
all

lab
els,

w
h
ich

is
th

e
n
atu

ral
gen

eralization
of

q
u
ery

ru
les

from
m

u
lticlass

classifi
cation

(A
garw

al,
2013).

In
th

e
ab

ove
ex

am
p
le,

if
th

e
b

est
an

d
secon

d
b

est
lab

els
are

con
fu

sed
o
ccasion

ally
θ

1
m

ay
b

e
large,

b
u
t

w
e

ex
p

ect
θ

2
�

K
θ

1
sin

ce
n
o

oth
er

lab
el

can
b

e
con

fu
sed

w
ith

th
e

b
est.

T
h
u
s,

th
e
L

2
b

ou
n
d

in
T

h
eorem

9
is

a
factor

of
K

sm
aller

th
an

w
ith

a
n
äıve

q
u
ery

ru
le

sin
ce

C
O

A
L

o
n
ly

q
u
eries

th
e

b
est

an
d

secon
d

b
est

lab
els.

U
n
fortu

n
ately,

w
ith

ou
t

settin
g
ψ
i

as
a

fu
n
ction

of
th

e
n
oise

p
aram

eters,
th

e
b

ou
n
d
s

in
th

e
low

n
oise

cases
d
o

n
ot

refl
ect

th
is

b
eh

av
io

r.
T

h
e

th
ird

ex
am

p
le

sh
ow

s
th

at
b

oth
θ

0
an

d
θ

1
y
ield

p
essim

istic
b

ou
n
d
s

on
th

e
lab

el
com

p
lex

ity
of

C
O

A
L

in
som

e
cases.

T
h
e

ex
am

p
le

is
m

ore
in

v
olved

,
so

w
e

d
escrib

e
it

in
d
etail.

W
e

fo
cu

s
o
n

statistical
issu

es,
u
sin

g
a

fi
n
ite

regressor
classF

.
N

ote
th

at
ou

r
resu

lts
on

gen
eralization

an
d

lab
el

com
p
lex

ity
h
old

in
th

is
settin

g,
rep

lacin
g
d

log
(n

)
w

ith
log|F

|,
an

d
th

e
algorith

m
can

b
e

im
p
lem

en
ted

b
y

en
u
m

eratin
g
F

.
T

h
rou

gh
ou

t
th

is
ex

am
p
le,

w
e

u
se
Õ

(·)
to

fu
rth

er
su

p
p
ress

logarith
m

ic
d
ep

en
d
en

ce
on

n
.

L
et
X
,
{x

1 ,...,x
M
}
,Y
,
{
0,1}

,
an

d
con

sid
er

fu
n
ction

s
F
,
{f

?,f
1 ,...,f

M
}
.

W
e

h
ave

f
?(x

),
(1/

4,1/
2),∀

x
∈
X

an
d
f
i (x

i ),
(1/4

,0)
a
n
d
f
i (x

j ),
(1/

4,1)
for

i6=
j.

T
h
e

m
argin

al
d
istrib

u
tion

is
u
n
iform

an
d

th
e

tru
e

ex
p

ected
costs

are
given

b
y
f
?

so
th

at
th

e
p
rob

lem
satisfi

es
th

e
M

assart
n
oise

con
d
ition

w
ith

τ
=

1/4.
T

h
e

k
ey

to
th

e
con

stru
ction

is
th

at
f
i s

h
ave

h
igh

sq
u
are

loss
on

lab
els

th
at

th
ey

d
o

n
ot

p
red

ict.
O

b
serve

th
at

asP
[h
f
i (x

)6=
h
f
?(x

)]
=

1/M
an

d
h
f
i (x

i )6=
h
f
?(x

i )
for

all
i,

th
e

p
rob

ab
ility

of
d
isagreem

en
t

is
1

u
n
til

all
f
i

are
elim

in
ated

.
A

s
su

ch
,

w
e

h
ave

θ
0

=
M

.
S
im

ila
rly,

w
e

h
ave

E
[c(h

f
i (x

))−
c(h

f
?(x

))]
=

1
4
M

a
n
d
γ

(x
,1,F

csr (
1

4
M

))
=

1,
so
θ

1
=

4M
.

T
h
erefore,

th
e

1
6
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10
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12
ar
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h
Õ

(M
lo

g
|F
|)

=
Õ

(|F
|).

O
n

th
e

ot
h
er

h
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d
,

si
n
ce

(f
i(
x
j
,1

)−
f
?
(x
j
,1

))
2

=
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4
fo

r
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l
i,
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∈
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C
O

A
L
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im

in
at

es
ev
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to
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l
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Õ
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b
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th
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Õ
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w
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h
is

ex
p

on
en

ti
al

ly
b

et
te

r
th

an
th

e
d
is

ag
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b
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T

h
u
s,

C
O

A
L

ca
n

p
er
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m
u
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b
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r
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d
b
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d
is

ag
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b
as

ed
a
n
al

y
se

s,
an

d
an

in
te

re
st

in
g

fu
tu

re
d
ir

ec
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r
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n
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g.
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E
x
p

e
ri

m
e
n
ts

W
e

n
ow

tu
rn

to
an

em
p
ir

ic
al

ev
al

u
at

io
n

of
C

O
A

L
.

F
or

fu
rt

h
er

co
m

p
u
ta

ti
on

al
effi

ci
en

cy
,

w
e

im
p
le

m
en

te
d

an
ap

p
ro

x
im

at
e

ve
rs

io
n

of
C

O
A

L
u
si

n
g:

1)
a

re
la

x
ed

ve
rs

io
n

sp
ac

e
G i

(y
)
←
{g
∈
G
|R̂

i(
g
;y

)
≤
R̂
i(
g i
,y

;y
)

+
∆
i}

,
w

h
ic

h
d
o
es

n
ot

en
fo

rc
e

m
on

ot
on

ic
it

y,
an

d
2)

o
n

li
n

e
o
p
ti

m
iz

a
ti

o
n

,
b
as

ed
on

on
li
n
e

li
n
ea

r
le

as
t-

sq
u
ar

es
re

g
re

ss
io

n
.

T
h
e

a
lg

or
it

h
m

p
ro

ce
ss

es
th

e
d
at

a
in

on
e

p
as

s,
an

d
th

e
id

ea
is

to
(1

)
re

p
la

ce
g i
,y

,
th

e
E

R
M

,
w

it
h

an
ap

p
ro

x
im

at
io

n
g
o i,
y

ob
ta

in
ed

b
y

on
li
n
e

u
p

d
at

es
,

an
d

(2
)

co
m

p
u
te

th
e

m
in

im
u
m

an
d

m
ax

im
u
m

co
st

s
v
ia

a
se

n
si
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v
it

y
an
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y
si

s
of

th
e
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n
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u
p

d
at

e.
W

e
d
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cr
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e
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is
al

go
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d
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S
u
b
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T
h
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e
p
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n
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p

er
im

en
ta

l
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u
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u
b
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r
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u
b
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R
a
n

g
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w
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h
O

n
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e
A

p
p
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x
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a
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o
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C
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si
d
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m
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u
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u
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r
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p
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h
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h
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p
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h
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h
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p
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≥
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−
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−
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m
m

en
d
ed

m
el

lo
w

n
es

s
is

0
.0

1.
O

ve
ra

ll
,

ac
ti

ve
le

ar
n
in

g
re

d
u
ce

s
th

e
n
u
m

b
er

of
ro

ll
-o

u
ts

re
q
u
ir

ed
,

b
u
t

th
e

im
p
ro

ve
m

en
ts

va
ry

on
th

e
th

re
e

d
at

as
et

s.
O

n
th

e
W

ik
ip

ed
ia

d
at

a
,

C
O

A
L

p
er

fo
rm

s
a

fa
ct

o
r

o
f

4
fe

w
er

ro
ll
ou

ts
to

ac
h
ie

ve
si

m
il
ar

p
er

fo
rm

an
ce

to
p
as

si
ve

le
a
rn

in
g

an
d

ac
h
ie

v
es

su
b
st

a
n
ti

a
ll
y

b
et

te
r

te
st

p
er

fo
rm

an
ce

.
A

si
m

il
ar

,
b
u
t

le
ss

d
ra

m
at

ic
,

b
eh

av
io

r
ar

is
es

on
th

e
N

E
R

ta
sk

.
O

n
th

e
ot

h
er

h
an

d
,
C

O
A

L
off

er
s

m
in

im
al

im
p
ro

ve
m

en
t

ov
er

p
as

si
ve

le
a
rn

in
g

on
th

e
P

O
S
-t

a
g
g
in

g
ta

sk
.

T
h
is

ag
re

es
w

it
h

ou
r

th
eo

ry
an

d
p
ri

or
em

p
ir

ic
al

re
su

lt
s

(H
su

,
20

10
),

w
h
ic

h
sh

ow
th

at
ac

ti
ve

le
ar

n
in

g
m

ay
n
ot

al
w

ay
s

im
p
ro

ve
u
p

on
p
as

si
ve

le
ar

n
in

g.

8
.

P
ro

o
fs

In
th

is
se

ct
io

n
w

e
p
ro

v
id

e
p
ro

of
s

fo
r

th
e

m
ai

n
re

su
lt

s,
th

e
or

ac
le

-c
om

p
le

x
it

y
g
u
a
ra

n
te

e
a
n
d

th
e

ge
n
er

al
iz

at
io

n
an

d
la

b
el

co
m

p
le

x
it

y
b

ou
n
d
s.

W
e

st
ar

t
w

it
h

so
m

e
su

p
p

o
rt

in
g

re
su

lt
s,

in
cl

u
d
in

g
a

n
ew

u
n
if

or
m

fr
ee

d
m

an
-t

y
p

e
in

eq
u
al

it
y

th
a
t

m
ay

b
e

of
in

d
ep

en
d
en

t
in

te
re

st
.

T
h
e

p
ro

of
of

th
is

in
eq

u
al

it
y,

an
d

th
e

p
ro

of
s

fo
r

se
v
er

al
ot

h
er

su
p
p

or
ti

n
g

le
m

m
at

a
a
re

d
ef

er
re

d
to

th
e

ap
p

en
d
ic

es
.

8
.1

.
S

u
p

p
o
rt

in
g

R
e
su

lt
s

A
d

e
v
ia

ti
o
n

b
o
u

n
d

.
F

or
b

ot
h

th
e

co
m

p
u
ta

ti
on

al
an

d
st

at
is

ti
ca

l
an

al
y
si

s
o
f

C
O

A
L

,
w

e
re

q
u
ir

e
co

n
ce

n
tr

at
io

n
of

th
e

sq
u
ar

e
lo

ss
fu

n
ct

io
n
al
R̂
j
(·;
y
),

u
n
if

or
m

ly
ov

er
th

e
cl

a
ss
G.

T
o

d
es

cr
ib

e
th

e
re

su
lt

,
w

e
in

tr
o
d
u
ce

th
e

ce
n
tr

al
ra

n
d
om

va
ri

ab
le

in
th

e
an

al
y
si

s:

M
j
(g

;y
)
,
Q
j
(y

)
[ (g

(x
j
)
−
c j

(y
))

2
−

(f
?
(x
j
;y

)
−
c j

(y
))

2
] ,

(1
5)
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A
c
t
iv

e
L

e
a
r
n
in

g
f
o
r

C
o
st

-S
e
n
sit

iv
e

C
l
a
ssif

ic
a
t
io

n

w
h
ere

(x
j ,c

j )
is

th
e
j

th
ex

am
p
le

an
d

cost
p
resen

ted
to

th
e

algorith
m

an
d
Q
j (y

)∈
{
0
,1}

is
th

e
q
u
ery

in
d
icator.

F
or

sim
p
licity

w
e

often
w

rite
M
j

w
h
en

th
e

d
ep

en
d
en

ce
on

g
a
n
d
y

is
clea

r
fro

m
co

n
tex

t.
L

et
E
j [·]

an
d

V
a
r
j [·]

d
en

ote
th

e
ex

p
ectation

an
d

varian
ce

con
d
itio

n
ed

o
n

a
ll

ra
n
d
o
m

n
ess

u
p

to
an

d
in

clu
d
in

g
rou

n
d
j−

1.

T
h

e
o
re

m
1
5

L
etG

be
a

fu
n

ctio
n

cla
ss

w
ith

P
d
im

(G
)

=
d

,
let

δ
∈

(0,1)
a
n

d
d
efi

n
e
ν
n
,

3
2
4
(d

lo
g
(n

)
+

log
(8K

e(d
+

1)n
2/δ)).

T
h
en

w
ith

p
ro

ba
bility

a
t

lea
st

1
−
δ,

th
e

fo
llo

w
in

g
in

equ
a
lities

h
o
ld

sim
u

lta
n

eo
u

sly
fo

r
a
ll
g
∈
G

,
y
∈

[K
],

a
n

d
i
<
i ′∈

[n
].

i ′
∑j=

i

M
j (g

;y
)≤

32

i ′
∑j=

i E
j M

j (g
;y

)
+
ν
n
,

(16)

12

i ′
∑j=

i E
j M

j (g
;y

)≤
i ′
∑j=

i

M
j (g

;y
)

+
ν
n
.

(17)

T
h
is

resu
lt

is
a

u
n
iform

F
reed

m
an

-ty
p

e
in

eq
u
ality

for
th

e
m

artin
gale

d
iff

eren
ce

seq
u
en

ce
∑

i M
i −

E
i M

i .
In

gen
eral,

su
ch

b
ou

n
d
s

req
u
ire

m
u
ch

stron
ger

assu
m

p
tion

s
(e.g.,

seq
u
en

tial
co

m
p
lex

ity
m

ea
su

res
(R

ak
h
lin

an
d

S
rid

h
aran

,
2017))

on
G

th
an

th
e

fi
n
ite

p
seu

d
o-d

im
en

sion
a
ssu

m
p
tio

n
th

a
t

w
e

m
ake.

H
ow

ev
er,

b
y

ex
p
loitin

g
th

e
stru

ctu
re

of
ou

r
p
articu

lar
m

artin
-

g
a
le,

sp
ecifi

ca
lly

th
at

th
e

d
ep

en
d
en

cies
arise

o
n

ly
from

th
e

q
u
ery

in
d
icator,

w
e

a
re

ab
le

to
esta

b
lish

th
is

ty
p

e
of

in
eq

u
ality

u
n
d
er

w
eaker

assu
m

p
tion

s.
T

h
e

resu
lt

m
ay

b
e

o
f

in
d
ep

en
-

d
en

t
in

terest,
b
u
t

th
e

p
ro

of,
w

h
ich

is
b
ased

on
argu

m
en

ts
from

L
ian

g
et

a
l.

(201
5),

is
q
u
ite

tech
n
ica

l
a
n
d

d
eferred

to
A

p
p

en
d
ix

A
.

N
ote

th
at

w
e

d
id

n
ot

op
tim

ize
th

e
con

stan
ts.

T
h

e
M

u
ltip

lic
a
tiv

e
W

e
ig

h
ts

A
lg

o
rith

m
.

W
e

also
u
se

th
e

sta
n
d
ard

an
aly

sis
of

m
u
lti-

p
lica

tive
w

eig
h
ts

for
solv

in
g

lin
ear

feasib
ility

p
rob

lem
s.

W
e

state
th

e
resu

lt
h
ere

an
d
,

for
co

m
p
leten

ess,
p
rov

id
e

a
p
ro

of
in

A
p
p

en
d
ix

B
.

S
ee

also
A

rora
et

al.
(2012);

P
lotk

in
et

al.
(1

99
5
)

fo
r

m
o
re

d
etails.

C
o
n
sid

er
a

lin
ear

feasib
ility

p
rob

lem
w

ith
d
ecision

variab
le
v
∈
R
d,

ex
p
licit

con
strain

ts
〈a
i ,v〉

≤
b
i

fo
r
i
∈

[m
]

an
d

som
e

im
p
licit

con
strain

ts
v
∈
S

(e.g.,
v

is
n
on

-n
egative

or
o
th

er
sim

p
le

con
strain

ts).
T

h
e

M
W

algorith
m

eith
er

fi
n
d
s

an
ap

p
rox

im
ately

feasib
le

p
oin

t
o
r

certifi
es

th
a
t

th
e

p
rogram

is
in

feasib
le

assu
m

in
g

access
to

an
o
racle

th
at

can
solve

a
sim

p
ler

fea
sib

ility
p
rob

lem
w

ith
ju

st
o
n
e

ex
p
licit

con
strain

t ∑
i µ

i 〈a
i ,v〉≤

∑
i µ

i b
i

for
an

y
n
o
n
-n

eg
a
tive

w
eigh

ts
µ
∈
R
m+

an
d

th
e

im
p
licit

con
strain

t
v
∈
S

.
S
p

ecifi
ca

lly,
given

w
eigh

ts
µ

,
th

e
o
ra

cle
eith

er
rep

orts
th

at
th

e
sim

p
ler

p
rob

lem
is

in
feasib

le,
or

retu
rn

s
an

y
feasib

le
p

o
in

t
v

th
at

fu
rth

er
satisfi

es〈a
i ,v〉−

b
i ∈

[−
ρ
i ,ρ

i ]
for

p
aram

eters
ρ
i

th
at

a
re

k
n
ow

n
to

th
e

M
W

a
lg

o
rith

m
.

T
h
e

M
W

a
lgorith

m
p
ro

ceed
s

itera
tively,

m
ain

tain
in

g
a

w
eigh

t
vector

µ
(t)∈

R
m+

over
th

e

co
n
stra

in
ts.

S
ta

rtin
g

w
ith

µ
(1

)
i

=
1

for
all

i,
at

each
iteration

,
w

e
q
u
ery

th
e

oracle
w

ith
th

e
w

eig
h
ts
µ

(t)
a
n
d

th
e

oracle
eith

er
retu

rn
s

a
p

oin
t
v
t

or
d
etects

in
feasib

ility.
In

th
e

latter
ca

se,
w

e
sim

p
ly

rep
ort

in
feasib

ility
an

d
in

th
e

form
er,

w
e

u
p

d
ate

th
e

w
eig

h
ts

u
sin

g
th

e
ru

le

µ
(t+

1
)

i
←
µ

(t)
i
×
(

1−
η
b
i −
〈a
i ,v

t 〉
ρ
i

)
.

H
ere

η
is

a
p
a
ra

m
eter

of
th

e
algorith

m
.

T
h
e

in
tu

ition
is

th
a
t

if
v
t

satisfi
es

th
e
i th

con
strain

t,
th

en
w

e
d
ow

n
-w

eigh
t

th
e

con
strain

t,
an

d
con

versely,
w

e
u
p
-w

eigh
t

every
con

strain
t

th
at

is
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K
r
ish

n
a
m

u
r
t
h
y
,

A
g

a
r
w

a
l
,

H
u
a
n
g

,
D

a
u
m

é
III,

L
a
n
g

f
o
r
d

v
iolated

.
R

u
n
n
in

g
th

e
algorith

m
w

ith
ap

p
rop

riate
ch

oice
of
η

an
d

for
en

ou
g
h

iteration
s

is
gu

aran
teed

to
ap

p
rox

im
ately

solve
th

e
feasib

ility
p
rob

lem
.

T
h

e
o
re

m
1
6

(A
ro

ra
e
t

a
l.

(2
0
1
2
);

P
lo

tk
in

e
t

a
l.

(1
9
9
5
))

C
o
n

sid
er

ru
n

n
in

g
th

e
M

W
a
lgo

rith
m

w
ith

pa
ra

m
eter

η
=
√

log
(m

)/T
fo

r
T

itera
tio

n
s

o
n

a
lin

ea
r

fea
sibility

p
ro

blem
w

h
ere

o
ra

cle
respo

n
ses

sa
tisfy

〈a
i ,v〉−

b
i ∈

[−
ρ
i ,ρ

i ].
If

th
e

o
ra

cle
fa

ils
to

fi
n

d
a

fea
sible

po
in

t
in

so
m

e
itera

tio
n

,
th

en
th

e
lin

ea
r

p
rogra

m
is

in
fea

sible.
O

th
erw

ise
th

e
po

in
t
v̄
,

1T

∑
Tt=

1
v
t

sa
tisfi

es〈a
i ,v̄〉≤

b
i
+

2
ρ
i √

log
(m

)/T
fo

r
a
ll
i∈

[m
].

O
th

e
r

L
e
m

m
a
ta

.
O

u
r

fi
rst

lem
m

a
evalu

ates
th

e
con

d
ition

al
ex

p
ectation

an
d

varian
ce

of
M
j ,

d
efi

n
ed

in
(15),

w
h
ich

w
e

w
ill

u
se

h
eav

ily
in

th
e

p
ro

ofs.
P

ro
ofs

of
th

e
resu

lts
stated

h
ere

are
d
eferred

to
A

p
p

en
d
ix

C
.

L
e
m

m
a

1
7

(B
o
u

n
d

in
g

v
a
ria

n
c
e

o
f

re
g
re

ssio
n

re
g
re

t)
W

e
h
a
ve

fo
r

a
ll

(g
,y

)∈
G×
Y

,

E
j [M

j ]
=

E
j [Q

j (y
)(g

(x
j )−

f
?(x

j ;y
))

2 ]
,

V
ar
j

[M
j ]≤

4E
i [M

j ].

T
h
e

n
ex

t
lem

m
a

relates
th

e
cost-sen

sitive
error

to
th

e
ran

d
om

variab
les

M
j .

D
efi

n
e

F
i

=
{
f
∈
G
K
|∀
y
,f

(·;y
)∈
G
i (y

) }
,

w
h
ich

is
th

e
v
ersion

sp
ace

of
vector

regressors
at

rou
n
d
i.

A
d
d
ition

ally,
recall

th
at

P
ζ

cap
tu

res
th

e
n
oise

level
in

th
e

p
rob

lem
,

d
efi

n
ed

in
(10)

an
d

th
at
ψ
i

=
1/ √

i
is

d
efi

n
ed

in
th

e
algorith

m
p
seu

d
o
co

d
e.

L
e
m

m
a

1
8

F
o
r

a
ll
i
>

0,
if
f
?∈
F
i ,

th
en

fo
r

a
ll
f
∈
F
i

E
x
,c [c(h

f (x
))−

c(h
f
?(x

))]≤
m

in
ζ
>

0 {
ζ
P
ζ

+
1

(ζ
≤

2
ψ
i )

2ψ
i
+

4ψ
2i

ζ
+

6ζ

∑

y

E
i [M

i ] }
.

N
ote

th
at

th
e

lem
m

a
req

u
ires

th
at

b
oth

f
?

an
d
f

b
elon

g
to

th
e

version
sp

ace
F
i .

F
or

th
e

lab
el

com
p
lex

ity
an

aly
sis,

w
e

w
ill

n
eed

to
u
n
d
erstan

d
th

e
cost-sen

sitiv
e

p
erfor-

m
an

ce
of

all
f
∈
F
i ,

w
h
ich

req
u
ires

a
d
iff

eren
t

gen
eraliza

tion
b

ou
n
d
.

S
in

ce
th

e
p
ro

of
is

sim
ilar

to
th

at
of

T
h
eorem

5,
w

e
d
efer

th
e

argu
m

en
t

to
ap

p
en

d
ix

.

L
e
m

m
a

1
9

A
ssu

m
in

g
th

e
bo

u
n

d
s

in
T

h
eo

rem
1
5

h
o
ld

,
th

en
fo

r
a
ll
i,F

i ⊂
F
csr (r

i )
w

h
ere

r
i ,

m
in
ζ
>

0 {
ζ
P
ζ

+
4
4
K

∆
i

ζ

}
.

T
h
e

fi
n
al

lem
m

a
relates

th
e

q
u
ery

ru
le

of
C

O
A

L
to

a
h
y
p

oth
etical

q
u
ery

strategy
d
riven

b
y
F

csr (r
i ),

w
h
ich

w
e

w
ill

su
b
seq

u
en

tly
b

ou
n
d

b
y

th
e

d
isagreem

en
t

co
effi

cien
ts.

L
et

u
s

fi
x

th
e

rou
n
d
i

an
d

in
tro

d
u
ce

th
e

sh
orth

an
d
γ̂

(x
i ,y

)
=

ĉ
+

(x
i ,y

)−
ĉ−

(x
i ,y

),
w

h
ere

ĉ
+

(x
i ,y

)
an

d
ĉ−

(x
i ,y

)
are

th
e

ap
p
rox

im
ate

m
ax

im
u
m

an
d

m
in

im
u
m

costs
com

p
u
ted

in
A

lgorith
m

1
on

th
e
i th

ex
am

p
le,

w
h
ich

w
e

n
ow

ca
ll
x
i .

M
oreover,

let
Y
i

b
e

th
e

set
of

n
on

-d
om

in
ated

lab
els

at
rou

n
d
i

of
th

e
algorith

m
,

w
h
ich

in
th

e
p
seu

d
o
co

d
e

w
e

call
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ỹ i
,F

cs
r
(r
i)

)
+
γ

(x
i,
y
? i
,F

cs
r
(r
i)

)
+
ψ
i/

2
.

8
.2

.
P

ro
o
f

o
f

T
h

e
o
re

m
3

T
h
e

p
ro

of
is

b
as

ed
on

ex
p
re

ss
in

g
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
(7

)
as

a
li
n
ea

r
op

ti
m

iz
at

io
n

in
th

e
sp

ac
e

of
d
is

tr
ib

u
ti

on
s

ov
er
G.

T
h
en

,
w

e
u
se

b
in

ar
y

se
ar

ch
to

re
-f

or
m

u
la

te
th

is
as

a
se

ri
es

of
fe

as
ib

il
it

y
p
ro

b
le

m
s

an
d

ap
p
ly

T
h
eo

re
m

16
to

ea
ch

of
th

es
e.

R
ec

al
l

th
at

th
e

p
ro

b
le

m
of

fi
n
d
in

g
th

e
m

ax
im

u
m

co
st

fo
r

an
(x
,y

)
p
ai

r
is

eq
u
iv

al
en

t
to

so
lv

in
g

th
e

p
ro

gr
am

(7
)

in
te

rm
s

of
th

e
op

ti
m

al
g
.

F
or

th
e

p
ro

b
le

m
(7

),
w

e
fu

rt
h
er

n
ot

ic
e

th
at

si
n
ce
G

is
a

co
n
ve

x
se

t,
w

e
ca

n
in

st
ea

d
w

ri
te

th
e

m
in

im
iz

at
io

n
ov

er
g

as
a

m
in

im
iz

at
io

n
ov

er
P
∈

∆
(G

)
w

it
h
ou

t
ch

an
gi

n
g

th
e

op
ti

m
u
m

,
le

ad
in

g
to

th
e

m
o
d
ifi

ed
p
ro

b
le

m
(8

).
T

h
u
s

w
e

h
av

e
a

li
n
ea

r
p
ro

gr
am

in
va

ri
ab

le
P

,
an

d
A

lg
or

it
h
m

2
tu

rn
s

th
is

in
to

a
fe

as
ib

il
it

y
p
ro

b
le

m
b
y

gu
es

si
n
g

th
e

op
ti

m
al

ob
je

ct
iv

e
va

lu
e

an
d

re
fi
n
in

g
th

e
gu

es
s

u
si

n
g

b
in

ar
y

se
ar

ch
.

F
or

ea
ch

in
d
u
ce

d
fe

as
ib

il
it

y
p
ro

b
le

m
,

w
e

u
se

M
W

to
ce

rt
if

y
fe

as
ib

il
it

y.
L

et
c
∈

[0
,1

]
b

e
so

m
e

gu
es

se
d

u
p
p

er
b

ou
n
d

on
th

e
ob

je
ct

iv
e,

an
d

le
t

u
s

fi
rs

t
tu

rn
to

th
e

M
W

co
m

p
o
n
en

t
of

th
e

al
go

ri
th

m
.

T
h
e

p
ro

gr
am

in
co

n
si

d
er

at
io

n
is

?∃
P
∈

∆
(G

)
s.

t.
E g
∼
P

(g
(x
i)
−

1)
2
≤
c

an
d
∀j
∈

[i
],
E g
∼
P
R̂
j
(g

;y
)
≤

∆̃
j
.

(1
8)

T
h
is

is
a

li
n
ea

r
fe

as
ib

il
it

y
p
ro

b
le

m
in

th
e

in
fi
n
it

e
d
im

en
si

on
al

va
ri

ab
le
P

,
w

it
h
i

+
1

co
n
-

st
ra

in
ts

.
G

iv
en

a
p
ar

ti
cu

la
r

se
t

of
w

ei
gh

ts
µ

ov
er

th
e

co
n
st

ra
in

ts
,

it
is

cl
ea

r
th

at
w

e
ca

n
u
se

th
e

re
gr

es
si

on
or

ac
le

ov
er
g

to
co

m
p
u
te

g µ
=

ar
g

m
in

g
∈G

µ
0
(g

(x
i)
−

1)
2

+
∑ j∈

[i
]

µ
j
E g
∼
P
R̂
j
(g

;y
).

(1
9)

O
b
se

rv
e

th
at

so
lv

in
g

th
is

si
m

p
le

r
p
ro

gr
am

p
ro

v
id

es
on

e-
si

d
ed

er
ro

rs
.

S
p

ec
ifi

ca
ll
y,

if
th

e
ob

je
ct

iv
e

of
(1

9)
ev

al
u
at

ed
at
g µ

is
la

rg
er

th
an

µ
0
c

+
∑

j∈
[i

]
µ
j
∆̃
j

th
en

th
er

e
ca

n
n
ot

b
e

a
fe

as
ib

le
so

lu
ti

on
to

p
ro

b
le

m
(1

8)
,

si
n
ce

th
e

w
ei

gh
ts
µ

ar
e

al
l

n
on

-n
eg

at
iv

e.
O

n
th

e
ot

h
er

h
an

d
if
g µ

h
as

sm
al

l
ob

je
ct

iv
e

va
lu

e
it

d
o
es

n
ot

im
p
ly

th
at
g µ

is
fe

as
ib

le
fo

r
th

e
or

ig
in

al
co

n
st

ra
in

ts
in

(1
8)

.
A

t
th

is
p

oi
n
t,

w
e

w
ou

ld
li
ke

to
in

vo
k
e

th
e

M
W

al
go

ri
th

m
,

an
d

sp
ec

ifi
ca

ll
y

T
h
eo

re
m

16
,

in
or

d
er

to
fi
n
d

a
fe

as
ib

le
so

lu
ti

on
to

(1
8)

or
to

ce
rt

if
y

in
fe

a
si

b
il
it

y.
In

vo
k
in

g
th

e
th

eo
re

m
re

q
u
ir

es
th

e
ρ
j

p
ar

am
et

er
s

w
h
ic

h
sp

ec
if

y
h
ow

b
ad

ly
g µ

m
ig

h
t

v
io

la
te

th
e
jt

h
co

n
st

ra
in

t.
F

or
u
s,
ρ
j
,
κ

su
ffi

ce
s

si
n
ce
R̂
j
(g

;y
)
−
R̂
j
(g
j,
y
;y

)
∈

[0
,1

]
(s

in
ce
g j
,y

is
th

e
E

R
M

)
an

d
∆
j
≤
κ

.
S
in

ce
κ
≥

2
th

is
al

so
su

ffi
ce

s
fo

r
th

e
co

st
co

n
st

ra
in

t.
If

at
an

y
it

er
at

io
n
,

M
W

d
et

ec
ts

in
fe

as
ib

il
it

y,
th

en
ou

r
gu

es
se

d
va

lu
e
c

fo
r

th
e

ob
je

ct
iv

e
is

to
o

sm
al

l
si

n
ce

n
o

fu
n
ct

io
n

sa
ti

sfi
es

b
ot

h
(g

(x
i)
−

1)
2
≤
c

an
d

th
e

em
p
ir

ic
al

ri
sk

co
n
st

ra
in

ts
in

(1
8)

si
m

u
lt

an
eo

u
sl

y.
In

th
is

ca
se

,
in

L
in

e
10

of
A

lg
or

it
h
m

2,
ou

r
b
in

ar
y

se
ar

ch
p
ro

ce
d
u
re

25
JM

L
R

 2
0(

65
):

1-
50

, 2
01

9

K
r
is

h
n
a
m

u
r
t
h
y
,

A
g

a
r
w

a
l
,

H
u
a
n
g

,
D

a
u
m

é
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∧
γ

(x
i,
y
,F

cs
r(
r i

))
≥
ψ
i/

2
}+

3
K

lo
g
(2
/
δ)

≤
4
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p
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e

p
ro

of
w

e
ju

st
n
ee

d
to

u
p
p

er
b

ou
n
d

th
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√
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∆
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b
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√
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∧
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∈
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b
il
it

y
at

le
a
st

1
−
δ/

2

L
1
≤

2
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2
≤
γ

(x
i,
y
,F

cs
r(
r i

))
+
γ

(x
i,
y
? i
,F

cs
r(
r i

))
}.

30
JM

L
R

 2
0(

65
):

1-
50

, 2
01

9



A
c
t
iv

e
L

e
a
r
n
in

g
f
o
r

C
o
st

-S
e
n
sit

iv
e

C
l
a
ssif

ic
a
t
io

n

F
o
r
y

=
y
?i ,

w
e

get
th

e
sam

e
b

ou
n
d

b
u
t

w
ith

ỹ
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+
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=
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∆
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w
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b
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∃
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b
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b
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τ
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∆
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τ
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w
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p
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b
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∑
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+
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+
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+
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+
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+
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secon
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b
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+
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+
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b
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m
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ĝ
,x
′ j)
∣ ∣ ∣Z
]

( τ
/
2

+
2(
β

0
−
β

1
)
∑

i
E j

[Q
j
(x
′ j)
`2

(ĝ
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ŷ

an
d
y
?

ar
e

n
ot

q
u
er

ie
d
,

th
en

it
m

u
st

b
e

th
e

ca
se

th
at

b
ot

h
h
av

e
sm

al
l

co
st

ra
n
ge

s.
T

h
is

fo
ll
ow

s
si

n
ce
f
∈
F i

an
d
h
f
(x

)
=
ŷ
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

1.
In

tr
od

u
ct

io
n

T
he

so
lu
ti
on

of
co
ns
tr
ai
ne

d
op

ti
m
iz
at
io
n
pr
ob

le
m
s
is

pa
rt

sc
ie
nc

e
an

d
pa

rt
ar
t.

A
s
m
at
h-

em
at
ic
al

sc
ie
nt
is
ts

ex
pl
or
e
th
e
la
rg
el
y
un

ch
ar
te
d
te
rr
it
or
y
of

hi
gh

-d
im

en
si
on

al
no

nc
on

ve
x

pr
ob

le
m
s,

it
is

im
pe

ra
ti
ve

to
co
ns
id
er

ne
w

m
et
ho

ds
.
T
he

cu
rr
en
t
pa

pe
r
st
ud

ie
s
a
cl
as
s
of

op
ti
m
iz
at
io
n
al
go

ri
th
m
s
th
at

co
m
bi
ne

C
ou

ra
nt
’s
pe

na
lt
y
m
et
ho

d
of

op
ti
m
iz
at
io
n
(B

el
tr
am

i,
19

70
;C

ou
ra
nt
,1

94
3)

w
it
h
th
e
no

ti
on

of
a
pr
ox

im
al

op
er
at
or

(B
au

sc
hk

e
an

d
C
om

be
tt
es
,2

01
1;

M
or
ea
u,

19
62

;
P
ar
ik
h
an

d
B
oy
d,

20
13

).
T
he

cl
as
si
ca
l
pe

na
lt
y
m
et
ho

d
tu
rn
s
co
ns
tr
ai
ne

d
m
in
im

iz
at
io
n
of

a
fu
nc

ti
on

f
(x

)
ov
er

a
cl
os
ed

se
t
C

in
to

un
co
ns
tr
ai
ne

d
m
in
im

iz
at
io
n.

T
he

ge
ne

ra
li
de

a
is
to

se
ek

th
e
m
in
im

um
po

in
t
of

a
pe

na
liz

ed
ve
rs
io
n
f

(x
)+

ρ
q(
x

)
of
f

(x
),
w
he

re
th
e
pe

na
lt
y
q(
x

)
is
no

nn
eg
at
iv
e
an

d
va
ni
sh
es

pr
ec
is
el
y
on

C
.
If
on

e
fo
llo

w
s
th
e
so
lu
ti
on

ve
c-

to
r
x
ρ
as
ρ
te
nd

s
to
∞

,t
he

n
in

th
e
lim

it
on

e
re
co
ve
rs

th
e
co
ns
tr
ai
ne

d
so
lu
ti
on

.
T
he

pe
na

lt
ie
s

of
ch
oi
ce

in
th
e
cu

rr
en
t
pa

pe
r
ar
e
sq
ua

re
d
E
uc

lid
ea
n
di
st
an

ce
s

d
is

t(
x
,C

)2
=

in
f y
∈C
‖x
−
y
‖2
.

T
he

fo
rm

ul
a

p
ro

x
f
(y

)
=

ar
gm

in
x

[ f
(x

)
+

1 2
‖x
−
y
‖2
]

(1
)

de
fin

es
th
e
pr
ox

im
al

m
ap

of
a
fu
nc
ti
on

f
(x

).
H
er
e
‖
·‖

is
ag

ai
n
th
e
st
an

da
rd

E
uc

lid
ea
n

no
rm

,
an

d
f

(x
)
is

ty
pi
ca
lly

as
su
m
ed

to
be

cl
os
ed

an
d
co
nv

ex
.

P
ro
je
ct
io
n
on

to
a
cl
os
ed

co
nv

ex
se
t
C

is
re
al
iz
ed

by
ch
oo

si
ng

f
(x

)
to

be
th
e

0
/∞

in
di
ca
to
r
δ C

(x
)
of
C
.
It

is
po

ss
ib
le

to
dr
op

th
e
co
nv

ex
it
y
as
su
m
pt
io
n
if
f

(x
)
is

no
nn

eg
at
iv
e
or

co
er
ci
ve
.
In

so
do

in
g,

p
ro

x
f
(y

)
m
ay

be
co
m
e
m
ul
ti
-v
al
ue

d.
Fo

r
ex
am

pl
e,

th
e
m
in
im

um
di
st
an

ce
fr
om

a
no

nc
on

ve
x
se
t
to

an
ex
te
ri
or

po
in
t
m
ay

be
at
ta
in
ed

at
m
ul
ti
pl
e
bo

un
da

ry
po

in
ts
.
T
he

po
in
t
x

in
th
e
de
fin

it
io
n

(1
)
ca
n
be

re
st
ri
ct
ed

to
a
su
bs
et
S

of
E
uc
lid

ea
n
sp
ac
e
by

re
pl
ac
in
g
f

(x
)
by

f
(x

)
+
δ S

(x
),

w
he

re
δ S

(x
)
is

th
e
in
di
ca
to
r
of
S
.

O
ne

of
th
e
vi
rt
ue

s
of

ex
pl
oi
ti
ng

pr
ox
im

al
op

er
at
or
s
is

th
at

th
ey

ha
ve

be
en

th
or
ou

gh
ly

in
ve
st
ig
at
ed

.
Fo

r
a
la
rg
e
nu

m
be

r
of

fu
nc
ti
on

s
f

(x
),

th
e
m
ap

p
ro

x
cf

(y
)
fo
r
c
>

0
is

ei
th
er

gi
ve
n
by

an
ex
ac
t
fo
rm

ul
a
or

ca
lc
ul
ab

le
by

an
effi

ci
en
t
al
go

ri
th
m
.
T
he

kn
ow

n
fo
rm

ul
as

te
nd

to
be

hi
gh

ly
ac
cu

ra
te
.
T
hi
s
is

a
pl
us

be
ca
us
e
th
e
cl
as
si
ca
l
pe

na
lt
y
m
et
ho

d
su
ffe

rs
fr
om

ill
co
nd

it
io
ni
ng

fo
r
la
rg
e
va
lu
es

of
th
e
pe

na
lt
y
co
ns
ta
nt
.
A
lt
ho

ug
h
th
e
pe

na
lt
y
m
et
ho

d
se
ld
om

de
liv

er
s
ex
qu

is
it
el
y
ac
cu

ra
te

so
lu
ti
on

s,
m
od

er
at
e
ac
cu

ra
cy

su
ffi
ce
s
fo
r
m
an

y
pr
ob

le
m
s.

T
he

re
ar
e
am

pl
e
pr
ec
ed

en
ts

in
th
e
op

ti
m
iz
at
io
n
lit
er
at
ur
e
fo
r
th
e
pr
ox
im

al
di
st
an

ce
pr
in
-

ci
pl
e.

P
ro
xi
m
al

gr
ad

ie
nt

al
go

ri
th
m
s
ha

ve
be

en
em

pl
oy
ed

fo
r
m
an

y
ye
ar
s
in

m
an

y
co
nt
ex
ts
,

in
cl
ud

in
g
pr
oj
ec
te
d
La

nd
w
eb

er
,a

lt
er
na

ti
ng

pr
oj
ec
ti
on

on
to

th
e
in
te
rs
ec
ti
on

of
tw

o
or

m
or
e

cl
os
ed

co
nv

ex
se
ts
,t

he
al
te
rn
at
in
g-
di
re
ct
io
n
m
et
ho

d
of

m
ul
ti
pl
ie
rs

(A
D
M
M
),

an
d
fa
st

it
er
-

at
iv
e
sh
ri
nk

ag
e
th
re
sh
ol
di
ng

al
go

ri
th
m
s
(F

IS
T
A
)
(B

ec
k
an

d
T
eb

ou
lle

,2
00

9;
C
om

be
tt
es

an
d

P
es
qu

et
,
20
11

;
La

nd
w
eb

er
,
19

51
).

A
pp

lic
at
io
ns

of
di
st
an

ce
m
aj
or
iz
at
io
n
ar
e
m
or
e
re
ce
nt

(C
hi

et
al
.,
20

14
;
La

ng
e
an

d
K
ey
s,

20
14

;
X
u
et

al
.,
20

17
).

T
he

ov
er
al
l
st
ra
te
gy

co
ns
is
ts

of
re
pl
ac
in
g
th
e
di
st
an

ce
pe

na
lt
y

d
is

t(
x
,C

)2
by

th
e
sp
he

ri
ca
l
qu

ad
ra
ti
c
‖x
−
y
k
‖2
,
w
he

re
y
k

is
th
e
pr
oj
ec
ti
on

of
th
e
k
th

it
er
at
e
x
k
on

to
C
.
T
o
fo
rm

th
e
ne

xt
it
er
at
e,

on
e
th
en

se
ts

x
k
+

1
=

p
ro

x
ρ
−
1
f
(y

k
)

w
it
h

y
k

=
P
C

(x
k
).

T
he

M
M

(m
aj
or
iz
at
io
n-
m
in
im

iz
at
io
n)

pr
in
ci
pl
e
gu

ar
an

te
es

th
at
x
k
+

1
de
cr
ea
se
st

he
pe

na
liz

ed
lo
ss
.
W
e
ca
ll
th
e
co
m
bi
na

ti
on

of
C
ou

ra
nt
’s

pe
na

lt
y
m
et
ho

d
w
it
h
di
st
an

ce
m
aj
or
iz
at
io
n
th
e

pr
ox
im

al
di
st
an

ce
pr
in
ci
pl
e.

A
lg
or
it
hm

s
co
ns
tr
uc

te
d
ac
co
rd
in
g
to

th
e
pr
in
ci
pl
e
ar
e
pr
ox
im

al
di
st
an

ce
al
go
ri
th
m
s.
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P
ro

x
im

a
l

D
ista

n
ce

A
lg

o
r
ith

m
s

T
he

current
paper

extends
and

deepens
our

previous
prelim

inary
treatm

ents
ofthe

prox-
im

al
distance

principle.
D
etails

of
im

plem
entation

such
as

N
esterov

acceleration
m
atter

in
perform

ance.
W
e
have

found
that

squared
distance

penalties
tend

to
w
ork

better
than

exact
penalties.

In
the

presence
of

convexity,
it

is
now

clear
that

every
proxim

al
distance

algo-
rithm

reduces
to

a
proxim

algradient
algorithm

.
H
ence,convergence

analysis
can

appealto
a
venerable

body
of

convex
theory.

T
his

does
not

im
ply

that
the

proxim
al

distance
algo-

rithm
is
lim

ited
to

convex
problem

s.
In

fact,its
m
ost

im
portant

applications
m
ay

w
ellbe

to
nonconvex

problem
s.

A
m
ajor

focus
ofthis

paper
is
on

practicalexploration
ofthe

proxim
al

distance
algorithm

.
In

addition
to

review
ing

the
literature,

the
current

paper
presents

som
e
fresh

ideas.
A
m
ong

the
innovations

are:
a)

recasting
proxim

al
distance

algorithm
s
w
ith

convex
losses

as
concave-convex

program
s,b)

providing
new

perspectives
on

convergence
for

both
convex

and
nonconvex

proxim
al

distance
algorithm

s,
c)

dem
onstrating

the
virtue

of
folding

con-
straints

into
the

dom
ain

of
the

loss,
and

d)
treating

in
detail

seven
interesting

exam
ples.

It
is

notew
orthy

that
som

e
our

new
convergence

theory
is

pertinent
to

m
ore

general
M
M

algorithm
s.

It
is
our

sincere
hope

to
enlist

other
m
athem

aticalscientists
in

expanding
and

clarifying
this

prom
ising

line
of

research.
T
he

review
ers

of
the

current
paper

have
correctly

pointed
out

that
w
e
do

not
rigorously

justify
our

choices
of

the
penalty

constant
sequence

ρ
k .

T
he

recent
paper

by
Liet

al.(2017)
m
ay

be
a
logicalplace

to
start

in
filling

this
theoreticalgap.

T
hey

deal
w
ith

the
problem

of
m
inim

izing
f

(x
)
subject

to
A
x

=
b
through

the
quadratic

penalized
objective

f
(x

)
+

ρ2 ‖
A
x
−
b‖

2.
For

the
right

choices
of

the
penalty

sequence
ρ
k ,

their
proxim

al
gradient

algorithm
achieves

a
O

(k −
1)

rate
of

convergence
for

f
(x

)
strongly

convex.
A
s
a
substitute,w

e
explore

the
classicalproblem

ofdeterm
ining

how
accurately

the
solution

y
ρ
ofthe

problem
m

in
x
f

(x
)+

ρ2
q(x

)
2
approxim

atesthe
solution

y
ofthe

constrained
problem

m
in

x∈
C
f

(x
).

P
olyak

(1971)dem
onstratesthat

f
(y

)−
f

(y
ρ )

=
O

(ρ −
1)fora

penalty
function

q(x
)
that

vanishes
precisely

on
C
.
P
olyak’s

proof
relies

on
strong

differentiability
assum

ptions.
O
ur

proof
for

the
case

q(x
)

=
d
ist(x

,C
)
relies

on
convexity

and
is

m
uch

sim
pler.
A
s
a
preview

,
let

us
outline

the
rem

ainder
of

our
paper.

Section
2
briefly

sketches
the

underlying
M
M

principle.
W
e
then

show
how

to
constructproxim

aldistance
algorithm

s
from

the
M
M

principle
and

distance
m
ajorization.

T
he

section
concludes

w
ith

the
derivation

of
a
few

broad
categories

proxim
al

distance
algorithm

s.
Section

3
covers

convergence
theory

for
convex

problem
s,

w
hile

Section
4
provides

a
m
ore

generaltreatm
ent

of
convergence

for
nonconvex

problem
s.

T
o
avoid

breaking
the

flow
of

our
exposition,

allproofs
are

relegated
to

the
A
ppendix.

Section
5
discusses

our
num

erical
experim

ents
on

various
convex

and
nonconvex

problem
s.

Section
6
closes

by
indicating

som
e
future

research
directions.

2.
D

erivation

T
he

derivation
of

our
proxim

aldistance
algorithm

s
exploits

the
m
ajorization-m

inim
ization

(M
M
)
principle

(H
unter

and
Lange,

2004;
Lange,

2010).
In

m
inim

izing
a
function

f
(x

),
the

M
M

principle
exploits

a
surrogate

function
g
(x
|
x
k )

that
m
ajorizes

f
(x

)
around

the
current

iterate
x
k .

M
ajorization

m
andates

both
dom

ination
g
(x
|
x
k )≥

f
(x

)
for

allfeasible
x
and

tangency
g
(x

k |
x
k )

=
f

(x
k )

at
the

anchor
x
k .

If
x
k
+

1
m
inim

izes
g
(x
|
x
k ),then

the

3
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

descent
property

f
(x

k
+

1 )≤
f

(x
k )

follow
s
from

the
string

of
inequalities

and
equalities

f
(x

k
+

1 )
≤

g
(x

k
+

1 |
x
k )
≤

g
(x

k |
x
k )

=
f

(x
k ).

C
lever

selection
of

the
surrogate

g
(x
|
x
k
+

1 )
can

lead
to

a
sim

ple
algorithm

w
ith

an
ex-

plicit
update

that
requires

little
com

putation
per

iterate.
T
he

num
ber

of
iterations

until
convergence

of
an

M
M

algorithm
depends

on
how

tightly
g
(x
|
x
k )

hugs
f

(x
).

C
onstraint

satisfaction
is

built
into

any
M
M

algorithm
.
If

m
axim

ization
of
f

(x
)
is

desired,
then

the
objective

f
(x

)
should

dom
inate

the
surrogate

g
(x
|
x
k )

subject
to

the
tangency

condition.
T
he

next
iterate

x
k
+

1
is
then

chosen
to

m
axim

ize
g
(x
|
x
k ).

T
he

m
inorization-m

axim
ization

version
of

the
M
M

principle
guarantees

the
ascent

property.
T
he

constraint
set

C
over

w
hich

the
loss

f
(x

)
is

m
inim

ized
can

usually
be

expressed
as

an
intersection

∩
mi=

1 C
i
of

closed
sets.

It
is

naturalto
define

the
penalty

q(x
)

=
12

m
∑i=

1

α
i d

ist(x
,C

i )
2

using
a
convex

com
bination

of
the

squared
distances.

T
he

neutralchoice
α
i

=
1m
is

one
w
e

prefer
in

practice.
D
istance

m
ajorization

gives
the

surrogate
function

g
ρ (x
|
x
k )

=
f

(x
)

+
ρ2

m
∑i=

1

α
i ‖
x
−
P
C
i (x

k )‖
2

=
f

(x
)

+
ρ2 ∥∥∥
x
−

m
∑i=

1

α
i P
C
i (x

k ) ∥∥∥
2

+
c
k

for
an

irrelevant
constant

c
k .

If
w
e
put

y
k

=
∑

mi=
1
α
i P
C
i (x

k ),
then

by
definition

the
m
ini-

m
um

of
the

surrogate
g
ρ (x
|
x
k )

occurs
at

the
proxim

alpoint

x
k
+

1
=

p
rox

ρ −
1
f (y

k ).
(2)

W
e
callthis

M
M

algorithm
the

proxim
aldistance

algorithm
.
T
he

penalty
q(x

)
is

generally
sm

ooth
because

∇
12

d
ist(x

,C
)
2

=
x
−
P
C

(x
)

at
any

point
x
w
here

the
projection

P
C

(x
)
is
single

valued
(B

orw
ein

and
Lew

is,2006;Lange,
2016).

T
his

is
alw

ays
true

for
convex

sets
and

alm
ost

alw
ays

true
for

nonconvex
sets.

For
the

m
om

ent,w
e
w
illignore

the
possibility

that
P
C

(x
)
is

m
ulti-valued.

For
the

special
case

of
projection

of
an

external
point

z
onto

the
intersection

C
of

the
closed

sets
C
i ,one

should
take

f
(x

)
=

12 ‖
z−

x‖
2.

T
he

proxim
aldistance

iterates
then

obey
the

explicit
form

ula

x
k
+

1
=

1

1
+
ρ

(z
+
ρ
y
k ).

Linear
program

m
ing

w
ith

arbitrary
convex

constraints
is

another
exam

ple.
H
ere

the
loss

is
f

(x
)

=
v
tx
,and

the
update

reduces
to

x
k
+

1
=

y
k −

1ρ
v
.
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P
ro

x
im

a
l

D
is

ta
n
ce

A
lg

o
r
it

h
m
s

If
th
e
pr
ox
im

al
m
ap

is
im

po
ss
ib
le

to
ca
lc
ul
at
e,

bu
t
f

(x
)
is
L
-s
m
oo

th
(∇
f

(x
)
is

Li
ps
ch
it
z

w
it
h
co
ns
ta
nt
L
),
th
en

on
e
ca
n
su
bs
ti
tu
te

th
e
st
an

da
rd

m
aj
or
iz
at
io
n

f
(x

)
≤

f
(x

k
)

+
∇
f

(x
k
)t

(x
−
x
k
)

+
L 2
‖x
−
x
k
‖2

fo
r
f

(x
).

M
in
im

iz
in
g
th
e
su
m

of
th
e
lo
ss

m
aj
or
iz
at
io
n
pl
us

th
e
pe

na
lt
y
m
aj
or
iz
at
io
n
le
ad

s
to

th
e
M
M

up
da

te

x
k
+

1
=

1

L
+
ρ

[−
∇
f

(x
k
)

+
L
x
k

+
ρ
y
k
]

=
x
k
−

1

L
+
ρ

[∇
f

(x
k
)

+
ρ
∇
q(
x
k
)]
.

(3
)

T
hi
s
is

a
gr
ad

ie
nt

de
sc
en
t
al
go

ri
th
m

w
it
ho

ut
an

in
te
rv
en

in
g
pr
ox
im

al
m
ap

.
In

m
od

er
at
e-
di
m
en

si
on

al
pr
ob

le
m
s,

lo
ca
l
qu

ad
ra
ti
c
ap

pr
ox

im
at
io
n
of
f

(x
)
ca
n
le
ad

to
a
vi
ab

le
al
go

ri
th
m
.
Fo

r
in
st
an

ce
,
in

ge
ne
ra
liz

ed
lin

ea
r
st
at
is
ti
ca
l
m
od

el
s,

X
u
et

al
.
(2
01
7)

su
gg

es
t
re
pl
ac
in
g
th
e
ob

se
rv
ed

in
fo
rm

at
io
n

m
at
ri
x

by
th
e
ex
pe

ct
ed

in
fo
rm

at
io
n

m
at
ri
x.

T
he

la
tt
er

m
at
ri
x

ha
s
th
e
ad

va
nt
ag

e
of

be
in
g
po

si
ti
ve

se
m
id
efi

ni
te
.

In
ou

r
no

ta
ti
on

,
if

A
k
≈
d

2
f

(x
k
),

th
en

an
ap

pr
ox

im
at
e
qu

ad
ra
ti
c
su
rr
og

at
e
is

f
(x

k
)

+
∇
f

(x
k
)t

(x
−
x
k
)

+
1 2

(x
−
x
k
)t
A
k
(x
−
x
k
)

+
ρ 2
‖x
−
y
k
‖2
.

T
he

na
tu
ra
li
m
pu

ls
e
is

to
up

da
te
x
by

th
e
N
ew

to
n
st
ep

x
k
+

1
=

x
k
−

(A
k

+
ρ
I

)−
1
[∇
f

(x
k
)
−
ρ
y
k
].

(4
)

T
hi
s
ch
oi
ce

do
es

no
t
ne

ce
ss
ar
ily

de
cr
ea
se
f

(x
).

St
ep

ha
lv
in
g
or

an
ot
he

r
fo
rm

of
ba

ck
tr
ac
ki
ng

re
st
or
es

th
e
de

sc
en
t
pr
op

er
ty
.

A
m
or
e
va
lid

co
nc

er
n
is

th
e
eff

or
t
ex
pe

nd
ed

in
m
at
ri
x
in
ve
rs
io
n.

If
A
k
is

de
ns
e
an

d
co
ns
ta
nt
,t

he
n
ex
tr
ac
ti
ng

th
e
sp
ec
tr
al

de
co
m
po

si
ti
on
V
D
V
t
of
A

re
du

ce
s
fo
rm

ul
a
(4
)
to

x
k
+

1
=

x
k
−
V

(D
+
ρ
I

)−
1
V
t [
∇
f

(x
k
)
−
ρ
y
k
],

w
hi
ch

ca
n
be

im
pl
em

en
te
d
as

a
se
qu

en
ce

of
m
at
ri
x-
ve
ct
or

m
ul
ti
pl
ic
at
io
ns
.

A
lt
er
na

ti
ve
ly
,

on
e
ca
n
ta
ke

ju
st

a
fe
w

te
rm

s
of

th
e
se
ri
es

(A
k

+
ρ
I

)−
1

=
ρ
−

1
∞ ∑ j=

0

(−
ρ
−

1
A
k
)j

w
he

n
ρ
is

su
ffi
ci
en
tl
y
la
rg
e.

Fo
r
a
ge
ne

ra
liz

ed
lin

ea
r
m
od

el
,
pa

ra
m
et
er

up
da

ti
ng

in
vo
lv
es

so
lv
in
g
th
e
lin

ea
r
sy
st
em

(Z
t W

k
Z

+
ρ
I

)x
=

Z
t W

1
/
2

k
v
k

+
ρ
y
k

(5
)

fo
r
W

k
a
di
ag

on
al

m
at
ri
x
w
it
h
po

si
ti
ve

di
ag

on
al

en
tr
ie
s.

T
hi
s
ta
sk

is
eq
ui
va
le
nt

to
m
in
im

iz
-

in
g
th
e
le
as
t
sq
ua

re
s
cr
it
er
io
n ∥ ∥ ∥ ∥ ∥(
W

1
/
2

k
Z

√
ρ
I

)
x
−
(
v
k

√
ρ
y
k

)∥ ∥ ∥ ∥ ∥

2

.
(6
)
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

In
th
e
un

w
ei
gh

te
d
ca
se
,e

xt
ra
ct
in
g
th
e
si
ng

ul
ar

va
lu
e
de

co
m
po

si
ti
on
Z

=
U
S
V
T
fa
ci
lit
at
es

so
lv
in
g
th
e
sy
st
em

of
eq
ua

ti
on

s
(5
).

T
he

sv
d

de
co
m
po

si
ti
on

is
es
pe

ci
al
ly

ch
ea
p

if
th
er
e

is
a
su
bs
ta
nt
ia
l
m
is
m
at
ch

be
tw

ee
n
th
e
nu

m
be

r
ro
w
s
an

d
co
lu
m
ns

of
Z
.
Fo

r
sp
ar
se
Z
,
th
e

co
nj
ug

at
e
gr
ad

ie
nt

al
go

ri
th
m

ad
ap

te
d
to

le
as
ts

qu
ar
es

(P
ai
ge

an
d
Sa

un
de

rs
,1

98
2b

)i
ss

ub
je
ct

to
m
uc
h
le
ss

ill
co
nd

it
io
ni
ng

th
an

th
e
st
an

da
rd

co
nj
ug

at
e
gr
ad

ie
nt

al
go

ri
th
m
.
In
de
ed

,
th
e

al
go

ri
th
m

LS
Q
R

an
d
it
s
sp
ar
se

ve
rs
io
n
LS

M
R

(F
on

g
an

d
Sa

un
de

rs
,2

01
1)

pe
rf
or
m

w
el
le

ve
n

w
he

n
th
e
m
at
ri
x

(Z
t W

1
/
2

k
,√
ρ
I

)t
is

ill
co
nd

it
io
ne
d.

T
he

pr
ox
im

al
di
st
an

ce
pr
in
ci
pl
e
al
so

ap
pl
ie
s
to

un
co
ns
tr
ai
ne
d
pr
ob

le
m
s.

Fo
r
ex
am

pl
e,

co
ns
id
er

th
e
pr
ob

le
m

of
m
in
im

iz
in
g
a
pe

na
liz

ed
lo
ss
`(
x

)+
p
(A
x

).
T
he

pr
es
en

ce
of

th
e
lin

ea
r

tr
an

sf
or
m
at
io
n
A
x

in
th
e
pe

na
lt
y
co
m
pl
ic
at
es

op
ti
m
iz
at
io
n.

T
he

st
ra
te
gy

of
pa

ra
m
et
er

sp
lit
ti
ng

in
tr
od

uc
es

a
ne

w
va
ri
ab

le
y

an
d
m
in
im

iz
es
`(
x

)
+
p
(y

)
su
bj
ec
t
to

th
e
co
ns
tr
ai
nt

y
=
A
x
.
If
P
M

(z
)
de

no
te
s
pr
oj
ec
ti
on

on
to

th
e
m
an

ifo
ld

M
=
{z

=
(x
,y

)
:
A
x

=
y
},

th
en

th
e
co
ns
tr
ai
ne
d
pr
ob

le
m

ca
n
be

so
lv
ed

ap
pr
ox

im
at
el
y
by

m
in
im

iz
in
g
th
e
fu
nc
ti
on

`(
x

)
+
p
(y

)
+
ρ 2

d
is

t(
z
,M

)2

fo
r
la
rg
e
ρ
.
If
P
M

(z
k
)
co
ns
is
ts

of
tw

o
su
bv

ec
to
rs
u
k
an

d
v
k
co
rr
es
po

nd
in
g
to
x
k
an

d
y
k
,

th
en

th
e
pr
ox
im

al
di
st
an

ce
up

da
te
s
ar
e

x
k
+

1
=

p
ro

x
ρ
−
1
`(
u
k
)

an
d

y
k
+

1
=

p
ro

x
ρ
−
1
p
(v
k
).

G
iv
en

th
e
m
at
ri
x
A

is
n
×
p
,o

ne
ca
n
at
ta
ck

th
e
pr
oj
ec
ti
on

by
m
in
im

iz
in
g
th
e
fu
nc

ti
on

q(
x

)
=

1 2
‖x
−
u
‖2

+
1 2
‖A
x
−
v
‖2
.

T
hi
s
le
ad

s
to

th
e
so
lu
ti
on

x
=

(I
p

+
A
t A

)−
1
(A

t v
+
u

)
an

d
y

=
A
x
.

If
n
<
p
,t
he

n
th
e
W
oo

db
ur
y
fo
rm

ul
a

(I
p

+
A
t A

)−
1

=
I
p
−
A
t (
I
n

+
A
A
t )
−

1
A

re
du

ce
s
th
e
ex
pe

ns
e
of

m
at
ri
x
in
ve
rs
io
n.

T
ra
di
ti
on

al
ly
,
co
nv

ex
co
ns
tr
ai
nt
s
ha

ve
be

en
po

se
d
as

in
eq
ua

lit
ie
s
C

=
{x

:
a
(x

)
≤
t}
.

P
ar
ik
h
an

d
B
oy
d
(2
01

3)
po

in
t
ou

t
ho

w
to

pr
oj
ec
t
on

to
su
ch

se
ts
.
T
he

re
le
va
nt

La
gr
an

gi
an

fo
r
pr
oj
ec
ti
ng

an
ex
te
rn
al

po
in
t
y
am

ou
nt
s
to

L(
x
,λ

)
=

1 2
‖y
−
x
‖2

+
λ

[a
(x

)
−
t]

w
it
h
λ
≥

0
.
T
he

co
rr
es
po

nd
in
g
st
at
io
na

ri
ty

co
nd

it
io
n

0
=

x
−
y

+
λ
∇
a
(x

),
(7
)
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P
ro

x
im

a
l

D
ista

n
ce

A
lg

o
r
ith

m
s

can
be

interpreted
as
a
[p

rox
λ
a (y

)]
=
t.

O
ne

can
solve

this
one-dim

ensionalequation
for

λ
by

bisection.
O
nce

λ
is

available,
x

=
p
rox

λ
a (y

)
is

available
as

w
ell.

P
arikh

and
B
oyd

(2013)
note

that
the

value
a
[p

rox
λ
a (y

)]
is

decreasing
in
λ.

O
ne

can
verify

their
claim

by
im

plicit
differentiation

of
equation

(7).
T
his

gives

dd
λ
x

=
−

[I
+
λ
d

2a
(x

)] −
1∇
a
(x

)

and
consequently

the
chain

rule
inequality

dd
λ
a
[p

rox
λ
a (y

)]
=
−
d
a
(x

)[I
+
λ
d

2a
(x

)] −
1∇
a
(x

)
≤

0
.

3.
C

onvergen
ce:

C
onvex

C
ase

In
the

presence
ofconvexity,the

proxim
aldistance

algorithm
reduces

to
a
proxim

algradient
algorithm

.
T
his

follow
s
from

the
representation

y
=

m
∑i=

1

α
i P
C
i (x

)
=

x
−

m
∑i=

1

α
i [x
−
P
C
i (x

) ]
=

x
−
∇
q(x

)

involving
the

penalty
q(x

).
T
hus,the

proxim
aldistance

algorithm
can

be
expressed

as

x
k
+

1
=

p
rox

ρ −
1
f [x

k −
∇
q(x

k )].

In
this

regard,
there

is
the

im
plicit

assum
ption

that
q(x

)
is

1-sm
ooth.

T
his

is
indeed

the
case.

A
ccording

to
the

M
oreau

decom
position

(B
auschke

and
C
om

bettes,2011),for
a
single

closed
convex

set
C

∇
q(x

)
=

x
−
P
C

(x
)

=
p
rox

δ
?C

(x
),

w
here

δ
?C

(x
)
is

the
Fenchelconjugate

of
the

indicator
function

δ
C

(x
)

=

{
0

x
∈
C

∞
x
6∈
C
.

B
ecause

proxim
al

operators
of

closed
convex

functions
are

nonexpansive
(B

auschke
and

C
om

bettes,
2011),

the
result

follow
s
for

a
single

set.
For

the
general

penalty
q(x

)
w
ith

m
sets,the

Lipschitz
constants

are
scaled

by
the

convex
coeffi

cients
α
i
and

added
to

produce
an

overallLipschitz
constant

of
1.

It
is

enlightening
to

view
the

proxim
al

distance
algorithm

through
the

lens
of

concave-
convex

program
m
ing.

R
ecallthat

the
function

s(x
)

=
su

p
y∈
C

[
y
tx
−

12 ‖
y‖

2 ]
=

12 ‖x‖
2−

12
d
ist(x

,C
)
2

(8)

is
closed

and
convex

for
any

nonem
pty

closed
set

C
.

D
anskin’s

theorem
(Lange,

2016)
justifies

the
directionalderivative

expression

d
v
s(x

)
=

su
p

y∈
P
C

(x
) y

tv
=

su
p

y∈
co

n
v
P
C

(x
) y

tv
.
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

T
his

equality
allow

s
us

to
identify

the
subdifferential

∂
s(x

)
as

the
convex

hull
co

n
v
P
C

(x
).

For
any

y
∈
∂
s(x

k ),the
supporting

hyperplane
inequality

entails
12

d
ist(x

,C
)
2

=
12 ‖
x‖

2−
s(x

)

≤
12 ‖
x‖

2−
s(x

k )−
y
t(x
−
x
k )

=
12 ‖
x
−
y‖

2
+
d
,

w
here

d
is

a
constant

not
depending

on
x
.

T
he

sam
e
m
ajorization

can
be

generated
by

rearranging
the

m
ajorization12

d
ist(x

,C
)
2
≤

12

∑

i

β
i ‖
x
−
p
i ‖

2

w
hen

y
is

the
convex

com
bination

∑
i β

i p
i
of

vectors
p
i
from

P
C

(x
k ).

T
hese

facts
dem

on-
strate

that
the

proxim
aldistance

algorithm
m
inim

izing

f
(x

)
+
ρ2

d
ist(x

,C
)
2

=
f

(x
)

+
ρ2 ‖
x‖

2−
ρ
s(x

)

is
a
special

case
of

concave-convex
program

m
ing

w
hen

f
(x

)
is

convex.
It

is
w
orth

em
pha-

sizing
that

f
(x

)
+

ρ2 ‖
x‖

2
is
often

strongly
convex

regardless
ofw

hether
f

(x
)
itselfis

convex.
If
w
e
replace

the
penalty

d
ist(x

,C
)
2
by

the
penalty

d
ist(D

x
,C

)
2
for

a
m
atrix

D
,then

the
function

s(D
x

)
is

still
closed

and
convex,

and
m
inim

ization
of
f

(x
)

+
ρ2

d
ist(D

x
,C

)
2
can

also
be

view
ed

as
an

exercise
in

concave-convex
program

m
ing.

In
the

presence
ofconvexity,the

proxim
aldistance

algorithm
is
guaranteed

to
converge.

O
urexposition

relies
on

w
ell-know

n
operator

results
(B

auschke
and

C
om

bettes,2011).
P
rox-

im
aloperators

in
generaland

projection
operators

in
particular

are
nonexpansive

and
aver-

aged.
B
y
definition

an
averaged

operator

M
(x

)
=

α
x

+
(1−

α
)N

(x
)

is
a
convex

com
bination

of
a
nonexpansive

operator
N

(x
)
and

the
identity

operator
I.

T
he

averaged
operators

on
R
p
w
ith

α
∈

(0,1
)
form

a
convex

set
closed

under
functional

com
position.

Furtherm
ore,

M
(x

)
and

the
base

operator
N

(x
)
share

their
fixed

points.
T
he

celebrated
theorem

of
K
rasnosel’skii(1955)

and
M
ann

(1953)
says

that
if
an

averaged
operator

M
(x

)
=
α
x

+
(1−

α
)N

(x
)
possesses

one
or

m
ore

fixed
points,then

the
iteration

schem
e
x
k
+

1
=
M

(x
k )

converges
to

a
fixed

point.
T
hese

results
im

m
ediately

apply
to

m
inim

ization
of

the
penalized

loss

h
ρ (x

)
=

f
(x

)
+
ρ2

m
∑i=

1

α
i d

ist(x
,C

i )
2.

(9)

G
iven

the
choice

y
k

=
∑

mi=
1
α
i P
C
i (x

k ),the
algorithm

m
ap
x
k
+

1
=

p
rox

ρ −
1
f (y

k )
is
an

aver-
aged

operator,being
the

com
position

oftw
o
averaged

operators.
H
ence,the

K
rasnosel’skii-

M
ann

theorem
guarantees

convergence
to

a
fixed

point
ifone

or
m
ore

exist.
N
ow
z
is
a
fixed

point
if
and

only
if

h
ρ (z

)
≤

f
(x

)
+
ρ2

m
∑i=

1

α
i ‖
x
−
P
C
i (z

)‖
2
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P
ro

x
im

a
l

D
is

ta
n
ce

A
lg

o
r
it

h
m
s

fo
r
al
l
x
.
In

th
e
pr
es
en

ce
of

co
nv

ex
it
y,

th
is

is
eq
ui
va
le
nt

to
th
e
di
re
ct
io
na

l
de

ri
va
ti
ve

in
-

eq
ua

lit
y

0
≤

d
v
f

(z
)

+
ρ

m ∑ i=
1

α
i[
z
−
P
C
i
(z

)]
t v

=
d
v
h
ρ
(z

)

fo
r
al
l
v
,
w
hi
ch

is
in

tu
rn

eq
ui
va
le
nt

to
z

m
in
im

iz
in
g
h
ρ
(x

).
H
en

ce
,
if
h
ρ
(x

)
at
ta
in
s
it
s

m
in
im

um
va
lu
e,

th
en

th
e
pr
ox
im

al
di
st
an

ce
it
er
at
es

co
nv

er
ge

to
a
m
in
im

um
po

in
t.

C
on

ve
rg
en
ce

of
th
e
ov
er
al
lp

ro
xi
m
al

di
st
an

ce
al
go

ri
th
m

is
ti
ed

to
th
e
co
nv

er
ge
nc

e
of

th
e

cl
as
si
ca
lp

en
al
ty

m
et
ho

d
(B

el
tr
am

i,
19

70
).

In
ou

r
se
tt
in
g,

th
e
lo
ss

is
f

(x
),

an
d
th
e
pe

na
lt
y

is
q(
x

)
=

1 2

∑
m i=

1
α
i
d
is

t(
x
,C

i)
2
.
A
ss
um

in
g
th
e
ob

je
ct
iv
e
f

(x
)

+
ρ
q(
x

)
is

co
er
ci
ve

fo
r
al
l

ρ
≥

0,
th
e
th
eo
ry

m
an

da
te
s
th
at

th
e
so
lu
ti
on

pa
th
x
ρ
is
bo

un
de

d
an

d
an

y
lim

it
po

in
t
of

th
e

pa
th

at
ta
in
s
th
e
m
in
im

um
va
lu
e
of
f

(x
)
su
bj
ec
t
to

th
e
co
ns
tr
ai
nt
s.

Fu
rt
he

rm
or
e,

if
f

(x
)
is

co
er
ci
ve

an
d
po

ss
es
se
s
a
un

iq
ue

m
in
im

um
po

in
t
in

th
e
co
ns
tr
ai
nt

se
t
C
,
th
en

th
e
pa

th
x
ρ

co
nv

er
ge
s
to

th
at

po
in
t.

P
ro
xi
m
al

di
st
an

ce
al
go

ri
th
m
s
of
te
n
co
nv

er
ge

at
a
pa

in
fu
lly

sl
ow

ra
te
.
Fo

llo
w
in
g
M
ai
ra
l

(2
01

3)
,o

ne
ca
n
re
ad

ily
ex
hi
bi
t
a
pr
ec
is
e
bo

un
d.

P
ro

p
os

it
io

n
1

Su
pp
os
e
C

is
cl
os
ed

an
d
co
nv
ex

an
d
f

(x
)
is
co
nv
ex
.
If
th
e
po
in
tz

m
in
im

iz
es

h
ρ
(x

)
=
f

(x
)

+
ρ 2

d
is

t(
x
,C

)2
,
th
en

th
e
pr
ox
im

al
di
st
an

ce
it
er
at
es

sa
ti
sf
y

0
≤

h
ρ
(x

k
+

1
)
−
h
ρ
(z

)
≤

ρ

2(
k

+
1)
‖z
−
x

0
‖2
.

T
he

O
(ρ
k
−

1
)
co
nv

er
ge
nc
e
ra
te

of
th
e
pr
ox

im
al

di
st
an

ce
al
go

ri
th
m

su
gg

es
ts

th
at

on
e

sh
ou

ld
sl
ow

ly
se
nd

ρ
to
∞

an
d
re
fu
se

to
w
ai
t
un

ti
l
co
nv

er
ge
nc

e
oc
cu

rs
fo
r
an

y
gi
ve
n
ρ
.
It

al
so

su
gg

es
ts

th
at

N
es
te
ro
v
ac
ce
le
ra
ti
on

m
ay

va
st
ly

im
pr
ov
e
th
e
ch
an

ce
s
fo
r
co
nv

er
ge
nc

e.
N
es
te
ro
v
ac
ce
le
ra
ti
on

fo
r
th
e
ge
ne

ra
lp

ro
xi
m
al

gr
ad

ie
nt

al
go

ri
th
m

w
it
h
lo
ss
`(
x

)
an

d
pe

na
lt
y

p
(x

)
ta
ke
s
th
e
fo
rm

z
k

=
x
k

+
k
−

1

k
+
d
−

1
(x

k
−
x
k
−

1
)

x
k
+

1
=

p
ro

x
L
−
1
`[
z
k
−
L
−

1
∇
p
(z
k
)]
,

(1
0)

w
he

re
L

is
th
e
Li
ps
ch
it
z
co
ns
ta
nt

fo
r
∇
p
(x

)
an

d
d
is

ty
pi
ca
lly

ch
os
en

to
be

3.
N
es
te
ro
v

ac
ce
le
ra
ti
on

ac
hi
ev
es

an
O

(k
−

2
)
co
nv

er
ge
nc
e
ra
te

(S
u
et

al
.,
20

14
),

w
hi
ch

is
va
st
ly

su
pe

ri
or

to
th
e
O

(k
−

1
)
ra
te

ac
hi
ev
ed

by
pr
ox
im

al
gr
ad

ie
nt

de
sc
en
t.

T
he

N
es
te
ro
v
up

da
te

po
ss
es
se
s

th
e
fu
rt
he

r
de

si
ra
bl
e
pr
op

er
ty

of
pr
es
er
vi
ng

affi
ne

co
ns
tr
ai
nt
s.

In
ot
he

r
w
or
ds
,i
fA
x
k
−

1
=
b

an
d
A
x
k

=
b
,t
he

n
A
z
k

=
b
as

w
el
l.
In

su
bs
eq
ue

nt
ex
am

pl
es
,w

e
w
ill

ac
ce
le
ra
te

ou
rp

ro
xi
m
al

di
st
an

ce
al
go

ri
th
m
sb

y
ap

pl
yi
ng

th
e
al
go

ri
th
m

m
ap
M

(x
)
gi
ve
n
by

eq
ua

ti
on

(2
)t

o
th
e
sh
ift
ed

po
in
t
z
k
of

eq
ua

ti
on

(1
0)
,
yi
el
di
ng

th
e
ac
ce
le
ra
te
d
up

da
te
x
k
+

1
=
M

(z
k
).

A
lg
or
it
hm

1
pr
ov
id
es

a
sc
he

m
at
ic
of

a
pr
ox
im

al
di
st
an

ce
al
go

ri
th
m

w
it
h
N
es
te
ro
v
ac
ce
le
ra
ti
on

.
T
he

re
ce
nt

pa
pe

r
of

G
ha

di
m
ia

nd
La

n
(2
01

5)
ex
te
nd

s
N
es
to
ro
v
ac
ce
le
ra
ti
on

to
no

nc
on

ve
x
se
tt
in
gs
.

In
id
ea
lc

ir
cu

m
st
an

ce
s,
on

e
ca
n
pr
ov
e
lin

ea
r
co
nv

er
ge
nc

e
of

fu
nc

ti
on

va
lu
es

in
th
e
fr
am

e-
w
or
k
of

K
ar
im

ie
t
al
.(

20
16

).
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

P
ro

p
os

it
io

n
2

Su
pp
os
e
C

is
cl
os
ed

an
d
co
nv
ex

an
d
f

(x
)
is
L
-s
m
oo
th

an
d
µ
-s
tr
on

gl
y
co
nv
ex
.

T
he
n
h
ρ
(x

)
=
f

(x
)

+
ρ 2

d
is

t(
x
,C

)2
po
ss
es
se
s
a
un

iq
ue

m
in
im

um
po
in
t
y
,
an

d
th
e
pr
ox
im

al
di
st
an

ce
it
er
at
es
x
k
sa
ti
sf
y

h
ρ
(x

k
)
−
h
ρ
(y

)
≤

( 1
−

µ
2

2(
L

+
ρ
)2

) k
[h
ρ
(x

0
)
−
h
ρ
(y

)]
.

W
e
no

w
tu
rn

to
co
nv

er
ge
nc

e
of

th
e
pe

na
lt
y
fu
nc

ti
on

it
er
at
es

as
th
e
pe

na
lt
y
co
ns
ta
nt
s
ρ
k

te
nd

s
to
∞

.
T
o
si
m
pl
ify

no
ta
ti
on

,
w
e
re
st
ri
ct

at
te
nt
io
n
to

a
si
ng

le
cl
os
ed

co
ns
tr
ai
nt

se
t
S
.

Le
t
us

st
ar
t
w
it
h
a
pr
op

os
it
io
n
re
qu

ir
in
g
no

co
nv

ex
it
y
as
su
m
pt
io
ns
.

P
ro

p
os

it
io

n
3

If
f

(x
)
is

co
nt
in
uo

us
an

d
co
er
ci
ve

an
d
S

is
co
m
pa
ct
,
th
en

th
e
pr
ox
im

al
di
st
an

ce
it
er
at
es
x
k
ar
e
bo
un

de
d
an

d
th
e
di
st
an

ce
to

th
e
co
ns
tr
ai
nt

se
t
sa
ti
sfi
es

d
is

t(
x
k
,S

)2
≤

c ρ
k

fo
r
so
m
e
co
ns
ta
nt
c.

If
in

ad
di
ti
on

f
(x

)
is

co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e,

th
en

d
is

t(
x
k
,S

)2
≤

d ρ
2 k

fo
r
so
m
e
fu
rt
he
r
co
ns
ta
nt
d
.
Si
m
ila

r
cl
ai
m
s
ho
ld

fo
r
th
e
so
lu
ti
on

s
y
k
of

th
e
pe
na

lty
pr
ob
le
m

m
in

x
f

(x
)

+
ρ
k 2

d
is

t(
x
,S

)2
ex
ce
pt

th
at

th
e
as
su
m
pt
io
n
th
at
S

is
co
m
pa
ct

ca
n
be

dr
op
pe
d.

A
s
a
co
ro
lla

ry
,
if
th
e
pe

na
lt
y
se
qu

en
ce
ρ
k
te
nd

s
to
∞

,
th
en

al
l
lim

it
po

in
ts

of
x
k
m
us
t

ob
ey

th
e
co
ns
tr
ai
nt
.
P
ro
po

si
ti
on

3
pu

ts
us

in
to

po
si
ti
on

to
pr
ov
e
th
e
ne

xt
im

po
rt
an

t
re
su
lt
.

P
ro

p
os

it
io

n
4

If
f

(x
)
is

co
nt
in
uo

us
ly

di
ffe

re
nt
ia
bl
e
an

d
co
er
ci
ve

an
d
S
is

co
nv
ex
,
th
en

th
e

pe
na

lty
fu
nc
ti
on

it
er
at
es

de
fin

ed
by
y
k
∈

ar
gm

in
x

[f
(x

)
+

ρ
k 2

d
is

t(
x
,S

)2
]
sa
ti
sf
y

0
≤
f

(y
)
−
f

(y
k
)
≤

d
+

2
√
d
‖∇

f
(y

)‖
2
ρ
k

,

w
he
re
y
at
ta
in
s
th
e
co
ns
tr
ai
ne
d
m
in
im

um
an

d
d
is

th
e
co
ns
ta
nt

id
en
ti
fie
d
in

P
ro
po
si
ti
on

3.

4.
C

on
ve

rg
en

ce
:

G
en

er
al

C
as

e

O
ur

st
ra
te
gy

fo
r
ad

dr
es
si
ng

co
nv

er
ge
nc

e
in

no
nc

on
ve
x
pr
ob

le
m
s
fix

es
ρ
an

d
re
lie

s
on

Za
ng

-
w
ill
’s

gl
ob

al
co
nv

er
ge
nc

e
th
eo
re
m

(L
ue

nb
er
ge
r
an

d
Y
e,

19
84

).
T
hi
s
re
su
lt

de
pe

nd
s
in

tu
rn

on
th
e
no

ti
on

of
a
cl
os
ed

m
ul
ti
-v
al
ue

d
m
ap
N

(x
).

If
x
k
co
nv

er
ge
s
to
x
∞

an
d
y
k
∈
N

(x
k
)

co
nv

er
ge
s
to
y
∞
,
th
en

fo
r
N

(x
)
to

be
cl
os
ed
,
w
e
m
us
t
ha

ve
y
∞
∈
N

(x
∞

).
T
he

ne
xt

pr
op

os
it
io
n
fu
rn
is
he
s
a
pr
om

in
en
t
ex
am

pl
e.

P
ro

p
os

it
io

n
5

If
S

is
a
cl
os
ed

no
ne
m
pt
y
se
t
in

R
p
,
th
en

th
e
pr
oj
ec
ti
on

op
er
at
or
P
S

(x
)
is

cl
os
ed
.
Fu

rt
he
rm

or
e,

if
th
e
se
qu
en
ce
x
k
is

bo
un

de
d,

th
en

th
e
se
t
∪ k
P
S

(x
k
)
is

bo
un

de
d
as

w
el
l.
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P
ro

x
im

a
l

D
ista

n
ce

A
lg

o
r
ith

m
s

A
LG

O
R
IT

H
M

1:A
typicalproxim

aldistance
algorithm

in
p
u
t

:
ρ

in
itia

l
>

0
#

an
initial

penalty
value

ρ
in

c
>

1
#

the
penalty

increment
ρ

m
a
x

#
a

maximum
penalty

value
K

m
a
x

#
the

maximum
number

of
iterations

k
ρ

#
the

increment
frequency

f
#

the
function

to
optimize

P
C

#
the

projection
onto

the
constraint

set
ε
lo

ss
>

0
#

convergence
tolerance

for
the

loss
function

ε
d

ist
>

0
#

convergence
tolerance

for
constraint

feasibility

ou
tp

u
t:

A
vector

x
+
≈

argm
in

x
f

(x
)

#
subject

to
the

constraint
x
∈
C

ρ
←
ρ

in
itia

l
#

Set
initial

penalty
value

q
0

=
q

1
=
∞

#
Track

convergence
of

f

d
0

=
d

1
=
∞

#
Track

distance
to

constraint

x
0

=
x

1
=

0
#

Set
initial

iterates
to

origin

#
Main

algorithm
loop

for
k

=
2,...,K

m
a
x

d
o

z
k ←

x
k−

1
+

k−
1

k
+

2
(x

k−
1 −

x
k−

2 )
#

Apply
Nesterov

acceleration

x
k−

2 ←
x
k−

1
#

Save
penultimate

iterate

z
p

ro
j,k ←

P
C

(z
k )

#
Project

onto
constraints

x
k ←

p
rox

ρ
f

(z
p

ro
j,k )

#
Apply

proximal
distance

update

q
k ←

f
(x

k )
#

Compute
new

loss

d
k ←

‖x
k −

z
p

ro
j,k ‖

2
#

Compute
new

distance
to

C

#
Exit

if
converged

if
|q
k −

q
k−

1 |
<
ε
lo

ss
and
|d
k −

d
k−

1 |
<
ε
d

ist
th

en

retu
rn
x

+
←
x
k
+

1

elseq
k−

1 ←
q
k

#
Save

current
loss

d
k−

1 ←
d
k

#
Save

current
distance

to
C

#
Update

penalty
ρ

every
k
ρ
iterations

if
k

=
k
ρ

th
en

ρ
←

m
in

(ρ
m

a
x ,ρ×

ρ
in

c )
x
k−

1 ←
x
k

#
Save

previous
iterate
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

Zangw
ill’s

global
convergence

theorem
is

phrased
in

term
s
of

an
algorithm

m
ap

M
(x

)
and

a
real-valued

objective
h

(x
).

T
he

theorem
requires

a
criticalset

Γ
outside

w
hich

M
(x

)
is

closed.
Furtherm

ore,
alliterates

x
k
+

1 ∈
M

(x
k )

m
ust

fallw
ithin

a
com

pact
set.

F
inally,

the
descent

condition
h

(y
)≤

h
(x

)
should

hold
for

all
y
∈
M

(x
),w

ith
strict

inequality
w
hen

x
6∈

Γ.
If

these
conditions

are
valid,

then
every

convergent
subsequence

of
x
k
tends

to
a

point
in

Γ.
In

the
proxim

al
distance

context,
w
e
define

the
com

plem
ent

of
Γ

to
consist

of
the

points
x
w
ith

f
(y

)
+
ρ2

d
ist(y

,S
)
2

<
f

(x
)

+
ρ2

d
ist(x

,S
)
2

for
all

y
∈
M

(x
).

T
his

definition
plus

the
m
onotonic

nature
of

the
proxim

al
distance

algorithm

x
k
+

1
∈

M
(x

k )
=

⋃

z
k ∈
P
S

(x
k
) argm

in
x [f

(x
)

+
ρ2 ‖x

−
z
k ‖

2 ]

force
the

satisfaction
ofZangw

ill’s
finalrequirem

ent.
N
ote

that
if
f

(x
)
is
differentiable,then

a
point

x
belongs

to
Γ
w
henever

0
∈
∇
f

(x
)

+
ρ
x
−
ρ
P
S

(x
).

In
general,

the
algorithm

m
ap

M
(x

)
is

m
ulti-valued

in
tw

o
senses.

F
irst,

for
a
given

z
k
∈
P
S

(x
k ),

the
m
inim

um
m
ay

be
achieved

at
m
ultiple

points.
T
his

contingency
is

ruled
out

if
the

proxim
al

m
ap

of
f

(x
)
is

unique.
Second,

because
S

m
ay

be
nonconvex,

the
projection

m
ay

be
m
ulti-valued.

T
his

sounds
distressing,

but
the

points
x
k
w
here

this
occurs

are
exceptionally

rare.
A
ccordingly,it

m
akes

no
practicaldifference

that
w
e
restrict

the
anchor

points
z
k
to

lie
in
P
S

(x
k )

rather
than

in
con

v
P
S

(x
k ).

P
rop

osition
6

If
S

is
a
closed

nonem
pty

set
in

R
p,

then
the

projection
operator

P
S

(x
)
is

single
valued

except
on

a
set

of
Lebesgue

m
easure

0.

In
view

of
the

preceding
results,one

can
easily

verify
the

next
proposition.

P
rop

osition
7

T
he

algorithm
m
ap

M
(x

)
is

everyw
here

closed.

T
o
apply

Zangw
ill’sglobalconvergence

theory,w
e
m
ustin

addition
prove

thatthe
iterates

x
k
+

1
=
M

(x
k )

rem
ain

w
ithin

a
com

pact
set.

T
his

is
true

w
henever

the
objective

is
coercive

since
the

algorithm
is

a
descent

algorithm
.

A
s
noted

earlier,
the

coercivity
of
f

(x
)
is

a
suffi

cient
condition.

O
ne

can
readily

concoct
other

suffi
cient

conditions.
For

exam
ple,

if
f

(x
)
is

bounded
below

,
say

nonnegative,
and

S
is

com
pact,

then
the

objective
is

also
coercive.

Indeed,if
S

is
contained

in
the

ballof
radius

r
about

the
origin,then

‖
x‖

≤
‖x
−
P
S

(x
)‖

+
‖
P
S

(x
)‖
≤

d
ist(x

,S
)

+
r,

w
hich

proves
that

d
ist(x

,S
)
is

coercive.
T
he

next
proposition

sum
m
arizes

these
findings.

P
rop

osition
8

If
S

is
closed

and
nonem

pty,
the

objective
f

(x
)

+
12

d
ist(x

,S
)
2
is

coercive,
and

the
proxim

aloperator
p
rox

ρ −
1
f (x

)
is

everyw
here

nonem
pty,

then
alllim

it
points

of
the

iterates
x
k
+

1 ∈
M

(x
k )

of
the

proxim
aldistance

algorithm
occur

in
the

criticalset
Γ.
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P
ro

x
im

a
l

D
is

ta
n
ce

A
lg

o
r
it

h
m
s

T
hi
s
re
su
lt

is
sl
ig
ht
ly

di
sa
pp

oi
nt
in
g.

A
lim

it
po

in
t
x

co
ul
d
po

te
nt
ia
lly

ex
is
t
w
it
h
im

-
pr
ov
em

en
t
in

th
e
ob

je
ct
iv
e
fo
r
so
m
e
bu

t
no

t
al
l
y
∈

co
n
v
P
S

(x
).

T
hi
s
fa
ul
t
is

m
it
ig
at
ed

by
th
e
fa
ct

th
at
P
S

(x
)
is

al
m
os
t
al
w
ay

s
si
ng

le
va
lu
ed

.
In

co
m
m
on

w
it
h
ot
he

r
al
go

ri
th
m
s

in
no

nc
on

ve
x
op

ti
m
iz
at
io
n,

w
e
al
so

ca
nn

ot
ru
le

ou
t
co
nv

er
ge
nc

e
to

a
lo
ca
l
m
in
im

um
or

a
sa
dd

le
po

in
t.

O
ne

ca
n
im

pr
ov
e
on

P
ro
po

si
ti
on

8
by

as
su
m
in
g
th
at

th
e
su
rr
og

at
es
g ρ

(x
|x

k
)

ar
e
al
lµ

-s
tr
on

gl
y
co
nv

ex
.
T
hi
s
is
a
sm

al
lc

on
ce
ss
io
n
to

m
ak
e
be

ca
us
e
ρ
is
ty
pi
ca
lly

la
rg
e.

If
f

(x
)
is
co
nv

ex
,t
he

n
g ρ

(x
|x

k
)
is
ρ
-s
tr
on

gl
y
co
nv

ex
by

de
fin

it
io
n.

It
is
al
so

w
or
th

no
ti
ng

th
at

an
y
co
nv

ex
M
M

su
rr
og

at
e
g
(x
|x

k
)
ca
n
be

m
ad

e
µ
-s
tr
on

gl
y
co
nv

ex
by

ad
di
ng

th
e
vi
sc
os
it
y

pe
na

lt
y
µ 2
‖x
−
x
k
‖2

m
aj
or
iz
in
g

0
.
T
he

ad
di
ti
on

of
a
vi
sc
os
it
y
pe

na
lt
y
se
ld
om

co
m
pl
ic
at
es

fin
di
ng

th
e
ne

xt
it
er
at
e
x
n

+
1
an

d
ha

s
lit
tl
e
im

pa
ct

on
th
e
ra
te

of
co
nv

er
ge
nc

e
w
he

n
µ
>

0
is

sm
al
l.

P
ro

p
os

it
io

n
9

U
nd

er
th
e
µ
-s
tr
on

gl
y
co
nv
ex
it
y
as
su
m
pt
io
n
on

th
e
su
rr
og
at
es

g ρ
(x
|x

k
),

th
e
pr
ox
im

al
di
st
an

ce
it
er
at
es

sa
ti
sf
y

li
m
k
→
∞
‖x

k
+

1
−
x
k
‖

=
0.

A
s
a
co
ns
eq
ue
nc
e,

th
e
se
t
of

lim
it
po
in
ts

is
co
nn

ec
te
d
as

w
el
la

s
cl
os
ed
.
Fu

rt
he
rm

or
e,

if
ea
ch

lim
it
po
in
t
is

is
ol
at
ed
,
th
en

th
e
it
er
at
es

co
nv
er
ge

to
a
cr
it
ic
al

po
in
t.

Fu
rt
he

r
pr
og

re
ss

re
qu

ir
es

ev
en

m
or
e
st
ru
ct
ur
e.

Fo
rt
un

at
el
y,

w
ha

t
w
e
no

w
pu

rs
ue

ap
pl
ie
s

to
ge
ne

ri
c
M
M

al
go

ri
th
m
s.

W
e
st
ar
t
w
it
h
th
e
co
nc

ep
t
of

a
Fr
éc
he

t
su
bd

iff
er
en
ti
al

(K
ru
ge
r,

20
03

).
If
h

(x
)
is

a
fu
nc
ti
on

m
ap

pi
ng

R
p
in
to

R
∪
{+
∞
},

th
en

it
s
Fr
éc
he

t
su
bd

iff
er
en
ti
al

at
x
∈

d
om

f
is

th
e
se
t

∂
F
h

(x
)

=
{ v

:
li
m

in
f

y
→

x

h
(y

)
−
h

(x
)
−
v
t (
y
−
x

)

‖y
−
x
‖

≥
0
} .

T
he

se
t
∂
F
h

(x
)
is

cl
os
ed

,
co
nv

ex
,
an

d
po

ss
ib
ly

em
pt
y.

If
h

(x
)
is

co
nv

ex
,
th
en

∂
F
h

(x
)

re
du

ce
s
to

it
s
co
nv

ex
su
bd

iff
er
en
ti
al
.
If
h

(x
)
is

di
ffe

re
nt
ia
bl
e,

th
en

∂
F
h

(x
)
re
du

ce
s
to

it
s

or
di
na

ry
di
ffe

re
nt
ia
l.

A
t
a
lo
ca
lm

in
im

um
x
,F

er
m
at
’s

ru
le

0
∈
∂
F
h

(x
)
ho

ld
s.

P
ro

p
os

it
io

n
10

In
an

M
M

al
go
ri
th
m
,
su
pp
os
e
th
at
h

(x
)
is

co
er
ci
ve
,
th
at

th
e
su
rr
og
at
es

g
(x
|x

k
)
ar
e
di
ffe

re
nt
ia
bl
e,

an
d
th
at

th
e
al
go
ri
th
m

m
ap

M
(x

)
is

cl
os
ed
.
T
he
n
ev
er
y
lim

it
po
in
t
z
of

th
e
M
M

se
qu
en
ce
x
k
is

cr
it
ic
al

in
th
e
se
ns
e
th
at

0
∈
∂
F

(−
h

)(
z

).

W
e
w
ill

al
so

ne
ed

to
in
vo

ke
Ło

ja
si
ew

ic
z’
s
in
eq
ua

lit
y.

T
hi
s
de

ep
re
su
lt

de
pe

nd
s
on

so
m
e

ra
th
er

ar
ca
ne

al
ge
br
ai
c
ge
om

et
ry

(B
ie
rs
to
ne

an
d
M
ilm

an
,
19

88
;
B
oc
hn

ak
et

al
.,
20

13
).

It
ap

pl
ie
s
to

se
m
ia
lg
eb

ra
ic

fu
nc

ti
on

s
an

d
th
ei
r
m
or
e
in
cl
us
iv
e
co
us
in
s
se
m
ia
na

ly
ti
c
fu
nc
ti
on

s
an

d
su
ba

na
ly
ti
c
fu
nc

ti
on

s.
Fo

r
si
m
pl
ic
it
y
w
e
fo
cu

s
on

se
m
ia
lg
eb

ra
ic

fu
nc

ti
on

s.
T
he

cl
as
s
of

se
m
ia
lg
eb

ra
ic

su
bs
et
s
of

R
p
is

th
e
sm

al
le
st

cl
as
s
th
at
:

a)
co
nt
ai
ns

al
ls

et
s
of

th
e
fo
rm
{x

:
q(
x

)
>

0
}
fo
r
a
po

ly
no

m
ia
lq

(x
)
in
p
va
ri
ab

le
s,

b
)
is
cl
os
ed

un
de

r
th
e
fo
rm

at
io
n
of

fin
it
e
un

io
ns
,fi

ni
te

in
te
rs
ec
ti
on

s,
an

d
se
t
co
m
pl
em

en
ta
-

ti
on

.

A
fu
nc

ti
on

a
:
R
p
7→

R
r
is

sa
id

to
be

se
m
ia
lg
eb

ra
ic

if
it
s
gr
ap

h
is

a
se
m
ia
lg
eb

ra
ic

se
t
of

R
p
+
r
.
T
he

cl
as
s
of

re
al
-v
al
ue

d
se
m
ia
lg
eb

ra
ic

fu
nc

ti
on

s
co
nt
ai
ns

al
lp

ol
yn

om
ia
ls
p
(x

)
an

d
al
l

0
/1

in
di
ca
to
rs

of
al
ge
br
ai
c
se
ts
.
It

is
cl
os
ed

un
de

r
th
e
fo
rm

at
io
n
of

su
m
s,
pr
od

uc
ts
,a

bs
ol
ut
e
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

va
lu
es
,r

ec
ip
ro
ca
ls

w
he

n
a
(x

)
6=

0
,n

th
ro
ot
s
w
he

n
a
(x

)
≥

0,
an

d
m
ax

im
a

m
a
x
{a

(x
),
b(
x

)}
an

d
m
in
im

a
m

in
{a

(x
),
b(
x

)}
.
Fo

r
ou

r
pu

rp
os
es
,i
t
is

im
po

rt
an

t
to

no
te

th
at

d
is

t(
x
,S

)
is

a
se
m
ia
lg
eb

ra
ic

fu
nc

ti
on

w
he

ne
ve
r
S

is
a
se
m
ia
lg
eb

ra
ic

se
t.

Ło
ja
si
ew

ic
z’
s
in
eq
ua

lit
y
in

it
s
m
od

er
n
fo
rm

(B
ol
te

et
al
.,
20
07

)
re
qu

ir
es

a
fu
nc

ti
on

h
(x

)
to

be
cl
os
ed

(l
ow

er
se
m
ic
on

ti
nu

ou
s)

an
d
su
ba

na
ly
ti
c
w
it
h
a
cl
os
ed

do
m
ai
n.

If
z
is
a
cr
it
ic
al

po
in
t
of
h

(x
),

th
en

|h
(x

)
−
h

(z
)|θ

≤
c‖
v
‖

fo
r
al
lx
∈
B
r
(z

)
∩

d
om

∂
F
h
sa
ti
sf
yi
ng

h
(x

)
>
h

(z
)
an

d
al
lv

in
∂
F
h

(x
).

H
er
e
th
e
ex
po

ne
nt

θ
∈

[0
,1

),
th
e
ra
di
us

r,
an

d
th
e
co
ns
ta
nt
c
de

pe
nd

on
z
.
T
hi
s
in
eq
ua

lit
y
is

va
lid

fo
r
se
m
i-

al
ge
br
ai
c
fu
nc

ti
on

s
si
nc

e
th
ey

ar
e
au

to
m
at
ic
al
ly

su
ba

na
ly
ti
c.

W
e
w
ill

ap
pl
y
Ło

ja
si
ew

ic
z’
s

in
eq
ua

lit
y
to

th
e
lim

it
po

in
ts

of
an

M
M

al
go

ri
th
m
.
T
he

ne
xt

pr
op

os
it
io
n
is

an
el
ab

or
at
io
n

an
d
ex
pa

ns
io
n
of

kn
ow

n
re
su
lt
s
(A

tt
ou

ch
et

al
.,
20

10
;
B
ol
te

et
al
.,
20

07
;
C
ui

et
al
.,
20

18
;

K
an

g
et

al
.,
20

15
;L

e
T
hi

et
al
.,
20
09

).

P
ro

p
os

it
io

n
11

In
an

M
M

al
go
ri
th
m

su
pp
os
e
th
e
ob
je
ct
iv
e
h

(x
)
is

co
er
ci
ve
,
co
nt
in
uo

us
,

an
d
su
ba
na

ly
ti
c
an

d
al
l
su
rr
og
at
es
g
(x
|x

k
)
ar
e
co
nt
in
uo

us
,
µ
-s
tr
on

gl
y
co
nv
ex
,
an

d
sa
ti
sf
y

th
e
L
-s
m
oo
th
ne
ss

co
nd

it
io
n ‖∇
g
(a
|x

k
)
−
∇
g
(b
|x

k
)‖
≤

L
‖a
−
b
‖

on
th
e
co
m
pa
ct

se
t
{x

:
h

(x
)
≤
h

(x
0
)}
.
T
he
n
th
e
M
M

it
er
at
es
x
k
+

1
=

a
rg

m
in

x
g
(x
|x

k
)

co
nv
er
ge

to
a
cr
it
ic
al

po
in
t.

T
he

la
st

pr
op

os
it
io
n
ap

pl
ie
s
to

pr
ox
im

al
di
st
an

ce
al
go

ri
th
m
s.

T
he

lo
ss
f

(x
)
m
us
t
be

su
ba

na
ly
ti
c
an

d
di
ffe

re
nt
ia
bl
e
w
it
h
a
lo
ca
lly

Li
ps
ch
it
z
gr
ad

ie
nt
.
Fu

rt
he

rm
or
e,

al
ls
ur
ro
ga

te
s

g
(x
|x

k
)

=
f

(x
)

+
ρ 2
‖x
−
y
k
‖2

sh
ou

ld
be

co
er
ci
ve

an
d
µ
-s
tr
on

gl
y
co
nv

ex
.

F
in
al
ly
,
th
e

co
ns
tr
ai
nt
s
se
ts
S
i
sh
ou

ld
be

su
ba

na
ly
ti
c.

Se
m
ia
lg
eb

ra
ic

se
ts

an
d
fu
nc

ti
on

s
w
ill

do
.
U
nd

er
th
es
e
co
nd

it
io
ns

an
d

re
ga

rd
le
ss

of
ho

w
th
e
pr
oj
ec
te
d

po
in
ts
P
S
i
(x

)
ar
e
ch
os
en
,
th
e
M
M

it
er
at
es

ar
e
gu

ar
an

te
ed

to
co
nv

er
ge

to
a
cr
it
ic
al

po
in
t.

5.
E
xa

m
p
le

s

T
he

fo
llo

w
in
g
ex
am

pl
es

hi
gh

lig
ht

th
e
ve
rs
at
ili
ty

of
pr
ox

im
al

di
st
an

ce
al
go

ri
th
m
s
in

a
va
ri
et
y

of
co
nv

ex
an

d
no

nc
on

ve
x
se
tt
in
gs
.
P
ro
gr
am

m
in
g
de
ta
ils

m
at
te
r
in

so
lv
in
g
th
es
e
pr
ob

le
m
s.

In
di
vi
du

al
pr
og

ra
m
s
ar
e
no

t
ne

ce
ss
ar
ily

lo
ng

,b
ut

ca
re

m
us
t
be

ex
er
ci
se
d
in

pr
oj
ec
ti
ng

on
to

co
ns
tr
ai
nt
s,

ch
oo

si
ng

tu
ni
ng

sc
he

du
le
s,

fo
ld
in
g
co
ns
tr
ai
nt
s
in
to

th
e
do

m
ai
n
of

th
e
lo
ss
,
im

-
pl
em

en
ti
ng

ac
ce
le
ra
ti
on

,
an

d
de

cl
ar
in
g
co
nv

er
ge
nc
e.

A
ll
of

ou
r
ex
am

pl
es

ar
e
co
de

d
in

th
e

Ju
lia

pr
og

ra
m
m
in
g
la
ng

ua
ge
.
W

he
ne

ve
r
po

ss
ib
le
,
co
m
pe

ti
ng

so
ft
w
ar
e
w
as

ru
n
in

th
e
Ju

lia
en
vi
ro
nm

en
t
vi
a
th
e
Ju

lia
m
od

ul
e
Ma

th
Pr

og
Ba

se
(D

un
ni
ng

et
al
.,
20

17
;L

ub
in

an
d
D
un

ni
ng

,
20

15
).

T
he

sp
ar
se

P
C
A

pr
ob

le
m

re
lie

s
on

th
e
so
ft
w
ar
e
of

W
it
te
n
et

al
.
(W

it
te
n
et

al
.,
20

09
),

w
hi
ch

is
co
de

d
in

R
.C

on
ve
rg
en

ce
is

te
st
ed

at
it
er
at
io
n
k
by

th
e
tw

o
cr
it
er
ia

|f
(x

k
)
−
f

(x
k
−

1
)|
≤

ε 1
[|f

(x
k
−

1
)|

+
1]

an
d

d
is

t(
x
k
,C

)
≤

ε 2
,

w
he

re
ε 1

=
10
−

6
an

d
ε 2

=
10
−

4
ar
e
ty
pi
ca
l
va
lu
es
.
T
he

nu
m
be

r
of

it
er
at
io
ns

un
ti
l
co
nv

er
-

ge
nc

e
is

ab
ou

t
10

00
in

m
os
t
ex
am

pl
es
.

T
hi
s
ha

nd
ic
ap

is
off

se
t
by

th
e
si
m
pl
ic
it
y
of

ea
ch

st
er
eo
ty
pe

d
up

da
te
.
O
ur

co
de

is
av
ai
la
bl
e
as

su
pp

le
m
en
ta
ry

m
at
er
ia
lt
o
th
is
pa

pe
r.

R
ea
de
rs

ar
e
en

co
ur
ag

ed
to

tr
y
th
e
co
de

an
d
ad

ap
t
it
to

th
ei
r
ow

n
ex
am

pl
es
.
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P
ro

x
im

a
l

D
ista

n
ce

A
lg

o
r
ith

m
s

5.1.
L
in

ear
P

rogram
m

in
g

T
w
o
different

tactics
suggest

them
selves

for
constructing

a
proxim

aldistance
algorithm

.
T
he

first
tactic

rolls
the

standard
affi

ne
constraints

A
x

=
b
into

the
dom

ain
ofthe

loss
function

v
tx
.
T
he

standard
nonnegativity

requirem
ent

x
≥

0
is
achieved

by
penalization.

Let
x
k
be

the
current

iterate
and

y
k

=
(x

k )
+

be
its

projection
onto

R
n+
.
D
erivation

of
the

proxim
al

distance
algorithm

relies
on

the
Lagrangian

v
tx

+
ρ2 ‖x

−
y
k ‖

2
+
λ
t(A

x
−
b
).

O
ne

can
m
ultiply

the
corresponding

stationarity
equation

0
=

v
+
ρ
(x
−
y
k )

+
A
tλ

by
A

and
solve

for
the

Lagrange
m
ultiplier

λ
in

the
form

λ
=

(A
A
t) −

1(ρ
A
y
k −

ρ
b−

A
v

),
(11)

assum
ing

A
has

fullrow
rank.

Inserting
this

value
into

the
stationarity

equation
gives

the
M
M

update

x
k
+

1
=

y
k −

1ρ
v
−
A
−
(
A
y
k −

b−
1ρ
A
v )

,
(12)

w
here

A
−

=
A
t(A

A
t) −

1
is

the
pseudo-inverse

of
A
.

T
he

second
tactic

folds
the

nonnegativity
constraints

into
the

dom
ain

of
the

loss.
Let

p
k
denote

the
projection

of
x
k
onto

the
affi

ne
constraint

set
A
x

=
b.

Fortunately,
the

surrogate
function

v
tx

+
ρ2 ‖x
−
p
k ‖

2
splits

the
param

eters.
M
inim

izing
one

com
ponent

at
a
tim

e
gives

the
update

x
k
+

1
w
ith

com
ponents

x
k
+

1
,j

=
m

ax {
p
k
j −

v
jρ
,0 }

.
(13)

T
he

projection
p
k
can

be
com

puted
via

p
k

=
x
k −

A
−

(A
x
k −

b
),

(14)

w
here

A
−
is

again
the

pseudo-inverse
of
A
.

T
able

1
com

pares
the

accelerated
versions

of
these

tw
o
proxim

aldistance
algorithm

s
to

tw
o
effi

cient
solvers.

T
he

first
is
the

open-source
Splitting

C
one

Solver
(SC

S)
(O

’D
onoghue

et
al.,2016),w

hich
relies

on
a
fast

im
plem

entation
ofA

D
M
M
.T

he
second

is
the

com
m
ercial

G
urobisolver,w

hich
ships

w
ith

im
plem

entations
ofboth

the
sim

plex
m
ethod

and
a
barrier

(interior
point)

m
ethod;in

this
exam

ple,w
e
use

its
barrier

algorithm
.
T
he

first
seven

row
s
of

the
table

sum
m
arize

linear
program

s
w
ith

dense
data

A
,
b,and

v.
T
he

bottom
six

row
s
rely

on
random

sparse
m
atrices

A
w
ith

sparsity
level

0
.01.

For
dense

problem
s,

the
proxim

al
distance

algorithm
s
start

the
penalty

constant
ρ
at

1
and

double
it

every
100

iterations.
B
ecause

w
e
precom

pute
and

cache
the

pseudoinverse
A
−

of
A
,
the

updates
(12)

and
(13)

reduce
to

vector
additions

and
m
atrix-vector

m
ultiplications.
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

T
able

1:
C
P
U

tim
es

and
optim

a
for

linear
program

m
ing.

H
ere

m
is

the
num

ber
of

con-
straints,

n
is
the

num
ber

ofvariables,P
D
1
is
the

proxim
aldistance

algorithm
over

an
affi

ne
dom

ain,
P
D
2
is

the
proxim

al
distance

algorithm
over

a
nonnegative

do-
m
ain,

SC
S
is

the
Splitting

C
one

Solver,
and

G
urobi

is
the

G
urobi

solver.
A
fter

m
=

512
the

constraint
m
atrix

A
is

initialized
to

be
sparse

w
ith

sparsity
level

s
=

0.01.

D
im

ensions
O
ptim

a
C
P
U

T
im

es
(secs)

m
n

P
D
1

P
D
2

SC
S

G
urobi

P
D
1

P
D
2

SC
S

G
urobi

2
4

0.2629
0.2629

0.2629
0.2629

0.0142
0.0010

0.0034
0.0038

4
8

1.0455
1.0457

1.0456
1.0455

0.0212
0.0021

0.0009
0.0011

8
16

2.4513
2.4515

2.4514
2.4513

0.0361
0.0048

0.0018
0.0029

16
32

3.4226
3.4231

3.4225
3.4223

0.0847
0.0104

0.0090
0.0036

32
64

6.2398
6.2407

6.2397
6.2398

0.1428
0.0151

0.0140
0.0055

64
128

14.671
14.674

14.671
14.671

0.2117
0.0282

0.0587
0.0088

128
256

27.116
27.125

27.116
27.116

0.3993
0.0728

0.8436
0.0335

256
512

58.501
58.512

58.494
58.494

0.7426
0.1538

2.5409
0.1954

512
1024

135.35
135.37

135.34
135.34

1.6413
0.5799

5.0648
1.7179

1024
2048

254.50
254.55

254.47
254.48

2.9541
3.2127

3.9433
0.6787

2048
4096

533.29
533.35

533.23
533.23

7.3669
17.318

25.614
5.2475

4096
8192

991.78
991.88

991.67
991.67

30.799
95.974

98.347
46.957

8192
16384

2058.8
2059.1

2058.5
2058.5

316.44
623.42

454.23
400.59

For
sparse

problem
s
the

proxim
aldistance

algorithm
s
update

ρ
by

a
factor

of
1.5

every
50

iterations.
T
o
avoid

com
puting

large
pseudoinverses,

w
e
appealto

the
LSQ

R
variant

of
the

conjugate
gradient

m
ethod

(P
aige

and
Saunders,

1982b,a)
to

solve
the

linear
system

s
(11)

and
(14).

T
he

optim
a
of

all
four

m
ethods

agree
to

about
4
digits

of
accuracy.

It
is

hard
to

declare
an

absolute
w
inner

in
these

com
parisons.

G
urobiand

SC
S
clearly

perform
better

on
low

-dim
ensional

problem
s,

but
the

proxim
al

distance
algorithm

s
are

com
petitive

as
dim

ensions
increase.

P
D
1,the

proxim
aldistance

algorithm
over

an
affi

ne
dom

ain,tends
to

be
m
ore

accurate
than

P
D
2.

Ifhigh
accuracy

is
not

a
concern,then

the
proxim

aldistance
algorithm

s
are

easily
accelerated

w
ith

a
m
ore

aggressive
update

schedule
for

ρ.

5.2.
C

on
strain

ed
L
east

S
qu

ares

C
onstrained

least
squares

program
m
ing

subsum
es

constrained
quadratic

program
m
ing.

A
typicalquadratic

program
involves

m
inim

izing
the

quadratic
12 x

tQ
x
−
p
tx

subject
to
x
∈
C

for
a
positive

definite
m
atrix

Q
.

Q
uadratic

program
m
ing

can
be

reform
ulated

as
least

squares
by

taking
the

C
holesky

decom
position

Q
=
L
L
t
of
Q

and
noting

that

12
x
tQ
x
−
p
tx

=
12 ‖L

−
1p
−
L
tx‖

2−
12 ‖
L
−

1p‖
2.

T
he

constraint
x
∈
C

applies
in

both
settings.

It
is

particularly
advantageous

to
refram

e
a
quadratic

program
as

a
least

squares
problem

w
hen

Q
is

already
presented

in
factored
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T
ab

le
2:

C
P
U

ti
m
es

an
d
op

ti
m
a
fo
r
si
m
pl
ex
-c
on

st
ra
in
ed

le
as
t
sq
ua

re
s.

H
er
e
A
∈
R
n
×
p
,P

D
is

th
e
pr
ox
im

al
di
st
an

ce
al
go

ri
th
m
,
IP

O
P
T

is
th
e
Ip
op

t
so
lv
er
,
an

d
G
ur
ob

i
is

th
e

G
ur
ob

is
ol
ve
r.

A
ft
er
n

=
10

24
,t
he

pr
ed

ic
to
r
m
at
ri
x
A

is
sp
ar
se
.

fo
rm

or
w
he

n
it

is
ne

ar
ly

si
ng

ul
ar

(B
em

po
ra
d,

20
18

).
T
o
si
m
pl
ify

su
bs
eq
ue

nt
no

ta
ti
on

,
w
e

re
pl
ac
e
L
t
by

th
e
re
ct
an

gu
la
r
m
at
ri
x
A

an
d
L
−

1
p

by
y
.
T
he

ke
y
to

so
lv
in
g
co
ns
tr
ai
ne

d
le
as
t
sq
ua

re
s
is

to
ex
pr
es
s
th
e
pr
ox

im
al

di
st
an

ce
su
rr
og

at
e
as

1 2
‖y
−
A
x
‖2

+
ρ 2
‖x
−
P
C

(x
k
)‖

2
=

1 2

∥ ∥ ∥ ∥(
y

√
ρ
P
C

(x
k
))
−
(
A √
ρ
I

)
x

∥ ∥ ∥ ∥2

as
in

eq
ua

ti
on

(6
).

A
s
no

te
d
ea
rl
ie
r,
in

sp
ar
se

pr
ob

le
m
s
th
e
up

da
te
x
k
+

1
ca
n
be

fo
un

d
by

a
fa
st

st
ab

le
co
nj
ug

at
e
gr
ad

ie
nt

so
lv
er
.

T
ab

le
2
co
m
pa

re
s
th
e
pe

rf
or
m
an

ce
of

th
e
pr
ox

im
al

di
st
an

ce
al
go

ri
th
m

fo
r
le
as
t
sq
ua

re
s

es
ti
m
at
io
n
w
it
h
pr
ob

ab
ili
ty
-s
im

pl
ex

co
ns
tr
ai
nt
s
to

th
e
op

en
so
ur
ce

no
nl
in
ea
r
in
te
ri
or

po
in
t

so
lv
er

Ip
op

t
(W

äc
ht
er

an
d
B
ie
gl
er
,
20

05
,
20

06
)
an

d
th
e
in
te
ri
or

po
in
t
m
et
ho

d
of

G
ur
ob

i.
Si
m
pl
ex

co
ns
tr
ai
ne

d
pr
ob

le
m
s
ar
is
e
in

hy
pe

rs
pe

ct
ra
li
m
ag

in
g
(H

ey
le
n
et

al
.,
20

11
;K

es
ha

va
,

20
03

),
po

rt
fo
lio

op
ti
m
iz
at
io
n
(M

ar
ko
w
it
z,
19

52
),
an

d
de

ns
it
y
es
ti
m
at
io
n
(B

un
ea

et
al
.,
20

10
).

T
es
t
pr
ob

le
m
s
w
er
e
ge
ne

ra
te
d
by

fil
lin

g
an

n
×
p
m
at
ri
x
A

an
d
an

n
-v
ec
to
r
y
w
it
h
st
an

da
rd

no
rm

al
de

vi
at
es
.
Fo

r
sp
ar
se

pr
ob

le
m
s
w
e
se
t
th
e
sp
ar
si
ty

le
ve
lo

f
A

to
be

10
/p

.
O
ur

se
tu
p

en
su
re
s
th
at
A

ha
s
fu
ll
ra
nk

an
d
th
at

th
e
qu

ad
ra
ti
c
pr
og

ra
m

ha
s
a
so
lu
ti
on

.
Fo

rt
he

pr
ox

im
al

di
st
an

ce
al
go

ri
th
m
,
w
e
st
ar
t
ρ
at

1
an

d
m
ul
ti
pl
y
it

by
1
.5

ev
er
y
20

0
it
er
at
io
ns
.

T
ab

le
2

su
gg

es
ts

th
at

th
e
pr
ox
im

al
di
st
an

ce
al
go

ri
th
m

an
d
th
e
in
te
ri
or

po
in
t
so
lv
er
s
pe

rf
or
m

eq
ua

lly
w
el
lo

n
sm

al
ld

en
se

pr
ob

le
m
s.

H
ow

ev
er
,i
n
hi
gh

-d
im

en
si
on

al
an

d
lo
w
-a
cc
ur
ac
y
en
vi
ro
nm

en
ts
,

th
e
pr
ox

im
al

di
st
an

ce
al
go

ri
th
m

pr
ov
id
es

m
uc
h
be

tt
er

sc
al
ab

ili
ty
.

5.
3.

C
lo

se
st

K
in

sh
ip

M
at

ri
x

In
ge
ne

ti
cs

st
ud

ie
s,
ki
ns
hi
p
is
m
ea
su
re
d
by

th
e
fr
ac
ti
on

of
ge
ne

s
tw

o
in
di
vi
du

al
s
sh
ar
e
id
en

-
ti
ca
l
by

de
sc
en
t.

Fo
r
a
gi
ve
n
pe

di
gr
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,
th
e
ki
ns
hi
p
co
effi

ci
en
ts

fo
r
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l
pa
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s
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du
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s
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

ap
pe

ar
as

en
tr
ie
s
in

a
sy
m
m
et
ri
c
ki
ns
hi
p
m
at
ri
x
Y
.

T
hi
s
m
at
ri
x
po

ss
es
se
s
th
re
e
cr
uc

ia
l

pr
op

er
ti
es
:
a)

it
is

po
si
ti
ve

se
m
id
efi

ni
te
,
b)

it
s
en
tr
ie
s
ar
e
no

nn
eg
at
iv
e,

an
d
c)

it
s
di
ag

on
al

en
tr
ie
s
ar
e

1 2
un

le
ss

so
m
e
pe

di
gr
ee

m
em

be
rs

ar
e
in
br
ed
.
In
br
ee
di
ng

is
th
e
ex
ce
pt
io
n
ra
th
er

th
an

th
e
ru
le
.
K
in
sh
ip

m
at
ri
ce
s
ca
n
be

es
ti
m
at
ed

em
pi
ri
ca
lly

fr
om

si
ng

le
nu

cl
eo
ti
de

po
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-

m
or
ph

is
m

(S
N
P
)
da

ta
,
bu

t
th
er
e
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no
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ar
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te
e
th
at

th
e
th
re
e
hi
gh
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ht
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op

er
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es

ar
e

sa
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sfi
ed

.
H
en

ce
,i
t
he
lp
fu
lt

o
pr
oj
ec
t
Y

to
th
e
ne

ar
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t
qu

al
ify

in
g
m
at
ri
x.

T
hi
s
pr
oj
ec
ti
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pr
ob

le
m

is
be
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so
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ld
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g
th
e
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si
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se
m
id
efi
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co
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ai
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e
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m
ai
n
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en
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s
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fu
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1 2
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−
Y
‖2 F
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A
s
w
e
sh
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ls
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at
iv
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po
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o
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s
ra
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e
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ra
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A
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en
tr
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x
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e
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t
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m
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P

(X
k
)
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s
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e
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ec
ti
on

,t
he
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‖2 F

+
ρ 2
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P
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2 F
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ρ
P
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)∥ ∥ ∥ ∥2 F
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w
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+
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ht
ly

le
ss

ac
cu

ra
te
.
A
cc
el
er
at
io
n
of

th
e

pr
ox
im

al
di
st
an

ce
al
go

ri
th
m

is
eff

ec
ti
ve

in
re
du

ci
ng

bo
th

ex
ec
ut
io
n
ti
m
e
an

d
er
ro
r.

Fo
ld
in
g

th
e
po

si
ti
ve

se
m
id
efi

ni
te

co
ns
tr
ai
nt

in
to

th
e
do

m
ai
n

of
th
e
lo
ss

fu
nc
ti
on

le
ad

s
to

fu
rt
he

r
im

pr
ov
em

en
ts
.
T
he

da
ta

m
at
ri
ce
s
M

in
th
es
e
tr
ia
ls

w
er
e
po

pu
la
te
d
by

st
an

da
rd

no
rm

al
de

vi
at
es

an
d

th
en

sy
m
m
et
ri
ze
d

by
av
er
ag

in
g
op

po
si
ng

off
-d
ia
go

na
l
en
tr
ie
s.

In
al
go

ri
th
m

P
D
1
w
e
se
t
ρ
k

=
m

ax
{1
.2
k
,2

2
2
}.

In
th
e
ac
ce
le
ra
te
d
ve
rs
io
ns

P
D
2
an

d
P
D
3
w
e
st
ar
te
d
ρ
at

1
an

d
m
ul
ti
pl
ie
d
it
by

5
ev
er
y
10

0
it
er
at
io
ns
.
A
t
th
e
ex
pe

ns
e
of

lo
ng

er
co
m
pu

te
ti
m
es
,b

et
te
r

ac
cu

ra
cy

ca
n
be

ac
hi
ev
ed

by
al
l
th
re
e
pr
ox
im

al
di
st
an

ce
al
go
ri
th
m
s
w
it
h
a
le
ss

ag
gr
es
si
ve

up
da

te
sc
he

du
le
.

5.
4.

P
ro

je
ct

io
n

on
to

a
S
ec

on
d
-O

rd
er

C
on

e
C

on
st

ra
in

t

Se
co
nd

-o
rd
er

co
ne

pr
og

ra
m
m
in
g
is

on
e
of

th
e
un

ify
in
g
th
em

es
of

co
nv

ex
an

al
ys
is

(A
liz

ad
eh

an
d
G
ol
df
ar
b,

20
03

;
Lo

bo
et

al
.,
19

98
).

It
re
vo
lv
es

ar
ou

nd
co
ni
c
co
ns
tr
ai
nt
s
of

th
e
fo
rm

{u
:
‖A
u

+
b
‖
≤
c
t u

+
d
}.

P
ro
je
ct
io
n
of

a
ve
ct
or
x

on
to

su
ch

a
co
ns
tr
ai
nt

is
fa
ci
lit
at
ed

by
pa

ra
m
et
er

sp
lit
ti
ng

.
In

th
is

se
tt
in
g
pa

ra
m
et
er

sp
lit
ti
ng

in
tr
od

uc
es

a
ve
ct
or
w
,
a
sc
al
ar

r,
an

d
th
e
tw

o
affi

ne
co
ns
tr
ai
nt
s
w

=
A
u

+
b
an

d
r

=
c
t u

+
d
.
T
he

co
ni
c
co
ns
tr
ai
nt

th
en
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P
ro

x
im

a
l

D
ista

n
ce

A
lg

o
r
ith

m
s

T
able

3:
C
P
U

tim
es

and
optim

a
for

the
closest

kinship
m
atrix

problem
.
H
ere

the
kinship

m
atrix

is
n
×
n,

P
D
1
is

the
proxim

al
distance

algorithm
,
P
D
2
is

the
accelerated

proxim
al

distance,
P
D
3
is

the
accelerated

proxim
al

distance
algorithm

w
ith

the
positive

sem
idefinite

constraints
folded

into
the

dom
ain

ofthe
loss,and

D
ykstra

is
D
ykstra’s

adaptation
of

alternating
projections.

A
lltim

es
are

in
seconds.

Size
P
D
1

P
D
2

P
D
3

D
ykstra

n
Loss

T
im

e
Loss

T
im

e
Loss

T
im

e
Loss

T
im

e
2

1.64
0.36

1.64
0.01

1.64
0.01

1.64
0.00

4
2.86

0.10
2.86

0.01
2.86

0.01
2.86

0.00
8

18.77
0.21

18.78
0.03

18.78
0.03

18.78
0.00

16
45.10

0.84
45.12

0.18
45.12

0.12
45.12

0.02
32

169.58
4.36

169.70
0.61

169.70
0.52

169.70
0.37

64
837.85

16.77
838.44

2.90
838.43

2.63
838.42

4.32
128

3276.41
91.94

3279.44
18.00

3279.25
14.83

3279.23
19.73

256
14029.07

403.59
14045.30

89.58
14043.59

64.89
14043.46

72.79

reduces
to

the
Lorentz

cone
constraint

‖w
‖
≤
r,

for
w
hich

projection
is

straightforw
ard

(B
oyd

and
V
andenberghe,2009).

If
w
e
concatenate

the
param

eters
into

the
single

vector

y
=


uwr 

and
define

L
=
{
y

:‖w
‖
≤
r}

and
M

=
{
y

:
w

=
A
u

+
b

and
r

=
c
tu

+
d},

then
w
e

can
rephrase

the
problem

as
m
inim

izing
12 ‖
x
−
u‖

2
subject

to
y
∈
L
∩
M

.
T
his

is
a
fairly

typicalset
projection

problem
except

that
the

w
and

r
com

ponents
of
y
are

m
issing

in
the

loss
function.
T
aking

a
cue

from
E
xam

ple
5.1,

w
e
incorporate

the
affi

ne
constraints

in
the

dom
ain

of
the

objective
function.

If
w
e
represent

projection
onto

L
by

P

(
w
k

r
k )

=

(
w̃
k

r̃
k )

,

then
the

Lagrangian
generated

by
the

proxim
aldistance

algorithm
am

ounts
to

L
=

12 ‖
x
−
u‖

2
+
ρ2

∥∥∥∥ (
w
−
w̃
k

r−
r̃
k

) ∥∥∥∥
2

+
λ
t(A

u
+
b−

w
)

+
θ(c

tu
+
d−

r).

T
his

gives
rise

to
a
system

of
three

stationarity
equations

0
=

u
−
x

+
A
tλ

+
θc

(15)
0

=
ρ
(w
−
w̃
k )−

λ
(16)

0
=

ρ
(r−

r̃
k )−

θ.
(17)
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

Solving
for

the
m
ultipliers

λ
and

θ
in

equations
(16)

and
(17)

and
substituting

their
values

in
equation

(15)
yield

0
=

u
−
x

+
ρ
A
t(w
−
w̃
k )

+
ρ
(r−

r̃
k )c

=
u
−
x

+
ρ
A
t(A

u
+
b−

w̃
k )

+
ρ
(c
tu

+
d−

r̃
k )c

.

T
his

leads
to

the
M
M

update

u
k
+

1
=

(ρ −
1I

+
A
tA

+
c
c
t) −

1[ρ −
1x

+
A
t(w̃

k −
b
)

+
(r̃
k −

d
)c

].
(18)

T
he

updates
w
k
+

1
=
A
u
k
+

1
+
b
and

r
k
+

1
=
c
tu
k
+

1
+
d
follow

from
the

constraints.
T
able

4
com

pares
the

proxim
aldistance

algorithm
to

SC
S
and

G
urobi.

E
choing

previous
exam

ples,
w
e
tailor

the
update

schedule
for

ρ
differently

for
dense

and
sparse

problem
s.

D
ense

problem
s
converge

quickly
and

accurately
w
hen

w
e
set

ρ
0

=
1
and

double
ρ
every

100
iterations.

Sparse
problem

s
require

a
greater

range
and

faster
updates

of
ρ,

so
w
e
set

ρ
0

=
0.01

and
then

m
ultiply

ρ
by

2.5
every

10
iterations.

For
dense

problem
s,

it
is

clearly
advantageous

to
cache

the
spectral

decom
position

of
A
tA

+
c
c
t
as

suggested
in

E
xam

ple
5.2.

In
this

regim
e,the

proxim
aldistance

algorithm
is

as
accurate

as
G
urobiand

nearly
as

fast.
SC

S
is

com
parable

to
G
urobiin

speed
but

notably
less

accurate.
W

ith
a
large

sparse
constraint

m
atrix

A
,
extraction

of
its

spectral
decom

position
be-

com
es

prohibitive.
If

w
e
let

E
=

(ρ −
1
/
2I

A
t
c
),

then
w
e
m
ust

solve
a
linear

system
of

equations
defined

by
the

G
ram

ian
m
atrix

G
=
E
E
t.

T
here

are
three

reasonable
options

for
solving

this
system

.
T
he

first
relies

on
com

puting
and

caching
a
sparse

C
holesky

decom
-

position
of
G
.
T
he

second
com

putes
the

Q
R

decom
position

of
the

sparse
m
atrix

E
.
T
he

R
part

of
the

Q
R

decom
position

coincides
w
ith

the
C
holesky

factor.
U
nfortunately,

every
tim

e
ρ
changes,

the
C
holesky

or
Q
R

decom
position

m
ust

be
redone.

T
he

third
option

is
the

conjugate
gradient

algorithm
.
In

our
experience

the
Q
R

decom
position

offers
superior

stability
and

accuracy.
W

hen
E

is
very

sparse,the
Q
R

decom
position

is
often

m
uch

faster
than

the
C
holesky

decom
position

because
it

avoids
form

ing
the

dense
m
atrix

A
tA

.
E
ven

w
hen

only
5%

ofthe
entries

of
A

are
nonzero,90%

ofthe
entries

of
A
tA

can
be

nonzero.
If

exquisite
accuracy

is
not

a
concern,then

the
conjugate

gradient
m
ethod

provides
the

fastest
update.

T
able

4
reflects

this
choice.

5.5.
C

op
ositive

M
atrices

A
sym

m
etric

m
atrix

M
iscopositive

ifitsassociated
quadratic

form
x
tM

x
isnonnegative

for
all
x
≥

0.
C
opositive

m
atrices

find
applications

in
num

erous
branches

of
the

m
athem

atical
sciences

(B
erm

an
and

P
lem

m
ons,1994).

A
llpositive

sem
idefinite

m
atrices

and
allm

atrices
w
ith

nonnegative
entries

are
copositive.

T
he

variationalindex

µ
(M

)
=

m
in

‖
x‖

=
1
,
x≥

0
x
tM

x

is
one

key
to

understanding
copositive

m
atrices

(H
iriart-U

rruty
and

Seeger,2010).
T
he

con-
straint

set
S
is
the

intersection
ofthe

unit
sphere

and
the

nonnegative
cone

R
n+
.
P
rojection

ofan
externalpoint

y
onto

S
splits

into
three

cases.
W

hen
allcom

ponents
of
y
are

negative,
then

P
S

(y
)

=
e
i ,w

here
y
i is

the
least

negative
com

ponent
of
y,and

e
i is

the
standard

unit
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P
ro

x
im

a
l

D
is

ta
n
ce

A
lg

o
r
it

h
m
s

T
ab

le
4:

C
P
U

ti
m
es

an
d
op

ti
m
a
fo
r
th
e
se
co
nd

-o
rd
er

co
ne

pr
oj
ec
ti
on

.
H
er
e
m

is
th
e
nu

m
be

r
of

co
ns
tr
ai
nt
s,
n
is
th
e
nu

m
be

r
of

va
ri
ab

le
s,
P
D

is
th
e
ac
ce
le
ra
te
d
pr
ox
im

al
di
st
an

ce
al
go

ri
th
m
,S

C
S
is
th
e
Sp

lit
ti
ng

C
on

e
So

lv
er
,a

nd
G
ur
ob

ii
s
th
e
G
ur
ob

is
ol
ve
r.

A
ft
er

m
=

51
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th
e
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ns
tr
ai
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m
at
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x
A

is
in
it
ia
liz

ed
w
it
h
sp
ar
si
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le
ve
l0

.0
1.

D
im
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si
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pt
im
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m
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P
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ur
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03

85
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12
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4.
86

89
4

4.
86

96
2

4.
86

89
5

0.
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25
0.
00
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0.
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12

8
25
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.5
86

3
10

.5
84

3
10

.5
86

3
0.
19

75
0.
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0.
08

68
25

6
51
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31
.1
03

9
31

.0
96

5
31

.1
03

9
0.
54

63
0.
39

95
0.
34

05
51

2
10

24
27

.0
48

3
27

.0
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5
27
.0
48

3
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76

67
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66

92
2.
01

89
10

24
20

48
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45

57
8

1.
45

56
9

1.
45

56
9

0.
53

52
0.
36

91
1.
54

89
20

48
40

96
2.
22

93
6

2.
22

93
0

2.
22

92
1

1.
08

45
2.
45

31
5.
55

21
40

96
81

92
1.
72

30
6

1.
72

20
2

1.
72

20
9

3.
14

04
17

.2
72

15
.2
04

81
92

16
38

4
5.
36

19
1

5.
36

11
6

5.
36

14
4

13
.9
79

13
3.
25

88
.0
24

ve
ct
or

al
on

g
co
or
di
na

te
di
re
ct
io
n
i.

T
he

or
ig
in

0
is

eq
ui
di
st
an

t
fr
om

al
l
po

in
ts

of
S
.

If
an

y
co
m
po

ne
nt

of
y

is
po

si
ti
ve
,
th
en

th
e
pr
oj
ec
ti
on

is
co
ns
tr
uc

te
d
by

se
tt
in
g
th
e
ne

ga
ti
ve

co
m
po

ne
nt
s
of
y
eq
ua

lt
o
0,

an
d
st
an

da
rd
iz
in
g
th
e
tr
un

ca
te
d
ve
rs
io
n
of
y
to

ha
ve

E
uc

lid
ea
n

no
rm

1.
A
s
a
te
st

ca
se

fo
r
th
e
pr
ox

im
al

di
st
an

ce
al
go

ri
th
m
,c

on
si
de

r
th
e
H
or
n
m
at
ri
x
(H

al
la

nd
N
ew

m
an

,1
96

3)

M
=

     

1
−

1
1

1
−

1
−

1
1
−

1
1

1
1
−

1
1
−

1
1

1
1
−

1
1
−

1
−

1
1

1
−

1
1

     
.

T
he

va
lu
e
µ

(M
)

=
0
is
at
ta
in
ed

fo
r
th
e
ve
ct
or
s

1 √
2
(1
,1
,0
,0
,0

)t
,

1 √
6
(1
,2
,1
,0
,0

)t
,a

nd
eq
ui
v-

al
en
t
ve
ct
or
s
w
it
h
th
ei
r
en
tr
ie
s
pe

rm
ut
ed

.
M
at
ri
ce
s
in

hi
gh

er
di
m
en

si
on

s
w
it
h
th
e
sa
m
e
H
or
n

pa
tt
er
n
of

1’
s
an

d
-1
’s
ar
e
co
po

si
ti
ve

as
w
el
l(
Jo

hn
so
n
an

d
R
ea
m
s,
20

08
).

A
H
or
n
m
at
ri
x
of

od
d
di
m
en

si
on

ca
nn

ot
be

w
ri
tt
en

as
a
po

si
ti
ve

se
m
id
efi

ni
te

m
at
ri
x,

a
no

nn
eg
at
iv
e
m
at
ri
x,

or
a
su
m

of
tw

o
su
ch

m
at
ri
ce
s.

T
he

pr
ox

im
al

di
st
an

ce
al
go

ri
th
m

m
in
im

iz
es

th
e
cr
it
er
io
n

g
(x
|x

k
)

=
1 2
x
t M

x
+
ρ 2
‖x
−
P
S

(x
k
)‖

2
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at
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ra
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M
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P
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P
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11

33
0.
00

23
57

0.
00

00
09

in
fe
as
ib
le

0.
02
42

0.
03

46
0.
12
94

64
0.
05

41
95

0.
00

00
26

fe
as
ib
le

0.
04

15
0.
04

94
3.
62
84

65
0.
00

69
85

0.
00

00
26

in
fe
as
ib
le

0.
04
31

0.
05

51
2.
78
62

an
d
ge
ne

ra
te
s
th
e
up

da
te
s

x
k
+

1
=

(M
+
ρ
I

)−
1
ρ
P
S

(x
k
).

It
ta
ke
s
a
ge
nt
le

tu
ni
ng

sc
he

du
le

to
ge
t
de
ce
nt

re
su
lt
s.

T
he

ch
oi
ce
ρ
k

=
1.

2
k
co
nv

er
ge
s
in

60
0
to

70
0
it
er
at
io
ns

fr
om

ra
nd

om
st
ar
ti
ng

po
in
ts

an
d
re
lia

bl
y
yi
el
ds

ob
je
ct
iv
e
va
lu
es

be
lo
w

10
−

5
fo
r
H
or
n
m
at
ri
ce
s.

T
he

co
m
pu

ta
ti
on

al
bu

rd
en

pe
r
it
er
at
io
n
is

si
gn

ifi
ca
nt
ly

ea
se
d
by

ex
pl
oi
ti
ng

th
e
ca
ch
ed

sp
ec
tr
al

de
co
m
po

si
ti
on

of
M

.
T
ab

le
5
co
m
pa

re
s
th
e
pe

rf
or
m
an

ce
of

th
e
pr
ox
im

al
di
st
an

ce
al
go

ri
th
m

to
th
e
M
os
ek

so
lv
er

on
a
ra
ng

e
of

H
or
n
m
at
ri
ce
s.

M
os
ek

us
es

se
m
id
efi

ni
te

pr
og

ra
m
m
in
g
to

de
ci
de

w
he

th
er
M

ca
n
be

de
co
m
po

se
d
in
to

a
su
m

of
a

po
si
ti
ve

se
m
id
efi

ni
te

m
at
ri
x
an

d
a
no

nn
eg
at
iv
e
m
at
ri
x.

If
no

t,
M
os
ek

de
cl
ar
es

th
e
pr
ob

le
m

in
fe
as
ib
le
.
N
es
te
ro
v
ac
ce
le
ra
ti
on

im
pr
ov
es

th
e
fin

al
lo
ss

fo
r
th
e
pr
ox
im

al
di
st
an

ce
al
go

ri
th
m
,

bu
t
it

do
es

no
t
de

cr
ea
se

ov
er
al
lc

om
pu

ti
ng

ti
m
e.

T
es
ti
ng

fo
r
co
po

si
ti
vi
ty

is
ch
al
le
ng

in
g
be

ca
us
e
ne
it
he

r
th
e
lo
ss

fu
nc

ti
on

no
r
th
e
co
ns
tr
ai
nt

se
t
is

co
nv

ex
.
T
he

pr
ox
im

al
di
st
an

ce
al
go
ri
th
m

off
er
s
a
fa
st

sc
re
en

in
g
de

vi
ce

fo
r
ch
ec
ki
ng

w
he

th
er

a
m
at
ri
x
is
co
po

si
ti
ve
.
O
n
ra
nd

om
10

00
×

10
0
0
sy
m
m
et
ri
c
m
at
ri
ce
s
M

,t
he

m
et
ho

d
in
va
ri
ab

ly
re
tu
rn
s
a
ne

ga
ti
ve

in
de

x
in

le
ss

th
an

tw
o
se
co
nd

s
of

co
m
pu

ti
ng

ti
m
e.

B
ec
au

se
th
e

va
st

m
aj
or
it
y
of

sy
m
m
et
ri
c
m
at
ri
ce
s
ar
e
no

t
co
po

si
ti
ve
,a

cc
ur
at
e
es
ti
m
at
io
n
of

th
e
m
in
im

um
is

no
t
re
qu

ir
ed

.
T
ab

le
6
su
m
m
ar
iz
es

a
fe
w

ra
nd

om
tr
ia
ls

w
it
h
lo
w
er
-d
im

en
si
on

al
sy
m
m
et
ri
c

m
at
ri
ce
s.

In
hi
gh

er
di
m
en

si
on

s,
M
os
ek

be
co
m
es

no
n-
co
m
pe

ti
ti
ve
,a

nd
N
es
te
ro
v
ac
ce
le
ra
ti
on

is
of

du
bi
ou

s
va
lu
e.

5.
6.

L
in

ea
r

C
om

p
le

m
en

ta
ri

ty
P

ro
b
le

m

T
he

lin
ea
r
co
m
pl
em

en
ta
ri
ty

pr
ob

le
m

(M
ur
ty

an
d
Y
u,

19
88

)
co
ns
is
ts

of
fin

di
ng

ve
ct
or
s
x
an

d
y

w
it
h
no

nn
eg
at
iv
e
co
m
po

ne
nt
s
su
ch

th
at
x
t y

=
0
an

d
y

=
A
x

+
b
fo
r
a
gi
ve
n
sq
ua

re
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P
ro

x
im

a
l

D
ista

n
ce

A
lg

o
r
ith

m
s

T
able

6:
C
P
U

tim
es

and
optim

a
for

testing
the

copositivity
ofrandom

sym
m
etric

m
atrices.

H
ere

n
is

the
size

of
m
atrix,

P
D

is
the

proxim
al

distance
algorithm

,
aP

D
is

the
accelerated

proxim
aldistance

algorithm
,and

M
osek

is
the

M
osek

solver.

D
im

ension
O
ptim

a
C
P
U

Seconds

n
P
D

aP
D

M
osek

P
D

aP
D

M
osek

4
-0.391552

-0.391561
infeasible

0.0029
0.0031

0.0024
8

-0.911140
-2.050316

infeasible
0.0037

0.0044
0.0045

16
-1.680697

-1.680930
infeasible

0.0199
0.0272

0.0062
32

-2.334520
-2.510781

infeasible
0.0261

0.0242
0.0441

64
-3.821927

-3.628060
infeasible

0.0393
0.0437

0.6559
128

-5.473609
-5.475879

infeasible
0.0792

0.0798
38.3919

256
-7.956365

-7.551814
infeasible

0.1632
0.1797

456.1500

m
atrix

A
and

vector
b.

T
he

natural
loss

function
is

12 ‖y
−
A
x
−
b‖

2.
T
o
project

a
vector

pair
(u
,v

)
onto

the
nonconvex

constraint
set,

one
considers

each
com

ponent
pair

(u
i ,v

i )
in

turn.
If
u
i ≥

m
ax{

v
i ,0},

then
the

nearest
pair

(x
,y

)
has

com
ponents

(x
i ,y

i )
=

(u
i ,0).

If
v
i
≥

m
a
x{
u
i ,0},

then
the

nearest
pair

has
com

ponents
(x
i ,y

i )
=

(0,v
i ).

O
therw

ise,
(x
i ,y

i )
=

(0
,0

).
A
t
each

iteration
the

proxim
aldistance

algorithm
m
inim

izes
the

criterion

12 ‖y
−
A
x
−
b‖

2
+
ρ2 ‖
x
−
x̃
k ‖

2
+
ρ2 ‖
y
−
ỹ
k ‖

2,

w
here

(x̃
k ,ỹ

k )
is

the
projection

of
(x

k ,y
k )

onto
the

constraint
set.

T
he

stationarity
equa-

tions
becom

e

0
=
−
A
t(y
−
A
x
−
b
)

+
ρ
(x
−
x̃
k )

0
=

y
−
A
x
−
b

+
ρ
(y
−
ỹ
k ).

Substituting
the

value
of
y

from
the

second
equation

into
the

first
equation

leads
to

the
updates

x
k
+

1
=

[(1
+
ρ
)I

+
A
tA

] −
1[A

t(ỹ
k −

b
)

+
(1

+
ρ
)x̃

k ]
(19)

y
k
+

1
=

1

1
+
ρ

(A
x
k
+

1
+
b
)

+
ρ

1
+
ρ
ỹ
k .

T
he

linear
system

(19)
can

be
solved

in
low

to
m
oderate

dim
ensions

by
com

puting
and

caching
the

spectraldecom
position

of
A
tA

and
in

high
dim

ensions
by

the
conjugate

gradient
m
ethod.

T
able

7
com

pares
the

perform
ance

ofthe
proxim

algradientalgorithm
to

the
G
urobi

solver
on

som
e
random

ly
generated

problem
s.

5.7.
S
p
arse

P
rin

cip
al

C
om

p
on

ents
A

n
alysis

Let
X

be
an

n
×
p
data

m
atrix

gathered
on

n
cases

and
p
predictors.

A
ssum

e
the

colum
ns

of
X

are
centered

to
have

m
ean

0.
P
rincipal

com
ponent

analysis
(P

C
A
)
(H

otelling,
1933;
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

T
able

7:
C
P
U

tim
es

(seconds)
and

optim
a
for

the
linear

com
plem

entarity
problem

w
ith

random
ly

generated
data.

H
ere

n
is

the
size

of
m
atrix,

P
D

is
the

accelerated
proxim

aldistance
algorithm

,and
G
urobiis

the
G
urobisolver.

D
im

ension
O
ptim

a
C
P
U

Seconds

n
P
D

M
osek

P
D

M
osek

4
0.000000

0.000000
0.0230

0.0266
8

0.000000
0.000000

0.0062
0.0079

16
0.000000

0.000000
0.0269

0.0052
32

0.000000
0.000000

0.0996
0.4303

64
0.000074

0.000000
2.6846

360.5183

P
earson,

1901)
operates

on
the

sam
ple

covariance
m
atrix

S
=

1n
X

tX
.
H
ere

w
e
form

ulate
a
proxim

al
distance

algorithm
for

sparse
P
C
A

(SP
C
A
),

w
hich

has
attracted

substantial
interest

in
the

m
achine

learning
com

m
unity

(B
erthet

and
R
igollet,

2013b,a;
D
’A

sprem
ont

et
al.,

2007;
Johnstone

and
Lu,

2009;
Journée

et
al.,

2010;
W

itten
et

al.,
2009;

Zou
et

al.,
2006).

A
ccording

to
a
result

ofK
y
Fan

(Fan,1949),the
first

q
principalcom

ponents
(P

C
s)

u
1 ,...,u

q
can

be
extracted

by
m
axim

izing
the

function
tr(U

tS
U

)
subject

to
the

m
atrix

constraint
U
tU

=
I
q ,w

here
u
i is

the
ith

colum
n
ofthe

p×
q
m
atrix

U
.
T
his

constraint
set

is
called

a
Stiefelm

anifold.
O
ne

can
im

pose
sparsity

by
insisting

that
any

given
colum

n
u
i

have
at

m
ost

r
nonzero

entries.
A
lternatively,one

can
require

the
entire

m
atrix

U
to

have
at

m
ost

r
nonzero

entries.
T
he

latter
choice

perm
its

sparsity
to

be
distributed

non-uniform
ly

across
colum

ns.
E
xtraction

of
sparse

P
C
s
is

diffi
cult

for
three

reasons.
F
irst,

the
Stiefel

m
anifold

M
q

and
both

sparsity
sets

are
nonconvex.

Second,the
objective

function
is
concave

rather
than

convex.
T
hird,there

is
no

sim
ple

form
ula

or
algorithm

for
projecting

onto
the

intersection
of

the
tw

o
constraintsets.

Fortunately,itisstraightforw
ard

to
projectonto

each
separately.

Let
P
M
q (U

)
denote

the
projection

of
U

onto
the

Stiefelm
anifold.

It
is
w
ellknow

n
that

P
M
q (U

)
can

be
calculated

by
extracting

a
partial

singular
value

decom
position

U
=
V

Σ
W

t
of
U

and
setting

P
M
q (U

)
=
V
W

t
(G

olub
and

V
an

Loan,2012).
H
ere

V
and

W
are

orthogonal
m
atrices

ofdim
ension

p×
q
and

q×
q,respectively,and

Σ
is
a
diagonalm

atrix
ofdim

ension
q×

q.
Let

P
S
r (U

)
denote

the
projection

of
U

onto
the

sparsity
set

S
r

=
{
V

:
v
ij 6=

0
for

at
m
ost

r
entries

of
each

colum
n
v
i }
.

B
ecause

P
S
r (U

)
operates

colum
n
by

colum
n,it

suffi
ces

to
project

each
colum

n
vector

u
i to

sparsity.
T
his

entails
nothing

m
ore

than
sorting

the
entries

of
u
i
by

m
agnitude,saving

the
r
largest,and

sending
the

rem
aining

p−
r
entries

to
0.

Ifthe
entire

m
atrix

U
m
ust

have
at

m
ost

r
nonzero

entries,then
U

can
be

treated
as

a
concatenated

vector
during

projection.
T
he

key
to

a
good

algorithm
is
to

incorporate
the

Stiefelconstraints
into

the
dom

ain
of

the
objective

function
(K

iers,1990;K
iers

and
ten

B
erge,1992)

and
the

sparsity
constraints

into
the

distance
penalty.

T
hus,w

e
propose

decreasing
the

criterion

f
(U

)
=
−

12
tr(U

tS
U

)
+
ρ2

d
ist(U

,S
r )

2.
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P
ro

x
im

a
l

D
is

ta
n
ce

A
lg

o
r
it

h
m
s

at
ea
ch

it
er
at
io
n
su
bj
ec
t
to

th
e
St
ie
fe
lc

on
st
ra
in
ts
.
T
he

lo
ss

ca
n
be

m
aj
or
iz
ed

vi
a

−
1 2

tr
(U

t S
U

)
=
−

1 2
tr

[(
U
−
U
k
)t
S

(U
−
U
k
)]
−

tr
(U

t S
U
k
)

+
1 2

tr
(U

t k
S
U
k
)

≤
−

tr
(U

t S
U
k
)

+
1 2

tr
(U

t k
S
U
k
)

be
ca
us
e
S

is
po

si
ti
ve

se
m
id
efi

ni
te
.
T
he

pe
na

lt
y
is

m
aj
or
iz
ed

by

ρ 2
d
is

t(
U
,S

r
)2
≤
−
ρ

tr
[U

t P
S
r
(U

k
)]

+
c k

up
to

an
ir
re
le
va
nt

co
ns
ta
nt

c k
si
nc

e
th
e
sq
ua

re
d

Fr
ob

en
iu
s
no

rm
sa
ti
sfi
es

th
e
re
la
ti
on

‖U
t U
‖2 F

=
q
on

th
e
St
ie
fe
lm

an
ifo

ld
.
It

no
w

fo
llo

w
s
th
at
f

(U
)
is

m
aj
or
iz
ed

by

1 2
‖U
−
S
U
k
−
ρ
P
S
r
(U

k
)‖

2 F

up
to

an
ir
re
le
va
nt

co
ns
ta
nt
.
A
cc
or
di
ng

ly
,t

he
St
ie
fe
lp

ro
je
ct
io
n

U
k
+

1
=

P
M
q
[S
U
k

+
ρ
P
S
r
(U

k
)]

pr
ov
id
es

th
e
ne

xt
M
M

it
er
at
e.

F
ig
ur
es

1
an

d
2
co
m
pa

re
th
e
pr
ox
im

al
di
st
an

ce
al
go

ri
th
m

to
th
e
SP

C
fu
nc

ti
on

fr
om

th
e
R

pa
ck
ag

e
PM

A
(W

it
te
n

et
al
.,

20
09

).
T
he

br
ea
st

ca
nc

er
da

ta
fr
om

PM
A
pr
ov
id
e
th
e

da
ta

m
at
ri
x
X

.
T
he

da
ta

co
ns
is
t
of
p

=
19
,6

72
R
N
A

m
ea
su
re
m
en
ts

on
n

=
89

pa
ti
en
ts
.

T
he

tw
o
fig

ur
es

sh
ow

co
m
pu

ta
ti
on

ti
m
es

an
d
th
e
pr
op

or
ti
on

of
va
ri
an

ce
ex
pl
ai
ne

d
(P

V
E
)

by
th
e
p
×
q
lo
ad

in
g
m
at
ri
x
U
.
Fo

r
sp
ar
se

P
C
A
,
P
V
E

is
de

fin
ed

as
tr

(X
t q
X

q
)/

tr
(X

t X
),

w
he

re
X

q
=
X
U

(U
t U

)−
1
U
t
(S
he

n
an

d
H
ua

ng
,
20

08
).

W
he

n
th
e
lo
ad

in
g
ve
ct
or
s
of
U

ar
e
or
th
og

on
al
,
th
is

cr
it
er
io
n

re
du

ce
s
to

th
e
fa
m
ili
ar

de
fin

it
io
n

tr
(U

t X
t X
U

)/
tr

(X
t X

)
of

P
V
E

fo
r
or
di
na

ry
P
C
A
.
T
he

pr
ox
im

al
di
st
an

ce
al
go

ri
th
m

en
fo
rc
es

ei
th
er

m
at
ri
x-
w
is
e
or

co
lu
m
n-
w
is
e
sp
ar
si
ty
.
In

co
nt
ra
st
,S

P
C
en

fo
rc
es

on
ly

co
lu
m
n-
w
is
e
sp
ar
si
ty

vi
a
th
e
co
ns
tr
ai
nt

‖u
i‖

1
≤
c
fo
r
ea
ch

co
lu
m
n
u
i
of
U
.
W
e
ta
ke
c

=
8.

T
he

nu
m
be

r
of

no
nz

er
oe
s
pe

r
lo
ad

in
g

ve
ct
or

ou
tp
ut

by
SP

C
di
ct
at
es

th
e
sp
ar
si
ty

le
ve
lf
or

th
e
co
lu
m
n-
w
is
e
ve
rs
io
n
of

th
e
pr
ox

im
al

di
st
an

ce
al
go

ri
th
m
.
Su

m
m
in
g
th
es
e
co
un

ts
ac
ro
ss

al
lc

ol
um

ns
di
ct
at
es

th
e
sp
ar
si
ty

le
ve
lf
or

th
e
m
at
ri
x
ve
rs
io
n
of

th
e
pr
ox

im
al

di
st
an

ce
al
go

ri
th
m
.

F
ig
ur
es

1
an

d
2
de

m
on

st
ra
te

th
e
su
pe

ri
or

P
V
E
an

d
co
m
pu

ta
ti
on

al
sp
ee
d
of

bo
th

pr
ox
im

al
di
st
an

ce
al
go

ri
th
m
s
ve
rs
us

SP
C
.T

he
ty
pe

of
pr
oj
ec
ti
on

do
es

no
t
ap

pe
ar

to
aff

ec
t
th
e
co
m
-

pu
ta
ti
on

al
pe

rf
or
m
an

ce
of

th
e
pr
ox
im

al
di
st
an

ce
al
go

ri
th
m
,
as

bo
th

ve
rs
io
ns

sc
al
e
eq
ua

lly
w
el
l
w
it
h
q.

H
ow

ev
er
,
th
e
m
at
ri
x
pr
oj
ec
ti
on

,
w
hi
ch

pe
rm

it
s
th
e
al
go

ri
th
m

to
m
or
e
fr
ee
ly

as
si
gn

no
nz

er
oe
s
to

th
e
lo
ad

in
gs
,a

tt
ai
ns

be
tt
er

P
V
E

th
an

th
e
m
or
e
re
st
ri
ct
iv
e
co
lu
m
n-
w
is
e

pr
oj
ec
ti
on

.
Fo

r
bo

th
va
ri
an

ts
of

th
e
pr
ox
im

al
di
st
an

ce
al
go

ri
th
m
,N

es
te
ro
v
ac
ce
le
ra
ti
on

im
-

pr
ov
es

bo
th

fit
ti
ng

ac
cu

ra
cy

an
d
co
m
pu

ta
ti
on

al
sp
ee
d,

es
pe

ci
al
ly

as
th
e
nu

m
be

r
of

P
C
s
q

in
cr
ea
se
s.

6.
D

is
cu

ss
io

n

T
he

pr
ox

im
al

di
st
an

ce
al
go

ri
th
m

ap
pl
ie
s
to

a
ho

st
of

pr
ob

le
m
s.

In
ad

di
ti
on

to
th
e
lin

ea
r

an
d
qu

ad
ra
ti
c
pr
og

ra
m
m
in
g
ex
am

pl
es

co
ns
id
er
ed

he
re
,o

ur
pr
ev
io
us

pa
pe

r
(L

an
ge

an
d
K
ey
s,
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q

PVE

P
D

1

P
D

2

S
P

C

F
ig
ur
e
1:

P
ro
po

rt
io
n
of

va
ri
an

ce
ex
pl
ai
ne
d
by

q
P
C
s
fo
r
ea
ch

al
go

ri
th
m
.
H
er
e
P
D
1
is

th
e

ac
ce
le
ra
te
d

pr
ox
im

al
di
st
an

ce
al
go

ri
th
m

en
fo
rc
in
g
m
at
ri
x

sp
ar
si
ty
,
P
D
2
is

th
e

ac
ce
le
ra
te
d
pr
ox

im
al

di
st
an

ce
al
go

ri
th
m

en
fo
rc
in
g
co
lu
m
n-
w
is
e
sp
ar
si
ty
,a

nd
SP

C
is

th
e
or
th
og

on
al

sp
ar
se

P
C
A

m
et
ho

d
fr
om

PM
A.

26
JM

L
R

 2
0(

66
):

1-
38

, 2
01

9



P
ro

x
im

a
l

D
ista

n
ce

A
lg

o
r
ith

m
s

5
1
0

1
5

2
0

2
5

0 50 100 150 200

q

Compute time

P
D

1

P
D

2

S
P

C

F
igure

2:
C
om

putation
tim

es
for

q
P
C
s
for

each
algorithm

.
H
ere

P
D
1
is

the
accelerated

proxim
al

distance
algorithm

enforcing
m
atrix

sparsity,
P
D
2
is

the
accelerated

proxim
al

distance
algorithm

enforcing
colum

n-w
ise

sparsity,
and

SP
C

is
the

or-
thogonalsparse

P
C
A

m
ethod

from
PMA.
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K
ey

s,
Z
h
o
u
,
a
n
d

L
a
n
g
e

2014)
derives

and
tests

algorithm
s
for

binary
piecew

ise-linear
program

m
ing,

`
0
regression,

m
atrix

com
pletion

(C
ai

et
al.,

2010;
C
andès

and
T
ao,

2010;
C
hen

et
al.,

2012;
M
azum

der
et

al.,2010),and
sparse

precision
m
atrix

estim
ation

(Friedm
an

et
al.,2008).

O
ther

potential
applications

im
m
ediately

com
e
to

m
ind.

A
n
integer

linear
program

in
standard

form
can

be
expressed

as
m
inim

izing
c
tx

subject
to
A
x

+
s

=
b,
s
≥

0,and
x
∈
Z
p.

T
he

latter
tw

o
constraints

can
be

com
bined

in
a
single

constraint
for

w
hich

projection
is
trivial.

T
he

affi
ne

constraints
should

be
folded

into
the

dom
ain

of
the

objective.
Integer

program
m
ing

is
N
P

hard,so
thatthe

proxim
aldistance

algorithm
justsketched

is
m
erely

heuristic.
Integerlinear

program
m
ing

includes
traditionalN

P
hard

problem
s
such

as
the

traveling
salesm

an
problem

,
the

vertex
cover

problem
,set

packing,and
B
oolean

satisfiability.
It

w
illbe

interesting
to

see
ifthe

proxim
aldistance

principle
is
com

petitive
in

m
eeting

these
challenges.

O
ur

experience
w
ith

the
closest

lattice
point

problem
(A

grell
et

al.,
2002)

and
the

eight
queens

problem
suggests

that
the

proxim
al

distance
algorithm

can
be

too
greedy

for
hard

com
binatorial

problem
s.

T
he

nonconvex
problem

s
solved

in
this

paper
are

in
som

e
vague

sense
easy

com
binatorialproblem

s.
T
he

behavior
of

a
proxim

al
distance

algorithm
depends

critically
on

a
sensible

tuning
schedule

for
increasing

ρ.
Starting

ρ
too

high
puts

too
m
uch

stress
on

satisfying
the

con-
straints.

Increm
enting

ρ
too

quickly
causes

the
algorithm

to
veer

off
the

solution
path

guaranteed
by

the
penalty

m
ethod.

G
iven

the
chance

of
roundoff

error
even

w
ith

double
precision

arithm
etic,

it
is

unw
ise

to
take

ρ
all

the
w
ay

to
∞

.
T
rial

and
error

can
help

in
deciding

w
hether

a
given

class
of

problem
s
w
illbenefit

from
an

aggressive
update

schedule
and

strict
or

loose
convergence

criteria.
In

problem
s
w
ith

little
curvature

such
as

linear
program

m
ing,

m
ore

conservative
updates

are
probably

prudent.
T
he

linear
program

m
ing,

closest
kinship

m
atrix,and

SP
C
A

problem
s
docum

ent
the

value
of

folding
constraints

into
the

dom
ain

of
the

loss.
In

the
sam

e
spirit

it
is

w
ise

to
m
inim

ize
the

num
ber

of
constraints.

A
single

penalty
for

projecting
onto

the
intersection

of
tw

o
constraint

sets
is

alm
ost

alw
ays

preferable
to

the
sum

of
tw

o
penalties

for
their

separate
projections.

E
xceptions

to
this

rule
obviously

occur
w
hen

projection
onto

the
intersection

is
intractable.

T
he

integer
linear

program
m
ing

problem
m
entioned

previously
illustrates

these
ideas.

O
ur

earlier
proxim

al
distance

algorithm
s
ignored

acceleration.
In

m
any

cases
the

so-
lutions

produced
had

very
low

accuracy.
T
he

realization
that

convex
proxim

al
distance

algorithm
s
can

be
phrased

as
proxim

algradient
algorithm

s
convinced

us
to

try
N
esterov

ac-
celeration.

W
e
now

do
this

routinely
on

the
subproblem

s
w
ith

ρ
fixed.

T
his

typically
forces

tighter
path

follow
ing

and
a
reduction

in
overallcom

puting
tim

es.
O
ur

exam
ples

generally
bear

out
the

contention
that

N
esterov

acceleration
is
usefulin

nonconvex
problem

s
(G

hadim
i

and
Lan,

2015).
It

is
notew

orthy
that

the
value

of
acceleration

often
lies

in
im

proving
the

quality
of

a
solution

as
m
uch

as
it

does
in

increasing
the

rate
of

convergence.
O
f
course,

acceleration
cannot

prevent
convergence

to
an

inferior
localm

inim
um

.
O
n
both

convex
and

nonconvex
problem

s,proxim
aldistance

algorithm
s
enjoy

globalcon-
vergence

guarantees.
O
n
nonconvex

problem
s,one

m
ust

confine
attention

to
subanalytic

sets
and

subanalytic
functions.

T
his

m
inor

restriction
is

not
a
handicap

in
practice.

D
eterm

in-
ing

localconvergence
rates

is
a
m
ore

vexing
issue.

For
convex

problem
s,w

e
review

existing
theory

for
a
fixed

penalty
constant

ρ.
T
he

classical
results

buttress
an

O
(ρ
k −

1)
sublinear

rate
for

generalconvex
problem

s.
B
etter

results
require

restrictive
sm

oothness
assum

ptions
on

both
the

objective
function

and
the

constraint
sets.

For
instance,w

hen
f

(x
)
is
L
-sm

ooth
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e
be

tw
ee
n

su
cc
es
s
an

d
fa
ilu

re
.
T
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fie
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at
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n
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lin
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is
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T
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cu
rr
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ra
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le
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H
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gh
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po

in
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th
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ut
ili
ty
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th
e
le
as
t
sq
ua
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cr
it
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n

(6
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H
ua

Zh
ou
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d

K
en

ne
th

La
ng

e
w
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su
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or
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gr
an

ts
fr
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N
at
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00
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d
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E
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th
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er
ke
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y
In
st
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ut
e
fo
r
D
at
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nc
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A
p
p
en

d
ix

A
.

P
ro

of
s

of
th

e
S
ta

te
d

P
ro

p
os

it
io

n
s

A
.1

.
P

ro
p
os

it
io

n
1

W
e
fir
st

ob
se
rv
e
th
at

th
e
su
rr
og

at
e
fu
nc

ti
on

g ρ
(x
|x

k
)
is
ρ
-s
tr
on

gl
y
co
nv

ex
.
C
on

se
qu

en
tl
y,

th
e
st
at
io
na

ri
ty

co
nd

it
io
n

0
∈
∂
g ρ

(x
k
+

1
|x

k
)
im

pl
ie
s

g ρ
(x
|x

k
)
≥

g ρ
(x

k
+

1
|x

k
)

+
ρ 2
‖x
−
x
k
+

1
‖2

(2
0)

fo
r
al
lx

.
In

th
e
no

ta
ti
on

(9
),

th
e
di
ffe

re
nc

e

d
ρ
(x
|x

k
)

=
g ρ

(x
|x

k
)
−
h
ρ
(x

)
=

ρ 2
‖x
−
y
k
‖2
−
ρ 2

m ∑ i=
1

α
i
d
is

t(
x
,C

i)
2

is
ρ
-s
m
oo

th
be

ca
us
e

∇
d
ρ
(x
|x

k
)

=
ρ
(x
−
y
k
)
−
ρ

m ∑ i=
1

α
i[
x
−
P
C
i
(x

)]
=

ρ
m ∑ i=

1

α
iP
C
i
(x

)
−
ρ
y
k
.

T
he

ta
ng

en
cy

co
nd

it
io
ns
d
ρ
(x

k
|x

k
)

=
0
an

d
∇
d
ρ
(x

k
|x

k
)

=
0
th
er
ef
or
e
yi
el
d

d
ρ
(x
|x

k
)
≤

d
ρ
(x

k
|x

k
)

+
∇
d
ρ
(x

k
)t

(x
−
x
k
)

+
ρ 2
‖x
−
x
k
‖2

=
ρ 2
‖x
−
x
k
‖2

(2
1)
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lx

.
C
om

bi
ni
ng

in
eq
ua

lit
ie
s
(2
0)

an
d
(2
1)

gi
ve
s

h
ρ
(x

k
+

1
)

+
ρ 2
‖x
−
x
k
+

1
‖2
≤

g ρ
(x

k
+

1
|x

k
)

+
ρ 2
‖x
−
x
k
+

1
‖2

≤
g ρ

(x
|x

k
)

=
h
ρ
(x

)
+
d
ρ
(x
|x

k
)

≤
h
ρ
(x

)
+
ρ 2
‖x
−
x
k
‖2
.

A
dd

in
g
th
e
re
su
lt

h
ρ
(x

k
+

1
)
−
h
ρ
(x

)
≤

ρ 2

( ‖
x
−
x
k
‖2
−
‖x
−
x
k
+

1
‖2
)

ov
er
k
an

d
in
vo
ki
ng

th
e
de

sc
en
t
pr
op

er
ty
h
ρ
(x

k
+

1
)
≤
h
ρ
(x

k
)
pr
od

uc
e
th
e
er
ro
r
bo

un
d

h
ρ
(x

k
+

1
)
−
h
ρ
(x

)
≤

ρ

2(
k

+
1)

( ‖
x
−
x

0
‖2
−
‖x
−
x
k
+

1
‖2
)
≤

ρ

2(
k

+
1
)‖
x
−
x

0
‖2
.

Se
tt
in
g
x
eq
ua

lt
o
a
m
in
im

al
po

in
t
z
gi
ve
s
th
e
st
at
ed

re
su
lt
.

A
.2

.
P

ro
p
os

it
io

n
2

T
he

ex
is
te
nc

e
an

d
un

iq
ue
ne

ss
of
y

ar
e
ob

vi
ou

s.
T
he

re
m
ai
nd

er
of

th
e
pr
oo

f
hi
ng

es
on

th
e

as
su
m
pt
io
ns

th
at
h
ρ
(x

)
is
µ
-s
tr
on

gl
y
co
nv

ex
an

d
th
e
su
rr
og

at
e
g ρ

(x
|x

k
)
is
L

+
ρ
sm

oo
th
.

T
he

la
tt
er

as
su
m
pt
io
n
yi
el
ds

h
ρ
(x

)
−
h
ρ
(y

)
≤

g ρ
(x
|y

)
−
g ρ

(y
|y

)

≤
∇
g ρ

(y
|y

)t
(x
−
y

)
+
L

+
ρ

2
‖x
−
y
‖2

(2
2)

=
L

+
ρ

2
‖x
−
y
‖2
.

T
he

st
ro
ng

co
nv

ex
it
y
co
nd

it
io
n
h
ρ
(y

)
−
h
ρ
(x

)
≥
∇
h
ρ
(x

)t
(y
−
x

)
+

µ 2
‖y
−
x
‖2

im
pl
ie
s

‖∇
h
ρ
(x

)‖
·‖
y
−
x
‖
≥
−
∇
h
ρ
(x

)t
(y
−
x

)
≥

µ 2
‖y
−
x
‖2
.

It
fo
llo

w
s
th
at
‖∇

h
ρ
(x

)‖
≥

µ 2
‖x
−
y
‖.

T
hi
s
la
st

in
eq
ua

lit
y
an

d
in
eq
ua

lit
y
(2
2)

pr
od

uc
e
th
e

P
ol
ya

k-
Ło

ja
si
ew

ic
z
bo

un
d 1 2
‖∇

h
ρ
(x

)‖
2
≥

µ
2

2(
L

+
ρ
)[h

ρ
(x

)
−
h
ρ
(y

)]
.

T
ak

in
g
x

=
x
k
−

1
L

+
ρ
∇
g ρ

(x
k
|x

k
)

=
x
k
−

1
L

+
ρ
∇
h
ρ
(x

k
),
th
e
P
ol
ya

k-
Ło

ja
si
ew

ic
z
bo

un
d
gi
ve
s

h
ρ
(x

k
+

1
)
−
h
ρ
(x

k
)
≤

g ρ
(x

k
+

1
|x

k
)
−
g ρ

(x
k
|x

k
)

≤
g ρ

(x
|x

k
)
−
g ρ

(x
k
|x

k
)

≤
−

1

L
+
ρ
∇
g ρ

(x
k
|x

k
)t
∇
h
ρ
(x

k
)

+
1

2(
L

+
ρ
)‖
∇
h
ρ
(x

k
)‖

2

=
−

1

2(
L

+
ρ
)‖
∇
h
ρ
(x

k
)‖

2

≤
−

µ
2

2(
L

+
ρ
)2

[h
ρ
(x

k
)
−
h
ρ
(y

)]
.
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P
ro

x
im

a
l

D
ista

n
ce

A
lg

o
r
ith

m
s

R
earranging

this
inequality

yields

h
ρ (x

k
+

1 )−
h
ρ (y

)
≤

[1−
µ

2

2(L
+
ρ
)
2 ][h

ρ (x
k )−

h
ρ (y

)],

w
hich

can
be

iterated
to

give
the

stated
bound.

A
.3.

P
rop

osition
3

C
onsider

first
the

proxim
aldistance

iterates.
T
he

inequality

f
(x

k )
+
ρ
k2

d
ist(x

k ,S
)
2
≤

f
(x

k )
+
ρ
k2
‖x

k −
P
S

(x
k−

1 )‖
2
≤

f
[P
S

(x
k−

1 )]
≤

su
p

x∈
S
f

(x
)

plus
the

coerciveness
of
f

(x
)
im

ply
that

x
k
is

a
bounded

sequence.
T
he

claim
ed

bound
now

holds
for

c
equalto

the
finite

suprem
um

of
the

sequence
2[su

p
x∈

S
f

(x
)−

f
(x

k )].
If

in
addition,

f
(x

)
is

continuously
differentiable,then

the
stationarity

equation

0
=
∇
f

(x
k )

+
ρ
k [x

k −
P
S

(x
k−

1 )]

and
the

C
auchy-Schw

arz
inequality

give

ρ
k ‖
x
k −

P
S

(x
k−

1 )‖
2

=
−
∇
f

(x
k )
t[x

k −
P
S

(x
k−

1 )]
≤
‖∇

f
(x

k )‖·‖
x
k −

P
S

(x
k−

1 )‖.
D
ividing

this
by
‖
x
k −

P
S

(x
k−

1 )‖
and

squaring
further

yield

ρ
2k

d
ist(x

k ,S
)
2
≤

ρ
2k ‖
x
k −

P
S

(x
k−

1 )‖
2
≤
‖∇

f
(x

k )‖
2.

T
aking

d
=

su
p
k ‖∇

f
(x

k )‖
2
over

the
bounded

sequence
x
k
com

pletes
the

proof.
For

the
penalty

m
ethod

iterates,the
bound

f
(y

k )
+
ρ
k2

d
ist(y

k ,S
)
2
≤

f
(y

)

is
valid

by
definition,w

here
y
attains

the
constrained

m
inim

um
.
T
hus,coerciveness

im
plies

that
the

sequence
y
k
is
bounded.

W
hen

f
(x

)
is
continuously

differentiable,the
proofofthe

second
claim

also
applies

if
w
e
substitute

y
k
for

x
k
and

P
S

(y
k )

for
P
S

(x
k−

1 ).

A
.4.

P
rop

osition
4

B
ecause

the
function

f
(x

)
+

ρ
k2

d
ist(x

,S
)
2
is

convex
and

has
the

value
f

(y
)
and

gradient
∇
f

(y
)
at

a
constrained

m
inim

um
y,the

supporting
hyperplane

principle
says

f
(y

k )
+
ρ
k2

d
ist(y

k ,S
)
2
≥

f
(y

)
+
∇
f

(y
)
t(y

k −
y

)

=
f

(y
)

+
∇
f

(y
)
t[P

S
(y

k )−
y

]+
∇
f

(y
)
t[y

k −
P
S

(y
k )].

T
he

first-order
optim

ality
condition

∇
f

(y
)
t[P

S
(y

k )−
y

]≥
0
holds

given
y
is

a
constrained

m
inim

um
.
H
ence,the

C
auchy-Schw

arz
inequality

and
P
roposition

3
im

ply

f
(y

)−
f

(y
k )
≤

ρ
k2

d
ist(y

k ,S
)
2−
∇
f

(y
)
t[y

k −
P
S

(y
k )]

≤
ρ
k2

d
ist(y

k ,S
)
2

+
‖∇

f
(y

)‖·
d
ist(y

k ,S
)

≤
d

+
2 √

d‖∇
f

(y
)‖

2
ρ
k

.
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A
.5.

P
rop

osition
5

Let
x
k
converge

to
x
∞

and
y
k
∈
P
S

(x
k )

converge
to
y
∞
.
For

an
arbitrary

y
∈
S
,
taking

lim
its

in
the

inequality
‖
x
k −

y
k ‖
≤
‖x

k −
y‖

yields‖
x
∞
−
y
∞
‖
≤
‖x
∞
−
y‖;consequently,

y
∞
∈
P
S

(x
∞

).
T
o
prove

the
second

assertion,take
y
k ∈

P
S

(x
k )

and
observe

that

‖
y
k ‖
≤
‖
x
k −

y
k ‖

+
‖x

k ‖
≤
‖
x
k −

y
1 ‖

+
‖
x
k ‖

≤
‖
x
k −

x
1 ‖

+
‖
x

1 −
y

1 ‖
+
‖
x
k ‖

≤
‖
x
k ‖

+
‖
x

1 ‖
+

d
ist(x

1 ,S
)

+
‖
x
k ‖,

w
hich

is
bounded

above
by

the
constant

d
ist(x

1 ,S
)

+
3

su
p
m
≥

1 ‖x
m ‖.

A
.6.

P
rop

osition
6

In
fact,

a
m
uch

stronger
result

holds.
Since

the
function

s(x
)
of

equation
(8)

is
convex

and
finite,

A
lexandrov’s

theorem
(N

iculescu
and

P
ersson,

2006)
im

plies
that

it
is

alm
ost

everyw
here

tw
ice

differentiable.
In

view
of

the
identities

12
d
ist(x

,S
)
2

=
12 ‖
x‖

2−
s(x

)
and

x
−
P
S

(x
)

=
∇

12
d
ist(x

,S
)
2
w
here

P
S

(x
)
is

single
valued,it

follow
s
that

P
S

(x
)

=
∇
s(x

)
is

alm
ost

everyw
here

differentiable.

A
.7.

P
rop

osition
8

See
the

discussion
just

prior
to

the
statem

ent
of

the
proposition.

A
.8.

P
rop

osition
9

T
he

strong-convexity
inequality

g
ρ (x

k |
x
k )
≥

g
ρ (x

k
+

1 |
x
k )

+
µ2 ‖
x
k −

x
k
+

1 ‖
2

and
the

tangency
and

dom
ination

properties
of

the
algorithm

im
ply

h
ρ (x

k )−
h
ρ (x

k
+

1 )
≥

µ2 ‖
x
k −

x
k
+

1 ‖
2.

(23)

Since
the

difference
in

function
values

tends
to

0,
this

validates
the

stated
lim

it.
T
he

rem
aining

assertions
follow

from
P
ropositions

7.3.3
and

7.3.5
of

(Lange,2016).

A
.9.

P
rop

osition
10

Let
the

subsequence
x
k
m

of
the

M
M

sequence
x
k
+

1
∈
M

(x
k )

converge
to
z.

B
y
passing

to
a
subsubsequence

if
necessary,

w
e
m
ay

suppose
that

x
k
m

+
1
converges

to
y.

O
w
ing

to
our

closedness
assum

ption,
y
∈
M

(z
).

G
iven

that
h

(y
)

=
h

(z
),

it
is

obvious
that

z
also

m
inim

izes
g
(x
|
z

)
and

that
0

=
∇
g
(z
|
z

).
Since

the
difference

∆
(x
|
z

)
=
g
(x
|
z

)−
h

(x
)

achieves
its

m
inim

um
at
x

=
z,the

Fréchet
subdifferential

∂
F

∆
(x
|
z

)
satisfies

0
∈

∂
F

∆
(z
|
z

)
=
∇
g
(z
|
z

)
+
∂
F

(−
h

)(z
).

It
follow

s
that

0
∈
∂
F

(−
h

)(z
).
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P
ro

x
im

a
l

D
is

ta
n
ce

A
lg

o
r
it

h
m
s

A
.1

0.
P

ro
p
os

it
io

n
11

B
ec
au

se
∆

(x
|y

)
=
g
(x
|y

)
−
h

(x
)
ac
hi
ev
es

it
s
m
in
im

um
at
x

=
y
,t

he
Fr
éc
he

t
su
bd

iff
er
-

en
ti
al
∂
F

∆
(x
|y

)
sa
ti
sfi
es

0
∈

∂
F

∆
(y
|y

)
=
∇
g
(y
|y

)
+
∂
F

(−
h

)(
y

).

It
fo
llo

w
s
th
at
−
∇
g
(y
|y

)
∈
∂
F

(−
h

)(
y

).
Fu

rt
he

rm
or
e,

by
as
su
m
pt
io
n

‖∇
g
(a
|x

k
)
−
∇
g
(b
|x

k
)‖
≤

L
‖a
−
b
‖

fo
r
al
lr

el
ev
an

t
a
an

d
b
an

d
x
k
.
In

pa
rt
ic
ul
ar
,b

ec
au

se
∇
g
(x

k
+

1
|x

k
)

=
0
,w

e
ha

ve

‖∇
g
(x

k
|x

k
)‖
≤

L
‖x

k
+

1
−
x
k
‖.

(2
4)

Le
t
W

de
no

te
th
e
se
t
of

lim
it

po
in
ts
.
T
he

ob
je
ct
iv
e
h

(x
)
is

co
ns
ta
nt

on
W

w
it
h
va
lu
e

h̄
=

li
m
k
→
∞
h

(x
k
).

A
cc
or
di
ng

to
th
e
Ło

ja
si
ew

ic
z
in
eq
ua

lit
y
ap

pl
ie
d

fo
r
th
e
su
ba

na
ly
ti
c

fu
nc

ti
on

h̄
−
h

(x
),

fo
r
ea
ch
z
∈
W

th
er
e
ex
is
ts

an
op

en
ba

ll
B
r
(z

)(
z

)
of

ra
di
us
r(
z

)
ar
ou

nd
z
an

d
an

ex
po

ne
nt
θ(
z

)
∈

[0
,1

)
su
ch

th
at

|h
(u

)
−
h

(z
)|θ

(z
)

=
|h̄
−
h

(u
)
−
h̄

+
h̄
|θ(

z
)
≤

c(
z

)‖
v
‖

fo
r
al
lu
∈
B
r
(z

)(
z

)
an

d
al
lv
∈
∂
F

(h̄
−
h

)(
u

)
=
∂
F

(−
h

)(
u

).
W
e
w
ill

ap
pl
y
th
is

in
eq
ua

lit
y

to
u

=
x
k
an

d
v

=
−
∇
g
(x

k
|x

k
).

In
so

do
in
g,

w
e
w
ou

ld
lik

e
to

as
su
m
e
th
at

th
e
ex
po

ne
nt

θ(
z

)
an

d
co
ns
ta
nt
c(
z

)
do

no
t
de

pe
nd

on
z
.
W

it
h
th
is

en
d
in

m
in
d,

co
ve
r
th
e
co
m
pa

ct
se
t

W
by

a
fin

it
e
nu

m
be

r
of

ba
lls

B
r
(z
i
)(
z
i)

an
d
ta
ke

θ
=

m
ax

i
θ(
z
i)
<

1
an

d
c

=
m

ax
i
c(
z
i)
.

Fo
r
a
su
ffi
ci
en
tl
y
la
rg
e
K
,e

ve
ry
x
k
w
it
h
k
≥
K

fa
lls

w
it
hi
n
on

e
of

th
es
e
ba

lls
an

d
sa
ti
sfi
es

|h̄
−
h

(x
k
)|
<

1
.
W

it
ho

ut
lo
ss

of
ge
ne

ra
lit
y
as
su
m
e
K

=
0.

T
he

Ło
ja
si
ew

ic
z
in
eq
ua

lit
y
re
ad

s

|h̄
−
h

(x
k
)|θ

≤
c‖
∇
g
(x

k
|x

k
)‖
.

(2
5)

In
co
m
bi
na

ti
on

w
it
h
th
e
co
nc

av
it
y
of

th
e
fu
nc

ti
on

t1
−
θ
on

[0
,∞

),
in
eq
ua

lit
ie
s
(2
3)
,(
24

),
an

d
(2
5)

im
pl
y [h

(x
k
)
−
h̄

]1
−
θ
−

[h
(x

k
+

1
)
−
h̄

]1
−
θ
≥

1
−
θ

[h
(x

k
)
−
h̄

]θ
[h

(x
k
)
−
h

(x
k
+

1
)]

≥
1
−
θ

c‖
∇
g
(x

k
|x

k
)‖
µ 2
‖x

k
+

1
−
x
k
‖2

≥
(1
−
θ)
µ

2c
L
‖x

k
+

1
−
x
k
‖.

R
ea
rr
an

gi
ng

th
is

in
eq
ua

lit
y
an

d
su
m
m
in
g
ov
er
k
yi
el
d

∞ ∑ n
=

0

‖x
k
+

1
−
x
k
‖
≤

2
cL

(1
−
θ)
µ

[h
(x

0
)
−
h̄

]1
−
θ

T
hu

s,
th
e
se
qu

en
ce
x
k
is

a
fa
st

C
au

ch
y
se
qu

en
ce

an
d
co
nv

er
ge
s
to

a
un

iq
ue

lim
it
in
W

.
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K
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s,
Z
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,
a
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L
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g
e

R
ef

er
en

ce
s

E
ri
k
A
gr
el
l,
T
ho

m
as

E
ri
ks
so
n,

A
le
xa

nd
er

V
ar
dy
,
an

d
K
en

ne
th

Ze
ge
r.

C
lo
se
st

po
in
t
se
ar
ch

in
la
tt
ic
es
.
IE

E
E

T
ra
ns
ac
ti
on

s
on

In
fo
rm

at
io
n
T
he
or
y,

48
(8
):
22

01
–2

21
4,

20
02

.

Fa
ri
d
A
liz

ad
eh

an
d
D
on

al
d
G
ol
df
ar
b.

Se
co
nd

-o
rd
er

co
ne

pr
og

ra
m
m
in
g.

M
at
he
m
at
ic
al

P
ro
-

gr
am

m
in
g,

95
:3
–5

1,
20

03
.

H
éd

y
A
tt
ou

ch
,J

ér
ôm

e
B
ol
te
,P

at
ri
ck

R
ed
on

t,
an

d
A
nt
oi
ne

So
ub

ey
ra
n.

P
ro
xi
m
al

al
te
rn
at
in
g

m
in
im

iz
at
io
n
an

d
pr
oj
ec
ti
on

m
et
ho

ds
fo
r
no

nc
on

ve
x
pr
ob

le
m
s:

A
n
ap

pr
oa

ch
ba

se
d
on

th
e
K
ur
dy

ka
-Ł
oj
as
ie
w
ic
z
in
eq
ua

lit
y.

M
at
he
m
at
ic
s
of

O
pe
ra
ti
on

s
R
es
ea
rc
h,

35
(2
):
43
8–

45
7,

20
10

.

H
ei
nz

H
B
au

sc
hk

e
an

d
P
at
ri
ck

L
C
om

be
tt
es
.

C
on

ve
x
A
na

ly
si
s
an

d
M
on

ot
on

e
O
pe
ra
to
r

T
he
or
y
in

H
ilb
er
t
Sp
ac
es
.
Sp

ri
ng

er
,2

01
1.

A
m
ir

B
ec
k
an

d
M
ar
c
T
eb

ou
lle

.
A

fa
st

it
er
at
iv
e
sh
ri
nk

ag
e-
th
re
sh
ol
di
ng

al
go

ri
th
m

fo
r
lin

ea
r

in
ve
rs
e
pr
ob

le
m
s.

SI
A
M

Jo
ur
na

lo
n
Im

ag
in
g
Sc
ie
nc
es
,2

(1
):
18

3–
20

2,
20
09
.

E
dw

ar
d

J
B
el
tr
am

i.
A
n

A
lg
or
it
hm

ic
A
pp
ro
ac
h
to

N
on

lin
ea
r
A
na

ly
si
s
an

d
O
pt
im

iz
at
io
n.

A
ca
de

m
ic

P
re
ss
,1

97
0.

A
lb
er
to

B
em

po
ra
d.

A
nu

m
er
ic
al
ly

st
ab

le
so
lv
er

fo
r
po

si
ti
ve

se
m
id
efi
ni
te

qu
ad

ra
ti
c
pr
og

ra
m
s

ba
se
d

on
no

nn
eg
at
iv
e
le
as
t
sq
ua

re
s.

IE
E
E

T
ra
ns
ac
ti
on

s
on

A
ut
om

at
ic

C
on

tr
ol
,
63

(2
):

52
5–

53
1,

20
18

.

A
br
ah

am
B
er
m
an

an
d

R
ob

er
t
J
P
le
m
m
on

s.
N
on

ne
ga
ti
ve

M
at
ri
ce
s
in

th
e
M
at
he
m
at
ic
al

Sc
ie
nc
es
.
C
la
ss
ic
s
in

A
pp

lie
d
M
at
he

m
at
ic
s.

SI
A
M
,1

99
4.

Q
ue

nt
in

B
er
th
et

an
d
P
hi
lip

pe
R
ig
ol
le
t.

C
om

pl
ex
it
y
th
eo
re
ti
c
lo
w
er

bo
un

ds
fo
r
sp
ar
se

pr
in
-

ci
pa

lc
om

po
ne

nt
de

te
ct
io
n.

In
C
on

fe
re
nc
e
on

Le
ar
ni
ng

T
he
or
y,

pa
ge
s
10

46
–1
06

6,
20

13
a.

Q
ue

nt
in

B
er
th
et

an
d
P
hi
lip

pe
R
ig
ol
le
t.

O
pt
im

al
de

te
ct
io
n
of

sp
ar
se

pr
in
ci
pa

l
co
m
po

ne
nt
s

in
hi
gh

di
m
en

si
on

.
T
he

A
nn

al
s
of

St
at
is
ti
cs
,4

1(
4)
:1
78

0–
18

15
,2

01
3b

.

E
dw

ar
d
B
ie
rs
to
ne

an
d
P
ie
rr
e
D

M
ilm

an
.
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ti
m

e
tr

ac
ta

b
le

(B
u
la

to
v
,

20
17

;
Z

h
u
k
,

20
17

).
A

s
a

m
ea

n
s

of
sy

st
em

at
ic

al
ly

ex
p
lo

ri
n
g

th
e

b
ou

n
d
ar

y
b

et
w

ee
n

le
ar

n
ab

il
it

y
a
n
d

n
o
n
-

le
ar

n
ab

il
it

y,
an

an
al

og
ou

s
fr

am
ew

or
k

h
as

b
ee

n
co

n
si

d
er

ed
in

le
ar

n
in

g
th

eo
ry

:
fo

r
ea

ch
re

la
-

ti
on

al
st

ru
ct

u
re

B
,
w

e
m

ay
d
efi

n
e

a
p
ro

b
le

m
C C

Q
(B

)
w

h
er

ei
n

th
e

ai
m

is
to

le
a
rn

th
e

so
lu

ti
o
n

sp
ac

e
of

an
u
n
k
n
ow

n
co

n
ju

n
ct

iv
e

q
u
er

y
ev

al
u
at

ed
on

B
(r

ef
er

to
S
ec

ti
on

2
fo

r
fo

rm
a
l

d
efi

n
i-

ti
on

s)
.

A
s

th
re

e
p
ar

ti
cu

la
r

ex
am

p
le

s,
co

n
si

d
er

th
e

fo
ll
ow

in
g.

O
th

er
ex

am
p
le

s
ca

n
b

e
fo

u
n
d

in
B

ar
to

et
al

.
(2

01
7)

.

E
x
a
m

p
le

1
L

et
B

3
S

A
T

be
th

e
re

la
ti

o
n

a
l

st
ru

ct
u

re
w

it
h

d
o
m

a
in
{0
,1
}

th
a
t

h
a
s,

fo
r

ea
ch

tr
ip

le
(a
,b
,c

)
∈
{0
,1
}3

,
th

e
te

rn
a
ry

re
la

ti
o
n
R

(a
,b
,c

)
=
{0
,1
}3
\{

(a
,b
,c

)}
.

T
h
en

th
e

se
t

o
f

so
lu

ti
o
n

sp
a
ce

s
o
f

th
e

co
n

ju
n

ct
iv

e
qu

er
ie

s
o
n

B
3
S

A
T

is
kn

o
w

n
to

be
th

e
se

t
o
f

a
ll

B
oo

le
a
n

re
la

ti
o
n

s.

E
x
a
m

p
le

2
L

et
B

H
O

R
N
−

3
S

A
T

be
th

e
re

la
ti

o
n

a
l

st
ru

ct
u

re
w

it
h

u
n

iv
er

se
{0
,1
}

w
h
o
se

re
-

la
ti

o
n

s
co

n
si

st
s

o
f

th
e

fo
u

r
re

la
ti

o
n

s
{0
},
{1
},
R

(1
,1
,0

)
a
n

d
R

(1
,1
,1

).
It

is
re

a
d
il

y
ve

ri
fi

ed
th

a
t

th
e

so
lu

ti
o
n

sp
a
ce

s
o
f

co
n

ju
n

ct
iv

e
qu

er
ie

s
o
n

B
H

O
R

N
−

3
S

A
T

a
re

ex
a
ct

ly
th

e
so

lu
ti

o
n

sp
a
ce

s
o
f

co
n

ju
n

ct
io

n
s

o
f

p
ro

po
si

ti
o
n

a
l

H
or

n
cl

au
se

s;
th

es
e

so
lu

ti
o
n

sp
a
ce

s
ca

n
be

eq
u

iv
a
-

le
n

tl
y

ch
a
ra

ct
er

iz
ed

a
s

th
o
se

cl
o
se

d
u

n
d
er

th
e

po
in

tw
is

e
a
p
p
li

ca
ti

o
n

o
f

th
e

B
oo

le
a
n

A
N

D
(∧

)
o
pe

ra
ti

o
n

(C
re

ig
n

o
u

et
a
l.

,
2
0
0
1
,

L
em

m
a

4
.8

).

E
x
a
m

p
le

3
F

o
r

a
fi

n
it

e
fi

el
d
F

=
(F

;+
,·,
−
,0
,1

),
le

t
V

F
be

th
e

re
la

ti
o
n

a
l

st
ru

ct
u

re
w

it
h

u
n

iv
er

se
F

a
n

d
w

h
o
se

re
la

ti
o
n

s
a
re

th
e

si
n

gl
et

o
n

u
n

a
ry

re
la

ti
o
n

s
{f
},

fo
r
f
∈
F

;
th

e
gr

a
p
h

o
f

th
e

fu
n

ct
io

n
x

+
y

;
a
n

d
,

th
e

gr
a
p
h

o
f
λ
f
(x

)
=
f
·x

,
fo

r
ea

ch
f
∈
F

.
T

h
en

th
e

so
lu

ti
o
n

sp
a
ce

s
o
f

co
n

ju
n

ct
iv

e
qu

er
ie

s
o
n

V
F

a
re

ex
a
ct

ly
th

e
a
ffi

n
e

su
bs

pa
ce

s
o
f

th
e

ve
ct

o
r

sp
a
ce

s
(〈
F
,+
,−
,0
,λ

f
〉 f
∈F

)n
,

fo
r
n
≥

1.

2
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L
e
a
r
n
a
b
il
it
y
o
f
S
o
l
u
t
io
n
s
t
o

C
o
n
ju

n
c
t
iv
e
Q
u
e
r
ie
s

A
p
rim

a
ry

research
goal

of
th

is
lin

e
of

in
q
u
iry

is
to

com
p
letely

u
n
d
ersta

n
d
,

over
all

fi
n
ite

stru
ctu

res
B

,
w

h
ich

p
rob

lem
s

of
th

e
form

C
C

Q
(B

)
are

learn
ab

le
an

d
w

h
ich

are
n
ot.

1
.2

.
R

e
la

te
d

P
re

v
io

u
s

W
o
rk

L
et

u
s

su
rv

ey
th

e
m

ain
k
n
ow

n
resu

lts
ab

ou
t

th
e

fram
ew

ork
of

learn
in

g
p
rob

lem
sC

C
Q

(B
). 1

D
a
lm

a
u

(1
9
9
9
)

p
resen

ted
an

an
alog

of
S
ch

aefer’s
th

eorem
,

n
am

ely,
a

d
ich

otom
y

th
eorem

in
d
ica

tin
g
,

fo
r

each
relation

al
stru

ctu
re

B
,

w
h
ich

of
th

e
p
rob

lem
s
C

C
Q

(B
)

are
learn

a
b
le.

P
recisely,

th
is

d
ich

otom
y

th
eorem

im
p
lies

th
at

ea
ch

su
ch

p
rob

lem
is

eith
er

p
oly

n
om

ially
lea

rn
a
b
le

w
ith

eq
u
ivalen

ce
q
u
eries,

or
is

n
ot

p
oly

n
om

ially
p
red

ictab
le

w
ith

m
em

b
ersh

ip
q
u
eries.

T
h
is

d
ich

otom
y

is
sh

arp
in

th
at

ea
ch

p
rob

lem
th

at
is

p
oly

n
om

ially
learn

ab
le

w
ith

eq
u
iva

len
ce

q
u
eries

is
also

p
oly

n
om

ially
p
red

ictab
le

w
ith

m
em

b
ersh

ip
q
u
eries

(L
ittlesto

n
e,

1
9
8
8
,

S
ectio

n
4
).

T
h
e

n
egativ

e
resu

lt,
an

d
a
ll

o
th

ers
u
n
d
er

d
iscu

ssion
,

are
p
roved

u
n
d
er

esta
b
lish

ed
cry

p
tograp

h
ic

assu
m

p
tion

s
w

h
ich

are
in

voked
in

th
e

p
resen

t
article

(see
S
ec-

tio
n

2
.2

),
an

d
th

e
p

ositiv
e

an
d

n
egative

resu
lts

in
th

e
follow

in
g

d
iscu

ssion
are

p
rov

ed
in

th
e

tw
o

m
en

tio
n
ed

m
o
d
els,

resp
ectiv

ely.

D
a
lm

a
u

a
n
d

J
eavon

s
(2003)

estab
lish

ed
a

lin
k

b
etw

een
th

is
fra

m
ew

ork
an

d
u
n
iversal

a
lg

eb
ra

;
g
ave

a
gen

eral
strategy

for
p
resen

tin
g

p
ositive

resu
lts;

an
d

p
rov

id
ed

d
ich

oto
m

y
th

eo
rem

s
for

tw
o

restricted
classes

of
stru

ctu
res.

B
u
latov

et
al.

(2007
)

gave
a

p
ositive

lea
rn

a
b
ility

resu
lt

w
h
ich

ap
p
lies

to
each

relation
al

stru
ctu

re
h
av

in
g

a
so-called

gen
era

lized
m

a
jo

rity-m
in

o
rity

po
lym

o
rp

h
ism

.
L

ater,
Id

ziak
et

al.
(2

010)
gave

a
p

ositive
learn

ab
ility

resu
lt

g
en

era
lizin

g
all

p
rev

iou
s

p
ositiv

e
resu

lts;
th

eir
resu

lt
ap

p
lies

to
an

y
stru

ctu
re

B
for

w
h
ich

a
ll

so
lu

tion
sp

aces
h
ave

sm
a
ll

(p
oly

n
om

ial-size)
gen

eratin
g

sets,
in

a
p
recise

sen
se

(see
th

e
d
iscu

ssion
after

D
efi

n
ition

9).
T

h
ey

p
oin

t
ou

t
th

at
all

p
rev

iou
s

p
ositive

resu
lts

w
ere

b
a
sed

o
n

sm
a
ll

gen
eratin

g
sets,

an
d

h
en

ce
th

at
th

eir
resu

lt
is

a
n
atu

ral
cu

lm
in

ation
of

th
e

p
ro

g
ressio

n
o
f

p
ositiv

e
resu

lts.

1
.3

.
C

o
n
trib

u
tio

n
s

In
th

is
a
rticle,

w
e

com
p
lete

th
e

classifi
cation

p
rogram

tow
ard

s
w

h
ich

all
o
f

th
ese

p
rev

iou
s

w
o
rk

s
strive,

b
y

p
resen

tin
g

a
n
egative

learn
ab

ility
resu

lt
th

at
com

p
lem

en
ts

th
e

p
ositive

lea
rn

a
b
ility

resu
lt

of
Id

ziak
et

al.
an

d
h
en

ce
th

at
en

com
p
asses

a
ll

p
rev

iou
s

n
egative

learn
-

a
b
ility

resu
lts

in
th

e
fram

ew
ork

at
h
an

d
.

W
e

p
rov

e
th

at
for

an
y

stru
ctu

re
B

for
w

h
ich

th
e

sm
a
ll

gen
era

tin
g

sets
con

d
ition

of
Id

ziak
et

al.
fails,

it
h
old

s
th

atC
C

Q
(B

)
is

n
ot

p
oly

n
om

i-
a
lly

p
red

icta
b
le

w
ith

m
em

b
ersh

ip
q
u
eries.

W
e

accom
p
lish

th
is

b
y

red
u
cin

g
th

e
p
rob

lem
of

lea
rn

in
g

th
e

so
lu

tion
sp

ace
of

an
u
n
k
n
ow

n
p
rop

o
sition

al
form

u
la,

d
en

oted
b
y
C

P
F
,

to
th

e

1
.

L
et

u
s

m
en

tio
n

th
a
t,

in
th

e
ex

istin
g

litera
tu

re,
(in

fo
r

ex
a
m

p
le

in
B

u
la

tov
et

a
l.,

2
0
0
7
)

so
m

e
p

o
sitiv

e
resu

lts
a
re

sta
ted

fo
r

q
u

eries
w

h
ere

u
n

iv
ersa

l
q
u

a
n
tifi

ca
tio

n
is

p
erm

itted
in

a
d

d
itio

n
to

p
red

ica
te

a
p
p

li-
ca

tio
n

s,
eq

u
a
lity

o
f

va
ria

b
les,

co
n

ju
n

ctio
n

,
a
n

d
ex

isten
tia

l
q
u

a
n
tifi

ca
tio

n
;

let
u

s
refer

to
su

ch
q
u

eries
a
s

qu
a

n
tifi

ed
co

n
ju

n
ctive

qu
eries.

L
et

B
∗

b
e

th
e

stru
ctu

re
o
b

ta
in

ed
fro

m
B

b
y

a
d

d
in

g
ea

ch
elem

en
t

o
f

th
e

u
n

iv
erse

o
f
B

a
s

a
rela

tio
n

.
T

h
ese

p
o
sitiv

e
resu

lts
ty

p
ica

lly
a
p

p
ly

to
th

e
stru

ctu
re

B
∗

w
h

en
ev

er
th

ey
a
p

p
ly

to
a

stru
ctu

re
B

.
F

o
r

a
stru

ctu
re

o
f

th
e

fo
rm

B
∗,

it
ca

n
b

e
rea

d
ily

v
erifi

ed
th

a
t

th
e

so
lu

tio
n

sp
a
ce

o
f

a
n
y

q
u

a
n
tifi

ed
co

n
ju

n
ctiv

e
q
u

ery
is

a
lso

th
e

so
lu

tio
n

sp
a
ce

o
f

a
co

n
ju

n
ctiv

e
q
u

ery
;

th
is

ca
n

b
e

sh
ow

n
b
y

tra
n

sfo
rm

in
g

a
q
u

a
n
tifi

ed
co

n
ju

n
ctiv

e
q
u

ery
in

to
a

co
n

ju
n

ctiv
e

q
u

ery
b
y

u
sin

g
th

e
a
d

d
itio

n
a
l

rela
tio

n
s

to
elim

in
a
te

ea
ch

in
sta

n
ce

o
f

u
n

iv
ersa

l
q
u

a
n
tifi

ca
tio

n
.

A
s

th
e

m
a
in

co
n
trib

u
tio

n
o
f

th
e

p
resen

t
a
rticle

is
to

p
resen

t
a

n
eg

a
tiv

e
resu

lt,
w

e
fo

cu
s

th
e

p
resen

t
d

iscu
ssio

n
o
n

co
n

ju
n

ctiv
e

q
u

eries.
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C
h
e
n
a
n
d

V
a
l
e
r
io
t
e

p
rob

lem
C

C
Q

(B
).

W
e

th
en

refi
n
e

th
is

resu
lt

b
y

sh
ow

in
g

th
at

if
B

fails
to

satisfy
a

w
eaker

con
d
ition

,
th

at
of

h
av

in
g

a
T

ay
lor

p
oly

m
orp

h
ism

,
th

en
th

e
p
rob

lem
C

C
Q

(B
)

is
as

h
ard

to
learn

as
a

p
red

iction
p
rob

lem
con

cern
in

g
p
artial

assign
m

en
ts

to
circu

its.
In

ord
er

to
estab

lish
ou

r
n
egativ

e
resu

lts,
w

e
m

ake
sign

ifi
can

t
u
se

of
u
n
iversal-algeb

raic
n
otion

s
an

d
resu

lts,
w

h
ich

w
e

n
ow

tu
rn

to
elab

orate
on

.
E

ach
stru

ctu
re

B
can

b
e

p
assed

to
an

algeb
ra,

its
so-called

algeb
ra

of
p

oly
m

o
rp

h
ism

s,
an

d
it

is
k
n
ow

n
th

at
th

e
com

p
lex

ity
of

learn
in

g
C

C
Q

(B
)

is
an

in
varian

t
of

th
is

p
assage

(th
at

is,
tw

o
stru

ctu
res

th
at

are
p
assed

to
th

e
sam

e
algeb

ra
h
ave

th
e

sam
e

com
p
lex

ity
o
f

learn
in

g;
see

P
rop

osition
4).

W
e

con
sid

er
th

e
variety

gen
erated

b
y

th
e

algeb
ra

of
a

stru
ctu

re,
w

h
ich

w
e

sh
ow

is
ju

stifi
ed

(P
rop

o
sition

5).
If

th
is

variety
is

co
n

gru
en

ce
m

od
u

la
r,

th
en

w
e

in
vok

e
a

th
eorem

,
d
u
e

to
B

arto
(2018),

w
h
ich

sh
ow

s
th

at
th

e
algeb

ra
of

B
h
as

a
p
rop

erty
called

few
su

bpo
w

ers,
an

d
th

u
s

th
at

th
e

Id
ziak

et
al.

p
ositive

resu
lt

can
b

e
ap

p
lied

.
(B

arto’s
th

eorem
reso

lv
ed

in
th

e
p

ositive
a

con
jectu

re
k
n
ow

n
as

th
e

E
d
in

bu
rgh

C
o
n

jectu
re,

see
B

ova
et

al.,
2013).

A
m

ain
resu

lt
of

th
is

article
is

th
e

n
egativ

e
lea

rn
ab

ility
resu

lt
th

at,
if

th
e

m
en

tion
ed

variety
is

n
o
t

con
gru

en
ce

m
o
d
u
lar,

th
en

th
e

p
rob

lem
C

C
Q

(B
)

is
h
ard

to
learn

.
In

ord
er

to
p
rove

th
is,

w
e

m
ak

e
u
se

of
con

cep
ts

d
evelop

ed
in

a
p
rev

iou
s

w
ork

w
h
ich

also
stu

d
ied

n
on

-
con

gru
en

ce
m

o
d
u
larity

(B
ova

et
al.,

2013).
In

p
articu

lar,
w

e
m

ak
e

u
se

of
a

stru
ctu

ral
resu

lt
estab

lish
ed

th
ere

(L
em

m
a

21)
w

h
ich

essen
tially

sh
ow

s
th

at,
to

p
rove

h
ard

n
ess,

on
e

ca
n

w
ork

w
ith

a
relation

al
stru

ctu
re

w
h
ich

can
b

e
lo

calized
to

b
eh

ave
as

a
set

of
pen

ta
go

n
s,

w
h
ich

are
a
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fe

r
to

th
e

fo
ll
ow

in
g

th
re

e
h
y
p

o
th

es
es

,
st

u
d
ie

d
in

K
ea

rn
s

an
d

V
al

ia
n
t

(1
99

4)
,

as
th

e
K

ea
rn

s-
V

a
li

a
n

t
h
yp

o
th

es
es

:
te

st
in

g
q
u
a
d
ra

ti
c

re
si

d
u
es

is
in

tr
ac

ta
b
le

;
in

ve
rt

in
g

R
S
A

en
cr

y
p
ti

on
is

in
tr

ac
ta

b
le

;
fa

ct
or

in
g

B
lu

m
in

te
g
er

s
is

in
tr

ac
ta

b
le

.

T
h

e
o
re

m
1

(A
n

gl
u

in
a
n

d
K

h
a
ri

to
n

o
v,

1
9
9
5
,

C
o
ro

ll
a
ry

3
)

U
n

d
er

th
e

a
ss

u
m

p
ti

o
n

th
a
t

o
n

e
o
f

th
e

K
ea

rn
s-

V
a
li

a
n

t
h
yp

o
th

es
es

h
o
ld

s,
th

e
p
re

d
ic

ti
o
n

p
ro

bl
em
C P

F
is

n
o
t

po
ly

n
o
m

ia
ll

y
p
re

-
d
ic

ta
bl

e
w

it
h

m
em

be
rs

h
ip

qu
er

ie
s.

B
y

a
B

oo
le

a
n

ci
rc

u
it

,
w

e
u
n
d
er

st
an

d
a

ci
rc

u
it

b
u
il
t

fr
om

in
p
u
t

va
ri

ab
le

s
an

d
th

e
st

a
n
d
a
rd

b
as

is
co

n
si

st
in

g
of

A
N

D
(∧

),
O

R
(∨

),
an

d
N

O
T

(¬
).

W
e

d
efi

n
e
C C

IR
C

as
th

e
p
re

d
ic

ti
o
n

p
ro

b
le

m
co

n
ta

in
in

g
th

os
e

p
ai

rs
(T
,f

)
w

h
er

e
T

is
a

B
o
ol

ea
n

ci
rc

u
it

,
an

d
f

is
a
n

a
ss

ig
n
m

en
t

to
th

e
va

ri
ab

le
s

of
T

th
at

sa
ti

sfi
es
T

.
W

e
d
efi

n
e
C ∃

C
IR

C
as

th
e

p
re

d
ic

ti
on

p
ro

b
le

m
co

n
ta

in
in

g
th

os
e

p
ai

rs
((
T
,U

),
f

)
w

h
er

e
T

is
a

B
o
ol

ea
n

ci
rc

u
it

,
U

is
a

su
b
se

t
of

th
e

va
ri

a
b
le

s
o
n

w
h
ic

h
T

is
d
efi

n
ed

,
an

d
f

is
an

as
si

gn
m

en
t

to
U

th
at

ca
n

b
e

ex
te

n
d
ed

to
an

as
si

g
n
m

en
t

th
a
t

sa
ti

sfi
es
T

.

3
.
R
e
d
u
ci
b
il
it
y
a
n
d
H
a
rd

n
e
ss

In
th

is
se

ct
io

n
,

w
e

d
es

cr
ib

e
th

e
n
ot

io
n

of
re

d
u
ct

io
n

th
at

w
il
l

b
e

u
se

d
th

ro
u
gh

o
u
t

th
e

p
a
p

er
(S

ec
ti

on
3.

1)
;

w
e

d
em

on
st

ra
te

h
ow

ce
rt

ai
n

st
an

d
ar

d
al

ge
b
ra

ic
co

n
st

ru
ct

io
n
s

a
re

re
le

va
n
t

in
ou

r
le

ar
n
in

g
co

n
te

x
t,

an
d

al
so

p
re

se
n
t

n
ot

io
n
s

of
al

ge
b
ra

to
b

e
u
se

d
(S

ec
ti

o
n

3
.2

);
a
n
d
,

w
e

p
ro

v
id

e
a

ce
rt

ai
n

le
ar

n
in

g
p
ro

b
le

m
on

p
ro

p
os

it
io

n
al

fo
rm

u
la

s
th

at
w

il
l

b
e

w
ie

ld
y

(S
ec

-
ti

on
3.

3)
.

3
.1

.
O

ra
c
u

la
r

p
w

m
-r

e
d

u
c
ib

il
it

y

W
e

d
efi

n
e

an
ex

te
n
si

on
of

th
e

n
ot

io
n

of
p
w

m
-r

ed
u

ct
io

n
d
u
e

to
A

n
gl

u
in

an
d

K
h
a
ri

to
n
ov

(1
99

5)
;

w
e

re
fe

r
to

ou
r

n
ot

io
n

of
re

d
u
ct

io
n

a
s

o
ra

cu
la

r
p
w

m
-r

ed
u

ct
io

n
.

A
n

o
ra

cu
la

r
p
w

m
-r

ed
u

ct
io

n
fr

om
a

p
re

d
ic

ti
on

p
ro

b
le

m
C

to
a

se
co

n
d

p
re

d
ic

ti
o
n

p
ro

b
le

m
C′

is
a

tr
ip

le
(f
,g
,H

)
w

h
er

e
f

an
d
g

ar
e

m
ap

p
in

gs
an

d
H

is
an

al
go

ri
th

m
w

it
h

th
e

fo
ll
ow

in
g

p
ro

p
er

ti
es

:
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L
e
a
r
n
a
b
il
it
y
o
f
S
o
l
u
t
io
n
s
t
o

C
o
n
ju

n
c
t
iv
e
Q
u
e
r
ie
s

1
.

T
h
ere

ex
ists

a
p

oly
n
om

ial
q

su
ch

th
at

for
each

s,n
∈
N

an
d

fo
r

each
u
∈
X

[s],
it

h
old

s
th

a
t
g
(s,n

,u
)

is
a

strin
g

w
ith
|g

(s,n
,u

)|≤
q(s,n

,|u|).

2
.

F
o
r

ea
ch
s,n
∈
N

,
for

each
u
∈
X

[s],
a
n
d

for
each

x
∈
X

[n
],

it
h
old

s
th

at
x
′
=
f

(s,n
,x

)
is

a
strin

g
su

ch
th

at
x
∈
κ
C (u

)
if

an
d

on
ly

if
x
′∈

κ
C
′(g

(s,n
,u

)).
A

lso,
th

ere
ex

ists
a

p
o
ly

n
o
m

ial
t

su
ch

th
at
f

is
co

m
p
u
tab

le
in

tim
e
t(s,n

,|x|).

3
.

F
or

ea
ch

s,n
∈

N
,

for
each

u
∈
X

[s],
an

d
for

each
x
′∈

X
[n

],
th

e
algorith

m
H

,
on

in
p
u
t

(s,n
,x
′),

m
ay

su
b
m

it
strin

gs
x
∈
X

as
q
u
eries

to
an

oracle,
w

h
ich

resp
on

d
s

[x
∈
κ
C (u

)];
th

e
algorith

m
’s

ou
tp

u
t

m
u
st

b
e

[x
′∈

κ
C
′(g

(s,n
,u

))].
T

h
e

algo
rith

m
H

is
req

u
ired

to
ru

n
in

p
oly

n
om

ial
tim

e
(in

s,
n

,
an

d
|x
′|).

L
et

u
s

rem
a
rk

th
at

th
e

ex
isten

ce
of

a
p
w

m
-red

u
ction

b
etw

een
tw

o
p
red

iction
p
rob

lem
s

im
m

ed
ia

tely
im

p
lies

th
e

ex
isten

ce
of

an
oracu

lar
p
w

m
-red

u
ction

:
p
w

m
-red

u
cib

ility
can

b
e

v
iew

ed
a
s

th
e

sp
ecial

case
of

oracu
lar

p
w

m
-red

u
cib

ility
w

h
ere

th
e

algorith
m
H

can
m

ak
e

a
t

m
o
st

o
n
e

o
racle

q
u
ery

an
d
,

in
th

e
case

th
at

th
is

q
u
ery

is
m

ad
e,

th
e

resu
lt

m
u
st

b
e

th
e

o
u
tp

u
t

o
f
H

.

P
ro

p
o
sitio

n
2

L
et
C

a
n

d
C
′

be
p
red

ictio
n

p
ro

blem
s.

If
th

ere
exists

a
n

o
ra

cu
la

r
p
w

m
-

red
u

ctio
n

fro
m
C

to
C
′

a
n

d
it

h
o
ld

s
th

a
t
C
′

is
po

lyn
o
m

ia
lly

p
red

icta
ble

w
ith

m
em

bersh
ip

qu
eries,

th
en
C

is
a
lso

po
lyn

o
m

ia
lly

p
red

icta
ble

w
ith

m
em

bersh
ip

qu
eries.

T
h
e

p
ro

o
f

o
f

P
rop

osition
2

is
ex

trem
ely

sim
ila

r
to

th
a
t

of
A

n
glu

in
an

d
K

h
ariton

ov
(19

95,
L

em
m

a
2
),

so
w

e
on

ly
give

th
e

id
ea

of
th

e
p
ro

of.
L

et
A
′
b

e
a

p
w

m
-a

lgorith
m

th
at

w
itn

esses
th

a
tC
′
is

p
oly

n
om

ially
p
red

ictab
le

w
ith

m
em

b
ersh

ip
q
u
eries.

W
e

d
escrib

e
a

p
w

m
-algorith

m
A

th
a
t

w
itn

esses
th

at
C

is
p

oly
n
om

ially
p
red

ictab
le

w
ith

m
em

b
ersh

ip
q
u
eries,

as
follow

s.
W

h
en

A
is

ru
n

on
in

p
u
t

(s,n
,ε),

it
com

p
u
tes

s ′
=
q(s,n

,s)
an

d
n
′

=
t(s,n

,n
).

It
th

en
p

erfo
rm

s
a

sim
u
lation

of
A
′

on
in

p
u
t

(s ′,n
′,ε).

O
racle

calls
m

ad
e

b
y

th
e

sim
u
la

tion
of
A
′

a
re

a
n
sw

ered
b
y
A

as
follow

s.

1
.

W
h
en
A
′m

akes
a

m
em

b
ersh

ip
q
u
ery

on
strin

g
x
′∈

X
,
th

e
alg

orith
m
A

ru
n
s
H

(s,n
,x
′)

u
sin

g
its

ow
n

m
em

b
ersh

ip
q
u
eries

to
resp

on
d

to
th

e
oracle

calls
of
H

,
an

d
th

en
retu

rn
s

th
e

resu
lt

to
A
′.

2
.

W
h
en

A
′

req
u
ests

a
ran

d
om

classifi
ed

ex
am

p
le,

th
e

algorith
m
A

m
a
kes

a
req

u
est

for
a

ran
d
om

classifi
ed

ex
am

p
le

to
ob

tain
(x
,b),

an
d

th
en

retu
rn

s
th

e
p
air

(f
(s,n

,x
),b)

to
A
′.

3
.

W
h
en

A
′

req
u
ests

an
elem

en
t

to
p
red

ict,
th

e
algorith

m
A

req
u
ests

an
elem

en
t
x

,
an

d
retu

rn
s

th
e

strin
g
f

(s,n
,x

)
to
A
′.

W
h
en

th
e

sim
u
lated

algorith
m
A
′

h
alts

w
ith

a
n

ou
tp

u
t
b,

th
e

algorith
m
A

h
alts

w
ith

th
e

o
u
tp

u
t
b.

F
o
r

ea
ch

in
p
u
t

(s,n
,ε),

for
each

con
cep

t
n
am

e
u
∈
X

[s]
ofC

,
an

d
for

each
p
rob

ab
ility

d
istrib

u
tio

n
D

o
n
X

[n
],

set
u
′
=
g
(s,n

,u
)

a
n
d

set
D
′to

b
e

th
e

in
d
u
ced

d
istrib

u
tion

f
(s,n

,D
)

o
n
X

[n
′].

W
h
en

th
e

algorith
m
A

is
in

vok
ed

on
(s,n

,ε)
w

ith
u

an
d
D

,
in

its
sim

u
lation

of
A
′,

m
em

b
ersh

ip
q
u
eries

are
an

sw
ered

accord
in

g
to

th
e

con
cep

t
κ
C
′(u
′)

an
d

ran
d
om

classifi
ed

ex
a
m

p
les

a
re

g
en

erated
accord

in
g

to
D
′.

T
h
e

assu
m

p
tion

th
at
A
′

p
red

icts
correctly

w
ith

in

7
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C
h
e
n
a
n
d

V
a
l
e
r
io
t
e

an
error

b
ou

n
d

of
ε

can
b

e
verifi

ed
to

im
p
ly

th
at
A

w
ill

p
red

ict
w

ith
in

an
error

b
ou

n
d

of
ε.

T
h
is

con
clu

d
es

ou
r

d
escrip

tion
of

th
e

p
ro

of
of

P
rop

osition
2.

T
h
e

follow
in

g
p
rop

erty,
w

h
ich

is
straigh

tforw
ard

to
v
erify,

w
ill

b
e

u
sed

tacitly. 2

P
ro

p
o
sitio

n
3

O
ra

cu
la

r
p
w

m
-red

u
cibility

is
tra

n
sitive.

W
e

leave,
to

fu
tu

re
research

,
a

stu
d
y

of
w

h
eth

er
an

d
h
ow

oracu
lar

p
w

m
-red

u
cib

ility
is

m
ore

gen
eral

th
an

p
w

m
-red

u
cib

ility.

3
.2

.
A

lg
e
b

ra
s

a
n

d
V

a
rie

tie
s

W
e

m
ake

u
se

of
b
asic

n
otion

s
from

u
n
iversal

algeb
ra,

an
d

su
ggest

B
u
rris

an
d

S
an

kap
p
an

avar
(1981)

an
d

M
cK

en
zie

et
al.

(1987)
as

referen
ces.

F
or

ou
r

p
u
rp

oses
in

th
is

article,
an

a
lgebra

is
a

p
air

(A
;F

)
con

sistin
g

of
a

n
on

em
p
ty

set
A

,
th

e
u

n
iverse

of
th

e
algeb

ra,
an

d
a

set
F

of
fi
n
itary

op
eration

s
on

A
,

th
e

set
of

ba
sic

o
pera

tio
n

s
of

th
e

algeb
ra

.
A

n
algeb

ra
is

fi
n

ite
if

its
u
n
iverse

is
fi
n
ite;

w
e

d
eal

h
ere

m
ain

ly
w

ith
fi
n
ite

algeb
ras.

A
term

o
pera

tio
n

(or
som

etim
es

ju
st

term
)

of
an

algeb
ra

A
is

an
y

op
eratio

n
on

A
th

at
ca

n
b

e
ob

tain
ed

from
th

e
b
asic

op
eration

s
of

A
an

d
th

e
p
ro

jection
m

ap
s

on
A

b
y

com
p

osition
.

T
h
e

va
riety

gen
era

ted
by

a
n

a
lgebra

A
,

d
en

oted
b
y
V

(A
),

is
th

e
sm

allest
class

of
algeb

ras
con

tain
in

g
A

th
at

is
closed

u
n
d
er

tak
in

g
h
om

om
orp

h
ic

im
ages,

su
b
algeb

ras,
an

d
p
ro

d
u
cts.

A
n

op
eration

f
:
B
m
→
B

is
a

po
lym

o
rp

h
ism

of
a

relation
Q
⊆
B
k

if
for

an
y
m

tu
p
les

(b
11 ,...,b

1k ),...,(b
m1
,...,b

mk
)

in
Q

,
th

e
tu

p
le

(f
(b

11 ,...,b
m1

),...,f
(b

1k ,...,b
mk

))
is

in
Q

.
A

relation
al

stru
ctu

re
B

is
co

m
pa

tible
w

ith
an

algeb
ra

h
av

in
g

th
e

sam
e

u
n
iverse

B
if

for
each

op
eration

f
:
B
m
→

B
of

th
e

algeb
ra,

it
h
old

s
th

at
f

is
a

po
lym

o
rp

h
ism

o
f

B
,

b
y

w
h
ich

is
m

ean
t,
f

is
a

p
oly

m
orp

h
ism

of
each

relation
of

B
.

W
e

sim
ilarly

sp
eak

of
a

sin
gle

relation
or

a
set

o
f

relation
s

b
ein

g
co

m
pa

tible
w

ith
an

algeb
ra.

F
or

a
relation

al
stru

ctu
re

B
,

w
e

d
efi

n
e
A

(B
)

to
b

e
th

e
algeb

ra
w

ith
u
n
iverse

B
an

d
w

h
ose

op
eration

s
are

th
e

p
oly

m
orp

h
ism

s
o
f

B
.

W
e

w
ill

m
ake

u
se

of
th

e
follow

in
g

tw
o

facts.
T

h
e

fi
rst

w
as

estab
lish

ed
in

p
rev

iou
s

w
ork

,
an

d
sh

ow
s

th
e

relevan
ce

of
th

e
algeb

ra
of

a
stru

ctu
re

to
th

e
p
rob

lem
fram

ew
ork

at
h
an

d
.

T
h
e

secon
d

sh
ow

s
th

e
relevan

ce
of

th
e

variety
of

th
e

algeb
ra

of
a

stru
ctu

re
th

ereto.

P
ro

p
o
sitio

n
4

(fo
llo

w
s

fro
m

D
a
lm

a
u

a
n

d
J

ea
vo

n
s,

2
0
0
3
,

P
roo

f
o
f

L
em

m
a

9
)

S
u

p
po

se
th

a
t

B
a
n

d
B
′

a
re

rela
tio

n
a
l

stru
ctu

res
w

ith
th
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io
n

of
a

co
m

m
u
ta

to
r

fo
r

su
ch

va
ri

et
ie

s
an

d
it

h
as

b
ee

n
u
se

d
to

es
ta

b
li
sh

st
ro

n
g

st
ru

ct
u
ra

l
re

su
lt

s
(F

re
es

e
an

d
M

cK
en

zi
e,

19
87

).
C

on
gr

u
en

ce
m

o
d
u
la

r
va

ri
et

ie
s

ca
n

b
e

ch
a
ra

ct
er

iz
ed

in
te

rm
s

of
th

e
ex

is
te

n
ce

of
sp

ec
ia

l
te

rm
s,

ca
ll
ed

D
a
y

te
rm

s
or

G
u

m
m

te
rm

s,
th

a
t

sa
ti

sf
y

p
ar

ti
cu

la
r

eq
u
at

io
n
s

(s
ee

F
re

es
e

an
d

V
al

er
io

te
,

20
09

,
S
ec

ti
on

8)
.

In
th

e
sp

ec
ia

l
ca

se
w

h
er

e
th

e
va

ri
et

y
is

of
th

e
fo

rm
V(

A
(B

))
fo

r
so

m
e

fi
n
it

e
re

la
ti

on
al

st
ru

ct
u
re

B
,

B
a
rt

o
(2

0
1
8
)

h
a
s

es
ta

b
li
sh

ed
a

d
ee

p
re

su
lt

th
at

sh
ow

s
th

at
th

is
va

ri
et

y
w

il
l

b
e

co
n
gr

u
en

ce
m

o
d
u
la

r
if

a
n
d

on
ly

if
B

h
as

a
sp

ec
ia

l
p

ol
y
m

or
p
h
is

m
ca

ll
ed

an
ed

ge
te

rm
.

D
e
fi

n
it

io
n

9
L

et
A

be
a

n
o
n

em
p
ty

se
t

a
n

d
k
>

1
.

A
k
-e

d
ge

op
er

at
io

n
o
n
A

is
a
k

+
1-

a
ry

o
pe

ra
ti

o
n
t(
x

1
,x

2
,.
..
,x

k
+

1
)

th
a
t

sa
ti

sfi
es

th
e

fo
ll

o
w

in
g

eq
u

a
ti

o
n

s:

t(
y
,y
,x
,x
,x
,.
..
,x

)
=
x

t(
y
,x
,y
,x
,x
,.
..
,x

)
=
x

t(
x
,x
,x
,y
,x
,.
..
,x

)
=
x

t(
x
,x
,x
,x
,y
,.
..
,x

)
=
x

. . .

t(
x
,x
,x
,x
,x
,.
..
,y

)
=
x
.

A
st

ru
ct

u
re

B
h
a
s

a
n

ed
ge

te
rm

p
ol

y
m

or
p
h
is

m
if

fo
r

so
m

e
k
>

1
it

h
a
s

a
po

ly
m

o
rp

h
is

m
th

a
t

is
a
k

-e
d
ge

o
pe

ra
ti

o
n

.

E
x
a
m

p
le

4
1
.

If
G

=
(G
,·,

−
1
,e

)
is

a
gr

o
u

p
th

en
th

e
te

rm
o
pe

ra
ti

o
n
t(
x

1
,x

2
,x

3
)

=
x

2
·x
−

1
1
·x

3
is

a
2
-e

d
ge

o
pe

ra
ti

o
n

o
n
G

. 1
0

JM
L

R
 2

0(
67

):
1-

28
, 2

01
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L
e
a
r
n
a
b
il
it
y
o
f
S
o
l
u
t
io
n
s
t
o

C
o
n
ju

n
c
t
iv
e
Q
u
e
r
ie
s

2
.

If
L

=
(L

;∧
,∨

)
is

a
la

ttice,
th

en
th

e
term

o
pera

tio
n

m
(x

1 ,x
2 ,x

3 ,x
4 )

=
(x

2 ∧
x

3 )∨
(x

2 ∧
x

4 )∨
(x

3 ∧
x

4 )

is
a

3
-ed

ge
o
pera

tio
n

o
n
L

.

T
h
e

n
o
tio

n
of

an
ed

ge
term

w
as

in
tro

d
u
ced

an
d

in
vestigated

in
B

erm
a
n

et
al.

(2010).
It

is
sh

ow
n

in
th

at
p
ap

er
th

at
for

a
fi
n
ite

algeb
ra

A
,

h
av

in
g

a
k
-ed

ge
term

for
som

e
k
>

1
is

eq
u
iva

len
t

to
th

e
few

su
bpo

w
ers

p
ro

perty
for

A
:

th
ere

is
som

e
p

oly
n
om

ial
p
(n

)
su

ch
th

at
fo

r
ea

ch
n
>

0
,

th
e

n
u
m

b
er

of
su

b
algeb

ras
ofA

n
is

less
th

an
2
p
(n

).
In

gen
era

l,
th

e
n
u
m

b
er

o
f

su
b
a
lg

eb
ra

s
of

A
n

can
grow

d
ou

b
ly

ex
p

on
en

tially
in
n

,
so

th
is

is
a

sp
ecial

p
ro

p
erty

of
a
n

a
lg

eb
ra

.
It

is
also

sh
ow

n
th

at
h
av

in
g

a
k
-ed

ge
term

for
som

e
k
>

1
is

eq
u
ivalen

t
to

th
e

su
b
a
lg

eb
ra

s
of

fi
n
ite

p
ow

ers
ofA

h
av

in
g

“sm
all

gen
eratin

g
sets”,

w
h
ich

m
ean

s
th

at
th

ere
is

so
m

e
p

o
ly

n
o
m

ial
g
(n

)
su

ch
th

at
for

n
>

0,
each

su
b
alg

eb
ra

of
A
n

h
as

a
gen

eratin
g

set
of

size
a
t

m
o
st
g
(n

).
In

th
e

co
m

p
an

ion
p
ap

er
(Id

ziak
et

al.,
2010)

it
is

sh
ow

n
th

at
if

a
fi
n
ite

relation
al

stru
ctu

re
B

h
a
s

a
n

ed
ge

term
p

oly
m

orp
h
ism

th
en

th
e

p
red

iction
p
rob

lem
C

C
Q

(B
)

is
p

oly
n
om

ially
ex

a
ctly

lea
rn

a
b
le

w
ith

im
p
rop

er
eq

u
ivalen

ce
q
u
eries,

u
sin

g
a

con
cep

t
rep

resen
tation

th
at

is
p

o
ly

n
o
m

ia
lly

evalu
ab

le.
T

h
e

key
p
ro

p
erty

of
B

u
sed

in
th

e
p
ro

of
of

th
is

fact
is

th
at

th
e

so
lu

tio
n

sp
a
ce

o
f

a
con

ju
n
ctiv

e
q
u
ery

over
B

is
a

su
b
algeb

ra
of

a
p

ow
er

of
th

e
algeb

ra
A

(B
)

a
n
d

so
h
a
s

a
sm

all
gen

eratin
g

set.
T

h
is

allow
s

for
a

n
ice

com
p
act

rep
resen

tation
of

each
co

n
cep

t
th

at
is

rep
resen

ted
b
y

a
con

ju
n
ctive

q
u
ery

ov
er

B
.

A
w

ea
ker

ex
am

p
le

of
a

term
con

d
ition

,
alon

g
th

e
lin

es
of

h
av

in
g

an
ed

ge
term

,
is

th
at

o
f

h
av

in
g

a
T

a
ylo

r
term

or
T

a
ylo

r
o
pera

tio
n

.
A

T
a
ylo

r
o
pera

tio
n

on
a

set
A

is
an

n
-ary

fu
n
ctio

n
t

:
A
n
→

A
th

at
is

id
em

po
ten

t
in

th
at

it
sa

tisfi
es

th
e

eq
u
atio

n
t(x

,x
,...,x

)
=
x

a
n
d
,

fo
r

ea
ch

1
≤
i≤

n
,

an
eq

u
ation

of
th

e
form

t(v
1 ,v

2 ,...,v
n
)

=
t(w

1 ,w
2 ,...,w

n
),

w
h
ere

th
e
v
j

a
n
d
w
j

are
variab

les
from

th
e

set{x
,y}

an
d
v
i 6=

w
i .

A
T

ay
lor

term
of

an
algeb

ra
A

is
a

term
o
p

eration
of

A
th

at
is

a
T

ay
lor

op
eration

.
It

can
b

e
read

ily
v
erifi

ed
th

at
a
n
y

k
-ed

g
e

o
p

era
tio

n
on

a
set

is
also

a
T

ay
lor

op
eration

on
it.

In
T

ay
lor

(1977)
it

is
sh

ow
n

th
at,

b
y

so
m

e
m

easu
re,

th
e

con
d
ition

of
h
av

in
g

a
T

ay
lor

term
is

th
e

w
eakest

sort
of

term
co

n
d
itio

n
o
f

th
is

ty
p

e
th

at
an

algeb
ra

(or
variety

)
can

satisfy.
A

T
a
ylo

r
po

lym
o
rp

h
ism

of
a

stru
ctu

re
B

is
a

p
oly

m
orp

h
ism

of
B

th
at

is
a
lso

a
T

ay
lor

o
p

era
tio

n
.

T
h
e

on
ly

p
oly

m
orp

h
ism

s
of

th
e

stru
ctu

re
B

3
S

A
T

from
E

x
am

p
le

1
are

th
e

p
ro-

jectio
n

m
a
p
s

a
n
d

so
B

3
S

A
T

d
o
es

n
ot

h
av

e
a

T
ay

lor
p

oly
m

orp
h
ism

(B
arto

et
al.,

20
17).

O
n

th
e

o
th

er
h
a
n
d
,

th
e

stru
ctu

re
B

H
O

R
N
−

3
S

A
T

from
E

x
am

p
le

2
h
as
x∧

y
as

a
T

ay
lor

p
oly

m
or-

p
h
ism

a
n
d

V
F

from
E

x
am

p
le

3
h
as
x−

y
+
z

(th
is

p
o
ly

m
orp

h
ism

en
su

res
th

a
tV

(A
(V

F ))
is

co
n
g
ru

en
ce

m
o
d
u
lar).

T
ay

lo
r

o
p

eration
s

h
ave

p
layed

a
cen

tral
role

in
th

e
in

vestigation
of

th
e

con
strain

t
satis-

fa
ctio

n
p
rob

lem
over

a
fi
n
ite

relation
al

stru
ctu

re
or

fi
n
ite

algeb
ra.

T
h
e

u
ltim

ate
reso

lu
tion

of
th

e
F

ed
er-V

a
rd

i
D

ich
otom

y
C

on
jectu

re
(F

ed
er

an
d

V
ard

i,
1999)

can
b

e
ex

p
ressed

in
term

s
o
f

T
ay

lo
r

p
o
ly

m
orp

h
ism

s,
b
u
t

also
in

term
s

of
related

con
d
ition

s
th

at
are

eq
u
ivalen

t
for

fi
n
ite

stru
ctu

res
an

d
algeb

ras.
In

M
aróti

an
d

M
cK

en
zie

(200
8)

it
is

sh
ow

n
th

at
a

fi
n
ite

a
lg

eb
ra

A
w

ill
h
ave

a
T

ay
lor

term
if

an
d

on
ly

if
it

h
as

a
term

th
at

is
a

w
eak

n
ear-u

n
an

im
ity

o
p

era
tio

n
.

A
w

ea
k

n
ea

r-u
n

a
n

im
ity

o
pera

tio
n

on
a

set
A

is
an

op
eration

w
(x

1 ,x
2 ,...,x

k )
fo

r
so

m
e
k
>

1
th

at
satisfi

es
th

e
eq

u
a
tion

s
w

(x
,x
,...,x

)
=
x

an
d

w
(y
,x
,...,x

)
=
w

(x
,y
,...,x

)
=
···

=
w

(x
,x
,...,x

,y
).
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C
h
e
n
a
n
d

V
a
l
e
r
io
t
e

It
is

n
ot

h
ard

to
see

th
at

an
y

w
eak

n
ea

r-u
n
an

im
ity

op
eration

is
a

T
ay

lor
op

eration
b
u
t

q
u
ite

ch
allen

gin
g

to
sh

ow
th

at
if

a
fi
n
ite

algeb
ra

h
as

a
T

ay
lor

term
,

th
en

it
also

h
as

a
w

eak
n
ear-u

n
an

im
ity

term
op

eration
.

A
sim

ila
r

resu
lt

h
old

s
for

fi
n
ite

stru
ctu

res:
B

w
ill

h
ave

a
T

ay
lor

p
oly

m
orp

h
ism

if
an

d
on

ly
if

it
h
as

a
w

eak
n
ear-u

n
an

im
ity

p
oly

m
orp

h
ism

.

B
u
latov

(2017)
an

d
Z

h
u
k

(2017)
h
ave

sh
ow

n
th

at
for

a
fi
n
ite

relation
al

stru
ctu

re
B

su
ch

th
at

for
each

b∈
B

,
th

e
u
n
ary

relation
{b}

is
a

relation
of

B
,
C
S
P

(B
)

is
p

oly
n
om

ial-
tim

e
d
ecid

ab
le

if
B

h
as

a
T

ay
lor

p
oly

m
orp

h
ism

(or
eq

u
ivalen

tly,
a

w
eak

n
ear-u

n
an

im
ity

p
oly

m
orp

h
ism

).
It

h
as

b
een

k
n
ow

n
for

som
e

tim
e

(J
eavon

s,
1998)

th
at

in
th

e
ab

sen
ce

of
a

T
ay

lor
p

oly
m

orp
h
ism

,
th

is
p
rob

lem
is

N
P

-com
p
lete

an
d

so
com

b
in

in
g

th
ese

resu
lts

(an
d

som
e

oth
er

b
asic

facts)
lead

s
to

th
e

follow
in

g
d
ich

otom
y
:

for
a

fi
n
ite

relation
al

stru
ctu

re
B

,
C
S
P

(B
)

is
p

oly
n
om

ial-tim
e

d
ecid

ab
le

or
is

N
P

-com
p
lete.

3
.3

.
P

ro
p

o
sitio

n
a
l

F
o
rm

u
la

s

B
y

log
,

w
e

in
d
icate

th
e

logarith
m

b
ase

2.
W

h
en
θ

is
a

form
u
la

or
a

term
,

w
e

d
efi

n
e

d
ep

th
(θ)

to
b

e
th

e
m

ax
im

u
m

len
gth

of
a

p
ath

from
th

e
ro

ot
of
θ

(v
iew

ed
as

a
tree)

to
a

leaf;
w

e
d
efi

n
e

leafsize(θ)
to

b
e

th
e

n
u
m

b
er

o
f

leav
es

of
θ

(again
,

v
iew

ed
as

a
tree).

D
efi

n
e
C

lo
g
-M

P
F

to
b

e
th

e
su

b
set

ofC
P

F
th

at
con

tain
s

a
p
air

(θ,h
)∈
C

P
F

w
h
en

θ
is

m
o
n

o
to

n
e

(th
at

is,
d
o
es

n
ot

con
tain

an
y

in
stan

ce
of

n
egation

(¬
))

an
d

w
h
en

d
ep

th
(θ)≤

6
+

6
log

(lea
fsize(θ)).

T
h
e

follow
in

g
p
rop

osition
is

read
ily

d
erivab

le
u
sin

g
S
p
ira’s

lem
m

a
an

d
k
n
ow

n
tech

n
iq

u
es

for
rep

resen
tin

g
a

p
rop

osition
al

form
u
la

as
a

m
on

oto
n
e

p
rop

osition
al

form
u
la.

P
ro

p
o
sitio

n
1
0

T
h
ere

exists
a
n

o
ra

cu
la

r
p
w

m
-red

u
ctio

n
fro

m
C

P
F

to
C

lo
g
-M

P
F

.

L
et

u
s

p
rove

th
is

p
rop

osition
,

in
tw

o
step

s.
W

e
fi
rst

ob
serve

a
red

u
ction

to
th

e
follow

in
g

in
term

ed
iate

p
rob

lem
.

D
efi

n
eC

lo
g
-P

F
to

b
e

th
e

su
b
set

ofC
P

F
th

at
con

tain
s

a
p
a
ir

(θ,h
)∈
C

P
F

w
h
en

θ
h
as

d
ep

th
(θ)≤

1
+

4
log

(leafsize(θ)).

L
e
m

m
a

1
1

(d
eriva

ble
fro

m
S

p
ira

’s
L

em
m

a
;

see
th

e
p
resen

ta
tio

n
/
d
iscu

ssio
n

in
B

o
n

et
a
n

d
B

u
ss,

1
9
9
4
)
3

L
et
φ

be
a

p
ro

po
sitio

n
a
l

fo
rm

u
la

;
th

en
th

ere
exists

a
n

equ
iva

len
t

p
ro

po
si-

tio
n

a
l

fo
rm

u
la
φ
′

su
ch

th
a
t

d
ep

th
(φ
′)
≤

1
+

4
log

(leafsize(φ
))

a
n

d
su

ch
th

a
t

leafsize(φ
)
≤

leafsize(φ
′)≤

leafsize(φ
)
3.

It
th

u
s

h
o
ld

s
th

a
t

d
ep

th
(φ
′)≤

1
+

4
log

(leafsize(φ
′)).

T
h
e

follow
in

g
p
rop

osition
is

read
ily

d
eriv

ed
from

L
em

m
a

11.

P
ro

p
o
sitio

n
1
2

T
h
ere

exists
a
n

o
ra

cu
la

r
p
w

m
-red

u
ctio

n
fro

m
C

P
F

to
C

lo
g
-P

F
.

It
th

en
rem

ain
s

to
giv

e
a

red
u
ction

from
C

lo
g
-P

F
to
C

lo
g
-M

P
F
,

w
h
ich

is
w

h
at

w
e

n
ow

d
o.

P
ro

p
o
sitio

n
1
3

T
h
ere

exists
a
n

o
ra

cu
la

r
p
w

m
-red

u
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d
s

th
a
t

B
,f
|=

φ
if

an
d

on
ly

if
f

sa
ti

sfi
es
T

.
T

h
e

ex
is

te
n
ce

of
th

e
cl

ai
m

ed
or

ac
u
la

r
p
w

m
-r

ed
u
ct

io
n

fo
ll
ow

s
im

m
ed

ia
te

ly
.

If
B

d
o
es

n
ot

h
av

e
a

T
ay

lo
r

p
ol

y
m

or
p
h
is

m
th

en
b
y

T
h
eo

re
m

23
th

er
e

w
il
l
b

e
a
n

o
ra

cu
la

r
p
w

m
-r

ed
u
ct

io
n

fr
om
C ∃

C
IR

C
to
C C

Q
(B

).

F
ro

m
T

h
eo

re
m

s
14

an
d

15
,

w
e

ob
ta

in
th

e
fo

ll
ow

in
g

co
ro

ll
ar

y
—

a
tr

ic
h
ot

o
m

y
th

eo
re

m
.

C
o
ro

ll
a
ry

1
6

L
et

B
be

a
fi

n
it

e
re

la
ti

o
n

a
l

st
ru

ct
u

re
.
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L
e
a
r
n
a
b
il
it
y
o
f
S
o
l
u
t
io
n
s
t
o

C
o
n
ju

n
c
t
iv
e
Q
u
e
r
ie
s

•
If

th
e

va
riety

V
(A

(B
))

is
co

n
gru

en
ce

m
od

u
la

r,
th

en
th

e
p
red

ictio
n

p
ro

blem
C

C
Q

(B
)

is
po

lyn
o
m

ia
lly

exa
ctly

lea
rn

a
ble

w
ith

im
p
ro

per
equ

iva
len

ce
qu

eries,
u

sin
g

a
co

n
cep

t
rep

resen
ta

tio
n

th
a
t

is
po

lyn
o
m

ia
lly

eva
lu

a
ble.

•
If

th
e

va
riety

V
(A

(B
))

is
n

o
t

co
n

gru
en

ce
m

od
u

la
r

bu
t

B
h
a
s

a
T

a
ylo

r
po

lym
o
rp

h
ism

,
th

en
th

ere
is

a
n

o
ra

cu
la

r
p
w

m
-red

u
ctio

n
fro

m
C

P
F

to
C

C
Q

(B
),

a
s

w
ell

a
s

a
n

o
ra

cu
la

r
p
w

m
-red

u
ctio

n
fro

m
C

C
Q

(B
)

to
C

C
IR

C
.

•
O

th
erw

ise,
th

ere
is

a
n

o
ra

cu
la

r
p
w

m
-red

u
ctio

n
fro

m
C∃

C
IR

C
to
C

C
Q

(B
).

W
e

ca
n

a
p
p
ly

th
is

resu
lt

to
th

e
ex

am
p
les

p
resen

ted
in

th
e

in
tro

d
u
ction

to
d
eterm

in
e

th
e

co
m

p
lex

ity
of

learn
in

g
th

e
solu

tion
sp

aces
of

con
ju

n
ctive

q
u
eries

over
th

em
.

S
in

ce
th

e
stru

ctu
re

B
3
S

A
T

h
as

n
o

n
on

-triv
ial

p
oly

m
orp

h
ism

s,
th

en
it

h
as

n
o

T
ay

lor
p

oly
m

o
rp

h
ism

a
n
d

so
th

ere
is

an
oracu

lar
p
w

m
-red

u
ctio

n
from

C∃
C

IR
C

to
C

C
Q

(B
3
S

A
T

).
T

h
e

stru
ctu

re
B

H
O

R
N
−

3
S

A
T

h
as

a
T

ay
lor

p
oly

m
orp

h
ism

(th
e

op
eration

x
∧
y
)

b
u
tV

(A
(B

H
O

R
N
−

3
S

A
T

))
is

n
o
t

co
n
g
ru

en
ce

m
o
d
u
lar

sin
ce

th
is

variety
is

essen
tia

lly
th

e
variety

of
sem

ilattices.
S
o
,

th
ere

is
a
n

o
ra

cu
la

r
p
w

m
-red

u
ction

from
C

P
F

to
C

C
Q

(B
H

O
R

N
−

3
S

A
T

),
as

w
ell

as
an

o
racu

la
r

p
w

m
-

red
u
ctio

n
fro

m
C

C
Q

(B
H

O
R

N
−

3
S

A
T

)
toC

C
IR

C
.

S
in

ceV
(A

(V
F ))

is
con

gru
en

ce
m

o
d
u
lar

for
an

y
fi
n
ite

fi
eld

F
,

th
en
C

C
Q

(V
F )

is
p

oly
n
om

ially
ex

actly
learn

ab
le

w
ith

im
p
rop

er
eq

u
ivalen

ce
q
u
eries,

u
sin

g
a

con
cep

t
rep

resen
tation

th
at

is
p

oly
n
om

ially
evalu

ab
le.

It
is

w
o
rth

com
p
arin

g
th

e
ab

ove
trich

otom
y

th
eorem

w
ith

th
e
C
S
P

d
ich

oto
m

y
th

eo-
rem

(B
u
la

tov
,

2017;
Z

h
u
k
,

2017).
T

h
e

com
p
arison

w
ork

s
w

ell
u
p

to
a

p
oin

t,
n
am

ely,
if

B
fa

lls
in

to
eith

er
of

th
e

fi
rst

tw
o

cases
of

C
orollary

16
th

en
it

w
ill

h
ave

a
T

ay
lor

p
oly

-
m

o
rp

h
ism

,
a
n
d

so
C
S
P

(B
)

w
ill

b
e

p
oly

n
om

ial-tim
e

d
ecid

ab
le.

O
n

th
e

oth
er

h
an

d
,

for
an

y
rela

tio
n
a
l

stru
ctu

re
B

th
at

h
as

a
con

stan
t

fu
n
ction

as
a

p
oly

m
orp

h
ism

,
C
S
P

(B
)

is
triv

-
ia

lly
p

o
ly

n
o
m

ia
l-tim

e
d
ecid

ab
le,

even
if

B
fails

to
h
av

e
a

T
ay

lor
p

oly
m

orp
h
ism

.
S
o

th
ere

a
re

stru
ctu

res
B

su
ch

th
at

C
S
P

(B
)

is
p

oly
n
om

ial-tim
e

d
ecid

ab
le

w
h
ile
C

C
Q

(B
)

ad
m

its
an

o
ra

cu
la

r
p
w

m
-red

u
ction

from
C∃

C
IR

C
.

It
is

th
e

case
th

at
B

w
ill

fall
in

to
th

e
th

ird
case

of
C

o
ro

lla
ry

1
6

if
an

d
on

ly
if
C
S
P

(B
∗)

is
N

P
-com

p
lete.

L
et

u
s

n
ow

p
resen

t
a

th
eorem

th
at

ad
d
resses

th
e

eff
ectiv

ity
of

th
e

d
ich

otom
y

co
n
d
ition

s
o
f

T
h
eo

rem
s

1
4

an
d

15.
T

h
at

is,
w

e
ad

d
ress

th
e

com
p
lex

ity
of

d
ecid

in
g
,

given
a

rela-
tio

n
a
l

stru
ctu

re
B

,
w

h
eth

erV
(A

(B
))

is
con

gru
en

ce
m

o
d
u
lar,

an
d

w
h
eth

er
B

h
as

a
T

ay
lor

p
o
ly

m
o
rp

h
ism

.

T
h

e
o
re

m
1
7

L
et

B
be

a
fi

n
ite

rela
tio

n
a
l

stru
ctu

re.

1
.

T
h
ere

is
a
n

E
X

P
T

IM
E

a
lgo

rith
m

th
a
t

d
ecid

es
if

th
e

va
riety

V
(A

(B
))

is
co

n
gru

en
ce

m
od

u
la

r.

2
.

T
h
e

p
ro

blem
o
f

d
ecid

in
g

if
B

h
a
s

a
T

a
ylo

r
po

lym
o
rp

h
ism

is
in

N
P

.

P
ro

o
f

P
a
rt

1
follow

s
from

th
e

ch
aracterization

of
con

gru
en

ce
m

o
d
u
lar

va
rieties

giv
en

b
y

D
ay

o
r

G
u
m

m
(con

su
lt

S
ection

8
of

F
reese

an
d

V
aleriote,

2009).
U

sin
g

G
u
m

m
’s

ch
arac-

teriza
tio

n
,

to
d
eterm

in
e

ifV
(A

(B
))

is
con

gru
en

ce
m

o
d
u
lar

on
e

n
eed

on
ly

search
am

on
gst

th
e

tern
a
ry

fu
n
ction

s
on

B
for

a
fi
n
ite

seq
u
en

ce
of

p
oly

m
orp

h
ism

s
of

B
th

at
sa

tisfy
a

sp
ec-

ifi
ed

set
o
f

eq
u
a
tion

s.
T

h
is

search
can

b
e

carried
ou

t
b
y

a
n

algorith
m

w
h
ose

ru
n
n
in

g
tim

e
is

b
o
u
n
d
ed

b
y

an
ex

p
on

en
tial

fu
n
ction

in
th

e
size

of
B

.
A

fu
ll

d
iscu

ssio
n

of
th

e
relevan

t
d
eta

ils
ca

n
b

e
fou

n
d

in
S
ection

8
of

F
reese

an
d

V
aleriote

(2009).
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C
h
e
n
a
n
d

V
a
l
e
r
io
t
e

F
or

P
art

2,
th

e
resu

lt
follow

s
from

a
resu

lt
of

S
iggers

(2010)
th

at
sh

ow
s

th
at

a
fi
n
ite

stru
ctu

re
w

ill
h
av

e
a

T
ay

lor
p

oly
m

o
rp

h
ism

if
an

d
on

ly
if

it
h
as

on
e

of
arity

6
.

T
h
u
s,

to
certify

th
at

B
h
as

a
T

ay
lor

p
oly

m
orp

h
ism

,
w

e
n
eed

o
n
ly

b
e

ab
le

to
q
u
ick

ly
ch

eck
th

at
a

given
6-ary

op
eration

on
B

p
reserves

th
e

relation
s

of
B

an
d

is
a

T
ay

lor
op

eration
.

K
azd

a
(2014)

h
as

sh
ow

n
th

at
th

e
d
ecision

p
rob

lem
ad

d
ressed

in
P

art
1

of
T

h
eorem

17
actu

ally
lies

in
th

e
class

N
P

.
H

is
algorith

m
is

b
ased

on
a

“
lo

cal”
ch

aracterization
of

con
-

gru
en

ce
m

o
d
u
larity

an
d

a
clev

er
en

co
d
in

g
of

th
e

p
rob

lem
in

to
an

in
stan

ce
of

th
e

con
strain

t
satisfaction

p
rob

lem
over

th
e

stru
ctu

re.
W

e
n
ote

th
at

S
iggers’

resu
lt

u
sed

in
th

e
p
ro

of
of

th
is

th
eorem

h
as

b
een

refi
n
ed

in
K

earn
es

et
al.

(2014)
b
y

red
u
cin

g
th

e
arity

of
th

e
term

from
6

to
4.

5
.
L
e
a
rn

in
g
L
a
ttice

T
e
rm

s

In
th

is
section

,
w

e
p
rove

th
e

h
ard

n
ess

of
a

class
of

p
red

iction
p
rob

lem
s

th
at

d
eal

w
ith

lattices,
w

h
ich

w
ill

serve
as

a
u
sefu

l
in

term
ed

iate
resu

lt
on

th
e

w
ay

to
ou

r
m

ain
h
ard

n
ess

resu
lt;

rou
gh

ly
sp

eak
in

g,
th

e
p
rob

lem
s

stu
d
ied

h
ere

in
volv

e
learn

in
g

th
e

fu
n
ctio

n
in

d
u
ced

b
y

an
u
n
k
n
ow

n
term

.
W

h
en

r
≥

1
an

d
L

is
a

fi
n
ite

set
of

fi
n
ite

lattices,
d
efi

n
e
C
rT

E
R

M
(L

)
to

b
e

th
e

p
red

iction
p
rob

lem
con

tain
in

g
a

p
air

(t,(L
,h
,c))

w
h
en

th
e

follow
in

g
con

d
ition

s
h
old

:
t

is
a

lattice
term

w
ith

d
ep

th
(t)≤

r
+
r

log
(leafsize(t));

L
=

(L
;∧
,∨

)
is

a
lattice

in
L

;
h

is
an

assign
m

en
t

m
ap

p
in

g
each

variab
le

of
t

to
an

elem
en

t
of
L

;
c

is
an

elem
en

t
of
L

;
an

d
,
L
,h
|=

(t≥
c),

th
at

is,
u
n
d
er

th
e

assign
m

en
t
h

,
th

e
term

t
evalu

ates
to

a
valu

e
greater

th
an

or
eq

u
al

to
c

in
L

.

T
h

e
o
re

m
1
8

S
u

p
po

se
th

a
tL

is
a

fi
n

ite
set

o
f

fi
n

ite
la

ttices
co

n
ta

in
in

g
a

n
o
n

-trivia
l

la
ttice.

T
h
en

,
th

ere
exists

r
>

1
su

ch
th

a
t

th
ere

exists
a
n

o
ra

cu
la

r
p
w

m
-red

u
ctio

n
fro

m
th

e
p
red

ictio
n

p
ro

blem
C

lo
g
-M

P
F

to
th

e
p
red

ictio
n

p
ro

blem
C
rT

E
R

M
(L

).

It
is

h
elp

fu
l

to
fi
rst

estab
lish

th
is

th
eorem

in
th

e
case

of
d
istrib

u
tive

lattices;
th

e
p
ro

of
u
ses

th
e

fact
th

at
each

fi
n
ite

d
istrib

u
tiv

e
lattice

ca
n

b
e

em
b

ed
d
ed

in
to

a
fi
n
ite

p
ow

er
of

th
e

tw
o-elem

en
t

lattice.

L
e
m

m
a

1
9

T
h
eo

rem
1
8

h
o
ld

s
in

th
e

ca
se

th
a
tL

co
n

ta
in

s
o
n

ly
d
istribu

tive
la

ttices.

P
ro

o
f

L
et

L
{
0
,1}

d
en

ote
th

e
tw

o-elem
en

t
lattice

w
ith

b
ottom

elem
en

t
0

an
d

top
elem

en
t

1.
W

e
fi
rst

sh
ow

th
at

th
ere

ex
ists

a
red

u
ction

from
C

=
C

lo
g
-M

P
F

toC
′
=
C

6T
E

R
M

({
L
{
0
,1} }

).
T

h
e

red
u
ction

(f
,g
,H

)
is

d
efi

n
ed

as
follow

s.
T

h
e

fu
n
ctio

n
s
g

an
d
f

are
d
efi

n
ed

b
y
g
(s,n

,θ)
=
θ

an
d
f

(s,n
,h

)
=

(L
{
0
,1} ,h

,1).
T

h
e

algorith
m

H
,

on
in

p
u
t

(s,n
,(L
{
0
,1} ,h

,b)),
d
o
es

th
e

follow
in

g:
if
b

=
0,

it
ou

tp
u
ts

1,
an

d
if
b

=
1,

it
su

b
m

its
h

as
an

oracle
q
u
ery

an
d

ou
tp

u
ts

th
e

resu
lt.

T
h
is

red
u
ction

is
correct,

as
for

each
m

on
oton

e
p
rop

osition
al

form
u
la
θ

an
d

assign
m

en
t
h

to
th

e
variab

les
of
θ,

it
alw

ay
s

h
old

s
th

at
(L
{
0
,1} ,h

,0)∈
κ
C
′(θ);

an
d
,

it
h
old

s
th

at
(L
{
0
,1} ,h

,1)∈
κ
C
′(θ)

if
an

d
on

ly
if
h

satisfi
es
θ.

N
ow

,
su

p
p

ose
th

at
L

is
a

set
of

d
istrib

u
tive

lattices
con

tain
in

g
a

n
on

-triv
ial

lattice.
W

e
ex

h
ib

it
a

red
u
ction

from
C

=
C

6T
E

R
M

({
L
{
0
,1} }

)
to
C
′

=
C

6T
E

R
M

(L
),

w
h
ich

su
ffi

ces
to

give
th

e
lem

m
a.

It
is

w
ell-k

n
ow

n
an

d
straigh

tforw
a
rd

to
verify

th
at

each
fi
n
ite

d
istrib

u
tive

lattice
em

b
ed

s
in

to
a

fi
n
ite

p
ow

er
of

th
e

lattice
L
{
0
,1} .

L
et
D
≥

1
b

e
a

su
ffi

cien
tly

large
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L
e
a
r
n
a
b
il
it
y
o
f
S
o
l
u
t
io
n
s
t
o

C
o
n
ju

n
c
t
iv
e
Q
u
e
r
ie
s

co
n
st

an
t

so
th

at
ea

ch
L
∈
L

h
as

an
em

b
ed

d
in

g
in

to
L
D {0
,1
}.

F
or

ea
ch

L
∈
L,

fi
x
eL

to
b

e

su
ch

an
em

b
ed

d
in

g,
an

d
le

t
eL i

b
e

th
e

fu
n
ct

io
n

th
at

re
tu

rn
s

th
e
it

h
co

or
d
in

a
te

of
eL

(f
or

i
=

1,
..
.,
D

).
F

ix
L

+
∈
L

to
b

e
a

n
o
n
-t

ri
v
ia

l
la

tt
ic

e,
an

d
le

t
>

an
d
⊥

d
en

ot
e

th
e

to
p

an
d

b
ot

to
m

el
em

en
ts

of
L

+
,

re
sp

ec
ti

ve
ly

.
L

et
e+

:
{0
,1
}
→
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h
e

u
n
iv

er
se
P

of
a

p
en

ta
go

n
P

ca
n

b
e

n
a
tu

ra
ll
y

d
ec

om
p

o
se

d
a
s

a
d
ir

ec
t

p
ro

d
u
ct
P

=
B
×
C

in
su

ch
a

w
ay

th
at
β
P

an
d
γ
P

ar
e

th
e

ke
rn

el
s

of
th

e
p
ro

je
ct

io
n
s

o
f

P
on

to
B

an
d
C

,
re

sp
ec

ti
ve

ly
.

T
h
en

,
v
ia

th
e

eq
u
iv

al
en

ce
re

la
ti

on
α
P

,
ea

ch
el

em
en

t
b
∈
B

in
d
u
ce

s
an

eq
u
iv

al
en

ce
re

la
ti

on
α
P b

=
{(
c,
c′

)
∈
C
×
C
|(

(b
,c

),
(b
,c
′ )

)
∈
α
P
}

o
n
C

.
F

o
r

ea
ch

p
en

ta
go

n
P

,
w

e
d
efi

n
e

L
(P

)
to

b
e

th
e

la
tt

ic
e

w
h
ic

h
is

th
e

su
b
la

tt
ic

e
of

E
q
(C

)
g
en

er
a
te

d
b
y

th
e

eq
u
iv

al
en

ce
re

la
ti

on
s
α
P b

(o
ve

r
b
∈
B

);
w

e
ex

te
n
d

th
is

op
er

at
or

L
(·)

to
se

ts
o
f

p
en

ta
g
o
n
s

in
th

e
n
at

u
ra

l
fa

sh
io

n
.

T
o

ea
ch

p
en

ta
go

n
P

,
w

e
as

so
ci

at
e

a
2-

so
rt

ed
re

la
ti

on
al

st
ru

ct
u
re

,
d
en

ot
ed

b
y

P
2
,

w
h
ic

h
h
as
B

P
an

d
C
P

as
fi
rs

t
an

d
se

co
n
d

u
n
iv

er
se

,
re

sp
ec

ti
ve

ly
;

h
er

e,
B

P
an

d
C
P

d
en

o
te

th
e

se
ts

in
th

e
d
ec

om
p

os
it

io
n

of
th

e
u
n
iv

er
se
P

as
d
es

cr
ib

ed
ab

ov
e.

T
h
e

st
ru

ct
u
re

P
2

is
d
efi

n
ed

o
n

si
gn

at
u
re
{R
}

an
d

h
as
R

P
2

=
{(
b,
c,
c′

)
∈
B

P
×
C
P
×
C
P
|(
c,
c′

)
∈
α
P b
}.

T
h
e

d
efi

n
it

io
n

o
f

P
2

co
m

es
fr

om
(B

ov
a

et
al

.,
20

13
).

In
fo

rm
in

g
co

n
ju

n
ct

iv
e

q
u
er

ie
s

ov
er

th
is

si
g
n
a
tu

re
{R
}
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L
e
a
r
n
a
b
il
it
y
o
f
S
o
l
u
t
io
n
s
t
o

C
o
n
ju

n
c
t
iv
e
Q
u
e
r
ie
s

ea
ch

va
ria

b
le

h
as

a
sort

(fi
rst

or
secon

d
)

asso
cia

ted
w

ith
each

varia
b
le;

an
atom

R
(x
,y
,y ′)

m
ay

b
e

fo
rm

ed
if
x

is
of

th
e

fi
rst

sort
an

d
y

an
d
y ′

are
of

th
e

secon
d

sort.
W

h
en
P

is
a

set
o
f

p
en

tag
o
n
s,

w
e

d
efi

n
e

th
e

p
red

iction
p
rob

lem
C

C
Q

-2
-P

E
N

T
(P

)
to

b
e

th
e

set

{
(φ

(V
1 ,V

2 ),(P
,(h

1 ,h
2 )))|

P
∈
P

an
d
h

1
:
V

1 →
B

P
,
h

2
:
V

2 →
C
P

su
ch

th
at

P
2 ,h

1 ,h
2 |=

φ
}
.

H
ere,

φ
(V

1 ,V
2 )

d
en

otes
a

con
ju

n
ctive

q
u
ery

over
th

e
sign

atu
re{

R}
w

ith
V

1
a

set
of

variab
les

o
f

th
e

fi
rst

so
rt

an
d
V

2
a

set
of

th
e

secon
d

sort.

T
h

e
o
re

m
2
0

F
o
rP

a
fi

n
ite

set
o
f

pen
ta

go
n

s,
th

ere
exists

a
n

o
ra

cu
la

r
p
w

m
-red

u
ctio

n
fro

m
th

e
p
red

ictio
n

p
ro

blem
C
rT

E
R

M
(L

(P
))

fo
r

a
n

y
r
>

1
to

th
e

p
red

ictio
n

p
ro

blem
C

C
Q

-2
-P

E
N

T
(P

).

P
ro

o
f

W
e

m
a
ke

u
se

of
a

v
ersion

of
a

con
stru

ction
p
resen

ted
in

th
e

p
ro

of
of

T
h
eorem

10
fro

m
B

ova
et

a
l.

(2013),
w

h
ich

p
ro

d
u
ces

a
2-sorted

con
ju

n
ctiv

e
q
u
ery

φ
t (x

1 ,...,x
m
,y
,y ′)

over
th

e
sig

n
a
tu

re
{
R}

from
a

lattice
term

t(x
1 ,...,x

m
),

w
h
ere

in
φ
t

th
e

variab
les

x
i

are
o
f

sort
1

a
n
d

th
e

variab
les

y
an

d
y ′

are
of

sort
2
.

T
h
e

con
stru

ction
h
as

th
e

p
rop

erty
th

at
if

P
∈
P

,
th

en
fo

r
all

b
1 ,...,b

m
∈
B

P
an

d
fo

r
all

c,
c ′∈

C
P

,
φ
t (b

1 ,...,b
m
,c,c ′)

h
old

s
in

P
2

if
a
n
d

o
n
ly

if
th

e
p
air

(c,c ′)
is

in
th

e
eq

u
ivalen

ce
relation

given
b
y
t L

(P
)(α

Pb
1 ,...,α

Pb
m

).
L

et
u
s

sp
ecify

th
e

version
of

th
e

con
stru

ction
u
sed

h
ere.

•
If
t

=
x
i ,

th
en

φ
t (x

1 ,...,x
m
,y
,y ′)

=
R

(x
i ,y
,y ′).

•
If
t

=
t1 ∧

t2 ,
th

en
φ
t (x

1 ,...,x
m
,y
,y ′)

=
φ
t
1 (x

1 ,...,x
m
,y
,y ′)∧

φ
t
2 t(x

1 ,...,x
m
,y
,y ′).

•
If
t

=
t1 ∨

t2 ,
th

en
set

M
to

b
e

th
e

m
ax

im
u
m

size
of

a
secon

d
u
n
iv

erse
C
P

over
all

p
en

ta
g
o
n
s

P
∈
P

.
L

et
z

0
,2

an
d
z
i,j ,

w
h
ere

i
=

1,...,M
an

d
j

=
1,2,

b
e

varia
b
les

o
f

th
e

secon
d

sort,
an

d
id

en
tify

y
=
z

0
,2

an
d
y ′

=
z
M
,2 .

T
h
en

φ
t (x

1 ,...,x
m
,y
,y ′)

is
d
efi

n
ed

a
s

th
e

form
u
la

ob
tain

ed
b
y

ex
isten

tially
q
u
an

tify
in

g
th

e
variab

les
z
i,j

(oth
er

th
a
n
y

a
n
d
y ′)

b
efore

th
e

con
ju

n
ction

M∧i=
1 (φ

t
1 (x

1 ,...,x
m
,z
i−

1
,2 ,z

i,1 )∧
φ
t
2 (x

1 ,...,x
m
,z
i,1 ,z

i,2 )).

N
o
te

th
a
t

in
ea

ch
of

th
e

latter
tw

o
cases,

th
e

size
|φ
t |

o
f

th
e

created
form

u
la
φ
t

h
as

size
b

o
u
n
d
ed

a
b

ove
b
y

a
con

stan
t

tim
es|φ

t
1 |+
|φ
t
2 |.

H
en

ce,
th

e
size

of
φ
t

w
ill

b
e

p
oly

n
om

ial
in

th
a
t

o
f
t—

w
h
en

t
h
as

logarith
m

ic
d
ep

th
,

w
h
ich

w
ill

b
e

th
e

case
in

ou
r

ap
p
lication

h
ere.

T
o

d
efi

n
e

th
e
g

com
p

on
en

t
of

th
e

red
u
ction

,
th

e
co

n
stru

ction
ju

st
given

is
n
ot

ap
p
lied

d
irectly

to
a

la
ttice

term
t.

In
stead

,
w

e
fi
rst

start
w

ith
a

fi
x
ed

lattice
term

s(x
1 ,...,x

q )
w

ith
th

e
p
ro

p
erty

th
at

for
all

P
∈
P

an
d

all
δ
∈

L
(P

)
th

ere
are

b
i ∈

B
P

,
for

1
≤
i≤

q,
so

th
a
t
δ

=
s
L

(P
)(α

Pb
1 ,...,α

Pb
q ).

W
e

let
ω

(δ)
b

e
som

e
seq

u
en

ce
(b

1 ,...,b
q )

for
w

h
ich

th
is

eq
u
a
lity

h
o
ld

s.
T

h
e

ex
isten

ce
of

su
ch

a
term

follow
s

from
th

e
fact

th
atP

is
a

fi
n
ite

set
of

fi
n
ite

p
en

ta
g
on

s
an

d
th

at
in

each
p

en
tagon

P
,

th
e

eq
u
ivalen

ce
relatio

n
s
α
Pb

gen
erate

th
e

la
ttice

L
(P

).
F

or
fu

tu
re

referen
ce,

let
u

b
e

an
in

teger
su

ch
th

at|P
|≤

u
for

all
P
∈
P

.
F

or
a
n
y

la
ttice

term
t(x

1 ,...,x
m

),
w

e
d
efi

n
e
t
?
s

to
b

e
th

e
m
q-ary

lattice
term

t(s(x
1
1 ,...,x

1
q ),...,s(x

m
1 ,...,x

m
q )).
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C
h
e
n
a
n
d

V
a
l
e
r
io
t
e

L
et

u
s

n
ow

b
egin

to
d
escrib

e
th

e
red

u
ction

;
th

e
p
aram

eters
s

an
d
n

(a
s

d
escrib

ed
in

th
e

d
efi

n
ition

of
oracu

lar
p
w

m
-red

u
ction

)
d
o

n
ot

p
lay

a
ro

le,
an

d
w

e
om

it
th

eir
m

en
tion

.
F

or
each

lattice
term

t(x
1 ,...,x

m
),

d
efi

n
e
g
(t)

to
b

e
th

e
follow

in
g

con
ju

n
ctive

q
u
ery

over
th

e
sign

atu
re
{R}:

∧

1≤
i≤
u
2

φ
t?
s (x

1
1 ,x

1
2 ,...,x

m
q ,y

i ,y ′i ).

F
or

P
∈
P

,
an

m
-tu

p
le
h

=
(δ

1 ,...,δ
m

)
over

L
(P

),
an

d
θ
∈

L
(P

),
d
efi

n
e

th
e

fu
n
ction

f
((L

(P
),h

,θ))
to

b
e

P
alon

g
w

ith
th

e
a
ssign

m
en

t
of

th
e

variab
les

(x
1
1 ,...,x

m
q )

to
th

e
con

caten
ation

of
th

e
q-tu

p
les

ω
(δ
i ),

for
1
≤
i
≤
m

.
T

h
e

p
airs

of
variab

les
(y
i ,y ′i ),

for
1
≤
i≤

u
2,

are
assign

ed
to

p
airs

(c,c ′)∈
θ

so
th

at
ea

ch
p
air

in
θ

is
in

th
e

ran
ge

o
f

th
is

assign
m

en
t.

B
y

th
e

ch
oice

of
u

,
th

is
is

alw
ay

s
p

ossib
le

to
arran

ge.
N

ote
th

at
f

((L
(P

),h
,θ))

can
b

e
com

p
u
ted

in
tim

e
b

ou
n
d
ed

b
y

som
e

p
o
ly

n
om

ial
in
m

.
It

follow
s

from
th

e
claim

m
ad

e
ab

ou
t

th
e

con
stru

ction
φ
t

in
th

e
fi
rst

p
ara

grap
h

of
th

is
p
ro

of,
an

d
from

th
e

p
rop

erties
of

th
e

lattice
term

s
th

at
for

all
lattice

term
s
t(x

1 ,...,x
m

),
if

P
∈
P

,
h

=
(δ

1 ,...,δ
m

)∈
L

(P
)
m

,
an

d
θ∈

L
(P

)
th

en
t L

(P
)(δ

1 ,...,δ
m

)≥
θ

if
an

d
on

ly
if

P
2

satisfi
es

th
e

con
ju

n
ctive

q
u
ery

g
(t)

u
n
d
er

th
e

assign
m

en
ts

giv
en

b
y
f

((L
(P

),h
,θ)).

T
o

com
p
lete

th
e

d
efi

n
ition

of
ou

r
red

u
ction

from
C
rT

E
R

M
(L

(P
))

toC
C

Q
-2

-P
E

N
T

(P
),

d
efi

n
e

H
to

b
e

th
e

algorith
m

th
at

w
h
en

given
P
∈
P

an
d
h

1
an

d
h

2
tu

p
les

ov
er
B

P
an

d
C
P

resp
ec-

tively,
w

ill
reject

th
e

in
p
u
t

if
h

1
is

n
ot

an
m
q-tu

p
le

for
som

e
in

teger
m

or
if
h

2
is

a
tu

p
le

w
h
ich

is
n
ot

of
len

gth
2u

2.
O

th
erw

ise,
w

ith
h

1
=

(b
1
1 ,...,b

m
q )

an
d
h

2
=

(c
1 ,c ′1 ,...,c

u
2 ,c ′u

2 ),
con

-

stru
ct

in
L

(P
)

th
e

elem
en

ts
δ
i

=
s
L

(P
)(α

Pb
i1 ,...,α

Pb
iq )

an
d

fi
n
d

th
e

sm
allest

elem
en

t
θ
∈

L
(P

)

su
ch

th
at

(c
i ,c ′i )∈

θ
for

all
1
≤
i≤

u
2.

F
or

an
y

lattice
term

t,
th

e
algorith

m
w

ill
retu

rn
th

e
resu

lt
of

testin
g

if
in

P
,
t≥

θ
u
n
d
er

th
e

assign
m

en
t

(δ
1 ,...,δ

m
).

F
rom

th
e

p
rop

erties
of
g

n
oted

earlier,
it

follow
s

th
at

in
P

,
t≥

θ
u
n
d
er

th
is

assign
m

en
t

if
an

d
on

ly
if
g
(t)

is
tru

e
in

P
2

u
n
d
er

th
e

assign
m

en
t

(h
1 ,h

2 ).
T

h
e

ru
n

tim
e

of
H

can
b

e
b

ou
n
d
ed

b
y

a
p

oly
n
om

ial
in

th
e

len
gth

s
of
h

1
an

d
h

2 .

L
e
m

m
a

2
1

(B
o
va

et
a
l.,

2
0
1
3
)

L
et

B
be

a
fi

n
ite

rela
tio

n
a
l

stru
ctu

re
su

ch
th

a
tV

(A
(B

))
is

n
o
t

co
n

gru
en

ce
m

od
u

la
r.

T
h
ere

exists
a

fi
n

ite
rela

tio
n

a
l

stru
ctu

re
A

d
efi

n
ed

o
n

a
sign

a
tu

re
in

clu
d
in

g
th

ree
bin

a
ry

rela
tio

n
sym

bo
ls
α

,
β

,
a
n

d
γ

w
h
ich

is
co

m
pa

tible
w

ith
a
n

a
lgebra

in
V

(A
(B

)),
su

ch
th

a
t

th
e

fo
llo

w
in

g
h
o
ld

:

•
T

h
ere

exists
a

fi
n

ite
setP

o
f

pen
ta

go
n

s
w

h
ere

fo
r

ea
ch

P
∈
P

,
th

e
u

n
iverse

P
o
f

P
is

a
su

bset
o
f
A

,
a
n

d
it

h
o
ld

s
th

a
t
α
P

=
α
A
∩
P

2,
β
P

=
β
A
∩
P

2,
a
n

d
γ
P

=
γ
A
∩
P

2.
M

o
reo

ver,
th

e
set

L
(P

)
co

n
ta

in
s

a
n

o
n

-trivia
l

la
ttice.

•
F

o
r

ea
ch
k
≥

1
,

th
ere

exists
a

rela
tio

n
D
k ⊆

A
k

w
h
ich

is
cq-d

efi
n

a
ble

o
ver

A
su

ch
th

a
t

fo
r

a
n

y
elem

en
ts
a

1 ,...,a
k
∈
A

,
th

e
tu

p
le

(a
1 ,...,a

k )
is

in
D
k

if
a
n

d
o
n

ly
if

th
ere

exists
a

P
∈
P

su
ch

th
a
t

a
ll

o
f

th
e

elem
en

ts
a

1 ,...,a
k

a
re

co
n

ta
in

ed
in

th
e

u
n

iverse
P

o
f

P
.

In
a
d
d
itio

n
,

th
ere

exists
a
n

a
lgo

rith
m

th
a
t

co
m

p
u

tes
a

cq-d
efi

n
itio

n
o
f
D
k

(o
ver

A
)

in
po

lyn
o
m

ia
l

tim
e,

w
h
en

given
k

a
s

in
p
u

t.

In
th

e
d
efi

n
ition

of
th

e
set
P

w
e

m
ay

assu
m

e
th

at
if

P
,

P
′

are
m

em
b

ers,
th

en
P

*
P
′.

T
h
is

ad
d
ition

al
p
rop

erty
can

b
e

arran
ged

b
y

o
n
ly

in
clu

d
in

g
in
P
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b
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p
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b
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b
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b
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d
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b
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p
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p
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p
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h
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b
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b
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b
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h
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u
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al.

(2013)
it

follow
s

th
at

d
eterm

in
in

g
if

A
,g
|=
E
m

can
b

e
ch

ecked
in

tim
e

b
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.
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b
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b
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.
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en

H
retu

rn
s

false,
oth

erw
ise,

H
retu

rn
s

tru
e.

T
h
en

A
,g
|=
φ
′

if
an

d
on

ly
if
H

retu
rn

s
tru

e
on

in
p
u
t
φ

an
d
g
.

T
h
e

n
u
m

b
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b
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b
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w
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p
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d
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fü
r

In
fo

rm
at

ik
,

20
1
7.

IS
B

N
97

8-
3-

95
9
77

-0
03

-3
.

25
JM

L
R

 2
0(

67
):

1-
28

, 2
01

9

C
h
e
n
a
n
d

V
a
l
e
r
io
t
e

J
o
el

B
er

m
an

,
P

aw
e l

Id
zi

ak
,

P
et

ar
M

ar
ko

v
ić
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ti

m
iz

at
io

n
(B

en
-T

al
et

a
l.
,

20
09

;
B

er
ts

im
as

et
al

.,
20

14
;

B
en

-T
a
l

et
a
l.
,

20
15

).
B

el
ow

,
w

e
gi

v
e

a
n
u
m

b
er

of
th

eo
re

ti
ca

l
gu

ar
an

te
es

an
d

em
p
ir

ic
al

ev
id

en
ce

fo
r

it
s

p
er

fo
rm

an
ce

.
B

ef
or

e
su

m
m

ar
iz

in
g

ou
r

co
n
tr

ib
u
ti

on
s,

w
e

fi
rs

t
d
es

cr
ib

e
ou

r
ap

p
ro

ac
h
.

L
et
φ

:
R

+
→

R
b

e
a

co
n
ve

x
fu

n
ct

io
n

w
it

h
φ

(1
)

=
0.

T
h
en

th
e
φ

-d
iv

er
ge

n
ce

b
et

w
ee

n
d
is

tr
ib

u
ti

o
n
s
P

a
n
d
Q

d
efi

n
ed

on
a

sp
ac

e
X

is

D
φ

(P
||Q

)
=

∫
φ

(
d
P

d
Q

)
d
Q

=

∫ X
φ

(
p
(x

)

q(
x

)

)
q(
x

)d
µ

(x
),

w
h
er

e
µ

is
an

y
m

ea
su

re
fo

r
w

h
ic

h
P
,Q
�
µ

,
a
n
d
p

=
d
P d
µ

,
q

=
d
Q d
µ

.
T

h
ro

u
gh

o
u
t

th
is

p
a
p

er
,

w
e

u
se
φ

(t
)

=
1 2
(t
−

1)
2
,

w
h
ic

h
gi

ve
s

th
e
χ

2
-d

iv
er

ge
n
ce

(T
sy

b
ak

ov
,

2
00

9)
.

G
iv

en
φ

a
n
d

a
sa

m
p
le
X

1
,.
..
,X

n
,
w

e
d
efi

n
e

th
e

lo
ca

l
n

ei
gh

bo
rh

oo
d

o
f

th
e

em
p
ir

ic
a
l

d
is

tr
ib

u
ti

o
n

w
it

h
ra

d
iu

s
ρ

b
y

P n
:=
{ d

is
tr

ib
u
ti

on
s
P

su
ch

th
at
D
φ

( P
||P̂

n

)
≤
ρ n

}
,

w
h
er

e
P̂
n

d
en

ot
es

th
e

em
p
ir

ic
al

d
is

tr
ib

u
ti

on
of

th
e

sa
m

p
le

,
an

d
ou

r
ch

oi
ce

of
φ

(t
)

=
1 2
(t
−

1
)2

m
ea

n
s

th
at
P n

co
n
si

st
s

of
d
is

cr
et

e
d
is

tr
ib

u
ti

on
s

su
p
p

or
te

d
on

th
e

sa
m

p
le
{X

i}
n i=

1
.

W
e

th
en

d
efi

n
e

th
e

ro
bu

st
ly

re
gu

la
ri

ze
d

ri
sk

R
n
(θ
,P

n
)

:=
su

p
P
∈P

n

E P
[`

(θ
,X

)]
=

su
p
P

{ E P
[`

(θ
,X

)]
:
D
φ
(P
||P̂

n
)
≤
ρ n

}
.

(4
)

A
s

it
is

th
e

su
p
re

m
u
m

of
a

fa
m

il
y

of
co

n
ve

x
fu

n
ct

io
n
s,

th
e

ro
b
u
st

ri
sk

θ
7→

R
n
(θ
,P

n
)

is
co

n
ve

x
in
θ

w
h
en

ev
er
`

is
co

n
v
ex

,
n
o

m
at

te
r

th
e

va
lu

e
of
ρ
≥

0.
G

iv
en

th
e

ro
b
u
st

em
p
ir

ic
a
l

ri
sk

(4
),

ou
r

p
ro

p
os

ed
es

ti
m

at
io

n
p
ro

ce
d
u
re

is
to

ch
o
os

e
a

p
ar

a
m

et
er
θ̂

ro
b

n
b
y

m
in

im
iz

in
g

R
n
(θ
,P

n
).

2
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V
a
r
ia
n
c
e
-b
a
se

d
R
e
g
u
l
a
r
iz
a
t
io
n
w
it
h
C
o
n
v
e
x
O
b
je
c
t
iv
e
s

L
et

u
s

n
ow

d
iscu

ss
a

few
of

th
e

p
rop

erties
of

p
ro

ced
u
res

m
in

im
izin

g
th

e
rob

u
st

em
p
irical

risk
(4

).
O

u
r

fi
rst

m
ain

tech
n
ical

resu
lt,

w
h
ich

w
e

sh
ow

in
S
ection

2,
is

th
a
t

for
b

ou
n
d
ed

lo
ss

fu
n
ctio

n
s,

th
e

rob
u
st

risk
R
n
(θ,P

n
)

is
a

go
o
d

ap
p
rox

im
ation

to
th

e
varian

ce-reg
u
larized

q
u
a
n
tity

(3
).

T
h
at

is,

R
n
(θ,P

n
)

=
E
P̂
n
[`(θ,X

)]+

√
2
ρ
V

a
r
P̂
n
(`(θ,X

))

n
+
ε
n
(θ),

(5)

w
h
ere

ε
n
(θ)
≤

0
an

d
is
O
P

(1/n
)

u
n
iform

ly
in

θ.
W

e
sh

ow
sp

ecifi
cally

th
at

w
h
en

ever
`(θ,X

)
h
a
s

su
itab

ly
large

varian
ce,

w
ith

h
igh

p
rob

ab
ility

w
e

h
ave

ε
n

=
0.

F
rom

varian
ce

ex
p
a
n
sio

n
s

o
f

th
e

form
(5)

an
d

em
p
irical

B
ern

stein
in

eq
u
ality

(2),
w

e
see

th
a
t
R
n
(θ,P

n
)

is
a
O

(1/
n

)-a
p
p
rox

im
ation

to
th

e
p

op
u
lation

risk
R

(θ),
in

con
tra

st
to

th
e

cru
d
er
O

(1/ √
n

)-
a
p
p
rox

im
a
tio

n
th

at
th

e
em

p
irical

risk
E
P̂
n
[`(θ;X

)]
p
rov

id
es.

B
ased

on
th

is
in

tu
ition

th
at

th
e

ro
b
u
stly

regu
larized

risk
R
n
(θ;P

n
)

is
a

tigh
ter

ap
p
rox

im
ation

to
th

e
p

op
u
lation

risk
R

(θ),
w

e
sh

ow
a

n
u
m

b
er

of
fi
n
ite-sam

p
le

con
vergen

ce
g
u
aran

tees
for

th
e

estim
ator

θ̂
ro

b
n
∈

argm
in

θ∈
Θ

{
su

pP

{E
P

[`(θ,X
)]

:
D
φ (
P
||P̂

n )
≤
ρn } }

(6)

th
a
t

a
re

o
ften

tigh
ter

th
an

th
ose

availab
le

for
E

R
M

(see
S
ection

3).
T

h
e

ab
ove

p
rob

lem
is

a
co

n
vex

o
p
tim

ization
p
rob

lem
w

h
en

th
e

origin
al

loss
`(·;X

)
is

con
vex

a
n
d

Θ
is

a
con

vex
set.B

a
sed

on
th

e
ex

p
an

sion
(5),

solu
tion

s
θ̂

ro
b

n
of

p
rob

lem
(6)

en
joy

au
tom

atic
fi
n
ite

sam
p
le

o
p
tim

a
lity

certifi
cates:

for
ρ
≥

0,
w

ith
p
rob

ab
ility

a
t

least
1−

C
1

ex
p
(−
ρ
)

w
e

h
ave

R
(θ̂

ro
b

n
)

=
E

[`(θ̂
ro

b
n

;X
)]≤

R
n
(θ̂

ro
b

n
;P

n
)

+
C

2 ρ

n
=

in
f

θ∈
Θ
R
n
(θ,P

n
)

+
C

2 ρ

n

w
h
ere

C
1 ,C

2
a
re

con
stan

ts
(w

h
ich

w
e

sp
ecify

)
th

at
d
ep

en
d

on
th

e
loss

`
an

d
d
om

ain
Θ

.
T

h
a
t

is,
w

ith
h
igh

p
rob

ab
ility

th
e

rob
u
st

solu
tion

h
as

risk
n
o

w
orse

th
a
n

th
e

op
tim

al
fi
n
ite

sa
m

p
le

ro
b
u
st

ob
jective

u
p

to
an

O
(ρ
/n

)
error

term
.

T
o

gu
ara

n
tee

a
d
esired

level
of

risk
p

erfo
rm

a
n
ce

w
ith

p
rob

ab
ility

1−
δ,

w
e

m
ay

sp
ecify

th
e

rob
u
stn

ess
p

en
alty

ρ
=
O

(log
1δ ).

S
eco

n
d
ly,

w
e

sh
ow

th
at

th
e

p
ro

ced
u
re

(6)
allow

s
u
s

to
au

tom
atically

an
d

n
ear-op

tim
ally

tra
d
e

b
etw

een
a
p
p
rox

im
ation

an
d

estim
atio

n
error

(b
ias

a
n
d

varian
ce),

so
th

at

R
(θ̂

ro
b

n
)

=
E

[`(θ̂
ro

b
n

;X
)]≤

in
f

θ∈
Θ {

E
[`(θ;X

)]+
2 √

2
ρn

V
ar(`(θ;X

)) }
+
C
ρn

(7)

w
ith

h
ig

h
p
ro

b
a
b
ility.

W
h
en

th
ere

are
p
aram

eters
θ

w
ith

sm
all

risk
R

(θ)
an

d
sm

all
varian

ce
V

a
r(`(θ,X

)),
th

is
gu

aran
tees

th
at

th
e

ex
cess

risk
R

(θ̂
ro

b
n

)−
in

f
θ∈

Θ
R

(θ)
is

essen
tially

of
o
rd

er
O

(ρ
/
n

),
w

h
ere

ρ
govern

s
ou

r
d
esired

con
fi
d
en

ce
level.

O
u
r

b
ou

n
d
s

d
o

n
ot

req
u
ire

th
e

B
ern

stein
-ty

p
e

con
d
ition

V
ar(`(θ;X

))
≤
M
R

(θ)
often

req
u
ired

for
E

R
M

.
S
in

ce
it

is
o
ften

th
e

ca
se

th
at

M
d
ep

en
d
s

on
glob

al
in

form
ation

(e.g.
size

of
p
ara

m
eter

sp
ace

Θ
),

w
e

h
ave

V
a
r(`(θ;X

))
�

M
R

(θ),
in

w
h
ich

case
th

e
b

ou
n
d

(7)
off

ers
a

tigh
ter

gu
aran

tee
th

a
n

th
a
t

ava
ilab

le
for

th
e

E
R

M
solu

tion
θ̂

erm
n

.
In

p
articu

lar,
w

e
give

an
ex

p
licit

ex
a
m

p
le

in
S
ectio

n
3
.3

w
h
ere

ou
r

rob
u
stly

regu
larized

p
ro

ced
u
re

(6)
con

verges
at

rate
O

(log
n
/n

)
co

m
p
a
red

to
O

(1/ √
n

)
of

em
p
irical

risk
m

in
im

ization
.

3
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D
u
c
h
i
a
n
d

N
a
m
k
o
o
n
g

B
ou

n
d
s

th
at

trad
e

b
etw

een
risk

an
d

varian
ce

are
k
n
ow

n
in

a
n
u
m

b
er

of
cases

in
th

e
em

-
p
irical

risk
m

in
im

ization
literatu

re
(M

am
m

en
an

d
T

sy
b
akov

,
1999;

T
sy

b
ak

ov
,
20

04;
B

artlett
et

al.,
2005;

B
ou

ch
eron

et
al.,

2005;
B

a
rtlett

et
al.,

2006;
B

ou
ch

eron
et

al.,
2013;

K
oltch

in
sk

ii,
2006),

w
h
ich

is
relevan

t
w

h
en

on
e

w
ish

es
to

ach
ieve

“fast
rates”

of
con

vergen
ce

for
statistical

learn
in

g
algorith

m
s

(th
at

is,
faster

th
an

th
e
O

(1/ √
n

)
gu

a
ran

teed
b
y

a
n
u
m

b
er

of
u
n
iform

con
vergen

ce
resu

lts
(B

artlett
an

d
M

en
d
elson

,
2002;

B
ou

ch
eron

et
al.,

20
05,

2013)).
In

m
an

y
cases,

h
ow

ever,
su

ch
trad

eoff
s

req
u
ire

eith
er

con
d
ition

s
su

ch
as

th
e

M
am

m
en

an
d

T
sy

b
akov

’s
n
oise

con
d
ition

(M
am

m
en

an
d

T
sy

b
akov

,
1999;

B
ou

ch
eron

et
al.,

2005)
or

lo
calization

re-
su

lts
m

ad
e

p
ossib

le
b
y

cu
rvatu

re
con

d
ition

s
th

at
relate

th
e

loss/risk
an

d
varian

ce
(B

artlett
et

al.,
2006,

2005;
M

en
d
elson

,
2014).

T
h
e

rob
u
st

solu
tion

s
(6)

en
joy

a
d
iff

eren
t

trad
eoff

b
etw

een
varian

ce
an

d
risk

th
an

th
at

in
th

is
literatu

re,
b
u
t

essen
tially

w
ith

ou
t

con
d
ition

s
ex

cep
t

com
p
actn

ess
of

Θ
.

In
p
rop

osin
g

an
y

n
ew

estim
ator,

it
is

essen
tial

to
u
n
d
erstan

d
th

e
lim

its
of

th
e

p
ro-

p
osed

p
ro

ced
u
re

an
d

id
en

tify
situ

ation
s

in
w

h
ich

its
p

erform
an

ce
m

ay
b

e
w

orse
th

an
ex

-
istin

g
estim

ators.
T

h
ere

are
in

d
eed

situ
ation

s
in

w
h
ich

m
in

im
izin

g
th

e
rob

u
st-regu

larized
risk

(4)
y
ield

s
som

e
in

effi
cien

cy
(for

ex
am

p
le,

in
classical

statistical
estim

ation
p
rob

lem
s

w
ith

correctly
sp

ecifi
ed

m
o
d
el).

T
o

u
n
d
erstan

d
lim

its
of

th
e

in
effi

cien
cy

in
d
u
ced

b
y

u
sin

g
th

e
d
istrib

u
tion

ally
-rob

u
stifi

ed
estim

a
tor

(6),
in

S
ection

4
w

e
stu

d
y

ex
p
licit

fi
n
ite

sam
p
le

p
rop

erties
of

th
e

rob
u
st

estim
ator

for
gen

eral
sto

ch
astic

op
tim

ization
p
rob

lem
s,

an
d

w
e

also
p
rov

id
e

asy
m

p
totic

n
orm

ality
resu

lts
in

cla
ssical

p
rob

lem
s.

T
h
ere

are
a

n
u
m

b
er

of
situ

ation
s,

b
ased

on
grow

th
con

d
ition

s
on

th
e

p
op

u
lation

risk
R

,
w

h
en

con
vergen

ce
rates

faster
th

an
1/ √

n
(or

even
1
/n

)
are

attain
ab

le
(see

S
h
ap

iro
et

al.
(2009,

C
h
ap

ter
5)).

W
e

sh
ow

th
at

u
n
d
er

th
ese

con
d
ition

s,
th

e
rob

u
st

p
ro

ced
u
re

(6)
still

en
joy

s
(n

ear-op
tim

al)
fast

rates
of

con
vergen

ce,
sim

ilar
to

em
p
irical

risk
m

in
im

iza
tion

(also
k
n
ow

n
as

sam
p
le

average
ap

p
rox

im
ation

in
th

e
sto

ch
astic

p
rogram

m
in

g
literatu

re).
O

u
r

stu
d
y

of
asy

m
p
totics

m
akes

p
recise

th
e

asy
m

p
totic

effi
cien

cy
loss

of
th

e
ro

b
u
st

p
ro

ced
u
re

ov
er

m
in

im
izin

g
th

e
stan

d
ard

(asy
m

p
totically

op
tim

al)
em

p
irical

ex
p

ectation
:

th
ere

is
a

b
ias

term
th

at
scales

as
√
ρ
/n

in
th

e
lim

itin
g

d
istrib

u
tion

of
θ̂

ro
b

n
,

th
ou

gh
its

varian
ce

is
op

tim
al.

o

W
e

com
p
lem

en
t

ou
r

th
eoretical

resu
lts

in
S
ection

5,
w

h
ere

w
e

con
clu

d
e

b
y

p
rov

id
in

g
th

ree
ex

p
erim

en
ts

com
p
arin

g
em

p
irical

risk
m

in
im

ization
strategies

to
rob

u
stly

-regu
larized

risk
m

in
im

ization
(6).

T
h
ese

resu
lts

valid
ate

ou
r

th
eo

retical
p
red

iction
s,

sh
ow

in
g

th
at

th
e

rob
u
st

solu
tion

s
are

a
p
ractical

altern
a
tiv

e
to

em
p
irical

risk
m

in
im

ization
.

In
p
articu

lar,
w

e
ob

serve
th

at
th

e
rob

u
st

solu
tion

s
ou

tp
erform

th
eir

E
R

M
cou

n
terp

arts
o
n

“h
ard

er”
in

stan
ces

w
ith

h
igh

er
varian

ce.
In

classifi
cation

p
rob

lem
s,

for
ex

a
m

p
le,

th
e

rob
u
stly

regu
larized

es-
tim

ators
ex

h
ib

it
an

in
terestin

g
trad

eo
ff

,
w

h
ere

th
ey

im
p
rove

p
erform

an
ce

on
rare

classes
(w

h
ere

E
R

M
u
su

ally
sacrifi

ces
p

erform
an

ce
to

im
p
rove

th
e

com
m

on
cases—

in
creasin

g
vari-

an
ce

sligh
tly

)
at

m
in

or
cost

in
p

erform
an

ce
on

com
m

on
classes.

R
e
la

te
d

W
o
rk

T
h
e

th
eoretical

fou
n
d
ation

s
of

em
p
irical

risk
m

in
im

ization
are

solid
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ig

h
tl

y
si

m
p
le

r
p
ro

b
le

m
,

w
h
ic

h
is

to
st

u
d
y

th
e

q
u
ad

ra
ti

ca
ll
y

co
n
st

ra
in

ed
li
n
ea

r
m

ax
im

iz
at

io
n

p
ro

b
le

m

m
ax

im
iz

e
p

n ∑ i=
1

p
iz
i

su
b

je
ct

to
p
∈
P n

=

{ p
∈
R
n +

:
1 2
‖n
p
−

1
‖2 2
≤
ρ
,〈

1
,p
〉=

1}
,

(8
)
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V
a
r
ia
n
c
e
-b
a
se

d
R
e
g
u
l
a
r
iz
a
t
io
n
w
it
h
C
o
n
v
e
x
O
b
je
c
t
iv
e
s

w
h
ere

z
∈

R
n

is
a

vector.
F

or
sim

p
licity,

let
s

2n
=

1n ‖
z‖

22 −
( z

)
2

=
1n ‖z−

z‖
22

d
en

ote
th

e
em

p
irica

l
“
va

rian
ce”

of
th

e
v
ector

z
,

w
h
ere

z
=

1n 〈1
,z〉

is
th

e
m

ean
valu

e
of
z
.

T
h
en

b
y

in
tro

d
u
cin

g
th

e
variab

le
u

=
p−

1n
1

,
th

e
ob

jective
in

p
rob

lem
(8)

satisfi
es〈p

,z〉
=
z
+
〈u
,z〉

=
z

+
〈u
,z−

z〉
b

ecau
se
〈u
,1〉

=
0.

T
h
u
s

p
rob

lem
(8)

is
eq

u
ivalen

t
to

solv
in

g

m
a
x
im

ize
u∈

R
n

z
+
〈u
,z−

z〉
su

b
ject

to
‖u‖

22 ≤
2ρ

n
2
,
〈1
,u〉

=
0,
u
≥
−

1n
.

N
o
ta

b
ly,

b
y

th
e

C
au

ch
y
-S

ch
w

arz
in

eq
u
ality,

w
e

h
ave〈u

,z−
z〉≤

√
2ρ‖z−

z‖
2
/n

=
√

2ρ
s

2n
/n

,
a
n
d

eq
u
a
lity

is
attain

ed
if

an
d

on
ly

if

u
i

=

√
2
ρ
(z
i −

z
)

n‖
z−

z‖
2

=

√
2ρ

(z
i −

z
)

n √
n
s

2n

.

It
is

p
o
ssib

le
to

ch
o
ose

su
ch

u
i

w
h
ile

sa
tisfy

in
g

th
e

con
strain

t
u
i ≥
−

1/n
if

an
d

on
ly

if

m
in

i∈
[n

] √
2ρ

(z
i −

z
)

√
n
s

2n

≥
−

1.
(9)

T
h
u
s,

if
in

eq
u
a
lity

(9)
h
old

s
for

th
e

vector
z
—

th
at

is,
th

ere
is

en
ou

gh
varian

ce
in
z
—

w
e

h
ave

su
p

p∈P
n 〈p

,z〉
=
z

+

√
2
ρ
s

2n

n
.

F
o
r

lo
sses

`(θ,X
)

w
ith

en
ou

gh
varian

ce
relative

to
`(θ,X

i )−
E
P̂
n
[`(θ,X

i )],
th

at
is,

th
ose

sa
tisfy

in
g

in
eq

u
ality

(9),
th

en
,

w
e

h
ave

R
n
(θ,P

n
)

=
E
P̂
n
[`(θ,X

)]+

√
2
ρ
V

ar
P̂
n
(`(θ,X

))

n
.

A
slig

h
t

ela
b

o
ration

of
th

is
argu

m
en

t,
cou

p
led

w
ith

th
e

ap
p
lication

of
a

few
con

cen
tration

in
eq

u
a
lities,

y
ield

s
th

e
n
ex

t
th

eorem
.

T
h
e

th
eorem

as
stated

ap
p
lies

o
n
ly

to
b

o
u
n
d
ed

ra
n
d
o
m

va
ria

b
les,

b
u
t

in
su

b
seq

u
en

t
section

s
w

e
relax

th
is

assu
m

p
tion

b
y

a
p
p
ly

in
g

th
e

ch
a
ra

cteriza
tio

n
(9)

of
th

e
ex

act
ex

p
an

sion
.

A
s

u
su

al,
w

e
assu

m
e

th
at
φ

(t)
=

12 (t−
1)

2
in

o
u
r

d
efi

n
itio

n
o
f

th
e
φ

-d
ivergen

ce.

T
h

e
o
re

m
1

L
et
Z

be
a

ra
n

d
o
m

va
ria

ble
ta

kin
g

va
lu

es
in

[0,M
].

L
et
σ

2
=

V
ar(Z

)
a
n

d
s

2n
=

E
P̂
n
[Z

2]−
E
P̂
n
[Z

] 2
d
en

o
te

th
e

po
p
u

la
tio

n
a
n

d
sa

m
p
le

va
ria

n
ce

o
f
Z

,
respectively.

F
ix

ρ
≥

0.
T

h
en

(
√

2ρn
s

2n −
2M

ρ

n

)

+

≤
su

pP

{E
P

[Z
]

:
D
φ
(P
||P̂

n
)≤

ρn }
−

E
P̂
n
[Z

]≤
√

2ρn
s

2n
.

(10)

M
o
reo

ver,
fo

r
n
≥

m
ax {

2
,
M

2

σ
2

m
ax{

8
σ
,44} }

,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
ex

p (−
3
n
σ
2

5
M

2 )

su
p

P
:D
φ

(P
||P̂
n

)≤
ρn E

P
[Z

]
=

E
P̂
n
[Z

]+

√
2
ρn
s

2n
.

(11)
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D
u
c
h
i
a
n
d

N
a
m
k
o
o
n
g

S
ee

S
ection

A
for

th
e

p
ro

of
of

T
h
eorem

1.

In
eq

u
ality

(10)
an

d
th

e
ex

act
ex

p
an

sion
(1

1)
sh

ow
th

a
t,

at
least

for
b

ou
n
d
ed

loss
fu

n
c-

tion
s
`,

th
e

rob
u
stly

regu
larized

risk
(4)

is
a

n
atu

ral
(an

d
con

vex
)

su
rrogate

for
em

p
irical

risk
p
lu

s
stan

d
ard

d
ev

iation
of

th
e

loss,
an

d
th

e
rob

u
st

form
u
lation

ap
p
rox

im
ates

ex
act

varian
ce

regu
larization

w
ith

a
con

vex
p

en
alty.

In
th

e
seq

u
el,

w
e

lev
erage

th
is

resu
lt

to
p
rov

id
e

sh
arp

gu
aran

tees
for

a
n
u
m

b
er

of
sto

ch
astic

risk
m

in
im

ization
p
rob

lem
s.

2
.2

.
U

n
ifo

rm
v
a
ria

n
c
e

e
x
p

a
n

sio
n

s

W
e

n
ow

tu
rn

to
a

m
ore

u
n
iform

varian
t

of
T

h
eorem

1,
w

h
ich

d
ep

en
d
s

on
fam

iliar
n
otion

s
of

fu
n
ction

com
p
lex

ity
b
ased

on
R

ad
em

ach
er

averages.
F

or
a

sam
p
le
x

1 ,...,x
n

an
d

i.i.d
.

ran
d
om

sign
s
ε
i ∈
{−

1
,1},

in
d
ep

en
d
en

t
of

th
e
x
i ,

th
e

em
p
irical

R
ad

em
ach

er
com

p
lex

ity
of

th
e

classF
is

R
n
(F

)
:=

E

[
su

p
f∈F

1n

n
∑i=

1

ε
i f

(x
i ) ]

.

T
h
e

w
o
rst-ca

se
R

ad
em

ach
er

com
p
lex

ity
(S

reb
ro

et
al.,

2010)
is

R
su

p
n

(F
)

:=
su

p
x
1
,...,x

n ∈X
E

[
su

p
f∈F

∣∣∣∣∣ 1n

n
∑i=

1

ε
i f

(x
i ) ∣∣∣∣∣ ]

.

F
or

ex
am

p
le,

w
h
en
F

is
a

class
of

fu
n
ction

s
b

ou
n
d
ed

b
y
M

w
ith

V
C

-su
b
grap

h
d
im

en
sion

d
,

w
e

h
ave

th
e

in
eq

u
alities

E
[R

n
(F

)]≤
R

su
p

n
(F

).
M
√

dn
.

S
ee

va
n

d
er

V
aart

a
n
d

W
elln

er

(1996,
C

h
ap

ter
2)

an
d

B
artlett

an
d

M
en

d
elson

(2002)
for

oth
er

b
ou

n
d
s.

W
ith

th
is

d
efi

n
ition

,
w

e
p
rov

id
e

a
resu

lt
sh

ow
in

g
th

at
th

e
varian

ce
ex

p
an

sion
(5)

h
old

s
u
n
iform

ly
for

all
fu

n
ction

s
w

ith
en

o
u

gh
varian

ce.

T
h

e
o
re

m
2

L
etF

be
a

co
llectio

n
o
f

bo
u

n
d
ed

fu
n

ctio
n

s
f

:X
→

[0,M
],

a
n

d
M
≤
n

.
T

h
ere

exists
a

u
n

iversa
l

co
n

sta
n

t
C

su
ch

th
a
t

if
τ

2
>

0
sa

tisfi
es

τ
2≥

4
ρ
M

2

n
+
C

[
R

su
p

n
(F

)
2

log
3
n

+
M

2

n
(t

+
log

log
n

) ]
.

T
h
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
3e −

t

su
p

P
:D
φ

(P
||P̂
n

)≤
ρn E

P
[f

(X
)]

=
E
P̂
n
[f

(X
)]+

√
2ρn

V
ar
P̂
n
(f

(X
))

(12)

fo
r

a
ll
f
∈
F

su
ch

th
a
t

V
ar(f

)≥
τ

2.

W
e

p
rove

th
e

th
eorem

in
S
ection

B
.

T
h
eo

rem
2

sh
ow

s
th

at
th

e
varian

ce
ex

p
an

sion
of

T
h
eo-

rem
1

h
old

s
u
n
iform

ly
for

all
fu

n
ction

s
f

w
ith

su
ffi

cien
t

varian
ce.

A
n

asy
m

p
totic

an
alogu

e
of

th
e

eq
u
ality

(12)
for

h
eav

ier
tailed

ran
d
om

variab
les

is
also

p
ossib

le
(D

u
ch

i
et

al.,
2016).

In
th

e
rem

ain
d
er

of
th

e
section

,
w

e
p
rov

id
e

ex
am

p
les

a
n
d

ap
p
lication

s
of

th
e

th
eorem

.
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V
a
r
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n
c
e
-b
a
se

d
R
e
g
u
l
a
r
iz
a
t
io
n
w
it
h
C
o
n
v
e
x
O
b
je
c
t
iv
e
s

2
.2
.1
.
L
in
e
a
r
a
n
d

m
a
r
g
in
-b
a
se

d
l
o
ss
e
s

C
on

si
d
er

a
st

an
d
ar

d
m

ar
gi

n
-b

as
ed

cl
as

si
fi
ca

ti
on

p
ro

b
le

m
(B

ar
tl

et
t

an
d

M
en

d
el

so
n
,

20
02

),
w

h
er

e
w

e
h
av

e
d
at

a
p
ai

rs
(x
,y

)
∈
X
×
{−

1
,1
},

an
d
X
⊂

R
d
.

L
et

Θ
⊂

R
d

b
e

a
n
or

m
b
al

l
of

ra
d
iu

s
r(

Θ
),

Θ
=
{θ
∈

R
d
|‖
θ‖
≤
r}

,
an

d
le

t
‖·
‖ ∗

b
e

th
e

as
so

ci
at

ed
d
u
al

n
or

m
,

as
su

m
in

g
al

so
th

at
X
⊂
{x
∈
R
d
|‖
x
‖ ∗
≤
r(
X

)}
.

W
e

m
ay

th
en

co
n
si

d
er

th
e

st
an

d
ar

d
lo

ss
m

in
im

iz
at

io
n

se
tt

in
g,

w
h
er

e
fo

r
so

m
e

n
on

-i
n
cr

ea
si

n
g

an
d

1-
L

ip
sc

h
it

z
lo

ss
`

:
R
→

R
+

,
w

e
h
av

e
th

e
ri

sk
R

(θ
)

:=
E

[`
(Y
〈θ
,X
〉)

],

so
th

at
`(
y
〈x
,θ
〉)

is
th

e
lo

ss
su

ff
er

ed
b
y

m
ak

in
g

p
re

d
ic

ti
on
〈θ
,x
〉w

h
en

th
e

la
b

el
is
y
.

B
y

ta
k
in

g
th

e
fu

n
ct

io
n

cl
as

s
F

=
{(
x
,y

)
7→
`(
y
〈x
,θ
〉)
−
`(

0)
|θ
∈

Θ
},

in
th

is
ca

se
,
a
n

ap
p
li
ca

ti
o
n

of
th

e
L

ed
ou

x
-T

al
ag

ra
n
d

co
n
tr

ac
ti

on
in

eq
u
al

it
y

(L
ed

ou
x

an
d

T
al

ag
ra

n
d
,

19
91

)
im

p
li
es

fo
r

an
y
y 1
,x

1
,.
..
,y
n
,x

n
th

at

E

[ su
p

θ
∈Θ

∣ ∣ ∣ ∣ ∣
n ∑ i=

1

ε i
[`

(y
i
〈θ
,x

i〉)
−
`(

0)
]∣ ∣ ∣ ∣ ∣]
≤

E

[ su
p

θ
∈Θ

∣ ∣ ∣ ∣ ∣
n ∑ i=

1

ε i
〈θ
,x

i〉∣ ∣ ∣ ∣ ∣]
≤
r(

Θ
)E

[ ∥ ∥ ∥ ∥
n ∑ i=

1

ε i
x
i∥ ∥ ∥ ∥ ∗

] .
(1

3)

E
x
a
m

p
le

1
(E

u
c
li
d

e
a
n

n
o
rm

s)
In

th
e

a
bo

ve
co

n
te

xt
,

su
p
po

se
th

a
t

n
o
rm
‖·
‖

is
th

e
st

a
n

-
d
a
rd
` 2

E
u

cl
id

ea
n

n
o
rm

so
th

a
t

Θ
is

co
n

ta
in

ed
in

a
n
` 2

-b
a
ll

o
f

ra
d
iu

s
r(

Θ
),

a
n

d
X
⊂

R
d

in
a
n
` 2

ba
ll

o
f

ra
d
iu

s
r(
X

).
T

h
en

J
en

se
n’

s
in

eq
u

a
li

ty
a
n

d
in

d
ep

en
d
en

ce
o
f
ε i

’s
gi

ve
th

e
bo

u
n

d

E[
‖
n ∑ i=

1

ε i
x
i‖

]
≤

√ √ √ √
E

d ∑ j=
1

(
n ∑ i=

1

ε i
x
ij

)
2

≤
r(
X

)√
n
.

T
h
en

,
in

eq
u

a
li

ty
(1

3)
a
n

d
T

h
eo

re
m

1
im

p
ly

th
a
t

su
p

P
:D
φ

(P
||P̂
n

)≤
ρ n

E P
[`

(Y
〈θ
,X
〉)

]
=

E P̂
n
[`

(Y
〈θ
,X
〉)

]+

√
2ρ n

V
ar
P̂
n
(`

(Y
〈θ
,X
〉)

)

fo
r

a
ll
θ

sa
ti

sf
yi

n
g

V
ar

(`
(Y
〈θ
,X
〉)

)
≥
r(
X

)2
r(

Θ
)2

n

[ 4ρ
+
C

lo
g

3
n

+
C
t]
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
e−

t .

E
x
a
m

p
le

2
(H

ig
h

-d
im

e
n

si
o
n

a
l

p
ro

b
le

m
s)

In
h
ig

h
d
im

en
si

o
n

a
l
p

ro
bl

em
s,

th
e

E
u

cl
id

ea
n

sc
a
li

n
g

o
f

E
xa

m
p
le

1
m

a
y

be
p
ro

bl
em

a
ti

c,
so

th
a
t

u
si

n
g
` 1

-c
o
n

st
ra

in
ts

is
p
re

fe
rr

ed
(B

ü
h
lm

a
n

n
a
n

d
va

n
d
e

G
ee

r,
2
0
1
1
).

T
h
u

s,
ta

ki
n

g
th

e
n

o
rm
‖·
‖i

n
th

e
p
re

ce
d
in

g
to

be
th

e
` 1

n
o
rm

,
so

th
a
t

Θ
⊂
{θ
∈

R
d
|‖
θ‖

1
≤
r 1

(Θ
)}

a
n

d
‖·
‖ ∗

=
‖·
‖ ∞

,
th

en
E[
‖∑

n i=
1
ε i
x
i‖
∞

]
≤
r(
X

)√
n

lo
g
(2
d
),

w
h
er

e
r ∞

(X
)

d
en

o
te

s
th

e
` ∞

-r
a
d
iu

s
o
f
X
⊂

R
d
.

T
h
u

s,
if

w
e

ta
ke

th
e

lo
ss

cl
a
ss
F

=
{`

(〈
θ,
·〉)
−
`(

0)
|θ
∈

Θ
},

w
e

o
bt

a
in

R
su

p
n

(F
)
.

su
p

x
1
,.
..
,x
n
∈X

r 1
(Θ

)

n
E

[ ∥ ∥ ∥ ∥
n ∑ i=

1

ε i
x
i∥ ∥ ∥ ∥ ∞

]
≤
r 1

(Θ
)r
∞

(X
)√

lo
g
(2
d
)

n
.

T
h
en

th
e

ex
a
ct

va
ri

a
n

ce
ex

pa
n

si
o
n

(1
2)

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
e−

t
u

n
if

o
rm

ly
o
ve

r

θ
sa

ti
sf

yi
n

g
V

ar
(`

(Y
〈θ
,X
〉)

)
≥

r 1
(Θ

)2
r ∞

(X
)2

n
[4
ρ

+
C

lo
g
d
·l

og
3
n

+
C
t]

.
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D
u
c
h
i
a
n
d

N
a
m
k
o
o
n
g

2
.2
.2
.
C
o
v
e
r
in
g

n
u
m
b
e
r
g
u
a
r
a
n
t
e
e
s

It
is

al
so

p
os

si
b
le

to
p
ro

v
id

e
gu

ar
an

te
es

on
th

e
ex

ac
t

va
ri

an
ce

ex
p
an

si
on

u
si

n
g

st
a
n
d
a
rd

co
v
-

er
in

g
n
u
m

b
er

s,
th

ou
gh

ca
re

fu
l

ar
gu

m
en

ts
b
as

ed
on

R
ad

em
ac

h
er

co
m

p
le

x
it

y
ca

n
b

e
ti

g
h
te

r.
W

e
b

eg
in

b
y

re
ca

ll
in

g
th

e
ap

p
ro

p
ri

at
e

n
ot

io
n
s

fr
om

ap
p
ro

x
im

at
io

n
th

eo
ry

.
L

et
V

b
e

a
ve

ct
or

sp
ac

e
an

d
V
⊂
V

b
e

an
y

co
ll
ec

ti
on

of
v
ec

to
rs

in
V.

L
et
‖·
‖

b
e

a
(s

em
i)

n
or

m
o
n
V.

W
e

sa
y

a
co

ll
ec

ti
on

v 1
,.
..
,v
N
⊂
V

is
an

ε-
co

ve
r

of
V

if
fo

r
ea

ch
v
∈
V,

th
er

e
ex

is
ts
v i

su
ch

th
a
t

‖v
−
v i
‖
≤
ε.

T
h
e

co
ve

ri
n

g
n

u
m

be
r

of
V

w
it

h
re

sp
ec

t
to
‖·
‖

is
th

en

N
(V
,ε
,‖
·‖

)
:=

in
f
{N
∈
N

:
th

er
e

is
an

ε-
co

ve
r

of
V

w
it

h
re

sp
ec

t
to
‖·
‖}
.

N
ow

,
le

t
F

b
e

a
co

ll
ec

ti
on

of
fu

n
ct

io
n
s
f

:
X
→

R
,

an
d

d
efi

n
e

th
e
L
∞

(X
)

n
o
rm

o
n
f

b
y

‖f
−
g
‖ L
∞

(X
)

:=
su

p
x
∈X
|f

(x
)
−
g
(x

)|.

W
e

al
so

re
la

x
ou

r
co

v
er

in
g

n
u
m

b
er

re
q
u
ir

em
en

ts
to

em
p
ir

ic
al
` ∞

-c
ov

er
in

g
n
u
m

b
er

s
a
s

fo
l-

lo
w

s.
D

efi
n
e
F

(x
)

=
{(
f

(x
1
),
..
.,
f

(x
n
))

:
f
∈
F
}

fo
r
x
∈
X
n
,

an
d

d
efi

n
e

th
e

em
p
ir

ic
al

` ∞
-c

ov
er

in
g

n
u
m

b
er

s
N
∞

(F
,ε
,n

)
=

su
p

x
∈X

n
N

(F
(x

),
ε,
‖·
‖ ∞

)
,

w
h
ic

h
b

ou
n
d

th
e

n
u
m

b
er

of
` ∞

-b
al

ls
of

ra
d
iu

s
ε

re
q
u
ir

ed
to

co
ve

r
F

(x
).

N
o
te

th
a
t

w
e

al
w

ay
s

h
av

e
N
∞

(F
,ε
,n

)
≤
N

(F
,ε
,‖
·‖
L
∞

(X
))

b
y

d
efi

n
it

io
n
.

T
h
e

cl
as

si
ca

l
D

u
d
le

y
en

tr
o
p
y

in
te

gr
al

(D
u
d
le

y
,
19

99
;
va

n
d
er

V
aa

rt
an

d
W

el
ln

er
,
19

96
)

sh
ow

s
th

a
t,

if
P
n

d
en

o
te

s
th

e
p

o
in

t
m

as
se

s
on

x
1
,.
..
,x

n
an

d
‖·
‖ L

2
(P
n

)
th

e
em

p
ir

ic
al
L

2
-n

or
m

on
fu

n
ct

io
n
s
f

:
X
→

[−
M
,M

],
th

en

E

[ 1 n
su

p
f
∈F

∣ ∣ ∣ ∣ ∣
n ∑ i=

1

ε i
f

(x
i)

∣ ∣ ∣ ∣ ∣]
.

in
f

δ
≥

0

{ δ
+

1 √
n

∫
M

δ

√
lo

g
N

(F
,ε
,‖
·‖
L
2
(P
n

))
d
ε}

≤
in

f
δ
≥

0

{ δ
+

1 √
n

∫
M

δ

√
lo

g
N
∞

(F
,ε
,n

)d
ε}

.
(1

4
)

O
u
r

m
ai

n
(e

ss
en

ti
al

ly
st

an
d
ar

d
(v

a
n

d
er

V
aa

rt
an

d
W

el
ln

er
,

19
96

))
m

ot
iv

a
ti

n
g

ex
a
m

p
le

is
th

at
of

L
ip

sc
h
it

z
lo

ss
fu

n
ct

io
n
s

fo
r

a
p
ar

am
et

ri
c

se
t

Θ
,

as
fo

ll
ow

s.

E
x
a
m

p
le

3
L

et
Θ
⊂

R
d

a
n

d
a
ss

u
m

e
th

a
t
`

:
Θ
×
X
→

[0
,M

]
is
L

-L
ip

sc
h
it

z
in

θ
w

it
h

re
sp

ec
t

to
th

e
` 2

-n
o
rm

fo
r

a
ll
x
∈
X

,
m

ea
n

in
g

th
a
t
|`(
θ,
x

)
−
`(
θ′
,x

)|
≤
L
‖θ
−
θ′
‖ 2

.
T

h
en

ta
ki

n
g
F

=
{`

(θ
,·)

:
θ
∈

Θ
},

a
n

y
ε-

co
ve

ri
n

g
{θ

1
,.
..
,θ
N
}

o
f

Θ
in
` 2

-n
o
rm

gu
a
ra

n
te

es
th

a
t

m
in
i
|`(
θ,
x

)
−
`(
θ i
,x

)|
≤
L
ε

fo
r

a
ll
θ,
x

.
T

h
a
t

is
,

N
(F
,ε
,‖
·‖
L
∞

(X
))
≤
N

(Θ
,ε
/L
,‖
·‖

2
)
≤
( 1

+
d
ia

m
(Θ

)L

ε

) d
,

w
h
er

e
d
ia

m
(Θ

)
=

su
p
θ
,θ
′ ∈

Θ
‖θ
−
θ′
‖ 2

.
T

h
u

s
` 2

-c
o
ve

ri
n

g
n

u
m

be
rs

o
f

Θ
co

n
tr

o
l
L
∞

-c
o
ve

ri
n

g
n

u
m

be
rs

o
f

th
e

fa
m

il
y
F

,
a
n

d
w

e
h
a
ve

by
th

e
en

tr
o
p
y

in
te

gr
a
l

(1
4)

th
a
t

R
su

p
n

(F
)
.
√
d n

∫
d

ia
m

(Θ
)L

0

√
lo

g
d
ia

m
(Θ

)L

ε
d
ε
.

d
ia

m
(Θ

)L

√
d n
.

T
h
a
t

is
,

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

,
fo

r
a
ll
θ

su
ch

th
a
t

V
ar

(`
(θ
,X

))
≥

4
M

2
ρ

n
+

C
d

d
ia

m
(Θ

)2
L
2

lo
g
3
n

n
,

w
e

h
a
ve

th
e

ex
a
ct

va
ri

a
n

ce
ex

pa
n

si
o
n

(1
2)

.
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V
a
r
ia
n
c
e
-b
a
se

d
R
e
g
u
l
a
r
iz
a
t
io
n
w
it
h
C
o
n
v
e
x
O
b
je
c
t
iv
e
s

3
.

O
p
tim

iza
tio

n
b
y

M
in

im
izin

g
th

e
R

o
b
u
st

L
o
ss

B
ased

o
n

th
e

p
recise

varian
ce

ex
p
an

sion
s

in
th

e
p
reced

in
g

section
,

it
is

n
atu

ral
to

ex
p

ect
th

a
t

th
e

ro
b
u
st

solu
tion

(6)
au

tom
atically

trad
es

b
etw

een
ap

p
rox

im
atio

n
an

d
estim

ation
erro

r.
T

h
is

in
tu

ition
is

accu
rate,

an
d

w
e

sh
ow

th
at

th
e

rob
u
stly

regu
larized

ob
jective

R
n
(θ;P

n
)

overestim
ates

th
e

p
op

u
lation

risk
R

(θ)
b
y

at
m

ost
O

(1/n
).

B
y

v
irtu

e
of

op
tim

iz-
in

g
th

is
tig

h
ter

ap
p
rox

im
ation

—
as

op
p

osed
to

th
e

u
su

al
O

(1/ √
n

)-ap
p
rox

im
ation

given
b
y

th
e

em
p
irica

l
risk

E
P̂
n
[`(θ;X

)]—
th

e
rob

u
stly

regu
larized

solu
tion

(6)
en

joy
s

a
n
u
m

b
er

of
favo

ra
b
le

fi
n
ite-sam

p
le

p
rop

erties,
w

h
ich

are
n
ot

alw
ay

s
com

p
arab

le
to

th
ose

for
em

p
irical

risk
m

in
im

iza
tion

(E
R

M
).

In
S
ectio

n
3.1,

w
e

p
resen

t
tw

o
version

s
of

ou
r

m
ain

resu
lt

th
a
t

d
ep

en
d

on
coverin

g
n
u
m

b
ers

a
n
d

d
iscu

ss
th

eir
con

seq
u
en

ces,
an

d
w

e
p
rov

id
e

an
ex

am
p
le

w
h
ere

th
e

rob
u
stly

reg
u
la

rized
so

lu
tion

θ̂
ro

b
n

ach
ieves

a
tigh

ter
ex

cess
risk

b
ou

n
d

com
p
ared

to
th

o
se

th
at

a
stra

ig
h
tfo

rw
a
rd

ap
p
lication

of
lo

calized
R

ad
em

ach
er

com
p
lex

ities
(B

artlett
et

al.,
2005)

sh
ow

th
a
t

th
e

E
R

M
solu

tion
θ̂

erm
n

ach
ieves.

A
s

ev
id

en
ced

b
y

th
e

su
b
stan

tial
w

ork
on

R
a
d
em

a
ch

er-
a
n
d

G
au

ssian
-com

p
lex

ity
an

d
sy

m
m

etrization
,

in
som

e
in

stan
ces

coverin
g-

n
u
m

b
er-b

a
sed

argu
m

en
ts

d
o

n
ot

p
rov

id
e

th
e

sh
arp

est
scalin

g
(B

artlett
an

d
M

en
d
elson

,
2
0
0
2
;

B
a
rtlett

et
al.,

2005;
S
reb

ro
et

al.,
2010);

th
u
s,

in
S
ection

3.2
w

e
p
resen

t
a

version
of

o
u
r

m
ain

resu
lt

th
at

d
ep

en
d
s

on
lo

calized
R

ad
em

ach
er

com
p
lex

ities,
w

h
ich

can
allow

m
ore

refi
n
ed

u
n
ifo

rm
con

cen
tration

b
ou

n
d
s

th
an

coverin
g

n
u
m

b
ers.

W
e

also
p
rov

id
e

a
con

crete
(b

u
t

a
d
m

itted
ly

som
ew

h
at

con
trived

)
ex

am
p
le

w
h
ere

ou
r

rob
u
stly

reg
u
larized

p
ro

ced
u
re

(6)
a
ch

ieves
R

(θ̂
ro

b
n

)−
in

f
θ∈

Θ
R

(θ).
lo

g
n

n
,

w
h
ile

em
p
irical

risk
m

in
im

ization
su

ff
ers

R
(θ̂

erm
n

)−
in

f
θ∈

Θ
R

(θ)&
1√n

,
in

S
ection

3.3.
T

h
e

rob
u
st

“regu
larizer”

h
as

in
varian

ce
p
rop

erties
oth

er

reg
u
la

rizatio
n

p
ro

ced
u
res

d
o

n
ot,

an
d

w
e

m
en

tion
th

ese
b
riefl

y
in

S
ection

3.4
.

3
.1

.
C

o
v
e
rin

g
a
rg

u
m

e
n
ts

O
u
r

fi
rst

g
u
a
ra

n
tee

d
ep

en
d
s

on
th

e
cov

erin
g

n
u
m

b
ers

of
th

e
fu

n
ction

classF
as

w
e

d
escrib

e
in

S
ectio

n
2
.2

.2
.

W
h
ile

w
e

state
ou

r
resu

lts
ab

stractly,
in

th
e

loss
m

in
im

ization
settin

g
w

e
ty

p
ica

lly
co

n
sid

er
th

e
fu

n
ction

classF
:=
{`(θ,·)

:
θ∈

Θ
}

p
aram

eterized
b
y
θ.

W
e

h
ave

th
e

fo
llow

in
g

th
eorem

,
w

h
ere

as
u
su

al,
w

e
letF

b
e

a
collection

of
fu

n
ction

s
f

:X
→

[M
0 ,M

1 ]
w

ith
M

=
M

1 −
M

0 .

T
h

e
o
re

m
3

L
et
n
≥

8M
2/t,

t≥
log

12,
ε
>

0
,

a
n

d
ρ
≥

9t.
T

h
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
2
(3N

∞
(F
,ε,2n

)
+

1)e −
t,

E
[f

(X
)]≤

su
p

P
:D
φ

(P
||P̂
n

)≤
ρn E

P
[f

(X
)]+

113

M
ρ

n
+

(
2

+
4 √

2
tn

)
ε

(15)

fo
r

a
ll
f
∈
F

.
D

efi
n

in
g

th
e

em
p

irica
l

m
in

im
izer

f̂
∈

argm
in

f∈F

{
su

pP

{E
P

[f
(X

)]
:
D
φ
(P
||P̂

n
)≤

ρn } }

w
e

h
a
ve

w
ith

th
e

sa
m

e
p
ro

ba
bility

th
a
t

E
[f̂

(X
)]≤

in
f

f∈F

{
E

[f
]+

2 √
2ρn

V
ar(f

) }
+

19
M
ρ

3
n

+

(
2

+
4 √

2tn

)
ε.

(16)
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D
u
c
h
i
a
n
d

N
a
m
k
o
o
n
g

S
ee

S
ection

C
for

a
p
ro

of
of

th
e

th
eorem

.
B

ecau
se

u
n
iform

L
∞

-coverin
g

n
u
m

b
ers

u
p
p

er
b

ou
n
d

em
p
irical

L
∞

-coverin
g

n
u
m

b
ers,

it
is

im
m

ed
iate

th
at

coverin
gF

in
‖·‖

L
∞

(X
)

p
rov

id
es

an
id

en
tical

resu
lt.

3
.1
.1
.
C
o
v
e
r
in
g

b
o
u
n
d
s:

c
o
r
o
l
l
a
r
ie
s

W
e

tu
rn

to
a

n
u
m

b
er

of
corollaries

th
at

ex
p
an

d
on

T
h
eorem

3
to

in
vestiga

te
its

con
seq

u
en

ces.
O

u
r

fi
rst

corollary
sh

ow
s

th
at

T
h
eorem

3
ap

p
lies

to
stan

d
a
rd

V
ap

n
ik

-C
h
ervon

en
k
is

(V
C

)
classes.

A
s

V
C

d
im

en
sion

is
p
reserv

ed
th

rou
gh

com
p

osition
,

th
is

resu
lt

also
ex

ten
d
s

to
th

e
p
ro

ced
u
re

(6)
in

ty
p
ical

em
p
irical

risk
m

in
im

ization
scen

arios.

C
o
ro

lla
ry

4
In

a
d
d
itio

n
to

th
e

co
n

d
itio

n
s

o
f

T
h
eo

rem
3
,

letF
h
a
ve

fi
n

ite
V

C
-d

im
en

sio
n

V
C

(F
).

T
h
en

fo
r

a
n

u
m

erica
l

co
n

sta
n

t
c
<
∞

,
th

e
bo

u
n

d
s

(15)
a
n

d
(16)

h
o
ld

w
ith

p
ro

ba
bility

a
t

lea
st

1−
(
c
V
C

(F
) (

16M
n
e

ε

)
V
C

(F
)−

1

+
2 )

e −
t.

P
ro

o
f

L
et‖

f‖
L
1
(Q

)
:=
∫
|f

(x
)|d
Q

(x
)

d
en

ote
th

e
L

1-n
o
rm

on
F

for
th

e
p
rob

ab
ility

d
istri-

b
u
tion

Q
.

T
h
en

b
y

T
h
eorem

2.6.7
of

van
d
er

V
aart

an
d

W
elln

er
(1996),

w
e

h
av

e

su
p
Q
N

(F
,ε,‖·‖

L
1
(Q

) )≤
cV

C
(F

) (
8M

e

ε

)
V
C

(F
)−

1

for
a

n
u
m

erical
con

stan
t
c.

B
ecau

se
‖x‖∞

≤
‖x‖

1 ,
tak

in
g
Q

to
b

e
u
n
iform

on
x
∈
X

2
n

y
ield

s
N

(F
(x

),ε,‖·‖∞
)≤

N
(F
,
ε2
n
,‖·‖

L
1
(Q

) ).
T

h
e

resu
lt

is
im

m
ed

iate.

N
ex
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p
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⊂

R
d,

an
d

th
at

w
e

h
ave

a
ty

p
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h
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h
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∈
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d
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=
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=
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b
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∈
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∈
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∈
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≥
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√
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c
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9.

T
o

give
an

altern
ate

con
crete

varian
t

of
C

orolla
ry

5
an

d
T

h
eorem

3,
let

Θ
⊂
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∈
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=
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e
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.
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p
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δ

=
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−
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√
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p
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b
ab

il
it

y
gu

ar
an

te
e

th
at

th
e

tr
u
e

ex
p

ec
ta

ti
on

E[
f̂

]
ca

n
n
ot

b
e

m
or

e
th

an
O

(1
/n

)
w

or
se

th
an

it
s

ro
b
u
st

ly
-r

eg
u
la

ri
ze

d
em

p
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n
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p
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b
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at
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re
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at
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b
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p
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b
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at
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p
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p
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p
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b
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≤
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p
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p
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p
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b
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√
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p
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h
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p
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p
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p
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n d
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p
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m
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b
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p
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p
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p
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.
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is

ca
se

,

V
ar

(`
(θ
?
;Z

))
=
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=
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.
T

h
is

ga
p

is
o
f

co
u

rs
e

sm
a
ll

,
bu

t
it

sh
o
w

s
th

a
t

th
e

ro
bu

st
so

lu
ti

o
n

is
m

o
re

co
n

se
rv

a
ti

ve
:

it
ch

oo
se

s
θ̂

ro
b

n
so

th
a
t

la
rg

e
lo

ss
es

(o
f

sc
a
le

2
B

)
a
re

le
ss

fr
eq

u
en

t.

W
h
en

th
e

p
op

u
la

ti
on

p
ro

b
le

m
is

“e
a
sy

”,
it

is
of

te
n

p
os

si
b
le

to
ac

h
ie

ve
fa

st
er

ra
te

s
o
f

co
n
ve

rg
en

ce
th

an
th

e
u
su

al
O

(1
/√

n
)

ra
te

.
T

h
e

si
m

p
le

st
sc

en
ar

io
w

h
er

e
th

is
o
cc

u
rs

is
if

th
e

p
ro

b
le

m
is

re
al

iz
ab

le
R

(θ
?
)

=
0,

in
w

h
ic

h
ca

se
θ̂

er
m

n
h
as

ex
ce

ss
ri

sk
o
f

th
e

o
rd

er
O

(l
og
n
/n

);
se

e
th

e
b

ou
n
d

(1
9)

.
T

h
e

ro
b
u
st

ly
re

gu
la

ri
ze

d
so

lu
ti

on
θ̂

ro
b

n
en

jo
y
s

th
e

sa
m

e
fa

st
er

ra
te

s
of

co
n
ve

rg
en

ce
u
n
d
er

th
e

m
or

e
ge

n
er

al
co

n
d
it

io
n

th
at

V
ar

(`
(θ
?
;X

))
is

sm
a
ll
.

A
s

a
co

n
cr

et
e

in
st

an
ce

of
th

is
,

le
t
`(
θ;
X

)
∈

[0
,M

]
an

d
as

su
m

e
th

at
`(
θ;
X

)
sa

ti
sfi

es
th

e
co

n
d
it

io
n
s

of
th

e
fi
rs

t
p
ar

t
of

E
x
am

p
le

3,
an

d
le

t
th

e
p
ro

b
le

m
b

e
re

a
li
za

b
le
R

(θ
?
)

=
0
.

S
in

ce
V

ar
(`

(θ
;X

))
≤
M
R

(θ
),

w
e

h
av

e
fr

om
th

e
b

ou
n
d
s

(1
8)

an
d

(1
9)

th
at

R
(θ̂

er
m

n
)
≤
C
d
D
L

lo
g
n

n
a
n
d
R

(θ̂
ro

b
n

)
≤
C
d
D
L

lo
g
n

n
.

F
or

ex
am

p
le

,
V

ar
(`

(θ
;X

))
=

0
al

lo
w

s
fo

r
th

e
ex

is
te

n
ce

of
so

m
e
θ 0
∈

Θ
su

ch
th

a
t
`(
θ 0

;X
)
<

`(
θ?

;X
)

w
it

h
p

os
it

iv
e

p
ro

b
ab

il
it

y.
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V
a
r
ia
n
c
e
-b
a
se

d
R
e
g
u
l
a
r
iz
a
t
io
n
w
it
h
C
o
n
v
e
x
O
b
je
c
t
iv
e
s

3
.2

.
L

o
c
a
liz

e
d

R
a
d

e
m

a
ch

e
r

C
o
m

p
le

x
ity

A
so

m
ew

h
a
t

m
ore

sop
h
isticated

ap
p
roach

to
con

cen
tration

in
eq

u
alities

an
d

gen
eralization

b
o
u
n
d
s

is
b
a
sed

on
lo

calization
id

eas,
m

otivated
b
y

th
e

fact
th

at
n
ear

th
e

op
tim

u
m

of
a
n

em
p
irical

risk
,

th
e

com
p
lex

ity
of

th
e

fu
n
ction

class
m

ay
b

e
sm

aller
th

a
n

over
th

e
en

tire
(g

lo
b
a
l)

cla
ss

(van
d
er

V
aart

an
d

W
elln

er,
1996;

B
artlett

et
al.,

2005).
W

ith
th

is
in

m
in

d
,
w

e
n
ow

p
resen

t
a

refi
n
ed

version
of

T
h
eorem

3
th

at
d
ep

en
d
s

on
lo

calized
R

ad
em

ach
er

averages.

T
h
e

sta
rtin

g
p

oin
t

for
th

is
ap

p
roach

is
a

n
otion

of
lo

calized
R

ad
em

ach
er

com
p
lex

ity
(w

e
g
ive

a
slig

h
tly

less
gen

eral
n
otion

th
an

B
artlett

et
al.

(2005),
as

it
is

su
ffi

cien
t

for
ou

r
d
eriva

tio
n
s).

F
or

a
fu

n
ction

class
F

of
fu

n
ction

s
f

:X
→

R
,

th
e

lo
calized

R
ad

em
ach

er
co

m
p
lex

ity
a
t

level
r

isE
[R

n ({
cf
|
f
∈
F
,c∈

[0,1],E
[c

2f
2≤

r] })]
.

In
a
d
d
itio

n
,

w
e

req
u
ire

a
few

an
aly

tic
n
otion

s,
b

egin
n
in

g
w

ith
su

b-roo
t

fu
n
ction

s,
w

h
ere

w
e

reca
ll

(B
a
rtlett

et
al.,

2005)
th

at
a

fu
n
ction

ψ
:R

+
→

R
+

is
su

b-roo
t

if
it

is
n
on

n
egative,

n
o
n
d
ecreasin

g
,

an
d
r7→

ψ
(r)/ √

r
is

n
on

in
creasin

g
for

all
r
>

0.
A

n
y

n
on

-con
stan

t
su

b
-ro

ot
fu

n
ctio

n
ψ

is
co

n
tin

u
ou

s
an

d
h
as

a
u
n
iq

u
e

p
ositive

fi
x
ed

p
oin

t
r
?

=
ψ

(r
?),

w
h
ere

r
≥
ψ

(r)
fo

r
a
ll
r≥

r
?.

L
astly,

w
e

con
sid

er
u
p
p

er
b

ou
n
d
s
ψ
n

:R
+
→

R
+

on
th

e
lo

calized
R

a
d
em

ach
er

co
m

p
lex

ity
sa

tisfy
in

gψ
n
(r)≥

E
[R

n
({cf

:
f
∈
F
,c∈

[0,1],E
[c

2f
2]≤

r}
)],

(20)

w
h
ere

ψ
n

is
su

b
-ro

ot.
(T

h
e

lo
calized

R
ad

em
ach

er
com

p
lex

ity
itself

is
su

b
-ro

ot.)
R

o
o
ts

of
ψ
n

p
lay

a
fu

n
d
a
m

en
tal

role
in

p
rov

id
in

g
u
n
iform

con
vergen

ce
gu

aran
tees,

an
d

B
artlett

et
a
l.

(2
0
0
5
)

a
n
d

K
o
ltch

in
sk

ii
(2006)

p
rov

id
e

carefu
l

an
aly

ses
o
f

lo
ca

lized
R

ad
em

ach
er

com
p
lex

i-
ties,

w
ith

ty
p
ical

resu
lts

as
follow

s.
F

or
a

class
of

fu
n
ction

s
f

w
ith

ran
ge

b
ou

n
d
ed

b
y

1,
for

a
n
y

ro
o
t
r
?n

o
f
ψ
n
,

w
ith

p
rob

ab
ility

at
least

1−
e −

t
w

e
h
ave

E
[f

]≤
E
P̂
n
[f

]+
1η E

P̂
n
[f

]+
C

(1
+
η
) (
r
?n

+
1n )

+
tn

for
all

f
∈
F

an
d
η
≥

0
.

A
s

a
n

ex
a
m

p
le,

w
h
en
F

is
a

b
ou

n
d
ed

V
C

-class,
w

e
h
ave

r
?n
�

V
C

(F
)

lo
g
(n
/
V
C

(F
))

n
(B

artlett
et

a
l.,

20
0
5
,

C
o
rollary

3.7).

W
ith

th
is

m
otivation

,
w

e
h
ave

th
e

follow
in

g
th

eorem
.

T
h

e
o
re

m
6

F
o
r
M
≥

1
,

letF
be

a
co

llectio
n

o
f

fu
n

ctio
n

s
f

:X
→

[0,M
],

let
ψ
n

be
a

su
b-roo

t
fu

n
ctio

n
bo

u
n

d
in

g
th

e
loca

lized
co

m
p
lexity

(20),
a
n

d
let

r
?n
≥
ψ
n
(r
?n ).

L
et
t
>

0
be

a
rbitra

ry
a
n

d
a
ssu

m
e

th
a
t
ρ

sa
tisfi

es

ρn
≥

8 (
45
Mn

(
t

+
log ⌈

log
nt ⌉)

+
18
r
?n )

.
(21)

T
h
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
e −

t,

E
[f

]≤
(

1
+

2 √
2
ρn

)
su

p
P

:D
φ

(P
||P̂
n

)≤
ρn E

P
[f

]+

(
13

+
4 √

2ρn

)
M
ρ

n
fo

r
a
ll
f
∈
F
.

(22)
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D
u
c
h
i
a
n
d

N
a
m
k
o
o
n
g

A
d
d
itio

n
a
lly,

if
f̂

m
in

im
izes

su
p
P

:D
φ

(P
||P̂
n

)≤
ρ
/
n
E
P

[f
],

th
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
3e −

t,

E
[f̂

]≤
(

1
+

2 √
2ρn

)
in

f
f∈F

(
E

[f
]+

√
91ρ

4
5n

V
ar(f

) )
+

(
14

+
6 √

2ρn

)
M

(3ρ
+
t)

n
.

(23)

W
e

p
rov

id
e

th
e

p
ro

of
of

T
h
eorem

6
in

A
p
p

en
d
ix

D
.

It
b
u
ild

s
off

of
an

d
p
arallels

m
an

y
of

th
e

tech
n
iq

u
es

d
ev

elop
ed

b
y

B
artlett,

B
ou

sq
u
et,

an
d

M
en

d
elson

(2005),
b
u
t

w
e

req
u
ire

a
b
it

of
care

to
d
evelop

th
e

p
recise

varian
ce

b
ou

n
d
s

w
e

p
rov

id
e.

L
et

u
s

con
sid

er
th

e
ad

d
ition

al √
ρn

factors
in

T
h
eorem

6
(as

com
p
ared

to
T

h
eorem

3).

In
gen

eral,
th

ese
term

s
are

n
egligib

le
to

th
e

ex
ten

t
th

at
th

e
va

rian
ce

of
f

d
om

in
ates

th
e

fi
rst

m
om

en
t

of
th

e
fu

n
ction

f
—

h
eu

ristically,
in

situ
ation

s
in

w
h
ich

w
e

ex
p

ect
p

en
alizin

g
th

e
varian

ce
to

im
p
rove

p
erform

an
ce.

L
et

u
s

m
ake

th
is

m
ore

p
recise

in
a

regim
e

w
h
ere

n
is

large.
L

ettin
g
f
∈
F

,
w

e
see

th
at

w
e

h
ave

th
e

in
eq

u
ality

(1
+
√
ρ
/n

) (
E

[f
]+

√
ρn

V
ar(f

) )
≤

E
[f

]+
C

√
ρn

V
ar(f

)

(for
a

con
stan

t
C
>

1
+
√
ρ
/n

)
if

an
d

on
ly

if
(C
−

1−
√
ρ
/n

)
2V

ar(f
)≥

E
[f

] 2.
E

q
u
iva

len
tly,

as
n

gets
large,

th
is

o
ccu

rs
rou

gh
ly

w
h
en

E
[f

2]≥
C

2−
2
C

+
2

C
2−

2
C

+
1 E

[f
] 2,

w
h
ich

h
old

s
for

large
en

ou
gh

C
w

h
en

ever
V

ar(f
)
>

0.
In

som
e

scen
arios,

w
e

can
ob

tain
su

b
stan

tially
tigh

ter
b

ou
n
d
s

b
y

u
sin

g
lo

calized
R

a
d
em

ach
er

averages
in

stead
of

th
e

coverin
g

n
u
m

b
er

argu
m

en
ts

con
sid

ered
in

S
ection

3.1.
(R

ecall
also

th
e

d
iscu

ssion
follow

in
g

T
h
eorem

2.)
T

o
illu

striate
th

is
p

oin
t,

w
e

con
sid

er
th

e
case

w
h
ereF

is
a

b
ou

n
d
ed

su
b
set

of
a

rep
ro

d
u
cin

g
kern

el
H

ilb
ert

sp
ace

gen
erated

b
y

som
e

su
ffi

cien
tly

n
ice

kern
el
K

;
even

fo
r

th
e

G
au

ssian
kern

el
K

(x
,z

)
=

ex
p
(−

12 ‖
x
−
z‖

2),
log

coverin
g

n
u
m

b
ers

for
su

ch
fu

n
ction

sp
aces

grow
at

least
ex

p
on

en
tially

in
th

e
d
im

en
sion

(Z
h
ou

,
2003

;
K

ü
h
n
,

2011).

E
x
a
m

p
le

6
(R

e
p

ro
d

u
c
in

g
k
e
rn

e
ls

a
n

d
le

a
st-a

b
so

lu
te

-d
e
v
ia

tio
n

re
g
re

ssio
n

)
W

e
n

o
w

give
a
n

exa
m

p
le

u
sin

g
a

n
o
n

-pa
ra

m
etric

cla
ss

o
f

fu
n

ctio
n

a
ls

in
w

h
ich

co
verin

g
n

u
m

ber
a
r-

gu
m

en
ts

d
o

n
o
t

a
p
p
ly,

a
s

th
e

co
verin

g
n

u
m

bers
o
f

th
e

a
ssocia

ted
cla

sses
a
re

too
la

rge.
L

et
H

be
a

rep
rod

u
cin

g
kern

el
H

ilbert
spa

ce
(R

K
H

S
)

w
ith

n
o
rm
‖·‖H

a
n

d
a
ssocia

ted
kern

el
(rep

resen
ter

o
f

eva
lu

a
tio

n
)
K

:
X
×
X
→

R
.

L
ettin

g
P

be
a

d
istribu

tio
n

o
n
X

,
M

er-
cer’s

th
eo

rem
(e.g.

C
ristia

n
in

i
a
n

d
S

h
a
w

e-T
a
ylo

r,
2
0
0
4
)

im
p
lies

th
a
t

th
e

in
tegra

l
o
pera

-
to

r
T
K

:
L

2(X
,P

)
→

L
2(X

,P
)

d
efi

n
ed

by
T
K

(f
)(x

)
=
∫
K

(x
,z

)d
P

(z
)

is
co

m
pa

ct,
a
n

d
K

(x
,x
′)

=
∑
∞j=

1
λ
j φ
j (x

)φ
j (z

)
w

h
ere

λ
j

a
re

th
e

eigen
va

lu
es

o
f
T

in
d
ecrea

sin
g

o
rd

er
a
n

d
φ
j

fo
rm

a
n

o
rth

o
n

o
rm

a
l

d
eco

m
po

sitio
n

o
f
L

2(X
,P

).
C

o
n

sid
er

n
o
w

th
e

lea
st

a
bso

lu
te

d
evia

tio
n

(L
A

D
)

lo
ss

fu
n

ctio
n
`(h

;x
,y

)
=
|h

(x
)−

y|,
d
efi

n
ed

fo
r
h
∈
H

,
a
n

d
let

B
H

be
th

e
u

n
it‖·‖H

-ba
ll

o
fH

.
A

ssu
m

e
a
d
d
itio

n
a
lly

th
a
t

th
e

m
od

el
is

w
ell-specifi

ed
,

a
n

d
th

a
t
y

=
h
?(x

)+
ξ

fo
r

so
m

e
ra

n
d
o
m

va
ria

ble
ξ

w
ith

E
[ξ|

X
]

=
0,

E
[ξ

2]≤
σ

2,
a
n

d
h
?∈

B
H

.
L

et
th

e
fu

n
ctio

n
cla

ss

{`◦H
}≤

r
:=
{

(x
,y

)7→
c`(h

(x
),y

)|
c∈

[0,1],c
2E

[`(h
(X

),Y
)
2]≤

r }
.

B
a
sed

o
n

in
equ

a
lity

(20),
w

e
co

n
sid

er
th

e
loca

lized
co

m
p
lexity

R
n
({`◦H

}≤
r )

=
E

[
1n

su
p

h∈
B
H
,c∈

[0
,1

] ∑
ε
i c`(h

(x
i ),y

i )|E
[`(h

(X
),Y

)
2]≤

r/c
2 ]
.
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V
a
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n
c
e
-b
a
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d
R
e
g
u
l
a
r
iz
a
t
io
n
w
it
h
C
o
n
v
e
x
O
b
je
c
t
iv
e
s

W
e

cl
a
im

th
a
t

R
n
({
`
◦H
} ≤

r
)
.
√
r/
n

+

 
1 n

∞ ∑ j=
1

m
in
{λ

j
,r
} 

1 2

.
(2

4)

A
s

th
is

cl
a
im

is
n

o
t

ce
n

tr
a
l

to
o
u

r
d
ev

el
o
p
m

en
t—

bu
t

d
oe

s
sh

o
w

a
sl

ig
h
tl

y
d
iff

er
en

t
lo

ca
li

za
ti

o
n

re
su

lt
ba

se
d

o
n

G
a
u

ss
ia

n
co

m
pa

ri
so

n
in

eq
u

a
li

ti
es

th
a
n

a
va

il
a
bl

e,
fo

r
ex

a
m

p
le

,
in

M
en

d
el

so
n

(2
0
0
3
)—

w
e

p
ro

vi
d
e

it
s

p
ro

o
f

in
A

p
pe

n
d
ix

G
.1

.
L

et
u

s
u

se
in

eq
u

a
li

ty
(2

4)
.

T
o

a
p
p
ly

T
h
eo

re
m

3
,

w
e

m
u

st
fi

n
d

a
bo

u
n

d
o
n

th
e

fi
xe

d
po

in
t

o
f

th
e

lo
ca

li
ze

d
co

m
p
le

xi
ty

.
T

o
gi

ve
th

is
bo

u
n

d
,

w
e

re
qu

ir
e

so
m

e
kn

o
w

le
d
ge

o
n

th
e

ei
ge

n
va

lu
es
λ
j
,

fo
r

w
h
ic

h
th

er
e

ex
is

ts
a

bo
d
y

o
f

w
o
rk

.
F

o
r

ex
a
m

p
le

(M
en

d
el

so
n

,
2
0
0
3
),

th
e

G
a
u

ss
ia

n
ke

rn
el
K

(x
,x
′ )

=
ex

p
(−

1 2
‖x
−
x
′ ‖2 2

)
ge

n
er

a
te

s
a

cl
a
ss

o
f

sm
oo

th
fu

n
ct

io
n

s
fo

r

w
h
ic

h
th

e
ei

ge
n

va
lu

es
λ
j

d
ec

a
y

ex
po

n
en

ti
a
ll

y,
a
s
λ
j
.
e−

j2
.

K
er

n
el

o
pe

ra
to

rs
u

n
d
er

ly
in

g
S

o
bo

le
v

sp
a
ce

s
w

it
h

d
iff

er
en

t
sm

oo
th

n
es

s
o
rd

er
s

(B
ir

m
a
n

a
n

d
S

o
lo

m
ja

k,
1
9
6
7
;

G
u

,
2
0
0
2
)

ty
p
ic

a
ll

y
h
a
ve

ei
ge

n
va

lu
es

sc
a
li

n
g

a
s
λ
j
.
j−

2
α

fo
r

so
m

e
α
>

1 2
.

A
s

a
co

n
cr

et
e

ex
a
m

p
le

,
th

e
fi

rs
t-

o
rd

er
S

o
bo

le
v

(m
in

)
ke

rn
el
K

(x
,x
′ )

=
1

+
m

in
{x
,x
′ }

ge
n

er
a
te

s
a
n

R
K

H
S

o
f

L
ip

sc
h
it

z

fu
n

ct
io

n
s

w
it

h
α

=
1.

In
th

e
fo

rm
er

ca
se

o
f
λ
j
.
e−

j2
,
r? n

=
√

lo
g
n

n

 
1 n

∞ ∑ j=
1

m
in

{ e−
j2
,
lo

g
n

n

} 
1 2

≈

 
1 n

√
lo

g
n

∑ j=
1

√
lo

g
n

n
+

1 n

∫
∞ √
lo

g
n
e−

t2
d
t 

1 2

.
√

lo
g
n

n
=
r? n
.

In
th

e
la

tt
er

ca
se

o
f

po
ly

n
o
m

ia
ll

y
d
ec

a
yi

n
g

ei
ge

n
va

lu
es
λ
j
.
j−

2
α

,
w

e
h
a
ve
j−

2
α

=
r

w
h
en

r−
1 2
α

=
j,

so
∞ ∑ j=

1

m
in
{j
−

2
α
,r
}
≈
r

2
α
−
1

2
α

+

∫
∞

r
−
1
/
2
α

t−
2
α
d
t
�
r

2
α
−
1

2
α
.

S
o
lv

in
g

fo
r
n
r

=
r

2
α
−
1

2
α

,
w

e
fi

n
d

th
e

fi
xe

d
po

in
t

(r
? n
)2
α
−
1

4
α

=
r? n
√
n

yi
el

d
s
r? n

=
n
−

2
α

2
α
+
1
.

Ig
n

o
ri

n
g

co
n

st
a
n

ts
,

th
e

a
bo

ve
a
n

a
ly

si
s

sh
o
w

s
th

a
t

in
th

e
ca

se
th

a
t

th
e

ke
rn

el
ei

ge
n

va
lu

es
sc

a
le

a
s
λ
j
.
e−

j2
,

a
s

so
o
n

a
s
ρ
&
√

lo
g
n

w
e

h
a
ve

E[
`(
h

(X
),
Y

)]
≤

(1
+

2
√

2ρ
/n

)

(
E P̂

n
[`

(h
(X

),
Y

)]
+

√
2ρ n

V
ar
P̂
n
(`

(h
(X

),
Y

))

)
+
C
ρ n

fo
r

a
ll
h
∈
B H

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

.
In

th
e

ca
se

o
f

po
ly

n
o
m

ia
l

ei
ge

n
va

lu
es

,
if
ĥ

m
in

im
iz

es
th

e
ro

bu
st

em
p
ir

ic
a
l

lo
ss

su
p
P

:D
φ

(P
||P̂
n

)≤
ρ
/
n
E P

[`
(h

(X
),
Y

)]
a
n

d
ρ
�
n

1
−

2
α

2
α
+
1
,

th
en

E
[ `(
ĥ

(X
),
Y

)] ≤
( 1

+
C
n
−

α
2
α
+
1

)
in

f
h
∈B
H

( E[
`(
h

(X
),
Y

)]
+
C
n
−

α
2
α
+
1

√
V

ar
(`

(h
(X

),
Y

))
) +

C
n
−

2
α

2
α
+
1
.

T
h
is

ra
te

o
f

co
n

ve
rg

en
ce

h
o
ld

s
w

it
h
o
u

t
a
n

y
a
ss

u
m

p
ti

o
n

s
o
n

th
e

sm
oo

th
n

es
s

o
f

th
e

d
is

tr
ib

u
ti

o
n

o
f

th
e

n
o
is

e
ξ.

3
.3

.
B

e
a
ti

n
g

e
m

p
ir

ic
a
l

ri
sk

m
in

im
iz

a
ti

o
n

W
e

n
ow

p
ro

v
id

e
a

co
n
cr

et
e

ex
am

p
le

w
h
er

e
th

e
ro

b
u
st

ly
re

gu
la

ri
ze

d
es

ti
m

at
or
θ̂

ro
b

n
ex

h
ib

it
s

a
su

b
st

an
ti

al
p

er
fo

rm
an

ce
ga

p
ov

er
em

p
ir

ic
a
l

ri
sk

m
in

im
iz

at
io

n
.

In
th

e
se

q
u
el

,
w

e
b

ou
n
d

th
e

17
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D
u
c
h
i
a
n
d

N
a
m
k
o
o
n
g

p
er

fo
rm

an
ce

d
eg

ra
d
at

io
n

to
sh

ow
th

at
th

e
fo

rm
u
la

ti
on

(6
)

in
ge

n
er

al
lo

se
s

li
tt

le
ov

er
em

p
ir

-
ic

al
ri

sk
m

in
im

iz
at

io
n
.

F
or

in
tu

it
io

n
in

th
is

se
ct

io
n
,

co
n
si

d
er

th
e

(a
d
m

it
te

d
ly

co
n
tr

iv
ed

)
se

t-
ti

n
g

in
w

h
ic

h
w

e
re

p
la

ce
th

e
lo

ss
`(
θ,
X

)
w

it
h
`(
θ,
X

)−
`(
θ?
,X

),
w

h
er

e
θ?
∈

ar
g
m

in
θ
∈Θ

R
(θ

).

T
h
en

in
th

is
ca

se
,

b
y

ta
k
in

g
θ

=
θ?

in
C

or
ol

la
ry

5,
w

e
h
av

e
R

(θ̂
ro

b
n

)
≤
R

(θ
?
)

+
O

(1
/
n

)
w

it
h

h
ig

h
p
ro

b
ab

il
it

y.
M

or
e

b
ro

ad
ly

,
w

e
ex

p
ec

t
th

e
ro

b
u
st

ly
re

gu
la

ri
ze

d
a
p
p
ro

ac
h

to
o
ff

er
p

er
-

fo
rm

an
ce

b
en

efi
ts

in
si

tu
at

io
n
s

in
w

h
ic

h
th

e
em

p
ir

ic
al

ri
sk

m
in

im
iz

er
is

h
ig

h
ly

se
n
si

ti
ve

to
n
oi

se
,

sa
y,

b
ec

au
se

th
e

lo
ss

es
ar

e
p
ie

ce
w

is
e

li
n
ea

r,
an

d
sl

ig
h
t

u
n
d
er

-
or

ov
er

-e
st

im
a
te

s
o
f

sl
op

e
m

ay
si

gn
ifi

ca
n
tl

y
d
eg

ra
d
e

so
lu

ti
on

q
u
al

it
y.

W
it

h
th

is
in

m
in

d
,

w
e

co
n
st

ru
ct

a
co

n
cr

et
e

1-
d
im

en
si

on
al

ex
am

p
le

—
es

ti
m

a
ti

n
g

th
e

m
ed

ia
n

of
a

d
is

cr
et

e
d
is

tr
ib

u
ti

on
su

p
p

or
te

d
on
X

=
{−

1,
0,

1}
—

in
w

h
ic

h
th

e
ro

b
u
st

ly
re

gu
la

ri
ze

d
es

ti
m

at
or

h
as

co
n
ve

rg
en

ce
ra

te
lo

g
n
/n

,
w

h
il
e

em
p
ir

ic
al

ri
sk

m
in

im
iz

a
ti

o
n

is
at

b
es

t
1
/√

n
.

D
efi

n
e

th
e

lo
ss
`(
θ;
x

)
=
|θ
−
x
|−
|x
|,

an
d

fo
r
δ
∈

(0
,1

)
le

t
th

e
d
is

tr
ib

u
ti

o
n
P

b
e

d
efi

n
ed

b
y

P
(X

=
1)

=
1
−
δ

2
,
P

(X
=
−

1)
=

1
−
δ

2
,
P

(X
=

0)
=
δ.

(2
5
)

T
h
en

fo
r
θ
∈
R

,
th

e
ri

sk
of

th
e

lo
ss

is

R
(θ

)
=
δ|θ
|+

1
−
δ

2
|θ
−

1
|+

1
−
δ

2
|θ

+
1
|−

(1
−
δ)
.

B
y

sy
m

m
et

ry
,

it
is

cl
ea

r
th

at
θ?

:=
ar

gm
in
θ
R

(θ
)

=
0,

w
h
ic

h
sa

ti
sfi

es
R

(θ
?
)

=
0
.

(N
o
te

a
ls

o
th

at
`(
θ,
x

)
=
`(
θ,
x

)
−
`(
θ?
,x

).
)

W
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
as

su
m

e
th

at
Θ

=
[−

1
,1

]
in

th
is

p
ro

b
le

m
.

N
ow

,
co

n
si

d
er

a
sa

m
p
le
X

1
,.
..
,X

n
d
ra

w
n

i.
i.
d
.

fr
om

th
e

d
is

tr
ib

u
ti

on
P

,
le

t
P̂
n

d
en

o
te

it
s

em
p
ir

ic
al

d
is

tr
ib

u
ti

on
,

an
d

d
efi

n
e

th
e

em
p
ir

ic
al

ri
sk

m
in

im
iz

er

θ̂
er

m
n

:=
ar

gm
in

θ
∈R

E P̂
n
[`

(θ
,X

)]
=

ar
gm

in
θ
∈[
−

1
,1

]
E P̂

n
[|θ
−
X
|].

If
to

o
m

an
y

of
th

e
ob

se
rv

at
io

n
s

sa
ti

sf
y
X
i

=
1

or
to

o
m

an
y

sa
ti

sf
y
X
i

=
−

1,
th

en
θ̂

er
m

n
w

il
l
b

e
ei

th
er

1
or
−

1;
fo

r
sm

al
l
δ,

su
ch

ev
en

ts
b

ec
om

e
re

as
on

ab
ly

p
ro

b
ab

le
,

as
th

e
fo

ll
ow

in
g

le
m

m
a

m
ak

es
p
re

ci
se

.
In

th
e

le
m

m
a,

Φ
(x

)
=

1 √
2
π

∫ x −
∞
e−

1 2
t2
d
t

d
en

ot
es

th
e

st
an

d
ar

d
G

a
u
ss

ia
n

C
D

F
.

(S
ee

S
ec

ti
on

G
.2

fo
r

a
p
ro

of
.)

L
e
m

m
a

7
L

et
th

e
lo

ss
`(
θ;
x

)
=
|θ
−
x
|−
|x
|,
δ
∈

[0
,1

],
a
n

d
X

fo
ll

o
w

th
e

d
is

tr
ib

u
ti

o
n

(2
5
).

T
h
en

R
(θ̂

er
m

n
)
−
R

(θ
?
)
≥
δ

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

2Φ

(
−
√

n
δ2

1
−
δ2

)
−

(1
−
δ2

)n 2

√
8 π
n
.

O
n

th
e

ot
h
er

h
an

d
,

w
e

ce
rt

ai
n
ly

h
av

e
`(
θ?

;x
)

=
0

fo
r

al
l
x
∈
X

,
so

th
at

V
a
r(
`(
θ?

;X
))

=
0.

N
ow

,
co

n
si

d
er

th
e

b
ou

n
d

in
T

h
eo

re
m

3.
W

e
se

e
th

at
lo

g
N

({
`(
θ,
·)

:
θ
∈

Θ
},
ε,
‖·
‖ L
∞

(X
))
≤

2
lo

g
1 ε
,

an
d

ta
k
in

g
ε

=
1 n
,

w
e

h
av

e
th

at
if
θ̂

ro
b

n
∈

ar
gm

in
θ
∈Θ

R
n
(θ
,P

n
),

th
en

R
(θ̂

ro
b

n
)
≤
R

(θ
?
)

+
15
ρ

n
w

it
h

p
ro

b
ab

il
it

y
≥

1
−

4
ex

p
(2

lo
g
n
−
ρ
)
.

1
8
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V
a
r
ia
n
c
e
-b
a
se

d
R
e
g
u
l
a
r
iz
a
t
io
n
w
it
h
C
o
n
v
e
x
O
b
je
c
t
iv
e
s

In
p
a
rticu

la
r,

tak
in

g
ρ

=
3

log
n

,
w

e
see

th
at

R
(θ̂

ro
b

n
)≤

R
(θ
?)

+
45

log
n

n
w

ith
p
rob

ab
ility

at
least

1−
4n
.

T
h
e

risk
fo

r
th

e
em

p
irical

risk
m

in
im

izer,
a
s

L
em

m
a

7
sh

ow
s,

m
ay

b
e

su
b
stan

tially
h
igh

er;

ta
k
in

g
δ

=
1
/ √

n
w

e
see

th
at

w
ith

p
rob

ab
ility

at
least

2Φ
(−
√

n
n−

1 )−
2 √

2/ √
π
en
≥

2
Φ

(−
√

n
n−

1 )−
n
−

12,

R
(θ̂

erm
n

)≥
R

(θ
?)

+
n
−

12.

(F
o
r
n
≥

2
0
,

th
e

p
rob

ab
ility

of
th

is
even

t
is
≥
.088.)

F
or

th
is

(sp
ecially

co
n
stru

cted
)

ex
a
m

p
le,

th
ere

is
a

gap
of

n
early

n
12

in
ord

er
of

con
verg

en
ce.

3
.4

.
In

v
a
ria

n
c
e

p
ro

p
e
rtie

s

T
h
e

ro
b
u
st

reg
u
larization

(4)
tech

n
iq

u
e

en
joy

s
a

n
u
m

b
er

of
in

varian
ce

p
ro

p
erties.

S
tan

d
ard

reg
u
la

riza
tio

n
tech

n
iq

u
es

(su
ch

as
`
1 -

an
d
`
2 -regu

larization
),

w
h
ich

gen
erally

regu
larize

a
p
ara

m
eter

tow
a
rd

a
p
articu

lar
p

oin
t

in
th

e
p
aram

eter
sp

ace,
d
o

n
ot.

W
h
ile

w
e

leav
e

d
eep

er
d
iscu

ssio
n

o
f

th
ese

issu
es

to
fu

tu
re

w
ork

,
w

e
m

ake
tw

o
ob

servation
s,

w
h
ich

ap
p
ly

w
h
en

Θ
=

R
d

is
u
n
co

n
strain

ed
.

T
h
rou

gh
ou

t,
w

e
let

θ̂
ro

b
n
∈

argm
in
θ
R
n
(θ,P

n
)

d
en

ote
th

e
rob

u
stly

reg
u
la

rized
em

p
irical

solu
tion

.
F

irst,
co

n
sid

er
a

lo
cation

estim
ation

p
rob

lem
in

w
h
ich

w
e

w
ish

to
estim

ate
th

e
m

in
im

izer
o
f

th
e

ex
p

ecta
tion

of
a

loss
of

th
e

form
`(θ,X

)
=
h

(θ−
X

),
w

h
ere

h
:R

d
→

R
is

con
vex

a
n
d

sy
m

m
etric

ab
ou

t
zero.

T
h
en

th
e

rob
u
st

solu
tion

is
b
y

in
sp

ection
sh

ift
in

va
rian

t,
as

`(θ
+
c,X

+
c)

=
`(θ,X

)
for

an
y

vector
c∈

R
d.

C
on

cretely,
in

th
e

ex
am

p
le

of
th

e
p
rev

iou
s

sectio
n
,
`
1 -

o
r
`
2 -regu

larization
ach

ieve
b

etter
con

vergen
ce

gu
aran

tees
th

an
E

R
M

d
o
es,

b
u
t

if
w

e
sh

ift
a
ll

d
ata

x
7→
x

+
c,

th
en

n
on

-in
varian

t
regu

larizatio
n

tech
n
iq

u
es

lose
effi

cien
cy

(w
h
ile

th
e

ro
b
u
st

regu
larization

tech
n
iq

u
e

d
o
es

n
ot).

S
econ

d
,

w
e

m
ay

con
sid

er
a

gen
eralized

lin
ear

m
o
d
elin

g
p
rob

lem
,

in
w

h
ich

d
ata

com
es

in
p
airs

(x
,y

)∈
X
×
Y

an
d
`(θ,(x

,y
))

=
h

(y
,θ >

x
)

fo
r

a
fu

n
ctio

n
h

:Y
×
R
→

R
th

at
is

con
vex

in
its

secon
d

argu
m

en
t.

T
h
en

θ̂
ro

b
n

is
in

va
rian

t
to

in
v
ertib

le
lin

ear
tran

sform
ation

s,
in

th
e

sen
se

th
at

for
an

y
in

vertib
le
A
∈
R
d×
d,

a
rg

m
in

θ

{
su

p
P

:D
φ

(P
||P̂
n

)≤
ρn E

P
[`(θ,(X

,Y
))] }

=
argm

in
θ

{
su

p
P

:D
φ

(P
||P̂
n

)≤
ρn E

P
[`(A

−
1θ,(A

X
,Y

))] }
=
θ̂

ro
b

n
.

O
u
r

resu
lts

in
th

is
section

d
o

n
ot

p
recisely

ap
p
ly

as
w

e
req

u
ire

u
n
b

ou
n
d
ed

θ,
h
ow

ever,
th

e
n
ex

t
sectio

n
sh

ow
s

th
at

lo
calization

ap
p
roach

es
can

ad
d
ress

th
is.

4
.

R
o
b
u
st

re
g
u
la

riza
tio

n
ca

n
n
o
t

b
e

to
o

b
a
d

T
h
e

p
rev

io
u
s

tw
o

section
s

p
rov

id
e

gu
aran

tees
on

th
e

p
erform

an
ce

of
th

e
rob

u
st

reg
u
larized

estim
a
to

r
(6

),
it

d
o
es

n
ot—

can
n
ot—

d
om

in
ate

classical
ap

p
roach

es
b
ased

on
em

p
irical

risk
m

in
im

iza
tio

n
(a

lso
k
n
ow

n
as

sam
p
le

average
ap

p
rox

im
a
tion

in
th

e
sto

ch
astic

op
tim

iza
tion

litera
tu

re),
th

o
u
gh

it
can

im
p
rove

on
th

em
in

som
e

cases.
F

or
ex

am
p
le,

w
ith

a
correctly

sp
ec-

ifi
ed

lin
ea

r
reg

ression
m

o
d
el

w
ith

gau
ssian

n
oise,

least-sq
u
ares—

em
p
irical

risk
m

in
im

ization
w

ith
th

e
lo

ss
`(θ,(x

,y
))

=
12 (θ >

x
−
y
)
2—

is
essen

tia
lly

op
tim

al.
O

u
r

goal
in

th
is

section
is

th
u
s

to
p
rov

id
e

m
ore

u
n
d
erstan

d
in

g
of

p
oten

tial
p

o
or

b
eh

av
ior

of
th

e
p
ro

ced
u
re

(6
)

w
ith
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D
u
c
h
i
a
n
d

N
a
m
k
o
o
n
g

resp
ect

to
E

R
M

,
con

sid
erin

g
tw

o
scen

arios.
T

h
e

fi
rst

is
in

sto
ch

astic
(con

vex
)

op
tim

ization
p
rob

lem
s,

w
h
ere

w
e

in
vestigate

th
e

fi
n
ite-sam

p
le

con
vergen

ce
rates

of
th

e
rob

u
st

solu
tion

to
th

e
p

op
u
lation

op
tim

al
risk

.
W

e
sh

ow
th

at
th

e
rob

u
st

solu
tion

θ̂
ro

b
n

en
joy

s
fast

rates
of

con
vergen

ce
in

cases
in

w
h
ich

th
e

risk
h
as

su
b
stan

tia
l
cu

rvatu
re—

p
recisely

as
w

ith
em

p
irical

risk
m

in
im

ization
.

T
h
e

secon
d

is
to

con
sid

er
th

e
asy

m
p
totics

of
th

e
rob

u
st

solu
tion

θ̂
ro

b
n

,
w

h
ere

w
e

sh
ow

th
at

in
classical

statistical
scen

arios
th

e
rob

u
st

solu
tion

is
n
early

effi
cien

t,
th

ou
gh

th
ere

is
an

asy
m

p
totic

b
ias

of
ord

er
1
/ √

n
th

at
scales

w
ith

th
e

con
fi
d
en

ce
ρ
.

4
.1

.
F
a
st

R
a
te

s

In
cases

in
w

h
ich

th
e

risk
R

h
as

cu
rvatu

re,
em

p
irical

risk
m

in
im

izatio
n

often
en

joy
s

faster
rates

of
con

vergen
ce

(B
ou

ch
eron

et
al.,

2005;
S
h
ap

iro
et

al.,
2
009).

T
h
e

rob
u
st

solu
tion

θ̂
ro

b
n

sim
ilarly

attain
s

fa
ster

rates
of

con
vergen

ce
in

su
ch

cases,
even

w
ith

ap
p
rox

im
ate

m
in

im
izers

of
R
n
(θ,P

n
).

F
or

th
e

risk
R

an
d
ε≥

0,
let

S
ε?

:=

{
θ∈

Θ
:
R

(θ)≤
in

f
θ
?∈

Θ
R

(θ
?)

+
ε }

d
en

ote
th

e
ε-su

b
-op

tim
al

(solu
tion

)
set,

an
d

sim
ilarly

let

Ŝ
ε?

:=

{
θ∈

Θ
:
R
n
(θ,P

n
)≤

in
f

θ ′∈
Θ
R
n
(θ ′,P

n
)

+
ε }

.

F
or

a
vector

θ∈
Θ

,
let

π
S
? (θ)

=
argm

in
θ
?∈
S
? ‖θ

?−
θ‖

2
d
en

ote
th

e
E

u
clid

ean
p
ro

jection
of
θ

on
to

th
e

set
S
? ;

th
is

p
ro

jection
op

erator
is

very
u
sefu

l
for

sh
ow

in
g

faster
rates

of
con

vergen
ce

in
sto

ch
astic

op
tim

ization
(see

S
h
ap

iro
et

al.
(2009),

w
h
ose

tech
n
iq

u
es

w
e

closely
follow

).
In

th
e

statem
en

t
of

th
e

resu
lt,

for
A
⊂

Θ
,

w
e

let
R
n
(A

)
d
en

ote
th

e
R

ad
em

ach
er

com
p
lex

ity
of

th
e

lo
calized

p
ro

cess
{
x
7→

`(θ;x
)−

`(π
S
? (θ);x

)
:
θ
∈
A}

.
W

e
th

en
h
ave

th
e

follow
in

g
resu

lt,
w

h
ose

p
ro

o
f

w
e

p
rov

id
e

in
S
ection

E
.

T
h

e
o
re

m
8

L
et

Θ
be

co
n

vex
a
n

d
let

`(·;x
)

be
co

n
vex

a
n

d
L

-L
ip

sh
itz

in
its

fi
rst

a
rgu

m
en

t
fo

r
a
ll
x
∈
X

.
F

o
r

co
n

sta
n

ts
λ
>

0
,
γ
>

1,
a
n

d
r
>

0
,

a
ssu

m
e

th
e

risk
R

sa
tisfi

es

R
(θ)−

in
f

θ∈
Θ
R

(θ)≥
λ

d
ist(θ,S

? )
γ

fo
r

a
ll
θ

su
ch

th
a
t

d
ist(θ,S

? )≤
r.

(26)

L
et
t
>

0
.

If
0
≤
ε≤

12 λ
r
γ

sa
tisfi

es

ε≥
(

2
8
γL

γ

λ

)
1

γ−
1 (

ρn )
γ

2
(γ−

1
)

a
n

d
ε2
≥

2E
[R

n
(S

2
ε
?

)]+
L

(
2
ελ

)
1γ √

2
tn
,

(27)

th
en

P
(Ŝ

ε? ⊂
S

2
ε
?

)≥
1−

e −
t,

W
e

p
rov

id
e

a
b
rief

d
iscu

ssion
of

th
is

resu
lt

as
w

ell
as

a
corollary

th
a
t

gives
m

ore
ex

p
licit

rates
of

con
vergen

ce.
F

irst,
w

e
n
ote

th
at

(b
y

an
in

sp
ection

o
f

th
e

p
ro

of)
th

e
L

-L
ip

sch
itz

assu
m

p
tion

n
eed

on
ly

h
old

in
th

e
n
eigh

b
orh

o
o
d
S

2
ε
?

for
th

e
resu

lt
to

h
old

.
W

e
also

h
av

e
th

e
follow

in
g
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V
a
r
ia
n
c
e
-b
a
se

d
R
e
g
u
l
a
r
iz
a
t
io
n
w
it
h
C
o
n
v
e
x
O
b
je
c
t
iv
e
s

C
o
ro

ll
a
ry

9
In

a
d
d
it

io
n

to
th

e
co

n
d
it

io
n

s
o
f

T
h
eo

re
m

8
,

a
ss

u
m

e
th

a
t
S
?

=
{θ
?
}

is
a

si
n

gl
e

po
in

t
a
n

d
Θ
⊂

R
d
.

T
h
en

fo
r

a
n

y
ε
≤

1 2
λ
rγ

,
w

e
h
a
ve

P(
Ŝ
ε ?
⊂
S

2
ε
?

)
≥

1
−
e−

t
fo

r

ε
&
(
L
γ λ

)
1

γ
−
1
(
d n

lo
g
n d

+
t n

+
ρ n

)
γ

2
(γ
−
1
)

.

S
o

lo
n
g

as
ρ
.
d

lo
g
n d

,
th

is
ra

te
of

co
n
ve

rg
en

ce
is

as
go

o
d

as
th

at
en

jo
ye

d
b
y

st
an

d
ar

d
em

p
ir

ic
al

ri
sk

m
in

im
iz

at
io

n
ap

p
ro

ac
h
es

(S
h
ap

ir
o

et
al

.,
20

09
,

C
h
.

5)
u
n
d
er

th
es

e
ty

p
es

of
gr

ow
th

co
n
d
it

io
n
s.

T
h
e

ca
se

th
at

γ
=

2
co

rr
es

p
on

d
s

(r
ou

gh
ly

)
to

st
ro

n
g

co
n
ve

x
it

y,
an

d

in
th

is
ca

se
w

e
ge

t
th

e
ap

p
ro

x
im

at
e

ra
te

of
co

n
ve

rg
en

ce
of

L
2 λ

d
lo

g
n d

n
,

th
e

fa
m

il
ia

r
ra

te
of

co
n
ve

rg
en

ce
u
n
d
er

th
es

e
co

n
d
it

io
n
s.

O
f

co
u
rs

e,
if

th
er

e
is

to
o

m
u
ch

va
ri

an
ce

p
en

al
iz

at
io

n
(i

.e
.
ρ

is
to

o
la

rg
e)

,
th

en
th

e
ra

te
s

of
co

n
ve

rg
en

ce
m

ay
b

e
sl

ow
er

.

P
ro

o
f

T
h
at
S
?

is
a

si
n
gl

et
on

im
p
li
es

th
at
S

2
ε
?
⊂
{θ
|‖
θ
−
θ?
‖
≤

(2
ε/
λ

)
1 γ
}.

M
or

eo
v
er

,
in

th
is

ca
se

w
e

al
so

h
av

e
th

at
∣ ∣ ∣E
P̂
n
[`

(θ
;X

)
−
`(
θ?

;X
)]
−

E P̂
n
[`

(θ
′ ;
X

)
−
`(
θ?

;X
)]
∣ ∣ ∣≤

L
∥ ∥ θ
−
θ′
∥ ∥ ,

so
th

at
an

ε/
L

-c
ov

er
of
{θ
|‖
θ
−
θ?
‖
≤

(2
ε/
λ

)
1 γ
}

is
an

ε-
co

ve
r

of
th

e
fu

n
ct

io
n

cl
as

s
F

=
{f

(x
)

=
`(
θ;
x

)
−
`(
θ?

;x
)
|θ
∈
S

2
ε
?
}

in
‖·
‖ L

2
(P
n

)
n
or

m
.

T
h
u
s,

th
e

st
an

d
ar

d
D

u
d
le

y
en

tr
op

y
in

te
gr

al
(D

u
d
le

y
,

19
99

;
va

n
d
er

V
aa

rt
an

d
W

el
ln

er
,

19
96

)
y
ie

ld
s

E[
R
n
(S

2
ε
?

)]
.

1 √
n

∫
∞

0

√
lo

g
N

(F
,δ
,‖
·‖
L
2
(P
n

))
d
δ

.
1 √
n

∫
L

(2
ε/
λ

)
1 γ

0

√
d

lo
g
L δ
d
δ
≤
L

√
d n

(
2
ε λ

)
1 γ

√
1

+
1 γ

lo
g

λ

2
L
γ
ε

w
h
er

e
w

e
h
av

e
u
se

d
th

at
∫ ε 0

√
lo

g
L δ
d
δ
≤
ε√

1
+

lo
g
L ε

.
S
ol

v
in

g
fo

r
ε

in
th

e
lo

ca
li
za

ti
on

in
eq

u
al

it
y

(2
7)

th
en

y
ie

ld
s

th
e

co
ro

ll
ar

y,
sh

ow
in

g
th

at
th

e
sp

ec
ifi

ed
ch

oi
ce

of
ε

is
su

ffi
ci

en
t

fo
r

al
l

th
e

co
n
d
it

io
n
s

(2
7)

to
h
ol

d
.

4
.2

.
A

sy
m

p
to

ti
c
s

It
is

im
p

or
ta

n
t

to
u
n
d
er

st
an

d
th

e
p
re

ci
se

li
m

it
in

g
b

eh
av

io
r

of
th

e
ro

b
u
st

es
ti

m
at

or
in

ad
d
i-

ti
on

to
it

s
fi
n
it

e
sa

m
p
le

p
ro

p
er

ti
es

—
th

is
al

lo
w

s
u
s

to
m

or
e

p
re

ci
se

ly
ch

ar
ac

te
ri

ze
w

h
en

th
er

e
m

ay
b

e
d
eg

ra
d
a
ti

o
n

re
la

ti
ve

to
cl

as
si

ca
l

ri
sk

m
in

im
iz

at
io

n
st

ra
te

gi
es

.
W

it
h

th
at

in
m

in
d
,

in
th

is
se

ct
io

n
w

e
p
ro

v
id

e
as

y
m

p
to

ti
c

re
su

lt
s

fo
r

th
e

ro
b
u
st

so
lu

ti
on

(6
)

to
b

et
te

r
u
n
d
er

st
an

d
th

e
co

n
se

q
u
en

ce
s

of
p

en
al

iz
in

g
th

e
va

ri
an

ce
of

th
e

lo
ss

it
se

lf
.

In
p
ar

ti
cu

la
r,

w
e

w
ou

ld
li
ke

to
u
n
d
er

st
an

d
effi

ci
en

cy
lo

ss
es

re
la

ti
ve

to
(s

ay
)

m
ax

im
u
m

li
k
el

ih
o
o
d

in
si

tu
at

io
n
s

in
w

h
ic

h
m

ax
im

u
m

li
ke

li
h
o
o
d

is
effi

ci
en

t.
B

ef
or

e
st

at
in

g
th

e
re

su
lt

s,
w

e
m

ak
e

a
fe

w
st

an
d
ar

d
as

su
m

p
-

ti
on

s
on

th
e

ri
sk
R

(θ
),

th
e

lo
ss
`,

an
d

th
e

m
om

en
ts

of
`

an
d

it
s

d
er

iv
at

iv
es

.
C

on
cr

et
el

y,
w

e
as

su
m

e
th

at

θ?
:=

ar
gm

in
θ

R
(θ

)
an

d
∇

2
R

(θ
?
)
�

0
,

2
1

JM
L

R
 2

0(
68

):
1-

55
, 2

01
9

D
u
c
h
i
a
n
d

N
a
m
k
o
o
n
g

th
at

is
,

th
e

ri
sk

fu
n
ct

io
n
al

h
as

st
ri

ct
ly

p
o
si

ti
ve

d
efi

n
it

e
H

es
si

an
at
θ?

,
w

h
ic

h
is

th
u
s

u
n
iq

u
e.

A
d
d
it

io
n
al

ly
,

w
e

h
av

e
th

e
fo

ll
ow

in
g

sm
o
ot

h
n
es

s
as

su
m

p
ti

on
s

on
th

e
lo

ss
fu

n
ct

io
n
,

w
h
ic

h
ar

e
sa

ti
sfi

ed
b
y

co
m

m
on

lo
ss

fu
n
ct

io
n
s,

in
cl

u
d
in

g
th

e
n
eg

at
iv

e
lo

g-
li
ke

li
h
o
o
d

fo
r

a
n
y

ex
p

o
n
en

ti
a
l

fa
m

il
y

or
ge

n
er

al
iz

ed
li
n
ea

r
m

o
d
el

(L
eh

m
an

n
an

d
C

as
el

la
,

19
98

).
In

th
e

as
su

m
p
ti

o
n
,

w
e

le
t

B
d
en

ot
e

th
e
` 2

-b
al

l
of

ra
d
iu

s
1

in
R
d
.

A
ss

u
m

p
ti

o
n

A
F

o
r

so
m

e
ε
>

0
,

th
er

e
ex

is
ts

a
fu

n
ct

io
n
L

:
X
→

R
+

sa
ti

sf
yi

n
g

|`(
θ,
x

)
−
`(
θ′
,x

)|
≤
L

(x
)
∥ ∥ θ
−
θ′
∥ ∥ 2

fo
r
θ,
θ′
∈
θ?

+
εB

a
n

d
E[
L

(X
)2

]
≤
L

(P
)
<
∞

.
A

d
d
it

io
n

a
ll

y,
th

er
e

is
a

fu
n

ct
io

n
H

su
ch

th
a
t

th
e

fu
n

ct
io

n
θ
7→
`(
θ,
x

)
h
a
s
H

(x
)-

L
ip

sc
h
it

z
co

n
ti

n
u

o
u

s
H

es
si

a
n

(w
it

h
re

sp
ec

t
to

th
e

F
ro

be
n

iu
s

n
o
rm

)
o
n

θ?
+
εB

,
w

h
er

e
E[
H

(X
)2

]
<
∞

.

T
h
en

,
re

ca
ll
in

g
th

e
ro

b
u
st

es
ti

m
at

or
(6

)
as

th
e

m
in

im
iz

er
of
R
n
(θ
,P

n
),

w
e

h
av

e
th

e
fo

ll
ow

in
g

th
eo

re
m

,
w

h
ic

h
w

e
p
ro

ve
in

S
ec

ti
on

F
.

T
h

e
o
re

m
1
0

L
et

A
ss

u
m

p
ti

o
n

A
h
o
ld

,
a
n

d
le

t
th

e
se

qu
en

ce
θ̂

ro
b

n
be

d
efi

n
ed

by
θ̂

ro
b

n
∈

ar
gm

in
θ
R
n
(θ
,P

n
).

D
efi

n
e

b(
θ?

)
:=

C
ov

(∇
θ
`(
θ?
,X

),
`(
θ?
,X

))
√

V
ar

(`
(θ
?
,X

))
a
n

d
Σ

(θ
?
)

=
( ∇

2
R

(θ
?
))
−

1
C

ov
(∇
`(
θ?
,X

))
( ∇

2
R

(θ
?
))
−

1
.

T
h
en

θ̂
ro

b
n

a
.s
.
→

θ?
a
n

d

√
n

(θ̂
ro

b
n
−
θ?

)
d →
N
( −
√

2ρ
b(
θ?

),
Σ

(θ
?
))

T
h
e

as
y
m

p
to

ti
c

va
ri

an
ce

Σ
(θ
?
)

in
T

h
eo

re
m

10
is

ge
n
er

al
ly

u
n
im

p
ro

va
b
le

,
a
s

m
a
d
e

ap
-

p
ar

en
t

b
y

L
e

C
am

’s
lo

ca
l
as

y
m

p
to

ti
c

n
or

m
al

it
y

th
eo

ry
an

d
th

e
H

á
je

k
-L

e
C

am
lo

ca
l
m

in
im

a
x

th
eo

re
m

s
(v

an
d
er

V
aa

rt
an

d
W

el
ln

er
,

19
96

).
T

h
u
s,

T
h
eo

re
m

10
sh

ow
s

th
at

th
e

ro
b
u
st

re
g-

u
la

ri
ze

d
es

ti
m

at
or

(6
)

h
as

so
m

e
effi

ci
en

cy
lo

ss
,

b
u
t

it
is

on
ly

in
th

e
b
ia

s
te

rm
.

W
e

ex
p
lo

re
th

is
a

b
it

m
or

e
in

th
e

co
n
te

x
t

of
th

e
ri

sk
of
θ̂

ro
b

n
.

L
et

ti
n
g
W
∼

N
(0
,Σ

(θ
?
))

,
as

a
n

im
m

ed
ia

te
co

ro
ll
ar

y
to

th
is

th
eo

re
m

,
th

e
d
el

ta
-m

et
h
o
d

im
p
li
es

th
at

n
[ R

(θ̂
ro

b
n

)
−
R

(θ
?
)]

d →
1 2

∥ ∥ ∥√
2
ρ
b(
θ?

)
+
W
∥ ∥ ∥2 ∇

2
R

(θ
?
)
,

(2
8
)

w
h
er

e
w

e
re

ca
ll

th
at
‖x
‖2 A

=
x
>
A
x

.
T

h
is

fo
ll
ow

s
fr

om
a

T
ay

lo
r

ex
p
an

si
o
n
,

b
ec

a
u
se

∇
R

(θ
?
)

=
0

an
d

so
R

(θ
)
−
R

(θ
?
)

=
1 2
(θ
−
θ?

)>
∇

2
R

(θ
?
)(
θ
−
θ?

)
+
o(
‖θ
−
θ?
‖2

),
o
r

n
(R

(θ̂
ro

b
n

)
−
R

(θ
?
))

=
n

(
1 2

(θ̂
ro

b
n
−
θ?

)>
∇

2
R

(θ
?
)(
θ̂

ro
b

n
−
θ?

)
+
o(
‖θ̂

ro
b

n
−
θ?
‖2

))

=
1 2

( √
n

(θ̂
ro

b
n
−
θ?

)) >
∇

2
R

(θ
?
)
( √

n
(θ̂

ro
b

n
−
θ?

))
+
o P

(1
)

d →
1 2

(√
2
ρ
b(
θ?

)
+
W

)>
∇

2
R

(θ
?
)(
√

2
ρ
b(
θ?

)
+
W

)

b
y

T
h
eo

re
m

10
.

22
JM

L
R

 2
0(

68
):

1-
55

, 2
01

9



V
a
r
ia
n
c
e
-b
a
se

d
R
e
g
u
l
a
r
iz
a
t
io
n
w
it
h
C
o
n
v
e
x
O
b
je
c
t
iv
e
s

T
h
e

lim
itin

g
ran

d
om

variab
le

in
ex

p
ression

(28)
h
as

ex
p

ectation

12 E
[‖ √

2
ρ
b(θ

?)
+
W
‖

2∇
2
R

(θ
?
) ]

=
ρ
b(θ

?) >∇
2R

(θ
?)b(θ

?)
+

12
tr(∇

2R
(θ
?) −

1
C

ov
(`(θ

?,X
)),

w
h
ile

th
e

classicalem
p
iricalrisk

m
in

im
ization

p
ro

ced
u
re

(sta
n
d
ard

M
-estim

ation
)

(L
eh

m
an

n
a
n
d

C
a
sella

,
1
998;

van
d
er

V
aart

an
d

W
elln

er,
1996)

h
as

lim
itin

g
m

ean
-sq

u
ared

error
12

tr(∇
2R

(θ
?) −

1
C

ov
(`(θ

?,X
))).

T
h
u
s

th
ere

is
an

ad
d
ition

al
ρ‖
b(θ

?)‖
2∇

2
R

(θ
?
)

p
en

alty
in

th
e

a
sy

m
p
to

tic
risk

(at
a

rate
of

1/n
)

for
th

e
rob

u
stly

-regu
larized

estim
ator.

A
n

in
sp

ection
of

th
e

p
ro

o
f

o
f

T
h
eorem

10
rev

eals
th

at
b(θ

?)
=
∇
θ √

V
ar(`(θ

?,X
));

if
th

e
varian

ce
of

th
e

loss
is

sta
b
le

n
ea

r
θ
?,

so
th

at
m

ov
in

g
to

a
p
aram

eter
θ

=
θ
?

+
∆

for
som

e
sm

all
∆

h
a
s

little
eff

ect
o
n

th
e

varian
ce,

th
en

th
e

stan
d
ard

loss
term

s
d
om

in
ate,

an
d

rob
u
st

regu
larization

h
a
s

a
sy

m
p
to

tically
little

eff
ect.

O
n

th
e

oth
er

h
an

d
,

h
igh

ly
u
n
stab

le
loss

fu
n
ction

s
for

w
h
ich

∇
θ √

V
a
r(`(θ

?,X
))

is
large

y
ield

su
b
stan

tial
b
ia

s.

W
e

co
n
clu

d
e

ou
r

stu
d
y

of
th

e
asy

m
p
totics

w
ith

a
(to

u
s)

som
ew

h
at

su
rp

risin
g

ex
am

p
le.

C
o
n
sid

er
th

e
classical

lin
ear

regression
settin

g
in

w
h
ich

y
=
x
>
θ
?

+
ε,

w
h
ere

ε
∼

N
(0,σ

2).
U

sin
g

th
e

sta
n
d
ard

sq
u
ared

error
loss

`(θ,(x
,y

))
=

12 (θ >
x
−
y
)
2,

w
e

ob
tain

th
at

∇
`(θ

?,(x
,y

))
=

(x
>
θ
?−

y
)x

=
(x
>
θ
?−

x
>
θ
?−

ε)x
=
−
εx
,

w
h
ile

`(θ
?,(x

,y
))

=
12 ε

2.
T

h
e

covarian
ce

C
ov

(εX
,ε

2)
=

E
[εX

(ε
2−

σ
2)]

=
0

b
y

sy
m

m
etry

o
f

th
e

erro
r

d
istrib

u
tion

,
an

d
so—

in
th

e
sp

ecial
classical

case
of

correctly
sp

ecifi
ed

lin
ear

reg
ressio

n
—

th
e

b
ias

term
b(θ

?)
=

0
for

lin
ear

regression
in

T
h
eorem

1
0.

T
h
at

is,
th

e
ro

b
u
stly

reg
u
larized

estim
ator

(6)
is

asy
m

p
totically

effi
cien

t.

5
.

E
x
p

e
rim

e
n
ts

W
e

p
resen

t
th

ree
ex

p
erim

en
ts

in
th

is
section

.
T

h
e

fi
rst

is
a

sm
all

sim
u
lation

ex
am

p
le,

w
h
ich

serves
a
s

a
p
ro

of
of

con
cep

t
allow

in
g

carefu
l

co
m

p
arison

of
stan

d
a
rd

em
p
irical

risk
m

in
im

izatio
n

(E
R

M
)

strategies
to

ou
r

varian
ce-regu

larized
ap

p
roach

.
T

h
e

latter
tw

o
are

cla
ssifi

ca
tio

n
p
rob

lem
s

on
real

d
atasets;

for
b

oth
of

th
ese

w
e

com
p
are

p
erfo

rm
an

ce
of

rob
u
st

so
lu

tio
n

(6)
to

its
E

R
M

cou
n
terp

art.

5
.1

.
M

in
im

iz
in

g
th

e
ro

b
u

st
o
b

je
c
tiv

e

A
s

a
fi
rst

step
,

w
e

give
a

b
rief

d
escrip

tion
of

ou
r

(essen
tially

stan
d
ard

)
m

eth
o
d

for
solv

in
g

th
e

ro
b
u
st

risk
p
rob

lem
.

O
u
r

w
ork

in
th

is
p
ap

er
fo

cu
ses

m
ain

ly
on

th
e

p
rop

erties
of

th
e

ro
b
u
st

o
b

jective
(4)

an
d

its
m

in
im

izers
(6),

so
w

e
on

ly
b
riefl

y
d
escrib

e
th

e
a
lgorith

m
w

e
u
se;

w
e

leave
d
evelo

p
in

g
faster

an
d

m
ore

accu
rate

sp
ecialized

m
eth

o
d
s

to
fu

rth
er

w
ork

.
T

o
solv

e
th

e
ro

b
u
st

p
rob

lem
,

w
e

u
se

a
grad

ien
t

d
escen

t-b
ased

p
ro

ced
u
re,

an
d

w
e

fo
cu

s
on

th
e

case
in

w
h
ich

th
e

em
p
irical

sam
p
led

losses{
`(θ,X

i )}
ni=

1
h
ave

n
on

-zero
varian

ce
for

all
p
aram

eters
θ∈

Θ
,

w
h
ich

is
th

e
case

for
all

of
ou

r
ex

p
erim

en
ts.

R
eca

llth
e

d
efi

n
ition

of
th

e
su

b
d
iff

eren
tial∂

f
(θ)

=
{
g
∈
R
d

:
f

(θ ′)≥
f

(θ)+
〈g
,θ ′−

θ〉
for

all
θ ′}

,
w

h
ich

is
sim

p
ly

th
e

grad
ien

t
for

d
iff

eren
tiab

le
fu

n
ction

s
f

.
A

stan
d
ard

resu
lt

in
con

vex
an

a
l-

y
sis

(H
iriart-U

rru
ty

an
d

L
em

aréch
al,

1993,
T

h
eorem

V
I.4.4.2)

is
th

at
if

th
e

v
ector

p ∗∈
R
n+

.
C
o
d
e
is

ava
ila

b
le

a
t
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
h
s
n
a
m
k
o
o
n
g
/
r
o
b
u
s
t
o
p
t
.
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D
u
c
h
i
a
n
d

N
a
m
k
o
o
n
g

ach
iev

in
g

th
e

su
p
rem

u
m

in
th

e
d
efi

n
ition

(4)
of

th
e

rob
u
st

risk
is

u
n
iq

u
e,

th
en

∂
θ R

n
(θ,P

n
)

=
∂
θ

su
p

P
∈P

n E
P

[`(θ;X
)]

=
n
∑i=

1

p ∗i ∂
θ `(θ;X

i ),

w
h
ere

th
e

fi
n
al

su
m

m
ation

is
th

e
stan

d
ard

M
in

kow
sk

i
su

m
of

sets.
A

s
th

is
m

ax
im

izin
g

vector
p

is
in

d
eed

u
n
iq

u
e

w
h
en

ever
V

ar
P̂
n
(`(θ;X

))6=
0,

w
e

see
th

at
for

all
ou

r
p
rob

lem
s,

so
lon

g
as
`

is
d
iff

eren
tiab

le,
so

to
o

is
R
n
(θ,P

n
)

an
d

∇
θ R

n
(θ,P

n
)

=
n
∑i=

1

p ∗i ∇
θ `(θ;X

i )
w

h
ere

p ∗
=

argm
ax

p∈P
n

{
n
∑i=

1

p
i `(θ;X

i ) }
.

(29)

In
ord

er
to

p
erform

grad
ien

t
d
escen

t
on

th
e

risk
R
n
(θ,P

n
),

th
en

,
b
y

eq
u
ation

(29)
w

e
req

u
ire

on
ly

th
e

com
p
u
tation

of
th

e
w

orst-case
d
istrib

u
tion

p ∗.
B

y
tak

in
g

th
e

d
u
al

of
th

e
m

ax
im

ization
(29),

th
is

is
an

effi
cien

tly
solvab

le
con

vex
p
rob

lem
;

for
com

p
leten

ess,
w

e
p
rov

id
e

a
p
ro

ced
u
re

for
th

is
com

p
u
tation

in
S
ection

H
th

at
req

u
ires

tim
e
O

(n
log

n
+

log
1ε

log
n

)
to

com
p
u
te

an
ε-accu

rate
solu

tion
to

th
e

m
ax

im
ization

(29).
A

s
all

ou
r

ex
am

p
les

h
ave

sm
o
oth

ob
jectiv

es,
w

e
p

erform
grad

ien
t

d
escen

t
on

th
e

rob
u
st

risk
R
n
(·,P

n
),

w
ith

step
sizes

ch
osen

b
y

a
b
ack

track
in

g
(A

rm
ijo)

lin
e

search
(B

oy
d

an
d

V
an

d
en

b
ergh

e,
2004,

C
h
ap

ter
9.2).

5
.2

.
S

im
u

la
tio

n
e
x
p

e
rim

e
n
t

F
or

ou
r

sim
u
latio

n
ex

p
erim

en
t,

w
e

u
se

a
q
u
ad

ratic
loss

w
ith

lin
ear

p
ertu

rb
ation

.
F

or
v
,x
∈

R
d,

d
efi

n
e

th
e

loss
`(θ;x

)
=

12 ‖
θ−

v‖
22

+
x
>

(θ
−
v
).

W
e

set
d

=
50

an
d

take
X
∼

U
n
i({−

B
,B
}
d),

vary
in

g
B

in
th

e
ex

p
erim

en
t.

F
o
r

con
creten

ess,
w

e
let

th
e

d
om

ain
Θ

=
{θ
∈

R
d

:‖
θ‖

2
≤
r}

an
d

set
v

=
r

2 √
d
1

,
so

th
at
v
∈

in
t

Θ
;

w
e

take
r

=
10.

N
otab

ly,

stan
d
ard

regu
larization

strategies,
su

ch
as
`
1

or
`
2 -regu

larization
,

p
u
ll
θ

tow
ard

0,
w

h
ile

th
e

varian
ce

of
`(θ;X

)
is

m
in

im
ized

b
y
θ

=
v

(th
u
s

n
atu

rally
ad

van
tagin

g
th

e
varian

ce-b
ased

regu
larization

w
e

con
sid

er,
as
R

(v
)

=
in

f
θ
R

(θ)
=

0).
M

oreov
er,

as
X

is
p
u
re

n
oise,

th
is

is
an

ex
am

p
le

w
h
ere

w
e

ex
p

ect
varian

ce
regu

larization
to

b
e

p
articu

larly
u
sefu

l.
W

e
ch

o
ose

δ
=
.05

an
d

set
ρ

as
in

E
q
.

(17)
(u

sin
g

th
at
`

is
(3
r

+
√
d
B

)-L
ip

sch
itz)

to
ob

tain
rob

u
st

coverage
w

ith
p
rob

ab
ility

at
least

1−
δ.

In
ou

r
ex

p
erim

en
ts,

w
e

ob
tain

ed
100%

coverage
in

th
e

sen
se

of
(15),

as
th

e
h
igh

p
rob

ab
ility

b
ou

n
d

is
con

servative.

F
igu

re
2

su
m

m
arizes

th
e

resu
lts.

T
h
e

ro
b
u
st

solu
tion

θ̂
ro

b
n

=
argm

in
θ∈

Θ
R
n
(θ,P

n
)

alw
ay

s

ou
tp

erform
s

th
e

em
p
irical

risk
m

in
im

izer
θ̂

erm
n

=
argm

in
θ∈

Θ
E
P̂
n
[`(θ,X

)]
in

term
s

of
th

e
tru

e

risk
E

[`(θ,X
)]

=
12 ‖θ−

v‖
22 .

E
ach

ex
p

erim
en

t
con

sists
of

1,200
in

d
ep

en
d
en

t
rep

lication
s

for

each
sam

p
le

size
n

an
d

valu
e
B

.
In

T
ab

les
1

an
d

2,
w

e
d
isp

lay
th

e
risk

s
of
θ̂

erm
n

an
d
θ̂

ro
b

n
an

d
varian

ces,
resp

ectively,
com

p
u
ted

for
th

e
1,200

in
d
ep

en
d
en

t
trials.

T
h
e

ga
p

b
etw

een
th

e
risk

of
θ̂

erm
n

an
d
θ̂

ro
b

n
is

sigin
ifi

can
t

a
t

lev
el
p
<
.01

for
all

sam
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p
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b
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p
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b
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b
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m
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p
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con
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n
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rization
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n
u
m

b
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larization
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p
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p
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b
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e-b
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p
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u
st

regu
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p
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learn
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p
rob

lem
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p
rob
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h
e
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les
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escrib

e
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p
ectation

th
a
t

th
e

rob
u
st

so
lu

tion
θ̂

ro
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e
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b
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con
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b
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a
rd

co
n
sid

erin
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p
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a
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u
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p
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p
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a
n
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n
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h
a
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w
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g
p
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u
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b
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p
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n
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con
d
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con
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M

am
m

en
a
n
d

T
sy

b
a
kov

,
1999;

B
artlett

et
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p
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b
ou

n
d
s

ty
p
ically

follow
from

lo
calization

gu
aran

tees
(B

artlett
et

al.,
2005,

S
ection

5)
on
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θ∈
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b
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con
d
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con
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d
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h
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h
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b
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∈
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p
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e
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d
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p
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d
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p
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p
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p
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n
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p
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p
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p
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b
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b
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=
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]

=
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]
=
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u
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>
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m
ax
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b
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∈
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h
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m
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b
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)
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√
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√
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√
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L
et
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n
g
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,
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en
u
n
d
er

th
e
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n
d
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n
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e
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w
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h
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,
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y
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u
al

it
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)
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n
ly

su
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en

t
th

at

2ρ
M

2

n
s2 n
≤
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≥

2
ρ
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≥

2ρ
M

2

n
.

(3
0)

C
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p
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e
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s2 n
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.

T
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en

w
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,
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h
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√
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b
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b
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b
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≥
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m
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≥
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≥
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n
d
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b
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ra
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∑
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∑
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∨
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−
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−

E[
f

]
|f
∈
F
,

E P̂
n
[(
f
−

E[
f

])
2
]
≤
r}

,

w
h
er

e
P̂
n

is
th

e
em

p
ir

ic
al

m
ea

su
re

on
x

1
,.
..
,x

n
.

L
et
ψ

su
p

n
b

e
a

su
b
-r

o
ot

u
p
p

er
b

o
u
n
d

o
n

th
e

w
or

st
-c

as
e

R
ad

em
ac

h
er

co
m

p
le

x
it

y

ψ
su

p
n

(r
)
≥

R
su

p
n

(F
n
,r

),

w
h
er

e
im

p
li
ci

tl
y

in
th

e
ri

gh
t

h
an

d
si

d
e

w
e

ta
ke

th
e

su
p
re

m
u
m

ov
er
x

1
,.
..
,x

n
d
efi

n
in

in
g

F n
,r

as
w

el
l.

L
e
m

m
a

1
3

(S
re

b
ro

e
t

a
l.

(2
0
1
0
,

L
e
m

m
a

2
.2

))
L

et
H

be
a

cl
a
ss

o
f

bo
u

n
d
ed

fu
n

ct
io

n
s

X
→

[−
M
,M

],
a
n

d
le

t
κ

:
[−
M
,M

]
→

R
+

be
a

bo
u

n
d
ed

fu
n

ct
io

n
w

it
h
L

-L
ip

sc
h
it

z
d
er

iv
a
-

ti
ve

s.
T

h
en

, R
su

p
n

({
κ
◦h

:
h
∈
H
,E

P̂
n
[κ
◦h

]
≤
r}
)
≤
C
√
rR

su
p

n
(H

)
lo

g
3 2
(M

n
).

S
in

ce
κ

(t
)

=
t2

h
as

L
ip

sc
h
it

z
d
er

iv
at

iv
es

,
ab

ov
e

le
m

m
a

w
it

h
H

=
{f
−
E[
f

]
:
f
∈
F
}

y
ie

ld
s

R
su

p
n

(F
2 n
,r

)
≤
C
√
rR

su
p

n
(F

)
lo

g
3 2
(n
M

)
(3

1
)

w
h
er

e
w

e
re

ca
ll

th
e

n
ot

at
io

n
th

at
G2

=
{g

2
|g
∈
G}

fo
r

an
y

fu
n
ct

io
n

cl
as

s
G.

T
h
u
s

w
e

m
ay

ta
ke

ψ
su

p
n

(r
)

=
C
√
rR

su
p

n
(F

)
lo

g
3 2
n

,
w

h
ic

h
h
as

fi
x
ed

p
oi

n
t
rsu

p
n

=
C

2
R

su
p

n
(F

)2
lo

g
3
n

.
T

h
e

fo
ll
ow

in
g

cl
as

si
ca

l
re

su
lt

th
en

sh
ow

s
th

at
th
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p
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−
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p
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h
er

co
m

p
le

x
it

y
te

rm
E[
R
n
(F

)]
b
y

a
lo

ca
l

q
u
an

ti
ty
r? n

,
th

e
fi
x
ed

p
oi

n
t

of
ψ
n
(r

).
T

o
th

is
en

d
,

w
e

u
se

an
ot

h
er

p
ee

li
n
g

ar
gu

m
en

t
an

d
ap

p
ly

L
em

m
a

16
to

th
e

se
lf

-n
or

m
al

iz
ed

cl
as

s

G r
:=

{ √
r

E[
f

2
]
∨
r
f

:
f
∈
F
}
⊆
{ c
f

:
f
∈
F
,E

[c
2
f

2
]
≤
r,
c
∈

[0
,1

]}
.

T
h
is

id
ea

fo
ll
ow

s
th

e
te

ch
n
iq

u
es

of
B

a
rt

le
tt

et
al

.
(2

00
5,

T
h
m

.
3.

3)
,

th
ou

gh
w

e
u
se

a
ty

p
e

of
se

lf
-n

or
m

al
iz

in
g

sc
al

e,
th

at
is

,
f
/√

E[
f

2
],

w
h
er

ea
s

th
ey

u
se

a
va

ri
an

ce
-n

or
m

al
iz

in
g

sc
al

in
g

b
y

st
u
d
y
in

g
cl

as
se

s
of

fu
n
ct

io
n
s

of
th

e
fo

rm
f
/E

[f
2
].

O
u
r

u
se

of
th

is
al

te
rn

at
iv

e
n
or

m
al

iz
at

io
n

is
im

p
or

ta
n
t

in
th

e
n
ex

t
le

m
m

a,
w

h
ic

h
al

lo
w

s
u
s

to
ob

ta
in

b
ou

n
d
s

th
at

ap
p
ly

to
th

e
ro

b
u
st

ly
re

gu
la

ri
ze

d
ri

sk
.

L
e
m

m
a

1
7

L
et
F

be
a

co
ll

ec
ti

o
n

o
f

bo
u

n
d
ed

fu
n

ct
io

n
s
f

:
X
→

[0
,M

]
sa

ti
sf

yi
n

g
th

e
lo

ca
l-

iz
a
ti

o
n

in
eq

u
a
li

ty
(2

0)
fo

r
so

m
e

su
b-

ro
o
t

fu
n

ct
io

n
ψ
n
(·)

w
it

h
ro

o
t
r? n

.
L

et
B
n

=
1 n

( t
+

lo
g
⌈ lo

g
n t

⌉)
.

T
h
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
e−

t ,
fo

r
ev

er
y
f
∈
F

E[
f

]
≤

E P̂
n
[f

]+
( √

2e
B
n

+
6
√
r? n

+
7
M
B
n
/
3
) √

E[
f

2
]+

6
r? n

+
14
M
B
n
.

T
h
e

sa
m

e
st

a
te

m
en

t
h
o
ld

s
w

it
h

th
e

ro
le

s
o
f
E[
f

]
a
n

d
E P̂

n
[f

]
re

ve
rs

ed
.

S
ee

S
ec

ti
on

D
.1

fo
r

th
e

p
ro

of
.

N
ex

t,
w

e
gi

ve
an

an
al

og
ou

s
re

su
lt

fo
r
f

2
.

L
e
m

m
a

1
8

L
et
F

be
a

co
ll

ec
ti

o
n

o
f

bo
u

n
d
ed

fu
n

ct
io

n
s
f

:
X
→

[0
,M

]
sa

ti
sf

yi
n

g
th

e
lo

ca
li

za
ti

o
n

in
eq

u
a
li

ty
(2

0)
fo

r
so

m
e

su
b-

ro
o
t

fu
n

ct
io

n
ψ
n
(·)

w
it

h
ro

o
t
r? n

.
L

et
η
>

0.
T

h
en

,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
e−

t ,
fo

r
ev

er
y
f
∈
F

E[
f

2
]
≤

E P̂
n
[f

2
]+

1 η
E P̂

n
[f

2
]+

72
M

2
(1

+
η
)r
? n

+
M
t

n

( 4
+

7 3
M

)
.

A
ls

o
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
e−

t ,
fo

r
ev

er
y
f
∈
F

E P̂
n
[f

2
]
≤

E[
f

2
]+

η

1
+
η
E[
f

2
]+

72
M

2
(1

+
η
)r
? n

+
M
t

n

( 4
+

7 3
M

)
.

S
ee

S
ec

ti
on

D
.2

fo
r

th
e

p
ro

of
.

N
ow

,
w

e
m

ak
e

tw
o

ad
d
it

io
n
al

p
ie

ce
s

of
sh

or
th

an
d

n
ot

at
io

n
.

L
et

V
n

=
4(

(2
e

+
84
M

)B
n

+
36
r? n

).
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D
u
c
h
i
a
n
d

N
a
m
k
o
o
n
g

T
h
en

,
L

em
m

a
17

im
p
li
es

th
at

E[
f

]
≤

E P̂
n
[f

]+
√
V
n
E[
f

2
]+

6
r? n

+
14
M
B
n

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
e−

t .
A

p
p
ly

in
g

L
em

m
a

18
to

th
is

b
ou

n
d

w
it

h
th

e
ch

o
ic

e
η

=
1

im
m

ed
ia

te
ly

y
ie

ld
s

th
at

E[
f

]
≤

E P̂
n
[f

]+
√

2V
n
E P̂

n
[f

2
]+

14
4
M

2
V
n
r? n

+
7
V
n
M

m
ax
{M

,1
}t
/n

+
6
r? n

+
1
4
M
B
n

≤
E P̂

n
[f

]+
√

2V
n
E P̂

n
[f

2
]+

12
M

√
V
n

( r? n
+

7
m

ax
{M

,1
}

M

t n

)
+

6
r? n

+
1
4
M
B
n

fo
r

al
l
f
∈
F

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−

2e
−
t .

S
u
b
tr

a
ct

in
g

a
n
d

ad
d
in

g
(E

P̂
n
[f

])
2

to
th

e
se

co
n
d

te
rm

,
w

e
h
av

e
√

2
V
n
E P̂

n
[f

2
]

=
√

2V
n
V

ar
P̂
n
(f

)
+

2
V
n
E P̂

n
[f

]2
≤
√

2
V
n
V

ar
P̂
n
(f

)
+
√

2V
n
E P̂

n
[f

],

w
h
er

e
w

e
h
av

e
u
se

d
th

at
f
≥

0.
W

e
th

u
s

ob
ta

in

E[
f

]
≤
( 1

+
√

2
V
n

) E P̂
n
[f

]+
√

2V
n
V

ar
P̂
n
(f

)
+

12
M

√
V
n

( r? n
+

7
m

ax
{M

,1
}

M

t n

)
+

6
r? n

+
1
4
M
B
n

≤
( 1

+
√

2
V
n

) E P̂
n
[f

]+
√

2V
n
V

ar
P̂
n
(f

)
+

6
M
V
n

+
6
M

( r? n
+

7
m

ax
{M

,1
}t

M
n

)
+

6
r? n

+
1
4
M
B
n
,

w
h
er

e
th

e
se

co
n
d

in
eq

u
al

it
y

fo
ll
ow

s
b

ec
au

se
√
a
b
≤

1 2
a

+
1 2
b

fo
r
a
,b
≥

0.
R

ec
a
ll
in

g
th

e

b
ou

n
d

(2
1)

,
w

h
ic

h
im

p
li
es
ρ
≥
n
V
n
,
ρ
≥
n

(r
? n

+
7

m
a
x
{M

,1
}t

M
n

),
an

d
ρ
/n
≥

6r
? n

+
1
4M

B
n
,

w
e

ob
ta

in
th

at

E[
f

]
≤
(

1
+

√
2
ρ n

)
E P̂

n
[f

]+

√
2ρ n

V
ar
P̂
n
(f

)
+

13
M
ρ

n
.

T
h
eo

re
m

1
im

p
li
es

E P̂
n
[f

]
+
√

2
ρ n
V

ar
P̂
n
(f

)
≤

su
p
P

:D
φ

(P
||P̂
n

)≤
ρ n
E P

[f
(X

)]
+

2
M
ρ

n
,

so
w

e
im

-

m
ed

ia
te

ly
w

e
ar

ri
ve

at

E[
f

]
≤
(

1
+

2

√
2
ρ n

)
su

p
P

:D
φ

(P
|| P̂
n

)≤
ρ n

E P
[f

(X
)]

+

(
13

+
4

√
2
ρ n

)
M
ρ

n

fo
r

al
l
f
∈
F

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−

2
e−

t .
T

h
is

is
th

e
fi
rs

t
re

su
lt

(2
2)

.
T

o
sh

ow
th

e
se

co
n
d

re
su

lt
,

w
e

si
m

p
ly

ap
p
ly

B
er

n
st

ei
n
’s

in
eq

u
al

it
y

an
d

th
e

co
n
ce

n
tr

a
ti

o
n

in
eq

u
al

it
ie

s
fo

r
th

e
st

an
d
ar

d
d
ev

ia
ti

on
in

L
em

m
a

11
.

F
or

an
y

fi
x
ed

f
∈
F

,
b
y

B
er

n
st

ei
n
’s

in
eq

u
al

it
y,

w
e

h
av

e

E P̂
n
[f

]
≤

E[
f

]+

√
2t

V
ar

(f
)

n
+

2
M
t

3
n

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
e−

t .
F

ro
m

L
em

m
a

11
,

w
e

h
av

e

√
V

ar
P̂
n
(f

)
≤
√

V
ar

(f
)

+

√
2
tM

2

n
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V
a
r
ia
n
c
e
-b
a
se

d
R
e
g
u
l
a
r
iz
a
t
io
n
w
it
h
C
o
n
v
e
x
O
b
je
c
t
iv
e
s

w
ith

p
ro

b
a
b
ility

at
least

1−
e −

t.

W
e

th
u
s

o
b
tain

th
at

for
an

y
fi
x
ed

f
,

su
p

P
:D
φ

(P
||P̂
n

)≤
ρn E

P
[f

]≤
E
P̂
n
[f

]+

√
2ρn

V
ar
P̂
n
(f

)≤
E

[f
]+

√
2
tn
V

ar(f
)+

√
2
ρn

V
ar(f

)+
2
M
√
ρ
t

n
+

2M
t

3n

w
ith

p
ro

b
a
b
ility

at
least

1−
2
e −

t.
N

otin
g

th
at
ρ
≥

45M
t

b
y

a
ssu

m
p
tion

(21),
so
√
ρ

+
√
t≤

√
4
6ρ
/
45

+
4
5
t≤

√
91ρ

/
45

an
d

th
at

alw
ay

s
2 √

ρ
t≤

3
ρ

+
13 t,

w
e

h
ave

th
at

w
ith

p
rob

ab
ility

a
t

lea
st

1−
2
e −

t
th

atsu
p

P
:D
φ

(P
||P̂
n

)≤
ρn E

P
[f

]≤
E

[f
]+

√
91ρ

45n
V

ar(f
)

+
3M

ρ

n
+
M
t

n
.

N
o
tin

g
th

a
t

w
e

cou
ld

take
f

to
m

in
im

ize
th

e
righ

t
h
an

d
sid

e
of

th
e

p
reced

in
g

ex
p
ression

a
n
d

th
a
t
f̂

m
in

im
izes

su
p
P

:D
φ

(P
||P̂
n

)≤
ρ
/
n
E
P

[f
],

w
e

h
ave

th
e

resu
lt

(23).

W
e

fi
rst

sh
ow

th
e

claim
for

g
∈
F

cen
tered

=
{
f
−

E
[f

]
:
f
∈
F
}
.

T
o

see
th

e
claim

for
g
∈
F

cen
tered ,

let
u
s

fi
x
L
∈
N

to
b

e
ch

osen
later,

an
d

for
l

=
1,...,L

−
1

d
efi

n
e

th
e

classes

F
l

:=
{
g
∈
F

cen
tered

:
e −

lr
<

E
[g

2]≤
e −

(l−
1
)r }

,
F
L

:=
{
g
∈
F

cen
tered

:E
[g

2]≤
e −

L
r }

so
th

a
tF

cen
tered

=
∪
Ll=

1 F
l .

L
et
z
>

0
b

e
su

ch
th

at
t≤

z
.

A
p
p
ly

in
g

L
em

m
a

14
(w

ith
th

e
ch

o
ice

α
=

12 )
to
F
l

for
each

l
=

1,...,L
−

1,
w

e
h
ave

w
ith

p
rob

ab
ility

at
least

1−
e −

t,
for

every
g
∈
F
l

E
[g

]≤
E
P̂
n
[g

]+

√
2
te −

(l−
1
)r

n
+

3E
[R

n
(F

l )]+
5
M

tn

≤
E
P̂
n
[g

]+

√
2
et

n
E

[g
2]+

3E
[R

n
(F

l )]+
5
M

tn

w
h
ere

in
th

e
la

st
lin

e
w

e
h
ave

u
sed

e −
lr≤

E
[g

2]
for

g
∈
F
l .

S
im

ilarly,
ap

p
ly

in
g

L
em

m
a

1
4

to
F
L

,
th

en
w

ith
p
rob

ab
ility

at
least

1−
e −

t,
for

every
g
∈
F
L

E
[g

]≤
E
P̂
n
[g

]+

√
2
te −

L
r

n
+

3E
[R

n
(F

L
)]+

5
M

tn

≤
E
P̂
n
[g

]+

√
2
et

n
E

[g
2]+

√
2te −

L
r

n
+

3E
[R

n
(F

L
)]+

5
M

tn
.

T
a
k
in

g
a

u
n
ion

b
ou

n
d
,

w
e

h
ave

w
ith

p
rob

ab
ility

at
least

1−
L
e −

t,
for

every
g
∈
F

cen
tered

E
[g

]≤
E
P̂
n
[g

]+

√
2et

n
E

[g
2]+

3E
[R

n
(F

cen
tered )]+

5
M

tn
+

√
2te −

L
r

n
.

N
o
tin

g
th

a
t
E

[R
n
(F

cen
tered )]≤

2E
[R

n
(F

)]
b
y

J
en

sen
’s

in
eq

u
ality,

w
e

take
L

=
⌈log

r
n

M
2
t ⌉

a
n
d

m
a
p
t

to
t

+
log

L
to

ob
tain

th
e

lem
m

a.
T

h
e

case
w

h
en

th
e

roles
of

E
[f

]
a
n
d
E
P̂
n
[f

]
a
re

rev
ersed

fo
llow

s
sim

ilarly.
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D
u
c
h
i
a
n
d

N
a
m
k
o
o
n
g

D
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.
P

ro
o
f

o
f

L
e
m

m
a

1
7

L
et
r
≥
r
?n

b
e

an
arb

itrary
b
u
t

fi
x
ed

valu
e

to
b

e
ch

o
osen

later.
U

sin
g

th
is
r,

d
efi

n
e

th
e

self-n
orm

alized
class

of
fu

n
ction

s

G
r

:=

{√
r

E
[f

2]∨
r
f

:
f
∈
F
}
⊆
{
cf

:
f
∈
F
,E

[c
2f

2]≤
r,c∈

[0,1] }
.

F
rom

th
e

tru
n
cation

b
y
r,

w
e

h
ave

E
[g

2]≤
r

for
all

g
∈
G
r .

L
em

m
a

16
im

p
lies

th
at

w
ith

p
rob

ab
ility

at
least

1−
e −

t,
u
n
iform

ly
over

g
∈
G
r

E
[g

]≤
E
P̂
n
[g

]+

√
2
en
E

[g
2] (

t
+

log ⌈
log

nt ⌉)
+

6E
[R

n
(G
r )]+

7
Mn

(
t

+
log ⌈

log
nt ⌉)

.
(34)

U
sin

g
th

e
su

b
-ro

ot
p
rop

erty
of
ψ
n

an
d

th
at
ψ
n
(r
?n )

=
r
?n ,

w
e

h
ave

th
e

in
eq

u
ality

ψ
n
(r)

=
√
rψ

n
(r)/ √

r≤
√
rψ

n
(r
?n )/ √

r
?n

=
√
rr
?n

for
an

y
r≥

r
?n ,

so

E
[R

n G
r ]≤

E
[R

n {
cf

:
f
∈
F
,E

[c
2f

2]≤
r,c∈

[0,1] }
]≤

ψ
n
(r)≤

√
rr
?n

U
sin

g
th

is
u
p
p

er
b

ou
n
d

in
E

q
.

(34)
an

d
recallin

g
th

e
n
otation

B
n

=
1n (t

+
log ⌈log

nt ⌉),
w

e
get

E
[g

]≤
E
P̂
n
[g

]+
√

2
eB

n E
[g

2]+
6 √

r
?n r

+
7
M
B
n
.

(35)

N
ow

,
w

e
retu

rn
to

ch
o
ose

th
e

valu
e
r

to
op

tim
ize

th
e

b
ou

n
d

(35).
let

r
b

e
th

e
largest

solu
tion

to
6 √

r
?n r

+
7
M
B
n

=
6r.

T
h
e

follow
in

g
elem

en
tary

lem
m

a
p
rov

id
es

a
b

ou
n
d

on
r.

L
e
m

m
a

1
9

L
et
x

be
th

e
la

rgest
so

lu
tio

n
to
a
x

+
b

=
x
2d

w
h
ere

a
,b,d

>
0.

T
h
en

a
2d

2
≤

x
2≤

a
2d

2
+

2
bd

.

P
ro

o
f

F
rom

th
e

q
u
ad

ratic
form

u
la,

w
e

h
ave

x
=

12 (
a
d

+
√
a

2d
2

+
4
b )

from
w

h
ich

th
e

low
er

b
ou

n
d

follow
s.

F
rom

con
vex

ity
of
z
7→

z
2

an
d
√
z

1
+
z

2 ≤
√
z

1
+
√
z

2
for

z
1 ,z

2
>

0,
w

e
ob

tain
th

e
u
p
p

er
b

ou
n
d
.

L
em

m
a

19
im

m
ed

iately
y
ield

s

r
?n ≤

r≤
r
?n

+
7
M
B
n

3
.

F
or

each
g
∈
G
r ,

th
ere

ex
ists

f
∈
F

su
ch

th
at
g

=
√

r
E

[f
2
]∨
r f

.
If

E
[f

2]≤
r,

w
e

h
av

e

g
=
f

an
d

th
e

b
ou

n
d

(35)
y
ield

s

E
[f

]≤
E
P̂
n
[f

]+
√

2
eB

n E
[f

2]+
6
r
?n

+
14
M
B
n
.

IfE
[f

2]
>
r,

rescalin
g
g

in
th

e
b

ou
n
d

(35
)

an
d

u
sin

g
th

e
ch

oice
6
r

=
6 √

r
?n r

+
7
M
B
n

y
ield

s

E
[f

]≤
E
P̂
n
[f

]+
√

2eB
n E

[f
2]+

6 √
rE

[f
2]

≤
E
P̂
n
[f

]+
√

2eB
n E

[f
2]+

6 √
(r
?n

+
7
M
B
n
/3)E

[f
2]
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se

s
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f
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]
≶
r,

w
e

co
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cl

u
d
e

th
at

fo
r

al
l
f
∈
F

,

E[
f

]
≤

E P̂
n
[f

]+
( √

2e
B
n

+
6
√
r? n

+
7
M
B
n
/3
) √

E[
f

2
]+

6
r? n

+
14
M
B
n

w
it

h
p
ro
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il
it

y
at

le
as

t
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t .
S
im

il
ar
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,

w
e
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n
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er
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ro
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s
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]
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n
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]
to

ge
t

th
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se
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n
d
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ro
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f
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1
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W
e
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u
en

tl
y
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se
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em
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er
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tr
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ti

on
p
ri

n
ci

p
le
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ed

ou
x

an
d

T
al

a
gr

an
d
,

19
91

,
T

h
m

.
4.

12
)

in
w

h
at

fo
ll
ow

s.

L
e
m

m
a

2
0

L
et
φ

:
R
→

R
be
L

-L
ip

sc
h
it

z.
T

h
en

,
fo

r
ev

er
y

cl
a
ss
G

E ε
[R

n
(φ
◦G

)]
≤
L
E ε

[R
n
(G

)]

w
h
er

e
φ
◦G

=
{φ
◦f

:
f
∈
G}

.

A
s

in
S
ec

ti
on

D
.1

,
d
efi

n
e

th
e

se
lf

-n
or

m
al

iz
ed

fu
n
ct

io
n
s

in
F

G r
:=

{ √
r

E[
f

2
]
∨
r
f

:
f
∈
F
}
⊆
{ c
f

:
f
∈
F
,E

[c
2
f

2
]
≤
r,
c
∈

[0
,1

]}

w
h
er

e
r
≥
r? n

w
il
l

b
e

ch
o
os

en
la

te
r.

L
et
G2 r

=
{g

2
:
g
∈
G r
}.

F
ro

m
th

e
tr

u
n
ca

ti
on

b
y
r,

w
e

h
av

e
th

at
fo

r
al

l
g

2
∈
G2 r

,
V

ar
(g

2
)
≤

E[
g

4
]
≤
M

2
E[
g

2
]
≤
M

2
r.

L
et
c 1

=
3

an
d
c 2

=
7 3
.

T
h
en

b
y

L
em

m
a

14
ap

p
li
ed

to
G2 r

,
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
e−

t ,
fo

r
ev

er
y
g
∈
G r

E[
g

2
]
≤

E P̂
n
[g

2
]+

c 1
E[
R
n
(G

2 r
)]

+
M

√
2r
t

n
+
c 2
M

2
t

n
(a

) ≤
E P̂

n
[g

2
]+

2
c 1
M

E[
R
n
(G
r
)]

+
M

√
2
rt n

+
c 2
M

2
t

n
(b

) ≤
E P̂

n
[g

2
]+

2
c 1
M
√
rr
? n

+
M

√
2
rt n

+
c 2
M

2
t

n
(3

6)

w
h
er

e
in

st
ep

(a
)

w
e

u
se

d
th

e
co

n
tr

ac
ti

on
p
ri

n
ci

p
le

(L
em

m
a

20
)

a
n
d

th
at
x
7→

x
2

is
2
M

-
L

ip
sc

h
it

z
on

[−
M
,M

],
an

d
in

st
ep

(b
),

w
e

u
se

d
th

at
ψ
n
(r

)
≤
√
rr
? n

a
s

in
th

e
p
ro

of
of

L
em

m
a

17
in

S
ec

ti
on

D
.1

.

L
et
A

=
2c

1
M
√
r? n

+
M
√

2
t n

an
d
D

=
c 2
M

2
t

n
.

F
or

an
y

fi
x
ed

K
>

1,
ch

o
os

e
r

to
b

e
th

e

la
rg

es
t

so
lu

ti
on

to
A
√
r

+
D

=
r K

so
th

at
th

e
b

ou
n
d

(3
6)

b
ec

om
es

E[
g

2
]
≤

E P̂
n
[g

2
]+

r D
.

F
ro

m
L

em
m

a
19

,
w

e
h
av

e
K

2
A

2
≤
r
≤
K

2
A

2
+

2
K
D

an
d

in
p
ar

ti
cu

la
r,
r
≥

K
2
A

2
≥

r? n
.

F
or

ea
ch

g
∈
G r

,
th

er
e

ex
is

ts
f
∈
F

su
ch

th
at

g
=
√

r
E[
f
2
]∨
r
f

.
If
E[
f

2
]
≤
r,

re
sc

al
in

g
th

e
in

eq
u
al

it
y

(3
6)

an
d

u
si

n
g

th
e

u
p
p

er
b

ou
n
d

on
r,

w
e

ob
ta

in
E[
f

2
]
≤

E P̂
n
[f

2
]+

r K
≤

E P̂
n
[f

2
]+

K
A

2
+

2
D
.
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.
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ta
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f
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≤

K
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1
E P̂

n
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K
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+
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.
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≤
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b
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p
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.
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o
f
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h
e
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8

R
ec

al
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ou
r

sh
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∗ ∈
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S
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,

w
h
ic

h
is

a
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se
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D

efi
n
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th
e
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d
em

p
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a
l

d
ev
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n
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∆
n
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E
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(θ
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)
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π

(θ
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X

)]
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E P̂
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(θ

;X
)
−
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π
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)]
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W
e

b
eg
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w

it
h

th
e

fo
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ow

in
g

C
la

im
2
1

If
Ŝ
ε ?
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S

2
ε
?
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th

en

su
p
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2
ε
?

{
∆
n
(θ

)
+

√
2ρ n

V
ar
P̂
n
(`

(θ
;X

)
−
`(
π

(θ
);
X

))

}
≥
ε.
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)

D
ef

er
ri

n
g

th
e

p
ro

of
of

th
e

cl
ai

m
,

le
t

u
s

p
ro

ve
th

e
th

eo
re

m
.

F
ir

st
,

th
e

gr
ow

th
co

n
d
it

io
n

(2
6
)

sh
ow

s
th

at

S
2
ε
?
⊂
{
θ
∈

Θ
:
‖θ
−
π

(θ
)‖

2
≤
(

2ε λ

)
1 γ

}
=

{
θ
∈

Θ
:
d
is

t(
θ,
S
?
)
≤
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2
ε λ

)
1 γ

}
.

T
h
er

ef
or

e,
w

e
h
av

e
fo

r
al

l
θ
∈
S

2
ε
?

th
at

V
ar
P̂
n
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(θ
;X

)
−
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π

(θ
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X

))
≤
L

2
d
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t(
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S
?
)2
≤
L

2
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)
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,
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b
y

th
e
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m
p
ti
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ε
≥
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L
2
ρ

n
)

γ
2
(γ
−
1
)
(

2 λ
)

1
γ
−
1
,

w
e

h
av

e

√
2ρ n

V
ar
P̂
n
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(θ
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)
−
`(
π

(θ
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X

))
≤
L

√
2
ρ n

(
2
ε λ

)
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≤
ε 2
.
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if
th

e
ev

en
t
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8)
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d
s
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2
ε
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∆
n
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≥
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b
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L
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∆
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′∈X
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2
ε
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∣∣∣∣ 1n
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2
ε
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d
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2
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=
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E
[su

p
θ∈
S
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∆
n
(θ)]≤

2E
[R

n
(S

2
ε
?
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n
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d
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T
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w
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e
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(
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S
2
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?

∆
n
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[R

n
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2
ε
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n
t 2

2
L
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λ2ε )
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ettin
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=
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ε )
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d
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p
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7)
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p
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g
E
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∆
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Ŝ
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∈
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?
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t
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e
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n
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R
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w
e

h
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r
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t∈
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]

th
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R
n
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n
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n
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)

+
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n
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(θ),P
n
)≤

R
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n
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+
tε.

F
o
r

a
ll
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w

e
h
av

e
b
y
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efi

n
ition
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ogon
al

p
ro

jection
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e
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(θ)
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n
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s

to
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e
n
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al
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S
?
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rru
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an
d

L
em

aréch
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P
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p
.
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th
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+
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T

h
u
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g
t
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b
d
S

2
ε
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w
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R
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∈
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d
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R
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=
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con
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g
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f
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reced
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g

d
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d
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g

su
p
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w

e
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n
d
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θ∈
S
2
ε
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R
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(θ,P

n
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(θ))−
R
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(π

(θ),P
n
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≤
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p
θ∈
S
2
ε
?
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p

P
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φ
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n

)≤
ρ
/
n {
R

(θ)−
R
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)

+
E
P
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(θ);X

)−
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.
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p
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e
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b
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p
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b
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p
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c
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b
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d
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b
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m
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√
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√
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∑
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‖
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p
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√
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+

√
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∇
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p
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√
n

(θ̂
ro

b
n
−
θ
?)

=
−

(∇
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√
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√
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a
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p
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d
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p
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∈
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=
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∈
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⊂
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≤
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≤
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b
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∑i=

1

g
i |c

1 (h
(x
i )−

h
?(x

i ))−
c

2 ξ
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√
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c∈
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r
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∈
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=
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+
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b
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−
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−
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+
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+
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−
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=
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b
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=
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=
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∞
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√
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p
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−
p
)

lo
g

1
−
p

1
−
q

d
en

ot
es

th
e

b
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b
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+
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≤
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−
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√
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=
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=
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=
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√
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√
π
n

b
y

S
ti

rl
in

g’
s

ap
p
ro

x
im

at
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√
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√
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→
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b
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∣ ∣ ∣a
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∇
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b
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√
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.
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≥
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terestin
g

com
m

u
n
ity,

an
d

h
en

ce
an

y
com

m
u
n
ity

d
etection

a
lg

o
rith

m
ca

n
b

e
rep

u
rp

osed
for

th
e

V
N

p
rob

lem
ju

st
d
escrib

ed
w

ith
m

in
or

ad
ap

tation
(e.g

.,
b
y

ra
n
k
in

g
v
ertices

accord
in

g
to

th
eir

p
rob

ab
ility

of
m

em
b

ersh
ip

in
th

e
com

m
u
n
ity

of
in

terest);
see,

fo
r

ex
am

p
le,

th
e

sp
ectral

v
ertex

n
om

in
ation

sch
em

e
of

F
ish

k
in

d
et

al.
(2

015).
T

h
e

sp
ecifi

c
p

erform
an

ce
of

su
ch

an
ad

ap
tation

is
h
igh

ly
d
ep

en
d
en

t
o
n

th
e

fi
d
elity

of
th

e
b
a
se

clu
sterin

g
p
ro

ced
u
re,

an
d

th
e

p
erform

an
ce

is
often

b
elow

th
at

of
th

e
sem

i-su
p

erv
ised

V
N

sp
ecifi

c
a
n
a
logu

es
(see

Y
o
d
er

et
al.,

2018).

T
h
e

a
b

ov
e

form
u
lation

of
th

e
V

N
task

assu
m

es
th

e
p
resen

ce
of

stron
g

com
m

u
n
ity

stru
c-

tu
re

a
m

o
n
g

th
e

v
ertices

of
in

terest
in

th
e

grap
h
.

In
p
ra

ctice,
th

is
is

often
a

reason
ab

le
a
ssu

m
p
tio

n
,

p
a
rticu

larly
if

it
is

ex
p

ected
th

at
in

terestin
g

vertices
w

ill
b

eh
ave

sim
ilarly

to
o
n
e

a
n
o
th

er
in

th
e

n
etw

ork
.

H
ow

ever,
th

e
p
articu

lar
featu

res
th

at
m

ark
a

vertex
as

in
ter-

estin
g

a
re

en
tirely

task
-d

ep
en

d
en

t.
T

o
p
arap

h
rase

th
e

com
m

on
p
roverb

,
in

terestin
gn

ess
is

in
th

e
eye

o
f

th
e

p
ractition

er.
In

terestin
g

vertices
m

ay
b

e,
fo

r
ex

am
p
le,

th
ose

w
ith

large
n
etw

o
rk

cen
tra

lity
(J

eon
g

et
al.,

2001;
N

ew
m

an
,

2005),
th

ose
w

ith
a

p
articu

lar
role

in
th

e
n
etw

o
rk

(L
u
sseau

an
d

N
ew

m
an

,
2004),

or
th

ose
corresp

on
d
in

g
to

a
given

u
ser

across
so

cial
n
etw

o
rk

s
(P

atsolic
et

al.,
2017).

In
th

ese
ap

p
lication

s,
in

terestin
g

v
ertices

n
eed

n
ot

corre-
sp

o
n
d

p
recisely

to
th

e
com

m
u
n
ity

stru
ctu

re
cap

tu
red

b
y

a
gen

erative
n
etw

ork
m

o
d
el,

an
d

h
en

ce
su

ch
ca

ses
are

ill-d
escrib

ed
b
y

th
e

com
m

u
n
ity

-b
ased

V
N

p
rob

lem
d
escrib

ed
ab

ove.
T

o
a
cco

m
m

o
d
a
te

th
is

task
-d

ep
en

d
en

cy
an

d
b
road

er
n
otion

of
in

terestin
g

vertices,
w

e
con

sid
er

th
e

fo
llow

in
g

g
en

eralization
an

d
ex

ten
sion

of
th

e
p
rev

iou
sly

-p
resen

ted
V

N
p
rob

lem
:

G
iv

en
a

vertex
o
f

in
terest

v ∗
in

a
grap

h
G

1
=

(V
1 ,E

1 ),
fi
n
d

th
e

corresp
on

d
in

g
vertex

of
in

terest
u
∗

(if
it

ex
ists)

in
a

secon
d

grap
h
G

2
=

(V
2 ,E

2 )
b
y

ran
k
in

g
th

e
vertices

of
G

2
accord

in
g

to
ou

r
co

n
fi
d
en

ce
th

a
t

th
ey

corresp
on

d
to
v ∗

in
grap

h
G

1 ;
see

F
igu

re
2

for
a

v
isu

a
l

rep
resen

tation
o
f

th
is

V
N

fra
m

ew
ork

.
In

th
is

form
u
lation

,
w

h
ich

is
an

(p
oten

tially
)

u
n
su

p
erv

ised
in

fer-
en

ce
ta

sk
,

w
h
a
t

d
efi

n
es
v ∗

as
in

terestin
g

is
en

tirely
m

o
d
el-d

ep
en

d
en

t,
an

d
d
iff

eren
t

n
etw

o
rk

m
o
d
els

ca
n

h
ig

h
ligh

t
d
iff

eren
t

ch
aracteristics

of
in

terest
in

th
e

grap
h
.

P
oten

tial
ap

p
lication

d
o
m

ain
s

fo
r

th
is

V
N

gen
eralization

ab
ou

n
d
,

in
clu

d
in

g
id

en
tify

in
g

u
sers

of
in

terest
across

so
cia

l
n
etw

ork
p
latform

s
(see,

for
ex

am
p
le,

P
atso

lic
et

al.,
2017),

id
en

tify
in

g
stru

ctu
ral

sig-
n
a
l

across
co

n
n
ectom

es
(see,

for
ex

am
p
le,

S
u
ssm

an
et

al.,
2018),

an
d

id
en

tify
in

g
to

p
ics

of
in

terest
a
cro

ss
grap

h
ical

k
n
ow

led
ge

b
ases

(see,
for

ex
am

p
le,

S
u
n

an
d

P
rieb

e,
201

3).

In
F

ish
k
in

d
et

al.
(2015)

an
d

L
y
zin

sk
i

et
al.

(2016),
th

e
n
otion

of
a

con
sisten

t
v
ertex

n
o
m

in
a
tio

n
sch

em
e

(i.e.,
an

asy
m

p
totica

lly
op

tim
al

solu
tion

to
th

e
V

N
p
rob

lem
)

w
as

p
ro-

p
o
sed

fo
r

th
e

o
rigin

al
form

u
lation

of
th

e
V

N
p
rob

lem
,

in
w

h
ich

com
m

u
n
ity

m
em

b
ersh

ip
en

tirely
d
eterm

in
es

w
h
eth

er
or

n
ot

a
given

v
ertex

is
in

terestin
g.

T
h
is

d
efi

n
ition

of
con

sis-
ten

cy
w

a
s

b
a
sed

on
th

e
m

ea
n

a
vera

ge
p
recisio

n
(M

A
P

)
of

a
n
om

in
ation

sch
em

e
op

eratin
g

o
n

a
g
ra

p
h

m
o
d
el

w
ith

ex
p
licit

com
m

u
n
ity

stru
ctu

re
en

co
d
ed

b
y

th
e

th
e

S
to

ch
astic

B
lo

ck
M

o
d
el

(S
B

M
)

of
H

ollan
d

et
al.

(1983).
U

n
d
er

th
is

restricted
n
otion

of
co

n
sisten

cy,
F

ish
k
in

d
et

a
l.

(2
0
1
5
)

d
eriv

ed
th

e
an

alogu
e

of
u
n
iversal

B
ayes

op
tim

ality
in

th
e

V
N

settin
g,

n
am

ely
a

sch
em

e
th

a
t

a
ch

ieves
th

e
op

tim
al

m
ean

average
p
recision

for
all

p
ara

m
eterization

s
of

th
e

u
n
d
erly

in
g

S
B

M
.

W
h
ile

th
is

d
erivation

of
th

e
B

ayes
op

tim
al

sch
em

e
som

ew
h
at

p
arallels

th
e

d
erivatio

n
o
f

th
e

B
ayes

op
tim

al
classifi

er
in

th
e

classical
p
attern

recogn
ition

literatu
re,

th
e

S
B

M
m

o
d
el

a
ssu

m
p
tion

an
d

M
A

P
form

u
lation

greatly
n
arrow

th
e

set
of

m
o
d
els

an
d

sets
of

in
terestin

g
vertices

w
e

can
con

sid
er.

In
th

is
p
ap

er,
w

e
revam

p
a
n
d

gen
eralize

th
e

con
cep

t
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L
y
z
in
sk

i,
L
e
v
in
,
a
n
d

P
r
ie
b
e

G
2

G
1

V(    )
G

2

F
igu

re
2:

A
v
isu

al
rep

resen
tation

of
th

e
gen

eralized
V

ertex
N

om
in

ation
fram

ew
ork

:
G

iven
a

vertex
o
f
in

terest
v ∗

(colored
red

)
in

a
grap

h
G

1
=

(V
1 ,E

1 ),
fi
n
d

th
e

corresp
o
n
d
in

g
vertex

of
in

terest
u
∗

(if
it

ex
ists)

in
a

secon
d

g
rap

h
G

2
=

(V
2 ,E

2 ),
ran

k
in

g
th

e
vertices

of
G

2
in

to
a

n
om

in
ation

list
so

th
at
u
∗

id
eally

ap
p

ears
at

th
e

top
of

th
e

n
om

in
ation

list.

of
V

N
con

sisten
cy

—
an

d
of

V
N

B
ayes

op
tim

ality
—

in
th

e
tw

o-grap
h

V
N

fram
ew

ork
.

T
h
is

fram
ew

ork
is

q
u
ite

gen
eral,

an
d

fu
rth

er
allow

s
u
s

to
h
igh

ligh
t

th
e

sim
ilarities

an
d

d
iff

eren
ces

b
etw

een
ou

r
n
ew

V
N

con
sisten

cy
form

u
lation

an
d

its
an

a
logu

e
in

th
e

classifi
cation

litera
tu

re
d
efi

n
ed

in
,

for
ex

a
m

p
le,

D
ev

roy
e

et
al.

(1997
).

T
h
e

p
ap

er
is

laid
ou

t
as

follow
s.

In
th

e
rem

ain
d
er

of
th

is
section

,
w

e
p
rov

id
e

b
rief

overv
iew

s
of

in
form

ation
retrieval

as
it

relates
to

vertex
n
om

in
ation

(S
ection

1.1)
an

d
th

e
B

ayes
op

tim
al

classifi
er

in
th

e
classical

settin
g

(S
ection

1.2),
an

d
con

clu
d
e

th
e

in
tro

d
u
ction

b
y

estab
lish

in
g

n
otation

for
th

e
rem

ain
d
er

of
th

e
p
ap

er
(S

ection
1.3

).
In

S
ection

2,
w

e
d
efi

n
e

th
e

V
N

p
rob

lem
fram

ew
ork

th
at

is
th

e
fo

cu
s

of
th

is
p
ap

er,
an

d
in

S
ection

3
w

e
d
erive

th
e

V
N

an
alogu

e
of

a
B

ayes
op

tim
al

sch
em

e.
In

S
ection

4,
w

e
d
efi

n
e

a
n
ew

n
otion

of
V

N
con

sisten
cy,

an
d

w
e

p
rove

th
at

n
o

u
n
iversally

con
sisten

t
V

N
sch

em
e

ex
ists,

p
rov

id
in

g
an

in
terestin

g
con

trast
to

th
e

stan
d
ard

classifi
cation

settin
g.

W
e

con
clu

d
e

in
S
ection

5
w

ith
a

sh
ort

su
m

m
ary

com
p
arin

g
an

d
con

trastin
g

V
N

w
ith

classical
classifi

cation
an

d
a

d
iscu

ssion
of

im
p
lication

s
an

d
fu

tu
re

d
irection

s.

1
.1

.
C

o
n

n
e
c
tio

n
s

to
In

fo
rm

a
tio

n
R

e
trie

v
a
l

T
h
e

vertex
n
om

in
ation

task
is,

in
som

e
w

ay
s,

sim
ilar

to
th

e
task

faced
b
y

recom
m

en
d
er

sy
stem

s
(R

esn
ick

an
d

V
arian

,
1997;

R
icci

et
al.,

2011
),

in
w

h
ich

th
e

aim
is

to
retrieve

ob
jects

(e.g.,
d
o
cu

m
en

ts
or

im
ages)

likely
to

b
e

of
in

terest
to

a
u
ser

b
ased

on
h
is

or
h
er

p
rev

iou
s

b
eh

av
ior.

F
or

ex
am

p
le,

th
e

celeb
rated

P
ageR

an
k

algorith
m

(B
rin

an
d

P
age,

1998)
recom

m
en

d
s

w
eb

p
ages

b
ased

on
ran

d
om

w
alk

s
on

th
e

w
orld

w
id

e
w

eb
grap

h
,

in
w

h
ich

w
eb

sites
are

n
o
d
es

an
d

(d
irected

)
ed

ges
refl

ect
h
y
p

erlin
k
s

b
etw

een
p
ages.

T
h
e

in
form

ation
retrieval

(IR
)

literatu
re

in
clu

d
es

m
an

y
su

ch
grap

h
-b

ased
ap

p
roach

es.
W

e
refer

th
e

rea
d
er

to
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O
n
C
o
n
si
st

e
n
t
V
e
r
t
e
x
N
o
m
in
a
t
io
n
S
c
h
e
m
e
s

R
ic

ci
et

al
.

(2
01

1)
an

d
M

ih
al

ce
a

an
d

R
ad

ev
(2

01
1)

fo
r

th
e

st
at

e
of

th
e

ar
t

ci
rc

a
20

10
,

an
d

co
n
ce

n
tr

at
e

h
er

e
on

re
ca

p
p
in

g
m

or
e

re
ce

n
t

gr
ap

h
-b

as
ed

in
fo

rm
at

io
n

re
tr

ie
va

l
te

ch
n
iq

u
es

.

M
an

y
gr

ap
h
-b

as
ed

IR
te

ch
n
iq

u
es

re
ly

on
th

e
as

su
m

p
ti

on
th

at
si

m
il
ar

ob
je

ct
s

(i
.e

.,
d
o
c-

u
m

en
ts

,
w

eb
p
ag

es
,

et
c.

)
w

il
l

li
e

n
ea

r
on

e
an

ot
h
er

in
a

su
it

ab
ly

-c
on

st
ru

ct
ed

gr
ap

h
.

In
d
ee

d
,

th
is

in
tu

it
io

n
u
n
d
er

li
es

m
an

y
gr

ap
h
-b

as
ed

ap
p
ro

ac
h
es

th
ro

u
gh

o
u
t

m
ac

h
in

e
le

ar
n
in

g
an

d
re

-
la

te
d

d
is

ci
p
li
n
es

(s
ee

,
fo

r
ex

am
p
le

,
B

el
k
in

an
d

N
iy

og
i,

20
0
3;

Z
h
ou

et
al

.,
20

04
).

T
ec

h
n
iq

u
es

al
on

g
th

es
e

li
n
es

h
av

e
b

ee
n

ap
p
li
ed

to
w

ar
d

m
an

y
ta

sk
s

in
n
at

u
ra

l
la

n
gu

ag
e

p
ro

ce
ss

in
g,

ty
p
i-

ca
ll
y

in
sp

ir
ed

b
y

P
ag

eR
an

k
(R

ot
h
e

an
d

S
ch

ü
tz

e,
20

14
).

A
lo

n
g

si
m

il
ar

li
n
es

,
M

a
et

al
.
(2

01
2)

ap
p
li
ed

a
d
iff

u
si

on
-b

as
ed

m
et

h
o
d

(C
oi

fm
a
n

an
d

L
af

on
,

20
06

)
to

th
e

w
or

ld
w

id
e

w
eb

g
ra

p
h

to
y
ie

ld
an

ap
p
ro

ac
h

to
ra

n
k
in

g
fo

r
q
u
er

y
co

m
p
le

ti
on

an
d

re
co

m
m

en
d
at

io
n
.

T
h
es

e
in

fo
r-

m
at

io
n

re
tr

ie
va

l
te

ch
n
iq

u
es

ca
n

b
e

n
at

u
ra

ll
y

ad
ap

te
d

to
th

e
ve

rt
ex

n
om

in
at

io
n

p
ro

b
le

m
b
y

tr
ea

ti
n
g

th
e

ve
rt

ex
or

v
er

ti
ce

s
of

in
te

re
st

as
th

e
ob

je
ct

or
ob

je
ct

s
to

b
e

re
tr

ie
ve

d
.

T
h
e

ve
rt

ex
n
om

in
at

io
n

p
ro

b
le

m
al

so
b

ea
rs

si
m

il
ar

it
ie

s
to

th
e

ta
sk

of
le

a
rn

in
g

to
ra

n
k

(D
u
h
,

20
09

;
L

iu
,

20
09

;
L

i,
20

11
),

in
w

h
ic

h
th

e
go

al
is

to
le

ar
n

an
or

d
er

in
g

o
n

a
se

t
of

ob
je

ct
s

(e
.g

.,
d
o
cu

m
en

ts
,

im
ag

es
,

v
id

eo
s,

et
c.

)
ac

co
rd

in
g

to
(e

st
im

at
ed

)
si

m
il
ar

it
y

or
re

le
va

n
ce

to
a

gi
v
en

q
u
er

y
ob

je
ct

.
In

th
e

le
ar

n
in

g
to

ra
n
k

li
te

ra
tu

re
,

gr
ap

h
s

u
su

al
ly

a
p
p

ea
r

as
tr

ai
n
in

g
in

st
an

ce
s,

w
it

h
n
o
d
es

co
rr

es
p

on
d
in

g
to

ob
je

ct
s

an
d

ed
ge

s
en

co
d
in

g
p
re

fe
re

n
ce

s
or

si
m

il
ar

it
ie

s
am

on
g

th
em

el
ic

it
ed

fr
om

u
se

rs
(e

.g
.,

an
u
n
d
ir

ec
te

d
w

ei
gh

te
d

ed
ge

m
ay

jo
in

tw
o

d
o
cu

m
en

ts
ju

d
ge

d
to

b
e

si
m

il
ar

).
T

h
e

w
or

k
in

A
ga

rw
al

et
al

.
(2

00
6
)

is
am

on
g

th
e

ea
rl

ie
st

to
co

n
si

d
er

th
e

p
ro

b
le

m
of

ra
n
k
in

g
ob

je
ct

s
in

a
n
et

w
or

k
.

T
h
e

au
th

or
s

m
o
d
ifi

ed
th

e
P

ag
eR

an
k

al
go

ri
th

m
to

ta
ke

p
re

fe
re

n
ce

in
fo

rm
at

io
n

in
to

ac
co

u
n
t,

ra
th

er
th

an
w

or
k
in

g
so

le
ly

w
it

h
th

e
h
y
p

er
li
n
k

gr
ap

h
.

In
A

ga
rw

al
(2

01
0)

,
th

e
au

th
or

s
u
se

d
a

d
a
ta

gr
a
p
h

en
co

d
in

g
ob

je
ct

si
m

il
ar

it
ie

s
to

ob
ta

in
a

re
gu

la
ri

ze
r

si
m

il
ar

to
B

el
k
in

et
al

.
(2

00
6)

on
th

e
em

p
ir

ic
al

ra
n
k
in

g
er

ro
r,

w
it

h
th

e
ta

rg
et

ra
n
k
in

g
en

co
d
ed

in
a

p
re

fe
re

n
ce

gr
a
p
h
.

M
or

e
re

ce
n
t

eff
or

ts
al

on
g

th
es

e
li
n
es

h
av

e
fo

cu
se

d
on

th
e

p
ro

b
le

m
of

in
co

rp
or

at
in

g
n
et

w
or

k
st

ru
ct

u
re

p
re

se
n
t

b
et

w
ee

n
en

ti
ti

es
of

d
iff

er
en

t
ty

p
es

,
fo

r
ex

am
p
le

,
b

et
w

ee
n

u
se

rs
an

d
ev

en
ts

in
a

so
ci

al
n
et

w
or

k
(L

u
o

et
al

.,
2
01

4;
P

h
am

et
al

.,
20

16
).

H
er

e
ag

ai
n
,

an
y

le
ar

n
in

g
to

ra
n
k

al
go

ri
th

m
h
as

a
n
at

u
ra

l
ad

a
p
ta

ti
on

to
th

e
V

N
p
ro

b
le

m
b
y

u
si

n
g

th
e

fi
rs

t
gr

ap
h
,

in
w

h
ic

h
so

m
e

ve
rt

ic
es

a
re

la
b

el
ed

,
as

tr
ai

n
in

g
d
at

a
to

le
ar

n
a

ra
n
k
in

g
on

th
e

ve
rt

ic
es

of
th

e
se

co
n
d

gr
ap

h
.

1
.2

.
B

a
y
e
s

E
rr

o
r

in
C

la
ss

ic
a
l

P
a
tt

e
rn

R
e
c
o
g
n

it
io

n

In
th

is
se

ct
io

n
,

w
e

re
v
ie

w
th

e
co

n
ce

p
ts

of
co

n
si

st
en

cy
an

d
B

ay
es

er
ro

r
fr

o
m

th
e

st
at

is
ti

ca
l

cl
as

si
fi
ca

ti
on

li
te

ra
tu

re
.

W
e

d
o

n
ot

ai
m

to
gi

ve
an

ex
h
au

st
iv

e
ov

er
v
ie

w
of

th
e

su
b

je
ct

,
b
u
t

on
ly

to
p
ro

v
id

e
a

ro
u
gh

ou
tl

in
e

as
to

th
e

st
ru

ct
u
re

s
th

at
w

e
w

ou
ld

li
ke

to
re

p
li
ca

te
in

th
e

co
n
te

x
t

of
ve

rt
ex

n
om

in
at

io
n
.

F
or

a
m

o
re

th
or

ou
gh

tr
ea

tm
en

t,
w

e
re

fe
r

th
e

in
te

re
st

ed
re

ad
er

to
D

ev
ro

ye
et

al
.

(1
99

7)
,

w
h
os

e
p
re

se
n
ta

ti
on

w
e

fo
ll
ow

b
el

ow
.

W
e

b
eg

in
b
y

re
ca

ll
in

g
th

e
cl

as
si

ca
l
d
efi

n
it

io
n

of
B

ay
es

er
ro

r.
N

ot
e

th
at

w
e

w
il
l
re

st
ri

ct
ou

r
at

te
n
ti

on
to

th
e

tw
o-

cl
as

s
p
ro

b
le

m
to

m
ax

im
al

ly
b
ri

n
g

fo
rt

h
th

e
si

m
il
ar

it
ie

s
(a

n
d

d
iff

er
en

ce
s)

b
et

w
ee

n
st

at
is

ti
ca

l
cl

as
si

fi
ca

ti
on

an
d

V
N

,
as

in
V

N
ve

rt
ic

es
ar

e
ei

th
er

of
in

te
re

st
or

n
ot

.

D
e
fi

n
it

io
n

1
C

o
n

si
d
er

a
se

t
o
f

po
te

n
ti

a
l

o
bs

er
va

ti
o
n

s
X

a
n

d
a

se
t

o
f

u
n

kn
o
w

n
cl

a
ss

la
be

ls
{0
,1
}

fo
r

o
bj

ec
ts

in
X

.
A

cl
a
ss

ifi
er

is
a

fu
n

ct
io

n
h

:
X
→
{0
,1
},

w
h
ic

h
a
im

s
to

p
re

d
ic

t
th

e
cl

a
ss

la
be

l
o
f

a
gi

ve
n

o
bs

er
va

ti
o
n

in
X

.
G

iv
en

a
d
is

tr
ib

u
ti

o
n
F

su
p
po

rt
ed

o
n
X
×
{0
,1
},

th
e

er
ro

r
fo

r
th

e
cl

a
ss

ifi
er
h

is
gi

ve
n

by
L

(h
)

=
P(
h

(X
)
6=
Y

)
w

h
er

e
(X
,Y

)
∼
F

.
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L
y
z
in
sk

i,
L
e
v
in
,
a
n
d

P
r
ie
b
e

A
n
y

cl
as

si
fi
er

th
at

ac
h
ie

ve
s

th
e

lo
w

es
t

p
os

si
b
le

er
ro

r
is

sa
id

to
b

e
a

B
a
ye

s
o
p
ti

m
a
l

cl
a
s-

si
fi
er

.
W

e
w

ri
te

h
∗

fo
r

an
y

su
ch

op
ti

m
al

cl
as

si
fi
er

,
w

h
ic

h
b
y

d
efi

n
it

io
n

sa
ti

sfi
es

h
∗
∈

ar
g

m
in
h

:X
→
{0
,1
}
L

(h
).

It
is

ea
si

ly
se

en
in

th
is

tw
o-

cl
as

s
fr

am
ew

or
k

th
at

th
e

B
ay

es
o
p
ti

m
a
l

cl
as

si
fi
er

is
gi

ve
n

b
y

h
∗ (
x

)
=

{
1

if
E(
Y
|X

=
x

)
=

P(
Y

=
1|
X

=
x

)
>

1/
2;

0
el

se
.

(1
)

P
ra

ct
ic

al
ly

sp
ea

k
in

g,
th

e
B

ay
es

op
ti

m
al

sc
h
em

e
ch

o
o
se

s
th

e
la

b
el

w
h
ic

h
m

a
x
im

iz
es

th
e

cl
as

s-
co

n
d
it

io
n
al

p
ro

b
ab

il
it

y
of

th
e

ob
se

rv
ed

d
at

a.
T

h
e

co
rr

es
p

on
d
in

g
er

ro
r,
L
∗

=
L

(h
∗ )

,
is

ca
ll
ed

th
e

B
a
ye

s
er

ro
r.

O
f

co
u
rs

e,
h
∗

d
ep

en
d
s

on
th

e
d
is

tr
ib

u
ti

on
F

of
(X
,Y

),
a
n
d
,

w
h
en

ap
p
ro

p
ri

at
e,

w
e

w
il
l

m
ak

e
th

is
d
ep

en
d
en

ce
ex

p
li
ci

t
b
y

w
ri

ti
n
g
L
∗ F

.

In
p
ra

ct
ic

e,
a

cl
as

si
fi
er

is
of

te
n

co
n
st

ru
ct

ed
b
as

ed
on

tr
ai

n
in

g
d
at

a
(X

1
,Y

1
),

(X
2
,Y

2
),

..
.,

(X
n
,Y

n
),

w
h
er

e
th

e
d
at

a
(X

i,
Y
i)

ar
e

d
ra

w
n

i.
i.
d
.

ac
co

rd
in

g
to

F
.

T
h
is

su
p

er
v
is

ed
cl

as
si

fi
ca

ti
on

fr
am

ew
or

k
is

d
efi

n
ed

as
fo

ll
ow

s.

D
e
fi

n
it

io
n

2
C

o
n

si
d
er

a
se

t
o
f

po
te

n
ti

a
l

o
bs

er
va

ti
o
n

s
X

a
n

d
a

se
t

o
f

u
n

kn
o
w

n
cl

a
ss

la
be

ls
{0
,1
}

fo
r

o
bj

ec
ts

in
X

.
A

(s
u

pe
rv

is
ed

)
cl

a
ss

ifi
er

is
a

fu
n

ct
io

n

h
n

:
X
×
{X
×
{0
,1
}}

n
→
{0
,1
},

w
h
ic

h
a
im

s
to

p
re

d
ic

t
th

e
cl

a
ss

la
be

l
o
f

a
gi

ve
n

o
bs

er
va

ti
o
n

in
X

ba
se

d
o
n
n

tr
a
in

in
g

o
b-

se
rv

a
ti

o
n

s
(x

1
,y

1
),

(x
2
,y

2
),
..
.,

(x
n
,y
n
)
∈
X
×
{0
,1
}.

G
iv

en
a

d
is

tr
ib

u
ti

o
n
F

su
p
po

rt
ed

o
n

X
×
{0
,1
},

th
e

er
ro

r
fo

r
th

e
cl

a
ss

ifi
er
h
n

is
gi

ve
n

by

L
F

(h
n
)

=
P[
h
n
(X
,(
X
i,
Y
i)
n i=

1
)
6=
Y
|(
X
i,
Y
i)
n i=

1

]

w
h
er

e
(X
,Y

),
(X

1
,Y

1
),

(X
2
,Y

2
),
..
.,

(X
n
,Y

n
)
i.
i.
d
.
∼

F
.

N
ot

e
th

at
L
F

(h
n
)

is
a

ra
n
d
om

va
ri

ab
le

in
w

h
ic

h
{(
X
i,
Y
i)
}n i=

1
ar

e
d
ra

w
n

i.
i.
d
.

fr
o
m
F

,
b
u
t

th
en

h
el

d
fi
x
ed

as
w

e
av

er
ag

e
ov

er
(X
,Y

)
∼
F

.

A
se

q
u
en

ce
of

cl
as

si
fi
er

s
h

=
(h
n
)∞ n

=
1

is
ca

ll
ed

a
cl

a
ss

ifi
ca

ti
o
n

ru
le

.
In

fo
rm

a
ll
y,

a
g
o
o
d

cl
as

si
fi
ca

ti
on

ru
le

is
on

e
fo

r
w

h
ic

h
th

e
p
ro

b
ab

il
it

y
of

er
ro

r
b

ec
om

es
a
rb

it
ra

ri
ly

cl
o
se

to
B

ay
es

op
ti

m
al

as
n
→
∞

.
T

h
e

p
re

ci
se

n
at

u
re

of
w

h
at

w
e

m
ea

n
b
y

cl
os

e
is

co
d
ifi

ed
in

th
e

co
n
ce

p
t

of
st

at
is

ti
ca

l
co

n
si

st
en

cy
.

D
e
fi

n
it

io
n

3
A

cl
a
ss

ifi
ca

ti
o
n

ru
le

h
=

(h
n
)∞ n

=
1

is
co

n
si

st
en

t
w

it
h

re
sp

ec
t

to
F

if

E F
(L

(h
n
))
→
L
∗ F
.

T
h
e

ru
le

h
is

st
ro

n
gl

y
co

n
si

st
en

t
if

L
F

(h
n
)
a
.s
.
→

L
∗ F
.

A
ru

le
th

a
t

is
(s

tr
o
n

gl
y)

co
n

si
st

en
t

fo
r

a
ll

d
is

tr
ib

u
ti

o
n

s
F

o
n
X
×
{0
,1
}

is
ca

ll
ed

(s
tr

o
n
g
ly

)
u
n
iv

er
sa

ll
y

co
n
si

st
en

t.
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O
n
C
o
n
sist

e
n
t
V
e
r
t
e
x
N
o
m
in
a
t
io
n
S
c
h
e
m
e
s

P
erh

a
p
s

su
rp

risin
gly,

given
th

at
F

can
h
ave

arb
itrary

stru
ctu

re
on
X
×
{0
,1},

u
n
iversally

co
n
sisten

t
cla

ssifi
cation

ru
les

ex
ist;

see
S
ton

e
(1977)

for
th

e
fi
rst

p
ro

of
of

th
is

p
h
en

om
en

on
.

In
F

ish
k
in

d
et

al.
(2015),

a
n
otion

of
con

sisten
cy

for
v
ertex

n
om

in
ation

w
as

p
resen

ted
,

ro
u
g
h
ly

a
n
a
lo

g
ou

s
to

D
efi

n
ition

3.
In

con
trast

to
th

e
classifi

cation
task

p
resen

ted
a
b

ov
e,

vertex
n
o
m

in
a
tion

req
u
ires

a
ran

k
in

g
of

th
e

vertices,
rath

er
th

an
m

erely
th

e
classifi

cation
o
f

a
sin

g
le

vertex
.

A
s

su
ch

,
a

v
ertex

n
om

in
ation

sch
em

e
is

evalu
a
ted

in
F

ish
k
in

d
et

al.
(2

0
1
5
)

b
a
sed

o
n

a
vera

ge
p
recisio

n
(M

an
n
in

g
et

al.,
2008),

rath
er

th
an

sim
p
ly

a
fraction

o
f

co
rrectly

-cla
ssifi

ed
vertices.

In
F

ish
k
in

d
et

al.
(2015),

V
N

con
sisten

cy
is

d
efi

n
ed

in
th

e
co

n
tex

t
o
f

sto
ch

astic
b
lo

ck
m

o
d
el

(S
B

M
)

ran
d
om

grap
h
s

w
ith

resp
ect

to
a

p
rovab

ly
op

tim
al

ca
n

o
n

ica
l

n
om

in
ation

sch
em

e.
T

h
is

can
on

ical
sch

em
e

p
lay

s
an

an
alogo

u
s

role
of

B
ayes

o
p
tim

a
l

cla
ssifi

ers
in

th
is

restricted
m

o
d
el

fram
ew

ork
(see

S
ection

3
b

elow
).

T
h
e

goal
o
f

th
is

p
ap

er
is

to
ex

p
lore

an
d

fu
rth

er
d
evelop

a
b
road

er
n
otion

of
V

N
con

sisten
cy

th
at

en
co

m
p
a
sses

a
m

ore
ex

p
ressiv

e
class

of
m

o
d
els

th
an

th
e

S
B

M
.

1
.3

.
N

o
ta

tio
n

a
n

d
B

a
ck

g
ro

u
n

d

W
e

co
n
clu

d
e

th
is

section
b
y

estab
lish

in
g

n
otation

an
d

rev
iew

in
g

a
few

of
th

e
m

ore
p

op
u
lar

sta
tistical

n
etw

ork
m

o
d
els

th
at

w
e

w
ill

m
ak

e
u
se

of
as

ex
am

p
les

in
th

e
seq

u
el.

1
.3
.1
.
N
o
t
a
t
io
n

F
o
r

a
set

S
,

w
e

let|S|
d
en

ote
its

card
in

ality
an

d
(
S2 )

d
en

ote
th

e
set

of
all

u
n
ord

ered
p
airs

o
f

d
istin

ct
elem

en
ts

from
S

.
T

h
rou

gh
ou

t,
w

e
w

ill
d
en

ote
grap

h
s

v
ia

th
e

ord
ered

p
air

G
=

(V
,E

),
w

ith
v
ertices

V
an

d
ed

ges
E
⊆
(
V2 ).

A
ll

grap
h
s

con
sid

ered
h
erein

w
ill

b
e

lab
eled

,
h
o
llow

(i.e.,
co

n
tain

in
g

n
o

self-ed
ges),

an
d

u
n
d
irected

.
W

e
let
G
n

d
en

ote
th

e
set

of
all

lab
eled

,
h
ollow

,
u
n
d
irected

grap
h
s

on
n

vertices.
G

iven
a

grap
h
G

,
w

e
w

ill
let

V
(G

)
d
en

ote
th

e
vertices

o
f
G

an
d
E

(G
)

d
en

ote
its

ed
ges.

W
e

n
ote

th
at

w
h
en

G
is

ran
d
om

,
th

is
latter

set
is

a
ra

n
d
o
m

su
b
set

of (
V2 ).

F
or

a
set

of
vertices

S
⊆
V

(G
),

w
e

let
G

[S
]

d
en

ote
th

e
su

b
g
ra

p
h

o
f
G

in
d
u
ced

b
y
S

,
i.e.,

th
e

grap
h
G
′

=
(S
,E

)
w

ith
{u
,v}
∈
E

if
an

d
o
n
ly

if
{u
,v}
∈
E

(G
).

In
a

few
p
laces,

w
e

w
ill

req
u
ire

th
e

n
otion

of
an

a
sym

m
etric

grap
h
.

A
grap

h
G
∈
G
n

is
a
sym

m
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if
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h
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n
o

n
on

triv
ial
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tom

orp
h
ism

s
(E

rd
ős

an
d

R
én

y
i,
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F

or
a

p
o
sitive
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teg

er
n
∈

Z
,

w
e
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efi

n
e

[n
]

=
{
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an
d
G
n
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b

e
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e
b

e
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e
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b
eled

g
ra

p
h
s
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n

vertices.
T

h
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ou
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p
ap

er,
w

e
w

ill
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,
in
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er

to
sim

p
lify

n
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n
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p
p
ress

d
ep

en
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.
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d
er
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o
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m

e
th
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u
n
less
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ed
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erw
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all
p
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eters
d
ep

en
d

o
n

th
e

n
u
m

b
er
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vertices

n
.

1
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.
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a
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b
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o
c
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o
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e
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T
h
e
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ch
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b
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o
d
el
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B

M
)
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a

w
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d
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o
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el
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ge-in
d
ep
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en
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om
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p
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t
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ity
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et
al.,
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H
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et

al.,
2002;
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an
d
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ew

m
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n
,

2
0
1
1
).

D
e
fi

n
itio

n
4

W
e

sa
y

th
a
t
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ra

n
d
o
m

gra
p
h
G

=
(V
,E

)
∈
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n
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f
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od
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ith
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eters
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,B
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V
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u
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∈
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∈
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∈
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z
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e
v
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,
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b
e
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e
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ab
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.
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∈
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∈
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ab
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d
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d
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trad

ition
al

vertex
n
om

in
ation

fram
ew

ork
.

R
ecall

th
e

trad
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p
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e
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in
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e
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con
cen

tratin
g

at
th

e
top

of
th

e
n
om

in
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b
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d
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con
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b
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b
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p
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b
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p
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d
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b
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b
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d
etails.

D
e
fi

n
itio

n
5

W
e

sa
y

th
a
t

a
ra

n
d
o
m

gra
p
h
G

=
(V
,E

)
∈
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p
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∈
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p
ro

vid
e

th
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h
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p
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∈
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ritten
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e
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th
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D
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G
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o
d
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grap
h

m
o
d
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b
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d
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grap
h

m
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p
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T
a
n
g
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r
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p
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R
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r
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c
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b
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p
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d
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p
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d
en

ce
s

ac
ro

ss
n
et

w
or

k
s

ar
e

en
co

d
ed

in
to

ra
n
d
om

gr
ap

h
m

o
d
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p
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e
ρ
-c

or
re

la
te

d
E

rd
ős
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d
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p
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ra
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∈
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d
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∈
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∈
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p
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e

co
rr

el
a
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a
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a
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w
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<
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p
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p
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p
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p
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h
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p
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d
is

ti
n
ct

ro
w

s
a
n
d

sa
ti

sfi
es

(Y
Y
T

) i
,j
∈

[0
,1

]
fo

r
al

l
i,
j
∈

[m
].

L
et
X
∈
R
n
×
d

b
e

a
su

b
m

at
ri

x
of
Y

,
a
n
d

co
n
si

d
er

G
1
∼

R
D

P
G

(X
)

an
d
G

2
∼

R
D

P
G

(Y
),

w
h
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an

y
s
∈
S

1
ch

os
en

to
b

e
th

e
in

te
re

st
in

g
ve

rt
ex

,
en

co
d
es

th
e

la
b

el
in

fo
rm

at
io

n
p
re

se
n
t

in
th

e
on

e-
gr

ap
h

V
N

p
ro

b
le

m
as

w
el

l
as

th
e

g
ra

p
h

st
ru

ct
u
re

of
G

,
as

re
q
u
ir

ed
.

3
.
B
a
y
e
s
E
rr
o
r
a
n
d
B
a
y
e
s
O
p
ti
m
a
li
ty

in
V
e
rt
e
x
N
o
m
in
a
ti
o
n

V
ie

w
in

g
a

V
N

sc
h
em

e
as

an
in

fo
rm

at
io

n
re

tr
ie

va
l

sy
st

em
su

gg
es

ts
th

at
a

sc
h
em

e
th

a
t

p
u
ts

o(
v
∗ )

cl
os

e
to

th
e

to
p

of
th

e
n
om

in
at

io
n

li
st

is
p

ot
en

ti
al

ly
of

gr
ea

t
p
ra

ct
ic

al
va

lu
e,

ev
en

if
it

fa
il
s

to
ob

ta
in

p
er

fe
ct

p
er

fo
rm

an
ce

.
M

ot
iv

at
ed

b
y

th
is

,
w

e
ad

ap
t

th
e

re
ca

ll
-a

t-
k

m
et

ri
c

fr
om

cl
as

si
ca

l
in

fo
rm

at
io

n
re

tr
ie

va
l

as
a

m
ea

su
re

of
p

er
fo

rm
an

ce
.

T
o

w
it

,
w

e
d
efi

n
e

th
e

le
ve

l-
k

lo
ss

fu
n
ct

io
n

an
d

er
ro

r
fo

r
V

N
as

fo
ll
ow

s.

D
e
fi

n
it

io
n

1
4

(V
N

lo
ss

fu
n

c
ti

o
n

,
le

v
e
l-
k

e
rr

o
r)

L
et

Φ
∈
V n

,m
be

a
ve

rt
ex

n
o
m

in
a
ti

o
n

sc
h
em

e
a
n

d
o

a
n

o
bf

u
sc

a
ti

n
g

fu
n

ct
io

n
.

F
o
r

(g
1
,g

2
)

re
a
li

ze
d

fr
o
m

(G
1
,G

2
)
∼
F

(n
,m

)
c,
θ
∈
N
n
,m

w
it

h
ve

rt
ex

o
f

in
te

re
st
v
∗
∈
C

,
a
n

d
fo

r
k
∈

[m
−

1]
,

w
e

d
efi

n
e

th
e

le
ve

l-
k

n
o
m

in
a
ti

o
n

lo
ss

vi
a

` k
(Φ
,g

1
,g

2
,o
,v
∗ )

=
1
{r

a
n

k Φ
(g

1
,o

(g
2
),
v
∗ )

(o
(v
∗ )

)
≥
k

+
1
}

=
1
−
1
{r

a
n

k Φ
(g

1
,o

(g
2
),
v
∗ )

(o
(v
∗ )

)
≤
k
}.

(3
)

T
h
e

le
ve

l-
k

er
ro

r
o
f

Φ
a
t
v
∗

is
th

en
d
efi

n
ed

to
be

L
k
(Φ
,v
∗ )

=
E (G

1
,G

2
)∼
F

(n
,m

)
c
,θ

[`
k
(Φ
,G

1
,G

2
,o
,v
∗ )

]

=
P (G

1
,G

2
)∼
F

(n
,m

)
c
,θ

[ ra
n

k Φ
(G

1
,o

(G
2
),
v
∗ )

(o
(v
∗ )

)
≥
k

+
1
] .

(4
)
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O
n
C
o
n
sist

e
n
t
V
e
r
t
e
x
N
o
m
in
a
t
io
n
S
c
h
e
m
e
s

F
ro

m
th

e
d
efi

n
ition

of
th

e
level-k

error
in

E
q
.

(4
),

it
is

im
m

ed
iate

th
at

L
1 (Φ

,v ∗)
=

1−
P

(G
1
,G

2
)∼
F

(n
,m

)
c
,θ

[ran
k

Φ
(G

1
,o(G

2
),v ∗

) (o(v ∗))
=

1 ]

≥
L

2 (Φ
,v ∗)

=
1−

P
(G

1
,G

2
)∼
F

(n
,m

)
c
,θ

[ran
k

Φ
(G

1
,o(G

2
),v ∗

) (o(v ∗))∈
{1
,2} ]

≥
L

3 (Φ
,v ∗)

=
1−

P
(G

1
,G

2
)∼
F

(n
,m

)
c
,θ

[ran
k

Φ
(G

1
,o(G

2
),v ∗

) (o(v ∗))∈
{1
,2
,3} ]

...

≥
L
m
−

1 (Φ
,v ∗)

=
1−

P
(G

1
,G

2
)∼
F

(n
,m

)
c
,θ

[ran
k

Φ
(G

1
,o(G

2
),v ∗

) (o(v ∗))∈
[m
−

1] ]
,

(5)

T
h
e

level-1
lo

ss
fu

n
ction

is
an

alogou
s

to
th

e
classical

0/1
loss

fu
n
ction

in
classifi

cation
,

as
L

1 (Φ
,v ∗)

is
sim

p
ly

th
e

p
rob

ab
ility

th
at

Φ
fails

to
“classify

”
o(v ∗)

as
th

e
vertex

corresp
on

d
in

g
to
v ∗

in
o(G

2 )
(i.e.,

fails
to

ran
k

it
fi
rst).

C
on

sid
erin

g
1
<
k
�
m

en
ab

les
u
s

to
m

o
d
el

th
e

p
ra

ctica
l

lo
ss

a
sso

ciated
w

ith
u
sin

g
a

V
N

sch
em

e
to

search
for

o(v ∗)
in

o(V
2 )

g
iven

lim
ited

reso
u
rces.

R
e
m

a
rk

1
5

U
n
like

in
th

e
classifi

cation
settin

g
d
escrib

ed
in

S
ection

1.2,
w

h
ere

L
F

(h
n
)

is
a

ra
n
d
o
m

va
ria

b
le

in
d
ex

ed
b
y
n

,
th

e
n
om

in
ation

errors
d
efi

n
ed

in
D

efi
n
ition

14
are

seq
u
en

ces
in

d
ex

ed
b
y
m

an
d
n

an
d

are
n
ot

ra
n
d
om

.
In

th
e

classical
settin

g,
L
F

(h
n
)

d
en

otes
th

e
erro

r
ra

te
of

a
classifi

er
th

at
classifi

es
a

sin
g
le

ob
servatio

n
X

b
ased

on
n

train
in

g
in

sta
n
ces

{
(X

i ,Y
i )}

ni=
1 .

In
th

e
case

of
V

N
,

th
e

n
otion

of
lab

eled
train

in
g

in
stan

ces
is,

at
b

est,
m

ore
h
a
zy.

In
d
eed

,
in

th
e

p
resen

t
settin

g,
th

e
train

in
g

d
ata

an
d

test
d
ata

are
in

sep
arab

le.
T

h
e

g
ra

p
h
s

(or,
m

o
re

sp
ecifi

cally,
th

eir
ed

ges)
a
re

th
e

train
in

g
d
ata,

an
d

in
th

e
p
resen

t
w

ork
,

th
e

g
ra

p
h

ord
ers

n
,m

are
b

etter
th

ou
gh

t
of

as
m

easu
rin

g
p
ro

b
lem

d
im

en
sion

rath
er

th
an

tra
in

in
g

set
size.

A
n
a
lo

go
u
s

to
th

e
classifi

cation
literatu

re,
w

e
are

n
ow

ab
le

to
d
efi

n
e

th
e

con
cep

t
of

B
ay

es
o
p
tim

a
lity

in
th

e
V

N
fram

ew
ork

.

D
e
fi

n
itio

n
1
6

(B
a
y
e
s

e
rro

r
o
f

a
V

N
sch

e
m

e
)

L
et

(G
1 ,G

2 )∼
F

(n
,m

)
c,θ

w
ith

vertex
o
f

in
-

terest
v ∗∈

C
(w

h
ere

w
e

reca
ll

th
a
t
C

is
th

e
set

o
f

co
re

vertices;
see

D
efi

n
itio

n
7
),

a
n

d
let

o
∈

O
W

be
a
n

o
bfu

sca
tin

g
fu

n
ctio

n
.

F
o
r
k
∈

[m
−

1],
w

e
d
efi

n
e

th
e

level-k
B

ayes
op

tim
al

V
N

sch
em

e
to

be
a
n

y
elem

en
t

Ψ
∈

arg
m

in
Φ∈V

n
,m
L
k (Φ

,v ∗),
a
n

d
d
efi

n
e

th
e

level-k
B

ayes
erro

r
to

be
L
∗k (v ∗)

=
L
k (Ψ

,v ∗)
fo

r
level-k

B
a
yes

o
p
tim

a
l

Ψ
.

N
ow

th
a
t

w
e

h
av

e
a

n
otion

of
B

ay
es

error
for

V
N

,
it

is
n
atu

ral
to

ask
w

h
eth

er
a
n

op
tim

al
V

N
sch

em
e

ex
ists

an
alogou

s
to

th
e

B
ayes

op
tim

al
classifi

er
of

E
q
u
ation

(1).
T

ow
ard

th
is

en
d
,

let
(g

1 ,g
2 )

b
e

realized
from

(G
1 ,G

2 )∼
F

(n
,m

)
c,θ

∈
N
n
,m

,
an

d
co

n
sid

er
a

vertex
of

in
terest

v ∗∈
C

a
n
d

o
b
fu

scatin
g

fu
n
ction

o
:
V

2 →
W

.
In

ord
er

to
avoid

th
e

tech
n
ical

com
p
lex

ities

a
sso

cia
ted

w
ith

grap
h

au
tom

orp
h
ism

s,
in

w
h
at

follow
s

w
e

w
ill

assu
m

e
th

at
F

(n
,m

)
c,θ

∈
N
n
,m

is
su

p
p

o
rted

o
n
G
an ×
G
am

,
w

h
ereG

an
(resp

.,G
am

)
is

th
e

set
of

asy
m

m
etric

grap
h
s

in
G
n

(resp
.,

G
m

).
F

o
r

an
alo

gou
s

resu
lts

in
n
etw

ork
s

w
ith

sy
m

m
etries,

see
R

em
ark

18.
L

ettin
g
'

d
en

ote
grap

h
isom

orp
h
ism

,
for

(g
1 ,g

2 )∈
G
n ×
G
m

d
efi

n
e

th
e

set

(g
1 ,[o(g

2 )])
=
{(g

1 ,g̃
2 )

s.t.
o(g̃

2 )'
o(g

2 ) }

=
{(g

1 ,g̃
2 )

s.t.
g̃

2 '
g

2 }
.

(6)
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L
y
z
in
sk

i,
L
e
v
in
,
a
n
d

P
r
ie
b
e

In
ord

er
to

d
efi

n
e

th
e

B
ayes

op
tim

al
sch

em
e,

w
e

w
ill

also
n
eed

th
e

follow
in

g
restriction

of
(g

1 ,[o(g
2 )]):

for
each

w
∈
W
,

w
e

d
efi

n
e

(g
1 ,[o(g

2 )])
w

=
o(v ∗

)
=
{(g

1 ,g̃
2 )

s.t.∃
isom

orp
h
ism

σ
s.t.

o(g̃
2 )

=
σ

(o(g
2 )),σ

(w
)

=
o(v ∗) }

.(7)
W

e
are

n
ow

read
y

to
d
efi

n
e

a
B

ay
es

op
tim

al
V

N
sch

em
e.

F
or

ease
of

n
otation

,
in

th
e

seq
u
el

w
e

w
ill

w
rite

P
F

(n
,m

)
c
,θ

o
r

even
sim

p
ly

P
in

p
lace

of

P
(G

1
,G

2
)∼
F

(n
,m

)
c
,θ

w
h
ere

th
ere

is
n
o

risk
of

am
b
igu

ity.
L

et

g
=
{(
g

(i)
1
,g

(i)
2

)}
hi=

1
(8)

b
e

su
ch

th
at

th
e

sets
{(
g

(i)
1
,[o(g

(i)
2

)] )}
hi=

1

p
artition

G
an ×
G
am

.
W

e
w

ill
call

th
is

p
artition

P
n
,m

,
w

h
ere

w
e

su
p
p
ress

d
ep

en
d
en

ce
on

g
an

d
o

for
ease

of
n
otation

.
W

e
w

ill
d
efi

n
e

a
B

ayes
op

tim
al

sch
em

e
Φ
∗

(in
d
ep

en
d
en

t
of

th
e

ch
oice

of
g

)
p
iecew

ise
on

each
elem

en
t

of
th

is
p
artition

,
an

d
w

e
w

ill
p
rove

in
T

h
eorem

17
th

at
Φ
∗

is
lev

el-k
B

ayes
op

tim
al

for
all

k
∈

[m
−

1]:

Φ
∗ (
g

(i)
1
,o(g

(i)
2

),v ∗ )
[1]∈

argm
ax

u∈
W

P [(
g

(i)
1
,[o(g

(i)
2

)] )
u

=
o(v ∗

) ∣∣∣ (
g

(i)
1
,[o(g

(i)
2

)] )]

Φ
∗ (
g

(i)
1
,o(g

(i)
2

),v ∗ )
[2]∈

argm
ax

u∈
W
\{

Φ
∗
[1

]} P [(
g

(i)
1
,[o(g

(i)
2

)] )
u

=
o(v ∗

) ∣∣∣ (
g

(i)
1
,[o(g

(i)
2

)] )]

...

Φ
∗ (
g

(i)
1
,o(g

(i)
2

),v ∗ )
[m

]∈
argm

ax
u∈
W
\{∪

j∈
[m
−
1
] Φ
∗
[j]} P [(

g
(i)
1
,[o(g

(i)
2

)] )
u

=
o(v ∗

) ∣∣∣ (
g

(i)
1
,[o(g

(i)
2

)] )],(9)
w

ith
ties

b
roken

arb
itrarily

b
u
t

d
eterm

in
istically.

W
e

refer
th

e
in

terested
read

er
to

A
p
p

en
d
ix

B
.1

for
d
iscu

ssion
of

th
e

case
w

h
ere

ties
are

allow
ed

in
th

e
ra

n
k
in

g
fu

n
ction

.
F

or
each

elem
en

t

(g
1 ,g

2 )∈
(
g

(i)
1
,[o(g

(i)
2

)] )
\ {(

g
(i)
1
,g

(i)
2

)}
,

ch
o
ose

th
e

p
erm

u
tation

σ
su

ch
th

at
o(g

2 )
=
σ

(o(g
(i)
2

)),
an

d
d
efi

n
e

Φ
∗(g

(i)
1
,o(g

2 ),v ∗)
=
σ

(Φ
∗(g

(i)
1
,o(g

(i)
2

),v ∗)).

L
astly,

th
e

follow
in

g
th

eorem
sh

ow
s

th
at

th
is

sch
em

e
(u

n
iq

u
ely

d
efi

n
ed

u
p

to
tie-

b
reak

in
g)

is
in

d
eed

B
ayes

op
tim

al.
A

p
ro

of
can

b
e

fou
n
d

in
A

p
p

en
d
ix

A
.1.

T
h

e
o
re

m
1
7

L
et

o∈
O
W

be
a
n

o
bfu

sca
tin

g
fu

n
ctio

n
,

a
n

d
let

g
=
{(
g

(i)
1
,g

(i)
2

)}
hi=

1

be
su

ch
th

a
t

th
e

sets
{(
g

(i)
1
,[o(g

(i)
2

)] )}
hi=

1

1
6
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O
n
C
o
n
si
st

e
n
t
V
e
r
t
e
x
N
o
m
in
a
t
io
n
S
c
h
e
m
e
s

pa
rt

it
io

n
Ga n
×
Ga m

.
L

et
Φ
∗

=
Φ
∗ g

be
a
s

d
efi

n
ed

in
E

qu
a
ti

o
n

(9
).

S
u

p
po

se
th

a
t

(G
1
,G

2
)
∼

F
(n
,m

)
c,
θ
∈
N
n
,m

w
it

h
F

(n
,m

)
c,
θ

su
p
po

rt
ed

o
n
Ga n
×
Ga m

,
a
n

d
co

n
si

d
er

a
ve

rt
ex

o
f

in
te

re
st
v
∗
∈
C

.
W

e
h
a
ve

th
a
t
L
k
(Φ
∗ ,
v
∗ )

=
L
∗ k(
v
∗ )

fo
r

a
ll
k
∈

[m
−

1]
,

pa
rt

it
io

n
s

g
,

a
n

d
a
ll

o
bf

u
sc

a
ti

n
g

fu
n

ct
io

n
s
o.

R
e
m

a
rk

1
8

T
h
e

eff
ec

t
of

sy
m

m
et

ri
es

on
T

h
eo

re
m

23
is

b
ot

h
su

b
tl

e
an

d
cu

m
b

er
so

m
e,

as
th

e
sp

ec
ifi

c
ti

e-
b
re

ak
in

g
p
ro

ce
d
u
re

s
u
se

d
in

th
e

an
al

og
u
e

of
E

q
.

(9
)

ar
e

of
gr

ea
t

im
p

o
rt

.
T

o
th

is
en

d
,

co
n
si

d
er

g
to

b
e

d
efi

n
ed

as
ab

ov
e,

an
d

le
t
T
∈
T W

b
e

th
e

or
d
er

in
g

th
at

sp
ec

i-
fi
es

th
e

(fi
x
ed

b
u
t

ot
h
er

w
is

e
ar

b
it

ra
ry

)
sc

h
em

e
b
y

w
h
ic

h
el

em
en

ts
w

it
h
in

ea
ch
I(
v
;o

(g
2
))

ar
e

or
d
er

ed
.

In
fo

rm
al

ly
,

w
e

w
il
l

fi
rs

t
ra

n
k

th
e

se
ts
I(
v
;o

(g
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d
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d
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p
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p
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Π
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p
er

m
u
ta

ti
on

m
at

ri
ce

s,
A

is
th
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d
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p
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p
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u
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=
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ted
w

ith
F
n
1

a
n

d
F
n
2

respectively,
a
n

d
d
en

o
tin

g
th

e
ju

n
k

vertices
J

1
,1 ,J

2
,1 ,J

1
,2 ,J̃

2
,2

a
n

a
logo

u
sly,

[i.]
V

(G
1 )

=
C

1 ∪
J

1
,1 ⊂

V
(G̃

1 )
=
C

2 ∪
J

2
,1 ;

[ii.]
V

(G
2 )

=
C

2 ∪
J

1
,2 ⊂

V
(G̃

2 )
=
C

2 ∪
J

2
,2 ;

[iii.]
C

1 ⊂
C

2 .

W
e

a
re

n
ow

rea
d
y

to
d
efi

n
e

a
con

sisten
t

V
N

ru
le.

D
e
fi

n
itio

n
2
1

L
et

F
=
(
F
n

=
F

(n
,m

n
)

c
n
,θ
n

)
∞n

=
n
0

1
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L
y
z
in
sk

i,
L
e
v
in
,
a
n
d

P
r
ie
b
e

be
a

sequ
en

ce
o
f

d
istribu

tio
n

s
su

ch
th

a
t
F
n
∈
N
n
,m

(n
)

w
ith

n
ested

co
res

sa
tisfyin

g
lim

n→
∞
m
n

=
∞

.
F

o
r

a
given

n
o
n

-d
ecrea

sin
g

sequ
en

ce
(k
n
),

w
e

sa
y

th
a
t

a
V

N
ru

le
Φ

=
(Φ

n
,m

n
) ∞n

=
n
0

is
level-(k

n
)

con
sisten

t
a
t
v ∗

w
ith

respect
to

F
if

lim
n→
∞
L
k
n
(Φ

n
,m

n
,v ∗)−

L
∗k
n
(v ∗)

=
0
,

fo
r

a
n

y
sequ

en
ce

o
f

o
bfu

sca
tin

g
fu

n
ctio

n
s

o
f
V

2
w

ith
|V

2 |
=
m
n

.
If

a
ru

le
Φ

is
level-(k

n
)

co
n

sisten
t

a
t
v ∗

fo
r

a
co

n
sta

n
t

sequ
en

ce
k
n

=
k

,
n

=
1,2,...,

th
en

w
e

sa
y

sim
p
ly

th
a
t

Φ
is

level-k
con

sisten
t.

R
e
m

a
rk

2
2

E
q
u
ation

(5)
h
as

an
in

terestin
g

im
p
lication

for
V

N
con

sisten
cy

in
th

e
settin

g
w

h
ere

L
∗k
n
(v ∗)→

0.
In

th
is

case,
level-(k

n
)

con
sisten

cy
of

a
V

N
ru

le
Φ

im
p
lies

th
at

Φ
is

(k ′n )-con
sisten

t
for

all
(k ′n )

su
ch

th
at

lim
in

f
k ′nkn
≥

1.
W

e
con

jectu
re

th
at

th
is

im
p
lication

h
old

s
tru

e
for

th
e

case
w

h
ere

L
∗k
n
(v ∗)→

c
>

0,
b
u
t

th
is

p
rob

lem
rem

ain
s

o
p

en
at

p
resen

t.

E
x
a
m

p
le

1
,

c
o
n
tin

u
e
d

.
L

et
F

=
(F

(n
,n

)
n
,θ
n

=
(P
n
,R
n

) )
b

e
a

seq
u
en

ce
of
R
n
-E

R
(P

n
)

ran
d
om

grap
h

m
o
d
els

in
N
n
,n

for
som

e
seq

u
en

ce
of

p
rob

ab
ility

m
atrices

(P
n
) ∞n

=
n
0

an
d

correlation
m

atrices
(R

n
) ∞n

=
n
0 .

U
n
d
er

m
ild

m
o
d
el

assu
m

p
tion

s
(see

T
h
eorem

19),
th

e
grap

h
m

atch
in

g
vertex

n
om

in
ation

ru
le

Φ
M

d
efi

n
ed

in
E

q
u
ation

(12)
ab

ove
is

lev
el-1

con
sisten

t,
an

d
h
en

ce
level-(k

n
)

con
sisten

t
for

all
(k
n
)

seq
u
en

ces.

E
x
a
m

p
le

3
,

c
o
n
tin

u
e
d

.
L

et
F

=
(F

(n
,n

)
n
,θ
n

=
p )

b
e

a
seq

u
en

ce
of

in
d
ep

en
d
en

t
E

R
(n
,p

)
ran

-
d
om

grap
h

m
o
d
els

in
N

.
A

ll
vertex

n
om
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ation

ru
les

are
level-(k

n
)

con
sisten

t
fo

r
all

(k
n
)

seq
u
en

ces.
T

h
is

h
old

s
for

all
p

ossib
le

valu
es

of
c
∈

[n
]

in
th

e
n
ested

seq
u
en

ce
of

E
R

(n
,p

)
d
istrib

u
tion

s,
as

all
V

N
ru

les
h
ave

eff
ectiv

ely
ch

an
ce

p
erform

an
ce,

regard
less

of
core

size
u
n
d
er

th
is

m
o
d
el.

W
e

d
efi

n
e

th
e

con
sisten

cy
of

a
V

N
ru

le
w

ith
resp

ect
to

a
b
road

class
of

grap
h

seq
u
en

ces,
an

d
it

is
p

erh
ap

s
n
o

su
rp

rise
th

at
th

ere
can

n
ot

b
e

an
y

level-(k
n
)

u
n
iversa

lly
con

sisten
t

V
N

ru
les.

In
d
eed

,
even

for
con

stan
t

seq
u
en

ces
k
n

:=
k

(i.e.,
th

ose
th

at
are

level-(k
n
)

con
sisten

t
for

all
seq

u
en

ces
of

n
om

in
atab

le
d
istrib

u
tion

s
F

w
ith

n
ested

cores)
th

ere
can

n
ot

b
e

an
y

level-k
u
n
iversally

con
sisten

t
V

N
ru

les.
T

o
p
rov

e
th

is
resu

lt,
w

e
w

ill
fi
rst

estab
lish

an
an

alogu
e

to
th

e
“arb

itrary
p

o
or

p
erform

an
ce”

th
eorem

s
for

classifi
ers

(see,
e.g.,

D
ev

roye
et

al.,
1997,

T
h
eorem

7.1),
w

h
ich

state
th

at
for

a
fi
x
ed

n
an

d
m

,
an

y
V

N
sch

em
e

can
b

e
sh

ow
n

to
h
ave

arb
itrarily

p
o
or

p
erform

an
ce

w
ith

resp
ect

to
a

w
ell-ch

osen
ad

versarial

d
istrib

u
tion

F
(n
,m

)
c,θ

.
O

u
r

th
eorem

m
irrors

th
e

classical
cla

ssifi
cation

literatu
re,

as
for

a
given

classifi
cation

ru
le,

th
ere

ex
ists

“a
su

ffi
cien

tly
com

p
lex

d
istrib

u
tion

for
w

h
ich

th
e

sam
p
le

size
n

is
h
op

elessly
sm

all”
(D

ev
roye

et
al.,

1997,
p
g.

111),
so

th
at

a
classifi

cation
ru

le
can

b
e

m
ad

e
to

p
erform

arb
itrarily

p
o
orly

b
y

selectin
g

a
su

itab
ly

com
p
lex

d
ata

d
istrib

u
tion

.
N

on
eth

eless,
in

th
e

case
of

classifi
cation

,
th

is
m

o
d
el

com
p
lex

ity
an

d
th

e
im

p
licit

d
ep

en
d
en

ce
on

n
can

b
e

ov
ercom

e
asy

m
p
totically

b
y

a
classifi

cation
ru

le.
T

h
at

is,
u
n
iversally

con
sisten

t
classifi

ers
ex

ist
(see,

for
ex

am
p
le,

S
ton

e,
1977;

S
tein

w
art,

2002;
T

an
g

et
al.,

2013).
In

con
trast,

in
th

e
V

N
p
rob

lem
,

th
e

com
p
lex

ity
of

th
e

m
o
d
el

gen
eratin

g
th

e
d
ata

can
also

grow
in
n

,
w

h
ich

eff
ectively

th
w

arts
th

e
ab

ility
of

a
V

N
ru

le
to

asy
m

p
totically

overcom
e

a
seq

u
en

ce
of

ad
versarial

grap
h

m
o
d
els.

F
orm

alizin
g

th
e

ab
ov

e,
w

e
arriv

e
at

th
e

follow
in

g
th

eorem
,

a
p
ro

of
of

w
h
ich

can
b

e
fou

n
d

in
A

p
p

en
d
ix

A
.2.
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O
n
C
o
n
si
st

e
n
t
V
e
r
t
e
x
N
o
m
in
a
t
io
n
S
c
h
e
m
e
s

T
h

e
o
re

m
2
3

L
et
n

a
n

d
m

be
la

rg
e

en
o
u

gh
to

gu
a
ra

n
te

e
th

e
ex

is
te

n
ce

o
f

a
sy

m
m

et
ri

c
gr

a
p
h
s

g 1
∈
G n

a
n

d
g 2
∈
G m

.
C

o
n

si
d
er

a
V

N
sc

h
em

e
Φ
∈
V n

,m
,

o
bf

u
sc

a
ti

n
g

fu
n

ct
io

n
o,

a
n

d
st

ri
ct

ly
in

cr
ea

si
n

g
se

qu
en

ce
(ε
i)
m i=

1
sa

ti
sf

yi
n

g
ε i
∈

(0
,
i m

).
T

h
en

th
er

e
ex

is
ts

a
d
is

tr
ib

u
ti

o
n

F
(n
,m

)
c,
θ
∈
N
n
,m

o
ve

r
G n
×
G m

a
n

d
v
∗
∈
C

su
ch

th
a
t

fo
r

ea
ch

k
∈

[c
−

1]
,

L
∗ k(
v
∗ )
≤
ε m
−
k
<

1
−
k m
<

1
−
ε k
<
L
k
(Φ
,v
∗ )
,

w
h
er

e
1
−

k m
re

p
re

se
n

ts
th

e
er

ro
r

p
ro

ba
bi

li
ty

o
f

ch
a
n

ce
pe

rf
o
rm

a
n

ce
,

i.
e.

,
th

e
er

ro
r

p
ro

ba
bi

li
ty

o
f

a
V

N
sc

h
em

e
in

th
e

in
d
ep

en
d
en

t
E

rd
ő
s-

R
én

yi
se

tt
in

g.

In
th

e
re

m
ai

n
d
er

of
th

e
se

ct
io

n
,

w
e

w
il
l

su
p
p
re

ss
th

e
d
ep

en
d
en

ce
of
m

=
m
n

on
n

.
If

w
e

co
n
si

d
er

se
q
u
en

ce
s

(ε
m
,i
)m i

=
1

sa
ti

sf
y
in

g
th

e
as

su
m

p
ti

on
s

of
T

h
eo

re
m

23
an

d
li
m
n
ε m

,m
−
k
n

=
ε
∈

(0
,1

)
fo

r
a

gi
v
en

(k
n
)

sa
ti

sf
y
in

g
k
n

=
o(
m

),
w

e
ar

ri
ve

at
th

e
fo

ll
ow

in
g

C
or

ol
la

ry
,

n
am

el
y

th
at

le
ve

l-
(k
n
)

u
n
iv

er
sa

ll
y

co
n
si

st
en

t
V

N
sc

h
em

es
d
o

n
ot

ex
is

t
fo

r
an

y
se

q
u
en

ce
(k
n
)∞ n

=
n
0

th
at

d
o
es

n
ot

gr
ow

as
fa

st
as
m

=
|V

(G
2
)|.

C
o
ro

ll
a
ry

2
4

L
et
ε
∈

(0
,1

)
be

a
rb

it
ra

ry
,

a
n

d
co

n
si

d
er

a
V

N
ru

le
Φ

=
(Φ

n
,m

).
F

o
r

a
n

y
n

o
n

d
ec

re
a
si

n
g

se
qu

en
ce

(k
n
)∞ n

=
n
0

sa
ti

sf
yi

n
g
k
n

=
o(
m

),
th

er
e

ex
is

ts
a

se
qu

en
ce

o
f

d
is

tr
ib

u
-

ti
o
n

s
(F

(n
,m

)
c,
θ
∈
N
n
,m

)∞ n
=
n
0

w
it

h
n

es
te

d
co

re
s

su
ch

th
a
t

li
m

su
p

n
→
∞
L
∗ k n

(v
∗ )

=
ε
<

1
=

li
m

n
→
∞
L
k
n
(Φ

n
,m
,v
∗ )
.

C
or

ol
la

ry
24

h
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a
n
u
m

b
er

of
p
ra

ct
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al
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p
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ca

ti
on

s.
B

el
ow

,
w

e
w

il
l

b
ri

efl
y

ou
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in
e
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o

su
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im
p
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ca

ti
on

s.
U

n
li
ke

in
th

e
cl

as
si

fi
ca

ti
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se
tt

in
g,

w
h
er

e
u
n
iv

er
sa

ll
y

co
n
si

st
en

t
ru

le
s

(e
.g

.,
k
-n

ea
re

st
n
ei

gh
b

or
s)

ar
e

th
eo

re
ti

ca
ll
y

gu
ar

an
te

ed
to

p
er

fo
rm

w
el

l
in

b
ig

-d
at

a
se

tt
in

gs
,

th
e

V
N

p
ra

ct
it

io
n
er

en
jo

y
s

n
o

su
ch

ce
rt

ai
n
ty

.
In

d
ee

d
,

in
V

N
,

th
e

p
ra

ct
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io
n
er

fi
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t
n
ee

d
s

to
id

en
ti

fy
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e
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n
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st
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a

V
N

ru
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(i
.e
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e
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t
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m
o
d
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s
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r
w

h
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h
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e
V

N
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le
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n
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st
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p
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re
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se
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.
U

n
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u
n
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el
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id
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ti
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in
g
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d

en
u
m

er
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g

th
es

e
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n
si

st
en

cy
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is

th
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re
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ca
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y

an
d

p
ra
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n
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ia
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an
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w
e
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st
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g
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an
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se
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In
a

st
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g
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a
se

tt
in
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e
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a
u
n
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t
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y
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e
d
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u
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ve
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d
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an

d
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e
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su
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t
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y
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s
in
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u
n
d
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g
d
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a
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u
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T
h
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la
ck
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n
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er
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l
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n
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st
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V
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se
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fo
r

gr
ap
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an
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st
en

t
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N
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h
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e
in
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e
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g
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u
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p
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p
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o
u
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y
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n
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in
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e
p
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se
n
ce
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d
is

tr
ib

u
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on
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if
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in
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e

d
at
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R
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og

n
iz

in
g

th
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e
sh

if
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an
d
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r
p

ot
en

ti
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p
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t
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V
N

p
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p
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b
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a
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C
o
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si
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e
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c
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W
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h
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e
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h
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h
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p
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d
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d
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n
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q
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F
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b
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d
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p
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b
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r
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p
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d
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p
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n
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p
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p
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d
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d
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at
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d
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b
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=
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p
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=
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∈
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p
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d
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b
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p
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p
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p
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=
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∈
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m
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b
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p
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b
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=
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b
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b
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d
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=
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b
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d
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d
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p
erform

an
ce.

A
m

ore
th

orou
gh

ex
am

in
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d
is

th
e

su
b

ject
o
f

cu
rren

t
resea

rch
.
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b
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b
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d
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b
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b
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d
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w
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d
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b
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con
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b
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b
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con
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d
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d
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b
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b
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b
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s

to
a

sam
p
le

from
a

sin
gle

d
istrib

u
tio

n
,

th
ou

gh
th

is
m

ay
n
ot

b
e

in
an

d
o
f

itself
a

su
ffi

cien
t

con
d
ition

for
con

sisten
cy.

F
o
r

ex
am

p
le,

in
th

e
case

of
(G

1 ,G
2 )

b
ein

g
i.i.d

.
or
ρ
-correlated

m
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ra
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d
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b
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p
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b
road

ly,
it

w
ou

ld
b

e
go

o
d

to
b

etter
u
n
d
erstan

d
w

h
eth

er
th

ere
ex

ist
fam

ilies
of

n
om

in
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p
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b
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b
oth

w
ith

in
an

d
b

etw
een

grap
h
s

in
fl
u
en

ces
vertex

n
om

in
ation

.
In

p
articu

lar,
if

on
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p
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ob
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d
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p
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w
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p
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p
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con
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grap
h
,

fi
n
d

th
ose

th
at

p
lay

a
sim

ilar
stru

ctu
ral

(b
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.
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d
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to
th

e
V

N
fram

ew
ork

is
of

p
rim

e
in

terest,
an

d
a

d
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con
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b
e

con
sid

ered
u
n
d
er

w
h
ich

u
n
iv

ersal
con

sisten
cy

is
ach

ievab
le.

W
h
ile

w
e

con
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rem
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d
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ro
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b
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b
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d
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n
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con
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h
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R
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d
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d
efi
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)
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∃
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it
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W
it

h
g

d
efi

n
ed
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e
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n
ot

e
th
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r
ea
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∈
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U
j i,
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1
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2
)
∈
( g

(i
)

1
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o(
g

(i
)

2
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)

s.
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ra
n
k

Φ
(g

1
,o

(g
2
),
v
∗ )

(o
(v
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)
=
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1
,g

2
)
∈
( g

(i
)

1
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o(
g

(i
)

2
)]
)

s.
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Φ
(g

1
,o

(g
2
),
v
∗ )
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]

=
o(
v
∗ )
}
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1
,g
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)
∈
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)

1
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o(
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)
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)
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∃

is
o.
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(g
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)

2
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)
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n
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σ
(Φ
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)
1
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(g
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)
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),
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=
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}
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)

1
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o(
g

(i
)
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) Φ

(g
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)

1
,o

(g
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)

2
),
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v
∗ )
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∈
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]
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e
p
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Φ
∈
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)
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)
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b
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∈
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m
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ia
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at
p
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Φ
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m
a
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s
p
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Φ
.

T
o

se
e

th
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,
n
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e

th
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fo
r

an
y
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x
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∈
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le
tt
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g
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Φ
b

e
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i,

Φ
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1
w
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h

en
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ie
s
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d
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n
d
in

g
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d
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,

w
e
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e
p
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Φ
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≥
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∈
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p
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d
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ξ ∑ j=
1

P
( ra

n
k

Φ
(G

1
,o

(G
2
),
v
∗ )

(o
(v
∗ )

)
=
j)
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)
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)
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)
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)
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b
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e
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∈
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h
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h
Ψ
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]
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p
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) Ψ

(g
(i
)

1
,o

(g
(i
)

2
),
v
∗ )

[j
]=

o(
v
∗ )
.

If
th

e
ti

e
b
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∈
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Φ
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]
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) Ψ
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)
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o(
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h
e

p
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F
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an

ar
b
it

ra
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N
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h
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e
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an
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∈
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U
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1
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2
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∈
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)

1
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o(
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(i
)
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k

Φ
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1
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2
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v
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⊂
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∃
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v
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Φ
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=
o(
v
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W
e

th
en

h
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e
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at
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]

=
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v
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es
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∣ ∣(
g

(i
)

1
,[
o(
g

(i
)

2
)]
) 

P
[(
g

(i
)

1
,[
o(
g

(i
)

2
)]
)]

≤
∑ P g

P

 
⋃̀ j=

1

( g
(i

)
1
,[
o(
g

(i
)

2
)]
) I(

Φ
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o
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1
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=
o
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1
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g

(i
)

2
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P
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(i
)

1
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o(
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(i
)

2
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≤
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∑ j∈
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P
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g

(i
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1
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g
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)

2
)]
) Ψ
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(i
)

1
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(i
)

2
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v
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v
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(i
)

1
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g

(i
)

2
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︸
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)∈
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1
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Φ
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e
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⊂
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p
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d
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r
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Φ
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O
n
C
o
n
sist

e
n
t
V
e
r
t
e
x
N
o
m
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a
t
io
n
S
c
h
e
m
e
s

A
.2

.
P

ro
o
f

o
f

T
h

e
o
re

m
2
3

P
ro

o
f

D
efi

n
e

a
p
rob

ab
ility

vector
ξ
∈

R
m

b
y
ξ
i

=
ε
i −

ε
i−

1
for

i∈
[m
−

1]
(w

h
ere

w
e

ta
ke
ε
0

:=
0
),

a
n
d

let
ξ
m

=
1−

ε
m
−

1 .
C

on
sid

er
asy

m
m

etric
grap

h
s

(g
1 ,g

2 )∈
G
n ×
G
m

an
d

co
n
stru

ct
a

d
istrib

u
tion

F
(n
,m

)
c,θ

∈
N
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s.

i.
c

=
n
∧
m

;

ii.
T

h
e

su
p
p

ort
of
F

(n
,m

)
c,θ

is
(g

1 ,[o(g
2 )]);

iii.
F

o
r

ea
ch

k
∈

[m
]

d
efi

n
e

R
Φ
,k

=
{

(g
1 ,g̃

2 )∈
(g

1 ,[o(g
2 )])

s.t.
Φ

(g
1 ,o(g̃

2 ),v ∗)[k
]

=
o(v ∗) }

.

T
h
en

w
e

d
efi

n
e
P
F

(n
,m

)
c
,θ

(R
Φ
,k )

:=
ξ[k

]
w

ith
all

elem
en

ts
of
R

Φ
,k

b
ein

g
assign

ed
eq

u
al

m
a
ss

u
n
d
er
F

(n
,m

)
c,θ

.

It
is

clea
r

th
en

th
at
L
k (Φ

,v ∗)
=

1−
ε
k
>

1−
km

.
It

is
also

clear
th

at
L
∗k (v ∗)≤

ε
m
−
k .

In
d
eed

,
co

n
sid

er
Φ
′

w
h
ich

is
d
efi

n
ed

b
y

rev
ersin

g
th

e
ord

er
p
rov

id
ed

b
y

Φ
;

th
en

L
k (Φ

′,v ∗)
=
ε
m
−
k ;

w
h
ich

co
m

p
letes

th
e

p
ro

of.

A
p
p
e
n
d
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P
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o
f
o
f
T
h
e
o
re
m

1
9

H
erein

w
e

w
ill

p
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e
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sk
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th
e
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ro
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T
h
eorem
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for
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p
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ess.
L

et
Q

b
e

a
p

erm
u
ta

tion
m
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in

Π
n

(w
ith

asso
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p
erm

u
tation

σ
Q

)
th

at
p

erm
u
tes

p
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k
la

b
els

(i.e., ∑
i Q

i,i
=
n−

k
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an
d

let
T

d
en

ote
th

e
n
u
m

b
er

of
tran

sp
osition

s
in

d
u
ced

b
y
σ
Q

,
a
n
d

n
o
te|T|≤

k
/
2.

B
y

ex
p
loitin

g
th

e
cy

clic
stru

ctu
re

of
Q

actin
g

o
n

vec(B
),

w
e

h
av

e
th

at

E
δ(Q

)−
E
δ(I

n
)

=
E‖A

Q
−
Q
B
‖

2F
−

E‖A
−
B
‖

2F
≥
ε (

(n
−
k
)k

+

(
k2 )
−
T )

.

C
o
m

b
in

in
g

th
is

ex
p

ectation
b

ou
n
d

w
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th
e

follow
in

g
M

cD
iarm

id
-like

con
cen

tratio
n

resu
lt

w
ill

y
ield

th
e

p
ro

of
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T
h
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19.

P
ro

p
o
sitio

n
2
9

(P
ro

p
o
sitio

n
3
.2

fro
m

K
im

e
t

a
l.

(2
0
0
2
))

L
et

X
1 ,...,X

n
be

a
se-

qu
en

ce
o
f

in
d
epen

d
en

t
B

ern
o
u

lli
ra

n
d
o
m

va
ria

bles
w

h
ere

E
[X

i ]
=
p
i .

L
et
f
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0,1}

n
7→
<
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su
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th

a
t

ch
a
n

gin
g

a
n

y
X
i

to
1−

X
i

ch
a
n

ges
f

by
a
t

m
o
st

M
=

su
pi

su
p

X
1
,...,X

n |f
(X

1 ,...,X
i ,...,X

n
)−

f
(X
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X
i ,...,X

n
)|.

L
et
σ

2
=
M

2 ∑
i p
i (1−

p
i )

a
n

d
let

Y
=
f

(X
1 ,...,X

n
).

T
h
en

P
r[|Y
−

E
[Y

]|≥
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t
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4
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r
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<
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<
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.
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L
y
z
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L
e
v
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,
a
n
d

P
r
ie
b
e

In
d
eed

,
w

e
see

th
at
X
Q

:=
δ(Q

)−
δ(I

n
)

is
a

fu
n
ction

of
N
Q

in
d
ep

en
d
en

t
B

ern
ou

lli
ran

d
om

variab
les,

w
h
ere

N
Q

=
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k2 )
+
k
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−
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≤
3
k
n
.

L
et
S
Q

b
e

th
e

su
m

of
th
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N
Q

B
ern

ou
lli

ran
d
om

variab
les,

an
d
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follow

s
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a
t

V
ar(S

Q
)≤

N
Q
/
4.

B
y

settin
g
t

=
C
εk
n
σ

for
an

ap
p
rop

riate
co

n
stan

t
C
>

0
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P
rop

osition
29,

w
e

h
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for
n
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ffi

cien
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e

P
r

(X
Q
≤

0)≤
P

r
(|X

Q
−

E
(X

Q
)|≥

E
(X

Q
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Θ
(ε

2k
n
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.

A
u
n
ion

b
ou

n
d

over
all

su
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Q
(of

w
h
ich

th
ere
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≤
n
k)

an
d
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k

y
ield

s

P
(∃
Q
∈

Π
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I
n }

s.t.
δ(Q

)≤
δ(I

n
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n
∑k

=
2

2ex
p {

k
log
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)−

Θ
(ε

2k
n

) }
=

2ex
p {−

Θ
(ε

2n
) }
,

as
d
esired

.
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N
S
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e
m

e
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w
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T
ie

s

W
e

can
in
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orate

ties
in
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th

e
V

N
fram

ew
ork
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follow

s.
W

ith
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allow
ed

,
an

y
sen

sib
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-
d
efi

n
ed

vertex
n
om

in
ation
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em

e
sh

ou
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v
iew

all
vertices

in
I

(u
;g

)
as

b
ein

g
eq

u
ally

go
o
d

m
atch

es
to

a
vertex

of
in

terest
v ∗.

T
o

th
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en
d
,

w
e

w
ill

v
iew

V
N
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em

es
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p
rov

id
in

g
w

ea
k

o
rd

erin
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of
th

e
elem

en
ts

of
W

:

D
e
fi

n
itio

n
3
0

F
o
r

a
set

A
,

let
W

A
d
en

o
te

th
e

set
o
f

a
ll

w
ea

k
o
rd

erin
gs

o
f

th
e

elem
en

ts
o
f

A
(i.e.,

th
e

set
o
f

a
ll

to
ta

l
o
rd

erin
gs

w
h
ere

ties
a
re

a
llo

w
ed

).
F

o
r
x
∈

W
A

,
let

tx
be

a
n

y
m

a
xim

u
m

-len
gth

to
ta

l
o
rd

erin
g

in
d
u

ced
by

x
.

F
o
r

ea
ch

a
∈
A

,
w

e
d
efi

n
e
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n

k
x (a

)
=

ra
n

k
t
x (a ′),

w
h
ere

a
=
a ′

a
cco

rd
in

g
to

th
e

o
rd

erin
g
x

.

E
x
a
m

p
le

7
If
A

=
{
a
,b,c,d

,e}
a
n

d
x

:
a
>
c
>
d

=
e
>
b,

th
en
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ü
tz

e.
In

tr
od

u
ct

io
n

to
In

fo
rm

a
ti

o
n

R
et

ri
ev

a
l.

C
am

-
b
ri

d
ge

U
n
iv

er
si

ty
P

re
ss

,
20

08
.

D
.
M

ar
ch

et
te

,
C

.
E

.
P

ri
eb

e,
an

d
G

.
C

op
p

er
sm

it
h
.

V
er

te
x

n
om

in
at

io
n

v
ia

at
tr

ib
u
te

d
ra

n
d
om

d
ot

p
ro

d
u
ct

gr
ap

h
s.

In
P

ro
ce

ed
in

gs
o
f

th
e

5
7
th

IS
I

W
o
rl

d
S

ta
ti

st
ic

s
C

o
n

gr
es

s,
v
o
lu

m
e

6,
p
ag

e
16

,
20

11
.

R
.

M
ih

al
ce

a
an

d
D

.
R

ad
ev

.
G

ra
p
h
-b

a
se

d
N

a
tu

ra
l

L
a
n

gu
a
ge

P
ro

ce
ss

in
g

a
n

d
In

fo
rm

a
ti

o
n

R
et

ri
ev

a
l.

C
am

b
ri

d
ge

U
n
iv

er
si

ty
P

re
ss

,
20

11
.

M
.

E
.

J
.

N
ew

m
an

.
A

m
ea

su
re

of
b

et
w

ee
n
n
es

s
ce

n
tr

al
it

y
b
as

ed
on

ra
n
d
om

w
al

k
s.

S
oc

ia
l

N
et

w
o
rk

s,
27

(1
):

39
–5

4,
20

05
.

M
.

E
.

J
.

N
ew

m
an

.
F

in
d
in

g
co

m
m

u
n
it

y
st

ru
ct

u
re

in
n
et

w
or

k
s

u
si

n
g

th
e

ei
ge

n
ve

ct
or

s
of

m
at

ri
ce

s.
P

h
ys

.
R

ev
.

E
,

74
(3

):
03

61
04

,
20

06
.

M
.

E
.

J
.

N
ew

m
an

an
d

A
.

C
la

u
se

t.
S
tr

u
ct

u
re

an
d

in
fe

re
n
ce

in
an

n
ot

at
ed

n
et

w
or

k
s.

N
a
tu

re
C

o
m

m
u

n
ic

a
ti

o
n

s,
7(

11
86

3)
,

20
16

.

H
.

G
.

P
at

so
li
c,

Y
.

P
ar

k
,

V
.

L
y
zi

n
sk

i,
an

d
C

.
E

.
P

ri
eb

e.
V

er
te

x
n
om

in
at

io
n

v
ia

lo
ca

l
n
ei

gh
-

b
or

h
o
o
d

m
at

ch
in

g.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

7
0
5
.0

0
6
7
4
,

20
17

.

37
JM

L
R

 2
0(

69
):

1-
39

, 2
01

9

L
y
z
in
sk

i,
L
e
v
in
,
a
n
d

P
r
ie
b
e

T
.

A
.

N
.

P
h
am

,
X

.
L

i,
G

.
C

on
g,

an
d

Z
.

Z
h
an

g.
A

ge
n
er

al
re

co
m

m
en

d
at

io
n

m
o
d
el

fo
r

h
et

er
og

en
eo

u
s

n
et

w
or

k
s.

IE
E

E
T

ra
n

sa
ct

io
n

s
o
n

K
n

o
w

le
d
ge

a
n

d
D

a
ta

E
n

gi
n

ee
ri

n
g,

2
8

(1
2)

:3
14

0–
31

53
,

20
16

.

P
.

R
es

n
ic

k
an

d
H

.
R

.
V

ar
ia

n
.

R
ec

om
m

en
d
er

sy
st

em
s.

C
o
m

m
u

n
ic

a
ti

o
n

s
o
f

th
e

A
C

M
,

4
0
(3

):
56

–5
8,

19
97

.

F
.

R
ic

ci
,

L
.

R
ok

ac
h
,

an
d

B
.

S
h
ap

ir
a.

In
tr

od
u

ct
io

n
to

R
ec

o
m

m
en

d
er

S
ys

te
m

s
H

a
n

d
bo

o
k.

S
p
ri

n
ge

r,
20

11
.

G
.

R
ob

in
s,

P
.

P
at

ti
so

n
,

Y
.

K
al

is
h
,

an
d

D
.

L
u
sh

er
.

A
n

in
tr

o
d
u
ct

io
n

to
ex

p
on

en
ti

a
l

ra
n
d
o
m

gr
ap

h
(p
∗ )

m
o
d
el

s
fo

r
so

ci
al

n
et

w
or

k
s.

S
oc

ia
l

N
et

w
o
rk

s,
29

(2
):

17
3–

19
1,

20
0
7
.

K
.

R
oh

e,
S
.

C
h
at

te
rj

ee
,

an
d

B
.

Y
u
.

S
p

ec
tr

al
cl

u
st

er
in

g
an

d
th

e
h
ig

h
-d

im
en

si
o
n
a
l

st
o
ch

a
st

ic
b
lo

ck
m

o
d
el

.
A

n
n

a
ls

o
f

S
ta

ti
st

ic
s,

39
:1

8
78

–1
91

5,
20

11
.

S
.

R
ot

h
e

an
d

H
.

S
ch

ü
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of

th
e

b
asic

estim
a
to

rs
a
n
d

th
eir

fu
n
ction

s
w

ith
resp

ect
to

th
e

average
ov

er
P

(c
).

In
som

e
resa

m
p
lin

g
tech

n
iq

u
es,

a
d
d
ition

al
ran

d
om

ization
is

in
tro

d
u
ced

in
th

e
p
rior

d
istrib

u
tion

(M
ein

sh
au

sen
a
n
d

B
ü
h
lm

a
n
n
,

2010).
H

en
ce,

an
average

ov
er

th
e

p
aram

eters
λ

is
fu

rth
er

con
sid

ered
,

an
d

th
e

d
istrib

u
tion

P
(λ

)
of
λ

is
in

tro
d
u
ced

.
F

or
n
otation

al
sim

p
licity,

th
e

avera
ge

over
th

ese
d
istrib

u
tio

n
s

is
d
en

oted
b
y

sq
u
are

b
rackets

w
ith

ap
p
rop

riate
su

b
scrip

ts
as

follow
s:

[(···)]c
,λ
≡
∑

c

∫
d
λ

(···)P
(c

)P
(λ

).

T
h
e

avera
ge

o
f

th
is

ty
p

e
is

called
co

n
fi

gu
ra

tio
n

a
l

a
vera

ge
th

rou
gh

ou
t

th
is

p
ap

er.
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O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

2
.1

.
G

e
n

e
ra

l
th

e
o
ry

o
f

se
m

i-a
n
a
ly

tic
re

sa
m

p
lin

g

T
h
e

p
u
rp

ose
of

resam
p
lin

g
is

to
ob

tain
th

e
d
istrib

u
tion

of
th

e
b
asic

estim
ator

P
(β
i )

=
[δ (

β
i −

β̂
i (λ

,D
c ) )]

c
,λ
,

(4)

w
h
ich

is
red

u
ced

to
com

p
u
tin

g
th

e
m

om
en

ts [β̂
ri (λ

,D
c ) ]

c
,λ

of
arb

itra
ry

d
egree∀

r∈
N

.
W

e

th
u
s

sh
ow

th
at

th
ese

m
om

en
ts

can
b

e
eva

lu
ated

in
th

e
follow

in
g

m
an

n
er.

B
y

d
efi

n
ition

,
th

e
m

om
en

t [β̂
ri (λ

,D
c ) ]

c
,λ

w
ith

r∈
N

can
b

e
w

ritten
as

[β̂
ri (λ

,D
c ) ]

c
,λ

=

[
1

Z
r(λ

,D
c ) ∫

{
r
∏a
=

1

d
β
a
β
ai P

0 (β
a|λ

)P
(D

c |β
a) }

]

c
,λ

(5)

=
lim
n→

0 [
Z
n−

r(λ
,D

c ) ∫
{

r
∏a
=

1

d
β
a
β
ai P

0 (β
a|λ

)P
(D

c |β
a) }

]

c
,λ

(6)

.=
lim
n→

0 [∫
{

n
∏b=

1

d
β
b }
{

r
∏a
=

1

β
ai }
{

n
∏b=

1

P
0 (β

b|λ
)P

(D
c |β

b) }
]

c
,λ

.
(7)

T
h
e

evalu
ation

of
(5)

is
tech

n
ically

d
iffi

cu
lt

ow
in

g
to

th
e

ex
isten

ce
of
Z
r(λ

,D
c )

in
th

e
d
en

om
in

ator:
T

h
e

n
egative

p
ow

er
of

th
e

p
artition

fu
n
ction

d
o
es

n
ot

allow
th

e
an

aly
tical

evalu
ation

of
th

e
average

ov
er
c

an
d
λ

,
even

if
P

(c
)

an
d
P

(λ
)

tak
e

reason
ab

le
form

s.
T

o
overcom

e
th

is
d
iffi

cu
lty,

an
au

x
iliary

p
aram

eter
n

is
in

tro
d
u
ced

in
(6).

T
h
e

ex
p

on
en

t
n

is
assu

m
ed

to
b

e
a

p
ositive

in
teger

larger
th

an
r

in
(7);

th
u
s,

th
e

p
ow

er
of

th
e

p
artition

fu
n
ction

can
b

e
ex

p
an

d
ed

in
th

e
in

tegral
form

(3).
In

tegral
variab

les
{β

1,β
2,...,β

n}
are

term
ed

rep
lica

s
sin

ce
th

ey
are

regard
ed

as
con

stitu
tin

g
n

cop
ies

of
th

e
origin

al
sy

stem
.

In
(7),

th
e

con
fi
gu

ration
al

av
erage

can
b

e
an

aly
tically

com
p
u
ted

u
n
d
er

ap
p
rop

riate
ap

p
rox

im
atio

n
s.

T
h
is

y
ield

s
an

ex
p
ression

as
a

fu
n
ction

of
n

th
at

is
an

aly
tically

con
tin

u
ab

le
from

N
to

R
.

T
h
e
n
→

0
lim

it
is

taken
b
y

em
p
loy

in
g

th
e

an
aly

tically
con

tin
u
ed

ex
p
ression

after
all

com
p
u
tation

s.
T

h
e

evalu
ation

tech
n
iq

u
e

b
ased

on
th

ese
p
ro

ced
u
res

is
often

called
th

e
rep

lica
m

eth
od

(M
ézard

et
al.,

1987;
N

ish
im

ori,
2001;

D
otsen

k
o,

2005).
E

v
id

en
tly,

th
is

tech
n
iq

u
e

is
n
ot

ju
stifi

ed
in

a
strict

sen
se,

b
u
t

it
is

k
n
ow

n
th

at
th

e
rep

lica
m

eth
o
d

gives
correct

resu
lts

for
m

an
y

p
rob

lem
s.

J
u
stifi

cation
of

th
e

rep
lica

m
eth

o
d

is
k
n
ow

n
to

b
e

d
iffi

cu
lt

(T
alagran

d
,

2003),
an

d
h
ere

w
e

leave
it

as
a

fu
tu

re
w

ork
an

d
ju

st
em

p
loy

th
e

m
eth

o
d

for
ou

r
p
u
rp

ose.
In

th
e

p
resen

t
p
rob

lem
,

it
is

far
from

triv
ial

to
ob

tain
an

an
aly

tically
con

tin
u
ab

le
ex

p
ression

,
an

d
b

elow
w

e
con

cen
trate

on
its

d
erivation

.

A
ccord

in
gly,

th
e

con
fi
gu

ration
al

av
era

ge
of

an
y

p
ow

er
of

th
e

b
asic

estim
ator

can
b

e
evalu

ated
from

th
e

follow
in

g
q
u
an

tities:

Ξ
({
β
a}
na
=

1 |D
)≡

∫
{

n
∏a
=

1

d
β
a }
[

n
∏a
=

1

P
0 (β

a|λ
)P

(D
c |β

a) ]

c
,λ

,

P
({
β
a}
na
=

1 |D
)≡

1

Ξ
({
β
a}
na
=

1 |D
) [

n
∏a
=

1

P
0 (β

a|λ
)P

(D
c |β

a) ]

c
,λ

,
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S
e
m
i-
A
n
a
ly

t
ic

R
e
sa

m
p
l
in
g

in
L
a
ss
o

w
h
er

e
th

e
fo

rm
er

is
ca

ll
ed

re
p
li
ca

te
d

p
ar

ti
ti

on
fu

n
ct

io
n

an
d

th
e

la
tt

er
is

ca
ll
ed

re
p
li
ca

te
d

B
ol

tz
m

an
n

d
is

tr
ib

u
ti

on
.

T
h
e

av
er

ag
e

ov
er

th
e

re
p
li
ca

te
d

B
ol

tz
m

an
n

d
is

tr
ib

u
ti

on
is

d
en

ot
ed

b
y

(·
··)
≡
∫
{

n ∏ a
=

1

d
β
a

}
(·
··)
P

({
β
a
}n a

=
1
|D

)
.

(8
)

It
fo

ll
ow

s
fr

om
(5

)–
(7

)
th

at
th

is
av

er
ag

e
co

n
ve

rg
es

to
th

e
d
es

ir
ed

to
ta

l
av

er
ag

e
ov

er
th

e
p

os
te

ri
or

an
d

th
e

co
n
fi
gu

ra
ti

on
al

va
ri

ab
le

s
c

an
d
λ

as
n
→

0.
T

h
e

n
ex

t
st

ep
is

to
co

m
p
u
te

th
is

av
er

ag
e.

T
h
e

n
on

tr
iv

ia
l

te
ch

n
ic

al
d
iffi

cu
lt

ie
s

ar
e

in
th

e
in

te
gr

a
ti

on
s

w
it

h
re

sp
ec

t
to

re
p
li
ca

s
{β

a
}n a

=
1

an
d

in
d
er

iv
in

g
a

fu
n
ct

io
n
al

fo
rm

th
at

is
an

al
y
ti

ca
ll
y

co
n
ti

n
u
ab

le
w

it
h

re
sp

ec
t

to
n

.
T

h
es

e
w

il
l

b
e

h
an

d
le

d
af

te
r

co
n
si

d
er

in
g

th
e

sp
ec

ifi
c

ca
se

of
L

as
so

.

2
.2

.
S

p
e
c
ifi

c
s

to
L

a
ss

o
w

it
h

in
d

e
p

e
n

d
e
n
t

sa
m

p
li
n

g

T
h
e

ab
ov

e
ge

n
er

al
th

eo
ry

is
n
ow

re
p
h
ra

se
d

in
th

e
co

n
te

x
t

of
L

as
so

.
G

iv
en

a
se

t
of

co
va

ri
at

es
x
µ
∈
R
N

an
d

re
sp

on
se

s
y µ
∈
R

,
D

=
{(
x
µ
,y
µ
)}
M µ

=
1
,

th
e

u
su

al
es

ti
m

at
or

b
y

L
as

so
is

β̂
(λ
,D

)
=

ar
g

m
in

β

  
1 2

M ∑ µ
=

1

(
y µ
−
∑ i

x
µ
iβ
i)

2

+
λ
||β
|| 1

  
.

In
co

n
tr

as
t

to
th

is
,

co
n
si

d
er

in
g

B
ol

as
so

an
d

S
S
,

gi
ve

n
th

e
re

sa
m

p
le

d
d
at

a
D
c

an
d

th
e

ra
n
d
om

iz
ed

p
en

al
ty

co
effi

ci
en

ts
λ

=
(λ

1
,·
··
,λ

N
)>

,
th

e
fo

ll
ow

in
g

es
ti

m
at

or
is

in
tr

o
d
u
ce

d
:

β̂
(λ
,D

c
)

=
ar

g
m

in
β

  
1 2

M ∑ µ
=

1

c µ

(
y µ
−
∑ i

x
µ
iβ
i)

2

+
N ∑ i=

1

λ
i|β

i|  
.

(9
)

F
or

re
p
re

se
n
ti

n
g

th
is

in
te

rm
s

of
th

e
p

os
te

ri
or

av
er

ag
e,

th
e

fo
ll
ow

in
g

q
u
an

ti
ti

es
ar

e
in

tr
o-

d
u
ce

d
:

H
(β
|λ
,D

c
)

=
1 2

M ∑ µ
=

1

c µ

(
y µ
−
∑ i

x
µ
iβ
i)

2

+
N ∑ i=

1

λ
i|β

i|,

Z
γ
(λ
,D

c
)

=

∫
d
β
e−

γ
H

(β
|λ
,D

c
) ,

P
γ
(β
|λ
,D

c
)

=
1 Z
γ
e−

γ
H

(β
|λ
,D

c
) ,

w
h
er

e
th

es
e

q
u
an

ti
ti

es
ar

e
ca

ll
ed

(i
n

th
e

or
d
er

th
ey

a
p
p

ea
r)

H
am

il
to

n
ia

n
,

p
ar

ti
ti

on
fu

n
c-

ti
on

,
an

d
B

ol
tz

m
an

n
d
is

tr
ib

u
ti

on
,

in
ac

co
rd

an
ce

w
it

h
p
h
y
si

cs
te

rm
in

ol
og

y.
A

s
γ
→
∞

,
th

e
B

ol
tz

m
an

n
d
is

tr
ib

u
ti

on
co

n
ve

rg
es

to
a

p
oi

n
tw

is
e

m
ea

su
re

at
β̂

(λ
,D

c
)

an
d

th
er

eb
y

b
ec

om
es

th
e

d
es

ir
ed

p
os

te
ri

or
d
is

tr
ib

u
ti

on
,

al
lo

w
in

g
th

e
id

en
ti

fi
ca

ti
on

of
th

e
B

ol
tz

m
an

n
d
is

tr
ib

u
ti

on
w

it
h

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
;

th
u
s,

th
e

av
er

ag
e

ov
er

th
e

B
ol

tz
m

an
n

d
is

tr
ib

u
ti

on
is

th
er

e-
af

te
r

d
en

ot
ed

b
y
〈·
··〉

in
tr

o
d
u
ce

d
in

(1
)1

.
T

h
e

p
ri

or
d
is

tr
ib

u
ti

on
P

0
(β
|λ

)
an

d
th

e
li
ke

li
h
o
o
d

1
.

It
is

a
ss

u
m

ed
th

a
t

th
e

o
rd

er
o
f

th
e

in
te

g
ra

ti
o
n

a
n

d
th

e
γ
→

∞
li

m
it

m
ay

b
e

ch
a
n

g
ed

.
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01

9

O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

P
(D
|β

)
in

(2
)

co
rr

es
p

on
d

to
th

e
fa

ct
or

s
e−

γ
∑
i
λ
i
|β
i
|

an
d
e−

γ 2

∑
M µ
=
1
c µ

(y
µ
−
∑
i
x
µ
i
β
i
)2

in
th

e
B

ol
tz

m
an

n
d
is

tr
ib

u
ti

on
,

re
sp

ec
ti

ve
ly

.
C

on
si

d
er

in
g

B
ol

as
so

an
d

S
S
,

w
e

d
ra

w
th

e
su

b
sa

m
p
le
c

of
a

fi
x
ed

si
ze
m

in
a
n

u
n
b
ia

se
d

m
an

n
er

.
E

ac
h

sa
m

p
le

co
m

es
ou

t
w

it
h

a
p
ro

b
a
b
il
it

y
of
M
−
m
m

!/
(c

1
!·
··
c M

!)
,

w
h
ic

h
h
a
s

a
w

ea
k

d
ep

en
d
en

cy
am

on
g
{c
µ
} µ

.
H

ow
ev

er
,

th
is

d
ep

en
d
en

cy
is

n
ot

es
se

n
ti

al
fo

r
la

rg
e
M

a
n
d

m
;

th
u
s,

it
is

ig
n
or

ed
.

U
si

n
g

S
ti

rl
in

g’
s

fo
rm

u
la
m

!
≈

(m
e

)m
in

co
n
ju

n
ct

io
n

w
it

h
th

e
re

la
ti

o
n

m
=
∑

M µ
=

1
c µ

,
c µ

is
ap

p
ro

x
im

at
el

y
re

ga
rd

ed
as

an
i.
i.
d
.

va
ri

ab
le

fr
om

a
P

oi
ss

o
n

d
is

tr
ib

u
ti

o
n

of
m

ea
n
τ

=
m
/M

,
n
am

el
y,

P
(c

)
=

M ∏ µ
=

1

τ
c µ c µ
!e
−
τ

=
M ∏ µ
=

1

P
(c
µ
).

It
is

al
so

n
at

u
ra

l
to

re
q
u
ir

e
th

at
P

(λ
)

is
fa

ct
or

iz
ed

in
to

a
b
at

ch
of

id
en

ti
ca

l
d
is

tr
ib

u
ti

o
n
s

a
s

fo
ll
ow

s:

P
(λ

)
=

N ∏ i=
1

P
(λ
i)
.

A
t

th
is

p
oi

n
t,

th
e

ex
p
li
ci

t
fo

rm
of
P

(λ
i)

is
n
ot

sp
ec

ifi
ed

.
T

h
es

e
fa

ct
or

iz
ed

n
a
tu

re
s

a
ll
ow

u
s

to
ex

p
re

ss
th

e
re

p
li
ca

te
d

B
ol

tz
m

an
n

d
is

tr
ib

u
ti

on
as

P
γ
({
β
a
}n a

=
1
|D

)
∝
[ e−

γ
∑
n a
=
1
H

(β
a
|λ
,D

c
)]
c
,λ

=
M ∏ µ
=

1

Φ
µ

( {
β
i}
N i=

1

)
N ∏ i=

1

Ψ
(β

i)
,

(1
0
)

w
h
er

e

Φ
µ

( {
β
i}
N i=

1

) =
[ e−

1 2
γ
c
∑
a
(y
µ
−
∑
i
x
µ
i
β
a i
)2
] c
,

Ψ
(β

i)
=
[ e−

γ
λ
∑
n a
=
1
|β
a i
|] λ

,

an
d

th
e

ve
ct

or
n
ot

at
io

n
β
i

=
(β
a i
) a

w
a
s

in
tr

o
d
u
ce

d
fo

r
la

te
r

co
n
ve

n
ie

n
ce

.
Φ
µ

is
h
er

ea
ft

er
ca

ll
ed

µ
-t

h
p

ot
en

ti
al

fu
n
ct

io
n
.

T
o

p
ro

ce
ed

fu
rt

h
er

,
an

ap
p
ro

x
im

at
io

n
sh

ou
ld

b
e

in
tr

o
d
u
ce

d
to

m
ak

e
th

e
ri

g
h
t-

h
a
n
d

si
d
e

of
(1

0)
tr

ac
ta

b
le

.
A

lt
h
ou

gh
th

er
e

ar
e

se
ve

ra
l

w
ay

s
fo

r
th

at
,

w
e

h
er

e
m

ak
e

an
a
p
p
ro

x
im

a
ti

on
b
as

ed
on

th
e

ca
v
it

y
m

et
h
o
d

fr
om

st
at

is
ti

ca
l

p
h
y
si

cs
.

T
h
e

d
et

ai
ls

ar
e

in
th

e
n
ex

t
se

ct
io

n
.

3
.
H
a
n
d
li
n
g
th

e
re
p
li
ca

te
d
sy

st
e
m

W
e

b
el

ow
w

or
k

w
it

h
th

e
ca

v
it

y
m

et
h
o
d
,

or
th

e
b

el
ie

f
p
ro

p
ag

at
io

n
(B

P
)

in
co

m
p
u
te

r
sc

ie
n
ce

,
an

d
u
se

a
G

au
ss

ia
n

ap
p
ro

x
im

at
io

n
.

T
h
is

tr
ea

tm
en

t
is

es
se

n
ti

al
ly

id
en

ti
ca

l
to

th
a
t

u
se

d
in

d
er

iv
in

g
th

e
k
n
ow

n
ap

p
ro

x
im

at
e

m
es

sa
ge

p
as

si
n
g

(A
M

P
)

(K
ab

as
h
im

a,
20

03
;

D
o
n
o
h
o

et
al

.,
20

09
),

an
d

ca
n

b
e

ju
st

ifi
ed

if
ea

ch
co

va
ri

at
e

is
i.
i.
d
.

fr
om

G
au

ss
ia

n
d
is

tr
ib

u
ti

o
n
s

(B
ay

a
ti

a
n
d

M
on

ta
n
ar

i,
20

11
;

B
ar

b
ie

r
et

al
.,

20
17

).
F

or
tr

ea
ti

n
g

n
on

tr
iv

ia
l

co
rr

el
at

io
n
s

b
et

w
ee

n
co

va
ri

-
at

es
,

m
or

e
so

p
h
is

ti
ca

te
d

ap
p
ro

x
im

at
io

n
s

(O
p
p

er
an

d
W

in
th

er
,

20
01

a,
b
,

20
0
5
;

K
a
b
a
sh

im
a

an
d

V
eh

ka
p

er
a,

20
14

;
Ç

ak
m

ak
et

al
.,

20
14

;
C

es
p

ed
es

et
al

.,
20

14
;

R
a
n
ga

n
et

a
l.
,

2
0
1
6
;

M
a

an
d

P
in

g,
20

17
;

T
ak

eu
ch

i,
20

17
)

ar
e

re
q
u
ir

ed
.

S
u
ch

ex
te

n
si

on
s

ar
e

le
ft

as
fu

tu
re

w
o
rk

.
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S
e
m
i-A

n
a
ly

t
ic

R
e
sa

m
p
l
in
g

in
L
a
sso

(1
0
)

im
p
lies

th
at

th
e

rep
licated

B
oltzm

an
n

d
istrib

u
tio

n
n
atu

rally
h
as

a
factor

grap
h

stru
ctu

re.
H

en
ce,

b
y

th
e

cav
ity

m
eth

o
d
,

(10)
can

b
e

“a
p
p
rox

im
ately

”
d
ecom

p
osed

in
to

tw
o

m
essa

g
es

a
s

fo
llow

s:φ̃
µ→

i (β
i )

=
1

Z
µ→

i ∫
∏j(6=
i) d
β
j

Φ
µ ({β

i }
Ni=

1 )
∏j(6=
i) φ

j→
µ
(β

j ),
(11)

φ
i→

µ
(β

i )
=

1

Z
i→

µ
Ψ

(β
i )
∏ν
(6=
µ

) φ̃
ν→

i (β
i ),

(12)

w
h
ere

Z
µ→

i ,Z
i→

µ
are

n
orm

alization
factors

th
at

are
n
ot

relevan
t

an
d

w
ill

b
e

d
iscard

ed
b

elow
.

T
h
e

average
of

(8)
can

b
e

com
p
u
ted

b
y

em
p
loy

in
g

th
is

set
of

eq
u
ation

s.

3
.1

.
G

a
u

ssia
n

a
p

p
ro

x
im

a
tio

n
o
n

c
a
v
ity

m
e
th

o
d

A
cru

cia
l

o
b
servation

for
assessin

g
(11),(1

2)
is

th
at

th
e

resid
u
al
R
aµ

=
y
µ −

∑
j
x
µ
j β

aj
ap

-
p

ea
rin

g
in

Φ
µ

h
as

a
su

m
of

a
large

n
u
m

b
er

of
ran

d
om

variab
les;

th
u
s,

th
e

cen
tral

lim
it

th
eo

rem
ju

stifi
es

treatin
g

it
as

a
G

au
ssian

variab
le

w
ith

th
e

ap
p
rop

riate
m

ean
an

d
varian

ce.
T

h
is

co
n
sid

eration
lead

s
to

th
e

follow
in

g
d
ecom

p
osition

in
(11)

R
aµ

+
x
µ
i β
ai ≡

y
µ −

∑j(6=
i) x

µ
j β

aj ≈
y
µ −

∑j(6=
i) x

µ
j β
\
µ
j

+
Z
aµ
i ≡

r
µ
i
+
Z
aµ
i ,

w
h
ere

Z
aµ
i

is
a

zero-m
ean

G
au

ssian
variab

le
w

h
ose

covarian
ce

is
eq

u
ivalen

t
to

th
at

of
∑

j(6=
i)
x
µ
j β

aj ,
a
n
d

(···) \
µ

is
th

e
average

over
∏
j
φ
j→

µ
(β

j )
or

th
e

rep
licated

B
oltzm

an
n

d
istrib

u
tion

w
ith

ou
t
µ

-th
p

oten
tial

fu
n
ction

.
T

h
is

sh
ow

s
th

a
t

it
is

d
iffi

cu
lt

to
con

sid
er

th
e

co
rrela

tio
n

b
etw

een
β
i

an
d
β
j

w
ith

d
iff

eren
t
i,j

in
th

e
p
resen

t
fram

ew
ork

.
T

h
is

co
u
ld

b
e

overco
m

e
even

in
th

e
cav

ity
m

eth
o
d

fram
ew

ork
(O

p
p

er
an

d
W

in
th

er,
2001a,b

);
h
ow

ever,
it

is
b

eyo
n
d

th
e

scop
e

of
th

is
stu

d
y.

T
h
e

so-ca
lled

rep
lica

sy
m

m
etry

is
n
ow

assu
m

ed
in

th
e

m
essages.

T
h
is

sy
m

m
etry

im
p
lies

th
a
t

an
y

p
erm

u
tation

of
th

e
rep

licas
{
β

1i ,···
,β

ni }
y
ield

s
an

id
en

tical
m

essage,
w

h
ich

in
tu

rn
im

p
lies,

b
y

D
e

F
in

etti’s
th

eorem
(H

ew
itt

an
d

S
avage,

1955),
th

at
th

e
m

essages
can

b
e

ex
p
ressed

a
s

φ
i→

µ
(β

i )
=

∫
dF

ρ
i→

µ
(F

)
n
∏a
=

1 F
(β
ai ),

φ̃
µ→

i (β
i )

=

∫
dG
ρ
µ→

i (G
)

n
∏a
=

1 G
(β
ai ),

7
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O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

w
h
ere

dF
ρ
i→

µ
(F

)
an

d
dG
ρ
i→

µ
(G

)
are

p
rob

ab
ility

m
easu

res
over

th
e

p
rob

a
b
ility

d
istrib

u
tion

fu
n
ction

sF
an

d
G

,
resp

ectively.
F

rom
th

is
form

,
tw

o
d
iff

eren
t

varian
ces

n
atu

rally
em

erge:

V
\
µ

i
≡

(β
ai )

2−
β
ai β

bi \
µ

=

∫
d
β
i (

(β
ai )

2−
β
ai β

bi ) ∫
dF

ρ
i→

µ
(F

)
n
∏c=

1 F
(β
ci )

=

∫
dF

ρ
i→

µ
(F

) {
∫
F

(β
)β

2d
β
−
(∫
F

(β
)β
d
β )

2 }
,

W
\
µ

i
≡
β
ai β

bi \
µ−

β
ai \
µ
β
bi \
µ

=

∫
dF

ρ
i→

µ
(F

) (∫
F

(β
)β
d
β )

2−
(∫

dF
ρ
i→

µ
(F

) ∫
F

(β
)β
d
β )

2

,

w
h
ere

it
w

as
assu

m
ed

th
at
a
6=
b.

B
elow

,
th

e
µ

-d
ep

en
d
en

ce
of
V
\
µ

i
an

d
W
\
µ

i
is

ign
ored

,
as

it
is

sm
all,

an
d

let

V
\
µ

i
≈
V
i

=
(β
ai )

2−
β
ai β

bi ,

W
\
µ

i
≈
W
i

=
β
ai β

bi −
β
ai β

bi .

It
can

b
e

im
p
lied

th
at

V
i

d
escrib

es
th

e
av

erage
of

th
e

varian
ce

in
sid

e
a

fi
x
ed

resam
p
led

d
ataset,

w
h
ereas

W
i

rep
resen

ts
th

e
in

ter-sam
p
le

va
rian

ce.
U

sin
g
V
i

an
d
W
i ,

th
e

covarian
ce

of
β
i

is
gen

erally
w

ritten
as

C
ov \

µ (
β
ai ,β

bi )
≡
β
ai β

bi \
µ−

β
ai \
µ
β
bi \
µ

=
W
\
µ

i
+
V
\
µ

i
δ
a
b ≈

W
i
+
V
i δ
a
b .

U
sin

g
th

is
relation

,
th

e
covarian

ce
of{Z

aµ
i }
a

can
b

e
ex

p
ressed

as

C
ov \

µ (
Z
aµ
i ,Z

bµ
i )

=
∑j,k

(6=
i) x

µ
i x
µ
j C

ov \
µ (
β
aj ,β

bk )
≈
∑

j

x
2µ
j C

ov \
µ (
β
aj ,β

bj )

≈
∑

j

x
2µ
j (W

j
+
V
j δ
a
b )≡

W
µ

+
V
µ
δ
a
b .

T
h
e

correlation
b

etw
een

β
j

an
d
β
k

for
j
6=
k

is
n
eglected

in
th

e
secon

d
su

m
b

ecau
se

it
is

n
ot

tak
en

in
to

accou
n
t

in
th

e
p
resen

t
fram

ew
ork

,
as

ex
p
lain

ed
ab

ove.
M

oreover,
th

e
ad

d
ition

of
th

e
i-th

term
in

th
e

sam
e

su
m

d
o
es

n
ot

aff
ect

th
e

follow
in

g
d
iscu

ssion
b

ecau
se

it
is

su
ffi

cien
tly

sm
all

in
th

e
su

m
m

ation
.

B
ased

on
th

ese
ob

servation
s,
Z
aµ
i

is
d
ecom

p
osed

as
follow

s:

Z
aµ
i

=
D
µ
i
+

∆
aµ
i ,

w
h
ere

D
µ
i
an

d
∆
aµ
i
are

zero-m
ean

G
au

ssian
variab

les
w

h
ose

covarian
ces

are
C

ov \
µ

(D
µ
i ,D

µ
i )

=

W
µ
,

C
ov \

µ (
D
µ
i ,∆

aµ
i )

=
0,

C
ov \

µ (
∆
aµ
i ,∆

bµ
i )

=
V
µ
δ
a
b .

φ̃
µ→

i
can

n
ow

b
e

com
p
u
ted

.
T

h
e

in
tegration

w
ith

resp
ect

to{β
j }
j(6=

i)
in

(11)
is

rep
laced

b
y

th
at

over
D
i

an
d

∆
ai .

T
h
e

resu
lt

is

φ̃
µ→

i (β
i )≈

∫
d
D
µ
i P

(D
µ
i ) ∫

∏

a

d
∆
aµ
i P

(∆
aµ
i ) [e −

12
γ
c ∑

a
(r
µ
i −
x
µ
i β
ai
+
D
µ
i +

∆
aµ
i )

2 ]
c

=
[U

(c) −
12

(1
+
cγ
V
µ
) −

n2
e −

12
S

(c) ∑
a (
r
µ
i −
x
µ
i β
ai )

2
+

12
T

(c)( ∑
a
(r
µ
i −
x
µ
i β
ai
))

2 ]
c
,
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S
e
m
i-
A
n
a
ly

t
ic

R
e
sa

m
p
l
in
g

in
L
a
ss
o

w
h
er

e

S
(c

)
=

cγ

1
+
cγ
V
µ
,

T
(c

)
=

c2
γ

2
W
µ

(1
+
cγ
V
µ
)(

1
+
cγ

(V
µ

+
n
W
µ
))
,

U
(c

)
=

1
+
cγ

(V
µ

+
n
W
µ
)

1
+
cγ
V
µ

.

ln
φ̃
µ
→
i(
β
i)

ca
n

b
e

ex
p
an

d
ed

w
it

h
re

sp
ec

t
to
x
µ
iβ
a i
,

an
d

th
e

ex
p
an

si
on

u
p

to
th

e
se

co
n
d

or
d
er

le
ad

s
to

an
eff

ec
ti

v
e

G
au

ss
ia

n
ap

p
ro

x
im

at
io

n
o
f

th
e

m
es

sa
ge

,
y
ie

ld
in

g

φ̃
µ
→
i(
β
i)
≈
e−

1 2
γ
Ã
µ
→
i
∑
a
(β
a i
)2

+
1 2
γ
2
C̃
µ
→
i
(∑

a
β
a i
)2

+
γ
B̃
µ
→
i
∑
a
β
a i
,

w
h
er

e

Ã
µ
→
i

=

[
c

1
+
cγ
V
µ

] c

x
2 µ
i,

(1
6a

)

B̃
µ
→
i

=

[
c

1
+
cγ
V
µ

] c

r µ
ix
µ
i,

(1
6b

)

C̃
µ
→
i

=

{
[ (

c

1
+
cγ
V
µ

) 2
] c

W
µ

+

(
[ (

c

1
+
cγ
V
µ

) 2
] c

−
[

c

1
+
cγ
V
µ

] 2 c

)
(r
µ
i)

2

}
x

2 µ
i.

(1
6c

)

It
sh

ou
ld

b
e

n
ot

ed
th

at
th

e
n
→

0
li
m

it
w

as
al

re
ad

y
ta

k
en

in
th

es
e

co
effi

ci
en

ts
.

O
w

in
g

to
th

e
G

au
ss

ia
n

ap
p
ro

x
im

at
io

n
of
φ̃
µ
→
i(
β
i)

,
th

e
m

ar
gi

n
a
l

d
is

tr
ib

u
ti

on
of

th
e

re
p
li
ca

te
d

B
ol

tz
m

an
n

d
is

tr
ib

u
ti

on
ca

n
b

e
si

m
p
ly

w
ri

tt
en

a
s

P
i(
β
i|D

)
≡
∫
∏ j(
6=
i)

d
β
j
P

({
β
i}
i|D

)
∝

Ψ
(β

i)
∏ µ

φ̃
µ
→
i(
β
i)

≈
[ ∫

D
z
eγ
( −

1 2
A
i
∑
a
(β
a i
)2

+
(B
i
+
√
C
i
z
)
∑
a
β
a i
−
λ
∑
a
|β
a i
|)
] λ

,
(1

7)

w
h
er

e
D
z

=
d
z
e−

1 2
z
2
/√

2
π

,
an

d
th

e
fo

ll
ow

in
g

id
en

ti
ty

w
as

u
se

d
:

e
1 2
C
x
2

=

∫
D
z
e√

C
z
x
.

M
or

eo
ve

r,
A
i

=
∑

µ
Ã
µ
→
i,
B
i

=
∑

µ
B̃
µ
→
i,

an
d
C
i

=
∑

µ
C̃
µ
→
i.

A
ll

re
p
li
ca

s
ar

e
n
ow

fa
ct

or
iz

ed
,

an
d

th
e

av
er

ag
e

ca
n

b
e

ta
ke

n
fo

r
ea

ch
re

p
li
ca

in
d
ep

en
d
en

tl
y,

al
lo

w
in

g
p
as

si
n
g

to
th

e
n
→

0
li
m

it
b
y

an
al

y
ti

c
co

n
ti

n
u
at

io
n

fr
om

N
to

R
w

it
h

re
sp

ec
t

to
n

.
F

or
ex

am
p
le

,
th

e
m

ea
n

of
β
a i

is
co

m
p
u
te

d
as

β
a i

=

[ ∫
D
z

( ∫
d
β
eγ

(−
1 2
A
i
β
2
+

(B
i
+
√
C
i
z
)β
i
−
λ
|β
| )
) n
] −

1

λ

×
[ ∫

D
z

∫
d
β
β
eγ

(−
1 2
A
i
β
2
+

(B
i
+
√
C
i
z
)β
i
−
λ
|β
| )
( ∫

d
β
eγ

(−
1 2
A
i
β
2
+

(B
i
+
√
C
i
z
)β
i
−
λ
|β
| )
) n
−

1
] λ

n
→

0
−−
−→

[ ∫
D
z

∫
d
β
β
eγ

(−
1 2
A
i
β
2
+

(B
i
+
√
C
i
z
)β
i
−
λ
|β
| )

∫
d
β
eγ

(−
1 2
A
i
β
2
+

(B
i
+
√
C
i
z
)β
i
−
λ
|β
| )

] λ

γ
→
∞

−−
−→

[ ∫
D
z
S
λ
(B

i
+
√
C
iz

;A
i)

] λ

,
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O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

w
h
er

e
S
λ

is
th

e
so

-c
al

le
d

so
ft

th
re

sh
ol

d
in

g
fu

n
ct

io
n

S
λ
(x

;A
)

=
1 A

(x
−
λ

sg
n

(x
))
θ(
|x
|−

λ
),

an
d
θ(
x

)
is

th
e

st
ep

fu
n
ct

io
n

th
at

is
eq

u
al

to
1

if
x
>

0
an

d
0

ot
h
er

w
is

e.
T

h
u
s,

th
e

m
ea

n
o
f

th
e

b
as

ic
es

ti
m

at
o
r

ta
ke

s
a

re
as

on
ab

le
fo

rm
.

In
th

e
ab

ov
e

av
er

ag
e,

it
is

as
su

m
ed

th
at

th
e

co
effi

ci
en

ts
A
i,
B
i,
C
i
re

m
ai

n
fi
n
it

e
a
s
γ
→
∞

.
T

h
is

is
th

e
ca

se
if

th
e

fo
ll
ow

in
g

h
ol

d
s:

χ
µ
≡
γ
V
µ

=
∑ i

x
2 µ
iγ
V
i
→
O

(1
),

(γ
→
∞

).

T
h
is

sc
al

in
g

is
co

n
si

st
en

t,
w

h
ic

h
ca

n
b

e
sh

ow
n

b
y

χ
i
≡
γ
V
i

=
γ
{ (β

a i
)2
−
β
a i
β
b i

}

n
→

0
−−
−→

 ∫
D
z
γ

  

∫
d
β
β

2
eγ

(−
1 2
A
i
β
2
+

(B
i
+
√
C
i
z
)β
i
−
λ
|β
| )

∫
d
β
eγ

(−
1 2
A
i
β
2
+

(B
i
+
√
C
i
z
)β
i
−
λ
|β
| )
−
(
∫
d
β
β
eγ

(−
1 2
A
i
β

+
(B
i
+
√
C
i
z
)β
i
−
λ
|β
| )

∫
d
β
eγ

(−
1 2
A
i
β
2
+

(B
i
+
√
C
i
z
)β
i
−
λ
|β
| )

)
2
  

  λ

γ
→
∞

−−
−→

1 A
i

[ ∫
D
z
θ
( |
B
i
+
√
C
iz
|−

λ
)]

λ

=
∂
β
i

∂
B
i

.

In
co

n
tr

as
t

to
V
i,

th
e

in
te

r-
sa

m
p
le

fl
u
ct

u
at

io
n
W
i

ta
ke

s
a

fi
n
it

e
va

lu
e

ev
en

a
s
γ
→
∞

.
It

s
ex

p
li
ci

t
fo

rm
is

W
i

=
β
a i
β
b i
−
β
a i
β
b i

n
→

0
,
γ
→
∞

−−
−−
−−
−→

[ ∫
D
z
S

2 λ

( B
i
+
√
C
iz

;A
i)]

λ

−
([
∫
D
z
S
λ

( B
i
+
√
C
iz

;A
i)]

λ

) 2
.

It
fo

ll
ow

s
th

at
an

y
m

om
en

t
of

th
e

b
as

ic
es

ti
m

at
or

ca
n

b
e

co
m

p
u
te

d
fr

om
(1

7
),

o
n
ce

th
e

co
effi

ci
en

ts
{A

i,
B
i,
C
i}
N i=

1
ar

e
co

rr
ec

tl
y

es
ti

m
at

ed
.

H
en

ce
,

th
e

n
ex

t
ta

sk
is

to
d
er

iv
e

a
se

t
of

se
lf

-c
on

si
st

en
t

eq
u
at

io
n
s

fo
r

th
e

co
effi

ci
en

ts
an

d
to

co
n
st

ru
ct

an
al

go
ri

th
m

fo
r

so
lv

in
g

it
.

3
.2

.
S

e
lf

-c
o
n

si
st

e
n
t

e
q
u

a
ti

o
n

s
a
n

d
a

m
e
ss

a
g
e

p
a
ss

in
g

a
lg

o
ri

th
m

U
si

n
g

(1
2)

,
w

e
ob

ta
in

φ
i→

µ
(β

i)
∝

Ψ
(β

i)
∏

ν
(6=
µ

)

φ̃
ν
→
i(
β
i)

≈
[ ∫

D
z
eγ
( −

1 2
A
i→

µ
∑
a
(β
a i
)2

+
(B
i→

µ
+
√
C
i→

µ
z
)
∑
a
β
a i
−
λ
∑
a
|β
a i
|)
] λ

,

w
h
er

e
A
i→

µ
=
∑

ν
(6=
µ

)
Ã
ν
→
i,
B
i→

µ
=
∑

ν
(6=
µ

)
B̃
ν
→
i,

an
d
C
i→

µ
=
∑

ν
(6=
µ

)
C̃
ν
→
i.

In
se

rt
in

g
th

is
in

to
(1

1)
,

w
e

ca
n

d
er

iv
e

a
se

t
of

se
lf

-c
o
n
si

st
en

t
eq

u
at

io
n
s

d
et

er
m

in
in

g
a
ll

th
e

ca
v
it

y
co

effi
ci

en
ts
{A

i→
µ
,B

i→
µ
,C

i→
µ
,Ã

µ
→
i,
B̃
µ
→
i,
C̃
µ
→
i}
i,
µ
.

T
h
is

p
ro

ce
d
u
re

su
gg

es
ts

a
n

it
er

a
ti

ve
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S
e
m
i-A

n
a
ly

t
ic

R
e
sa

m
p
l
in
g

in
L
a
sso

a
lg

o
rith

m
,

co
n
ven

tion
ally

called
B

P
algorith

m
,

w
h
ich

is
sch

em
atically

d
escrib

ed
as

follow
s:

{
Ã
µ→

i ,B̃
µ→

i ,C̃
µ→

i }
(t)←

{ β
i \
µ
,V

i ,W
i }

(t),
(18a)

{
A
i→

µ
,B

i→
µ
,C

i→
µ }

(t+
1
)←
{Ã

µ→
i ,B̃

µ→
i ,C̃

µ→
i }

(t),
(1

8b
)

{
β
i \
µ
,V

i ,W
i }

(t+
1
)←
{A

i→
µ
,B

i→
µ
,C

i→
µ }

(t+
1
),

(18c)

w
h
ere

t
=

0,1,···
,

d
en

otes
th

e
algorith

m
tim

e
step

.
If

th
e

B
P

algorith
m

con
v
erges,

th
e

fu
ll

co
effi

cien
ts{

A
i ,B

i ,C
i }
Ni=

1
are

given
from

th
e

con
verged

valu
es

of{
Ã
µ→

i ,B̃
µ→

i ,C̃
µ→

i }
i,µ

.
H

ow
ever,

th
is

a
lgorith

m
is

n
ot

p
articu

larly
effi

cien
t

b
ecau

se
its

co
m

p
u
tation

alcost
is
O

(N
M

2).

A
m

o
re

effi
cien

t
algorith

m
is

d
erived

b
y

ap
p
rox

im
ately

rew
ritin

g
th

e
cav

ity
co

effi
cien

ts

a
n
d

th
e

cav
ity

m
ean

β
\
µ

u
sin

g
th

e
fu

ll
co

effi
cien

ts{
A
i ,B

i ,C
i }
i .

T
o

th
is

en
d
,
φ
i→

µ
(β

i )
is

co
n
n
ected

w
ith

P
i (β

i |D
)

in
a

p
ertu

rb
ative

m
an

n
er.

C
om

p
arin

g
th

e
co

effi
cien

ts,
it

follow
s

th
a
t

th
e

d
iff

eren
ce

b
etw

een
A
i

an
d
A
i→

µ
is

n
egligib

ly
sm

all,
as

it
is

p
rop

ortion
al

to
x

2µ
i

=
O

(1/N
).

T
h
e

sam
e

is
tru

e
b

etw
een

C
i

an
d
C
i→

µ
.

H
en

ce,
th

e
relevan

t
d
iff

eren
ce

is
on

ly

∆
B

(t)
i

=
B

(t)
i
−
B

(t)
i→

µ
an

d
is

ex
p
ressed

a
s

∆
B

(t)
i

=

[
c

1
+
cχ

(t−
1
)

µ

]

c

r
(t−

1
)

µ
i

x
µ
i

=
a

(t−
1
)

µ
x
µ
i
+

[
c

1
+
cχ

(t−
1
)

µ

]

c (
β
i \
µ )

(t−
1
)
x

2µ
i

≈
a

(t−
1
)

µ
x
µ
i ,

w
h
ere

a
(t)
µ
≡
[

c

1
+
cχ

(t)
µ

]

c 
y
µ −

∑

j

x
µ
j (
β
j \
µ )

(t) 
=

[
c

1
+
cχ

(t)
µ

]

c (
r

(t)
µ
i −

x
µ
i (
β
i \
µ )

(t) )
.

(19)

A
cco

rd
in

gly,
th

e
d
iff

eren
ce

b
etw

een
β
i \
µ

an
d
β
i

is
com

p
u
ted

as

(
β
i \
µ )

(t)≈
β
i (t)−

∂
β
i (t)

∂
B

(t)
i

∆
B

(t)
i

=
β
i (t)−

χ
(t)
i
a

(t−
1
)

µ
x
µ
i ,

(20)

In
sertin

g
(2

0
)

in
to

(19)
y
ield

s

a
(t)
µ

=

[
c

1
+
cχ

(t)
µ

]

c 
y
µ −

∑

j

x
µ
j β
j
(t)

+
χ

(t)
µ
a

(t−
1
)

µ


,

w
h
ere

th
e

la
st

term
is

in
terp

reted
as

th
e

O
n
sager

reaction
term

in
p
h
y
sics.

R
ew

ritin
g
r
µ
i

u
sin

g
a
µ

in
th

e
righ

t-h
an

d
sid

es
of

(16)
an

d
collectin

g
several

factors,
a

sim
p
lifi

ed
m

essage

1
1

JM
L

R
 20(70):1-33, 2019

O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

p
assin

g
algorith

m
corresp

on
d
in

g
to

(18)
is

ob
tain

ed
as

fo
llow

s:

χ
(t)
µ

=
∑

i

x
2µ
i χ

(t)
i
,

(21a)

W
(t)
µ

=
∑

i

x
2µ
i W

(t)
i
,

(21b
)

(
f

(t)
1
µ
,f

(t)
2
µ )

=


[

c

1
+
cχ

(t)
µ

]

c

,  (
c

1
+
cχ

(t)
µ

)
2 

c 
,

(21c)

a
(t)
µ

=
f

(t)
1
µ


y
µ −

∑

j

x
µ
j β
j
(t)

+
χ

(t)
µ
a

(t−
1
)

µ


,

(21d
)

A
(t+

1
)

i
=
∑

µ

x
2µ
i f

(t)
1
µ
,

(21e)

B
(t+

1
)

i
=
∑

µ

x
µ
i a

(t)
µ

+

(
∑

µ

x
2µ
i f

(t)
1
µ )

β
i (t),

(21f)

C
(t+

1
)

i
=
∑

µ

x
2µ
i 

f
(t)
2
µ
W

(t)
µ

+

(
f

(t)
2
µ
−
(
f

(t)
1
µ )

2 )
(
a

(t)
µ

f
(t)
1
µ )

2 
,

(21g
)

β
i (t+

1
)

=

[∫
D
z
S
λ (

B
(t+

1
)

i
+

√
C

(t+
1
)

i
z
;A

(t+
1
)

i

)]

λ

,
(21h

)

χ
(t+

1
)

i
=

1

A
(t+

1
)

i

[∫
D
z
θ ( ∣∣∣∣ B

(t+
1
)

i
+

√
C

(t+
1
)

i
z ∣∣∣∣ −

λ )]

λ

,
(21

i)

W
(t+

1
)

i
=

[∫
D
z
S

2λ (
B

(t+
1
)

i
+

√
C

(t+
1
)

i
z
;A

(t+
1
)

i

)]

λ −
(
β
i (t+

1
) )

2
.

(21j)

W
e

call
th

e
algorith

m
(21)

A
M

P
R

(A
p
p
rox

im
ate

M
essage

P
assin

g
w

ith
R

esam
p
lin

g)
b

ecau
se

it
can

b
e

regard
ed

as
an

ex
ten

sion
of

th
e

A
M

P
in

th
e

u
su

al
L

asso
to

th
e

resam
p
lin

g
case.

T
h
e

com
p
u
tation

al
cost

is
O

(N
M

)
p

er
iteration

an
d

is
sign

ifi
can

tly
red

u
ced

com
p
ared

w
ith

th
e

B
P

algorith
m

.
T

h
is

y
ield

s
th

e
m

ain
resu

lt
of

th
is

stu
d
y.

T
h
ere

is
an

am
b
igu

ity
in

th
e

in
itial

con
d
ition

for
A

M
P

R
.

H
ere

w
e

assu
m

e
th

at
w

e
are

given
an

in
itial

estim
ate
{
β
i (0

),χ
i (0

),W
i (0

)}
i

an
d

con
d
u
ct

th
e

iteration
b
ased

on
(21)

u
n
til

con
vergen

ce.
S
till,

th
ere

is
an

am
b
igu

ity
in

com
p
u
tin

g
a

(0
)

µ
,

d
u
e

to
th

e
p
resen

ce
of
a

(−
1
)

µ
in

(21d
).

T
o

resolv
e

th
is,

w
e

assu
m

e
a

(−
1
)

µ
=

0,
y
ield

in
g

a
(0

)
µ

=

[
c

1
+
cχ

(0
)

µ

]

c 
y
µ −

∑

j

x
µ
j β
j
(0

) 
.

(22)

T
h
ese

com
p
letely

d
eterm

in
e

th
e

in
itial

con
d
ition

.
A

s
ex

p
lain

ed
at

th
e

en
d

of
S
ection

3.1,
th

e
con

v
ergen

t
solu

tion
of

A
M

P
R

,{
A
∗i ,B

∗i ,C
∗i }
i ,

en
ab

les
th

e
com

p
u
tation

of
an

y
m

om
en

t
of

th
e

b
asic

estim
ator

as
follow

s:

[〈β
i 〉
r]c

,λ
=

lim
n→

0

r
∏a
=

1

β
ai

=

[∫
D
z
S
rλ (
B
∗i

+
√
C
∗i z

;A
∗i ) ]

λ

,

1
2
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S
e
m
i-
A
n
a
ly

t
ic

R
e
sa

m
p
l
in
g

in
L
a
ss
o

w
h
ic

h
in

d
ic

at
es

th
at

th
e

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
of

th
e

b
as

ic
es

ti
m

at
or

is
o
b
ta

in
ed

as

P
(β
i)

=

[ ∫
D
z
δ
( β

i
−
S
λ

( B
∗ i

+
√
C
∗ iz

;A
∗ i))

] λ

.

T
h
is

y
ie

ld
s

th
e

p
os

it
iv

e
p
ro

b
ab

il
it

y,
w

h
ic

h
is

im
p

or
ta

n
t

fo
r

va
ri

ab
le

se
le

ct
io

n
te

ch
n
iq

u
es

,
as

fo
ll
ow

s:

Π
i
≡

P
ro

b
( |
β̂
i|
6=

0)
=

[ ∫
D
z
θ
(∣ ∣ ∣
B
∗ i

+
√
C
∗ iz
∣ ∣ ∣−

λ
)]

λ

.
(2

3)

A
p
p
li
ca

ti
on

s
u
si

n
g

th
es

e
re

la
ti

on
s

ar
e

p
ro

v
id

ed
in

S
ec

ti
on

4.

3
.3

.
S

ta
te

e
v
o
lu

ti
o
n

fo
r

A
M

P
R

A
b

en
efi

t
of

th
e

A
M

P
ty

p
e

al
go

ri
th

m
s

is
th

at
it

is
p

os
si

b
le

to
tr

ac
k

th
e

m
ac

ro
sc

op
ic

d
y
-

n
am

ic
al

b
eh

av
io

r
of

th
e

al
go

ri
th

m
.

T
h
is

ca
n

b
e

d
on

e
b
y

u
si

n
g

th
e

so
-c

al
le

d
st

at
e

ev
ol

u
ti

on
(S

E
)

eq
u
at

io
n
s.

H
er

e
w

e
d
er

iv
e

th
e

S
E

eq
u
at

io
n
s

as
so

ci
at

ed
w

it
h

A
M

P
R

.
T

h
e

d
er

iv
at

io
n

re
li
es

on
th

e
i.
i.
d
.

as
su

m
p
ti

on
of

th
e

co
va

ri
at

es
,

an
d

h
en

ce
w

e
as

su
m

e
ea

ch
x
µ
i

is
i.
i.
d
.

fr
o
m

th
e

ze
ro

-m
ea

n
G

au
ss

ia
n

as

x
µ
i
∼
N

(0
,σ

2 x
).

(2
4)

T
h
e

va
ri

an
ce

va
lu

e
is

ar
b
it

ra
ry

in
ge

n
er

al
,

b
u
t

fo
r

n
ot

at
io

n
al

si
m

p
li
ci

ty
it

is
ch

os
en

as
σ

2 x
=

1/
N

in
th

is
se

ct
io

n
.

F
u
rt

h
er

m
or

e,
w

e
as

su
m

e
th

e
d
at

a
is

ge
n
er

at
ed

fr
om

th
e

fo
ll
ow

in
g

li
n
ea

r
p
ro

ce
ss

:

y
=
X
β

0
+
ξ
,

w
h
er

e
ξ

is
th

e
n
oi

se
ve

ct
or

w
h
os

e
co

m
p

on
en

t
is

i.
i.
d
.

fr
om
N

(0
,σ

2 ξ
)

an
d
β

0
is

th
e

tr
u
e

p
ar

am
et

er
s

w
h
os

e
co

m
p

on
en

t
is

al
so

i.
i.
d
.

fr
om

a
ce

rt
ai

n
d
is

tr
ib

u
ti

on
P
β
0
(·)

.

U
n
d
er

th
e

as
su

m
p
ti

on
(2

4)
w

it
h
σ

2 x
=

1
/N

,
th

e
in

tr
a-

an
d

in
te

r-
sa

m
p
le

va
ri

an
ce

s
ca

n
b

e
si

m
p
li
fi
ed

as

χ
µ

=
∑ i

x
2 µ
iχ
i
≈
∑ i

E
[ x

2 µ
iχ
i]
≈

1 N

∑ i

χ
i
≡
χ̃
,

(2
5)

W
µ

=
∑ i

x
2 µ
iW

i
≈
∑ i

E
[ x

2 µ
iW

i]
≈

1 N

∑ i

W
i
≡
W̃
,

(2
6)

w
h
er

e
w

e
h
av

e
n
eg

le
ct

ed
th

e
co

rr
el

at
io

n
s

b
et

w
ee

n
x
µ
i

an
d

th
e

va
ri

an
ce

s2
.

A
cc

o
rd

in
gl

y,
m

an
y

q
u
an

ti
ti

es
ap

p
ea

ri
n
g

in
(2

1)
b

ec
o
m

e
in

d
ep

en
d
en

t
o
f

th
e

su
b
sc

ri
p
ts
µ

an
d
i.

T
er

m
s

re
ta

in
in

g
th

e
d
ep

en
d
en

ce
ar

e
on

ly
th

e
li
n
ea

r
te

rm
s

w
it

h
re

sp
ec

t
to
x
µ
i

su
ch

as
β
i,
B
i

an
d

a
µ
.

T
o

d
er

iv
e

th
e

S
E

eq
u
at

io
n
s,

w
e

n
ee

d
to

h
an

d
le

th
os

e
te

rm
s.

2
.

R
em

em
b

er
in

g
th

e
d

is
cu

ss
io

n
in

S
ec

ti
o
n

3
.2

,
th

es
e

va
ri

a
n

ce
s

a
re

a
ct

u
a
ll

y
th

e
o
n

es
co

m
p
u

te
d

in
th

e
a
b

se
n

ce
o
f

th
e
µ

-t
h

p
o
te

n
ti

a
l
fu

n
ct

io
n

,
χ
\µ i

a
n

d
W

\µ i
,
a
n

d
h

en
ce

th
is

n
eg

le
ct

ca
n

b
e

ju
st

ifi
ed

.
T

h
e

sa
m

e
d

is
cu

ss
io

n
ca

n
b

e
a
p

p
li

ed
to

th
e

fo
ll

ow
in

g
.
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O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

W
e

st
ar

t
fr

om
th

e
fo

ll
ow

in
g

fo
rm

of
B

(t
+

1
)

i
:

B
(t

+
1
)

i
=
∑ ν

[
c

1
+
cχ

ν

] c

r(t
)

ν
i
x
ν
i
≈
f

(t
)

1

∑ ν

x
ν
i

 
y ν
−
∑ j(
6=
i)

x
ν
j

( β̄
\ν j

) (
t)

 
.

(2
7
)

T
h
e

ri
gh

th
an

d
si

d
e

is
th

e
su

m
of

a
la

rg
e

n
u
m

b
er

of
ra

n
d
om

va
ri

ab
le

s,
an

d
h
en

ce
w

e
ca

n
tr

ea
t

it
as

a
G

au
ss

ia
n

va
ri

ab
le

w
it

h
ap

p
ro

p
ri

at
e

m
ea

n
an

d
va

ri
an

ce
.

T
h
e

m
ea

n
is

E

  f
t 1

∑ ν

x
ν
i

 
y ν
−
∑ j(
6=
i)

x
ν
j

( β̄
\ν j

) (
t)

 
 

=
f
t 1

∑ ν

 
E
[ x

2 ν
i]
β

0
i
+
∑ j(
6=
i)

E
[x
ν
ix
ν
j
]( β

0
j
−
( β̄
\µ j

) (
t)
)

+
E

[x
ν
iξ
ν
] 

=
f
t 1

∑ ν

1 N
β

0
i

=
α
f
t 1
β

0
i,

(2
8
)

w
h
er

e
α

=
M
/N

is
th

e
ra

ti
o

of
th

e
d
at

as
et

si
ze

to
th

e
d
im

en
si

on
al

it
y.

In
th

e
sa

m
e

w
ay

,
th

e
va

ri
an

ce
b

ec
om

es

V

  f
t 1

∑ ν

x
ν
i

 
y ν
−
∑ j(
6=
i)

x
ν
i

( β̄
\ν j

) (
t)

 
 
≈
α
( f

t 1

) 2
( M

S
E

(t
)

+
σ

2 ξ

)
≡
v

(t
+

1
)

0
,

(2
9
)

w
h
er

e
M

S
E

(t
)

d
en

ot
es

th
e

m
ea

n
-s

q
u
ar

ed
er

ro
r

(M
S
E

)
b

et
w

ee
n

th
e

tr
u
e

an
d

av
er

a
g
ed

p
a
-

ra
m

et
er

s:

M
S
E

(t
)
≡

1 N

N ∑ i=
1

( β
0
i
−
β

(t
)

i

) 2
≈

1 N

N ∑ i=
1

( β
0
i
−
( β
\µ i

) (
t)
) 2

.
(3

0
)

H
en

ce
,

w
e

m
ay

w
ri

te

B
(t

+
1
)

i
=
α
f
t 1
β

0
i
+

√
v

(t
+

1
)

0
u
i,

(3
1
)

w
h
er

e
u
i
∼
N

(0
,1

).
B

es
id

es
,

in
th

e
co

m
p
u
ta

ti
on

of
C

(t
+

1
)

i
,

w
e

h
av

e

∑ ν

x
2 ν
if

(t
)

2
ν
W

(t
)

ν
≈
α
f

(t
)

2
W̃

(t
) ,

(3
2
)

∑ ν

x
2 ν
i

( r(t
)

ν
i

) 2
≈
α
( M

S
E

(t
)

+
σ

2 ξ

) .
(3

3
)

T
h
is

y
ie

ld
s C

(t
+

1
)

i
≈
C

(t
+

1
)

=
α
f

(t
)

2
W̃

(t
)

+
α

( f
(t

)
2
−
( f

(t
)

1

) 2
)
( M

S
E

(t
)

+
σ

2 ξ

) .
(3

4)

In
th

e
sa

m
e

le
ve

l
of

ap
p
ro

x
im

at
io

n
,

w
e

ge
t
A

(t
+

1
)

i
≈
A

(t
+

1
)

=
α
f

(t
)

1
.

1
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S
e
m
i-A

n
a
ly

t
ic

R
e
sa

m
p
l
in
g

in
L
a
sso

T
o

d
eriv

e
a

closed
set

of
eq

u
ation

s,
w

e
h
ave

to
com

p
u
te
χ̃

(t+
1
),W̃

(t+
1
)

an
d

M
S
E

(t+
1
)

fro
m
{
A

(t+
1
),{
B

(t+
1
)

i
}
i ,C

(t+
1
)}

.
A

s
an

ex
am

p
le,

w
e

sh
ow

th
e

d
erivation

of
χ̃

(t+
1
)

from
(21i)

in
th

e
fo

llow
in

g:

χ̃
(t+

1
)

=
1N

N
∑i=

1

χ
(t+

1
)

i
≈

1N

N
∑i=

1

1

A
(t+

1
) [∫

D
z
θ ( ∣∣∣ B

(t+
1
)

i
+
√
C

(t+
1
)z ∣∣∣ −

λ ) ]

λ

≈
1

A
(t+

1
) ∫

d
β
P
β
0 (β

) ∫
D
u [∫

D
z
θ ( ∣∣∣∣ α

f
(t)
1
β

+

√
v

(t+
1
)

0
u

+
√
C

(t+
1
)z ∣∣∣∣ −

λ )]

λ

,
(35)

w
h
ere

w
e

h
ave

a
p
p
lied

th
e

law
of

larg
e

n
u
m

b
ers.

T
h
e

oth
er

q
u
an

tities
W̃
,M

S
E

are
com

p
u
ted

in
th

e
sa

m
e

m
an

n
er.

O
v
erall,

w
e

reach
th

e
follow

in
g

set
of

eq
u
ation

s:

(
f

(t)
1
,f

(t)
2

)
=

(
[

c

1
+
cχ̃

(t) ]

c

, [(
c

1
+
cχ̃

(t) )
2 ]

c )
,

(36a)

A
(t+

1
)

=
α
f

(t)
1
,

(36b
)

C
(t+

1
)

=
α
f

(t)
2
W̃

(t)
+
α

(
f

(t)
2
−
(
f

(t)
1

)
2 )
(

M
S
E

(t)
+
σ

2ξ )
,

(36c)

v
(t+

1
)

0
=
α
(
f

(t)
1

)
2 (

M
S
E

(t)
+
σ

2ξ )
,

(36d
)

χ̃
(t+

1
)

=
1

A
(t+

1
) ∫

d
β
P
β
0 (β

) ∫
D
u

×
[∫

D
z
θ ( ∣∣∣∣ A

(t+
1
)β

+

√
v

(t+
1
)

0
u

+
√
C

(t+
1
)z ∣∣∣∣ −

λ )]

λ

,
(36e)

W̃
(t+

1
)

=

∫
d
β
P
β
0 (β

) ∫
D
u {
[∫

D
z
S

2λ (
A

(t+
1
)β

+

√
v

(t+
1
)

0
u

+
√
C

(t+
1
)z

;A
(t+

1
) )]

λ

−
[∫

D
z
S
λ (

A
(t+

1
)β

+

√
v

(t+
1
)

0
u

+
√
C

(t+
1
)z

;A
(t+

1
) )]

2λ }
,

(36f)

M
S
E

(t+
1
)

=

∫
d
β
P
β
0 (β

) ∫
D
u

×
{
β
−
[∫

D
z
S
λ (

A
(t+

1
)β

+

√
v

(t+
1
)

0
u

+
√
C

(t+
1
)z

;A
(t+

1
) )]

λ }
2.

(36g
)

G
iven

a
n

in
itia

l
con

d
ition

{
χ̃

(0
),W̃

(0
),M

S
E

(0
)},

w
e

can
track

th
e

d
y
n
am

ical
evolu

tion
of

th
o
se

q
u
an

tities
accord

in
g

to
(36).

T
h
is

is
th

e
S
E

eq
u
ation

s
for

A
M

P
R

.
A

d
irect

co
n
seq

u
en

ce
of

th
e

S
E

eq
u
ation

s
is

th
e

con
vergen

ce
p
rop

erty
o
f

A
M

P
R

:
Its

con
-

verg
en

ce
d
ep

en
d
s

on
n
eith

er
th

e
d
ataset

size
M

n
or

th
e

m
o
d
el

d
im

en
sion

ality
N

.
H

en
ce,

w
e

ca
n

a
ssu

m
e

th
e

iteration
step

s
req

u
ired

for
con

vergen
ce

is
O

(1
)

an
d

th
e

total
com

p
u
tatio

n
al

co
st

o
f

A
M

P
R

is
th

u
s

gu
aran

teed
to

b
e
O

(N
M

).
T

h
is

rein
forces

th
e

su
p

eriority
of

th
e

p
resen

t
a
p
p
ro

a
ch

.
W

e,
h
ow

ev
er,

w
arn

th
at

th
e

d
iscu

ssion
b
ased

on
th

e
S
E

eq
u
ation

s
stron

gly
relies

on
th

e
i.i.d

.
a
ssu

m
p
tion

am
on

g
covariates,

w
h
ich

is
n
ot

n
ecessarily

satisfi
ed

in
real-w

orld
d
a
ta

sets.
F

o
r

covariates
w

ith
n
on

-triv
ial

correlation
s

an
d

h
eterogen

eity,
it

is
k
n
ow

n
th

at

1
5
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O
b
u
c
h
i
a
n
d

K
a
b
a
sh

im
a

A
M

P
ty

p
e

algorith
m

s
ten

d
to

sh
ow

slow
con

v
ergen

ce,
o
r

even
n
ot

to
con

v
erge

in
p
articu

lar
cases

(C
altagiron

e
et

al.,
2014).

A
com

m
on

p
rescrip

tion
to

overco
m

e
th

is
d
iffi

cu
lty

is
to

in
tro

d
u
ce

a
d
am

p
in

g
factor

in
th

e
u
p

d
ate

of
th

e
m

essages
(R

an
gan

et
al.,

2014),
w

h
ich

is
also

em
p
loyed

in
ou

r
im

p
lem

en
tation

(O
b
u
ch

i,
2018).

In
S
ection

s
4.1.5

an
d

4.2,
w

e
see

h
ow

th
is

p
rescrip

tion
w

ork
s

for
d
atasets

w
ith

n
on

triv
ial

covariates
in

n
u
m

erical
sim

u
lation

s.

4
.
N
u
m
e
rica

l
e
x
p
e
rim

e
n
ts

In
th

is
section

,
th

e
accu

racy
an

d
th

e
com

p
u
tation

al
tim

e
of

th
e

p
rop

osed
sem

i-an
aly

tic
m

eth
o
d

b
ased

on
A

M
P

R
is

ex
am

in
ed

b
y

a
com

p
arison

w
ith

d
irect

n
u
m

erical
resam

p
lin

g.
W

e
also

ch
eck

h
ow

n
on

triv
ial

correlation
s

am
on

g
covariates

aff
ect

th
e

p
erform

an
ce

of
A

M
P

R
.

B
oth

sim
u
lated

an
d

real-w
orld

d
atasets

(from
U

C
I

m
ach

in
e

learn
in

g
rep

ository,
L

ich
m

an
,

2013)
are

u
sed

.
F

or
all

ex
p

erim
en

ts
in

volv
in

g
n
u
m

erical
resam

p
lin

g,
G

lm
n

et
(F

ried
m

an
et

al.,
2
010),

im
p
lem

en
ted

as
an

M
E

X
su

b
rou

tin
e

in
M

A
T

L
A

B
R©

,
w

as
em

p
loyed

for
solv

in
g

(9),
given

a
sam

p
le{λ

,D
c }

.
M

oreover,
th

e
p
rop

osed
A

M
P

R
algorith

m
w

as
im

p
lem

en
ted

as
raw

co
d
e

in
M

A
T

L
A

B
.

T
h
is

is
n
ot

th
e

m
ost

op
tim

ized
ap

p
roach

b
ecau

se
A

M
P

R
u
ses

a
n
u
m

b
er

of
fo

r
an

d
w

h
ile

lo
op

s
w

h
ich

are
slow

in
M

A
T

L
A

B
;

h
en

ce,
th

e
com

p
arison

of
com

p
u
tation

al
tim

e
is

n
ot

n
ecessarily

fair.
H

ow
ever,

even
in

th
is

com
p
arison

,
th

ere
is

a
sign

ifi
can

t
d
iff

eren
ce

in
th

e
com

p
u
tatio

n
al

tim
e

b
etw

een
th

e
p
rop

osed
sem

i-an
aly

tic
m

eth
o
d

an
d

th
e

n
u
m

erical
resam

p
lin

g
ap

p
ro

ach
.

F
or

referen
ce,

it
sh

ou
ld

b
e

n
oted

th
at

all
ex

p
erim

en
ts

b
elow

w
ere

con
d
u
cted

in
a

sin
gle

th
read

on
a

sin
gle

C
P

U
of

In
tel(R

)
X

eon
(R

)
E

5-263
0

v
3

2.4G
H

z.
F

or
actu

al
com

p
u
tation

s,
th

e
d
istrib

u
tion

P
(λ

)
sh

o
u
ld

b
e

sp
ecifi

ed
.

In
S
S
,

th
e

follow
in

g
d
istrib

u
tion

is
u
sed

(M
ein

sh
au

sen
an

d
B

ü
h
lm

an
n
,

2010):

P
(λ

)
=

N∏i=
1 {p

w
δ

(λ
i −

λ
/w

)
+

(1−
p
w

)δ
(λ
i −

λ
)}
,

w
ith

0
<
w
≤

1
an

d
0
<
p
w
<

1.
T

h
e

case
of

th
e

n
on

-ran
d
om

p
en

alty
co

effi
cien

t,
in

w
h
ich

B
olasso

is
in

clu
d
ed

(B
ach

,
2008),

is
recovered

at
w

=
1,

irresp
ective

of
th

e
valu

e
of
p
w

.
T

h
is

d
istrib

u
tion

is
ad

op
ted

b
elow

.

4
.1

.
S

im
u

la
te

d
d

a
ta

se
t

H
ere,

sim
u
lated

d
atasets

are
treated

.
T

h
e

d
ata

is
su

p
p

osed
to

b
e

gen
erated

from
th

e
follow

in
g

lin
ear

m
o
d
el:

y
=
X
β

0
+
ξ
,

w
h
ere

each
com

p
o
n
en

t
of

th
e

d
esign

m
atrix

X
=

(x
1 ,x

2 ,···
,x

N
)

is
i.i.d

.
from

N
(0
,N
−

1 ),
an

d
ξ

is
th

e
n
oise

vector,
w

h
ose

com
p

on
en

t
is

i.i.d
.

from
N

(0,σ
2ξ ).

T
h
e

ratio
of

th
e

d
ataset

size
M

to
th

e
m

o
d
el

d
im

en
sion

ality
N

is
d
en

o
ted

as
α
≡
M
/N

h
ereafter.

T
h
ese

settin
gs

are
id

en
tical

to
th

e
on

es
assu

m
ed

in
S
ection

3
.3.

T
h
e

tru
e

sign
al
β

0
∈

R
N

is
assu

m
ed

to
b

e
K

0 (=
N
ρ

0 )-sp
arse

vector,
an

d
th

e
n
on

-zero
com

p
on

en
ts

are
i.i.d

.
from

N
(0,1/ρ

0 ),
settin

g
th

e
p

ow
er

of
th

e
sign

al
u
n
ity.

T
h
e

in
d
ex

set
of

n
on

-zero
com

p
on

en
ts

is
d
en

oted
b
y

S
0

=
{
i||β

0
i |6=

0}
an

d
is

called
tru

e
su

p
p

ort.
A

n
y

estim
ator

of
th

e
tru

e
su

p
p

ort
is

sim
p
ly

called
su

p
p

ort
an

d
is

h
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b
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p
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∇
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∈
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b
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p
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b
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p
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b
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p
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p
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e
m

et
h

o
d

s
g
a
in

ed
a

lo
t

o
f

a
tt

en
ti

o
n

re
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p
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d
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P
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v
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d
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b
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ra
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u
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u
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m

1
F

ra
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p

u
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∈
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u
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w
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2
4
:

e
n

d
fo

r

li
n

ea
r

o
p

ti
m

iz
a
ti

o
n

o
ra

cl
e

to
st

ay
w

it
h

in
th

e
fe

a
si

b
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p
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e
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b
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b
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p
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h
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n
d
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r
e.

g
.,

o
n
li
n
e

o
p
ti

m
iz

a
ti

o
n

a
n
d

m
o
re

ge
n
er

al
ly

m
ac

h
in
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p
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p
er

ty
th

at
th

es
e

al
go

ri
th

m
s

n
at

u
ra

ll
y

ge
n
er

at
e

sp
ar

se
d
is

tr
ib

u
ti

on
s

ov
er

th
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h
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re
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n
d
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b
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u
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w
el

l
a
s

th
a
t

th
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b
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n
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p
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b
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b
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b
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b
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b
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at
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re
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b
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w
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>
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con
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b
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.
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b
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w
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b
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∇
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p
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p
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p
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h
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ra
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b
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d
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d
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e

lin
ea

r
o
p

tim
iza

tio
n

a
lg

o
rith

m
b

efo
re

it
fi

n
ish

es
a
t

a
n

a
p
p
ro

p
ria

te
sta

g
e,

w
h
en

fro
m

its
in

tern
a
l

d
a
ta

a
su

ita
b
le

o
ra

cle
a
n
sw

er
ca

n
b

e
ea

sily
recov

ered
;

th
is

is
clea

rly
a
n

im
p
lem

en
ta

tio
n

d
ep

en
d
en

t
tech

n
iq

u
e.

T
h
e

tw
o

tech
n
iq

u
es

ca
n

b
e

co
m

b
in

ed
,

e.g
.,

A
lg

o
rith

m
2

co
u
ld

u
se

a
n

ea
rly

term
in

a
tin

g
lin

ea
r

o
ra

cle
o
r

o
th

er
im

p
lem

en
ta

tio
n

of
th

e
w

eak
sep

aration
oracle

in
lin

e
4.

A
lg

o
rith

m
2

L
P

sep
P

(c,x
,Φ
,K

)
v
ia

L
P

oracle

In
p

u
t:

lin
ea

r
ob

jective
c∈

R
n
,

p
oin

t
x
∈
P

,
accu

racy
K
≥

1,
ob

jective
valu

e
Φ
>

0;
O

u
tp

u
t:

E
ith

er
(1

)
v
ertex

y
∈
P

w
ith

c(x
−
y
)
>

Φ
/K

,
o
r

(2
)

fa
lse

:
c(x
−
z
)≤

Φ
fo

r
a
ll

z
∈
P

.
1
:

if
y
∈
P

ca
ch

ed
w

ith
c(x
−
y
)
>

Φ
/K

ex
ists

th
e
n

2
:

re
tu

rn
y

{
C

ach
e

ca
ll}

3
:

e
lse

4
:

y
←

a
rg

m
ax

x∈
P
cx

{
L

P
call}

5
:

if
c(x
−
y
)
>

Φ
/K

th
e
n

6
:

a
d
d
y

to
cach

e
7
:

re
tu

rn
y

8
:

e
lse

9
:

re
tu

rn
fa

lse
1
0
:

e
n

d
if

1
1
:

e
n

d
if

W
e

call
la

zifi
ca

tio
n

th
e

tech
n

iq
u

e
of

rep
lacin

g
a

lin
ear

p
rogram

m
in

g
oracle

w
ith

a
m

u
ch

w
ea

k
er

o
n
e,

a
n
d

w
e

w
ill

d
em

o
n
stra

te
sig

n
ifi

ca
n
t

sp
eed

u
p
s

in
w

a
ll-clo

ck
p

erfo
rm

a
n
ce

(see
e.g

.,
F

ig
u
re

12
),

w
h
ile

m
ain

tain
in

g
id

en
tical

th
eoretica

l
con

vergen
ce

rates.
T

o
ex

em
p
lify

o
u
r

a
p
p
ro

a
ch

w
e

p
rov

id
e

co
n
d
itio

n
a
l

g
ra

d
ien

t
a
lg

o
rith

m
s

em
p
loy

in
g

th
e

w
ea

k
sep

a
ra

tio
n

o
ra

cle
fo

r
th

e
sta

n
d
a
rd

F
ra

n
k
–
W

o
lfe

a
lg

o
rith

m
a
s

w
ell

a
s

th
e

va
ria

n
ts

in
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B
r
a
u
n
,
P
o
k
u
t
t
a
,
a
n
d

Z
in
k

H
a
za

n
a
n

d
K

a
le

(2
0
1
2
);

G
a
rb

er
a
n

d
M

esh
i

(2
0
1
6
);

G
a
rb

er
a
n

d
H

a
za

n
(2

0
1
3
),

w
h

ich
h

av
e

b
een

ch
osen

d
u
e

to
req

u
irin

g
m

o
d
ifi

ed
con

vergen
ce

argu
m

en
ts

th
at

go
b

eyon
d

th
ose

req
u
ired

fo
r

th
e

va
n
illa

F
ra

n
k
–
W

o
lfe

a
lg

o
rith

m
.

C
o
m

p
lem

en
tin

g
th

e
th

eo
retica

l
a
n

a
ly

sis
w

e
rep

o
rt

com
p
u
tation

al
resu

lts
d
em

on
stratin

g
eff

ectiven
ess

of
ou

r
ap

p
roach

v
ia

a
sign

ifi
can

t
red

u
ction

in
w

all-clo
ck

tim
e

com
p
ared

to
th

eir
lin

ear
op

tim
ization

cou
n
terp

arts.

R
e
la

te
d

W
o
rk

T
h

ere
h

a
s

b
een

ex
ten

siv
e

w
o
rk

o
n

F
ra

n
k
–
W

o
lfe

a
lg

o
rith

m
s

a
n

d
co

n
d

itio
n

a
l

g
ra

d
ien

t
a
lg

o
-

rith
m

s,
so

w
e

w
ill

restrict
to

rev
iew

w
o
rk

m
o
st

clo
sely

rela
ted

to
o
u
rs.

T
h
e

F
ra

n
k
–
W

o
lfe

a
lg

o
rith

m
w

a
s

o
rig

in
a
lly

in
tro

d
u
ced

in
F

ra
n
k

a
n
d

W
o
lfe

(1
9
5
6
)

(a
lso

k
n
ow

n
a
s

co
n
d
itio

n
a
l

grad
ien

t
d
escen

t
L

ev
itin

an
d

P
oly

ak
(1966)

an
d

h
as

b
een

in
ten

sely
stu

d
ied

in
p
articu

lar
in

term
s

of
ach

iev
in

g
stron

ger
con

vergen
ce

gu
aran

tees
as

w
ell

as
affi

n
e-in

varian
t

version
s.

W
e

d
em

o
n
stra

te
o
u
r

a
p
p
ro

a
ch

fo
r

th
e

va
n
illa

F
ra

n
k
–
W

o
lfe

a
lg

o
rith

m
F

ra
n
k

a
n
d

W
o
lfe

(1
9
5
6
)

(see
a
lso

J
a
g
g
i

(2
0
1
3
))

a
s

a
n

in
tro

d
u
cto

ry
ex

a
m

p
le.

W
e

th
en

co
n
sid

er
m

o
re

co
m

p
lica

ted
varian

ts
th

at
req

u
ire

n
on

-triv
ial

ch
an

ges
to

th
e

resp
ective

con
vergen

ce
p
ro

ofs
to

d
em

on
strate

th
e

v
ersa

tility
o
f

o
u
r

a
p
p
ro

a
ch

.
T

h
is

in
clu

d
es

th
e

lin
ea

rly
co

n
v
erg

en
t

va
ria

n
t

v
ia

lo
ca

l
lin

ea
r

o
p

tim
iza

tio
n

G
a
rb

er
a
n

d
H

a
za

n
(2

0
1
3
)

a
s

w
ell

a
s

th
e

p
a
irw

ise
co

n
d

itio
n

a
l

g
ra

d
ien

t
va

ria
n
t

o
f

G
a
rb

er
a
n
d

M
esh

i
(2

0
1
6
),

w
h
ich

is
esp

ecia
lly

effi
cien

t
in

term
s

o
f

im
p
lem

en
ta

-
tio

n
.

H
ow

ev
er,

o
u
r

tech
n
iq

u
e

a
lso

a
p
p
lies

to
th

e
A

w
a
y-S

tep
F

ra
n

k–
W

o
lfe

a
lg

o
rith

m
,

th
e

F
u

lly-C
o
rrective

F
ra

n
k–

W
o
lfe

a
lg

o
rith

m
,

th
e

P
a
irw

ise
C

o
n

d
itio

n
a
l

G
ra

d
ien

t
a
lg

o
rith

m
,

a
s

w
ell

as
th

e
B

lock-C
oo

rd
in

a
te

F
ra

n
k–

W
o
lfe

algorith
m

.
R

ecen
tly,

in
F

reu
n
d

an
d

G
rigas

(2016)
gu

aran
tees

for
arb

itrary
step

-size
ru

les
w

ere
p

rov
id

ed
an

d
an

an
alogou

s
an

aly
sis

can
b

e
also

p
erfo

rm
ed

fo
r

o
u
r

a
p
p
ro

a
ch

.
O

n
th

e
o
th

er
h
a
n
d
,

th
e

a
n
a
ly

sis
o
f

th
e

in
ex

a
ct

va
ria

n
ts,

e.g
.,

w
ith

ap
p
rox

im
ate

lin
ear

m
in

im
ization

d
o
es

n
ot

ap
p
ly

to
ou

r
case

as
ou

r
oracle

is
sign

ifi
can

tly
w

ea
k
er

th
a
n

a
p
p
rox

im
a
te

m
in

im
iza

tio
n

a
s

p
o
in

ted
o
u
t

ea
rlier.

F
o
r

m
o
re

in
fo

rm
a
tio

n
,

w
e

refer
th

e
in

terested
read

er
to

th
e

ex
cellen

t
overv

iew
in

J
aggi

(2013)
for

F
ran

k
–W

olfe
m

eth
o
d
s

in
gen

eral
as

w
ell

as
L

acoste-J
u
lien

an
d

J
aggi

(2015)
for

an
overv

iew
w

ith
resp

ect
to

glob
al

lin
ear

con
v
ergen

ce.
It

w
as

also
recen

tly
sh

ow
n

in
H

azan
an

d
K

ale
(2012)

th
at

th
e

F
ran

k
–W

olfe
algorith

m
can

b
e

ad
ju

sted
to

th
e

on
lin

e
learn

in
g

settin
g

an
d

in
th

is
w

ork
w

e
p
rov

id
e

a
lazy

version
of

th
is

algorith
m

.
C

om
b
in

atorial
con

vex
on

lin
e

op
tim

ization
h
as

b
een

in
vestigated

in
a

lon
g

lin
e

of
w

o
rk

(see
e.g

.,
K

a
la

i
a
n
d

V
em

p
a
la

(2
0
0
5
);

A
u
d
ib

ert
et

a
l.

(2
0
1
3
);

N
eu

a
n
d

B
a
rtó

k
(2

0
1
3
)).

It
is

im
p

ortan
t

to
n
ote

th
at

ou
r

regret
b

ou
n
d
s

h
old

in
th

e
stru

ctu
red

o
n

lin
e

lea
rn

in
g

settin
g,

i.e.,
o
u
r

b
o
u
n
d
s

d
ep

en
d

o
n

th
e
`
1 -d

ia
m

eter
o
r

sp
a
rsity

o
f

th
e

p
o
ly

to
p

e,
ra

th
er

th
a
n

its
am

b
ien

t
d
im

en
sion

for
arb

itrary
con

vex
fu

n
ction

s
(see

e.g.,
C

oh
en

an
d

H
azan

(2015);
G

u
p
ta

et
al.

(2016)).
W

e
refer

th
e

in
terested

read
er

to
H

azan
(2016)

for
an

ex
ten

sive
overv

iew
.

A
key

com
p

on
en

t
of

th
e

n
ew

oracle
is

th
e

ab
ility

to
cach

e
an

d
reu

se
old

solu
tion

s,
w

h
ich

accou
n
ts

for
th

e
m

a
jority

of
th

e
ob

served
sp

eed
u
p
.

T
h
e

id
ea

of
cach

in
g

of
oracle

calls
w

as
alread

y
ex

p
lored

in
variou

s
oth

er
con

tex
ts

su
ch

as
cu

ttin
g

p
lan

e
m

eth
o
d
s

(see
e.g.,

J
oach

im
s

et
al.

(2009))
as

w
ell

as
th

e
B

lock-C
oo

rd
in

a
te

F
ra

n
k–

W
o
lfe

algorith
m

in
S
h
ah

et
al.

(2015);
O

sok
in

et
al.

(2016).
O

u
r

lazifi
cation

ap
p

roach
(w

h
ich

u
ses

cach
in

g)
is

h
ow

ever
m

u
ch

m
ore

lazy,
req

u
irin

g
n
o

m
u
ltip

licative
ap

p
rox

im
ation

gu
aran

tee;
see

(O
sok

in
et

al.,
2016,

P
ro

of
of

T
h
eorem

3.
A

p
p

en
d
ix

F
)

an
d

L
acoste-J

u
lien

et
al.

(2013)
for

com
p
arison

to
ou

r
setu

p
.
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L
a
z
if
y
in
g

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
A
l
g
o
r
it
h
m
s

C
o
n
tr

ib
u

ti
o
n

T
h
e

m
ai

n
te

ch
n
ic

al
co

n
tr

ib
u
ti

on
of

th
is

p
ap

er
is

a
n
ew

ap
p
ro

ac
h
,

w
h
er

eb
y

in
st

ea
d

of
fi
n
d
in

g
th

e
op

ti
m

al
so

lu
ti

on
,

th
e

or
ac

le
is

u
se

d
on

ly
to

fi
n
d

a
go

od
en

o
u

gh
so

lu
ti

o
n

or
a

ce
rt

ifi
ca

te
th

at
su

ch
a

so
lu

ti
on

d
o
es

n
ot

ex
is

t,
b

ot
h

en
su

ri
n
g

th
e

d
es

ir
ed

co
n
ve

rg
en

ce
ra

te
of

th
e

co
n
d
it

io
n
al

gr
ad

ie
n
t

al
go

ri
th

m
s.

O
u
r

co
n
tr

ib
u
ti

on
ca

n
b

e
su

m
m

ar
iz

ed
as

fo
ll
ow

s:

(i
)

L
a
zi

fy
in

g
a
p
p
ro

a
ch

.
W

e
p
ro

v
id

e
a

g
en

er
a
l

m
et

h
o
d

to
la

zi
fy

co
n
d
it

io
n
a
l

g
ra

d
ie

n
t

al
go

ri
th

m
s.

F
or

th
is

w
e

re
p

la
ce

th
e

li
n

ea
r

op
ti

m
iz

at
io

n
or

ac
le

w
it

h
a

w
ea

k
se

p
ar

at
io

n
o
ra

cl
e,

w
h

ic
h

a
ll

ow
s

u
s

to
re

u
se

fe
a
si

b
le

so
lu

ti
o
n

s
fr

o
m

p
re

v
io

u
s

o
ra

cl
e

ca
ll

s,
so

th
a
t

in
m

an
y

ca
se

s
th

e
or

ac
le

ca
ll

ca
n

b
e

sk
ip

p
ed

.
In

fa
ct

,
on

ce
a

si
m

p
le

re
p
re

se
n
ta

ti
on

of
th

e
u
n
d
er

ly
in

g
fe

a
si

b
le

re
g
io

n
is

le
a
rn

ed
n
o

fu
rt

h
er

o
ra

cl
e

ca
ll
s

a
re

n
ee

d
ed

.
W

e
a
ls

o
d
em

on
st

ra
te

h
ow

p
ar

am
et

er
-f

re
e

va
ri

an
ts

ca
n

b
e

ob
ta

in
ed

.

(i
i)

L
a
zi

fi
ed

co
n

d
it

io
n

a
l

gr
a
d
ie

n
t

a
lg

o
ri

th
m

s.
W

e
ex

em
p
li
fy

ou
r

ap
p
ro

ac
h

b
y

p
ro

v
id

in
g

la
zy

v
er

si
o
n
s

o
f

th
e

va
n
il
la

F
ra

n
k
–
W

o
lf

e
a
lg

o
ri

th
m

a
s

w
el

l
a
s

o
f

th
e

co
n
d
it

io
n
a
l

g
ra

d
ie

n
t

m
et

h
o
d
s

in
H

a
za

n
a
n
d

K
a
le

(2
0
1
2
);

G
a
rb

er
a
n
d

H
a
za

n
(2

0
1
3
);

G
a
rb

er
a
n
d

M
es

h
i

(2
01

6)
.

(i
ii
)

W
ea

k
se

pa
ra

ti
o
n

th
ro

u
gh

a
u

gm
en

ta
ti

o
n

.
W

e
sh

ow
in

th
e

ca
se

of
0/

1
p

ol
y
to

p
es

h
ow

to
im

p
le

m
en

t
a

w
ea

k
se

p
a
ra

ti
o
n

o
ra

cl
e

w
it

h
a
t

m
o
st
k

ca
ll
s

to
a
n

a
u
g
m

en
ta

ti
o
n

o
ra

cl
e

th
a
t

o
n

in
p
u
t
c
∈

R
n

a
n
d
x
∈
P

p
ro

v
id

es
ei

th
er

a
n

im
p
ro

v
in

g
so

lu
ti

o
n
x
∈
P

w
it

h
cx
<
cx

o
r

en
su

re
s

o
p
ti

m
a
li
ty

,
w

h
er

e
k

d
en

o
te

s
th

e
` 1

-d
ia

m
et

er
o
f
P

.
T

h
is

is
u
se

fu
l

w
h
en

th
e

so
lu

ti
on

sp
ac

e
is

sp
ar

se
.

(i
v
)

C
o
m

p
u

ta
ti

o
n

a
l

ex
pe

ri
m

en
ts

.
W

e
d

em
on

st
ra

te
co

m
p

u
ta

ti
on

al
su

p
er

io
ri

ty
b
y

ex
te

n
si

ve
co

m
p
a
ri

so
n
s

o
f

th
e

w
ea

k
se

p
a
ra

ti
o
n

b
a
se

d
v
er

si
o
n
s

w
it

h
th

ei
r

o
ri

g
in

a
l

v
er

si
o
n
s.

In
a
ll

ca
se

s
w

e
re

p
o
rt

si
g
n
ifi

ca
n
t

sp
ee

d
u
p
s

in
w

a
ll
-c

lo
ck

ti
m

e
o
ft

en
o
f

se
v
er

a
l

o
rd

er
s

o
f

m
ag

n
it

u
d
e.

It
is

im
p

or
ta

n
t

to
n

ot
e

th
at

in
al

l
ca

se
s,
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<
K
C

th
a
t
t′
≤

4C
K

2
/
Φ
t,

a
n

d
in

th
e

ca
se

Φ
t
≥
K
C

th
a
t

t′
≤

2Φ
t

Φ
t
K
−

C 2

=
4
K

Φ
t

2Φ
t
−
K
C
≤

4
K

Φ
t

2Φ
t
−

Φ
t

=
4K

.

T
h
u

s
it

er
a
ti

o
n
t

is
fo

ll
o
w

ed
by

a
t

m
o
st

4
K

co
n

se
cu

ti
ve

po
si

ti
ve

o
ra

cl
e

ca
ll

s
a
s

lo
n

g
a
s

Φ
t
≥
K
C

,
a
n

d
4
C
K

2
/
Φ
t
<

2`
+

1
·4
K

o
n

es
fo

r
2
−
`−

1
K
C
<

Φ
t
≤

2−
` K
C

w
it

h
`
≥

0
.

A
d
d
in

g
u

p
th

e
n

u
m

be
r

o
f

o
ra

cl
e

ca
ll

s
gi

ve
s

th
e

d
es

ir
ed

ra
te

:
in

a
d
d
it

io
n

to
th

e
po

si
ti

ve
o
ra

cl
e

ca
ll

s
w

e
a
ls

o
h
a
ve

a
t

m
o
st
dlo

g
(Φ

0
/ε

)e
+

1
n

eg
a
ti

ve
o
ra

cl
e

ca
ll

s,
w

h
er

e
lo

g
(·)

is
th

e
bi

n
a
ry

lo
ga

ri
th

m
a
n

d
ε

is
th

e
(a

d
d
it

iv
e)

a
cc

u
ra

cy
.

T
h
u

s
a
ft

er
a

to
ta

l
o
f

⌈ lo
g

Φ
0 ε

⌉ +
1

+
4K

⌈ lo
g

Φ
0

K
C

⌉ +

dlo
g
(K
C
/
ε)
e

∑ `=
0

2
`+

1
·4
K
≤
⌈ lo

g
Φ

0 ε

⌉ +
1

+
4K

⌈ lo
g

Φ
0

K
C

⌉ +
1
6K

2
C

ε
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L
a
z
if
y
in
g

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
A
l
g
o
r
it
h
m
s

itera
tio

n
s

(o
r

equ
iva

len
tly

o
ra

cle
ca

lls)
w

e
h
a
ve
f

(x
t )−

f
(x
∗)≤

ε.

A
s

seen
from

th
e

p
ro

of,
th

e
algorith

m
receives

few
n

egative
oracle

calls
b
y

d
esign

;
th

ese
are

u
su

ally
m

ore
ex

p
en

sive
th

an
p

ositive
on

es
as

th
e

oracle
h

as
to

com
p

u
te

a
certifi

cate
b
y,

e.g
.,

ex
ecu

tin
g

a
fu

ll
lin

ear
op

tim
ization

oracle
call.

C
o
ro

lla
ry

9
A

lgo
rith

m
7

receives
a
t

m
o
stdlog

Φ
0 /εe

+
1

n
ega

tive
o
ra

cle
a
n

sw
ers.

R
e
m

a
rk

1
0

(Im
p

ro
v
e
d

u
se

o
f

L
in

e
a
r

O
p

tim
iz

a
tio

n
o
ra

c
le

)
A

po
ssible

im
p
ro

vem
en

t
to

L
in

e
6

is
Φ
t ←

m
ax

x∈
P
∇
f

(x
t )(x

t −
x

)/2,
a
ssu

m
in

g
th

a
t

a
t

a
n

ega
tive

ca
ll

th
e

o
ra

cle
a
lso

p
ro

vid
es

th
e

d
u

a
l

ga
p

m
ax

x∈
P
∇
f

(x
t )(x

t −
x

)
a
s

w
ell

a
s

th
e

m
in

im
izer

x̄
∈
P

o
f

th
e

o
ra

cle
ca

ll.
T

h
is

is
th

e
ca

se
e.g.,

w
h
en

th
e

w
ea

k
sepa

ra
tio

n
o
ra

cle
is

im
p
lem

en
ted

a
s

in
A

lgo
rith

m
2
.

C
lea

rly,
th

e
m

in
im

izer
x̄

ca
n

be
a
lso

u
sed

to
perfo

rm
a

p
rogress

step
;

a
lbeit

w
ith

o
u

t
gu

a
ra

n
tee

w
.r.t.

to
Φ
t .

R
e
m

a
rk

1
1

(L
in

e
S

e
a
rch

)
If

lin
e

sea
rch

is
too

expen
sive

w
e

ca
n

ch
oo

se
γ
t

=
m

in{
1,Φ

t /K
C
}

in
A

lgo
rith

m
7
.

In
th

is
ca

se
a
n

estim
a
te

o
f

th
e

cu
rva

tu
re
C

is
requ

ired
.

5
.
L
a
zy

O
n
lin

e
C
o
n
d
itio

n
a
l
G
ra

d
ie
n
t

In
th

is
section

w
e

lazify
th

e
on

lin
e

con
d
ition

al
grad

ien
t

algorith
m

of
H

azan
an

d
K

ale
(2012)

ov
er

a
rb

itra
ry

p
o
ly

to
p

es
P

=
{
x
∈

R
n
|
A
x
≤
b}

,
resu

ltin
g

in
A

lg
o
rith

m
8
.

W
e

slig
h
tly

im
p
rov

e
co

n
sta

n
t

fa
cto

rs
b
y

rep
la

cin
g

(H
a
za

n
a
n
d

K
a
le,

2
0
1
2
,

L
em

m
a

3
.1

)
w

ith
a

b
etter

estim
a
tio

n
v
ia

so
lv

in
g

a
q
u

a
d

ra
tic

in
eq

u
a
lity

a
risin

g
fro

m
stro

n
g

co
n
v
ex

ity.
In

th
is

sectio
n

th
e

n
o
rm
‖·‖

ca
n

b
e

arb
itrary.

T
h

e
o
re

m
1
2

L
et

0
≤
b,s

<
1
.

L
et
K
≥

1
be

a
n

a
ccu

ra
cy

pa
ra

m
eter.

A
ssu

m
e
f
t

is
L

-L
ip

sch
itz,

a
n

d
sm

oo
th

w
ith

cu
rva

tu
re

a
t

m
o
st
C
t −
b.

L
et
D

:=
m

ax
y
1
,y

2 ∈
P ‖y

1 −
y

2 ‖
d
en

o
te

th
e

d
ia

m
eter

o
f
P

in
n

o
rm
‖·‖.

T
h
en

th
e

fo
llo

w
in

g
h
o
ld

fo
r

th
e

po
in

ts
x
t

co
m

p
u

ted
by

A
lgo

rith
m

8
w

h
ere

x
∗T

is
th

e
m

in
im

izer
o
f ∑

Tt=
1
f
t :

(i)
W

ith
th

e
ch

o
ice

γ
t

=
t −

(1−
b)/

2,

th
e
x
t

sa
tisfy

1T

T
∑t=

1 (f
t (x

T
)−

f
t (x
∗T

))≤
A
T
−

(1−
b)/

2,

w
h
ere

A
:=

C
K

2(1−
b)

+
L

(K
+

1)D
.

(ii)
M

o
reo

ver,
if

a
ll

th
e
f
t

a
re
S
t −
s-stro

n
gly

co
n

vex,
th

en
w

ith
th

e
ch

o
ice

γ
t

=
t (b+

s−
2
)/

3,

1
5
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B
r
a
u
n
,
P
o
k
u
t
t
a
,
a
n
d

Z
in
k

A
lg

o
rith

m
8

L
azy

O
n
lin

e
C

on
d
ition

al
G

rad
ien

t
(L

O
C

G
)

In
p

u
t:

fu
n
ction

s
f
t ,

start
vertex

x
1 ∈

P
,

w
eak

lin
ear

sep
aration

oracle
L

P
sep

P
,

p
aram

eters
K

,
C

,
b,
S

,
s;

d
iam

eter
D

O
u

tp
u

t:
p

oin
ts
x
t

1
:

fo
r
t

=
1

to
T
−

1
d

o
2
:
∇
t ←
∇
f
t (x

t )
3
:

if
t

=
1

th
e
n

4
:

h
1 ←

m
in{‖∇

1 ‖ ∗
D
,2‖∇

1 ‖ ∗
2
/S}

5
:

e
lse

6
:

h
t ←

Φ
t−

1
+

m
in {‖∇

t ‖ ∗
D
, ‖∇

t ‖ ∗
2

S
t
1−
s

+
2 √

‖∇
t ‖ ∗

2

2
S
t
1−
s (
‖∇

t ‖ ∗
2

2
S
t
1−
s

+
Φ
t−

1 ) }

7
:

e
n

d
if

8
:

Φ
t ←

h
t +

C
t 1−

b
γ

2t
2
(1−

b
)

1
+
γ
t
K

9
:

v
t ←

L
P

sep
P

( ∑
ti=

1 ∇
f
i (x

t ),x
t ,Φ

t ,K
)

1
0
:

if
v
t

=
fa

lse
th

e
n

1
1
:

x
t+

1 ←
x
t

1
2
:

e
lse

1
3
:

x
t+

1 ←
(1−

γ
t )x

t
+
γ
t v
t

1
4
:

Φ
t ←

h
t −
∑

ti=
1
f
i (x

t )
+
∑

ti=
1
f
i (x

t+
1 )

1
5
:

e
n

d
if

1
6
:

e
n

d
fo

r

th
e
x
t

sa
tisfy

1T

T
∑t=

1 (f
t (x

T
)−

f
t (x
∗T

))≤
A
T
−

(2
(1

+
b)−

s)/
3,

(3)

w
h
ere

A
:=

2 (
(K

+
1
)(K

+
2) L

2

S
+

C
K

2(1−
b) )

.

P
ro

o
f

W
e

p
ro

ve
o
n

ly
C

la
im

(ii),
a
s

th
e

p
roo

f
o
f

C
la

im
(i)

is
sim

ila
r

a
n

d
sim

p
ler.

L
et

F
T

:=
∑

Tt=
1
f
t .

F
u

rth
erm

o
re,

let
h
T

:=
A
T

1−
(2

(1
+
b)−

s)/
3

be
T

tim
es

th
e

righ
t-h

a
n

d
sid

e
o
f

E
qu

a
tio

n
(3).

In
pa

rticu
la

r,
F
T

is
S
T

-stro
n

gly
co

n
vex,

a
n

d
sm

oo
th

w
ith

cu
rva

tu
re

a
t

m
o
st

C
F
T

w
h
ere

C
F
T

:=
C
T

1−
b

1−
b
≥
C

T
∑t=

1

t −
b,

S
T

:=
S
T

1−
s≤

S
T
∑t=

1

t −
s.

W
e

p
ro

ve
F
t (x

t )−
F
t (x
∗t )≤

h
t ≤

h
t

by
in

d
u

ctio
n

o
n
t.

T
h
e

ca
se
t

=
1

is
clea

r.
L

et
Φ
t

d
en

o
te

th
e

va
lu

e
o
f

Φ
t

in
L

in
e

8
,

w
h
ile

w
e

reserve
Φ
t

to
d
en

o
te

its
va

lu
e

a
s

u
sed

in
L

in
e

6
.

W
e

sta
rt

by
sh

o
w

in
g
F
t (x

t+
1 )−

F
t (x
∗t )≤

Φ
t ≤

Φ
t .

W
e

d
istin

gu
ish

tw
o

ca
ses

d
epen

d
in

g
o
n

th
e

o
ra

cle
a
n

sw
er
v
t

fro
m

L
in

e
9
.

F
o
r

a
n

ega
tive

o
ra

cle
a
n

sw
er

(v
t

=
fa
lse

),
w

e
h
a
ve

Φ
t

=
Φ
t

a
n

d
th

e
w

ea
k

sepa
ra

tio
n

o
ra

cle
a
sserts

m
ax

y∈
P
∇
F
t (x

t )(x
t −

y
)≤

Φ
t ,

w
h
ich

co
m

bin
ed

w
ith

th
e

co
n

vexity
o
f
F
t

p
ro

vid
es

F
t (x

t+
1 )−

F
t (x
∗t )

=
F
t (x

t )−
F
t (x
∗t )≤

∇
F
t (x

t )(x
t −

x
t ∗)≤

Φ
t

=
Φ
t .

1
6
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L
a
z
if
y
in
g

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
A
l
g
o
r
it
h
m
s

O
th

er
w

is
e,

fo
r

a
po

si
ti

ve
o
ra

cl
e

a
n

sw
er

,
L

in
e

1
4

a
n

d
th

e
in

d
u

ct
io

n
h
yp

o
th

es
is

p
ro

vi
d
es

F
t(
x
t+

1
)
−
F
t(
x
∗ t)
≤
h
t
+
F
t(
x
t+

1
)
−
F
t(
x
t)

=
Φ
t.

T
o

p
ro

ve
Φ
t
≤

Φ
t,

w
e

a
p
p
ly

th
e

sm
oo

th
n

es
s

o
f
F
t

fo
ll

o
w

ed
by

th
e

in
eq

u
a
li

ty
p
ro

vi
d
ed

by
th

e
ch

o
ic

e
o
f
v t

:

F
t(
x
t+

1
)
−
F
t(
x
t)
−
C
F
t
γ

2 t

2
≤
∇
F
t(
x
t)

(x
t+

1
−
x
t)

=
γ
t∇
F
t(
x
t)

(v
t
−
x
t)
≤
−
γ
tΦ

t

K
.

R
ea

rr
a
n

gi
n

g
p
ro

vi
d
es

th
e

in
eq

u
a
li

ty
:

Φ
t

=
h
t
+
F
t(
x
t+

1
)
−
F
t(
x
t)
≤
h
t
−
γ
tΦ

t

K
+
C
F
t
γ

2 t

2
=

Φ
t.

F
o
r

la
te

r
u

se
,

w
e

bo
u

n
d

th
e

d
iff

er
en

ce
be

tw
ee

n
h
t

a
n

d
Φ
t

u
si

n
g

th
e

va
lu

e
o
f

pa
ra

m
et

er
s,

h
t
≤
h
t,

a
n

d
γ
t
≤

1
:

h
t
−

Φ
t
≥
h
t
−
h
t
+

C
F
t
γ

2 t

2

1
+

γ
t

K

=
h
t
γ
t

K
−

C
F
t
γ

2 t

2

1
+

γ
t

K

≥
h
t
γ
t

K
−

C
F
t
γ

2 t

2

1
+

1 K

=
A
−

C
K

2
(1
−
b)

K
+

1
t[

2
s−

(1
+
b)

]/
3
.

W
e

n
o
w

a
p
p
ly
F
t(
x
t+

1
)−

F
t(
x
∗ t)
≤

Φ
t,

to
ge

th
er

w
it

h
co

n
ve

xi
ty

o
f
f t

+
1
,

a
n

d
th

e
m

in
im

a
li

ty
F
t(
x
∗ t)
≤
F
t(
x
∗ t+

1
)

o
f
x
∗ t,

fo
ll

o
w

ed
by

st
ro

n
g

co
n

ve
xi

ty
o
f
F
t+

1
:

F
t+

1
(x
t+

1
)
−
F
t+

1
(x
∗ t+

1
)
≤

(F
t(
x
t+

1
)
−
F
t(
x
∗ t)

)
+

(f
t+

1
(x
t+

1
)
−
f t

+
1
(x
∗ t+

1
))

≤
Φ
t
+
‖∇

t+
1
‖∗
·‖
x
t+

1
−
x
∗ t+

1
‖

≤
Φ
t
+
‖∇

t+
1
‖∗
√

2

S
t+

1
(F

t+
1
(x
t+

1
)
−
F
t+

1
(x
∗ t+

1
))
.

(4
)

S
o
lv

in
g

th
e

qu
a
d
ra

ti
c

in
eq

u
a
li

ty
p
ro

vi
d
es

F
t+

1
(x
t+

1
)
−
F
t+

1
(x
∗ t+

1
)
≤

Φ
t
+
‖∇

t+
1
‖∗

2

S
t+

1
+

2

√ √ √ √
‖∇

t+
1
‖∗

2

2
S
t+

1

(
‖∇

t+
1
‖∗

2

2
S
t+

1
+

Φ
t)
.

(5
)

F
ro

m
E

qu
a
ti

o
n

(4
),

ig
n

o
ri

n
g

th
e

la
st

li
n

e,
w

e
a
ls

o
o
bt

a
in
F
t+

1
(x
t+

1
)
−
F
t+

1
(x
∗ t+

1
)
≤

Φ
t
+

‖∇
t+

1
‖∗
D

vi
a

th
e

es
ti

m
a
te
‖x

t+
1
−
x
∗ t+

1
‖
≤
D

.
T

h
u

s
F
t+

1
(x
t+

1
)
−
F
t+

1
(x
∗ t+

1
)
≤
h
t+

1
,

by
L

in
e

6
,

a
s

cl
a
im

ed
.

N
o
w

w
e

es
ti

m
a
te

th
e

ri
gh

t-
h
a
n

d
si

d
e

o
f

E
qu

a
ti

o
n

(5
)

by
u

si
n

g
th

e
a
ct

u
a
l

va
lu

e
o
f

th
e

pa
ra

m
et

er
s,

th
e

es
ti

m
a
te
‖∇

t+
1
‖∗
≤
L

,
a
n

d
th

e
in

eq
u

a
li

ty
s

+
b
≤

2.
In

fa
ct

,
w

e
es

ti
m

a
te

a
p
ro

xy
fo

r
th

e
ri

gh
t-

h
a
n

d
si

d
e.

N
o
te

th
a
t
A

w
a
s

ch
o
se

n
to

sa
ti

sf
y

th
e

se
co

n
d

in
eq

u
a
li

ty
:

L
2

S
t+

1
+

2

√
L

2

2
S
t+

1
h
t
≤

L
2

S
t1
−
s

+
2

√
L

2

2
S
t1
−
s
h
t
≤
L

2 S
t[

2
s−

(1
+
b)

]/
3

+
2

√
L

2

2
S
t1
−
s
h
t

=

(
L

2 S
+

√
2
L

2 S
A

)
t[

2
s−

(1
+
b)

]/
3
≤
A
−

C
K

2
(1
−
b)

K
+

1
t[

2
s−

(1
+
b)

]/
3

≤
h
t
−

Φ
t
≤
h
t
−

Φ
t.
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B
r
a
u
n
,
P
o
k
u
t
t
a
,
a
n
d

Z
in
k

In
pa

rt
ic

u
la

r,
L

2

2
S
t+

1
+

Φ
t
≤
h
t

h
en

ce
co

m
bi

n
in

g
w

it
h

E
qu

a
ti

o
n

(5
)

w
e

o
bt

a
in

h
t+

1
≤

Φ
t
+

L
2

S
t+

1
+

2

√
L

2

2
S
t+

1

(
L

2

2
S
t+

1
+

Φ
t)

≤
Φ
t
+

L
2

S
t+

1
+

2

√
L

2

2
S
t+

1
h
t

≤
h
t
≤
h
t+

1
.

5
.1

.
S

to
ch

a
st

ic
a
n

d
A

d
v
e
rs

a
ri

a
l

V
e
rs

io
n

s

C
o
m

p
le

m
en

ti
n
g

th
e

o
ffl

in
e

a
lg

o
ri

th
m

s
fr

o
m

S
ec

ti
o
n

3
,

w
e

w
il
l

n
ow

d
er

iv
e

va
ri

o
u
s

o
n
li
n
e

ve
rs

io
n
s.

T
h
e

p
re

se
n
te

d
ca

se
s

h
er

e
ar

e
si

m
il
ar

to
th

os
e

in
H

az
an

an
d

K
al

e
(2

0
1
2
)

a
n
d

th
u
s

w
e

st
at

e
th

em
w

it
h
ou

t
p
ro

of
.

F
or

st
o
ch

as
ti

c
co

st
fu

n
ct

io
n
s
f t

,
w

e
ob

ta
in

b
ou

n
d
s

fr
om

T
h
eo

re
m

12
(i

)
si

m
il
ar

to
(H

az
an

an
d

K
al

e,
20

12
,

T
h

eo
re

m
s

4.
1

an
d

4.
3)

(w
it

h
δ

re
p

la
ce

d
b
y
δ/
T

in
th

e
b

ou
n

d
to

co
rr

ec
t

an
in

a
cc

u
ra

cy
in

th
e

o
ri

g
in

a
l

a
rg

u
m

en
t)

.
T

h
e

p
ro

o
f

is
a
n

a
lo

g
o
u

s
a
n

d
h

en
ce

o
m

it
te

d
,

b
u

t
n

o
te

th
at
‖y

1
−
y 2
‖ 2
≤
√
‖y

1
−
y 2
‖ 1
‖y

1
−
y 2
‖ ∞
≤
√
k

fo
r

al
l
y 1
,y

2
∈
P

.

C
o
ro

ll
a
ry

1
3

L
et
f t

be
co

n
ve

x
fu

n
ct

io
n

s
sa

m
p
le

d
i.

i.
d
.

w
it

h
ex

pe
ct

a
ti

o
n
E

[f
t]

=
f
∗ ,

a
n

d
δ
>

0.
A

ss
u

m
e

th
a
t

th
e
f t

a
re
L

-L
ip

sc
h
it

z
in

th
e

2
-n

o
rm

.

(i
)

If
a
ll

th
e
f t

a
re

sm
oo

th
w

it
h

cu
rv

a
tu

re
a

t
m

o
st
C

,
th

en
A

lg
o
ri

th
m

8
a
p
p
li

ed
to

th
e
f t

(w
it

h
b

=
0)

yi
el

d
s

w
it

h
p
ro

ba
bi

li
ty

1
−
δ

T ∑ t=
1

f
∗ (
x
t)
−

m
in

x
∈P

T ∑ t=
1

f
∗ (
x

)
≤
O
( C
√
T

+
L
k
√
n
T

lo
g
(n
T

2
/δ

)
lo

g
T
) .

(i
i)

W
it

h
o
u

t
a
n

y
sm

oo
th

n
es

s
a
ss

u
m

p
ti

o
n

,
A

lg
o
ri

th
m

8
(a

p
p
li

ed
to

sm
oo

th
en

in
gs

o
f

th
e
f t

)
p
ro

vi
d
es

w
it

h
p
ro

ba
bi

li
ty

1
−
δ

T ∑ t=
1

f
∗ (
x
t)
−

m
in

x
∈P

T ∑ t=
1

f
∗ (
x

)
≤
O
( √

n
L
k
T

2
/
3

+
L
k
√
n
T

lo
g
(n
T

2
/δ

)
lo

g
T
) .

S
im

il
a
r

to
(H

a
za

n
a
n
d

K
a
le

,
2
0
1
2
,

T
h
eo

re
m

4
.4

),
fr

o
m

T
h
eo

re
m

1
2

(i
i)

w
e

o
b
ta

in
th

e
fo

ll
ow

in
g

re
gr

et
b

ou
n
d

fo
r

ad
ve

rs
ar

ia
l

co
st

fu
n
ct

io
n
s

w
it

h
an

an
al

og
ou

s
p
ro

o
f.

C
o
ro

ll
a
ry

1
4

F
o
r

a
n

y
L

-L
ip

sc
h
it

z
co

n
ve

x
co

st
fu

n
ct

io
n

s
f t

,
A

lg
o
ri

th
m

8
a
p
p
li

ed
to

th
e

fu
n

ct
io

n
s
f̃ t

(x
)

: =
∇
f t

(x
t)
x

+
2
L √
k
t−

1
/
4
‖x
−
x

1
‖2 2

(w
it

h
b

=
s

=
1
/
4
,
C

=
L
√
k

,
S

=
L
/√

k
,

a
n

d
L

ip
sc

h
it

z
co

n
st

a
n

t
3
L

)
a
ch

ie
vi

n
g

re
gr

et

T ∑ t=
1

f t
(x
t)
−

m
in

x
∈P

T ∑ t=
1

f t
(x

)
≤
O

(L
√
k
T

3
/
4
)

w
it

h
a
t

m
o
st
T

ca
ll

s
to

th
e

w
ea

k
se

pa
ra

ti
o
n

o
ra

cl
e.
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L
a
z
if
y
in
g

C
o
n
d
it
io
n
a
l
G
r
a
d
ie
n
t
A
l
g
o
r
it
h
m
s

N
ote

th
at

th
e

grad
ien

t
of

th
e
f̃
t

are
easily

com
p
u
ted

v
ia

th
e

form
u
la
∇
f̃
t (x

)
=
∇
f
t (x

t )
+

4
L
t −

1
/
4(x
−
x

1 )/ √
k
,

p
a
rticu

la
rly

b
eca

u
se

th
e

g
ra

d
ien

t
o
f

th
e
f
t

n
eed

n
o
t

b
e

reco
m

p
u
ted

,
so

th
a
t

w
e

o
b
ta

in
a

w
ea

k
sep

a
ra

tio
n
-b

a
sed

sto
ch

a
stic

g
ra

d
ien

t
d
escen

t
a
lg

o
rith

m
,

w
h
ere

w
e

o
n
ly

h
av

e
a
ccess

to
th

e
f
t

th
ro

u
g
h

a
sto

ch
a
stic

g
ra

d
ien

t
o
ra

cle,
w

h
ile

reta
in

in
g

a
ll

th
e

fav
o
ra

b
le

p
ro

p
erties

o
f

th
e

F
ra

n
k
–
W

o
lfe

a
lg

o
rith

m
w

ith
a

co
n
v
erg

en
ce

ra
te
O

(T
−

1
/
4)

(c.f.,
G

a
rb

er
a
n
d

H
azan

(2013)).

6
.
N
o
n
-p

o
ly
to
p
a
l
d
o
m
a
in
s

S
o

fa
r

w
e

h
av

e
fo

rm
u
la

ted
o
u
r

resu
lts

fo
r

th
e

p
o
ly

to
p
a
l

ca
se

a
s

m
o
st

o
f

th
e

b
a
se

m
eth

o
d
s

th
a
t

w
e

la
zify

a
re

u
su

a
lly

fo
rm

u
la

ted
fo

r
p

o
ly

to
p
a
l

d
o
m

a
in

s.
H

ow
ev

er,
w

h
en

ev
er

a
b
a
se

m
eth

o
d

ex
ten

d
s

to
gen

eral
com

p
act

con
vex

sets
as

d
om

ain
s

th
en

so
d
o
es

ou
r

lazifi
cation

of
th

e
b
ase

m
eth

o
d
.

In
fact

it
is

n
ot

even
req

u
ired

to
u
se

vertices
or

ex
trem

al
p

oin
ts

as
an

sw
ers

to
eith

er
th

e
L

P
oracle

or
w

eak
-sep

aration
oracle

calls;
th

is
is

u
su

ally
on

ly
req

u
ired

to
ob

tain
itera

tes
a
s

con
vex

com
b
in

ation
s

of
extrem

a
l

po
in

ts
b
u
t

it
is

n
o
t

n
ecessary

for
con

vergen
ce.

B
a
se

m
eth

o
d
s

th
a
t

ex
ten

d
to

g
en

era
l

co
m

p
a
ct

co
n
v
ex

sets
in

p
a
rticu

la
r

in
clu

d
e

th
e

va
n
illa

F
ra

n
k
–
W

o
lfe

a
lg

o
rith

m
,

th
e

A
w

ay
-S

tep
F

ra
n
k
–
W

o
lfe

a
lg

o
rith

m
,

a
n
d

th
e

P
a
irw

ise
F

ran
k
–W

olfe
algorith

m
.

N
ote,

h
ow

ever
th

at
for

th
e

A
w

ay
-S

tep
F

ran
k
–W

olfe
algorith

m
an

d
th

e
P

airw
ise

F
ran

k
–W

olfe
algorith

m
(irresp

ective
of

lazifi
cation

)
it

is
n

ot
k
n

ow
n

w
h

eth
er

a
lin

ear
rate

of
con

vergen
ce

can
b

e
ach

ieved
for

stron
gly

con
vex

fu
n
ction

s
over

gen
eral

com
p
act

co
n
v
ex

sets.
B

a
se

va
ria

n
ts

th
a
t

d
o

n
o
t

rea
d
ily

a
p
p
ly

to
th

e
n
o
n
-p

o
ly

h
ed

ra
l

ca
se

a
re

th
e

va
ria

n
ts

in
G

a
rb

er
a
n

d
M

esh
i

(2
0
1
6
)

(see
S

ectio
n

3
.2

)
a
n

d
G

a
rb

er
a
n

d
H

a
za

n
(2

0
1
3
)

(see
S
ectio

n
3
.3

).
W

e
fu

rth
er

w
ou

ld
like

to
m

en
tion

,
th

at
often

(b
u
t

n
ot

alw
ay

s)
for

n
on

-p
oly

h
ed

ral
d
om

ain
s

th
e

lin
ea

r
o
p
tim

iza
tio

n
o
ra

cle
m

ig
h
t

b
e

m
o
re

ex
p

en
siv

e,
so

th
a
t

la
zifi

ca
tio

n
m

ig
h
t

o
ff

er
a
ttra

ctiv
e

b
en

efi
ts

in
th

is
ca

se
a
s

th
e

eff
ect

o
f

ca
ch

in
g

a
n
d

ea
rly

term
in

a
tio

n
m

ig
h
t

b
e

ev
en

m
o
re

p
ro

n
o
u
n
ced

.
W

e
p
resen

t
co

m
p
u
ta

tio
n
a
l

tests
fo

r
n
o
n
-p

o
ly

ed
ra

l
d
o
m

a
in

s
fo

r
m

a
trix

co
m

p
letio

n
,

w
h
ere

th
e

fea
sib

le
d
o
m

a
in

is
g
iv

en
v
ia
‖X
‖∗
≤
R

,
w

h
ere
‖·‖∗

is
th

e
(n

o
n
-p

o
ly

h
ed

ral)
n
u
clear

n
orm

(see
S
ection

8.1).

7
.
W

e
a
k
S
e
p
a
ra

tio
n
th

ro
u
g
h
A
u
g
m
e
n
ta
tio

n

S
o

fa
r

w
e

rea
lized

th
e

w
ea

k
sep

a
ra

tio
n

o
ra

cle
v
ia

la
zy

o
p
tim

iza
tio

n
.

W
e

w
ill

n
ow

crea
te

a
(w

ea
k
)

sep
a
ra

tio
n

o
ra

cle
fo

r
in

teg
ra

l
p

o
ly

to
p

es,
em

p
loy

in
g

a
n

ev
en

w
ea

k
er,

so
-ca

lled
au

gm
en

tation
oracle,

w
h

ich
on

ly
p

rov
id

es
an

im
p

rov
in

g
solu

tion
b

u
t

p
rov

id
es

n
o

gu
aran

tee
w

ith
resp

ect
to

op
tim

ality.
W

e
call

th
is

ap
p
roach

la
zy

a
u

gm
en

ta
tio

n
.

T
h
is

is
esp

ecially
u
sefu

l
w

h
en

a
fa

st
a
u

g
m

en
ta

tio
n

o
ra

cle
is

ava
ila

b
le

o
r

th
e

v
ertices

o
f

th
e

u
n

d
erly

in
g

p
o
ly

to
p

e
P

a
re

p
a
rticu

la
rly

sp
a
rse,

i.e.,‖y
1 −

y
2 ‖

1 ≤
k
�
n

fo
r

a
ll
y

1 ,y
2 ∈

P
,

w
h
ere

n
is

th
e

a
m

b
ien

t
d
im

en
sio

n
o
f
P

.
A

s
b

efore
th

eoretical
con

v
ergen

ce
rates

are
m

ain
tain

ed
.

F
o
r

sim
p
licity

o
f

ex
p

o
sitio

n
w

e
restrict

to
0
/
1

p
o
ly

to
p

es
P

h
ere.

F
o
r

g
en

era
l

in
teg

ra
l

p
o
ly

to
p

es,
o
n
e

co
n
sid

ers
a

so
-ca

lled
d
irected

a
u

gm
en

ta
tio

n
o
ra

cle,
w

h
ich

ca
n

b
e

sim
ila

rly
lin

ea
rized

a
fter

sp
littin

g
va

ria
b
les

in
p

o
sitiv

e
a
n
d

n
eg

a
tiv

e
p
a
rts;

w
e

refer
th

e
in

terested
rea

d
er

to
see

S
ch

u
lz

an
d

W
eism

an
tel

(2002);
B

o
d
ic

et
al.

(2015)
fo

r
an

in
-d

ep
th

d
iscu

ssion
.

19
JM

L
R

 20(71):1-42, 2019

B
r
a
u
n
,
P
o
k
u
t
t
a
,
a
n
d

Z
in
k

L
et
k

d
en

ote
th

e
`
1 -d

iam
eter

of
P

.
U

p
on

p
resen

tation
w

ith
a

0/1
solu

tion
x

an
d

a
lin

ear
ob

jective
c∈

R
n
,

an
au

gm
en

tation
oracle

eith
er

p
rov

id
es

an
im

p
rov

in
g

0/1
solu

tion
x̄

w
ith

cx̄
<
cx

or
asserts

op
tim

ality
for

c:

O
ra

c
le

2
L

in
ear

A
u
gm

en
tation

O
ra

cle
A

U
G
P

(c,
x
)

In
p

u
t:

lin
ear

ob
jective

c∈
R
n
,

v
ertex

x
∈
P

O
u

tp
u

t:
vertex

x̄
∈
P

w
ith

cx̄
<
cx

w
h
en

ex
ists,

oth
erw

ise
x̄

=
x

S
u
ch

a
n

o
ra

cle
is

sig
n
ifi

ca
n
tly

w
ea

k
er

th
a
n

a
lin

ea
r

o
p
tim

iza
tio

n
o
ra

cle
b
u
t

a
lso

sig
n
if-

ica
n
tly

ea
sier

to
im

p
lem

en
t

a
n
d

m
u
ch

fa
ster;

w
e

refer
th

e
in

terested
rea

d
er

to
G

rö
tsch

el
a
n
d

L
ov

á
sz

(1
9
9
3
);

S
ch

u
lz

et
a
l.

(1
9
9
5
);

S
ch

u
lz

a
n
d

W
eism

a
n
tel

(2
0
0
2
)

fo
r

a
n

ex
ten

siv
e

list
o
f

ex
a
m

p
les.

W
h
ile

a
u
g
m

en
ta

tio
n

a
n
d

o
p
tim

iza
tio

n
a
re

p
o
ly

n
o
m

ia
lly

eq
u
iva

len
t

(ev
en

fo
r

co
n
v
ex

in
teg

er
p
ro

g
ra

m
m

in
g

O
ertel

et
a
l.

(2
0
1
4
))

th
e

cu
rren

t
b

est
lin

ea
r

o
p

tim
iza

tio
n

algorith
m

s
b
ased

on
an

au
gm

en
tation

oracle
are

slow
for

gen
eral

ob
jectives.

W
h
ile

op
tim

izin
g

an
in

tegra
l

ob
jective

c∈
R
n

n
eed

s
O

(k
log‖

c‖∞
)

calls
to

an
au

gm
en

tation
oracle

(see
S
ch

u
lz

et
al.

(1995);
S
ch

u
lz

an
d

W
eism

an
tel

(2002);
B

o
d
ic

et
al.

(2015)),
a

gen
eral

ob
jective

fu
n
ction

,
su

ch
a
s

th
e

g
ra

d
ien

t
in

F
ra

n
k
–
W

o
lfe

a
lg

o
rith

m
s

h
a
s

o
n
ly

a
n
O

(k
n

3)
g
u
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p
ar

am
et

er
k
.

T
h
es

e
co

n
ve

rg
en

ce
gu

ar
an

te
es

ar
e

d
et

er
m

in
is

ti
c

in
th

e
se

n
se

th
at

th
ey

h
ol

d
fo

r
an

y
p
at

te
rn

of
n
o
d
e

d
el

ay
s,

i.
e.

,
ev

en
if

an
ad

ve
rs

ar
y

ch
o
o
se

s
w

h
ic

h
n
o
d
es

to
d
el

ay
at

ev
er

y
it

er
at

io
n
.

In
ad

d
it

io
n
,

th
e

co
n
v
er

g
en

ce
b

eh
av

io
r

is
in

d
ep

en
d
en

t
o
f

th
e

ta
il

b
eh

av
io

r
of

th
e

n
o
d
e

d
el

ay
d
is

tr
ib

u
ti

on
,

an
d

ca
n

to
le

ra
te

u
n
b

ou
n
d
ed

d
el

ay
.

S
u
ch

a
w

or
st

-c
as

e
gu

ar
an

te
e

is
n
ot

p
os

si
b
le

fo
r

th
e

as
y
n
ch

ro
n
ou

s
ve

rs
io

n
s

of
th

es
e

a
lg

o
ri

th
m

s,
w

h
os

e
co

n
v
er

ge
n
ce

ra
te

s
d
et

er
io

ra
te

w
it

h
in

cr
ea

si
n
g

n
o
d
e

d
el

ay
s.

W
e

p
oi

n
t

o
u
t

th
a
t

o
u
r

ap
p
ro

ac
h

is
p
ar

ti
cu

la
rl

y
su

it
ed

to
co

m
p
u
ti

n
g

n
et

w
or

k
s

w
it

h
a

h
ig

h
d
eg

re
e

of
va

ri
a
b
il
it

y
a
n
d

2
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R
e
d
u
n
d
a
n
c
y
T
e
c
h
n
iq
u
e
s
f
o
r
S
t
r
a
g
g
l
e
r
M
it
ig
a
t
io
n
in

D
ist

.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

u
n
p
red

icta
b
ility,

w
h
ere

a
large

n
u
m

b
er

of
n
o
d
es

can
d
elay

th
eir

com
p
u
tation

s
for

arb
itrarily

lo
n
g

p
erio

d
s

of
tim

e.

O
u
r

co
n
trib

u
tion

s
are

as
follow

s:
(i)

w
e

p
ro

p
ose

th
e

en
co

d
ed

d
istrib

u
ted

o
p
tim

ization
fra

m
ew

o
rk

,
an

d
p
rove

d
eterm

in
istic

con
vergen

ce
gu

aran
tees

u
n
d
er

th
is

fram
ew

ork
for

gra-
d
ien

t
d
escen

t,
L

-B
F

G
S
,

p
rox

im
al

grad
ien

t
an

d
b
lo

ck
co

ord
in

ate
d
escen

t
algorith

m
s;

(ii)
w

e
p
rov

id
e

th
ree

classes
of

en
co

d
in

g
m

atrices,
an

d
d
iscu

ss
th

eir
p
rop

erties,
an

d
d
escrib

e
h
ow

to
effi

cien
tly

en
co

d
e

w
ith

su
ch

m
atrices

on
la

rge-scale
d
ata;

(iii)
w

e
im

p
lem

en
t

th
e

p
rop

osed
tech

n
iq

u
e

o
n

A
m

azon
E

C
2

clu
sters

an
d

com
p
are

th
eir

p
erform

an
ce

to
u
n
co

d
ed

,
rep

lication
,

a
n
d

a
sy

n
ch

ro
n
o
u
s

strategies
for

p
rob

lem
s

su
ch

as
rid

ge
regression

,
collab

o
rative

fi
lterin

g,
lo

g
istic

reg
ression

,
an

d
L

A
S
S
O

.
In

th
ese

task
s

w
e

sh
ow

th
at

in
th

e
p
resen

ce
of

stragglers,
th

e
tech

n
iq

u
e

can
resu

lt
in

sign
ifi

can
t

sp
eed

-u
p
s

(sp
ecifi

c
am

ou
n
ts

d
ep

en
d

on
th

e
u
n
d
erly

in
g

sy
stem

,
a
n
d

ex
am

p
les

are
p
rov

id
ed

in
S
ection

5)
com

p
ared

to
th

e
u
n
co

d
ed

ca
se

w
h
en

w
e

w
a
it

fo
r

a
ll

w
o
rk

ers
in

each
iteration

,
to

ach
ieve

th
e

sam
e

test
error.

R
e
la

te
d

w
o
rk

.
T

h
e

ap
p
roach

es
to

m
itigatin

g
th

e
eff

ect
of

stragglers
can

b
e

b
ro

ad
ly

cla
ssifi

ed
in

to
th

ree
categories:

rep
lication

-b
ased

tech
n
iq

u
es,

asy
n
ch

ron
o
u
s

op
tim

ization
,

a
n
d

co
d
in

g
-b

a
sed

tech
n
iq

u
es.

R
ep

lica
tio

n
-b

ased
tech

n
iq

u
es

con
sist

of
eith

er
re-lau

n
ch

in
g

a
certa

in
task

if
it

is
d
e-

layed
,

o
r

p
re-em

p
tively

assign
in

g
each

task
to

m
u
ltip

le
n
o
d
es

an
d

m
ov

in
g

on
w

ith
th

e
cop

y
th

a
t

co
m

p
letes

fi
rst.

S
u
ch

tech
n
iq

u
es

h
av

e
b

een
p
rop

osed
an

d
an

aly
zed

in
G

ard
n
er

et
al.

(2
0
1
5
);

A
n
a
n
th

an
arayan

an
et

al.
(2013);

S
h
ah

et
al.

(2016);
W

an
g

et
al.

(2015);
Y

ad
w

ad
kar

et
a
l.

(2
0
1
6
),

a
m

on
g

oth
ers.

O
u
r

fram
ew

ork
d
o
es

n
ot

p
reclu

d
e

th
e

u
se

of
su

ch
sy

stem
-level

stra
teg

ies,
w

h
ich

can
still

b
e

b
u
ilt

on
top

of
ou

r
en

co
d
ed

fram
ew

ork
to

ad
d

an
oth

er
lay

er
o
f

ro
b
u
stn

ess
a
gain

st
stragglers.

H
ow

ever,
it

is
n
ot

p
ossib

le
to

a
ch

iev
e

th
e

w
orst-case

gu
ar-

a
n
tees

p
rov

id
ed

b
y

en
co

d
in

g
w

ith
su

ch
sch

em
es,

sin
ce

it
is

still
p

ossib
le

for
b

oth
rep

licas
to

b
e

d
elay

ed
.

P
erh

a
p
s

th
e

m
ost

p
op

u
lar

ap
p
roach

in
d
istrib

u
ted

learn
in

g
to

ad
d
ress

th
e

straggler
p
rob

-
lem

is
a
sy

n
ch

ro
n
ou

s
op

tim
ization

,
w

h
ere

each
w

orker
n
o
d
e

asy
n
ch

ron
ou

sly
p
u
sh

es
u
p

d
ates

to
a
n
d

fetch
es

iterates
from

a
p
aram

eter
server

in
d
ep

en
d
en

tly
of

oth
er

w
orkers,

h
en

ce
th

e
stra

g
g
lers

d
o

n
ot

h
old

u
p

th
e

en
tire

com
p
u
tation

.
T

h
is

ap
p
roach

w
a
s

stu
d
ied

in
R

ech
t

et
a
l.

(2
01

1
);

A
garw

al
an

d
D

u
ch

i
(2011);

D
ean

et
al.

(2012);
L

i
et

al.
(20

14)
(am

on
g

m
an

y
o
th

ers)
fo

r
th

e
case

of
d
ata

p
arallelism

,
an

d
L

iu
et

al.
(2015);

Y
ou

et
al.

(2016);
P

en
g

et
al.

(2
0
1
6
);

S
u
n

et
a
l.

(2017)
for

co
ord

in
ate

d
escen

t
m

eth
o
d
s

(m
o
d
el

p
arallelism

).
A

lth
ou

gh
th

is
a
p
p
ro

a
ch

h
a
s

b
een

largely
su

ccessfu
l,

all
asy

n
ch

ron
ou

s
con

vergen
ce

resu
lts

d
ep

en
d

on
eith

er
a

h
a
rd

b
ou

n
d

on
th

e
allow

ab
le

d
elay

s
on

th
e

u
p

d
ates,

or
a

b
ou

n
d

on
th

e
m

om
en

ts
of

th
e

d
elay

d
istrib

u
tion

,
an

d
th

e
resu

ltin
g

con
vergen

ce
rates

ex
p
licitly

d
ep

en
d

on
su

ch
b

ou
n
d
s.

In
co

n
tra

st,
o
u
r

fram
ew

ork
allow

s
for

com
p
letely

u
n
b

ou
n
d
ed

d
elay

s.
F

u
rth

er,
as

in
th

e
case

of
rep

lica
tio

n
,

o
n
e

can
still

con
sid

er
asy

n
ch

ron
ou

s
strategies

on
top

of
th

e
en

co
d
in

g
,

alth
ou

gh
w

e
d
o

n
o
t

fo
cu

s
on

su
ch

tech
n
iq

u
es

w
ith

in
th

e
scop

e
of

th
is

p
ap

er.

A
m

o
re

recen
t

lin
e

of
w

ork
th

at
ad

d
ress

th
e

straggler
p
rob

lem
is

b
ased

on
co

d
in

g
-th

eory
-

in
sp

ired
tech

n
iq

u
es

T
an

d
on

et
al.

(2017);
L

ee
et

al.
(20

18);
D

u
tta

et
al.

(201
6);

K
arak

u
s

et
al.

(2
0
1
7
a
,b

);
Y

a
n
g

et
al.

(2017);
H

alb
aw

i
et

al.
(2017);

R
eisizad

eh
et

al.
(2017).

S
om

e
of

th
ese

w
o
rk

s
fo

cu
s

ex
clu

sively
on

co
d
in

g
for

d
istrib

u
ted

lin
ear

op
eration

s,
w

h
ich

are
con

sid
erab

ly
sim

p
ler

to
h
an

d
le.

T
h
e

w
ork

s
in

T
an

d
on

et
al.

(2017);
H

alb
aw

i
et

al.
(2017

)
p
rop

ose
co

d
in

g
tech

n
iq

u
es

fo
r

d
istrib

u
ted

grad
ien

t
d
escen

t
th

at
can

b
e

ap
p
lied

m
ore

gen
erally.

H
ow

ev
er,

3
JM

L
R

 20(72):1-47, 2019

K
a
r
a
k
u
s,

S
u
n
,
D
ig
g
a
v
i,
Y
in

‖X
1 w
−

y
1 ‖

2
‖X

2 w
−

y
2 ‖

2
‖X

m
w
−

y
m ‖

2

N
1

N
2

N
m

M

F
igu

re
1:

U
n
co

d
ed

d
istrib

u
ted

op
tim

iza-
tion

w
ith

d
ata

p
arallelism

,
w

h
ere

X
an

d
y

are
p
artition

ed
as

X
=

[X
i ]i∈

[m
]

an
d

y
=

[y
i ]i∈

[m
] .

‖S
1 (X

w
−
y
)‖

2‖S
2 (X

w
−
y
)‖

2
‖S

m
(X

w
−
y
)‖

2

N
1

N
2

N
m

M

F
igu

re
2:

E
n
co

d
ed

setu
p

w
ith

d
ata

p
ar-

allelism
,

w
h
ere

n
o
d
e
i

stores
(S
i X
,S

i y
),

in
stead

of
(X

i ,y
i ).

T
h
e

u
n
co

d
ed

case
cor-

resp
on

d
s

to
S

=
I
.

th
e

ap
p
roach

p
rop

osed
in

th
ese

w
ork

s
req

u
ire

a
red

u
n
d
an

cy
factor

of
r

+
1

in
th

e
co

d
e,

to
m

itigate
r

stragglers.
O

u
r

ap
p
roach

relax
es

th
e

ex
act

grad
ien

t
recov

ery
req

u
irem

en
t

of
th

ese
w

ork
s,

con
seq

u
en

tly
red

u
cin

g
th

e
am

ou
n
t

of
red

u
n
d
an

cy
req

u
ired

b
y

th
e

co
d
e.

T
h
e

p
rop

osed
tech

n
iq

u
e,

esp
ecially

u
n
d
er

d
ata

p
arallelism

,
is

also
closely

related
to

ran
-

d
om

ized
lin

ear
algeb

ra
an

d
sketch

in
g

tech
n
iq

u
es

in
M

ah
on

ey
et

al.
(2011

);
D

rin
eas

et
al.

(2011);
P

ilan
ci

an
d

W
ain

w
righ

t
(2015),

u
sed

for
d
im

en
sion

ality
red

u
ction

of
large

con
v
ex

op
tim

ization
p
rob

lem
s.

T
h
e

m
ain

d
iff

eren
ce

b
etw

een
th

is
literatu

re
an

d
th

e
p
rop

osed
co

d
-

in
g

tech
n
iq

u
e

is
th

at
th

e
form

er
fo

cu
ses

on
red

u
cin

g
th

e
p
rob

lem
d
im

en
sion

s
to

ligh
ten

th
e

com
p
u
tation

a
l

load
,

w
h
ereas

en
co

d
in

g
in

crea
ses

th
e

d
im

en
sion

ality
of

th
e

p
rob

lem
to

p
rov

id
e

rob
u
stn

ess.
A

s
a

resu
lt

of
th

e
in

creased
d
im

en
sion

s,
co

d
in

g
can

p
rov

id
e

a
m

u
ch

closer
ap

p
rox

im
ation

to
th

e
origin

al
solu

tion
com

p
ared

to
sk

etch
in

g
tech

n
iq

u
es.

In
ad

d
i-

tion
,

u
n
like

th
ese

w
ork

s,
ou

r
m

o
d
el

allow
s

for
an

arb
itrary

con
vex

regu
larizer

in
ad

d
ition

to
th

e
en

co
d
ed

loss
term

.

2
.
E
n
co

d
e
d
D
istrib

u
te
d
O
p
tim

iza
tio

n

W
e

w
ill

u
se

th
e

n
otation

[j]
=
{
i∈

Z
:

1
≤
i≤

j}.
A

ll
vector

n
orm

s
refer

to
2-n

orm
,

an
d

a
ll

m
atrix

n
orm

s
refer

to
sp

ectral
n
orm

,
u
n
less

oth
erw

ise
n
oted

.
T

h
e

su
p

erscrip
t
c

w
ill

refer
to

com
p
lem

en
t

of
a

su
b
set,

i.e.,
for

A
⊆

[m
],
A
c

=
[m

]\A
.

F
or

a
seq

u
en

ce
of

m
atrices

{
M
i }

an
d

a
set

A
of

in
d
ices,

w
e

w
ill

d
en

ote
[M

i ]i∈
A

to
m

ean
th

e
m

atrix
fo

rm
ed

b
y

sta
ck

in
g

th
e

m
atrices

M
i

vertically.
T

h
e

m
a
in

n
otation

u
sed

th
rou

gh
ou

t
th

e
p
ap

er
is

p
rov

id
ed

in
T

ab
le

1.

W
e

con
sid

er
a

d
istrib

u
ted

com
p
u
tin

g
n
etw

ork
w

h
ere

th
e

d
a
taset{

(x
i ,y

i )}
ni=

1
is

sto
red

across
a

set
of
m

w
orker

n
o
d
es,

w
h
ich

d
irectly

com
m

u
n
icate

w
ith

a
sin

gle
m

aster
n
o
d
e.

In
p
ractice

th
e

m
aster

n
o
d
e

can
b

e
im

p
lem

en
ted

u
sin

g
a

fu
lly

-con
n
ected

set
of

n
o
d
es,

b
u
t

th
is

can
still

b
e

ab
stracted

as
a

sin
gle

m
aster

n
o
d
e.

It
is

u
sefu

l
to

d
istin

gu
ish

b
etw

een
tw

o
p
arad

igm
s

of
d
istrib

u
ted

learn
in

g
an

d
op

tim
iza-

tion
;

n
am

ely,
d
ata

p
arallelism

,
w

h
ere

th
e

d
ataset

is
p
artition

ed
across

d
ata

sam
p
les,

an
d

m
o
d
el

p
arallelism

,
w

h
ere

it
is

p
artition

ed
across

featu
res

(see
F

igu
res

1
an

d
3).

W
e

w
ill

d
escrib

e
th

ese
tw

o
m

o
d
els

in
d
etail

n
ex

t.
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R
e
d
u
n
d
a
n
c
y
T
e
c
h
n
iq
u
e
s
f
o
r
S
t
r
a
g
g
l
e
r
M
it
ig
a
t
io
n
in

D
is
t
.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

N
o
ta

ti
o
n

E
x
p

la
n

a
ti

o
n

[j
]

T
h
e

se
t
{i
∈
Z

:
1
≤
i
≤
j}

m
N

u
m

b
er

of
w

or
ke

r
n
o
d
es

n
,p

T
h
e

d
im

en
si

on
s

o
f

th
e

d
at

a
m

at
ri

x
X
∈
R

n
×
p
,

ve
ct

or
y
∈
R

n
×
1

k
t

N
u
m

b
er

of
u
p

d
at

es
th

e
m

a
st

er
n
o
d
e

w
ai

ts
fo

r
in

it
er

at
io

n
t,

b
ef

or
e

m
ov

in
g

on

η t
F

ra
ct

io
n

o
f

n
o
d
es

w
ai

te
d

fo
r

in
it

er
at

io
n
,

i.
e.

,
η t

=
k
t

m
A

t
T

h
e

su
b
se

t
of

n
o
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d
t ,

an
d

sen
d
s

it
to

th
e

m
aster

n
o
d
e.

O
n
ce

aga
in

,
th

e
m

aster
n
o
d
e

on
ly

w
aits

for
th

e
fastest

k
t

n
o
d
es,

d
en

o
ted

b
y
D
t ⊆

[m
]

(w
h
ere

in
gen

eral
D
t 6=

A
t ),

to
co

m
p
u
te

th
e

step
size

th
at

m
in

im
izes

th
e

fu
n
ctio

n
a
lo

n
g
d
t ,

giv
en

b
y

α
t

=
−
ρ

d >t
g̃
t

d >t
X̃
>D
X̃
D
d
t ,

(3)

w
h
ere

X̃
D

=
[S
i X

]i∈
D
t ,

an
d

0
<
ρ
<

1
is

a
b
ack

-off
factor

of
ch

oice.

P
ro

x
im

a
l

g
ra

d
ie

n
t.

H
ere,

w
e

con
sid

er
th

e
gen

eral
case

of
n
on

-sm
o
oth

h
(w

)≥
0
,λ
≥

0.
T

h
e

d
escen

t
d
irection

d
t
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giv

en
b
y

d
t

=
arg

m
in

w
F̃
t (w

)−
w
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w
h
ereF̃

t (w
)

:=
1

2
η
n

∑i∈
A
t f
i (w

t )
+

〈
1

2
η
n

∑i∈
A
t ∇

f
i (w

t ),w
−
w
t 〉

+
λ
h

(w
)

+
12α ‖w

−
w
t ‖

2.

W
e
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e
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size
α
t

=
α
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d
k
t

=
k
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t.

3
.

N
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a
t
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e
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e
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e
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T
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b
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b
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6=

∅
.
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h
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d
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n

3
.
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u
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p
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in
d
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t
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n
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le
ev
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d
itio
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d
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.
4
.
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ra
tic

lo
ss,

sin
ce

it
o
n

ly
req

u
ires

a
sin

g
le

m
a
trix

-v
ecto

r
m

u
ltip

lica
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n
.
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u
n
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er
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p
arallelism
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aster
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1
:
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:
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en
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of

fu
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ction

s
th
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m
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grad
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{∇

f
i (w

t )}
i∈
A
t

to
a

d
escen

t
d
irection

d
t

2
:

In
itialize

w
0 ,
α

0

3
:

fo
r
t

=
1,...,T

d
o

4
:

b
road

cast
w
t

to
all

w
orker

n
o
d
es

5
:

w
ait

to
receive

k
t

grad
ien

t
u
p

d
ates{∇

f
i (w

t )}
i∈
A
t

6
:

sen
d

in
terru

p
t

sign
al

to
th

e
n
o
d
es

in
A
ct

7
:

com
p
u
te

th
e

d
escen

t
d
irection

d
t

=
Ψ
t ({∇

f
i (w

t )}
i∈
A
t )

8
:

d
eterm

in
e

step
size

α
t

9
:

take
th

e
step

w
t+

1
=
w
t
+
α
t d
t

1
0
:

e
n

d
fo

r

A
lg

o
rith

m
2

G
en

eric
en

co
d
ed

d
istrib

u
ted

op
tim

ization
p
ro

ced
u
re

u
n
d
er

d
ata

p
arallelism

,
at

w
orker

n
o
d
e
i.

1
:

G
iven

:
f
i (w

)
=
‖S

i (X
w
−
y
)‖

2

2
:

fo
r
t

=
1,...,T

d
o

3
:

w
ait

to
receive

w
t

4
:

w
h

ile
n
ot

in
terru

p
ted

b
y

m
aster

d
o

5
:

com
p
u
te
∇
f
i (w

t )
6
:

e
n

d
w

h
ile

7
:

if
com

p
u
tation

w
as

in
terru

p
ted

th
e
n

8
:

con
tin

u
e

9
:

e
lse

1
0
:

sen
d
∇
f
i (w

t )
1
1
:

e
n

d
if

1
2
:

e
n

d
fo

r

2
.2

.
M

o
d

e
l

p
a
ra

lle
lism

U
n
d
er

th
e

m
o
d
el

p
arallelism

p
arad

igm
,

w
e

fo
cu

s
on

ob
jectives

of
th

e
form

m
in
g
(w

)
:=

m
in
w
φ

(X
w

)
=

m
in
w
φ (

m
∑i=

1

X
i w

i )
,

(4)

w
h
ere

th
e

d
ata

m
atrix

is
p
artition

ed
as

X
=

[X
1
X

2
···

X
m

],
th

e
p
aram

eter
vector

is

p
artition

ed
as

w
=
[w
>1
w
>2
···

w
>m ]>

,
φ

is
con

vex
,

an
d
g
(w

)
is
L

-sm
o
o
th

.
N

ote
th

at
th

e
d
ata

m
atrix

X
is

p
artition

ed
h
orizon

tally,
m

ean
in

g
th

at
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e
d
ataset
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sp

lit
a
cross

featu
res,

in
stead

of
d
ata

sam
p
les

(see
F

ig
u
re

3).
T

h
is

class
of

ob
jectiv

es
is

ap
p
licab

le
to

an
y

classifi
cation
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regression

p
ro

b
lem

w
ith

gen
eralized

lin
ear

m
o
d
els,

su
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logistic

regression
,

softm
a
x

regression
,

an
d

m
u
ltin

om
ial

regression
.

W
e

en
co

d
e

th
e

p
rob

lem
(4)

b
y

settin
g
w

=
S
>
v
,

an
d

solv
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g
th

e
p
rob

lem

m
inv
g̃
(v

)
:=

φ (
X
S
>
v )

=
m

inv
φ (

m
∑i=

1

X
S
>i
v
i )
,

(5)
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d
is

tr
ib

u
te

d
op

ti
m

iz
a-

ti
on

w
it

h
m

o
d
el

p
ar

al
le

li
sm

,
w

h
er

e
it

h
n
o
d
e

st
or

es
th

e
it

h
p
ar

ti
ti

on
of

th
e

m
o
d
el

w
i.

F
or
i

=
1,
..
.,
m

,
z i

=
∑

j6=
i
X
j
w
j
.

N
1

N
2

N
m

M

φ
( XS

> 1
v 1

+
z̃ 1
) φ

(X
S
> 2
v 2

+
z̃ 2
)

φ
(X
S
> m
v m

+
z̃ m

)

F
ig

u
re

4:
E

n
co

d
ed

se
tu

p
w

it
h

m
o
d
el

p
ar

-
al

le
li
sm

,
w

h
er

e
it

h
n
o
d
e

st
o
re

s
th

e
p
ar

-
ti

ti
on

v i
of

th
e

m
o
d
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∈
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∈
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w
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p
ar

ti
ti

on
v i

.
N

ot
e

th
a
t

w
e

in
cr

ea
se

th
e

d
im

en
si

on
s

of
th

e
p
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b
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e

ri
gh

t,
an

d
as

a
re

su
lt

w
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p
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b
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b
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p
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b
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W
e
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il
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e
u
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> i
v i
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w
h
er

e
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th

e
p
ar
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p
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∑
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b
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at
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b
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b
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b
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b
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∈
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d
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.
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{ ‖
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d
en

ot
ed

b
y
v i
,t
,

an
d

w
e

al
so

d
efi

n
e
z̃ i
,t

=
∑

j6=
i
u
i,
t

=
∑

j6=
i
X
S
> j
v j

.
T

h
e

it
er

a
te

s
a
re

u
p

d
at

ed
b
y

v i
,t
−
v i
,t
−

1
=

∆
i,
t

:=

{
−
α
∇
ig̃

(v
t−

1
),

if
i
∈
A
t

0,
ot

h
er

w
is

e,

fo
r

a
st

ep
si

ze
p
ar

am
et

er
α
>

0,
w

h
er

e
∇
i
re

fe
rs

to
gr

ad
ie

n
t

on
ly

w
it

h
re

sp
ec

t
to

th
e

va
ri

a
b
le

s
v i

,
i.

e.
,
∇
g̃

=
[∇

ig̃
] i
∈[
m

].
N

ot
e

th
at

if
i
/∈
A
t

th
en
v i

d
o
es

n
ot

ge
t

u
p

d
at

ed
in

w
o
rk

er
i,

w
h
ic

h
en

su
re

s
th

e
co

n
si

st
en

cy
of

p
ar

am
et

er
va

lu
es

ac
ro

ss
m

ac
h
in

es
.

T
h
is

is
ac

h
ie

ve
d

b
y

li
n
es

4
–
8

in
A

lg
or

it
h
m

3.
W

or
ke

r
i

le
ar

n
s

ab
ou

t
th

is
in

th
e

n
ex

t
it

er
at

io
n
,

w
h
en

I i
,t
−

1
is

se
n
t

b
y

th
e

m
as

te
r

n
o
d
e.
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R
e
d
u
n
d
a
n
c
y
T
e
c
h
n
iq
u
e
s
f
o
r
S
t
r
a
g
g
l
e
r
M
it
ig
a
t
io
n
in

D
ist

.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

3
.
M

a
in

T
h
e
o
re
tica

l
R
e
su

lts:
C
o
n
v
e
rg

e
n
ce

A
n
a
ly
sis

In
th

is
sectio

n
,

w
e

p
rove

con
vergen

ce
resu

lts
for

th
e

algorith
m

s
d
escrib

ed
in

S
ection

2.
N

o
te

th
a
t

sin
ce

w
e

m
o
d
ify

th
e

origin
al

op
tim

ization
p
ro

b
lem

an
d

solve
it

ob
liv

iou
sly

to
th

is
ch

a
n
g
e,

it
is

n
o
t

ob
v
iou

s
th

at
th

e
solu

tion
h
as

an
y

op
tim

ality
gu

aran
tees

w
ith

resp
ect

to
th

e
o
rig

in
a
l

p
ro

b
lem

.
W

e
sh

ow
th

at,
it

is
in

d
eed

p
ossib

le
to

p
rov

id
e

con
vergen

ce
gu

aran
tees

in
term

s
o
f

th
e

o
rigin

a
l

ob
jectiv

e
u
n
d
er

th
e

en
co

d
ed

setu
p
.

3
.1

.
A

sp
e
c
tra

l
c
o
n

d
itio

n

In
o
rd

er
to

sh
ow

con
vergen

ce
u
n
d
er

th
e

p
rop

osed
fram

ew
ork

,
w

e
req

u
ire

th
e

en
co

d
in

g
m

atrix
S

to
sa

tisfy
a

certain
sp

ectral
criterion

on
S

.
L

et
S
A

d
en

ote
th

e
su

b
m

atrix
of
S

a
sso

ciated
w

ith
th

e
su

b
set

of
m

ach
in

es
A

,
i.e.,

S
A

=
[S
i ]i∈

A
.

T
h
en

th
e

criterion
in

essen
ce

req
u
ires

th
at

fo
r

a
n
y

su
ffi

cien
tly

large
su

b
set

A
,
S
A

b
eh

aves
ap

p
rox

im
ately

like
a

m
atrix

w
ith

orth
ogo

n
al

co
lu

m
n
s.

W
e

m
ak

e
th

is
p
recise

in
th

e
follow

in
g

statem
en

t.

D
e
fi

n
itio

n
1

L
et
β
≥

1
,

a
n

d
1β
≤
η
≤

1
be

given
.

A
m

a
trix

S
∈

R
β
n×

n
is

sa
id

to
sa

tisfy
th

e
(m
,η
,ε)-block-restricted

iso
m

etry
p
ro

perty
((m

,η
,ε)-B

R
IP

)
if

fo
r

a
n

y
A
⊆

[m
]

w
ith

|A|≥
η
m

,

(1−
ε)I

n
�

1η
S
>A
S
A
�

(1
+
ε)I

n
.

(6)

N
o
te

th
a
t

th
is

is
sim

ilar
to

th
e

restricted
isom

etry
p
rop

erty
u
sed

in
com

p
ressed

sen
sin

g
(C

a
n
d
es

a
n
d

T
a
o

(2005)),
ex

cep
t

th
at

w
e

d
o

n
ot

req
u
ire

(6)
to

h
old

for
every

su
b
m

atrix
of

S
o
f
size

R
η
n×

n
.

In
stead

,
(6)

n
eed

s
to

h
old

on
ly

for
th

e
su

b
m

atrices
of

th
e

form
S
A

=
[S
i ]i∈

A
,

w
h
ich

is
a

less
restrictive

con
d
ition

.
In

gen
eral,

it
is

k
n
ow

n
to

b
e

d
iffi

cu
lt

to
an

aly
tically

p
rove

th
at

a
stru

ctu
red

,
d
eterm

in
istic

m
atrix

satisfi
es

th
e

gen
eral

R
IP

con
d
ition

.
S
u
ch

d
iffi

-
cu

lty
ex

ten
d
s

to
th

e
B

R
IP

con
d
ition

as
w

ell.
H

ow
ever,

it
is

k
n
ow

n
th

at
i.i.d

.
su

b
-G

au
ssian

en
sem

b
les

a
n
d

ran
d
om

ized
F

ou
rier

en
sem

b
les

satisfy
th

is
p
rop

erty
(C

an
d
es

an
d

T
ao

(2006)).
In

a
d
d
itio

n
,

n
u
m

erical
ev

id
en

ce
su

ggests
th

at
th

ere
are

several
fam

ilies
of

con
stru

ction
s

for
S

w
h
o
se

su
b
m

a
trices

h
ave

eigen
valu

es
th

at
m

ostly
ten

d
to

con
cen

trate
aro

u
n
d

1
.

W
e

p
oin

t
o
u
t

th
a
t

a
lth

o
u
gh

th
e

strict
B

R
IP

con
d
ition

is
req

u
ired

for
th

e
th

eoretical
an

aly
sis,

in
p
rac-

tice
th

e
a
lg

o
rith

m
s

p
erform

w
ell

as
lon

g
as

th
e

b
u
lk

of
th

e
eigen

valu
es

of
S
A

lie
w

ith
in

a
sm

a
ll

in
terva

l
(1−

ε,1
+
ε),

ev
en

th
ou

gh
th

e
ex

trem
e

eigen
valu

es
m

ay
lie

ou
tsid

e
of

it
(in

th
e

n
o
n
-ad

v
ersa

rial
settin

g).
In

S
ection

4,
w

e
ex

p
lore

several
classes

of
m

a
trices

an
d

d
iscu

ss
th

eir
rela

tio
n

to
th

is
con

d
ition

.

3
.2

.
C

o
n
v
e
rg

e
n

c
e

o
f

e
n

c
o
d

e
d

g
ra

d
ie

n
t

d
e
sc

e
n
t

W
e

fi
rst

co
n
sid

er
th

e
algorith

m
s

d
escrib

ed
u
n
d
er

d
a
ta

p
arallelism

arch
itectu

re.
T

h
e

follow
-

in
g

th
eo

rem
su

m
m

arizes
ou

r
resu

lts
on

th
e

con
vergen

ce
of

grad
ien

t
d
escen

t
for

th
e

en
co

d
ed

p
ro

b
lem

.

T
h

e
o
re

m
2

L
et
w
t

be
co

m
p
u

ted
u

sin
g

en
cod

ed
gra

d
ien

t
d
escen

t
w

ith
a
n

en
cod

in
g

m
a
trix

th
a
t

sa
tisfi

es
(m
,η
,ε)-B

R
IP

,
w

ith
step

size
α
t

=
2
ζ

M
(1

+
ε)+

λ
L

fo
r

so
m

e
0
<
ζ
≤

1
,

fo
r

a
ll

t.
L

et{A
t }

be
a
n

a
rbitra

ry
sequ

en
ce

o
f

su
bsets

o
f

[m
]

w
ith

ca
rd

in
a
lity
|A

t |≥
η
m

fo
r

a
ll
t.

T
h
en

,
fo

r
f

a
s

given
in

(1),

1
1
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K
a
r
a
k
u
s,

S
u
n
,
D
ig
g
a
v
i,
Y
in

1
.

1t

t
∑τ

=
1

f
(w

τ )−
κ

1 f
(w
∗)≤

4εf
(w

0 )
+

12
α ‖
w

0 −
w
∗‖

2

(1−
7
ε)
t

2
.

If
f

is
in

a
d
d
itio

n
ν

-stro
n

gly
co

n
vex,

th
en

f
(w

t )−
κ

22 (κ
2 −

γ
)

1−
κ

2 γ
f

(w
∗)≤

(κ
2 γ

)
tf

(w
0 ),

t
=

1,2
,...,

w
h
ere

κ
1

=
1
+

3
ε

1−
7
ε ,
κ

2
=

1
+
ε

1−
ε ,

a
n

d
γ

=
(

1−
4
ν
ζ
(1−

ζ
)

M
(1

+
ε)+

λ
L )

,
w

h
ere

ε
is

a
ssu

m
ed

to
be

sm
a
ll

en
o
u

gh
so

th
a
t
κ

2 γ
<

1.

T
h
e

p
ro

of
is

p
rov

id
ed

in
A

p
p

en
d
ix

A
,

w
h
ich

relies
on

th
e

fact
th

a
t

th
e

solu
tion

to
th

e
eff

ective
“in

stan
tan

eou
s”

p
rob

lem
corresp

on
d
in

g
to

th
e

su
b
set

A
t

lies
in

a
b

ou
n
d
ed

set
{
w

:
f

(w
)
≤
κ
f

(w
∗)}

(w
h
ere

κ
d
ep

en
d
s

on
th

e
en

co
d
in

g
m

atrix
an

d
stron

g
con

vex
ity

assu
m

p
tion

on
f

),
an

d
th

erefore
each

grad
ien

t
d
escen

t
step

attracts
th

e
iterate

tow
ard

s
a

p
oin

t
in

th
is

set,
w

h
ich

m
u
st

even
tu

a
lly

con
verge

to
th

is
set.

T
h
eorem

2
sh

ow
s

th
at

en
co

d
ed

grad
ien

t
d
escen

t
can

ach
iev

e
th

e
stan

d
ard

O
(

1t )
con

vergen
ce

rate
for

th
e

gen
eral

case
5,

an
d

lin
ear

con
vergen

ce
rate

for
th

e
stron

gly
con

vex
case,

u
p

to
an

ap
p
rox

im
ate

m
in

im
u
m

.
F

or
th

e
con

vex
case,

th
e

con
vergen

ce
is

sh
ow

n
o
n

th
e

ru
n
n
in

g
m

ean
of

p
a
st

fu
n
ction

valu
es,

w
h
ereas

for
th

e
stron

gly
con

v
ex

case
w

e
can

b
ou

n
d

th
e

fu
n
ction

va
lu

e
at

ev
ery

step
.

N
ote

th
at

alth
ou

gh
th

e
n
o
d
es

actu
ally

m
in

im
ize

th
e

en
co

d
ed

ob
jective

f̃
(w

),
th

e
con

v
ergen

ce
gu

aran
tees

are
given

in
term

s
of

th
e

origin
al

ob
jective

f
(w

).
N

ote
th

at
u
n
d
er

th
e

stron
gly

con
vex

case,
lin

ear
con

vergen
ce

req
u
ires

con
d
ition

κ
2 γ
<

1.
S
in

ce
γ

,
w

h
ich

is
sligh

tly
sm

aller
th

an
1,

is
a

d
ecreasin

g
fu

n
ction

of
th

e
fra

ction
of

th
e

stron
g

con
vex

ity
p
aram

eter
to

th
e

sm
o
oth

n
ess

p
aram

eter,
th

e
p
ractical

im
p
lication

of
th

is
is

th
at

th
e

less
th

e
cu

rvatu
re

of
th

e
fu

n
ction

(th
e

sm
aller

th
e

stron
g

con
v
ex

ity
p
aram

eter
ν

),
th

e
m

ore
w

ork
ers

w
e

n
eed

to
w

ait
in

each
iteration

,
so

th
at
κ

2
is

sm
all

en
ou

gh
to

sa
tisfy

κ
2 γ

<
1,

w
h
ich

en
su

res
th

e
lin

ear
con

vergen
ce

gu
aran

tee
of

th
e

th
eorem

.
N

ote
th

at
even

if
th

is
con

d
ition

is
n
ot

satisfi
ed

,
th

e
algorith

m
can

still
con

verge,
b
u
t

n
ot

n
ecessarily

at
th

e
lin

ear
rate

p
rom

ised
b
y

th
e

th
eorem

.

T
h
eorem

2
p
rov

id
es

d
eterm

in
istic,

sam
p
le

p
ath

con
vergen

ce
gu

aran
tees

u
n
d
er

an
y

(ad
-

versarial)
seq

u
en

ce
of

activ
e

n
o
d
es
{A

t }
,

w
h
ich

is
in

con
trast

to
th

e
sto

ch
astic

m
eth

o
d
s,

w
h
ich

sh
ow

con
vergen

ce
ty

p
ically

in
ex

p
ectation

.
F

u
rth

er,
th

e
con

vergen
ce

rate
is

n
ot

af-
fected

b
y

th
e

tail
b

eh
av

ior
of

th
e

d
elay

d
istrib

u
tion

,
sin

ce
th

e
d
elayed

u
p

d
ates

of
stragglers

are
n
ot

ap
p
lied

to
th

e
iterates.

N
ote

th
at

sin
ce

w
e

d
o

n
ot

seek
ex

act
solu

tion
s

u
n
d
er

d
ata

p
ara

llelism
,

w
e

ca
n

k
eep

th
e

red
u
n
d
an

cy
factor

β
fi
x
ed

regard
less

of
th

e
n
u
m

b
er

of
stragglers.

In
creasin

g
n
u
m

b
er

of
stragglers

in
th

e
n
etw

ork
sim

p
ly

resu
lts

in
a

lo
oser

ap
p
rox

im
ation

of
th

e
solu

tion
,

allow
in

g
for

a
gracefu

l
d
egrad

ation
.

T
h
is

is
in

con
trast

to
ex

istin
g

w
ork

T
an

d
on

et
al.

(2017)
seek

in
g

ex
act

con
vergen

ce
u
n
d
er

co
d
in

g,
w

h
ich

sh
ow

s
th

at
th

e
red

u
n
d
an

cy
factor

m
u
st

grow
lin

early
w

ith
th

e
n
u
m

b
er

of
stragglers.

5
.

S
in

ce
th

e
co

n
v
erg

en
ce

resu
lt

is
d

eterm
in

istic,
th

e
va

ria
n

ce
red

u
ctio

n
fa

cto
r

1m
p

resen
t

in
sto

ch
a
stic

a
lg

o
rith

m
s

d
o
es

n
o
t

a
p

p
ea

r
in

o
u

r
co

n
v
erg

en
ce

ra
te.

1
2
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R
e
d
u
n
d
a
n
c
y
T
e
c
h
n
iq
u
e
s
f
o
r
S
t
r
a
g
g
l
e
r
M
it
ig
a
t
io
n
in

D
is
t
.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

3
.3

.
C

o
n
v
e
rg

e
n

c
e

o
f

e
n

c
o
d

e
d

L
-B

F
G

S

W
e

co
n
si

d
er

th
e

va
ri

an
t

of
L

-B
F

G
S

d
es

cr
ib

ed
in

S
ec

ti
on

2.
F

or
ou

r
co

n
ve

rg
en

ce
re

su
lt

fo
r

L
-B

F
G

S
,

w
e

n
ee

d
an

ot
h
er

as
su

m
p
ti

o
n

on
th

e
m

at
ri

x
S

,
in

ad
d
it

io
n

to
(6

).
D

efi
n
in

g
S̆
t

=
[S
i]
i∈
A
t
∩A

t−
1

fo
r
t
>

0,
w

e
as

su
m

e
th

at
fo

r
so

m
e
δ
>

0,

δI
�
S̆
> t
S̆
t

(7
)

fo
r

al
l
t
>

0.
N

ot
e

th
at

th
is

re
q
u
ir

es
th

at
on

e
sh

ou
ld

w
ai

t
fo

r
su

ffi
ci

en
tl

y
m

an
y

n
o
d
es

to
se

n
d

u
p

d
at

es
so

th
at

th
e

ov
er

la
p

se
t
A
t
∩
A
t−

1
h
as

m
or

e
th

an
1 β

n
o
d
es

,
an

d
th

u
s

th
e

m
at

ri
x
S̆
t

ca
n

b
e

fu
ll

ra
n
k
.

W
h
en

th
e

co
lu

m
n
s

of
X

ar
e

li
n
ea

rl
y

in
d
ep

en
d
en

t,
th

is
is

sa
ti

sfi
ed

if
η
≥

1 2
+

1 2
β

in
th

e
w

or
st

-c
as

e,
an

d
in

th
e

ca
se

w
h
er

e
n
o
d
e

d
el

ay
s

ar
e

i.
i.
d
.

ac
ro

ss

m
ac

h
in

es
,

it
is

sa
ti

sfi
ed

in
ex

p
ec

ta
ti

on
if
η
≥

1 √
β

.
O

n
e

ca
n

al
so

ch
o
os

e
k
t

ad
ap

ti
ve

ly
so

th
at

k
t

=
m

in
{ k

:
|A

t(
k
)
∩
A
t−

1
|>

1 β

} .
W

e
n
ot

e
th

at
al

th
ou

gh
th

is
co

n
d
it

io
n

is
re

q
u
ir

ed
fo

r
th

e

th
eo

re
ti

ca
l

an
al

y
si

s,
th

e
al

go
ri

th
m

m
ay

p
er

fo
rm

w
el

l
in

p
ra

ct
ic

e
ev

en
w

h
en

th
is

co
n
d
it

io
n

is
n
ot

sa
ti

sfi
ed

.
W

e
fi
rs

t
sh

ow
th

at
th

is
al

go
ri

th
m

re
su

lt
s

in
st

ab
le

in
v
er

se
H

es
si

an
es

ti
m

at
es

u
n
d
er

th
e

p
ro

p
os

ed
m

o
d
el

,
u
n
d
er

ar
b
it

ra
ry

re
al

iz
at

io
n
s

o
f
{A

t}
(o

f
su

ffi
ci

en
tl

y
la

rg
e

ca
rd

in
al

it
y
),

w
h
ic

h
is

d
on

e
in

th
e

fo
ll
ow

in
g

le
m

m
a.

L
e
m

m
a

3
L

et
µ

+
λ
>

0
.

T
h
en

th
er

e
ex

is
t

co
n

st
a
n

ts
c 1
,c

2
>

0
su

ch
th

a
t

fo
r

a
ll
t,

th
e

in
ve

rs
e

H
es

si
a
n

es
ti

m
a
te
B
t

sa
ti

sfi
es
c 1
I
�
B
t
�
c 2
I

.

T
h
e

p
ro

of
,

p
ro

v
id

ed
in

A
p
p

en
d
ix

A
,

is
b
as

ed
on

th
e

w
el

l-
k
n
ow

n
tr

ac
e-

d
et

er
m

in
an

t
m

et
h
o
d
.

U
si

n
g

L
em

m
a

3,
w

e
ca

n
sh

ow
th

e
fo

ll
ow

in
g

co
n
ve

rg
en

ce
re

su
lt

.

T
h

e
o
re

m
4

L
et
µ

+
λ
>

0
,

a
n

d
le

t
w
t

be
co

m
p
u

te
d

u
si

n
g

th
e

L
-B

F
G

S
m

et
h
od

d
es

cr
ib

ed
in

S
ec

ti
o
n

2
,

w
it

h
a
n

en
co

d
in

g
m

a
tr

ix
th

a
t

sa
ti

sfi
es

(m
,η
,ε

)-
B

R
IP

.
L

et
{A

t}
,{
D
t}

be
a
rb

it
ra

ry
se

qu
en

ce
s

o
f

su
bs

et
s

o
f

[m
]

w
it

h
ca

rd
in

a
li

ty
|A

t|,
|D

t|
≥
η
m

fo
r

a
ll
t.

T
h
en

,
fo

r
f

a
s

d
es

cr
ib

ed
in

S
ec

ti
o
n

2
,

f
(w

t)
−
κ

2
(κ
−
γ

)

1
−
κ
γ

f
(w
∗ )
≤

(κ
γ

)t
f

(w
0
),

w
h
er

e
κ

=
1
+
ε

1
−
ε
,

a
n

d
γ

=
( 1
−

4
(µ

+
λ

)c
1
c 2

(M
+
λ

)(
1
+
ε)

(c
1
+
c 2

)2

) ,
w

h
er

e
c 1

a
n

d
c 2

a
re

th
e

co
n

st
a
n

ts
in

L
em

m
a

3
.

S
im

il
ar

to
T

h
eo

re
m

2,
th

e
p
ro

of
is

b
as

ed
on

th
e

ob
se

rv
at

io
n

th
at

th
e

so
lu

ti
on

of
th

e
eff

ec
ti

v
e

p
ro

b
le

m
at

ti
m

e
t

li
es

in
a

b
ou

n
d
ed

se
t

ar
ou

n
d

th
e

tr
u
e

so
lu

ti
on

w
∗ .

A
s

in
gr

ad
ie

n
t

d
es

ce
n
t,

co
d
in

g
en

ab
le

s
li
n
ea

r
co

n
ve

rg
en

ce
d
et

er
m

in
is

ti
ca

ll
y,

u
n
li
ke

th
e

st
o
ch

as
ti

c
an

d
m

u
lt

i-
b
at

ch
va

ri
an

ts
of

L
-B

F
G

S
,

e.
g.

,
M

ok
h
ta

ri
an

d
R

ib
ei

ro
(2

0
15

);
B

er
ah

as
et

al
.

(2
0
16

).

3
.4

.
C

o
n
v
e
rg

e
n

c
e

o
f

e
n

c
o
d

e
d

p
ro

x
im

a
l

g
ra

d
ie

n
t

N
ex

t
w

e
co

n
si

d
er

th
e

en
co

d
ed

p
ro

x
im

al
gr

ad
ie

n
t

al
go

ri
th

m
,

d
es

cr
ib

ed
in

S
ec

ti
on

2,
fo

r
ob

-
je

ct
iv

es
w

it
h

p
ot

en
ti

al
ly

n
on

-s
m

o
ot

h
re

gu
la

ri
ze

rs
h

(w
).

T
h
e

fo
ll
ow

in
g

th
eo

re
m

ch
ar

ac
te

ri
ze

s
ou

r
co

n
v
er

ge
n
ce

re
su

lt
s

u
n
d
er

th
is

se
tu

p
.

1
3
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K
a
r
a
k
u
s,

S
u
n
,
D
ig
g
a
v
i,
Y
in

T
h

e
o
re

m
5

L
et
w
t

be
co

m
p
u

te
d

u
si

n
g

en
co

d
ed

p
ro

xi
m

a
l

gr
a
d
ie

n
t

w
it

h
a
n

en
co

d
in

g
m

a
tr

ix
th

a
t

sa
ti

sfi
es

(m
,η
,ε

)-
B

R
IP

,
w

it
h

st
ep

si
ze
α
t

=
α
<

1 M
,

a
n

d
w

h
er

e
ε
<

1 7
.

L
et
{A

t}
be

a
n

a
rb

it
ra

ry
se

qu
en

ce
o
f

su
bs

et
s

o
f

[m
]

w
it

h
ca

rd
in

a
li

ty
|A

t|
≥
η
m

fo
r

a
ll
t.

T
h
en

,
fo

r
f

a
s

d
es

cr
ib

ed
in

S
ec

ti
o
n

2
,

1
.

F
o
r

a
ll
t,

1 t

t ∑ τ
=

1

f
(w

τ
)
−
κ
f

(w
∗ )
≤

4ε
f

(w
0
)

+
1 2
α
‖w

0
−
w
∗ ‖

2

(1
−

7
ε)
t

,

2
.

F
o
r

a
ll
t,

f
(w

t+
1
)
≤
κ
f

(w
t)
,

w
h
er

e
κ

=
1
+

7
ε

1
−

3
ε
.

A
s

in
th

e
p
re

v
io

u
s

al
go

ri
th

m
s,

th
e

co
n
ve

rg
en

ce
gu

ar
an

te
es

h
ol

d
fo

r
ar

b
it

ra
ry

se
q
u
en

ce
s

o
f

ac
ti

ve
n
o
d
es
{A

t}
.

N
ot

e
th

at
as

in
th

e
gr

ad
ie

n
t

d
es

ce
n
t

ca
se

,
th

e
co

n
v
er

ge
n
ce

is
sh

ow
n

o
n

th
e

m
ea

n
of

p
as

t
fu

n
ct

io
n

va
lu

es
.

S
in

ce
th

is
d
o
es

n
ot

p
re

v
en

t
th

e
it

er
a
te

s
fr

o
m

h
av

in
g

a
su

d
d
en

ju
m

p
at

a
gi

ve
n

it
er

at
e,

w
e

in
cl

u
d
e

th
e

se
co

n
d

p
ar

t
of

th
e

th
eo

re
m

to
co

m
p
le

m
en

t
th

e
m

ai
n

co
n
v
er

ge
n
ce

re
su

lt
,

w
h
ic

h
im

p
li
es

th
at

th
e

fu
n
ct

io
n

va
lu

e
ca

n
n
ot

in
cr

ea
se

b
y

m
o
re

th
an

a
sm

al
l

fa
ct

or
of

it
s

cu
rr

en
t

va
lu

e.

3
.5

.
C

o
n
v
e
rg

e
n

c
e

o
f

e
n

c
o
d

e
d

b
lo

ck
c
o
o
rd

in
a
te

d
e
sc

e
n
t

F
in

al
ly

,
w

e
co

n
si

d
er

th
e

co
n
ve

rg
en

ce
of

en
co

d
ed

b
lo

ck
co

or
d
in

at
e

d
es

ce
n
t

a
lg

o
ri

th
m

.
T

h
e

fo
ll
ow

in
g

th
eo

re
m

ch
ar

ac
te

ri
ze

s
ou

r
m

ai
n

co
n
ve

rg
en

ce
re

su
lt

fo
r

th
is

ca
se

.

T
h

e
o
re

m
6

L
et
w
t

=
S
>
v t

,
w

h
er

e
v t

is
co

m
p
u

te
d

u
si

n
g

en
co

d
ed

bl
oc

k
co

o
rd

in
a
te

d
es

ce
n

t
a
s

d
es

cr
ib

ed
in

S
ec

ti
o
n

2
.

L
et
S

sa
ti

sf
y

(m
,η
,ε

)-
B

R
IP

,
a
n

d
th

e
st

ep
si

ze
sa

ti
sf

y
α
<

1
L

(1
+
ε)

.

L
et
{A

t}
be

a
n

a
rb

it
ra

ry
se

qu
en

ce
o
f

su
bs

et
s

o
f

[m
]

w
it

h
ca

rd
in

a
li

ty
|A

t|
≥
η
m

fo
r

a
ll
t.

L
et

th
e

le
ve

l
se

t
o
f
g

a
t

th
e

fi
rs

t
it

er
a
te
D
g
(w

0
)

h
a
ve

d
ia

m
et

er
R

.
T

h
en

,
fo

r
g
(w

)
=
φ

(X
w

)
a
s

d
es

cr
ib

ed
in

S
ec

ti
o
n

2
,

th
e

fo
ll

o
w

in
g

h
o
ld

.

1
.

If
φ

is
co

n
ve

x,
th

en

g
(w

t)
−
g
(w
∗ )
≤

1
1 π
0

+
C
t,

w
h
er

e
π

0
=
g
(w

0
)
−
g
(w
∗ )

,
a
n

d
C

=
(1
−
ε)
α

R
2

( 1
−

α
L
′

2

) .

2
.

If
g

is
ν

-r
es

tr
ic

te
d
-s

tr
o
n

gl
y

co
n

ve
x,

th
en

g
(w

t)
−
g
(w
∗ )
≤
( 1
−

1 ξ

) t
(g

(w
0
)
−
g
(w
∗ )

)
,

w
h
er

e
ξ

=
2

ν
(1
−
ε)
α

( 1
−

L
(1

+
ε)
α

2

) −
1
.

1
4
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R
e
d
u
n
d
a
n
c
y
T
e
c
h
n
iq
u
e
s
f
o
r
S
t
r
a
g
g
l
e
r
M
it
ig
a
t
io
n
in

D
ist

.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

T
h
eo

rem
6

d
em

on
strates

th
at

th
e

stan
d
ard

O
(

1t )
rate

for
th

e
gen

eral
con

vex
,

an
d

lin
ear

ra
te

fo
r

th
e

stron
gly

con
vex

case
can

b
e

ob
tain

ed
u
n
d
er

th
e

en
co

d
ed

setu
p
.

S
im

ilar
to

th
e

p
rev

io
u
s

cases,
en

co
d
in

g
allow

s
for

d
eterm

in
istic

con
v
ergen

ce
gu

aran
tees

u
n
d
er

ad
v
ersarial

fa
ilu

re
p
attern

s.
N

o
te

th
a
t

u
n
lik

e
th

e
d
ata

p
arallelism

setu
p
,

w
e

can
ach

ieve
ex

act
m

in
im

u
m

u
n
d
er

m
o
d
el

p
a
ra

llelism
,

sin
ce

th
e

u
n
d
erly

in
g

geom
etry

of
th

e
p
rob

lem
d
o
es

n
ot

ch
an

ge
u
n
d
er

en
co

d
in

g;
th

e
sa

m
e

o
b

jective
is

sim
p
ly

m
ap

p
ed

on
to

a
h
igh

er-d
im

en
sion

al
sp

ace,
w

h
ich

h
as

red
u
n
d
an

t
co

o
rd

in
a
tes.

In
every

iteration
,

su
ch

red
u
n
d
an

cy
serves

as
a

“soft”
error

correction
m

ech
a-

n
ism

,
b
y

allow
in

g
each

w
orker

to
receive

su
ffi

cien
t

in
form

ation
ab

ou
t

th
e

u
p
-to-d

ate
valu

es
o
f

th
e

rest
o
f

th
e

p
aram

eters
h
osted

in
th

e
oth

er
n
o
d
es,

even
th

ou
gh

a
su

b
set

of
th

em
are

n
ot

a
b
le

to
sen

d
th

eir
u
p

d
ates

su
ffi

cien
tly

fast.
T

h
e

sm
aller

th
e
ε

is
in

th
e

B
R

IP
con

d
ition

,
th

e
m

ore
rep

resen
tative

th
e

red
u
n
d
an

t
co

ord
in

ates
are

for
th

e
m

issin
g

on
es,

w
h
ich

is
refl

ected
in

th
e

co
n
verg

en
ce

rate,
as

a
n
on

-zero
ε

sligh
tly

w
eaken

s
th

e
con

stan
ts

in
th

e
con

vergen
ce

ex
p
ressio

n
s.

S
till,

n
ote

th
at

th
is

p
en

alty
in

con
v
ergen

ce
rate

on
ly

d
ep

en
d
s

on
th

e
en

co
d
in

g
m

atrix
a
n
d

n
o
t

on
th

e
d
elay

p
rofi

le
in

th
e

sy
stem

.
T

h
is

is
in

con
trast

to
th

e
a
sy

n
ch

ron
ou

s
co

o
rd

in
a
te

d
escen

t
m

eth
o
d
s;

for
in

sta
n
ce,

in
L

iu
et

al.
(201

5),
th

e
step

size
is

req
u
ired

to
sh

rin
k

expo
n

en
tia

lly
in

th
e

m
ax

im
u
m

allow
ab

le
d
elay,

an
d

th
u
s

th
e

gu
aran

teed
con

vergen
ce

ra
te

ca
n

ex
p

o
n
en

tially
d
egrad

e
w

ith
in

creasin
g

w
orst-case

d
elay

in
th

e
sy

stem
.

T
h
e

sam
e

is
tru

e
fo

r
th

e
lin

ear
con

v
ergen

ce
gu

aran
tee

in
P

en
g

et
al.

(2016).

4
.
C
o
d
e
D
e
sig

n

4
.1

.
B

lo
ck

R
IP

c
o
n

d
itio

n
a
n

d
c
o
d

e
d

e
sig

n

W
e

fi
rst

d
iscu

ss
tw

o
classes

of
en

co
d
in

g
m

atrices
w

ith
regard

to
th

e
B

R
IP

con
d
ition

;
n
am

ely
eq

u
ia

n
g
u
lar

tig
h
t

fram
es,

an
d

ran
d
om

m
atrices.

T
ig

h
t

fra
m

e
s.

A
u
n
it-n

orm
fra

m
e

for
R
n

is
a

set
of

v
ectors

F
=
{a

i }
n
β
i=

1
w

ith
‖a

i ‖
=

1,
w

h
ere

β
≥

1
,

su
ch

th
at

th
ere

ex
ist

con
stan

ts
ξ

2 ≥
ξ

1
>

0
su

ch
th

at,
for

an
y
u
∈
R
n
,

ξ
1 ‖u‖

2≤
n
β
∑i=

1 |〈u
,a
i 〉| 2≤

ξ
2 ‖u‖

2.

T
h
e

fra
m

e
is

tigh
t

if
th

e
ab

ove
is

satisfi
ed

w
ith

ξ
1

=
ξ

2 .
In

th
is

case,
it

can
b

e
sh

ow
n

th
at

th
e

co
n
sta

n
ts

a
re

eq
u
al

to
th

e
red

u
n
d
a
n
cy

factor
o
f

th
e

fra
m

e,
i.e.,

ξ
1

=
ξ

2
=
β

.
If

w
e

fo
rm

S
∈
R

(β
n

)×
n

b
y

row
s

th
at

form
a

tigh
t

fra
m

e,
th

en
w

e
h
av

e
S
>
S

=
β
I
,

w
h
ich

en
su

res
‖
X
w
−
y‖

2
=

1β ‖S
X
w
−
S
y‖

2.
T

h
en

for
an

y
solu

tion
ŵ

to
th

e
en

co
d
ed

p
ro

b
lem

(w
ith

k
=
m

),

∇
f̃

(ŵ
)

=
X
>
S
>
S

(X
ŵ
−
y
)

=
β
X
>

(X
ŵ
−
y
)

=
β∇

f
(ŵ

).

T
h
erefo

re,
th

e
solu

tion
to

th
e

en
co

d
ed

p
rob

lem
satisfi

es
th

e
op

tim
a
lity

con
d
ition

for
th

e
o
rig

in
a
l

p
ro

b
lem

as
w

ell:−
∇
f̃

(ŵ
)∈

∂
h

(ŵ
),
⇔

−
∇
f

(ŵ
)∈

∂
h

(ŵ
),

a
n
d

if
f

is
a
lso

stron
gly

con
vex

,
th

en
ŵ

=
w
∗

is
th

e
u
n
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on
th

e
se

t
of

ro
w

s
of
S

,
[β
n

],
in

to
m

m
ac

h
in

es
,

an
d

d
en

ot
e

th
e

p
a
rt

it
io

n
of

m
ac

h
in

e
k

as
I k

,
i.

e.
,
⊔
m k
=

1
I k

=
[β
n

],
w

h
er

e
t

d
en

ot
es

d
is

jo
in

t
u
n
io

n
.

T
h
en

th
e

se
t

o
f

n
on

-z
er

o
co

lu
m

n
s

of
S
k

is
gi

ve
n

b
y
B
I k

(S
).

N
ot

e
th

at
in

or
d
er

to
co

m
p
u
te
S
k
X

,
m

a
ch

in
e
k

on
ly

re
q
u
ir

es
th

e
ro

w
s

of
X

in
th

e
se

t
B
I k

(S
).

In
w

h
at

fo
ll
ow

s,
w

e
w

il
l
d
en

ot
e

th
is

su
b
m

a
tr

ix

of
X

b
y
X̃
k
,

i.
e.

,
if
x
> i

is
th

e
it

h
ro

w
of
X

,
X̃
k

:=
[ x
> i
] i∈

B
I k

(S
).

S
im

il
ar

ly
ỹ k

=
[y
i]
i∈
B
I k

(S
),

w
h
er

e
y i

is
th

e
it

h
el

em
en

t
of
y
.

C
on

si
d
er

th
e

sp
ec

ifi
c

co
m

p
u
ta

ti
on

th
at

n
ee

d
s

to
b

e
d
o
n
e

b
y

w
or

ke
r
k

d
u
ri

n
g

th
e

it
-

er
at

io
n
s,

fo
r

ea
ch

al
go

ri
th

m
.

U
n
d
er

th
e

d
at

a
p
ar

al
le

li
sm

se
tt

in
g
,

w
or

k
er
k

co
m

p
u
te

s
th

e
fo

ll
ow

in
g

gr
ad

ie
n
t:

∇
f k

(w
)

=
X
>
S
> k
S
k
(X
w
−
y
)

(a
)

=
X̃
> k
S
> k
S
k
(X̃

k
w
−
ỹ k

)
(1

0
)

w
h
er

e
(a

)
fo

ll
ow

s
si

n
ce

th
e

ro
w

s
of
X

th
at

ar
e

n
o
t

in
B
I k

ge
t

m
u
lt

ip
li
ed

b
y

ze
ro

ve
ct

o
r.

N
o
te

th
at

th
e

la
st

ex
p
re

ss
io

n
ca

n
b

e
co

m
p
u
te

d
w

it
h
ou

t
an

y
m

at
ri

x
-m

at
ri

x
m

u
lt

ip
li
ca

ti
o
n
.

T
h
is

gi
ve

s
a

n
at

u
ra

l
st

or
ag

e
an

d
co

m
p
u
ta

ti
on

sc
h
em

e
fo

r
th

e
w

or
ke

rs
.

In
st

ea
d

o
f

co
m

p
u
ti

n
g

S
k
X

offl
in

e
an

d
st

or
in

g
it

,
w

h
ic

h
ca

n
re

su
lt

in
a

lo
ss

of
sp

ar
si

ty
in

th
e

d
a
ta

,
w

o
rk

er
k

18
JM

L
R

 2
0(

72
):

1-
47

, 2
01

9



R
e
d
u
n
d
a
n
c
y
T
e
c
h
n
iq
u
e
s
f
o
r
S
t
r
a
g
g
l
e
r
M
it
ig
a
t
io
n
in

D
ist

.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

ca
n

sto
re
X̃
k

in
u
n
co

d
ed

form
,

an
d

com
p
u
te

th
e

grad
ien

t
th

rou
gh

(10)
w

h
en

ever
n
eed

ed
,

u
sin

g
o
n
ly

m
a
trix

-v
ector

m
u
ltip

lication
s.

S
in

ce
S
k

is
sp

arse,
th

e
overh

ead
asso

ciated
w

ith
m

u
ltip

lica
tio

n
s

of
th

e
form

S
k v

an
d
S
>k
v

is
sm

all.

S
im

ilarly,
u
n
d
er

m
o
d
el

p
arallelism

,
th

e
com

p
u
tation

req
u
ired

b
y

w
orker

k
is

∇
k g̃

(v
)

=
S
k X
>∇

k φ (
X
S
>k
v
k

+
z̃
k )

=
S
k X̃
>k ∇

k φ (
X̃
k S
>k
v
k

+
z̃
k )
,

(1
1)

a
n
d

a
s

in
th

e
d
ata

p
arallelism

case,
th

e
w

orker
ca

n
store

X̃
k

u
n
co

d
ed

,
a
n
d

com
p
u
te

(11)
o
n
lin

e
th

rou
gh

m
atrix

-v
ector

m
u
ltip

lication
s.

E
x
a
m

p
le

:
S

te
in

e
r

E
T

F
.

W
e

illu
strate

th
e

d
escrib

ed
tech

n
iq

u
e

th
rou

gh
S
tein

er
E

T
F

,
b
a
sed

o
n

th
e

co
n
stru

ction
p
rop

osed
in

F
ick

u
s

et
al.

(2012),
u
sin

g
(2,2

,v
)-S

tein
er

sy
stem

s.
L

et
v

b
e

a
p

ow
er

of
2,

let
H
∈

R
v×
v

b
e

a
real

H
ad

am
ard

m
atrix

,
an

d
let

h
i

b
e

th
e
ith

co
lu

m
n

of
H

,
fo

r
i

=
1,...,v

.
C

on
sid

er
th

e
m

atrix
V
∈
{0
,1}

v×
v
(v−

1
)/

2,
w

h
ere

each
colu

m
n

is
th

e
in

cid
en

ce
vector

of
a

d
istin

ct
tw

o-elem
en

t
su

b
set

of{1
,...,v}

.
F

or
in

stan
ce,

for
v

=
4,

V
=



1
1

1
0

0
0

1
0

0
1

1
0

0
1

0
1

0
1

0
0

1
0

1
1


.

N
o
te

th
a
t

ea
ch

of
th

e
v

row
s

h
ave

ex
actly

v−
1

n
on

-zero
elem

en
ts.

W
e

con
stru

ct
S
tein

er
E

T
F
S

as
a
v

2×
v
(v−

1
)

2
m

atrix
b
y

rep
lacin

g
each

1
in

a
row

w
ith

a
d
istin

ct
colu

m
n

of
H

,
a
n
d

n
o
rm

alizin
g

b
y
√
v−

1.
F

or
in

stan
ce,

for
th

e
ab

ove
ex

am
p
le,

w
e

h
ave

S
=

1√3



h
2

h
3

h
4

0
0

0
h

2
0

0
h

3
h

4
0

0
h

2
0

h
3

0
h

4

0
0

h
2

0
h

3
h

4


.

W
e

w
ill

call
a

set
of

row
s

of
S

th
at

arises
from

th
e

sam
e

row
of
V

a
b
lo

ck
.

In
gen

era
l,

th
is

p
ro

ced
u
re

resu
lts

in
a

m
atrix

S
w

ith
red

u
n
d
an

cy
factor

β
=

2
v

v−
1 .

In
fu

ll
g
en

erality,
S
tein

er
E

T
F

s
ca

n
b

e
con

stru
cted

for
larger

red
u
n
d
an

cy
levels;

w
e

refer
th

e
read

er
to

F
ick

u
s

et
a
l.

(2
0
1
2
)

fo
r

a
fu

ll
d
iscu

ssion
of

th
ese

con
stru

ction
s.

W
e

p
a
rtitio

n
th

e
row

s
of

th
e
V

m
atrix

in
to

m
m

ach
in

es,
so

th
at

each
m

ach
in

e
gets

a
ssig

n
ed

vm
row

s
of
V

,
an

d
th

u
s

th
e

corresp
on

d
in

g
vm

b
lo

ck
s

of
S

.

T
h
is

co
n
stru

ction
an

d
p
artition

in
g

sch
em

e
is

p
articu

larly
attractiv

e
for

ou
r

p
u
rp

oses
fo

r
tw

o
rea

so
n
s.

F
irst,

it
is

easy
to

see
th

at
for

an
y

n
o
d
e
k
,|B

I
k |

is
u
p
p

er
b

ou
n
d
ed

b
y

v
(v−

1
)

m
=

2
nm

,
w

h
ich

m
ean

s
th

e
m

em
ory

overh
ead

com
p
ared

to
th

e
u
n
co

d
ed

case
is

lim
ited

to
a

fa
cto

r
6

o
f
β

.
S
econ

d
,

each
b
lo

ck
of

S
k

con
sists

of
(alm

ost)
a

H
ad

am
ard

m
atrix

,
so

th
e

m
u
ltip

lication
S
k v

can
b

e
effi

cien
tly

im
p
lem

en
ted

th
rou

gh
F

ast
W

a
lsh

-H
ad

am
ard

T
ra

n
sfo

rm
.

6
.

In
p

ra
ctice,

w
e

h
av

e
o
b

serv
ed

th
a
t

th
e

co
n
v
erg

en
ce

p
erfo

rm
a
n

ce
im

p
rov

es
w

h
en

th
e

b
lo

ck
s

a
re

b
ro

k
en

in
to

m
u

ltip
le

m
a
ch

in
es,

so
o
n

e
ca

n
,

fo
r

in
sta

n
ce,

a
ssig

n
h

a
lf-b

lo
ck

s
to

ea
ch

m
a
ch

in
e.
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K
a
r
a
k
u
s,

S
u
n
,
D
ig
g
a
v
i,
Y
in

E
x
a
m

p
le

:
H

a
a
r

m
a
trix

.
A

n
oth

er
p

ossib
le

ch
oice

of
sp

a
rse

m
atrix

is
colu

m
n
-su

b
sam

p
led

H
aar

m
atrix

,
w

h
ich

is
d
efi

n
ed

recu
rsively

b
y

H
2
n

=
1√2

[
H
n ⊗

[1
1]

I
n ⊗

[1
−

1] ]
,
H

1
=

1,

w
h
ere
⊗

d
en

otes
K

ron
eck

er
p
ro

d
u
ct.

G
iv

en
a

red
u
n
d
an

cy
level

β
,

on
e

can
ob

tain
S

b
y

ran
d
om

ly
sam

p
lin

g
nβ

colu
m

n
s

of
H
n
.

It
can

b
e

sh
ow

n
th

at
in

th
is

case,
w

e
h
ave
|B
I
k |≤

β
n

lo
g
(n

)
m

,
an

d
h
en

ce
en

co
d
in

g
w

ith
H

aar
m

atrix
in

cu
rs

a
m

em
ory

cost
b
y

logarith
m

ic
factor.

4
.3
.2
.
F
a
st

t
r
a
n
sf
o
r
m
s

A
n
oth

er
com

p
u
tation

ally
effi

cien
t

m
eth

o
d

for
en

co
d
in

g
is

to
u
se

fast
tran

sform
s:

F
ast

F
ou

rier
T

ran
sform

(F
F

T
),

if
S

is
ch

osen
as

a
su

b
sam

p
led

D
F

T
m

atrix
,

an
d

th
e

F
ast

W
alsh

-
H

ad
am

ard
T

ran
sform

(F
W

H
T

),
if
S

is
ch

osen
a
s

a
su

b
sam

p
led

real
H

ad
am

ard
m

atrix
.

In
p
articu

lar,
on

e
can

in
sert

row
s

of
zero

es
at

ran
d
om

lo
cation

s
in

to
th

e
d
ata

p
air

(X
,y

),
an

d
th

en
tak

e
th

e
F

F
T

or
F

W
H

T
of

each
colu

m
n

of
th

e
au

gm
en

ted
m

atrix
.

T
h
is

is
eq

u
ivalen

t
to

a
ran

d
om

ized
F

ou
rier

or
H

ad
am

ard
en

sem
b
le,

w
h
ich

is
k
n
ow

n
to

satisfy
th

e
R

IP
w

ith
h
igh

p
rob

ab
ility

b
y

C
an

d
es

an
d

T
ao

(2006).
H

ow
ever,

su
ch

tran
sform

s
d
o

n
ot

h
ave

th
e

m
em

ory
ad

van
tages

of
th

e
sp

arse
m

atrices,
an

d
th

u
s

th
ey

are
m

ore
u
sefu

l
for

th
e

settin
g

w
h
ere

th
e

d
ataset

is
d
en

se,
an

d
th

e
en

co
d
in

g
is

d
on

e
offl

in
e.

4
.4

.
C

o
st

o
f

e
n

c
o
d

in
g

S
in

ce
en

co
d
in

g
in

creases
th

e
p
rob

lem
d
im

en
sion

s,
it

clearly
com

es
w

ith
th

e
cost

of
in

creased
sp

ace
com

p
lex

ity.
T

h
e

m
em

ory
an

d
storage

req
u
irem

en
t

of
th

e
op

tim
ization

still
in

crea
ses

b
y

a
factor

of
2,

if
th

e
en

co
d
in

g
is

d
on

e
offl

in
e

(for
d
en

se
d
atasets),

or
if

th
e

tech
n
iq

u
es

d
escrib

ed
in

th
e

p
rev

iou
s

su
b
section

are
ap

p
lied

(for
sp

arse
d
atasets)

7.
N

ote
th

at
th

e
ad

d
ed

red
u
n
d
an

cy
can

com
e

b
y

in
creasin

g
th

e
am

ou
n
t

of
eff

ectiv
e

d
ata

p
oin

ts
p

er
m

ach
in

e,
b
y

in
creasin

g
th

e
n
u
m

b
er

of
m

ach
in

es
w

h
ile

keep
in

g
th

e
load

p
er

m
ach

in
e

con
stan

t,
or

a
com

b
in

ation
of

th
e

tw
o.

In
th

e
fi
rst

case,
th

e
com

p
u
tation

al
load

p
er

m
ach

in
e

in
creases

b
y

a
factor

of
β

.
A

lth
ou

gh
th

is
can

m
ake

a
d
iff

eren
ce

if
th

e
sy

stem
is

b
ottlen

ecked
b
y

th
e

com
p
u
tation

tim
e,

d
istrib

u
ted

com
p
u
tin

g
sy

stem
s

a
re

ty
p
ically

com
m

u
n
ication

-lim
ited

,
an

d
th

u
s

w
e

d
o

n
ot

ex
p

ect
th

is
ad

d
ition

al
cost

to
d
om

in
ate

th
e

sp
eed

-u
p

from
th

e
m

itigation
of

stragglers.

5
.
N
u
m
e
rica

l
R
e
su

lts

W
e

im
p
lem

en
t

th
e

p
rop

osed
tech

n
iq

u
e

on
fou

r
p
rob

lem
s:

rid
ge

regression
,

m
a
trix

factoriza-
tion

,
logistic

regression
,

an
d

L
A

S
S
O

.

7
.

N
o
te

th
a
t

th
e

in
crea

se
in

sp
a
ce

co
m

p
lex

ity
is

n
o
t

h
ig

h
er

fo
r

sp
a
rse

m
a
trices,

sin
ce

th
e

sp
a
rsity

lo
ss

ca
n

b
e

av
o
id

ed
u
sin

g
th

e
tech

n
iq

u
e

d
escrib

ed
in

S
ectio

n
4
.3

.1

2
0
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R
e
d
u
n
d
a
n
c
y
T
e
c
h
n
iq
u
e
s
f
o
r
S
t
r
a
g
g
l
e
r
M
it
ig
a
t
io
n
in

D
is
t
.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

F
ig

u
re

8:
L

e
ft

:
S
am

p
le

ev
ol

u
ti

on
of

u
n
co

d
ed

,
re

p
li
ca

ti
on

,
an

d
H

ad
am

ar
d

(F
W

H
T

)-
co

d
ed

ca
se

s,
fo

r
k

=
12

,
m

=
32

.
R

ig
h
t:

R
u
n
ti

m
es

of
th

e
sc

h
em

es
fo

r
d
iff

er
en

t
va

lu
es

of
η
,

fo
r

th
e

sa
m

e
n
u
m

b
er

of
it

er
at

io
n
s

fo
r

ea
ch

sc
h
em

e.
N

ot
e

th
at

th
is

es
se

n
ti

al
ly

ca
p
tu

re
s

th
e

d
el

ay
p
ro

fi
le

of
th

e
n
et

w
or

k
,

an
d

d
o
es

n
ot

re
fl
ec

t
th

e
re

la
ti

ve
co

n
v
er

ge
n
ce

ra
te

s
of

d
iff

er
en

t
m

et
h
o
d
s.

5
.1

.
D

a
ta

p
a
ra

ll
e
li
sm

5
.1
.1
.
R
id
g
e
r
e
g
r
e
ss
io
n

W
e

ge
n
er

at
e

th
e

el
em

en
ts

of
m

at
ri

x
X

i.
i.
d
.
∼
N

(0
,1

),
an

d
th

e
el

em
en

ts
o
f
y

ar
e

ge
n
er

at
ed

fr
om

X
an

d
an

i.
i.
d
.
N

(0
,1

)
p
ar

am
et

er
ve

ct
or
w
∗ ,

th
ro

u
gh

a
li
n
ea

r
m

o
d
el

w
it

h
G

au
ss

ia
n

n
oi

se
,

fo
r

d
im

en
si

on
s

(n
,p

)
=

(4
09

6,
60

00
).

W
e

so
lv

e
th

e
p
ro

b
le

m
m

in
w

1 2
n
‖S

(X
w
−
y
)‖

2
+

λ 2
‖w
‖2

,
fo

r
re

gu
la

ri
za
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s
case.

T
o

d
o

th
is,

w
e

fo
cu

s
on

rid
ge

regression
,

an
d

u
se

th
e

m
ean

-sq
u
a
red

error
(M

S
E

)
in

p
red

ictin
g

th
e

test-set
resp

on
se

variab
le
y

as
ou

r
m

etric.
W

e
co

m
p
a
re

th
e

m
eth

o
d
s

again
st

each
oth

er
b
y

m
easu

rin
g

th
e

w
all-clo

ck
tim

e
of

op
tim

izatio
n

req
u
ired

to
a
ch

ieve
a

fi
x
ed

m
ean

-sq
u
ared

error.

N
o
te

th
a
t

sin
ce

th
e

sp
eed

-u
p

is
d
u
e

to
th

e
m

itiga
tion

of
stragglers,

th
e

p
erform

an
ce

o
f

th
e

p
ro

p
o
sed

tech
n
iq

u
e

d
ep

en
d
s

stron
gly

on
m

an
y

clu
ster-

an
d

p
rob

lem
-sp

ecifi
c

factors,
su

ch
as

co
m

p
u
tation

al
p

ow
er

of
n
o
d
es,

n
u
m

b
er

of
n
o
d
es,

b
ack

grou
n
d

p
ro

cesses
ru

n
n
in

g
at

n
o
d
es,

n
etw

o
rk

in
g

con
fi
gu

ration
s,

laten
cy

an
d

b
a
n
d
w

id
th

availab
le

in
th

e
n
etw

ork
,
com

p
u
te-

to
-co

m
m

u
n
ica

tion
ratio

req
u
ired

b
y

th
e

p
rob

lem
,

availab
ility

of
n
o
d
es

9.
S
in

ce
th

ese
ex

p
eri-

m
en

ts
a
re

in
ten

d
ed

p
u
rely

as
sp

eed
m

easu
rem

en
ts,

w
e

m
ake

sev
eral

d
esign

d
ecision

s
to

b
u
ild

a
h
ig

h
ly

-co
n
trolled

com
p
u
tin

g
en

v
iron

m
en

t,
in

ord
er

to
isola

te
th

e
eff

ects
of

th
e

straggler
m

itig
a
tio

n
tech

n
iq

u
e

an
d

sid
e-step

p
rob

lem
-

or
n
etw

ork
-sp

ecifi
c

artifacts
th

at
m

igh
t

aff
ect

th
e

resu
lts.

F
irst,

to
h
ave

d
irect

con
trol

over
th

e
d
elay

s
in

d
u
ced

b
y

th
e

w
o
rkers

an
d

m
easu

re
th

e
ex

a
ct

eff
ect

o
f

th
e

d
elay

d
istrib

u
tion

on
th

e
ru

n
tim

e,
w

e
u
se

com
p
u
te-op

tim
ized

,
h
igh

-
p

erfo
rm

a
n
ce,

h
igh

-b
an

d
w

id
th

c
4
.
4
x
l
a
r
g
e

an
d
c
4
.
l
a
r
g
e

in
stan

ces
availab

le
th

rou
gh

A
m

a-
zo

n
E

C
2
,

set
a

n
o
d
e

to
b

e
a

straggler
w

ith
p
rob

ab
ility

q
=

0
.25,

an
d

for
stragglers

in
each

step
w

e
a
d
d

a
n

artifi
cial

d
elay

d
raw

n
from

G
au

ssian
d
istrib

u
tion

N
(µ

s ,σ
2s ),

to
sim

u
late

m
ore

u
n
relia

b
le

clu
sters.

In
ou

r
tests,

w
e

vary
µ
s

to
m

ea
su

re
th

e
eff

ect
of

th
e

a
m

o
u
n
t

of
stra

gg
ler

d
elay

(keep
in

g
σ
s

=
0.4
µ
s ).

W
e

sw
eep

µ
s

over
th

e
valu

es
{
0,γ

,2
γ},

w
h
ere

γ
is

ch
o
sen

a
s

th
e

a
m

ou
n
t

of
tim

e
it

takes
for

a
n
on

-straggler
n
o
d
e

to
p

erform
5
-6

iteration
s

for
th

e
g
iven

p
ro

b
lem

d
im

en
sion

s.
N

ote
th

a
t

su
ch

d
elay

s
can

b
e

ob
served

in
p
ractice

in
u
n
-

relia
b
le/

b
u
rsta

b
le

clu
sters

(see,
for

in
stan

ce,
th

e
E

C
2

ex
p

erim
en

ts
in

T
an

d
on

et
al.

(2016)
co

n
d
u
cted

on
t
2
.
m
i
c
r
o

in
stan

ces,
w

h
ere

th
e

stragglers
are

8×
slow

er,
or

A
n
an

th
an

arayan
an

et
a
l.

(2
0
1
3
)

w
h
ich

sim
ilarly

rep
orts

8×
straggler

d
elay

for
laten

cy
-lim

ited
task

s).

S
eco

n
d
,

a
s

w
e

scale
th

e
n
u
m

b
er

of
w

orkers,
w

e
scale

th
e

p
rob

lem
p
rop

o
rtio

n
ally

as
w

ell,
in

o
rd

er
to

m
a
in

tain
th

e
sam

e
com

p
u
tation

-com
m

u
n
ication

ratio.
T

o
b

e
ab

le
to

con
trol

ex
a
ct

p
ro

b
lem

d
im

en
sion

s,
w

e
u
se

sy
n
th

etic
d
ata,

w
h
ere

th
e

d
ata

m
atrix

X
∈

R
n×

d
is

g
en

era
ted

i.i.d
.N

(0,1),
an

d
y

=
X
w̄

+
η

for
som

e
grou

n
d

tru
th
w̄

an
d

n
oise

η
∈
N
(0
,σ

2η ),
w

ith
σ

2η
p
ro

p
o
rtion

al
to
n

.

T
h
ird

,
sin

ce
u
n
d
er

d
ata-p

arallelism
th

e
p
rop

osed
m

eth
o
d

d
o
es

n
ot

con
verge

to
th

e
ex

act
m

in
im

u
m

,
w

e
fi
rst

fi
n
d

th
e

m
in

im
u
m

M
S
E

(M
M
S
E

)
ach

ieved
for

th
e

given
p
rob

lem
th

rou
gh

a
p
relim

in
a
ry

ex
p

erim
en

t
u
sin

g
fu

lly
sy

n
ch

ron
ou

s
op

tim
ization

w
ith

all
n
o
d
es,

a
s

w
ell

as
h
y
p

er-p
ara

m
eter

op
tim

ization
to

d
eterm

in
e

a
go

o
d

valu
e

for
th

e
regu

lariza
tion

p
aram

eter
λ

,
w

h
ich

w
e

d
eterm

in
e

to
b

e
λ

=
0.025.

T
h
en

,
w

e
set

th
e

M
S
E

b
ar

as
1
.0

5×
M
M
S
E

.
N

ote
th

a
t

if
th

e
ex

a
ct

m
in

im
u
m

is
d
esired

fo
r

en
co

d
ed

scen
ario

s
in

a
real

ap
p
lication

,
on

e
can

a
lw

ay
s

in
crea

se
k
t

to
m

(i.e.,
start

u
sin

g
all

n
o
d
es)

tow
ard

s
th

e
en

d
of

th
e

op
tim

ization
,

a
fter

th
is

a
p
p
rox

im
ate

target
is

reach
ed

.

U
n
d
er

th
is

setu
p
,

w
e

p
erform

th
ree

ex
p

erim
en

ts,
sw

eep
in

g
th

e
n
u
m

b
er

of
w

o
rkers

in
th

e
set

m
∈
{8
,3

2,1
28}

.
T

h
e

p
rob

lem
d
im

en
sion

s
for

each
case

is
given

in
T

ab
le

2.
F

or
en

co
d
in

g
w

e
u
se

S
tein

er
E

T
F

s
d
escrib

ed
in

S
ectio

n
4

w
ith

red
u
n
d
an

cy
β

=
2,

an
d
k
t

=
0
.75m

.
In

9
.

F
o
r

in
sta

n
ce,

in
A

m
a
zo

n
E

C
2

clu
sters,

b
u

rsta
b

le
t
2

a
n

d
t
3
-ty

p
e

in
sta

n
ces

ca
n

p
rov

id
e

h
ig

h
p

erfo
rm

a
n

ce
fo

r
a

lim
ited

p
erio

d
o
f

tim
e,

b
efo

re
slow

in
g

d
ow

n
to

a
b

a
selin

e
lev

el
o
f

p
erfo

rm
a
n

ce;
o
r

low
-co

st
sp

o
t

in
sta

n
ces,

w
h

ich
ca

n
in

sta
n
tly

b
eco

m
e

ava
ila

b
le

o
r

u
n

ava
ila

b
le

b
a
sed

o
n

su
p

p
ly

a
n

d
d

em
a
n

d
.
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K
a
r
a
k
u
s,

S
u
n
,
D
ig
g
a
v
i,
Y
in

all
cases,

w
e

u
se

grad
ien

t
d
escen

t
w

ith
step

size
α
t

=
0
.2,

w
h
ich

is
ru

n
for

120
step

s.
γ

is
d
eterm

in
ed

to
b

e
0.2s,

0
.3s,

an
d

1.2s
for

th
e

th
ree

p
rob

lem
sizes,

resp
ectively.

T
h
e

resu
lts

are
p
rov

id
ed

in
T

ab
les

3
–5,

w
h
ere

fou
r

m
eth

o
d
s

are
com

p
ared

:
S
tein

er
en

-
co

d
in

g,
u
n
co

d
ed

sy
n
ch

ron
ou

s
op

tim
ization

,
u
n
co

d
ed

asy
n
ch

ron
ou

s
op

tim
ization

,
an

d
rep

li-
cation

,
w

h
ere

each
d
ata

sh
ard

is
rep

licated
a
cross

tw
o

n
o
d
es,

an
d

th
e

faster
cop

y
is

u
sed

in
op

tim
ization

.
N

ote
th

at
S
tein

er
en

co
d
in

g
an

d
rep

licatio
n

sch
em

es
h
av

e
d
ou

b
le

th
e

d
ata

p
er

w
orker.

T
h
e

resu
lts

are
averaged

over
5

trials.

W
e

ob
serve

th
at

w
h
en

th
ere

is
n
o

d
elay

(µ
s

=
0),

th
e

a
d
d
ition

al
com

p
u
tation

ov
erh

ead
of

en
co

d
in

g
(as

w
ell

as
th

e
p

ertu
rb

ation
of

d
ata)

resu
lts

in
relatively

h
igh

ru
n
tim

e
to

ach
ieve

th
e

d
esired

M
S
E

.
W

e
see

a
sim

ilar
overh

ead
for

rep
lication

,
alth

ou
gh

rep
lication

en
joy

s
th

e
ad

van
tage

of
h
av

in
g

access
to

raw
,

u
n
co

d
ed

d
ata.

H
ow

ever,
in

th
e

reg
im

e
w

h
ere

th
e

sy
stem

is
b

ottlen
ecked

b
y

stragglers
(µ
s

=
γ

an
d
µ
s

=
2γ

),
th

e
sch

em
e

resu
lts

in
sign

ifi
can

t
sp

eed
u
p
,

ran
gin

g
from

ap
p
rox

im
ately

3×
to

7×
again

st
th

e
u
n
co

d
ed

sy
n
ch

ron
ou

s;
an

d
u
p

to
2×

again
st

th
e

rep
lication

b
aselin

e.
N

ote
th

at
rep

lication
still

gets
im

p
acted

b
y

straggler
n
o
d
es

if
b

oth
cop

ies
of

a
sh

ard
h
ap

p
en

to
b

e
d
elayed

.
W

h
en

th
ere

are
n
o

stragglers,
an

d
for

m
o
d
est

clu
ster

sizes,
asy

n
ch

ron
ou

s
op

tim
ization

ach
ieves

th
e

b
est

p
erform

an
ce.

H
ow

ever,
sin

ce
th

e
grad

ien
t

stalen
ess

scales
lin

early
w

ith
th

e
clu

ster
size,

asy
n
ch

ron
ou

s
p

erform
an

ce
falls

b
eh

in
d

S
tein

er
for

m
=

128
w

orkers
ev

en
in

th
e

ab
sen

ce
of

strag
glers.

W
e

also
ob

serve
th

at
w

h
en

stragglers
are

in
tro

d
u
ced

,
ou

td
ated

grad
ien

ts
sign

ifi
can

tly
d
egrad

e
th

e
asy

n
ch

ron
ou

s
p

erform
an

ce,
as

th
e

d
esired

M
S
E

b
a
r

is
n
ot

reach
ed

at
th

e
en

d
of

120
step

s.
W

e
h
ave

ru
n

th
e

sam
e

ex
p

erim
en

t
for

th
e

u
n
co

d
ed

case
w

ith
erasu

res
as

w
ell;

h
ow

ev
er,

th
e

m
eth

o
d

failed
to

ach
iev

e
th

e
M

S
E

target
in

all
th

e
ex

p
erim

en
ts,

in
clu

d
in

g
th

e
case

w
ith

µ
s

=
0.

T
h
is

is
b

ecau
se

th
e

straggler
n
o
d
es

ten
d

to
p

ersist
th

eir
slow

com
p
u
tation

th
rou

gh
ou

t
op

tim
ization

.
In

oth
er

w
ord

s,
it

is
u
su

ally
ap

p
rox

im
ately

th
e

sam
e

su
b
set

of
n
o
d
es

th
at

p
rov

id
e

th
e

u
p

d
ates,

eff
ectively

rem
ov

in
g

th
e

d
ata

stored
in

straggler
n
o
d
es

from
th

e
op

tim
ization

.
F

in
ally,

w
e

n
ote

th
at

th
e

ru
n
tim

e
for

th
e

en
co

d
ed

case
also

in
creases

in
th

e
p
resen

ce
of

stragglers
(th

ou
gh

less
sev

erely
th

an
th

e
oth

er
sch

em
es),

d
u
e

to
variou

s
im

p
lem

en
tation

overh
ead

s
su

ch
as

th
e

in
terru

p
tion

of
th

e
stragglers

for
th

e
n
ex

t
iteration

.
H

ow
ever,

w
e

b
elieve

th
at

p
art

of
th

is
overh

ead
cou

ld
b

e
m

itigated
in

a
m

ore
effi

cien
t

im
p
lem

en
tation

.

W
e

con
clu

d
e

from
th

ese
ex

p
erim

en
ts

th
at

en
co

d
in

g
can

resu
lt

in
large

sp
eed

-u
p
s

in
h
igh

ly
u
n
reliab

le,
low

-cost
clu

sters
w

h
ich

can
in

d
u
ce

large
d
elay

s
(su

ch
as

E
C

2
t
2

in
stan

ces),
or

clu
sters

w
ith

in
term

itten
t

n
o
d
e

availab
ility

(su
ch

as
E

C
2

sp
ot

in
stan

ces).
It

is
less

su
ited

to
reliab

le
clu

sters
w

ith
h
igh

-cap
acity,

h
ig

h
-b

an
d
w

id
th

n
o
d
es

d
u
e

to
th

e
com

p
u
tation

al
overh

ead
asso

ciated
w

ith
it.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h
e

w
ork

of
C

an
K

arak
u
s

an
d

S
u
h
as

D
iggav

i
w

as
su

p
p

orted
in

p
art

b
y

N
S
F

gran
ts

#
1314937

an
d

#
1514531,

an
d

b
y

U
C

-N
L

gran
t

L
F

R
-18-548554.

T
h
e

w
o
rk

of
W

otao
Y

in
w

as
su

p
p

orted
b
y

O
N

R
G

ran
t

N
000141712162,

an
d

N
S
F

G
ran

t
D

M
S
-1720237.
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R
e
d
u
n
d
a
n
c
y
T
e
c
h
n
iq
u
e
s
f
o
r
S
t
r
a
g
g
l
e
r
M
it
ig
a
t
io
n
in

D
is
t
.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

A
p
p
e
n
d
ix

A
.
P
ro

o
fs

o
f
T
h
e
o
re
m
s
2
a
n
d
4

In
th

e
p
ro

of
s,

w
e

w
il
l

ig
n
or

e
th

e
n
or

m
al

iz
at

io
n

co
n
st

an
ts

on
th

e
ob

je
ct

iv
e

fu
n
ct

io
n
s

fo
r

b
re

v
it

y.
W

e
w

il
l

as
su

m
e

th
e

n
or

m
al

iz
at

io
n

1 √
η

is
ab

so
rb

ed
in

to
th

e
en

co
d
in

g
m

at
ri

x
S
A

.

L
et
f

(w
)

=
‖X

w
−
y
‖2

+
λ
h

(w
).

L
et
f̃
A t

:=
‖S

A
t
(X
w
t
−
y
)
‖2

+
λ
h

(w
t)

,
an

d
f̃
A

(w
)

:=
‖S

A
t
(X
w
−
y
)
‖2

+
λ
h

(w
),

w
h
er

e
w

e
se

t
A
≡
A
t.

L
et
w̃
∗ t

d
en

ot
e

th
e

so
lu

ti
o
n

to
th

e
eff

ec
ti

ve
“i

n
st

an
ta

n
eo

u
s”

p
ro

b
le

m
at

it
er

at
io

n
t,

i.
e.

,
w̃
∗ t

=
ar

g
m

in
w
f̃
A

(w
).

U
n
le

ss
ot

h
er

w
is

e
st

at
ed

,
th

ro
u
gh

ou
t

th
is

ap
p

en
d
ix

,
w

e
w

il
l

al
so

d
en

ot
e

w
∗

=
ar

g
m

in
w

‖X
w
−
y
‖2

+
λ
h

(w
)

ŵ
=

ar
g

m
in

w
‖S

A
(X
w
−
y
)
‖2

+
λ
h

(w
)

u
n
le

ss
ot

h
er

w
is

e
n
ot

ed
,

w
h
er

e
A

is
a

fi
x
ed

su
b
se

t
of

[m
].

A
.1

.
L

e
m

m
a
s

L
e
m

m
a

1
0

(A
p

p
ro

x
im

a
ti

o
n

e
rr

o
r)

If
S

sa
ti

sfi
es

(6
)

(B
R

IP
)

fo
r

a
n

y
A
⊆

[m
]

w
it

h
|A
|≥

k
,

fo
r

a
n

y
co

n
ve

x
se

t
C

,

‖X
ŵ
−
y
‖2
≤
κ

2
‖X

w
∗
−
y
‖2
,

w
h
er

e
κ

=
1
+
ε

1
−
ε
,
ŵ

=
ar

g
m

in
w
∈C
‖S

A
(X
w
−
y
)
‖2

,
a
n

d
w
∗

=
ar

g
m

in
w
∈C
‖X

w
−
y
‖2

.

P
ro

o
f

D
efi

n
e
e

=
ŵ
−
w
∗

an
d

n
ot

e
th

at

‖X
ŵ
−
y
‖

=
‖X

w
∗
−
y

+
X
e‖
≤
‖X

w
∗
−
y
‖+
‖X

e‖

b
y

tr
ia

n
gl

e
in

eq
u
al

it
y,

w
h
ic

h
im

p
li
es

‖X
ŵ
−
y
‖2
≤
( 1

+
‖X

e‖
‖X

w
∗
−
y
‖) 2
‖X

w
∗
−
y
‖2
.

(1
4)

N
ot

e
th

at
w

e
h
av

e

‖S
A

(X
ŵ
−
y
)‖

2
≤
‖S

A
(X
w
∗
−
y
)‖

2

b
y

th
e

d
efi

n
it

io
n

of
ŵ

.
E

x
p
an

d
in

g
th

e
q
u
ad

ra
ti

c
te

rm
s

an
d

ca
n
ce

li
n
g

th
e

co
m

m
on

te
rm

y
>
S
> A
S
A
y

fr
om

b
ot

h
si

d
es

,
w

e
ge

t

ŵ
>
X
>
S
> A
S
A
X
ŵ
−

2y
>
S
> A
S
A
X
ŵ
≤
w
∗>
X
>
S
> A
S
A
X
w
∗
−

2
y
>
S
> A
S
A
X
w
∗ .

A
d
d
in

g
−

2w
∗>
X
>
S
> A
S
A
X
ŵ

+
w
∗>
X
>
S
> A
S
A
X
w
∗

to
b

ot
h

si
d
es

,

ŵ
>
X
>
S
> A
S
A
X
ŵ
−

2w
∗>
X
>
S
> A
S
A
X
ŵ

+
w
∗>
X
>
S
> A
S
A
X
w
∗
−

2y
>
S
> A
S
A
X
ŵ

≤
2w
∗>
X
>
S
> A
S
A
X
w
∗
−

2
y
>
S
> A
S
A
X
w
∗
−

2
w
∗>
X
>
S
> A
S
A
X
ŵ
,

w
h
ic

h
ca

n
b

e
re

-a
rr

an
ge

d
in

to

‖S
A
X

(ŵ
−
w
∗ )
‖2
≤

2
y
>
S
> A
S
A
X

(ŵ
−
w
∗ )
−

2w
∗>
X
>
S
> A
S
A
X

(ŵ
−
w
∗ )
,
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K
a
r
a
k
u
s,

S
u
n
,
D
ig
g
a
v
i,
Y
in

w
h
ic

h
,

u
si

n
g

th
e

d
efi

n
it

io
n
e

=
ŵ
−
w
∗ ,

is
eq

u
iv

al
en

t
to

‖S
A
X
e‖

2
≤
−

2(
X
w
∗
−
y
)>
S
> A
S
A
X
e

=
−

2
e>
X
>
S
> A
S
A

(X
w
∗
−
y
).

(1
5
)

N
ow

,
fo

r
an

y
c
>

0,
co

n
si

d
er

‖X
e‖

2
(a

) ≤
‖S

A
X
e‖

2

1
−
ε

(b
) ≤
−

2
e>
X
>
S
> A
S
A

(X
w
∗
−
y
)

1
−
ε

=
−

2
e>
X
>
( S
> A
S
A
−
cI
) (X

w
∗
−
y
)

1
−
ε

−
2c

1
−
ε
e>
X
>

(X
w
∗
−
y
)

(c
) ≤
−

2
e>
X
>
( S
> A
S
A
−
cI
) (X

w
∗
−
y
)

1
−
ε

(d
) ≤

2

∥ ∥ e
>
X
>
( c
I
−
S
> A
S
A

)∥ ∥
1
−
ε

‖X
w
∗
−
y
‖

(e
) ≤

2

∥ ∥ c
I
−
S
> A
S
A

∥ ∥
1
−
ε

‖X
w
∗
−
y
‖‖
X
e‖
,

w
h
er

e
(a

)
fo

ll
ow

s
fr

om
th

e
B

R
IP

p
ro

p
er

ty
fo

r
S
A

;
(b

)
fo

ll
ow

s
b
y

(1
5
);

(c
)

fo
ll
ow

s
b
y

th
e

fa
ct

th
at

si
n
ce
ŵ
∈
C

,
e

re
p
re

se
n
ts

a
fe

as
ib

le
d
ir

ec
ti

on
of

th
e

co
n
st

ra
in

ed
op

ti
m

iz
a
ti

o
n
,

a
n
d

th
u
s

th
e

co
n
ve

x
op

ti
m

al
it

y
co

n
d
it

io
n

im
p
li
es
〈∇
p
(w
∗ )
,ŵ
−
w
∗ 〉

=
2e
>
X
>

(X
w
∗
−
y
)
≥

0
,

w
h
er

e
p
(w

)
:=
‖X

w
−
y
‖2

;
(d

)
fo

ll
ow

s
b
y

C
au

ch
y
-S

ch
w

ar
z

in
eq

u
al

it
y
;

an
d

(e
)

fo
ll
ow

s
b
y

th
e

d
efi

n
it

io
n

of
m

at
ri

x
n
or

m
.

T
h
e

ab
ov

e
ch

ai
n

of
in

eq
u
al

it
ie

s
th

en
im

p
ly

th
at

‖X
e‖

‖X
w
∗
−
y
‖
≤

2
∥ ∥ c
I
−
S
> A
S
A

∥ ∥
1
−
ε

.

S
in

ce
th

is
is

tr
u
e

fo
r

an
y
c
>

0,
w

e
m

ak
e

th
e

m
in

im
iz

in
g

ch
oi

ce
c

=
λ
m
a
x
+
λ
m
in

2
(w

h
er

e
λ

m
a
x

an
d
λ

m
in

re
p
re

se
n
t

th
e

la
rg

es
t

an
d

sm
al

le
st

ei
g
en

va
lu

es
of
S
> A
S
A

,
re

sp
ec

ti
ve

ly
),

w
h
ic

h
g
iv

es

‖X
e‖

‖X
w
∗
−
y
‖
≤
λ

m
a
x
−
λ

m
in

1
−
ε

≤
2ε

1
−
ε
.

P
lu

gg
in

g
th

is
b
ac

k
in

(1
4)

,
w

e
ge

t
th

e
d
es

ir
ed

re
su

lt
.

L
e
m

m
a

1
1

(A
p

p
ro

x
im

a
ti

o
n

e
rr

o
r

w
it

h
re

g
u

la
ri

z
a
ti

o
n

)
If
S

sa
ti

sfi
es

(6
)

(B
R

IP
)

fo
r

a
n

y
A
⊆

[m
]

w
it

h
|A
|≥

k
,

f
(ŵ

)
≤
κ

2
f

(w
∗ )
,

w
h
er

e
κ

=
1
+
ε

1
−
ε
,
ŵ

=
ar

g
m

in
w
‖S

A
(X
w
−
y
)
‖2

+
λ
h

(w
),

a
n

d
w
∗

=
ar

g
m

in
w
‖X

w
−
y
‖2

+
λ
h

(w
).

P
ro

o
f

C
on

si
d
er

a
fi
x
ed

A
t

=
A

,
an

d
a

co
rr

es
p

on
d
in

g

ŵ
=
w̃
∗ t
∈

ar
g

m
in

w
‖S

A
(X
w
−
y
)
‖2

+
λ
h

(w
)
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R
e
d
u
n
d
a
n
c
y
T
e
c
h
n
iq
u
e
s
f
o
r
S
t
r
a
g
g
l
e
r
M
it
ig
a
t
io
n
in

D
ist

.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

D
efi

n
e

ŵ
(r)

=
arg

m
in

w
:λ
h

(w
)≤
r ‖S

A
(X
w
−
y
)‖

2

w
∗(r)

=
arg

m
in

w
:λ
h

(w
)≤
r ‖X

w
−
y‖

2.

F
in

a
lly,

d
efi

n
e

r ∗
=

arg
m

in
r
‖X

w
∗(r)−

y‖
2

+
r.

N
ow

,
co

n
sid

er

f
(ŵ

)
=
‖
X
ŵ
−
y‖

2
+
λ
h

(ŵ
)

=
m

inr (‖X
ŵ

(r)−
y‖

2
+
r )

≤
‖X

ŵ
(r ∗)−

y‖
2

+
r ∗

(a
)

≤
κ

2‖X
w
∗(r ∗)−

y‖
2

+
r ∗

≤
κ

2 (‖
X
w
∗(r ∗)−

y‖
2

+
r ∗ )

=
κ

2f
(w
∗),

w
h
ich

sh
ow

s
th

e
d
esired

resu
lt,

w
h
ere

(a)
follow

s
b
y

L
em

m
a

10,
an

d
b
y

th
e

fact
th

a
t

th
e

set{
w

:
λ
h

(w
)≤

r}
is

a
con

vex
set.

L
e
m

m
a

1
2

(E
rro

r
e
v
o
lu

tio
n

)
L

et
κ

=
1
+
ε

1−
ε .

If

f̃
At+

1 −
f̃
A

(w̃
∗t )≤

γ (
f̃
At
−
f̃
A

(w̃
∗t ) )

fo
r

a
ll
t
>

0,
a
n

d
fo

r
so

m
e

0
<
γ
<

1
w

ith
κ
γ
<

1,
w

h
ere

w̃
∗t ∈

arg
m

in
w
f̃
At

,
th

en

f
(w

t )≤
(κ
γ

)
tf

(w
0 )

+
κ

2
(κ
−
γ

)

1−
κ
γ

f
(w
∗)
.

P
ro

o
f

S
in

ce
for

an
y
w

,

(1−
ε)‖X

w
−
y‖

2≤
(X
w
−
y
) >
S
>A
S
A

(X
w
−
y
)
,

w
e

h
ave

(1−
ε)
f

(w
)≤

f̃
A

(w
).

S
im

ila
rly

f̃
A

(w
)≤

(1
+
ε)
f

(w
),

an
d

th
erefore,

u
sin

g
th

e
assu

m
p
tion

of
th

e
lem

m
a

(1−
ε)
f

(w
t+

1 )−
(1

+
ε)
f

(w̃
∗t )≤

γ
((1

+
ε)
f

(w
t )−

(1−
ε)
f

(w̃
∗t ))

,

w
h
ich

ca
n

b
e

re-arran
ged

in
to

th
e

lin
ear

recu
rsive

in
eq

u
ality

f
(w

t+
1 )≤

κ
γ
f

(w
t )

+
(κ
−
γ

)f
(w̃
∗t )

(a
)

≤
κ
γ
f

(w
t )

+
κ

2(κ
−
γ

)f
(w
∗)
,
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K
a
r
a
k
u
s,

S
u
n
,
D
ig
g
a
v
i,
Y
in

w
h
ere

κ
=

1
+
ε

1−
ε

an
d

(a)
follow

s
b
y

L
em

m
a

11.
B

y
con

sid
erin

g
su

ch
in

eq
u
alities

for
0
≤
τ
≤
t,

m
u
ltip

ly
in

g
each

b
y

(κ
γ

)
t−
τ

an
d

su
m

m
in

g,
w

e
get

f
(w

t )≤
(κ
γ

)
tf

(w
0 )

+
κ

2(κ
−
γ

)f
(w
∗)

t−
1

∑τ
=

0

(κ
γ

)
τ

≤
(κ
γ

)
tf

(w
0 )

+
κ

2
(κ
−
γ

)

1−
κ
γ

f
(w
∗)
.

L
e
m

m
a

1
3

(S
tro

n
g

c
o
n
v
e
x
ity

p
a
ra

m
e
te

r)
U

n
d
er

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
4
,
f̃
A

(w
)

is
(1−

ε)
(µ

+
λ

)-stro
n

gly
co

n
vex.

P
ro

o
f

It
is

su
ffi

cien
t

to
sh

ow
th

at
th

e
m

in
im

u
m

eigen
valu

e
of
X̃
>A
X̃
A

is
b

ou
n
d
ed

aw
ay

from
zero.

T
h
is

can
easily

b
e

sh
ow

n
b
y

th
e

fact
th

at

u
>
X̃
>A
X̃
A
u

=
u
>
X̂
>
S
>A
S
A
X̂
u
≥

(1−
ε)‖

X̂
u‖

2≥
(1−

ε)
(µ

+
λ

)‖u‖
2,

for
an

y
u
n
it

vecto
r
u

.

L
e
m

m
a

1
4

(R
o
ta

tio
n

b
o
u

n
d

)
L

et
M
∈

R
p×
p

be
a

sym
m

etric
po

sitive
d
efi

n
ite

m
a
trix,

w
ith

th
e

co
n

d
itio

n
n

u
m

ber
(ra

tio
o
f

m
a
xim

u
m

eigen
va

lu
e

to
th

e
m

in
im

u
m

eigen
va

lu
e)

given
by

κ
.

T
h
en

,
fo

r
a
n

y
u

n
it

vecto
r
u

,

u
>
M
u

‖M
u‖
≥

2 √
κ

κ
+

1
.

P
ro

o
f

W
e

p
oin

t
ou

t
th

at
th

is
is

a
sp

ecial
case

of
K

an
torov

ich
in

eq
u
ality,

b
u
t

p
rov

id
e

a
d
ed

icated
p
ro

of
h
ere

for
com

p
leten

ess.
L

et
M

h
ave

th
e

eigen
-d

ecom
p

osition
M

=
Q
>
D
Q

,
w

h
ere

Q
h
as

orth
on

orm
al

colu
m

n
s,

an
d
D

is
a

d
iagon

al
m

atrix
w

ith
p

ositive,
d
ecreasin

g
en

tries
d

1
≥
d

2
≥
···≥

d
n
,

w
ith

d
1
d
n

=
κ

.
L

et
y

=
(Q
u

) ◦
2,

w
h
ere

◦
2

d
en

otes
en

try
-w

ise
sq

u
are.

T
h
en

th
e

q
u
an

tity
w

e
are

in
terested

in
can

b
e

rep
resen

ted
asŷ

=
arg

in
f

y∈
∆

∑
ni=

1
d
i y
i

√
∑

ni=
1
d

2i y
i ,

an
d
u
>
M
u

‖
M
u‖

is
low

er
b

ou
n
d
ed

b
y

th
e

op
tim

al
ob

jective
valu

e
o
f

th
e

ab
ove

op
tim

ization
p
rob

-

lem
.

T
h
e

set
∆

=
{y
≥

0
:
1
>
y

=
1}

is
th

e
sim

p
lex

.
N

ote
th

at
ŷ

is
in

varian
t

to
an

y
p

ositive
scalin

g
on

th
e

en
tire

vector
d
,

so
w

e
can

con
sid

er
a

con
vex

ifi
cation

,
w

h
ere

th
e

m
in

im
u
m

is
attain

ed
sin

ce
y

is
con

fi
n
ed

to
a

com
p
act

set,
a
n
d

w
h
ere

ŷ
is

th
e

so
lu

tion
to:

m
in
.

d̂
T
y

su
b

j.to
∑

ni=
1
d̂

2i y
i

=
1

y
≥

0,
y
T
1

=
1
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R
e
d
u
n
d
a
n
c
y
T
e
c
h
n
iq
u
e
s
f
o
r
S
t
r
a
g
g
l
e
r
M
it
ig
a
t
io
n
in

D
is
t
.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

an
d
d̂

is
th

e
sc

al
ed

ve
rs

io
n

of
d

su
ch

th
at
∑

n i=
1
d̂

2 i
y i

=
1.

T
h
e

L
ag

ra
n
ge

d
u
al

is

m
a
x
.

α
+
β

su
b

j.
to

d̂
−
β
d̂
◦2
−
α

1
≥

0

w
h
er

e
b
y

co
m

p
le

m
en

ta
ry

sl
ac

k
n
es

s,
th

e
ga

p
in

th
e

in
eq

u
al

it
y

co
rr

es
p

on
d
s

to
th

e
n
on

ze
ro

p
at

te
rn

of
y
,

e.
g.

y i
(d̂
i
−
β
d̂

2 i
−
α

)
=

0
,
∀i
∈

[n
].

N
ow

w
e

co
n
si

d
er

th
e

q
u
ad

ra
ti

c
fu

n
ct

io
n
d
−
β
d

2
−
α

in
te

rm
s

of
a

sc
al

ar
d
,

w
it

h
fi
x
ed
α

an
d

β
.

It
is

cl
ea

r
th

at
th

is
co

n
ca

ve
fu

n
ct

io
n

ca
n

h
av

e
at

m
os

t
2

ze
ro

s.
In

ot
h
er

w
or

d
s,

th
er

e
ca

n
b

e
at

m
os

t
tw

o
in

d
ic

es
i,
j

w
h
er

e

d̂
k
−
β
d̂

2 k
−
α

=
0,
k
∈
{i
,j
},

y k
=

0
k
6∈
{i
,j
}

an
d

it
is

p
os

si
b
le

th
at
i

=
j.

(A
t

le
a
st
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ra
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=
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p
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d
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d
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=
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=
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+
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b
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∑
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=

in
f

c≥
0

c2
+
d

1
d
n

c(
d

1
+
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b
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b
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d
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p
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ŷ 1
=

1

κ
+

1
,
ŷ n

=
κ

κ
+

1
.

an
d

fo
r

an
y

u
n
it

-n
or

m
ed

u
,

u
>
M
u

‖M
u
‖
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√
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√
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�
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+
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ra
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p
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h
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p
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−
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≥
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p
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+
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+
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=
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=
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d
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con
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=
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√
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=

1
−
ε

an
d

λ
m

a
x

=
1

+
ε

for
con

ven
ien

ce.
U

sin
g

con
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t ‖
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−
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)(
1

+
ε)

(c
1

+
c 2

)2

( f̃
(w

t)
−
f̃

(w̃
∗ t)
)

(h
)

=
−

(1
−
γ

)
( f̃

A
(w

t)
−
f̃
A

(w̃
∗ t)
) .

w
h
er

e
(a

)
fo

ll
ow

s
b
y

d
efi

n
in

g
z

=
X̂
d
t

‖X̂
d
t
‖;

(b
)

fo
ll
ow

s
b
y

(6
);

(c
)

fo
ll
ow

s
b
y

th
e

as
su

m
p
ti

on

th
at

X̂
>
X̂
�

(M
+
λ

)I
;

(d
)

fo
ll
ow

s
b
y

th
e

d
efi

n
it

io
n

of
d
t;

(e
)

fo
ll
ow

s
b
y

L
em

m
as

14
an

d
3;

(f
)

fo
ll
ow

s
b
y

st
ro

n
g

co
n
ve

x
it

y
of
f̃

(b
y

L
em

m
a

13
),

w
h
ic

h
im

p
li
es
‖∇

f̃
A

(w
t)
‖2
≥

2(
µ

+
λ

)
( f̃

(θ
t)
−
f̃

(w̃
∗ t)
) ;

(g
)

fo
ll
ow

s
b
y

ch
o
os

in
g
ρ

=
λ
m
in

λ
m
a
x
;

an
d

(h
)

fo
ll
ow

s
u
si

n
g

th
e

d
efi

n
it

io
n

of
γ

.

R
e-

ar
ra

n
gi

n
g

th
e

in
eq

u
al

it
y,

w
e

ob
ta

in

f̃
A t+

1
−
f̃
A

(w̃
∗ t)
≤
γ
( f̃

A t
−
f̃
A

(w̃
∗ t)
) ,

an
d

h
en

ce
ap

p
ly

in
g

L
em

m
a

12
,

w
e

ge
t

th
e

d
es

ir
ed

re
su

lt
.

A
p
p
e
n
d
ix

B
.
P
ro

o
f
o
f
T
h
e
o
re
m

5

T
h
ro

u
gh

ou
t

th
is

ap
p

en
d
ix

,
w

e
w

il
ld

efi
n
e
p
(w

)
=

1 2
‖X

w
−
y
‖2

an
d
p̃
t(
w

)
=

1 2
‖S

A
t
(X
w
−
y
)
‖2

fo
r

co
n
ve

n
ie

n
ce

,
w

h
er

e
th

e
n
or

m
al

iz
at

io
n

b
y
√
η

is
ab

so
rb

ed
in

to
S
A

.
W

e
w

il
l

om
it

th
e

n
or

-
m

al
iz

at
io

n
b
y
n

fo
r

b
re

v
it

y.
L

et
u
s

al
so

d
efi

n
e

w
∗

=
ar

g
m

in
w

p
(w

)
+
λ
h

(w
)

to
b

e
th

e
tr

u
e

so
lu

ti
on

of
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
.

B
y
M

-s
m

o
ot

h
n
es

s
of
p
(w

),

p
(w

t+
1
)
≤
p
(w

t)
+
〈∇
p
(w

t)
,w

t+
1
−
w
t〉

+
M 2
‖w

t+
1
−
w
t‖

2

≤
p
(w
∗ )
−
〈∇
p
(w

t)
,w
∗
−
w
t〉

+
〈∇
p
(w

t)
,w

t+
1
−
w
t〉

+
M 2
‖w

t+
1
−
w
t‖

2

≤
p
(w
∗ )
−
〈∇
p
(w

t)
,w
∗
−
w
t〉

+
〈∇
p
(w

t)
,w

t+
1
−
w
t〉

+
1 2α
‖w

t+
1
−
w
t‖

2

≤
p
(w
∗ )

+
〈∇
p
(w

t)
,w

t+
1
−
w
∗ 〉

+
1 2α
‖w

t+
1
−
w
t‖

2
(1

7)

w
h
er

e
th

e
se

co
n
d

li
n
e

fo
ll
ow

s
b
y

co
n
ve

x
it

y
of
p
,

an
d

th
e

th
ir

d
li
n
e

fo
ll
ow

s
si

n
ce
α
<

1 M
.

S
in

ce
w
t+

1
=

ar
g

m
in
w
F̃
t(
w

),
b
y

op
ti

m
al

it
y

co
n
d
it

io
n
s

0
∈
λ
·∂
h

(w
t+

1
)

+
∇
p̃
t(
w
t)

+
1 α

(w
t+

1
−
w
t)
.

(1
8)
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K
a
r
a
k
u
s,

S
u
n
,
D
ig
g
a
v
i,
Y
in

S
in

ce
h

is
co

n
ve

x
,

an
y

su
b
gr

ad
ie

n
t
g
∈
∂
h

at
w

=
w
t+

1
sa

ti
sfi

es

h
(w
∗ )
≥
h

(w
t+

1
)

+
〈g
,w
∗
−
w
t+

1
〉,

an
d

th
er

ef
or

e
(1

8)
im

p
li
es

λ
h

(w
∗ )
≥
λ
h

(w
t+

1
)
−
〈∇
p̃
t(
w
t)
,w
∗
−
w
t+

1
〉−

1 α
〈w

t+
1
−
w
t,
w
∗
−
w
t+

1
〉.

(1
9
)

C
om

b
in

in
g

(1
7)

an
d

(1
9)

,w
e

h
av

e

f
(w

t+
1
)

=
p
(w

t+
1
)

+
λ
h

(w
t+

1
)

(2
0)

=
p
(w
∗ )

+
〈∇
p
(w

t)
,w

t+
1
−
w
∗ 〉

+
1 2
α
‖w

t+
1
−
w
t‖

2
(2

1
)

≤
f

(w
∗ )

+
〈∇
p
(w

t)
−
∇
p̃
t(
w
t)
,w

t+
1
−
w
∗ 〉

−
1 α
〈w

t
−
w
t+

1
,w
∗
−
w
t+

1
〉+

1 2
α
‖w

t
−
w
t+

1
‖2

=
f

(w
∗ )

+
〈∇
p
(w

t)
−
∇
p̃
t(
w
t)
,w

t+
1
−
w
∗ 〉

+
1 2
α

( ‖
w
t‖

2
−

2
w
> t
w
∗

+
‖w
∗ ‖

2
+

2
w
> t+

1
w
∗
−
‖w
∗ ‖

2
−
‖w

t+
1
‖2
)

=
f

(w
∗ )

+
〈∇
p
(w

t)
−
∇
p̃
t(
w
t)
,w

t+
1
−
w
∗ 〉

+
1 2
α

( ‖
w
t
−
w
∗ ‖

2
−
‖w

t+
1
−
w
∗ ‖

2
)

(2
2
)

D
efi

n
e

∆
=
I
−
S
> A
S
A

,
an

d
co

n
si

d
er

th
e

se
co

n
d

te
rm

on
th

e
ri

gh
t-

h
an

d
si

d
e

o
f

(2
2
).

〈∇
p
(w

t)
−
∇
p̃
t(
w
t)
,w

t+
1
−
w
∗ 〉

=
〈 X
>

∆
(X
w
t
−
y
),
w
t+

1
−
w
∗〉

=
〈∆

(X
w
t
−
y
),
X
w
t+

1
−
y
〉−
〈∆

(X
w
t
−
y
),
X
w
∗
−
y
〉

=
1 2

[ (X
(w

t
+
w
t+

1
)
−

2
y
)>

∆
(X

(w
t
+
w
t+

1
)
−

2y
)

−
(X
w
t+

1
−
y
)>

∆
(X
w
t+

1
−
y
)

+
(X
w
∗
−
y
)>

∆
(X
w
∗
−
y
)

−
(X

(w
t
+
w
∗ )
−

2
y
)>

∆
(X

(w
t
+
w
∗ )
−

2y
)]

=
2

( X

(
w
t
+
w
t+

1

2

)
−
y

) >
∆

( X

(
w
t
+
w
t+

1

2

)
−
y

)

−
2

( X

(
w
t
+
w
∗

2

)
−
y

) >
∆

( X

(
w
t
+
w
∗

2

)
−
y

)

−
1 2

(X
w
t+

1
−
y
)>

∆
(X
w
t+

1
−
y
)

+
1 2

(X
w
∗
−
y
)>

∆
(X
w
∗
−
y
)

≤
4ε
p

(
w
t
+
w
t+

1

2

)
+

4
εp

(
w
t
+
w
∗

2

)
+
εp

(w
t+

1
)

+
εp

(w
∗ )

(a
) ≤

2ε
p
(w

t)
+

2
εp

(w
t+

1
)

+
2
εp

(w
t)

+
2
εp

(w
∗ )

+
εp

(w
t+

1
)

+
εp

(w
∗ )

=
ε

[4
p
(w

t)
+

3
p
(w

t+
1
)

+
3
p
(w
∗ )

]

(b
) ≤
ε

[4
f

(w
t)

+
3
f

(w
t+

1
)

+
3
f

(w
∗ )

],

3
8

JM
L

R
 2

0(
72

):
1-

47
, 2

01
9



R
e
d
u
n
d
a
n
c
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T
e
c
h
n
iq
u
e
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f
o
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S
t
r
a
g
g
l
e
r
M
it
ig
a
t
io
n
in

D
ist

.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

w
h
ere

(a
)

is
b
y

con
vex

ity
of
p
(w

)
an

d
J
en

sen
’s

in
eq

u
ality,

an
d

(b
)

follow
s

b
y

n
on

-n
eg

ativ
ity

o
f
h

.
P

lu
gg

in
g

th
is

b
ack

in
(22),

(1−
3ε)

f
(w

t+
1 )−

4
εf

(w
t )≤

(1
+

3
ε)
f

(w
∗)

+
12
α

(‖w
t −

w
∗‖

2−
‖
w
t+

1 −
w
∗‖

2 )
.

A
d
d
in

g
th

is
fo

r
t

=
0,...,(T

−
1),

(1−
7
ε)
T−

1
∑t=

1

f
(w

t )
+

(1−
3
ε)f

(w
T

)≤
T

(1
+

3
ε)
f

(w
∗)

+
4
εf

(w
0 )

+
12
α

(‖
w

0 −
w
∗‖

2−
‖
w
T
−
w
∗‖

2 )

⇒
(1−

7ε)
T
∑t=

1

f
(w

t )≤
T

(1
+

3
ε)
f

(w
∗)

+
4
εf

(w
0 )

+
12
α

(‖
w

0 −
w
∗‖

2−
‖
w
T
−
w
∗‖

2 )

≤
T

(1
+

3
ε)
f

(w
∗)

+
4
εf

(w
0 )

+
12
α ‖
w

0 −
w
∗‖

2.

D
efi

n
in

g
f̄
t

=
1T

∑
Tt=

1
f

(w
t ),

an
d
κ

=
1
+

3
ε

1−
7
ε ,

w
e

get

f̄
T
−
κ
f

(w
∗)≤

4εf
(w

0 )
+

12
α ‖
w

0 −
w
∗‖

2

(1−
7
ε)
T

,

w
h
ich

p
roves

th
e

fi
rst

p
art

of
th

e
th

eorem
.

T
o

estab
lish

th
e

secon
d

p
art

of
th

e
th

eorem
,

n
o
te

th
a
t

th
e

con
vex

ity
of
h

im
p
lies

h
(w

t )≥
h

(w
t+

1 )
+
〈g
,w

t −
w
t+

1 〉,

w
h
ere

g
∈
∂
h

(w
t+

1 ).
B

y
th

e
op

tim
ality

co
n
d
ition

(18),
th

is
im

p
lies

λ
h

(w
t )≥

λ
h

(w
t+

1 )−
〈∇
p̃
t (w

t ),w
t −

w
t+

1 〉
+

1α ‖
w
t+

1 −
w
t ‖

2.

C
o
m

b
in

in
g

th
is

w
ith

th
e

sm
o
oth

n
ess

con
d
ition

of
p
(w

),

p
(w

t+
1 )≤

p
(w

t )
+
〈∇
p
(w

t ),w
t+

1 −
w
t 〉

+
M2
‖
w
t+

1 −
w
t ‖

2

a
n
d

u
sin

g
th

e
fact

th
at
α
<

1M
,

w
e

h
ave

f
(w

t+
1 )≤

f
(w

t )
+
〈∇
p
(w

t )−
∇
p̃
t (w

t ),w
t+

1 −
w
t 〉−

12α ‖w
t −

w
t+

1 ‖
2.

A
s

in
th

e
p
rev

iou
s

an
aly

sis,
w

e
can

sh
ow

th
at

〈∇
p
(w

t )−
∇
p̃
t (w

t ),w
t+

1 −
w
t 〉≤

ε
[7f

(w
t )

+
3
f

(w
t+

1 )],

a
n
d

th
erefo

re

f
(w

t+
1 )≤

1
+

7
ε

1−
3
ε
f

(w
t )−

1

2
α

(1−
3
ε) ‖w

t −
w
t+

1 ‖
2

≤
1

+
7
ε

1−
3
ε
f

(w
t ).39
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K
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r
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C
.
P
ro

o
f
o
f
T
h
e
o
re
m

6

F
or

an
iterate

v
t ,

let
w
t

:=
S
v
t .

D
efi

n
e

th
e

solu
tion

set
S

=
arg

m
in
w
g
(w

),
an

d
w
∗t

=
P
S

(w
t ),

w
h
ere
P
S

(·)
is

th
e

p
ro

jection
op

erator
on

to
th

e
setS

.
L

et
v ∗t

b
e

su
ch

th
at
w
∗t

=
S
>
v ∗t ,

w
h
ich

alw
ay

s
ex

ists
sin

ce
S

h
as

fu
ll

colu
m

n
ran

k
.

W
e

also
d
efi

n
e
L
′
:=

L
(1

+
ε),

an
d
g ∗

=
m

in
w
g
(w

)
=
g
(w
∗t )

for
an

y
t.

C
.1

.
L

e
m

m
a
s

L
e
m

m
a

1
5
g̃
(v

)
is
L
′-sm

oo
th

.

P
ro

o
f

F
or

an
y
u
,v
,

g̃
(u

)
=
g
(S
>
u

)≤
g
(S
>
v
)

+
〈∇
g
(S
>
v
),S
>

(u
−
v
)〉

+
L2 ‖
S
>

(u
−
v
)‖

2,

(a
)

≤
g
(S
>
v
)

+
〈S∇

g
(S
>
v
),u
−
v〉

+
L

(1
+
ε)

2
‖
u
−
v‖

2,

(b)
=
g̃
(v

)
+
〈∇
g̃
(v

),u
−
v〉

+
L

(1
+
ε)

2
‖
u
−
v‖

2,

w
h
ere

(a
)

follow
s

from
sm

o
oth

n
ess

of
g
,

an
d

from
(m
,η
,ε)-B

R
IP

p
rop

erty,
an

d
(b)

is
b
y

th
e

ch
ain

ru
le

of
d
erivativ

es
an

d
th

e
d
efi

n
ition

of
g̃
(v

).
T

h
erefore

g̃
is
L

(1
+
ε)-sm

o
oth

.

L
e
m

m
a

1
6

F
o
r

a
n

y
t,

g̃ ∗
:=

m
inv
g̃
(v

)
=

m
in
w
g
(w

)
=

:
g ∗.

P
ro

o
f

It
is

clear
th

at

m
inv
g̃
(v

)
=

m
inv
g
(S
>
v
)≥

m
in
w
g
(w

).

T
o

sh
ow

th
e

oth
er

d
irection

,
set

v ∗
=
S

(S
>
S

) −
1w
∗,

w
h
ere

S
>
S

is
in

vertib
le

sin
ce
S

h
as

fu
ll

colu
m

n
ran

k
.

T
h
en

g
(w
∗)

=
g̃
(v ∗)≥

m
in
v
g̃
(v

).

L
e
m

m
a

1
7

If
g

is
ν

-restricted
-stro

n
gly

co
n

vex,
th

en

g
(w

)−
g ∗≥

ν2 ‖
w
−
w
∗‖

2,

w
h
ere

w
∗

=
P
S

(w
).

P
ro

o
f

W
e

follow
th

e
p
ro

of
tech

n
iq

u
e

in
Z

h
an

g
an

d
Y

in
(2013).

W
e

h
ave

g
(w

)
=
g ∗

+

∫
1

0
〈∇
g
(w
∗

+
τ
(w
−
w
∗)),w

−
w
∗〉d

τ

=
g ∗

+

∫
1

0

1τ 〈∇
g
(w
∗

+
τ
(w
−
w
∗)),τ

(w
−
w
∗)〉d

τ

4
0
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R
e
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c
y
T
e
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u
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o
r
S
t
r
a
g
g
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e
r
M
it
ig
a
t
io
n
in

D
is
t
.
O
p
t
.
a
n
d

L
e
a
r
n
in
g

(a
) ≥
g
∗

+

∫
1

0

1 τ
ν
τ

2
‖w
−
w
∗ ‖

2
d
τ

=
g
∗

+
ν
‖w
−
w
∗ ‖

2

∫
1

0
τ
d
τ

=
g
∗

+
1 2
ν
‖w
−
w
∗ ‖

2
,

w
h
ic

h
is

th
e

d
es

ir
ed

re
su

lt
,

w
h
er

e
in

(a
)

w
e

u
se

d
ν

-r
es

tr
ic

te
d

st
ro

n
g

co
n
v
ex

it
y,

an
d

th
e

fa
ct

th
at

P S
(w
∗

+
τ
(w
−
w
∗ )

)
=
w
∗ ,

fo
r

al
l
τ
∈

[0
,1

],
si

n
ce
w
∗

=
P S

(w
)

is
th

e
or

th
og

on
al

p
ro

je
ct

io
n
.

C
.2

.
P

ro
o
f
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zö

ll
ős
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ż
e
j

M
ia

so
je

d
o
w

B
.M

ia
so

je
d
o
w
@
m
im

u
w
.e
d
u
.p
l

In
st

it
u

te
o
f

A
p
p
li

ed
M

a
th

em
a
ti

cs
a
n

d
M

ec
h
a
n

ic
s,

U
n

iv
er

si
ty

o
f

W
a
rs

a
w

,
u

l.
B

a
n

a
ch

a
2
,

0
2
-0

9
7

W
a
rs

za
w

a
,

P
o
la

n
d

E
d

it
o
r:

F
ra

n
co

is
C

ar
o
n

A
b
st

ra
ct

In
th

is
p
ap

er
,

w
e

p
ro

v
id

e
n
ew

in
si

g
h
ts

o
n

th
e

U
n
ad

ju
st

ed
L

an
g
ev

in
A

lg
o
ri

th
m

.
W

e
sh

ow
th

at
th

is
m

et
h
o
d

ca
n

b
e

fo
rm

u
la

te
d

a
s

th
e

fi
rs

t
o
rd

er
op

ti
m

iz
at

io
n

a
lg

o
ri

th
m

fo
r

an
ob

-
je

ct
iv

e
fu

n
ct

io
n
al

d
efi

n
ed

on
th

e
W

a
ss

er
st

ei
n

sp
ac

e
of

or
d
er

2.
U

si
n
g

th
is

in
te

rp
re

ta
ti

on
an

d
te

ch
n
iq

u
es

b
o
rr

ow
ed

fr
om

co
n
v
ex

o
p
ti

m
iz

a
ti

o
n
,

w
e

g
iv

e
a

n
o
n
-a

sy
m

p
to

ti
c

an
al

y
si

s
of

th
is

m
et

h
o
d

to
sa

m
p
le

fr
om

lo
g-

co
n
ca

v
e

sm
o
ot

h
ta

rg
et

d
is

tr
ib

u
ti

o
n

on
R

d
.

B
as

ed
on

th
is

in
te

rp
re

ta
ti

o
n
,

w
e

p
ro

p
os

e
tw

o
n
ew

m
et

h
o
d
s

fo
r

sa
m

p
li
n
g

fr
om

a
n
on

-s
m

o
o
th

ta
rg

et
d
is

tr
i-

b
u
ti

on
.

T
h
es

e
n
ew

al
g
or

it
h
m

s
ar

e
n
a
tu

ra
l

ex
te

n
si

o
n
s

of
th

e
S
to

ch
as

ti
c

G
ra

d
ie

n
t

L
an

ge
v
in

D
y
n
a
m

ic
s

(S
G

L
D

)
a
lg

or
it

h
m

,
w

h
ic

h
is

a
p

op
u
la

r
ex

te
n
si

on
o
f

th
e

U
n
a
d
ju

st
ed

L
an

ge
v
in

A
l-

go
ri

th
m

fo
r

la
rg

es
ca

le
B

ay
es

ia
n

in
fe

re
n
ce

.
U

si
n
g

th
e

op
ti

m
iz

at
io

n
p

er
sp

ec
ti

v
e,

w
e

p
ro

v
id

e
n
o
n
-a

sy
m

p
to

ti
c

co
n
ve

rg
en

ce
a
n
a
ly

si
s

fo
r

th
e

n
ew

ly
p
ro

p
os

ed
m

et
h
o
d
s.

K
e
y
w

o
rd

s:
U

n
a
d
ja

st
ed

L
an

ge
v
in

A
lg

o
ri

th
m

,
co

n
ve

x
op

ti
m

iz
at

io
n
,

B
ay

es
ia

n
in

fe
re

n
ce

,
gr

a
d
ie

n
t

fl
ow

,
W

as
se

rs
te

in
m

et
ri

c

1
.

In
tr

o
d
u
ct

io
n

T
h
is

p
ap

er
d
ea

ls
w

it
h

th
e

p
ro

b
le

m
of

sa
m

p
li
n
g

fr
om

a
p
ro

b
ab

il
it

y
m

ea
su

re
π

on
(R

d
,B

(R
d
))

w
h
ic

h
ad

m
it

s
a

d
en

si
ty

,
al

so
d
en

ot
ed

b
y
π

,
w

it
h

re
sp

ec
t

to
th

e
L

eb
es

gu
e

m
ea

su
re

gi
v
en

fo
r

al
l
x
∈
R
d

b
y

π
(x

)
=

e−
U

(x
)/
∫ R

d

e−
U

(y
) d
y
,

w
h
er

e
U

:
R
d
→

R
.

T
h
is

p
ro

b
le

m
ar

is
es

in
va

ri
ou

s
fi
el

d
s

su
ch

th
at

B
ay

es
ia

n
st

a
ti

st
ic

al
in

fe
re

n
ce

(G
el

m
an

et
al

.,
20

14
),

m
ac

h
in

e
le

ar
n
in

g
(A

n
d
ri

eu
et

al
.,

20
03

),
il
l-

p
os

ed
in

ve
rs

e
p
ro

b
le

m
s

(S
tu

ar
t,

20
10

),
an

d
co

m
p
u
ta

ti
o
n
al

p
h
y
si

cs
(K

ra
u
th

,
20

06
).

C
om

m
on

an
d

cu
rr

en
t

m
et

h
o
d
s

to
ta

ck
le

th
is

p
ro

b
le

m
ar

e
M

ar
k
ov

C
h
ai

n
M

on
te

C
ar

lo
m

et
h
o
d
s

(B
ro

ok
s

et
al

.,
20

11
),

fo
r

ex
am

p
le

th
e

H
as

ti
n
gs

-M
et

ro
p

ol
is

al
go

ri
th

m
(M

et
ro

p
ol

is
et

al
.,

19
53

;
H

as
ti

n
gs

,
19

70
)

or
G

ib
b
s

sa
m

p
li
n
g

(G
em

an
an

d
G

em
an

,
19

84
).

A
ll

th
es

e
m

et
h
o
d
s

b
oi

l
d
ow

n
to

b
u
il
d
in

g
a

M
ar

ko
v

ke
rn

el
on

(R
d
,B

(R
d
))

w
h
os

e
in

va
ri

an
t

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
is
π

.
Y

et
,

ch
o
os

in
g

an
ap

p
ro

p
ri

at
e

p
ro

p
os

al
d
is

tr
ib

u
ti

on
fo

r
th

e
H

as
ti

n
gs

-M
et

ro
p

ol
is

al
g
or

it
h
m

is
a

c ©
2
0
1
9

A
la

in
D

u
rm

u
s,

S
zy

m
o
n

M
a

je
w

sk
i,

B
 la

że
j

M
ia

so
je

d
o
w

.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
8
-
1
7
3
.
h
t
m
l
.

JM
L

R
 2

0(
73

):
1-

46
, 2

01
9

A
.
D
u
r
m
u
s,

S
.
M
a
je
w
sk

i,
B
.
M
ia
so

je
d
o
w

tr
ic

k
y

su
b

je
ct

.
F

or
th

is
re

as
on

,
it

h
as

b
ee

n
p
ro

p
os

ed
to

co
n
si

d
er

co
n
ti

n
u
o
u
s

d
y
n
a
m

ic
s

w
h
ic

h
n
at

u
ra

ll
y

le
av

e
th

e
ta

rg
et

d
is

tr
ib

u
ti

on
π

in
va

ri
an

t.
P

er
h
ap

s,
on

e
of

th
e

m
o
st

fa
m

o
u
s

ex
am

p
le

s
is

th
e

ov
er

-d
am

p
ed

L
an

ge
v
in

d
iff

u
si

on
(R

os
sk

y
et

al
.,

19
78

;
P

ar
is

i,
19

8
1
)

a
ss

o
ci

a
te

d
w

it
h
U

,
w

h
ic

h
is

as
su

m
ed

to
b

e
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
:

d
Y
t

=
−
∇
U

(Y
t)

d
t

+
√

2d
B
t
,

(1
)

w
h
er

e
(B

t)
t≥

0
is

a
d
-d

im
en

si
on

al
B

ro
w

n
ia

n
m

ot
io

n
.

W
it

h
ap

p
ro

p
ri

at
e

co
n
d
it

io
n
s

o
n
U

,
th

is
S
D

E
ad

m
it

s
a

u
n
iq

u
e

st
ro

n
g

so
lu

ti
on

(Y
t)
t≥

0
an

d
d
efi

n
es

a
st

ro
n
g

M
ar

ko
v

se
m

i-
g
ro

u
p

(P
t)
t≥

0
w

h
ic

h
co

n
ve

rg
es

to
π

in
to

ta
l

va
ri

at
io

n
(R

ob
er

ts
an

d
T

w
ee

d
ie

,
19

96
,

T
h
eo

re
m

2
.1

)
or

W
as

se
rs

te
in

d
is

ta
n
ce

(B
ol

le
y

et
al

.,
20

12
).

H
ow

ev
er

,
si

m
u
la

ti
n
g

ex
ac

t
so

lu
ti

o
n
s

o
f

su
ch

st
o
ch

as
ti

c
d
iff

er
en

ti
al

eq
u
at

io
n
s

is
n
ot

p
os

si
b
le

in
m

os
t

ca
se

s,
an

d
d
is

cr
et

iz
a
ti

o
n
s

o
f

th
es

e
eq

u
at

io
n
s

ar
e

u
se

d
in

st
ea

d
.

In
ad

d
it

io
n
,

n
u
m

er
ic

al
so

lu
ti

on
s

as
so

ci
at

ed
w

it
h

th
es

e
sc

h
em

es
d
efi

n
e

M
ar

ko
v

ke
rn

el
s

fo
r

w
h
ic

h
π

is
n
ot

in
va

ri
an

t
an

y
m

or
e.

T
h
er

ef
or

e
q
u
an

ti
fy

in
g

th
e

er
ro

r
in

tr
o
d
u
ce

d
b
y

th
es

e
ap

p
ro

x
im

at
io

n
s

is
cr

u
ci

al
to

ju
st

if
y

th
ei

r
u
se

to
sa

m
p
le

fr
o
m

th
e

ta
rg

et
π

.
W

e
co

n
si

d
er

in
th

is
p
ap

er
th

e
E

u
le

r-
M

ar
u
ya

m
a

d
is

cr
et

iz
at

io
n

of
(1

)
w

h
ic

h
d
efi

n
es

th
e

(p
os

si
b
ly

in
h
om

og
en

eo
u
s)

M
ar

ko
v

ch
ai

n
(X

k
) k
≥

0
gi

ve
n

fo
r

al
l
k
≥

0
b
y

X
k
+

1
=
X
k
−
γ
k
+

1
∇
U

(X
k
)

+
√

2γ
k
+

1
G
k
+

1
,

(2
)

w
h
er

e
(γ
k
) k
≥

1
is

a
se

q
u
en

ce
of

st
ep

si
ze

s
w

h
ic

h
ca

n
b

e
h
el

d
co

n
st

an
t

or
co

n
ve

rg
es

to
0,

an
d

(G
k
) k
≥

1
is

a
se

q
u
en

ce
of

i.
i.
d
.

st
an

d
ar

d
d
-d

im
en

si
on

al
G

au
ss

ia
n

ra
n
d
o
m

va
ri

a
b
le

s.
T

h
e

u
se

of
th

e
E

u
le

r-
M

ar
u
ya

m
a

d
is

cr
et

iz
at

io
n

(2
)

to
ap

p
ro

x
im

at
iv

el
y

sa
m

p
le

fr
o
m
π

is
re

fe
rr

ed
to

as
th

e
U

n
ad

ju
st

ed
L

an
ge

v
in

A
lg

or
it

h
m

(U
L

A
)

(o
r

th
e

L
an

ge
v
in

M
o
n
te

C
a
rl

o
al

go
ri

th
m

(L
M

C
))

,
an

d
h
as

al
re

ad
y

b
ee

n
th

e
m

at
te

r
of

m
an

y
w

or
k
s.

F
or

ex
a
m

p
le

,
w

ea
k

er
ro

r
es

ti
m

at
es

h
av

e
b

ee
n

ob
ta

in
ed

in
T

al
ay

an
d

T
u
b
ar

o
(1

9
90

);
M

at
ti

n
g
ly

et
al

.
(2

0
0
2
)

fo
r

th
e

co
n
st

an
t

st
ep

si
ze

se
tt

in
g

an
d

in
L

am
b

er
to

n
an

d
P

ag
ès

(2
00

3)
;

L
em

ai
re

(2
00

5
)

w
h
en

(γ
k
) k
≥

1

is
n
on

-i
n
cr

ea
si

n
g

an
d

go
es

to
0.

E
x
p
li
ci

t
an

d
n
on

-a
sy

m
p
to

ti
c

b
ou

n
d
s

on
th

e
to

ta
l

va
ri

a
ti

o
n

(D
al

al
ya

n
,

20
16

;
D

u
rm

u
s

an
d

M
ou

li
n
es

,
20

17
)

or
th

e
W

as
se

rs
te

in
d
is

ta
n
ce

(D
u
rm

u
s

a
n
d

M
ou

li
n
es

,
20

16
)

b
et

w
ee

n
th

e
d
is

tr
ib

u
ti

on
of
X
k

an
d
π

h
av

e
b

ee
n

ob
ta

in
ed

.
R

o
u
g
h
ly

,
a
ll

th
es

e
re

su
lt

s
ar

e
b
as

ed
on

th
e

co
m

p
ar

is
on

b
et

w
ee

n
th

e
d
is

cr
et

iz
at

io
n

an
d

th
e

d
iff

u
si

o
n

p
ro

ce
ss

an
d

th
e

q
u
an

ti
fi
ca

ti
on

of
er

ro
r

ac
cu

m
u
la

ti
on

th
ro

u
gh

ou
t

th
e

al
go

ri
th

m
.

In
th

is
p
a
p

er
,

w
e

p
ro

p
os

e
an

ot
h
er

p
oi

n
t

of
v
ie

w
on

U
L

A
,

w
h
ic

h
sh

ar
es

n
ev

er
th

el
es

s
so

m
e

re
la

ti
o
n
s

w
it

h
th

e
L

an
ge

v
in

d
iff

u
si

on
(1

).
In

d
ee

d
,

it
h
as

b
ee

n
sh

ow
n

in
J
or

d
an

et
al

.
(1

99
8)

th
a
t

th
e

fa
m

il
y

of
d
is

tr
ib

u
ti

on
s

(µ
0
P
t)
t≥

0
,

is
th

e
so

lu
ti

on
of

a
gr

ad
ie

n
t

fl
ow

eq
u
at

io
n

in
th

e
W

a
ss

er
st

ei
n

sp
ac

e
of

or
d
er

2
as

so
ci

at
ed

w
it

h
th

e
K

u
ll
b
ac

k
-L

ei
b
le

r
(K

L
)

d
iv

er
ge

n
ce

,
F

,
w

h
er

e
(P

t)
t≥

0
is

th
e

se
m

i-
gr

ou
p

as
so

ci
at

ed
w

it
h

(1
)

an
d
µ

0
is

a
p
ro

b
ab

il
it

y
m

ea
su

re
on
B(

R
d
)

ad
m

it
ti

n
g

a
se

co
n
d

m
om

en
t

(s
ee

S
ec

ti
on

2)
.

If
π

is
in

va
ri

an
t

fo
r

(P
t)
t≥

0
,

th
en

it
is

a
st

at
io

n
ar

y
so

lu
ti

o
n

o
f

th
is

eq
u
at

io
n
,
an

d
is

th
e

u
n
iq

u
e

m
in

im
iz

er
of

F
if
U

is
co

n
ve

x
.

S
ta

rt
in

g
fr

om
th

is
o
b
se

rv
a
ti

o
n
,
w

e
in

te
rp

re
t

U
L

A
as

th
e

fi
rs

t
or

d
er

op
ti

m
iz

at
io

n
al

go
ri

th
m

on
th

e
W

as
se

rs
te

in
sp

a
ce

o
f

o
rd

er
2

w
it

h
ob

je
ct

iv
e

fu
n
ct

io
n
al

F
.

N
am

el
y,

w
e

ad
ap

t
so

m
e

p
ro

of
s

of
co

n
ve

rg
en

ce
fo

r
th

e
g
ra

d
ie

n
t

d
es

ce
n
t

al
go

ri
th

m
fr

om
th

e
co

n
ve

x
op

ti
m

iz
at

io
n

li
te

ra
tu

re
to

ob
ta

in
n
on

-a
sy

m
p
to

ti
c

a
n
d

ex
p
li
ci

t
b

ou
n
d
s

b
et

w
ee

n
th

e
K

u
ll
b
ac

k
-L

ei
b
le

r
(K

L
)

d
iv

er
ge

n
ce

fr
om

π
to

d
is

tr
ib

u
ti

o
n
s

of
av

er
ag

ed
d
is

tr
ib

u
ti

on
s

as
so

ci
at

ed
w

it
h

U
L

A
fo

r
th

e
co

n
st

an
t

a
n
d

n
on

-i
n
cr

ea
si

n
g

st
ep

si
ze

se
tt

in
g.

T
h
en

,
th

es
e

b
ou

n
d
s

ea
si

ly
im

p
ly

co
m

p
u
ta

b
le

b
ou

n
d
s

in
to

ta
l

va
ri

a
ti

o
n

n
o
rm

a
n
d

W
as

se
rs

te
in

d
is

ta
n
ce

.
N

ot
e

th
at

th
es

e
tw

o
m

et
ri

cs
ar

e
d
iff

er
en

t
in

n
at

u
re

si
n
ce

co
n
ve

rg
en

ce

2
JM

L
R

 2
0(

73
):

1-
46

, 2
01

9



A
n
a
ly

sis
o
f
L
a
n
g
e
v
in

M
C

v
ia

C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

in
o
n
e

o
f

th
em

d
o
es

n
ot

im
p
ly

con
vergen

ce
in

th
e

oth
er.

C
on

vergen
ce

in
on

e
of

th
ese

m
etrics

im
p
lies

a
co

n
trol

on
th

e
b
ias

of
M

C
M

C
b
ased

estim
ators

of
th

e
form

f̂
n

=
n
−

1 ∑
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k∈

N
is

M
arkov

ch
ain

ergo
d
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b
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p
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e

step
size

is
h
eld

con
stan

t
in
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b
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dŌ
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>
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p
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u
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dŌ
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dŌ
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dŌ
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dŌ
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dŌ
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dŌ
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dŌ
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dŌ
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t
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p
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>

0
in

W
asserstein

d
istan

ce
(W

asserstein
),

total
variation

d
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b
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con
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con
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≥
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d
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b
ou

n
d
s

a
s

w
ell.

T
h
e

fi
rst

o
n
e

can
b

e
ap

p
lied

to
L

ip
sch

itz
con

vex
p

oten
tial

for
w

h
ich

u
n
b
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b
ou

n
d
s

w
e

ob
ta

in
for

th
is

a
lgo

rith
m

d
ep

en
d

o
n

th
e

d
im

en
sio

n
on

ly
th

rou
gh

th
e

in
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b
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e
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p
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d
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con
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b
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con
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b
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b
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b
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dŌ
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e
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dŌ
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dŌ
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>
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p
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i.e.
th

e
p

oten
tial

U
is

n
ot

n
ecessarily

con
vex

.
In

V
ollm

er
et

al.
(2016

)
an

d
N

agap
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b
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p
oten

tia
l

u
se

of
S
G

L
D

as
an

op
tim

ization
alg

orith
m

to
m

in
im

ize
th
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>
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dŌ
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dŌ
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dŌ
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dŌ
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t
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p
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>
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com
p
are

th
e

b
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≥
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e

d
im

en
si

on
of

C
h
en

g
an

d
B

ar
tl

et
t

(2
01

7,
T

h
eo

re
m

3)
in
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d
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b
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b
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h
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.
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p
le

fr
om

a
n
on

-s
m

o
ot

h
p
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p
to
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p
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d
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.
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p
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p
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p
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d
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p
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tw
o

si
gm

a-
fi
n
it

e
m

ea
su

re
s

on
(R

d
,B

(R
d
))

.
D

en
ot

e
b
y
µ
�
ν

if
µ

is
ab

so
lu

te
ly

co
n
ti

n
u
ou

s
w

.r
.t

.
ν

an
d

d
µ
/d
ν

th
e

as
so

ci
at

ed
d
en

si
ty

.
L

et
µ
,ν

b
e

tw
o

p
ro

b
ab

il
it

y
m

ea
su

re
s

on
(R

d
,B

(R
d
))

.
D

efi
n
e

th
e

K
u
ll
b
ac

k
-L

ei
b
le

r
(K

L
)

d
iv

er
g
en

ce
of
µ

fr
om

ν
b
y

K
L

(µ
|ν

)
=

{
∫ R

d
d
µ

d
ν

(x
)

lo
g
( d

µ
d
ν

(x
)) d

ν
(x

)
,

if
µ
�
ν

+
∞

ot
h
er

w
is

e
.

W
e

sa
y

th
at
ζ

is
a

tr
an

sf
er

en
ce

p
la

n
of
µ

an
d
ν

if
it

is
a

p
ro

b
ab

il
it

y
m

ea
su

re
on

(R
d
×

R
d
,B

(R
d
×
R
d
))

su
ch

th
at

fo
r

al
l

m
ea

su
ra

b
le

se
t

A
of

R
d
,
ζ
(A
×
R
d
)

=
µ

(A
)

an
d
ζ
(R

d
×

A
)

=
ν

(A
).

W
e

d
en

ot
e

b
y

Π
(µ
,ν

)
th

e
se

t
of

tr
an

sf
er

en
ce

p
la

n
s

of
µ

an
d
ν

.
F

u
rt

h
er

m
or

e,
w

e
sa

y
th

at
a

co
u
p
le

of
R
d
-r

an
d
om

va
ri

ab
le

s
(X
,Y

)
is

a
co

u
p
li
n
g

of
µ

an
d
ν

if
th

er
e

ex
is

ts
ζ
∈

Π
(µ
,ν

)
su

ch
th

at
(X
,Y

)
ar

e
d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
ζ
.

F
or

tw
o

p
ro

b
ab

il
it

y
m

ea
su

re
s

µ
an

d
ν

,
w

e
d
efi

n
e

th
e

W
as

se
rs

te
in

d
is

ta
n
ce

of
or

d
er

2
as

W
2
(µ
,ν

)
=

(
in

f
ζ
∈Π

(µ
,ν

)

∫ R
d
×
R
d

‖x
−
y
‖2

d
ζ
(x
,y

)) 1
/
2

.
(3

)

B
y

(V
il
la

n
i,

20
09

,
T

h
eo

re
m

4.
1)

,
fo

r
al

l
µ
,ν

p
ro

b
ab

il
it

y
m

ea
su

re
s

on
R
d
,

th
er

e
ex

is
ts

a
tr

an
sf

er
en

ce
p
la

n
ζ
?
∈

Π
(µ
,ν

)
su

ch
th

at
fo

r
an

y
co

u
p
li
n
g

(X
,Y

)
d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
ζ
?
,
W

2
(µ
,ν

)
=

E[
‖X
−
Y
‖2

]1
/
2
.

T
h
is

k
in

d
of

tr
an

sf
er

en
ce

p
la

n
(r

es
p

ec
ti

ve
ly

co
u
p
li
n
g)
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A
.
D
u
r
m
u
s,

S
.
M
a
je
w
sk

i,
B
.
M
ia
so

je
d
o
w

w
il
l

b
e

ca
ll
ed

an
op

ti
m

al
tr

an
sf

er
en

ce
p
la

n
(r

es
p

ec
ti

ve
ly

op
ti

m
al

co
u
p
li
n
g)

a
ss

o
ci

a
te

d
w

it
h

W
2
.

W
e

d
en

ot
e

b
y
P 2

(R
d
)

th
e

se
t

of
p
ro

b
ab

il
it

y
m

ea
su

re
s

w
it

h
fi
n
it

e
se

co
n
d

m
o
m

en
t:

fo
r

al
l
µ
∈
P 2

(R
d
),
∫ R

d
‖x
‖2

d
µ

(x
)
<

+
∞

.
B

y
(V

il
la

n
i,

20
09

,
T

h
eo

re
m

6
.1

6
),
P 2

(R
d
)

eq
u
ip

p
ed

w
it

h
th

e
W

as
se

rs
te

in
d
is

ta
n
ce
W

2
of

or
d
er

2
is

a
co

m
p
le

te
se

p
ar

ab
le

m
et

ri
c

sp
a
ce

.
D

en
ot

e
b
y
P

a
(R

d
)

=
{µ
∈
P 2

(R
d
)

:
µ
�

L
eb
}.

F
or

tw
o

p
ro

b
ab

il
it

y
m

ea
su

re
s
µ

a
n
d
ν

on
R
d
,

th
e

to
ta

l
va

ri
at

io
n

d
is

ta
n
ce

d
is

ta
n
ce

b
et

w
ee

n
µ

an
d
ν

is
d
efi

n
ed

b
y
‖µ
−
ν
‖ T

V
=

su
p
A
∈B

(R
d
)
|µ

(A
)
−
ν

(A
)|.

L
et
n
∈

N
∪
{∞
}

an
d

U
⊂

R
d

b
e

an
op

en
se

t
of

R
d
.

D
en

ot
e

b
y
C
n
(U

)
th

e
se

t
o
f

n
-t

h
co

n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
fu

n
ct

io
n

fr
om

U
to

R
.

D
en

o
te

b
y
C
n c
(U

)
th

e
se

t
o
f
n

-t
h

co
n
ti

n
u
ou

sl
y

d
iff

er
en

ti
ab

le
fu

n
ct

io
n

fr
om

U
to

R
w

it
h

co
m

p
ac

t
su

p
p

or
t.

L
et
I
⊂

R
b

e
a
n

in
te

rv
al

an
d
f

:
I
→

R
.
f

is
ab

so
lu

te
ly

co
n
ti

n
u
ou

s
on

I
if

fo
r

al
l
ε
>

0,
th

er
e

ex
is

ts
δ
>

0
su

ch
th

at
fo

r
al

l
n
∈
N
∗

an
d
t 1
,.
..
,t

2
n
∈
I
,
t 1
≤
··
·≤

t 2
n
,

if
n ∑ k
=

1

{t
2
k
−
t 2
k
−

1
}
≤
δ

th
en

n ∑ k
=

1

|f
(t

2
k
)
−
f

(t
2
k
−

1
)|
≤
ε
.

In
th

e
se

q
u
el

,
w

e
ta

ke
th

e
co

n
ve

n
ti

on
th

at
∑

n p
=

0
an

d
∏
n p

=
1

fo
r
n
,p
∈
N

,
n
<
p
.

2
.

In
te

rp
re

ta
ti

o
n

o
f

U
L

A
a
s

a
n

O
p
ti

m
iz

a
ti

o
n

A
lg

o
ri

th
m

T
h
ro

u
gh

ou
t

th
is

p
ap

er
,

w
e

as
su

m
e

th
a
t
U

sa
ti

sfi
es

th
e

fo
ll
ow

in
g

co
n
d
it

io
n

fo
r
m
≥

0
.

A
1

(m
)
U

:
R
d
→

R
is
m

-c
on

ve
x,

i.
e.

fo
r

al
l
x
,y
∈
R
d
,

U
(t
x

+
(1
−
t)
y
)
≤
tU

(x
)

+
(1
−
t)
U

(y
)
−
t(

1
−
t)

(m
/
2)
‖x
−
y
‖2

N
ot

e
th

at
A

1(
m

)
in

cl
u
d
es

th
e

ca
se

w
h
er

e
U

is
on

ly
co

n
ve

x
w

h
en

m
=

0
.

W
e

co
n
si

d
er

in
th

is
S
ec

ti
on

th
e

fo
ll
ow

in
g

ad
d
it

io
n
al

co
n
d
it

io
n

on
U

w
h
ic

h
w

il
l

b
e

re
la

x
ed

in
S
ec

ti
o
n

4
.

A
2
U

is
co

n
ti

n
u

ou
sl

y
d

iff
er

en
ti

ab
le

an
d
L

-g
ra

d
ie

n
t

L
ip

sc
h

it
z,

i.
e.

th
er

e
ex

is
ts
L
≥

0
su

ch
th

at
fo

r
al

l
x
,y
∈
R
d
,
‖∇

U
(x

)
−
∇
U

(y
)‖
≤
L
‖x
−
y
‖

U
n
d
er

A
1

an
d

A
2,

th
e

L
an

ge
v
in

d
iff

u
si

on
(1

)
h
as

a
u
n
iq

u
e

st
ro

n
g

so
lu

ti
o
n

(Y
x t
) t
≥

0

st
ar

ti
n
g

at
x
∈
R
d
.

T
h
e

M
ar

k
ov

ia
n

se
m

i-
gr

ou
p

(P
t)
t≥

0
,

gi
ve

n
fo

r
al

l
t
≥

0,
x
∈
R
d

a
n
d

A
∈

B(
R
d
)

b
y
P
t(
x
,A

)
=

P(
Y
x t
∈

A
),

is
re

ve
rs

ib
le

w
it

h
re

sp
ec

t
to
π

an
d
π

is
it

s
u
n
iq

u
e

in
va

ri
an

t
p
ro

b
ab

il
it

y
m

ea
su

re
,

se
e

(A
m

b
ro

si
o

et
al

.,
20

0
9,

T
h
eo

re
m

1.
2

an
d

T
h
eo

re
m

1
.6

).
U

si
n
g

th
is

p
ro

b
ab

il
is

ti
c

fr
am

ew
or

k
,

(R
ob

er
ts

an
d

T
w

ee
d
ie

,
19

9
6,

T
h
eo

re
m

1.
2)

sh
ow

s
th

a
t

(P
t)
t≥

0

is
ir

re
d
u
ci

b
le

w
it

h
re

sp
ec

t
to

th
e

L
eb

es
gu

e
m

ea
su

re
,

st
ro

n
g

F
el

le
r

an
d

li
m
t→

+
∞
‖P

t(
x
,·)
−

π
‖ T

V
=

0
fo

r
al

l
x
∈

R
d
.

B
u
t

to
st

u
d
y

th
e

p
ro

p
er

ti
es

of
th

e
se

m
i-

gr
ou

p
(P

t)
t≥

0
,

a
n

o
th

er
co

m
p
le

m
en

ta
ry

an
d

si
gn

ifi
ca

n
t

ap
p
ro

ac
h

ca
n

b
e

u
se

d
.

T
h
is

d
u
al

p
oi

n
t

of
v
ie

w
is

b
a
se

d
o
n

th
e

ad
jo

in
t

of
th

e
in

fi
n
it

es
im

al
ge

n
er

at
or

as
so

ci
at

ed
w

it
h

(P
t)
t≥

0
.

T
h
e

st
ro

n
g

g
en

er
a
to

r
of

(1
)

(A
,D

(A
))

is
d
efi

n
ed

fo
r

al
l
f
∈

D
(A

)
an

d
x
∈
R
d

b
y

A
f

(x
)

=
li
m

t→
0
t−

1
(P

tf
(x

)
−
f

(x
))
,

w
h
er

e
D

(A
)

is
th

e
su

b
se

t
of
C

0
(R

d
)

su
ch

th
at

fo
r

a
ll
f
∈

D
(A

),
th

er
e

ex
is

ts
g
∈
C

0
(R

d
)

su
ch

th
at

li
m
t→

0

∥ ∥ t
−

1
(P

tf
−
f

)
−
g
∥ ∥ ∞

=
0.

In
p
ar

ti
cu

la
r

fo
r
f
∈
C

2 c
(R

d
),

w
e

g
et

b
y

It
ô
’s

fo
rm

u
la

A
f

=
〈∇
f
,∇
U
〉+

∆
f
.
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A
n
a
ly

sis
o
f
L
a
n
g
e
v
in

M
C

v
ia

C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

In
a
d
d
itio

n
,
b
y

(E
th

ier
an

d
K

u
rtz,

1986,
P

rop
osition

1.5),
for

all
f
∈
C

2c (R
d),

P
t f

(x
)∈

D
(A

)
a
n
d

fo
r
x
∈
R
d,
t7→

P
t f

(x
)

is
con

tin
u
ou

sly
d
iff

eren
tiab

le,

d
P
t f

(x
)

d
t

=
A
P
t f

(x
)

=
P
t A
f

(x
)
.

(4)

F
o
r

a
ll
µ

0
∈
P

a2
(R

d)
an

d
t
>

0,
b
y

G
irsa

n
ov

’s
T

h
eorem

(K
aratzas

an
d

S
h
reve,

1991,
T

h
eo

rem
5
.1

,
C

orollary
5.16,

C
h
ap

ter
3),

µ
0 P

t (·)
ad

m
its

a
d
en

sity
w

ith
resp

ect
to

th
e

L
eb

esg
u
e

m
ea

su
re

d
en

oted
b
y
ρ
t .

T
h
is

d
en

sity
is

solu
tion

b
y

(4)
of

th
e

F
ok

ker-P
lan

ck
eq

u
a
tio

n
(in

th
e

w
eak

sen
se):

∂
ρ
t

∂
t

=
d
iv

(∇
ρ
t
+
ρ
t ∇
U

(x
))
,

m
ean

in
g

th
a
t

fo
r

all
φ
∈
C
∞c

(R
d)

an
d
t
>

0,

∂∂
t ∫

R
d

φ
(y

)ρ
t (d
y
)

=

∫

R
d A

φ
(y

)
ρ
t (d
y
)
.

(5)

In
th

e
la

n
d
m

ark
p
ap

er
J
ord

an
et

al.
(1998),

th
e

au
th

ors
sh

ow
s

th
at

if
U

is
in

fi
n
itely

con
tin

u
-

o
u
sly

d
iff

eren
tiab

le,
(ρ
t )
t>

0
is

th
e

lim
it

of
th

e
m

in
im

ization
sch

em
e

w
h
ich

d
efi

n
es

a
seq

u
en

ce
o
f

p
rob

a
b
ility

m
easu

res
(ρ̃
k
,γ )

k∈
N

as
fo

llow
s.

F
or
γ
>

0
set

ρ
0
,γ

=
d
µ

0 /
d

L
eb

an
d

ρ̃
k
+

1
,γ

=
d
µ̃
k
+

1
,γ

d
L

eb
,

µ̃
k
+

1
,γ

=
argm

in
µ∈P

a2
(R
d
)

W
22
(µ̃
k
,γ ,µ

)/2
+
γ
F

(µ
)
,
k
∈
N
,

(6)

w
h
ere

F
:P

2 (R
d)→

(−
∞
,+
∞

]
is

th
e

free
en

ergy
fu

n
ction

al,

F
=

H
+

E
,

(7)

H
,E

:P
2 (R

d)
→

(−
∞
,+
∞

]
are

th
e

B
oltzm

an
n

H
-fu

n
ction

al
an

d
th

e
p

oten
tial

en
ergy

fu
n
ctio

n
a
l,

g
iven

for
all

µ
∈
P

2 (R
d)

b
y

H
(µ

)
=

{
∫R

d
d
µ

d
L

eb
(x

)
log (

d
µ

d
L

eb
(x

) )
d
x

if
µ
�

L
eb

+
∞

oth
erw

ise
,

(8)

E
(µ

)
=

∫

R
d

U
(x

)d
µ

(x
)
.

(9)

M
o
re

p
recisely,

settin
g
ρ̄

0
,γ

=
d
µ

0 /
d

L
eb

an
d
ρ̄
t,γ

=
ρ̃
k
,γ

for
t∈

[k
γ
,(k

+
1)γ

),
(J

ord
an

et
al.,

1
9
9
8
,

T
h
eorem

5.1)
sh

ow
s

th
at

for
all

t
>

0
,
ρ̄
t,γ

con
verges

to
ρ
t

w
eak

ly
in

L
1(R

d)
as
γ

go
es

to
0.

N
o
te

th
at

th
e

m
in

im
ization

sch
em

e
in

(6)
can

b
e

seen
as

a
p
rox

im
al

ty
p

e
algorith

m
(see

M
a
rtin

et
(1970)

an
d

R
o
ckafeller

(1976))
on

th
e

W
asserstein

sp
ace

(P
2 (R

d),W
2 )

u
sed

to
m

in
im

ize
th

e
fu

n
ction

al
F

.
O

n
R
d,

for
con

tin
u
ou

s
con

vex
fu

n
ction

f
th

e
p
rox

im
al

u
p

d
ate

w
ith

step
size

γ
corresp

on
d
s

to
on

e
step

of
b
ack

w
ard

E
u
ler

d
iscretization

of
th

e
g
ra

d
ien

t
fl
ow

o
rd

in
ary

d
iff

eren
tial

eq
u
ation

(O
D

E
)

d
x

(t)/
d
t

=
−
∇
f

(x
(t))

w
ith

p
aram

eter
γ

.
T

h
erefo

re
p
iecew

ise
con

stan
t

fu
n
ctio

n
s

(ρ̄
t,γ )

γ
>

0
can

b
e

in
terp

reted
as

b
ack

w
ard

E
u
ler

d
iscretizatio

n
s

of
an

in
form

al
O

D
E
∂
µ
t /∂

t
=
−
∇

F
(µ
t )

a
n
d

th
eir

lim
it

as
γ
→

0,
can

b
e

in
terp

reted
a
s

a
solu

tion
to

th
is

eq
u
ation

.
T

h
is

id
ea

h
as

b
een

form
alized

an
d

ex
ten

d
ed
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A
.
D
u
r
m
u
s,

S
.
M
a
je
w
sk

i,
B
.
M
ia
so

je
d
o
w

to
con

stru
ct

th
e

fram
ew

ork
of

grad
ien

t
fl
ow

s
in

th
e

W
asserstein

sp
ace

(P
2 (R

d),W
2 ),

see
A

m
b
rosio

et
al.

(2008).
W

e
p
rov

id
e

a
sh

ort
in

tro
d
u
ctio

n
to

th
is

top
ic

in
S
ection

A
an

d
p
resen

t
u
sefu

l
con

cep
ts

an
d

resu
lts

for
ou

r
p
ro

ofs.

T
h
e

follow
in

g
lem

m
a

sh
ow

s
th

at
π

is
th

e
u
n
iq

u
e

m
in

im
izer

of
F

.
A

s
a

resu
lt,

th
e

d
istrib

u
tion

of
th

e
L

an
gev

in
d
iff

u
sion

is
th

e
steep

est
d
escen

t
fl
ow

of
F

an
d

w
e

get
b
ack

in
tu

itively
th

at
th

is
p
ro

cess
con

verges
to

th
e

target
d
istrib

u
tion

π
.

L
e
m

m
a

1
A

ssu
m

e
A

1
(0).

T
h
e

fo
llo

w
in

g
h
o
ld

s:

a
)
π
∈
P

2 (R
d),

E
(π

)
<

+
∞

a
n

d
H

(π
)
<

+
∞

.

b)
F

o
r

a
ll
µ
∈
P

2 (R
d)

sa
tisfyin

g
E

(µ
)
<
∞

F
(µ

)−
F

(π
)

=
K

L
(µ|π

)
.

(10)

P
ro

o
f

T
h
e

p
ro

of
is

p
ostp

on
ed

to
S
ection

7.1.

B
ased

on
th

is
in

terp
retation

,
w

e
cou

ld
th

in
k

ab
ou

t
m

in
im

izin
g

F
on

th
e

W
asserstein

sp
ace

to
get

close
to
π

u
sin

g
th

e
m

in
im

ization
sch

em
e

(6).
H

ow
ever,

w
h
ile

th
is

sch
em

e
is

sh
ow

n
in

J
ord

an
et

al.
(1998)

to
b

e
w

ell-d
efi

n
ed

,
fi
n
d
in

g
ex

p
licit

recu
rsion

s
(ρ̃
k
,γ )

k∈
N

is
as

d
iffi

cu
lt

as
m

in
im

izin
g

F
an

d
can

n
ot

b
e

u
sed

in
p
ractice.

In
ad

d
ition

,
to

th
e

au
th

ors
k
n
ow

l-
ed

ge,
th

ere
is

n
o

effi
cien

t
an

d
p
ractical

sch
em

es
to

op
tim

ize
th

is
fu

n
ction

al.
O

n
th

e
oth

er
h
an

d
,

d
iscretization

sch
em

es
h
ave

b
een

u
sed

to
ap

p
rox

im
ate

th
e

L
an

gev
in

d
iff

u
sion

(Y
t )
t≥

0

(1)
an

d
its

lon
g-tim

e
b

eh
av

ior.
O

n
e

of
th

e
m

ost
p

op
u
lar

m
eth

o
d

is
th

e
E

u
ler-M

aru
yam

a
d
iscretization

(X
k )
k∈

N
given

in
(2).

W
h
ile

m
ost

w
ork

stu
d
y

th
e

th
eoretical

p
rop

erties
of

th
is

d
iscretization

to
en

su
re

to
get

sam
p
les

close
to

th
e

ta
rget

d
istrib

u
tion

π
,

b
y

com
p
arin

g
th

e
d
istrib

u
tion

s
of

(X
k )
k∈

N
an

d
(Y

t )
t≥

0
th

rou
gh

cou
p
lin

gs
or

w
eak

error
ex

p
an

sion
s,

w
e

in
terp

ret
th

is
sch

em
e

as
th

e
fi
rst

ord
er

op
tim

ization
algorith

m
for

th
e

ob
jective

fu
n
ction

al
F

.A
sim

ilar
ap

p
roach

h
as

b
een

recen
tly

ap
p
lied

in
W

ib
ison

o
(2018)

an
d

in
B

ern
ton

(2018).
W

e
p

ostp
on

e
th

e
com

p
arison

of
ou

r
con

trib
u
tion

s
an

d
th

e
resu

lts
of

th
is

tw
o

p
ap

ers
in

S
ection

4.2
w

h
ere

it
is

th
e

m
ost

relevan
t.

3
.

M
a
in

R
e
su

lts
fo

r
th

e
U

n
a
d
ju

ste
d

L
a
n
g
e
v
in

A
lg

o
rith

m

L
et

f
:
R
d
→

R
b

e
a

con
vex

con
tin

u
ou

sly
d
iff

eren
tiab

le
ob

jective
fu

n
ction

w
ith

x
f
∈

arg
m

in
R
d
f
6=
∅.

T
h
e

in
exa

ct
or

stoch
a
stic

grad
ien

t
d
escen

t
algorith

m
u
sed

to
estim

ate
f

(x
f )

d
efi

n
es

th
e

seq
u
en

ce
(x
k )
k∈

N
startin

g
from

x
0
∈

R
d

b
y

th
e

follow
in

g
recu

rsion
for

k
∈
N

:

x
k
+

1
=
x
k −

γ
k
+

1 ∇
f

(x
k )

+
γ
k
+

1 Ξ
(x
k )
,

w
h
ere

(γ
k )
k∈

N
∗

is
a

n
on

-in
creasin

g
seq

u
en

ce
of

step
sizes

an
d

Ξ
:R

d→
R
d

is
a

d
eterm

in
istic

or/an
d

sto
ch

astic
p

ertu
rb

ation
of∇

f
.

T
o

get
ex

p
licit

b
ou

n
d

o
n

th
e

con
vergen

ce
(in

ex
-

p
ectation

)
of

th
e

seq
u
en

ce
(f

(x
k ))

k∈
N

to
f

(x
f ),

on
e

p
ossib

ility
(see

e.g.
B

eck
an

d
T

eb
ou

lle
(2009))

is
to

sh
ow

th
at

th
e

follow
in

g
in

eq
u
ality

h
old

s:
for

all
k
∈
N

,

2
γ
k
+

1 (f
(x
k
+

1 )−
f

(x
f ))≤

‖x
k −

x
f ‖

2−
‖
x
k
+

1 −
x
f ‖

22
+
C
γ

2k
+

1
,

(11)
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A
n
a
ly

si
s
o
f
L
a
n
g
e
v
in

M
C

v
ia

C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

fo
r

so
m

e
co

n
st

an
t
C
≥

0.
In

a
si

m
il
ar

m
an

n
er

as
fo

r
in

ex
ac

t
gr

ad
ie

n
t

al
go

ri
th

m
s,

in
th

is
se

ct
io

n
w

e
w

il
l

es
ta

b
li
sh

th
at

U
L

A
sa

ti
sfi

es
a
n

in
eq

u
al

it
y

of
th

e
fo

rm
(1

1)
w

it
h

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

F
d
efi

n
ed

b
y

(7
)

on
P 2

(R
d
),

b
u
t

in
st

ea
d

of
th

e
E

u
cl

id
ea

n
n
or

m
,

th
e

W
as

se
rs

te
in

d
is

ta
n
ce

of
or

d
er

2
w

il
l

b
e

u
se

d
.

C
on

si
d
er

th
e

fa
m

il
y

of
M

ar
k
ov

ke
rn

el
s

(R
γ
k
) k
∈N

∗
as

so
ci

at
ed

w
it

h
th

e
E

u
le

r-
M

ar
u
ya

m
a

d
is

cr
et

iz
at

io
n

(X
k
) k
∈N

,
(2

),
fo

r
a

se
q
u
en

ce
of

st
ep

si
ze

s
(γ
k
) k
∈N

∗
,

gi
v
en

fo
r

a
ll
γ
>

0,
x
∈
R
d

an
d

A
∈
B(

R
d
)

b
y

R
γ
(x
,A

)
=

(4
πγ

)−
d
/
2

∫ A
ex

p
( −
‖y
−
x
−
γ
∇
U

(x
)‖

2
/
(4
γ

)) d
y
.

(1
2)

P
ro

p
o
si

ti
o
n

2
A

ss
u

m
e
A

1
(m

)
fo

r
m
≥

0
a
n

d
A

2
.

F
o
r

a
ll
γ
∈

(0
,L
−

1
]

a
n

d
µ
∈
P 2

(R
d
),

w
e

h
a
ve

2
γ
{F

(µ
R
γ
)
−

F
(π

)}
≤

(1
−
m
γ

)W
2 2
(µ
,π

)
−
W

2 2
(µ
R
γ
,π

)
+

2
γ

2
L
d
,

(1
3)

w
h
er

e
F

is
d
efi

n
ed

in
(7

).

T
h
e

m
ai

n
d
iffi

cu
lt

y
in

es
ta

b
li
sh

in
g

P
ro

p
os

it
io

n
2

is
to

d
ea

l
w

it
h

th
e

en
tr

op
y

fu
n
ct

io
n

H
d
efi

n
ed

b
y

(8
)

in
F

.
T

o
ob

ta
in

th
e

d
es

ir
ed

re
su

lt
,

w
e

d
ec

om
p

os
e
R
γ

fo
r

al
l
γ
>

0
in

th
e

p
ro

d
u
ct

of
tw

o
el

em
en

ta
ry

ke
rn

el
s
S
γ

an
d
T
γ

gi
ve

n
fo

r
al

l
x
∈
R
d

an
d

A
∈
B(

R
d
)

b
y

S
γ
(x
,A

)
=

δ x
−
γ
∇
U

(x
)(

A
)
,
T
γ
(x
,A

)
=

(4
πγ

)−
d
/
2

∫ A
ex

p
( −
‖y
−
x
‖2
/
(4
γ

)) d
y
.

(1
4)

W
e

ta
ke

th
e

co
n
ve

n
ti

on
th

at
S

0
=
T

0
=

Id
is

th
e

id
en

ti
ty

ke
rn

el
gi

ve
n

fo
r

al
l
x
∈

R
d

b
y

Id
(x
,{
x
})

=
1.

S
γ

is
th

e
d
et

er
m

in
is

ti
c

p
ar

t
of

th
e

E
u
le

r-
M

ar
u
ya

m
a

d
is

cr
et

iz
at

io
n
,

w
h
ic

h
co

rr
es

p
on

d
s

to
gr

ad
ie

n
t

d
es

ce
n
t

st
ep

re
la

ti
ve

to
U

fo
r

th
e

E
fu

n
ct

io
n
al

,
w

h
er

ea
s
T
γ

is
th

e
ra

n
d
om

p
ar

t,
th

at
co

rr
es

p
on

d
s

to
go

in
g

al
on

g
th

e
gr

ad
ie

n
t

fl
ow

of
H

.
N

ot
e

th
en
R
γ

=
S
γ
T
γ

an
d

co
n
si

d
er

th
e

fo
ll
ow

in
g

d
ec

om
p

os
it

io
n

F
(µ
R
γ
)
−

F
(π

)
=

E
(µ
R
γ
)
−

E
(µ
S
γ
)

+
E

(µ
S
γ
)
−

E
(π

)
+

H
(µ
R
γ
)
−

H
(π

)
.

(1
5)

T
h
e

p
ro

of
of

P
ro

p
os

it
io

n
2

th
en

co
n
si

st
s

in
b

ou
n
d
in

g
ea

ch
d
iff

er
en

ce
in

th
e

d
ec

om
p

os
it

io
n

ab
ov

e.
T

h
is

is
th

e
m

at
te

r
of

th
e

fo
ll
ow

in
g

L
em

m
as

.
W

h
il
e

th
e

p
ro

of
s

of
th

e
b

ou
n
d
s

fo
r

th
e

fi
rs

t
tw

o
te

rm
s

ar
e

q
u
it

e
el

em
en

ta
ry

,
th

e
on

e
fo

r
th

e
fi
n
al

te
rm

u
se

s
re

su
lt

s
fr

om
gr

ad
ie

n
t

fl
ow

th
eo

ry
w

h
ic

h
ar

e
su

m
m

ar
iz

ed
in

S
ec

ti
on

A
.

It
is

w
or

th
w

h
il
e

to
ob

se
rv

e
th

a
t

w
e

d
o

n
ot

ap
p
ly

th
is

th
eo

ry
to

th
e

L
an

ge
v
in

se
m

i-
gr

ou
p

b
u
t

on
ly

to
th

e
h
ea

t
se

m
i-

gr
ou

p
.

L
e
m

m
a

3
A

ss
u

m
e
A

2
.

F
o
r

a
ll
µ
∈
P 2

(R
d
)

a
n

d
γ
>

0,

E
(µ
T
γ
)
−

E
(µ

)
≤
L
d
γ
.

P
ro

o
f

F
ir

st
n
ot

e
th

at
b
y

(N
es

te
ro

v
,

20
04

,
L

em
m

a
1.

2.
3)

,
fo

r
a
ll
x
,x̃
∈
R
d
,

w
e

h
av

e

|U
(x̃

)
−
U

(x
)
−
〈∇
U

(x
),
x̃
−
x
〉|
≤

(L
/2

)
‖x̃
−
x
‖2

.
(1

6)
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1-
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, 2
01

9

A
.
D
u
r
m
u
s,

S
.
M
a
je
w
sk

i,
B
.
M
ia
so

je
d
o
w

T
h
er

ef
or

e,
fo

r
al

l
µ
∈
P 2

(R
d
)

an
d
γ
>

0,
w

e
ge

t

E
(µ
T
γ
)
−

E
(µ

)
=

(4
πγ

)−
d
/
2

∫ R
d

∫ R
d

{U
(x

+
y
)
−
U

(x
)}

e−
‖y
‖2
/
(4
γ

) d
y
d
µ

(x
)

≤
(4

πγ
)−
d
/
2

∫ R
d

∫ R
d

{ 〈
∇
U

(x
),
y
〉+

(L
/2

)
‖y
‖2
}

e−
‖y
‖2
/
(4
γ

) d
y
d
µ

(x
)
,

w
h
ic

h
co

n
cl

u
d
es

th
e

p
ro

of
.

L
e
m

m
a

4
A

ss
u

m
e
A

1
(m

)
fo

r
m
≥

0
a
n

d
A

2
.

F
o
r

a
ll
γ
∈

(0
,L
−

1
]

a
n

d
µ
,ν
∈
P 2

(R
d
),

2
γ
{E

(µ
S
γ
)
−

E
(ν

)}
≤

(1
−
m
γ

)W
2 2
(µ
,ν

)
−
W

2 2
(µ
S
γ
,ν

)
−
γ

2
(1
−
γ
L

)

∫ R
d

‖∇
U

(x
)‖

2
d
µ

(x
)
,

w
h
er

e
E

a
n

d
T
γ

a
re

d
efi

n
ed

in
(9

)
a
n

d
(1

4)
re

sp
ec

ti
ve

ly
.

P
ro

o
f

U
si

n
g

(1
6
)

an
d

A
1(
m

),
fo

r
al

l
x
,y
∈
R
d
,

w
e

ge
t

U
(x
−
γ
∇
U

(x
))
−
U

(y
)

=
U

(x
−
γ
∇
U

(x
))
−
U

(x
)

+
U

(x
)
−
U

(y
)

≤
−
γ

(1
−
γ
L
/2

)
‖∇

U
(x

)‖
2

+
〈∇
U

(x
),
x
−
y
〉−

(m
/
2
)
‖y
−
x
‖2

.

M
u
lt

ip
ly

in
g

b
ot

h
si

d
es

b
y

2γ
w

e
ob

ta
in

:

2
γ
{U

(x
−
γ
∇
U

(x
))
−
U

(y
)}
≤

(1
−
m
γ

)
‖x
−
y
‖2
−
‖x
−
γ
∇
U

(x
)
−
y
‖2

−
γ

2
(1
−
γ
L

)
‖∇

U
(x

)‖
2
.

(1
7
)

L
et

n
ow

(X
,Y

)
b

e
an

op
ti

m
al

co
u
p
li
n
g

b
et

w
ee

n
µ

an
d
ν

.
T

h
en

b
y

d
efi

n
it

io
n

a
n
d

(1
7
),

w
e

ge
t 2
γ
{E

(µ
S
γ
)
−

E
(ν

)}
≤

(1
−
m
γ

)W
2 2
(µ
,ν

)
−

E
[ ‖
X
−
γ
∇
U

(X
)
−
Y
‖2
]

−
γ

2
(1
−
γ
L

)E
[ ‖
∇
U

(X
)‖

2
]
.

U
si

n
g

th
at
W

2 2
(µ
S
γ
,ν

)
≤

E[
‖X
−
γ
∇
U

(X
)
−
Y
‖2

]
co

n
cl

u
d
es

th
e

p
ro

of
.

L
e
m

m
a

5
L

et
µ
,ν
∈
P 2

(R
d
),

H
(ν

)
<
∞

.
T

h
en

fo
r

a
ll
γ
>

0
,

2γ
{H

(µ
T
γ
)
−

H
(ν

)}
≤
W

2 2
(µ
,ν

)
−
W

2 2
(µ
T
γ
,ν

)
,

w
h
er

e
T
γ

is
gi

ve
n

in
(1

4)
.

P
ro

o
f

D
en

ot
e

fo
r

al
l
t
≥

0
b
y
µ
t

=
µ
T
t.

S
in

ce
(T
t)
t≥

0
is

th
e

M
ar

k
ov

se
m

i-
gr

o
u
p

a
ss

o
ci

a
te

d
w

it
h

th
e

B
ro

w
n
ia

n
m

ot
io

n
,

th
en

(µ
t)
t≥

0
is

th
e

so
lu

ti
on

(i
n
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),
L
−

1
}
,

n
ε
≥
dln

(2
W

2 2
(µ

0
,π

)/
ε)
γ
−

1
ε
m
−

1
e.

T
h
en

w
e

h
a
ve
W

2 2

( µ
0
R
n
ε
γ
ε
,π
) ≤

ε,
w

h
er

e
R
γ
ε

is
d
efi

n
ed

by
(1

2)
.

P
ro

o
f

B
y

T
h
eo

re
m

9,
w

e
h
av

e

W
2 2

( µ
0
Q
n
ε
γ
,π
) ≤

(1
−
m
γ
ε
)n
ε
W

2 2
(µ

0
,π

)
+

2
L
d

n
ε
∑ k

=
1

γ
2 ε
(1
−
m
γ
ε
)n
ε
−
k
.

O
n

on
e

h
an

d
,

b
y

d
efi

n
it

io
n

of
γ
ε
,

w
e

ge
t

2L
d
∑

n
ε
k
=

1
γ

2 ε
(1
−
m
γ
ε
)n
ε
−
k
≤

2
L
d
γ
ε
/
m
≤
ε/

2
.

O
n

th
e

ot
h
er

h
an

d
,

u
si

n
g

th
at

fo
r

al
l
t
∈
R

+
,

1
−
t
≤

ex
p
(−
t)

an
d

th
e

d
efi

n
it

io
n

o
f
n
ε
,

w
e

o
b
ta

in
(1
−
m
γ
ε
)n
ε
W

2 2
(µ

0
,π

)
≤

ex
p
(−
m
γ
ε
n
ε
)W

2 2
(µ

0
,π

)
≤
ε/

2.
T

h
en

th
e

th
es

is
o
f

th
e

co
ro

ll
a
ry

fo
ll
ow

s
d
ir

ec
tl

y
fr

o
m

th
e

ab
ov

e
in

eq
u
al

it
ie

s.

N
ot

e
th

at
th

e
b

ou
n
d

in
th

e
ri

gh
t

h
an

d
si

d
e

o
f

T
h
eo

re
m

9
is

ti
gh

te
r

th
a
n

th
e

p
re

v
io

u
s

b
ou

n
d

gi
ve

n
in

D
al

al
ya

n
an

d
K

ar
ag

u
ly

an
(2

01
7,

T
h
eo

re
m

1)
(f

or
co

n
st

an
t

st
ep

si
ze

)
a
n
d

in
D

u
rm

u
s

an
d

M
ou

li
n
es

(2
01

6,
T

h
eo

re
m

5
)

(f
or

b
ot

h
co

n
st

an
t

an
d

n
on

-i
n
cr

ea
si

n
g

st
ep

si
ze

s)
.

In
d
ee

d
D

al
al

ya
n

an
d

K
ar

ag
u
ly

an
(2

01
7,

T
h
eo

re
m

1)
sh

ow
s

th
at

,
in

th
e

co
n
st

a
n
t

st
ep

si
ze

se
tt

in
g
γ
k

=
γ

,
fo

r
al

l
k
∈
N

,

W
2
(µ

0
Q
k γ
,π

)
≤

(1
−
m
γ

)k
W

2
(µ

0
,π

)
+

1
.6

5(
L
/m

)(
γ
d
)1
/
2
.

O
n

th
e

ot
h
er

h
an

d
,

th
e

in
eq

u
al

it
y

(t
+
s)

1
/
2
≤
t1
/
2

+
s1
/
2

fo
r
t,
s
≥

0
an

d
T

h
eo

re
m

9
im

p
ly

th
at

fo
r

al
l
k
∈
N

, W
2
(µ

0
Q
k γ
,π

)
≤

(1
−
m
γ

)k
/
2
W

2
(µ

0
,π

)
+
{2
γ
d
L
/m
}1
/
2
.

(2
2
)

T
h
u
s,

th
e

d
ep

en
d
en

cy
on

th
e

co
n
d
it

io
n

n
u
m

b
er
L
/m

is
im

p
ro

v
ed

.
T

h
is

b
ou

n
d

is
in

a
g
re

e-
m

en
t

fo
r

th
e

ca
se

w
h
er

e
π

is
th

e
ze

ro
-m

ea
n
d
-d

im
en

si
on

al
G

au
ss

ia
n

d
is

tr
ib

u
ti

o
n

w
it

h
co

-
va

ri
an

ce
m

at
ri

x
Σ

.
In

th
at

ca
se

,
al

l
th

e
it

er
at

es
(X

k
) k
∈N

∗
d
efi

n
ed

b
y

(2
)

fo
r
γ
>

0
,

st
a
rt

in
g

fr
om

x
∈
R
d
,

fo
ll
ow

s
th

e
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
w

it
h

m
ea

n
(I

d
−
γ

Σ
)k
x

an
d

co
va

ri
a
n
ce

m
a
-

tr
ix

2γ
∑

k
−

1
i=

0
(1
−
γ

Σ
)2
i .

S
in

ce
th

e
W

as
se

rs
te

in
d
is

ta
n
ce

b
et

w
ee

n
d
-d

im
en

si
o
n
a
l

G
a
u
ss

ia
n

d
is

tr
ib

u
ti

on
s

ca
n

b
e

ex
p
li
ci

tl
y

co
m

p
u
te

d
,

se
e

G
iv

en
s

an
d

S
h
or

tt
(1

98
4)

,
d
en

o
ti

n
g

b
y
L

a
n
d

m
th

e
la

rg
es

t
an

d
sm

al
le

st
ei

ge
n
va

lu
es

o
f

Σ
re

sp
ec

ti
v
el

y,
w

e
h
av

e
b
y

an
ex

p
li
ci

t
ca

lc
u
la

ti
o
n

fo
r
γ
∈
( 0
,L
−

1
] ,

W
2
(µ

0
Q
k γ
,π

)
≤

(1
−
m
γ

)k
W

2
(µ

0
,π

)
+

(d
/m

)1
/
2
{ (1
−
γ
L
/2

)−
1
/
2
−

1
}
.

S
in

ce
fo

r
t
∈

[0
,1
/
2]

,
(1
−
t)
−

1
/
2
−

1
−
t
≤

0,
w

e
ge

t

W
2
(µ

0
Q
k γ
,π

)
≤

(1
−
m
γ

)k
W

2
(µ

0
,π

)
+

2
−

1
γ

(d
/m

)1
/
2
{ (1
−
γ
L

)−
1
/
2
−

1
}
.

U
si

n
g

th
at

γ
≤
L
−

1
,

w
e

ge
t

th
at

th
e

se
co

n
d

te
rm

in
th

e
ri

gh
t

h
an

d
si

d
e

is
b

o
u
n
d
ed

b
y

(d
L
γ
/m

)1
/
2
,

w
h
ic

h
is

p
re

ci
se

ly
th

e
or

d
er

w
e

ge
t

fr
o
m

(2
2)

.

14
JM

L
R

 2
0(

73
):

1-
46

, 2
01

9



A
n
a
ly

sis
o
f
L
a
n
g
e
v
in

M
C

v
ia

C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

F
in

a
lly,

if
(γ
k )
k∈

N
∗

is
given

for
all

k
∈

N
∗,

b
y
γ
k

=
γ

1 /k
α
,

for
α
∈

(0,1),
th

en
u
sin

g
(D

u
rm

u
s

a
n
d

M
ou

lin
es,

2016,
L

em
m

a
7)

a
n
d

th
e

sam
e

calcu
lation

of
(D

u
rm

u
s

an
d

M
ou

lin
es,

2
0
1
5
,

S
ectio

n
6
.1),

w
e

get
th

at
th

ere
ex

ists
C
≥

0
su

ch
th

at
for

all
n
∈
N
∗,
W

2 (µ
0 Q

nγ
,π

)≤
C
n
−
α
/
2.

B
a
sed

o
n

T
h
eorem

9,
w

e
can

im
p
rove

C
orollary

7
in

th
e

case
w

h
ere

U
is

stron
g
ly

con
v
ex

u
sin

g
a
n

a
p
p
ro

p
riate

b
u
rn

-in
tim

e.

C
o
ro

lla
ry

1
1

A
ssu

m
e
A

1
(m

)
fo

r
m
>

0
a
n

d
A

2
.

L
et
ε
>

0
,
µ

0 ∈
P

2 (R
d)

a
n

d

γ
ε ≤

m
in {

m
ε/

(4L
d
),L
−

1 }
,

γ̃
ε ≤

m
in {

ε/2
L
d
,L
−

1 }
,

N
ε ≥
dln

(2W
22
(µ

0 ,π
)/ε)(γ

ε m
) −

1e
,

n
ε ≥
dγ̃
ε −

1e
.

L
et

(γ
k )
k∈

N
d
efi

n
ed

by
γ
k

=
γ
ε

fo
r
k
∈
{
1
,...,N

ε }
a
n

d
γ
k

=
γ̃
ε

fo
r
k
>
N
ε .

T
h
en

w
e

h
a
ve

K
L
(ν

N
ε

n
ε ∣∣π )≤

ε
w

h
ere

ν
N
ε

n
ε

=
n
−

1
ε

∑
n
ε
k
=

1
µ

0 R
N
ε

γ
ε
R
kγ̃
ε .

P
ro

o
f

U
sin

g
C

orollary
10,

w
e

h
ave

W
22 (µ

0 Q
N
ε

γ
,π )≤

ε.
N

ow
ap

p
ly

in
g

T
h
eorem

6
w

e
get:

K
L
(ν

N
ε

n
ε ∣∣π )≤

W
22

(µ
N
ε ,π

) /
(2γ̃

ε n
ε )

+
(L
d
/n

ε γ̃
ε )

N
ε
+
n
ε

∑

k
=
N
ε
+

1 (γ̃
ε )

2≤
ε/

(2γ̃
ε n
ε )

+
L
d
γ̃
ε ≤

ε

B
y

(D
u
rm

u
s

an
d

M
ou

lin
es,

2016,
P

rop
osition

1),
w

e
h
ave

∫R
d ‖
x
−
x
?‖

2
d
π

(x
)≤

d
/m

,
w

h
ere

x
?

=
a
rg

m
in

R
d
U

.
T

h
erefore

w
e

h
ave

th
at

in
th

e
con

stan
t

step
size

settin
g,
γ
k

=
γ
∈

(0,L
−

1]
fo

r
all

k
∈
N
∗,

C
orollary

10
im

p
lies

th
a
t

th
e

su
ffi

cien
t

n
u
m

b
er

of
iteration

s
to

h
ave

W
2 (δ

x
?Q

nγ
,π

)≤
ε

is
of

ord
er
dŌ

(ε −
2).

T
h
en

C
orollary

11
im

p
lies

th
at

th
e

su
ffi

cien
t

n
u
m

b
er

o
f

itera
tio

n
s

to
get

K
L
(ν

Nn ∣∣π )
≤
ε,

for
ε
>

0,
is

of
ord

er
dŌ

(ε −
1).

B
y

P
in

sker
in

eq
u
ality,

w
e

o
b
ta

in
th

a
t

a
su

ffi
cien

t
n
u
m

b
er

of
iteration

s
to

get‖ν
Nn
−
π‖

T
V
≤
ε,

for
ε
>

0,
is

of
ord

er
dŌ

(ε −
2).

F
o
r

a
su

ffi
cien

tly
sm

all
con

stan
t

step
size

γ
,

U
L

A
p
ro

d
u
ces

a
M

ark
ov

C
h
ain

w
ith

a
sta

tio
n
a
ry

m
easu

re
π
γ .

In
gen

eral
th

is
m

easu
re

is
d
iff

eren
t

from
th

e
m

easu
re

of
in

terest
π

.
B

a
sed

o
n

o
u
r

p
rev

iou
s

resu
lts,

w
e

estab
lish

com
p
u
tab

le
b

ou
n
d
s

on
th

e
d
istan

ce
b

etw
een

π
a
n
d
π
γ .

T
h

e
o
re

m
1
2

A
ssu

m
e
A

1
(m

)
fo

r
m
≥

0
a
n

d
A

2
.

L
et
γ
∈
(0,L

−
1 ].

T
h
en

th
ere

exists
a

m
ea

su
re
π
γ ,

su
ch

th
a
t
π
γ R

γ
=
π
γ

w
h
ere

R
γ

is
d
efi

n
ed

by
(12).

In
a
d
d
itio

n
,

w
e

h
a
ve

K
L

(π
γ |π

)≤
L
d
γ
,

‖
π
γ −

π‖
T

V
≤
√

2
L
d
γ

F
u

rth
erm

o
re,

if
m
>

0
w

e
a
lso

h
a
ve
W

22
(π
γ ,π

)≤
2
L
d
γ
/m

.

P
ro

o
f

U
n
d
er

A
1

an
d

A
2,

(D
u
rm

u
s

an
d

M
ou

lin
es,

2017,
P

rop
osition

1
3)

sh
ow

s
th

at
R
γ

sa
tisfi

es
a

g
eo

m
etric

F
oster-L

y
ap

u
n
ov

d
rift

con
d
ition

for
γ
≤
L
−

1.
In

ad
d
ition

,
it

is
easy

to
see

th
a
t
R
γ

is
L

eb
-irred

u
cib

le
an

d
w

eak
F

eller
an

d
th

erefore
b
y

(M
ey

n
an

d
T

w
eed

ie,
200

9,
T

h
eo

rem
6
.0

.1
togeth

er
w

ith
T

h
eorem

5.5.7
),

all
com

p
act

sets
are

sm
all.

T
h
en

,
b
y

(M
ey

n
a
n
d

T
w

eed
ie,

2
009,

T
h
eorem

16.0.1),
R
γ

h
as

a
u
n
iq

u
e

in
va

rian
t

d
istrib

u
tion

π
γ .
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A
.
D
u
r
m
u
s,

S
.
M
a
je
w
sk

i,
B
.
M
ia
so

je
d
o
w

S
econ

d
,

tak
in

g
µ

=
π
γ

in
P

rop
osition

2
w

e
ob

tain
:

2γ
K

L
(π
γ R

γ |π
)≤

(1−
m
γ

)W
22
(π
γ ,π

)−
W

22
(π
γ R

γ ,π
)

+
2
γ

2L
d
,

(23)

an
d

b
ecau

se
π
γ R

γ
=
π
γ ,

th
e

ab
ov

e
im

p
lies

2
K

L
(π
γ |π

)
+
m
W

22
(π
γ ,π

)≤
2
L
d
γ

.
S
in

ce
b

oth
th

e
K

L
d
ivergen

ce
an

d
W

asserstein
d
istan

ce
are

p
ositiv

e,
th

e
d
esired

b
ou

n
d
s

in
K

L
an

d
W

22

follow
.

T
h
e

b
ou

n
d

in
total

variation
follow

s
from

th
e

b
ou

n
d

in
K

L
-d

ivergen
ce

an
d

P
in

sker
in

eq
u
ality.

4
.

E
x
te

n
sio

n
s

o
f

U
L

A

In
th

is
section

,
tw

o
ex

ten
sion

s
of

U
L

A
are

p
resen

ted
an

d
an

aly
zed

.
T

h
ese

tw
o

algorith
m

s
can

b
e

ap
p
lied

to
n
on

-con
tin

u
ou

sly
d
iff

eren
tiab

le
con

vex
p

oten
tial

U
:R

d→
R

an
d

th
ere-

fore
A

2
is

n
ot

assu
m

ed
an

y
m

ore.
In

ad
d
ition

,
for

th
e

tw
o

n
ew

algorith
m

s
w

e
p
resen

t,
on

ly
i.i.d

.
u
n
b
iased

estim
ates

of
(su

b
)grad

ien
ts

of
U

are
n
ecessary

as
in

S
to

ch
astic

G
rad

ien
t

L
an

gev
in

D
y
n
am

ics
(S

G
L

D
)

(W
ellin

g
an

d
T

eh
,

2011).
T

h
e

m
ain

d
iff

eren
ce

in
th

ese
tw

o
ap

p
roach

es
is

th
at

on
e

relies
on

th
e

su
b
grad

ien
t

of
U

w
h
ile

th
e

oth
er

is
b
ased

on
p
rox

i-
m

al
op

erators
w

h
ich

are
to

ols
com

m
on

ly
u
sed

in
n
on

-sm
o
oth

op
tim

ization
.

H
ow

ever,
th

e
th

eoretical
resu

lts
th

at
w

e
can

sh
ow

for
th

ese
tw

o
algo

rith
m

s,
h
old

for
d
iff

eren
t

sets
of

con
d
ition

s.

4
.1

.
S

to
ch

a
stic

S
u

b
G

ra
d

ie
n
t

L
a
n

g
e
v
in

D
y
n

a
m

ic
s

N
ote

th
at

if
U

is
con

vex
an

d
l.s.c

th
en

for
an

y
p

oin
t
x
∈
R
d,

its
su

b
d
iff

eren
tial

∂
U

(x
)

d
efi

n
ed

b
y

∂
U

(x
)

=
{
v
∈
R
d

:
U

(y
)≥

U
(x

)
+
〈v
,y−

x〉
for

all
y
∈
R
d }

,
(24)

is
n
on

em
p
ty,

see
(R

o
ckafellar

an
d

W
ets,

1998,
P

rop
ositio

n
8.12,

T
h
eorem

8.13).
F

or
all

x
∈

R
d,

an
y

elem
en

ts
of
∂
U

(x
)

is
referred

to
as

a
su

b
grad

ien
t

of
U

at
x

.
C

on
sid

er
th

e
follow

in
g

con
d
ition
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U

w
h
ich

assu
m

es
th

at
w

e
h
ave

access
to

u
n
b
iased

estim
ates
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su

b
grad

ien
ts

of
U

at
an

y
p

oin
t
x
∈
R
d.

A
3

(i)
T

h
e

p
oten

tial
U

is
M

-L
ip

sch
itz,

i.e.
for

all
x
,y
∈
R
d,|U

(x
)−

U
(y

)|≤
M
‖x
−
y‖.

(ii)
T

h
ere

exists
a

m
easu

rab
le

sp
ace

(Z
,Z

),
a

prob
ab

ility
m

easu
re
η

on
(Z
,Z

)
an

d
a

m
easu

r-
ab

le
fu

n
ction

Θ
:R

d×
Z
→

R
d

for
all
x
∈
R
d,

∫

Z
Θ

(x
,z

)d
η
(z

)∈
∂
U

(x
)
.

N
ote

th
at

u
n
d
er

A
3-(i),

for
all

x
∈
R
d

an
d
v
∈
∂
U

(x
),

‖
v‖
≤
M

.
(25)

A
ssu

m
p
tion

A
3

is
satisfi

ed
for

ex
am

p
le

in
th

e
case

w
h
ere

U
=
U

1
+
U

2 ,
U

1
is
L

-grad
ien

t
L

ip
sch

itz
an

d
L

ip
sch

itz
an

d
U

2
is

n
on

-sm
o
oth

b
u
t

L
ip

sch
itz,

if
th

ere
ex

ists
a

m
easu

ra
b
le

Θ̃
:R

d×
Z
→

R
d

su
ch

th
at ∫

Z
Θ̃

(x
,z

)d
η
(z

)
=
∇
U

1 (x
)

for
an

y
x
∈
R
d.

T
h
en

b
y

(B
au

sch
ke
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A
n
a
ly

si
s
o
f
L
a
n
g
e
v
in

M
C

v
ia

C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

an
d

C
om

b
et

te
s,

20
11

,
C

or
ol

la
ry

16
.3

8)
,
u
n
b
ia

se
d

an
d

i.
i.
d
.
es

ti
m

at
es

of
∇
f

ca
n

b
e

co
m

p
u
te

d
se

tt
in

g
Θ

=
∂
g

+
Θ̃

.
L

et
(Z

k
) k
∈N

∗
b

e
a

se
q
u
en

ce
of

i.
i.
d
.
ra

n
d
om

va
ri

ab
le

s
d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
η
,
(γ
k
) k
∈N

∗

b
e

a
se

q
u
en

ce
of

n
on

-i
n
cr

ea
si

n
g

st
ep

si
ze

s
an

d
X̄

0
d
is

tr
ib

u
te

d
ac

co
rd

in
g

to
µ

0
∈
P 2

(R
d
).

S
to

ch
as

ti
c

S
u
b
G

ra
d
ie

n
t

L
an

ge
v
in

D
y
n
am

ic
s

(S
S
G

L
D

)
d
efi

n
es

th
e

se
q
u
en

ce
o
f

ra
n
d
om

va
ri

-
ab

le
s

(X̄
k
) k
∈N

st
ar

ti
n
g

at
X̄

0
fo

r
n
≥

0
b
y

X̄
n

+
1

=
X̄
n
−
γ
n

+
1
Θ

(X̄
n
,Z

n
+

1
)

+
√

2γ
n

+
2
G
n

+
1
,

(2
6)

w
h
er

e
(G

k
) k
∈N

∗
is

a
se

q
u
en

ce
of

i.
i.
d
.
d
-d

im
en

si
on

al
st

an
d
ar

d
G

au
ss

ia
n

ra
n
d
o
m

va
ri

ab
le

s,
in

d
ep

en
d
en

t
of

(Z
k
) k
∈N

∗
,
se

e
A

lg
or

it
h
m

1.
C

on
se

q
u
en

tl
y

th
is

m
et

h
o
d

d
efi

n
es

a
n
ew

se
q
u
en

ce
of

M
ar

ko
v

ke
rn

el
s

(R̄
γ
k
,γ
k
+
1
) k
∈N

∗
gi

ve
n

fo
r

al
l
γ
,γ̃
>

0,
x
∈
R
d

a
n
d

A
∈
B(

R
d
)

b
y

R̄
γ
,γ̃

(x
,A

)
=

(4
πγ̃

)−
d
/
2

∫ A
×
Z

ex
p
( −
‖y
−
x

+
γ

Θ
(x
,z

)‖
2
/(

4γ̃
)) d

η
(z

)d
y
.

(2
7)

A
lg

o
ri

th
m

1
:

S
S
G

L
D

D
a
ta

:
in

it
ia

l
d
is

tr
ib

u
ti

on
µ

0
∈
P 2

(R
d
),

n
on

-i
n
cr

ea
si

n
g

se
q
u
en

ce
(γ
k
) k
≥

1
,
U
,Θ
,η

sa
ti

sf
y
in

g
A

3
R

e
su

lt
:

(X̄
k
) k
∈N

b
e
g
in D
ra

w
X̄

0
∼
µ

0
;

fo
r
k
≥

0
d

o
D

ra
w
G
k
+

1
∼
N

(0
,I

d
)

an
d
Z
k
+

1
∼
η

;
S
et
X̄
k
+

1
=
X̄
k
−
γ
k
+

1
Θ

(X̄
k
,Z

k
+

1
)

+
√

2
γ
k
+

2
G
k
+

1

L
et

(γ
k
) k
∈N

∗
an

d
(λ
k
) k
∈N

∗
b

e
tw

o
n
on

-i
n
cr

ea
si

n
g

se
q
u
en

ce
s

of
re

al
s

n
u
m

b
er

s
a
n
d
µ

0
∈

P 2
(R

d
)

b
e

an
in

it
ia

l
d
is

tr
ib

u
ti

on
.

T
h
e

w
ei

gh
te

d
av

er
ag

ed
d
is

tr
ib

u
ti

on
as

so
ci

at
ed

w
it

h
(2

6)
(ν̄
N n

) n
∈N

is
d
efi

n
ed

fo
r

al
l
N
,n
∈
N

,
n
≥

1
b
y

ν̄
N n

=
Λ
−

1
N
,N

+
n

N
+
n

∑

k
=
N

+
1

λ
k
µ

0
Q̄
k γ
,

Q̄
k γ

=
R̄
γ
1
,γ

2
··
·R̄

γ
k
,γ
k
+
1
,

fo
r
k
∈
N
∗
,

(2
8)

w
h
er

e
N

is
a

b
u
rn

-i
n

ti
m

e
an

d
Λ
N
,N

+
n

is
d
efi

n
ed

in
(2

0
).

W
e

ta
k
e

in
th

e
fo

ll
ow

in
g

th
e

co
n
ve

n
ti

on
th

at
Q̄

0 γ
is

th
e

id
en

ti
ty

op
er

at
or

.

U
n
d
er

A
3,

d
efi

n
e

fo
r

al
l
µ
∈
P 2

(R
d
),

υ
Θ

(µ
)

=

∫ R
d
×
Z

∥ ∥ ∥ ∥Θ
(x
,z

)
−
∫ Z

Θ
(x
,z̃

)d
η
(z̃

)∥ ∥ ∥ ∥2

d
η
(z

)d
µ

(x
)

=
E
[ ∥ ∥

Θ
(X̄

0
,Z

1
)
−
v
∥ ∥2
]
,

(2
9)

w
h
er

e
X̄

0
,Z

1
ar

e
in

d
ep

en
d
en

t
ra

n
d
om

va
ri

ab
le

s
w

it
h

d
is

tr
ib

u
ti

on
µ

an
d
η

re
sp

ec
ti

ve
ly

a
n
d

v
∈
∂
U

(X
0
)

al
m

os
t

su
re

ly
.

In
ad

d
it

io
n
,

co
n
si

d
er
S̄
γ
,

th
e

M
ar

ko
v

ke
rn

el
on

(R
d
,B

(R
d
))

d
efi

n
ed

fo
r

al
l
x
∈
R
d

an
d

A
∈
B(

R
d
)

b
y

S̄
γ
(x
,A

)
=

∫ Z
1
A

(x
−
γ

Θ
(x
,z

))
d
η
(z

)
.

(3
0)
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A
.
D
u
r
m
u
s,

S
.
M
a
je
w
sk

i,
B
.
M
ia
so

je
d
o
w

T
h

e
o
re

m
1
3

A
ss

u
m

e
A

1
(0

)
a
n

d
A

3
.

L
et

(γ
k
) k
∈N

∗
a
n

d
(λ
k
) k
∈N

∗
be

tw
o

n
o
n

-i
n

cr
ea

si
n

g
se

qu
en

ce
s

o
f

po
si

ti
ve

re
a
l

n
u

m
be

rs
sa

ti
sf

yi
n

g
fo

r
a
ll
k
∈

N
∗ ,
λ
k
+

1
/γ

k
+

2
≤
λ
k
/
γ
k
+

1
.

L
et

µ
0
∈
P 2

(R
d
)

a
n

d
N
∈
N

.
T

h
en

fo
r

a
ll
n
∈
N
∗ ,

it
h
o
ld

s

K
L
( ν̄

N n

∣ ∣ π
) ≤

λ
N

+
1
W

2 2

( µ
0
Q̄
N γ
S̄
γ
N

+
1
,π
)/

(2
γ
N

+
2
Λ
N
,N

+
n
)

+
(2

Λ
N
,N

+
n
)−

1
N

+
n

∑

k
=
N

+
1

{ γ
k
+

1
λ
k

( M
2

+
υ

Θ
(µ

0
Q̄
k γ
))}

,

w
h
er

e
ν̄
N n

a
n

d
Q̄
N γ

a
re

d
efi

n
ed

in
(2

8)
.

P
ro

o
f

T
h
e

p
ro

of
is

p
os

tp
on

ed
to

S
ec

ti
on

7.
3.

1.
.

N
ot

e
th

at
in

th
e

b
ou

n
d

gi
ve

n
b
y

T
h
eo

re
m

13
,

w
e

n
ee

d
to

co
n
tr

ol
th

e
er

g
o
d
ic

av
er

a
g
e

of
th

e
va

ri
an

ce
of

th
e

st
o
ch

as
ti

c
gr

ad
ie

n
t

es
ti

m
at

es
.

W
h
en

A
3

is
sa

ti
sfi

ed
,

a
p

o
ss

ib
le

as
su

m
p
ti

on
is

th
at
x
7→

υ
(δ
x
)

is
u
n
if

or
m

ly
b

ou
n
d
ed

.
T

h
is

as
su

m
p
ti

on
w

il
l

b
e

sa
ti

sfi
ed

fo
r

ex
am

p
le

w
h
en

th
e

p
ot

en
ti

al
U

is
a

su
m

of
L

ip
sc

h
it

z
co

n
ti

n
u
ou

s
fu

n
ct

io
n
s.

C
o
ro

ll
a
ry

1
4

A
ss

u
m

e
A

1
(0

)
a
n

d
A

3
.

A
ss

u
m

e
th

a
t

su
p
x
∈R

d
υ

Θ
(δ
x
)
≤
D

2
<
∞

.
L

et
(γ
k
) k
∈N

∗
a
n

d
(λ
k
) k
∈N

∗
gi

ve
n

fo
r

a
ll
k
∈
N
∗

by
λ
k

=
γ
k

=
γ
>

0.
L

et
µ

0
∈
P 2

(R
d
).

T
h
en

fo
r

a
n

y
N
∈
N
,n
∈
N
∗

w
e

h
a
ve

K
L
( ν̄

N n

∣ ∣ π
) ≤

W
2 2

( µ
0
Q̄
N γ
S̄
γ
,π
)/

(2
n
γ

)
+

(γ
/2

)
( M

2
+
D

2
)
.

F
u

rt
h
er

m
o
re

,
le

t
ε
>

0
a
n

d

γ
ε
≤
ε/

(M
2

+
D

2
)
,

n
ε
≥
dW

2 2
(µ

0
S̄
γ
,π

)(
γ
ε
ε)
−

1
e.

T
h
en

fo
r
γ

=
γ
ε

w
e

h
a
ve

K
L
( ν̄

0 n
ε

∣ ∣ π
) ≤

ε.

P
ro

o
f

T
h
e

fi
rs

t
in

eq
u
al

it
y

is
a

d
ir

ec
t

co
n
se

q
u
en

ce
of

T
h
eo

re
m

13
.

T
h
e

b
ou

n
d

fo
r

K
L
( ν̄

0 n
ε

∣ ∣ π
)

fo
ll
ow

s
d
ir

ec
tl

y
fr

om
th

is
in

eq
u
al

it
y

an
d

d
efi

n
it

io
n
s

of
γ
ε

an
d
n
ε
.

In
th

e
ca

se
w

h
er

e
a

w
ar

m
st

ar
t

is
av

ai
la

b
le

fo
r

th
e

W
as

se
rs

te
in

d
is

ta
n
ce

,
i.

e.
W

2 2
(µ

0
,π

)
≤

C
,

fo
r

so
m

e
ab

so
lu

te
co

n
st

an
t
C
≥

0,
th

en
C

or
ol

la
ry

14
im

p
li
es

th
at

th
e

co
m

p
le

x
it

y
of

S
S
G

L
D

to
ob

ta
in

a
sa

m
p
le

cl
os

e
fr

om
π

in
K

L
w

it
h

a
p
re

ci
si

on
ta

rg
et
ε
>

0
is

o
f

o
rd

er
(M

2
+
D

2
)Ō

(ε
−

2
).

T
h
er

ef
or

e,
th

is
co

m
p
le

x
it

y
b

ou
n
d

d
ep

en
d
s

on
th

e
d
im

en
si

o
n

o
n
ly

tr
o
u
gh

M
an

d
D

2
co

n
tr

ar
y

to
U

L
A

.
In

ad
d
it

io
n
,

P
in

sk
er

in
eq

u
al

it
y

im
p
li
es

th
at

th
e

co
m

p
le

x
it

y
o
f

S
S
G

L
D

fo
r

th
e

to
ta

l
va

ri
at

io
n

d
is

ta
n
ce

is
of

or
d
er

(M
2

+
D

2
)Ō

(ε
−

4
).

In
ad

d
it

io
n

if
w

e
h
av

e
ac

ce
ss

to
η
>

0
an

d
M
η
≥

0,
in

d
ep

en
d
en

t
of

th
e

d
im

en
si

o
n
,

su
ch

th
at

fo
r

al
l
x
∈

R
d
,
x
6∈

B
(x
?
,M

η
),
U

(x
)
−
U

(x
?
)
≥
η
‖x
−
x
?
‖,

w
h
er

e
x
?
∈

a
rg

m
in

R
d
U

,
P

ro
p

os
it

io
n

32
an

d
A

3-
(i

)
im

p
ly

th
at

st
ar

ti
n
g

at
δ x
?
,

th
e

ov
er

al
l

co
m

p
le

x
it

y
o
f

S
S
G

L
D

fo
r

th
e

K
L

is
in

th
is

ca
se

(η
−

2
d

2
+
M

2 η
)(
M

2
+
D

2
)Ō

(ε
−

2
)

an
d

(η
−

2
d

2
+
M

2 η
)(
M

2
+
D

2
)Ō

(ε
−

4
)

fo
r

th
e

to
ta

l
va

ri
at

io
n

d
is

ta
n
ce

.
If

(γ
k
) k
∈N

∗
an

d
(λ
k
) k
∈N

∗
ar

e
gi

v
en

fo
r

al
l
k
∈
N
∗

b
y
γ
k

=
λ
k

=
γ

1
/k
−
α
,

w
it

h
α
∈

(0
,1

),
th

en
b
y

th
e

sa
m

e
re

as
on

in
g

as
in

th
e

p
ro

of
of

C
or

ol
la

ry
8,

w
e

ob
ta

in
th

at
th

er
e

ex
is

ts
C
≥

0
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A
n
a
ly

sis
o
f
L
a
n
g
e
v
in

M
C

v
ia

C
o
n
v
e
x
O
p
t
im

iz
a
t
io
n

su
ch

th
a
t

for
a
ll
n
∈

N
∗,

w
e

h
ave

K
L
(ν̄

0n ∣∣π )
≤
C

m
a
x
(n
α−

1,n
−
α
),

if
α
6=

1/2,
an

d
for

α
=

1/2
,

w
e

h
ave

K
L
(ν̄

0n ∣∣π )≤
C

(ln
(n

)
+

1)n
−

1
/
2.

W
e

ca
n

h
ave

a
b

etter
con

trol
on

th
e

varian
ce

term
s

u
sin

g
th

e
follow

in
g

con
d
ition

s
on

Θ
.

A
4

T
h

ere
exists

L̃
≥

0
su

ch
th

at
for

η
-alm

ost
every

z
∈

Z
,
x
7→

Θ
(x
,z

)
is

1/
L̃

-co
co

ercive,
i.e.

for
all
x
∈
R
d,〈Θ

(x
,z

)−
Θ

(y
,z

),x
−
y〉≥

(1/
L̃

)‖Θ
(x
,z

)−
Θ

(y
,z

)‖
2
.

T
h
is

a
ssu

m
p
tion

is
for

ex
am

p
le

satisfi
ed

if
η
-alm

ost
ev

ery
z
,
x
7→

Θ
(x
,z

)
is

th
e

grad
ien

t
o
f

a
co

n
tin

u
o
u
sly

d
iff

eren
tiab

le
con

vex
fu

n
ction

w
ith

L
ip

sch
itz

gra
d
ien

t,
see

N
esterov

(20
04,

T
h
ereo

m
2
.1

.5
)

an
d

Z
h
u

an
d

M
arcotte

(1995).
N

ote
th

at
in

gen
eral

A
4

is
n
ot

im
p
lied

b
y

A
1
(0

)
a
n
d

A
2
.

In
d
eed

,
A

4
is

a
regu

larity
con

d
ition

on
th

e
sto

ch
astic

(su
b
)gra

d
ien

t
of
U

,
Θ

,
w

h
ile

A
1

an
d

A
2

d
ep

en
d

on
ly

on
U

.
H

ow
ever,

if
U

is
con

tin
u
ou

sly
d
iff

eren
tiab

le,
J
en

sen
in

eq
u
a
lity

a
n
d

A
4

im
p
ly

th
at

A
2

is
satisfi

ed
w

ith
L

eq
u
als

L̃
.

P
ro

p
o
sitio

n
1
5

A
ssu

m
e
A

3
a
n

d
A

4
.
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)Ō

(ε
−

4
).

In
ad

d
it

io
n

if
w

e
h
av

e
ac

ce
ss

to
η
>

0
an

d
M
η
≥

0,
in

d
ep

en
d
en

t
of

th
e

d
im

en
si

o
n
,

su
ch

th
at

fo
r

al
l
x
∈
R
d
,
x
6∈

B
(x
?
,M

η
),
U

(x
)
−
U

(x
?
)
≥
η
‖x
−
x
?
‖,

P
ro

p
os

it
io

n
3
2
,
A

5
-(

ii
),

(3
1
)

an
d

(2
5)

im
p
ly

th
at

st
ar

ti
n
g

at
δ x
?
,

th
e

ov
er

a
ll

co
m

p
le

x
it

y
of

S
P

G
L

D
fo

r
th

e
K

L
is

in
th

is
ca

se
(η
−

2
d

2
+
M

2 η
)(
d

+
M

2 2
+
D

2
)Ō
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4)
.

T
h
er

ef
o
re

,
fo

r
ε
>

0
a
n

d

γ
ε
≤

m
in
{ ε/

(4
∆

1
),

[ε
/
(4

∆
2
)]

1
/
2
,L
−

1
,(

2L̃
1
)−

1
}

n
ε
≥

m
ax
{ d

ln
(4
W

2 2
(µ

0
S̃

2 γ
ε
,π

)/
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ε
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1
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dln
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∆

3
/ε

)(
γ
ε
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)−
1
e}

,
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h
o
ld

s
W

2 2
(µ

0
R̃
n
ε

γ
ε
,γ
ε
S̃

2 γ
ε
,π

)
≤
ε.

P
ro

o
f

T
h
e

p
ro

of
of

th
e
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ro

ll
ar

y
is

p
os
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on

ed
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S
ec

ti
on

7.
4.

5.

C
o
ro

ll
a
ry

2
5

A
ss

u
m

e
A

5
(m

),
fo

r
m
>

0
a
n

d
th

a
t

Θ̃
1

sa
ti

sfi
es

A
6
.

D
efi

n
e

m̃
=

m
in

(m
,m̃

1
).

L
et
ε
>

0
,
µ

0
∈
P 2

(R
d
)

a
n

d

γ
ε
≤

m
in
{ ε/

(4
∆

1
),

[ε
/
(4

∆
2
)]

1
/
2
,L
−

1
,(

2L̃
1
)−

1
}
,

N
ε
≥

m
ax
{ d

ln
(4
W

2 2
(µ

0
S̃

2 γ
ε
,π

)/
ε)

(γ
ε
m

)−
1
e,
dln

(4
∆

3
/ε

)(
γ
ε
m̃

)−
1
e}

γ̃
ε
≤

m
in

[ ε/
{ 4M

2 2
+

4
L
d

+
8
L̃
d
}
,√

ε/
( 8
L̃
υ

1
(δ
x
?
)) ,L

−
1
,(

2L̃
)−

1

]
,

n
ε
≥

2
m

ax

{ ⌈
γ
−

1
ε

⌉ ,
⌈ 2
L̃
ε−

1

∫ R
d
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−
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?
‖2

d
µ

0
R̃
N
ε

γ
ε
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ε
S̃

2 γ
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)⌉}
,
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∆
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2 γ
a
re

d
efi

n
ed
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n

d
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).

L
et
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) k
∈N

d
efi
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ed
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γ
ε
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r
k
∈
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,.
..
,N
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n

d
γ
k
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ε
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N
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.
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en

w
e
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ε
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e
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ε
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∑
n
ε
k
=

1
µ

0
R̃
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.
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b
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ε.
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p
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R
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m
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b
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p
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x
im
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u
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p
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d
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e
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∈N
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y

th
e

re
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n
:

X
M k
+
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=
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)

p
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γ
∇
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1
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√
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G
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+
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r
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k
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∈N

∗
a
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q
u
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i.
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.
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ra
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>
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p
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e
g
et

th
a
t

th
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∇
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d
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d
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p
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p
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p
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d
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d
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∞
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p
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p
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m

(P
L

A
).

T
h
is

al
go

ri
th

m
d
efi

n
es

th
e

M
ar

ko
v

ch
ai

n
(X

P
L

A
k

) k
∈N

b
y

th
e

re
cu

rs
io

n

X
P

L
A

k
+

1
=

p
ro

x
γ
k
+
1

U
(X

P
L

A
k

)
−
γ
√

2γ
k
+

1
G
k
+

1
.

26
JM

L
R

 2
0(

73
):

1-
46

, 2
01

9



A
n
a
ly

sis
o
f
L
a
n
g
e
v
in

M
C

v
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C
o
n
v
e
x
O
p
t
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a
t
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A
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u
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A

m
b
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q
u
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e

W
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d
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n
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b
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e
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d
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t
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K

L
d
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a
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o
b
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m
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o
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b
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n
d
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e
W
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d
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b
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an

d
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d
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b
u
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n
s

a
re

g
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,
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th
e
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w

h
ere

U
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v
ex

.
T

h
e
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p
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ity
b

o
u
n
d
s

for
P

L
A

o
b
ta

in
ed
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dŌ

(ε −
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w
h
en

U
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o
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an
d
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v
ex
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a
n
d

a
re
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u
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u
p
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d
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b
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2Ō
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b
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p
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w
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b
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i∈
{1,...,N

}
,
Y
i

is
a
ssu

m
ed

to
b

e
a

B
ern

ou
lli

ran
d
om

variab
le

w
ith
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th
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p
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∈
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k
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b
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en
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∈
R
d

b
y

p
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ex
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w
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a
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in
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e
case
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p

1
an

d
a

1
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0.9
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a
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=
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h
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d
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u
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b
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n
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e
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an
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e
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o
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p
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d
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u
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s
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,...,N
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an

d
p
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,...,N
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w

ith
p

o
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b
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con
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d
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=
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p
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G
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p
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Ñ
=
N

,
(b

)
con

v
er-

g
en

ce
of

S
P

G
L

D
in

term
s

of
eff

ective
p
asses

for
τ

=
0.1

,
(c)

b
ox

p
lot

of
S
P

G
L

D
fo

r
fu

ll
ru

n
;

(b
ottom

row
)

resu
lts

for
p

1 (·|(X
,Y

)
i∈{

1
,...,N

} );
(d

)
co

n
vergen

ce
of

S
P

G
L

D
an

d
S
S
G

L
D

for
Ñ
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é.

G
ra

d
ie

n
t

F
lo

w
s:

In
M

et
ri

c
S

pa
ce

s
a
n

d
in

th
e

S
pa

ce
o
f

P
ro

ba
bi

li
ty

M
ea

su
re

s
(L

ec
tu

re
s

in
M

a
th

em
a
ti

cs
.

E
T

H
Z

ü
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e

S
n
el

l
en

ve
lo

p
e;

se
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e.
g.

,
T

il
le

y
(1

9
9
3)

,
B

ar
ra

q
u
an

d
an

d
M

ar
ti

n
ea

u
(1

99
5)

,
C

ar
ri

er
e

(1
99

6)
,

L
on

gs
ta

ff
an

d
S
ch

w
ar

tz
(2

0
0
1
),

T
si

t-
si

k
li
s

an
d

V
an

R
oy

(2
00

1)
,

B
oy

le
et

al
.

(2
00

3)
,

B
ro

ad
ie

an
d

G
la

ss
er

m
an

(2
00

4
),

B
a
ll
y

et
a
l.

(2
00

5)
,

K
ol

o
d
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an
d

S
ch

o
en

m
ak

er
s

(2
0
06

),
E

gl
off

et
al

.
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00
7)

,
B

er
ri

d
ge

an
d

S
ch

u
m

a
ch

er
(2

00
8)

,
J
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n
an
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O

os
te

rl
ee
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01

5)
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B

el
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es
tn
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et

al
.
(2

01
8
)
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H
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gh

an
d
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o
g
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n
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0
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)

a
n
d

K
oh

le
r

et
al

.
(2

01
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,
w

h
ic
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u
se

n
eu

ra
l
n
et

w
o
rk

s
w

it
h

on
e

h
id

d
en

la
ye

r
to

d
o

th
is

.
A

d
iff

er
en
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ra
n
d

of
th

e
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te

ra
tu
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as

fo
cu

se
d
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p
ro
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er
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n
d
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se
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e.
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A

n
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er

se
n
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00

0)
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ar
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00
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an

d
B

el
om

es
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01
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.
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ed
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an
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at
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p
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b
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n
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h
en

an
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G
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n
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B
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3)
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01
3
)
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L
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te
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an
d
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u
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et
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o
d
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In
S
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S
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il
io
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p
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m
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p
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b
le
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s

in
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n
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n
u
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s
ti
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e
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e
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te
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b
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x
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e
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n
d
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y
P

D
E

s
w

it
h

d
ee

p
n
eu

ra
l

n
et

w
or

k
s.

In
th

is
p
ap

er
w

e
u
se

d
ee

p
le

ar
n
in

g
to

ap
p
ro

x
im

at
e

an
o
p
ti
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al
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op

p
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g
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e.
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ap
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p
ro
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h
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y
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ti
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at
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n
m
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h
o
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u
se

d
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fo
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em
en

t
le

a
rn

in
g

(S
u
tt

on
an

d
B

ar
to

,
19

98
),

d
ee

p
re

in
fo

rc
em

en
t

le
ar

n
in

g
(S

ch
u
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an
et

al
.,

20
15

;
M

n
ih

et
a
l.
,

2
0
1
5;

S
il
ve

r
et

al
.,

20
16

;
L

il
li
cr

ap
et

al
.,

20
16

)
an

d
th

e
d
ee

p
le

ar
n
in

g
m

et
h
o
d

fo
r

st
o
ch

a
st

ic
co

n
tr

o
l

p
ro

b
le

m
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p
ro

p
os

ed
b
y

H
an

an
d

E
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01
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.
H

ow
ev

er
,
o
p
ti

m
al

st
op

p
in

g
d
iff

er
s
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o
m

th
e

ty
p
ic

al
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n
tr

ol
p
ro

b
le

m
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st
u
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d
in

th
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li
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.

T
h
e

ch
al

le
n
ge

of
ou

r
a
p
p
ro

ac
h

li
es

in
th

e
im

p
le

-
m

en
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on
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a

d
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p
le

ar
n
in

g
m

et
h
o
d

th
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ca
n

effi
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en
tl

y
le

ar
n

op
ti

m
al

st
op

p
in

g
ti

m
es

.
W

e
d
o

th
is

b
y

d
ec

om
p

os
in

g
an

op
ti

m
al

st
op

p
in

g
ti

m
e

in
to

a
se

q
u
en

ce
of

0-
1

st
op

p
in

g
d
ec

is
io

n
s

an
d

ap
p
ro

x
im

at
in

g
th

em
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cu
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el
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w
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h
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se

q
u
en
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u
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a
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n
eu

ra
l

n
et
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W
e

sh
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th
at
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eu

ra
l
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p
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s

ca
n

ap
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ro

x
im
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op
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m
al
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o
p
p
in

g
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m
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an

y
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eg
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e
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ed
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ra
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ca
n
d
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e
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p
in

g
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b
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y
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n
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o
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c
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n
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T
h
e
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p
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d
in

g
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p
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ti
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E
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)

p
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a

lo
w

er
b
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n
d
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r
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e

op
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m
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E
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si
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of
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d
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R
og

er
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an
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H
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gh

an
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iv
e
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u
p
p

er
b

ou
n
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.
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o
u
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p
le
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b

ot
h

b
ou

n
d
s

ca
n

b
e
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m

p
u
te

d
w

it
h
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t
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n
ti
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an
d
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e
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e
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g
et

h
er
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T
h
e

re
st

of
th

e
p
ap
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n
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as
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In
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ti
on

2
w

e
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o
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u
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p
la

in
ou
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p
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ra
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3
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p
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m
al

va
lu

e.
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p
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d
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b
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b
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.
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p
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al

B
la

ck
–S

ch
o
le

s
m

o
d
el

to
d
es

cr
ib

e
th

e
d
y
n
am

ic
s

of
th
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p
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u
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p
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b
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b
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p
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b
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.
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d

ex
am

p
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D
e
e
p
O
p
t
im

a
l
S
t
o
p
p
in
g

m
otio

n
.

B
u
t

fraction
al

B
row

n
ian

m
otion

is
n
o
t

M
arkov

.
In

fact,
all

of
its

in
crem

en
ts

are
co

rrela
ted

.
S
o
,

to
op

tim
ally

stop
it,

on
e

h
as

to
keep

track
of

all
p
a
st

m
ovem

en
ts.

T
o

m
ake

it
tracta

b
le,

w
e

ap
p
rox

im
ate

th
e

con
tin

u
ou

s-tim
e

p
rob

lem
w

ith
a

tim
e-d

iscretized
versio

n
,

w
h
ich

if
form

u
lated

as
a

M
arkov

ian
p
rob

lem
,

h
as

as
m

an
y

d
im

en
sion

s
as

th
ere

are
tim

e-step
s.

W
e

com
p
u
te

a
solu

tion
for

100
tim

e-step
s.

2
.

D
e
e
p

L
e
a
rn

in
g

O
p
tim

a
l

S
to

p
p
in

g
R

u
le

s

L
et
X

=
(X

n
)
Nn

=
0

b
e

an
R
d-valu

ed
d
iscrete-tim

e
M

arkov
p
ro

cess
on

a
p
ro

b
ab

ility
sp

ace
(Ω
,F
,P

),
w

h
ere

N
an

d
d

are
p

ositive
in

tegers.
W

e
d
en

ote
b
y
F
n

th
e
σ

-a
lgeb

ra
gen

erated
b
y
X

0 ,X
1 ,...,X

n
an

d
call

a
ran

d
om

variab
le
τ

:
Ω
→
{
0
,1
,...,N

}
an

X
-stop

p
in

g
tim

e
if

th
e

ev
en

t{τ
=
n}

b
elon

gs
to
F
n

for
all

n
∈
{0
,1
,...,N

}.
O

u
r

a
im

is
to

d
evelop

a
d
eep

learn
in

g
m

eth
o
d

th
at

can
effi

cien
tly

learn
an

op
tim

a
l
p

olicy
fo

r
sto

p
p
in

g
p
rob

lem
s

of
th

e
form

su
p

τ∈T
E
g
(τ,X

τ ),
(1)

w
h
ere

g
:
{
0,1,...,N

}
×

R
d
→

R
is

a
m

easu
rab

le
fu

n
ction

an
d
T

d
en

otes
th

e
set

of
all

X
-sto

p
p
in

g
tim

es.
T

o
m

ak
e

su
re

th
at

p
rob

lem
(1)

is
w

ell-d
efi

n
ed

an
d

ad
m

its
an

op
tim

al
so

lu
tio

n
,

w
e

a
ssu

m
e

th
at
g

satisfi
es

th
e

in
tegrab

ility
con

d
ition

E
|g

(n
,X

n
)|
<
∞

for
all

n
∈
{0
,1
,...,N

}
;

(2)

see,
e.g

.,
P

esk
ir

an
d

S
h
iryaev

(2006)
o
r

L
am

b
erton

an
d

L
ap

ey
re

(2008
).

T
o

b
e

ab
le

to
d
erive

co
n
fi
d
en

ce
in

tervals
for

th
e

op
tim

al
valu

e
(1),

w
e

w
ill

h
ave

to
m

a
ke

th
e

sligh
tly

stron
ger

a
ssu

m
p
tio

n
E [g

(n
,X

n
)
2 ]
<
∞

for
all

n
∈
{0,1,...,N

}
(3)

in
S
u
b
sectio

n
3
.3

b
elow

.
T

h
is

is
satisfi

ed
in

all
ou

r
ex

am
p
les

in
S
ection

4.

2
.1

.
E

x
p
re

ssin
g

S
to

p
p

in
g

T
im

e
s

in
T

e
rm

s
o
f

S
to

p
p

in
g

D
e
c
isio

n
s

A
n
y
X

-sto
p
p
in

g
tim

e
can

b
e

d
ecom

p
osed

in
to

a
seq

u
en

ce
o
f

0-1
stop

p
in

g
d
ecision

s.
In

p
rin

cip
le,

th
e

d
ecision

w
h
eth

er
to

stop
th

e
p
ro

cess
at

tim
e
n

if
it

h
as

n
ot

b
een

stop
p

ed
b

efo
re,

ca
n

b
e

m
ad

e
b
ased

on
th

e
w

h
ole

evolu
tion

of
X

from
tim

e
0

u
n
til

n
.

B
u
t

to
o
p
tim

a
lly

sto
p

th
e

M
arkov

p
ro

cess
X

,
it

is
en

ou
gh

to
m

ake
stop

p
in

g
d
ecision

s
a
ccord

in
g

to
f
n
(X

n
)

fo
r

m
easu

rab
le

fu
n
ction

s
f
n

:R
d
→
{0,1}

,
n

=
0,1,...,N

.
T

h
eorem

1
b

elow
ex

ten
d
s

th
is

w
ell-k

n
ow

n
fact

an
d

serves
as

th
e

th
eoretical

b
asis

of
ou

r
m

eth
o
d
.

C
o
n
sid

er
th

e
au

x
iliary

stop
p
in

g
p
rob

lem
s

V
n

=
su

p
τ∈T

n E
g
(τ,X

τ )
(4)

fo
r
n

=
0
,1
,...,N

,
w

h
ere
T
n

is
th

e
set

of
all

X
-stop

p
in

g
tim

es
satisfy

in
g
n
≤
τ
≤
N

.
O

b
v
io

u
sly,T

N
con

sists
of

th
e

u
n
iq

u
e

elem
en

t
τ
N
≡
N

,
an

d
on

e
can

w
rite

τ
N

=
N
f
N

(X
N

)
fo

r
th

e
co

n
stan

t
fu

n
ction

f
N
≡

1.
M

oreover,
for

given
n
∈
{
0
,1
,...,N

}
an

d
a

seq
u
en

ce
of

m
ea

su
ra

b
le

fu
n
ction

s
f
n
,f
n

+
1 ,...,f

N
:R

d→
{0,1}

w
ith

f
N
≡

1,

τ
n

=
N
∑m

=
n

m
f
m

(X
m

)
m
−

1
∏j=
n

(1−
f
j (X

j ))
(5)
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B
e
c
k
e
r
,
C
h
e
r
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it
o

a
n
d

J
e
n
t
z
e
n

d
efi

n
es

1
a

stop
p
in

g
tim

e
in
T
n
.

T
h
e

follow
in

g
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lt
sh

ow
s

th
at,

for
ou

r
m

eth
o
d

of
recu

rsively
com

p
u
tin

g
an

ap
p
rox

im
ate

solu
tion

to
th

e
op

tim
al

stop
p
in

g
p
rob

lem
(1),

it
w

ill
b

e
su

ffi
cien

t
to

con
sid

er
stop

p
in

g
tim

es
of

th
e

form
(5).

T
h

e
o
re

m
1

F
o
r

a
given

n
∈
{0,1,...,N

−
1},

let
τ
n

+
1

be
a

sto
p
p
in

g
tim

e
in
T
n

+
1

o
f

th
e

fo
rm

τ
n

+
1

=
N
∑m
=
n

+
1

m
f
m

(X
m

)
m
−

1
∏j=
n

+
1 (1−

f
j (X

j ))
(6)

fo
r

m
ea

su
ra

ble
fu

n
ctio

n
s
f
n

+
1 ,...,f

N
:R

d
→
{0
,1}

w
ith

f
N
≡

1.
T

h
en

th
ere

exists
a

m
ea

su
ra

ble
fu

n
ctio

n
f
n

:R
d
→
{
0
,1}

su
ch

th
a
t

th
e

sto
p
p
in

g
tim

e
τ
n
∈
T
n

given
by

(5)
sa

tisfi
es

E
g
(τ
n
,X

τ
n
)≥

V
n −

(V
n

+
1 −

E
g
(τ
n

+
1 ,X

τ
n

+
1 ) )

,

w
h
ere

V
n

a
n

d
V
n

+
1

a
re

th
e

o
p
tim

a
l

va
lu

es
d
efi

n
ed

in
(4).

P
ro

o
f

D
en

ote
ε

=
V
n

+
1 −

E
g
(τ
n

+
1 ,X

τ
n

+
1 ),

an
d

con
sid

er
a

stop
p
in

g
tim

e
τ
∈
T
n
.

B
y

th
e

D
o
ob

–D
y
n
k
in

lem
m

a
(see,

e.g.,
A

lip
ran

tis
a
n
d

B
ord

er,
2006,

T
h
eorem

4.41),
th

ere
ex

ists
a

m
easu

rab
le

fu
n
ction

h
n

:R
d→

R
su

ch
th

at
h
n
(X

n
)

is
a

v
ersion

of
th

e
con

d
ition

al
ex

p
ectation

E [g
(τ
n

+
1 ,X

τ
n

+
1 )|

X
n ].

M
oreover,

d
u
e

to
th

e
sp

ecia
l

form
(6)

of
τ
n

+
1 ,

g
(τ
n

+
1 ,X

τ
n

+
1 )

=
N
∑m
=
n

+
1 g

(m
,X

m
)1{

τ
n

+
1
=
m
}

=
N
∑m
=
n

+
1 g

(m
,X

m
)1{

f
m

(X
m

) ∏
m
−

1
j
=
n

+
1
(1−

f
j (X

j ))=
1}

is
a

m
easu

rab
le

fu
n
ction

of
X
n

+
1 ,...,X

N
.

S
o

it
follow

s
from

th
e

M
ark

ov
p
rop

erty
of
X

th
at
h
n
(X

n
)

is
also

a
version

of
th

e
con

d
ition

a
l

ex
p

ectation
E [g

(τ
n

+
1 ,X

τ
n

+
1 )|F

n ].
S
in

ce
th

e
ev

en
ts

D
=
{g

(n
,X

n
)≥

h
n
(X

n
)}

an
d

E
=
{
τ

=
n}

are
in
F
n
,
τ
n

=
n

1
D

+
τ
n

+
1 1
D
c

b
elon

gs
to
T
n

an
d
τ̃

=
τ
n

+
1 1
E

+
τ
1
E
c

to
T
n

+
1 .

It
follow

s
from

th
e

d
efi

n
ition

s
of
V
n

+
1

an
d
ε

th
a
tE

g
(τ
n

+
1 ,X

τ
n

+
1 )

=
V
n

+
1 −

ε≥
E
g
(τ̃
,X

τ̃ )−
ε.

H
en

ce,

E [g
(τ
n

+
1 ,X

τ
n

+
1 )1

E
c ]≥

E
[g

(τ̃
,X

τ̃ )1
E
c]−

ε
=

E
[g

(τ,X
τ )1

E
c]−

ε,

from
w

h
ich

on
e

ob
tain

s

E
g
(τ
n
,X

τ
n
)

=
E [g

(n
,X

n
)I
D

+
g
(τ
n

+
1 ,X

τ
n

+
1 )I

D
c ]

=
E

[g
(n
,X

n
)I
D

+
h
n
(X

n
)I
D
c]

≥
E

[g
(n
,X

n
)I
E

+
h
n
(X

n
)I
E
c]

=
E [g

(n
,X

n
)I
E

+
g
(τ
n

+
1 ,X

τ
n

+
1 )I

E
c ]

≥
E

[g
(n
,X

n
)I
E

+
g
(τ,X

τ )I
E
c]−

ε
=

E
g
(τ,X

τ )−
ε.

S
in

ce
τ
∈
T
n

w
as

arb
itrary,

th
is

sh
ow

s
th

at
E
g
(τ
n
,X

τ
n
)
≥
V
n
−
ε.

M
oreover,

on
e

h
as

1
D

=
f
n
(X

n
)

for
th

e
fu

n
ction

f
n

:R
d→

{0
,1}

given
b
y

f
n
(x

)
=

{
1

if
g
(n
,x

)≥
h
n
(x

)

0
if
g
(n
,x

)
<
h
n
(x

)
.

1
.

In
ex

p
ressio

n
s

o
f

th
e

fo
rm

(5
),

w
e

u
n

d
ersta

n
d

th
e

em
p

ty
p

ro
d

u
ct ∏

n−
1

j
=
n

(1−
f
j (X

j ))
a
s

1
.
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D
e
e
p
O
p
t
im

a
l
S
t
o
p
p
in
g

T
h
er

ef
or

e,

τ n
=
n
f n

(X
n
)

+
τ n

+
1
(1
−
f n

(X
n
))

=
N ∑ m
=
n

m
f m

(X
m

)
m
−

1
∏ j=
n

(1
−
f j

(X
j
))
,

w
h
ic

h
co

n
cl

u
d
es

th
e

p
ro

of
.

R
e
m

a
rk

2
S

in
ce

fo
r
f N
≡

1,
th

e
st

o
p
p
in

g
ti

m
e
τ N

=
f N

(X
N

)
is

o
p
ti

m
a
l

in
T N

,
T

h
e-

o
re

m
1

in
d
u

ct
iv

el
y

yi
el

d
s

m
ea

su
ra

bl
e

fu
n

ct
io

n
s
f n

:
R
d
→
{0
,1
}

su
ch

th
a
t

fo
r

a
ll
n
∈

{0
,1
,.
..
,N
−

1
},

th
e

st
o
p
p
in

g
ti

m
e
τ n

gi
ve

n
by

(5
)

is
o
p
ti

m
a
l

a
m

o
n

g
T n

.
In

pa
rt

ic
u

la
r,

τ
=

N ∑ n
=

1

n
f n

(X
n
)
n
−

1
∏ j=

0

(1
−
f j

(X
j
))

(7
)

is
a
n

o
p
ti

m
a
l

st
o
p
p
in

g
ti

m
e

fo
r

p
ro

bl
em

(1
).

R
e
m

a
rk

3
In

m
a
n

y
a
p
p
li

ca
ti

o
n

s,
th

e
M

a
rk

o
v

p
ro

ce
ss
X

st
a
rt

s
fr

o
m

a
d
et

er
m

in
is

ti
c

in
it

ia
l

va
lu

e
x

0
∈

R
d
.

T
h
en

th
e

fu
n

ct
io

n
f 0

en
te

rs
th

e
re

p
re

se
n

ta
ti

o
n

(7
)

o
n

ly
th

ro
u

gh
th

e
va

lu
e

f 0
(x

0
)
∈
{0
,1
};

th
a
t

is
,

a
t

ti
m

e
0
,

o
n

ly
a

co
n

st
a
n

t
a

n
d

n
o
t

a
w

h
o
le

fu
n

ct
io

n
h
a
s

to
be

le
a
rn

ed
.

2
.2

.
N

e
u

ra
l

N
e
tw

o
rk

A
p

p
ro

x
im

a
ti

o
n

O
u
r

n
u
m

er
ic

al
m

et
h
o
d

fo
r

p
ro

b
le

m
(1

)
co

n
si

st
s

in
it

er
at

iv
el

y
ap

p
ro

x
im

at
in

g
op

ti
m

al
st

op
-

p
in

g
d
ec

is
io

n
s
f n

:
R
d
→
{0
,1
},
n

=
0,

1,
..
.,
N
−

1
,

b
y

a
n
eu

ra
l

n
et

w
or

k
f
θ
:
R
d
→
{0
,1
}

w
it

h
p
ar

am
et

er
θ
∈
R
q
.

W
e

d
o

th
is

b
y

st
ar

ti
n
g

w
it

h
th

e
te

rm
in

al
st

op
p
in

g
d
ec

is
io

n
f N
≡

1
an

d
p
ro

ce
ed

in
g

b
y

b
ac

k
w

ar
d

in
d
u
ct

io
n
.

M
or

e
p
re

ci
se

ly
,

le
t
n
∈
{0
,1
,.
..
,N
−

1}
,

a
n
d

as
-

su
m

e
p
ar

am
et

er
va

lu
es
θ n

+
1
,θ
n

+
2
,.
..
,θ
N
∈
R
q

h
av

e
b

ee
n

fo
u
n
d

su
ch

th
at
f
θ N
≡

1
an

d
th

e
st

op
p
in

g
ti

m
e

τ n
+

1
=

N ∑

m
=
n

+
1

m
f
θ m

(X
m

)
m
−

1
∏

j=
n

+
1

(1
−
f
θ j

(X
j
))

p
ro

d
u
ce

s
an

ex
p

ec
te

d
va

lu
e
E
g
(τ
n

+
1
,X

τ n
+

1
)

cl
os

e
to

th
e

op
ti

m
u
m
V
n

+
1
.

S
in

ce
f
θ

ta
ke

s
va

lu
es

in
{0
,1
},

it
d
o
es

n
ot

d
ir

ec
tl

y
le

n
d

it
se

lf
to

a
gr

ad
ie

n
t-

b
a
se

d
op

ti
m

iz
at

io
n

m
et

h
o
d
.

S
o,

as
an

in
te

rm
ed

ia
te

st
ep

,
w

e
in

tr
o
d
u
ce

a
fe

ed
fo

rw
ar

d
n
eu

ra
l

n
et

w
or

k
F
θ
:
R
d
→

(0
,1

)
of

th
e

fo
rm

F
θ

=
ψ
◦a

θ I
◦ϕ

q I
−

1
◦a

θ I
−

1
◦·
··
◦ϕ

q 1
◦a

θ 1
,

w
h
er

e •
I
,q

1
,q

2
,.
..
,q
I
−

1
ar

e
p

os
it

iv
e

in
te

ge
rs

sp
ec

if
y
in

g
th

e
d
ep

th
of

th
e

n
et

w
or

k
an

d
th

e
n
u
m

b
er

of
n
o
d
es

in
th

e
h
id

d
en

la
ye

rs
(i

f
th

er
e

ar
e

an
y
),

•
a
θ 1
:
R
d
→

R
q 1
,.
..
,a
θ I
−

1
:
R
q I
−

2
→

R
q I
−

1
an

d
a
θ I
:
R
q I
−

1
→

R
ar

e
affi

n
e

fu
n
ct

io
n
s,

•
fo

r
j
∈

N
,
ϕ
j
:
R
j
→

R
j

is
th

e
co

m
p

on
en

t-
w

is
e

R
eL

U
ac

ti
va

ti
on

fu
n
ct

io
n

g
iv

en
b
y

ϕ
j
(x

1
,.
..
,x

j
)

=
(x

+ 1
,.
..
,x

+ j
)
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B
e
c
k
e
r
,
C
h
e
r
id
it
o

a
n
d

J
e
n
t
z
e
n

•
ψ

:
R
→

(0
,1

)
is

th
e

st
an

d
ar

d
lo

gi
st

ic
fu

n
ct

io
n
ψ

(x
)

=
ex
/
(1

+
ex

)
=

1
/(

1
+
e−

x
).

T
h
e

co
m

p
on

en
ts

of
th

e
p
ar

am
et

er
θ
∈

R
q

of
F
θ

co
n
si

st
of

th
e

en
tr

ie
s

o
f

th
e

m
a
tr

ic
es

A
1
∈

R
q 1
×
d
,.
..
,A

I
−

1
∈

R
q I
−

1
×
q I
−

2
,A

I
∈

R
1
×
q I
−

1
an

d
th

e
ve

ct
or

s
b 1
∈

R
q 1
,.
..
,b
I
−

1
∈

R
q I
−

1
,b
I
∈
R

gi
ve

n
b
y

th
e

re
p
re

se
n
ta

ti
o
n

of
th

e
affi

n
e

fu
n
ct

io
n
s

a
θ i
(x

)
=
A
ix

+
b i
,

i
=

1,
..
.,
I
.

S
o

th
e

d
im

en
si

on
of

th
e

p
ar

am
et

er
sp

ac
e

is

q
=

{
d

+
1

if
I

=
1

1
+
q 1

+
··
·+

q I
−

1
+
d
q 1

+
··
·+

q I
−

2
q I
−

1
+
q I
−

1
if
I
≥

2,

an
d

fo
r

gi
ve

n
x
∈
R
d
,
F
θ
(x

)
is

co
n
ti

n
u
ou

s
as

w
el

l
as

al
m

o
st

ev
er

y
w

h
er

e
sm

o
o
th

in
θ.

O
u
r

ai
m

is
to

d
et

er
m

in
e
θ n
∈
R
q

so
th

at

E[
g
(n
,X

n
)F

θ n
(X

n
)

+
g
(τ
n

+
1
,X

τ n
+

1
)(

1
−
F
θ n

(X
n
))
]

is
cl

os
e

to
th

e
su

p
re

m
u
m

su
p
θ
∈R

q
E[
g
(n
,X

n
)F

θ
(X

n
)

+
g
(τ
n

+
1
,X

τ n
+

1
)(

1
−
F
θ
(X

n
))
] .

O
n
ce

th
is

h
as

b
ee

n
ac

h
ie

ve
d
,

w
e

d
efi

n
e

th
e

fu
n
ct

io
n
f
θ n

:
R
d
→
{0
,1
}

b
y

f
θ n

=
1 [

0
,∞

)
◦a

θ n I
◦ϕ

q I
−

1
◦a

θ n I
−

1
◦·
··
◦ϕ

q 1
◦a

θ n 1
,

(8
)

w
h
er

e
1 [

0
,∞

)
:
R
→
{0
,1
}

is
th

e
in

d
ic

at
or

fu
n
ct

io
n

of
[0
,∞

).
T

h
e

on
ly

d
iff

er
en

ce
b

et
w

ee
n

F
θ n

an
d
f
θ n

is
th

e
fi
n
al

n
on

li
n
ea

ri
ty

.
W

h
il
e
F
θ n

p
ro

d
u
ce

s
a

st
op

p
in

g
p
ro

b
a
b
il
it

y
in

(0
,1

),
th

e
ou

tp
u
t

of
f
θ n

is
a

h
ar

d
st

op
p
in

g
d
ec

is
io

n
gi

ve
n

b
y

0
or

1
,

d
ep

en
d
in

g
o
n

w
h
et

h
er
F
θ n

ta
ke

s
a

va
lu

e
b

el
ow

or
ab

ov
e

1/
2.

T
h
e

fo
ll
ow

in
g

re
su

lt
sh

ow
s

th
at

fo
r

a
n
y

d
ep

th
I
≥

2,
a

n
eu

ra
l

n
et

w
or

k
of

th
e

fo
rm

(8
)

is
fl
ex

ib
le

en
ou

gh
to

m
ak

e
al

m
os

t
op

ti
m

al
st

op
p
in

g
d
ec

is
io

n
s

p
ro

v
id

ed
it

h
as

su
ffi

ci
en

tl
y

m
a
n
y

n
o
d
es

.

P
ro

p
o
si

ti
o
n

4
L

et
n
∈
{0
,1
,.
..
,N
−

1}
a
n

d
fi

x
a

st
o
p
p
in

g
ti

m
e
τ n

+
1
∈
T n

+
1
.

T
h
en

,
fo

r
ev

er
y

d
ep

th
I
≥

2
a
n

d
co

n
st

a
n

t
ε
>

0
,

th
er

e
ex

is
t

po
si

ti
ve

in
te

ge
rs
q 1
,.
..
,q
I
−

1
su

ch
th

a
t

su
p

θ
∈R

q
E[
g
(n
,X

n
)f
θ
(X

n
)

+
g
(τ
n

+
1
,X

τ n
+

1
)(

1
−
f
θ
(X

n
))
]

≥
su

p
f
∈D

E[
g
(n
,X

n
)f

(X
n
)

+
g
(τ
n

+
1
,X

τ n
+

1
)(

1
−
f

(X
n
))
] −

ε,

w
h
er

e
D

is
th

e
se

t
o
f

a
ll

m
ea

su
ra

bl
e

fu
n

ct
io

n
s
f

:
R
d
→
{0
,1
}.

P
ro

o
f

F
ix

ε
>

0.
It

fo
ll
ow

s
fr

om
th

e
in

te
gr

ab
il
it

y
co

n
d
it

io
n

(2
)

th
at

th
er

e
ex

is
ts

a
m

ea
su

ra
b
le

fu
n
ct

io
n
f̃

:
R
d
→
{0
,1
}

su
ch

th
at

E[
g
(n
,X

n
)f̃

(X
n
)

+
g
(τ
n

+
1
,X

τ n
+

1
)(

1
−
f̃

(X
n
))
]

≥
su

p
f
∈D

E[
g
(n
,X

n
)f

(X
n
)

+
g
(τ
n

+
1
,X

τ n
+

1
)(

1
−
f

(X
n
))
] −

ε/
4.

(9
)
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D
e
e
p
O
p
t
im

a
l
S
t
o
p
p
in
g

f̃
ca

n
b

e
w

ritten
as
f̃

=
1
A

for
th

e
B

o
rel

set
A

=
{x
∈
R
d

:
f̃

(x
)

=
1}

.
M

oreover,
b
y

(2),

B
7→

E
[|g

(n
,X

n
)|1

B
(X

n
)]

an
d

B
7→

E [|g
(τ
n

+
1 ,X

τ
n

+
1 )|1

B
(X

n
) ]

d
efi

n
e

fi
n
ite

B
o
rel

m
easu

res
on

R
d.

S
in

ce
ev

ery
fi
n
ite

B
orel

m
easu

re
o
n
R
d

is
tigh

t
(see,

e.g
.,

A
lip

ra
n
tis

an
d

B
ord

er,
2006),

th
ere

ex
ists

a
com

p
act

(p
ossib

ly
em

p
ty

)
su

b
set

K
⊆
A

su
ch

th
a
t

E [g
(n
,X

n
)1
K

(X
n
)

+
g
(τ
n

+
1 ,X

τ
n

+
1 )(1−

1
K

(X
n
)) ]

≥
E [g

(n
,X

n
)f̃

(X
n
)

+
g
(τ
n

+
1 ,X

τ
n

+
1 )(1−

f̃
(X

n
)) ]−

ε/
4
.

(10)

L
et
ρ
K

:R
d→

[0,∞
]

b
e

th
e

d
istan

ce
fu

n
ction

given
b
y
ρ
K

(x
)

=
in

f
y∈
K
‖x
−
y‖

2 .
T

h
en

k
j (x

)
=

m
ax{

1−
jρ
K

(x
),−

1}
,

j∈
N
,

d
efi

n
es

a
seq

u
en

ce
of

con
tin

u
ou

s
fu

n
ction

s
k
j
:R

d
→

[−
1
,1]

th
at

con
verge

p
oin

tw
ise

to
1
K
−

1
K
c.

S
o

it
follow

s
from

L
eb

esgu
e’s

d
om

in
ated

con
vergen

ce
th

eorem
th

a
t

th
ere

ex
ists

a
j∈

N
su

ch
th

atE [g
(n
,X

n
)

1{
k
j (X

n
)≥

0}
+
g
(τ
n

+
1 ,X

τ
n

+
1 )(1−

1{
k
j (X

n
)≥

0} ) ]

≥
E [g

(n
,X

n
)1
K

(X
n
)

+
g
(τ
n

+
1 ,X

τ
n

+
1 )(1−

1
K

(X
n
)) ]−

ε/4
.

(11)

B
y

T
h
eo

rem
1

of
L

esh
n
o

et
al.

(1993),
k
j

can
b

e
ap

p
rox

im
ated

u
n
iform

ly
on

com
p
acts

b
y

fu
n
ctio

n
s

o
f

th
e

form
r
∑i=

1 (v
Ti
x

+
c
i )

+
−

s
∑i=

1 (w
Ti
x

+
d
i )

+
(12)

fo
r
r,s
∈

N
,
v

1 ,...,v
r ,w

1 ,...,w
s
∈

R
d

an
d
c

1 ,...,c
r ,d

1 ,...,d
s
∈

R
.

S
o

th
ere

ex
ists

a
fu

n
ctio

n
h

:R
d→

R
ex

p
ressib

le
as

in
(12)

su
ch

th
at

E [g
(n
,X

n
)

1{
h

(X
n

)≥
0}

+
g
(τ
n

+
1 ,X

τ
n

+
1 )(1−

1{
h

(X
n

)≥
0} ) ]

≥
E [g

(n
,X

n
)

1{
k
j (X

n
)≥

0}
+
g
(τ
n

+
1 ,X

τ
n

+
1 )(1−

1{
k
j (X

n
)≥

0} ) ]−
ε/4

.
(13)

N
ow

n
o
te

th
at

for
an

y
in

teger
I
≥

2,
th

e
com

p
osite

m
ap

p
in

g
1

[0
,∞

) ◦
h

can
b

e
w

ritten
as

a

n
eu

ral
n
et
f
θ

o
f

th
e

form
(8)

w
ith

d
ep

th
I

for
su

itab
le

in
teg

ers
q

1 ,...,q
I−

1
an

d
p
a
ram

eter
va

lu
e
θ∈

R
q.

H
en

ce,
on

e
ob

tain
s

from
(9),

(10),
(11)

an
d

(13)
th

at

E [g
(n
,X

n
)
f
θ(X

n
)

+
g
(τ
n

+
1 ,X

τ
n

+
1 )(1−

f
θ(X

n
)) ]

≥
su

p
f∈D

E [g
(n
,X

n
)f

(X
n
)

+
g
(τ
n

+
1 ,X

τ
n

+
1 )(1−

f
(X

n
)) ]−

ε,

a
n
d

th
e

p
ro

o
f

is
com

p
lete.

W
e

a
lw

ay
s

ch
o
ose

θ
N
∈

R
q

su
ch

th
at

2
f
θ
N
≡

1.
T

h
en

ou
r

can
d
id

ate
op

tim
al

stop
p
in

g
tim

e

τ
Θ

=
N
∑n

=
1

n
f
θ
n
(X

n
)
n−

1
∏j=

0 (1−
f
θ
j(X

j ))
(14)

2
.

It
is

ea
sy

to
see

th
a
t

th
is

is
p

o
ssib

le.
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B
e
c
k
e
r
,
C
h
e
r
id
it
o

a
n
d

J
e
n
t
z
e
n

is
sp

ecifi
ed

b
y

th
e

vector
Θ

=
(θ

0 ,θ
1 ,...,θ

N
−

1 )
∈

R
N
q.

T
h
e

follow
in

g
is

an
im

m
ed

iate
con

seq
u
en

ce
of

T
h
eorem

1
an

d
P

rop
osition

4:

C
o
ro

lla
ry

5
F

o
r

a
given

o
p
tim

a
l

sto
p
p
in

g
p
ro

blem
o
f

th
e

fo
rm

(1),
a

d
ep

th
I
≥

2
a
n

d
a

co
n

sta
n

t
ε
>

0
,

th
ere

exist
po

sitive
in

tegers
q

1 ,...,q
I−

1
a
n

d
a

vecto
r

Θ
∈
R
N
q

su
ch

th
a
t

th
e

co
rrespo

n
d
in

g
sto

p
p
in

g
tim

e
(14)

sa
tisfi

es
E
g
(τ

Θ
,X

τ
Θ

)≥
su

p
τ∈T

E
g
(τ,X

τ )−
ε.

2
.3

.
P

a
ra

m
e
te

r
O

p
tim

iz
a
tio

n

W
e

train
n
eu

ral
n
etw

ork
s

of
th

e
form

(8)
w

ith
fi
x
ed

d
ep

th
I
≥

2
an

d
given

n
u
m

b
ers

q
1 ,...,q

I−
1

of
n
o
d
es

in
th

e
h
id

d
en

lay
ers

3.
T

o
n
u
m

erically
fi
n
d

p
aram

eters
θ
n
∈
R
q

y
ield

in
g

go
o
d

stop
p
in

g
d
ecision

s
f
θ
n

for
all

tim
es
n
∈
{
0,1,...,N

−
1}

,
w

e
ap

p
rox

im
ate

ex
p

ected
valu

es
w

ith
averages

of
M

on
te

C
arlo

sam
p
les

calcu
lated

from
sim

u
lated

p
ath

s
of

th
e

p
ro

cess
(X

n
)
Nn

=
0 .

L
et

(x
kn
)
Nn

=
0 ,
k

=
1,2

,...
b

e
in

d
ep

en
d
en

t
realization

s
of

su
ch

p
ath

s.
W

e
ch

o
ose

θ
N
∈
R
q

su
ch

th
at
f
θ
N
≡

1
an

d
d
eterm

in
e

d
eterm

in
e
θ
n
∈
R
q

for
n
≤
N
−

1
recu

rsiv
ely.

S
o,

su
p
p

ose
th

at
for

a
given

n
∈
{0
,1
,...,N

−
1}

,
p
aram

eters
θ
n

+
1 ,...,θ

N
∈

R
q,

h
av

e
b

een
fou

n
d

so
th

at
th

e
stop

p
in

g
d
ecision

s
f
θ
n

+
1,...,f

θ
N

gen
erate

a
stop

p
in

g
tim

e

τ
n

+
1

=
N
∑m
=
n

+
1

m
f
θ
m

(X
m

)
m
−

1
∏j=
n

+
1 (1−

f
θ
j(X

j ))

w
ith

corresp
on

d
in

g
ex

p
ectation

E
g
(τ
n

+
1 ,X

τ
n

+
1 )

close
to

th
e

op
tim

al
valu

e
V
n

+
1 .

If
n

=
N
−

1,
on

e
h
as
τ
n

+
1 ≡

N
,

an
d

if
n
≤
N
−

2,
τ
n

+
1

can
b

e
w

ritten
as

τ
n

+
1

=
ln

+
1 (X

n
+

1 ,...,X
N
−

1 )

for
a

m
easu

rab
le

fu
n
ction

ln
+

1
:R

d
(N
−
n−

1
)→
{n

+
1
,n

+
2
,...,N

}.
A

ccord
in

gly,
d
en

ote

l kn
+

1
=

{
N

if
n

=
N
−

1

ln
+

1 (x
kn

+
1 ,...,x

kN
−

1 )
if
n
≤
N
−

2
.

If
at

tim
e
n

,
on

e
ap

p
lies

th
e

soft
stop

p
in

g
d
ecision

F
θ

an
d

afterw
ard

b
eh

aves
acco

rd
in

g
to

f
θ
n

+
1,...,f

θ
N

,
th

e
realized

rew
ard

alon
g

th
e
k
-th

sim
u
lated

p
ath

of
X

is

r
kn (θ)

=
g
(n
,x

kn
)F

θ(x
kn
)

+
g
(l kn

+
1 ,x

kl kn
+

1 )(1−
F
θ(x

kn
)).

F
or

large
K
∈
N

,

1K

K
∑k

=
1

r
kn (θ)

(15)

ap
p
rox

im
ates

th
e

ex
p

ected
valu

e

E [g
(n
,X

n
)F

θ(X
n
)

+
g
(τ
n

+
1 ,X

τ
n

+
1 )(1−

F
θ(X

n
)) ]

.

3
.

F
o
r

a
g
iv

en
a
p

p
lica

tio
n

,
o
n

e
ca

n
try

o
u

t
d

iff
eren

t
ch

o
ices

o
f
I

a
n

d
q
1 ,...,q

I−
1

to
fi

n
d

a
su

ita
b

le
tra

d
e-o

ff
b

etw
een

a
ccu

ra
cy

a
n

d
effi

cien
cy.

A
ltern

a
tiv

ely,
th

e
d

eterm
in

a
tio

n
o
f
I

a
n

d
q
1 ,...,q

I−
1

co
u

ld
b

e
b

u
ilt

in
to

th
e

tra
in

in
g

a
lg

o
rith

m
.
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D
e
e
p
O
p
t
im

a
l
S
t
o
p
p
in
g

S
in

ce
rk n

(θ
)

is
al

m
os

t
ev

er
y
w

h
er

e
d
iff

er
en

ti
ab

le
in
θ,

a
st

o
ch

as
ti

c
g
ra

d
ie

n
t

as
ce

n
t

m
et

h
o
d

ca
n

b
e

ap
p
li
ed

to
fi
n
d

an
ap

p
ro

x
im

at
e

op
ti

m
iz

er
θ n
∈
R
q

of
(1

5)
.

T
h
e

sa
m

e
si

m
u
la

ti
on

s
(x
k n
)N n

=
0
,

k
=

1,
2
,.
..

ca
n

b
e

u
se

d
to

tr
ai

n
th

e
st

op
p
in

g
d
ec

is
io

n
s
f
θ n

at
al

lt
im

es
n
∈
{0
,1
,.
..
,N
−

1}
.

In
th

e
n
u
m

er
ic

al
ex

am
p
le

s
in

S
ec

ti
on

4
b

el
ow

,
w

e
em

p
lo

ye
d

m
in

i-
b
at

ch
gr

ad
ie

n
t

as
ce

n
t

w
it

h
X

av
ie

r
in

it
ia

li
za

ti
on

(G
lo

ro
t

an
d

B
en

gi
o,

20
10

),
b
at

ch
n
or

m
al

iz
at

io
n

(I
off

e
an

d
S
ze

ge
d
y
,

20
15

)
an

d
A

d
am

u
p

d
at

in
g

(K
in

gm
a

an
d

B
a,

20
15

).

R
e
m

a
rk

6
If

th
e

M
a
rk

o
v

p
ro

ce
ss
X

st
a
rt

s
fr

o
m

a
d
et

er
m

in
is

ti
c

in
it

ia
l

va
lu

e
x

0
∈
R
d
,

th
e

in
it

ia
l

st
o
p
p
in

g
d
ec

is
io

n
is

gi
ve

n
by

a
co

n
st

a
n

t
f 0
∈
{0
,1
}.

T
o

le
a
rn
f 0

fr
o
m

si
m

u
la

te
d

pa
th

s
o
f
X

,
it

is
en

o
u

gh
to

co
m

pa
re

th
e

in
it

ia
l

re
w

a
rd
g
(0
,x

0
)

to
a

M
o
n

te
C

a
rl

o
es

ti
m

a
te
Ĉ

o
f

E
g
(τ

1
,X

τ 1
),

w
h
er

e
τ 1
∈
T 1

is
o
f

th
e

fo
rm

τ 1
=

N ∑ n
=

1

n
f
θ n

(X
n
)
n
−

1
∏ j=

1

(1
−
f
θ j

(X
j
))

fo
r
f
θ N
≡

1
a
n

d
tr

a
in

ed
pa

ra
m

et
er

s
θ 1
,.
..
,θ
N
−

1
∈
R
q
.

T
h
en

o
n

e
se

ts
f 0

=
1

(t
h
a
t

is
,

st
o
p

im
m

ed
ia

te
ly

)
if
g
(0
,x

0
)
≥
Ĉ

a
n

d
f 0

=
0

(c
o
n

ti
n

u
e)

o
th

er
w

is
e.

T
h
e

re
su

lt
in

g
st

o
p
p
in

g
ti

m
e

is
o
f

th
e

fo
rm

τ
Θ

=

{
0

if
f 0

=
1

τ 1
if
f 0

=
0.

3
.

B
o
u
n
d
s,

P
o
in

t
E

st
im

a
te

s
a
n
d

C
o
n
fi
d
e
n
ce

In
te

rv
a
ls

In
th

is
se

ct
io

n
w

e
d
er

iv
e

lo
w

er
an

d
u
p
p

er
b

ou
n
d
s

as
w

el
l

as
p

oi
n
t

es
ti

m
at

es
an

d
co

n
fi
d
en

ce
in

te
rv

al
s

fo
r

th
e

op
ti

m
al

va
lu

e
V

0
=

su
p
τ
∈T

E
g
(τ
,X

τ
).

3
.1

.
L

o
w

e
r

B
o
u

n
d

O
n
ce

th
e

st
op

p
in

g
d
ec

is
io

n
s
f
θ n

h
av

e
b

ee
n

tr
ai

n
ed

,
th

e
st

op
p
in

g
ti

m
e
τ

Θ
gi

ve
n

b
y

(1
4)

y
ie

ld
s

a
lo

w
er

b
ou

n
d
L

=
E
g
(τ

Θ
,X

τ
Θ

)
fo

r
th

e
op

ti
m

al
va

lu
e
V

0
=

su
p
τ
∈T

E
g
(τ
,X

τ
).

T
o

es
ti

m
at

e
it

,
w

e
si

m
u
la

te
a

n
ew

se
t4

of
in

d
ep

en
d
en

t
re

al
iz

at
io

n
s

(y
k n
)N n

=
0
,
k

=
1,

2,
..
.,
K
L
,

of
(X

n
)N n

=
0
.

τ
Θ

is
of

th
e

fo
rm

τ
Θ

=
l(
X

0
,.
..
,X

N
−

1
)

fo
r

a
m

ea
su

ra
b
le

fu
n
ct

io
n
l:

R
d
N
→
{0
,1
,.
..
,N
}.

D
en

ot
e
lk

=
l(
y
k 0
,.
..
,y
k N
−

1
).

T
h
e

M
on

te
C

ar
lo

ap
p
ro

x
im

at
io

n

L̂
=

1 K
L

K
L

∑ k
=

1

g
(l
k
,y
k lk

)

gi
ve

s
an

u
n
b
ia

se
d

es
ti

m
at

e
of

th
e

lo
w

er
b

ou
n
d
L

,
an

d
b
y

th
e

la
w

of
la

rg
e

n
u
m

b
er

s,
L̂

co
n
ve

rg
es

to
L

fo
r
K
L
→
∞

.

4
.

In
p

a
rt

ic
u

la
r,

w
e

a
ss

u
m

e
th

a
t

th
e

sa
m

p
le

s
(y
k n
)N n

=
0
,
k

=
1
,.
..
,K

L
,

a
re

d
ra

w
n

in
d

ep
en

d
en

tl
y

fr
o
m

th
e

re
a
li

za
ti

o
n

s
(x
k n
)N n

=
0
,
k

=
1
,.
..
,K

,
u

se
d

in
th

e
tr

a
in

in
g

o
f

th
e

st
o
p

p
in

g
d

ec
is

io
n

s.
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B
e
c
k
e
r
,
C
h
e
r
id
it
o

a
n
d

J
e
n
t
z
e
n

3
.2

.
U

p
p

e
r

B
o
u

n
d

T
h
e

S
n
el

l
en

ve
lo

p
e

of
th

e
re

w
ar

d
p
ro

ce
ss

(g
(n
,X

n
))
N n

=
0

is
th

e
sm

al
le

st
5

su
p

er
m

a
rt

in
g
a
le

w
it

h
re

sp
ec

t
to

(F
n
)N n

=
0

th
at

d
om

in
at

es
(g

(n
,X

n
))
N n

=
0
.

It
is

g
iv

en
6

b
y

H
n

=
es

s
su

p
τ
∈T

n
E[
g
(τ

)
|F

n
],

n
=

0,
1
,.
..
,N

;

se
e,

e.
g.

,
P

es
k
ir

an
d

S
h
ir

ya
ev

(2
00

6
)

or
L

am
b

er
to

n
an

d
L

ap
ey

re
(2

00
8)

.
It

s
D

o
o
b
–
M

ey
er

d
ec

om
p

os
it

io
n

is
H
n

=
H

0
+
M

H n
−
A
H n
,

w
h
er

e
M

H
is

th
e

(F
n
)-

m
ar

ti
n
ga

le
gi

v
en

6
b
y

M
H 0

=
0

an
d

M
H n
−
M

H n
−

1
=
H
n
−

E[
H
n
|F

n
−

1
],

n
=

1,
..
.,
N
,

an
d
A
H

is
th

e
n
on

d
ec

re
as

in
g

(F
n
)-

p
re

d
ic

ta
b
le

p
ro

ce
ss

gi
v
en

6
b
y

A
H 0

=
0

an
d

A
H n
−
A
H n
−

1
=
H
n
−

1
−

E[
H
n
|F

n
−

1
],

n
=

1,
..
.,
N
.

O
u
r

es
ti

m
at

e
of

an
u
p
p

er
b

ou
n
d

fo
r

th
e

op
ti

m
al

va
lu

e
V

0
is

b
as

ed
on

th
e

fo
ll
ow

in
g

va
ri

an
t7

of
th

e
d
u
al

fo
rm

u
la

ti
on

of
op

ti
m

al
st

op
p
in

g
p
ro

b
le

m
s

in
tr

o
d
u
ce

d
b
y

R
o
g
er

s
(2

0
0
2
)

an
d

H
au

gh
an

d
K

og
an

(2
00

4)
.

P
ro

p
o
si

ti
o
n

7
L

et
(ε
n
)N n

=
0

be
a

se
qu

en
ce

o
f

in
te

gr
a
bl

e
ra

n
d
o
m

va
ri

a
bl

es
o
n

(Ω
,F
,P

).
T

h
en

V
0
≥

E[
m

ax
0
≤
n
≤
N

( g
(n
,X

n
)
−
M

H n
−
ε n
)]

+
E[

m
in

0
≤
n
≤
N

( A
H n

+
ε n
)]
.

(1
6
)

M
o
re

o
ve

r,
if
E[
ε n
|F

n
]

=
0

fo
r

a
ll
n
∈
{0
,1
,.
..
,N
},

o
n

e
h
a
s

V
0
≤

E[
m

ax
0
≤
n
≤
N

(g
(n
,X

n
)
−
M
n
−
ε n

)]
(1

7
)

fo
r

ev
er

y
(F

n
)-

m
a
rt

in
ga

le
(M

n
)N n

=
0

st
a
rt

in
g

fr
o
m

0
.

P
ro

o
f

F
ir

st
,

n
ot

e
th

at

E[
m

ax
0
≤
n
≤
N

( g
(n
,X

n
)
−
M

H n
−
ε n
)]
≤

E[
m

ax
0
≤
n
≤
N

( H
n
−
M

H n
−
ε n
)]

=
E[

m
ax

0
≤
n
≤
N

( H
0
−
A
H n
−
ε n
)]

=
V

0
−

E[
m

in
0
≤
n
≤
N

( A
H n

+
ε n
)]
,

w
h
ic

h
sh

ow
s

(1
6)

.
N

ow
,

as
su

m
e

th
at

E[
ε n
|F

n
]

=
0

fo
r

al
l
n
∈
{0
,1
,.
..
,N
},

an
d

le
t
τ

b
e

a
n
X

-s
to

p
p
in

g
ti

m
e.

T
h
en

E
ε τ

=
E[

N ∑ n
=

0

1 {
τ
=
n
}ε
n

]
=

E[
N ∑ n
=

0

1 {
τ
=
n
}E

[ε
n
|F

n
]]

=
0.

5
.

in
th

e
P-

a
lm

o
st

su
re

o
rd

er
6
.

u
p

to
P-

a
lm

o
st

su
re

eq
u

a
li

ty
7
.

S
ee

a
ls

o
th

e
d

is
cu

ss
io

n
o
n

n
o
is

y
es

ti
m

a
te

s
in

A
n

d
er

se
n

a
n

d
B

ro
a
d

ie
(2

0
0
4
).
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D
e
e
p
O
p
t
im

a
l
S
t
o
p
p
in
g

S
o

o
n
e

ob
ta

in
s

from
th

e
op

tion
al

sto
p
p
in

g
th

eorem
(see,

e.g.,
G

rim
m

ett
an

d
S
tirzaker,

2
0
0
1
),

E
g
(τ,X

τ )
=

E
[g

(τ,X
τ )−

M
τ −

ε
τ ]≤

E [
m

ax
0≤
n≤

N
(g

(n
,X

n
)−

M
n −

ε
n
) ]

fo
r

every
(F

n
)-m

artin
gale

(M
n
)
Nn

=
0

startin
g

from
0.

S
in

ce
V

0
=

su
p
τ∈T

E
g
(τ,X

τ ),
th

is
im

-
p
lies

(1
7
).

F
o
r

every
(F

n
)-m

artin
gale

(M
n
)
Nn

=
0

startin
g

from
0

an
d

each
seq

u
en

ce
o
f
in

tegrab
le

error
term

s
(ε
n
)
Nn

=
0

satisfy
in

g
E

[ε
n
|F

n
]

=
0

for
all

n
,

th
e

righ
t

sid
e

of
(17)

p
rov

id
es

an
u
p
p

er
b

o
u
n
d

8
fo

r
V

0 ,
an

d
b
y

(16),
th

is
u
p
p

er
b

ou
n
d

is
tigh

t
if
M

=
M

H
an

d
ε≡

0.
S
o

w
e

try
to

u
se

o
u
r

ca
n
d
id

ate
op

tim
al

stop
p
in

g
tim

e
τ

Θ
to

con
stru

ct
a

m
artin

gale
close

to
M

H
.

T
h
e

clo
ser

τ
Θ

is
to

an
op

tim
al

stop
p
in

g
tim

e,
th

e
b

etter
th

e
valu

e
p
ro

cess
9

H
Θn

=
E [g

(τ
Θn
,X

τ
Θn

)|F
n ]
,

n
=

0,1
,...,N

,

co
rresp

o
n
d
in

g
toτ

Θn
=

N
∑m

=
n

m
f
θ
m

(X
m

)
m
−

1
∏j=
n

(1−
f
θ
j(X

j )),
n

=
0,1

,...,N
,

a
p
p
rox

im
a
tes

th
e

S
n
ell

en
velop

e
(H

n
)
Nn

=
0 .

T
h
e

m
artin

gale
p
art

of
(H

Θn
)
Nn

=
0

is
giv

en
b
y

M
Θ0

=
0

a
n
d

M
Θn
−
M

Θn−
1

=
H

Θn
−
E [H

Θn
|F

n−
1 ]

=
f
θ
n
(X

n
)g

(n
,X

n
)

+
(1−

f
θ
n
(X

n
))C

Θn
−
C

Θn−
1 ,
n
≥

1
,

(18)
fo

r
th

e
co

n
tin

u
a
tion

valu
es

1
0

C
Θn

=
E

[g
(τ

Θn+
1 ,X

τ
Θn
+

1 )|F
n
]

=
E

[g
(τ

Θn+
1 ,X

τ
Θn
+

1 )|
X
n
],

n
=

0,1,...,N
−

1
.

N
o
te

th
at
C

ΘN
d
o
es

n
ot

h
ave

to
b

e
sp

ecifi
ed

.
It

form
ally

ap
p

ears
in

(18)
for

n
=
N

.
B

u
t

(1
−
f
θ
N

(X
N

))
is

alw
ay

s
0.

T
o

estim
ate

M
Θ

,
w

e
gen

erate
a

th
ird

set
1
1

of
in

d
ep

en
d
en

t
rea

liza
tio

n
s

(z
kn )
Nn

=
0 ,
k

=
1,2,...,K

U
,

of
(X

n
)
Nn

=
0 .

In
ad

d
ition

,
for

every
z
kn ,

w
e

sim
u
late

J

co
n
tin

u
a
tio

n
p
a
th

s
z̃
k
,j
n

+
1 ,...,z̃

k
,j
N

,
j

=
1,...,J

,
th

at
are

con
d
ition

ally
in

d
ep

en
d
en

t
1
2

of
each

8
.

N
o
te

th
a
t

fo
r

th
e

rig
h
t

sid
e

o
f

(1
7
)

to
b

e
a

va
lid

u
p

p
er

b
o
u

n
d

,
it

is
su

ffi
cien

t
th

a
t
E

[ε
n
|F

n
]

=
0

fo
r

a
ll

n
.

In
p

a
rticu

la
r,
ε

0 ,ε
1 ,...,ε

N
ca

n
h

av
e

a
n
y

a
rb

itra
ry

d
ep

en
d

en
ce

stru
ctu

re.
9
.

A
g
a
in

,
sin

ce
H

Θn
,
M

Θn
a
n

d
C

Θn
a
re

g
iv

en
b
y

co
n

d
itio

n
a
l

ex
p

ecta
tio

n
s,

th
ey

a
re

o
n

ly
sp

ecifi
ed

u
p

to
P

-a
lm

o
st

su
re

eq
u

a
lity.

1
0
.

T
h

e
tw

o
co

n
d

itio
n

a
l

ex
p

ecta
tio

n
s

a
re

eq
u

a
l

sin
ce

(X
n
)
Nn

=
0

is
M

a
rk

ov
a
n

d
τ

Θn
+

1
o
n

ly
d

ep
en

d
s

o
n

(X
n

+
1 ,...,X

N
−

1 ).

1
1
.

T
h

e
rea

liza
tio

n
s

(z
kn
)
Nn

=
0 ,
k

=
1
,...,K

U
,

m
u

st
b

e
d

raw
n

in
d

ep
en

d
en

tly
o
f

(x
kn
)
Nn

=
0 ,
k

=
1
,...,K

,
so

th
a
t

o
u

r
estim

a
te

o
f

th
e

u
p

p
er

b
o
u

n
d

d
o
es

n
o
t

d
ep

en
d

o
n

th
e

sa
m

p
les

u
sed

to
tra

in
th

e
sto

p
p

in
g

d
ecisio

n
s.

B
u

t
th

eo
retica

lly,
th

ey
ca

n
d

ep
en

d
o
n

(y
kn
)
Nn

=
0 ,
k

=
1
,...,K

L
,

w
ith

o
u

t
a
ff

ectin
g

th
e

u
n
b

ia
sed

n
ess

o
f

th
e

estim
a
te
Û

o
r

th
e

va
lid

ity
o
f

th
e

co
n

fi
d

en
ce

in
terva

l
d
eriv

ed
in

S
u

b
sectio

n
3
.3

b
elow

.

1
2
.

M
o
re

p
recisely,

th
e

tu
p

les
(z̃
k
,j
n

+
1 ,...,z̃

k
,j
N

),
j

=
1
,...,J

,
a
re

sim
u

la
ted

a
cco

rd
in

g
to
p
n
(z
kn
,·),

w
h

ere
p
n

is
a

tra
n

sitio
n

k
ern

el
fro

m
R
d

to
R

(N
−
n

)d
su

ch
th

a
t
p
n
(X

n
,B

)
=

P
[(X

n
+

1 ,...,X
N

)∈
B
|
X
n
]P

-a
lm

o
st

su
rely

fo
r

a
ll

B
o
rel

sets
B
⊆

R
(N
−
n

)d.
W

e
g
en

era
te

th
em

in
d

ep
en

d
en

tly
o
f

ea
ch

o
th

er
a
cro

ss
j

a
n

d
k
.

O
n

th
e

o
th

er
h

a
n

d
,

th
e

co
n
tin

u
a
tio

n
p

a
th

s
sta

rtin
g

fro
m
z
kn

d
o

n
o
t

h
av

e
to

b
e

d
raw

n
in

d
ep

en
d

en
tly

o
f

th
o
se

sta
rtin

g
fro

m
z
kn
′

fo
r
n
6=
n
′.

1
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B
e
c
k
e
r
,
C
h
e
r
id
it
o

a
n
d

J
e
n
t
z
e
n

oth
er

an
d

of
z
kn
+

1 ,...,z
kN

.
L

et
u
s

d
en

ote
b
y
τ
k
,j

n
+

1
th

e
valu

e
of
τ

Θn+
1

alon
g
z̃
k
,j
n

+
1 ,...,z̃

k
,j
N

.
E

stim
atin

g
th

e
con

tin
u
ation

valu
es

as

C
kn

=
1J

J
∑j=

1

g (
τ
k
,j

n
+

1 ,z̃
k
,j

τ
k
,j

n
+

1 )
,

n
=

0,1,...,N
−

1
,

y
ield

s
th

e
n
oisy

estim
ates

∆
M

kn
=
f
θ
n
(z
kn )g

(n
,z
kn )

+
(1−

f
θ
n
(z
kn ))C

kn −
C
kn−

1

of
th

e
in

crem
en

ts
M

Θn
−
M

Θn−
1

alon
g

th
e
k
-th

sim
u
la

ted
p
ath

z
k0
,...,z

kN
.

S
o

M
kn

=

{
0

if
n

=
0

∑
nm

=
1

∆
M

km
if
n
≥

1

can
b

e
v
iew

ed
as

realization
s

of
M

Θn
+
ε
n

for
estim

ation
errors

ε
n

w
ith

stan
d
ard

d
ev

iation
s

p
rop

ortion
al

to
1
/ √

J
su

ch
th

at
E

[ε
n
|F

n
]

=
0

for
all

n
.

A
ccord

in
gly,

Û
=

1K
U

K
U
∑k

=
1

m
a
x

0≤
n≤

N

(
g (
n
,z
kn )
−
M

kn )
,

is
an

u
n
b
iased

estim
ate

of
th

e
u
p
p

er
b

ou
n
d

U
=

E [
m

a
x

0≤
n≤

N

(g
(n
,X

n
)−

M
Θn
−
ε
n ) ]

,

w
h
ich

,
b
y

th
e

law
of

large
n
u
m

b
ers,

con
verges

to
U

for
K
U
→
∞

.

3
.3

.
P

o
in

t
E

stim
a
te

a
n

d
C

o
n

fi
d

e
n

c
e

In
te

rv
a
ls

O
u
r

p
oin

t
estim

ate
of
V

0
is

th
e

average

L̂
+
Û

2
.

T
o

d
erive

con
fi
d
en

ce
in

tervals,
w

e
assu

m
e

th
at

g
(n
,X

n
)

is
sq

u
are-in

tegrab
le

1
3

for
all

n
.

T
h
en

g
(τ
θ,X

τ
Θ

)
an

d
m

ax
0≤
n≤

N

(g
(n
,X

n
)−

M
Θn
−
ε
n )

are
sq

u
are-in

tegrab
le

to
o.

H
en

ce,
on

e
ob

tain
s

from
th

e
cen

tral
lim

it
th

eorem
th

at
for

large
K
L

,
L̂

is
ap

p
rox

im
ately

n
orm

ally
d
istrib

u
ted

w
ith

m
ean

L
an

d
varian

ce
σ̂

2L
/K

L
for

σ̂
2L

=
1

K
L
−

1

K
L

∑k
=

1 (
g
(l k,y

kl k )−
L̂ )

2
.

1
3
.

S
ee

co
n

d
itio

n
(3

).

1
2
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D
e
e
p
O
p
t
im

a
l
S
t
o
p
p
in
g

S
o,

fo
r

ev
er

y
α
∈

(0
,1

],
[ L̂
−
z α
/
2
σ̂
L

√
K
L

,
∞
)

is
an

as
y
m

p
to

ti
ca

ll
y

va
li
d

1
−
α
/2

co
n
fi
d
en

ce
in

te
rv

al
fo

r
L

,
w

h
er

e
z α
/
2

is
th

e
1
−
α
/2

q
u
an

ti
le

of
th

e
st

an
d
ar

d
n
or

m
al

d
is

tr
ib

u
ti

on
.

S
im

il
ar

ly
,

( −
∞
,
Û

+
z α
/
2
σ̂
U

√
K
U

]
w

it
h

σ̂
2 U

=
1

K
U
−

1

K
U ∑ k

=
1

(
m

ax
0
≤
n
≤
N

( g
( n
,z
k n

)
−
M

k n

)
−
Û

) 2
,

is
an

as
y
m

p
to

ti
ca

ll
y

va
li
d

1
−
α
/2

co
n
fi
d
en

ce
in

te
rv

al
fo

r
U

.
It

fo
ll
ow

s
th

at
fo

r
ev

er
y

co
n
st

an
t

ε
>

0,
on

e
h
as

P[ V
0
<
L̂
−
z α
/
2
σ̂
L

√
K
L

or
V

0
>
Û

+
z α
/
2
σ̂
U

√
K
U

]

≤
P[ L

<
L̂
−
z α
/
2
σ̂
L

√
K
L

] +
P[ U

>
Û

+
z α
/
2
σ̂
U

√
K
U

]
≤
α

+
ε

as
so

on
as
K
L

an
d
K
U

ar
e

la
rg

e
en

ou
gh

.
In

p
ar

ti
cu

la
r,

[ L̂
−
z α
/
2
σ̂
L

√
K
L

,
Û

+
z α
/
2
σ̂
U

√
K
U

]
(1

9)

is
an

as
y
m

p
to

ti
ca

ll
y

va
li
d

1
−
α

co
n
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=
si 0

ex
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i t

) ,
i

=
1,

2
,.
..
,d
,

(2
0)

1
4
.

A
ll

co
m

p
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p
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p
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h
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m
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0
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m
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p
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d
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p
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Û

in
se

co
n
d
s.

95
%

C
I

is
th

e
95

%
co

n
fi
d
en

ce
in

te
rv

al
(1

9)
.

T
h
e

la
st

co
lu

m
n

re
p

or
ts

th
e

95
%

co
n
fi
d
en

ce
in

te
rv

al
s

of
B

ro
ad

ie
an

d
C

ao
(2

00
8)

.

17
JM

L
R

 2
0(

74
):

1-
25

, 2
01

9

B
e
c
k
e
r
,
C
h
e
r
id
it
o

a
n
d

J
e
n
t
z
e
n

T
h
en

th
e

is
su

er
’s

m
in

im
iz

at
io

n
p
ro

b
le

m
ca

n
b

e
w

ri
tt

en
as

in
f

τ
∈T

E
g
(τ
,X

τ
),

(2
3
)

w
h
er

e
T

is
th

e
se

t
of

al
l
X

-s
to

p
p
in

g
ti

m
es

an
d

g
(n
,x

)
=

{
∑

n m
=

1
e−

r
t m
c

+
e−

r
t n
F

if
1
≤
n
≤
N
−

1
or
x
d
+

1
=

0
∑

N m
=

1
e−

r
t m
c

+
e−

r
t N
h

(x
)

if
n

=
N

an
d
x
d
+

1
=

1,

w
h
er

e

h
(x

)
=

{
F

if
m

in
1
≤
i≤
d
x
i
>
K

m
in

1
≤
i≤
d
x
i

if
m

in
1
≤
i≤
d
x
i
≤
K
.

S
in

ce
th

e
is

su
er

ca
n
n
ot

re
d
ee

m
at

ti
m

e
0,

w
e

tr
ai

n
ed

st
op

p
in

g
ti

m
es

of
th

e
fo

rm

τ
Θ

=
N ∑ n
=

1

n
f
θ n

(Y
n
)
n
−

1
∏ j=

1

(1
−
f
θ j

(Y
k
))
∈
T 1

fo
r
f
θ N
≡

1
an

d
f
θ 1
,.
..
,f

θ N
−

1
:
R
d
+

1
→
{0
,1
}g

iv
en

b
y

(8
)

w
it

h
I

=
2

an
d
q 1

=
q 2

=
d

+
4
0
.

S
in

ce
(2

3)
is

a
m

in
im

iz
at

io
n

p
ro

b
le

m
,
τ

Θ
y
ie

ld
s

an
u
p
p

er
b

ou
n
d

an
d

th
e

d
u
a
l

m
et

h
o
d

a
lo

w
er

b
ou

n
d
.

W
e

si
m

u
la

te
d

th
e

m
o
d
el

(2
1)

li
ke

(2
0)

in
S
u
b
se

ct
io

n
4.

1
w

it
h

th
e

sa
m

e
n
u
m

b
er

o
f

tr
ia

ls
ex

ce
p
t

th
at

h
er

e
w

e
u
se

d
th

e
lo

w
er

n
u
m

b
er
J

=
1,

02
4

to
es

ti
m

at
e

th
e

d
u
al

b
ou

n
d
.

N
u
m

er
ic

a
l

re
su

lt
s

ar
e

re
p

or
te

d
in

T
ab

le
3.

4
.3

.
O

p
ti

m
a
ll

y
S

to
p

p
in

g
a

F
ra

c
ti

o
n

a
l

B
ro

w
n

ia
n

M
o
ti

o
n

A
fr

ac
ti

on
al

B
ro

w
n
ia

n
m

ot
io

n
w

it
h

H
u
rs

t
p
ar

am
et

er
H
∈

(0
,1

]
is

a
co

n
ti

n
u
o
u
s

ce
n
te

re
d

G
au

ss
ia

n
p
ro

ce
ss

(W
H t

) t
≥

0
w

it
h

co
va

ri
an

ce
st

ru
ct

u
re

E[
W

H t
W

H s
]

=
1 2

( t
2
H

+
s2
H
−
|t
−
s|2

H
) ;

se
e,

e.
g.

,
M

an
d
el

b
ro

t
an

d
V

an
N

es
s

(1
96

8)
or

S
am

or
ad

n
it

sk
y

an
d

T
aq

q
u

(1
9
9
4
).

F
o
r
H

=
1
/2

,
W

H
is

a
st

a
n
d
ar

d
B

ro
w

n
ia

n
m

ot
io

n
.

S
o,

b
y

th
e

op
ti

on
al

st
op

p
in

g
th

eo
re

m
,

o
n
e

h
as

E
W

1
/
2

τ
=

0
fo

r
ev

er
y
W

1
/
2
-s

to
p
p
in

g
ti

m
e
τ

b
ou

n
d
ed

ab
ov

e
b
y

a
co

n
st

a
n
t;

se
e,

e.
g
.,

G
ri

m
m

et
t

an
d

S
ti

rz
ak

er
(2

00
1)

.
H

ow
ev

er
,
fo

r
H
6=

1/
2,

th
e

in
cr

em
en

ts
of
W

H
a
re

co
rr

el
a
te

d
–

p
os

it
iv

el
y

fo
r
H
∈

(1
/
2
,1

]
an

d
n
eg

at
iv

el
y

fo
r
H
∈

(0
,1
/
2)

.
In

b
ot

h
ca

se
s,
W

H
is

n
ei

th
er

a
m

ar
ti

n
ga

le
n
or

a
M

ar
ko

v
p
ro

ce
ss

,
an

d
th

er
e

ex
is

t
b

ou
n
d
ed

W
H

-s
to

p
p
in

g
ti

m
es
τ

su
ch

th
a
t

E
W

H τ
>

0;
se

e,
e.

g.
,

K
u
li
ko

v
an

d
G

u
sy

at
n
ik

ov
(2

01
6)

fo
r

tw
o

cl
as

se
s

of
si

m
p
le

st
o
p
p
in

g
ru

le
s

0
≤
τ
≤

1
an

d
es

ti
m

at
es

of
th

e
co

rr
es

p
on

d
in

g
ex

p
ec

te
d

va
lu

es
E
W

H τ
.

T
o

ap
p
ro

x
im

at
e

th
e

su
p
re

m
u
m

su
p

0
≤
τ
≤

1
E
W

H τ
(2

4
)

18
JM

L
R

 2
0(

74
):

1-
25

, 2
01

9



D
e
e
p
O
p
t
im

a
l
S
t
o
p
p
in
g

d
ρ

L̂
t
L

Û
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y

(e
.g

.,
ge

n
d
er

an
d

ra
ce

).
(i

ii
)

T
h
ey

ar
e

on
ly

li
m

it
ed

to
a

n
ar

ro
w

ra
n
ge

of
cl

as
si

fi
ca

ti
on

m
o
d
el

s
(e

.g
.,

lo
g
is

ti
c

re
g
re

s-
si

on
).

In
th

is
w

or
k
,

w
e

p
ro

p
os

e
a

fl
ex

ib
le

fr
am

ew
or

k
to

d
es

ig
n

a
va

ri
et

y
of

fa
ir

cl
a
ss

ifi
er

s
th

a
t

d
o

n
ot

su
ff

er
fr

om
th

e
ab

ov
e

li
m

it
at

io
n
s.

M
or

e
sp

ec
ifi

ca
ll
y,

fo
r

an
y

co
n
ve

x
b

o
u
n
d
a
ry

-b
a
se

d
cl

as
si

fi
er

,
ou

r
fr

am
ew

or
k

d
efi

n
es

an
in

tu
it

iv
e

m
ea

su
re

o
f

d
ec

is
io

n
b

ou
n
d
ar

y
u
n
fa

ir
n
es

s:
th

e
co

va
ri

an
ce

b
et

w
ee

n
th

e
se

n
si

ti
ve

fe
at

u
re

s
an

d
th

e
si

gn
ed

d
is

ta
n
ce

b
et

w
ee

n
th

e
(n

o
n

se
n
si

-
ti

ve
)

fe
at

u
re

ve
ct

or
s

an
d

th
e

d
ec

is
io

n
b

ou
n
d
ar

y
of

th
e

cl
as

si
fi
er

fo
r

a
su

b
se

t
th

e
su

b
je

ct
s

w
h
ic

h
d
ep

en
d
s

on
th

e
fa

ir
n
es

s
n
ot

io
n

o
f

in
te

re
st

.
T

h
is

m
ea

su
re

ca
n

b
e

re
ad

il
y

in
co

rp
o
ra

te
d

in
to

th
e

cl
as

si
fi
er

fo
rm

u
la

ti
on

in
th

e
fo

rm
of

co
n
ve

x
of

co
n
ve

x
-c

on
ca

ve
co

n
st

ra
in

ts
,

o
n
e

p
er

se
n
si

ti
ve

fe
at

u
re

or
fa

ir
n
es

s
n
ot

io
n
,

w
h
ic

h
ca

n
b

e
effi

ci
en

tl
y

so
lv

ed
u
si

n
g

w
el

l-
k
n
ow

n
m

et
h
-

1
.

A
s

w
e

la
te

r
d

is
cu

ss
in

S
ec

ti
o
n

2
,

th
e

sa
m

e
n

o
ti

o
n

s
a
re

o
ft

en
re

fe
rr

ed
to

b
y

d
iff

er
en

t
n

a
m

es
b
y

d
iff

er
en

t
st

u
d

ie
s.

2
JM

L
R
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0(

75
):

1-
42

, 2
01
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F
a
ir
n
e
ss

C
o
n
st

r
a
in
t
s:

A
F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
f
o
r
F
a
ir

C
l
a
ssif

ic
a
t
io
n

o
d
s

(B
oy

d
a
n
d

V
an

d
en

b
ergh

e,
2004;

S
h
en

et
al.,

2016).
In

terestin
gly,

ou
r

fram
ew

ork
also

a
llow

s
fo

r
a

d
u
a
l

form
u
lation

w
h
ich

m
ax

im
izes

fairn
ess

u
n
d
er

accu
racy

con
strain

ts
an

d
,

as
a

co
n
seq

u
en

ce,
it

en
su

res
com

p
lian

ce
w

ith
th

e
b
u
sin

ess
n
ecessity

clau
se

of
an

ti-d
iscrim

in
ation

d
o
ctrin

es
(B

a
ro

cas
an

d
S
elb

st,
2016),

an
asp

ect
n
ot

con
sid

ered
b
y

p
rior

stu
d
ies.

E
x
p

eri-
m

en
ts

on
m

u
ltip

le
sy

n
th

etic
an

d
real-w

orld
d
atasets

sh
ow

th
at

o
u
r

fram
ew

ork
is

ab
le

to
su

ccessfu
lly

lim
it

d
isp

arate
treatm

en
t,

d
isp

arate
im

p
act

an
d

d
isp

arate
m

istreatm
en

t,
often

a
t

a
sm

a
ll

co
st

in
term

s
of

accu
racy,

an
d

it
p
rov

id
es

m
ore

fl
ex

ib
ility

th
an

state-of-th
e-a

rt
m

eth
o
d
s

(see
T

ab
le

3).

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
fo

llow
s.

F
irst,

w
e

fi
rst

rev
isit

several
w

ell-k
n
ow

n
fa

irn
ess

n
o
tion

s
from

th
e

literatu
re

an
d

d
iscu

ss
th

e
ty

p
e

of
scen

arios
each

n
otion

is
m

ost
su

ita
b
le

for
(S

ection
2).

T
h
en

,
w

e
form

ally
state

th
e

p
rob

lem
of

fairn
ess-aw

are
classifi

cation
(S

ectio
n

3
)

a
n
d

d
escrib

e
ou

r
fram

ew
ork

(S
ection

4).
L

ater,
w

e
ex

p
erim

en
t

w
ith

several
d
a
ta

sets,
in

clu
d
in

g
com

p
arison

s
w

ith
related

m
eth

o
d
ologies

to
h
igh

ligh
t

th
e

eff
ectiv

en
ess

of
o
u
r

m
ech

a
n
ism

in
con

trollin
g

u
n
fairn

ess
(S

ection
5).

F
in

ally,
w

e
con

clu
d
e

w
ith

a
rev

iew
of

th
e

rela
ted

w
o
rk

on
u
n
fairn

ess
in

algorith
m

ic
d
ecision

m
ak

in
g

an
d

strategies
p
rop

osed
to

m
itig

a
te

u
n
fairn

ess
(S

ection
6)

as
w

ell
a
s

a
d
iscu

ssion
of

fu
tu

re
w

ork
(S

ection
7).

2
.

B
a
ck

g
ro

u
n
d

o
n

d
iff

e
re

n
t

n
o
tio

n
s

o
f

(u
n
)fa

irn
e
ss

In
th

is
sectio

n
,

w
e

rev
isit

th
ree

of
th

e
m

ost
p

op
u
lar

n
otion

s
of

fairn
ess

u
sed

in
th

e
m

ach
in

e
lea

rn
in

g
literatu

re:
d
isp

arate
treatm

en
t,

d
isp

arate
im

p
act,

an
d

d
isp

a
rate

m
istreatm

en
t.

M
o
re

sp
ecifi

ca
lly,

w
e

fi
rst

elab
orate

on
each

of
th

ese
n
otion

s
sep

arately
in

th
e

con
tex

t
of

a
u
to

m
a
ted

d
ecision

m
ak

in
g

sy
stem

s
an

d
th

en
h
igh

ligh
t

th
e

d
iff

eren
ces

b
etw

een
th

em
.

—
D

isp
a
ra

te
tre

a
tm

e
n
t.

A
d
ecision

m
ak

in
g

sy
stem

su
ff

ers
fro

m
d
isp

arate
treatm

en
t

if
it

p
rov

id
es

d
iff

eren
t

ou
tp

u
ts

for
grou

p
s

of
p

eop
le

w
ith

th
e

sam
e

(or
sim

ila
r)

valu
es

of
n
on

-
sen

sitive
fea

tu
res

b
u
t

d
iff

eren
t

valu
es

of
sen

sitive
featu

res
(B

aro
cas

an
d

S
elb

st,
2016).

In
o
th

er
w

o
rd

s,
(p

artly
)

b
asin

g
th

e
d
ecision

ou
tcom

es
on

th
e

sen
sitive

featu
re

valu
e

am
ou

n
ts

to
d
isp

a
ra

te
treatm

en
t.

2
T

h
is

n
otion

h
as

b
een

also
referred

to
as

d
irect

d
iscrim

in
a
tio

n
(P

e-
d
resch

i
et

a
l.,

2
008).

F
ig

u
re

1
p
rov

id
es

ex
am

p
les

of
b
in

ary
classifi

ers
w

ith
an

d
w

ith
ou

t
d
isp

ara
te

treatm
en

t
in

a
sto

p
-a

n
d
-frisk

(G
elm

an
et

al.,
2007)

ap
p
lication

.
In

a
ll

cases,
th

e
classifi

ers
n
eed

to
d
ecid

e
w

h
eth

er
to

stop
a

p
ed

estrian
on

th
e

su
sp

icion
of

p
ossessin

g
an

illega
l

w
eap

on
b
ased

o
n

a
set

o
f

featu
res

su
ch

as
b
u
lge

in
cloth

in
g

an
d

p
rox

im
ity

to
a

crim
e

scen
e.

T
h
e

“grou
n
d

tru
th

”
o
n

w
h
eth

er
a

p
ed

estrian
actu

ally
p

ossesses
an

illegal
w

eap
on

is
also

sh
ow

n
.

W
e

d
eem

cla
ssifi

ers
C

2
a
n
d

C
3

to
b

e
u
n
fair

d
u
e

to
d
isp

arate
treatm

en
t

sin
ce

C
2 ’s

(C
3 ’s)

d
ecision

s
fo

r
M
a
le

1
an

d
F
em

a
le

1
(M

a
le

2
an

d
F
em

a
le

2)
are

d
iff

eren
t

even
th

ou
g
h

th
ey

h
av

e
th

e

2
.

T
ech

n
ica

lly,
th

e
d

isp
a
ra

te
trea

tm
en

t
d

o
ctrin

e
tries

to
co

u
n
ter

exp
licit

a
s

w
ell

a
s
in
ten

tio
n
a
l

d
iscrim

in
a
-

tio
n

(B
a
ro

ca
s

a
n

d
S

elb
st,

2
0
1
6
).

It
fo

llow
s

fro
m

th
e

sp
ecifi

ca
tio

n
o
f

d
isp

a
ra

te
trea

tm
en

t
th

a
t

a
d

ecisio
n

m
a
k
er

w
ith

a
n

in
ten

t
to

d
iscrim

in
a
te

co
u

ld
try

to
d

isa
d

va
n
ta

g
e

a
g
ro

u
p

w
ith

a
certa

in
sen

sitiv
e

fea
tu

re
va

lu
e

(e.g.,
a

sp
ecifi

c
ra

ce
g
ro

u
p

)
n

o
t

b
y
exp

licitly
u
sin

g
th
e
sen

sitive
fea

tu
re

itself,
b
u

t
b
y
in
ten

tio
n
a
lly

ba
sin

g
d
ecisio

n
s
o
n
a
co
rrela

ted
fea

tu
re

(e.g.,
th

e
n

o
n

-sen
sitiv

e
fea

tu
re

lo
ca

tio
n

m
ig

h
t

b
e

co
rrela

ted
w

ith
th

e
sen

sitiv
e

fea
tu

re
ra

ce).
T

h
is

p
ra

ctice
is

o
ften

referred
to

a
s
red

lin
in
g

in
th

e
U

S
a
n
ti-d

iscrim
in

a
tio

n
law

a
n

d
a
lso

q
u

a
lifi

es
a
s

d
isp

a
ra

te
trea

tm
en

t
(G

a
n

o
,

2
0
1
7
).

H
ow

ev
er,

su
ch

h
id

d
en

in
ten

tio
n

a
l

d
isp

a
ra

te
trea

tm
en

t
m

ay
b

e
b

e
h

a
rd

to
d

etect,
a
n

d
so

m
e

a
u

th
o
rs

a
rg

u
e

th
a
t

d
isp

a
ra

te
im

p
a
ct

m
ig

h
t

b
e

a
m

o
re

su
ita

b
le

fra
m

ew
o
rk

fo
r

d
etectin

g
su

ch
cov

ert
d

iscrim
in

a
tio

n
(S

ieg
el,

2
0
1
4
).

H
en

ce,
in

th
is

p
a
p

er,
w

h
en

d
iscu

ssin
g

d
isp

a
ra

te
trea

tm
en

t,
w

e
w

ill
fo

cu
s

o
n
ly

o
n
exp

licit
d

isp
a
ra

te
trea

tm
en

t.

3
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Z
a
fa

r
,
V
a
l
e
r
a
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
G
u
m
m
a
d
i

U
se

r
A

ttrib
u

te
s

G
ro

u
n

d
T

ru
th

C
la

ssifi
e
r’s

D
isp

.
D

isp
.

D
isp

.

S
e
n

sitiv
e

N
o
n

-se
n

sitiv
e

(H
a
s

W
e
a
p

o
n

)
D

e
c
isio

n
to

S
to

p
T

re
a
t.

Im
p

.
M

ist.

G
e
n

d
e
r

C
lo

th
in

g
B

u
lg

e
P

ro
x
.

C
rim

e
C

1
C

2
C

3

M
ale

1
1

1
3

1
1

1
C

1
7

3
3

M
ale

2
1

0
3

1
1

0
M

ale
3

0
1

7
1

0
1

C
2

3
7

3
F

em
ale

1
1

1
3

1
0

1
F

em
ale

2
1

0
7

1
1

1
C

3
3

7
7

F
em

ale
3

0
0

3
0

1
0

F
igu

re
1:

D
ecision

s
of

th
ree

fi
ctitiou

s
classifi

ers
(C

1 ,
C

2
an

d
C

3 )
on

w
h
eth

er
(1)

or
n
ot

(0)
to

stop
a

p
ed

estrian
on

th
e

su
sp

icion
of

p
ossessin

g
an

illegal
w

eap
on

.
G

en
d
er

is
a

sen
sitive

attrib
u
te,

w
h
ereas

th
e

oth
er

tw
o

attrib
u
tes

(su
sp

iciou
s

b
u
lge

in
cloth

in
g

an
d

p
rox

im
ity

to
a

crim
e

scen
e)

are
n
on

-sen
sitive.

G
rou

n
d

tru
th

on
w

h
eth

er
th

e
p

erson
is

actu
ally

in
p

ossession
of

an
illegal

w
eap

on
is

also
sh

ow
n
.

C
1

h
as

n
o

d
isp

arate
treatm

en
t.

It
h
as

d
isp

a
rate

im
p
act

b
ecau

se
it

stop
s

d
isp

rop
ortion

al
fra

ction
s

of
m

ales
an

d
fem

ales
(1
.0

an
d

0
.66,

resp
ectiv

ely
).

It
h
as

d
isp

arate
m

istreatm
en

t
b

ecau
se

it
h
as

d
iff

eren
t

false
n
egative

rates
(0.0

an
d

0
.5,

resp
ectively

)
for

m
ales

an
d

fem
ales.

C
2

h
as

d
isp

arate
treatm

en
t

sin
ce,

of
a

m
ale

a
n
d

a
fem

ale
h
av

in
g

sam
e

n
on

-sen
sitiv

e
attrib

u
tes

(M
ale

1
an

d
F

em
ale

1),
it

stop
s

on
ly

on
e

of
th

em
.

It
h
as

n
o

d
isp

arate
im

p
act,

sin
ce

it
stop

s
eq

u
al

fraction
s

(0
.66)

of
m

ales
an

d
fem

ales.
It

h
as

d
isp

arate
m

istreatm
en

t
b

ecau
se

o
f

d
iff

eren
t

false
p

ositive
(0.0

an
d

1.0,
resp

ectively
)

an
d

false
n
egative

rates
(0.0

an
d

0.5,
resp

ectively
)

for
m

ales
an

d
fem

ales.
C

3
h
as

d
isp

arate
treatm

en
t

an
d

n
o

d
isp

arate
im

p
act.

It
h
as

n
o

d
isp

arate
m

istreatm
en

t
b

ecau
se

b
oth

false
p

ositive
rates

(1.0)
an

d
false

n
egative

rates
(0.5)

for
m

a
les

an
d

fem
ales

are
eq

u
al.

sam
e

valu
es

of
n
on

-sen
sitive

featu
res.

O
n

th
e

oth
er

h
an

d
,

classifi
er

C
1

d
o
es

n
ot

su
ff

er
from

d
isp

arate
treatm

en
t

sin
ce,

w
ith

all
featu

re
valu

es
ex

cep
t

gen
d
er

b
ein

g
eq

u
al,

its
d
ecision

s
are

id
en

tical.

—
D

isp
a
ra

te
im

p
a
c
t.

A
d
ecision

m
ak

in
g

sy
stem

su
ff

ers
from

d
isp

arate
im

p
act

if
it

p
ro-

v
id

es
ou

tp
u
ts

th
at

b
en

efi
t

(h
u
rt)

a
grou

p
of

p
eop

le
sh

arin
g

a
valu

e
of

a
sen

sitive
fea

tu
re

m
ore

freq
u
en

tly
th

an
oth

er
grou

p
s

of
p

eop
le

(B
aro

cas
an

d
S
elb

st,
2016).

T
h
is

n
otion

h
as

b
een

also
referred

to
as

sta
tistica

l
pa

rity
(C

orb
ett-D

av
ies

et
al.,

2017)
or

d
em

ogra
p
h
ic

pa
r-

ity
(D

w
ork

et
al.,

2012).

S
im

ilarly
as

w
ith

d
isp

arate
treatm

en
t,

F
igu

re
1

p
rov

id
es

ex
am

p
les

of
b
in

ary
classifi

ers
w

ith
an

d
w

ith
ou

t
d
isp

arate
im

p
act

in
a

stop
-an

d
-frisk

ap
p
lication

.
U

n
d
er

th
e

assu
m

p
tion

th
at

a
p

ed
estrian

b
en

efi
ts

from
a

d
ecision

of
n
ot

b
ein

g
stop

p
ed

,
w

e
d
eem

classifi
er

C
1

to
b

e
u
n
fair

d
u
e

to
d
isp

arate
im

p
act

b
ecau

se
th

e
fractio

n
of

m
ales

an
d

fem
ales

th
at

w
ere

stop
p

ed
are

d
iff

eren
t

(1
.0

an
d

0.66,
resp

ectively
),

w
h
ere

th
e

latter
b

en
efi

t
from

a
d
ecision

of
n
ot

b
ein

g
stop

p
ed

.
O

n
th

e
oth

er
h
an

d
,

classifi
ers

C
2

an
d

C
3

d
o

n
ot

su
ff

er
from

d
isp

arate
im

p
act

b
ecau

se
th

e
fraction

s
of

m
ales

an
d

fem
ales

th
at

w
ere

stop
p

ed
are

th
e

sam
e

(0.66).

—
D

isp
a
ra

te
m

istre
a
tm

e
n
t.

A
d
ecision

m
a
k
in

g
sy

stem
su

ff
ers

from
d
isp

arate
m

istreat-
m

en
t

if
it

ach
ieves

d
iff

eren
t

classifi
cation

accu
racy

(or
con

versely,
error

rate)
for

g
rou

p
s

of
p

eop
le

sh
arin

g
d
iff

eren
t

valu
es

of
a

sen
sitive

featu
re

(Z
afa

r
et

al.,
2017a).

T
h
is

n
otion

h
as

b
een

also
referred

to
as

equ
a
lity

o
f

o
p
po

rtu
n

ity
(H

ard
t

et
al.,

2016)
an

d
p
red

ictive
equ

a
l-

ity
(C

orb
ett-D

av
ies

et
al.,

2017).
In

ad
d
ition

to
overall

classifi
cation

accu
racy,

th
is

n
otion

h
as

b
een

also
p
articu

larized
to

d
iff

eren
t

types
o
f

m
iscla

ssifi
ca

tio
n

s,
i.e.,

false
p

ositives
an

d
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F
a
ir
n
e
ss

C
o
n
st

r
a
in
t
s:

A
F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
f
o
r
F
a
ir

C
l
a
ss
if
ic
a
t
io
n

fa
ls

e
n
eg

at
iv

es
.

In
th

at
co

n
te

x
t,

a
d
ec

is
io

n
m

ak
in

g
sy

st
em

su
ff

er
s

fr
om

d
is

p
ar

at
e

m
is

tr
ea

t-
m

en
t

if
in

d
iv

id
u
al

m
is

cl
as

si
fi
ca

ti
on

ra
te

s
(e

.g
.,

fa
ls

e
p

os
it

iv
e

ra
te

,
fa

ls
e

n
eg

at
iv

e
ra

te
)

a
re

d
iff

er
en

t
fo

r
gr

ou
p
s

of
p

eo
p
le

sh
ar

in
g

d
iff

er
en

t
va

lu
es

of
a

se
n
si

ti
ve

fe
at

u
re

.

In
F

ig
u
re

1,
w

e
d
ee

m
cl

as
si

fi
er

s
C

1
an

d
C

2
to

b
e

u
n
fa

ir
d
u
e

to
d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
si

n
ce

th
ei

r
ra

te
of

er
ro

n
eo

u
s

d
ec

is
io

n
s

fo
r

m
al

es
an

d
fe

m
al

es
ar

e
d
iff

er
en

t:
C

1
h
as

d
iff

er
en

t
fa

ls
e

n
eg

at
iv

e
ra

te
s

fo
r

m
al

es
an

d
fe

m
al

es
(0
.0

an
d

0
.5

,
re

sp
ec

ti
ve

ly
),

w
h
er

ea
s

C
2

h
as

d
if

-
fe

re
n
t

fa
ls

e
p

os
it

iv
e

ra
te

s
(0
.0

an
d

1
.0

)
as

w
el

l
as

d
iff

er
en

t
fa

ls
e

n
eg

at
iv

e
ra

te
s

(0
.0

an
d

0
.5

)
fo

r
m

al
es

an
d

fe
m

al
es

.
F

in
al

ly
,

cl
as

si
fi
er

C
3

d
o
es

n
ot

su
ff

er
fr

om
d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
b

ec
au

se
it

h
as

th
e

sa
m

e
fa

ls
e

n
eg

at
iv

e
an

d
fa

ls
e

p
os

it
iv

e
ra

te
s

fo
r

m
al

es
a
n
d

fe
m

al
es

.

D
iff

e
re

n
c
e
s

a
m

o
n

g
(u

n
)f

a
ir

n
e
ss

n
o
ti

o
n

s.
T

h
e

ab
ov

e
(u

n
)f

ai
rn

es
s

n
ot

io
n
s

ac
co

u
n
t

fo
r

ei
th

er
d
ir

ec
t

(o
r

in
te

n
ti

o
n

a
l)

an
d

in
d
ir

ec
t

(o
r

u
n

in
te

n
ti

o
n

a
l)

u
n
fa

ir
n
es

s
(A

lt
m

an
,

20
16

).
M

or
e

sp
ec

ifi
ca

ll
y,

d
is

pa
ra

te
tr

ea
tm

en
t

a
cc

o
u

n
ts

fo
r

d
ir

ec
t

u
n

fa
ir

n
es

s,
i.

e.
,

a
si

tu
at

io
n

w
h
er

e
a

d
ec

is
io

n
m

ak
in

g
p
ro

ce
ss

d
ir

ec
tl

y
(o

r
in

te
n
ti

on
al

ly
)

u
se

s
th

e
se

n
si

ti
ve

fe
at

u
re

in
fo

rm
at

io
n

to
p
u
t

a
gr

ou
p

of
p

eo
p
le

sh
ar

in
g

a
va

lu
e

of
a

se
n
si

ti
ve

fe
at

u
re

on
re

la
ti

ve
d
is

ad
va

n
ta

ge
.

In
th

is
w

ay
,

re
m

ov
in

g
d
is

p
ar

at
e

tr
ea

tm
en

t
co

rr
es

p
on

d
s

to
a

ve
ry

in
tu

it
iv

e
n
ot

io
n

of
fa

ir
n
es

s:
tw

o
ot

h
er

w
is

e
si

m
il
ar

p
er

so
n
s

sh
ou

ld
n
ot

b
e

tr
ea

te
d

d
iff

er
en

tl
y

so
le

ly
b

ec
au

se
of

th
e

d
iff

er
en

ce
in

ge
n
d
er

.
O

n
th

e
ot

h
er

h
an

d
,

d
is

pa
ra

te
im

pa
ct

a
n

d
d
is

pa
ra

te
m

is
tr

ea
tm

en
t

a
cc

o
u

n
t

fo
r

in
d
ir

ec
t

u
n

fa
ir

n
es

s,
i.

e.
,

a
si

tu
at

io
n

w
h
er

e
th

e
d
ec

is
io

n
m

ak
in

g
p
ro

ce
ss

ca
n

in
d
ir

ec
tl

y
or

u
n
in

te
n
ti

on
al

ly
le

ve
ra

ge
th

e
co

rr
el

at
io

n
b

et
w

ee
n

se
n
si

ti
ve

fe
at

u
re

s
an

d
cl

a
ss

la
b

el
s

to
p
u
t

a
se

n
si

ti
ve

fe
at

u
re

gr
ou

p
at

re
la

ti
v
e

d
is

ad
va

n
ta

ge
(t

h
ro

u
gh

lo
w

b
en

efi
ci

al
ou

tc
om

e
ra

te
u
n
d
er

d
is

p
ar

at
e

im
p
ac

t
an

d
th

ro
u
gh

h
ig

h
m

is
cl

as
si

fi
ca

ti
on

ra
te

u
n
d
er

d
is

p
ar

at
e

m
is

tr
ea

tm
en

t)
.

M
or

eo
ve

r,
w

h
il
e

d
is

p
ar

at
e

im
p
ac

t
an

d
d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
b

ot
h

ac
co

u
n
t

fo
r

in
d
i-

re
ct

u
n
fa

ir
n
es

s,
th

ei
r

ap
p
li
ca

ti
on

sc
en

ar
io

s
st

ro
n
gl

y
d
iff

er
.

U
n
li
ke

in
th

e
ca

se
of

d
is

p
ar

at
e

m
is

tr
ea

tm
en

t,
th

e
n
ot

io
n

of
d
is

p
ar

at
e

im
p
ac

t
is

in
d
ep

en
d
en

t
of

th
e

“g
ro

u
n
d

tr
u
th

”
in

fo
r-

m
at

io
n

ab
ou

t
th

e
d
ec

is
io

n
s,

i.
e.

,
w

h
et

h
er

or
n
ot

th
e

d
ec

is
io

n
s

ar
e

co
rr

ec
t

or
va

li
d
.

T
h
u
s,

th
e

n
ot

io
n

of
d
is

p
ar

at
e

im
p
ac

t
is

p
ar

ti
cu

la
rl

y
ap

p
ea

li
n
g

in
a
p
p
li
ca

ti
on

sc
en

ar
io

s
w

h
er

e
gr

ou
n
d

tr
u
th

in
fo

rm
at

io
n

fo
r

d
ec

is
io

n
s

d
o
es

n
ot

ex
is

t
an

d
th

e
h
is

to
ri

ca
l

d
ec

is
io

n
s

u
se

d
d
u
ri

n
g

tr
ai

n
-

in
g

ar
e

n
ot

re
li
ab

le
an

d
th

u
s

ca
n
n
ot

b
e

tr
u
st

ed
(B

ar
o
ca

s
an

d
S
el

b
st

,
20

16
).

U
n
re

li
a
b
il
it

y
of

h
is

to
ri

ca
l

d
ec

is
io

n
s

fo
r

au
to

m
at

ed
d
ec

is
io

n
m

ak
in

g
sy

st
em

s
is

p
ar

ti
cu

la
rl

y
co

n
ce

rn
in

g
in

sc
en

ar
io

s
li
k
e

re
cr

u
it

in
g

or
lo

an
ap

p
ro

va
ls

,
w

h
er

e
b
ia

se
d

ju
d
gm

en
ts

b
y

h
u
m

an
s

in
th

e
p
as

t
m

ay
b

e
u
se

d
w

h
en

tr
ai

n
in

g
cl

as
si

fi
er

s
fo

r
th

e
fu

tu
re

.
In

su
ch

ap
p
li
ca

ti
on

sc
en

a
ri

os
,

it
is

h
ar

d
to

d
is

ti
n
gu

is
h

co
rr

ec
t

an
d

in
co

rr
ec

t
d
ec

is
io

n
s,

m
ak

in
g

it
h
ar

d
to

as
se

ss
or

u
se

d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
as

a
n
ot

io
n

of
fa

ir
n
es

s.

H
ow

ev
er

,
in

sc
en

ar
io

s
w

h
er

e
gr

ou
n
d

tr
u
th

in
fo

rm
at

io
n

fo
r

d
ec

is
io

n
s

ca
n

b
e

ob
ta

in
ed

,
d
is

-
p
ar

at
e

im
p
ac

t
ca

n
b

e
q
u
it

e
m

is
le

ad
in

g
a
s

a
n
ot

io
n

of
fa

ir
n
es

s.
T

h
at

is
,

in
sc

en
ar

io
s

w
h
er

e
th

e
va

li
d
it

y
of

d
ec

is
io

n
s

ca
n

b
e

re
li
ab

ly
as

ce
rt

ai
n
ed

,
it

w
ou

ld
b

e
p

os
si

b
le

to
d
is

ti
n
gu

is
h

d
is

-
p
ro

p
or

ti
on

al
it

y
in

d
ec

is
io

n
ou

tc
om

es
fo

r
se

n
si

ti
v
e

gr
ou

p
s

th
at

ar
is

es
fr

om
ju

st
ifi

ab
le

re
a
so

n
s

(e
.g

.,
q
u
al

ifi
ca

ti
on

of
th

e
ca

n
d
id

at
es

)
an

d
d
is

p
ro

p
or

ti
on

al
it

y
th

at
ar

is
es

fo
r

n
on

-j
u
st

ifi
ab

le
re

as
on

s
(i

.e
.,

d
is

cr
im

in
at

io
n

ag
ai

n
st

ce
rt

ai
n

gr
ou

p
s)

.
B

y
re

q
u
ir

in
g

d
ec

is
io

n
ou

tc
om

es
to

b
e

p
ro

p
or

ti
on

al
,

d
is

p
ar

at
e

im
p
ac

t
ri

sk
s

in
tr

o
d
u
ci

n
g

re
ve

rs
e-

d
is

cr
im

in
at

io
n

ag
ai

n
st

q
u
al

ifi
ed

ca
n
d
id

at
es

.
S
u
ch

p
ra

ct
ic

es
h
av

e
p
re

v
io

u
sl

y
b

ee
n

d
ee

m
ed

u
n
la

w
fu

l
(e

.g
.,

R
ic

ci
vs

.
D

eS
te

-
fa

n
o
,

2
0
0
9

).
In

co
n
tr

as
t,

w
h
en

th
e

co
rr

ec
tn

es
s

of
d
ec

is
io

n
s

ca
n

b
e

d
et

er
m

in
ed

,
d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
ca

n
n
ot

on
ly

b
e

ac
cu

ra
te

ly
as

se
ss

ed
,

b
u
t

al
so

av
oi

d
s

re
ve

rs
e-

d
is

cr
im

in
at

io
n
,

m
ak

in
g

it
a

m
or

e
ap

p
ea

li
n
g

n
ot

io
n

of
fa

ir
n
es

s
(H

ar
d
t

et
al

.,
20

16
;

Z
af

ar
et

al
.,

20
17

a)
.
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L
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 2
0(

75
):

1-
42

, 2
01

9

Z
a
fa

r
,
V
a
l
e
r
a
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
G
u
m
m
a
d
i

3
.

F
a
ir

n
e
ss

in
cl

a
ss

ifi
ca

ti
o
n

In
a

b
in

ar
y

cl
as

si
fi
ca

ti
on

ta
sk

,
3

on
e

ai
m

s
to

fi
n
d

a
m

ap
p
in

g
fu

n
ct

io
n
f

(x
)

b
et

w
ee

n
u
se

r
fe

at
u
re

ve
ct

or
s
x
∈

R
d

an
d

cl
as

s
la

b
el

s
y
∈
{−

1,
1}

.
T

h
is

ta
sk

is
ac

h
ie

v
ed

b
y

u
ti

li
zi

n
g

a
tr

ai
n
in

g
se

t,
D

=
{(
x
i,
y i

)}
N i=

1
,
to

co
n
st

ru
ct

a
m

ap
p
in

g
th

at
w

or
k
s

w
el

l
on

an
u

n
se

en
te

st
se

t.
F

or
d
ec

is
io

n
b

ou
n
d
ar

y
-b

as
ed

cl
as

si
fi
er

s,
fi
n
d
in

g
th

is
m

ap
p
in

g
u
su

al
ly

re
d
u
ce

s
to

b
u
il
d
in

g
a

d
ec

is
io

n
b

ou
n
d
ar

y
in

fe
at

u
re

sp
ac

e
th

at
se

p
ar

a
te

s
u
se

rs
in

th
e

tr
ai

n
in

g
se

t
ac

co
rd

in
g

to
th

ei
r

cl
as

s
la

b
el

s.
O

n
e

ty
p
ic

al
ly

lo
ok

s
fo

r
a

d
ec

is
io

n
b

ou
n
d
ar

y,
d
efi

n
ed

b
y

a
se

t
o
f

p
a
ra

m
et

er
s
θ
∗ ,

th
at

ac
h
ie

ve
s

th
e

gr
ea

te
st

cl
as

si
fi
ca

ti
on

ac
cu

ra
cy

in
a

te
st

se
t,

b
y

m
in

im
iz

in
g

a
lo

ss
fu

n
ct

io
n

ov
er

a
tr

ai
n
in

g
se

t
L

(θ
),

i.
e.

,
θ
∗

=
ar

gm
in
θ
L

(θ
).

T
h
en

,
gi

ve
n

an
u

n
se

en
fe

a
tu

re
ve

ct
o
r

x
i

fr
om

th
e

te
st

se
t,

th
e

cl
as

si
fi
er

p
re

d
ic

ts
th

e
la

b
el
ŷ i

=
f θ

(x
i)

=
1

if
d
θ
∗
(x

i)
≥

0
a
n
d

ŷ i
=
−

1
ot

h
er

w
is

e,
w

h
er

e
d
θ
∗
(x

)
d
en

ot
es

th
e

si
gn

ed
d
is

ta
n
ce

fr
om

th
e

fe
at

u
re

ve
ct

o
r
x

to
th

e
d
ec

is
io

n
b

ou
n
d
ar

y.
In

th
e

co
n
te

x
t

of
fa

ir
n
es

s
in

b
in

ar
y

cl
as

si
fi
ca

ti
on

,
ea

ch
u
se

r
al

so
h
as

an
a
ss

o
ci

a
te

d
se

n
-

si
ti

ve
fe

at
u
re
z
∈
{0
,1
}4

an
d

th
e

go
al

is
fi
n
d
in

g
a

m
ap

p
in

g
(o

r
d
ec

is
io

n
b

o
u
n
d
a
ry

)
th

a
t

p
ro

v
id

es
b

ot
h

ac
cu

ra
te

p
re

d
ic

ti
on

s
a
n
d

fa
ir

n
es

s
gu

ar
an

te
es

.
M

or
e

fo
rm

al
ly

,
w

e
ca

n
ex

p
re

ss
th

e
ab

se
n
ce

of
d
is

p
ar

at
e

tr
ea

tm
en

t,
d
is

p
ar

at
e

im
p
ac

t
an

d
d
is

p
ar

a
te

m
is

tr
ea

tm
en

t
in

a
b
in

a
ry

cl
as

si
fi
er

as
fo

ll
ow

s:

1
.

N
o

d
is

p
a
ra

te
tr

e
a
tm

e
n
t.

A
b
in

ar
y

cl
as

si
fi
er

d
o
es

n
ot

su
ff

er
fr

om
d
is

p
a
ra

te
tr

ea
tm

en
t

if
th

e
p
ro

b
ab

il
it

y
th

at
th

e
cl

as
si

fi
er

ou
tp

u
ts

a
sp

ec
ifi

c
va

lu
e

o
f
ŷ

gi
ve

n
a

fe
a
tu

re
ve

ct
o
r
x

d
o
es

n
ot

ch
an

ge
af

te
r

ob
se

rv
in

g
th

e
se

n
si

ti
ve

fe
at

u
re
z
,

i.
e.

,

P
(ŷ
|x
,z

)
=
P

(ŷ
|x

).
(3

.1
)

2
.

N
o

d
is

p
a
ra

te
im

p
a
c
t.

A
b
in

ar
y

cl
as

si
fi
er

d
o
es

n
ot

su
ff

er
fr

om
d
is

p
ar

at
e

im
p
a
ct

if
th

e
p
ro

b
ab

il
it

y
th

at
a

cl
as

si
fi
er

as
si

gn
s

a
u
se

r
to

th
e

p
os

it
iv

e
cl

as
s,
ŷ

=
1,

is
th

e
sa

m
e

fo
r

b
o
th

va
lu

es
of

th
e

se
n
si

ti
v
e

fe
at

u
re
z
,

i.
e.

,

P
(ŷ

=
1|
z

=
0)

=
P

(ŷ
=

1|
z

=
1)
.

(3
.2

)

N
ot

ic
e

th
at

n
ei

th
er

d
is

p
ar

at
e

tr
ea

tm
en

t
n
or

d
is

p
ar

at
e

im
p
ac

t
d
ep

en
d

on
th

e
su

b
je

ct
s’

g
ro

u
n
d

tr
u
th

la
b

el
(y

).

3
.

N
o

d
is

p
a
ra

te
m

is
tr

e
a
tm

e
n
t.

A
b
in

ar
y

cl
as

si
fi
er

d
o
es

n
ot

su
ff

er
fr

om
d
is

p
a
ra

te
m

is
-

tr
ea

tm
en

t
if

th
e

m
is

cl
as

si
fi
ca

ti
on

ra
te

s
fo

r
d
iff

er
en

t
gr

ou
p
s

of
p

eo
p
le

h
av

in
g

d
iff

er
en

t
va

lu
es

of
th

e
se

n
si

ti
v
e

fe
at

u
re
z

ar
e

th
e

sa
m

e.
T

ab
le

1
d
es

cr
ib

es
va

ri
ou

s
w

ay
s

of
m

ea
su

ri
n
g

m
is

cl
a
s-

si
fi
ca

ti
on

ra
te

s.
S
p

ec
ifi

ca
ll
y,

m
is

cl
as

si
fi
ca

ti
on

ra
te

s
ca

n
b

e
m

ea
su

re
d

as
fr

ac
ti

o
n
s

ov
er

th
e

cl
a
ss

d
is

tr
ib

u
ti

o
n

in
th

e
gr

o
u

n
d

tr
u

th
la

be
ls

,
i.

e.
,

as
fa

ls
e

p
os

it
iv

e
an

d
fa

ls
e

n
eg

a
ti

v
e

ra
te

s,
o
r

ov
er

th
e

cl
a
ss

d
is

tr
ib

u
ti

o
n

in
th

e
p
re

d
ic

te
d

la
be

ls
,

i.
e.

,
a
s

fa
ls

e
om

is
si

on
an

d
fa

ls
e

d
is

co
ve

ry
ra

te
s.

5
C

on
se

q
u
en

tl
y,

th
e

ab
se

n
ce

of
d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
in

a
b
in

ar
y

cl
a
ss

ifi
ca

ti
o
n

ta
sk

3
.

F
o
r

si
m

p
li

ci
ty

,
w

e
co

n
si

d
er

b
in

a
ry

cl
a
ss

ifi
ca

ti
o
n

ta
sk

s
in

th
is

w
o
rk

.
H

ow
ev

er
,

o
u

r
id

ea
s

ca
n

b
e

ea
si

ly
ex

te
n

d
ed

to
m

-a
ry

cl
a
ss

ifi
ca

ti
o
n

.
4
.

F
o
r

ea
se

o
f

ex
p

o
si

ti
o
n

,
w

e
a
ss

u
m

e
z

to
b

e
u

n
id

im
en

si
o
n

a
l

a
n

d
b

in
a
ry

,
h

ow
ev

er
,

o
u

r
se

tu
p

ca
n

b
e

ea
si

ly
g
en

er
a
li

ze
d

to
ca

te
g
o
ri

ca
l

a
s

w
el

l
a
s

m
u

lt
ip

le
se

n
si

ti
v
e

fe
a
tu

re
s.

5
.

In
p

re
d

ic
ti

o
n

ta
sk

s
w

h
er

e
a

p
o
si

ti
v
e

p
re

d
ic

ti
o
n

en
ta

il
s

a
la

rg
e

co
st

(e
.g
.,

co
st

in
v
o
lv

ed
in

th
e

tr
ea

tm
en

t
o
f

a
d

is
ea

se
),

o
n

e
m

ig
h
t

b
e

m
o
re

in
te

re
st

ed
in

m
ea

su
ri

n
g

er
ro

r
ra

te
s

a
s

fr
a
ct

io
n

s
ov

er
th

e
cl

a
ss

d
is

tr
ib

u
ti

o
n
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F
a
ir
n
e
ss

C
o
n
st

r
a
in
t
s:

A
F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
f
o
r
F
a
ir

C
l
a
ssif

ic
a
t
io
n

P
re

d
ic

te
d

L
a
b

e
l

ŷ
=

1
ŷ

=
−

1

y = 1

T
ru

e
p

ositive
F

a
lse

n
ega

tive
P

(ŷ
6=
y|y

=
1)

F
a
lse

N
eg

a
tive

R
ate

True Label

y = −1
F

a
lse

p
ositive

T
ru

e
n

eg
ative

P
(ŷ
6=
y|y

=
−

1)
F

a
lse

P
ositive

R
ate

P
(ŷ
6=
y|ŷ

=
1)

F
a
lse

D
iscovery

R
ate

P
(ŷ
6=
y|ŷ

=
−

1
)

F
alse

O
m

ission
R

a
te

P
(ŷ
6=
y
)

O
vera

ll
M

isclass.
R

a
te

T
a
b
le

1
:

In
a
d
d
ition

to
th

e
ov

erall
m

isclassifi
cation

rate,
error

rates
can

b
e

m
easu

red
in

tw
o

d
iff

eren
t

w
ay

s:
false

n
egativ

e
rate

an
d

false
p

ositiv
e

rate
are

d
efi

n
ed

a
s

fra
ctio

n
s

over
th

e
cla

ss
d
istribu

tio
n

in
th

e
gro

u
n

d
tru

th
la

bels,
or

tru
e

lab
els.

O
n

th
e

oth
er

h
an

d
,

false
d
iscovery

ra
te

a
n
d

false
om

ission
rate

are
d
efi

n
ed

as
fraction

s
over

th
e

cla
ss

d
istribu

tio
n

in
th

e
p
red

icted
la

bels.

ca
n

b
e

sp
ecifi

ed
w

ith
resp

ect
to

th
e

d
iff

eren
t

m
isclassifi

cation
m

ea
su

res
as

follow
s:

—
O

v
e
ra

ll
m

isc
la

ssifi
ca

tio
n

ra
te

(O
M

R
)
:

P
(ŷ
6=
y|z

=
0)

=
P

(ŷ
6=
y|z

=
1),

(3.3)

—
F

a
lse

p
o
sitiv

e
ra

te
(F

P
R

)
:

P
(ŷ
6=
y|y

=
−

1,z
=

0)
=
P

(ŷ
6=
y|y

=
−

1,z
=

1),
(3.4)

—
F

a
lse

n
eg

a
tiv

e
ra

te
(F

N
R

)
:

P
(ŷ
6=
y|y

=
1,z

=
0)

=
P

(ŷ
6=
y|y

=
1,z

=
1),

(3.5)

—
F

a
lse

o
m

issio
n

ra
te

(F
O

R
)
:

P
(ŷ
6=
y|ŷ

=
−

1,z
=

0)
=
P

(ŷ
6=
y|ŷ

=
−

1,z
=

1),
(3.6)

—
F

a
lse

d
isco

v
e
ry

ra
te

s
(F

D
R

)
:

P
(ŷ
6=
y|ŷ

=
1,z

=
0)

=
P

(ŷ
6=
y|ŷ

=
1,z

=
1).

(3.7)

R
e
m

a
rk

s.
W

e
w

ou
ld

like
to

n
ote

th
at

th
e

form
al

criteria
to

avoid
d
isp

a
rate

im
p
act

an
d

d
isp

a
ra

te
m

istreatm
en

t,
as

given
b
y

E
q
s.(3.2–3.7),

rep
resen

t
eq

u
ality

in
certain

gro
u

p
-

co
n

d
itio

n
a
l

p
ro

ba
bilities

for
th

e
tw

o
sen

sitive
featu

re
grou

p
s,

i.e.,
P

(·|z
=

0)
an

d
P

(·|z
=

1).
F

o
r

ex
a
m

p
le,

th
e

d
isp

arate
im

p
act

criterion
in

E
q
.

(3.2)
req

u
ires

th
e

grou
p
-con

d
ition

al
p
ro

b
a
b
ilities

o
f

p
ositive

class
ou

tcom
es

to
b

e
th

e
sam

e
for

u
sers

w
ith

z
=

0
an

d
z

=
1,

w
h
erea

s
th

e
d
isp

arate
m

istreatm
en

t
criterion

in
E

q
.

(3.3)
req

u
ires

th
e

grou
p
-con

d
ition

al

in
th

e
p
red

icted
la
bels,

ra
th

er
th

a
n

ov
er

th
e

cla
ss

d
istrib

u
tio

n
in

th
e
gro

u
n
d
tru

th
la
bels,

e.g.,
to

en
su

re
th

a
t

th
e

fa
lse

d
iscov

ery
ra

tes,
in

stea
d

o
f

fa
lse

p
o
sitiv

e
ra

tes,
fo

r
a
ll

g
ro

u
p
s

a
re

th
e

sa
m

e.
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Z
a
fa

r
,
V
a
l
e
r
a
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
G
u
m
m
a
d
i

p
rob

ab
ilities

of
u
sers

b
ein

g
m

isclassifi
ed

to
b

e
th

e
sam

e.
In

S
ection

4,
w

e
w

ill
sh

ow
th

at
th

ese
grou

p
-con

d
ition

al
eq

u
alities

ca
n

b
e

relax
ed

b
y

variou
s

d
ecision

b
ou

n
d
ary

covarian
ces

to
facilitate

effi
cien

t
train

in
g

of
fair

classifi
ers.

F
in

ally,
w

e
w

ou
ld

also
like

to
h
igh

ligh
t

th
at

som
e

recen
t

w
ork

s
h
ave

ex
p
lored

th
e

cost
of

ach
iev

in
g

fairn
ess

in
a

d
ecision

m
ak

in
g

p
ro

cess
an

d
p

oin
ted

o
u
t

som
e

in
h
eren

t
ten

sion
s

b
etw

een
fairn

ess
an

d
accu

racy
(C

h
ou

ld
ech

ova,
2016;

C
o
rb

ett-D
av

ies
et

al.,
2017;

K
lein

b
erg

et
al.,

2017b
;
M

en
on

an
d

W
illiam

son
,
2017).

In
fact,

th
is

cost
can

b
ecom

e
p
ro

h
ib

itively
h
igh

if
on

e
aim

s
to

ach
ieve

m
u
ltip

le
fairn

ess
criteria

sim
u

lta
n

eo
u

sly.
F

or
ex

am
p
le,

C
h
ou

ld
ech

ova
(2016)

an
d

K
lein

b
erg

et
al.

(2017b
)

h
ave

recen
tly

sh
ow

n
th

at,
w

h
en

th
e

fraction
of

u
sers

w
ith

p
ositive

class
lab

els
d
iff

er
b

etw
een

m
em

b
ers

of
d
iff

eren
t

sen
sitive

attrib
u
te

va
lu

e
grou

p
s,

it
is

im
p

ossib
le

to
con

stru
ct

classifi
ers

th
at

are
eq

u
ally

w
ell-ca

libra
ted

(w
h
ere

w
ell-calib

ra
tion

essen
tially

m
easu

res
th

e
false

d
iscovery

a
n
d

false
om

ission
rates

of
a

classifi
er)

an
d

also
sat-

isfy
th

e
eq

u
al

false
p

ositiv
e

an
d

false
n
egative

rate
criterion

(ex
cep

t
for

a
“d

u
m

b
”,

or
n
u
ll,

classifi
er

th
at

assign
all

ex
am

p
les

to
a

sin
gle

class).
P

leiss
et

al.
(2017)

fu
rth

er
ex

p
an

d
on

th
is

im
p

ossib
ility

resu
lt.

T
h
ese

resu
lts

su
ggest

th
at

satisfy
in

g
all

fi
ve

criteria
of

d
isp

arate
m

istreatm
en

t
(T

ab
le

1)
sim

u
ltan

eou
sly

is
im

p
ossib

le
w

h
en

th
e

u
n
d
erly

in
g

d
istrib

u
tion

of
d
ata

is
d
iff

eren
t

for
d
iff

eren
t

grou
p
s.

S
im

ilarly,
K

lein
b

erg
et

al.
(2017b

)
sh

ow
th

at
w

h
en

th
e

fraction
of

u
sers

w
ith

p
ositive

class
lab

els
d
iff

er
b

etw
een

m
em

b
ers

of
d
iff

eren
t

sen
sitive

at-
trib

u
te

valu
e

grou
p
s,

it
is

im
p

ossib
le

to
satisfy

d
isp

arate
im

p
act

an
d

d
isp

arate
m

istreatm
en

t
sim

u
ltan

eou
sly

—
w

h
ere

d
isp

arate
m

istreatm
en

t
is

d
efi

n
ed

in
term

s
of

false
p

ositive
an

d
false

n
egative

rates,
in

term
s

of
false

d
iscovery

an
d

false
om

ission
rates,

or
b

oth
.

H
ow

ever,
in

p
ractice,

it
m

ay
still

b
e

in
terestin

g
to

ex
p
lore

th
e

b
est,

even
if

im
p

erfect,
ex

ten
t

of
fairn

ess
a

classifi
er

can
ach

iev
e.

4
.

O
u
r

fa
ir

cla
ssifi

ca
tio

n
fra

m
e
w

o
rk

In
th

is
section

,
w

e
p
resen

t
ou

r
fram

ew
ork

to
d
esign

b
ou

n
d
ary

-b
ased

classifi
ers

w
h
ich

are
free

of
d
isp

arate
treatm

en
t,

d
isp

arate
im

p
act

an
d

d
isp

arate
m

istreatm
en

t,
as

d
efi

n
ed

in
S
ection

3.

4
.1

.
F
a
irn

e
ss

c
rite

ria
a
s

c
o
n

stra
in

ts
d

u
rin

g
tra

in
in

g

T
o

d
esign

a
fa

ir
con

vex
b

ou
n
d
ary

-b
ased

classifi
er,

on
e

can
th

in
k

of
in

clu
d
in

g
fairn

ess
con

-
strain

ts
d
u
rin

g
train

in
g.

M
ore

sp
ecifi

cally,
m

in
im

izin
g

th
e

corresp
on

d
in

g
loss

fu
n
ction

u
n
d
er

fairn
ess

con
strain

ts,
i.e.,

m
in

im
ize

L
(θ

)
}

C
lassifi

er
loss

fu
n
ction

su
b

ject
to

P
(.|z

=
0)

=
P

(.|z
=

1)
}

F
airn

ess
con

strain
ts,

(4.1)

w
h
ere

th
e

p
rob

ab
ilities

in
th

e
con

strain
t(s)

can
b

e
rep

laced
w

ith
th

e
resp

ective
d
isp

arate
im

p
act

an
d

d
isp

arate
m

istreatm
en

t
criteria

in
E

q
s.

(3.2–3.7).
H

ere,
n
ote

th
at,

if
z
/∈
x

(i.e.,
x

an
d
z

con
sist

of
d
isjoin

t
featu

re
sets),

th
e

resu
ltin

g
classifi

er
d
o
es

n
ot

su
ff

er
from

d
isp

arate
treatm

en
t

sin
ce
z

is
n
ot

u
sed

d
u
rin

g
test

(i.e.,
at

d
ecision

tim
e).

D
u
e

to
its

fl
ex

ib
ility,

th
e

ab
ove

form
u
lation

ex
h
ib

its
several

ad
van

tages:
(i)

it
can

satisfy
b

oth
d
isp

arate
im

p
act

a
n
d

(an
y

version
of)

d
isp

arate
m

istreatm
en

t
b
y

in
clu

d
in

g
th

e
corresp

on
d
in

g
con

strain
ts.

D
isp

arate
treatm

en
t

can
b

e
ach

ieved
b
y

ex
clu

d
in

g
th

e
sen

sitive
featu

res
z

from
x

so
th

at
th

ey
are

n
ot

u
sed

d
u
rin

g
test.
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F
a
ir
n
e
ss

C
o
n
st

r
a
in
t
s:

A
F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
f
o
r
F
a
ir

C
l
a
ss
if
ic
a
t
io
n

(i
i)

it
ca

n
ac

co
m

m
o
d
at

e
an

y
co

n
ve

x
d
ec

is
io

n
b

ou
n
d
ar

y
b
as

ed
cl

as
si

fi
er

.
(i

ii
)

it
ca

n
en

su
re

fa
ir

n
es

s
w

it
h

re
sp

ec
t

to
m

u
lt

ip
le

se
n
si

ti
ve

fe
at

u
re

s
(e

.g
.,

ge
n
d
er

,
ra

ce
)

b
y

in
cl

u
d
in

g
co

n
st

ra
in

ts
fo

r
ea

ch
se

n
si

ti
ve

fe
at

u
re

se
p
ar

at
el

y.

U
n
fo

rt
u
n
at

el
y,

so
lv

in
g

th
e

fo
rm

u
la

ti
on

gi
ve

n
b
y

E
q
.

(4
.1

)
is

ve
ry

ch
al

le
n
gi

n
g.

F
ir

st
,

fo
r

m
an

y
su

ch
cl

as
si

fi
er

s
(e

.g
.,

S
V

M
),

th
e

p
ro

b
ab

il
it

ie
s

in
E

q
s.

(3
.2

–3
.7

)
ar

e
a

n
on

-c
on

ve
x

fu
n
ct

io
n

of
th

e
cl

as
si

fi
er

p
ar

am
et

er
s
θ

,
th

er
ef

or
e

le
ad

in
g

to
n
on

-c
on

ve
x

fo
rm

u
la

ti
o
n
s,

w
h
ic

h
ar

e
d
iffi

cu
lt

to
so

lv
e

effi
ci

en
tl

y.
S
ec

on
d
,

as
lo

n
g

as
th

e
u
se

r
fe

at
u
re

ve
ct

or
s

li
e

on
th

e
sa

m
e

si
d
e

of
th

e
d
ec

is
io

n
b

ou
n
d
ar

y,
th

e
p
ro

b
ab

il
it

ie
s

ar
e

in
va

ri
an

t
to

ch
an

ge
s

in
th

e
d
ec

is
io

n
b

ou
n
d
ar

y.
In

ot
h
er

w
or

d
s,

th
e

p
ro

b
ab

il
it

ie
s

ar
e

fu
n
ct

io
n
s

h
av

in
g

sa
d
d
le

p
oi

n
ts

.
T

h
e

p
re

se
n
ce

of
sa

d
d
le

p
oi

n
ts

fu
rt

h
er

s
co

m
p
li
ca

te
th

e
p
ro

ce
d
u
re

fo
r

so
lv

in
g

n
on

-c
on

ve
x

op
ti

m
iz

at
io

n
p
ro

b
le

m
s

(D
au

p
h
in

et
al

.,
20

14
).

T
o

ov
er

co
m

e
th

es
e

ch
al

le
n
ge

s,
w

e
n
ex

t
in

tr
o
d
u
ce

a
re

la
x
at

io
n

of
th

e
gr

ou
p
-c

on
d
it

io
n
al

p
ro

b
ab

il
it

y
co

n
st

ra
in

ts
gi

ve
n

b
y

E
q
s.

(3
.2

–
3.

7)
u
si

n
g

a
n
ov

el
co

va
ri

an
ce

m
ea

su
re

of
d
ec

is
io

n
b

ou
n
d
ar

y
u
n
fa

ir
n
es

s.

4
.2

.
D

e
si

g
n

in
g

fa
ir

c
la

ss
ifi

e
rs

u
si

n
g

d
e
c
is

io
n

b
o
u

n
d

a
ry

c
o
v
a
ri

a
n

c
e
s

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
in

tr
o
d
u
ce

ou
r

co
va

ri
an

ce
m

ea
su

re
of

d
ec

is
io

n
b

ou
n
d
ar

y
u
n
fa

ir
n
es

s
in

th
e

co
n
te

x
t

of
d
is

p
ar

at
e

im
p
ac

t,
u
se

th
is

m
ea

su
re

to
d
es

ig
n

cl
as

si
fi
er

s
fr

ee
of

d
is

p
ar

at
e

im
p
ac

t,
an

d
th

en
ge

n
er

al
iz

e
ou

r
m

ea
su

re
to

d
is

p
ar

a
te

m
is

tr
ea

tm
en

t.

4
.2
.1
.
D
is
pa

r
a
t
e
im

pa
c
t

W
e

m
ea

su
re

th
e

d
ec

is
io

n
b

ou
n
d
ar

y
(u

n
)f

a
ir

n
es

s
d
u
e

to
d
is

p
ar

at
e

im
p
ac

t
b
y

m
ea

n
s

of
th

e
co

va
ri

an
ce

b
et

w
ee

n
th

e
u
se

rs
’

se
n
si

ti
ve

at
tr

ib
u
te
z

an
d

th
e

si
gn

ed
d
is

ta
n
ce

fr
om

th
e

u
se

rs
’

fe
at

u
re

ve
ct

or
s

to
th

e
d
ec

is
io

n
b

ou
n
d
ar

y
d
θ
(x

),
i.

e.
,

C
ov
D
I
(z
,d
θ
(x

))
=

E[
(z
−
z̄
)d
θ
(x

)]
−

E[
(z
−
z̄
)]
d̄
θ
(x

)
≈

1 N

∑

(x
,z

)∈
D

(z
−
z̄
)
d
θ
(x

),
(4

.2
)

w
h
er

e
E[

(z
−
z̄
)]
d̄
θ
(x

)
ca

n
ce

ls
ou

t
si

n
ce

E[
(z
−
z̄
)]

=
0.

N
o
te

th
at

,
if

a
d
ec

is
io

n
b

o
u
n
d
ar

y
sa

ti
sfi

es
E

q
.

(3
.2

),
i.

e.
,
P

(d
θ
(x

)
≥

0
|z

=
0)

=
P

(d
θ
(x

)
≥

0
|z

=
1)

,
th

en
th

e
(e

m
p
ir

ic
al

)
co

va
ri

an
ce

d
efi

n
ed

ab
ov

e
w

il
l

b
e

(a
p
p
ro

x
im

at
el

y
)

ze
ro

(f
or

a
su

ffi
ci

en
tl

y
la

rg
e

tr
ai

n
in

g
se

t)
6
.

M
or

eo
ve

r,
in

co
n
tr

as
t

to
th

e
gr

ou
p
-c

on
d
it

io
n
al

p
ro

b
ab

il
it

ie
s

gi
v
en

b
y

E
q
.

(3
.2

)
th

e
d
ec

is
io

n
b

ou
n
d
ar

y
co

va
ri

an
ce

in
E

q
.

(4
.2

)
is

a
co

n
ve

x
fu

n
ct

io
n

w
it

h
re

sp
ec

t
to

th
e

d
ec

is
io

n
b

ou
n
d
ar

y
p
ar

am
et

er
s
θ

b
ec

au
se
d
θ
(x

)
is

co
n
v
ex

w
it

h
re

sp
ec

t
to
θ

fo
r

al
l

li
n
ea

r,
co

n
v
ex

b
o
u
n
d
ar

y
-

b
as

ed
cl

as
si

fi
er

s.
7

H
en

ce
,

it
ca

n
b

e
ea

si
ly

in
cl

u
d
ed

in
th

e
fo

rm
u
la

ti
on

of
th

es
e

cl
as

si
fi
er

s
w

it
h
ou

t
in

cr
ea

si
n
g

th
e

co
m

p
le

x
it

y
of

th
ei

r
tr

ai
n
in

g.

6
.

N
o
te

th
a
t

th
e

co
n
v
er

se
is

n
o
t

tr
u

e,
th

a
t

is
w

h
y

w
e

ca
ll

o
u

r
co

va
ri

a
n

ce
m

ea
su

re
a

p
ro

x
y.

7
.

F
o
r

n
o
n

-l
in

ea
r

co
n
v
ex

b
o
u

n
d

a
ry

-b
a
se

d
cl

a
ss

ifi
er

s
li

k
e

n
o
n

-l
in

ea
r

S
V

M
,

th
e

eq
u

iv
a
le

n
t

o
f
d
θ
(x

)
(v

ia
R

ep
-

re
se

n
te

r
T

h
eo

re
m

)
is

st
il

l
co

n
v
ex

in
th

e
co

rr
es

p
o
n

d
in

g
re

p
ro

d
u

ci
n

g
k
er

n
el

H
il

b
er

t
sp

a
ce

a
s

w
e

w
il

l
d

is
cu

ss
sh

o
rt

ly
.
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Z
a
fa

r
,
V
a
l
e
r
a
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
G
u
m
m
a
d
i

M
or

e
sp

ec
ifi

ca
ll
y,

to
tr

ai
n

a
cl

as
si

fi
er

fr
ee

of
d
is

p
a
ra

te
im

p
ac

t,
on

e
ca

n
re

p
la

ce
th

e
(i

n
tr

ac
ta

b
le

)
co

n
st

ra
in

t
in

E
q
.

(4
.1

)
b
y

an
al

te
rn

at
iv

e
co

n
st

ra
in

t
in

cl
u
d
in

g
th

e
d
ec

is
io

n
b

ou
n
d
ar

y
co

va
ri

an
ce

co
n
st

ra
in

t
as

fo
ll
ow

s:

m
in

im
iz

e
L

(θ
)

su
b

je
ct

to
1 N

∑
(x
,z

)∈
D

(z
−
z̄
)
d
θ
(x

)
≤
c,

1 N

∑
(x
,z

)∈
D

(z
−
z̄
)
d
θ
(x

)
≥
−
c,

(4
.3

)

w
h
er

e
c
∈

R
+

is
a

gi
ve

n
th

re
sh

ol
d
,

w
h
ic

h
tr

ad
es

off
ac

cu
ra

cy
an

d
u
n
fa

ir
n
es

s
d
u
e

to
d
is

-
p
ar

at
e

im
p
ac

t.
F

u
rt

h
er

m
or

e,
n
ot

e
th

a
t

si
n
ce

th
e

ab
ov

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
is

co
n
ve

x
,

o
u
r

sc
h
em

e
en

su
re

s
th

at
th

e
tr

ad
e-

off
b

et
w

ee
n

th
e

cl
as

si
fi
er

lo
ss

fu
n
ct

io
n

an
d

d
ec

is
io

n
b

o
u
n
d
a
ry

co
va

ri
an

ce
is

P
ar

et
o

op
ti

m
al

.

W
h
en

co
n
si

d
er

in
g

m
u

lt
ip

le
se

n
si

ti
ve

fe
a
tu

re
s

(e
.g

.,
ge

n
d
er

,
ra

ce
),

on
e

ca
n

in
cl

u
d
e

co
n
-

st
ra

in
ts

fo
r

ea
ch

se
n
si

ti
ve

fe
at

u
re

se
p
ar

at
el

y.
F

or
po

ly
va

le
n

t
se

n
si

ti
ve

fe
a
tu

re
s

h
av

in
g
k
≥

2
va

lu
es

,
on

e
ca

n
fi
rs

t
co

n
ve

rt
th

e
se

n
si

ti
v
e

fe
at

u
re

in
to

k
b
in

ar
y

se
n
si

ti
ve

fe
a
tu

re
s

u
si

n
g

on
e

h
ot

en
co

d
in

g,
an

d
th

en
ad

d
co

n
st

ra
in

ts
fo

r
ea

ch
of

th
e
k

se
n
si

ti
ve

fe
at

u
re

s.
T

o
av

o
id

“f
ai

rn
es

s-
ge

rr
y
m

an
d
er

in
g”

(K
ea

rn
s

et
al

.,
20

18
)

w
h
en

co
n
si

d
er

in
g

m
u
lt

ip
le

se
n
si

ti
ve

fe
a
-

tu
re

s,
on

e
co

u
ld

co
n
st

ru
ct

al
l

p
os

si
b
le

co
m

b
in

at
io

n
s

of
th

e
se

n
si

ti
ve

fe
at

u
re

va
lu

es
(e

.g
.,

w
h
it

e
m

an
,

b
la

ck
w

om
en

)
an

d
ad

d
co

n
st

ra
in

ts
fo

r
ea

ch
co

m
b
in

at
io

n
se

p
ar

at
el

y.

4
.2
.2
.
D
is
pa

r
a
t
e
M
is
t
r
e
a
t
m
e
n
t

W
e

ca
n

n
at

u
ra

ll
y

ex
te

n
d

ou
r

co
va

ri
an

ce
m

ea
su

re
to

(u
n
)f

ai
rn

es
s

d
u
e

to
d
is

p
a
ra

te
m

is
tr

ea
t-

m
en

t.
M

or
e

sp
ec

ifi
ca

ll
y,

fo
r

th
e

ca
se

d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
w

it
h

re
sp

ec
t

to
th

e
ov

er
a
ll

m
is

cl
as

si
fi
ca

ti
on

ra
te

,
w

e
co

m
p
u
te

th
e

co
va

ri
an

ce
b

et
w

ee
n

th
e

u
se

rs
’

se
n
si

ti
ve

a
tt

ri
b
u
te

s
an

d
th

e
si

gn
ed

d
is

ta
n
ce

b
et

w
ee

n
th

e
fe

at
u
re

ve
ct

or
s

of
m

is
cl

a
ss

ifi
ed

u
se

rs
an

d
th

e
cl

a
ss

ifi
er

d
ec

is
io

n
b

ou
n
d
ar

y,
i.

e.
,

C
ov
O
M
R

(z
,g
θ
(y
,x

))
=

E[
(z
−
z̄
)(
g θ

(y
,x

)
−
ḡ θ

(y
,x

))
]
≈

1 N

∑

(x
,y
,z

)∈
D

(z
−
z̄
)
g θ

(y
,x

),
(4

.4
)

w
h
er

e
g θ

(y
,x

)
=

m
in

(0
,y
d
θ
(x

))
an

d
th

e
te

rm
E[

(z
−
z̄
)]
ḡ θ

(x
)

ca
n
ce

ls
ou

t
si

n
ce

E[
(z
−
z̄
)]

=
0.

A
s

in
th

e
ca

se
of

d
is

p
ar

at
e

im
p
ac

t,
if

a
d
ec

is
io

n
b

ou
n
d
ar

y
sa

ti
sfi

es
E

q
.

(3
.3

),
th

en
th

e
(e

m
p
ir

ic
al

)
co

va
ri

an
ce

d
efi

n
ed

ab
ov

e
w

il
l

b
e

(a
p
p
ro

x
im

at
el

y
)

ze
ro

(f
or

a
su

ffi
ci

en
tl

y
la

rg
e

tr
ai

n
in

g
se

t)
an

d
w

e
ca

n
tr

ai
n

a
cl

as
si

fi
er

fr
ee

of
d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
w

it
h

re
sp

ec
t

to
ov

er
al

l
m

is
cl

as
si

fi
ca

ti
on

ra
te

b
y

re
p
la

ci
n
g

th
e

(i
n
tr

a
ct

ab
le

)
co

n
st

ra
in

t
in

E
q
.

(4
.1

)
b
y

a
n

al
te

rn
at

iv
e

co
n
st

ra
in

t
as

fo
ll
ow

s:

m
in

im
iz

e
L

(θ
)

su
b

je
ct

to
1 N

∑
(x
,y
,z

)∈
D

(z
−
z̄
)
g θ

(y
,x

)
≤
c,

1 N

∑
(x
,y
,z

)∈
D

(z
−
z̄
)
g θ

(y
,x

)
≥
−
c,

(4
.5

)

w
h
er

e
c
∈

R
+

is
a

gi
ve

n
th

re
sh

ol
d
,

w
h
ic

h
tr

ad
es

off
a
cc

u
ra

cy
an

d
u
n
fa

ir
n
es

s
d
u
e

to
d
is

-
p
ar

at
e

m
is

tr
ea

tm
en

t.
S
im

il
ar

ly
,

w
e

ca
n

d
efi

n
e

th
e

ab
ov

e
co

va
ri

an
ce

m
ea

su
re

fo
r

d
is

p
a
ra

te
m

is
tr

ea
tm

en
t

w
it

h
re

sp
ec

t
to

fa
ls

e
p

os
it

iv
e

ra
te

s,
fa

ls
e

n
eg

at
iv

e
ra

te
s,

fa
ls

e
o
m

is
si

o
n

ra
te

s

1
0
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F
a
ir
n
e
ss

C
o
n
st

r
a
in
t
s:

A
F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
f
o
r
F
a
ir

C
l
a
ssif

ic
a
t
io
n

o
r

fa
lse

d
iscov

ery
rates.

F
or

ex
am

p
le,

for
false

p
ositive

ra
tes,

on
e

n
eed

s
to

con
sid

er
th

e
set

o
f

m
iscla

ssifi
ed

u
sers

w
ith

(grou
n
d
-tru

th
)

n
egative

lab
els

(D
−

),
i.e.,

C
ov
F
P
R

(z
,g
θ
(y
,x

))≈
1

N
−

∑

(x
,y
,z

)∈D
−

(z−
z̄
)
g
θ
(y
,x

),
(4.6)

w
h
ere

N
−

rep
resen

ts
th

e
size

ofD
−

.
In

co
n
trast

w
ith

th
e

covarian
ce

m
easu

re
in

th
e

case
of

d
isp

arate
im

p
act,

d
efi

n
ed

b
y

E
q
.

(4
.2

),
th

e
a
b

ov
e

covarian
ce

m
easu

res
are

n
ot

con
vex

.
F

ortu
n
ately,

th
e

covarian
ce

con
-

stra
in

ts
fo

r
d
isp

arate
m

istreatm
en

t
w

ith
resp

ect
to

overall
m

isclassifi
cation

rates,
false

p
os-

itive
ra

tes
a
n
d

false
n
egative

rates
can

b
e

easily
con

verted
in

to
con

v
ex

-con
cave

con
strain

ts,
w

h
ich

ca
n

b
e

h
an

d
led

effi
cien

tly
(S

h
en

et
a
l.,

2016),
as

follow
s.

C
on

sid
er

th
e

co
n
strain

ts
in

E
q
.

(4
.5

),
i.e.,

∑

(x
,y
,z

)∈D
(z−

z̄
)
g
θ
(y
,x

)∼
c,

w
h
ere
∼

d
en

o
tes

‘≥
’

an
d

‘≤
’

an
d
,

w
ith

o
u
t

loss
of

gen
erality,

w
e

ju
st

left
ou

t
th

e
con

stan
t

term
1N

.
T

h
en

,
w

e
can

sp
lit

th
e

su
m

in
th

e
ab

ove
ex

p
ression

in
to

tw
o

term
s:

∑

(x
,y

)∈D
0

(0−
z̄
)
g
θ
(y
,x

)
+

∑

(x
,y

)∈D
1

(1−
z̄
)
g
θ
(y
,x

)∼
c,

(4.7)

w
h
ere
D

0
a
n
d
D

1
are

th
e

su
b
sets

of
th

e
train

in
g

d
atasetD

tak
in

g
valu

es
z

=
0

a
n
d
z

=
1,

resp
ectively.

D
efi

n
e
N

0
=
|D

0 |
an

d
N

1
=
|D

1 |,
th

en
on

e
can

w
rite

z̄
=

(0×
N

0
)+

(1×
N

1
)

N
=

N
1
N

a
n
d

rew
rite

E
q
.

(4.7)
as:

−
N

1

N

∑

(x
,y

)∈D
0

g
θ
(y
,x

)
+
N

0

N

∑

(x
,y

)∈D
1

g
θ
(y
,x

)∼
c,

w
h
ich

,
g
iv

en
th

at
g
θ
(y
,x

)
is

con
vex

in
θ

,
resu

lts
in

to
a

con
vex

-con
cave

(or,
d
iff

eren
ce

of
co

n
vex

)
fu

n
ctio

n
.

F
in

ally,
w

e
can

rew
rite

th
e

p
rob

lem
d
efi

n
ed

b
y

(4.5)
as:

m
in

im
ize

L
(θ

)

su
b

ject
to

−
N

1
N

∑
(x
,y

)∈D
0
g
θ
(y
,x

)
+

N
0
N

∑
(x
,y

)∈D
1
g
θ
(y
,x

)≤
c

−
N

1
N

∑
(x
,y

)∈D
0
g
θ
(y
,x

)
+

N
0
N

∑
(x
,y

)∈D
1
g
θ
(y
,x

)≥
−
c,

(4.8)

w
h
ich

is
a

D
iscip

lin
ed

C
on

v
ex

-C
on

cave
P

rogram
(D

C
C

P
)

for
an

y
con

vex
loss

L
(θ

),
an

d
ca

n
b

e
effi

cien
tly

solved
u
sin

g
w

ell-k
n
ow

n
h
eu

ristics
(S

h
en

et
al.,

2016).
N

ote
th

at
th

e
n
o
n
-co

n
vex

ity
o
f

th
e

form
u
lation

in
E

q
.

(4.8)
im

p
lies

th
a
t

th
e

resu
ltin

g
trad

eoff
b

etw
een

th
e

cla
ssifi

er
lo

ss
fu

n
ction

an
d

d
ecision

b
ou

n
d
ary

covarian
ce

is
n
ot

gu
aren

teed
to

b
e

P
areto

o
p
tim

a
l.

T
h
is

is
in

con
trast

w
ith

th
e

con
vex

fo
rm

u
lation

in
E

q
.

(4.3).
H

ow
ever,

as
w

e
sh

ow
v
ia

co
m

p
a
riso

n
s

w
ith

related
m

eth
o
d
s

in
S
ection

5.2.2,
E

q
.
(4.8)

can
still

lea
d

to
com

p
etitiv

e
resu

lts
in

co
m

p
arison

w
ith

th
e

state-of-th
e-art.

P
ro

ceed
in

g
sim

ilarly,
w

e
can

con
vert

th
e

covarian
ce

con
strain

ts
for

d
isp

ara
te

m
istreat-

m
en

t
w

ith
resp

ect
to

false
p

ositive
rates

an
d

false
n
ega

tive
rates

to
con

vex
-con

cave
con

-
stra

in
ts.

F
o
r

ex
am

p
le,

E
q
.

(4.1)
can

b
e

rew
ritten

to
im

p
o
se

eq
u
ality

in
false

p
ositiv

e
rates

1
1
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Z
a
fa

r
,
V
a
l
e
r
a
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
G
u
m
m
a
d
i

as:
m

in
im

ize
L

(θ
)

su
b

ject
to

−
N

−1
N

−
∑

(x
,y

)∈D
−0
g
θ
(y
,x

)
+

N
−0

N
−
∑

(x
,y

)∈D
−1
g
θ
(y
,x

)≤
c

−
N

−1
N

−
∑

(x
,y

)∈D
−0
g
θ
(y
,x

)
+

N
−0

N
−
∑

(x
,y

)∈D
−1
g
θ
(y
,x

)≥
−
c,

(4.9)

w
h
ere
D
−i

is
th

e
su

b
set

of
th

e
train

in
g

d
ata

w
ith

z
=
i

an
d
y

=
−

1,
an

d
N
−i

=
|D
−i |.

N
ote

th
at

u
n
like

in
Z

afar
et

al.
(2017a),

w
e

d
efi

n
e

th
e

false
p

ositive
rate

cova
rian

ce
(E

q
.

(4.6))
on

ly
over

th
e

grou
n
d

tru
th

n
egative

d
ataset

in
stead

of
th

e
w

h
ole

d
ataset.

In
cases

w
h
ere

N
−0

N
0
6=

N
−1

N
1

(or
in

oth
er

w
ord

s,
th

e
b
ase-rates

are
d
iff

eren
t

for
th

e
tw

o
sen

sitive
featu

re
grou

p
s),

th
e

false
p

ositive
rate

covarian
ce

as
d
efi

n
ed

b
y

Z
afar

et
al.

(20
17a)

w
ou

ld
n
ot

fu
lly

rem
ove

d
isp

arate
m

istreatm
en

t.
F

in
ally,

w
h
ile

th
e

covarian
ce

con
strain

ts
for

d
isp

arate
m

istreatm
en

t
w

ith
resp

ect
to

false
om

ission
an

d
false

d
iscovery

rates
can

b
e

read
ily

d
efi

n
ed

,
th

e
corresp

on
d
in

g
con

strain
ts

can
n
ot

b
e

easily
con

verted
in

to
con

vex
-con

cave
con

strain
ts.

H
an

d
lin

g
su

ch
con

strain
ts

effi
-

cien
tly

is
left

as
an

in
terestin

g
v
en

u
e

for
fu

tu
re

w
ork

.

4
.3

.
A

c
c
o
u

n
tin

g
fo

r
th

e
b
u

sin
e
ss

n
e
c
e
ssity

c
la

u
se

In
th

e
p
rev

iou
s

section
,

w
e

h
ave

u
sed

covarian
ce

con
strain

ts
to

d
esign

classifi
ers

th
at

m
ax

-
im

ize
accu

racy
u
n
d
er

fairn
ess

con
strain

ts.
H

ow
ever,

if
th

e
u
n
d
erly

in
g

correlation
b

etw
een

th
e

class
lab

els
an

d
th

e
sen

sitiv
e

attrib
u
tes

in
th

e
train

in
g

set
is

very
h
igh

,
en

forcin
g

th
ese

con
strain

ts
m

ay
resu

lts
in

u
n
d
erw

h
elm

in
g

p
erform

an
ce

(accu
racy

)
an

d
th

u
s

b
e

u
n
accep

t-
ab

le
in

term
s

of
b
u
sin

ess
ob

jectives.
T

h
is

is
p
articu

larly
con

cern
in

g
in

th
e

case
of

d
isp

arate
im

p
act,

w
h
ere

a
“b

u
sin

ess
n
ecessity

”
clau

se
h
as

b
een

argu
ed

for—
an

em
p
loy

er
w

ou
ld

n
eed

to
en

su
re

th
at

th
e

d
ecision

m
ak

in
g

cau
ses

lea
st

po
ssible

d
isp

arate
im

p
act

u
n
d
er

th
e

given
p

erform
an

ce
(accu

racy
)

con
strain

ts
(B

aro
cas

an
d

S
elb

st,
2016).

F
ortu

n
ately

w
e

can
accou

n
t

for
th

e
ab

ove
m

en
tion

ed
“b

u
sin

ess
n
ecessity

”
clau

se
in

d
is-

p
arate

im
p
act

u
sin

g
an

altern
ative

form
u
lation

th
at

m
ax

im
izes

fa
irn

ess
(m

in
im

izes
d
isp

arate
im

p
act)

su
b

ject
to

accu
racy

con
stra

in
ts.

M
ore

sp
ecifi

cally,
w

e
can

fi
n
d

th
e

d
ecision

b
ou

n
d
-

ary
p
aram

eters
θ

b
y

m
in

im
izin

g
th

e
co

rresp
o
n
d
in

g
(ab

solu
te)

d
ecision

b
ou

n
d
ary

covarian
ce

over
th

e
train

in
g

set
u
n
d
er

con
strain

ts
on

th
e

classifi
er

loss
fu

n
ction

,
i.e.:

m
in

im
ize

|
1N

∑
Ni=

1
(z
i −

z̄
)
d
θ
(x

i )|
su

b
ject

to
L

(θ
)≤

(1
+
γ

)L
(θ
∗),

(4.10)

w
h
ere

L
(θ
∗)

d
en

otes
th

e
op

tim
al

loss
over

th
e

train
in

g
set

p
rov

id
ed

b
y

th
e

u
n
con

strain
ed

classifi
er

an
d
γ
≥

0
sp

ecifi
es

th
e

m
ax

im
u
m

ad
d
ition

al
loss

w
ith

resp
ect

to
th

e
loss

p
rov

id
ed

b
y

th
e

u
n
con

strain
ed

classifi
er.

H
ere,

w
e

can
en

su
re

m
ax

im
u
m

fairn
ess

w
ith

n
o

loss
in

accu
racy

b
y

settin
g
γ

=
0.

R
em

arkab
ly,

in
m

an
y

classifi
ers,

in
clu

d
in

g
logistic

regression
an

d
S
V

M
s,

th
e

loss
fu

n
ction

(or
th

e
d
u
al

of
th

e
loss

fu
n
ction

)
is

ad
d
itive

ov
er

th
e

p
oin

ts
in

th
e

train
in

g
set,

i.e.,
L

(θ
)

=
∑

Ni=
1
L
i (θ

),
w

h
ere

L
i (θ

)
is

th
e

in
d
iv

id
u
a
l

loss
asso

ciated
w

ith
th

e
i-th

p
oin

t
in

th
e

train
in

g
set.

M
oreover,

th
e

in
d
iv

id
u
al

loss
L
i (θ

)
ty

p
ically

tells
u
s

h
ow

clo
se

th
e

p
red

icted
la

b
el

f
(x

i )
is

to
th

e
tru

e
lab

el
y
i ,

b
y

m
ean

s
of

th
e

sign
ed

d
istan

ce
to

th
e

d
ecision

b
ou

n
d
ary.

T
h
erefore,

on
e

m
ay

th
in

k
of

in
corp

oratin
g

loss
con

strain
ts

for
a

certain
set

of
u
sers,

an
d

con
seq

u
en

tly,
p
reven

t
in

d
iv

id
u
al

u
sers

origin
ally

classifi
ed

as
p

ositive
(b

y
th

e
u
n
con

strain
ed
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F
a
ir
n
e
ss

C
o
n
st

r
a
in
t
s:

A
F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
f
o
r
F
a
ir

C
l
a
ss
if
ic
a
t
io
n

cl
as

si
fi
er

)
fr

om
b

ei
n
g

cl
as

si
fi
ed

as
n
eg

at
iv

e
b
y

th
e

co
n
st

ra
in

ed
cl

as
si

fi
er

.
T

o
d
o

so
,

w
e

fi
n
d

th
e

d
ec

is
io

n
b

ou
n
d
ar

y
p
ar

am
et

er
s
θ

as
:

m
in

im
iz

e
|1 N

∑
N i=

1
(z
i
−
z̄
)
d
θ
(x

i)
|

su
b

je
ct

to
L
i(
θ

)
≤

(1
+
γ
i)
L
i(
θ
∗ )
∀i
∈
{1
,.
..
,N
},

(4
.1

1)

w
h
er

e
L
i(
θ
∗ )

is
th

e
in

d
iv

id
u
al

lo
ss

as
so

ci
at

ed
to

th
e
i-

th
u
se

r
in

th
e

tr
a
in

in
g

se
t

p
ro

v
id

ed
b
y

th
e

u
n
co

n
st

ra
in

ed
cl

as
si

fi
er

an
d
γ
i
≥

0
is

h
er

al
lo

w
ed

ad
d
it

io
n
al

lo
ss

.

T
h
e

p
ro

b
le

m
fo

rm
u
la

ti
on

in
E

q
.

(4
.1

1)
co

u
ld

b
e

u
se

d
to

en
su

re
th

at
ce

rt
ai

n
se

t
of

u
se

rs
w

h
o

ar
e

co
rr

ec
tl

y
cl

as
si

fi
ed

b
y

th
e

u
n
co

n
st

ra
in

ed
cl

as
si

fi
er

ar
e

n
ot

m
is

cl
as

si
fi
ed

b
y

th
e

fa
ir

n
es

s-
co

n
st

ra
in

ed
cl

as
si

fi
er

(e
.g

.,
to

m
ak

e
su

re
th

at
ap

p
ly

in
g

fa
ir

n
es

s
co

n
st

ra
in

ts
d
o
es

n
ot

le
ad

to
eg

re
gi

ou
s

m
is

cl
as

si
fi
ca

ti
on

of
ce

rt
ai

n
u
se

rs
).

H
ow

ev
er

,
n
ot

e
th

at
,

in
co

m
p
ar

is
on

w
it

h
E

q
.

(4
.1

0)
,

E
q
.

(4
.1

1)
in

vo
lv

es
a

ti
gh

te
r

se
t

of
co

n
st

ra
in

ts
—

it
ai

m
s

to
b

ou
n
d

in
d
iv

id
u

a
l

u
se

rs
’

lo
ss

es
as

op
p

os
ed

to
th

e
a
gg

re
ga

te
lo

ss
ov

er
al

l
th

e
u
se

rs
.

A
s

a
re

su
lt

,
E

q
.

(4
.1

1)
co

u
ld

le
ad

to
la

rg
er

d
ro

p
s

in
ac

cu
ra

cy
fo

r
th

e
sa

m
e

le
ve

l
of

fa
ir

n
es

s
(r

ef
er

to
F

ig
u
re

1
0

fo
r

an
ex

am
p
le

).

O
n
e

co
u
ld

al
so

th
in

k
of

ex
te

n
d
in

g
th

e
fo

rm
u
la

ti
on

of
d
is

p
ar

at
e

m
is

tr
ea

tm
en

t-
fr

ee
cl

as
-

si
fi
ca

ti
on

gi
ve

n
b
y

E
q
.

(4
.8

)
to

in
cl

u
d
e

a
si

m
il
ar

b
u
si

n
es

s
n
ec

es
si

ty
cl

au
se

.
H

ow
ev

er
,

su
ch

a
fo

rm
u
la

ti
on

w
ou

ld
re

su
lt

in
an

op
ti

m
iz

at
io

n
p
ro

b
le

m
—

w
it

h
a

co
n
ve

x
-c

on
ca

ve
ob

je
ct

iv
e

an
d

co
n
ve

x
co

n
st

ra
in

ts
—

th
at

is
cu

rr
en

tl
y

n
ot

su
p
p

o
rt

ed
b
y

th
e

st
an

d
ar

d
co

n
ve

x
-c

on
ca

ve
so

lv
er

s
(S

h
en

et
al

.,
20

16
).

E
x
te

n
d
in

g
th

es
e

so
lv

er
s

to
ca

te
r

to
su

ch
p
ro

b
le

m
s,

or
re

fo
r-

m
u
la

ti
n
g

th
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
an

d
so

lv
in

g
it

w
it

h
al

te
rn

at
iv

e
op

ti
m

iz
er

s
(e

.g
.,

u
si

n
g

ev
ol

u
ti

on
ar

y
m

u
lt

i-
ob

je
ct

iv
e

op
ti

m
iz

at
io

n
as

in
Q

u
ad

ri
an

to
an

d
S
h
ar

m
an

sk
a

(2
01

7)
)

w
ou

ld
b

e
an

in
te

re
st

in
g

d
ir

ec
ti

on
fo

r
fu

tu
re

w
or

k
.

4
.4

.
E

x
a
m

p
le

s

In
th

is
se

ct
io

n
,

w
e

il
lu

st
ra

te
h
ow

to
d
es

ig
n

fa
ir

lo
gi

st
ic

re
gr

es
si

on
cl

as
si

fi
er

s
a
n
d

li
n
ea

r
an

d
n
on

li
n
ea

r
S
V

M
s

u
si

n
g

ou
r

co
va

ri
an

ce
m

ea
su

re
s.

L
o
g
is

ti
c

re
g
re

ss
io

n
fr

e
e

o
f
d

is
p

a
ra

te
im

p
a
c
t.

In
lo

gi
st

ic
re

gr
es

si
on

cl
as

si
fi
er

s,
on

e
m

ap
s

th
e

fe
at

u
re

ve
ct

or
s
x
i

to
th

e
cl

as
s

la
b

el
s
y i

b
y

m
ea

n
s

of
a

p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

on
:

p
(y

=
1|
x
,θ

)
=

1

1
+
e−
θ
T
x
,

(4
.1

2)

w
h
er

e
θ

is
ob

ta
in

ed
b
y

so
lv

in
g

a
m

ax
im

u
m

li
ke

li
h
o
o
d

p
ro

b
le

m
ov

er
th

e
tr

ai
n
in

g
se

t,
i.

e.
,

θ
∗

=
ar

gm
in
θ
−
∑

(x
,y

)∈
D

lo
g
p
(y
|x
,θ

).
T

h
u
s,

th
e

co
rr

es
p

on
d
in

g
lo

ss
fu

n
ct

io
n

is
gi

v
en

b
y

−
∑

(x
,y

)∈
D

lo
g
p
(y
|x
,θ

),
an

d
th

e
p
ro

b
le

m
d
efi

n
ed

b
y

E
q
.

(4
.3

)
ad

op
ts

th
e

fo
ll
ow

in
g

fo
rm

:

m
in

im
iz

e
−
∑

(x
,y

)∈
D

lo
g
p
(y
|x
,θ

)
}

L
og

is
ti

c
re

gr
es

si
on

fo
rm

u
la

ti
on

su
b

je
ct

to
1 N

∑
(x
,z

)∈
D

(z
−
z̄
)
θ
T
x
≤
c,

1 N

∑
(x
,z

)∈
D

(z
−
z̄
)
θ
T
x
≥
−
c.

}
D

is
p
ar

at
e

im
p
ac

t
co

n
st

ra
in

ts
(4

.1
3)

L
in

e
a
r

S
V

M
fr

e
e

o
f

d
is

p
a
ra

te
m

is
tr

e
a
tm

e
n
t.

A
li
n
ea

r
S
V

M
d
is

ti
n
gu

is
h
es

am
on

g
cl

as
se

s
u
si

n
g

a
li
n
ea

r
h
y
p

er
p
la

n
e
θ
T
x

=
0.

In
th

is
ca

se
,

th
e

p
ar

am
et

er
ve

ct
or
θ

of
th

e
fa

ir
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Z
a
fa

r
,
V
a
l
e
r
a
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
G
u
m
m
a
d
i

li
n
ea

r
S
V

M
ca

n
b

e
fo

u
n
d

b
y

so
lv

in
g

th
e

p
ro

b
le

m
d
efi

n
ed

b
y

E
q
.

(4
.8

),
w

h
ic

h
b

ec
o
m

es
th

e
fo

ll
ow

in
g

q
u
ad

ra
ti

c
p
ro

gr
am

w
it

h
co

n
v
ex

-c
on

ca
ve

co
n
st

ra
in

ts
:

m
in

im
iz

e
‖θ
‖2

+
C
∑

N i=
1
ξ i

su
b

je
ct

to
y i
θ
T
x
i
≥

1
−
ξ i
,∀
i
∈
{1
,.
..
,N
}

ξ i
≥

0
,∀
i
∈
{1
,.
..
,N
},

  
S
V

M
fo

rm
u
la

ti
o
n

−
N

1
N

∑
(x
,y

)∈
D

0
m

in
(0
,y
θ
T
x

)
+

N
0
N

∑
(x
,y

)∈
D

1
m

in
(0
,y
θ
T
x

)
≤
c,

−
N

1
N

∑
(x
,y

)∈
D

0
m

in
(0
,y
θ
T
x

)
+

N
0
N

∑
(x
,y

)∈
D

1
m

in
(0
,y
θ
T
x

)
≥
−
c,

}
D

is
p
a
ra

te
m

is
tr

ea
tm

en
t

co
n
st

ra
in

ts

(4
.1

4
)

w
h
er

e
θ

an
d
ξ

ar
e

th
e

va
ri

ab
le

s,
‖θ
‖2

co
rr

es
p

on
d
s

to
th

e
b

ou
n
d
ar

y
b

et
w

ee
n

th
e

su
p
po

rt
ve

ct
o
rs

as
si

gn
ed

to
d
iff

er
en

t
cl

as
se

s,
an

d
C
∑

n i=
1
ξ i

p
en

al
iz

es
th

e
n
u
m

b
er

o
f

d
a
ta

p
o
in

ts
fa

ll
in

g
in

si
d
e

th
e

b
ou

n
d
ar

y.

N
o
n

li
n

e
a
r

S
V

M
fr

e
e

o
f

d
is

p
a
ra

te
im

p
a
c
t.

In
a

n
on

li
n
ea

r
S
V

M
,

th
e

d
ec

is
io

n
b

o
u
n
d
a
ry

ta
ke

s
th

e
fo

rm
θ
T

Φ
(x

)
=

0,
w

h
er

e
Φ

(·)
is

a
n
on

li
n
ea

r
tr

an
sf

or
m

at
io

n
th

at
m

a
p
s

ev
er

y
fe

a
-

tu
re

v
ec

to
r
x

in
to

a
h
ig

h
er

d
im

en
si

on
al

tr
an

sf
or

m
ed

fe
at

u
re

sp
ac

e.
S
im

il
a
rl

y
a
s

in
th

e
ca

se
of

a
li
n
ea

r
S
V

M
,

on
e

m
ay

th
in

k
of

fi
n
d
in

g
th

e
p
a
ra

m
et

er
ve

ct
or
θ

b
y

so
lv

in
g

a
co

n
st

ra
in

ed
q
u
ad

ra
ti

c
p
ro

gr
am

,
si

m
il
ar

to
th

e
on

e
d
efi

n
ed

b
y

E
q
.

(4
.1

4)
.

H
ow

ev
er

,
th

e
d
im

en
si

o
n
a
li
ty

o
f

th
e

tr
an

sf
or

m
ed

fe
at

u
re

sp
ac

e
ca

n
b

e
la

rg
e,

or
ev

en
in

fi
n
it

e,
m

ak
in

g
th

e
co

rr
es

p
o
n
d
in

g
o
p
ti

-
m

iz
at

io
n

p
ro

b
le

m
d
iffi

cu
lt

to
so

lv
e.

F
or

tu
n
at

el
y,

w
e

ca
n

le
ve

ra
ge

th
e

ke
rn

el
tr

ic
k

(S
ch

ö
lk

o
p
f

an
d

S
m

ol
a,

20
02

)
b

ot
h

in
th

e
or

ig
in

al
op

ti
m

iz
at

io
n

p
ro

b
le

m
an

d
th

e
fa

ir
n
es

s
in

eq
u
a
li
ti

es
,

an
d

re
so

rt
in

st
ea

d
to

th
e

d
u
al

fo
rm

of
th

e
p
ro

b
le

m
,

w
h
ic

h
ca

n
b

e
so

lv
ed

effi
ci

en
tl

y.
In

p
a
r-

ti
cu

la
r,

th
e

d
u
al

fo
rm

is
gi

ve
n

b
y

(f
or

co
n
ci

se
n
es

s,
w

e
u
se

th
e

d
u
al

fo
rm

n
ot

a
ti

o
n

o
f

G
en

tl
e

et
al

.
(2

01
2)

):

m
in

im
iz

e
1 2
α
T
G
α
−

1
T
α

su
b

je
ct

to
0
≤
α
≤
C
,

y
T
α

=
0,

  
S
V

M
fo

rm
u
la

ti
o
n

1 N

∑
(x
,z

)∈
D

(z
−
z̄
)
d
α

(x
)
≤
c,

1 N

∑
(x
,z

)∈
D

(z
−
z̄
)
d
α

(x
)
≥
−
c,

}
D

is
p
ar

at
e

im
p
a
ct

co
n
st

ra
in

ts
(4

.1
5
)

w
h
er

e
α

=
[α

1
,α

2
,.
..
,α

N
]T

ar
e

th
e

d
u
al

va
ri

ab
le

s,
y

=
[y

1
,y

2
,.
..
,y
N

]T
a
re

th
e

cl
a
ss

la
b

el
s,
G

is
th

e
N
×
N

G
ra

m
m

at
ri

x
w

it
h
G
i,
j

=
y i
y j
k
(x

i,
x
j
),

an
d

th
e

k
er

n
el

fu
n
ct

io
n

k
(x

i,
x
j
)

=
〈φ

(x
i)
,φ

(x
j
)〉

d
en

ot
es

th
e

in
n
er

p
ro

d
u
ct

b
et

w
ee

n
a

p
ai

r
of

tr
an

sf
o
rm

ed
fe

a
tu

re

ve
ct

or
s.

H
er

e,
d
α

(x
i)

=
∑

N j=
1
α
j
y j
k
(x

i,
x
j
)

ca
n

st
il
l

b
e

in
te

rp
re

te
d

as
a

si
gn

ed
d
is

ta
n
ce

to
th

e
d
ec

is
io

n
b

ou
n
d
ar

y
in

th
e

tr
an

sf
or

m
ed

fe
at

u
re

sp
ac

e.

5
.

E
v
a
lu

a
ti

o
n

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
ex

p
er

im
en

t
w

it
h

sy
n
th

et
ic

d
at

as
et

s
in

w
h
ic

h
w

e
si

m
u
la

te
va

ri
o
u
s

k
in

d
of

u
n
fa

ir
n
es

s
an

d
an

al
y
ze

b
ot

h
q
u
an

ti
ta

ti
ve

ly
an

d
q
u
al

it
at

iv
el

y
th

e
eff

ec
ti

ve
n
es

s
o
f

o
u
r

fr
am

ew
or

k
at

d
es

ig
n
in

g
fa

ir
cl

as
si

fi
er

s.
W

e
th

en
ev

al
u
at

e
th

e
p

er
fo

rm
an

ce
of

o
u
r

fr
a
m

ew
o
rk

on
se

v
er

al
re

al
-w

or
ld

d
at

as
et

s
in

co
m

p
ar

is
on

w
it

h
m

u
lt

ip
le

b
as

el
in

es
.
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F
a
ir
n
e
ss

C
o
n
st

r
a
in
t
s:

A
F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
f
o
r
F
a
ir

C
l
a
ssif

ic
a
t
io
n

A
cro

ss
th

is
section

,
w

e
q
u
an

tify
d
isp

arate
im

p
act

(E
q
.

3.2)
as

th
e

a
b
solu

te
d
iff

eren
ce

b
etw

een
th

e
p

o
sitive

class
p
rob

ab
ility

for
th

e
sen

sitive
featu

re
grou

p
s

w
ith

z
=

0
an

d
z

=
1,

a
s

va
rio

u
s

p
rio

r
stu

d
ies

(C
orb

ett-D
av

ies
et

al.,
2017;

C
ald

ers
an

d
V

erw
er,

201
0;

M
en

on
an

d
W

illia
m

so
n
,

2
0
17),

i.e.,

D
I

=
∣∣∣ P

(ŷ
=

1|z
=

0)−
P

(ŷ
=

1|z
=

1) ∣∣∣ ,
(5.1)

w
h
ere

a
va

lu
e

o
f
D
I

closer
to

zero
d
en

otes
a

sm
aller

d
egree

of
d
isp

arate
im

p
act.

S
im

ilarly,
w

e
q
u
a
n
tify

d
isp

arate
m

istreatm
en

t
w

ith
resp

ect
to

false
p

ositiv
e

rates
an

d
fa

lse
n
egative

ra
tes

(E
q
s.

(3.4
-3.5))

as
th

e
d
iff

eren
ce

b
etw

een
false

p
o
sitive

(n
egative)

rate
p
rob

ab
ilities,

i.e.,

D
M
F
P
R

=
P

(ŷ
6=
y|z

=
0,y

=
−

1)−
P

(ŷ
6=
y|z

=
1,y

=
−

1),
(5.2)

D
M
F
N
R

=
P

(ŷ
6=
y|z

=
0,y

=
1)−

P
(ŷ
6=
y|z

=
1,y

=
1),

(5.3)

w
h
ere

th
e

clo
ser

th
e

valu
es

of
D
M
F
P
R

a
n
d
D
M
F
N
R

to
0,

th
e

low
er

th
e

d
egree

of
d
isp

arate
m

istrea
tm

en
t.

N
ote

th
at

u
n
like

in
th

e
case

of
d
isp

arate
im

p
a
ct

in
E

q
.

(5.1),
w

e
d
o

n
ot

u
se

th
e

a
b
so

lu
te

d
iff

eren
ce

w
h
ile

q
u
an

tify
in

g
d
isp

arate
m

istreatm
en

t.
A

s
w

e
later

sh
ow

in
S
ectio

n
5
.1.2

,
th

e
(in

)eq
u
ality

in
th

e
sign

s
of
D
M
F
P
R

an
d
D
M
F
N
R

carries
sign

ifi
can

t
co

n
seq

u
en

ces
w

h
en

con
sid

erin
g

d
isp

arate
m

istreatm
en

t
w

.r.t.
false

p
ositiv

e
rate

an
d

false
n
eg

a
tive

ra
te

sim
u
ltan

eou
sly.

In
su

ch
cases,

th
e

sign
of

th
e

d
iff

eren
ces

sh
ou

ld
also

b
e

taken
in

to
a
cco

u
n
t.

5
.1

.
E

x
p

e
rim

e
n
ts

o
n

sy
n
th

e
tic

d
a
ta

In
th

is
sectio

n
,

w
e

fi
rst

gen
erate

sy
n
th

etic
d
ata

w
h
ere

a
classifi

er
op

tim
izin

g
for

accu
racy

w
ou

ld
lea

d
to

d
isp

arate
im

p
act

an
d

th
en

gen
erate

d
ata

w
h
ere

th
e

accu
racy

-op
tim

izin
g

cla
ssifi

er
w

ou
ld

lead
to

d
isp

arate
m

istreatm
en

t.
In

b
oth

th
e

cases,
w

e
sim

u
lta

n
eo

u
sly

con
trol

fo
r

d
isp

a
rate

treatm
en

t
as

w
ell,

th
at

is,
th

e
classifi

ers
d
o

n
ot

leverage
sen

sitive
featu

re
d
u
rin

g
d
ecisio

n
tim

e
in

eith
er

of
th

e
cases.

5
.1
.1
.
M
it
ig
a
t
in
g

d
ispa

r
a
t
e
im

pa
c
t

T
o

sim
u
la

te
d
iff

eren
t

d
egrees

of
d
isp

arate
im

p
act

in
classifi

ca
tion

ou
tcom

es,
w

e
gen

erate
tw

o
sy

n
th

etic
d
atasets

w
ith

d
iff

eren
t

levels
of

correlation
b

etw
een

a
sin

gle,
b
in

ary
sen

sitive
a
ttrib

u
te

a
n
d

class
lab

els.
S
p

ecifi
cally,

w
e

gen
erate

4,000
b
in

ary
class

lab
els

u
n
iform

ly
at

ra
n
d
o
m

an
d

a
ssign

a
2-d

im
en

sion
al

u
ser

featu
re

vector
p

er
lab

el
b
y

d
raw

in
g

sa
m

p
les

from
tw

o
d
iff

eren
t

G
au

ssian
d
istrib

u
tion

s:

p
(x|y

=
1)

=
N

([2;2],[5,
1;1,

5])

p
(x|y

=
−

1)
=
N

([−
2;−

2],[10
,

1;1,
3]).

T
h
en

,
w

e
d
raw

each
u
ser’s

sen
sitive

attrib
u
te
z

from
a

B
ern

ou
lli

d
istrib

u
tion

:
p
(z

=
1)

=
p
(x
′|y

=
1
)/

(p
(x
′|y

=
1)

+
p
(x
′|y

=
−

1)),
w

h
ere

x
′

=
[cos(φ

),
−

sin
(φ

);sin
(φ

),
cos(φ

)]x
is

sim
p
ly

a
ro

tated
version

of
th

e
featu

re
vector,

x
.

W
e

gen
erate

tw
o

d
atasets

w
ith

d
iff

eren
t

valu
es

fo
r

th
e

p
aram

eter
φ

(π
/4

an
d
π
/8),

w
h
ich

con
trols

th
e

correlatio
n

b
etw

een
th

e
sen

sitive
attrib

u
te,

z
,

an
d

th
e

class
lab

els,
y

(an
d

h
en

ce,
th

e
resu

ltin
g

d
egree

o
f

d
isp

a
rate

im
p
a
ct).

H
ere,

th
e

closer
φ

is
to

zero,
th

e
h
igh

er
th

e
correlation

b
etw

een
z

an
d
y
.
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Z
a
fa

r
,
V
a
l
e
r
a
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
G
u
m
m
a
d
i

A
cc=

0
.8
7
; A

R
=
0
.3
3
:0
.7
4

A
cc=

0
.8
2
; A

R
=
0
.4
4
:0
.6
2

A
cc=

0
.7
4
; A

R
=
0
.5
0
:0
.5
1

A
cc=

0
.8
7
; A

R
=
0
.2
1
:0
.8
7

A
cc=

0
.7
1
; A

R
=
0
.3
8
:0
.6
2

A
cc=

0
.6
0
; A

R
=
0
.4
7
:0
.4
6

φ
=
π
/4

φ
=
π
/8

F
igu

re
2:

[D
isp

arate
im

p
act

con
strain

ts]
P

erform
an

ce
of

d
iff

eren
t

(u
n
con

strain
ed

an
d

con
-

strain
ed

)
classifi

ers
alon

g
w

ith
th

eir
accu

racy
(A

cc)
a
n
d

p
ositive

class
accep

tan
ce

rates
(A

R
)

for
grou

p
s
z

=
0

(crosses)
an

d
z

=
1

(circles).
G

reen
p

oin
ts

rep
resen

t
ex

am
p
les

w
ith

y
=

1
an

d
red

p
oin

ts
rep

resen
t

ex
am

p
le

w
ith

y
=
−

1.
T

h
e

solid
lin

es
sh

ow
th

e
d
ecision

b
ou

n
d
aries

for
log

istic
regression

classifi
ers

w
ith

ou
t

fairn
ess

con
strain

ts.
T

h
e

d
ash

ed
lin

es
sh

ow
th

e
d
ecision

b
ou

n
d
aries

for
logistic

regression
classifi

ers
train

ed
to

m
ax

im
ize

accu
racy

u
n
d
er

fairn
ess

con
strain

ts
(E

q
.
(4.13)).

E
ach

colu
m

n
corresp

on
d
s

to
a

d
ataset

w
ith

d
iff

eren
t

correlation
valu

e
b

etw
een

sen
sitive

attrib
u
te

valu
es

an
d

class
lab

els.

N
ex

t,
w

e
train

logistic
regression

classifi
ers

op
tim

izin
g

for
accu

racy
on

b
oth

th
e

d
atasets.

T
h
e

accu
racy

of
th

e
classifi

ers
in

b
oth

cases
is

0
.87

(n
ote

th
at

th
e

d
atasets

on
ly

d
iff

er
in

term
s

of
th

e
correlation

b
etw

een
z

an
d
y
).

H
ow

ev
er,

th
e

classifi
ers

lead
to
D
I

=
|0
.33−

0
.74|

=
0.41

an
d
D
I

=
|0.21

−
0
.87|

=
0.66

on
d
atasets

w
ith

φ
=
π
/4

an
d
φ

=
π
/8,

resp
ectively.

T
o

overcom
e

th
e

u
n
fairn

ess,
w

e
train

logistic
regression

classifi
ers

w
ith

d
isp

arate
im

p
act

con
strain

ts
(E

q
.

4.13)
on

b
oth

d
atasets.

F
igu

re
2

sh
ow

s
th

e
d
ecision

b
ou

n
d
aries

p
rov

id
ed

b
y

th
e

classifi
ers

for
tw

o
(su

ccessively
d
ecreasin

g)
covarian

ce
th

resh
old

s,
c.

W
e

com
p
are

th
ese

b
ou

n
d
aries

again
st

th
e

u
n
con

-
strain

ed
d
ecision

b
ou

n
d
ary

(solid
lin

e).
A

s
ex

p
ected

,
given

th
e

d
ata

gen
era

tion
p
ro

cess,
fairn

ess
con

strain
ts

m
ap

in
to

a
rotation

of
th

e
d
ecision

b
ou

n
d
a
ry

(d
ash

ed
lin

es),
w

h
ich

is
greater

as
w

e
d
ecrease

th
resh

old
valu

e
c

or
in

crease
th

e
correlation

in
th

e
origin

al
d
ata

(from
φ

=
π
/4

to
φ

=
π
/8).

T
h
is

m
ovem

en
t

of
th

e
d
ecision

b
ou

n
d
aries

sh
ow

s
th

at
ou

r
fairn

ess
con

strain
ts

are
su

ccessfu
lly

u
n
d
oin

g
(alb

eit
in

a
h
igh

ly
con

trolled
settin

g
)

th
e

rotation
s

w
e

u
sed

to
in

d
u
ce

d
isp

arate
im

p
act

in
th

e
d
ataset.

M
oreov

er,
a

sm
aller

covaria
n
ce

th
resh

old
(a

larger
rotation

)
lead

s
to

a
m

ore
fair

solu
tion

,
alth

ou
gh

,
it

com
es

at
a

larger
cost

in
accu

racy.
N

ex
t,

w
e

illu
strate

h
ow

th
e

d
ecision

b
ou

n
d
ary

o
f

an
n
on

-lin
ear

classifi
er,

a
S
V

M
w

ith
rad

ial
b
asis

fu
n
ction

(R
B

F
)

kern
el,

ch
an

ges
u
n
d
er

d
isp

a
rate

im
p
act

con
strain

ts
(E

q
.
(4.15

)).
T

o
th

is
en

d
,

w
e

gen
erate

4,000
u
ser

b
in

ary
class

lab
els

u
n
iform

ly
at

ran
d
om

an
d

assign
a

2-d
im

en
sion

al
u
ser

featu
re

vector
p

er
lab

el
b
y

d
raw

in
g

sam
p
les

from

p
(x|y

=
1,β

)
=
βN

([2;2
],[5

1;1
5])

+
(1−

β
)N

([−
2;−

2],[10
1;1

3])

p
(x|y

=
−

1,β
)

=
βN

([4;−
4],[4

4;2
5])

+
(1−

β
)N

([−
4
;6],[6

2;2
3])

w
h
ere

β
∈
{0,1}

is
sam

p
led

from
B

ern
ou

lli(0
.5).

T
h
en

,
w

e
gen

erate
each

u
ser’s

sen
sitiv

e
attrib

u
te
z

b
y

ap
p
ly

in
g

th
e

sam
e

rotation
as

d
escrib

ed
earlier.

F
igu

re
3

sh
ow

s
th

e
d
ecision

b
ou

n
d
aries

p
rov

id
ed

b
y

th
e

S
V

M
th

at
m

ax
im

izes
accu

racy
u
n
d
er

fairn
ess

con
strain

ts
w

ith
c

=
0

for
tw

o
d
iff

eren
t

correlation
valu

es:
φ

=
π
/4

an
d

1
6

JM
L

R
 20(75):1-42, 2019



F
a
ir
n
e
ss

C
o
n
st

r
a
in
t
s:

A
F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
f
o
r
F
a
ir

C
l
a
ss
if
ic
a
t
io
n

A
cc

=
0

.9
4

; 
A

R
=

0
.2

8
:0

.6
6

(π
/4

),
0

.1
1

:0
.8

5
(π

/8
)

(a
)

U
n

co
n

st
ra

in
ed

A
cc

=
0
.8

3
; 

A
R

=
0
.5

5
:0

.5
7

(b
)
φ

=
π
/
4

A
cc

=
0
.5

6
; 

A
R

=
0
.4

5
:0

.3
7

(c
)
φ

=
π
/
8

F
ig

u
re

3:
[D

is
p
ar

at
e

im
p
ac

t
co

n
st

ra
in

ts
]

D
ec

is
io

n
b

ou
n
d
ar

ie
s

fo
r

S
V

M
cl

as
si

fi
er

w
it

h
R

B
F

K
er

n
el

tr
ai

n
ed

w
it

h
ou

t
fa

ir
n
es

s
co

n
st

ra
in

ts
(l

ef
t)

an
d

w
it

h
fa

ir
n
es

s
co

n
st

ra
in

ts
(m

id
d
le

an
d

ri
gh

t)
on

tw
o

sy
n
th

et
ic

d
at

as
et

s.
A

ls
o

sh
ow

n
ar

e
th

e
cl

as
si

fi
ca

ti
on

ac
cu

ra
cy

(A
cc

)
an

d
ac

ce
p
ta

n
ce

ra
te

(A
R

)
fo

r
ea

ch
gr

ou
p
.

φ
=
π
/8

,
in

co
m

p
ar

is
on

w
it

h
th

e
u
n
co

n
st

ra
in

ed
S
V

M
.

W
e

ob
se

rv
e

th
at

,
in

th
is

ca
se

,
th

e
d
ec

is
io

n
b

ou
n
d
ar

ie
s

p
ro

v
id

ed
b
y

th
e

co
n
st

ra
in

ed
S
V

M
s

ar
e

ve
ry

d
iff

er
en

t
to

th
e

d
ec

is
io

n
b

ou
n
d
ar

y
p
ro

v
id

ed
b
y

th
e

u
n
co

n
st

ra
in

ed
S
V

M
,

an
d

ar
e

n
ot

ju
st

si
m

p
le

sh
if

ts
or

ro
ta

ti
on

s
of

th
e

la
tt

er
.

5
.1
.2
.
M
it
ig
a
t
in
g

d
is
pa

r
a
t
e
m
is
t
r
e
a
t
m
e
n
t

In
a

m
an

n
er

si
m

il
ar

to
th

e
p
re

v
io

u
s

se
ct

io
n
,

w
e

n
ow

ex
p

er
im

en
t

w
it

h
sy

n
th

et
ic

d
at

as
et

s
w

h
er

e
tr

ai
n
in

g
cl

as
si

fi
er

s
op

ti
m

iz
in

g
fo

r
ac

cu
ra

cy
w

ou
ld

le
ad

to
d
is

p
ar

a
te

m
is

tr
ea

tm
en

t.
H

ow
ev

er
,

d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
ca

n
ar

is
e

in
m

u
lt

ip
le

d
iff

er
en

t
w

ay
s,

as
d
et

ai
le

d
b

el
ow

.
T

o
st

u
d
y

th
es

e
d
iff

er
en

t
si

tu
at

io
n
s,

w
e

fi
rs

t
st

ar
t

w
it

h
a

si
m

p
le

sc
en

ar
io

in
w

h
ic

h
th

e
cl

as
si

fi
er

is
u
n
fa

ir
in

te
rm

s
of

o
n

ly
fa

ls
e

p
os

it
iv

e
ra

te
o
r

fa
ls

e
n
eg

at
iv

e
ra

te
.

T
h
en

,
w

e
fo

cu
s

on
a

m
or

e
co

m
p
le

x
sc

en
ar

io
in

w
h
ic

h
th

e
cl

as
si

fi
er

is
u
n
fa

ir
in

te
rm

s
of

bo
th

.

D
is

p
a
ra

te
m

is
tr

e
a
tm

e
n
t

o
n

o
n

ly
fa

ls
e

p
o
si

ti
v
e

ra
te

o
r

fa
ls

e
n

e
g
a
ti

v
e

ra
te

.
T

h
e

fi
rs

t
sc

en
ar

io
co

n
si

d
er

s
a

ca
se

w
h
er

e
a

cl
as

si
fi
er

m
ax

im
iz

in
g

ac
cu

ra
cy

le
a
d
s

to
d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
in

te
rm

s
of

on
ly

th
e

fa
ls

e
p

os
it

iv
e

ra
te

(f
al

se
n
eg

at
iv

e
ra

te
),

w
h
il
e

b
ei

n
g

fa
ir

w
it

h
re

sp
ec

t
to

fa
ls

e
n
eg

at
iv

e
ra

te
(f

a
ls

e
p

os
it

iv
e

ra
te

),
i.

e.
,
D
M
F
P
R
6=

0
an

d
D
M
F
N
R

=
0

(o
r,

al
te

rn
at

iv
el

y,
D
M
F
P
R

=
0

an
d
D
M
F
N
R
6=

0)
.

T
o

si
m

u
la

te
th

is
sc

en
ar

io
,

w
e

ge
n
er

at
e

10
,0

0
0

b
in

ar
y

cl
as

s
la

b
el

s
(y
∈
{−

1
,1
})

an
d

co
r-

re
sp

on
d
in

g
se

n
si

ti
ve

at
tr

ib
u
te

va
lu

es
(z
∈
{0
,1
})

,
b

ot
h

u
n
if

or
m

ly
at

ra
n
d
om

,
an

d
as

si
gn

a
tw

o-
d
im

en
si

on
al

u
se

r
fe

at
u
re

ve
ct

or
(x

)
to

ea
ch

o
f

th
e

p
oi

n
ts

.
T

o
en

su
re

d
iff

er
en

t
d
is

tr
ib

u
-

ti
on

s
fo

r
n
eg

at
iv

e
cl

as
se

s
of

th
e

tw
o

se
n
si

ti
ve

at
tr

ib
u
te

va
lu

e
gr

ou
p
s

(s
o

th
a
t

th
e

tw
o

gr
ou

p
s

h
av

e
d
iff

er
en

t
fa

ls
e

p
os

it
iv

e
ra

te
s)

,
th

e
u
se

r
fe

at
u
re

ve
ct

or
s

ar
e

sa
m

p
le

d
fr

om
th

e
fo

ll
ow

in
g

d
is

tr
ib

u
ti

on
s

(w
e

sa
m

p
le

25
00

p
oi

n
ts

fr
om

ea
ch

d
is

tr
ib

u
ti

on
):

p
(x
|z

=
0,
y

=
1)

=
N

([
2,

2]
,[

3,
1;

1,
3]

)

p
(x
|z

=
1,
y

=
1)

=
N

([
2,

2]
,[

3,
1;

1,
3]

)

p
(x
|z

=
0,
y

=
−

1)
=
N

([
1,

1]
,[

3,
3;

1,
3]

)

p
(x
|z

=
1,
y

=
−

1)
=
N

([
−

2
,−

2]
,[

3,
1;

1,
3]

).

17
JM

L
R

 2
0(

75
):

1-
42

, 2
01

9

Z
a
fa

r
,
V
a
l
e
r
a
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
G
u
m
m
a
d
i

A
cc

=0
.8

5;
FP

R
=0

.2
5:

0.
04

;F
N

R
=0

.1
5:

0.
15

A
cc

=0
.8

2;
FP

R
=0

.1
5:

0.
10

;F
N

R
=0

.2
4:

0.
25

F
ig

u
re

4:
[D

is
p
ar

at
e

m
is

tr
ea

tm
en

t
co

n
st

ra
in

ts
]
T

h
e

fi
gu

re
sh

ow
s

th
e

or
ig

in
al

d
ec

is
io

n
b

o
u
n
d
-

ar
y

(s
ol

id
li
n
e)

an
d

fa
ir

d
ec

is
io

n
b

ou
n
d
ar

y
(d

as
h
ed

li
n
e)

,
al

on
g

w
it

h
co

rr
es

p
on

d
in

g
a
cc

u
ra

cy
an

d
fa

ls
e

p
os

it
iv

e
ra

te
s

fo
r

gr
ou

p
s
z

=
0

(c
ro

ss
es

)
an

d
z

=
1

(c
ir

cl
es

).
F

ai
rn

es
s

co
n
st

ra
in

ts
ca

u
se

th
e

or
ig

in
al

d
ec

is
io

n
b

ou
n
d
ar

y
to

ro
ta

te
su

ch
th

at
p
re

v
io

u
sl

y
m

is
cl

as
si

fi
ed

su
b

je
ct

s
w

it
h
z

=
0

ar
e

m
ov

ed
in

to
th

e
n
eg

at
iv

e
cl

as
s

(d
ec

re
as

in
g

fa
ls

e
p

os
it

iv
es

),
w

h
il
e

w
el

l-
cl

a
ss

ifi
ed

su
b

je
ct

s
w

it
h
z

=
1

ar
e

m
ov

ed
in

to
th

e
p

os
it

iv
e

cl
as

s
(i

n
cr

ea
si

n
g

fa
ls

e
p

os
it

iv
es

),
le

a
d
in

g
to

eq
u
al

fa
ls

e
p

os
it

iv
e

ra
te

s
fo

r
b

ot
h

gr
ou

p
s.

N
ex

t,
w

e
tr

ai
n

a
lo

gi
st

ic
re

gr
es

si
on

cl
a
ss

ifi
er

op
ti

m
iz

in
g

fo
r

ac
cu

ra
cy

on
th

is
d
a
ta

.
T

h
e

cl
as

si
fi
er

is
ab

le
to

ac
h
ie

v
e

an
ac

cu
ra

cy
of

0.
85

.
H

ow
ev

er
,

d
u
e

to
d
iff

er
en

ce
in

fe
a
tu

re
d
is

tr
ib

u
ti

on
s

fo
r

th
e

tw
o

se
n
si

ti
ve

at
tr

ib
u
te

gr
ou

p
s,

it
ac

h
ie

v
es
D
M
F
N
R

=
0.

1
5
−

0.
1
5

=
0

an
d
D
M
F
P
R

=
0.

25
−

0
.0

4
=

0.
21

,
w

h
ic

h
co

n
st

it
u
te

s
a

cl
ea

r
ca

se
of

d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
in

te
rm

s
of

fa
ls

e
p

os
it

iv
e

ra
te

.
W

e
th

en
tr

ai
n

a
lo

gi
st

ic
re

gr
es

si
on

cl
as

si
fi
er

su
b

je
ct

to
fa

ir
n
es

s
co

n
st

ra
in

ts
on

fa
ls

e
p

os
it

iv
e

ra
te

,
w

it
h

a
co

va
ri

an
ce

th
re

sh
ol

d
c

=
0.

F
ig

u
re

4
sh

ow
s

th
e

d
ec

is
io

n
b

ou
n
d
ar

ie
s

fo
r

b
ot

h
th

e
u
n
co

n
st

ra
in

ed
cl

a
ss

ifi
er

(s
o
li
d
)

an
d

th
e

fa
ir

n
es

s-
co

n
st

ra
in

ed
cl

as
si

fi
er

(d
as

h
ed

).
W

e
ob

se
rv

e
th

at
ap

p
ly

in
g

th
e

fa
ir

n
es

s
co

n
st

ra
in

t
su

cc
es

sf
u
ll
y

ca
u
se

s
th

e
fa

ls
e

p
os

it
iv

e
ra

te
s

fo
r

b
ot

h
gr

ou
p
s

(z
=

0
a
n
d
z

=
1
)

to
co

n
ve

rg
e,

an
d

h
en

ce
,

th
e

ou
tc

om
es

of
th

e
cl

as
si

fi
er

b
ec

om
e

m
or

e
fa

ir
,

i.
e.

,
D
M
F
P
R
→

0
,

w
h
il
e
D
M
F
N
R

re
m

ai
n
s

cl
os

e
to

ze
ro

.
W

e
n
ot

e
th

at
th

e
in

va
ri

an
ce

of
D
M
F
N
R

m
ay

h
ow

ev
er

ch
an

ge
d
ep

en
d
in

g
on

th
e

u
n
d
er

ly
in

g
d
is

tr
ib

u
ti

on
of

th
e

d
at

a.

D
is

p
a
ra

te
m

is
tr

e
a
tm

e
n
t

o
n

bo
th

fa
ls

e
p

o
si

ti
v
e

ra
te

a
n

d
fa

ls
e

n
e
g
a
ti

v
e

ra
te

.
In

th
is

p
ar

t,
w

e
co

n
si

d
er

a
m

or
e

co
m

p
le

x
sc

en
ar

io
,

w
h
er

e
th

e
ou

tc
om

es
of

th
e

cl
a
ss

ifi
er

su
ff

er
fr

om
d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
w

it
h

re
sp

ec
t

to
bo

th
fa

ls
e

p
os

it
iv

e
ra

te
an

d
fa

ls
e

n
eg

a
ti

ve
ra

te
,

i.
e.

,
b

ot
h
D
M
F
P
R

an
d
D
M
F
N
R

ar
e

n
on

-z
er

o.
T

h
is

sc
en

ar
io

ca
n

in
tu

rn
b

e
sp

li
t

in
to

tw
o

ca
se

s:

I.
D
M
F
P
R

an
d
D
M
F
N
R

h
av

e
o
p
po

si
te

si
gn

s,
i.

e.
,

th
e

d
ec

is
io

n
b

ou
n
d
ar

y
d
is

p
ro

p
o
rt

io
n
a
te

ly
fa

vo
rs

su
b

je
ct

s
fr

om
a

ce
rt

ai
n

se
n
si

ti
ve

at
tr

ib
u
te

va
lu

e
gr

ou
p

to
b

e
in

th
e

p
o
si

ti
v
e

cl
as

s
(e

ve
n

w
h
en

su
ch

as
si

gn
m

en
ts

ar
e

m
is

cl
as

si
fi
ca

ti
on

s)
w

h
il
e

d
is

p
ro

p
or

ti
on

at
el

y
a
ss

ig
n
in

g
th

e
su

b
je

ct
s

fr
om

th
e

ot
h
er

gr
ou

p
to

th
e

n
eg

a
ti

ve
cl

as
s.

A
s

a
re

su
lt

,
fa

ls
e

p
os

it
iv

e
ra

te
fo

r
o
n
e

gr
ou

p
is

h
ig

h
er

th
an

th
e

ot
h
er

,
w

h
il
e

th
e

fa
ls

e
n
eg

at
iv

e
ra

te
fo

r
th

e
sa

m
e

gr
o
u
p

is
lo

w
er

.
II

.
D
M
F
P
R

an
d
D
M
F
N
R

h
av

e
th

e
sa

m
e

si
gn

,
i.

e.
,

b
ot

h
fa

ls
e

p
os

it
iv

e
a
s

w
el

l
a
s

fa
ls

e
n
eg

at
iv

e
ra

te
ar

e
h
ig

h
er

fo
r

a
ce

rt
ai

n
se

n
si

ti
v
e

at
tr

ib
u
te

va
lu

e
gr

ou
p
.

T
h
es

e
ca

se
s

m
ig

h
t

ar
is

e
in

sc
en

ar
io

s
w

h
en

a
ce

rt
ai

n
gr

ou
p

is
h
ar

d
er

to
cl

as
si

fy
th

an
th

e
ot

h
er

.

N
ex

t,
w

e
ex

p
er

im
en

t
w

it
h

ea
ch

of
th

e
ab

ov
e

ca
se

s
se

p
ar

at
el

y.
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F
a
ir
n
e
ss

C
o
n
st

r
a
in
t
s:

A
F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
f
o
r
F
a
ir

C
l
a
ssif

ic
a
t
io
n

A
cc=0.79;FP

R
=0.12:0.30;FN

R
=0.30:0.12

A
cc=0.76;FP

R
=0.23:0.21;FN

R
=0.26:0.27

(a
)

F
P

R
co

n
stra

in
ts

A
cc=0.79;FP

R
=0.12:0.30;FN

R
=0.30:0.12

A
cc=0.76;FP

R
=0.25:0.23;FN

R
=0.23:0.24

(b
)

F
N

R
co

n
stra

in
ts

A
cc=0.79;FP

R
=0.12:0.30;FN

R
=0.30:0.12

A
cc=0.76;FP

R
=0.25:0.23;FN

R
=0.23:0.24

(c)
B

o
th

co
n

stra
in

ts

F
ig

u
re

5
:

[D
isp

arate
m

istreatm
en

t
con

strain
ts]

D
M
F
P
R

an
d
D
M
F
N
R

h
ave

op
p

osite
sign

s.
R

em
ov

in
g

d
isp

a
rate

m
istreatm

en
t

on
F

P
R

can
p

oten
tia

lly
h
elp

rem
ove

d
isp

arate
m

istreat-
m

en
t

o
n

F
N

R
.

R
em

ov
in

g
d
isp

arate
m

istreatm
en

t
on

b
oth

at
th

e
sam

e
tim

e
lead

s
to

very
sim

ila
r

resu
lts.

—
C

a
se

I:
T

o
sim

u
late

th
is

scen
ario,

w
e

fi
rst

gen
erate

2,500
sam

p
les

fro
m

each
o
f

th
e

fo
llow

in
g

d
istrib

u
tion

s:

p
(x|z

=
0,y

=
1)

=
N

([2,0],[5,1;1,5])

p
(x|z

=
1,y

=
1
)

=
N

([2,3],[5,1;1,5])

p
(x|z

=
0,y

=
−

1)
=
N

([−
1
,−

3],[5,1;1,5])

p
(x|z

=
1,y

=
−

1)
=
N

([−
1
,0

],[5,1;1,5])

A
n

a
ccu

ra
cy

-m
ax

im
izin

g
logistic

regression
classifi

er
on

th
is

d
ataset

attain
s

an
ov

erall
a
ccu

-
ra

cy
o
f

0.7
9

b
u
t

lead
s

to
a

false
p

ositive
rate

of
0
.12

an
d

0.30
(i.e.,

D
M
F
P
R

=
0.12−

0
.30

=
−

0
.1

8
)

fo
r

th
e

sen
sitive

attrib
u
te

grou
p
s
z

=
0

an
d
z

=
1,

resp
ectively

;
an

d
false

n
egative

ra
tes

o
f

0.3
0

an
d

0.12
(i.e.,

D
M
F
N
R

=
0
.30−

0
.12

=
0.18).

T
o

rem
ove

th
is

d
isp

arate
m

is-
trea

tm
en

t,
w

e
train

th
ree

d
iff

eren
t

classifi
ers,

w
ith

fairn
ess

con
strain

ts
on

(i)
false

p
ositive

ra
tes

(ii)
false

n
egative

rates
an

d
(iii)

o
n

b
oth

false
p

ositive
an

d
false

n
egative

rates.

F
ig

u
re

5
su

m
m

arizes
th

e
resu

lts
for

th
is

scen
ario

b
y

sh
ow

in
g

th
e

d
ecision

b
ou

n
d
a
ries

for
th

e
u
n
co

n
stra

in
ed

classifi
er

(solid
)

an
d

th
e

con
strain

ed
fair

classifi
ers.

H
ere,

w
e

can
o
b
serve

severa
l

in
terestin

g
p
attern

s.
F

irst,
rem

ov
in

g
d
isp

arate
m

istreatm
en

t
on

o
n
ly

false
p

ositive
ra

te
ca

u
ses

a
rotation

in
th

e
d
ecision

b
ou

n
d
ary

to
m

ove
p
rev

iou
sly

m
iscla

ssifi
ed

su
b

jects
w

ith
z

=
1

in
to

th
e

n
egative

class,
d
ecrea

sin
g

th
eir

false
p

ositive
rate.

H
ow

ever,
in

th
e

p
ro

cess,
it

a
lso

m
oves

p
rev

iou
sly

w
ell-cla

ssifi
ed

su
b

jects
w

ith
z

=
1

in
to

th
e

n
egativ

e
class,

in
crea

sin
g

th
eir

false
n
egative

rate.
A

s
a

con
seq

u
en

ce,
con

trollin
g

d
isp

arate
m

istreatm
en

t
on

fa
lse

p
ositive

ra
te

(F
igu

re
5(a)),

also
rem

ov
es

d
isp

arate
m

istreatm
en

t
on

fa
lse

n
egative

rate.
A

sim
ila

r
eff

ect
o
ccu

rs
w

h
en

w
e

con
trol

d
isp

arate
m

istreatm
en

t
o
n
ly

w
ith

resp
ect

to
th

e
fa

lse
n
eg

a
tiv

e
rate

(F
igu

re
5(b

)),
an

d
th

erefore,
p
rov

id
es

sim
ilar

resu
lts

a
s

th
e

con
strain

ed
cla

ssifi
er

fo
r

b
o
th

false
p

ositive
an

d
fa

lse
n
egative

rates
(F

igu
re

5(c)).
T

h
is

eff
ect

is
ex

p
lain

ed
b
y

th
e

d
istrib

u
tion

of
th

e
d
ata,

w
h
ere

th
e

cen
tro

id
s

of
th

e
clu

sters
for

th
e

grou
p

w
ith

z
=

0
a
re

sh
ifted

w
ith

resp
ect

to
th

e
on

es
for

th
e

grou
p
z

=
1
.
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Z
a
fa

r
,
V
a
l
e
r
a
,
G
o
m
e
z
-R

o
d
r
ig
u
e
z
,
G
u
m
m
a
d
i

A
cc=0.81;FP

R
=0.30:0.07;FN

R
=0.26:0.13

A
cc=0.76;FP

R
=0.22:0.26;FN

R
=0.33:0.13

(a
)

F
P

R
co

n
stra

in
ts

A
cc=0.81;FP

R
=0.30:0.07;FN

R
=0.26:0.13

A
cc=0.74;FP

R
=0.69:0.05;FN

R
=0.13:0.12

(b
)

F
N

R
co

n
stra

in
ts

A
cc=0.81;FP

R
=0.30:0.07;FN

R
=0.26:0.13

A
cc=0.58;FP

R
=0.80:0.85;FN

R
=0.02:0.01

(c)
B

o
th

co
n

stra
in

ts

F
igu

re
6:

[D
isp

arate
m

istreatm
en

t
con

strain
ts]

D
M
F
P
R

an
d
D
M
F
N
R

h
ave

th
e

sam
e

sign
.

R
em

ov
in

g
d
isp

ara
te

m
istreatm

en
t

on
F

P
R

can
p

oten
tially

in
crease

d
isp

arate
m

istreatm
en

t
on

F
N

R
.

R
em

ov
in

g
d
isp

arate
m

istreatm
en

t
on

b
oth

at
th

e
sam

e
tim

e
cau

ses
a

larger
d
rop

in
accu

racy.

—
C

a
se

II:
T

o
sim

u
late

th
e

scen
ario

w
h
ere

b
oth

D
M
F
P
R

an
d
D
M
F
N
R

h
ave

th
e

sam
e

sign
,

w
e

gen
erate

2
,500

sam
p
les

from
each

of
th

e
follow

in
g

d
istrib

u
tion

s:

p
(x|z

=
0,y

=
1)

=
N

([1,2],[5,2;2,5])

p
(x|z

=
1,y

=
1)

=
N

([2,3],[10
,1;1,4])

p
(x|z

=
0,y

=
−

1)
=
N

([0
,−

1],[7,1
;1,7

])

p
(x|z

=
1,y

=
−

1)
=
N

([−
5,0],[5,1;1,5])

W
e

th
en

train
a

accu
racy

-op
tim

izin
g

logistic
regression

classifi
er

on
th

is
d
ataset.

It
a
ttain

s
an

accu
racy

of
0
.81

b
u
t

lead
s

to
D
M
F
P
R

=
0
.30
−

0.07
=

0
.23

an
d
D
M
F
N
R

=
0
.26
−

0
.13

=
0.13,

resu
ltin

g
in

d
isp

arate
m

istreatm
en

t
in

term
s

of
b

oth
false

p
ositive

an
d

n
egative

rates.
T

h
en

,
sim

ilarly
to

th
e

p
rev

iou
s

scen
ario,

w
e

tra
in

th
ree

d
iff

eren
t

k
in

d
of

con
strain

ed
classifi

ers
to

rem
ove

d
isp

arate
m

istrea
tm

en
t

on
(i)

false
p

ositive
rate,

(ii)
fa

lse
n
egatives

rate,
an

d
(iii)

b
oth

.

F
igu

re
6

su
m

m
arizes

th
e

resu
lts

b
y

sh
ow

in
g

th
e

d
ecision

b
ou

n
d
aries

for
b

oth
th

e
u
n
-

con
strain

ed
classifi

ers
(solid

)
an

d
th

e
fa

ir
con

strain
ed

classifi
er

(d
ash

ed
)

w
h
en

con
trollin

g
for

d
isp

arate
m

istreatm
en

t
w

ith
resp

ect
to

false
p

ositive
rate,

false
n
egative

rate
an

d
b

oth
,

resp
ectively.

W
e

ob
serve

follow
in

g
n
oticeab

le
p
attern

s.
F

irst,
con

trollin
g

d
isp

arate
m

istreat-
m

en
t

for
on

ly
false

p
ositiv

e
rate

(false
n
egativ

e
rate),

lead
s

to
a

m
in

or
d
rop

in
accu

racy,
b
u
t

in
con

trast
to

C
ase

I,
can

ex
acerb

ate
th

e
d
isp

arate
m

istreatm
en

t
on

false
n
egative

rate
(false

p
ositive

rate).
F

or
ex

am
p
le,

w
h
ile

th
e

d
ecision

b
ou

n
d
ary

is
m

oved
to

con
trol

for
d
isp

arate
m

istreatm
en

t
on

false
n
egative

rate,
th

a
t

is,
to

en
su

re
th

at
m

ore
su

b
jects

w
ith

z
=

0
are

w
ell-classifi

ed
in

th
e

p
ositive

class
(red

u
cin

g
false

n
egativ

e
rate),

it
also

m
oves

p
rev

iou
sly

w
ell-classifi

ed
n
egative

su
b

jects
in

to
th

e
p

ositive
class,

h
en

ce
in

creasin
g

th
e

fa
lse

p
ositive

rate.
A

sim
ilar

p
h
en

om
en

on
o
ccu

r
w

h
en

con
trollin

g
d
isp

arate
m

istreatm
en

t
w

ith
resp

ect
to

on
ly

false
p

ositive
rate.

A
s

a
con

seq
u
en

ce,
con

trollin
g

for
b

oth
ty

p
es

of
d
isp

arate
m

istreatm
en

t
sim

u
ltan

eou
sly

b
rin

gs
D
M
F
P
R

an
d
D
M
F
N
R

close
to

zero,
b
u
t

cau
ses

a
large

d
rop

in
accu

racy.
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F
a
ir
n
e
ss

C
o
n
st

r
a
in
t
s:

A
F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
f
o
r
F
a
ir

C
l
a
ss
if
ic
a
t
io
n

5
.2

.
R

e
a
l-

w
o
rl

d
d

a
ta

se
ts

W
e

n
ow

ev
al

u
at

e
th

e
eff

ec
ti

ve
n
es

s
of

ou
r

co
va

ri
an

ce
fr

am
ew

or
k

in
re

m
ov

in
g

d
is

p
ar

at
e

im
p
ac

t
an

d
d
is

p
ar

at
e

m
is

tr
ea

tm
en

t
on

se
ve

ra
l
re

al
-w

or
ld

d
at

as
et

s.
In

d
oi

n
g

so
,
w

e
al

so
co

m
p
a
re

th
e

p
er

fo
rm

an
ce

of
ou

r
fr

am
ew

or
k

to
se

v
er

al
m

et
h
o
d
s

fr
om

th
e

fa
ir

m
ac

h
in

e
le

ar
n
in

g
li
te

ra
tu

re
.

In
al

l
th

e
ex

p
er

im
en

ts
,

to
ob

ta
in

m
or

e
re

li
ab

le
es

ti
m

at
es

of
ac

cu
ra

cy
an

d
fa

ir
n
es

s,
w

e
re

p
ea

te
d
ly

sp
li
t

ea
ch

d
at

as
et

in
to

a
tr

ai
n

(7
0%

)
an

d
te

st
(3

0%
)

se
t

5
ti

m
es

an
d

re
p

or
t

th
e

av
er

ag
e

st
at

is
ti

cs
fo

r
ac

cu
ra

cy
an

d
fa

ir
n
es

s.

5
.2
.1
.
M
it
ig
a
t
in
g

d
is
pa

r
a
t
e
im

pa
c
t

D
a
ta

se
ts

a
n

d
e
x
p

e
ri

m
e
n
ta

l
se

tu
p

.
H

er
e,

w
e

ex
p

er
im

en
t

w
it

h
tw

o
re

al
-w

or
ld

d
at

as
et

s:
T

h
e

A
d
u
lt

in
co

m
e

d
at

as
et

(A
d
u
lt

,
19

96
)

an
d

th
e

B
an

k
m

ar
ke

ti
n
g

d
at

as
et

(B
an

k
,

20
14

).
T

h
e

A
d
u
lt

d
at

as
et

co
n
ta

in
s

a
to

ta
l

of
45
,2

22
su

b
je

ct
s,

ea
ch

w
it

h
14

fe
at

u
re

s
(e

.g
.,

ag
e,

ed
u
ca

ti
on

al
le

ve
l)

an
d

a
b
in

ar
y

la
b

el
,

w
h
ic

h
in

d
ic

at
es

w
h
et

h
er

a
su

b
je

ct
’s

in
co

m
es

is
ab

ov
e

(p
os

it
iv

e
cl

as
s)

or
b

el
ow

(n
eg

at
iv

e
cl

as
s)

50
K

U
S
D

.
W

it
h

th
e

ai
m

of
ex

p
er

im
en

ti
n
g

w
it
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m
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ra
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∈
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th
e

p
os

it
iv

e
cl

as
s

to
re

m
ov

e
d
is

p
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∈
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p
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v
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v
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l
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F
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F
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F
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c
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c
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u
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:
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ra
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p
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b
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p
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b
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c
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c
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b
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p
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d
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ra
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d
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p
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d
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ra
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p
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ra
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b
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d
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ra
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b
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b
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w
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b
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e

d
ec

is
io

n
b

ou
n
d
a
ry

co
va

ri
a
n
ce

su
b

je
ct

to
fi

n
e-

gr
a
in

ed
ac

cu
ra

cy
co

n
st

ra
in

ts
b
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b
le

m
(4

.1
1)

.
H

er
e,

w
e

p
re

ve
n
t

th
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F
l
e
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A
p
p
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a
c
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b
ou

n
d
ary.

W
e

th
en

in
crease

γ
i

=
γ

for
th

e
rem

a
in

in
g

u
sers.

In
b

oth
cases,

w
e

in
creased

th
e

valu
e

of
γ

u
n
til

w
e

reach
0

d
isp

arate
im

p
a
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g

(a)
th
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p
a
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p
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e
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p
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p
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.
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a
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b
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con
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p
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b
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p
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ob
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d
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w
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b
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b
jects

from
each

class.
In

form
ation

a
b

o
u
t

w
eap

o
n

d
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b
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w
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ca
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w
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b
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d
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p
e

o
f
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ra
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ed

se
p
ar
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el
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h
e

p
lo

ts
sh

ow
th

e
co

rr
es

p
on

d
en

ce
b

et
w

ee
n

th
e

em
p
ir
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a
l

co
va

ri
a
n
ce
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or

ea
ch

co
n
st

ra
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p
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d
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d
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p
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ai
n
in

g
an

d
te

st
se

ts
sh

ow
a

cl
os

e
co

rr
es

p
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P
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an
ce
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d
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er
en

t
m

et
h
o
d
s

w
h
il
e

re
m

ov
in

g
d
is

p
a
ra

te
m

is
tr

ea
tm

en
t

w
it

h
re

sp
ec

t
to

fa
ls

e
p

os
it

iv
e

ra
te

,
fa

ls
e

n
eg

at
iv

e
ra

te
an

d
b

ot
h
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va
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ce
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h
ou
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th
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p
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p
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b
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p
ar

e
th

e
p
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rm
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of

ou
r
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h
em

e
w

it
h

th
e

th
re

e
al
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rn

a
ti

ve
m

et
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o
d
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p
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F
a
ir
n
e
ss

C
o
n
st

r
a
in
t
s:

A
F
l
e
x
ib
l
e
A
p
p
r
o
a
c
h
f
o
r
F
a
ir

C
l
a
ssif

ic
a
t
io
n

cu
rves.

T
h
e

o
p
tim

al
p

oin
t

in
b

oth
cases

lies
on

th
e

p
oin

t-w
ise

m
in

im
u
m

o
f

th
e

tw
o

cu
rves.

B
o
th

va
ria

n
ts

lead
to

sim
ilar

p
erform

an
ce,

h
en

ce
w

e
rep

ort
th

e
resu

lts
for

th
e

form
er.

T
a
b
le

2
su

m
m

arizes
th

e
resu

lts
b
y

sh
ow

in
g

th
e

trad
e-o

ff
b

etw
een

fairn
ess

an
d

accu
racy

a
ch

ieved
b
y

o
u
r

m
eth

o
d
,

th
e

m
eth

o
d
s

b
y

H
ard

t
et

al.
an

d
D

on
in

i
et

al.,
an

d
th

e
b
a
selin

e.
S
im

ila
rly

to
th

e
resu

lts
in

S
ection

5.1.2,
w

e
ob

serve
th

at
for

all
fou

r
m

eth
o
d
s,

con
trollin

g
for

d
isp

a
ra

te
m

istreatm
en

t
on

false
p

ositiv
e

rate
(false

n
eg

ative
rate)

also
h
elp

s
d
ecrease

d
is-

p
a
ra

te
m

istrea
tm

en
t

on
false

n
egativ

e
rate

(false
p

ositive
rate),

at
least

to
a

lim
ited

ex
ten

t.
M

o
reover,

o
u
r

m
eth

o
d

an
d

th
e

m
eth

o
d
s

b
y

H
ard

t
et

al.
an

d
D

on
in

i
et

al.
ach

iev
e

sim
ilar

a
ccu

ra
cy

for
a

given
level

of
fairn

ess
w

h
en

p
rov

id
ed

w
ith

th
e

sam
e

am
ou

n
t

of
in

form
ation

(sen
sitive

a
ttrib

u
te

in
form

ation
).

T
h
e

b
aselin

e
on

th
e

oth
er

h
an

d
lead

s
to

th
e

w
orst

p
er-

fo
rm

a
n
ce

(esp
ecially

on
th

e
N

Y
P

D
S
Q

F
d
ata.)

W
e

also
n
ote

th
at

th
e

b
aselin

e
ten

d
s

to
b

e
so

m
ew

h
a
t

u
n
stab

le
an

d
fails

to
con

verge
to

a
fair

solu
tion

in
som

e
cases

(e.g.,
b

o
th

F
P

R
a
n
d

F
N

R
con

strain
ts

on
C

O
M

P
A

S
an

d
S
Q

F
d
a
tasets).

6
.

R
e
la

te
d

W
o
rk

6
.1

.
A

lg
o
rith

m
ic

d
e
c
isio

n
m

a
k
in

g
a
n

d
e
v
id

e
n

c
e

o
f

u
n

fa
irn

e
ss

A
lg

o
rith

m
ic

(o
r,

au
tom

ated
)

d
ecision

m
ak

in
g

h
as

b
een

u
sed

in
ap

p
lication

s
in

vo
lv

in
g

h
u
m

an
su

b
jects

sin
ce

several
d
ecad

es.
F

or
ex

am
p
le,

p
rev

iou
s

w
o
rk

s
h
ave

stu
d
ied

th
e

fa
ctors

d
eter-

m
in

in
g

w
h
eth

er
a

crim
in

al
d
efen

d
an

t
w

ou
ld

recid
ivate

if
gran

ted
b
ail

(B
u
rgess,

1928),
or

w
h
eth

er
a

lo
a
n

ap
p
lican

t
is

likely
to

retu
rn

th
eir

loan
or

n
ot

(F
u
rletti,

2002
).

H
ow

ever,
w

ith
th

e
a
d
ven

t
of

co
m

p
lex

learn
in

g
m

eth
o
d
s,

an
d

con
ven

ien
t

accessib
ility

of
‘b

ig
d
ata

’
in

several
d
o
m

a
in

s,
au

to
m

ated
d
ecision

m
ak

in
g

h
as

p
erm

eated
in

to
a

large
n
u
m

b
er

of
h
u
m

an
-cen

tric
a
p
p
lica

tio
n
s,

e.g.,
job

screen
in

g
(P

osse,
20

16;
T

ay
lor,

2016),
com

m
u
n
ity

safety
(P

erry
,

201
3;

L
ow

en
kam

p
,
20

09;
K

lein
b

erg
et

al.,
2017a),

p
ro

d
u
ct

p
erson

alization
(C

ov
in

gton
et

al.,
2016;

G
o
m

ez-U
rib

e
a
n
d

H
u
n
t,

2015)
an

d
on

lin
e

ad
d
elivery

(G
o
ogle

A
d
S
en

se).

S
evera

l
recen

t
stu

d
ies

h
av

e
sh

ow
n

th
at

algorith
m

ic
d
ecision

m
ak

in
g

sy
stem

s
can

p
oten

-
tia

lly
lead

to
(u

n
in

ten
tion

al)
u
n
fairn

ess
again

st
certain

legally
“p

rotected
”

grou
p
s

(C
iv

il
R

ig
h
ts

A
ct,

1
9
6
4).

F
or

ex
am

p
le,

S
w

een
ey

(2013)
sh

ow
ed

th
at

G
o
ogle

ad
p
latform

is
m

ore
likely

to
lin

k
ty

p
ically

A
frican

-A
m

erican
n
am

es
w

ith
h
av

in
g

crim
in

al
reco

rd
s

as
co

m
p
ared

to
ty

p
ica

lly
w

h
ite

n
am

es.
A

recen
t

stu
d
y

b
y

P
roP

u
b
lica

(L
arson

et
al.,

2016a)
fou

n
d

th
at

a
crim

in
a
l

risk
assessm

en
t

to
ol

u
sed

in
B

row
ard

C
ou

n
ty,

F
lorid

a
w

as
d
isp

rop
ortion

ately
m

a
rk

in
g

A
frica

n
-A

m
erican

d
efen

d
an

ts
as

h
igh

risk
(as

com
p
ared

to
w

h
ites),

even
w

h
en

th
ey

d
id

n
o
t

recid
ivate.

S
in

ce
th

e
fairn

ess
of

a
d
ecision

m
ak

in
g

p
ro

cess
is

often
a

legally
m

a
n
d
a
ted

criterion
(B

aro
cas

an
d

S
elb

st,
2016;

C
iv

il
R

igh
ts

A
ct,

1964),
in

th
e

face
of

p
oten

-
tia

l
u
n
fa

irn
ess

b
y

au
tom

ated
d
ecision

m
ak

in
g

sy
stem

s,
a

n
u
m

b
er

of
stu

d
ies

b
y

reg
u
latory

a
u
th

o
rities

h
ave

called
for

tak
in

g
fairn

ess
in

to
accou

n
t

w
h
ile

d
esign

in
g

algorith
m

ic
d
ecision

sy
stem

s.
(P

o
d
esta

et
al.,

2014;
M

u
ñ
oz

et
al.,

2016
;

R
am

irez
et

al.,
2016).

W
h
ile

a
u
tom

ated
d
ecision

m
ak

in
g

sp
an

s
a

variety
of

task
s

in
clu

d
in

g
cla

ssifi
cation

,
ran

k
-

in
g

a
n
d

recom
m

en
d
ation

s,
in

th
is

p
ap

er,
w

e
on

ly
fo

cu
s

on
fairn

ess
in

th
e

con
tex

t
of

clas-
sifi

ca
tio

n
.

N
ex

t,
w

e
d
iscu

ss
th

e
state-of-th

e-art
in

th
e

con
tex

t
of

th
e

n
otion

s
of

u
n
fairn

ess
d
iscu

ssed
in

S
ection

1.
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Z
a
fa

r
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V
a
l
e
r
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,
G
o
m
e
z
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o
d
r
ig
u
e
z
,
G
u
m
m
a
d
i

6
.2

.
A

v
o
id

in
g

u
n

fa
irn

e
ss

in
c
la

ssifi
c
a
tio

n

In
th

is
section

,
w

e
w

ill
d
iscu

ss
tech

n
iq

u
es

th
at

aim
to

rem
ove

d
isp

arate
treatm

en
t,

d
isp

arate
im

p
act

or
d
isp

arate
m

istreatm
en

t
from

classifi
cation

ou
tco

m
es.

T
h
e

fi
rst

stu
d
y

on
fair

classifi
cation

d
ates

b
ack

to
2008

w
h
en

P
ed

resch
i

et
al.

(2008)
p
rop

osed
tech

n
iq

u
es

to
avoid

u
n
fairn

ess
in

classifi
cation

ru
le

m
in

in
g.

In
th

e
y
ears

th
at

follow
ed

,
a

n
u
m

b
er

of
stu

d
ies

p
rop

osed
tech

n
iq

u
es

to
rem

ove
u
n
fairn

ess
from

classifi
cation

ou
tcom

es.
E

sp
ecially,

last
year

or
so

h
as

seen
a

fl
u
rry

o
f

m
eth

o
d
s

p
rop

osed
to

con
trol

u
n
fairn

ess
in

classifi
cation

.
T

h
ese

stu
d
ies

op
erate

b
y

fi
rst

sp
ecify

in
g

o
n
e

or
m

ore
m

easu
res

of
u
n
fairn

ess
th

at
th

ey
aim

to
con

trol,
i.e.,

d
isp

arate
treatm

en
t,

d
isp

arate
im

p
act

or
d
isp

arate
m

istreatm
en

t,
an

d
th

en
p
rop

ose
tech

n
iq

u
es

to
con

trol
for

th
e

selected
m

easu
re(s).

T
h
ese

tech
n
iq

u
es

can
b

e
d
iv

id
ed

in
to

th
ree

d
iff

eren
t

categories:
p
re-p

rocessin
g,

in
-

p
rocessin

g
an

d
po

st-p
rocessin

g.
B

elow
,

w
e

d
iscu

ss
each

of
th

ese
categ

ories
sep

arately.

6
.2
.1
.
P
r
e
-p
r
o
c
e
ssin

g

T
h
is

tech
n
iq

u
e

con
sists

of
p
re-p

ro
cessin

g
th

e
train

in
g

d
ata

th
at

w
ou

ld
later

b
e

fed
to

a
train

in
g

algorith
m

K
am

iran
an

d
C

ald
ers

(2010);
L

u
on

g
et

al.
(2011);

F
eld

m
an

et
al.

(2015);
C

alm
on

et
al.

(2017).
T

h
e

goal
is

to
p
re-p

ro
cess

th
e

train
in

g
d
ata

su
ch

th
a
t

a
n

y
classifi

cation
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Σ

=
K
−

1
as

th
e

covarian
ce

p
aram

eter
of

th
e

d
istrib

u
tion

,
an

d
n
ote

th
a
t

th
e
η

p
a
ra

m
eter

in
(1)

is
K
µ

.
A

n
oth

er
sp

ecial
case

of
(1)

is
th

e
ex

p
on

en
tial

sq
u
are

ro
o
t

g
ra

p
h
ica

l
m

o
d
els

in
In

ou
ye

et
al.

(2016),
w

h
ere

a
=
b

=
1/

2.

L
in

et
a
l.

(2
016)

estim
ate

tru
n
cated

G
G

M
s

b
ased

on
H

y
v
ärin

en
’s

m
o
d
ifi

cation
,

w
ith

an
`
1

p
en

a
lty

o
n

th
e

en
tries

of
K

ad
d
ed

to
th

e
loss.

H
ow

ever,
th

e
p
ap

er
overlo

ok
s

th
e

fa
ct

th
a
t

th
e

lo
ss

can
b

e
u
n
b

ou
n
d
ed

from
b

elow
in

th
e

h
igh

-d
im

en
sion

al
settin

g
even

w
ith

an
`
1

p
en

a
lty,

su
ch

th
at

n
o

m
in

im
izer

m
ay

ex
ist.

S
in

ce
th

e
u
n
p

en
alized

loss
is

q
u
ad

ratic
in

th
e

p
a
ra

m
eter

to
b

e
estim

ated
,

w
e

p
rop

ose
m

o
d
ify

in
g

it
b
y

ad
d
in

g
sm

all
p

ositive
valu

es
to

th
e

d
ia

g
on

a
ls

o
f

th
e

p
ositive

sem
i-d

efi
n
ite

m
atrix

th
at

d
efi

n
es

th
e

q
u
ad

ratic
p
a
rt,

in
ord

er
to

en
su

re
th

a
t

th
e

loss
is

b
ou

n
d
ed

an
d

stron
gly

con
vex

an
d

a
d
m

its
a

u
n
iq

u
e

m
in

im
izer.

W
e

a
p
p
ly

th
is

to
th

e
estim

ator
for

G
G

M
s

con
sid

ered
in

L
in

et
al.

(2016),
w

h
ich

u
ses

score-
m

atch
in

g
o
n
R
m

,
an

d
to

th
e

gen
era

lized
sco

re
m

a
tch

in
g

estim
ator

for
p
a
irw

ise
in

teraction
p

ow
er

m
o
d
els

o
n
R
m+

p
rop

osed
in

th
is

p
ap

er.
In

th
ese

cases,
w

e
sh

ow
,

b
oth

em
p
irically

an
d

th
eo

retica
lly,

th
at

th
e

con
sisten

cy
resu

lts
still

h
old

(or
even

im
p
rove)

if
th

e
p

ositive
valu

es
a
d
d
ed

a
re

sm
a
ller

th
an

a
th

resh
old

th
at

is
read

ily
com

p
u
tab

le.

T
h
e

rest
o
f

th
e

p
ap

er
is

organ
ized

as
follow

s.
S
ection

2
in

tro
d
u
ces

score
m

atch
in

g
an

d
o
u
r

p
ro

p
o
sed

gen
era

lized
sco

re
m

a
tch

in
g.

In
S
ection

3,
w

e
ap

p
ly

gen
eralized

score
m

atch
-

in
g

to
ex

p
on

en
tial

fam
ilies,

w
ith

u
n
ivariate

tru
n
cated

n
orm

a
l

d
istrib

u
tion

s
as

an
ex

am
p
le.

R
egu

la
rized

gen
era

lized
sco

re
m

a
tch

in
g

for
grap

h
ical

m
o
d
els

is
form

u
lated

in
S
ection

4.
T

h
e

estim
a
tors

fo
r

p
airw

ise
in

teraction
p

ow
er

m
o
d
els

are
sh

ow
n

in
S
ection

5,
w

h
ile

th
eoretical

co
n
sisten

cy
resu

lts
are

p
resen

ted
in

S
ection

6,
w

h
ere

w
e

treat
th

e
p
rob

ab
ilistically

m
ost

tra
cta

b
le

case
of

tru
n
cated

G
G

M
s.

S
im

u
la

tion
resu

lts
an

d
ap

p
lication

s
to

R
N

A
seq

d
ata

a
re

g
iven

in
S
ection

7.
P

ro
ofs

for
th

eorem
s

in
S
ection

s
2–6

are
p
resen

ted
in

A
p
p

en
d
ices

A
a
n
d

B
.

A
d
d
itio

n
al

ex
p

erim
en

tal
resu

lts
are

p
resen

ted
in

A
p
p

en
d
ix

C
.

1
.1

.
N

o
ta

tio
n

C
o
n
sta

n
t

sca
la

rs,
vectors,

an
d

fu
n
ction

s
are

w
ritten

in
low

er-case
(e.g.,

a
,
a

),
ran

d
om

sca
lars

a
n
d

vectors
in

u
p
p

er-case
(e.g.,

X
,
X

).
R

egu
lar

fon
t

is
u
sed

for
scalars

(e.g.
a
,

X
),

a
n
d

b
o
ld

fa
ce

for
vectors

(e.g.
a

,
X

).
M

atrices
a
re

in
u
p
righ

t
b

old
,

w
ith

con
stan

t
m

a
trices

in
u
p
p

er-case
(K

,
M

)
an

d
ran

d
om

m
atrices

h
old

in
g

ob
servation

s
in

low
er-case

(x
,

y
).

S
u
b
scrip

ts
refer

to
en

tries
in

vectors
an

d
colu

m
n
s

in
m

atrices.
S
u
p

erscrip
ts

refer
to

row
s

in
m

a
trices.

S
o
X
j

is
th

e
j-th

com
p

on
en

t
of

a
ran

d
om

vector
X

.
F

or
a

d
ata

m
atrix

3
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Y
u
,
D
r
t
o
n
a
n
d

S
h
o
ja

ie

x
∈

R
n×

m
,

each
row

com
p
risin

g
on

e
ob

servation
of
m

variab
les/

featu
res,

X
(i)
j

is
th

e
j-th

featu
re

for
th

e
i-th

ob
servation

.
S
tack

in
g

th
e

colu
m

n
s

o
f

a
m

atrix
K

=
[κ
ij ]i,j

∈
R
q×
r

gives
its

vectorization
vec(K

)
=

(κ
1
1 ,...,κ

q
1 ,κ

1
2 ,...,κ

q
2 ,...,κ

1
r ,...,κ

q
r ) >

.
F

or
a

m
atrix

K
∈
R
q×
q,

d
iag

(K
)∈

R
q

d
en

otes
its

d
iag

on
al,

an
d

for
a

vector
v
∈
R
q,

d
iag

(v
)

is
th

e
q×

q
d
iagon

al
m

atrix
w

ith
d
iagon

als
v

1 ,...,v
q .

F
or
a
≥

1,
th

e
`
a -n

orm
of

a
vector

v
∈
R
q

is
d
en

oted

‖v‖
a

=

(
q
∑j=

1 |v
j | a )

1
/
a,

w
ith
‖v‖∞

=
m

ax
j=

1
,...,q |v

j |.
A

m
atrix

K
=

[κ
ij ]i,j ∈

R
q×
r

h
as

F
rob

en
iu

s
n
orm

|||K
|||F
≡
‖vec(K

)‖
2 ≡

√√√√
q
∑i=

1

r
∑j=

1

κ
2ij ,

an
d

m
ax

n
orm

‖K
‖∞
≡
‖vec(K

)‖∞
≡

m
ax
i,j
|κ
ij |.

Its
`
a -`

b
op

erator
n
orm

is

|||K
|||a

,b ≡
m

ax
x6=

0

‖K
x‖

b

‖x‖
a

w
ith

sh
orth

an
d

n
otation

|||K
|||a ≡

|||K
|||a

,a ;
for

in
stan

ce,|||K
|||∞
≡

m
ax

i=
1
....,q

r∑j=
1 |κ

ij |.

F
or

a
fu

n
ction

f
:
R
m
→

R
,

w
e

d
efi

n
e
∂
j f

(x
)

as
th

e
p
artial

d
erivative

w
ith

resp
ect

to
x
j ,

an
d
∂
jj f

(x
)

=
∂
j ∂
j f

(x
).

F
or
f

:
R
→

R
m

,
f

(x
)

=
(f

1 (x
),...,f

m
(x

)) >
,

w
e

let
f
′(x

)
=

(f
′1 (x

),...,f
′m

(x
)) >

b
e

th
e

v
ector

of
d
erivatives.

L
ikew

ise
f
′′(x

)
is

u
sed

for
seco

n
d

d
erivativ

es.
T

h
e

sy
m

b
ol
1
A

(·)
d
en

otes
th

e
in

d
icator

fu
n
ction

of
th

e
set

A
,

w
h
ile

1
n
∈
R
n

is
th

e
vector

of
all

1’s.
F

or
a

,
b
∈
R
m

,
a
◦
b
≡

(a
1 b

1 ,...,a
m
b
m

) >
.

A
d
en

sity
of

a
d
istrib

u
tion

is
alw

ay
s

a
p
rob

ab
ility

d
en

sity
fu

n
ction

w
ith

resp
ect

to
L

eb
esgu

e
m

easu
re.

W
h
en

it
is

clear
from

th
e

con
tex

t,E
0

d
en

otes
th

e
ex

p
ectation

u
n
d
er

a
tru

e
d
istrib

u
tion

P
0 .

2
.

S
co

re
M

a
tch

in
g

In
th

is
section

,
w

e
rev

iew
th

e
origin

al
score

m
atch

in
g

an
d

d
ev

elop
ou

r
gen

eralized
score

m
atch

in
g

estim
ators.

2
.1

.
O

rig
in

a
l

S
c
o
re

M
a
tch

in
g

L
et
X

b
e

a
ran

d
om

v
ector

tak
in

g
valu

es
in

R
m

w
ith

d
istrib

u
tion

P
0

an
d

d
en

sity
p

0 .
L

et
P

b
e

a
fam

ily
of

d
istrib

u
tion

s
of

in
terest

w
ith

tw
ice

con
tin

u
ou

sly
d
iff

eren
tiab

le
d
en

sities
su

p
p

orted
on

R
m

.
S
u
p
p

ose
P

0 ∈
P

.
T

h
e

sco
re

m
a
tch

in
g

lo
ss

for
P
∈
P

,
w

ith
d
en

sity
p
,

is
given

b
y

J
(P

)
=

∫

R
m

p
0 (x

)‖∇
lo

g
p
(x

)−
∇

log
p

0 (x
)‖

22
d
x
.

(3)

T
h
e

grad
ien

ts
in

(3)
can

b
e

th
ou

gh
t

of
a
s

grad
ien

ts
w

ith
resp

ect
to

a
h
y
p

oth
etical

lo
cation

p
aram

eter,
evalu

ated
at

th
e

origin
(H

y
v
ärin

en
,
2005).

T
h
e

loss
J

(P
)

is
m

in
im

ized
if

a
n
d

on
ly
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G
e
n
e
r
a
l
iz
e
d

S
c
o
r
e
M
a
t
c
h
in
g

if
P

=
P

0
,

w
h
ic

h
fo

rm
s

th
e

b
as

is
fo

r
es

ti
m

at
io

n
of
P

0
.

Im
p

or
ta

n
tl

y,
si

n
ce

th
e

lo
ss

d
ep

en
d
s

on
p

on
ly

th
ro

u
gh

it
s

lo
g-

gr
ad

ie
n
t,

it
su

ffi
ce

s
to

k
n
ow

p
u
p

to
a

n
or

m
al

iz
in

g
co

n
st

an
t.

U
n
d
er

m
il
d

co
n
d
it

io
n
s,

(3
)

ca
n

b
e

re
w

ri
tt

en
as

J
(P

)
=

∫ R
m

p
0
(x

)
m ∑ j=

1

[ ∂
jj

lo
g
p
(x

)
+

(∂
j

lo
g
p
(x

))
2

2

] d
x
,

(4
)

p
lu

s
a

co
n
st

an
t

in
d
ep

en
d
en

t
of
p
.

T
h
e

in
te

gr
al

in
(4

)
ca

n
b

e
ap

p
ro

x
im

at
ed

b
y

a
sa

m
p
le

av
er

ag
e;

th
is

al
le

v
ia

te
s

th
e

n
ee

d
fo

r
k
n
ow

in
g

th
e

tr
u
e

d
en

si
ty

p
0
,

an
d

p
ro

v
id

es
a

w
ay

to
es

ti
m

at
e
p

0
.

2
.2

.
G

e
n

e
ra

li
z
e
d

S
c
o
re

M
a
tc

h
in

g
fo

r
N

o
n

-N
e
g
a
ti

v
e

D
a
ta

W
h
en

th
e

tr
u
e

d
en

si
ty
p

0
is

su
p
p

or
te

d
on

a
p
ro

p
er

su
b
se

t
of

R
m

,
th

e
in

te
gr

at
io

n
b
y

p
a
rt

s
u
n
d
er

ly
in

g
th

e
eq

u
iv

al
en

ce
of

(3
)

an
d

(4
)

m
ay

fa
il

d
u
e

to
d
is

co
n
ti

n
u
it

y
at

th
e

b
o
u
n
d
ar

y.
F

or
d
is

tr
ib

u
ti

on
s

su
p
p

or
te

d
on

th
e

n
on

-n
eg

at
iv

e
or

th
an

t,
R
m +

,
H

y
v
är

in
en

(2
00

7)
ad

d
re

ss
ed

th
is

is
su

e
b
y

in
st

ea
d

m
in

im
iz

in
g

th
e

n
o
n

-n
eg

a
ti

ve
sc

o
re

m
a
tc

h
in

g
lo

ss

J
+

(P
)

=

∫ R
m +

p
0
(x

)‖
∇

lo
g
p
(x

)
◦x
−
∇

lo
g
p

0
(x

)
◦x
‖2 2

d
x
.

(5
)

T
h
is

lo
ss

ca
n

b
e

m
ot

iv
at

ed
v
ia

gr
ad

ie
n
ts

w
it

h
re

sp
ec

t
to

a
h
y
p

ot
h
et

ic
al

sc
al

e
p
ar

am
et

er
(H

y
v
är

in
en

,
20

07
).

U
n
d
er

m
il
d

co
n
d
it

io
n
s,
J

+
(P

)
ca

n
ag

ai
n

b
e

re
w

ri
tt

en
in

te
rm

s
of

an
ex

p
ec

ta
ti

on
of

a
fu

n
ct

io
n

in
d
ep

en
d
en

t
of
p

0
,

th
u
s

al
lo

w
in

g
on

e
to

fo
rm

a
sa

m
p
le

lo
ss

.
In

th
is

w
or

k
,

w
e

co
n
si

d
er

ge
n
er

al
iz

in
g

th
e

n
on

-n
eg

at
iv

e
sc

or
e

m
at

ch
in

g
lo

ss
as

fo
ll
ow

s.

D
e
fi

n
it

io
n

1
L

et
P +

be
th

e
fa

m
il

y
o
f

d
is

tr
ib

u
ti

o
n

s
o
f

in
te

re
st

,
a
n

d
a
ss

u
m

e
ev

er
y
P
∈
P +

h
a
s

a
tw

ic
e

co
n

ti
n

u
o
u

sl
y

d
iff

er
en

ti
a
bl

e
d
en

si
ty

su
p
po

rt
ed

o
n

R
m +

.
S

u
p
po

se
th

e
m

-v
a
ri

a
te

ra
n

d
o
m

ve
ct

o
r
X

h
a
s

tr
u

e
d
is

tr
ib

u
ti

o
n
P

0
∈
P +

,
a
n

d
le

t
p

0
be

it
s

tw
ic

e
co

n
ti

n
u

o
u

sl
y

d
if

-
fe

re
n

ti
a
bl

e
d
en

si
ty

.
L

et
h

1
,.
..
,h

m
:
R

+
→

R
+

be
a
.s

.
po

si
ti

ve
fu

n
ct

io
n

s
th

a
t

a
re

a
bs

o
lu

te
ly

co
n

ti
n

u
o
u

s
in

ev
er

y
bo

u
n

d
ed

su
b-

in
te

rv
a
l

o
f
R

+
,

a
n

d
se

t
h

(x
)

=
(h

1
(x

1
),
..
.,
h
m

(x
m

))
>

.
F

o
r
P
∈
P +

w
it

h
d
en

si
ty
p
,

th
e

ge
n
er

al
iz

ed
h

-s
co

re
m

at
ch

in
g

lo
ss

is

J
h

(P
)

=

∫ R
m +

1 2
p

0
(x

)‖
∇

lo
g
p
(x

)
◦h

(x
)1
/
2
−
∇

lo
g
p

0
(x

)
◦h

(x
)1
/
2
‖2 2

d
x
,

(6
)

w
h
er

e
h

1
/
2
(x

)
≡

(h
1
/
2

1
(x

1
),
..
.,
h

1
/
2

m
(x
m

))
>

.

P
ro

p
o
si

ti
o
n

2
T

h
e

d
is

tr
ib

u
ti

o
n
P

0
is

th
e

u
n

iq
u

e
m

in
im

iz
er

o
f
J
h

(P
)

fo
r
P
∈
P +

.

P
ro

o
f

F
ir

st
,

ob
se

rv
e

th
at
J
h

(P
)
≥

0
an

d
J
h

(P
0
)

=
0
.

F
or

u
n
iq

u
en

es
s,

su
p
p

o
se
J
h

(P
1
)

=
0

fo
r

so
m

e
P

1
∈
P +

.
L

et
p

0
an

d
p

1
b

e
th

e
re

sp
ec

ti
v
e

d
en

si
ti

es
.

B
y

as
su

m
p
ti

on
p

0
(x

)
>

0

a.
s.

an
d
h

1
/
2

j
(x

)
>

0
a.

s.
fo

r
al

l
j

=
1
,.
..
,m

.
T

h
er

ef
or

e,
w

e
m

u
st

h
av

e
∇

lo
g
p

1
(x

)
=

∇
lo

g
p

0
(x

)
a.

s.
,

or
eq

u
iv

al
en

tl
y,
p

1
(x

)
=

co
n
st
×
p

0
(x

)
al

m
os

t
su

re
ly

in
R
m +

.
S
in

ce
p

1
an

d
p

0
ar

e
co

n
ti

n
u
ou

s
d
en

si
ti

es
su

p
p

or
te

d
on

R
m +

,
it

fo
ll
ow

s
th

at
p

1
(x

)
=
p

0
(x

)
fo

r
al

l
x
∈
R
m +

.
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Y
u
,
D
r
t
o
n
a
n
d

S
h
o
ja

ie

C
h
o
os

in
g

al
l
h
j
(x

)
=
x

2
re

co
ve

rs
th

e
lo

ss
fr

om
(5

).
In

ou
r

ge
n
er

al
iz

at
io

n
,

w
e

w
il
l

fo
cu

s
on

u
si

n
g

fu
n
ct

io
n
s
h
j

th
at

ar
e

in
cr

ea
si

n
g

b
u
t

ar
e

b
ou

n
d
ed

or
gr

ow
ra

th
er

sl
ow

ly
.

T
h
is

w
il
l

al
le

v
ia

te
th

e
n
ee

d
to

es
ti

m
at

e
h
ig

h
er

m
om

en
ts

,
le

ad
in

g
to

b
et

te
r

p
ra

ct
ic

al
p

er
fo

rm
a
n
ce

a
n
d

im
p
ro

ve
d

th
eo

re
ti

ca
l

gu
ar

an
te

es
.

W
e

w
il
l

co
n
si

d
er

th
e

fo
ll
ow

in
g

as
su

m
p
ti

on
s:

(A
1)

p
0
(x

)h
j
(x
j
)∂
j

lo
g
p
(x

)
∣ ∣ ∣x j
↗

+
∞

x
j
↘

0
+

=
0
,
∀x
−
j
∈
R
m
−

1
+

,
∀p
∈
P +

;

(A
2)

E p
0
‖∇

lo
g
p
(X

)
◦h

1
/
2
(X

)‖
2 2
<

+
∞
,
E p

0
‖(
∇

lo
g
p
(X

)
◦h

(X
))
′ ‖ 1

<
+
∞
,
∀p
∈
P +

,

w
h
er

e
∂
j

lo
g
p
(x

)
≡

∂
lo

g
p
(y

)
∂
y
j

∣ ∣ ∣ y
=
x

,f
(x

)
∣ ∣ ∣x j
↗

+
∞

x
j
↘

0
+
≡

li
m
x
j
↗

+
∞
f

(x
)
−

li
m
x
j
↘

0
f

(x
),

“∀
p
∈

P +
”

is
a

sh
or

th
an

d
fo

r
“f

or
al

l
p

b
ei

n
g

th
e

d
en

si
ty

o
f

so
m

e
P
∈
P +

”,
a
n
d

th
e

p
ri

m
e

sy
m

b
ol

d
en

ot
es

co
m

p
on

en
t-

w
is

e
d
iff

er
en

ti
at

io
n
.

W
h
il
e

th
e

se
co

n
d

h
al

f
o
f

(A
2
)

w
a
s

n
o
t

m
ad

e
ex

p
li
ci

t
in

H
y
v
är

in
en

(2
00

5,
20

07
),

(A
1)

-(
A

2)
w

er
e

b
ot

h
re

q
u
ir

ed
fo

r
in

te
g
ra

ti
o
n

b
y

p
ar

ts
an

d
F

u
b
in

i-
T

on
el

li
to

ap
p
ly

.

O
n
ce

th
e

fo
rm

s
of
p

0
an

d
p

ar
e

gi
ve

n
,

su
ffi

ci
en

t
co

n
d
it

io
n
s

fo
r
h

fo
r

A
ss

u
m

p
ti

o
n
s

(A
1
)-

(A
2)

to
h
ol

d
ar

e
ea

sy
to

fi
n
d
.

In
p
ar

ti
cu

la
r,

(A
1)

an
d

(A
2)

ar
e

ea
si

ly
sa

ti
sfi

ed
a
n
d

ve
ri

fi
ed

fo
r

ex
p

on
en

ti
al

fa
m

il
ie

s.

In
te

gr
at

io
n

b
y

p
ar

ts
y
ie

ld
s

th
e

fo
ll
ow

in
g

th
eo

re
m

w
h
ic

h
sh

ow
s

th
at
J
h

fr
o
m

(6
)

is
a
n

ex
p

ec
ta

ti
on

(u
n
d
er
P

0
)

of
a

fu
n
ct

io
n

th
at

d
o
es

n
ot

d
ep

en
d

on
p

0
,

si
m

il
ar

to
(4

).
T

h
e

p
ro

of
is

gi
v
en

in
A

p
p

en
d
ix

A
.1

.

T
h

e
o
re

m
3

U
n

d
er

(A
1
)

a
n

d
(A

2
),

th
e

lo
ss

fr
o
m

(6
)

eq
u

a
ls

J
h

(P
)

=

∫ R
m +

p
0
(x

)
m ∑ j=

1

[ h
′ j(
x
j
)∂
j
(l

og
p
(x

))
+
h
j
(x
j
)∂
jj

(l
og
p
(x

))

+
1 2
h
j
(x
j
)

(∂
j
(l

og
p
(x

))
)2

] d
x

(7
)

p
lu

s
a

co
n

st
a
n

t
in

d
ep

en
d
en

t
o
f
p
.

G
iv

en
a

d
at

a
m

at
ri

x
x
∈
R
n
×
m

w
it

h
ro

w
s
X

(i
) ,

w
e

d
efi

n
e

th
e

sa
m

p
le

ve
rs

io
n

o
f

(7
)

a
s

Ĵ
h

(P
)

=
1 n

n ∑ i=
1

m ∑ j=
1

{ h
′ j(
X

(i
)

j
)∂
j
(l

og
p
(X

(i
) ))

+
h
j
(X

(i
)

j
)

[ ∂
jj

(l
og
p
(X

(i
) ))

+
1 2

( ∂
j
(l

o
g
p
(X

(i
) ))
) 2
]}

.
(8

)

S
u
b
se

q
u
en

tl
y,

fo
r

a
d
is

tr
ib

u
ti

on
P

w
it

h
d
en

si
ty
p
,

w
e

le
t
J
h

(p
)
≡
J
h

(P
).

S
im

il
a
rl

y,
w

h
en

a
d
is

tr
ib

u
ti

on
P
θ

w
it

h
d
en

si
ty
p
θ

is
as

so
ci

at
ed

to
a

p
ar

am
et

er
ve

ct
or
θ

,
w

e
w

ri
te
J
h

(θ
)
≡

J
h

(p
θ
)
≡
J
h

(P
θ
).

W
e

ap
p
ly

si
m

il
ar

co
n
ve

n
ti

on
s

to
th

e
sa

m
p
le

ve
rs

io
n
Ĵ
h

(P
).

W
e

n
o
te

th
at

th
is

ty
p

e
of

lo
ss

is
al

so
tr

ea
te

d
in

sl
ig

h
tl

y
d
iff

er
en

t
se

tt
in

gs
in

P
ar

ry
(2

01
6
)

a
n
d

A
lm

ei
d
a

an
d

G
id

as
(1

99
3)

.
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G
e
n
e
r
a
l
iz
e
d

S
c
o
r
e
M
a
t
c
h
in
g

R
e
m

a
rk

4
In

th
e

on
e-d

im
en

sion
al

case,
u
sin

g
th

e
n
otation

in
P

arry
et

al.
(2012),

J
h

(P
)

a
n
d
Ĵ
h

(P
)

co
rresp

on
d

to
d
(P

0 ,P
)

an
d
S

(x
,P

),
resp

ectiv
ely,

an
d

can
b

e
gen

erated
b
y

φ
(x
,p
,p

1 )≡
−
h

(x
)p

21 /(2p
)

(c.f.
E

q
u
ation

s
(39),

(51),
(53)

an
d

S
ection

10.1
th

erein
).

T
h
u
s

T
h
eo

rem
3

fo
llow

s
from

th
is

corresp
on

d
en

ce.
W

h
ile

(A
1)

is
eq

u
ivalen

t
to

th
e

con
d
ition

im
-

p
lied

b
y

th
e

b
ou

n
d
ary

d
ivergen

ce
d
b

=
0

in
th

at
p
ap

er,
(A

2),
w

h
ich

w
e

assu
m

e
for

in
v
ok

in
g

F
u
b
in

i-T
o
n
elli

d
u
e

to
m

u
lti-d

im
en

sion
ality,

is
n
ot

p
resen

t.
O

n
th

e
oth

er
h
a
n
d
,

w
h
ile

P
arry

(2
0
1
6
)

trea
ts

th
e

m
u
ltivariate

case,
it

d
o
es

n
ot

cov
er

th
e

con
n
ectio

n
b

etw
een

o
u
r
J
h

an
d

Ĵ
h

.
S
in

ce
φ

is
con

cav
e

b
u
t

n
ot

strictly
con

cav
e

in
(p
,p

1 ),
th

e
resu

lts
in

P
arry

(2016)
on

ly
im

p
ly

th
a
t
P

0
is

a
m

in
im

izer,
a

w
eaker

con
clu

sion
th

an
P

rop
osition

2.

3
.

E
x
p

o
n
e
n
tia

l
F
a
m

ilie
s

In
th

is
sectio

n
,

w
e

stu
d
y

th
e

case
w

h
ere
P

+
≡
{
p
θ

:
θ
∈

Θ
}

is
an

ex
p

on
en

tial
fam

ily
com

-
p
risin

g
co

n
tin

u
ou

s
d
istrib

u
tion

s
w

ith
su

p
p

ort
R
m+

.
M

ore
sp

ecifi
cally,

w
e

con
sid

er
d
en

sities
th

a
t

a
re

in
d
ex

ed
b
y

th
e

can
on

ical
p
a
ram

eter
θ
∈
R
r

an
d

h
av

e
th

e
form

log
p
θ
(x

)
=
θ
>
t(x

)−
ψ

(θ
)

+
b(x

),
x
∈
R
m+
,

(9)

w
h
ere

t(x
)∈

R
r+

com
p
rises

th
e

su
ffi

cien
t

statistics,
ψ

(θ
)

is
a

n
orm

alizin
g

con
stan

t
d
ep

en
d
-

in
g

o
n
θ

o
n
ly,

a
n
d
b(x

)
is

th
e

b
ase

m
easu

re,
w

ith
t

an
d
b

a.s.
d
iff

eren
tiab

le
w

ith
resp

ect
to

ea
ch

co
m

p
o
n
en

t.
D

efi
n
e
t ′j (x

)≡
(∂
j t1 (x

),...,∂
j tr (x

)) >
an

d
b ′j (x

)≡
∂
j b(x

).

T
h

e
o
re

m
5

U
n

d
er

A
ssu

m
p
tio

n
s

(A
1
)-(A

2
)

fro
m

S
ectio

n
2
.2

,
th

e
em

p
irica

l
gen

era
lized

h
-

sco
re

m
a
tch

in
g

lo
ss

(8
)

ca
n

be
rew

ritten
a
s

a
qu

a
d
ra

tic
fu

n
ctio

n
in
θ
∈
R
r:

Ĵ
h

(p
θ
)

=
12
θ
>

Γ
(x

)θ
−
g

(x
) >
θ

+
con

st,
w

h
ere

(10)

Γ
(x

)
=

1n

n
∑i=

1

m
∑j=

1

h
j (X

(i)
j

)t ′j (X
(i))t ′j (X

(i)) >
a
n

d
(11)

g
(x

)
=
−

1n

n
∑i=

1

m
∑j=

1 [h
j (X

(i)
j

)b ′j (X
(i))t ′j (X

(i))
+
h
j (X

(i)
j

)t ′′j (X
(i))

+
h
′j (X

(i)
j

)t ′j (X
i ) ]

(12)

a
re

sa
m

p
le

a
vera

ges
o
f

fu
n

ctio
n

s
o
f

th
e

d
a
ta

m
a
trix

x
o
n

ly.

D
efi

n
e

Γ
0 ≡

E
p
0 Γ

(x
),
g

0 ≡
E
p
0 g

(x
),

an
d

Σ
0 ≡

E
p
0 [(Γ

(x
)θ

0 −
g
(x

))(Γ
(x

)θ
0 −

g
(x

)) >
].

T
h

e
o
re

m
6

S
u

p
po

se
th

a
t

(C
1
)

Γ
is

a
.s.

in
vertible,

a
n

d

(C
2
)

Γ
0 ,

Γ
−

1
0

,
g

0
a
n

d
Σ

0
exist

a
n

d
a
re

en
try-w

ise
fi

n
ite.

T
h
en

th
e

m
in

im
izer

o
f

(1
0
)

is
a
.s.

u
n

iqu
e

w
ith

clo
sed

-fo
rm

so
lu

tio
n
θ̂
≡

Γ
(x

) −
1g

(x
).

M
o
re-

o
ver,

θ̂
→

a
.s.
θ

0
a
n

d
√
n

(θ̂
−
θ

0 )→
d N

r (0
,Γ
−

1
0

Σ
0 Γ
−

1
0

)
a
s
n
→
∞
.
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Y
u
,
D
r
t
o
n
a
n
d

S
h
o
ja

ie

T
h
eorem

s
5

an
d

6
are

p
roved

in
A

p
p

en
d
ix

A
.2.

T
h
eorem

5
clarifi

es
th

e
q
u
ad

ratic
n
atu

re
of

th
e

loss,
an

d
T

h
eorem

6
p
rov

id
es

a
b
asis

for
asy

m
p
totically

valid
tests

an
d

con
fi
d
en

ce
in

tervals
for

th
e

p
aram

eter
θ

.
N

ote
th

at
C

on
d
ition

(C
1)

h
old

s
if

an
d

on
ly

if
h
j (X

j )
>

0
a.s.

an
d

[t ′j (X
(1

)),...,t ′j (X
(n

))]∈
R
r×
n

h
as

ran
k
r

a.s.
for

som
e
j

=
1,...,m

.
T

h
e

con
clu

sion
in

T
h
eorem

6
in

d
icates

th
at,

sim
ilar

to
th

e
estim

ator
in

H
y
v
ärin

en
(2007)

w
ith

h
j (x

)
=
x

2,
th

e
closed

-form
solu

tion
for

o
u
r

gen
eralized

θ̂
allow

s
on

e
to

con
sisten

tly
estim

ate
th

e
can

on
ical

p
aram

eter
in

an
ex

p
on

en
tial

fam
ily

d
istrib

u
tion

w
ith

ou
t

n
eed

in
g

to
calcu

late
th

e
often

com
p
licated

n
orm

alizin
g

con
stan

t
ψ

(θ
)

or
resort

to
n
u
m

erical
m

eth
o
d
s.

C
om

p
u
tation

al
d
etails

are
ex

p
licated

in
S
ection

5.3.
B

elow
w

e
illu

strate
th

e
estim

ator
θ̂

in
th

e
case

of
u
n
ivariate

tru
n
cated

n
orm

al
d
istrib

u
-

tion
s.

W
e

assu
m

e
(A

1)-(A
2)

an
d

(C
1)-(C

2
)

th
rou

gh
ou

t.

E
x
a
m

p
le

3
.1

U
n

iva
ria

te
(m

=
r

=
1
)

tru
n

ca
ted

n
o
rm

a
l

d
istribu

tio
n

s
fo

r
m

ea
n

pa
ra

m
eter

µ
a
n

d
va

ria
n

ce
pa

ra
m

eter
σ

2
h
a
ve

d
en

sity

p
µ
,σ

2 (x
)∝

ex
p {−

(x
−
µ

)
2

2
σ

2

}
,

x
∈
R

+
.

(13)

If
σ

2
is

kn
o
w

n
bu

t
µ

u
n

kn
o
w

n
,

th
en

w
ritin

g
th

e
d
en

sity
in

ca
n

o
n

ica
l

fo
rm

a
s

in
(9

)
yield

s

p
θ (x

)∝
ex

p{θt(x
)

+
b(x

)}
,

θ≡
µσ
2
,

t(x
)≡

x
,

b(x
)

=
−
x

2

2
σ

2
.

G
iven

a
n

i.i.d
.

sa
m

p
le
X

1 ,...,X
n
∼
p
µ
0
,σ

2 ,
th

e
gen

era
lized

h
-sco

re
m

a
tch

in
g

estim
a
to

r
o
f

µ
is

µ̂
h ≡

∑
ni=

1
h

(X
i )X

i −
σ

2h
′(X

i )
∑

ni=
1
h

(X
i )

.

If
lim

x↘
0
+
h

(x
)

=
0,

lim
x↗

+
∞
h

2(x
)(x
−
µ

0 )p
µ
0
,σ

2 (x
)

=
0

a
n

d
th

e
expecta

tio
n

s
a
re

fi
n

ite
(fo

r
exa

m
p
le,

w
h
en

h
(x

)
=
o(ex

p
(M

x
2))

fo
r
M

<
1

4
σ
2 ),

th
en

√
n

(µ̂
h −

µ
0 )→

d N
(

0, E
0 [σ

2h
2(X

)
+
σ

4h
′ 2(X

)]

E
20 [h

(X
)]

)
.

W
e

reca
ll

th
a
t

th
e

C
ram

ér-R
ao

low
er

b
ou

n
d

(i.e.
th

e
lo

w
er

bo
u

n
d

o
n

th
e

va
ria

n
ce

o
f

a
n

y
u

n
bia

sed
estim

a
to

r)
fo

r
estim

a
tin

g
µ

is

σ
4

var(X
−
µ

0 ) .

E
x
a
m

p
le

3
.2

C
o
n

sid
er

th
e

u
n

iva
ria

te
tru

n
ca

ted
n

o
rm

a
l

d
istribu

tio
n

s
fro

m
(1

3
)

in
th

e
set-

tin
g

w
h
ere

th
e

m
ea

n
pa

ra
m

eter
µ

is
kn

o
w

n
bu

t
th

e
va

ria
n

ce
pa

ra
m

eter
σ

2
>

0
is

u
n

kn
o
w

n
.

In
ca

n
o
n

ica
l

fo
rm

a
s

in
(9

),
w

e
w

rite

p
θ (x

)∝
ex

p{
θt(x

)
+
b(x

)}
,

θ≡
1σ
2
,

t(x
)≡
−

(x
−
µ

)
2/

2,
b(x

)
=

0.

G
iven

a
n

i.i.d
.

sa
m

p
le
X

1 ,...,X
n
∼
p
µ
,σ

20 ,
th

e
gen

era
lized

h
-sco

re
m

a
tch

in
g

estim
a
to

r
o
f

σ
2

is

σ̂
2h ≡

∑
ni=

1
h

(X
i )(X

i −
µ

)
2

∑
ni=

1
h

(X
i )

+
h
′(X

i )(X
i −

µ
) .
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n
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l
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e
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r
e
M
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h
in
g

If
,
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a
d
d
it

io
n

to
th

e
a
ss

u
m

p
ti

o
n

s
in

E
xa

m
p
le

3
.1

,
li
m

x
↗

+
∞
h

2
(x

)(
x
−
µ

)3
p
µ
,σ

2 0
(x

)
=

0,
th

en

√
n

(σ̂
2 h
−
σ

2 0
)
→
d
N
( 0
,
2σ

6 0
E 0

[h
2
(X

)(
X
−
µ

)2
]+

σ
8 0
E 0

[h
′2

(X
)(
X
−
µ

)2
]

E2 0
[h

(X
)(
X
−
µ

)2
]

)
.

M
o
re

o
ve

r,
th

e
C

ra
m

ér
-R

ao
lo

w
er

b
ou

n
d

fo
r

es
ti

m
a
ti

n
g
σ

2
is

4σ
8 0

va
r(
X
−
µ

)2
.

R
e
m

a
rk

7
In

E
x
am

p
le

3.
2,

if
µ

0
=

0,
th

en
h

(x
)
≡

1
al

so
sa

ti
sfi

es
(A

1)
-(

A
2)

an
d

(C
1)

-(
C

2)
an

d
on

e
re

co
ve

rs
th

e
sa

m
p
le

va
ri

an
ce

1 n

∑
i
X

2 i
,

w
h
ic

h
ob

ta
in

s
th

e
C

ra
m

ér
-R

a
o

lo
w

er
b

ou
n
d
.

In
th

es
e

ex
am

p
le

s,
th

er
e

is
a

b
en

efi
t

in
u
si

n
g

a
b

ou
n
d
ed

fu
n
ct

io
n
h

,
w

h
ic

h
ca

n
b

e
ex

p
la

in
ed

as
fo

ll
ow

s.
W

h
en

µ
�

σ
,

th
er

e
is

eff
ec

ti
ve

ly
n
o

tr
u
n
ca

ti
on

to
th

e
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
,

an
d

ou
r

m
et

h
o
d

ad
ap

ts
to

u
si

n
g

lo
w

m
om

en
ts

in
(6

),
si

n
ce

a
b

ou
n
d
ed

an
d

in
cr

ea
si

n
g
h

(x
)

b
ec

om
es

al
m

os
t

co
n
st

an
t

as
it

re
ac

h
es

it
s

as
y
m

p
to

te
fo

r
x

la
rg

e.
H

en
ce

,
w

e
eff

ec
ti

ve
ly

re
ve

rt
to

th
e

or
ig

in
al

sc
or

e
m

at
ch

in
g

(r
ec

al
l

S
ec

ti
on

2.
1)

.
In

th
e

ot
h
er

ca
se

s,
th

e
tr

u
n
ca

ti
on

eff
ec

t
is

si
gn

ifi
ca

n
t

an
d

ou
r

es
ti

m
at

or
u
se

s
h
ig

h
er

m
om

en
ts

ac
co

rd
in

gl
y.

F
ig

u
re

1
p
lo

ts
th

e
as

y
m

p
to

ti
c

va
ri

an
ce

of
µ̂
h

fr
om

E
x
am

p
le

3.
1,

w
it

h
σ

=
1

k
n
ow

n
.

E
ffi

ci
en

cy
as

m
ea

su
re

d
b
y

th
e

C
ra

m
ér

-R
ao

lo
w

er
b

ou
n
d

d
iv

id
ed

b
y

th
e

as
y
m

p
to

ti
c

va
ri

an
ce

is
al

so
sh

ow
n
.

W
e

se
e

th
at

tw
o

tr
u
n
ca

te
d

ve
rs

io
n
s

of
lo

g
(1

+
x

)
h
av

e
as

y
m

p
to

ti
c

va
ri

an
ce

cl
os

e
to

th
e

C
ra

m
ér

-R
ao

b
ou

n
d
.

T
h
is

as
y
m

p
to

ti
c

va
ri

an
ce

is
al

so
re

fl
ec

ti
v
e

of
th

e
va

ri
an

ce
fo

r
sm

al
le

r
fi
n
it

e
sa

m
p
le

s.
F

ig
u
re

2
is

th
e

an
al

og
of

F
ig

u
re

1
fo

r
σ̂

2 h
fr

om
E

x
am

p
le

3.
2

w
it

h
µ

=
0
.5

k
n
ow

n
.

W
h
il
e

th
e

sp
ec

ifi
cs

ar
e

a
b
it

d
iff

er
en

t
th

e
b

en
efi

ts
of

u
si

n
g

b
ou

n
d
ed

or
sl

ow
ly

gr
ow

in
g
h

ar
e

ag
ai

n
cl

ea
r.

W
e

n
ot

e
th

at
w

h
en

σ
is

sm
al

l,
th

e
eff

ec
t

of
tr

u
n
ca

ti
on

to
th

e
p

os
it

iv
e

p
ar

t
o
f

th
e

re
al

li
n
e

is
sm

al
l.

In
b

ot
h

p
lo

ts
w

e
or

d
er

/c
ol

or
th

e
cu

rv
es

b
as

ed
on

th
ei

r
ov

er
al

l
effi

ci
en

cy
,

so
th

ey
h
av

e
d
iff

er
en

t
co

lo
rs

in
on

e
fr

om
th

e
ot

h
er

,
al

th
ou

g
h

th
e

sa
m

e
fu

n
ct

io
n
s

ar
e

p
re

se
n
te

d
.

F
or

al
l

fu
n
ct

io
n
s

p
re

se
n
te

d
h
er

e
(A

1)
–(

A
2)

an
d

(C
1)

–(
C

2)
ar

e
sa

ti
sfi

ed
.

4
.

R
e
g
u
la

ri
ze

d
G

e
n
e
ra

li
ze

d
S
co

re
M

a
tc

h
in

g

In
h
ig

h
-d

im
en

si
on

al
se

tt
in

gs
,

w
h
en

th
e

n
u
m

b
er
r

of
p
ar

am
et

er
s

to
es

ti
m

at
e

m
ay

b
e

la
rg

er
th

an
th

e
sa

m
p
le

si
ze
n

,
it

is
h
ar

d
,

if
n
ot

im
p

os
si

b
le

,
to

es
ti

m
at

e
th

e
p
ar

am
et

er
s

co
n
si

st
en

tl
y

w
it

h
ou

t
tu

rn
in

g
to

so
m

e
fo

rm
of

re
gu

la
ri

za
ti

on
.

M
or

e
sp

ec
ifi

ca
ll
y,

fo
r

ex
p

on
en

ti
al

fa
m

il
ie

s,
co

n
d
it

io
n

(C
1)

in
S
ec

ti
on

3
fa

il
s

w
h
en

r
>
n

.
A

p
op

u
la

r
ap

p
ro

ac
h

is
th

en
th

e
u
se

of
` 1

re
gu

la
ri

za
ti

on
to

ex
p
lo

it
p

os
si

b
le

sp
ar

si
ty

.
L

et
th

e
d
at

a
m

at
ri

x
x
∈
R
n
×
m

co
m

p
ri

se
n

i.
i.
d
.

sa
m

p
le

s
fr

om
d
is

tr
ib

u
ti

on
P

0
.

A
ss

u
m

e
P

0
h
as

d
en

si
ty
p

0
b

el
on

gi
n
g

to
an

ex
p

on
en

ti
a
l

fa
m

il
y
P +
≡
{p
θ

:
θ
∈

Θ
},

w
h
er

e
Θ
⊆

R
r
.

A
d
d
in

g
an

` 1
p

en
al

ty
to

(1
0)

,
w

e
ob

ta
in

th
e

re
gu

la
ri

ze
d

ge
n
er

al
iz

ed
sc

or
e

m
at

ch
in

g
lo

ss

1 2
θ
>

Γ
(x

)θ
−
g

(x
)>
θ

+
λ
‖θ
‖ 1

(1
4)

as
in

L
in

et
al

.
(2

01
6)

.
T

h
e

lo
ss

in
(1

4)
in

vo
lv

es
a

q
u
ad

ra
ti

c
sm

o
ot

h
p
ar

t
as

in
th

e
fa

m
il
ia

r
la

ss
o

lo
ss

fo
r

li
n
ea

r
re

gr
es

si
on

.
H

ow
ev

er
,

al
th

ou
gh

th
e

m
at

ri
x

Γ
is

p
os

it
iv

e
se

m
id

efi
n
it

e,
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Y
u
,
D
r
t
o
n
a
n
d

S
h
o
ja

ie

−
4

−
2

0
2

4

0123

µ 0

log(Asymptotic variance)

m
in

(lo
g(

1+
x)

,1
)

m
in

(lo
g(

1+
x)

,2
)

lo
g(

1+
x)

m
in

(x
,1

)
x m

in
(x

^2
,1

)
m

in
(x

,2
)

x^
2

C
−

R
 lo

w
er

 b
ou

nd

−
4

−
2

0
2

4

0.40.50.60.70.80.91.0
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F
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u
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w
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h
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e

C
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-R
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o

b
o
u
n
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fo
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h
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2

=
1
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n
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0
2

4
6

8
10

−50510

σ 0

log(Asymptotic variance)

m
in

(x
,1

)
m

in
(x

,2
)

m
in

(x
^2

,1
)

m
in

(lo
g(

1+
x)

,1
)

lo
g(
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x)

m
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,2
)
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2

C
−

R
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w
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 b
ou
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0
2

4
6

8
10
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F
ig

u
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p
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va
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an
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an
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effi
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w
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h
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sp
ec

t
to

th
e

C
ra

m
ér

-R
a
o

b
o
u
n
d

fo
r
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=
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5
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G
e
n
e
r
a
l
iz
e
d

S
c
o
r
e
M
a
t
c
h
in
g

th
e

reg
u
la

rized
loss

in
(14)

is
n
ot

gu
aran

teed
to

b
e

b
ou

n
d
ed

u
n
less

th
e

tu
n
in

g
p
aram

eter
λ

is
su

ffi
cien

tly
large—

a
p
rob

lem
th

at
d
o
es

n
ot

o
ccu

r
in

lasso.
W

e
n
ote

th
at

h
ere,

an
d

th
ro

u
g
h
o
u
t,

w
e

su
p
p
ress

th
e

d
ep

en
d
en

ce
on

th
e

d
ata

x
for

Γ
(x

),
g

(x
)

an
d

d
eriv

ed
q
u
a
n
tities.

F
o
r

a
m

o
re

d
etailed

ex
p
lan

ation
,
n
ote

th
at

th
at

b
y

(11),
Γ

=
H
>

H
for

som
e

H
∈
R
n
m
×
r.

In
th

e
h
ig

h
-d

im
en

sion
al

case,
th

e
ran

k
of

Γ
,

or
eq

u
ivalen

tly
H

,
is

at
m

o
st
n
m
<
r.

H
en

ce,
Γ

is
n
o
t

in
vertib

le
an

d
g

d
o
es

n
ot

n
ecessa

rily
lie

in
th

e
colu

m
n

sp
an

of
Γ

.
L

et
K

er(Γ
)

b
e

th
e

k
ern

el
o
f
Γ

.
T

h
en

th
ere

m
ay

ex
ist
ν
∈

K
er(Γ

)
w

ith
g
>
ν
6=

0.
In

th
is

ca
se,

if

0
≤
λ
<

su
p

ν∈
K

er(Γ
) |g
>
ν|/‖ν‖

1 ,

th
ere

ex
ists

ν
∈

K
er(Γ

)
w

ith
12 ν
>

Γ
ν

=
0

an
d
−
g
>
ν

+
λ‖
ν‖

1
<

0.
E

valu
atin

g
a
t
θ

(a
)

=
a·ν

fo
r

sca
la

r
a
>

0
,

th
e

loss
b

ecom
es
a (−

g
>
ν

+
λ‖
ν‖

1 ),
w

h
ich

is
n
egative

an
d

lin
ear

in
a
,

an
d

th
u
s

u
n
b

o
u
n
d
ed

b
elow

.
In

th
is

case
n
o

m
in

im
izer

of
(14)

ex
ists

for
sm

a
ll

valu
es

of
λ

.
T

h
is

issu
e

a
lso

ex
ists

for
th

e
estim

ators
from

Z
h
an

g
an

d
Z

ou
(201

4)
an

d
L

iu
an

d
L

u
o

(2015),
w

h
ich

co
rresp

o
n
d

to
score

m
atch

in
g

for
G

G
M

s.
W

e
n
ote

th
at

in
th

e
con

tex
t

of
estim

atin
g

th
e

in
teractio

n
m

atrix
in

p
airw

ise
m

o
d
els,

r
=
m

2;
th

u
s,

th
e

co
n
d
ition

n
m
<
r

red
u
ces

to
n
<
m

,
or
n
<
m

+
1

w
h
en

b
oth

K
an

d
η

are
estim

ated
.

T
o

circu
m

ven
t

th
e

u
n
b

ou
n
d
ed

n
ess

p
rob

lem
,

w
e

ad
d

sm
all

valu
es
γ
`
>

0
to

th
e

d
iagon

al
en

tries
o
f

Γ
,

w
h
ich

b
ecom

e
Γ
`,`

+
γ
` ,
`

=
1
,...,r.

T
h
is

is
in

th
e

sp
irit

of
w

ork
su

ch
as

L
ed

o
it

a
n
d

W
o
lf

(2004)
an

d
corresp

on
d
s

to
an

elastic
n
et-ty

p
e

p
en

alty
(Z

ou
an

d
H

astie,
2
0
0
5
)

w
ith

w
eigh

ted
`
2

p
en

alty
∑

r`=
1
γ
` θ

2` .
A

fter
th

is
m

o
d
ifi

cation
,

Γ
is

p
ositive

d
efi

n
ite,

o
u
r

reg
u
la

rized
loss

is
stron

gly
con

v
ex

in
θ

,
an

d
a

u
n
iq

u
e

m
in

im
izer

ex
ists

for
all

λ
≥

0.
F

o
r

th
e

sp
ecia

l
case

of
tru

n
cated

G
G

M
s,

w
e

w
ill

sh
ow

th
at

a
resu

lt
on

con
sisten

t
estim

a
tion

h
o
ld

s
if

w
e

ch
o
ose

γ
`

=
δ

0 Γ
`,`

for
a

su
itab

ly
sm

all
con

stan
t
δ

0
>

0,
for

w
h
ich

w
e

p
ro

p
ose

a
p
a
rticu

la
r

ch
o
ice

to
av

oid
tu

n
in

g.
T

h
is

ch
oice

of
γ
`

d
ep

en
d
s

on
th

e
d
ata

th
rou

gh
Γ
`,` .

D
e
fi

n
itio

n
8

F
o
r
γ
∈
R
r+ \{0},

let
Γ
γ
≡

Γ
+

d
iag

(γ
).

T
h
e

regu
larized

gen
era

lized
h

-score
m

a
tch

in
g

estim
ator

w
ith

tu
n

in
g

pa
ra

m
eter

λ
≥

0
a
n

d
am

p
lifi

er
γ

is
th

e
estim

a
to

r

θ̂
∈

argm
in

θ∈
Θ

Ĵ
h
,λ
,γ

(θ
)≡

argm
in

θ∈
Θ

12
θ
>

Γ
γ
(x

)θ
−
g

(x
) >
θ

+
λ‖
θ‖

1 .
(15)

In
th

e
case

w
h
ere

γ
=

(δ−
1)d

iag
(Γ

)
for

som
e
δ
>

1,
w

e
also

call
δ

th
e

m
u

ltip
lier.

W
e

n
o
te

th
a
t
θ̂

fro
m

(15)
is

a
p
iecew

ise
lin

ea
r

fu
n
ction

of
λ

(L
in

et
al.,

2016).

5
.

S
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re
M

a
tch

in
g

fo
r

G
ra

p
h
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e
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p
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d
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ra
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c
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con
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p
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d
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=
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p
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con
d
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>
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>
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−
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ca
se,

if
(C

C
1
)

a
n

d
o
n

e
o
f

(C
C

2
)

a
n

d
(C

C
3
)

h
o
ld

s,
th
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.
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Γ
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Γ
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+
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+
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√
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p
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p
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+
1}

(o
r

m
in
{n
,m
}

if
ce

n
te

re
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Γ
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p
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is

te
n
ce

of
a

so
lu

ti
on

fo
r

al
l

p
en

al
ty

p
ar

am
et

er
s
λ
≥
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=
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in
to
m

su
bv

ec
to

rs
g
j
(x

)
∈

R
m

+
1
,

w
h
er

e
th

e
en

tr
ie

s
o
f
g
j
(x

)
co

rr
es

po
n

d
to

co
lu

m
n

Ψ
j
,

th
e
k

-t
h

en
tr

y
o
f
g
j
(x

)
is

g j
k
(x

)
≡

        

1 n

∑
n i=

1
h
′ j( X

(i
)

j

) X
(i

)
k

if
k
≤
m
,
k
6=
j,

1 n

∑
n i=

1
h
′ j( X

(i
)

j

) X
(i

)
k

+
h
j

( X
(i

)
j

)
if
k

=
j,

−
1 n

∑
n i=

1
h
′ j( X

(i
)

j

)
if
k

=
m

+
1
.

(2
2
)

E
x
a
m

p
le

5
.4

T
h
e

ex
po

n
en

ti
a
l

sq
u

a
re

-r
oo

t
gr

a
p
h
ic

a
l

m
od

el
in

In
o
u

ye
et

a
l.

(2
0
1
6
)

h
a

s

p
η
,K

(x
)
∝

ex
p
( −
√
x
>

K
√
x

+
2
η
>
√
x
) 1

[0
,∞

)m
(x

),

w
h
ic

h
co

rr
es

po
n

d
s

to
(1

6
)

w
it

h
a

=
b

=
1
/
2.

W
e

re
fe

r
to

th
is

a
s

th
e

ex
p

on
en

ti
a
l

m
od

el
.

In
th

is
ca

se
,

th
e
j-

th
R

(m
+

1
)×

(m
+

1
)

bl
oc

k
o
f

Γ
is

Γ
j
(x

)
≡

1 n

n ∑ i=
1

h
j

( X
(i

)
j

)

X
(i

)
j

(
−
√
X

(i
)

1

)
( −
√
X

(i
)>
,1

)

a
n

d
g

=
ve

c(
g

0
),

w
h
er

e
th

e
j-

th
co

lu
m

n
o
f

g
0
∈
R

(m
+

1
)×
m

is

g
j
(x

)
≡

1 n

n ∑ i=
1

2h
′ j( X

(i
)

j

) X
(i

)
j
−
h
j

( X
(i

)
j

)

2X
(i

)
j

3
/
2

(
√
X

(i
)

−
1

)
+
h
j

( X
(i

)
j

)

2
X

(i
)

j

e
j,
m

+
1
.
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G
e
n
e
r
a
l
iz
e
d

S
c
o
r
e
M
a
t
c
h
in
g

E
x
a
m

p
le

5
.5

If
a

=
1/

2
a
n

d
b

=
0,

th
en

(1
6
)

beco
m

es

p
η
,K

(x
)∝

ex
p (−

√
x
>

K
√
x

+
η
>

log
(x

) )
1

(0
,∞

)
m

(x
).

(23)

If
K

is
d
ia

go
n

a
l

in
th

is
ca

se,
th

en
X
∼
p
η
,K

h
a
s

in
d
epen

d
en

t
en

tries
w

ith
X
j

fo
llo

w
in

g
th

e
ga

m
m

a
d
istribu

tio
n

w
ith

ra
te
κ
jj

a
n

d
sh

a
pe

η
j

+
1,

w
h
ich

gives
a
n

in
tu

itio
n

fo
r

co
n

d
itio

n
(C

C
3
)
η
j
>
−

1
in

T
h
eo

rem
9
.

W
e

ca
n

th
u

s
view

(2
3
)

a
s

a
m

u
ltiva

ria
te

ga
m

m
a

d
istribu

tio
n

w
ith

pa
irw

ise
in

tera
ctio

n
s

a
m

o
n

g
th

e
co

va
ria

tes,
a
n

d
ca

ll
th

is
th

e
gam

m
a

m
od

el.
F

o
r

th
is

m
od

el,
th

e
j-th

block
o
f

Γ
is

Γ
j (x

)≡
1n

n
∑i=

1

h
j (
X

(i)
j

)

X
(i)
j

2

(
−
√
X

(i)
j
X

(i)

1

)
(−
√
X

(i)
j
X

(i) >
,1 )

a
n

d
th

e
pa

rt
o
f
g

co
rrespo

n
d
in

g
to

K
j

is

g
1
,j (x

)≡
1n

n
∑i=

1

2h
′j (
X

(i)
j

)
X

(i)
j
−
h
j (
X

(i)
j

)

2X
(i)
j

3
/
2

√
X

(i)
+
h
j (
X

(i)
j

)

2
X

(i)
j

e
j,m
,

w
h
ile

th
e

pa
rt

fo
r
η
j

is

g
2
.j (x

)
=

1n

n
∑i=

1

h
j (
X

(i)
j

)

X
(i)
j

2
−
h
′j (
X

(i)
j

)

X
(i)
j

.

W
e

n
o
te

th
at

th
e

Γ
1
1
,j

su
b
-m

atrix
of

Γ
j

an
d

th
e
g

1
,j

su
b
-vector

of
g
j

for
th

e
gam

m
a

m
o
d
el

a
re

th
e

sam
e

as
th

ose
for

th
e

ex
p

on
en

tial
m

o
d
el,

sin
ce
a

=
1/2

in
b

oth
cases

an
d

th
e

p
a
rts

in
v
o
lv

in
g

K
in

th
e

d
en

sities
are

th
e

sam
e.

5
.3

.
C

o
m

p
u

ta
tio

n
a
l

D
e
ta

ils

In
th

e
m

ost
g
en

eral
ex

p
on

en
tial

fam
ily

settin
g,

as
in

E
q
.

(10)–(1
2)

in
T

h
eorem

5,
th

e
tim

e
co

m
p
lex

ity
fo

r
form

in
g

Γ
∈
R
r×
r

an
d
g
∈
R
r

isO
(n
m

(f
b ′(m

)
+
r

2
+
r(f

t ′(m
)

+
f
t ′′(m

))) ).
H

ere
f
b ′(m

)
is

th
e

average
tim

e
com

p
lex

ity
for

calcu
latin

g
∂
j b(x

)
over

j
=

1
,...,m

,
an

d
sim

ila
rly

f
t ′(m

)
for

∂
j t` (x

)
an

d
f
t ′′(m

)
for

∂
jj t` (x

)
over

j
=

1,...,m
an

d
`

=
1
...,r.

In
m

a
n
y

a
p
p
lication

s,
h
ow

ever,
th

ese
th

ree
fu

n
ction

s
w

ou
ld

b
e

con
stan

t
in
m

,
th

u
s

giv
in

g
an

O
(n
m
r

2)
co

m
p
u
tation

al
com

p
lex

ity,
w

ith
th

e
d
om

in
atin

g
term

com
in

g
from

th
e

op
eration

s
fo

r
t ′j t ′j >

in
Γ

sin
ce

Γ
is

of
d
im

en
sion

r×
r.

F
o
r

p
a
irw

ise
in

teraction
p

ow
er

m
o
d
els,

r
=
m

2
an

d
th

e
form

u
la

ab
ove

b
ecom

esO
(n
m

5).
H

ow
ever,

sin
ce

Γ
is

b
lo

ck
-d

iagon
al

w
ith

on
ly
m

3
n
on

zero
en

tries
an

d
b
y

th
e

sp
ecial

fo
rm

of
t(x

)
=
x
ax

a >
,

th
e

tru
e

com
p
lex

ity
is

in
factO

(n
m

3).
W

h
ile

th
e

in
tro

d
u
ction

of
th

e
`
1

p
en

alty
in

ev
itab

ly
p
reclu

d
es

th
e

estim
ator

from
h
av

in
g

a
clo

sed
-fo

rm
so

lu
tion

an
d

in
tro

d
u
ces

n
on

-d
iff

eren
tiab

ility,
state-of-art

n
u
m

erical
op

tim
ization

a
lg

o
rith

m
s,

su
ch

as
co

ord
in

ate-d
escen

t
(F

ried
m

an
et

al.,
2007),

can
b

e
ap

p
lied

for
fast

estim
a
tio

n
.

T
o

sp
eed

u
p

estim
ation

,
on

e
can

u
su

ally
u
se

w
arm

starts
u
sin

g
th

e
solu

tion
fro

m
th

e
p
rev

io
u
s
λ

’s,
as

w
ell

as
lasso

-ty
p

e
stron

g
screen

in
g

ru
les

(T
ib

sh
iran

i
et

al.,
2012)

to
elim

in
a
te

co
m

p
on

en
ts

of
θ̂

th
at

are
k
n
ow

n
a

p
riori

to
h
ave

zero
estim

ates.
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Y
u
,
D
r
t
o
n
a
n
d

S
h
o
ja

ie

In
ou

r
im

p
lem

en
tation

for
p
airw

ise
in

teraction
m

o
d
els

of
S
ection

5.1
(th

at
w

ill
b

ecom
e

availab
le

in
an

R
p
ackage),

w
e

op
tim

ize
ou

r
loss

fu
n
ction

s
w

ith
resp

ect
to

a
sy

m
m

etric
m

atrix
K̂

;
in

th
e

n
on

-cen
tered

case
th

e
vector

η̂
is

also
in

clu
d
ed

.
W

e
u
se

a
co

ord
in

ate-
d
escen

t
m

eth
o
d

an
alogou

s
to

A
lgorith

m
2

in
L

in
et

al.
(2016),

w
h
ere

in
each

step
w

e
u
p

d
ate

each
elem

en
t

of
K̂

an
d
η̂

b
ased

on
th

e
oth

er
en

tries
from

th
e

p
rev

iou
s

step
s,

w
h
ile

m
ain

tain
in

g
sy

m
m

etry.
In

ou
r

sim
u
lation

s
in

S
ection

7
w

e
alw

ay
s

scale
th

e
d
ata

m
atrix

b
y

colu
m

n
`
2

n
orm

s
b

efore
p
ro

ceed
in

g
to

estim
ation

.
N

ote
th

at
estim

ation
of

K̂
w

ith
ou

t
sy

m
m

etry
can

b
e

p
arallelized

as
th

e
loss

can
b

e
d
ecom

p
osed

in
to

a
su

m
over

th
e

colu
m

n
s.

5
.4

.
C

h
o
ic

e
o
f

th
e

F
u
n

c
tio

n
h

In
th

is
su

b
section

w
e

d
iscu

ss
th

e
req

u
irem

en
ts

on
th

e
fu

n
ction

h
as

w
ell

as
som

e
reason

ab
le

ch
oices

of
h

.

5
.4
.1
.
R
e
q
u
ir
e
m
e
n
t
s
o
n
h

In
S
ection

2.2,
w

e
p
resen

ted
tw

o
assu

m
p
tion

s
(A

1)
an

d
(A

2)
u
n
d
er

w
h
ich

th
e

gen
eralized

score-m
atch

in
g

loss
is

valid
,

i.e.,
th

e
in

tegration
b
y

p
arts

is
ju

stifi
ed

a
n
d

T
h
eorem

3
h
old

s.
In

th
is

section
,

w
e

p
resen

t
som

e
su

ffi
cien

t
(an

d
n
early

n
ecessary

)
req

u
irem

en
ts

on
h

su
ch

th
at

(A
1)

an
d

(A
2)

are
satisfi

ed
.

D
e
fi

n
itio

n
1
0

S
u

p
po

se
h

:R
m+
→

R
m+

w
ith

h
(x

)
=

(h
1 (x

1 ),...,h
m

(x
m

)) >
.

W
e

w
rite

th
a
t

h
∈
H
a
,b

(fo
r

sim
p
licity

w
e

o
m

it
th

e
d
epen

d
en

cy
o
n
m

)
if

fo
r

a
ll
j

=
1,...,m

:

i)
h
j

is
a
bso

lu
tely

co
n

tin
u

o
u

s
in

every
bo

u
n

d
ed

su
b-in

terva
l

o
fR

+
,

a
n

d
th

u
s

h
a
s

d
eriva

-
tive

h
′j

a
.s.;

ii)
h
j (x

)
>

0
a
.s.

o
n
R

+
;

iii)
h
j

a
n

d
h
′j

a
re

bo
th

bo
u

n
d
ed

by
so

m
e

p
iecew

ise
po

w
ers

o
f
x

a
.s.

o
n
R

+
;

iv)
lim
x↘

0
+
h
j (x

)/
x
qj

=
0,

w
h
ere

q≡
{

m
ax{

1−
a
,1−

b}
if
b
>

0
,

1−
η

0
,j

if
b

=
0.

T
h

e
o
re

m
1
1

A
ssu

m
e

every
P

in
th

e
fa

m
ily

o
f

d
istribu

tio
n
P

+
sa

tisfi
es

(C
C

1
)–

(C
C

3
)

a
n

d
th

u
s

h
a
s

fi
n

ite
n

o
rm

a
lizin

g
co

n
sta

n
ts.

If
h
∈
H
a
,b ,

th
en

(A
1
)

a
n

d
(A

2
)

a
re

sa
tisfi

ed
.

In
cen

tered
m

o
d
els,

w
h
ere

η
≡

0
,

w
e

can
assu

m
e
b

=
2
a

an
d

iv
)

in
th

e
d
efi

n
ition

of
H
a
,2
a

h
as

q
=

1−
a
.

F
or

tru
n
cated

G
G

M
s,
a

=
b

=
1,

so
iv

)
in

D
efi

n
ition

10
is

sim
p
ly

lim
x
j ↘

0
+
h
j (x

j )
=

0.

In
th

e
case

of
b

=
0,
η

is
an

u
n
k
n
ow

n
p
aram

eter,
an

d
(C

C
3)

req
u
ires

ea
ch

of
its

com
-

p
on

en
t

to
b

e
greater

th
an
−

1.
If

on
e

h
as

p
rior

in
form

ation
on
η

or
restricts

th
e

p
aram

eter
sp

ace
for

η
,

th
e

req
u
irem

en
t

red
u
ces

to
h
j (x

j )
=
o(x

1−
η
0
,j

j
)

a
s
x
j
↘

0
+

.
O

th
erw

ise,
it

su
ffi

ces
to

req
u
ire

h
j (x

j )
=
o(x

2j ).
N

ote
th

at
th

is
is

on
ly

a
con

d
ition

for
x
j ↘

0
+

,
an

d
th

e

glob
ally

q
u
ad

ratic
b

eh
av

ior
of
h
j (x

j )
=
x

2j
from

th
e

origin
al

score
m

atch
in

g
is

n
ot

n
eed

ed
on

th
e

en
tire

R
+

,
leav

in
g

op
p

ortu
n
ities

for
im

p
rovem

en
ts.
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e
n
e
r
a
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e
d

S
c
o
r
e
M
a
t
c
h
in
g

5
.4
.2
.
R
e
a
so

n
a
b
l
e
C
h
o
ic
e
s
o
f
h

A
ss

u
m

e
a

co
m

m
on

u
n
iv

ar
ia

te
h

fo
r

al
l

co
m

p
on

en
ts

in
h

.
In

sp
ir

ed
b
y

T
h
eo

re
m

11
,

w
e

co
n
si

d
er
h

th
at

b
eh

av
es

li
ke

a
p

ow
er

of
x

b
ot

h
as

x
↗

+
∞

an
d

a
s
x
↘

0
+

.
S
in

ce
th

e
re

q
u
ir

em
en

ts
on

th
e

tw
o

ta
il
s

ar
e

se
p
ar

at
e,

w
e

ca
n

ch
o
os

e
h

to
b

e
a

p
ie

ce
w

is
e

d
efi

n
ed

fu
n
ct

io
n

th
at

jo
in

s
tw

o
p

ow
er

s
w

it
h

p
os

si
b
ly

d
iff

er
en

t
d
eg

re
es

.
In

ot
h
er

w
or

d
s,
h

(x
)

=
m

in
(x
p
1
,c
x
p
2
)

fo
r

so
m

e
p

ow
er

s
p

1
≥
p

2
≥

0
an

d
co

n
st

an
t
c
>

0.
O

n
ly

on
e

co
n
st

an
t
c

is
re

q
u
ir

ed
si

n
ce

ge
n
er

al
iz

ed
sc

or
e

m
at

ch
in

g
is

in
va

ri
an

t
to

sc
al

in
g

of
h

.
In

d
et

er
m

in
in

g
th

e
ex

ac
t

p
ow

er
of

p
1

w
e

h
av

e
th

e
fo

ll
ow

in
g

co
n
si

d
er

at
io

n
s:

a)
In

th
e

ce
n
te

re
d

ca
se

:

(i
)

(A
1)

an
d

(A
2)

:
T

h
eo

re
m

11
re

q
u
ir

es
th

at
p

1
≥

1
−
a
.

(i
i)

“C
on

tr
ol

le
d

Γ
an

d
g

fo
r
x
a
”:

W
e

p
ro

p
os

e
av

oi
d
in

g
p

ol
es

at
th

e
or

ig
in

fo
r

th
e

en
tr

ie
s

of
Γ

an
d
g

.
T

h
e

fo
rm

u
la

fo
r

Γ
1
1

in
(1

8)
sh

ow
s

th
at

to
th

is
en

d
√
h

(x
)x
a
−

1

n
ee

d
s

to
h
av

e
a

n
on

-n
eg

at
iv

e
d
eg

re
e

.
T

h
is

re
q
u
ir

es
p

1
≥

2
−

2
a
.

T
h
e

fo
rm

u
la

fo
r
g

1
si

m
il
ar

ly
sh

ow
s

th
at
h
′ (
x

)x
a
−

1
,
h

(x
)x
a
−

2
an

d
h

(x
)x

2
a
−

2
al

l
n
ee

d
to

h
av

e
a

n
on

-n
eg

at
iv

e
d
eg

re
e

fo
r

sm
al

l
x

.
T

h
is

re
q
u
ir

es
p

1
≥

2
−
a
.

b
)

In
th

e
n
on

-c
en

te
re

d
ca

se
,

in
ad

d
it

io
n

to
(i

)
an

d
(i

i)
,

(i
ii
)

(A
1)

an
d

(A
2)

:
T

h
eo

re
m

11
re

q
u
ir

es
p

1
≥

m
ax
{1
−
a
,1
−
b}

fo
r
b
>

0,
or

1
−

m
in
j
η 0
,j

fo
r
b

=
0.

(i
v
)

“C
on

tr
ol

le
d

Γ
an

d
g

fo
r
x
b
”:

F
ro

m
th

e
d
efi

n
it

io
n

of
Γ

2
2

an
d
g

2
a
n
d

b
y

th
e

sa
m

e
re

as
on

in
g

as
ab

ov
e,
√
h

(x
)x
b−

1
,
h
′ (
x

)x
b−

1
an

d
h

(x
)x
b−

2
n
ee

d
to

b
e

n
on

-n
eg

at
iv

e
p

ow
er

s
of
x

,
th

u
s

re
q
u
ir

in
g
p

1
≥

m
ax
{2
−
b,

2
−

2
b}

=
2
−
b.

T
h
e

ch
oi

ce
of
p

2
,

is
on

ly
re

le
va

n
t

fo
r

la
rg

e
d
at

a
p

oi
n
ts

.
O

u
r

m
ai

n
co

n
si

d
er

at
io

n
is

th
en

m
er

el
y

h
ow

w
el

l
Γ

an
d
g

co
n
ce

n
tr

at
e

on
th

ei
r

tr
u
e

p
op

u
la

ti
on

va
lu

es
(T

h
eo

re
m

1
3)

.
F

ro
m

th
is

p
er

sp
ec

ti
ve

,
ou

r
in

tu
it

io
n

is
th

at
p

2
sh

ou
ld

b
e

ch
os

en
sm

al
l

so
th

at
th

e
ta

il
s

of
th

e
d
is

tr
ib

u
ti

on
s

of
th

e
en

tr
ie

s
of

Γ
an

d
g

ar
e

w
el

l-
b

eh
av

ed
.

T
h
u
s,

w
e

ca
n

ch
o
os

e
p

2
=

0
,

in
w

h
ic

h
ca

se
h

(x
)

=
m

in
(x
p
1
,c

)
is

a
tr

u
n
ca

te
d

p
ow

er
.

5
.5

.
T

u
n

in
g

P
a
ra

m
e
te

r
S

e
le

c
ti

o
n

B
y

tr
ea

ti
n
g

th
e

u
n
p

en
al

iz
ed

lo
ss

(i
.e

.,
λ

=
0,
γ

=
0)

as
a

n
eg

at
iv

e
lo

g-
li
ke

li
h
o
o
d
,

w
e

m
ay

u
se

th
e

ex
te

n
d
ed

B
ay

es
ia

n
In

fo
rm

at
io

n
C

ri
te

ri
on

(e
B

IC
)

to
ch

o
os

e
th

e
tu

n
in

g
p
ar

am
et

er
(C

h
en

an
d

C
h
en

,
20

08
;

F
oy

ge
l

an
d

D
rt

on
,

20
10

).
C

on
si

d
er

th
e

ce
n
te

re
d

ca
se

as
a
n

ex
am

p
le

.
L

et
Ŝ
λ
≡
{(
i,
j)

:
κ̂
λ ij
6=

0,
i
<
j}

,
w

h
er

e
K̂
λ

b
e

th
e

es
ti

m
at

e
as

so
ci

at
ed

w
it

h
tu

n
in

g
p
ar

am
et

er
λ

.
T

h
e

eB
IC

is
th

en

eB
IC

(λ
)

=
−
n

ve
c(

K̂
)>

Γ
(x

)v
ec

(K̂
)

+
2
n
g

(x
)>

ve
c(

K̂
)

+
|Ŝ
λ
|lo

g
n

+
2

lo
g

( p
(p
−

1)
/2

|Ŝ
λ
|

)
,

w
h
er

e
K̂

ca
n

b
e

ei
th

er
th

e
or

ig
in

al
es

ti
m

a
te

as
so

ci
at

ed
w

it
h
λ

,
or

a
re

fi
tt

ed
so

lu
ti

on
ob

ta
in

ed
b
y

re
st

ri
ct

in
g

th
e

su
p
p

or
t

to
Ŝ
λ
.

W
e

u
se

th
e

eB
IC

in
st

ea
d

of
th

e
or

d
in

ar
y

B
IC

(B
ay

es
ia

n
In

fo
rm

at
io

n
C

ri
te

ri
o
n
)

si
n
ce

th
e

B
IC

te
n
d
s

to
ch

o
os

e
an

ov
er

ly
co

m
p
le

x
m

o
d
el

w
h
en

th
e

m
o
d
el

sp
ac

e
is

la
rg

e,
as

en
-

co
u
n
te

re
d

in
th

e
h
ig

h
-d

im
en

si
on

al
se

tt
in

g.
T

h
e

ex
te

n
si

on
in

eB
IC

co
m

es
fr

om
th

e
la

st

1
7
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01
9

Y
u
,
D
r
t
o
n
a
n
d

S
h
o
ja

ie

te
rm

in
th

e
ab

ov
e

d
is

p
la

y
w

h
ic

h
ca

n
b

e
m

ot
iv

at
ed

b
y

a
p
ri

or
d
is

tr
ib

u
ti

on
u
n
d
er

w
h
ic

h
th

e
n
u
m

b
er

of
ed

ge
s

in
th

e
co

n
d
it

io
n
al

in
d
ep

en
d
en

ce
gr

ap
h

is
u
n
if

or
m

ly
d
is

tr
ib

u
te

d
;

se
e

a
ls

o
Ż

ak
-S

za
tk

ow
sk

a
an

d
B

og
d
an

(2
01

1)
an

d
B

ar
b

er
an

d
D

rt
on

(2
01

5)
.

6
.

T
h
e
o
ry

fo
r

G
ra

p
h
ic

a
l

M
o
d
e
ls

In
ou

r
re

gu
la

ri
ze

d
ge

n
er

al
iz

ed
sc

or
e

m
at

ch
in

g
fr

am
ew

or
k
,

w
e

in
tr

o
d
u
ce

d
th

e
a
m

p
li
fi
er

s/
m

u
lt

ip
li
er

s
to

ad
d
re

ss
th

e
in

ex
is

te
n
ce

p
ro

b
le

m
.

W
e

al
so

p
ro

p
os

ed
u
si

n
g

a
ge

n
er

a
l

fu
n
ct

io
n

h
in

p
la

ce
of
x

2
as

a
m

ea
n
s

to
im

p
ro

ve
es

ti
m

at
io

n
ac

cu
ra

cy
.

T
h
is

se
ct

io
n

p
ro

v
id

es
a

th
eo

re
ti

ca
l

an
al

y
si

s
of

th
es

e
tw

o
as

p
ec

ts
.

In
S
ec

ti
on

6.
1,

w
e

p
re

se
n
t

th
e

th
eo

ry
fo

r
ou

r
re

gu
la

ri
ze

d
ge

n
er

al
iz

ed
sc

o
re

m
a
tc

h
in

g
es

ti
m

at
or

s
fo

r
ge

n
er

al
p
ai

rw
is

e
in

te
ra

ct
io

n
m

o
d
el

s
b

ef
or

e
go

in
g

in
to

th
e

d
et

ai
ls

fo
r

th
e

sp
ec

ia
l

ca
se

s
of

(t
ru

n
ca

te
d
)

G
G

M
s.

N
ex

t,
w

e
sh

ow
th

at
a

sp
ec

ifi
c

ch
oi

ce
of

am
p
li
fi
er

s/
m

u
lt

ip
li
er

s
y
ie

ld
s

co
n
si

st
en

t
es

ti
m

at
io

n
w

it
h
ou

t
th

e
n
ee

d
fo

r
tu

n
in

g.
T

h
is

p
oi

n
t

is
im

p
o
rt

a
n
t

ev
en

in
th

e
ca

se
of

G
au

ss
ia

n
m

o
d
el

s
on

al
l
of

R
m

.
T

h
er

ef
or

e,
in

S
ec

ti
on

6.
2

w
e

d
ig

re
ss

fr
om

n
o
n
-n

eg
a
ti

v
e

d
at

a
an

d
co

n
si

d
er

th
e

or
ig

in
al

sc
or

e
m

at
ch

in
g

of
H

y
v
är

in
en

(2
00

5)
fo

r
ce

n
te

re
d

G
a
u
ss

ia
n

d
is

tr
ib

u
ti

on
s.

F
in

al
ly

,
in

S
ec

ti
on

6.
3,

w
e

d
er

iv
e

p
ro

b
ab

il
is

ti
c

re
su

lt
s

fo
r

Ψ̂
b
as

ed
o
n

T
h
eo

re
m

13
,

ju
st

if
y
in

g
th

e
b

en
efi

ts
of

u
si

n
g

a
g
en

er
al

b
o
u
n
d
ed
h

ov
er
x

2
in

th
e

n
on

-n
eg

a
ti

ve
se

tt
in

g
.

A
s

th
e

m
os

t
im

p
or

ta
n
t

m
o
d
el

s
fr

om
th

e
cl

as
s

of
p
ai

rw
is

e
in

te
ra

ct
io

n
p

ow
er

m
o
d
el

s
ov

er
R
m +

,
w

e
on

ly
tr

ea
t

tr
u
n
ca

te
d

G
G

M
s

si
n
ce

th
ey

h
av

e
th

e
m

os
t

tr
ac

ta
b
le

co
n
ce

n
tr

a
ti

o
n

b
o
u
n
d
s;

th
is

ca
se

al
so

p
ro

v
id

es
a

co
m

p
ar

is
on

to
C

or
ol

la
ry

2
in

L
in

et
al

.
(2

01
6)

,
w

h
ic

h
u
se

s
x

2
.

6
.1

.
T

h
e
o
ry

fo
r

P
a
ir

w
is

e
In

te
ra

c
ti

o
n

M
o
d

e
ls

T
h
e

gr
ap

h
ic

al
m

o
d
el

s
w

e
tr

ea
t

ar
e

p
ar

am
et

ri
ze

d
b
y

th
e

in
te

ra
ct

io
n

m
at

ri
x

K
a
n
d

th
e

co
effi

-
ci

en
ts
η

on
(x

b
−

1
m

)/
b.

It
is

co
n
ve

n
ie

n
t

to
ac

co
m

m
o
d
at

e
th

is
se

tt
in

g
w

it
h

a
m

a
tr

ix
-v

a
lu

ed
p
ar

am
et

er
Ψ
∈
R
r 1
×
r 2

(i
n

p
la

ce
of
θ

)
an

d
sp

ec
if

y
ou

r
re

gu
la

ri
ze

d
h

-s
co

re
m

a
tc

h
in

g
lo

ss
a
s

Ĵ
h
,λ
,γ

(Ψ
)
≡

ar
gm

in
Ψ
∈R

r
1
×
r
2

1 2
ve

c(
Ψ

)>
Γ
γ
(x

)v
ec

(Ψ
)
−
g

(x
)>

ve
c(

Ψ
)

+
λ
‖Ψ
‖ 1
.

(2
4
)

In
th

e
n
on

-c
en

te
re

d
ca

se
w

e
th

u
s

ta
k
e

Ψ
=

[K
,η

]>
∈
R
m

(m
+

1
)×
m

.
In

th
e

ce
n
te

re
d

ca
se

,
Ψ

is
si

m
p
ly

th
e
m
×
m

in
te

ra
ct

io
n

m
at

ri
x

K
.

F
ol

lo
w

in
g

re
la

te
d

p
ri

or
w

or
k

su
ch

a
s

L
in

et
a
l.

(2
01

6)
,

fo
r

ea
se

of
p
ro

of
w

e
al

lo
w

th
e

m
at

ri
x

K
to

b
e

n
on

sy
m

m
et

ri
c,

w
h
ic

h
a
ll
ow

s
u
s

to
d
ec

ou
p
le

op
ti

m
iz

at
io

n
ov

er
th

e
d
iff

er
en

t
co

lu
m

n
s

of
K

or
Ψ

,
w

h
il
e

in
ou

r
im

p
le

m
en

ta
ti

o
n
s

w
e

en
su

re
th

at
K

is
sy

m
m

et
ri

c.

D
e
fi

n
it

io
n

1
2

L
et

Γ
0
≡

E 0
Γ

(x
)

a
n

d
g

0
≡

E 0
g

(x
)

be
th

e
po

p
u

la
ti

o
n

ve
rs

io
n

s
o
f

Γ
(x

)
a
n

d
g

(x
)

u
n

d
er

th
e

d
is

tr
ib

u
ti

o
n

gi
ve

n
by

a
tr

u
e

pa
ra

m
et

er
m

a
tr

ix
Ψ

0
.

T
h
e

su
p
po

rt
o
f

a
m

a
tr

ix
Ψ

is
S

(Ψ
)
≡
{(
i,
j)

:
ψ
ij
6=

0}
,

a
n

d
w

e
le

t
S

0
=
S

(Ψ
0
).

F
o
r

a
m

a
tr

ix
Ψ

0
,

w
e

d
efi

n
e
d

Ψ
0

to
be

th
e

m
a
xi

m
u

m
n

u
m

be
r

o
f

n
o
n

-z
er

o
en

tr
ie

s
in

a
n

y
co

lu
m

n
,

a
n

d
c Ψ

0
≡
|||Ψ

0
||| ∞

,∞
.

W
ri

ti
n

g
Γ

0
,A
B

fo
r

th
e
A
×
B

su
bm

a
tr

ix
o
f

Γ
0
,

w
e

d
efi

n
e

c Γ
0
≡
|||(

Γ
0
,S

0
S
0
)−

1
||| ∞

,∞
.

(2
5
)

F
in

a
ll

y,
Γ

0
sa

ti
sfi

es
th

e
ir

re
p
re

se
n
ta

b
il
it

y
co

n
d
it

io
n

w
it

h
in

co
h
er

en
ce

p
ar

am
et

er
α
∈

(0
,1

]
an

d
ed

ge
se

t
S

0
if

|||Γ
0
,S
c 0
S
0
(Γ

0
,S

0
S
0
)−

1
||| ∞

,∞
≤

(1
−
α

).
(2

6
)

1
8
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G
e
n
e
r
a
l
iz
e
d

S
c
o
r
e
M
a
t
c
h
in
g

O
u
r

a
n
a
ly

sis
of

th
e

regu
larized

g
en

eralized
h

-score
m

atch
in

g
estim

ator
b
u
ild

s
on

th
e

fo
llow

in
g

th
eo

rem
taken

from
L

in
et

al.
(2016,

T
h
eorem

1).

T
h

e
o
re

m
1
3

S
u

p
po

se
Γ

0
h
a
s

Γ
0
,S

0
S
0

in
vertible

a
n

d
sa

tisfi
es

th
e

irrep
resen

ta
bility

co
n

d
itio

n
(2

6
)

w
ith

in
co

h
eren

ce
pa

ra
m

eter
α
∈

(0,1].
A

ssu
m

e
th

a
t

‖
Γ
γ
(x

)−
Γ

0 ‖∞
<
ε
1 ,

‖g
(x

)−
g

0 ‖∞
<
ε
2 ,

(27)

w
ith

d
Ψ

0 ε
1 ≤

α
/(6c

Γ
0 ).

If

λ
>

3(2−
α

)

α
m

ax{
c
Ψ

0 ε
1 ,ε

2 }
,

th
en

th
e

fo
llo

w
in

g
h
o
ld

s:

(a
)

T
h
e

regu
la

rized
gen

era
lized

h
-sco

re
m

a
tch

in
g

estim
a
to

r
Ψ̂

m
in

im
izin

g
(2

4
)

is
u

n
iqu

e,
w

ith
su

p
po

rt
Ŝ
≡
S

(Ψ̂
)⊆

S
0 ,

a
n

d
sa

tisfi
es

‖Ψ̂
−

Ψ
0 ‖∞

≤
c
Γ
0

2−
α
λ
.

(b)
If

m
in

1≤
j<
k≤

m
|Ψ

0
,jk |

>
c
Γ
0

2−
α
λ
,

th
en

Ŝ
=
S

0
a
n

d
sign

(Ψ̂
jk )

=
sign

(Ψ
0
.jk )

fo
r

a
ll

(j,k
)∈

S
0 .

T
h
is

resu
lt

is
d
eterm

in
istic,

an
d

th
e

im
p
rovem

en
t

of
ou

r
gen

eralized
estim

ator
ov

er
th

e
o
n
e

in
L

in
et

a
l.

(2016)
is

in
its

p
rob

ab
ilistic

gu
a
ran

tees,
as

sh
ow

n
for

tru
n
cated

G
G

M
s

in
T

h
eo

rem
s

1
6

an
d

17
in

S
ection

6.3.
B

efore
goin

g
in

to
th

ese
ex

am
p
les,

w
e

state
a

gen
eral

co
ro

lla
ry.

C
o
ro

lla
ry

1
4

U
n

d
er

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
1
3
,

th
e

m
a
trix

Ψ̂
m

in
im

izin
g

(2
4
)

sa
t-

isfi
es

‖
Ψ̂
−

Ψ
0 ‖
F
≤

c
Γ
0

2−
α
λ √
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Ŝ
≡
S

(K̂
)⊆

S
0 ,

a
n

d
sa

tisfi
es

‖K̂
−

K
0 ‖∞

≤
c
Γ
0

2−
α
λ
,

2
0

JM
L

R
 20(76):1-70, 2019



G
e
n
e
r
a
l
iz
e
d

S
c
o
r
e
M
a
t
c
h
in
g

|||K̂
−

K
0
||| F
≤

c Γ
0

2
−
α
λ
√
|S

0
|,

|||K̂
−

K
0
||| 2
≤

c Γ
0

2
−
α
λ

m
in

(√
|S

0
|,d

K
0
),

w
h
er

e
c Γ

0
is

d
efi

n
ed

in
(2

5
).

(b
)

M
o
re

o
ve

r,
if

m
in

j,
k
:(
j,
k
)∈
S
0

|κ
0
,j
k
|>

c Γ
0

2
−
α
λ
,

th
en

Ŝ
=
S

0
a
n

d
si

gn
(κ̂
jk

)
=

si
g
n
(κ

0
,j
k
)

fo
r

a
ll

(j
,k

)
∈
S

0
.

T
h
e

th
eo

re
m

is
p
ro

ve
d

in
A

p
p

en
d
ix

A
.4

,
w

h
er

e
d
et

ai
ls

on
th

e
d
ep

en
d
en

ci
es

on
co

n
st

an
ts

ar
e

p
ro

v
id

ed
.

A
ke

y
in

gr
ed

ie
n
t

of
th

e
p
ro

of
is

a
ta

il
b

ou
n
d

on
‖Γ

γ
−

Γ
0
‖ ∞

,
w

h
ic

h
fe

at
u
re

s

p
ro

d
u
ct

s
of

th
e
X

(i
)

j
’s

.
In

L
in

et
al

.
(2

01
6)

,
th

e
p
ro

d
u
ct

s
ar

e
u
p

to
fo

u
rt

h
or

d
er

.
U

si
n
g

b
ou

n
d
ed
h

,
ou

r
p
ro

d
u
ct

s
au

to
m

at
ic

al
ly

ca
li
b
ra

te
s

to
a

q
u
ad

ra
ti

c
p

ol
y
n
om

ia
l

w
h
en

th
e

ob
se

rv
ed

va
lu

es
ar

e
la

rg
e,

an
d

re
so

rt
to

h
ig

h
er

m
om

en
ts

on
ly

w
h
en

th
ey

ar
e

sm
al

l.
T

h
is

le
ad

s
to

im
p
ro

ve
d

b
ou

n
d
s

an
d

co
n
v
er

g
en

ce
ra

te
s,

u
n
d
er

sc
or

ed
in

th
e

n
ew

re
q
u
ir

em
en

t
on

th
e

sa
m

p
le

si
ze
n

,
w

h
ic

h
sh

ou
ld

b
e

co
m

p
a
re

d
to
n
≥
O

(d
2 K

0
(l

og
m
τ
)8

)
in

L
in

et
al

.
(2

01
6)

.

F
or

th
e

n
on

-c
en

te
re

d
ca

se
,

b
y

d
efi

n
it

io
n
,
c Ψ

0
≡
|||Ψ

0
>
||| ∞

,∞
≤
c K

0
+
‖η

0
‖ ∞

,
d

Ψ
0
≤

d
K

0
+

1.
T

h
e

p
ro

of
gi

v
en

fo
r

T
h
eo

re
m

16
go

es
th

ro
u
gh

a
ga

in
h
er

e,
a
n
d

w
e

h
av

e
th

e
fo

ll
ow

in
g

co
n
si

st
en

cy
re

su
lt

s.

T
h

e
o
re

m
1
7

S
u

p
po

se
th

e
d
a
ta

m
a
tr

ix
h
o
ld

s
n

i.
i.

d
.

co
p
ie

s
o
f
X
∼

T
N

(µ
0
,K

0
).

A
ss

u
m

e
th

a
t
h
∈
H

1
,1

a
n

d
th

a
t

0
≤
h
≤
M

,
0
≤
h
′
≤
M
′

a
.s

.
fo

r
co

n
st

a
n

ts
M
,M
′ .

L
et
γ

be
a

ve
ct

o
r

o
f

a
m

p
li

fi
er

s
th

a
t

a
re

n
o
n

-z
er

o
o
n

ly
fo

r
th

e
d
ia

go
n

a
l

en
tr

ie
s

o
f

th
e

m
a
tr

ic
es

Γ
1
1
,j

,
a
m

p
li

fy
in

g
th

o
se

by
(δ
−

1)
d
ia

g
(Γ

1
1
,j

)
w

it
h

1
<
δ
<
C

(n
,m

)
≡

2
−
( 1

+
4
e

m
ax
{6

lo
g
m
/n
,√

6
lo

g
m
/n
})
−

1
.

S
u

p
po

se
fu

rt
h
er

th
a
t

Γ
0
,S

0
S
0

is
in

ve
rt

ib
le

a
n

d
sa

ti
sfi

es
th

e
ir

re
p
re

se
n

ta
bi

li
ty

co
n

d
it

io
n

(2
6
)

w
it

h
α
∈

(0
,1

].
D

efi
n

e
c X
≡

2
m

ax
j

( 2
√

(K
−

1
0

) j
j

+
√
e
E 0
X
j

) .
S

u
p
po

se
fo

r
τ
>

3
th

e

sa
m

p
le

si
ze

a
n

d
th

e
re

gu
la

ri
za

ti
o
n

pa
ra

m
et

er
sa

ti
sf

y

n
>
O
(
τ

lo
g
m

m
ax

{
M

2
c2 Γ

0
,Ψ

0
c4 X
d

2 Ψ
0

α
2

,
M
c Γ

0
,Ψ

0
c2 X
d

Ψ
0

α

}
)
,

(3
2)

λ
>
O
[ (M

c Ψ
0
c2 X

+
M
′ c
X

+
M

)

(
√
τ

lo
g
m

n
+
τ

lo
g
m

n

)
] ,

(3
3)

w
h
er

e
c Γ

0
,Ψ

0
is
c Γ

0
a
s

in
(2

5
)

bu
t

w
it

h
n

o
ta

ti
o
n

Ψ
0

to
d
iff

er
en

ti
a
te

it
fr

o
m

th
e

ce
n

te
re

d
ca

se
.

T
h
en

th
e

fo
ll

o
w

in
g

st
a
te

m
en

ts
h
o
ld

w
it

h
p
ro

ba
bi

li
ty

1
−
m

3
−
τ
:

(a
)

T
h
e

re
gu

la
ri

ze
d

ge
n

er
a
li

ze
d
h

-s
co

re
m

a
tc

h
in

g
es

ti
m

a
to

r
Ψ̂

th
a
t

m
in

im
iz

es
(2

4
)

is
u

n
iq

u
e,

h
a
s

it
s

su
p
po

rt
in

cl
u

d
ed

in
th

e
tr

u
e

su
p
po

rt
,
Ŝ
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e
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e

h
igh
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o
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e

d
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m
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1
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L
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l.

L
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B

3
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6
)

C
C

N
E

2
(19)

P
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P
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P
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R
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P
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P
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3
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R
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S
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P
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P
D
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F

R
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L
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C
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a
b
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L
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.
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b
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3
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d
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=
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b
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b
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Y
u
,
D
r
t
o
n
a
n
d

S
h
o
ja

ie

n
etw

ork
s

(C
arter

et
al.,

2004;
J
eon

g
et

al.,
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H
an

et
al.,

2004).
A

m
on

g
th

ese
top

gen
es,

six
are
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m

on
in

b
oth

grap
h
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an
d
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d
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L
in

et
a
l.

(2016).
W

e
n
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t
elab
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on

th
e

ev
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en
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su
p
p

ortin
g
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e
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fou
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n
ew
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•
M

M
P

2
(M
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A
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d
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p
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d
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b
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b
een

rep
orted

in
p
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p
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b
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p
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et
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b
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d
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et
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d
eed
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d
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e
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b
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eth
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th
e
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p
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C
C

N
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B

R
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A
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S
K

P
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an
d

S
T

A
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w
h
ile

p
rev
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rep
orted
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n
ew
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d
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L
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al.
(2016),
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d
rop

p
ed

b
y

ou
r

n
ew

an
aly

sis.
T

estin
g

an
d

in
feren
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(p

oten
tially

u
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g
b

o
otstrap

p
in

g)
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p
ortan

t
p
rob

lem
b
u
t

is
b

ey
on

d
th

e
scop

e
of

th
is

p
ap

er.

8
.

D
iscu

ssio
n

In
th

is
p
ap

er,
w

e
p
rop

osed
a

gen
eralization

of
th

e
score

m
atch

in
g

estim
ator

of
H

y
v
ärin

en
(2007),

b
ased

on
scalin

g
th

e
log-grad

ien
ts

to
b

e
m

atch
ed

w
ith

a
su

itab
ly

ch
osen

fu
n
ction

h
.

T
h
e

gen
eralization

retain
s

th
e
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tages
of

H
y
v
ärin

en
’s

m
eth

o
d
:

E
stim

ates
can

b
e

com
p
u
ted

w
ith

ou
t

k
n
ow
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ge

of
n
orm

alizin
g
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an

d
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p
aram

eters
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p

on
en

tial
fam
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e
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loss
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a

q
u
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n
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.

F
or

h
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-d
im

en
sion

al
ex

p
on

en
tial

fam
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grap
h
ical

m
o
d
els,

follow
in

g
L

in
et

al.
(2016),

w
e

ad
d

an
`
1

p
en

alty
to

regu
larize

th
e

gen
eralized

score
m

atch
in

g
loss.

O
n
e

p
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l
issu

e
th

at
is

overlo
oked

in
L

in
et

al.
(2016)

is
th

e
fact

th
at

th
e

score
m

a
tch

in
g

loss
can

b
e

u
n
b

ou
n
d
ed

b
elow

for
a
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n
in

g
p
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eter,
w

h
en

th
e

d
im

en
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n
m

ex
ceed

s
th

e
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p
le

size
n

.
W

e
fi
x

th
is

issu
e

b
y

am
p
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in
g

th
e

d
iagon
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en
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th
e

q
u
ad
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m
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th
e

d
efi

n
ition

of
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e
gen
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m
atch

in
g

loss
b
y

a
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u
ltip

lier,
an

d
w

e
giv

e
an

u
p
p

er
b

ou
n
d

on
th

at
m

u
ltip

lier
th

at
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aran
tees

con
sisten

cy.

A
s

ex
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p
les

w
e

con
sid

er
pa

irw
ise

in
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ctio
n

po
w

er
m

od
els

on
th

e
n
on

-n
egative

orth
an

t
R
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.
S
p

ecifi
cally,

th
e

con
sid

ered
m

o
d
els

are
ex

p
on

en
tial

fam
ilies

in
w

h
ich

th
e

log
d
en

sity
is
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r
e
M
a
t
c
h
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b
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p
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d
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d
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p
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T
h
e
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n
si

d
-
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k
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u
n
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d

n
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m
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d
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u
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p
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en
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u
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e
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h
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o
d
el

s
(a

=
b

=
1/

2)
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et
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.
(2
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,
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w
el

l
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a
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a
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of
m

u
lt
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ar
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te
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m

m
a

d
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u
ti

on
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=

1/
2,
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u
lt
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tr
u
n
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te
d

n
or

m
al

d
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ib

u
ti
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e
th
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n
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d
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p
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ap
h
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ve
n

b
y

th
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n
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g
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va
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m
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,

th
e
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m

p
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re
q
u
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ed
fo

r
th

e
co

n
si

st
en

cy
of

ou
r

m
et

h
o
d

u
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n
g

b
ou

n
d
ed
h
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Ω
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2

lo
g
m
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w

h
er

e
d
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e
d
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re
e

of
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e
gr

ap
h
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T
h
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m
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e

ra
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s
fo

r
G

au
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ia
n
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ap

h
ic

al
m

o
d
el

s
in

R
av
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u
-

m
ar

et
al

.
(2

01
1)

an
d

L
in

et
al

.
(2

01
6)

.
In

co
n
tr
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t,

th
e

sa
m

p
le

co
m

p
le

x
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y
fo

r
tr

u
n
ca
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d

G
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ss
ia

n
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d
el
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v
en
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in
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01
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Ω
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2
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g
8
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or
th

e
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n
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d
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=

m
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at
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p
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=
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b
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b
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d
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h
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p
ar

ti
al

ly
su

p
p

or
te

d
b
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at
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at
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d
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p
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h
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b
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p
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d
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R
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→

R
be

fu
n

ct
io

n
s

th
a
t

a
re

a
bs

o
lu

te
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∞
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∞
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∞
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h
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b
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p
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p
ro

d
u
ct

ru
le

.
In

p
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b
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s
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d
th

e
re

su
lt

is
th

en
ob

ta
in

ed
b
y

le
tt

in
g
c
↗

+
∞

.

P
ro

o
f

[P
ro

of
of

T
h
eo

re
m

3]
R

ec
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] d
x

=
1 2

∫
p

0
(x

)
m ∑ j=

1

h
j
(x
j
)

(
∂

lo
g
p
(x

)

∂
x
j

) 2
d
x

︸
︷︷

︸
≡
A

+
1 2

∫
p

0
(x

)
m ∑ j=

1

h
j
(x
j
)

(
∂

lo
g
p

0
(x

)

∂
x
j

) 2
d
x

︸
︷︷

︸
≡
C

−
∫
p

0
(x

)
m ∑ j=

1

h
j
(x
j
)∂

lo
g
p
(x

)

∂
x
j

∂
lo

g
p

0
(x

)

∂
x
j

d
x

︸
︷︷

︸
≡
B

,

w
h
er

e
A

w
il
l

si
m

p
ly

ap
p

ea
r

in
th

e
fi
n
al

d
is

p
la

y
as

is
,
C

is
a

co
n
st

an
t

as
it

on
ly

in
v
o
lv

es
th

e
tr

u
e

p
d
f
p

0
,

an
d

w
e

w
is

h
to

si
m

p
li
fy
B

b
y

in
te

gr
at

io
n

b
y

p
ar

ts
.

W
e

ca
n

sp
li
t

th
e

in
te

g
ra

l
in

to
th

es
e

th
re

e
p
ar

ts
si

n
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A

an
d
C

a
re
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su

m
ed

fi
n
it

e
in

th
e

fi
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t
p
ar

t
of

(A
2
),

a
n
d

th
e

in
te

gr
an

d
in
B

is
in

te
gr

ab
le

si
n
ce
|2
a
b|
≤
a

2
+
b2

.
T

h
u
s,

b
y

li
n
ea

ri
ty

an
d

F
u
b
in

i’
s

th
eo

re
m

,
w

e
ca

n
w

ri
te

B
=
−

m ∑ j=
1

∫
p

0
(x

)h
j
(x
j
)∂

lo
g
p
(x

)

∂
x
j

∂
lo

g
p

0
(x

)

∂
x
j

d
x

=
−

m ∑ j=
1

∫
[ ∫

p
0
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)h
j
(x
j
)∂

lo
g
p
(x

)

∂
x
j

∂
lo

g
p

0
(x

)

∂
x
j

d
x
j

] d
x
−
j
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∂
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∂
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p
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)
∂
p
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)
∂
x
j

,
th
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b
e

sim
p
lifi

ed
to

B
=
−

m
∑j=

1 ∫
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∂
p

0 (x
)

∂
x
j
h
j (x
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p
(x

)

∂
x
j

d
x
j ]

d
x
−
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B
u
t,

w
e
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e
p

0
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d
p
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u
ou

sly
d
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le,
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j

=
1,...,m
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d

fi
x
ed
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−
j ∈

R
m
−

1
+

.
H

en
ce,

in
every

b
ou

n
d
ed

su
b
-in

terval
ofR

+
,
p

0 (x
−
j ;x

j )
is

an
ab

so
lu

tely
co

n
tin

u
o
u
s

fu
n
ction

of
x
j ,
∂
j

log
p
(x
−
j ,x

j )
=
∂
j p

(x
−
j ,x

j )/p
(x
−
j ,x

j )
is

a
con

tin
u
ou

sly
d
if-

feren
tia

b
le

(a
n
d

h
en

ce
ab

solu
tely

co
n
tin

u
ou
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fu

n
ctio

n
of
x
j

b
y

th
e

q
u
otien

t
ru

le.
T

h
u
s

h
j (x

j )∂
j

lo
g
p
(x
−
j ;x

j )
is

also
ab

solu
tely

con
tin

u
ou

s
b
y

th
e

ab
solu

te
con

tin
u
ity

assu
m

p
tion

o
n
h
j .

T
h
en

,
b
y

L
em

m
a

19,
w

h
ere

w
e

take
f
≡
p

0 (x
−
j ;x

j )
an

d
g
≡
h
j (x

j )∂
j

log
p
(x
−
j ;x

j )
a
s

fu
n
ctio

n
s

o
f
x
j ,

follow
ed

b
y

assu
m

p
tion

(A
1),

B
=
−

m
∑j=

1 ∫
[

lim
a↗

+
∞
,b↘

0
+

[p
0 (x
−
j ;a

)h
j (a

)∂
j

log
p
(x
−
j ,a

)−
p

0 (x
−
j ;b)h

j (b)∂
j

log
p
(x
−
j ,b)]

−
∫
p

0 (x
) ∂

(h
j (x

j )∂
j

log
p
(x

))

∂
x
j

d
x
j ]

d
x
−
j

=
m
∑j=

1 ∫
[∫

p
0 (x

) ∂
(h
j (x

j )∂
j

log
p
(x

))

∂
x
j

d
x
j ]

d
x
−
j .

J
u
stifi

ed
b
y

th
e

secon
d

h
alf

of
(A

2),
b
y

F
u
b
in

i-T
on

elli
an

d
lin

earity
again

B
=

m
∑j=

1 ∫
p

0 (x
) ∂

(h
j (x

j )∂
j

log
p
(x

))

∂
x
j

d
x
,

=
m
∑j=

1 ∫
h
′j (x

j ) ∂
log

p
(x

)

∂
x
j

p
0 (x

)
d
x

+
m
∑j=

1 ∫
h
j (x

j ) ∂
2

log
p
(x

)

∂
x

2j

p
0 (x

)
d
x
.

T
h
u
s,

J
h

(p
)

=
B

+
A

+
C

=

∫

R
m+

p
0 (x

)
m
∑j=

1 [
h
′j (x

j ) ∂
log

p
(x

)

∂
x
j

+
h
j (x

j ) ∂
2

log
p
(x

)

∂
x

2j

+
12
h
j (x

j ) (
∂

log
p
(x

)

∂
x
j

)
2 ]

d
x

+
C
,

w
h
ere

C
is

a
co

n
stan

t
th

at
d
o
es

n
ot

d
ep

en
d

on
p
.

A
.2

.
P

ro
o
f

o
f

T
h

e
o
re

m
s

a
n

d
E

x
a
m

p
le

s
in

S
e
c
tio

n
3

P
ro

o
f

[P
ro

o
f

o
f

T
h
eorem

5]
F

or
ex

p
on

en
tial

fam
ilies

an
d

u
n
d
er

th
e

assu
m

p
tion

s,
th

e
em

-
p
irica

l
lo

ss
Ĵ
h

(p
θ
)
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(8)

b
ecom

es
(u

p
to

an
ad

d
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con
stan

t)

39
JM

L
R

 20(76):1-70, 2019

Y
u
,
D
r
t
o
n
a
n
d

S
h
o
ja

ie

Ĵ
h

(p
θ
)

=
1n

n
∑i=

1

m
∑j=

1 [
h
′j (X

(i)
j

) ∂
log

p
θ
(X

(i))

∂
X

(i)
j

+
h
j (X

(i)
j

) ∂
2

log
p
θ
(X

(i))

∂
(X

(i)
j

)
2

+
12
h
j (X

(i)
j

) (
∂

lo
g
p
θ
(X

(i))

∂
X

(i)
j

)
2 

=
1n

n
∑i=

1

m
∑j=

1 [h
′j (X

(i)
j

)(θ
>
t ′j (X

(i))
+
b ′j (X

(i)))
+
h
j (X

(i)
j

)(θ
>
t ′′j (X

(i))
+
b ′′j (X

(i)))

+
12
h
j (X

(i)
j

)(θ
>
t ′j (X

(i))
+
b ′j (X

(i)))
2 ]

=
1n


12
θ
>


n
∑i=

1

m
∑j=

1

h
j (X

(i)
j

)t ′j (X
(i))t ′j (X

(i)) > 
θ

+


n
∑i=

1

m
∑j=

1

h
j (X

(i)
j

)b ′j (X
(i))t ′j (X

(i))
+
h
j (X

(i)
j

)t ′′j (X
(i))

+
h
′j (X

(i)
j

)t ′j (X
(i)) 

>

θ 
+

con
st,

w
h
ich

is
q
u
ad

ratic
in
θ

.
L

et

Γ
(x

)
=

1n

n
∑i=

1

m
∑j=

1

h
j (X

(i)
j

)t ′j (X
(i))t ′j (X

(i)) >
,

(34)

g
(x

)
=
−

1n

n
∑i=

1

m
∑j=

1 [h
j (X

(i)
j

)b ′j (X
(i))t ′j (X

(i))
+
h
j (X

(i)
j

)t ′′j (X
(i))

+
h
′j (X

(i)
j

)t ′j (X
i ) ]

.
(35)

T
h
en

w
e

can
w

rite
Ĵ
h

(p
θ
)

=
12 θ
>

Γ
(x

)θ
−
g

(x
) >
θ

+
con

st.

P
ro

o
f

[P
ro

of
of

T
h
eorem

6]
B

y
T

h
eorem

5,
Ĵ
h

(p
θ
)

=
12 θ
>

Γ
θ−

g
>
θ

+
co

n
st.

T
h
e

m
in

im
izer

of
Ĵ
h

(p
θ
)

is
th

u
s

availab
le

in
th

e
u
n
iq

u
e

closed
form

θ̂
≡

Γ
(x

) −
1g

(x
)

as
lon

g
as

Γ
is

in
vertib

le
(C

1).
S
in

ce
Γ

an
d
g

are
sam

p
le

averages,
th

e
w

eak
law

of
large

n
u
m

b
ers

y
ield

s
th

at
Γ
→
p
E
p
0 Γ
≡

Γ
0

an
d
g
→
p
E
p
0 g
≡
g

0 ,
w

h
ere

ex
isten

ce
of

Γ
0

an
d
g

0
is

assu
m

ed
in

(C
2).

S
in

ce
J
h

(p
θ
)

=
E

[Ĵ
h

(p
θ
)]

=
E

[
12 θ
>

Γ
(x

)θ
−
g

(x
) >
θ

]
=

12 θ
>

Γ
0 θ
−
g

0 θ
an

d
w

e
k
n
ow

θ
0

m
in

im
izes

J
h

(p
θ
)

b
y

d
efi

n
ition

,
b
y

th
e

fi
rst-ord

er
con

d
ition

w
e

m
u
st

h
av

e
Γ

0 θ
0

=
g

0 .
T

h
en

b
y

th
e

L
in

d
eb

erg-L
év

y
cen

tral
lim

it
th

eorem
,

√
n

(g
(x

)−
Γ

(x
)θ

0 )→
d N

m
(0
,Σ

0 ),

w
h
ere

Σ
0
≡

E
p
0 [(Γ

(x
)θ

0 −
g

(x
))(Γ

(x
)θ

0 −
g

(x
)) >

],
as

lon
g

as
Σ

0
ex

ists
(C

2).
T

h
u
s,

b
y

S
lu

tsk
y
’s

th
eorem

,

√
n

(θ̂
−
θ

0 )≡
√
n

(Γ
(x

) −
1(g

(x
)−

Γ
(x

)θ
0 ))→

d N
r (0

,Γ
−

1
0

Σ
Γ
−

1
0
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G
e
n
e
r
a
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e
d

S
c
o
r
e
M
a
t
c
h
in
g

as
lo

n
g

as
Γ

0
is

in
ve

rt
ib

le
(C

2)
.

F
or

th
e

se
co

n
d

h
al

f
of

th
e

th
eo

re
m

,
(C

2)
E p

0
Γ

(x
)
<
∞

an
d

E p
0
g

(x
)
<
∞

im
p
li
es

E p
0
|Γ

(x
)|
<
∞

an
d
E p

0
|g

(x
)|
<
∞

,
so

b
y

st
ro

n
g

la
w

of
la

rg
e

n
u
m

b
er

s
(a

n
d

a
u
n
io

n
b

ou
n
d

on
at

m
os

t
k

2
n
u
ll

se
ts

)
Γ

(x
)
→

a
.s

.
Γ

0
,
g

(x
)
→

a
.s

.
g

0
.

T
h
en

ou
ts

id
e

a
n
u
ll

se
t,

θ̂
≡

Γ
(x

)−
1
g

(x
)
→

a
.s
.
Γ
−

1
0
g

0
=
θ

0
.

P
ro

o
f

[P
ro

of
fo

r
E

x
am

p
le

3.
1]

W
e

ch
o
os

e
to

es
ti

m
at

e
θ
≡
µ
/σ

2
.

T
h
en

b
y

(1
1)

an
d

(1
2)

,

µ̂
h

=
σ

2
θ̂
≡
σ

2
Γ

(x
)−

1
g
(x

)

=
−
σ

2

[
n ∑ i=

1

h
(X

i)
t′

(X
i)

2

] −
1
[

n ∑ i=
1

h
(X

i)
b′

(X
i)
t′

(X
i)

+
h

(X
i)
t′
′ (
X
i)

+
h
′ (
X
i)
t′

(X
i)

]

=
−
σ

2

[
n ∑ i=

1

h
(X

i)

] −
1
[

n ∑ i=
1

−
h

(X
i)
X
i

σ
2

+
h
′ (
X
i)

] .

B
y

T
h
eo

re
m

6,

√
n

(µ̂
h
−
µ

0
)
→
d
N

  
0,
σ

4
E 0
[ −
h

(X
)X
−
µ
0

σ
2

+
h
′ (
X

)] 2

E2 0
[h

(X
)]

  

∼
N
(

0
,
E 0
[ −
h

(X
)(
X
−
µ

0
)

+
σ

2
h
′ (
X

)]
2

E2 0
[h

(X
)]

)
.

B
y

in
te

gr
at

io
n

b
y

p
ar

ts
,

(s
u
p
p
re

ss
in

g
th

e
d
ep

en
d
en

ce
of
p
µ
0

on
µ

0
)

E 0
[h

(X
)h
′ (
X

)(
X
−
µ

0
)]

=

∫
∞

0
h
′ (
x

)h
(x

)(
x
−
µ

0
)p

(x
)

d
x

=

∫
∞

0
h

(x
)(
x
−
µ

0
)p

(x
)

d
h

(x
)

=
h

2
(x

)(
x
−
µ

0
)p

(x
)∣ ∣∞ 0
−
∫
h

(x
)

d
h

(x
)(
x
−
µ

0
)p

(x
)

=
−
∫
h

2
(x

)p
(x

)
d
x
−
∫
h

(x
)h
′ (
x

)(
x
−
µ

0
)p

(x
)

d
x

+

∫
h

2
(x

)(x
−
µ

0
)2

σ
2

p
(x

)
d
x
,

w
h
er

e
th

e
la

st
st

ep
fo

ll
ow

s
fr

om
th

e
as

su
m

p
ti

on
s

li
m

x
↘

0
+
h

(x
)

=
0

an
d

li
m

x
↗

+
∞
h

2
(x

)(
x
−

µ
0
)p
µ
0
(x

)
=

0.
S
o E 0

[h
(X

)h
′ (
X

)(
X
−
µ

0
)]

=
E[
h

2
(X

)(
(X
−
µ

0
)2
/
σ

2
−

1)
]

2
.
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S
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h
e
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y
m

p
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c
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an
ce
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u
s

E 0
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h

(X
)(
X
−
µ

0
)

+
σ

2
h
′ (
X

)]
2

E2 0
[h

(X
)]

=
E 0
[ h

2
(X

)(
X
−
µ

0
)2
−

2
σ

2
h

2
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)
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−
µ

0
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/σ

2
−
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/
2

+
σ

4
h
′2

(X
)]

E2 0
[h

(X
)]

=
E 0

[σ
2
h

2
(X

)
+
σ

4
h
′2

(X
)]

E2 0
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.

T
h
e
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w

er
b
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n
d
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fr
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k
in

g
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d
er

iv
at
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µ
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w
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µ
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P
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o
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ro
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r
E

x
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p
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3.
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W
e

es
ti

m
at

e
θ
≡

1
/σ

2
.

B
y

(1
1)

an
d

(1
2)

,

θ̂
≡

Γ
(x

)−
1
g
(x

)

=
−
[

n ∑ i=
1

h
(X

i)
t′

(X
i)

2

] −
1
[

n ∑ i=
1

h
(X

i)
b′

(X
i)
t′

(X
i)

+
h

(X
i)
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X
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+
h
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X
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]
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−
µ
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] −
1
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1
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i)
+
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′ (
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i)

(X
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−
µ

)] .

B
y

T
h
eo

re
m

6,
√
n
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→
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N

(0
,ς

2
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w
h
er

e
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≡

E 0
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)(
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−
µ
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2 0
−
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−
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′ (
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)(
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−
µ

)]
2

E2 0
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)(
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−
µ
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]

=
1
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)(
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−
µ
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]( E 0
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)(
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−
µ
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−
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)(
X
−
µ
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2 0
+
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(X

)

+
h
′2

(X
)(
X
−
µ

)2
−

2
h

(X
)h
′ (
X

)(
X
−
µ

)3
/σ

2 0
+

2
h

(X
)h
′ (
X

)(
X
−
µ

)) .

B
y

in
te

gr
at

io
n

b
y

p
ar

ts
,

(s
u
p
p
re

ss
in

g
th

e
d
ep

en
d
en

ce
of
p
σ
2 0

on
σ

2 0
)

E 0
[h

(X
)h
′ (
X

)(
X
−
µ

)3
]

=

∫
∞

0
h
′ (
x

)h
(x

)(
x
−
µ

)3
p
(x

)
d
x

=

∫
∞

0
h

(x
)(
x
−
µ

)3
p
(x

)
d
h

(x
)

=
h

2
(x

)(
x
−
µ

)3
p
(x

)∣ ∣∞ 0
−
∫
h

(x
)

d
h

(x
)(
x
−
µ

)3
p
(x

)

=
−
∫
h

(x
)h
′ (
x

)(
x
−
µ

)3
p
(x

)
d
x
−

3

∫
h

2
(x

)(
x
−
µ

)2
p
(x

)
d
x

+

∫
h

2
(x

)(x
−
µ

)4

σ
2 0

p
(x

)
d
x
,

4
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G
e
n
e
r
a
l
iz
e
d

S
c
o
r
e
M
a
t
c
h
in
g

w
h
ere

th
e

la
st

step
follow

s
from

th
e

assu
m

p
tion

s
lim
x↘

0
+
h

(x
)

=
0

an
d

lim
x↗

+
∞
h

2(x
)(x
−

µ
)
3p
σ
20 (x

)
=

0
.

C
om

b
in

in
g

th
is

w
ith

(36)
w

e
get

√
n

(θ̂−
θ)→

d N
(0,ς

2)∼
N
(

0
,
2E

0 [h
2(X

)(X
−
µ

)
2/σ

20 ]+
E

0 [h
′ 2(X

−
µ

)
2]

E
20 [h

(X
)(X
−
µ

)
2]

)
,

a
n
d

so
b
y

th
e

d
elta

m
eth

o
d
,

for
σ̂

2k ≡
θ̂ −

1,

√
n

(σ̂
2h −

σ
20 )→

d N
(

0
,
2σ

60 E
0 [h

2(X
)(X
−
µ

)
2]+

σ
80 E

0 [h
′ 2(X

−
µ

)
2]

E
20 [h

(X
)(X
−
µ

)
2]

)
.

T
h
e

C
ra

m
ér-R

a
o

low
er

b
ou

n
d

follow
s

from
tak

in
g

th
e

secon
d

d
erivative

o
f

log
p
σ
20

w
ith

re-

sp
ect

to
σ

20 .

A
.3

.
P

ro
o
f

o
f

T
h

e
o
re

m
s

in
S

e
c
tio

n
5

P
ro

o
f

[P
ro

o
f

o
f

T
h
eorem

9]
C

a
se
b6=

0:
W

e
u
se

a
strategy

sim
ilar

to
th

at
of

In
ou

ye
et

al.
(2016).

L
etV

1
=
{
v

:‖v‖
1

=
1
,v
∈
R
m+ }.

T
h
en

b
y

F
u
b
in

i-T
on

elli
th

e
n
orm

alizin
g

con
stan

t
is,

∫

R
m+

ex
p (
η
>
x
b−

1
m

b
−

12
a
x
a >

K
x
a )

d
x

=

∫V
1 ∫

∞0
ex

p (
η
>
z
bv
b−

1
m

b
−

12a
z

2
av

a >
K
v
a )

d
z

d
v

∝
∫V

1 ∫
∞0

ex
p (

z
b(η
>
v
b)/b−

z
2
a(v

a >
K
v
a)/(2a

) )
d
z

d
v
.

H
ere
V

1
is

co
m

p
act

an
d

th
e

in
n
er

in
tegral,

if
fi
n
ite,

is
con

tin
u
o
u
s

in
v

.
It

th
u
s

su
ffi

ces
to

sh
ow

th
at

th
e

in
n
er

in
tegral

is
fi
n
ite

at
every

sin
gle

v
∈
V

1 .
F

ix
in

g
v
∈
V

1 ,
w

rite
A
≡
A

(v
)≡

v
a >

K
v
a/

(2a
)

an
d
B
≡
B

(v
)≡

(η
>
v
b)/b.

W
e

n
eed

to
sh

ow
th

a
t

N
(A
,B
,a
,b)≡

∫
∞0

ex
p (−

A
z

2
a

+
B
z
b )

d
z
<

+
∞
.

R
eca

ll
th

a
t

(C
C

1)
v
>

K
v
>

0
for

all
v
∈
R
m+ \{0}

,
so
A
>

0.

(i)
S
u
p
p

o
se
B
≤

0.
T

h
en

N
(A
,B
,a
,b)
≤
∫
∞0

ex
p
(−
A
z

2
a)

d
z

=
A
−
a
/
2Γ

(1
+

1
/
(2a

)),
a

fi
n
ite

con
stan

t
sin

ce
A
>

0
an

d
a
>

0.

(ii)
S
u
p
p

o
se
B
>

0.
W

e
fi
rst

w
an

t
to

b
ou

n
d

ex
p
(−
A
z

2
a

+
B
z
b)≤

N
0

ex
p
(−
A
z

2
a/2)

b
y

so
m

e
fi
n
ite

con
stan

t
N

0
>

0,
so

th
at
N

(A
,B
,a
,b)≤

N
0 ∫
∞0

ex
p
(−
A
z

2
a/

2)
d
z
,

a
fi
n
ite

co
n
sta

n
t

for
a
>

0.
T

h
u
s,

it
rem

ain
s

to
give

con
d
ition

s
so

th
at

ex
p
(−
A
z

2
a/2

+
B
z
b)

is
b

o
u
n
d
ed

b
y

som
e

fi
n
ite

con
stan

t
N

0 ,
w

h
ich

b
y

con
tin

u
ity

on
ly

req
u
ires

a
fi
n
ite

lim
it

a
s
z
↘

0
an

d
as
z
↗

+
∞

.
A

s
z
↗

+
∞

,
B
z
b↗

+
∞

,
w

h
ile−

A
z

2
a/

2
↘
−
∞

.
W

e
th

u
s

n
eed

b
<

2a
so

th
at

th
e

su
m

of
th

e
tw

o
d
o
es

n
ot

go
to

p
ositive

in
fi
n
ity.

O
n

th
e

oth
er

h
a
n
d
,

a
s
z
↘

0,−
A
z

2
a/

2
↗

0,
so

w
e

n
eed

b
>

0,
oth

erw
ise

z
b↗

+
∞

.
In

con
clu

sion
,

w
e

req
u
ire

th
at

2
a
>
b
>

0.
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Y
u
,
D
r
t
o
n
a
n
d

S
h
o
ja

ie

It
th

u
s

su
ffi

ces
to

req
u
ire

(C
C

1)
an

d
(C

C
2)

2
a
>
b
>

0
to

elim
in

ate
restriction

s
on

B
,

an
d

h
en

ce
on
η

.
T

h
at

is,
η

can
tak

e
valu

e
in

th
e

en
tirety

ofR
m

.

C
a
se

b
=

0:
A

gain
in

(C
C

1)
w

e
assu

m
e
v
>

K
v
>

0
for

all
v
∈

R
m+ \{

0}
.

S
in

ce
V

2
≡

{
v

:
‖
v‖

2
=

1,v
∈

R
m+ }

is
com

p
act

an
d
v
>

K
v

is
con

tin
u
ou

s
in
v

an
d

strictly
p

os-
itive

on
V

2 ,
th

e
im

age
of
V

2
u
n
d
er
v
>

K
v

is
a

com
p
act

su
b
set

of
(0,∞

),
i.e.

N
K
≡

m
in
v∈

R
m+
\{

0}
v
>

K
v
/v
>
v
≡

m
in
v∈V

2
v
>

K
v
>

0.
W

e
th

u
s

h
ave

∫

R
m+

ex
p (
η
>

log
(x

)−
12a
x
a >

K
x
a )

d
x

≤
∫

R
m+

ex
p (
η
>

log
(x

)−
N

K

2a
x
a >
x
a )

d
x

=
m∏j=

1 ∫
∞0

ex
p (

η
j

log
(x
j )−

N
K

2
a
x

2
a
j

)
d
x
j

=
m∏j=

1 
Γ

(
η
j

+
1

2a

)
(N

K
/
2a

) −
η
j
+
1

2
a

2a


,

w
h
ere

th
e

in
tegra

tion
follow

s
b
y

ch
an

ge
of

variab
le

an
d

req
u
ires

a
>

0.
A

ssu
m

in
g
a
>

0,
th

e
last

q
u
an

tity
is

fi
n
ite

if
an

d
on

ly
if
η
�
−

1
m

,
b
y

d
efi

n
ition

of
th

e
gam

m
a

fu
n
ction

.
In

con
clu

sion
,

given
con

d
ition

s
(C

C
1)

m
in
v∈

R
m+
\{

0}
v
>

K
v
>

0,
(C

C
2)

2a
>
b
>

0,
an

d

(C
C

3)
a
>

0,
b

=
0

an
d
η
�
−

1
m

,
th

e
u
n
n
orm

alized
d
en

sity
(16)

h
as

a
fi
n
ite

n
orm

alizin
g

con
stan

t
w

h
en

(C
C

1)
an

d
(C

C
2)

b
oth

h
old

,
or

(C
C

1)
a
n
d

(C
C

3)
b

oth
h
old

.
T

h
e

cen
tered

settin
gs,

w
h
ere

th
e

term
in

volv
in

g
x
b

is
ex

clu
d
ed

,
can

b
e

con
sid

ered
as

a
sp

ecial
case

of
b

oth
(1)

an
d

(2)
w

ith
η
≡

0
,

an
d

th
u
s

(C
C

1)
an

d
a
>

0
are

su
ffi

cien
t.

P
ro

o
f

[P
ro

of
of

T
h
eorem

11]
R

ecall
assu

m
p
tion

s
(A

1)
an

d
(A

2):

(A
1)

p
0 (x

)h
j (x

j )∂
j

log
p
(x

) ∣∣∣ x
j ↗

+
∞

x
j ↘

0
+

=
0
,
∀
x
−
j ∈

R
m
−

1
+

,
∀
p
∈
P

+
;

(A
2)

E
p
0 ‖∇

log
p
(X

)◦
h

1
/
2(X

)‖
22
<

+
∞
,
E
p
0 ‖

(∇
log

p
(X

)◦
h

(X
)) ′‖

1
<

+
∞
,
∀
p
∈
P

+
.

L
et

K
0

an
d
η

0
b

e
th

e
tru

e
p
aram

eters
so

th
at
p

0 ∈
P

+
,

w
ith
P

+
corresp

on
d
in

g
to

a
p
aram

-
eter

sp
ace

in
w

h
ich

all
p
aram

eters
satisfy

th
e

con
d
itio

n
s

for
a

fi
n
ite

n
orm

alizin
g

con
stan

t.
W

e
n
ow

give
su

ffi
cien

t
con

d
ition

s
for

h
to

satisfy
(A

1)
an

d
(A

2).

C
o
n

d
itio

n
s

fo
r

(A
1
):

F
ix
j

=
1,...,m

an
d
x
−
j ∈

R
m
−

1
+

.
W

e
sh

ow
th

at
th

e
con

d
ition

s
on

h
j

im
p
ly

th
at

th
e

lim
its

go
to

0
as
x
j ↗

+
∞

an
d

as
x
j ↘

0
+

,
w

h
ich

is
stron

ger
th

an
(A

1);
in

fact,
from

(37)
b

elow
,

th
e

lim
its

can
n
ot

go
to

a
n
on

zero
fi
n
ite

con
stan

t
assu

m
in

g
an

h
w

ith
p

oly
n
om

ial
tail,

sin
ce
a
>

0
an

d
B

1 ≡
κ

0
,jj
>

0
for

all
j.

N
ow

,

p
0 (x

)h
j (x

j )∂
j

log
p
(x

)

∝
h
j (x

j )
ex

p (−
12a
x
a >

K
0 x

a
+
η
>0

x
b−

1
m

b

)
∂
j (−

12a
x
a >

K
x
a

+
η
>
x
b−

1
m

b

)

4
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G
e
n
e
r
a
l
iz
e
d

S
c
o
r
e
M
a
t
c
h
in
g

∝
h
j
(x
j
)

ex
p

(
−

1 a
(k
> 0
,j
,−
j
x
a −
j
)x
a j
−
κ

0
,j
j

2a
x

2
a
j

+
η 0
,j

x
b j
−

1

b

)
×

( −
k
> j,−

j
x
a −
j
x
a
−

1
j
−
κ
jj
x

2
a
−

1
j

+
η j
x
b−

1
j

)

≡
h
j
(x
j
)

ex
p

(
A

1
x
a j

a
+
B

1
x

2
a
j

2a
+
C

1

x
b j
−

1

b

)
( A

2
x
a
−

1
j

+
B

2
x

2
a
−

1
j

+
C

2
x
b−

1
j

) ,
(3

7)

w
h
er

e
A

1
≡
−
k
> 0
,j
,−
j
x
a −
j
,
A

2
≡
−
k
> j,−

j
x
a −
j
,
B

1
≡
−
κ

0
,j
j
<

0
an

d
B

2
≡
−
κ
jj
<

0
b
y

co
n
d
it

io
n

(C
C

1)
.

F
in

al
ly
C

1
≡
η 0
,j

,
C

2
≡
η j

.

(1
)

L
et
x
j
↗

+
∞

.
If
b
>

0,
si

n
ce

2a
>
b
>

0
an

d
B

1
<

0,
th

e
ex

p
on

en
ti

al
te

rm
in

(3
7)

d
ec

re
as

es
to

0
ex

p
on

en
ti

al
ly

an
d

it
s

re
ci

p
ro

ca
l

d
om

in
at

es
an

y
p

ol
y
n
om

ia
l

fu
n
ct

io
n
s.

T
h
u
s,

th
e

en
ti

re
p
ro

d
u
ct

go
es

to
0

if
h
j
(x
j
)

gr
ow

s
n
o

fa
st

er
th

a
n

p
ol

y
n
om

ia
ll
y

as
x
j
↗

+
∞

.
If
b

=
0,

th
e
C

1
lo

g
x
j

te
rm

is
ag

ai
n

d
om

in
at

ed
b
y
B

1
x

2
a
j
/
(2
a
),

an
d

th
e

sa
m

e
co

n
cl

u
si

on
h
ol

d
s.

(2
)

L
et
x
j
↘

0.

(i
)

L
et
b
>

0.
T

h
en

th
e

ex
p

on
en

ti
al

te
rm

in
(3

7)
go

es
to

co
n
st

an
t

ex
p
(−
C

1
/b

),
an

d
w

e
on

ly
n
ee

d

li
m

x
j
↘

0
+
h
j
(x
j
)(
A

2
x
a
−

1
j

+
B

2
x

2
a
−

1
j

+
C

2
x
b−

1
j

)
=

0
.

(3
8)

•
If
a
>

1
an

d
b
>

1,
th

e
se

co
n
d

te
rm

in
(3

8)
is

a
p

ol
y
n
om

ia
l

w
it

h
th

re
e

te
rm

s
h
av

in
g

p
ow

er
s
≥

m
in
{a
−

1,
b
−

1}
.

T
h
e

p
ro

d
u
ct

go
es

to
ze

ro
if

a
n
d

on
ly

if

h
j
(x
j
)

=
o(
x

m
a
x
{1
−
a
,1
−
b}

j
)

as
x
j
↘

0.
N

ot
e

th
at

th
is

is
sa

ti
sfi

ed
b
y

an
y
h
j

th
at

h
as

a
fi
n
it

e
ri

gh
t

li
m

it
at

0.

•
If
a

=
1

an
d
b
≥

1,
or

a
≥

1
an

d
b

=
1,

th
en

th
e

se
co

n
d

te
rm

in
(3

8)
is

a
p

ol
y
n
om

ia
l

of
n
on

-n
eg

at
iv

e
p

ow
er

p
lu

s
a

p
ot

en
ti

al
ly

n
on

ze
ro

co
n
st

an
t.

A
su

ffi
ci

en
t

co
n
d
it

io
n

fo
r

(3
8)

is
th

u
s

li
m
x
j
↘

0
h
j
(x
j
)

=
0.

•
If
a
<

1
or
b
<

1,
th

en
th

e
se

co
n
d

p
ar

t
in

(3
8)

is
a

p
ol

y
n
om

ia
l

h
av

in
g

te
rm

s
w

it
h

n
eg

at
iv

e
d
eg

re
e
≥

m
in
{a
−

1
,b
−

1}
.

T
o

co
u
n
te

ra
ct

th
is

a
su

ffi
ci

en
t

co
n
d
it

io
n

is
h
j
(x
j
)

=
o(
x

m
a
x
{1
−
a
,1
−
b}

j
).

In
co

n
cl

u
si

on
,

li
m
x
j
↘

0
+
p

0
(x

)h
j
(x
j
)∂
j

lo
g
p
(x

)
=

0
if

an
d

on
ly

if

li
m

x
j
↘

0
+
h
j
(x
j
)/
x

m
a
x
{1
−
a
,1
−
b}

j
=

0.

(i
i)

N
ow

as
su

m
e
b

=
0.

T
h
en

,
(3

7
)

n
ow

b
ec

om
es

h
j
(x
j
)

ex
p
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+
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+
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p
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re
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↘
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d
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p
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h
er

fu
n
ct

io
n
s

th
at

h
av

e
th
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p
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p
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p
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>
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0
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−
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p
ar

am
et

er
sp

a
ce

,
fo

r
th

e
fi
rs

t
p
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∞

,
w

h
er

e

D
≡
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∑
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+
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p
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p
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⊆
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=
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↘

0
+

,
so

th
e

in
tegran

d
is
o(x

m
in{

a
,b}−
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=
o(x
−
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j ∈
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p
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.
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=
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p
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=
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−
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,∞

)
follow

s
sim

ila
rly

to
th

e
case

w
ith

b
>

0.
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ü
h
lm

an
n
,

M
artin

R
y
ff

el,
M

ich
ael

v
on

R
h
ein

,
an

d
J
an

D
.

R
ein

-
h
a
rd

t.
S
ta

b
le

grap
h
ical

m
o
d
el

estim
ation

w
ith

ran
d
om

forests
for

d
iscrete,

con
tin

u
ou

s,
a
n
d

m
ix

ed
va

riab
les.

C
o
m

p
u

t.
S

ta
tist.

D
a
ta

A
n

a
l.,

64:132–152,
2013.

6
7

JM
L

R
 20(76):1-70, 2019

Y
u
,
D
r
t
o
n
a
n
d

S
h
o
ja

ie

R
in

a
F

oy
gel

an
d

M
ath

ias
D

rton
.

E
x
ten

d
ed

B
ayesian

in
form

ation
criteria

for
G

au
ssian

grap
h
ical

m
o
d
els.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s,
p
ages

604–
612,

2010.

J
erom

e
F

ried
m

an
,

T
revor

H
astie,

H
olger

H
öfl

in
g,

an
d

R
ob

ert
T

ib
sh

iran
i.

P
ath

w
ise

co
ord

i-
n
ate

op
tim

ization
.

A
n

n
.

A
p
p
l.

S
ta

t.,
1(2):302–332,

2007.

J
erom

e
F

ried
m

an
,

T
revor

H
astie,

an
d

R
ob

ert
T

ib
sh

iran
i.

S
p
arse

in
v
erse

covarian
ce

estim
a-

tion
w

ith
th

e
grap

h
ical

lasso.
B

io
sta

tistics,
9(3):432

–441,
2008.

J
in

g-D
on

g
J
.

H
an

,
N

icolas
B

ertin
,

T
on

g
H

ao,
D

eb
ra

S
.

G
old

b
erg,

G
ab

riel
F

.
B

erriz,
L

an
V

.
Z

h
an

g,
D

en
is

D
u
p
u
y,

A
lb

erth
a

J
M

.
W

alh
ou

t,
M

ich
ael

E
.
C

u
sick

,
F

red
erick

P
.
R

oth
,

et
al.

E
v
id

en
ce

for
d
y
n
am

ically
organ

ized
m

o
d
u
larity

in
th

e
yeast

p
rotein

–p
rotein

in
teraction

n
etw

ork
.

N
a
tu

re,
430(6995):88,

2004.

A
ap

o
H

y
v
ärin

en
.

E
stim

ation
of

n
on

-n
orm

alized
statistical

m
o
d
els

b
y

score
m

a
tch

in
g.

J
.

M
a
ch

.
L

ea
rn

.
R

es.,
6:695–709,

2005.

A
ap

o
H

y
v
ärin

en
.

S
om

e
ex

ten
sion

s
of

score
m

atch
in

g.
C

o
m

p
u

t.
S

ta
tist.

D
a
ta

A
n

a
l.,

51
(5):

2499–2512,
2007

.

D
av

id
In

ou
ye,

P
rad

eep
R

av
ik

u
m

ar,
an

d
In

d
erjit

D
h
illon

.
S
q
u
are

ro
ot

grap
h
ical

m
o
d
els:

M
u
ltivariate

gen
eralization

s
of

u
n
ivariate

ex
p

on
en

tia
l

fam
ilies

th
at

p
erm

it
p

ositive
d
e-

p
en

d
en

cies.
In

P
roceed

in
gs

o
f

T
h
e

3
3
rd

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
volu

m
e

48
of

P
roceed

in
gs

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
p
ages

2445–2453,
2016.

H
aw

o
on

g
J
eon

g,
S
ean

P
.

M
ason

,
A

-L
.

B
arab

ási,
an

d
Z

oltan
N

.
O

ltvai.
L

eth
ality

an
d

cen
-

trality
in

p
rotein

n
etw

ork
s.

N
a
tu

re,
411(6833):41,

2001.

K
sh

itij
K

h
are,

S
an

g-Y
u
n

O
h
,

an
d

B
ala

R
a
jaratn

am
.

A
con

vex
p
seu

d
olik

elih
o
o
d

fram
ew

ork
for

h
igh

d
im

en
sion

al
p
artial

correlation
estim

ation
w

ith
con

vergen
ce

gu
aran

tees.
J

.
R

.
S

ta
t.

S
oc.

S
er.

B
.

S
ta

t.
M

eth
od

o
l.,

77
(4):803–825,

2015.

S
teff

en
L

.
L

au
ritzen

.
G

ra
p
h
ica

l
M

od
els,

volu
m

e
17

of
O

xfo
rd

S
ta

tistica
l

S
cien

ce
S

eries.
T

h
e

C
laren

d
on

P
ress,

O
x
ford

U
n
iversity

P
ress,

N
ew

Y
ork

,
1
996.

O
liv

ier
L

ed
oit

an
d

M
ich

ael
W

olf.
A

w
ell-con

d
ition

ed
estim

ator
fo

r
large-d

im
en

sion
al

covari-
an

ce
m

atrices.
J

.
M

u
ltiva

ria
te

A
n

a
l.,

88(2):365–41
1,

2004.

L
in

a
L

in
,

M
ath

ias
D

rton
,

an
d

A
li

S
h
o

jaie.
E

stim
ation

of
h
igh

-d
im

en
sion

al
grap

h
ical

m
o
d
els

u
sin

g
regu

larized
score

m
atch

in
g.

E
lectro

n
.

J
.

S
ta

t.,
10(1):8

06–854,
201

6.

H
an

L
iu

,
J
oh

n
L

aff
erty,

an
d

L
arry

W
asserm

an
.

T
h
e

n
on

p
aran

orm
al:

sem
ip

aram
etric

es-
tim

ation
of

h
igh

d
im

en
sion

al
u
n
d
irected

grap
h
s.

J
.

M
a
ch

.
L

ea
rn

.
R

es.,
10:2295–23

28,
2009.

H
an

L
iu

,
F

an
g

H
an

,
M

in
g

Y
u
an

,
J
oh

n
L

aff
erty,

an
d

L
arry

W
asserm

an
.

H
igh

-d
im

en
sion

al
sem

ip
aram

etric
G

au
ssian

cop
u
la

g
rap

h
ical

m
o
d
els.

A
n

n
.

S
ta

tist.,
4
0(4):2293–2326,

2012.

W
eid

on
g

L
iu

an
d

X
i

L
u
o.

F
ast

an
d

ad
ap

tive
sp

arse
p
recision

m
a
trix

estim
a
tion

in
h
igh

d
im

en
sion

s.
J

.
M

u
ltiva

ria
te

A
n

a
l.,

135:153–162,
2015.

68
JM

L
R

 20(76):1-70, 2019



G
e
n
e
r
a
l
iz
e
d

S
c
o
r
e
M
a
t
c
h
in
g

J
u
n

L
u
o,

T
h
om

as
D

u
n
n
,

C
h
ar

le
s

E
w

in
g,

J
u
rg

a
S
au

va
ge

ot
,

Y
id

on
g

C
h
en

,
J
eff

re
y

T
re

n
t,

an
d

W
il
li
am

Is
aa

cs
.

G
en

e
ex

p
re

ss
io

n
si

gn
at

u
re

of
b

en
ig

n
p
ro

st
at

ic
h
y
p

er
p
la

si
a

re
ve

al
ed

b
y

cD
N

A
m

ic
ro

ar
ra

y
an

al
y
si

s.
T

h
e

P
ro

st
a
te

,
51

(3
):

18
9–

20
0,

20
02

.

N
ic

ol
ai

M
ei

n
sh

au
se

n
an

d
P

et
er

B
ü
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r
w

ork
is

d
iff

eren
t

in
goals

from
th

e
lim

ited
b
u
t

grow
in

g
litera

tu
re

o
n

p
-valu

es
for

h
igh

-d
im

en
sio

n
al

n
on

lin
ear

m
o
d
els,

an
d

m
akes

n
ovel

con
trib

u
tio

n
s

to
su

ch
a

p
ro

b
lem

.
T

h
e

key
d
istin

ction
is

th
at

ex
istin

g
w

ork
h
as

fo
cu

sed
p
rim

arily
on

id
en

ti-
fy

in
g

th
e

scen
a
rios

in
w

h
ich

con
v
en

tion
al

p
-valu

es
or

th
eir

m
o
d
ifi

cation
s

co
n
tin

u
e

to
b

e
valid

w
ith

so
m

e
sp

a
rsity

assu
m

p
tion

lim
itin

g
th

e
grow

th
of

in
trin

sic
d
im

en
sio

n
s.

F
or

ex
am

p
le,

F
a
n

a
n
d

P
en

g
(2004)

estab
lish

ed
th

e
oracle

p
rop

erty
in

clu
d
in

g
th

e
asy

m
p
totic

n
orm

ality
for

n
on

co
n
cave

p
en

alized
likelih

o
o
d

estim
ators

in
th

e
scen

ario
of
p

=
o(n

1
/
5),

w
h
ile

F
an

an
d

L
v

(2
0
1
1
)

ex
ten

d
ed

th
eir

resu
lts

to
th

e
G

L
M

settin
g

of
n
on

-p
oly

n
om

ial
(N

P
)

d
im

en
sion

a
lity.

In
th

e
la

tter
w

o
rk

,
th

e
p
-valu

es
w

ere
p
roved

to
b

e
valid

u
n
d
er

th
e

assu
m

p
tion

th
at

th
e

in
trin

sic
d
im

en
sio

n
a
lity

s
=
o(n

1
/
3).

M
ore

recen
t

w
ork

on
h
igh

-d
im

en
sion

al
in

feren
ce

in
n
on

lin
ear

m
o
d
el

settin
g
s

in
clu

d
es

van
d
e

G
eer

et
al.

(2014);
A

th
ey

et
al.

(2016)
u
n
d
er

sp
arsity

assu
m

p
-

tio
n
s.

In
a
d
d
ition

,
tw

o
tests

w
ere

in
tro

d
u
ced

in
G

u
o

an
d

C
h
en

(2
016)

for
h
igh

-d
im

en
sion

al
G

L
M

s
w

ith
o
u
t

or
w

ith
n
u
isan

ce
regression

p
aram

eters,
b
u
t

th
e

p
-valu

es
w

ere
ob

tain
ed

for
testin

g
th

e
g
lo

b
al

h
y
p

oth
esis

for
a

given
set

of
cova

riates,
w

h
ich

is
d
iff

eren
t

from
o
u
r

goal
o
f

testin
g

th
e

sign
ifi

can
ce

of
in

d
iv

id
u
a
l

covariates
sim

u
ltan

eou
sly.

P
ortn

oy
(1988)

stu
d
-

ied
th

e
a
sy

m
p
totic

b
eh

av
ior

of
th

e
M

L
E

for
ex

p
on

en
tial

fam
ilies

u
n
d
er

th
e

classical
i.i.d

.
n
o
n
-reg

ressio
n

settin
g,

b
u
t

w
ith

d
iv

ergin
g

d
im

en
sion

ality.
In

con
trast,

ou
r

w
o
rk

u
n
d
er

th
e

G
L

M
a
ssu

m
es

th
e

regression
settin

g
in

w
h
ich

th
e

d
esign

m
atrix

X
p
lay

s
an

im
p

ortan
t

role
in

th
e

a
sy

m
p
to

tic
b

eh
av

ior
of

th
e

M
L

E
β̂

.
T

h
e

valid
ity

of
th

e
asy

m
p
totic

n
orm

ality
of

th
e

M
L

E
w

a
s

estab
lish

ed
in

P
ortn

oy
(1988)

u
n
d
er

th
e

con
d
ition

of
p

=
o(n

1
/
2),

b
u
t

th
e

p
recise

b
rea

k
d
ow

n
p

oin
t

in
d
iv

ergin
g

d
im

en
sion

ality
w

as
n
ot

in
v
estigated

th
erein

.
A

n
oth

er
lin

e
o
f

w
o
rk

is
fo

cu
sed

on
gen

eratin
g

asy
m

p
totically

valid
p
-va

lu
es

w
h
en
p
/n

con
verges

to
a
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F
a
n
,
D
e
m
ir
k
a
y
a
a
n
d

L
v

fi
x
ed

p
ositiv

e
con

stan
t.

F
or

in
stan

ce,
K

arou
i

et
al.

(2013)
an

d
B

ean
et

al.
(2

013)
con

sid
ered

M
-estim

ators
in

th
e

lin
ear

m
o
d
el

an
d

sh
ow

ed
th

at
th

eir
varian

ce
is

greater
th

an
classically

p
red

icted
.

B
ased

on
th

is
resu

lt,
it

is
p

ossib
le

to
p
ro

d
u
ce

p
-valu

es
b
y

m
ak

in
g

ad
ju

stm
en

ts
for

th
e

in
fl
ated

varian
ce

in
h
igh

d
im

en
sion

s.
R

ecen
tly,

S
u
r

an
d

C
an

d
ès

(2018
)

sh
ow

ed
th

at
sim

ilar
ad

ju
stm

en
t

is
p

ossib
le

for
th

e
lik

elih
o
o
d

ratio
test

(L
R

T
)

for
logistic

regression
.

O
u
r

w
ork

d
iff

ers
from

th
is

lin
e

of
w

ork
in

tw
o

im
p

ortan
t

asp
ects.

F
irst,

ou
r

fo
cu

s
is

on
th

e
cla

ssica
l

p
-valu

es
an

d
th

eir
valid

ity.
S
econ

d
,

th
eir

resu
lts

con
cern

d
im

en
sion

ality
th

at
is

com
p
arab

le
to

sam
p
le

size,
w

h
ile

w
e

aim
to

an
aly

ze
th

e
p
rob

lem
for

a
low

er
ran

ge
of

d
im

en
sion

ality
an

d
p
in

p
oin

t
th

e
ex

act
b
rea

k
d
ow

n
p

oin
t

of
p
-valu

es.

T
h
e

rest
of

th
e

p
ap

er
is

organ
ized

as
follow

s.
S
ection

2
p
rov

id
es

ch
a
racterization

s
of

p
-valu

es
in

low
d
im

en
sion

s.
W

e
estab

lish
th

e
n
on

u
n
iform

ity
of

G
L

M
p
-valu

es
in

d
ivergin

g
d
im

en
sion

s
in

S
ection

3.
S
ection

4
p
resen

ts
sev

eral
sim

u
lation

ex
am

p
les

v
erify

in
g

th
e

th
eo-

retical
p
h
en

om
en

o
n
.

W
e

d
iscu

ss
som

e
im

p
lication

s
of

ou
r

resu
lts

in
S
ection

5.
T

h
e

p
ro

ofs
of

all
th

e
resu

lts
are

relegated
to

th
e

A
p
p

en
d
ix

.

2
.
C
h
a
ra

cte
riza

tio
n
s
o
f
P
-v
a
lu
e
s
in

L
o
w

D
im

e
n
sio

n
s

T
o

p
in

p
oin

t
th

e
b
reak

d
ow

n
p

oin
t

of
G

L
M

p
-valu

es
in

d
ivergin

g
d
im

en
sion

s,
w

e
start

w
ith

ch
aracterizin

g
p
-valu

es
in

low
d
im

en
sion

s.
In

con
trast

to
ex

istin
g

w
ork

on
th

e
asy

m
p
totic

d
istrib

u
tion

of
th

e
p

en
alized

M
L

E
,

o
u
r

resu
lts

in
th

is
section

fo
cu

s
on

th
e

asy
m

p
totic

n
or-

m
ality

of
th

e
u
n
p

en
alized

M
L

E
in

d
iv

ergin
g-d

im
en

sion
al

G
L

M
s,

w
h
ich

ju
stifi

es
th

e
valid

ity
of

con
ven

tion
al

p
-valu

es.
A

lth
ou

gh
T

h
eorem

s
1

an
d

4
to

b
e

p
resen

ted
in

S
ection

s
2.2

an
d

A
are

in
th

e
con

ven
tion

al
sen

se
of

relatively
sm

all
p
,

to
th

e
b

est
of

ou
r

k
n
ow

led
ge

su
ch

resu
lts

are
n
ot

availab
le

in
th

e
literatu

re
b

efore
in

term
s

of
th

e
m

ax
im

u
m

ran
ge

of
d
im

en
sion

ality
p

w
ith

ou
t

an
y

sp
arsity

assu
m

p
tion

.

2
.1

.
M

a
x
im

u
m

lik
e
lih

o
o
d

e
stim

a
tio

n

F
or

th
e

G
L

M
(1),

th
e

log-likelih
o
o
d

log
f
n
(y

;X
,β

)
of

th
e

sam
p
le

is
given

,
u
p

to
an

affi
n
e

tran
sform

ation
,

b
y

`
n
(β

)
=
n
−

1 [y
T
X
β
−

1
T
b

(X
β

) ]
,

(2)

w
h
ere

b
(θ

)
=

(b(θ
1 ),···

,b(θ
n
))
T

for
θ

=
(θ

1 ,···
,θ
n
)
T
∈
R
n
.

D
en

ote
b
y
β̂

=
(β̂

1 ,···
,β̂
p )
T
∈

R
p

th
e

M
L

E
w

h
ich

is
th

e
m

ax
im

izer
of

(2),
an

d

µ
(θ

)
=

(b ′(θ
1 ),···

,b ′(θ
n
))
T

a
n
d

Σ
(θ

)
=

d
iag{

b ′′(θ
1 ),···

,b ′′(θ
n
)}.

(3)

A
w

ell-k
n
ow

n
fact

is
th

at
th

e
n

-d
im

en
sion

al
resp

on
se

v
ector

y
in

G
L

M
(1)

h
as

m
ean

vector
µ

(θ
)

an
d

covarian
ce

m
atrix

φ
Σ

(θ
).

C
learly,

th
e

M
L

E
β̂

is
given

b
y

th
e

u
n
iq

u
e

solu
tio

n
to

th
e

score
eq

u
ation

X
T

[y
−
µ

(X
β

)]
=

0
(4)

w
h
en

th
e

d
esign

m
atrix

X
is

of
fu

ll
colu

m
n

ra
n
k
p
.

It
is

w
orth

m
en

tion
in

g
th

at
for

th
e

lin
ea

r
m

o
d
el,

th
e

score
eq

u
a
tion

(4)
b

ecom
es

th
e

w
ell-k

n
ow

n
n
orm

al
eq

u
ation

X
T
y

=
X
T
X
β

w
h
ich

ad
m

its
a

closed
form

solu
tion

.
O

n
th

e
oth

er
h
an

d
,

eq
u
ation

(4)
d
o
es

n
ot

ad
m

it
a

closed
form

solu
tion

in
gen

eral
n
on

lin
ear

m
o
d
els.

T
h
is

fact
d
u
e

to
th

e
n
on

lin
earity

of
th

e
m

ean
fu

n
ction

µ
(·)

cau
ses

th
e

key
d
iff

eren
ce

b
etw

een
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N
o
n
u
n
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r
m
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o
f
P
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u
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C
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n
O
c
c
u
r
E
a
r
ly

in
D
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e
r
g
in
g

D
im

e
n
si
o
n
s

th
e

li
n
ea

r
an

d
n
on

li
n
ea

r
m

o
d
el

s.
In

fu
tu

re
p
re

se
n
ta

ti
on

s,
w

e
w

il
l

o
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as
io

n
a
ll
y

u
se

th
e

te
rm

n
o
n

li
n

ea
r

G
L

M
s

to
ex

cl
u
d
e

th
e

li
n
ea

r
m

o
d
el

fr
o
m

th
e

fa
m

il
y

of
G

L
M

s
w

h
en

n
ec

es
sa

ry
.

W
e

w
il
l

p
re

se
n
t

in
th

e
n
ex

t
tw

o
se

ct
io

n
s

so
m

e
su

ffi
ci

en
t

co
n
d
it

io
n
s

u
n
d
er

w
h
ic

h
th

e
as

y
m

p
to

ti
c

n
or

m
al

it
y

of
M

L
E

h
ol

d
s.

In
p
ar

ti
cu

la
r,

S
ec

ti
on

2.
2

co
n
ce

rn
s

th
e

ca
se

of
fi
x
ed

d
es

ig
n

an
d

S
ec

ti
on

A
d
ea

ls
w

it
h

th
e

ca
se

of
ra

n
d
om

d
es

ig
n
.

In
ad

d
it

io
n
,

S
ec

ti
on

2.
2

al
lo

w
s

fo
r

ge
n
er

al
re

gr
es

si
on

co
effi

ci
en

t
ve

ct
or
β

0
an

d
th

e
re

su
lt

s
ex

te
n
d

so
m

e
ex

is
ti

n
g

on
es

in
th

e
li
te

ra
tu

re
,

w
h
il
e

S
ec

ti
on

A
as

su
m

es
th

e
gl

ob
al

n
u
ll
β

0
=

0
an

d
G

au
ss

ia
n

ra
n
d
om

d
es

ig
n

w
h
ic

h
en

ab
le

u
s

to
p
in

p
oi

n
t

th
e

ex
ac

t
b
re

ak
d
ow

n
p

oi
n
t

of
th

e
as

y
m

p
to

ti
c

n
o
rm

al
it

y
fo

r
th

e
M

L
E

.

2
.2

.
C

o
n
v
e
n
ti

o
n

a
l

p
-v

a
lu

e
s

in
lo

w
d

im
e
n

si
o
n

s
u

n
d

e
r

fi
x
e
d

d
e
si

g
n

R
ec

al
l

th
at

w
e

co
n
d
it

io
n

on
th

e
d
es

ig
n

m
at

ri
x

X
in

th
is

se
ct

io
n
.

W
e

fi
rs

t
in

tr
o
d
u
ce

a
d
ev

ia
ti

on
p
ro

b
ab

il
it

y
b

ou
n
d

th
at

fa
ci

li
ta

te
s

ou
r

te
ch

n
ic

a
l

an
al

y
si

s.
C

on
si

d
er

b
ot

h
ca

se
s

of
b

ou
n
d
ed

re
sp

on
se

s
an

d
u
n
b

ou
n
d
ed

re
sp

on
se

s.
In

th
e

la
tt

er
ca

se
,

as
su

m
e

th
at

th
er

e
ex

is
t

so
m

e
co

n
st

an
ts
M
,v

0
>

0
su

ch
th

at

m
ax

1
≤
i≤
n
E

{ ex
p

[ |
y i
−
b′

(θ
0
,i
)|

M

] −
1
−
|y i
−
b′

(θ
0
,i
)|

M

}
M

2
≤
v 0 2

(5
)

w
it

h
(θ

0
,1
,·
··
,θ

0
,n

)T
=
θ

0
=

X
β

0
,

w
h
er

e
β

0
=

(β
0
,1
,·
··
,β

0
,p

)T
d
en

ot
es

th
e

tr
u
e

re
gr

es
si

on
co

effi
ci

en
t

v
ec

to
r

in
m

o
d
el

(1
).

T
h
en

b
y

F
an

an
d

L
v

(2
01

1,
20

13
),

it
h
ol

d
s

th
at

fo
r

an
y

a
∈
R
n
,

P
(∣ ∣

a
T
Y
−

a
T
µ

(θ
0
)∣ ∣
>
‖a
‖ 2
ε)
≤
ϕ

(ε
),

(6
)

w
h
er

e
ϕ

(ε
)

=
2e
−
c 1
ε2

w
it

h
c 1

>
0

so
m

e
co

n
st

an
t,

an
d
ε
∈

(0
,∞

)
if

th
e

re
sp

o
n
se

s
ar

e
b

ou
n
d
ed

an
d
ε
∈

(0
,‖

a
‖ 2
/
‖a
‖ ∞

]
if

th
e

re
sp

on
se

s
ar

e
u
n
b

o
u
n
d
ed

.

F
or

n
on

li
n
ea

r
G

L
M

s,
th

e
M

L
E
β̂

so
lv

es
th

e
n
on

li
n
ea

r
sc

or
e

eq
u
at

io
n

(4
)

w
h
os

e
so

lu
ti

on
ge

n
er

al
ly

d
o
es

n
ot

ad
m

it
an

ex
p
li
ci

t
fo

rm
.

T
o

ad
d
re

ss
su

ch
a

ch
al

le
n
ge

,
w

e
co

n
st

ru
ct

a
so

lu
ti

on
to

eq
u
at

io
n

(4
)

in
an

as
y
m

p
to

ti
ca

ll
y

sh
ri

n
k
in

g
n
ei

gh
b

or
h
o
o
d

of
β

0
th

at
m

ee
ts

th
e

M
L

E
β̂

th
an

k
s

to
th

e
u
n
iq

u
en

es
s

of
th

e
so

lu
ti

on
.

S
p

ec
ifi

ca
ll
y,

d
efi

n
e

a
n
ei

gh
b

o
rh

o
o
d

of
β

0

as

N
0

=
{β
∈
R
p

:
‖β
−
β

0
‖ ∞
≤
n
−
γ

lo
g
n
}

(7
)

fo
r

so
m

e
co

n
st

an
t
γ
∈

(0
,1
/
2]

.
A

ss
u
m

e
th

at
p

=
O

(n
α
0
)

fo
r

so
m

e
α

0
∈

(0
,γ

)
an

d
le

t
b n

=
o{

m
in

(n
1
/
2
−
γ
√

lo
g
n
,s
−

1
n
n

2
γ
−
α
0
−

1
/
2
/
(l

og
n

)2
}

b
e

a
d
iv

er
gi

n
g

se
q
u
en

ce
of

p
os

it
iv

e
n
u
m

b
er

s,
w

h
er

e
s n

is
a

se
q
u
en

ce
of

p
os

it
iv

e
n
u
m

b
er

s
th

at
w

il
l

b
e

sp
ec

ifi
ed

in
T

h
eo

re
m

1
b

el
ow

.
W

e
n
ee

d
so

m
e

b
as

ic
re

gu
la

ri
ty

co
n
d
it

io
n
s

to
es

ta
b
li
sh

th
e

as
y
m

p
to

ti
c

n
or

m
al

it
y

of
th

e
M

L
E
β̂

.

C
o
n

d
it

io
n

1
T

h
e

d
es

ig
n

m
a
tr

ix
X

sa
ti

sfi
es

∥ ∥ ∥[
X
T
Σ

(θ
0
)
X
] −

1
∥ ∥ ∥ ∞

=
O

(b
n
n
−

1
),

(8
)

m
ax

β
∈N

0

m
ax

p j=
1
λ

m
a
x

[ X
T

d
ia

g
{ |

x
j
|◦
∣ ∣ µ
′′

(X
β

)∣ ∣}
X
] =

O
(n

)
(9

)

w
it

h
◦

d
en

o
ti

n
g

th
e

H
a
d
a
m

a
rd

p
ro

d
u

ct
a
n

d
d
er

iv
a

ti
ve

s
u

n
d
er

st
oo

d
co

m
po

n
en

tw
is

e.
A

ss
u

m
e

th
a
t

m
ax

p j=
1
‖x

j
‖ ∞

<
c1
/
2

1
{n
/(

lo
g
n

)}
1
/
2

if
th

e
re

sp
o
n

se
s

a
re

u
n

bo
u

n
d
ed

.
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F
a
n
,
D
e
m
ir
k
a
y
a
a
n
d

L
v

C
o
n

d
it

io
n

2
T

h
e

ei
ge

n
va

lu
es

o
f
n
−

1
A
n

a
re

bo
u

n
d
ed

a
w

a
y

fr
o
m

0
a
n

d
∞

,
∑

n i=
1
(z
T i
A
−

1
n

z
i)

3
/
2

=
o(

1)
,

a
n

d
m

ax
n i=

1
E
|y i
−
b′

(θ
0
,i
)|3

=
O

(1
),

w
h
er

e
A
n

=
X
T
Σ

(θ
0
)X

a
n

d
(z

1
,·
··
,z
n
)T

=
X

.

C
on

d
it

io
n
s

1
an

d
2

p
u
t

so
m

e
b
as

ic
re

st
ri

ct
io

n
s

on
th

e
d
es

ig
n

m
at

ri
x

X
a
n
d

a
m

o
m

en
t

co
n
d
it

io
n

on
th

e
re

sp
on

se
s.

F
or

th
e

ca
se

of
li
n
ea

r
m

o
d
el

,
b

ou
n
d

(8
)

b
ec

om
es
‖(

X
T
X

)−
1
‖ ∞

=
O

(b
n
/n

)
an

d
b

ou
n
d

(9
)

h
ol

d
s

au
to

m
at

ic
al

ly
si

n
ce
b′
′′ (
θ)
≡

0.
C

on
d
it

io
n

2
is

re
la

te
d

to
th

e
L

ya
p
u
n
ov

co
n
d
it

io
n
.

T
h

e
o
re

m
1

(A
sy

m
p

to
ti

c
n

o
rm

a
li
ty

)
A

ss
u

m
e

th
a
t

C
o
n

d
it

io
n

s
1
–
2

a
n

d
p
ro

ba
bi

li
ty

bo
u

n
d

(6
)

h
o
ld

.
T

h
en

a
)

th
er

e
ex

is
ts

a
u

n
iq

u
e

so
lu

ti
o
n
β̂

to
sc

o
re

eq
u

a
ti

o
n

(4
)

in
N

0
w

it
h

a
sy

m
p
to

ti
c

p
ro

ba
bi

li
ty

o
n

e;

b)
th

e
M

L
E
β̂

sa
ti

sfi
es

th
a
t

fo
r

ea
ch

ve
ct

o
r

u
∈
R
p

w
it

h
‖u
‖ 2

=
1

a
n

d
‖u
‖ 1

=
O

(s
n
),

(u
T
A
−

1
n

u
)−

1
/
2
(u

T
β̂
−

u
T
β

0
)

D −→
N

(0
,φ

)
(1

0)

a
n

d
sp

ec
ifi

ca
ll

y
fo

r
ea

ch
1
≤
j
≤
p
,

(A
−

1
n

)−
1
/
2

jj
(β̂
j
−
β

0
,j

)
D −→

N
(0
,φ

),
(1

1
)

w
h
er

e
A
n

=
X
T
Σ

(θ
0
)X

a
n

d
(A
−

1
n

) j
j

d
en

o
te

s
th

e
jt

h
d
ia

go
n

a
l

en
tr

y
o
f

m
a
tr

ix
A
−

1
n

.

T
h
eo

re
m

1
es

ta
b
li
sh

es
th

e
as

y
m

p
to

ti
c

n
or

m
al

it
y

of
th

e
M

L
E

an
d

co
n
se

q
u
en

tl
y

ju
st

ifi
es

th
e

va
li
d
it

y
of

th
e

co
n
ve

n
ti

on
al

p
-v

al
u
es

in
lo

w
d
im

en
si

on
s.

N
ot

e
th

at
fo

r
si

m
p
li
ci

ty
,

w
e

p
re

se
n
t

h
er

e
on

ly
th

e
m

ar
gi

n
al

as
y
m

p
to

ti
c

n
or

m
al

it
y,

an
d

th
e

jo
in

t
as

y
m

p
to

ti
c

n
o
rm

a
li
ty

al
so

h
ol

d
s

fo
r

th
e

p
ro

je
ct

io
n

of
th

e
M

L
E

on
to

an
y

fi
x
ed

-d
im

en
si

on
al

su
b
sp

a
ce

.
T

h
is

re
su

lt
ca

n
al

so
b

e
ex

te
n
d
ed

to
th

e
ca

se
of

m
is

sp
ec

ifi
ed

m
o
d
el

s;
se

e,
fo

r
ex

a
m

p
le

,
L

v
a
n
d

L
iu

(2
0
1
4
).

A
s

m
en

ti
on

ed
in

th
e

In
tr

o
d
u
ct

io
n
,

th
e

as
y
m

p
to

ti
c

n
or

m
al

it
y

w
a
s

sh
ow

n
in

F
a
n

a
n
d

L
v

(2
01

1)
fo

r
n
on

co
n
ca

v
e

p
en

al
iz

ed
M

L
E

h
av

in
g

in
tr

in
si

c
d
im

en
si

on
al

it
y
s

=
o(
n

1
/
3
).

In
co

n
tr

as
t,

ou
r

re
su

lt
in

T
h
eo

re
m

1
al

lo
w

s
fo

r
th

e
sc

en
ar

io
of
p

=
o(
n

1
/
2
)

w
it

h
n
o

sp
a
rs

it
y

as
su

m
p
ti

on
in

v
ie

w
of

ou
r

te
ch

n
ic

al
co

n
d
it

io
n
s.

In
p
ar

ti
cu

la
r,

w
e

se
e

th
at

th
e

co
n
ve

n
ti

o
n
a
l

p
-v

al
u
es

in
G

L
M

s
ge

n
er

al
ly

re
m

ai
n

va
li
d

in
th

e
re

gi
m

e
of

sl
ow

ly
d
iv

er
gi

n
g

d
im

en
si

o
n
a
li
ty

p
=
o(
n

1
/
2
).

3
.
N
o
n
u
n
if
o
rm

it
y
o
f
G
L
M

P
-v
a
lu
e
s
in

D
iv
e
rg

in
g
D
im

e
n
si
o
n
s

S
o

fa
r

w
e

h
av

e
se

en
th

at
fo

r
n
on

li
n
ea

r
G

L
M

s,
th

e
p
-v

al
u
es

ca
n

b
e

va
li
d

w
h
en
p

=
o(
n

1
/
2
)

a
s

sh
ow

n
in

S
ec

ti
on

2,
an

d
ca

n
b

ec
om

e
m

ea
n
in

gl
es

s
w

h
en
p
≥
n
/2

as
d
is

cu
ss

ed
in

th
e

In
tr

o
d
u
c-

ti
on

.
A

p
p
ar

en
tl

y,
th

er
e

is
a

b
ig

ga
p

b
et

w
ee

n
th

es
e

tw
o

re
g
im

es
of

gr
ow

th
of

d
im

en
si

o
n
a
li
ty

p
.

T
o

p
ro

v
id

e
so

m
e

gu
id

an
ce

on
th

e
p
ra

ct
ic

al
u
se

o
f

p
-v

al
u
es

in
n
on

li
n
ea

r
G

L
M

s,
it

is
o
f

cr
u
ci

al
im

p
or

ta
n
ce

to
ch

ar
ac

te
ri

ze
th

ei
r

b
re

ak
d
ow

n
p

oi
n
t.

T
o

h
ig

h
li
gh

t
th

e
m

a
in

m
es

sa
g
e

w
it

h
si

m
p
li
fi
ed

te
ch

n
ic

al
p
re

se
n
ta

ti
on

,
h
er

ea
ft

er
w

e
co

n
te

n
t

ou
rs

el
ve

s
w

it
h

th
e

sp
ec

ifi
c

ca
se

of
lo

gi
st

ic
re

gr
es

si
on

m
o
d
el

fo
r

b
in

ar
y

re
sp

on
se

.
M

or
eo

ve
r,

w
e

in
ve

st
ig

at
e

th
e

d
is

tr
ib

u
ti

o
n
a
l

p
ro

p
er

ty
in

(1
1)

fo
r

th
e

sc
en

ar
io

of
tr

u
e

re
gr

es
si

on
co

effi
ci

en
t

ve
ct

or
β

0
=

0
,

th
a
t

is
,

u
n
d
er

th
e

gl
ob

al
n
u
ll
.

W
e

ar
gu

e
th

at
th

is
sp

ec
ifi

c
m

o
d
el

is
su

ffi
ci

en
t

fo
r

ou
r

p
u
rp

os
e

b
ec

a
u
se

if
th

e
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N
o
n
u
n
if
o
r
m
it
y
o
f
P
-v
a
l
u
e
s
C
a
n
O
c
c
u
r
E
a
r
ly

in
D
iv
e
r
g
in
g

D
im

e
n
sio

n
s

co
n
ven

tio
n
a
l

p
-valu

es
d
erived

from
M

L
E

s
fail

(i.e.,
(11)

fails)
for

at
least

on
e
β

0
(in

p
artic-

u
la

r
β

0
=

0
),

th
en

con
ven

tion
al

p
-valu

es
are

n
ot

ju
stifi

ed
.

T
h
erefore,

th
e

b
reak

d
ow

n
p

oin
t

fo
r

lo
g
istic

reg
ression

is
at

least
th

e
b
reak

d
ow

n
p

oin
t

for
gen

eral
n
o
n
lin

ear
G

L
M

s.
T

h
is

ar-
g
u
m

en
t

is
fu

n
d
am

en
tally

d
iff

eren
t

from
th

at
of

p
rov

in
g

th
e

overall
valid

ity
of

con
v
en

tion
al

p
-va

lu
es,

w
h
ere

on
e

n
eed

s
to

p
rove

th
e

asy
m

p
totic

n
orm

ality
of

M
L

E
s

u
n
d
er

gen
eral

G
L

M
s

ra
th

er
th

a
n

a
n
y

sp
ecifi

c
m

o
d
el.

3
.1

.
T

h
e

w
ild

sid
e

o
f

n
o
n

lin
e
a
r

re
g
im

e

F
o
r

th
e

lo
g
istic

regression
m

o
d
el

(1),
w

e
h
ave

b(θ)
=

log
(1

+
e
θ),

θ
∈
R

an
d
φ

=
1
.

T
h
e

m
ean

vecto
r
µ

(θ
)

a
n
d

covarian
ce

m
atrix

φ
Σ

(θ
)

of
th

e
n

-d
im

en
sion

al
resp

on
se

vector
y

given
b
y

(3
)

n
ow

ta
ke

th
e

fam
iliar

form
of
µ

(θ
)

=
(

e
θ
1

1
+
e
θ
1
,···

,
e
θ
n

1
+
e
θ
n )

T
an

d

Σ
(θ

)
=

d
iag {

e
θ
1

(1
+
e
θ
1)

2
,···

,
e
θ
n

(1
+
e
θ
n
)
2 }

w
ith

θ
=

(θ
1 ,···

,θ
n
)
T

=
X
β

.
In

m
an

y
real

ap
p
lication

s,
on

e
w

ou
ld

like
to

in
terp

ret
th

e
sig

n
ifi

ca
n
ce

o
f

each
in

d
iv

id
u
al

covariate
p
ro

d
u
ced

b
y

algorith
m

s
b
ased

on
th

e
con

ven
tion

al
a
sy

m
p
to

tic
n
o
rm

ality
of

th
e

M
L

E
as

estab
lish

ed
in

T
h
eorem

1.
A

s
argu

ed
at

th
e

b
egin

n
in

g
o
f

th
is

sectio
n
,

in
ord

er
to

ju
stify

th
e

valid
ity

of
p
-va

lu
es

in
G

L
M

s,
th

e
u
n
d
erly

in
g

th
eory

sh
o
u
ld

a
t

lea
st

en
su

re
th

at
th

e
d
istrib

u
tion

al
p
rop

erty
(11)

h
old

s
fo

r
logistic

regression
u
n
d
er

th
e

g
lo

b
a
l

n
u
ll.

A
s

w
e

w
ill

see
em

p
irically

in
S
ection

4,
as

th
e

d
im

en
sion

ality
in

crea
ses,

p
-

valu
es

fro
m

lo
g
istic

regression
u
n
d
er

th
e

glob
al

n
u
ll

h
ave

a
d
istrib

u
tion

th
at

is
sk

ew
ed

m
ore

a
n
d

m
o
re

tow
a
rd

zero.
C

on
seq

u
en

tly,
classical

h
y
p

oth
esis

testin
g

m
eth

o
d
s

w
h
ich

reject
th

e
n
u
ll

h
y
p

o
th

esis
w

h
en

p
-valu

e
is

less
th

an
th

e
p
re-sp

ecifi
ed

level
α

w
ou

ld
resu

lt
in

m
ore

fa
lse

d
iscov

eries
th

an
th

e
d
esired

level
of
α

.
A

s
a

resu
lt,

p
ractition

ers
m

ay
sim

p
ly

lose
th

e
th

eo
retica

l
b
a
ck

u
p

an
d

th
e

resu
ltin

g
d
ecision

s
b
ased

on
th

e
p
-valu

es
can

b
ecom

e
in

eff
ective

o
r

even
m

islea
d
in

g.
F

or
th

is
reason

,
it

is
im

p
ortan

t
an

d
h
elp

fu
l

to
id

en
tify

th
e

b
reak

d
ow

n
p

o
in

t
o
f

p
-va

lu
es

in
d
iv

ergin
g-d

im
en

sion
al

logistic
regression

m
o
d
el

u
n
d
er

th
e

glob
al

n
u
ll.

C
h
a
ra

cterizin
g

th
e

b
reak

d
ow

n
p

oin
t

of
p
-valu

es
in

n
on

lin
ear

G
L

M
s

is
h
igh

ly
n
on

triv
ial

a
n
d

ch
a
llen

g
in

g
.

F
irst,

th
e

n
on

lin
earity

gen
erally

cau
ses

th
e

M
L

E
to

take
n
o

an
aly

tical
fo

rm
,

w
h
ich

m
akes

it
d
iffi

cu
lt

to
an

aly
ze

its
b

eh
av

ior
in

d
ivergin

g
d
im

en
sion

s.
S
econ

d
,

co
n
ven

tio
n
a
l
p
rob

ab
ilistic

argu
m

en
ts

for
estab

lish
in

g
th

e
cen

tral
lim

it
th

eorem
of

M
L

E
on

ly
en

a
b
le

u
s

to
see

w
h
en

th
e

d
istrib

u
tion

al
p
rop

erty
h
old

s,
b
u
t

n
ot

ex
actly

at
w

h
at

p
oin

t
it

fa
ils.

T
o

a
d
d
ress

th
ese

im
p

ortan
t

ch
allen

ges,
w

e
in

tro
d
u
ce

n
ov

el
geom

etric
an

d
p
rob

ab
ilistic

a
rg

u
m

en
ts

p
resen

ted
later

in
th

e
p
ro

ofs
of

T
h
eorem

s
2–3

th
at

p
rov

id
e

a
ra

th
er

d
elicate

a
n
a
ly

sis
o
f

th
e

M
L

E
.

In
p
articu

lar,
ou

r
argu

m
en

ts
u
n
v
eil

th
at

th
e

early
b
reak

d
ow

n
p

oin
t

of
p
-va

lu
es

in
n
on

lin
ear

G
L

M
s

is
essen

tially
d
u
e

to
th

e
n

o
n

lin
ea

rity
of

th
e

m
ean

fu
n
ctio

n
µ

(·).
T

h
is

sh
ow

s
th

a
t

p
-valu

es
can

b
eh

ave
w

ild
ly

m
u
ch

early
on

in
d
ivergin

g
d
im

en
sion

s
w

h
en

w
e

m
ove

aw
ay

fro
m

lin
ear

regression
m

o
d
el

to
n
o
n
lin
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p
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m
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p
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d
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p
ractition

ers
w

h
o

w
an

t
to

ju
stify

th
e

u
sa

g
e

o
f

cla
ssical

p
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p
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=
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p
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√
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=
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√
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=
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−
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=
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Ψ
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Ψ

(β
)

=
β
−
β
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−
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d
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2 √
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p
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0 ∈
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γ √
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u‖∞
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h
old

s
for

large
en

ou
gh

n
th

at
w

h
en

(β
−
β

0 )
j

=
n
−
γ √
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u‖∞
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u‖∞
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Ψ
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=

0
h
as

a
solu

tion
β̂

in
N

0 .
C

learly,
β̂

also
solves

eq
u
ation

Ψ
(β

)
=
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p
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.
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=
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−
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=
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−
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−
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∈
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w
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b
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∞
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−
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d
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.
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∞
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∥ ∥ ∥ ∞
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‖ ∞
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=
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−
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b
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−
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−
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=
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−
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∑

n i=
1
η i

,
w

h
er

e
η i

=
(A
−

1
n

)−
1
/
2

jj
e
T j

A
−

1
n

z
i[
y i
−
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.
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∣ ∣ y
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=
O

(1
)

n ∑ i=
1

( z
T i
A
−

1
n

z
i) 3

/
2

=
o(

1)
.

T
h
u
s

an
ap

p
li
ca

ti
on

of
L

y
ap

u
n
ov

’s
th

eo
re

m
y
ie

ld
s

(A
−

1
n

)−
1
/
2

jj
e
T j
A
−

1
n
ξ

=
n ∑ i=

1

η i
D −→

N
(0
,φ

).
(2

2)

B
y

S
lu

ts
k
y
’s

le
m

m
a,

w
e

se
e

fr
om

(2
0)

–(
22

)
th

at

(A
−

1
n

)−
1
/
2

jj
(β̂
j
−
β

0
,j

)
D −→

N
(0
,φ

),

sh
ow

in
g

th
e

as
y
m

p
to

ti
c

n
or

m
al

it
y

of
ea

ch
co

m
p

on
en

t
β̂
j

of
th

e
M

L
E
β̂

.
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F
a
n
,
D
e
m
ir
k
a
y
a
a
n
d

L
v

W
e

fu
rt

h
er

es
ta

b
li
sh

th
e

as
y
m

p
to

ti
c

n
or

m
al

it
y

fo
r

th
e

on
e-

d
im

en
si

on
al

p
ro

je
ct

io
n
s

o
f

th
e

M
L

E
β̂

.
F

ix
an

ar
b
it

ra
ry

ve
ct

or
u
∈
R
p

w
it

h
‖u
‖ 2

=
1

sa
ti

sf
y
in

g
th

e
L

1
sp

a
rs

it
y

b
o
u
n
d

‖u
‖ 1

=
O

(s
n
).

In
li
gh

t
of

(1
6)

,
w

e
h
av

e
β̂
−
β

0
=

A
−

1
n

(ξ
−

r)
,

w
h
ic

h
re

su
lt

s
in

(u
T
A
−

1
n

u
)−

1
/
2
(u

T
β̂
−

u
T
β

0
)

=
(u

T
A
−

1
n

u
)−

1
/
2
u
T
A
−

1
n
ξ
−

(u
T
A
−

1
n

u
)−

1
/
2
u
T
A
−

1
n

r.
(2

3
)

N
ot

e
th

at
si

n
ce

th
e

sm
al

le
st

an
d

la
rg

es
t

ei
ge

n
va

lu
es

of
n
−

1
A
n

ar
e

b
ou

n
d
ed

aw
ay

fr
o
m

0
an

d
∞

b
y

C
on

d
it

io
n

2,
it

is
ea

sy
to

sh
ow

th
at

(u
T
A
−

1
n

u
)−

1
/
2

is
of

ex
ac

t
or

d
er
n

1
/
2
.

In
v
ie

w
of

(1
7)

,
it

h
ol

d
s

on
th

e
ev

en
t
E

d
efi

n
ed

in
(1

2)
th

at

∥ ∥ A
−

1
n

r∥ ∥
∞
≤

∥ ∥ ∥[
X
T
Σ

(θ
0
)
X
] −

1
∥ ∥ ∥ ∞
‖r
‖ ∞

=
O
{ b
n
p
n
−

2
γ
(l

og
n

)2
}

=
o(
s−

1
n
n
−

1
/
2
)

si
n
ce
b n

=
o{
s−

1
n
n

2
γ
−
α
0
−

1
/
2
/(

lo
g
n

)2
}

b
y

as
su

m
p
ti

on
.

T
h
is

le
ad

s
to

(u
T
A
−

1
n

u
)−

1
/
2
u
T
A
−

1
n

r
=
O

(n
1
/
2
)
·‖

u
‖ 1
·‖

A
−

1
n

r‖
∞

=
o P

(1
)

(2
4
)

si
n
ce
‖u
‖ 1

=
O

(s
n
)

b
y

as
su

m
p
ti

on
.

It
re

m
ai

n
s

to
co

n
si

d
er

th
e

te
rm

(u
T
A
−

1
n

u
)−

1
/
2
u
T
A
−

1
n
ξ

=
∑

n i=
1
η i

w
it

h
η i

=
(u

T
A
−

1
n

u
)−

1
/
2

u
T
A
−

1
n

z
i[
y i
−
b′

(θ
0
,i
)]

.
C

le
ar

ly
,

th
e
n

ra
n
d
om

va
ri

ab
le

s
η i

’s
ar

e
in

d
ep

en
d
en

t
w

it
h

m
ea

n
0

an
d

n ∑ i=
1

va
r(
η i

)
=

(u
T
A
−

1
n

u
)−

1
u
T
A
−

1
n

(φ
A
n
)A
−

1
n

u
=
φ
.

It
fo

ll
ow

s
fr

om
C

o
n
d
it

io
n

2
an

d
th

e
C

au
ch

y
–S

ch
w

ar
z

in
eq

u
al

it
y

th
at

n ∑ i=
1

E
|η i
|3

=
n ∑ i=

1

∣ ∣ ∣(u
T
A
−

1
n

u
)−

1
/
2
u
T
A
−

1
n

z
i∣ ∣ ∣3
E
∣ ∣ y
i
−
b′

(θ
0
,i
)∣ ∣3

=
O

(1
)

n ∑ i=
1

∣ ∣ ∣(u
T
A
−

1
n

u
)−

1
/
2
u
T
A
−

1
n

z
i∣ ∣ ∣3

≤
O

(1
)

n ∑ i=
1

∥ ∥ ∥(
u
T
A
−

1
n

u
)−

1
/
2
u
T
A
−

1
/
2

n

∥ ∥ ∥3 2

∥ ∥ ∥A
−

1
/
2

n
z
i∥ ∥ ∥3 2

=
O

(1
)

n ∑ i=
1

( z
T i
A
−

1
n

z
i) 3

/
2

=
o(

1)
.

T
h
u
s

an
ap

p
li
ca

ti
on

of
L

ya
p
u
n
ov

’s
th

eo
re

m
y
ie

ld
s

(u
T
A
−

1
n

u
)−

1
/
2
u
T
A
−

1
n
ξ

=
n ∑ i=

1

η i
D −→

N
(0
,φ

).
(2

5
)

B
y

S
lu

ts
k
y
’s

le
m

m
a,

w
e

se
e

fr
om

(2
3)

–(
25

)
th

at

(u
T
A
−

1
n

u
)−

1
/
2
(u

T
β̂
−

u
T
β

0
)

D −→
N

(0
,φ

),

sh
ow

in
g

th
e

as
y
m

p
to

ti
c

n
or

m
al

it
y

of
an

y
L

1
-s

p
ar

se
on

e-
d
im

en
si

on
al

p
ro

je
ct

io
n

u
T
β̂

o
f

th
e

M
L

E
β̂

.
T

h
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p
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e

p
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N
o
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if
o
r
m
it
y
o
f
P
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a
l
u
e
s
C
a
n
O
c
c
u
r
E
a
r
ly

in
D
iv
e
r
g
in
g

D
im

e
n
sio

n
s

B
.2

.
P

ro
o
f

o
f

T
h

e
o
re

m
4

T
h
e

p
ro

o
f

is
sim

ilar
to

th
at

for
T

h
eorem

1.
W

ith
ou

t
loss

of
gen

erality,
w

e
assu

m
e

th
at

Σ
=
I
p

b
eca

u
se

u
n
d
er

glob
al

n
u
ll,

a
rotation

of
X

y
ield

s
stan

d
ard

n
orm

al
row

s.
F

irst
let
ξ

=
(ξ

1 ,···
,ξ
p )
T

=
(X

T
X

) −
1X

T
[y
−
µ

0 ],
w

h
ere

µ
0

=
b ′(0)1

w
ith

1
=

(1
,···

,1)
T
∈

R
n

b
eca

u
se
β

0
=

0.
T

h
en

y
−
µ

0
h
as

i.i.d
.

u
n
iform

su
b
-G

au
ssian

co
m

p
on

en
ts

an
d

is
in

d
ep

en
d
en

t
o
f

X
=

(z
1 ,···

,z
p )∈

R
n×

p.
D

efi
n
e

even
t

E
=
{‖
ξ‖∞

≤
c

2 √
n
−

1
lo

g
n}
.

B
y

L
em

m
a

5
,

it
is

seen
th

at
P

(E
)≥

1−
o(p −

a).
F

u
rth

erm
ore,

d
efi

n
e

th
e

n
eigh

b
orh

o
o
d

N
0

=
{‖β‖∞

≤
c

3 √
n
−

1
lo

g
n}

(26)

fo
r

so
m

e
c

3
>
c

2 (b ′′(0)) −
1.

W
e

n
ex

t
sh

ow
th

at
th

e
M

L
E

m
u
st

fall
in

to
th

e
region

N
0

w
ith

p
ro

b
a
b
ility

a
t

least
1−

O
(p −

a)
follow

in
g

th
e

sim
ilar

argu
m

en
ts

in
T

h
eorem

1
.

F
irst,

w
e

d
efi

n
e

γ
(β

)
=

(γ
1 (β

),···
,γ
p (β

))
T
≡

X
T
µ

(X
β

)

a
n
d

Ψ
(β

)
=
γ

(β
)−

γ
(β

0 )−
X
T

[y
−
µ

0 ],
β
∈
R
p.

A
p
p
ly

in
g

a
fo

rth
ord

er
T

ay
lor

ex
p
an

sion
o
f
γ

(β
)

arou
n
d
β

0
=

0
w

ith
th

e
L

agran
ge

rem
ain

-
d
er

term
co

m
p

on
en

tw
ise

lead
s

to

γ
(β

)
=
γ

(β
0 )

+
b ′′(0)X

T
X

(β
−
β

0 )
+

r
+

s
+

t,

w
h
ere

r
=

(r
1 ,···

,r
p )
T

,
s

=
(s

1 ,···
,s
p )
T

,
t

=
(t1 ,···

,tp )
T

a
n
d

for
each

1
≤
j≤

p
,

r
j

=
b ′′′(0)

2

n
∑i=

1

x
ij (x

Ti
β

)
2

(27)

s
j

=
b
(4

)(0)

6

n
∑i=

1

x
ij (x

Ti
β

)
3

(28)

tj
=

124

n
∑i=

1

b
(5

)(x
Ti
β̃
j)x

ij (x
Ti
β

)
4.

(29)

w
ith

β̃
j

so
m

e
p
-d

im
en

sion
al

v
ector

ly
in

g
on

th
e

lin
e

segm
en

t
join

in
g
β

an
d
β

0 .
L

et
u
s

d
efi

n
e

an
oth

er
vector-valu

ed
fu

n
ction

Ψ
(β

)≡
[b ′′(0)X

T
X
]−

1
Ψ

(β
)

=
β
−
β

0
+

u
,

(30)

w
h
ere

u
=
−

(b ′′(0)) −
1ξ

+
[b ′′(0)X

T
X

] −
1(r

+
s

+
t).

It
follow

s
from

th
e

ab
ove

d
erivation

th
a
t

fo
r

a
n
y
β
∈
N

0 ,

‖u‖∞
≤
∥∥
(b ′′(0)) −

1ξ ∥∥∞
+
∥∥∥ [b ′′(0)X

T
X
]−

1
(r

+
s

+
t) ∥∥∥∞

.

N
ow

,
w

e
b

o
u
n
d

th
e

term
s

on
th

e
righ

t
h
an

d
sid

e.
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F
a
n
,
D
e
m
ir
k
a
y
a
a
n
d

L
v

F
irst

n
ote

th
at

on
even

tE
,

∥∥
(b ′′(0)) −

1ξ ∥∥∞
≤

(b ′′(0)) −
1c

2 √
n

log
n
.

(31)

T
h
en

,
w

e
con

sid
er

th
e

n
ex

t
term

: ∥∥∥ [b ′′(0)X
T
X
]−

1
(r

+
s

+
t) ∥∥∥∞

.
W

e
ob

serv
e

th
at

∥∥∥ [b ′′(0)X
T
X
]−

1
(r

+
s

+
t) ∥∥∥∞

≤
|b ′′(0)| −

1 ∥∥∥ [n
−

1X
T
X
]−

1 ∥∥∥∞
∥∥
n
−

1(r
+

s
+

t) ∥∥∞
≤
|b ′′(0)| −

1 ∥∥∥ [n
−

1X
T
X
]−

1 ∥∥∥∞
· ( ∥∥

n
−

1r ∥∥∞
+
∥∥
n
−

1s ∥∥∞
+
∥∥
n
−

1t ∥∥∞
)
.

B
y

L
em

m
a

6,
w

e
h
av

e
th

at ∥∥∥ [n
−

1X
T
X
]−

1 ∥∥∥∞
≤

1
+
O

(p
n
−

1
/
2).

L
em

m
as

10,
11,

12
assert

th
at

( ∥∥
n
−

1r ∥∥∞
+
∥∥
n
−

1s ∥∥∞
+
∥∥
n
−

1t ∥∥∞
)

=
{n

α−
5
/
6

log
n

+
n

3
/
2
α−

5
/
4(log

n
)
3
/
2

+
n
α−

1(log
n

)
1
/
2

+
n

2
α−

3
/
2(log

n
)
3
/
2} √

n
−

1
log

n
.

W
e

com
b
in

e
last

tw
o

b
ou

n
d
s

so
th

at
w

e
h
ave

∥∥∥ [b ′′(0)X
T
X
]−

1
(r

+
s

+
t) ∥∥∥∞

=
o( √

n
−

1
log

n
)

(32)

w
ith

p
rob

ab
ility

at
least

1−
o(p −

c)
w

h
en

p
=
O

(n
α
)

w
ith

α
<

2
/3.

C
om

b
in

in
g

eq
u
ation

s
(31)

an
d

(32),
w

e
ob

tain
th

at
if
p

=
O

(n
α
)

w
ith

α
∈

[0,2/
3),

th
en

‖
u‖∞

≤
c

3 √
n
−

1
log

n
.

T
h
u
s,

th
e

M
L

E
m

u
st

fall
in

to
th

e
region

N
0

follow
in

g
th

e
sim

ilar
argu

m
en

ts
in

T
h
eorem

1.
N

ex
t,

w
e

sh
ow

th
e

com
p

on
en

tw
ise

asy
m

p
totic

n
orm

ality
o
f

th
e

M
L

E
β̂

.
B

y
eq

u
ation

(30),
w

e
h
ave

β̂
=
−

u
=

(b ′′(0)) −
1(X

T
X

) −
1X

T
[y
−
µ

0 ]−
[b ′′(0)X

T
X

] −
1(r

+
s

+
t).

S
o,

w
e

can
w

rite

β̂
j

=
(b ′′(0)) −

1n
−

1e
Tj
X
T

[y
−
µ

0 ]+
(b ′′(0)) −

1T
−

e
Tj

[b ′′(0)X
T
X

] −
1(r

+
s

+
t)

(33)

w
h
ere

T
=

e
Tj

(X
T
X

) −
1X

T
[y
−
µ

0 ]−
n
−

1e
Tj
X
T

[y
−
µ

0 ].
B

y
L

em
m

a
13

an
d

E
q
u
ation

(32),

b
oth

n
1
/
2(b ′′(0)) −

1T
an

d
n

1
/
2e
Tj

[b ′′(0)X
T
X

] −
1(r

+
s
+

t)
con

verges
to

zero
in

p
rob

ab
ility.

S
o,

it
is

en
ou

gh
to

con
sid

er
th

e
fi
rst

su
m

m
an

d
in

(33).
N

ow
,

w
e

sh
ow

th
at
n
−

1
/
2e
Tj
X
T

[y
−
µ

0 ]

is
asy

m
p
totically

n
orm

al.
In

fact,
w

e
can

w
rite

e
Tj
X
T

[y−
µ

0 ]
=
∑

ni=
1
x
ij y

i
w

h
ere

each
su

m
-

m
an

d
x
ij y

i
is

in
d
ep

en
d
en

t
ov

er
i

an
d

h
as

varian
ce
φ
b ′′(0).

M
oreover, ∑

ni=
1
E
|x
ij y

i | 3
=
O

(n
)

sin
ce|x

ij | 3
an

d
|y
i | 3

are
in

d
ep

en
d
en

t
an

d
fi
n
ite

m
ean

.
S
o,

w
e

ap
p
ly

L
yap

u
n
ov

’s
th

eorem
to

ob
tain

b ′′(0) −
1
/
2n
−

1
/
2e
Tj
X
T

[y
−
µ

0 ]
D
−→

N
(0,φ

).
F

in
ally,

w
e

k
n
ow

th
at
b ′′(0)n

(A
−

1
n

)
jj →

1
in

p
rob

ab
ility

from
th

e
rem

ark
in

T
h
eorem

1.
T

h
u
s,

S
lu

tsk
y
’s

lem
m

a
y
ield

s

(A
−

1
n

) −
1
/
2

jj
β̂
j

D
−→

N
(0,φ

).
(34)

T
h
is

com
p
letes

th
e

p
ro

of
of

th
e

th
eorem

.
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im
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5
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th
e
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en
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µ

0
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u
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if
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G
a
u

ss
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n
s.

T
h
a
t
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,

th
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e
ex

is
t

a
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si
ti

ve
co

n
st

a
n

t
C

su
ch

th
a
t
P
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y
−
µ

0
) i
|>

t)
≤
C

ex
p
{−
C
t2
}

fo
r

a
ll

1
≤
i
≤
n

.
T

h
en

,
it

h
o
ld

s
th

a
t,

fo
r

so
m

e
po

si
ti

ve
co

n
st

a
n

t
c 2

,

‖(
X
T
X

)−
1
X
T

(y
−
µ

0
)‖
∞
≤
c 2
√
n
−

1
lo

g
n
.

w
it

h
a
sy

m
p
to

ti
c

p
ro

ba
bi

li
ty

1
−
o(
p
−
a
).

P
ro

o
f

W
e

p
ro

ve
th

e
re

su
lt

b
y

co
n
d
it

io
n
in

g
on

X
.

L
et

E
=
n
−

1
X
T
X
−

I p
.

T
h
en

b
y

m
at

ri
x

in
ve

rs
io

n
,

(n
−

1
X
T
X

)−
1

=
(I
p

+
E

)−
1

=
I p
−
∞ ∑ k
=

1

(−
1)
k
+

1
(E

)k

=
I p
−

E
+
∞ ∑ k
=

2

(−
1)
k
(E

)k
=

2I
p
−
n
−

1
X
T
X

+
∞ ∑ k
=

2

(−
1)
k
(E

)k
.

T
h
u
s,

it
fo

ll
ow

s
th

at

‖(
X
T
X

)−
1
X
T

(y
−
µ

0
)‖
∞

≤
‖2
n
−

1
X
T

(y
−
µ

0
)‖
∞

+
‖n
−

2
X
T
X

X
T

(y
−
µ

0
)‖
∞

+

∥ ∥ ∥ ∥ ∥n
−

1
∞ ∑ k
=

2

(−
1)
k
(E

)k
X
T

(y
−
µ

0
)∥ ∥ ∥ ∥ ∥ ∞

=
η 1

+
η 2

+
η 3
.

In
th

e
re

st
of

th
e

p
ro

of
,

w
e

w
il
l

b
ou

n
d
η 1

,
η 2

an
d
η 3

.
P

a
rt

1
:

B
o
u

n
d

o
f
η 1

.
F

ir
st

,
it

is
ea

sy
to

se
e

th
at η 1

=
‖2
n
−

1
X
T

(y
−
µ

0
)‖
∞

=
2

m
ax

1
≤
j≤
p

∣ ∣ ∣ ∣ ∣n
−

1
n ∑ i=

1

x
ij

(y
−
µ

0
) i

∣ ∣ ∣ ∣ ∣.

W
e

ob
se

rv
e

th
at

ea
ch

su
m

m
an

d
x
ij

(y
−
µ

0
) i

is
th

e
p
ro

d
u
ct

of
tw

o
su

b
ga

u
ss

ia
n

ra
n
d
om

va
ri

ab
le

s,
an

d
so

sa
ti

sfi
es
P

(|x
ij

(y
−
µ

0
) i
|>

t)
≤
C

ex
p
(−
C
t)

fo
r

so
m

e
co

n
st

an
t
C
>

0
b
y

L
em

m
a

1
in

F
an

et
al

.
(2

01
6)

.
M

or
eo

ve
r,
E

[x
ij

(y
−
µ

0
) i

]
=

0
si

n
ce
x
ij

an
d

(y
−
µ

0
) i

ar
e

in
d
ep

en
d
en

t
an

d
h
av

e
ze

ro
m

ea
n
.

T
h
u
s,

w
e

ca
n

u
se

L
em

m
a

9
b
y

se
tt

in
g
W
ij

=
x
ij

(y
−
µ

0
) i

an
d
α

=
1.

S
o,

w
e

ge
t η 1

=
2

m
ax

1
≤
j≤
p

∣ ∣ ∣ ∣ ∣n
−

1
n ∑ i=

1

x
ij

(y
−
µ

0
) i

∣ ∣ ∣ ∣ ∣≤
c 2
√
n
−

1
lo

g
p

(3
5)

w
it

h
p
ro

b
ab

il
it

y
1
−
O

(p
−
c
)

fo
r

so
m

e
p

os
it

iv
e

co
n
st

an
ts
c

an
d
c 2

.
P

a
rt

2
:

B
o
u

n
d

o
f
η 2

.
N

ow
,

w
e

st
u
d
y
η 2

=
‖n
−

2
X
T
X

X
T

(y
−
µ

0
)‖
∞

.
L

et
z
k

b
e

th
e
k
-t

h
co

lu
m

n
of
X

,
th

at
is

z
k

=
X

e
k
.

D
ir

ec
t

ca
lc

u
la

ti
on

s
y
ie

ld

e
T k
X
T
X

X
T

(y
−
µ

0
)

=

p ∑ j=
1

(z
T k
z
j
)(

z
T j

(y
−
µ

0
))

=
‖z
k
‖2 2

z
T k

(y
−
µ

0
)

+

p ∑ j6=
k

(z
T k
z
j
)(

z
T j

(y
−
µ

0
))
.
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F
a
n
,
D
e
m
ir
k
a
y
a
a
n
d

L
v

T
h
u
s,

it
fo

ll
ow

s
th

at

∥ ∥ (
X
T
X

X
T

(y
−
µ

0
)∥ ∥
∞
≤

m
ax k

∣ ∣ ‖
z
k
‖2 2

z
T k

(y
−
µ

0
)∣ ∣

+
m

ax k

∣ ∣ ∣ ∣ ∣ ∣

p ∑ j6=
k

(z
T k
z
j
)(

z
T j

(y
−
µ

0
))

∣ ∣ ∣ ∣ ∣ ∣.
(3

6
)

F
ir

st
,

w
e

co
n
si

er
m

ax
k

∣ ∣ ‖
z
k
‖2 2

z
T k

(y
−
µ

0
)∣ ∣ .

L
em

m
a

14
sh

ow
s

th
at

m
ax

k
‖z
k
‖2 2
≤
O

(n
)

w
it

h
p
ro

b
ab

il
it

y
1
−
O

(p
−
c
).

W
e

al
so

h
av

e
m

a
x
k

∣ ∣ z
T k

(y
−
µ

0
)∣ ∣

=
n 2
η 1
≤
O

(√
n

lo
g
p
)

b
y

eq
u
a
ti

o
n

(3
5)

.
It

fo
ll
ow

s
th

at

m
ax k

∣ ∣ ‖
z
k
‖2 2

z
T k

(y
−
µ

0
)∣ ∣
≤

m
ax k
‖z
k
‖2 2

m
ax k

∣ ∣ z
T k

(y
−
µ

0
)∣ ∣
≤
O

(n
√
n

lo
g
p
).

(3
7
)

N
ex

t,
le

t
a
j

=
z
T k
z
j
/
‖z
k
‖ 2

an
d
b j

=
z
T j

(y
−
µ

0
)/
‖y
−
µ

0
‖ 2

.
T

h
en

it
is

ea
sy

to
se

e
th

a
t

co
n
d
i-

ti
on

al
on

z
k

an
d

y
,
a
j
∼
N

(0
,1

),
b j
∼
N

(0
,1

)
an

d
co

v
(a
j
,b
j
|z
k
,y

)
=

z
T k

(y
−
µ

0
)/

(‖
z
k
‖ 2
‖y
−

µ
0
‖ 2

).
B

y
(E

.6
)

of
L

em
m

a
7

in
F

an
et

al
.

(2
01

6)
,

it
ca

n
b

e
sh

ow
n

th
at

P

 
1

p
−

1

∣ ∣ ∣ ∣ ∣ ∣

p ∑ j6=
k

(z
T k
z
j
)(

z
T j

(y
−
µ

0
))
−

z
T k

(y
−
µ

0
)∣ ∣ ∣ ∣ ∣ ∣≥

c‖
z
k
‖ 2
‖y
−
µ

0
‖ 2
√
p
−

1
lo

g
p
∣ ∣ ∣z
k
,y

 

=
P

 
1

p
−

1

∣ ∣ ∣ ∣ ∣ ∣

p ∑ j6=
k

a
j
b j
−

z
T k

(y
−
µ

0
)

‖z
k
‖ 2
‖y
−
µ

0
‖ 2

∣ ∣ ∣ ∣ ∣ ∣≥
c√

p
−

1
lo

g
p
∣ ∣ ∣z
k
,y

 
≤
cp
−
c 1
,

w
h
er

e
c 1

is
so

m
e

la
rg

e
p

os
it

iv
e

co
n
st

an
t

in
d
ep

en
d
en

t
of

z
k

an
d

y
.

M
or

eo
v
er

,
w

e
ca

n
ch

o
o
se

c 1
as

la
rg

e
as

w
e

w
an

t
b
y

in
cr

ea
si

n
g
c.

T
h
u
s,

it
fo

ll
ow

s
th

at

P

 
1

p
−

1

∣ ∣ ∣ ∣ ∣ ∣

p ∑ j6=
k

(z
T k
z
j
)(

z
T j

(y
−
µ

0
))
−

z
T k

(y
−
µ

0
)∣ ∣ ∣ ∣ ∣ ∣≥

c‖
z
k
‖ 2
‖y
−
µ

0
‖ 2
√
p
−

1
lo

g
p

 
≤
cp
−
c 1
.

It
fo

ll
ow

s
fr

om
p
ro

b
ab

il
it

y
u
n
io

n
b

ou
n
d

th
at

P

 
1

p
−

1
m

ax k

∣ ∣ ∣ ∣ ∣ ∣
1

‖z
k
‖ 2
‖y
−
µ

0
‖ 2

p ∑ j6=
k

(z
T k
z
j
)(

z
T j

(y
−
µ

0
))
−

z
T k

(y
−
µ

0
)∣ ∣ ∣ ∣ ∣ ∣≥

c√
p
−

1
lo

g
p

 
≤
cp
−
c 1

+
1
.

T
ak

in
g
c 1
>

1
y
ie

ld
s

th
at

w
it

h
p
ro

b
ab

il
it

y
at

le
as

t
1
−
o(
p
−
a
)

fo
r

so
m

e
a
>

0
,

m
ax k

  
1

‖z
k
‖ 2
‖y
−
µ

0
‖ 2

∣ ∣ ∣ ∣ ∣ ∣
1

p
−

1

p ∑ j6=
k

(z
T k
z
j
)(

z
T j

(y
−
µ

0
))
−

z
T k

(y
−
µ

0
)∣ ∣ ∣ ∣ ∣ ∣  
≤
c√

p
−

1
lo

g
p
.
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r
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in
g

D
im

e
n
sio

n
s

B
y

L
em

m
a

1
4
,

w
e

h
ave

m
ax

k ‖
z
k ‖

2
=
√

m
ax

k ‖
z
k ‖

22
≤
O
p ( √

n
).

T
h
erefore,

b
y

u
sin

g
th

e
fa

ct
th

a
t‖y

−
µ

0 ‖
2 ≤

O
p ( √

n
),

w
e

h
ave

m
a
x

k

∣∣∣∣∣∣

p
∑j6=
k (z

Tk
z
j )(z

Tj
(y
−
µ

0 )) ∣∣∣∣∣∣

≤
m

a
x

k

∣∣∣∣∣∣

p
∑j6=
k [(z

Tk
z
j )(z

Tj
(y
−
µ

0 ))]−
(p−

1)z
Tk

(y
−
µ

0 ) ∣∣∣∣∣∣
+

(p−
1)

m
ax
k
|z
Tk

(y
−
µ

0 )|

≤
p

m
a
x

k
‖
z
k ‖

2 ‖
y
−
µ

0 ‖
2

m
ax
k


1

‖
z
k ‖

2 ‖
y
−
µ

0 ‖
2 ∣∣∣∣∣∣

1

p−
1

p
∑j6=
k [(z

Tk
z
j )(z

Tj
(y
−
µ

0 ))−
z
Tk

(y
−
µ

0 )] ∣∣∣∣∣∣ 

+
p

m
a
x

k
|z
Tk

(y
−
µ

0 )|

≤
cp
n √

lo
g
p √

p −
1

log
p

+
cp √

n
log

p
.

(38)

C
o
m

b
in

in
g

(3
6
)–(38)

y
ield

s

η
2

=
‖
n
−

2X
T
X

X
T

(y
−
µ

0 )‖∞
≤
cp

1
/
2n
−

1
log

p
=
o( √

n
−

1
log

n
).

(39)

P
a
rt

3
:

B
o
u

n
d

o
f
η

3 .

F
in

a
lly,

w
e

stu
d
y
η

3 .
W

e
ob

serv
e

th
at
η

3 ≤
∥∥ ∑

∞k
=

2 (−
1)
k
+

1(E
)
k ∥∥∞

‖n
−

1X
T

(y
−
µ

0 )‖∞
.

L
em

m
a

7
p
roves

th
at ∥∥ ∑

∞k
=

2 (−
1)
k
+

1(E
)
k ∥∥∞

≤
O

(p
3
/
2n
−

1)
w

h
ile

eq
u
ation

(35)
sh

ow
s

th
at

‖
n
−

1X
T

(y
−
µ

0 )‖∞
=
O

( √
n
−

1
log

p
)

w
ith

p
rob

ab
ility

1
−
O

(p −
c).

P
u
ttin

g
th

ese
facts

to
g
eth

er,
w

e
o
b
tain

η
3 ≤

O
(p

3
/
2n
−

1 √
n
−

1
log

p
)

=
o( √

n
−

1
log

n
)

(40)

w
h
ere

w
e

u
se
p

=
O

(n
α
0)

w
ith

α
0 ∈

[0,2
/3).

C
o
m

b
in

in
g

eq
u
ation

s
(35),

(39),
an

d
(40),

w
e

ob
tain

th
at

w
ith

p
rob

ab
ility

at
least

1−
o(p −

a),

‖(X
T
X

) −
1X

T
(y
−
µ

0 )‖∞
≤
c √

n
−

1
log

n
.

L
e
m

m
a

6
U

n
d
er

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
4
,‖(n

−
1X

T
X

) −
1‖∞

≤
1

+
O

(p
n
−

1
/
2)

w
ith

p
ro

ba
bility

1−
O

(p −
c).

P
ro

o
f

L
et

E
=

n
−

1X
T
X
−

I
p .

T
h
en

,
‖
E‖

2
≤

C
(p
/n

)
1
/
2

for
som

e
con

stan
t
C

w
ith

p
ro

b
ab

ility
1
−
O

(p −
c)

b
y

T
h
eorem

4.6.1
in

V
ersh

y
n
in

(2
016).

F
u
rth

erm
ore,

b
y

m
atrix

in
versio

n
,

w
e

g
et

(n
−

1X
T
X

) −
1

=
(I
p

+
E

) −
1

=
I
p −

∞∑k
=

1 (−
1)
k
+

1(E
)
k.
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F
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n
,
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k
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y
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d

L
v

N
ow

,
w

e
take

th
e

n
orm

an
d

u
se

trian
gle

in
eq

u
alities

to
get

‖(n
−

1X
T
X

) −
1‖∞

≤
‖I
p ‖∞

+
∞∑k
=

1 ‖
E
k‖∞

≤
1

+
p

1
/
2
∞∑k
=

1 ‖
E
k‖

2

≤
1

+
p

1
/
2
∞∑k
=

1 ‖
E‖

k2 ≤
1

+
C
p

1
/
2
∞∑k
=

1 ((p
/n

)
1
/
2)
k

≤
1

+
C
p

1
/
2(p

/n
)
1
/
2

w
h
ere

w
e

u
se

th
e

fact
th

at
p
/n

is
b

ou
n
d
ed

b
y

a
con

stan
t

less
th

an
1.

L
e
m

m
a

7
In

th
e

sa
m

e
settin

g
a
s

L
em

m
a

6
,

if
E

=
n
−

1X
T
X
−

I
p ,

th
en
∥∥ ∑

∞k
=

2 (−
1)
k
+

1(E
)
k ∥∥∞

≤
C
p

3
/
2n
−

1,
w

ith
p
ro

ba
bility

1−
O

(p −
c).

P
ro

o
f

A
gain

,
w

e
u
se

th
at
‖
E‖

2
≤
C

(p
/n

)
1
/
2

for
som

e
con

stan
t
C

w
ith

p
rob

ab
ility

1−
O

(p −
c).

B
y

sim
ilar

calcu
lation

s
as

in
L

em
m

a
6,

w
e

d
ed

u
ce

∥∥∥∥∥
∞∑k
=

2 (−
1)
k
+

1(E
)
k ∥∥∥∥∥∞

≤
∞∑k
=

2 ∥∥∥
(−

1)
k
+

1(E
)
k ∥∥∥∞

≤
∞∑k
=

2

p
1
/
2 ∥∥∥

(E
)
k ∥∥∥

2

=
∞∑k
=

2

p
1
/
2‖

E‖
k2 ≤

∞∑k
=

2

p
1
/
2(p

/n
)
k
/
2≤

C
p

3
/
2n
−

1.

L
e
m

m
a

8
L
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W

j
be

n
o
n

n
ega

tive
ra

n
d
o
m

va
ria

bles
fo

r
1
≤
j≤

p
th

a
t

a
re

n
o
t

n
ecessa

rily
in

d
epen

d
en

t.
If
P

(W
j
>
t)
≤
C

1
ex

p
(−
C

2 a
n
t 2)

fo
r

so
m

e
co

n
sta

n
ts
C

1
a
n

d
C

2
a
n

d
fo

r

so
m

e
sequ

en
ce
a
n

,
th

en
fo

r
a
n

y
c
>

0
,

m
ax

1≤
j≤
p
W
j ≤

((c
+

1)/C
2 )

1
/
2a −

1
/
2

n
(log

p
)
1
/
2

w
ith

p
ro

ba
bility

a
t

lea
st

1−
O

(p −
c).

P
ro

o
f

U
sin

g
u
n
ion

b
ou

n
d
,

w
e

get

P
(

m
ax

1≤
j≤
p
W
j
>
t)≤

∑1≤
j≤
p

P
(W

j
>
t)≤

p
C

1
ex

p
(−
C

2 a
n
t 2).

T
ak

in
g
t

=
a −

1
/
2

n
(log

p
)
1
/
2((c

+
1)/C

2 )
1
/
2

con
clu

d
es

th
e

p
ro

of
sin

ce
th

en

P
(

m
ax

1≤
j≤
p
W
j
>
a −

1
/
2

n
(log

p
)
1
/
2((c
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ü
h
lm

an
n
,

Y
a’

ac
ov

R
it

ov
,

an
d

R
u
b

en
D

ez
eu

re
.

O
n

as
y
m

p
to

ti
ca

ll
y

op
ti

m
al

co
n
fi
d
en

ce
re

gi
on

s
an

d
te

st
s

fo
r

h
ig

h
-d

im
en

si
on

al
m

o
d
el

s.
A

n
n

.
S

ta
ti

st
.,

42
:1

16
6–

12
02

,
20

14
.

R
om

an
V

er
sh

y
n
in

.
H

ig
h
-d

im
en

si
on

al
p
ro

b
ab

il
it

y.
A

n
In

tr
od

u
ct

io
n

w
it

h
A

p
p
li

ca
ti

o
n

s,
20

16
.

M
ic

h
ae

l
N

V
ra

h
at

is
.

A
sh

or
t

p
ro

of
an

d
a

ge
n
er

a
li
za

ti
on

of
M

ir
an

d
a’

s
ex

is
te

n
ce

th
eo

re
m

.
P

ro
ce

ed
in

gs
o
f

th
e

A
m

er
ic

a
n

M
a
th

em
a
ti

ca
l

S
oc

ie
ty

,
10

7:
70

1–
70

3,
19

89
.

33
JM

L
R

 2
0(

77
):

1-
33

, 2
01

9

 



 
 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

2
0

(2
0
1
9
)

1
–
3
9

S
u

b
m

it
te

d
5
/
1
8
;

R
ev

is
ed

1
1
/
1
8
;

P
u

b
li

sh
ed

3
/
1
9

P
re
d
ic
ti
o
n
R
is
k
fo
r
th

e
H
o
rs
e
sh

o
e
R
e
g
re
ss
io
n

A
n

in
d

y
a

B
h

a
d

ra
b
h
a
d
r
a
@
p
u
r
d
u
e
.e
d
u

D
ep

a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

P
u

rd
u

e
U

n
iv

er
si

ty
W

es
t

L
a
fa

ye
tt

e,
IN

4
7
9
0
7
,

U
S

A

J
y
o
ti

sh
k
a

D
a
tt

a
jd

0
3
3
@
u
a
r
k
.e
d
u

D
ep

a
rt

m
en

t
o
f

M
a
th

em
a
ti

ca
l

S
ci

en
ce

s
U

n
iv

er
si

ty
o
f

A
rk

a
n

sa
s

F
a
ye

tt
ev

il
le

,
A

R
7
2
7
0
1
,

U
S

A

Y
u

n
fa

n
L

i
l
i8
9
6
@
p
u
r
d
u
e
.e
d
u

D
ep

a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

P
u

rd
u

e
U

n
iv

er
si

ty
W

es
t

L
a
fa

ye
tt

e,
IN

4
7
9
0
7
,

U
S

A

N
ic

h
o
la

s
G

.
P

o
ls

o
n

n
g
p
@
c
h
ic
a
g
o
b
o
o
t
h
.e
d
u

B
oo

th
S

ch
oo

l
o
f

B
u

si
n

es
s

U
n

iv
er

si
ty

o
f

C
h
ic

a
go

C
h
ic

a
go

,
IL

6
0
6
3
7
,

U
S

A

B
ra

n
d

o
n

W
il

la
rd

b
r
a
n
d
o
n
w
il
l
a
r
d
@
g
m
a
il
.c
o
m

B
oo

th
S

ch
oo

l
o
f

B
u

si
n

es
s

U
n

iv
er

si
ty

o
f

C
h
ic

a
go

C
h
ic

a
go

,
IL

6
0
6
3
7
,

U
S

A

E
d

it
o
r:

R
o
b

er
t

M
cC

u
ll
o
ch

A
b
st
ra

ct

W
e

sh
ow

th
a
t

p
re

d
ic

ti
on

p
er

fo
rm

an
ce

fo
r

gl
ob

al
-l

o
ca

l
sh

ri
n
ka

ge
re

gr
es

si
on

ca
n

ov
er

co
m

e
tw

o
m

a
jo

r
d
iffi

cu
lt

ie
s

o
f

gl
ob

al
sh

ri
n
ka

ge
re

g
re

ss
io

n
:

(i
)

th
e

a
m

o
u
n
t

of
re

la
ti

ve
sh

ri
n
ka

ge
is

m
o
n
ot

on
e

in
th

e
si

n
gu

la
r

va
lu

es
o
f

th
e

d
es

ig
n

m
at

ri
x

an
d

(i
i)

th
e

sh
ri

n
ka

g
e

is
d
et

er
m

in
ed

b
y

a
si

n
gl

e
tu

n
in

g
p
ar

am
et

er
.

S
p

ec
ifi

ca
ll
y,

w
e

sh
ow

th
at

th
e

h
or

se
sh

o
e

re
gr

es
si

on
,

w
it

h
h
ea

v
y
-t

ai
le

d
co

m
p

on
en

t-
sp

ec
ifi

c
lo

ca
l

sh
ri

n
ka

g
e

p
ar

am
et

er
s,

in
co

n
ju

n
ct

io
n

w
it

h
a

gl
ob

al
p
a
ra

m
et

er
p
ro

v
id

in
g

sh
ri

n
ka

g
e

to
w

a
rd

s
ze

ro
,

al
le

v
ia

te
s

b
o
th

th
es

e
d
iffi

cu
lt

ie
s

an
d

co
n
se

-
q
u
en

tl
y,

re
su

lt
s

in
an

im
p
ro

v
ed

ri
sk

fo
r

p
re

d
ic

ti
on

.
N

u
m

er
ic

a
l

d
em

o
n
st

ra
ti

o
n
s

of
im

p
ro

ve
d

p
re

d
ic

ti
on

ov
er

co
m

p
et

in
g

ap
p
ro

a
ch

es
in

si
m

u
la

ti
on

s
an

d
in

a
p
h
a
rm

a
co

g
en

om
ic

s
d
at

a
se

t
co

n
fi
rm

o
u
r

th
eo

re
ti

ca
l

fi
n
d
in

gs
.

K
e
y
w

o
rd

s:
G

lo
b
al

-l
o
ca

l
P

ri
or

s,
P

ri
n
ci

p
al

C
om

p
on

en
ts

,
S
h
ri

n
ka

g
e

R
eg

re
ss

io
n
,

S
te

in
’s

U
n
b
ia

se
d

R
is

k
R

st
im

at
e

c ©
2
0
1
9

A
n

in
d

y
a

B
h

a
d

ra
,

J
y
o
ti

sh
k
a

D
a
tt

a
,

Y
u

n
fa

n
L

i,
N

ic
h

o
la

s
G

.
P

o
ls

o
n

,
a
n

d
B

ra
n

d
o
n

W
il

la
rd

.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
8
-
3
2
1
.
h
t
m
l
.

JM
L

R
 2

0(
78

):
1-

39
, 2

01
9

B
h
a
d
r
a
e
t
a
l
.

1
.
In

tr
o
d
u
ct
io
n

W
e

d
ev

el
op

th
eo

re
ti

ca
l

re
su

lt
s

on
p
re

d
ic

ti
o
n

ri
sk

in
th

e
h
ig

h
-d

im
en

si
on

al
li
n
ea

r
re

g
re

ss
io

n
m

o
d
el

y
=
X
β

+
ε,

(1
)

w
h
er

e
y
∈
R
n
,X
∈
R
n
×
p
,β
∈
R
p
,
ε
∼
N

(0
,σ

2
I n

)
w

it
h
p
>
n

,
an

d
th

e
d
es

ig
n

m
a
tr

ix
X

is
as

su
m

ed
fi
x
ed

.
L

et
β̂

d
en

ot
e

th
e

es
ti

m
at

e
of
β

b
as

ed
on

th
e

ob
se

rv
ed

d
at

a
y

a
n
d

d
es

ig
n

X
.

L
et
y
∗

d
en

ot
e

a
fu

tu
re

ob
se

rv
at

io
n

ge
n
er

at
ed

fr
om

th
e

sa
m

e
m

o
d
el

,
in

d
ep

en
d
en

t
o
f
y
.

D
efi

n
e

th
e

q
u
ad

ra
ti

c
p
re

d
ic

ti
ve

ri
sk

R
=

E y
∗ ,
y
|X
,β

(y
∗
−
X
β̂

)2
,

(2
)

w
h
er

e
th

e
su

b
sc

ri
p
t

d
en

ot
es

th
at

th
e

ex
p

ec
ta

ti
on

is
w

it
h

re
sp

ec
t

to
th

e
d
a
ta

g
en

er
a
ti

n
g

d
is

tr
ib

u
ti

on
,

w
it

h
X

an
d
β

h
el

d
fi
x
ed

.
W

e
fo

cu
s

on
co

m
p
ar

in
g

es
ti

m
at

or
s
β̂

a
cc

o
rd

in
g

to
th

e
cr

it
er

io
n

of
E

q
u
at

io
n

(2
)

in
a

n
o
n

-a
sy

m
p
to

ti
c

fi
x
ed

n
,

fi
x
ed

p
>
n

se
tt

in
g
.

O
u
r

ap
p
ro

ac
h

fo
ll
ow

s
th

e
p
ar

ad
ig

m
of

S
te

in
(1

95
6)

,
w

it
h

ri
sk

re
su

lt
s

th
at

ar
e

va
li
d

fo
r

a
ll
p

an
d
n

,
ra

th
er

th
an

as
y
m

p
to

ti
c

or
ac

le
p
ro

p
er

ti
es

.
O

u
r

sp
ec

ifi
c

co
n
tr

ib
u
ti

on
,

es
ta

b
li
sh

ed
b
y

T
h
eo

re
m

5.
1

an
d

C
or

ol
la

ry
5.

1,
is

to
id

en
ti

fy
th

e
sh

or
tc

om
in

gs
of

so
m

e
co

m
m

o
n
ly

u
se

d
g
lo

b
a
l

sh
ri

n
ka

ge
es

ti
m

at
or

s
in

p
re

d
ic

ti
on

,
w

it
h

sh
ri

n
ka

g
e

d
ri

ve
n

b
y

a
si

n
gl

e
tu

n
in

g
p
a
ra

m
et

er
,

an
d

to
d
em

on
st

ra
te

th
at

u
n
d
er

ce
rt

ai
n

co
n
d
it

io
n
s,

su
it

ab
ly

-c
h
os

en
co

m
p

on
en

t-
sp

ec
ifi

c
lo

ca
l

sh
ri

n
ka

ge
p
ar

am
et

er
s

ca
n

re
su

lt
in

th
eo

re
ti

ca
ll
y

lo
w

er
p
re

d
ic

ti
ve

ri
sk

.

1
.1

.
C

o
n

n
e
c
ti

o
n

s
w

it
h

e
x
is

ti
n

g
g
lo

b
a
l

sh
ri

n
k
a
g
e

re
g
re

ss
io

n
a
p

p
ro

a
ch

e
s

W
e

d
efi

n
e

sh
ri

n
ka

ge
es

ti
m

at
or

s
w

it
h

a
si

n
g
le

tu
n
in

g
p
ar

am
et

er
as

“g
lo

b
a
l.
”

E
x
a
m

p
le

s
in

cl
u
d
e

ri
d
ge

re
gr

es
si

on
(H

o
er

l
an

d
K

en
n
ar

d
,

19
70

)
an

d
p
ri

n
ci

p
al

co
m

p
on

en
ts

re
g
re

ss
io

n
or

P
C

R
(J

ol
li
ff

e,
19

82
),

an
d

th
ey

re
m

ai
n

p
op

u
la

r
in

p
re

d
ic

ti
on

u
n
d
er

th
e

h
ig

h
-d

im
en

si
o
n
a
l

m
o
d
el

of
E

q
u
at

io
n

(1
).

S
h
ri

n
ka

ge
m

et
h
o
d
s

en
jo

y
a

n
u
m

b
er

of
ad

va
n
ta

ge
s

ov
er

si
m

u
lt

a
n
eo

u
s

sh
ri

n
ka

ge
an

d
se

le
ct

io
n
-b

as
ed

m
et

h
o
d
s

su
ch

as
th

e
la

ss
o

(T
ib

sh
ir

a
n
i,

19
96

)
an

d
co

m
fo

rt
a
b
ly

ou
tp

er
fo

rm
th

em
in

p
re

d
ic

ti
ve

p
er

fo
rm

an
ce

in
ce

rt
ai

n
si

tu
at

io
n
s.

P
ro

m
in

en
t

a
m

o
n
g

th
es

e
is

w
h
en

th
e

p
re

d
ic

to
rs

ar
e

co
rr

el
at

ed
an

d
th

e
re

su
lt

in
g

la
ss

o
es

ti
m

at
e

is
u
n
st

ab
le

,
w

h
er

ea
s

ri
d
g
e

or
P

C
R

es
ti

m
at

es
ar

e
n
ot

(s
ee

,
e.

g,
th

e
d
is

cu
ss

io
n

in
C

h
ap

te
r

3
of

H
as

ti
e

et
a
l.
,

2
0
0
9
).

O
n

th
e

th
eo

re
ti

ca
l

si
d
e,

P
ol

so
n

an
d

S
co

tt
(2

01
2a

)
u
se

d
a

re
p
re

se
n
ta

ti
on

d
ev

is
ed

b
y

F
ra

n
k

a
n
d

F
ri

ed
m

an
(1

99
3)

to
sh

ow
th

at
m

an
y

co
m

m
on

ly
u
se

d
h
ig

h
-d

im
en

si
on

al
sh

ri
n
ka

g
e

re
g
re

ss
io

n
es

ti
m

at
es

,
su

ch
as

th
e

es
ti

m
at

es
of

ri
d
ge

re
gr

es
si

on
,

re
gr

es
si

on
w

it
h

g-
p
ri

or
(Z

el
ln

er
,

1
9
8
6
)

an
d

P
C

R
,
ca

n
b

e
v
ie

w
ed

as
p

os
te

ri
or

m
ea

n
s

u
n
d
er

a
u
n
ifi

ed
fr

am
ew

or
k

of
“g

lo
b
a
l”

sh
ri

n
ka

g
e

p
ri

or
on

th
e

re
gr

es
si

on
co

effi
ci

en
ts

th
at

ar
e

su
it

ab
ly

or
th

og
on

al
iz

ed
.

P
ol

so
n

a
n
d

S
co

tt
(2

01
2a

)
al

so
d
em

on
st

ra
te

d
th

at
p
u
re

ly
gl

ob
al

sh
ri

n
ka

ge
re

gr
es

si
on

m
et

h
o
d
s

su
ff

er
fr

o
m

tw
o

m
a

jo
r

d
iffi

cu
lt

ie
s:

(i
)

th
e

am
ou

n
t

of
re

la
ti

ve
sh

ri
n
ka

ge
is

m
on

ot
on

e
in

th
e

si
n
g
u
la

r
va

lu
es

of
th

e
d
es

ig
n

m
at

ri
x

an
d

(i
i)

th
e

sh
ri

n
ka

ge
is

d
et

er
m

in
ed

b
y

a
si

n
g
le

tu
n
in

g
p
a
ra

m
et

er
.

B
o
th

of
th

es
e

fa
ct

or
s

ca
n

tr
an

sl
at

e
to

p
o
or

ou
t

of
sa

m
p
le

p
re

d
ic

ti
on

p
er

fo
rm

an
ce

,
w

h
ic

h
th

ey
d
em

on
st

ra
te

d
n
u
m

er
ic

al
ly

.

P
ol

so
n

an
d

S
co

tt
(2

01
2a

)
fu

rt
h
er

p
ro

v
id

ed
n
u
m

er
ic

al
ev

id
en

ce
th

at
th

e
d
iffi

cu
lt

ie
s

m
en

-
ti

on
ed

ab
ov

e
ca

n
b

e
re

so
lv

ed
b
y

al
lo

w
in

g
“l

o
ca

l,
”

co
m

p
on

en
t-

sp
ec

ifi
c

sh
ri

n
ka

g
e

te
rm

s,
in

co
n
ju

n
ct

io
n

w
it

h
a

gl
ob

al
sh

ri
n
ka

ge
p
ar

am
et

er
as

u
se

d
in

ri
d
ge

or
P

C
R

,
gi

v
in

g
ri

se
to

th
e

2
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L
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P
r
e
d
ic
t
io
n
R
isk

so
-ca

lled
“
g
lo

b
al-lo

cal”
sh

rin
kage

regression
m

o
d
els.

S
p

ecifi
cally,

P
olson

a
n
d

S
cott

(2012a)
d
em

o
n
stra

ted
b
y

sim
u
lation

s
th

at
u
sin

g
th

e
h
orsesh

o
e

p
rior

of
C

arvalh
o

et
al.

(2010)
o
n

th
e

reg
ressio

n
co

effi
cien

ts
p

erform
ed

w
ell

over
a

variety
of

com
p

etitors
in

term
s

o
f

p
red

ictive
p

erfo
rm

a
n
ce,

in
clu

d
in

g
th

e
lasso,

rid
ge,

P
C

R
an

d
sp

arse
p
artial

least
sq

u
ares

(C
h
u
n

a
n
d

K
eles,

2
0
1
0
).

W
h
ile

th
ese

em
p
irical

resu
lts

are
en

cou
ragin

g,
a

th
eoretical

in
v
estigation

of
th

e
co

n
d
itio

n
s

req
u
ired

for
th

e
h
orsesh

o
e

regression
to

ou
tp

erform
a

glob
al

sh
rin

kage
regres-

sio
n

m
eth

o
d

su
ch

as
rid

ge
or

P
C

R
in

term
s

of
p
red

iction
h
as

b
een

la
ck

in
g.

O
u
r

w
ork

b
rid

ges
th

is
th

eo
retica

l
gap

b
y

d
ev

elop
in

g
form

al
to

ols
for

com
p
a
rin

g
th

e
fi
n
ite

sam
p
le

p
red

ictive
risk

fo
r

sh
rin

ka
ge

m
eth

o
d
s.

1
.2

.
R

e
g
re

ssio
n

w
ith

n
o
n

-c
o
n
v
e
x

p
e
n

a
ltie

s

T
h
e
`
1

o
r
`
2

p
en

alties
th

at
corresp

on
d

to
lasso

or
rid

ge
regression

are
con

v
ex

.
W

h
ile

th
is

sim
p
lifi

es
th

e
com

p
u
tation

,
it

also
resu

lts
in

a
n
u
m

b
er

of
d
raw

b
ack

s
su

ch
as

b
ias

in
esti-

m
a
tin

g
la

rg
e

sign
als

(F
an

an
d

L
i,

2001
).

T
h
is

p
rob

lem
can

b
e

rem
ed

ied
u
sin

g
n
on

-con
vex

`
q

p
en

a
lties

fo
r

0
<
q
<

1,
b
u
t

th
is

in
tro

d
u
ces

o
th

er
p
rob

lem
s

su
ch

as
n
on

-u
n
iq

u
en

ess
of

so
lu

tio
n
s

a
n
d

g
reater

com
p
u
tation

a
l

b
u
rd

en
.

P
rom

in
en

t
ex

am
p
les

of
n
on

-con
vex

p
en

alties
in

clu
d
e

th
e

sm
o
oth

ly
clip

p
ed

ab
solu

te
d
ev

iation
or

S
C

A
D

(F
an

an
d

L
i,

20
01)

an
d

th
e

m
in

-
im

a
x

co
n
cave

p
en

alty
of

M
C

P
(Z

h
an

g,
2010).

In
p
articu

lar,
th

e
M

C
P

estim
ate

en
joy

s
a

n
u
m

b
er

o
f

a
sy

m
p
totic

op
tim

ality
p
rop

erties
an

d
con

d
ition

s
req

u
ired

for
an

iterative
com

p
u
-

ta
tio

n
a
l

a
lg

o
rith

m
to

reach
th

e
glob

al
op

tim
u
m

are
availab

le
(M

azu
m

d
er

et
a
l.,

201
1).

T
h
e

o
p
tim

a
lity

resu
lts,

h
ow

ever,
are

valid
on

ly
in

an
a
sy

m
p
totic

regim
e

w
ith

va
riou

s
assu

m
p
-

tio
n
s

o
n

th
e

d
esign

X
an

d
d
o

n
ot

ch
aracterize

fi
n
ite

sam
p
le

risk
p
rop

erties.
N

ev
erth

eless,
th

e
u
n
ivaria

te
M

C
P

estim
ator

is
id

en
tical

to
th

e
fi
rm

sh
rin

kage
estim

ator
of

G
ao

an
d

B
ru

ce
(1

9
9
7),

w
h
o

p
rov

id
e

ex
p
licit

fi
n
ite

sam
p
le

ex
p
ressio

n
s

for
p
red

ictive
risk

,
a

fa
ct

u
tilized

later
in

S
ectio

n
6.

1
.3

.
F

in
ite

sa
m

p
le

e
stim

a
te

s
o
f

p
re

d
ic

tiv
e

risk

T
h
e

q
u
a
d
ra

tic
risk

in
E

q
u
ation

(2)
in

volves
th

e
fu

tu
re

ob
servation

y ∗
an

d
m

u
st

b
e

estim
a
ted

.
D

evelo
p
in

g
a

fo
rm

al
estim

ate
b
ased

on
th

e
train

in
g

d
ata

(X
,y

)
to

com
p
are

p
red

ictiv
e

p
er-

fo
rm

a
n
ce

o
f

co
m

p
etin

g
regression

m
eth

o
d
s

is
im

p
ortan

t
in

b
oth

freq
u
en

tist
an

d
B

ay
esian

settin
g
s.

T
h
is

is
b

ecau
se

th
e

freq
u
en

tist
tu

n
in

g
p
aram

eter
or

th
e

B
ayesian

h
y
p

er-p
a
ram

eters
ca

n
th

en
b

e
ch

osen
to

m
in

im
ize

th
e

estim
a
ted

p
red

ictive
risk

,
if

p
red

iction
of

fu
tu

re
ob

ser-
vatio

n
s

is
th

e
m

ain
m

o
d
elin

g
goal.

A
fi

n
ite

sa
m

p
le

u
n

bia
sed

estim
a
te

of
R

in
E

q
u
ation

(2)
is

g
iv

en
b
y

S
tein

’s
u
n
b
iased

risk
estim

ate
or

S
U

R
E

(S
tein

,
1981).

W
e

w
ill

fo
cu

s
on

S
U

R
E

as
ou

r
estim

ate
of
R

for
th

e
rem

ain
d
er

of
th

is
article,

w
h
ich

is
a
n

ex
a
m

p
le

o
f

a
m

o
d
el-b

ased
covarian

ce
p

en
alty.

O
th

er
ex

am
p
les

of
covaria

n
ce

p
en

alties
in

clu
d
e

M
allow

s’
C
p

(M
allow

s,
1973),

A
kaike’s

in
form

ation
criterion

(A
kaike,

1974)
an

d
risk

in
fl
a
tio

n
criterion

(F
oster

an
d

G
eorge,

1994).
N

on
p
aram

etric
p

en
alties

in
clu

d
e

th
e

gen
eral-

ized
cro

ss
va

lid
ation

of
C

raven
an

d
W

ah
b
a

(1978),
w

h
ich

h
as

th
e

ad
van

tag
e

of
b

ein
g

m
o
d
el

free
b
u
t

u
su

ally
p
ro

d
u
ces

a
p
red

iction
error

estim
ate

w
ith

h
igh

varian
ce

(E
fron

,
19

83).
T

h
e

rela
tio

n
sh

ip
b

etw
een

th
e

covarian
ce

p
en

alties
an

d
n
on

p
aram

etric
ap

p
roach

es
w

ere
fu

rth
er

ex
p
lo

red
b
y

E
fron

(2004),
w

h
o

sh
ow

ed
th

e
covarian

ce
p

en
alties

to
b

e
a

R
ao-B

lack
w

ellized
versio

n
o
f

th
e

n
on

p
aram

etric
p

en
alties.

T
h
u
s,

E
fron

(2004)
con

clu
d
ed

th
at

m
o
d
el-b

ased
p

en
a
lties

su
ch

a
s

S
U

R
E

or
M

allow
s’
C
p

(th
e

tw
o

coin
cid

e
for

m
o
d
els

w
h
ere

th
e

fi
t

is
lin

ear

3
JM

L
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B
h
a
d
r
a
e
t
a
l
.

in
th

e
resp

on
se

variab
le)

off
er

su
b
stan

tially
low

er
varian

ce
in

estim
atin

g
th

e
p
red

iction
risk

,
assu

m
in

g
of

cou
rse

th
e

m
o
d
el

is
tru

e.
F

rom
a

co
m

p
u
tation

al
p

ersp
ective,

calcu
latin

g
S
U

R
E

,
w

h
en

it
is

ex
p
licitly

availab
le,

is
su

b
stan

tially
less

b
u
rd

en
som

e
th

an
p

erform
in

g
cross

val-
id

ation
,

w
h
ich

u
su

ally
req

u
ires

several
M

on
te

C
arlo

rep
lication

s.
F

u
rth

erm
ore,

S
U

R
E

,
an

estim
ate

of
q
u
ad

ratic
risk

in
p
red

iction
,

also
h
as

con
n
ection

s
w

ith
th

e
K

u
llb

ack
–L

eib
er

risk
for

th
e

p
red

ictive
d
en

sity
(G

eorge
et

al.,
2006).

1
.4

.
O

u
tlin

e
o
f

m
a
in

c
o
n
trib

u
tio

n
s

O
u
r

m
ain

con
trib

u
tion

is
to

an
aly

ze
th

e
fi
n
ite

sam
p
le

p
red

ictiv
e

risk
of

glo
b
al

sh
rin

kage
regression

m
eth

o
d
s,

ex
am

in
e

w
h
ere

th
ese

m
eth

o
d
s

fall
sh

ort,
an

d
d
em

on
strate

a
rem

ed
y

u
sin

g
lo

cal
sh

rin
kage

p
aram

eters.
T

h
e

m
ain

resu
lts

are
su

m
m

arized
as

follow
s.

1
.4
.1
.
T
h
e
o
r
e
t
ic
a
l
f
in
d
in
g
s

T
h
e

key
tech

n
iq

u
e

to
ou

r
in

n
ovation

is
an

orth
ogon

alized
rep

resen
tation

fi
rst

em
p
loy

ed
b
y

F
ran

k
an

d
F

ried
m

an
(1993)

th
at

a
llow

s
sh

rin
kage

reg
ression

estim
ates

to
b

e
v
iew

ed
as

p
osterior

m
ean

s
u
n
d
er

som
e

su
itab

le
p
riors.

T
h
is

is
form

u
lated

in
S
ection

2.
U

sin
g

th
is

rep
resen

tation
in

S
ection

s
3

an
d

4,
w

e
d
ev

ise
gen

eral,
ex

p
licit

an
d

n
u
m

erically
stab

le
tech

n
iq

u
es

for
com

p
u
tin

g
S
U

R
E

for
regression

m
o
d
els

th
at

can
b

e
em

p
loyed

to
com

p
are

th
e

p
erform

an
ces

of
g
lob

al
as

w
ell

as
h
orsesh

o
e

regression
s.

W
e

ch
aracterize

th
e

fi
n
ite

sam
p
le

risk
p
rop

erties
of

all
com

p
etin

g
m

eth
o
d
s

b
y

com
p
u
tin

g
ex

p
ectation

s
of

S
U

R
E

.
C

on
seq

u
en

tly,
all

resu
lts

p
rov

id
ed

in
ou

r
article

are
valid

u
n
d
er

m
in

im
al

assu
m

p
tion

s
on

th
e

d
esign

m
atrix

,
sim

ilar
to

th
e

risk
resu

lts
b
y

S
tein

(1956),
w

h
ere

th
e

on
ly

req
u
irem

en
t

is
n
>

2.
T

h
is

is
at

a
con

trast
w

ith
m

ost
ex

istin
g

resu
lts

in
lin

ear
regression

fo
cu

sin
g

o
n

asy
m

p
totic

m
in

im
ax

risk
th

at
req

u
ire

variou
s

assu
m

p
tion

s
on

th
e

sin
gu

lar
valu

es
of
X

(e.g.,
R

ask
u
tti

et
al.,

2011;
C

astillo
et

al.,
2015;

D
ob

rib
an

an
d

W
ager,

2
017).

U
sin

g
th

e
d
evelop

ed
to

ols
for

S
U

R
E

,
w

e
p
rov

id
e

ex
p
licit

fi
n
ite

sam
p
le

risk
com

p
arison

s
b

etw
een

th
e

glob
al

rid
ge

an
d

glob
al-lo

cal
h
orsesh

o
e

regressio
n
s

in
S
ection

5,
w

h
ere

for
all

m
eth

o
d
s

th
e

tu
n
in

g
p
aram

eter
is

ch
osen

to
op

tim
ize

S
U

R
E

.
S
p

ecifi
cally,

w
e

d
em

on
strate

th
at

th
e

h
orsesh

o
e

regression
can

o
u
tp

erform
th

e
op

tim
al

rid
ge

regression
in

p
red

iction
w

h
en

m
ost

tru
e

sign
als

are
zero,

b
u
t

a
few

are
large.

W
e

also
com

p
are

risk
of

th
e

h
orsesh

o
e

regression
w

ith
n
on

-con
v
ex

p
en

alized
likelih

o
o
d

ap
p
roach

es
su

ch
a
s

M
C

P
in

S
ection

6
an

d
sh

ow
th

at
w

h
en

m
ost

of
th

e
tru

e
sign

als
are

aw
ay

from
zero,

th
e

risk
of

M
C

P
ca

n
b

e
q
u
ite

large,
u
n
like

th
at

of
th

e
h
orsesh

o
e

regression
.

1
.4
.2
.
E
m
p
ir
ic
a
l
f
in
d
in
g
s

E
x
ten

sive
n
u
m

erical
resu

lts
are

p
rov

id
ed

in
S
ection

7
an

d
S
u
p
p
lem

en
tary

S
ection

S
.1.

O
u
r

sim
u
lation

resu
lts

treat
th

ree
d
istin

ct
regim

es:
(i)

sp
arse-rob

u
st:

w
h
ere

m
ost

tru
e

sign
als

are
zero

an
d

a
few

are
large,

(ii)
n
u
ll:

w
h
ere

all
sign

als
a
re

zero
an

d
(iii)

d
en

se:
w

h
ere

all
sign

als
are

large.
O

u
r

m
a

jor
fi
n
d
in

g
is

th
at

th
e

h
orsesh

o
e

regression
ou

tp
erform

s
th

e
oth

er
m

eth
o
d
s

in
(i).

M
oreover,

it
is

n
ot

m
u
ch

w
orse

th
an

rid
ge

in
(iii)

an
d

ad
ap

tive
lasso

in
(ii),

w
h
ich

are
u
su
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a
sm

aller
d
i

are
n
ecessarily

sh
ru

n
k

m
ore

(in
a

relative
am

ou
n
t).

T
h
is

is
o
n
ly

sen
sib

le
in

th
e

case
w

h
ere

on
e

h
as

reason
s

to
b

eliev
e

th
e

low
varian

ce
eigen

-d
irection

s
(i.e.,

p
rin

cip
al

com
p

on
en

ts)
of

th
e

d
esign

m
a
trix

are
n
o
t

im
p

ortan
t

p
red

icto
rs

of
th

e
resp

on
se

variab
les,

an
assu

m
p
tion

th
at

can
b

e
v
iolated

in
real

d
ata

(P
o
lso

n
a
n
d

S
cott,

2012a).

In
th

e
lig

h
t

o
f

th
ese

tw
o

p
rob

lem
s,

w
e

p
ro

ceed
to

d
em

on
strate

th
at

p
u
ttin

g
a

h
eav

y
-tailed

p
rio

r
o
n
λ
i s,

in
com

b
in

ation
w

ith
a

su
itab

ly
sm

all
valu

e
of
τ

to
en

ab
le

glob
al-lo

cal
sh

rin
kage

ca
n

reso
lve

b
o
th

th
ese

issu
es.

T
h
e

in
tu

ition
b

eh
in

d
th

is
is

th
at

a
sm

all
valu

e
of

a
glo

ba
l

p
a
ra

m
eter

τ
en

ab
les

sh
rin

kage
tow

ard
s

zero
for

all
th

e
com

p
on

en
ts

w
h
ile

th
e

h
eav

y
tails

of
th

e
loca

l
o
r

co
m

p
on

en
t-sp

ecifi
c
λ
i

term
s

en
su

re
th

e
com

p
on

en
ts

w
ith

large
valu

es
of
α̂
i d
i

are
n
o
t

sh
ru

n
k

to
o

m
u
ch

,
an

d
allow

th
e
λ
i

term
s

to
b

e
learn

ed
from

th
e

d
ata.

S
im

u
ltan

eou
sly

en
su

rin
g

b
o
th

o
f

th
ese

factors
h
elp

s
in

con
trollin

g
th

e
p
red

iction
risk

for
b

oth
th

e
n
oise

as
w

ell
a
s

th
e

sig
n
al

term
s.

4
.
S
te
in
’s

u
n
b
ia
se
d
risk

e
stim

a
te

fo
r
th

e
h
o
rse

sh
o
e
re
g
re
ssio

n

T
h
e

g
lo

b
al-lo

cal
h
orsesh

o
e

sh
rin

kage
regression

of
P

olson
an

d
S
cott

(20
12a)

ex
ten

d
s

th
e

g
lo

b
a
l

sh
rin

ka
ge

regression
m

o
d
els

of
th

e
p
rev

iou
s

section
b
y

p
u
ttin

g
a

lo
cal

(com
p

on
en

t-
sp

ecifi
c),

h
eav

y
-tailed

h
alf-C

au
ch

y
p
rior

on
th

e
λ
i

term
s

th
at

allow
th

ese
term

s
to

b
e

learn
ed

fro
m

th
e

d
a
ta

,
in

ad
d
ition

to
a

glob
al
τ
.

T
h
e

m
o
d
el

eq
u
atio

n
s

b
eco

m
e:

(α̂
i |
α
i ,σ

2)
in
d
∼
N

(α
i ,σ

2d −
2

i
),

(10)

(α
i |
σ

2,τ
2,λ

2i )
in
d
∼
N

(0,σ
2τ

2λ
2i ),

(11)

λ
i

in
d
∼

C
+

(0,1),
(12)

w
ith

σ
2,τ

2
>

0
an

d
C

+
(0,1)

d
en

otes
a

stan
d
ard

h
alf-C

au
ch

y
ran

d
om

variab
le

w
ith

d
en

sity
p
(λ
i )

=
(2
/π

)(1
+
λ

2i ) −
1.

T
h
e

p
osterior

m
ean

α̃
an

d
th

e
regression

estim
ate

β̃
are

th
en

o
b
ta

in
ed

a
n
a
lo

g
ou

sly
to

E
q
u
ation

(6),
w

ith
th

e
on

ly
d
iff

eren
ce

b
ein

g
on

e
u
ses

th
e

p
osterior

m
ea

n
E

(λ
i |

α̂
i ,τ

)
in

stead
of

a
fi
x
ed

λ
i .

T
h
e

m
argin

al
p
rior

o
n
α
i s

th
at

is
ob

tain
ed

as
a

n
o
rm

a
l
sca

le
m

ix
tu

re
b
y

in
tegratin

g
ou

t
λ
i s

from
E

q
u
ation

s
(11)

an
d

(12)
is

called
th

e
h
o
rse-

sh
o
e

p
rio

r
(C

a
rvalh

o
et

al.,
2010).

Im
p
roved

m
ean

sq
u
a
re

error
over

com
p

etin
g

ap
p
roach

es
in

reg
ressio

n
h
as

b
een

em
p
irically

ob
served

b
y

P
olson

an
d

S
cott

(2012a)
w

ith
h
orsesh

o
e

p
rio

r
o
n
α
i s.

T
h
e

in
tu

itive
ex

p
lan

ation
for

th
is

im
p
roved

p
erform

an
ce

is
th

at
a

h
eav

y
tailed

p
rio

r
o
f
λ
i

leaves
th

e
large

α
i

term
s

of
E

q
u
ation

(11)
u
n
-sh

ru
n
k

in
th

e
p

osterior,
w

h
ereas
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B
h
a
d
r
a
e
t
a
l
.

th
e

glob
al
τ

term
p
rov

id
es

sh
rin

kage
tow

ard
s

zero
for

all
com

p
on

en
ts

(see,
for

ex
am

p
le,

th
e

d
iscu

ssion
b
y

P
olson

an
d

S
cott,

2012b
;

B
h
ad

ra
et

al.,
2017;

C
arvalh

o
et

al.,
2
010,

an
d

th
e

referen
ces

th
erein

).
H

ow
ever,

n
o

ex
p
licit

form
u
lation

of
th

e
p
red

iction
risk

u
n
d
er

h
orsesh

o
e

sh
rin

kage
is

availab
le

so
far

an
d

w
e

d
em

on
strate

b
elow

th
e

h
eav

y
-tailed

p
riors

on
λ
i

term
s,

in
ad

d
ition

to
a

glob
al
τ
,

can
b

e
b

en
efi

cial
in

con
trollin

g
th

e
overall

p
red

iction
risk

.

U
n
d
er

th
e

m
o
d
el

of
E

q
u
ation

s
(10–12),

a
fter

in
tegra

tin
g

ou
t
α
i

from
th

e
fi
rst

tw
o

eq
u
a-

tion
s,

w
e

h
ave,

(α̂
i |
σ

2,τ
2,λ

2i )
in
d
∼
N

(0,σ
2(d −

2
i

+
τ

2λ
2i )).

W
e

h
ave,

p
(λ
i )∝

1/
(1

+
λ

2i ).
T

h
u
s,

th
e

m
argin

al
of
α̂

,
d
en

oted
b
y
m

(α̂
),

is
giv

en
u
p

to
a

con
stan

t
of

p
rop

ortion
ality

b
y

m
(α̂

)
=

n
∏i=

1 ∫
∞0
N

(α̂
i |

0,σ
2(d −

2
i

+
τ

2λ
2i ))p

(λ
i )d
λ
i

∝
(2π

σ
2) −

n
/
2
n
∏i=

1 ∫
∞0

ex
p {−

α̂
2i d

2i /2

σ
2(1

+
τ

2d
2i λ

2i ) }
d
i

(1
+
τ

2d
2i λ

2i )
1
/
2

1

1
+
λ

2i

d
λ
i .

(13)

T
h
is

in
tegral

in
volves

th
e

n
orm

alizin
g

con
stan

t
of

a
com

p
o
u
n
d

con
fl
u
en

t
h
y
p

ergeom
etric

d
istrib

u
tion

th
at

can
b

e
com

p
u
ted

u
sin

g
a

resu
lt

of
G

ord
y

(1998).

P
ro

p
o
sitio

n
4
.1

(G
o
rd

y,
1
9
9
8
).

T
h
e

co
m

po
u

n
d

co
n

fl
u

en
t

h
ypergeo

m
etric

(C
C

H
)

d
en

sity
is

given
byC

C
H

(x
;p
,q,r,s,ν

,θ)
=

x
p−

1(1−
ν
x

)
q−

1{
θ

+
(1−

θ)ν
x} −

r
ex

p
(−
sx

)

B
(p
,q)H

(p
,q,r,s,ν

,θ)
,

fo
r

0
<
x
<

1
/ν

,
w

h
ere

th
e

pa
ra

m
eters

sa
tisfy

p
>

0,
q
>

0
,
r
∈
R

,
s
∈
R

,
0
≤
ν
≤

1
a
n

d
θ
>

0.
H

ere
B

(p
,q)

is
th

e
beta

fu
n

ctio
n

a
n

d
th

e
fu

n
ctio

n
H

(·)
is

given
by

H
(p
,q,r,s,ν

,θ)
=
ν −

p
ex

p
(−
s/ν

)Φ
1 (q,r,p

+
q,s/ν

,1−
θ),

w
h
ere

Φ
1

is
th

e
co

n
fl

u
en

t
h
ypergeo

m
etric

fu
n

ctio
n

o
f

tw
o

va
ria

bles,
given

by

Φ
1 (α

,β
,γ
,x

1 ,x
2 )

=
∞∑m
=

0

∞∑n
=

0

(α
)
m

(β
)
n

(γ
)
m

+
n
m

!n
! x
m1
x
n2
,

(14)

w
h
ere

(a
)
k

d
en

o
tes

th
e

risin
g

fa
cto

ria
l

w
ith

(a
)
0

=
1,(a

)
1

=
a

a
n

d
(a

)
k

=
(a

+
k−

1)(a
)
k−

1 .

W
e

p
resen

t
ou

r
fi
rst

resu
lt

in
th

e
follow

in
g

th
eorem

an
d

sh
ow

th
at

th
e

m
argin

al
m

(α̂
)

an
d

all
its

d
erivatives

len
d

th
em

selves
to

a
series

rep
resen

tation
in

term
s

of
th

e
fi
rst

an
d

secon
d

m
om

en
ts

of
a

ran
d
om

variab
le

th
at

follow
s

a
C

C
H

d
istrib

u
tion

.
C

on
seq

u
en

tly,
w

e
q
u
an

tify
S
U

R
E

for
th

e
h
orsesh

o
e

regression
.

T
h

e
o
re

m
4
.1

D
en

o
te
m
′(α̂

i )
=

(∂
/∂
α̂
i )m

(α̂
i )

a
n

d
m
′′(α̂

i )
=

(∂
2/∂

α̂
2i )m

(α̂
i ).

T
h
en

,
th

e
fo

llo
w

in
g

h
o
ld

s.
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P
r
e
d
ic
t
io
n
R
is
k

A
.

S
U

R
E

fo
r

th
e

h
o
rs

es
h
oe

sh
ri

n
ka

ge
re

gr
es

si
o
n

m
od

el
d
efi

n
ed

by
E

qu
a
ti

o
n

s
(1

0
–
1
2
)

is
gi

ve
n

by
S
U
R
E

=
∑

n i=
1
S
U
R
E
i,

w
h
er

e
th

e
co

m
po

n
en

t-
w

is
e

co
n

tr
ib

u
ti

o
n
S
U
R
E
i

is
gi

ve
n

by

S
U
R
E
i

=
2
σ

2
−
σ

4
d
−

2
i

{
m
′ (
α̂
i)

m
(α̂

i)

} 2
+

2
σ

4
d
−

2
i

m
′′ (
α̂
i)

m
(α̂

i)
.

(1
5)

B
.

U
n

d
er

in
d
ep

en
d
en

t
st

a
n

d
a
rd

h
a
lf

-C
a
u

ch
y

p
ri

o
r

o
n
λ
is

,
fo

r
th

e
se

co
n

d
a
n

d
th

ir
d

te
rm

s
in

E
qu

a
ti

o
n

(1
5
)

w
e

h
a
ve

:

m
′ (
α̂
i)

m
(α̂

i)
=
−
α̂
id

2 i

σ
2
E(
Z
i)
,

a
n

d
m
′′ (
α̂
i)

m
(α̂

i)
=
−
d

2 i

σ
2
E(
Z
i)

+
α̂

2 i
d

4 i

σ
4

E(
Z

2 i
),

w
h
er

e
(Z

i
|α̂

i,
σ
,τ

)
fo

ll
o
w

s
a

C
C

H
(p

=
1
,q

=
1
/
2,
r

=
1
,s

=
α̂

2 i
d

2 i
/2
σ

2
,v

=
1
,θ

=
1/
τ

2
d

2 i
)

d
is

tr
ib

u
ti

o
n

.

A
p
ro

of
is

gi
ve

n
in

A
p
p

en
d
ix

A
.1

.
T

h
eo

re
m

4.
1

p
ro

v
id

es
a

co
m

p
u
ta

ti
on

a
ll
y

tr
ac

ta
b
le

m
ec

h
-

an
is

m
fo

r
ca

lc
u
la

ti
n
g

S
U

R
E

fo
r

th
e

h
or

se
sh

o
e

sh
ri

n
ka

ge
re

gr
es

si
on

in
te

rm
s

of
th

e
m

om
en

ts
of

C
C

H
ra

n
d
om

va
ri

ab
le

s.
G

or
d
y

(1
99

8)
p
ro

v
id

es
a

si
m

p
le

fo
rm

u
la

fo
r

al
l

in
te

g
er

m
om

en
ts

of
C

C
H

ra
n
d
om

va
ri

ab
le

s.
S
p

ec
ifi

ca
ll
y,

h
e

sh
ow

s
if
X
∼

C
C

H
(x

;p
,q
,r
,s
,ν
,θ

)
th

en

E(
X
k
)

=
(p

) k
(p

+
q)
k

H
(p

+
k
,q
,r
,s
,ν
,θ

)

H
(p
,q
,r
,s
,ν
,θ

)
,

(1
6)

fo
r

in
te

ge
rs
k
≥

1.
M

or
eo

ve
r,

as
d
em

on
st

ra
te

d
b
y

G
or

d
y

(1
99

8)
,

th
es

e
m

om
en

ts
ca

n
b

e
n
u
m

er
ic

al
ly

ev
al

u
at

ed
q
u
it

e
ea

si
ly

ov
er

a
ra

n
ge

of
p
ar

am
et

er
va

lu
es

an
d

ca
lc

u
la

ti
on

s
re

m
ai

n
ve

ry
st

ab
le

.
A

co
n
se

q
u
en

ce
of

th
is

ex
p
li
ci

t
fo

rm
u
la

fo
r

S
U

R
E

is
th

at
th

e
gl

ob
a
l

sh
ri

n
ka

g
e

p
ar

am
et

er
τ

ca
n

n
ow

b
e

ch
os

en
to

m
in

im
iz

e
S
U

R
E

b
y

p
er

fo
rm

in
g

a
on

e-
d
im

en
si

on
al

n
u
-

m
er

ic
al

op
ti

m
iz

at
io

n
.

A
n
ot

h
er

co
n
se

q
u
en

ce
is

th
at

an
ap

p
li
ca

ti
on

of
T

h
eo

re
m

3
of

C
ar

va
lh

o
et

al
.

(2
01

0)
sh

ow
s

li
m

|α̂
i
|→
∞
m
′ (
α̂
i)

m
(α̂

i)
=

li
m

|α̂
i
|→
∞
∂

lo
g
m

(α̂
i)

∂
α̂
i

=
0,

w
it

h
h
ig

h
p
ro

b
ab

il
it

y,
w

h
er

e
m

(α̂
i)

is
th

e
m

ar
gi

n
al

u
n
d
er

th
e

h
or

se
sh

o
e

p
ri

or
.

R
ec

al
l

th
at

th
e

p
os

te
ri

or
m

ea
n
α̃
i

an
d

th
e

O
L

S
es

ti
m

at
e
α̂
i

ar
e

re
la

te
d

b
y

T
w

ee
d
ie

’s
fo

rm
u
la

as
α̃
i

=
α̂
i
+
σ

2
d
−

2
i
∂

lo
g
m

(α̂
i)
/∂
α̂
i.

T
h
u
s,
α̃
i
≈
α̂
i,

w
it

h
h
ig

h
p
ro

b
ab

il
it

y,
as
|α̂
i|
→
∞

,
fo

r
an

y
fi
x
ed

d
i

an
d
σ

fo
r

th
e

h
or

se
sh

o
e

re
gr

es
si

on
.

S
in

ce
α̂
i

is
u
n
b
ia

se
d

fo
r
α
i,

th
e

re
su

lt
an

t
h
or

se
sh

o
e

p
os

te
ri

or
m

ea
n

is
al

so
se

en
to

b
e

u
n
b
ia

se
d

w
h
en
|α̂
i|

is
la

rg
e.

C
om

p
ar

e
w

it
h

th
e

re
su

lt
a
n
t

α̃
i

fo
r

gl
ob

al
sh

ri
n
ka

ge
re

gr
es

si
on

of
E

q
u
at

io
n

(6
),

w
h
ic

h
is

m
on

ot
on

e
d
ec

re
as

in
g

in
d
i,

an
d

th
er

ef
or

e
ca

n
b

e
h
ig

h
ly

b
ia

se
d

if
a

tr
u
e

la
rg

e
|α
i|

co
rr

es
p

on
d
s

to
a

sm
al

l
d
i.

P
er

h
ap

s
m

or
e

im
p

or
ta

n
tl

y,
w

e
ca

n
u
se

th
e

ex
p
re

ss
io

n
fr

om
T

h
eo

re
m

4.
1

to
es

ti
m

a
te

th
e

p
re

d
ic

ti
on

ri
sk

of
th

e
h
or

se
sh

o
e

re
gr

es
si

on
fo

r
th

e
si

gn
al

an
d

th
e

n
oi

se
te

rm
s.

F
ir

st
w

e
tr

ea
t

th
e

ca
se

w
h
en

|α̂
i|

is
la

rg
e.

W
e

h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
.

T
h

e
o
re

m
4
.2

D
efi

n
e
s i

=
α̂

2 i
d

2 i
/
2σ

2
,
θ i

=
(τ

2
d

2 i
)−

1
.

F
o
r

a
n

y
s i
≥

1,
θ i
≥

1
,

w
e

h
a
ve

fo
r

th
e

h
o
rs

es
h
oe

re
gr

es
si

o
n

o
f

E
qu

a
ti

o
n

s
(1

0
–
1
2
)

th
a
t

{ 1
−
θ i

(C̃
1

+
C̃

2
)
(1

+
s i

)

s2 i
−
θ2 i

(C̃
1

+
C̃

2
)2

(1
+
s i

)2

s3 i

}
≤
S
U
R
E
i

2
σ
2
≤
{

1
+

2
θ i

(1
+
s i

)

(
C

1

s2 i
+

C
2

s3
/
2

i

)
}
,

9
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L
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B
h
a
d
r
a
e
t
a
l
.

w
h
er

e
C

1
=
{1
−

5
/(

2e
)}
−

1
/
2
≈

3
.5

3,
C

2
=

16
/1

5,
C̃

1
=

(1
−

2/
e)
−

1
/
2
≈

1.
95
,C̃

2
=

4
/
3,

a
re

co
n

st
a
n

ts
.

A
p
ro

of
is

gi
ve

n
in

A
p
p

en
d
ix

A
.2

.
O

u
r

re
su

lt
is

n
on

-a
sy

m
p
to

ti
c,

i.
e.

,
it

is
va

li
d

fo
r

a
n
y

s i
≥

1.
H

ow
ev

er
,

an
ea

sy
co

n
se

q
u
en

ce
is

th
at
S
U
R
E
i
→

2σ
2
,

al
m

os
t

su
re

ly
,

a
s
s i
→
∞

,
p
ro

v
id

ed
τ

2
≤
d
−

2
i

.
A

n
in

tu
it

iv
e

ex
p
la

n
at

io
n

of
th

is
re

su
lt

is
th

at
co

m
p

on
en

t-
sp

ec
ifi

c
sh

ri
n
k
-

ag
e

is
fe

as
ib

le
in

th
e

h
or

se
sh

o
e

re
gr

es
si

on
m

o
d
el

d
u
e

to
th

e
h
ea

v
y
-t

ai
le

d
λ
i

te
rm

s,
w

h
ic

h
p
re

ve
n
ts

th
e

si
gn

al
te

rm
s

fr
om

ge
tt

in
g

sh
ru

n
k

to
o

m
u
ch

an
d

co
n
se

q
u
en

tl
y,

m
a
k
in

g
a

la
rg

e
co

n
tr

ib
u
ti

on
to

S
U

R
E

d
u
e

to
a

la
rg

e
b
ia

s.
W

it
h

ju
st

a
gl

ob
al

p
ar

am
et

er
τ
,

th
is

co
m

p
o
n
en

t-
sp

ec
ifi

c
sh

ri
n
ka

ge
is

n
ot

p
os

si
b
le

.
A

co
m

p
ar

is
on

of
S
U
R
E
i

re
su

lt
in

g
fr

om
T

h
eo

re
m

4
.2

w
it

h
th

at
fr

om
E

q
u
at

io
n

(9
)

d
em

on
st

ra
te

s
u
si

n
g

gl
ob

al
-l

o
ca

l
h
or

se
sh

o
e

sh
ri

n
ka

g
e,

w
e

ca
n

re
ct

if
y

a
m

a
jo

r
sh

or
tc

om
in

g
of

gl
ob

al
sh

ri
n
ka

ge
re

gr
es

si
on

,
in

th
at

th
e

te
rm

s
w

it
h

la
rg

e
s i

d
o

n
ot

m
ak

e
a

la
rg

e
co

n
tr

ib
u
ti

on
to

th
e

p
re

d
ic

ti
on

ri
sk

.
M

or
eo

v
er

,
th

e
m

ai
n

co
n
se

q
u
en

ce
of

T
h
eo

re
m

4.
2,

th
at

is
S
U
R
E
i
→

2
σ

2
,

al
m

os
t

su
re

ly
,

as
s i
→
∞

,
h
ol

d
s

fo
r

a
la

rg
er

cl
a
ss

o
f

“g
lo

b
al

-l
o
ca

l”
p
ri

or
s,

of
w

h
ic

h
th

e
h
or

se
sh

o
e

is
a

sp
ec

ia
l

ca
se

.

T
h

e
o
re

m
4
.3

C
o
n

si
d
er

th
e

h
ie

ra
rc

h
y

o
f

E
qu

a
ti

o
n

s
(1

0
–
1
1
)

a
n

d
su

p
po

se
th

e
p
ri

o
r

o
n
λ
i

in
E

qu
a
ti

o
n

(1
2
)

sa
ti

sfi
es

p
(λ

2 i
)
∼

(λ
2 i
)a
−

1
L

(λ
2 i
)

a
s
λ

2 i
→
∞

,
w

h
er

e
f

(x
)
∼
g
(x

)
m

ea
n

s
li
m
x
→
∞
f

(x
)/
g
(x

)
=

1.
A

ss
u

m
e
a
≤

0
a
n

d
L

(·)
is

a
sl

o
w

ly
-v

a
ry

in
g

fu
n

ct
io

n
,

d
efi

n
ed

a
s

li
m
|x
|→
∞
L

(t
x

)/
L

(x
)

=
1

fo
r

a
ll
t
∈

(0
,∞

).
T

h
en

w
e

h
a
ve

S
U
R
E
i
→

2
σ

2
,

a
lm

o
st

su
re

ly
,

a
s
s i
→
∞

.

A
p
ro

of
is

gi
ve

n
in

A
p
p

en
d
ix

A
.3

.
D

en
si

ti
es

th
at

sa
ti

sf
y
p
(λ

2 i
)
∼

(λ
2 i
)a
−

1
L

(λ
2 i
)

a
s
λ

2 i
→
∞

ar
e

so
m

et
im

es
ca

ll
ed

re
gu

la
rl

y
va

ry
in

g
or

h
ea

v
y
-t

ai
le

d
.

C
le

ar
ly

,
th

e
h
or

se
sh

o
e

p
ri

o
r

is
a

sp
ec

ia
l

ca
se

,
si

n
ce

fo
r

th
e

st
an

d
ar

d
h
al

f-
C

au
ch

y
w

e
h
av

e
p
(λ
i)
∝

1
/(

1
+
λ

2 i
),

w
h
ic

h
y
ie

ld
s

b
y

a
ch

an
ge

of
va

ri
ab

le
s
p
(λ

2 i
)

=
(λ

2 i
)−

3
/
2
{λ

2 i
/(

1
+
λ

2 i
)}

,
w

h
ic

h
is

of
th

e
fo

rm
(λ

2 i
)a
−

1
L

(λ
2 i
)

w
it

h
a

=
−

1/
2

si
n
ce
L

(λ
2 i
)

=
λ

2 i
/
(1

+
λ

2 i
)

is
se

en
to

b
e

sl
ow

ly
-v

ar
y
in

g.
O

th
er

p
ri

o
rs

th
at

fa
ll

in
th

is
fr

am
ew

or
k

ar
e

th
e

h
or

se
sh

o
e+

p
ri

or
of

B
h
ad

ra
et

al
.

(2
01

7)
,

fo
r

w
h
ic

h
p
(λ
i)
∝

lo
g
(λ
i)
/(
λ

2 i
−

1)
=
λ
−

2
i
L

(λ
2 i
)

w
it

h
L

(λ
2 i
)

=
lo

g
(λ
i)
λ

2 i
/(
λ

2 i
−

1)
.

G
h
os

h
et

a
l.

(2
0
1
6
)

sh
ow

th
at

th
e

ge
n
er

al
iz

ed
d
ou

b
le

P
ar

et
o

p
ri

or
(A

rm
ag

an
et

al
.,

20
13

)
an

d
th

e
th

re
e

p
a
ra

m
et

er
b

et
a

p
ri

or
(A

rm
ag

an
et

al
.,

20
11

)
al

so
fa

ll
in

th
is

fr
am

ew
or

k
.

T
h
u
s,

T
h
eo

re
m

4
.3

g
en

er
a
li
ze

s
th

e
m

ai
n

co
n
se

q
u
en

ce
of

T
h
eo

re
m

4.
2

to
a

b
ro

ad
er

cl
as

s
of

p
ri

or
s

in
th

e
as

y
m

p
to

ti
c

se
n
se

as
s i
→
∞

.

N
ex

t,
fo

r
th

e
ca

se
w

h
en
|α̂
i|

is
sm

al
l,

w
e

h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
fo

r
es

ti
m

a
ti

n
g

th
e

p
re

d
ic

ti
on

ri
sk

of
th

e
h
or

se
sh

o
e

re
gr

es
si

on
.

T
h

e
o
re

m
4
.4

D
efi

n
e
s i

=
α̂

2 i
d

2 i
/2
σ

2
a
n

d
θ i

=
(τ

2
d

2 i
)−

1
.

T
h
en

th
e

fo
ll

o
w

in
g

st
a
te

m
en

ts
a
re

tr
u

e
fo

r
th

e
h
o
rs

es
h
oe

re
gr

es
si

o
n

.

A
.
S
U
R
E
i

is
a
n

in
cr

ea
si

n
g

fu
n

ct
io

n
o
f
s i

in
th

e
in

te
rv

a
l
s i
∈

[0
,1

]
fo

r
a
n

y
fi

xe
d
τ

.

B
.

W
h
en

s i
=

0
,

w
e

h
a
ve

th
a
t
S
U
R
E
i

is
a

m
o

n
o
to

n
e

in
cr

ea
si

n
g

fu
n

ct
io

n
o
f
τ

,
a
n

d
is

bo
u

n
d
ed

in
th

e
in

te
rv

a
l

(0
,2
σ

2
/
3]

w
h
en

τ
2
d

2 i
∈

(0
,1

].

C
.

W
h
en

s i
=

1,
w

e
h
a
ve

th
a
t
S
U
R
E
i

is
bo

u
n

d
ed

in
th

e
in

te
rv

a
l

(0
,1
.9

3σ
2
]

w
h
en

τ
2
d

2 i
∈

(0
,1

].

1
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P
r
e
d
ic
t
io
n
R
isk

A
p
ro

o
f

is
g
iven

in
A

p
p

en
d
ix

A
.4.

T
h
is

th
eorem

estab
lish

es
th

at:
(i)

th
e

term
s

w
ith

sm
aller

s
i

in
th

e
in

terval
[0,1]

con
trib

u
te

less
to

S
U

R
E

,
w

ith
th

e
m

in
im

u
m

ach
ieved

at
s
i

=
0

(th
ese

term
s

ca
n

b
e

th
ou

gh
t

of
as

th
e

n
oise

term
s)

an
d

(ii)
if
τ

is
ch

osen
to

b
e

su
ffi

cien
tly

sm
a
ll,

th
e

term
s

for
w

h
ich

s
i

=
0,

h
as

an
u
p
p

er
b

ou
n
d

on
S
U

R
E

at
2
σ

2/
3.

N
ote

th
at

th
e

O
L

S
estim

ator
h
as

risk
2σ

2
for

th
ese

term
s.

A
t
s
i

=
0,

th
e

P
C

R
risk

is
eith

er
0

or
2
σ

2,
d
ep

en
d
in

g
on

w
h
eth

er
th

e
term

is
or

is
n
ot

in
clu

d
ed

.
A

com
m

on
ly

u
sed

tech
n
iq

u
e

fo
r

sh
rin

ka
g
e

regression
s

is
to

ch
o
ose

th
e

glob
al
τ

to
m

in
im

ize
a

d
ata-d

ep
en

d
en

t
estim

ate
o
f

th
e

risk
,

su
ch

as
C
L

or
S
U

R
E

(M
allow

s,
1973).

T
h
e

rid
ge

regression
S
U

R
E

at
s
i

=
0

is
a
n

in
crea

sin
g

fu
n
ction

of
τ

an
d

th
u
s,

it
m

igh
t

m
ake

sen
se

to
ch

o
ose

a
sm

all
τ

if
all

s
i

term
s

w
ere

sm
a
ll.

H
ow

ev
er,

in
th

e
p
resen

ce
of

som
e
s
i

term
s

th
at

are
large,

rid
ge

regression
ca

n
n
o
t

ch
o
o
se

a
very

sm
all

τ
,

sin
ce

th
e

large
s
i

term
s

w
ill

th
en

b
e

h
eav

ily
sh

ru
n
k

an
d

co
n
trib

u
te

to
o

m
u
ch

to
S
U

R
E

.
T

h
is

is
n
ot

th
e

case
w

ith
glob

al-lo
cal

sh
rin

kage
regression

m
eth

o
d
s

su
ch

a
s

th
e

h
orsesh

o
e,

w
h
ich

can
still

ch
o
ose

a
sm

all
τ

to
m

itigate
th

e
con

trib
u
tion

fro
m

th
e

n
oise

term
s

an
d

rely
on

th
e

h
eav

y
-tailed

λ
i

term
s

to
en

su
re

large
sign

a
ls

are
n
ot

sh
ru

n
k

to
o

m
u
ch

.
C

on
seq

u
en

tly,
th

e
rid

ge
regression

risk
estim

ate
is

u
su

ally
larger

th
an

th
e

g
lo

b
a
l-lo

ca
l

regression
risk

estim
ate

even
for

very
sm

all
s
i

term
s,

w
h
en

som
e

term
s

w
ith

la
rg

e
s
i

a
re

p
resen

t
alon

g
w

ith
m

ostly
n
oise

term
s.

A
t

th
is

p
oin

t,
th

e
resu

lts
con

cern
th

e
risk

estim
a
te

(i.e.,
S
U

R
E

)
rath

er
th

an
risk

itself,
th

e
d
iscu

ssion
of

w
h
ich

is
d
eferred

u
n
til

S
ectio

n
5
.

T
o

su
m

m
a
rize

th
e

th
eoretical

fi
n
d
in

gs,
T

h
eorem

4.2
togeth

er
w

ith
T

h
eo

rem
4.4

estab
-

lish
es

th
at

th
e

h
orsesh

o
e

regression
is

eff
ective

in
h
an

d
lin

g
b

oth
v
ery

larg
e

a
n
d

v
ery

sm
all

va
lu

es
o
f
α̂

2i d
2i .

S
p

ecifi
cally,

T
h
eorem

4.4
asserts

th
at

a
sm

a
ll

en
ou

gh
τ

sh
rin

k
s

th
e

n
oise

term
s

tow
a
rd

s
zero,

m
in

im
izin

g
th

eir
con

trib
u
tion

to
S
U

R
E

.
W

h
ereas,

accord
in

g
to

T
h
eo-

rem
4
.2

,
th

e
h
eav

y
tails

of
th

e
C

au
ch

y
p
riors

for
th

e
λ
i

term
s

en
su

re
th

e
large

sig
n
als

are
n
o
t

sh
ru

n
k

to
o

m
u
ch

an
d

en
su

res
a

S
U

R
E

of
2σ

2
for

th
ese

term
s,

w
h
ich

is
an

im
p
rovem

en
t

over
p
u
rely

g
lo

b
al

m
eth

o
d
s

of
sh

rin
kage.

5
.
P
re
d
ictio

n
risk

fo
r
th

e
g
lo
b
a
l
a
n
d
h
o
rse

sh
o
e
re
g
re
ssio

n
s

In
th

is
sectio

n
w

e
com

p
are

th
e

th
eoretical

p
red

iction
risk

s
of

glob
al

an
d

g
lob

al-lo
cal

h
orse-

sh
o
e

sh
rin

kag
e

regression
s.

W
h
ile

S
U

R
E

is
a

d
ata

-d
ep

en
d
en

t
estim

ate
o
f

th
e

th
eo

retical
risk

,
th

ese
tw

o
q
u
an

tities
are

eq
u
al

in
ex

p
ectation

for
all

n
.

W
e

u
se

a
con

cen
tratio

n
ar-

g
u
m

en
t

to
d
erive

con
d
ition

s
u
n
d
er

w
h
ich

th
e

h
o
rsesh

o
e

regressio
n

w
ill

ou
tp

erform
glob

al
sh

rin
ka

ge
reg

ression
,

e.g.,
rid

ge
regression

,
in

term
s

of
p
red

ictive
risk

.
W

h
ile

th
e

an
aly

sis
seem

s
d
iffi

cu
lt

for
an

arb
itrary

d
esign

m
atrix

X
,

w
e

are
ab

le
to

treat
th

e
case

of
rid

ge
reg

ression
fo

r
o
rth

ogon
al

d
esign

,
i.e.,

X
T
X

=
I
.

C
learly,

if
th

e
S
V

D
of
X

is
w

ritten
as

X
=
U
D
V
T

,
th

en
w

e
h
ave

D
=
I

an
d

for
rid

ge
regression

λ
i

=
1

for
all

i.
T

h
u
s,

for
o
rth

o
g
o
n
a
l

d
esign

,
E

q
u
ation

s
(4)

an
d

(5)
b

ecom
e

(α̂
i |
α
i ,σ

2)
in
d
∼
N

(α
i ,σ

2),

(α
i |
σ

2,τ
2,λ

2i )
in
d
∼
N

(0,σ
2τ

2),

w
h
ere

τ
is

th
e

g
lob

al
sh

rin
kage

p
ara

m
eter.

S
in

ce
th

e
fi
t

in
th

is
m

o
d
el

is
lin

ear
in
α̂
i ,

S
U

R
E

is
eq

u
iva

len
t

to
M

allow
s’
C
L

.
E

q
u
ation

(14)
of

M
allow

s
(1973)

sh
ow

s
th

at
if
τ

is
ch

osen
to
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B
h
a
d
r
a
e
t
a
l
.

m
in

im
ize

C
L

,
th

en
th

e
op

tim
al

rid
ge

estim
ate

is
given

in
closed

form
b
y

α
?i

=

(
1−

n
σ

2

∑
ni=

1
α̂

2i )
α̂
i .

A
ltern

atively,
th

e
solu

tion
can

b
e

d
irectly

ob
tain

ed
from

E
q
u
ation

(9)
b
y

tak
in

g
d
i

=
λ
i

=
1

for
all

i
an

d
b
y

settin
g
τ
?

=
argm

in
τ ∑

ni=
1
S
U
R
E
i .

It
is

p
erh

ap
s

in
terestin

g
to

n
ote

th
at

th
is

“op
tim

al”
rid

ge
estim

ate,
w

h
ere

th
e

tu
n
in

g
p
aram

eter
is

allow
ed

to
d
ep

en
d

on
th

e
d
ata,

is
n
o

lon
ger

lin
ear

in
α̂

.
In

fact,
th

e
op

tim
al

solu
tion

α
?

ca
n

b
e

seen
to

b
e

closely
related

to
th

e
J
am

es–S
tein

estim
ate

of
α

an
d

its
risk

can
th

erefore
b

e
q
u
an

tifi
ed

u
sin

g
th

e
risk

b
ou

n
d
s

on
th

e
J
am

es–S
tein

estim
ate.

A
s

ex
p

ected
d
u
e

to
th

e
glob

al
n
atu

re
of

rid
ge

regression
,

th
e

relative
sh

rin
kage

α
?i /α̂

i
of

th
e

op
tim

al
solu

tion
on

ly
d
ep

en
d
s

on
|α̂| 2

=
∑

ni=
1
α̂

2i
b
u
t

n
ot

on
th

e
in

d
iv

id
u
al

com
p

on
en

ts
of
α̂

.
T

h
eorem

1
of

C
asella

an
d

H
w

an
g

(1982)
sh

ow
s

th
at

1−
n
−

2

n
+
|α| 2

≤
R

(α
,α

?)

R
(α
,α̂

)
≤

1−
(n
−

2)
2

n

(
1

n
−

2
+
|α| 2 )

.

C
on

seq
u
en

tly,
if|α| 2/n

→
c

as
n
→
∞

th
en

th
e

J
am

es–S
tein

estim
ate

satisfi
es

lim
n→
∞
R

(α
,α

?)

R
(α
,α̂

)
=

c

c
+

1
.

T
h
u
s,
α
?

off
ers

large
b

en
efi

ts
over

th
e

least
sq

u
ares

estim
ate

α̂
for

sm
all
c

b
u
t

it
is

p
ractically

eq
u
ivalen

t
to

th
e

least
sq

u
ares

estim
ate

for
large

c.
T

h
e

p
red

iction
risk

of
th

e
least

sq
u
ares

estim
ate

for
p
>
n

is
sim

p
ly

2n
σ

2,
or

an
av

erage
com

p
on

en
t-sp

ecifi
c

risk
of

2
σ

2.
W

e
fi
rst

sh
ow

th
at

w
h
en

tru
e
α
i

=
0,

th
e

com
p

on
en

t-sp
ecifi

c
risk

b
ou

n
d

o
f

th
e

h
orsesh

o
e

sh
rin

kage
regression

w
ith

a
fi
x
ed

τ
=

1
(i.e.,

th
e

case
of

p
u
rely

lo
cal

sh
rin

kage)
is

less
th

an
2σ

2.
W

e
h
ave

th
e

follow
in

g
resu

lt.

T
h

e
o
re

m
5
.1

(P
red

ictio
n

risk
fo

r
th

e
p
u

rely
loca

l
h
o
rsesh

oe
regressio

n
).

L
et
D

=
I

a
n

d
let

th
e

glo
ba

l
sh

rin
ka

ge
pa

ra
m

eter
in

th
e

h
o
rsesh

oe
regressio

n
be
τ

2
=

1.
W

h
en

tru
e
α
i

=
0,

a
n

u
p
per

bo
u

n
d

o
f

th
e

co
m

po
n

en
t-w

ise
risk

o
f

th
e

p
u

rely
loca

l
h
o
rsesh

oe
regressio

n
is

1.75
σ

2
<

2
σ

2.

A
p
ro

of
can

b
e

fou
n
d

in
A

p
p

en
d
ix

A
.5.

T
h
e

p
ro

of
u
ses

th
e

fact
th

at
th

e
actu

al
risk

can
b

e
ob

tain
ed

b
y

com
p
u
tin

g
th

e
ex

p
ectation

of
S
U

R
E

.
W

e
sp

lit
th

e
d
om

ain
s

o
f

in
tegration

in
to

th
ree

d
istin

ct
region

s
an

d
u
se

th
e

b
ou

n
d
s

on
S
U

R
E

from
T

h
eorem

s
4.2

an
d

4.4,
as

ap
p
rop

riate.
W

h
en

tru
e
α
i

is
large

en
ou

gh
,

a
con

seq
u
en

ce
of

T
h
eorem

4.2
is

th
at

th
e

com
p

on
en

t-
sp

ecifi
c

risk
for

glob
al-lo

cal
sh

rin
kage

regression
is

2σ
2.

T
h
is

is
b

ecau
se

S
U

R
E

in
th

is
case

is
alm

ost
su

rely
eq

u
al

to
2σ

2
an

d
α̂
i

is
con

cen
trated

aro
u
n
d

tru
e
α
i .

T
h
erefore,

it
is

estab
lish

ed
th

at
if

on
ly

a
few

com
p

on
en

ts
of

tru
e
α

are
large

an
d

th
e

rest
are

zero
in

su
ch

a
w

ay
th

at
|α| 2/n

is
large,

th
en

th
e

h
orsesh

o
e

regression
w

ith
fi
x
ed

τ
=

1
ou

tp
erform

s
rid

ge
regression

in
term

s
of

p
red

ictive
risk

.
T

h
e

b
en

efi
t

arises
from

a
low

er
risk

for
th

e
α
i

=
0

term
s.

O
n

th
e

oth
er

h
an

d
,

if
all

com
p

on
en

ts
of

tru
e
α

are
zero

or
all

are
large,

th
e

h
orsesh

o
e

regression
n
eed

n
ot

ou
tp

erform
rid

ge
regression

.
A

lth
ou

gh
T

h
eorem

5.1
sh

ow
s

th
e

h
orsesh

o
e

reg
ression

w
ith

a
fi
x
ed
τ

=
1

ou
tp

erform
s

th
e

op
tim

al
rid

ge
regression

in
p
red

ictive
risk

w
h
en
α

=
0,

a
u
sefu

l
corollary

is
th

at
th

e
op

tim
al

h
orsesh

o
e

regression
still

ou
tp

erform
s

th
e

op
tim

al
rid

ge
regressio

n
,
w

h
ere

th
e

op
tim

al
glob

al
tu

n
in

g
p
aram

eters
for

b
oth

m
eth

o
d
s

are
ch

osen
b
y

m
in

im
izin

g
th

eir
resp

ective
S
U

R
E

.
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P
r
e
d
ic
t
io
n
R
is
k
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o
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(P
re

d
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oe
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si

o
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E
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S
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=

1)
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S
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E
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S
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o
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e

S
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e
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τ

=
1

a
n

d
τ

=
τ
∗ H
S

=
ar
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U
R
E
H
S
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.
T

h
en

,
fo
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α

,
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,α̂

H
S
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=
τ
∗ H
S
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≤

R
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,α̂

H
S

(τ
=

1)
).

P
ro

o
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R
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,α̂

H
S

(τ
=
τ
∗ H
S
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=

E α̂
|α

(S
U
R
E
H
S

(τ
=
τ
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S
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≤

E α̂
|α
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U
R
E
H
S

(τ
=

1)
)

=
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(α
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H
S

(τ
=

1)
).

C
le

ar
ly

,
τ
∗ H
S

is
a

fu
n
ct

io
n

of
th

e
d
at

a
an

d
th

is
co

m
p
li
ca

te
s

ex
ac

t
p
re

d
ic

ti
on

ri
sk

ca
lc

u
la

ti
on

s
fo

r
th

e
op

ti
m

al
h
or

se
sh

o
e

re
gr

es
si

on
as

an
ex

p
ec

ta
ti

on
of

S
U

R
E

as
in

T
h
eo

re
m

5.
1.

It
is

n
ot

cl
ea

r
if

an
ex

p
li
ci

t
m

in
im

iz
er

of
S
U

R
E

an
al

og
ou

s
to

E
q
u
at

io
n

(1
4)

of
M

al
lo

w
s

(1
97

3)
fo

r
ri

d
ge

re
gr

es
si

on
ca

n
b

e
ob

ta
in

ed
fo

r
th

e
h
or

se
sh

o
e

re
gr

es
si

on
.

N
ev

er
th

el
es

s,
C

or
o
ll
ar

y
5.

1
sh

ow
s

th
e

ri
sk

fo
r

th
e

h
or

se
sh

o
e

re
gr

es
si

on
ca

n
on

ly
d
ec

re
as

e
fu

rt
h
er

if
on

e
se

ts
τ

=
τ
∗ H
S

,
si

m
il
ar

to
th

e
ri

sk
re

su
lt

of
S
te

in
(1

95
6)

.
T

h
is

h
ol

d
s

b
ec

au
se

th
e

ex
p

ec
ta

ti
on

s
of

S
U

R
E

ar
e

co
m

p
u
te

d
w

it
h

re
sp

ec
t

to
th

e
d
is

tr
ib

u
ti

on
o
f
α̂

,
w

h
ic

h
is

in
d
ep

en
d
en

t
of
τ

gi
ve

n
tr

u
e
α

.

6
.
R
is
k
co

m
p
a
ri
so

n
s
w
it
h
o
th

e
r
n
o
n
-c
o
n
v
e
x
re
g
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io
n
s

In
th

is
se

ct
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n
w

e
co

m
p
ar

e
th

e
ri

sk
of

th
e

p
ro

p
os

ed
h
or

se
sh

o
e

re
gr

es
si

on
w

it
h

ot
h
er

ap
-

p
ro

ac
h
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th
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ar
e

n
ot

sh
ri

n
ka

ge
m

et
h
o
d
s.

S
p

ec
ifi

ca
ll
y,

w
e

co
n
si

d
er

th
e

m
in

im
ax

co
n
ca

ve
p

en
al

ty
(M

C
P

)
of

Z
h
an

g
(2

01
0)

.
A

ga
in

,
fo

r
si

m
p
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ty
as
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m

e
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th

e
d
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ig
n

m
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x
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s
p
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b
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Z
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e
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b
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n
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ge
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ti
m

at
or

of
G

ao
an

d
B

ru
ce

(1
99

7)
,

w
h
ic

h
is

gi
ve

n
b
y

δ λ
,γ

(α̂
i)

=

    

0
,

if
|α̂
i|
≤
λ
,

si
gn

(α̂
i)
γ

(|α̂
i
|−
λ

)
γ
−

1
,

if
λ
≤
|α̂
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≤
γ
λ
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α̂
i,

if
|α̂
i|
>
γ
λ
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fo
r
λ
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0
an
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γ
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x
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λ
,

so
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an
d

h
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d
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d
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∞
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p
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b
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>
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d
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m
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d
is

tr
ib

u
ti

on
fu

n
ct

io
n
.

T
h
u
s,

fo
r

M
C

P
to

w
or

k
w

el
l,

a
sm

al
l

va
lu

e
fo

r
λ

is
es

se
n
ti

al
.

H
ow

ev
er

,
λ

is
th

e
th

re
sh

ol
d

b
el

ow
w

h
ic

h
th

e
es

ti
m

at
es

ar
e

sh
ru

n
k

to
ze

ro
an

d
a

la
rg

e
λ

is
fa

vo
re

d
in

a
“d

en
se

”
si

tu
at

io
n
,

w
h
er

e
th

er
e

ar
e

m
an

y
tr

u
e

p
a
ra

m
et

er
s

se
ve

ra
l

st
an

d
ar

d
d
ev

ia
ti

on
s

aw
ay

fr
om

ze
ro

.
W

h
il
e

th
is

b
eh

av
io

r
is

n
ot

n
ec

es
sa

ri
ly

a
p
ro

b
le

m
fo

r
th

e
M

C
P

,
si

n
ce

it
is

d
es

ig
n
ed

w
it

h
a

sp
ar

se
si

tu
at

io
n

in
m

in
d
,

it
is

p
er

h
ap

s
d
es

ir
ab

le
to

av
oi

d
a

la
rg

e
ri

sk
at

a
gi

ve
n
λ

.
T

h
e

h
o
rs

es
h
o
e

re
gr

es
si

on
ac

h
ie

ve
s

ex
ac

tl
y

th
at

,
si

n
ce

it
s

co
m

p
on

en
t-

sp
ec

ifi
c

ri
sk

in
a

d
en

se
ca

se
is

2
σ

2
b
y

T
h
eo

re
m

4.
2.

In
S
u
p
p
le

m
en

ta
ry

S
ec

ti
on

S
.1

w
e

ve
ri

fy
th

at
th

e
M

C
P

p
er

fo
rm

s
w

or
se

th
an

b
ot

h
gl

ob
al

an
d

gl
ob

a
l-

lo
ca

l
sh

ri
n
ka

ge
m

et
h
o
d
s

in
a

d
en

se
si

tu
at

io
n

u
n
d
er

a
va

ri
et

y
of

d
es

ig
n
s
X

.

13
JM

L
R

 2
0(

78
):

1-
39

, 2
01

9

B
h
a
d
r
a
e
t
a
l
.

T
ab

le
1:

T
h
e

tr
u
e

or
th

og
on

al
iz

ed
re

gr
es

si
on

co
effi

ci
en

ts
α

0
i,

th
ei

r
o
rd

in
ar

y
le

a
st

sq
u
a
re

d
es

ti
m

at
es
α̂
i,

an
d

si
n
gu

la
r

va
lu

es
d
i

of
th

e
d
es

ig
n

m
at

ri
x
,

fo
r
n

=
10

0
an

d
p

=
5
0
0
.

i
α

0
i

α̂
i

d
i

α̂
id
i

1
0.

10
0.

10
63

5.
10

62
.1

3
2

-0
.4

4
-0

.3
2

3.
16

-1
.0

0
..

.
..

.
..

.
..

.
..

.
5

-0
.1

3
0.

30
3.

05
0.

91
6

10
.0

7
10

.2
2

3.
02

30
.8

8
..

.
..

.
..

.
..

.
..

.
29

0.
46

0.
60

2.
53

1.
53

30
10

.4
7

11
.0

7
2.

51
27

.7
6

..
.

..
.

..
.

..
.

..
.

56
0.

35
0.

57
2.

07
1.

18
57

10
.2

3
10

.6
6

2.
07

22
.0

5
..

.
..

.
..

.
..

.
..

.
66

-0
.0

0
-0

.3
5

1.
9
0

-0
.6

6
67

11
.1

4
11

.5
2

1.
88

21
.7

0
..

.
..

.
..

.
..

.
..

.
95

-0
.8

2
-0

.5
6

1.
4
2

-0
.7

9
96

9.
60

10
.2

1
1.

40
14

.2
6

..
.

..
.

..
.

..
.

..
.

10
0

0.
61

0.
91

1
.2

7
1.

15

7
.
N
u
m
e
ri
ca

l
e
x
a
m
p
le
s

W
e

si
m

u
la

te
d
at

a
w

h
er

e
n

=
10

0,
an

d
co

n
si

d
er

th
e

ca
se

s
p

=
10

0
,2

00
,3

00
,4

0
0,

5
0
0
.

L
et
B

b
e

a
p
×
k

fa
ct

or
lo

ad
in

g
m

at
ri

x
,

w
it

h
al

l
en

tr
ie

s
eq

u
al

to
1.

L
et
F
i

b
e
k
×

1
m

a
tr

ix
o
f

fa
ct

o
r

va
lu

es
,

w
it

h
al

l
en

tr
ie

s
d
ra

w
n

in
d
ep

en
d
en

tl
y

fr
om
N

(0
,1

).
T

h
e
it

h
ro

w
of

th
e
n
×
p

d
es

ig
n

m
at

ri
x
X

is
ge

n
er

at
ed

b
y

a
fa

ct
or

m
o
d
el

,
w

it
h

n
u
m

b
er

of
fa

ct
or

s
k

=
8,

as
fo

ll
ow

s:

X
i

=
B
F
i
+
ξ i
,

ξ i
∼
N

(0
,0
.1

),
fo

r
i

=
1,
..
.,
n
.

T
h
u
s,

th
e

co
lu

m
n
s

of
X

ar
e

co
rr

el
at

ed
.

L
et
X

=
U
D
W

T
d
en

ot
e

th
e

si
n
gu

la
r

va
lu

e
d
ec

o
m

-
p

os
it

io
n

of
X

.
T

h
e

ob
se

rv
at

io
n
s
y

ar
e

ge
n
er

at
ed

fr
om

E
q
u
at

io
n

(3
)

w
it

h
σ

2
=

1
,

w
h
er

e
fo

r
th

e
tr

u
e

or
th

og
on

al
iz

ed
re

gr
es

si
on

co
effi

ci
en

ts
α

0
,

th
e

6,
30

,
57

,
6
7,

an
d

96
th

co
m

p
o
n
en

ts
ar

e
ra

n
d
om

ly
se

le
ct

ed
as

si
gn

al
s,

an
d

th
e

re
m

ai
n
in

g
95

co
m

p
on

en
ts

ar
e

n
oi

se
te

rm
s.

C
o
effi

-
ci

en
ts

of
th

e
si

gn
al

s
ar

e
ge

n
er

at
ed

b
y

a
N

(1
0,

0.
5)

d
is

tr
ib

u
ti

on
,

an
d

co
effi

ci
en

ts
o
f

th
e

n
o
is

e
te

rm
s

ar
e

ge
n
er

at
ed

b
y

a
N

(0
,0
.5

)
d
is

tr
ib

u
ti

on
.

F
or

th
e

ca
se
n

=
10

0
an

d
p

=
5
0
0
,

so
m

e
of

th
e

tr
u
e

or
th

og
on

al
iz

ed
re

gr
es

si
on

co
effi

ci
en

ts
α

0
,

th
ei

r
or

d
in

ar
y

le
as

t
sq

u
a
re

d
es

ti
m

a
te

s
α̂

,
an

d
th

e
co

rr
es

p
on

d
in

g
si

n
gu

la
r

va
lu

es
d

of
th

e
d
es

ig
n

m
at

ri
x
,

ar
e

sh
ow

n
in

T
a
b
le

1
.

T
ab

le
2

li
st

s
th

e
S
U

R
E

fo
r

p
re

d
ic

ti
on

an
d

ac
tu

al
ou

t
of

sa
m

p
le

su
m

of
sq

u
a
re

d
p
re

d
ic

ti
o
n

er
ro

r
(S

S
E

)
fo

r
th

e
ri

d
ge

,
la

ss
o,

P
C

R
an

d
h
or

se
sh

o
e

re
gr

es
si

on
s.

O
u
t

of
sa

m
p
le

p
re

d
ic

ti
o
n

er
ro

r
of

th
e

ad
ap

ti
ve

la
ss

o
is

al
so

in
cl

u
d
ed

in
th

e
co

m
p
ar

is
on

s,
al

th
ou

gh
w

e
a
re

u
n
aw

a
re

o
f

a
fo

rm
u
la

fo
r

co
m

p
u
ti

n
g

th
e

S
U

R
E

fo
r

th
e

ad
ap

ti
ve

la
ss

o.
S
U

R
E

fo
r

ri
d
ge

a
n
d

P
C

R
ca

n
b

e

14
JM

L
R

 2
0(

78
):

1-
39

, 2
01

9



P
r
e
d
ic
t
io
n
R
isk

T
a
b
le

2
:

S
U

R
E

an
d

average
ou

t
of

sam
p
le

p
red

iction
S
S
E

(stan
d
ard

d
ev

iation
of

S
S
E

)
on

o
n
e

tra
in

in
g

set
an

d
200

testin
g

sets
for

th
e

com
p

etin
g

m
eth

o
d
s

for
n

=
100,

for
rid

ge
reg

ressio
n

(R
R

),
th

e
lasso

regression
(L

A
S
S
O

),
th

e
ad

ap
tiv

e
lasso

(A
L

A
S
S
O

),
p
rin

cip
al

co
m

p
o
n
en

ts
reg

ression
(P

C
R

)
an

d
th

e
h
orsesh

o
e

regression
(H

S
).

T
h
e

low
est

S
U

R
E

in
each

row
is

in
ita

lics
an

d
th

e
low

est
average

p
red

iction
S
S
E

is
in

b
old

.
A

form
u
la

for
S
U

R
E

is
u
n
ava

ila
b
le

fo
r

th
e

ad
ap

tive
lasso.

R
R

L
A

S
S
O

A
L

A
S
S
O

P
C

R
H

S
p

S
U

R
E

S
S
E

S
U

R
E

S
S
E

S
S
E

S
U

R
E

S
S
E

S
U

R
E

S
S
E

1
0
0

1
5
9
.0

2
168.24

125.37
128.98

127.22
162.23

179.8
1

1
2
0
.5

9
1
2
6
.3

3
(23.87)

(18.80)
(18.10

)
(25.51)

(18.77)
20

0
1
8
7.3

8
174.92

140.99
132.46

151.89
213.90

191.3
3

1
3
9
.3

2
1
2
6
.9

9
(21.13)

(18.38)
(20.47

)
(22.62)

(17.29)
30

0
1
9
2.7

8
191.91

1
4
7
.8

3
1
45.04

15
3.64

260.65
253.00

151.24
1
3
6
.6

7
(22.95)

(19.89)
(21.19

)
(26.58)

(18.73)
40

0
1
9
5.0

2
182.55

148.56
165.63

178.98
346.19

292.0
2

1
4
7
.6

9
1
4
3
.9

1
(22.70)

(21.55)
(20.12

)
(28.98)

(18.41)
50

0
1
9
6.1

1
188.78

159.95
1
5
9
.5

6
186.23

386.50
366.88

1
4
4
.9

7
160.11

(22.33)
(19.94)

(2
3.50)

(39.38)
(20.29)

co
m

p
u
ted

b
y

a
n

ap
p
lication

of
E

q
u
ation

(9)
an

d
S
U

R
E

fo
r

th
e

h
orsesh

o
e

regression
is

giv
en

b
y

T
h
eo

rem
4.1

.
S
U

R
E

for
th

e
lasso

is
calcu

lated
u
sin

g
th

e
resu

lt
given

b
y

T
ib

sh
iran

i
an

d
T

ay
lo

r
(2

0
1
2).

In
each

case,
th

e
m

o
d
el

is
train

ed
on

100
sam

p
les.

W
e

rep
ort

th
e

S
S
E

on
1
0
0

testin
g

sa
m

p
les,

averaged
over

200
testin

g
d
ata

sets,
an

d
th

eir
sta

n
d
ard

d
ev

iation
s.

F
or

rid
g
e,

la
sso

,
P

C
R

an
d

h
orsesh

o
e

regression
,

th
e

glob
a
l

sh
rin

kage
p
aram

eters
w

ere
ch

osen
to

m
in

im
ize

S
U

R
E

for
p
red

iction
.

In
ad

ap
tive

lasso,
th

e
sh

rin
kage

p
aram

eters
w

ere
ch

o
sen

b
y

cro
ss

va
lid

a
tion

d
u
e

to
S
U

R
E

b
ein

g
u
n
availab

le.
It

can
b

e
seen

th
at

S
U

R
E

in
m

o
st

cases
are

w
ith

in
o
n
e

sta
n
d
ard

d
ev

iation
of

th
e

actu
al

ou
t

of
sam

p
le

p
red

iction
S
S
E

,
su

ggestin
g

S
U

R
E

is
an

a
ccu

ra
te

m
eth

o
d

for
evalu

atin
g

actu
al

ou
t

of
sam

p
le

p
red

iction
p

erform
an

ce.
W

h
en

p
=

1
0
0
,2

0
0
,3

0
0
,400,

h
orsesh

o
e

regression
h
as

th
e

low
est

p
red

iction
S
S
E

.
W

h
en

p
=

500,
S
S
E

o
f

th
e

la
sso

an
d

h
orsesh

o
e

regression
are

close,
an

d
th

e
lasso

p
erform

s
m

argin
ally

b
etter.

T
h
e

h
o
rsesh

o
e

regression
also

h
as

th
e

low
est

S
U

R
E

in
all

b
u
t

on
e

cases.
G

en
erally,

S
U

R
E

in
crea

ses
w

ith
p

for
all

m
eth

o
d
s.

T
h
e

S
U

R
E

for
rid

ge
regression

ap
p
roach

es
th

e
O

L
S

risk
,

w
h
ich

is
2n
σ

2
=

200
in

th
ese

situ
ation

s.
S
U

R
E

for
P

C
R

is
la

rger
th

an
th

e
O

L
S

risk
a
n
d

P
C

R
h
ap

p
en

s
to

b
e

th
e

p
o
orest

p
erform

er
in

m
ost

settin
gs.

P
erform

an
ce

of
th

e
a
d
a
p
tive

la
sso

also
d
egrad

es
com

p
a
red

to
th

e
lasso

an
d

th
e

h
orsesh

o
e,

w
h
ich

rem
ain

th
e

tw
o

b
est

p
erfo

rm
ers.

F
in

ally,
th

e
h
o
rsesh

o
e

regression
ou

tp
erform

s
th

e
la

sso
in

fou
r

ou
t

of
th

e
fi
ve

settin
g
s

w
e

con
sid

ered
.

F
ig

u
re

1
sh

ow
s

con
trib

u
tion

to
S
U

R
E

b
y

each
com

p
on

en
t

for
n

=
100

an
d
p

=
500,

for
rid

g
e,

P
C

R
,

la
sso

an
d

h
orsesh

o
e

regression
s.

T
h
e

com
p

on
en

ts
are

ord
ered

left
to

righ
t

on
th

e
x

-a
x
is

b
y

d
ecreasin

g
m

agn
itu

d
e

of
d
i ,

an
d

S
U

R
E

for
p
red

iction
on

each
co

m
p

on
en

t
are

sh
ow

n
o
n

th
e
y
-ax

is.
N

ote
from

T
ab

le
1

th
at

th
e

6
,30,57,67

an
d

9
6th

com
p

on
en

ts
are

th
e

sig
n
a
ls,

m
ean

in
g

th
ese

term
s

corresp
on

d
to

a
large

α
0 .

T
h
e

P
C

R
risk

on
th

e
96th

com
p

on
en

t
is

2
0
3.2

2
,

w
h
ich

is
ou

t
of

ran
ge

for
th

e
y
-ax

is
in

th
e

p
lot.

F
or

th
is

d
ata

set,
P

C
R

selects

15
JM

L
R

 20(78):1-39, 2019

B
h
a
d
r
a
e
t
a
l
.

0
20

40
60

80
100

0 1 2 3 4 5 6

C
om

ponent

SURE for prediction

F
igu

re
1:

C
om

p
on

en
t-w

ise
S
U

R
E

for
rid

ge
(b

lu
e),

P
C

R
(gray

),
lasso

(cyan
),

an
d

h
orsesh

o
e

regression
(red

),
for

n
=

100
an

d
p

=
500.

S
ign

al
com

p
on

en
ts

are
sh

ow
n

in
solid

sq
u
ares

an
d

n
oise

com
p

on
en

ts
sh

ow
n

in
b
lan

k
circles.

D
ash

ed
h
orizon

tal
lin

e
is

at
2
σ

2
=

2.

0
10

20
30

40
50

60

0 1 2 3 4 5 6

α̂
d

SURE for prediction

F
igu

re
2:

S
U

R
E

for
rid

ge
(b

lu
e),

P
C

R
(gray

),
lasso

(cyan
)

an
d

h
orsesh

o
e

regression
(red

),
versu

s
α̂
d
,

w
h
ere

α̂
is

th
e

O
L

S
estim

ate
of

th
e

orth
ogon

alized
regression

co
effi

cien
t,

an
d
d

is
th

e
sin

gu
lar

valu
e,

for
n

=
100

an
d
p

=
500.

D
ash

ed
h
orizon

tal
lin

es
are

at
2
σ

2
=

2
an

d
2
σ

2/3
=

0.67.

16
JM

L
R

 20(78):1-39, 2019



P
r
e
d
ic
t
io
n
R
is
k

81
co

m
p

on
en

ts
,

an
d

th
er

ef
or

e
S
U

R
E

fo
r

th
e

fi
rs

t
81

co
m

p
on

en
ts

eq
u
al

to
2σ

2
=

2
an

d
th

e
S
U

R
E

is
eq

u
al

to
α̂

2 i
d

2 i
fo

r
i

=
82
,.
..
,1

00
.

C
om

p
on

en
t-

w
is

e
S
U

R
E

fo
r

ri
d
ge

re
gr

es
si

on
ar

e
la

rg
e

on
th

e
si

gn
al

co
m

p
on

en
ts

,
an

d
is

d
ec

re
as

in
g

as
th

e
si

n
gu

la
r

va
lu

es
d

d
ec

re
as

e
on

th
e

ot
h
er

co
m

p
on

en
ts

.
B

u
t

d
u
e

to
th

e
la

rg
e

gl
ob

al
sh

ri
n
ka

ge
p
ar

am
et

er
τ

ri
d
ge

m
u
st

se
le

ct
in

p
re

se
n
ce

of
b

ot
h

la
rg

e
si

gn
al

s
an

d
n
oi

se
te

rm
s,

th
e

m
ag

n
it

u
d
e

of
im

p
ro

v
em

en
t

ov
er

th
e

O
L

S
ri

sk
2σ

2
is

sm
al

l
fo

r
th

e
n
oi

se
te

rm
s.

O
n

th
e

ot
h
er

h
an

d
,

th
e

h
or

se
sh

o
e

es
ti

m
at

or
d
o
es

n
ot

sh
ri

n
k

th
e

co
m

p
on

en
ts

w
it

h
la

rg
e
α̂
id
i

h
ea

v
il
y

an
d

th
er

ef
or

e
th

e
h
or

se
sh

o
e

S
U

R
E

on
th

e
si

gn
al

co
m

p
on

en
ts

ar
e

al
m

os
t

eq
u
al

to
2
σ

2
(a

cc
or

d
in

g
to

T
h
eo

re
m

4.
2)

.
S
U

R
E

fo
r

th
e

h
or

se
sh

o
e

is
al

so
m

u
ch

sm
al

le
r

th
an

2
σ

2
on

m
an

y
of

th
e

n
oi

se
co

m
p

on
en

ts
.

L
as

so
al

so
ap

p
ea

rs
to

b
e

q
u
it

e
eff

ec
ti

ve
fo

r
th

e
n
oi

se
te

rm
s,

b
u
t

it
s

p
er

fo
rm

an
ce

fo
r

th
e

si
gn

al
co

m
p

on
en

ts
is

ge
n
er

al
ly

n
ot

as
eff

ec
ti

ve
as

th
e

h
or

se
sh

o
e.

F
ig

u
re

2
ta

ke
s

a
fr

es
h

lo
ok

at
th

e
sa

m
e

re
su

lt
s

an
d

sh
ow

s
co

m
p

on
en

t-
w

is
e

S
U

R
E

p
lo

tt
ed

ag
ai

n
st
α̂
id
i.

T
h
e

si
gn

al
co

m
p

on
en

ts
as

w
el

l
as

th
e

fi
rs

t
co

m
p

on
en

t
in

T
a
b
le

1
h
av

e
α̂
id
i
>

10
.

H
or

se
sh

o
e

S
U

R
E

co
n
ve

rg
es

to
2σ

2
fo

r
la

rg
e
α̂
id
i,

as
ex

p
ec

te
d

fr
om

T
h
eo

re
m

4.
2.

F
or

th
es

e
co

m
p

on
en

ts
,

th
e

S
U

R
E

fo
r

b
ot

h
ri

d
ge

an
d

la
ss

o
ar

e
la

rg
er

th
an

2σ
2
,

d
u
e

to
th

e
b
ia

s
in

tr
o
d
u
ce

d
in

es
ti

m
at

in
g

la
rg

e
si

gn
al

s
b
y

th
es

e
m

et
h
o
d
s

(s
ee

al
so

T
h
eo

re
m

1
of

C
ar

va
lh

o
et

al
.,

20
10

).
W

h
en
α̂
i2
d

2 i
≈

0,
ri

sk
s

fo
r

la
ss

o
an

d
h
or

se
sh

o
e

ar
e

co
m

p
ar

ab
le

,
w

it
h

la
ss

o
b

ei
n
g

sl
ig

h
tl

y
b

et
te

r.
T

h
is

is
b

ec
au

se
an

es
ti

m
at

e
ca

n
b

e
ex

ac
tl

y
ze

ro
fo

r
th

e
la

ss
o,

b
u
t

n
ot

fo
r

th
e

h
or

se
sh

o
e,

w
h
ic

h
is

a
sh

ri
n
ka

ge
m

et
h
o
d

(a
s

op
p

os
ed

to
a

se
le

ct
io

n
m

et
h
o
d
).

N
ev

er
th

el
es

s,
th

e
u
p
p

er
b

ou
n
d

on
S
U

R
E

fo
r

th
e

h
or

se
sh

o
e

re
gr

es
si

on
at

2σ
2
/3

w
h
en

α̂
i2
d

2 i
≈

0
an

d
p
ro

v
id

ed
τ

is
ch

os
en

to
b

e
sm

al
l

en
ou

gh
so

th
at
τ

2
≤
d
−

2
i

,
as

es
ta

b
li
sh

ed
b
y

T
h
eo

re
m

4.
4,

ca
n

b
e

v
er

ifi
ed

fr
om

F
ig

u
re

2.

A
d
d
it

io
n
al

si
m

u
la

ti
on

re
su

lt
s

ar
e

p
re

se
n
te

d
in

S
u
p
p
le

m
en

ta
ry

S
ec

ti
on

S
.1

,
w

h
er

e
w

e
(i

)
tr

ea
t

a
h
ig

h
er

d
im

en
si

on
al

ca
se

(p
=

10
00

),
(i

)
p

er
fo

rm
co

m
p
ar

is
on

s
w

it
h

n
o
n
-c

on
ve

x
M

C
P

(Z
h
an

g,
20

10
)

an
d

S
C

A
D

(F
an

an
d

L
i,

20
01

)
re

gr
es

si
on

s,
(i

ii
)

ex
p
lo

re
d
iff

er
en

t
ch

oi
ce

s
of

X
an

d
(i

v
)

ex
p
lo

re
th

e
eff

ec
t

of
th

e
ch

oi
ce

of
α

.
T

h
e

m
ai

n
fi
n
d
in

g
is

th
at

th
e

h
or

se
sh

o
e

re
gr

es
si

on
is

of
te

n
th

e
b

es
t

p
er

fo
rm

er
w

h
en

α
h
as

a
sp

ar
se

-r
ob

u
st

st
ru

ct
u
re

as
in

T
ab

le
1,

th
at

is
m

os
t

el
em

en
ts

ar
e

v
er

y
sm

al
l

w
h
il
e

a
fe

w
ar

e
la

rg
e

so
th

at
|α
|2

is
la

rg
e.

T
h
is

is
co

n
si

st
en

t
w

it
h

th
e

th
eo

re
ti

ca
l

re
su

lt
s

of
S
ec

ti
on

s
5

an
d

6.

8
.
A
ss
e
ss
in
g
o
u
t
o
f
sa
m
p
le

p
re
d
ic
ti
o
n
in

a
p
h
a
rm

a
co

g
e
n
o
m
ic
s
d
a
ta

se
t

W
e

co
m

p
ar

e
th

e
ou

t
of

sa
m

p
le

p
re

d
ic

ti
on

er
ro

r
o
f

th
e

h
or

se
sh

o
e

re
gr

es
si

on
w

it
h

ri
d
ge

re
gr

es
-

si
on

,
P

C
R

,
th

e
la

ss
o,

th
e

ad
ap

ti
ve

la
ss

o,
M

C
P

an
d

S
C

A
D

on
a

p
h
ar

m
ac

og
en

om
ic

s
d
at

a
se

t.
T

h
e

d
at

a
w

er
e

or
ig

in
al

ly
d
es

cr
ib

ed
b
y

S
za

k
á
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ã
is
i)

∫
1

ã
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om
in

at
or

is
th

e
sa

m
e

as
b

ef
or

e.
T

h
u
s,

E(
Z
i)
≤
θ i

(1
+
s i

)

s2 i

( C̃
1

+
C̃

2

) .

2
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P
r
e
d
ic
t
io
n
R
isk

T
h
u
s,

S
U
R
E
i
≥

2σ
2[1−

E
(Z

i )−
s
i {E

(Z
i )}

2]

≥
2σ

2 {
1−

θ
i (C̃

1
+
C̃

2 ) (1
+
s
i )

s
2i

−
θ

2i (C̃
1

+
C̃

2 )
2
(1

+
s
i )

2

s
3i

}
.

(A
.3)

T
h
u
s,

co
m

b
in

in
g

E
q
u
ation

s
(A

.2)
an

d
(A

.3)
w

e
get

{
1−

θ
i (C̃

1
+
C̃

2 ) (1
+
s
i )

s
2i

−
θ

2i (C̃
1

+
C̃

2 )
2
(1

+
s
i )

2

s
3i

}
≤
S
U
R
E
i

2
σ

2
≤
{

1
+

2
θ
i (1

+
s
i ) (

C
1

s
2i

+
C

2

s
3
/
2

i

)
}
,

fo
r
s
i ≥

1
,θ
i ≥

1.

A
.3

.
P

ro
o
f

o
f

T
h

e
o
re

m
4
.3

O
u
r

p
ro

o
f

is
sim

ilar
to

th
e

p
ro

of
of

T
h
eorem

1
of

P
olson

an
d

S
cott

(2011).
N

ote
from

E
q
u
a
tio

n
s

(1
0
–
11)

th
at

in
tegratin

g
ou

t
α
i

w
e

h
ave

α̂
i |
λ

2i ,σ
2,τ

2
in
d
∼
N

(0,σ
2(d −

2
i

+
τ

2λ
2i )).

L
et
p
(λ

2i )∼
(λ

2i )
a−

1L
(λ

2i ),
as
λ

2i →
∞

w
h
ere

a
≤

0.
D

efi
n
e
u
i

=
σ

2(d −
2

i
+
τ

2λ
2i ).

T
h
en

,
as

in
T

h
eo

rem
1

of
P

olson
an

d
S
cott

(2011
),

w
e

h
av

e

p
(u
i )∼

u
a−

1
i

L
(u
i ),

a
s
u
i →
∞
.

T
h
e

m
a
rg

in
a
l

o
f
α̂
i

is
th

en
given

b
y

m
(α̂

i )
=

∫
1

√
2π
u
i

ex
p{−

α̂
2i /

(2u
i )}p

(u
i )d
u
i .

A
n

a
p
p
lica

tio
n

of
T

h
eorem

6.1
of

B
arn

d
orff

-N
ielsen

et
al.

(1982)
sh

ow
s

th
a
t

m
(α̂

i )∼
|α̂
i | 2
a−

1L
(|α̂

i |)
as|α̂

i |→
∞
.

T
h
u
s,

fo
r

la
rg

e
|α̂
i |

∂
log

m
(α̂

i )

∂
α̂
i

=
(2a−

1)

|α̂
i |

+
∂

log
L

(|α̂
i |)

∂
α̂
i

.
(A

.4)

C
lea

rly,
th

e
fi
rst

term
in

E
q
u
ation

(A
.4)

go
es

to
zero

a
s|α̂

i |→
∞

.
F

or
th

e
seco

n
d

term
,

w
e

n
eed

to
in

vo
k
e

th
e

celeb
rated

rep
resen

tation
th

eo
rem

b
y

K
ara

m
ata.

A
p
ro

of
can

b
e

fou
n
d

in
B

in
g
h
a
m

et
al.

(1989).

R
e
su

lt
A

.1
(K

a
ra

m
a
ta

’s
rep

resen
ta

tio
n

th
eo

rem
).

A
fu

n
ctio

n
L

is
slo

w
ly

va
ryin

g
if

a
n

d
o
n

ly
if

th
ere

exists
B
>

0
su

ch
th

a
t

fo
r

a
ll
x
≥
B

th
e

fu
n

ctio
n

ca
n

be
w

ritten
in

th
e

fo
rm

L
(x

)
=

ex
p (

η
(x

)
+

∫
x

B

ε(t)

t
d
t )
,

w
h
ere

η
(x

)
is

a
bo

u
n

d
ed

m
ea

su
ra

ble
fu

n
ctio

n
o
f

a
rea

l
va

ria
ble

co
n

vergin
g

to
a

fi
n

ite
n

u
m

ber
a
s
x

goes
to

in
fi

n
ity

ε(x
)

is
a

bo
u

n
d
ed

m
ea

su
ra

ble
fu

n
ctio

n
o
f

a
rea

l
va

ria
ble

co
n

vergin
g

to
zero

a
s
x

goes
to

in
fi

n
ity.

2
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B
h
a
d
r
a
e
t
a
l
.

T
h
u
s,

u
sin

g
th

e
p
rop

erties
of
η
(x

)
a
n
d
ε(x

)
from

th
e

resu
lt

ab
ove

d
log

(L
(x

))

d
x

=
η ′(x

)
+
ε(x

)

x
→

0
as

x
→
∞
.

U
sin

g
th

is
in

E
q
u
ation

(A
.4)

sh
ow

s
∂

log
m

(α̂
i )/∂

α̂
i →

0
as|α̂

i |→
∞

.
B

y
sim

ilar
calcu

la-
tion

s,
∂

2
log

m
(α̂

i )/∂
2α̂

i →
0

as|α̂
i |→

∞
.

F
rom

E
q
u
ation

(7)

S
U
R
E
i

=
σ

4d −
2

i

{
∂∂
α̂
i

log
m

(α̂
i ) }

2

+
2
σ

2 {
1

+
σ

2d −
2

i

∂
2

∂
α̂

2i

log
m

(α̂
i ) }

.

T
h
u
s,
S
U
R
E
i →

2
σ

2,
alm

ost
su

rely,
as|α̂

i |→
∞

.

A
.4

.
P

ro
o
f

o
f

T
h

e
o
re

m
4
.4

T
h
e

p
ro

of
of

T
h
eorem

4.4
m

ak
es

u
se

o
f

tech
n
ica

l
lem

m
as

in
A

p
p

en
d
ix

A
.6.

R
ecall

from
A

p
p

en
d
ix

A
.1

th
at

if
w

e
d
efi

n
e
Z
i

=
1/

(1
+
τ

2λ
2i d

2i )
th

en
th

e
d
en

sity
of
Z
i

is
giv

en
b
y

(Z
i |
α̂
i ,d

i ,τ,σ
2)∼

C
C

H

(
Z
i |

1
,
12
,1
,
α̂

2i d
2i

2
σ

2
,1
,

1

τ
2d

2i )
.

(A
.5)

T
h
en

S
U

R
E

is
given

b
y
S
U
R
E

=
∑

ni=
1
S
U
R
E
i

w
ith

S
U
R
E
i

=
2
σ

2[1−
E

(Z
i )

+
2
s
i E

(Z
2i )−

s
i {E

(Z
i )}

2]

=
2
σ

2[1−
E

(Z
i )

+
s
i E

(Z
2i )

+
s
i V

ar(Z
i )],

(A
.6)

w
h
ere

s
i

=
α̂

2i d
2i /

2σ
2.

T
h
u
s,

∂{S
U
R
E
i }

∂
s
i

=
−

2
σ

2
∂E

(Z
i )

∂
s
i

+
2
σ

2
∂∂
s
i {s

i E
(Z

2i )}
+

2
σ

2
∂∂
s
i {
s
i V

ar(Z
i )}

:=
I

+
II

+
III.

(A
.7)

N
ow

,
as

a
corollary

to
L

em
m

a
A

.1,
(∂
/∂
s
i )E

(Z
i )

=
{E

(Z
i )}

2−
E

(Z
2i )

=
−

V
ar(Z

i )
<

0,
giv

in
g

I
>

0.
T

h
e

strict
in

eq
u
ality

follow
s

from
th

e
fact

th
at

Z
i

is
n
ot

alm
ost

su
rely

a
con

stan
t

for
an

y
s
i ∈

R
an

d
(∂
/∂
s
i )E

(Z
i )

is
con

tin
u
ou

s
at
s
i

=
0.

N
ex

t,
con

sid
er

II.
D

efi
n
e

θ
i

=
(τ

2d
2i ) −

1
an

d
let

0
≤
s
i ≤

1.
T

h
en

,

∂∂
s
i {s

i E
(Z

2i )}
=

E
(Z

2i )
+
s
i
∂∂
s
i E

(Z
2i )

=
E

(Z
2i )

+
s
i {E

(Z
i )E

(Z
2i )−

E
(Z

3i )}
(b

y
L

em
m

a
A

.1)

=
s
i E

(Z
i )E

(Z
2i )

+
{E

(Z
2i )−

s
i E

(Z
3i )}

.

N
ow

,
clearly,

th
e

fi
rst

term
,
s
i E

(Z
i )E

(Z
2i )≥

0.
W

e
also

h
ave

Z
2i −

s
i Z

3i
=
Z

2i (1−
s
i Z
i )≥

0
a.s.

w
h
en

0
≤
Z
i ≤

1
a.s.

an
d

0
≤
s
i ≤

1.
T

h
u
s,

th
e

secon
d

term
E

(Z
2i )−

s
i E

(Z
3i )≥

0.
P

u
ttin

g
th

e
term

s
togeth

er
gives

II≥
0.

F
in

ally,
con

sid
er

III.
D

en
ote

E
(Z

i )
=
µ
i .

T
h
en

,

∂∂
s
i {s

i V
ar(Z

i )}
=

V
ar(Z

i )
+
s
i
∂∂
s
i {V

ar(Z
i )}

=
V

ar(Z
i )−

s
i ∂

2E
(Z

i )

∂
s

2i

=
E{(Z

i −
µ
i )

2}−
s
i E{(Z

i −
µ
i )

3}
(b

y
L

em
m

a
A

.2)

=
E

[(Z
i −

µ
i )

2{
1−

s
i (Z

i −
µ
i )}

].
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P
r
e
d
ic
t
io
n
R
is
k

N
ow

,
(Z

i
−
µ
i)

2
{1
−
s i

(Z
i
−
µ
i)
}
≥

0
a
.s

.
w

h
en

0
≤
Z
i
≤

1
a.

s.
an

d
0
≤
s i
≤

1
a
n
d

th
u
s,

II
I
≥

0.
U

si
n
g

I,
II

an
d

II
I

in
E

q
u
at

io
n

(A
.7

)
y
ie

ld
s
S
U
R
E
i

is
an

in
cr

ea
si

n
g

fu
n
ct

io
n

of
s i

w
h
en

0
≤
s i
≤

1,
co

m
p
le

ti
n
g

th
e

p
ro

of
of

P
ar

t
A

.

T
o

p
ro

ve
P

ar
t

B
,

w
e

n
ee

d
to

d
er

iv
e

an
u
p
p

er
b

ou
n
d

on
S
U

R
E

w
h
en

s i
=

0.
F

ir
st

,
co

n
si

d
er
s i

=
0

an
d

0
<
θ i
≤

1.
w

e
h
av

e
fr

om
E

q
u
at

io
n

(A
.6

)
th

at
S
U
R
E
i

=
2σ

2
(1
−
EZ

i)
.

B
y

L
em

m
a

A
.3

,
(∂
/∂
θ i

)E
(Z

i)
>

0
an

d
S
U
R
E
i

is
a

m
on

ot
on

e
d
ec

re
as

in
g

fu
n
ct

io
n

of
θ i

,
w

h
er

e
θ i

=
(τ

2
d

2 i
)−

1
.

N
ex

t
co

n
si

d
er

th
e

ca
se

w
h
er

e
s i

=
0

an
d
θ i
∈

(1
,∞

).
D

efi
n
e

Z̃
i

=
1
−
Z
i
∈

(0
,1

)
w

h
en

Z
i
∈

(0
,1

).
T

h
en

,
b
y

E
q
u
at

io
n

(A
.1

1)
an

d
a

fo
rm

u
la

on
P

ag
e

9
of

G
or

d
y

(1
99

8)
,

w
e

h
av

e
th

at
Z̃
i

al
so

fo
ll
ow

s
a

C
C

H
d
is

tr
ib

u
ti

on
.

S
p

ec
ifi

ca
ll
y,

(Z̃
i
|α̂

i,
d
i,
τ,
σ

2
)
∼

C
C

H

( Z̃
i
|1 2
,1
,1
,−

α̂
2 i
d

2 i

2
σ

2
,1
,τ

2
d

2 i

)
,

an
d

w
e

h
av

e
S
U
R
E
i

=
2
σ

2
E(
Z̃
i)

.
D

efi
n
e
θ̃ i

=
θ−

1
i

=
τ

2
d

2 i
.

T
h
en

b
y

L
em

m
a

A
.3

,
(∂
/∂
θ̃ i

)E
(Z̃

i)
=
−

C
ov

(Z̃
i,
W̃
i)
>

0
on

0
<

θ̃ i
<

1.
T

h
er

ef
or

e,
S
U
R
E
i

is
a

m
o
n
ot

on
e

in
cr

ea
si

n
g

fu
n
ct

io
n

of
θ̃ i

on
0
<
θ̃ i
<

1,
or

eq
u
iv

al
en

tl
y

a
m

on
ot

on
e

d
ec

re
as

in
g

fu
n
ct

io
n

of
θ i

on
θ i
∈

(1
,∞

).

T
h
u
s,

co
m

b
in

in
g

th
e

tw
o

ca
se

s
ab

ov
e,

w
e

ge
t

th
at

S
U

R
E

at
s i

=
0

is
a

m
on

ot
on

e
d
ec

re
as

in
g

fu
n
ct

io
n

of
θ i

fo
r

an
y
θ i
∈

(0
,∞

),
or

eq
u
iv

a
le

n
tl

y,
an

in
cr

ea
si

n
g

fu
n
ct

io
n

of
τ

2
d

2 i
.

S
in

ce
0
≤
Z̃
i
≤

1
al

m
os

t
su

re
ly

,
a

n
at

u
ra

l
u
p
p

er
b

ou
n
d

on
S
U
R
E
i

is
2σ

2
.

H
ow

ev
er

,
it

is
p

os
si

b
le

to
d
o

b
et

te
r

p
ro

v
id

ed
τ

is
ch

os
en

su
ffi

ci
en

tl
y

sm
al

l.
A

ss
u
m

e
th

at
τ

2
≤
d
−

2
i

.
T

h
en

,
si

n
ce

S
U
R
E
i

is
m

on
ot

on
e

in
cr

ea
si

n
g

in
θ i

,
th

e
u
p
p

er
b

ou
n
d

on
S
U

R
E

is
ac

h
ie

ve
d

w
h
en

θ i
=

(τ
2
d

2 i
)−

1
=

1.
In

th
is

ca
se

,
E(
Z
i)

h
as

a
p
ar

ti
cu

la
rl

y
si

m
p
le

ex
p
re

ss
io

n
,

gi
ve

n
b
y

E(
Z
i)

=

∫ 1 0
z i

(1
−
z i

)−
1 2
{θ
i
+

(1
−
θ i

)z
i}
−

1
d
z i

∫ 1 0
(1
−
z i

)−
1 2
{θ
i
+

(1
−
θ i

)z
i}
−

1
d
z i

=

∫ 1 0
z i

(1
−
z i

)−
1 2
d
z i

∫ 1 0
(1
−
z i

)−
1 2
d
z i

=
2 3
.

(A
.8

)

T
h
u
s,

su
p
S
U
R
E
i

=
2σ

2
(1
−

EZ
i)

=
2σ

2
/3

,
co

m
p
le

ti
n
g

th
e

p
ro

of
of

P
ar

t
B

.

T
o

p
ro

ve
P

ar
t

C
,

w
e

fi
rs

t
n
ot

e
th

at
w

h
en

s i
=

1
w

e
h
av

e

S
U
R
E
i

=
2σ

2
[1
−

E(
Z
i)
| s i

=
1

+
2
E(
Z

2 i
)| s

i
=

1
−
{E

(Z
i)
| s i

=
1
}2

]

w
h
er

e
E

(Z
i)

an
d
E

(Z
2 i
)

ar
e

ev
al

u
at

ed
at
s i

=
1.

R
ec

al
l

th
at

w
h
en

θ i
≥

1
an

d
z i
∈

(0
,1

)
w

e
h
av

e
θ−

1
i
≤
{θ
i
+

(1
−
θ i

)z
i}
−

1
≤

1.
T

h
u
s,

E(
Z

2 i
)| s

i
=

1
=

∫ 1 0
z

2 i
(1
−
z i

)−
1 2
{θ
i
+

(1
−
θ i

)z
i}
−

1
ex

p
(−
z i

)d
z i

∫ 1 0
(1
−
z i

)−
1 2
{θ
i
+

(1
−
θ i

)z
i}
−

1
ex

p
(−
z i

)d
z i

≤
∫ 1 0
z

2 i
(1
−
z i

)−
1 2

ex
p
(−
z i

)d
z i

θ−
1

i

∫ 1 0
(1
−
z i

)−
1 2

ex
p
(−
z i

)d
z i
≈
θ i

0
.4

59

1
.0

76
=

0.
43
θ i
,

(A
.9

)
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L
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 2
0(

78
):

1-
39

, 2
01

9

B
h
a
d
r
a
e
t
a
l
.

an
d

E(
Z
i)
| s i

=
1

=

∫ 1 0
z i

(1
−
z i

)−
1 2
{θ
i
+

(1
−
θ i

)z
i}
−

1
ex

p
(−
z i

)d
z i

∫ 1 0
(1
−
z i

)−
1 2
{θ
i
+

(1
−
θ i

)z
i}
−

1
ex

p
(−
z i

)d
z i

,

≥
θ−

1
i

∫ 1 0
z i

(1
−
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=

0.
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+
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=
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b
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≤
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h
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p
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d
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|α̂
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.
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=
α̂
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=
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i.
e.

,
θ i

=
1

fo
r

al
l
i.

F
ro

m
E

q
u
at

io
n

(A
.6

),
th

e
ri

sk
es

ti
m

at
e

is
S
U
R
E

=
∑
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−
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−
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Ř
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Ř
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∈
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≤
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∂
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∂ ∂
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∂
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∂ ∂
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−
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−
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Ř
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ra
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Ř
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Ř
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b
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Ř
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con
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Ř
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=

∫
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∫
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=
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<
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=
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=
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=
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/∂
s)E
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+
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L
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A
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/∂
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=
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).

L
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Z
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/∂
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C
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ν
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1
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/∂
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(Z
)
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Z
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,q,r,s,1

,1)
w

ith
q
>
p
,

th
en

E
(Z
−
µ

)
3≤
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=
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=
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.
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P
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et,
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∼

C
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T
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k
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=

∫
1
/
ν

0
z
k
+
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z
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θ
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∂∂
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+
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+
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∫
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−
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+
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+
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H
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P
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=
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∂
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∂
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∂∂
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∫
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+
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=

∫
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+
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∫
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θ)ν
z} −
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=
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=
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∂ ∂
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−
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rd
in

g
to

ad
d
it

io
n
al

co
va

ri
at

es
.

T
h
is

ge
n
er

al
iz

at
io

n
al

lo
w

s
on

e
to

u
se

u
n
la

b
el

ed
d
at

a
to

id
en

ti
fy

e.
g.

h
ow

th
e

ap
p
ro

va
l

of
a

p
ro

d
u
ct

va
ri

es
w

it
h

ag
e.

In
th

is
sc

en
a
ri

o
,

w
e

in
tr

o
d
u
ce

th
e

re
gr

es
si

on
ra

ti
o

es
ti

m
at

or
,

w
h
ic

h
off

er
s

im
p
ro

ve
m

en
ts

ov
er

th
e

st
a
n
d
a
rd

m
et

h
o
d
s

th
at

ar
e

u
se

d
in

se
n
ti

m
en

t
an

al
y
se

s
(W

an
g

et
al

.,
20

12
).

S
ec

ti
on

2
d
is

cu
ss

es
th

e
st

an
d
ar

d
q
u
an

ti
fi
ca

ti
on

p
ro

b
le

m
u
n
d
er

th
e

p
ri

o
r

p
ro

b
a
b
il
it

y
sh

if
t

as
su

m
p
ti

on
.

S
u
b
se

ct
io

n
2.

1
p
ro

v
id

es
n
ew

lo
w

er
b

ou
n
d
s

fo
r

th
e

ri
sk

in
th

is
sc

en
a
ri

o.
S
u
b
se

ct
io

n
2.

2
in

tr
o
d
u
ce

s
th

e
ra

ti
o

es
ti

m
at

or
,

u
se

s
th

e
re

su
lt

fr
om

th
e

p
re

v
io

u
s

su
b
se

ct
io

n
to

sh
ow

th
at

it
is

ap
p
ro

x
im

at
el

y
m

in
im

ax
an

d
al

so
d
er

iv
es

it
s

co
n
v
er

ge
n
ce

ra
te

a
n
d

a
ce

n
tr

al
li
m

it
th

eo
re

m
.

S
u
b
se

ct
io

n
2.

3
u
se

s
th

e
as

y
m

p
to

ti
c

b
eh

av
io

r
of

th
e

ra
ti

o
es

ti
m

a
to

r
to

p
ro

p
os

e
a

n
ew

ty
p

e
of

ra
ti

o
es

ti
m

at
or

b
as

ed
on

R
ep

ro
d
u
ci

n
g

K
er

n
el

H
il
b

er
t

sp
a
ce

s.
F

in
a
ll
y,

th
e

ra
ti

o
es

ti
m

at
o
r

re
q
u
ir

es
a

w
ea

ke
r

v
er

si
on

of
p
ri

or
p
ro

b
ab

il
it

y
sh

if
t

to
ob

ta
in

co
n
si

st
en

cy
.

S
u
b
se

ct
io

n
2.

4
d
is

cu
ss

es
a

n
ew

al
go

ri
th

m
fo

r
te

st
in

g
th

is
as

su
m

p
ti

on
.

S
ec

ti
on

3
p
ro

p
os

es
ex

te
n
si

on
s

of
th

e
ra

ti
o

es
ti

m
at

or
to

sc
en

ar
io

s
w

h
ic

h
ar

e
m

o
re

g
en

er
a
l

th
an

th
e

st
an

d
ar

d
q
u
an

ti
fi
ca

ti
on

p
ro

b
le

m
.

S
u
b
se

ct
io

n
3.

1
p
ro

p
os

es
th

e
co

m
b
in

ed
es

ti
m

a
to

r,
fo

r
ca

se
s

in
w

h
ic

h
so

m
e

la
b

el
s

ar
e

av
a
il
ab

le
in

th
e

p
op

u
la

ti
on

of
in

te
re

st
.

S
u
b
se

ct
io

n
3.

2
p
ro

p
os

es
th

e
ra

ti
o

re
gr

es
si

on
es

ti
m

at
or

,
fo

r
th

e
si

tu
at

io
n

in
w

h
ic

h
th

e
p
re

va
le

n
ce

o
f

a
g
iv

en
la

b
el

va
ri

es
ac

co
rd

in
g

to
a

co
va

ri
at

e.
A

ll
p
ro

of
s

ar
e

p
re

se
n
te

d
in

th
e

ap
p

en
d
ix

;
co

d
e

a
n
d

d
at

a
u
se

d
fo

r
th

e
ex

p
er

im
en

ts
is

av
ai

la
b
le

at
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
a
f
o
n
s
o
f
v
a
z
/
r
a
t
i
o
_

e
s
t
i
m
a
t
o
r
.
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Q
u
a
n
t
if
ic
a
t
io
n

2
.

Q
u
a
n
tifi

ca
tio

n
u
n
d
e
r

p
rio

r
p
ro

b
a
b
ility

sh
ift

In
o
rd

er
to

fo
rm

ally
ap

p
roach

th
e

q
u
an

tifi
cation

p
rob

lem
,

w
e

u
se

th
e

sam
e

n
otation

as
in

W
a
sserm

a
n

(2006).
If

Z
1
∈

R
d

1
an

d
Z

2
∈

R
d

2
are

ran
d
om

vectors
an

d
R
⊂

R
d

1,
th

en
P

(Z
1 ∈

R|Z
2 )

is
th

e
con

d
ition

al
p
rob

ab
ility

th
at

Z
1

is
in
R

given
Z

2 .
U

sin
g

P
,
o
n
e

can
ob

tain
F
Z

1 |Z
2 ,
f
Z

1 |Z
2 ,

E
[Z

1 |Z
2 ],

an
d

V
[Z

1 |Z
2 ]

w
h
ich

are,
resp

ectively,
th

e
con

d
ition

al
d
istrib

u
tion

,
d
en

sity,
ex

p
ected

valu
e

an
d

varian
ce

of
Z

1
given

Z
2 .

M
argin

al
p
rop

erties
o
f
Z

1
are

in
d
icated

b
y

o
m

ittin
g

th
e

con
d
ition

in
g

ran
d
om

variab
le.

A
lso,

if
(Z

n
)
n∈

N
is

a
seq

u
en

ce
o
f

ran
d
om

vecto
rs,

th
en

Z
n
a
.s.
→

Z
,

Z
n

P→
Z

,
an

d
Z
n
 

Z
in

d
icate

resp
ectively,

th
at

Z
n

con
verges

a
lm

o
st

su
rely,

in
p
rob

ab
ility,

an
d

in
d
istrib

u
tion

to
Z

.
In

ord
er

to
ex

p
ress

th
e

rate
at

w
h
ich

co
n
verg

en
ce

o
ccu

rs,
it

is
u
sefu

l
to

u
se
O

an
d

Ω
n
otatio

n
.

If
(a
n
)
n∈

N
is

a
seq

u
en

ce
in

R
,

th
en

a
n

=
O

(g
(n

))
if

th
ere

ex
ists

c
su

ch
th

at,
for

ev
ery

n
,
a
n
≤
c·g

(n
)

an
d
a
n

=
Ω

(g
(n

))
if

th
ere

ex
ists

c
su

ch
th

at,
for

every
n

,
a
n
≥
c·
g
(n

).
F

in
ally,

I
is

th
e

in
d
ica

tor
fu

n
ction

.
A

n
ex

p
ressio

n
su

ch
as

I(g
(X

)∈
A

)
is

eq
u
al

to
1

w
h
en

g
(X

)∈
A

an
d

to
0

w
h
en

g
(X

)
/∈
A

.

In
th

e
q
u
a
n
tifi

cation
p
rob

lem
,

for
each

sam
p
le

in
stan

ce
i∈
{1,...,n}

,
(X

i ,Y
i ,S

i )
is

a
vecto

r
of

ra
n
d
om

variab
les

su
ch

th
at

X
i ∈

R
d

are
featu

res,
Y
i ∈
{0
,1}

is
a

lab
el

of
in

terest
a
n
d
S
i ∈
{
0,1}

is
th

e
in

d
icator

th
at

th
is

in
stan

ce
h
as

b
een

lab
eled

.
T

h
at

is,
w

h
en

ever
S
i

=
0
,

th
en

Y
i

is
n
ot

ob
served

.
N

ote
th

at
S
i

can
b

e
ran

d
om

.

In
th

e
a
b

ov
e

fram
ew

ork
,

som
e

su
b
sets

of
th

e
in

stan
ces

are
freq

u
en

tly
u
sed

.
T

h
e

sets
A
k

:=
{i
∈
{1,...,n}

:
S
i

=
k}

rep
resen

t
th

e
lab

eled
(k

=
1)

an
d

u
n
lab

eled
(k

=
0)

in
stan

ces.
S
im

ilarly,
A
k
,j

:=
{
i∈
{
1,...,n}

:
S
i

=
k

an
d
Y
i

=
j}

rep
resen

t
th

e
in

sta
n
ces

th
at

a
re

la
b

eled
(k

=
1)

or
u
n
lab

eled
(k

=
0)

a
n
d

h
ave

a
p

ositive
(j

=
1)

or
a

zero
(j

=
0)

la
b

el.
A

lso
th

e
n
u
m

b
er

of
in

stan
ces

th
at

are
u
n
lab

eled
,

lab
eled

or
th

at
h
ave

la
b

el
j

a
re

d
en

o
ted

,
resp

ectively,
b
y
n
U

:=
|A

0 |,
n
L

:=
|A

1 |
an

d
n
j

:=
|A

1
,j |.

In
a

q
u
a
n
tifi

cation
p
rob

lem
,

on
e

w
ish

es
to

estim
ate

θ
:=

P
(Y

=
1|S

=
0),

th
at

is,
th

e
p
reva

len
ce

o
f

p
ositive

lab
els

am
on

g
u
n
lab

eled
sam

p
les.

T
h
is

p
revalen

ce
is

n
ot

assu
m

ed
to

b
e

th
e

sa
m

e
as

th
e

on
e

over
lab

eled
sets,

P
(Y

=
1|S

=
1).

T
h
e

estim
a
tor

for
θ

ca
n

d
ep

en
d

o
n
ly

o
n

th
e

availab
le

d
ata,

th
at

is,
th

e
featu

res
of

all
in

stan
ces

a
n
d

th
e

lab
els

th
at

w
ere

o
b
ta

in
ed

.
F

o
rm

ally,
lettin

g
Z
ji

d
en

ote
(Z

i ,...,Z
j ),

a
valid

estim
ator

is
a

fu
n
ction

of
X
n1
,

S
n1

a
n
d

(Y
i )
i∈
A

1 .
T

h
e

set
of

all
su

ch
valid

estim
ators

is
d
en

oted
b
y
S

.

In
th

e
sta

n
d
ard

form
u
lation

of
th

e
p
rior

p
rob

a
b
ility

sh
ift

p
rob

lem
,
{(X

i ,Y
i )}

i∈
A

0
is

ca
lled

th
e

ta
rget

po
p
u

la
tio

n
(sin

ce
th

e
lab

els
are

u
n
availab

le),
an

d
{
(X

i ,Y
i )}

i∈
A

1
is

called
th

e
tra

in
in

g
p

o
p
u
lation

(T
asch

e,
2017).

It
is

com
m

on
for

b
oth

p
op

u
lation

s
to

b
e

i.i.d
.,

A
ssu

m
p

tio
n

1

•
(S

1 ,X
1 ,Y

1 ),...,(S
n
,X

n
,Y

n
)

a
re

in
d
epen

d
en

t.

•
F

o
r

every
s∈
{0
,1}

,
(X

1 ,Y
1 )|S

1
=
s,...,(X

n
,Y

n
)|S

n
=
s

a
re

id
en

tica
lly

d
istribu

ted
.

U
n
less

a
d
d
ition

al
assu

m
p
tion

s
are

m
ad

e,
it

is
n
ot

p
ossib

le
to

learn
ab

ou
t
θ

u
sin

g
solely

th
e

o
b
served

d
ata.

O
n
e

assu
m

p
tion

th
at

allow
s

learn
in

g
ab

ou
t
θ

is
th

e
p
rior

p
rob

a
b
ility

sh
ift,

w
h
ich

sta
tes

th
at

“th
e

class-con
d
ition

al
featu

re
d
istrib

u
tion

s
of

th
e

train
in

g
an

d
test

sets
a
re

th
e

sa
m

e”
(F

aw
cett

an
d

F
lach

,
2005).

P
rio

r
sh

ift
is

form
alized

in
A

ssu
m

p
tion

2.

A
ssu

m
p

tio
n

2
[P

rio
r
p
ro

ba
b
ility

sh
ift]

F
o
r

every
(y

1 ,...,y
n
)∈
{0
,1}

n
,

(X
1 ,...,X

n
)

is
stoch

a
stica

lly
in

d
epen

d
en

t
o
f

(S
1 ,...,S

n
)

co
n

d
itio

n
a
lly

o
n

(Y
1 ,...,Y

n
)

=
(y

1 ,...,y
n
).
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V
a
z
,
Iz
b
ic
k
i
a
n
d

S
t
e
r
n

A
lth

ou
gh

A
ssu

m
p
tion

2
is

w
ritten

in
a

d
iff

eren
t

w
ay

th
an

in
p
ap

ers
su

ch
as

M
o
ren

o-
T

orres
et

al.
(2012),

th
e

con
ten

t
is

sim
ilar.

W
h
ile

M
oren

o-T
orres

et
al.

(2012)
u
ses

a
su

b
scrip

t
on

th
e

p
rob

ab
ility

fu
n
ction

to
d
eterm

in
e

w
h
ich

is
th

e
referen

ce
p

op
u
lation

,
w

e
p

erform
th

is
task

u
sin

g
th

e
ran

d
om

variab
le,

S
.

F
or

in
stan

ce,
th

e
p
ro

b
ab

ility
th

at
an

in
stan

ce
from

th
e

target
p

op
u
lation

h
as

th
e

lab
el

“1”
is

referred
in

p
rev

iou
s

n
otation

an
d

in
th

is
p
ap

er,
resp

ectively,
as

P
tg (Y

i
=

1
)

an
d

P
(Y
i

=
1|S

i
=

0).
U

sin
g

th
is

tran
slation

,
A

ssu
m

p
tion

2
is

th
e

sam
e

as
th

e
p
rior

p
rob

ab
ility

sh
ift

in
M

oren
o-T

orres
et

al.
(20

12).
A

ssu
m

p
tion

2
h
old

s
if

an
d

on
ly

if
f
X
|Y
,S

=
0 ≡

f
X
|Y
,S

=
1 ,

th
at

is,
P
tg (x|y

)≡
P
tr (x|y

).

2
.1

.
L

o
w

e
r

b
o
u

n
d

o
n

th
e

risk
fo

r
q
u

a
n
tifi

c
a
tio

n
u

n
d

e
r

p
rio

r
p

ro
b

a
b

ility
sh

ift

U
n
d
er

A
ssu

m
p
tion

s
1

an
d

2
it

is
p

ossib
le

to
learn

ab
ou

t
θ

from
th

e
featu

res
an

d
lab

els
th

at
are

availab
le

in
th

e
q
u
an

tifi
cation

p
ro

b
lem

.
F

or
ex

a
m

p
le,

on
e

can
u
se

th
e

featu
res

an
d

lab
els

in
th

e
train

in
g

p
op

u
lation

to
learn

ab
ou

t
f
X
|Y

=
0

an
d
f
X
|Y

=
1 .

A
lso,

if
th

ese
d
en

sities
are

su
ffi

cien
tly

d
iff

eren
t,

th
en

on
e

can
com

b
in

e
th

e
in

form
ation

ab
o
u
t

th
em

to
th

e
featu

res
in

th
e

target
p

op
u
lation

to
learn

ab
ou

t
th

e
u
n
k
n
ow

n
lab

els
in

th
is

p
op

u
lation

an
d
,

th
erefo

re,
ab

ou
t
θ.

D
efi

n
ition

1
form

ally
p
resen

ts
tw

o
classes

in
w

h
ich

th
e

p
ossib

le
valu

es
of
f
X
|Y

=
0

an
d
f
X
|Y

=
1

are
sep

arab
le.

D
e
fi

n
itio

n
1

L
et
f
i (x

)
=
f
X
|Y

=
i (x

),
ε,K

>
0

a
n

d
g

:R
d→

R
be

a
n

o
n

-co
n

sta
n

t
fu

n
ctio

n
.

{
F
L

1
,ε

:=
{
(f

0 ,f
1 )

:‖
f

0 −
f

1 ‖
1 ≥

ε}
F
g
,K
,ε

:=
{

(f
0 ,f

1 )
:E

f
i [g

(X
)
2|Y

=
i]≤

K
,

a
n

d
|E
f
1 [g

(X
)|Y

=
1]−

E
f
0 [g

(X
)|Y

=
0]|≥

ε }

U
n
d
er

th
e

classes
in

D
efi

n
ition

1
it

is
p

ossib
le

to
learn

ab
ou

t
θ

an
d

th
e

learn
in

g
rate

d
ep

en
d
s

on
b

oth
th

e
n
u
m

b
er

of
lab

eled
an

d
u
n
lab

eled
in

stan
ces.

A
low

er
b

ou
n
d

for
h
ow

th
ese

sam
p
le

sizes
aff

ect
th

e
rate

at
w

h
ich

on
e

learn
s

ab
ou

t
θ

is
p
resen

ted
in

T
h
eorem

3.

D
e
fi

n
itio

n
2

L
etF

be
a

co
llectio

n
o
f

(f
0 ,f

1 ).
T

h
e

m
in

im
a
x

ra
te,

M
(F

),
fo

r
estim

a
tin

g
θ

u
n

d
er

th
e

squ
a
red

lo
ss,F

,
a
n

d
A

ssu
m

p
tio

n
s

1
a
n

d
2

is

M
(F

)
=

in
f

θ̂∈S
su

p
(f

0
,f

1
)∈F

;θ∈
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ra
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.
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b
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p
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re
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d
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b
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p
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m
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d
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u
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n

A
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m
p

tio
n

5

1
.

V
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i )|Y

i
=
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<
∞

,
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r
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j∈
{0,1}

.

2
.

T
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0
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t
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∞

h
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)
n

<
1
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∞
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=
∞

,
a
n

d
n
L

h
(n
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P→
1
.

T
h

e
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1
0

D
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n
e
µ
j
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E
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1 )|Y
1

=
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σ
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1
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p
L
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∞
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,
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p
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=
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=
1).
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er
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p
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1
,
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,

4
a
n

d
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1
.
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L
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√
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R
−
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N
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(1−
θ
)σ
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+
θ
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+
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0
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θ
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(1−

θ
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2
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p
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p
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+

θ
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1 −

µ
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2
.
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p
L

=
0,
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en

√
h

(n
)(θ̂

R
−
θ) 

N


0
,

(1−
θ
)
2
σ
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p

0|L
+

θ
2
σ

21
p

1|L

(µ
1 −

µ
0 )

2
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T
h
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ob
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ap
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fi
d
en
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in
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θ.
T

h
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in
terva

l
is

o
b
ta

in
ed

b
y

in
vertin

g
th

e
con

vergen
ce

resu
lts

in
T

h
eorem

10,
a
n
d

su
b
stitu

tin
g
θ

fo
r
θ̂
R

a
n
d

th
e

p
op

u
lation

p
aram

eters,
µ

0 ,
µ

1 ,
σ

20 ,
σ

21 ,
p
L

,
p

0|L
an

d
p

1|L
,

b
y

th
eir

resp
ective

em
p
irica

l
avera

ges.
T

h
is

con
fi
d
en

ce
in

terval
m

ay
also

b
e

u
sed

to
test

h
y
p

oth
esis

su
ch
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H

0
:
θ
∈

Θ
0 .

T
h
eo

rem
1
0

also
p
rov

id
es

an
ap

p
rox

im
ation

for
th

e
m

ean
sq

u
ared

error
of
θ̂
R

.
T

h
is

a
p
p
rox

im
a
tio

n
for

th
e

com
m

on
case

in
w

h
ich

n
U
�
n
L

is
p
resen

ted
in

th
e

follow
in

g
corollary.

C
o
ro

lla
ry

1
1

U
n

d
er

A
ssu

m
p
tio

n
s

1
,

3
,

4
a
n

d
5
,

if
p
L

=
0

(n
U
�
n
L

),
th

en

M
S

E
(θ̂
R

)≈
1

n
L

(µ
1 −

µ
0 )

2 (
σ

20 (1−
θ)

2

p
0|L

+
σ

21 θ
2

p
1|L

)
(1)

C
o
ro

lla
ry

1
1

b
rin

gs
som

e
in

sigh
ts

on
h
ow

g
sh

ou
ld

b
e

ch
osen

in
ord

er
for

θ̂
R

to
b

e
an

a
ccu

ra
te

estim
a
tor

of
θ.

F
or

in
stan

ce,
it

sh
ow

s
th

at
on

e
sh

ou
ld

ch
o
ose

g
su

ch
th

at|µ
1 −

µ
0 |

is
la

rg
e

a
n
d

b
o
th
σ

20
an

d
σ

21
are

sm
all.

T
h
is

im
p
lies

th
at

th
e

d
istrib

u
tion

s
of
g
(X

)|Y
=

1
an

d
g
(X

)|Y
=

0
sh

o
u
ld

p
lace

m
ost

of
th

eir
m

asses
in

region
s

th
at

a
re

far
a
p
art.

T
h
is

con
clu

sion
ex

p
la

in
s

th
e

su
ccess

of
th

e
m

eth
o
d
s

in
F

orm
an

(2008),
in

w
h
ich

g
(x

)
is

a
classifi

er,
an

d
B

ella
et

a
l.

(2
0
10),

in
w

h
ich

g
(x

)
is

an
estim

ate
of

P
(Y

=
1|x

).

O
n
e

o
f

th
e

m
ain

d
efi

cien
cies

of
th

e
stan

d
ard

A
C

estim
ator

is
th

at
its

d
en

om
in

ato
r

can
b

e
very

clo
se

to
zero,

w
h
ich

m
akes

it
v
ery

u
n
stab

le
(d

u
e

to
a

large
varian

ce).
In

ord
er

to
h
an

d
le

th
is,

w
e

can
ex

p
licitly

u
se

th
e

ap
p
rox

im
ation

o
f

th
e

M
S
E

(C
orollary

11)
to

ch
o
ose

b
etter

fu
n
ctio

n
s
g
.

T
h
is

p
ro

ced
u
re
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d
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ssed
in

th
e

follow
in

g
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V
a
z
,
Iz
b
ic
k
i
a
n
d

S
t
e
r
n

2
.3

.
C

h
o
o
sin

g
g

v
ia

a
p

p
ro

x
im

a
te

M
S

E
m

in
im

iz
a
tio

n

O
n
e

p
ossib

le
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e
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oice
of
g

is
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e
m

in
im

ization
o
f
M
S
E

(θ̂
R
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d
efi

n
ed
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C

orollary
11.

H
ow

ever,
th

e
latter

d
ep

en
d
s

on
u
n
ob

servab
le

q
u
an

tities.
A

n
altern
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to
m

in
im

ize
an

estim
ate

of
M
S
E

(θ̂
R

).
T

h
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estim
ate

is
p
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in

D
efi

n
ition

12.

D
e
fi

n
itio

n
1
2

L
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θ̂

be
a
n
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a
to

r
o
f
θ

a
n

d
,

fo
r
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i∈
{0
,1},
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µ̂
i

=
n
−

1
i

∑A
1
,i g

(X
i )

σ̂
2i

=
n
−

1
i

∑A
1
,i (g

(X
i )−

µ̂
i )

2
p̂
i|L

=
n
i

n
0

+
n

1

T
h
e

em
p
irica

l
M

S
E

o
f

th
e

ra
tio

estim
a
to

r
in

d
u

ced
by

g
,
M̂
S
E

(g
),
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M̂
S

E
(g

)≈
1

n
L

(µ̂
1 −

µ̂
0 )

2 (
σ̂

20 (1−
θ̂)

2

p̂
0|L

+
σ̂

21 θ̂
2

p̂
1|L

)
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ord

er
to

avoid
ov

erfi
ttin

g,
w

e
p

erform
th

e
m

in
im

ization
of
M̂
S
E

(g
)
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a

R
ep

ro
d
u
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g
K

ern
el

H
ilb
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S
p
ace

(R
K

H
S
;

W
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b
a
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M

ore
p
recisely,
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K
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a

M
ercer
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el
a
n
d

H
K

is
th

e
R

K
H

S
asso

ciated
to
K

,
th

en
w

e
ch

o
ose
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g ∗
:=

arg
m

in
g∈H

K

M̂
S
E

(g
)

(2)

In
th

e
follow

in
g,

T
h
eorem

13
p
resen

ts
a

ch
aracterization

of
g ∗

in
eq

.
2.

T
h

e
o
re

m
1
3

L
et
K

be
a

M
ercer

kern
el

a
n

d
H
K

th
e

co
rrespo

n
d
in

g
R

K
H

S
.

A
lso

,

•
K

:
th

e
G

ra
m

m
a
trix

d
efi

n
ed

fo
r

(i,j)∈
A

21
a
n

d
su

ch
th

a
t

(K
)
i,j

=
K

(x
i ,x

j ).

•
m
i :

A
vecto

r
o
f

size
|A

1 |
a
n

d
su

ch
th

a
t,

fo
r

ea
ch
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∈
A
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m
i,k

=

∑
j∈
A

1
,i
K

(x
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k
)

n
i

.

•
M

=
(m

1 −
m

0 )(m
1 −

m
0 )
t.

•
Σ̂
i :

a|A
1 |×
|A

1 |
m

a
trix

su
ch

th
a
t

(Σ̂
i )
k
,l

is
th

e
sa

m
p
le

co
va

ria
n

ce
betw

een
(K

(x
j ,x

k ))
j∈
A

1
,i

a
n

d
(K

(x
j ,x
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j∈
A

1
,i .

•
N

:
a
|A

1 |×
|A

1 |
m

a
trix

su
ch

th
a
t
N

=
θ̂
2

p̂
1|L

Σ̂
1

+
(1−

θ̂
)
2

p̂
0|L

Σ̂
0 .

•
w
∗

=
arg

m
in
w
∈

R
n
L

w
tN

w
w
tM

w

T
h
e

fu
n

ctio
n
g ∗

in
eq.

2
sa

tisfi
es
g ∗(x

)
=
∑

i∈
A

1
w
∗i K

(x
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i ).

T
h
e

vector,
w
∗

in
T

h
eorem

13
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th
e

eigen
vector
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to
th

e
largest

eigen
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e
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valu
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of
th

e
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eigen

valu
e

p
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M

w
∗

=
λ
∗N

w
∗.
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N

is
in

vertib
le,

w
∗

is
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e
eigen

vector
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to

th
e
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eigen

va
lu

e
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te
valu

e
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N
−

1M
.

A
ltern
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if
N

is
n
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in
vertib
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e
can
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b
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N

in
T

h
eorem

12
b
y

(N
+

γ
1
) −
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w

h
ere

1
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th
e
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en
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m
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an

d
γ

is
a

sm
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n
u
m

b
er

th
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m
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kes
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+
γ

1
in
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A
d
d
in

g
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e
d
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d
s

regu
larization
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d
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.
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p
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p
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test.
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p
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p
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p
ri

or
sh

if
t

as
su

m
p
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p
ti

o
n

3
,

th
er

e
ex

is
ts

0
≤
p
≤

1
su

ch
th

a
t

p
F
g
(X

)|S
=
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p
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H
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p
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H
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w
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p
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p
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b
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p
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=

0
,Y

=
1

=
F
g
(X

)|S
=
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=
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=
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=
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=
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=
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.
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p
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H
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H
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=

in
f

0
≤
p
≤

1
d
( p
F̂
g
(X

)|S
=
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=
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=

0

) ,

w
h
er

e
d

is
a

d
is

ta
n
ce

b
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d
is

tr
ib

u
ti

on
s,

su
ch

as
th

e
K

ol
m

og
or

ov
d
is

ta
n
ce

,
an

d
F̂

ar
e

th
e

em
p
ir

ic
al

cu
m

u
la

ti
ve

d
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∑
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h
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p
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H
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b
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n
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h
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d
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e
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ea
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u
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ed
er
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r
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ti
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ti

m
at

or
go

es
to

ze
ro

as
th
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m
p
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,
it

sh
ow

s
th

a
t

p
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to
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p
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p
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th

e
p

ow
er
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th

e
w
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k

p
ri
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if
t
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2.
4.
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d
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to
te
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th

e
w
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k

p
ri
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w
e
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n
er
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e

d
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a
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g
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4
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en
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w

h
ic

h
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e
p
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n
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d
in

ta
b
le

2.
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l
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e
sc
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e

w
ea

k
p
ri

or
sh

if
t
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su

m
p
ti

on
h
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d
s

fo
r

a
si

n
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e
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e
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.
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ig
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re

4
p
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e

p
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th
e

w
ea

k
p
ri

or
sh

if
t

te
st

in
ea

ch
sc

en
ar
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u
si

n
g

a
le
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l
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si
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ifi

ca
n
ce
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α

=
5%

.
B

es
id

es
th

e
te

st
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h
ie

v
in

g
th

e
le
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l

of
5%

w
h
en

w
ea

k
p
ri

or
sh

if
t

h
ol

d
s,

it
al

so
h
as

a
h
ig

h
p

ow
er

w
h
en

ev
er

th
e

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
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g
(X

)
d
iff

er
s
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er

th
e

la
b

el
ed
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d

ov
er

th
e

u
n
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b
el

ed
d
at

a.
T

h
e
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w

h
y
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p
re
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n
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m
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a

w
h
en

th
e

w
ea

k
p
ri

or
i

sh
if

t
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m

p
ti
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d
o
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n
ot

h
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d
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d
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E
x
am

p
le

1.

T
h
e

fo
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g

se
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n

d
is
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ex

te
n
si
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s
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th

e
ra

ti
o

es
ti

m
at

or
to

sc
en

ar
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s
th

a
t
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e

m
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e
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n
er
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e
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d
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d
q
u
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on

p
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b
le

m
.

3
.

E
x
te

n
si

o
n
s

o
f

th
e

q
u
a
n
ti

fi
ca

ti
o
n

p
ro

b
le

m

3
.1

.
C

o
m

b
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e
d

e
st
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a
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r

S
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,

a
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w
la

b
el

s
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e
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b
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e
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et

p
op

u
la

ti
o
n

(S
=

0)
.

L
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A
∗ 0
⊂
A

0
d
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ot
e
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e
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d
ic
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e
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b
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ed
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m
p
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th
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en
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,
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b
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b
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in
an

es
ti

m
at

e
of
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ra
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b
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p
ri
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t

te
st
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=
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.
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l
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d
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e
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e
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γ
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w
h
ic

h
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e
w
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ri

or
sh

if
t

h
ol

d
s.
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b
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m
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e
θ

b
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b
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e
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b
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ti

m
at
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,
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ra
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o
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,
θ̂ R

.
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e
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p
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e
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b
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b
y

m
ea

n
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n
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m
b
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a
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n
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=
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p
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h
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p
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1
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e
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e
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n
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r

o
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e
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m
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a
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n

3
)
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w
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=
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S
E

[θ̂
L

]
×
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S
E

[θ̂
L
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M
S
E

[θ̂
R
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−

1
.
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S
E
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S
E
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b
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S
E
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=
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1
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S
E

[θ̂
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]
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b
y
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h
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m

1
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W
e
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ŵ
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S
E

[θ̂
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e
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E
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]
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b
y
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b
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u
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n
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S
E

[θ̂
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]
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S
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[θ̂
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]
b
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r
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d
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g
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p
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a
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a
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.
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b
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n
d
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e
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ar
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s

u
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r
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e
ra
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o

es
ti

-
m

at
or
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S
ec

ti
on

2.
5

an
d

u
si

n
g
θ

=
0.

3.
F

or
ea

ch
sc

en
ar
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,

w
e
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n
si

d
er

10
,

2
0
,

3
0
,

4
0

o
r

50
av

ai
la

b
le

la
b

el
s
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th
e

ta
rg

et
p

op
u
la

ti
on

.
F

ig
u
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5
p
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e
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r
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u
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av
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b
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ti
on

.3
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h
en
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e
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n
d
θ̂ R

h
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an
er

ro
r

w
h
ic

h
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m
u
ch

lo
w

er
th

an
th

e
ot

h
er

,
th

an
th

is
lo

w
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t
er

ro
r

is
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m
p
a
ra

b
le

to
th

at
of

th
e
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m

b
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m

at
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e
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m
b
in
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p
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x
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el

y
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ti
m

es
th
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m
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b
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.
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m
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∈
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b
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m
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3
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n
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A
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t
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p
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o
f
Y

in
th

e
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set
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p
le,
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m
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n1
]) −
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d
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b
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(m
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−
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p
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p
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ra
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secon
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m
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p
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d
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d
ition

al
on

th
e

valu
es

of
Y

an
d

S
.

T
h
is

co
n
d
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b
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n
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µ
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E
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=
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σ
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V
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=
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Z
U
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√
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∑
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√
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∑
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=
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=
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=
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∞
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∞
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∞
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∞
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con
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∏
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con
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p
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∑
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∑
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∑
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=
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=
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+
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p
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+
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=
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+
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+
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p
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+
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√
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p
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∈
H
K

,
g
(x

)
=
∑

k∈
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i∈
{0,1}

,

µ̂
i

=

∑
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∑
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k ∑
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∑
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∈
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=
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=
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[θ̂
L

]+
M
S
E

[θ̂
R

])
−

1
.

L
e
m

m
a

2
1

F
o
r

ev
er

y
fu

n
ct

io
n

,
g

,
u

n
d
er

A
ss

u
m

p
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=
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=
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=
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=
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p
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=
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=
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=
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=
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=
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=
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=
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ĥ

1
,i

=
Ê
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[ĥ

1
,1
|S
n 1
]+

V
[ĥ
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b
as

ed
on

in
v
er

se
op

ti
m

al
tr

an
sp

or
t,

w
h
er

e
th

e
d
iv

er
si

fi
ed

p
op

u
la

ti
on

of
ea

ch
si

d
e

of
th

e
m

at
ch

in
g

is
n
at

u
ra

ll
y

m
o
d
el

ed
a
s

a
p
ro

b
ab

il
it

y
d
is

tr
ib

u
ti

o
n
,

2
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L
e
a
r
n
in
g

t
o

M
a
t
c
h
v
ia

In
v
e
r
se

O
p
t
im

a
l
T
r
a
n
sp

o
r
t

a
n
d

th
e

b
ila

tera
l

p
referen

ce
of

tw
o

in
d
iv

id
u
als

in
a

p
oten

tial
m

atch
is

cap
tu

red
b
y

a
m

atch
-

in
g

rew
a
rd

(o
r

eq
u
ivalen

tly,
n
egative

m
atch

in
g

cost).
M

ore
sp

ecifi
cally,

w
e

ob
tain

kern
el

rep
resen

tatio
n

of
th

e
cost

b
y

learn
in

g
th

e
featu

re
in

teraction
m

atrix
fro

m
th

e
m

a
tch

in
g

d
a
ta,

u
n
d
er

w
h
ich

th
e

total
so

cial
su

rp
lu

s
is

su
p
p

osed
to

b
e

m
ax

im
al

in
a

h
ealth

y
m

atch
-

in
g

m
a
rket

a
s

su
ggested

b
y

econ
om

ists
(C

arlier
an

d
E

kelan
d
,

2010).
M

oreov
er,

w
e

em
p
loy

a
ro

b
u
st

a
n
d

fl
ex

ib
le

W
asserstein

m
etric

to
learn

featu
re-en

rich
ed

m
argin

al
d
istrib

u
tion

s,
w

h
ich

p
roves

to
b

e
v
ery

eff
ective

an
d

rob
u
st

in
d
ealin

g
w

ith
in

com
p
lete/

n
oisy

d
ata

in
th

e
m

a
tch

in
g

p
ro

b
lem

.

F
ro

m
a

b
ro

ad
er

p
ersp

ectiv
e,

ou
r

ap
p
roach

is
in

th
e

fram
ew

ork
o
f

o
p
tim

ization
b
ased

on
va

ria
tio

n
a
l

p
rin

cip
les—

th
e

ob
served

d
a
ta

are
resu

lts
of

som
e

op
tim

ization
w

ith
an

u
n
k
n
ow

n
o
b

jective
fu

n
ction

(or
a

k
n
ow

n
ob

jective
fu

n
ction

w
ith

u
n
k
n
ow

n
p
a
ram

eters)
th

at
m

o
d
els

th
e

p
ro

b
lem

,
a
n
d

th
e

goal
is

to
learn

th
e

ob
jective

fu
n
ction

(or
its

p
aram

eters)
from

th
e

d
ata.

T
h
is

ap
p
roa

ch
is

a
ty

p
e

of
p
rescrip

tive
an

aly
tics:

it
ex

p
loits

th
e

m
otivation

an
d

m
ech

an
ism

o
f

th
e

su
b

ject,
an

d
p
ro

d
u
ces

resu
lts

th
at

are
in

terp
retab

le
an

d
m

ean
in

gfu
l

to
h
u
m

an
.

T
h
e

so
lu

tio
n

p
ro

cess
is

m
ore

in
stru

ctive
an

d
can

m
ake

u
se

of
th

e
ob

served
d
ata

m
ore

eff
ectively.

In
th

is
b
ro

a
d
er

sen
se,

ou
r

p
rop

osed
ap

p
roach

b
ased

on
in

verse
o
p
tim

al
tran

sp
ort

is
in

a
sim

ila
r

sp
irit

a
s

in
verse

rein
forcem

en
t

learn
in

g
(N

g
et

al.,
2000).

F
u
rth

erm
ore,

th
e

learn
ed

o
b

jective
ca

n
b

e
u
sed

to
u
n
d
erstan

d
th

e
eff

ect
o
f

variou
s

factors
in

a
m

atch
in

g
an

d
in

fer
o
p
tim

a
l

m
a
tch

in
g

strategy
given

n
ew

d
ata.

F
or

in
stan

ce,
in

on
lin

e
d
atin

g,
rid

ers
allo

cation
,

a
n
d

m
a
n
y

o
th

er
settin

gs,
th

e
cen

tra
l

p
la

n
n
ers

(T
in

d
er,

O
k
C

u
p
id

,
U

b
er,

L
y
ft,

etc.)
can

u
se

su
ch

p
rescrip

tive
m

o
d
els

to
im

p
rove

cu
stom

er
ex

p
erien

ce
an

d
align

so
cia

l
go

o
d

w
ith

th
eir

ow
n

p
ro

fi
t

go
a
l.

O
u
r

w
o
rk

is
th

e
fi
rst

to
estab

lish
a

sy
stem

atic
fram

ew
ork

for
op

tim
al

m
atch

in
g

learn
in

g
u
sin

g
in

co
m

p
lete,

n
oisy

d
ata

u
n
d
er

lim
ited

-su
p
p
ly

co
n

stra
in

ts.
In

p
articu

la
r,

w
e

ad
vo

cate
a

n
o
n
lin

ea
r

rep
resen

tation
of

cost/rew
ard

in
a

m
a
tch

in
g

an
d

v
iew

th
e

m
atch

in
g

strategy
a
s

a
so

lu
tio

n
o
f

(regu
larized

)
op

tim
al

tran
sp

ort.
T

h
e

eq
u
ilib

riu
m

of
certain

m
atch

in
g

m
ar-

kets,
su

ch
a
s

m
arriage,

w
ith

sim
p
lify

in
g

assu
m

p
tion

s,
coin

cid
e

w
ith

op
tim

al
tran

sp
ort

p
lan

s
(B

eck
er,

1
9
7
3).

E
ven

for
m

atch
in

g
m

ark
ets

w
ith

com
p
lex

stru
ctu

re
a
n
d

factors,
w

h
ose

m
a
tch

in
g

m
ech

an
ism

is
n
ot

yet
com

p
letely

u
n
v
eiled

,
th

e
p
rop

osed
m

o
d
el

serves
a
s

a
p

ow
-

erfu
l

m
o
d
elin

g
to

ol
to

stu
d
y

th
ose

m
atch

in
gs.

In
term

s
of

algorith
m

ic
d
evelop

m
en

t,
w

e
d
erive

a
h
ig

h
ly

effi
cien

t
learn

in
g

m
eth

o
d

to
estim

ate
th

e
p
aram

eters
in

th
e

co
st

fu
n
ction

rep
resen

ta
tion

in
th

e
p
resen

ce
of

com
p
u
tation

ally
com

p
lex

W
asserstein

m
etrics.

N
u
m

erical
resu

lts
sh

ow
th

at
ou

r
m

eth
o
d

con
trasts

favorab
ly

to
oth

er
m

atch
in

g
ap

p
roach

es
in

term
s

o
f

ro
b
u
stn

ess
an

d
effi

cien
cy,

an
d

can
b

e
u
sed

to
in

fer
op

tim
al

m
atch

in
g

for
n
ew

d
ata

sets
a
ccu

rately.

T
h
e

rest
o
f

th
is

p
ap

er
is

organ
ized

as
follow

s:
w

e
b
riefl

y
su

m
m

a
rize

related
w

ork
in

S
ec-

tio
n

2
a
n
d

rev
iew

d
iscrete

op
tim

al
tran

sp
ort

an
d

its
regu

larized
v
ersion

as
w

ell
as

th
eir

close
co

n
n
ection

s
in

S
ection

3.
S
ection

4
d
escrib

es
th

e
setu

p
of

p
rop

osed
m

o
d
el

an
d

in
tro

d
u
ces

o
u
r

ro
b
u
st

fo
rm

u
lation

v
ia

regu
larized

W
asserstein

d
istan

ce,
w

h
ich

tries
to

cap
tu

re
m

atch
-

in
g

m
ech

a
n
ism

b
y

leveragin
g

regu
larized

op
tim

al
tran

sp
ort.

T
h
e

d
erivation

of
op

tim
ization

a
lg

o
rith

m
is

d
etailed

in
S
ection

5.
W

e
evalu

ate
ou

r
m

o
d
el

in
section

6
o
n

b
oth

sy
n
th

etic
d
a
ta

a
n
d

rea
l-w

orld
d
ata

sets.
T

h
e

last
section

con
clu

d
es

th
e

p
ap

er
an

d
p

oin
ts

to
several

d
irectio

n
s

fo
r

p
oten

tial
fu

tu
re

research
.
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L
i,
Y
e
,
Z
h
o
u
a
n
d

Z
h
a

2
.
R
e
la
te
d
W

o
rk

In
th

is
section

,
w

e
b
riefl

y
su

m
m

arize
som

e
related

w
o
rk

,
in

clu
d
in

g
m

atch
in

g,
ecological

in
feren

ce,
recom

m
en

d
er

sy
stem

s,
d
istan

ce
m

etric
learn

in
g

an
d

recip
ro

cal
recom

m
en

d
ation

.

2
.1

.
M

a
tch

in
g

M
atch

in
g

h
as

b
een

w
id

ely
stu

d
ied

in
econ

om
ics

com
m

u
n
ity

sin
ce

th
e

sem
in

al
w

ork
of

K
o
op

-
m

an
s

an
d

B
eck

m
an

n
(1957).

G
ale

an
d

S
h
ap

ley
(19

62)
stu

d
ied

op
tim

al
m

atch
in

g
in

college
ad

m
ission

,
m

arriage
m

arket
an

d
p
rop

osed
th

e
fam

ou
s

G
ale-S

h
ap

ley
algorith

m
.

B
ecker

(1973)
gav

e
a

th
eoretic

an
aly

sis
in

m
arriage

m
arket

m
atch

in
g.

R
oth

an
d

S
otom

ayor
(1992)

d
id

a
th

orou
gh

stu
d
y

an
d

an
aly

sis
in

tw
o-sid

ed
m

atch
in

g.
C

h
iap

p
ori

et
al.

(2010);
C

ar-
lier

an
d

E
kelan

d
(2010)

u
sed

op
tim

al
tra

n
sp

ort
th

eory
to

stu
d
y

th
e

eq
u
ilib

riu
m

o
f

cer-
tain

m
atch

in
g

m
arkets.

G
alich

on
an

d
S
alan

ié
(2010)

th
eoretically

ju
stifi

ed
th

e
u
sage

of
en

trop
y
-regu

larized
op

tim
al

tran
sp

ort
p
lan

to
m

o
d
el

em
p
irical

m
atch

in
g

in
th

e
p
resen

ce
of

u
n
ob

served
ch

aracteristics.
A

n
oth

er
in

terestin
g

w
ork

(C
h
arlin

et
al.,

2011)
p
ro

p
osed

to
p
red

ict
op

tim
al

m
atch

in
g

from
learn

in
g

su
itab

ility
score

in
p
ap

er-to-rev
iew

con
tex

t
w

h
ere

th
ey

u
sed

w
ell-k

n
ow

n
lin

ear
regression

,
collab

orative
fi
lterin

g
algorith

m
s

to
learn

su
itab

il-
ity

scores.
T

h
ere

are
also

som
e

w
ork

stu
d
y
in

g
d
y
n
a
m

ic
m

atch
in

g
th

eory
an

d
ap

p
lication

s
su

ch
as

k
id

n
ey

ex
ch

an
ge

(D
ick

erson
et

al.,
2012;

D
ick

erson
an

d
S
an

d
h
olm

,
2015)

an
d

b
arter

ex
ch

an
ge

(A
n
d
erson

et
al.,

2017;
A

sh
lagi

et
al.,

2017).

A
recen

t
w

ork
closely

related
to

ou
rs

is
(D

u
p
u
y

et
al.,

2016),
w

h
ere

th
ey

w
ork

ed
w

ith
regu

larized
op

tim
al

tran
sp

ort
p
lan

an
d

m
o
d
eled

th
e

cost
b
y

a
b
ilin

ear
form

u
sin

g
an

affi
n
ity

m
atrix

learn
ed

fro
m

d
ata.

B
y

con
tra

st,
ou

r
w

ork
m

o
d
els

th
e

cost
u
sin

g
a

n
on

lin
ear

k
ern

el
rep

resen
tation

an
d

in
corp

orate
regu

larized
W

asserstein
d
istan

ce
to

tack
le

th
e

ch
allen

gin
g

issu
es

d
u
e

th
e

in
com

p
lete

an
d

n
oisy

d
ata

in
real-w

orld
m

atch
in

g
p
rob

lem
s.

2
.2

.
E

c
o
lo

g
ic

a
l

In
fe

re
n

c
e

E
cological

in
feren

ce
in

fers
th

e
n
atu

re
of

in
d
iv

id
u
al

level
b

eh
av

ior
u
sin

g
aggregate

(h
istori-

cally
called

“ecological”)
d
ata,

an
d

is
of

p
articu

lar
in

terest
to

p
olitica

l
scien

tists,
so

ciologists,
h
istorian

s
an

d
ep

id
em

iologists.
D

u
e

to
p
riva

cy
or

cost
issu

e,
in

d
iv

id
u
al

level
d
ata

are
elu

d
-

in
g

from
research

ers,
h
en

ce
th

e
in

feren
ce

m
ad

e
th

rou
gh

aggregate
d
ata

are
often

su
b

ject
to

ecological
fallacy

1.
P

rev
iou

sly,
p

eop
le

p
rop

osed
n
eigh

b
orh

o
o
d

m
o
d
el

(F
reed

m
an

et
al.,

1991),
ecological

regression
(G

o
o
d
m

an
,

1953)
an

d
K

in
g’s

m
eth

o
d

(K
in

g,
2013).

A
recen

t
p
rogress

(F
lax

m
an

et
al.,

2015)
is

m
ad

e
b
y

u
sin

g
ad

d
ition

al
in

form
ation

an
d

leverage
kern

el
em

b
ed

d
in

g
of

d
istrib

u
tion

s,
d
istrib

u
tion

regression
to

ap
p
roach

th
is

p
rob

lem
.

O
u
r

w
ork

d
iff

ers
from

classical
ecological

in
feren

ce
p
rob

lem
an

d
m

eth
o
d
s

in
fou

r
w

ay
s.

F
irst,

w
e

assu
m

e
access

to
em

p
irical

m
atch

in
g

at
in

d
iv

id
u
a
l-level

gran
u
larity

w
h
ich

is
n
ot

availab
le

in
stan

d
ard

ecological
in

feren
ce

settin
g.

S
eco

n
d
,

in
ou

r
fram

ew
o
rk

,
w

e
fo

cu
s

on
learn

in
g

th
e

p
referen

ce
of

tw
o

sid
es

in
th

e
m

atch
in

g
an

d
p
rop

ose
a

n
ov

el
an

d
effi

cien
t

m
eth

o
d

to
learn

it,
after

w
h
ich

in
feren

ce/p
red

iction
p
rob

lem
b

ecom
es

triv
ial

as
p
referen

ce
is

k
n
ow

n
.

T
h
ird

,
d
iff

eren
t

from
p
rev

iou
s

statistical
m

eth
o
d
s,

w
e

ad
op

t
a

m
o
d
el-b

ased
ap

p
roach

,
leverages

op
tim

al
tran

sp
ort

to
m

o
d
el

m
atch

in
g

an
d

d
raw

a
con

n
ection

b
etw

een
th

ese
tw

o
fi
eld

s.
L

astly,
th

an
k
s

to
th

e
m

o
d
el-b

ased
ap

p
roach

,
w

e
are

ab
le

to
sh

ed
ligh

t
on

1
.
h
t
t
p
s
:
/
/
e
n
.
w
i
k
i
p
e
d
i
a
.
o
r
g
/
w
i
k
i
/
E
c
o
l
o
g
i
c
a
l
_
f
a
l
l
a
c
y
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L
e
a
r
n
in
g

t
o

M
a
t
c
h
v
ia

In
v
e
r
se

O
p
t
im

a
l
T
r
a
n
sp

o
r
t

w
h
at

fa
ct

or
s

le
ad

to
em

p
ir

ic
al

m
at

ch
in

g
an

d
q
u
an

ti
ta

ti
ve

ly
es

ti
m

at
e

th
e

in
fl
u
en

ce
ca

u
se

d
b
y

ch
an

ge
s

of
th

os
e

fa
ct

or
s,

w
h
ic

h
ar

e
b

ey
on

d
th

e
re

ac
h

of
tr

ad
it

io
n
al

st
at

is
ti

ca
l

ap
p
ro

ac
h
es

.

2
.3

.
R

e
c
o
m

m
e
n

d
e
r

S
y
st

e
m

s

C
ol

la
b

or
at

iv
e

fi
lt

er
in

g
(C

F
)

ty
p

e
re

co
m

m
en

d
er

sy
st

em
s

sh
ar

e
m

an
y

si
m

il
ar

it
ie

s
w

it
h

op
ti

-
m

al
m

at
ch

in
g

p
ro

b
le

m
as

b
ot

h
n
ee

d
to

le
ar

n
u
se

r
p
re

fe
re

n
ce

fr
om

ra
ti

n
g/

m
at

ch
in

g
d
at

a
an

d
p
re

d
ic

t
ra

ti
n
g/

m
at

ch
in

g
in

a
co

ll
ab

or
at

iv
e

m
an

n
er

.
M

at
ri

x
-f

ac
to

ri
za

ti
on

b
as

ed
m

o
d
-

el
s

(M
n
ih

an
d

S
al

ak
h
u
td

in
ov

,
20

08
;

S
al

ak
h
u
td

in
ov

an
d

M
n
ih

,
20

08
)

en
jo

ye
d

gr
ea

t
su

cc
es

s
in

N
et

fl
ix

P
ri

ze
C

om
p

et
it

io
n
.

R
en

d
le

(2
01

0
,

20
12

)
p
ro

p
os

ed
fa

ct
or

iz
at

io
n

m
ac

h
in

e
m

o
d
el

w
it

h
st
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n
o
th

er
w

o
rd

,
R

O
T

p
lan

con
verges

to
th

e
m

ost
u
n
iform

O
T

p
lan

an
d

th
e

rate
of

con
-

verg
en

ce
is

ex
p

on
en

tial,
as

sh
ow

n
b
y

C
om

in
etti

an
d

S
an

M
art́ın

(1994).
T

h
e

gen
eraliza

tion
o
f

en
tro

p
ic

reg
u
larization

,
T

sallis
en

trop
y

regu
larized

op
tim

al
tran

sp
ort

also
receives

m
o
re

a
n
d

m
o
re

atten
tion

an
d

is
stu

d
ied

b
y

M
u
zellec

et
al.

(2017).
R

O
T

h
as

m
ore

fav
orab

le
com

p
u
tation

al
p
rop

erties
th

an
O

T
d
o
es,

as
it

on
ly

in
vo

lves
co

m
p

o
n
en

t-w
ise

op
eration

an
d

m
atrix

-vector
m

u
ltip

lication
,

all
of

w
h
ich

are
of

q
u
a
d
ratic
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L
i,
Y
e
,
Z
h
o
u
a
n
d

Z
h
a

com
p
lex

ity,
an

d
can

b
e

p
arallelized

(C
u
tu

ri,
2013).

T
h
is

fact
m

akes
R

O
T

p
op

u
lar

for
m

easu
rin

g
d
issim

ilarity
b

etw
een

p
oten

tially
u
n
n
orm

alized
d
istrib

u
tion

s
in

m
an

y
research

fi
eld

s:
m

ach
in

e
learn

in
g

(G
en

ew
ay

et
a
l.,

2017;
R

olet
et

al.,
2016;

L
aclau

et
al.,

2017),
com

p
u
ter

v
ision

(C
u
tu

ri
an

d
D

ou
cet,

2014)
an

d
im

age
p
ro

cessin
g

(P
ap

ad
ak

is,
2015).

B
esid

es
com

p
u
tation

effi
cien

cy,
w

e
argu

e
in

n
ex

t
section

w
h
y

it
is

m
ore

ap
p
rop

riate
to

u
se

R
O

T
in

ou
r

settin
g

from
a

m
o
d
elin

g
p

ersp
ective.

4
.
L
e
a
rn

in
g
to

M
a
tch

F
or

th
e

ease
of

ex
p

osition
,

w
e

refer
tw

o
sid

es
of

th
e

m
atch

in
g

m
arket

as
u
sers

an
d

item
s.

T
h
e

m
eth

o
d
ology

is
su

itab
le

in
variou

s
ap

p
lication

s
w

h
ere

op
tim

a
l

m
atch

in
g

is
con

sid
ered

u
n
d
er

su
p
p
ly

lim
itation

s,
su

ch
as

m
arriage

m
arket,

cab
h
ailin

g,
college

ad
m

ission
,

organ
allo

cation
,

p
ap

er
m

atch
in

g
an

s
so

on
.

S
u
p
p

ose
w

e
h
ave

m
u
ser

p
rofi

les
{u

i }
i∈

[m
] ⊂

R
p,

n
item

p
rofi

les
{v

j }
j∈

[n
] ⊂

R
q

an
d
N
ij ,

th
e

cou
n
t

of
tim

es
(u

i ,v
j )

ap
p

ears
in

m
atch

in
g.

L
et

N
=
∑

m
,n

i,j=
1
N
ij

b
e

th
e

n
u
m

b
er

of
all

m
atch

in
gs,

[π̂
ij ]

=
[N

ij /N
]

b
e

th
e

ob
served

m
atch

in
g

m
atrix

an
d
µ̂

=
π̂
1
,ν̂

=
π̂
T
1

b
e

th
e

sa
m

p
le

m
argin

als.
S
u
p
p

ose
w

e
are

also
given

tw
o

cost
m

atrices
C
u

an
d
C
v ,

m
easu

rin
g

u
ser-u

ser
d
issim

ilarity
an

d
item

-item
d
issim

ilarity
resp

ectively,
w

e
can

th
en

select
tw

o
ap

p
rop

riate
con

stan
ts
λ
u

a
n
d
λ
v

an
d

u
se
d
λ
u (C

u ,µ
1 ,µ

2 )
an

d
d
λ
v (C

v ,ν
1 ,ν

2 )
to

m
easu

re
th

e
d
issim

ilarity
of

p
rob

ab
ility

d
istrib

u
tion

s
µ

1 ,µ
2

over
u
ser

p
rofi

le
sp

ace
an

d
th

at
of
ν

1 ,ν
2

over
item

p
rofi

le
sp

ace.

4
.1

.
M

o
d

e
lin

g
O

b
se

rv
e
d

M
a
tch

in
g

M
a
trix

B
eck

er
(1973)

p
oin

ted
ou

t
th

at
eq

u
ilib

riu
m

of
som

e
m

atch
in

g
m

arkets
co

in
cid

e
w

ith
op

tim
al

tran
sp

ort
p
lan

s
w

h
ich

are
often

h
igh

ly
sp

arse.
T

h
e

im
p
lication

of
th

is
th

eory
is

far
from

b
ein

g
realistic,

th
ou

gh
,

as
w

e
ob

serve
h
eterogen

eou
s

m
atch

in
gs

in
real

w
orld

.
G

alich
on

an
d

S
alan

ié
(2015)

argu
ed

th
at

th
ere

are
laten

t
featu

res
h
av

in
g

sign
ifi

can
t

im
p
act

on
m

atch
in

g
b
u
t

u
n
fortu

n
ately

u
n
ob

servab
le

to
research

ers.
H

en
ce

th
ey

p
rop

osed
to

leverag
e

a
com

b
i-

n
ation

of
p
u
re

op
tim

al
tran

sp
ort

p
lan

an
d

m
u
tu

al
in

form
ation

of
tw

o
sid

es
of

m
atch

in
g

to
m

o
d
el

em
p
irical

m
atch

in
g

d
ata

w
h
ich

is
ex

actly
en

trop
y
-regu

larized
op

tim
al

tran
sp

ort.

F
u
rth

erm
ore,

th
e

ob
served

m
atch

in
g

m
atrix

π̂
(h

en
ce

th
e

em
p
irical

m
argin

als)
often

con
tain

s
n
oisy,

corru
p
ted

,
an

d
/or

m
issin

g
en

tries,
con

seq
u
en

tly
it

is
m

ore
rob

u
st

to
em

p
loy

a
regu

larized
op

tim
al

tran
sp

ort
p
lan

rath
er

th
an

en
force

an
ex

act
m

atch
in

g
to

em
p
irical

d
ata

in
cost

fu
n
ction

learn
in

g.

T
o

th
at

en
d
,

w
e

p
rop

ose
to

u
se

regu
larized

op
tim

al
tran

sp
ort

p
lan

π
λ(C

,µ
,ν

)
in

ou
r

learn
in

g
task

.
T

h
is

also
h
as

several
im

p
ortan

t
b

en
efi

ts
th

at
take

th
e

follow
in

g
asp

ects
in

to
m

o
d
elin

g
con

sid
eration

in
ad

d
ition

to
u
n
ob

served
laten

t
featu

res:

•
E

n
fo

rc
e
d

D
iv

e
rsity

.
D

iversity
is

en
forced

in
certain

m
atch

in
gs

as
is

th
e

case
w

h
en

ad
m

ission
com

m
ittee

m
ak

in
g

d
ecision

s
on

ap
p
lican

ts,
d
iversity

is
often

an
im

p
ortan

t
criterion

an
d

u
n
d
errep

resen
ted

m
in

orities
m

ay
b

e
p
referred

.
E

n
trop

y
term

cap
tu

res
th

e
u
n
certain

ty
in

tro
d
u
ced

b
y

d
iversity.

T
h
e

id
ea

of
con

n
ectin

g
en

trop
y

w
ith

m
atch

in
g

to
cap

tu
re/p

rom
ote

d
iversity

is
also

a
d
op

ted
,

for
ex

am
p
le,

b
y

A
graw

al
et

al.
(2018)

an
d

A
h
m

ed
et

al.
(2017).
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L
e
a
r
n
in
g

t
o

M
a
t
c
h
v
ia

In
v
e
r
se

O
p
t
im

a
l
T
r
a
n
sp

o
r
t

•
A

g
g
re

g
a
te

d
D

a
ta

.
S
om

et
im

es
d
u
e

to
p
ri

va
cy

is
su

es
or

in
su

ffi
ci

en
t

n
u
m

b
er

of
m

at
ch

ed
p
ai

rs
,

on
ly

gr
ou

p
ed

or
ag

gr
eg

a
te

d
d
at

a,
ra

th
er

th
an

in
d
iv

id
u
al

d
at

a
ar

e
av

a
il
ab

le
.

A
c-

co
rd

in
gl

y,
th

e
ag

gr
eg

at
ed

m
at

ch
in

g
is

u
su

al
ly

d
en

se
r

th
an

in
d
iv

id
u
al

le
ve

l
m

at
ch

in
g

an
d

is
le

ss
li
ke

ly
to

ex
h
ib

it
sp

ar
si

ty
.

4
.2

.
C

o
st

F
u

n
c
ti

o
n

v
ia

K
e
rn

e
l

R
e
p

re
se

n
ta

ti
o
n

T
h
e

co
st

fu
n
ct

io
n
C
ij

=
c(
u
i,
v
j
)

is
of

cr
it

ic
al

im
p

or
ta

n
ce

as
it

d
et

er
m

in
es

u
ti

li
ty

lo
ss

of
u
se

r
u
i

an
d

it
em

v
j
.

T
h
e

lo
w

er
th

e
co

st
is

,
th

e
m

or
e

li
ke

ly
u
se

r
u
i

w
il
l

m
at

ch
it

em
v
j
,

su
b

je
ct

to
su

p
p
ly

li
m

it
of

it
em

s.
A

m
ai

n
co

n
tr

ib
u
ti

on
of

th
is

w
or

k
is

to
le

ar
n

a
n

ad
ap

ti
ve

,
n
on

li
n
ea

r
re

p
re

se
n
ta

ti
on

of
th

e
co

st
fu

n
ct

io
n

fr
om

em
p
ir

ic
al

m
at

ch
in

g
d
at

a.
T

o
th

at
en

d
,

w
e

p
re

se
n
t

se
ve

ra
l

p
ro

p
er

ti
es

of
co

st
fu

n
ct

io
n

in
op

ti
m

al
m

at
ch

in
g

th
at

su
p
p

or
t

th
e

fe
a
si

b
il
it

y.

F
ir

st
of

al
l,

w
e

sh
ow

in
th

e
fo

ll
ow

in
g

p
ro

p
os

it
io

n
th

at
th

e
co

st
fu

n
ct

io
n
C

is
n
ot

u
n
iq

u
e

in
ge

n
er

al
b
u
t

ca
n

b
e

u
n
iq

u
el

y
d
et

er
m

in
ed

in
a

sp
ec

ia
l

an
d

im
p

or
ta

n
t

ca
se

.

P
ro

p
o
si

ti
o
n

1
G

iv
en

tw
o

m
a
rg

in
a
l

p
ro

ba
bi

li
ty

ve
ct

o
rs
µ
∈

Σ
m

,
ν
∈

Σ
n

,
d
efi

n
e
F

:
R
m
×
n
→

U
(µ
,ν

),
F

(C
)

=
π
λ
(C
,µ
,ν

)
is

th
e

R
O

T
p
la

n
o
f
C

.
T

h
en

F
is

in
ge

n
er

a
l

n
o
t

in
je

ct
iv

e,
h
o
w

ev
er

,
w

h
en

m
=
n

a
n

d
F

is
re

st
ri

ct
ed

o
n
M

n
,
F
|M

n
(C

)
is

in
je

ct
iv

e.

P
ro

o
f

O
n
e

ca
n

ea
si

ly
ve

ri
fy

th
at
F

is
w

el
l-

d
efi

n
ed

fr
om

th
e

st
ri

ct
co

n
ve

x
it

y
of

R
O

T
.

T
h
e

op
ti

m
al

it
y

co
n
d
it

io
n

of
R

O
T

re
ad

s
as

π
λ
(C
,µ
,ν

)
=

ex
p
(λ

(−
C

+
a
1
T

+
1
b
T

))

w
h
er

e
a
∈

R
m

an
d
b
∈

R
n

ar
e

L
ag

ra
n
gi

an
m

u
lt

ip
li
er

s
d
ep

en
d
en

t
on

C
an

d
λ

su
ch

th
at

π
λ
(C
,µ
,ν

)
∈
U

(µ
,ν

).
T

h
er

ef
or

e,
π
λ
(C

+
ε1

1
T
,µ
,ν

)
=

ex
p
(λ

(−
C
−
ε1

1
T

+
(a

+
ε1

)1
T

+
1
b
T

))
=
π
λ
(C
,µ
,ν

)
fo

r
an

y
ε
>

0.
T

h
er

ef
or

e
F

is
in

ge
n
er

al
n
ot

in
je

ct
iv

e.

If
m

=
n

an
d
C

1
,C

2
∈
M

n
,
b
y

th
e

se
m

i-
cl

os
ed

fo
rm

(1
)

of
R

O
T

p
la

n
,
th

er
e

ex
is

t
p

os
it

iv
e

ve
ct

or
s
a

1
,b

1
an

d
a

2
,b

2
su

ch
th

at

π
λ
(C

1
,µ
,ν

)
=

d
ia

g
(a

1
)

ex
p
(−
λ
C

1
)
d

ia
g

(b
1
)

π
λ
(C

2
,µ
,ν

)
=

d
ia

g
(a

2
)

ex
p
(−
λ
C

2
)
d

ia
g

(b
2
)

If
π
λ
(C

1
,µ
,ν

)
=
π
λ
(C

2
,µ
,ν

),
w

e
h
av

e

ex
p
(−
λ
C

1
)

=
d

ia
g

(a
)

ex
p
(−
λ
C

2
)
d

ia
g

(b
)

w
h
er

e
ex

p
(·)

is
co

m
p

on
en

t-
w

is
e

ex
p

on
en

ti
a
l,
a

=
lo

g
a
2
a
1
,
b

=
lo

g
b
2
b
1
.

S
in

ce
C

1
,C

2
ar

e
sy

m
m

et
ri

c
m

at
ri

ce
s,

it
fo

ll
ow

s
th

at
a

=
sb

.
B

y
ap

p
ro

p
ri

at
el

y
re

sc
al

in
g

a
an

d
b

to
m

ak
e

th
em

eq
u
al

,
w

e
h
av

e

ex
p
(−
λ
C

1
)

=
d

ia
g

(w
)

ex
p
(−
λ
C

2
)
d

ia
g

(w
)

w
h
er

e
w

=
a
/√

s.
In

sp
ec

ti
n
g

(i
,i

)
en

tr
y

o
f

b
ot

h
si

d
es

,
w

e
im

m
ed

ia
te

ly
co

n
cl

u
d
e

th
at
w

=
1

an
d
C

1
=
C

2
.

A
ct

u
al

ly
,

th
e

ge
n
er

al
n
on

-u
n
iq

u
en

es
s

or
n
on

-i
d
en

ti
fi
ab

il
it

y
of

co
st
C

is
q
u
it

e
n
at

u
ra

l.
F

or
in

st
an

ce
,

in
an

on
li
n
e

au
ct

io
n

se
tt

in
g,

if
al

l
b
id

d
er

s
ra

is
e

th
ei

r
b
id

s
b
y

th
e

sa
m

e
am

ou
n
t,

th
e
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L
i,
Y
e
,
Z
h
o
u
a
n
d

Z
h
a

re
su

lt
of

th
e

au
ct

io
n

w
il
l

n
ot

ch
an

ge
b

ec
au

se
th

e
ra

n
k

o
f

b
id

d
er

s
re

m
ai

n
th

e
sa

m
e

a
n
d

th
e

or
ig

in
al

w
in

n
er

st
il
l

w
in

s
th

e
au

ct
io

n
.

T
h
er

ef
or

e,
b
y

ob
se

rv
in

g
em

p
ir

ic
al

m
a
tc

h
in

g
a
lo

n
e,

w
e

ca
n

n
ot

d
et

er
m

in
e

co
st

m
at

ri
x

d
efi

n
it

iv
el

y
w

it
h
ou

t
fu

rt
h
er

as
su

m
p
ti

on
.

P
ro

p
o
si

ti
o
n

1
g
u
a
r-

an
te

es
th

e
u
n
iq

u
en

es
s

of
le

ar
n
ed

co
st

if
w

e
m

o
d
el

it
as

a
d
is

ta
n
ce

m
a
tr

ix
,

e.
g
.

M
a
h
a
la

n
o
b
is

d
is

ta
n
ce

(C
ij

=
√

(u
i
−
v
j
)T
M

(u
i
−
v
j
),

w
h
er

e
M

is
a

p
os

it
iv

e
d
efi

n
it

e
m

a
tr

ix
).

H
ow

ev
er

,
in

m
an

y
ca

se
s,

co
st

m
ay

gr
ow

n
on

li
n
ea

rl
y

in
th

e
d
iff

er
en

ce
of

fe
at

u
re

s.
A

n
ev

en
m

o
re

se
ri

o
u
s

is
su

e
is

th
at

if
th

e
n
u
m

b
er

of
fe

at
u
re

s
of

tw
o

si
d
es

of
m

at
ch

in
g

ar
e

in
co

n
si

st
en

t
o
r

tw
o

si
d
es

d
o

n
ot

li
e

in
th

e
sa

m
e

fe
at

u
re

sp
ac

e
at

al
l,

it
w

ou
ld

b
e

in
fe

as
ib

le
to

u
se

a
d
is

ta
n
ce

m
et

ri
c

to
ca

p
tu

re
th

e
co

st
b

et
w

ee
n

th
em

d
u
e

to
su

ch
d
im

en
si

on
in

co
m

p
at

ib
il
it

y.
T

h
er

ef
or

e,
as

ge
n
er

al
iz

ed
d
is

ta
n
ce

fu
n
ct

io
n
s

(S
ch

öl
k
op

f,
20

01
),

ke
rn

el
re

p
re

se
n
ta

ti
on

w
h
ic

h
is

ab
le

to
m

ea
su

re
m

at
ch

in
g

co
st

ev
en

w
h
en

fe
at

u
re

s
of

tw
o

si
d
es

d
o

n
o
t

li
e

in
th

e
sa

m
e

fe
at

u
re

sp
ac

e
ca

n
b

e
le

ve
ra

ge
d

to
m

o
d
el

th
e

co
st

fu
n
ct

io
n
,

i.
e.

,

c(
u
i,
v
j
)

=
k
(G
u
i,
D
v
j
)

w
h
er

e
k
(x
,y

)
is

a
sp

ec
ifi

c
(p

os
si

b
ly

n
on

li
n
ea

r)
k
er

n
el

,
G
∈

R
r
×
p

an
d
D
∈

R
r
×
q

a
re

tw
o

u
n
k
n
ow

n
li
n
ea

r
tr

an
sf

or
m

at
io

n
s

to
b

e
le

a
rn

ed
.
G
u
,D
v

ca
n

b
e

in
te

rp
re

te
d

a
s

th
e

la
te

n
t

p
ro

fi
le

as
so

ci
at

ed
w

it
h

u
se

rs
an

d
it

em
s

an
d

ar
e

st
u
d
ie

d
b
y

A
ga

rw
al

an
d

C
h
en

(2
0
0
9
).

F
or

a
w

id
e

cl
as

s
of

co
m

m
on

ly
u
se

d
ke

rn
el

s
in

cl
u
d
in

g
li
n
ea

r
ke

rn
el

,
p

ol
y
n
o
m

ia
l

k
er

n
el

an
d

si
gm

oi
d

ke
rn

el
,

th
ey

d
ep

en
d

on
ly

on
th

e
in

n
er

p
ro

d
u
ct

of
tw

o
a
rg

u
m

en
ts

th
ro

u
g
h

a
n

ac
ti

va
ti

on
fu

n
ct

io
n
f

,
i.
e.
k
(x
,y

)
=
f

(x
T
y

).
F

or
su

ch
ke

rn
el

s,
w

e
h
av

e

c(
u
i,
v
j
)

=
f

(u
T i
G
T
D
v
j
)

an
d

it
su

ffi
ce

s
to

le
ar

n
A

=
G
T
D

.
In

th
is

ca
se

,
co

st
m

at
ri

x

C
(A

)
=
f

(U
T
A
V

)

is
p
ar

am
et

ri
ze

d
b
y
A

an
d

w
e

re
fe

r
A

a
s

in
te

ra
ct

io
n

m
at

ri
x
.

H
er

e
w

e
ap

p
ly
f

co
m

p
o
n
en

t-
w

is
e

on
U
T
A
V

.
F

or
ea

se
of

p
re

se
n
ta

ti
on

,
w

e
w

il
l

w
or

k
w

it
h

ke
rn

el
s

of
th

is
fo

rm
in

th
e

se
q
u
el

.
W

it
h

ke
rn

el
fu

n
ct

io
n

re
p
re

se
n
ta

ti
on

,
it

is
st

il
l

li
ke

ly
th

at
a

m
at

ch
in

g
m

at
ri

x
co

rr
es

p
o
n
d
s

to
m

u
lt

ip
le

co
st

m
at

ri
ce

s,
an

d
w

e
w

il
l

b
e

co
n
te

n
te

d
w

it
h

fi
n
d
in

g
on

e
of

th
em

th
a
t

ex
p
la

in
s

th
e

ob
se

rv
ed

em
p
ir

ic
al

m
at

ch
in

g.

4
.3

.
K

e
rn

e
l

In
fe

re
n

c
e

w
it

h
W

a
ss

e
rs

te
in

M
a
rg

in
a
l

R
e
g
u

la
ri

z
a
ti

o
n

A
st

ra
ig

h
t

fo
rw

ar
d

w
ay

to
le

ar
n
C

(A
)

in
k
er

n
el

re
p
re

se
n
ta

ti
on

is
es

ti
m

at
in

g
p
a
ra

m
et

er
A

th
ro

u
gh

m
in

im
iz

in
g

n
eg

at
iv

e
lo

g
li
ke

li
h
o
o
d

m
in A
−

m ∑ i=
1

n ∑ j=
1

π̂
ij

lo
g
π
ij

(2
)

w
h
er

e
π

=
π
λ
(C

(A
),
µ̂
,ν̂

),
i.
e.

,
on

e
en

fo
rc

es
th

e
op

ti
m

al
p
la

n
π

to
sa

ti
sf

y
π
1

=
µ̂

a
n
d

π
T
1

=
ν̂

.
N

ot
e

th
at

(2
)

is
eq

u
iv

al
en

t
to

m
in

im
iz

in
g

th
e

re
ve

rs
e

K
u
ll
b
ac

k
-L

ei
b
le

r
d
iv

er
g
en

ce
(B

is
h
op

,
20

06
)

of
R

O
T

p
la

n
π

w
it

h
re

sp
ec

t
to

em
p
ir

ic
al

m
at

ch
in

g
π̂

,
i.
e.

,

m
in A

K
L

(π̂
‖π

)
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L
e
a
r
n
in
g

t
o

M
a
t
c
h
v
ia

In
v
e
r
se

O
p
t
im

a
l
T
r
a
n
sp

o
r
t

T
h
is

is
th

e
fo

rm
u
lation

p
rop

osed
in

D
u
p
u
y

et
al.

(2016)
w

h
ich

w
e

refer
a
s

in
verse

op
tim

al
tra

n
sp

o
rt

fo
rm

u
lation

(IO
T

)
in

th
e

seq
u
el.

In
th

is
va

ria
tion

p
rin

cip
le

b
ased

fram
ew

ork
,

th
e

R
O

T
p
lan

π
h
as

th
e

sam
e

m
argin

a
ls

as
th

e
em

p
irica

l
m

atch
in

g
π̂

d
o
es,

w
h
ich

is
reason

ab
le

if
th

e
m

argin
a
l

in
form

ation
of

em
p
irical

m
a
tch

in
g

is
su

ffi
cien

tly
accu

rate.
In

p
ractice,

h
ow

ever,
th

e
size

of
sam

p
les

availab
le

is
h
a
rd

ly
en

o
u
g
h
,

h
en

ce
th

e
em

p
irical

m
argin

als
in

ferred
from

sam
p
les

can
b

e
in

com
p
lete

an
d

n
oisy.

T
o

see
w

h
y

th
is

is
th

e
case,

su
p
p

ose
th

e
grou

n
d

sp
ace
D

=
{
1,−

1}
d,
µ
,ν
∈

R
2
d

are
tw

o

d
iscrete

p
ro

b
a
b
ility

d
istrib

u
tion

s
over

D
an

d
π

0
∈

R
2
d×

2
d

is
th

e
grou

n
d

tru
th

m
atch

in
g

m
a
trix

b
etw

een
µ
,ν

.
L

et
{
X

1 ,X
2 ,···

,X
N }
⊂

R
2
d×

2
d

b
e

i.i.d
ran

d
om

m
atrices,

w
h
ere

X
1

=
E
ij

w
ith

p
rob

ab
ility

π
0ij .

T
h
en

em
p
irical

m
atch

in
g

m
atrix

is
giv

en
b
y
π̂

=
X̄

=
1N

∑
Nn

=
1
X
n

a
n
d

tw
o

em
p
irical

m
argin

als
are

µ̂
=
X̄

1
,ν̂

=
X̄
T
1

.
B

y
B

retagn
olle-H

u
b

er-
C

a
ro

l
in

eq
u
a
lity

(B
retagn

olle
an

d
H

u
b

er,
1979;

W
elln

er
et

a
l.,

2
013),

fo
r

an
y
ε
>

0,
w

e
h
ave

P
(‖µ̂
−
µ‖

1
>
ε)
<

2
2
d

ex
p
( −
N2
ε
2)

=
ex

p
(2
d

ln
2−

ε
22
N

)

P
(‖
ν̂
−
ν‖

1
>
ε)
<

2
2
d

ex
p
( −
N2
ε
2)

=
ex

p
(2
d

ln
2−

ε
22
N

)

H
en

ce

P
(m

a
x{‖µ̂

−
µ‖

1 ,‖
ν̂
−
ν‖

1 }
>
ε)

=
P

({‖µ̂
−
µ‖

1
>
ε}∪

{‖
ν̂
−
ν‖

1
>
ε}

)

≤
P

(‖µ̂
−
µ‖

1
>
ε)

+
P

(‖
ν̂
−
ν‖

1
>
ε)

<
2

ex
p
(2
d

ln
2−

ε
22
N

)

T
o

en
su

re
w

ith
at

least
1
−
δ

p
rob

ab
ility,

th
e

m
ax

im
u
m

error
in

m
argin

al
d
istrib

u
tion

s
m

a
x{‖µ̂

−
µ‖

1 ,‖ν̂−
ν‖

1 }
≤
ε,

w
e

m
igh

t
n
eed

N
(ε,δ)

=
2ε
2 (2

d
ln

2
+

ln
2δ )

sam
p
les.

N
ote

th
at

N
(ε,δ)

is
q
u
a
d
ratic

in
1ε

an
d

ex
p

on
en

tial
in
d
,

in
d
icatin

g
th

at
p
ractically

th
ere

are
h
a
rd

ly
en

o
u
g
h

sa
m

p
les

for
u
s

to
ob

tain
accu

rate
estim

ate
of

m
argin

al
d
istrib

u
tion

s
µ
,ν

.

If
u
sin

g
IO

T
form

u
lation

w
ith

n
oisy

estim
ate

of
m

argin
al

d
istrib

u
tion

s,
it

cau
ses

a
system

a
tic

erro
r

n
o

sm
aller

th
an

m
ax{‖∆

µ‖
1 ,‖

∆
ν‖

1 }
as

sh
ow

n
in

p
rop

osition
2.

P
ro

p
o
sitio

n
2

If
em

p
irica

l
µ̂
,ν̂

a
re

o
ff

fro
m

tru
e
µ
,ν

by
∆
µ
,∆
ν

,
th

en
th

e
m

a
tch

in
g

m
a
trix

π
IO

T
reco

vered
by

so
lvin

g
equ

a
tio

n
(2)

h
a
s

erro
r

lo
w

er
bo

u
n

d
ed

by

‖
π

0 −
π
IO

T ‖
1 ≥

m
ax{‖

∆
µ‖

1 ,‖∆
ν‖

1 }

w
h
ere
‖
π‖

1
=
∑

m
,n

i,j=
1 |π

ij |,
µ̂
,µ
∈

R
m

a
n

d
ν̂
,ν
∈

R
n

,
π

0
is

th
e

gro
u

n
d

tru
th

m
a
tch

in
g

m
a
trix,

π
IO

T
=
π
λ(C

(A
?),µ̂

,ν̂
)

a
n

d
A
?

is
th

e
so

lu
tio

n
o
f

equ
a
tio

n
(2).

P
ro

o
f

W
e

k
n
ow

π
0 ∈

U
(µ
,ν

)
an

d
π

IO
T
∈
U

(µ̂
,ν̂

).
B

y
trian

gle
in

eq
u
ality,

w
e

h
ave

m
∑i=

1

n
∑j=

1 |(π
0 )
ij −

(π
I
O
T

)
ij |≥

m
∑i=

1 |
n
∑j=

1 (π
0 )
ij −

(π
I
O
T

)
ij |

=
m
∑i=

1 |µ
i −

µ̂
i |

=
‖
∆
µ‖

1
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L
i,
Y
e
,
Z
h
o
u
a
n
d

Z
h
a

In
terch

an
gin

g
th

e
su

m
m

ation
an

d
ap

p
ly

in
g

trian
gle

in
eq

u
a
lity

again
,

w
e

ob
tain

n
∑j=

1

m
∑i=

1 |(π
0 )
ij −

(π
I
O
T

)
ij |≥

‖∆
ν‖

1

T
h
erefore,

w
e

con
clu

d
e

‖π
0 −

π
IO

T ‖
1 ≥

m
ax{‖

∆
µ‖

1 ,‖
∆
ν‖

1 }

W
e

h
ave

seen
th

at
in

accu
rate

m
argin

al
in

form
ation

can
seriou

s
h
arm

th
e

recovery
p

er-
form

an
ce

of
grou

n
d

tru
th

m
atch

in
g

m
atrix

.
N

ot
u
n
ex

p
ected

ly,
it

cou
ld

m
islead

u
s

to
learn

an
in

accu
rate

cost
m

atrix
as

w
ell,

as
stated

in
p
rop

osition
4.

L
e
m

m
a

3
S

u
p
po

se
M
∈
R
m
×
n

a
n

d
f

(a
,b

)
=
‖
a
1
T

+
1
b
T
−
M
‖

2F
.

T
h
en

w
e

h
a
ve

f
(a
,b

)≥
‖M
‖

2F
−
f
T
A

+
f

w
h
ere

f
=

[(M
1

)
T
,1

T
M

] T
,
A

=

[
n
I
m
×
m

1
m

1
Tn

1
n
1
Tm

m
I
n×

n ]
,
A

+
is

th
e

M
oo

re-P
en

ro
se

in
verse

o
f

m
a
trix

A
a
n

d
‖
M
‖
F

=
√
∑

mi=
1 ∑

nj=
1
M

2ij
is

F
ro

ben
iu

s
n

o
rm

.
In

pa
rticu

la
r,

if
M

ca
n

n
o
t

be
w

ritten
a
s
M

=
a
1
T

+
1
b
T

,
th

e
lo

w
er

bo
u

n
d

is
strictly

po
sitive,

i.e.,

f
(a
,b

)≥
‖M
‖

2F
−
f
T
A

+
f
>

0

P
ro

o
f

S
ee

A
p
p

en
d
ix

A
.

P
ro

p
o
sitio

n
4

S
u

p
po

se
π

0 ∈
R
m
×
n

is
th

e
gro

u
n

d
tru

th
m

a
tch

in
g

m
a
trix,

π̂
∈
R
m
×
n

is
a
n

em
p
irica

l
m

a
tch

in
g

m
a
trix.

L
et
C

0
be

th
e

gro
u

n
d

tru
th

co
st

m
a
trix

givin
g

rise
to
π

0
a
n

d
C
I
O
T

=
arg

m
in
C
∈
R
m

×
n
K
L

(π̂||C
,π̂

1
,π̂

T
1

)
be

th
e

lea
rn

ed
co

st
m

a
trix

via
IO

T
fo

rm
u

la
tio

n
th

a
t

gives
rise

to
π̂

,
i.e.

π
0

=
π
λ(C

0 ,π
0 1
,π

T0
1

)
a
n

d
π̂

=
π
λ(C

I
O
T
,π̂

1
,π̂

T
1

).
D

en
o
te

∆
C

=
C

0 −
C
I
O
T

a
n

d
∆

log
π

=
log

π
0 −

log
π̂

a
n

d
fu

rth
er

a
ssu

m
e

(∆
log

π
)
ij

a
re

in
d
epen

d
en

t
(a

bso
lu

tely)
co

n
tin

u
o
u

s
ra

n
d
o
m

va
ria

bles
(w

.r.t.
L

ebesgu
e

m
ea

su
re),

w
e

h
a
ve

‖
∆
C
‖

2F
≥

1λ
2
(‖∆

log
π‖

2F
−
f
T
A

+
f

)
>

0
a
.e.

(3)

w
h
ere

f
=

[(∆
log

π
1

)
T
,1

T
∆

log
π

] T
,
A

=

[
n
I
m
×
m

1
m

1
Tn

1
n
1
Tm

m
I
n×

n ]
,
A

+
is

th
e

M
oo

re-P
en

ro
se

in
verse

o
f

m
a
trix

A
a
n

d
‖M
‖
F

=
√
∑

mi=
1 ∑

nj=
1
M

2ij
is

F
ro

ben
iu

s
n

o
rm

.

P
ro

o
f

F
irst

w
e

sh
ow

th
at

m
in

C
∈
R
m

×
n
K
L

(π̂||C
,π̂

1
,π̂

T
1

)
=

0,
i.e.,

π̂
=
π
λ(C

I
O
T
,π̂

1
T
,π̂

T
1

),

an
y

em
p
irical

m
atch

in
g

can
b

e
realized

as
regu

larized
op

tim
al

tran
sp

ort
p
lan

for
so

m
e

cost
m

atrix
.
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L
e
a
r
n
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g

t
o

M
a
t
c
h
v
ia

In
v
e
r
se

O
p
t
im

a
l
T
r
a
n
sp

o
r
t

G
iv

en
ar

b
it

ra
ry
α
∈
R
m
,β
∈
R
n
,

le
t
C̃

=
α

1
>

+
1
β
>
−

1 λ
lo

g
π̂

,
w

e
se

e
ea

si
ly

ve
ri

fy
th

at
π̂
,α
,β

so
lv

e
th

e
K

K
T

co
n
d
it

io
n

of
R

O
T

m
in

π
∈U

(π̂
1
,π̂
T
1

)〈C̃
,π
〉−

H
(π

)

λ

H
en

ce
π̂

=
π
λ
(C̃
,π̂

1
T
,π̂

T
1

)
an

d
m

in
C
∈R

m
×
n
K
L

(π̂
||C
,π̂

1
,π̂

T
1

)
=

0.
T

h
er

ef
or

e,
an

y
m

in
im

iz
er

C
I
O
T

(n
ee

d
n
ot

b
e
C̃

)
of

th
e

p
ro

b
le

m
m

in
C
∈R

m
×
n
K
L

(π̂
||C
,π̂

1
,π̂

T
1

)
m

u
st

sa
ti

sf
y

π̂
=
π
λ
(C

I
O
T
,π̂

1
T
,π̂

T
1

)

B
y

th
e

op
ti

m
al

it
y

co
n
d
it

io
n

of
R

O
T

,
w

e
k
n
ow

th
at

th
er

e
ex

is
t
a
,b

su
ch

th
at

π
λ
(C
,µ
,ν

)
=

ex
p
(λ

(−
C

+
a
T
1

+
1
b
T

))

h
en

ce
th

er
e

ex
is

t
a

0
,b

0
, â
,b̂

su
ch

th
at

C
0

=
a

0
1
T

+
1
b
T 0
−

1 λ
lo

g
π

0

C
I
O
T

=
â
1
T

+
1
b̂
T
−

1 λ
lo

g
π̂

T
ak

e
d
iff

er
en

ce
an

d
d
en

ot
e
a

0
−
â
,b

0
−
b̂

b
y

∆
a
,∆
b

re
sp

ec
ti

ve
ly

,
w

e
h
av

e

∆
C

=
∆
a
1
T

+
1

∆
b
T
−

1 λ
∆

lo
g
π

S
in

ce
si

n
gu

la
r

m
at

ri
ce

s
h
av

e
ze

ro
L

eb
es

gu
e

m
ea

su
re

an
d

(∆
lo

g
π

) i
j

ar
e

in
d
ep

en
d
en

t
co

n
-

ti
n
u
ou

s
ra

n
d
om

va
ri

ab
le

s,
w

e
h
av

e

P(
∆

lo
g
π

=
a
1
T

+
1
b
T

)
≤

P(
d
et

(∆
lo

g
π

)
=

0)
=

0

B
y

le
m

m
a

3,
w

e
ob

ta
in ‖∆
C
‖2 F
≥

1 λ
2
(‖

∆
lo

g
π
‖2 F
−
f
T
A

+
f

)
>

0
a
.e
.

If
w

e
u
se

th
e

in
ac

cu
ra

te
co

st
m

at
ri

x
le

ar
n
ed

v
ia

IO
T

ap
p
ro

ac
h
,

it
co

u
ld

n
eg

at
iv

el
y

aff
ec

t
th

e
q
u
al

it
y

of
fu

tu
re

m
at

ch
in

g
p
re

d
ic

ti
on

,
as

ju
st

ifi
ed

in
p
ro

p
os

it
io

n
5.

P
ro

p
o
si

ti
o
n

5
L

et
C

0
be

a
n

y
gr

o
u

n
d

tr
u

th
co

st
m

a
tr

ix
,
C
I
O
T

be
a
n

y
le

a
rn

ed
co

st
m

a
tr

ix
vi

a
IO

T
fo

rm
u

la
ti

o
n

a
n

d
a
ss

u
m

e
C
I
O
T
6∈
{C
|C

=
C

0
+
a
1
T

+
1
b
T

fo
r

so
m

e
a
,b
}.

S
u

p
po

se
th

e
gr

o
u

n
d

tr
u

th
m

a
tc

h
in

g
m

a
tr

ix
is
π

0
=
π
λ
(C

0
,µ
,ν

)
a
n

d
th

e
p
re

d
ic

te
d

m
a
tc

h
in

g
m

a
tr

ix
is
π
p
r
ed
ic
t

=
π
λ
(C

I
O
T
,µ
,ν

).
D

en
o
te

∆
C

=
C

0
−
C
I
O
T

a
n

d
∆

lo
g
π

=
lo

g
π

0
−

lo
g
π
p
r
ed
ic
t,

w
e

h
a
ve

‖∆
lo

g
π
‖2 F
≥
λ

2
(‖

∆
C
‖2 F
−
f
T
A

+
f

)
>

0
(4

)

w
h
er

e
f

=
[(

∆
C

1
)T
,1

T
∆
C

]T
,
A

=

[ n
I m
×
m

1
m

1
T n

1
n
1
T m

m
I n
×
n

] ,
A

+
is

th
e

M
oo

re
-P

en
ro

se
in

ve
rs

e
o
f

m
a
tr

ix
A

a
n

d
‖M
‖ F

=
√
∑

m i=
1

∑
n j=

1
M

2 ij
is

F
ro

be
n

iu
s

n
o
rm

.
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L
i,
Y
e
,
Z
h
o
u
a
n
d

Z
h
a

P
ro

o
f

T
h
e

p
ro

of
is

al
m

os
t

id
en

ti
ca

l
to

th
at

of
p
ro

p
os

it
io

n
4

ex
ce

p
t

fo
r

in
te

rc
h
a
n
g
in

g
th

e
ro

le
of

∆
C

an
d

∆
lo

g
π

.
W

e
h
en

ce
om

it
th

e
d
et

ai
ls

h
er

e.

T
o

ad
d
re

ss
af

or
em

en
ti

on
ed

is
su

es
,

w
e

h
en

ce
p
ro

p
os

e
a

m
or

e
ro

b
u
st

fo
rm

u
la

ti
o
n

w
it

h
W

as
se

rs
te

in
m

ar
gi

n
al

re
la

x
at

io
n
,

d
ro

p
p
in

g
th

e
h
ar

d
m

ar
gi

n
al

co
n
st

ra
in

t.
C

o
n
cr

et
el

y,
w

e
co

n
si

d
er

th
e

fo
ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
.

m
in

A
,µ
∈Σ

m
,ν
∈Σ

n

−
m ∑ i=

1

n ∑ j=
1

π̂
ij

lo
g
π
ij

+
δ(
d
λ
u
(C

u
,µ
,µ̂

)
+
d
λ
v
(C

v
,ν
,ν̂

))
(5

)

w
h
er

e
π

=
π
λ
(C

(A
),
µ
,ν

)
is

th
e

re
gu

la
ri

ze
d

op
ti

m
al

tr
an

sp
or

t
p
la

n
,
δ

is
th

e
re

la
x
a
ti

o
n

p
ar

am
et

er
co

n
tr

ol
li
n
g

th
e

fi
tn

es
s

of
m

ar
gi

n
al

s,
λ
,λ

u
,λ

v
ar

e
h
y
p

er
-p

ar
am

et
er

s
co

n
tr

o
ll
in

g
th

e
re

gu
la

ri
ty

of
re

gu
la

ri
ze

d
W

as
se

rs
te

in
d
is

ta
n
ce

.
W

e
re

fe
r

th
is

fo
rm

u
la

ti
o
n

a
s

ro
b
u
st

in
ve

rs
e

op
ti

m
al

tr
an

sp
or

t
(R

IO
T

)
in

th
e

se
q
u
el

.
In

te
re

st
in

gl
y,

w
e

n
ot

e
th

a
t

C
h
iz

a
t

et
al

.
(2

01
6)

p
ro

p
os

ed
a

si
m

il
ar

b
u
t

d
iff

er
en

t
fo

rm
u
la

ti
on

in
so

lv
in

g
u
n
b
al

an
ce

d
op

ti
m

a
l

tr
a
n
sp

o
rt

p
ro

b
le

m
.

T
h
e

in
tu

it
io

n
of

th
is

R
IO

T
fo

rm
u
la

ti
on

is
th

at
in

st
ea

d
of

en
fo

rc
in

g
n
o
is

y
em

p
ir

ic
al

m
ar

gi
n
al

s
as

h
ar

d
co

n
st

ra
in

ts
,

w
e

in
co

rp
or

at
e

th
em

as
so

ft
co

n
st

ra
in

ts
in

ob
je

ct
iv

e
fu

n
ct

io
n
.

W
e

u
se

re
gu

la
ri

ze
d

W
as

se
rs

te
in

d
is

ta
n
ce

as
re

gu
la

ri
za

ti
on

b
ec

au
se

of
th

e
fo

ll
ow

in
g

re
a
so

n
s:

•
as

ap
p
ro

x
im

at
ed

W
as

se
rs

te
in

d
is

ta
n
ce

,
it

d
ri

ve
s
µ
,ν

to
µ̂
,ν̂

,
b
u
t

at
th

e
sa

m
e

ti
m

e
it

al
so

al
lo

w
s

so
m

e
u
n
ce

rt
ai

n
ty

h
en

ce
is

ab
le

to
ro

b
u
st

if
y

th
e

re
su

lt
;

•
in

p
re

se
n
ce

of
m

is
si

n
g

en
tr

ie
s

in
m

ar
gi

n
al

s,
W

as
se

rt
ei

n
d
is

ta
n
ce

is
st

il
l

w
el

l
d
efi

n
ed

w
h
il
e

ot
h
er

m
ea

su
re

s
su

ch
as

K
L

ar
e

n
ot

;

•
W

as
se

rs
te

in
d
is

ta
n
ce

ca
n

b
e

ap
p
li
ed

to
co

n
ti

n
u
ou

s,
d
is

cr
et

e,
or

ev
en

m
ix

ed
d
is

tr
ib

u
-

ti
on

s;

•
co

m
p
u
ta

ti
on

of
re

gu
la

ri
ze

d
W

as
se

rs
te

in
d
is

ta
n
ce

(C
u
tu

ri
,

20
13

)
is

effi
ci

en
t

a
n
d

h
en

ce
p

ot
en

ti
al

ly
m

or
e

sc
al

ab
le

fo
r

la
rg

e
sc

al
e

p
ro

b
le

m
(5

)
in

p
ra

ct
ic

e.

T
o

b
e

p
re

ci
se

,
th

e
ro

b
u
st

n
es

s
in

R
IO

T
sp

ec
ifi

ca
ll
y

m
ea

n
s

th
at

R
IO

T
ou

tp
er

fo
rm

s
IO

T
,

in
te

rm
s

of
th

e
q
u
al

it
y

of
le

ar
n
ed

m
at

ch
in

g
m

at
ri

x
an

d
co

st
m

at
ri

x
,

w
h
en

th
e

o
b
se

rv
ed

jo
in

t
d
is

tr
ib

u
ti

on
s
π̂

an
d

m
ar

gi
n
al

d
is

tr
ib

u
ti

on
s
µ̂

an
d
ν̂

ar
e

in
ac

cu
ra

te
d
u
e

to
in

su
ffi

ci
en

t
an

d
n
oi

sy
sa

m
p
le

s,
w

h
ic

h
is

ge
n
er

al
ly

th
e

ca
se

in
re

al
-w

or
ld

ap
p
li
ca

ti
on

s.
In

th
is

si
tu

a
ti

o
n
,

en
fo

rc
in

g
h
ar

d
co

n
st

ra
in

ts
to

th
e

in
ac

cu
ra

te
d
is

tr
ib

u
ti

on
s

is
sh

ow
n

to
ca

u
se

se
ve

re
b
ia

s
in

th
e

es
ti

m
at

io
n

of
th

e
gr

ou
n
d

co
st
C

,
w

h
ic

h
w

il
l

fu
rt

h
er

in
d
u
ce

er
ro

rs
in

th
e

m
a
tc

h
in

g
w

h
en

ap
p
li
ed

to
te

st
in

g
d
at

a.
T

h
e

ro
b
u
st

n
es

s
of

R
IO

T
ov

er
IO

T
is

ve
ri

fi
ed

b
y

em
p
ir

ic
al

ex
p

er
im

en
t

re
su

lt
s

in
S
ec

ti
on

6.
1.

W
e

as
su

m
e

ac
ce

ss
to

C
u

an
d
C
v

in
ou

r
m

o
d
el

b
ec

au
se

le
ar

n
in

g
u
se

r-
u
se

r/
it

em
-i

te
m

si
m

il
ar

it
y

is
re

la
ti

ve
ly

ea
si

er
th

an
ou

r
ta

sk
,

th
er

e
a
re

m
an

y
ex

is
ti

n
g

w
or

k
d
ed

ic
a
te

d
to

th
a
t

en
d

(C
h
eu

n
g

an
d

T
ia

n
,

20
04

;
A

ga
rw

al
an

d
B

h
ar

ad
w

a
j,

20
13

)
an

d
w

e
w

an
t

to
si

n
g
le

o
u
t

an
d

h
ig

h
li
gh

t
ou

r
m

ai
n

co
n
tr

ib
u
ti

on
—

le
ar

n
in

g
th

e
co

st
m

at
ri

x
th

at
gi

ve
s

ri
se

to
o
b
se

rv
ed

m
at

ch
in

g
an

d
le

ve
ra

ge
it

to
in

fe
r

m
at

ch
in

g
fo

r
n
ew

d
at

a
se

ts
.

In
fa

ct
,

ou
r

fr
a
m

ew
o
rk

ca
n

al
so

b
e

ex
te

n
d
ed

to
le

ar
n
C
u

an
d
C
v

jo
in

tl
y

if
n
ee

d
ed

,
th

e
op

ti
m

iz
at

io
n

al
go

ri
th

m
o
f

w
h
ic

h
te

n
d
s

to
b

e
m

u
ch

m
or

e
co

m
p
le

x
,

th
ou

gh
.

S
ee

A
p
p

en
d
ix

B
fo

r
th

e
ex

te
n
si

on
.

W
e

p
o
st

p
o
n
e

th
e

d
et

ai
le

d
al

go
ri

th
m

ic
d
er

iv
at

io
n

o
f

th
e

so
lu

ti
on

to
(5

)
to

n
ex

t
se

ct
io

n
.
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L
e
a
r
n
in
g

t
o

M
a
t
c
h
v
ia

In
v
e
r
se

O
p
t
im

a
l
T
r
a
n
sp

o
r
t

4
.4

.
P

re
d

ic
t

N
e
w

M
a
tch

in
g

A
fter

o
b
ta

in
in

g
in

teraction
m

atrix
A

fro
m

solv
in

g
R

IO
T

,
w

e
m

ay
th

en
leverage

it
to

p
re-

d
ict

n
ew

m
a
tch

in
g.

C
on

cretely,
for

a
grou

p
of

n
ew

u
sers{

ũ
i }
i∈

[m
]

an
d

item
s{ṽ

j }
j∈

[n
] ,

tw
o

m
a
rg

in
a
l

d
istrib

u
tion

s,
i.e.,

u
sers

p
rofi

le
d
istrib

u
tion

µ̃
an

d
item

p
rofi

le
d
istrib

u
tion

ν̃
can

b
e

ea
sily

o
b
ta

in
ed

.
F

irst
com

p
u
te

th
e

cost
m

atrix
C̃
ij

=
f

(ũ
Ti
A
ṽ
j )

u
sin

g
kern

el
rep

resen
-

ta
tio

n
a
n
d

a
p
p
ly

S
in

k
h
orn

-K
n
op

p
algorith

m
to

com
p
u
tin

g
π̃
λ(C̃

,µ̃
,ν̃

),
w

h
ich

gives
u
s

th
e

p
red

icted
m

atch
in

g
of

th
e

giv
en

grou
p
s

of
u
sers

an
d

item
s.

S
ee

F
ig

u
re

1
fo

r
illu

stration
of

th
e

com
p
lete

p
ip

elin
e

or
p
rop

osed
learn

in
g-to-m

a
tch

fram
e-

w
o
rk

.

(a)Em
piricalM

atching

Learn
Interaction

(RIOT)

Type
I

Type
II

Type
III

Type
I

Type
II

Type
III

feature_1
feature_2

…
feature_n

feature_1

feature_2

…

feature_n

(b)Interaction
M
atrix

Com
pute

Cost

(c)CostM
atrix

cost(
,

)=
𝐾
(𝑢

$%&'	) ,𝑣
$%&'	)) 	)

(d)Predicted
M
atching

Type
I

Type
II

Type
III

Type
I

Type
II

Type
III

M
ake

Prediction

F
ig

u
re

1
:

F
rom

n
oisy

(a)
em

p
irical

m
atch

in
g

m
atrix

,
w

e
learn

(b
)

th
e

in
teraction

m
atrix

v
ia

o
u
r

p
rop

osed
R

IO
T

form
u
lation

.
W

e
th

en
u
se

k
ern

el
rep

resen
tation

to
co

m
p
u
te

(c)
co

st
m

atrix
an

d
p
red

ict
(d

)
m

atch
in

g
m

atrix
for

n
ew

d
ata.

u
ty
p
e
I ,v

ty
p
e
I
I

are
fea

tu
re

vectors
of

ty
p

e
I

m
en

an
d

ty
p

e
II

w
om

en
.
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L
i,
Y
e
,
Z
h
o
u
a
n
d

Z
h
a

5
.
D
e
riv

a
tio

n
o
f
O
p
tim

iza
tio

n
A
lg
o
rith

m

S
in

ce
th

e
con

stra
in

t
set

of
R

O
T

p
rob

lem
satisfi

es
S
later’s

con
d
ition

(B
oy

d
an

d
V

an
d
en

-
b

ergh
e,

2004),
w

e
h
ave

b
y

stron
g

d
u
ality

th
at

d
λ (C

,µ
,ν

)
=

m
ax
z
〈z
,µ〉

+
〈z
C
,ν〉−

1λ

w
h
ere

z
Cj

=
1λ

log
c
j −

1λ
log

( ∑
mi=

1
e
λ

(z
i −
C
ij )).

z
,z

C
are

essen
tially

th
e

L
agran

gian
m

u
ltip

liers

corresp
on

d
in

g
to

con
strain

ts
π
1

=
µ

an
d
π
T
1

=
ν

.
S
ee

also
G

en
evay

et
al.

(2016).
H

en
ce

w
e

h
ave

d
λ
u (C

u ,µ
,µ̂

)
=

m
ax
z
〈z
,µ〉

+
〈z
C
u,µ̂〉−

1λ
u

d
λ
v (C

v ,ν
,ν̂

)
=

m
ax
w
〈w
,ν〉

+
〈w

C
v,ν̂〉−

1λ
v

w
h
ere

z
C
u

j
=

1λ
u

log
r̂
j −

1λ
u

log
( ∑

mi=
1
e
λ
u

(z
i −
C
u
ij ))

an
d
w
C
v

j
=

1λ
v

log
ĉ
j −

1λ
v

log
( ∑

ni=
1
e
λ
v
(w
i −
C
v
ij )).

G
iven

sam
p
le

m
argin

als,
on

ce
z
,w

are
fi
x
ed

,
z
C
u,w

C
v

are
a
lso

fi
x
ed

.
W

e
can

th
en

con
vert

(5)
in

to
a

m
in

-m
ax

p
rob

lem

m
in

A
,µ
,ν

m
ax
z
,w
−

m
∑i=

1

n
∑j=

1

π̂
ij

log
π
ij

+
δ (〈z

,µ〉
+
〈z
C
u,µ̂〉

+
〈w
,ν〉

+
〈w

C
v,ν̂〉 )

(6)

w
h
ere

con
stan

ts
are

om
itted

.
T

h
e

op
tim

al
solu

tion
is

a
sad

d
le-p

oin
t

of
th

e
ob

jective
in

(6).
T

o
solve

th
is

m
in

-m
ax

p
rob

lem
,

w
e

altern
ately

u
p

d
ate

th
e

p
rim

al
variab

le
(A
,µ
,ν

)
an

d
d
u
al

variab
le

(z
,w

),
each

tim
e

w
ith

th
e

oth
er

on
es

fi
x
ed

.

5
.1

.
U

p
d

a
te

(A
,µ
,ν

)
fo

r
fi

x
e
d

(z
,w

)

N
ow

z
,w

,z
C
u,w

C
v

are
all

fi
x
ed

.
N

ote
th

at

π
ij

=
e
λ

(a
i +
b
j −
C
ij )

for
som

e
p

ositiv
e

vectors
a
,b

,
su

ch
th

at
π
1

=
µ

,
π
T
1

=
ν

,
an

d
1
T
π
1

=
1.

T
h
u
s

w
e

m
ay

rew
rite

th
e

m
in

im
ization

in
th

is
stage

as

m
in

A
,a
,b

n
∑j=

1

π̂
ij

log
π
ij

+
δ(〈z

,π
1〉

+
〈w
,π

T
1〉)

s.t.
m
∑i=

1

n
∑j=

1

e
λ

(a
i +
b
j −
C
ij )

=
1

(7)

F
or

fi
x
ed

A
,

d
en

ote
th

e
op

tim
u
m

of
ob

jective
fu

n
ction

in
eq

u
ation

(7)
su

b
ject

to
th

e
con

strain
t

b
y
E

(C
(A

)).
R

ecall
th

at
th

e
u
ltim

ate
goal

in
th

is
step

is
to

fi
n
d

th
e

in
tera

ction
m

atrix
A

th
at

cost
C

d
ep

en
d
s

on
,

su
ch

th
at

th
e

m
in

im
u
m

ab
ove

can
b

e
attain

ed
.

F
or

an
y

A
,

w
e

h
ave

kern
el

rep
resen

tation
C

(A
)

p
aram

eterized
b
y

in
teraction

m
atrix

A
.

T
h
erefore

th
e

m
in

im
ization

ab
ove

is
eq

u
ivalen

t
tom

in
A
E

(C
(A

))
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L
e
a
r
n
in
g

t
o

M
a
t
c
h
v
ia

In
v
e
r
se

O
p
t
im

a
l
T
r
a
n
sp

o
r
t

T
o

m
in

im
iz

e
E

(C
(A

))
,

th
e

cr
it

ic
al

st
ep

is
to

ev
al

u
at

e
gr

ad
ie

n
t
∇
A
E

(C
(A

))
an

d
b
y

en
ve

lo
p

e
th

eo
re

m
(M

il
gr

om
an

d
S
eg

al
,

20
02

)
w

e
h
av

e

P
ro

p
o
si

ti
o
n

6
T

h
e

gr
a
d
ie

n
t
∇
A
E

(C
(A

))
is

∇
A
E

=
m ∑ i=

1

n ∑ j=
1

λ
[π̂
ij

+
(θ
−
δ(
z i

+
w
j
))
π
ij

]C
′ ij

(A
)

w
h
er

e
θ

is
th

e
L

a
gr

a
n

gi
a
n

m
u

lt
ip

li
er

o
f

th
e

co
n

st
ra

in
ed

m
in

im
iz

a
ti

o
n

p
ro

bl
em

in
eq

u
a
ti

o
n

(7
).

P
ro

o
f

B
y

ch
ai

n
ru

le
,

w
e

h
av

e
th

at ∇
A
E

=
m ∑ i=

1

n ∑ j=
1

∂
E

∂
C
ij

∂
C
ij

A

W
it

h
th

e
k
er

n
el

re
p
re

se
n
ta

ti
on

,
C
′ ij

(A
)

is
ea

si
ly

av
a
il
ab

le
.

F
or

fi
x
ed

C
=
C

(A
),

b
y

en
ve

lo
p

th
eo

re
m

(M
il
gr

om
an

d
S
eg

al
,

20
02

),
w

e
h
av

e

∇
C
ij
E

(C
)

=
∂ ∂
C
−

m ∑ i=
1

n ∑ j=
1

π̂
ij

lo
g
π
ij

+
δ〈
z
,π

1
〉+

δ〈
w
,π

T
1
〉−

θ(

m
,n ∑ i,
j=

1

eλ
(a
i
+
b j
−
C
ij

) )

=
(−
π̂
ij

π
ij

+
δ(
z i

+
w
j
)
−
θ)
∂
π
ij

∂
C
ij

=
λ

[π̂
ij

+
(θ
−
δ(
z i

+
w
j
))
π
ij

]

H
en

ce
in

ea
ch

ev
al

u
at

io
n

of
∇
C
E

,
w

e
n
ee

d
to

so
lv

e
E

(C
(A

))
on

ce
.

If
w

e
d
en

ot
e
ξ i

=
eλ
a
i
,

η j
=
eλ
b j

,
Z
ij

=
e−

λ
C
ij

an
d
M
ij

=
δ(
z i

+
w
j
)Z

ij
,

th
en

co
m

p
u
ti

n
g
E

(C
(A

))
is

eq
u
iv

al
en

t
to

so
lv

in
g

m
in
ξ
,η
−
〈µ̂
,l

og
ξ
〉−
〈ν̂
,l

og
η
〉+

ξ
T
M
η

s.
t.

ξ
T
Z
η

=
1

(8
)

N
ot

e
th

at
th

is
is

a
n
on

-c
on

ve
x

o
p
ti

m
iz

at
io

n
p
ro

b
le

m
,

b
ot

h
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

an
d

co
n
st

ra
in

ts
ar

e
n
on

-c
on

ve
x

w
h
ic

h
is

d
iffi

cu
lt

to
so

lv
e

in
ge

n
er

al
.

H
ow

ev
er

,
on

ce
w

e
fi
x
η

,
th

e
p
ro

b
le

m
w

it
h

re
sp

ec
t

to
ξ

al
on

e
is

a
co

n
ve

x
p
ro

b
le

m
an

d
v
ic

e
ve

rs
a.

W
e

ca
n

so
lv

e
th

is
p
ro

b
le

m
effi

ci
en

tl
y

b
y

al
te

rn
at

el
y

u
p

d
at

in
g
ξ
,η

.

P
ro

p
o
si

ti
o
n

7
D

en
o
te

th
e

o
bj

ec
ti

ve
in

eq
u

a
ti

o
n

(8
)

by

h
(ξ
,η

)
=
−
〈µ̂
,l

og
ξ
〉−
〈ν̂
,l

og
η
〉+

ξ
T
M
η

In
it

ia
li

ze
ξ

(0
) ,
η

(0
)

a
n

d
a
lt

er
n

a
te

ly
u

pd
a
te
ξ

(k
) ,
η

(k
)

in
th

e
fo

ll
o
w

in
g

fa
sh

io
n

ξ
(k

)
=

ar
g

m
in

ξ
T
Z
η
(k

−
1
)
=

1

h
(ξ
,η

(k
−

1
) )

(9
)
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L
i,
Y
e
,
Z
h
o
u
a
n
d

Z
h
a

η
(k

)
=

ar
g

m
in

ξ
(k

)
T
Z
η

=
1

h
(ξ

(k
) ,
η

)
(1

0)

If
li
m
k
→
∞

(ξ
(k

) ,
η

(k
) ,
θ(k

)
1
,θ

(k
)

2
)

=
(ξ
?
,η

?
,θ
? 1
,θ
? 2
),

th
en

θ? 1
=
θ? 2

a
n

d
(ξ
?
,η

?
)

is
a

lo
ca

l
m

in
i-

m
iz

er
o
f
h

,
w

h
er

e
θ(k

)
1

a
n

d
θ(k

)
2

a
re

L
a
gr

a
n

gi
a
n

m
u

lt
ip

li
er

s
co

rr
es

po
n

d
in

g
to

p
ro

bl
em

(9
)

a
n

d
(1

0)
re

sp
ec

ti
ve

ly
.

P
ro

o
f

F
ro

m
th

e
d
efi

n
it

io
n

of
E

(C
(A

))
in

eq
u
at

io
n

(7
)

it
is

ea
si

ly
se

en
th

at
h

(ξ
,η

)
is

lo
w

er
b

ou
n
d
ed

.
M

or
eo

ve
r,

si
n
ce

h
(ξ

(k
) ,
η

(k
) )
≤
h

(ξ
(k

) ,
η

(k
−

1
) )
≤
h

(ξ
(k
−

1
) ,
η

(k
−

1
) )

th
er

e
ex

is
ts

a
co

n
v
er

ge
n
t

su
b
se

q
u
en

ce
of
{h

(ξ
(k

) ,
η

(k
) )
}

an
d

w
e

d
en

ot
e

th
e

li
m

it
b
y
h
?
.

T
h
e

K
K

T
co

n
d
it

io
n

of
eq

u
at

io
n

(9
)

an
d

(1
0)

ar
e

−
µ̂ ξ
(k

)
+
M
η

(k
−

1
)
−
θ(k

)
1
Z
η

(k
−

1
)

=
0

(1
1
)

ξ
(k

)T
Z
η

(k
−

1
)

=
1

−
ν̂

η
(k

)
+
M

T
ξ

(k
)
−
θ(k

)
2
Z
T
ξ

(k
)

=
0

(1
2)

ξ
(k

)T
Z
η

(k
)

=
1

L
et
k

te
n
d

to
in

fi
n
it

y
an

d
ta

ke
in

n
er

p
ro

d
u
ct

w
it

h
ξ
?

fo
r

eq
u
at

io
n

(1
1)

a
n
d

ta
ke

in
n
er

p
ro

d
u
ct

w
it

h
η
?

fo
r

eq
u
at

io
n

(1
2)

,
co

m
p
a
re

tw
o

eq
u
at

io
n
s

an
d

u
se

th
e

fa
ct

th
a
t

b
o
th
µ̂

a
n
d

ν̂
ar

e
p
ro

b
ab

il
it

y
ve

ct
or

s,
w

e
fi
n
d

th
at
θ? 1

=
θ? 2

an
d

(ξ
?
,η

?
)

so
lv

es
th

e
K

K
T

co
n
d
it

io
n

o
f

co
n
-

st
ra

in
ed

p
ro

b
le

m
(9

)
an

d
(1

0)
.

T
h
er

ef
or

e,
(ξ
?
,η

?
)

is
a

lo
ca

l
m

in
im

iz
er

an
d
h
?

=
h

(ξ
?
,η

?
)

is
a

lo
ca

l
m

in
im

u
m

.

O
n
ce

w
e

ob
ta

in
(ξ
?
,η

?
,θ
?
),

w
e

ca
n

th
en

ge
t

(a
,b
,θ

)
b
y

se
tt

in
g
a

=
1 λ

lo
g
ξ
?

a
n
d
b

=
1 λ

lo
g
η
?

an
d
θ

=
θ?

.
T

h
en

p
lu

g
in

(a
,b
,θ

)
to

ev
al

u
at

e
∇
C
E

fo
r

th
e

cu
rr

en
t
C

=
C

(A
).

A
ca

re
fu

l
an

al
y
si

s
of

th
e

K
K

T
co

n
d
it

io
n

o
f

eq
u
at

io
n
s

(9
)

an
d

(1
0)

sh
ow

s
th

a
t
θ(k

)
1

a
n
d

θ(k
)

2
ar

e
ro

ot
s

of

p
(θ

)
=

〈
µ̂
�

(Z
η

(k
−

1
) )

(M
−
θZ

)η
(k
−

1
)
,1

〉 ,
q(
θ)

=

〈
ν̂
�

(Z
T
ξ

(k
) )

(M
−
θZ

)T
ξ

(k
)
,1

〉

re
sp

ec
ti

ve
ly

.
T

h
e

u
n
iv

ar
ia

te
ro

ot
fi
n
d
in

g
p
ro

b
le

m
ca

n
b

e
so

lv
ed

effi
ci

en
tl

y
b
y

o
ff

-t
h
e-

sh
el

f

p
ac

ka
ge

.
A

ft
er

ob
ta

in
in

g
θ(k

)
1
,θ

(k
)

2
,

w
e

ca
n

u
p

d
at

e

ξ
(k

)
=

µ̂

(M
−
θ(k

)
1
Z

)η
(k
−

1
)
,
η

(k
)

=
ν̂

(M
−
θ(k

)
2
Z

)T
ξ

(k
)

d
ir

ec
tl

y.
C

om
p
u
ta

ti
on

al
ly

,
th

is
ap

p
ro

ac
h

to
so

lv
in

g
p
ro

b
le

m
(9

)
an

d
(1

0)
is

m
u
ch

ch
ea

p
er

th
an

gr
ad

ie
n
t-

ty
p

e
it

er
at

iv
e

m
et

h
o
d
s

w
h
en

m
an

d
/o

r
n

a
re

la
rg

e.
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L
e
a
r
n
in
g

t
o

M
a
t
c
h
v
ia

In
v
e
r
se

O
p
t
im

a
l
T
r
a
n
sp

o
r
t

5
.2

.
U

p
d

a
te

(z
,w

)
fo

r
fi

x
e
d

(A
,µ
,ν

)

W
h
en

(A
,µ
,ν

)
are

fi
x
ed

,
π

is
also

fi
x
ed

,
w

e
th

en
on

ly
n
eed

to
solve

m
ax
z
,w
〈z
,π

1〉
+
〈z
C
u,µ̂〉

+
〈w
,π

T
1〉

+
〈w

C
v,ν̂〉

a
n
d

o
n
e

im
m

ed
iately

recogn
izes

th
is

is
eq

u
ivalen

t
to

ap
p
ly

in
g

S
in

k
h
orn

-K
n
op

p
algorith

m
to

co
m

p
u
te
d
λ
u (C

u ,µ
,µ̂

)
an

d
d
λ
v (C

v ,ν
,ν̂

).

T
o

su
m

m
arize,

in
each

iteration
,

w
e

p
erform

a
grad

ien
t-ty

p
e

u
p

d
ate

for
A

,
follow

ed
b
y

tw
o

ca
lls

o
f

S
in

k
h
o
rn

-K
n
op

p
algorith

m
to

com
p
u
te
d
λ
u (C

u ,µ
,µ̂

)
an

d
d
λ
v (C

v ,ν
,ν̂

).
A

lgorith
m

2
d
eta

ils
th

e
a
lg

orith
m

.
N

ote
th

at
th

is
algorith

m
on

ly
fi
n
d
s

a
lo

cal
m

in
im

u
m

of
eq

u
ation

5.

A
lg

o
rith

m
2

S
olve

R
IO

T

In
p

u
t:

o
b
served

m
atch

in
g

m
atrix

π̂
,

cost
m

atrices
C
u ,C

v ,
regu

larization
p
aram

eter
λ
,λ

u ,λ
v

fo
r
l

=
1,2

,···
,L

d
o

Z
←

ex
p
(−
λ
C

)
M
←
δ(z

1
T

+
1
w
T

)�
Z

In
itialize

ξ
(0

),η
(0

)

fo
r
k

=
1,2

,···
,K

d
o

θ
(k

)
1
←

ro
ot

of
p
(θ)

θ
(k

)
2
←

ro
ot

of
q(θ)

ξ
(k

)←
µ̂

(M
−
θ
(k

)
1
Z

)η
(k−

1
)

η
(k

)←
ν̂

(M
−
θ
(k

)
2
Z

)
T
ξ
(k

)

e
n

d
fo

r
a
←

1λ
lo

g
ξ

(k
),

b
←

1λ
η

(k
),

θ
=
θ

(k
)

1

π
←

ex
p
(λ

(a
1
T

+
1
b
T
−
C

))

∇
A
←

m
,n
∑i,j=

1

λ
[π̂
ij

+
(θ−

δ(z
i
+
w
j )π

ij ]C
′ij (A

)

A
←
A
−
s∇

A

a
1 ←

S
in

k
h
orn

-K
n
op

p
(C

u ,π
1
,µ̂
,λ

u )[1]
a

2 ←
S
in

k
h
orn

-K
n
op

p
(C

v ,π
T
1
,ν̂
,λ

v )[1]
z
←

1λ
u

log
a

1 ,
w
←

1λ
v

log
a

2

e
n

d
fo

r

6
.
E
x
p
e
rim

e
n
ts

In
th

is
sectio

n
,

w
e

evalu
ate

ou
r

p
rop

osed
R

IO
T

m
o
d
el

on
b

oth
sy

n
th

etic
d
ata

an
d

real
w

o
rld

d
a
ta

sets.
F

or
sy

n
th

etic
d
ata

set,
w

e
illu

strate
its

rob
u
stn

ess
a
gain

st
IO

T
a
n
d

sh
ow

o
u
r

m
o
d
el

ca
n

ach
ieve

b
etter

p
erform

an
ce

in
learn

in
g

cost
m

atrix
C

th
an

IO
T

cou
ld

.
F

or
electio

n
d
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ea

rl
y

sh
ow

s
th

at
b

ei
n
g

ab
le

to
ta

ke
su

p
p
ly

li
m

it
at

io
n

in
to

co
n
si

d
er

at
io

n
a
n
d

ca
p
tu

re
m

at
ch

in
g

m
ec

h
an

is
m

is
of

cr
it

ic
al

im
p

or
ta

n
ce

in
su

gg
es

t
m

at
ch

in
g

in
su

ch
co

n
te

x
t

a
n
d

o
u
r

p
ro

p
os

ed
R

IO
T

m
o
d
el

ca
n

d
o

a
b

et
te

r
jo

b
th

an
co

n
ve

n
ti

on
al

re
co

m
m

en
d
er

sy
st

em
s

d
o
.

7
.
C
o
n
cl
u
si
o
n

In
th

is
p
ap

er
,

w
e

d
ev

el
op

a
n
ov

el
,

u
n
ifi

ed
,

d
at

a-
d
ri

ve
n

in
ve

rs
e-

op
ti

m
al

-t
ra

n
sp

o
rt

-b
a
se

d
m

at
ch

in
g

fr
am

ew
or

k
R

IO
T

w
h
ic

h
ca

n
le

ar
n

ad
ap

ti
v
e,

n
on

li
n
ea

r
in

te
ra

ct
io

n
p
re

fe
re

n
ce

fr
o
m

n
oi

sy
/i

n
co

m
p
le

te
em

p
ir

ic
al

m
at

ch
in

g
m

at
ri

x
in

va
ri

ou
s

m
at

ch
in

g
co

n
te

x
ts

.
T

h
e

p
ro

p
o
se

d
R

IO
T

is
sh

ow
n

to
b

e
m

or
e

ro
b
u
st

th
an

th
e

st
at

e
of

th
e

ar
t

IO
T

fo
rm

u
la

ti
o
n

a
n
d

ex
h
ib

it
s

b
et

te
r

p
er

fo
rm

an
ce

in
le

ar
n
in

g
co

st
.

M
or

eo
ve

r,
ou

r
fr

am
ew

or
k

ca
n

b
e

ex
te

n
d
ed

to
m

a
ke

re
co

m
m

en
d
at

io
n
s

b
as

ed
on

p
re

d
ic

te
d

m
at

ch
in

g
an

d
ou

tp
er

fo
rm

s
co

n
ve

n
ti

on
a
l
re

co
m

m
en

d
er

sy
st

em
s

in
m

at
ch

in
g

co
n
te

x
t.

In
th

e
fu

tu
re

,
ou

r
w

or
k

ca
n

b
e

co
n
ti

n
u
ed

in
m

u
lt

ip
le

w
ay

s.
F

ir
st

,
ou

r
m

o
d
el

d
o
es

b
a
tc

h
p
re

d
ic

ti
on

fo
r

a
gr

ou
p

of
u
se

rs
an

d
it

em
s

an
d

w
e

w
ou

ld
li
ke

to
d
ev

el
o
p

on
li
n
e

a
lg

o
ri

th
m

to
d
ea

l
w

it
h

st
re

am
in

g
d
at

a
an

d
m

ak
e

m
at

ch
in

g
su

gg
es

ti
on

fo
r

a
p
re

v
io

u
s

u
n
se

en
u
se

r/
it

em
in

an
on

li
n
e

fa
sh

io
n
.

A
re

ce
n
t

m
et

h
o
d

p
ro

p
os

ed
b
y

P
er

ro
t

et
al

.
(2

01
6)

th
a
t

a
ll
ow

s
to
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L
e
a
r
n
in
g

t
o

M
a
t
c
h
v
ia

In
v
e
r
se

O
p
t
im

a
l
T
r
a
n
sp

o
r
t

u
p

d
a
te

th
e

p
la

n
u
sin

g
ou

t-of-sam
p
le

d
ata

w
ith

ou
t

recom
p
u
tin

g
m

igh
t

b
e

u
sefu

l.
F

rom
b
u
sin

ess
sta

n
d
p

oin
t,

w
e

m
ay

stu
d
y

op
tim

al
p
ricin

g
w

ith
in

ou
r

fram
ew

ork
,

i.e.,
h
ow

to
set

a
rea

so
n
ab

le
p
rice

an
d

ad
ju

st
item

d
istrib

u
tion

in
a

m
ost

p
rofi

tab
le

w
ay

(A
zaria

et
al.,

2
0
1
3
).

In
a
d
d
ition

,
w

e
h
op

e
to

com
b
in

e
im

p
ressive

ex
p
ressiven

ess
of

d
eep

n
eu

ral
n
etw

ork
s

to
fu

rth
er

b
o
o
st

th
e

p
erform

an
ce

of
ou

r
p
rop

osed
m

o
d
el.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

w
o
u
ld

like
to

ack
n
ow

led
ge

su
p
p

ort
for

th
is

p
ro

ject
from

th
e

N
ation

al
S
cien

ce
F

ou
n
d
ation

g
ra

n
ts

C
M

M
I-1

745382,
D

M
S
-162034

2,
D

M
S
-1818886,

D
M

S
-1830225

an
d

D
M

S
-1

620345,
th

e
O

ffi
ce

o
f

N
ava

l
R

esearch
gran

t
N

00014-18-1-2852.
T

h
e

au
th

ors
are

gratefu
l

to
an

on
y
m

ou
s

rev
iew

ers
a
n
d

th
e

action
ed

itor
for

th
eir

in
sigh

tfu
l

com
m

en
ts

an
d

su
ggestion

s
w

h
ich

h
elp

ed
to

im
p
rov

e
th

e
m

an
u
scrip

t
sign

ifi
can

tly.
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L
i,
Y
e
,
Z
h
o
u
a
n
d

Z
h
a

A
p
p
e
n
d
ix

A
.
P
ro

o
f
o
f
L
e
m
m
a
3

P
ro

o
f

f
(a
,b

)
=
x
T
A
x
−

2f
T
x

+
‖
M
‖

2F

w
h
ere

x
=

[
ab ]

,
f

=
[(M

1
)
T
,1

T
M

] T
an

d
A

=

[
n
I
m
×
m

1
m

1
Tn

1
n
1
Tm

m
I
n×

n ]
.

N
ote

th
at

A
is

a

p
ositive

sem
i-d

efi
n
ite

m
atrix

,
th

e
algeb

raic
m

u
ltip

licity
of

its
0

eigen
valu

e
is

1
an

d
n
u
ll(A

)
=

sp
an{[1

Tm
,−

1
Tn

] T}
.

M
oreover,

f
⊥

n
u
ll(A

),
h
en

ce
th

e
q
u
ad

ratic
form

f
(a
,b

)
ad

m
its

a
m

in
im

u
m

in
n
u
ll(A

) ⊥
an

d
it

is
straigh

tforw
ard

to
ob

tain

m
in
a
,b
f

(a
,b

)
=

m
in
x
x
T
A
x
−

2f
T
x

+
‖
M
‖

2F

=
‖M
‖

2F
−
f
T
A

+
f

w
h
ere

A
+

is
th

e
M

o
ore-P

en
rose

in
verse

of
m

atrix
A

.
If
M

can
n
ot

b
e

w
ritten

as
M

=
a
1
T

+
1
b
T

,
th

en
th

e
m

in
im

u
m

of
f

(a
,b

)
m

u
st

b
e

p
ositive,

h
en

ce

f
(a
,b

)≥
m

in
a
,b
f

(a
,b

)
=
‖M
‖

2F
−
f
T
A

+
f
>

0

.
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L
e
a
r
n
in
g

t
o

M
a
t
c
h
v
ia

In
v
e
r
se

O
p
t
im

a
l
T
r
a
n
sp

o
r
t

A
p
p
e
n
d
ix

B
.
E
x
te
n
si
o
n
o
f
R
IO

T
m
o
d
e
l
to

le
a
rn

C
u
a
n
d
C
v
jo
in
tl
y

In
th

is
se

ct
io

n
,

w
e

ex
te

n
d

p
ro

p
os

ed
R

IO
T

m
o
d
el

to
se

tt
in

gs
w

h
er

e
C
u

an
d
C
v

ar
e

u
n
k
n
ow

n
an

d
n
ee

d
to

b
e

le
ar

n
ed

jo
in

tl
y

w
it

h
th

e
m

ai
n

co
st

m
at

ri
x
C

(A
).

F
ol

lo
w

in
g

th
e

sa
m

e
d
er

iv
a-

ti
on

,
w

e
en

d
u
p

w
it

h
an

op
ti

m
iz

at
io

n
p
ro

b
le

m
al

m
os

t
id

en
ti

ca
l

to
th

e
on

e
in

eq
u
at

io
n

(5
),

i.
e.

,

m
in

A
,µ
∈Σ

m
,ν
∈Σ

n
,C
u
,C
v

−
m ∑ i=

1

n ∑ j=
1

π̂
ij

lo
g
π
ij

+
δ(
d
λ
u
(C

u
,µ
,µ̂

)
+
d
λ
v
(C

v
,ν
,ν̂

))
(1

3)

ex
ce

p
t

fo
r

th
e

fa
ct

th
at

n
ow

w
e

n
ee

d
to

op
ti

m
iz

e
tw

o
ad

d
it

io
n
al

va
ri

ab
le

s
C
u

an
d
C
v
.

G
en

er
-

ic
ly

,
in

ve
rs

e
p
ro

b
le

m
s

ar
e

u
su

al
ly

n
ot

w
el

l-
p

os
ed

,
in

ou
r

ca
se

s,
if

n
o

co
n
st

ra
in

ts
im

p
os

ed
o
n

C
u
,C

v
,

on
e

co
u
ld

tr
iv

ia
ll
y

le
t,

sa
y
C
u

=
0
m
×
m
,C

v
=

0
n
×
n
.

T
o

av
oi

d
su

ch
il
l-

p
os

ed
n
es

s,
w

e
as

su
m

e
th

at
C
u
∈
M

m
∩

Σ
m
×
m
,C

v
∈
M

n
∩

Σ
n
×
n
,

w
h
er

e
M

d
is

th
e

co
n
e

of
d
×
d

d
is

ta
n
ce

m
at

ri
x

an
d

Σ
d

is
d
−

1
si

m
p
le

x
(s

ee
S
ec

ti
on

3
fo

r
d
efi

n
it

io
n
).

O
th

er
re

gu
la

ri
za

ti
on

ca
n

al
so

b
e

ex
p
lo

re
d
.

B
y

st
ro

n
g

d
u
al

it
y,

w
e

m
ay

co
n
ve

rt
eq

u
at

io
n

(1
3)

to
it

s
d
u
al

p
ro

b
le

m
in

a
si

m
il
ar

fa
sh

io
n

as
eq

u
at

io
n

(6
),

m
in

A
,µ
,ν
,C
u
,C
v

m
ax
z
,w
−

m ∑ i=
1

n ∑ j=
1

π̂
ij

lo
g
π
ij

+
δ(
〈z
,µ
〉+
〈z
C
u
,µ̂
〉+
〈w
,ν
〉+
〈w

C
v
,ν̂
〉)

w
h
er

e
z
C
u

j
=

1 λ
u

lo
g
r̂ j
−

1 λ
u

lo
g
(∑

m i=
1
eλ

u
(z
i
−
C
u
ij

) )
an

d
w
C
v

j
=

1 λ
v

lo
g
ĉ j
−

1 λ
v

lo
g
(∑

n i=
1
eλ

v
(w
i
−
C
v
ij

) )
.

O
n
e

w
ay

to
so

lv
e

eq
u
at

io
n

(1
4)

,
w

it
h
ou

t
to

o
m

an
y

ch
an

ge
s

of
p
ro

p
os

ed
al

go
ri

th
m

in
S
ec

ti
on

5,
is

to
re

w
ri

te
it

as

m
in

A
,µ
,ν

m
in

C
u
,C
v

m
ax
z
,w
−

m ∑ i=
1

n ∑ j=
1

π̂
ij

lo
g
π
ij

+
δ(
〈z
,µ
〉+
〈z
C
u
,µ̂
〉+
〈w
,ν
〉+
〈w

C
v
,ν̂
〉)

(1
4)

an
d

al
te

rn
at

iv
el

y
u
p

d
at

e
th

re
e

gr
ou

p
s

of
va

ri
ab

le
s

(A
,µ
,ν

),
(C

u
,C

v
)

an
d

(z
,w

).

B
.1

.
U

p
d

a
te

(A
,µ
,ν

),
w

it
h

(C
u
,C

v
)

a
n

d
(z
,w

)
fi

x
e
d

O
n
ce

(C
u
,C

v
)

an
d

(z
,w

)
fi
x
ed

,
z
C
u
,w

C
v

ar
e

fi
x
ed

as
w

el
l,

h
en

ce
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
at

th
is

st
ag

e
b

ec
om

es

m
in

A
,µ
,ν
−

m ∑ i=
1

n ∑ j=
1

π̂
ij

lo
g
π
ij

+
δ(
〈z
,µ
〉+
〈w
,ν
〉)

w
h
er

e
co

n
st

an
ts

ar
e

om
it

te
d
.

T
h
is

m
in

im
iz

a
ti

on
p
ro

b
le

m
is

id
en

ti
ca

l
to

th
at

in
su

b
se

ct
io

n
5.

1.
P

le
as

e
se

e
d
et

ai
le

d
u
p

d
at

e
sc

h
em

e
fo

r
(A
,µ
,ν

)
th

er
e.

B
.2

.
U

p
d

a
te

(C
u
,C

v
),

w
it

h
(A
,µ
,ν

)
a
n

d
(z
,w

)
fi

x
e
d

If
(A
,µ
,ν

)
an

d
(z
,w

)
ar

e
fi
x
ed

,
π

is
al

so
fi
x
ed

as
it

is
th

e
re

gu
la

ri
ze

d
O

T
p
la

n
d
et

er
m

in
ed

b
y

p
ar

am
et

er
s

(A
,µ
,ν

),
h
en

ce
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
at

th
is

st
ag

e
b

ec
om

es

m
in

C
u
∈M

m
∩Σ

m
×
m
,C
v
∈M

n
∩Σ

n
×
n
δ(
〈z
C
u
,µ̂
〉+
〈w

C
v
,ν̂
〉)
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L
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Y
e
,
Z
h
o
u
a
n
d

Z
h
a

an
d

ca
n

b
e

fu
rt

h
er

sp
li
tt

ed
in

to
tw

o
in

d
ep

en
d
en

t
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

m
in

C
u
∈M

m
∩Σ

m
×
m
δ〈
z
C
u
,µ̂
〉,

m
in

C
v
∈M

n
∩Σ

n
×
n
δ〈
w
C
v
,ν̂
〉

(1
5
)

w
h
ic

h
ca

n
b

e
so

lv
ed

si
m

u
lt

an
eo

u
sl

y.
B

ot
h
M

d
an

d
Σ
d
×
d

ar
e

co
n
ve

x
se

ts
,

so
is

th
ei

r
in

te
rs

ec
ti

on
.

T
h
er

ef
or

e
w

e
ca

n
p

er
fo

rm
p
ro

je
ct

ed
gr

ad
ie

n
t

m
et

h
o
d

to
so

lv
e

tw
o

se
p
ar

at
e

m
in

im
iz

at
io

n
p
ro

b
le

m
s

in
eq

u
a
ti

o
n

(1
5
).

B
.3

.
U

p
d

a
te

(z
,w

),
w

it
h

(A
,µ
,ν

)
a
n

d
(C

u
,C

v
)

fi
x
e
d

W
h
en

(A
,µ
,ν

)
an

d
(C

u
,C

v
)

ar
e

fi
x
ed

,
π

is
al

so
fi
x
ed

,
w

e
th

en
on

ly
n
ee

d
to

so
lv

e

m
ax
z
,w
〈z
,π

1
〉+
〈z
C
u
,µ̂
〉+
〈w
,π

T
1
〉+
〈w

C
v
,ν̂
〉

an
d

on
e

im
m

ed
ia

te
ly

re
co

gn
iz

es
th

is
is

eq
u
iv

al
en

t
to

ap
p
ly

in
g

S
in

k
h
or

n
-K

n
o
p
p

a
lg

o
ri

th
m

to
co

m
p
u
te
d
λ
u
(C

u
,µ
,µ̂

)
an

d
d
λ
v
(C

v
,ν
,ν̂

).

T
o

su
m

m
ar

iz
e,

to
jo

in
tl

y
le

ar
n
C

(A
),
C
u

an
d
C
v
,

w
e

fo
rm

u
la

te
an

op
ti

m
iz

a
ti

o
n

p
ro

b
le

m
si

m
il
ar

to
th

at
in

eq
u
at

io
n

(5
)

an
d

p
ro

p
os

e
an

a
lt

er
n
at

in
g

al
go

ri
th

m
to

so
lv

e
it

b
y

a
lt

er
n
a
te

ly
u
p

d
at

e
(A
,µ
,ν

),
(C

u
,C

v
)

an
d

(z
,w

).
P

ra
ct

ic
al

ly
,
th

e
u
p

d
at

e
of

(C
u
,C

v
)

re
q
u
ir

es
ex

p
en

si
ve

p
ro

je
ct

io
n

on
to
M

d
∩

Σ
d
×
d
,

th
er

ef
or

e
w

e
su

g
ge

st
le

a
rn

in
g
C
u
,C

v
fi
rs

t
an

d
th

en
u
si

n
g

R
IO

T
fo

rm
u
la

ti
on

to
le

ar
n

th
e

m
ai
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ré.
F

ast
d
iction

ary
learn

in
g

w
ith

a
sm

o
oth

ed
w

asserstein
loss.

In
A

rtifi
cia

l
In

telligen
ce

a
n

d
S

ta
tistics,

p
ages

630–638,
2016.

A
lv

in
E

R
oth

an
d

M
arild

a
S
otom

ayor.
T

h
e

college
ad

m
ission

s
p
rob

lem
rev

isited
.

E
co

n
o
-

m
etrica

:
J

o
u

rn
a
l

o
f

th
e

E
co

n
o
m

etric
S

ociety,
p
ages

559–570,
1989.

A
lv

in
E

R
oth

an
d

M
arild

a
A

O
liveira

S
otom

ayor.
T

w
o
-sid

ed
m

a
tch

in
g:

A
stu

d
y

in
ga

m
e-

th
eo

retic
m

od
elin

g
a
n

d
a
n

a
lysis.

N
u
m

b
er

18.
C

am
b
rid

ge
u
n
iv

ersity
p
ress,

1992.

R
u
slan

S
alak

h
u
td

in
ov

an
d

A
n
d
riy

M
n
ih

.
B

ayesian
p
rob

ab
ilistic

m
atrix

factorization
u
sin

g
m

arkov
ch

ain
m

on
te

carlo.
In

P
roceed

in
gs

o
f

th
e

2
5
th

in
tern

a
tio

n
a
l

co
n

feren
ce

o
n

M
a
ch

in
e

lea
rn

in
g,

p
ages

880–887.
A

C
M

,
2008.

B
ern

h
ard

S
ch

ölk
op

f.
T

h
e

kern
el

trick
for

d
istan

ces.
In

A
d
va

n
ces

in
n

eu
ra

l
in

fo
rm

a
tio

n
p
rocessin

g
system

s,
p
ages

301–307,
2001.

R
ich

ard
S
in

k
h
orn

an
d

P
au

l
K

n
op

p
.

C
on

cern
in

g
n
on

n
egative

m
atrices

an
d

d
ou

b
ly

sto
ch

astic
m

atrices.
P

a
cifi

c
J

o
u

rn
a
l

o
f

M
a
th

em
a
tics,

21(2):343–34
8,

1967.

36
JM

L
R

 20(80):1-37, 2019



L
e
a
r
n
in
g

t
o

M
a
t
c
h
v
ia

In
v
e
r
se

O
p
t
im

a
l
T
r
a
n
sp

o
r
t

C
éd

ri
c

V
il
la

n
i.

O
p
ti

m
a
l

tr
a
n

sp
o
rt

:
o
ld

a
n

d
n

ew
,

vo
lu

m
e

33
8.

S
p
ri

n
ge

r
S
ci

en
ce

&
B

u
si

n
es

s
M

ed
ia

,
20

08
.

F
an

W
an

g
an

d
L

eo
n
id

as
J

G
u
ib

as
.

S
u
p

er
v
is

ed
ea

rt
h

m
ov

er
s

d
is

ta
n
ce

le
ar

n
in

g
an

d
it

s
co

m
p
u
te

r
v
is

io
n

ap
p
li
ca

ti
on

s.
In

E
u

ro
pe

a
n

C
o
n

fe
re

n
ce

o
n

C
o
m

p
u

te
r

V
is

io
n

,
p
a
ge

s
4
42

–
45

5.
S
p
ri

n
ge

r,
20

12
.

J
on

W
el

ln
er

et
al

.
W

ea
k

co
n

ve
rg

en
ce

a
n

d
em

p
ir

ic
a
l

p
ro

ce
ss

es
:

w
it

h
a
p
p
li

ca
ti

o
n

s
to

st
a
ti

st
ic

s.
S
p
ri

n
ge

r
S
ci

en
ce

&
B

u
si

n
es

s
M

ed
ia

,
20

13
.

E
ri

c
P

X
in

g,
M

ic
h
ae

l
I

J
or

d
an

,
S
tu

ar
t

J
R

u
ss

el
l,

an
d

A
n
d
re

w
Y

N
g.

D
is

ta
n
ce

m
et

ri
c

le
ar

n
in

g
w

it
h

ap
p
li
ca

ti
on

to
cl

u
st

er
in

g
w

it
h

si
d
e-

in
fo

rm
at

io
n
.

In
A

d
va

n
ce

s
in

n
eu

ra
l

in
fo

rm
a
ti

o
n

p
ro

ce
ss

in
g

sy
st

em
s,

p
ag

es
52

1–
52

8,
2
00

3.

M
an

-C
h
in

g
Y

u
en

,
Ir

w
in

K
in

g,
an

d
K

w
on

g-
S
ak

L
eu

n
g.

T
as

k
m

at
ch

in
g

in
cr

ow
d
so

u
rc

in
g.

In
In

te
rn

et
o
f

T
h
in

gs
(i

T
h
in

gs
/
C

P
S

C
o
m

),
2
0
1
1

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

a
n

d
4
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

C
yb

er
,

P
h
ys

ic
a
l

a
n

d
S

oc
ia

l
C

o
m

p
u

ti
n

g,
p
ag

es
40

9–
41

2
.
IE

E
E

,
20

11
.

37
JM

L
R

 2
0(

80
):

1-
37

, 2
01

9

 



 
 



J
o
u
rn

a
l

o
f

M
a
ch

in
e

L
e
a
rn

in
g

R
e
se

a
rc

h
2
0

(2
0
1
9
)

1
-8

S
u
b
m

it
te

d
1
0
/
1
8
;

P
u
b
li
sh

e
d

3
/
1
9

T
ig
h
t
L
o
w
e
r
B
o
u
n
d
s
o
n
th

e
V
C
-d
im

e
n
si
o
n
o
f
G
e
o
m
e
tr
ic

S
e
t

S
y
st
e
m
s

M
ó
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ó
s,

K
u
pa

v
sk

ii
,

a
n
d

M
u
st

a
fa

V
ap

n
ik

an
d

C
h
er

v
o
n
en

k
is

(1
9
71

),
it

h
a
s

tu
rn

ed
ou

t
to

b
e

a
ke

y
p
a
ra

m
et

er
in

se
v
er

a
l

ar
ea

s,
in

cl
u
d
in

g
le

ar
n
in

g
th

eo
ry

,
co

m
b
in

at
o
ri

cs
,

an
d

co
m

p
u
ta

ti
o
n
a
l

g
eo

m
et

ry
.

1
.1

.
L

e
a
rn

in
g

T
h

e
o
ry

.

In
le

ar
n
in

g
th

eo
ry

,
th

e
V

C
-d

im
en

si
on

of
a

co
n
ce

p
t

cl
as

s
m

ea
su

re
s

th
e

d
iffi

cu
lt

y
of

le
ar

n
in

g
a

co
n
ce

p
t

of
th

e
cl

as
s.

T
h
e

fo
u
n
d
at

io
n
al

p
ap

er
of

B
lu

m
er

et
a
l.

(1
9
89

)
st

at
es

th
a
t

“t
h
e

es
se

n
ti

al
co

n
d
it

io
n

fo
r

d
is

tr
ib

u
ti

on
-f

re
e

le
ar

n
a
b
il
it

y
is

fi
n
it

en
es

s
of

th
e

V
ap

n
ik

-C
h
er

vo
n
en

k
is

d
im

en
si

o
n
”
.

A
m

on
g

th
ei

r
re

su
lt

s,
th

ey
p
ro

ve
th

e
fo

ll
ow

in
g

th
eo

re
m

.

T
h

e
o
re

m
A

(B
lu

m
e
r

e
t

a
l.

1
9
8
9
)

L
et

(X
,R

)
be

a
se

t
sy

st
em

a
n

d
k

be
a
n

y
po

si
ti

ve
in

te
ge

r.
T

h
en

V
C

-d
im
( R

k
∪
) =

O
( V

C
-d

im
(R

)
·k

lo
g
k
) ,

V
C

-d
im
( R

k
∩
) =

O
( V

C
-d

im
(R

)
·k

lo
g
k
) .

M
o
re

o
ve

r,
th

er
e

a
re

se
t

sy
st

em
s

su
ch

th
a
t

V
C

-d
im
( R

k
∪
) =

Ω
(V

C
-d

im
(R

)
·k

)
a
n

d

V
C

-d
im
( R

k
∩
) =

Ω
(V

C
-d

im
(R

)
·k

).

R
e
m

a
rk

.
T

h
e

u
p
p

er
b

ou
n
d

h
ol

d
s

in
a

m
o
re

g
en

er
al

se
tt

in
g:

fo
r

a
n
y

fi
x
ed

se
t-

th
eo

re
ti

c
ex

p
re

ss
io

n
F

(R
1
,R

2
,.
..
,R

k
)

(c
o
n
si

st
in

g
of

op
er

a
ti

o
n
s

of
se

t
u
n
io

n
,

in
te

rs
ec

ti
o
n
,

an
d

d
iff

er
en

ce
)

a
n
d

ra
n
g
e

se
t
R

k
∗

:=
{F

(R
1
,.
..
,R

k
)

:
R

1
,.
..
,R

k
∈
R
},

w
e

h
av

e
V

C
-d

im
(R

k
∗ )

=
O

(V
C

-d
im

(R
)
·k

lo
g
k
)

(s
ee

eg
.

M
at

ou
še
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[d
′ ]

—
o
r

eq
u
iv

al
en

tl
y,

0
≤
x
i
≤
q i

an
d
q i
≤
x
′ i

fo
r

ea
ch

i
∈

[d
′ ]

.
N

o
te

th
at

th
es

e
tw

o
co

n
d
it

io
n
s

a
re

ex
ac

tl
y

th
e

sa
m

e,
im

p
ly

in
g

(1
).

R
ec

a
ll

th
at
B

=
B n

,d
′

is
th

e
se

t
of

b
ox

es
p
ro

v
id

ed
b
y

L
em

m
a

3
w

it
h

p
ar

am
et

er
s
d
′

=
⌊ d 2

⌋
an

d
n

=
blo

g
k
c+

1
.

T
h
u
s

w
e

h
av

e

|B
|=

(⌊
d 2

⌋
−

1)
blo

g
k
c2
bl

o
g
k
c−

1
.

P
ro

p
o
si

ti
o
n

5
(“

L
if

te
d

d
u

a
l

v
e
rs

io
n

”
o
f

L
e
m

m
a

3
)
π

(B
)

is
a

se
t

o
f
(⌊

d 2

⌋ −
1)
blo

g
k
c2
bl

o
g
k
c−

1

po
in

ts
in

R
d

su
ch

th
a
t

fo
r

a
n

y
su

bs
et
T
⊆
π

(B
),

th
er

e
is

a
se

t
Q
∗

o
f

a
t

m
o
st
k

a
xi

s-
pa

ra
ll

el
bo

xe
s

in
R

d
su

ch
th

a
t

(i
)

ea
ch

po
in

t
o
f
T

is
co

n
ta

in
ed

in
ex

a
ct

ly
o
n

e
bo

x
in
Q
∗ ,

a
n

d
(i

i)
n

o
po

in
t

o
f
π

(B
)
\T

is
co

n
ta

in
ed

in
a
n

y
bo

x
o
f
Q
∗ .

In
pa

rt
ic

u
la

r,
π

(B
)

is
sh

a
tt

er
ed

by
th

e
se

t
sy

st
em

in
d
u

ce
d

by
th

e
k

-f
o
ld

u
n

io
n

o
f

a
xi

s-
pa

ra
ll

el
bo

xe
s

in
R

d
a
n

d
a
ls

o
sh

a
tt

er
ed

by
th

e
se

t
sy

st
em

in
d
u

ce
d

by
th

e
k

-f
o
ld

sy
m

m
et

ri
c

d
iff

er
en

ce
o
f

a
xi

s-
pa

ra
ll

el
bo

xe
s

in
R

d
.

P
ro

o
f

L
et
S

=
{ π
−

1
(p

)
:
p
∈
π

(B
)
\T
} .

B
y

L
em

m
a

3,
th

er
e

is
a

se
t
Q

o
f

a
t

m
os

t
k

p
oi

n
ts

in
R

d
′

su
ch

th
at

(i
),

(i
i)

of
L

em
m

a
3

h
ol

d
fo

r
S

a
n
d
Q

.
L

et
ti

n
g
Q
∗

=
{β

(q
)

:
q
∈
Q
},

th
e

cl
ai

m
fo

ll
ow

s
fr

om
(1

).

N
ex

t
w

e
d
efi

n
e

th
e

fu
n
ct

io
n
γ

(·)
m

ap
p
in

g
b

ox
es

in
R

d
to

h
al

f-
sp

ac
es

in
R

d
su

ch
th

at
fo

r
an

y
p

oi
n
t

p
∈
π

(B
)

an
d

b
ox

B
=
β

(q
),

w
e

h
av

e

p
∈
B
⇐
⇒

p
∈
γ

(B
).

(2
)

F
or

ev
er

y
i
∈

[d
],

le
t

0
<

α
i,

1
<

α
i,

2
<

..
.

d
en

ot
e

th
e

se
q
u
en

ce
of

d
is

ti
n
ct

va
lu

es
of

th
e
x
i-

co
o
rd

in
at

es
of

th
e

el
em

en
ts

of
π

(B
).

E
ve

ry
su

ch
se

q
u
en

ce
h
as

le
n
g
th

at
m

os
t
|π

(B
)|.

B
y

re
-s

ca
li
n
g

th
e

co
or

d
in

at
es

,
w

e
ca

n
as

su
m

e
th

at

fo
r

ea
ch

i
∈

[d
]

a
n
d
j
≤
|π

(B
)
|,

α
i,
j
+

1

α
i,
j

>
d
.

(3
)

D
en

o
te

th
e

re
su

lt
in

g
p

oi
n
t

se
t

b
y
P

.
N

ot
e

th
at

sc
al

in
g

a
lo

n
g

ea
ch

co
or

d
in

a
te

d
o
es

n
ot

ch
an

g
e

in
ci

d
en

ce
s

w
it

h
re

sp
ec

t
to

a
x
is

-p
ar

al
le

l
b

ox
es

,
th

u
s

P
ro

p
os

it
io

n
5

st
il
l

h
ol

d
s

if
w

e
re

p
la

ce
π

(B
)

b
y
P

a
n
d

th
a
t
|P
|=
|π

(B
)|

=
|B
|.

W
e

cl
a
im

th
a
t
P

is
sh

at
te

re
d

b
y

th
e

se
t

sy
st

em
in

d
u
ce

d
b
y

th
e
k
-f

ol
d

u
n
io

n
of

h
al

f-
sp

ac
es

in
R

d

a
n
d

al
so

sh
a
tt

er
ed

b
y

th
e

se
t

sy
st

em
in

d
u
ce

d
b
y

th
e
k
-f

ol
d

sy
m

m
et

ri
c

d
iff

er
en

ce
of

h
al

f-
sp

ac
es

in
R

d
.

T
o

se
e

th
at

,
le

t
P
′

b
e

an
y

su
b
se

t
of
P

.
L

et
Q
∗

b
e

th
e

se
t

o
f

ax
is

-p
ar

al
le

l
b

ox
es

co
rr

es
p

on
d
in

g
to
P
′

p
ro

v
id

ed
b
y

P
ro

p
o
si

ti
o
n

5
.
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C
si

k
ó
s,

K
u
pa

v
sk

ii
,

a
n
d

M
u
st

a
fa

F
or

ea
ch

b
ox

B
∈
Q
∗ ,

w
e

ca
n

re
-s

ca
le
B

if
n
ec

es
sa

ry
,

w
it

h
o
u
t

ch
an

gi
n
g

it
s

in
te

rs
ec

ti
o
n

w
it

h
P

so
th

at
B

is
of

th
e

fo
rm

B
=

[0
,b

1
]×

[0
,b

2
]×
··
·×

[0
,b

d
],

w
h
er

e
ea

ch
b i

is
eq

u
a
l

to
α
i,
j i

,
fo

r
a

su
it

ab
le
j i

.
N

ow
fo

r
ea

ch
b

ox
B
∈
Q
∗ ,

w
e

d
efi

n
e

a
h
a
lf

-s
p
ac

e
γ

(B
)

as
th

e
se

t
of

p
oi

n
ts

(x
1
,.
..
,x

d
)
∈
R

d
sa

ti
sf

y
in

g

x
1

b 1
+
x

2

b 2
+
··
·+

x
d

b d
≤
d
.

(4
)

C
le

ar
ly

fo
r

an
y

p
oi

n
t

(x
1
,.
..
,x

d
)

co
n
ta

in
ed

in
th

e
b

ox
B

,
w

e
h
av

e
x
i
∈

[0
,b

i]
a
n
d

th
u
s

ea
ch

te
rm

on
th

e
le

ft
-h

an
d

si
d
e

of
th

e
E

q
u
a
ti

o
n

(4
)

is
a
t

m
os

t
1.

T
h
is

im
p
li
es

th
at
B
⊂
γ

(B
)

a
n
d

so
an

y
p

o
in

t
in

th
e

b
ox

B
li
es

in
th

e
h
a
lf

-s
p
ac

e
γ

(B
).

O
n

th
e

ot
h
er

h
an

d
,

fo
r

a
n
y

p
o
in

t
(x

1
,.
..
,x

d
)
∈
P
\B

,
th

er
e

ex
is

ts
an

in
d
ex

i
∈

[d
]

su
ch

th
at

x
i
>
b i

.
B

y
(3

),
w

e
h
av

e
th

a
t
x
i/
b i
>
d
,

an
d

th
u
s

(x
1
,.
..
,x

d
)

ca
n
n
ot

li
e

in
th

e
h
al

f-
sp

ac
e
γ

(B
).

C
on

si
d
er

th
e

se
t

of
at

m
os

t
k

h
a
lf

-s
p
ac

es
d
efi

n
ed

as
H

=
{γ

(B
)

:
B
∈
Q
∗ }

.
N

ow
b
y

P
ro

p
os

it
io

n
5

an
d

(2
),

w
e

h
av

e

(i
)

ea
ch

p
oi

n
t

of
P
′

is
co

n
ta

in
ed

in
ex

a
ct

ly
o
n
e

h
al

f-
sp

a
ce

in
H

,
a
n
d

(i
i)

n
o

p
oi

n
t

of
P
\P
′

is
co

n
ta

in
ed

in
a
n
y

h
a
lf

-s
p
ac

e
of
H

.

In
ot

h
er

w
or

d
s,

th
e

u
n
io

n
as

w
el

l
a
s

th
e

sy
m

m
et

ri
c

d
iff

er
en

ce
of

th
e

h
al

f-
sp

ac
es

in
H

co
n
ta

in
s

p
re

ci
se

ly
th

e
se

t
P
′ .

A
s

th
is

is
tr

u
e

fo
r

a
n
y
P
′
⊆
P

,
th

e
k
-f

o
ld

u
n
io

n
of

h
a
lf

-s
p
a
ce

s
in

R
d

sh
a
tt

er
s
P

an
d

th
e

sa
m

e
h
ol

d
s

fo
r

th
e
k
-f

ol
d

sy
m

m
et

ri
c

d
iff

er
en

ce
of

h
al

f-
sp

ac
es

in
R

d
.

F
in

al
ly

,
w

e
h
av

e

|P
|=
|B
|=

(⌊
d 2

⌋
−

1

)
blo

g
k
c2
bl

o
g
k
c−

1
=

Ω
(d
·k

lo
g
k
)
,

as
d
es

ir
ed

.

4
.
P
ro

o
f
o
f
T
h
e
o
re
m

2
.

G
iv

en
a

se
t
H

of
h
y
p

er
p
la

n
es

in
R

d
,

d
efi

n
e

th
e

se
t

sy
st

em

∆
k

(H
)

=
{ H
′
⊆
H

:
∃

an
op

en
k
-d

im
en

si
o
n
a
l

si
m

p
le

x
S

in
R

d
su

ch
th

a
t

H
∈
H
′

if
a
n
d

on
ly

if
H

in
te

rs
ec

ts
S
} .

W
e

p
ro

v
e

th
e

fo
ll
ow

in
g

m
o
re

ge
n
er

a
l

th
eo

re
m

fr
om

w
h
ic

h
T

h
eo

re
m

2
fo

ll
ow

s
im

m
ed

ia
te

ly
b
y

se
tt

in
g

k
=
d
.

T
h

e
o
re

m
6

F
o
r

a
n

y
in

te
ge

r
d
≥

4
a
n

d
k
≤
d

,
th

er
e

ex
is

ts
a

se
t
H

o
f

Ω
(d
k

lo
g
k
)

h
yp

er
p
la

n
es

in
R

d
su

ch
th

a
t
|∆

k
(H

)|
=

2|
H
| ,

th
a
t

is
,

w
e

h
a
ve

V
C

-d
im

(∆
k

(H
))

=
Ω

(d
·k

lo
g
k
)
.

P
ro

o
f

A
p
p
ly

T
h
eo

re
m

1
to

ge
t

a
se

t
P

of
Ω

(d
k

lo
g
k
)

p
oi

n
ts

in
R

d
th

a
t

is
sh

at
te

re
d

b
y

th
e
k
-f

ol
d

u
n
io

n
of

op
en

h
al

f-
sp

a
ce

s.
U

si
n
g

p
oi

n
t-

h
y
p

er
p
la

n
e

d
u
a
li
ty

(s
ee

eg
.

M
at

o
u
še

k
,

20
02

),
m

a
p

ea
ch

p
oi

n
t

p
∈
P

to
a

h
y
p

er
p
la

n
e
α

(p
)

b
y

p
=

(p
1
,.
..
,p

d
)
7−→

α
(p

)
:=
{ (x

1
,.
..
,x

d
)

:
p

1
x

1
+
p

2
x

2
+
··
·+

p
d
−

1
x
d
−

1
−
x
d

=
−
p
d

} .

O
u
r

d
es

ir
ed

se
t
H

of
h
y
p

er
p
la

n
es

w
il
l

si
m

p
ly

b
e

H
=
{ α

(p
):
p
∈
P
} .
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T
ig

h
t

L
o
w

e
r

B
o
u
n
d
s

o
n

t
h
e

V
C

-d
im

e
n
sio

n
o
f

G
e
o
m

e
t
r
ic

S
e
t

S
y
st

e
m

s

It
is

ea
sy

to
ch

eck
th

a
t

th
e

m
a
p
p
in

g
α

is
in

jective
an

d
th

u
s|H
|

=
|P
|

=
Ω

(d
k

log
k
).

W
e

claim
th

at
H

is
sh

attered
b
y

th
e

set
sy

stem
in

d
u
ced

b
y

op
en

k
-d

im
en

sio
n
a
l

sim
p
lices;

in
oth

er
w

ord
s,

for
an

y
H
′⊆
H

,
th

ere
ex

ists
a
k
-d

im
en

sion
al

sim
p
lex

S
su

ch
th

a
t

th
e

in
terior

of
S

in
tersects

each
h
y
p

erp
lan

e
o
fH
′,

a
n
d

n
o

h
y
p

erp
la

n
e

o
fH
\H
′.

F
ix

an
y
H
′⊆
H

an
d

letP
′

=
α
−

1
(H
′)

b
e

th
e

corresp
on

d
in

g
p

oin
ts

ofP
.

T
h
en

th
ere

ex
ists

a
set

H
(P
′)

o
f
k

o
p

en
h
a
lf-sp

aces
w

h
ose

u
n
ion

con
tain

s
all

p
o
in

ts
in
P
′

an
d

n
o

p
oin

t
in
P
\P
′.

F
rom

E
q
u
atio

n
(4),

it
fo

llow
s

th
a
t

ea
ch

h
a
lf-sp

ace
in

H
(P
′)

is
of

th
e

form

x
1

b
1

+
x

2

b
2

+
···

+
x
d

b
d
<
d
,

w
h
ere

b
1 ,...,b

d
are

p
ositive

reals.
M

ap
each

h
a
lf-sp

a
ce
H
∈
H

(P
′)

to
th

e
p

o
in

t
δ(H

),
given

b
y

H
=

{
(x

1 ,...,x
d )

:
x

1

b
1

+
x

2

b
2

+
···

+
x
d

b
d
<
d }

7−→
δ(H

)
:=

(
b
d

b
1
,...,

b
d

b
d−

1
,d·b

d )
.

It
is

easy
to

v
erify

th
at

for
a

p
oin

t
p
∈
R

d
an

d
th

e
h
a
lf-sp

ace
H

,
w

e
h
ave

p
∈
H
⇐
⇒

p
1

b
1

+
p

2

b
2

+
···

+
p
d

b
d
<
d

⇐
⇒

p
1 ·
b
d

b
1

+
p

2 ·
b
d

b
2

+
···

+
p
d−

1 ·
b
d

b
d−

1
+
p
d
<
d·
b
d

⇐
⇒

p
oin

t

(
b
d

b
1
,
b
d

b
2
,...,

b
d

b
d−

1
,d·b

d )
lies

strictly
ab

ove
th

e
h
y
p

erp
lan

e

p
1 x

1
+
p

2 x
2

+
···

+
p
d−

1 x
d−

1 −
x
d

=
−
p
d

⇐
⇒

th
e

p
oin

t
δ(H

)
lies

strictly
ab

ove
th

e
h
y
p

erp
la

n
e
α

(p
).

(5
)

H
ere

w
e

cru
cially

n
eed

ed
th

e
fact

th
at

a
ll

h
alf-sp

aces
in

H
(P
′)

are
d
ow

n
w

a
rd

facin
g,

th
at

is,
each

h
alf-sp

ace
in

H
(P
′)

con
ta

in
s

th
e

origin
,

w
h
ich

lies
b

elow
(w

ith
resp

ect
to

th
e
x
d -co

ord
in

ate)
its

b
ou

n
d
in

g
h
y
p

erp
lan

e.
N

ow
co

n
sid

er
th

e
k

o
p

en
h
a
lf-sp

aces
in

H
(P
′)

an
d

let

∆
′

=
{
δ(H

):
H
∈
H

(P
′)}

b
e
k

p
o
in

ts
in

R
d.

F
ro

m
th

e
rela

tion
(5

),
it

follow
s

th
at

•
A

s
each

p
oin

t
p
∈
P
′

lies
in

so
m

e
h
a
lf-sp

a
ce
H
∈
H

(P
′),

th
e

p
o
in

t
δ(H

)
lies

strictly
ab

ove
th

e
h
y
p

erp
lan

e
α

(p
)

in
H

—
o
r

eq
u
ivalen

tly,
th

e
h
y
p

erp
lan

e
α

(p
)

h
as

at
least

on
e

of
th

e
k

p
oin

ts
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óth

,
ed

itors,
H

a
n

d
boo

k
o
f

D
iscrete

a
n

d
C

o
m

p
u

ta
tio

n
a
l

G
eo

m
etry.

C
R

C
P

ress
L

L
C

,
2017,

to
ap

p
ea

r.

J
.

P
ach

an
d

G
.

T
ard

o
s.

T
ig

h
t

low
er

b
ou

n
d
s

for
th

e
size

of
ep

silon
-n

ets.
J

.
A

m
er.

M
a
th

.
S

oc.,
26(3):

645–65
8,

2013.

V
.

N
.

V
ap

n
ik

an
d

A
.

Y
a.

C
h
ervon

en
k
is.

O
n

th
e

u
n
iform

con
verg

en
ce

of
relativ

e
freq

u
en

cies
o
f

even
ts

to
th

eir
p
rob

ab
ilities.

T
h
eo

ry
o
f

P
ro

ba
bility

a
n

d
its

A
p
p
lica

tio
n

s,
16(2):26

4
–280,

1
97

1.

8
JM

L
R

 20(81):1-8, 2019



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

2
0

(2
0
1
9
)

1
-5

S
u

b
m

it
te

d
1
2
/
1
8
;

R
ev

is
ed

3
/
1
9
;

P
u

b
li

sh
ed

4
/
1
9

S
M

A
R
T
:
A
n
O
p
e
n
S
o
u
rc
e
D
a
ta

L
a
b
e
li
n
g
P
la
tf
o
rm

fo
r

S
u
p
e
rv

is
e
d
L
e
a
rn

in
g

R
o
b

C
h

e
w

r
c
h
e
w

@
r
t
i.
o
r
g

M
ic

h
a
e
l

W
e
n

g
e
r

m
w

e
n
g

e
r
@

r
t
i.
o
r
g

C
a
ro

li
n

e
K

e
ry

c
k
e
r
y
1
@

u
m

b
c
.e

d
u

J
a
so

n
N

a
n

c
e

jn
a
n
c
e
@

r
t
i.
o
r
g

K
e
it

h
R

ic
h

a
rd

s
d
k
r
ic

h
a
r
d
s@

r
t
i.
o
r
g

E
m

il
y

H
a
d

le
y

e
h
a
d
l
e
y
@

r
t
i.
o
r
g

P
e
te

r
B

a
u

m
g
a
rt

n
e
r

p
b
a
u
m

g
a
r
t
n
e
r
@

r
t
i.
o
r
g

C
en

te
r

fo
r

D
a
ta

S
ci

en
ce

R
T

I
In

te
rn

a
ti

o
n

a
l

R
es

ea
rc

h
T

ri
a
n

gl
e

P
a
rk

,
N

C
2
7
7
0
9
,

U
S

A

E
d

it
o
r:

A
le

x
an

d
re

G
ra

m
fo

rt

A
b
st
ra

ct

S
M

A
R

T
is

an
o
p

en
so

u
rc

e
w

eb
ap

p
li
ca

ti
o
n

d
es

ig
n
ed

to
h
el

p
d
a
ta

sc
ie

n
ti

st
s

an
d

re
se

ar
ch

te
a
m

s
effi

ci
en

tl
y

b
u
il
d

la
b

el
ed

tr
ai

n
in

g
d
at

a
se

ts
fo

r
su

p
er

v
is

ed
m

a
ch

in
e

le
ar

n
in

g
ta

sk
s.

S
M

A
R

T
p
ro

v
id

es
u
se

rs
w

it
h

an
in

tu
it

iv
e

in
te

rf
ac

e
fo

r
cr

ea
ti

n
g

la
b

el
ed

d
at

a
se

ts
,

su
p
p

or
ts

ac
ti

ve
le

a
rn

in
g

to
h
el

p
re

d
u
ce

th
e

re
q
u
ir

ed
a
m

o
u
n
t

of
la

b
el

ed
d
at

a,
an

d
in

co
rp

or
at

es
in

te
r-

ra
te

r
re

li
ab

il
it

y
st

at
is

ti
cs

to
p
ro

v
id

e
in

si
g
h
t

in
to

la
b

el
q
u
al

it
y.

S
M

A
R

T
is

d
es

ig
n
ed

to
b

e
p
la

tf
or

m
a
gn

os
ti

c
a
n
d

ea
si

ly
d
ep

lo
ya

b
le

to
m

ee
t

th
e

n
ee

d
s

of
as

m
an

y
d
iff

er
en

t
re

se
ar

ch
te

a
m

s
as

p
os

si
b
le

.
T

h
e

p
ro

je
ct

w
eb

si
te

1
co

n
ta

in
s

li
n
k
s

to
th

e
co

d
e

re
p

os
it

or
y

an
d

ex
te

n
si

ve
u
se

r
d
o
cu

m
en

ta
ti

o
n
.

K
e
y
w

o
rd

s:
so

ft
w

ar
e,

su
p

er
v
is

ed
le

ar
n
in

g
,

d
at

a
la

b
el

in
g,

a
ct

iv
e

le
ar

n
in

g,
op

en
so

u
rc

e

1
.
In

tr
o
d
u
ct
io
n

O
ve

r
th

e
p
as

t
d
ec

ad
e,

su
p

er
v
is

ed
m

a
ch

in
e

le
ar

n
in

g
h
as

m
ad

e
tr

em
en

d
o
u
s

st
ri

d
es

,
ac

h
ie

v
in

g
or

su
rp

as
si

n
g

h
u
m

an
-l

ev
el

p
er

fo
rm

an
ce

on
ta

sk
s

d
iv

er
se

as
im

ag
e

re
co

gn
it

io
n

(R
ea

l
et

al
.,

20
17

),
sp

ee
ch

re
co

gn
it

io
n

(S
ao

n
et

al
.,

20
17

)
an

d
la

n
gu

ag
e

m
o
d
el

in
g

(Z
il
ly

et
al

.,
20

16
).

W
h
il
e

m
an

y
of

th
es

e
ac

h
ie

ve
m

en
ts

ar
e

at
le

as
t

p
ar

ti
al

ly
d
u
e

to
al

go
ri

th
m

ic
a
d
va

n
ce

s
a
n
d

sp
ec

ia
li
ze

d
co

m
p
u
ti

n
g

re
so

u
rc

es
,

th
ey

al
so

al
l

re
ly

on
la

rg
e

la
b

el
ed

d
at

a
se

ts
.

H
ow

ev
er

,
in

th
e

re
se

ar
ch

co
m

m
u
n
it

y
an

d
in

in
d
u
st

ry
,

it
is

of
te

n
ac

k
n
ow

le
d
g
ed

th
a
t

th
e

m
ai

n
b

ot
tl

en
ec

k
in

m
ac

h
in

e
le

ar
n
in

g
ad

op
ti

on
is

n
o

lo
n
ge

r
al

go
ri

th
m

s
or

h
ar

d
w

ar
e,

b
u
t

cr
ea

ti
n
g

su
ffi

ci
en

tl
y

la
rg

e
la

b
el

ed
d
at

a
se

ts
to

ad
d
re

ss
m

ea
n
in

gf
u
l

ta
sk

s.
T

o
ad

d
re

ss
th

is
is

su
e,

w
e

cr
ea

te
d

S
M

A
R

T
,

an
op

en
so

u
rc

e
ap

p
li
ca

ti
on

d
es

ig
n
ed

to
le

ss
en

m
an

u
al

la
b

el
in

g
eff

or
t

w
h
il
e

m
ai

n
ta

in
in

g
d
at

a
q
u
al

it
y.

S
M

A
R

T
u
se

s
ac

ti
ve

le
ar

n
in

g
(S

et
tl

es
,

20
12

)
to

h
el

p
re

d
u
ce

th
e

n
u
m

b
er

of
la

b
el

s
n
ec

es
sa

ry
to

d
ev

el
op

a
re

li
ab

le
m

o
d
el

,
in

te
r-

ra
te

r
re

li
ab

il
it

y
st

at
is

ti
cs

(C
oh

en
,
19

60
;
F

le
is

s,
19

71
)

to
en

su
re

la
b

el
q
u
al

it
y,

an
d

d
at

a
v
is

u
al

iz
at

io
n

to
h
el

p
p
ro

je
ct

ad
m

in
is

tr
at

or
s

m
an

ag
e

co
d
in

g
p
ro

je
ct

s.
S
M

A
R

T
al

lo
w

s
fo

r
m

u
lt

ip
le

co
d
er

s

1
.
h
t
t
p
s
:
/
/
r
t
i
i
n
t
e
r
n
a
t
i
o
n
a
l
.
g
i
t
h
u
b
.
i
o
/
S
M
A
R
T
/

c ©
2
0
1
9

R
o
b

C
h

ew
,

M
ic

h
a
el

W
en

g
er

,
C

a
ro

li
n

e
K

er
y,

J
a
so

n
N

a
n

ce
,

K
ei

th
R

ic
h

a
rd

s,
E

m
il

y
H

a
d

le
y,

a
n

d
P

et
er

B
a
u

m
g
a
rt

n
er

.

L
ic

en
se

:
C

C
-B

Y
4
.0

,
se

e
h
t
t
p
s
:
/
/
c
r
e
a
t
i
v
e
c
o
m
m
o
n
s
.
o
r
g
/
l
i
c
e
n
s
e
s
/
b
y
/
4
.
0
/
.

A
tt

ri
b

u
ti

o
n

re
q
u

ir
em

en
ts

a
re

p
ro

v
id

ed
a
t
h
t
t
p
:
/
/
j
m
l
r
.
o
r
g
/
p
a
p
e
r
s
/
v
2
0
/
1
8
-
8
5
9
.
h
t
m
l
.

JM
L

R
 2

0(
82

):
1-

5,
 2

01
9

C
h
e
w

,
W

e
n
g

e
r
,

K
e
r
y
,

N
a
n
c
e
,

R
ic

h
a
r
d
s,

H
a
d
l
e
y
,

a
n
d

B
a
u
m

g
a
r
t
n
e
r

p
er

p
ro

je
ct

an
d

su
p
p

or
ts

on
-p

re
m

is
e

in
st

al
la

ti
on

,
es

se
n
ti

al
fo

r
p
ro

je
ct

s
w

h
er

e
cr

ow
d
so

u
rc

in
g

is
p
ro

h
ib

it
ed

(e
.g

.,
w

h
en

th
e

d
at

a
se

t
is

p
ro

p
ri

et
ar

y
or

se
n
si

ti
ve

in
n
at

u
re

).
W

h
il
e

S
M

A
R

T
w

as
p
ri

m
ar

il
y

d
es

ig
n
ed

fo
r

ap
p
li
ed

re
se

ar
ch

er
s

an
d

an
al

y
st

s
n
ee

d
in

g
to

ge
n
er

a
te

la
b

el
le

d
tr

ai
n
in

g
d
at

a,
m

ac
h
in

e
le

ar
n
in

g
an

d
h
u
m

an
-c

om
p
u
te

r
in

te
ra

ct
io

n
re

se
ar

ch
er

s
ca

n
a
ls

o
u
se

S
M

A
R

T
to

st
u
d
y

h
ow

h
u
m

an
s

la
b

el
d
at

a.
T

h
is

co
u
ld

ra
n
ge

fr
om

ru
n
n
in

g
ex

p
er

im
en

ts
o
n

h
ow

co
d
er

s
in

te
ra

ct
to

as
se

ss
in

g
ac

ti
ve

le
ar

n
in

g
al

go
ri

th
m

s
on

th
ei

r
to

ta
l

la
b

el
li
n
g

b
u
rd

en
(t

im
e,

co
st

s,
et

c.
).

S
M

A
R

T
is

p
ar

t
of

a
b
ro

ad
co

ll
ec

ti
on

of
co

m
m

er
ci

al
an

d
o
p

en
so

u
rc

e
d
at

a
la

b
el

in
g

p
la

t-
fo

rm
s.

W
h
il
e

p
ro

v
id

in
g

so
m

e
ov

er
la

p
in

fu
n
ct

io
n
al

it
y,

th
es

e
so

ft
w

ar
e

p
ro

d
u
ct

s
a
n
d

se
rv

ic
es

ra
n
ge

w
id

el
y

in
th

ei
r

in
te

n
d
ed

u
se

ca
se

s
an

d
p
ri

ci
n
g.

C
om

m
er

ci
al

P
la

tf
or

m
a
s

a
S
er

v
ic

e
(P

aa
S
)

ap
p
li
ca

ti
on

s
th

at
sp

ec
ia

li
ze

in
d
at

a
la

b
el

li
n
g

(e
.g

.,
F

ig
u
re

E
ig

h
t)

te
n
d

to
b

e
th

e
m

os
t

fu
ll
-f

ea
tu

re
d

an
d

p
u
t

a
p
re

m
iu

m
on

th
e

u
sa

b
il
it

y
a
n
d

sc
al

ab
il
it

y
of

th
ei

r
p
ro

d
u
ct

s.
F

o
r

a
fe

e,
th

es
e

se
rv

ic
es

p
ro

v
id

e
an

al
y
st

s
w

it
h

a
p
la

tf
or

m
to

or
ga

n
iz

e,
an

n
ot

at
e,

an
d

ex
p

o
rt

th
ei

r
la

b
el

ed
d
at

a.
In

co
n
tr

as
t,

co
m

m
er

ci
al

cr
ow

d
so

u
rc

in
g

p
la

tf
or

m
s

(e
.g

.,
A

m
az

o
n

M
ec

h
a
n
ic

al
T

u
rk

)
p
ro

v
id

e
b

ot
h

an
n
ot

at
io

n
te

m
p
la

te
s

a
n
d

ac
ce

ss
to

an
on

-d
em

an
d

la
b

el
li
n
g

w
o
rk

fo
rc

e.
W

h
il
e

cr
ow

d
so

u
rc

in
g

m
ay

b
e

an
in

ex
p

en
si

ve
an

d
re

li
ab

le
w

ay
to

p
er

fo
rm

m
an

y
m

ic
ro

-t
a
sk

s,
it

m
ay

b
e

in
ap

p
ro

p
ri

at
e

fo
r

m
or

e
co

m
p
le

x
ta

sk
s,

th
os

e
th

at
re

q
u
ir

e
ex

p
er

t
ju

d
g
em

en
t,

o
r

fo
r

d
at

a
th

at
is

co
n
fi
d
en

ti
al

or
cl

as
si

fi
ed

.
F

or
op

en
so

u
rc

e
p
ro

je
ct

s,
sp

ec
ia

li
ze

d
re

se
a
rc

h
so

ft
w

ar
e

ap
p
li
ca

ti
on

s
fo

cu
si

n
g

on
m

et
h
o
d
s

li
ke

ac
ti

ve
le

ar
n
in

g
(S

et
tl

es
,

20
11

)
a
n
d

a
d
a
p
ti

ve
sa

m
p
li
n
g

(S
co

tt
S
ie

v
er

t
et

al
.,

20
17

)
ar

e
m

or
e

co
m

m
on

th
an

p
la

tf
or

m
s

ta
k
in

g
a

h
o
li
st

ic
ap

p
ro

ac
h

to
th

e
d
at

a
la

b
el

li
n
g

w
or

k
fl
ow

.
In

es
se

n
ce

,
S
M

A
R

T
is

th
e

op
en

so
u
rc

e
a
lt

er
n
a
ti

ve
to

co
m

m
er

ci
al

d
at

a
la

b
el

li
n
g

p
la

tf
or

m
s,

p
ro

v
id

in
g

a
p

ow
er

fu
l
se

t
of

co
re

fe
at

u
re

s
th

a
t

ca
n

b
e

m
o
d
ifi

ed
an

d
ex

te
n
d
ed

b
y

th
e

co
m

m
u
n
it

y
to

ad
d
re

ss
n
ew

u
se

ca
se

s.
A

t
th

e
ti

m
e

o
f

w
ri

ti
n
g
,

S
M

A
R

T
p
ri

m
ar

il
y

su
p
p

or
ts

te
x
t

cl
as

si
fi
ca

ti
on

,
th

ou
gh

it
ca

n
b

e
ex

te
n
d
ed

to
m

o
d
el

o
th

er
ta

sk
s

an
d

d
at

a
ty

p
es

.

2
.
U
si
n
g
S
M

A
R
T

S
M

A
R

T
is

b
u
il
t

u
si

n
g

an
op

en
-s

ou
rc

e
te

ch
n
ol

og
y

st
ac

k
w

it
h

th
e

in
te

n
ti

on
of

b
ei

n
g

p
la

tf
o
rm

ag
n
os

ti
c

an
d

ea
sy

to
d
ep

lo
y.

S
p

ec
ifi

ca
ll
y,

S
M

A
R

T
is

a
w

eb
ap

p
li
ca

ti
on

u
si

n
g

R
ea

ct
,

B
o
o
t-

st
ra

p
,

d
3,

an
d

w
eb

p
ac

k
fo

r
fr

on
t-

en
d

in
te

ra
ct

io
n
s

an
d

D
ja

n
go

,
R

ed
is

,
an

d
P

o
st

g
re

S
Q

L
to

su
p
p

or
t

b
ac

k
-e

n
d

op
er

at
io

n
s.

D
o
ck

er
an

d
D

o
ck

er
-C

om
p

os
e2

ar
e

u
se

d
fo

r
O

S
-l

ev
el

v
ir

tu
a
l-

iz
at

io
n

to
ai

d
co

n
fi
gu

ra
ti

on
m

an
ag

em
en

t
an

d
ea

se
d
ep

lo
y
m

en
t

in
n
ew

en
v
ir

on
m

en
ts

.
D

o
ck

er
an

d
D

o
ck

er
-C

om
p

os
e

ar
e

al
so

S
M

A
R

T
's

on
ly

d
ep

en
d
en

ci
es

;
in

st
ru

ct
io

n
s

to
in

st
a
ll

S
M

A
R

T
u
si

n
g

th
es

e
sy

st
em

s
ca

n
b

e
fo

u
n
d

on
li
n
e

in
th

e
u
se

r
d
o
cu

m
en

ta
ti

on
.3

P
ro

je
c
t

C
re

a
ti

o
n

.
U

se
rs

cr
ea

te
th

ei
r

ow
n

p
ro

je
ct

s
u
si

n
g

a
m

u
lt

i-
st

ep
w

o
rk

fl
ow

.
T

o
st

ar
t

a
p
ro

je
ct

,
u
se

rs
p
ro

v
id

e
b
as

ic
p
ro

je
ct

in
fo

rm
at

io
n

(p
ro

je
ct

n
am

e
an

d
d
es

cr
ip

ti
o
n
),

d
e-

cl
ar

e
th

e
se

t
of

cl
as

se
s

th
ey

w
il
l

an
n
ot

at
e

in
th

e
p
ro

je
ct

,
an

d
u
p
lo

ad
th

ei
r

u
n
la

b
el

ed
d
a
ta

.
O

p
ti

on
al

ly
,

th
ey

ca
n

al
so

se
t

u
se

r
p

er
m

is
si

on
s

fo
r

m
u
lt

i-
u
se

r
p
ro

je
ct

s,
m

o
d
if

y
a
d
va

n
ce

d
p
ro

je
ct

se
tt

in
gs

,
an

d
u
p
lo

ad
an

in
st

ru
ct

io
n
al

co
d
eb

o
ok

to
h
el

p
d
efi

n
e

la
b

el
in

g
ta

sk
s

fo
r

u
se

rs
.

W
h
en

u
p
lo

ad
in

g
p
ro

je
ct

d
at

a,
u
se

rs
h
av

e
th

e
op

ti
on

of
p
ro

v
id

in
g

a
u
n
iq

u
e

id
en

ti
fi
er

to
h
el

p
li
n
k

ex
p

or
te

d
re

co
rd

s
an

d
th

ey
ca

n
al

so
p
ro

v
id

e
p
re

-l
ab

el
ed

d
at

a
to

in
it

ia
li
ze

th
e

a
c-

ti
ve

le
ar

n
in

g
m

o
d
el

s.
T

h
e

ad
va

n
ce

d
se

tt
in

gs
al

lo
w

th
e

u
se

r
to

cu
st

om
iz

e
th

e
a
ct

iv
e

le
a
rn

in
g

2
.
h
t
t
p
s
:
/
/
w
w
w
.
d
o
c
k
e
r
.
c
o
m
/

3
.
h
t
t
p
s
:
/
/
s
m
a
r
t
-
a
p
p
.
r
e
a
d
t
h
e
d
o
c
s
.
i
o
/
e
n
/
l
a
t
e
s
t
/
t
u
t
o
r
i
a
l
-
i
n
s
t
a
l
l
a
t
i
o
n
.
h
t
m
l

2
JM

L
R

 2
0(

82
):

1-
5,

 2
01

9



S
M

A
R

T
:

A
n

O
p
e
n

S
o
u
r
c
e

D
a
t
a

L
a
b
e
l
in

g
P

l
a
t
f
o
r
m

f
o
r

S
u
p
e
r
v
ise

d
L

e
a
r
n
in

g

(a
)

A
n
n
ota

tion
P

a
ge.

(b
)

A
d
m

in
istra

tive
D

ash
b
b

oard
P

age.

F
ig

u
re

1:
In

th
is

ex
am

p
le,

th
e

S
M

A
R

T
in

terface
(a)

p
rom

p
ts

u
sers

to
rate

th
e

sen
tim

en
t

o
f

a
tw

eet.
T

h
e

p
rogress

b
ar

in
d
icates

th
e

n
u
m

b
er

of
tw

eets
lab

eled
again

st
th

e
n
u
m

b
er

assign
ed

to
th

e
u
ser

in
th

e
cu

rren
t

b
atch

.
U

sers
w

ith
ad

m
in

istrativ
e

p
riv

ileges
can

access
v
isu

alization
s

of
a

p
ro

ject's
co

d
in

g
p
rogress

(b
).

T
h
e

L
ab

el
D

istrib
u
tion

ch
art

con
v
ey

s
th

e
n
u
m

b
er

of
an

n
otated

tw
eets

p
er

class
w

h
ereas

th
e

T
im

e
to

L
ab

el
ch

art
su

m
m

arizes
th

e
d
istrib

u
tion

of
tim

e
sp

en
t

p
er

co
d
er

lab
elin

g
tw

eets.
F

igu
res

sh
ow

casin
g

ad
d
ition

al
featu

res
of

S
M

A
R

T
are

availab
le

in
th

e
o
n
-lin

e
u
ser

d
o
cu

m
en

tation
.

m
o
d
el,

set
th

e
b
atch

size
for

th
e

n
u
m

b
er

o
f

ob
servation

s
to

lab
el

p
rior

to
re-ru

n
n
in

g
com

-
p
u
tatio

n
s,

a
n
d

to
en

ab
le/d

isab
le

in
ter-ra

ter
reliab

ility.
W

h
ile

sen
sib

le
d
efau

lt
settin

gs
are

p
rov

id
ed

,
all

settin
gs

can
b

e
cu

stom
ized

to
m

eet
th

e
sp

ecifi
c

n
eed

s
of

th
e

lab
elin

g
p
ro

ject.
A

n
n

o
ta

tin
g

D
a
ta

.
S
M

A
R

T
's

an
n
otation

p
age

allow
s

u
sers

to
p

erform
several

d
iff

eren
t

ta
sk

s
rela

tin
g

to
lab

elin
g

d
ata.

A
ll

p
ro

ject
m

em
b

ers
h
ave

access
to

th
e

m
ain

lab
elin

g
in

terfa
ce

(F
ig

u
re

1a)
as

w
ell

as
th

eir
p

erson
a
l

an
n
otation

h
istory

w
h
ere

th
ey

can
v
iew

an
d

m
o
d
ify

p
rev

io
u
sly

lab
eled

record
s.

F
o
r

each
record

,
u
sers

can
eith

er
p
rov

id
e

a
lab

el
or

sk
ip

th
e

o
b
serva

tio
n
.

S
k
ip

p
ed

record
s

are
forw

ard
ed

to
a

p
ro

ject
ad

m
in

istrator
for

ad
ju

d
ication

.
T

o
h
elp

w
ith

th
e

lab
elin

g
task

,
th

e
an

n
otation

p
age

also
con

tain
s

th
e

in
stru

ction
al

co
d
eb

o
ok

a
n
d

th
e

p
ro

ject's
lab

els
an

d
d
efi

n
ition

s
(if

in
clu

d
ed

d
u
rin

g
p
ro

ject
creation

),
p
rov

id
in

g
easy

a
ccess

to
im

p
o
rtan

t
an

n
otation

resou
rces.

P
riv

ileged
u
sers

can
also

lab
el

sp
ecifi

c
record

s
if

th
e

la
b

el
d
istrib

u
tion

is
h
igh

ly
sk

ew
ed

(A
tten

b
erg

an
d

P
rovost,

2010),
resolv

e
sk

ip
p

ed
d
ata

elem
en

ts,
an

d
rem

ov
e

record
s

from
th

e
p
ro

ject
th

at
are

com
p
letely

ou
t-of-scop

e
or

oth
erw

ise
d
eem

ed
u
n
u
sa

b
le.

If
in

ter-rater
reliab

ility
is

en
ab

led
,

p
riv

ileged
u
sers

can
also

ad
ju

d
icate

d
o
u
b
le-co

d
ed

record
s

in
w

h
ich

th
ere

is
lab

el
d
isagreem

en
t.

A
d

m
in

istra
tiv

e
D

a
sh

b
o
a
rd

.
T

o
h
elp

p
ro

ject
ow

n
ers

m
an

age
th

eir
lab

elin
g

task
s,

p
riv

ileg
ed

u
sers

h
ave

access
to

an
ad

m
in

istrator
d
ash

b
oard

p
age

th
at

in
clu

d
es

d
ata

v
isu

-
a
liza

tio
n
s

o
f

th
e

lab
elin

g
p
ro

cess,
p

erform
an

ce
m

etrics
for

th
e

active
learn

in
g

m
o
d
el,

an
d

in
ter-ra

ter
relia

b
ility

m
etrics

across
lab

elers.
T

h
e

m
a
in

la
b

eled
d
ata

v
iew

in
clu

d
es

tw
o

in
teractive

v
isu

alization
s

an
d

an
in

form
ative

d
a
ta

ta
b
le

(F
ig

u
re

1b
).

T
h
e

lab
el

d
istrib

u
tion

ch
art

sh
ow

s
th

e
cou

n
t

of
ea

ch
lab

el
p

er
u
ser

3
JM

L
R

 20(82):1-5, 2019

C
h
e
w

,
W

e
n
g

e
r
,

K
e
r
y
,

N
a
n
c
e
,

R
ic

h
a
r
d
s,

H
a
d
l
e
y
,

a
n
d

B
a
u
m

g
a
r
t
n
e
r

to
com

p
are

lab
eler

p
rogress

an
d

id
en

tify
d
rastic

d
iff

eren
ces

in
lab

el
d
istrib

u
tion

s
th

at
m

igh
t

in
d
icate

a
u
ser's

m
isu

n
d
erstan

d
in

g
of

th
e

lab
elin

g
task

.
T

h
e

tim
e

to
lab

el
ch

art
is

a
b

ox
an

d
w

h
isker

p
lot

d
etailin

g
h
ow

lon
g

each
u
ser

is
on

th
e

an
n
ota

tion
p
age

b
efore

selectin
g

a
lab

el.
T

h
is

ch
art

can
h
elp

in
d
icate

if
certain

lab
elers

are
ta

k
in

g
m

u
ch

less
tim

e
th

an
ex

p
ected

(in
d
icatin

g
p

ossib
le

falsifi
cation

)
or

m
ore

tim
e

th
an

ex
p

ected
(in

d
icatin

g
p

oten
tial

b
arriers

to
lab

elin
g).

T
h
e

active
learn

in
g

m
o
d
el

v
iew

p
rov

id
es

in
form

ation
on

th
e

p
erform

an
ce

of
a

classifi
er

train
ed

on
th

e
lab

eled
p
ro

ject
d
ata.

T
h
e

p
u
rp

ose
of

th
is

v
iew

is
to

h
elp

p
rov

id
e

in
sigh

t
on

w
h
en

th
e

d
ata

lab
elin

g
h
as

h
it

a
n
atu

ral
satu

ratio
n

p
oin

t
(ad

d
ition

al
lab

els
are

n
ot

im
p
rov

in
g

m
o
d
el

p
erform

an
ce)

an
d

to
ad

d
tran

sp
aren

cy
to

th
e

active
learn

in
g

m
ech

an
ism

.
S
M

A
R

T
cu

rren
tly

su
p
p

orts
u
n
certain

ty
sam

p
lin

g
(L

ew
is

an
d

G
ale,

1994
)

as
th

e
active

learn
in

g
algorith

m
u
sin

g
least

con
fi
d
en

t,
m

argin
,

an
d

en
trop

y
as

m
easu

res
of

u
n
certain

ty
(S

ettles,
2012).

C
u
rren

tly,
sev

eral
classifi

er
ty

p
es

are
su

p
p

orted
th

rou
gh

th
e

S
cik

it-learn
p
y
th

on
lib

rary
(P

ed
regosa

et
al.,

2011),
an

d
tex

t
d
ata

elem
en

ts
are

v
ectorized

u
sin

g
a

term
freq

u
en

cy
-in

verse
d
o
cu

m
en

t
freq

u
en

cy
(tf-id

f)
rep

resen
tation

(S
alton

an
d

B
u
ck

ley
,

1988).
A

fter
each

b
atch

of
d
ata

is
lab

eled
,

th
e

m
o
d
el

is
retrain

ed
,

an
d

its
p

erform
an

ce
is

u
p

d
a
ted

an
d

d
isp

lay
ed

in
an

in
teractive

d
ata

v
isu

alization
.

F
in

ally,
th

e
in

ter-rater
reliab

ility
(IR

R
)

v
iew

lets
p
riv

ileged
u
sers

u
n
d
erstan

d
h
ow

con
sis-

ten
tly

lab
elers

agree
on

lab
els

th
at

are
d
ou

b
le-co

d
ed

.
T

h
is

v
iew

is
p
articu

larly
u
sefu

l
early

in
th

e
lab

elin
g

p
ro

cess
to

d
iscover

if
th

ere
is

am
b
igu

ity
in

th
e

class
d
efi

n
ition

s
or

if
th

e
task

is
u
n
d
ersp

ecifi
ed

.
It

also
p
rov

id
es

an
in

d
ication

of
h
ow

w
ell

h
u
m

an
s

w
ou

ld
b

e
ex

p
ected

to
p

erform
on

th
e

task
,

a
u
sefu

l
b

en
ch

m
ark

to
con

tex
tu

alize
m

o
d
el

p
erform

a
n
ce.

S
M

A
R

T
u
ses

C
oh

en
s

kap
p
a

co
effi

cien
t

(C
oh

en
,

1960
)

to
m

easu
re

IR
R

b
etw

een
tw

o
in

d
ep

en
d
en

t
lab

elers
an

d
F

leiss
kap

p
a

(F
leiss,

1971)
for

m
ore

th
an

tw
o

lab
elers.

U
sers

can
also

v
iew

th
e

p
ercen

t
overall

agreem
en

t
an

d
th

e
p
airw

ise
p

ercen
t

agreem
en

t
for

u
n
a
d
ju

sted
m

etrics
com

p
arin

g
con

sisten
cy

across
lab

elers.
A

s
a

v
isu

al
su

m
m

ary,
S
M

A
R

T
p
rov

id
es

a
co

n
fu

sion
m

atrix
of

lab
eler

agreem
en

t
in

th
e

form
of

a
d
y
n
am

ic
h
eat

m
ap

.
T

h
is

v
isu

alization
is

valu
ab

le
in

d
i-

agn
osin

g
if

th
ere

are
p
articu

lar
classes

in
w

h
ich

lab
elers

d
isagree,

p
rov

id
in

g
targeted

in
sigh

t
in

to
p

oten
tially

am
b
igu

ou
s

class
d
efi

n
itio

n
s.

E
x
p

o
rtin

g
D

a
ta

.
S
M

A
R

T
allow

s
u
sers

to
d
ow

n
load

b
oth

th
e

lab
eled

d
ata

an
d

th
e

u
n
d
erly

in
g

classifi
cation

m
o
d
el

u
sed

fo
r

active
learn

in
g

(if
en

ab
led

for
th

e
p
ro

ject).
F

or
all

p
ro

jects,
S
M

A
R

T
retu

rn
s

a
zip

p
ed

fi
le

of
lab

eled
d
a
ta,

sorted
b
y

lab
el.

If
activ

e
learn

in
g

is
en

ab
led

,
S
M

A
R

T
w

ill
also

p
rov

id
e

several
relevan

t
serialized

P
y
th

on
ob

jects
u
sin

g
th

e
P

ick
le

p
roto

col,
in

clu
d
in

g
th

e
p
rep

ro
cessed

v
ersion

of
th

e
in

p
u
t

d
ata

as
a

tf-id
f

m
atrix

,
th

e
train

ed
classifi

er,
an

d
th

e
fi
t

vectorizer
to

con
vert

tex
t

d
ata

in
to

tf-id
f

vectors.
L

astly,
a

D
o
ckerfi

le
an

d
J
u
p
y
ter

N
oteb

o
ok

are
p
rov

id
ed

to
assist

u
sers

in
recreatin

g
th

e
ap

p
lica

tion
en

v
iron

m
en

t
an

d
ru

n
n
in

g
th

e
sam

p
le

co
d
e.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

w
ou

ld
lik

e
to

ack
n
ow

led
ge

th
e

N
ation

al
C

on
sortiu

m
for

D
ata

S
cien

ce
a
n
d

R
T

I
In

tern
a-

tion
al

for
th

eir
gen

erou
s

su
p
p

ort
in

fu
n
d
in

g
th

e
d
evelop

m
en

t
of

S
M

A
R

T
.
W

e
w

o
u
ld

also
like

to
th

an
k

L
u
cy

L
iu

for
creation

of
th

e
S
M

A
R

T
logo

as
w

ell
as

valu
ab

le
feed

b
ack

,
gu

id
an

ce,
an

d
u
ser

testin
g

from
A

n
n
ice

K
im

,
M

aggie
C

ress,
J
en

n
ifer

U
n
an

gst,
a
n
d

J
o
ey

M
orris.

4
JM

L
R

 20(82):1-5, 2019



S
M

A
R

T
:

A
n

O
p
e
n

S
o
u
r
c
e

D
a
t
a

L
a
b
e
l
in

g
P

l
a
t
f
o
r
m

f
o
r

S
u
p
e
r
v
is

e
d

L
e
a
r
n
in

g

R
e
fe
re
n
ce

s

J
os

h
A

tt
en

b
er

g
an

d
F

os
te

r
P

ro
vo

st
.

W
h
y

la
b

el
w

h
en

yo
u

ca
n

se
ar

ch
?:

A
lt

er
n
at

iv
es

to
ac

ti
ve

le
ar

n
in

g
fo

r
ap

p
ly

in
g

h
u
m

an
re

so
u
rc

es
to

b
u
il
d

cl
as

si
fi
ca

ti
on

m
o
d
el

s
u
n
d
er

ex
tr

em
e

cl
as

s
im

b
al

an
ce

.
In

P
ro

ce
ed

in
gs

o
f

th
e

1
6
th

A
C

M
S

IG
K

D
D

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

K
n

o
w

le
d
ge

D
is

co
ve

ry
a
n

d
D

a
ta

M
in

in
g,

K
D

D
’1

0
,

p
ag

es
42

3–
43

2,
N

ew
Y

or
k
,

N
Y

,
U

S
A

,
20

10
.

A
C

M
.

IS
B

N
97

8-
1-

45
03

-0
05

5-
1.

d
oi

:
10

.1
14

5/
1
83

58
04

.1
83

58
59

.
U

R
L
h
t
t
p
:

/
/
d
o
i
.
a
c
m
.
o
r
g
/
1
0
.
1
1
4
5
/
1
8
3
5
8
0
4
.
1
8
3
5
8
5
9
.

J
ac

ob
C

oh
en

.
A

co
effi

ci
en

t
of

ag
re

em
en

t
fo

r
n
om

in
al

sc
al

es
.

E
d
u

ca
ti

o
n

a
l

a
n

d
P

sy
ch

o
lo

gi
ca

l
M

ea
su

re
m

en
t,

20
(1

):
37

–4
6,

19
60

.
d
oi

:
10

.1
17

7/
00

13
16

44
60

02
00

01
04

.
U

R
L
h
t
t
p
s
:
/
/
d
o
i
.

o
r
g
/
1
0
.
1
1
7
7
/
0
0
1
3
1
6
4
4
6
0
0
2
0
0
0
1
0
4
.

J
os

ep
h

L
F

le
is

s.
M

ea
su

ri
n
g

n
om

in
al

sc
al

e
ag

re
em

en
t

am
on

g
m

an
y

ra
te

rs
.

P
sy

ch
o
lo

gi
ca

l
bu

ll
et

in
,

76
(5

):
37

8,
19

71
.

D
av

id
D

L
ew

is
an

d
W

il
li
am

A
G

a
le

.
A

se
q
u
en

ti
al

al
go

ri
th

m
fo

r
tr

a
in

in
g

te
x
t

cl
as

si
fi
er

s.
In

P
ro

ce
ed

in
gs

o
f

th
e

1
7
th

a
n

n
u

a
l

in
te

rn
a
ti

o
n

a
l

A
C

M
S

IG
IR

co
n

fe
re

n
ce

o
n

R
es

ea
rc

h
a
n

d
d
ev

el
o
p
m

en
t

in
in

fo
rm

a
ti

o
n

re
tr

ie
va

l,
p
ag

es
3–

12
.

S
p
ri

n
ge

r-
V

er
la

g
N

ew
Y

or
k
,

In
c.

,
19

94
.

F
ab

ia
n

P
ed

re
go

sa
,

G
aë
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tń
ık

,
an

d
J
ü
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n
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p
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b
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e

va
ri

an
t

o
f

H
ed

g
e

fo
r

a
k
n
ow

n
fi
x
ed

-h
or

iz
on

T
w

it
h

co
n
st

an
t

le
ar

n
in

g
ra

te
η
∝
√
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d
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p
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b
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d
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d
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b
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b
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∆
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b
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k
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p
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k
in

s
(2

01
4
);

S
eld

in
a
n
d

L
u
gosi

(2017)
sh

ow
ed

th
at

b
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h
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p
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p
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b
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ra
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b
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b
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∆
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e

B
ern

stein
con

d
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b
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b
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b
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b
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con
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b
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p
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lack
s

th
e

cu
rvatu

re
of

th
e

E
u
clid

ea
n

b
all,

w
h
ich

is
im

p
o
rtan

t
to

ach
ieve

sm
all

regret;
h
ere,

th
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b
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d
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b
y

th
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p
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w
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( √
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d
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p
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b
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at
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b
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∑
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at
each

t>
1,

w
h
ere

L
i,T

=
∑
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∑
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>
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0 √
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h
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∈
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th

at
T
k
6
t
<
T
k
+

1
an

d
η t

=
c 0
√

lo
g
(M

)/
T
k
.

L
et

u
s

re
ca

ll
th

e
fo

ll
ow

in
g

st
an

d
ar

d
re

gr
et

b
ou

n
d

fo
r

th
e

H
ed

ge
al

go
ri

th
m

fr
om

C
h
er

n
ov

an
d

Z
h
d
an

ov
(2

01
0)

.

P
ro

p
o
si

ti
o
n

1
L

et
η 1
,η

2
,.
..

be
a

d
ec

re
a
si

n
g

se
qu

en
ce

o
f

le
a
rn

in
g

ra
te

s.
T

h
e

H
ed

ge
a
lg

o
-

ri
th

m
(2

)
sa

ti
sfi

es
th

e
fo

ll
o
w

in
g

re
gr

et
bo

u
n

d
:

R
T
6

1 η T
lo

g
M

+
1 8

T ∑ t=
1

η t
.

(4
)

In
pa

rt
ic

u
la

r,
th

e
ch

o
ic

e
η t

=
2
√

lo
g
(M

)/
t

yi
el

d
s

a
re

gr
et

bo
u

n
d

o
f
√
T

lo
g
M

fo
r

ev
er

y
T
>

1.

N
ot

e
th

at
th

e
re

gr
et

b
ou

n
d

st
at

ed
in

E
q
u
at

io
n

(4
)

h
ol

d
s

fo
r

ev
er

y
se

q
u
en

ce
of

lo
ss

es
` 1
,`

2
,.
..

,
w

h
ic

h
m

ak
es

it
va

li
d

u
n
d
er

n
o

as
su

m
p
ti

on
(a

si
d
e

fr
om

th
e

b
ou

n
d
ed

n
es

s
of

th
e

lo
ss

es
).

T
h
e

w
or

st
-c

as
e

re
gr

et
b

ou
n
d

in
O

(√
T

lo
g
M

)
is

ac
h
ie

ve
d

b
y

D
ec

re
as

in
g

H
ed

g
e,

H
ed

ge
w

it
h

d
ou

b
li
n
g

tr
ic

k
an

d
C

on
st

an
t

H
ed

ge
(w

h
en

ev
er
T

is
k
n
ow

n
in

ad
va

n
ce

).
T

h
e

O
(√
T

lo
g
M

)
ra

te
ca

n
n
ot

b
e

im
p
ro

ve
d

ei
th

er
b
y

H
ed

ge
or

an
y

ot
h
er

al
go

ri
th

m
:

it
is

k
n
ow

n
to

b
e

th
e

m
in

im
ax

op
ti

m
al

re
gr

et
(C

es
a-

B
ia

n
ch

i
an

d
L

u
go

si
,

20
06

).
C

on
tr

ar
y

to
C

on
st

an
t

H
ed

ge
,

D
ec

re
as

in
g

H
ed

ge
is

an
y
ti

m
e,

in
th

e
se

n
se

th
at

it
ac

h
ie

v
es

th
e
O

(√
T

lo
g
M

)
re

gr
et

b
ou

n
d

si
m

u
lt

an
eo

u
sl

y
fo

r
ea

ch
T
>

1.
W

e
n
ot

e
th

at
th

is
w

or
st

-c
as

e
re

gr
et

an
al

y
si

s
fa

il
s

to
ex

h
ib

it
an

y
d
iff

er
en

ce
b

et
w

ee
n

th
es

e
th

re
e

al
go

ri
th

m
s.

In
m

an
y

ca
se

s,
th

is
√
T

re
gr

et
b

ou
n
d

is
p

es
si

m
is

ti
c,

an
d

m
or

e
“a

gg
re

ss
iv

e”
st

ra
te

gi
es

(s
u
ch

as
th

e
fo

ll
ow

-t
h
e-

le
ad

er
al

go
ri

th
m

,
w

h
ic

h
p
la

y
s

at
ea

ch
ro

u
n
d

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
on

th
e

ex
p

er
ts

w
it

h
sm

al
le

st
lo

ss
,

C
es

a-
B

ia
n
ch

i
an

d
L

u
go

si
,

20
06

)
m

ay
ac

h
ie

ve
co

n
st

an
t

re
gr

et
in

ea
si

er
in

st
an

ce
s,

ev
en

th
ou

gh
th

ey
la

ck
re

gr
et

gu
ar

an
te

es
in

th
e

ad
ve

rs
ar

ia
l
re

gi
m

e.
W

e
sh

ow
in

S
ec

ti
on

3
b

el
ow

th
at

D
ec

re
as

in
g

H
ed

ge
is

ac
tu

al
ly

b
et

te
r

th
an

b
ot

h
C

on
st

an
t

H
ed

ge
an

d
H

ed
ge

w
it

h
d
ou

b
li
n
g

tr
ic

k
in

so
m

e
ea

si
er

in
st

an
ce

of
th

e
p
ro

b
le

m
(i

n
cl

u
d
in

g
in

th
e

st
o
ch

as
ti

c
se

tt
in

g)
.

T
h
is

en
ta

il
s

th
at

D
ec

re
as

in
g

H
ed

ge
is

ac
tu

al
ly

ab
le

to
ad

ap
t,

w
it

h
ou

t
an

y
m

o
d
ifi

ca
ti

on
,

to
th

e
ea

si
n
es

s
o
f

th
e

p
ro

b
le

m
co

n
si

d
er

ed
.

3
.
R
e
g
re
t
o
f
H
e
d
g
e
v
a
ri
a
n
ts

o
n
e
a
sy

in
st
a
n
ce

s

In
th

is
se

ct
io

n
,

w
e

d
ep

ar
t

fr
om

th
e

w
or

st
-c

as
e

re
gr

et
an

al
y
si

s
an

d
st

u
d
y

th
e

re
gr

et
o
f

th
e

co
n
si

d
er

ed
va

ri
an

ts
of

th
e

H
ed

ge
al

go
ri

th
m

on
ea

si
er

in
st

an
ce

s
of

th
e

p
re

d
ic

ti
on

w
it

h
ex

p
er

t
ad

v
ic

e
p
ro

b
le

m
.
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M
o
u
r
t
a
d
a

a
n
d

G
ä
ıf

fa
s

3
.1

.
O

p
ti

m
a
l

re
g
re

t
fo

r
D

e
c
re

a
si

n
g

H
e
d

g
e

in
th

e
st

o
ch

a
st

ic
re

g
im

e

W
e

ex
am

in
e

th
e

b
eh

av
io

r
of

D
ec

re
a
si

n
g

H
ed

ge
in

th
e

st
o
ch

as
ti

c
re

gi
m

e,
w

h
er

e
th

e
lo

ss
es

ar
e

th
e

re
al

iz
at

io
n

of
so

m
e

(u
n
k
n
ow

n
)

st
o
ch

as
ti

c
p
ro

ce
ss

.
M

or
e

p
re

ci
se

ly
,

w
e

co
n
si

d
er

th
e

st
an

d
ar

d
i.
i.
d
.

ca
se

,
w

h
er

e
th

e
lo

ss
ve

ct
or

s
` 1
,`

2
,.
..

ar
e

i.
i.
d
.

(i
n
d
ep

en
d
en

ce
h
o
ld

s
ov

er
ro

u
n
d
s,

b
u
t

n
ot

n
ec

es
sa

ri
ly

ac
ro

ss
ex

p
er

ts
).

In
th

is
se

tt
in

g,
th

e
re

gr
et

ca
n

b
e

m
u
ch

sm
a
ll
er

th
an

th
e

w
or

st
-c

as
e
√
T

lo
g
M

re
gr

et
,

si
n
ce

th
e

b
es

t
ex

p
er

t
(w

it
h

sm
al

le
st

ex
p

ec
te

d
lo

ss
)

w
il
l

d
om

in
at

e
th

e
re

st
af

te
r

so
m

e
ti

m
e.

F
ol

lo
w

in
g

G
ai

ll
ar

d
et

al
.

(2
01

4)
;

L
u
o

a
n
d

S
ch

a
p
ir

e
(2

01
5)

,
th

e
ea

si
n
es

s
p
ar

am
et

er
w

e
co

n
si

d
er

in
th

is
ca

se
,

w
h
ic

h
go

ve
rn

s
th

e
ti

m
e

n
ee

d
ed

fo
r

th
e

b
es

t
ex

p
er

t
to

h
av

e
th

e
sm

al
le

st
cu

m
u
la

ti
ve

lo
ss

an
d

h
en

ce
th

e
in

cu
rr

ed
re

g
re

t,
is

th
e

su
b
-o

p
ti

m
al

it
y

ga
p

∆
=

m
in
i6=
i∗
E[
` i
,t
−
` i
∗ ,
t]

,
w

h
er

e
i∗

=
ar

gm
in
i
E[
` i
,t
].

W
e

sh
ow

b
el

ow
th

at
,

d
es

p
it

e
th

e
fa

ct
th

at
D

ec
re

as
in

g
H

ed
ge

is
d
es

ig
n
ed

fo
r

th
e

w
o
rs

t-
ca

se
se

tt
in

g
d
es

cr
ib

ed
in

S
ec

ti
on

2,
it

is
ab

le
to

ad
a
p
t

to
th

e
ea

si
er

p
ro

b
le

m
co

n
si

d
er

ed
h
er

e,
In

d
ee

d
,

T
h
eo

re
m

2
sh

ow
s

th
at

D
ec

re
as

in
g

H
ed

ge
ac

h
ie

v
es

a
co

n
st

a
n

t,
an

d
in

fa
ct

o
p
ti

m
a
l

(b
y

P
ro

p
os

it
io

n
4

b
el

ow
)

re
gr

et
b

ou
n
d

in
th

is
se

tt
in

g,
in

sp
it

e
of

it
s

“c
on

se
rv

a
ti

ve
”

le
a
rn

in
g

ra
te

. W
it

h
th

e
ex

ce
p
ti

on
of

th
e

h
ig

h
-p

ro
b
ab

il
it

y
b

ou
n
d

of
C

or
ol

la
ry

6,
th

e
u
p
p

er
a
n
d

lo
w

er
b

ou
n
d
s

in
th

e
st

o
ch

as
ti

c
ca

se
ar

e
st

at
ed

fo
r

th
e

p
se

u
d
o
-r

eg
re

t
R
T

=
E[
R
i∗
,T

]
(s

im
il
a
r

b
o
u
n
d
s

h
ol

d
fo

r
th

e
th

e
ex

p
ec

te
d

re
gr

et
E[
R
T

],
si

n
ce
R
T
6

E[
R
T

]
a
n
d

b
y

R
em

ar
k

14
in

S
ec

ti
o
n

7
.1

).

T
h

e
o
re

m
2

L
et
M
>

3
.

A
ss

u
m

e
th

a
t

th
e

lo
ss

ve
ct

o
rs
` 1
,`

2
,.
..

a
re

i.
i.

d
.

ra
n

d
o
m

va
ri

a
bl

es
,

w
h
er

e
` t

=
(`
i,
t)

1
6
i6
M

.
A

ls
o
,

a
ss

u
m

e
th

a
t

th
er

e
ex

is
ts
i∗
∈
{1
,.
..
,M
}

a
n

d
∆
>

0
su

ch
th

a
t

E[
` i
,t
−
` i
∗ ,
t]
>

∆
(5

)

fo
r

ev
er

y
i
6=
i∗

.
T

h
en

,
th

e
D

ec
re

a
si

n
g

H
ed

ge
a
lg

o
ri

th
m

w
it

h
le

a
rn

in
g

ra
te
η t

=
2√

(l
o
g
M

)/
t

a
ch

ie
ve

s
th

e
fo

ll
o
w

in
g

p
se

u
d
o
-r

eg
re

t
bo

u
n

d
:

fo
r

ev
er

y
T
>

1,

R
T
6

4
lo

g
M

+
25

∆
.

(6
)

T
h
e

p
ro

of
of

T
h
eo

re
m

2
is

gi
v
en

in
S
ec

ti
on

7.
1.

T
h
eo

re
m

2
p
ro

ve
s

th
at

,
in

th
e

st
o
ch

a
s-

ti
c

se
tt

in
g

w
it

h
a

ga
p

∆
,

th
e

D
ec

re
as

in
g

H
ed

ge
a
lg

or
it

h
m

ac
h
ie

ve
s

a
re

gr
et
O

(l
o
g
(M

)/
∆

),
w

it
h
ou

t
an

y
p
ri

or
k
n
ow

le
d
ge

of
∆

.
T

h
is

m
at

ch
es

th
e

gu
ar

an
te

es
of

ad
ap

ti
ve

H
ed

g
e

a
lg

o
-

ri
th

m
s

w
h
ic

h
ar

e
ex

p
li
ci

tl
y

d
es

ig
n
ed

to
ad

ap
t

to
ea

si
er

in
st

an
ce

s
(G

ai
ll
ar

d
et

a
l.
,

2
0
1
4
;

L
u
o

an
d

S
ch

ap
ir

e,
20

15
).

T
h
is

re
su

lt
m

ay
se

em
su

rp
ri

si
n
g

at
fi
rs

t:
in

d
ee

d
,

ad
ap

ti
ve

ex
p

o
n
en

-
ti

al
w

ei
gh

ts
al

go
ri

th
m

s
th

at
co

m
b
in

e
op

ti
m

al
re

gr
et

in
th

e
a
d
ve

rs
ar

ia
l

se
tt

in
g

a
n
d

co
n
st

a
n
t

re
gr

et
in

ea
si

er
sc

en
ar

io
s,

su
ch

as
H

ed
ge

w
it

h
a

se
co

n
d
-o

rd
er

tu
n
in

g
(C

es
a-

B
ia

n
ch

i
et

a
l.
,

20
07

)
or

A
d
aH

ed
ge

(d
e

R
o
oi

j
et

al
.,

20
14

),
ty

p
ic

a
ll
y

u
se

a
d
at

a-
d
ep

en
d
en

t
le

a
rn

in
g

ra
te

η t
th

at
ad

ap
ts

to
th

e
p
ro

p
er

ti
es

of
th

e
lo

ss
es

.
W

h
il
e

th
e

le
ar

n
in

g
ra

te
η t

ch
o
se

n
b
y

th
es

e
al

go
ri

th
m

s
m

ay
b

e
as

lo
w

as
th

e
w

or
st

-c
as

e
tu

n
in

g
η t
∝
√

lo
g
(M

)/
t,

in
th

e
st

o
ch

a
st

ic
ca

se
th

os
e

al
go

ri
th

m
s

w
il
l

u
se

la
rg

er
,

lo
w

er
-b

ou
n
d
ed

le
ar

n
in

g
ra

te
s

to
en

su
re

co
n
st

a
n
t

re
g
re

t.
A

s
T

h
eo

re
m

2
ab

ov
e

sh
ow

s,
it

tu
rn

s
ou

t
th

at
th

e
d
at

a-
in

d
ep

en
d
en

t,
“s

af
e”

le
a
rn

in
g

ra
te

s
η t
∝
√

lo
g
(M

)/
t

u
se

d
b
y

“v
an

il
la

”
D

ec
re

as
in

g
H

ed
ge

ar
e

st
il
l

la
rg

e
en

ou
gh

to
a
d
a
p
t

to
th

e
st

o
ch

as
ti

c
ca

se
.
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O
n

t
h
e

o
p
t
im

a
l
it

y
o
f

t
h
e

H
e
d
g

e
a
l
g

o
r
it

h
m

in
t
h
e

st
o
c
h
a
st

ic
r
e
g

im
e

Id
e
a

o
f

th
e

p
ro

o
f.

T
h
e

id
ea

of
th

e
p
ro

of
of

T
h
eorem

2
is

to
d
iv

id
e

tim
e

in
tw

o
p
h
ases:

a
sh

o
rt

in
itia

l
p
h
ase

[[1
,t1 ]],

w
h
ere

t1
=
O

(
lo

g
M

∆
2

),
an

d
a

secon
d

p
h
ase

[[t1 ,T
]].

T
h
e

in
itial

p
h
a
se

is
d
o
m

in
ated

b
y

n
oise,

an
d

regret
d
u
rin

g
th

is
p

erio
d

is
b

o
u
n
d
ed

th
rou

gh
th

e
w

orst-
ca

se
reg

ret
b

o
u
n
d

of
P

rop
osition

1,
w

h
ich

gives
a

regret
of
O

( √
t1

log
M

)
=
O

(
lo

g
M

∆
).

In
th

e
seco

n
d

p
h
a
se,

th
e

b
est

ex
p

ert
d
om

in
ates

th
e

rest,
a
n
d

th
e

w
eigh

ts
co

n
cen

trate
on

th
is

b
est

ex
p

ert
fa

st
en

ou
gh

th
at

th
e

total
regret

in
cu

rred
is

sm
all.

T
h
e

con
trol

of
th

e
regret

in
th

e
seco

n
d

p
h
ase

relies
on

th
e

critical
fact

th
at,

if
η
t

is
at

least
as

large
as √

(lo
g
M

)/t,

th
en

th
e

fo
llow

in
g

tw
o

th
in

gs
o
ccu

r
sim

u
ltan

eou
sly

at
t1 �

lo
g
M

∆
2

,
n
am

ely
at

th
e

b
egin

n
in

g
o
f

th
e

la
te

p
h
a
se:

1
.

w
ith

h
igh

p
rob

ab
ility,

th
e

b
est

ex
p

ert
i ∗

d
om

in
ates

all
th

e
oth

ers
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con
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n
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p
h
a
ses,

w
h
ich

is
exp

la
in

ed
a
bo

ve,
rem

o
ves

th
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∆
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ä
ıf

fa
s

R
e
m

a
rk

1
1

T
h
e

a
d
va

n
ta

ge
o
f

la
rger

lea
rn

in
g

ra
tes

o
n

so
m

e
stoch

a
stic

in
sta

n
ces

m
a
y

be
u

n
d
erstood

in
tu

itively
a
s

fo
llo

w
s.

C
o
n

sid
er

a
n

in
sta

n
ce

w
ith

B
sm

a
ll

bu
t

sm
a
ll

ga
p

∆
.

T
h
e

lea
rn

in
g

ra
te

o
f

D
ecrea

sin
g

H
ed

ge
is

la
rge

en
o
u

gh
so

th
a
t

it
ca

n
ru

le
o
u

t
ba

d
experts

(w
ith

la
rge

en
o
u

gh
ga

p
∆
i )

a
t

th
e

o
p
tim

a
l

ra
te

(i.e.,
a
t

tim
e

(log
M

)/
∆

2i ).
H

o
w

ever,
o
n

ce
th

ese
ba

d
experts

a
re

ru
led

o
u

t,
n

ea
r-o

p
tim

a
l

experts
(w

ith
sm

a
ll

ga
p

∆
i )

a
re

ru
led

o
u

t
la

te
(a

fter
(log

M
)/∆

2i
ro

u
n

d
s).

O
n

th
e

o
th

er
h
a
n

d
,

th
e

B
ern

stein
a
ssu

m
p
tio

n
en

ta
ils

th
a
t

th
o
se

experts
a
re

h
igh

ly
co

rrela
ted

w
ith

th
e

best
expert,

th
e

a
m

o
u

n
t

o
f

n
o
ise

o
n

th
e

rela
tive

lo
sses

o
f

th
ese

n
ea

r-o
p
tim

a
l

experts
is

sm
a
ll,

so
th

a
t

a
la

rger
lea

rn
in

g
ra

te
co

u
ld

be
sa

fely
u

sed
a
n

d
w

o
u

ld
en

a
ble

to
d
ism

iss
n

ea
r-o

p
tim

a
l

experts
soo

n
er.

S
ettin

g
th

e
B

ern
stein

con
d
ition

asid
e,

w
e

con
clu

d
e

b
y

in
vestigatin

g
th

e
in

trin
sic

lim
i-

tation
s

of
D

ecreasin
g

H
ed

ge
in

th
e

sto
ch

astic
settin

g.
In

d
eed

,
it

is
n
atu

ral
to

ask
w

h
eth

er
D

ecreasin
g

H
ed

ge
can

ex
p
loit

som
e

oth
er

regu
larity

of
a

sto
ch

astic
in

stan
ce,

ap
art

from
th

e
gap

∆
.

T
h
eorem

12
sh

ow
s

th
at

th
is

is
in

fact
n
ot

th
e

case.

T
h

e
o
re

m
1
2

F
o
r

every
i.i.d

.
(o

ver
tim

e
)

stoch
a
stic

in
sta

n
ce

w
ith

a
u

n
iqu

e
best

expert

i ∗
=

argm
in

16
i6
M

E
[`
i,t ],

th
e

p
seu

d
o
-regret

o
f

D
ecrea

sin
g

H
ed

ge
(w

ith
c

0 >
1)

sa
tisfi

es

R
T
>

1

450
c

40 (log
M

)
2∆

fo
r
T
>

1
4
∆

2 ,
w

h
ere

∆
:=

in
f
i6=
i ∗E

[`
i,t −

`
i ∗
,t ].

T
h
eorem

12
sh

ow
s

(togeth
er

w
ith

th
e

u
p
p

er
b

ou
n
d

of
T

h
eorem

2)
th

at
th

e
even

tu
al

regret
of

D
ecreasin

g
H

ed
ge

on
a
n

y
sto

ch
astic

in
stan

ce
is

d
eterm

in
ed

b
y

th
e

su
b
-op

tim
ality

gap
∆

,
an

d
scales

(u
p

to
a

log
3
M

factor,
d
ep

en
d
in

g
on

th
e

n
u
m

b
er

of
n
ear-op

tim
al

ex
p

erts)
as

Θ
(

1∆
).

T
h
is

ch
aracterizes

th
e

b
eh

av
ior

of
D

ecreasin
g

H
ed

ge
on

an
y

sto
ch

astic
in

stan
ce.

5
.
E
x
p
e
rim

e
n
ts

In
th

is
section

,
w

e
illu

strate
ou

r
th

eoretical
resu

lts
b
y

n
u
m

erical
ex

p
erim

en
ts

th
at

com
p
are

th
e

b
eh

av
ior

of
variou

s
H

ed
ge

algorith
m

s
in

th
e

sto
ch

astic
regim

e.

A
lg

o
rith

m
s.

W
e

con
sid

er
th

e
follow

in
g

algorith
m

s:
h
e
d
g
e

is
D

ecreasin
g

H
ed

ge
w

ith
th

e
d
efau

lt
learn

in
g

rates
η
t

=
2 √

log
(M

)/t,
h
e
d
g
e
c
o
n
s
t
a
n
t

is
C

on
stan

t
H

ed
ge

w
ith

con
stan

t
learn

in
g

rate
η
t

=
√

8
log

(M
)/T

,
h
e
d
g
e
d
o
u
b
l
i
n
g

is
H

ed
g
e

w
ith

d
ou

b
lin

g
trick

w
ith

c
0

=
√

8,
a
d
a
h
e
d
g
e

is
th

e
A

d
aH

ed
ge

algorith
m

from
d
e

R
o
oij

et
al.

(2014),
w

h
ich

is
a

varian
t

of
th

e
H

ed
ge

algorith
m

w
ith

a
d
ata-d

ep
en

d
en

t
tu

n
in

g
of

th
e

learn
in

g
rate

η
t

(b
ased

on
`

1 ,...,`
t−

1 ).
A

s
sh

ow
n

in
th

e
n
ote

K
o
olen

(20
18),

A
d
aH

ed
ge

also
b

en
efi

ts
from

B
ern

stein
con

d
ition

s.
A

related
algorith

m
,
n
am

ely
H

ed
ge

w
ith

secon
d
-ord

er
tu

n
in

g
o
f
th

e
learn

in
g

rate
(C

esa-B
ian

ch
i

et
al.,

2007),
p

erform
ed

sim
ilarly

to
A

d
aH

ed
ge

on
th

e
ex

am
p
les

con
sid

ered
b

elow
,

an
d

w
as

th
erefore

n
ot

in
clu

d
ed

.
F
T
L

is
F

o
llow

-th
e-L

ead
er

(C
esa-B

ian
ch

i
an

d
L

u
gosi,

2006)
w

h
ich

p
u
ts

all
m

ass
on

th
e

ex
p

ert
w

ith
th

e
sm

allest
loss

(b
reak

in
g

ties
ra

n
d
om

ly
).

W
h
ile

F
T

L
serves

as
a

b
en

ch
m

ark
in

th
e

sto
ch

astic
settin

g,
u
n
like

th
e

oth
er

algorith
m

s
it

lack
s

an
y

gu
aran

tee
in

th
e

ad
versarial

regim
e,

w
h
ere

its
w

orst-case
regret

is
lin

ea
r

in
T

.

1
2

JM
L

R
 20(83):1-28, 2019



O
n

t
h
e

o
p
t
im

a
l
it

y
o
f

t
h
e

H
e
d
g

e
a
l
g

o
r
it

h
m

in
t
h
e

st
o
c
h
a
st

ic
r
e
g

im
e

R
e
su

lt
s.

W
e

re
p

or
t

in
F

ig
u
re

1
th

e
cu

m
u
la

ti
ve

re
gr

et
s

of
th

e
co

n
si

d
er

ed
al

go
ri

th
m

s
in

fo
u
r

ex
am

p
le

s.
T

h
e

re
su

lt
s

fo
r

th
e

st
o
ch

as
ti

c
in

st
an

ce
s

(a
),

(b
)

an
d

(c
)

d
es

cr
ib

ed
b

el
ow

ar
e

av
er

ag
ed

ov
er

50
tr

ia
ls

.

(a
)

S
to

ch
a
st

ic
in

st
a
n

ce
w

it
h

a
ga

p
.

T
h
is

is
th

e
st

an
d
ar

d
in

st
an

ce
co

n
si

d
er

ed
in

th
is

p
ap

er
.

T
h
e

lo
ss

es
ar

e
d
ra

w
n

in
d
ep

en
d
en

tl
y

fr
om

B
er

n
ou

ll
i

d
is

tr
ib

u
ti

on
s

(o
n
e

of
p
ar

am
et

er
0
.3

,
2

of
p
ar

am
et

er
0.

4
an

d
7

of
p
ar

am
et

er
0.

5,
so

th
at

M
=

10
an

d
∆

=
0
.1

).
T

h
e

re
su

lt
s

of
F

ig
u
re

1a
co

n
fi
rm

ou
r

th
eo

re
ti

ca
l

re
su

lt
s:

D
ec

re
as

in
g

H
ed

ge
a
ch

ie
ve

s
a

sm
al

l,
co

n
st

an
t

re
gr

et
w

h
ic

h
is

cl
os

e
to

th
at

of
A

d
aH

ed
ge

an
d

F
T

L
,

w
h
il
e

C
on

st
an

t
H

ed
ge

an
d

H
ed

ge
w

it
h

d
ou

b
li
n
g

tr
ic

k
su

ff
er

a
la

rg
er

re
gr

et
of

or
d
er
√
T

(n
ot

e
th

at
,

al
th

ou
gh

th
e

ex
p

ec
te

d
re

gr
et

of
C

on
st

an
t

H
ed

ge
co

n
ve

rg
es

in
th

is
ca

se
,

th
e

va
lu

e
of

th
is

li
m

it
d
ep

en
d
s

on
it

s
le

ar
n
in

g
ra

te
an

d
h
en

ce
on

T
).

(b
)

“
H

a
rd

”
st

oc
h
a
st

ic
in

st
a
n

ce
.

T
h
is

ex
am

p
le

h
as

a
ze

ro
g
ap

∆
=

0
b

et
w

ee
n

th
e

tw
o

le
ad

in
g

ex
p

er
ts

an
d
M

=
10

,
w

h
ic

h
m

ak
es

it
“h

ar
d
”

fr
o
m

th
e

st
an

d
p

oi
n
t

of
T

h
eo

re
m

2
(w

h
ic

h
n
o

lo
n
ge

r
ap

p
li
es

in
th

is
li
m

it
ca

se
).

T
h
e

lo
ss

es
ar

e
d
ra

w
n

fr
om

in
d
ep

en
d
en

t
B

er
n
ou

ll
i

d
is

tr
ib

u
ti

on
s,

of
p
ar

am
et

er
s

0
.5

fo
r

th
e

2
le

ad
in

g
ex

p
er

ts
,

an
d

0
.7

fo
r

th
e

8
re

m
ai

n
in

g
o
n
es

.
A

lt
h
ou

gh
al

l
al

go
ri

th
m

s
su

ff
er

an
u
n
av

oi
d
ab

le
Θ

(√
T

)
re

gr
et

d
u
e

to
p
u
re

n
oi

se
,

D
ec

re
as

in
g

H
ed

ge
,

A
d
aH

ed
ge

an
d

F
T

L
ac

h
ie

ve
b

et
te

r
re

g
re

t
th

an
th

e
tw

o
co

n
se

rv
at

iv
e

H
ed

ge
va

ri
an

ts
(F

ig
u
re

1b
).

T
h
is

is
d
u
e

to
th

e
fa

ct
th

at
fo

r
th

e
fo

rm
er

al
go

ri
th

m
s,

th
e

w
ei

g
h
ts

of
su

b
op

ti
m

al
ex

p
er

ts
d
ec

re
as

e
q
u
ic

k
ly

an
d

on
ly

in
d
u
ce

a
co

n
st

an
t

re
gr

et
.

(c
)

S
m

a
ll

lo
ss

fo
r

th
e

be
st

ex
pe

rt
.

In
th

is
ex

p
er

im
en

t,
w

e
il
lu

st
ra

te
on

e
ad

va
n
ta

ge
of

ad
ap

ti
ve

H
ed

ge
al

go
ri

th
m

s
su

ch
as

A
d
aH

ed
ge

ov
er

D
ec

re
as

in
g

H
ed

ge
,

n
am

el
y

th
e

fa
ct

th
at

th
ey

ad
m

it
im

p
ro

ve
d

re
gr

et
b

ou
n
d
s

w
h
en

th
e

le
ad

in
g

ex
p

er
t

h
as

sm
al

l
lo

ss
.

W
e

co
n
si

d
er

ed
in

th
is

ex
p

er
im

en
t
M

=
10

,
∆

=
0.

04
an

d
th

e
le

ad
in

g
ex

p
er

t
is

B
et
a(

0.
04
,0
.9

6)
,

th
en

4
B
et
a(

0.
08
,0
.9

2)
,

th
en

5
B
et
a(

0.
5,

0.
5)

.

(d
)

A
d
ve

rs
a
ri

a
l

w
it

h
a

ga
p

in
st

a
n

ce
.

T
h
is

si
m

p
le

in
st

an
ce

is
n
ot

ra
n
d
om

,
an

d
sa

ti
sfi

es
th

e
as

su
m

p
ti

on
s

of
T

h
eo

re
m

5.
It

is
d
efi

n
ed

b
y
M

=
3,

∆
=

0
.0

4,
` 3
,t

=
3 4

fo
r
t
>

1,
(`

1
,t
,`

2
,t
)

=
(1 2
,0

)
if
t

=
1,

(0
,1

)
if
t
>

80
or

if
t

is
ev

en
,

an
d

(1
,0

)
ot

h
er

w
is

e.
F

T
L

su
ff

er
s

li
n
ea

r
re

gr
et

in
th

e
fi
rs

t
p
h
as

e,
w

h
il
e

C
on

st
an

t
H

ed
ge

an
d

H
ed

ge
w

it
h

d
ou

b
li
n
g

tr
ic

k
su

ff
er

Θ
(√
T

)
d
u
ri

n
g

th
e

se
co

n
d

p
h
as

e.

6
.
C
o
n
cl
u
si
o
n

In
th

is
ar

ti
cl

e,
w

e
ca

rr
ie

d
th

e
re

gr
et

a
n
al

y
si

s
of

th
e

st
an

d
ar

d
ex

p
on

en
ti

al
w

ei
gh

ts
(H

ed
ge

)
al

go
ri

th
m

in
th

e
st

o
ch

as
ti

c
ex

p
er

t
se

tt
in

g,
cl

os
in

g
a

ga
p

in
th

e
ex

is
ti

n
g

li
te

ra
tu

re
.

O
u
r

an
al

y
si

s
re

v
ea

ls
th

at
,

d
es

p
it

e
b

ei
n
g

tu
n
ed

fo
r

th
e

w
or

st
-c

as
e

ad
ve

rs
ar

ia
l

se
tt

in
g

an
d

la
ck

in
g

an
y

ad
ap

ti
ve

tu
n
in

g
of

th
e

le
ar

n
in

g
ra

te
,

D
ec

re
as

in
g

H
ed

ge
ac

h
ie

ve
s

op
ti

m
al

re
gr

et
in

th
e

st
o
ch

as
ti

c
se

tt
in

g.
T

h
is

p
ro

p
er

ty
al

so
en

ab
le

s
on

e
to

d
is

ti
n
gu

is
h

it
q
u
al

it
at

iv
el

y
fr

om
ot

h
er

va
ri

an
ts

in
cl

u
d
in

g
th

e
on

e
w

it
h

fi
x
ed

(h
or

iz
on

-d
ep

en
d
en

t)
le

ar
n
in

g
ra

te
or

th
e

on
e

w
it

h
d
ou

b
li
n
g

tr
ic

k
,

w
h
ic

h
b

ot
h

fa
il

to
ad

ap
t

to
ga

p
s

in
th

e
lo

ss
es

.
T

o
th

e
b

es
t

of
ou

r
k
n
ow

le
d
ge

,
th

is
is

th
e

fi
rs

t
re

su
lt

th
at

sh
ow

s
th

e
su

p
er

io
ri

ty
of

th
e

d
ec

re
a
si

n
g

le
a
rn

in
g

ra
te

ov
er

th
e

d
ou

b
li
n
g

tr
ic

k
.

In
ad

d
it

io
n
,

it
su

gg
es

ts
th

at
,

ev
en

fo
r

a
fi
x
ed

ti
m

e
h
or

iz
on

T
,

th
e

d
ec

re
as

in
g

le
ar

n
in

g
ra

te
tu

n
in

g
sh

ou
ld

b
e

fa
vo

re
d

ov
er

th
e

co
n
st

an
t

on
e.

F
in

al
ly

,
w

e
sh

ow
ed

th
at

th
e

re
gr

et
of

D
ec

re
as

in
g

H
ed

ge
on

an
y

st
o
ch

as
ti

c
in

st
an

ce
is

es
-

se
n
ti

al
ly

ch
ar

ac
te

ri
ze

d
b
y

th
e

su
b
-o

p
ti

m
al

it
y

ga
p

∆
.

T
h
is

sh
ow

s
th

at
ad

ap
ti

ve
al

go
ri

th
m

s,

13
JM

L
R

 2
0(

83
):

1-
28

, 2
01

9

M
o
u
r
t
a
d
a

a
n
d

G
ä
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re
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p
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;

(b
)

“
H

a
rd

”
st

o
ch

as
ti

c
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b
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p
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:
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b
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con
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is

larger
step

-size
is

b
alan

ced
b
y

th
e
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p
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8
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∆
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√
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g
M

∆
2
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1
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√

8
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g
M

∆
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√
a

+
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√
a

+
√
b
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a
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0
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T
h
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n
d
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H

ed
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s
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at
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r
1
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T
6
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R
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6
√
T

log
M
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√
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log
M
6
√

log
M

+
2 √

2
log

M

∆
6

4
log

M

∆
(18)

(sin
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lo
g
M
>

1
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M
>
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∆
6

1
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d
2 √

2
6

3),
w

h
ich
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lish

es
(6)
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T
6
t0 .
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ord

er
to

p
rov

e
(6

)
fo

r
T
>
t0

+
1,

w
e

start
b
y

d
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p
osin

g
th

e
regret

w
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resp
ect

to
i ∗

as

R
i ∗
,T

=
L̂
T
−
L
i ∗
,T

=
L̂
t
0 −

L
i ∗
,t
0

+
T
∑t=
t
0
+

1 ( ̂̀
t −

`
i ∗
,t )
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(19)

S
in

ce
L̂
t
0 −

L
i ∗
,t
0
6
R
t
0
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b
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(18),
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rem
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s
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u
p
p

er
b

ou
n
d

th
e

seco
n
d
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(1
9
).

F
irst,
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t>
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+
1,

̂̀
t −

`
i ∗
,t

=
∑i6=
i ∗
v
i,t (`

i,t −
`
i ∗
,t )
.

(20)
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p
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∆
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∆
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i.i.d

.
cen

tered
variab

les
Z
i,t

:=
−
`
i,t

+
`
i ∗
,t

+
∆
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∆
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∆
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P
(
L
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L
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,t−

1
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∆
i (t−
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2

)
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P

(
t−

1
∑s=

1

Z
i,s
>

∆
i (t−

1)

2

)

6
e −

t−
1

2
(∆

i /
2
)
2

=
e −

(t−
1
)∆

2i
/
8
.

(22)

O
n

th
e
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er

h
an

d
,
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L
i,t−

1 −
L
i ∗
,t−

1 >
∆
i (t−
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2,

th
en

v
i,t

=
e −

η
t (L

i,t−
1 −
L
i ∗
,t−

1
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1
+
∑

j6=
i ∗
e −

η
t (L

j
,t−

1 −
L
i ∗
,t−

1
)

6
e −

2 √
(lo

g
M

)/
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∆
i (t−

1
)/

2

6
e −

∆
i √

(t−
1
)(lo

g
M

)/
2

(23)

sin
ce
t6

2(t−
1).

It
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s
from

(23)
an

d
(22)

th
at,

for
t>

t0
+

1
>

2,

E
[v
i,t ]6

P
(
L
i,t−

1 −
L
i ∗
,t−

1
>

∆
i (t−

1)

2

)
+
e −

∆
i √

(t−
1
)(lo

g
M

)/
2

6
e −

(t−
1
)∆

2i
/
8

+
e −

∆
i √

(t−
1
)(lo

g
M

)/
2
.

(24)

N
ow

,
a

sim
p
le

an
aly

sis
of

fu
n
ction

s
sh

ow
s

th
at

th
e

fu
n
ction

s
f

1 (u
)

=
u
e −

u
an

d
f

2 (u
)

=
u
e −

u
2
/
2

are
d
ecreasin

g
on

[1,+
∞

).
S
in

ce
∆
i >

∆
,

th
is

en
tails

th
at

∆
i e −

(t−
1
)∆

2i
/
8

=
2

√
t−

1
f

2 (
√
t−

1∆
i

2

)
6

2
√
t−

1
f

2 (
√
t−

1∆

2

)
=

∆
e −

(t−
1
)∆

2
/
8

(25)

p
rov

id
ed

th
at
√
t−

1
∆

2
>

1,
i.e.

t>
1

+
4∆
2 ,

w
h
ich

is
th

e
case

sin
ce
t>

t0
+

1
>

1
+

8
lo

g
M

∆
2

.
L

ikew
ise,

∆
i e −

∆
i √

(t−
1
)(lo

g
M

)/
26

∆
e −

∆ √
(t−

1
)(lo

g
M

)/
2

(26)

if
∆
√

(t−
1)(log

M
)/

2
>

1,
i.e.

t>
1

+
2

(lo
g
M

)∆
2 ,

w
h
ich

is
en

su
red

b
y
t>

t0
+

1.
It

follow
s

from
(21),

(24),
(25)

an
d

(26)
th

at
for

ev
ery

t>
t0

+
1:

E
[ ̂̀
t −

`
i ∗
,t ]6

M
∆
e −

(t−
1
)∆

2
/
8

+
M

∆
e −

∆ √
(t−

1
)(lo

g
M

)/
2

=
(M

e −
t
0
∆

2
/
8 )(∆

e −
(t−

t
0 −

1
)∆

2
/
8 )

+
(M

e −
∆ √

(t−
1
)(lo

g
M

)/
8 )(∆

e −
∆ √

(t−
1
)(lo

g
M

)/
8 )

6
∆
e −

(t−
t
0 −

1
)∆

2
/
8

+
∆
e −

∆ √
(t−

1
)/

8
(27)
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ä
ıf

fa
s

1
6
t
6
T

)
en

ta
il
s

P
( L

i∗
,T
−

m
in

1
6
i6
T
L
i,
T
>
a

)
6
∑ i6=
i∗
P

(L
i∗
,T
−
L
i,
T

+
∆
iT
>

∆
iT

+
a
)

6
∑ i6=
i∗
e−

(∆
i
T

+
a
)2
/
(2
T

)
(3

2
)

6
M
e−

T
∆

2
/
2
e−

a
2
/
(2
T

)

6
e−

T
∆

2
/
4
e−

a
2
/
(2
T

)
,

(3
3
)

w
h
er

e
in

eq
u
al

it
y

(3
3)

co
m

es
fr

om
th

e
fa

ct
th

at
M
e−

T
∆

2
/
4
6

1
si

n
ce
T
>

4
lo

g
M

∆
2

.
S
in

ce
th

e
ra

n
d
om

va
ri

ab
le
L
i∗
,T
−

m
in

1
6
i6
T
L
i,
T

is
n
on

n
eg

at
iv

e,
th

is
im

p
li
es

th
a
t

E
[ L

i∗
,T
−

m
in

1
6
i6
T
L
i,
T

]
=

∫
∞

0
P
( L

i∗
,T
−

m
in

1
6
i6
T
L
i,
T
>
a

)
d
a

6
e−

T
∆

2
/
4

∫
∞

0
e−

a
2
/
(2
T

) d
a

=

√
π 2
·√

T
e−

T
∆

2
/
4

=

√
π

∆

[ ∆
√
T
/
2
·e
−

(∆
√
T
/
2
)2
/
2
]

6
√
π
/e

∆
(3

4
)

w
h
er

e
in

eq
u
al

it
y

(3
4)

co
m

es
fr

om
th

e
fa

ct
th

at
th

e
fu

n
ct

io
n
u
7→
u
e−

u
2
/
2

a
tt

a
in

s
it

s
m

a
x
i-

m
u
m

on
R

+
at
u

=
1.

T
h
is

co
n
cl

u
d
es

th
e

p
ro

of
,

si
n
ce
√
π
/e
6

1
.1

.

7
.2

.
P

ro
o
f

o
f

P
ro

p
o
si

ti
o
n

4

F
ix

M
,

∆
an

d
T

as
in

P
ro

p
os

it
io

n
4.

F
or

i∗
∈
{1
,.
..
,M
},

d
en

ot
e
P i
∗

th
e

fo
ll
ow

in
g

d
is

tr
ib

u
ti

on
on

[0
,1

]M
×
T

:
if

(`
i,
t)

1
6
i6
M
,1
6
t6
T
∼

P i
∗
,

th
en

th
e

va
ri

ab
le

s
` i
,t

ar
e

in
d
ep

en
d
en

t
B

er
n
ou

ll
i

va
ri

ab
le

s,
of

p
ar

am
et

er
1 2
−

∆
if
i

=
i∗

an
d

1 2
ot

h
er

w
is

e;
al

so
,

d
en

o
te

b
y
E i
∗

th
e

ex
p

ec
ta

ti
on

w
it

h
re

sp
ec

t
to

P i
∗
.

L
et
A

=
(A

t)
1
6
t6
T

b
e

an
y

H
ed

gi
n
g

al
g
o
ri

th
m

,
w

h
er

e
A
t

:
[0
,1

]M
×

(t
−

1
)
→
P M

m
ap

s
p
as

t
lo

ss
es

(`
1
,.
..
,`
t−

1
)

to
an

el
em

en
t

of
th

e
p
ro

b
a
b
il
it

y
si

m
p
le

x
P M

⊂
R
M

on
{1
,.
..
,M
}.

F
or

an
y
i∗
∈
{1
,.
..
,M
},

le
t
R
T

(i
∗ ,
A

)
d
en

o
te

th
e

p
se

u
d
o-

re
gr

et
of

al
go

ri
th

m
A

u
n
d
er

th
e

d
is

tr
ib

u
ti

on
P i
∗
.

S
in

ce
` t

is
in

d
ep

en
d
en

t
o
f
v
t

u
n
d
er

P i
∗
,

w
e

h
av

e

R
T

(i
∗ ,
A

)
=

T ∑ t=
1

∑ i6=
i∗
E i
∗
[ v
i,
t(
` i
,t
−
` i
∗ ,
t)
] =

∆
T ∑ t=

1

∑ i6=
i∗
E i
∗
[v
i,
t]

=
∆

T ∑ t=
1

E i
∗
[1
−
v i
∗ ,
t]

(3
5)

w
it

h
v
t

:=
A
t(
` 1
,.
..
,`
t−

1
).

It
fo

ll
ow

s
fr

om
E

q
u
at

io
n

(3
5)

th
at

,
fo

r
ev

er
y
A

a
n
d
i∗

,
R
T

(i
∗ ,
A

)
in

cr
ea

se
s

w
it

h
T

.
H

en
ce

,
w

it
h
ou

t
lo

ss
of

ge
n
er

al
it

y
w

e
m

ay
as

su
m

e
th

a
t
T

=

18
JM

L
R

 2
0(

83
):

1-
28

, 2
01

9



O
n

t
h
e

o
p
t
im

a
l
it

y
o
f

t
h
e

H
e
d
g

e
a
l
g

o
r
it

h
m

in
t
h
e

st
o
c
h
a
st

ic
r
e
g

im
e

b(lo
g
M

)/
(1

6
∆

2)c.
T

h
e

m
ax

im
u
m

p
seu

d
o-regret

ofA
on

th
e

in
stan

ces
P
i ∗

is
low

er-b
ou

n
d
ed

a
s

fo
llow

s:su
p

16
i ∗6

M
R
T

(i ∗,A
)>

1M

∑

16
i ∗6

M

R
T

(i ∗,A
)

=
1M

∑

16
i ∗6

M

∆
T
∑t=

1 E
i ∗[1−

v
i ∗
,t ].

(36)

W
e

n
ow

“
ra

n
d
om

ize”
th

e
algorith

m
A

,
b
y

rep
lacin

g
it

w
ith

a
ran

d
om

ized
algorith

m
w

h
ich

p
ick

s
ex

p
ert

i
at

tim
e
t

w
ith

p
rob

ab
ility

v
i,t .

F
orm

ally,
let

P̃
=
U

([0,1]) ⊗
T

b
e

th
e

d
istrib

u
tio

n
o
f
T

in
d
ep

en
d
en

t
u
n
iform

ran
d
om

variab
les

on
[0
,1],

an
d

d
en

ote
P̃
i ∗

=
P
i ∗⊗

P̃
fo

r
i ∗
∈
{
1,...,M

}
.

F
u
rth

erm
ore,

for
every

v
∈
P
M

,
let

I
v

:
[0
,1]→

{
1
,...,M

}
b

e
a

m
ea

su
ra

b
le

m
a
p

su
ch

th
at

P
(I

v
(U

)
=
i)

=
v
i

for
every

i∈
{1,...,M

}
,

w
h
ere

U
∼
U

([0,1]).
F

o
r

every
seq

u
en

ce
of

losses
`

1 ,...,`
T

an
d

ran
d
om

variab
les

U
1 ,...,U

T
an

d
every

1
6
t6

T
,

let
I
t

=
I
v
t (U

t ),
w

h
ere

v
t

=
A
t (`

1 ,...,`
t ).

D
en

o
te

b
y

Ẽ
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rü
n
w

ald
,

N
ish

an
t

A
.

M
eh

ta,
M

ark
D

.
R

eid
,

an
d

R
ob

ert
C

.
W

illiam
son

.
F

ast
rates

in
statistical

an
d

on
lin

e
learn

in
g.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
16(1):1793–1861,

2015.

V
lad

im
ir

V
ov

k
.

A
gam

e
of

p
red

iction
w

ith
ex

p
ert

ad
v
ice.

J
o
u

rn
a
l

o
f

C
o
m

p
u

ter
a
n

d
S

ystem
S

cien
ces,

56(2):153–173,
1998.

J
u
lian

Z
im

m
ert

an
d

Y
ev

gen
y

S
eld

in
.

A
n

op
tim

al
algorith

m
for

sto
ch

astic
a
n
d

ad
versarial

b
an

d
its.

In
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics

(A
IS

T
A

T
S

),
2019.

J
u
lian

Z
im

m
ert,

H
aip

en
g

L
u
o,

an
d

C
h
en

-Y
u

W
ei.

B
eatin

g
sto

ch
astic

an
d

ad
versarial

sem
i-

b
an

d
its

op
tim

ally
an

d
sim

u
ltan

eou
sly.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
9
0
1
.0

8
7
7
9
,

2019.

2
8

JM
L

R
 20(83):1-28, 2019



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

2
0

(2
0
1
9
)

1
-4

0
S

u
b

m
it

te
d

1
/
1
9
;

P
u

b
li

sh
ed

2
/
1
9

D
iff

e
re

n
ti

a
b
le

G
a
m

e
M

e
ch

a
n
ic

s

A
li
st

a
ir

L
e
tc

h
e
r∗

a
h
p
.l

e
t
c
h
e
r
@

g
m

a
il

.c
o
m

U
n

iv
er

si
ty

o
f

O
xf

o
rd

D
a
v
id

B
a
ld

u
z
z
i∗

d
b
a
l
d
u
z
z
i@

g
o
o
g

l
e
.c

o
m

D
ee

p
M

in
d

S
é
b

a
st

ie
n

R
a
c
a
n

iè
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ca
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d
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e
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ra
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p
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n

-p
layer

case.
H

eu
sel

et
al.

(2017)
p
rop

ose
a
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m
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b
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con
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b
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p
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p
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b
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ro
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p
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=
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b
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=
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h
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e
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p
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d
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th

e
le

ve
l

se
ts

of
th

e
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=
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∇
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b
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p
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.
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p
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n
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p
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p
on

en
ts

’
go

al
s

(F
o
er

st
er

et
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re
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d
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p
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b
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re
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ra
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l
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p
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p
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to
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ev
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p
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id
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1
9
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n
g
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n
iq
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es
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on

ot
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G
em

p
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M
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m
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e
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et
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le
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an

d
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ge
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e
m
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e

p
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ti
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la
r
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L

Q
-G

A
N

s,
w

h
er

e
th

e
ge

n
er
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or
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r
an
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th

e
d
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cr
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in
at

or
is
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ra
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17
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N
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a
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n
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d
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te
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17
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N
et

w
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m
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m
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ow
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b
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H
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il
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.
T

h
e

im
p
li
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b
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b
e

u
n
d
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d
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d
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p
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b
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n
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h
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e
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a
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G
a
m

e
s

In
co

n
tr

a
st

to
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ra
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b
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c
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r
e
,

M
a
r
t
e
n
s,

F
o
e
r
st

e
r
,

T
u
y
l
s,

G
r
a
e
p
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p
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ra
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o
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h
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h
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m

e
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eo
ry

d
o

n
ot

st
ra

ig
h
tf

or
w

ar
d
ly

ap
p
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)

A
d
iff

er
en
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e
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m
e
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o
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p
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ye
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]
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g
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d
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a
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R
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∑
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∈
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.
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=
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e
p
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e
p
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b
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a
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n
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e
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e
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w
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p
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e
re

sp
ec
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p
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(∇
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1
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th
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d
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of
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e
ga

m
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w
e

m
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n
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g

th
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a
ti
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d
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h
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b
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p
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g

th
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p
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n
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d
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at
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p
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p
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p
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e
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d
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h
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b
y

H
am

il
to

n
’s

eq
u
at

io
n
s:

d
q d
t

=
∂
H ∂
p

an
d

d
p d
t

=
−
∂
H ∂
q
.

A
n

im
p

o
rt

a
n
ce

co
n
se

q
u
en

ce
o
f

th
e

H
a
m

il
to

n
ia

n
fo

rm
a
li
sm

is
th

a
t

th
e

d
y
n
a
m

ic
s

o
f

th
e

p
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b
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.
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p
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p
le

1
(C

o
n

se
rv

a
ti

o
n

o
f

e
n

e
rg

y
in

a
z
e
ro

-s
u

m
u

n
c
o
n

st
ra

in
e
d

b
im

a
tr

ix
g
a
m

e
)

Z
er

o
-s

u
m

ga
m

es
,

w
h
er

e
∑

n i=
1
` i
≡

0,
a
re

w
el

l-
st

u
d
ie

d
.

T
h
e

ze
ro

-s
u

m
ga

m
e

` 1
(x
,y

)
=

x
ᵀ A

y
a
n

d
` 2

(x
,y

)
=
−

x
ᵀ A

y

h
a
s

a
N

a
sh

eq
u

il
ib

ri
u

m
a
t

(x
,y

)
=

(0
,0

).
T

h
e

si
m

u
lt

a
n

eo
u

s
gr

a
d
ie

n
t
ξ
(x
,y

)
=

(A
y
,−

A
ᵀ x

)
ro

ta
te

s
a
ro

u
n

d
th

e
N

a
sh

,
se

e
F

ig
u

re
1
.

6
JM

L
R

 2
0(

84
):

1-
40

, 2
01

9



D
if

f
e
r
e
n
t
ia

b
l
e

G
a
m

e
M

e
c
h
a
n
ic

s

T
h
e

m
a
trix

A
a
d
m

its
sin

gu
la

r
va

lu
e

d
eco

m
po

sitio
n

(S
V

D
)

A
=

U
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=
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,v
)

=
u
ᵀv

a
n

d
`
2 (u

,v
)

=
−

u
ᵀv

.
In

trod
u

ce
th

e
H

am
ilton

ian

H
(u
,v

)
=

12

(‖u‖
22

+
‖v‖

22 )
=

12
(x
ᵀU
ᵀD

U
x

+
y
ᵀV
ᵀD

V
y

)
.

R
em

a
rka

bly,
th

e
d
yn

a
m

ics
ca

n
be

refo
rm

u
la

ted
via

H
a
m

ilto
n’s

equ
a
tio

n
s

in
th

e
coo

rd
in

a
tes

given
by

th
e

S
V

D
o
f

A
:

ξ
(u
,v

)
=

(
∂H∂

v
,−

∂H∂
u

)
.

T
h
e

vecto
r

fi
eld

ξ
cycles

a
ro

u
n

d
th

e
equ

ilibriu
m

beca
u

se
ξ

co
n

serves
th

e
H

a
m

ilto
n

ia
n’s

level
sets

(i.e.
〈ξ
,∇
H
〉

=
0
).

H
o
w

ever,
g
ra

d
ie

n
t

d
e
sc

e
n
t

o
n

th
e

H
a
m

ilto
n

ia
n

c
o
n
v
e
rg

e
s

to
th

e
N

a
sh

e
q
u

ilib
riu

m
.

T
h
e

rem
a
in

d
er

o
f

th
e

pa
per

exp
lo

res
th

e
im

p
lica

tio
n

s
a
n

d
lim

ita
tio

n
s

o
f

th
is

in
sigh

t.

P
ap

ad
im

itriou
an

d
P

iliou
ras

(2016)
recen

tly
an

aly
zed

th
e

d
y
n
am

ics
of

M
atch

in
g

P
en

n
ies

(essen
tia

lly,
th

e
a
b

ov
e

ex
a
m

p
le)

a
n
d

sh
ow

ed
th

a
t

th
e

cy
clic

b
eh

av
io

r
cov

ers
th

e
en

tire
p

aram
eter

sp
ace.

T
h

e
H

am
ilton

ian
reform

u
lation

d
irectly

ex
p

lain
s

th
e

cy
clic

b
eh

av
ior

v
ia

a
co

n
serva

tio
n

law
.

2
.3

.
T

h
e

G
e
n

e
ra

liz
e
d

H
e
lm

h
o
ltz

D
e
c
o
m

p
o
sitio

n

T
h
e

J
a
c
o
b

ia
n

o
f

a
g
a
m

e
w

ith
d
y
n
a
m

ics
ξ

is
th

e
(d
×
d
)-m

a
trix

o
f

seco
n
d
-d

eriva
tiv

es

J
(w

)
:=
∇

w
·
ξ
(w

) ᵀ
=
(
∂
ξ
α

(w
)

∂
w
β

)
dα
,β

=
1 ,

w
h
ere

ξ
α
(w

)
is

th
e
α

th
en

try
o
f

th
e
d
-d

im
en

sio
n
a
l

vecto
r
ξ
(w

).
C

on
cretely,

th
e

J
acob

ia
n

can
b

e
w

ritten
as

J
(w

)
=



∇
2w

1 `
1

∇
2w

1
,w

2 `
1
···

∇
2w

1
,w
n
`
1

∇
2w

2
,w

1 `
2

∇
2w

2 `
2

···
∇

2w
2
,w
n
`
2

...
...

∇
2w
n
,w

1 `
n
∇

2w
n
,w

2 `
n
···

∇
2w
n
`
n



w
h

ere
∇

2w
i ,w

j `
k

is
th

e
(d
i ×

d
j )-b

lo
ck

of
2

n
d-ord

er
d

erivatives.
T

h
e

J
acob

ian
of

a
gam

e
is

a
sq

u
are

m
atrix

,
b
u
t

n
ot

n
ecessarily

sy
m

m
etric.

N
ote:

G
reek

in
d
ices

α
,β

ru
n

over
d

p
aram

eter
d
im

en
sio

n
s

w
h
ereas

R
om

an
in

d
ices

i,j
ru

n
ov

er
n

p
layers.

L
e
m

m
a

1
(g

e
n

e
ra

liz
e
d

H
e
lm

h
o
ltz

d
e
c
o
m

p
o
sitio

n
)

T
h
e

J
a
co

bia
n

o
f

a
n

y
vecto

r
fi

eld
d
eco

m
po

ses
u

n
iqu

ely
in

to
tw

o
co

m
po

n
en

ts
J

(w
)

=
S

(w
)

+
A

(w
)

w
h
ere

S
≡

S
ᵀ

is
sym

m
etric

a
n

d
A

+
A
ᵀ≡

0
is

a
n

tisym
m

etric.

P
ro

o
f

A
n
y

m
a
trix

d
eco

m
p

o
ses

u
n
iq

u
ely

a
s

M
=

S
+

A
w

h
ere

S
=

12 (M
+

M
ᵀ)

a
n
d

A
=

12 (M
−

M
ᵀ)

are
sy

m
m

etric
an

d
an

tisy
m

m
etric.

T
h
e

d
ecom

p
osition

is
p
reserved

b
y

orth
og-

o
n
a
l

ch
a
n

g
e-o

f-co
o
rd

in
a
tes:

g
iv

en
o
rth

o
g
o
n
a
l

m
a
trix

P
,

w
e

h
av

e
P
ᵀM

P
=

P
ᵀS

P
+

P
ᵀA

P
sin

ce
th

e
term

s
rem

a
in

sy
m

m
etric

a
n
d

a
n
tisy

m
m

etric.
A

p
p
ly

in
g

th
e

d
eco

m
p

o
sitio

n
to

th
e

J
a
co

b
ia

n
y
ield

s
th

e
resu

lt.

T
h
e

co
n
n
ectio

n
to

th
e

cla
ssica

l
H

elm
h
o
ltz

d
eco

m
p

o
sitio

n
in

ca
lcu

lu
s

is
sk

etch
ed

in
a
p
p

en
d
ix

B
.

T
w

o
n
atu

ral
classes

of
gam

es
arise

from
th

e
d
eco

m
p

o
sition

:
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L
e
t
c
h
e
r
,

B
a
l
d
u
z
z
i,

R
a
c
a
n
iè

r
e
,

M
a
r
t
e
n
s,

F
o
e
r
st

e
r
,

T
u
y
l
s,

G
r
a
e
p
e
l

D
e
fi

n
itio

n
2

A
ga

m
e

is
a

p
o
te

n
tia

l
g
a
m

e
if

th
e

J
a
co

bia
n

is
sym

m
etric,

i.e.
if

A
(w

)≡
0.

It
is

a
H

a
m

ilto
n

ia
n

g
a
m

e
if

th
e

J
a
co

bia
n

is
a
n

tisym
m

etric,
i.e.

if
S

(w
)≡

0
.

P
o
ten

tia
l

g
a
m

es
a
re

w
ell-stu

d
ied

a
n
d

ea
sy

to
so

lv
e.

H
a
m

ilto
n
ia

n
g
a
m

es
a
re

a
n
ew

cla
ss

o
f

gam
es

th
at

are
also

easy
to

solve.
T

h
e

gen
eral

case
is

m
ore

d
iffi

cu
lt,

see
S
ection

3.

2
.4

.
S

ta
b

le
F

ix
e
d

P
o
in

ts
(S

F
P

s)
v
s

L
o
c
a
l

N
a
sh

E
q
u

ilib
ria

(L
N

E
s)

T
h

ere
a
re

(a
t

lea
st)

tw
o

p
o
ssib

le
so

lu
tio

n
co

n
cep

ts
in

g
en

era
l

d
iff

eren
tia

b
le

g
a
m

es:
sta

b
le

fi
x
ed

p
oin

ts
an

d
lo

cal
N

ash
eq

u
ilib

ria.

D
e
fi

n
itio

n
3

A
po

in
t

w
is

a
lo

ca
l

N
a
sh

eq
u

ilib
riu

m
if,

fo
r

a
ll
i,

th
ere

exists
a

n
eigh

bo
r-

h
ood

U
i

o
f

w
i

su
ch

th
a
t
`
i (w
′i ,w

−
i )≥

`
i (w

i ,w
−
i )

fo
r

w
′i ∈

U
i .

W
e

in
tro

d
u
ce

loca
l

N
ash

eq
u
ilib

ria
b

ecau
se

fi
n
d
in

g
glo

ba
l

N
ash

eq
u
ilib

ria
is

u
n
realistic

in
gam

es
in

volv
in

g
n
eu

ral
n
ets.

G
rad

ien
t-b

ased
m

eth
o
d
s

can
reliab

ly
fi
n
d

lo
cal—

b
u
t

n
ot

glob
al—

op
tim

a
of

n
on

con
vex

ob
jective

fu
n
ction

s
(L

ee
et

al.,
2016,

2017).
S
im

ilarly,
grad

ien
t-b

a
sed

m
eth

o
d
s

can
n
ot

b
e

ex
p

ected
to

fi
n
d

glob
al

N
ash

eq
u
ilib

ria
in

n
on

con
v
ex

gam
es.

D
e
fi

n
itio

n
4

A
fi

xed
po

in
t

w
∗

w
ith

ξ
(w
∗)

=
0

is
sta

b
le

if
J

(w
∗)
�

0
a
n

d
J

(w
∗)

is
in

vertible,
u

n
sta

b
le

if
J

(w
∗)≺

0
a
n

d
a

stric
t

sa
d

d
le

if
J

(w
∗)

h
a
s

a
n

eigen
va

lu
e

w
ith

n
ega

tive
rea

l
pa

rt.
S

trict
sa

d
d

les
a
re

a
su

bset
o
f

u
n

sta
ble

fi
xed

po
in

ts.

T
h
e

d
efi

n
itio

n
is

a
d
a
p
ted

fro
m

L
etch

er
et

a
l.

(2
0
1
9
),

w
h
ere

co
n
d
itio

n
s

o
n

th
e

J
a
co

b
ia

n
h
o
ld

a
t

th
e

fi
x
ed

p
o
in

t;
in

co
n
tra

st,
B

a
ld

u
zzi

et
a
l.

(2
0
1
8
a
)

im
p

o
sed

co
n
d
itio

n
s

o
n

th
e

J
acob

ian
in

a
n

eigh
bo

rh
ood

of
th

e
fi
x
ed

p
oin

t.
W

e
m

otivate
th

is
con

cep
t

as
follow

s.
P

ositive
sem

id
efi

n
iten

ess,
J

(w
∗)�

0,
is

a
m

in
im

al
con

d
ition

for
an

y
reason

ab
le

n
otion

of
stab

le
fi
x
ed

p
oin

t.
In

th
e

case
of

a
sin

gle
loss

`,
th

e
J
acob

ian
of
ξ

=
∇
`

is
th

e
H

essian
of
`,

i.e.
J

=
∇

2`.
L

o
cal

con
vergen

ce
of

grad
ien

t
d
escen

t
on

sin
gle

fu
n
ction

s
can

n
ot

b
e

gu
aran

teed
if

J
(w
∗)�

0
,

sin
ce

su
ch

p
o
in

ts
a
re

strict
sa

d
d

les.
T

h
ese

a
re

a
lm

o
st

a
lw

ay
s

av
o
id

ed
b
y

L
ee

et
al.

(2017),
so

th
is

sem
id

efi
n
ite

con
d
ition

m
u
st

h
old

.
A

n
o
th

er
v
iew

p
o
in

t
is

th
a
t

in
v
ertib

ility
a
n
d

p
o
sitiv

e
sem

id
efi

n
iten

ess
o
f

th
e

H
essia

n
to

g
eth

er
im

p
ly

po
sitive

d
efi

n
iten

ess,
a
n
d

th
e

n
o
tio

n
o
f

sta
b
le

fi
x
ed

p
o
in

t
sp

ecia
lizes,

in
a

o
n
e-p

lay
er

g
a
m

e,
to

lo
ca

l
m

in
im

a
th

a
t

a
re

d
etected

b
y

th
e

seco
n
d

p
a
rtia

l
d
eriva

tiv
e

test.
T

h
ese

m
in

im
a

are
p

recisely
th

ose
w

h
ich

grad
ien

t-like
m

eth
o
d

s
p

rovab
ly

con
verge

to.
S

tab
le

fi
x
ed

p
o
in

ts
a
re

d
efi

n
ed

b
y

a
n
a
lo

g
y,

th
o
u
g
h

n
o
te

th
a
t

in
v
ertib

ility
a
n
d

sem
id

efi
n
iten

ess
d
o

n
o
t

im
p
ly

p
ositive

d
efi

n
iten

ess
in
n

-p
layer

gam
es

sin
ce

J
m

ay
n
ot

b
e

sy
m

m
etric.

F
in

a
lly,

it
is

im
p

o
rta

n
t

to
im

p
o
se

o
n
ly

p
o
sitiv

e
sem

i-d
efi

n
iten

ess
to

k
eep

th
e

cla
ss

a
s

la
rg

e
a
s

p
o
ssib

le.
Im

p
o
sin

g
strict

p
o
sitiv

ity
w

o
u
ld

im
p
ly

th
a
t

th
e

o
rig

in
is

n
o
t

a
n

S
F

P
in

th
e

cy
clic

gam
e
`
1

=
x
y

=
−
`
2

from
E

x
am

p
le

1,
w

h
ile

clearly
d
eserv

in
g

of
b

ein
g

so.

R
e
m

a
rk

1
T

h
e

co
n

d
itio

n
s

J
(w
∗)�

0
a
n

d
J

(w
∗)≺

0
a
re

equ
iva

len
t

to
th

e
co

n
d
itio

n
s

o
n

th
e

sym
m

etric
co

m
po

n
en

t
S

(w
∗)�

0
a
n

d
S

(w
∗)≺

0
respectively,

sin
ce

u
ᵀJ

u
=

u
ᵀS

u
+

u
ᵀA

u
=

u
ᵀS

u

fo
r

a
ll

u
,

by
a
n

tisym
m

etry
o
f

A
.

T
h
is

equ
iva

len
ce

w
ill

be
u

sed
th

ro
u

gh
o
u

t.

8
JM

L
R

 20(84):1-40, 2019



D
if

f
e
r
e
n
t
ia

b
l
e

G
a
m

e
M

e
c
h
a
n
ic

s

S
ta

b
le

fi
x
ed

p
o
in

ts
a
n

d
lo

ca
l

N
a
sh

eq
u

il
ib

ri
a

a
re

b
o
th

a
p

p
ea

li
n

g
so

lu
ti

o
n

co
n

ce
p

ts
,

o
n

e
fr

o
m

th
e

v
ie

w
p

o
in

t
o
f

o
p
ti

m
is

a
ti

o
n

b
y

a
n
a
lo

g
y

w
it

h
si

n
g
le

o
b

je
ct

iv
es

,
a
n
d

th
e

o
th

er
fr

o
m

ga
m

e
th

eo
ry

.
U

n
fo

rt
u
n
at

el
y,

n
ei

th
er

is
a

su
b
se

t
of

th
e

ot
h
er

:

E
x
a
m

p
le

2
(s

ta
b

le
6=⇒

lo
c
a
l

N
a
sh

)
L

et
` 1

(x
,y

)
=
x

3
+
x
y

a
n

d
` 2

(x
,y

)
=
−
x
y

.
T

h
en

ξ
(x
,y

)
=

( 3x
2

+
y

−
x

)
a
n

d
J

(x
,y

)
=

(
6x

1
−

1
0

)
.

T
h
er

e
is

a
st

a
bl

e
fi

xe
d

po
in

t
w

it
h

in
ve

rt
ib

le
H

es
si

a
n

a
t

(x
,y

)
=

(0
,0

),
si

n
ce
ξ
(0
,0

)
=

0
a
n

d
J

(0
,0

)
�

0
in

ve
rt

ib
le

.
H

o
w

ev
er

a
n

y
n

ei
gh

bo
u

rh
oo

d
o
f
x

=
0

co
n

ta
in

s
so

m
e

sm
a
ll
ε
>

0
fo

r
w

h
ic

h
` 1

(−
ε,

0)
=
−
ε3
<

0
=
` 1

(0
,0

),
so

th
e

o
ri

gi
n

is
n

o
t

a
lo

ca
l

N
a
sh

eq
u

il
ib

ri
u

m
.

E
x
a
m

p
le

3
(l

o
c
a
l

N
a
sh

6=⇒
st

a
b

le
)

L
et
` 1

(x
,y

)
=
` 2

(x
,y

)
=
x
y

.
T

h
en

ξ
(x
,y

)
=

( y x

)
a
n

d
J

(x
,y

)
=

( 0
1

1
0

)
.

T
h
er

e
is

a
fi

xe
d

po
in

t
a
t

(x
,y

)
=

(0
,0

)
w

h
ic

h
is

a
lo

ca
l

(i
n

fa
ct

,
gl

o
ba

l)
N

a
sh

eq
u

il
ib

ri
u

m
si

n
ce
` 1

(0
,y

)
=

0
≥
` 1

(0
,0

)
a
n

d
` 2

(x
,0

)
=

0
≥
` 2

(0
,0

)
fo

r
a
ll
x
,y
∈
R

.
H

o
w

ev
er

J
=

S
h
a
s

ei
ge

n
va

lu
es
λ

1
=

1
a
n

d
λ

2
=
−

1
<

0,
so

(0
,0

)
is

n
o
t

a
st

a
bl

e
fi

xe
d

po
in

t.

In
E

x
a
m

p
le

3
,

th
e

N
a
sh

eq
u

il
ib

ri
u

m
is

a
sa

d
d

le
po

in
t

o
f

th
e

co
m

m
o
n

lo
ss
`

=
x
y
.

A
n
y

al
go

ri
th

m
th

at
co

n
ve

rg
es

to
N

as
h

eq
u
il
ib

ri
a

w
il
l

th
u
s

co
n
ve

rg
e

to
an

u
n
d
es

ir
ab

le
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e

o
ri

g
in

im
m

ed
ia

te
ly

,
b

u
t

w
o
u

ld
la

te
r

b
e

p
u

n
is

h
ed

fo
r

d
o
in

g
so

si
n
ce

th
e

g
a
m

e
is

lo
ca

ll
y

d
o
m

in
a
te

d
b
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b
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p
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b
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p
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d
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p
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p
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p
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d
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p
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e
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>
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1
su

ch
th

a
t

φ
(w
′ i,

w
−
i)
−
φ

(w
′′ i,

w
−
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−
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i
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−
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d
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er
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S
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a
p
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e
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∇
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∇
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h
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p
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p
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b
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p
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n
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.
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p
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d
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n
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d
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p
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h
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p
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rs

p
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p
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p
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p
ro

ba
bi

li
ti

es
sa

ti
sf

y
p
ij

+
p
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p
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p
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p
la

ye
rs

a
re

ze
ro

-s
u

m
.

H
am

il
to

n
ia

n
ga

m
es

ar
e

cl
os

el
y

re
la

te
d

to
ze

ro
-s

u
m

ga
m

es
.

E
x
a
m

p
le

5
(a

n
u

n
c
o
n

st
ra

in
e
d

b
im

a
tr

ix
g
a
m

e
is

z
e
ro

-s
u

m
iff

it
is

H
a
m

il
to

n
ia

n
)

C
o
n

si
d
er

bi
m

a
tr

ix
ga

m
e

w
it

h
` 1

(x
,y

)
=

x
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ra
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p
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=
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)ᵀ
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a
m

ilto
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g
a
m

e
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a
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z
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F
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n
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n
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a

a
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d
b

a
n

d
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p
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se
p
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yers
1

a
n

d
2

m
in

im
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lo
sses

`
1 (x

,y
)

=
x

(y−
b)

a
n

d
`
2 (x

,y
)

=
−

(x
−
a
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w
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respect
to
x

a
n

d
y

respectively.
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g
a
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e
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a
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H
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ilto
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m
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`
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=
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2
`
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=
−
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T
h
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e
a
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a
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h
a
s
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l
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n
φ
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)
=
x
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2.

H
am
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ian

gam
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are
q
u
ite

d
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eren
t
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p

oten
tial

gam
es.
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a

H
am

ilton
ian
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e

th
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H
am
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ian
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n
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H
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ecifi
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a
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q
u
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p
oten
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es
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e
d
y
n
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a
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a
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n
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n
g
a
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e
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y
n
a
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∇
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u
n
d
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e

cy
clic

b
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p
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1.

T
h
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re

m
4

(c
o
n

se
rv

a
tio

n
la

w
fo

r
H

a
m

ilto
n

ia
n

g
a
m

e
s)

L
etH

(w
)

:=
12 ‖ξ

(w
)‖

22 .
If

th
e

ga
m

e
is

H
a
m

ilto
n

ia
n

th
en

i)
∇
H

=
A
ᵀξ

a
n

d

ii)
ξ

p
re

se
rv

e
s

th
e

le
v
e
l

se
ts

o
f
H

sin
ce
〈ξ
,∇
H
〉

=
0.

iii)
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e

J
a
co
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n
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vertible
a
n

d
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‖
w
‖→
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H

(w
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=
∞
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en
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d
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t
d
escen

t
o
n
H
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verges
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a
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ble
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xed
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t.

P
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p
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∇
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a
m
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T

h
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rst

sta
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=
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H
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o
r
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e
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n
d
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en
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e

d
irectio

n
a
l

d
eriva

tiv
e
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D

ξ H
=
〈ξ
,∇
H
〉

=
ξ
ᵀA
ᵀξ

w
h
ere

ξ
ᵀA
ᵀξ

=
(ξ
ᵀA
ᵀξ

) ᵀ
=
ξ
ᵀA
ξ

=
−

(ξ
ᵀA
ᵀξ

)
sin

ce
A

=
−

A
ᵀ

b
y

an
ti-sy

m
m

etry.
It

follow
s

th
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ξ
ᵀA
ᵀξ

=
0
.

F
o
r
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e
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en
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g
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d
ien

t
d
escen

t
o
n
H
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n
v
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e
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a
p

o
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t
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h
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∇
H
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ᵀξ
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=
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e
J
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b
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n
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le
th
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=

0
.

T
h
e

fi
x
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o
in

t
is
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b
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sin
ce

0
≡

S
�

0
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a
H

am
ilton

ian
gam

e,
recall

rem
ark

1.
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fact,H

is
a

H
am

ilton
ian

fu
n
ction
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th

e
gam

e
d
y
n
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see
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p

en
d
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B
for

a
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ex

p
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n
a
tio
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.

W
e
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e
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o
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n
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)‖

2
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u
g
h
o
u
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e

p
a
p

er.
H
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o
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b
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a
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H
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p
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m
a
p
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m
H

a
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ilto
n
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n
g
a
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m

p
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g
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p
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d
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B
.

S
y
m

p
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g
eo

m
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is
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e
m

o
d
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fo
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u
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n
o
f

cla
ssica

l
m

ech
a
n
ics
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,
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G
u
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in
an

d
S
tern

b
erg,

1990).
R
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th

at
p

erio
d
ic

b
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av
iors

(e.g.
orb

its)
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cla
ssica

l
m

ech
a
n

ics.
T

h
e

o
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its
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o
n
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e
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f
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e

H
a
m

ilto
n
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n

,
w
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p
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e
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l
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p
oin

ts
of

p
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.

P
ro

o
f

W
e

p
ro

ve
th

e
ca

se
S
�

0;
th

e
ca

se
S
�

0
is

si
m

il
ar

.
R

ew
ri

te
th

e
in

eq
u
a
li
ty

a
s

〈ξ
+
λ
·A
ᵀ ξ
,∇
H
〉=

(ξ
+
λ
·A
ᵀ ξ

)ᵀ
·(

S
+

A
ᵀ )
ξ

=
ξ
ᵀ S
ξ

+
λ
ξ
ᵀ A

S
ξ

+
λ
ξ
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h
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p
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√
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‖
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√
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√
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‖
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‖
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‖
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<
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b
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d
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b
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d
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=

w
−
α
ξ
λ (w

).

T
h

e
o
re

m
8

(O
stro

w
sk

i)
L

et
F

:
Ω
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R
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d
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⊆
R
d,

a
n

d
a
ssu

m
e

w
∗∈

Ω
is

a
fi

xed
po

in
t.

If
a
ll

eigen
va

lu
es

o
f∇
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ra
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r
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d
ard

resu
lt

on
fi

x
ed

-p
oin

t
iteration

s,
ad

ap
ted

from
O

rtega
an

d
R

h
ein

-
b

o
ld

t
(2

0
0
0
,

1
0
.1.3).

15
JM

L
R

 20(84):1-40, 2019

L
e
t
c
h
e
r
,

B
a
l
d
u
z
z
i,

R
a
c
a
n
iè

r
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∇
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b
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p
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>
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∇
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⇒
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⇒
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∇
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+
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i’s

T
h
eo

rem
sin

ce
w
∗

is
a

fi
x
ed

p
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d
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p
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e

in
fi

n
it

e
si

m
a
l

a
li

g
n

m
e
n

t
o
f
ξ
λ

:=
u

+
λ
·v

w
it

h
a

th
ir

d
ve

ct
o
r

w
is

al
ig

n
(ξ
λ
,w

)
:=

d d
λ

{ co
s2
θ λ
} |λ

=
0

fo
r
θ λ

:=
θ(
ξ
λ
,w

).

If
u

an
d

w
p

oi
n
t

th
e

sa
m

e
w

ay
,
u
ᵀ w

>
0,

th
en

al
ig

n
>

0
w

h
en

v
b

en
d
s

u
fu

rt
h
er

to
w

ar
d

w
,

se
e

F
ig

u
re

2A
.

O
th

er
w

is
e

al
ig

n
>

0
w

h
en

v
b

en
d
s

u
aw

ay
fr

om
w

,
se

e
F

ig
u
re

2B
.

T
h

e
fo

ll
ow

in
g

le
m

m
a

al
lo

w
s

u
s

to
re

w
ri

te
th

e
in

fi
n

it
es

im
al

al
ig

n
m

en
t

in
te

rm
s

of
k
n

ow
n

(c
om

p
u
ta

b
le

)
q
u
an

ti
ti

es
,

fr
om

w
h
ic

h
w

e
ca

n
d
ed

u
ce

th
e

co
rr

ec
t

ch
oi

ce
of
λ

.
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L
e
t
c
h
e
r
,

B
a
l
d
u
z
z
i,

R
a
c
a
n
iè

r
e
,

M
a
r
t
e
n
s,

F
o
e
r
st

e
r
,

T
u
y
l
s,

G
r
a
e
p
e
l

w

u v

v’

w

u v

v’
A

B

F
ig

u
re

2:
In

fi
n

it
es

im
a
l

a
li

gn
m

en
t

b
et

w
ee

n
u

+
λ
v

a
n
d

w
is

p
o
si

ti
v
e

(c
y
a
n
)

w
h
en

sm
a
ll

p
o
si

ti
v
e
λ

ei
th

er
:

(A
)

p
u
ll
s

u
to

w
a
rd

w
,

if
w

a
n
d

u
h
av

e
a
n
g
le
<

9
0
◦ ;

o
r

(B
)

p
u
sh

es
u

aw
ay

fr
o
m

w
if

th
ei

r
a
n
g
le

is
>

9
0
◦ .

C
o
n
v
er

se
ly

,
th

e
in

fi
n
it

es
im

a
l

al
ig

n
m

en
t

is
n
eg

at
iv

e
(r

ed
)

w
h
en

sm
al

l
p

os
it

iv
e
λ

ei
th

er
:

(A
)

p
u
sh

es
u

aw
ay

fr
om

w
w

h
en

th
ei

r
an

gl
e

is
ac

u
te

or
(B

)
p
u
ll
s

u
to

w
ar

d
w

w
h
en

th
ei

r
a
n
g
le

is
o
b
tu

se
.

A
lg

o
ri

th
m

1
S
y
m

p
le

ct
ic

G
ra

d
ie

n
t

A
d
ju

st
m

en
t

In
p

u
t:

lo
ss

es
L

=
{`
i}
n i=

1
,

w
ei

gh
ts
W

=
{w

i}
n i=

1

ξ
←
[ g
r
a
d
i
e
n
t
(`
i,

w
i)

f
o
r

(`
i,

w
i)
∈

(L
,W

)]

A
ᵀ ξ
←

g
e
t
s
y
m
a
d
j
(L
,W

)
//

ap
p

en
d
ix

A
if

a
l
i
g
n

th
e
n

∇
H
←
[ g
r
a
d
i
e
n
t
(1 2
‖ξ
‖2
,w

)
f
o
r

w
∈
W

)]

λ
←

s
i
g
n
( 1 d
〈ξ
,∇
H
〉〈

A
ᵀ ξ
,∇
H
〉+

ε)
//

ε
=

1 1
0

e
ls

e λ
←

1
e
n

d
if

O
u

tp
u

t:
ξ

+
λ
·A
ᵀ ξ

//
p
lu

g
in

to
a
n
y

op
ti

m
iz

er

L
e
m

m
a

1
1

W
h
en
ξ
λ

is
th

e
sy

m
p
le

ct
ic

gr
a
d
ie

n
t

a
d
ju

st
m

en
t,

si
gn
( al

ig
n
(ξ
λ
,∇
H

))
=

si
gn
( 〈
ξ
,∇
H
〉·
〈A
ᵀ ξ
,∇
H
〉)
.

P
ro

o
f

O
b
se

rv
e

th
at

co
s2
θ λ

=

(
〈ξ
λ
,∇
H
〉

‖ξ
λ
‖·
‖∇
H
‖) 2

=
〈ξ
,∇
H
〉+

2
λ
〈ξ
,∇
H
〉〈

A
ᵀ ξ
,∇
H
〉+

O
(λ

2
)

( ‖
ξ
‖2

+
O

(λ
2
))
·‖
∇
H
‖2

w
h
er

e
th

e
d
en

om
in

at
or

h
as

n
o

li
n
ea

r
te

rm
in
λ

b
ec

au
se
ξ
⊥

A
ᵀ ξ

.
It

fo
ll
ow

s
th

at
th

e
si

gn
of

th
e

in
fi
n
it

es
im

al
al

ig
n
m

en
t

is

si
gn

{
d d
λ

co
s2
θ λ

}
=

si
gn
{ 〈
ξ
,∇
H
〉〈

A
ᵀ ξ
,∇
H
〉}

as
re

q
u
ir

ed
.
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D
if

f
e
r
e
n
t
ia

b
l
e

G
a
m

e
M

e
c
h
a
n
ic

s

In
tu

itiv
ely,

co
m

p
u
tin

g
th

e
sig

n
o
f〈ξ

,∇
H
〉

p
rov

id
es

a
ch

eck
fo

r
sta

b
le

a
n
d

u
n
sta

b
le

fi
x
ed

p
oin

ts.
C

om
p

u
tin

g
th

e
sign

of〈A
ᵀξ
,∇
H
〉

ch
eck

s
w

h
eth

er
th

e
ad

ju
stm

en
t

term
p

oin
ts

tow
a
rd

s
o
r

aw
ay

fro
m

th
e

n
ea

rb
y

fi
x
ed

p
o
in

t.
P

u
ttin

g
th

e
tw

o
ch

eck
s

to
g
eth

er
y
ield

s
a

p
rescrip

tio
n

fo
r

th
e

sign
of
λ

,
as

follow
s.

P
ro

p
o
sitio

n
1
2

D
esid

era
ta
D

4—
D

5
a
re

sa
tisfi

ed
fo

r
λ

su
ch

th
a
t
λ·〈ξ

,∇
H
〉·〈A

ᵀξ
,∇
H
〉≥

0
.

P
ro

o
f

If
w

e
a
re

in
a

n
eig

h
b

o
rh

o
o
d

o
f

a
sta

b
le

fi
x
ed

p
o
in

t
th

en
〈ξ
,∇
H
〉≥

0
.

It
fo

llow
s

b
y

L
em

m
a

1
1

th
a
t

sign (
align

(ξ
λ ),∇

H
) )

=
sign (〈A

ᵀξ
,∇
H
〉 )

a
n
d

so
ch

o
o
sin

g
sign

(λ
)

=

sig
n (〈A

ᵀξ
,∇
H
〉 )

lea
d
s

to
th

e
a
n
g
le

b
etw

een
ξ
λ

a
n
d
∇
H

b
ein

g
sm

a
ller

th
a
n

th
e

a
n
g
le

b
etw

een
ξ

an
d
∇
H

,
satisfy

in
g

d
esid

eratu
m
D

4.
T

h
e

p
ro

of
for

th
e

u
n
stab

le
case

is
sim

ilar.

3
.5

.1
.

A
l
ig

n
m

e
n
t

a
n
d

C
o
n
v
e
r
g

e
n
c
e

R
a
t
e
s

G
rad

ien
t

d
escen

t
is

also
k
n
ow

n
as

th
e

m
eth

o
d

of
steep

est
d
escen

t.
In

gen
eral

gam
es,

h
ow

ever,
ξ

d
o
es

n
ot

follow
th

e
steep

est
p
ath

to
fi
x
ed

p
oin

ts
d
u
e

to
th

e
‘rotation

al
force’,

w
h
ich

forces
low

er
lea

rn
in

g
rates

an
d

slow
s

d
ow

n
con

vergen
ce.

T
h
e

fo
llow

in
g

lem
m

a
p
rov

id
es

so
m

e
in

tu
itio

n
a
b

o
u
t

a
lig

n
m

en
t.

T
h
e

id
ea

is
th

a
t,

th
e

sm
aller

th
e

cosin
e

b
etw

een
th

e
‘correct

d
irection

’
w

an
d

th
e

‘u
p

d
ate

d
irection

’
ξ
,

th
e

sm
aller

th
e

lea
rn

in
g

ra
te

n
eed

s
to

b
e

for
th

e
u
p

d
a
te

to
stay

in
a

u
n
it

b
all,

see
F

igu
re

3.

L
e
m

m
a

1
3

(A
lig

n
m

e
n
t

L
e
m

m
a
)

If
w

a
n

d
ξ

a
re

u
n

it
vecto

rs
w

ith
0
<

w
ᵀξ

th
en
‖
w
−
η·ξ‖

≤
1

fo
r

0≤
η
≤

2w
ᵀξ

=
2

cos
θ(w

,ξ
).

In
o
th

er
w

o
rd

s,
en

su
rin

g
th

a
t

w
−
η
ξ

is
clo

ser
to

th
e

o
rigin

th
a
n

w
requ

ires
sm

a
ller

lea
rn

in
g

ra
tes

η
a
s

th
e

a
n

gle
betw

een
w

a
n

d
ξ

gets
la

rger.

P
ro

o
f

C
h
eck
‖
w
−
η·
ξ‖

2
=

1
+
η

2−
2η·w

ᵀξ
≤

1
iff
η

2≤
2η·

w
ᵀξ

.
T

h
e

resu
lt

follow
s.

T
h

e
n

ex
t

lem
m

a
is

a
stan

d
ard

tech
n

ical
resu

lt
from

th
e

con
vex

op
tim

ization
literatu

re.

L
e
m

m
a

1
4

L
et
f

:R
d
→
R

be
a

co
n

vex
L

ip
sch

itz
sm

oo
th

fu
n

ctio
n

sa
tisfyin

g
‖∇

f
(y

)−
∇
f

(x
)‖
≤
L
·‖

y
−

x‖
fo

r
a
ll

x
,y
∈
R
d.

T
h
en

|f
(y

)−
f

(x
)−
〈∇
f

(x
),y
−

x〉|≤
L2
·‖

y
−

x‖
2

fo
r

a
ll

x
,y
∈
R
d.

P
ro

o
f

S
ee

N
esterov

(2004).

F
in

a
lly,

w
e

sh
ow

th
at

in
creasin

g
a
lign

m
en

t
h
elp

s
sp

eed
con

vergen
ce:
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L
e
t
c
h
e
r
,

B
a
l
d
u
z
z
i,

R
a
c
a
n
iè

r
e
,

M
a
r
t
e
n
s,

F
o
e
r
st

e
r
,

T
u
y
l
s,

G
r
a
e
p
e
l

w
w

A
B

F
igu

re
3:

A
lign

m
en

t
a
n

d
lea

rn
in

g
ra

tes.
T

h
e

larger
cos

θ,
th

e
larger

th
e

learn
in

g
rate

η
th

at
can

b
e

ap
p
lied

to
u
n
it

vector
ξ

w
ith

ou
t

w
+
η·
ξ

leav
in

g
th

e
u
n
it

circle.

T
h

e
o
re

m
1
5

S
u

p
po

se
f

is
co

n
vex

a
n

d
L

ip
sch

itz
sm

oo
th

w
ith
‖∇

f
(x

)−
∇
f

(y
)‖
≤
L·‖

x−
y‖.

L
et

w
t+

1
=

w
t −

η·v
w

h
ere
‖v‖

=
‖∇

f
(w

t )‖.
T

h
en

th
e

o
p
tim

a
l

step
size

is
η ∗

=
co

s
θ

L
w

h
ere

θ
:=

θ(∇
f

(w
t ),v

),
w

ith

f
(w

t+
1 )≤

f
(w

t )−
cos

2
θ

2
L
·‖∇

f
(w

t )‖
2.

T
h
e

p
ro

of
of

T
h
eorem

15
ad

ap
ts

L
em

m
a

14
to

h
an

d
le

th
e

an
gle

arisin
g

from
th

e
‘rotation

al
force’.

P
ro

o
f

B
y

th
e

L
em

m
a

14,

f
(y

)≤
f

(x
)

+
〈∇
f

(x
),y
−

x〉
+
L2 ‖y

−
x‖

2

=
f

(x
)−

η·〈∇
f
,ξ〉

+
η

2
L2
·‖
ξ‖

2

=
f

(x
)−

η·〈∇
f
,ξ〉

+
η

2
L2
·‖∇

f‖
2

=
f

(x
)−

η
(α
−
η2
L

)·‖∇
f‖

2

w
h
ere

α
:=

cos
θ.

S
olv

e

m
inη

∆
(η

)
=

m
inη {−

η
(α
−
η2
L

) }

to
ob

tain
η ∗

=
αL

an
d

∆
(η ∗)

=
−
α
22
L

as
req

u
ired

.

In
crea

sin
g

th
e

co
sin

e
w

ith
th

e
steep

est
d
irectio

n
im

p
rov

es
co

n
v
erg

en
ce.

T
h
e

a
lig

n
m

en
t

com
p
u
tation

in
algorith

m
1

ch
o
oses

λ
to

b
e

p
ositive

or
n
egative

su
ch

th
at
ξ
λ

is
b

en
t

tow
ard

s
stab

le
(in

creasin
g

th
e

cosin
e)

an
d

aw
ay

from
u
n
stab

le
fi
x
ed

p
oin

ts.
A

d
d
in

g
a

sm
all

ε
>

0
to

th
e

com
p
u
tation

in
tro

d
u
ces

a
w

eak
b
ias

tow
ard

s
stab

le
fi
x
ed

p
oin

ts.
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n
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GRADIENT DESCENT SGA
0.

03
2

0.
1

0.
01

le
ar

ni
ng

 ra
te

F
ig

u
re

4:
S
G

A
al

lo
w

s
fa

st
er

an
d

m
or

e
ro

b
u
st

co
n
ve

rg
en

ce
to

st
ab

le
fi
x
ed

p
oi

n
ts

th
an

va
n
il
la

g
ra

d
ie

n
t

d
es

ce
n
t

in
th

e
p
re

se
n
ce

o
f

‘r
o
ta

ti
o
n
a
l

fo
rc

es
’,

b
y

b
en

d
in

g
th

e
d
ir

ec
ti

o
n

of
d
es

ce
n
t

to
w

ar
d
s

th
e

fi
x
ed

p
oi

n
t.

N
ot

e
th

e
gr

ad
ie

n
t

d
es

ce
n
t

d
iv

er
ge

s
ex

tr
em

el
y

ra
p
id

ly
in

th
e

to
p
-r

ig
h
t

p
an

el
,

w
h
ic

h
h
as

a
d
iff

er
en

t
sc

al
e

fr
om

th
e

ot
h
er

p
an

el
s.

3
.6

.
A

li
g
n

e
d

C
o
n

se
n

su
s

O
p

ti
m

iz
a
ti

o
n

T
h
e

st
a
b
il
it

y
cr

it
er

io
n

in
E

q
u
a
ti

o
n

(2
)

a
ls

o
p
ro

v
id

es
a

si
m

p
le

w
ay

to
p
re

v
en

t
co

n
se

n
su

s
op

ti
m

iz
at

io
n

fr
om

co
n
ve

rg
in

g
to

u
n
st

ab
le

eq
u
il
ib

ri
a.

A
li
g
n

e
d

c
o
n

se
n

su
s

o
p

ti
m

iz
a
ti

o
n

is

ξ
+
|λ
|·

si
gn
( 〈
ξ
,∇
H
〉)
·J
ᵀ ξ
,

(3
)

w
h

er
e

in
p

ra
ct

ic
e

w
e

se
t
λ

=
1.

A
li

gn
ed

co
n

se
n

su
s

op
ti

m
iz

at
io

n
sa

ti
sfi

es
d

es
id

er
at

a
D

3
—

D
5
.

H
ow

ev
er

,
it

b
eh

av
es

st
ra

n
g
el

y
in

p
o
te

n
ti

a
l

g
a
m

es
.

M
u
lt

ip
ly

in
g

b
y

th
e

J
a
co

b
ia

n
is

th
e

‘i
n
v
er

se
’

o
f

N
ew

to
n

’s
m

et
h

o
d

si
n

ce
fo

r
p

o
te

n
ti

a
l

g
a
m

es
th

e
J
a
co

b
ia

n
o
f
ξ

is
th

e
H

es
si

a
n

o
f

th
e

p
o
te

n
ti

a
l

fu
n
ct

io
n
.

M
u
lt

ip
ly

in
g

b
y

th
e

H
es

si
a
n

in
cr

ea
se

s
th

e
g
a
p

b
et

w
ee

n
sm

a
ll

a
n
d

la
rg

e
ei

g
en

va
lu

es
,

in
cr

ea
si

n
g

th
e

(u
su

a
l,

m
u
lt

ip
li
ca

ti
v
e)

co
n
d
it

io
n

n
u
m

b
er

a
n
d

sl
ow

s
d
ow

n
co

n
v
er

g
en

ce
.

N
ev

er
th

el
es

s,
co

n
se

n
su

s
o
p
ti

m
iz

a
ti

o
n

w
o
rk

s
w

el
l

in
G

A
N

s
(M

es
ch

ed
er

et
a
l.
,

20
17

),
an

d
al

ig
n
ed

co
n
se

n
su

s
m

ay
im

p
ro

ve
p

er
fo

rm
an

ce
,

se
e

ex
p

er
im

en
ts

b
el

ow
.
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e

G
A

N
ap

p
ro

x
im

at
el

y
le

ar
n
in

g
al

l
75

ei
ge

n
va

lu
es

,
al

th
ou

gh
th

e
ra

n
ge

va
ri

es
fr

om
0.

6
to

1.
5.

5
.

D
is

cu
ss

io
n

M
o
d

er
n

d
ee

p
le

ar
n

in
g

tr
ea

ts
d

iff
er

en
ti

ab
le

m
o
d

u
le

s
li

ke
p

lu
g-

an
d

-p
la

y
le

go
b

lo
ck

s.
F

or
th

is
to

w
o
rk

,
a
t

th
e

v
er

y
le

a
st

,
w

e
n
ee

d
to

k
n
ow

th
a
t

g
ra

d
ie

n
t

d
es

ce
n
t

w
il
l

fi
n
d

lo
ca

l
m

in
im

a
.

U
n
fo

rt
u
n
a
te

ly
,

g
ra

d
ie

n
t

d
es

ce
n
t

d
o
es

n
o
t

n
ec

es
sa

ri
ly

fi
n
d

lo
ca

l
m

in
im

a
w

h
en

o
p
ti

m
iz

in
g

m
u

lt
ip

le
in

te
ra

ct
in

g
o
b

je
ct

iv
es

.
W

it
h

th
e

re
ce

n
t

p
ro

li
fe

ra
ti

o
n

o
f

a
lg

o
ri

th
m

s
th

a
t

o
p

ti
m

iz
e

m
or

e
th

an
on

e
lo

ss
,
it

is
b

ec
om

in
g

in
cr

ea
si

n
gl

y
u
rg

en
t

to
u
n
d
er

st
an

d
an

d
co

n
tr

ol
th

e
d
y
n
am

ic
s

o
f

in
te

ra
ct

in
g

lo
ss

es
.

A
lt

h
o
u
g
h

th
er

e
is

in
te

re
st

in
g

re
ce

n
t

w
o
rk

o
n

tw
o
-p

la
y
er

a
d
v
er

sa
ri

a
l

g
a
m

es
su

ch
a
s

G
A

N
s,

th
er

e
is

es
se

n
ti

a
ll
y

n
o

w
o
rk

o
n

fi
n
d
in

g
st

a
b
le

fi
x
ed

p
o
in

ts
in

m
o
re

ge
n
er

al
ga

m
es

p
la

ye
d

b
y

in
te

ra
ct

in
g

n
eu

ra
l

n
et

s.

T
h

e
ge

n
er

al
iz

ed
H

el
m

h
ol

tz
d

ec
om

p
os

it
io

n
p

ro
v
id

es
a

p
ow

er
fu

l
n

ew
p

er
sp

ec
ti

ve
on

ga
m

e
d
y
n
am

ic
s.

A
ke

y
fe

at
u
re

is
th

at
th

e
an

al
y
si

s
is

in
d
iff

er
en

t
to

th
e

n
u
m

b
er

of
p
la

ye
rs

.
In

st
ea

d
,

it
is

th
e

in
te

rp
la

y
b

et
w

ee
n

th
e

si
m

u
lt

an
eo

u
s

gr
ad

ie
n
t
ξ

on
th

e
lo

ss
es

an
d

th
e

sy
m

m
et

ri
c

an
d

an
ti

sy
m

m
et

ri
c

m
at

ri
ce

s
of

se
co

n
d
-o

rd
er

te
rm

s
th

at
gu

id
es

al
go

ri
th

m
d
es

ig
n

an
d

go
ve

rn
s

th
e

d
y
n
am

ic
s

u
n
d
er

gr
ad

ie
n
t

ad
ju

st
m

en
ts

.

S
y
m

p
le

ct
ic

g
ra

d
ie

n
t

a
d
ju

st
m

en
t

is
a

st
ra

ig
h
tf

o
rw

a
rd

a
p
p
li
ca

ti
o
n

o
f

th
e

g
en

er
a
li
ze

d
H

el
m

h
ol

tz
d
ec

om
p

os
it

io
n
.

It
is

u
n
li
ke

ly
th

at
S
G

A
is

th
e

b
es

t
ap

p
ro

ac
h

to
fi
n
d
in

g
st

ab
le

fi
x
ed

p
o
in

ts
.

A
d

ee
p

er
u

n
d

er
st

a
n

d
in

g
o
f

th
e

in
te

ra
ct

io
n

b
et

w
ee

n
th

e
p

o
te

n
ti

a
l

a
n

d
H

a
m

il
to

n
ia

n
co

m
p

on
en

ts
w

il
l

le
ad

to
m

or
e

eff
ec

ti
ve

al
go

ri
th

m
s.

R
ei

n
fo

rc
em

en
t

le
ar

n
in

g
al

go
ri

th
m

s
th

at
op

ti
m

iz
e

m
u
lt

ip
le

ob
je

ct
iv

es
ar

e
in

cr
ea

si
n
gl

y
co

m
m

on
,

an
d

se
co

n
d
-o

rd
er

te
rm

s
a
re

d
iffi

cu
lt

to
es

ti
m

at
e

in
p
ra

ct
ic

e.
T

h
u
s,

fi
rs

t-
or

d
er

m
et

h
o
d
s

th
at

d
o

n
ot

u
se

J
ac

ob
ia

n
-v

ec
to

r
p
ro

d
u
ct

s
ar

e
of

p
ar

ti
cu

la
r

in
te

re
st

.

5
.0

.1
.

G
a
m

if
ic

a
t
io

n

F
in

al
ly

,
it

is
w

or
th

ra
is

in
g

a
p
h
il
os

op
h
ic

al
p

oi
n
t.

In
th

is
p
ap

er
w

e
ar

e
co

n
ce

rn
ed

w
it

h
fi
n
d
in

g
st

ab
le

fi
x
ed

p
oi

n
ts

(b
ec

au
se

,
fo

r
ex

am
p
le

,
th

ey
y
ie

ld
p
le

as
in

g
sa

m
p
le

s
in

G
A

N
s)

.
W

e
ar

e
n
ot

co
n
ce

rn
ed

w
it

h
th

e
lo

ss
es

o
f

th
e

p
la

y
er

s
pe

r
se

.
T

h
e

g
ra

d
ie

n
t

a
d
ju

st
m

en
ts

m
ay

le
a
d

to
a

2
9
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L
e
t
c
h
e
r
,

B
a
l
d
u
z
z
i,

R
a
c
a
n
iè

r
e
,

M
a
r
t
e
n
s,

F
o
e
r
st

e
r
,

T
u
y
l
s,

G
r
a
e
p
e
l

p
la

ye
r

ac
ti

n
g

ag
ai

n
st

it
s

ow
n

se
lf

-i
n
te

re
st

b
y

in
cr

ea
si

n
g

it
s

lo
ss

.
W

e
co

n
si

d
er

th
is

ac
ce

p
ta

b
le

in
so

fa
r

as
it

en
co

u
ra

ge
s

co
n
ve

rg
en

ce
to

a
st

ab
le

fi
x
ed

p
oi

n
t.

T
h

e
p

la
ye

rs
ar

e
b

u
t

a
m

ea
n

s
to

an
en

d
.

W
e

h
av

e
a
rg

u
ed

th
a
t

st
a
b

le
fi

x
ed

p
o
in

ts
a
re

a
m

o
re

u
se

fu
l

so
lu

ti
o
n

co
n

ce
p

t
th

a
n

lo
ca

l
N

as
h

eq
u

il
ib

ri
a

fo
r

ou
r

p
u

rp
os

es
.

H
ow

ev
er

,
n

ei
th

er
is

en
ti

re
ly

sa
ti

sf
ac

to
ry

,
an

d
th

e
q
u

es
ti

on
“
W

h
a
t

is
th

e
ri

g
h
t

so
lu

ti
o
n

co
n

ce
p

t
fo

r
n

eu
ra

l
g
a
m

es
?”

re
m

a
in

s
o
p

en
.

In
fa

ct
,

it
li

k
el

y
h

a
s

m
an

y
an

sw
er

s.
T

h
e

in
tr

in
si

c
cu

ri
os

it
y

m
o
d
u
le

in
tr

o
d
u
ce

d
b
y

P
at

h
ak

et
al

.
(2

01
7)

p
la

y
s

tw
o

o
b

je
ct

iv
es

a
g
a
in

st
o
n
e

a
n
o
th

er
to

d
ri

v
e

a
g
en

ts
to

se
a
rc

h
fo

r
n

ov
el

ex
p

er
ie

n
ce

s.
In

th
is

ca
se

,
co

n
ve

rg
in

g
to

a
fi
x
ed

p
oi

n
t

is
p
re

ci
se

ly
w

h
at

is
to

b
e

av
oi

d
ed

.

It
is

re
m

ar
ka

b
le

—
to

gi
ve

a
fe

w
ex

am
p
le

s
sa

m
p
le

d
fr

om
m

an
y
—

th
at

cu
ri

os
it

y,
ge

n
er

at
in

g
p

h
ot

or
ea

li
st

ic
im

ag
es

,
an

d
im

ag
e-

to
-i

m
ag

e
tr

an
sl

at
io

n
(Z

h
u

et
al

.,
20

17
)

ca
n

b
e

fo
rm

u
la

te
d

as
ga

m
es

.
W

h
at

el
se

ca
n

ga
m

es
d
o?

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

th
an

k
G

u
il
la

u
m

e
D

es
ja

rd
in

s
an

d
C

sa
b
a

S
ze

p
es

va
ri

fo
r

u
se

fu
l

co
m

m
en

ts
.

A
p
p

e
n
d
ix

A
.

T
e
n
so

rF
lo

w
C

o
d
e

to
C

o
m

p
u
te

S
G

A

S
ou

rc
e

co
d
e

is
av

ai
la

b
le

at
h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
d
e
e
p
m
i
n
d
/
s
y
m
p
l
e
c
t
i
c
-
g
r
a
d
i
e
n
t
-
a
d
j
u
s
t
m
e
n
t
.

S
in

ce
co

m
p
u
ti

n
g

th
e

sy
m

p
le

ct
ic

ad
ju

st
m

en
t

is
q
u
it

e
si

m
p
le

,
w

e
in

cl
u
d
e

an
ex

p
li
ci

t
d
es

cr
ip

ti
on

h
er

e
fo

r
co

m
p
le

te
n
es

s.

T
h
e

co
d
e

re
q
u
ir

es
a

li
st

o
f
n

lo
ss

es
,
L
s
,

a
n
d

a
li
st

o
f

va
ri

a
b
le

s
fo

r
th

e
n

p
la

y
er

s,
x
s
.

T
h

e
fu

n
ct

io
n
f
w
d
g
r
a
d
i
e
n
t
s

w
h

ic
h

im
p

le
m

en
ts

fo
rw

ar
d

m
o
d

e
au

to
-d

iff
er

en
ti

at
io

n
is

in
th

e
m

o
d
u
le

t
f
.
c
o
n
t
r
i
b
.
k
f
a
c
.
u
t
i
l
s
.

%
c
o
m

p
u

te
J
a
c
o
b

ia
n

-v
e
c
to

r
p

ro
d

u
c
t

J
v

d
e
f

j
a
c
v
e
c
(y
s
,x
s
,v
s
)

:
r
e
t
u
r
n

f
w
d
g
r
a
d
i
e
n
t
s
(y
s
,x
s
,
g
r
a
d
x
s

=
v
s
,s
t
o
p
g
r
a
d
i
e
n
t
s

=
x
s
)

%
c
o
m

p
u

te
J
a
c
o
b

ia
n
ᵀ -

v
e
c
to

r
p

ro
d

u
c
t

J
ᵀ v

d
e
f

j
a
c
t
r
a
n
v
e
c
(y
s
,x
s
,v
s
)

:
d
y
d
x
s

=
t
f
.
g
r
a
d
i
e
n
t
s
(y
s
,x
s
,g
r
a
d
y
s

=
v
s
,
s
t
o
p
g
r
a
d
i
e
n
t
s

=
x
s
)

r
e
t
u
r
n

[t
f
.
z
e
r
o
s
l
i
k
e
(x

)
i
f

d
y
d
x

i
s

N
o
n
e

e
l
s
e

d
y
d
x
f
o
r

(x
,d
y
d
x
)
i
n

z
i
p
(x
s
,d
y
d
x
s
)]

%
c
o
m

p
u

te
S

y
m

p
le

c
ti

c
G

ra
d

ie
n
t

A
d

ju
st

m
e
n
t

A
ᵀ ξ

d
e
f

g
e
t
s
y
m
a
d
j
(L
s
,x
s
)

:
%

c
o
m

p
u

te
g
a
m

e
d

y
n

a
m

ic
s
ξ

x
i

=
[t
f
.
g
r
a
d
i
e
n
t
s
(`
,x

)[
0
]
f
o
r

(`
,x

)
i
n

z
i
p
(L
s
,x
s
)]

J
x
i

=
j
a
c
v
e
c
(x
i
,x
s
,x
i
)

J
t
x
i

=
j
a
c
t
r
a
n
v
e
c
(x
i
,x
s
,x
i
)

%
c
o
m

p
u

te
A
ᵀ ξ

=
1 2
(J
ᵀ ξ
−

J
ξ
)

30
JM

L
R

 2
0(

84
):

1-
40

, 2
01

9



D
if

f
e
r
e
n
t
ia

b
l
e

G
a
m

e
M

e
c
h
a
n
ic

s

A
t
x
i

=
[
j
t−

j
2

f
o
r

(j
,j
t
)
i
n

z
i
p
(J

x
i
,J
t
x
i
)]

r
e
t
u
r
n

A
t
x
i

A
p
p

e
n
d
ix

B
.

H
e
lm

h
o
ltz,

H
a
m

ilto
n
,

H
o
d
g
e
,

a
n
d

H
a
rm

o
n
ic

G
a
m

e
s

T
h
is

sectio
n

ex
p
la

in
s

th
e

m
a
th

em
a
tica

l
co

n
n
ectio

n
s

w
ith

th
e

H
elm

h
o
ltz

d
eco

m
p

o
sitio

n
,

sy
m

p
lectic

g
eo

m
etry

a
n
d

th
e

H
o
d
g
e

d
eco

m
p

o
sitio

n
.

T
h
e

d
iscu

ssio
n

is
n

o
t

n
ecessa

ry
to

u
n
d
erstan

d
th

e
m

ain
tex

t.
It

is
also

n
ot

self-con
tain

ed
.

T
h
e

d
etails

can
b

e
fou

n
d

in
tex

tb
o
ok

s
coverin

g
d
iff

eren
tial

an
d

sy
m

p
lectic

geom
etry

(A
rn

old
,

1989;
G

u
illem

in
an

d
S
tern

b
erg,

1990;
B

o
tt

a
n
d

T
u
,

1
995).

B
.1

.
T

h
e

H
e
lm

h
o
ltz

D
e
c
o
m

p
o
sitio

n

T
h

e
classical

H
elm

h
oltz

d
ecom

p
osition

states
th

at
an

y
vector

fi
eld

ξ
in

3-d
im

en
sion

s
is

th
e

su
m

o
f

cu
rl-free

(grad
ien

t)
an

d
d
ivergen

ce-free
(in

fi
n
itesim

al
rotation

)
com

p
on

en
ts:

ξ
=

∇
φ

︸︷︷︸
g
ra

d
ien

t
co

m
p

o
n

en
t +

cu
rl(B

)
︸
︷︷

︸
ro

ta
tio

n
a
l

co
m

p
o
n

en
t

[
cu

rl(•)
:=
∇
×

(•
) ]

W
e

ex
p
la

in
th

e
lin

k
b

etw
een

cu
rl

a
n
d

th
e

a
n
tisy

m
m

etric
co

m
p

o
n
en

t
o
f

th
e

g
a
m

e
J
a
co

b
ia

n
.

R
ecall

th
at

grad
ien

ts
of

fu
n

ction
s

are
actu

ally
d

iff
eren

tial
1-form

s,
n

ot
v
ector

fi
eld

s.
D

iff
er-

en
tial

1-form
s

an
d

vector
fi
eld

s
on

a
m

an
ifold

are
can

on
ically

isom
orp

h
ic

on
ce

a
R

iem
an

n
ian

m
etric

h
a
s

b
een

ch
o
sen

.
In

o
u
r

ca
se,

w
e

a
re

im
p
licitly

u
sin

g
th

e
E

u
clid

ea
n

m
etric.

T
h
e

an
tisy

m
m

etric
m

atrix
A

is
th

e
d
iff

eren
tial

2-form
ob

tain
ed

b
y

ap
p
ly

in
g

th
e

ex
terior

d
erivative

d
to

th
e

1
-form

ξ
.

In
3-d

im
en

sion
s,

th
e

H
o
d
ge

star
op

erator
is

an
isorm

orp
h
ism

from
d
iff

eren
tial

2-form
s

to
vector

fi
eld

s,
an

d
th

e
cu

rl
can

b
e

reform
u
lated

as
cu

rl(•
)

=
∗
d
(•

).
In

claim
in

g
A

is
an

alogou
s

to
cu

rl,
w

e
a
re

sim
p
ly

d
rop

p
in

g
th

e
H

o
d
ge-star

op
erator.

F
in

a
lly,

reca
ll

th
a
t

th
e

L
ie

a
lg

eb
ra

o
f

in
fi
n
itesim

a
l

ro
ta

tio
n
s

in
d
-d

im
en

sio
n
s

is
g
iv

en
b
y

a
n
tisy

m
m

etric
m

a
trices.

W
h
en

d
=

3
,

th
e

L
ie

a
lg

eb
ra

ca
n

b
e

rep
resen

ted
a
s

v
ecto

rs
(th

ree
n
u
m

b
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b
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.
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p
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H
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v
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n
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=
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b
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b
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︸
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︸

∇
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r
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p
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e

term
in

ology
‘H

am
ilton

ian
’.

B
.3

.
T

h
e

H
o
d

g
e

D
e
c
o
m

p
o
sitio

n

T
h
e

ex
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Ω
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d
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+
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=
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e
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t
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d
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b
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︸
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︸
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︸
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=
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R
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a
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p
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e
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d
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d
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b
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a
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b
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b
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d
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d
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b
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p
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p
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b
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p
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+
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p
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b
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=
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=
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=
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d
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∂ ∂
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b
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eq
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∂
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∂
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e
τ
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=
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=
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=
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∂ ∂
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·m
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h
e
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su

lt
in

g
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∂ ∂
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ṗ
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h
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b
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e
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p
le

ct
ic

ge
om
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.
In

tr
o
d
u
ce

th
e

sy
m

p
le

ct
ic

fo
rm

ω
=
d
q
∧
d
p

w
it

h
u
n
it

s
τ
(ω

)
=
k
g
·m

2

s
.

O
b
se

rv
e

th
at

co
n
tr

ac
ti

n
g

th
e

fl
ow

w
it

h
th

e
H

am
il
to

n
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n
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ta
in

s
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ω

=
ω
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)
=
d
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=
∂
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·d
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+
∂
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p
·d
p

w
it

h
u
n
it

s
τ
(d
H

)
=
τ
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=

k
g
·m
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L
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e
s
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C

l
a
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a
l

M
e
c
h
a
n
ic

s

A
lt

h
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gh
th

er
e
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o
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ot
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n
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in
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ca
l

m
ec

h
an
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it
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fu
l

(f
or

th
e

n
ex

t
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ct
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n
)

to
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ee

p
p
u
sh

in
g

th
e

fo
rm

al
an

al
og

y.
D

efi
n
e

th
e

“l
os

se
s”
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,p

)
=
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·q
p

an
d
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)
=
−
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·q
p
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)
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it
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u
n
it
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(`
1
)

=
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2 s
an
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=
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g
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h
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b
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re
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b
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t
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q
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n
d
p
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el
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∂
H ∂
p

∂ ∂
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∂ ∂
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r
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d
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h
is

m
[

:
T
M
→
T
∗ M

.
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p
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w
e

w
o
u
ld

g
u
es

s
th

a
t

th
e

m
u
si

ca
l

is
o
m

o
rp

h
is

m
is
(
∂ ∂
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ev
er
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∂
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∂
` 1 ∂
q
·d
q)

=
τ
(`

1
)

=
m

2 s

w
h
er

ea
s

τ

(
∂
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w
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n
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d
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∂ ∂
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∂ ∂
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∂ ∂
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→
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p
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d
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to
th

e
H

a
m

il
to

n
ia

n
fo

r
p
h
y
si

ca
l

re
a
so

n
s.

A
p
p
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∂
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( ∂
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( ∂
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=
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=
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.
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b
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ra
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.
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d
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.
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b
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b
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at
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S
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tu
m

fo
r

im
p
ro

ve
d

ga
m

e
d
y
n
am

ic
s.

In
a
rX

iv
:1

8
0
7
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a
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u
d
,

P
V

in
ce

n
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l
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p
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d
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a
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p
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b
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p
le

A
d
a
p
ti

ve
S

tr
a
te

gi
es

:
F

ro
m

R
eg

re
t-

M
a
tc

h
in

g
to

U
n

co
u

p
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b
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b
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p
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.
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b
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n
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p
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ra
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.
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b
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ra
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b
in

a
to

ria
l

H
o
d
g
e

th
eo

ry
.
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.
P
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I
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L
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m
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d
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m
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d
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d
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l
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P
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p
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g
.
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p
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d
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G
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n
d

S
N

ow
o
zin

.
W

h
ich

tra
in

in
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m
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l-D
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7.
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d
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d
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b
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,
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N
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.
E
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-p
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es.
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,
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N
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.
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u
cto

ry
L

ectu
res

o
n

C
o
n
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p
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B
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C
o
u
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R
h
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b
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r
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d
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A
p
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C
P

a
p
a
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itrio
u

a
n
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G
P
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F
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N
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recu
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n
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algorith

m
ic

so
lu

tio
n

co
n
cep

t
for

gam
e

th
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p
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h
e
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r
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p
e
l

D
P

a
th

a
k
,

P
A

g
raw

a
l,

A
A

E
fro

s,
a
n
d

T
D

a
rrell.

C
u
rio

sity
-d

riv
en

ex
p
lo

ra
tio

n
b
y

self-
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R
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d
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o
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re-stra
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h
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b
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.
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cova
ria

te
sh

ift
in

G
A

N
d
istrib

u
tion

s.
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P
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d
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.
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b
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a
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b
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ra
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p
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P
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a
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ple
of

a
good

(left)
and

a
bad

(right)
regionalization

using
data

from
lung

(left)
and

bladder
(right)

cancer
m
ortality

rates
in

South
B
razilian

m
unicipalities

for
the

period
2008-2012.

death
counts

in
low

population
areas

and
thus

extrem
e
rates

(high
or

low
)
in

sharp
contrast

w
ith

their
neighbors.

It
is

necessary
to

use
an

explicit
stochastic

fram
ew

ork
to

perform
the

regionalization
if

w
e
w
ant

to
take

into
account

this
naturalvariability

in
the

data.
A
n
appropriate

m
odeling

approach
should

also
allow

us
to

quantify
the

uncertainty
about

the
geographic

partition.
A

stochastic
fram

ew
ork

accounting
for

such
characteristics

defines
a
random

partition
m
odel.

C
onsequently,

our
inference

becom
es

m
ore

com
plex

as
there

is
a
huge

num
ber

of
possible

partitions
that

com
pose

the
param

etric
space.

Som
e
attem

pts
to

achieve
this

goalin
the

spatialcontext
have

been
already

considered
in

the
literature

and
they

are
review

ed
in

Section
1.1.

In
T
eixeira

et
al.(2015),w

e
introduce

a
random

partition
m
odelthat

deals
w
ith

purely
spatialregionalization

problem
s
in

a
prob-

abilistic
w
ay.

In
this

article,
in

addition
to

presenting
the

m
odel,

w
e
discuss

in
detail

the
elicitation

ofprior
distributions

for
the

partition
and

for
the

num
ber

ofclusters.
Such

m
odel

is
an

alternative
to

the
spatialproduct

partition
m
odel(P

P
M
)
introduced

by
H
egarty

and
B
arry

(2008)
and

by
P
age

and
Q
uintana

(2016).
W
e
also

extend
these

m
odels

to
space-tim

e
data

by
also

accounting
for

spatio-tem
poral

regionalization
and

provide
extensive

sim
ula-

tion
results

and
new

exam
ples.

W
e
run

a
sim

ulation
study

com
paring

the
proposed

m
odel

w
ith

w
ell-know

n
stochastic

and
non-stochastic

regionalization
techniques

including
B
ayesian

m
odeling

alternatives.
T
o
illustrate

the
purely

spatialcase,w
e
partition

the
B
razilian

m
ap

based
on

the
H
um

an
D
evelopm

ent
Index

(H
D
I)

and
the

B
razilian

South
region

based
on

bladder
and

lung
cancer

m
ortality

rates.
T
he

space-tim
e
case

is
illustrated

w
ith

H
D
I
in

three
decades.

T
he

spatial
and

the
spatio-tem

poral
structure

are
both

represented
by

a
graph.

T
he

partition
ofgraphs

is
not

a
new

subject
(G

reen
and

T
hom

as,2013;B
ornn

and
C
aron,2011).
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T
eix

eir
a
,
A

ssu
n
ção

a
n
d

L
o
sch

i

O
ur

contribution
is

the
introduction

of
random

spanning
trees

into
the

random
partition

m
odelas

a
toolto

handle
the

problem
of

searching
in

the
space

of
possible

partitions.
W
e

propose
an

effi
cient

G
ibbs

sam
pler

algorithm
to

sam
ple

from
the

posterior
probability

dis-
tribution,

specially
that

for
the

partition.
C
onditionally

on
the

spanning
tree,

the
random

partition
has

a
product

distribution
thus

defining
a
spatio-tem

poral/spatial
product

parti-
tion

m
odel.

T
his

strategy
also

greatly
facilitates

the
schem

e
for

sam
pling

from
the

posterior
distributions.

B
y
conditioning

on
the

partitions
resulting

from
spanning

trees
pruning,

w
e

substantially
reduce

the
space

of
partitions

or
clusters

to
be

explored.
It

is
im

portant
to

em
phasize

that
the

partition
space

is
the

set
of

all
possible

spatio-tem
poral/spatial

parti-
tions.

T
he

w
ay

w
e
search

this
space

is
by

selecting
a
new

random
spanning

tree
from

the
set

ofallpossible
spanning

trees
at

each
G
ibbs

step
and

then
proceed

w
ith

its
partitioning.

T
his

guarantees
that

there
is

a
positive

probability
that

any
partition

w
ill

be
reached

in
a

finite
tim

e
starting

from
any

other
partition

in
our

M
C
M
C

sam
pling

schem
e.

In
Section

2,
w
e
briefly

review
som

e
basic

concepts
of

graph
theory

w
e
need

in
the

construction
of

the
proposed

m
odel.

In
Section

3
w
e
introduce

our
proposed

m
odel

and
describe

how
w
e
incorporate

the
spanning

trees
as

a
toolto

drive
through

the
partition

space.
In

Section
4
w
e
propose

an
effi

cient
algorithm

to
sam

ple
from

the
posterior

distribution.
Section

5
presents

a
sim

ulation
study

com
paring

the
proposed

m
odelw

ith
som

e
other

w
ell-

know
n
m
ethods

for
regionalization

in
the

spatial
context.

T
he

analysis
of

som
e
real

data
from

B
razilis

carried
out

in
Section

6.
Section

7
closes

the
paper

w
ith

som
e
finalcom

m
ents

and
the

m
ain

conclusions.

1.1.
R

elated
W

ork

O
penshaw

(O
penshaw

,1977)
w
as

a
pioneer

w
hen

he
proposed

A
utom

atic
Zoning

P
rocedure

(A
ZP

),
a
heuristic

m
ethod

to
aggregate

areas
that

sw
apped

regions
locally

im
proving

an
initial

rough
partitioning.

Later,
A
ZP

variants
w
ere

introduced
using

sim
ulated

annealing
and

tabu
search

(O
penshaw

and
R
ao,

1995).
A

m
odification

of
A
ZP

nam
ed

A
utom

atic
R
egionalization

w
ith

Initial
Seed

Location
(A

R
iSeL)

w
as

presented
by

D
uque

and
C
hurch

(2004).
In

A
R
iSeL,the

construction
of

an
initialfeasible

solution
is

repeated
severaltim

es
before

running
a
tabu

search
w
hich,

according
to

the
author,

is
less

expensive
than

per-
form

ing
a
localsearch.

T
he

Self
O

rganizing
M

aps
(SO

M
)
algorithm

,proposed
by

K
ohonen

(1990),is
an

unsupervised
neuralnetw

ork
w
hich

adjusts
its

w
eights

to
represent

a
data

set
distribution

on
a
regular

lattice.
A
lthough

used
to

perform
regionalization,the

spatialcon-
tiguity

desirable
in

a
regionalization

is
not

guaranteed.
SO

M
variants

have
been

proposed
by

B
ação

et
al.

(2004)
and

B
ação

et
al.

(2005)
considering

different
procedures

to
explore

the
neighborhood

structure.
T
he

heuristic
devised

by
A
ldstadt

and
G
etis

(2006),
called

A
M
O
E
B
A

(A
M

ultidirectional
O

ptim
um

E
cotope-B

ased
A

lgorithm
),

starts
w
ith

an
initial

area
and

grow
s
it

by
adding

neighboring
areas

untila
localspatialautocorrelation

statistic
stops

increasing.
T
his

process
is
repeated

to
allareas

and
a
finalstep

resolves
overlaps.

T
he

M
ax-p-regions

technique
(D

uque
et

al.,
2012)

does
not

require
the

previous
setting

of
the

num
ber

of
spatial

clusters
and

enforces
the

contiguity
constraint.

C
lusters

are
form

ed
in

a
such

w
ay

that
a
regional

attribute
is

alw
ays

above
certain

threshold
such

as
a
m
inim

um
population

or
cluster

area
size.
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ur
e
ad

op
te
d
to

su
ch

co
he

si
on

s
de
fin

es
th
e
ty
pe

of
P
P
M

w
e

ha
ve

in
m
in
d.

H
eg
ar
ty

an
d
B
ar
ry

(2
00

8)
w
er
e
th
e
fir
st

to
pr
op

os
e
a
sp
at
ia
l
ap

pr
oa

ch
to

P
P
M
.
T
he

y
as
su
m
ed

th
at

th
e
pr
io
r
co
he
si
on

s
of

a
co
m
po

ne
nt
G i

of
π

is
a
fu
nc

ti
on

of
th
e

su
m
m
at
io
n
(o
ve
r
al
la

re
as

in
G i
)
of

th
e
nu

m
be

r
of

ne
ig
hb

or
in
g
ar
ea
s
no

t
in
G i
.
T
hi
s
co
he

si
on

m
ay

en
co
ur
ag

e
m
ap

s
w
it
h
fe
w

co
nt
ig
uo

us
cl
us
te
rs

an
d
di
sc
ou

ra
ge

m
ap

s
w
it
h
la
rg
e
nu

m
be

r
of

di
sc
on

ne
ct
ed

on
es
,
w
hi
ch

is
de

si
ra
bl
e
in

re
gi
on

al
iz
at
io
n
pr
ob

le
m
s.

In
th
e
sp
at
ia
l
P
P
M

in
tr
od

uc
ed

by
P
ag

e
an

d
Q
ui
nt
an

a
(2
01

6)
th
e
sp
at
ia
l
de

pe
nd

en
ce

am
on

g
th
e
ne
ig
hb

or
in
g

ar
ea
s
is

in
co
rp
or
at
ed

in
to

th
e
m
od

el
th
ro
ug

h
bo

th
th
e
lik

el
ih
oo

d
an

d
th
e
pr
io
r
fo
r
π
.
Fo

ur
pr
io
r
co
he

si
on

s
ar
e
in
tr
od

uc
ed

.
D
iff
er
en
tl
y
fr
om

w
ha

t
w
as

co
ns
id
er
ed

by
H
eg
ar
ty

an
d
B
ar
ry

(2
00

8)
,
al
l
of

th
em

ar
e
lo
ca
ti
on

de
pe

nd
en
t
an

d
us
ua

lly
de

pe
nd

en
t
on

th
e
di
st
an

ce
be

tw
ee
n

ar
ea
s.

2.
P

re
li
m

in
ar

y
C

on
ce

p
ts

C
on

si
de

r
n
co
nt
ig
uo

us
ge
og
ra
ph

ic
al

re
gi
on

s
su
ch

as
th
os
e
in

F
ig
ur
e
2.

T
he

m
ap

is
id
en
ti
fie

d
w
it
h
an

un
di
re
ct
ed

gr
ap

h
G

=
(V
,E

),
w
he

re
V

is
th
e
se
t
of

ve
rt
ic
es

or
no

de
s
re
pr
es
en
ti
ng

th
e

ar
ea
s
an

d
E

is
th
e
se
t
of

ed
ge
s
co
nn

ec
ti
ng

pa
ir
s
of

ve
rt
ic
es

an
d
re
pr
es
en
ti
ng

th
e
ad

ja
ce
nc

y
re
la
ti
on

sh
ip

am
on

g
re
gi
on

s
(s
ee

F
ig
ur
e
2,

m
ap

on
th
e
to
p
le
ft
).

If
th
er
e
is

an
ed

ge
be

tw
ee
n

ve
rt
ic
es
i
an

d
j
w
e
sa
y
th
at

th
e
co
rr
es
po

nd
in
g
ar
ea
s
ar
e
ne

ig
hb

or
in
g
ar
ea
s.

A
pa

th
fr
om

no
de

v 1
to

no
de

v m
is

a
se
qu

en
ce

of
no

de
s
v 1
,v

2
,.
..
,v
m

w
hi
ch

ar
e
co
nn

ec
te
d

by
ed

ge
s

(v
1
,v

2
),
..
.,

(v
m
−

1
,v
m

)
an

d
w
it
h
v i
6=
v i

+
1
fo
r
i

=
1,
..
.,
n
.
A
ll
ve
rt
ic
es

ar
e
di
st
in
ct

ex
ce
pt
,

po
ss
ib
ly
,t
he

in
it
ia
la

nd
fin

al
ve
rt
ic
es
v 1

an
d
v m

.
T
hi
s
ex
ce
pt
io
na

lc
as
e,

a
pa

th
w
it
h
v 1

=
v m

,
is

a
ci

rc
ui

t.
A

gr
ap

h
is

sa
id

to
be

co
nn

ec
te

d
if,

fo
r
an

y
pa

ir
of

no
de

s
v i

an
d
v j
,
th
er
e
is

at
le
as
t
on

e
pa

th
co
nn

ec
ti
ng

th
em

.
A

sp
at

ia
l
cl

us
te

r
is

de
fin

ed
as

an
y
su
bs
et

of
no

de
s
fo
rm

in
g
a
co
nn

ec
te
d
su
bg

ra
ph

.
T
he

gr
ap

h
G

is
pa

rt
it
io
ne

d
in
to
c
sp
at
ia
l
cl
us
te
rs
G 1
,.
..
,G

c
if
th
e
cl
us
te
rs

ar
e
di
sj
oi
nt

an
d
G

=
⋃
i
G i
,
w
he

re
1
≤
c
≤
n
.
A

sp
at
ia
l
pa

rt
it
io
n
π

=
{G

1
,.
..
,G

c
}
ca
n
be

vi
ew

ed
as

a
fu
nc

ti
on

fr
om

th
e
se
t
{1
,.
..
,n
}
th
at

la
be

ls
th
e
ar
ea
s
in
to

th
e
se
t
{1
,.
..
,c
}
of

sp
at
ia
lc

lu
st
er

la
be

ls
.

A
sp

an
ni

ng
tr
ee
T

of
a
gr
ap

h
G
is
a
fu
nd

am
en
ta
lc

on
ce
pt

in
ou

r
w
or
k.

It
is
a
co
nn

ec
te
d

su
bg

ra
ph

w
it
h
no

ci
rc
ui
ts

co
nt
ai
ni
ng

al
l
no

de
s
of
G.

T
he

se
co
nd

an
d
th
ir
d
m
ap

s
on

th
e

to
p
ro
w

in
F
ig
ur
e
2
sh
ow

tw
o
sp
an

ni
ng

tr
ee
s
as
so
ci
at
ed

w
it
h
th
e
fir
st

gr
ap

h.
In

a
sp
an

ni
ng

tr
ee
,
an

y
tw

o
no

de
s
of
G

ar
e
co
nn

ec
te
d
by

a
un

iq
ue

pa
th

an
d
th
e
nu

m
be

r
of

ed
ge
s
in
T

is
n
−

1
.
T
hi
s
im

pl
ie
s
th
at

th
e
re
m
ov
al

of
an

y
c
−

1
ed

ge
s
fr
om
T

pa
rt
it
io
ns

th
e
gr
ap

h
G

in
to
c
sp
at
ia
l
cl
us
te
rs
.
T
he

la
st

pr
op

er
ty

m
ak
es

th
e
sp
an

ni
ng

tr
ee

a
us
ef
ul

to
ol

fo
r
sp
at
ia
l

cl
us
te
ri
ng

pr
ob

le
m
s.

T
hi
s
ca
n
be

se
en

in
th
e
bo

tt
om

ro
w

w
he
re

th
re
e
di
ffe

re
nt

pa
rt
it
io
ns

ar
e
sh
ow

n.
T
he

la
st

tw
o
ar
e
ba

se
d
on

th
e
re
m
ov
al

of
on

ly
fo
ur

ed
ge
s
fr
om

th
e
co
rr
es
po

nd
in
g

sp
an

ni
ng

tr
ee
s
in

th
e
to
p
ro
w
.
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B
ay

esia
n

pa
rtitio

n
in

g

F
igure

2:
M
ap

of
B
elo

H
orizonte

city
partitioned

into
81

adm
inistrative

planning
units

su-
perim

posed
by

the
adjacency

neighborhood
graph

(first
m
ap

in
the

top
row

)
and

tw
o
spanning

trees
(other

tw
o
m
aps

in
the

top
row

).
T
he

bottom
row

show
s
three

partitions
into

five
spatialclusters.

U
sually,there

are
m
any

possible
spanning

trees
associated

w
ith

a
given

graph.
A

special
kind

ofspanning
tree

can
be

obtained
w
hen

w
e
associate

a
cost

or
w
eight

to
each

edge.
T
he

cost
of

a
graph

is
the

sum
of

its
w
eights.

A
m

inim
um

spanning
tree

is
a
spanning

tree
w
ith

m
inim

um
cost.

T
he

m
inim

um
spanning

tree
is
not

necessarily
unique.

A
suffi

cient
condition

for
uniqueness

is
that

the
pairw

ise
costs

are
distinct

num
bers.

C
onsider

a
spanning

tree
T

and
a

partition
π

of
G

into
c
disjoint

spatial
clusters

G
1 ,...,G

c .
W
e
say

that
π

is
com

patible
w
ith
T

if
π

can
be

obtained
by

pruning
c−

1
edges

from
T
,and

w
e
denote

this
by

π
≺
T
.
O
therw

ise,they
are

incom
patible

and
w
e
w
rite

π
6≺
T
.
T
he

extrem
ely

large
num

ber
of

possible
partitions

of
a
graph

is
reduced

trem
en-

dously
by

considering
only

those
com

patible
w
ith

a
given

spanning
tree.

For
exam

ple,there

7
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T
eix

eir
a
,
A

ssu
n
ção

a
n
d

L
o
sch

i

are
only

n−
1
possible

partitions
ofa

particular
spanning

tree
into

tw
o
spatialclusters

w
hile

in
the

originalgraph
this

num
ber

is
of

order
O

(2
n
).

T
hese

purely
spatialgraph

concepts
can

be
easily

extended
to

the
space-tim

e
situation.

W
e
assum

e
that

the
sam

e
m
ap

is
observed

for
T

tim
e
periods,that

is,areas
are

not
created

or
deleted

during
the

observation
period.

H
ence,w

e
can

stack
the

sequence
ofm

aps
creating

a
three-dim

ensionallattice
w
ith

nodes
indexed

by
(t,i)

w
here

idenotes
the

geographicalunit
and

t,the
tim

e.
E
dges

betw
een

nodes
(t,i)

and
(t,j)

at
the

sam
e
tim

e
t
are

specified
based

only
on

the
adjacency

betw
een

the
areas,as

described
before.

A
dditionally,each

node
(t,i)

is
connected

to
itself

and
to

all
its

adjacent
neighboring

regions
at

tim
e
t

+
1.

Since
the

rem
aining

concepts
ofspanning

trees,paths
and

others
are

defined
for

generalgraphs,they
are

also
valid

for
this

extended
three-dim

ensionalgraph
G

=
(V
,E

).

3.
S
p
atio-T

em
p
oral

P
P

M
D

riven
by

S
p
an

n
in

g
T
rees

Let
Y

=
(Y

1 ,...,Y
T

)and
θ

=
(θ

1 ,...,θ
T

)w
here

Y
t

=
(Y
t1 ,...,Y

tn
)and

θ
t

=
(θ
t1 ,...,θ

tn
),

respectively,denote
the

observable
variables

and
the

vector
of

param
eters

for
the

n
regions

of
a
m
ap,

at
tim

e
t,
t

=
1
,...,T

.
W
e
associate

(Y
tr ,θ

tr )
w
ith

the
node

(t,r)
in

the
graph.

If
the

interest
lies

only
on

a
purely

spatial
regionalization

w
e
take

T
=

1.
A
ssum

e
that

Y
tj |

θ
tj

in
d
∼

f
(Y
tj |

θ
tj ),

j
=

1
,...,n

and
t

=
1
,...,T

.
Let

I
=
{
1,...,n

T}
be

the
set

of
labels

for
the

nodes.
A

m
ajor

problem
w
hen

partitioning
a
data

set
or

a
graph

is
the

huge
num

ber
ofpossible

partitions
that

com
pose

the
search

space.
T
o
introduce

the
cluster

structure
tackling

this
problem

and
m
aking

feasible
the

exploration
ofthisspace

ofpossible
partitions,letusassum

e
a
random

spanning
treeT

selected
from

the
set

ofallpossible
spanning

trees
associated

w
ith

the
graph.

D
enote

by
π

a
partition

of
I
com

patible
w
ith

the
selected

T
and

assum
e
that,

given
T

and
the

partition
π

=
{G

1 ,...,G
c },there

are
com

m
on

param
eters

θG
k ,
k

=
1,...,c,

such
that,

for
all

nodes
w
ith

labels
belonging

to
G
k ,

w
e
have

that
θ
i

=
θG

k ,
i
∈
G
k .

T
o
establish

notation,
denote

by
Y
G
k
the

set
of

observations
associated

w
ith

the
nodes

in
G
k .

A
spatio-tem

poral
P
P
M

induced
by

random
spanning

trees
is

the
joint

distribution
of

(Y
,θ
,π
,T

),
w
ith

π
≺
T
,
and

denoted
by

(Y
,θ
,π
,T

)
∼

SP
P
M
,
satisfying

the
follow

ing
conditions:

(i)
G
iven

T
,
π

=
{G

1 ,...,G
c }
≺
T

and
θG

1 ,...,θG
c ,

the
observations

Y
G
1 ,...,Y

G
c
are

independent
and

such
thatY

i |
θG

k

iid
∼

f
(Y
i |
θG

k ),∀
i∈
G
k

;

(ii)
G
iven

T
and

π
=
{G

1 ,...,G
c }
≺
T
,the

com
m
on

param
eters

θG
1 ,...,θG

c
are

indepen-
dent

w
ith

joint
distribution

given
by

θG
1 ,...,θG

c |
π
,T
∼

c
∏k
=

1

f
(θG

k )
;

(iii)
G
iven

T
,the

prior
distribution

of
π
≺
T

is
a
product

distribution
such

that,for
each

partition
{G

1 ,...,G
c }

for
c∈
{1,...,n

T},w
e

h
ave

P
(π

=
{G

1 ,...,G
c }
|T

)
=

∏
ck
=

1
κ

(G
k )

∑
G
′k ∈C

(T
) ∏

ck
=

1
κ

(G
′k )
,

(1)
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B
ay

es
ia

n
pa

rt
it

io
n
in

g

w
h
er

e
κ

(G
k
)
≥

0
de

no
te
s
th
e
pr
io
r
co
he

si
on

as
so
ci
at
ed

to
th
e
su
bg

ra
ph
G k

an
d
re
p-

re
se
nt
s
ho

w
lik

el
y
el
em

en
ts

in
G k

ar
e
cl
us
te
re
d
a
pr
io
ri
.
T
he

su
m
m
at
io
n
in

th
e
de

-
no

m
in
at
or

is
ov
er

al
lt

he
el
em

en
ts

in
th
e
se
t
C(
T

)
w
hi
ch

re
pr
es
en
ts

al
lt

he
2
n
T
−

1
−

1
pa

rt
it
io
ns

co
m
pa

ti
bl
e
w
it
h
th
e
sp
ec
ifi
c
sp
an

ni
ng

tr
ee
T

in
w
hi
ch

w
e
ar
e
co
nd

it
io
ni
ng

.

(i
v)

T
he

pr
io
r
di
st
ri
bu

ti
on

of
th
e
sp
an

ni
ng

tr
ee
T

is
P(
T

)
w
it
h
th
e
su
pp

or
t
on

th
e
se
t
of

al
lp

os
si
bl
e
sp
an

ni
ng

tr
ee
s
of
G.

U
su
al
ly
,t
he

re
is
ve
ry

lit
tl
e
pr
io
r
in
fo
rm

at
io
n
to

gu
id
e
ou

r
ch
oi
ce

of
th
is
la
st

di
st
ri
bu

ti
on

.
H
en

ce
,
w
e
as
su
m
e
th
at
T

is
un

ifo
rm

ly
di
st
ri
bu

te
d
ov
er

th
e
sp
ac
e
of

sp
an

ni
ng

tr
ee
s
of

th
e

or
ig
in
al

gr
ap

h.
T
he

pa
rt
it
io
n
of

a
gr
ap

h
co
ns
is
ts

si
m
pl
y
of

th
e
re
m
ov
al

of
a
se
t
of

ed
ge
s
re
su
lt
in
g
in

di
sj
oi
nt

co
nn

ec
te
d
su
bg

ra
ph

s.
B
y
co
nd

it
io
ni
ng

on
a
sp
an

ni
ng

tr
ee
,t
hi
s
ta
sk

is
su
bs
ta
nt
ia
lly

si
m
pl
ifi
ed

.
W
e
ha

ve
on

ly
n
T
−

1
ed

ge
s
an

d
th
e
re
m
ov
al

of
an

y
c
−

1
of

th
em

im
m
ed

ia
te
ly

pa
rt
it
io
n
th
e
or
ig
in
al

gr
ap

h
in
to
c
sp
ac
e-
ti
m
es

cl
us
te
rs
.
W
e
w
an

t
to

em
ph

as
iz
e
th
at

w
e
do

no
t
pr
un

e
a
si
ng

le
an

d
fix

ed
sp
an

ni
ng

tr
ee
.
R
at
he

r,
w
e
ra
nd

om
ly

w
al
k
on

th
e
sp
ac
e
of

al
l

sp
an

ni
ng

tr
ee
s
an

d,
at

ea
ch

st
ep

,w
e
ge
ne

ra
te

a
ne

w
pa

rt
it
io
n.

T
he

fin
al

in
fe
re
nc
e
ab

ou
t
th
e

pa
rt
it
io
n
is

ob
ta
in
ed

by
in
te
gr
at
in
g
ou

t
ov
er

th
e
sp
an

ni
ng

tr
ee

sp
ac
e.

W
it
h
th
is

m
ot
iv
at
io
n,

w
e
sp
ec
ify

th
e
pr
io
r
co
he

si
on

s
as

fu
nc

ti
on

s
of
ρ
e
,
th
e
pr
ob

ab
ili
ty

of
re
m
ov
in
g
a
gi
ve
n
ed

ge
e.

Fo
r
in
st
an

ce
,i
fa

ll
ed

ge
s
ha

ve
a
co
m
m
on

pr
ob

ab
ili
ty
ρ
,t
he

pr
io
r

co
he

si
on

re
la
te
d
to

gr
ou

p
G k

be
co
m
es

κ
(G
k
)

=

{
(1
−
ρ
)n
G k
−

1
ρ
,

if
k
<
c

(1
−
ρ
)n
G k
−

1
,

if
k

=
c,

(2
)

w
he

re
n
G k

is
th
e
nu

m
be

r
of

re
m
ai
ni
ng

ed
ge
s
in
G k

.
T
hi
s
pr
io
r
co
he

si
on

is
si
m
ila

r
to

th
at

on
e

co
ns
id
er
ed

by
B
ar
ry

an
d
H
ar
ti
ga

n
(1
99

3)
to

an
al
yz
e
pr
ob

le
m
s
in
vo

lv
in
g
th
e
id
en
ti
fic

at
io
n

of
co
nt
ig
uo

us
cl
us
te
rs
,s

uc
h
as

in
ch
an

ge
po

in
t
an

al
ys
is

in
ti
m
e
se
ri
es
.
In

th
at

co
nt
ex
t,

th
is

st
ru
ct
ur
e
is
a
co
ns
eq
ue

nc
e
of

th
e
M
ar
ko
vi
an

be
ha

vi
or

us
ua

lly
as
su
m
ed

fo
r
th
e
ch
an

ge
po

in
ts
.

C
on

si
de

ri
ng

th
e
pr
io
r
co
he

si
on

s
in

(2
),

gi
ve
n
T

an
d
ρ
,
th
e
pr
io
r
pr
ob

ab
ili
ty

of
π

=
{G

1
,.
..
,G

c
}
is

gi
ve
n
by P(
π
|T

,
ρ
)

=

{
ρ

(c
−

1
) (

1
−
ρ
)(n

T
−
c)
,

if
π
≺
T

0,
ot
he

rw
is
e.

It
is
m
or
e
re
le
va
nt

to
ob

ta
in

th
e
un

co
nd

it
io
na

lp
ri
or

di
st
ri
bu

ti
on

s
fo
r
th
e
pa

rt
it
io
n
π
an

d
fo
r
th
e
nu

m
be

r
C

of
cl
us
te
rs
.
Le

t
N
T
be

th
e
to
ta
ln

um
be

r
of

sp
an

ni
ng

tr
ee
s
as
so
ci
at
ed

w
it
h

G
an

d
N
T

(π
)
th
e
to
ta
ln

um
be

r
of

sp
an

ni
ng

tr
ee
s
co
m
pa

ti
bl
e
w
it
h
a
pa

rt
it
io
n
π
.
It

fo
llo

w
s

th
at
,g

iv
en

ρ
,t
he

pr
io
r
di
st
ri
bu

ti
on

s
fo
r
π

an
d
C

ar
e
gi
ve
n
re
sp
ec
ti
ve
ly

by

P(
π
|ρ

)
=

∑ T
P(
π
|T

,
ρ
)P

(T
)

=
∑ T

ρ
(c
−

1
) (1
−
ρ
)(n

T
−
c)
P(
T

)
I
[π
≺
T

]

=
ρ

(c
−

1
) (1
−
ρ
)(n

T
−
c)
N
T

(π
)

N
T
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T
ei

x
ei

r
a
,
A

ss
u
n
çã

o
a
n
d

L
o
sc

h
i

an
d

P(
C

=
c
|ρ

)
=
∑ π

I
[π
,c

]P
(π
|ρ

)
=

( n
T
−

1

c
−

1

) ρ
(c
−

1
) (1
−
ρ
)(n

T
−
c)
N
T

(π
)

N
T

w
he

re
th
e
la
st

su
m

is
ov
er

al
l
pa

rt
it
io
ns
π

an
d
I
[π
,c

]
is

an
in
di
ca
to
r
fu
nc

ti
on

as
su
m
in
g

1,
if
th
e
pa

rt
it
io
n
π

ha
s
c
cl
us
te
rs
,a

nd
0,

ot
he

rw
is
e.

A
ss
um

in
g

a
pr

io
ri

th
at

P(
ρ

=
1/

2)
=

1
,
it

be
co
m
es

cl
ea
r
th
e
de
pe

nd
en

ce
of

th
e
pr
io
r

di
st
ri
bu

ti
on

fo
r
π

on
th
e
gr
ap

h
to
po

lo
gy

si
nc

e
P(
π

)
=

2
−
n
T

+
1
N
T

(π
)N
−

1
T

.
A
s
N
T

(π
)
de

-
pe

nd
s
on
π
,w

e
ha

ve
th
at

P(
π

)
is
no

t
un

ifo
rm

ov
er

al
lp

os
si
bl
e
pa

rt
it
io
ns
.
A
s
a
co
ns
eq
ue
nc

e,
th
e
pr
io
r
di
st
ri
bu

ti
on

of
th
e
nu

m
be

r
of

cl
us
te
rs
C

is
al
so

in
flu

en
ce
d
by

th
e
gr
ap

h
st
ru
ct
ur
e.

F
ig
ur
e
3
sh
ow

s
a
si
m
pl
e
gr
ap

h
w
it
h
th
re
e
di
ffe

re
nt

pa
rt
it
io
ns
.
T
he

le
ft

ha
nd

si
de

pa
rt
it
io
n

is
gi
ve
n
by

π
1

=
{G

1
,G

2
}

=
{{

1,
2,

3}
,{

4,
5,

6}
}
an

d
N
T

(π
1
)

=
9
.

T
he

m
id
dl
e
pa

rt
it
io
n

is
π

2
=
{G

1
,G

2
,G

3
}

=
{{

1,
2,

3}
,{

4,
5}
,{

6}
}
an

d
N
T

(π
2
)

=
6
.
T
he

nu
m
be

r
N
T

(π
)
do

es
no

t
de

pe
nd

on
ly

on
th
e
nu

m
be

r
c
of

sp
at
ia
l
cl
us
te
rs

in
π
.
T
he

ri
gh

t
ha

nd
si
de

pa
rt
it
io
n

is
π

3
=
{G

1
,G

2
}

=
{{

1
,2
,3
,4
,5
},
{6
}}

,
w
it
h
th
e
sa
m
e
nu

m
be

r
of

cl
us
te
rs

as
π

1
bu

t
w
it
h

N
T

(π
3
)

=
6
.

It
w
ill

be
m
or
e
co
m
m
on

to
as
su
m
e
a
pr
io
r
di
st
ri
bu

ti
on

fo
r
ρ
su
ch

as
B
et
a(
r,
s)
.
T
he

n

P(
π

)
=

N
T

(π
)

N
T

Γ
(r

+
s)

Γ
(r

+
n
T
−
c)

Γ
(s

+
c
−

1)

Γ
(r

)Γ
(s

)Γ
(n
T

+
r

+
s
−

1)

P(
C

=
c)

=

( n
T
−

1

c
−

1

)
N
T

(π
)

N
T

Γ
(r

+
s)

Γ
(r

+
n
T
−
c)

Γ
(s

+
c
−

1
)

Γ
(r

)Γ
(s

)Γ
(n
T

+
r

+
s
−

1)
.

A
lt
ho

ug
h

th
e
pr
io
r
di
st
ri
bu

ti
on

fo
r
C

is
de

pe
nd

en
t
on

th
e
gr
ap

h
to
po

lo
gy
,
th
e
ex
pe

ct
ed

nu
m
be

r
of

cl
us
te
rs

a
pr

io
ri

is
no

t.
G
iv
en
T

an
d
ρ
,
th
e
nu

m
be

r
of

re
m
ov
ed

ed
ge
s
fr
om

th
e

1
3

25

4
6

G
1

G
2

1
3

25

4
6

G
1

G
2

G
3

1
3

25

4
6

G
1

G
2

F
ig
ur
e
3:

A
gr
ap

h
co
m
po

se
d
by

si
x
no

de
s
an

d
w
it
h
th
re
e
di
ffe

re
nt

pa
rt
it
io
ns
π

1
(l
ef
t)
,
π

2

(m
id
dl
e)
,
an

d
π

3
(r
ig
ht
).

T
he

nu
m
be

r
of

tr
ee
s
co
m
pa

ti
bl
e
w
it
h
ea
ch

pa
rt
it
io
n
is

N
T

(π
1
)

=
9
,a

nd
N
T

(π
2
)

=
N
T

(π
3
)

=
6.
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B
ay

esia
n

pa
rtitio

n
in

g

tree
com

patible
w
ith

the
partition

has
a
B
inom

ialdistribution
w
ith

param
eters

n
T
−

1
and

ρ.
C
onsequently,the

expected
num

ber
C

of
clusters

is

E
(C

)
=

E
(E

(C
|T

,ρ
))

=
E

((n
T
−

1)ρ
+

1)
=

(n
T
−

1
)E

(ρ
)

+
1
.

(3)

A
s
(3)

reveals,the
prior

distribution
of
ρ
determ

ines
how

m
any

clusters
w
e
expect

a
priori.

A
larger

value
for

E
(ρ

)
w
ould

indicate
that

w
e
expect

a
high

num
ber

of
clusters,

w
hile

a
sm

aller
value

has
the

opposite
effect.

N
ote

that
the

choice
of

a
non

inform
ative

uniform
prior

for
ρ
w
ould

stim
ulate

the
partition

ofthe
graph

into
a
large

num
ber

ofclusters,around
E

(C
)

=
(n
T

+
1)/

2.

4.
S
am

p
lin

g
P
artition

s
U

sin
g

S
p
an

n
in

g
T
rees

T
he

great
advantage

ofrem
oving

edges
from

spanning
trees

for
regionalization

is
the

reduc-
tion

of
the

search
space

of
partitions.

O
riginally,

w
e
have

to
m
ove

through
the

huge
space

of
all

partitions
of

the
graph

avoiding
those

that
do

not
respect

the
spatial

constraint.
B
y

pruning
the

spanning
trees,the

search
space

ofpartitions
is
drastically

reduced
and

allpar-
titions

generated
in

this
w
ay

w
ill,by

definition,respect
the

spatialconstraint.
A
fter

all,the
spanning

tree
is

built
from

the
neighborhood

structure
and,

therefore,
the

clusters
form

ed
w
illbe

spatially
or

spatio-tem
porally

connected.
T
o
sam

ple
from

the
posterior

distribution
of

(θ
,π
,T
,ρ
|
Y

),
w
e
introduce

an
M
C
M
C

algorithm
.
T
he

fullconditionaldistributions
of
θ
i ,
i

=
1
,...,n

T
,
ρ
are,

respectively,
given

by:

θ
i |
π
,T
,ρ
,Y
∼

P
(θG

∗|
Y
G
∗),

if
i∈
G
∗,

ρ
|
θ
,π
,T
,Y
∼

B
eta(r

+
c−

1,s
+
n
T
−
c)
.

T
he

fullconditionaldistribution
forT

assum
ing

a
generalprior

cohesion
is

given
by

P
(T
|
θ
,π
,T
,Y

)∝



(∑
C

(T
) ∏

ck
=

1
κ

(G
k ) )
−

1
,

if
π
≺
T

0,
otherw

ise.
(4)

A
ssum

ing
the

prior
cohesion

specified
in

(2),
this

full
conditional

distribution
assum

es
the

sim
ple

uniform
distribution

P
(T
|
θ
,π
,T
,Y

)∝
{

1,
if
π
≺
T

0,
otherw

ise.
(5)

because,
in

this
case,

the
denom

inator
in

(1)
is

constant
and

equal
to

1
for

any
spanning

treeT
:

∑C
(T

)

c
∏k
=

1

κ
(G
k )

=
n
T
∑c=

1 (
n
T
−

1

c−
1

)
ρ

(c−
1
)(1−

ρ
)
(n
T−

c)
=

1
.

A
m
ore

effi
cient

algorithm
that

has
a
fast

convergence
is
obtained

w
hen

w
e
integrate

out
θ
and

ρ
from

the
fullconditionaldistribution

P
(π
|
θ
,T
,ρ
,Y

)
thus

obtaining

P
(π
|
Y
,T

)
=

{
fT

(Y
)

Γ
(r

+
s)Γ

(s+
n
T−

c)Γ
(r

+
c−

1
)

Γ
(r

+
s+
n
T−

1
)Γ

(r
)Γ

(s)
,

for
π
≺
T

0
,

otherw
ise

(6)
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T
eix

eir
a
,
A

ssu
n
ção

a
n
d

L
o
sch

i

w
here

fT
(Y

)
=
∏
ck
=

1 ∫
Θ
f

(Y
G
k
|
θG

k )f
(θG

k )
d
θG

k .
W
e
reinforce

that
fT

(Y
)
is

calculated
only

for
partitions

π
com

patible
w
ith

a
given

spanning
treeT

.
T
he

posterior
distribution

for
the

partition
π

should
be

obtained
by

m
arginalizing

over
allspanning

trees
com

patible
w
ith

a
given

partition:
P

(π
|
Y

)
=
∑
T
≺
π
P

(π
|
Y
,T

)
P

(T
|
Y

).
T
his

w
ould

im
ply

the
need

to
additionally

derive
the

posterior
P

(T
|
Y

).
R
ather

than
follow

ing
this

approach,w
e
decide

to
adopt

a
different

strategy,by
sam

pling
from

the
joint

posterior
of

com
patible

pairs
ofT

and
π
.
T
he

challenge
is
to

sam
ple

partitions
and

the
spanning

trees
that

are
com

patible
to

each
other.

T
he

proposed
strategy

to
achieve

this
is

presented
in

the
follow

ing.

4.1.
S
am

p
lin

g
a

P
artition

C
om

p
atib

le
w

ith
th

e
C

u
rrent

T
ree

T
he

transform
ation

suggested
by

B
arry

and
H
artigan

(1993)
inspired

the
G
ibbs

sam
pler

w
e

describe
here.

A
partition

π
of

the
graph

can
be

transform
ed

into
a
vector

U
of
n
T
−

1
dependent

binary
variables,

given
a
com

patible
spanning

tree
T
.

T
he

coordinate
U
i
of

U
is

1
if

the
i-th

edge
is

not
rem

oved
from

the
tree

to
form

π
,
and

0,
otherw

ise.
W

ith
this

m
ultidim

ensionalrandom
variable,w

e
can

sam
ple

from
the

posterior
of
π

using
G
ibbs

sam
pler.

Let
U
−
i

=
{
U

1 ,···
,U

i−
1 ,U

i+
1 ,···

,U
n
T−

1 }.
T
o
decide

if
each

edge
in

the
tree

should
be

rem
oved

or
not,it

is
suffi

cient
to

know
the

ratio
betw

een
the

P
(U

i
=

1
|
U
−
i ,T

,Y
)

and
P

(U
i

=
0
|
U
−
i ,T

,Y
).

For
the

m
odelassum

ed
here

such
ratio

is
given

by

R
i

=
f

(1
)

T
(Y
G
k )

f
(0

)
T

(
Y

(L
)

G
k

)
f

(0
)

T

(
Y

(R
)

G
k

)
(r

+
c−

2)

(s
+
n
T
−
c)
,

w
here

f
(1

)
T

(Y
G
k )

is
the

prior
predictive

of
the

group
form

ed
w
hen

the
edge

i
is

present,
w
hereas

f
(0

)
T

(
Y

(L
)

G
k

)
and

f
(0

)
T

(
Y

(R
)

G
k

)
are

the
predictive

distributions
for

the
observations

of
the

tw
o
groups

form
ed

w
hen

the
edge

i
is

rem
oved

from
the

treeT
pruned

by
U
−
i .

T
hus,

w
e
can

sam
ple

from
the

distribution
of
U
i
sim

ply
by

sam
pling

a
uniform

value
u
∼

U
niform

(0,1)
and

using
the

follow
ing

accept/reject
criterion:

U
i

=

{
1
,

if
R
i ≥

u
1−
u

0,
otherw

ise.
(7)

4.2.
S
am

p
lin

g
a

tree
com

p
atib

le
w

ith
th

e
cu

rrent
p
artition

W
e
need

to
sam

ple
trees

that
are

com
patible

w
ith

the
current

partition.
T
he

valid
trees

are
uniform

ly
distributed

over
the

subset
oftrees

com
patible

w
ith

the
partition

as
show

n
in

(5).
T
he

generation
of

uniform
ly

distributed
spanning

trees
w

ith
ou

t
con

straints
is

a
subject

ofstudy
since

1989
(B

roder,1989).
W

ilson
algorithm

(W
ilson,1996)

is
the

m
ain

algorithm
in

the
literature

and
it

is
based

on
a
certain

random
w
alk

on
the

adjacency
graph.

U
nder

the
constraint

that
the

generated
trees

m
ust

be
com

patible
w
ith

the
current

partition
at

each
step

ofthe
G
ibbs

sam
pler,W

ilson’s
algorithm

could
be

used
using

a
rejection

sam
pling

approach.
U
niform

ly
select

a
spanning

tree
from

the
adjacency

graph
G

and
reject

it
if
it

is
not

com
patible

w
ith

the
current

partition.
O
therw

ise,accept
it.

T
his

is
a
very

expensive
w
ay

to
generate

uniform
ly

from
the

set
of

spanning
trees

com
patible

w
ith

π
.
For

exam
ple,

suppose
that

G
is

a
regular

26×
26

rectangular
lattice

split
into

tw
o
spatial

clusters,
the
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B
ay

es
ia

n
pa

rt
it

io
n
in

g

up
pe

r
ha

lf
an

d
th
e
lo
w
er

ha
lf.

W
e
di
d
no

t
ob

ta
in

a
si
ng

le
co
m
pa

ti
bl
e
sp
an

ni
ng

tr
ee

af
te
r

un
ifo

rm
ly

ge
ne

ra
ti
ng

3.
8
m
ill
io
n

sp
an

ni
ng

tr
ee
s.

A
no

th
er

ex
am

pl
e
is

th
e
B
ra
zi
lia

n
m
ap

pa
rt
it
io
ne

d
in
to

55
64

m
un

ic
ip
al
it
ie
s
(s
ee

F
ig
ur
e
7a

),
ag

ai
n
sp
lit

on
ly

in
to

tw
o
gr
ou

ps
,
on

e
be

in
g
th
e
m
un

ic
ip
al
it
ie
s
w
it
hi
n
th
e
th
re
e
m
os
t
So

ut
he

rn
st
at
es

of
B
ra
zi
l
(s
ee

F
ig
ur
e
13

fo
r

th
e
st
at
es
’b

ou
nd

ar
ie
s)
.
T
hi
s
pa

rt
it
io
ni
ng

of
th
e
m
ap

ha
s
67

ed
ge
s
co
nn

ec
ti
ng

m
un

ic
ip
al
it
ie
s

of
di
ffe

re
nt

gr
ou

ps
.
A
ft
er

1.
5
m
ill
io
n
si
m
ul
at
io
ns

by
W

ils
on

’s
m
et
ho

d,
no

ne
w
as

co
m
pa

ti
bl
e

w
it
h
th
at

pa
rt
it
io
n.

A
no

th
er

po
ss
ib
ili
ty

is
to

ad
ap

t
W

ils
on

’s
al
go

ri
th
m

to
ob

ey
th
e
co
ns
tr
ai
nt
s
im

po
se
d
by

th
e
cu

rr
en
t
pa

rt
it
io
n.

A
re
vi
ew

er
su
gg

es
te
d
th
e
fo
llo

w
in
g
pr
oc
ed

ur
e.

Su
pp

os
e
a
cl
us
te
ri
ng

as
in

F
ig
ur
e
3
(m

id
dl
e)
.
F
ir
st

sa
m
pl
e
a
un

ifo
rm

sp
an

ni
ng

tr
ee

by
W

ils
on

’s
al
go

ri
th
m

w
it
hi
n

ea
ch

of
G 1
,G

2
,G

3
.
N
ex
t,
de

fin
e
a
co
lla

ps
ed

gr
ap

h
w
he

re
th
e
no

de
s
ar
e
th
e
th
re
e
cl
us
te
rs

an
d

w
e
se
t
an

ed
ge
s
be

tw
ee
n
G i

an
d
G j

if
th
er
e
is

at
le
as
t
on

e
ed

ge
be

tw
ee
n
th
e
tw

o
su
bg

ra
ph

s.
Sa

m
pl
e
a
un

ifo
rm

sp
an

ni
ng

tr
ee

on
th
at

co
lla

ps
ed

gr
ap

h.
F
in
al
ly
,f
or

ea
ch

ed
ge

sa
m
pl
ed

in
th
e
co
lla

ps
ed

gr
ap

h,
sa
m
pl
e
on

e
of

th
e
ed

ge
un

ifo
rm

ly
in

th
e
or
ig
in
al

bi
pa

rt
it
e
gr
ap

h.

W
hi
le

th
is

pr
oc
ed

ur
e
m
ay

so
un

d
pr
om

is
in
g
at

fir
st
,
it
,
un

fo
rt
un

at
el
y
fa
ils

to
ge
ne

ra
te

tr
ee
s
un

ifo
rm

ly
.

W
ha

t
is

pr
ob

le
m
at
ic

in
th
is

ap
pr
oa

ch
is

th
at

th
e
nu

m
be

r
of

ed
ge
s
be

-
tw

ee
n
cl
us
te
rs

ca
n
be

im
ba

la
nc

ed
,
w
hi
ch

co
ul
d
le
ad

to
tr
ee
s
be

in
g
sa
m
pl
ed

w
it
h
di
ffe

re
nt

pr
ob

ab
ili
ty
.

C
on

si
de

r
th
e
gr
ap

h
in

F
ig
ur
e
4.

W
e
w
ou

ld
fir
st

sa
m
pl
e
a
un

ifo
rm

tr
ee

in
si
de

of
ea
ch

of
th
e
tr
ee

gr
ou

ps
.
In

th
is

ex
am

pl
e,

th
er
e
ar
e
3
in
de

pe
nd

en
t
op

ti
on

s
fo
r
ea
ch

gr
ou

p,
so

in
th
is

fir
st

st
ep

a
ch
oi
ce

is
m
ad

e
w
it
h
pr
ob

ab
ili
ty
( 1 3

) 3
=

1 2
7
.
N
ow

,
th
e
co
lla

ps
ed

gr
ap

h
is

a
co
m
pl
et
e
gr
ap

h
of

si
ze

3
(a

tr
ia
ng

le
).

O
nc

e
ag

ai
n,

th
er
e
is

a
ch
oi
ce

be
tw

ee
n
th
re
e
sp
an

ni
ng

tr
ee
s.

A
ss
um

e
w
e
un

ifo
rm

ly
se
le
ct

a
sp
an

ni
ng

tr
ee

w
hi
ch

co
nt
ai
ns

an
ed

ge
be

tw
ee
n
G
ro
up

A
an

d
G
ro
up

B
an

d
be

tw
ee
n
G
ro
up

B
an

d
G
ro
up

C
.T

hi
s
ch
oi
ce

ha
s
pr
ob

ab
ili
ty

1 3
.
F
in
al
ly
,

w
e
ne

ed
to

un
ifo

rm
ly

ch
oo

se
am

on
g
th
e
co
rr
es
po

nd
in
g
ed
ge
s
be

tw
ee
n
th
e
cl
us
te
rs
.
Fo

r
th
e

co
nn

ec
ti
on

be
tw

ee
n
G
ro
up

B
an

d
G
ro
up

C
,t
he

re
is
on

ly
on

e
op

ti
on

,w
hi
le

fo
r
G
ro
up

A
an

d
G
ro
up

B
,t
he

re
ar
e
th
re
e
ch
oi
ce
s.

U
ni
fo
rm

ly
se
le
ct
in
g
th
e
ed

ge
s,
th
us
,w

ill
ha

ve
a
pr
ob

ab
ili
ty

of
1 3
·1

=
1 3
.
T
he

fin
al

tr
ee
,t
he

n,
w
ill

ha
ve

be
en

se
le
ct
ed

w
it
h
pr
ob

ab
ili
ty

1 2
7

1 3
1 3

=
1

2
4
7
.

C
on

si
de

r
no

w
an

ot
he

r
po

ss
ib
le

co
m
bi
na

ti
on

of
ch
oi
ce
s.

Fo
r
th
e
fir
st

st
ep
,
w
e
se
le
ct

th
e
sa
m
e
tr
ee
s
in
si
de

th
e
gr
ou

ps
,
w
it
h
pr
ob

ab
ili
ty

1 2
7
.
Fo

r
th
e
se
co
nd

st
ep

,
w
e
ch
oo

se
th
e

sp
an

ni
ng

tr
ee

of
th
e
co
lla

ps
ed

gr
ap

h
w
hi
ch

co
nt
ai
ns

a
co
nn

ec
ti
on

be
tw

ee
n
G
ro
up

A
an

d
G
ro
up

C
an

d
be

tw
ee
n
G
ro
up

C
an

d
G
ro
up

B
.T

hi
s
st
ep

,a
ga

in
,h

as
pr
ob

ab
ili
ty

1 3
.
F
in
al
ly
,

to
se
le
ct

th
e
co
rr
es
po

nd
in
g
tr
ee
s
in

th
e
or
ig
in
al

bi
pa

rt
it
e
gr
ap

h,
th
er
e
is

on
ly

on
e
ch
oi
ce

co
rr
es
po

nd
in
g
to

ea
ch

co
nn

ec
ti
on

,n
am

el
y
(B

2,
C
3)

an
d
(A

2,
C
1)
.
T
he

re
fo
re
,t

he
ch
oi
ce

in
th
is
fin

al
st
ep

w
as

m
ad

e
w
it
h
pr
ob

ab
ili
ty

1.
T
he

fin
al

tr
ee
,t
he

n,
w
as

ch
os
en

w
it
h
pr
ob

ab
ili
ty

1 2
7

1 3
1

=
1 8
1
.
T
he

re
fo
re
,
th
is

m
et
ho

d
w
ill

sa
m
pl
e
th
e
tr
ee
s
w
it
h
a
pr
ob

ab
ili
ty

w
hi
ch

is
no

t
un

ifo
rm

.

In
st
ea
d

of
W

ils
on

’s
al
go

ri
th
m
,
w
e
em

pl
oy

an
ot
he

r
pr
oc
ed

ur
e
to

sa
m
pl
e
tr
ee
s
us
in
g
a

m
in
im

um
sp
an

ni
ng

tr
ee

(M
ST

)
al
go

ri
th
m
.
W
e
sa
m
pl
e
a
ne

w
tr
ee
T

co
m
pa

ti
bl
e
w
it
h
th
e

cu
rr
en
t
pa

rt
it
io
n
π

by
as
si
gn

in
g
w
ei
gh

ts
to

th
e
ed

ge
s
in

th
e
gr
ap

h
re
sp
ec
ti
ng

th
is

cu
rr
en
t

pa
rt
it
io
n
in

th
e
fo
llo

w
in
g
w
ay
.
T
he

ed
ge
s
th
at

co
nn

ec
t
ve
rt
ic
es

be
lo
ng

in
g
to

th
e
sa
m
e
cl
us
te
r

re
ce
iv
e
a
lo
w

w
ei
gh

t,
ob

ta
in
ed

fr
om

a
un

ifo
rm

di
st
ri
bu

ti
on

w
hi
ch

ge
ne

ra
te
s
lo
w

va
lu
es

(e
.g
.

be
tw

ee
n
0
an

d
1)
.
T
he

ed
ge
s
th
at

co
nn

ec
t
ve
rt
ic
es

be
lo
ng

in
g
to

di
ffe

re
nt

cl
us
te
rs

re
ce
iv
e

a
hi
gh

w
ei
gh

t,
ob

ta
in
ed

fr
om

a
un

ifo
rm

di
st
ri
bu

ti
on

w
hi
ch

ge
ne

ra
te
s
hi
gh

er
va
lu
es

(e
.g
.
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T
ei

x
ei

r
a
,
A

ss
u
n
çã

o
a
n
d

L
o
sc

h
i

A
1

A
2

A
3

B
1

B
2

B
3

C
1

C
2

C
3

G
ro
up

A

G
ro
up

B

G
ro
up

C

F
ig
ur
e
4:

C
ou

nt
er

ex
am

pl
e
of

gr
ap

h
w
he

re
th
e
ap

pr
oa
ch

of
ad

ap
ti
ng

W
ils
on

’s
al
go

ri
th
m

as
a
m
ul
ti
-s
te
p
pr
oc
ed

ur
e
to

ob
ey

th
e
co
ns
tr
ai
nt
s
im

po
se
d
by

th
e
pa

rt
it
io
n
fa
ils

to
sa
m
pl
e
tr
ee
s
un

ifo
rm

ly
.

be
tw

ee
n
10

an
d
20

).
O
nc

e
th
e
w
ei
gh

ts
ar
e
as
si
gn

ed
,t
he

m
in
im

um
sp
an

ni
ng

tr
ee

is
ob

ta
in
ed

an
d
it

is
th
e
ne

w
sa
m
pl
ed

tr
ee
,c

om
pa

ti
bl
e
w
it
h
th
e
cu

rr
en
t
pa

rt
it
io
n.

T
he

re
as
on

fo
r
us
in
g
th
es
e
tw

o
se
ts

of
va
lu
es

is
th
at

th
e
al
go

ri
th
m

co
m
pu

te
s
th
e
sp
an

ni
ng

tr
ee

w
it
h
m
in
im

um
su
m

of
w
ei
gh

ts
.
W

he
n
w
e
us
e
w
ei
gh

ts
in

th
is

w
ay
,
w
e
en

su
re

th
at

th
e

tr
ee

w
ill

be
co
m
pa

ti
bl
e
w
it
h
th
e
pa

rt
it
io
n,

si
nc

e
th
e
ed

ge
s
w
it
h
hi
gh

er
w
ei
gh

ts
ar
e
ad

de
d
to

th
e
tr
ee

on
ly

w
he

n
al
l
po

ss
ib
le

co
nn

ec
ti
on

s
th
ro
ug

h
ed

ge
s
w
it
h
a
lo
w
er

w
ei
gh

t
ar
e
al
re
ad

y
ex
pl
or
ed

.
So

,
it

on
ly

ad
ds

a
co
nn

ec
ti
on

be
tw

ee
n
cl
us
te
rs

w
he
n
al
lt

he
po

ss
ib
le

co
nn

ec
ti
on

s
in
si
de

a
cl
us
te
r
ha

ve
be

en
vi
si
te
d.

T
he

pr
op

os
ed

al
go

ri
th
m

w
or
ks

be
ca
us
e
th
e
M
ST

al
go

ri
th
m
,e

it
he

r
by

P
ri
m

al
go

ri
th
m

or
by

th
e
K
ru
sk
al

al
go

ri
th
m

(C
or
m
en

et
al
.,
20

09
),
se
le
ct
s
th
e
ed

ge
s
ac
co
rd
in
g
to

th
ei
r
w
ei
gh

ts
.

Si
nc

e
al
le

dg
es

se
pa

ra
ti
ng

cl
us
te
rs

ha
ve

hi
gh

er
w
ei
gh

ts
,t
he
y
ar
e
se
le
ct
ed

on
ly

af
te
r
th
e
lo
w
er

w
ei
gh

t
ed
ge
s
co
nn

ec
ti
ng

ve
rt
ic
es

in
si
de

a
cl
us
te
r.

T
he

ra
nd

om
at
tr
ib
ut
io
n
of

w
ei
gh

ts
en

su
re
s

th
at

th
e
tr
ee

w
ill

re
sp
ec
t
th
e
pa

rt
it
io
n
an

d,
si
nc
e
w
e
ra
nd

om
ly

as
si
gn

w
ei
gh

ts
ea
ch

ti
m
e
w
e

sa
m
pl
e
a
tr
ee
,w

e
ge
t
a
ra
nd

om
tr
ee
,e

ve
n
th
ou

gh
th
e
al
go

ri
th
m

is
de

te
rm

in
is
ti
c.

T
hi
sp

ro
ce
du

re
do

es
no

ts
am

pl
e
ex
ac
tl
y
fr
om

a
un

ifo
rm

di
st
ri
bu

ti
on

.
T
o
se
e
th
is
,c
on

si
de
r

th
e
fo
llo

w
in
g
ex
am

pl
e.

C
on

si
de

r
th
e
gr
ap

h
in

th
e
le
ft

ha
nd

si
de

of
F
ig
ur
e
5
w
he

re
w
e

di
sr
eg
ar
d
an

y
pa

rt
it
io
n.

T
he

re
ar
e

5
sp
an

ni
ng

tr
ee
s
th
at

do
no

t
in
cl
ud

e
th
e

(3
−

4
)
ed

ge
,

ea
ch

on
e
ob

ta
in
ed

by
th
e
re
m
ov
al

of
(3
−

4)
an

d
on

e
of

th
e
re
m
ai
ni
ng

ed
ge
s.

T
he
re

ar
e

6
ot
he

r
sp
an

ni
ng

tr
ee
s
in
cl
ud

in
g
th
e

(3
−

4)
ed

ge
:
w
e
ne
ed

to
pr
un

e
on

e
of

th
e
th
re
e
ed
ge
s

lo
ca
te
d
at

th
e
le
ft
-h
an

d
si
de

of
(3
−

4)
an

d
on

e
of

th
e
tw

o
lo
ca
te
d
at

it
s
ri
gh

t-
ha

nd
si
de

.
O
ur

m
et
ho

d
w
ou

ld
as
si
gn

in
de

pe
nd

en
t
U

(0
,1

)
ra
nd

om
va
ri
ab

le
s
W

1
,.
..
,W

6
to

th
e
si
x
ed
ge
s

an
d
th
en

se
le
ct

it
s
m
in
im

um
sp
an

ni
ng

tr
ee
.
T
hi
s
is

eq
ui
va
le
nt

to
su
bs
ti
tu
te

th
e
W
i’s

by
th
ei
r
ra
nk

st
at
is
ti
cs
R

1
,.
..
,R

6
w
he

re
R
i

=
∑

6 j=
1
I
[W

j
≤
W
i]
an

d
to

se
le
ct

th
e
m
in
im

um
sp
an

ni
ng

tr
ee

us
in
g
th
es
e
ra
nk

s.
T
he

to
ta
l
nu

m
be

r
of

po
ss
ib
le

ra
nk

s
as
si
gn

m
en
t
to

th
e
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B
ay

esia
n

pa
rtitio

n
in

g

12

34

5

1
2

3 4

5
6

F
igure

5:
T
w
o
graphs

to
discuss

different
possibilities

to
random

ly
generate

spanning
trees.

edges
is

equalto
the

num
ber

of
perm

utations
of

the
six

edges,that
is,

6!
=

720.
E
ach

rank
statistic

configuration
is

equally
likely

and
each

one
of

the
11

spanning
trees

is
associated

w
ith

a
subset

of
these

720
ranking

patterns.
T
he

cardinality
of

these
subsets

should
be

the
sam

e
if

w
e
have

a
uniform

sam
pling

procedure.
H
ow

ever,
11

is
not

a
divisor

of
720

and
therefore

som
e
spanning

trees
are

selected
w
ith

higher
frequency

than
others.

H
ow

ever,
this

sim
ple

and
fast

procedure
is

a
good

approxim
ation

for
the

uniform
sam

-
pling

ofspanning
trees

and
w
e
show

this
by

m
eans

ofan
exam

ple.
C
onsider

the
graph

in
the

right-hand
side

ofF
igure

5
w
ith

6
nodes

divided
into

2
groups

(nodes
1-3

and
nodes

4-6).
A

com
plete

enum
eration

show
s
that

there
are

27
spanning

trees
com

patible
w
ith

this
partition,

w
hich,

if
uniform

ly
sam

pled,
should

have
a
selection

probability
equal

to
1/

27
≈

0.03704.
U
sing

W
ilson’s

algorithm
,w

e
selected

100
thousand

random
spanning

trees.
T
he

observed
frequencies

ofthe
27

spanning
trees

varied
from

0
.035

88
to

0
.03831.

U
sing

our
m
ethod

based
on

1
0
0
thousand

sim
ulations

of
U

(0,1)
random

variables
for

the
edges

w
ithin

cluster
and

U
(10

,2
0
)
random

variables
for

the
edges

betw
een

clusters,
the

observed
frequencies

of
the

spanning
trees

varied
from

0.03588
to

0
.03811.

A
dditionally,

W
ilson’s

algorithm
requires

generating
about

3
spanning

trees
before

one
is

accepted
(com

patible
w
ith

the
partition),

even
in

this
sm

allexam
ple,w

hile
for

our
approach

each
generated

tree
is

guaranteed
to

be
com

patible
w
ith

the
partition.

5.
A

n
alysis

of
S
im

u
lated

D
ata

S
ets

In
this

section,
w
e
evaluate

the
perform

ance
of

our
m
odel

for
regionalization

in
spatial

settings
only.

T
he

m
ain

goal
is

to
com

pare
it

w
ith

the
follow

ing
state-of-art

regional-
ization

techniques:
SK

A
T
E
R
,
through

its
im

plem
entation

on
the

spdep
R

package 1,
the

original
A
utom

atic
Zoning

P
rocedure

(A
ZP

),
and

its
variations

w
ith

Sim
ulated

A
nnealing

(A
ZP

_
SA

),T
abu

(A
ZP

_
T
A

B
U
),R

eactive
tabu

(A
ZP

_
R
T
A

B
U
),the

A
utom

atic
R
egional-

ization
w
ith

InitialSeed
Location

(A
R

ISE
L),the

M
ax-p-regions

T
abu

m
odel(M

A
X

P
)
and

the
"A

M
ultidirectional

O
ptim

um
E
cotope-B

ase
A
lgorithm

"
(A

M
O

E
B
A
),

all
im

plem
ented

1.
http://cran.r-project.org/package=spdep
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T
eix

eir
a
,
A

ssu
n
ção

a
n
d

L
o
sch

i

in
the

P
ython

C
lusterP

y
2
library

(D
uque

et
al.,2011).

For
P
oisson

data
sets,the

proposed
spatial

P
P
M

is
also

com
pared

to
the

B
D
C
D

m
odel,

im
plem

ented
in

C
+
+

code
(available

at
http://www.statistik.lmu.de/sfb386/software/bdcd/download.html)

and
to

B
P
M
,

im
plem

ented
in

R
softw

are
by

ourselves.
T
o
define

the
spatial

structure
of

the
sim

ulated
data

(coordinates,
shapes

and
spatial

adjacency),
w
e
consider

tw
o
geographical

neighborhood
structures

of
B
razilian

regions.
In

the
G
aussian

data
sets,inspired

by
the

hum
an

developm
ent

index
m
ap

show
n
in

Section
6,

w
e
considered

853
B
razilian

regions
grouped

into
three

clusters:
tw

o
large

clusters
and

a
third

sm
all

cluster,
com

posed
by

10
regions

and
islanded

in
the

m
iddle

of
one

of
the

other
tw

o
clusters.

T
he

sm
allcluster

m
ean

is
very

different
from

that
in

surrounding
regions.

In
Scenario

1,the
observations

w
ithin

each
cluster

are
iid

generated
from

norm
aldistributions.

T
o
m
im

ic
the

observed
data,

w
e
choose

m
eans

µ
i

=
0
.73

and
precision

τ
i

=
4000,

for
the

sm
allcluster,

µ
i

=
0.63

and
τ
i

=
754.20,for

the
large

cluster
containing

the
sm

allone,and
µ
i

=
0
.70

and
τ
i

=
878

.35,
for

the
other

large
cluster.

In
Scenario

2,
the

spatial
structure

also
presents

three
clusters

but
inside

each
cluster,

the
distribution

varies
slightly

from
a

region
to

another.
T
he

regions
m
eans

w
ithin

the
large

cluster
containing

the
sm

aller
one

vary
from

0
.612

up
to

0
.685

and
precision

varies
betw

een
435

and
48

4.
T
he

other
large

cluster
have

µ
i ∈

(0.663
,0
.726)

and
τ
i ∈

(471,497).
F
inally,

the
sm

all
cluster

is
com

posed
by

three
areas

w
ith

com
m
on

m
ean

equalto
0
.780

and
precision

10000.
For

the
P
oisson

data
sets,

w
e
w
ere

inspired
by

the
epidem

iologicalstudies
presented

in
Section

6.
W
e
considered

sm
aller

areas
in

the
southern

region
of

B
razil,the

1188
B
razilian

m
unicipalities

divided
into

clusters.
E
ach

observation
y
i sim

ulates
a
cancer

death
count

and
the

expected
count

E
i is

extracted
from

the
realdata

analysis
and

based
on

true
population

in
each

area.
M
otivated

by
the

high
m
ortality

rates
observed

in
the

lung
cancer

data,
w
e

sim
ulated

P
oisson

data
w
ith

high
rates

in
Scenarios

3
and

4,
w
hile

in
Scenarios

5
and

6,
w
e
assum

ed
low

rates
sim

ilar
to

those
observed

in
the

bladder
cancer

data.
R
ates

assum
ed

in
high

rate
scenarios

are,on
average,

8
tim

es
higher

than
those

for
the

low
rate

scenarios.
Sim

ilarly
to

the
norm

al
case,

w
e
assum

e
areas

w
ith

the
sam

e
rate

(Scenarios
3
and

5)
and

w
ith

distinct
but

sim
ilar

rates
(Scenarios

4
and

6)
w
ithin

each
cluster.

In
Scenarios

3
and

4,
the

m
ap

is
divided

into
10

clusters
w
ith

the
com

m
on

rates
in

Scenario
3
ranging

from
0
.45

to
1
.40.

T
he

distinct
rates

for
the

1188
regions

considered
in

Scenario
4
range

from
0.45

to
1.75.

In
bladder

cancer
inspired

low
rate

scenarios,the
m
ap

is
divided

into
13

clusters.
T
he

com
m
on

rates
in

Scenario
5
has

values
varying

from
0
.24

to
1
.74,w

hile
for

Scenario
6,the

distinct
param

eters
for

each
region

vary
from

0
.77

to
1
.42.

C
oncerning

the
inference,

w
e
assum

e
that

Y
i |

µ
G
k ,τG

k

iid
∼

N
orm

al (
µ
G
k ,τ −

1
G
k ),

for
all

i
∈
G
k ,

in
the

norm
al

case.
W
e
also

consider
the

norm
al-gam

m
a
prior

distribution
w
ith

µ
G
k |

τG
k ∼

N
orm

al (m
,[v
τG

k ] −
1 )

and
τG

k ∼
G
am

m
a

(a
,b),w

here
m

=
0.65,

v
=

1,
a

=
400

and
b

=
1.

For
the

P
oisson

data,
Y
i |

φ
G
k

iid
∼

P
oisson

(E
i ·
φ
G
k )

and
φ
G
k
∼

G
am

m
a(a

,b),
w
here

a
=
b

=
2.

T
his

prior
distribution

for
φ
G
k
puts

probability
m
ass

around
1,

as
w
e

usually
expect

for
the

relative
risk.

Furtherm
ore,

90%
ofits

probability
m
ass

is
concentrated

betw
een

0
.18

and
2.37,

w
hich

is
a
reasonable

range
for

m
any

hum
an

disease
relative

risks.
A
s
usually

done
in

real
problem

s,
in

our
analysis,

the
expected

count
E
i
is

assum
ed

to

2.
http://www.rise-group.org/
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B
ay

es
ia

n
pa

rt
it

io
n
in

g

be
kn

ow
n.

B
es
id
es
,
w
e
as
su
m
e
th
at

ea
ch

ed
ge

is
re
m
ov
ed

fr
om

th
e
sp
an

ni
ng

tr
ee

w
it
h

pr
ob

ab
ili
ty
ρ
∼

B
et
a(

5,
10

00
).

O
ur

al
go

ri
th
m

w
as

im
pl
em

en
te
d
in

C
+
+

an
d
is
av
ai
la
bl
e
up

on
re
qu

es
t.

Fo
r
th
e
M
C
M
C

w
e
ru
n
a
ch
ai
n
of

50
00

it
er
at
io
ns
,s
ki
pp

in
g
th
e
fir
st

50
0
sa
m
pl
es

as
a

bu
rn

-i
n
pe

ri
od

an
d,

to
av
oi
d
co
rr
el
at
io
n,

w
e
us
e
a
th
in
ni
ng

of
5
si
m
ul
at
ed

va
lu
es
.

5.
1.

E
va

lu
at

io
n

M
et

ri
cs

W
e
co
ns
id
er

tw
o
gr
ou

ps
of

m
et
ri
cs
.
T
he

fir
st

gr
ou

p
is

ba
se
d
on

th
e
es
ti
m
at
es

of
th
e
pa

-
ra
m
et
er
s
th
at

in
de

x
th
e
da

ta
di
st
ri
bu

ti
on

s.
W
e
co
ns
id
er

th
e
m
ea
n
ab

so
lu
te

er
ro
r
(M

A
E
),

th
e
m
ea
n
re
la
ti
ve

er
ro
r
(M

R
E
)
an

d
th
e
m
ea
n
sq
ua

re
d
er
ro
r
(M

SE
)
ba

se
d
on

th
e
di
st
an

ce
be

tw
ee
n
th
e
tr
ue

pa
ra
m
et
er
s
an

d
th
ei
r
es
ti
m
at
es
.
U
nd

er
B
P
M
,
B
D
C
D

an
d
th
e
pr
op

os
ed

P
P
M

th
e
pa

ra
m
et
er

es
ti
m
at
es

in
ea
ch

re
gi
on

ar
e
th
e
po

st
er
io
r
m
ea
ns
.

U
nd

er
th
e
us
ua

l
re
gi
on

al
iz
at
io
n
m
et
ho

ds
,s

uc
h
es
ti
m
at
es

ar
e
ob

ta
in
ed

by
av
er
ag

in
g
th
e
ob

se
rv
at
io
ns
Y
i
in
to

th
e
cl
us
te
r.

Fo
r
no

rm
al

da
ta
,
th
es
e
ar
e
gi
ve
n
by

θ̂ i
=
∑

j∈
G k
Y
j
/n

k
∀i
∈
G k

an
d,

in
th
e

P
oi
ss
on

ca
se
,t
he

y
ar
e
θ̂ i

=
[∑

j∈
G k
Y
j
][
∑

j∈
G k
E
j
]−

1
,∀
i
∈
G k

.
T
he

ot
he

r
se
t
of

m
et
ri
cs

is
ba

se
d
on

th
e
di
ffe

re
nc

e
be

tw
ee
n
th
e
tr
ue

cl
us
te
rs

us
ed

to
ge
ne

ra
te

th
e
da

ta
an

d
th
e
cl
us
te
rs

ob
ta
in
ed

by
th
e
di
ffe

re
nt

m
et
ho

ds
.
E
ac
h
pa

ir
of

ar
ea
s

is
la
be

le
d
as

po
si
ti
ve

if
th
ey

ar
e
in

th
e
sa
m
e
cl
us
te
r
an

d
as

ne
ga

ti
ve

if
th
ey

ar
e
in

di
ffe

re
nt

cl
us
te
rs
.
W
e
lo
ok
ed

at
th
e
nu

m
be

r
of

tr
ue

po
si
ti
ve
s
(T
P
)
cl
as
si
fic

at
io
ns
,t
he

nu
m
be

r
of

pa
ir
s

th
at

ar
e
in

th
e
sa
m
e
cl
us
te
r
bo

th
,i
n
th
e
tr
ue

pa
rt
it
io
n
as

w
el
la

s
in

th
e
es
ti
m
at
ed

on
e.

Fa
ls
e

po
si
ti
ve

cl
as
si
fic

at
io
ns

(F
P
)
is

th
e
nu

m
be

r
of

pa
ir
s
as
si
gn

ed
to

di
st
in
ct

cl
us
te
rs

bu
t
th
at

ac
tu
al
ly

ar
e
in

th
e
sa
m
e
cl
us
te
r
in

th
e
tr
ue

pa
rt
it
io
n.

T
ru
e
ne

ga
ti
ve
s
(T
N
)
cl
as
si
fic

at
io
n

is
th
e
nu

m
be

r
of

pa
ir
s
co
rr
ec
tl
y
as
si
gn

ed
to

di
st
in
ct

cl
us
te
rs
.
F
in
al
ly
,f
al
se

ne
ga

ti
ve
s
(F
N
)

cl
as
si
fic

at
io
n
is

th
e
nu

m
be

r
of

pa
ir
s
in
co
rr
ec
tl
y
as
si
gn

ed
to

di
st
in
ct

cl
us
te
rs
.
In

ou
r
ev
al
ua

-
ti
on

,w
e
co
ns
id
er

th
e
ra
nd

m
ea
su
re

(R
A
N
D
),
th
e
F

1
sc
or
e
(F

1)
,t
he

Ja
cc
ar
d
in
de

x
(J
I)

an
d

th
e
Fo

w
lk
es
-M

al
lo
w
s
in
de

x
(F

M
)
w
hi
ch

ar
e
gi
ve
n,

re
sp
ec
ti
ve
ly
,b

y

R
A
N
D

=
[T
P

+
T
N

]·
[T
P

+
F
P

+
F
N

+
T
N

]−
1
,

F
1

=
2
·P
·R
·[
P

+
R

]−
1
,

J
I

=
T
P
·[
T
P

+
F
P

+
F
N

]−
1
,

F
M

=
√
P
·R
,

w
he

re
P

=
T
P
·[
T
P

+
F
P

]−
1
an

d
R

=
T
P
·[
T
P

+
F
N

]−
1
.

M
os
t
of

th
e
tr
ad

it
io
na

lr
eg
io
na

liz
at
io
n
te
ch
ni
qu

es
co
ns
id
er
ed

in
ou

r
an

al
ys
is
re
qu

ir
es

th
e

pr
e-
de

fin
it
io
n
of

th
e
nu

m
be

r
of

cl
us
te
rs

to
be

ge
ne

ra
te
d
as

an
in
pu

t.
In

al
l
ca
se
s,

w
e
us
e

th
re
e
di
ffe

re
nt

va
lu
es
:
th
e
tr
ue

nu
m
be

r
c
of

cl
us
te
rs

as
w
el
la

s
3
m
or
e
an

d
3
le
ss

(1
le
ss

fo
r

th
e
no

rm
al

ca
se
)
cl
us
te
rs

th
an

th
e
tr
ue

nu
m
be

r.
T
he

m
ax

-p
-r
eg
io
ns

m
od

el
cl
us
te
rs

a
se
t
of

ge
og

ra
ph

ic
ar
ea
s
in
to

th
e
m
ax

im
um

nu
m
be

r
of

ho
m
og

en
eo
us

re
gi
on

s
su
ch

th
at

th
e
va
lu
e
of

a
sp
at
ia
lly

ex
te
ns
iv
e
re
gi
on

al
at
tr
ib
ut
e
is
ab

ov
e
a
pr
ed

efi
ne

d
th
re
sh
ol
d
va
lu
e.

In
cl
us
te
rP

y
w
e

m
ea
su
re

he
te
ro
ge
ne

it
y
as

th
e
w
it
hi
n-
cl
us
te
r
su
m

of
sq
ua

re
s
fr
om

ea
ch

ar
ea

to
th
e
at
tr
ib
ut
e

ce
nt
ro
id

of
it
s
cl
us
te
r.

T
he

pa
ra
m
et
er

va
lu
es

sh
ow

n
in

th
e
ta
bl
es

fo
r
th
is
m
et
ho

d
co
rr
es
po

nd
to

th
is

th
re
sh
ol
d.

T
o
su
m
m
ar
iz
e
th
e
po

st
er
io
r
in
fo
rm

at
io
n
ab

ou
t
th
e
ra
nd

om
pa

rt
it
io
n
pr
ov
id
ed

by
ou

r
m
et
ho

d,
w
e
ta
ke

th
e
un

de
rl
yi
ng

gr
ap

h
of

th
e
sp
at
ia
ls
tr
uc

tu
re

of
th
e
da

ta
an

d,
fo
r
ea
ch

ed
ge
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 2
0(

85
):

1-
35

, 2
01

9

T
ei

x
ei

r
a
,
A

ss
u
n
çã

o
a
n
d

L
o
sc

h
i

co
nn

ec
ti
ng

ne
ig
hb

or
in
g
ar
ea
s,

w
e
co
m
pu

te
ho

w
of
te
n
th
ey

ar
e
in

th
e
sa
m
e
cl
us
te
r
ba

se
d
on

th
e
ge
ne

ra
te
d
pa

rt
it
io
ns
.
T
hi
s
pe

rc
en
ta
ge

is
as
si
gn

ed
to

ea
ch

ed
ge
.
T
he

n,
w
e
tr
im

th
e
ed
ge
s

by
re
m
ov
in
g
al
lt
ho

se
w
hi
ch

ar
e
be

lo
w

a
ce
rt
ai
n
th
re
sh
ol
d.

O
nc

e
th
e
in
fr
eq
ue

nt
ed

ge
s
ar
e
re
-

m
ov
ed

,t
he

re
m
ai
ni
ng

co
m
po

ne
nt
s
of

th
e
gr
ap

h
de

fin
e
th
e
cl
us
te
rs
.
T
he

re
as
on

in
g
is
th
at

th
e

re
m
ov
ed

ed
ge
s
ar
e
ex
ac
tl
y
th
os
e
w
hi
ch

ar
e
fr
eq
ue

nt
ly

cr
os
si
ng

th
e
bo

rd
er
s
be

tw
ee
n
cl
us
te
rs

in
th
e
sa
m
pl
ed

pa
rt
it
io
ns
.
B
y
re
m
ov
in
g
th
em

,t
he

bu
lk

of
th
e
cl
us
te
rs

fr
eq
ue

nt
ly

pr
es
en
t
in

th
e
sa
m
pl
ed

pa
rt
it
io
ns

re
m
ai
n
co
nn

ec
te
d
in

th
e
gr
ap

h.
W
e
co
ns
id
er

th
re
e
th
re
sh
ol
ds
:

7
0
%
,

80
%

an
d

90
%
.
T
he

sa
m
e
st
ra
te
gy

is
us
ed

fo
r
th
e
B
P
M

an
d
B
D
C
D

m
et
ho

ds
.

5.
2.

R
es

u
lt

s

T
ab

le
s
1
to

3
sh
ow

th
e
m
od

el
fit

m
ea
su
re
s
fo
r
th
e
pr
op

os
ed

m
od

el
an

d
th
e
co
m
pe

ti
to
r

m
et
ho

ds
fo
r
no

rm
al

an
d
P
oi
ss
on

da
ta
.
Fo

r
ea
ch

ev
al
ua

ti
on

m
ea
su
re
,
th
e
be

st
ou

tc
om

e
is

un
de

rl
in
ed

an
d
sh
ow

n
in

bo
ld
.

In
al
m
os
t
al
l
th
e
si
m
ul
at
ed

da
ta

se
ts
,
ou

r
m
od

el
ou

tp
er
fo
rm

ed
al
l
th
e
ot
he

r
m
et
ho

ds
.

T
he

on
ly

sc
en

ar
io
s
w
he
re

ou
r
m
et
ho

d
ha

d
in
fe
ri
or

re
su
lt
s
w
er
e
in

th
e
no

rm
al

da
ta

se
t
w
it
h

co
m
m
on

pa
ra
m
et
er
,w

he
re

th
e
M
A
E
fo
rt

he
SP

P
M

w
as

th
e
se
co
nd

be
st

an
d
th
e
P
oi
ss
on

da
ta

se
t
w
it
h
lo
w

ra
te

an
d
co
m
m
on

pa
ra
m
et
er

w
he

re
SK

A
T
E
R

ha
d
th
e
lo
w
es
t
M
R
E
.
H
ow

ev
er
,

in
bo

th
ca
se
s,
th
e

SP
P
M

ha
d
be

tt
er

pe
rf
or
m
an

ce
ac
co
rd
in
g
to

al
lo

th
er

m
et
ri
cs

w
e
co
ns
id
er

to
ev
al
ua

te
th
e
m
od

el
s.

Fu
rt
he

rm
or
e,

in
th
es
e
tw

o
ex
ce
pt
io
na

l
ca
se
s,

ev
en

in
th
os
e
lo
si
ng

m
et
ri
cs
,S

P
P
M

ha
d
a
ve
ry

cl
os
e
va
lu
e
to

th
e
be

tt
er

co
m
pe

ti
to
rs
.

In
al
l
da

ta
se
ts
,
pa

rt
ic
ul
ar
ly

in
th
e
P
oi
ss
on

da
ta

se
ts
,
th
e
er
ro
r
m
et
ri
cs

(M
A
E
,
M
SE

,
M
R
E
)
fo
r
ou

r
m
et
ho

d
w
er
e
fr
om

1
.5

to
5

ti
m
es

sm
al
le
r
th
an

th
e
ot
he

r
m
et
ho

ds
.

Fo
r

SK
A
T
E
R
,
A

R
IS

E
L

an
d
th
e

A
ZP

-t
yp

e
m
et
ho

ds
,
w
e
no

ti
ce

th
at

th
e
bi
as

in
th
e
pa

ra
m
et
er

es
ti
m
at
es

(e
it
he

r
th
e
no

rm
al

m
ea
n
or

th
e
P
oi
ss
on

ra
te
)
de
pe

nd
s
on

th
e
nu

m
be

r
of

cl
us
te
rs

w
e
as
su
m
e
to

im
pl
em

en
t
th
e
m
et
ho

d
as

w
el
l
as

on
th
e
ty
pe

of
sc
en

ar
io
.

W
e
no

ti
ce
,
fo
r

in
st
an

ce
,t
ha

t
SK

A
T
E
R

pr
od

uc
ed

le
ss

bi
as
ed

es
ti
m
at
es

fo
r
su
ch

pa
ra
m
et
er
s
in

al
ls
ce
na

ri
os

if
th
e
as
su
m
ed

nu
m
be

r
of

cl
us
te
r
is
c
−

3
(a
nd

c
−

1
fo
r
th
e
no

rm
al

ca
se
),

th
e
ex
ce
pt
io
n

oc
cu
rr
in
g
in

Sc
en

ar
io

1.
M
or
eo
ve
r,

in
Sc

en
ar
io

3,
le
ss

bi
as
ed

es
ti
m
at
es

ar
e
ob

ta
in
ed

by
al
l

su
ch

m
et
ho

ds
,
ex
ce
pt

SK
A
T
E
R
,
if
th
e
nu

m
be

r
of

cl
us
te
rs

is
co
rr
ec
tl
y
as
su
m
ed
.
T
hi
s
bi
as

m
ay

be
ex
pl
ai
ne

d
by

th
e
po

or
ca
pa

ci
ty

of
th
es
e
m
et
ho

ds
to

id
en
ti
fy

co
rr
ec
tl
y
th
e
cl
us
te
rs
.

T
he

no
n-
st
oc
ha

st
ic

m
et
ho

ds
w
er
e
fa
vo

re
d
in

th
e
se
ns
e
th
at

th
ey

re
ce
iv
ed

go
od

in
fo
rm

at
io
n

ab
ou

t
th
e
nu

m
be

r
of

cl
us
te
rs
.

W
e
ei
th
er

pr
ov

id
ed

th
e
ex
ac
t
nu

m
be

r
or

a
cl
os
e
on

e.
In

so
m
e
ca
se
s,

ev
en

w
it
h
th
e
co
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o
a
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d

L
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i

6.
C
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e
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tu

d
ie

s

T
he

an
al
ys
is

de
sc
ri
be

d
in

th
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se
ct
io
n
ill
us
tr
at
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th
e
us
ef
ul
ne

ss
of

ou
r
m
et
ho

d
in
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re
e
re
l-

ev
an

t
ap

pl
ic
at
io
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fir
st

on
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pu

re
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ia
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gi
on
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at
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th
e
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ra
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m
un
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ip
al
it
ie
s
ac
co
rd
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g
to

th
ei
r
H
um

an
D
ev
el
op

m
en
t

In
de

x
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D
I)

in
20
10

.
T
he

se
co
nd

ap
pl
ic
at
io
n
is

al
so

pu
re
ly

sp
at
ia
l
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t
as
su
m
es

a
P
oi
ss
on

di
st
ri
bu

ti
on

fo
r
de

at
h
co
un
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.
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ai
m
s
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th
e
re
gi
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at
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n
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e
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B
ra
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n
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s
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rd
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g
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d
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r
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m
or
ta
lit
y.
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B
ra
zi
lia
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gi
on
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th
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lit
y
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is
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aff

ec
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d
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r
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th
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-
pl
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at
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at
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ra
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h
G
au

ss
ia
n
da

ta
.
W
e
an

al
ys
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th
e
H
D
I
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in
th
e

fir
st

ap
pl
ic
at
io
n
bu

t
no

w
w
e
de

sc
ri
be

it
s
ev
ol
ut
io
n
fr
om

19
91

to
20

10
.
In

th
e
th
re
e
an

al
ys
is
,

fo
r
th
e
M
C
M
C
,w

e
ra
n
ch
ai
ns

of
si
ze

10
00

0,
sk
ip
pi
ng

th
e
fir
st

10
00

sa
m
pl
es

as
th
e

bu
rn

-i
n

pe
ri
od

an
d
ta
ke

a
la
g
of

10
to

av
oi
d
co
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el
at
io
n.

6.
1.

H
D

I
D

at
a:

A
S
p
at

ia
l
R

eg
io

n
al

iz
at

io
n

w
it

h
G

au
ss

ia
n

S
P

P
M

T
he

H
D
Ii
sa

n
in
de

x
co
m
bi
ni
ng

lif
e
ex
pe

ct
an

cy
,e
du

ca
ti
on

an
d
in
co
m
e
m
ea
su
re
sd

ev
el
op

ed
by

th
e
U
ni
te
d
N
at
io
ns

D
ev
el
op

m
en
t
P
ro
gr
am

m
e
(U

N
D
P
)
an

d
it
is
of
te
n
us
ed

to
ra
nk

co
un

tr
ie
s.

T
og

et
he

rw
it
h
U
N
D
P,

th
e
In

st
it
ut

o
de

P
es

qu
is

a
E
co

nô
m

ic
a

e
A

pl
ic
ad

a
(I
P
E
A
)a

nd
Fu

nd
aç

ão
Jo

ão
P
in

he
ir
o
de

ve
lo
pe

d
a
ve
rs
io
n
of

th
e
H
D
I
in
co
rp
or
at
in
g
ad

di
ti
on

al
va
ri
ab

le
s
ex
tr
ac
te
d

fr
om

th
e
de

m
og

ra
ph

ic
ce
ns
us

to
ev
al
ua

te
th
e
B
ra
zi
lia

n
m
un

ic
ip
al
it
ie
s.

T
he

da
ta

se
t
is

co
m
po

se
d

of
th
e
H
D
I
of

55
64

m
un

ic
ip
al
it
ie
s
of

B
ra
zi
l
(s
ee

F
ig
ur
e
7)

in
20

10
.

w
hi
ch

is
as
su
m
ed

to
be

no
rm

al
ly

di
st
ri
bu

te
d
w
it
h
m
ea
n
an
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va
ri
an

ce
ch
an

gi
ng

ov
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th
e
sp
ac
e.

W
e
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id
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ho

od
st
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ct
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e
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d
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ro
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th
e
ge
og

ra
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ad

ja
ce
nc

y.
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io
r
di
st
ri
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ra
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m
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0
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1
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at
es

it
s
pr
ob

ab
ili
ty

m
as
s
ar
ou

nd
1
0
0
,w

hi
ch

yi
el
ds

a
st
an

da
rd

de
vi
at
io
n
of

ab
ou

t
0.
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fo
r
th
e
ob

se
rv
at
io
ns

of
th
e
cl
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.
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5
.
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ra
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B
ay

esia
n

pa
rtitio

n
in

g

F
igure

6:
Som

e
of

the
sam

pled
partitions

(H
D
I
data)

areas
that

cannot
be

sharply
allocated

together
into

a
cluster

w
ith

its
neighbor.

It
does

not
m
ean

that
the

area
necessarily

stays
isolated

from
their

neighbors
m
ost

of
the

tim
e.

It
m
eans

that
it

is
often

allocated
to

clusters
w
ith

different
area

com
ponents.

Lines
clearly

splitting
large

portions
of

the
m
ap

indicate
sharp

transition
zones.

A
nother

posterior
par-

tition
sum

m
ary

is
given

in
F
igure

7c
.
E
ach

area
is

colored
according

to
the

size
of

cluster
to

w
hich

it
belongs.

D
arker

colors
indicate

that
the

area
belong

to
a
sm

allcluster.
T
hese

figures
show

the
presence

of
three

large
regions

in
the

country.
A
dditionally,

w
e

can
see

a
num

ber
of

sm
all

groups
in

the
frontier

and
som

e
tiny

clusters
located

on
the

N
ortheast

coast,hard
to

visualize
on

the
figure.

W
e
also

have
tw

o
sm

allclusters
isolated

in
the

m
iddle

of
the

big
clusters,both

w
ith

average
H
D
I.T

he
Southern

one
is

surrounded
by

better
H
D
I
areas

w
hile

the
N
orthern

one
is

relatively
better

than
its

neighbors.
A
lthough

the
m
ain

groups
are

w
elldefined,the

separation
betw

een
them

is
not,causing

a
certain

level
of

noise.
In

fact,this
discloses

the
naturalcharacteristic

of
this

kind
of

data
w
here

there
is

a
transition

betw
een

tw
o
distinct

groups
but

frontiers
are

not
w
ell

defined.
A
nother

result
is

related
to

the
tiny

clusters
found

on
the

N
ortheast

coast.
T
hese

areas
are

frequently
assigned

to
sm

all
clusters,

w
ith

size
w
ithin

9000
squared

kilom
eters

in
at

least
90%

of
the
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T
eix

eir
a
,
A

ssu
n
ção

a
n
d

L
o
sch

i

(a)
M

ap
of

B
razilian

m
unicipalities

and
their

H
D

I
data

(b)
Sum

m
ary

of
the

sam
pled

partitions
for

B
razilian

m
unicipalities

(H
D

I
data)

(c)
A
verage

group
size

for
each

m
unicipality

in
the

sam
pled

partitions

F
igure

7:
P
osterior

regionalization
of

B
razilian

m
unicipalities

according
to

their
H
D
I

sam
pled

partitions.
Such

areas
are

the
capital

of
states

in
the

northeast
region

and
their

neighboring
tow

ns.
T
he

H
D
I
in

the
northeast

region
is

generally
very

low
,
as

can
be

seen
in

F
igure

7a,
but

the
capital

cities
and

their
surroundings

are
m
ore

developed
and

have
a

stronger
econom

y
than

other
regions

on
the

State.

6.2.
L
u
n
g

an
d

B
lad

d
er

C
an

cer
D

ata:
A

S
p
atial

R
egion

alization
w

ith
P
oisson

S
P

P
M

T
o
illustrate

the
use

ofthe
P
oisson

SP
P
M

w
e
consider

the
num

ber
ofdeaths

by
bladder

and
lung

cancer
in

the
south

region
of

B
razil.

T
hese

tw
o
types

of
cancers

w
ere

selected
due

to
their

different
incidence

rate.
B
ladder

cancer
is

alm
ost

an
order

of
m
agnitude

rarer
than

lung
cancer.

T
hus,the

incidence
rate

for
bladder

cancer
is
m
ore

affected
by

sm
allvariations.
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n
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F
igure

10:
Som

e
of

the
sam

pled
partitions

(bladder
cancer)

A
s
w
e
can

see
in

F
igure

12,
the

A
R
iSE

L
and

SK
A
T
E
R

techniques
result

in
regional-

izations
that

capture
only

the
m
ost

obvious
visual

aspects
of

the
raw

data
m
aps.

T
hese

determ
inistic

m
ethods

w
ere

run
w
ith

4
groups.

T
he

SK
A
T
E
R

m
ethod

w
as

still
able

to
separate

the
top

from
the

bottom
ofthe

lung
cancer

m
ap,w

hile
A

R
iSE

L
detected

only
the

southern
boundary

and
w
ith

a
m
ore

jagged
line.

For
the

bladder
cancer,

how
ever,

neither
m
ethod

w
as

able
to

detect
the

region
in

the
northeast

ofthe
m
ap.

T
hey

seem
ed

to
be

m
ore

sensitive
to

localvariations
in

the
rate.

T
his

is
the

practicalexem
plification

ofw
hat

w
e
ex-

pected.
G
iven

that
these

m
ethods

do
not

use
a
statisticalm

odel,they
are

m
ore

susceptible
to

this
kind

of
problem

w
here

the
population

incidence
rate

is
sm

all.

Lung
cancer

is
linked

to
sm

oking
and

the
rate

increases
going

south,
w
hich

could
be

related
to

the
colder

clim
ate.

T
his

explains
the

clusters
in

the
tw

o
extrem

e
parts

of
the

N
orth-South

gradient
in

F
igure

11a.
W

ith
the

help
of

hindsight,
w
e
can

see
that

the
right

portion
of

the
m
iddle

region
in

this
figure

is
w
here

som
e
of

the
large

cities
are

located,
and

presents
a
low

er
rate

than
its

w
estern

counterpart.
T
he

determ
inistic

m
ethods

either
separates

out
only

the
extrem

e
south

region
and

failto
identify

the
regions

in
the

center.
A

m
ore

visible
difference

betw
een

the
m
ethods

is
in

F
igure

11b.
SP

P
M

identified
a
cluster

in
the

northeast
ofthe

m
ap,w

here
C
uritiba

(capitalofP
araná

state)
and

the
m
ost

populated
cities

of
the

state
of

Santa
C
atarina

are
located.

A
ll
the

other
m
ethods

failed
to

find
this
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(a)
Sum

m
ary

of
the

sam
pled

partitions
for

each
region,L

ung
cancer

(b)
Sum

m
ary

of
the

sam
pled

partitions
for

each
region,B

ladder
cancer

(c)
A
verage

group
size

for
each

region,L
ung

can-
cer

(d)
A
verage

group
size

for
each

region,
B

ladder
cancer

F
igure

11:
P
osterior

regionalization
ofm

unicipalities
in

B
razilian

south
region

according
to

the
num

ber
of

deaths
by

lung
and

bladder
cancer,proposed

m
odel
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13:
M
ap

of
B
razilian

states
and

their
H
D
I
data

(first
row

)
and

the
evolution

of
the

posterior
sum

m
aries

for
cut

point
0
.7

(second
row

),
over

the
years

1991,
2000,

and
2010.
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role

in
the

prior
elicitation

for
the

partition.
C
oupled

w
ith

the
sim

plification
of

the
com

putational
search

for
a
good

partition
by

restricting
this

search
to

n
edges,

it
allow

ed
us

to
w
rite

the
prior

cohesion
as

functions
of
ρ,

the
prior

probability
of

rem
oving

edges
from

the
tree.

In
conclusion,
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e
proposed

a
stochastic
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odel

for
the

problem
of

space-tim
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regional-

ization
that

captures
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uch

of
the

prior
reasoning
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could

have
for

its
form

ation.
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e

introduced
the

use
ofspanning

trees
to

provide
an

effective
sam

pling
algorithm

.
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ur
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odel

is
flexible

enough
to
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m
odate

different
types

of
data

and
provides

good
results.
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e

an
d
ca
n
be

tr
ea
te
d
as

m
is
si
ng

.
It

is
in

th
is

an
d
si
m
ila

r
co
nt
ex
ts

th
at

w
e
ho

pe
to

de
ve
lo
p
a

st
re
am

in
g
al
go

ri
th
m

fo
r
P
C
A

fr
om

in
co
m
pl
et
e
da

ta
.

M
or
e
fo
rm

al
ly
,w

e
co
ns
id
er

th
e
fo
llo

w
in
g
pr
ob

le
m
:
Le

t
S

be
an

r-
di
m
en
si
on

al
su
bs
pa

ce
w
it
h
or
th
on

or
m
al

ba
si
s
S
∈

R
n
×
r
.
Fo

r
an

in
te
ge
r
T
,
le
t
th
e
co
effi

ci
en
t
ve
ct
or
s
{q
t}
T t=

1
⊂

R
r
be

in
de

pe
nd

en
t
co
pi
es

of
a
ra
nd

om
ve
ct
or
q
∈

R
r
w
it
h
bo

un
de
d
ex
pe

ct
at
io
n,

na
m
el
y,

E‖
q‖

2
<
∞

.
C
on

si
de

r
th
e
se
qu

en
ce

of
ve
ct
or
s
{S
q t
}T t

=
1
⊂
S

an
d
se
t
s t

:=
S
q t

fo
r
sh
or
t.

A
t
ea
ch

ti
m
e
t
∈

[1
:
T

]
:=
{1
,2
,·
··
,T
},

w
e
ob

se
rv
e
ea
ch

en
tr
y
of
s t

in
de
pe

nd
en
tl
y
w
it
h
a

pr
ob

ab
ili
ty

of
p
an

d
co
lle

ct
th
e
ob

se
rv
ed

en
tr
ie
s
in
y t
∈

R
n
.
Fo

rm
al
ly
,
w
e
le
t
ω
t
⊆

[1
:
n

]
be

th
e
ra
nd

om
in
de

x
se
t
ov
er

w
hi
ch

s t
is

ob
se
rv
ed

an
d
w
ri
te

th
is

m
ea
su
re
m
en
t
pr
oc
es
s
as

y t
=
P
ω
t
·s

t,
w
he

re
P
ω
t
∈

R
n
×
n
is

th
e
pr
oj
ec
ti
on

on
to

th
e
co
or
di
na

te
se
t
ω
t,

na
m
el
y,

it
eq
ua

ls
on

e
on

it
s
di
ag

on
al

en
tr
ie
s
co
rr
es
po

nd
in
g
to

th
e
in
de

x
se
t
ω
t
an

d
is

ze
ro

el
se
w
he

re
.
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
plete

D
ata

O
ur

objective
in

this
paper

is
to

design
a
stream

ing
algorithm

to
identify

the
subspaceS

from
the

incom
plete

data
{y
t }
Tt=

1
supported

on
the

index
sets{

ω
t }
Tt=

1 .
P
ut

differently,our
objective

is
to

design
a
stream

ing
algorithm

to
com

pute
leading

r
principalcom

ponents
of

the
full(buthidden)data

m
atrix

[s
1
s

2 ···s
T

]from
the

incom
plete

observations
[y

1
y

2 ···y
T

],
see

F
igure

1.
B
y
the

E
ckart-Y

oung-M
irsky

T
heorem

,
this

task
is

equivalent
to

com
puting

leading
r
left

singular
vectors

of
the

full
data

m
atrix

from
its

partial
observations

(E
ckart

and
Y
oung,1936;M

irsky,1966).
A
ssum

ing
that

r
=

dim
(S

)
is

know
n
a
priori

(or
estim

ated
from

data
by

other
m
eans),

w
e
present

the
S
N

IP
E

algorithm
for

this
task

in
Section

2.
S
N

IP
E

is
designed

based
on

the
principle

of
least-change

and,
in

every
iteration,

finds
the

subspace
that

best
fits

the
new

data
block

but
rem

ains
close

to
the

previous
estim

ate.
S
N

IP
E

requires
O

(n
)
bits

of
m
em

ory
and

perform
s
O

(n
)
flops

in
every

iteration,
w
hich

is
optim

al
in

its
dependence

on
the

am
bient

dim
ension

n.
A
s
discussed

in
Section

3,
S
N

IP
E

has
a
naturalinterpretation

as
a
stream

ing
algorithm

for
low

-rank
m
atrix

com
pletion

(D
avenport

and
R
om

berg,2016).
Section

4
discusses

the
global

and
local

convergence
of

S
N

IP
E
.
In

particular,
the

local
convergence

rate
is

linear
near

the
true

subspace,
nam

ely,
the

estim
ation

error
of

S
N

IP
E

reduces
by

a
factorof

1−
cp

in
every

iteration,fora
certain

factor
c
and

w
ith

high
probability.

T
his

local
convergence

guarantee
for

S
N

IP
E

is
a
key

technical
contribution

of
this

paper
w
hich

is
absent

in
its

close
com

petitors,see
Section

5.
E
ven

though
w
e
lim

it
ourselves

to
the

“noise-free”
case

of
y
t

=
P
ω
t s
t
in

this
paper,

S
N

IP
E
can

also
be

applied
(after

m
inim

alchanges)
w
hen

y
t

=
P
ω
t (s

t +
n
t ),w

here
w
e
m
ight

think
of
n
t ∈

R
n
as

m
easurem

ent
noise

from
a
signal

processing
view

point.
A
lternatively

from
a
statisticalview

point,
n
t represents

the
tailofthe

covariance
m
atrix

ofthe
generative

m
odel,from

w
hich

{
s
t }
t are

draw
n.

M
oreover,

S
N

IP
E
can

be
easily

adapted
to

the
dynam

ic
case

w
here

the
underlying

subspace
S

=
S

(t)
changes

over
tim

e.
W
e
leave

the
convergence

analysis
of

S
N

IP
E

under
a
noisy

tim
e-variant

m
odelto

a
future

w
ork.

Sim
ilarly,

entries
of

incom
ing

vectors
are

observed
uniform

ly
at

random
in

our
theoretical

analysis
but

S
N

IP
E

also
applies

to
any

incom
plete

data.
A

review
ofprior

art
is
presented

in
Section

5,and
the

perform
ance

of
S
N

IP
E

and
rival

algorithm
sare

exam
ined

num
erically

in
Section

6,w
here

w
e
find

that
S
N

IP
E
show

sthe
state-

of-the-art
perform

ance.
T
echnical

proofs
appear

in
Section

7
and

in
the

appendices,
w
ith

A
ppendix

A
(T

oolbox)
collecting

som
e
of

the
frequently-used

m
athem

atical
tools.

F
inally,

A
ppendix

L
offers

an
alternative

initialization
for

S
N

IP
E
.

2.
S
N

IP
E

In
this

section,
w
e
present

Subspace
N
avigation

via
Interpolation

from
P
artial

E
ntries

(SN
IP

E
),a

stream
ing

algorithm
for

subspace
identification

from
incom

plete
data,

received
sequentially.

Let
us

first
introduce

som
e
additional

notation.
R
ecall

that
w
e
denote

the
incom

ing
sequence

ofincom
plete

vectorsby{
y
t }
Tt=

1 ⊂
R
n,w

hich
are

supported
on

index
sets{

ω
t }
Tt=

1 ⊆
[1

:
n

].
For

a
block

size
b≥

r,w
e
concatenate

every
b
consecutive

vectors
into

a
data

block,
thereby

partitioning
the

incom
ing

data
into

K
=
T
/b

non-overlapping
blocks{

Y
k }
Kk
=

1 ,w
here

Y
k ∈

R
n×

b
for

every
k.

W
e
assum

e
for

convenience
that

K
is
an

integer.
W
e
also

often
take

b
=
O

(r)
to

m
axim

ize
the

effi
ciency

of
SN

IP
E
,as

discussed
below

.
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

A
t
a
high

level,
S
N

IP
E
processes

the
first

incom
plete

block
Y

1
to

produce
an

estim
ateŜ

1

ofthe
true

subspaceS
.
T
his

estim
ate

is
then

iteratively
updated

after
receiving

each
ofthe

new
incom

plete
blocks

{Y
k }
Kk
=

2 ,
thereby

producing
a
sequence

of
estim

ates
{Ŝ

k }
Kk
=

2
,
see

F
igure

2.
E
very

Ŝ
k
is

an
r-dim

ensionalsubspace
ofR

n
w
ith

orthonorm
albasis

Ŝ
k ∈

R
n×

r;
the

particular
choice

of
orthonorm

albasis
is

inconsequentialthroughout
the

paper.

F
igure

2:
S
N

IP
E
concatenates

every
b
incom

ing
vectors

into
a
block

and
iteratively

updates
its

estim
ate

ofthe
true

subspaceS
after

receiving
each

new
block.

T
hat

is,
S
N

IP
E

updates
its

estim
ate

ofS
,from

Ŝ
k−

1
to
Ŝ
k ,after

receiving
the

incom
plete

data
block

Y
k ∈

R
n×

b,see
Section

2
for

the
details.

M
ore

concretely,
S
N

IP
E

sets
Ŝ

1
to

be
the

span
of

leading
r
left

singular
vectors

of
Y

1 ,
nam

ely,
the

left
singular

vectors
corresponding

to
largest

r
singular

values
of
Y

1 ,
w
ith

ties
broken

arbitrarily.
T
hen,

at
iteration

k
∈

[2
:
K

]
and

given
the

previous
estim

ate
Ŝ
k−

1
=

span
(Ŝ
k−

1 ),
S
N

IP
E

processes
the

colum
ns

of
the

kth
incom

plete
block

Y
k
one

by
one

and
form

s
the

m
atrix

R
k

=

[
···

y
t
+
P
ω
Ct
Ŝ
k−

1 (
Ŝ
∗k−

1 P
ω
t Ŝ
k−

1
+
λ
I
r )
†
Ŝ
∗k−

1 y
t
··· ]

∈
R
n×

b,

t∈
[(k−

1)b
+

1
:
k
b],

(1)

w
here†

denotes
the

pseudo-inverse
and

λ
≥

0
is
a
param

eter.
A
bove,

P
ω
Ct

=
I
n −

P
ω
t ∈

R
n×

n

projects
a
vector

onto
the

com
plem

ent
ofthe

index
set

ω
t .

T
he

m
otivation

for
the

particular
choice

of
R
k
above

w
illbecom

e
clearin

Section
3.

S
N

IP
E
then

updatesitsestim
ate

by
setting

Ŝ
k
to

be
the

span
of

leading
r
left

singular
vectors

of
R
k .

A
lgorithm

1
sum

m
arizes

these
steps.

N
ote

that
A
lgorithm

1
rejects

ill-conditioned
updates

in
Step

3
for

the
convenience

of
analysis

and
that

sim
ilar

reject
options

have
precedence

in
the

literature
(B

alzano
and

W
right,

2015).
W
e
how

ever
found

im
plem

enting
this

reject
option

to
be

unnecessary
in

num
ericalsim

ulations.

R
em

ark
1
[C

om
p
u
tation

al
com

p
lexity

of
S
N
IP

E
]W

e
m
easure

the
per-iteration

algo-
rithm

ic
com

plexity
of

S
N

IP
E
by

calculating
the

average
num

ber
offloating-point

operations
(flops)

perform
ed

on
an

incom
ing

vector.
E
very

iteration
of

S
N

IP
E
involves

finding
leading

r
left

singular
vectors

ofan
n
×
b
m
atrix.

A
ssum

ing
that

b
=
O

(r),this
could

be
done

w
ith

O
(n
r

2)
flops.

A
t
the

kth
iteration

w
ith

k
≥

2,
S
N

IP
E

also
requires

finding
the

pseudo-
inverse

of
P
ω
j Ŝ

k−
1
∈

R
n×

r
for

each
incom

ing
vector

w
hich

costs
O

(n
r

2)
flops.

T
herefore

the
overall

com
putational

com
plexity

of
S
N

IP
E

is
O

(n
r

2)
flops

per
vector.

A
s
further

dis-
cussed

in
Section

5,
this

m
atches

the
com

plexity
of

other
algorithm

s
for

stream
ing

P
C
A

even
though

here
the

received
data

is
highly

incom
plete.

4
JM

L
R

 20(86):1-62, 2019



S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
pl

et
e

D
at

a

R
em

ar
k
2
[S
to
ra
ge

re
qu

ir
em

en
ts

of
S
N
IP

E
]
W
e
m
ea
su
re

th
e
st
or
ag

e
re
qu

ir
ed

by
S
N

IP
E

by
ca
lc
ul
at
in
g
th
e
nu

m
be

r
of

m
em

or
y
el
em

en
ts

st
or
ed

by
S
N

IP
E

at
an

y
gi
ve
n
in
-

st
an

t.
A
t
th
e
k
th

it
er
at
io
n,

S
N

IP
E

m
us
t
st
or
e
th
e
cu

rr
en
t
es
ti
m
at
e
Ŝ
k
−

1
∈
R
n
×
r
(i
f
av
ai
l-

ab
le
)
an

d
th
e
ne

w
in
co
m
pl
et
e
bl
oc
k
Y
k
∈

R
n
×
b
.
A
ss
um

in
g
th
at
b

=
O

(r
),

th
is

tr
an

sl
at
es

in
to
O

(n
r)

+
O

(p
n
r)

=
O

(n
r)

m
em

or
y
el
em

en
ts
.

S
N

IP
E

th
er
ef
or
e
re
qu

ir
es
O

(n
r)

bi
ts

of
st
or
ag

e,
w
hi
ch

is
op

ti
m
al

up
to

a
co
ns
ta
nt

fa
ct
or
.

A
lg
or
it
h
m

1
S
N

IP
E

fo
r
st
re
am

in
g
P
C
A

fr
om

in
co
m
pl
et
e
da

ta

In
p
u
t:
•

D
im

en
si
on

r,

•
R
ec
ei
ve
d

da
ta
{y
t}
T t=

1
⊂

R
n
su
pp

or
te
d

on
in
de

x
se
ts
{ω

t}
T t=

1
⊆

[1
:
n

],
pr
es
en
te
d

se
qu

en
ti
al
ly

in
K

=
T
/b

bl
oc
ks

of
si
ze
b
≥
r,

•
T
un

in
g
pa

ra
m
et
er
λ
≥

0
,

•
R
ej
ec
t
th
re
sh
ol
ds
σ

m
in
,τ
≥

0
.

O
u
tp
u
t:

•
r-
di
m
en

si
on

al
su
bs
pa

ce
Ŝ K

.

B
od

y: •
Fo

rm
Y

1
∈

R
n
×
b
by

co
nc
at
en

at
in
g
th
e
fir
st
b
re
ce
iv
ed

ve
ct
or
s
{y
t}
b t=

1
.
Le

t
Ŝ 1

,
w
it
h

or
th
on

or
m
al

ba
si
s
Ŝ

1
∈

R
n
×
r
,
be

th
e
sp
an

of
le
ad

in
g
r
le
ft

si
ng

ul
ar

ve
ct
or
s
of
Y

1
,

na
m
el
y,

th
os
e
co
rr
es
po

nd
in
g
to
r
la
rg
es
t
si
ng

ul
ar

va
lu
es
.
T
ie
s
ar
e
br
ok
en

ar
bi
tr
ar
ily

.

•
Fo

r
k
∈

[2
:
K

],
re
pe

at
:

1.
Se

t
R
k
←
{}

.

2.
Fo

r
t
∈

[(
k
−

1)
b

+
1

:
k
b]
,r

ep
ea
t

–
Se

t

R
k
←
[
R
k

y t
+
P
ω
C t
Ŝ
k
−

1

( Ŝ
∗ k−

1
P
ω
t
Ŝ
k
−

1
+
λ
I r

) †
Ŝ
∗ k−

1
y t

] ,

w
he

re
P
ω
t
∈

R
n
×
n
eq
ua

ls
on

e
on

it
s
di
ag

on
al

en
tr
ie
s
co
rr
es
po

nd
in
g
to

th
e

in
de

x
se
t
ω
t,
an

d
is
ze
ro

el
se
w
he

re
.
Li
ke
w
is
e,
P
ω
C t
pr
oj
ec
ts

a
ve
ct
or

on
to

th
e

co
m
pl
em

en
t
of

th
e
in
de

x
se
t
ω
t.

3.
If
σ
r
(R

k
)
<
σ

m
in
or
σ
r
(R

k
)
≤

(1
+
τ
)
·σ
r
+

1
(R

k
),
th
en

se
t
Ŝ k
←
Ŝ k
−

1
.
O
th
er
w
is
e,

le
t
Ŝ k

,
w
it
h
or
th
on

or
m
al

ba
si
s
Ŝ
k
∈
R
n
×
r
,
be

th
e
sp
an

of
le
ad

in
g
r
le
ft

si
ng

ul
ar

ve
ct
or
s
of
R
k
.
T
ie
s
ar
e
br
ok

en
ar
bi
tr
ar
ily

.
H
er
e,
σ
i(
R
k
)
is
th
e
it
h
la
rg
es
t
si
ng

ul
ar

va
lu
e
of
R
k
.

•
R
et
ur
n
Ŝ K

.
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E
ft

ek
h
a
r
i,

O
n
g
ie

,
B

a
lz

a
n
o
,
a
n
d

W
a
k
in

3.
In

te
rp

re
ta

ti
on

of
S
N

IP
E

S
N

IP
E
ha

sa
na

tu
ra
li
nt
er
pr
et
at
io
n
as

a
st
re
am

in
g
al
go

ri
th
m

fo
rl
ow

-r
an

k
m
at
ri
x
co
m
pl
et
io
n,

w
hi
ch

w
e
no

w
di
sc
us
s.

F
ir
st

le
t
us

en
ri
ch

ou
r
no

ta
ti
on

.
R
ec
al
l
th
e
in
co
m
pl
et
e
da

ta
bl
oc
ks

{Y
k
}K k

=
1
⊂

R
n
×
b
an

d
le
t
th
e
ra
nd

om
in
de

x
se
t

Ω
k
⊆

[1
:
n

]
×

[1
:
b]

be
th
e
su
pp

or
t
of
Y
k

fo
r
ev
er
y
k
.
W
e
w
ri
te

th
at
Y
k

=
P

Ω
k
(S
k
)
fo
r
ev
er
y
k
,w

he
re

th
e
co
m
pl
et
e
(b
ut

hi
dd

en
)
da

ta
bl
oc
k
S
k
∈
R
n
×
b
is

fo
rm

ed
by

co
nc

at
en
at
in
g
{s
t}
k
b
t=

(k
−

1
)b

+
1
.
H
er
e,
P

Ω
k
(S
k
)
re
ta
in
s
on

ly
th
e

en
tr
ie
s
of
S
k
on

th
e
in
de

x
se
t

Ω
k
,
se
tt
in
g
th
e
re
st

to
ze
ro
.
B
y
de

si
gn

,
s t

=
S
q t

fo
r
ev
er
y
t

an
d
w
e
m
ay

th
er
ef
or
e
w
ri
te

th
at
S
k

=
S
·Q

k
fo
r
th
e
co
effi

ci
en
t
m
at
ri
x
Q
k
∈
R
r
×
b
fo
rm

ed
by

co
nc

at
en

at
in
g
{q
t}
k
b
t=

(k
−

1
)b

+
1
.
T
o
su
m
m
ar
iz
e,
{S

k
}K k

=
1
is
fo
rm

ed
by

pa
rt
it
io
ni
ng
{s
t}
T t=

1
in
to

K
bl
oc
ks
.
Li
ke
w
is
e,
{Q

k
,Y

k
,Ω

k
}K k

=
1
ar
e
fo
rm

ed
by

pa
rt
it
io
ni
ng
{q
t,
y t
,ω

t}
T t=

1
,r
es
pe

ct
iv
el
y.

W
it
h
th
is

in
tr
od

uc
ti
on

,
le
t
us

fo
rm

Y
∈

R
n
×
T
by

co
nc
at
en

at
in
g
th
e
in
co
m
pl
et
e
bl
oc
ks

{Y
k
}K k

=
1
⊂

R
n
×
b
,s
up

po
rt
ed

on
th
e
in
de

x
se
ts

Ω
⊆

[1
:
n

]×
[1

:
T

].
T
o
fin

d
th
e
tr
ue

su
bs
pa

ce
S,

on
e
m
ig
ht

co
ns
id
er

so
lv
in
g   
m

in
X
,U
‖P
U⊥
X
‖2 F

+
λ
‖P

Ω
C

(X
)‖

2 F

P
Ω

(X
)

=
Y
,

(2
)

w
he

re
th
e
m
in
im

iz
at
io
n
is

ov
er

a
m
at
ri
x
X
∈

R
n
×
T
an

d
r-
di
m
en

si
on

al
su
bs
pa

ce
U
⊂

R
n
.

A
bo

ve
,
P
U⊥
∈

R
n
×
n
is

th
e
or
th
og

on
al

pr
oj
ec
ti
on

on
to

th
e
or
th
og

on
al

co
m
pl
em

en
t
of

su
b-

sp
ac
e
U

an
d
P

Ω
(X

)
re
ta
in
s
on

ly
th
e
en
tr
ie
s
of
X

on
th
e
in
de
x
se
t

Ω
,s
et
ti
ng

th
e
re
st

to
ze
ro
.

N
ot
e
th
at

P
ro
gr
am

(2
)
en

co
ur
ag

es
it
s
so
lu
ti
on

(s
)
to

be
lo
w
-r
an

k
w
hi
le

m
at
ch
in
g
th
e
ob

se
r-

va
ti
on

s
Y

on
th
e
in
de

x
se
t

Ω
.
T
he

te
rm

λ
‖P

Ω
C

(X
)‖

2 F
fo
r
λ
≥

0
is

th
e
T
ik
ho
no

v
re
gu
la
ri
ze
r

th
at

co
nt
ro
ls

th
e
en
er
gy

of
so
lu
ti
on

(s
)
on

th
e
co
m
pl
em

en
t
of

in
de

x
se
t

Ω
.

W
it
h
co
m
pl
et
e
da

ta
,n

am
el
y,
w
he

n
Ω

=
[1

:
n

]×
[1

:
T

],
P
ro
gr
am

(2
)r

ed
uc

es
to

P
C
A
,a

si
t

re
tu
rn
s
X

=
Y

an
d
se
ar
ch
es

fo
r
an

r-
di
m
en

si
on

al
su
bs
pa

ce
th
at

ca
pt
ur
es

m
os
t
of

th
e
en
er
gy

of
Y
.
T
ha

t
is
,
P
ro
gr
am

(2
)
re
du

ce
s
to

m
in
U
‖P
U⊥
Y
‖2 F

w
he

n
Ω

=
[1

:
n

]
×

[1
:
T

],
so
lu
ti
on

of
w
hi
ch

is
th
e
sp
an

of
le
ad

in
g
r
le
ft

si
ng

ul
ar

ve
ct
or
s
of
Y

in
lig

ht
of

th
e
E
ck
ar
t-
Y
ou

ng
-

M
ir
sk
y
T
he

or
em

(E
ck
ar
t
an

d
Y
ou

ng
,
19

36
;
M
ir
sk
y,

19
66

).
In

th
is

se
ns
e
th
en

,
P
ro
gr
am

(2
)
pe

rf
or
m
s
P
C
A

fr
om

in
co
m
pl
et
e
da

ta
.
N
ot
e
cr
uc

ia
lly

th
at

P
ro
gr
am

(2
)
is

a
no

nc
on

ve
x

pr
ob

le
m

be
ca
us
e
th
e
G
ra
ss
m
an

ni
an

G
(n
,r

),
th
e
se
t
of

al
lr

-d
im

en
si
on

al
su
bs
pa

ce
s
in

R
n
,i
s

a
no

nc
on

ve
x
se
t.

1
H
ow

ev
er
,g

iv
en

a
fix

ed
su
bs
pa

ce
U
∈
G

(n
,r

),
P
ro
gr
am

(2
)
re
du

ce
s
to

th
e

si
m
pl
e
le
as
t-
sq
ua

re
s
pr
og

ra
m {

m
in X
‖P
U⊥
X
‖2 F

+
λ
‖P

Ω
C

(X
)‖

2 F

P
Ω

(X
)

=
Y
,

(3
)

w
he

re
th
e
m
in
im

iz
at
io
n
is

ov
er
X
∈
R
n
×
T
.
If

in
ad

di
ti
on

λ
is

po
si
ti
ve
,t

he
n
P
ro
gr
am

(3
)
is

st
ro
ng

ly
co
nv

ex
an

d
ha

s
a
un

iq
ue

m
in
im

iz
er
.
G
iv
en

a
fix

ed
fe
as
ib
le
X
∈
R
n
×
T
,P

ro
gr
am

(2
)

ha
s
th
e
sa
m
e
m
in
im

iz
er
s
as

m
in

U∈
G

(n
,r

)‖
P
U⊥
X
‖2 F
.

(4
)

1.
T
he

G
ra
ss
m
an

ni
an

ca
n
be

em
be

dd
ed

in
R
n
×
n
vi
a
th
e
m
ap

th
at

ta
ke
s
U
∈
G
(n
,r
)
to

th
e
co
rr
es
po

nd
in
g

or
th
og
on

al
pr
oj
ec
ti
on

P
U
∈
R
n
×
n
.
T
he

re
su
lt
in
g
su
bm

an
ifo

ld
of

R
n
×
n
is

a
no

nc
on

ve
x
se
t.
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
plete

D
ata

T
hat

is,
for

a
fixed

feasible
X
,
P
rogram

(2)
sim

ply
perform

s
P
C
A

on
X
.
W
e
m
ight

also
view

P
rogram

(2)
from

a
m
atrix

com
pletion

perspective.
M
ore

specifically,let

ρ
2r (X

)
=
∑i≥
r
+

1

σ
2i (X

),
(5)

be
the

residualof
X
,nam

ely,the
energy

ofits
trailing

singular
values

σ
r
+

1 (X
)≥

σ
r
+

2 (X
)≥

···.
Like

the
popular

nuclear
norm

‖X
‖∗

=
∑

i≥
1
σ
i (X

)
in

(D
avenport

and
R
om

berg,2016),
the

residual
ρ
r (X

)gauges
the

rank
of
X
.
In

particular,
ρ
r (X

)
=

0
ifand

only
ifrank

(X
)≤

r.
U
nlike

the
nuclear

norm
,how

ever,the
residualis

stilla
nonconvex

function
of
X
.
W
e
now

rew
rite

P
rogram

(2)
as


m

in
X
,U
‖
P
U
⊥
X
‖

2F
+
λ‖
P

Ω
C

(X
)‖

2F

P
Ω

(X
)

=
Y

=


m

in
X

m
in

U∈
G

(n
,r

)
‖
P
U
⊥
X
‖

2F
+
λ‖P

Ω
C

(X
)‖

2F

P
Ω

(X
)

=
Y

=

{
m

in
X

ρ
2r (X

)
+
λ‖
P

Ω
C

(X
)‖

2F

P
Ω

(X
)

=
Y
.

(6)

T
hat

is,
if

w
e
ignore

the
regularization

term
λ‖P

Ω
C

(X
)‖

2F
,
P
rogram

(2)
searches

for
a

m
atrix

w
ith

the
least

residual,
as

a
proxy

for
least

rank,
that

m
atches

the
observations

Y
.

In
this

sense
then,P

rogram
(2)

is
a
“relaxation”

ofthe
low

-rank
m
atrix

com
pletion

problem
.

Several
other

form
ulations

for
the

m
atrix

com
pletion

problem
are

review
ed

in
(D

avenport
and

R
om

berg,2016;E
ftekhariet

al.,2018b,a).
W
e
can

also
rew

rite
P
rogram

(2)
in

term
s
of

its
data

blocks
by

considering
the

equivalent
program

{
m

in
∑

Kk
=

1 ‖P
⊥U
X
k ‖

2F
+
λ‖
P

Ω
Ck

(X
k )‖

2F

P
Ω
k

(X
k )

=
Y
k

k
∈

[1
:
K

],
(7)

w
here

the
m
inim

ization
is
over

m
atrices{

X
k }
Kk
=

1 ⊂
R
n×

b
and

subspaceU
∈
G

(n
,r).

Let
us

additionally
introduce

a
num

ber
of

auxiliary
variables

into
P
rogram

(7)
by

considering
the

equivalent
program



m
in
∑

Kk
=

1 ‖
P
⊥U
k X

k ‖
2F

+
λ‖
P

Ω
Ck

(X
k )‖

2F

P
Ω
k

(X
k )

=
Y
k

k
∈

[1
:
K

]

U
1

=
U

2
=
···

=
U
K
,

(8)

w
here

the
m
inim

ization
is
over

m
atrices{X

k }
Kk
=

1 ⊂
R
n×

b
and

subspaces{U
k }
Kk
=

1 ⊂
G

(n
,r).

Indeed,
P
rogram

s
(2,7,8)

are
all

equivalent
and

all
nonconvex.

N
ow

consider
the

follow
ing

approxim
ate

solver
for

P
rogram

(8)
that

alternatively
solves

for
m
atrices

and
subspaces:

•
Setting

X
1

=
Y

1
in

P
rogram

(8),
w
e
m
inim

ize
‖P
⊥U
1 Y

1 ‖
2F

over
U

1
∈

G
(n
,r)

and,
by

the
E
ckart-Y

oung-M
irsky

T
heorem

,
find

a
m
inim

izer
to

be
the

span
of

leading
r
left

singular
vectors

of
Y

1 ,w
hich

coincides
w
ith
Ŝ

1
in

S
N

IP
E
.

•
For

k
∈

[2
:
K

],repeat:
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

–
Setting

U
k

=
Ŝ
k−

1
in

P
rogram

(8),w
e
solve

{
m

in
X
k
‖
P
Ŝ
⊥k−

1 X
k ‖

2F
+
λ‖
P

Ω
Ck

(X
k )‖

2F

P
Ω
k

(X
k )

=
Y
k ,

(9)

over
m
atrix

X
k ∈

R
n×

b.
W
e
verify

in
A
ppendix

B
that

the
m
inim

izer
ofP

rogram
(9)

coincides
w
ith

R
k
in

S
N

IP
E
,see

(1).

–
If
σ
r (R

k )
<
σ

m
in

or
σ
r (R

k )≤
(1

+
τ
)σ
r
+

1 (R
k ),then

no
update

is
m
ade,nam

ely,
w
e
set
Ŝ
k

=
Ŝ
k−

1 .
O
therw

ise,
setting

X
k

=
R
k
in

P
rogram

(8),
w
e
solve

m
in‖P

⊥U
k R

k ‖
2F

over
U
k
∈

G
(n
,r)

to
find

Ŝ
k .

T
hat

is,
by

the
E
ckart-Y

oung-
M
irsky

T
heorem

again,Ŝ
k
is

the
span

of
leading

r
left

singular
vectors

of
R
k .

T
he

output
of

this
step

m
atchesŜ

k
produced

in
S
N

IP
E
.

T
o
sum

m
arize,follow

ing
the

above
procedure

produces{R
k }
Kk
=

1
and
{Ŝ

k }
Kk
=

1
in

S
N

IP
E
.
In

other
w
ords,

w
e
m
ight

think
of

S
N

IP
E

as
an

approxim
ate

solver
for

P
rogram

(2),
nam

ely,
S
N

IP
E

is
a
stream

ing
algorithm

for
low

-rank
m
atrix

com
pletion.

In
fact,

the
output

of
S
N

IP
E

alw
ays

converges
to

a
stationary

point
of

P
rogram

(2)
in

the
sense

described
in

Section
4.

A
nother

insight
about

the
choice

of
R
k
in

(1)
is
as

follow
s.

Let
us

set
λ

=
0
for

sim
plicity.

A
t
the

beginning
of

the
kth

iteration
of

S
N

IP
E

w
ith

k
≥

2,
the

available
estim

ate
of

the
true

subspace
isŜ

k−
1
w
ith

orthonorm
albasis

Ŝ
k−

1 .
G
iven

a
new

incom
plete

vector
y
∈
R
n,

supported
on

the
index

set
ω
⊆

[1
:
n

],
z

=
Ŝ
k−

1 (P
ω
Ŝ
k−

1 ) †y
best

approxim
ates

y
in
Ŝ
k−

1
in

`
2
sense.

In
order

to
agree

w
ith

the
m
easurem

ents,
w
e
m
inim

ally
adjust

this
to
y

+
P
ω
C
z,

w
here

P
ω
C
projects

onto
the

com
plem

ent
ofindex

set
ω
.
T
his

indeed
m
atches

the
expression

for
the

colum
ns

of
R
k
in

S
N

IP
E
.
W
e
note

that
this

type
of

least-change
strategy

has
been

successfully
used

in
the

developm
ent

of
quasi-N

ew
ton

m
ethods

for
optim

ization
(N

ocedal
and

W
right,2006,C

hapter
6).

4.
P
erform

an
ce

of
S
N

IP
E

T
o
m
easure

the
perform

ance
of

S
N

IP
E
—
w
hose

output
is

a
subspace—

w
e
naturally

use
principalangles

as
an

error
m
etric.

M
ore

specifically,recallthatS
and
Ŝ
K

denote
the

true
subspace

and
the

output
of

S
N

IP
E
,
respectively.

T
hen

the
ith

largest
singular

value
of

P
S
⊥
P
Ŝ
K

equals
sin

(θ
i (S

,Ŝ
K

)),w
here

θ
1 (S

,Ŝ
K

)≥
θ

2 (S
,Ŝ

K
)≥
···≥

θ
r (S

,Ŝ
K

)

denote
the

principal
angles

betw
een

the
tw

o
r-dim

ensional
subspaces

S
,Ŝ

K
(G

olub
and

V
an

Loan,2013).
T
he

estim
ation

error
of

S
N

IP
E

is
then

d
G

(S
,Ŝ

K
)

:=

√√√√
1r

r
∑i=

1

sin
2 (
θ
i (S

,Ŝ
K

) )
=
‖
P
S
⊥
P
Ŝ
K ‖

F
√
r

,
(10)
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
pl

et
e

D
at

a

w
hi
ch

al
so

na
tu
ra
lly

in
du

ce
s
a
m
et
ri
c
to
po

lo
gy

on
th
e
G
ra
ss
m
an

ni
an

G
(n
,r

).
2

N
ot
e
al
so

th
at

w
e
w
ill

al
w
ay
s
re
se
rv
e
ca
lli
gr
ap

hi
c
le
tt
er
s
fo
r
su
bs
pa

ce
s
an

d
ca
pi
ta
l
le
tt
er
s
fo
r
th
ei
r

or
th
on

or
m
al

ba
se
s,

fo
r
ex
am

pl
e
su
bs
pa

ce
S

an
d
it
s
or
th
on

or
m
al

ba
si
s
S
.

O
ur

fir
st

re
su
lt

lo
os
el
y
sp
ea
ki
ng

st
at
es

th
at

a
su
bs
eq
ue

nc
e
of

S
N

IP
E

co
nv

er
ge
s
to

a
st
at
io
na

ry
po

in
t
of

th
e
no

nc
on

ve
x
P
ro
gr
am

(2
)
as
T

go
es

to
in
fin

it
y,

se
e
Se

ct
io
n
7.
1
fo
r
th
e

pr
oo

f.

T
h
eo
re
m

3
[G

lo
b
al

co
nv

er
ge
n
ce
]
C
on

si
de
r
an

r-
di
m
en
si
on

al
su
bs
pa
ce
S
w
it
h
or
th
on

or
-

m
al

ba
si
s
S
∈
R
n
×
r
.
Fo

r
an

in
te
ge
r
T
,l
et

th
e
co
effi

ci
en
tv

ec
to
rs
{q
t}
T t=

1
⊂

R
r
be

in
de
pe
nd

en
t

co
pi
es

of
a
ra
nd

om
ve
ct
or
q
∈
R
r
w
it
h
bo
un

de
d
ex
pe
ct
at
io
n,

na
m
el
y„

E‖
q‖

2
<
∞
.
Fo

r
ev
er
y

t
∈

[1
:
T

],
w
e
ob
se
rv
e
ea
ch

co
or
di
na

te
of
s t

=
S
q t
∈
S

in
de
pe
nd

en
tly

w
it
h
a
pr
ob
ab
ili
ty

of
p
an

d
co
lle
ct

th
e
ob
se
rv
at
io
ns

in
y t
∈

R
n
,
su
pp
or
te
d
on

a
ra
nd

om
in
de
x
se
t
ω
t
⊆

[1
:
n

].
F
ix

po
si
ti
ve

λ
,
bl
oc
k
si
ze
b
≥
r,

po
si
ti
ve

re
je
ct

th
re
sh
ol
ds

σ
m

in
,τ
,
an

d
co
ns
id
er

th
e
ou

tp
ut

se
qu
en
ce

of
S
N

IP
E
in

A
lg
or
it
hm

1,
na

m
el
y,
{(
R
k
,Ŝ

k
)}
k
.
A
ls
o
by

pa
rt
it
io
ni
ng
{q
t,
s t
,y
t,
ω
t}
t,

fo
rm

th
e
co
effi

ci
en
t
bl
oc
ks
{Q

k
} k
⊂

R
r
×
b
,
da
ta

bl
oc
ks
{S

k
} k
⊂

R
n
×
b
,
an

d
in
co
m
pl
et
e
da
ta

bl
oc
ks
{Y

k
} k
⊂

R
n
×
b
su
pp
or
te
d
on

in
de
x
se
ts
{Ω

k
} k
⊆

[1
:
n

]×
[1

:
b]
,a

s
de
sc
ri
be
d
in

Se
ct
io
n

3.
Fo

r
ev
er
y
in
te
ge
r
l,
th
er
e
ex
is
ts

an
in
te
ge
r
k
l,
fo
r
w
hi
ch

th
e
fo
llo

w
in
g
as
ym

pt
ot
ic

st
at
e-

m
en
t
is

al
m
os
t
su
re
ly

tr
ue

as
T
→
∞
.
C
on

si
de
r
th
e
re
st
ri
ct
io
n
of

P
ro
gr
am

(2
)
to

it
er
at
io
n

k
l,
na

m
el
y,

{
m

in
X
,U
‖P
U⊥
X
‖2 F

+
λ
‖P

Ω
C k
l

(X
)‖

2 F

P
Ω
k
l
(X

)
=
Y
k
l
,

(1
1)

w
he
re

th
e
m
in
im

iz
at
io
n
is

ov
er

m
at
ri
x
X
∈
R
n
×
b
an

d
r-
di
m
en
si
on

al
su
bs
pa
ce
U.

T
he
n
th
er
e

ex
is
ts
R
∈
R
n
×
b
an

d
r-
di
m
en
si
on

al
su
bs
pa
ce
Ŝ

su
ch

th
at

•
Ŝ

is
th
e
sp
an

of
le
ad
in
g
r
le
ft
si
ng
ul
ar

ve
ct
or
s
of
R
,

•
(R
,Ŝ

)
is

a
st
at
io
na

ry
pa
ir

of
P
ro
gr
am

(1
1)
,n

am
el
y,

it
sa
ti
sfi
es

th
e
fir
st
-o
rd
er

op
ti
m
al
-

it
y
co
nd

it
io
ns

of
P
ro
gr
am

(1
1)
,

•
li
m
l→
∞
‖R

k
l
−
R
‖ F

=
0,

•
li
m
l→
∞
d
G

(Ŝ
k
l
,S

)
=

0.

R
em

ar
k
4
[D

is
cu

ss
io
n
of

T
h
eo
re
m

3]
T
he

or
em

3
ro
ug

hl
y
sp
ea
ki
ng

st
at
es

th
at

th
er
e

is
a
su
bs
eq
ue

nc
e
of

S
N

IP
E

th
at

co
nv

er
ge
s
to

a
st
at
io
na

ry
po

in
t
of

P
ro
gr
am

(2
),

w
hi
ch

w
as

th
e
pr
og

ra
m

de
si
gn

ed
in

Se
ct
io
n
3
fo
r
P
C
A

fr
om

in
co
m
pl
et
e
da

ta
or
,
fr
om

a
di
ffe

re
nt

pe
rs
pe

ct
iv
e,

fo
r
lo
w
-r
an

k
m
at
ri
x
co
m
pl
et
io
n.

T
he

or
em

3
is

ho
w
ev
er

si
le
nt

ab
ou

t
th
e
na

tu
re

of
th
is

st
at
io
na

ry
po

in
t,

w
he

th
er

it
is

a
lo
ca
l
or

gl
ob

al
m
in
im

iz
er
/m

ax
im

iz
er
,
or

a
sa
dd

le
po

in
t.

T
o
so
m
e
ex
te
nt
,t

hi
s
qu

es
ti
on

is
ad

dr
es
se
d
be

lo
w

in
P
ro
po

si
ti
on

6.
M
or
e
ge
ne

ra
lly

,
w
e
ha

ve
be

en
ab

le
to

sh
ow

th
at

th
is

st
at
io
na

ry
po

in
t
is

in
fa
ct

ra
nk

-
r.

W
he

n
th
e
bl
oc
k
si
ze

of
S
N

IP
E

is
su
ffi
ci
en
tl
y
la
rg
e,

na
m
el
y
w
he

n
b

=
Ω

(n
),

w
e
ca
n

fu
rt
he

r
es
ta
bl
is
h
th
at

th
e
lim

it
po

in
t
of

S
N

IP
E

is
in
de

ed
a
gl
ob

al
m
in
im

iz
er

of
P
ro
gr
am

(2
)

2.
A
no

th
er

po
ss
ib
le

er
ro
r
m
et
ri
c
is

si
m
pl
y

th
e
la
rg
es
t
pr
in
ci
pa

l
an

gl
e
θ 1
(S
,Ŝ
K
).

T
he

tw
o
m
et
ri
cs

ar
e

ve
ry

cl
os
el
y
re
la
te
d:

θ 1
(S
,Ŝ
K
)/
√
r
≤
d
G
(S
,Ŝ
K
)
≤
θ 1
(S
,Ŝ
K
).

H
ow

ev
er
,
w
e
fin

d
th
at
θ 1
(S
,Ŝ
K
)
is

no
t

am
en

ab
le

fo
r
an

al
ys
is

of
ou

r
pr
ob

le
m
,a

s
op

po
se
d
to
d
G
(S
,Ŝ
K
).
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E
ft

ek
h
a
r
i,

O
n
g
ie

,
B

a
lz

a
n
o
,
a
n
d

W
a
k
in

an
d
m
or
eo
ve
r

S
N

IP
E

re
co
ve
rs

th
e
tr
ue

su
bs
pa

ce
,
na

m
el
y,

li
m
l→
∞
d
(Ŝ
k
l
,S

)
=

0,
w
it
h
hi
gh

pr
ob

ab
ili
ty

an
d
un

de
r
ce
rt
ai
n
st
an

da
rd

co
nd

it
io
ns

on
th
e
co
he
re
nc
e
of

th
e
tr
ue

su
bs
pa

ce
S

an
d
sa
m
pl
in
g
pr
ob

ab
ili
ty
p
.
W
e
ha

ve
no

t
in
cl
ud

ed
th
es
e
re
su
lt
s
he

re
be

ca
us
e

S
N

IP
E

is
in
te
nd

ed
as

a
st
re
am

in
g
al
go

ri
th
m

an
d
w
e
ar
e
th
er
ef
or
e
m
or
e
in
te
re
st
ed

in
th
e
se
tt
in
g
w
he

re
b

=
O

(r
),

se
e
R
em

ar
ks

1
an

d
2
ab

ou
t
th
e
im

pl
em

en
ta
ti
on

of
S
N

IP
E
.
It

is
no

t
cu
rr
en
tl
y

cl
ea
r
to

us
w
he

n
S
N

IP
E

co
nv

er
ge
s
in

ge
ne
ra
l
bu

t,
as

su
gg

es
te
d
by

P
ro
po

si
ti
on

6
be

lo
w
,
if

S
N

IP
E

co
nv

er
ge
s,

it
do

es
in
de

ed
co
nv

er
ge

to
th
e
tr
ue

su
bs
pa

ce
S.

R
em

ar
k
5
[T
ec
h
n
ic
al

p
oi
nt

ab
ou

t
T
h
eo
re
m

3]
N
ot
e
th
at

T
he
or
em

3
is

pr
ov
ed

fo
r

po
si
ti
ve

(b
ut

po
ss
ib
ly

ar
bi
tr
ar
ily

sm
al
l)
σ

m
in

an
d
τ
.
In

pa
rt
ic
ul
ar
,
an

up
da

te
(R

k
,Ŝ

k
)
is

re
je
ct
ed

in
A
lg
or
it
hm

1
if

σ
r
(R

k
)

σ
r
+

1
(R

k
)
≤

1
+
τ,

(1
2)

fo
r
an

(o
th
er
w
is
e
ar
bi
tr
ar
y)

po
si
ti
ve
τ
an

d
w
he

ne
ve
r
th
e
ra
ti
o
is

w
el
l-d

efi
ne

d.
H
er
e,
σ
i(
R
k
)

is
th
e
it
h
la
rg
es
t
si
ng

ul
ar

va
lu
e
of
R
k
.
T
hi
s
is
m
er
el
y
a
te
ch
ni
ca
ln

ua
nc

e,
lim

it
ed

to
th
e
rt
h

si
ng

ul
ar

va
lu
e
ga

p,
th
at

he
lp
s
pr
ev
en
t
th
e
th
e
ou

tp
ut

su
bs
pa

ce
Ŝ k

fr
om

os
ci
lla

ti
ng

in
th
e

lim
it
.
Li
ke
w
is
e,

T
he

or
em

3
do

es
no

t
ad

dr
es
s
th
e
ca
se
λ

=
0
in

P
ro
gr
am

(1
1)
,
ev
en

th
ou

gh
λ
ca
n
be

m
ad

e
ar
bi
tr
ar
ily

sm
al
li
n
T
he

or
em

3.
T
hi
s
is

ag
ai
n
fo
r
te
ch
ni
ca
lc

on
ve
ni
en

ce
an

d
in

fa
ct

th
e
nu

m
er
ic
al

si
m
ul
at
io
ns

in
Se
ct
io
n
6
ar
e
al
lc

on
du

ct
ed

w
it
h
λ

=
0.

O
ur

se
co
nd

re
su
lt

es
ta
bl
is
he

s
th
at
,
if

S
N

IP
E

co
nv

er
ge
s,

th
en

it
co
nv

er
ge
s
to

th
e
tr
ue

su
bs
pa

ce
S,

se
e
Se

ct
io
n
7.
2
fo
r
th
e
pr
oo

f.

P
ro
p
os
it
io
n
6
[C

on
ve
rg
en

ce
]
C
on

si
de
r
th
e
se
tu
p
in

th
e
fir
st

pa
ra
gr
ap
h
of

T
he
or
em

3.
Su

pp
os
e
th
at
r
in
de
pe
nd

en
t
co
pi
es

of
ra
nd

om
co
effi

ci
en
t
ve
ct
or
q
∈
R
r
al
m
os
t
su
re
ly

fo
rm

a
ba
si
s
fo
r
R
r
.3

Su
pp
os
e
al
so

th
at

th
e
ou

tp
ut

of
S
N

IP
E
co
nv
er
ge
s
to

an
r-
di
m
en
si
on

al
su
bs
pa
ce

Ŝ,
na

m
el
y,

li
m

k
→
∞
d
G

(Ŝ
k
,Ŝ

)
=

0.
(1
3)

T
he
n
al
m
os
t
su
re
ly

it
m
us
t
ho
ld

th
at
Ŝ

=
S.

R
em

ar
k
7
[D

is
cu

ss
io
n
of

P
ro
p
os
it
io
n
6]

P
ro
po

si
ti
on

6
do

es
no

t
sp
ec
ify

th
e
co
nd

it
io
ns

un
de

r
w
hi
ch

S
N

IP
E

co
nv

er
ge
s.

In
de

ed
,
if
th
e
sa
m
pl
in
g
pr
ob

ab
ili
ty
p
is

to
o
sm

al
l,
na

m
el
y,

if
ve
ry

fe
w

of
th
e
en
tr
ie
s
of

in
co
m
in
g
ve
ct
or
s
ar
e
ob

se
rv
ed

,t
he

n
S
N

IP
E

m
ig
ht

no
t
co
nv

er
ge

at
al
la

s
th
e
nu

m
er
ic
al

ev
id
en

ce
su
gg

es
ts
,s
ee

al
so

R
em

ar
k
4.

H
ow

ev
er
,i
fS

N
IP

E
co
nv

er
ge
s,

th
en

it
co
nv

er
ge
s
to

th
e
tr
ue

su
bs
pa

ce
S.

T
he

lo
ca
lr
at
e
of

co
nv

er
ge
nc

e
is

sp
ec
ifi
ed

be
lo
w
.

T
he

co
nc

ep
t
of

co
he
re
nc
e
is

cr
it
ic
al

in
sp
ec
ify

in
g
th
e
lo
ca
l
co
nv

er
ge
nc

e
ra
te
,
si
nc
e
w
e

co
ns
id
er

en
tr
yw

is
e
su
bs
am

pl
in
g.

T
he

co
he
re
nc

e
of

an
r-
di
m
en

si
on

al
su
bs
pa

ce
S

w
it
h
or
-

th
on

or
m
al

ba
si
s
S
∈
R
n
×
r
is

de
fin

ed
as

η
(S

)
:=

n r
m

ax
‖S

[i
,:

]‖
2 2
,

(1
4)

3.
Fo

r
ex
am

pl
e,

th
is

re
qu

ir
em

en
t
is

m
et

if
en
tr
ie
s
of
q
ar
e
in
de

pe
nd

en
t
G
au

ss
ia
n
ra
nd

om
va
ri
ab

le
s
w
it
h

ze
ro
-m

ea
n
an

d
un

it
va
ri
an

ce
.
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
plete

D
ata

w
here

S
[i,:]

is
the

ith
row

of
S
.
It

is
easy

to
verify

that
η
(S

)
is

independent
of

the
choice

of
orthonorm

albasis
S

and
that

1
≤
η
(S

)≤
nr
.

(15)

It
is
also

com
m
on

to
say

thatS
is
coherent

(incoherent)
w
hen

η
(S

)
is
large

(sm
all).

Loosely
speaking,

w
hen
S

is
coherent,

its
orthonorm

albasis
S

is
“spiky.”

A
n
exam

ple
is

w
hen
S

is
the

span
ofa

colum
n-subset

ofthe
identity

m
atrix.

In
contrast,w

hen
S
is
incoherent,entries

of
S
tend

to
be

“diffuse.”
N
ot

surprisingly,identifying
a
coherent

subspace
from

subsam
pled

data
m
ay

require
m
any

m
ore

sam
ples

(B
alzano

and
W
right,

2015;
M
itliagkas

et
al.,

2014;
C
hen,2015).
W
e
w
illalso

use.
and
&

below
to

suppress
(m

ost
of)

the
universalconstants.

M
oreover,

throughout
C

representsa
universalconstant,the

value
ofw

hich
issubjectto

change
in

every
appearance.

O
ur

next
results

specify
the

local
convergence

rate
of

S
N

IP
E
.
Indeed,

the
convergence

speed
near

the
true

subspace
S

is
linear

as
detailed

in
T
heorem

s
8
and

10,
and

proved
in

Section
7.3.

In
particular,

T
heorem

8
states

that,
w
hen

suffi
ciently

sm
all,

the
expected

estim
ation

error
of

S
N

IP
E

reduces
by

a
factor

of
1−

p
/32

in
every

iteration.

T
h
eorem

8
[L
ocally

lin
ear

convergen
ce

of
S
N

IP
E
in

exp
ectation

]C
onsider

the
setup

in
the

first
paragraph

ofT
heorem

3.
F
ix

a
positive

tuning
param

eter
α
,iteration

k
∈

[2
:
K

],
and

let
E
k−

1
be

the
event

w
here

1
√
n
b
&
p
&

log
n

log
2 (
p √

rd
G

(S
,Ŝ

k−
1 ) )

η
(S

)r

n
,

(16)

d
G

(S
,Ŝ

k−
1 )

log (
16

p √
rd

G
(S
,Ŝ

k−
1 ) )

.
p

32

√
log

n
,

(17)

‖Q
k ‖
≤

σ
m

in
√

1−
p
/
4
,

(18)

w
here

σ
m

in
is

the
reject

threshold
in

S
N

IP
E
.
Let

also
A
k
be

the
event

w
here

the
kth

iteration
of

S
N

IP
E

is
not

rejected
(see

Step
3
of

A
lgorithm

1)
and

let
1A

k
be

the
indicator

for
this

event,
taking

one
if
the

event
happens

and
zero

otherw
ise.

T
hen

it
holds

that

E
[1A

k ·
d
G

(S
,Ŝ

k )|Ŝ
k−

1 ,E
k−

1 ]≤
(

1−
p32 )

d
G

(S
,Ŝ

k−
1 ).

(19)

R
em

ark
9
[D

iscu
ssion

of
T
h
eorem

8]W
hen

the
sam

pling
probability

p
is
large

enough
and

S
N

IP
E
is
near

the
true

subspaceS
,T

heorem
8
states

that
the

expected
estim

ation
error

of
S
N

IP
E
reduces

by
a
factor

of
1−

p
/
32,ifthe

iterate
of

S
N

IP
E
is
not

rejected.
N
ote

that:
1 ©

T
he

low
er

bound
on

the
sam

pling
probability

p
in

(16)
m
atches

the
one

in
the

low
-rank

m
atrix

com
pletion

literature
up

to
a
logarithm

ic
factor

(D
avenport

and
R
om

berg,
2016).

Indeed,
S
N

IP
E
can

be
interpreted

as
a
stream

ing
m
atrix

com
pletion

algorithm
as

discussed
in

Section
3.

T
he

upper
bound

on
p
in

(16)
is
m
erely

for
technicalconvenience

and
a
tidier

presentation
in

the
m
ost

interesting
regim

e
for

p.
Indeed,since

w
e
often

take
b

=
O

(r)�
n,

one
m
ight

loosely
read

(16)
as

1
√
n
r
&
p
&
η
(S

)r

n
,

(20)
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

in
w
hich

the
upperbound

hardly
posesa

restriction
even

form
oderately

large
data

dim
ension

n,
as

it
forces

r
=
O

(n
13).

2 ©
Ignoring

the
logarithm

ic
factors

for
sim

plicity,
w
e
m
ay

read
(17)

as
d
G

(S
,Ŝ

k−
1 ).

p
3
/
2,

w
hich

“activates”
(19).

In
other

w
ords,

the
basin

of
attraction

of
the

true
subspace

S
as

a
(possibly

local)
m
inim

izer
of

the
(nonconvex)

P
rogram

(2)
has

a
radius

of
O

(p
3
/
2).

3 ©
T
he

indicator
1A

k
in

(19)
rem

oves
the

rejected
iterates

and
sim

ilar
conditions

im
plicitly

exist
in

the
analysis

ofother
stream

ing
P
C
A

algorithm
s
(B

alzano
and

W
right,2015).

N
ote

that
T
heorem

8
cannot

tell
us

w
hat

the
local

convergence
rate

of
S
N

IP
E

is,
even

in
expectation.

Indeed,
the

expected
reduction

in
the

estim
ation

error
of

S
N

IP
E
,
specified

in
(19),

is
not

enough
to

activate
(17)

for
the

next
iteration

(nam
ely,

w
ith

k
instead

of
k
−

1).
T
hat

is,
w
e
cannot

apply
T
heorem

8
iteratively

and
find

the
expected

convergence
rate

of
S
N

IP
E
.
A

key
technicalcontribution

of
this

paper
is

specifying
the

localbehaviour
of

S
N

IP
E

below
.
W

ith
high

probability,
the

estim
ation

error
does

not
increase

by
m
uch

in
every

iteration
near

the
true

subspace.
H
ow

ever,
only

in
som

e
of

these
iterations

does
the

error
reduce.

O
verall,

on
a
long

enough
interval,

the
estim

ation
error

of
S
N

IP
E

near
the

true
subspace

indeed
reduces

substantially
and

w
ith

high
probability

as
detailed

in
T
heorem

10
and

proved
in

Section
7.3.

P
erform

ance
guarantees

for
stochastic

algorithm
s

on
long

intervals
is

not
uncom

m
on,see

for
exam

ple
(C

artis
and

Scheinberg,2017).

T
h
eorem

10
[L
ocally

lin
ear

convergen
ce

of
S
N

IP
E
]
C
onsider

the
setup

in
the

first
paragraph

of
T
heorem

3.
Suppose

that
the

outputŜ
K

0
of

S
N

IP
E

at
iteration

K
0
∈

[2
:
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,Ŝ
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b
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−
K
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.
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C
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,Ŝ
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,Ŝ
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∑
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√
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.
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=

m
ax

k∈
[K

0
:K

] η̃
k ,

(26)
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√
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[ ‖
Q
k
‖
>

( 1
+
C
p

3
n
b

η̃
lo

g
b

)
σ

m
in

]
=

P
r
[ ‖
Q
k
‖
&
√
b]
≤
e−

C
b

(2
8)

an
d
co
ns
eq
ue
nt
ly

th
e
fa
ilu

re
pr
ob

ab
ili
ty

in
(2
4)

be
co
m
es
b−

C
lo

g
(K
−
K

0
)
+
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e
ar
bi
tr
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m
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E
;
such

theoretical
guarantees

are
not

available
for

G
R

O
U

S
E
.

It
m
ight

be
interesting

to
add

that
our

proposed
update

in
S
N

IP
E

w
as

inspired
by

that
of

G
R

O
U

S
E

w
hen

w
e
found

zero-filled
updates

w
ere

unreliable
(E

ftekhari
et

al.,
2017).

H
ow

ever,
G

R
O

U
S
E

w
as

derived
as

a
purely

stream
ing

algorithm
,
and

it
therefore

is
not

designed
to

leverage
com

m
on

low
-rank

structure
that

m
ay

be
revealed

w
hen

a
block

ofvec-
tors

is
processed

at
once.

T
herefore,for

each
block

S
N

IP
E
often

achieves
a
m
ore

significant
reduction

in
error

than
is

possible
w
ith

G
R

O
U

S
E
.

Lastly,both
S
N

IP
E
and

G
R

O
U

S
E
have

a
com

putationalcom
plexity

of
O

(n
r

2)
flops

per
incom

ing
vector,

see
R
em

ark
1.

A
lso,

S
N

IP
E

and
G

R
O

U
S
E

both
require

O
(n
r)

m
em

ory
elem

ents
ofstorage,see

R
em

ark
2.

W
ith

com
plete

data,nam
ely,w

hen
no

entries
are

m
issing,

a
close

relative
of

both
S
N

IP
E

and
G

R
O

U
S
E

are
increm

ental
SV

D
algorithm

s,
a
class

of
algorithm

s
that

effi
ciently

com
pute

the
SV

D
of

stream
ing

data
(B

unch
and

N
ielsen,

1978;
B
alsubram

ani
et

al.,
2013;

O
ja

and
K
arhunen,

1985;
W
atanabe

and
P
akvasa,

1973;
B
alsubram

aniet
al.,2013;B

rand,2002).

A
stream

ing
P
C
A

algorithm
m
ight

also
be

interpreted
as

a
stochastic

algorithm
for

P
C
A

(A
rora

et
al.,

2012).
Stochastic

projected
gradient

ascent
in

this
context

is
closely

related
to

the
classical

pow
er

m
ethod.

In
particular,

the
algorithm

in
(M

itliagkas
et

al.,
2014)

extends
the

pow
er

m
ethod

to
handle

m
issing

data,
in

part
by

im
proving

the
m
ain

result
of

(Lounici,
2014).

W
ith

high
probability,

this
algorithm

converges
globally

and
linearly

to
the

true
subspace

and,m
ost

notably,succeeds
for

arbitrarily
sm

allsam
pling

probability
p,

if
the

scope
of

the
algorithm

T
is

large
enough.

A
dditionally,

this
algorithm

too
has

a
com

putational
com

plexity
of
O

(n
r

2)
operations

per
vector

and
a
storage

requirem
ent

of
O

(n
r)

m
em

ory
elem

ents.
In

practice,
S
N

IP
E

substantially
outperform

s
the

pow
er

m
ethod,

as
w
e
w
ill

see
in

Section
6.

A
disadvantage

of
the

pow
er

m
ethod

is
that

it
updates

its
estim

ate
ofthe

true
subspace

w
ith

every
O

(n
)
incom

ing
vectors;the

w
aiting

tim
e
m
ight

be
prohibitively

long
if
n
is
large.

In
contrast,

S
N

IP
E
frequently

updates
its

estim
ate

w
ith

every
b

=
O

(r)
incom

ing
vectors.

A
s
w
e
w
illsee

in
Section

6,
S
N

IP
E
substantially

outperform
s
the

pow
er

m
ethod

in
practice.

Let
us

add
that

P
O
P
C
A

(G
onen

et
al.,

2016)
is

closely
related

to
the

pow
er

m
ethod,for

w
hich

the
authors

provide
low

er
bounds

on
the

achievable
sam

ple
com

plexity.
H
ow

ever,P
O
P
C
A

has
substantially

greater
m
em

ory
dem

and
than

S
N

IP
E
,since

it
m
aintains

an
estim

ate
of

the
possibly

dense
n
×
n
sam

ple
covariance

m
atrix

of
incom

ing
data.T

he
P

E
T

R
E

L
S
algorithm

(C
hi

et
al.,

2013)
operates

on
one

colum
n
at

a
tim

e
(rather

than
blocks)

and
global

convergence
for

P
E

T
R

E
L

S,
nam

ely,
convergence

to
a
stationary

point
ofthe

underlying
nonconvex

program
,is

know
n.

D
esigned

for
stream

ing
m
atrix

com
-

pletion,the
algorithm

in
(M

ardaniet
al.,2015)

also
operates

on
one

colum
n
at

a
tim

e
and

asym
ptotic

onvergence
to

the
true

subspace
is
established,see

P
ropositions

2
and

3
therein.

T
his

fram
ew

ork
is

also
extended

to
tensors.

M
O

U
S
S
E

in
(X

ie
et

al.,
2013)

tracks
a
union

of
subspaces

rather
than

just
one;

S
N

IP
E

w
ould

function
m
ore

like
an

ingredient
of

this
algorithm

.
A
sym

ptotic
consistency

of
M

O
U

S
S
E

is
also

established
there.

T
he

theoretical
guarantees

of
S
N

IP
E

are
m
ore

com
prehensive

in
the

sense
that

w
e
also

offer
local

conver-
gence

rate
for

S
N

IP
E
,
see

T
heorem

s
8
and

10.
R
eP

rocs,
introduced

in
(Lois

and
V
asw

ani,
2015),tracks

a
slow

ly
changing

subspace
w
hen

initialized
suffi

ciently
close.
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

In
the

next
section,w

e
com

pare
the

perform
ance

ofseveralofthese
algorithm

s
in

practice
and

find
that

S
N

IP
E

com
petes

em
pirically

w
ith

state-of-the-art
algorithm

s.
E
ven

though
w
e
consider

uniform
random

sam
pling

of
the

entries
of

incom
ing

vectors,
S
N

IP
E

can
be

applied
to

any
incom

plete
data.

For
exam

ple,
instead

of
uniform

sam
pling

analyzed
here,

one
can

perhaps
sam

ple
the

entries
of

every
incom

ing
vector

based
on

their
estim

ated
im

portance.
M
ore

specifically,in
iteration

k,one
m
ight

observe
each

entry
ofthe

incom
ing

vector
w
ith

a
probability

proportional
to

the
leverage

score
of

the
corresponding

row
of

the
current

estim
ate
Ŝ
k−

1 .
In

batch
or

offl
ine

m
atrix

com
pletion,

using
the

idea
of

leveraged
sam

pling
(as

opposed
to

uniform
sam

pling)
alleviates

the
dependence

on
the

coherence
factor

η
(S

)
in

(16)
(E

ftekhari
et

al.,
2018a;

C
hen,

2015).
W

hile
interesting,

w
e

have
not

pursued
this

direction
in

the
current

w
ork.

6.
S
im

u
lation

s

T
his

section
consists

of
tw

o
parts:

first,w
e
em

pirically
study

the
dependence

of
S
N

IP
E

on
various

param
eters,and

second
w
e
com

pare
S
N

IP
E

w
ith

existing
algorithm

s
for

stream
ing

subspace
estim

ation
w
ith

m
issing

data.
In

all
sim

ulations,
w
e
consider

an
r-dim

ensional
subspaceS

⊂
R
n
and

a
sequence

ofgeneric
vectors{s

t }
Tt=

1 ⊂
S
.
E
ach

entry
ofthese

vectors
is

observed
w
ith

probability
p
∈

(0,1]and
collected

in
vectors{

y
t }
Tt=

1 ⊂
R
n.

O
ur

objective
is

to
estim

ateS
from

{
y
t },as

described
in

Section
1.

S
am

p
lin

g
p
rob

ab
ility

W
e
first

set
n

=
100,

r
=

5,and
letS

be
a
generic

r-dim
ensional

subspace,nam
ely,the

span
ofan

n×
r
standard

random
G
aussian

m
atrix.

For
various

values
of

probability
p,w

e
run

S
N

IP
E

w
ith

block
size

b
=

2r
=

10
and

scope
of
T

=
500r

=
2500,

recording
the

average
estim

ation
error

d
G

(S
,Ŝ

K
)
over

5
0
trials,see

(10).
T
he

average
error

versus
probability

is
plotted

in
F
igure

3a.

S
u
b
sp
ace

d
im

en
sion

W
ith

the
sam

e
setting

as
the

previous
paragraph,w

e
now

set
p

=
3
r/n

=
0.15

and
vary

the
subspace

dim
ension

r,
block

size
b

=
2r,

and
scope

T
=

500r.
T
he

average
error

versus
subspace

dim
ension

is
plotted

in
F
igure

3b.

A
m
b
ient

d
im

en
sion

T
his

tim
e,w

e
set

r
=

5,
p

=
3
r/n,

b
=

2
r,
T

=
500r,and

vary
the

am
bient

dim
ension

n.
In

other
w
ords,

w
e
vary

n
w
hile

keeping
the

num
ber

of
sam

ples
per

vector
fixed

at
about

p
n

=
3
r.

T
he

average
error

versus
am

bient
dim

ension
is

plotted
in

F
igure

3c.
O
bserve

that
the

perform
ance

of
S
N

IP
E

steadily
degrades

as
n
increases.

T
his

is
in

agreem
ent

w
ith

T
heorem

8
by

substituting
p

=
3r/n

there,w
hich

states
that

the
error

reduces
by

a
factor

of
1−

C
r/n,in

expectation.
A

sim
ilar

behavior
is
observed

for
our

close
com

petitor,nam
ely,

G
R

O
U

S
E

(B
alzano

and
W
right,2015).

B
lock

size
N
ext

w
e
set

n
=

100,
r

=
5,
p

=
3r/n,

T
=

500r,
and

vary
the

block
size

b.
T
he

average
error

versus
block

size
in

both
cases

is
depicted

in
F
igure

3d.
From

Step
3
of

A
lgorithm

1,
a
block

size
of
b
≥
r
is

necessary
for

the
success

of
S
N

IP
E

and
qualitatively

speaking
larger

values
of
b
lead

to
better

stability
in

face
of

m
issing

data,
w
hich

m
ight

explain
the

poor
perform

ance
of

S
N

IP
E

for
very

sm
allvalues

of
b.

H
ow

ever,as
b
increases,

the
num

ber
ofblocks

K
=
T
/b

reduces
because

the
scope

T
is
held

fixed.
A
s
the

estim
ation

error
of

S
N

IP
E
scales

like
(1−

cp
) −
K

in
T
heorem

10
for

a
certain

factor
c,the

perform
ance
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D
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a

0
0.

2
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4
0.

6
0.

8
1

p

10
-2
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0
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(a
)

2
4

6
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r
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(b
)

0
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0
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0
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0
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0
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n

10
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(c
)

0
10

20
30

40
50

b

10
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-2
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0
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2

dG(S;bSK)

(d
)

F
ig
ur
e
3:

P
er
fo
rm

an
ce

of
S
N

IP
E

as
(a
)
sa
m
pl
in
g
pr
ob

ab
ili
ty
p
,
(b
)
su
bs
pa

ce
di
m
en
si
on

r,
(c
)
am

bi
en
t
di
m
en

si
on

n
,
(d
)
bl
oc
k
si
ze
b
va
ry
.
Ŝ K

is
th
e
ou

tp
ut

of
S
N

IP
E

an
d
d
G

(S
,Ŝ

K
)

is
it
s
di
st
an

ce
to

th
e
tr
ue

su
bs
pa

ce
S,

w
hi
ch

ge
ne

ra
te
d
th
e
in
pu

t
of

S
N

IP
E
.
Se

e
Se

ct
io
n
6

fo
r
de

ta
ils

an
d
no

te
th
at

ea
ch

pa
ne

li
s
ge
ne

ra
te
d
w
it
h
a
di
ffe

re
nt

an
d
ra
nd

om
su
bs
pa

ce
S.

su
ffe

rs
in

F
ig
ur
e
3d

.
It

ap
pe

ar
s
th
at

th
e
ch
oi
ce

of
b

=
2
r
in

S
N

IP
E

gu
ar
an

te
es

th
e
be

st
em

pi
ri
ca
lp

er
fo
rm

an
ce
.

C
oh

er
en

ce
La

st
ly
,
w
e
se
t
n

=
30

0
,
r

=
10

,
p

=
3
r/
n
,
b

=
2
r,

an
d
T

=
50

0
r.

W
e
th
en

te
st

th
e
pe

rf
or
m
an

ce
of

S
N

IP
E

as
th
e
co
he

re
nc

e
of
S

va
ri
es
,
se
e
(1
4)
.

T
o
th
at

en
d,

le
t

S
⊂

R
n
be

a
ge
ne

ri
c
su
bs
pa

ce
w
it
h
or
th
on

or
m
al

ba
si
s
S
∈
R
n
×
r
.
In

pa
rt
ic
ul
ar
S
is
ob

ta
in
ed

by
or
th
og
on

al
iz
in
g
th
e
co
lu
m
ns

of
a
st
an

da
rd

n
×
n
ra
nd

om
G
au

ss
ia
n
m
at
ri
x.

T
he

n,
th
e

av
er
ag

e
co
he

re
nc
e
of
S

ov
er

50
tr
ia
ls

w
as

3.
33

34
�

n
/r

an
d
th
e
av
er
ag

e
es
ti
m
at
io
n
er
ro
r

of
S
N

IP
E

w
as

2.
79

5
·1

0−
5
.
O
n
th
e
ot
he

r
ha

nd
,
le
t
D
∈

R
n
×
n
be

a
di
ag

on
al

m
at
ri
x
w
it
h

en
tr
ie
s
D

[i
,i

]
=
i−

1
an

d
co
ns
id
er
S
′

=
D
S
.
U
nl
ik
e
S,

th
e
ne

w
su
bs
pa

ce
S′

:=
sp
an

(S
′ )

is
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ra
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m
pa

ri
so
ns

w
it
h
a
si
m
pl
e
va
ri
an

t
of

S
N

IP
E
,w

hi
ch

w
e
ca
ll

S
N

IP
E

-o
ve

rl
a
p
.
U
nl
ik
e

S
N

IP
E

w
hi
ch

pr
oc
es
se
s
di
sj
oi
nt

bl
oc
ks
,

S
N

IP
E

-o
ve

rl
ap

pr
oc
es
se
s
al
l
ov
er
la
pp

in
g
bl
oc
ks

of
da

ta
.
M
or
e
pr
ec
is
el
y,

fo
r
a
bl
oc
k
si
ze
b,

S
N

IP
E

-o
ve

rl
ap

fir
st

pr
oc
es
se
s
da

ta
co
lu
m
ns

t
=

1
,2
,.
..
,b
,f
ol
lo
w
ed

by
co
lu
m
ns
t

=
2,

3
,.
..
,b

+
1
,a

nd
so

on
,w

he
re
as

re
gu

la
r

S
N

IP
E
pr
oc
es
se
s

co
lu
m
ns

t
=

1
,2
,.
..
,b

fo
llo

w
ed

by
t

=
b

+
1
,b

+
2
,.
..
,2
b,

et
c.

T
he

th
eo
ry

de
ve
lo
pe

d
in

th
is

pa
pe

r
do

es
no

t
ho

ld
fo
r

S
N

IP
E

-o
ve

rl
a
p

be
ca
us
e
of

la
ck

of
st
at
is
ti
ca
l
in
de
pe

nd
en

ce
be

tw
ee
n
it
er
at
io
ns
,
bu

t
w
e
in
cl
ud

e
th
e
al
go

ri
th
m

in
th
e
co
m
pa

ri
so
ns

si
nc

e
it

re
pr
es
en
ts

a
m
in
or

m
od

ifi
ca
ti
on

s
of

th
e

S
N

IP
E

-o
ve

rl
ap

fr
am

ew
or
k
an

d
ap

pe
ar
s
to

ha
ve

so
m
e
em

pi
ri
ca
l

be
ne
fit
s,

as
de

ta
ile

d
be

lo
w
.

In
th
es
e
ex
pe

ri
m
en
ts
,
w
e
se
t
n

=
10

0,
r

=
5,
T

=
50

00
,
an

d
ta
ke
S
⊂

R
n
to

be
a

ge
ne

ri
c
r-
di
m
en

si
on

al
su
bs
pa

ce
an

d
si
m
ul
at
e
no

is
el
es
s
da

ta
sa
m
pl
es

as
be

fo
re
.

In
F
ig
ur
e

4
w
e
co
m
pa

re
th
e
al
go

ri
th
m
s
fo
r
th
re
e
va
lu
es

of
sa
m
pl
in
g
pr
ob

ab
ili
ty
p
,
w
hi
ch

sh
ow

s
th
e

av
er
ag

e
ov
er

10
0
tr
ia
ls
of

th
e
es
ti
m
at
io
n
er
ro
r
of

al
go

ri
th
m
s
(w

it
h
re
sp
ec
t
to

th
e
m
et
ri
c
d
G
)

re
la
ti
ve

to
th
e
nu

m
be

r
of

re
ve
al
ed

da
ta

co
lu
m
ns
.

Fo
r

S
N

IP
E
,
w
e
us
ed

th
e
bl
oc
k
si
ze

of
b

=
2r
.
H
av

in
g
tr
ie
d
to

ge
t
th
e
be

st
pe

rf
or
m
an

ce
fr
om

G
R

O
U

S
E
,
w
e
us
ed

th
e
“g
re
ed

y”
st
ep

-s
iz
e
as

pr
op

os
ed

in
(Z

ha
ng

an
d
B
al
za
no

,
20

16
).

Fo
r
(M

it
lia

gk
as

et
al
.,
20

14
),

w
e
se
t

th
e
bl
oc
k
si
ze

as
b

=
10

00
w
hi
ch

w
as

fo
un

d
em

pi
ri
ca
lly

to
yi
el
d
th
e
lo
w
es
t
su
bs
pa

ce
er
ro
r

af
te
r
T

=
50

00
it
er
at
io
ns
.

In
T
ab

le
1
w
e
al
so

co
m
pa

re
th
e
av
er
ag

e
nu

m
be

r
of

re
ve
al
ed

co
lu
m
ns

ne
ed

ed
to

re
ac
h
a

gi
ve
n
er
ro
r
to
le
ra
nc

e
fo
r
ea
ch

al
go

ri
th
m

(a
s
m
ea
su
re
d
by

er
ro
r
m
et
ri
c
d
G
)
fo
r
va
ri
ou

s
va
lu
es

of
th
e
sa
m
pl
in
g
pr
ob

ab
ili
ty
p
.
W
e
om

it
th
e
m
od

ifi
ed

po
w
er

m
et
ho

d
fr
om

th
e
re
su
lt
s
si
nc

e
it

w
as

un
ab

le
to

re
ac
h
th
e
gi
ve
n
er
ro
r
to
le
ra
nc
es

in
al
lc

as
es
.
Fo

r
th
e
m
ed
iu
m
/h

ig
h
sa
m
pl
in
g

ra
te
s
p

=
0.

45
,0
.6

0,
0
.7

5,
S
N

IP
E

-o
ve

rl
ap

is
fa
st
es
t
to

co
nv

er
ge
,
w
hi
le

re
gu

la
r

S
N

IP
E

is
co
m
pe

ti
ti
ve

w
it
h

G
R

O
U

S
E

an
d

P
E

T
R

E
L

S
.
Fo

r
th
e
lo
w
er

sa
m
pl
in
g
ra
te
s
p

=
0.

1
5,

0
.3

0
w
e

fin
d

G
R

O
U

S
E

yi
el
ds

th
e
fa
st
es
t
co
nv

er
ge
nc

e,
al
th
ou

gh
S
N

IP
E

-o
ve

rl
ap

is
al
so

co
m
pe

ti
ti
ve

w
it
h

G
R

O
U

S
E

fo
r
p

=
0.

30
.
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
plete

D
ata

1
0

0
0

2
0

0
0

3
0

0
0

4
0

0
0

5
0

0
0

t

1
0

-1
5

1
0

-1
0

1
0

-5

1
0

0

estimation error in metric dG

S
N

IP
E

S
N

IP
E

-o
v
e
rla

p

G
R

O
U

S
E

P
E

T
R

E
L
S

P
o
w

e
r m

e
th

o
d

(a)
p
=

0
.3
0

1
0

0
0

2
0

0
0

3
0

0
0

4
0

0
0

5
0

0
0

t

1
0

-1
5

1
0

-1
0

1
0

-5

1
0

0

estimation error in metric dG

S
N

IP
E

S
N

IP
E

-o
v
e
rla

p

G
R

O
U

S
E

P
E

T
R

E
L
S

P
o
w

e
r m

e
th

o
d

(b)
p
=

0
.4
5

1
0

0
0

2
0

0
0

3
0

0
0

4
0

0
0

5
0

0
0

t

1
0

-1
5

1
0

-1
0

1
0

-5

1
0

0

estimation error in metric dG

S
N

IP
E

S
N

IP
E

-o
v
e
rla

p

G
R

O
U

S
E

P
E

T
R

E
L
S

P
o
w

e
r m

e
th

o
d

(c)
p
=

0
.6
0

F
igure

4:
A
verage

subspace
estim

ation
error

versus
num

ber
ofrevealed

data
colum

ns
at

the
specified

sam
pling

probability
p,see

Section
6
for

details.

7.
T

h
eory

In
this

section,
w
e
prove

the
technical

results
presented

in
Section

4.
A

short
w
ord

on
notation

is
in

order
first.

W
e
w
ill

frequently
use

M
A
T
LA

B
’s

m
atrix

notation
so

that,
for

exam
ple,

A
[i,j]

is
the

[i,j]th
entry

of
A
,
and

the
row

-vector
A

[i,:]
corresponds

to
the

ith
row

of
A
.
B
y
{ε
i }
i

in
d
.
∼

B
ernoulli(p

),w
e
m
ean

that{
ε
i }
i
are

independent
B
ernoullirandom

variables
taking

one
w
ith

probability
of
p
and

zero
otherw

ise.
T
hroughout,

E
i,j

stands
for

the
[i,j]th

canonicalm
atrix

so
that

E
i,j [i,j]

=
1
is

its
only

nonzero
entry.

T
he

size
of
E
i,j

m
ay

be
inferred

from
the

context.
A
s
usual,‖

·‖
and

‖
·‖

F
stand

for
the

spectral
and

Frobenius
norm

s.
In

addition,‖
A‖∞

and
‖A‖

2→
∞

return
the

largest
entry

of
a
m
atrix

A
(in

m
agnitude)

and
the

largest
`
2
norm

of
the

row
s
of
A
,
respectively.

Singular
values

of
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

a
m
atrix

A
are

denoted
by

σ
1 (A

)
≥
σ

2 (A
)
≥
···.

For
purely

aesthetic
reasons,

w
e
w
ill

occasionally
use

the
notation

a∨
b

=
m

ax
(a
,b)

and
a∧

b
=

m
in

(a
,b).

7.1.
C
onvergen

ce
of

S
N
IP

E
to

a
S
tation

ary
P
oint

(P
roof

of
T
h
eorem

3)

C
onsider

P
rogram

(2),nam
ely,

{
m

in
f

Ω
(X
,U

)
:=
‖P
⊥U
X
‖

2F
+
λ‖P

Ω
C

(X
)‖

2F
,

P
Ω

(X
)

=
Y
,

(30)

w
here

the
m
inim

ization
is

over
m
atrix

X
∈

R
n×

T
and

subspace
U
∈

G
(n
,r).

B
efore

pro-
ceeding

w
ith

the
rest

of
the

proof,
let

us
for

future
reference

record
the

partial
derivatives

of
f

Ω
below

.
C
onsider

a
sm

allperturbation
to
X

in
the

form
of
X

+
∆
,
w
here

∆
∈
R
n×

T.
Let

U
∈

R
n×

r
and

U
⊥

be
orthonorm

al
bases

for
U

and
its

orthogonal
com

plem
ent
U
⊥
,

respectively.
C
onsider

also
a
sm

all
perturbation

to
U

in
the

form
of
U

+
U
⊥

∆
′∈

R
n×

r,
w
here

∆
′∈

R
(n−

r
)×
r.

T
he

perturbation
to
f

Ω
(X
,U

)
=
f

Ω
(X
,U

)
can

be
w
ritten

as

f
Ω

(
X

+
∆
,U

+
U
⊥

∆
′ )

=
f

Ω
(X
,U

)
+
〈∆
,∂
X
f

Ω
(X
,U

)〉
+
〈∆
′,∂U

f
Ω

(X
,U

) 〉
+
o(‖∆

‖
F

)
+
o(‖

∆
′‖
F

),
(31)

w
here

o(·)
is

the
standard

little-o
notation.

T
he

partial
derivatives

of
f

Ω
are

listed
below

and
derived

in
A
ppendix

D
.

L
em

m
a
13

For
f

Ω
in

P
rogram

(30),
the

first-order
partialderivatives

at
(X
,U

)∈
R
n×

T
×

G
(n
,r)

are

∂
X
f

Ω
(X
,U

)
=

2P
U
⊥
X

+
2
λ
P

Ω
C

(X
)∈

R
n×

T
,

∂U
f

Ω
(X
,U

)
=
−

2(U
⊥

) ∗X
X
∗U
∈
R

(n−
r
)×
r,

(32)

w
here

U
∈
R
n×

r
and

U
⊥
∈
R
n×

(n−
r
)
are

orthonorm
al

bases
for
U

and
its

orthogonal
com

-
plem

ent,
respectively.

R
ecallthat

Q
k ∈

R
r×
bis

a
random

m
atrix

w
ith

bounded
expectation,nam

ely,E‖Q
k ‖
F
<

∞
.
A
s
K
→
∞

,{Q
k }
Kk
=

1
therefore

has
a
bounded

subsequence.
T
o
keep

the
notation

sim
ple

and
w
ithout

any
loss

of
generality,

w
e
assum

e
that

in
fact

the
sequence

{
Q
k }
k
is

itself
bounded.

A
s
K
→
∞

and
for

an
integer

l,
w
e
can

alw
ays

find
an

interval
of

length
l
over

w
hich

the
sam

e
index

set
and

nearly
the

sam
e
coeffi

cient
m
atrix

repeats.
M
ore

specifically,
consider

an
index

set
Ω̂
⊆

[1
:
n

]×
[1

:
b]

and
a
m
atrix

Q̂
∈

R
r×
b
in

the
support

of
the

distributions
from

w
hich

{
Ω
k }
Kk
=

1
and
{Q

k }
Kk
=

1
are

draw
n.

For
every

integer
l,
as

a
result

of
the

second
B
orel-C

antelli
lem

m
a
(D

urrett,
2010,

pg.
64),

alm
ost

surely
there

exists
a

contiguous
interval

κ
l

:=
[k
l −

l
+

1
:
k
l ],

(33)

such
that

Ω
k

=
Ω̂
,

k
∈
κ
l ,

(34)

m
ax

k∈
κ
l ‖
Q
k −

Q̂
‖
F
≤

1l
.

(35)
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
pl

et
e

D
at

a

A
s
l
→
∞

,t
he

m
ea
su
re
m
en
ts

co
rr
es
po

nd
in
g
to

th
e
in
te
rv
al
κ
l
co
nv

er
ge
.
T
o
be

sp
ec
ifi
c,

le
t

Ŷ
:=

P
Ω̂

(S
Q̂

)
an

d
no

te
th
at

li
m

l→
∞

m
ax

k
∈κ

l

‖Y
k
−
Ŷ
‖ F

=
li
m

l→
∞

m
ax

k
∈κ

l

‖P
Ω
k
(S
Q
k
)
−
Ŷ
‖ F

=
li
m

l→
∞

m
ax

k
∈κ

l

‖P
Ω̂

(S
Q
k
)
−
Ŷ
‖ F

=
li
m

l→
∞

m
ax

k
∈κ

l

‖P
Ω̂

(S
(Q

k
−
Q̂

))
‖ F

≤
li
m

l→
∞

m
a
x

k
∈κ

l

‖Q
k
−
Q̂
‖ F

=
0.

(3
6)

T
he

ab
ov
e
ob

se
rv
at
io
n
en

co
ur
ag

es
us

to
ex
ch
an

ge
(Ω

k
,Y

k
)
w
it
h

(Ω̂
,Ŷ

)
on

th
e
in
te
rv
al
κ
l.

Le
t
us

th
er
ef
or
e
st
ud

y
th
e
pr
og

ra
m
{

m
in

f Ω̂
(X
,U

),

P
Ω̂

(X
)

=
Ŷ
,

(3
7)

w
he

re
th
e
m
in
im

iz
at
io
n
is

ov
er

al
l
m
at
ri
ce
s
X
∈
R
n
×
b
an

d
su
bs
pa

ce
s
U
∈
G

(n
,r

).
Fr
om

a
te
ch
ni
ca
lv

ie
w
po

in
t,

it
is

in
fa
ct

m
or
e
co
nv

en
ie
nt

to
re
la
x
th
e
eq
ua

lit
y
co
ns
tr
ai
nt

ab
ov
e
as

{
m

in
f Ω̂

(X
,U

),

‖P
Ω̂

(X
)
−
Ŷ
‖ F
≤
ε,

(3
8)

fo
r
ε
>

0
.
W
e
fix

ε
fo
r
no

w
.
Le

t
us

ne
xt

us
e
al
te
rn
at
iv
e
m
in
im

iz
at
io
n
to

so
lv
e
P
ro
gr
am

(3
8)
.

M
or
e
sp
ec
ifi
ca
lly

,
re
ca
ll
(3
3)

an
d
co
ns
id
er

th
e
in
it
ia
liz

at
io
n
Ŝ k

l−
l,
ε

:=
Ŝ k

l−
l,
w
he

re
Ŝ k

l−
l
is

th
e
ou

tp
ut

of
S
N

IP
E

at
it
er
at
io
n
k
l
−
l,

se
e
A
lg
or
it
hm

1.
Fo

r
ev
er
y
k
∈
κ
l,
co
ns
id
er

th
e

pr
og

ra
m

{
m

in
f Ω̂

(X
,Ŝ

k
−

1
,ε

),

‖P
Ω̂

(X
)
−
Ŷ
‖ F
≤
ε,

(3
9)

an
d
le
t
R
k
,ε
be

a
m
in
im

iz
er

of
P
ro
gr
am

(3
9)
.
W
e
th
en

up
da

te
th
e
su
bs
pa

ce
by

so
lv
in
g

m
in

U∈
G

(n
,r

)
f Ω̂

(R
k
,ε
,U

),
(4
0)

an
d
se
tt
in
g
Ŝ k

,ε
to

be
a
m
in
im

iz
er

of
P
ro
gr
am

(4
0)
.
R
ec
al
lin

g
th
e
de

fin
it
io
n
of
f Ω̂

in
P
ro
gr
am

(3
0)

an
d

in
lig

ht
of

th
e
E
ck
ar
t-
Y
ou

ng
-M

ir
sk
y
T
he

or
em

,
P
ro
gr
am

(4
0)

ca
n

be
so
lv
ed

by
co
m
pu

ti
ng

to
p
r
le
ft

si
ng

ul
ar

ve
ct
or
s
of
R
k
,ε
(E

ck
ar
t
an

d
Y
ou

ng
,
19

36
;
M
ir
sk
y,

19
66
).

Fo
r

fu
tu
re

re
fe
re
nc

e,
no

te
th
at

th
e
op

ti
m
al
it
y
an

d
he

nc
e
st
at
io
na

ri
ty

of
Ŝ k

,ε
in

P
ro
gr
am

(4
0)

di
ct
at
es

th
at

∂
U
f Ω̂

(R
k
,ε
,Ŝ

k
,ε

)
=

0,
k
∈
κ
l,

(4
1)

w
he

re
∂
U
f

w
as

sp
ec
ifi
ed

in
Le

m
m
a

13
.

Fr
om

th
e
ab

ov
e
co
ns
tr
uc

ti
on

of
th
e
se
qu

en
ce

{(
R
k
,ε
,Ŝ

k
,ε

)}
k
∈κ

l
,w

e
al
so

ob
se
rv
e
th
at

0
≤
f Ω̂

(R
k
,ε
,Ŝ

k
,ε

)
≤
f Ω̂

(R
k
,ε
,Ŝ

k
−

1
,ε

)
≤
f Ω̂

(R
k
−

1
,ε
,Ŝ

k
−

1
,ε

),
(4
2)
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E
ft

ek
h
a
r
i,

O
n
g
ie

,
B

a
lz

a
n
o
,
a
n
d

W
a
k
in

fo
r
ev
er
y
k
∈

[k
l
−
l
+

2
:
k
l]
⊂
κ
l,
se
e
(3
3)
.
T
ha

t
is
,{
f Ω̂

(R
k
,ε
,Ŝ

k
,ε

)}
k
∈κ

l
is

a
no

ni
nc
re
as
in
g

an
d
no

nn
eg
at
iv
e
se
qu

en
ce
.
It

th
er
ef
or
e
ho

ld
s
th
at

li
m

l→
∞

∣ ∣ ∣f
Ω̂

(R
k
l−

1
,ε
,Ŝ

k
l−

1
,ε

)
−
f Ω̂

(R
k
l,
ε,
Ŝ k

l−
1
,ε

)∣ ∣ ∣=
0.

(4
3)

B
y
th
e
fe
as
ib
ili
ty

of
R
k
l−

1
,ε
in

P
ro
gr
am

(3
9)

an
d
by

th
e
co
nt
in
ui
ty

of
f Ω̂

(X
,U

)
in
X
,
w
e

co
nc

lu
de

in
lig

ht
of

(4
3)

th
at
R
k
l−

1
,ε
to
o
is
a
m
in
im

iz
er

(a
nd

he
nc

e
al
so

a
st
at
io
na

ry
po

in
t)

of
P
ro
gr
am

(3
9)

an
d
in

th
e
lim

it
of
l
→
∞

.
W
e
th
er
ef
or
e
fin

d
by

w
ri
ti
ng

th
e
st
at
io
na

ri
ty

co
nd

it
io
ns

of
P
ro
gr
am

(3
9)

at
R
k
l,
ε
th
at

‖P
Ω̂

(R
k
l,
ε)
−
Ŷ
‖ F
≤
ε,

(4
4)

li
m

l→
∞

∥ ∥ ∥∂
X
f Ω̂

(R
k
l,
ε,
Ŝ k

l,
ε)

+
λ
k
l,
ε(
P

Ω̂
(R

k
l,
ε)
−
Ŷ

)∥ ∥ ∥ F
=

0.
(4
5)

fo
r
no

nn
eg
at
iv
e
λ
k
l,
ε.

R
ec
al
lin

g
th
e
de

fin
it
io
n

of
f Ω̂

an
d

th
at

λ
>

0
by

as
su
m
pt
io
n,

w
e

ob
se
rv
e
th
at

P
ro
gr
am

(3
9)

is
st
ro
ng

ly
co
nv

ex
in

P
Ω̂
C

(X
)
an

d
co
ns
eq
ue

nt
ly

an
y

pa
ir

of
m
in
im

iz
er
s
of

P
ro
gr
am

(3
9)

m
us
t
ag

re
e
on

th
e
in
de

x
se
t

Ω̂
C
.
O
pt
im

al
it
y
of
R
k
l,
ε
an

d
lim

it
op

ti
m
al
it
y
of
R
k
l−

1
,ε
in

P
ro
gr
am

(3
9)

th
er
ef
or
e
im

pl
y
th
at

li
m

l→
∞

∥ ∥ P
Ω̂
C

(R
k
l−

1
,ε
−
R
k
l,
ε)
∥ ∥ F

=
0.

(4
6)

O
n
th
e
in
de

x
se
t

Ω̂
,o

n
th
e
ot
he

r
ha

nd
,t
he

fe
as
ib
ili
ty

of
bo

th
R
k
l−

1
,ε
an

d
R
k
l,
ε
in

P
ro
gr
am

(3
9)

im
pl
ie
s
th
at

‖P
Ω̂

(R
k
l−

1
,ε
−
R
k
l,
ε)
‖ F
≤
‖P

Ω̂
(R

k
l−

1
,ε

)
−
Ŷ
‖ F

+
‖P

Ω̂
(R

k
l,
ε)
−
Ŷ
‖ F

(t
ri
an

gl
e
in
eq
ua

lit
y)

≤
2ε
.

(4
7)

C
om

bi
ni
ng

(4
6)

an
d
(4
7)

yi
el
ds

th
at

li
m

l→
∞
‖R

k
l−

1
,ε
−
R
k
l,
ε‖
F

≤
li
m

l→
∞
‖P

Ω̂
(R

k
l−

1
,ε
−
R
k
l,
ε)
‖ F

+
li
m

l→
∞
‖P

Ω̂
C

(R
k
l−

1
,ε
−
R
k
l,
ε)
‖ F

(t
ri
an

gl
e
in
eq
ua

lit
y)

≤
2ε
,

(s
ee

(4
6,
47

))
(4
8)

In
lig

ht
of

(3
9)
,{
R
k
l,
ε}
l
is
bo

un
de

d
an

d
co
ns
eq
ue

nt
ly

ha
sa

co
nv

er
ge
nt

su
bs
eq
ue

nc
e.

W
it
ho

ut
lo
ss

of
ge
ne
ra
lit
y
an

d
to

si
m
pl
ify

th
e
no

ta
ti
on

,w
e
as
su
m
e
th
at
{R

k
l,
ε}
l
is

it
se
lf
co
nv

er
ge
nt
,

na
m
el
y,

th
at

th
er
e
ex
is
ts
R
ε
∈
R
n
×
b
fo
r
w
hi
ch

li
m

l→
∞
‖R

k
l,
ε
−
R
ε‖
F
≤

2ε
.

(4
9)

Le
t
us

no
w

se
nd

ε
to

ze
ro

in
(4
9)

to
ob

ta
in

th
at

li
m

ε→
0

li
m

l→
∞
‖R

k
l,
ε
−
R
ε‖
F
≤

li
m

ε→
0
2ε

=
0.

(5
0)

W
e
ne

xt
sh
ow

th
at

it
is

po
ss
ib
le

to
es
se
nt
ia
lly

ch
an

ge
th
e
or
de
r
of

lim
it
s
ab

ov
e
an

d
al
so

co
nc

lu
de

th
at

(R
,Ŝ

)
co
in
ci
de

s
w
it
h
th
e
ou

tp
ut

of
S
N

IP
E

in
lim

it
.
T
he

fo
llo

w
in
g
re
su
lt

is
pr
ov
ed

in
A
pp

en
di
x
E
.
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
plete

D
ata

L
em

m
a
14

W
ith

the
setup

above,
there

exist
a
sequence

{ε
i }
i
w
ith

lim
i→
∞
ε
i

=
0
and

a
m
atrix

R
∈
R
n×

b
such

that

lim
l,i→
∞
‖R

k
l ,ε
i −

R‖
F

=
lim
l→
∞

lim
i→
∞
‖
R
k
l ,ε
i −

R‖
F

=
lim
i→
∞

lim
l→
∞
‖R

k
l ,ε
i −

R‖
F

=
0.

(51)

M
oreover,suppose

thatthe
outputof

S
N

IP
E
in

every
iteration

has
a
spectralgap

in
the

sense
that

there
exists

τ
>

0
such

that

σ
r (R

k )

σ
r
+

1 (R
k )
≥

1
+
τ,

(52)

for
every

k.
Let
Ŝ
k
l ,ε
i
and

Ŝ
be

the
span

of
top

r
left

singular
vectors

of
R
k
l ,ε
i
and

R
,

respectively.
T
hen

it
holds

that

lim
l,i→
∞
d
G

(Ŝ
k
l ,ε
i ,S

)
=

0.
(53)

Lastly,
in

the
lim

it
of
l→
∞
,

S
N

IP
E

produces
(R
,Ŝ

)
in

every
iteration,

nam
ely,

lim
l→
∞
‖
R
k
l −

R‖
F

=
lim
l→
∞
d
G

(Ŝ
k
l ,Ŝ

)
=

0,
(54)

w
here

(R
k
l ,Ŝ

k
l )

is
the

output
of

S
N

IP
E

in
iteration

k
l ,
see

A
lgorithm

1.

In
fact,the

pair
(R
,Ŝ

)
from

Lem
m
a
14

is
stationary

in
lim

it
in

the
sense

described
next

and
proved

in
A
ppendix

F
.

L
em

m
a
15

T
he

pair
(R
,Ŝ

)
in

Lem
m
a
14

is
a
stationary

point
of

the
program

{
m

in
f

Ω
k
l (X

,U
),

P
Ω
k
l (X

)
=
Y
k
l ,

(55)

as
l→
∞
.
T
he

m
inim

ization
above

is
over

allm
atrices

X
∈
R
n×

b
and

subspacesU
∈
G

(n
,r).

M
ore

specifically,
it
holds

that

lim
l→
∞
‖
∂U
f

Ω
k
l (R

,Ŝ
)‖
F

=
0,

(56)

lim
l→
∞
‖P

Ω
k
l (R

)−
Y
k
l ‖
F

=
0,

(57)

lim
l→
∞
‖P

Ω
Ck
l (∂

X
f

Ω
k
l (R

,Ŝ
))‖

F
=

0.
(58)

In
w
ords,Lem

m
as

14
and

15
together

im
ply

that
the

output
of

S
N

IP
E
in

lim
it
is
a
stationary

point
of

P
rogram

(55).
T
his

com
pletes

the
proof

of
T
heorem

3.
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

7.2.
C
onvergen

ce
of

S
N
IP

E
(P

roof
of

P
rop

osition
6)

In
iteration

k
of

S
N

IP
E
,w

e
partially

observe
the

data
block

S
Q
k ∈

R
n×

b
on

a
random

index
set

Ω
k
⊂

[1
:
n

]×
[1

:
b],

w
here

Q
k
∈

R
r×
b
is

a
random

coeffi
cient

m
atrix.

W
e
collect

the
observations

in
Y
k

=
P

Ω
k (S

Q
k )∈

R
n×

b,
see

Sections
2
and

3
for

the
detailed

setup.
N
ote

that
R
k
in

(1)
can

be
w
ritten

as

R
k

=
Y
k

+
P

Ω
Ck

(Ŝ
k−

1 Q
′k )

=
P

Ω
k (S

Q
k )

+
P

Ω
Ck

(Ŝ
k−

1 Q
′k ),

(59)

w
here

Q
′k

:=

[
···

(
Ŝ
∗k−

1 P
ω
t Ŝ
k−

1
+
λ
I
r )
†
y
t
··· ]

∈
R
r×
b.

(60)

B
y
(13),there

exists
Q
′′k ∈

R
r×
b
and

R
′k

:=
P

Ω
k (S

Q
k )

+
P

Ω
Ck

(Ŝ
Q
′′k ),

(61)

such
that

lim
k→
∞
‖
R
k −

R
′k ‖
F

=
0.

(62)

In
(61)

above,
Ŝ
∈

R
n×

r
is

an
orthonorm

al
basis

for
the

subspace
Ŝ
.
In

A
lgorithm

1,
the

rank-r
truncated

SV
D

of
R
k
spansŜ

k ∈
G

(n
,r),nam

ely,the
output

of
S
N

IP
E

in
iteration

k.
Let

also
Ŝ
′k
∈

G
(n
,r)

denote
the

span
of

rank-r
truncated

SV
D

of
R
′k .

T
he

existence
of

the
reject

option
in

A
lgorithm

1
w
ith

positive
τ
im

plies
that

R
k
has

a
spectral

gap
and

therefore
Ŝ
k
is

uniquely
defined.

C
om

bining
this

w
ith

(62),w
e
find

thatŜ
′k
too

is
uniquely

defined
in

the
lim

it
of
k
→
∞

.
T
herefore

another
consequence

of
(62)

is
that

lim
k→
∞
d
G

(Ŝ
k ,Ŝ

′k )
=

0
.

(63)

T
hen

w
e
have

that

lim
k→
∞
d
G

(Ŝ
′k ,Ŝ

)≤
lim
k→
∞
d
G

(Ŝ
′k ,Ŝ

k )
+

lim
k→
∞
d
G

(Ŝ
k ,Ŝ

)≤
0

+
0
,

(see
(63,13))

(64)

nam
ely,Ŝ

′k
converges

to
Ŝ

in
the

lim
it
too.

Let
us

now
rew

rite
R
′k
as

R
′k

=
P

Ω
k (S

Q
k −

Ŝ
Q
′′k )

+
Ŝ
Q
′′k ,

(see
(61))

(65)

w
hich,together

w
ith

(64),im
plies

that

lim
k→
∞
‖Ŝ
∗P

Ω
k (S

Q
k −

Ŝ
Q
′′k )‖

F
=

0.
(66)

W
e
can

rew
rite

the
above

lim
it

in
term

s
of

the
data

vectors
(rather

than
data

blocks)
to

obtain
that

lim
t→
∞
‖Ŝ
∗P

ω
t (S

q
t −

Ŝ
q ′′t )‖

F
=

0,
(67)

w
here

{
q
t ,q ′′t }

t
form

the
colum

ns
of

the
blocks{

Q
k ,Q

′′k }
k ,

and
the

index
sets{

ω
t }
t ⊆

[1
:

n
]
form

{Ω
k }
k .

T
here

alm
ost

surely
exists

a
subsequence

{
ti }

i
over

w
hich

ω
t
i

=
{1},

nam
ely,

there
is

a
subsequence

w
here

w
e
only

observe
the

first
entry

of
the

incom
ing

data
vector.

C
onsider

a
vector

q
1
∈

R
r
in

the
support

of
the

distribution
from

w
hich

{q
t }
t
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
pl

et
e

D
at

a

ar
e
dr
aw

n.
T
he

n
th
er
e
al
so

ex
is
ts

a
su
bs
eq
ue

nc
e
of
{t
i}
i,

de
no

te
d

by
{t
i j
} i j

,
su
ch

th
at

li
m
j→
∞
‖q
t i
j
−
q1
‖ 2

=
0.

R
es
tr
ic
te
d
to

th
e
su
bs
eq
ue

nc
e
{t
i j
} j
,(
67

)
re
ad

s
as

0
=

li
m

j→
∞
‖Ŝ
∗ P

ω
t i
j
(S
q t
i j
−
Ŝ
q′
′ t i j

)‖
F

=
li
m

j→
∞
‖Ŝ
∗ P
{1
}(
S
q t
i j
−
Ŝ
q′
′ t i j

)‖
F

=
‖Ŝ
∗ P
{1
}(
S
q1
−
Ŝ
q′
′1

)‖
F
,

(6
8)

w
he

re
w
e
se
t
q′
′1

:=
li
m
j→
∞
q′
′ t i j
;t

he
lim

it
ex
is
ts

by
(6
0)
.
Li
ke
w
is
e,

w
e
ca
n
sh
ow

th
at

v
l

:=
P
{l
}(
S
ql
−
Ŝ
q′
′l )
∈
S⊥

,
l
∈

[1
:
n

],
(6
9)

w
he

re
{q
′′l
} l

ar
e
de

fin
ed

si
m
ila

rl
y.

B
ec
au

se
d
im

(S
⊥

)
=
n
−
r,

at
m
os
t
n
−
r
of

th
e
ve
ct
or
s

{v
l }
n l=

1
ar
e
lin

ea
rl
y
in
de

pe
nd

en
t.

B
ec
au

se
th
e
su
pp

or
ts

of
{v

l }
l
ar
e
di
sj
oi
nt
,i
t
fo
llo

w
s
th
at

th
er
e
ar
e
at

m
os
t
n
−
r
of

th
e
ve
ct
or
s
{v

l }
n l=

1
ar
e
no

nz
er
o.

P
ut

di
ffe

re
nt
ly
,
th
er
e
ex
is
ts

an
in
de

x
se
t
I
⊂

[1
:
n

]
of

si
ze

at
le
as
t
r
su
ch

th
at

S
ql

=
Ŝ
q′
′l ,

l
∈
I
.

(7
0)

A
lm

os
t
su
re
ly
,{
ql
} l∈

I
⊂

R
r
fo
rm

a
ba

si
s
fo
r
R
r
,a

nd
th
er
ef
or
e
S
⊆
Ŝ.

B
ec
au

se
Ŝ
∈
G

(n
,r

)
by

as
su
m
pt
io
n,

it
fo
llo

w
s
th
at
Ŝ

=
S,

w
hi
ch

co
m
pl
et
es

th
e
pr
oo

f
of

P
ro
po

si
ti
on

6.

7.
3.

L
oc
al
ly

L
in
ea
r
C
on

ve
rg
en

ce
of

S
N
IP

E
(P

ro
of

of
T
h
eo
re
m
s
8
an

d
10

)

A
t
it
er
at
io
n
k
∈

[2
:
K

],
S
N

IP
E

us
es

th
e
cu

rr
en
t
es
ti
m
at
e
Ŝ k
−

1
an

d
th
e
ne

w
in
co
m
pl
et
e

bl
oc
k
Y
k
to

pr
od

uc
e
a
ne

w
es
ti
m
at
e
Ŝ k

of
th
e
tr
ue

su
bs
pa

ce
S.

T
he

m
ai
n
ch
al
le
ng

e
he
re

is
to

co
m
pa

re
th
e
ne

w
an

d
ol
d

pr
in
ci
pa

l
an

gl
es

w
it
h
S,

na
m
el
y,

co
m
pa

re
d
G

(S
,Ŝ

k
)
an

d
d
G

(S
,Ŝ

k
−

1
).

Le
m
m
a
16

be
lo
w
,p

ro
ve
d
in

A
pp

en
di
x
G
,l
oo

se
ly

sp
ea
ki
ng

st
at
es

th
at
d
G

(S
,Ŝ

k
)

re
du

ce
s
by

a
fa
ct
or

of
1
−
O

(p
)
in

ex
pe

ct
at
io
n
in

ev
er
y
it
er
at
io
n,

w
he

n
d
G

(S
,Ŝ

k
)
.
p

5 2
an

d
ig
no

ri
ng

al
lo

th
er

pa
ra
m
et
er
s
in

th
is
qu

al
it
at
iv
e
di
sc
us
si
on

.
In

ot
he

r
w
or
ds
,w

he
n
su
ffi
ci
en
tl
y

sm
al
l,
th
e
es
ti
m
at
io
n
er
ro
r
of

S
N

IP
E

re
du

ce
s
in

ev
er
y
it
er
at
io
n,

bu
t
in

ex
pe

ct
at
io
n.

T
he

ac
tu
al

be
ha

vi
or

of
S
N

IP
E

is
m
or
e
nu

an
ce
d.

In
de

ed
,
Le

m
m
a
16

be
lo
w

al
so

ad
ds

th
at

th
e

es
ti
m
at
io
n
er
ro
r
d
G

(S
,Ŝ

k
)
in

fa
ct

co
nt
ra
ct
s
in

so
m
e
it
er
at
io
ns

by
a
fa
ct
or

of
1
−
C
p
,n

am
el
y,

d
G

(S
,Ŝ

k
)
.

(1
−
C
p
)
·d

G
(S
,Ŝ

k
−

1
),

pr
ov
id
ed

th
at
d
G

(S
,Ŝ

k
−

1
)
.
p

5 2
.
T
ha

t
is
,
w
he

n
su
ffi
ci
en
tl
y
sm

al
l,
th
e
es
ti
m
at
io
n
er
ro
r
of

S
N

IP
E

re
du

ce
s
in

so
m
e
bu

t
no

t
al
l
it
er
at
io
ns
.
In

th
e
re
st

of
it
er
at
io
ns
,
th
e
er
ro
r
do

es
no

t
in
cr
ea
se

by
m
uc
h,

na
m
el
y,

d
G

(S
,Ŝ

k
)
≈
d
G

(S
,Ŝ

k
−

1
),

w
it
h
hi
gh

pr
ob

ab
ili
ty

an
d
pr
ov
id
ed

th
at
d
G

(S
,Ŝ

k
−

1
)
.
p

5 2
.

L
em

m
a
16

F
ix
k
∈

[2
:
K

],
α
,ν
≥

1,
an

d
c
>

0
.
Le

t
E
k
−

1
be

th
e
ev
en
t
w
he
re

p
&
α

2
lo

g
2
b

lo
g
n
η
(Ŝ
k
−

1
)r

n
,

(7
1)

d
G

(S
,Ŝ

k
−

1
)
.

p
7 2
n
b

α
c

lo
g
b√
r

lo
g
n
,

(7
2)
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E
ft

ek
h
a
r
i,

O
n
g
ie

,
B

a
lz

a
n
o
,
a
n
d

W
a
k
in

an
d
le
t
E
′ k
be

th
e
ev
en
t
w
he
re
‖Q

k
‖
≤
ν
·σ

m
in
,
w
he
re
σ

m
in

is
th
e
re
je
ct

th
re
sh
ol
d
in

S
N

IP
E
,

se
e
A
lg
or
it
hm

1.
T
he
n
it
ho
ld
s
th
at

E
[ d

G
(S
,Ŝ

k
)
|Ŝ

k
−

1
,E

k
−

1
,E
′ k] ≤

ν

( 1
−
p 2

+
p

3
n
b

c

)
d
G

(S
,Ŝ

k
−

1
)

+
b−

C
α

√
r
.

(7
3)

M
or
eo
ve
r,

co
nd

it
io
ne
d
on
Ŝ k
−

1
an

d
th
e
ev
en
t
E
k
−

1
∩
E
′ k,

it
ho
ld
s
th
at

d
G

(S
,Ŝ

k
)
≤
ν

( 1
+
p

3
n
b

c

)
d
G

(S
,Ŝ

k
−

1
),

(7
4)

ex
ce
pt

w
it
h
a
pr
ob
ab
ili
ty

of
at

m
os
t
b−

C
α
.

La
st
ly
,
a
st
ro
ng
er

bo
un

d
ho
ld
s
co
nd

it
io
ne
d
on

Ŝ k
−

1
an

d
th
e
ev
en
t
E
k
−

1
∩
E
′ k,

na
m
el
y,

d
G

(S
,Ŝ

k
)
≤
ν

( 1
−
p 4

+
p

3
n
b

c

)
d
G

(S
,Ŝ

k
−

1
)

(7
5)

w
it
h
a
pr
ob
ab
ili
ty

of
at

le
as
t φ
k
(α

)
:=

1
−

ex
p

( −
C

1
p

2
n
b

η̃ k
−

1

)
−
b−

C
α
,

(7
6)

w
he
re

η̃ k
=
η̃
(P
Ŝ⊥ k
−

1
S
k
)

:=
n
b
·‖
P
Ŝ⊥ k
−

1
S
k
‖2 ∞

‖P
Ŝ⊥ k
−

1
S
k
‖2 F

.
(7
7)

Le
t
us

no
w

us
e
Le

m
m
a
16

to
co
m
pl
et
e
th
e
pr
oo

fs
of

T
he
or
em

s
8
an

d
10

.

7.
3.

1.
P
ro

o
f

o
f

T
h
eo

r
em

8

W
it
h
th
e
ch
oi
ce

of
c

=
4p

2
n
b
an

d
ν

=
1/
√

1
−
p
/
4
,(
73

)
re
ad

s
as

E
[ d

G
(S
,Ŝ

k
)
|Ŝ

k
−

1
,E

k
−

1
,E
′ k] ≤

ν

( 1
−
p 2

+
p

3
n
b

c

)
d
G

(S
,Ŝ

k
−

1
)

+
b−

C
α

√
r

(s
ee

(7
3)
)

=

√
1
−
p 4
d
G

(S
,Ŝ

k
−

1
)

+
b−

C
α

√
r

≤
( 1
−
p 8

) d
G

(S
,Ŝ

k
−

1
)

+
b−

C
α

√
r
.

(7
8)

W
it
h
th
e
ch
oi
ce

of

α
=
−
C

lo
g
( p
√
rd

G
(S
,Ŝ

k
−

1
)/

16
)

lo
g
b

,
(7
9)

fo
r
an

ap
pr
op

ri
at
e
co
ns
ta
nt
C

ab
ov
e,

th
e
bo

un
d
in

(7
8)

si
m
pl
ifi
es

to

E
[ d

G
(S
,Ŝ

k
)
|Ŝ

k
−

1
,E

k
−

1
,E
′ k] ≤

( 1
−
p 8

) d
G

(S
,Ŝ

k
−

1
)

+
b−

C
α

√
r

(s
ee

(7
8)
)

≤
( 1
−
p 8

) d
G

(S
,Ŝ

k
−

1
)

+
p 16
d
G

(S
,Ŝ

k
−

1
)
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
plete

D
ata

≤
(

1−
p16 )

d
G

(S
,Ŝ

k−
1 ).

(80)

Lastly
w
e
rem

ove
the

conditioning
on

E
′k
above.

U
sing

the
law

oftotalexpectation,w
e
w
rite

thatE
[d

G
(S
,Ŝ

k )|Ŝ
k−

1 ,E
k−

1 ]

=
E
[d

G
(S
,Ŝ

k )|Ŝ
k−

1 ,E
k−

1 ,E
′k ]·P

r[E
′k ]+

E
[d

G
(S
,Ŝ

k )|Ŝ
k−

1 ,E
k−

1 ,E
′Ck ]·P

r[E
′Ck

]

≤
E
[d

G
(S
,Ŝ

k )|Ŝ
k−

1 ,E
k−

1 ,E
′k ]

+
P

r[E
′Ck

]
(see

(10))

≤
(

1−
p16 )

d
G

(S
,Ŝ

k−
1 )

+
P

r[E
′Ck

]
(see

(80))

≤
(

1−
p32 )

d
G

(S
,Ŝ

k−
1 ),

(81)

w
here

the
last

line
holds

if
P

r[E
′Ck

]≤
p32
d
G

(S
,Ŝ

k−
1 ).

W
ith

the
choice

of
c,ν

,α
above,let

us
also

rew
rite

the
event

E
k−

1
in

Lem
m
a
16.

F
irst,w

e
rew

rite
(72)

asd
G

(S
,Ŝ

k−
1 ).

p
72n
b

α
c

log
b √
r

log
n

=
C
p

32

α
log

b √
r

log
n

=
−

C
p

32

log (
p √

rd
G

(S
,Ŝ

k−
1 )/16 )√

r
log

n
.

(see
(79))

(82)

Second,
w
e
replace

the
coherence

η
(Ŝ
k−

1 )
in

(71)
w
ith

the
sim

pler
quantity

η
(S

).
W
e
can

do
so

thanks
to

Lem
m
a
20

w
hich

roughly
speaking

states
that

a
pair

ofsubspacesA
and
B

w
ith

a
sm

allprincipalangle
have

sim
ilar

coherences,nam
ely,

θ
1 (A

,B
)≈

0
=⇒

η
(A

)≈
η
(B

).
M
ore

concretely,note
that

√
η
(Ŝ
k−

1 )≤
√
η

(S
)

+
d
G

(S
,Ŝ

k−
1 ) √

n
(see

Lem
m
a
20)

≤
√
η
(S

)
+
C
p

32 √
n

r
log

n
(see

(82))

≤
√
η
(S

)
+

1

(
if
p
.

1
√
n
b )

≤
2 √

η
(S

).
(see

(15))
(83)

T
his

com
pletes

the
proof

of
T
heorem

8.

7.3.2.
P
ro

o
f

o
f

T
h
eo

r
em

10

For
K

0 ∈
[1

:
K

],w
e
condition

on
Ŝ
K

0 .
For

positive
c
to

be
set

later,suppose
that

d
G

(S
,Ŝ

K
0 ).

e −
C
p
3
n
b

η̃
p

72n
b

α
c

log
b √

log
n
.

(84)
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

In
particular,(84)

im
plies

that
the

error
at

iteration
K

0
is
sm

allenough
to

activate
Lem

m
a

16,see
(72).

For
ν
≥

1
to

be
set

later,w
e
condition

for
now

on
the

event

E
′
:=
∩
Kk
=
K

0
+

1 E
′k ,

(85)

w
here

the
event

E
′k
w
as

defined
in

Lem
m
a
16.

Suppose
also

that
(71)

holds
for

every
k
∈

[K
0

+
1

:
K

],nam
ely,

p
&

m
ax

k∈
[K

0
:K
−

1
] η

(Ŝ
k )·

r
log

2
b

log
n

n
,

(86)

w
hich

w
ill

next
allow

us
to

apply
Lem

m
a
16

repeatedly
to

all
iterations

in
the

interval
[K

0
+

1
:
K

].
W

ith
the

success
probability

φ
k (α

)
defined

in
Lem

m
a
16,let

us
also

define

φ
(α

)
:=

m
in

k∈
[K

0
+

1
:K

] φ
k (α

)
=

1−
ex

p (−
C

1 p
2n
b

η̃

)
−
b −

C
α
,

η̃
:=

m
ax

k∈
[K

0
+

1
:K

] η̃
k ≥

1
,
(87)

w
here

the
inequality

above
follow

s
because

η̃
k
≥

1
for

every
k,

see
(77).

W
e
now

partition
[K

0
+

1
:
K

]into
(non-overlapping)

intervals{
I
i }
i ,each

w
ith

the
length

l
=
C

2
log

b
log

(K
−
K

0 )

φ
(α

)
,

(88)

except
possibly

the
last

interval
w
hich

m
ight

be
shorter.

C
onsider

one
of

these
intervals,

say
I

1 .
T
hen

by
Lem

m
a
16

and
the

union
bound,

(74)
holds

for
every

iteration
k
∈
I

1

except
w
ith

a
probability

of
at

m
ost

l·
b −

C
α
because

the
length

of
I

1
is
l.

T
hat

is,
the

estim
ation

error
does

not
increase

by
m
uch

in
every

iteration
in

the
interval

I
1 .

In
som

e
of

these
iterations,the

error
in

fact
reduces.

M
ore

specifically,(75)
holds

in
iteration

k
w
ith

a
probability

of
at

least
φ
k (α

),see
(76).

W
hile

b −
C
α
in

(76)
can

be
m
ade

arbitrary
sm

allby
increasing

the
tuning

param
eter

α
,this

ofcourse
w
ould

not
necessarily

m
ake

φ
k (α

)
arbitrary

close
to

one.
T
hat

is,
there

is
a
sizable

chance
that

the
estim

ation
error

does
not

contract
in

iteration
k.

H
ow

ever,(75)
holds

at
least

in
one

iteration
in

the
interval

I
1
except

w
ith

a
probability

of
at

m
ost

(1−
φ

(α
))
l≤

e −
φ

(α
)l

=
b −

C
2

lo
g
(K
−
K

0
).

(1
+
a
≤
e
a)

T
herefore,

except
w
ith

a
probabilty

of
at

m
ost

lb −
C
α

+
b −

C
2

lo
g
(K
−
K

0
),

(75)
holds

at
least

once
and

(74)
holds

for
alliterations

in
the

interval
I

1 .
It

im
m
ediately

follow
s
that

d
G

(S
,Ŝ

K
0
+
l )

d
G

(S
,Ŝ

K
0 )

≤
ν (

1−
p4

+
p

3n
b

c

)
·
ν
l−

1 (
1

+
p

3n
b

c

)
l−

1

(see
(74,75))

≤
ν
lex

p (−
p4

+
p

3n
p

c
+

(l−
1) p

3n
b

c

)
(1

+
a
≤
e
a)

=
ν
lex

p (−
p4

+
lp

3n
b

c

)
,

(89)
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
pl

et
e

D
at

a

ex
ce
pt

w
it
h
a
pr
ob

ab
ili
ty

of
at

m
os
t

lb
−
C
α

+
b−

C
2

lo
g
(K
−
K

0
) .

(9
0)

In
pa

rt
ic
ul
ar
,s

up
po

se
th
at

c
≥

4
lp

2
n
b,

(9
1)

so
th
at

th
e
ex
po

ne
nt

in
th
e
la
st

lin
e
of

(8
9)

is
ne

ga
ti
ve
.
Le

t

i m
a
x

:=

⌊ K
−
K

0

l

⌋ ,

an
d
no

te
th
at

d
G

(S
,Ŝ

K
)

d
G

(S
,Ŝ

K
0
)

=

i m
a
x

∏ i=
1

d
G

(S
,Ŝ

K
0
+
il
)

d
G

(S
,Ŝ

K
0
+

(i
−

1
)l

)
·

d
G

(S
,Ŝ

K
)

d
G

(S
,Ŝ

K
0
+
i m

a
x
l)
.

(9
2)

B
y
ap

pl
yi
ng

th
e
bo

un
d
in

(8
9)

to
al
li
nt
er
va
ls
{I
i}
i,
w
e
th
en

co
nc

lu
de

th
at

d
G

(S
,Ŝ

K
)

d
G

(S
,Ŝ

K
0
)

=

i m
a
x

∏ i=
1

d
G

(S
,Ŝ

K
0
+
il
)

d
G

(S
,Ŝ

K
0
+

(i
−

1
)l

)
·

d
G

(S
,Ŝ

K
)

d
G

(S
,Ŝ

K
0
+
i m

a
x
l)

(s
ee

(9
2)
)

≤
( ν

l
ex

p

( −
p 4

+
lp

3
n
b

c

))
⌊ K
−
K

0
l

⌋

·ν
l

( 1
+
p

3
n
b

c

) l
(s
ee

(8
9,
74

))

≤
( ν

l
ex

p

( −
p 4

+
lp

3
n
b

c

))
⌊ K
−
K

0
l

⌋

·ν
l
ex

p

(
lp

3
n
b

c

)
(1

+
a
≤
ea

)

≤
ν
K
−
K

0
ex

p

(⌊
K
−
K

0

2l

⌋(
−
p 4

+
lp

3
n
b

c

))
·e

x
p

(
lp

3
n
b

c

)

≤
ν
K
−
K

0
ex

p

(
K
−
K

0

2
l

( −
p 4

+
lp

3
n
b

c

))
·e

x
p

(
lp

3
n
b

c

)
(i
f
K
−
K

0
≥
l
an

d
(9
1)

ho
ld
s)

≤
ν
K
−
K

0
ex

p

(
K
−
K

0

2
l

( −
p 4

+
3l
p

3
n
b

c

))
,

(i
f
K
−
K

0
≥
l)

(9
3)

ex
ce
pt

w
it
h
a
pr
ob

ab
ili
ty

of
at

m
os
t

⌈ K
−
K

0

l

⌉ (
lb
−
C
α

+
b−

C
2

lo
g
(K
−
K

0
))

≤
2(
K
−
K

0
)

l

( lb
−
C
α

+
b−

C
2

lo
g
(K
−
K

0
))

(i
f
K
−
K

0
≥
l)

≤
(K
−
K

0
)e
−
C
α

+
b−

C
C

2
lo

g
(K
−
K

0
) ,

(9
4)

w
hi
ch

fo
llo

w
s
fr
om

an
ap

pl
ic
at
io
n
of

th
e
un

io
n
bo

un
d
to

th
e
fa
ilu

re
pr
ob

ab
ili
ty

in
(9
0)
.
W

it
h

th
e
ch
oi
ce

of
α

=
α
′ l

og
b

lo
g
(K
−
K

0
)
w
it
h
su
ffi
ci
en
tl
y
la
rg
e
α
′ ,
th
e
fa
ilu

re
pr
ob

ab
ili
ty

in
(9
4)

si
m
pl
ifi
es

to

(K
−
K

0
)e
−
C
α

+
b−

C
lo

g
(K
−
K

0
)

=
(K
−
K

0
)
·(
K
−
K

0
)−
C
α
′ l

o
g
b

+
b−

C
lo

g
(K
−
K

0
)
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E
ft

ek
h
a
r
i,

O
n
g
ie

,
B

a
lz

a
n
o
,
a
n
d

W
a
k
in

≤
(K
−
K

0
)−
C
α
′ l

o
g
b

+
b−

C
lo

g
(K
−
K

0
)

=
b−

C
α
′ l

o
g
(K
−
K

0
)

+
b−

C
lo

g
(K
−
K

0
)

≤
b−

C
lo

g
(K
−
K

0
) .

(9
5)

T
he

ne
xt

st
ep

in
vo
lv
es

el
em

en
ta
ry

bo
ok

ke
ep

in
g
to

up
pe

r-
bo

un
d
th
e
la
st

lin
e
of

(9
3)
.
Su

pp
os
e

th
at

α
&

lo
g
(
C
η̃

p
2
n
b

)

lo
g
b

,
(9
6)

p
.

1 √
n
b
.

(9
7)

U
si
ng

(9
6)

an
d
(9
7)

w
it
h
ap

pr
op

ri
at
e
co
ns
ta
nt
s
re
pl
ac
in
g
&

an
d
.

ab
ov
e,

w
e
m
ay

ve
ri
fy

th
at

b−
C
α
≤
C

1
p

2
n
b

4
η̃

,
(s
ee

(9
6)
)

(9
8)

C
1
p

2
n
b

η̃
.

2,
((
97

)
an

d
η̃
≥

1)
(9
9)

φ
(α

)
=

1
−

ex
p

( −
C

1
p

2
n
b

η̃

)
−
b−

C
α

(s
ee

(8
7)
)

≥
1 2
·C

1
p

2
n
b

η̃
−
b−

C
α

( (9
9)

an
d
e−

a
≤

1
−
a 2
fo
r
a
.

2)

≥
C

1
p

2
n
b

4η̃
,

(s
ee

(9
8)
)

(1
00

)

l
=
C

2
lo

g
b

lo
g
(K
−
K

0
)

φ
(α

)
(s
ee

(8
8)
)

≤
4
C

2
η̃

lo
g
b

lo
g
(K
−
K

0
)

C
1
p

2
n
b

.
(s
ee

(1
00

))
(1
01

)

N
ow

w
it
h
th
e
ch
oi
ce

of
c

=
96
C

2

C
1
η̃

lo
g
b

lo
g
(K
−
K

0
),

(1
02

)

w
e
m
ay

ve
ri
fy

th
at

−
p 4

+
3l
p

3
n
b

c
≤
−
p 8
,

(s
ee

(1
01

,1
02

))
(1
03

)

an
d,

re
vi
si
ti
ng

(9
3)
,w

e
fin

d
th
at

d
G

(S
,Ŝ

K
)

d
G

(S
,Ŝ

K
0
)

≤
ν
K
−
K

0
ex

p

(
K
−
K

0

2l

( −
p 4

+
3
lp

3
n
b

c

))
(s
ee

(9
3)
)
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
plete

D
ata

≤
ν
K
−
K

0
ex

p (−
(K
−
K

0 )p

16l

)
(see

(103))

=
(
ν

ex
p (−

p16l ))
K
−
K

0

≤
(
ν

ex
p (−

C
p

3n
b

η̃
log

b
log

(K
−
K

0 ) ))
K
−
K

0

(see
(101))

≤
ν
K
−
K

0 (
1−

C
p

3n
b

η̃
log

b
log

(K
−
K

0 ) )
K
−
K

0

((97)
and

η̃
≥

1)

≤
(

1−
C
p

3n
b

η̃
log

b
log

(K
−
K

0 ) )
K
−
K

0

,
(104)

w
here

w
e
set

ν
=

1
+

C
p

3n
b

η̃
log

b
log

(K
−
K

0 ) ,
(105)

for
an

appropriate
choice

of
constant

C
.
T
o
reiterate,

conditioned
on

the
event

E
′in

(85),
(104)

is
valid

provided
that

(84,86,96,97)
hold

and
except

w
ith

the
probability

of
at

m
ost

b −
C

lo
g
(K
−
K

0
),see

(95).
In

particular,to
better

interpret
(86),w

e
next

replace
the

coherence
η
(Ŝ
k )

therein
w
ith

the
sim

pler
quantity

η
(S

).
W
e
can

do
so

thanks
to

Lem
m
a
20

w
hich

roughly
speaking

states
that

a
pair

ofsubspacesA
and
B

w
ith

a
sm

allprincipalangle
have

sim
ilar

coherences,
nam

ely,
θ

1 (A
,B

)
≈

0
=⇒

η
(A

)
≈
η
(B

).
M
ore

concretely,
Lem

m
a
20

im
plies

that
√
η
(Ŝ
k )≤

√
η

(S
)

+
d
G

(S
,Ŝ

k ) √
n
.

(106)

for
every

k.
T
o
bound

the
distance

in
the

last
line

above,w
e
observe

that
(104)

holds
also

after
replacing

K
w
ith

any
k
∈

[K
0

+
l

:
K

],im
plying

in
particular

that

d
G

(S
,Ŝ

k )≤
d
G

(S
,Ŝ

K
0 ),

k
∈

[K
0

+
l

:
K

].
(107)

W
hen

k
∈

[K
0

+
1

:
K

0
+
l−

1]
how

ever,
w
e
cannot

guarantee
that

the
error

reduces
and

all
w
e
can

say
is

that
that

the
error

does
not

increase
by

m
uch.

T
hat

is,
for

every
k
∈

[K
0

+
1

:
K

0
+
l−

1],w
e
have

that

d
G

(S
,Ŝ

k )≤
ν
k−

K
0 (

1
+
p

3n
b

c

)
k−

K
0

d
G

(S
,Ŝ

K
0 )

(see
(74))

≤
ν
l (

1
+
p

3n
b

c

)
ld

G
(S
,Ŝ

K
0 )

=
ν
l (

1
+

C
p

3n
b

η̃
log

b
log

(K
−
K

0 ) )
ld

G
(S
,Ŝ

K
0 )

≤
(

1
+

C
p

3n
b

η̃
log

b
log

(K
−
K

0 ) )
2
ld

G
(S
,Ŝ

K
0 ),

(see
(105))

(108)

w
ith

an
appropriate

choice
of
C

in
(105).

W
e
continue

by
w
riting

that

d
G

(S
,Ŝ

k )≤
(

1
+

C
p

3n
b

η̃
log

b
log

(K
−
K

0 ) )
2
ld

G
(S
,Ŝ

K
0 )

(see
(108))
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

≤
ex

p (
C
p

3n
b

η̃
log

b
log

(K
−
K

0 ) ·
l )
d
G

(S
,Ŝ

K
0 )

(1
+
a
≤
e
a)

≤
e
C
pd

G
(S
,Ŝ

K
0 )

(see
(101))

.
d
G

(S
,Ŝ

K
0 ).

(p
≤

1)
(109)

C
om

bining
(107)

and
(109),w

e
arrive

at

d
G

(S
,Ŝ

k ).
d
G

(S
,Ŝ

K
0 ),

(110)

for
every

k
∈

[K
0

+
1

:
K

],
provided

that
(84,86,96,97)

hold
and

except
w
ith

a
probability

of
at

m
ost

b −
C

lo
g
(K
−
K

0
),see

(95).
Substituting

the
above

bound
into

(106)
yields

that
√
η
(Ŝ
k )≤

√
η

(S
)

+
d
G

(S
,Ŝ

k ) √
n

(see
(106))

≤
√
η

(S
)

+
C
d
G

(S
, Ŝ

K
0 ) √

n
(see

(110))

≤
√
η

(S
)

+
C
p

72n
32b

α
c

log
b √

log
n

(see
(84))

≤
√
η

(S
)

+
C
p

72n
32b

α
η̃

log
2
b √

log
n

log
(K
−
K

0 )
(see

(102))

≤
√
η

(S
)

+
1
.

((97)
and

η̃
≥

1)

≤
2 √

η
(S

).
(η

(S
)≥

1)
(111)

P
lugging

back
the

bound
above

into
(86)

yields
that

p
&

log
2
b

log
n
η
(S

)r

n
.

(112)

T
o
sum

m
arize,

conditioned
on

the
event

E
′,
w
e
have

established
that

(104)
is

valid
under

(84,96,97,112)
and

except
w
ith

a
probability

of
at

m
ost

b −
C

lo
g
(K
−
K

0
).

T
he

event
E
′

=
∩
Kk
=
K

0
+

1 E
′k
itselfholds

except
w
ith

a
probability

ofat
m
ost ∑

Kk
=
K

0
+

1
P

r[E
′Ck

]by
the

union
bound.

W
ith

an
application

of
the

law
of

total
probability,

(104)
is

therefore
valid

except
w
ith

a
probability

of
at

m
ost

b −
C

lo
g
(K
−
K

0
)

+
∑

Kk
=
K

0
+

1
P

r[E
′Ck

].
T
his

com
pletes

the
proof

of
T
heorem

10.
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
pl

et
e

D
at

a

A
p
p
en

d
ix

A
.

T
oo

lb
ox

T
hi
ss

ec
ti
on

co
lle

ct
sa

nu
m
be

ro
fs
ta
nd

ar
d
re
su
lt
sf
or

th
e
re
ad

er
’s
co
nv

en
ie
nc

e.
W
e
be

gi
n
w
it
h

th
e
fo
llo

w
in
g
la
rg
e-
de

vi
at
io
n
bo

un
ds

th
at

ar
e
re
pe

at
ed

ly
us
ed

in
th
e
re
st

of
th
e
ap

pe
nd

ic
es

(G
ro
ss
,2

01
1;

T
ro
pp

,2
01

2)
.
T
hr
ou

gh
ou

t,
C

is
a
un

iv
er
sa
lc

on
st
an

t
th
e
va
lu
e
of

w
hi
ch

m
ig
ht

ch
an

ge
in

ev
er
y
ap

pe
ar
an

ce
.

L
em

m
a
17

[H
oe
ff
d
in
g
in
eq
u
al
it
y]

Le
t
{z
i}
i
be

a
fin

it
e
se
qu
en
ce

of
ze
ro
-m

ea
n
in
de
pe
n-

de
nt

ra
nd

om
va
ri
ab
le
s
an

d
as
su
m
e
th
at

al
m
os
t
su
re
ly

ev
er
y
z i

be
lo
ng
s
to

a
co
m
pa
ct

in
te
rv
al

of
le
ng
th
l i

on
th
e
re
al

lin
e.

T
he
n,

fo
r
po
si
ti
ve

α
an

d
ex
ce
pt

w
it
h
a
pr
ob
ab
ili
ty

of
at

m
os
t

e−
C
α

2
/
∑
i
l2 i
,
it
ho
ld
s
th
at
∑

i
z i
≤
α
.

L
em

m
a
18

[M
at
ri
x
B
er
n
st
ei
n
in
eq
u
al
it
y
fo
r
sp
ec
tr
al

n
or
m
]
Le

t
{Z

i}
i
⊂

R
n
×
b
be

a
fin

it
e
se
qu
en
ce

of
ze
ro
-m

ea
n
in
de
pe
nd

en
t
ra
nd

om
m
at
ri
ce
s,

an
d
se
t

β
:=

m
ax i
‖Z

i‖
,

σ
2

:=

∥ ∥ ∥ ∥ ∥∑ i

E
[Z
∗ iZ

i]

∥ ∥ ∥ ∥ ∥
∨
∥ ∥ ∥ ∥ ∥∑ i

E
[Z
iZ
∗ i]

∥ ∥ ∥ ∥ ∥.

T
he
n,

fo
r
α
≥

1
an

d
ex
ce
pt

w
it
h
a
pr
ob
ab
ili
ty

of
at

m
os
t
e−

C
α
,
it
ho
ld
s
th
at

∥ ∥ ∥ ∥ ∥∑ i

Z
i∥ ∥ ∥ ∥ ∥
.
α
·m

ax
( lo

g
(n
∨
b)
·β
,√

lo
g

(n
∨
b)
·σ
) .

Fo
r
tw

o
r-
di
m
en

si
on

al
su
bs
pa

ce
s
A

an
d
B

w
it
h
pr
in
ci
pa

l
an

gl
es
θ 1

(A
,B

)
≥
θ 2

(A
,B

)
≥

··
·≥

θ r
(A
,B

),
re
ca
ll
th
e
fo
llo

w
in
g
us
ef
ul

id
en
ti
ti
es

ab
ou

t
th
e
pr
in
ci
pa

la
ng

le
s
be

tw
ee
n
th
em

:

si
n

(θ
1

(A
,B

))
=
‖P
A
⊥
P
B
‖

=
‖P
A
−
P
B
‖,

(1
13

)

√ √ √ √
r ∑ i=
1

si
n

2
(θ
i
(A
,B

))
=
‖P
A
⊥
P
B
‖ F

=
1 √
2
‖P
A
−
P
B
‖ F

.
(1
14

)

N
ot
e
al
so

th
e
fo
llo

w
in
g
pe

rt
ur
ba

ti
on

bo
un

d
th
at

is
sl
ig
ht
ly

st
ro
ng

er
th
an

th
e
st
an

da
rd

on
es
,

bu
t
pr
ov
ed

si
m
ila

rl
y
no

ne
th
el
es
s
(W

ed
in
,1

97
2)
.

L
em

m
a
19

[P
er
tu
rb
at
io
n

b
ou

n
d
]
F
ix

a
ra
nk
-r

m
at
ri
x
A

an
d
le
t
A

=
sp

an
(A

).
Fo

r
m
at
ri
x
B
,
le
t
B
r
be

a
ra
nk
-r

tr
un

ca
ti
on

of
B

ob
ta
in
ed

vi
a
SV

D
an

d
se
t
B r

=
sp

an
(B

r
).

T
he
n,

it
ho
ld
s
th
at

‖P
A
−
P
B r
‖

=
‖P
A
⊥
P
B r
‖
≤
‖P
A
⊥
B
‖

σ
r

(B
)
≤
‖B
−
A
‖

σ
r

(B
)
≤

‖B
−
A
‖

σ
r
(A

)
−
‖B
−
A
‖,

1 √
2
‖P
A
−
P
B r
‖ F

=
‖P
A
⊥
P
B r
‖ F
≤
‖P
A
⊥
B
‖ F

σ
r

(B
)
≤
‖B
−
A
‖ F

σ
r

(B
)

,

w
he

re
σ
r
(A

)
is

th
e
r
la
rg
es
t
si
ng

ul
ar

va
lu
e
of
A
.
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E
ft

ek
h
a
r
i,

O
n
g
ie

,
B

a
lz

a
n
o
,
a
n
d

W
a
k
in

P
ro
of

Le
t
B
r
+

:=
B
−
B
r
de
no

te
th
e
re
si
du

al
an

d
no

te
th
at

‖P
A
⊥
P
B r
‖

=
∥ ∥ ∥P
A
⊥
B
r
B
† r∥ ∥ ∥

(B
r

=
sp
an

(B
r
))

=
∥ ∥ ∥P
A
⊥

(B
−
B
r
+

)
B
† r∥ ∥ ∥

(B
=
B
r

+
B
r
+

)

=
∥ ∥ ∥P
A
⊥
B
B
† r∥ ∥ ∥

( sp
an

(B
∗ r+

)
⊥

sp
an

(B
∗ r)

=
sp
an
( B
† r))

≤
‖P
A
⊥
B
‖·
‖B
† r‖

=
‖P
A
⊥
B
‖

σ
r

(B
r
)

=
‖P
A
⊥

(B
−
A

)‖
σ
r

(B
r
)

≤
‖B
−
A
‖

σ
r

(B
r
)

≤
‖B
−
A
‖

σ
r

(A
)
−
‖B
−
A
‖.

(W
ey
l’s

in
eq
ua

lit
y)

T
he

pr
oo

f
is

id
en
ti
ca
lf
or

th
e
cl
ai
m

w
it
h
th
e
Fr
ob

en
iu
s
no

rm
an

d
is

th
er
ef
or
e
om

it
te
d.

La
st
ly
,l
et

us
re
co
rd

w
ha

t
ha

pp
en

s
to

th
e
co
he

re
nc

e
of

a
su
bs
pa

ce
un

de
r
a
sm

al
lp

er
tu
r-

ba
ti
on

,s
ee

(1
4)
.

L
em

m
a
20

[C
oh

er
en

ce
u
n
d
er

p
er
tu
rb
at
io
n
]
Le

t
A
,B

be
tw
o
r-
di
m
en
si
on

al
su
bs
pa
ce
s

in
R
n
,a

nd
le
t
d
G

(A
,B

)
de
no

te
th
ei
r
di
st
an

ce
,s

ee
(1
0)
.
T
he
n
th
ei
r
co
he
re
nc
es

ar
e
re
la
te
d
as

√
η

(B
)
≤
√
η

(A
)

+
d
G

(A
,B

)√
n
.

P
ro
of

Le
t
θ i

=
θ i

(A
,B

)
be

th
e
sh
or
th
an

d
fo
r
th
e
it
h
pr
in
ci
pa

la
ng

le
be

tw
ee
n
th
e
su
bs
pa

ce
s

A
an

d
B.

It
is

w
el
l-k

no
w
n
(G

ol
ub

an
d
V
an

Lo
an

,2
01

3)
th
at

th
er
e
ex
is
t
or
th
on

or
m
al

ba
se
s

A
,B
∈
R
n
×
r
fo
r
th
e
su
bs
pa

ce
s
A

an
d
B,

re
sp
ec
ti
ve
ly
,s

uc
h
th
at

A
∗ B

=
di
ag
([

co
s
θ 1

co
s
θ 2
··
·

co
s
θ r
])

=
:

Γ
∈
R
r
×
r
,

(1
15
)

w
he

re
di
ag

(a
)
is

th
e
di
ag

on
al

m
at
ri
x
fo
rm

ed
fr
om

ve
ct
or
a
.
T
he

re
al
so

ex
is
ts
A
′
∈

R
n
×
r

w
it
h
or
th
on

or
m
al

co
lu
m
ns

su
ch

th
at

( A
′) ∗

B
=

di
ag
([

si
n
θ 1

si
n
θ 2
··
·

si
n
θ r
])

=
:

Σ
∈
R
r
×
r
,

( A
′) ∗

A
=

0,
(1
16

)

an
d,

m
or
eo
ve
r,

sp
an
([

A
B
])

=
sp
an
([

A
A
′
])
.

(1
17

)

W
it
h
A
′ =

sp
an

(A
′ )
,i
t
fo
llo

w
s
th
at

B
=
P
A
B

+
P
A
′ B

=
A
A
∗ B

+
A
′ (
A
′ )
∗ B

=
A

Γ
+
A
′ Σ
.

(s
ee

(1
15

)
an

d
(1
16

))
(1
18

)

C
on

se
qu

en
tl
y,

√
η

(B
)

=

√
n r

m
ax i
‖B

[i
,:

]‖
2

(s
ee

(1
4)
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
plete

D
ata

≤
√
nr

m
ax
i
‖A

[i,:]·Γ‖
2

+

√
nr

m
ax
i

∥∥
A
′[i,:]·Σ ∥∥

2
((118)

and
triangle

inequality)

≤
√
nr

m
ax
i
‖A

[i,:]‖
2 ‖Γ‖

+

√
nr

m
a
x

i

∥∥
A
′[i,:] ∥∥

2 ‖
Σ‖

=
√
η

(A
)‖

Γ‖
+
√
η
(A
′)‖Σ‖

(see
(14))

≤
√
η

(A
)‖

Γ‖
+

√
nr
‖Σ‖

(
η
(A
′)≤

nr )

≤
√
η

(A
)

+

√
nr

sin
θ

1
(see

(115)
and

(116))

=
√
η

(A
)

+

√
nr
‖
P
A
⊥
P
B ‖

(see
(113))

≤
√
η

(A
)

+

√
nr
‖
P
A
⊥
P
B ‖

F

=
√
η

(A
)

+
d
G

(A
,B

) √
n
,

(see
(10))

(119)

w
hich

com
pletes

the
proof

of
Lem

m
a
20.

A
p
p
en

d
ix

B
.

S
u
p
p
lem

ent
to

S
ection

3

In
this

section,w
e
verify

that

R
k

=

{
arg

m
in
‖
P
Ŝ
⊥k−

1 X
k ‖

2F
+
λ‖P

Ω
Ck

(X
k )‖

2F

P
Ω
k

(X
k )

=
Y
k ,

(120)

w
hen

k
≥

2.
T
he

optim
ization

above
is

over
X
k
∈
R
n×

b.
F
irst

note
that

P
rogram

(120)
is

separable
and

equivalent
to

the
follow

ing
b
program

s:

R
k [:,j]

=

{
arg

m
in
‖
P
Ŝ
⊥k−

1 x‖
22

+
λ‖P

ω
Ct
x‖

2F

P
ω
t ·
x

=
y
t ,

t
=

(k−
1)b

+
j,

j∈
[1

:
b].

(121)

A
bove,

R
k [:,j]∈

R
n
is

the
jth

colum
n
of
R
k
in

M
A
T
LA

B
’s

m
atrix

notation
and

the
opti-

m
ization

is
over

x
∈
R
n.

T
o
solve

the
jth

program
in

(121),w
e
m
ake

the
change

ofvariables
x

=
y
t

+
W
ω
Ct
·
z.

H
ere,

z
∈

R
n−

m
and

W
ω
Ct
∈
{0
,1}

n×
(n−

m
)
is

defined
naturally

so
that

P
ω
Ct

=
W
ω
Ct
W
∗ω
Ct .

W
e
now

rew
rite

(121)
as

the
follow

ing
b
unconstrained

program
s:

z
j

:=
a
rg

m
in
‖P
Ŝ
⊥k−

1 y
t
+
P
Ŝ
⊥k−

1 W
ω
Ct
z‖

22
+
λ‖
P
ω
Ct
W
ω
Ct
z‖

2F

=
a
rg

m
in
‖
(Ŝ
⊥k−

1 ) ∗y
t
+

(Ŝ
⊥k−

1 ) ∗W
ω
Ct
z‖

22
+
λ‖z‖

2F
,

t
=

(k−
1)b

+
j,

j∈
[1

:
b].

(122)

A
bove,

Ŝ
⊥k−

1
∈

R
n×

(n−
r
)
is

an
orthonorm

al
basis

for
the

subspace
Ŝ
⊥k−

1
∈

G
(n
,n
−
r)

and
in

particular
P
Ŝ
⊥k−

1
=
Ŝ
⊥k−

1 (Ŝ
⊥k−

1 ) ∗.
T
he

optim
ization

above
is

over
z
∈
R
n−

m
.
N
ote

that

z
j

=
−
(
W
∗ω
Ct
P
Ŝ
⊥k−

1 W
ω
Ct

+
λ
I
n−

m )
−

1
W
∗ω
Ct
P
Ŝ
⊥k−

1 y
t ,

j∈
[1

:
b],

(123)
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

are
solutions

ofthe
least

squares
program

s
in

(122)
w
hen

m
is
large

enough.
For

fixed
j,w

e
sim

plify
the

expression
for

z
j
as

follow
s:

z
j

=
−
(
λ
I
n−

m
+
W
∗ω
Ct
P
Ŝ
⊥k−

1 W
ω
Ct )
−

1
W
∗ω
Ct
P
Ŝ
⊥k−

1 y
t

=
−
(

(1
+
λ

)I
n−

m
−
W
∗ω
Ct
P
Ŝ
k−

1 W
ω
Ct )
−

1
W
∗ω
Ct
P
Ŝ
⊥k−

1 y
t

(
P
Ŝ
⊥k−

1
=
I
n −

P
Ŝ
k−

1 )

=
−

1

1
+
λ

(
I
n−

m
+
W
∗ω
Ct
Ŝ
k−

1 (
(1

+
λ

)I
r −

Ŝ
∗k−

1 P
ω
Ct
Ŝ
k−

1 )
−

1
Ŝ
∗k−

1 W
ω
Ct )

W
∗ω
Ct
P
Ŝ
⊥k−

1 y
t

(inversion
lem

m
a)

=
−

1

1
+
λ

(
I
n−

m
+
W
∗ω
Ct
Ŝ
k−

1 (
(1

+
λ

)I
r −

Ŝ
∗k−

1 P
ω
Ct
Ŝ
k−

1 )
−

1
Ŝ
∗k−

1 W
ω
Ct )

W
∗ω
Ct
P
Ŝ
⊥k−

1 P
ω
t y
t

(y
t

=
P
ω
t y
t )

=
1

1
+
λ

(
I
n−

m
+
W
∗ω
Ct
Ŝ
k−

1 (
(1

+
λ

)I
r −

Ŝ
∗k−

1 P
ω
Ct
Ŝ
k−

1 )
−

1
Ŝ
∗k−

1 W
ω
Ct )

W
∗ω
Ct
P
Ŝ
k−

1 y
t

(
W
ω
Ct
P
ω
t

=
0 )

=
W
ω
Ct
P
Ŝ
k−

1 y
t

1
+
λ

+
W
∗ω
Ct
Ŝ
k−

1

1
+
λ

(
(1

+
λ

)I
r −

Ŝ
∗k−

1 P
ω
Ct
Ŝ
k−

1 )
−

1
Ŝ
∗k−

1 P
ω
Ct
P
Ŝ
k−

1 y
t

(
P
ω
Ct

=
W
ω
Ct
W
∗ω
Ct )

=
W
ω
Ct
P
Ŝ
k−

1 y
t

1
+
λ

+
W
∗ω
Ct
Ŝ
k−

1

1
+
λ

(
(1

+
λ

)I
r −

Ŝ
∗k−

1 P
ω
Ct
Ŝ
k−

1 )
−

1 (
Ŝ
∗k−

1 P
ω
Ct
Ŝ
k−

1 −
(1

+
λ

)I
r )
Ŝ
∗k−

1 y
t

+
W
∗ω
Ct
Ŝ
k−

1 (
(1

+
λ

)I
r −

Ŝ
∗k−

1 P
ω
Ct
Ŝ
k−

1 )
−

1
Ŝ
∗k−

1 y
t

=
W
∗ω
Ct
Ŝ
k−

1 (
(1

+
λ

)I
r −

Ŝ
∗k−

1 P
ω
Ct
Ŝ
k−

1 )
−

1
Ŝ
∗k−

1 y
t

=
W
∗ω
Ct
Ŝ
k−

1 (
λ
I
r

+
Ŝ
∗k−

1 P
ω
t Ŝ
k−

1 )
−

1
Ŝ
∗k−

1 y
t ,

(124)

w
hich

m
eans

thaty
t
+
W
ω
Ct
z
j

=
y
t
+
P
ω
Ct
Ŝ
k−

1 (
λ
I
r

+
Ŝ
∗k−

1 P
ω
t Ŝ
k−

1 )
−

1
Ŝ
∗k−

1 y
t ,

(125)

is
a
solution

ofthe
jth

program
in

(121)
w
hich

indeed
m
atches

the
jth

colum
n
of
R
k
defined

in
(1).

A
p
p
en

d
ix

C
.

P
roof

of
P

rop
osition

24

Let
us

form
the

blocks
Q

1
∈

R
b
1 ×
r,
S

1
∈

R
n×

b
1,

and
Ω

1
⊆

[1
:
n

]×
[1

:
b
1 ]

as
usual,

see
Section

3.
A
s
in

that
section,w

e
also

w
rite

the
m
easurem

ent
process

as
Y

1
=
P

Ω
1 (S

1 ),w
here

P
Ω

1 (·)
projects

onto
the

index
set

Ω
1 .

Let
us

fix
Q

1
for

now
.
A
lso

let
Y

1
,r
∈

R
n×

b
1
be

a
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
pl

et
e

D
at

a

ra
nk

-r
tr
un

ca
ti
on

of
Y

1
ob

ta
in
ed

vi
a
SV

D
.S

N
IP

E
th
en

se
ts
Ŝ 1

=
sp
an

(Y
1
,r

).
O
ur

ob
je
ct
iv
e

he
re

is
to

co
nt
ro
l‖
P
S⊥
P
Ŝ 1
‖ F

.
Si
nc

e

‖P
S⊥
P
Ŝ 1
‖ F
≤
√
r‖
P
S⊥
P
Ŝ 1
‖,

( Ŝ
1
∈
G

(n
,r

))
(1
26

)

it
su
ffi
ce
s
to

bo
un

d
th
e
sp
ec
tr
al

no
rm

.
C
on

di
ti
on

ed
on

Q
1
,i
t
is

ea
sy

to
ve
ri
fy

th
at

E[
Y

1
]

=
E[
P

Ω
1
(S

1
)]

=
p
·S

1
,
su
gg

es
ti
ng

th
at

w
e
m
ig
ht

co
ns
id
er
Y

1
as

a
pe

rt
ur
be

d
co
py

of
p
·S

1

an
d
pe

rh
ap

s
co
ns
id
er
Ŝ 1

=
sp
an

(Y
1
,r

)
as

a
pe

rt
ur
ba

ti
on

of
S

=
sp
an

(p
·S

1
).

In
de

ed
,
th
e

pe
rt
ur
ba

ti
on

bo
un

d
in

Le
m
m
a
19

di
ct
at
es

th
at

‖P
S⊥
P
Ŝ 1
‖
≤

‖Y
1
−
p
S

1
‖

p
·σ

r
(S

1
)
−
‖Y

1
−
p
S

1
‖

=
‖Y

1
−
p
S

1
‖

p
·σ

r
(Q

1
)
−
‖Y

1
−
p
S

1
‖

(S
1

=
S
Q

1
,
S
∗ S

=
I r

)

≤
2 p
·‖
Y

1
−
p
S

1
‖

σ
r

(Q
1
)

.
( if
‖Y

1
−
p
S
Q

1
‖
≤
p 2
·σ

r
(Q

1
))

(1
27

)

It
re
m
ai
ns

to
bo

un
d
th
e
no

rm
in

th
e
la
st

lin
e
ab

ov
e.

T
o
th
at

en
d,

w
e
st
ud

y
th
e
co
nc

en
tr
at
io
n

of
Y

1
ab

ou
t
it
s
ex
pe

ct
at
io
n
by

w
ri
ti
ng

th
at

Y
1
−
p
S

1
=
P

Ω
1

(S
1
)
−
p
S

1
=
∑ i,
j

(ε
i,
j
−
p
)
S

1
[i
,j

]·
E
i,
j

=
:
∑ i,
j

Z
i,
j
,

(1
28

)

w
he

re
{ε
i,
j
} i,
j

in
d
.
∼

B
er
no

ul
li(
p
)
an

d
E
i,
j
∈
R
n
×
b 1
is
th
e

[i
,j

]t
h
ca
no

ni
ca
lm

at
ri
x.

A
dd

it
io
na

lly
,

{Z
i,
j
} i,
j
ar
e
in
de

pe
nd

en
t
ze
ro
-m

ea
n

ra
nd

om
m
at
ri
ce
s.

In
or
de

r
to

ap
pe

al
to

th
e
m
at
ri
x

B
er
ns
te
in

in
eq
ua

lit
y
(L

em
m
a
18

),
w
e
co
m
pu

te
th
e
β
an

d
σ
pa

ra
m
et
er
s
be

lo
w
,s
ta
rt
in
g
w
it
h

β
:

‖Z
i,
j
‖

=
‖(
ε i
,j
−
p
)
S

1
[i
,j

]
·E

i,
j
‖

=
|(ε

i,
j
−
p
)
S

1
[i
,j

]|
(‖
E
i,
j
‖

=
1)

≤
|S

1
[i
,j

]|
(ε
i,
j
∈
{0
,1
})

≤
‖S

1
‖ ∞

≤
‖S
‖ 2
→
∞
‖Q

1
‖ 2
→
∞

(S
1

=
S
Q

1
,
‖A
B
∗ ‖
∞
≤
‖A
‖ 2
→
∞
‖B
‖ 2
→
∞

)

≤
√
η

(S
)
r

n
·√

η
(Q

1
)
r

b 1
·‖
Q

1
‖

(s
ee

(1
4)

)

=
:
β
.

(1
29

)

A
bo

ve
,
‖A
‖ ∞

an
d
‖A
‖ 2
→
∞

re
tu
rn

th
e
la
rg
es
t
en
tr
y
of
A

in
m
ag

ni
tu
de

an
d
th
e
la
rg
es
t
` 2

no
rm

of
th
e
ro
w
s
of

m
at
ri
x
A
,r
es
pe

ct
iv
el
y.

A
s
fo
r
σ
,w

e
w
ri
te

th
at

∥ ∥ ∥ ∥ ∥ ∥E

 ∑

i,
j

Z
i,
j
Z
∗ i,j

 ∥ ∥ ∥ ∥ ∥ ∥
=

∥ ∥ ∥ ∥ ∥ ∥∑ i,
j

E
[ (ε

i,
j
−
p
)2
] S

1
[i
,j

]2
·E

i,
i∥ ∥ ∥ ∥ ∥ ∥

=

∥ ∥ ∥ ∥ ∥ ∥∑ i,
j

p
(1
−
p
)S

1
[i
,j

]2
·E

i,
i∥ ∥ ∥ ∥ ∥ ∥

(ε
i,
j
∼

B
er
no

ul
li(
p
))
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E
ft

ek
h
a
r
i,

O
n
g
ie

,
B

a
lz

a
n
o
,
a
n
d

W
a
k
in

≤
p

∥ ∥ ∥ ∥ ∥ ∥∑ i,
j

S
1
[i
,j

]2
·E

i,
j

∥ ∥ ∥ ∥ ∥ ∥

=
p

∥ ∥ ∥ ∥ ∥∑ i

‖S
1
[i
,:

]‖
2 2
·E

i,
i∥ ∥ ∥ ∥ ∥

=
p

m
ax i
‖S

1
[i
,:

]‖
2 2

=
p
‖S

1
‖2 2
→
∞

≤
p
‖S
‖2 2
→
∞
·‖
Q

1
‖2

(S
1

=
S
Q

1
,
‖A
B
‖ 2
→
∞
≤
‖A
‖ 2
→
∞
‖B
‖)

=
p
·η

(S
)
r

n
·‖
Q

1
‖2
.

(s
ee

(1
4)

)
(1
30

)

In
a
si
m
ila

r
fa
sh
io
n,

w
e
fin

d
th
at

∥ ∥ ∥ ∥ ∥ ∥E

 ∑

i,
j

Z
∗ i,j
Z
i,
j

 ∥ ∥ ∥ ∥ ∥ ∥
≤
p

∥ ∥ ∥ ∥ ∥ ∥∑ j

‖S
1
[:
,j

]‖
2 2
E
j,
j

∥ ∥ ∥ ∥ ∥ ∥
=
p
‖S
∗ 1
‖2 2
→
∞

≤
p
·‖
S
‖2
·‖
Q

1
‖2 2
→
∞

(S
1

=
S
Q

1
,
‖A
B
‖ 2
→
∞
≤
‖A
‖ 2
→
∞
‖B
‖)

≤
p
·η

(Q
1
)
r

b 1
·‖
Q

1
‖2
,

(‖
S
‖

=
1,

se
e
(1
4)

)
(1
31

)

an
d
ev
en
tu
al
ly σ
2

=

∥ ∥ ∥ ∥ ∥ ∥E

 ∑

i,
j

Z
∗ i,j
Z
i,
j

 ∥ ∥ ∥ ∥ ∥ ∥
∨

∥ ∥ ∥ ∥ ∥ ∥E

 ∑

i,
j

Z
i,
j
Z
∗ i,j

 ∥ ∥ ∥ ∥ ∥ ∥

≤
p
r n

( 1
∨
n b 1

)
(η

(S
)
∨
η

(Q
1
))
‖Q

1
‖2
.

(s
ee

(1
30

)
an

d
(1
31

))
(1
32

)

La
st
ly
,

m
ax
( lo

g
(n
∨
b 1

)
·β
,√

lo
g
(n
∨
b 1

)
·σ
)

.
m

ax

( lo
g
(n
∨
b 1

)
·r n

,√
lo

g
(n
∨
b 1

)
·√

p
r n

)
√

1
∨
n b 1
·√

η
(S

)
∨
η

(Q
1
)
·‖
Q

1
‖

(s
ee

(1
29

)
an

d
(1
32

))

≤
√

lo
g
(n
∨
b 1

)
·√

p
r n

√
1
∨
n b 1
·√

η
(S

)
∨
η

(Q
1
)
·‖
Q

1
‖.

( if
p
≥

lo
g

(n
∨
b 1

)
r

n

) (1
33

)

T
he

B
er
ns
te
in

in
eq
ua

lit
y
no

w
di
ct
at
es

th
at

‖Y
1
−
p
S

1
‖

=

∥ ∥ ∥ ∥ ∥ ∥∑ i,
j

Z
i,
j

∥ ∥ ∥ ∥ ∥ ∥
(s
ee

(1
28

))
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
plete

D
ata

.
α

m
ax (

log
(n
∨
b
1 )·β

, √
log

(n
∨
b
1 ·σ )

(see
Lem

m
a
18)

.
α √

log
(n
∨
b
1 )· √

rpn

√
1∨

nb
1 · √

η
(S

)∨
η

(Q
1 )·‖

Q
1 ‖,

(see
(133))(134)

except
w
ith

a
probability

of
at

m
ost

e −
α.

In
particular,suppose

that

p
&
α

2ν
(Q

1 )
2 (

1∨
nb
1 )

(η
(S

)∨
η

(Q
1 ))

r
log

(n
∨
b
1 )

n
,

(
ν

(Q
1 )

=
‖Q

1 ‖
σ
r (Q

1 ) )
(135)

so
that

(127)
holds.

T
hen,

by
substituting

(134)
back

into
(127)

and
then

applying
(126),

w
e
find

that

‖
P
S
⊥
P
Ŝ

1 ‖
F

√
r

≤
‖P
S
⊥
P
Ŝ

1 ‖
(see

(126))

≤
2p
· ‖Y

1 −
p
S

1 ‖
σ
r (Q

1 )
(see

(127))

.
α √

log
(n
∨
b
1 )·

rp
n

(
1∨

nb
1 )

(η
(S

)∨
η

(Q
1 ))·

ν
(Q

1 )
(see

(134))

=
:
δ

1
(ν

(Q
1 ),η

(Q
1 ))

,
(136)

exceptw
ith

a
probability

ofatm
ost

e −
α
and

forfixed
Q

1 .
In

orderto
rem

ove
the

conditioning
on

Q
1 ,fix

ν
≥

1,
1
≤
η

1 ≤
b
1r ,and

recallthe
follow

ing
inequality

for
eventsA

and
B
:

P
r

[A
]

=
P

r
[A
|B

]·P
r

[B
]+

P
r [A
|B
C ]·P

r [B
C ]≤

P
r

[A
|B

]+
P

r [B
C ]
.

(137)

SetQ
1

=
span

(Q
∗1 )

and
letE

be
the

event
w
here

both
ν

(Q
1 )≤

ν
and

η
(Q

1 )≤
η

1 .
T
hanks

to
the

inequality
above,w

e
find

that

P
r [‖

P
S
⊥
P
Ŝ

1 ‖
F

√
r

&
δ

1
(ν
,η

1 ) ]

≤
P

r [‖P
S
⊥
P
Ŝ

1 ‖
F

√
r

&
δ

(ν
,η

1 )|E ]
+

P
r [E

C ]
(see

(137))

≤
e −

α
+

P
r

[ν
(Q

1 )
>
ν

]+
P

r
[η

(Q
1 )
>
η

1 ],
(see

(136))
(138)

w
hich

com
pletes

the
proof

of
P
roposition

24.
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P
roof

of
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m
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W
e
conveniently

define
the

orthonorm
albasis

B
=
[
U

U
⊥
]∈

R
n×

n
.

T
hen

the
perturbation

from
U

can
be

w
ritten

m
ore

com
pactly

as

U
+
U
⊥

∆
′
=
B

[
I
r

∆
′ ]
∈
R
n×

r.
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

In
particular,orthogonalprojection

onto
span

(U
+
U
⊥

∆
′)
is

(U
+
U
⊥

∆
′)(U

+
U
⊥

∆
′) †

=
B

[
I
r

∆
′ ]· [

I
r

∆
′ ]†

B
∗

=
B

[
I
r

∆
′ ](I

r
+

∆
′∗∆
′ )−

1 [
I
r

∆
′∗
]
O
∗

=
B

[
I
r

∆
′∗

∆
′

0
n−

r

]
B
∗

+
o(‖∆

′‖
F

),
(139)

w
here

0
n−

r ∈
R

(n−
r
)×

(n−
r
)
is

the
m
atrix

of
zeros

of
size

n
−
r.

From
(30),note

also
that

f
Ω

(X
,U

)
=
〈P
U
⊥
,X

X
∗〉

+
λ‖P

Ω
C

(X
)‖

2F
=
〈
I
n −

U
U
†,X

X
∗ 〉

+
λ‖
P

Ω
C

(X
)‖

2F
.

W
e
can

now
w
rite

that

f
Ω

(
X

+
∆
,U

+
U
⊥

∆
′ )

=

〈
I
n −

B

[
I
r

∆
′∗

∆
′

0
n−

r

]
B
∗,(X

+
∆

)
(X

+
∆

) ∗ 〉
+

2
λ
P

Ω
C

(X
)

+
o(‖∆

‖
F

)
+
o(‖

∆
′‖
F

)

(see
(139))

=

〈
B

[
0
r
−

∆
′∗

−
∆
′

I
n−

r

]
B
∗,(X

+
∆

)
(X

+
∆

) ∗ 〉
+

2
λ
P

Ω
C

(X
)

+
o(‖∆

‖
F

)
+
o(‖

∆
′‖
F

)

=

〈[
0
r
−

∆
′∗

−
∆
′

I
n−

r

]
,B
∗

(X
X
∗

+
∆
X
∗

+
X

∆
∗)
B

〉
+

2
λ
P

Ω
C

(X
)

+
o(‖

∆
‖
F

)
+
o(‖

∆
′‖
F

)

=

〈[
0
r

0
r×

(n−
r
)

0
(n−

r
)×
r

I
n−

r

]
,B
∗X

X
∗B
〉

+

〈[
0
r

0
r×

(n−
r
)

0
(n−

r
)×
r

I
n−

r

]
,B
∗∆
X
∗B

+
B
∗X

∆
∗B
〉

−
〈[

0
r

∆
′∗

∆
′

0
n−

r

]
,B
∗X

X
∗B
〉

+
2
λ
P

Ω
C

(X
)

+
o(‖∆

‖
F

)
+
o(‖

∆
′‖
F

).
(140)

W
e
can

further
sim

plify
the

above
expansion

as

f
Ω

(
X

+
∆
,U

+
U
⊥

∆
′ )

=
f

Ω
(X
,U

)
+

2〈∆
,P
U
⊥
X
〉−

2 〈
∆
′,(U

⊥
) ∗X

X
∗U
〉

+
2
λ
P

Ω
C

(X
)

+
o(‖∆

‖
F

)
+
o(‖

∆
′‖
F

).

(141)

T
herefore

the
partialderivatives

of
f
are

∂
X
f

Ω
(X
,U

)
=

2P
U
⊥
X

+
2
λ
P

Ω
C

(X
)∈

R
n×

T
,

∂U
f

Ω
(X
,U

)
=
−

2(U
⊥

) ∗X
X
∗U
∈
R

(n−
r
)×
r,

(142)

w
hich

com
pletes

the
proof

of
Lem

m
a
13.
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.
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−
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and

then
send

i,l
to

infinity
to

find
that

0
=

lim
i→
∞

lim
l→
∞
‖
P

Ω̂
(R

k
l ,ε
i )−

Ŷ
‖
F

(see
(44))

=
lim
i→
∞

lim
l→
∞
‖
P

Ω
k (R

k
l ,ε
i )−

Y
k
l ‖
F

(see
(34,36))

=
lim
l→
∞
‖
P

Ω
k
l (R

)−
Y
k
l ‖
F
.

(see
Lem

m
a
14)

(162)

T
o
establish

(58),w
e
restrict

(45)
to
{ε
i }
i
and

then
send

i
to

infinity
to

find
that

0
=

lim
i→
∞

lim
l→
∞

∥∥∥
∂
X
f

Ω̂
(R

k
l ,ε
i ,Ŝ

k
l ,ε
i )

+
λ
k
l ,ε
i (P

Ω̂
(R

k
l ,ε
i )−

Ŷ
) ∥∥∥

2F

=
lim
i→
∞

lim
l→
∞

∥∥∥
P

Ω̂
C

(
∂
X
f

Ω̂
(R

k
l ,ε
i ,Ŝ

k
l ,ε
i ) ) ∥∥∥

2F

+
lim
i→
∞

lim
l→
∞

∥∥∥
P

Ω̂

(
∂
X
f

Ω̂
(R

k
l ,ε ,Ŝ

k
l ,ε
i )

+
λ
k
,ε
i (R

k
l ,ε
i −

Ŷ
) ) ∥∥∥

2F

≥
lim
i→
∞

lim
l→
∞

∥∥∥
P

Ω̂
C

(
∂
X
f

Ω̂
(R

k
l ,ε
i ,Ŝ

k
l ,ε
i ) ) ∥∥∥

2F

=
lim
l→
∞

∥∥∥
P

Ω
Ck
l (
∂
X
f

Ω
k
l (R

,Ŝ
) ) ∥∥∥

2F
.

(see
(34)

and
Lem

m
a
14)

(163)

T
his

com
pletes

the
proof

of
Lem

m
a
15.
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

A
p
p
en

d
ix

G
.

P
roof

of
L
em

m
a

16

R
ecall

that
by

construction
in

Section
3,

the
row

s
of

the
coeffi

cient
m
atrix

Q
k
∈

R
b×
r
are

independent
copies

ofthe
random

vector
q∈

R
r.

Setting
S
k

=
S
·Q
∗k ∈

R
n×

b,w
e
observe

in
iteration

k
each

entry
ofthe

data
block

S
k
independently

w
ith

a
probability

of
p,collect

the
observed

entries
in
Y
k ∈

R
n×

b,supported
on

the
index

set
Ω
k ⊆

[1
:
n

]×
[1

:
b].

W
e
w
rite

this
as
Y
k

=
P

Ω
k (S

k ),w
here

the
linear

operator
P

Ω
k
retains

the
entries

on
the

index
set

Ω
k
and

sets
the

rest
to

zero.
R
ecallalso

that
Q
k
is
obtained

by
concatenating

the
coeffi

cient
vectors

{
q
t }
k
b
t=

(k−
1
)b+

1
⊂

R
r.

T
o
unburden

the
notation,

w
e
enum

erate
these

vectors
as
{
q
j }
bj=

1 .
Likew

ise,
w
e
use

the
indexing

{
s
j ,y

j ,ω
j }
bj=

1
for

the
data

vectors,
incom

plete
data

vectors,
and

their
supports,respectively.

G
iven

the
new

incom
plete

block
Y
k
at

iteration
k,

w
e
update

our
estim

ate
of

the
true

subspaceS
from

the
old
Ŝ
k−

1
as

follow
s.

W
e
calculate

the
random

m
atrix

R
n×

b3
R
k

:=
Y
k

+
P

Ω
Ck

(O
(Y
k ))

,
(164)

w
here

the
linear

operator
P

Ω
Ck
projects

onto
the

com
plem

ent
of

index
set

Ω
k ,and

O
(Y
k )

=
[···Ŝ

k−
1 (P

ω
j Ŝ

k−
1 ) †y

j ··· ]∈
R
n×

b.
(165)

A
bove,

Ŝ
k−

1
∈

R
n×

r
is

an
orthonorm

al
basis

for
the

r-dim
ensional

subspace
Ŝ
k−

1 .
If

σ
r (R

k )
<
σ

m
in ,

reject
this

iteration,
see

A
lgorithm

1.
O
therw

ise,
let

R
k
,r

denote
a
rank-r

truncation
of
R
k
obtained

via
SV

D
.T

hen
our

updated
estim

ate
isŜ

k
=

span
(R

k
,r ).

W
e
condition

on
the

subspaceŜ
k−

1
and

the
coeffi

cient
m
atrix

Q
k
for

now
.
T
o
controlthe

estim
ation

error
d
G

(S
,Ŝ

k ),our
strategy

is
to

treat
R
k
as

a
perturbed

copy
of
S
k

=
S
Q
∗k
and

in
turn

treatŜ
k

=
span

(R
k
,r )

as
a
perturbed

copy
ofS

=
span

(S
k ).

Indeed,an
application

of
the

perturbation
bound

in
Lem

m
a
19

yields
that

‖P
S
⊥
P
Ŝ
k ‖
F
≤
‖P
S
⊥
R
k ‖
F

σ
r

(R
k )

.
(166)

T
o
controlthe

num
erator

above,w
e
begin

w
ith

som
e
preparation.

F
irst,recalling

the
defi-

nition
of
O

(Y
k )

from
(165),w

e
observe

that

O
(Y
k )

=
O

(P
Ω
k

(S
k ))

(Y
k

=
P

Ω
k

(S
k ))

=
O

(P
Ω
k (P
Ŝ
k−

1 S
k ))

+
O

(P
Ω
k (P
Ŝ
⊥k−

1 S
k ))

(linearity
of
O

)

=
P
Ŝ
k−

1 S
k

+
O

(P
Ω
k (P
Ŝ
⊥k−

1 S
k )).

(see
(165))

(167)

T
he

above
decom

position
allow

s
us

to
rew

rite
R

in
(164)

as

R
k

=
Y
k

+
P

Ω
Ck

(O
(Y
k ))

(see
(164))

=
P

Ω
k (S

k )
+
P

Ω
Ck

(O
(Y
k ))

(Y
k

=
P

Ω
k (S

k ))

=
P

Ω
k

(S
k )

+
P

Ω
Ck

(P
Ŝ
k−

1 S
k )

+
[P

Ω
Ck
◦
O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k )

(see
(167),

f
◦
g
(x

)
:=

f
(g

(x
)))
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
pl

et
e

D
at

a

=
S
k
−
P

Ω
C k

(S
k
)

+
P

Ω
C k

(P
Ŝ k
−

1
S
k
)

+
[P

Ω
C k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)

=
S
k
−
P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
C k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)

=
S
k
−
P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)
−

[P
Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)

+
[O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
).

(1
68

)

Si
nc

e
P
S⊥
S
k

=
P
S⊥
S
Q
∗ k

=
0,

it
im

m
ed

ia
te
ly

fo
llo

w
s
th
at

P
S⊥
R
k

=
−
P
S⊥
·P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)
−
P
S⊥
·[P

Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)
+
P
S⊥
·[O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
).

In
pa

rt
ic
ul
ar
,w

it
h
an

ap
pl
ic
at
io
n
of

th
e
tr
ia
ng

le
in
eq
ua

lit
y
ab

ov
e,

w
e
fin

d
th
at

‖P
S⊥
R
k
‖ F

≤
∥ ∥ ∥P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F

+
∥ ∥ ∥P
S⊥
·[
O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F

.
(1
69

)

W
e
pr
oc
ee
d

by
co
nt
ro
lli
ng

ea
ch

no
rm

on
th
e
ri
gh

t-
ha

nd
si
de

ab
ov
e
us
in
g
th
e
ne

xt
tw

o
te
ch
ni
ca
ll
em

m
as
,p

ro
ve
d
in

A
pp

en
di
ce
s
H

an
d
I,
re
sp
ec
ti
ve
ly
.

L
em

m
a
21

It
ho
ld
s
th
at

E
[ ∥ ∥ ∥
P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F
|Ŝ

k
−

1
,Q

k

]

≤
√

1
−
p
·‖
P
S⊥
P
Ŝ k
−

1
‖ F
·‖
Q
k
‖.

(1
70

)

Fo
r
fix

ed
Ŝ k
−

1
an

d
Q
k
,
w
e
al
so

ha
ve

∥ ∥ ∥P
Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F
≤
‖P
S⊥
P
Ŝ k
−

1
‖ F
·‖
Q
k
‖.

(1
71

)

an
d
th
e
st
ro
ng
er

bo
un

d
∥ ∥ ∥P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F
≤
√

1
−
p
/
2
·‖
P
S⊥
P
Ŝ k
−

1
‖ F
·‖
Q
k
‖,

(1
72

)

ex
ce
pt

w
it
h
a
pr
ob
ab
ili
ty

of
at

m
os
t

ex
p

( −
C

1
p

2
n
b

η̃ k

)
,

(1
73

)

w
he
re

η̃ k
=
η̃
(P
Ŝ⊥ k
−

1
S
k
)

=
n
b
·‖
P
Ŝ⊥ k
−

1
S
k
‖2 ∞

‖P
Ŝ⊥ k
−

1
S
k
‖2 F

.
(1
74

)

L
em

m
a
22

Fo
r
fix

ed
Ŝ k
−

1
,Q

k
an

d
α
≥

1
,
it
ho
ld
s
th
at

∥ ∥ ∥P
S⊥
·[
O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F
.
α

lo
g
b√

lo
g
n

p
·‖
P
S⊥
P
Ŝ k
−

1
‖·
‖P
S⊥
P
Ŝ k
−

1
‖ F
·‖
Q
k
‖,

(1
75

)

ex
ce
pt

w
it
h
a
pr
ob
ab
ili
ty

of
at

m
os
t
b−

C
α
an

d
pr
ov
id
ed

th
at
p
&
α

2
lo

g
2
b

lo
g
n
·η

(Ŝ
k
−

1
)r
/n

.
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E
ft

ek
h
a
r
i,

O
n
g
ie

,
B

a
lz

a
n
o
,
a
n
d

W
a
k
in

W
e
ne

xt
us
e
Le

m
m
as

21
an

d
22

to
de
ri
ve

tw
o
bo

un
ds

fo
r
th
e
nu

m
er
at
or

of
(1
66

),
th
e
w
ea
ke
r

bo
un

d
ho

ld
s
w
it
h
hi
gh

pr
ob

ab
ili
ty

bu
t
th
e
st
ro
ng

er
bo

un
d
ho

ld
s
w
it
h
on

ly
so
m
e
pr
ob

ab
ili
ty
.

M
or
e
sp
ec
ifi
ca
lly

,s
ub

st
it
ut
in
g
(1
71

)
an

d
(1
75

)
in
to

(1
69

)
yi
el
ds

th
at

‖P
S⊥
R
k
‖ F

≤
∥ ∥ ∥P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F

+
∥ ∥ ∥P
S⊥
·[
O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F

(s
ee

(1
69

))

≤
(

1
+
C
α

lo
g
b√

lo
g
n

p
‖P
S⊥
P
Ŝ k
−

1
‖)
‖P
S⊥
P
Ŝ k
−

1
‖ F
‖Q

k
‖,

(1
76

)

ex
ce
pt

w
it
h
a
pr
ob

ab
ili
ty

of
at

m
os
t
b−

C
α
an

d
pr
ov

id
ed

th
at
p
&
α

2
lo

g
2
b

lo
g
n
·η

(Ŝ
k
−

1
)r
/
n
.

Fo
r
po

si
ti
ve
c
to

be
se
t
la
te
r,
le
t
us

fu
rt
he

r
as
su
m
e
th
at

‖P
S⊥
P
Ŝ k
−

1
‖
≤
‖P
S⊥
P
Ŝ k
−

1
‖ F
.

p
7 2
n
b

cα
lo

g
b√

lo
g
n
.

(1
77

)

W
it
h
an

ap
pr
op

ri
at
e
co
ns
ta
nt

re
pl
ac
in
g
.

ab
ov
e,

(1
76

)
si
m
pl
ifi
es

to

‖P
S⊥
R
k
‖ F
.
( 1

+
p

3
n
b

c

)
‖P
S⊥
P
Ŝ k
−

1
‖ F
‖Q

k
‖.

(1
78

)

A
st
ro
ng

er
bo

un
d
is

ob
ta
in
ed

by
su
bs
ti
tu
ti
ng

(1
72
,1

75
)
in
to

(1
69

),
na

m
el
y,

‖P
S⊥
R
k
‖ F

≤
∥ ∥ ∥P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F

+
∥ ∥ ∥P
S⊥
·[
O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F

(s
ee

(1
69

))

≤
(√

1
−
p 2

+
p

3
n
b

c

)
‖P
S⊥
P
Ŝ k
−

1
‖ F
‖Q

k
‖

(s
ee

(1
72

,1
75

,1
77

))

≤
( 1
−
p 4

+
p

3
n
b

c

)
‖P
S⊥
P
Ŝ k
−

1
‖ F
‖Q

k
‖,

(1
79

)

pr
ov
id
ed

th
at
p
&
α

2
lo

g
2
b

lo
g
n
·η

(Ŝ
k
−

1
)r
/n

an
d
ex
ce
pt

w
it
h
a
pr
ob

ab
ili
ty

of
at

m
os
t

ex
p

( −
C

1
p

2
n
b

η̃ k

)
+
b−

C
α
.

N
ot
e
th
at

(1
78

)
an

d
(1
79

)
off

er
tw

o
al
te
rn
at
iv
e
bo

un
ds

fo
r
th
e
nu

m
er
at
or

in
th
e
la
st

lin
e

(1
66

),
w
hi
ch

w
e
w
ill

ne
xt

us
e
to

co
m
pl
et
e
th
e
pr
oo

f
of

Le
m
m
a
16

.
F
ix

th
e
su
bs
pa

ce
Ŝ k
−

1
fo
r
no

w
.

Le
t
E
k
−

1
be

th
e
ev
en
t
w
he

re
p
&

α
2

lo
g

2
b

lo
g
n
·

η
(Ŝ
k
−

1
)r
/n

an
d
(1
77

)
ho

ld
s.

Fo
r
ν
≥

1
to

be
se
t
la
te
r,
le
t
E
′ k
be

th
e
ev
en
t
w
he
re

‖Q
k
‖
≤
ν
·σ

m
in
.

(1
80

)

C
on

di
ti
on

ed
on

th
e
ev
en
t
E
k
−

1
∩
E
′ k,

w
e
w
ri
te

th
at

‖P
S⊥
P
Ŝ k
‖ F
≤
‖P
S⊥
R
k
‖ F

σ
r

(R
k
)

(s
ee

(1
66

))
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
plete

D
ata

≤
‖P
S
⊥
R
k ‖
F

σ
m

in

.
ν (

1
+
p

3n
b

c

)
‖
P
S
⊥
P
Ŝ
k−

1 ‖
F
,

(see
(178))

(181)

except
w
ith

a
probability

ofat
m
ost

b −
C
α.

A
stronger

bound
is
obtained

from
(179),nam

ely,

‖P
S
⊥
P
Ŝ
k ‖
F
≤
‖
P
S
⊥
R
k ‖
F

σ
r

(R
k )

(see
(166))

≤
ν (

1−
p4

+
p

3n
b

c

)
‖P
S
⊥
P
Ŝ
k−

1 ‖
F
,

(see
(179))

(182)

conditioned
on

the
event

E
k−

1 ∩
E
′k
and

except
w
ith

a
probability

of
at

m
ost

ex
p (−

C
1 p

2n
b

η̃
k

)
+
b −

C
α
.

(183)

T
his

com
pletes

the
proof

of
the

probabilistic
claim

s
in

Lem
m
a
16,

nam
ely,

(74)
and

(75).
T
o
com

plete
the

proofofLem
m
a
16,w

e
next

derive
a
bound

for
the

conditionalexpectation
of‖

P
S
⊥
P
Ŝ
k ‖
F
.
Let

E
′′k be

the
event

w
here

p
&
α

2
log

2
b

log
n
·
η
(Ŝ
k−

1 )r/n
and

∥∥∥
P
S
⊥
·[O
◦
P

Ω
] (
P
Ŝ
⊥k−

1 S
k ) ∥∥∥

F
.
p

3n
b

c
‖
P
S
⊥
P
Ŝ
k−

1 ‖
F ‖
Q
k ‖.

(184)

In
light

of
Lem

m
a
22,w

e
have

that

P
r[E
′′k |Ŝ

k−
1 ,E

k ,E
′k ]≥

1−
b −

C
α
.

(185)

U
sing

the
law

of
totalexpectation,w

e
now

w
rite

that

E
[‖P

S
⊥
P
Ŝ
k ‖
F
|Ŝ

k−
1 ,E

k−
1 ,E
′k ]

=
E
[‖P

S
⊥
P
Ŝ
k ‖
F
|Ŝ

k−
1 ,E

k−
1 ,E
′k ,E

′′k ]·P
r[E
′′k |Ŝ

k−
1 ,E

k−
1 ,E
′k ]

+
E
[‖
P
S
⊥
P
Ŝ
k ‖
F
|Ŝ

k−
1 ,E

k−
1 ,E
′k ,E

′′Ck ]·
P

r[E
′′Ck |Ŝ

k−
1 ,E

k−
1 ,E
′k ]

≤
E
[‖P

S
⊥
P
Ŝ
k ‖
F
|Ŝ

k−
1 ,E

k−
1 ,E
′k ,E

′′k ]
+
√
r

P
r[E
′′Ck |Ŝ

k−
1 ,E

k−
1 ,E
′k ]

(Ŝ
k ∈

G
(n
,r) )

≤
E
[‖P

S
⊥
P
Ŝ
k ‖
F
|Ŝ

k−
1 ,E

k−
1 ,E
′k ,E

′′k ]
+
√
rb −

C
α

(see
(185))

≤
E
[‖
P
S
⊥
R
k ‖
F

σ
r (R

k )
|Ŝ

k−
1 ,E

k−
1 ,E
′k ,E

′′k ]
+
b −

C
α

((166)
and

b≥
r)

≤
σ
−

1
m

in E
[‖P

S
⊥
R
k ‖
F
|Ŝ

k−
1 ,E

k−
1 ,E
′k ,E

′′k ]
+
b −

C
α
.

(186)

W
e
next

bound
the

rem
aining

expectation
above

by
w
riting

that

E
[‖
P
S
⊥
R
k ‖
F |Ŝ

k−
1 ,E

k−
1 ,E
′k ,E

′′k ]

≤
E
[∥∥∥
P

Ω
Ck

(P
Ŝ
⊥k−

1 S
k )

+
[P

Ω
k ◦

O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k ) ∥∥∥

F
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

+
∥∥∥
P
S
⊥
·
[O
◦
P

Ω
](P
Ŝ
⊥k−

1 S
k ) ∥∥∥

F
|Ŝ

k−
1 ,E

k−
1 ,E
′k ,E

′′k ]
(see

(169))

≤
E
[∥∥∥
P

Ω
Ck

(P
Ŝ
⊥k−

1 S
k )

+
[P

Ω
k ◦

O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k ) ∥∥∥

F

+
p

3n
b

c
‖P
S
⊥
P
Ŝ
k−

1 ‖
F ‖Q

k ‖|Ŝ
k−

1 ,E
k−

1 ,E
′k ,E

′′k ]
(see

(184))

=
E
[E
[∥∥∥
P

Ω
Ck

(P
Ŝ
⊥k−

1 S
k )

+
[P

Ω
k ◦

O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k ) ∥∥∥

F
|Ŝ
k−

1 ,Q
k ]

+
p

3n
b

c
‖P
S
⊥
P
Ŝ
k−

1 ‖
F ‖Q

k ‖|Ŝ
k−

1 ,E
k−

1 ,E
′k ,E

′′k ]

≤
E
[√

1−
p‖
P
S
⊥
P
Ŝ
k−

1 ‖
F ‖
Q
k ‖

+
p

3n
b

c
‖
P
S
⊥
P
Ŝ
k−

1 ‖
F ‖
Q
k ‖|Ŝ

k−
1 ,E

k−
1 ,E
′k ,E

′′k ]

(see
(170))

=
E
[
ν
·
σ

m
in (√

1−
p

+
p

3n
b

c

)
‖
P
S
⊥
P
Ŝ
k−

1 ‖
F |Ŝ

k−
1 ,E

k−
1 ,E
′k ,E

′′k ]
(see

(180))

=
ν
·σ

m
in (√

1−
p

+
p

3n
b

c

)
‖P
S
⊥
P
Ŝ
k−

1 ‖
F

≤
ν
·σ

m
in (

1−
p2

+
p

3n
b

c

)
‖P
S
⊥
P
Ŝ
k−

1 ‖
F
.

(187)

P
lugging

the
bound

above
back

into
(186)

yields
that

E
[‖
P
S
⊥
P
Ŝ
k ‖
F |Ŝ

k−
1 ,E

k−
1 ,E
′k ]

≤
σ
−

1
m

in E
[‖
P
S
⊥
R
k ‖
F
|Ŝ

k−
1 ,E

k−
1 ,E
′k ,E

′′k ]
+
b −

C
α

(see
(186))

=
ν (

1−
p2

+
p

3n
b

c

)
‖P
S
⊥
P
Ŝ
k−

1 ‖
F

+
b −

C
α
,

(188)

w
hich

proves
(73)

and
com

pletes
the

proof
of

Lem
m
a
16.

A
p
p
en

d
ix

H
.

P
roof

of
L
em

m
a

21

T
hroughout,Ŝ

k−
1 ,Q

k
is
fixed.

R
ecalling

the
definition

ofoperator
O

(·)
from

(165),w
e
w
rite

that

[P
Ω
k ◦

O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k )

=
[
···

(
P
ω
j Ŝ

k−
1 )(

P
ω
j Ŝ

k−
1 )
·
P
ω
j P
Ŝ
⊥k−

1 S
q
j
··· ]

(see
(165))

=
[
···

(
P
ω
j Ŝ

k−
1 )(

P
ω
j Ŝ

k−
1 )
·
P
Ŝ
⊥k−

1 S
q
j
··· ]

=
[
···

P
Ŝ
k−

1
,j ·

P
Ŝ
⊥k−

1 S
q
j
··· ]

.
(Ŝ

k−
1
,j

:=
span

(P
ω
j Ŝ

k−
1 ) )

(189)

Let
also

Ŝ
Ck−

1
,j

:=
span

(P
ω
Cj
Ŝ
k−

1 ).
N
ote

that
Ŝ
k−

1
=

P
ω
j Ŝ

k−
1

+
P
ω
Cj
Ŝ
k−

1
and

that

(P
ω
j Ŝ

k−
1 ) ∗(P

ω
Cj
Ŝ
k−

1 )
=

0.
C
onsequently,Ŝ

k−
1
,j
⊥
Ŝ
Ck−

1
,j

and
then

P
Ŝ
k−

1
=
P
Ŝ
k−

1
,j

+
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
pl

et
e

D
at

a

P
ŜC k
−

1
,j
.

P
ut

di
ffe

re
nt
ly
,
Ŝ k
−

1
=
Ŝ k
−

1
,j
⊕
ŜC k
−

1
,j
.

U
si
ng

th
is

de
co
m
po

si
ti
on

,
w
e
si
m
pl
ify

(1
89

)
as

[P
Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)

=
[
··
·

P
Ŝ k
−

1
,j
·P
Ŝ⊥ k
−

1
S
q j
··
·]

(s
ee

(1
89

))

=
[
··
·

(P
Ŝ k
−

1
−
P
ŜC k
−

1
,j

)
·P
Ŝ⊥ k
−

1
S
q j
··
·]

( Ŝ
k
−

1
=
Ŝ k
−

1
,j
⊕
ŜC k
−

1
,j

)

=
−
[
··
·

P
ŜC k
−

1
,j
·P
Ŝ⊥ k
−

1
S
q j
··
·]

.
(1
90

)

It
im

m
ed

ia
te
ly

fo
llo

w
s
th
at

P
Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)

=
[
··
·

P
ω
C j
·P
Ŝ⊥ k
−

1
S
q j
−
P
ŜC k
−

1
,j
·P
Ŝ⊥ k
−

1
S
q j
··
·]

=
[
··
·

P
ω
C j

(I
n
−
P
ŜC k
−

1
,j

)P
ω
C j
·P
Ŝ⊥ k
−

1
S
q j
··
·]

,
( Ŝ

C k
−

1
,j

=
sp
an

(P
ω
C j
Ŝ
k
−

1
))

(1
91

)

an
d
co
ns
eq
ue

nt
ly ∥ ∥ ∥P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥2 F

=
b ∑ j=

1

∥ ∥ ∥P
ω
C j

(I
n
−
P
ŜC k
−

1
,j

)P
ω
C j
·P
Ŝ⊥ k
−

1
S
q j

∥ ∥ ∥2 2
(s
ee

(1
91

))

≤
b ∑ j=

1

∥ ∥ ∥P
ω
C j
·P
Ŝ⊥ k
−

1
S
q j

∥ ∥ ∥2 2

=
∥ ∥ ∥P

Ω
C k

(P
Ŝ⊥ k
−

1
S
Q
k
)∥ ∥ ∥2 F

=
∥ ∥ ∥P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥2 F

.
(S
k

=
S
Q
k
)

(1
92

)

N
ot
e
th
at

E
[ ∥ ∥ ∥
P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F
|Ŝ

k
−

1
,Q

k

]

≤
√

E
[ ∥ ∥ ∥
P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
S⊥ k
−

1
S
k
)∥ ∥ ∥2 F
|Ŝ

k
−

1
,Q

k

]
(J
en

se
n’
s
in
eq
ua

lit
y)

≤
√

E
[ ∥ ∥ ∥
P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥2 F
|Ŝ

k
−

1
,Q

k

]
(s
ee

(1
92

))

=

√ √ √ √ √
E

 ∑

i,
j

(1
−
ε i
,j

)
∣ ∣ ∣(P
Ŝ⊥ k
−

1
S
k
)[
i,
j]
∣ ∣ ∣2
|Ŝ

k
−

1
,Q

k

 

=
√

1
−
p
‖P
Ŝ⊥ k
−

1
S
k
‖ F
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E
ft

ek
h
a
r
i,

O
n
g
ie

,
B

a
lz

a
n
o
,
a
n
d

W
a
k
in

≤
√

1
−
p
‖P
Ŝ⊥ k
−

1
S
‖ F
‖Q

k
‖

(S
k

=
S
Q
∗ k,

‖A
B
‖ F
≤
‖A
‖ F
·‖
B
‖)

(1
93

)

w
he

re
{ε
i,
j
} i,
j

in
d
.
∼

B
er
no

ul
li(
p
).

W
e
th
us

pr
ov
ed

th
e
fir
st

cl
ai
m

in
Le

m
m
a
21

,n
am

el
y,

(1
70

).
T
he

n
no

te
th
at

∥ ∥ ∥P
Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
S⊥ k
−

1
S
k
)∥ ∥ ∥2 F

≤
∥ ∥ ∥P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥2 F

(s
ee

(1
92

))

≤
‖P
Ŝ⊥ k
−

1
S
k
‖2 F

≤
‖P
Ŝ⊥ k
−

1
S
‖2 F
‖Q

k
‖2
,

(S
k

=
S
Q
k
)

(1
94

)

w
hi
ch

pr
ov
es

th
e
se
co
nd

cl
ai
m
,
na

m
el
y,

(1
71

).
In

fa
ct
,
w
it
h
so
m
e
pr
ob

ab
ili
ty
,
a
st
ro
ng

er
bo

un
d
ca
n
be

de
ri
ve
d
by

co
nt
ro
lli
ng

th
e
de

vi
at
io
n
fr
om

th
e
ex
pe

ct
at
io
n
in

(1
93

)
us
in
g
th
e

H
oe
ffd

in
g
in
eq
ua

lit
y
(L

em
m
a
17

).
W

it
h
α

=
p 2
‖P
Ŝ⊥ k
−

1
S
k
‖2 F

in
Le

m
m
a
17

an
d
re
ca
lli
ng

th
at

Ŝ k
−

1
,Q

k
ar
e
fix

ed
fo
r
no

w
,w

e
fin

d
th
at

∥ ∥ ∥P
Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥2 F
≤

E
[ ∥ ∥ ∥
P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥2 F
|Ŝ

k
−

1
,Q

k

] +
α

=
(1
−
p
/
2)
‖P
Ŝ⊥ k
−

1
S
k
‖2 F

(s
ee

(1
93

))

=
(1
−
p
/
2)
‖P
Ŝ⊥ k
−

1
S
Q
k
‖2 F

(S
k

=
S
Q
k
)

≤
(1
−
p
/
2)
‖P
Ŝ⊥ k
−

1
S
‖2 F
‖Q

k
‖2
,

(1
95

)

ex
ce
pt

w
it
h
a
pr
ob

ab
ili
ty

of
at

m
os
t

ex
p

 
−

C
1
p

2
‖P
Ŝ⊥ k
−

1
S
k
‖4 F

∑
i,
j
|(P
Ŝ⊥ k
−

1
S
k
)[
i,
j]
|4

 
≤

ex
p

 
−

C
1
p

2
‖P
Ŝ⊥ k
−

1
S
k
‖4 F

‖P
Ŝ⊥ k
−

1
S
k
‖2 ∞
·‖
P
Ŝ⊥ k
−

1
S
k
‖2 F

 

=
ex

p

 
−
C

1
p

2
‖P
Ŝ⊥ k
−

1
S
k
‖2 F

‖P
Ŝ⊥ k
−

1
S
k
‖2 ∞

 

=
:

ex
p

(
−
C

1
p

2
n
b

η̃
(P
Ŝ⊥ k
−

1
S
k
))

,
(1
96

)

w
he

re
‖A
‖ ∞

re
tu
rn
s
th
e
la
rg
es
t
en
tr
y
of
A

in
m
ag

ni
tu
de

.
Su

bs
ti
tu
ti
ng

(1
95

)
ba

ck
in
to

(1
94

)
yi
el
ds

th
at

∥ ∥ ∥P
Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)

+
[P

Ω
k
◦O
◦P

Ω
k
](
P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F

≤
∥ ∥ ∥P

Ω
C k

(P
Ŝ⊥ k
−

1
S
k
)∥ ∥ ∥ F

(s
ee

(1
94

))

≤
√

1
−
p
/2
·‖
P
Ŝ⊥ k
−

1
S
‖ F
‖Q

k
‖,

(1
97

)

w
hi
ch

pr
ov
es

th
e
la
st

cl
ai
m

in
Le

m
m
a
21

,n
am

el
y,

(1
72

).
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S
tr

ea
m
in

g
P
C

A
F
ro

m
In

co
m
plete

D
ata

A
p
p
en

d
ix

I.
P

roof
of

L
em

m
a

22

W
e
fix
Ŝ
k−

1 ,Q
k
throughout.

W
e
begin

by
bounding

the
target

quantity
as

∥∥∥
P
S
⊥
·[O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k ) ∥∥∥

F

=
∥∥∥
P
S
⊥
P
Ŝ
k−

1 ·
[O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k ) ∥∥∥

F
(see

(165))

≤
‖P
S
⊥
P
Ŝ
k−

1 ‖· ∥∥∥
[O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k ) ∥∥∥

F
(‖A

B
‖
F
≤
‖A‖·‖

B
‖
F

)
.

(198)

W
e
bound

the
random

norm
in

the
last

line
above

in
A
ppendix

J.

L
em

m
a
23

For
α
≥

1
and

except
w
ith

a
probability

of
at

m
ost

b −
C
α,

it
holds

that

∥∥∥
[O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k ) ∥∥∥

F
.
α

log
b √

log
n

p
‖P
S
⊥
P
Ŝ
k−

1 ‖
F
·‖
Q
k ‖,

(199)

provided
that

p
&
α

2
log

2
b

log
n
·η

(Ŝ
k−

1 )r/n.

In
light

of
the

above
lem

m
a,w

e
conclude

that
∥∥∥
P
S
⊥
·[O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k ) ∥∥∥

F

≤
‖P
S
⊥
P
Ŝ
k−

1 ‖· ∥∥∥
[O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k ) ∥∥∥

F
(see

(198))

.
α

log
b √

log
n

p
‖
P
S
⊥
P
Ŝ
k−

1 ‖·‖
P
S
⊥
P
Ŝ
k−

1 ‖
F
·‖
Q
k ‖
,

(see
(199))

(200)

except
w
ith

a
probability

ofat
m
ost

b −
C
α
and

provided
that

p
&
α

2
lo

g
2
b

log
n·η

(Ŝ
k−

1 )r/n.
T
his

com
pletes

the
proof

of
Lem

m
a
22.

A
p
p
en

d
ix

J.
P

roof
of

L
em

m
a

23

U
sing

the
definition

of
operator

O
in

(165),w
e
w
rite

that
∥∥∥
[O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k ) ∥∥∥

2F

=
b
∑j=

1 ∥∥∥
Ŝ
k−

1 (P
ω
j Ŝ

k−
1 ) †P

ω
j ·
P
Ŝ
⊥k−

1 S
q
j ∥∥∥

22
((165)

and
S
k

=
S
Q
k )

=
b
∑j=

1 ∥∥∥
Ŝ
k−

1 (P
ω
j Ŝ

k−
1 ) †P

Ŝ
⊥k−

1 S
q
j ∥∥∥

22

=
b
∑j=

1 ∥∥∥
(P

ω
j Ŝ

k−
1 ) †P

Ŝ
⊥k−

1 S
q
j ∥∥∥

22
.

(
Ŝ
∗k−

1 Ŝ
k−

1
=
I
r )

(201)

For
fixed

j∈
[1

:
b],consider

the
sum

m
and

in
the

last
line

above:
∥∥∥
(P

ω
j Ŝ

k−
1 ) †P

Ŝ
⊥k−

1 S
·q
j ∥∥∥

2 ≤
∥∥∥
(P

ω
j Ŝ

k−
1 ) †P

Ŝ
⊥k−

1 ∥∥∥
·‖
P
Ŝ
⊥k−

1 S
q
j ‖

2
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

=
∥∥∥
(P

ω
j Ŝ

k−
1 ) †Ŝ

⊥k−
1 ∥∥∥
·‖
P
Ŝ
⊥k−

1 S
q
j ‖

2

(
P
Ŝ
⊥k−

1
=
Ŝ
⊥k−

1 (Ŝ
⊥k−

1 ) ∗ )

=
:‖Ẑ

j ‖·‖
P
Ŝ
⊥k−

1 S
q
j ‖

2 .
(202)

A
bove,

Ŝ
⊥k−

1
is

as
usual

an
orthonorm

al
basis

for
the

subspace
Ŝ
⊥k−

1 .
W
e
can

now
revisit

(201)
and

w
rite

that

∥∥∥
O

(P
Ŝ
⊥k−

1 S
k ) ∥∥∥

2F
=

b
∑j=

1 ∥∥∥
(P

ω
j Ŝ

k−
1 ) †P

Ŝ
⊥k−

1 S
q
j ) ∥∥∥

22
(see

(201))

≤
m

ax
j
‖Ẑ

j ‖
2·

b
∑j=

1 ‖P
Ŝ
⊥k−

1 S
q
j ‖

22
(see

(202))

=
m

ax
j
‖Ẑ

j ‖
2·‖

P
Ŝ
⊥k−

1 S
Q
k ‖

2F

≤
m

ax
j
‖Ẑ

j ‖
2·‖

P
Ŝ
⊥k−

1 S‖
2F ‖Q

k ‖
2.

(‖
A
B
‖
F
≤
‖A‖

F
·‖
B
‖)

(203)

It
rem

ains
to

controlthe
m
axim

um
in

the
last

line
above.

W
e
first

focus
on

controlling
‖Ẑ

j ‖
for

fixed
j∈

[1
:
b].

O
bserve

that
Ẑ
j
is

a
solution

of
the

least-squares
problem

m
in

Z
∈
R
n×

(n−
r
) ∥∥∥
Ŝ
⊥k−

1 −
(P

ω
j Ŝ

k−
1 )Z ∥∥∥

2F
,

and
therefore

satisfies
the

norm
alequation

(P
ω
j Ŝ

k−
1 ) ∗ (

(P
ω
j Ŝ

k−
1 )Ẑ

j −
Ŝ
⊥k−

1 )
=

0,

w
hich

is
itself

equivalent
to

(Ŝ
∗k−

1 P
ω
j Ŝ

k−
1 )Ẑ

j
=
Ŝ
∗k−

1 P
ω
j Ŝ
⊥k−

1 .
(
P

2ω
j

=
P
ω
j )

(204)

In
fact,since

E
[Ŝ
∗k−

1 P
ω
j Ŝ
⊥k−

1 ]
=
p·Ŝ

∗k−
1 Ŝ
⊥k−

1
=

0,

E
[Ŝ
∗k−

1 P
ω
j Ŝ

k−
1 ]

=
p·
I
r ,

(
Ŝ
∗k−

1 Ŝ
k−

1
=
I
r )

w
e
can

rew
rite

(204)
as

(
Ŝ
∗k−

1 P
ω
j Ŝ

k−
1 −

E
[Ŝ
∗k−

1 P
ω
j Ŝ

k−
1 ])

Ẑ
j

+
p·
Ẑ
j

=
Ŝ
Tk−

1 P
ω
j Ŝ
⊥k−

1 −
E
[Ŝ

Tk−
1 P

ω
j Ŝ
⊥k−

1 ]
.

A
n
application

of
the

triangle
inequality

above
im

m
ediately

im
plies

that

p‖Ẑ
j ‖
≤
∥∥∥
Ŝ
∗k−

1 P
ω
j Ŝ

k−
1 −

E
[Ŝ
∗k−

1 P
ω
j Ŝ

k−
1 ] ∥∥∥
·‖
Ẑ
j ‖

+
∥∥∥
Ŝ
∗k−

1 P
ω
j Ŝ
⊥k−

1 −
E
[Ŝ
∗k−

1 P
ω
j Ŝ
⊥k−

1 ] ∥∥∥
.

(205)
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‖,

w
e
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ef
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e
ne

ed
to

de
ri
ve

la
rg
e
de

va
ti
on

bo
un

ds
fo
r
th
e
tw

o
re
m
ai
ni
ng

no
rm

s
on

th
e
ri
gh

t-
ha

nd
si
de

ab
ov
e.

Fo
r
th
e
fir
st

sp
ec
tr
al

no
rm

,w
e
w
ri
te

th
at

∥ ∥ ∥Ŝ
∗ k−

1
P
ω
j
Ŝ
k
−

1
−

E
[ Ŝ
∗ k−

1
P
ω
j
Ŝ
k
−

1

]∥ ∥ ∥
=

∥ ∥ ∥ ∥ ∥∑ i

(ε
i
−
p
)
·Ŝ
∗ k−

1
E
i,
iŜ
k
−

1

∥ ∥ ∥ ∥ ∥
=

:

∥ ∥ ∥ ∥ ∥∑ i

A
i∥ ∥ ∥ ∥ ∥,

(2
06

)

w
he

re
{ε
i}
i

in
d
.
∼

B
er
no

ul
li(
p
)
an

d
E
i,
i
∈

R
n
×
n
is

th
e

[i
,i

]t
h
ca
no

ni
ca
l
m
at
ri
x.

Fu
rt
he

rm
or
e,

{A
i}
i
⊂

R
r
×
r
ab

ov
e
ar
e
in
de

pe
nd

en
t
an

d
ze
ro
-m

ea
n
ra
nd

om
m
at
ri
ce
s.

T
o
ap

pl
y
th
e
B
er
n-

st
ei
n
in
eq
ua

lit
y
(L

em
m
a
18

),
w
e
fir
st

co
m
pu

te
th
e
pa

ra
m
et
er
β
as

‖A
i‖

=
∥ ∥ (
ε i
−
p
)
·S
∗ k−

1
E
i,
iS
k
−

1

∥ ∥
(s
ee

(2
06

))

≤
‖Ŝ
∗ k−

1
E
i,
iŜ
k
−

1
‖

(ε
i
∈
{0
,1
})

=
‖Ŝ

k
−

1
[i
,:

]‖
2 2

≤
η
(Ŝ
k
−

1
)r

n
=

:
β
.

(s
ee

(1
4)
)

(2
07

)

T
o
co
m
pu

te
th
e
w
ea
k
va
ri
an

ce
σ
,w

e
w
ri
te

th
at

∥ ∥ ∥ ∥ ∥E
[ ∑

i

A
2 i

]∥ ∥ ∥ ∥ ∥
=

∥ ∥ ∥ ∥ ∥∑ i

E
[ (ε

i
−
p
)2
] (Ŝ

∗ k−
1
E
i,
iŜ
k
−

1
)2

∥ ∥ ∥ ∥ ∥
(s
ee

(2
06

))

=

∥ ∥ ∥ ∥ ∥∑ i

p
(1
−
p
)(
Ŝ
∗ k−

1
E
i,
iŜ
k
−

1
)2

∥ ∥ ∥ ∥ ∥
(ε
i
∼

B
er
no

ul
li(
p
))

≤
p

∥ ∥ ∥ ∥ ∥∑ i

(Ŝ
∗ k−

1
E
i,
iŜ
k
−

1
)2

∥ ∥ ∥ ∥ ∥

=
p

∥ ∥ ∥ ∥ ∥∑ i

Ŝ
∗ k−

1
E
i,
iŜ
k
−

1
Ŝ
∗ k−

1
E
i,
iŜ
k
−

1

∥ ∥ ∥ ∥ ∥

=
p

∥ ∥ ∥ ∥ ∥∑ i

‖Ŝ
k
−

1
[i
,:

]‖
2 2
·Ŝ
∗ k−

1
E
i,
iŜ
k
−

1

∥ ∥ ∥ ∥ ∥

≤
p
·m

ax i
‖Ŝ

k
−

1
[i
,:

]‖
2 2
·∥ ∥ ∥ ∥ ∥∑ i

Ŝ
∗ k−

1
E
i,
iŜ
k
−

1

∥ ∥ ∥ ∥ ∥

=
p

∥ ∥ ∥ ∥ ∥∑ i

Ŝ
∗ k−

1
E
i,
iŜ
k
−

1

∥ ∥ ∥ ∥ ∥

=
p
·η

(Ŝ
k
−

1
)r

n
·∥ ∥ ∥ ∥ ∥∑ i

Ŝ
∗ k−

1
E
i,
iŜ
k
−

1

∥ ∥ ∥ ∥ ∥
(s
ee

(1
4)
)

=
p
·η

(Ŝ
k
−

1
)r

n

(
∑ i

E
i,
i

=
I n
,
Ŝ
∗ k−

1
Ŝ
k
−

1
=
I r

)

=
:
σ

2
.

(2
08

)
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a
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a
n
o
,
a
n
d

W
a
k
in

It
al
so

fo
llo

w
s
th
at

m
ax
( lo

g
r
·β
,√

lo
g
r
·σ
)

=
m

ax

 
lo

g
r
·η

(Ŝ
k
−

1
)r

n
,√

lo
g
r
·p
·η

(Ŝ
k
−

1
)r

n

 
(s
ee

(2
07

)
an

d
(2
08

))

≤

√
lo

g
r
·p
·η

(Ŝ
k
−

1
)r

n
.

(
if
p
≥

lo
g
r
·η

(Ŝ
k
−

1
)r

n

)
(2
09

)

A
s
a
re
su
lt
,f
or
α
≥

1
an

d
ex
ce
pt

w
it
h
a
pr
ob

ab
ili
ty

of
at

m
os
t
e−

C
α
,i
t
ho

ld
s
th
at

∥ ∥ ∥Ŝ
∗ k−

1
P
ω
j
Ŝ
k
−

1
−

E
[ Ŝ
∗ k−

1
P
ω
j
Ŝ
k
−

1

]∥ ∥ ∥
.
α

m
ax
( lo

g
r
·β
,√

lo
g
r
·σ
)

(s
ee

Le
m
m
a
18

)

≤
α

√
lo

g
r
·p
·η

(Ŝ
k
−

1
)r

n
.

(2
10

)

O
n
th
e
ot
he

r
ha

nd
,i
n
or
de

r
to

ap
pl
y
th
e
B
er
ns
te
in

in
eq
ua

lit
y
to

th
e
se
co
nd

sp
ec
tr
al

no
rm

in
(2
05

),
w
e
w
ri
te

th
at

∥ ∥ ∥Ŝ
∗ k−

1
P
ω
j
Ŝ
⊥ k−

1
−

E
[ Ŝ
∗ k−

1
P
ω
j
Ŝ
⊥ k−

1

]∥ ∥ ∥
=

∥ ∥ ∥ ∥ ∥∑ i

(ε
i
−
p
)
Ŝ
∗ k−

1
E
i,
iŜ
⊥ k−

1

∥ ∥ ∥ ∥ ∥
=

:

∥ ∥ ∥ ∥ ∥∑ i

A
i∥ ∥ ∥ ∥ ∥,

(2
11

)

w
he

re
{ε
i}
i

in
d
.
∼

B
er
no

ul
li(
p
),
E
i,
i
∈
R
n
×
n
is

th
e
it
h
ca
no

ni
ca
lm

at
ri
x,

an
d
{A

i}
i
⊂

R
r
×

(n
−
r
)

ar
e
ze
ro
-m

ea
n
an

d
in
de

pe
nd

en
t
ra
nd

om
m
at
ri
ce
s.

T
o
co
m
pu

te
th
e
pa

ra
m
et
er
β

he
re
,
w
e

w
ri
te

th
at

‖A
i‖

=
∥ ∥ ∥(
ε i
−
p
)
Ŝ
∗ k−

1
E
i,
iŜ
⊥ k−

1

∥ ∥ ∥
(s
ee

(2
11

))

≤
‖Ŝ
∗ k−

1
E
i,
iŜ
⊥ k−

1
‖

(ε
i
∈
{0
,1
})

≤
‖Ŝ
∗ k−

1
E
i,
i‖

( (Ŝ
⊥ k−

1
)∗
Ŝ
⊥ k−

1
=
I n
−
r

)

=
‖Ŝ

k
−

1
[i
,:

]‖
2

≤

√
η
(Ŝ
k
−

1
)r

n
=

:
β
.

(s
ee

(1
4)
)

(2
12

)

T
o
co
m
pu

te
th
e
w
ea
k
va
ri
an

ce
σ
,w

e
no

ti
ce

th
at

∥ ∥ ∥ ∥ ∥E
[ ∑

i

A
iA
∗ i]∥ ∥ ∥ ∥ ∥

=

∥ ∥ ∥ ∥ ∥∑ i

E
[ (ε

i
−
p
)2
] Ŝ
∗ k−

1
E
i,
iŜ
⊥ k−

1
(Ŝ
⊥ k−

1
)∗
E
i,
iŜ
k
−

1

∥ ∥ ∥ ∥ ∥
(s
ee

(2
11

))

=

∥ ∥ ∥ ∥ ∥∑ i

p
(1
−
p
)
·Ŝ
∗ k−

1
E
i,
iŜ
⊥ k−

1
(Ŝ
⊥ k−

1
)∗
E
i,
iŜ
k
−

1

∥ ∥ ∥ ∥ ∥
(ε
i
∼

B
en

ou
lli

(p
))

≤
p

∥ ∥ ∥ ∥ ∥∑ i

Ŝ
∗ k−

1
E
i,
iŜ
⊥ k−

1
(Ŝ
⊥ k−

1
)∗
E
i,
iŜ
k
−

1

∥ ∥ ∥ ∥ ∥
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S
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g
P
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A
F
ro

m
In

co
m
plete

D
ata

≤
p ∥∥∥∥∥ ∑

i

Ŝ
∗k−

1 E
i,i E

i,i Ŝ
k−

1 ∥∥∥∥∥
(
Ŝ
⊥k−

1 (Ŝ
⊥k−

1 ) ∗�
I
n )

=
p ∥∥∥∥∥ ∑

i

Ŝ
∗k−

1 E
i,i Ŝ

k−
1 ∥∥∥∥∥

=
p
.

(
∑

i

E
i,i

=
I
n
,
Ŝ
∗k−

1 Ŝ
k−

1
=
I
r )

(213)

In
a
sim

ilar
fashion,w

e
find

that
∥∥∥∥∥ E
[∑

i

A
∗i A

i ] ∥∥∥∥∥
≤
p ∥∥∥∥∥ ∑

i

(Ŝ
⊥k−

1 ) ∗E
i,i Ŝ

k−
1 Ŝ
∗k−

1 E
i,i Ŝ
⊥k−

1 ∥∥∥∥∥

=
p ∥∥∥∥∥ ∑

i

‖
Ŝ
k−

1 [i,:]‖
22 ·

(Ŝ
⊥k−

1 ) ∗E
i,i Ŝ
⊥k−

1 ∥∥∥∥∥

≤
p·m

ax
i
‖Ŝ

k−
1 [i,:]‖

22 · ∥∥∥∥∥ ∑

i

(Ŝ
⊥k−

1 ) ∗E
i,i Ŝ
⊥k−

1 ∥∥∥∥∥

=
p·m

ax
i
‖Ŝ

k−
1 [i,:]‖

22

(
∑

i

E
i,i

=
I
n
,

(Ŝ
⊥k−

1 ) ∗Ŝ
⊥k−

1
=
I
n−

r )

=
p·

η
(Ŝ
k−

1 )r

n
,

(see
(14))

(214)

and
finally

σ
=

m
ax (

∥∥∥∥∥ E
∑

i

A
i A
∗i ∥∥∥∥∥
, ∥∥∥∥∥ E

∑

i

A
∗i A

i ∥∥∥∥∥ )

=
m

ax 
√
p
, √
p· √

η
(Ŝ
k−

1 )r

n


(see

(213)
and

(214))

=
√
p
.

(
η
(Ŝ
k−

1 )≤
nr )

(215)

W
e
now

com
pute

m
a
x (

lo
g
n
·β
, √

log
n
·σ )

=
m

ax 
log

n √
η
(Ŝ
k−

1

n
, √

log
n
·
p 

(see
(212)

and
(215))

=
√

log
n
·p
.

(
if
p
≥

log
n
·η

(Ŝ
k−

1 )r

n

)
(216)

T
herefore,for

α
≥

1
and

except
w
ith

a
probability

of
at

m
ost

e −
C
α,it

holds
that

∥∥∥
Ŝ
∗k−

1 P
ω
j Ŝ
⊥k−

1 −
E
[Ŝ
∗k−

1 P
ω
j Ŝ
⊥k−

1 ] ∥∥∥
.
α

m
ax (

log
n
·
β
, √

log
n
·σ )

(see
Lem

m
a
18)
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E
ftek

h
a
r
i,

O
n
g
ie,

B
a
lza

n
o
,
a
n
d

W
a
k
in

=
α √

log
n
·p
.

(217)

O
verall,by

substituting
the

large
deviation

bounds
(210)

and
(217)

into
(205),w

e
find

that

p‖Ẑ
j ‖
≤
∥∥∥
Ŝ
∗k−

1 P
ω
j Ŝ

k−
1 −

E
[Ŝ
∗k−

1 P
ω
j Ŝ

k−
1 ] ∥∥∥
·‖
Ẑ
j ‖

+
∥∥∥
Ŝ
∗k−

1 P
ω
j Ŝ
⊥k−

1 −
E
[Ŝ
∗k−

1 P
ω
j Ŝ
⊥k−

1 ] ∥∥∥
(see

(205))

.
α √

log
r·p·

η
(Ŝ
k−

1 )r

n
·‖
Ẑ
j ‖

+
α √

log
n
·p
,

(see
(210)

and
(217))

except
w
ith

a
probability

ofat
m
ost

e −
C
α
and

under
(209)

and
(216).

It
im

m
ediately

follow
s

that

‖
Ẑ
j ‖
.

α √
lo

g
n

p

1−
√

α
2

lo
g
r·η

(Ŝ
k−

1
)r

p
n

(see
the

next
line)

.
α √

log
n

p
,

(
if
α

2
log

r·η
(Ŝ
k−

1 )r

p
n

.
1 )

(218)

except
w
ith

a
probability

of
at

m
ost

e −
C
α.

In
light

of
(209)

and
(216),

w
e
assum

e
that

p
&
α

2
log

n
·
η
(Ŝ
k−

1 )r/n.
T
hen

using
the

union
bound

and
w
ith

the
choice

of
α

=
α
′log

b,
it
follow

s
that

m
ax

j∈
[1

:b] ‖
Ẑ
j ‖
.
α
′log

b √
log

n

p
,

provided
that

p
&
α
′2

log
2
b·

log
n
·
η
(Ŝ
k−

1 )r/n
and

except
w
ith

a
probability

of
at

m
ost

be −
C
α
′
lo

g
b

=
b −

C
α
′.

Invoking
(203),w

e
finally

conclude
that

∥∥∥
O

(P
Ŝ
⊥k−

1 S
k ) ∥∥∥

F
≤

m
ax
j
‖Ẑ

j ‖·‖
P
Ŝ
⊥k−

1 P
S ‖

F ‖
Q
k ‖

(see
(203))

.
α
′log

b √
log

n

p
·‖
P
Ŝ
⊥k−

1 P
S ‖

F ‖
Q
k ‖.

A
bound

in
expectation

also
easily

follow
s:

Let
δ
denote

the
factor

of
δ ′in

last
line

above.
T
hen

w
e
have

that

E
∥∥∥
P
S
⊥
·
[O
◦
P

Ω
k ](P

Ŝ
⊥k−

1 S
k ) ∥∥∥

F
=
δ

ˆ

∞0
P

r [∥∥∥
P
S
⊥
·
[O
◦
P

Ω
](P
Ŝ
⊥k−

1 S
k ) ∥∥∥

F
>
α
′δ ]

d
α
′

≤
δ (

1
+

ˆ

∞1
P

r [∥∥∥
P
S
⊥
·
[O
◦
P

Ω
](P
Ŝ
⊥k−

1 S
k ) ∥∥∥

F
>
α
′δ ]

d
α
′ )

≤
δ (

1
+

ˆ

∞1
b −

α
′d
α
′ )

≤
2
δ

=
2

log
b √

log
n

p
·‖
P
Ŝ
⊥k−
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s

of
d
istrib

u
ted

m
eth

o
d
s,

on
e

sh
o
u
ld

a
lso

ta
ke

in
to

accou
n
t

th
at

th
ere

are
ty

p
ically

com
p
u
tation

al
an

d
/or

com
m

u
n
ica

tion
co

st
restrictio

n
s

in
su

ch
settin

gs.
In

fact,
w

ith
ou

t
su

ch
restriction

s
th

e
m

atter
of

ob
tain

in
g

g
o
o
d

stra
teg

ies
is

essen
tially

n
on

-ex
isten

t,
sin

ce
w

e
cou

ld
sim

p
ly

com
m

u
n
icate

all
d
ata

to
a

cen
tra

l
m

ach
in

e
an

d
th

en
ap

p
ly

an
ex

istin
g

op
tim

al
n
on

-d
istrib

u
ted

m
eth

o
d
.

T
h
e

m
ain

g
o
al

o
f

th
is

p
ap

er,
h
ow

ever,
is

to
stu

d
y

an
d

com
p
are

th
e

th
eoretical

p
erform

an
ce

of
a

n
u
m

b
er

of
existin

g
d
istrib

u
ted

m
eth

o
d
s.

T
h
e

m
eth

o
d
s

w
e

con
sid

er
are

a
ll

d
iv

id
e-an

d
-

co
n
q
u
er

a
lgo

rith
m

s
in

w
h
ich

com
p
u
tation

al
or

com
m

u
n
ication

lim
itation

s
are

n
ot

ex
p
licitly

im
p

o
sed

,
h
ow

ever
su

ch
restriction

s
d
o

m
otivate

th
e

m
eth

o
d
s

an
d

all
m

eth
o
d
s

im
p
licitly

o
r

ex
p
licitly

co
n
sid

er
situ

ation
s

in
w

h
ich

sim
p
ly

ag
gregatin

g
an

d
h
an

d
lin

g
all

d
ata

in
on

e
m

ach
in

e
is

n
o
t

an
op

tion
.

F
orm

ally
tak

in
g

in
to

accou
n
t

com
m

u
n
ication

restriction
s

in
th

e
th

eo
retica

l
a
n
a
ly

sis
is

an
im

p
ortan

t
n
ex

t
step

,
b
u
t

tu
rn

s
ou

t
to

b
e

rath
er

d
elicate.

W
e

recen
tly

o
b
ta

in
ed

som
e

fi
rst

resu
lts

in
th

e
follow

-u
p

p
ap

er
S
zab

o
a
n
d

va
n

Z
an

ten
(2019),

see
a
lso

Z
h
u

a
n
d

L
aff

erty
(2018)

for
related

w
ork

.

T
h
e

rem
a
in

d
er

of
th

e
p
ap

er
is

organ
ized

as
follow

s.
In

th
e

n
ex

t
section

w
e

in
tro

d
u
ce

th
e

d
istrib

u
ted

version
of

th
e

sign
al-in

-w
h
ite-n

oise
m

o
d
el

an
d

p
rov

id
e

a
sim

p
le

sim
u
lation

ex
a
m

p
le

to
sh

ow
th

at
in

a
d
istrib

u
ted

settin
g,

n
aively

com
b
in

in
g

in
feren

ces
from

lo
cal

m
ach

in
es

in
to

a
glob

al
estim

ator
m

ay
p
ro

d
u
ce

m
islead

in
g

resu
lts.

In
S
ectio

n
3

w
e

stu
d
y

th
e

p
erfo

rm
a
n
ce

o
f

a
n
u
m

b
er

of
B

ayesian
p
ro

ced
u
res

for
sign

al
recon

stru
ction

in
th

e
d
istrib

u
ted

sig
n
a
l-in

-w
h
ite-n

oise
m

o
d
el

in
tro

d
u
ced

in
S
ection

2.
W

e
in

clu
d
e

a
n
u
m

b
er

of
m

eth
o
d
s

th
at

h
ave

recen
tly

b
een

p
rop

osed
in

th
e

literatu
re.

W
e

sh
ow

th
a
t

som
e

su
cceed

in
ob

tain
in

g
th

e
a
p
p
ro

p
ria

te
b
ia

s-varian
ce

trad
e-off

,
b
u
t

oth
ers

d
o

n
ot.

M
oreover,

th
e

on
es

th
at

d
o

p
ro

d
u
ce

g
o
o
d

resu
lts

a
re

all
n
on

-ad
ap

tiv
e,

in
th

e
sen

se
th

at
th

ey
u
se

k
n
ow

led
ge

of
th

e
sm

o
oth

n
ess

o
f

th
e

u
n
kow

n
sign

al
to

set
th

eir
tu

n
in

g
p
a
ram

eters.
In

th
e

fi
n
al

S
ection

4
w

e
con

sid
er

th
e

m
ore

rea
listic

settin
g

in
w

h
ich

th
is

sm
o
oth

n
ess

is
u
n
k
n
ow

n
.

W
e

stu
d
y

a
d
istrib

u
ted

m
eth

o
d
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S
z
a
b
ó

a
n
d

V
a
n

Z
a
n
t
e
n

th
at

h
as

b
een

p
rop

osed
for

d
ata-d

riven
tu

n
in

g
of

th
e

h
y
p

erp
aram

eters
an

d
sh

ow
th

at
th

ere
ex

ist
“d

iffi
cu

lt
sign

als”,
w

h
ich

th
is

m
eth

o
d

can
n
ot

recov
er

in
th

e
d
istrib

u
ted

m
o
d
el

at
an

op
tim

al
rate.

W
e

argu
e

th
at

th
is

ap
p

ears
to

b
e

a
fu

n
d
am

en
tal

issu
e,

an
d

th
at

d
esign

in
g

p
ro

ced
u
res

th
at

au
tom

atically
ad

ap
t

to
sm

o
oth

n
ess

is
fu

n
d
am

en
tally

m
ore

ch
allen

gin
g

in
th

e
d
istrib

u
ted

fram
ew

ork
.

M
ath

em
atical

p
ro

ofs
are

co
llected

in
ap

p
en

d
ix

S
ection

s
A

an
d

B
.

2
.
D
istrib

u
te
d
sig

n
a
l-in

-w
h
ite

-n
o
ise

m
o
d
e
l

C
on

sid
er

th
e

p
rob

lem
of

estim
atin

g
a

sign
al

in
G

au
ssian

w
h
ite

n
oise.

T
h
is

is
th

e
con

tin
u
ou

s
regression

-ty
p

e
p
rob

lem
in

w
h
ich

w
e

ob
serve

a
sign

al
X

=
(X

t
:
t
∈

[0,1])
satisfy

in
g

a
sto

ch
astic

d
iff

eren
tial

eq
u
ation

X
t

=

∫
t

0
f

(s)
d
s

+
σ√n
W
t ,

w
h
ere

W
is

a
B

row
n
ian

m
otion

,
m

o
d
ellin

g
th

e
“w

h
ite

n
oise”,

an
d
f

is
an

u
n
k
n
ow

n
sign

al,
m

o
d
elled

b
y

a
sq

u
are

in
tegrab

le
fu

n
ction

,
th

at
n
eed

s
to

b
e

recovered
from

th
e

d
a
ta.

T
h
e

n
atu

ral
n
u
m

b
er
n

is
th

e
sign

al-to-n
oise

ratio.
Its

size
aff

ects
th

e
d
iffi

cu
lty

of
th

e
p
rob

lem
an

d
n

can
b

e
seen

as
p
lay

in
g

th
e

role
of

sa
m

p
le

size
in

th
is

p
rob

lem
.

B
y

ex
p
an

d
in

g
th

e
d
ata

in
a

fi
x
ed

orth
on

orm
al

b
asis

of
L

2[0,1]
(fo

r
in

stan
ce

th
e

classical
F

ou
rier

b
asis),

it
is

seen
th

at
th

e
statistical

p
ro

b
lem

of
recoverin

g
th

e
sign

al
f

from
th

e
d
ata

X
is

eq
u
ivalen

t
to

th
e

p
rob

lem
of

recov
erin

g
th

e
seq

u
en

ce
of

(F
ou

rier)
co

effi
cien

ts
θ
∈
`
2

from
n
oisy

ob
servation

s
Y

1 ,Y
2 ,...,

satisfy
in

g

Y
i

=
θ
i
+

√
σ

2

n
Z
i ,

i
=

1,2
,...,

(2.1)

w
h
ere

th
e
Z
i

are
in

d
ep

en
d
en

t
stan

d
ard

n
orm

al
variab

les.
T

h
is

is
th

e
u
su

al
settin

g
in

w
h
ich

th
ere

is
a

sin
gle

ob
server

th
at

ob
serves

ev
ery

co
effi

cien
t
θ
i

w
ith

ad
d
itive

G
au

ssian
n
oise

w
ith

varian
ce
σ

2/n
.

S
ee

for
in

stan
ce

T
sy

b
akov

(2009);
J
oh

n
ston

e
(2017);

G
in

é
an

d
N

ick
l

(2016)
for

m
ore

d
etails

on
th

is
classical

m
o
d
el.

In
th

e
d
istrib

u
ted

version
of

th
e

m
o
d
el

w
e

d
iv

id
e

th
e

“p
recision

b
u
d
get”

n
over

m
d
iff

eren
t

ob
servers,

so
th

at
each

on
e

ob
serves

th
e

sign
al

in
G

au
ssian

n
oise

w
ith

varian
ce

σ
2m

/n
,

in
d
ep

en
d
en

t
of

th
e

oth
ers.

In
oth

er
w

ord
s,

ob
server

j
h
as

d
ata

Y
j1
,Y

j2
,...

satisfy
in

g

Y
ji

=
θ
i
+

√
σ

2mn
Z
ji ,

i
=

1,2
,...,

(2
.2)

w
h
ere

th
e
Z
ji

are
in

d
ep

en
d
en

t,
stan

d
ard

G
au

ssian
ran

d
om

variab
les.

W
e

call
th

e
m

in
d
e-

p
en

d
en

t
su

b
-p

rob
lem

s
in

w
h
ich

th
e

sign
al-to-n

oise
ratio

is
σ

2m
/n

th
e

“lo
cal”

p
rob

lem
s.

N
ote

th
at

th
e

classical,
n
on

-d
istrib

u
ted

sign
al-in

-w
h
ite-n

oise
m

o
d
el

is
ob

tain
ed

again
from

th
e

d
istrib

u
ted

m
o
d
el

b
y

aggregatin
g

all
th

e
lo

cal
d
ata.

In
d
eed

,
if

for
j

=
1,2

,...
w

e
d
efi

n
e
Y
i

=
m
−

1 ∑
mj=

1
Y
ji
,
th

en
(2.1)

h
old

s,
w

ith
Z
i

=
m
−

1
/
2 ∑

mj=
1
Z
ji

in
d
ep

en
d
en

t
stan

d
ard

n
orm

al
variab

les.
T

h
is

m
o
d
el

h
as

b
een

stu
d
ied

ex
ten

sively
in

th
e

literatu
re,

serv
in

g
as

a
can

on
ical

m
o
d
el

for
u
n
d
erstan

d
in

g
th

e
p

erform
an

ce
of

h
igh

-d
im

en
sion

al
or

n
on

p
aram

etric
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n
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m
p
t
o
t
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a
ly

si
s
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f

d
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t
r
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u
t
e
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o
n
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r
a
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e
t
r
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e
t
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o
d
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0
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−0.4−0.20.00.20.4

Tr
ue

 s
ig

na
l

F
ig

u
re

1:
T

ru
e

si
gn

al
.

st
at

is
ti

ca
l

p
ro

ce
d
u
re

s.
It

is
w

el
l

k
n
ow

n
fo

r
in

st
an

ce
th

a
t

if
th

e
tr

u
e

si
gn

al
θ

b
el

on
gs

to
an

el
li
p
so

id
or

a
h
y
p

er
re

ct
an

gl
e

of
th

e
fo

rm

{θ
∈
`2

:
∑

i2
β
θ2 i
≤
M

2
}

or
{θ
∈
`2

:
su

p i
(i

1
+

2
β
θ2 i

)
≤
M

2
}

fo
r

so
m

e
β
,M

>
0,

th
en

th
e

op
ti

m
al

ra
te

of
co

n
v
er

ge
n
ce

of
es

ti
m

at
or

s
(r

el
at

iv
e

to
th

e
`2

-
n
or

m
)

is
of

th
e

or
d
er
n
−
β
/
(1

+
2
β

) .
M

or
eo

ve
r,

th
er

e
ex

is
t

so
-c

al
le

d
ad

ap
ti

ve
es

ti
m

a
to

rs
,

w
h
ic

h
ac

h
ie

ve
th

is
ra

te
w

it
h
ou

t
u
si

n
g

k
n
ow

le
d
ge

ab
ou

t
th

e
p
ar

am
et

er
s
β

or
M

th
at

d
es

cr
ib

e
th

e
co

m
p
le

x
it

y,
or

re
gu

la
ri

ty
of

th
e

tr
u
e

si
gn

al
.

S
ee

,
fo

r
in

st
an

ce
,

T
sy

b
ak

ov
(2

00
9)

or
G

in
é

an
d

N
ic

k
l
(2

01
6)

.
O

u
r

ce
n
tr

al
q
u
es

ti
on

is
w

h
et

h
er

or
n
o
t

th
e

sa
m

e
re

su
lt

s
ca

n
b

e
ob

ta
in

ed
in

th
e

d
is

tr
ib

u
te

d
se

tt
in

g
in

w
h
ic

h
ea

ch
of

th
e
m

d
iff

er
en

t
ob

se
rv

er
s

fi
rs

t
se

p
ar

at
el

y
m

ak
e

in
fe

re
n
ce

ab
ou

t
th

e
si

gn
al

,
an

d
th

en
th

e
lo

ca
l

es
ti

m
at

es
ar

e
ag

gr
eg

at
ed

in
to

o
n
e

jo
in

t
es

ti
m

at
or

.
F

or
te

ch
n
ic

al
co

n
ve

n
ie

n
ce

w
e

w
il
l

q
u
an

ti
fy

re
gu

la
ri

ty
u
si

n
g

h
y
p

er
re

ct
an

gl
es

in
th

e
re

m
ai

n
d
er

of
th

e
p
ap

er
,

b
u
t

th
e

an
al

og
u
ou

s
re

su
lt

s
ca

n
b

e
ob

ta
in

ed
fo

r
el

li
p
so

id
s.

T
h
e

sp
ec

ifi
c

ex
am

p
le

s
of

d
is

tr
ib

u
te

d
p
ro

ce
d
u
re

s
th

at
w

e
co

n
si

d
er

in
th

is
p
ap

er
ar

e
ab

ou
t

d
is

tr
ib

u
te

d
B

ay
es

ia
n

m
et

h
o
d
s.

T
h
es

e
m

et
h
o
d
s

h
av

e
in

co
m

m
on

th
at

ea
ch

lo
ca

l
ob

se
rv

er
fi
rs

t
ch

o
os

es
a

p
ri

or
d
is

tr
ib

u
ti

on
an

d
co

m
p
u
te

s
th

e
co

rr
es

p
on

d
in

g
lo

ca
l
p

os
te

ri
or

d
is

tr
ib

u
ti

on
u
si

n
g

th
e

lo
ca

l
d
at

a
(o

r
an

ap
p
ro

p
ri

at
e

m
o
d
ifi

ca
ti

on
).

In
th

e
n
ex

t
st

ep
th

e
m

lo
ca

l
p

os
te

ri
or

s
ar

e
so

m
eh

ow
ag

gr
eg

at
ed

in
to

a
gl

ob
al

p
os

te
ri

or
-t

y
p

e
d
is

tr
ib

u
ti

on
,

w
h
ic

h
is

th
en

u
se

d
to

p
ro

d
u
ce

an
es

ti
m

at
e

of
th

e
si

gn
al

an
d
/o

r
a

q
u
an

ti
fi
ca

ti
on

of
th

e
as

so
ci

at
ed

u
n
ce

rt
ai

n
ty

.
In

ge
n
er

al
th

er
e

is
n
o

gu
ar

an
te

e
th

at
th

is
“a

gg
re

ga
te

d
p

os
te

ri
or

”
re

se
m

b
le

s
th

e
p

os
te

ri
or

d
is

tr
ib

u
ti

on
th

at
w

ou
ld

b
e

ob
ta

in
ed

in
th

e
n
on

-d
is

tr
ib

u
te

d
se

tt
in

g,
u
si

n
g

al
l

th
e

d
at

a
at

on
ce

.
In

p
ar

ti
cu

la
r,

it
is

n
ot

cl
ea

r
b

ef
or

eh
an

d
h
ow

a
d
is

tr
ib

u
te

d
B

ay
es

m
et

h
o
d

sh
ou

ld
b

e
co

n
st

ru
ct

ed
in

or
d
er

to
h
av

e
go

o
d

th
eo

re
ti

ca
l

p
ro

p
er

ti
es

,
li
ke

op
ti

m
al

co
n
ve

rg
en

ce
ra

te
s,

re
li
ab

le
u
n
ce

rt
ai

n
ty

q
u
an

ti
fi
ca

ti
on

or
ad

ap
ta

ti
on

p
ro

p
er

ti
es

.
In

th
is

p
ap

er
w

e
in

ve
st

ig
at

e
va

ri
ou

s
d
is

tr
ib

u
te

d
m

et
h
o
d
s

th
at

h
av

e
b

ee
n

p
ro

p
os

ed
fr

om
th

is
p

oi
n
t

of
v
ie

w
.

T
o

se
e

th
at

in
te

re
st

in
g

th
in

gs
ca

n
h
ap

p
en

it
is

ex
em

p
li
fy

in
g

to
co

m
p
ar

e
th

e
re

su
lt

s
of

a
d
is

tr
ib

u
te

d
an

d
a

n
on

-d
is

tr
ib

u
te

d
(B

ay
es

ia
n
)

an
al

y
si

s
of

si
m

u
la

te
d

d
at
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C

o
n
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et
el
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w

e
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n
si

d
er

a
tr

u
e

si
gn

al
θ

co
n
si

st
in

g
of

th
e

F
ou

ri
er
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effi

ci
en

ts
of

th
e

fu
n
ct

io
n

sh
ow

n
in

F
ig

u
re
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F

or
th

is
si

gn
al

w
e

si
m

u
la

te
d
at

a
ac

co
rd

in
g

to
(2

.2
),

w
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h
σ

=
1,
m

=
40

an
d

n
=

12
0
×
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=

48
00

.
T

h
en
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r

ev
er

y
lo
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l
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se

rv
er

a
B

ay
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ia
n

p
ro

ce
d
u
re
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ca
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ie
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ou

t
w

it
h

a
G
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ss
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n

p
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or
on
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p

os
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n
g

th
at

th
e
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or
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in

at
es
θ i

ar
e
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d
ep

en
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an
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−

1
−

2
α
)-

d
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tr
ib

u
te

d
.
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h
e

h
y
p

er
p
ar
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et

er
α

,
w

h
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h
d
es
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th

e
re
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ri
ty

of
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e
p
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d
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is
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m
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n
g
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is

tr
ib

u
te

d
ve

rs
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n
of

m
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im
u
m
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ar
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n
al

li
ke

li
h
o
o
d
,
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s

d
es

cr
ib

ed
in

S
ec

ti
on

4.
T

h
is

a
n
al

y
si

s
le

ad
s

to
m

=
40

lo
ca

l
p

os
te

ri
or

d
is

tr
ib

u
ti

on
s.

T
h
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e
a
re

th
en

co
m

b
in

ed
to

p
ro

d
u
ce

an
ov

er
al

l
p

os
te

ri
o
r

d
is

tr
ib

u
ti

on
fo

r
th

e
si

gn
a
l.

T
h
e

p
re

ci
se

p
ro

ce
d
u
re

is
d
es

cr
ib

ed
in

S
ec

ti
on

4.
T

h
e

re
su

lt
in

g
es

ti
m

at
or

fo
r

th
e

si
gn

al
,
to

ge
th

er
w

it
h

p
o
in

tw
is

e
9
5
%

cr
ed

ib
le

in
te

rv
al

s,
is

sh
ow

n
in

th
e

le
ft

p
lo

t
in

F
ig

u
re

2.
T

h
e

co
rr

es
p

on
d
in

g
n
o
n
-d

is
tr

ib
u
te

d
re

su
lt

is
ob

ta
in

ed
b
y

fi
rs

t
ag

gr
eg

at
in

g
al

l
lo

ca
l
d
at

a
as

in
(2

.1
)

an
d

th
en

ca
rr

y
in

g
o
u
t

th
e

sa
m

e
B

ay
es

ia
n

p
ro

ce
d
u
re

on
th

es
e

co
m

p
le

te
d
at

a.
T

h
e

re
su

lt
in

g
n
on

-d
is

tr
ib

u
te

d
re

co
n
st

ru
ct

io
n

of
th

e
si

gn
al

is
sh

ow
n

on
th

e
ri

gh
t

in
F

ig
u
re

2.

T
h
e

n
on

-d
is

tr
ib

u
te

d
ve

rs
io

n
of

th
is

m
et

h
o
d

w
as

st
u
d
ie

d
th

eo
re

ti
ca

ll
y

fo
r

in
st

a
n
ce

in
K

n
ap

ik
et

al
.

(2
01

6)
an

d
S
za

b
ó

et
al

.
(2

01
5)

,
w

h
er

e
it

w
as

sh
ow

n
th

a
t

th
e

m
et

h
o
d

is
ad

ap
ti

ve
an

d
ra

te
-o

p
ti

m
al

.
T

h
e

si
m

u
la

ti
on

su
gg

es
ts

h
ow

ev
er

th
at

an
ap

p
ar

en
tl

y
re

a
so

n
a
b
le

d
is

tr
ib

u
te

d
an

al
og

u
e

of
th

e
m

et
h
o
d

d
o
es

n
ot

n
ec

es
sa

ri
ly

in
h
er

it
th

es
e

fa
v
ou

ra
b
le

p
ro

p
er

ti
es

.
T

h
e

p
ro

ce
d
u
re

se
em

s
to

b
e

u
n
d
er

fi
tt

in
g

an
d

th
e

cr
ed

ib
le

in
te

rv
al

s
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p
ea

r
to

b
e

to
o

n
a
rr

ow
.

W
e

w
il
l

ar
gu

e
th

at
th

is
is

in
so

m
e

se
n
se

a
fu

n
d
am

en
ta

l
is

su
e

an
d

in
th

e
n
ex

t
se

ct
io

n
s

w
e

w
il
l

st
u
d
y

va
ri

ou
s

p
ro

p
os

ed
d
is

tr
ib

u
te

d
m

et
h
o
d
s

to
in

ve
st

ig
at

e
to

w
h
at

d
eg

re
e

th
ey

su
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ee
d

in
av

oi
d
in

g
or

so
lv

in
g

th
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e
p
ro

b
le

m
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3
.
R
e
su

lt
s
fo
r
n
o
n
-a
d
a
p
ti
v
e
p
ro

ce
d
u
re
s

In
th

is
se

ct
io

n
w

e
st

u
d
y

th
e

p
er

fo
rm

an
ce

of
a

n
u
m

b
er

of
B

ay
es

ia
n

p
ro

ce
d
u
re

s
fo

r
si

g
n
a
l

re
co

n
st

ru
ct

io
n

in
th

e
d
is

tr
ib

u
te

d
si

gn
al

-i
n
-w

h
it

e-
n
oi

se
m

o
d
el

in
tr

o
d
u
ce

d
in

S
ec

ti
o
n

2
.

A
ll

m
et

h
o
d
s

in
vo

lv
e

p
u
tt

in
g

a
p
ri

or
d
is

tr
ib

u
ti

on
on

th
e

u
n
k
n
ow

n
si

gn
al
θ
∈
`2

in
ea

ch
lo

ca
l

p
ro

b
le

m
an

d
th

en
co

m
b
in

in
g

th
e

re
su

lt
in

g
lo

ca
l

p
os

te
ri

or
s

in
to

on
e

gl
ob

al
p

o
st

er
io

r-
ty

p
e

d
is

tr
ib

u
ti

on
.

T
o

b
e

ab
le

to
co

m
p
ar

e
th

e
va

ri
ou

s
m

et
h
o
d
s

w
e

co
n
si

d
er

th
e

sa
m

e
G

a
u
ss

ia
n

p
ro
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ss
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P

)
p
ri
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in

ev
er

y
ca

se
,

n
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el
y

th
e

p
ri

or

Π
(·|
α

)
=
∞ ⊗ i=

1

N
(0
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−

1
−

2
α
),

(3
.1

)

w
h
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h
p

os
tu

la
te

s
th

at
th

e
co

effi
ci

en
ts
θ i

of
th

e
si

gn
al
θ

a
re

in
d
ep

en
d
en

t
an

d
N
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−

1
−

2
α
)-

d
is

tr
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u
te

d
.

T
h
e

h
y
p
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p
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am
et
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α
>

0
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n
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e
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p
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A
n

a
sy

m
p
t
o
t
ic

a
n
a
ly

sis
o
f

d
ist

r
ib

u
t
e
d

n
o
n
pa

r
a
m

e
t
r
ic

m
e
t
h
o
d
s

it
b
a
sica

lly
con

trols
h
ow

fast
th

e
F

ou
rier

co
effi

cien
ts

d
ecrease.

(S
om

e
of

th
e

m
eth

o
d
s

w
e

co
n
sid

er
u
se

ex
actly

th
is

p
rior,

oth
ers

m
o
d
ify

it
in

a
certain

w
ay

w
ith

th
e

aim
of

ach
iev

in
g

b
etter

p
erfo

rm
a
n
ce.)

T
h
e

glob
al

p
osterior-ty

p
e

d
istrib

u
tion

d
ep

en
d
s

on
all

th
e

d
ata

Y
=

(Y
ji

:
j

=
1
,...,m

;i
=

1
,2,...)

an
d

is
d
en

oted
b
y

Π
(·|Y

).
It

is
gen

erally
som

e
ty

p
e

o
f

avera
g
e

o
f

th
e

lo
cal

p
osteriors,

b
u
t

its
p
recise

con
stru

ction
d
iff

ers
b

etw
een

p
rop

osed
m

eth
o
d
s.

W
e

w
ill

see
th

at
th

is
can

h
ave

a
sign

ifi
can

t
eff

ect
on

th
e

p
erform

a
n
ce.

W
e

ta
ke

a
n

asy
m

p
totic

p
ersp

ective
an

d
in

vestigate
in

every
case

th
e

rate
at

w
h
ich

th
e

g
lo

b
a
l

p
o
sterio

r
con

tracts
arou

n
d

th
e

tru
e

sign
al

as
n
→
∞

relative
to

th
e
`
2-n

orm
,

w
h
ich

is
a
s

u
su

a
l

d
efi

n
ed

b
y
‖θ‖

22
=
∑
θ

2i .
F

or
a

seq
u
en

ce
of

p
ositive

n
u
m

b
ers

ε
n
→

0
w

e
say

th
at

th
e

g
lo

b
a
l

p
o
sterior

con
tracts

at
th

e
rate

ε
n

aro
u
n
d

th
e

tru
e

sign
al
θ

0
if

for
all

seq
u
en

ces
M
n
→
∞

,
E
θ
0 Π

(θ∈
`
2

:‖θ−
θ

0 ‖
2
>
M
n
ε
n |Y

)→
0

a
s
n
→
∞

.
T

h
is

m
ean

s
th

at
asy

m
p
totically,

all
p

osterior
m

ass
is

con
cen

trated
in

b
alls

a
ro

u
n
d

th
e

tru
e

sign
al
θ

0
w

ith
`
2-rad

iu
s

of
th

e
ord

er
ε
n
.

A
d
d
itio

n
a
lly,

w
e

stu
d
y

h
ow

w
ell

th
e

p
osterior

q
u
an

tifi
es

th
e

rem
ain

in
g

u
n
certain

ty.
S
p

ecifi
ca

lly,
w

e
con

sid
er

th
e

coverage
p
rob

ab
ilities

of
cred

ib
le

b
alls

arou
n
d

th
e

g
lob

al
p

o
ste-

rio
r

m
ea

n
.

T
h
ese

cred
ib

le
sets

are
con

stru
cted

b
y

fi
rst

com
p
u
tin

g
th

e
m

ean
θ̂

of
th

e
glob

al
“
p

o
sterio

r”
Π

(·|Y
).

T
h
en

for
a

level
γ
∈

(0,1),
th

e
p

osterior
is

u
sed

to
d
eterm

in
e

th
e

ra
d
iu

s
r
γ

su
ch

th
at

th
e

b
all

arou
n
d
θ̂

w
ith

rad
iu

s
r
γ

receives
1−

γ
p

osterior
m

ass,
i.e.

Π
(θ

:‖
θ−

θ̂‖
2 ≤

r
γ |Y

)
=

1−
γ
.

F
o
r
L
>

0,
th

e
cred

ib
le

set
Ĉ

(L
)

is
su

b
seq

u
en

tly
d
efi

n
ed

b
y

Ĉ
(L

)
=
{
θ

:‖
θ−

θ̂
n ‖

2 ≤
L
r
γ }
.

(3.2)

(T
h
e

ex
tra

co
n
stan

t
L

gives
som

e
a
d
d
ed

fl
ex

ib
ility,

for
L

=
1

w
e

ob
tain

an
ex

act
1
−
γ

cred
ib

le
set.)

W
e

are
in

terested
in

th
e

coverage
p
rob

ab
ilities

P
θ
0 (θ

0 ∈
Ĉ

(L
)).

If
th

is
ten

d
s

to
0

a
s
n
→
∞

,
th

e
cred

ib
le

sets
are

asy
m

p
totically

n
ot

freq
u
en

tist
con

fi
d
en

ce
sets,

h
en

ce
g
ive

a
m

islead
in

g
q
u
an

tifi
cation

of
th

e
u
n
certain

ty.
Id

eally,
th

e
coverage

p
rob

ab
ilities

stay
b

o
u
n
d
ed

aw
ay

from
0

as
n
→
∞

.
In

th
e

n
on

-d
istrib

u
ted

case
m

=
1

it
is

w
ell

k
n
ow

n
th

at
b

oth
th

e
rate

at
w

h
ich

th
e

p
o
sterio

r
co

n
tracts

arou
n
d

th
e

tru
th

an
d

th
e

b
eh

av
iou

r
of

th
e

coverage
p
rob

ab
ilities

of
cred

ib
le

sets
d
ep

en
d

cru
cially

on
h
ow

th
e

h
y
p

er
p
aram

eter
α

is
tu

n
ed

.
T

h
e

correct
b
ias-

va
ria

n
ce

tra
d
e-off

is
ach

iev
ed

if
α

is
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accord
an

ce
w

ith
th

e
regu

larity
of

th
e

u
n
k
n
ow

n
sign

al.
T

o
m

a
ke

th
is

p
recise,

w
e

w
ill

con
sid

er
sign

als
b

elon
gin

g
to

h
y
p

er
rectan

gles
of

th
e

form

H
β
(M

)
=
{
θ
∈
`
2

:
su

pi
(i 1

+
2
β
θ

2i )≤
M

2 }
(3.3)

fo
r

so
m

e
β
,M

>
0.

It
is

sh
ow

n
for

in
stan

ce
in

K
n
ap

ik
et

al.
(2011)

for
th

e
n
on

-d
istrib

u
ted

ca
se

th
a
t

if
θ

0 ∈
H
β
(M

)
an

d
w

e
set

α
=
β

,
th

en
th

e
p

osterior
con

tracts
arou

n
d
θ

0
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th
e

o
p
tim

a
l

ra
te
n
−
β
/
(1

+
2
β

).
M

oreover,
for

L
large

en
ou

gh
it

th
en

h
old

s
th

at
P
θ
0 (θ

0 6∈
Ĉ

(L
))≤

γ
.

H
en

ce,
in

th
e

n
on

-d
istrib

u
ted

case
it

is
op

tim
al

to
ch

o
ose

th
e

h
y
p

er
p
aram

eter
α
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su

ch
a

w
ay

th
a
t

th
e
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larity

α
of

th
e

p
rio

r
m

atch
es

th
e
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larity

β
of

th
e

tru
e

sign
al.
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th

e
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a
in

d
er
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th
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w
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v
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d
istrib

u
ted

m
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o
d
s
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p
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t
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v
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.
W

e
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e

d
iff
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m
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o
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d
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s
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S
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Z
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e
n
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traction
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d
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erage.

W
e

stress
th

at
th

e
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lts
in

th
is

sectio
n

are
n
on

-ad
a
p
tive,

in
th

e
sen

se
th

at
w

e
allow

th
e

tu
n
in

g
p
aram

eter
α

an
d

oth
er

asp
ects

of
th

e
con

stru
ction

s
to

u
se

k
n
ow

led
ge

of
th

e
regu

larity
β

of
th

e
tru

e
sign

al.
T

h
is

is
of

cou
rse

n
ot

realistic.
It

is
h
ow

ever
im

p
ortan

t
to

fi
rst

u
n
d
erstan

d
for

every
m

eth
o
d

w
h
eth

er
id

eally,
if

th
e

valu
e

of
β

is
given

to
u
s

b
y

an
oracle,

it
is

p
ossib

le
to

tu
n
e

th
e

m
eth

o
d

op
tim

ally.
W

h
eth

er
th

is
is

also
p

ossib
le

ad
ap

tively,
w

ith
ou

t
k
n
ow

in
g
β

,
is

th
en

th
e

n
ex

t
n
atu

ral
q
u
estion

,
w

h
ich

w
e

ad
d
ress

in
S
ection

4.

3
.1

.
N

a
iv

e
a
v
e
ra

g
in

g
o
f

lo
c
a
l

p
o
ste

rio
r

d
ra

w
s

R
ecall

th
at

w
e

h
ave

m
lo

cal
ob

serv
ers

th
at

each
h
av

e
a

d
ataset

Y
j

=
(Y

j1
,Y

j2
,...)

of
n
oisy

co
effi

cien
ts

satisfy
in

g
(2.2).

T
h
e

aim
is

to
recover

th
e

tru
e

seq
u
en

ce
of

co
effi

cien
ts
θ.

A
s

a
startin

g
p

oin
t,

an
d

to
h
ave

a
b
aselin

e
case

to
com

p
are

th
e

oth
er

m
eth

o
d
s

to,
w

e
an

aly
se

th
e

n
aive

d
istrib

u
ted

ap
p
roach

in
w

h
ich

in
every

lo
cal

p
rob

lem
w

e
sim

p
ly

u
se

th
e

p
rior

Π
(·|α

)
d
efi

n
ed

b
y

(3.1),
w

ith
α

=
β

eq
u
al

to
th

e
regu

larity
of

th
e

tru
e

seq
u
en

ce
θ,

in
th

e
sen

se
of

(3.3).
E

v
ery

lo
cal

ob
server

th
en

com
p
u
tes

its
corresp

on
d
in

g
lo

cal
p

osterior,
Π
j(·|Y

j).
B

y
B

ayes’
form

u
la

th
is

is
given

b
y

d
Π
j(θ|Y

j)∝
p
(Y

j|θ)
d
Π

(θ|β
),

w
h
ere

th
e

likelih
o
o
d

for
th

e
jth

lo
cal

p
rob

lem
is

given
b
y

p
(Y

j|θ)∝
∏

e −
12

n
(Y
ji −
θ
i
) 2

σ
2
m

.
(3.4)

F
in

ally
th

ese
lo

cal
p

osteriors
are

com
b
in

ed
in

to
a

glob
al,

“average
p

osterior”
Π
I (·|Y

)
b
y

p
ostu

latin
g

th
at

a
d
raw

from
th

is
glob

al
p

osterior
is

gen
erated

b
y

fi
rst

d
raw

in
g

on
ce

from
each

lo
cal

p
osterior

an
d

th
en

averagin
g

th
ese

m
in

d
ep

en
d
en

t
d
raw

s.
(F

orm
ally,

th
is

m
ean

s
th

at
th

e
glob

al
“p

osterior”
Π
I (·|Y

)
is

th
e

con
volu

tion
of

th
e

rescaled
lo

cal
p

osteriors
Π

1(m
×
·|Y

1),
...,

Π
m

(m
×
·|Y

m
)).

T
h
is

d
istrib

u
ted

m
eth

o
d

is
con

cep
tu

ally
very

sim
p
le,

b
u
t

it
tu

rn
s

ou
t

th
a
t

n
eith

er
from

th
e

p
oin

t
of

v
iew

of
con

traction
rates,

n
or

from
th

e
p

oin
t

of
v
iew

of
u
n
certain

ty
q
u
an

tifi
-

cation
it

p
erform

s
very

w
ell.

T
h
e

reason
is

b
asically

th
at

a
lth

ou
gh

th
e

ch
o
ice

α
=
β

of
th

e
tu

n
in

g
p
aram

eter
of

th
e

p
rior

correctly
m

atch
es

sq
u
ared

b
ias,

varian
ce

an
d

p
osterior

sp
read

in
th

e
lo

cal
p
rob

lem
s,

th
e

averagin
g

p
ro

ced
u
re

resu
lts

in
a

glob
al

“
p

osterior”
for

w
h
ich

th
e

sp
read

an
d

th
e

varian
ce

of
th

e
m

ean
are

to
o

sm
all

relative
to

th
e

sq
u
ared

b
ias.

T
h
e

follow
in

g
th

eorem
asserts

th
at

for
ev

ery
sm

o
oth

n
ess

level
β
>

0
th

ere
ex

ist
β

-regu
lar

tru
th

s
for

w
h
ich

th
e

con
traction

rate
of

th
e

p
osterior

d
eteriorates

su
b
stan

tially
an

d
for

w
h
ich

th
e

u
n
certain

ty
q
u
an

tifi
cation

b
y

th
e

cred
ib

le
sets

(3.2)
con

stru
cted

from
th

e
glob

al
p

osterior
Π
I (·|Y

)
is

u
seless,

n
o

m
atter

h
ow

far
th

ey
are

b
low

n
u
p

b
y

a
con

stan
t
L
>

0.

T
h

e
o
re

m
1

(n
a
iv

e
a
v
e
ra

g
in

g
)

F
o
r

every
β
,M

>
0

th
ere

exists
a
θ

0 ∈
H
β
(M

)
su

ch
th

a
t

fo
r

sm
a
ll

en
o
u

gh
c
>

0,

E
θ
0 Π

I (θ
:‖θ−

θ
0 ‖

2 ≤
cm

β
1
+
2
β
n
−

β
1
+
2
β|β

,Y
)→

0

a
s
m
→
∞

a
n

d
n
/m
→
∞

.
F

u
rth

erm
o
re,

fo
r

a
ll
L
>

0
it

h
o
ld

s
th

a
t

P
θ
0 (θ

0 ∈
Ĉ

(L
) )→

0.
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p
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f

d
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r
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u
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d
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e
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r
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m
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h
o
d
s

P
ro

o
f

T
h
e

p
ro

of
of

th
e

th
eo

re
m

is
gi

ve
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in
S
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ti
on

A
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.
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th

e
li
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ra
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re
se

ve
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l
le
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ve
d
is

tr
ib

u
te
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st

ra
te

gi
es

h
av

e
b

ee
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p
ro

p
os

ed
.

T
h
es

e
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et
h
o
d
s

ei
th

er
ch

an
ge

th
e

lo
ca

l
li
k
el

ih
o
o
d
s

in
a

ce
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ai
n

w
ay
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an

d
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or

th
e

p
ri

or
s

th
at

ar
e

lo
ca

ll
y

u
se

d
,

an
d
/o

r
th

e
w

ay
th

at
th

e
lo

ca
l

p
os

te
ri

or
s

ar
e

ag
gr

eg
at

ed
.

In
th

e
n
ex

t
fe

w
se

ct
io

n
s

w
e

in
ve

st
ig

at
e

w
h
et

h
er

su
ch

st
ra

te
gi

es
ca

n
im

p
ro

ve
th

e
b
a
d

as
y
m

p
to

ti
c

p
er

fo
rm

an
ce

of
th

e
n
ai

ve
av

er
ag

in
g

m
et

h
o
d
.

3
.2

.
A

d
ju

st
e
d

lo
c
a
l

li
k
e
li
h

o
o
d

s
a
n

d
a
v
e
ra

g
in

g

O
n
e

p
er

sp
ec

ti
ve

on
th

e
b
ad

p
er

fo
rm

an
ce

of
th

e
n
ai

ve
m

et
h
o
d

is
to

sa
y

th
at

si
n
ce

th
e

“
sa

m
p
le

si
ze

”
n
/m

in
th

e
lo

ca
l

p
ro

b
le

m
s

is
to

o
sm

al
l,

th
e

in
fl
u
en

ce
of

th
e

d
at

a
on

th
e

lo
ca

l
p

o
st

er
io

r
is

to
o

sm
al

l,
re

su
lt

in
g

in
a

va
ri

an
ce

(a
n
d

sp
re

ad
)

th
at

is
to

o
sm

al
l

re
la

ti
v
e

to
th

e
sq

u
ar

ed
b
ia

s
in

th
e

gl
ob

al
p

os
te

ri
or

.
A

p
os

si
b
le

w
ay

to
re

m
ed

y
th

is
th

at
h
as

b
ee

n
p
ro

p
os

ed
in

se
ve

ra
l

p
ap

er
s

is
to

ra
is

e
th

e
lo

ca
l

li
ke

li
h
o
o
d
s

to
th

e
p

ow
er
m

,
in

or
d
er

to
m

im
ic

th
e

si
tu

at
io

n
th

at
w

e
h
av

e
sa

m
p
le

si
ze
n

in
th

e
lo

ca
l

p
ro

b
le

m
s.

T
h
is

ge
n
er

al
iz

ed
B

ay
es

ia
n

ap
p
ro

ac
h

fo
r

th
e

lo
ca

l
p
ro

b
le

m
s

h
as

fo
r

in
st

an
ce

b
ee

n
co

n
si

d
er

ed
in

th
e

d
is

tr
ib

u
te

d
co

n
te

x
t

b
y

S
ri

va
st

av
a

et
al

.
(2

01
5)

.
T

h
ey

co
m

b
in

e
it

w
it

h
a

d
iff

er
en

t
ag

gr
eg

at
io

n
m

et
h
o
d

h
ow

ev
er

,
w

h
ic

h
w

e
co

n
si

d
er

in
S
ec

ti
on

3.
4.

In
th

is
se

ct
io

n
w

e
st

il
l

co
n
si

d
er

th
e

si
m

p
le

av
er

ag
in

g
sc

h
em

e,
in

or
d
er

to
is

ol
at

e
th

e
eff

ec
t

of
ad

ju
st

in
g

th
e

lo
ca

l
li
ke

li
h
o
o
d
s.

S
o

in
m

et
h
o
d

II
al

l
lo

ca
l

ob
se

rv
er

s
u
se

th
e

p
ri

o
r

Π
(·
|α

)
ag

ai
n
,

w
it

h
α

=
β

eq
u
al

to
th

e
re

gu
la

ri
ty

of
th

e
tr

u
th

.
T

h
ey

n
ow

ea
ch

co
m

p
u
te

a
ge

n
er

al
iz

ed
lo

ca
l

p
os

te
ri

or
Π̃
j
(·
|Y

j
),

d
efi

n
ed

b
y

d
Π̃
j
(θ
|Y

j
)
∝
( p

(Y
j
|θ

)) m
d
Π

(θ
|β

).

A
s

b
ef

or
e

th
e

gl
ob

al
“p

os
te

ri
or

”
Π
I
I
(·
|Y

)
is

d
efi

n
ed

b
y

p
os

tu
la

ti
n
g

th
at

a
d
ra

w
fr

om
th

is
gl

ob
al

p
os

te
ri

or
is

ge
n
er

at
ed

b
y

fi
rs

t
d
ra

w
in

g
on

ce
fr

o
m

ea
ch

lo
ca

l
ge

n
er

al
iz

ed
p

os
te

ri
or

an
d

th
en

av
er

ag
in

g
th

es
e
m

in
d
ep

en
d
en

t
d
ra

w
s.

T
h
e

fo
ll
ow

in
g

th
eo

re
m

st
at

es
th

a
t

th
is

m
et

h
o
d

in
d
ee

d
im

p
ro

ve
s

th
e

n
ai

ve
ap

p
ro

ac
h

of
S
ec

ti
on

3.
1.

T
h
e

gl
ob

al
p

os
te

ri
or

n
ow

co
n
tr

ac
ts

at
th

e
op

ti
m

al
ra

te
fo

r
ev

er
y
β

-r
eg

u
la

r
tr

u
th

.
U

n
fo

rt
u
n
at

el
y,

th
e

b
ad

b
eh

av
io

u
r

of
th

e
cr

ed
ib

le
se

ts
h
as

n
ot

b
ee

n
re

m
ed

ie
d
.

F
or

th
is

ap
p
ro

ac
h

th
e

u
n
ce

rt
ai

n
ty

q
u
an

ti
fi
ca

ti
on

is
in

fa
ct

m
is

le
ad

in
g

fo
r

al
l
β

-r
eg

u
la

r
tr

u
th

s.

T
h

e
o
re

m
2

(a
d

ju
st

e
d

li
k
e
li
h

o
o
d

s
+

a
v
e
ra

g
in

g
)

F
o
r

a
ll
β
,M

>
0

a
n

d
a
ll

se
qu

en
ce

s
M
n
→
∞

,

su
p

θ 0
∈H

β
(M

)

E
θ 0

Π
I
I
(θ

:
‖θ
−
θ 0
‖ 2
≥
M
n
n
−

β
1
+
2
β
|Y

)
→

0

a
s
n
,m
→
∞

.
H

o
w

ev
er

,
fo

r
a
ll
θ 0
∈
H
β
(M

)
a
n

d
a
ll
L
>

0
it

h
o
ld

s
th

a
t

P
θ 0

( θ
0
∈
Ĉ

(L
))
→

0.

P
ro

o
f

T
h
e

p
ro

of
is

gi
ve

n
in

S
ec

ti
on

A
.2

.
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S
z
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b
ó

a
n
d

V
a
n

Z
a
n
t
e
n

3
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.
A

d
ju

st
e
d

p
ri

o
rs

a
n

d
a
v
e
ra

g
in

g

A
d
ju

st
in

g
th

e
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ke

li
h
o
o
d

as
in

th
e

p
re

ce
d
in

g
se
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io

n
re

su
lt

ed
in

a
co
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ec

t
tr

a
d
e-

o
ff

b
et

w
ee

n
th

e
b
ia

s
an

d
th

e
va

ri
an

ce
of

th
e

gl
ob

al
p

os
te

ri
or

m
ea

n
,
y
ie

ld
in

g
an

op
ti

m
al

p
os

te
ri

o
r

co
n
tr

a
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ti
on

ra
te

.
T

h
e

sp
re

ad
of

th
e

p
os

te
ri

or
re

m
ai

n
ed

to
o

sm
al

l
in

co
m

p
ar

is
on

h
ow

ev
er

,
re

su
lt

in
g

in
cr

ed
ib

le
se

ts
w

it
h

ze
ro

as
y
m

p
to

ti
c

co
v
er

a
ge

.
In

st
ea

d
of

ra
is

in
g

th
e

lo
ca

l
p

o
st

er
io

rs
to

th
e

p
ow

er
m

,
as

co
n
si

d
er

ed
in

th
e

p
re

ce
d
in

g
se

ct
io

n
,

w
e

co
u
ld

a
lt

er
n
at

iv
el

y
ra

is
e

th
e

p
ri

o
r

d
en

-
si

ty
to

th
e

p
ow

er
1/
m

.
T

h
is

h
as

fo
r

in
st

an
ce

b
ee

n
p
ro

p
os

ed
in

th
e

co
n
te

x
t

of
th

e
“
C

o
n
se

n
su

s
M

on
te

C
ar

lo
”

ap
p
ro

ac
h

b
y

S
co

tt
et

al
.

(2
01

6)
,

in
co

m
b
in

at
io

n
w

it
h

si
m

p
le

av
er

a
g
in

g
o
f

th
e

lo
ca

l
p

os
te

ri
or

s.
In

th
is

se
ct

io
n

w
e

in
ve

st
ig

at
e

th
e

p
er

fo
rm

an
ce

of
th

is
m

et
h
o
d

in
te
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s

o
f

p
os

te
ri

or
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n
tr
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on
an

d
u
n
ce
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ai

n
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u
an
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ca

ti
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in
ou

r
d
is

tr
ib

u
te
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si
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al
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h
it
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n
o
is

e
m

o
d
el
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T
h
e

p
ri

or
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)
th

at
w

e
u
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in
th

e
lo
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l

p
ro

b
le
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is
ag
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in

a
p
ro

d
u
ct

o
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te
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G
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ia

n
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w
it

h
va

ri
an
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−
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R
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si
n
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th
e
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p
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in

g
d
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th
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p
ow

er
1
/m

h
as

th
e
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m
u
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p
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or
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ri
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b
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in

ou
r
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ra
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in
g

th
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or
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si
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e
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ow
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p
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d
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u
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b
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b
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d
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p
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re
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.
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Ĉ

(L
))
≤
γ

fo
r

la
rg

e
en

o
u

gh
L
>

0
.

P
ro

o
f

T
h
e

p
ro

of
of

th
e

th
eo

re
m

ca
n

b
e

fo
u
n
d

in
S
ec

ti
on

A
.5

.

3
.6

.
S

u
m

m
a
ry

o
f

re
su

lt
s

fo
r

n
o
n

-a
d

a
p

ti
v
e

m
e
th

o
d

s

W
e

h
av

e
se

en
th

at
th

e
va

ri
ou

s
m

et
h
o
d
s

fo
r

ag
gr

eg
at

io
n

of
th

e
lo

ca
l

p
o
st

er
io

rs
ca

n
g
iv

e
q
u
it

e
d
iff

er
en

t
re

su
lt

s.
T

h
e

m
et

h
o
d
s

w
e

co
n
si

d
er

ed
p
ro

d
u
ce

d
iff

er
en

t
gl

ob
al

“p
os

te
ri

o
r”

m
ea

su
re

s.
D

ep
en

d
in

g
on

th
e

re
la

ti
on

b
et

w
ee

n
th

e
b
ia

s
an

d
va

ri
an

ce
of

th
e

gl
o
b
al

p
os

te
ri

o
r

m
ea

n
a
n
d

th
e

sp
re

ad
of

th
is

gl
ob

al
p

os
te

ri
or

,
th

e
p

o
st

er
io

r
co

n
tr

ac
ti

on
ra

te
an

d
co

ve
ra

g
e

p
ro

b
a
b
il
it

ie
s

of
cr

ed
ib

le
se

ts
ca

n
h
av

e
d
iff

er
en

t
b

eh
av

io
u
rs

.
W

e
su

m
m

ar
iz

e
ou

r
fi
n
d
in

gs
in

T
a
b
le

1
.

T
h
is

is
ce

rt
ai

n
ly

n
ot

m
ea

n
t

to
b

e
an

ex
h
au

st
iv

e
li
st

of
m

et
h
o
d
s,

b
u
t

ra
th

er
an

il
lu

st
ra

ti
o
n

o
f

h
ow

th
e

d
es

ig
n

of
d
is

tr
ib

u
te

d
p
ro

ce
d
u
re

s
ca

n
aff

ec
t

th
ei

r
fu

n
d
am

en
ta

l
p

er
fo

rm
an

ce
.

S
im

u
la

ti
on

s
fu

rt
h
er

il
lu

st
ra

te
th

e
th

eo
re

ti
ca

l
re

su
lt

s.
W

e
h
av

e
co

n
si

d
er

ed
a

tr
u
e

si
g
n
a
l
θ

co
n
si

st
in

g
of

th
e

F
ou

ri
er

co
effi

ci
en

ts
of

th
e

fu
n
ct

io
n

sh
ow

n
in

th
e

le
ft

p
an

el
of

F
ig

u
re

3
.

T
h
is

is
a

si
gn

al
w

h
ic

h
h
as

re
gu

la
ri

ty
β

=
1

in
th

e
se

n
se

of
(3

.3
).

F
or

th
is

si
gn

al
w

e
si

m
u
la

te
d

d
a
ta

ac
co

rd
in

g
to

(2
.2

),
w

it
h
σ

=
1,
n

=
48

00
an

d
m

=
40

,
i.
e.

w
e

co
n
si

d
er

ed
a

d
is

tr
ib

u
te

d
se

tt
in

g
w

it
h
m

=
40

m
ac

h
in

es
.

F
or

th
e

sa
ke

of
co

m
p
ar

is
on

,
th

e
ri

gh
t

p
an

el
of

F
ig

u
re

3
sh

ow
s

th
e

14
JM

L
R

 2
0(

87
):

1-
30

, 2
01

9



A
n

a
sy

m
p
t
o
t
ic

a
n
a
ly

sis
o
f

d
ist

r
ib

u
t
e
d

n
o
n
pa

r
a
m

e
t
r
ic

m
e
t
h
o
d
s

0.0
0.2

0.4
0.6

0.8
1.0

−0.4 −0.2 0.0 0.2 0.4

True signal

0.0
0.2

0.4
0.6

0.8
1.0

−0.4 −0.2 0.0 0.2 0.4

N
on−distributed m

ethod

F
ig

u
re

3:
L

eft:
tru

e
sign

al.
R

igh
t:

p
osterior

m
ean

(b
lu

e
solid

cu
rve)

an
d

95%
p

oin
tw

ise
cred

ib
le

b
an

d
s

(d
ash

ed
b
lu

e
cu

rves)
for

th
e

n
on

-d
istrib

u
ted

m
eth

o
d
.

sig
n
a
l

reco
n
stru

ction
an

d
u
n
certain

ty
q
u
a
n
tifi

cation
for

th
e

n
on

-d
istrib

u
ted

m
eth

o
d

w
h
ich

fi
rst

a
g
g
reg

a
tes

all
d
ata

in
a

sin
gle

m
ach

in
e

an
d

th
en

com
p
u
tes

th
e

p
osterior

corresp
on

d
in

g
to

th
e

p
rior

Π
(·|α

)
d
efi

n
ed

b
y

(3.1),
w

ith
α

=
β

.
T

h
is

is
a

m
eth

o
d

w
h
ich

is
k
n
ow

n
to

h
ave

a
n

o
p
tim

a
l

con
vergen

ce
rate

an
d

correct
q
u
an

tifi
cation

of
u
n
certain

ty.
T

h
is

classical,
n
o
n
-d

istrib
u
ted

resu
lt

sh
ou

ld
b

e
com

p
ared

to
F

igu
re

4,
w

h
ich

v
isu

alizes
th

e
“p

osteriors”
g
en

era
ted

b
y

ea
ch

of
th

e
d
istrib

u
ted

m
eth

o
d
s

I–V
I.

In
a
cco

rd
a
n
ce

w
ith

ou
r

th
eoretical

resu
lts,

w
e

see
th

at
th

e
resu

lts
of

m
eth

o
d
s

III
an

d
IV

a
re

co
m

p
a
ra

b
le

w
ith

th
e

n
on

-d
istrib

u
ted

m
eth

o
d
.

M
eth

o
d
s

I,
V

an
d

V
I

h
ave

w
orse

sign
al

reco
n
stru

ctio
n
.

T
h
e

p
osterior

m
ean

of
M

eth
o
d

II
is

com
p
arab

le
to

th
at

of
th

e
op

tim
al

m
eth

o
d
s,

b
u
t

th
e

u
n
certain

ty
is

u
n
d
erestim

ated
.

A
n

im
p

o
rta

n
t

ob
servation

to
m

ak
e

is
th

at
th

e
m

eth
o
d
s

th
at

ach
ieve

th
e

sam
e

op
tim

al
p

erfo
rm

a
n
ce

a
s

n
on

-d
istrib

u
ted

m
eth

o
d
s,

all
u
se

in
form

ation
ab

ou
t

th
e

regu
larity

β
of

th
e

u
n
kow

n
sig

n
a
l,

m
ostly

th
rou

gh
th

e
settin

g
of

tu
n
in

g
p
aram

eters
in

th
e

p
riors.

In
th

at
sen

se,
th

ey
a
re

n
on

-ad
ap

tive.
T

h
ey

serve
a
s

u
sefu

l
resu

lts
th

at
in

d
icate

w
h
at

is
p

ossib
le

in
p
rin

cip
le

if
w

e
h
ave

certain
oracle

k
n
ow

led
ge

ab
o
u
t

th
e

tru
th

w
e

are
try

in
g

to
learn

.
T

o
u
n
d
ersta

n
d

w
h
at

realistic
p
ro

ced
u
res

can
ach

ieve
th

is
h
as

to
b

e
com

b
in

ed
w

ith
in

sig
h
t

in
to

w
h
a
t

ca
n

b
e

learn
ed

ab
ou

t
th

is
oracle

k
n
ow

led
ge

fro
m

th
e

d
ata.

In
th

e
n
ex

t
section

w
e

a
d
d
ress

th
is

issu
e

in
th

e
con

tex
t

of
ou

r
d
istrib

u
ted

sign
a
l-in

-w
h
ite-n

oise
m

o
d
el.

4
.
R
e
su

lts
fo
r
a
d
a
p
tiv

e
p
ro

ce
d
u
re
s

In
th

e
n
o
n
-d

istrib
u
ted

case
it

is
w

ell
k
n
ow

n
th

at
th

ere
ex

ist
ad

ap
tive

m
eth

o
d
s

th
at

ach
ieve

th
e

sa
m

e
o
p
tim

al
p

erform
an

ce
as

n
on

-ad
ap

tive
p
ro

ced
u
res,

w
ith

ou
t

u
sin

g
k
n
ow

led
ge

of
th

e
reg

u
larity

β
o
f

th
e

u
n
kow

n
sign

al.
T

h
ese

m
eth

o
d
s

som
eh

ow
su

cceed
in

correctly
trad

in
g

o
ff

b
ia

s,
varia

n
ce

(an
d

sp
read

in
B

ayesian
m

eth
o
d
s)

in
a

p
u
rely

d
ata-d

riven
m

an
n
er.

F
or

severa
l

su
ch

resu
lt

in
th

e
con

tex
t

of
th

e
sign

a
l-in

-w
h
ite-n

oise
m

o
d
el,

see,
for

in
stan

ce,
G

in
é
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ó

a
n
d

V
a
n

Z
a
n
t
e
n

th
e

sm
al

le
r

si
gn

al
-t

o-
n
oi

se
ra

ti
o,

or
“s

am
p
le

si
ze

”
in

th
e

lo
ca

l
m

ac
h
in

es
,

ce
rt

a
in

tr
u
th

s
m

ay
ap

p
ea

r
m

or
e

re
gu

la
r

th
an

th
ey

re
al

ly
ar

e.
It

tu
rn

s
ou

t
th

at
u
si

n
g

th
e

es
ti

m
a
to

r
α̂

in
co

m
b
in

at
io

n
w

it
h

an
y

of
th

e
m

et
h
o
d
s

co
n
si

d
er

ed
in

th
e

p
re

ce
d
in

g
se

ct
io

n
in

d
ee

d
le

a
d
s

to
su

b
-o

p
ti

m
al

ra
te

s
an

d
b
ad

co
ve

ra
ge

p
ro

b
ab

il
it

ie
s

fo
r

ce
rt

ai
n

tr
u
th

s.
A

s
a
n

il
lu

st
ra

ti
on

w
e

p
re

se
n
t

a
ri

go
ro

u
s

st
at

em
en

t
fo

r
th

e
m

et
h
o
d

of
S
ec

ti
on

3.
4,

b
u
t

si
m

il
ar

re
su

lt
s

ca
n

b
e

d
er

iv
ed

fo
r

th
e

ot
h
er

s
m

et
h
o
d
s

as
w

el
l.

S
o

su
p
p

os
e

th
at

in
ev

er
y

lo
ca

l
p
ro

b
le

m
th

e
p
ri

or
Π

(·
|α

)
is

u
se

d
,

th
e

co
rr

es
p

o
n
d
in

g
g
en

-
er

al
iz

ed
p

os
te

ri
or

Π̃
j
(·
|Y

j
)

is
co

m
p
u
te

d
lo

ca
ll
y

(w
h
ic

h
in

vo
lv

es
ra

is
in

g
th

e
lo

ca
l

li
ke

li
h
o
o
d

to
th

e
p

ow
er
m

),
an

d
th

en
th

e
tu

n
in

g
p
ar

am
et

er
α

is
su

b
st

it
u
te

d
b
y

th
e

es
ti

m
a
to

r
α̂

d
e-

fi
n
ed

ab
ov

e.
In

th
e

ce
n
tr

al
m

ac
h
in

e,
th

e
gl

ob
al

“p
os

te
ri

or
”

Π
V
I
I
(·
|Y

)
is

co
n
st

ru
ct

ed
a
s

th
e

2-
W

as
se

rs
te

in
b
ar

y
ce

n
te

r
of

th
e

lo
ca

l
“p

os
te

ri
or

”
m

ea
su

re
s

Π̃
1
(·
|α̂
,Y

1
),
..
.,

Π̃
m

(·
|α̂
,Y

m
).

T
h

e
o
re

m
8

F
o
r
β
,M

>
0

a
n

d
θ 0

a
s

in
L

em
m

a
7

w
e

h
a
ve

,
fo

r
so

m
e
c
>

0
,

E
θ 0

Π
V
I
I
(θ

:
‖θ
−
θ 0
‖ 2
≤
c(
n
/
√
m

)−
β

1
+
2
β
|Y

)
→

0

a
s
m
→
∞

a
n

d
n
/m
→
∞

.
F

u
rt

h
er

m
o
re

,
fo

r
a
ll
L
>

0
it

h
o
ld

s
th

a
t

P
θ 0

( θ
0
∈
Ĉ
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C

h
eb

y
ch

ev
’s

in
eq

u
al

it
y

th
at
r γ
≥
cn
−
β
/
(1

+
2
β

)
fo

r
so

m
e
c
>

0.
F

o
r

th
e

co
ve

ra
g
e

p
ro

b
ab

il
it

y
w

e
th

en
h
av

e

P
θ 0

( θ 0
6∈
Ĉ

(L
))
≤

P
θ 0

( ‖
θ̂
−
θ 0
‖ 2
≥
cL
n
−
β
/
(1

+
2
β

))
≤
n

2
β
/
(1

+
2
β

)

c2
L

2
E
θ 0
‖θ̂
−
θ 0
‖2 2
.

B
y

th
e

b
ou

n
d
s

on
th

e
b
ia

s
an

d
va

ri
an

ce
of

th
e

p
os

te
ri

or
m

ea
n

th
e

ri
gh

t-
h
an

d
si

d
e

is
sm

a
ll
er

th
an

γ
fo

r
L

la
rg

e
en

ou
gh

,
u
n
if

or
m

ly
fo

r
θ 0
∈
H
β
(L

).

A
.4

.
P

ro
o
f

o
f

T
h

e
o
re

m
4

A
s

w
e

sa
w

in
S
ec

ti
on

A
.2

,
th

e
jt

h
lo

ca
l

ge
n
er

al
iz

ed
p

os
te

ri
or

is
a

p
ro

d
u
ct

of
G

a
u
ss

ia
n
s

w
it

h
m

ea
n
s
θ̂j i

an
d

va
ri

an
ce

s
s2 i

gi
ve

n
b
y

θ̂j i
=

n

n
+
σ

2
i1

+
2
β
Y
j i
,

s2 i
=

σ
2

n
+
σ

2
i1

+
2
β
.

In
ot

h
er

w
or

d
s,

th
e
jt

h
lo

ca
l

m
ea

su
re

is
a

G
au

ss
ia

n
m

ea
su

re
on

`2
w

it
h

m
ea

n
θ̂j

=
(θ̂
j i
) i

an
d

(d
ia

go
n
al

)
co

va
ri

an
ce

op
er

at
or
R

:
`2
→
`2

gi
ve

n
b
y

(R
x

) i
=
s2 i
x
i,

w
h
ic

h
is

th
e

sa
m

e
fo

r

2
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n

a
sy

m
p
t
o
t
ic
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n
a
ly

sis
o
f

d
ist

r
ib

u
t
e
d

n
o
n
pa

r
a
m

e
t
r
ic

m
e
t
h
o
d
s

every
lo

ca
l

m
a
ch

in
e.

T
h
e

W
asserstein

b
ary

cen
ter

of
a

fi
n
ite

collection
of

G
au

ssian
m

easu
res

is
a

G
a
u
ssia

n
m

easu
re

again
(e.g.

A
gu

eh
an

d
C

arlier
(2011)).

B
y

T
h
eorem

3.5
o
f

G
elb

rich
(1

9
9
0
)

th
e

sq
u
a
red

2-W
asserstein

d
istan

ce
b

etw
een

th
e
jth

lo
cal

m
easu

re
an

d
a

G
au

ssian
m

ea
su

re
o
n
`
2

w
ith

m
ean

µ
an

d
covarian

ce
op

erator
K

is
given

b
y

‖
θ̂
j−

µ‖
22

+
tr(R

)
+

tr(K
)−

2tr √
R

1
/
2K

R
1
/
2.

It
fo

llow
s

th
a
t

th
e

b
ary

cen
ter

Π
I
V

(·|Y
)

of
th

e
lo

cal
gen

eralized
p

osteriors
is

th
e

G
au

ssian
m

ea
su

re
o
n
`
2

w
ith

m
ean

θ̂
eq

u
al

to
th

e
average

of
th

e
lo

cal
m

ean
s
θ̂
j

an
d

covarian
ce

o
p

era
to

r
eq

u
a
l

to
R

.
In

oth
er

w
ord

s,
th

e
g
lob

al
“
p

osterior”
is

a
p
ro

d
u
ct

of
G

au
ssian

s
w

ith
m

ea
n
s

a
n
d

va
rian

ces
giv

en
b
y

θ̂
i

=
1m

m
∑j=

1

θ̂
ji ,

t 2i
=
s

2i .

S
o

th
e

g
lob

a
l

p
osterior

m
ean

is
th

e
sam

e
as

in
S
ection

A
.2

an
d

th
e

p
osterior

sp
read

∑
t 2i

is
a

fa
cto

r
m

la
rg

er.
It

th
en

follow
s

from
th

e
con

sid
eration

s
in

S
ection

A
.2

th
at

th
e

sq
u
ared

b
ia

s
o
f

th
e

glo
b
al

p
osterior

m
ean

is
b

ou
n
d
ed

b
y

a
con

stan
t

tim
es
M

2n
−

2
β
/
(1

+
2
β

),
u
n
iform

ly
fo

r
θ

0 ∈
H
β
(M

).
M

oreover,
th

e
varian

ce
term

∑
s

2i
an

d
th

e
p

osterior
sp

read
∑
t 2i

b
eh

ave
like

a
m

u
ltip

le
of
n
−

2
β
/
(1

+
2
β

)
as

w
ell.

A
s

w
as

ex
p
lain

ed
in

S
ection

A
.3,

th
is

lead
s

to
th

e
sta

tem
en

t
o
f

th
e

th
eorem

.

A
.5

.
P

ro
o
f

o
f

T
h

e
o
re

m
6

T
h
e

p
ro

o
f

o
f

th
e

fi
rst

statem
en

t
is

th
e

sam
e

as
in

S
ection

A
.1,

sin
ce

th
e

m
ean

o
f

th
e

glo
b
al

“
p

o
sterio

r”
is

th
e

sam
e

as
for

th
e

n
aive

averagin
g

m
eth

o
d
.

F
o
r

th
e

seco
n
d

statem
en

t,
w

e
ob

serve
th

at
for

θ
0 ∈

H
β
(M

),
th

e
sq

u
ared

b
ias

term
for

th
e

p
o
sterior

m
ean

satisfi
es

∑
σ

4m
2i 2

+
4
β

(n
+
σ

2m
i 1

+
2
β
)
2
θ

20
,i ≤

M
2 ∑

σ
4m

2i 1
+

2
β

(n
+
σ

2m
i 1

+
2
β
)
2
.
M

2(n
/m

) −
2
β
/
(1

+
2
β

).

fo
r
n
/
m
→
∞

.
A

s
w

as
sh

ow
n

in
S
ectio

n
A

.1
th

e
varia

n
ce

of
th

e
p

osterior
m

ean
b

eh
aves

a
s
m
−

1
/
(1

+
2
β

)n
−

2
β
/
(1

+
2
β

).
S
in

ce
th

e
sp

read
∑
t 2i

of
th

e
p

osterior
is

a
factor

m
larger

th
an

in
S
ectio

n
A

.1
,

it
is

of
th

e
sam

e
ord

er
(n
/m

) −
2
β
/
(1

+
2
β

)
as

th
e

sq
u
ared

b
ias

term
.

S
in

ce
sq

u
a
red

b
ia

s
a
n
d

sp
read

are
of

th
e

sam
e

ord
er,

th
e

varia
n
ce

is
of

sm
aller

ord
er,

an
d

√
∑

t 4i �
(
nm

)
−
1
/
2

1
+
2
β ∑

t 2i

is
o
f

low
er

o
rd

er
th

an
∑
t 2i ,

th
e

coverage
statem

en
t

can
b

e
p
roved

as
in

S
ection

A
.3.

A
.6

.
T

e
ch

n
ic

a
l

L
e
m

m
a

L
e
m

m
a

9
F

o
r
s,t

>
0

w
ith

st
>

1
a
n

d
r
<
st−

1
co

n
sid

er
th

e
fu

n
ctio

n
f

(x
)

=
x
r(x

s
+

1) −
t

a
n

d
set

f
ν

=
∑
∞k
=

1
ν −

1f
(k
/ν

).
T

h
en

a
s
ν
→
∞

,

(i)
If
r
>
−

1
,

th
en

f
ν �

∫
∞0
f

(x
)d
x

.
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S
z
a
b
ó

a
n
d

V
a
n

Z
a
n
t
e
n

(ii)
If
r

=
−

1
,

th
en

f
ν �

log
ν

.

(iii)
If
r
<
−

1
,

th
en

f
ν �

ν
r−

1 ∑
∞k
=

1
k −

r.

P
ro

o
f

A
ssertion

s
(ii)

an
d

(iii),
alon

g
w

ith
(i)

for−
1
<
r≤

0
are

p
roved

in
L

em
m

a
A

.1
of

S
zab

ó
et

al.
(2013

),
h
en

ce
it

rem
ain

s
to

verify
assertion

(i)
for

0
<
r
<
st−

1.
N

ote
th

at

N
ν

∑k
=

1

ν −
1f

(k
/ν

)
<
f
ν
<

N
ν

∑k
=

1

ν −
1f

(k
/ν

)
+

∞∑

k
=
N
ν
+

1

ν −
1f

(k
/ν

).
(A

.2)

S
in

ce
th

e
fu

n
ction

f
(x

)
is

con
tin

u
ou

s
on

[0
,N

]
it

is
R

iem
an

n
in

tegrab
le

(see
for

in
stan

ce
T

h
eorem

6.8
of

R
u
d
in

(1976)),
h
en

ce
th

e
righ

t
R

iem
an

n
su

m
con

v
erges

to
th

e
in

tegral,
i.e.

∑
N
ν

k
=

1
ν −

1f
(k
/ν

)→
∫
N0
f

(x
)d
x

as
ν
→
∞

(for
sim

p
licity

assu
m

e
th

at
ν
∈
N

).
F

u
rth

erm
ore,

for
every

ν
>

0,

∞∑

k
=
N
ν
+

1

ν −
1f

(k
/
ν

)≤
ν
st−

r−
1

∞∑

k
=
N
ν
+

1

k
r−
st≤

ν
st−

r−
1 ∫

∞N
ν
x
r−
std
x
≤

1

st−
r−

1
N
r
+

1−
st

an
d
∫
∞N

+
1
f

(x
)d
x
≤
∫
∞N

+
1
x
r−
std
x
≤
N
−
st+

r
+

1/
(st−

r−
1).

T
h
erefore

b
y

ch
o
osin

g
N

su
ffi

-

cien
tly

large,
b

oth
sid

es
of

(A
.2)

gets
arb

itrarily
close

to
∫
∞0
f

(x
)d
x

as
ν
→
∞

,
con

clu
d
in

g
th

e
p
ro

of
of

th
e

statem
en

t.

A
p
p
e
n
d
ix

B
.
P
ro

o
fs

fo
r
S
e
ctio

n
4

B
.1

.
P

ro
o
f

o
f

L
e
m

m
a

7

T
h
e

estim
ator

α̂
is

th
e

m
ax

im
izer

of
th

e
ran

d
om

m
ap

α
7→
∑

j
`
j (α

),
w

h
ere

`
j (α

)
=

lo
g ∫

p
(Y

j|θ)
Π

(d
θ|α

).

T
h
e

asy
m

p
totic

b
eh

av
iou

r
of

th
e

lo
cal

log-m
argin

al
lik

elih
o
o
d
`
j

h
as

b
een

stu
d
ied

in
K

n
ap

ik
et

al.
(2016).

D
en

ote
th

e
d
erivative

of
`
j

w
ith

resp
ect

to
α

b
y

˙̀j
an

d
let

k
=
n
/(σ

2m
)

b
e

th
e

lo
cal

“sam
p
le

size”.
M

oreover,
for

l
>

0,
d
efi

n
e

α
=

in
f{α

>
0

:
h
k (α

)
>
l}∧

√
log

k
,

w
h
ere

h
k (α

)
=

1
+

2
α

k
1
/
(1

+
2
α

)
log

k

∑

i

k
2i 1

+
2
α
θ

20
,i log

i

(k
+
i 1

+
2
α
)
2
.

N
ote

th
at

th
e

ex
p

ectation
E
θ
0

˙̀j (α
)

d
o
es

n
o
t

d
ep

en
d

on
j.

It
is

p
roved

in
S
ection

5.3
of

K
n
ap

ik
et

al.
(201

6)
th

at
if
l

is
sm

aller
th

an
som

e
u
n
iversal

th
resh

old
,

th
en

for
every

j

lim
in

f
k→
∞

in
f

α≤
α

1
+

2
α

k
1
/
(1

+
2
α

)
log

k
E
θ
0

˙̀j (α
)

=
δ
>

0
,
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p
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t
r
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u
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e
d

n
o
n
pa

r
a
m

e
t
r
ic

m
e
t
h
o
d
s

E
θ 0

su
p

α
≤
α

1
+

2
α

k
1
/
(1

+
2
α

)
lo

g
k
|˙̀ j

(α
)
−

E
θ 0

˙̀ j
(α

)|
.
e−

C
√

lo
g
k

fo
r

co
n
st

an
ts
δ,
C
>

0.
B

u
t

th
en

w
e

al
so

h
av

e

li
m

in
f

k
→
∞

in
f

α
≤
α

1
+

2
α

k
1
/
(1

+
2
α

)
lo

g
k

E
θ 0

∑ j

˙̀ j
(α

)
>
m
δ

an
d

E
θ 0

su
p

α
≤
α

1
+

2
α

k
1
/
(1

+
2
α

)
lo

g
k

∣ ∣ ∣∑

j

˙̀ j
(α

)
−

E
θ 0

∑ j

˙̀ j
(α

)∣ ∣ ∣.
m
e−

C
√

lo
g
k
.

B
y

M
ar

k
ov

’s
in

eq
u
al

it
y,

it
fo

ll
ow

s
th

at
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
C

1
ex

p
(−
C

2
√

lo
g
k
)

th
e

m
ap

α
7→
∑

j
` j

(α
)

is
st

ri
ct

ly
in

cr
ea

si
n
g

on
th

e
in

te
rv

al
[0
,α

].
H

en
ce

,
on

th
a
t

ev
en

t
w

e
h
av

e
α̂
≥
α

.
It

re
m

ai
n
s

to
sh

ow
th

at
α
≥
β

+
1/

2.
T

o
th

at
en

d
it

su
ffi

ce
s

to
p
ro

v
e

th
at
h
k
(α

)
≤
l

fo
r

al
l
α
≤
β

+
1
/
2.

T
o

se
e

th
is

,
su

p
p

o
se

fi
rs

t
th

at
α
<
β

.
D

efi
n
e
N
β

=
(n
/
(σ

2
√
m

))
1
/
(1

+
2
β

)

an
d
M
α

=
k

1
/
(1

+
2
α

) .
B

y
d
efi

n
it

io
n

of
θ 0

w
e

th
en

h
av

e

h
k
(α

)
=

M
2

M
α

lo
g
M
α

∞ ∑ i=
N
β

k
2
i2
α
−

2
β

lo
g
i

(i
1
+

2
α

+
k
)2

≤
M

2

M
α

lo
g
M
α

M
α

∑ i=
N
β

i2
α
−

2
β

lo
g
i

+
M

2
k

2

M
α

lo
g
M
α

∞ ∑ i=
M
α

i−
2
−

2
α
−

2
β

lo
g
i

≤
M

2
M
α
N

2
α
−

2
β

β
lo

g
M
α

M
α

lo
g
M
α

+
M

2
k

2
M
−

1
−

2
α
−

2
β

α
lo

g
M
α

M
α

lo
g
M
α

.
M

2

fo
r
n
,m

la
rg

e
en

ou
gh

.
H

en
ce

,
if
M

is
sm

al
l

en
ou

gh
,

th
en

h
k
≤
l

fo
r
α
<
β

.
F

or
β
≤
α
≤

β
+

1
/
2

w
e

h
av

e

h
k
(α

)
≤

M
2
k

2

M
α

lo
g
M
α

∞ ∑ i=
N
β

i−
2
−

2
α
−

2
β

lo
g
i

≤
M

2
k

2
N
−

1
−

2
α
−

2
β

β
lo

g
N
β

M
α

lo
g
M
α

=
M

2
(n
/σ

2
)

2
α

1
+
2
α
−

2
α

1
+
2
β
m
−

2
+

1
1
+
2
α

+
1
+
2
α
+
2
β

2
(1

+
2
β
)

lo
g
N
β

lo
g
M
α
.
m
−

2
α

1
+
2
α

lo
g
m

fo
r
n
/m

la
rg

e
en

ou
gh

.
T

og
et

h
er

,
th

is
sh

ow
s

th
at

if
b

ot
h
n
/m

an
d
m

ar
e

la
rg

e
en

ou
gh

,
th

en
in

d
ee

d
h
k
(α

)
≤
l

fo
r

al
l
α
≤
β

+
1
/2

.

B
.2

.
P

ro
o
f

o
f

T
h

e
o
re

m
8

In
v
ie

w
of
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e

p
ro

of
of

T
h
eo

re
m

4
th

e
jt

h
lo

ca
l

ge
n
er

al
iz

ed
p

os
te

ri
or

is
a

p
ro

d
u
ct

of
G

au
s-

si
an

s
w

it
h

m
ea

n
s
θ̂j i

an
d

va
ri

an
ce

s
s2 i

gi
ve

n
b
y

θ̂j i
=

n

n
+
σ

2
i1

+
2
α̂
Y
j i
,

s2 i
=

σ
2

n
+
σ

2
i1

+
2
α̂
.
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si
ze

s
as

d
es

ig
n

p
oi

n
ts
n

1
,n

2
,·
··
,n

L
an

d
re

q
u
ir

es
on

e
le

ve
l

of
b

o
ot

st
ra

p
p
in

g
.

D
es

p
it

e
th

e
re

m
ar

ka
b
le

co
n
tr

ib
u
ti

on
of

V
ap

n
ik

et
al

.
(1

99
4)

,
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

w
a
s

ov
er

-c
o
m

p
le

x
a
n
d

th
e

al
go

ri
th

m
d
id

n
ot

gi
ve

a
ti

gh
t

en
ou

g
h

b
ou

n
d

on
∆

.
L

at
er

,
V

a
p
n
ik

an
d

h
is

co
ll
a
b

o
ra

to
rs

su
gg

es
te

d
a

fi
x

to
ti

gh
te

n
th

e
b

ou
n
d

on
∆

.
W

e
d
o

n
ot

u
se

th
is

h
er

e;
it

is
u
n
cl

ea
r

if
th

is
‘fi

x
’

w
il
l

w
or

k
in

cl
as

si
fi
ca

ti
on

,
le

t
al

on
e

re
gr

es
si

on
.

C
h
o
os

in
g

th
e

d
es

ig
n

p
oi

n
ts

is
a

n
on

tr
iv

ia
l

so
u
rc

e
of

va
ri

ab
il
it

y
in

th
e

es
ti

m
a
te

o
f
d
V
C

.
S
o,

S
h
ao

et
al

.
(2

00
0)

p
ro

p
os

ed
an

al
go

ri
th

m
,

b
as

ed
on

ex
te

n
si

ve
si

m
u
la

ti
on

s,
to

g
en

er
a
te

op
ti

m
al

va
lu

es
of
n

1
,n

2
,·
··
,n

L
,

gi
ve

n
L

.
T

h
ey

ar
gu

ed
th

at
n
on

-u
n
if

or
m

va
lu

es
o
f

th
e
n
l’

s
ga

ve
b

et
te

r
re

su
lt

s
th

an
th

e
u
n
if

or
m
n
l’

s
u
se

d
in

V
ap

n
ik

et
al

.
(1

99
4)

.

M
or

e
re

ce
n
tl

y,
in

a
p
io

n
ee

ri
n
g

p
ap

er
th

at
d
es

er
ve

s
m

or
e

re
co

gn
it

io
n

th
at

it
h
a
s

re
ce

iv
ed

,
M

cD
on

al
d

et
al

.
(2

01
1)

es
ta

b
li
sh

ed
th

e
co

n
si

st
en

cy
of

th
e

V
ap

n
ik

(1
99

8)
es

ti
m

a
to

r
d̂
V
C

fo
r

d
V
C

in
th

e
cl

as
si

fi
ca

ti
on

co
n
te

x
t.

T
h
e

m
ai

n
re

as
on

th
e

es
ti

m
at

or
fo

r
d
V
C

o
f

V
ap

n
ik

et
al

.
(1

9
94

)
d
id

n
ot

b
ec

o
m

e
m

o
re

w
id

el
y

u
se

d
,

d
es

p
it

e
th

e
re

su
lt

in
M

cD
on

al
d

et
al

.
(2

01
1)

,
is

,
w

e
su

gg
es

t,
th

a
t

it
w

a
s

to
o

u
n
st

ab
le

b
ec

au
se

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

d
id

n
ot

b
ou

n
d

∆
ti

gh
tl

y
en

ou
gh

in
te

rm
s

o
f
d
V
C

.
In

ad
d
it

io
n
,

th
e

fo
rm

of
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

in
V

a
p
n
ik

et
al

.
(1

99
4)

is
m

or
e

co
m

p
li
ca

te
d

a
n
d

le
ss

w
el

l-
m

ot
iv

at
ed

th
an

ou
r

re
su

lt
T

h
eo

re
m

2.
T

h
e

re
as

on
is

th
at

th
e

d
er

iv
a
ti

o
n

in
V

a
p
n
ik

et
al

.
(1

99
4)

u
se

s
co

n
d
it

io
n
al

p
ro

b
ab

il
it

ie
s,

o
n
e

of
w

h
ic

h
go

es
to

ze
ro

q
u
it

e
q
u
ic

k
ly

(w
it

h
n

).
S
o,

it
co

n
tr

ib
u
te

s
n
eg

li
gi

b
ly

to
th

e
u
p
p

er
b

ou
n
d
.

O
u
r

d
er

iv
at

io
n

ig
n
or

es
th

e
co

n
d
it

io
n
in

g
an

d
b

ou
n
d
s

a
C

V
fo

rm
of

∆
th

at
is

ty
p
ic

al
ly

la
rg

er
th

an
th

at
u
se

d
in

V
ap

n
ik

et
a
l.

(1
9
9
4
).

O
u
r

co
n
si

st
en

cy
p
ro

of
is

a
si

m
p
li
fi
ca

ti
on

of
th

e
p
ro

of
of

th
e

m
a
in

re
su

lt
M

cD
o
n
a
ld

et
a
l.

(2
01

1)
.

A
cc

or
d
in

gl
y,

w
e

ob
ta

in
a

sl
ow

er
ra

te
of

co
n
si

st
en

cy
,

b
u
t

th
e

p
ro

b
ab

il
it

y
o
f

co
rr

ec
t

m
o
d
el

se
le

ct
io

n
st

il
l

go
es

to
on

e.

O
u
r

ov
er

al
l
st

ra
te

gy
is

to
d
er

iv
e

an
ob

je
ct

iv
e

fu
n
ct

io
n

fo
r

es
ti

m
at

in
g
d
V
C

in
th

e
re

g
re

ss
io

n
se

tt
in

g
th

at
p
ro

v
id

es
,

w
e

th
in

k
,

a
ti

gh
te

r
b

ou
n
d

on
a

m
o
d
ifi

ed
fo

rm
of

∆
.

T
o

co
n
ve

rt
fr

o
m

cl
as

si
fi
ca

ti
on

to
re

gr
es

si
on

,
w

e
d
is

cr
et

iz
e

th
e

lo
ss

u
se

d
fo

r
re

gr
es

si
on

in
to
m

in
te

rv
a
ls

(t
h
e

ca
se
m

=
1

w
ou

ld
th

en
ap

p
ly

to
cl

as
si

fi
ca

ti
on

).
T

o
ge

t
a

ti
gh

te
r

b
ou

n
d
,

w
e

ch
a
n
g
e

th
e

fo
rm

of
∆

fr
om

w
h
at

V
ap

n
ik

et
al

.
(1

99
4)

u
se

d
an

d
w

e
op

ti
m

iz
e

ov
er

th
e

le
ad

in
g

fa
ct

o
r

in
o
u
r

u
p
p

er
b

ou
n
d
.

T
o

u
se

ou
r

es
ti

m
at

or
,

w
e

u
se

an
ex

tr
a

la
ye

r
of

b
o
ot

st
ra

p
p
in

g
so

th
e

q
u
a
n
ti

ty
w

e
em

p
ir

ic
al

ly
op

ti
m

iz
e

re
p
re

se
n
ts

th
e

q
u
an

ti
ty

w
e

d
er

iv
e

th
eo

re
ti

ca
ll
y

m
o
re

a
cc

u
ra

te
ly

.
T

h
e

ex
tr

a
la

ye
r

of
b

o
ot

st
ra

p
p
in

g
st

ab
il
iz

es
ou

r
es

ti
m

at
or

of
d
V
C

an
d

ap
p

ea
rs

to
re

d
u
ce

it
s

d
ep

en
d
en

cy
on

th
e
n
l’

s.
If

th
e

m
o
d
el

s
ar

e
n
es

te
d

in
or

d
er

of
in

cr
ea

si
n
g

V
C

d
im

en
si

o
n
,

it
is

st
ra

ig
h
tf

or
w

ar
d

to
ch

o
os

e
th

e
m

o
d
el

w
it

h
V

C
d
im

en
si

o
n

cl
os

es
t

to
ou

r
es

ti
m

a
te
d̂
V
C

.
O

th
er

w
is

e,
w

e
ca

n
co

n
ve

rt
a

n
on

-n
es

te
d

p
ro

b
le

m
to

th
e

n
es

te
d

ca
se

b
y

or
d
er

in
g

th
e

in
cl

u
si

o
n

of
th

e
co

va
ri

at
es

u
si

n
g

a
sh

ri
n
ka

ge
m

et
h
o
d

su
ch

as
th

e
‘s

m
o
ot

h
ly

cl
ip

p
ed

ab
so

lu
te

d
ev

ia
ti

o
n
’

(S
C

A
D

,
F

an
an

d
L

i
(2

00
1)

),
or

co
rr

el
at

io
n

(s
ee

F
an

an
d

L
v

(2
00

8)
),

an
d

u
se

o
u
r
d̂
V
C

a
s

b
ef

or
e.

E
ve

n
w

h
en

w
e

fo
rc

e
a

m
o
d
el

li
st

to
b

e
n
es

te
d
,

ou
r

m
o
d
el

se
le

ct
io

n
m

et
h
o
d

p
er

fo
rm

s
w

el
l

co
m

p
ar

ed
to

a
ra

n
ge

of
co

m
p

et
it

or
s

in
cl

u
d
in

g
V

ap
n
ik

et
al

.
(1

99
4)

’s
or

ig
in

a
l

m
et

h
o
d
,

tw
o

fo
rm

s
of

p
en

al
iz

ed
em

p
ir

ic
al

ri
sk

m
in

im
iz

at
io

n
(d

en
ot

ed
P̂
E
R
M

1
an

d
P̂
E
R
M

2
),

A
IC

,
B

IC
,

C
V

(1
0-

fo
ld

),
S
C

A
D

,
an

d
ad

ap
ti

ve
L

A
S
S
O

(A
L

A
S
S
O

,
Z

ou
(2

00
6)

).
O

u
r

g
en

er
a
l

fi
n
d
in

gs
in

d
ic

at
e

th
at

in
re

al
is

ti
c

se
tt

in
gs

,
m

o
d
el

se
le

ct
io

n
v
ia

es
ti

m
at

ed
V

C
d
im

en
si

o
n
,

2
JM

L
R

 2
0(

88
):

1-
26

, 2
01
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M
O
D
E
L

S
E
L
E
C
T
IO

N
V
IA

T
H
E

V
C

D
IM

E
N
S
IO

N

w
h
en

p
ro

p
erly

d
on

e,
is

fu
lly

com
p

etitiv
e

w
ith

ex
istin

g
m

eth
o
d
s

an
d
,

u
n
like

th
em

,
rarely

g
ives

a
b
b

era
n
t

resu
lts.

T
h
is

m
a
n
u
scrip

t
is

stru
ctu

red
as

follow
s.

In
S
ec.

2
w

e
p
resen

t
th

e
m

ain
th

eory
ju

stify
in

g
o
u
r

estim
a
to

r.
In

S
u
b
sec.

2.1
w

e
d
iscretize

b
ou

n
d
ed

loss
fu

n
ction

s
so

th
at

u
p
p

er
b

ou
n
d
s

fo
r

th
e

d
istin

ct
region

s
in

volved
in

th
e

d
efi

n
ition

of
∆

can
b

e
d
eriv

ed
an

d
in

S
u
b
sec.

2.2
w

e
d
efi

n
e

o
u
r

estim
ator

of
th

e
V

C
d
im

en
sion

a
n
d

give
an

algorith
m

fo
r

h
ow

to
com

p
u
te

it.
In

S
ec.

3
w

e
u
se

M
cD

on
ald

et
al.

(2011)’s
con

sisten
cy

th
eorem

to
m

otivate
ou

r
con

sisten
cy

th
eo

rem
fo

r
d̂
V
C

.
In

S
ec.

4
w

e
p
resen

t
ou

r
stu

d
ies

u
sin

g
sim

u
lated

,
b

en
ch

m
ark

,
an

d
rea

l
d
a
ta

.
W

e
com

p
are

ou
r

m
eth

o
d

for
m

o
d
el

selection
to

A
IC

,
B

IC
,

C
V

,
P̂
E
R
M

1 ,
a
n
d

P̂
E
R
M

2 .
In

th
is

con
tex

t,
w

e
su

ggest
criteria

to
gu

id
e

th
e

selection
of

d
esign

p
oin

ts.
O

u
r

co
m

p
a
riso

n
s

a
lso

in
clu

d
e

sim
p
lify

in
g

n
on

-n
ested

m
o
d
el

lists
b
y

u
sin

g
correlation

,
S
C

A
D

,
a
n
d

A
L

A
S
S
O

.
In

S
ec.

5
w

e
d
iscu

ss
o
u
r

overall
fi
n
d
in

gs.

2
.
D
e
riv

in
g
a
n
o
p
tim

a
lity

crite
rio

n
fo
r
e
stim

a
tin

g
V
C

d
im

e
n
sio

n

T
h
is

sectio
n

co
n
cern

s
∆

,
th

e
ex

p
ected

su
p
rem

al
d
iff

eren
ce

b
etw

een
tw

o
evalu

ation
s

of
a

b
o
u
n
d
ed

lo
ss

fu
n
ction

,
form

ally
d
efi

n
ed

in
(18)

an
d

(19).
T

h
ese

b
ou

n
d
s

w
ill

en
ab

le
u
s

to
d
erive

an
estim

ator
for

th
e

V
C

d
im

en
sion

.
In

S
ec.

2.1,
w

e
p
resen

t
ou

r
a
ltern

ative
version

o
f

th
e

V
a
p
n
ik

et
al.

(1994)
b

ou
n
d
s

an
d

in
S
ec.

2.2,
w

e
p
resen

t
ou

r
estim

ator
of
d
V
C

.

2
.1

.
E

x
te

n
sio

n
o
f

th
e

V
a
p

n
ik

e
t

a
l.

(1
9
9
4
)

b
o
u

n
d

s
to

re
g
re

ssio
n

L
et
Z

=
(X
,Y

)
b

e
a

ran
d
om

variab
le

w
ith

ou
tcom

es
z

=
(x
,y

)
assu

m
in

g
valu

es
on
Z

=
X
×
Y

.
T

h
e

fi
rst

en
try,

X
=
x

,
is

regard
ed

as
an

ex
p
lan

atory
variab

le
lead

in
g

to
Y

=
y
.

L
et

P
∈
M

(Z
)

b
e

th
e

d
istrib

u
tion

of
Z

,
w

h
ereM

(Z
)

is
th

e
collection

of
p
rob

ab
ility

m
easu

res
on

Z
,

a
n
d

let
Z

1
:2
n

=
(Z

1 ,...,Z
n
,Z

n
+

1 ,...,...,Z
2
n
)

b
e

a
d
ata

set
of

size
2m

of
in

d
ep

en
d
en

tly
a
n
d

id
en

tica
lly

d
istrib

u
ted

(IID
)

cop
ies

of
Z

.
W

rite
D

1
=
{Z

1 ,...,Z
n }

for
th

e
fi
rst

h
a
lf

a
n
d
D

2
=
{Z

n
+

1 ,...,Z
2
n }

for
th

e
secon

d
h
alf.

W
ritin

g
Z
i

=
(X

i ,Y
i )

for
i

=
1
...2n

,
let

Q
(Z

i ,α
)

=
L

(Y
i ,f

(X
i ,α

))
,

fo
r

a
b

o
u
n
d
ed

real
valu

ed
loss

fu
n
ction

L
an

d
α
∈

Λ
.

W
e

assu
m

e
th

at
Λ

is
a

com
p
act

set
in

a
fi
n
ite

d
im

en
sion

al
real

sp
ace,

th
at

th
e

in
terior

of
Λ

,
In

t(Λ
),

is
n
on

-void
an

d
con

vex
,

an
d

th
a
t

Λ
=

In
t(Λ

).
A

lso,
w

e
assu

m
e

th
e

con
tin

u
ou

s
fu

n
ction

s
f

(·|
α

)
are

p
aram

etrized
b
y
α

co
n
tin

u
o
u
sly

a
n
d

on
e-to-on

e.
T

h
u
s,

in
ou

r
ex

am
p
les,

Λ
w

ill
b

e
th

e
p
aram

eter
sp

ace
for

a
cla

ss
o
f

reg
ression

fu
n
ction

s
f

(·|
α

).
F

or
ease

of
ex

p
osition

w
e

assu
m

e
L

,
a
n
d

h
en

ce
Q

,
are

a
lso

co
n
tin

u
o
u
s.

F
o
r

a
fi
x
ed

α
∈

Λ
,

d
iscretize

Q
(z
,α

)
u
sin

g
m

d
isjoin

t
in

tervals
(w

ith
u
n
ion

[0,B
)):

Q
m

(z
,α

)
=

m
−

1
∑j=

0

(2j
+

1)B

2m
I [Q

(Z
,α

)∈
I
mj ]

.
(1)

T
h
e

d
iscretiza

tion
is

b
ased

on
th

e
u
n
iform

left-closed
,

righ
t-op

en
p
artition

of
[0,B

)
in

to
m

su
b
in

terva
ls,

h
ere

d
en

oted
I
mj

an
d

th
e

n
u
m

b
ers

((2j
+

1)B
)/

(2m
)

are
th

e
m

id
p

oin
ts.

In
(1),

I[·]
is

a
n

in
d
icator

fu
n
ction

tak
in

g
valu

e
1

w
h
en

its
argu

m
en

t
is

tru
e

an
d

valu
e

0
w

h
en

it
is

fa
lse.

W
e

u
se

lo
sses

of
th

e
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∆
m j

(z
1
:2
n
,α
∗ 1
j
,α
∗ 2
j
)
≥

ε m

})
=

1

(2
n

)!

(2
n

)!
∑ i=

1

P
({
z 1

:2
n

:
∆
m j

(T
i(
z 1

:2
n
),
α
∗ 1
j
,α
∗ 2
j
)
≥

ε m

})

an
d

th
er

ef
or

e
P

(A
ε)

is
b

ou
n
d
ed

fr
om

ab
ov

e
b
y

1

(2
n

)!

m
−

1
∑ j=

0

(2
n

)!
∑ i=

1

P
({
z 1

:2
n

:
∆
m j

(T
i(
z 1

:2
n
),
α
∗ 1
j
,α
∗ 2
j
)
≥

ε m

})
.

(1
3
)
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M
O
D
E
L

S
E
L
E
C
T
IO

N
V
IA

T
H
E

V
C

D
IM

E
N
S
IO

N

U
sin

g
th

e
p
ro

p
erties

of
th

e
eq

u
ivalen

ce
relation

∼
an

d
lettin

g
Z
′

d
en

ote
a

d
u
m

m
y

variab
le

w
ith

th
e

sa
m

e
d
istrib

u
tion

as
Z

,
w

e
h
ave

th
at

for
each

fi
x
ed

i,
j

an
d
z

1
:2
n

I{
Z
′1
:2
n

:∆
mj

(
T
i Z
′1
:2
n
,α
∗1
j ,α
∗2
j ) ≥

εm }
(·)
≤

I{
Z
′1
:2
n

:∆
mj

(
T
i Z
′1
:2
n
,α
∗1
j
1
,α
∗2
j
1 ) ≥

εm }
(·)

+
···

+
I {
Z
′2
n

:∆
mj

(
T
i Z
′1
:2
n
,α
∗1
j
K
j
(z

1
:2
n
) α
∗2
j
K
j
(z

1
:2
n
) )
≥
εm }

(·)

=

K
j (z

1
:2
n

)
∑k

=
1

I{
Z
′1
:2
n

:∆
mj

(
T
i Z
′1
:2
n
,α
∗1
j
k
α
∗2
j
k ) ≥

εm }
(·)
.

(14)

T
h
e

in
eq

u
a
lity

in
(14)

follow
s

b
ecau

se
each

z ′1
:2
n

m
ak

in
g

th
e

in
d
icator

fu
n
ction

on
th

e
left

sid
e

1
,
m

u
st

m
a
ke

at
least

on
e

of
th

e
in

d
icators

on
th

e
righ

t
1.

T
h
is

follow
s

from
th

e
fact

th
at

(α
∗1
j ,α
∗2
j )

is
a

g
lob

al
m

ax
im

u
m

an
d

each
(α
∗1
jk ,α

∗2
jk )

is
a

lo
cal

m
ax

im
u
m

for
n

eq
u
ivalen

ce
cla

ss,
see

(1
2)

a
n
d

(9).
N

ote
th

at
in

(1
4)

a
T
i

ap
p

ears.
F

orm
ally,

th
is

n
ecessitates

ch
o
osin

g
(α
∗1
j ,α
∗2
j )

a
n
d

each
(α
∗1
jk ,α

∗2
jk )

for
given

k
to

b
e

d
ep

en
d
en

t
on

th
e
i

in
T
i

also;
th

is
ex

tra
step

is
su

p
p
ressed

in
th

e
n
otation

sin
ce
i

h
as

b
een

d
rop

p
ed

for
ease

of
ex

p
osition

.

N
ow

,
u
sin

g
(14),

(13)
is

b
ou

n
d
ed

b
y

P
(A

ε )
≤

1

(2n
)!

m
−

1
∑j=

0

(2
n

)!
∑i=

1 ∫
K
j (z

1
:2
n

)
∑k

=
1

I{
Z
′1
:2
n

:∆
mj

(T
i Z
′1
:2
n
,α
∗1
j
k
α
∗2
j
k
)≥

εm }
(z

1
:2
n
)

d
P

(z
1
:2
n
)

=

∫
m
−

1
∑j=

0

K
j (z

1
:2
n

)
∑k

=
1


1

(2n
)!

(2
n

)!
∑i=

1

I{
Z
′1
:2
n

:∆
mj

(T
i Z
′1
:2
n
,α
∗1
j
k
,α
∗2
j
k
)≥

εm }
(z

1
:2
n
) 

d
P

(z
1
:2
n
)
.

T
o

b
o
u
n
d

th
e

su
m

m
ation

in
sq

u
are

b
rack

ets,
w

e
follow

V
ap

n
ik

(1998),
C

h
ap

.
4.

L
et

A
ε,m

,j,k
=
{
Z

1
:2
n

:
∆
mj

(T
i Z

1
:2
n
,α
∗1
jk α
∗2
jk )≥

εm

}

fo
r

fi
x
ed

j
a
n
d

each
k
,

w
h
ere

[(α
∗1
jk ,α

∗2
jk ) ]

=
(Λ
×

Λ
)
k .

N
ow

,
th

e
su

m
m

ation
in

sq
u
a
re

b
ra

ckets
is

th
e

fraction
of

th
e

n
u
m

b
er

of
th

e
(2n

)!
p

erm
u
tation

s
T
i

of
Z

1
:2
n

for
w

h
ich

A
ε,m

,j,k

is
clo

sed
u
n
d
er
T
i

for
an

y
fi
x
ed

eq
u
ivalen

ce
class

(Λ
×

Λ
)
k .

A
s

p
roved

in
V

ap
n
ik

(1998)
S
ec.

4
.1

3
,

it
eq

u
a
ls

Γ
k

=
∑

`

(
b` )(

2
n−

b
n−

` )
(

2
nn )

w
h
ere

b
=
b(z

1
:2
n
)

is
th

e
n
u
m

b
er

of
z
i ’s

in
z

1
:2
n

th
at

satisfy
Q

(z
i ,α
∗1
jk )

=
1

(for
i

=
1,...,n

)
o
r
Q

(z
i ,α
∗2
jk )

=
1

(for
i

=
n

+
1
,...,2n

),
see

V
a
p
n
ik

(1998),
p
.

136
o
r

14
3.

T
h
e

su
m

m
ation

is
over

`’s
in

th
e

set
{
`

: ∣∣∣∣
`n
−
b−

`

n

∣∣∣∣ ≥
εm

}
.

F
ro

m
S
ec.

4
.1

3
in

V
ap

n
ik

(1998),
w

e
h
ave

Γ
k ≤

2
ex

p (−
n
ε
2

m
2 )

u
n
iform

ly
in
k
.
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M
P
O
U
D
E
U

a
n
d

C
L
A
R
K
E

S
o,

u
sin

g
th

is
in

th
e

last
b

ou
n
d

on
P

(A
ε )

giv
es

th
at
P

(A
ε,m

)
is

b
ou

n
d
ed

from
ab

ov
e

b
y

∫
m
−

1
∑j=

0

K
j (z

1
:2
n

)
∑k

=
1

2
ex

p (−
n
ε
2

m
2 )

d
P

(z
1
:2
n
)

=
2

ex
p (−

n
ε
2

m
2 )
∫

m
−

1
∑j=

0

K
j (z

1
:2
n

)
∑k

=
1

d
P

(z
1
:2
n
)

=
2

ex
p (−

n
ε
2

m
2 )

m
−

1
∑j=

0 ∫
K
j (z

1
:2
n

)
∑k

=
1

d
P

(z
1
:2
n
)

=
2

ex
p (−

n
ε
2

m
2 )

m
−

1
∑j=

0 ∫
K
j (z

1
:2
n
)d

P
(z

1
:2
n
)

=
2

ex
p (−

n
ε
2

m
2 )

m
−

1
∑j=

0

E
(K

j (Z
1
:2
n
))
.

(15)

S
in

ce
K
j (z

1
:2
n
)

is
th

e
n
u
m

b
er

of
eq

u
ivalen

ce
classes

given
α

1 ,
α

2 ,
j,

an
d
z

1
:2
n

an
d
N

Λ

is
th

e
n
u
m

b
er

of
sep

aration
s

of
z

1
:2
n

given
b
y

th
e

fu
n
ction

s
in

(8)
i.e.,

over
all

α
1 ,α

2 ∈
Λ

,
w

e
h
ave

th
at

K
j (z

1
:2
n
)≤

N
Λ

(z
1
:2
n
).

T
h
e

reason
in

g
is

as
follow

s
an

d
sim

p
ly

m
akes

th
e

reason
in

g
b

eh
in

d
th

e
statem

en
t

at
th

e
top

of
p
.

136
in

V
ap

n
ik

(1998)
ex

p
licit.

R
ecall

K
j (z

1
:2
n
)

is
th

e
n
u
m

b
er

of
eq

u
ivalen

ce
classes

in
Λ
×

Λ
for

fi
x
ed

j
an

d
z

1
:2
n
.

If
(α

1 ,α
2 )

an
d

(α
′1 ,α
′2 )

are
in

d
iff

eren
t

eq
u
ivalen

ce
classes

th
en

∃
u

Q
mj

(z
u ,α

1 )6=
Q
mj

(z
u ,α

′1 )
or

Q
mj

(z
u ,α

2 )6=
Q
mj

(z
u ,α

′2 ).

W
ith

ou
t

loss
of

gen
erality,

su
p
p

ose
th

e
fi
rst

in
eq

u
ality

h
old

s
for

som
e
u

.
T

h
en

th
e

tw
o

fu
n
ction

s
Q
mj

(z
u ,α

1 ),Q
mj

(z
u ,α

′1 )
m

u
st

assu
m

e
valu

es
(0,1)

or
(1,0).

A
gain

,
w

ith
o
u
t

loss
of

gen
erality

su
p
p

ose
th

e
fi
rst

h
old

s.
T

h
en

,
th

ese
tw

o
fu

n
ction

s
can

sep
a
rate

z
1
:2
n

in
to

tw
o

d
isjoin

t
su

b
sets

{
z
v ∣∣Q

mj
(z
v ,α

1 )
=

0}
an

d
{z
v ∣∣Q

mj
(z
v ,α

1 )
=

0}
an

d
th

is
is

on
e

of
th

e

sep
aration

s
cou

n
ted

b
y
N

Λ
(z

1
:2
n
).

T
ak

in
g

in
to

accou
n
t

all
su

ch
sep

aration
s

w
e

h
av

e

E
K
j (z

1
:2
n
)≤

E
N

Λ
(z

1
:2
n
).

(16)

T
h
e

grow
th

fu
n
ction

is
d
efi

n
ed

to
b

e

G
Λ

(2n
)

=
log

su
p

z
1
,z

2
,...,z

2
n

N
Λ

(z
1 ,...,z

2
n
)≥

E
N

Λ
(Z

1
:2
n
)

=
H
a
n
n
(2n

).

S
o

it
is

easy
to

see
th

at
H

Λan
n
(2n

)≤
G

Λ
(2n

).
N

ow
,

T
h
eorem

4.3
from

V
ap

n
ik

(1998
)

p
.145

gives
th

at

G
(2n

)≤
d
V
C

log (
2n
e

d
V
C )
⇒

E
(N

Λ
(z

1
:2
n
) )≤

(
2n
e

d
V
C )

d
V
C

.
(17)

U
sin

g
(17)

an
d

(16)
m

tim
es

in
(15)

gives
th

e
th

eorem
.

N
ex

t,
w

e
u
se

u
se

T
h
eorem

1
to

id
en

tify
an

ob
jectiv

e
fu

n
ction

th
at

can
b

e
m

in
im

ized
to

give
an

estim
ator

for
d
V
C

.
F

orm
ally,

let

∆
m

=
E

(
su

p
α
1
,α

2 ∈
Λ ∣∣ν

m
(D

2,α
1 )−

ν
m

(D
1,α

2 ) ∣∣ )
(18)
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M
O
D
E
L

S
E
L
E
C
T
IO

N
V
IA

T
H
E

V
C

D
IM

E
N
S
IO

N

an
d

∆
=

E

(
su

p
α
1
,α

2
∈Λ

∣ ∣ ν
( D

2
,α

1

) −
ν
( D

1
,α

2

)∣ ∣
)
.

(1
9)

O
b
v
io

u
sl

y,
∆
m
≈

∆
p
ro

v
id

ed
th

at
m
,n
,a

n
d
d
V
C
→
∞

at
ap

p
ro

p
ri

at
e

ra
te

s
an

d
th

e
a
rg

u
-

m
en

t
of

∆
m

sa
ti

sfi
es

ap
p
ro

p
ri

at
e

u
n
if

or
m

in
te

gr
ab

il
it

y
co

n
d
it

io
n
s.

In
fa

ct
,

w
e

d
o

n
ot

u
se

∆
m
→

∆
.

F
or

ou
r

p
u
rp

os
e,

th
e

fo
ll
ow

in
g

b
ou

n
d
s

ar
e

su
ffi

ci
en

t.
T

h
ey

ar
e

im
p

or
ta

n
t

to
ou

r
m

et
h
o
d
ol

og
y

b
ec

au
se

th
ey

b
ou

n
d

th
e

ex
p

ec
te

d
m

ax
im

u
m

d
iff

er
en

ce
b

et
w

ee
n

tw
o

va
lu

es
of

th
e

em
p
ir

ic
al

lo
ss

es
b
y

an
ex

p
re

ss
io

n
th

at
ca

n
b

e
u
se

d
to

es
ti

m
at

e
th

e
V

C
d
im

en
si

o
n
.

T
h

e
o
re

m
2

:

1
.

If
d
V
C
<
∞

,
w

e
h
a
ve

∆
m
≤
m

√ √ √ √
1 n

lo
g

(
2m

3

(
2
n
e

d
V
C

) d
V
C
)

+
1

m

√
n

lo
g

( 2
m

3
(

2
n
e

d
V
C

) d
V
C
)

(2
0)

2
.

If
d
V
C
<
∞

,
a
n

d

D
p

(α
)

=

∫
∞

0

p√
P
{Q

(z
,α

)
≥
c}
d
c
≤
∞

w
h
er

e
1
<
p
≤

2
is

so
m

e
fi

xe
d

pa
ra

m
et

er
,

w
e

h
a
ve

∆
≤
D
p
(α
∗ )

22
.5

+
1 p

√
d
V
C

lo
g
(

n
e

d
V
C

)

n
1
−

1 p

+
16
D
p
(α
∗ )

22
.5

+
1 p

n
1
−

1 p

√
d
V
C

lo
g
(

n
e

d
V
C

).
(2

1)

3
.

A
ss

u
m

e
th

a
t
d
V
C
→
∞

,
n

d
V
C
→
∞

,
m
→
∞

,
lo

g
(m

)
=
o(
n

),
a
n

d

D
p

(α
)

=

∫
∞

0

p√
P
{Q

(z
,α

)
≥
c}
d
c
≤
∞

w
h
er

e
p

=
2.

T
h
en

w
e

h
a
ve

th
a
t

∆
≤

m
in

(1
,8
D
p
(α
∗ )

)

√
d
V
C

n
lo

g

(
2n
e

d
V
C

) .
(2

2)

P
ro

o
f

:
P

ro
of

s
of

th
e

th
re

e
cl

au
se

of
T

h
eo

re
m

2
ca

n
b

e
fo

u
n
d

in
M

p
ou

d
eu

(2
01

7)
in

A
p
p

en
-

d
ic

es
A

1–
A

3.
T

h
ey

re
st

on
u
si

n
g

th
e

in
te

gr
al

of
p
ro

b
ab

il
it

ie
s

id
en

ti
ty

an
d

th
en

b
ou

n
d
in

g
th

e
p
ro

b
ab

il
it

ie
s

as
in

T
h
eo

re
m

1.

W
e

ca
n

al
so

u
se

T
h
eo

re
m

1
to

ob
ta

in
an

u
p
p

er
b

ou
n
d

on
th

e
u
n
k
n
ow

n
tr

u
e

ri
sk

v
ia

th
e

fo
ll
ow

in
g

p
ro

p
os

it
io

n
s.

L
et
Q

(α
k
)

b
e

th
e

tr
u
e

u
n
k
n
ow

n
ri

sk
at
α
k

an
d
Q
em

p
(α

k
)

b
e

th
e

em
p
ir

ic
al

ri
sk

at
α
k
.

A
ss

u
m

e
th

at
K

va
lu

es
of
α
k

h
av

e
b

ee
n

fi
x
ed

.
T

h
es

e
co

rr
es

p
on

d
to

a
se

t
of

p
oi

n
ts

in
th

e
p
ar

am
et

er
sp

ac
e;

in
ou

r
ex

am
p
le

s
b

el
ow

w
e

u
se

es
ti

m
at

es
.

In
eff

ec
t,

w
e

ar
e

as
su

m
in

g
th

at
gi

ve
n

an
es

ti
m

at
e,

th
er

e
is

an
α
k

so
cl

os
e

to
it

th
at

th
e

ap
p
ro

x
im

at
io

n
er

ro
r

is
n
eg

li
gi

b
le

.
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3
:

F
o
r

a
n

y
η
∈

(0
,1

),
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
η

,
th

e
in

eq
u

a
li

ty

Q
(α

k
)
≤
Q
em

p
(α

k
)

+
m

√ √ √ √
1 n

lo
g

(
(

2
m η

)
(

2n
e

d
V
C

) d
V
C
)

(2
3
)

h
o
ld

s
si

m
u

lt
a
n

eo
u

sl
y

fo
r

a
ll

fu
n

ct
io

n
s
Q

(z
,α

k
),
k

=
1,

2,
··
·,
K

.

R
e
m

a
rk

:
T

h
is

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
ad

d
it

iv
e

C
h
er

n
off

b
ou

n
d
s

(s
ee

,
e.

g
.,

V
a
p
n
ik

(1
99

8)
,

fo
rm

u
la

e
(4

.4
)

an
d

(4
.5

))
an

d
su

gg
es

ts
th

at
th

e
b

es
t

m
o
d
el

w
il
l

b
e

th
e

o
n
e

th
at

m
in

im
iz

es
th

e
R

H
S

of
(2

3)
.

T
h
e

u
se

of
(2

3)
in

m
o
d
el

se
le

ct
io

n
as

a
fo

rm
of

ri
sk

m
in

im
iz

a
ti

on
b

ec
au

se
as
d
V
C

in
cr

ea
se

s
th

e
se

co
n
d

te
rm

on
th

e
ri

gh
t

in
cr

ea
se

s.
T

h
is

li
m

it
s

th
e

si
ze

o
f
d
V
C

;
w

e
d
en

ot
ed

th
is

te
ch

n
iq

u
e

b
y
P
E
R
M

1
si

n
ce

a
p

en
al

iz
ed

em
p
ir

ic
al

ri
sk

is
b

ei
n
g

m
in

im
iz

ed
.

P
ro

o
f

:
T

o
ob

ta
in

in
eq

u
al

it
y

(2
3)

,
w

e
eq

u
at

e
th

e
R

H
S

of
T

h
eo

re
m

1
to

a
p

o
si

ti
ve

n
u
m

b
er

0
≤
η
≤

1.
T

h
u
s:

η
=

2m

(
2n
e

d
V
C

) d
V
C

ex
p

( −
n
ε2

m
2

)
.

S
ol

v
in

g
fo

r
ε

gi
ve

s

ε
=

m

√ √ √ √
1 n

lo
g

(
(

2m η

)
(

2n
e

d
V
C

) d
V
C
)
.

(2
4
)

P
ro

p
os

it
io

n
3

ca
n

b
e

ob
ta

in
ed

fr
om

th
e

ad
d
it

iv
e

C
h
er

n
off

b
ou

n
d
s,

ex
p
re

ss
io

n
4.

4
in

V
a
p
n
ik

(1
99

8)
as

fo
ll
ow

s

Q
(α

k
)
≤

Q
em

p
(α

k
)

+
ε.

(2
5
)

U
si

n
g

(2
4)

in
in

eq
u
al

it
y

(2
5)

,
co

m
p
le

te
s

th
e

p
ro

of
.

P
ar

al
le

l
to

P
ro

p
.

3,
w

e
h
av

e
th

e
fo

ll
ow

in
g

fo
r

th
e

m
u
lt

ip
li
ca

ti
ve

ca
se

.

P
ro

p
o
si

ti
o
n

4
:

F
o
r

a
n

y
η
∈

(0
,1

),
w

it
h

p
ro

ba
bi

li
ty

1
−
η

,
th

e
in

eq
u

a
li

ty

Q
(α

k
)
≤
Q
em

p
(α

k
)

+
m

2

2
n

lo
g

(
2
m η

(
2n
e

d
V
C

) d
V
C
)
    

1
+

√ √ √ √ √
1

+
4n
Q
em

p
(α

k
)

m
2

lo
g

(
2
m η

(
2
n
e

d
V
C

) d
V
C
)

     (2
6
)

h
o
ld

s
si

m
u

lt
a
n

eo
u

sl
y

fo
r

a
ll
K

fu
n

ct
io

n
s

in
th

e
se

t
Q

(z
,α

k
),
k

=
1,

2
,.
..
,K

.

R
e
m

a
rk

:
T

h
is

fo
ll
ow

s
fr

om
th

e
m

u
lt

ip
li
ca

ti
ve

C
h
er

n
off

b
ou

n
d
s

(s
ee

e.
g.

,
V

a
p
n
ik

(1
9
9
8)

fo
rm

u
la

e
(4

.1
7)

an
d

(4
.1

8)
)

an
d

su
gg

es
ts

th
at

th
e

b
es

t
m

o
d
el

w
il
l

b
e

th
e

on
e

th
a
t

m
in

im
iz

es
th

e
ri

gh
t

h
an

d
si

d
e

(R
H

S
)

of
(2

6)
.

A
n
al

og
ou

s
to

(2
3)

w
e

re
fe

r
to

th
e

u
se

of
(2

6
)

in
m

o
d
el

se
le

ct
io

n
as
P
E
R
M

2
.
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H
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P
ro

o
f

:
L

et
ε,η

>
0.

T
h
en

,
in

eq
u
ality

(4.18)
in

V
ap

n
ik

(1998)
gives,

w
ith

p
rob

ab
ility

at
lea

st
1−

η
,

th
a
t

Q
(α

k )−
Q
em

p
(α

k )
√
Q

(α
k )

≤
ε.

R
o
u
tin

e
alg

eb
ra

ic
m

an
ip

u
lation

s
an

d
com

p
letin

g
th

e
sq

u
are

give

(Q
(α

k )−
0
.5 (ε

2
+

2
Q
em

p
(α

k ) ))
2−

0
.25 (ε

2
+

2
Q
em

p
(α

k ) )
2≤
−
Q

2em
p

(α
k )
.

T
a
k
in

g
th

e
sq

u
are

ro
ot

on
b

oth
sid

es
an

d
re-arran

gin
g

gives

Q
(α

k )≤
Q
em

p
(α

k )
+

0
.5ε

2 (
1

+

√
1

+
4Q

em
p

(α
k )

ε
2

)

U
sin

g
(2

4
)

in
th

e
last

in
eq

u
ality

com
p
letes

th
e

p
ro

of
of

th
e

P
rop

osition
.

M
o
re

d
eta

ils
on

th
e

u
se

of
P

rop
osition

s
3

a
n
d

4
can

b
e

fou
n
d

in
V

ap
n
ik

(1998)
an

d
M

p
o
u
d
eu

(2
0
1
7
).

2
.2

.
A

n
E

stim
a
to

r
o
f

th
e

V
C

D
im

e
n

sio
n

T
h
e

u
p
p

er
b

o
u
n
d

from
T

h
eorem

2
can

b
e

w
ritten

as

Φ
d
V
C

(n
)

=
m

in
(1
,8D

p (α
∗)) √

d
V
C

n
log (

2
n
e

d
V
C )

.
(27)

T
h
is

ex
p
ressio

n
is

m
ean

in
gfu

lly
d
iff

eren
t

from
th

e
form

d
eriv

ed
in

V
ap

n
ik

et
al.

(1
994)

an
d

stu
d
ied

in
M

cD
on

ald
et

al.
(2011).

M
oreover,

alth
ou

gh
m

in
(1
,8
D
p (α
∗))

d
o
es

n
o
t

aff
ect

th
e

o
p
tim

iza
tio

n
,

it
m

igh
t

n
ot

b
e

th
e

b
est

con
stan

t
for

th
e

in
eq

u
a
lity

in
(22).

S
o,

w
e

rep
lace

it
w

ith
a
n

a
rb

itra
ry

con
stan

t
c

over
w

h
ich

w
e

op
tim

ize
to

m
ake

ou
r

u
p
p

er
b

ou
n
d

as
tigh

t
as

p
o
ssib

le.
In

o
u
r

com
p
u
tation

s,
w

e
let

c
vary

fro
m

0
.01

to
100

in
step

s
of

size
0.01.

H
ow

ever,
w

e
h
ave

o
b
serv

ed
in

p
ractice

th
at

th
e

b
est

valu
e

of
ĉ

is
u
su

ally
b

etw
een

1
an

d
8.

T
h
e

tech
n
iq

u
e

th
a
t

w
e

u
se

to
estim

ate
d̂
V
C

is
also

d
iff

eren
t

from
th

at
in

V
ap

n
ik

et
al.

(1994).
In

d
eed

,
o
u
r

A
lg

orith
m

#
1

b
elow

accu
rately

en
cap

su
lates

th
e

w
ay

th
e

L
H

S
o
f

(22
)

is
form

ed
u
n
like

th
e

a
lg

o
rith

m
in

V
ap

n
ik

et
al.

(19
94).

In
p
a
rticu

lar,
w

e
u
se

tw
o

b
o
otstrap

p
in

g
p
ro

ced
u
res,

on
e

as
a

p
rox

y
for

calcu
latin

g
ex

p
ecta

tion
s

a
n
d

th
e

secon
d

as
a

p
rox

y
for

calcu
latin

g
a

m
ax

im
u
m

.
M

oreover,
w

e
sp

lit
th

e
d
a
ta

set
in

to
tw

o
su

b
sets.

U
sin

g
th

e
fi
rst

d
ata

set,
w

e
fi
t

m
o
d
el

I
an

d
u
sin

g
th

e
secon

d
w

e
fi
t

m
o
d
el

II.
T

o
ex

p
lain

h
ow

w
e

fi
n
d

ou
r

estim
ate

of
th

e
R

H
S

of
(22)

from
T

h
eorem

2,
w

e
sta

rt
b
y

rep
lacin

g
th

e
sam

p
le

size
n

in
(27)

w
ith

a
sp

ecifi
ed

valu
e

of
d
esign

p
oin

t,
so

th
a
t

th
e

o
n
ly

u
n
k
n
ow

n
is
d
V
C

.
T

h
u
s,

form
ally,

w
e

rep
lace

(27)
b
y

Φ
∗d
V
C

(n
l )

=
ĉ √

d
V
C

n
l

log (
2
n
l e

d
V
C

)
,
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M
P
O
U
D
E
U

a
n
d

C
L
A
R
K
E

w
h
ere

ĉ
is

th
e

op
tim

al
d
ata

d
riven

con
stan

t.
If

w
e

k
n
ew

th
e

left
h
an

d
sid

e
(L

H
S
)

of
(22),

even
com

p
u
tation

ally,
w

e
cou

ld
u
se

it
to

estim
ate

d
V
C

.
H

ow
ever,

in
gen

eral
w

e
d
on

’t
k
n
ow

th
e

L
H

S
of

(22).
In

stead
,

w
e

gen
erate

on
e

ob
servation

of
th

e
form

ξ
(n
l )

=
Φ
∗d
V
C

(n
l )

+
ε(n

l )
(28)

for
each

d
esign

p
oin

t
n
l

b
y

b
o
otstrap

p
in

g
an

d
d
en

oted
th

e
realized

valu
es

b
y
ξ̂

(n
l ).

In
(28),

w
e

assu
m

e
ε(n

l )
h
as

a
m

ean
zero,

b
u
t

an
oth

erw
ise

u
n
k
n
ow

n
,

d
istrib

u
tion

.
W

e
can

th
erefore

ob
tain

a
list

of
valu

es
of
ξ̂(n

l )
for

th
e

elem
en

ts
of
N
L

.
In

eff
ect,

w
e

a
re

assu
m

in
g

th
at

Φ
∗d
V
C

(n
l )

p
rov

id
es

a
tigh

t
b

ou
n
d

on
∆

,
an

d
h
en

ce
∆
m

as
su

ggested
b
y

T
h
eorem

2.
O

u
r

algorith
m

is
a
s

follow
s.

A
lg
o
rith

m
#
1

In
p

u
ts:

•
A

collection
of

regression
m

o
d
elsG

=
{
g
β },

•
A

d
ata

set,

•
T

w
o

in
tegers

b
1

an
d
b
2

for
th

e
n
u
m

b
er

o
f

b
o
otstra

p
sam

p
les,

•
A

n
in

teger
m

for
th

e
n
u
m

b
er

of
su

b
in

tervals
to

d
iscretize

th
e

losses,

•
A

set
of

d
esign

p
oin

ts
N
L

=
{
n

1 ,n
2 ,...,n

L }.
F

or
each

l
=

1,2
,...,L

d
o:

1.
T

ake
a

b
o
otstrap

sam
p
le

of
size

2
n
l

(w
ith

rep
lacem

en
t)

form
th

e
d
ata

set;

2.
R

an
d
om

ly
su

b
d
iv

id
e

th
e

b
o
otstrap

d
ata

in
to

tw
o

grou
p
s
G

1
an

d
G

2
of

size
n
l

each
;

3.
F

it
tw

o
m

o
d
els,

on
e

for
G

1
an

d
on

e
for

G
2;

4.
C

om
p
u
te

th
e

sq
u
ared

error
for

each
m

o
d
el

on
th

e
covariates

an
d

resp
on

ses
th

at
th

e
oth

er
m

o
d
el

w
as

train
ed

on
.

T
h
u
s:

S
E

1
=

(p
red

ict(M
od
el1 ,x

2 )−
y

2 )
2

an
d

S
E

2
=

(p
red

ict(M
od
el2 ,x

1 )−
y

1 )
2

w
h
ere

(x
1 ,y

1 )
ran

ges
over

G
1

an
d

(x
2 ,y

2 )
ran

ges
over

G
2.

S
o,

th
ere

are
n
l

valu
es

of
S
E

1
an

d
n
l

valu
es

of
S
E

2 .

5.
D

iscretize
th

e
loss

fu
n
ction

,
i.e.

p
u
t

ea
ch
S
E

1
an

d
S
E

2
in

on
e

of
th

e
m

d
isjoin

t
in

tervals;

6.
E

stim
ate

ν
mj

(G
2,α

1 )
an

d
ν
mj

(G
1,α

2 )
u
sin

g
th

e
S
E

1 ’s
an

d
S
E

2 ’s
resp

ectively
in

th
e

in
tervals

I
mj

for
j

=
0,1

,...,m
−

1;

7.
C

om
p
u
te

th
e

d
iff

eren
ces|ν

mj
(G

2,α
1 )−

ν
mj

(G
1,α

2 )|
for

j
=

0,1
,...,m

−
1;

8.
R

ep
eat

S
tep

s
1-7

b
1

tim
es,

take
th

e
m

ean
in

terval-w
ise

an
d

su
m

it
across

all
in

tervals,
so

w
e

h
ave:

r
b
1 (n

l )
=

m
−

1
∑j=

0

m
ean|ν

mj
(G

2,α
1 )−

ν
mj

(G
1,α

2 )|;
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9.
R

ep
ea

t
S
te

p
s

1-
8
b 2

ti
m

es
to

ge
t
r b

1
,i

fo
r
i

=
1,

2
,.
..
,b

2
an

d
fo

rm

ξ̂(
n
l)

=
1 b 2

b 2 ∑ i=
1

r b
1
,i
(n
l)
.

It
is

se
en

th
at

S
te

p
9

u
se

s
a

m
ea

n
ev

en
th

ou
g
h

th
e

d
efi

n
it

io
n

o
f

∆
m

an
d

∆
(s

ee
(1

8)
an

d
(1

9)
)

h
as

a
su

p
re

m
u
m

in
si

d
e

th
e

ex
p

ec
ta

ti
on

.
T

h
is

is
in

te
n
ti

on
al

b
ec

au
se

u
si

n
g

a
su

p
re

m
u
m

w
it

h
in

ea
ch

in
te

rv
al

ga
v
e

a
w

or
se

es
ti

m
at

or
.

W
e

su
gg

es
t

th
at

su
m

m
in

g
th

e
m

ea
n

ov
er

th
e

in
te

rv
al

s
p

er
fo

rm
s

w
el

l
b

ec
au

se
it

is
n
ot

to
o

fa
r

fr
om

th
e

su
p

er
m

u
m

an
d

is
m

or
e

st
ab

le
.

N
ot

e
th

at
th

is
al

go
ri

th
m

is
p
ar

al
le

li
za

b
le

b
ec

au
se

d
iff

er
en

t
n
l

ca
n

b
e

se
n
t

to
d
iff

er
en

t
n
o
d
es

to
sp

ee
d

th
e

p
ro

ce
ss

of
es

ti
m

at
in

g
ξ̂

(·)
fo

r
al

l
n
l.

A
ft

er
ob

ta
in

in
g
ξ̂(
n
l)

fo
r

ea
ch

va
lu

e
of
n
l,

w
e

es
ti

m
at

e
d
V
C

b
y

m
in

im
iz

in
g

th
e

sq
u
ar

ed
d
is

ta
n
ce

b
et

w
ee

n
ξ̂(
n
l)

an
d

Φ
∗ d V

C
(n
l)

.
O

u
r

ob
je

ct
iv

e
fu

n
ct

io
n

is

f n
l
(d
V
C

)
=

L ∑ l=
1

(
ξ̂(
n
l)
−
ĉ√

d
V
C

n
l

lo
g

(
2n

le

d
V
C

))
2

,
(2

9)

w
h
er

e
L

is
th

e
n
u
m

b
er

of
d
es

ig
n

p
oi

n
ts

.
O

p
ti

m
iz

in
g

(2
9)

u
su

al
ly

on
ly

le
ad

s
to

n
u
m

er
ic

al
so

lu
ti

on
s

an
d

in
ou

r
w

or
k

b
el

ow
,

w
e

se
t
b 1

=
b 2

=
W

fo
r

co
n
ve

n
ie

n
ce

.

3
.
P
ro

o
f
o
f
C
o
n
si
st
e
n
cy

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
a

p
ro

of
of

co
n
si

st
en

cy
fo

r
th

e
es

ti
m

at
or
d̂
V
C

fo
r
d
V
C

th
at

w
e

p
re

se
n
te

d
in

S
u
b
se

c.
2.

2.
In

m
an

y
re

sp
ec

ts
,

th
e

st
ru

ct
u
re

of
th

is
p
ro

of
sh

ou
ld

b
e

cr
ed

it
ed

to
M

cD
on

al
d

et
al

.
(2

01
1)

.
O

u
r

co
n
tr

ib
u
ti

on
is

to
ad

ap
t

M
cD

on
al

d
et

al
.

(2
01

1)
to

ou
r

st
ab

le
es

ti
m

at
or

fo
r

th
e

re
gr

es
si

on
co

n
te

x
t.

W
e

b
eg

in
w

it
h

so
m

e
n
ot

at
io

n
an

d
d
efi

n
it

io
n
s.

L
et

Φ
=
{φ

d
V
C
,c
}

b
e

a
co

ll
ec

ti
on

of
re

al
va

lu
ed

fu
n
ct

io
n
s

p
ar

am
et

ri
ze

d
b
y
d
V
C
∈

H
=

[1
,M

]
an

d
c
∈
I

=
[a
,b

]
⊂

R
w

it
h
M
∈
N

la
rg

e
en

ou
gh

an
d

0
<
a
<
b
<
∞

so
th

at
b
−
a
>

0
is

al
so

la
rg

e
en

ou
gh

.
E

le
m

en
ts

of
th

is
co

ll
ec

ti
on

ar
e

o
f

th
e

fo
rm

φ
d
V
C
,c

(n
l)

=
c√

d
V
C

n
l

lo
g

(
2
n
le

d
V
C

)
(3

0)

as
d
er

iv
ed

in
S
u
b
se

c.
2.

2
(s

ee
ex

p
re

ss
io

n
(2

7)
).

In
ex

p
re

ss
io

n
(3

0)
,

w
e

as
su

m
e
L

va
lu

es
n

1
,.
..
,n

L
h
av

e
b

ee
n

p
re

-s
p

ec
ifi

ed
.

F
ix

a
va

lu
e

of
c

an
d

le
t

Φ
c
⊂

Φ
b

e
th

e
se

ct
io

n
of

el
em

en
ts

co
rr

es
p

on
d
in

g
to

th
e

fi
x
ed

c.
T

h
e

p
ro

of
h
ol

d
s

fo
r

ea
ch

fi
x
ed

c
an

d
if

w
e

op
ti

m
iz

e
ov

er
c

to
ob

ta
in
ĉ

as
ex

p
la

in
ed

in
S
u
b
se

c.
2.

2,
th

e
co

n
ve

rg
en

ce
of
d̂
V
C

to
th

e
tr

u
e

va
lu

e
d
V
C

w
il
l

on
ly

b
e

fa
st

er
.

T
h
e

co
ll
ec

ti
on

of
fu

n
ct

io
n
s

Φ
is

th
e

co
n
ti

n
u
ou

s
im

ag
e

of
a

co
m

p
ac

t
se

t
an

d
h
en

ce
is

co
m

p
ac

t.
N

ow
,

w
it

h
ou

t
lo

ss
of

ge
n
er

al
it

y,
w

e
ca

n
ch

o
os

e
R
>

su
p
d
V
C
‖φ

d
V
C
‖ L

w
h
er

e
th

e
n
or

m
‖·
‖ L

is
d
er

iv
ed

fr
om

th
e

in
n
er

p
ro

d
u
ct

〈f
,g
〉 L

=
1 L

L ∑ l=
1

f
(n
l)
g

(n
l)

1
3
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M
P
O
U
D
E
U

a
n
d

C
L
A
R
K
E

fo
r

re
al

va
lu

ed
fu

n
ct

io
n
s

of
a

re
al

va
ri

ab
le

.
T

h
u
s
φ
d
V
C

=
(φ
d
V
C

(n
1
)
,.
..
,φ

d
V
C

(n
L

))
(w

h
er

e
th

e
su

b
sc

ri
p
t
c

on
th

e
φ
d
V
C
,c

(n
L

)’
s

in
ex

p
re

ss
io

n
(3

0)
h
av

e
b

ee
n

d
ro

p
p

ed
fo

r
ea

se
o
f

n
o
ta

-
ti

on
).

F
ix

a
va

lu
e

of
c

an
d

co
n
si

d
er

th
e

co
m

p
ac

t
su

b
cl

as
s

of
Φ

gi
ve

n
b
y

Φ
c
(R

)
=
{ φ
∈

Φ
c

:
‖φ
−
φ
d
V
C
‖ L

<
R
} ,

(3
1
)

w
h
er

e
φ
d
V
C

is
th

e
el

em
en

t
of

Φ
c

co
rr

es
p

on
d
in

g
to

th
e

co
rr

ec
t

va
lu

e
of
d
V
C

.
F

o
r

a
g
iv

en
n
l,

w
e

h
av

e

ξ̂(
n
l)

=
1 b 2

b 2 ∑ i=
1

r b
1
,i
(n
l)

(3
2
)

w
h
er

e
r b

1
,i
(n
l)

is
th

e
i

b
o
ot

st
ra

p
p

ed
va

lu
e

of
th

e
in

te
gr

an
d

of
∆
m

fo
r

ea
ch
n
l,
i

=
1,
..
.,
W

an
d
l

=
1,
..
.,
L

.
In

v
ec

to
r

fo
rm

,
w

ri
te
ξ̂

=
( ξ̂

(n
1
)
,.
..
,ξ̂

(n
L

)) .
U

si
n
g

(2
8)

,
ea

ch
ξ̂

(n
l)

ca
n

b
e

re
p
re

se
n
te

d
as

ξ̂
(n
l)

=
φ
d
V
C

(n
l)

+
ε

(n
l)
.

(3
3
)

W
e

h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
.

T
h

e
o
re

m
5

:
S

u
p
po

se
th

e
tr

u
e
d
V
C
∈

[1
,M

]
a
n

d
th

a
t
∀i

=
1,
..
.,
W

,
∀l

=
1,
..
.,
L

,
r b

1
,i

(n
l)
∼
N
( φ

d
V
C

(n
l)
,σ

2
)

a
n

d
in

d
ep

en
d
en

t,
E

(ε
(n
l)

)
=

0
,
V
a
r(
ε(
n
l)

)
=
σ

2
.

T
h
en

,
o
n

Φ
c
(R

),
a
s
n
→
∞

,
m
→
∞

a
n

d
W

=
W

(n
)
→
∞

a
t

su
it

a
bl

e
ra

te
s

w
e

h
a
ve

th
a
t

P
(∥ ∥ ∥
φ
d̂
V
C
−
φ
d
V
C

∥ ∥ ∥ L
≥
δ)

=
O
(

1 W

)
.

(3
4
)

R
e
m

a
rk

:
In

fa
ct

,
th

e
r b

1
,i
(n
l)

’s
ar

e
on

ly
ap

p
ro

x
im

at
el

y
in

d
ep

en
d
en

t
N
( φ

d
V
C

(n
l)
,σ

2
) .

H
ow

ev
er

,
as
n

in
cr

ea
se

s
th

ey
b

ec
om

e
cl

os
er

an
d

cl
os

er
to

b
ei

n
g

in
d
ep

en
d
en

t
N
( φ

d
V
C

(n
l)
,σ

2
) ,

as
su

m
in

g
φ
d
V
C

(n
l)

is
a

ti
gh

t
en

ou
gh

u
p
p

er
b

ou
n
d
,

as
n
,m
→
∞

at
ap

p
ro

p
ri

a
te

ra
te

s.
A

ls
o,

it
is

se
en

th
at

if
L

=
L

(n
)

is
in

cr
ea

si
n
g

th
en
‖·
‖ L

av
er

ag
es

th
e

ev
al

u
at

io
n
s

o
f

m
o
re

a
n
d

m
or

e
co

m
p

on
en

ts
of

,
sa

y,
φ
d̂
V
C

.
In

th
e

li
m

it
,

th
is

ca
n

b
e

ex
ih

ib
it

ed
as

an
in

te
g
ra

l,
i.
e.

a
s

a

q
u
ad

ra
ti

c
n
or

m
.

S
o,
‖·
‖ L

ca
n

b
e

re
ga

rd
ed

as
an

ap
p
ro

x
im

at
io

n
of

a
L

2
-s

p
a
ce

n
o
rm

th
a
t

st
re

n
gt

h
en

s
as

a
n
or

m
(o

r
in

n
er

p
ro

d
u
ct

)
as
n
→
∞

.
In

T
h
eo

re
m

5,
if

w
e

co
n
tr

o
ll
ed

th
e

d
is

ta
n
ce

b
et

w
ee

n
‖·
‖ L

an
d

it
s

li
m

it
,

w
e

co
u
ld

ge
t

a
st

ro
n
ge

r
m

o
d
e

of
co

n
si

st
en

cy
.

P
ro

o
f

:
B

y
d
efi

n
it

io
n

of
φ
d
V
C

,
w

e
h
av

e

L ∑ l=
1

 
ξ̂

(n
l)
−
c√

d̂
V
C

n
l

lo
g

(
2n

le

d̂
V
C

) 
2

≤
L ∑ l=

1

(
ξ̂

(n
l)
−
c√

d
V
C

n
l

lo
g

(
2n

le

d
V
C

))
2

(3
5
)

or
m

or
e

co
m

p
ac

tl
y
∥ ∥ ∥ξ̂
−
φ
d̂
V
C

∥ ∥ ∥2 L
≤
∥ ∥ ∥ξ̂
−
φ
d
V
C

∥ ∥ ∥2 L
.

E
x
p
an

d
in

g
b

ot
h

si
d
es

of
(3

5
)

g
iv

es

L ∑ l=
1

( φ
2 d̂
V
C

(n
l)
−
φ

2 d
V
C

(n
l)
)
≤

2
L ∑ l=

1

ξ̂
(n
l)
( φ

d̂
V
C
−
φ
d
V
C

(n
l)
)
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M
O
D
E
L

S
E
L
E
C
T
IO

N
V
IA

T
H
E

V
C

D
IM

E
N
S
IO

N

a
n
d

h
en

ce

∥∥∥
φ
d̂
V
C ∥∥∥

2L
−
‖
φ
d
V
C ‖

2L
≤

2L

L
∑l=

1

(φ
d
V
C

(n
l )

+
ε

(n
l )) (

φ
d̂
V
C

(n
l )−

φ
d
V
C

(n
l ) )

=
2L

L
∑l=

1 (
φ
d
V
C

(n
l )
φ
d̂
V
C

(n
l )−

φ
2d
V
C

(n
l )

+
ε

(n
l ) (

φ
d̂
V
C

(n
l )−

φ
d
V
C

(n
l ) ))

.

R
ea

rra
n
g
in

g
g
ives
∥∥∥
φ
d̂
V
C ∥∥∥

2L
−

2〈ε,φ
d̂
V
C 〉

+
‖
φ
d
V
C ‖

2L
≤

2〈ε,φ
d
V
C
−
φ
d̂
V
C 〉
L
,

w
h
ere

ε
=

(ε
(n

1 )
,...,ε

(n
L

)),
i.e.

∥∥∥
φ
d̂
V
C
−
φ
d
V
C ∥∥∥

2L
≤

2〈ε,φ
d̂
V
C
−
φ
d
V
C 〉
L
.

(36)

It
is

seen
th

a
t

th
e

L
H

S
is

th
e

m
ain

q
u
an

tity
w

e
w

an
t

to
con

trol.
W

e
h
ave

P
( ∥∥∥
φ
d̂
V
C
−
φ
d
V
C ∥∥∥

L
>
δ )
≤

P

(〈ε,φ
d
V
C
−
φ
d̂
V
C 〉≥

δ
22

)

≤
P

(‖
ε‖
L ∥∥∥
φ
d
V
C
−
φ
d̂
V
C ∥∥∥

L
>
δ

22

)

≤
2
R

2

δ
2
E
‖
ε‖

2L
,

(37)

u
sin

g
th

e
C

au
ch

y
-S

ch
w

arz
in

eq
u
ality,

th
e

b
ou

n
d

in
(31),

an
d

M
arkov

’s
in

eq
u
ality.

B
y

co
n
stru

ction
,

w
e

h
av

e
th

at

E
‖
ε‖

2L
=

1L

L
∑l=

1 E
(ε

2
(n
l ) )

=
1L

L
∑l=

1 E

[(
1W

W∑i=
1

r
b
1
,i (n

l ) )
−
φ

(n
l ) ]

2

=
1L

L
∑l=

1 E

[
1W

W∑i=
1

(r
b
1
,i (n

l )−
φ

(n
l )) ]

2

=
1

L
W

2

L
∑l=

1

W∑i=
1 E

(r
b
1
,1 (n

l )−
φ

(n
l ))

2

=
1

L
W

2

L
∑l=

1

W∑i=
1

V
a
r

(r
b
1
,1 (n

l ))
=
σ

2

W
.

(38)

U
sin

g
(3

8
)

in
(37)

gives

P
( ∥∥∥
φ
d̂
V
C
−
φ
d
V
C ∥∥∥

L
≥
δ )
≤

2
R

2σ
2

δ
2W

(39)
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M
P
O
U
D
E
U

a
n
d

C
L
A
R
K
E

in
w

h
ich

th
e

u
p
p

er
b

ou
n
d

d
ecreases

as
n

in
creases

b
ecau

se
W

(n
)

is
in

crea
sin

g,
th

ereb
y

giv
in

g
(34).

A
n
otab

le
d
iff

eren
ce

b
etw

een
(34)

an
d

th
e

corresp
o
n
d
in

g
th

eo
rem

in
M

cD
on

ald
et

al.
(2011)

is
th

at
ou

r
sim

p
lifi

ed
resu

lt
eff

ectively
on

ly
gives

P
( ∥∥∥
φ
d̂
V
C
−
φ
d
V
C ∥∥∥

L
≥
δ )

=
O
(

1W

)
(40)

rath
er

th
an
O
(e −

γ
W
)

for
som

e
γ
>

0,
a

m
u
ch

faster
rate.

W
e

con
jectu

re
th

at
th

e
m

ore
sop

h
isticated

tech
n
iq

u
es

u
sed

in
M

cD
on

ald
et

al.
(2011)

cou
ld

b
e

ad
ap

ted
to

ou
r

settin
g

an
d

th
ereb

y
giv

e
an

ex
p

on
en

tially
fast

rate
of

con
vergen

ce
of
d̂
V
C

to
d
V
C

in
p
rob

ab
ility.

H
ow

ever,
as

y
et,

w
e

h
ave

n
ot

b
een

ab
le

to
sh

ow
th

is.
A

lso,
alth

ou
gh

it
is

su
p
p
ressed

in
th

e
n
otation

,
ou

r
resu

lt
im

p
licitly

req
u
ires

m
→
∞

to
ju

stify
th

e
u
se

of
φ
d
V
C

.

U
sin

g
T

h
eorem

5,
w

e
can

sh
ow

th
at

ou
r
d̂
V
C

is
con

sisten
t.

S
u
p
p

ose
th

at
φ
d
V
C

(·)
is
κ

-ex
p
an

sive,
or

sim
p
ly

ex
p
an

sive
w

h
en

κ
is

u
n
d
ersto

o
d
,

i.e.
∀
n
l ,∃
κ

=
κ

(n
l )

so
th

at

κ
(n
l ) ∣∣∣ d

V
C
−
d
′V
C ∣∣∣ ≤

∣∣∣ φ
d
V
C

(n
l )−

φ
d ′V

C
(n
l ) ∣∣∣ ,

w
h
ere

κ
(n

),
th

e
ex

p
an

sion
factor,

is
b

ou
n
d
ed

on
com

p
act

sets.
S
in

ce
th

e
form

of
φ
d
V
C

(n
l )

is
k
n
ow

n
from

(27),
it

is
clear

th
at

th
e

u
n
iform

ex
p
an

siv
ity

con
d
ition

w
e

h
av

e
assu

m
ed

b
elow

actu
ally

h
old

s,
at

least
for

ap
p
rop

riately
ch

o-
sen

com
p
act

sets.
W

e
also

ob
serve

th
at

for
c∈

I
th

ere
ex

ists
a

n
eigh

b
orh

o
o
d
B

(c,ε
l )
,η
>

0,
on

w
h
ich

(34)
is

tru
e.

C
ov

er
I×

H
b
y

sets
of

th
e

form
B

(c,η
)×
{d

V
C }

;
fi
n
itely

m
an

y
w

ill
b

e
en

ou
gh

sin
ce
I×

H
is

com
p
act.

T
h

e
o
re

m
6

:
G

iven
th

a
t

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
5

h
o
ld

a
n

d
th

a
t
φ
d
V
C

(·)
is

expa
n

sive,
w

e
h
a
ve,

a
s
n
→
∞

,
th

a
t

P
( ∣∣∣

ˆ
d
V
C
−
d
V
C ∣∣∣ ≥

δ )
≤

2
R

2σ
2

δ
2κ
W

=
O
(

1W

)
,
a
s
W
n
→
∞
,

(41)

w
h
ere

κ
=
√

1L

∑
Ll=

1
κ

(n
l )

is
th

e
o
vera

ll
expa

n
sio

n
fa

cto
r.

P
ro

o
f

:
S
in

ce
all

L
of

th
e
φ
d
V
C

(n
l )’s

are
at

least
lo

cally
ex

p
an

sive,
th

eir
lo

cal
ex

p
an

siv
ity

in
eq

u
alities

can
b

e
su

m
m

arized
b
y

an
in

eq
u
ality

o
f

th
e

form

∣∣d
V
C
−
d ′V

C ∣∣ √√√√
1L

L
∑l=

1

κ
(n
l )≤

√√√√
1L

L
∑l=

1 (
φ
d
V
C

(n
l )−

φ
d ′V

C
(n
l ) )

2

=
‖
φ
d
V
C

(n
l )−

φ
d ′V

C
(n
l )‖

L
,

(42)

w
h
ere

d
V
C

is
th

e
tru

e
valu
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d
el

an
d
d̂
V
C

u
su

a
ll
y

o
cc

u
rs

a
t

th
e

tr
u
e

m
o
d
el

.
T

h
is

in
d
ic

at
es

th
at
d̂
V
C

is
co

n
si

st
en

t.
In

ad
d
it

io
n
,

ev
en

th
o
u
g
h

th
e

V
C

D
va

lu
es

ge
n
er

al
ly

in
cr

ea
se

as
th

e
si

ze
of

th
e

co
n
je

ct
u
re

d
m

o
d
el

ex
ce

ed
s

th
e

si
ze

o
f

th
e

tr
u
e

m
o
d
el

,
in

so
m

e
ca

se
s,

p
as

t
a

ce
rt

ai
n

va
lu

e
d
V
C

,
th

e
V

C
D

va
lu

e
m

ay
fl
at

li
n
e

a
s

w
el

l.
T

h
e
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U
p
p
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P̂
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d
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.
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,
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V
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M
P
O
U
D
E
U

a
n
d

C
L
A
R
K
E

p
rob

lem
w

ith
d̂
V
C

fl
atlin

in
g

(or
d
ecreasin

g)
p
ast

a
certa

in
valu

e
of
d
V
C

o
ccu

rs
m

ostly
d
u
e

to
in

stab
ility,

e.g.,
w

h
en

n
is

n
ot

large
en

ou
g
h

relative
to
p
.

W
e

argu
e

th
at

estim
atin

g
V

C
d
im

en
sion

d
irectly

is
b

etter
th

an
u
sin

g
P̂
E
R
M

1
or

P̂
E
R
M

2 .
T

h
ere

are
several

reason
s.

F
irst,

th
e

com
p
u
tation

of
P̂
E
R
M

1
an

d
P̂
E
R
M

2

req
u
ires

d̂
V
C

.
It

also
req

u
ires

a
th

resh
old

η
b

e
ch

osen
(see

P
rop

osition
s

3
an

d
4)

a
n
d

is

m
ore

d
ep

en
d
en

t
o
n
m

th
an

d̂
V
C

is.
B

ein
g

m
ore

com
p
licated

th
an

d̂
V
C

,
P̂
E
R
M

1 ,
P̂
E
R
M

2

w
ill

b
reak

d
ow

n
faster

th
an

d̂
V
C

.
T

h
is

is
seen

,
for

in
stan

ce
in

ta
b
les

of
M

p
ou

d
eu

(2017)

C
h
ap

.
3

an
d

th
e

d
iscu

ssion
th

ere.
M

ore
gen

erally,
w

e
argu

e
th

at
P̂
E
R
M

1 ,
an

d
P̂
E
R
M

2

b
reak

d
ow

n
faster

th
an

d̂
V
C

w
ith

in
creasin

g
p
,

if
th

e
sam

p
le

size
is

h
eld

con
stan

t.
T

h
at

is,
P̂
E
R
M

1
an

d
P̂
E
R
M

2
are

less
effi

cien
t

th
an

d̂
V
C

.
F

in
ally

for
th

is
su

b
section

,
w

e
reiterate

ou
r

ob
servation

th
at

in
p
ractice,

w
h
en

ou
r

V
C

d
im

en
sion

tech
n
iq

u
e

is
u
sed

p
rop

erly
i.e.,

n
is

large
en

ou
gh

relative
to

p
,

th
e
σ

u
sed

in
T

h
eorem

6
an

d
th

e
d
esign

p
oin

ts
are

ad
eq

u
ately

ch
osen

, ∣∣d̂
V
C
−
d
V
C ∣∣

h
as

a
w

ell
d
efi

n
ed

m
in

im
u
m

at
th

e
tru

e
valu

e
of
d
V
C

.
A

lso,
in

con
trast

w
ith

oth
er

m
eth

o
d
s

(in
clu

d
in

g
u
sin

g
sh

rin
kage

m
eth

o
d
s

to
n
est

m
o
d
els)

ou
r

tech
n
iq

u
e

is
gen

erally
m

ore
sen

sitive
to

over
fi
t,

th
ereb

y
giv

in
g

b
etter

p
arsim

on
y.

4
.1
.2
.
D
e
p
e
n
d
e
n
c
e
o
f
d̂
C
V

o
n
n
a
n
d
N
L

It
is

n
o

su
rp

rise
th

at
th

e
h
igh

er
n
/p

is
th

e
b

etter
th

e
d
iscrim

in
ation

of
d̂
V
C

over
m

o
d
els

is.
H

ow
ev

er,
ou

r
fi
n
d
in

gs
are

m
ore

com
p
licated

b
ecau

se
of

th
e

d
esign

p
oin

ts.
T

h
e

in
form

al
ru

le
is

th
at

on
e

w
an

ts
n
≈

10p
for

go
o
d

p
aram

etric
in

feren
ce.

H
ow

ever,
th

is
d
o
es

n
ot

take
in

to
accou

n
t

m
o
d
el

selection
th

at
often

req
u
ires

n
>

10p
.

In
d
eed

,
for

go
o
d

m
o
d
el

selection
w

ith
d
V
C

,
w

e
fi
n
d

th
at

n
≥

15
is

u
su

ally
su

ffi
cien

t,
p
rov

id
ed

th
e

d
esign

p
oin

ts
are

n
ot

b
ad

ly
ch

osen
.

In
ou

r
ex

am
p
les

ch
o
osin

g
th

e
n
l ’s

u
n
iform

ly
over

[0,n
]

gen
erally

gives
d
ecen

t
b
u
t

n
ot

op
tim

al
p

erform
an

ce
an

d
for

ty
p
ical

ran
ges

of
m

o
d
el

sizes
L
≥

5
w

ill
su

ffi
ce

even
th

ou
gh

larger
valu

es
of
L

are
u
su

ally
b

etter,
say

7
≤
L
≤

10.
A

lth
ou

gh
w

e
are

u
n
ab

le
at

th
is

p
oin

t
to

ch
racterize

th
e

trad
eoff

b
etw

een
d
esig

n
p

oin
ts

an
d

sam
p
le

size,
w

e
h
ave

n
oted

th
at

in
som

e
cases,

go
o
d

ch
oice

of
d
esign

p
oin

ts
can

com
p

en
sate

for
in

su
ffi

cien
t

sam
p
le

size.
In

d
eed

,
relatively

sm
all

ch
an

ges
in

th
e
n
l ’s

can
h
ave

a
large

n
u
m

erica
l
eff

ect
w

h
en
n

is
sm

all;
p

ossib
le

d
u
e

to
in

stab
ility

in
th

e
n
on

lin
ear

regression
step

,
(29).

W
e

leav
e

th
e

q
u
estion

of
op

tim
ally

ch
o
osin

g
L

an
d

th
e
n
l ’s

as
fu

tu
re

w
ork

even
th

ou
gh

w
e

m
ake

th
e

follow
in

g
recom

m
en

d
ation

s:
1)

G
o
o
d

ch
oices

of
n
l ’s

are
sp

read
ov

er
[0
,n

].
2.

M
ore

n
l ’s

sh
ou

ld
b

e
in

[n
/
2,n

]
th

an
in

[0
,
n2

],
b
u
t

n
eith

er
sh

ou
ld

b
e

em
p
ty.

3.
G

o
o
d

ch
oices

for
n
l ’s

ten
d

to
rem

ain
go

o
d

w
h
ile

p
o
or

ch
oices

of
n
l ’s

m
ay

n
ot

b
e

as
d
am

agin
g

to
in

feren
ce,

as
n
→
∞

.
4.

It
is

b
etter

to
u
se

few
er

d
esig

n
p

oin
ts

over
a

larger
ran

ge
th

an
m

ore
d
esign

p
oin

ts
over

a
sm

aller
ran

ge.
5.

A
s
n

in
creases

th
e
n
l ’s

sh
ou

ld
sh

ift
u
p
w

ard
,

i.e.,
m

ore
in

[n
/
2
,n

].
6.

If
en

ou
gh

n
l ’s

are
large

rela
tive

to
p
,
d̂
V
C

m
ay

b
e

accu
rate

for
sm

aller
n

,
p

erh
ap

s
n
≥

12p
w

ill
su

ffi
ce.

4
.2

.
A

n
a
ly

sis
o
f

a
B

e
n

ch
m

a
rk

D
a
ta

S
e
t

T
h
e

goal
of

th
is

section
is

to
evalu

ate
ou

r
m

eth
o
d

on
a

‘b
en

ch
m

ark
’

d
ata

set
T
ou

r
ob

tain
ed

from
th

e
T
ou

r
d
e
F
ran

ce
1.

W
e

start
b
y

giv
in

g
som

e
in

form
a
tion

ab
ou

t
T
ou

r,
th

en
in

S
ec.

1
.
T
o
u
r

d
e

F
ra
n
ce

D
a
ta

w
a
s

co
m
p
iled

b
y

B
.

C
la
rk
e.

M
o
re

in
fo
rm

a
tio

n
ca
n

b
e

fo
u
n
d

a
t

h
ttp

:/
/
w
w
w
.leto

u
r.fr/

.
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4.
2.

1
w

e
an

al
y
ze

it
u
si

n
g

a
m

o
d
el

li
st

b
as

ed
on

tw
o

of
th

e
ex

p
la

n
at

or
y

va
ri

ab
le

s.
T

h
e

li
st

is
a

se
q
u
en

ce
of

m
o
d
el

s
n
es

te
d

b
y

S
C

A
D

.
W

e
ev

al
u
at

e
ou

r
m

et
h
o
d

b
y

co
m

p
ar

in
g
d̂
V
C

to
A

IC
,

B
IC

,
C

V
,
P̂
E
R
M

1
,

an
d
P̂
E
R
M

2
.

In
S
u
b
se

c.
4.

2.
2,

w
e

lo
ok

at
th

e
eff

ec
t

of
ou

tl
ie

rs
in

th
e

es
ti

m
at

es
d̂
V
C

,
P̂
E
R
M

1
,

an
d
P̂
E
R
M

2
.

T
h
e

fu
ll

d
at

a
se

t
T
ou

r
h
as
n

=
10

3
d
at

a
p

oi
n
ts

.
T

h
e

d
at

a
p

oi
n
ts

ar
e

d
ep

en
d
en

t
(a

ss
o
ci

-
at

ed
)

b
ec

au
se

m
an

y
cy

cl
is

ts
co

m
p

et
ed

in
th

e
T
ou

r
d
e
F
ra
n
ce

fo
r

m
or

e
th

an
on

e
ye

ar
.

H
er

e
w

e
ig

n
or

e
th

e
d
ep

en
d
en

ce
st

ru
ct

u
re

b
ec

au
se

th
e

d
ep

en
d
en

ci
es

ar
e

sm
al

l
en

ou
gh

th
at

th
e

co
m

p
li
ca

ti
on

of
ac

co
u
n
ti

n
g

fo
r

th
em

is
n
ot

w
or

th
w

h
il
e.

E
ac

h
d
at

a
p

oi
n
t

h
as

a
va

lu
e

of
th

e
re

sp
on

se
va

ri
ab

le
(S

p
ee

d
),

th
e

av
er

ag
e

sp
ee

d
in

k
il
om

et
er

s
p

er
h
ou

r
(k

m
/h

)
o
f

th
e

w
in

n
er

of
th

e
T

ou
r.

T
h
e

ex
p
la

n
at

or
y

va
ri

ab
le

s
a
re

th
e

Y
ea

r
(Y

)
of

th
e

T
ou

r
an

d
it

s
d
is

ta
n
ce

(D
)

in
k
il
om

et
er

s.
O

u
r

d
at

a
is

fr
om

19
03

to
20

16
.

H
ow

ev
er

,
d
u
ri

n
g

W
or

ld
W

ar
s

1
an

d
2

th
er

e
w

as
n
o

T
ou

r,
so

w
e

d
o

n
ot

h
av

e
d
at

a
p

oi
n
ts

fo
r

th
os

e
ye

ar
s.

T
h
e

eff
ec

t
of

W
or

ld
W

ar
I

on
th

e
sp

ee
d

of
th

e
w

in
n
er

of
th

e
to

u
r

ca
n

b
e

se
en

in
a

sc
at

te
rp

lo
t

of
S
p

ee
d

v
s.

Y
–

th
e

lo
w

es
t

w
in

n
in

g
sp

ee
d
s

w
er

e
in

th
e

y
ea

rs
ju

st
af

te
r

W
or

ld
W

ar
I,

p
ro

b
ab

ly
d
u
e

to
ca

su
al

ti
es

.
A

ft
er

W
or

ld
W

ar
II

,
th

er
e

w
as

al
so

a
d
ec

re
as

e
in

av
er

ag
e

w
in

n
in

g
sp

ee
d
,

b
u
t

th
e

d
ec

re
as

e
w

as
le

ss
th

an
af

te
r

W
or

ld
W

ar
I.

T
h
er

e
is

a
cu

rv
il
in

ea
r

re
la

ti
on

sh
ip

b
et

w
ee

n
S
p

ee
d

an
d

Y
ea

r
an

d
a

ro
u
gh

ly
li
n
ea

r
re

la
ti

on
sh

ip
b

et
w

ee
n

S
p

ee
d

an
d

D
;

th
e

va
ri

ab
il
it

y
of

S
p

ee
d

in
cr

ea
se

s
w

it
h

D
.

4
.2
.1
.
A
n
a
ly

si
s
o
f
T
ou

r
U
si
n
g

a
N
e
st

e
d

C
o
l
l
e
c
t
io
n
o
f
M
o
d
e
l
s

W
e

id
en

ti
fy

a
n
es

te
d

m
o
d
el

li
st

u
si

n
g
Y

,
D

,
Y

2
,
D

2
an

d
th

e
in

te
ra

ct
io

n
b

et
w

ee
n

Y
ea

r
an

d
D

is
ta

n
ce

d
en

ot
ed

Y
:
D

as
co

va
ri

at
es

.
B

ec
au

se
th

e
si

ze
of

th
e

d
at

a
se

t
is

n
ot

la
rg

e,
w

e
ca

n
on

ly
u
se

a
sm

al
l

m
o
d
el

li
st

.

W
e

or
d
er

th
e

va
ri

ab
le

s
u
si

n
g

S
C

A
D

b
ec

au
se

as
a

sh
ri

n
ka

ge
m

et
h
o
d

it
p

er
tu

rb
s

p
ar

am
et

er
es

ti
m

at
es

th
e

le
as

t
an

d
sa

ti
sfi

es
an

or
ac

le
p
ro

p
er

ty
.

U
n
d
er

S
C

A
D

,
th

e
or

d
er

of
in

cl
u
si

on
of

va
ri

ab
le

s
is
Y

,
D

,
D

2
,
Y

2
,

an
d
Y

:
D

.
W

e
th

er
ef

or
e

fi
t

fi
v
e

d
iff

er
en

t
m

o
d
el

s.
W

e
u
se

th
e

si
x

m
o
d
el

se
le

ct
io

n
te

ch
n
iq

u
es

fr
om

S
ec

.
4.

1
an

d
in

cl
u
d
e
d̂
V
C

th
e

or
ig

in
al

es
ti

m
at

or
in

V
ap

n
ik

et
al

.
(1

99
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fo
r

th
e

sa
ke

of
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m
p
ar
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on

.
It
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se

en
th

at
V

ap
n
ik

et
al

.
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4)
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d
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V

d̂
V
C

P̂
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M

2
A

IC
B

IC
C

V

Y
20

4
16

.4
2

44
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20
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1

36
.3

7
24

2
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1
0.
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27

Y
,D
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D

2
,
Y

2
20

4
11

.0
9

36
.1

6
1
7

28
.7

7
0
.0

6
8
1

Y
,D
,
D

2
,
Y

2
,
Y

:
D

20
4

1
1
.0

6
3
6
.1

1
19

32
.9

6
0.

06
91

T
ab

le
1:

M
o
d
el

se
le

ct
io

n
fo
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co
effi

ci
en

ts
th

at
a
re

a
ss

ig
n
ed

to
d
iff

er
en

t
gr

ou
p
s.

In
th

is
p
ap

er
,
w

e
ta

ke
a

B
ay

es
ia

n
ap

p
ro

ac
h

to
in

fe
rr

in
g

re
gr

es
si

on
w

ei
gh

ts
w

it
h

re
g
io

n
-s

p
a
rs

e
st

ru
ct

u
re

.
W

e
in

tr
o
d
u
ce

a
h
ie

ra
rc

h
ic

al
p
ri

or
ov

er
w

of
th

e
fo

rm
:

u
∼
GP

(2
)

w
|u
∼
N

(0
,C

(u
))
,

(3
)

w
h
er

e
u

is
a

la
te

n
t

v
ec

to
r

th
at

ca
p
tu

re
s

d
ep

en
d
en

ci
es

in
th

e
sp

a
rs

it
y

p
at

te
rn

o
f

w
,

a
n
d

w
|u

h
as

a
ze

ro
-m

ea
n

G
au

ss
ia

n
d
is

tr
ib

u
ti

on
w

it
h

a
d
ia

go
n
al

co
va

ri
an

ce
m

at
ri

x
C

(u
),

g
iv

en
b
y

a
d
et

er
m

in
is

ti
c

fu
n
ct

io
n

of
u

.
W

e
u
se

a
G

a
u
ss

ia
n

p
ro

ce
ss

(G
P

)
p
ri

or
ov

er
u

to
en

co
d
e

st
ru

ct
u
ra

l
as

su
m

p
ti

on
s

ab
ou

t
re

gi
on

sp
ar

si
ty

(e
.g

.,
th

e
ty

p
ic

al
si

ze
of

cl
u
st

er
s

o
f

n
o
n
-z

er
o

w
ei

gh
ts

an
d

th
e

sp
ac

in
g

b
et

w
ee

n
th

em
).

T
h
is

m
o
d
el

ca
n

b
e

se
en

as
an

ex
te

n
si

o
n

o
f

a
u
to

-
m

at
ic

re
le

va
n
ce

d
et

er
m

in
at

io
n

(A
R

D
),

in
w

h
ic

h
th

e
el

em
en

ts
of

u
ar

e
a

p
ri

o
ri

in
d
ep

en
d
en

t
(M

ac
K

ay
,

19
92

;
N

ea
l,

19
95

).
W

e
th

er
ef

or
e

re
fe

r
to

it
as

d
ep

en
d
en

t
re

le
va

n
ce

d
et

er
m

in
a
ti

o
n

(D
R

D
).

N
ot

e
th

at
re

gi
on

-s
p
ar

si
ty

re
fe

rs
on

ly
to

th
e

sp
ar

si
ty

p
at

te
rn

of
re

gr
es

si
on

w
ei

g
h
ts

,
i.
e.

,
th

e
lo

ca
ti

on
s

w
h
er

e
th

ey
ar

e
n
on

-z
er

o,
n
ot

to
th

e
p
ar

ti
cu

la
r

va
lu

es
of

th
e

w
ei

gh
ts

th
em

se
lv

es
.
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D
e
p
e
n
d
e
n
t
r
e
l
e
v
a
n
c
e
d
e
t
e
r
m
in
a
t
io
n
f
o
r
sm

o
o
t
h
a
n
d

st
r
u
c
t
u
r
e
d

spa
r
se

r
e
g
r
e
ssio

n

T
h
is

is
refl

ected
in

th
e

fact
th

at
w

e
d
efi

n
e

th
e

D
R

D
p
rior

covaria
n
ce

m
atrix

C
(u

)
to

b
e

d
ia

g
on

a
l,

m
a
k
in

g
th

e
w

eigh
ts

con
d
ition

ally
in

d
ep

en
d
en

t
given

th
e

p
attern

d
efi

n
ed

b
y

u
.

In
m

an
y

ca
ses,

h
ow

ever,
w

e
ex

p
ect

w
eigh

ts
to

b
e

sm
o
oth

as
w

ell
as

sp
arse

d
u
e

to
th

e
con

ti-
n
u
ity

o
f

th
e

in
p
u
t

regressors
in

sp
ace

or
tim

e.
M

ost
of

th
e

real
d
atasets

d
o

ex
h
ib

it
sp

atial
a
n
d

tem
p

o
ra

l
correlation

s.
C

o
effi

cien
ts

u
su

ally
p

ossess
con

tigu
ou

s
region

s
an

d
sm

o
oth

n
ess.

H
en

ce,
w

e
a
re

a
im

in
g

at
d
evelop

in
g

a
u
n
iversal

ap
p
roach

easily
in

tegratin
g

b
oth

stru
ctu

red
sp

a
rsity

a
n
d

sm
o
oth

n
ess

con
cu

rren
tly.

T
o

in
corp

o
rate

sm
o
oth

n
ess,

w
e

com
b
in

e
th

e
stan

-
d
a
rd

D
R

D
p
rior

w
ith

a
sq

u
ared

ex
p

on
en

tia
l

covarian
ce

fu
n
ction

.
T

h
e

resu
ltin

g
p
rior

h
as

a
n
o
n
-d

ia
g
o
n
a
l

covarian
ce

m
atrix

th
at

en
cou

rages
sm

o
oth

n
ess

as
w

ell
as

sp
arsity.

W
e

refer
to

th
is

ex
ten

sio
n

a
s

sm
oo

th
d
epen

d
en

t
releva

n
ce

d
eterm

in
a
tio

n
(sm

o
oth

-D
R

D
).

S
am

p
les

from
th

e
sm

o
oth

-D
R

D
p
rior

h
ave

lo
cal

islan
d
s

of
sm

o
oth

an
d

n
o
n
-zero

w
eigh

ts,
su

rro
u
n
d
ed

b
y

la
rg

e
reg

io
n
s

o
f
zeros.

W
e

w
ill

sh
ow

th
at

com
b
in

in
g

region
-sp

arsity
an

d
sm

o
oth

n
ess

togeth
er

w
ill

sig
n
ifi

ca
n
tly

en
h
an

ce
th

e
p

erform
an

ce
in

a
n
on

-triv
ial

w
ay.

U
n
fo

rtu
n
a
tely,

ex
act

in
feren

ce
u
n
d
er

D
R

D
an

d
sm

o
oth

-D
R

D
p
riors

is
an

aly
tically

in
tractab

le.
W

e
th

erefo
re

in
tro

d
u
ce

an
ap

p
rox

im
ate

in
feren

ce
m

eth
o
d

b
ased

on
a

L
ap

lace
ap

p
rox

im
ation

to
th

e
p

o
sterior

over
u

,
an

d
a

sam
p
lin

g-b
ased

in
feren

ce
m

eth
o
d

u
sin

g
M

o
n
te

C
a
rlo

M
arkov

C
h
a
in

(M
C

M
C

)
sam

p
lin

g.
W

e
also

d
eriv

e
a

tw
o-stage

con
vex

relax
ation

of
th

e
L

a
p
lace

a
p
p
rox

im
a
tio

n
ap

p
roach

in
ord

er
to

overcom
e

th
e

eff
ects

of
b
ad

lo
cal

op
tim

a.

W
e

sh
ow

ex
p

erim
en

tal
evalu

ation
s

on
1D

sim
u
lated

d
atasets

com
p
arin

g
th

e
p

erform
a
n
ce

a
m

o
n
g

d
iff

eren
t

m
eth

o
d
s.

In
ad

d
ition

,
th

e
p
h
ase

tran
sition

cu
rve

an
aly

ses
are

carried
ou

t
a
g
a
in

st
lasso

to
sh

ow
th

e
su

p
eriority

of
D

R
D

an
d

sm
o
oth

-D
R

D
in

su
p
p

ort
recov

ery
for

g
ro

u
p

stru
ctu

re
sp

arsity
w

ith
or

w
ith

ou
t

sm
o
oth

n
ess.

F
u
rth

erm
ore,

th
e

D
R

D
b
ased

p
ri-

o
rs

a
re

ex
p
lo

ited
for

th
ree

b
rain

im
agin

g
d
atasets.

D
om

ain
ex

p
ertise

an
d

cu
rren

t
ev

id
en

ce
in

b
ra

in
im

a
g
in

g
su

ggest
th

at
d
iscrim

in
ation

p
erform

an
ce

is
p
rim

arily
d
riv

en
b
y

sp
atially

sm
o
o
th

activa
tion

w
ith

in
sp

atially
sp

arse
region

s,
an

d
sev

eral
estim

ation
algorith

m
s

h
ave

b
een

p
ro

p
o
sed

th
at

ex
p
loit

th
is

stru
ctu

re
(G

ro
sen

ick
et

al.,
2011;

M
ich

el
et

al.,
2011

;
B

al-
d
a
ssa

rre
et

a
l.,

2012;
G

ram
fort

et
al.,

2013).
W

e
p
rov

id
e

ex
p

erim
en

tal
com

p
arison

s
to

th
ese

m
eth

o
d
s,

sh
ow

in
g

th
e

su
p

eriority
of

D
R

D
in

p
ra

ctice.
In

p
articu

la
r,

D
R

D
p
rov

id
es

sp
a-

tia
l

d
eco

d
in

g
w

eigh
ts

for
b
rain

im
agin

g
d
ata

th
at

are
b

oth
m

ore
in

terp
reta

b
le

an
d

ach
ieve

h
ig

h
er

d
eco

d
in

g
p

erform
an

ce.

H
ere

w
e

h
ig

h
lig

h
t

ou
r

key
con

trib
u
tion

s
as

follow
s:

•
W

e
in

tro
d
u
ce

a
n
ew

h
ierarch

ical
m

o
d
el

for
sm

o
oth

,
reg

ion
-sp

arse
w

eigh
t

ten
sors.

T
h
e

m
o
d
el

u
ses

a
G

au
ssian

p
ro

cess
to

in
tro

d
u
ce

d
ep

en
d
en

cies
b

etw
een

p
rior

varian
ces

of
reg

ressio
n

w
eigh

ts
govern

in
g

lo
calized

sp
arsity

in
w

eigh
ts

an
d

sim
u
ltan

eou
sly

im
p

oses
sm

o
o
th

n
ess

b
y

in
tegratin

g
a

sm
o
oth

n
ess-in

d
u
cin

g
covarian

ce
fu

n
ction

in
to

th
e

p
rior

d
istrib

u
tion

of
w

eigh
ts.

•
W

e
d
escrib

e
tw

o
m

eth
o
d
s

for
in

ferrin
g

th
e

m
o
d
el

p
aram

eters:
on

e
b
ased

on
th

e
L

ap
lace

a
p
p
rox

im
ation

an
d

a
secon

d
b
ased

on
M

C
M

C
.

W
e

p
rop

ose
a

fast
ap

p
rox

im
ate

in
fer-

en
ce

m
eth

o
d

b
ased

on
th

e
L

ap
lace

ap
p
rox

im
ation

in
volv

in
g

a
n
ovel

tw
o-stage

con
v
ex

rela
x
a
tion

of
th

e
log

p
osterior

in
ord

er
to

overcom
e

th
e

eff
ects

o
f

b
ad

lo
cal

op
tim

a.

3
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W
u
,
K
o
y
e
jo

a
n
d

P
il
l
o
w

•
W

e
sh

ow
p
h
ase

tran
sition

cu
rves

govern
in

g
th

e
tran

sition
from

im
p

erfect
to

n
ear-

p
erfect

recovery
for

lasso
an

d
D

R
D

estim
ators,

revealin
g

th
at

grou
p

stru
ctu

re
an

d
sm

o
oth

n
ess

can
h
ave

a
m

a
jor

im
p
act

on
th

e
recoverab

ility
of

sp
arse

sign
als.

T
h
is

p
ap

er
is

organ
ized

as
follow

s.
In

S
ec.

2,
w

e
rev

iew
th

e
related

stru
ctu

red
sp

arsity
literatu

re.
In

S
ec.

3,
w

e
in

tro
d
u
ce

ou
r

n
ew

region
-sp

arsity
an

d
sm

o
oth

n
ess

in
d
u
cin

g
p
riors.

In
S
ec.

4,
w

e
p
rop

ose
tw

o
ap

p
roach

es
to

B
ayesian

in
feren

ce
for

p
aram

eter
estim

atio
n
,

th
e

ev
id

en
ce

op
tim

ization
v
ia

L
ap

lace
ap

p
rox

im
ation

an
d

th
e

M
C

M
C

sam
p
lin

g.
A

tw
o-stage

con
vex

relax
ation

of
th

e
L

ap
lace

ap
p
rox

im
ation

ap
p
roach

is
also

in
tro

d
u
ced

to
allev

iate
th

e
n
on

-con
vex

ity
w

ith
a

m
ore

rob
u
st

tw
o-stage

con
vex

ity.
S
ec.

5
in

tro
d
u
ces

a
d
etailed

an
aly

sis
of

th
e

stru
ctu

red
sp

arsity
an

d
sm

o
oth

n
ess

p
ro

p
erties

of
th

e
D

R
D

b
ased

p
riors

an
d

th
e

oth
er

m
eth

o
d
s

th
at

can
b

e
u
sed

for
th

is
p
u
rp

ose.
S
ec.

6
p
resen

ts
th

e
p
h
ase

tran
sition

an
aly

sis
for

lasso
an

d
D

R
D

estim
ators.

S
ec.

7
sh

ow
s

som
e

ex
p

erim
en

ts
on

th
ree

real
b
rain

im
agin

g
d
atasets,

com
p
arin

g
d
iff

eren
t

m
eth

o
d
s

th
at

can
b

e
u
sed

for
stru

ctu
red

sp
arsity.

F
in

ally,
S
ec.

8
p
resen

ts
th

e
con

clu
sion

an
d

d
iscu

ssion
of

th
is

w
ork

.

2
.
R
e
la
te
d
w
o
rk

T
h
e

classic
m

eth
o
d

for
sp

arse
variab

le
selection

is
th

e
lasso,

in
tro

d
u
ced

b
y

T
ib

sh
iran

i
(1

996),
w

h
ich

p
laces

an
l1

p
en

alty
on

th
e

regression
w

eigh
ts.

T
h
is

m
eth

o
d

can
b

e
in

terp
reted

as
a

m
a
xim

u
m

a
po

sterio
ri

(M
A

P
)

estim
ate

u
n
d
er

a
L

ap
lace

(or
d
ou

b
le-ex

p
on

en
tial)

p
rior.

A
fu

lly
B

ayesian
treatm

en
t

of
th

is
m

o
d
el

w
as

later
d
evelop

ed
b
y

P
ark

an
d

C
asella

(2008).
A

variety
of

B
ay

esian
m

eth
o
d
s

b
ased

on
oth

er
sp

arsity
-in

d
u
cin

g
p
rio

r
d
istrib

u
tion

s
h
ave

b
een

d
evelop

ed
,

in
clu

d
in

g
th

e
h
orsesh

o
e

p
rior

(C
arvalh

o
et

al.,
2009),

w
h
ich

u
ses

a
con

tin
u
ou

s
d
en

sity
w

ith
an

in
fi
n
itely

tall
sp

ike
at

th
e

origin
an

d
h
eav

y
tails,

an
d

th
e

sp
ike-an

d
-slab

p
rior

(M
itch

ell
an

d
B

eau
ch

am
p
,

1988)
w

h
ich

co
n
sists

of
a

w
eigh

ted
m

ix
tu

re
of

a
d
elta

fu
n
ction

(th
e

sp
ike)

an
d

a
b
road

G
au

ssian
(th

e
slab

),
b

oth
cen

tered
at

th
e

origin
.

A
n
oth

er
ap

p
roach

to
sp

arse
variab

le
selection

com
es

from
em

p
irical

B
ayes

(also
k
n
ow

n
as

ev
id

en
ce

op
tim

ization
or

“ty
p

e-II”
m

argin
al

lik
elih

o
o
d
).

T
h
ese

m
eth

o
d
s

rely
on

a
tw

o-step
in

feren
ce

p
ro

ced
u
re:

(1)
op

tim
ize

h
y
p

erp
aram

eters
govern

in
g

th
e

sp
arsity

p
attern

v
ia

ascen
t

of
th

e
m

argin
al

likelih
o
o
d
;
an

d
th

en
(2)

com
p
u
te

M
A

P
estim

ates
of

th
e

p
aram

eters
given

th
e

h
y
p

erp
aram

eters.
T

h
e

m
ost

p
op

u
lar

su
ch

estim
ator

is
au

tom
atic

relevan
ce

d
eterm

in
ation

(A
R

D
),

w
h
ich

p
ru

n
es

u
n
n
ecessary

co
effi

cien
ts

b
y

op
tim

izin
g

th
e

p
recision

of
each

regression
co

effi
cien

t
u
n
d
er

a
G

au
ssian

m
o
d
el

(M
acK

ay
,

1992;
N

eal,
1995).

T
h
e

releva
n
ce

vector
m

ach
in

e
(R

V
M

)
w

as
later

form
u
lated

as
a

gen
eral

B
ayesian

fram
ew

ork
for

ob
tain

in
g

sp
arse

solu
tion

s
to

regression
an

d
classifi

cation
task

s
(T

ip
p
in

g,
2001).

T
h
e

R
V

M
h
as

an
id

en
tical

fu
n
ction

al
form

to
th

e
su

p
p

ort
vector

m
ach

in
e,

b
u
t

p
rov

id
es

p
rob

ab
ilistic

an
aly

sis.
T

ip
p
in

g
an

d
F

au
l

(2003)
th

en
w

as
p
rop

osed
for

R
V

M
to

scale
u
p

its
train

in
g

p
ro

ced
u
re.

A
ll

th
ese

m
eth

o
d
s

can
b

e
in

terp
reted

as
im

p
osin

g
a

sp
arse

an
d

in
d
ep

en
d
en

t
p
rior

on
th

e
regression

w
eigh

ts.
T

h
e

resu
ltin

g
p

osterior
over

w
eigh

ts
h
as

h
igh

con
cen

tration
n
ear

th
e

ax
es,

so
th

at
m

an
y

w
eigh

ts
en

d
u
p

at
zero

u
n
less

forced
aw

ay
stron

gly
b
y

th
e
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n
d
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d
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p
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d
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p
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d
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p
ri

or
.

S
ev

er
al

ot
h
er

p
ap

er
s

h
av

e
p
ro

p
os

ed
d
ep

en
d
en

t
ge

n
er

al
iz

at
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p
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d
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d
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e

h
ar

d
-c

o
d
ed

gr
ou

p
sp

ec
ifi

ca
ti

on
b
y

en
co

d
in

g
th

e
st

ru
ct

u
re

w
it

h
a

ge
n
er

ic
co

va
ri

an
ce

fu
n
ct

io
n
.

M
ea

n
w

h
il
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d
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p
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p
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p
ar

t
fr

om
im

p
os

in
g

th
e

co
rr

el
at

io
n

st
ru

ct
u
re

on
th
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d
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p
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w
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p
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d
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p
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e
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p
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R
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p
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p
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p
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at
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=

[y
1
,·
··
,y
n
]>
∈
R
n

is
th

e
ob

se
rv

at
io

n
v
ec

to
r,

an
d
σ

2
is

th
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n
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creasin
g

fu
n
ction

th
at

sq
u
ash

es
n
egative

va
lu

es
of

u
to

n
ear

zero
.

H
ere

w
e

w
ill

m
ain

ly
con

sid
er

th
e

ex
p

on
en

tial
fu

n
ction

f
(u

)
=

ex
p
(u

),
b
u
t

w
e

w
ill

also
co

n
sid

er
“
so

ft-rectifi
cation

”
fu

n
ction

f
(u

)
=

log
(1

+
ex

p
(u

))
in

th
e

ex
p

erim
en

t
for

n
u
m

erical
sta

b
ility.

W
h
en

th
e

G
P

m
ean

b
is

very
n
egative

relative
to

th
e

p
rior

stan
d
ard

d
ev

iation
√
ρ
,

m
o
st

elem
en

ts
of

g
w

ill
b

e
clo

se
to

zero,
resu

ltin
g

in
w

eigh
ts

w
w

ith
a

h
igh

d
egree

of
sp

a
rsity

(i.e.,
few

w
eigh

ts
far

from
zero).

T
h
e

len
gth

scale
l

d
eterm

in
es

th
e

sm
o
oth

n
ess

of
sa

m
p
les

u
a
n
d

th
ereb

y
d
eterm

in
es

th
e

ty
p
ical

w
id

th
of

b
u
m

p
s

in
th

e
p
rio

r
varian

ce
g

.
W

e
d
en

o
te

th
e

set
o
f

h
y
p

erp
aram

eters
govern

in
g

th
e

G
P

p
rior

on
u

b
y
θ
d
r
d

=
{
b,ρ

,l}
.

F
ig.

2A
sh

ow
s

a
d
ep

iction
of

sam
p
lin

g
from

th
e

D
R

D
gen

erative
m

o
d
el.

3
.3

.
S

m
o
o
th

-D
R

D

T
h
e

sta
n
d
a
rd

D
R

D
m

o
d
el

im
p

oses
sm

o
oth

d
ep

en
d
en

cies
in

th
e

p
rior

va
rian

ces
of

th
e

regres-
sio

n
w

eigh
ts,

b
u
t

th
e

w
eigh

ts
th

em
selv

es
rem

ain
u
n
correlated

(as
refl

ected
b
y

th
e

fact
th

at
th

e
cova

ria
n
ce
C
d
r
d

is
d
iagon

al).
In

m
a
n
y

settin
gs,

h
ow

ever,
w

e
ex

p
ect

w
eigh

ts
to

ex
h
ib

it
sm

o
o
th

n
ess

in
ad

d
ition

to
region

sp
arsity.

T
o

cap
tu

re
th

is
p
rop

erty,
w

e
can

a
u
gm

en
t

D
R

D
w

ith
a

seco
n
d

G
au

ssian
p
ro

cess,
d
en

oted
a
s

sm
o
oth

-D
R

D
,

th
at

in
d
u
ces

sm
o
oth

n
ess,

con
-

trib
u
tin

g
o
ff

-d
ia

gon
al

stru
ctu

re
to

th
e

p
rio

r
covarian

ce
m

atrix
w

h
ile

p
reserv

in
g

th
e

m
argin

al
va

ria
n
ce

p
a
ttern

im
p

osed
b
y

D
R

D
(see

F
ig.

1C
).

L
et

Σ
d
en

o
te

a
covarian

ce
m

atrix
govern

ed
b
y

a
stan

d
ard

sq
u
ared

-ex
p

on
en

tial
G

P
kern

el:

Σ
ij

=
ex

p (−
||χ

i −
χ
j || 2

2
δ

2

)
,

(9)

w
ith

len
g
th

scale
δ

an
d

m
argin

al
varian

ce
set

to
1.

T
h
en

w
e

d
efi

n
e

th
e

sm
oo

th
-D

R
D

covari-
a
n
ce

a
s

th
e

“
sa

n
d
w

ich
”

m
atrix

given
b
y
:

C
sm

o
o
th−

D
R
D

=
C

12dr
d

Σ
C

12dr
d ,

(10)
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W
u
,
K
o
y
e
jo

a
n
d

P
il
l
o
w

D
R

D
 m

odel
latent

prior variance

D
R

D
 covariance

sm
ooth-D

R
D

 covariance

0

-10

-20402001000
100

coefficient

-10

sm
ooth-D

R
D

 m
odel

sam
ples

A
B

sam
ples

sm
oothing covariance

(SE kernel)

0
100

coefficient

F
igu

re
2:

T
h
e

sa
m

p
lin

g
p
ro

ced
u
res

for
th

e
gen

erative
m

o
d
els

of
D

R
D

an
d

sm
o
oth

-D
R

D
.

w
h
ere

C
12dr
d

is
sim

p
ly

th
e

m
atrix

sq
u
are

ro
ot

of
th

e
d
iagon

al
covarian

ce
m

atrix
C
d
r
d .

T
h
e

resu
ltin

g
m

atrix
h
as

th
e

sam
e

d
iag

on
al

en
tries

as
C
d
r
d ,

b
u
t

h
as

off
-d

iagon
al

stru
ctu

re
gov

-
ern

ed
b
y

Σ
th

at
in

d
u
ces

sm
o
oth

n
ess.

T
h
is

m
a
trix

is
p

ositive
sem

i-d
efi

n
ite

b
ecau

se,
for

all

x
∈

R
p,

x
>
C
sm

o
o
th−

D
R
D

x
=

(C
12dr
d x

) >
Σ

(C
12dr
d x

)≥
0,

d
u
e

to
th

e
p

ositiv
e

sem
i-d

efi
n
iten

ess
of

Σ
.

It
is

th
erefore

a
valid

covarian
ce

m
atrix

.
F

ig.
2B

sh
ow

s
a

d
ep

iction
of

sam
p
lin

g
from

th
e

sm
o
oth

-D
R

D
gen

erative
m

o
d
el.

In
th

e
follow

in
g,

w
e

w
ill

let
θ

d
en

ote
th

e
en

tire
h
y
p

er-
p
aram

eter
set

for
th

e
sm

o
oth

-D
R

D
p
rior

an
d

th
e

n
oise

varian
ce,

w
h
ere

θ
=
{θ

d
r
d ,δ,σ

2}.

4
.
P
a
ra

m
e
te
r
e
stim

a
tio

n

In
th

is
section

,
w

e
d
escrib

e
tw

o
m

eth
o
d
s

for
in

feren
ce

u
n
d
er

th
e

D
R

D
an

d
sm

o
oth

-D
R

D
p
riors:

(1)
em

p
irical

B
ayesian

in
feren

ce
v
ia

ev
id

en
ce

op
tim

ization
u
sin

g
th

e
L

ap
lace

ap
-

p
rox

im
ation

;
an

d
(2)

fu
lly

B
ayesian

in
feren

ce
v
ia

M
C

M
C

sam
p
lin

g.
T

h
e

fi
rst

seek
s

to
fi
n
d

th
e

M
A

P
estim

ate
of

th
e

laten
t

vector
u

govern
in

g
reg

ion
sp

arsity
v
ia

op
tim

ization
of

th
e

log
m

argin
al

likelih
o
o
d
,

an
d

th
en

p
rov

id
es

a
con

d
ition

al
M

A
P

estim
ate

of
th

e
w

eigh
ts

w
.

T
h
e

secon
d

u
ses

M
C

M
C

sam
p
lin

g
to

in
tegrate

over
u

an
d

p
rov

id
es

th
e

p
osterior

m
ean

of
w

given
th

e
d
ata

v
ia

an
average

over
sam

p
les.8
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D
e
p
e
n
d
e
n
t
r
e
l
e
v
a
n
c
e
d
e
t
e
r
m
in
a
t
io
n
f
o
r
sm

o
o
t
h
a
n
d

st
r
u
c
t
u
r
e
d

sp
a
r
se

r
e
g
r
e
ss
io
n

4
.1

.
E

m
p

ir
ic

a
l

B
a
y
e
s

in
fe

re
n

c
e

w
it

h
L

a
p

la
c
e

a
p

p
ro

x
im

a
ti

o
n

T
h
e

li
ke

li
h
o
o
d
p
(y
|X
,w
,σ

2
)

(e
q
.

4)
an

d
th

e
p
ri

or
p
(w
|u
,θ
d
r
d
,δ

)
(e

q
.

5
)

ar
e

b
o
th

G
au

s-
si

an
gi

ve
n

th
e

la
te

n
t

va
ri

ab
le

s
u

an
d

h
y
p

er
p
ar

am
et

er
s
θ

,
gi

v
in

g
a

co
n
d
it

io
n
al

ly
G

au
ss

ia
n

p
os

te
ri

or
ov

er
th

e
re

gr
es

si
on

w
ei

gh
ts

:

p
(w
|X
,y
,u
,θ

)
=
N

(µ
w
,Λ

w
),

(1
1)

w
it

h
co

va
ri

an
ce

an
d

m
ea

n
gi

ve
n

b
y

Λ
w

=
(

1 σ
2
X
>
X

+
C
−

1
)−

1
,
µ
w

=
1 σ
2
Λ
w
X
>

y
,

(1
2)

w
h
er

e
p
ri

or
co

va
ri

an
ce

m
at

ri
x
C

is
a

fu
n
ct

io
n

of
u

an
d
θ

.
T

h
e

p
os

te
ri

or
m

ea
n
µ
w

is
al

so
th

e
M

A
P

es
ti

m
at

e
of

w
gi

ve
n

la
te

n
t

ve
ct

or
u

an
d

h
y
p

er
p
ar

am
et

er
s
θ

.

E
m

p
ir

ic
al

B
ay

es
in

fe
re

n
ce

in
vo

lv
es

se
tt

in
g

th
e

h
y
p

er
p
ar

am
et

er
s

b
y

m
ax

im
iz

in
g

th
e

m
ar

gi
n
al

li
ke

li
h
o
o
d

or
ev

id
en

ce
,

gi
ve

n
b
y

p
(y
|X
,θ

)
=

∫∫
p
(y
|X
,w
,σ

2
)p

(w
|u
,δ

)p
(u
|θ
d
r
d
)
d
w
d
u
.

(1
3)

W
e

ca
n

ta
ke

th
e

in
te

gr
al

ov
er

w
an

al
y
ti

ca
ll
y

d
u
e

to
th

e
co

n
d
it

io
n
al

ly
G

a
u
ss

ia
n

p
ri

or
an

d
th

e
li
ke

li
h
o
o
d
,

gi
v
in

g
th

e
si

m
p
li
fi
ed

ex
p
re

ss
io

n

p
(y
|X
,θ

)
=

∫
p
(y
|X
,u
,σ

2
,δ

)
p
(u
|θ
d
r
d
)
d
u
,

(1
4)

w
h
er

e
th

e
co

n
d
it

io
n
al

ev
id

en
ce

gi
ve

n
u

is
a

n
or

m
al

d
en

si
ty

ev
al

u
at

ed
at

y
,

p
(y
|X
,u
,θ

)
=
N

(y
|0
,X

C
X
>

+
σ

2
I
).

(1
5)

H
ow

ev
er

,
th

e
in

te
gr

al
ov

er
u

h
as

n
o

an
a
ly

ti
c

fo
rm

.
W

e
th

er
ef

or
e

re
so

rt
to

th
e

L
ap

la
ce

’s
m

et
h
o
d

to
ap

p
ro

x
im

at
e

th
is

in
te

gr
al

.

4
.1
.1
.
L
a
p
l
a
c
e
a
p
p
r
o
x
im

a
t
io
n

L
ap

la
ce

’s
m

et
h
o
d

p
ro

v
id

es
a

te
ch

n
iq

u
e

fo
r

ap
p
ro

x
im

at
in

g
in

tr
ac

ta
b
le

in
te

gr
al

s
u
si

n
g

a
se

co
n
d
-o

rd
er

T
ay

lo
r

ex
p
an

si
on

in
u

of
th

e
lo

g
of

th
e

in
te

gr
an

d
in

(e
q
.

14
).

T
h
is

m
et

h
o
d

is
eq

u
iv

al
en

t
to

ap
p
ro

x
im

at
in

g
th

e
p

os
te

ri
or

ov
er

u
gi

ve
n
θ

b
y

a
G

au
ss

ia
n

ce
n
te

re
d

on
it

s
m

o
d
e

(M
ac

K
ay

(2
00

3)
,

ch
ap

.
27

).
T

h
e

ex
ac

t
p

os
te

ri
or

is
gi

ve
n

b
y

B
ay

es
’

ru
le

:

p
(u
|X
,y
,θ

)
=

1 Z
p
(y
|X
,u
,σ

2
,δ

)p
(u
|θ
d
r
d
),

(1
6)

w
h
er

e
th

e
n
or

m
al

iz
in

g
co

n
st

an
t,
Z

=
p
(y
|X
,θ

),
is

th
e

m
a
rg

in
al

li
ke

li
h
o
o
d

w
e

w
is

h
to

co
m

p
u
te

.
T

h
e

G
au

ss
ia

n
ap

p
ro

x
im

at
io

n
to

th
e

p
os

te
ri

or
is

p
(u
|X
,y
,θ

)
≈
N

(m
u
,Λ

u
),

(1
7)
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L
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 2
0(

89
):

1-
43

, 2
01

9

W
u
,
K
o
y
e
jo

a
n
d

P
il
l
o
w

w
h
er

e
m

u
is

th
e

p
os

te
ri

or
m

o
d
e

an
d

Λ
u

is
a

lo
ca

l
ap

p
ro

x
im

at
io

n
to

th
e

p
os

te
ri

o
r

co
va

ri
a
n
ce

.
S
u
b
st

it
u
ti

n
g

th
is

ap
p
ro

x
im

at
io

n
in

to
(e

q
.

16
),

w
e

ca
n

d
ir

ec
tl

y
so

lv
e

fo
r
Z

:

Z
≈
p
(y
|X
,u
,σ

2
,δ

)p
(u
|θ
d
r
d
)

N
(m

u
,Λ

u
)

.
(1

8
)

T
h
e

ri
gh

t-
h
an

d
-s

id
e

of
th

is
ex

p
re

ss
io

n
ca

n
b

e
ev

al
u
at

ed
a
t

an
y

u
,

b
u
t

it
is

co
n
ve

n
ti

o
n
a
l

to
u
se

th
e

m
o
d
e,

u
=

m
u
,

gi
v
en

th
at

th
is

is
w

h
er

e
th

e
ap

p
ro

x
im

at
io

n
is

m
os

t
a
cc

u
ra

te
.

T
o

co
m

p
u
te

th
e

L
ap

la
ce

ap
p
ro

x
im

at
io

n
,
w

e
fi
rs

t
n
u
m

er
ic

al
ly

op
ti

m
iz

e
th

e
lo

g
o
f
th

e
p

o
st

er
io

r
(e

q
.

16
)

to
fi
n
d

it
s

m
o
d
e:

m
u

=
ar

g
m

ax u

[ lo
g
p
(y
|X
,u
,σ

2
,δ

)
+

lo
g
p
(u
|θ
d
r
d
)] ,

(1
9
)

w
h
er

e
th

e
fi
rs

t
te

rm
is

th
e

lo
g

of
th

e
co

n
d
it

io
n
al

ev
id

en
ce

gi
ve

n
u

(e
q
.

15
),

lo
g
p
(y
|X
,u
,σ

2
,δ

)
=
−

1 2
lo

g
|X
C
X
>

+
σ

2
I
|−

1 2
y
>

(X
C
X
>

+
σ

2
I
)−

1
y

+
co
n
st
,

(2
0
)

an
d

th
e

se
co

n
d

is
th

e
lo

g
of

th
e

G
P

p
ri

or
fo

r
u

,

lo
g
p
(u
|θ
d
r
d
)

=
−

1 2
(u
−
b1

)>
K
−

1
(u
−
b1

)
−

1 2
lo

g
|K
|+

co
n
st
.

(2
1
)

W
e

u
se

q
u
as

i-
N

ew
to

n
m

et
h
o
d
s

to
op

ti
m

iz
e

th
is

ob
je

ct
iv

e
fu

n
ct

io
n

b
ec

au
se

th
e

fi
x
ed

p
o
in

t
m

et
h
o
d
s

d
ev

el
op

ed
fo

r
A

R
D

(e
.g

.,
M

ac
K

ay
(1

99
2)

;
T

ip
p
in

g
an

d
F

au
l

(2
00

3)
),

w
h
ic

h
o
p

er
-

at
e

on
on

e
el

em
en

t
of

th
e

p
ri

or
p
re

ci
si

on
ve

ct
or

at
a

ti
m

e,
ar

e
in

effi
ci

en
t

d
u
e

to
th

e
st

ro
n
g

d
ep

en
d
en

ci
es

in
d
u
ce

d
b
y

th
e

G
P

p
ri

or
.

H
ow

ev
er

,
b

ec
au

se
th

is
h
ig

h
-d

im
en

si
o
n
a
l

o
p
ti

m
iz

a
-

ti
on

p
ro

b
le

m
is

n
on

-c
on

ve
x
,

w
e

al
so

fo
rm

u
la

te
a

n
ov

el
ap

p
ro

ac
h

fo
r

op
ti

m
iz

in
g

u
u
si

n
g

a
tw

o-
st

ag
e

co
n
ve

x
re

la
x
at

io
n

in
sp

ir
ed

b
y

W
ip

f
an

d
N

ag
ar

a
ja

n
(2

00
8)

.
W

e
w

il
l

p
re

se
n
t

th
e

m
et

h
o
d

in
S
ec

.
4.

1.
2.

G
iv

en
th

e
m

o
d
e

of
th

e
lo

g-
p

os
te

ri
or

m
u
,

th
e

se
co

n
d

st
ep

to
co

m
p
u
ti

n
g

th
e

L
a
p
la

ce
-b

a
se

d
ap

p
ro

x
im

at
io

n
to

th
e

m
ar

gi
n
al

li
ke

li
h
o
o
d

is
to

co
m

p
u
te

th
e

H
es

si
an

(2
n
d

d
er

iv
a
ti

ve
m

a
tr

ix
)

of
th

e
lo

g-
p

os
te

ri
or

at
m

u
.

T
h
e

n
eg

at
iv

e
in

ve
rs

e
of

th
e

H
es

si
an

gi
ve

s
u
s

th
e

p
o
st

er
io

r
co

va
ri

an
ce

fo
r

th
e

L
ap

la
ce

ap
p
ro

x
im

at
io

n
(e

q
.

17
):

Λ
u

=

( −
∂

2

∂
u
∂
u
>

[ lo
g
p
(y
|X
,u
,σ

2
,δ

)
+

lo
g
p
(u
|θ
d
r
d
)])

−
1

.
(2

2
)

S
ee

A
p
p

en
d
ix

A
fo

r
th

e
ex

p
li
ci

t
d
er

iv
a
ti

on
o
f

H
es

si
an

fo
r

th
e

D
R

D
m

o
d
el

.

G
iv

en
th

es
e

in
gr

ed
ie

n
ts

,
w

e
ca

n
n
ow

w
ri

te
d
ow

n
th

e
ap

p
ro

x
im

at
io

n
to

th
e

lo
g

m
a
rg

in
al

li
ke

li
h
o
o
d

(e
q
.

18
):

lo
g
p
(y
|X
,θ

)
≈

lo
g
p
(y
|X
,m

u
,σ

2
,δ

)
+

lo
g
p
(m

u
|θ
d
r
d
)

+
1 2

lo
g
|Λ

u
|+

co
n
st
,

(2
3
)

w
h
er

e
th

e
fi
rs

t
te

rm
is

si
m

p
ly

th
e

lo
g

co
n
d
it

io
n
al

ev
id

en
ce

(e
q
.

20
)

w
it

h
p
ri

o
r

co
va

ri
a
n
ce
C

ev
al

u
at

ed
at

m
u
.

It
is

th
is

lo
g-

m
ar

gi
n
al

li
ke

li
h
o
o
d

th
at

w
e

se
ek

to
op

ti
m

iz
e

in
or

d
er

to
le

ar
n

h
y
p

er
p
a
ra

m
et

er
s

θ
.

T
h
e

ke
y

d
iffi

cu
lt

y
is

th
at

th
e

L
ap

la
ce

ap
p
ro

x
im

at
io

n
p
ar

am
et

er
s

m
u

a
n
d

Λ
u

d
ep

en
d

10
JM

L
R

 2
0(

89
):

1-
43
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D
e
p
e
n
d
e
n
t
r
e
l
e
v
a
n
c
e
d
e
t
e
r
m
in
a
t
io
n
f
o
r
sm

o
o
t
h
a
n
d

st
r
u
c
t
u
r
e
d

spa
r
se

r
e
g
r
e
ssio

n

im
p
licitly

o
n
θ

(sin
ce

m
u

is
d
eterm

in
ed

b
y

n
u
m

erical
op

tim
iza

tion
at

a
fi
x
ed

valu
e

of
θ

),
m

a
k
in

g
it

im
p
ractical

to
evalu

ate
th

eir
d
erivatives

w
ith

resp
ect

to
θ

.
T

o
a
d
d
ress

th
is

p
ro

b
lem

,
w

e
in

tro
d
u
ce

a
m

eth
o
d

for
p
artially

d
ecou

p
lin

g
th

e
L

ap
lace

ap
p
rox

im
ation

from
th

e
h
y
p

erp
a
ra

m
eters

(S
ec.

4.1.3).

4
.1
.2
.
A

t
w
o
-st

a
g
e
c
o
n
v
e
x
r
e
l
a
x
a
t
io
n
t
o

L
a
p
l
a
c
e
A
p
p
r
o
x
im

a
t
io
n

T
h
e

o
p
tim

iza
tion

for
m

u
(eq

.
19),

th
e

m
o
d
e

of
th

e
p

osterio
r

over
th

e
laten

t
vector

u
,

is
a

critica
l

step
fo

r
com

p
u
tin

g
th

e
L

ap
lace

ap
p
rox

im
ation

.
H

ow
ev

er,
th

e
n
ega

tiv
e

log-p
osterior

is
a

n
o
n
-co

n
v
ex

fu
n
ction

in
u

,
m

ean
in

g
th

at
th

ere
is

n
o

gu
aran

tee
of

ob
tain

in
g

th
e

glo
b
al

m
in

im
u
m

.
In

th
is

section
,
D

R
D

resem
b
les

th
e

origin
al

A
R

D
m

o
d
el.

N
eith

er
of

th
e

tw
o

m
ost

p
o
p
u
la

r
o
p
tim

ization
m

eth
o
d
s

for
A

R
D

,
M

acK
ay

’s
fi
x
ed

-p
oin

t
m

eth
o
d

(M
acK

ay
,
199

2)
an

d
T

ip
p
in

g
a
n
d

F
a
u
l’s

fast-A
R

D
(T

ip
p
in

g
an

d
F

au
l,

2003),
a
re

g
u
aran

teed
to

con
v
erge

to
a

lo
ca

l
m

in
im

u
m

or
even

a
fi
x
ed

p
oin

t
of

th
e

lo
g-p

osterior.

In
th

is
section

,
w

e
in

tro
d
u
ce

an
altern

ative
form

u
lation

o
f

th
e

cost
fu

n
ction

in
(eq

.
19)

u
sin

g
a
n

a
u
x
iliary

fu
n
ction

:
th

is
p
rov

id
es

a
tigh

t
con

v
ex

u
p
p

er
b

ou
n
d

th
at

can
b

e
op

tim
ized

m
o
re

ea
sily.

T
h
e

tech
n
iq

u
e

is
sim

ilar
to

th
e

iterative
re-w

eigh
ted

l1
form

u
lation

of
A

R
D

in
W

ip
f

a
n
d

N
a
g
a
ra

ja
n

(2008).

L
etL

(u
)

d
en

o
te

th
e

su
m

of
term

s
in

th
e

n
egative

log-p
osterior

(eq
.

19)
th

at
in

v
olv

e
u

,

L
(u

)
=

12
log|X

C
X
>

+
σ

2I|
+

12
y
>

(X
C
X
>

+
σ

2I
) −

1y
+

12
(u
−
b1

) >
K
−

1(u
−
b1

),
(24)

w
h
ere

C
=

d
ia

g(e
u
).

W
e

d
en

ote
th

e
th

ree
term

s
it

con
tain

s
as:

L
1 (u

)
=

12
log|X

d
iag(e

u
)X
>

+
σ

2I|
(25)

L
2 (u

)
=

12
y
>

(X
d
iag(e

u
)X
>

+
σ

2I
) −

1y
(26)

L
3 (u

)
=

12
(u
−
b1

) >
K
−

1(u
−
b1

).
(27)

H
ere
L

1 (u
)

a
n
d
L

3 (u
)

are
b

oth
con

v
ex

in
u

(see
p
ro

of
in

A
p
p

en
d
ix

B
).

W
e

can
d
erive

a
tig

h
t

co
n
vex

u
p
p

er
b

ou
n
d

forL
2 (u

),
th

u
s

p
rov

id
in

g
a

tigh
t

con
vex

u
p
p

er
b

ou
n
d

forL
(u

).

W
e

k
n
ow

th
a
t
L

2 (u
)

is
n
on

-con
vex

,
b
u
t

w
e

are
in

terested
in

rew
ritin

g
it

u
sin

g
co

n
cav

e
d
u
a
lity.

L
et

h
(u

)
:R

p
→

Ω
⊂

R
p

b
e

a
m

ap
p
in

g
w

ith
ran

ge
Ω

,
w

h
ich

m
ay

or
m

ay
n
ot

b
e

a
o
n
e-to

-o
n
e

m
ap

.
W

e
assu

m
e

th
at

th
ere

ex
ists

a
con

cav
e

fu
n
ction

Φ
(η

)
:

Ω
→

R
,∀
η
∈

Ω
,

su
ch

th
a
tL

2 (u
)

=
Φ

(h
(u

))
h
old

s.
T

o
ex

p
loit

th
is

tech
n
iq

u
e,

w
e

fi
rst

rew
rite
L

2
u
sin

g
th

e
m

a
trix

in
v
erse

lem
m

a
(H

igh
am

,
2002)

as:

L
2 (u

)
=

1

2
σ

2
y
>

y
−

1

2σ
4
y
>
X

(
1σ
2
X
>
X

+
d
iag(e −

u
) )
−

1

X
>

y
.

(28)

T
h
en

,
settin

g
h

(u
)

=
e −

u
,

w
h
ich

is
con

v
ex

in
u

,
w

e
h
ave

L
2 (u

)
=

Φ
(h

(u
))

=
1

2σ
2
y
>

y
−

1

2
σ

4
y
>
X

(
1σ
2
X
>
X

+
d
iag(h

(u
)) )
−

1

X
>

y
.

(29)

1
1
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W
u
,
K
o
y
e
jo

a
n
d

P
il
l
o
w

A
lg

o
rith

m
1

A
tw

o-stage
con

v
ex

relax
ation

m
eth

o
d

for
D

R
D

L
ap

lace
ap

p
rox

im
ation

In
p

u
t:
X
,y
,θ

=
{
σ

2,δ,b,ρ
,l}

O
u

tp
u

t:
û

in
itialize

d
u
al

variab
le

ẑ
i

=
1,∀

i
=

1,2,...,p
R

ep
eat

th
e

follow
in

g
tw

o
step

s
u
n
til

con
vergen

ce:
1.

F
ix

ẑ
,

let
û

=
argm

in
u∈

R
p

[z >
h

(u
)

+
L

1 (u
)

+
L

3 (u
) ]

in
(eq

.
33)

2.
F

ix
û

,
let

ẑ
=
∇

η
Φ

(η
)|η

=
h

(û
)

in
(eq

.
34)

T
h
is

ex
p
ression

is
con

cave
in

h
(u

)
(in

verse
of

a
m

atrix
is

con
v
ex

),
an

d
th

u
s

can
b

e
ex

p
ressed

as
a

m
in

im
u
m

ov
er

u
p
p

er-b
ou

n
d
in

g
h
y
p

erp
lan

es
v
ia

L
2 (u

)
=

Φ
(h

(u
))

=
in

fz∈
R
p [z >

h
(u

)−
L
∗h
(z

) ]
,

(30)

w
h
ere
L
∗h
(z

)
is

th
e

con
cave

con
ju

gate
of

Φ
(η

)
th

at
is

d
efi

n
ed

b
y

th
e

d
u
ality

relation
sh

ip

L
∗h
(z

)
=

in
fη∈

R
p [z >

η
−

Φ
(η

) ]
,

(31)

an
d

z
is

th
e

d
u
al

variab
le.

N
ote,

h
ow

ev
er,

th
at

for
ou

r
p
u
rp

ose
it

is
n
ot

n
ecessary

to
ever

ex
p
licitly

com
p
u
te
L
∗h
(z

).
T

h
is

lead
s

to
th

e
follow

in
g

u
p
p

er-b
ou

n
d
in

g
a
u
x
iliary

cost
fu

n
ction

Φ
(h

(u
),z

)
=

z >
h

(u
)−
L
∗h
(z

)≥
Φ

(h
(u

)).
(32)

T
h
u
s,

it
n
atu

rally
ad

m
its

th
e

tigh
t

con
v
ex

u
p
p

er
b

ou
n
d

forL
(u

),

L
(u
,z

)
∆=

z >
h

(u
)−
L
∗h
(z

)
+
L

1 (u
)

+
L

3 (u
)≥
L

(u
).

(33)

M
oreover,

for
an

y
fi
x
ed
η

=
h

(u
),

it’s
w

ell-k
n
ow

n
th

at
th

e
m

in
im

u
m

of
th

e
righ

t
h
an

d
sid

e
of

(eq
.

31)
is

ach
ieved

at

ẑ
=
∇

η
Φ

(η
)|η

=
h

(u
) .

(34)

T
h
is

lead
s

to
th

e
gen

eral
op

tim
ization

p
ro

ced
u
re

p
resen

ted
in

A
lgorith

m
1.

B
y

rep
eated

ly
refi

n
in

g
th

e
d
u
al

p
aram

eter
z
,

w
e

can
ob

tain
a

rep
eated

ly
im

p
roved

con
vex

relax
ation

,
lead

in
g

to
a

solu
tion

su
p

erior
to

th
at

of
th

e
in

itial
con

vex
relax

ation
.

N
ow

w
e

sh
ow

th
e

an
aly

sis
of

glob
al

con
vergen

ce.
A

ccord
in

g
to

th
e

Z
an

gw
ill’s

G
lob

al
C
on

ver-
gen

ce
T
h
eorem

(Z
an

gw
ill,

1969),
letA

(·)
:U
→
P

(U
)

b
e

a
p

o
in

t-to
-set

m
ap

p
in

g
to

h
a
n
d
le

th
e

m
u
lti-glob

al
m

in
im

a
case,

w
h
ich

satisfi
es

S
tep

s
1

an
d

2
of

th
e

p
rop

osed
algorith

m
,

th
en

T
h

e
o
re

m
1

F
ro

m
a
n

y
in

itia
liza

tio
n

po
in

t
u

0
∈

R
p,

th
e

sequ
en

ce
o
f

pa
ra

m
eter

estim
a
tes

{u
k}

gen
era

ted
via

u
k
+

1∈
A

(u
k)

is
gu

a
ra

n
teed

to
co

n
verge

m
o
n

o
to

n
ica

lly
to

a
loca

l
m

in
i-

m
u

m
(o

r
sa

d
d

le
po

in
t)

o
fL

(u
).

P
ro

o
f

L
et

Γ
∈
U

b
e

a
solu

tion
set.

In
ord

er
to

u
se

th
e

glob
al

con
vergen

ce
th

eorem
,

w
e

n
eed

to
sh

ow
th

at

1
2
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D
e
p
e
n
d
e
n
t
r
e
l
e
v
a
n
c
e
d
e
t
e
r
m
in
a
t
io
n
f
o
r
sm

o
o
t
h
a
n
d

st
r
u
c
t
u
r
e
d

sp
a
r
se

r
e
g
r
e
ss
io
n

1)
al

l
p

oi
n
ts
{u

k
}

ar
e

co
n
ta

in
ed

in
a

co
m

p
ac

t
se

t
S
∈
U,

w
h
er

e
U

is
R
p

in
ou

r
p
ro

b
le

m
;

2)
th

er
e

is
a

co
n
ti

n
u
ou

s
fu

n
ct

io
n
Z

on
U

su
ch

th
at

(a
)

if
x
6∈

Γ
,

th
en

Z
(y

)
<
Z

(x
)

fo
r

a
ll
y
∈
A

(x
);

(b
)

if
x
∈

Γ
,

th
en

Z
(y

)
≤
Z

(x
)

fo
r

al
l
y
∈
A

(x
);

3)
th

e
m

ap
p
in

g
A

is
cl

os
ed

at
p

oi
n
ts

ou
ts

id
e

Γ
.

F
ir

st
,

le
t’

s
d
efi

n
e

th
e

m
ap

p
in

g
A

to
b

e
ac

h
ie

ve
d

b
y

u
k
+

1
∈
A

(u
k
)

=
ar

gm
in

u
∈R

p
F

(u
,u

k
)

=
ar

gm
in

u
∈R

p
z
k
>

h
(u

)
−
L∗ h

(z
)

+
L 1

(u
)

+
L 3

(u
),

(3
5)

w
h
er

e
z
k

=
∇

η
Φ

(η
)| η

=
h

(u
k
).

W
e

ca
n

p
ro

ve
th

at
F

is
co

er
ci

ve
,

i.
e.

,
w

h
en
||u
||
→
∞

,
w

e
h
av

e
F

(u
)
→
∞

(p
ro

of
in

A
p
p

en
d
ix

C
).

T
h
er

ef
or

e,
th

e
so

lu
ti

on
se

t
of
F

(u
)

is
b

ou
n
d
ed

an
d

n
on

em
p
ty

.
A

cc
or

d
in

gl
y,
A

(u
)

is
n
on

em
p
ty

.
U

si
n
g

P
ro

p
os

it
io

n
7

in
(G

u
n
aw

ar
d
an

a
an

d
B

y
rn

e,
20

05
),

w
e

ca
n

fu
rt

h
er

sh
ow

th
at

th
e

p
oi

n
t-

to
-s

et
m

a
p
p
in

g
A

is
cl

os
ed

at
u
∈
U.

C
on

d
it

io
n

3
is

sa
ti

sfi
ed

.

F
or

ea
ch

u
k
,

u
k
+

1
is

th
e

so
lu

ti
on

o
f
F

(u
),

an
d
A

(u
)

is
a

cl
os

ed
m

ap
p
in

g;
th

er
ef

or
e

ea
ch

u
k
+

1
b

el
on

gs
to

a
co

m
p
ac

t
se

t.
W

e
k
n
ow

th
at

th
e

u
n
io

n
of

tw
o

co
m

p
ac

t
se

ts
is

co
m

p
ac

t.
T

h
er

ef
or

e,
al

l
p

oi
n
ts
{u

k
}

ar
e

co
n
ta

in
ed

in
a

co
m

p
ac

t
se

t
S
∈
U.

C
o
n
d
it

io
n

1
is

sa
ti

sfi
ed

.

T
o

p
ro

v
e

co
n
d
it

io
n

2,
w

e
m

u
st

sh
ow

th
at

fo
r

an
y

u
k
,
L(

u
k
+

1
)
<
L(

u
k
)

fo
r

al
l

u
k
+

1
∈

A
(u

k
)

if
u
k
6∈

Γ
;
L(

u
k
+

1
)
≤
L(

u
k
)

fo
r

al
l

u
k
+

1
∈
A

(u
k
)

if
u
k
∈

Γ
.

A
t

an
y

u
k
,

th
e

au
x
il
ia

ry
co

st
fu

n
ct

io
n
F

(u
)

(e
q
.

35
)

is
st

ri
ct

ly
ta

n
g
en

t
to
L(

u
)

at
u
k
.

T
h
er

ef
or

e,
if

u
k
6∈

Γ
,

L(
u
k
)

=
F

(u
k
)
>
F

(u
k
+

1
)
≥
L(

u
k
+

1
),

th
u
s
L(

u
k
)
>
L(

u
k
+

1
);

if
u
k
∈

Γ
,
L(

u
k
)

=
F

(u
k
)

=
F

(u
k
+

1
)
≥
L(

u
k
+

1
),

th
u
s
L(

u
k
)
≥
L(

u
k
+

1
).

C
on

d
it

io
n

2
is

sa
ti

sfi
ed

.

T
h
e

al
go

ri
th

m
co

u
ld

th
eo

re
ti

ca
ll
y

co
n
v
er

ge
to

a
sa

d
d
le

p
oi

n
t,

b
u
t

an
y

m
in

im
al

p
er

tu
rb

at
io

n
w

ou
ld

ea
si

ly
le

ad
to

es
ca

p
e.
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.
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e
c
o
u
p
l
e
d

L
a
p
l
a
c
e
a
p
p
r
o
x
im

a
t
io
n

T
o

op
ti

m
iz

e
th

e
m

ar
gi

n
al

li
k
el

ih
o
o
d

fo
r

th
e

D
R

D
h
y
p

er
p
ar

am
et

er
s

(e
q
.

23
),

w
e

sh
ou

ld
id

ea
ll
y

re
p
la

ce
m

u
an

d
Λ
u

w
it

h
ex

p
li
ci

t
ex

p
re

ss
io

n
s

in
θ

in
or

d
er

to
ac

cu
ra

te
ly

co
m

p
u
te

d
er

iv
at

iv
es

w
it

h
re

sp
ec

t
to
θ

.
H

ow
ev

er
,

th
e

d
et

er
m

in
is

ti
c

fo
rm

u
la

ti
on

of
su

ch
fu

n
ct

io
n
s

is
in

tr
ac

ta
b
le

.
W

e
ca

n
n
ev

er
th

el
es

s
p
ar

ti
al

ly
ov

er
co

m
e

th
is

d
ep

en
d
en

ce
b
y

in
tr

o
d
u
ci

n
g

a
“d

ec
ou

p
le

d
”

L
ap

la
ce

ap
p
ro

x
im

at
io

n
th

at
ta

ke
s

in
to

ac
co

u
n
t

th
e

d
ep

en
d
en

ce
of

Λ
u

on
th

e
h
y
p

er
p
ar

am
et

er
s
θ
d
r
d
.

W
u

et
al

.
(2

01
7)

al
so

p
ro

p
os

ed
a

co
n
ce

p
tu

al
ly

si
m

il
ar

d
ec

ou
p
le

d
L

ap
la

ce
ap

p
ro

x
im

at
io

n
.

S
p

ec
ifi

ca
ll
y,

w
e

re
w

ri
te

th
e

in
ve

rs
e

L
ap

la
ce

p
os

te
ri

or
co

va
ri

an
ce

(e
q
.

22
):

Λ
u

=
(Γ

+
Ψ

(θ
d
r
d
))
−

1
(3

6)

w
h
er

e
Γ

is
th

e
n
eg

at
iv

e
H

es
si

an
of

th
e

lo
g-

li
ke

li
h
o
o
d

(w
h
ic

h
is

in
d
ep

en
d
en

t
of
θ
d
r
d
),

Γ
=
−

∂
2

∂
u
∂
u
>

lo
g
p
(y
|X
,u
,σ

2
,δ

),
(3

7)

an
d

Ψ
(θ
d
r
d
)

is
th

e
p
re

ci
si

on
m

at
ri

x
of

th
e

p
ri

or
d
is

tr
ib

u
ti

o
n

fo
r

u
,

Ψ
(θ
d
r
d
)

=
−

∂
2

∂
u
∂
u
>

lo
g
p
(u
|θ
d
r
d
)

=
K
−

1
,

(3
8)
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W
u
,
K
o
y
e
jo

a
n
d

P
il
l
o
w

A
lg

o
ri

th
m

2
E

v
id

en
ce

op
ti

m
iz

at
io

n
u
si

n
g

d
ec

ou
p
le

d
L

ap
la

ce
ap

p
ro

x
im

at
io

n

In
p

u
t:
X
,y

O
u

tp
u

t:
la

te
n
ts

û
,

h
y
p

er
p
ar

am
et

er
s
θ̂

=
{σ̂

2
,δ̂
,b̂
,ρ̂
,l̂
}.

A
t

it
er

at
io

n
t:

1.
N

u
m

er
ic

al
ly

op
ti

m
iz

e
lo

g-
p

os
te

ri
or

fo
r

la
te

n
ts

m
t u

u
si

n
g

(e
q
.

19
)

or
A

lg
o
ri

th
m

1
.

2.
C

om
p
u
te

Γ
t

u
si

n
g

n
eg

at
iv

e
H

es
si

a
n

of
th

e
lo

g
co

n
d
it

io
n
al

ev
id

en
ce

(e
q
.

3
7
).

3.
N

u
m

er
ic

al
ly

op
ti

m
iz

e
p
(y
|X
,θ
,m

t u
,Γ

t )
(e

q
.

39
)

fo
r
θ
t .

R
ep

ea
t

st
ep

1,
2

an
d

3
u
n
ti

l
{m

u
,Γ
}

an
d
θ

co
n
ve

rg
e.

w
h
ic

h
is

th
e

in
ve

rs
e

of
th

e
G

P
p
ri

or
co

va
ri

an
ce

go
ve

rn
in

g
u

(e
q
.

7)
.

S
u
b
st

it
u
ti

n
g

fo
r

Λ
u

in
(e

q
.

23
),

th
is

gi
ve

s:

lo
g
p
(y
|X
,θ

)
≈

lo
g
p
(y
|X
,m

u
,σ

2
,δ

)
+

lo
g
p
(m

u
|θ
d
r
d
)
−

1 2
lo

g
|Γ

+
K
−

1
|+

co
n
st
.

(3
9
)

T
h
is

fo
rm

d
ec

om
p

os
es

th
e

cu
rv

at
u
re

at
th

e
p

os
te

ri
o
r

m
o
d
e

in
to

th
e

li
ke

li
h
o
o
d

cu
rv

a
tu

re
a
n
d

th
e

p
ri

or
cu

rv
at

u
re

.
In

th
is

w
ay

,
th

e
p

os
te

ri
or

cu
rv

at
u
re

tr
ac

k
s

th
e

in
fl
u
en

ce
o
f

th
e

ch
a
n
ge

in
th

e
p
ri

or
cu

rv
at

u
re

as
w

e
op

ti
m

iz
e

th
e

h
y
p

er
p
ar

am
et

er
s
θ

,
w

h
il
e

k
ee

p
in

g
th

e
in

fl
u
en

ce
of

th
e

li
ke

li
h
o
o
d

cu
rv

at
u
re

fi
x
ed

.
T

h
is

d
ec

ou
p
li
n
g

al
lo

w
s

u
s

to
u
p

d
at

e
th

e
p

o
st

er
io

r
w

it
h
o
u
t

re
co

m
p
u
ti

n
g

th
e

H
es

si
an

.
It

w
il
l
b

e
ac

cu
ra

te
so

lo
n
g

as
th

e
H

es
si

an
of

th
e

li
ke

li
h
o
o
d

ch
a
n
g
es

sl
ow

ly
ov

er
lo

ca
l

re
gi

on
s

in
p
ar

am
et

er
sp

ac
e.

T
o

op
ti

m
iz

e
h
y
p

er
p
ar

am
et

er
s

u
n
d
er

th
e

d
ec

ou
p
le

d
L

ap
la

ce
ap

p
ro

x
im

at
io

n
,

w
e

fi
x

m
u

a
n
d

Γ
u
si

n
g

th
e

cu
rr

en
t

m
o
d
e

of
th

e
p

os
te

ri
o
r,

an
d

op
ti

m
iz

e
(e

q
.

39
)

d
ir

ec
tl

y
fo

r
θ

,
in

co
rp

o
ra

ti
n
g

th
e

d
ep

en
d
en

ce
of
K

on
θ
d
r
d
.

W
it

h
th

is
ap

p
ro

ac
h
,

th
e

fi
rs

t
te

rm
,

lo
g
p
(y
|X
,m

u
,σ

2
,δ

),
ca

p
tu

re
s

th
e

d
ep

en
d
en

ce
on

σ
2

an
d
δ;

th
e

se
co

n
d

te
rm

,
lo

g
p
(m

u
|θ
d
r
d
),

re
st

ri
ct

s
θ
d
r
d

a
ro

u
n
d

th
e

cu
rr

en
t

m
o
d
e;

an
d

th
e

th
ir

d
te

rm
−

1 2
lo

g
|Γ

+
K
−

1
|p

u
sh

es
θ
d
r
d

al
on

g
th

e
se

co
n
d

o
rd

er
cu

rv
at

u
re

gi
ve

n
th

e
G

P
ke

rn
el

.
T

h
is

d
ec

ou
p
li
n
g

w
ea

ke
n
s

th
e

st
ro

n
g

d
ep

en
d
en

cy
b

et
w

ee
n

θ
d
r
d

an
d

m
u
,

m
ai

n
ta

in
in

g
th

e
ac

cu
ra

cy
of

th
e

L
ap

la
ce

ap
p
ro

x
im

at
io

n
as

w
e

a
d
ju

st
θ
d
r
d
.

T
o

en
su

re
th

e
ac

cu
ra

cy
of

th
e

L
ap

la
ce

ap
p
ro

x
im

at
io

n
,

in
ea

ch
it

er
at

io
n
t,

w
e

o
p
ti

m
iz

e
eq

.
(3

9)
ov

er
a

re
st

ri
ct

ed
re

gi
on

of
th

e
h
y
p

er
p
ar

am
et

er
sp

ac
e

ar
ou

n
d

th
e

p
re

v
io

u
s

h
y
p

er
p
a
-

ra
m

et
er

se
tt

in
g
θt
−

1
,

w
h
ic

h
al

lo
w

s
va

ry
in

g
w

it
h
in

20
%

of
it

s
cu

rr
en

t
va

lu
e

on
ea

ch
it

er
a
ti

on
in

ou
r

ex
p

er
im

en
ts

.
T

h
is

p
re

ve
n
ts
θ

fr
om

m
ov

in
g

to
o

fa
r

fr
om

th
e

re
gi

on
w

h
er

e
th

e
cu

rr
en

t
L

ap
la

ce
ap

p
ro

x
im

at
io

n
(m

u
an

d
Γ

)
is

ac
cu

ra
te

.
T

h
en

,
b
as

ed
on

a
n
ew

h
y
p

er
p
a
ra

m
et

er
se

tt
in

g
θ
t ,

w
e

u
p

d
at

e
th

e
L

ap
la

ce
ap

p
ro

x
im

at
io

n
p
ar

am
et

er
s

m
u

an
d

Γ
.

T
h
is

p
ro

ce
d
u
re

is
su

m
m

ar
iz

ed
in

A
lg

or
it

h
m

2.
T

h
e

al
go

ri
th

m
st

op
s

w
h
en
{m

u
,Γ
}

an
d
θ

co
n
ve

rg
e.

T
h
e

em
p
ir

ic
al

B
ay

es
es

ti
m

at
e

is
th

en
gi

ve
n

b
y

th
e

M
A

P
es

ti
m

at
e

of
th

e
w

ei
gh

ts
w
m
a
p

=
µ
w

(e
q
.

12
)

co
n
d
it

io
n
ed

on
th

e
op

ti
m

al
la

te
n
ts

û
=

m
u

an
d

h
y
p

er
p
ar

am
et

er
s
θ̂

.

4
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.
F
u

ll
y

B
a
y
e
si

a
n

in
fe

re
n
c
e

w
it

h
M

C
M

C

A
n

al
te

rn
at

e
ap

p
ro

ac
h

to
th

e
em

p
ir
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al

B
ay

es
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n
in

fe
re

n
ce

p
ro

ce
d
u
re

d
es
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ib

ed
a
b

ov
e

is
to

p
er
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fu
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y

B
ay

es
ia

n
in

fe
re

n
ce

u
si

n
g

M
ar

k
ov

C
h
ai

n
M

on
te

C
a
rl

o
(M

C
M

C
).

U
si

n
g

sa
m

p
li
n
g,

w
e

ca
n

co
m

p
u
te

th
e

in
te

gr
al

s
ov

er
u

an
d
θ

in
or

d
er

to
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m
p
u
te

th
e

p
o
st
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io

r
m

ea
n

(B
ay

es
’
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t
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u
ar

es
es
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m

at
es

)
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r
w

.
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h
e
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p
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d
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u
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D
e
p
e
n
d
e
n
t
r
e
l
e
v
a
n
c
e
d
e
t
e
r
m
in
a
t
io
n
f
o
r
sm

o
o
t
h
a
n
d

st
r
u
c
t
u
r
e
d

spa
r
se

r
e
g
r
e
ssio

n

w
ritten

a
s

p
(w
|X
,y

)
=

∫∫
p
(w
|X
,y
,u
,θ

)p
(u
,θ|X

,y
)
d
u
d
θ

(40)

=

∫∫
N

(w
|µ

w
,Λ

w
)p

(u
,θ|X

,y
)
d
u
d
θ
,

(41)

w
h
ere

m
ea

n
µ
w

an
d

covarian
ce

Λ
w

are
fu

n
ctio

n
s

of
u

an
d
θ

(eq
.
12).

T
h
is

su
ggests

a
M

on
te

C
a
rlo

rep
resen

tation
of

th
e

p
osterior

as

p
(w
|X
,y

)
=

1N

N
∑i=

1 N
(
w
∣∣∣
µ
w

(u
(i),θ

(i)),Λ
w

(u
(i),θ

(i)) )
(4

2)

u
(i),θ

(i)∼
p
(u
,θ|X

,y
),

(43)

w
h
ere

i
is

th
e

in
d
ex

of
th

e
sam

p
les

an
d
N

is
th

e
total

n
u
m

b
er

of
sam

p
les.

W
e

can
u
se

G
ib

b
s

sa
m

p
lin

g
to

a
ltern

ately
sam

p
le

u
an

d
θ

from
th

eir
con

d
ition

al
d
istrib

u
tion

s
given

th
e

oth
er.

T
h
e

jo
in

t
p

osterior
d
istrib

u
tion

of
u

an
d
θ

h
a
s

th
e

follow
in

g
p
rop

o
rtio

n
al

relation
sh

ip
,

p
(u
,θ|X

,y
)∝

p
(y|X

,u
,σ

2,δ)p
(u|θ

d
r
d )P

rior(θ
),

(44)

w
h
ere

p
(y|X

,u
,σ

2,δ)
an

d
p
(u|θ

d
r
d )

h
ave

th
e

likelih
o
o
d
s

given
in

(eq
.

20)
an

d
(eq

.
21

),
an

d
P

rio
r(θ

)
is

th
e

p
rior

d
istrib

u
tion

for
θ

.

S
a
m

p
lin

g
la

te
n
ts

u|θ
T

h
e

fi
rst

p
h
a
se

of
G

ib
b
s

sam
p
lin

g
is

to
sam

p
le

u
from

th
e

con
d
ition

al
d
istrib

u
tion

of
u

g
iven

θ
,

u|θ
∼
p
(y|X

,u
,σ

2,δ)p
(u|θ

d
r
d ).

(45)

T
h
is

is
th

e
p
ro

d
u
ct

of
a

G
au

ssian
p
ro

cess
p
rior

p
(u|θ

d
r
d )

an
d

a
likelih

o
o
d

fu
n
ction

p
(y|X

,u
,θ

)
th

a
t

ties
th

e
la

ten
t

variab
les

u
to

th
e

ob
served

d
ata

.
T

h
is

settin
g

m
eets

th
e

req
u
irem

en
ts

o
f

ellip
tical

slice
sam

p
lin

g
(E

S
S
),

a
rejection

-free
M

C
M

C
(M

u
rray

et
al.,

2009).
E

S
S

gen
-

era
tes

ran
d
o
m

ellip
tical

lo
ci

u
sin

g
th

e
G

au
ssian

p
rior

an
d

th
en

search
es

a
lon

g
th

ese
lo

ci
to

fi
n
d

a
ccep

ta
b
le

p
oin

ts
b
y

evalu
atin

g
th

e
d
ata

likelih
o
o
d
.

T
h
is

m
eth

o
d

takes
in

to
accou

n
t

stro
n
g

d
ep

en
d
en

cies
im

p
osed

b
y

G
P

covarian
ce

on
th

e
elem

en
ts

of
th

e
vecto

r
u

to
facili-

ta
tes

fa
ster

m
ix

in
g.

It
also

req
u
ires

n
o

tu
n
in

g
p
aram

eters,
u
n
like

altern
ativ

e
sa

m
p
lers

su
ch

a
s

M
etro

p
o
lis-H

astin
gs

or
H

am
ilton

ian
M

on
te

C
arlo,

b
u
t

p
erform

s
sim

ilarly
to

th
e

b
est

p
o
ssib

le
p

erfo
rm

an
ce

of
a

related
M

-H
sch

em
e.

T
o

ov
ercom

e
slow

m
ix

in
g

th
at

can
resu

lt
w

h
en

th
e

p
rio

r
covarian

ce
is

h
igh

ly
elo

n
gated

,
w

e
ap

p
ly

E
S
S

to
a

w
h
iten

ed
varia

b
le

u
sin

g
a

rep
a
ra

m
etrization

trick
,

d
iscu

ssed
in

m
ore

d
etails

in
S
ec.

4.3.

S
a
m

p
lin

g
h
y
p

e
rp

a
ra

m
e
te

rs
θ|u

T
h
e

co
n
d
itio

n
a
l

d
istrib

u
tion

for
sam

p
lin

g
θ

given
u

is

θ|u
∼
p
(y|X

,u
,σ

2,δ)p
(u|θ

d
r
d )P

rior(θ
),

(46)

w
h
ere

θ
=
{
σ

2,b,ρ
,l,δ}

con
tain

s
fi
ve

in
d
iv

id
u
al

h
y
p

erp
arm

aters.
W

e
th

erefore
p

erform
slice

sa
m

p
lin

g
for

each
variab

le
con

d
ition

ed
on
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M
igu

el
H

ern
án

d
ez-L

ob
ato.

L
ea

rn
in

g
featu

re
selection

d
ep

en
d
en

cies
in

m
u
lti-task

learn
in

g.
In

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ys-

tem
s,

p
ages

746–754,
2013.

D
an

iel
H

ern
án

d
ez-L

ob
ato,

J
osé
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∂
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d
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=
−
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secon
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d
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−
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con
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d
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=
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>
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=
−
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−
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−
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∂∂
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∂
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−
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∂
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p
(A
,W
|X

)
=
p
(X
|A
,W

)p
(A
,W

)

p
(X

)

T
h
ere

ex
ist

m
an

y
op

tion
s

for
th

e
ch

oice
of

p
rior

an
d

likelih
o
o
d

(e.g.,
ex

p
on

en
tia

l-G
au

ssian
,

(P
aisley

et
al.,

2015;
S
ch

m
id

t
et

al.,
2009),

G
am

m
a

M
arkov

ch
ain

p
riors

(D
ik

m
en

an
d

C
em

gil,
2009)

an
d

volu
m

e-b
ased

p
rio

rs
(A

rn
gren

et
al.,

2011)).
T

h
e

likelih
o
o
d

an
d

p
rior

ch
oices

are
often

ch
osen

to
h
ave

go
o
d

com
p
u
tation

al
p
rop

erties
(e.g.

th
e

resu
ltin

g
p
a
rtial

con
ju

gacy
of

th
e

ex
p

on
en

tial-G
au

ssian
m

o
d
el).

O
n
e

ad
va

n
tage

of
ou

r
w

ork
is

th
at

w
e

d
o

n
ot

req
u
ire

th
e

co
m

p
u
tation

ally
con

ven
ien

t
p
rio

rs
for

in
feren

ce.

T
ra

n
sfe

r
le

a
rn

in
g

T
h
e

fi
eld

of
tran

sfer
learn

in
g

aim
s

to
leverag

e
m

o
d
els

an
d

in
feren

ce
ap

p
lied

to
on

e
p
rob

lem
to

assist
in

solv
in

g
related

p
rob

lem
s.

It
is

of
p
ractical

valu
e

b
ecau

se

2
.

W
h

ile
th

e
p

o
p

u
la

r
K

u
llb

a
ck

-L
eib

ler
d

iv
erg

en
ce

req
u

ires
co

m
p

a
rin

g
th

e
ra

tio
o
f

p
ro

b
a
b

ility
d

en
sities

o
r

p
ro

b
a
b

ility
m

a
sses,

th
e

S
tein

d
iscrep

a
n

cy
ca

n
b

e
u

sed
to

co
m

p
a
re

a
p

a
rticle-b

a
sed

co
llectio

n
d

efi
n

ed
b
y

p
ro

b
a
b

ility
m

a
sses

w
ith

a
co

n
tin

u
o
u

s
ta

rg
et

d
istrib

u
tio

n
.

3
.

T
h

is
n

o
ta

tio
n

refers
to

th
e

S
tein

d
iscrep

a
n

cy
(a

va
ria

tio
n

a
l

o
b

jectiv
e)

b
etw

een
tw

o
d

istrib
u
tio

n
s
p

a
n

d
q.

F
o
r

a
p

recise
d

efi
n

itio
n

,
see

S
ectio

n
3
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A
pa

r
t
ic
l
e
-b
a
se

d
v
a
r
ia
t
io
n
a
l
a
p
p
r
o
a
c
h
t
o

B
N
M
F

th
er

e
m

ay
b

e
an

ab
u
n
d
an

ce
of

d
at

a
an

d
co

m
p
u
ta

ti
on

a
l

re
so

u
rc

es
fo

r
on

e
p
ro

b
le

m
b
u
t

n
ot

an
ot

h
er

(s
ee

P
an

an
d

Y
an

g
(2

01
0)

fo
r

a
su

rv
ey

).
In

th
is

w
or

k
,

w
e

sh
al

l
u
se

th
e

so
lu

ti
on

s
to

B
N

M
F

fr
om

sm
al

l,
sy

n
th

et
ic

p
ro

b
le

m
s

to
h
el

p
so

lv
e

m
u
ch

la
rg

er
N

M
F

p
ro

b
le

m
s.

S
te

in
d

is
c
re

p
a
n

c
y

T
h
e

S
te

in
d
is

cr
ep

an
cy

S p
(q

)
is

a
d
iv

er
ge

n
ce

fr
om

d
is

tr
ib

u
ti

on
s
q(
θ)

to
p
(θ

)
th

at
on

ly
re

q
u
ir

es
sa

m
p
li
n
g

fr
om

th
e

va
ri

at
io

n
al

d
is

tr
ib

u
ti

on
q(
θ)

an
d

ev
a
lu

at
in

g
th

e
sc

or
e

fu
n
ct

io
n

of
th

e
ta

rg
et

d
is

tr
ib

u
ti

on
p
(θ

).
T

h
e

S
te

in
d
is

cr
ep

an
cy

is
co

m
p
u
te

d
ov

er
so

m
e

cl
as

s
of

te
st

fu
n
ct

io
n
s
f
∈
F

an
d

sa
ti

sfi
es

th
e

cl
os

en
es

s
p
ro

p
er

ty
fo

r
op

er
at

or
va

ri
-

at
io

n
al

in
fe

re
n
ce

(R
an

ga
n
at

h
et

al
.,

2
01

6)
:

it
is

n
on

-n
eg

at
iv

e
in

ge
n
er

al
an

d
ze

ro
on

ly
fo

r
so

m
e

eq
u
iv

al
en

ce
cl

as
s

of
d
is

tr
ib

u
ti

o
n
s
q
∈
Q

0
.

F
or

a
ri

ch
en

ou
gh

fu
n
ct

io
n

cl
as

s,
th

e
on

ly
d
is

tr
ib

u
ti

on
fo

r
w

h
ic

h
th

e
S
te

in
d
is

cr
ep

an
cy

is
ze

ro
is

th
e

d
is

tr
ib

u
ti

on
p

it
se

lf
.

F
or

d
is

cr
et

e
d
is

tr
ib

u
ti

on
s

li
ke

ou
r
q(
θ|θ

1
:M
,w

1
:M

)
fr

om
S
ec

ti
on

2,
th

e
ap

p
ro

x
im

at
io

n
q
u
al

it
y

to
th

e
p

os
-

te
ri

or
d
is

tr
ib

u
ti

on
p
(θ
|X

)
of

in
te

re
st

ca
n

b
e

an
al

y
ti

ca
ll
y

co
m

p
u
te

d
u
si

n
g

re
ce

n
t

ad
va

n
ce

s
in

S
te

in
d
is

cr
ep

an
cy

ev
al

u
at

io
n

w
it

h
ke

rn
el

s
(L

iu
an

d
F

en
g
,

20
16

;
C

h
w

ia
lk

ow
sk

i
et

al
.,

20
16

;
G

re
tt

on
et

al
.,

20
06

;
L

iu
et

al
.,

20
16

;
G

or
h
am

an
d

M
ac

ke
y
,

20
15

).
T

h
e

S
te

in
d
is

cr
ep

an
cy

is
re

la
te

d
to

th
e

m
ax

im
u
m

m
ea

n
d
is

cr
ep

an
cy

(M
M

D
):

a
d
is

cr
ep

an
cy

th
at

m
ea

su
re

s
th

e
w

or
st

-
ca

se
d
ev

ia
ti

on
b

et
w

ee
n

ex
p

ec
ta

ti
on

s
of

fu
n
ct

io
n
s
h
∈
H

u
n
d
er
p

an
d
q

(G
re

tt
on

et
al

.,
20

06
).

M
M

D
(H
,q
,p

)
:=

su
p

h
∈H

E θ
∼
q
[h

(θ
)]
−

E θ
′ ∼
p
[h

(θ
′ )

]

T
h
e

S
te

in
op

er
at

or
T p

co
rr

es
p

on
d
in

g
to

th
e

d
is

tr
ib

u
ti

on
p

is
gi

v
en

b
y

(T
p
h

)(
x

)
:=

1

p
(x

)〈
∇
,p

(x
)h

(x
)〉

an
d

u
n
d
er

it
s

ap
p
li
ca

ti
on

,
th

e
fu

n
ct

io
n

sp
ac

e
H

is
tr

an
sf

or
m

ed
in

to
an

ot
h
er

fu
n
ct

io
n

sp
ac

e
T p

(H
)

=
F

.
T

h
e

ad
va

n
ta

ge
of

ap
p
ly

in
g

th
is

op
er

at
or

to
th

e
M

M
D

eq
u
at

io
n

is
th

at
ex

p
ec

-
ta

ti
on

s
u
n
d
er
p

of
an

y
f
∈
F

ar
e

ze
ro

,
i.
e.

E θ
′ ∼
p
f

(θ
′ )

)
=

0
(B

ar
b

ou
r

an
d

B
ro

w
n
,

19
92

).
T

h
e

S
te

in
d
is

cr
ep

an
cy

is
gi

ve
n

b
y
:

S p
(H
,q

)
:=

su
p

f
∈T

p
(H

)(E
θ
∼
q
f

(θ
))

2

C
om

p
u
ti

n
g

th
e

S
te

in
d
is

cr
ep

an
cy

is
of

p
ar

ti
cu

la
r

in
te

re
st

w
h
en

th
e

d
is

tr
ib

u
ti

on
p

is
in

tr
ac

ta
b
le

.
E

va
lu

at
in

g
th

e
S
te

in
d
is

cr
ep

an
cy

d
o
es

n
ot

re
q
u
ir

e
ex

p
ec

ta
ti

on
s

ov
er
p

an
d

th
e

S
te

in
op

er
at

or
T p

on
ly

d
ep

en
d
s

on
th

e
u
n
n
or

m
al

iz
ed

d
is

tr
ib

u
ti

on
v
ia

th
e

sc
or

e
fu

n
ct

io
n

∇
θ

lo
g
p
(θ

).
In

th
is

w
or

k
,

w
e

u
se

a
k
er

n
el

iz
ed

fo
rm

of
th

e
S
te

in
d
is

cr
ep

an
cy

.
F

or
ev

er
y

p
o
si

ti
v
e

d
efi

n
it

e
ke

rn
el
k
(θ
,θ
′ )

,
a

u
n
iq

u
e

R
ep

ro
d
u
ci

n
g

K
er

n
el

H
il
b

er
t

S
p
ac

e
(R

K
H

S
)
H

is
d
efi

n
ed

.
C

h
w

ia
lk

ow
sk

i
et

al
.

(2
01

6)
sh

ow
ed

th
at

th
e

S
te

in
op

er
at

or
ap

p
li
ed

to
an

R
K

H
S

d
efi

n
es

a
m

o
d
ifi

ed
p

os
it

iv
e

d
efi

n
it

e
ke

rn
el
K p

gi
ve

n
b
y
:

K p
(θ
,θ
′ )

=
∇
θ

lo
g
p
(θ

)T
∇
θ
′
lo

g
p
(θ
′ )
k
(θ
,θ
′ )

+
∇
θ
′
lo

g
p
(θ
′ )
T
∇
θ
k
(θ
,θ
′ )

+
∇
θ

lo
g
p
(θ

)T
∇
θ
′ k

(θ
,θ
′ )

+
d ∑ i=

1

∂
2
k
(θ
,θ
′ )

∂
θ i
∂
θ′ i

(3
)
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01

9

M
a
so

o
d
,
D
o
sh

i-
V
e
l
e
z

F
in

al
ly

,
th

e
S
te

in
d
is

cr
ep

an
cy

is
si

m
p
ly

th
e

ex
p

ec
ta

ti
on

of
th

e
m

o
d
ifi

ed
ke

rn
el
K p

u
n
d
er

th
e

jo
in

t
d
is

tr
ib

u
ti

on
of

tw
o

in
d
ep

en
d
en

t
va

ri
ab

le
s
θ,
θ′
∼
q.

S p
(q

)
=

E θ
,θ

′ ∼
q
[K

p
(θ
,θ
′ )

]

F
or

a
d
is

cr
et

e
d
is

tr
ib

u
ti

on
ov

er
θ 1

:M
w

it
h

p
ro

b
ab

il
it

y
m

as
se

s
w

1
:M

(o
f

th
e

fo
rm

in
eq

u
a
-

ti
on

1)
,

th
is

ca
n

b
e

ev
al

u
at

ed
ex

ac
tl

y
(L

iu
an

d
L

ee
,

20
16

)
as

:

S p
(q

)
=

M ∑ i,
j=

1

w
iw

j
K p

(θ
i,
θ j

)

=
w
T
K

w

(4
)

T
h
e

(p
u
re

)
q
u
ad

ra
ti

c
fo

rm
w
T
K

w
is

a
re

fo
rm

u
la

ti
on

w
h
er

e
K
∈
R
M
×
M

is
th

e
(p

o
si

ti
ve

d
efi

n
it

e)
p
ai

rw
is

e
ke

rn
el

m
at

ri
x

w
it

h
en

tr
ie

s
K
ij

=
K p

(θ
i,
θ j

)
an

d
th

e
p
ro

b
a
b
il
it

y
m

a
ss

es
w

1
:M

ar
e

em
b

ed
d
ed

in
to

a
ve

ct
or

w
∈

R
M
×

1
.

O
u
r

p
ar

ti
cl

e-
b
as

ed
va

ri
at

io
n
a
l

o
b

je
ct

iv
e

(e
q
u
at

io
n

2)
si

m
p
li
fi
es

to
th

e
fo

rm
in

eq
u
at

io
n

4.
In

S
ec

ti
on

4,
w

e
w

il
l

p
ro

v
id

e
a

m
et

h
o
d

fo
r

es
ti

m
at

in
g
θ 1

:M
an

d
w

1
:M

fo
r

th
e

B
N

M
F

p
ro

b
le

m
.

4
.
A
p
p
ro

a
ch

In
th

is
S
ec

ti
on

,
w

e
d
es

cr
ib

e
ou

r
tr

an
sf

er
-b

as
ed

in
fe

re
n
ce

.
A

s
n
ot

ed
in

S
ec

ti
o
n

2
,

cr
ea

ti
n
g

a
p
ar

ti
cl

e-
b
as

ed
p

os
te

ri
or

in
vo

lv
es

tw
o

d
is

ti
n
ct

p
ar

ts
:

cr
ea

ti
n
g

a
co

ll
ec

ti
on

of
ca

n
d
id

a
te

N
M

F
s

θ 1
:M

,
an

d
th

en
op

ti
m

iz
in

g
th

ei
r

w
ei

gh
ts
w

1
:M

.
W

e
in

tr
o
d
u
ce

a
n
ov

el
tr

an
sf

er
-b

a
se

d
a
p
p
ro

a
ch

th
at

u
se

s
st

at
e-

of
-t

h
e-

ar
t

(n
on

-B
ay

es
ia

n
)

al
go

ri
th

m
s

to
effi

ci
en

tl
y

ge
n
er

at
e

th
e

ca
n
d
id

at
e

N
M

F
s
θ 1

:M
(S

ec
ti

on
4.

1)
.

G
iv

en
θ 1

:M
,

w
e

op
ti

m
iz

e
th

e
w

ei
gh

ts
w

1
:M

v
ia

st
a
n
d
a
rd

co
n
ve

x
op

ti
m

iz
at

io
n

to
ol

s
to

m
in

im
iz

e
S
te

in
d
is

cr
ep

an
cy

.
(S

ee
A

lg
or

it
h
m

1
fo

r
th

e
fu

ll
a
lg

o
ri

th
m

.)
In

S
ec

ti
on

7,
w

e
co

m
p
ar

e
ou

r
ap

p
ro

ac
h

fo
r

ge
n
er

at
in

g
ca

n
d
id

at
e

N
M

F
s

an
d

w
ei

g
h
ts

to
o
th

er
b
as

el
in

es
,

in
cl

u
d
in

g
th

os
e

th
at

u
se

tr
ad

it
io

n
al

m
et

h
o
d
s

fo
r

p
ar

ti
cl

e
ge

n
er

at
io

n
(M

C
M

C
),

ot
h
er

w
ay

s
of

cr
ea

ti
n
g

ca
n
d
id

at
e

N
M

F
s

(a
n
d

th
en

ag
ai

n
u
si

n
g

a
co

n
v
ex

op
ti

m
iz

a
ti

o
n

o
n

th
e

w
ei

gh
ts

),
an

d
gr

ad
ie

n
t-

b
as

ed
op

ti
m

iz
at

io
n

of
th

e
ob

je
ct

iv
e.

4
.1

.
L

e
a
rn

in
g

fa
c
to

ri
z
a
ti

o
n

p
a
ra

m
e
te

rs
θ 1

:M
v
ia

T
ra

n
sf

e
r

L
e
a
rn

in
g

A
n
at

u
ra

l
ap

p
ro

ac
h

to
fi
n
d
in

g
th

e
fa

ct
or

iz
at

io
n

p
ar

am
et

er
s
θ 1

:M
is

to
op

ti
m

iz
e

fo
r

th
em

d
ir

ec
tl

y
v
ia

th
e

va
ri

at
io

n
al

ob
je

ct
iv

e
(e

q
u
at

io
n

2)
,

h
ow

ev
er

,
as

w
e

sh
al

l
se

e
in

S
ec

ti
o
n

7
,

th
e

d
ir

ec
t

ap
p
ro

ac
h

te
n
d
s

to
ge

t
st

u
ck

in
p

o
or

lo
ca

l
op

ti
m

a
an

d
is

co
m

p
u
ta

ti
on

a
ll
y

ex
p

en
si

ve
.

S
in

ce
th

e
q
u
al

it
y

of
th

e
va

ri
at

io
n
al

ap
p
ro

x
im

at
io

n
is

d
et

er
m

in
ed

so
le

ly
b
y

th
e

va
lu

e
o
f

th
e

va
ri

at
io

n
al

ob
je

ct
iv

e
u
n
d
er

a
gi

ve
n

se
t

of
p
ar

am
et

er
s
θ 1

:M
,
w

1
:M

,
w

e
ar

e
fr

ee
to

em
p
lo

y
a
n
y

te
ch

n
iq

u
e

th
at

p
ro

d
u
ce

s
a

su
it

ab
le

co
ll
ec

ti
on

θ 1
:M

.
W

e
ob

se
rv

e
th

at
to

m
in

im
iz

e
th

e
S
te

in
d
is

cr
ep

an
cy

,
w

e
w

il
l
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b
ot

h
h
ig

h
-q

u
al

it
y

an
d

d
iv

er
se

.
R

an
d
om

re
st

ar
ts

h
av

e
b
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p
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m
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;
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b
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b
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ra
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m
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b
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d
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d
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p
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p
u
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p
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c
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b
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a
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b
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b
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p

u
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R
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con
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p
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w
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con
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b
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=
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b
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∈
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∈
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b
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p
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tran
sfer-b

ased
strategy

w
ill

in
volve

id
en

tify
in

g
can

d
id

a
te

m
a
trices

A
Q
∈
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∈
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at
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b
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b
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b
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d
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w
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p
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b
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p
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d
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(Ã

0
,W̃

0
,R

N
M

F
)

O
u

tp
u

t:
A

0
,
W

0

C
re

a
ti

n
g

in
it

ia
li
z
a
ti

o
n

s
fo

r
a

n
e
w

d
a
ta

se
t.

G
iv

en
th

e
to

p
S
V

D
fa

ct
or

s
of

a
n
ew

d
at

as
et
A

S
V

D
,W

S
V

D
,
w

e
ap

p
ly

th
e
Q

-T
ra

n
sf

or
m

(A
lg

or
it

h
m

3)
w

h
ic

h
m

u
lt

ip
li
es

S
V

D
fa

ct
or

s
b
y

th
e
Q
A
,Q

W
m

at
ri

ce
s

an
d

ad
ju

st
s

en
tr

ie
s

of
A

S
V

D
Q
A

an
d
Q
W
W

S
V

D
to

en
su

re
n
on

-
n
eg

at
iv

it
y

an
d

co
rr

ec
t

d
im

en
si

on
s

u
si

n
g

A
lg

or
it

h
m

4
to

ob
ta

in
in

it
ia

li
za

ti
on

s
A

0
,W

0
th

at
ca

n
b

e
u
se

d
as

in
p
u
t

fo
r

an
y

st
an

d
ar

d
(n

on
-B

ay
es

ia
n
)

N
M

F
al

go
ri

th
m

(e
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at
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w
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p
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w
e

fi
n
d

th
at

it
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at
io

n
th

at
co

n
ta

in
tr

an
sf

er
ab

le
in

fo
rm

at
io

n
,

an
d

th
e

re
st

p
ro

v
id

e
li
tt

le
b

en
efi

t.
T

h
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b
le
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ed
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M

F
ra

n
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R
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M
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n
n
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at
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et
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w
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ay
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u
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at
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ou
r
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im

at
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n
of

th
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e
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te
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.
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e
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p
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on

7,
w

e
fi
n
d

th
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d
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tr

an
sf

or
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at
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b
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ot
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et
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h
q
u
al

it
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im

at
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iv
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fa
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or
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n
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L

e
a
rn

in
g

w
e
ig

h
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w

1
:M

g
iv

e
n

p
a
ra

m
e
te

rs
θ 1

:M

T
o

in
fe

r
th

e
w

ei
gh

ts
co

rr
es

p
on

d
in

g
to

a
gi

ve
n

fa
ct

or
iz

at
io

n
co

ll
ec

ti
on

θ 1
:M

,
w

e
m

in
im

iz
e

th
e

S
te

in
d
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ep

an
cy

(A
lg

or
it

h
m
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b
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ct
to

th
e
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m

p
le

x
co

n
st

ra
in

t
on

th
e

w
ei

gh
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h
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p
ro

ce
ss

in
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lv
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fi
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t
co

m
p
u
ti

n
g

th
e

p
ai

rw
is

e
ke

rn
el

m
at

ri
x

5
K

u
si

n
g

th
e

k
er

n
el
K p
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eq

u
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ti
on

3.
T

h
e

ob
je

ct
iv

e
fu

n
ct

io
n
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co

n
ve

x
an

d
ca

n
b

e
so
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ed

u
si

n
g

st
an

d
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d
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n
ve
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op

ti
m

iz
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ti
on
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er
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G
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en
p
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n
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m
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:M
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ew
or

k
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n
b

e
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p
lo

ye
d
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in

fe
r

w
ei

gh
ts

4
.

C
o
d

e
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n

d
d
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o
n
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ra

ti
o
n
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a
t
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p
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u

b
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d
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k
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o
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u
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n
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d
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n
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v
e

d
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n
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e.

9
JM

L
R

 2
0(

90
):

1-
56

, 2
01

9

M
a
so

o
d
,
D
o
sh

i-
V
e
l
e
z

A
lg

o
ri

th
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at
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←
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←
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ra
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an
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T
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R

N
M

F
>

T
ra
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M
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M
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e

p
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Ã
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←
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←
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T
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N
×
k
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e
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e
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N
M

F
R

an
k
R
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F
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n
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an
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R
T
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Ã
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0
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←
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0
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←
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m
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K

er
n
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S
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in

fe
re

n
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fo
r

d
is

cr
et

e
ap

p
ro

x
im

a
ti

on
s

to
p

os
te

ri
o
r

In
p

u
t:

P
ar

ti
cl

es
θ 1

:M
,

S
co

re
∇
θ

lo
g
p
(θ

),
R

K
H

S
H

d
efi

n
ed

b
y

ke
rn

el
k

S
te

p
1
:

C
om

p
u
te

p
ai

rw
is

e
ke

rn
el

m
at

ri
x

K
i,
j

=
K p

(θ
i,
θ j

)
(f

ro
m

eq
u
at

io
n

3
)

S
te

p
2
:

F
in

d
p
ro

b
ab

il
it

y
m

as
se

s
th

at
m

in
im

iz
e

th
e

S
te

in
d
is

cr
ep

an
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fo
r

th
e

g
iv

en
p

o
in

t-
m
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se
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w
∗

=
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g
m

in
w

w
T
K

w
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∈

∆
M
−

1
v
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d
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d
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n
ve

x
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m
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a
ti

o
n
.

O
u

tp
u

t:
P

ro
b
ab

il
it

y
m

as
se

s
w
∗

fo
r

d
is

cr
et

e
ap

p
ro

x
im

at
io

n
s

to
an

y
p

os
te

ri
or

fo
r

w
h
ic

h
th

e
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o
re

fu
n
ct

io
n
∇
θ

lo
g
p
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)
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n
b

e
co

m
p
u
te

d
.

5
.
B
N
M

F
M

o
d
e
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S
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ti
on

4
ou
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in

ed
a

ge
n
er

al
p
ro

ce
d
u
re
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r

p
ro

d
u
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n
g

a
p
ar
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b
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ti
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e
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F
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7,
w

e
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m
p
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p
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to
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th
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p
ar

ti
cl
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b
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ap

p
ro
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r

B
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M
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H

ow
ev

er
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b
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w
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fi
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t
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e
th

e
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o
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F
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o
d
el
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el
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)
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w
el

l
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l
p
ro

ce
d
u
re
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ti
o
n

6
).

T
h
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fi
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d
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e
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p
er
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a
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o
d
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d
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n
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d
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b
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p
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p
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d
iff

er
in

g
q
u
al

it
y

ev
en

w
h
en

al
l
so

lu
ti

on
s

m
ay

b
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p
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d
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p
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re
sh

ol
d
-b

a
se

d
m

o
d
el

w
it

h
a

sc
al

e-
fi
x
in

g
p
ri

or
th

at
at

on
ce

re
m

ov
es

sc
al

e
a
m

b
ig

u
it

ie
s

an
d

al
lo

w
s

fo
r

th
e

k
in

d
s

of
li
ke

li
h
o
o
d

am
b
ig

u
it

ie
s

th
at

p
ra

ct
it

io
n
er
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p
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A
pa

r
t
ic
l
e
-b
a
se

d
v
a
r
ia
t
io
n
a
l
a
p
p
r
o
a
c
h
t
o

B
N
M
F

d
iff

eren
ces

a
re

sm
all

com
p
ared

to
th

e
m

agn
itu

d
e

of
th

e
likelih

o
o
d

m
ay

b
e

con
sid

ered
sim

ilar
b
y

a
p
ra

ctitio
n
er

(R
ob

erts
et

al.,
2016).

O
u
r

th
resh

old
-b

ased
likelih

o
o
d

m
o
d
el

allow
s

th
e

p
ra

ctitio
n
er

to
ch

o
ose

w
h
at

levels
of

error
are

eff
ectively

th
e

sam
e

for
th

eir
p
u
rp

oses.
B

efo
re

co
n
tin

u
in

g,
w

e
em

p
h
asize

again
th

at
ou

r
tran

sfer-b
ased

in
feren

ce
ap

p
roach

can
b

e
a
p
p
lied

to
a
n

y
B

N
M

F
m

o
d
el;

in
th

is
p
ap

er
w

e
d
em

on
strate

ou
r

ap
p
roach

on
th

e
follow

-
in

g
tw

o
m

o
d
els

b
ecau

se
togeth

er
th

ey
in

clu
d
e

a
stan

d
ard

m
o
d
el

often
-u

sed
in

th
e

m
ach

in
e

lea
rn

in
g

co
m

m
u
n
ity

an
d

a
n
ovel

m
o
d
el

of
in

terest
to

th
e

p
ractition

er
com

m
u
n
ity.

Im
p

or-
ta

n
tly,

b
eca

u
se

ou
r

in
feren

ce
ap

p
roach

d
ecou

p
les

th
e

p
ro

cess
of

m
o
d
el

ch
oice,

p
article

gen
-

era
tio

n
,

a
n
d

p
a
rticle

w
eigh

tin
g,

w
e

u
se

th
e

sam
e

p
article

gen
eration

p
ro

cess
(n

on
-B

ayesian
o
p
tim

iza
tio

n
a
lgorith

m
s

u
sin

g
th

e
F

rob
en

iu
s

ob
jective)

for
b

oth
m

o
d
els.

In
S
ection

7,
w

e
d
em

o
n
stra

te
em

p
irically

th
at

th
is

p
article

gen
eration

p
ro

cess
is

rob
u
st

en
ou

g
h
;

th
at

is,
w

e
d
o

n
o
t

req
u
ire

p
ro

cesses
tu

n
ed

to
each

m
o
d
el.

5
.1

.
E

x
p

o
n

e
n
tia

l-G
a
u

ssia
n

M
o
d

e
l

fo
r

B
N

M
F

T
h
e

co
m

m
on

ly
u
sed

ex
p

on
en

tial-G
au

ssian
B

N
M

F
m

o
d
el

u
ses

a
G

au
ssian

likelih
o
o
d

an
d

ex
p

o
n
en

tial
p
riors

for
th

e
b
asis

an
d

w
eigh

ts
m

atrices:

pN
(X
|A
,W

)
=
∏d
,n N

(X
d
,n
,(A

W
)
d
,n
,σ

2X
)

p
(A

)
=

D∏d
=

1

R∏r
=

1

p
(A

d
,r ),

A
d
,r ∼

E
x
p
(λ
d
,r )

p
(W

)
=

N∏n
=

1

R∏r
=

1

p
(W

r,n
),

W
r,n
∼

E
x
p
(λ
r,n

)

A
s

d
erived

in
S
ch

m
id

t
et

al.
(2009),

th
e

com
b
in

ation
of

ex
p

on
en

tial
p
rio

rs
an

d
G

a
u
ssian

likelih
o
o
d
s

resu
lts

in
elem

en
t-w

ise
con

ju
gate

p
aram

eter
u
p

d
ates;

in
gen

eral,
th

is
m

o
d
el

en
joy

s
rela

tively
straigh

tforw
ard

in
feren

ce
ap

p
roach

es.
T

h
a
t

sa
id

,
as

n
oted

ab
ove,

th
e

ex
p

on
en

tial-G
au

ssian
h
as

sev
eral

d
raw

b
a
ck

s
fro

m
th

e
p

ersp
ective

o
f

a
d
om

ain
ex

p
ert

seek
in

g
to

in
terp

ret
th

eir
d
ata

v
ia

N
M

F
.

F
irst,

esp
ecially

in
settin

g
s

w
h
ere

th
e

m
o
d
el

is
m

issp
ecifi

ed
(w

h
ich

w
ill

alm
ost

alw
ay

s
b

e
th

e
case),

th
e

recon
-

stru
ctio

n
erro

r
of

even
th

e
b

est
facto

rization
m

ay
b

e
relatively

large.
E

ven
so,

th
e

G
au

ssian
likelih

o
o
d

w
ill

ten
d

to
m

ake
th

e
p

osterio
r

h
igh

ly
p

eak
ed

arou
n
d

th
e

M
A

P
solu

tion
—

an
d

ex
clu

d
e
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ε
=

1.
2

m
ax

i
f i

.
W

e
se

t
th

e
re

m
ai

n
in

g
S
IL

F
li
ke

li
h
o
o
d

se
n
si

ti
v
it

y
p
ar

am
et

er
s
β

=
0.

1,
C

=
2.

F
or

th
e

p
ri

or
,

w
e

id
en

ti
ca

ll
y

se
t

th
e

ex
p

on
en

ti
al

p
ar

am
et

er
fo

r
ea

ch
en

tr
y
:
λ
r,
n

=
1.

In
fe

re
n

c
e
:

G
e
n

e
ra

ti
n
g

Q
-t

ra
n

sf
o
rm

m
a
tr

ic
e
s

fo
r

tr
a
n

sf
e
r:

F
or

th
e
Q

-T
ra

n
sf

o
rm

in
it

ia
li
za

ti
on

s,
w

e
se

t
th

e
tr

an
sf

er
ra

n
k

an
d

S
V

D
ra

n
k
R
T

=
R

S
V

D
=

3.
W

e
g
en

er
a
te

d
tw

en
ty

se
ts

of
sy

n
th

et
ic

d
at

a
X
s
∈

R
1
2
×

1
2

+
u
si

n
g

n
on

-n
eg

at
iv

e
m

at
ri

ce
s

of
ra

n
k
R
T

w
it

h
tr

u
n
ca

te
d

G
au

ss
ia

n
n
oi

se
.

F
or

ea
ch

sy
n
th

et
ic

d
at

as
et

,
w

e
fi
n
d

fi
ve

p
ai

rs
of

tr
a
n
sf

o
rm

a
ti

o
n

m
at

ri
ce

s
th

ro
u
gh

ra
n
d
om

re
st

ar
ts

.
In

a
ll

ou
r

ex
p

er
im

en
ts

,
th

e
sa

m
e

se
t

o
f
M

m
a
x

=
1
0
0

p
ai

rs
of

tr
an

sf
or

m
at

io
n

m
at

ri
ce

s
{Q

m A
,Q

m W
}1

0
0

m
=

1
a
re

ap
p
li
ed

to
ea

ch
of

th
e

re
a
l

d
a
ta

se
ts

.

In
fe

re
n

c
e
:

S
o
lv

e
r

fo
r

in
fe

rr
in

g
w

e
ig

h
ts
w

1
:M

:
T

h
e

op
ti

m
iz

at
io

n
fo

r
th

e
w

ei
g
h
ts
w

1
:M

(S
te

p
2

in
A

lg
or

it
h
m

5)
is

ca
rr

ie
d

ou
t

u
si

n
g

th
e

S
p
li
tt

in
g

C
on

ic
S
o
lv

er
(S

C
S
)

in
th

e
co

n
ve

x
op

ti
m

iz
at

io
n

p
ac

ka
ge

C
V

X
P

Y
(D

ia
m

on
d

an
d

B
oy

d
,

20
16

).

In
fe

re
n

c
e

a
n

d
e
v
a
lu

a
ti

o
n

:
S

te
in

d
is

c
re

p
a
n

c
y

b
a
se

R
K

H
S

a
n

d
p

a
ra

m
e
te

rs
:

T
h
e

S
te

in
d
is

cr
ep

an
cy

fo
r

ou
r

va
ri

at
io

n
al

ob
je

ct
iv

e
re

q
u
ir

es
a

fu
n
ct

io
n

sp
ac

e
to

o
p
ti

m
iz

e
ov

er
.

T
h
is

op
ti

m
iz

at
io

n
ov

er
th

e
fu

n
ct

io
n

sp
ac

e
h
as

an
an

al
y
ti

ca
l

so
lu

ti
on

w
h
en

a
R

ep
ro

d
u
ci

n
g

K
er

n
el

H
il
b

er
t

S
p
ac

e
(R

K
H

S
)

is
u
se

d
.

G
or

h
am

an
d

M
ac

ke
y

(2
01

7
)

sh
ow

th
a
t

th
e

In
ve

rs
e

M
u
lt

iq
u
ad

ri
c

(I
M

Q
)

ke
rn

el
is

a
su

it
ab

le
ke

rn
el

ch
oi

ce
fo

r
S
te

in
d
is

cr
ep

an
cy

ca
lc

u
la

ti
o
n
s

a
s

it
d
et

ec
ts

n
on

-c
on

ve
rg

en
ce

to
p

os
te

ri
or

6
fo

r
c
>

0
an

d
b
∈

(−
1
,0

).

k
IM

Q
(θ
i,
θ j

)
=

(‖
θ i
−
θ j
‖2

+
c2

)b

S
in

ce
th

e
le

n
gt

h
sc

al
es

of
th

e
b
as

is
an

d
w

ei
gh

ts
m

at
ri

x
d
iff

er
,

w
e

d
efi

n
e

a
ke

rn
el

v
ia

a
li
n
ea

r
co

m
b
in

at
io

n
of

tw
o

IM
Q

ke
rn

el
s

d
efi

n
ed

se
p
ar

at
el

y
ov

er
th

e
b
as

is
A

an
d

w
ei

g
h
ts
W

.

k
([
A

1
,W

1
],

[A
2
,W

2
])

=
1

2
γ
A

(‖
A

1
−
A

2
‖2

+
c2 A

)b
A

+
1

2
γ
W

(‖
W

1
−
W

2
‖2

+
c2 W

)b
W

(7
)

H
er

e
γ
A

=
(c

2 A
)b
A

an
d

si
m

il
ar

ly
γ
W

=
(c

2 W
)b
W

ar
e

sc
a
li
n
g

fa
ct

or
s

th
at

en
su

re
th

e
ke

rn
el

ta
ke

s
va

lu
es

b
et

w
ee

n
0

an
d

1.
In

ge
n
er

a
l,

ac
ro

ss
ou

r
d
at

as
et

s,
th

e
D

ir
ic

h
le

t
p
ri

o
r

o
n

th
e

6
.

G
o
rh

a
m

a
n

d
M

a
ck

ey
(2

0
1
7
)

a
ls

o
p

ro
v
e

th
a
t

p
o
p

u
la

r
G

a
u

ss
ia

n
a
n

d
M

a
te

rn
k
er

n
el

s
fa

il
to

d
et

ec
t

n
o
n

-
co

n
v
er

g
en

ce
w

h
en

th
e

d
im

en
si

o
n

a
li

ty
o
f

it
s

in
p

u
ts

is
g
re

a
te

r
th

a
n

3
.
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A
pa

r
t
ic
l
e
-b
a
se

d
v
a
r
ia
t
io
n
a
l
a
p
p
r
o
a
c
h
t
o

B
N
M
F

b
a
sis

m
a
trix

in
d
u
ces

a
sm

all
len

gth
scale

for
A

an
d

a
larger

len
gth

scale
fo

r
th

e
w

eigh
ts
W

.
W

e
u
n
ifo

rm
ly

set
c
A

=
1×

10 −
2,
c
W

=
1×

10
3

an
d
b
A

=
b
W

=
−

0.5
across

all
o
u
r

d
atasets.

W
e

n
o
te

th
at

ch
o
osin

g
sen

sib
le

valu
es

for
th

ese
p
aram

eters—
a
n
d

valid
atin

g
th

em
—

is
im

p
o
rta

n
t.

K
ern

el
p
aram

eters
th

at
in

d
u
ce

len
gth

scales
th

at
are

to
o

sm
all

o
r

to
o

large
giv

e
rise

to
a

sim
ilarity

m
easu

re
th

at
eith

er
con

sid
ers

all
facto

rization
s

com
p
letely

d
issim

ilar
or

co
m

p
letely

sim
ilar

resp
ectiv

ely.
In

ou
r

ex
p

erim
en

ts,
ou

r
k
ern

el
ch

oice
giv

es
rise

to
a

sim
i-

la
rity

m
easu

re
th

at
d
istin

gu
ish

es
across

collection
s

of
factorization

s
ob

tain
ed

from
d
iff

eren
t

a
lg

o
rith

m
s.

O
u
r

kern
el

sim
ilarity

an
aly

sis
sh

ow
s

agreem
en

t
w

ith
d
iff

eren
ce

b
etw

een
factor-

iza
tio

n
s

a
s

m
ea

su
red

b
y

th
e

F
rob

en
iu

s
d
ista

n
ces

b
etw

een
b
asis

an
d

w
eig

h
ts

m
a
trices

(see
fi
g
u
res

2
4
,

2
5,

26
in

A
p
p

en
d
ix

).
T

h
e

ran
ge

in
k
ern

el
sim

ilarity
valu

es
an

d
its

agreem
en

t
w

ith
a
ltern

a
tive

m
easu

res
in

d
icates

th
at

ou
r

p
aram

eter
ch

o
ices

for
th

e
kern

el
are

reason
ab

le
a
n
d

fa
irly

ro
b
u
st. 7

E
v
a
lu

a
tio

n
:

M
e
a
su

rin
g

c
o
m

p
u

ta
tio

n
a
l

tim
e

In
ex

p
erim

en
ts,

w
e

k
eep

track
of

th
e

tim
e

ta
ken

(in
itialization

an
d

op
tim

ization
)

to
p
ro

d
u
ce

each
of

th
e
M

m
a
x

=
100

fa
cto

riza-
tio

n
s.

W
e

sa
m

p
le

collection
s

of
size

M
=
{
5,25,50}

from
th

ese
factorization

s
an

d
rep

ort
th

e
to

ta
l

tim
e

tak
en

to
p
ro

d
u
ce

th
e

factorization
s

in
th

e
collection

alon
gsid

e
rep

ortin
g

th
e

S
tein

D
iscrep

a
n
cies

for
th

e
ap

p
rox

im
ate

B
N

M
F

p
o
steriors.

F
o
r

th
e

b
a
selin

es
b

elow
,

th
e

rep
orted

ru
n
tim

es
corresp

on
d

to
tim

e
taken

to
gen

erate
N

M
F

s{θ
m }

Mm
=

1
in

th
e

ap
p
rox

im
ate

p
osterior.

F
or

in
itialization

ap
p
roach

es
th

is
corresp

on
d
s

to
th

e
tim

e
ta

k
en

to
gen

erate
th

e
in

itialization
an

d
su

b
seq

u
en

t
op

tim
ization

tim
e.

T
o

allow
fo

r
a

tra
n
sp

a
ren

t
com

p
arison

of
th

e
p

erform
an

ce
of

th
ese

in
itialization

ap
p
roa

ch
es

w
ith

M
C

M
C

a
n
d

g
ra

d
ien

t-b
ased

algorith
m

s,
w

e
rep

ort
ru

n
tim

es
at

variou
s

p
oin

ts
in

th
e

d
u
ration

o
f

th
e

M
C

M
C

ch
ain

an
d

for
th

e
grad

ien
t-b

ased
algorith

m
s.

F
or

m
ore

d
etails

on
m

easu
rin

g
co

m
p
u
ta

tio
n
a
l

tim
e,

see
A

p
p

en
d
ix

E
in

su
p
p
lem

en
tary

m
aterials.

6
.2

.
B

a
se

lin
e
s

In
th

e
p
rev

io
u
s

S
ection

,
w

e
d
escrib

ed
th

e
im

p
lem

en
tation

d
etails

for
ou

r
tran

sfer-b
ased

in
feren

ce
a
p
p
roach

.
In

th
is

S
ectio

n
,

w
e

d
escrib

e
im

p
lem

en
tation

d
etails

for
th

ree
classes

o
f

b
a
selin

es
fo

r
ou

r
ex

p
erim

en
ts:

M
C

M
C

,
w

h
ich

rep
resen

ts
stan

d
ard

p
ractice

for
gen

erat-
in

g
p
article-b

a
sed

p
osteriors;

grad
ien

t-b
ased

ap
p
roach

es
w

h
ich

d
irectly

m
in

im
ize

th
e

S
tein

va
ria

tio
n
al

ob
jectiv

e,
w

h
ich

rep
resen

t
ou

r
m

ain
com

p
etitors;

an
d

altern
ate

in
itia

lization
a
p
p
ro

a
ch

es,
w

h
ich

rep
resen

t
sim

p
ler

ab
la

tion
s

on
ou

r
ap

p
roach

.

M
a
rk

o
v

C
h

a
in

M
o
n
te

C
a
rlo

b
a
se

lin
e
s

M
C

M
C

ap
p
roach

es
in

volv
e

sam
p
lin

g
from

a
M

a
rkov

C
h
a
in

w
h
ose

station
ary

d
istrib

u
tion

is
th

e
p

o
sterior

of
in

terest,
an

d
are

o
ften

con
sid

-
ered

th
e

g
o
ld

-stan
d
ard

for
ap

p
rox

im
atin

g
p

osterior
d
istrib

u
tion

s
(as

op
p

o
sed

to
variation

al
m

eth
o
d
s).

T
h
a
t

said
,
for

a
fi
n
ite

sam
p
le

size,
M

C
M

C
w

ill
still

b
e

ap
p
rox

im
ate—

an
d

th
u
s

w
e

m
u
st

still
eva

lu
ate

its
q
u
ality

w
ith

resp
ect

to
th

e
S
tein

ob
jective.

In
th

is
w

ork
,

w
e

co
n
sid

er
tw

o
d
iff

eren
t

M
C

M
C

b
aselin

es:

•
H

a
m

ilto
n

ia
n

M
o
n
te

C
a
rlo

(H
M

C
)

O
u
r

H
M

C
w

as
in

itialized
w

ith
an

N
M

F
o
b
-

ta
in

ed
u
sin

g
th

e
d
efau

lt
settin

gs
of

scik
it-learn

(P
ed

regosa
et

al.,
2011)

(w
arm

start),
a
n
d

a
d
a
p
tiv

ely
selects

th
e

step
-size

u
sin

g
th

e
p
ro

ced
u
re

ou
tlin

ed
in

N
eal

et
al.

(2011).

7
.

F
a
cto

riza
tio

n
s

a
cro

ss
o
u

r
d

iff
eren

t
d

a
ta

sets
h

av
e

d
iff

eren
t

sca
les

b
u

t
th

e
k
ern

el
p

a
ra

m
eters

w
ere

fi
x
ed

a
cro

ss
a
ll

d
a
ta

sets.
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M
a
so

o
d
,
D
o
sh

i-V
e
l
e
z

W
e

ru
n

th
e

ch
ain

for
a

total
of

10000
sam

p
les

an
d

at
variou

s
in

term
ed

iate
p

oin
ts

th
in

it
to

M
=
{
5,25,50}

factorization
s

an
d

com
p
u
te

th
e

S
tein

d
iscrep

an
cy

u
sin

g
A

lgorith
m

5.
W

e
rep

eat
th

is
ex

p
erim

en
t

th
ree

tim
es

to
cap

tu
re

variab
ility

in
th

e
p

erform
an

ce
of

th
e

H
M

C
.

F
or

ou
r

scale-fi
x
in

g
p
rior

in
S
ection

5.2,
w

e
n
eed

ed
to

sim
u
late

H
am

ilton
ia

n
d
y
-

n
am

ics
as

d
efi

n
ed

on
th

e
m

a
n
ifold

of
th

e
sim

p
lex

.
T

o
d
o

th
is,

w
e

in
corp

orate
a

rep
aram

etrization
trick

(B
etan

cou
rt,

2012;
A

ltm
a
n
n

et
al.,

2014
)

to
sam

p
le

u
n
d
er

th
e

colu
m

n
-sto

ch
astic

(sim
p
lex

)
con

strain
ts

of
th

e
b
asis

m
atrix

A
,

an
d

a
m

irrorin
g

trick
(P

atterson
an

d
T

eh
,

2013)
for

sam
p
lin

g
from

th
e

p
ositive

orth
an

t
for

th
e

w
eigh

ts
m

atrix
W

.

•
G

ib
b

s
S

a
m

p
lin

g
.

O
n
ly

th
e

ex
p

on
en

tial-G
au

ssian
m

o
d
el

ad
m

its
a

con
ju

gate
form

for
straigh

t-forw
ard

G
ib

b
s

sam
p
lin

g
.

F
or

ex
p

erim
en

ts
u
sin

g
th

e
ex

p
on

en
tial-G

au
ssian

,
w

e
u
se

th
e

sam
e

n
u
m

b
er

of
sam

p
les

an
d

th
in

n
in

g
factor

as
w

ith
H

M
C

for
a

G
ib

b
s

sam
p
ler.

S
im

ilarly
to

th
e

H
M

C
b
aselin

e,
th

e
G

ib
b
s

sam
p
ler

w
as

also
in

itialized
w

ith
an

N
M

F
ob

tain
ed

u
sin

g
th

e
d
efa

u
lt

settin
gs

of
scik

it-learn
(P

ed
regosa

et
al.,

2011)
(w

arm
start).

G
ra

d
ie

n
t-b

a
se

d
b

a
se

lin
e
s

G
rad

ien
t-b

ased
b
aselin

es
op

tim
ize

th
e

collection
of

factor-
ization

s
d
irectly

v
ia

grad
ien

t
d
escen

t
on

th
e

S
tein

variation
al

ob
jective.

T
h
ey

rep
resen

t
th

e
class

of
in

feren
ce

ap
p
roach

es
m

ost
sim

ilar
to

ou
rs.

G
ra

d
ien

t-b
ased

ap
p
roach

es
ty

p
ically

req
u
ire

fi
x
in

g
th

e
size

of
th

e
collection

.
In

ou
r

ex
p

erim
en

ts,
w

e
set

th
e

size
of

th
is

collection
to

b
e

eq
u
al

to
M

=
5.

D
u
e

to
th

e
large

m
em

ory
req

u
irem

en
t

of
ru

n
n
in

g
th

is
algorith

m
w

ith
au

tom
atic

d
iff

eren
tiation

u
sin

g
au

tograd
(M

aclau
rin

et
al.,

2015),
w

e
w

ere
u
n
ab

le
to

ru
n

th
ese

algorith
m

s
for

larger
M

.
W

e
im

p
ose

scalin
g

an
d

n
on

-n
egativ

ity
con

strain
ts

a
fter

every
grad

ien
t

step
(for

a
total

of
2000

step
s)

an
d

keep
track

of
th

e
S
tein

d
iscrep

an
cy

in
relation

to
th

e
algorith

m
’s

ru
n
tim

e.
T

h
e

ex
p

erim
en

t
is

rep
eated

th
ree

tim
es

to
cap

tu
re

variab
ility

in
its

p
erform

an
ce

over
m

u
ltip

le
iteration

s.
W

e
u
se

th
e

follow
in

g
th

ree
algorith

m
s:

•
S

V
G

D
:
S
tein

V
ariation

al
G

rad
ien

t
D

escen
t

is
a

fu
n
ction

al
grad

ien
t

d
escen

t
alg

orith
m

(L
iu

an
d

W
an

g,
2016)

th
at

op
tim

izes
a

collection
of

p
articles

(factorization
s)

to
ap

-
p
rox

im
ate

th
e

p
osterior.

W
e

rep
lace

th
e

R
B

F
k
ern

el
from

th
e

origin
a
l

w
ork

w
ith

th
e

m
ore

p
rin

cip
led

IM
Q

-b
ased

kern
el

d
efi

n
ed

in
eq

u
ation

7.

•
S

V
G

D
-Q

is
a

varian
t

w
ere

w
e

in
itia

lize
S
V

G
D

w
ith

th
e
Q

-T
ran

sform
.

•
D

S
G

D
:

D
irect

S
tein

G
rad

ien
t

D
escen

t
is

a
varian

t
w

h
ere

w
e

rep
lace

th
e

fu
n
ction

al
grad

ien
t

d
escen

t
of

S
V

G
D

w
ith

th
e

grad
ien

t
of

th
e

S
tein

d
iscrep

an
cy

(u
sin

g
au

tom
atic

d
iff

eren
tiation

(B
ay

d
in

et
al.,

2015;
M

aclau
rin

et
al.,

2015)).

In
itia

liz
a
tio

n
-b

a
se

d
b

a
se

lin
e
s

O
u
r
Q

-tran
sform

ap
p
roach

can
b

e
th

ou
gh

t
of

as
an

in
i-

tialization
ap

p
roach

:
w

e
p
rov

id
e

a
w

ay
of

creatin
g

a
collection

of
p
articles

th
at

w
e

b
elieve

are
likely

to
b

e
rep

resen
tativ

e
of

th
e

p
osterior.

O
u
r

m
ain

algorith
m

can
b

e
ru

n
w

ith
an

y
p
ro-

cess
for

creatin
g

th
e

collection
(step

2
of

A
lgorith

m
1).

O
u
r

fi
n
al

set
of

b
aselin

es
con

sid
ers

oth
er

altern
atives

to
creatin

g
th

e
co

llectio
n
.

•
R

a
n

d
o
m

re
sta

rts
O

u
r

ran
d
om

restart
in

itialization
s

for
N

M
F

in
scik

it-learn
(P

e-
d
regosa

et
al.,

2011)
set

each
en

try
of

th
e

facto
rs

A
,W

as
in

d
ep

en
d
en

t,
com

in
g

1
6

JM
L

R
 20(90):1-56, 2019



A
pa

r
t
ic
l
e
-b
a
se

d
v
a
r
ia
t
io
n
a
l
a
p
p
r
o
a
c
h
t
o

B
N
M
F

fr
om

a
tr

u
n
ca

te
d

st
an

d
ar

d
n
or

m
al

d
is

tr
ib

u
ti

on
.

T
h
es

e
en

tr
ie

s
ar

e
al

l
sc

al
ed

b
y
η

=
√

1
R

N
M

F

∑
D
,N
X
d
,n

an
d

ar
e

gi
ve

n
b
y
:
A

0 d
,k
,W

0 k
,n
∼
η
|N

(0
,1

)|.

•
N

N
D

S
V

D
a
r

N
N

D
S
V

D
ar

is
a

va
ri

an
t

of
a

p
op

u
la

r
in

it
ia

li
za

ti
on

te
ch

n
iq

u
e

ca
ll
ed

N
on

n
eg

at
iv

e
D

ou
b
le

S
in

gu
la

r
V

al
u
e

D
ec

om
p

os
it

io
n

(N
N

D
S
V

D
)

w
h
ic

h
w

as
in

tr
o
d
u
ce

d
b
y

B
ou

ts
id

is
an

d
G

al
lo

p
ou

lo
s

(2
00

8)
.

It
is

b
as

ed
on

ap
p
ro

x
im

at
in

g
th

e
S
V

D
ex

p
an

si
on

w
it

h
n
on

-n
eg

at
iv

e
m

at
ri

ce
s.

S
in

ce
th

e
N

N
D

S
V

D
al

go
ri

th
m

is
d
et

er
m

in
is

ti
c,

th
is

on
ly

gi
ve

s
a

si
n
gl

e
in

it
ia

li
za

ti
on

.
T

h
e

N
N

D
S
V

D
ar

va
ri

an
t

of
th

is
in

it
ia

li
za

ti
on

re
p
la

ce
s

th
e

ze
ro

s
in

th
e

N
N

D
S
V

D
in

it
ia

li
za

ti
on

w
it

h
sm

al
l
ra

n
d
om

va
lu

es
.

W
e

u
se

th
e

sc
ik

it
-l

ea
rn

in
it

ia
li
za

ti
on

fo
r

N
N

D
S
V

D
ar

w
h
ic

h
u
se

s
a

ra
n
d
om

iz
ed

S
V

D
al

go
ri

th
m

(H
al

ko
et

al
.,

20
11

),
an

d
n
ot

e
th

at
it

in
tr

o
d
u
ce

s
so

m
e

ad
d
it

io
n
al

va
ri

a
b
il
it

y
in

th
e

in
it

ia
li
za

ti
on

s.

6
.3

.
D

a
ta

se
ts

O
u
r

d
at

as
et

s
co

ve
r

a
ra

n
ge

of
d
iff

er
en

t
ty

p
es

an
d

ca
n

b
e

d
iv

id
ed

in
to

th
re

e
m

ai
n

ca
te

go
ri

es
(c

ou
n
t

d
at

a,
gr

ay
sc

al
e

fa
ce

im
ag

es
an

d
h
y
p

er
sp

ec
tr

al
im

ag
es

).
T

h
e

ra
n
k
s

fo
r

h
y
p

er
sp

ec
tr

al
d
at

a
ar

e
ch

os
en

ac
co

rd
in

g
to

gr
ou

n
d

tr
u
th

va
lu

es
.

In
th

e
20

-N
ew

sg
ro

u
p
s

d
at

a,
w

e
se

le
ct

ar
ti

cl
es

fr
om

16
n
ew

sg
ro

u
p
s

(h
en

ce
th

e
ra

n
k

16
)

an
d

fo
r

ot
h
er

d
at

as
et

s
w

e
p
ic

k
a

ra
n
k

th
at

co
rr

es
p

on
d
s

to
ex

p
la

in
in

g
at

le
as

t
70

p
er

ce
n
t

of
th

e
va

ri
an

ce
in

th
e

d
at

a
(a

s
m

ea
su

re
d

b
y

th
e

S
V

D
).

T
ab

le
1

p
ro

v
id

es
a

d
es

cr
ip

ti
on

o
f

ea
ch

d
at

as
et

as
w

el
l
as

th
e

ra
n
k

u
se

d
an

d
a

ci
ta

ti
on

.
T

h
e

A
u
ti

sm
d
at

as
et

is
of

in
te

re
st

to
th

e
m

ed
ic

al
co

m
m

u
n
it

y
fo

r
u
n
d
er

st
an

d
in

g
d
is

ea
se

su
b
ty

p
es

in
th

e
A

u
ti

sm
sp

ec
tr

u
m

an
d

is
n
ot

p
u
b
li
cl

y
av

ai
la

b
le

.
T

h
e

re
m

ai
n
in

g
d
at

as
et

s
ar

e
p
u
b
li
c

an
d

ar
e

co
n
si

d
er

ed
st

an
d
ar

d
b

en
ch

m
ar

k
d
at

as
et

s
fo

r
N

M
F

.
In

ou
r

ex
p

er
im

en
ts

,
w

e
h
ol

d
ou

t
te

n
p

er
ce

n
t

of
th

e
ob

se
rv

at
io

n
s

an
d

re
p

or
t

p
er

fo
rm

an
ce

on
b

ot
h

p
ro

v
id

ed
an

d
h
el

d
-o

u
t

ob
se

rv
at

io
n
s.

T
ab

le
1:

D
at

as
et

s
fo

r
N

M
F

D
at

as
et

D
im

en
si

on
O

b
se

rv
at

io
n
s

R
a
n
k

D
es

cr
ip

ti
on

20
-N

ew
sg

ro
u
p
s

10
00

89
26

16
N

ew
sp

ap
er

ar
ti

cl
es

(2
0N

G
,

20
13

)
A

u
ti

sm
28

62
58

48
20

P
at

ie
n
t

v
is

it
s

(D
os

h
i-

V
el

ez
et

al
.,

20
14

)

L
F

W
18

50
12

88
10

G
ra

y
sc

al
e

F
ac

es
Im

ag
es

(L
F

W
,

20
17

)
O

li
ve

tt
i

F
ac

es
40

96
40

0
10

G
ra

y
sc

al
e

F
ac

es
Im

ag
es

(S
am

ar
ia

,
19

94
)

F
ac

es
C

B
C

L
36

1
24

29
10

G
ra

y
sc

al
e

F
ac

es
Im

ag
es

(C
B

C
L

,
20

00
)

F
ac

es
B

IO
68

16
15

14
10

G
ra

y
sc

al
e

F
ac

es
Im

ag
es

(J
es

or
sk

y
et

al
.,

20
01

)

H
u
b
b
le

10
0

20
46

8
H

y
p

er
sp

ec
tr

al
Im

ag
e

(N
ic

ol
as

G
il
li
s,

19
87

)
S
al

in
as

A
20

4
71

38
6

H
y
p

er
sp

ec
tr

al
Im

ag
e

(S
al

in
as

A
,

20
15

)
U

rb
an

16
2

10
40

4
6

H
y
p

er
sp

ec
tr

al
Im

ag
e

(Z
h
u

et
al

.,
20

14
)

7
.
R
e
su

lt
s

In
th

is
S
ec

ti
on

,
w

e
co

m
p
ar

e
co

m
p
u
ta

ti
on

al
ti

m
e

an
d

S
te

in
d
is

cr
ep

an
cy

va
lu

es
fo

r
va

ri
at

io
n
al

p
os

te
ri

or
s

ob
ta

in
ed

th
ro

u
gh

d
iff

er
en

t
al

go
ri

th
m

s.
F

or
th

e
ex

p
on

en
ti

al
-G

au
ss

ia
n

m
o
d
el

,
ou

r
ap

p
ro

ac
h

u
si

n
g
Q

-T
ra

n
sf

or
m

is
ei

th
er

th
e

m
os

t-
co

m
p

et
it

iv
e

or
se

co
n
d

in
p

er
fo

rm
an

ce
to

th
e

G
ib

b
s

sa
m

p
le

r
fo

r
th

is
m

o
d
el

.
U

n
d
er

th
e

S
IL

F
m

o
d
el

,
w

e
fi
n
d

th
at

ou
r

ap
p
ro

a
ch

fo
r

B
N

M
F

17
JM

L
R

 2
0(

90
):

1-
56

, 2
01

9

M
a
so

o
d
,
D
o
sh

i-
V
e
l
e
z

p
os

te
ri

or
ap

p
ro

x
im

at
io

n
u
si

n
g

tr
an

sf
er

le
ar

n
in

g
(Q

-T
ra

n
sf

or
m

)
co

n
si

st
en

tl
y

p
ro

d
u
ce

s
th

e
h
ig

h
es

t
q
u
al

it
y

p
os

te
ri

or
ap

p
ro

x
im

a
ti

on
s

in
th

e
sh

or
te

st
am

ou
n
t

of
ti

m
e

(s
ee

S
ec

ti
o
n

6
.1

fo
r

d
et

ai
ls

on
ru

n
ti

m
e

ca
lc

u
la

ti
on

).
In

sp
ec

ti
on

of
fa

ct
or

iz
at

io
n

p
ar

am
et

er
s

fr
om

Q
-T

ra
n
sf

o
rm

re
ve

al
s

th
at

th
e

p
ar

am
et

er
u
n
ce

rt
ai

n
ty

ca
p
tu

re
d

b
y

th
e

B
N

M
F

p
os

te
ri

or
ap

p
ro

x
im

a
ti

o
n

h
a
s

m
ea

n
in

gf
u
l

co
n
se

q
u
en

ce
s

fo
r

in
te

rp
re

ti
n
g

an
d

u
ti

li
zi

n
g

th
es

e
fa

ct
or

iz
at

io
n
s.

In
th

e
su

p
p
le

m
en

t,
w

e
p
ro

v
id

e
an

in
-d

ep
th

lo
ok

at
ou

r
re

su
lt

s.
W

e
re

p
o
rt

o
n

q
u
a
li
ty

m
et

ri
cs

fo
r

b
ot

h
th

e
tr

ai
n
in

g
d
at

a
(fi

gu
re

s
18

,
19

,
15

an
d

16
)

as
w

el
l

as
h
el

d
-o

u
t

d
a
ta

(fi
gu

re
s

20
an

d
17

);
w

e
re

p
or

t
on

m
u
lt

ip
le

m
et

ri
cs

fo
r

m
ea

su
ri

n
g

d
iv

er
si

ty
of

fa
ct

o
ri

za
ti

o
n
s

ob
ta

in
ed

fr
om

d
iff

er
en

t
al

go
ri

th
m

s
(fi

gu
re

s
24

,
25

,
26

,
21

,
22

an
d

23
).

O
v
er

al
l,

th
es

e
re

su
lt

s
su

p
p

or
t

th
e

n
ot

io
n

th
at

th
e

S
te

in
d
is

cr
ep

an
cy

is
lo

w
es

t
fo

r
al

go
ri

th
m

s
w

it
h

th
e

m
o
st

d
iv

er
se

co
ll
ec

ti
on

of
h
ig

h
-q

u
al

it
y

fa
ct

or
iz

at
io

n
s.

7
.1

.
E

x
p

o
n

e
n
ti

a
l-

G
a
u

ss
ia

n
M

o
d

e
l

R
e
su

lt
s

In
fi
gu

re
3,

w
e

sh
ow

th
e

p
er

fo
rm

an
ce

of
ou

r
al

go
ri

th
m

an
d

ot
h
er

co
m

p
et

in
g

b
a
se

li
n
es

a
cr

o
ss

ou
r

va
ri

ou
s

d
at

as
et

s.
O

ve
ra

ll
,

w
e

n
ot

e
th

at
th

e
b

es
t

ap
p
ro

x
im

at
e

p
os

te
ri

or
s

a
re

p
ro

d
u
ce

d
in

th
e

sh
or

te
st

ti
m

e
ei

th
er

b
y

ou
r
Q

-T
ra

n
sf

or
m

al
go

ri
th

m
or

th
e

G
ib

b
s

sa
m

p
le

r
fo

r
th

is
m

o
d
el

.
U

si
n
g

ra
n
d
om

re
st

ar
ts

fo
r

in
it

ia
li
za

ti
on

y
ie

ld
s

a
p
p
ro

x
im

at
e

p
os

te
ri

o
rs

w
it

h
si

m
il
a
r

S
te

in
d
is

cr
ep

an
ci

es
to

ou
r

ap
p
ro

ac
h

b
u
t

ty
p
ic

al
ly

ta
ke

s
m

or
e

ti
m

e.
T

h
e

g
ra

d
ie

n
t-

b
a
se

d
ap

p
ro

ac
h
es

(e
ve

n
Q

-S
V

G
D

w
h
ic

h
is

in
it

ia
li
ze

d
w

it
h
Q

-T
ra

n
sf

or
m

)
ra

re
ly

d
o

w
el

l,
o
ft

en
p
la

te
au

in
g

at
m

u
ch

h
ig

h
er

d
is

cr
ep

an
ci

es
.

W
h
il
e

th
e

li
ke

li
h
o
o
d

te
rm

in
th

is
m

o
d
el

is
in

va
ri

an
t

to
(r

ed
u
n
d
an

t)
sc

al
in

g
s8

,
a

li
m

it
a
ti

o
n

is
th

at
th

e
p
ri

or
(c

h
os

en
fo

r
co

m
p
u
ta

ti
on

al
co

n
ve

n
ie

n
ce

)
is

d
ep

en
d
en

t
on

th
e

sc
a
li
n
g
.

W
e

fi
n
d

th
at

th
is

is
an

u
n
d
es

ir
ab

le
fe

at
u
re

b
ec

au
se

th
e

p
o
st

er
io

r
la

n
d
sc

ap
e

in
cl

u
d
es

in
fi
n
it

e
re

d
u
n
d
an

t
sc

al
in

gs
an

d
th

er
ef

or
e

re
q
u
ir

es
gr

ea
te

r
eff

or
t

fr
om

th
e

in
fe

re
n
ce

p
ro

ce
d
u
re

to
fi
n
d

ap
p
ro

p
ri

at
e

sc
al

in
gs

of
fa

ct
or

iz
at

io
n
s.

A
n
ot

h
er

co
n
ce

rn
is

th
at

th
e

li
ke

li
h
o
o
d

m
o
d
el

is
n
o
t

d
ir

ec
tl

y
ex

p
re

ss
ib

le
in

te
rm

s
of

w
h
at

ev
er

p
ro

p
er

ti
es

m
ig

h
t

b
e

of
in

te
re

st
to

a
p
ra

ct
it

io
n
er

.
T

o
ad

d
re

ss
ou

r
co

n
ce

rn
s

re
ga

rd
in

g
th

e
ex

p
on

en
ti

al
-G

au
ss

ia
n

m
o
d
el

,
w

e
fo

cu
s

fo
r

th
e

re
m

a
in

d
er

of
th

is
w

or
k

on
th

e
th

re
sh

ol
d
-b

as
ed

m
o
d
el

w
it

h
sc

al
e-

fi
x
in

g
p
ri

or
.

7
.2

.
S

IL
F

-b
a
se

d
M

o
d

e
l

R
e
su

lt
s

In
fi
gu

re
4,

w
e

sh
ow

th
e

p
er

fo
rm

an
ce

of
ou

r
al

go
ri

th
m

an
d

ot
h
er

co
m

p
et

in
g

b
a
se

li
n
es

a
cr

o
ss

ou
r

va
ri

ou
s

d
at

as
et

s.
R

ec
al

l
th

at
th

e
S
te

in
d
is

cr
ep

an
cy

va
ri

at
io

n
al

ob
je

ct
iv

e
in

vo
lv

es
te

rm
s

th
at

co
n
si

d
er

b
ot

h
th

e
q
u
al

it
y

of
th

e
fa

ct
or

iz
at

io
n
s

(a
s

gi
v
en

b
y

th
e

sc
or

e
fu

n
ct

io
n
∇
θ

lo
g
p
(θ

)
)

an
d

th
ei

r
si

m
il
ar

it
y

(a
s

gi
v
en

b
y

th
e

b
as

e
R

K
H

S
ke

rn
el
k
(θ
i,
θ j

))
.

T
h
e

N
N

D
S
V

D
a
r

in
it

ia
l-

iz
at

io
n
s

an
d

th
in

n
ed

H
M

C
sa

m
p
le

s
le

ad
to

fa
ct

or
iz

at
io

n
s

th
at

ar
e

h
ig

h
-q

u
al

it
y

b
u
t

o
ft

en
n
ot

d
iv

er
se

(s
ee

d
iv

er
si

ty
an

al
y
si

s
in

su
p
p
le

m
en

ta
ry

m
at

er
ia

l:
fi
gu

re
s

24
,

25
,

26
).

T
h
e

S
V

G
D

an
d

th
e

D
S
G

D
ar

e
ge

n
er

al
ly

th
e

w
or

st
p

er
fo

rm
in

g
al

go
ri

th
m

s.
T

h
es

e
m

et
h
o
d
s

a
re

o
ft

en
u
n
ab

le
to

fi
n
d

fa
ct

or
iz

at
io

n
p
ar

am
et

er
s

th
at

m
ee

t
th

e
q
u
al

it
y

cr
it

er
ia

of
th

e
S
IL

F
li
ke

li
h
o
o
d

(s
ee

q
u
al

it
y

an
al

y
si

s
in

su
p
p
le

m
en

ta
ry

m
at

er
ia

l:
fi
gu

re
s

18
an

d
19

).
T

h
is

is
u
n
d
er

st
a
n
d
a
b
le

b
ec

au
se

ev
en

u
si

n
g

si
m

p
le

gr
ad

ie
n
t-

b
as

ed
ap

p
ro

ac
h
es

to
fi
n
d

a
si

n
gl

e
h
ig

h
-q

u
a
li
ty

N
M

F
tu

rn
s

ou
t

to
b

e
d
iffi

cu
lt

,
h
en

ce
th

e
ex

is
te

n
ce

of
a

li
te

ra
tu

re
on

sp
ec

ia
li
ze

d
a
lg

o
ri

th
m

s
fo

r
p

er
fo

rm
in

g
N

M
F

.
O

u
r
Q

-t
ra

n
sf

or
m

al
go

ri
th

m
an

d
ra

n
d
om

re
st

ar
ts

ar
e

ab
le

to
fi
n
d

sa
m

-

8
.

B
a
si

s
a
n

d
w

ei
g
h
ts

m
a
tr

ic
es

ca
n

b
e

m
u

lt
ip

li
ed

b
y

a
n
y

p
o
si

ti
v
e

d
ia

g
o
n

a
l
m

a
tr

ix
a
n

d
it

s
in

v
er

se
(r

es
p

ec
ti

v
el

y
)

to
y
ie

ld
‘n

ew
’

fa
ct

o
rs

th
a
t

id
en

ti
ca

ll
y

re
co

n
st

ru
ct

th
e

d
a
ta

b
u

t
d

iff
er

in
sc

a
le

18
JM

L
R

 2
0(

90
):

1-
56

, 2
01

9



A
pa

r
t
ic
l
e
-b
a
se

d
v
a
r
ia
t
io
n
a
l
a
p
p
r
o
a
c
h
t
o

B
N
M
F

S
te

in
d

isc
re

p
a
n

c
y

o
v
e
r

tim
e

fo
r

e
x
p

o
n

e
n
tia

l-G
a
u

ssia
n

B
N

M
F

D
isc

re
te

P
o
ste

rio
rs

F
ig

u
re

3
:

F
o
r

ea
ch

d
ataset

w
e

sh
ow

th
e

q
u
ality

of
th

e
B

N
M

F
ap

p
rox

im
ate

p
osterior

(M
=

5)
a
n
d

th
e

co
rresp

on
d
in

g
ru

n
tim

e
of
Q

-T
ran

sform
an

d
th

e
oth

er
b
aselin

es.
A

cross
m

u
ltip

le
d
a
ta

sets,
w

e
see

th
at

th
e

b
est

d
iscrete

p
osteriors

to
th

e
ex

p
on

en
tial-G

au
ssian

B
N

M
F

(low
est

S
tein

d
iscrep

a
n
cy

)
are

p
ro

d
u
ced

eith
er

u
sin

g
th

e
Q

-T
ran

sform
in

itializatio
n
s

(in
red

)
for

th
e

G
ib

b
s

sa
m

p
ler

(in
yellow

).

19
JM

L
R

 20(90):1-56, 2019

M
a
so

o
d
,
D
o
sh

i-V
e
l
e
z

p
les

th
at

are
b

oth
h
igh

-q
u
ality

an
d

d
iverse,

th
u
s

ach
iev

in
g

th
e

low
est

S
tein

d
iscrep

an
cies;

h
ow

ev
er,

ou
r
Q

-tran
sform

algorith
m

d
o
es

so
in

th
e

sh
ortest

tim
e.

F
igu

res
31

an
d

32
in

th
e

A
p
p

en
d
ix

sh
ow

resu
lts

for
M

=
{25

,50}
w

h
ere

Q
-T

ran
sform

con
tin

u
es

to
h
av

e
a

ru
n
tim

e
ad

van
tage

ov
er

oth
er

b
aselin

es.
A

d
d
ition

ally,
for

som
e

d
atasets

(O
livetti

F
aces,

L
F

W
an

d
F

aces
B

IO
)
Q

-T
ran

sform
also

p
ro

d
u
ces

h
igh

er
q
u
ality

of
th

e
p

osterior
ap

p
rox

im
ation

s.
V

ariation
al

p
osteriors

con
stru

cted
u
sin

g
th

in
n
ed

sam
p
les

from
H

M
C

sign
ifi

can
tly

lack
d
iv

ersity
as

th
e

S
tein

d
iscrep

an
cies

for
collectio

n
s

of
size

5,
25

an
d

50
are

com
p
arab

le.
T

h
is

in
d
icates

th
a
t

th
e

H
M

C
ch

ain
on

ly
ex

p
lo

res
a

sm
all

region
of

th
e

p
osterior

d
istrib

u
tion

an
d

can
b

e
con

fi
rm

ed
th

rou
gh

th
e

d
iv

ersity
an

aly
sis

in
th

e
A

p
p

en
d
ix

(fi
gu

res
24,

25,
26).

S
m

in
ch

isescu
et

al.
(2007)

n
otes

th
at

in
h
igh

d
im

en
sion

al
sp

a
ces,

w
e

ex
p

ect
th

ere
to

b
e

m
an

y
rid

ges
of

p
rob

ab
ility

as
th

ere
are

likely
to

b
e

som
e

d
irection

s
in

w
h
ich

th
e

p
osterior

d
en

sity
d
ecay

s
sh

arp
ly.

A
ltern

atively,
th

ere
m

ay
b

e
several

isolated
m

o
d
es

w
ith

n
o

con
n
ectin

g
region

s
of

h
igh

p
rob

ab
ility

m
ak

in
g

it
p
articu

la
rly

ch
allen

gin
g

for
th

e
H

M
C

ch
ain

to
avoid

gettin
g

stu
ck

in
a

lo
cal

m
o
d
e

of
th

e
B

N
M

F
p

osterior.

S
te

in
d

isc
re

p
a
n

c
y

o
v
e
r

tim
e

fo
r

S
IL

F
B

N
M

F
D

isc
re

te
P

o
ste

rio
rs

F
igu

re
4:

F
or

each
d
ataset

w
e

sh
ow

th
e

q
u
ality

o
f
th

e
B

N
M

F
ap

p
rox

im
ate

p
osterior

(M
=

5)
an

d
th

e
corresp

on
d
in

g
ru

n
tim

e
of
Q

-T
ran

sform
an

d
th

e
oth

er
b
aselin

es.
A

cross
m

u
ltip

le
d
atasets,

w
e

see
th

at
th

e
b

est
d
iscrete

p
osteriors

to
B

N
M

F
(low

est
S
tein

d
iscrep

an
cy

)
are

p
ro

d
u
ced

in
th

e
least

tim
e

u
sin

g
th

e
Q

-T
ran

sform
in

itialization
s

(in
red

).

2
0

JM
L

R
 20(90):1-56, 2019



A
pa

r
t
ic
l
e
-b
a
se

d
v
a
r
ia
t
io
n
a
l
a
p
p
r
o
a
c
h
t
o

B
N
M
F

F
ig

u
re

5:
T

h
e

to
p

15
w

or
d
s

fo
r

to
p
ic

A
(c

om
p
u
te

rs
/e

le
ct

ro
n
ic

s)
an

d
to

p
ic

B
(s

p
ac

e)
sh

ow
s

th
at

d
iff

er
en

t
fa

ct
or

iz
at

io
n
s

p
ro

v
id

e
an

em
p
h
as

is
on

d
iff

er
en

t
te

rm
s.

In
to

p
ic

A
,

th
e

to
p

w
or

d
fr

om
fa

ct
or

iz
at

io
n

1
an

d
2

is
‘c

ar
d
’,

b
u
t

it
d
o
es

n
ot

ap
p

ea
r

in
th

e
to

p
15

w
or

d
s

of
fa

ct
or

iz
at

io
n
s

3.
In

st
ea

d
a

si
m

il
ar

te
rm

‘c
h
ip

’
is

em
p
h
as

iz
ed

in
F

ac
to

ri
za

ti
on

3.
In

to
p
ic

B
,

th
e

te
rm

s
‘s

p
ac

e’
an

d
‘n

as
a’

ap
p

ea
r

in
al

l
th

re
e

fa
ct

or
iz

at
io

n
s

b
u
t

fa
ct

or
iz

a
ti

on
2

is
th

e
on

ly
on

e
w

it
h

d
ig

it
al

te
rm

s
li
ke

‘f
tp

’,
’s

er
v
er

’,
’s

it
e’

an
d

’f
aq

’.
In

co
n
tr

as
t

fa
ct

or
iz

at
io

n
1

an
d

3
b

ot
h

co
n
ta

in
m

or
e

p
h
y
si

ca
l

te
rm

s
li
ke

‘s
u
n
’,

‘m
o
on

’,
‘l
au

n
ch

’.

7
.2
.1
.
In

t
e
r
p
r
e
t
a
t
io
n
a
n
d

U
t
il
iz
a
t
io
n
o
f
P
o
st

e
r
io
r
E
st

im
a
t
e
s

B
N

M
F

p
os

te
ri

or
s

ca
n

p
ro

v
id

e
in

si
gh

t
in

to
th

e
n
on

-i
d
en

ti
fi
ab

il
it

y
p
re

se
n
t

w
it

h
in

a
p
ar

ti
cu

la
r

d
at

as
et

.
D

iff
er

en
t

fa
ct

or
iz

at
io

n
s

m
ay

ex
p
la

in
th

e
d
at

a
as

a
w

h
ol

e
eq

u
al

ly
w

el
l,

b
u
t

d
o

it
th

ro
u
gh

d
ic

ti
on

ar
y

el
em

en
ts

th
at

h
av

e
d
iff

er
en

t
in

te
rp

re
ta

ti
on

s,
or

ca
n

b
e

u
se

d
to

u
n
d
er

st
an

d
sp

ec
ifi

c
p
ar

ts
of

th
e

d
at

a
b

et
te

r
th

an
ot

h
er

fa
ct

or
iz

at
io

n
s.

W
e

sh
ow

v
is

u
al

ex
am

p
le

s
of

d
iv

er
si

ty
in

th
e

to
p

w
or

d
s

of
th

e
20

N
ew

sg
ro

u
p
s

B
N

M
F

p
os

te
ri

or
s

an
d

ex
am

p
le

s
o
f

h
ow

p
er

fo
rm

an
ce

in
d
ow

n
st

re
am

ta
sk

s
fo

r
th

e
20

N
ew

sg
ro

u
p
s

an
d

A
u
ti

sm
d
at

as
et

is
d
ep

en
d
en

t
on

th
e

p
os

te
ri

or
sa

m
p
le

s.
O

u
r

an
al

y
si

s
y
ie

ld
s

m
ea

n
in

gf
u
l

in
si

gh
ts

th
at

co
u
ld

n
ot

b
e

ga
in

ed
th

ro
u
gh

a
si

n
gl

e
fa

ct
or

iz
at

io
n
.

2
0
-N

e
w

sg
ro

u
p

s
O

u
r

B
N

M
F

of
20

-N
ew

sg
ro

u
p
s

w
as

a
ra

n
k

16
d
ec

om
p

os
it

io
n

of
p

os
ts

fr
om

4
ca

te
go

ri
es

.
In

fi
gu

re
6,

w
e

sh
ow

th
e

h
el

d
-o

u
t

A
U

C
of

a
cl

as
si

fi
er

tr
ai

n
ed

to
p
re

d
ic

t
th

os
e

ca
te

go
ri

es
b
as

ed
on

th
e

w
ei

gh
ts

m
at

ri
x
W

fr
om

ea
ch

fa
ct

or
iz

at
io

n
in

ou
r

va
ri

at
io

n
al

p
os

te
ri

or
.

E
ve

n
th

ou
gh

al
l

of
th

es
e

fa
ct

or
iz

a
ti

on
s

h
av

e
es

se
n
ti

al
ly

eq
u
iv

al
en

t
re

co
n
st

ru
ct

io
n

(s
ee

fi
gu

re
19

in
su

p
p
le

m
en

ta
ry

m
at

er
ia

l)
,

th
er

e
ex

is
ts

a
si

gn
ifi

ca
n
t

va
ri

a
ti

on
in

th
e

p
er

fo
r-

m
an

ce
of

th
es

e
N

M
F

s
on

th
e

p
re

d
ic

ti
on

ta
sk

s.
T

h
e

b
es

t
p

er
fo

rm
in

g
N

M
F

fo
r

on
e

ca
te

go
ry

is
ge

n
er

al
ly

n
ot

th
e

b
es

t
(o

r
ev

en
on

e
of

th
e

to
p

p
er

fo
rm

in
g)

N
M

F
s

fo
r

ot
h
er

ca
te

go
ri

es
.

T
h
is

ob
se

rv
at

io
n

m
ay

b
e

va
lu

ab
le

to
a

p
ra

ct
it

io
n
er

in
te

n
d
in

g
to

u
se

th
e

N
M

F
fo

r
so

m
e

d
ow

n
st

re
am

ta
sk

:
d
iff

er
en

t
sa

m
p
le

s
ex

p
la

in
d
iff

er
en

t
p
at

te
rn

s
in

th
e

d
at

a.
In

fi
g
u
re

5,
w

e
se

e
th

at
th

is
is

in
d
ee

d
tr

u
e:

ev
en

af
te

r
al

ig
n
m

en
t,

9
d
is

ti
n
ct

N
M

F
fa

ct
or

iz
at

io
n
s

h
av

e
to

p
w

or
d
s

th
at

in
d
ic

at
e

d
iff

er
en

t
em

p
h
as

is
ac

ro
ss

to
p
ic

s.

A
u

ti
sm

S
p

e
c
tr

u
m

D
is

o
rd

e
r

(A
S

D
)

In
ad

d
it

io
n

to
co

re
au

ti
sm

sy
m

p
to

m
s,

D
o
sh

i-
V

el
ez

et
al

.
(2

01
4)

d
es

cr
ib

e
th

re
e

m
a

jo
r

su
b
ty

p
es

in
au

ti
sm

sp
ec

tr
u
m

d
is

or
d
er

:
th

os
e

w
it

h
h
ig

h
er

ra
te

s
of

n
eu

ro
lo

gi
ca

l
d
is

or
d
er

,
th

os
e

w
it

h
h
ig

h
er

ra
te

s
of

au
to

im
m

u
n
e

d
is

or
d
er

s,
an

d
th

os
e

w
it

h
h
ig

h
er

ra
te

s
of

p
sy

ch
ia

tr
ic

d
is

or
d
er

s.
In

fi
gu

re
7,

w
e

sh
ow

th
e

n
u
m

b
er

of
to

p
ic

s
th

at

9
.

W
e

co
m

p
a
re

to
p

ic
s

a
ft

er
fi

n
d

in
g

th
e

p
er

m
u

ta
ti

o
n

o
f
co

lu
m

n
s

th
a
t

b
es

t
a
li

g
n

s
th

em
b
y

so
lv

in
g

th
e

b
ip

a
rt

it
e

g
ra

p
h

m
a
tc

h
in

g
p

ro
b

le
m

.
W

e
m

in
im

iz
e

th
e

co
st

g
iv

en
b
y

th
e

a
n

g
le

b
et

w
ee

n
to

p
ic

s.

2
1

JM
L

R
 2

0(
90

):
1-

56
, 2

01
9

M
a
so

o
d
,
D
o
sh

i-
V
e
l
e
z

F
ig

u
re

6:
C

la
ss

ifi
er

s
tr

ai
n
ed

on
fe

at
u
re

ve
ct

or
s

fr
om

d
iff

er
en

t
fa

ct
or

iz
at

io
n
s

y
ie

ld
va

ri
a
b
il
it

y
in

p
re

d
ic

ti
on

p
er

fo
rm

an
ce

(a
s

m
ea

su
re

d
b
y

A
U

C
).

T
h
e

d
ot

te
d

li
n
es

sh
ow

th
e

fa
ct

o
ri

za
ti

o
n

th
at

p
ro

d
u
ce

s
th

e
b

es
t

p
er

fo
rm

in
g

cl
as

si
fi
er

fo
r

ea
ch

ca
te

go
ry

.
T

h
e

fa
ct

o
ri

za
ti

o
n

(b
lu

e
d
ot

te
d

li
n
e)

th
at

p
re

d
ic

ts
th

e
‘T

al
k
’

ca
te

go
ry

b
es

t
is

ac
tu

al
ly

on
e

of
th

e
w

o
rs

t
p

er
fo

rm
in

g
fa

ct
or

iz
at

io
n
s

fo
r

th
e

‘S
ci

en
ce

’
ca

te
go

ry
.

T
h
is

va
ri

ab
il
it

y
in

p
er

fo
rm

an
ce

d
em

o
n
st

ra
te

s
th

at
n
o

si
n
gl

e
fa

ct
or

iz
at

io
n

gi
ve

s
th

e
b

es
t

la
te

n
t

re
p
re

se
n
ta

ti
on

fo
r

th
e

ov
er

al
l

p
re

d
ic

ti
o
n

ta
sk

.

co
n
ta

in
ke

y
te

rm
s

co
rr

es
p

on
d
in

g
to

th
es

e
ar

ea
s

(e
x
p
re

ss
iv

e
la

n
gu

ag
e

d
is

o
rd

er
,

ep
il
ep

sy
,

as
th

m
a,

an
d

at
te

n
ti

on
d
efi

ci
t

d
is

or
d
er

)
ac

ro
ss

d
iff

er
en

t
fa

ct
or

iz
at

io
n
s

in
th

e
va

ri
a
ti

o
n
a
l

p
o
s-

te
ri

or
ob

ta
in

ed
v
ia
Q

-T
ra

n
sf

or
m

.
T

h
e

la
rg

e
va

ri
at

io
n

su
gg

es
ts

th
at

d
iff

er
en

t
fa

ct
o
ri

za
ti

o
n
s

in
th

e
p
ar

ti
cl

e-
b
as

ed
p

os
te

ri
or

ar
e

sp
en

d
in

g
d
iff

er
en

t
am

ou
n
t

of
m

o
d
el

in
g

eff
o
rt

a
cr

o
ss

th
es

e
k
n
ow

n
fa

ct
or

s;
k
n
ow

in
g

th
at

su
ch

u
n
ce

rt
ai

n
ty

ex
is

ts
is

es
se

n
ti

al
fo

r
cl

in
ic

ia
n
s

w
h
o

m
ay

b
e

tr
y
in

g
to

in
te

rp
re

t
to

p
ic

s
to

u
n
d
er

st
an

d
p
at

te
rn

s
in

au
ti

sm
sp

ec
tr

u
m

d
is

or
d
er

.

O
n

th
e

sa
m

e
se

t
of

p
at

ie
n
ts

,
w

e
ca

n
al

so
as

k
w

h
et

h
er

w
e

ca
n

p
re

d
ic

t
th

e
o
n
se

t
o
f

ce
rt

a
in

m
ed

ic
al

is
su

es
in

th
e

su
b
se

q
u
en

t
p
at

ie
n
t

tr
a
je

ct
or

y.
W

e
tr

a
in

a
cl

as
si

fi
er

on
th

e
w

ei
g
h
ts

o
f

th
e

N
M

F
s

to
p
re

d
ic

t
th

e
on

se
t

of
th

es
e

m
ed

ic
al

is
su

es
.

S
im

il
ar

to
th

e
ca

te
g
o
ry

p
re

d
ic

ti
o
n

re
su

lt
s

in
20

-N
ew

sg
ro

u
p
s,

fi
gu

re
8

sh
ow

s
th

a
t

th
er

e
is

a
la

rg
e

va
ri

ab
il
it

y
(a

ro
u
n
d

0
.1

in
A

U
C

)
in

th
e

p
er

fo
rm

an
ce

of
cl

as
si

fi
er

s
tr

ai
n
ed

on
th

e
w

ei
gh

ts
m

at
ri

ce
s

o
f

d
iff

er
en

t
fa

ct
o
ri

za
ti

o
n
s

on
th

e
p
re

d
ic

ti
on

ta
sk

.
N

o
si

n
gl

e
fa

ct
or

iz
at

io
n

h
as

th
e

b
es

t
p

er
fo

rm
an

ce
ac

ro
ss

th
e

d
iff

er
en

t
p
re

d
ic

ti
on

ta
sk

s.

7
.3

.
E

x
te

n
si

o
n

:
B

N
M

F
in

th
e

p
re

se
n

c
e

o
f

m
is

si
n

g
d

a
ta

In
th

e
p
re

se
n
ce

of
m

is
si

n
g

d
at

a,
th

er
e

is
p

er
h
ap

s
an

ev
en

gr
ea

te
r

n
ee

d
to

u
n
d
er

st
a
n
d

th
e

u
n
ce

rt
ai

n
ty

in
fa

ct
or

iz
at

io
n

p
ar

am
et

er
s

fo
r

N
M

F
.
T

h
e

fa
ct

o
ri

za
ti

on
sp

ac
e

of
a

fu
ll
y

o
b
se

rv
ed

d
at

as
et

fo
rm

s
a

su
b
se

t
of

th
e

fa
ct

or
iz

at
io

n
sp

ac
e

in
th

e
p
re

se
n
ce

of
m

is
si

n
g

d
a
ta

.
O

u
r

p
ar

ti
cl

e-
b
as

ed
ap

p
ro

ac
h

to
B

N
M

F
p

os
te

ri
or

ap
p
ro

x
im

at
io

n
ca

n
b

e
ap

p
li
ed

to
th

e
m

is
si

n
g

d
at

a
se

tt
in

g
b
y

m
ak

in
g

so
m

e
m

in
or

ad
ju

st
m

en
ts

to
th

e
ex

p
er

im
en

ta
l

se
tt

in
g
s.

T
h
e

m
u
lt

ip
li
ca

ti
v
e

u
p

d
at

e
al

go
ri

th
m

fo
r

N
M

F
(L

ee
an

d
S
eu

n
g,

20
01

)
ca

n
b

e
a
d
ju

st
ed

so
th

at
th

e
u
p

d
at

e
eq

u
at

io
n
s

fo
r

fa
ct

or
iz

at
io

n
p
ar

a
m

et
er

s
on

ly
co

n
si

d
er

th
e

ob
se

rv
ed

d
a
ta

.
W

e
u
se

an
im

p
le

m
en

ta
ti

on
of

th
is

m
o
d
ifi

ca
ti

on
to

th
e

m
u
lt

ip
li
ca

ti
ve

u
p

d
at

e
al

go
ri

th
m

1
0

to
fi
n
d

a
co

m
p
le

ti
on

of
th

e
d
at

a
X

,
co

m
p
u
te

th
e

S
V

D
su

b
sp

ac
e

an
d

th
en

ap
p
ly

ou
r
Q

-T
ra

n
sf

o
rm

in
it

ia
li
za

ti
on

s.
F

ig
u
re

9
d
em

on
st

ra
te

s
th

at
ou

r
ap

p
ro

ac
h

to
B

N
M

F
ca

n
b

e
ex

te
n
d
ed

to
th

e

1
0
.

h
tt

p
s:

/
/
g
it

h
u

b
.c

o
m

/
sc

ik
it

-l
ea

rn
/
sc

ik
it

-l
ea

rn
/
p

u
ll

/
8
4
7
4
/
co

m
m

it
s/

a
8
3
8
f9

4
c8

c8
3
2
a
a
f5

7
1
4
0
f2

3
b

d
8
c8

a
1
4
d

a
ec

2
6
2
6

22
JM

L
R

 2
0(

90
):

1-
56

, 2
01

9



A
pa

r
t
ic
l
e
-b
a
se

d
v
a
r
ia
t
io
n
a
l
a
p
p
r
o
a
c
h
t
o

B
N
M
F

F
ig

u
re

7:
W

e
ex

p
lore

top
w

ord
s

in
th

e
to

p
ics

relatin
g

to
key

term
s

of
in

terest
to

clin
ician

s
a
n
d

d
iscover

th
at

d
iff

eren
t

N
M

F
s

p
lace

vary
in

g
am

ou
n
t

of
em

p
h
asis

on
d
iff

eren
t

term
s.

S
u
ch

varia
b
ility

is
o
f

in
terest

to
clin

ician
s

w
h
o

m
ay

b
e

try
in

g
to

in
terp

ret
top

ics
to

u
n
d
erstan

d
p
a
ttern

s
in

A
S
D

.

F
ig

u
re

8
:

C
la

ssifi
ers

train
ed

on
w

eigh
ts

m
atrix

of
M

m
a
x

=
100

d
iff

eren
t

factorization
s

to
p
red

ict
th

e
p
resen

ce
of

certain
m

ed
ica

l
co

d
es

in
a

p
atien

t’s
tra

jectory
ex

h
ib

it
sign

ifi
can

t
varia

b
ility

in
p
red

iction
on

a
test

set
(as

m
easu

red
b
y

A
U

C
).

D
iff

eren
t

factorization
s

lead
to

to
p

p
red

icto
rs

for
th

e
on

set
of

d
iff

eren
t

m
ed

ical
issu

es.

23
JM

L
R

 20(90):1-56, 2019

M
a
so

o
d
,
D
o
sh

i-V
e
l
e
z

F
igu

re
9:

U
n
d
er

d
iff

eren
t

p
ercen

tages
of

m
issin

gn
ess

in
th

e
O

livetti
F

aces
d
ataset

(10%
,

30%
,

50%
),

th
e

q
u
ality

of
th

e
B

N
M

F
ap

p
rox

im
ate

p
osterior

an
d

th
e

corresp
on

d
in

g
ru

n
tim

e
of
Q

-T
ran

sform
an

d
th

e
oth

er
b
aselin

es
is

sh
ow

n
.

T
h
e

b
est

d
iscrete

p
osterior

ap
p
rox

im
ation

s
to

B
N

M
F

are
p
ro

d
u
ced

u
sin

g
th

e
Q

-T
ran

sform
in

itialization
s

(in
red

).

F
igu

re
10:

S
am

p
le

factorization
s

from
th

e
variation

al
p

osterior
u
sin

g
Q

-T
ran

sform
s

sh
ow

th
at

a
d
iverse

ran
ge

of
b
asis

elem
en

ts
can

b
e

u
se

to
ap

p
rox

im
ate

th
e

d
ata.

H
ow

ever,
H

M
C

sam
p
les

seem
to

b
e

id
en

tical
in

d
icatin

g
th

at
H

M
C

w
as

on
ly

ex
p
lorin

g
a

very
sm

all
region

of
th

e
p

osterior
sp

ace.

case
w

h
ere

th
e

d
ata

m
atrix

X
is

p
artially

ob
served

.
F

or
th

e
O

livetti
F

aces
d
ataset

w
ith

vary
in

g
d
egrees

of
m

issin
gn

ess,
th

e
Q

-T
ran

sform
ap

p
roach

to
B

N
M

F
con

sisten
tly

fi
n
d
s

p
osterior

ap
p
rox

im
ation

s
th

at
are

sign
ifi

can
tly

b
etter

(as
m

easu
red

b
y

S
tein

d
iscrep

an
cy

)
th

an
oth

er
b
aselin

es
w

h
ereas

for
a

given
M

,
th

e
ru

n
tim

e
is

secon
d
-low

est.

F
igu

re
10

sh
ow

s
sam

p
le

factorization
s

from
th

e
variation

al
p

osterior
u
sin

g
Q

-T
ran

sform
an

d
H

M
C

sam
p
les.

T
o

allow
for

com
p
arison

,
w

e
h
ave

alig
n
ed

th
e

p
osition

s
of

th
e

b
asis

(d
iction

ary
)

elem
en

ts
to

a
referen

ce
factoriza

tion
u
sin

g
th

e
b
ip

artite
m

atch
in

g
algorith

m
.

It
is

clear
from

lo
ok

in
g

at
th

e
Q

-T
ran

sform
factoriza

tion
s

th
at

a
d
iverse

ran
ge

of
d
iction

aries
can

b
e

u
sed

to
ap

p
rox

im
ate

th
e

d
ata

w
ell

w
h
ereas

th
e

H
M

C
ch

ain
on

ly
ex

p
lores

on
e

set
of

d
iction

ary
elem

en
ts.

In
terestin

gly,
th

e
d
iversity

of
solu

tion
s

ob
tain

ed
u
sin

g
Q

-T
ran

sform
h
ave

v
isu

ally
in

terp
retab

le
d
iff

eren
ces,

i.e.
th

ese
a
re

n
o
t

sim
p
ly

p
ertu

rb
ation

s
of

som
e

grou
n
d

tru
th

b
asis

elem
en

ts.
S
om

e
of

th
e

b
asis

elem
en

ts
lo

ok
like

faces
an

d
so

m
e

o
f

th
em

lo
ok

like
d
iff

eren
t

sh
ad

ow
or

ligh
tin

g
con

fi
gu

ration
s.

In
con

trast,
th

e
factorization

sam
p
les

2
4

JM
L

R
 20(90):1-56, 2019



A
pa

r
t
ic
l
e
-b
a
se

d
v
a
r
ia
t
io
n
a
l
a
p
p
r
o
a
c
h
t
o

B
N
M
F

fr
om

H
M

C
h
av

e
b
as

is
el

em
en

ts
th

at
lo

ok
id

en
ti

ca
l.

T
h
is

in
d
ic

at
es

th
a
t

th
e

H
M

C
h
as

ex
p
lo

re
d

a
li
m

it
ed

re
gi

on
of

th
e

p
os

te
ri

or
sp

ac
e.

8
.
D
is
cu

ss
io
n
:
W

h
e
n
is

Q
-T

ra
n
sf
o
rm

su
cc
e
ss
fu
l?

O
u
r

ab
il
it

y
to

ex
tr

ac
t

tr
a
n

sf
er

a
bl

e
lo

w
-r

an
k

tr
an

sf
or

m
at

io
n

m
at

ri
ce

s
fr

om
an

S
V

D
an

d
an

in
st

an
ce

of
N

M
F

in
d
ic

at
es

th
at

th
er

e
ex

is
t

si
m

il
ar

it
ie

s
ac

ro
ss

d
iff

er
en

t
N

M
F

p
ro

b
le

m
s.

In
th

is
S
ec

ti
on

w
e

se
ek

to
d
ev

el
op

a
b

et
te

r
in

tu
it

io
n

b
eh

in
d

th
e

su
cc

es
s

of
th

e
Q

-T
ra

n
sf

or
m

in
it

ia
li
za

ti
on

s
at

ex
p
lo

it
in

g
th

es
e

si
m

il
ar

it
ie

s.
In

th
is

S
ec

ti
on

,
w

e
p
ro

v
id

e
d
is

cu
ss

io
n

an
d

sm
al

le
r-

sc
al

e
ex

p
er

im
en

ts
to

sh
ed

li
gh

t
on

w
h
en

,
w

h
y,

an
d

h
ow

ou
r
Q

-t
ra

n
sf

or
m

ap
p
ro

ac
h

is
su

cc
es

sf
u
l.

8
.1

.
Q

-T
ra

n
sf

o
rm

G
e
n

e
ra

ti
n

g
P

ro
c
e
ss

In
ou

r
ap

p
ro

ac
h
,

w
e

ge
n
er

at
ed

ca
n
d
id

at
e
Q

-T
ra

n
sf

or
m

m
at

ri
ce

s
(A

lg
or

it
h
m

2)
b
y

ap
p
ly

in
g

ra
n
d
om

re
st

ar
ts

to
sm

al
l,

sy
n
th

et
ic

d
at

a
se

ts
.

W
e

fo
cu

se
d

on
th

is
ap

p
ro

a
ch

b
ec

au
se

sm
al

l
d
at

as
et

s
ar

e
m

u
ch

fa
st

er
to

tr
ai

n
,

an
d

w
it

h
sy

n
th

et
ic

d
at

a
se

ts
,

w
e

ca
n

k
n
ow

at
le

as
t

on
e

gr
ou

n
d

tr
u
th

N
M

F
an

d
le

ve
l

of
n
oi

se
.

H
ow

ev
er

,
th

er
e

ar
e

ob
v
io

u
sl

y
a

la
rg

e
n
u
m

b
er

of
ch

oi
ce

s
fo

r
th

e
d
at

a
u
se

d
to

ge
n
er

at
e

ca
n
d
id

at
e
Q

-T
ra

n
sf

or
m

m
at

ri
ce

s.

In
fi
gu

re
11

,
w

e
p
re

se
n
t

re
su

lt
s

w
it

h
a

va
ri

et
y

of
d
iff

er
en

t
m

et
h
o
d
s

fo
r

ge
n
er

at
in

g
ca

n
d
i-

d
at

es
.

In
al

l
ca

se
s,

th
e

so
u
rc

e
d
at

a
w

as
of

sm
al

l
d
im

en
si

on
(X

S
∈
R

1
5
×

1
5
),

an
d

th
e

ta
rg

et
d
at

a
w

as
la

rg
er

(X
T
∈

R
5
0
0
×

5
0
0
).

T
h
e

ta
rg

et
d
at

a
h
ad

a
tr

u
e

n
on

-n
eg

at
iv

e
ra

n
k

of
10

an
d

fa
ct

or
s

w
er

e
ge

n
er

at
ed

w
it

h
i.
i.
d
.

en
tr

ie
s

fr
om

a
st

an
d
ar

d
n
or

m
al

.
In

al
l

th
es

e
ex

p
er

i-
m

en
ts

w
e

se
t

th
e

tr
an

sf
er

ra
n
k

to
b

e
R
T

=
R

S
V

D
=

3.
W

e
ex

p
lo

re
d

si
x

w
ay

s
of

ge
n
er

at
in

g
ca

n
d
id

at
es

fr
om

th
e

so
u
rc

e
d
at

a:

•
U

n
if

or
m

d
at

a:
G

en
er

at
in

g
a

d
at

as
et
X
S

w
h
er

e
ea

ch
en

tr
y

is
i.
i.
d
.

w
it

h
a

u
n
if

o
rm

d
is

tr
ib

u
ti

on
in

[0
,1

];
th

en
ap

p
ly

ra
n
d
om

re
st

ar
ts

to
fi
n
d

ca
n
d
id

at
e

tr
an

sf
or

m
s.

•
S
im

p
le

su
b
-s

am
p
le

d
at

a:
G

en
er

at
in

g
d
at

as
et
X
S

b
y

u
n
if

or
m

ly
se

le
ct

in
g

15
ro

w
s

an
d

co
lu

m
n
s

of
th

e
ta

rg
et

d
at

a
X
T

;
th

en
ap

p
ly

ra
n
d
om

re
st

ar
ts

to
fi
n
d

ca
n
d
id

at
e

tr
an

s-
fo

rm
s

•
C

ol
u
m

n
-p

ro
je

ct
io

n
d
at

a:
G

en
er

at
in

g
d
at

as
et
X
S

b
y

su
b
-s

am
p
li
n
g

15
co

lu
m

n
s

of
X
T

an
d

ap
p
ly

in
g

a
ra

n
d
om

p
ro

je
ct

io
n

in
to

R
1
5

fo
r

ea
ch

ea
ch

co
lu

m
n
;

th
en

ap
p
ly

ra
n
d
om

re
st

ar
ts

to
fi
n
d

ca
n
d
id

at
e

tr
an

sf
or

m
s.

•
D

ir
ic

h
le

t
fa

ct
or

s:
G

en
er

at
in

g
fa

ct
or

s
A

,
W

w
it

h
ea

ch
co

lu
m

n
of
A
,W

fr
om

a
D

ir
ic

h
le

t
d
is

tr
ib

u
ti

on
(w

it
h

co
n
ce

n
tr

at
io

n
p
ar

am
et

er
α

se
t

to
1)

;
le

t
X
S

=
A
W

+
G

au
ss

ia
n

N
oi

se
;

th
en

ap
p
ly

ra
n
d
om

re
st

ar
ts

to
fi
n
d

ca
n
d
id

at
e

tr
an

sf
or

m
s.

•
U

n
if

or
m

fa
ct

or
s:

G
en

er
at

in
g

fa
ct

or
s
A

,
W

w
it

h
ea

ch
en

tr
y

i.
i.
d
.

fr
om

a
u
n
if

or
m

d
is

tr
ib

u
ti

on
in

[0
,1

];
le

t
X
S

=
A
W

+
G

au
ss

ia
n

N
oi

se
;

th
en

ap
p
ly

ra
n
d
om

re
st

ar
ts

to
fi
n
d

ca
n
d
id

at
e

tr
an

sf
or

m
s.

•
G

au
ss

ia
n

fa
ct

or
s:

G
en

er
at

in
g

fa
ct

or
s
A

,
W

w
it

h
ea

ch
en

tr
y

i.
i.
d
.

fr
om

a
st

a
n
d
ar

d
n
or

m
al

d
is

tr
ib

u
ti

on
;

le
t
X
S

=
A
W

+
G

au
ss

ia
n

N
oi

se
;

th
en

ap
p
ly

ra
n
d
o
m

re
st

ar
ts

to
fi
n
d

ca
n
d
id

at
e

tr
an

sf
or

m
s.

25
JM

L
R

 2
0(

90
):

1-
56

, 2
01

9

M
a
so

o
d
,
D
o
sh

i-
V
e
l
e
z

T
h
e

m
et

h
o
d
s

th
at

p
ro

d
u
ce

d
th

e
so

u
rc

e
d
at

a
fr

om
so

m
e

tr
u
e

N
M

F
fa

ct
or

s
p
ro

d
u
ce

d
ca

n
d
i-

d
at

e
tr

an
sf

or
m

at
io

n
s

th
at

re
su

lt
ed

in
th

e
h
ig

h
es

t
q
u
al

it
y

in
it

ia
li
za

ti
on

s
on

th
e

ta
rg

et
d
a
ta

(fi
gu

re
11

).
In

se
tt

in
gs

w
h
er

e
a

p
ra

ct
it

io
n
er

d
ea

ls
w

it
h

a
co

ll
ec

ti
on

of
si

m
il
ar

N
M

F
d
a
ta

se
ts

(e
.g

.
m

u
si

c
an

al
y
si

s,
h
y
p

er
sp

ec
tr

al
im

a
ge

s)
,

th
er

e
m

ay
b

e
m

or
e

cl
ev

er
w

ay
s

in
w

h
ic

h
th

e
N

M
F

so
lu

ti
on

sp
ac

es
co

rr
es

p
on

d
in

g
to

a
re

al
d
at

as
et

m
ay

y
ie

ld
m

or
e

a
p
p
ro

p
ri

a
te
Q

-
T

ra
n
sf

or
m

s
sp

ec
ifi

c
to

th
at

ty
p

e
of

d
at

a.
F

in
a
ll
y,

w
e

fi
n
d

in
fi
g
u
re

12
th

a
t

th
e

p
er

fo
rm

a
n
ce

of
G

au
ss

ia
n

fa
ct

or
s

m
et

h
o
d

d
o
es

n
ot

va
ry

w
it

h
th

e
ra

n
k

of
th

e
sy

n
th

et
ic

d
at

a
(t

h
e

tr
a
n
sf

er
ra

n
k

is
st

il
l

h
el

d
fi
x
ed

).

F
ig

u
re

11
:

F
or

d
iff

er
en

t
sy

n
th

et
ic

d
at

a
X
S

ge
n
er

at
in

g
p
ro

ce
d
u
re

s,
w

e
sh

ow
th

e
in

it
ia

l-
iz

at
io

n
q
u
al

it
y

ob
ta

in
ed

v
ia

th
e
Q

-T
ra

n
sf

or
m

m
at

ri
ce

s
on

a
ta

rg
et

d
at

a
X
T

.
D

ir
ic

h
le

t,
U

n
if

or
m

,
G

au
ss

ia
n

h
av

e
si

gn
ifi

ca
n
tl

y
su

p
e-

ri
or

p
er

fo
rm

an
ce

co
m

p
ar

ed
to

S
u
b
-s

am
p
le

,
C

ol
u
m

n
-p

ro
je

ct
io

n
an

d
U

n
if

or
m

d
at

a.
F

or
co

m
p
ar

is
on

,
w

e
sh

ow
th

e
q
u
al

it
y

of
N

M
F

so
-

lu
ti

on
s

(s
ol

id
li
n
e)

an
d

ra
n
d
om

in
it

ia
li
za

ti
on

s
(d

as
h
ed

li
n
e)

.

F
ig

u
re

12
:

U
si

n
g

G
a
u
ss

ia
n

fa
ct

o
rs

fo
r

th
e

sy
n
th

et
ic

d
a
ta

g
en

er
a
ti

o
n

p
ro

ce
ss

w
it

h
d
iff

er
en

t
ra

n
k
s

d
o
es

n
ot

ap
p

ea
r

to
ch

a
n
ge

th
e

q
u
a
li
ty

o
f

th
e
Q

-T
ra

n
sf

or
m

in
it

ia
li
za

ti
o
n

q
u
a
l-

it
y

on
th

e
ta

rg
et

d
a
ta
X
T

.
T

h
is

in
-

d
ic

at
es

th
at

th
is

ge
n
er

a
ti

n
g

p
ro

ce
-

d
u
re

is
n
ot

se
n
si

ti
ve

to
th

e
ra

n
k

in
or

d
er

to
p
ro

d
u
ce

h
ig

h
q
u
a
li
ty

(c
lo

se
to

tr
u
e

N
M

F
so

lu
ti

on
)

in
it

ia
li
za

ti
o
n
s

u
si

n
g
Q

-T
ra

n
sf

or
m

.
F

o
r

co
m

p
a
ri

so
n
,

w
e

sh
ow

th
e

q
u
al

it
y

o
f

N
M

F
so

lu
-

ti
on

s
(s

ol
id

li
n
e)

an
d

ra
n
d
o
m

in
it

ia
l-

iz
at

io
n
s

(d
as

h
ed

li
n
e)

.

8
.2

.
T

h
e
Q

-T
ra

n
sf

o
rm

In
it

ia
li
z
a
ti

o
n

v
e
rs

u
s

N
o
is

e

In
S
ec

ti
on

4,
w

e
so

u
gh

t
h
ig

h
-q

u
al

it
y

in
it

ia
li
za

ti
on

s
b

ec
au

se
th

ey
ge

n
er

al
ly

re
q
u
ir

e
le

ss
ti

m
e

to
co

n
ve

rg
e.

O
n

sy
n
th

et
ic

ta
rg

et
d
at

a
X
T

=
A
W

+
εN

o
(D

=
N

=
50

0,
R

=
2
0
)

w
e

ex
p
lo

re
th

e
eff

ec
t

of
in

cr
ea

si
n
g

n
oi

se
(ε

)
on

th
e

q
u
al

it
y

of
ou

r
tr

an
sf

er
-b

as
ed

N
M

F
in

it
ia

li
za

ti
o
n
s

a
n
d

th
e

ti
m

e
ta

ke
n

to
co

n
ve

rg
e.

S
p

ec
ifi

ca
ll
y
:

ar
e

th
er

e
n
oi

se
re

gi
m

es
in

w
h
ic

h
th

e
Q

-t
ra

n
sf

o
rm

m
et

h
o
d

w
or

k
s

b
et

te
r,

an
d

n
oi

se
re

gi
m

es
in

w
h
ic

h
it

d
o
es

n
ot

?
W

e
n
or

m
al

iz
e

th
e

n
or

m
of

th
e

n
oi

se
m

at
ri

x
to

b
e

eq
u
al

to
th

e
n
or

m
of

th
e

d
a
ta
‖N

o
‖

=
‖A
W
‖

so
th

at
th

e
co

n
tr

ib
u
ti

on
of

si
gn

al
A
W

an
d

n
oi

se
εN

o
to

th
e

d
at

a
is

eq
u
a
l

w
h
en

ε
=

1.
W

e
co

n
ti

n
u
e

to
u
se

th
e

sa
m

e
10

0
p
ai

rs
of
Q
A
,Q

W
m

at
ri

ce
s.

W
e

co
m

p
a
re

th
e

p
er

fo
rm

an
ce

of
Q

-T
ra

n
sf

or
m

ov
er

ra
n
d
om

re
st

ar
ts

in
te

rm
s

of
in

it
ia

li
za

ti
on

q
u
a
li
ty

(r
a
ti

o
of

th
e

re
co

n
st

ru
ct

io
n

er
ro

r
fr

om
Q

-T
ra

n
sf

or
m

to
th

e
re

co
n
st

ru
ct

io
n

er
ro

r
fr

om
ra

n
d
o
m

re
st

a
rt

)

2
6

JM
L

R
 2

0(
90

):
1-

56
, 2

01
9



A
pa

r
t
ic
l
e
-b
a
se

d
v
a
r
ia
t
io
n
a
l
a
p
p
r
o
a
c
h
t
o

B
N
M
F

F
ig

u
re

1
3
:

In
th

e
low

-n
oise

regim
e,

th
e

recon
stru

ction
error

of
Q

-T
ran

sform
in

itialization
s

is
sig

n
ifi

can
tly

less
th

an
ran

d
om

resta
rt

in
itialization

s.
T

h
is

relative
ad

van
tag

e
g
ets

sm
aller

a
s

th
e

n
o
ise

lev
el

in
creases.

S
im

ilarly,
th

e
tim

e
taken

to
con

verge
is

sign
ifi

can
tly

sh
orter

th
a
n

th
e

ran
d
o
m

restart
ap

p
roach

u
n
d
er

th
e

low
n
oise

scen
ario

an
d

con
tin

u
es

to
in

crease
w

ith
n
o
ise.

A
s

ex
p

ected
,

at
h
igh

n
oise

lev
els

th
ere

ex
ists

n
o

ad
d
ition

al
ad

van
ta

ge
to

th
e

Q
-T

ra
n
sfo

rm
a
p
p
roach

(th
e

op
tim

ization
tim

e
ra

tio
ap

p
roach

es
1).

a
n
d

tim
e

to
co

n
v
ergen

ce
(ratio

of
tim

e
taken

u
sin

g
Q

-T
ran

sform
in

itialization
to

tim
e

taken
u
sin

g
ra

n
d
o
m

restart).
In

b
oth

m
etrics,

th
e
Q

-T
ran

sform
h
a
s

an
ad

van
tage

ov
er

ran
d
om

resta
rts

fo
r

va
lu

es
of

th
e

n
oise

ε
sm

aller
th

an
1,

an
d

th
e

ad
van

tage
is

greatest
for

sm
allest

n
o
ise.

F
igu

re
1
3

sh
ow

s
th

at
th

e
ad

van
tage

of
Q

-T
ran

sform
in

itialization
s

is
h
igh

est
in

a
low

n
o
ise

reg
im

e
a
n
d

d
ecreases

as
th

e
n
oise

in
creases.

T
h
is

b
eh

av
ior

m
akes

sen
se

b
ecau

se
as

n
o
ise

in
crea

ses,
th

e
d
ata

is
n
o

lon
ger

tru
ly

low
ran

k
.

8
.3

.
S

e
le

c
tin

g
ra

n
k
s

W
e

em
p
h
a
size

th
at

th
ere

are
tw

o
d
istin

ct
ran

k
s

th
at

n
eed

to
b

e
ch

osen
w

h
en

a
p
p
ly

in
g

ou
r

tech
n
iq

u
e.

T
h
e

fi
rst

is
th

e
ran

k
of

th
e

factorization
R

N
M

F
.

T
h
ere

ex
ist

m
u
ltip

le
ap

p
roach

es
fo

r
ch

o
o
sin

g
th

is
ran

k
,

e.g.
T

an
an

d
F

évotte
(2009);

A
lq

u
ier

an
d

G
u
ed

j
(2017),

an
d

th
ey

ca
n

b
e

a
p
p
lied

to
ou

r
ap

p
roach

(as
w

ell
as

an
y

oth
er

N
M

F
algorith

m
).

T
h
e

seco
n
d

is
ch

o
osin

g
th

e
tran

sfer
ran

k
R
T

.
T

h
e

tran
sform

ation
d
im

en
sion

s
R
T

an
d

R
S

V
D

d
eterm

in
e

th
e

d
im

en
sion

s
of

tran
sform

ation
m

atrices
Q
A
,Q

W
w

h
ich

m
ap

b
asis

vectors
d
efi

n
in

g
th

e
top

S
V

D
su

b
sp

ace
of

d
im

en
sion

R
S

V
D

to
a

set
o
f
R
T

n
on

-n
egative

b
asis

v
ectors

th
a
t

a
p
p
rox

im
a
te

th
e

sam
e

su
b
sp

ace.
T

h
e

fu
ll

in
itialization

fo
r

N
M

F
is

ob
tain

ed
b
y

eith
er

p
a
d
d
in

g
th

e
in

itialization
w

ith
sm

all
en

tries
(R

T
<
R

N
M

F
)

or
rem

ov
in

g
ex

tra
colu

m
n
s

an
d

row
s

o
f

th
e

fa
ctor

m
atrices

(R
T
>
R

N
M

F
).

(F
or

sim
p
licity,

w
e

con
sid

er
th

e
case

w
h
ere

th
e

tra
n
sfer

ra
n
k

an
d

S
V

D
ran

k
are

eq
u
al
R
T

=
R

S
V

D
an

d
th

e
resu

ltin
g

tran
sform

ation
m

a
trices

Q
A
,Q

W
are

sq
u
are.)

T
h
e

ch
o
ice

of
th

e
tran

sfer
ran

k
R
T

is
sp

ecifi
c

to
ou

r
algorith

m
,

an
d

in
fi
gu

re
14

w
e

in
vestig

a
te

h
ow

w
ell

ou
r

tran
sfer

learn
in

g
p

erform
s

for
d
iff

eren
t

ch
oices

of
tran

sfer
ran

k
R
T

.
In

th
e

ex
p

erim
en

t,
w

e
ex

tract
a

set
of

100
tra

n
sform

ation
m

atrices
Q
A
,Q

W
for

tran
sfer

d
im

en
sio

n
s
R
T

=
R

S
V

D
=
{
1,2,...,10}

u
sin

g
sy

n
th

etic
sou

rce
d
ata

(D
=
N

=
15).

O
n
ce

co
n
stru

cted
,
w

e
ap

p
lied

th
e

tran
sform

ation
m

atrices
to

a
500×

50
0

target
d
ataset

X
T

of
ran

k
R

=
1
0
.

W
e

fi
n
d

th
at

ev
en

th
ou

gh
th

e
d
ataset

X
T

h
as

ra
n
k

10,
th

e
ran

k
1
0

tran
sform

ation

27
JM

L
R

 20(90):1-56, 2019

M
a
so

o
d
,
D
o
sh

i-V
e
l
e
z

F
igu

re
14:

O
n

a
sy

n
th

etic
target

d
ataset

(D
=

N
=

500
,K

N
M

F
=

10),
w

e
ap

p
ly
Q

-
T

ran
sform

in
itialization

s
u
sin

g
vary

in
g

tran
sfer

ran
k
s

an
d

S
V

D
ran

k
s
R
T

=
R

S
V

D
=

{
1,2,...,10}

.
W

e
see

th
at

for
a

ran
ge

of
low

ran
k

valu
es,

th
e
Q

-T
ran

sform
in

itializa-
tion

s
are

h
igh

q
u
ality,

b
u
t

at
larger

valu
es

th
e

q
u
ality

of
in

itia
lization

s
gets

w
o
rse.

T
h
e

d
otted

lin
e

sh
ow

s
th

e
q
u
ality

of
ran

d
om

in
itialization

s
an

d
th

e
solid

lin
e

sh
ow

s
th

e
q
u
ality

N
M

F
solu

tion
s.

T
h
e

recon
stru

ction
errors

are
n
orm

alized
b
y

th
e

n
orm

of
th

e
d
ata.

m
atrices

fou
n
d

u
sin

g
th

e
15×

15
sy

n
th

etic
sou

rce
d
ataset

are
u
n
ab

le
to

su
ccessfu

lly
tran

sfer
to

th
is

n
ew

d
ataset.

W
e

see
th

at
th

e
error

in
itia

lly
d
ecreases,

b
u
t

th
en

in
creases

as
th

e
tran

sfer
ran

k
in

creases.
T

h
is

resu
lt

su
ggests

th
a
t

th
e

top
d
irection

s
of

va
riation

h
old

th
e

m
ost

tran
sferab

le
in

form
ation

across
N

M
F

p
rob

lem
s.

8
.4

.
S

ig
n

C
o
n
v
e
n
tio

n
fo

r
S

V
D

In
con

sid
erin

g
w

h
en

Q
-T

ran
sform

is
su

ccessfu
l,

w
e

n
ote

th
at

th
ere

ex
ists

an
in

trin
sic

am
b
i-

gu
ity

in
th

e
sign

of
th

e
sin

gu
lar

vectors
of
X

:
ch

an
gin

g
th

e
sign

o
f

an
y

colu
m

n
of
A

S
V

D
an

d
corresp

on
d
in

g
row

of
W

S
V

D
gives

a
valid

S
V

D
.

F
o
r
Q

-T
ra

n
sform

to
w

ork
,

w
e

m
u
st

ap
p
ly

a
con

sisten
t

resolu
tion

of
th

e
sign

am
b
igu

ity
(e.g.

from
B

ro
et

al.
(2008)).

T
h
is

en
su

res
th

at
learn

ed
tran

sform
ation

s
Q
A
,Q

W
m

ap
in

a
con

sisten
t

w
ay

to
S
V

D
d
ecom

p
osition

s
of

n
ew

d
atasets.

9
.
R
e
la
te
d
W

o
rk

T
h
ere

is
a

large
b

o
d
y

of
w

ork
on

in
feren

ce
for

B
N

M
F

.
S
am

p
lin

g-b
ased

a
p
p
roach

es
in

clu
d
e

G
ib

b
s

sam
p
lin

g
(S

ch
m

id
t

et
al.,

2009),
H

am
ilton

ian
M

on
te

C
arlo

(S
ch

m
id

t
an

d
M

oh
am

ed
,

2009),
an

d
reversib

le
ju

m
p

varian
ts

(S
ch

m
id

t
an

d
M

øru
p
,

2010).
A

ll
of

th
ese

h
av

e
trou

b
le

escap
in

g
lo

cal
m

o
d
es

(M
aso

o
d

et
al.,

2016),
an

d
are

often
con

strain
ed

to
a

lim
ited

class
of

tractab
le

d
istrib

u
tion

s.
V

ariation
al

ap
p
roach

es
to

B
N

M
F

h
ave

su
ccessfu

lly
y
ield

ed
in

-
terp

retab
le

factorization
s

(B
ertin

et
al.,

2009;
C

em
gil,

2009;
P

aisley
et

al.,
2014;

H
in

rich
an

d
M

øru
p
,

2018)
b
u
t

also
ty

p
ically

on
ly

cap
tu

re
on

e
m

o
d
e

an
d

rely
o
n

m
ean

-fi
eld

or
oth

er
m

o
d
elin

g
assu

m
p
tion

s
to

m
ake

in
feren

ce
tractab

le.
W

e
n
ote

th
at

in
m

an
y

cases,
p
riors

of
con

ven
ien

ce—
for

ex
am

p
le,

ex
p

on
en

tial
d
istrib

u
tion

s—
can

in
d
u
ce

a
sin

gle
d
om

in
an

t
m

o
d
e,

even
w

h
en

th
at

w
as

n
ot

th
e

in
ten

t
of

th
e

p
ractition

er.

28
JM

L
R

 20(90):1-56, 2019



A
pa

r
t
ic
l
e
-b
a
se

d
v
a
r
ia
t
io
n
a
l
a
p
p
r
o
a
c
h
t
o

B
N
M
F

C
lo

se
r

to
th

e
go

al
s

of
ou

r
w

or
k
,

G
er

sh
m

an
et

al
.

(2
01

2)
d
ev

el
op

a
n
o
n
-p

ar
am

et
ri

c
a
p
-

p
ro

ac
h

to
va

ri
at

io
n
al

in
fe

re
n
ce

th
at

p
ro

v
id

es
fl
ex

ib
il
it

y
in

m
o
d
el

in
g

th
e

n
u
m

b
er

of
G

au
ss

ia
n

co
m

p
on

en
ts

re
q
u
ir

ed
to

ap
p
ro

x
im

at
e

a
p

os
te

ri
or

.
H

ow
ev

er
,

th
e

is
ot

ro
p
ic

co
va

ri
an

ce
in

th
e

m
o
d
el

m
ak

es
it

u
n
su

it
ab

le
fo

r
ap

p
ly

in
g

it
to

B
N

M
F

.
W

it
h

re
g
ar

d
to

th
e

in
fe

re
n
ce

p
ro

-
ce

ss
,

ou
r
Q

-T
ra

n
sf

or
m

ap
p
ro

ac
h

to
fi
n
d
in

g
m

u
lt

ip
le

op
ti

m
a

is
m

os
t

si
m

il
ar

to
R

oč
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b
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.
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o
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con
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con
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p
a
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a
n
d
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b
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en
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th
e

ro
b
u
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n
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a
tin

g
sta

tistics
o
f

a
sin
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p
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n
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a
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p
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d
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ab
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at
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p
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b
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b
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b
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b
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d
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p
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a
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u
l
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,
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r
u
n
e
l
,
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M
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d
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p
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ca
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h
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con
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ab
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u
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b
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b
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b
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cla
ssica

l
b
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b
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b
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b
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d
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d
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W
e
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b
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en
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l
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b
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rith
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B
A
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th
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p
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b
lem

th
is

p
a
p

er
fo

cu
ses

o
n

.
W

e
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e
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p
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I
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p
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∆
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p
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p
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∆
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e
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b
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o
n
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u
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e

p
rov

e
m

a
tch

in
g

in
fo

rm
a
tio

n
-th
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n
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p
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p
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p

er
an

d
low

er
b

ou
n
d
s.
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b
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b
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b
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b
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p
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b
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b
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b
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a
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p
a
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er
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n
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d
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n
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b
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u
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n
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m
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p
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a
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p
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u
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b
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a
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g
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b
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u
p
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b
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b
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n
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b
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b
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en
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u
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er

m
o
re

,
ev

en
w

h
en

b
o
u
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d
ed
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u
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b
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b
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b
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d
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b
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n
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;
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at
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b
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b
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n
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p
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ra
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d
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a
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b
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m
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at
io

n
ca

n
m

ov
e

th
e

m
ea

n
s

b
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h
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b
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b
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n
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b
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p
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d
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b
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b
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ra
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b
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ra
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b
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p
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a
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b
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p
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u
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n
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en
con

tam
in

ated
sam

p
les.

S
ection

5
th

en
tu

rn
s

to
ou

r
secon

d
ary

goal:
p

rov
id

in
g

gu
aran

tees
on

th
e

d
istrib

u
tio

n
o
f

th
e

selected
a
rm

.
T

h
is

g
o
a
l

req
u
ires

a
d

d
itio

n
a
lly

estim
a
tin

g
th

e
seco

n
d

ro
b
u
st

m
o
m

en
t.

S
u
b
sectio

n
5
.1

d
ev

elo
p
s

th
e

n
ecessa

ry
sta

tistica
l

resu
lts,

w
h
ich

a
re

th
en

u
sed

in
S
u
b
sectio

n
5
.2

p
rov

id
e

o
u
r

a
lg

o
rith

m
ic

resu
lts.

S
ectio

n
6

co
n
clu

d
es

a
n
d

d
iscu

sses
severa

l
o
p

en
p
rob

lem
s.

2
.

F
o
rm

a
l

S
e
tu

p

H
ere

w
e

fo
rm

a
lly

d
efi

n
e

th
e

C
o
n

ta
m

in
a
ted

B
est

A
rm

Id
en

tifi
ca

tio
n

p
ro

blem
(C

B
A

I).
L

et
k
≥

2
b

e
th

e
n
u
m

b
er

of
arm

s,
ε∈

(0,
12 )

b
e

th
e

con
tam

in
ation

level,{
F
i }
i∈

[k
]

b
e

th
e

tru
e

b
u
t

u
n
k
n
ow

n
d
istrib

u
tio

n
s,

a
n
d
{
G
i,t }

i∈
[k

],t∈
N

b
e

a
rb

itra
ry

co
n
ta

m
in

a
tio

n
d
istrib

u
tio

n
s.

T
h
is

in
d
u
ces

co
n
ta

m
in

a
ted

d
istrib

u
tio

n
s
F̃
i,t ,

sa
m

p
les

fro
m

w
h
ich

a
re

eq
u
a
l

in
d
istrib

u
tio

n
to

(1−
D
i,t )Y

i,t
+
D
i,t Z

i,t ,
w

h
ere

D
i,t ∼

B
er(ε),

Y
i,t ∼

F
i ,

a
n
d
Z
i,t ∼

G
i,t .

N
o
te

th
a
t

if
a
ll

o
f

th
ese

ran
d
om

variab
les

are
in

d
ep

en
d
en

t,
th

en
each

F̃
i,t

is
sim

p
ly

eq
u
al

to
th

e
con

tam
in

ated
m

ix
tu

re
m

o
d
el

(1−
ε)F

i +
εG

i,t .
H

ow
ever,

w
e

gen
eralize

b
y

also
con

sid
erin

g
th

e
settin

g
w

h
en

th
e
Y
i,t ,D

i,t ,Z
i,t

a
re

n
o
t

a
ll

in
d
ep

en
d
en

t,
w

h
ich

a
llow

s
a
n

a
d
v
ersa

ry
to

fu
rth

er
o
b
fu

sca
te

sa
m

p
les

b
y

a
d

a
p

tin
g

th
e

d
istrib

u
tio

n
s

o
f

th
e
D
i,t

a
n

d
Z
i,t

b
a
sed

o
n

th
e

rea
liza

tio
n

s
o
f

th
e

Y
i,t

(th
at

is,
b
y

cou
p
lin

g
th

ese
ran

d
om

variab
les);

see
b

elow
for

d
etails.

A
t

ea
ch

itera
tio

n
t,

a
C
B
A
I

a
lg

o
rith

m
ch

o
o
ses

a
n

a
rm

I
t ∈

[k
]

to
p
u
ll

a
n
d

receiv
es

a
sa

m
p
le
X
I
t ,t

d
istrib

u
ted

a
cco

rd
in

g
to

th
e

co
rresp

o
n
d
in

g
co

n
ta

m
in

a
ted

d
istrib

u
tio

n
F̃
I
t ,t .

A
fter

T
itera

tio
n
s

(a
p

o
ssib

ly
ra

n
d
o
m

sto
p
p
in

g
tim

e
th

a
t

th
e

a
lg

o
rith

m
m

ay
ch

o
o
se),

th
e

a
lg

o
rith

m
o
u
tp

u
ts

a
n

a
rm

Î
∈

[k
].

F
o
r
α
≥

0
a
n
d
δ
∈

(0
,1

),
th

e
a
lg

o
rith

m
is

sa
id

to
b

e
(α
,δ)-P

A
C

if,
w

ith
p
ro

b
a
b
ility

a
t

lea
st

1−
δ,
Î

h
a
s

m
ed

ia
n

w
ith

in
α

+
U

o
f

th
e

o
p
tim

a
l;

th
a
t

is,

P
(
m

1 (F
Î )≥

m
ax

i∈
[k

] m
1 (F

i )−
(α

+
U

) )
≥

1−
δ,

(1)

w
h
ere

U
is

th
e

u
n
avoid

ab
le

u
n
certain

ty
term

in
m

ed
ian

estim
ation

th
at

is
in

d
u
ced

b
y

p
artial

id
en

tifi
ab

ility
(see

S
u
b
section

2.2
for

a
d
iscu

ssion
of
U

,
an

d
see

S
u
b
section

4.1
for

an
ex

p
licit

co
m

p
u
ta

tio
n

o
f

th
is

q
u
a
n
tity

).
T

h
u
s,

th
e

g
o
a
l

is
to

fi
n
d

a
n

a
lg

o
rith

m
a
ch

iev
in

g
th

e
P

A
C

g
u
a
ra

n
tee

in
(1

)
w

ith
sm

all
ex

p
ected

sam
p
le

com
p
lex

ity
T

.

2
.1

.
P

o
w

e
r

o
f

th
e

A
d

v
e
rsa

ry

A
s

is
ty

p
ical

in
on

lin
e

learn
in

g
p
rob

lem
s,

it
is

im
p

ortan
t

to
d
efi

n
e

th
e

p
ow

er
of

th
e

ad
versary

sin
ce

th
is

aff
ects

th
e

com
p
lex

ity
of

th
e

resu
ltin

g
p
rob

lem
.

In
terestin

gly,
C
B
A
I

is
still

p
ossib

le
even

w
h
en

w
e

g
ran

t
th

e
ad

versary
sign

ifi
can

t
p

ow
er.

W
e

con
sid

er
th

ree
settin

gs,
p
resen

ted
in

in
crea

sin
g

o
rd

er
o
f

a
d

v
ersa

ria
l

p
ow

er.
T

h
e

k
ey

d
iff

eren
ces

b
etw

een
th

ese
d

iff
eren

t
ty

p
es

o
f

a
d
v
ersa

ries
a
re

tw
o
fo

ld
:

(1
)

w
h
eth

er
th

ey
ca

n
ch

o
o
se

th
e

co
n
ta

m
in

a
ted

d
istrib

u
tio

n
s

“p
rescien

tly
”

b
ased

on
all

oth
er

realization
s{Y

i,t ,D
i,t }

i∈
[k

],t≥
1

b
oth

p
ast

an
d

fu
tu

re;
an

d
(2)

w
h

eth
er

th
ey

can
“m

aliciou
sly

”
cou

p
le

th
e

d
istrib

u
tion

s
of

each
D
i,t

w
ith

th
e

corresp
on

d
in

g
Y
i,t ,

su
b

ject
o
n
ly

to
th

e
co

n
stra

in
t

th
a
t

th
e

m
a
rg

in
a
ls
D
i,t ∼

B
er(ε)

a
n
d
Y
i,t ∼

F
i

stay
co

rrect.
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A
lt

sc
h
u
l
e
r
,
B
r
u
n
e
l
,
a
n
d

M
a
l
e
k

•
O

b
liv

io
u

s
a
d

v
e
rsa

ry
.

F
or

all
i∈

[k
],

th
e

trip
les{(Y

i,t ,D
i,t ,Z

i,t )}
t≥

1
are

in
d
ep

en
d
en

t,
an

d
for

all
t≥

1,
Y
i,t ∼

F
i ,
D
i,t ∼

B
er(ε),

an
d
Y
i,t

an
d
D
i,t

are
in

d
ep

en
d
en

t.

•
P

re
sc

ie
n
t

a
d

v
e
rsa

ry
.

S
am

e
as

th
e

ob
liv

iou
s

ad
versary

ex
cep

t
th

at
th

e
con

tam
in

ation
s

Z
i,t

m
ay

d
ep

en
d

on
every

th
in

g
else

(i.e.{Y
j,s ,D

j,s ,Z
j,s }

j∈
[k

],s≥
1 ).

F
orm

ally,
for

all
i∈

[k
],

th
e

p
airs{

(Y
i,t ,D

i,t )}
t≥

1
are

in
d
ep

en
d
en

t,
an

d
for

all
t≥

1,
Y
i,t ∼

F
i ,
D
i,t ∼

B
er(ε),

Y
i,t

an
d
D
i,t

are
in

d
ep

en
d
en

t,
an

d
Z
i,t

m
ay

d
ep

en
d

o
n

all{
Y
j,s ,D

j,s ,Z
j,s }

j∈
[k

],s≥
1 .

•
M

a
lic

io
u

s
a
d

v
e
rsa

ry
.

S
a
m

e
a
s

th
e

p
rescien

t
a
d

v
ersa

ry
ex

cep
t

th
a
t
Y
i,t

a
n

d
D
i,t

d
o

n
o
t

n
eed

to
b

e
in

d
ep

en
d
en

t.
F

o
rm

a
lly,

fo
r

a
ll
i∈

[k
],

th
e

p
a
irs
{(Y

i,t ,D
i,t )}

t≥
1

a
re

in
d
ep

en
d
en

t,
a
n
d

fo
r

a
ll
t≥

1
,
Y
i,t ∼

F
i ,
D
i,t ∼

B
er(ε),

a
n
d
Z
i,t

m
ay

d
ep

en
d

o
n

a
ll

{Y
j,s ,D

j,s ,Z
j,s }

j∈
[k

],s≥
1 .

W
e

n
o
te

th
a
t

fo
r

a
ll

th
ree

o
f

th
ese

a
d
v
ersa

ria
l

settin
g
s,

w
e

d
o

n
o
t

req
u
ire

in
d
ep

en
d
en

ce
b

etw
een

th
e

ou
tp

u
ts

(Y
i,t ,D

i,t ,Z
i,t )

across
th

e
arm

s
for

each
fi
x
ed

t.
T

h
e

ob
liv

iou
s

ad
versary

is
w

ell-m
otivated

,
as

m
an

y
real-w

orld
p

rob
lem

s
w

h
ere

con
tam

i-
n
ation

s
m

ay
o
ccu

r
fi
t

n
atu

rally
in

to
th

is
m

o
d
el.

In
d
eed

,
th

is
settin

g
en

com
p
asses

an
y

b
an

d
it

p
rob

lem
w

h
ere

d
ata

m
ay

b
e

su
b

ject
to

m
easu

rem
en

t
or

record
in

g
error

w
ith

som
e

p
rob

ab
ility,

su
ch

a
s

m
ea

su
rin

g
d
ru

g
resp

o
n
ses

fo
r

clin
ica

l
tria

ls
(L

a
i

a
n
d

R
o
b
b
in

s,
1
9
8
5
),

co
n
d
u
ctin

g
su

rv
ey

s
(M

a
rtin

a
n
d

M
iro

n
,

1
9
9
2
),

o
r

testin
g

n
ew

so
ftw

a
re

fea
tu

res
w

ith
y
et-u

n
fi
x
ed

b
u
g
s

as
m

en
tion

ed
in

th
e

in
tro

d
u
ction

.
T

h
e

th
eory

w
e

d
evelop

ex
ten

d
s

n
atu

rally
an

d
w

ith
little

m
o
d
ifi

cation
for

th
e

p
rescien

t
an

d
m

aliciou
s

ad
versaries.

M
oreover,

th
ese

d
iff

eren
t

settin
gs

allow
for

th
e

m
o
d
elin

g
of

m
an

y
oth

er
real-w

orld
scen

arios
in

w
h
ich

th
e

con
tam

in
ation

m
o
d
els

a
re

n
o
t

a
s

sim
p
le.

F
o
r

in
sta

n
ce,

a
ll

d
a
ta

m
ay

a
lrea

d
y

ex
ist

b
u
t

n
o
t

y
et

b
e

relea
sed

to
th

e
learn

in
g

algorith
m

.
If

ad
versaries

h
ave

access
to

all
th

e
d
ata

from
th

e
b

egin
n
in

g,
th

ey
m

ay
b

e
ab

le
to

con
tam

in
ate

sam
p
les

d
ep

en
d
in

g
on

all
th

e
d
ata—

th
is

is
cap

tu
red

b
y

th
e

p
rescien

t
settin

g
.

T
h
e

m
a
licio

u
s

settin
g

in
clu

d
es,

fo
r

ex
a
m

p
le,

scen
a
rio

s
in

w
h
ich

a
d
v
ersa

ries
(fo

r
ex

am
p
le,

h
ackers)

can
su

ccessfu
lly

con
tam

in
ate

a
given

sam
p
le

d
ep

en
d
in

g
on

th
e

am
ou

n
t

of
eff

o
rt

th
ey

p
u

t
in

to
it,

a
n

d
th

e
a
d

v
ersa

ries
ca

n
try

h
a
rd

er
to

co
n
ta

m
in

a
te

certa
in

sa
m

p
les

d
ep

en
d
in

g
on

th
eir

valu
es.

P
erh

a
p
s

su
rp

risin
g
ly,

w
e

w
ill

sh
ow

th
a
t

th
e

sa
m

p
le

co
m

p
lex

ity
is

th
e

sa
m

e
fo

r
b

o
th

o
b

liv
io

u
s

a
n
d

p
rescien

t
a
d

v
ersa

ries.
In

d
eed

fo
r

th
ese

tw
o

settin
g
s,

w
e

w
ill

p
rov

e
o
u

r
u

p
p

er
b

o
u
n
d
s

fo
r

th
e

m
o
re

p
ow

erfu
l

settin
g

o
f

p
rescien

t
a
d
v
ersa

ries,
a
n
d

o
u
r

low
er

b
o
u
n
d
s

fo
r

th
e

less
p

ow
erfu

l
settin

g
o
f

o
b
liv

io
u
s

a
d
v
ersa

ries.
W

e
a
lso

n
o
te

th
a
t

th
e

ra
te

fo
r

m
a
licio

u
s

ad
versaries

is
on

ly
w

orse
b
y

at
m

ost
a

“factor
of

2”;
see

S
ection

4
for

a
p
recise

statem
en

t.

2
.2

.
T

h
e

C
h

a
lle

n
g
e

o
f

P
a
rtia

l
Id

e
n
tifi

a
b

ility
o
f

th
e

M
e
d

ia
n

In
th

e
in

tro
d
u
ctio

n
,

w
e

em
p
h
a
sized

th
e

p
o
in

t
th

a
t

a
co

n
ta

m
in

a
tin

g
a
d
v
ersa

ry
ca

n
ren

d
er

d
iff

eren
t

u
n
d
erly

in
g

d
istrib

u
tion

s
of

an
arm

statistically
in

d
istin

gu
ish

ab
le.

T
h
at

is,
even

w
ith

in
fi

n
ite

sam
p

les,
it

is
im

p
ossib

le
to

estim
ate

statistics
of

an
arm

’s
tru

e
d

istrib
u

tion
ex

actly.
C

o
n
sid

er,
fo

r
ex

a
m

p
le,

th
e

p
ro

b
lem

o
f

estim
a
tin

g
th

e
m

ed
ia

n
o
f

a
sin

g
le

a
rm

w
ith

tru
e

d
istrib

u
tion

F
again

st
an

ob
liv

iou
s

ad
versary,

w
h
ich

is
th

e
w

eakest
of

ou
r

th
ree

ad
versarial

settin
g
s.

D
efi

n
e
S

to
b

e
th

e
set

o
f

a
ll

d
istrib

u
tio

n
s
F
′

fo
r

w
h

ich
th

ere
ex

ists
a
d

v
ersa

ria
lly

ch
osen

d
istrib

u
tion

s
G

an
d
G
′

su
ch

th
at

(1−
ε)F

+
εG

=
(1−

ε)F
′+

εG
′.

H
ow

large
is

th
is

set
S

,
an

d
in

p
articu

lar,
h

ow
far

can
th

e
m

ed
ian

s
of

d
istrib

u
tion

s
in
S

b
e

from
th

e
m

ed
ian

of
F

?
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B
e
st

A
r
m

Id
e
n
t
if
ic
a
t
io
n
f
o
r
C
o
n
t
a
m
in
a
t
e
d

B
a
n
d
it
s

T
h
e

fo
ll
ow

in
g

si
m

p
le

ex
am

p
le

sh
ow

s
th

at
S

is
n
on

-t
ri

v
ia

l
(a

n
d

th
u
s

in
p
ar

ti
cu

la
r

co
n
ta

in
s

m
o
re

th
a
n

ju
st
F

).
L

et
F

b
e

th
e

u
n

if
o
rm

d
is

tr
ib

u
ti

o
n

o
n

th
e

in
te

rv
a
l

[−
1
,1

],
a
n

d
le

t
G

b
e

th
e

u
n
if

or
m

d
is

tr
ib

u
ti

on
on

[−
1
−
c,
−

1]
∪

[1
,1

+
c]

,
w

h
er

e
c

=
ε(

1
−
ε)
−

1
.

T
h
e

co
n
ta

m
in

at
ed

d
is

tr
ib

u
ti

on
F̃

:=
(1
−
ε)
F

+
εG

is
th

e
u
n
if

or
m

d
is

tr
ib

u
ti

on
on

[−
1
−
c,

1
+
c]

.
H

ow
ev

er
,

fo
r

an
y
p
∈

[−
c,
c]

,
F̃

is
al

so
eq

u
al

to
(1
−
ε)
F

(·
−
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d
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−

1
+
p
,1

+
p
].

W
e

co
n
cl

u
d
e

th
at
F

is
st

at
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d
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d
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p
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p
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.
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p
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d
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b
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∈
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m
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∈
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p
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u
ti
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m
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−
Q
L
,F

(
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−

2
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e
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ra
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b
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u
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.
−
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fo
r

a
n
y

fi
x
ed

d
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tr
ib

u
ti
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n
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o
r
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n
d
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d
en

o
te

th
e
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n
ta

m
in
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te

d
d
is

tr
ib

u
ti

o
n

b
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+
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,
a
n
d

d
en

o
te

it
s
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ft

a
n
d

ri
g
h
t

m
ed
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n
s

b
y
m̃
L
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Q
L
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(
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)
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n
d
m̃
R
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Q
R
,F̃

(
1 2
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sp

ec
ti

v
el

y.
S
in
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ev
er
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m

ed
ia

n
o
f
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w
it

h
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[m̃
L
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ffi
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s
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ow
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a
t
m̃
L
≥
Q
L
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(
1
−
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)
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n
d

m̃
R
≤
Q
R
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(
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e
b

o
u
n
d
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se
n
tl
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n
d
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g
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R
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b
y
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m
il
a
r

a
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u
-
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en

t
o
r

b
y
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m

p
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a
p
p
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g
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e
m̃
L
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o
u
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d
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F
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B
y

d
efi

n
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o
f
m̃
L

,
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r
a
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>
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,

1 2
≤
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(m̃
L

+
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=
(1
−
ε)
F

(m̃
L

+
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+
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(m̃
L

+
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≤

(1
−
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F

(m̃
L

+
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+
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w
h
er

e
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e
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b
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G

(m̃
L

+
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1
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n
ce
G
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a

d
is

tr
ib

u
ti

on
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R
ea

rr
an

gi
n
g

y
ie
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s
F

(m̃
L

+
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1
−

2
ε

2
(1
−
ε)

,

w
h
ic

h
im

p
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es

th
at
m̃
L
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Q
L
,F

(
1
−

2
ε

2
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−
ε)
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F
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a
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w
e

n
o
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a
t
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r

so
m

e
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m
p
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n
ta

m
in

a
ti
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n
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o
d
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s,
p
a
rt

ia
l

id
en

ti
fi
a
b
il
it

y
in

C
B
A
I
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n
o
t

a
p
ro

b
le

m
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r
id

en
ti
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in

g
th

e
a
rm

w
it

h
th

e
b

es
t

m
ed

ia
n
.

F
o
r

ex
a
m

p
le

,
if

a
ll

a
rm

s
a
re
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n
ta

m
in

a
te

d
w

it
h

a
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m
m

o
n

d
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tr
ib

u
ti

o
n
,

th
en

a
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h
o
u
g
h

th
e

tr
u
e

m
ed

ia
n
s

a
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o
n
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p
a
rt

ia
ll
y

id
en

ti
fi
a
b
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,
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e
co

n
ta

m
in

a
te

d
m

ed
ia

n
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o
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er
ed
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e
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m
e

w
ay
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e
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u

e
m

ed
ia

n
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a
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t

p
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h
a
p
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o
t
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H

ow
ev

er
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g
en

er
a
l

(a
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it
ra
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n
ta

m
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ti
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n
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ch
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d
er
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g

in
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.

3
.
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B
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P
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b
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b
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at
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c
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p
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b
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h
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n
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u
l
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u
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b
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P
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b
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p
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b
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b
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b
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b
st

ra
ct

io
n

a
ll
ow

s
o
u
r

a
lg

o
ri

th
m

ic
re

su
lt

s
to

la
te

r
b
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u
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p
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[p
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p
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u
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p
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p
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e
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.
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e
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p
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n
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p
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p
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p
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−
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g
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ra
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b
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a
s

es
ti

m
a
ti

n
g

a
m

ed
ia

n
fr

o
m

co
n
ta

m
in

a
te

d
sa

m
p
le

s
(s

ee
C

o
ro

ll
a
ri

es
1
4

a
n
d

1
5
),

o
r

u
si

n
g

C
h

er
n

o
ff

b
o
u

n
d

s
to

es
ti

m
a
te

th
e

m
ea

n
o
f

a
[0
,1

]-
su

p
p

o
rt

ed
d

is
tr

ib
u

ti
o
n

fo
r

cl
a
ss

ic
a
l

st
o
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a
st
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M

A
B
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B
e
st

A
r
m

Id
e
n
t
if
ic
a
t
io
n
f
o
r
C
o
n
t
a
m
in
a
t
e
d

B
a
n
d
it
s

fo
r
i∈

[k
]
d

o
S
a
m

p
le

a
rm

i
for

n
α
/
2
,δ
/
k

tim
es

an
d

p
ro

d
u
ce

estim
ate

p̂
i

e
n

d

O
u
tp

u
t
Î

:=
m

ax
i∈

[k
] p̂
i .

A
lg

o
rith

m
1
:

S
im

p
le

u
n
iform

ex
p
loration

algorith
m

for
P
IB

A
I.

W
e

n
ow

p
resen

t
algorith

m
s

for
th

e
P
IB

A
I

p
rob

lem
.

F
irst,

in
S
u
b
section

3.1,
w

e
p
resen

t
a

sim
p
le

algorith
m

th
at

p
erform

s
u
n
iform

ex
p
loration

am
on

g
all

arm
s.

N
ex

t,
in

S
u
b
section

3.2,
w

e
o
b
ta

in
m

o
re

refi
n
ed

,
in

sta
n
ce-a

d
a
p
tiv

e
sa

m
p
le

co
m

p
lex

ity
b

o
u
n
d
s

b
y

a
d
a
p
tin

g
th

e
S
u
c
c
e
ssiv

e
E
l
im

in
a
t
io
n

a
lg

o
rith

m
o
f

(E
v
en

-D
a
r

et
a
l.,

2
0
0
6
).

A
ll

a
lg

o
rith

m
s

u
se

a
s

a
b
la

ck
b

ox
a
n

estim
ator

satisfy
in

g
th

e
ab

ove
p
rop

erty
(ii)

of
th

e
P
IB

A
I

p
rob

lem
.

3
.1

.
S

im
p

le
A

lg
o
rith

m

A
sim

p
le

(α
,δ)-P

A
C

P
IB

A
I

a
lg

o
rith

m
is

th
e

fo
llow

in
g
:

p
u
ll

ea
ch

o
f

th
e
k

a
rm

s
n
α
/
2
,δ
/
k

tim
es

to
crea

te
estim

a
tes

p̂
i

a
n
d

o
u
tp

u
t

th
e

a
rm

Î
:=

m
ax

i∈
[k

] p̂
i

w
ith

th
e

h
ig

h
est

estim
a
te.

P
seu

d
o
co

d
e

is
given

in
A

lgorith
m

1.

T
h

e
o
re

m
2

F
o
r

a
n

y
α
>

0
a
n

d
δ∈

(0,1),
A

lgo
rith

m
1

is
a
n

(α
,δ)-P

A
C

P
IB

A
I

a
lgo

rith
m

w
ith

sa
m

p
le

co
m

p
lexity

O
(k
n
α
/
2
,δ
/
k )

=
O
(
kα
2

log
kδ ).

P
ro

o
f

B
y

(2)
an

d
a

u
n
ion

b
ou

n
d
,

w
e

h
ave

th
at

w
ith

p
rob

ab
ility

at
least

1−
δ,

all
estim

ates
p̂
i ∈

[p
i ±

(U
i
+

α2
)].

W
h
en

ev
er

th
is

o
ccu

rs,

∆̃
Î

=
(p
i ∗−

U
i ∗)−

(p
Î

+
U
Î )≤

(p̂
i ∗

+
α2

)−
(p̂
Î −

α2
)≤

α
,

im
p
ly

in
g

th
a
t
Î

is
α

-su
b

op
tim

al.
T

h
e

sam
p
le

com
p
lex

ity
b

ou
n
d

is
clear.

3
.2

.
In

sta
n

c
e
-a

d
a
p

tiv
e

A
lg

o
rith

m
s

T
h
e

sa
m

p
le

co
m

p
lex

ity
o
f

th
e

sim
p
le

A
lg

o
rith

m
1

is
n
o
t

a
d
a
p
tiv

e
to

th
e

d
iffi

cu
lty

o
f

th
e

actu
al

in
stan

ce:
an

arm
is

sam
p
led

n
α
/
2
,δ
/
k

tim
es

even
if

it
is

far
from

α
-su

b
op

tim
al

(m
ean

in
g

th
at

∆̃
i �

α
)

an
d

cou
ld

p
oten

tially
b

e
elim

in
ated

m
u
ch

m
ore

q
u
ick

ly.
In

th
is

su
b
section

,
w

e
ob

tain
su

ch
an

in
stan

ce-ad
ap

tive
sam

p
le

com
p
lex

ity
b
y

m
o
d
ify

in
g

th
e

S
u
ccessive

E
lim

in
ation

a
lg

o
rith

m
o
f

(E
v
en

-D
a
r

et
a
l.,

2
0
0
6
),

w
h
ich

w
a
s

o
rig

in
a
lly

d
esig

n
ed

fo
r

th
e

cla
ssica

l
m

u
lti-

a
rm

ed
b
a
n
d
it

p
rob

lem
.

P
seu

d
o
co

d
e

is
g
iv

en
in

A
lg

o
rith

m
2
.

A
t

ea
ch

ro
u
n
d
r,

A
lg

o
rith

m
2

g
ets

a
sin

g
le

n
ew

sam
p
le

from
each

rem
ain

in
g

arm
in

ord
er

to
u
p

d
ate

its
estim

ate
p̂
i,r .

T
h
en

,
for

th
e

n
ex

t
rou

n
d

r
+

1,
it

on
ly

keep
s

th
e

arm
s
i

w
h
ose

estim
ates

p̂
i,r

are
α

-close
to

th
e

b
est

estim
ate,

w
h
ere

th
e

th
resh

old
α

is
u
p

d
ated

at
each

rou
n
d
.

T
h
e

algorith
m

an
d

an
aly

sis
are

alm
ost

id
en

tical
to

th
e

o
rig

in
a
l.

A
s

su
ch

,
p
ro

o
f

d
eta

ils
a
re

d
eferred

to
A

p
p

en
d
ix

C
.

T
h
e

m
a
in

d
iff

eren
ce

is
th

a
t

in
th

e
p
ro

of
of

correctn
ess,

w
e

sh
ow

th
e

even
t{|p̂

i,r −
p
i |≤

U
i +
α
r,6
δ
/
(π

2
k
r
2
) ,∀

r∈
[R

],∀
i∈

S
r }

o
ccu

rs
w

ith
p
rob

ab
ility

at
least

1−
δ.

T
h
is

en
su

res
th

at
in

each
rou

n
d
r,

each
estim

ate
p̂
i,r

is
a
ccu

ra
te

en
o
u
gh

to
u
se

for
th

e
elim

in
ation

step
.
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A
lt

sc
h
u
l
e
r
,
B
r
u
n
e
l
,
a
n
d

M
a
l
e
k

S
←

[k
],
r←

1
w

h
ile
|S|

>
1

d
o

S
am

p
le

each
arm

i∈
S

on
ce

an
d

p
ro

d
u
ce
p̂
i,r

from
all

r
p
ast

sam
p
les

of
it

S
←
{i∈

S
:
p̂
i,r ≥

m
ax

j∈
S
p̂
j,r −

2α
r,6
δ
/
(π

2
k
r
2
) }

r←
r

+
1

e
n

d
O

u
tp

u
t

th
e

on
ly

arm
left

in
S

A
lgorith

m
2:

A
d
a
p
ta

tio
n

o
f

S
u
ccessiv

e
E

lim
in

a
tio

n
a
lg

o
rith

m
fo

r
P
IB

A
I.

H
ere,

α
r,δ

:=
√

c
lo

g
1δ

r
,

w
h
ere

c
is

a
u
n
iv

ersa
l

co
n
sta

n
t

sa
tisfy

in
g
n
α
,δ
≤
cα
−

2
log

1δ
(see

E
q
u
ation

2).

N
o
te

th
a
t

A
lg

o
rith

m
2

retu
rn

s
th

e
o
p
tim

a
l

a
rm

w
.h

.p
.

(w
ith

o
u
t

k
n

ow
in

g
th

e
sm

a
llest

eff
ective

gap
),

u
n
like

A
lgorith

m
1

ab
ove

w
h
ich

o
n
ly

retu
rn

s
a

n
ear-op

tim
al

arm
w

.h
.p

.

T
h

e
o
re

m
3

L
et
δ∈

(0,1).
W

ith
p
ro

ba
bility

a
t

lea
st

1−
δ,

A
lgo

rith
m

2
o
u

tp
u

ts
th

e
o
p
tim

a
l

a
rm

a
fter

u
sin

g
a
t

m
o
st
O
(∑

i6=
i ∗

1∆̃
2i

lo
g (

k
δ
∆̃
i ))

sa
m

p
les.

M
oreover,

as
n
oted

in
R

em
ark

9
of

(E
ven

-D
ar

et
al.,

2006),
A

lgorith
m

2
is

easily
m

o
d
ifi

ed
(b

y
sim

p
ly

term
in

atin
g

early
)

to
b

e
an

(α
,δ)-P

A
C

algorith
m

w
ith

sam
p
le

com
p
lex

ity

O


N
α

α
2

log (
N
α

δ

)
+

∑

i∈
[k

]:∆̃
i >
α

1∆̃
2i

log (
k

δ∆̃
i ) 

,

w
h
ere

N
α

is
th

e
n
u
m

b
er

of
α

-su
b

op
tim

al
arm

s
w

ith
∆̃
i ≤

α
.

R
e
m

a
rk

4
In

th
e

m
u

lti-a
rm

ed
ba

n
d
it

litera
tu

re,
th

e
sa

m
p
le

co
m

p
lexity

o
f

th
e

S
u

ccessive
E

lim
in

a
tio

n
a
lgo

rith
m

(tigh
t

u
p

to
a

loga
rith

m
ic

fa
cto

r)
w

a
s

im
p
ro

ved
u

po
n

by
(K

a
rn

in
et

a
l.,

2
0
1
3
)’s

E
xpo

n
en

tia
l-G

a
p

E
lim

in
a
tio

n
(E

G
E

)
a
lgo

rith
m

(tigh
t

u
p

to
a

d
o
u

bly
loga

rith
m

ic
fa

cto
r).

A
n

a
tu

ra
l

id
ea

is
to

a
n

a
logo

u
sly

im
p
ro

ve
u

po
n

th
e
P
IB

A
I

gu
a
ra

n
tee

in
T

h
eo

rem
3

by
a
d
a
p
tin

g
th

e
E

G
E

a
lgo

rith
m

.
H

o
w

ever,
th

is
a
p
p
roa

ch
d
oes

n
o
t

w
o
rk.

T
h
e

sa
m

e
h
o
ld

s
fo

r
a
d
a
p
tin

g
th

e
M

ed
ia

n
E

lim
in

a
tio

n
a
lgo

rith
m

o
f

(E
ven

-D
a
r

et
a
l.,

2
0
0
6
)

a
n

d
th

e
P

R
IS

M
a
lgo

rith
m

o
f

(J
a
m

ieso
n

et
a
l.,

2
0
1
3
).

T
h
e

rea
so

n
fo

r
th

e
in

a
d
a
p
ta

bility
o
f

th
ese

a
lgo

rith
m

s—
in

co
n

tra
st

to
th

e
ea

sy
a
d
a
p
ta

bility
o
f

th
e

S
u

ccessive
E

lim
in

a
tio

n
a
lgo

rith
m

a
bo

ve—
is

th
a
t

th
ese

a
lgo

rith
m

s
h
ea

vily
rely

o
n

th
e

“
a
d
d
itive

p
ro

perty
o
f

su
bo

p
tim

a
lity”

fo
r
B
A
I:

“
If

a
rm

i
h
a
s

∆
i

su
bo

p
tim

a
lity

ga
p

w
.r.t.

th
e

o
p
tim

a
l

a
rm

i ∗,
a
n

d
if

a
rm

j
h
a
s

∆
(i)
j

su
bo

p
tim

a
lity

ga
p

w
.r.t.

a
rm

i,
th

en
a
rm

j
h
a
s

su
bo

p
tim

a
lity

ga
p

∆
j

=
∆
i
+

∆
(i)
j

w
.r.t.

th
e

o
p
tim

a
l

a
rm

i ∗.”

T
h
e

critica
l

po
in

t
is

th
a
t
P
IB

A
I

d
oes

n
o
t

h
a
ve

th
is

p
ro

perty
sin

ce
erro

rs
p
ro

pa
ga

te
fro

m
a
d
d
in

g
th

e
u

n
certa

in
ties

U
i

in
th

e
su

bo
p
tim

a
lity

ga
p
s:

th
a
t

is,
(p
i ∗−

U
i ∗)−

(p
j

+
U
j )
6 =

[(p
i ∗−

U
i ∗)−

(p
i
+
U
i )]

+
[(p

i −
U
i )−

(p
j

+
U
j )].

B
eca

u
se

o
f

th
is,

in
o
rd

er
to

retu
rn

a
n

α
-su

bo
p
tim

a
l

a
rm

fo
r
P
IB

A
I,

w
e

m
u

st
en

su
re

th
a
t

a
ll

a
rm

s
th

a
t

a
re

m
o
re

th
a
n
α

-su
bo

p
tim

a
l

12
JM

L
R

 20(91):1-39, 2019



B
e
st

A
r
m

Id
e
n
t
if
ic
a
t
io
n
f
o
r
C
o
n
t
a
m
in
a
t
e
d

B
a
n
d
it
s

a
re

el
im

in
a
te

d
be

fo
re

th
e

o
p
ti

m
a
l

a
rm

is
el

im
in

a
te

d
(i

f
it

ev
er

is
).

T
h
is

is
in

co
n

tr
a
st

to
B
A
I

in
th

e
cl

a
ss

ic
a
l

m
u

lt
i-

a
rm

ed
ba

n
d
it

se
tu

p
:

th
er

e,
it

is
n

o
t

p
ro

bl
em

a
ti

c
if

th
e

be
st

(o
r

ev
en

cu
rr

en
tl

y
be

st
)

a
rm

is
el

im
in

a
te

d
a
t

ro
u

n
d
r,

so
lo

n
g

a
s

th
e

be
st

a
rm

in
co

n
se

cu
ti

ve
ro

u
n

d
s
r

a
n

d
r

+
1

ch
a
n

ge
s

a
t

m
o
st

by
a

sm
a
ll

a
m

o
u

n
t.

3
W

e
st

re
ss

th
a
t

th
is

n
u

a
n

ce
is

n
o
t

m
er

el
y

a
te

ch
n

ic
a
li

ty
bu

t
a
ct

u
a

ll
y

fu
n

d
a
m

en
ta

l
to

th
e

co
rr

ec
tn

es
s

p
ro

o
fs

fo
r
P
IB

A
I.

4
.

F
in

d
in

g
th

e
B

e
st

M
e
d
ia

n

T
h
e

p
re

v
io

u
s

se
ct

io
n

p
ro

v
id

ed
a
lg

o
ri

th
m

s
fo

r
th

e
g
en

er
a
l
P
IB

A
I

p
ro

b
le

m
;

in
th

is
se

ct
io

n
,

th
es

e
a
lg

o
ri

th
m

s
a
re

a
d
a
p
te

d
to

th
e

sp
ec

ia
l

ca
se

o
f

th
e
C
B
A
I

p
ro

b
le

m
,

w
h
ic

h
is

th
e

fo
cu

s
o
f

th
e

p
a
p

er
.

T
h
is

re
q
u
ir

es
a
n

es
ti

m
a
to

r
o
f

th
e

m
ed

ia
n

fr
o
m

co
n
ta

m
in

a
te

d
sa

m
p
le

s
th

a
t

co
n
ce

n
tr

at
es

at
an

ex
p

on
en

ti
al

ra
te

4
.

S
u
b
se

ct
io

n
4.

1
d
ev

el
op

s
th

es
e

st
at

is
ti

ca
l

re
su

lt
s,

w
h
ic

h
ar

e
of

p
ot

en
ti

al
in

d
ep

en
d
en

t
in

te
re

st
to

th
e

ro
b
u
st

st
at

is
ti

cs
co

m
m

u
n
it

y.
S
u
b
se

ct
io

n
4.

2
th

en
co

m
b
in

es
th

es
e

re
su

lt
s

w
it

h
th

e
re

su
lt

s
o
f

th
e

p
re

v
io

u
s

se
ct

io
n

to
co

n
cl

u
d
e

a
lg

o
ri

th
m

s
fo

r
C
B
A
I,

a
n
d

g
iv

es
u
p
p

er
b

o
u
n
d
s

o
n

th
ei

r
sa

m
p
le

co
m

p
le

x
it

y.
F

in
a
ll
y,

S
u
b
se

ct
io

n
4
.3

g
iv

es
in

fo
rm

at
io

n
-t

h
eo

re
ti

c
lo

w
er

b
ou

n
d
s

sh
ow

in
g

th
at

th
e

sa
m

p
le

co
m

p
le

x
it

ie
s

of
th

es
e

al
go

ri
th

m
s

ar
e

op
ti

m
al

(u
p

to
a

sm
al

l
lo

ga
ri

th
m

ic
fa

ct
or

).

4
.1

.
E

st
im

a
ti

o
n

o
f

M
e
d

ia
n

fr
o
m

C
o
n
ta

m
in

a
te

d
S

a
m

p
le

s

In
th

is
su

b
se

ct
io

n
,

w
e

d
ev

el
o
p

th
e

st
a
ti

st
ic

a
l

re
su

lt
s

n
ee

d
ed

to
o
b
ta

in
a
lg

o
ri

th
m

s
fo

r
th

e
C
B
A
I

p
ro

b
le

m
.

S
p

ec
ifi

ca
ll
y,

w
e

o
b
ta

in
ti

g
h
t,

n
o
n
-a

sy
m

p
to

ti
c

sa
m

p
le

-c
o
m

p
le

x
it

y
b

o
u
n
d
s

fo
r

m
ed

ia
n

es
ti

m
a
ti

o
n

fr
o
m

co
n
ta

m
in

a
te

d
sa

m
p
le

s.
W

e
d
o

th
is

fo
r

a
ll

th
re

e
a
d
v
er

sa
ri

a
l

m
o
d

el
s

fo
r

th
e

co
n
ta

m
in

at
io

n
(o

b
li

v
io

u
s,

p
re

sc
ie

n
t,

an
d

m
al

ic
io

u
s)

.
T

h
es

e
re

su
lt

s
m

ay
b

e
of

in
d
ep

en
d
en

t
in

te
re

st
to

th
e

ro
b
u
st

st
at

is
ti

cs
co

m
m

u
n
it

y.

T
h
e

su
b
se

ct
io

n
is

or
ga

n
iz

ed
as

fo
ll
ow

s.
F

ir
st

,
S
u
b
se

ct
io

n
4.

1.
1

st
u
d
ie

s
th

e
co

n
ce

n
tr

at
io

n
of

th
e

em
p
ir

ic
al

m
ed

ia
n

u
n
d
er

th
e

m
os

t
ge

n
er

al
d
is

tr
ib

u
ti

on
al

as
su

m
p
ti

on
s

an
d

p
ro

v
id

es
,

fo
r

a
ll

th
re

e
a
d
v
er

sa
ri

a
l

se
tt

in
g
s,

ti
g
h
t

u
p
p

er
a
n
d

lo
w

er
b

o
u
n
d
s

o
n

th
e

sa
m

p
le

co
m

p
le

x
it

y
o
f

m
ed

ia
n

es
ti

m
a
ti

o
n

fr
o
m

co
n
ta

m
in

a
te

d
sa

m
p

le
s.

N
ex

t,
in

S
u

b
se

ct
io

n
4
.1

.2
w

e
o
b

ta
in

m
o
re

a
lg

o
ri

th
m

ic
a
ll

y
u

se
fu

l
g
u

a
ra

n
te

es
b
y

sp
ec

ia
li

zi
n

g
th

es
e

re
su

lt
s

to
a

fa
m

il
y

o
f

d
is

tr
ib

u
ti

o
n

s
w

h
er

e
th

e
cd

fs
in

cr
ea

se
a
t

le
a
st

li
n
ea

rl
y

in
a

n
ei

g
h
b

o
rh

o
o
d

o
f

th
e

m
ed

ia
n
,

a
v
er

y
co

m
m

o
n

as
su

m
p
ti

on
in

th
e

ro
b
u
st

es
ti

m
at

io
n

li
te

ra
tu

re
.

F
or

th
is

fa
m

il
y

of
d
is

tr
ib

u
ti

on
s,

w
e

ex
p
li
ci

tl
y

co
m

p
u
te

fo
r

al
l

th
re

e
ad

ve
rs

ar
ia

l
se

tt
in

gs
th

e
u
n
av

oi
d
ab

le
b
ia

s
te

rm
s

m
en

ti
on

ed
in

S
ec

ti
on

2
fo

r
m

ed
ia

n
es

ti
m

at
io

n
fr

om
co

n
ta

m
in

at
ed

sa
m

p
le

s.
It

is
w

or
th

em
p
h
as

iz
in

g
th

at
th

es
e

re
su

lt
s

p
re

ci
se

ly
q
u

an
ti

fy
th

e
eff

ec
t

of
th

e
th

re
e

d
iff

er
en

t
ad

ve
rs

ar
ia

l
st

re
n

gt
h

s
on

th
e

co
m

p
le

x
it

y
of

th
e

p
ro

b
le

m
of

m
ed

ia
n

es
ti

m
at

io
n

in
th

e
co

n
ta

m
in

at
io

n
m

o
d
el

.

T
h

ro
u

gh
ou

t
th

is
su

b
se

ct
io

n
,

w
e

w
il

l
on

ly
co

n
si

d
er

a
si

n
gl

e
ar

m
,

an
d

it
s

tr
u

e
d

is
tr

ib
u

ti
on

w
il
l

b
e

d
en

ot
ed

b
y
F

.
F

or
b
re

v
it

y
of

th
e

m
ai

n
te

x
t,

al
l

p
ro

of
s

ar
e

d
ef

er
re

d
to

A
p
p

en
d
ix

B
.

3
.

In
p

a
rt

ic
u

la
r,

a
t

m
o
st

2
−
r
α

fo
r

m
o
st

o
f

th
es

e
a
fo

re
m

en
ti

o
n

ed
a
lg

o
ri

th
m

s,
si

n
ce

th
is

im
p

li
es

th
a
t

th
e

fi
n

a
l

a
rm

Î
is

a
t

m
o
st

∑
∞ r=

1
2
−
r
α

=
α

-s
u

b
o
p

ti
m

a
l.

4
.

F
o
r

th
e

fo
rm

a
l

st
a
te

m
en

t,
se

e
(i

i)
in

th
e

d
efi

n
it

io
n

o
f
P
IB

A
I

in
S

ec
ti

o
n

3
.
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A
lt

sc
h
u
l
e
r
,
B
r
u
n
e
l
,
a
n
d

M
a
l
e
k

4
.1
.1
.
G
e
n
e
r
a
l
C
o
n
c
e
n
t
r
a
t
io
n
R
e
su

lt
s
f
o
r
M
e
d
ia
n
E
st

im
a
t
io
n

L
em

m
a

1
im

p
li
es

th
at

so
m

e
co

n
tr

ol
of

th
e

q
u
an

ti
le

s
of
F

is
n
ec

es
sa

ry
to

ob
ta

in
g
u
a
ra

n
te

es
fo

r
es

ti
m

a
ti

o
n

o
f
m

1
(F

)
fr

o
m

co
n
ta

m
in

a
te

d
sa

m
p
le

s.
W

e
b

eg
in

b
y

co
n
si

d
er

in
g
F

in
th

e
fo

ll
ow

in
g

fa
m

il
y

of
d
is

tr
ib

u
ti

on
s,

w
h
ic

h
w

e
st

re
ss

m
ak

es
th

e
m

os
t

ge
n
er

al
su

ch
a
ss

u
m

p
ti

o
n
.

D
e
fi

n
it

io
n

5
F

o
r

a
n

y
t̄
∈

(0
,

1 2
)

a
n

d
a
n

y
n

o
n

-d
ec

re
a
si

n
g

fu
n

ct
io

n
R

:
[0
,t̄

]
→

R
≥

0
,

d
efi

n
e

H
t̄,
R

to
be

th
e

fa
m

il
y

o
f

a
ll

d
is

tr
ib

u
ti

o
n

s
F

sa
ti

sf
yi

n
g

R
(t

)
≥

m
ax

{ Q
R
,F

(
1 2

+
t)
−
m
,m
−
Q
L
,F

(
1 2
−
t)}

(3
)

fo
r

a
n

y
t
∈

[0
,t̄

]
a
n

d
a
n

y
m

ed
ia

n
m
∈
m

1
(F

).

In
w

or
d
s,

th
e

fu
n
ct

io
n
R

d
ic

ta
te

s
th

e
th

e
m

ax
im

al
d
ev

ia
ti

on
fr

om
th

e
m

ed
ia

n
th

at
a

cd
f
F

ca
n

h
av

e
fo

r
al

l
q
u
an

ti
le

s
in

a
sm

al
l

n
ei

gh
b

or
h
o
o
d

[1 2
−
t̄,

1 2
+
t̄]

ar
ou

n
d

th
e

m
ed

ia
n
.

S
in

ce
R

is
an

ar
b

it
ra

ry
n
on

-d
ec

re
as

in
g

fu
n

ct
io

n
,

D
efi

n
it

io
n

5
gi

ve
s

th
e

m
os

t
ge

n
er

al
p

os
si

b
le

b
ou

n
d

on
th

es
e

q
u
an

ti
le

s.

N
ot

e
th

at
if
ε
>
ε̄(
t̄)

:=
2
t̄

1
+

2
t̄
,

it
is

im
p

os
si

b
le

to
co

n
tr

ol
th

e
d
ev

ia
ti

on
of

th
e

co
n
ta

m
in

at
ed

m
ed

ia
n

fr
o
m

th
e

tr
u
e

m
ed

ia
n

fo
r
F
∈
H
t̄,
R

.
In

d
ee

d
,

th
e

re
q
u
ir

em
en

t
ε
≤
ε̄(
t̄)

:=
2
t̄

1
+

2
t̄

is
eq

u
iv

a
le

n
t

to
t̄
≥

ε
2
(1
−
ε)

,
w

h
ic

h
,

b
y

L
em

m
a

1
,

is
th

e
la

rg
es

t
p

o
ss

ib
le

d
ev

ia
ti

o
n

fr
o
m

th
e

1 2
-q

u
an

ti
le

.

C
o
m

b
in

in
g

L
em

m
a

1
w

it
h

th
e

d
efi

n
it

io
n

o
f
R

in
D

efi
n
it

io
n

5
im

m
ed

ia
te

ly
y
ie

ld
s

th
e

fo
ll
ow

in
g

ti
g
h
t

b
o
u
n
d

o
n

h
ow

fa
r

th
e

co
n
ta

m
in

a
te

d
m

ed
ia

n
ca

n
b

e
m

ov
ed

fr
o
m

th
e

tr
u
e

m
ed

ia
n

fo
r

an
y
F
∈
H
t̄,
R

.

C
o
ro

ll
a
ry

6
F

o
r

a
n

y
t̄
∈

(0
,

1 2
),

a
n

y
ε
∈

(0
,ε̄

(t̄
))

,
a
n

d
a
n

y
n

o
n

-d
ec

re
a
si

n
g

fu
n

ct
io

n
R

:
[0
,t̄

]
→

R
≥

0
,

su
p

F
∈H

t̄,
R
,m
∈m

1
(F

),

d
is

tr
ib

u
ti

o
n
G
,m̃
∈m

1
((

1
−
ε)
F

+
εG

)

|m̃
−
m
|=

R

(
ε

2(
1
−
ε)

)

W
e

n
ow

tu
rn

to
es

ti
m

a
ti

o
n

re
su

lt
s.

A
t

th
is

p
o
in

t
it

is
n

ec
es

sa
ry

to
d

is
ti

n
g
u

is
h

b
et

w
ee

n
th

e
th

re
e

a
d
v
er

sa
ri

a
l

se
tt

in
g
s

fo
r

th
e

co
n
ta

m
in

a
ti

o
n
.

W
e

b
eg

in
w

it
h

g
u
a
ra

n
te

es
fo

r
th

e
ob

li
v
io

u
s

an
d

p
re

sc
ie

n
t

ad
ve

rs
ar

ia
l

se
tt

in
gs

,
w

h
ic

h
—

so
m

ew
h
at

su
rp

ri
si

n
gl

y
—

tu
rn

ou
t

to
h
av

e
th

e
sa

m
e

ra
te

s.
In

p
a
rt

ic
u

la
r,

w
e

sh
ow

th
a
t

w
it

h
p

ro
b

a
b

il
it

y
a
t

le
a
st

1
−
δ,

th
e

es
ti

m
a
ti

o
n

er
ro

r
is

b
o
u
n
d
ed

a
b

ov
e

b
y
R

(
ε

2
(1
−
ε)

+
O

(√
lo

g
1
/
δ

n
))

.
N

o
te

th
a
t

if
R

is
L

ip
sc

h
it

z,
th

en
th

is

q
u
an

ti
ty

is
b

ou
n
d
ed

ab
ov

e
b
y

th
e

u
n
av

oi
d
ab

le
u
n
ce

rt
ai

n
ty

te
rm

R
(

ε
2
(1
−
ε)

)
(s

ee
C

or
ol

la
ry

6)

p
lu

s
a
n

er
ro

r
te

rm
th

a
t

d
ec

ay
s

q
u
ic

k
ly

w
it

h
n
−

1
/
2

ra
te

a
n
d

h
a
s

su
b
-G

a
u
ss

ia
n

ta
il
s

in
δ.

T
h
is

co
n
fi
d
en

ce
-i

n
te

rv
a
l

te
rm

is
o
f

o
p
ti

m
a
l

o
rd

er
si

n
ce

it
is

ti
g
h
t

ev
en

fo
r

es
ti

m
a
ti

n
g

th
e

m
ea

n
(a

n
d

th
u
s

m
ed

ia
n
)

o
f

a
G

a
u
ss

ia
n

ra
n
d
o
m

va
ri

a
b
le

w
it

h
k
n
ow

n
u
n
it

va
ri

a
n
ce

fr
o
m

u
n

co
n

ta
m

in
a
te

d
sa

m
p
le

s.

L
e
m

m
a

7
L

et
t̄
∈

(0
,

1 2
),
ε
∈

(0
,ε̄

(t̄
))

,
a
n

d
F
∈
H
t̄,
R

.
L

et
Y
i
∼
F

a
n

d
D
i
∼

B
er

(ε
),

fo
r

i
∈

[n
],

a
ll

be
d
ra

w
n

in
d
ep

en
d
en

tl
y.

L
et
{Z

i}
i∈

[n
]

be
a
rb

it
ra

ry
ra

n
d
o
m

va
ri

a
bl

es
po

ss
ib

ly

1
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B
e
st

A
r
m

Id
e
n
t
if
ic
a
t
io
n
f
o
r
C
o
n
t
a
m
in
a
t
e
d

B
a
n
d
it
s

d
epen

d
in

g
o
n
{Y

i ,D
i }
i∈

[n
] ,

a
n

d
d
efi

n
e
X
i

=
(1−

D
i )Y

i
+
D
i Z
i .

T
h
en

,
fo

r
a
n

y
co

n
fi

d
en

ce

level
δ∈

(0,1
)

a
n

d
n

u
m

ber
o
f

sa
m

p
les

n
≥

2 (
t̄−

ε
2
(1−

ε) )
−

2
log

2δ
,

w
e

h
a
ve

P

(
su

p
m
∈
m

1
(F

) |m̂
1 (X

1 ,...,X
n
)−

m
|≤

R

(
ε

2(1−
ε)

+

√
2

log
(2/

δ)

n

)
)
≥

1−
δ.

N
ote

th
at

b
ecau

se
th

e
classH

t̄,R
on

ly
assu

m
es

con
trol

on
th

e
[
12 ±
t̄ ]

q
u

an
tiles,

th
e

m
in

im
u

m
sam

p
le

com
p
lex

ity
n

m
u
st

grow
as
t̄

ap
p
roach

es
ε

2
(1−

ε) ,
sin

ce
b
y

L
em

m
a

1
th

is
is

th
e

largest
q
u
a
n
tile

d
ev

ia
tion

th
at

th
e

con
tam

in
ated

m
ed

ian
can

b
e

m
oved

from
th

e
tru

e
m

ed
ian

.
W

e
n
ow

tu
rn

to
m

a
licio

u
s

a
d
v
ersa

ries
a
n
d

d
eriv

e
a
n
a
lo

g
o
u
s

tig
h
t,

n
o
n
-a

sy
m

p
to

tic
sa

m
p
le

co
m

p
lex

ity
b

o
u
n
d
s

fo
r

m
ed

ia
n

estim
a
tio

n
fro

m
co

n
ta

m
in

a
ted

sa
m

p
les.

W
e

sh
ow

th
a
t

it
p

o
ssib

le
to

o
b

ta
in

estim
a
tio

n
a
ccu

ra
cy

o
f
R

(ε)
in

th
is

m
a
licio

u
s

a
d

v
ersa

ria
l

settin
g

(L
em

m
a

8
).

N
o
te

th
a
t

th
is

is
w

ea
k
er

th
a
n

th
e

th
e

a
ccu

ra
cy

o
f
R

(
ε

2
(1−

ε) )
o
b
ta

in
ed

a
b

ov
e

a
g
a
in

st
o
b
liv

io
u
s

a
n
d

p
rescien

t
a
d
v
ersa

ries.
H

ow
ev

er,
w

e
a
lso

sh
ow

th
a
t

th
is

d
ep

en
d
en

cy

is
tig

h
t

a
n
d

u
n
av

o
id

a
b
le

(L
em

m
a

9
).

M
o
reov

er,
th

e
O

( √
lo

g
1
/
δ

n
)

erro
r

term
in

L
em

m
a

8
is

tigh
t

for
th

e
sam

e
reason

as
it

w
as

in
L

em
m

a
7;

see
th

e
d
iscu

ssion
th

ere.
F

in
ally,

w
e

rem
ark

th
at

th
e

u
p
p

er
b

ou
n
d

on
ε

an
d

th
e

low
er

b
ou

n
d

on
th

e
sam

p
le

com
p
lex

ity
n

in
L

em
m

a
8

are
ex

a
ctly

th
e

a
n

a
lo

g
u

es
o
f

th
e

co
rresp

o
n

d
in

g
b

o
u

n
d

s
in

L
em

m
a

7
;

th
e

o
n

ly
d

iff
eren

ce
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u
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−
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∈
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∈
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∈
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∈
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√
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≥
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∈
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|m̂
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√
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d
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p
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n
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h
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d
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b
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b
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p
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F
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+
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n
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.
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b
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∈
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∈
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ra
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p
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.
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p
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m
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p
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w
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+
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a
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d
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t̄∈
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t̄∈
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+
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∈
F
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∈
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=
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b
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term

s
of

th
e

q
u
an

tity

U
ε,B

,m
2

:=
B
m

2
ε

2(1−
ε) .

C
o
ro

lla
ry

1
2

F
o
r

a
n

y
t̄∈
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∈
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∈
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−
m

1 (F
)|≤

U
ε,B

,m
2
(F

) .

R
e
m

a
rk

1
3

(T
ig

h
tn

e
ss

o
f

C
o
ro

lla
ry

1
2
)

F
o
r

a
n

y
a
>
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=
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∈
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∈
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⊂
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t
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=
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d
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=
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+
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=
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p
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=
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p
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p
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p
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b
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ra
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b
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p
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p
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b
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L
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p
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re
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∈
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∈
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p
le

s
n
≥

2
m

ax

(
B

2
m

2 2
(F

)
E

2
,
( t̄
−

ε
2
(1
−
ε)

) −
2
)

lo
g

2 δ
,

w
e

h
a
ve

P(
|m̂
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−
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≥
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p
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∈
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∈
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p
le

s
n
≥

2
m

ax
( B

2
m

2 2
(F

)
E

2
,

(t̄
−
ε)
−
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|m̂
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d
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h
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at
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b
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p
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p
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al

ly
id

en
ti

fi
ab

le
se

tt
in

g
(s

ee
R

em
ar

k
4)

.
O

n
e

co
n
cr

et
e

p
os

si
b
il
it

y
is

to
ob

ta
in

a
ti

gh
te

r
u
p
p

er
b

ou
n
d

b
y

ad
ap

ti
n
g

th
e

al
go

ri
th

m
of

(J
am

ie
so

n
et

al
.,

20
14

)
to

th
e
C
B
A
I

p
ro

b
le

m
.

T
h
is

w
o
u
ld

re
q
u
ir

e
p
ro

v
in

g
a

n
o
n
-a

sy
m

p
to

ti
c

v
er

si
o
n

o
f

th
e

L
aw

of
th

e
It

er
at

ed
L

og
ar

it
h

m
fo

r
em

p
ir

ic
al

m
ed

ia
n
s,

w
h

ic
h

w
ou

ld
b

e
of

in
d

ep
en

d
en

t
in

te
re

st
.

•
W

e
h
av

e
d
ev

el
o
p

ed
a
lg

o
ri

th
m

s
fo

r
o
n
li
n
e

le
a
rn

in
g

in
th

e
p
re

se
n
ce

o
f

p
a
rt

ia
l

id
en

ti
-

fi
a
b
il
it

y.
H

ow
fa

r
d
o
es

th
is

to
o
lk

it
ex

te
n
d
?

In
p
a
rt

ic
u
la

r,
d
o

o
u
r

re
su

lt
s

a
p
p
ly

to
m

or
e

co
m

p
li
ca

te
d

or
m

or
e

ge
n
er

al
fe

ed
b
ac

k
st

ru
ct

u
re

s
su

ch
as

p
ar

ti
al

m
on

it
or

in
g

(s
ee

e.
g.

(B
ar

tó
k

et
al

.,
20

14
))

or
gr

ap
h

fe
ed

b
a
ck

(s
ee

e.
g.

(A
lo

n
et

al
.,

20
17

))
?

•
T

h
e

co
n
ta

m
in

a
te

d
b
a
n
d
it

se
tu

p
m

o
d
el

s
m

a
n
y

re
a
l-

w
o
rl

d
p
ro

b
le

m
s

th
a
t

ca
n
n
o
t

b
e

m
o
d
el

ed
b
y

th
e

cl
as

si
ca

l
b
an

d
it

se
tu

p
.

Is
it

ap
p
li
ca

b
le

an
d

ap
p
ro

ac
h
ab

le
to

fo
rm

u
la

te
ot

h
er

cl
as

si
ca

l
on

li
n
e-

le
ar

n
in

g
p
ro

b
le

m
s

in
si

m
il
ar

co
n
ta

m
in

at
io

n
se

tu
p
s?

•
M

o
re

a
b
st

ra
ct

ly
,

w
e

th
in

k
th

a
t

p
ro

b
le

m
s

a
t

th
e

in
te

rs
ec

ti
o
n

o
f

o
n
li
n
e

le
a
rn

in
g

a
n
d

ro
b

u
st

st
a
ti

st
ic

s
a
re

n
o
t

o
n

ly
m

a
th

em
a
ti

ca
ll

y
ri

ch
,

b
u

t
a
ls

o
a
re

in
cr

ea
si

n
g
ly

re
le

va
n
t,

g
iv

en
th

e
re

ce
n
t

in
fl
u
x

o
f

a
ct

iv
e

le
a
rn

in
g

ta
sk

s
w

it
h

d
a
ta

th
a
t

a
re

n
o
t

co
m

p
le

te
ly
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A
lt

sc
h
u
l
e
r
,
B
r
u
n
e
l
,
a
n
d

M
a
l
e
k

tr
u
st

w
o
rt

h
y.

It
m

ay
b

e
va

lu
a
b
le

to
u
se

te
ch

n
iq

u
es

fr
o
m

o
n
e

o
f

th
e

fi
el

d
s

to
a
p
p
ro

a
ch

p
ro

b
le

m
s

in
th

e
ot

h
er

,
as

w
e

d
id

h
er

e.

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

a
re

g
ra

te
fu

l
to

th
e

a
n

o
n
y
m

o
u
s

re
v
ie

w
er

s
fo

r
th

ei
r

in
si

g
h
tf

u
l

co
m

m
en

ts
.

W
e

a
ls

o
th

a
n

k
M

ar
co

A
ve

ll
a

M
ed

in
a

an
d

P
h
il
ip

p
e

R
ig

ol
le

t
fo

r
h
el

p
fu

l
d
is

cu
ss

io
n
s.

J
A

is
su

p
p

or
te

d
b
y

N
S
F

G
ra

d
u
at

e
R

es
ea

rc
h

F
el

lo
w

sh
ip

11
22

37
4.

A
p
p

e
n
d
ix

A
.

P
ro

p
e
rt

ie
s

o
f
F t̄

,B
a
n
d
F t̄

,B
,m̄

2
,κ

T
h
e

fo
ll
ow

in
g

le
m

m
a

li
st

s
so

m
e

si
m

p
le

p
ro

p
er

ti
es

o
f
F t̄
,B

(d
efi

n
ed

in
D

efi
n
it

io
n

1
0
)

a
n
d

F t̄
,B
,m̄

2
,κ

(d
efi

n
ed

in
D

efi
n
it

io
n

20
),

w
h
ic

h
w

e
u
se

of
te

n
th

ro
u
gh

ou
t

th
e

p
ap

er
.

F
o
r

sh
o
rt

h
a
n
d
,

w
e

d
en

o
te
I F
,t̄

:=
[ Q

L
,F

(1 2
−
t̄)
,Q

R
,F

(1 2
+
t̄)
] fo

r
a

d
is

tr
ib

u
ti

o
n
F

a
n
d

a
re

al
n
u
m

b
er
t̄
∈

(0
,

1 2
).

L
e
m

m
a

2
6

If
F
∈
F t̄
,B

,
th

en
:

1
.

F
o
r

a
n

y
a
6=

0
a
n

d
b
∈
R

,
th

e
d
is

tr
ib

u
ti

o
n
F

(a
·+
b)

is
a
ls

o
in
F
B
,t̄

.

2
.
F

is
st

ri
ct

ly
m

o
n

o
to

n
ic

a
ll

y
in

cr
ea

si
n

g
in
I F
,t̄

.

3
.
Q
L
,F

(t
)

=
Q
R
,F

(t
),

fo
r

a
ll
t
∈
F

(I
F
,t̄
)

=
[1 2
±
t̄]

.

4
.
Q
L
,F

(F
(x

))
=
x

fo
r

a
ll
x
∈
I F
,t̄

a
n

d
w

e
w

ri
te
F
−

1
fo

r
Q
L
,F

=
Q
R
,F

.

5
.

T
h
e

le
ft

a
n

d
ri

gh
t

qu
a
n

ti
le

s
o
f
F

a
re

eq
u

a
l

in
th

e
in

te
rv

a
l
F

(I
F
,t̄
)

=
[1 2
−
t̄,

1 2
+
t̄]

.

6
.

F
o
r

a
n

y
u

1
,u

2
∈
F

(I
F
,t̄
)

=
[1 2
−
t̄,

1 2
+
t̄]

,

|u
1
−
u

2
|≥

1

B
m

2
(F

)|
F
−

1
(u

1
)
−
F
−

1
(u

2
)|.

M
o
re

o
ve

r
if

w
e

a
ls

o
h
a
ve
F
∈
F t̄
,B
,m̄

2
,κ

,
th

en
:

7
.

F
o
r

a
n

y
a
6=

0
a
n

d
b
∈
R

,
th

e
d
is

tr
ib

u
ti

o
n
F

(a
·+
b)

is
in
F
B
,t̄
,a
m̄

2
,κ

.

8
.

L
et
H

be
th

e
d
is

tr
ib

u
ti

o
n

o
f
|Y
−
m
|,

w
h
er

e
Y
∼
F

.
T

h
en

H
∈
F t̄

H
,B
H

,
w

h
er

e
B
H

:=
κ
B

a
n

d
t̄ H

:=
m

in
(1 2
,

2 B
).

P
ro

o
f

W
h
en

p
ro

ve
d

in
or

d
er

,
al

l
of

th
es

e
st

at
em

en
ts

fo
ll
ow

ea
si

ly
fr

om
th

e
d
efi

n
it

io
n

of
th

e
fu

n
ct

io
n

cl
as

s
an

d
th

e
ea

rl
ie

r
st

at
em

en
ts

.
T

h
e

on
ly

p
ar

t
re

q
u
ir

in
g

eff
or

t
is

it
em

8,
w

h
ic

h
w

e

2
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B
e
st

A
r
m

Id
e
n
t
if
ic
a
t
io
n
f
o
r
C
o
n
t
a
m
in
a
t
e
d

B
a
n
d
it
s

n
ow

verify.
F

ix
an

y
r

1 ,r
2 ∈

I
H
,t̄
H

,
w

h
ere

w
ith

ou
t

loss
of

gen
erality

r
1 ≥

r
2 ≥

0.
T

h
en

H
(r

1 )−
H

(r
2 )

=
P

(|Y
−
m

1 (F
)|≤

r
1 )−

P
(|Y
−
m

1 (F
)|≤

r
2 )

=
[P

(Y
≤
m

1 (F
)

+
r

1 )−
P

(Y
≤
m

1 (F
)

+
r

2 )]

+
[P

(Y
<
m

1 (F
)−

r
2 )−

P
(Y

<
m

1 (F
)−

r
1 )]

≥
F

(m
1 (F

)
+
r

1 )−
F

(m
1 (F

)
+
r

2 )

≥
|r

1 −
r

2 |
B
m

2 (F
)

(5)

≥
|r

1 −
r

2 |
κ
B
m

4 (F
)

=
|r

1 −
r

2 |
B
H
m

2 (H
) .

T
h
e

o
n
ly

step
req

u
irin

g
ju

stifi
ca

tio
n

is
th

e
in

eq
u
a
lity

in
(5):

th
is

is
ev

id
en

t
b
y

(4)
if

r
1 ,r

2 ∈
[m

1 (F
) ±

2m
2 (F

)],
b
u
t

th
is

con
d
ition

m
u
st

b
e

ch
ecked

.
O

n
ce

w
e

sh
ow

th
is

con
d
ition

is
m

et,
w

e
a
re

im
m

ed
iately

d
on

e.

T
h
erefore,

it
is

n
ow

su
ffi

cien
t

to
p
rove

th
at
r

1 ,r
2 ∈

[m
1 (F

) ±
2m

2 (F
)].

S
in

ce
r

1 ,r
2 ≥

0,
it

su
ffi

ces
to

sh
ow

th
a
t

th
e

la
rg

est
va

lu
e

in
I
H
,t̄
H

,
n

a
m

ely
Q
R
,H

(
12

+
t̄H

),
is

a
t

m
o
st

2
m

2 (F
).

A
n
d

to
sh

ow
th

is,
it

su
ffi

ces
to

sh
ow

12
+
t̄H

<
H

(2
m

2 (F
)).

W
e

sh
ow

th
is

la
st

in
eq

u
a
lity

p
resen

tly
:

b
y

a
n

sim
ilar

argu
m

en
t

as
in

th
e

fi
rst

few
lin

es
of

th
e

ab
ove

d
isp

lay,

H
(2m

2 (F
))−

12
=
H

(2m
2 (F

))−
H

(m
2 (F

))

=
[P

(Y
≤
m

1 (F
)

+
2
m

2 (F
))−

P
(Y
≤
m

1 (F
)

+
m

2 (F
))]

+
P

(Y
∈

[m
1 (F

)−
2
m

2 (F
),m

1 (F
)−

m
2 (F

)))

>
F

(m
1 (F

)
+

2
m

2 (F
))−

F
(m

1 (F
)

+
m

2 (F
))

(6)

≥
1B

(7)

≥
t̄H
,

w
h
ere

(6
)

is
b

eca
u
se
F

is
m

o
n
o
to

n
ica

lly
in

crea
sin

g
in

[m
1 (F

)−
2
m

2 (F
),m

1 (F
)

+
2
m

2 (F
)]

b
y

p
rop

erty
(i)

in
th

e
d
efi

n
ition

ofF
t̄,B

,m̄
2
,κ ,

an
d

(7)
is

d
u
e

to
(4).

T
h
is

com
p
letes

th
e

p
ro

of.

A
p
p

e
n
d
ix

B
.

P
ro

o
fs

fo
r

E
stim

a
tio

n
fro

m
C

o
n
ta

m
in

a
te

d
S
a
m

p
le

s

T
h
ro

u
g
h
o
u
t,

w
e

d
en

ote
th

e
in

d
icator

ran
d
om

variab
le

fo
r

an
even

tE
b
y
1{E}

.

B
.1

.
E

stim
a
tio

n
o
f

M
e
d

ia
n

fo
r

O
b

liv
io

u
s

a
n

d
P

re
sc

ie
n
t

A
d

v
e
rsa

rie
s

P
ro

o
f

o
f

L
e
m

m
a

7
F

o
r

sh
o
rth

a
n

d
,

let
m̂

:=
m̂

1 (X
1 ,...,X

n
)

a
n

d
let

m
∈
m

1 (F
)

b
e

a
n
y

m
ed

ia
n

o
f
F

.
F

or
each

i∈
[n

],
d
efi

n
e

th
e

in
d
ica

tor
ran

d
o
m

variab
le

L
i

:=
1
{

(D
i

=
1)

or
(
D
i

=
0

an
d
Y
i ≥

Q
R
,F

(
1

2
(1−

ε)
+
a ))}

,
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A
lt

sc
h
u
l
e
r
,
B
r
u
n
e
l
,
a
n
d

M
a
l
e
k

w
h
ere

a
:=

√
lo

g
(2
/
δ
)

(1−
ε) √

2
n
<

√
2

lo
g
(2
/
δ
)

n
.

B
y

in
d
ep

en
d
en

ce
of
D
i

an
d
Y
i ,
L
i

h
as

m
ean

E
[L
i ]

=
ε

+
(1−

ε) (
1−

(
1

2
(1−

ε)
+
a ))

=
12 −

(1−
ε)a

.

M
oreover,

th
e
{L

i }
i∈

[n
]

are
in

d
ep

en
d
en

t,
an

d
th

u
s

b
y

H
o
eff

d
in

g’s
in

eq
u
ality,

P
(
m̂
≥
Q
R
,F

(
1

2(1−
ε)

+
a ))

≤
P

(
n
∑i=

1

L
i ≥

n2 )
≤

ex
p (−

2n
(1−

ε)
2a

2 )
=
δ2
.

T
h
erefore,

w
ith

p
rob

ab
ility

at
least

1−
δ2 ,

m̂
−
m
<
Q
R
,F

(
1

2(1−
ε)

+
a )
−
Q
R
,F

(
12 )
≤
R

(
ε

2(1−
ε)

+
a )

,

w
h

ere
th

e
fi

n
a
l

in
eq

u
a
lity

is
d

u
e

to
(3),

w
h

ich
w

e
m

ay
in

v
o
k
e

sin
ce

12
+

ε
2
(1−

ε)
+
a
≤

12
+
t̄

b
y

ou
r

ch
oice

of
n

.
A

n
id

en
tical

argu
m

en
t

(or
b
y

sy
m

m
etry

w
ith
−
F

)
y
ield

s
th

e
an

alogou
s

resu
lt

for
th

e
low

er
tail

of
m̂

,
n
am

ely
th

at
m
−
m̂
<
R

(
ε

2
(1−

ε)
+
a
)

w
ith

p
rob

ab
ility

at
least

1−
δ2 .

T
h
e

lem
m

a
statem

en
t

follow
s

b
y

a
u
n
ion

b
ou

n
d
.

B
.2

.
E

stim
a
tio

n
o
f

M
e
d

ia
n

fo
r

M
a
lic

io
u

s
A

d
v
e
rsa

rie
s

W
e

n
ow

tu
rn

to
p
rov

id
in

g
th

e
p
ro

o
fs

o
f

L
em

m
a

8
a
n
d

9
.

B
elow

,
it

w
ill

b
e

co
n
v
en

ien
t

to
d
en

ote
b
y
y

(k
)

th
e
k
-th

ord
er

statistic
of

a
(p

ossib
ly

ran
d
om

)
seq

u
en

ce
y

1 ,...,y
n
∈
R

.
In

form
ally,

th
e

p
ro

of
of

L
em

m
a

8
p
ro

ceed
s

b
y

(i)
sh

ow
in

g
th

at
m̂

1 (X
1 ,...,X

n
)

is
d
eter-

m
in

istica
lly

b
o
u
n
d
ed

w
ith

in
th

e
o
rd

er
sta

tistics
Y

(b
n2 c ±

∑
ni=

1
D
i )

(L
em

m
a

2
7
),

(ii)
a
p
p
ly

in
g

H
o
eff

d
in

g’s
in

eq
u
ality

to
argu

e
th

at
w

.h
.p

.,
at

m
ost ∑

ni=
1
D
i ≈

εn
sam

p
les

are
con

tam
in

ated
,

a
n
d

(iii)
reu

sin
g

th
e

tech
n
iq

u
es

o
f

L
em

m
a

7
to

a
rg

u
e

th
a
t

w
.h

.p
.,

th
e

o
rd

er
sta

tistics
o
f

Y
(b
n2 c ±

εn
)

a
re

w
ith

in
th

e
d

esired
erro

r
ra

n
g
e

fro
m
m

1 (F
).

S
in

ce
ea

ch
o
f

th
ese

step
s

is
tig

h
t

u
p

to
a

sm
a
ll

a
m

o
u
n
t

o
f

sla
ck

,
th

e
p
ro

o
f

o
f

th
e

co
n
v
erse

L
em

m
a

9
p
ro

ceed
s
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b
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→
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p
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b
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∈
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∈
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∈
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p
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∈
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d
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p
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p
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b
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d
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P
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=
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−
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=
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−
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p
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−
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−
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d
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p
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=
p
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u
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=
p
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=
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=
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d
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=
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éra

u
d
,

a
n
d

O
d
a
lric-A

m
b
ry

m
M

a
illa

rd
.

T
h
e

n
o
n
-sta

tio
n
a
ry

sto
ch

a
stic

m
u
lti-a

rm
ed

b
a
n
d
it

p
ro

b
lem

.
In

tern
a
tio

n
a
l

J
o
u

rn
a
l

o
f

D
a
ta

S
cien

ce
a
n

d
A

n
a
lytics,

(4):267–283,
2017.

N
o
g
a

A
lo

n
,

N
ico

lo
C

esa
-B

ia
n
ch

i,
C

la
u
d
io

G
en

tile,
S
h
ie

M
a
n
n
o
r,

Y
ish

ay
M

a
n
so

u
r,

a
n
d

O
h
ad

S
h
am

ir.
N

on
sto

ch
astic

m
u
lti-arm

ed
b
an

d
its

w
ith

grap
h
-stru

ctu
red

feed
b
ack

.
S

IA
M

J
o
u

rn
a
l

o
n

C
o
m

p
u

tin
g,

46(6):1785–1826,
2017

.

M
a
rtin

A
n
th

o
n
y

a
n
d

P
eter

L
B

a
rtlett.

N
eu

ra
l

n
etw

o
rk

lea
rn

in
g:

T
h
eo

retica
l

fo
u

n
d
a
tio

n
s.

C
am

b
rid

ge
U

n
iv

ersity
P

ress,
2009.

G
áb

or
B

artók
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áb
or

L
u
gosi.

B
an

d
its

w
ith

h
eav

y
tail.

IE
E

E
T

ra
n

sa
ctio

n
s

o
n

In
fo

rm
a
tio

n
T

h
eo

ry,
(11):7711–7717,

2013.

36
JM

L
R

 20(91):1-39, 2019



B
e
st

A
r
m

Id
e
n
t
if
ic
a
t
io
n
f
o
r
C
o
n
t
a
m
in
a
t
e
d

B
a
n
d
it
s

M
os

es
C

h
ar

ik
ar

,
J
ac

ob
S

te
in

h
ar

d
t,

an
d

G
re

go
ry

V
al

ia
n
t.

L
ea

rn
in

g
fr

om
u

n
tr

u
st

ed
d

at
a.

In
S

ym
po

si
u

m
o
n

T
h
eo

ry
o
f

C
o
m

p
u

ti
n

g
(S

T
O

C
),

p
ag

es
4
7–

60
.

A
C

M
,

20
17

.

L
ij

ie
C

h
en

an
d

J
ia

n
L

i.
O

n
th

e
op

ti
m

al
sa

m
p
le

co
m

p
le

x
it

y
fo

r
b

es
t

ar
m

id
en

ti
fi
ca

ti
on

.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

5
1
1
.0

3
7
7
4
,

20
15

.

Y
es

h
w

a
n
th

C
h
er

a
p
a
n
a
m

je
ri

,
P

ra
te

ek
J
a
in

,
a
n
d

P
ra

n
ee

th
N

et
ra

p
a
ll
i.

T
h
re

sh
o
ld

in
g

b
a
se

d
E

ffi
ci

en
t

O
u
tl

ie
r

R
ob

u
st

P
C

A
.

a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

7
0
2
.0

5
5
7
1
,

20
17

.

H
er

m
an

C
h
er

n
off

.
S

eq
u

en
ti

a
l

a
n

a
ly

si
s

a
n

d
o
p
ti

m
a
l

d
es

ig
n

.
S
IA

M
,

19
72

.

Il
ia

s
D

ia
ko

n
ik

ol
as

,
G

au
ta

m
K

am
at

h
,

D
an

ie
l

M
K

an
e,

J
er

ry
L

i,
A

n
k
u
r

M
oi

tr
a,

an
d

A
li
st

ai
r

S
te

w
a
rt

.
R

o
b

u
st

ly
le

a
rn

in
g

a
g
a
u

ss
ia

n
:

G
et

ti
n

g
o
p

ti
m

a
l

er
ro

r,
effi

ci
en

tl
y.

In
S

ym
po

si
u

m
o
n

D
is

cr
et

e
A

lg
o
ri

th
m

s
(S

O
D

A
),

p
ag

es
2
68

3–
27

02
.

S
IA

M
,

20
18

.

E
ya

l
E

ve
n
-D

ar
,

S
h
ie

M
an

n
or

,
an

d
Y

is
h
ay

M
an

so
u
r.

P
A

C
b

ou
n
d
s

fo
r

m
u
lt

i-
ar

m
ed

b
an

d
it

an
d

m
a
rk

ov
d
ec

is
io

n
p
ro

ce
ss

es
.

In
C

o
n

fe
re

n
ce

o
n

C
o
m

p
u

ta
ti

o
n

a
l

L
ea

rn
in

g
T

h
eo

ry
(C

O
L

T
),

p
ag

es
25

5–
27

0.
S
p
ri

n
ge

r,
20

02
.

E
y
a
l

E
v
en

-D
a
r,

S
h
ie

M
a
n
n
o
r,

a
n
d

Y
is

h
ay

M
a
n
so

u
r.

A
ct

io
n

el
im

in
a
ti

o
n

a
n
d

st
o
p
p
in

g
co

n
d
it

io
n
s

fo
r

th
e

m
u
lt

i-
a
rm

ed
b
a
n
d
it

a
n
d

re
in

fo
rc

em
en

t
le

a
rn

in
g

p
ro

b
le

m
s.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

(J
M

L
R

),
(J

u
n
):

1
07

9–
11

05
,

20
06

.

V
ic

to
r

G
ab

il
lo

n
,

M
oh

am
m

ad
G

h
av

am
za

d
eh

,
an

d
A

le
ss

an
d
ro

L
az

ar
ic

.
B

es
t

ar
m

id
en

ti
fi
ca

ti
on

:
A

u
n
ifi

ed
ap

p
ro

ac
h

to
fi
x
ed

b
u
d
ge

t
an

d
fi
x
ed

co
n
fi
d
en

ce
.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
(N

IP
S

),
p
ag

es
32

12
–3

22
0,

20
12

.

A
u
ré
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é,
a
n
d

A
u
ré
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b
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ra
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b
li
ca

ti
on

s
d
es

cr
ib

in
g

an
y

of
th

e
le

x
ic

on
s

or
re

so
u
rc

es
u
se

d
w

it
h

th
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p
u

tL
exico

n
F

ea
tu

reV
ecto

r
fi
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b
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l
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Å

ru
p

N
ie

ls
en

.
A

n
ew

A
N

E
W

:
E

va
lu

a
ti

on
of

a
w

or
d

li
st

fo
r

se
n
ti

m
en

t
an

al
y
si

s
in

m
ic

ro
b
lo

gs
.

In
P

ro
ce

ed
in

gs
o
f

th
e

1
st

W
o
rk

sh
o
p

o
n

M
a
ki

n
g

S
en

se
o
f

M
ic

ro
po

st
s

(#
M

S
M

2
0
1
1
),

p
ag

es
93

–9
8,

M
ay

20
11

.

S
te

ve
n

B
ir

d
an

d
E

d
w

ar
d

L
op

er
.

N
L
T

K
:

T
h
e

n
at

u
ra

l
la

n
gu

ag
e

to
o
lk

it
.

In
T

h
e

C
o
m

pa
n

io
n

V
o
lu

m
e

to
th

e
P

ro
ce

ed
in

gs
o
f

4
2
st

A
n

n
u

a
l

M
ee

ti
n

g
o
f

th
e

A
ss

oc
ia

ti
o
n

fo
r

C
o
m

p
u

ta
ti

o
n

a
l

L
in

gu
is

ti
cs

,
p
ag

es
21

4–
21

7,
B

ar
ce

lo
n
a,

S
p
ai

n
,

J
u
ly

2
00

4
.

A
ss

o
ci

at
io

n
fo

r
C

om
p
u
ta

ti
on

al
L

in
gu

is
ti

cs
.

F
el

ip
e

B
ra

vo
-M

ar
q
u
ez

,
E

ib
e

F
ra

n
k
,

an
d

B
er

n
h
ar

d
P

fa
h
ri

n
ge

r.
F

ro
m

u
n
la

b
el

le
d

tw
ee

ts
to

T
w

it
te

r-
sp

ec
ifi

c
op

in
io

n
w

or
d
s.

In
P

ro
ce

ed
in

gs
o
f

th
e

3
8
th

In
te

rn
a
ti

o
n

a
l

A
C

M
S

IG
IR

C
o
n

fe
re

n
ce

o
n

R
es

ea
rc

h
a
n

d
D

ev
el

o
p
m

en
t

in
In

fo
rm

a
ti

o
n

R
et

ri
ev

a
l,

p
ag

es
74

3–
74

6,
20

15
.

F
el

ip
e

B
ra

vo
-M

ar
q
u
ez

,
E

ib
e

F
ra

n
k
,

an
d

B
er

n
h
ar

d
P

fa
h
ri

n
ge

r.
A

n
n
o
ta

te
-s

am
p
le

-a
ve

ra
ge

(A
S
A

):
A

n
ew

d
is

ta
n
t

su
p

er
v
is

io
n

ap
p
ro

ac
h

fo
r

T
w

it
te

r
se

n
ti

m
en

t
an

al
y
si

s.
In

P
ro

ce
ed

in
gs

o
f

2
2
n

d
E

u
ro

pe
a
n

C
o
n

fe
re

n
ce

o
n

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

,
p
ag

es
49

8–
50

6,
20

16
a.

F
el

ip
e

B
ra

v
o-

M
ar

q
u
ez

,
E

ib
e

F
ra

n
k
,

an
d

B
er

n
h
ar

d
P

fa
h
ri

n
ge

r.
F

ro
m

op
in

io
n

le
x
ic

o
n
s

to
se

n
ti

m
en

t
cl

as
si

fi
ca

ti
on

of
tw

ee
ts

an
d

v
ic

e
ve

rs
a:

A
tr

an
sf

er
le

ar
n
in

g
ap

p
ro

a
ch

.
In

P
ro

-
ce

ed
in

gs
o
f

th
e

IE
E

E
/
W

IC
/
A

C
M

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

W
eb

In
te

ll
ig

en
ce

,
p
ag

es
14

5–
15

2,
20

16
b
.

K
ev

in
G

im
p

el
,

N
at

h
an

S
ch

n
ei

d
er

,
B

re
n
d
an

O
’C

on
n
or

,
D

ip
an

ja
n

D
as

,
D

an
ie

l
M

il
ls

,
J
ac

ob
E

is
en

st
ei

n
,
M

ic
h
ae

l
H

ei
lm

an
,
D

an
i
Y

og
at

am
a,

J
eff

re
y

F
la

n
ig

an
,
an

d
N

oa
h

A
.
S
m

it
h
.

P
ar

t-
of

-s
p

ee
ch

ta
gg

in
g

fo
r

tw
it

te
r:

A
n
n
ot

at
io

n
,

fe
at

u
re

s,
an

d
ex

p
er

im
en

ts
.

In
P

ro
ce

ed
in

gs
o
f

th
e

4
9
th

A
n

n
u

a
l

M
ee

ti
n

g
o
f

th
e

A
ss

oc
ia

ti
o
n

fo
r

C
o
m

p
u

ta
ti

o
n

a
l

L
in

gu
is

ti
cs

,
p
ag

es
42

–4
7,

20
11

.

M
ar

k
H

al
l,

E
ib

e
F

ra
n
k
,

G
eo

ff
re

y
H

ol
m

es
,

B
er

n
h
ar

d
P

fa
h
ri

n
ge

r,
P

et
er

R
eu

te
m

an
n
,

an
d

Ia
n

H
W

it
te

n
.

T
h
e

W
E

K
A

d
at

a
m

in
in

g
so

ft
w

ar
e:

an
u
p

d
at

e.
A

C
M

S
IG

K
D

D
ex

p
lo

ra
ti

o
n

s
n

ew
sl

et
te

r,
11

(1
):

10
–1

8,
20

09
.

C
la

y
to

n
J
.
H

u
tt

o
an

d
E

ri
c

G
il
b

er
t.

V
A

D
E

R
:
A

p
ar

si
m

on
io

u
s

ru
le

-b
as

ed
m

o
d
el

fo
r

se
n
ti

m
en

t
an

al
y
si

s
of

so
ci

al
m

ed
ia

te
x
t.

In
P

ro
ce

ed
in

gs
o
f

th
e

E
ig

h
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

W
eb

lo
gs

a
n

d
S

oc
ia

l
M

ed
ia

,
IC

W
S

M
,

p
ag

es
21

6–
22

5,
20

14
.

S
ve

tl
an

a
K

ir
it

ch
en

ko
,

X
ia

o
d
an

Z
h
u
,

an
d

S
ai

f
M

M
oh

am
m

ad
.

S
en

ti
m

en
t

an
al

y
si

s
of

sh
or

t
in

fo
rm

al
te

x
ts

.
J

o
u

rn
a
l

o
f

A
rt

ifi
ci

a
l

In
te

ll
ig

en
ce

R
es

ea
rc

h
,

50
:7

23
–7

62
,

20
14

.

S
te

ve
n

L
an

g,
F

el
ip

e
B

ra
vo

-M
ar

q
u
ez

,
C

h
ri

st
op

h
er

B
ec

k
h
am

,
M

ar
k

H
a
ll
,

an
d

E
ib

e
F

ra
n
k
.

W
ek

ad
ee

p
le

ar
n
in

g4
j:

A
d
ee

p
le

ar
n
in

g
p
ac

ka
ge

fo
r

w
ek

a
b
as

ed
on

d
ee

p
le

ar
n
in

g4
j.

K
n

o
w

le
d
ge

-B
a
se

d
S

ys
te

m
s,

20
19

.

5
JM

L
R

 2
0(

92
):

1-
6,

 2
01

9

B
r
a
v
o
-M

a
r
q
u
e
z
,
F
r
a
n
k
,
P
fa

h
r
in
g
e
r
,
a
n
d

M
o
h
a
m
m
a
d

B
in

g
L

iu
.

S
en

ti
m

en
t

A
n

a
ly

si
s

a
n

d
O

p
in

io
n

M
in

in
g.

S
y
n
th

es
is

L
ec

tu
re

s
on

H
u
m

a
n

L
a
n
g
u
a
g
e

T
ec

h
n
ol

og
ie

s.
M

or
ga

n
&

C
la

y
p

o
ol

P
u
b
li
sh

er
s,

20
12

.

D
av

id
M

ey
er

,
K

u
rt

H
or

n
ik

,
an

d
In

go
F

ei
n
er

er
.

T
ex

t
m

in
in

g
in

fr
as

tr
u
ct

u
re

in
R

.
J

o
u

rn
a
l

o
f

S
ta

ti
st

ic
a
l

S
o
ft

w
a
re

,
25

(5
):

1–
54

,
20

08
.

S
ai

f
M

.
M

oh
am

m
ad

an
d

F
el

ip
e

B
ra

vo
-M

ar
q
u
ez

.
W

A
S
S
A

-2
01

7
sh

ar
ed

ta
sk

o
n

em
o
ti

o
n

in
te

n
si

ty
.

In
P

ro
ce

ed
in

gs
o
f

th
e

W
o
rk

sh
o
p

o
n

C
o
m

p
u

ta
ti

o
n

a
l

A
p
p
ro

a
ch

es
to

S
u

bj
ec

ti
vi

ty
,

S
en

ti
m

en
t

a
n

d
S

oc
ia

l
M

ed
ia

A
n

a
ly

si
s

(W
A

S
S

A
),

2
01

7.

S
ai

f
M

.
M

oh
am

m
ad

,
F

el
ip

e
B

ra
vo

-M
ar

q
u
ez

,
M

oh
am

m
ad

S
al

am
eh

,
an

d
S
ve

tl
a
n
a

K
ir

-
it

ch
en

ko
.

S
em

ev
al

-2
01

8
T

as
k

1:
A

ff
ec

t
in

tw
ee

ts
.

In
P

ro
ce

ed
in

gs
o
f

In
te

rn
a
ti

o
n

a
l

W
o
rk

-
sh

o
p

o
n

S
em

a
n

ti
c

E
va

lu
a
ti

o
n

(S
em

E
va

l-
2
0
1
8
),

2
01

8.

P
re

sl
av

N
ak

ov
,

S
ar

a
R

os
en

th
al

,
Z

or
n
it

sa
K

oz
ar

ev
a,

V
es

el
in

S
to

ya
n
ov

,
A

la
n

R
it

te
r,

a
n
d

T
h
er

es
a

W
il
so

n
.

S
em

ev
al

-2
01

3
ta

sk
2:

S
en

ti
m

en
t

an
al

y
si

s
in

tw
it

te
r.

In
P

ro
ce

ed
in

gs
o
f

th
e

se
ve

n
th

in
te

rn
a
ti

o
n

a
l

w
o
rk

sh
o
p

o
n

S
em

a
n

ti
c

E
va

lu
a
ti

o
n

E
xe

rc
is

es
,

p
a
g
es

3
1
2
–
3
2
0
,

A
tl

an
ta

,
G

eo
rg

ia
,

U
S
A

,
J
u
n
e

20
13

.
A

ss
o
ci

a
ti

on
fo

r
C

om
p
u
ta

ti
on

al
L

in
gu

is
ti

cs
.

F
ab

ia
n

P
ed

re
go

sa
,

G
aë
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